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Abstract

Identifying interventions that are optimally tailored to each individual is of significant
interest in various fields, in particular precision medicine. Dynamic treatment regimes
(DTRs) employ sequences of decision rules that utilize individual patient information to
recommend treatments. However, the assumption that an individual’s treatment does not
impact the outcomes of others, known as the no interference assumption, is often chal-
lenged in practical settings. For example, in infectious disease studies, the vaccine status
of individuals in close proximity can influence the likelihood of infection. Imposing this as-
sumption when it, in fact, does not hold, may lead to biased results and impact the validity
of our resulting DTR optimization. In this thesis, we extend the estimation method of dy-
namic weighted ordinary least squares ({WOLS), a doubly robust and easily implemented
approach for estimating optimal DTRs, to incorporate the presence of interference. Specif-
ically, we develop new methodologies to optimize DTRs in the presence of interference for
both binary and continuous treatments. Through comprehensive simulations and analysis
of the Population Assessment of Tobacco and Health (PATH) data, we demonstrate the
performance of the proposed joint optimization strategy compared to the current state-of-
the-art conditional optimization methods. Furthermore, we extend the dWOLS method
to accommodate multiple outcomes and patient-specific costs, enhancing its flexibility and
applicability in complex health contexts.
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Chapter 1

Introduction

1.1 Precision Medicine and Dynamic Treatment Reg-

imens

Treatment of a chronic disease or condition often involves a series of decisions for which
multiple long-term strategies are possible. The decision of which regime of treatments to
pursue is often made by a medical professional, who chooses an appropriate treatment
regime based on metrics that, historically, emphasize the illness. Precision medicine is an
approach that aims to improve upon the traditional method of treatment selection by taking
into account additional relevant factors. The basic idea is that the efficacy of a particular
treatment may be influenced by certain individual-level characteristics of each person,
such that the effectiveness of the treatment will vary across individuals with different
values of these characteristics. By incorporating relevant information into the treatment
decision, precision medicine enables clinicians to select the most suitable treatment for
each individual with greater precision. The focus on individual-level characteristics is why

precision medicine is sometimes also known as personalized medicine [1].

Models developed for analyzing the relationship between treatments and individual-
level characteristics are known as dynamic treatment regimes (DTRs). A DTR is a sequence
of decision rules each of which considers individual-level information thought to impact the
effectiveness of the treatments under consideration [2]. A central focus of DTR researchers



is devising methodologies for the estimation of optimal DTRs [3]. What is meant by
optimal is contextual, but a typical approach is to consider it in terms of the individual’s
expected health outcome under the estimated regime.

Within the general framework of causal inference, DTR estimation can be approached
through two main methodologies: classification- based and regression-based methods.
Classification-based methods, also known as direct methods or value search methods, di-
rectly estimate the marginal mean outcome of a treatment regime and identify the opti-
mal DTR by maximizing the estimated value across all possible DTRs [1]. In contrast,
regression-based methods, often referred to as indirect methods, model and estimate the
conditionally expected outcome to derive the optimal DTR, aiming to maximize the ex-
pected outcome.

Regression-based methods are favored for their foundation in regression techniques
and ease of implementation. One common regression-based method, known as Q-learning
[0, 0], originates from the reinforcement learning literature. This approach transforms the
problem of estimating the decision rules of a DTR into a sequence of computationally frugal
optimization problems. Although this method is relatively straightforward to implement,
it suffers from a lack of robustness to model misspecification.

An approach that improves on this shortcoming of Q-learning is G-estimation [7]. G-
estimation is similar to Q-learning in many ways (see for example [3]), but poses some key
differences which, most notably, give it a property called double robustness. In particu-
lar, this property provides estimation with robustness against nuisance models misspec-
ification. The robustness of G-estimation, and the flexibility to accommodate nonlinear
modelling strategies, makes it an attractive procedure for estimating optimal DTRs. The
main downside of the methodology stems from the complexity, making description and

implementation more cumbersome than the previously specified techniques.

Of particular interest for our purposes is the dynamic weighted ordinary least squares
(dWOLS) approach [9]. This methodology combines the strengths of G-estimation and Q-
learning to offer the property of double-robustness while remaining comparatively straight-
forward to implement. The dWOLS algorithm has been extended to accommodate contin-

uous treatments, as well as time-to-event outcomes [10, 11].

DTRs have shown great promise in application. For example, some recent studies have



implemented DTRs in the context of treatments for cancer [12], epilepsy [I3], depression
[11], schizophrenia [15], HIV infection [10], smoking cessation [%], and childhood amblyopia

[17].

1.2 Causal Inference and Interference

The statistical framework underlying the study of DTRs relies on fundamental concepts of
causal inference. In this thesis, we adopt the potential outcome framework. Most causal
analyses depend on the assumption that each participant possesses a single potential out-
come under each possible treatment assignment. A potential outcome, sometimes called
counterfactual outcome, is then the outcome that an individual would have if, possibly
counter to fact, they were to have a specific treatment. The outcome is considered potential
because it is only realized (i.e. observed) if the individual is administered the associated
treatment. This is one of the foundational principles of the counterfactual approach to
inference, where the comparison of observed outcomes to unobservable counterfactual out-
comes plays a central role in assessing causal relationships. When assessing causal effects,
one of the main assumptions is that the outcome of an individual does not depend on the
treatment assignments of other individuals [18]. This is more commonly known as the no
interference assumption, introduced by Cox [1&]. Rubin [19] combined the assumption of
no interference with the assumption of “no hidden versions of treatment” and called it the
stable unit treatment value assumption (SUTVA). The no interference assumption, while
quite useful in classical scenarios such as in clinical trials, appears implausible and of-
ten detrimental in settings where more complex interactions exist between the individuals

under study.

For example, the interference arises in the study of infectious diseases. In this scenario,
an individual’s treatment (i.e. vaccination status) directly impacts their likelihood of
infection; however, so does the vaccination status of those people around them, as this
directly correlates with the ability of the virus to spread. Generalizing this scenario,
public health interventions may impact those in close physical or social proximity to those
recipients of the intervention, even if they have not received the intervention themselves, or

further, are even unaware that someone around them has received the intervention. Hence,



the assumptions of the potential outcomes framework need to be reworked when the no
interference assumption does not hold [20].

Halloran and Struchiner [21] are among the earlier examples of researchers accommo-
dating the effect of interference in causal inference. They propose individual-level causal
estimands that account for interference by letting the potential outcome for any individual
depend on the vector of treatment assignments of other individuals. However, even in the
simple scenario of a binary treatment and a binary outcome, assuming there are N people
in the population, there are 2V possible treatment vectors and 2V possible potential out-
comes. Causal inference in the presence of so many potential outcomes appears difficult,

if not impossible, without the introduction of additional assumptions and constraints.

One possible additional assumption which simplifies the problem, sometimes to manage-
able levels, is the assumption that individuals can be partitioned into groups (or clusters),
upon which one assumes that interference exists among the members of the same group,
but where no interference extends beyond the confines of a given group. Sobel [22] referred
to this assumption as partial interference. Under the assumption of partial interference,
cluster-randomized trials are sometimes designed to rule out the presence of interference
between treated and untreated clusters [23-25]. Another design implemented to incorpo-
rate partial interference is the sequential two-stage randomization design, which has been
proposed to estimate both treatment and spillover effects and consists of two stages. In
the first stage, groups are randomized to different treatment allocation strategies, and in
the second stage, individuals are randomized to treatment or control conditional on the
strategy assigned to their group in the first stage [20].

Although more general than no interference, there are still many settings where partial
interference is not a plausible model for interaction within the population. In these cases,
the literature typically turns to the most general form of interference, aptly called general
interference. Recent approaches for assessing treatment effects in the presence of general
interference, include Rosenbaum [27], Toulis and Kao [28], Ugander et al. [29], Eckles et al.
[30], Sofrygin and van der Laan [31], Aronow et al. [32], and Liu et al. [33] among others.
These general interference methods typically assume one finite population of N individuals.
For each individual, a set of other individuals is defined who are permitted or assumed to
interfere with that individual. Different names have been used to describe these sets,
including interference sets [33], neighbourhoods [28, 29], and friends of the individuals [31].

4



In the context of randomized experiments, Aronow et al. [32] consider the presence of
arbitrary interference, defining an exposure mapping that relates the individual experi-
mental treatment assignments to the exposures received by individuals depending on with
whom they interact and other underlying features of the population. Ugander et al. [29],
and Eckles et al. [30] also considered randomized experiments on networks, where treat-
ment of one individual could have impact on neighbouring individuals, and estimate causal
effects under this general interference framework.

Another way to model the inclusion of interference is through observational network
data, which is an emerging approach in causal inference. Liu et al. [33] focused on direct and
indirect effects based on Bernoulli allocation strategies similar to those defined by Tchetgen
and VanderWeele [341]. Although their estimators allow for general forms of interference,
asymptotic results are proved under partial interference and clustered data. Sofrygin et al.
[35] proposed a maximum-likelihood—based approach called targeted mazimum likelihood
estimator (TMLE), to estimate treatment and interference effects and proved asymptotic
results under the assumption of independent and identically distributed data. Finally,
Ogburn et al. [30] extended this TMLE estimator to allow for dependence due to contagion,
where one’s treatment affects the outcome of another individual indirectly by changing
the treated individual’s own outcome and derived asymptotic results. In a recent study
Forastiere et al. [37] develop new covariate adjustment methods that lead to valid estimates
of treatment and interference effects in observational studies on networks.

1.3 DTR and Multiple Outcomes

The majority of studies in the field of DTR have primarily focused on optimizing a single
scalar outcome. However, in many clinical decision settings, there is a need to balance
multiple, potentially competing, outcomes to provide comprehensive care. For instance, in
the treatment of depression, it becomes important to maximize efficacy while minimizing
adverse effects such as sleep disturbance, sexual dysfunction, and weight gain. Similarly,
in bipolar depression, managing depressive symptoms needs to be balanced with the risk
of inducing mania [38] or when treating schizophrenia, there exists a trade-off between
the side effects of medication and its efficacy [39]. A cancer patient may seek to strike a



balance between the effectiveness of chemotherapy, the financial burden, and the impact
on their quality of life [10].

Recent work on precision medicine with multiple outcomes encompasses several ap-
proaches, including (i) the construction of composite outcomes, (ii) the utilization of set-
valued treatment regimes, and (iii) the application of constrained estimation methods. A
composite outcome combines multiple outcomes into a single measure, enabling analysis
and optimization using established methodologies. However, constructing a high-quality
composite outcome without considering individuals’ preferences could lead to misspecifi-
cation of the composite outcome. Such misspecification of the composite outcome can
significantly impact the accuracy of estimated dynamic treatment regimes [1]. To address
this, Butler et al. [39] proposed a method in the single-decision setting that incorporates
patient preferences using item response theory and Q-learning to optimize the patient-
preferred composite outcome. Their proposed composite outcome is a convex combination
of two outcomes. Building upon the same class of composite outcomes, Luckett et al. [35]
studied situations where clinicians have imperfect information about patient preferences
and estimated the corresponding preferences as a function of patient-level covariates and
the probability of optimal treatment assignment [33].

Set-valued treatment regimes have been proposed as another approach to address multi-
ple outcomes [4, 11, 42]. Such treatment regimes, map the patient’s current information to
a subset of treatment options that are not uniformly worse across all outcomes. By select-
ing a single treatment from the recommended set based on patient preferences and clinical
judgment, set-valued treatment regimes incorporate patient preferences without directly
eliciting them. While set-valued treatment regimes consider competing outcomes, such as

treatment efficacy and the risk of adverse events, they do not directly handle constraints.

Another set of methodologies for estimating optimal treatment regimes with multiple
outcomes aim to maximize a primary outcome while constraining a secondary outcome
within an acceptable region [13, 411]. For example, Linn et al. [13] proposed maximizing
the expectation of one outcome while incorporating constraints on features of the other
outcomes’ distributions. By formulating the estimation as a constrained optimization
problem, they provide a framework that explicitly accounts for competing outcomes. This
approach enables the exploration of trade offs among treatment strategies by adjusting the
constraints and re-estimating the optimal regime.



1.4 Motivating Example

Despite the fact that interference among individuals is a fairly active field of study among
causal inference researchers, few studies have been conducted to apply these developed
methods to DTR. Most of the existing methods used for estimating optimal DTRs as-
sume the treatment of one individual has no impact on the outcome of any other indi-
vidual under consideration. However, this assumption may not hold true in all scenarios
where DTR modelling is applied. One notable example is smoking behavior. It has been
well-documented that smoking behavior tends to cluster within families. Moreover, the
effectiveness of smoking cessation interventions can be heavily influenced by social factors.
Studies have shown that family members play a significant role in successful smoking ces-
sation. For instance, research suggests that cancer patients who quit smoking tobacco face

greater difficulty remaining abstinent if other family members are also tobacco users [45].

Couples who smoke may encounter unique challenges in their smoking cessation jour-
ney. In cases where smoking tendencies are not synchronized between partners, achieving
desired outcomes becomes more difficult [16]. Having a partner who was consistently a
non smoker during the period of study, was associated with a greater likelihood of quitting
smoking [17]. Furthermore, a supportive social network has been identified as a crucial
element for achieving successful smoking cessation outcomes [18]. Such support can pro-
vide encouragement, accountability, and practical assistance during the quitting process.
Understanding the dynamics of social support and its contribution to smoking cessation
is essential for tailoring interventions to promote positive health behaviors [19]. Thus, in-
corporating an understanding of the impact of couple dynamics on smoking behavior can

enhance the design and implementation of interventions aimed at smoking cessation.

Furthermore, it is commonplace in smoking behavior studies to assess multiple out-
comes, including nicotine dependence and attempts to quit. This aspect presents an in-
triguing avenue for exploration within our research. Understanding the potential influence
of optimal decision-making in smoking behaviors on other outcomes becomes vital in de-
signing effective smoking cessation interventions. Moreover, studies have demonstrated
that the smoking behaviors of couples can extend their impact beyond smoking itself, af-
fecting outcomes such as relationship satisfaction [50, 51]. This additional dimension adds

further significance to the study of the multiple outcome framework within dyads, where



interference exists and may impact various (and possibly competing) outcomes of both
individuals.

These social complexities of smoking behavior, motivates us to investigate DTR and
possible interference effect in this setting. Through a detailed analysis of the Population
Assessment of Tobacco and Health (PATH) dataset, in the households with two tobacco
users, we consider (i) whether the adoption of e-cigarettes by an individual impacts their
nicotine exposure, and (ii) whether the nicotine exposure of an individual impacts their
tobacco dependence.

1.5 Objectives and Thesis Outline

Despite the growing literature on accommodating causal inference techniques to include
interference, implementing these ideas into the DTR framework is still a relatively under-
developed area of research. In this thesis, we extend the existing methodology of dAWOLS
to incorporate interference in the form of dyadic network structures—a network in which

each individual is connected with exactly one other individual to form a dyad, or a pair.

The remainder of this thesis is structured as follows: Chapter 2 provides the method-
ological and theoretical background, including notation, as well as a brief discussion of
estimating optimal DTRs under the dWOLS method without interference.

In Chapter 3, We extend the dWOLS method to accommodate the presence of inter-
ference within a dyadic-network population setting. Additionally, an appropriate outcome
model is formalized, and the estimation of an optimal decision rule in the dyadic-network
context is described. Furthermore, we demonstrate via simulation that this new dyadic
decision rule performs better than existing methods at estimating the correct optimal
treatment assignments when interference exists within dyads. The effectiveness of these
decision rules is illustrated by their application to the Population Assessment of Tobacco
and Health (PATH) dataset, showcasing its improved performance compared to existing
methods in estimating the optimal treatment assignments when within-dyad interference

exists.

Chapter 4 then discusses the necessary changes that allow extending the methodology
of Chapter 3 to the cases when the treatment is continuous. In this chapter we propose



one of the first efforts at a DTR methodology which allows for comprehensive modelling of
continuous treatments alongside participants interference. Moreover, our method enables
the modelling of varying degrees of exposure to spillover effects, by considering both sym-
metric and asymmetric network connections, and those characterized by heterogeneous
intensities. The proposed methodology aims to produce doubly robust estimates of the
treatment and spillover effects of a continuous treatment, and quantify the corresponding
optimal decision rule. We demonstrate the performance of the proposed model through
a detailed analysis of the PATH dataset. Specifically, in households with two tobacco
users, we examine whether the nicotine exposure of an individual impacts their tobacco

dependence and whether a spillover effect exists.

Chapter 5 addresses the need to consider multiple outcomes within DTRs and extends
the dWOLS methodology to tackle this important aspect. The decision-making process
in healthcare often involves considering not only the primary outcome but also potential
costs or side effects associated with different treatments. Motivated by the recognition that
optimal decision-making should account for multiple dimensions of treatment effectiveness,
we explored the incorporation of multiple outcomes in the context of DTRs. Chapter 5
contributes to the field by extending the dWOLS method to enable the optimization of

treatment decisions when multiple outcome measures are involved.

Chapter 6 of this thesis offers a discussion of the findings and implications of the research
conducted in earlier chapters. It also provides insights into potential future directions for
further exploration that extend beyond the scope of the thesis. The appendixes contain
additional details, including proofs and supplementary simulation results.



Chapter 2

Methodological Background

2.1 Causal Inference in Observational Studies

The study of causality has been considered from different perspectives within different
disciplines. One particular point of view is the potential outcome’s framework which several
researchers advocated, including Rubin [52, 53] and Robins [51]. Another is the directed
acyclic graph-centric approach of Pearl [55]. Each perspective finds frequent use within
the literature, where adoption is typically motivated by the ease of implementation. We
adopt the potential outcomes framework in the research in this thesis. The remainder of
this section is dedicated to a review of the potential outcomes framework and its associated

modelling assumptions.

The study of causality has been considered from different perspectives within different
disciplines. One particular point of view, as discussed in Section 1.2, is the potential
outcome’s framework, which has received advocacy from several researchers, including
Rubin [52, 53] and Robins [51]. Another perspective is the directed acyclic graph-centric
approach of Pearl [55]. Directed acyclic graphs (DAGs) are graphical models that depict
variables and their causal relationships while ensuring there are no cycles or feedback loops.
The Pearl model employs DAGs for the identification of causality.

In the context of precision medicine, sometimes referred to as precision health, the
potential outcome is a random variable defined in the following way. Consider the set

10



of all possible treatment options A. It is assumed that there exists a random variable,
Y (a) whose value represents a random patient’s outcome if they were, possibly contrary
to reality, to be assigned treatment a € A. For example, in a binary treatment scenario
where A = {0, 1}, each individual has two potential outcomes, denoted by Y (0) and Y (1),
which correspond to the outcome that we would observe if they were to be administered the
control or the treatment, respectively. We refer to these generally as potential outcomes,
since, for each individual we typically observe one of these values, although we could
potentially observe either, depending on which treatment they receive.

Suppose we have a population of individuals indexed by ¢ where Z is the index set of
the population. Let A be the random variable indicating a binary treatment assignment
and X be the random variable generating the individual covariates. We wish to deter-
mine the impact of the treatment A on an outcome Y. Underlying this causal problem is
the conceptualization that there exist random variables {A, X, Y (1),Y(0),Y} with some
joint distribution. We wish to deduce the distribution of the potential outcomes Y(1)
and Y'(0) from the distribution of (A, X,Y), using the observable data (A;, X;,Y;)iez. To
make this task achievable, we work under the three central assumptions of causal infer-
ence, namely, the stable unit treatment value assumption (SUTVA)[50], no unmeasured
confounders (NUC), and positivity. We now list the conventional specification of these
three assumptions in turn and denote them as assumptions A1, A2, and A3, respectively,
below.

The stable unit treatment value assumption (SUTVA) states that (i) the potential
outcome of each unit is unaffected by the treatment assignment of any other unit, and (ii)
there are no different versions of each treatment level. The first assumption of SUTVA,
which is known as the no interference assumption, was introduced by Cox [I18]. The
second part assumes that there are not multiple versions of a treatment. This is called the
consistency assumption. The consistency assumption states that the observed outcome of
an individual ¢, ¢ € Z, who is known to have received treatment a;, is exactly equal to
the potential outcome of that individual corresponding to treatment a;, regardless of the

conditions under which that treatment was administered. The consistency assumption, is

11



usually stated as follows,

Y=Y Yi(@I{A;=a}, Vac A Viel (A1)
acA

The no unmeasured confounders (NUC) assumption, also referred to as the strong
ignorability assumption, is typically stated as,

YVi@)}ea LA X, i€l (A2)

Intuitively, the NUC assumption states that the set of measured covariates X contains
all the information that influences both treatment and the potential outcomes. Hence,
conditioning on these makes the treatment assignment independent of the set of potential
outcomes. For a binary treatment A and an individual ¢, ¢ € Z, A2 is equivalent to,
PlA; = a;]Yi(0),Y;(1), X;] = P[A; = a;]X;]. That is, treatment assignment does not depend
on the latent value of the potential outcomes themselves.

Lastly, the positivity assumption assumes that, within each level of the covariate X,
there is a nonzero probability of receiving each possible treatment. That is, for treatment
A and covariate X, the positivity assumption requires that

P(A; = a;|z;) > 0, Vo, e A ,ieZl,xreX. (A3)

Note that under the assumptions A1-A3 we may write the probability of a potential out-
come Y(a) as, P(Y(a) | X) = P(Y(a) | A=a,X) =P | A=a,X), so that we have
now related the distribution of the potential outcome to a distribution involving only the
observable data, where the first equivalence follows from A2 and the second equivalence
follows from A1l. Utilizing this distribution enables us to estimate the causal effects of

Iinterest.

2.2 Optimal DTRs Estimation

In the framework of DTR, it is posited that patients undergo multiple stages of treatment.
This process commences with the initiation of treatment, followed by subsequent treatment
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decisions made at predetermined intervals, taking into account the current information
available for each patient.

In accordance with the established DTR literature, we employ K = {1,2,..., K'} to in-
dex the stages of treatment and Z = {1,2, ..., n} to index individuals. The set of treatment
options available at stage k is denoted by A;. Given our consideration of binary treatment,
Ay is isomorphic to {0, 1}. Prior to the treatment at stage k, a series of covariate measure-
ments are assumed to be taken for each individual. These covariates are represented by
Xir. We define H;;, as the collection of measurements taken prior to treatment at stage k,
which serve to inform the subsequent treatment decision. This history, H;;, for individual
1 at stage k, encompasses both current and past stage covariates, along with the values of
previous treatments. Observed values of the history will be denoted by lowercase notation,
hie. At the end of the K-stage treatment regime a health outcome Y is measured. We
assume Y is continuous and that the higher values of Y are preferred.

In a typical DTR with a single outcome, the goal is to find the collection of decision
rules which maximizes the expected outcome of Y. We use d = dj(-)rex to denote the set
of K decision rules, where each dj is a map, dj : Hp — A, taking an observed history
h; € Hp to a recommended kth stage treatment A;; € Ay for that individual. Thus, d
defines a treatment regime which can be used to systematically treat patients, and we

define D to be the space of all possible treatment regimes.

2.3 dWOLS Estimation Method for a K-stage DTR

without Interference

The dWOLS methodology is a regression-based method for estimating optimal decision
rules. In its original specification (see, Wallace and Moodie [9]), it was assumed that
the outcome of interest is continuous, the treatments were restricted to be binary and no
interference existed within the population. Under these assumptions, it was shown that
the dWOLS methodology consistently estimates a sequence of optimal decision rules for
the maximization of the population expected outcome via maximization of the expected
health outcome of each individual.
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More specifically, let the optimal treatment of each individual ¢, at stage k, be denoted
by af,ft. Estimation of the sequence of optimal decision rules with dWOLS begins at the
last stage K. Here, it estimates the optimal stage K decision rule by considering the effect
of the stage K treatment on the expected counterfactual outcome, F [Y;(aq, ..., ax) | hik].
Having achieved this, the method then moves on to stage K — 1. The optimal stage
K — 1 decision rule is estimated by considering the effect of the stage K — 1 treatment,
and its interactions with tailoring variables, on the expected outcome, assuming that the
stage K treatment is optimal, F [Y;(al, . .afff ) | hi(K_l)]. This requires the construction
of a potentially counterfactual outcome labelled pseudo outcome (see, Wallace and Moodie
[9]) for each individual, under the assumption they received optimal treatment af?" at the
Kth stage. This can be done by adding a positive quantity to the observed outcome of
individuals who did not receive their optimal stage K treatment. This process continues

until a decision rule has been estimated for all stages.

To formalize the dWOLS estimation process, we postulate an outcome model consist-
ing of two components: the treatment-free component, and the blip components. The
treatment-free component characterizes the relationship between the tailoring covariates
and the outcome in the absence of treatment, while the blip component characterizes the
treatment effect, including both main effects and interactions between treatments and tai-
loring covariates, at each stage. At the last stage, K, dWOLS assumes a model of the

form,
EY; | hik,a;] = fx(hir; Bix) + 7 (hig, aix; Pi), (2.1)

where fx is the stage K treatment-free model with parameter B, and vk is the stage K
blip model with parameter Wx. The blip component identifies the optimal treatment rule
by characterizing the treatment effect on the outcome. Hence, the optimal treatment allo-
cation at stage K can be found by argmax E[Y (a;x) | hix] =argmax [yx(hig, a;x; Ok)] .
A K a; K
Once the optimal treatment for stage K has been chosen, the pseudo outcome of stage

K — 1 for each individual under the optimal treatment assignment a?}? is constructed as

Uik -1) = Yi + [vx (hig, a;?}?) — v (hig, a;r)]. We now proceed to regress pseudo outcome of
stage K — 1 on the fix_1) and yx_1) and estimate a?(p;{_l). We repeat this process, until

the optimal treatment of the first stage is estimated. The pseudo outcome of ¥;_1) =
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ie + [y (i, aSP") — i (hig, ai)]. Note that ik at the last stage K is defined as y;, the
observed outcome of the individual ¢. The decision rule at each stage can be written in
terms of the steps provided in Algorithm 1.

Algorithm 1: Decision Rule d(hy) for stage k

Result: Optimal Treatment Decision
if 'Yk(hky 1) > 0 then

‘ Choose azpt =1
else

| Choose ai*" = 0.
end

As discussed, the blip component of the model is crucially linked to the identification
of the optimal treatment regime. Therefore, it is imperative that the estimation procedure
used to fit the proposed model offers desirable properties in terms of the resulting estimates
for W, at each stage k. Indeed, assuming we can specify balancing weights which eliminate
any dependence between the history and the treatment at a given stage, the dWOLS
framework will provide consistent estimation of the blip parameters. Along with specifying
the balancing weights, dWOLS additionally requires modelling the treatment allocation.

In the original dWOLS paper by Wallace and Moodie [9], for a continuous outcome
in a binary treatment setting where 7(z) = P(A = 1|z), it is shown that weights w(a, x)
satisfying the balancing condition of

r(@)w(l,z) = (1 - 7(z))w(0, z), (2.2)

will lead to consistent estimation of the regression parameter W, even if at most one of
the nuisance models (treatment-free model and treatment model) is incorrectly specified.

Moreover, Wallace and Moodie [9] introduced a balancing weight of the form:
w(a,z) =|a— E[A| X = ]| (2.3)

We refer to these weights as absolute value weights. They allocate higher weights to indi-
viduals whose observed treatment significantly differs from what is expected. In an inde-
pendent work, Li et al. [57] introduced a class of balancing weights known as overlapping
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weights and discussed their properties. It is worth noting that the absolute value weights
introduced by Wallace and Moodie [9] are overlapping weights for binary treatment.

2.4 Dyadic Data Structure

Our contributions to the DTRs literature in this thesis operate in the context of populations
exhibiting a dyadic network structure. In this section, we provide the details of what it
means for a population to exhibit this structure and its impact on the assumptions of
causal inference, and therefore the estimation of a DTR.

A population exhibits a dyadic-network structure if each individual in the population
forms a pair with one other member of the population. We call these pairs, dyads. What
makes these dyads important in the context of DTRs, and causal inference in general, is
that we allow interference to exist between the members of a dyad. We still maintain the
assumption that no interference exists outside, i.e., between dyads. This kind of inter-
ference is then, intuitively, called partial interference, since interference is only presumed

evident in restricted portions of the population.

Dyads arise in two types: exchangeable and distinguishable. When the members are
distinguishable, each member serves a role that cannot be filled by the other. For example,
in familial dyads consisting of sister pairs, the older sister might play a vastly different
role from that played by the younger one, and this is an inherent structure of the dyad—
these roles cannot be sensibly exchanged. We say that the data are ezchangeable if the
members of dyads are not distinguishable; for example, in twin studies, identical twins
could be considered as exchangeable. The decision of whether or not dyad members are
exchangeable is both empirical and theoretical and depends on different factors, such as
available covariates, the purpose of analysis, and others. In other words, if the members of
a dyad do not differ in any meaningful way with respect to modelling assumptions, then
they are exchangeable. We label the members of a dyad as member 1 and member 2. A
different way to word this is to say that if we could randomly label the dyad members to
member 1 and member 2 without losing important information that describes the dyad,
they are exchangeable. In describing the dyadic data, we distinguish between those baseline

covariates, which are characteristics of the pair—and thus necessarily common between the
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Wave 1 Wave 2
Member 1 Shared Member 2 Member 1 Shared Member 2

Household ID S E H S E S E Y H S E Y
H1 1 0 55,000 1 1 0 1 1 60,000 1 O 3
H2 0 0 32,000 0 1 1 1 2 30,000 1 1 3

Table 2.1: An example of a standard dyadic data structure for two individuals from the
same household in a smoking cessation study. “S” indicates smoking status, “E” represents
whether they use e-cigarettes, and “H” is the household’s income. The outcome variable
Y represents the tobacco dependence score.

members of a given pair, such as the household income of individuals from the same
household—and baseline covariates, which are characteristics of an individual. When we
are in the framework of exchangeable members, it is common to label members with generic
labels. Herein we label the members of a dyad as member 1 and member 2. We index the
members of a given dyad using J = {1,2}. In a study with n independent dyads, we index
each dyad by i,i € Z = {1,...,n}.

In a study with n independent dyads, the sample consists of 2n individuals in total.
The observed data for these n dyads are assumed to be drawn independently (in other
words, dyads are presumed independent of one another) and are identically distributed.
One possible way to structure dyadic data is to think of it as a set of n pairs and, as a

result, allocate a row to each observed dyad as demonstrated in Table 2.1.
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Chapter 3

DTRs on Dyadic Networks with
Binary Treatments

3.1 Introduction

Most of the foregoing methods for estimating optimal DTRs assume that the treatment of
one individual has no impact on the outcome of any other individual under consideration.
This is the so-called no interference assumption of classical causal inference, a crucial
component of the SUTVA [56]. However, it is important to recognize that this assumption
may not hold in all situations where DTR modelling is desired. For instance, when targeting
smoking cessation, the analysis of DTR faces challenges that arise from the potential

interference between individuals [15—19].

Recently, attempts have been made to extend DTRs to situations in which the no
interference assumption is relaxed. One of the first works on estimating an optimal treat-
ment regime in the presence of interference with a regression-based population model was
proposed by Su et al. [58]. The authors characterize network interference by including
neighbours’ covariates and treatment status in each individual’s outcome model. However,
the model does not assume any interaction between individuals’ treatments. That leads
to an optimal decision rule that ultimately does not depend on the treatment status of
one’s neighbours. A more recent study considers a DTR framework in which the treat-
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ment status and covariate values of the neighbours of each individual are gathered into
a scalar-valued exposure interference term, which is then incorporated at the modelling
stage [79]. However, the neighbours of each individual are not being considered for op-
timal treatment under this model, hence no interference exists between those for whom
optimal treatment decisions are being made. The process of estimating optimal treatment
assignment is therefore not impacted by this modification, so that estimation may proceed
with the usual AWOLS algorithm. Additionally, this approach can never find the global
optimal solution for a population because it dismisses at least half of the population at the

estimation stage.

In this thesis, we propose a methodology for the estimation of optimal dynamic treat-
ment regimes within a population in which interference among those being considered
for treatment exists. In particular, we consider the context of a population exhibiting a
dyadic-network structure, where each individual in the sample forms a dyad (i.e. pair)
with another individual in the sample. Interference is then permitted to exist among those
individuals belonging to the same dyad, but not between dyads. In a population with such
an interference structure, each individual is influenced by two treatments: their own pre-
scribed treatment and the treatment of their dyadic partner. It follows that each treatment
is then associated with two individuals, and therefore optimal value of the treatment can
only be obtained when the resulting ramifications on both parties are considered. Esti-
mation of the optimal treatment regime then proceeds through, without loss of generality,
maximization of a dyad outcome through the dyad-health function, a contextual measure
of the health status of those comprising a dyad. The model, therefore, accounts for the
interference of treatment statuses within the population in estimation, and, to our knowl-
edge, is the first model to do so in the DTR literature. In addition, the introduction of
the dyad-health function provides practitioners with the flexibility to accommodate ethical
and fairness concerns, such as prioritizing marginalized groups or individuals within dyads

who suffer from more serious health problems.

We demonstrate the importance of the innovations provided by the proposed model
through a detailed analysis of the Population Assessment of Tobacco and Health (PATH)
dataset. In particular, in the households with two tobacco users, we consider whether
the adoption of e-cigarettes by an individual impacts their nicotine exposure, and whether

there exists an interference effect, i.e., when one member of a tobacco using household
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adopts e-cigarette use, does it impact the nicotine exposure in the other members?

The remainder of this chapter is structured as follows: Section 3.2 provides the method-
ological and theoretical background, including notation, and sets up the modelling frame-
work for a K-stage DTR on a dyadic-network population. In Section 3.3, we discuss the
details of estimating the proposed model, including the treatment and outcome models, as
well as the optimal treatment decisions for the dyadic-network DTR. Section 3.4 contains
two simulation studies. The first demonstrates that the proposed methodology retains
the double-robustness property of dAWOLS, while the second compares the performance of
the proposed model with existing methodologies on data sampled from a dyadic-network
population structure. Section 3.5 contains our analysis of PATH dataset, and Section 3.6

concludes the paper with some discussion.

3.2 Methodology

3.2.1 Notation

Suppose we have a sample of 2n individuals who have completed a K-stage treatment
regime. Further suppose that individuals of the sample interact with each other, and
that an individual’s outcome is dependent with whom they interact. Such behaviour
encapsulates the well-known notion of interference in the causal inference literature. We
assume here that interference takes a special form, specifically of a dyadic network, which
is to say, each individual in the sample forms a dyad (i.e. pair) with another individual
in the sample, with whom they interact. Under this assumption, interference is restricted
to occur only within these dyads. Hence, the sample may be considered analogously as a
sample of n independent dyads. We index the members of a given dyad using J = {1, 2}.
In general, when the member of interest is member j we use the notation j* to represent the
measurements corresponding to its dyadic partner. For simplicity, we will define quantities
in terms of member 1 when the quantity is member-specific. The analogous quantity for
member 2 can be found by simply replacing all the 1s with 2s in these definitions, and vice

versa.

As previously covered in Chapter 2, we let I = {1, 2, ..., K} index the treatment stages,
and we will let Z = {1, 2, ..., n} index the sampled dyads (rather than individuals). Consider
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an arbitrary dyad i at an arbitrary stage k. We use Ay to denote the set of treatment
options available at stage k. Typically, binary treatments are considered, hence A; is
isomorphic to {0, 1} and we will, without loss of generality, use this representation going
forward. The random variable A;; = (A;1x, Ajox) denotes the treatment of dyad ¢ at stage
k. This consists of A;;x, the treatment of the members of a dyad ¢ at stage k, i.e., A;1, and
Ajog-

We assume that a set of covariate measurements are taken on each individual prior
to treatment at stage k. We denote these covariates by X;;,. Additionally, we let Z
denote the vector of shared covariates among the dyad members as of stage k. This shared
vector may contain, e.g., household income, living conditions, geographic location, and so
on. Although covariates are assumed to be measured at each stage k, any measurements
preceding treatment at that stage can also be used to inform the decision. Accordingly, we
define h;;;, to be the history of measurements relevant for informing the treatment decision
of dyad member j at stage k, through the current stage k itself. The history may consist
of current and past stage covariates of either member of the dyad, previous treatment
values of either, the shared covariates, or functions thereof. We use hy, = (hjg, hjar) to
analogously denote history at the dyad level at stage k.

Following the Kth stage, i.e. after the treatment regime has finished, we assume a
measurement is made on each individual for the purpose of assessing the efficacy of the
treatment regime. We refer to this measurement simply as the outcome, and we use Y;; to
represent the outcome associated with member j. We further assume that the outcome is
continuous and higher values are better. Under interference, the individual-level potential
outcome is a function of the full sequence of dyad treatments A := A,zexc. Occasionally
it will be necessary to make this dependence explicit, and in such a case we will use the
more explicit notation Y;;(A). Thus, for a given dyad of i, Y;;(a) represents the outcome
of member j that would be observed if the dyadic treatments observed over the K stages
corresponds to the sequence a. Note that this function is defined for all possible dyad
treatment sequences in the space A7 ® A3 ® -+ ® A% =: A?, and hence takes a value for
all possible treatment assignments among the dyad pair, not only what was observed in
reality.

Let g be a bivariate function which takes as its argument a dyad outcome Y = (Y7, Y5),
and, based on this input, returns a value summarizing the overall health of the dyad in a
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contextually relevant manner. We call this g the dyad-health function. It follows that we
may obtain our desired dyad-level optimal treatment regime by (without loss of generality)

maximizing g over A? rather than maximizing Y.

Specifically, let d = di(h)gex be the set of K decision rules comprising the dyadic
DTR, where di(h;;) determines the prescribed dyad treatment A;, at stage k given the
dyad history h;,. Let D be the space of all possible sets of K decision rules. Our goal is
to find the collection of decision rules which maximizes the expected dyad health,

arg max gep B (9{Y[dk(Hk)ked }) :

where the expected value is taken over the population of dyads.

Consider choosing g to be the average of the elements of Y, that is, g(Y) = 0.5(Y1 +Y3).
Under the proposed approach, this choice of g recovers the oft-used maximization of the
population expected value, with the caveat that it now accounts for dyad-level interaction
(because it technically maximizes the average of pairwise averages). Although this is a
natural and easily understood choice, we will discuss in Section 3.3.3 that this choice may
not always be the most ethical or contextually appropriate.

3.2.2 Causal framework

To allow for the estimation of causal effects in the presence of interference at the dyad
level, updates to the typical causal inference assumptions of consistency, no unmeasured
confounders, and positivity, are required (see, A1-A3). In this section, we specify the
required changes in turn. Note that each assumption is specified at the dyad level and is
assumed to hold for all dyads in the population. We hence drop the subscript ¢ denoting
an arbitrary dyad in the following assumption definitions.

For any stage k£ € K, and any observable dyad history hy, we make the analogy to
the consistency assumption as follows. Let A% be the space of all sequences of dyad-level
treatments over a K-stage regime and YV; = {Y;(a) | a € A%} be the associated set of
potential outcomes for member j € J. We assume that the observed outcome Y; can be
specified as, Y; =3, .. Yj(@){a}, j € J.

22



For the analog to the no unmeasured confounders assumption, define Y = {(Y;(a), Ya(a)) |
a € A%} as the set of dyad-level potential outcomes, and H as the space of observable his-
tories over a K-stage treatment regime. We must assume that, conditional on an observed
sequence of histories h € H, the observed sequence of dyad treatments a is assigned inde-
pendently of the set of potential outcomes of that dyad. That is, Y 1L A | h.

Furthermore, we assume that within each level of the shared or unshared covariates,
any possible dyad-level treatments can occur. That is, for dyad treatment a, = (ax, as)
we assume, P (ak | hk) > 0, Va; € A7 and hy, in the support of hy. This is equivalent to
the standard positivity assumption.

In terms of modelling, we can sometimes impose a simplifying assumption called ez-
changeability. 1f exchangeability holds, we have that (Yi, X1, X, Z) 2 (Ya, Xo, X4, 7).
When exchangeability holds, we say that the dyad members are exchangeable.

3.2.3 Modelling assumptions

Figure 3.1: Model 1 (General Interference Model): The treatments and individual charac-
teristics of each member can influence both the treatment and the outcome of the other
member. A directed arrow signifies a potential causal effect of the first variable on the
second, while a bidirectional arc between variables suggests the presence of unobserved
factors that could be shared causes of the two variables.

The causal framework outlined in Section 3.2.2 facilitates the development of causal
models which enable the estimation and optimization of treatment effects within a dyadic-
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network population. The most general formulation of our modelling assumptions for a
single stage are represented succinctly in the causal diagram of Figure 3.1. All arrows in
Figure 3.1 represent dependence, however colors have been used to distinguish between
dependence structures of different contextual or modelling importance. For example, blue
arrows have been used to show causal impact of the individual covariates of one member of
the dyad on the treatment or outcome of the other, while green arrows specifically denote
treatment interference. Additionally, red arrows have been used to signify association,
which can occur between the treatments or the outcomes of the dyad members because

of a common cause. The generalization of Model 1 for a two-stage DTR is shown as an

() —n)

example in Figure A.1.

a

Figure 3.2: Model 2 (Restricted Model): The individual covariates of a member do not exert
a causal impact on the other member, and the treatments of members are conditionally
independent given the observed covariates.

In practice, there are scenarios that can be represented by simpler interference struc-
tures. For example, we might assume that the individual covariates of one member do not
have an impact on the treatment or outcome of the other member, and that the treatment
assignment of dyad members is independent from each other, given their shared and indi-
vidual covariates. Figure 3.2 illustrates the causal graph representing such scenarios. Such
context can present substantial simplifications to the estimation of model components,

which is discussed in more detail in Section 3.3.2.

For comparison purposes, we also present the causal model assumed by Jiang et al. [59],
which is shown in Figure 3.3. This represents a significant simplification compared to the
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proposed modelling approach. In this simplified approach, the treatment of member 1, the
only member included in the model, is independent of the treatment of the other member.
This simplification contrasts with the proposed interference modelling approaches, as only
member 1 from each dyad is explicitly modeled, and the individual covariates and treatment
of the member 2 are only assumed to potentially have a causal impact on the outcome of

member 1.

Figure 3.3: Model 3 (Independent Treatment Model): This model focuses solely on member
1. The treatment and covariates of member 2 have a causal impact on the outcome of
member 1.

3.2.4 Modelling a K-stage dynamic treatment regime in a dyadic

network

To formalize the dyadic-network DTR model, we start by considering the final treatment
decision, which is made at stage K. Note that for simplicity, we will omit the subscript ¢
that represents a specific dyad throughout this section. The goal is to choose the treatment
which maximizes the dyad outcome (or some function thereof, see: Section 3.3.3). In
general, the model for the expected value of the outcome at stage K for an individual j in

a given dyad, can be written as,
E[Yj | hjr,ak] = fix(hjx; Bjr) + vk (hjx,ak; Ojr), j €T, (3.1)

where [ is the stage K treatment-free model of individual j with parameter 3, and v,k
is the stage K blip model with parameter © x, where each component of equation (3.1) is
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specified below. Equation (3.1) is a general model specification used in much of the DTR
literature and is not unique to the dyadic-network interference structure context. Both of
the model components serve a particular purpose which can be understood intuitively in
the context of personalized medicine. For example, one may interpret the treatment-free
component as modelling the outcome that would occur if an individual were to go untreated
at the Kth stage of the regime. This role is unchanged when the model is specified for the
dyadic-network context.

Complementing the role of the treatment-free component, the blip component models
the way in which the dyad treatment level influences an individual dyad member’s outcome.
Although this role also does not change in the dyadic-network interference setting, the
assumption of interference among the dyad members does imply that the blip should be
modelled as a function of the dyad treatment, rather than just the individual’s treatment.
This subtle but important change is what distinguishes the dyadic-network DTR from
earlier DTR methodologies. To emphasize this point, we refer to the blip component in

this context hereafter as the dyadic-blip component.

The functional form of each model component can be chosen relatively arbitrarily,
although one often chooses a linear form as a middle ground between flexibility and ease
of implementation. For instance, a linear form for the dyadic-blip leads to,

Yik Wk, ak; O k) = Wk (ajxth ;i + ajim; i + ajgazq k€ i),

where we have assumed for simplicity in presentation that each component of the blip
depends on the entire history h,g, which is not truly a requirement of the model. We
specify ©;x = (¥, M,x,&;x) to be the concatenation of all the component parameters.
Under this formulation, the dyadic-blip is decomposed into three sub-components: one cor-
responding to the treatment of member j, which we call the direct blip, one corresponding
to the treatment of their dyadic partner, which we call the indirect blip, and one corre-
sponding to the interaction between both treatments, which we call the interaction blip.
With this form, the components of ©; are directly interpretable in terms of understanding
the relationship between the history and dyad level treatment as it pertains to expected
potential outcome.

Utilizing this outcome model, we intend to fit an optimal dynamic treatment regime,
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which can then be used to optimal treatment assignments to members of an arbitrary
population dyad. Typically, an optimal treatment refers to that treatment which maxi-
mizes E(Y (a)) over all possible treatment assignments. However, because the dyad-level
potential outcome is vector-valued, maximization of its value is not well-defined unless
constraints are imposed. There is not one unique way to specify these constraints, and
indeed, many plausible constraints are possible. Differing constraints are imposed through
specification of the dyad-health function g. We will discuss these ideas further in the Sec-
tion 3.3.3—for now, we specify the dyad-health function to be g(Y) = 0.5(Y; + Y3). At
stage K, then, the optimal dyad-level treatment can be found by solving,

1

af' = arg max {— [E(Y; | hy,a) + E(Ys | th,a)]} :
ac Ak 2

This idea of optimizing the objective function jointly over the space of possible treatment

vectors Ay is a key feature that sets our method apart from existing literature regarding

DTRs and interference. For comparison, the conditional optimization approach proposed

by Jiang et al. [59] would solve

a%" = arg max E(Y] | hy,ay,as).

a1€{0,1}

Although our objective function of the maximization includes two terms, it is still
possible to express the decision rule in a simple manner utilizing only the dyadic-blip
components. The treatment-free component does not change with the dyad level treatment,
hence it acts as an additive constant in the maximization step and may therefore be ignored.
As a result, the maximization step can be equivalently written,

o 1
a}gt = arg max {5 [’le(th, a) + ’YQK(hQK, a)]} s (3.2)
acAg

so that we are only concerned with the sum of the dyad members’ dyadic-blip components.

Once the optimal treatment has been chosen, the next step is to estimate how much the
expected dyad outcome would be improved under this potentially counterfactual treatment

assignment. From the assumed model, the expected outcome for each dyad member under
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the optimal treatment assignment at the final stage can be expressed as,
95 =y + [y (k. ag) — vx(hy,ax)], jeJ. (3-3)

Intuitively, we are correcting for the effect of the observed treatment, which was potentially
suboptimal, by subtracting off its effect while simultaneously adding on the effect of the
optimal treatment. If the optimal treatment and the observed treatment coincide, the
added quantity will be zero. The bracketed term in Equation (3.3) is therefore sometimes
referred to as the regret, since it quantifies, in terms of the individual’s health, how much
we regret treating them suboptimally.

The quantity g, is also known as the pseudo-outcome [J], and is a crucial component
of the model. Indeed, as we will discuss in the next section, having finished modelling of
the Kth stage and ascertaining the Kth stage decision rule, we then move backward to
stage K — 1 and repeat the process: define a model for the outcome, fit the parameters,
and maximize the dyad-health function. The difference between fitting at stage K and
stage (K — 1) is that the latter needs to account for the fact that more treatments will be
assigned in the future. However, due to the backward nature of our estimation algorithm,
we already know how to treat optimally at the stage K. We can account for this at stage
K — 1 by fitting the outcome model on the pseudo-outcomes ¢; rather than the observed
outcomes y;. This process continues for each k in K until all stages have been addressed,
after which we will have obtained K decision rules with which we may inform treatment

decisions of future patients at each stage of the regime.

3.3 Estimation and Determination of Optimal Treat-

ment Regime

It is clear that the dyadic-blip component of the model is crucially linked to identification
of the optimal treatment regime. It is therefore imperative that the estimation procedure
used to fit the proposed model offers desirable properties in terms of the resulting estimates
for @, at each stage k. One such approach is the (generalized) dWOLS procedure [9, 10].

Indeed, assuming we can specify balancing weights which eliminate any dependence
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between the history and the treatment at a given stage, the dWOLS framework will pro-
vide consistent estimation of the dyadic-blip parameters. Along with specifying these
weights, implementation of this estimation framework additionally requires modelling of
the propensity score. An important property of this procedure is that it is doubly-robust
with respect to model misspecification—consistent estimation of the dyadic-blip parame-
ters is still guaranteed if one of either the propensity score model or the treatment-free
model component is misspecified. This is a desirable property, and motivates our use of
this estimation procedure for fitting the proposed model.

3.3.1 Balancing weights

For each treatment stage, the algorithm fits the specified model using a weighted dataset.
The weights need to be specified such that they remove any dependence between the
history and the observed treatment assignment, i.e., they must offset any differences in the

treatment assignment mechanism which are due to the value of the measured dyad history.

We denote the kth stage weights by w(ag, hy) to emphasize that the weights are a
function which depends on the history and observed treatment assignment. To find weights
which achieve the desired effect, it is common to specify that they satisfy a particular
balancing condition. In the seminal dWOLS work [9], a balancing condition for the case
of a binary treatment was presented (please see Equation 2.2 for more details). Later, in
the development of the generalized dWOLS methodology [10], the balancing condition was
extended to the case of continuous and categorical treatments. When dyadic-interference
exists, each individual is exposed to a bivariate treatment. We now present a theorem

detailing a balancing condition for treatments arising in this form.

Theorem 3.3.1. A weighted ordinary least-squares regression based on the model,
E[Y; | by, a] = f;(hy; 8;) +7;(hy, a;0;),

will give consistent estimates for the dyadic-blip parameters © provided that the weights
satisfy,

m(a| h)w(a,h) = m(a’ | h)w(a’, h), (3.4)
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for any a # a’ € A%, where w(a | h) = P(A = a | h) is the joint propensity score.

A proof of this theorem is provided in the Appendix A.1.2. Details on the different
types of weights satisfying this balancing condition, and their estimation methods, are
presented in Appendix A.1.3. In particular, under the restricted interference model (Model
2 presented in Figure 3.2), we extend the absolute value weights defined by w(a,x) =
la — E(A|X = z)| (see, Equation 2.3) to dyadic-network settings. We call these these new
weights as dyadic-absolute value weights, and they have the form,

wij(a, hz]) = Cl,ij — E(AU ‘ hl])

aije — E(Aijs | hyj)],

where E(A;; | h;;) is the expected probability that member j of dyad ¢ receives treatment,
given their observed history h;;, for each j € J. Intuitively, these weights assign greater
importance to individuals whose own observed treatments or their dyadic partner observed
treatments significantly differ from what is expected according to the treatment model.

3.3.2 Estimation of model parameters

Having decided on an appropriate weight function, we proceed with estimation of the
model parameters. Estimation takes place in K stages, one for each stage of treatment.
The procedure at each stage is exactly the same, so we will outline the details of how it
may be carried out at an arbitrary stage k, which necessarily includes how we take this

information backward to allow for the completion of the same steps at stage k£ — 1.

Recall that we specify a linear model for the outcome which takes the form,
E(Y; | W, ap) = by By + (a5, + ajuenyy, + ajpajndy), (3.5)

where we have, without loss of generality, used hj; to represent the tailoring covariates
included in each term. As previously stated, this is not a requirement of the model and
in general each component may depend on only a subset of the covariates included in the
full history hj,. To estimate the parameters, we solve the following weighted generalized

30



estimating equation,

Uk(ﬁlm ®k> -
Z Z wiikS (hyjk, aik) - (Y%j — h;’;kﬁk - hiTjk<aijk¢jk + QijukMyjp + aijkaij*kgjk)) = 0.
i€l jeJ

(3.6)

Here we have used the notation S(-, -) to represent the score vector of the specified outcome
model with respect to the model parameters, which in the case of the model presented in
Equation (3.5), takes the form,

S<hijk7 az'k) = (hijka Gz’jkhijk:, aij*khz'jka az’jkaij*khijk>-

Since our model is linear, solving this GEE is equivalent to estimation via weighted ordinary
least-squares regression. We choose to present estimation in the more general GEE frame-
work, however, to demonstrate that alternative outcome models can be accommodated,
according the context of the data under consideration.

Upon solving Equation (3.6), we obtain model parameter estimates, which we denote
by (B, @k) These are then utilized to formulate the optimal treatment decision rule for

stage k, which is derived from the maximization presented in Equation (3.2).

From this expression we find that the decision rule can be written generally in terms
of the steps provided in Algorithm 2.

Algorithm 2: Decision Rule dj,(hyy, hoy) for stage k
Result: Optimal Treatment Decision
if yx(hyg, a) + Yk (hog,a) > 0 for at least one a € A, then
Choose a™* such that

Vi (hig, a3 + i (hag, @) > g (hyg, a’) + 5 (hay, &)

for all a’ € A,
else

| Choose a*" = (0,0).
end
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The decision rule takes into account the effect of the chosen dyad treatment on both
members of the dyad, in particular, the chosen treatment may no longer be the one which
leads to the individual maximum for each member. However, when this occurs, whatever
is lost by the member not attaining their individual maximum is less than what is gained
by the other member. Hence, the dyad members may end up compromising their own
outcome for the “greater good” of the dyad.

Having obtained our estimated decision rule, estimation at stage k is complete, and the
algorithm moves backward to stage k — 1. To proceed with estimation at stage k — 1 the
appropriate pseudo-outcome needs to be computed. This can be done according to,

Yijk—1 = Yiji + [”Yk(hijma?ﬁf; ék) — Y (hije, ag; (':)k)]> 1€, jed, k=2,..,K,

where we let y;;x = v;; the outcome observed following the stage K. Thus, the pseudo-
outcome is defined recursively, where, at each stage, we “add back” the individual level
regret to account for the potentially suboptimal treatment decision that was initially ob-
served at that stage.

3.3.3 Optimal treatment assignment and the dyad-health func-

tion
In the classic optimal DTR scenario, we seek the regime d°P* such that,
E[Y(d™)] =z E[Y(d)],

for all possible regimes d. For example, in a two-stage regime, the optimal regime can be
found by solving

max E [max E[Y | Hy = ho, Ay = ao| | Hy = hi, Ay = ay
a1 €A az€A2

iteratively, starting with the inner most maximization problem and working outward. This
is the approach of Q-learning, which can be extended to an arbitrary number of stages by
further breaking down the inner most conditional expected value appropriately; see, for
example, the book by Tsiatis et al. [60].
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As discussed in Section 3.2.4, we cannot directly apply this approach when the outcome
of interest is vector-valued, since the maximization of a vector is not well-defined. This
motivates the introduction of the dyad-health function ¢ : R? — R, which we assume takes
the outcome values Y of a particular dyad and returns a value which is to be interpreted
as a measure of the dyad’s overall health. Without loss of generality, it is assumed that
larger values of g(Y') are associated with greater dyad health. It follows that in the case of
a dyadic-network population structure, the associated optimal treatment regime d°P* can
be found according to,

max E {max E[g(Y) | H, = hy, A, = aQ] |H, =h, A, =a|. (3.7)
ajcA; azc Az

At first glance, this seems to imply that modelling of the random variable g(Y") is required,
but this would be undesirable for a number of reasons. One of the more critical arguments
against the modelling of g(Y) directly is that the impact of the optimal treatment on
the health of each individual in the dyad often becomes unidentifiable in such scenarios.
For example, consider the choice g(Y) = 0.5(Y; + Y3), which we model directly using a
parametric linear model, i.e. E[g(Y)|H = h] = h"3. This approach seems very natural,
and in such a case we may indeed still proceed to find the optimal dyad-level treatment
regime d°P* without issue. However, we will not be able to say anything about how the
optimally assigned treatment impacts the individual health levels of the dyad members, as
these are not identifiable under the assumed model. Hence, such an approach moves away
from the ethos of personalized medicine, in which optimal treatment regime estimation is
rooted. Further, such an approach may lead to ethical concerns, as outright maximization
of g may lead to an “optimal” regime in which the health of one dyad member is sacrificed
for a sufficiently large gain in the health of the other to increase g(Y). We therefore do
not pursue this approach here, instead proceeding with a model for Y.

By focusing on the modelling of Y, we run the risk that the conditional expected value of
g(Y) is difficult to handle in practice. Indeed, one needs to derive the distribution of g(Y")
from the distribution of Y in order to compute the conditional expectations of Equation
(3.7). Since no distributional assumptions are made on the error term in the specification
of Y, this distribution cannot be determined in general. One could proceed by addressing
exactly this issue, that is, by making distributional assumptions of the errors. This may
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unnecessarily restrict the scope of the model, hence we prefer to make some restrictions on
the form of g. We suppose that ¢ is such that it is monotonic (non-decreasing) in both of
its arguments. That is, for ¢ > 0 we have,

g(y1 + ¢, 2+ ¢)

(yl + C, ?JQ) Z g(yl7y2)7 anda
gy +c.y2 + o) > g

>y
> 9(y1,y2 +¢) = g(y1, y2).-

With this assumption, and the modelling assumption for Y given in Equation 3.1 it is
straightforward to show that maximization of the conditional expected value of g(Y) is
equivalent to the maximization of g composed with the conditional expected value of Y.
That is, maxae 4 F(g(Y) | h,a) = maxac4 g(E(Y | h,a)). For any such choice of g, we find
our optimal decision rule at stage k by maximizing g(E[Y | hy,a]) over all possible dyad
treatment decisions a.

3.4 Simulation Study

We illustrate key properties of the dyadic-network DTR approach through two simulation
studies. Specifically, we investigate the purported double robustness property of the esti-
mated coefficients, and the ability to obtain an improved optimal treatment regime with
respect to the conditional optimization approach. The first simulation shows these results
for a single stage model, while the second shows the same results for a two-stage model.
Since the results of both simulations are similar, we present only the first simulation in
this Section. The results of the second simulation can be found in Appendix A.3.2.

3.4.1 Simulation I: double robustness

First, we illustrate the double robustness property regarding consistent estimation of the
dyadic-blip parameters. We do this for varying sample sizes, and under different specifica-
tions of the treatment-free, and dyadic-blip model. Second, we compare the performance
of the dyadic-network DTR with existing DTR methodologies on data exhibiting a dyadic-
network interference structure. This illustrates the necessity of the joint optimization

approach in contexts where interference exists.
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Figure 3.4: Dyadic-blip function parameter estimates for 1000 simulated datasets via our
dyadic-dWOLS approach when neither (Analysis 1), one (Analyses 2 and 3) or both (Anal-
ysis 4) treatment and treatment-free outcome models are correct.

Since consistency is an asymptotic property, we choose sample size as our simulation
parameter. We use the sample sizes n = 200, 1000, and 5000 dyads. For each sample
size, we generate 1000 datasets, fit the model on the data, and record the observed bias of
the estimated dyadic-blip parameters. For each dataset, we also find optimal treatments
according to the conditional optimization approach, so that we can compare those results
with the proposed methodology.

Our baseline model is generated as follows: for each dyad i = 1,...,n and each member
J = 1,2, we generate the patient information, X;;, according to a uniform distribution on
the interval [0, 2]. The treatment model is a logistic regression on the patient information,
P(Ay; = 1| Xi; = xi;) = expit{1 + 2;}. Finally, we define the dyad outcome model to be
}/:L'j ’ (hij> al-) = /L(hij, ai) +€ij7 where ,U/(hijy al-) = e%ii — ZC% +aij (2 +.Z’,L]) — 2(11‘]‘* + Q5 A (1 —
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2z,5) and €;; ~ N(0,1).

In order to show double robustness, we show that the model obtains consistent estima-
tors of the dyadic-blip parameters even when one of the model components is misspecifed.
Hence, we perform four analyses, one for each possible combination of specifying or mis-
specifying the treatment-free and treatment models. Analysis 1 denotes the case in which
neither component of the model is correctly specified, Analysis 2 denotes the case in which
only the treatment-free component is misspecified, Analysis 3 denotes the case where only
the treatment model is misspecified, and Analysis 4 denotes the case in which everything
is correctly specified. To misspecify the treatment-free component, we omit the terms
involving non-linear functions of the patient information, while the treatment model is

misspecified through the removal of the intercept term.

Results of the simulation are provided in Figure 3.4. This figure shows three sets of
boxplots, which correspond to our three chosen sample size settings. Each boxplot in one
subfigure corresponds to one of the four analysis scenarios. From these plots, we can see
that the model appears to provide doubly-robust estimation as expected. When at least
one of the model components is correctly specified, the dyadic-blip parameter estimates
appear to be consistent, which can be surmised from their central tendency of zero and
their shrinking variance as the sample size increases.

For the second part of this simulation, we compare the results of the conditional opti-
mization approach and our proposed joint optimization approach [59]. As shown in Figure
3.5 (right), the population expected outcome under the joint optimization decision rule is
higher than that of the conditional optimization rule. In fact, maximizing the dyad-health
outcome, where dyad health is the average of the outcome of members of a given dyad,

will lead to the maximum expected outcome of the population.

There are a couple of important features to discuss in Figure 3.5. First, comparing only
the boxplots of member 1, we see that the conditional approach appears superior in terms
of improving the health of these members that have dyadic-network DTR. However, the
cost of ignoring interference in the population can be seen in the boxplots of the second
members, where these members are seen to be suffering relative to their dyadic partners
under the conditional approach. In contrast, under the dyadic-network DTR approach,
both member 1 and member 2 boxplots seem to be similar. The consequence of “sacrificing”
the conditional optimal treatment for the first members for greater improvements in the
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Figure 3.5: Estimated expected population outcome under conditional and joint optimiza-
tion. The label “(1)” denotes the expected outcome those labelled member 1, while “(2)”
denotes the expected outcome of the individuals labelled member 2, while “Population” is
the expected population outcome as a result of optimization. Left: Results under condi-
tional optimization Right: Results under the dyadic-network DTR approach.

second member is a better overall population health under the joint optimization approach,
as seen by comparing the third boxplots.

3.5 Application: PATH Study

The addictive properties of tobacco products are well-established, with nicotine being the
primary compound responsible [01, 62]. In light of this, it is of interest to investigate the
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extent to which e-cigarette adoption may reduce total nicotine exposure among pairs of
tobacco product users in the United States. To this end, we will analyze data from the
Population Assessment of Tobacco and Health (PATH) study [63], which provides a rich
source of information on various tobacco-related behaviors and outcomes.

The PATH study is a longitudinal cohort study which was undertaken with the broad
aim of accruing information to aid in the assessment of longitudinal patterns of tobacco
use behaviours in the United States. A nationally representative sample of households
was undertaken using a four-stage, stratified area probability sample design. Sampling
began in 2013 with consenting members of each sampled household forming the “Wave
1”7 cohort. From each of the consenting households, a maximum of two adults and two
youth were assessed. Members of the cohort who chose to remain in the study were then
contacted annually for further data collection, with the results forming subsequent waves.
A replenishment sample was added to the cohort at the outset of Wave 4 and in total, six
waves have been measured. More details regarding the logistics of this study can be found

in the report of Hyland et al. [03].

Measurements collected consist of answers to a survey regarding tobacco use behaviours,
and biospecimens taken from blood and urine samples of study participants who provided
the additional requisite consent. The survey can be roughly divided into three main sec-
tions. The first section captures various socio-demographic characteristics of each par-
ticipant, including age, sex, ethnicity, education, employment status, and annual income.
The second section focuses on tobacco use, inquiring about the types of products used and
frequency of use. Finally, the third section aims to provide context by asking questions
about health status, quality of life, and the perceived social role of tobacco among the par-
ticipants’ social circles. Biospecimen samples were used to measure biomarkers of tobacco
exposure, such as tobacco-specific nitrosamines, and disease purported to be associated
with tobacco use.

To investigate the proposed research question we utilize the PATH dataset to fit a
two-stage dyadic network dynamic treatment regime. In accordance with our research
question, we restrict our focus to households where two adults were identified as current
users of any tobacco product at Wave 1. A current user is defined as any adult who has
ever used a tobacco product and now uses it with some degree of regularity [(641]. Among
these households, we retain for analysis only those households in which both adult members
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provided survey responses and biospecimen samples at Wave 2. These conditions yield a
sample consisting of 516 households, or 1032 individuals. We randomly assign the label of
member 1 and member 2 to each individual in a household.

Our intended response is nicotine exposure, which we propose to quantify using total
nicotine equivalents. Total nicotine equivalents involve the sum of molar concentrations
of nicotine and its various metabolites. Total nicotine equivalents have been shown to
be highly correlated with true nicotine intake, and robust to metabolic differences among
individuals [65, 66]. The PATH data provides measurements of total cotinine and total
trans-3-hydroxycotinine, which can be summed together to give the measure known as
TNE-2 [62]. We choose the log-transformed sum of TNE-2 values at Wave 1 and Wave 2
to be the continuous response for our model. We call this outcome as log total TNE-2.

Our treatment designation is based on e-cigarette use. To be more specific, we consider
any adult reported as an e-cigarette user within the year prior to Wave 1 as having received
initial treatment (stage 1). Similarly, individuals who are recorded as e-cigarette users
between Wave 1 and Wave 2 are considered to have been treated at stage 2. With this setup,
PATH study waves correspond to model stages, as defined in Section 3.3. Consequently,
our model is a two-stage dynamic treatment regime. For the purpose of comparison, we
implement both our joint optimal treatment model and a conditional optimal treatment

model as done in previous literature [59)].

At each stage, we fit a dyadic-blip model of the form a;;x(Vor + ¥ Xijk) + @ijer(nor +
MeXijek) +Eaik5.%. For the tailoring covariates, at stage 1, X, is comprised of biological
sex (binary), age (continuous), non-Hispanic (binary), reported heart disease (binary),
cigarette smoking status of the individual in the corresponding wave (everyday, some days
and not a current smoker), and average cigarettes smoked per day (numeric). If someone
is a non-smoker, their average number of cigarettes is zero [67]. The covariate Xjj-j, is the
same at both stages and is comprised of dyad partners j*’s cigarette smoking status and
average number of cigarettes per day.

Since there is no meaningful way to assign membership labels within the path dataset,
we assign labels within each dyad randomly. As a result, member exchangeability is satis-
fied in this analysis. Accordingly, we fit the outcome and the treatment model on a stacked
dataset, combining the member data to fit a single outcome regression.
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In each stage the weights were estimated under two interference settings, which we have
called My under the restricted model and M3 under the independent treatment model,
respectively (see Appendix A.1.3). The propensity for receiving treatment in each stage
exhibits acceptable overlap, and the balance of covariates has been achieved, as indicated by
the standardized mean difference of weighted covariates being below 0.1, with the exception
of age, which has a standardized mean difference of 0.21.

3.5.1 Results

The dyadic-blip model estimates at each stage for each model are presented in Table 3.1.
Recall that our outcome in this case is log-transformed sum of TNE-2 for Wave 1 and Wave
2, and hence lower values correspond to a better health outcome. From this reference point,
it is possible to interpret negative blip coefficients as relating to those factors which increase
the efficacy of the treatment, while positive coefficients show the opposite relationship.
Also, recall that in joint optimization, we optimize the sum of the blips, so cigarette
smoking by either member will appear in the optimization equation in two capacities.
For example, at stage 1 for Model 2, if both are someday-cigarette smokers, the terms
corresponding to cigarette smoking in the blip sum gives 2 x (0.689) + 2 * (0.313) = 2.004.
It follows that, when both members are everyday cigarette smokers, treatment is more
likely to be effective. Additionally, if either member is of non-Hispanic origin and is a
male, the treatment is more likely to be effective.

Figure 3.6 gives an assortment of boxplots related to the models and their outcomes
under optimal treatment. In particular, the first boxplot shows the joint total TNE-2 for
all couples as observed in the dataset, while the second and third boxplots show the new
outcomes under conditional and dyadic-network DTR modelling, respectively. From the
plot, it is clear that the dyadic-network model appears to show an improvement in total
TNE-2 values among the sampled households, which can be seen by its noticeably lower
central tendency, and skewness toward negative values. The boxplot of the outcomes under
the conditional models optimal treatment rule also show a general decrease in total TNE-
2 values across the sample, although its central tendency and skewness toward negative
values are noticeably less.

Specifically, under the conditional approach, which only optimizes treatments based on
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Table 3.1: Dyadic-Blip Estimates

Tailoring covariate Coeflicients
Stage 1 Stage 2
M;s M, M; M,
1o E-Cigarette; -0.084 0.367 -0.746 -0.701
11 E-Cigarette;: Age; -0.001 -0.008 0.007 0.012
1o E-Cigarette;: Sex; (Female) 0.124 0.078 0.293 0.134
13 E-Cigarette;: Non-Hispanicy -0.010 -0.177 -0.135 0.027
Yy E-Cigarette;: Heart Disease; (No) -0.839 -0.684 0.189 0.241
15 E-Cigarette;: Cigarette; (Not a current smoker) 1.715 1.831 1.257 1.023
g E-Cigarette;: Cigarette; (Some days) 0.689 0.372 -0.187 -0.368
;  E-Cigarette;: Average Cigarette; per day 0.015 0.011 0.031 0.019
no E-Cigarettes -0.498 -0.502 -0.383 -0.316
m  E-Cigarettey: Cigarette; (Not a current smoker) 1.811  1.723  0.550 0.582
ne  E-Cigarettey: Cigarette, (Some days) 0.313 0.325 0.150 0.152
n3 E-Cigarettey: Average Cigarette, per day 0.013 0.014 0.006 0.005
& E-Cigarette;: E-Cigarette, 0.170 0.152 0.569 0.491

Weights were estimated under two interference settings, Mo under the restricted model and M3z under the

independent treatment model 3.2.3.

the first dyad member, the expected log total TNE-2 values decreased by 0.46 on average
across the optimized members. This also indirectly led to a decrease of 0.20 in the non-
optimized members. Overall, the population expected log total TNE-2 values decreased on
average by 0.33 under this approach, from 3.33 to 3.01. The joint optimization approach
of the dyadic-DTR methodology, on the other hand, results in 0.58 reduction in the mean
of log sum of TNE-2 of each member and the total of 0.58 reduction for the population of
dyads.
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Figure 3.6: Boxplots of log total TNE-2 values in the observed data (Left), under con-
ditional optimization (middle), and under joint optimization (right). In this case both
approaches seem to have generally decreased population TNE-2 values, with the dyadic-
DTR approach preforming slightly better.

3.6 Discussion

The proposed methodology extends the estimation of dynamic treatment regimes to ac-
count for interference when the population arises in the form of a dyadic network.

This is done by modification of the dWOLS algorithm’s optimization step through
introduction of the dyad-health function. This function takes the outcome values of a
particular dyad’s members, and uses them to produce a value which, ostensibly, corresponds
to dyad health—a value we intend to maximize through treatment assignment. The dyad-
health function is specified by the practitioner, and may take multiple forms. In particular,
when the dyad-health function is the average of the outcome of the individuals of a dyad,
the joint optimization will optimize the population expected outcome. This is in contrast
to the conditional optimization methodology introduced previously in the literature which
cannot promise this result. Additionally, this feature provides the practitioner flexibility in
defining what is meant by optimal as it relates to the outcome of a treatment decision. This
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is an important point, because the typical choice of maximizing the population expected
outcome can potentially result in undesirable repercussions for certain population members
at the individual level, and may therefore be unethical to implement in practice.

The proposed methodology was implemented through a simulation study and an anal-
ysis of the PATH data. Through these examples we were able to demonstrate how the
models perform. Specifically, when the dyad-health function is chosen to be the average of
the dyad outcomes, we demonstrated the claim that the joint optimization approach always
outperforms the conditional optimization previously proposed in the literature. Note that
this was the sole purpose of the analysis of the PATH dataset—the decision rule estimated
therein should not be used to make real policy decisions in this field. In particular, the
completed analysis has a few simplifying assumptions that may not hold in practice. For
example, it was assumed that dyad members within the PATH study were exchangeable,
but the existence of a variable which makes the dyad members distinguishable should be
considered and analysis run accordingly and compared. The assumption that the behavior
of individuals observed at each wave remained homogeneous, so that they did not undergo
any significant changes throughout the one-year interval between waves, is also unlikely
to be true generally. While this assumption facilitated our analysis, it is important to
recognize that individual behaviors can be influenced by various factors that may evolve
or fluctuate over time. Therefore, the generalizability of our findings may be affected,
as unaccounted changes in behavior patterns between waves could potentially impact the
observed results.

Furthermore, while we were able to showcase the application of the dyadic dWOLS
method in a multi-stage setting using two waves of data, it is important to note that the
inclusion of additional waves would have provided a more comprehensive understanding of
the dynamic nature of the phenomenon under investigation. We were unable to incorporate
a larger number of waves into the analysis, due to the limitations imposed by the sample
size.

In terms of potential future works in the area of intersection between DTRs and inter-
ference, our study motivates several intriguing possibilities. The most natural next step
would be to allow for interference among groups consisting of two or more individuals.
This, along with allowing for groups of various sizes within the population would extend
the model to much more realistic scenarios.
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While much of the existing literature on causal inference and interference has primarily
focused on binary treatment, exploring interference in the context of continuous treatment
could lead to the development of more effective DTR and interference methods. This
avenue of investigation would allow for the development of tailored methods specifically

designed for use in continuous treatment scenarios.

Another potential extension that merits exploration in the intersection between DTRs
and interference involves cases where different sources or types of measurement from one
outcome are available. In a more general context, this extension would also encompass
situations where a treatment and its potential interference have an impact on multiple
health outcomes of an individual. Investigating the effects of interference in such complex
scenarios would undoubtedly be challenging, but the insights gained would be valuable in
developing more effective intervention strategies that target multiple health outcomes si-
multaneously. The development of sophisticated analytical approaches that can accommo-
date the interplay between different health outcomes and the various factors that influence
them would enable more personalized and tailored treatment plans, leading to improved
patient outcomes and quality of life.
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Chapter 4

DTRs on Dyadic Networks with
Continuous Treatments

4.1 Introduction

Much work of the early studies in DTR research has primarily focused on binary treatments
[11, 68, 69]. However, a significant number of treatments in real-world scenarios are more
accurately represented as a continuous variable, such as dose and duration. The concept of
utilizing continuous treatment variables in DTR literature has been less explored, primarily
due to the added complexity it brings to the optimization process during model fitting.
Recent developments have yielded significant progress in this field [10, 70, 71]. Nonetheless,
the proposed methods work under the general assumptions of causal inference, such as no
interference assumption and developed methods to incorporate interference are currently
limited to binary treatment settings [58, 59, 72, 73]. Despite recent advancements in this
area, there remains a critical gap in understanding the implications of interference within
the context of continuous treatments. In light of this gap, our work aims to bridge this
divide by investigating the effects of interference in the utilization of continuous treatment
variables within the DTR literature.

In this work we propose one of the first efforts at a DTR methodology which allows
for comprehensive modelling of continuous treatments alongside patient interference. The
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foundation of the proposed approach rests upon the method that was established in Chap-
ter 3. A key distinction of this chapter is the type of treatment considered; while in
Chapter 3 we only examined binary treatments, here we allow for continuous and categori-
cal treatments at both the individual and network level. Moreover, our method enables the
modelling of varying degrees of exposure to spillover effects, the effect of one’s treatment
on the outcome of the other dyad member, by considering both symmetric and asymmetric
network connections, and those characterized by heterogeneous intensities. The proposed
methodology aims to produce doubly robust estimates of the treatment and spillover ef-
fects of a continuous treatment, and quantify the corresponding optimal decision rule. We
provide a general formalization of the issue under the potential-outcomes framework, by
developing a joint propensity score for the estimation of treatment and spillover effects in
observational data [74]. In so doing, we assume that spillover effects are mediated through
a dyadic-network structure.

We demonstrate the performance of the proposed model through a detailed analysis of
the PATH dataset. Specifically, in households with two tobacco users, we examine whether
the nicotine exposure of an individual impacts their tobacco dependence and whether a
spillover effect exists. In other words, we investigate whether the nicotine exposure of an
individual influences the tobacco dependence of other members.

The structure of this chapter is as follows: Section 4.2 presents the methodological
and theoretical background, including notation, and establishes the modeling framework
for a K-stage DTR on a dyadic-network population when the treatment is continuous.
Section 4.2 focuses on the estimation details of the proposed model, encompassing the
treatment and outcome models, as well as the optimal treatment decisions for the dyadic-
network DTR. In Section 4.3, we conduct simulation studies to showcase that the proposed
methodology maintains the double-robustness property of AWOLS. Section 4.4 features our
analysis of the PATH dataset. Lastly, the chapter concludes with a discussion in Section
4.5.
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4.2 Methodology

In this section, we introduce notation and provide a brief overview of the dWOLS es-
timation method. Then we present our proposed methodology for incorporating dyadic

interference in the continuous treatment setting.

4.2.1 Notation and assumptions

In Chapter 3, we introduced a set of notations for dyadic-cd WOLS when considering a
binary treatment. Here, we will build upon those notations, which remain largely the
same, with the primary distinction being related to the treatment variable. Our sample of
a dyadic-network consists of n pairs of individuals, or 2n individuals in total.

We assume that over a certain period of time, the 2n individuals underwent K treatment
decision points, which we refer to as stages. We let K = {1,2,..., K} index the treatment
stages, Z = {1,2,...,n} index the sampled dyads, and J = {1, 2} index the members of a
particular dyad. When we need to refer specifically to a quantity related to a particular
dyad member, we will use the subscript j to indicate that it belongs to member j, and the
subscript j* to indicate that it belongs to member j’s dyadic partner.

For each individual j in dyad ¢, we use A;j; to denote the treatment of that individual
at stage k, for arbitrary k, which has support A,;. That is, we assume member j of each
dyad receives the same treatment options. We allow A;;;, to be a continuous, categorical, or
binary variable, and we allow this property to change with both stage, k, and dyad member,
j. Weuse Ay, = (Ajk, Aiok) to denote the treatments received by the two members of dyad
i, 1 € Z. We define this as the dyad treatment. Clearly, A;, € A, where A, = Ay, X Aoy
Finally, A; = (A4,..., Ay) denotes the sequence of dyad treatments across all k stages of
the treatment regime which has corresponding support A.

At each stage k, it is assumed measurements are taken on each individual prior to
treatment. We denote these covariates as Xji, and use Xz = (Xi1x, Xjox) to denote the
collection of measured covariates for dyad 7. We also define Z;; as the vector of measured
covariates shared by the members of dyad i at stage k, which we assume are distinct from
those covariates composing X;;,. We use h;j; to represent any measurements relevant for
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informing the treatment decision (including individual or shared covariates and previous
treatments) of individual j in dyad ¢ at stage k. We call this the individual’s history at
stage k, and we likewise define the dyad history at stage k as hy, = (hyx, hiog).

Following completion of the Kth stage, i.e. after the treatment regime has finished,
we assess the efficacy of the treatment regime by making a measurement on the health
status of interest for each individual, denoted by Y;;. We let } denote the space of possible
outcomes. It is assumed that the outcome is continuous and that larger values of the
outcome are preferable. Under interference, the individual-level potential outcome is a
function of the full sequence of dyad treatments A. Occasionally it will be necessary to
make this dependence explicit, and in such a case we will use the more explicit notation
Yi;(A) for the outcome of individual j in dyad i, while Y (A) = {Y;1(A), Yi2(A)} denotes
the dyad outcome.

Our model operates under the potential outcomes framework introduced in Chapter 1
[53]. This assumes that each person has an associated outcome function which maps the
treatment space into the outcome space. This is the Y;(-) which we defined previously.
The notion of potential outcomes follows from the fact that any of these outcomes could
potentially be observed, depending on the treatment that is ultimately assigned. The
potential outcomes framework works by making a few assumptions which allow for the
estimation of causal effects when working with observational data. From the perspective
of dyadic-network DTRs, the assumptions of consistency, no unmeasured confounders,
and positivity still hold. However, the assumption of no interference will be relaxed. We
assume that the potential outcomes of a particular dyad are independent of the treatment
assignment of individuals belonging to other dyads. The interference within the dyad may
exist under this definition, whereas interference across dyads is ruled out. That is,

Assumption 4.2.1 (Dyadic-Interference). Suppose Y;(a;) is the outcome of dyad i after
having received treatment a; over a K stage regime. Then, Y;(a;) | ay = Y;(a;) for all
i" # i, and for all a; € A.

A potential outcome is a value of the response that would result if a participant were to
receive a specified treatment, not necessarily the same as that they received in the study.
To modify the potential outcome to permit the presence of dyadic-network interference
the observable outcome for an individual is a function of the treatment of themselves and
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their corresponding dyadic pair, i.e ¥;;(A) for A € A. In the event that all treatments are
continuous, the outcome is referred to as the dose-response surface.

In terms of modelling, we can sometimes impose a simplifying assumption called ex-
changeability. If exchangeability holds, we have that (Y;, X;, Xs, Z) 4 (Ya, Xo, X1, 7).
When exchangeability holds, we say that the dyad members are exchangeable.

4.2.2 dWOLS estimation method for a K-stage DTR in a dyadic

network

Under the assumption of no interference, the sequence of treatment decisions that maxi-
mizes the outcome of interest for an individual or subgroups (as reflected on the covariates),
will result in optimization of population outcome as well. However, as discussed in Chap-
ter 3, when interference exists, optimization methods that aim to achieve an individual’s
optimal treatment may not even result in increasing the population outcome on average,
let alone optimizing it. Thus, when interference exists, it is therefore crucial to clarify the
goal of the DTR and identify the target population we aim to benefit from the treatment
plan. This is achieved by defining a dyad health outcome function, ¢ [Y(a)] which is a
surrogate measure of the each dyad’s overall health. In so defining, we account for the
assumed interference within the population. Optimization of this dyad health function

rather than the individual health outcomes then optimizes the population outcome.

In the simplest case, the dyad health function, combines the effect of treatment on
each individual and its effect on another outcome (spillover effect) into a single scalar
utility score. In a more complex way, the dyadic health function could aim to maximize
an individual’s outcome subject to constraints on the risk of the other individual. With
the objective of maximizing the expected population outcome, we define the dyadic health
function as the average of the outcome of each member of a dyad, ¢g[Y(a)] = 0.5(Y1(a) +
Ya(a)).

When it comes to computational aspects, our approach extends the dWOLS algorithm
and therefore relies on backward induction. To formalize the dyadic-network DTR model,
we modify the individual’s outcome model to incorporate interference. That is, the out-

come model of each member can potentially include the covariates and treatments of the

49



other member. Therefore, the treatment-free component specifies the relationship between
the tailoring covariates and the outcome when none of the members of a dyad received
treatment (i.e., a3 = as = 0). The blip component, characterizes the joint-treatment
effect, including both the main effects of joint-treatment and the interaction(s) between
treatments and the tailoring covariates and is called dyadic-blip. The outcome model for
the members of dyad i can be written as,

]~

ElYy | hik,aix] = [fie (D Big) + ik (g, ai; O1)] . 7 =1,

k=1

™)~

E[Ys | hypk,aik] = [for (hyor; Bor) + Yok (Miok, aik; Oax)],  § = 2,

i

1

where f;, is the stage k treatment-free model, parameterized by B., and 7 is the

ks
corresponding blip model, parameterized with parameter ©y, for the mémber j of a given
dyad. When extending the framework to continuous treatment, the dyadic-blip function
should typically be parameterized in such a way to ensure that the joint-optimal treatment
a’?! could potentially be an interior point of A; x A,. For example, the analyst may posit

a blip model that includes a quadratic (or higher order) term for the treatments.

We start by considering the final treatment decision, which is made at stage K. With
the goal of optimization of the expected outcome of the population, we define the dyad
health outcome as the sum of the outcome of two members. Assuming higher values of Y
are preferred, the optimization will be a maximization problem. To secure that the optimal
treatment relies on the interior point of A; x Ay we define a dyadic blip with quadratic
terms of joint treatment. Hence the outcome model for dyad 7 at stage K is,

ElY; | hy,a] = /BlThil + Y10a1 + Nipas + a%w;—lhil + agﬁﬂhil + G1a2§1T1hi1, Jj=1,
E[Y;s | hyp,a;] = ,3;1%2 + Pa0ag + M20a1 + a%@/};hﬂ + a%ﬁ;hm + a2a1§2T1hz‘2, J=2,

where we have, without loss of generality, specified each term to be a function of the entire
history. Note that, for simplicity, the subscripts of stage K have been omitted from the
outcome model equation. The optimal treatment allocation can be found by maximizing,
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argmax E[Yii(a1,a2) + Yia(ay, a2) | hyp, hyp) =

(a1,a2)

argmax wloal + 7’]10@2 —|— a%@bﬂhzl + CL;T]Eth —|— alagfﬂhﬂ
(a1,a2)

+ Ya0as + 12001 + ag@/);hm + a%n;hm + GQCllnglhiz] )

subject to the condition that (aj, as) € A; X Az. This equation can be written succinctly

in matrix notation as,

1
§aT Qa+¢'a,
where we have defined ¢ = (110 + 720, Y20 + 710) and,

Nhi + g 1/2(6] hy + & hyo)

Q =
1/2(§1T1hi1 + 52T1hi2) %Tﬁlﬂ + Tthhiz

As a result, the optimal treatment decision rule can be found by solving the following
quadratic programming problem:

1
maximize §aTQia +¢'a, subject to

A:Alegz{aHjaju}.

(4.1)

Here, 1; is the left endpoint of A;, while u; is the corresponding right endpoint, i =
1,2. Problems such as the one given in Equation (4.1) are commonly called quadratic
optimization problems with box constraints (assuming that 4; and Ay are intervals). The
quadratic form of our model will always have dimension two. It follows that, for each
patient we will be maximizing a surface that has one of the three forms given in Figure
4.1. In particular, when Q; is negative semi-definite, this optimization problem will be
convex. If the maximum is an interior point of A, then the solution can be found by
setting the gradient equal to 0. If Q; is instead positive semi-definite, the problem is
still easily solved by checking all four vertices and choosing the one corresponding to the
largest value. Finally, if Q; is of indeterminate form, we must maximize on each of the
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Figure 4.1: Illustration of the general shape of the outcome model as a function of the
dyad treatment for definite and indefinite Q.

boundary values of the treatment corresponding to the positive eigenvalue. In all cases, the
maximization can be completed in closed form so that no numerical solvers are required.

Surface and contour plots then can be used to inform the decision maker (see, for
example, Figure 4.1).

Following the same process as dWOLS, once the optimal treatment at last stage has
been chosen, the pseudo-outcome for each dyad member under the dyadic-optimal treat-
ment assignment is estimated by,

gz’j(k—l) = ﬂz‘jkz + ['Vijk(hijk,a?ﬁ:) - %‘jk(hz’jka aijk)]a jeJ,vViel.

Intuitively, we are correcting for the effect of the observed treatment, which was (poten-
tially) suboptimal, by subtracting off its effect while simultaneously adding on the effect
of the optimal treatment. If the optimal treatment and the observed treatment coincide,
the added quantity will be zero. Note that in the setting without interference this is hap-

pening by adding a positive quantity to the observed outcome of the individuals who did
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not receive their optimal treatment at the stage k. However, this might not necessarily be
the case where interference exists. The optimal decision is a treatment decision that leads
to the maximum expected outcome of a dyadic health outcome rather than an individual
outcome. We continue this procedure and estimate the optimal joint treatment for each
k in K until all stages have been addressed, after which we will have obtained K decision
rules with which we may inform treatment decisions of future patients at each stage of the
regime.

We extend the balancing weights of Schulz and Moodie [10] to continuous treatment
within dyad interference. Under interference within dyads, balance must be achieved across
arms defined not only by the individual treatment but also by their dyadic partner treat-
ment.

Theorem 4.2.2 (Extension of Schulz & Moodie, 2020). A weighted ordinary least-squares
regression based on the model,

E[YJ | hjaa] = f(hj;ﬁ) +’7(hj7a; 0),

will give consistent estimates for the dyadic-blip parameters © provided that the weights
satisfy,

m(a| h)w(a,h) = m(a’ | h)w(a’, h) (4.2)
for any a# a’ € A, where m(a | h) = fan(A = a| h) is the joint propensity score.

A proof of this theorem follows that by Schulz and Moodie [10] and is provided in
Appendix B.1. Theorem 4.2.2 provides a general class of weights which can provide the
balancing property. In order to estimate these weights, for the continuous treatment case,
we fit a joint treatment model based on the ideas of Del Prete et al. [75]. Their work defines
a generalized propensity score for populations exhibiting a weighted network structure.
They call this the joint propensity score. In our scenario, the network treatment is simply
the treatment of the other dyad member.

In its general form we assume that the treatment assignment of those in the same dyad
are not independent, then we assume a joint model for the treatments, (A, As) ~ f(H;0)
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where H denotes the dyad history. With the treatment model taken care of, we construct
the weights as
e — ik Qi | Pige)
T [ w(u,v | hijr) "t dudv

As it is shown in Appendix B.1, these weights satisfy the balancing condition, leading
to double robust estimation property of dyadic-blip parameters.

4.3 Simulation Study

In this section, we investigate the properties of our proposed method via simulation study.

Through simulation, we evaluate the double-robustness of the proposed dyadic-d WOLS
estimation strategy by examining different types of model misspecification. Four scenarios
are presented: 1) correct specification for both joint treatment and treatment-free mod-
els, 2) misspecification of joint treatment model but correct specification of treatment-free
model, 3) correct specification of treatment model but misspecification of treatment-free
model, and 4) misspecification of both joint treatment and treatment-free models. If the
proposed dyadic-dWOLS estimation method is double-robust, we should get consistent
estimation of the dyadic-blip parameters in scenarios 1-3, where at least one of the treat-
ment model or treatment free model is correctly specified, but not necessarily in scenario
4, where both are misspecified.

In the first set of simulations, we generate the tailoring covariate x;; from a folded
Normal with mean 1 and standard deviation 1 and a shared covariate z; from a Nor-
mal distribution with mean 3 and standard deviation 1 for j € 1,2. The treatments A;;
and A;y each follow a Normal distribution with mean ag + a12;; + a22z; and variance 1,
and the parameter vector « is set to (—3,—2,0.7). The treatment-free model is repre-
sented by the equation x;; + sin(x;;) + 2;, and the dyadic-blip model is a;;(1o + Y15 +
Y2aijTii) + @i (V3 + Yaaie + V5a;5+245) + Yeaijai+x;; where the parameter vector W is
set to (—1,—3,—10,—1,—2,—10,2) and the error term e;; is assumed to follow a stan-
dard Normal. The treatment-free model is misspecified by the omission of sin(z;;) and the
treatment model is misspecified by excluding z;;. The second set of simulations involves

A

heteroscedastic doses, which are generated according to the model Dose;; = ce™¥, where
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A;; is determined by a regression on the tailoring covariates —3 — 0.1z;; + e;;. Model
misspecifications in this study remain the same as the previous simulation.

As discussed by Schulz and Moodie [10], weights such as inverse probability weights
and overlapping weights [57], satisfy the balancing condition for dAWOLS in the context of
continuous treatment without interference. In this work, we modify these weights to satisfy
the balancing condition presented in Theorem 4.2.2 for the dyadic-dWOLS estimation
method and refer to them as IPWD and OWD, respectively. It is important to note
that Theorem 4.2.2 introduces a sufficient but not necessary condition, indicating that
there exist weights, such as stabilized inverse probability of treatment weights, which may
not satisfy the condition but still achieve balance. Furthermore, we also examine the
performance of non-parametric weights, such as entropy weights, which are described in
Table 4.1. We call these weights STWD and EWD, respectively. Additional details on
different types of balancing weights can be found in Appendix B.3.

Note that as Schulz and Moodie [10] discussed, for a continuous treatment, weights de-
rived from the generalized propensity score may be volatile. To address this, we considered

binning the continuous treatments according to joint empirical quantiles by

m

~1 -1
7 [(aij, aie) | 2] ™ /D7 (@i, agge)r | 23] 7"
r=1
In the dyadic-blip model, however, treatments still behave as the continuous variables.

The simulation results presented throughout are based on 1000 Monte Carlo replications
of different scenarios. The simulations were all carried out using R.

4.3.1 Results

The results of the estimation of dyadic-blip parameter 1, for the simulation setting where
the treatments follow the Normal distribution, are presented in Figure 4.2 and Figure 4.3.
Figure 4.2 showcases three sets of boxplots representing different sample size settings for
estimating the dyadic-blip parameter v; when the treatment-free model is misspecified.
Each boxplot within a subfigure corresponds to a specific type of balancing weights. In
Figure 4.3, each sub-figure corresponds to one of the four analysis scenarios under differ-
ent balancing weights. These plots indicate that the model indeed provides double-robust
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Table 4.1: Weight functions implemented in the dyadic-dWOLS.

Weight Function Description
: - . 1
IPWD (inverse probability weighting)
m(alz)
EWD (entropy balancing weights) [76-78] H(w;) = w; ln((ﬂ)
4i
e 1 . : 7(a)
STWD (stabilized inverse probability weights) [79)] (i)
m(a|r

estimation for dyadic-blip parameter 1. As expected, when at least one of the model com-
ponents is correctly specified, the dyadic-blip parameter estimates appear to be consistent,
which can be surmised from their central tendency of zero and their shrinking variance as
the sample size increases.

-2.9990 -2.99501 -2.9990+

:
-2.9993 f 1 -2.9993 -2.99954 H
T I ! ! ] s '
W1 -3.0000 J J W1 -3.0000 |_'_4 W1-3.0000 \_ T T
1 '
-3.0003 -3.0003 -3.00051
g i
i .
-3.0010 . -3.00104 -3.00104
[]
IPWD EWD STWD IPWD EWD STWD IPWD EWD STWD

10 dvads 10* dvads 5x10° dvads

Figure 4.2: The estimates for 1); under different dyad sample sizes and for different types
of weights, under the scenario (3) where treatment-free model is misspecified.

o6



-2.9990

-2.9995

-3.0000

-3.0005

-3.0010

]

. -{D_.

-2.9990

-2.9995

-3.0000

-3.0005

-3.0010

i
T

Ll
TT

-3.0000

-2.99901

-2.9995

-3.0005

-3.0010+

I
i

L
]

-2.9990

-2.9995

-3.0000

-3.000%

-3.0010

-

IPWD EWD STWD [PWD EWD STWD IPWD EWD STWD [PWD EWD STWD
O} @ 3) )

Figure 4.3: The estimates for ¢); under different model specifications, (1) correct specifica-
tion of both models, (2) and (3) when one of the treatment model or treatment-free model
is misspecified and (4) when both models are misspecified. The sample size is 1000 dyads
and under 1000 Monte Carlo replication.

Furthermore, the table of root mean squared error, RMSE, (Table 4.2) provides insights
into the estimation performance of the dyadic-blip parameters across different sample sizes
and balancing weights, when treatment-free model is misspecified. First, as the sample size
increases the RMSE values generally decrease for all parameters and weights, indicating
improved estimation precision with larger sample sizes. Comparing the different balancing
weights within each sample size, the IPWD weight tends to yield larger RMSE values
compared to EWD and STWD weights. This is expected as dividing by the propensity
score can inflate the variance of IPWD estimators. Examining the individual parameters,
1o and 13 generally have higher RMSE values. The findings presented in this analysis align
with the results reported by Schulz and Moodie |
setting. For simplicity, the results for other dyadic-blip parameters under different model

| in their study under a no-interference

specifications, which also exhibit the double-robustness property, have been included in
Appendix B.2.
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Dyadic-blip parameters
Weight Sample size 1o (0 (o (5 (O (5 Ve

103 0.437 0.035 0.034 0.419 0.033 0.035 0.028

IPWD 10 0.293 0.022 0.022 0.296 0.020 0.022 0.015
5 x 10* 0.242 0.018 0.017 0.258 0.017 0.017 0.013

103 0.153 0.015 0.016 0.159 0.017 0.018 0.015

EWD 10 0.048 0.005 0.005 0.049 0.005 0.006 0.005
5 x 10* 0.021 0.002 0.002 0.022 0.002 0.003 0.002

103 0.162 0.014 0.016 0.159 0.015 0.018 0.015

STWD 10* 0.051 0.005 0.005 0.050 0.005 0.006 0.005

5 x 10% 0.022 0.002 0.002 0.022 0.002 0.003 0.002

Table 4.2: RMSE when the treatment-free model is misspecified. Sample size is 1000 dyads
and the treatments follow Normal distribution. RMSE values are multiplied by 10%.

4.4 Application: PATH Study

Total Nicotine Equivalents (TNE), which represent the molar sum of nicotine and its
metabolites within an individual’s system, are increasingly recognized as valuable biomark-
ers for investigating tobacco dependence. Previous research has shown a correlation be-
tween TNE levels and tobacco dependence, suggesting that higher levels of these biomark-
ers often imply a stronger dependency on tobacco. Moreover, it has been observed that
different tobacco products can yield different relationships between TNE and tobacco de-
pendence, underlining the complexity and variability of this dependency[30].

In this paper, we aim to utilize the proposed model to explore the relationship between
TNE and tobacco dependence, as well as the existence of a spillover effect. Our goal is
to not only contribute to the existing body of knowledge but also to encourage a broader

discussion on tobacco dependence beyond the confines of cigarette consumption.

To carry out the proposed study, we turn to the Population Assessment of Tobacco
and Health (PATH) dataset. The PATH Study represents a comprehensive longitudinal
investigation centered on the monitoring and analysis of tobacco use patterns within the
United States.
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Initiated in September 2013, the first wave of the PATH Study consisted of a nationally
representative household sample of 45,971 individuals, including 32,320 adults and 13,651
youths. The study involved annual follow-ups, spanning up to six waves of data collection,
with the most recent wave recorded in 2021. At each wave, participants were asked to fill

out a survey and upon providing additional consent, their biospecimens were collected.

4.4.1 Analysis

We make use of the PATH dataset to construct a two-stage dyadic network dynamic
treatment regime, which will allow us to study the interactions and effects between paired
individuals across the first two waves of the study. For our analysis, we specifically focus
on pairs of individuals engaged in ongoing tobacco use. An individual is classified as a
“current tobacco user” if they have previously used a tobacco product and continue to do
so regularly [64]. For our analysis, we chose a sample comprised of households in which two
adults were recognized as current tobacco users during the first wave of data collection, and
who additionally had their biospecimens gathered in both the first and second waves. From
this specific selection process, we ended up with a total of 516 households, which collectively
represented a population of 1032 individuals. Subsequently, within each household, we
randomly assigned a unique membership label to each individual, categorizing them as

either “member 1’ or “member 2°.

We now describe how we intend to formulate a measurable representation of tobacco
dependence. To do this, we build a measure based on existing literature, making use of
pertinent data from the survey responses from among those included in our chosen sample.
Specifically, a tobacco dependence score is crafted based on the responses to twelve targeted
questions on the Population Assessment of Tobacco and Health (PATH) survey, originating
from the Wisconsin Inventory of Smoking Dependence Motives. We apply a factor analysis
model with a single latent variable to these data. The factor scores produced from this
model become our measure of tobacco dependence, serving as the dependent variable in
our research endeavor. Fitted score values vary from -3 to 3, where higher values of the
score pertain to stronger tobacco dependence.

Our intended treatment is total nicotine equivalents, which involves the sum of molar

concentrations of nicotine and its various metabolites. Total nicotine equivalents have been
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shown to be highly correlated with true nicotine intake, and robust to metabolic differences
among individuals [65, 66]. The PATH data provides measurements of total cotinine and
total trans-3-hydroxycotinine, which can be summed together to give the measure known
as TNE-2 [62]. We choose log-transformed TNE-2 values to be the continuous treatment
for our model. total nicotine equivalents (TNE-2, the molar sum of the two major nicotine

metabolites)

In terms of covariates, at each model stage, age is considered as the baseline covariate,
and smoking status, which indicates whether or not an individual smokes cigarettes, is
used as the tailoring covariate X;;. Hence, the stage j dyadic-blip model takes the form,
aij + (o + Yrai; + hawiz) + ai- (V3 + Yy + aisrfp) + Peaijaig-ai;. Overlapping weights
of the form w; = w(aj, a;<) | x5, x5)"/ [ 7(u,v | 2j,25+) "' dudv are used. Specific details
regarding weight estimation are presented in Appendix B.

Table 4.3: Dyadic-Blip Estimates

Tailoring covariate Coefficient x 1072

Stage 1 Stage 2

Vo log-TNE, 444  -29.41
Y log-TNE? -1.73 -3.60
¥y log-TNE?: Cigarette, -1.82 2.36
Y3 log-TNE, -4.86 -2.72
Yy log-TNE2 0.18 0.51
s log-TNEZ: Cigarette; 3.02 0.47

g log-TNE;:log-TNE,: Cigarette;  0.49 0.85

The average dependency score of the population is 0.115 which, as a result of joint
optimization, reduced to —0.255. The log-TNE2 treatment level varies among individuals
from -0.62 to 0.11.

Dyadic-blip parameter estimates for the fitted two-stage model are given in Table 4.3.
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The resulting dyadic-blip at the first stage is then,

y1(hy,a;) =a3(—1.73 — 1.82Cigarette, + 3.02Cigarette,) — 0.42a;+
a5(—1.73 — 1.82Cigarette, + 3.02Cigarette, ) — 0.42ay+
0.49(Cigarette, + Cigarette,)a;as.

We therefore find (}5 = (—0.42,—0.42) at the first stage, and since there are four possible
ways to distribute smoking status among the two members of a dyad, there are four possible
values of (). When both dyad members are smokers, i.e. Cigarette; = 1 and Cigarette, = 1,

we have,

—-0.53  0.49
049 —0.53

which is a negative definite matrix. It follows that the optimal log TNE2 values are
(—1.5,—1.5). When neither is a smoker, so that Cigarette; = 0 and Cigarette, = 0, the
matrix @) is diagonal with entries —1.73. It follows that the optimal solution in this case
is (—0.24,—0.24). Finally, in the case where one dyad member is a smoker and one is not,
the matrix @) is of indeterminate form. In such a case, we need to set a boundary condition
for the treatment corresponding to the positive eigenvalue of (). In this case, we choose
log 0.0002, which corresponds to the minimum measurable value of the treatment in the
study. Under this scenario, the optimal treatment is then —1.29 for the smoker and —8.52
for the non-smoker.

The resulting change in the outcome values under the dyadic-network regime can be
seen in Figure 4.4. For completeness, we also show a boxplot of the true outcomes that
would be obtained if one were to fit a conditional regime, in the style of [59], although
the methodology presented there did not accommodate continuous treatment values. We
can see from the boxplots that the dyadic-network DTR approach results in significant
improvements in the outcomes, which are, as plotted, negative tobacco dependence scores.
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Figure 4.4: Boxplots of the dyad outcomes under the observed data [Left], a conditional
optimization approach [Middle] and a dyadic-DTR approach [Right].

4.5 Discussion

We have extended the literature on traditional dynamic treatment regime estimation
through the introduction of the dyadic-dWOLS methodology. This approach, in a sig-
nificant deviation from previous models, takes into account the role of interference within
a dyadic network population when treatment is continuous.

The methodology is comprehensive in that it is capable of accommodating different
types of interference, specifically those that are symmetric (exchangeable members influ-
encing each other to the same degree) or asymmetric (non-exchangeable members where
one member’s influence on the other is not reciprocated to the same extent). This adapt-
ability is made possible through the use of a modified optimization step, which utilizes the
dWOLS method in combination with a dyad-health function. This feature allows users to
clearly define what they consider to be ’optimal’ outcomes, thus expanding its applicability
across various research contexts. Additionally, the dyadic-dWOLS approach enables the
inclusion of ethical considerations into the treatment analysis, making it a robust tool for
modern medical research. This flexibility in defining optimal outcomes and ethical param-
eters empowers researchers to apply the methodology in a variety of treatment research
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areas.

Our proposed estimation procedure successfully preserves the double robustness prop-
erty inherent to the original dAWOLS methodology. We achieved this by specifying certain
balancing weights—when weights are used which satisfy the conditions stated in Theo-
rem 1, the approach will be doubly-robust. This property was also verified empirically
through our simulation study, which showed that estimation was indeed doubly-robust
under various weight forms. Through simulations and data analyses, we demonstrate our
methodology where treatments of members followed the same distribution type. However,
the proposed methodology is designed to be versatile, extending its applicability to situ-
ations involving mixed treatments. The evaluation of weight estimations, along with the
application of the balancing condition, particularly in scenarios of increased complexity, is
a focus of our current research.

We have showcased our methodology through an analysis of the Population Assessment
of Health and Tobacco (PATH) data. In this study, we delved into the potential effect of
nicotine exposure on tobacco dependence, employing a two-stage dyadic-DTR estimated
with the dyadic-dWOLS procedure. In this analysis we purposefully limited the number
of tailoring covariates to a select few, based on relevant literature. This decision was made
to produce an effective and easy to understand demonstration of the methodology, rather

than to offer a specific decision-rule to be used for actual policy-making.

It is crucial to note that our analysis operated under the assumption that nicotine
exposure is a potential cause of tobacco dependence. While some studies lend support
to this assumption, its validity is still a topic of ongoing debate. There are research
findings that suggest a simultaneous influence of tobacco dependence and nicotine exposure,
presenting a more complex interplay. Currently, our proposed method is not designed
to accommodate simultaneous outcomes. Nevertheless, expanding the methodology to
consider simultaneous and multiple outcomes presents an exciting and significant path for
future research. These extensions could significantly enhance our understanding of complex
health behaviors, such as tobacco dependence, and potentially lead to more refined and
effective treatment strategies.
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Chapter 5

DTRs and Multiple Outcomes

5.1 Introduction

The estimation of optimal DTRs has primarily focused on single scalar outcomes in the
existing literature. However, in clinical decision settings, it is often necessary to consider
multiple, potentially competing, outcomes in order to ensure comprehensive care. The
current methods proposed to handle multiple outcomes rely on Q-learning, which relies
on the fully correct specification of outcome models and suffers from a lack of robustness,
especially with respect to model misspecification [5, 6, 8, 12, 81, 82]. In this chapter, we
extend the AWOLS estimation method to accommodate multiple outcomes in DTRs. The
dWOLS has been shown to be effective in estimating optimal treatment regimes based
on a single outcome. By extending dWOLS to handle multiple outcomes, we aim to
provide a regression-based approach that balances competing outcomes while considering
constraints. The proposed extension not only preserves the double robustness of dAWOLS
but also allows the clinicians to incorporate patient-specific costs (when available to them)
rather than imposing a global population cost.

The remaining of this chapter is as follows: Section 5.2 introduces the notation and
estimation of dWOLS for multiple outcomes. In particular, we modify the optimization step
to impose the constraint on the intended outcome. Section 5.3 provides simulation studies
to demonstrate double robustness property and performance of constrained optimization.
We conclude by discussion and future work in section 5.4.
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5.2 Methodology

5.2.1 Notation

In the framework of DTR, it is posited that patients undergo multiple stages of treatment.
This process commences with the initiation of treatment, followed by subsequent treatment
decisions made at predetermined intervals, taking into account the current information

available for each patient.

In accordance with the established literature on DTR for a binary treatment setting
with a single outcome (as detailed in Section 2.3), we employ K = 1,2, ..., K to index the
stages of treatment and Z = 1,2, ...,n to index individual patients. The set of treatment
options available at stage k is denoted by A;. Given our consideration of binary treatment,
Ay is isomorphic to {0, 1}. Prior to the treatment at stage k, a series of covariate measure-
ments are assumed to be taken for each individual. These covariates are represented by
Xir. We define Hj;. as the collection of measurements taken prior to treatment at stage k,
which serve to inform the subsequent treatment decision. This history, H;;, for individual
1 at stage k, encompasses both current and past stage covariates, along with the values of
previous treatments. Observed values of the history will be denoted by lowercase notation,
hii. At the end of K-stage treatment regime a health outcome Y is measured. We assume

that the higher values of YV are preferred.

In a typical DTR with a single outcome, the goal is to find the collection of decision
rules which maximizes the expected outcome of Y. We use d = dj.(+)rex to denote the set
of K decision rules, where each dj is a map, dy : Hir — A, taking an observed history
h; € H to a recommended kth stage treatment A;, € A, for that individual. Thus, d
defines a treatment regime which can be used to systematically treatment patients, and
we define D to be the space of all possible treatment regimes.

In the multiple outcome setting, we extend our analysis to consider that, upon com-
pletion of the Kth stage, multiple outcomes of interest are measured for each patient.
This differs from the single outcome scenario where we only observed a single outcome
variable Y. Here, we represent the vector of outcomes associated with patient 7 as Y; =
(Yyi, - -5 Yimyi)- Here, the subscript (m) indicates the different outcomes being observed.
The observed value of Y; is contingent on the assigned treatment, which we will occasion-
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ally denote explicitly using the notation Y;(a). In line with standard practices in dWOLS
estimation [see, e.g. 9, 11, 60], our proposed method hinges on several key assumptions of
causal inference (Assumptions Al - A3).

5.2.2 Constrained dWOLS for multiple outcomes

In a typical single outcome context, the goal of fitting an optimal DTR is to find the
collection of decision rules which maximizes the expected outcome of Y,

arg max gep £ [Y (dk(Hk)ke,g)} )

However, when multiple outcomes of interest exist, a treatment regime chosen to maximize
one particular outcome will not necessary produce desirable changes in the outcomes it
fails to consider. Explicitly, if we have two outcomes, denoted by Y(;y and Y{y), we will not
necessarily find that the solution to arg max ,.pE [Y(l) (dk(Hk>keIC)] agrees with the so-
lution to arg max yop E [Y(g) (dk(Hk)ke;c)] This could be problematic in many scenarios.
For example, we may have that Y(;y is some health outcome of interest, which we prefer to
be larger, while Yo is patient discomfort, inconvenience, or pain accrued throughout the
regime. We use the general term of cost for such outcomes. In such a case, unmitigated en-
deavours to maximize Y(;) may cause Y|y to reach intolerable levels, rendering the resulting
regime ineffective. To maintain regime effectiveness, one should proceed to seek treatments
that strike a balance between improving patient health, Y{;), and the impact on patient
cost, Y(9). We may formulate such a regime by specifying a constraint at the optimization
step which bounds the increase in patient cost. That is, we propose an optimization step
of the form,

arg max gep £ [Y(l) (dk(Hk,)ke;C)} , (5.1)
subject to LLY(Q) (dk(Hk)kelC) S Ckekc,

where iy, is the cost that optimal decision rule di(Hy) of Y1y imposes on Y(y).

In the same vein of dAWOLS for a single outcome, we posit a model for each outcome
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Algorithm 3: Constraint optimization decision rule di(hy) for stage k

Result: Optimal Treatment Decision
if 7(1)k(h(1)k7 1) > 0 and ’Y(g)k(h(Q)k, 1) < ¢ then
| choose a°Pt =1

else
| Choose a°P' = 0.
end
as:
K
EYuyi | hayir, ax) = Z [fe(hayi: Bayin) + Yk hayie ai: Cay)] (5.2)

k=1

M)~

EYoyi | hyir, air] = [f(Z)k(h(Q)ik§ Byir) T vk W@k, aix; ‘I’(z)k)] ; (5.3)

b
Il

1

where f(1); is the stage k treatment-free model with parameter B ;;, and (1), is the stage
k blip model with parameter Wy, for the outcome Y(;). The corresponding terms are
defined for Y{9) accordingly. The error terms of the outcome model Y{;) and Y{y), could in
general, be correlated.

Upon solving Equations (5.2) and (5.3), we obtain model parameter estimates, which we
denote by (B(m) s \il(m)k) for each outcome m = {1,2}. These are then utilized to formulate
the optimal treatment decision rule for stage k, which is derived from the maximization
presented in Equation (5.1). The decision rule can be written generally in terms of the
steps provided in Algorithm 3.

The decision rule takes into account the effect of the chosen treatment on both out-
comes, in particular, the chosen treatment may no longer be the one which leads to the
maximum for the main outcome Y{;). It will only be the maximum of the ¥(;) outcome
under the constrain on the corresponding cost, Y{2). However, when this occurs, whatever
is lost by the patient not attaining their individual maximum is less than what is gained
by decreasing their cost. Hence, the individuals end up compromising their own outcome
for the “greater good” of their general health.

Having obtained our estimated decision rule, estimation at stage k is complete, and the
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algorithm moves backward to stage £ — 1. To proceed with estimation at stage k£ — 1 the
appropriate pseudo-outcome needs to be computed. This can be done according to,

A

~ opt,

Jyie—1 = Tayin + [y Baes a5 T ayk) — vays (Byins ais T )],

Jeyn1 = Tyin + [vor B, €% @) — Yo (Dyins s Cp), i€, k=2,..., K,

where we let §1)x = Y1) and J2)x = y(2) be the outcome observed following the stage K.
Thus, the pseudo-outcomes are defined recursively, where, at each stage, we “add back” the
individual level regret to account for the potentially sub-optimal treatment decision that
was initially observed at that stage. Unlike the classic dWOLS with a single outcome, here

the regret of an optimal decision for the primary outcome Y{;y is not necessarily positive.

As explained in Section 3.2, for a single outcome, we can specify balancing weights
which eliminate any dependence between the history and the treatment at a given stage.
Along with specifying the balancing weights, dWOLS additionally requires modelling the
treatment allocation to estimate balancing weights. Incorporating these weights into an
ordinary least squares estimation, the dWOLS framework will yield consistent estimates
of the blip parameters. An important property of the dWOLS procedure is its double-
robustness with respect to model mispecification.

The balancing approach (Equation 2.2) and the corresponding weights proposed in
dWOLS (Equation 2.3), intend to eliminate the possible dependence between the history
and treatment of the individuals and do not put restrictions or condition on the outcome.
Hence, utilizing the same weights in a weighted ordinarily least square on each outcome
will provide consistent estimation of the blip parameters so long as at least one of the
treatment model or the treatment-free model component of the corresponding outcomes

are correctly specified.

5.3 Simulation

We begin with an exemplification of the constrained optimization of multiple outcomes
within the dWOLS framework. This example elucidates how our approach empowers the
decision-maker to optimize a primary health outcome, denoted as Y{;), while ensuring that
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the cost outcome, denoted by Y(), associated with the corresponding decision remains
below a specified threshold. The first simulation is designed to showcase the impact of
introducing a constraint on the expected values at the population level. By comparing
the population expected values of Y(;) and Y{3) across the unconstrained and constrained
approaches, we aim to illustrate how the constraint alters the impact of the resulting treat-
ment regime. In the second simulation, we aim to demonstrate that the introduction of
the added constraint does not compromise the double robustness property of the origi-
nal dWOLS algorithm. This simulation serves to confirm that our estimation procedure

maintains its double robustness, even in the presence of the added constraint.

5.3.1 Simulation 1: the impact of constrained optimization

In this first simulation, we begin with an outcome model for which Yy) is the primary health

outcome of interest and Y{y) is the corresponding cost outcome. We define the outcome
model for Yv(l) to be, Yv(l) = (1,X1,X2) + Alw;; (1 + Xl) + AQ?,DT (1 + X2) + 61/(1)’

Y() 1)1 Y(1)2
where 8, = (30,2,2) and ¢, = (4,0.5) and ¢, ,,, = (4, —1.5). Similarly, we specify the
outcome model for Y9 as, Y(g) = 65(2)(17)(1,X2)+A11/)g(2)1(1—|—X1)+A2¢5(2)2(1+X2)+6y(2),
where 3, = (30,2,2) and ¢y, , = (3,3) and 1y, , = (3,6). The error terms are correlated,
with (€, €y,,) ~ Gaussian(0, ), where ¥ is a diagonal matrix with off-diagonal elements

of 0.7.

Using this model, we generate a sample of n = 1000 patients, and use the generated
data as the basis of our demonstration. In this simulation we intend to demonstrate how
the resulting optimal values change when Y(;) is maximized without considering the impact
on the cost Y(s), and when it is maximized under a constraint imposed on Y(3). We fit the
model using a threshold value, ¢, which is approximately the median value of the empirical
distribution of the blips values for Y{9) at each stage. That is, at stage j we set the threshold

value ¢; such that, %ZLI ]l{q/;yT(Q)jHj <cj} = %

With this setup, the condition on Y{9) is important for around half of the individuals in
the sample at any particular stage. Figure 5.1 shows the results of fitting the model on the
data under the specified threshold. Figure 5.1(left) shows that, by taking the value of Y(y)
into account, we end up with a distribution of optimal Y{;) values which are, on average,
lower than those found in the unconstrained approach, as one would expect. Figure 5.1
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Figure 5.1: The distribution of outcomes Y{;) and Y{s), under unconstrained and constrained
optimization under simulation 1.

(right), however, shows the benefit of this approach. The resulting distribution of the ¥
values associated with the unconstrained optimal Y{) values has a large right tail, which is
undesirable and represents a population of patients under high treatment burden. On the
other hand, the distribution of Y{3) values associated with the constrained optimal values
shows a lower central tendency, smaller variance, and a shallower right tail. Hence, the
burden of treatment has been severely reduced by the constrained approach, with minimal
cost to the overall optimal Y{;) values.

5.3.2 Simulation 2: double robustness

In this second simulation, we demonstrate that the proposed algorithm maintains double
robustness in estimation of the model blip parameters. To do this, we demonstrate empir-
ically that the model produces consistent estimates of the dyadic-blip parameters when at
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least one or fewer of the nuisance models are incorrectly specified.

We consider a single-stage DTR in this study with two patient covariates, X; and Xs.
X is generated from a Gamma distribution with shape parameter 1 and scale parameter
1/3 while X, follows a normal distribution with mean 1 and standard deviation 1. Treat-
ments are assigned based on a binary random variable A, which is assigned according to
P(A=1]X;,X,) = expit{—1+X; + X7}. The outcome model for Y(y is defined as Y(;) =
By, (1, Xo, X1, VX1) + Ay (L4 X1) + €y, where B, = (30,1,2) and ¢, = (4,0.5).
Similarly, the outcome model for Y(y) is given by Yo = iz)(l,XQ,Xl,log (X1+1)) +
Awg(z)(l + X1) + €y, where B, = (1,1,0.5,2) and ,, = (1,1). The error terms are cor-
related, with (e, , €,

elements of 0.7.

;) ~ Gaussian(0, 3), where ¥ is a diagonal matrix with off-diagonal

To assess the impact of model misspecification, we conducted four analyses, each repre-
senting a different combination of correctly specifying or misspecifying the treatment-free
and treatment models. Analysis 1 corresponds to the case where neither component of the
model is correctly specified. Analysis 2 corresponds to the case where only the treatment-
free component is misspecified. In this case, we retained only the X; term and excluded
all other terms from the treatment-free models for Y{;) and Y(s). Analysis 3 corresponds to
the case where only the treatment model for an outcome is misspecified. In this case, the
treatment model is misspecified by removing the covariates and retaining only the inter-
cept. Analysis 4 represents the ideal scenario where both the treatment-free and treatment
models are correctly specified. Each of these model specification scenarios was replicated
for sample sizes of 100, 1000, and 10000 individuals.

Figure 5.2 and 5.3 show the bias of the blip-parameter estimates. As it is shown we get
unbiased estimates of the blip parameters when at least one of the treatment or treatment
free model are correctly specified. As the sample size increases the variance of the estimates
are reduced.

5.4 Discussion

The primary focus of the DTR methodology is to optimize a single outcome measure.

However, in various health applications, multiple outcomes are assessed. In situations
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Figure 5.2: Estimates of the blip parameter ¢y for both outcome models and under different
model specifications, for different sample sizes (Simulation 2) and 1000 simulated datasets.
(1) misspecification of both models, (2) and (3) when one of the treatment model or
treatment-free model is misspecified and (4) when both models are correctly specified.
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Figure 5.3: Estimates of the blip parameter 1, for both outcome models and under different
model specifications, for different sample sizes (Simulation 2) and 1000 simulated datasets.
(1) misspecification of both models, (2) and (3) when one of the treatment model or
treatment-free model is misspecified and (4) when both models are correctly specified.
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where these outcomes are competing measures or involve associated costs, relying solely
on a single outcome approach in DTR may lead to suboptimal overall health outcomes for
individuals. To address this limitation, the first step in extending the DTR methodology is
to revise the optimization goal, as the optimization objective is not straightforward when

dealing with multiple outcomes.

In this chapter, we propose an extension of the dWOLS methodology to address the
consideration of multiple outcomes, particularly when one of the outcomes represents a
measure of cost or side effects. Our proposal involves modifying the optimization strategy
to select the optimal treatment strategy that maximizes a primary outcome while incor-
porating constraints on the cost of the corresponding decision. The extended dWOLS
methodology retains its double robustness property of original dAWOLS, which is advanta-
geous compared to existing methods that rely on accurate model specifications. Further-
more, it allows the clinician to incorporate the patient-specific costs, when it is available,
rather than relying on a global constraint for the cost threshold. While the proposed es-
timation method in this chapter assumes that both outcomes are continuous, it is worth
noting that the dWOLS method has already been developed to handle other types of out-
comes. By utilizing these extensions, the proposed constrained optimization approach can

accommodate different types of outcomes.

Furthermore, we select the threshold of the cost based on the empirical distribution
of the cost outcome. The selection of such threshold and personalizing it could be poten-
tial areas of investigation. One approach is to use parametric methods to estimate the
individual threshold and then incorporate it into the analysis. Another approach is to es-
timate patient-specific costs without directly eliciting them by assuming that the observed
treatments have already been assigned with the aim of reducing costs. Additionally, an in-
triguing direction for future research is to expand the methodology to scenarios where each
outcome has its own primary treatment. For instance, if a patient has both high blood
pressure and elevated cholesterol levels, studying the possibility of interactions between
each medication and its effects on the other outcome should be studied. The multiple
outcomes dWOLS method would allow for potential interactions between treatments or
with other outcomes, creating a more comprehensive and realistic representation of health

scenarios.
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Chapter 6

Discussion

6.1 Conclusion

The thesis aimed to address the challenges of estimating dynamic treatment regimes
(DTRs) in the presence of interference, particularly in dyadic network populations, and
propose methodologies for robust and flexible solutions. Chapter 3 focused on develop-
ing a methodology for binary treatments in dyadic network populations. The dyadic-
dWOLS methodology, incorporating a modified optimization step and a dyad-health func-
tion, allowed researchers to define and optimize outcomes tailored to their specific context.
Through simulations and analysis of the Population Assessment of Health and Tobacco
(PATH) data, we demonstrated the performance and adaptability of the dyadic-dWOLS
methodology. Our analysis distinguishes itself by offering a distinctive perspective. We not
only investigate the presence of spillover effects, but our approach provides a framework
for optimal recommendations tailored to pairs of tobacco users, rather than focusing solely

on individual-level interventions.

Building on the foundation of Chapter 3, Chapter 4 extended the dyadic-dWOLS
methodology to include continuous treatments. This extension allowed for a broader ap-
plication of the methodology that applies to various realistic scenarios, such as different
dosing levels of treatments. The dyadic-dWOLS methodology successfully accommodated
various types of interference, including symmetric and asymmetric patterns. We imple-
mented and evaluated the methodology using the PATH data, specifically examining the
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potential impact of nicotine exposure on tobacco dependence. Additionally, we explore
and extend various weighting approaches proposed for continuous treatments, evaluating
their performance within the context of dyadic-dWOLS.

Inspired by the concept of considering dyads as independent entities, specially in the
setting where multiple outcome measures are available, Chapter 5 delved into the under-
explored area of incorporating multiple outcomes in the context of dynamic treatment
regimes (DTRs). In Chapter 5, we extended the dWOLS methodology to address the
consideration of multiple outcomes, specifically when one of the outcomes represents a
measure of cost or side effects. Our proposal involved modifying the optimization strategy
to select the optimal treatment strategy that maximizes the primary outcome while in-
corporating constraints on the cost of the corresponding decision. The extended dWOLS
methodology retains the double robustness property, which is advantageous compared to
existing methods that rely on fully accurate model specifications. Furthermore, it allows
the incorporation of the patient-specific costs rather than relying on a global constraint for
the cost threshold.

In conclusion, this thesis extended the dWOLS methodology to address the challenges
of estimating dynamic treatment regimes in dyadic network populations. Chapter 3 and
Chapter 4 introduced the dyadic-dWOLS methodology for binary and continuous treat-
ments, respectively, demonstrating its performance and adaptability using the PATH data.
Furthermore, Chapter 5 extended the dWOLS methodology to incorporate multiple out-
comes, considering patient-specific costs and retaining the double robustness property.
These contributions provide valuable insights and tools for optimizing treatment decisions

in complex health contexts, paving the way for more effective personalized interventions.

6.2 Future Work

While this thesis has made significant strides in addressing interference within dyadic-
network populations, there are some limitations that open avenues for future research.
Firstly, our current framework focuses on dyadic interference, considering interactions be-
tween two individuals. Future work could explore the extension of our methodology to

include interference among groups of more than two people, allowing for a more com-
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prehensive understanding of the complex dynamics within larger social networks. Addi-
tionally, our current assumption assumes an unlimited availability of treatment resources.
However, it would be valuable to investigate scenarios where there are limitations or re-
source constraints, as this would provide insights into optimizing treatment strategies under
real-world resource constraints. Moreover, our current methodology assumes complete in-
formation for both members of the dyad. Future research could address the challenges
posed by partial information or missing values for one member or both members, exploring
imputation techniques or statistical methods to handle these scenarios effectively. Fur-
thermore, an exciting direction for future work involves extending the dWOLS method for
multiple outcomes, particularly in the context of comorbid mental and physical diseases,
where each disease may require specific treatment strategies. This would provide a more
comprehensive approach to optimizing treatment decisions for individuals with complex
health conditions.

Lastly, the incorporation of interference and multiple outcomes within the context of
our study is an intriguing topic. We proposed a method that ensures the cost associated
with a decision rule remains below a specified threshold, which raises the question of
how to effectively manage the cost of decisions for each individual while considering the
overall population cost. While we did not impose a restriction on the population cost
in our analysis, it is not unrealistic to envision scenarios where both individual and the
population cost thresholds are in place. This combination, coupled with the potential
presence of interference in the population, presents a complex yet captivating area for
further exploration.
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Appendix A

Chapter 3 Appendix

A.1 Double Robustness

We give a proof for the consistency and double-robustness of dyadic dWOLS follow-
ing Wallace & Moodie [9, 11]. The proof is concerned with the dyadic-blip estimators
O, = (Q@k, Nies é’k) To estimate the parameters, we solve the following weighted generalized
estimating equation,

YD wipShy, au) - (Y — b8y — Wiy (b + agomy + agraizréy)) = 0.

i€ jeJ

Here we have used the notation S(-, -) to represent the score vector of the specified outcome
model with respect to the model parameters, which in the case of the model presented in
Equation (3.5), takes the form,

S(hiji, air) = (hyjk, aijrhije, aij-chije, aijra-chi).

For simplicity, the proof is detailed for a single-stage DTR. It is straightforward to extend
the reasoning to more than one stage.
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A.1.1 Treatment-free model correctly specified, treatment mod-

els misspecified

Assuming that the dyadic blip model is correctly specified, when the treatment-free model
is correctly specified, E [Yij — hjj(aijzp + a;j*n + a;ja;;+€) | h a} =h/ ;8. With the expec-
tation taken with respect to p(Y | a,h), we have

(Bk? (-)k)
_ZZ /wwks hiji, ai) - (Yij — k/Bk zgk(awk"/)k + ek, + airaiR€s)p(Y | 2, h)dY

i€l jeJ

= Z Z WijS (hij, ) - /( z]k/Bk: zjk(a1]k¢k + @iy, + aigeaier)p(Y | a,h)dY

i€l jeJ

=3 dbiS(hik, ai) - E (Vi — by — bl (aiutpy + agomy + aiairéy)]

i€l jeJ
When the treatment-free model is correctly specified, then

E [ zgkﬁk zgk(GZJk¢k + QijepMy + awkaw*kﬁkﬂ =
E [y — bl (aiety, + aiormy, + aipaii€y) | — E bl B,] =

such that Uy(83,, ©y) consistently estimates the blip parameters ©; when the treatment-
free model is correctly specified.

A.1.2 Treatment-free model misspecified, treatment models cor-

rectly specified

Let the treatment model be correctly specified i.e. P(A = alh). We show that finding the
root of the estimating function Uy(3,, ©y) yields consistent estimators of © if the weights
satisfy the following balancing property.

Theorem A.1.1 (Balancing property). A weighted ordinary least-squares regression based
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on the model,
E[Y; | hj, a] = f(hy; 8) + ~v(h;, a; ©),

will give consistent estimates for the dyadic-blip parameters © provided that the weights
satisfy,

7(a | h)w(a, h) = 7(a’ | h)w(a’, h) (A1)

for any a # a’ € A%, where w(a | h) = P(A = a | h) is the joint propensity score. In case

of binary treatment, this condition translates to
7(0,0,h) w(0,0,h) = 7(0,1,h) w(0,1,h) = «(1,0,h) w(1,0,h) = 7(1,1,h) w(l,1,h).

Proof. The estimates of © in a ordinary least-squares regression will be biased unless we
at least have F(h | a) = E(h) for all a in A%, Hence, it is sufficient to find weights such
that, in the weighted dataset, this condition holds. Specifically, using subscripts to denote
the weighted data, we require weights such that E,(h | a) = E,(h).

A sufficient condition to give us this result is that the conditional distribution of the
dyad history in the weighted dataset is equal to the marginal, f,(h | a) = f,(h). Ex-
pressing the left-hand side in terms of the joint weighted distribution, we find that this

condition is equivalent to

pw(a|h)

pw(a) fw(h) = fw(h)'

It follows that we require weights such that,

po(@a=(0,0h) _pu(a=(01h) pufa=(1,0h) pua=1Dh) (A2)
pula= (Oa())) pw(a: (071)) pw(a: (170)) pula= (171>> . .

Having the numerators and the denominators equal in Equation A.2 is sufficient for it
to hold. Let w(a,z) denote the weight function. Beginning with the numerators, the
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weighting scheming means we can write each numerator as,

p(a = aglh)w(ag, h)
2 ueaz p(a = ulh)w(u, h)’

pw(a=aglh) =

where ag € A2.
It follows immediately that when Equation A.1 holds, the numerators will all be equal.
Similarly, for any ag in A% the denominators we may written as,

p(a = aglh)w(ag, h)
/Z () dh

u€A2p a= u|h) (uvh)

— [ pla = aulbw(as, k() ap,

where we have defined k(h) = >° _..p(a = u/h)w(u,h). We can now see that when
Equation A.1 holds, we will also have the numerators being equal. This concludes the
proof. O

A.1.3 Interference models and weights estimation

We intend to discuss possible weight specifications satisfying the balancing conditions, and
how they may simplify under different modelling casual graphs. Commonly, weights are a
function of the joint propensity score, P(a | h), which is generally unknown and must be
estimated from the data. We have called this model the treatment model. Under the causal
framework explained in Section 3.2.2 the dyad-level treatment a can be considered as a
categorical treatment which takes one of four values: (0,0), (0,1),(1,0), or (1,1), which we
collect into the set S. For multiple nominal treatments, the generalized propensity scores
are frequently modeled by a multinomial logistic regression. In the case of within-dyad
interference, where each individual is exposed to a bivariate binary treatment, we can also
implement a bivariate logistic model to estimate the weights. In another approach we can
fit the marginal distributions P(A; | h;) and P(A;. | hj»), then model the association

between the exposures via a Dale model [3].

The formulation of the dyad treatment as a categorical variable allows weights previous
devised in the literature to be used in this dyadic-network context. The balancing weights
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proposed for categorical treatment proposed in Li et al. [57], for example, will satisfy the
balancing property. In their most general form these weights can be expressed as,

w(a,h) = P(alh)

1
ZSGS P(s|h)

which can be interpreted as a Boltzmann distribution over the treatment space where the
energy of each treatment is defined to be the negative log of the propensity score for that

treatment.

Sometimes we estimate ((a; | h) = P(a; | h) and v(a;- | aj,h) = P(a;

joint treatment model. Under this the balancing condition of A.2 can be written as,

a;,h) to form

¢C(h)v(1,h)w(1,1,h)

w(0.0.0) =0 )T = (0, b))
C()w(1,h)w(1,1,h)

w0 L) = e,

w101 S (L, 1 b

C(h) [1 -V Lh)] ’

such that & = 4¢(h)v(1,h)w(1,1,h). Additionally, the weights can be written specifically

in terms of this model formulation as,

N S

@ Ty (aTay )
N S
ZSES ¢(sj|h)v(s;x]s;,h)

w(a,h) =

As we have already mentioned, under simpler causal graphs than the most general
case, as presented in Figure 3.1, the formulation of the treatment model, and hence the
weights may be simplified. For example, under a model specified according to Figure
3.2, the treatment of each dyad member is independent of the other condition on their
a;j,h) = P(a;+ | h) and therefore
h). The balancing condition in Equation A.2 simplifies in this case

individual and shared covariates. In such a case, P(a;-

U(CLJ-* CLJ'7 h) = I/(CLJ'*
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to the same condition for each set of marginal distributions, i.e.

pwl(a; = a | h)

=1, VaceA,
pw(a; = a)

for i = 1,2 indexing the dyad treatments. Therefore,
w(a,h) = w(ar,h)w(ay, h).
It follows that that in such a case, any weights previously satisfying the balancing condition

provided in, for example, Wallace and Moodie [9] can be used on each member of the dyad
individually and multiplied together to form a dyad weight.

A.2 General Interference Model for a Two-stage DTR
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Figure A.1: General interference model within a given dyad for two stages. The treatments
and individual characteristics of each member at each stage, can influence both the treat-
ment and the outcome of the other member. A directed arrow signifies a potential causal
effect of the first variable on the second, while a bidirectional arc between variables sug-
gests the presence of unobserved factors that could be shared causes of the two variables.
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Table A.1: Mean, standard error, bias, root mean squared error of the blip estimators with
sample size n=1000 dyads across four scenarios for the single-stage simulation.

Scenario Mean Standard Error  Bias RMSE

1 2.402 0.021 0.402  0.555
p 2.026 0.012 0.026  0.372
Yo 3 2.011 0.011 0.011  0.346
4 2.013 0.011 0.012  0.347
1 0.567 0.010 0433 0.541
p 0.967 0.010 —0.032 0.322
& 3 0.990 0.009 ~0.010  0.286
4 0.989 0.007 ~0.011 0291
1 -2.004 0.007 ~0.004  0.225
2 -2.005 0.007 —0.005  0.234
G 3 -1.977 0.007 0.023  0.208
4 -1.996 0.008 0.004  0.214
1 0.988 0.013 0.012  0.403
p 0.988 0.012 0.012  0.392
o 3 0.993 0.011 0.007  0.353
4 0.989 0.011 0.011  0.361
1 -1.994 0.009 0.006  0.284
2 -1.991 0.009 0.009  0.277
& 3 -2.001 0.008 —0.001  0.242
4 -1.997 0.008 0.003  0.252

True value of vy =2, Yy =1, g =-2 , (=1 and & =-2.
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Figure A.2: Dyadic-blip function parameter estimates for 1000 simulated datasets via
our dyadic-dWOLS approach when neither (Analysis 1), one (Analyses 2 and 3) or both
(Analysis 4) treatment and treatment-free models are correct for single-stage simulation.
n is the sample size of dyads.

A.3 Simulation

A.3.1 Single-stage regime

In this section we present additional results regarding the analysis presented in Section
3.4. These are provided in Figure(A.2) and Table(A.1).
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A.3.2 Two-stage regime

Here we investigate the performance of the proposed model with two stages of treatment.
For each dyad 7 = 1,...,n and each member 7 = 1,2 we generate the patient information
at stage one, Xj;1, according to a normal distribution with mean 2 and standard deviation
1. Patient information at the second stage, Xjj2, is generated according to a uniform
distribution on the interval [0,2]. The treatment model at stage k is defined as P(A;;, =
1| Xijp = i) = expit{ — 0.25z51, + sin(xijk)}, for kK = 1,2. The outcome model
is Vi; | (hij,a;) = p(hyy,a;) + e;; where u(hy;,a;) = log(|ziji]) + log(|zij=1]) + sin;je +
log(|zij=2]) + Z,zzl Yk, where the dyadic-blip model at stage k is v, = aiju(—2 + z4jk) +
@ijor(—1 4 0.525%) + aijrai=k(1 4+ 0.52;5). Model misspecification for the treatment model,

at each stage, is done by exclusion of the non-linear term. The treatment-free model at

stage two is misspecified by eliminating log |z;;+2|, and at stage one by excluding log |z;;+

Figure A.3 shows boxplots of the estimated dyadic-blip parameters for the first stage,
while Figure A.4 plots the same for the second-stage estimates for the specific case of
n = 1000 dyads. Blue horizontal lines have been drawn at the true value of each param-
eter. The label 1 denotes the case in which neither component of the model is correctly
specified, 2 denotes the case in which only the treatment-free component is misspecified,
3 denotes the case where only the treatment model is misspecified, and 4 denotes the case
in which everything is correctly specified. Consistent estimates of dyadic-blip parameters
are achieved when at least one of the treatment model or treatment-free model is correctly
specified.
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Figure A.3: First-stage dyadic-blip parameter estimates for 1000 simulated datasets via
the dyadic-dWOLS approach for a two-stage DTR, when both (Analysis 1), one (Analyses
2 and 3) or neither (Analysis 4) treatment and treatment-free models are misspecified.
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Figure A.4: Second-stage dyadic-blip parameter estimates for 1000 simulated datasets via
the dyadic-dWOLS approach for a two-stage DTR, when both (Analysis 1), one (Analyses
2 and 3) or neither (Analysis 4) treatment and treatment-free models are misspecified.
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Appendix B

Chapter 4 Appendix

B.1 Double Robustness Proof

Here we give the proof for Theorem 4.2.2.

Proof. This proof is similar to the proof of Theorem 3.3.1 from Chapter 4, which can
be found in Appendix A. The difference is that under the assumption of a continuous

treatment, Equation A.2, the balancing equation, is replaced with
mw(a | h)
S e
Tw(a)

where the ratio is now given in terms of probability density functions rather than prob-
ability mass functions. Again, a sufficient condition for this is to have equality in the
denominators and numerators for each value of a. Starting with the numerators, if we

write them explicitly as,
mw(a | h) = c(h)™'7(a [ h)jw(a, h),

where c(h) = [, 7(u | h)w(u,h), it can be seen immediately that if Equation 4.2 holds, then
the denominators will be equal. With this result, if we similarly write the denominators
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explicitly,

Tw(a) = /c(h)_lw(a | h)w(a,h)f(h)dh.

By our result regarding the numerators, the integrated will be the same for each value of a,
hence we also have equality of the denominators when Equation 4.2 holds. This concludes
the proof. n

B.2 Extra Simulation Results
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Figure B.1: Dyadic-blip parameter estimates for 1000 simulated datasets via the dyadic-
dWOLS approach treatment-free models are misspecified and the treatments are normal.
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Figure B.2: Dyadic-blip parameter estimates for 1000 simulated datasets via the dyadic-
dWOLS approach treatment-free models are misspecified and the treatments are normal.
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Figure B.3: Dyadic-blip parameter estimates for 1000 simulated datasets via the dyadic-
dWOLS approach treatment models are misspecified and the treatments are normal.
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Figure B.4: Dyadic-blip parameter estimates for 1000 simulated datasets via the dyadic-
dWOLS approach treatment models are misspecified and the treatments are normal.
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Dyadic-blip parameters

tho (0 (0 V3 (on Vs Ve
IPWD 0.437 0.035 0.419 0.034 0.033 0.035 0.028
CIPWD 0.176 0.017 0.169 0.016 0.018 0.018 0.015
WMD 0.195 0.030 0.156 0.015 0.036 0.018 0.017
OWD 0.188 0.029 0.154 0.015 0.034 0.017 0.016
EWD 0.153 0.015 0.159 0.016 0.017 0.018 0.015
mvGPS 0.194 0.022 0.207 0.020 0.028 0.023 0.022
STWD 0.162 0.014 0.159 0.016 0.015 0.018 0.015

Table B.1: RMSE: Normal treatment, treatment free model is misspecified. Sample size is
1000 dyads and the RSME are multiplied by 102

Dyadic-blip parameters

Yo (& Y3 Vs s Vs
IPWD  0.057 0.010 0.055 0.009 0.006 0.006 0.010
CIPWD 0.149 0.025 0.150 0.025 0.014 0.015 0.024
WMD 0.080 0.013 0.077 0.013 0.008 0.008 0.013
OWD 0.057 0.010 0.054 0.009 0.006 0.006 0.010
EWD 0.057 0.010 0.054 0.009 0.006 0.006 0.010
mvGPS 0.058 0.010 0.056 0.009 0.006 0.006 0.010
STWD  0.128 0.020 0.150 0.023 0.012 0.011 0.022

Table B.2: Log normal treatment. Treatment model is misspecified.

dyads and the RSME are multiplied by 10?
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Dyadic-blip parameters
Yo (! (o (3 (O Vs (e
IWPD  0.117 0.019 0.118 0.019 0.016 0.013 0.022
CIPWD 0.125 0.020 0.123 0.020 0.015 0.013 0.024
WMD 0.126 0.022 0.120 0.020 0.020 0.014 0.027
OWD 0.116 0.020 0.123 0.021 0.017 0.014 0.025
EWD 0.124 0.020 0.120 0.021 0.017 0.014 0.022
mvGPS 0.109 0.019 0.121 0.020 0.017 0.014 0.024
STWD  0.119 0.019 0.114 0.019 0.016 0.013 0.024

Table B.3: RMSE: Log normal treatment, treatment free model is misspecified. Sample
size is 1000 dyads and the RSME are multiplied by 102

Dyadic-blip parameters
Yo V1 [ V3 P4 V5 Ve
IPWD  0.100 0.016 0.106 0.017 0.009 0.009 0.015
CIPWD 0.101 0.016 0.109 0.017 0.009 0.010 0.016
WMD 0.096 0.016 0.101 0.016 0.009 0.010 0.017
OWD 0.099 0.017 0.109 0.018 0.010 0.010 0.017
EWD 0.097 0.016 0.100 0.016 0.010 0.010 0.016
mvGPS 0.090 0.015 0.105 0.017 0.010 0.010 0.016
STWD  0.099 0.016 0.097 0.016 0.009 0.010 0.016

Table B.4: Log Normal treatment, both treatment and treatment-free models are correct.
Sample size is 1000 dyads and the RSME are multiplied by 102
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Dyadic-blip parameters

Yo U Wy W3y s g
IPWD  0.204 0.036 0.222 0.036 0.038 0.025 0.044
CIPWD 0.235 0.039 0.218 0.037 0.036 0.026 0.046
WMD 0.254 0.045 0.230 0.038 0.044 0.028 0.052
OWD 0.212 0.038 0.214 0.037 0.039 0.026 0.046
EWD 0.410 0.062 0.408 0.065 0.037 0.027 0.042
mvGPS 0.210 0.038 0.210 0.036 0.039 0.026 0.046
STWD  0.242 0.041 0.218 0.036 0.036 0.026 0.048

Table B.5: RMSE: Log normal treatment, both models are misspecified. Sample size is

1000 dyads and the RSME are multiplied by 102.

B.3 Weights

o All weights except the entropy balancing weights are constructed by estimating the

generalized propensity score [35-85].

e In entropy balancing, the balance is achieved by direct minimization of the loss
function H(w) subject to a balance and normalization constraints. ¢; is a set of base

weights chosen by the researcher.

e mvGPS weights are the generalization of SPW for multivariate normal treatments

and modification of estimable exposure

e The balancing condition stated in Theorem 4.2.2 is sufficient condition but not nec-

essary, meaning there are weights that don’t satisfy the condition but still achieve

balance. SPWD, EWD, and mvGPS are examples of such weights.
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Table B.6: Weight functions implemented in the dyadic-dWOLS

Weight Function Description
: . 1
IPWD (inverse probability of treatment) ——
m(alz)
. . . 1
CIPWD (capped inverse probability of treatment) min { @l ),c}
m(alz
e g . m(a)
STWD (stabilized inverse probability of treatment)
7(alz)
1— =k
WMD (weights for categorized treatment POM) m(a [2)
m(a=k|z)
1
m(a = klx)

OWD (overlap weights for categorized treatment POM [57])

EWD (entropy balancing with second moment) [76-75]

mvGPS (multivariate generalized propensity score)[3]

H(w;) = w; ln(q—:)
m(a)
m(a|x)
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