
















































































































































































































































































































































































































































































































obs X1 X2 x~ x,. Xs x6 X1 Xs x9 
57 4.692 4.125 4.667 4.375 5.833 4.583 4.625 4.000 4.524 
58 4.769 4.781 4.750 4.250 6.000 3.917 5.750 4.000 4.524 
59 5.231 3.938 4.667 4.125 5,667 3.917 5.188 3.333 4.524 
60 4.692 3.938 5.000 4.000 5,667 4.000 5.000 3.333 4.524 
61 4.769 3.969 5.167 4.250 6.167 3.917 4.813 3,667 4.524 
62 4.923 3.938 5.083 4.875 5.667 3.917 4.625 3,000 4.405 
63 4.846 3.875 4.583 5.000 6.167 3.833 5.688 3.667 4.405 
64 4.462 4.000 4.500 5.000 5.667 3.583 5.313 3.333 4.405 
65 4.769 3.875 4.583 4.500 5,833 3.750 5.250 3.333 4.405 
66 4.846 3.844 4.833 4.750 6.000 3.667 4.625 3.000 4.405 
67 4.846 3.844 4.583 5.125 6.167 4.000 4.750 3.333 4.405 
68 4.000 3.875 4.750 5.000 5.833 4.000 4.438 3.333 4.286 
69 5.077 3.844 4.750 5.125 6.000 4.167 4.500 3.667 4.286 
70 4.846 3.844 4.833 4.375 6.000 3.917 4.625 3,667 4.048 
71 4.077 3.813 4.750 4.500 5.667 4.167 4.500 3.667 4.048 
72 4.538 3.813 5.000 5.000 6.000 4.000 4.375 3.667 4.048 
73 4.846 3.813 4.833 4.500 5.500 4.083 4.250 3.333 4.048 
74 4.692 3.781 4.750 5.000 5.333 4.167 4.313 3.000 4.048 
75 4.846 3.781 5.083 4.000 5.333 3.917 4.313 3,667 3.929 
76 4.462 3.719 4.750 4.750 5.333 4.167 4.813 3.333 3.810 

X10 X11 X12 

4.643 4.292 3.333 
4.500 4.479 2.667 
4.607 4.417 3.333 
4.429 4.458 2,667 
4.179 4.604 2.667 
4.464 4.625 3,000 
4.036 4.708 3.000 
4.143 4.542 3.000 
4.036 4.667 3.000 
4.000 4.396 3.333 
4.179 4.375 2.667 
4.321 4.500 3.000 
4.393 4.375 3.333 
4.464 4.438 2.667 
4.286 4.396 3.000 
4.429 4.271 2.667 
4.429 4.063 3.000 
4.500 4.583 2.667 
4,429 4.292 2.667 
4.500 4.292 2.667 

XB x, .. 

4.25 5.10 
4.75 5.15 
4.50 5.10 
4.25 5.15 
4.25 5.25 
4.75 5.20 
4.75 5.15 
4.75 5.15 
4.75 5.15 
5.00 5.20 
5.00 5.15 
4.75 5.10 
5.25 4.95 
5.00 4.90 
4.50 4.60 
5.00 4.75 
4.50 4.85 
4.25 4.80 
4.50 4.55 
4.50 4.50 

y 

0.567 
0.517 
0.500 
0.500 
0.500 
0.500 
0.483 
0.483 
0.467 
0.467 
0.467 
0.467 
0.467 
0.4S0 
0.433 
0.433 
0.417 
0.417 
0.400 
0.400 

N w 
N 
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C.0. INTRODUCTION 

The general additive multiple regression model. which relates a dependent variable y 

to k predictors variables x1, x2, ........ ,x1,,;, is given by the model equation 

The model assumes that there is a line with a vertical intercept a. and partial slopes of /Jr , /3: 

, .... ,/31: called the true or population regression line. The random deviation e is assumed to be 

normally distributed with mean value 0 (~ = 0) and variance a:. for any values of xr .......... xf,:. 

, 
This implies that for fixed x1, x2, ....... , Xt values, y has a normal distribution with variance a-

and mean y value that equals the expression 

The p,·s are called population regression coefficients and a+ /31x1 + /32x~ +· • • • • • +f31.:x1.: 1s 

referred to as the population regression function. 

C.l. FITTING A MODEL AND ASSESSING ITS UTILITY 

The principle of least squares is used in simple linear regression to estimate the 

coefficients. According to the principles of least squares, the fit of a particular estimated 

regression function a""' b,x,T ...... - b,.x1,: to the observed data is measured by the sum of 

squared deviations between the observed y values and the y values predicted by the estimated 

function or model: 
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The least squares estimates of a, P,, P2.-·· •• • ·, Pt. are those of a. b1, b2, ...... , bk that 

make this sum of squared deviations as small as possible. The utility of an estimated model can 

be assessed by examining the extent to which predicted y values based on the estimated 

regression function (model) are close to the y values actually observed. The first predicted 

" value ofy or y, is obtained by taking the values of the predictor variables x,, x2, .....• x1,: for 

the first observation or data record and substituting these values into the estimated regression 

' model. Doing this successively for the remaining observations yields the predicted values Y: 

I\ 

" " I\ 

The residuals are then the differences Y1 - y1 , Y2 - y2 •... y1,; - A- between the 

observed and predicted values. The residual ( or error) sum of squares, SSResid, and the total 

sum of squares, SST o, are given by 

SSResid == L(y-y) 2 
SSTo = L(y-y)2 

where y is the mean of the y observations in the sample. SSResid measures the amount of 

total variation that has not been explained by the fitted model. SSTo is a measure of total 

variation in the sample data 

The number of degrees of freedom associated with SSResid is 11-(k+ I). An estimate of 

the random deviation variance u 2 is given by: 

s:i = SSResid 
11 n-(k + 1) 
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and S; is the estimate of u . The coefficient of multiple determination, R2, interpreted as the 

proportion of variation in observed y values that is explained by the fitted model, is given by: 

R2 = 1 _ SSResid 
SSTo 

Generally, a desirable model is one that results in both a large R2 value and a small Sc 

value. However, there is a catch: These two conditions can be achieved by fitting a model that 

contains a large number of predictors. Such a model may be successful in explaining all the 

dependent variable y variation. but it almost always specifies a relationship that is unrealistic 

and difficult to interpret. What is wanted really is a simple model, one with relatively few 

predictors whose roles are easily interpreted, which also does a good job of explaining 

variation in y. 

The SAS procedures used in the analysis to calculate a multiple regression linear 

model using the fourteen hypothesized predictors includes R2 and Se values in its output, and 

give SSResid. In addition it computes a quantity called adjusted If, which involves a 

downward adjustment of If. If a large R2 has been achieved through using just a few 

predictors in the model, adjusted R2 will differ little from R2. However, the adjustment can be 

substantial when either a great many predictors ( relative to the number of observations) have 

been used or when R2 itself is small to moderate. 
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C.l.l. The FTest for Model Utility 

In the simple linear model with regression function a+ f3x, if P = O. there is no useful 

linear relationship between y and the single predictor variable x. Similarly, if all k coefficients 

p1 , p2 , .... ,pk are zero in the general k- predictor multiple regression model, there is no useful 

linear relationship between y and any of the predictor variables x,. x2 • ........ Xk included in the 

model. Before using an estimated model in further inferences (for example prediction). it is 

desirable to confirm the model's utility through formal ,test procedure. This test is called the F 

test. From the preceding section, we know that SSTo is a measure of total variation in the 

sample data and that SSResid measures the amount of total variation that has not been 

explained by the fitted model. The difference between total and error sums of squares is itself 

a sum of squares. called regression model sum of squares (SSRegr) and equals SSTo -

SSResid. 

SSRegr is interpreted as the amount of total variation that has been explained by the 

model. The model should be judged useful if SSRegr is large relative to SSResid, and this 

achieved by using small number of predictors relative to sample size. The number of degrees 

of freedom associated with SSRegr is k, the number of model predictors, and df for SSResid 

is 11 - (k+ I). The model utility F test is based on the following distributional result. When all 

the k /3/s are zero m the model Y = a+ p1x1 + P~x1 + • • • • • -· + f3txi + e, the statistic 

F = SSRegr /k has an F probability distribution based on k numerator df and 11-
SSResid/[n -(k + l)] 

(k+ I) denominator df The value of F tends to be larger when at least one p, is not zero than 
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when all the P,'s are zero, since more variation is typically explained by the model in the 

former case than in the latter. An F statistic value far out in the upper tail of the associated F 

distribution can be more attributed to at least one nonzero p, rather than when all p, • s are 

zero. This is why the model utility F test is upper tailed. 

Therefore the F test for utility of the multiple regression linear model 

Null hypothesis: 

Ho: P1 = /32 = /33 = ·····=Pt = 0 (There is no linear relationship between y and 

any of the hypothesized predictors x,, x2, ....... , xk) 

Alternative hypothesis: 

Ha: At least one among /3/s is not zero. (there is a useful linear relationship between y 

and at least one of the predictors) 

T S . . F SSRegr/k est tat1st1c: = ----"-----
SSResid/[11 -(k + l)] 

where SSRegr = SSTo - SSResid. An equivalent fonnula is 

( 1- R2 )/[11-(k + 1)] 

Rejection region: 

The null hypothesis is rejected when F > F critical value. The F critical value (level of 

significance) 
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C.2. v ARIABLE SELECTION (HOW MANY PREDICTORS TO RETAIN IN THE MODEL) 

By checking the null hypothesis T= HO: Parameter= 0, (the t test that the parameter is 

zero, this is computed as the Parameter Estimate divided by the Standard Error for each 

variable) concerning the parameter estimates, (Prob> I Tl) of each variable included in the 

model and whether it true or not, the decision can be made as to how many variables to retain 

in the model. The (Prob> I Tl ) is the two-tailed significance probability that a t statistic would 

obtain a greater absolute value than that observed, given that the true parameter is zero. 

Assessing the statistical significance of sets of the coefficients P, ~ s by model 

comparison tests provides a useful and flexible way for guiding the variable selection process. 

The t test values and their probabilities (T:HO=O, Prob> I Tl) that are calculated or given by 

SAS computer package for the ''significancen of the parameter estimate of the intercept and 

each predictor included the model is generally used as the test for including the predictor or 

excluding it from the model. The (Prob> I Tl) value represents the probability of rejecting the 

null hypothesis that the panicular coefficient equals to zero. Depending on the chosen level of 

significance for including variables in the model, the lower the (Prob> I Tl ) value, the better 

chance for including the variable in the model. The resulting (Prob> I Tl ) values for the 

hypothesized variables depends on the model selection procedures used in model building. 

The (T:HO=O, Prob> I Tl) values given by the various model selection procedures should be 

treated carefully especially for stepwise and forward selection procedures.. especially if the 

initial pool of predictors is moderate (15) or large (30) (Stevens, 1992). 
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C.2.1. Model Selection Procedures 

Model selection methods can be divided into two types. There are those based on 

fitting every possible model, computing one or more summary quantities from each fit. and 

computing these quantities to identify the most satisfactory models. Several of the most 

powerful statistical computer packages have an all-subsets option such as SAS and SPSS. 

Methods of the second type are often referred to as automatic selection, or stepwise. 

procedures. The general idea is to either begin with m predictor model and delete variables 

one by one until all remaining predictors are judged important, or begin with no predictors and 

add predictors until no predictor not in the model seems important. 

What characteristic(s) of the estimated models should be examined in the search for a 

best model? Devore and Peck ( I 993) discussed the use of R2 which measures the proportion 

of observed y variation explained by the model. A model with a large R2 value is preferable to 

another model containing the same number of predictors but which has a much smaller R2 

value. However they argued that using R2 to choose between models containing different 

numbers of predictors is not so straightforward because adding a predictor to a model can 

never decrease the value of R2
. In particular, the model containing all candidate predictors is 

guaranteed to have R2 value at least as large as for any model that includes some but not all of 

these predictors. A small increase R2 in resulting from the addition of a predictor to a model 

may be offset by the increased complexity of the new model and the reduction of degrees of 

freedom associated with SSResid. This is why adjusted R2 was introduced. Adjusted R2 

formalizes the notion of diminishing returns as more predictors are added-small increases in 
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are outweighed by corresponding decreases in degrees of freedom associated with SSResid. 

Therefore a reasonable strategy in model selection is to identify the model with the largest 

value of adjusted If (the corresponding number of predictors k is often much smaller than 

their total number ) and then consider only the model and any others whose adjusted R2 values 

are nearly as large. 

In the following section several sequential selection procedures that have been used in 

regression analysis (Dillon and Goldstei~ 1984) are presented. 

C.2. l. l. All Possible Regression Subsets 

This procedure., as its name suggests, fits all possible regression of a given size. With 

(m) explanatory variables there (2m) possible regression models, ranging from the simplest 

form, where only one of the predictors is included, to the most complex, in which all 

predictors are included (see later in the appendix the results yielded by all possible regression 

procedure performed by SAS computer on data used by this study). This approach generally 

relies on R2 as the assessment criterion, and the process starts by computing the R2 values for 

all the combinations of predictors of a give size, that is, ranging from l to m. For each subset 

of a given size the combination of predictors that yields the largest R2 value is selected out and 

then compared~ again in terms of R2
, with the others ''winnersn from the other subsets of 

different size. The more recent algorithms allow different selection criteria to be used such as 

adjusted R2 which is discussed in the preceding paragraph and Cp. statistic. Cp was proposed 
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by Mallows ( 1973) as a criterion for selecting a model. It is a measure of total squared error. 

The value for the Cp statistic is defined by: 

Cp = (SSEp/S2
)- (N-2*p) 

where SSEp is the error sum of squares for a model with p parameters including the intercept. 

if any., and S2 is the mean square error (MSE) for the model. A good model according to this 

criterion is one that has small Cp (for accurate prediction) and Cp = k + I (for unbiasedness in 

estimating model coefficients) where k is the number of predictors in the model. 

C.2.1.2. Sequential Selection 

The sequential procedures can be viewed as a compromise with all possible regression 

approach. Three types of sequential methods are mainly utilized. Namely, backward selection. 

forward selection, and stepwise se/ectio11. Essentially, these approaches differ with respect to 

the direction taken in model selection and the reversibility of a decision as to the worthiness of 

a candidate predictor. 

backward selection works in the following way: 

1. A regression equation (model) that includes all of the p independent variables is 

obtained. 

2. The R2 induced from deleting each independent variable, or equivalently the 

partial F test value for each independent variable treated as though it were the 

last variable to enter the regression equation, is calculated 
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3. The lowest partial F test value, denoted by Fl . is compared with a 

predetermined critical tabulated F -value denoted by Fe .. If 

a. FL < F c remove that variable associated with this , recompute the regression 

equation in the remaining independent variables and return to stage 2: 

b. FL > Fe adopt the regression equation as calculated 

Forward selection works in the following way: 

I. The process begins with no variables having been included in the regression 

equation. 

2. The correlations of all the predictor variables with the dependent variable are 

calculated, and that predictor with the largest correlation is selected if its 

corresponding partial F-value is statistically significant at some predetermined 

level. 

3. The independent variable selected at stage 2 1s entered, and the regression 

equation is calculated. 

4. At each successive stage the independent variable with the largest partial 

correlation coefficient is selected. 

5. The corresponding partial F test value for this variable, denoted by F11 • 1s 

compared with a predetermined critical tabulated F-value, denoted by Fe. If: 

a. FH < Fe , include that variable which gave the highest partial corresponding 

coefficient, recalculate the regression equation, and return to stage 4: 
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b. F H > F c adopt the regression equation as calculated. 

Stepwise selection works in the following way: 

l. Calculate the correlations of all the predictor variables with the dependent variable. As the 

first variable to enter the regression, select the one most highly correlated with the 

criterion. Let X denote the selected predictor variable. 

2. Regress Yon X . Retain in the fitted model if the overall F-test shows that the regression 

equation is statistically significant. 

3. Calculate the partial correlation coefficients of all the variables not in the regression 

equation with the criterion. Select as the next variable to enter the one with the highest 

partial correlation coefficient. Denote the selected variable by .Xj. 

4. With both ~ and Xj in the model, compute the regression equation. Retain the new 

variable Xj in the regression equation if its partial F-value is statistically significant as 

compared to critical tabulated (1- cx.)-values under the F-distribution with I and n-2-l df 

5. Select as the next variable to enter the one most highly correlated with the dependent 

variable, given that the variables X and .%j are already in the regression equation. Denote 

this variable by Xk. 

6. Enter the new variable Xk into the model, and compute the regression equation including 

X , Xj , and Xk. The decision as to whether ( 1) Xk should be included in the regression 

given that X and Xj are already in, (2) X warrants retention in the model given that Xj and 

X1: have been already included, and (3) Aj warrants retention in the model given that X and 



245 

Xk have been already included can be made on the basis of the partial F-values of the three 

variables. 

7. The stepwise procedure continues in similar fashion. Termination occurs when no variable 

can be either entered or removed from the regression equation. 

The various selection procedures can be viewed as useful approaches to selecting 

''good" subsets of predictor variables. Stevens ( 1992) state the following two rules of thumb 

for the selection of predictor variables in models. 

I . Choose variables that correlate highly with the criterion but that have low 

intercorrelations. 

2. To these variables add other variables that have low correlations with the criterion but that 

have high correlations with the other predictors. 

C.3. DlAGNOSlS AND CHECKING MODEL ADEQUACY 

In order to make reliable inferences from the chosen regression model the key 

assumptions that (I) the error ( e) has a normal distribution, (2) the standard deviation of ( e) is 

o-, which does not depend on observation x, have to hold. Inferences based on the regression 

model continue to be reliable when model assumptions are slightly violated (mild nonnormality 

of the random deviation distribution). However, use of an estimated model in the face of 

grossly violated assumptions can result in very misleading conclusions being drawn. Therefore 

it is desirable to check for model adequacy by inspecting that the model holds these 
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assumptions. This is done by a number of steps which include residual analysis, and 

mutlicollinearity analysis. 

C.3.1. Residual Analysis 

Residual analysis is handled by plotting the computed standardized residuals resulting 

from the fit of the chosen model. Plots of the standardized residuals against each predictor 

variable in the model called standardized residual plots, are helpful in identifying unusual or 

highly influential observations and in checking for violations of model assumptions. That is, a 

plot of (X1, standardized residual) pairs, another of (X2, standardized residual) pairs, and so 

on. A desirable plot is one that exhibits no particular pattern ( such as curvature or much 

greater spread in one part of the plot than in another), and one that has no point that is far 

removed from all the others. A point falling far above or below the horizontal line at height 

zero (an outlier) corresponds to a large standardized residual, which may indicate some kind 

of unusual behavior, such as recording error, a non standard experimental condition, or an 

atypical experimental subject. A point that has an x value that differs greatly from others in the 

data set could have exerted excessive influence in determining the fitted line (an influential). In 

case an observation is suspected, deleting the observation and refitting the model will reveal 

the extent of actual influence. 

A good check that is performed in residual analysis is the normal probability plot of 

the standardized residuals. A normal probability plot of the standardized residuals that departs 
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too much from a straight line casts doubt on the assumption that the random deviation ( e) has 

a normal distribution. 

C.J.1.1. Outliers 

An outlier among a set of residuals is one that is much larger than the rest in absolute 

value. perhaps lying as many as three or more standard deviations from the mean of the 

residuals. Clearly, the presence of such an extreme value can significantly affect the least­

squares fitting of a model, and so it is important to determine if the analysis should be 

modified in some way (such as by deleting the observation}. An outlier in the data may 

indicate special circumstances warranting further investigation ( e.g., such as the presence of 

an unanticipated interaction effect among the variables). Therefore, deleting the observation is 

not recommended immediately unless there is strong evidence that it resulted from a mistake 

( e.g .. an error in data recording}. 

There are a number of statistical methods for detecting outliers that include jackknife 

residuals method, leverages method, and Cook's distance method. SAS provides all. Here the 

emphasis is on Cook's distance statistic which measures the level of the change to the 

parameter estimates that result from deleting the outlier observation. As a rule of thumb when 

the value of Cook's distance equals one for any observation that calls for checking and 

scrutinizing that observation. 
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C.3.2. Multicollinearity 

Generally, when the fitted model includes k predictors X1, X2. X3 , .......... Xi. there is 

said to be multicollinearity if there is a strong linear relationship between values of the 

predictors. Severe multicollinearity leads to instability of estimated coefficients. In order to 

identify such relationships, R: values for regressions in which the dependent variable is taken 

to be one of the k X's and the predictors remaining (k -1) Xs, have to computed. Each 

regression yields an R2 value. In general, there are k such regressions and, therefore, kR2 

resulting values. If one or more of these R2 values is large ( close to one), multicollinearity is 

present. 

SAS procedure allows an options {TOL) in its model statement that when executed~ 

prints tolerance values for the predictor variables included in the fitted model. Tolerance for a 

variable is defined as ( 1- R2 
), where R2 is obtained from the regression of the variable on all 

other regressors (predictors) in the model. Therefore a high tolerance value for a predictor 

variable given by SAS output indicates low multicollinearity and appropriateness of including 

the variable in the titted model. As a rule of thumb, when the TOL is 0, it means that the 

variables are related, when TOL <0.01, this indicates severe multicollinearity. In both of these 

cases, the SAS will automatically remove such variables. When the TOL <0.2, it causes 

interpretation and variable selection problems. In order to resolve the problem, variables 

intercorrelations must investigated and remove variables with high correlation. 
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C.4. INFERENCES BASED ON THE ESTIMATED MODEL 

In the previous sections. a discussion was presented how to estimate the coefficients in 

the model Y = a+ p1x1 + p2x~ + • • • • • • • + p,.x" + e using the principle of least squares and 

then how the utility of the model could be confirmed by the application of the model utility F 

test. [f the null hypothesis Ho : p1 = P'J. = /33 = •• • •• = P1c = 0 can not be rejected at a 

reasonably small level of significance, it must be concluded that the model does not specify a 

useful relationship between Y and any of the predictor variables x1• x2. . ...... , x1:.. The 

investigator must search further for a model that does describe a useful relationship, perhaps 

by introducing different predictors or making variable transformations. Only if Ha can be 

rejected is it appropriate to proceed further with the chosen model and make inferences based 

on the estimated coefficients. a. b1, b2, ...... , bk and the estimated regression model a - b,xr . 

. . . . . - b1,.-Xk . 
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Results of 'RSQUARE' Model Selection Procedure 
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