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Abstract

This dissertation leverages deterministic photon subtraction based on the single-photon
Raman interaction (SPRINT) to engineer multiphoton quantum fields and design quantum
optical platforms for applications ranging from non-Gaussian quantum light generation to
photon-number-resolving (PNR) detection and photon number splitting (PNS) attacks on
quantum key distribution (QKD). The work is structured into four main parts.

In the first part (Chapter 2), we evaluate the performance of the subtraction scheme
using system parameters that are technologically accessible according to the current state of
the art. We analyze the photon subtraction process in a configuration where the transitions
of a A-type emitter are selectively coupled to the stationary modes of a bimodal cavity,
which are in turn coupled to distinct waveguide modes. Using the input-output formalism
of quantum optics and quantum trajectory methods, we investigate single- and multi-
photon transport in the system. The results indicate that success rates approaching unity
are achievable with currently reported coupling rates for cold atoms trapped in crossed
optical-fiber cavities as well as for solid-state platforms based on quantum dots.

In the second part (Chapter 3), we explore the capability of the photon subtraction
scheme to generate non-Gaussianity in initially Gaussian input fields. Using a photon
subtractor with the emitter directly coupled to a chiral waveguide, we show that for both
squeezed vacuum and coherent light input pulses, the Wigner function of the output field
clearly reveals its non-Gaussian character following photon subtraction. Furthermore, we
propose a measurement-based scheme on the subtracted photon which can lead to con-
ditional generation of quantum states resembling Schrodinger’s kitten state directly from
coherent input light with fidelities above 99%. This result is particularly noteworthy, as
coherent pulses, unlike the squeezed vacuum inputs commonly used in previous studies,
are readily available experimentally.

The last two parts of the dissertation explore the possibilities arising from cascading
multiple photon subtractors. In the third part (Chapter 4), we investigate the operation of
a PNR detector composed of a cascade of waveguide-coupled A-type emitters, which deter-
ministically demultiplexes incoming photons among single-photon detectors. We present a
closed-form expression for the detector’s precision in the linear regime and predict how cor-
relations generated by nonlinear photon-photon interactions influence this precision. We
compare the performance of the proposed PNR detector with that of a conventional PNR
scheme based on spatial demultiplexing via beamsplitters. Our results indicate that the
proposed scheme can outperform conventional detectors under realistic conditions, making
it a promising candidate for next-generation PNR detection.
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In the fourth part (Chapter 5), we present a specialized photon subtraction scheme
that enables the deterministic extraction of single photons from multiphoton states while
leaving input single-photon states unaltered. The proposed device consists of a two-way
cascade of two A-type emitters coupled via a chiral waveguide. We analyze the interaction
of this system with traveling few-photon pulses of coherent light and use these results to
highlight how this two-emitter extension improves the original deterministic single-photon
subtraction when it comes to implementing undetectable PNS attack on a QKD channel.
Finally, in Chapter 6, we demonstrate how this two-emitter approach can be extended to
an n-emitter cascade, resulting in a photon subtractor that selectively extracts photons
from an input light stream based on their arrival time sequence. We show that this pho-
ton subtractor enables the generation of high-fidelity and modal purity multiphoton Fock
states. The application of these Fock-state pulses in optical interferometry is investigated,
highlighting their potential for quantum metrology at the Heisenberg limit. These results
introduce novel applications of SPRINT-based photon subtraction in areas ranging from
non-Gaussian photonics, to PNR detection, QKD, and quantum metrology.
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Chapter 1

Introduction

Quantum mechanics presents a remarkable richness compared to classical physics, thanks
to concepts like superposition and entanglement. These unique characteristics allow sys-
tems to exist in quantum states that exhibit physical behaviors beyond the reach of classical
systems. One prominent application of this richness is in the field of quantum informa-
tion, where the encoding of information in quantum states becomes feasible, unlocking
new possibilities in computation, cryptography, and communication. Among the various
approaches to quantum information technology, quantum optics stands out, as it enables
the realization of both quantum computing [127] and long-distance communication [26] on
a single platform, facilitating the development of quantum information networks.

Discrete Variable (DV) and Continuous Variable (CV) regimes represent distinct ap-
proaches in quantum optical information processing. These two regimes are primarily
characterized by the Hilbert spaces employed for the representation of quantum states
of light. Within the DV approach, quantum states are typically illustrated in a finite-
dimensional space, commonly associated with the polarization or path of single or multiple
photons. Conversely, in the CV approach, individual spatiotemporal modes of light are
treated as single harmonic oscillators. Information is encoded in the quadrature com-
ponents of multi-photon quantum states within these modes, which occupy an infinite-
dimensional Hilbert space and thereby offer enhanced versatility and a broader range of

applications [12,39, 135, 1414]. Both of these approaches have evolved over time and demon-
strated their inherent potential in various applications of quantum technologies including
quantum communication [147], computing [22], and metrology [154]. The development of

single-photon sources and single-photon detectors enabled experimental studies of quan-
tum light sources at the single-photon level, and such sources have proved a critical tool in
a variety of applications, such as quantum communication [26], information [25, 115], sens-



ing [25] and imaging [18]. However, experimental access to the rich space of non-classical
states in the CV regime requires the development of techniques for the generation and
robust detection of multi-photon quantum light pulses.

The quantum states used in CV regime are classified into two categories, called Gaus-
sian and non-Gaussian, based on the shape of the probability distribution they exhibit
in the optical phase space. The first group either occurs in nature, such as vacuum and
thermal states, or can be experimentally generated on-demand, like coherent and squeezed
states. On the other hand, the generation of non-Gaussian states of light with high fideli-
ties remains experimentally challenging [30]. At the same time, a variety of applications
in CV quantum optics explicitly require non-Gaussian states and non-Gaussian operators,
as they provide a rich resource for a wide range of quantum technologies [31,13,79]. For
instance, a no-go theorem demonstrates that achieving fault-tolerant quantum computing
is not possible solely with Gaussian states and operations [39]. In another example, it
has been shown that leveraging Schrodinger’s cat state as a resource enables the realiza-
tion of quantum error correction [79]. Similarly, non-Gaussian operators can enable CV
entanglement distillation [133], which is impossible in Gaussian regime based on another
no-go theorem [33]. Additionally, non-Gaussian states find applications in long-distance
communication using quantum repeaters and teleportation via entangled cat states [13],
as well as in interfacing discrete-continuous regimes [01].

The quantum states mentioned above are superpositions or mixtures of Fock states,
which are the eigenstates of the harmonic oscillator with well-defined photon numbers.
This concept leads to the idea of photon arithmetic, involving the addition and subtrac-
tion of single photons to light fields as a means of manipulating their quantum state [5].
Traditionally, this has been done through application of creation and annihilation opera-
tors [50]. The schemes for implementation of these operators were probabilistic in nature
and relied on detection events to herald the successful completion of the process [116, 152].
Using these ladder operators, it is possible to transition from one eigenstate to another. As
a result, any arbitrary quantum operation in this case can be represented as a combination
of photon creation and annihilation operators [94]. When combined with Gaussian opera-
tions such as displacement and squeezing, it is possible to generate any quantum state by
utilizing either the creation or annihilation operator. Dakna et al. [27] demonstrated that
starting from the vacuum state, any single-mode state of light can be generated through
the alternate application of photon creation and displacement operators. Similarly, Fi-
urasek et al. [37] showed that the same level of control can be achieved using the photon
annihilation operator in combination with displacement and squeezing operations.

The manipulation of quantum states of light by subtracting photons from them has
been a topic of interest for a long time [28]. The generated states have found applications
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in continuous variable quantum communication [92] and computation [12]. In addition to
quantum state engineering, this operation can also be utilized in other applications such as
entanglement distillation [153], probing fundamental principles of quantum optics [9, 151],
and the realization of photon number resolving (PNR) detectors [129]. PNR detection
is required to characterize and diagnose many-photon states of light by measuring their
photon-number distributions. Furthermore, generalized detection schemes composed of
such detectors can lend access to novel forms of quantum tomography. In particular,
characterizing complex, correlated many-photon states [30,57,87,95,107] can help to reveal
dynamics of many-body quantum systems.

1.1 Single-Photon Subtraction

1.1.1 Probabilistic approach

In the conventional scheme for non-deterministic single photon subtraction, a low-reflectivity
beamsplitter is utilized to extract a small fraction (ideally one photon) of the input
light. This method was first successfully implemented experimentally by Wenger et al.
in 2004 [116]. The beamsplitter operator can be written as B = exp[—6(afb — ab')] where
a and b are annihilation operators of the respective modes (See Figure 1.1.(a)) and the
reflectivity of mode a is related to the parameter # as R = sin®f. Assuming that the input
light [¢) is applied to mode a, while input b is in vacuum state, the output state can be
written as follows in the limit of small reflectivity:

(o) 2 [1 =0 (@D — ') | 10,0}, = [1),10), + Bals), 1), (1.1)

According to the above expression, the successful application of the annihilation oper-
ator to the input field occurs only when a single photon is detected at the output mode b,
and the process therefore relies on detection events to herald its successful completion. To
minimize the occurrence of multi-photon subtraction, the reflectivity parameter 6 needs
to be small, resulting in a low success probability for the process. It is also important to
note that as @ = > ,~0v/n |n — 1) (n], this success probability is not constant but rather
dependent on the average number of photons at the input. Furthermore, in a cascade of
non-deterministic photon subtractors, the success probability decreases rapidly, thereby
limiting the number of photons that can be subtracted.

Schrodinger’s kitten states, as well as other low-photon-number states, have been suc-
cessfully generated using this type of photon subtraction [10,93]. Using pulses of squeezed
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Figure 1.1: (a) Beam-splitter-based photon subtractor (HT-BS: high-transmission beam-
splitter) [33]. (b) Schematic of the experimental setup used in Ref. [108] for mode-tunable
photon subtraction.

light as the input to the above-described photon subtractor, the non-Gaussian statistics of
the output light has been clearly demonstrated by reconstruction of the Wigner function
from the experimental data in the work of Wenger et al. [116]. Later in 2007, Ourjoumtsev
et al. carried out the same experiment with an optimized homodyne detection and were
able to observe Wigner functions with negative values, resembling the Schrodinger’s kitten
state [93].

When the initial number of photons in the light field is precisely known, or equiv-
alently, when the field is in a Fock state, annihilation and creation operators decreases
or increases the photon number exactly by one. This behavior aligns with the classical
expectation of subtracting or adding a single photon. Consequently, these operators are
conventionally referred to as photon subtraction and addition [94]. However, the situation
becomes considerably different when the light field is in a superposition or mixture of Fock
states. These operators when applied to superposition states lead to substantial reshap-
ing of the photon number distribution at the output, rather than simply shifting it up or

down by one [33]. In such cases, the results may entirely contradict classical expectations.
For example, when subtracting a photon from a thermal state, the result is a doubling
of the number of photons, which is a highly counterintuitive outcome [33]. However, this

non-intuitive behavior can be understood when considering that these processes of photon
subtraction and addition are inherently non-deterministic. This arises from the fact that
the annihilation and creation operators do not preserve the trace of the density matrix
and, as a result, cannot be implemented in a system that evolves under a deterministic
Hamiltonian [68]. Therefore, the only way these operators can be implemented is through
probabilistic methods.



In the scheme described above, when the input light consists multiple temporal modes,
a single photon is subtracted from all modes, resulting in the loss of coherence among
them. Consequently, the output state is a mixed state. To address this limitation, Ra et
al. proposed a method that enables selective subtraction of photons from individual input
modes or their superposition, providing greater control over the subtraction process [103].
Their scheme works based on sum-frequency generation in a nonlinear crystal through
interaction of the input light with a strong gate beam. As depicted in Figure 1.1.(b), the
successful subtraction of a single photon from the input is heralded by the detection of
an up-converted photon in their experimental setup. Additionally, the specific input mode
from which the photon is subtracted is determined by the modal composition of the gate
beam.

Another method for non-deterministic extraction of single photons from the incident
light is through the use of a two-level atom. In this approach, the input light excites
the atom, resulting in the backscattering of single photons. The number of subtracted
photons is primarily influenced by the photon arrival rate in the incident light and the
coupling strength between the atom and light modes. In a recent study by Koch et al.,
they employed this approach to extract single photons from a continuous-wave coherent
light source [65]. The output light exhibited the expected super-Poissonian statistics. To
implement this technique, silicon-vacancy centers coupled to laser-written waveguides in
diamond were used to create an on-chip platform for photon subtraction.

1.1.2 Deterministic approach

The photon subtraction techniques discussed above suffer from two major drawbacks, as
outlined in the previous section. First, they are inherently non-deterministic processes,
meaning that only a very small fraction of attempts results in a subtracted photon. Second,
their success probability depends on the number of photons present at the input. This has
led to the concept of deterministic photon subtraction, which aims to subtract exactly
one photon from the input light regardless of the photon number and arrival rate at the
input. Recently, approaches for deterministic photon and phonon arithmetic have been
proposed and successfully demonstrated across various quantum mechanical platforms,
including single-atom cavity QED [1 18], circuit QED [66], trapped ions [111], and Rydberg
superatoms [129]. These implementations operate as self-terminating processes, where the
subtraction of the first arriving photon renders the system transparent, preventing the
subtraction of any additional photons [31].

Unlike the conditional approach, a deterministic single-photon subtractor, represented
by the operator § = > ,~0|n — 1) (n|, is capable of precisely subtracting one photon from
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the input light. Consequently, assuming the probability of vacuum is negligible, the photon
number probability distribution at the output is identical to that of the input, but shifted
down exactly by one photon. The application of this operator to a state with a Gaussian
distribution can result in the creation of a non-Gaussian state [53]. Therefore, deterministic
photon subtraction holds the potential for engineering quantum states of light, similar to
conventional non-deterministic photon addition and subtraction. Additionally, this type
of photon subtractor can find other applications due to its unconditional outcome. For
example, it can be utilized in the realization PNR detectors and the implementation of a
photon number splitting (PNS) attack on quantum key distribution (QKD), among other
potential applications [53, 118].

In 2011, Honer et al. proposed that the Rydberg blockade effect in an artificial su-
peratom provides a high-fidelity single photon absorber and can be used for deterministic
subtraction of single photons from the incident light field [53]. This effect arises from the
strong dipole-dipole interaction between Rydberg-excited atoms, which leads to an energy
shift in nearby atoms. Consequently, the simultaneous excitation of neighboring atoms
to Rydberg states is prevented, resulting in a blockade of their excitation. Therefore, the
excited state will be a coherent superposition with a single excitation shared between all
the N atoms in the blockade radius 7, providing an enhanced coupling v/N times larger
compared to an individual scatterer. Furthermore, the coupling between this collective
excited state with NV — 1 dark states can scale the probability to absorb a single photon as
N/ (N +1). This idea was experimentally realized by Tresp et al. in 2016 based on a cold
atomic cloud of optically trapped 8’Rb atoms [133]. By cascading such photon subtractors,
deterministic subtraction of multiple photons from the input light has also been recently
reported [129].

Another deterministic photon subtractor in the literature operates based on the single
photon Raman interaction (SPRINT) method [118]. It was originally proposed by Pinotsi
and Imamoglu as a means for absorption of single photon pulses with probability approach-
ing unity [105]. In this type of interaction, population transfer occurs in a three-level A-type
atom between its two ground levels by simultaneously absorbing a single photon and emit-
ting another photon [119]. In the ideal limit, where both ground-excited transitions are
coupled to the respective light modes with the same coupling strength, this population
transfer can occur directly without populating the intermediate excited state.

Figure 1.2.(a) shows how this photon subtraction scenario works for a A-type emitter
interacting with a waveguide where different transitions are coupled to different propaga-
tion directions of light. Suppose that the emitter is initially at |g;). If a weak resonant
probe is sent from left, the |g;) — |e) transition dipole starts oscillating and radiates an
electromagnetic field in the same direction as the probe. In resonance the emitted field lags



|g2)

Figure 1.2: (a) Extraction of a single photon by a A-atom coupled to photons of opposite
polarizations [125]. (b) A schematic view of the setup used by Rosenblum et al. [115].

by m compared to the incident field and destructively interferes with it. This destructive
interference forces the emitter to decay to |gs) by emitting a single photon in the opposite
direction. After reflection of this first photon, as the emitter is in |go), it no more interacts
with the incident field. Hence all the subsequent arriving photons will be transmitted,
leading to the probability of subtracting more than one photon becoming exactly zero.
This property enables the device to function as an ideal deterministic single photon sub-
tractor, provided that the atom-field coupling strength is sufficiently high to suppress the
probability of subtracting zero photons.

The SPRINT-based single-photon subtractor was first experimentally realized by Rosen-
blum et al. in 2015 [118,125]. They used single cold rubidium atoms coupled to evanescent
TM modes of on-chip ultrahigh-Q microsphere resonators. These modes exhibit oppo-
site polarizations for clockwise (CW) and counterclockwise (CCW) propagating photons.
Furthermore, these light modes are evanescently coupled to a nano-fiber. Consequently,
different transitions of their A-system are coupled to different propagation directions of
light. When a photon is subtracted, it is reflected in the opposite direction; otherwise, it
can transmit through the system. Their setup is schematically shown in Figure 1.2.(Db).

In the weak excitation limit, the deterministic mechanisms described above extract the
first arriving photon from the incident light. Consequently, since the subtracted photon
temporally precedes the transmitted ones, inevitable temporal entanglement is generated in
the time domain, which reduces the purity of the output states. The purity approaches 0.5
as the number of photons at the input increases [14]. As a result, the process cannot be fully
described by the single-mode operator § introduced earlier. However, modal purity can be
improved by post-selecting the output states based on the detection time of the subtracted
photon, at the cost of reduced device efficiency. There are also specific applications, such



as the realization of PNR detectors, where this modal impurity does not significantly affect
overall system performance [53]. Furthermore, applying high photon rates to the emitter
may lead to its saturation, which can further alter the behavior of the output light.

1.2 Theoretical Background

This section provides a brief introduction to two key theoretical concepts: input-output
formalism and the SLH framework, which form the foundation for the analyses and simu-
lations presented in the subsequent chapters on the photon subtraction systems.

1.2.1 Input-output formalism of quantum optics

Input-output formalism is a method for studying the interaction of localized quantum sys-
tems with guided-wave quantized bosonic fields. It was originally formulated in 1985 by
Gardiner and Collett in their seminal paper [11] and found wide application in the field of
quantum optics where the bosonic field is an optical-frequency electromagnetic wave, and
the quantum system typically involves atom-cavity interactions [115]. Using this method,
the entire system is modeled in the Heisenberg picture, resulting in a general differen-
tial equation that describes the evolution of arbitrary system operators. Additionally, it
provides a relationship between the input and output field operators [24].

Total Hamiltonian in this case can be written as Hio = Hgys + Hp + Hiny Where Hgyg
governs the internal dynamics of the localized quantum system, Hpg is the bosonic field
Hamiltonian, and Hj, represents the interaction between the system and the field. Inte-

grating over all frequency modes of the field, the field Hamiltonian can be expressed as
(h=1):

oo

Hg = /dwwa (w)b(w) (1.2)

0
where b (w) is the annihilation operator of the field mode of frequency w satisfying the
commutation relation [b (w), b (w')] = § (w — w’). The interaction Hamiltonian can also be
assumed to have the following linear form, as arises in dipole-approximated light-matter

Interactions:
o
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in which c¢ is a system operator and x (w) is the coupling strength between the system and
the field. In the weak coupling regime where the energy transfer between the system and
the field happens on time scales much longer than optical oscillation periods, the rotating
wave and Markov approximations can be made to further simplify the above Hamiltonian

as follows: .
.Y
Hiyy = 4/ P / dw [ch (w) — c'b (w)] (1.4)

where considering that c¢ is a lowering operator, v is the corresponding decay rate of
excitations from the quantum system to the guided bath. As can be seen, the lower limit of
the integral in the above expression has been extended to —oo. This is justified as only field
frequencies in the vicinity of the system’s dynamic frequency are important. Introducing
the above Hamiltonians to the Heisenberg equation, gives the following equation for the
evolution of any arbitrary system operator over time:

a(t) = =ila (1), Hoe) = ([a(t) ¢ 0] Ge(8) + b () = (36 (0) + 7BL (9) [a (1) e (1)])
(1.5)

The input operator b;, (t) in the above equation represents the field incident on the
quantum system derived by free propagation of the field by (w) = b (w)],_,, from an initial
time ty using the following expression:

[
b () 1= = / due“=10)p (1) (1.6)

Similarly, the output field operator b, (t) immediately after interaction with the quan-
tum system can be derived by back propagation of the field b, (w) = b (w)[,_,, from a later
time ¢, according to the following equation:

o
bout (t) := Nor / dwe™ =) p, (w) (1.7)

The Heisenberg equation for the entire system gives the following important relation
between the input, output, and system fields:

bout (t) = bin () + /7 (¢) (1.8)
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Figure 1.3: Two cascaded single-port cavities interacting through a uni-directional bosonic
field [24].

The solution to equation 1.5 can be expressed as a (t) = UT (t) aU (t), where U (t) is the
unitary propagator of the system, evolving any arbitrary system operator in the Heisenberg

picture:
t

U (t) = exp / ds <—7JHSyS + [Lbjn (s) — Libi, (s)]) (1.9)

to

In this equation L = ,/yc is the coupling operator, representing the coupling of the
system to the field.

1.2.2 SLH framework for modeling networked quantum systems

The above formalism can be extended to the more general case of a quantum input-output
network, where multiple localized quantum systems interact with a shared bosonic field in
a cascaded fashion, such that the output field from one system acts as the input to another
system. As a simple example consider the system shown in Figure 1.3, where two one-sided
cavities are cascaded to form a two-node quantum network. The input field to the network
is first incident on cavity 1, then the reflected output field is fed as input to cavity 2. Time
needed for propagation of the field between the systems is denoted by 7. Assuming that 7
is much shorter than the interaction time 1/+ between the system and the field, one can
neglect this delay time and perform an input-output analysis similar to the one introduced
above in the limit of 7 — 0 to derive the governing equation of the system. Results show
that the dynamics of the system can be expressed by similar equations as those derived
for the case of a single quantum system interacting with the field, but with the following
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effective Hamiltonian and coupling operator:

Heﬁ = Hsys,l + Hsys,Q - ZM (Cgcl - CJ{CQ>

2
Leg = /a1 + /1202

The SLH framework, developed by Gough and James in 2009 [15,16], is an extension
of the above approach for analyzing quantum networks. It provides a systematic method
to handle more complex networks, allowing for a comprehensive understanding of their
behavior. In this formalism, each localized quantum system is represented by a triple of
operators G = (S, L, H) which respectively denote the scattering operator, the Lindblad
operator responsible for coupling of the system with the bath of modes in the channel, and
the Hamiltonian of the system. When these quantum systems are connected to form a
network, these operator triples can be combined following a set of rules to create the SLH
formulation for the resulting composite system. For example, when two quantum systems
represented by G; = (Sy, Ly, Hy) and Gy = (S, Lo, Hs) are cascaded, the SLH triple of
the combination will be given by:

(1.10)

1
Gr=Gy4G, = (5281, Ly +SoLy, Hy + Hy+ o (Lgsng . L{SLLQD (1.11)

which is consistent with the result given in equation 1.10 considering that for the single-port
cavity S = L.

The above analysis gives the output field operator in the Heisenberg picture enabling
calculation of mean values and correlation functions of the emitted fields. However, in cer-
tain applications of quantum information and communication, we are specifically concerned
with the quantum state content of light pulses as they propagate through a quantum net-
work. This becomes more intricate when dealing with light pulses that consist of multiple
wave packets or temporal modes. In 2019, Kiilerich and Molmer developed a formalism
for modeling the interaction between traveling quantum pulses of light and local quan-
tum scatterers [03]. In their proposed method, each temporal mode of the light pulse was
treated as oscillating mode of a virtual cavity interacting with the quantum system in a
cascaded manner. The time-dependent complex coupling of the input and output cavities
to the continuum field was chosen according to the corresponding mode function:

u” (t) v (t)
= t - go (1) = — - = (1.12)
V= Syt (@) Ji dtfo (7))
which are determined by solving the quantum stochastic differential equation governing
the system [17,90].

Gu (1)

11



a) __System b) :

G oy, Quy (4
us ug
) e a
uslt) 9 (1) 9 (£)

Quantum
scatterer

et T e T S SR

% gu(t)

Figure 1.4: Using virtual cavities for representation of different modes. (a) single-mode
input and output, and (b) multi-mode input and output [63].

In this way, the input cavity is able to emit its stored quantum state to a traveling
wavepacket characterized by the desired mode function w (t), while the output cavity ab-
sorbs a wavepacket with mode function v (t) (see Figure 1.4.(a)). In the more general case
of a quantum scatterer interacting with multi-mode input and output light, there will be
multiple cavities cascaded with the scatterer at its input and output ports as shown in
Figure 1.4.(b). Finally, since the input of this quantum network is in a vacuum state,
one can solve the master equation in the Schrodinger picture to obtain the quantum state
occupying different modes of the output field, as well as the final quantum state of the
scatterer itself:

d 1
z£:~4U£M+JmL—§{ULm} (1.13)

For the case of single input and output modes, the Hamiltonian H and Lindblad oper-
ator L will be:

H (t) = Hsys + % [ﬁgu (t) CLLC + ﬁg: (t) CTav + Gu (t) g: (t) a/’-ll-l,a/’U - HC} (1 14)
L(t) = e+ g, (t)au+g; () ay '

where a, and a, are annihilation operators of the input and output cavities, respectively.
Before using the above formalism to model the system, it is necessary to identify the dom-
inant modes involved in the output light. One way to achieve this is by calculating the
first-order autocorrelation function of the output light. The eigenvectors of the autocorre-
lation matrix correspond to the dominant modes involved, while the eigenvalues represent
the average number of photons present in each mode.
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1.3 Research Objectives and Thesis Outline

Upon reviewing the literature on the subject of deterministic photon subtraction, two
fundamental gaps in the existing research become evident, highlighting the need for further
improvement. Firstly, there is a notable absence of a comprehensive theoretical framework
capable of accurately modeling the evolution of optical pulses in terms of both photon
statistics and involved quantum states. Second, there is a need for conceptual design
and analysis of quantum optical devices that exploit the deterministic nature of photon
subtraction and the resulting temporal entanglement. Such devices could enable advanced
functionalities in the control and detection of quantum light that are not achievable with
conventional probabilistic photon subtractors.

In this thesis, we aim to address the two deficiencies mentioned above by focusing on the
SPRINT mechanism as the platform for deterministic photon subtraction. The remaining
chapters of the thesis are organized as follows. Chapter 2 presents a comprehensive analysis
of a photon subtractor based on a quantum emitter coupled to a bimodal cavity with
waveguide coupling. The performance of the photon subtractor in extracting single photons
is studied in both single- and multi-photon regimes as a function of the emitter and cavity
decay rates, as well as the atom—cavity coupling strength. Chapter 3 investigates the
capability of SPRINT-based photon subtraction to generate non-Gaussian states of light
from Gaussian inputs, including coherent and squeezed vacuum states. In Chapter 4, we
explore cascaded photon subtractors capable of multi-photon subtraction as PNR detectors
for counting the photon number in input light pulses, and compare their performance with
currently available PNR detection schemes. Chapter 5 introduces the concept of two-way
cascading of photon subtractors in chiral waveguides and demonstrates how this scheme can
be employed to perform PNS attacks on QKD systems. Chapter 6 extends this approach
to cascades with multiple emitters, enabling selective subtraction of single photons based
on their position in the arrival-time sequence. Building on this capability, a scheme for
generating multi-photon Fock states is presented, and its potential application in quantum
metrology is explored. Finally, Chapter 7 concludes the thesis by summarizing the main
findings and discussing potential directions for future research. The material presented in
Chapters 2, 3, 5, and 6 has been published as four peer-reviewed journal papers [95-98],
while a manuscript based on material presented in Chapter 4 is currently under review and
available as preprint on arXiv [99].
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Chapter 2

Deterministic Photon Subtraction in
a Coupled Cavity—Waveguide Setting

In this chapter, we perform a comprehensive analysis of a SPRINT-based photon subtractor
comprising a A-type emitter in a bimodal cavity directly coupled to two separate waveguide
modes. Initially, we conduct a single-photon transport analysis using the input-output
formalism to assess the system’s capability in redirecting single-photon pulses arriving in
one waveguide mode to the other. The insights gained from this analysis are then utilized
to optimize the key parameters of the photon subtractor. Subsequently, by treating the
system as an input-output quantum network, we numerically simulate its behavior under
input pulses containing multiple photons. We then compare the results obtained from
the single-photon and multiple-photon solutions to assess the effectiveness of the single-
photon transport analysis in predicting and optimizing the device’s performance in the
multi-photon regime.

2.1 Single-Photon Transport Analysis

2.1.1 Modeling and formulation

Figure 2.1.(a) presents a schematic of the investigated photon subtractor, comprising a
A-type quantum emitter coupled to a bimodal cavity. Distinct modes of the cavity are
illustrated in different colors (blue and red), each regarded as a one-sided cavity with
an ideal reflector on one side and a non-perfect mirror on the other. The energy decay
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rates K, and Kk, correspond to the blue and red cavities, respectively. These are extrinsic
decay rates, arising from photon decay from the cavities into the connected waveguides.
Intrinsic decay, caused by photon absorption, scattering, or structural imperfections within
the cavities, is assumed to be negligible compared to the extrinsic effects. This assumption
holds particularly for short input pulses, where the extrinsic decay rate is deliberately set
to be high. In high-quality cavities, this typically results in Kex; > Kine [10]. The emitter-
cavity system is proposed so that each ground-to-excited transition of the emitter selectively
couples to one cavity mode through either resonance frequency or polarization selectivity.
The coupling strengths for the respective cavity modes are denoted as g, and g,. Different
modes of the cavity are designed for direct coupling to distinct waveguides, enabling the
transmission of input light pulses to the atom-cavity system and the collection of outgoing
pulses resulting from the subtraction process. This includes both the subtracted single-
photon pulse and the remaining pulse after photon subtraction. A potential approach to
experimental realization of the above-described system is depicted in Figure 2.1.(b) This
illustration shows two 1D photonic-crystal cavities embedded in two crossed nanobeam
waveguides, with a solid-state emitter positioned at the center of the cavities. A grating
is used at the end of each nanobeam to couple the vertically propagating light from free
space into the structure. The coupled light then is transmitted through the nanobeam to
the cavity where the interaction with the emitter takes place. A detailed study of such a
doubly resonant photonic crystal nanocavity can be found in Ref. [116].

In this section, we employ the input-output formalism of quantum optics as explained
in section 1.2.1 to analytically investigate the interaction of the atom-cavity system with
the bath of waveguide modes and examine how photons are transported within the entire
bimodal atom-cavity-waveguide system. The extension of the input-output formalism to
photon transport in waveguides with embedded atoms was first proposed and formulated
by Fan et al. [35]. Subsequently, this formalism has also been applied to study photon
transport in cavity-waveguide systems coupled to two-level atoms [115]. However, previous
studies on systems consisting of bimodal cavities and three-level atoms have primarily
relied on the real-space representation of the eigenstates of the system’s Hamiltonian [131,

]. Utilizing the input-output formalism in our photon transport analysis also helps to
maintain consistency with the next section of the chapter, where we treat the system
as an input-output quantum network to simulate its response to multi-photon pulses.
As mentioned before, this method relies on defining input and output operators in the
Heisenberg picture corresponding to each input or output of the system to capture the
traveling pulses before and after the interaction takes place.

In general, the photon subtraction process begins by sending an n-photon quantum
pulse, ideally with an arbitrary temporal shape and quantum state content — this might
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Figure 2.1: (a) The proposed atom—cavity scheme for deterministic single-photon sub-
traction from a light pulse incident on the input mode by,; (b) A crossed nanobeam cavity
structure as a potential physical implementation of the scheme.

even be a multi-mode pulse made of several wavepackets — through the blue waveguide
input mode represented by b;,. Photons injected by this pulse into the cavity interact
with the emitter, initially prepared in state |1), through a coherent Raman process. This
process transfers the emitter to state |2) and emits a single photon to the red mode of
the cavity. The subtracted photon then decays out of the red cavity, forming a quantum
pulse that leaves the system through the red waveguide output mode r,,;. Additionally,
the remaining n — 1 photons form a reflected pulse that leaves the blue cavity through
the output mode b,,;. Furthermore, to consider the spontaneous decay of the atom, we
introduce the output operator e,,; responsible for the photons emitted by the atom into
the external bath of modes in the environment. According to the input—output formalism
(see Equations 1.6 and 1.7), these operators are defined as follows [11]:

+00 +oo
1 iy 1 o
bin (t) == NGT: / duw'b (w') e~ 10) bout (t) := Nor / dw'by (W) e~ (=)

+oo +oo (21)
T out (t) = L / do’ r (w/)‘ e—iwl(t—n) e t(t) — L / dw’el (w,) e—iw/(t—h)
ou ,—27-‘- ou \/%
where a; (W) == (W/)‘t:ti for &« = b, r, e are the annihilation operators that annihilate a
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photon of frequency w’ in the corresponding bath of modes long before (ty) and long after
(t1) the interaction takes place.

Any arbitrary system operator A evolves in time according to the Heisenberg equation
WA = i[Hyc1 + Hyoe + Hwa + Hexy + Hing, A], where the Hamiltonian of the system is
given by the sum of five terms. These terms include two Jaynes-Cummings Hamiltonians
corresponding to different modes of the cavity (Hjc; and Hjo), the waveguides bath field
Hamiltonian (Hwcg), the external bath field Hamiltonian (Hey), and the cavity-waveguide
interaction Hamiltonian (H;,). Employing the rotating wave and second Markov approx-
imations, these Hamiltonian terms can be expressed as follows (A = 1):

Hjycn = wbalab + w1033 + G (Gb031 + &2013)

Hjco = wyala, + [wi — wo) 022 + gy (arng + ai023)

1 i [ / / / /
HWG:\/_Z_W_/dww (" (W) b (W) 4+ r! (W) r (W)

Hey = \/L2_7r_/ dw'w’ (e (W) e (W) + el (W) e (W)

Lo 7@/ VA [asbt () + ol ()] + v [arrt (@) + afr ()]
o \/%—oo VA RE [013€T (W) + 013@ (W,)] + /I3 [0235r (W) + 0536 (w’)}
(2.2)

In the above expression wy o are the atomic transition frequencies and o;; = |7) (j| is the
atomic transition operator that takes the emitter from state |j) to |¢) where 4,5 = 1,2, 3.
Additionally, ay (a,) and wy, (w,) are annihilation operator and resonance frequency of the
blue (red) cavity. Furthermore, I'13 and I'y3 represent the decay rate due to spontaneous
emission from the excited state to the ground states |1) and |2), respectively. Substituting
equations 2.1 and 2.2 into the Heisenberg equation gives the following set of optical Bloch
equations governing the dynamics of the system:
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. Ry . .
Owap = <—Mb - ?) ap — 19p013 — 14/ Kpbin
. K
o, = <—@wT - —

r .
> Qr — 19r023

2
. I'g+T . .
0013 = <—’M1 - %) o013 + 1gpap (033 - 011) — 1Gr0r012 (2-3)
. I'g+T . .
0093 = <—M2 — %) o3 + 19ray (033 — 099) — igyay0Ly
(9t012 = —1 [w1 — CL)Q] O12 + 'l'gbabO';g — z'gTaialg

Additionally, since  and e modes are initially in vacuum state, the input-output rela-
tions are given by:

bout == bZTL - Z-\/ RpQyp, Tout = _Z-V RpQp, Cout = —1 F123(71L'*‘> —1 I_‘230-23 (24)

To study the single photon transport in the photon subtractor, we consider a single
photon of frequency k to be sent to the blue input mode b;,. The following elements of the
scattering matrix S can be used to calculate the probability of the photon to be reflected
back to the blue waveguide (b,,; output mode), the probability to be diverted to the red
waveguide (7,,; output mode), and the probability to be emitted to free space (e, output
mode):

b (pI SIk), = o (0™ IK), = (0, 1] bous (p) UL, (k) 10, 1)

r (Pl SIkY, = (P IKT), = (0,2] 70wt (p) b, (K) [0, 1) (2.5)

e (P SIKY, = (0™ [k ), = (0, 1] €our (p) ], (k) [0, 1) + (0, 2] €our (p) b, (k) [0, 1)
in which |k*)_ for a = b,r, e are scattering eigenstates that evolve in interaction picture
from distant past and future in the blue waveguide, red waveguide, and external bath,
respectively. Also, states |0,1) and |0,2) both represent vacuum states but with different
emitter components. The first one has the emitter in state |1), while for the latter the

emitter is in state |2). Taking Fourier transforms of the input-output relations given in
equation 2.4, and then substituting the results into the above equation, one obtains:

o(p k"), = 8 (k= p) — iv/ky (0, 1] ap (p) [KT),
(I, =~y (0,21 () [£7), 2.6

{7 |kT), = —iv/T13(0,1 015 (p) k7Y, — iv/Ta3(0,2] 025 (p) | k7Y,
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To calculate the above matrix elements, one needs to sandwich the Bloch equations
given in equation 2.3 between (0, 1| (or (0,2|) and |kT), states giving the following closed
set of equations:

L (0, 1] ap| kT, = (—iw, — %2) (0, 1] aplk ™), — igs (0, 1] o13|k ™), — in/Rp (0, 1] bin KT,
at (0,1 o13|k™), = (—iwr — Dt28) (0, 1| 43|k ™), — igs (0, 1] ap|kT), — g (0, 1] aroia| k™),
9, (0,1] a,o12|k ™), = (=i w1 — wo] + (—iw, — 7)) (0,1] ayo12|k™), —igr (0, 1] o13] k™),
$ 0:(0,2] ar|kT), = (—iw, — %) (0,2] a,[kT), — ig, (0,2] oas|kT),
( )b
(

—~

9, (0,2| 093]k ™), = (—iw, — D3EE23) (0, 2|023|k+ —ig, <0 2| ar|kt), —igs (0,2] ayoly) k),
05 (0, 2] apoly|kFY, = (i [wr — wa) + (—iwy, — 2)) (0,2 ab012|k+> —igy (0,2] oog|kT),

\ —i\/Rpe @170, 1] by [k T),,
(2.7)

The derived equations are specific to the case of single-photon transport, where assum-
ing the existence of only a single excitation in the entire system leads to the elimination of
certain terms. Substituting (0, 1] by, (¢) [kT), = (1/v27) e~™**, in the above equations, tak-
ing Fourier transform and solving for (0, 1| a, (p) [k™),, (0,2] a, (p) |kT),, (0,1] 013 (p) [ET),,
and (0,2| 93 (p) |k),, then substituting the results back into equation 2.6, gives:

s(p~ | kT), =110 (k= p)
A0 [ ET), = thd (k —p — (w1 — wy)) (2.8)
Ap~ k), =810 (k—p) + 520 (k —p — (w1 — wy))

in which:

(k —wy —i%) <k R (s (gﬂ =)t 30 (Tig + F23)) — g’

—(w1—w2)+1i 5

D

T =

in/KbbrGbGr L igev/ sk o igpV/Tasky
ty = — — §p = ———— sp = ————
D(kz—wr—(u}l—wg)+27’") D D

(2.9)
The term D, which appears in the denominator of the above expressions, is given by:
D = (k: —wp + @@> (k; —wy — 9:° — + lZ (Ty3+Ta3) | — g
2 (k—wr—(wl—wg)—i-z’;—T) 2

(2.10)

In equation 2.9, ry is the reflectivity of the system, which relates the incoming field
amplitude in the blue waveguide to the amplitude of the field reflected to the same waveg-
uide. t; is the transmissivity, representing the ratio of the field successfully transmitted to
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the red waveguide to the incoming field amplitude. Additionally, si gives the amplitude
of the emitted field to free space, resulting in leaving the emitter in the ground state |7).
Based on these results, when a photon of frequency k is sent to the blue input mode of the
proposed scheme, it can interact with the atom-cavity system in one of the following four
different ways. It is either reflected with probability P, = |7"k|2, or transmitted to the red
mode with probability P, = \tk|2, or emitted to free space through spontaneous decay of
the atom to level |1) with probability P5 = |st|?, or emitted to free space leaving the atom
in state |2) with probability Py = |s2|°.

Now, consider the case where, instead of a single-frequency photon, a single-photon
pulse with a carrier frequency k. is sent to the subtractor as the input. The Fourier
transform f (w) of the field in this case exhibits a distribution around the center frequency
k. in the frequency domain. Since, in the single-photon regime, the system behaves linearly,
using the superposition principle, the probabilities P, to P, defined above can be obtained
by calculating the following integrals over the entire frequency interval:

+oo +o00
P = / \rwf(w)lzdw P = / \twf(w)lzdw
Py = / |sif(w)‘2dw P, = / ‘sif(w)|2dw

2.1.2 Results and discussion

As a first step in evaluating the photon subtractor’s performance, we need to define the
conditions under which we consider photon subtraction successful or unsuccessful. An
ideal deterministic photon subtractor should precisely subtract one photon from the input
pulse, irrespective of the total number of photons it contains. Therefore, for the specific
case of a single-photon input in the proposed scheme of Figure 2.1, there should be no
photon in the reflected output mode b,,; for subtraction to be deemed successful. If this
condition is met, it indicates that the photon has either been emitted by the atom into free
space or transmitted to the red output mode r,,;. Since, in various applications of photon
subtractors, the subtracted photon often needs to be detected by a photon detector, we
will consider the former case a failure. Note that this may not necessarily be the case for
certain applications, such as when the state created by photon subtraction is the intended
outcome. However, for instance, a PNR detector can be implemented by cascading several
photon subtractors and, in this case, accurate photon counting would rely on detecting all
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Figure 2.2: Probability of successful photon subtraction (P, = |t;|?) with respect to the
angular frequency of the arriving photon, illustrating (a) the effect of the ratio of coupling
strengths of different modes (ks/gp = Kr/gr = 0.5), and (b) the effect of the cavities’ decay
rate (g,/gp = 1 and Ky/gp = Kr/gr = K).

subtracted photons by each photon subtractor. Another example is when the subtractor
is used in single photon splitting attacks on QKD, where the subtracted photon contains
communicated information and its successful collection is crucial. Consequently, we define
the success probability of our photon subtractor as the probability that the photon is suc-
cessfully transmitted to the red mode, denoted as P, in equation 2.11 and the explanation
above it.

Figure 2.2 depicts this success probability with respect to the angular frequency & of
a single-frequency photon sent as input. In parts (a) and (b) of this figure, effects of
the ratio of coupling strengths of different modes of the cavity, i.e., g,/gp, and the ratio
of the decay rates of modes to their corresponding coupling strengths, i.e., k() / Ib(r)s
are shown, respectively. The results presented in this figure assume perfect resonance
between the cavity modes and their respective emitter transitions, i.e., w, = w; and w, =
wy. Additionally, to better distinguish the effects of different parameters on the system’s
response, the spontaneous decay has been assumed to be negligible (i.e., I'j3 = I'93 = 0). It
should be noted that this assumption is not a requirement for the system or the analysis, as
the impact of spontaneous emission is analyzed separately in the next figure. As depicted
in Figure 2.2.(a), a success probability of unity can only be achieved in a device with a
symmetric bimodal cavity, where the coupling strengths of different modes, as well as their
decay rates, are equal. This happens because under this condition, at the same rate that
photons enter the blue cavity and excite the emitter, the emitter is de-excited to the second
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ground state, emitting photons to the red mode, which then leave the red cavity mode,
resulting in no photon being re-emitted to the blue cavity mode. If this condition holds,
photons with three different frequencies will be transmitted completely: those in resonance
with the blue cavity and two others, one slightly above and one slightly below the resonance
frequency. As the decay rates of the cavities tend toward zero, these side peaks occur at
k = wy, + v/2gy, while increasing the decay rates makes them approach the center peak at
wy, forming a cubed Lorentzian lineshape centered at wy,. This can be clearly observed in
Figure 2.2.(b), where the effect of decay rates on the frequency response is illustrated.

To understand the origin of the existence of these three peaks in the system’s trans-
missivity, we need to investigate the dressed states of our bimodal atom-cavity system.
These dressed states are the eigenstates of the Hamiltonian H = Hjc; + Hjco, where the
Jaynes-Cummings Hamiltonians Hjc; and Hjos are as defined in equation 2.2. Considering
the case with n exctations in the system, the Hamiltonian can be expressed in the basis
{|1,n,0),]|2,n —1,1),|3,n — 1,0)}, where the three numbers used in the representation
of the states denote the emitter state, the number of photons in the blue cavity, and the
number of photons in the red cavity, respectively. It should be noted that, as the input
light is applied to the blue cavity, states with more than one photon in the red cavity
do not appear in the overall quantum state of the system. Therefore, there is no need
to take them into account in our analysis. Eigendecomposition of the Hamiltonian gives
the following dressed states and their corresponding energies for the case where the cavity
modes are in perfect resonance with the emitter (w, = w; and w, = wy):

1
|thn1) = AT EXD (\/ﬁgb\l,n,m + g, 12,n—1,1) — \/ngZ + g2 |3,n — 1,0))
b r
1
|wn,2> = ) (gr |17n70> - \/ﬁgb |2,TL - 1a ]->>
ngb + T
1
|t 3) = XD (\/ﬁgb 11,m,0) + ¢, 2,n — 1,1) + /ng? + ¢2|3,n — 1,0))
b r

En,l = Nwp — \/ ngg + g?? En72 = NWwp, aEn,?) = nwyp + \/ ’I'ng + 93
(2.12)

The above results for n = 1 confirm both the existence and location of the three peaks
observed in the transmissivity of the system in our single-excitation analysis and when
the cavity decay rates tend toward zero. The increase in the decay rates of the cavities is
equivalent to a decrease in effective atom-cavity coupling strengths, justifying the decrease
in resonance frequency splitting and the approach of the side peaks to the one at the center,
as seen in Figure 2.2.(b). The structure of the dressed states reveals that the middle state
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Figure 2.3: Effect of spontaneous decay of the emitter on the probability of successful
photon subtraction (g, = gs, Kb/96 = Kr/gr = 0.5, T'13/g = Ta3/g, =T).

belongs to a manifold of equally spaced dark states, each corresponding to a different
number of excitations. Consequently, when the excitation frequency is near the resonance
frequency wy, the contribution of the atomic excited state becomes negligible, allowing the
system’s dynamics to be effectively analyzed within this manifold. Restricting the system
to this manifold reduces the number of operators governing the system’s dynamics, thereby
simplifying the Bloch equations, which is particularly beneficial for multi-photon transport
analysis.

The effect of spontaneous decay rates of the atom on the success probability of the
photon subtractor is depicted in Figure 2.3. According to this figure, spontaneous decay of
the atom results in a decrease in the photon subtraction probability, as expected. However,
the important point is that while this decrease is smaller at the central peak of the frequency
response, it highly suppresses the side peaks. The reason can be deduced from the dressed
states given in equation 2.12. The second dressed state which corresponds to the central
peak is a superposition of states with emitter parts in ground energy levels, meaning that
at this frequency the excited atomic state is not populated during the population transfer
between the ground states. This results in zero emitter sponatenous emission regardless of
the magnitude of emitter decay rates. However, it should be noted that these results are
for the undamped resonating system (zero cavity decay), justyfying the slight decrease in
the central peak amplitude in Figure 2.3. On the other hand, the other two dressed states
have the excited atomic level as a part of their superposition, meaning that the excited
state is populated at the two side peak frequencies. Therefore, as the emitter decay rate
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increases, the excitation most probably leaves the system through spontaneous decay of
the emitter, resulting in what we defined as failure of the photon subtraction process.

Figures 2.2 and 2.3 offer insights into the system’s ability to subtract single-frequency
photons or equivalently single-photon pulses of infinite duration. In practical applications,
however, it is essential to subtract photons from input pulses with finite time durations
which are composed of a continuum of frequencies. In the single photon regime, this fre-
quency responses can still be used to calculate system’s response to pulsed input light
as described in equation 2.11. To assess the performance of our photon subtractor in
the pulsed regime, we examine the system’s response to pulses with two distinct temporal
shapes: a Gaussian pulse and an ideal rectangular pulse. Figure 2.4 illustrates the probabil-
ity of successfully subtracting the photon contained in single-photon pulses of each shape.
It should be noted that, due to the self-terminating nature of the process, as explained
in the introduction section, no more than one photon can be subtracted. Therefore, the
y-axis of Figures 2.4 to 2.8, which corresponds to the mean number of subtracted photons,
effectively represents the probability that a single photon is subtracted. The graphs are
plotted versus the pulse duration 7, which, for the Gaussian pulse, is defined as the full-
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width at half maximum (FWHM) of the power amplitude, the coupling strength ratio g, /gy
and the dimensionless decay rate s of the cavities. It’s evident from this figure that in the
single-photon regime, a bimodal cavity with equal coupling strengths at different modes is
crucial for achieving a photon subtraction probability approaching unity. However, while
this probability can approach unity for long input pulses regardless of the cavity decay
rate k, this parameter needs to be optimized for pulses of medium duration to maximize
the success probability. In the results shown in this figure, we assume that the carrier
frequency k. of the pulses is in resonance with the blue mode of the cavity and the atomic
spontaneous decay is negligible.

Figure 2.5 illustrates the impact of detuning the input pulse from the cavity resonance
frequency on the performance of the photon subtractor. As anticipated from the frequency
responses, for sufficiently long pulses with narrow frequency content, the plots feature three
peaks, one at zero detuning and two side peaks corresponding to the other two dressed
energy levels. However, for short pulses, not only does the success probability decrease
dramatically, but the three peaks are also combined, resulting in a single broad peak at
zero detuning frequency. To better understand why the success probability is higher for long
pulses, it is important to consider two key factors affecting the device’s performance: first,
whether the single photons in the input pulse can successfully enter the cavity, and second,
whether they can successfully excite the atom before decaying back out of the cavity. The
first factor depends on the coupling strength of the cavity field to the waveguide field and
improves as the decay rate increases. In contrast, the second factor depends on the ratio of
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the atom-cavity coupling strength to the cavity decay rate and diminishes with increasing
decay rate. Additionally, when the input pulses are longer, the photon has more time to
enter the cavity due to the limited cavity decay rate, while the probability of exciting the
atom remains unaffected by the pulse length. As a result of these effects, as shown in
Figure 2.5, increasing the pulse length enhances the success rate of the photon subtractor.
The effect of the pulse length can also be understood from a frequency-domain perspective,
where longer pulses have narrower frequency content, aligning more effectively with the
peak of the system’s frequency response.

2.2 Numerical Simulations and Results

The analytical results derived in the previous section can be verified through numerical
simulation of the system. Moreover, numerical simulations allow the investigation of the
system’s response to multi-photon inputs. A general solution involves simulating the inter-
action of the emitter-cavity system with an infinite continuum of waveguide modes, which
is practically impossible. However, when the traveling light in the waveguide can be dis-
cretized into a finite number of wave packets, each occupied by quantum states with a finite
number of photons, it becomes possible to reduce the problem to a finite-dimensional one.
In this method, neglecting the propagation time of the pulses in the waveguide leads to a
Markovian system where each input or output wave packet is treated as a single oscillator
with a time-dependent coupling (according to its temporal shape) to the local quantum sys-
tem (the bimodal atom-cavity in our case). Additionally, the input-output formalism can
be utilized to introduce Lindblad operators representing the system’s collapses, resulting
in the emission of photons at the system’s outputs.

Since we are solely concerned with the photon statistics at the outputs of the system,
we model only the input wave packet as an oscillator, while introducing two Lindblad
operators corresponding to the two outputs of the system (L; and L,). Additionally, L3
and L, are responsible for spontaneous decay of the atom. According to section 1.2.2, the
total Hamiltonian of such a system and the collapse operators are as follows:

H = (k. —wy)ala, +1i [QZCL;EO'lg + graloss + 5\/Kegu (t) alay — H.c.]
Ly = \/Ryay + g (t)ay Ly = \/K,a, L3 = /T13013 Ly = /T'y3093

where ¢,(t) is as given in equation 1.12, with w (¢) being the temporal envelope of the
input pulse. The Hamiltonian is formulated under the assumption that the cavity modes
precisely match their corresponding atomic transitions, and it is expressed in frames ro-
tating with these resonance frequencies. The subsequent system simulation will involve

(2.13)
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Figure 2.6: Comparison of analytical and numerical solutions to the system’s response in
the pulsed regime: (a) Gaussian pulse, and (b) Rectangular pulse (g, = gy, Ko/ = Kr/gr =
0.5, Flg/gb == Fgg/gb == 002)

numerically solving the master equation using the quantum trajectory approach, based on
the Hamiltonian and Lindblad operators introduced above.

Figure 2.6 presents a comparison between analytical and numerical results in the single-
photon regime. The solid lines correspond to the results from the analytical closed-form
solution given in equations 2.9 to 2.11, while the markers depict the outcomes obtained
through the above-described numerical simulation. The results show a remarkable agree-
ment between the analytical and numerical methods.

To assess how effectively our single-photon model can predict the behavior of the sys-
tem in the multi-photon regime, we conducted numerical simulations using input pulses
occupied by Fock states with different numbers of photons. The results are depicted in
Figure 2.7 for a rectangular pulse with 7 = 10/gy,. As shown in this figure, increasing
the number of arriving photons enhances the probability of photon subtraction. However,
the overall behavior of the system in the frequency domain remains consistent, exhibiting
three peaks. The impact of the number of arriving photons on the amplitude and shape of
these peaks differs. For the side peaks, while increasing the number of photons from one
to two significantly enhances the success probability, further increases do not alter either
the amplitude or the shape of the peak. This can be justified based on the energy level
structure derived in equation 2.12. In essence, the non-uniform frequency splitting of the
dressed energy levels leads to a photon blockade effect for pulses resonating with one of the
side dressed states of the single-excitation level. Consequently, sending pulses with more
photons initially boosts the success probability due to the possible spontaneous decay of
the emitter from state |3) to |1) (in case of sponataneous decay there is another photon
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Figure 2.7:  Probability of successful photon subtraction from light pulses containing
different number of photons (g, = gs, Ko/ = Kr/gr = 0.5, T'13/gp = T'a3/gp = 0.02).

to enter the cavity and interact with the emitter). Further increases in the number of
photons have no effect since no more than one photon can enter the cavity at these side
frequencies. However, the situation differs for the central peak. Unlike the side peaks,
there is no photon blockade effect at this frequency. Consequently, increasing the number
of incoming photons can lead to more photons entering the cavity. Thus, even at frequen-
cies slightly detuned from the peak frequency, at least one photon would be able to enter
the cavity, enabling photon subtraction. This results in the widening of the peak shape
at higher numbers of photons, as shown in the figure. However, the success probability
saturates at an amplitude smaller than one due to the spontaneous decay of the emitter
from state |3) to |2), resulting in the termination of the interaction and the failure of the
photon subtraction process, regardless of the number of photons present at the input.

Depending on the application, the subtracted photon (red output port), the remaining
photons (blue output port), or both may be the primary focus or require detection. For
instance, a PNR detector can be implemented by cascading photon subtractors in a daisy-
chain configuration where the blue output port of each subtractor is routed to the input
port of the next block, as will be discussed in chapter 4. In this scheme, the red output
port of each subtractor is monitored by a single-photon detector, and the number of clicks
registered by the detectors corresponds to the number of photons in the input pulse. In
the PNS attack application, the subtracted photon from the input pulse sent by the first
party is directed to the eavesdropper for measurement to extract the communicated data,
while the remaining photons are forwarded to the second party (see chapter 5). When the
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Figure 2.8: Effect of (a) coupling strength ratio (ks/gp = Kr/gr = 0.5, T'13/g = Ta3/gp =
0.02), (b) decay rate of cavities (g, = gp, kb/gp = Kr/gr = K, '13/95 = a3/gp = 0.02), and
(c) ratio of decay rates in different modes (g, = g», k/go = 0.5, T'13/9p = T'23/gp, = 0.02)
on photon subtraction probability from pulses with different number of photons.

photon subtractor is used to generate non-Gaussian states of light, the output pulse from
the blue port contains the generated quantum state, while the single photon leaving the
red port, as mentioned above, can be used for post-selection purposes.

Figure 2.8 illustrates how the main design parameters of the cavity, including the ratio
of coupling strengths of different modes and their decay rates, affect the probability of
successful photon subtraction when the input pulse contains more than one photon. The
results shown in this figure are for pulses again with 7 = 10/g;, and resonating with the blue
mode of the cavity, i.e., on the central peak of Figure 2.7. As depicted in this figure, while
in the single-photon regime the curves exhibit a sharp peak at which the success probability
is maximized, the peaks start widening as the number of input photons increases, enabling
efficient photon subtraction over a broader range of parameters. Based on these results,
when the input is a multi-photon pulse, successful photon subtraction not only occurs at
the peak location of the single-photon curves but can also occur at higher g, /g, and lower
k values. This is because in the multi-photon regime, more than one photon can enter the
cavity, resulting in a higher Rabi frequency in the blue mode. Moreover, when more than
one photon is present at the input, the probability that one of them successfully enters
the cavity remains high, even at low cavity decay rates. Figure 2.8.(c) shows that as the
number of input photons increases, a higher decay rate for the red cavity becomes more
favorable compared to the blue cavity. The important point regarding Figure 2.8 is that
optimized parameters based on the single-photon pulse results lead to efficient performance
of the system regardless of the number of photons at the input. Therefore, the results of
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Figure 2.9: Probability of successful photon subtraction as a function of the coupling
strength-to-cavity decay rate ratio and the coupling strength-to-atomic decay rate ratio.
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Ky = K, ['13 = ['y3 = T'). The markers indicate where different systems described in the text
fall on the performance diagram, with their corresponding success probabilities denoted in
the legend.

single-photon transport can be effectively used in the design process of an efficient photon
subtractor.

2.3 Feasibility Study

Experimentally, cavity QED systems with multiple cavity modes interacting with a sin-
gle quantum emitter have been successfully fabricated and tested [15,62,64,125]. These
systems serve as key components in quantum optics, enabling the realization of photonic
devices where single photons in one mode either control or herald the application of a
quantum operation in another mode. Efficient coupling of the cavity modes to separate
waveguides is crucial for interfacing these devices and forming a quantum network [114].
To evaluate the feasibility of photon subtractor, we consider four potential waveguide-
coupled cavity QED platforms based on the experimental results reported in the litera-
ture. These include atoms evanescently coupled to counterpropagating whispering-gallery
modes of micro-resonators [125], cold atoms trapped in crossed optical fiber cavities [15],
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quantum dots (QDs) coupled to bimodal photonic crystal cavities [23], and QDs coupled
to crossed nanobeam cavities [116]. For the last two systems, the coupling strength is es-
timated based on the simulated mode volumes of the fabricated structures, compared with
measured data from QDs in photonic crystal cavities [01]. Figure 2.9 shows the success
probability of photon subtraction when a single-photon Gaussian pulse of width 7 = 40/k
is supplied, as a function of coupling strength to cavity decay rate ratio g/ and coupling
strength to atomic decay rate ratio g/I". The markers on the plot represent points where
these systems fall on the performance diagram. Additionally, the dash-dot contour lines
indicate the loci of constant cooperativity C' = g*/2xI.

As shown in this figure, success rates approaching unity can be achieved with both
existing atom-cavity and QD-cavity structures, with atomic systems offering better overall
performance. In QD-cavity systems, higher coupling strengths are achievable due to the
small mode volume of photonic crystal cavities, the strong dipole moment of QD transitions,
and the direct interaction of the confined field with the emitter. However, the limited
quality factor of fabricated cavities constrains their performance. Since x > I' in most
such systems, the primary focus has been on improving the coupling-to-decay rate ratio g/k,
which largely depends on enhancing the quality factor of the cavity structures [69]. Despite
better performance of cold atom setups, an important feature of solid-state platforms
that makes them favorable in this context is their higher scalability and miniaturization
potential, which is desirable for specific potential applications of deterministic photon
subtraction, such as PNR detection, requiring multiple photon subtractors connected in a
cascaded fashion [129].
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Chapter 3

Non-Gaussian State Generation via
Deterministic Photon Subtraction

In Section 1.1.2, we introduced the operator § as an ideal deterministic single-photon sub-
traction operator, capable of shifting the photon-number distribution of a quantum light
pulse downward by one while preserving the temporal distribution and coherence of the re-
maining photons. Although the potential of this operator to generate non-Gaussian states
of light was previously proposed by Honer et al. [53], no experimental scheme is currently
known to accurately implement it. Similar to other schemes that subtract the first-arriving
photon, the SPRINT mechanism results in a multimode output even when the input pulse
is single-mode. Although this characteristic limits its ability to deterministically generate
pure single-mode states, in this chapter we demonstrate that SPRINT still offers potential
for non-Gaussian manipulation of quantum pulses. To this end, we perform a compre-
hensive analysis of the SPRINT-based photon subtraction process in a setup involving a
chiral waveguide directly coupled to a A-type atom [120]. First, we calculate the first-order
coherence matrices to extract the mode shapes present in the output pulses. Next, we use
the results of the first step to model the device as a cascaded atom-cavity quantum network
and determine its effective Hamiltonian and Lindblad operators. Finally, we employ the
quantum trajectory method to simulate the system and derive the quantum states gener-
ated. We demonstrate that, using a conditional measurement-based scheme, non-Gaussian
states can be generated directly from input Gaussian states.
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3.1 System Description and Input—Output Formula-
tion

As described in section 1.1.2, a SPRINT-based photon subtractor relies on a three-level A-
type atom, where distinct ground-to-excited state transitions are selectively coupled to two
different light modes. These modes can correspond either to separate modes of a bimodal
cavity, as examined in Chapter 2, or to counterpropagating modes in a chiral waveguide
[120]. Figure 3.1 schematically depicts the latter design employing a chiral waveguide
which is directly interacting with the atom. Modes propagating in different directions are
represented by distinct colors, with their correspondence to atomic transitions highlighted
in the same color. Consider the atom initially prepared in ground state |1), with the input
light directed towards the right propagating mode (depicted in green). During the Raman
interaction, the atom first absorbs a single photon from the input light, becoming excited.
Subsequently, the destructive interference between the atom’s emission into the same mode
as the input light causes it to decay to the other ground state [1 19]. This transition results in
the emission of a single photon into the left propagating mode (depicted in red), effectively
subtracting one photon from the input pulse in a deterministic manner.

Here we use input-output formalism to analytically study the interaction of the atom
with the bath of waveguide modes during the photon subtraction process. This gives a
set of differential equations governing evolution of the atomic operators o;; = |i) (j| in the
Heisenberg picture as a function of the input operators r;, (t) and I, (¢):

0011 = /g | O31Tin + T;rn013> + Y9033
0092 = \/Vg | O32lin + l;rn023> + Y9033

0033 = — /g <U317’m + T;fn013) vl <U321m + l3n023) — 27,033 (3.1)

Oyo13 = —iw1013 + /Y (033 — 011) Tin — \/VgO12lin — V013
01093 = —iwy093 + v Vg (033 - 022) lin — A/ Vg021Tin — Yg023
Oro12 = —1i (w1 — wa) 012 + \/Vg0327Tin + \/nggnal?)
In the above equation w; is the transition frequency from the excited state to the
ground state |i) and -, denotes the emission rate of the atom to the guided modes of the

waveguide. In addition, the correponding inputs and outputs of the system are connected
by the following relations:

Tout = Tin + Y9013 lout = lzn + Vg023 (32)
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Figure 3.1: Schematic view of a A-type atom coupled to a chiral waveguide. The input
pulse is sent to the right-propagating (green) mode, the subtracted photon is reflected to
the left-propagating (red) mode, while the remaining pulse leaves the waveguide from the
same mode’s output.

The details on derivation of equations 3.1 and 3.2 are provided in Appendix A. We
assume that the input light is sent to the r;, mode and [;, is initially in vacuum state. Also,
the emitter is in its ground state |1) at ¢t = to before the light interacts with the emitter.
Therefore, According to the photon subtraction scenario described above, [,,; contains the
subtracted single photon and r,,; represents the remaing light after subtraction of a single
photon.

3.2 First-Order Coherence Analysis and Temporal Mode
Decomposition

In the pulsed operation regime, where both the input and output of the device consist of
pulses of light with finite durations, the initial step in the quantum state analysis of the
output light is to conduct a modal decomposition to distinguish the potentially involved
temporal modes at each output. Consider a set of temporal modes identified by their
complex mode amplitude functions h; (), which represent the temporal shape of each wave-
packet, where 7 indexes the mode number. A photon wave-packet annihilation operator
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A, can be defined for each mode as the following superposition [14, 1 10]:

A = / by (1) agdt (3.3)

where a; = (1/v/27) [ a, exp (—iwt) dw is the annihilation operator that annihilates a pho-
ton at time t. It can be shown that if h; forms a set of orthonormal functions, satisfying
J Rt t)dt = 0;; , then the wave- packet annihilation operators obey the bosonic com-

mutation relatlon [Ai, Aj] = 0;; just as a,, or a; do. This allows us to express the quantum
state of the light in its most general form as follows:

) = & ) (3.4)

where [¢;) = > (¢i;//7") (Az)j |0) denotes the quantum state of light in the i-th temporal

mode, and n iepresents the number of modes in which all, or, using an approximation,
the majority of photons exist. The elements ¢;; are components of a matrix containing the
superposition coefficients. Additionally, using the above representation, the mean number
of photons existing in the i-th mode is given by:

ni = (il ATA: i) =) fle (3.5)
J

Using equation 3.3, the first-order autocorrelation function G (ty,t,) = <a12atl> for

a light field in the quantum state [¢), as given in equation 3.4, can be written as follows:

6 et = (B 0l o (8 100) = St wh) 6o

The above equation suggests that an effective way to identify an appropriate set of
orthonormal modes for a light field is through the eigendecomposition of its first-order
autocorrelation matrix [63]. In this process, the resulting eigenvectors form the orthonor-
mal mode function set, and their corresponding eigenvalues indicate the mean number of
photons in each mode. The unnormalized first autocorrelation functions for l,,; and 74,
modes, by definition, are [78]:

GI (t2,11) = (U (82) Lot (1))

Gg"l) <t27 tl) = Tlut (t2) Tout (t1>>
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which after substituting equation 3.2, results in:

Gz(l) (ta; t1) = g (032 (t2) 023 (1))
G (ta, 1) = 7 (031 (t2) 013 (11)) + (rin' (£2) Tin (11)) + Vg (rin' (t2) 013 (1)) (3:8)
+ Vg (031 (t2) in (1))

To find GSZ), we use quantum regression theorem (QRT). Based on this theorem, if
there exists a complete set of system operators A,, u = 1,2,.. .such that:

B) = 3 My (A (1)) (3.9)

for a two-point correlation, like the ones appeared in equation 3.8, one can write [17]:

d
a, e (t2 Z i (Ax () O (1)) (3.10)

To assess the performance of the single photon subtractor, we examine three distinct
input pulses: Fock state pulse, squeezed vacuum pulse, and coherent pulse. Initially, con-
sider an n-photon Fock state pulse with carrier frequency w; and a wavepacket amplitude of
a (t) sent to the input mode r;,. By sandwitching the optical Bloch equations 3.1 between
the input n-photon Fock state |n), the following sets of recurrence differential equations
governing the time evolution of the expectation values (o) = n(ow), = (n|ow|n) are
derived:

t) + o (t) n-1(013),,) V1 + 79 (033)
O (033) = =g (n (031>n 10‘( ) +ar(t),_ <013> ) VU — 27 (033)
o11) 71) Vvna (t) =, (013) (3.11)
= /g (n— 1<033> - < o11),) \/ﬁ@*() Vg (o31)

01 (032) = —/Ygn-1{012),, \/_Oé (t) — vg (032)

= \/Van(032),,_1v/na (t)

In deriving the above equation, we used the relation ry, () |n) = /na(t)|n —1). To
calculate the expectation value (o;;), one needs to first derive differential equations for all
terms of the form ;(oa); = (i| 0ap|j), where both ¢ and j vary between 0 and n. This
results in a set of 6(n + 1)2 coupled equations which can be numerically integrated with
the initial condition of ;(o11), = 1. Also, according to equations 3.9 and 3.10, similar sets
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of equations are derived for the first correlation terms appeared in the right-hand side of
equation 3.8 i.e. <O'32 (tg) 0923 (t1)> and <O'31 (tz) 013 (t1)>

O, (011 (t2) 013 (1)) = /77y (n {031 (t2) 013 (t1)),,_y @ (t2) + @ (t2) n1 {013 (t2) 013 (t1)),,)
+7g (033 (t2) 013 (t1))
O,y (033 (t2) 013 (1)) = — /M7 (n (031 (t2) 013 (11)),,_y @ (t2) + a*(t2),,_1 (013 (t2) 013 (£1))

—27y (033 (tz) 013 (t
O, (013 (t2) 013 (11)) =

n)
)
\/_(n<033 (t2) 013 (t1)),,_ 1 (t2) — & (t2) n(o11 (t2) 013 (t1)),,_;)
—7g (013 (t2) 013 (h))

Vg (n-1(o33 (t2) 13 (1)), — no1(o11 (t2) 013 (t1)),,) @™ (t2)

—g (031 (t2) 013 (t1))
Or, (032 (t2) 03 (t1)) = —/MYgn-1(012 (t2) 023 (t1)),, " (t2) — vy (032 (t2) 023 (t1))
Or, (012 (t2) 03 (t1)) = /M Ygn(032 (t2) 023 (t1)),,_  (t2)

O, (031 (t2) 013 (1)) =

(3.12)
which are derived based on the commutation relation [oy; (1), 7, (t2)] = 0 for to > ¢4, as
a result of causality [113]. Equation 3.12 needs to be integrated from t; = t; according to
the following initial conditions:

o=t ’ (3.13)

(019 (t2) 093 (tl»j’tgh = (011 (t2) 013 (t1)>j -

_)
—
w
—~

<+
=
~—
~

<

For the other three correlation terms appeared in equation 3.8, one can write:

grmT (t2) Tin (t1)> = na* (t2) a(t1)
T’inT 0'13 tl > \/_Oé tg)n 1<O’13 (t )) (314)
(031 (t )Tzn(tl» {031 (t2)),,_v/na (t)

When the input is a squeezed vacuum or coherent state, a similar analysis can be used

to calculate the first autocorrelation matrices, with the detailed steps provided in Appendix
B.

In our simulations, we make the assumption that the input pulse has a Gaussian tempo-
ral shape. For the case of an input Fock or squeezed state, the temporal profile is modeled
by the normalized form of a Gaussian function i.e. a(t) = \/5/\4/ w72 X exp (—2t%/7?),

while for the coherent pulse containing an average number of 7 photons, where « (t) es-
sentially represents the phasor of the light pulse, we multiply it by v/7. By employing the
method described above, we first determine the first-order coherence matrices of the light
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Figure 3.2: System output with a single-photon Fock state as input (7 = 1/7,), showing
(a) modal decomposition of the right (7,,:) output mode, (b) modal decomposition of the
left (l,u¢) output mode, and (c) temporal distribution of photons in input and output pulses.
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Figure 3.3: System output with a two-photon Fock state as input (7 = 100/~,), showing (a)
modal decomposition of the right (r,,;) output mode, (b) modal decomposition of the left
(Iout) output mode, and (c) temporal distribution of photons in input and output pulses.

at outputs 7., and [l,,. Then, through an eigen-decomposition, we identify the mode-
shapes contained in each output. Results are illustrated in Figures 3.2 to 3.5 for the three
different types of input pulses. The legends of the plots indicate the number of photons
in each eigenmode which are their corresponding eigenvalues. For enhanced visual rep-
resentation of the photon distribution among modes, and to better illustrate the relative
contribution of different modes to the final modal structure, the mode shapes are weighted
by the square root of the contained photons. It should be noted that, because the input
light applied to the system is a single-wavepacket pulse with a real-valued amplitude func-
tion, the calculated G will be both real-valued and symmetric, as the autocorrelation
matrix is Hermitian. The eigenvalues and eigenvectors of a real symmetric matrix are also
real, which explains why the mode amplitude functions shown in Figures 3.2 to 3.5 are
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Squeezed vacuum input (77 =0.1)
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Figure 3.4: System output with a squeezed vacuum state with n = 0.1 photons as input
(1 =100/7,), showing (a) modal decomposition of the right (r,,:) output mode, (b) modal
decomposition of the left (l,,;) output mode, and (c) temporal distribution of photons in
input and output pulses.

real-valued.

As can be seen in Figure 3.2, the utilization of a single-photon Fock state as the input
reveals a linear system behavior, generating single-mode outputs for both 7., and [,
outputs. Any small-amplitude higher-order modes observed in this case can be attributed
to minor numerical errors. In contrast, in all other cases where the input comprises multi-
photon states, the system exhibits nonlinear behavior, leading to multi-mode outputs.
This nonlinearity stems from the saturation of the emitter when exposed to light pulses
containing more than one photon.

Due to the deterministic nature of the photon subtractor, if the duration of the input
pulse is long enough based on the coupling strength of the emitter to the guided modes,
a single photon is subtracted from all non-vacuum states at the input. Because of this, in
Figure 3.2, we assume a short pulse with 7 = 1/, so that there is still approximately half
a photon at the right output, enabling us to explore the modal composition at this output
as well. Otherwise, the single photon would be completely reflected, and there would be
no photon in the right output mode. However, in all other figures throughout this chapter,
the pulse duration is assumed to be much longer than the radiation time of the atom to the
waveguide, i.e., 7 = 100/7,. In Figures 3.2 to 3.5, part (c) illustrates the temporal intensity
of the input and output pulses, representing their mean photon number distribution. In
Figure 3.2.(c), due to the fast input pulse, it takes some time for the emitter to initiate
interaction with the light. Consequently, the r,,; pulse leads compared to the [,,; pulse.
However, after the emitter becomes excited, it starts reflecting photons to the [,,; mode,
leading to a decrease in the intensity of the transmitted pulse. Additionally, both output
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Figure 3.5: System output with a coherent state with 7 = 1 photon as input (7 = 100/7,),
showing (a) modal decomposition of the right (r,,;) output mode, (b) modal decomposition
of the left (I,,;) output mode, and (c) temporal distribution of photons in input and output
pulses.

pulses persist even after the input pulse vanishes, which is attributed to the time needed
for the excited emitter to radiate photons to the guided modes. Conversely, as observed in
the temporal intensity plots (part (c)) of the other three figures, the [,,; pulse leads the 7,
pulse. This implies that when the input pulse duration is sufficiently long, the subtractor
subtracts the first arriving photon and subsequently allows other photons to transmit.

3.3 Calculation of the Output Quantum State

After determining the modes included in the output light through eigen decomposition
of the first-order coherence matrices, we follow the method proposed in Ref. [63] and
described in section 1.2.2 to calculate the quantum state of the light in each mode. The
method enables the modeling of each propagating wavepacket in the waveguide through a
single virtual one-sided cavity with a time-dependent decay rate, coupled with the three-
level emitter in a cascaded manner. The input cavity (with annihilation operator a,)
initially contains the quantum state of the input pulse sent to the photon subtractor, while
the output cavities (with annihilation operators a!, and a’,) capture the quantum state
contained at each output mode as the interaction occurs. Figure 3.6 shows a schematic
view of the obtained quantum network, where only one cavity is depicted at each output
port for simplicity. This network can be evolved over time by solving its governing master

equation:
dp _ Z f f
pi i[H,p| + < ipL; — {L Lz,p}> (3.15)
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Figure 3.6: Quantum network comprising one input and two output cavities interacting
with the emitter in a cascade manner. The couplings of the output cavities are adjusted
so that they absorb the main wavepacket at each output pulse.

with the following Hamiltonian and Lindblad operators in the rotating frame:

H(t) = % [\/W_g o (t) alors + V99 (1) 0310, + g () g; () ala, + Nar (t) o320, — H.c.]
Lo (t) = /74013 + g (1) aa + g5 (1) ay Ly (t) = /74023 + gy (1) 3.16)
3.16

Lo and L; in the above equation are responsible for collapses when a photon, not in
the main mode, is detected at the right and left propagating outputs, respectively. The
time-dependent coupling of the cavities to their input continuum field is related to their
corresponding wavepacket function according to the below relations:

a* (t x* (t
®) gz (1) = — ®) r=uvw (3.17)

=
V1 iarla @) i dle ()

o (

Here, (%), as before, represents the wavepacket amplitude of the input pulse, while v (¢)
and w (t) denote the first mode shapes of the pulses leaving the system at the right and left
propagating outputs, respectively. The above model can be extended for a higher number
of cavities to capture additional modes at the outputs (see Figure 1.4.(b)), following a
similar framework based on the SLH method [21].
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3.4 Generating Single-Mode Non-Gaussian States

Since our primary objective is to investigate the photon subtractor’s potential for gen-
erating non-Gaussian states, we specifically concentrate on cases where the input to the
system is of Gaussian type, namely the squeezed vacuum and coherent state inputs. While
the presented photon subtractor operates deterministically, it can only subtract a photon
if there is one present in the input, meaning that the input is not in the vacuum state.
Therefore, for lightly squeezed vacuum states—such as those reported in Ref. [131] —as
well as weak coherent pulses, containing a low mean photon number, there is still a high
probability that no photon is subtracted. As a result, the process still needs to be heralded,
where the detection of a photon at the [,,;, mode signals the successful subtraction of a
photon and the potential generation of a non-Gaussian state.

Given that numerous applications in CV quantum optics rely on the utilization of
single-mode non-Gaussian quantum states, we initially explore a configuration featuring a
demultiplexing device at the r,,; output. This device is a demultiplexer designed to effec-
tively isolate the principal temporal mode from others, as depicted in Figure 3.7.(a). One
experimental implementation for achieving this separation involves the utilization of quan-
tum pulse gates (QPGs) [110]. A QPG operates through quantum frequency conversion in
a nonlinear optical medium, where the input light interacts with a group-velocity-matched,
shaped strong laser pulse. Depending on the medium’s nonlinearity, this process can occur
via either three-wave or four-wave mixing, translating the desired mode in the frequency
domain to allow easy separation from the remaining light [2]. Initial experimental results
for single-stage QPGs have demonstrated mode selectivity around 80% [13]. However, both
theoretical and experimental studies have shown that cascading QPGs in a two-stage in-
terferometric scheme can achieve near-unity conversion efficiency and selectivity [111,112].

In the presented configuration, two detectors are utilized: detector D2 registers a click
when a photon is successfully subtracted and directed to the [, output, while detector
D1 identifies the presence of photons in modes other than the principal mode of the 7.,
output. Now consider that a squeezed vacuum Gaussian pulse |¢) = S () |0) is sent to 74,
input and we want to study the generated quantum state in the principal mode of the r,,,
output. To model this problem, we need to consider a quantum network similar to the one
shown in Figure 3.6 with one virtual cavity at the input, one at the r,,; output, and no
cavity at the [,,; output. The Hamiltonian of the system and Lindblad collapse operators

corresponding to photon detection at detectors D1 and D2 will be as follows:

H (t) = % [\/7_9 a (t) GLUB + \/’Y_ggi (t) 0310y + Ga (t) 9u (t) aLav - H'C'} (3 18)
Lo (t) = /79013 + g5 (t) aa + g5 (t) @y Ly () = \/7402 '
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Figure 3.7: Proposed configurations for generation of single-mode non-Gaussian states from
pulsed Gaussian input light: (a) configuration with one demultiplexer and two detectors
used for squeezed vacuum input pulses, and (b) configuration with two demultiplexers and
four detectors used for coherent input pulses.

We employ the Monte Carlo wave-function (MCWF) method implemented in the
QuTiP package in Python to simulate the described experimental scenario. Our focus
is on the heralded (i.e. conditional on a detection event) generation of the output quan-
tum state in two specific cases. First, we explore the scenario where no measurement is
performed using detector D1, while D2 heralds the successful subtraction of a photon. In
the second case, we investigate the generated state signaled by a click on D2, with no
concurrent, click recorded by D1. The results are presented in Figures 3.8 and 3.9 for two
different input states with different squeezing levels containing mean number of photons

= 0.1 and 0.2 (corresponding to (| = 0.31 and|(| = 0.43), respectively. As seen in
these figures, both measurement scenarios have resulted in the generation of non-Gaussian
Wigner functions, reaching negative values and closely resembling the Wigner function
of an odd Schrodinger’s kitten state. The concept of generating Schrodinger’s cat states
by subtracting or adding single photons through traditional non-deterministic methods,
equivalent to the implementation of photon annihilation and creation operators, has been
explored for a long time [33]. For the sake of comparison, part (a) of the figures depicts
the Wigner function of the state generated by applying the annihilation operator. Addi-
tionally, part (b) shows the result of applying ideal deterministic single-photon subtraction
operator s introduced in section 1.1.2 to the input state.

In Figure 3.10, the fidelity of these generated states with the odd Schrodinger cat
state |cat,) = |a) — |—a) is plotted as a function of the amplitude «. As shown in this
figure, while the first scenario, where no measurement is performed by detector D1, cannot
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Squeezed vacuum input (7 =0.1)

a) Photon-annihilated State Ideal Photon-subtracted State <) Output State d) Output State
(al¢)) (31¢) (Heralded by a click on D2) (Heralded by D2, no click on D1)
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Figure 3.8:  Photon subtraction results for a squeezed vacuum input |() with a mean
photon number of 7 = 0.1. The plots show the Wigner functions for (a) a|¢), (b) §|¢),
(c) generated state by the proposed subtractor with no measurement performed by DI,
and (d) generated state by the proposed subtractor where both D1 and D2 are used for
measurements according to the described scenario.

Squeezed vacuum input (7 =0.2)

a) Photon-annihilated State b) Ideal Photon-subtracted State <) Output State d) Output State
(al¢)) (5¢)) (Heralded by a click on D2) (Heralded by D2, no click on D1)
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Figure 3.9: Photon subtraction results for a squeezed vacuum input |() with a mean
photon number of 7 = 0.2. The plots show the Wigner functions for (a) a|¢), (b) §|¢),
(c) generated state by the proposed subtractor with no measurement performed by DI,
and (d) generated state by the proposed subtractor where both D1 and D2 are used for
measurements according to the described scenario.

surpass a fidelity of 90%, the second scenario generates cat states with an amplitude close
to unity (given the level of squeezing) and achieves a fidelity approaching unity. While the
non-deterministic method of photon subtraction can also theoretically generate cat states
with fidelity approaching unity, it is important to note that this approach suffers from a
significantly low success probability. This limitation arises from the use of beam splitters
with very low reflectivity to suppress the subtraction of more than one photon. In contrast,
the deterministic photon subtractor presented here can generate these states with much
higher probabilities. Moreover, success probability increases as the level of squeezing in
the input state rises. For the two scenarios discussed earlier, when |(| = 0.31 the success
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Figure 3.10: Fidelity between the generated states (obtained by applying different photon
subtraction methods, as indicated in the plot legend) and odd Schrédinger’s cat states of
amplitude «. The input |{) is a squeezed vacuum state with mean photon numbers: (a)
n=0.1, and (b) n = 0.2.

probabilities are 4.3% and 3.5%, respectively. Increasing the squeezing to |(| = 0.43 raises
the success probabilities to 8.63% and 6.67%.

While squeezed states are indeed Gaussian states with positive Wigner functions through-
out their phase space and exhibit classical-like properties such as well-defined phase and
amplitude, they are not readily available experimentally. Their generation typically ne-
cessitates nonlinear interactions such as parametric down-conversion [1]. Conversely, the
generation of few-photon coherent pulses is relatively straightforward, achieved through
the appropriate attenuation of modulated laser beams. This highlights the significance
of developing systems capable of directly generating exotic non-Gaussian states from co-
herent light. The coherent state is an eigenstate of the annihilation operator, implying
that traditional beamsplitter-based photon subtraction does not alter the coherent input.
Furthermore, an ideal deterministic photon subtractor (represented by the operator § de-
fined in section 1.1.2) when applied to a coherent state, while altering its photon number
distribution, is still incapable of generating non-classical effects such as negative Wigner
functions.

We thus aim to leverage the nonlinear multi-temporal mode nature of the SPRINT
mechanism to explore the possibility of heralded generation of non-Gaussian states from
a coherent input pulse. To achieve this, we consider the schematic setup configuration
depicted in Figure 3.7.(b). In this setup, there are two demultiplexers at the two out-
puts of the photon subtractor, which separate the generated temporal modes. The first
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demultiplexer at the r,,; output, similar to Figure 3.7.(a), only separates the principal
mode, which contains the major part of the photons, from the other modes. The second
demultiplexer at the [,,; output independently extracts the first three modes of the pulse.
Three detectors (D2 to D4) are utilized at different outputs of this demultiplexer which
allow us to determine the mode at which the subtracted photon exists. It’s important to
note that since the [,,; output pulse cannot contain more than one photon in the deter-
ministic photon subtraction, only one of the detectors can register a click. In our scenario,
we explore the conditional generation of quantum states at the principal mode of the 7,
output based on three different conditions. First, D1 registers no click, and D2 registers
one. Second, D1 registers no click, and D3 registers one. Third, D1 registers no click, and
D4 registers one.

To simulate the system, one can consider a quantum network again similar to the one
shown in Figure 3.6 but with three cascaded virtual cavities at the [,,, output. Since
here we are specifically interested in conditions where all the output photons go to the
arranged cavities, and thus, no collapse occurs, it is possible to directly solve Schrodinger’s
equation thd; |¢) = H.ss|?) using a time-dependent non-Hermitian effective Hamiltonian.
The form of this Hamiltonian is given by H.;y = H — ih/2 (L[T)LO + LJ{L1>, where the
network Hamiltonian H and Lindblad operators Ly and L; are derived in a manner similar
to the explanation provided above equation 3.15 (see supplementary material of Ref. [63]).
After determining the final density matrix p = [¢)) (0] of the entire system, the quantum
state stored in the r,,; output cavity can be extracted by defining a suitable projection
operator projecting the density matrix on a subspace based on the specified condition,
which identifies the [,,; cavity containing the subtracted photon. The density matrix of
the resulting quantum state is obtained by projecting the overall density matrix using this
operator, followed by a partial trace over the atomic state and the states of all cavities
other than the one at r,,; output. The outcomes of this simulation are depicted in parts (a)
to (c) of Figures 3.11 and 3.12 for coherent inputs with 7 = 1 and 3 photons, respectively.

As depicted in these figures, when the subtracted photon is detected in the first mode
of the [, output, the resulting state closely resembles a coherent state. On the other
hand, if the subtracted photon is found in the second mode, the output state resembles
a displaced single-photon Fock state. However, when the photon is detected in the third
mode, indicated by a click from detector D4, the generated state exhibits a Wigner function
similar to that of a displaced cat state, represented by the form D (v) [la) + e |—a)],

where D is the displacement operator. Through optimization of the parameters «, 3, and
v, we have identified the cat state that exhibits the highest fidelity with the state shown
in part (c) of the figures. These optimized cat states are presented in part (d) of the
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Figure 3.11: Photon subtraction results for a coherent input with a mean photon number
of n = 1. The plots show the Wigner functions for (a) generated output state when the
subtracted photon in detected in 1st mode, (b) generated output state when the subtracted
photon in detected in 2nd mode, (¢) generated output state when the subtracted photon
in detected in 3rd mode, and (d) a displaced cat state with parameters o = 0.60, 8 = 3.90,
and v = 0.07.

Coherent input (7 =3)

a) b)

Output State Output State ©) Output State
(Subtracted Photon in 1st mode) (Subtracted Photon in 2nd mode) (Subtracted Photon in 3rd mode)

Displaced Cat state

Figure 3.12: Photon subtraction results for a coherent input with a mean photon number
of n = 3. The plots show the Wigner functions for (a) generated output state when the
subtracted photon in detected in 1st mode, (b) generated output state when the subtracted
photon in detected in 2nd mode, (c¢) generated output state when the subtracted photon
in detected in 3rd mode, and (d) a displaced cat state with parameters o = 0.47, 8 = 3.83,
and v = 0.56.

figures, with their corresponding parameters detailed in the figure captions. Notably, the
maximum fidelity achieved is 99.3% and 99.1% for the input coherent states with i = 1
and 3 photons, respectively. A further displacement of this generated states produces the
Schrodinger’s cat state which is a pivotal quantum source with numerous applications in
quantum technology.
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3.5 Current State of Chiral Waveguide—Emitter Cou-
pling

Successful interfacing of quantum emitters with chiral nanophotonic structures has been
experimentally demonstrated across various platforms [3,54,71,85,102,113,132]. Achieving
this requires high confinement levels to activate optical spin-orbit interactions, coupling
light’s polarization with its propagation direction [77]. Selective interaction of atomic
transitions with photons of specific polarizations thereby creates a chiral light-matter sys-
tem. The performance of these systems is commonly evaluated based on two factors. The
first is the total coupling efficiency of each atomic transition to the waveguide, given by
B = v/(y+7T), where 7 is the total emission rate into both counterpropagating waveg-
uide modes, and I' accounts for all dissipative radiative and non-radiative channels. The
second factor is the directionality of the coupling, defined as Fy, = ~yair/7v, where vy,
represents the emission rate into the desired propagation direction. Cold atoms coupled to
the evanescent field of nanofibers have demonstrated directional emission into the guided
modes [102]. In these systems, coupling efficiency can be enhanced by positioning the
atoms closer to the fiber surface [19]. Higher coupling efficiencies can also be achieved
by replacing the nanofiber with photonic crystal waveguides with reduced group velocity,
which occurs when the guided mode frequency approaches the bandgap edge of the pho-
tonic structure [51]. Coupling efficiencies as high as = 0.98 have been reported when
using quantum dots embedded within the waveguide and directly coupled to the waveguide
field [3,113]. Charged quantum dots possess a A-type energy level structure, making them
promising candidates for single-photon Raman interactions. Their potential for determin-
istic single-photon subtraction has been previously studied [31]. Near-unity directionality
has been achieved in both nanofiber and photonic crystal waveguide setups. Cesium cold
atoms evanescently trapped on the surface of a nanofiber have demonstrated directional
photon emission into the waveguide mode, with a directionality factor of Fy;, = 0.92 [35].
Additionally, for quantum dots coupled to photonic crystal waveguides, directionality val-
ues as high as 0.98 have been reported [132]. According to these results, the high coupling
and directionality reported specifically for solid-state systems make them potential candi-
dates for implementing the photon subtraction scheme discussed in this chapter.
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Chapter 4

One-Way Multi-Emitter Cascade for
Photon-Number-Resolving Detection

Robust detection of multi-photon states open experimental access to study the rich space
of non-classical states of light by granting new ways for exploring fundamental aspects
of quantum optics. PNR detection is required to characterize and diagnose many-photon
states of light by measuring their photon-number distributions. Furthermore, generalized
detection schemes composed of such detectors can lend access to novel forms of quantum
tomography. In particular, characterizing complex, correlated many-photon states [30,57,

,95,107] can help to reveal dynamics of many-body quantum systems.

In this chapter, we investigate the capability of a cascade of SPRINT-based photon sub-
tractors for PNR detection of multi-photon pulses. To this end, we develop a theoretical
formalism to model multi-photon transport through a cascade of waveguide-coupled A-type
quantum emitters. Multiple-photon propagation in waveguides through quantum emitters
have been experimentally [30,36,76,84, 107] and theoretically [58,59,81, 104, 110] studied
in a variety of settings. Already, the relatively simple case of two photons propagating
through a single two-level emitter provides novel output light with features of squeezing,
entanglement, and tuneable bunching [51, 70, 76,84, 106]. More generally, many-photon
transport through many two-level and multi-level quantum emitters in a waveguide has
shown to output highly non-classical, strongly correlated states and can showcase novel
many-body phases of light [7,30,57,72,124]. A suite of theoretical techniques has been
developed to study quantum dynamics of multi-photon quantum light transport through
quantum emitters. These include Master equation-based input-output theory [145], scat-
tering matrix formalisms [50,104,123], Green’s function [7] and matrix product state-based
approaches [7, 110], among others [72, 124].
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Our analysis in this chapter focuses on the single- and multi-photon scattering charac-
teristics of individual emitter-based subtractors in the time domain and combining them
into emitter cascades to evaluate the precision of the proposed detectors. We examine
photon propagation in two regimes: linear and nonlinear. In the linear regime, multi-
photon propagation can be treated as a series of independent single-photon events, allow-
ing single-photon transport knowledge to infer multi-photon behavior. In the nonlinear
regime, photons can arrive within the emitter’s lifetime, leading to correlations between
input photons due to emitter-mediated photon-photon interactions. The results are ana-
lyzed and compared in both regimes and are verified through numerical simulations using
the SLH framework of input-output theory combined with the quantum trajectory method.

4.1 Modeling and Formulation

4.1.1 Cascaded photon subtraction scheme

Figure 4.1.(a) shows the schematic of the waveguide-QED system used as deterministic
single-photon subtractor. The setup includes a single three-level A-type quantum emit-
ter (atom) coupled to two waveguides. The waveguides are chiral [77], allowing light to
propagate in one direction only, as indicated by the arrows. Waveguide 1, depicted in
red, is coupled to the |1) — |3) transition, while waveguide 2, shown in blue, is coupled
to the |2) — |3) transition. These waveguides can be either physically separate or distinct
modes of a single waveguide such as counter propagating modes of a bidirectional chiral
waveguide, similar to the scheme shown in Figure 3.1 [132]. We use a;,, to denote the
annihilation operator for an excitation of guided mode 7 at frequency w. Additionally, ~,
as before characterizes the coupling strength and defines the rate at which the emitter
emits and absorbs photons to and from the guided modes. In the configuration shown,
the atom is initially in state |1), and the input pulse is introduced into the input mode of
waveguide 1. Consequently, the subtracted photon exits the subtractor through the output
mode of waveguide 2, while the remaining photons exit via the output of waveguide 1. If
the input photons are separated by a duration longer than the atom’s absorption/emission
time, only a single photon will interact with the atom at any given time, resulting in no
atom-mediated photon-photon interaction. In this case, the probability of each photon
being subtracted can be calculated independently based on its frequency content and the
system’s single-photon transfer function [98]. After one photon is subtracted, the atom in
state |2) and no longer interacts with photons in waveguide 1, so any subsequent photons
are directly transferred to the output mode of waveguide 1. When two photons arrive at
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Figure 4.1: (a) Schematic of the photon subtractor as a three-port quantum optics device
consisting of a A-type emitter coupled to two chiral (one-way) waveguide modes, and (b)
A cascade of n photon subtractors forming a PNR detector capable of resolving up to n+1
photons.

the atom within a time interval shorter than the atomic response time, they can activate
the system’s nonlinearity by saturating the atom.

If two single-photon detectors are placed at the outputs of the waveguide modes, as
shown in the figure, the single-photon subtractor can function as a PNR detector, capable
of counting photons in pulses with up to two photons. In this configuration, the number
of detectors registering a click corresponds to the number of photons contained in the
input pulse. Following this idea further, PNR detectors capable of resolving higher photon
counts can be constructed by cascading single photon subtractors over a shared waveguide,
as illustrated in Figure 4.1.(b). In this setup, the atoms each coherently absorb one photon
from the right-propagating red mode and divert those photons to the left-propagating blue
mode. Optical circulators [60] placed between the emitters extract the single photons
subtracted by each emitter and send them to separate detectors via the vertical blue
waveguides. In this way, a cascade of n emitters can resolve light pulses containing up
to n + 1 photons. Since there is no external photon input to the waveguide modes 1
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to n, they can only be in either a vacuum state or contain a single photon routed by
their corresponding circulator from the left propagating field of the chiral waveguide. In
contrast, the chiral waveguide mode can contain any number of photons, depending on
the photon count in the input pulse. Therefore, the waveguides Hilbert spaces will be
Hig " = span {|vac) , [t),} and Hi "t = span {|vac) , [t1, ta,- -+ , ), }, where:

m t
t,t,"',tmi— ai vacC vaN
|1 2 > nl_[l 7tn| > (11)

It);, = aj’,t |vac)

In the above expression, azt = a;w exp (iwt) dw / V27 is the temporal creation operator
creating a photon in the waveguide mode 7 at time ¢ and in the atom’s position. These
photons propagate freely in the respective waveguides before and after interacting with the
atom. The total Hilbert space of the composite system can be xivritten as the tensor product

i=1,...,n

of these Hilbert spaces with the atomic Hilbert spaces M, = span{|1),,[2),,|3).}
Therefore, a basis for the Hilbert space of the entire system can be represented as:

E T E e (12)

with 0 = 1,2, 3 denoting the corresponding atomic level of the emitters. If either of the
waveguide modes is in the vacuum state, the corresponding element is replaced by "vac”.

4.1.2 Scattering matrix calculation

In quantum field theory, the effect of a local quantum system on propagating quantum fields
coupled to it can be studied using the scattering matrix 3. It is essentially the interaction
picture propagation operator of the system between two specific time points: long before
the interaction starts (t = 7~ — —o0) and long after it ends (t = 77 — +00). According
to this definition, the scattering matrix is given by ¥ = T exp (—iH; (77 — 77)), where
H; is the interaction picture Hamiltonian, and 7 represents the time-ordering operator.
Different elements of the scattering matrix represent the transition amplitude from various
input states of the system onto its distinct output states. For instance, consider a PNR
detector consisting of n emitters. It can successfully count the number of photons in an
n + 1-photon pulse if one photon is detected at each output port and all emitters end up
in state |2). This outcome corresponds to the following element of the scattering matrix:

n n+1 n n
{@ <2|,L.] ® [.@)1 <t,i|i:| > [@1 |Vac>l} ® |t1, e, tng1) g ® [@1 |1>i] (4.3)

=1
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In the above notation, ¢; to ¢,,.1 are the time points at which the input photons are
introduced to the detector’s input port, while ¢} to ¢/, represent the times at which the
output photons are detected at their respective output ports. This means that n photons
have interacted with the emitters and been diverted to a different waveguide mode, while
one photon has either not interacted with any of the emitters or has been absorbed and
then re-emitted into the same waveguide mode.

In a cascaded quantum system, the scattering matrix for the entire system can be
expressed as a product of the scattering matrices of each individual cascaded element,
integrated over all possible intermediate states. Furthermore, when all cascaded elements
are of the same type, the scattering behavior of a single element can provide insight into
how optical properties are altered as they propagate through the cascade. Therefore, we
begin our analysis by focusing on the scattering behavior of a single photon subtractor,
as illustrated in Figure 4.1.(a). When N photons are introduced to the single photon
subtractor, two distinct outcomes are possible: either one photon (e.g., j-th photon) is
subtracted and diverted to the second waveguide mode, or no photon is subtracted. In
the former case, the atom’s state changes to |2), while in the latter case, the atom’s state
remains unchanged. These different outcomes correspond to distinct elements of the N-
photon scattering matrix, denoted by E;V and XY, respectively:

SV =@ty @, ..ty g, NSt ty) @ |vac) @ 1) (4.4)
Y = (1| @ (vac| @ (t'1,... . ' N Z|t1,..., tx) @ |vac) @ |1) '

We assume that photon arrival times at both the input and output are ordered such
that t; <t < ... <ty and t| <t, <... <. Since the atom can absorb no more than
one photon at a time, it is impossible to detect two consecutive photons at the outputs
without sending any photons to the input, meaning that t; <] <t, <t, < ... <ty <t)y.
Additionally, since after the first photon is subtracted the atom no longer interacts with
photons in the red waveguide, we have t, = ¢; for all photons sent and received after the
photon subtraction occurs.

To calculate the matrix elements given in equation 4.4, we follow the approach proposed
by Xu and Fan in Ref. [118]. That work investigated multi-photon transport through a
waveguide-coupled low-dimensional quantum system, establishing a connection between
the general N-photon transport scattering matrix and the Green’s functions of the local
quantum system. The key significance of this work was that the Green’s function could,
in turn, be computed using an effective Hamiltonian that depends solely on the internal
degrees of freedom of the local system. Later, Xu and Fan’s method was extended to time-
dependent quantum systems coupled to multiple waveguides in Ref. [110]. There, Trivedi
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et al. express the system’s propagator elements as functions of the Green’s function Q‘T’;’?,,
which correlates the times of absorption and re-emission of photons to the external optical
modes. In this notation, o and ¢’ are states of the local quantum system before and after
the interaction, respectively. For the case of k photons interacting with the emitter, we
have the following Green’s functions:

k
G2ttt ) = (0 (t'y—t) [TO (s —t:)0(t: — t'i_l))
=2
k—1

X (2] s (1) G () T [H 1a (1) <ti>] LI

(=18~ t1))
2 () (0] 1)

g71—+17— (tlﬂ"'ytk;tlla"-at/k):( ( 1—t1)

it
< 0T | o

where 6 (t) is the Heaviside step function. In the above equation, fo _ represents the case

where the k-th arriving photon is successfully subtracted, while G - corresponds to the
case where no photon has been subtracted and all photons exit through the red waveguide
output. It should be noted that, since the emitter no longer interacts with input pho-
tons after subtracting a photon, the subtracted photon, if any, must be the last photon
to interact with the emitter (i.e., the k-th photon in the case of k interacting photons).
Additionally, &;; (t) are atomic transition operators that evolve in time under an effective
Hamiltonian H.g according to 51-]- = i[Heg, 0], starting from their Schrodinger picture

counterparts o;; = |7) (j|. The effective Hamiltonian is Heg = Hatom — 5 E LTL where

Hatom = w3033 + (w13 — we3) 092, with wis and woys representing the atomlc transmon fre-
quencies from ground states |1) and |2) to the excited state |3), respectively. Additionally,
L, = Narut: and Ly = V/Vg023, are the coupling operators that couple the atom to the
waveguide modes. Therefore, for 613 and G935 we have:

13 (t) = exp (— (twiz +74) t) 013 Ga3 (1) = exp (— (twaz + 74) t) 023 (4.6)
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Substituting these operators into equation 4.5, gives the following Green’s functions:

k
Qf’fﬁ, (tl, SN ,tk, tll, Ce ,t/k) = (9 (tll - tl) H 9 (tll
1=2

—t;)0 (t; — t’i1)>

k
Xfyg exp (iw2t'y) exp ((iwlg + ) Z (t; — t’i)>
=1 (4.7)

k
g71_+17_ (tl, e ,tk;tll, SN ,t/k) - (9 (tll - tl) H 9<t,z
1=2

— )0 (t; — t’i1)>

k
><fy:]C exp ((iwlg + ) 231 (t; — t’i)>

Each input photon to the photon subtractor can have one of three outcomes: it may
be absorbed by the emitter and diverted to the second waveguide mode, absorbed and re-
emitted into the same mode, or pass through the atom without interacting with it. Based on
this, and utilizing the Green’s functions mentioned earlier, we can express the scattering
matrix elements introduced in equation 4.4. For the case of one-photon transport, the
matrix elements, after transforming to a rotating frame at the atomic transition frequencies,
are given by:

1t —t1) = —ygexp (v (0 — 1))
5t —t) =06 (t —th) —ygexp (g (1 — 1))
Additionally, for N-photon transport, the scattering matrix elements can be expressed

as a product of the single-photon elements given above, with an additional multi-photon
kernel (MPK) that accounts for photon reordering due to saturation effects:

(-] o)

(4.8)

SV (ty, ottty +MPK>

where:

(4.10)

MPK =
Aj |A | AJ(’L)—I )
X ﬁ g IT ¢ (tB(i—1)+k+1 —1 B(i—1)+l<;)

k=1
X exp (”yg (tB(i_1)+1 - t,B(i—1)+Aj(i)))

A;(i)>1
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In the above expression, d;; is the Kronecker delta function, A; is an ordered set of
fewer than j natural numbers whose sum is j, |A;| denotes its cardinal, and B is a set
whose elements are the partial sums of the first i elements of A;, i.e., B (i) =Y _,_, A4; (k).
For the case where no photon is subtracted, photon-photon interactions involving up to
N photons are possible. Therefore, in the above equation, j should be replaced by N,
and ¢;; should be set to zero. It is worth noting again that the expressions given in
equations 4.9 and 4.10 are valid only when the input and output photon arrival times are
sorted, and there is exactly one output photon between each pair of input photons (i.e.,
t <t) <ty <th<...<ty <tly), otherwise, the transition amplitude is zero.

4.1.3 Equivalent input-output network model

The proposed PNR detector in Figure 4.1.(b) functions as a quantum input-output network
(QION) with one input port and n 4+ 1 output ports. By neglecting the propagation time
of light between the emitters, an equivalent Markovian model for the network can be
derived, comprising a higher-order local quantum system coupled to multiple field modes.
This is achieved by eliminating the interconnections within the network and calculating
an equivalent Hamiltonian along with the coupling operators responsible for the whole
network’s interaction with the external field modes. This procedure is carried out using
the SLH framework introduced in Section 1.2.2. It is important to note that the scattering
matrix S appearing in the SLH formalism differs from the one designated by ¥ in the
previous section, as the former accounts solely for the direct rerouting of fields without any
interaction with the quantum system.

In the scheme shown in Figure 4.1.(b), the circulators directly transmit the right-
propagating mode and route the single photons subtracted by the emitters (located to
their right) to the vertical waveguide mode. Therefore, when deriving our input-output
model, we can eliminate the circulators and assume that each emitter is directly coupled to
the vertical waveguide to its left. By doing so, the network consists of n emitters cascaded
along a single guided mode (the right-propagating mode). For the ith emitter we have:

Gi= <I7 [Liy .oy L)' HO = w1305 + (wis — was) Uég)

o ()
where:  L; = /7, (023 0ij + 015 5(n+1)j)
In the above expression, U,(C? = |k) (] is the transition operator of the i-th emitter.

Applying the cascade rule described in section 1.2.2 to the SLH form given in equation
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4.11, the total SLH representation for the PNR detector is found as follows:
Gr=G>...0G,

T
1 n) i 4.12
(vt £l e

where H.c. stands for Hermitian conjugate terms. To investigate the response of the atomic
cascade to propagating light pulses, a modulating filter that generates the intended non-
classical field must also be cascaded to its input [17]. With vacuum as input, the modulator
should be capable of generating the desired nonclassical field. One possible realization of
such a modulator is a cavity mode, where the coupling to the photon subtractor is defined
according to the intended pulse profile. If the input light to the photon subtractor has a
multi-temporal mode structure, a separate cavity mode is used for each temporal mode of
the input (see section 1.2.2).

n
1=

H@] + 3
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4.2 Results and Discussion

In this section, we apply the mathematical models developed in previous section to ex-
amine the behavior of single- and multi-photon subtractors when subjected to input fields
containing multiple photons. The quantum state of the N-photon input light is expressed
in the following general form, where the photons are labeled based on their arrival times:

[in) = N [g(h,@,.“,tN)IIa;(u)d@]\o> (4.13)

tnN>.. >t

In the above expression, ¢ is the N-photon amplitude function and N is the normaliza-
tion factor arising from the indistinguishability and sorting of the photons. Additionally,
the N-fold integral used is defined as follows:

%) tn to
/ dtthN,1 Ce dtl = / dtN/ dtN,1 Ce / dtl (414)
tn>..>10 —00 —00 —00

In our analysis, we consider various input types based on time correlations and the
number of wavepackets. We begin with a single-wavepacket Gaussian-shaped pulsed input,
for which the amplitude function is expressed as:

g(tita, .. ty) =[] 2 (t:) (4.15)



with h (t) = \/2/(0y/7) exp (—iwgt — 2t*/6%) being the single-photon amplitude function of
the Gaussian wavepacket with width ¢ and carrier frequency wy. The normalization factor
in this case is given by N' = v N! [11].

4.2.1 Linear analysis

In the linear regime, the system’s behavior can be fully predicted through a single-photon
transport analysis. In this case, the transfer function of each photon subtractor between
its input and each of its two outputs can be determined by taking the Fourier transform of
the scattering matrix elements 31 (# — t) and 3§ (¢ — t) given in equation 4.8, yielding the
well-known Lorentzian-shaped frequency responses i (w) = —v,/(7, + iw) and 3§ (w) =
iw/ (v, + iw) [57], where w is the detuning from the atomic resonance frequency wq3. Using
these transfer functions, we can calculate the probability that a single photon present at
the input is subtracted by a cascade of A emitters (each in their |1)-state), as:

P =1- / ‘ (=5 (w)))‘h (w+ w13)‘2dw (4.16)

where h (w') = 1/8/(2y/7) exp (—(w' — w0)252/8) is the Fourier transform of h (t), repre-
senting the frequency distribution of each single photon. An important point regarding the
above expression is that when the single-photon pulse passes through each emitter without
being subtracted, it is reshaped according to %} (w), which reduces its likelihood of being
absorbed by subsequent emitters. If we have a PNR detector with n emitters, as shown
in Figure 4.1.(b), we can use equation 4.16 to calculate the probability of successfully sub-
tracting & photons out of N photons at the input, denoted by Py ;. This is determined by
summing the probabilities of successfully subtracting all possible combinations of k£ pho-
tons out of N photons, while accounting for the fact that after each successful subtraction,
the number of active emitters decreases by one, resulting in:

k—1 B N—k n—Bk (Z)
Irnm) > (I (- ) k>0
Nk = m=0 Bk, \i=1 (4.17)
(1-pm)" k=0

where B% _, is an unordered set with N — k elements chosen from {0,1,...,k}. If k = N
or k= N — 1, the number of detectors that register a click equals N, resulting in accurate
photon counting. Otherwise, there is an error of k +1 — N in counting the photons.
Therefore, the average error of the detector in counting the input photons can be written
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Figure 4.2: (a) Probability of successfully subtracting a single photon by a cascade of A
emitters, based on equation 4.16, (b) Relative error of a PNR detector with a cascade of
n = 4 emitters, for input pulses with different photon numbers N, and (c¢) Relative error of
a PNR detector as a function of the input photon number N and the number of emitters
n for dv, = 0.5.

as:

min(n,N—2)
(error) = > (k+1-N)Py, (4.18)
k=0

If in an n-emitter PNR detector subjected to an n+ 1 photon pulse any emitter fails to
subtract a photon, the resulting photon count will be inaccurate. This occurs because mul-
tiple photons may arrive at the last detector, which lacks PNR capability and, regardless
of the number of arriving photons, registers only a single click. One approach to increase
the precision of the detector is to add additional emitters. This way, if one emitter fails
to subtract a photon, other emitters downstream can compensate by subtracting it, ensur-
ing the final count remains accurate. However, as mentioned above, the pulse reshaping
occurred during its interaction with upstream emitters makes it harder for downstream
emitters to subtract a photon. Figure 4.2 shows the results for the linear regime based on
equations 4.16 to 4.18 when the carrier frequency of the input pulses is in resonance with
the atomic transition, i.e., wg = wy3. Parts (b) and (c) are particularly relevant from a
design perspective, as they provide insight into the number of emitters required to count
photons in the input pulse within a specified error margin. The results are plotted as
functions of 0+, representing the ratio of the atomic linewidth to the spectral bandwidth
of the input pulse.
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4.2.2 Nonlinear analysis

In the nonlinear regime, in addition to the pulse shaping discussed above, upstream emit-
ters can also influence the probability of photon subtraction by downstream counterparts
through a second mechanism: generating correlations between their scattered photons by
forming multi-photon bound states [73, 122]. To investigate this correlation, we first de-
fine the zero-delay second-order correlation function ¢(® (0) for photons exiting the photon
subtractor through the a,,: 1 output mode (see Figure 4.1.(a)). By averaging and normal-
izing the two-time correlator G2 (t,t,), the following expression for ¢g(® (0) is derived for

a pulse containing N photons:
G (t,t)dt
§(0) = (V1

[1f e ey av | dt

(4.19)

In the derivation of the above expression, the following relation between the first-order
and second-order correlation functions for an N-photon pulse is used:

GW (t,t) = . / G (t,t') dt’ (4.20)
N -1

Generation of photon-photon correlations at the a,,;1 output requires that at least two
photons in this output have interacted with the emitter. Since the emitter’s interaction
with the input photons ceases as soon as a photon is subtracted, such correlations can
occur only if no photon is subtracted from an input pulse with at least two photons, or
if the third photon or any subsequent photon is subtracted from input pulses with at
least three photons. Consequently, here, we study three specific cases: first, when two
photons are present at the input and no photon is subtracted, second, when three photons
are present at the input and no photon is subtracted, and third, when three photons are
present at the input and the third photon is successfully subtracted. The derived scattering
matrix elements for two- and three-photon inputs are provided in Appendix C. As we will
show, this analysis provides valuable insights into the behavior observed during nonlinear
N-photon transport through a cascaded system.

Using the derived scattering matrix elements given in equation 4.9, the amplitude
function of photons after interacting with a single emitter, for the case where the j-th
photon is subtracted (denoted as gy ; (t'1,...,t'n)), can be expressed as:

9N (t'y,...,t'y) =
t t’ t
o dty podty [T dt | YT SN (b1t permn (1) - - -5 Epermy () | 9 (F1 - TN)
permpy
(4.21)
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Figure 4.3: (a) Second-order correlation of the output photons at the a,,;1 mode of a single-
emitter photon subtractor, shown for various values of ,. The first row corresponds to a
two-photon input with no photon subtracted, the second row to a three-photon input with
no photon subtracted, and the third row to a three-photon input where the third photon
is subtracted. (b) Same results as in (a), obtained using the Monte-Carlo method by
averaging across 50,000 trajectories. (c) Zero-delay single-time correlation function g® (0)
as a function of ¢+, for the three cases mentioned above, represented by the blue, red, and
yellow curves, respectively.

where permy denotes a permutation of numbers 1 to IN. This amplitude function can be
used to derive the second-order correlation of the output photons in the form:

G (t',t'y) = N(N - 1) / 19/ 5 (s ) [Pdts . dt (4.22)

In addition, the probability that the j-th photon is subtracted from an N-photon input
pulse is given by:

:/|g/N,j (tll,...,t,N)‘2dt/1...dt/N (423)

Figure 4.3 shows the second-order autocorrelation function of the output photons for
the cases described below equation 4.20. Each plot in parts (a) and (b) of the figure is
normalized to its maximum value for improved visual clarity. As can be seen, in all parts
of the figure, the output light in all three cases exhibits some degree of bunching in the
strong interaction regime, where 97, > 1. This phenomenon arises from the enhanced two-
photon transition due to stimulated emission [71]. The generated anti-bunching observed
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Figure 4.4: (a, b, ¢) Probabilities of subtracting no photon, the first photon, and the second
photon from a two-photon input, respectively. (d, e, f, g) Probabilities of subtracting no
photon, the first photon, the second photon, and the third photon from a three-photon
input, respectively. The solid and dashed lines represent the nonlinear and linear analytical
solutions, respectively, while the circle markers denote the numerical solutions obtained
using the quantum trajectory method, averaged across 2000 trajectories.

in the weak interaction regime with v, < 1 arises when one of the two incident photons is
absorbed by the emitter, delaying its re-emission, while the second photon simply passes
through without interacting. The numerical results are obtained through simulations of
the quantum network described in section 4.1.3 using the quantum trajectory method with
the QuTiP toolbox in Python, showing good agreement with their analytical counterparts.

In Figure 4.4, for the two cases of two and three input photons, the probabilities
of different outcomes are presented, including the possibilities of subtracting no photon
or subtracting each of the contained photons in the input pulse based on their arrival
order. The nonlinear solutions are calculated from equation 4.23. For the linear solution,

the probability of subtracting no photon out of N photons is given by (1 — P11’1)N’ and
the probability of subtracting the j-th photon is given by (1 — P1171)]_1P1171, where P/ is
determined using equation 4.16. As seen in parts (a) and (d) of the figure, in the weak
interaction regime where 67, < 1, the linear model can predict the failure probability of the
process—resulting in no photon being subtracted—with reasonable precision. However, as
shown in the other parts of the figure, the linear solution cannot reliably determine which
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photon will be subtracted. This occurs due to nonlinear scattering induced by atomic
saturation, leading to the reordering of the scattered photons. The first arriving photon
excites and saturates the atom but is routed to the other waveguide mode only after
the second photon has passed. Another essential observation from this figure is that in
the strong coupling regime where the probability of subtracting no photon approaches
zero, the first photon is almost deterministically subtracted, as predicted by both linear
and nonlinear models. As described in Section 1.1.2, this process temporally entangles
the subtracted photon with the remaining photons, ensuring that the subtracted photon is
always detected prior to the remaining ones. This effect has been experimentally confirmed
by Rosenblum et al. [118]. The higher failure rate of photon subtraction predicted by the
nonlinear model arises from the stimulated emission effect when multiple photons interact
with the atom within its response time. This interaction leads to the formation of bound
states at the a1 output, which is not accounted for in the linear model.

So far, we have investigated the performance of SPRINT-based photon subtractors for
inputs with different photon numbers, all of which were in a single temporal mode. We
observed that the width of the input pulses, relative to the atomic response time, plays a key
role in the successful subtraction of photons. Now, we will explore the system’s response
to inputs with multiple modes. First, to examine how the photons’ overlap affects the
validity of the linear solution, let us consider a two-photon state consisting of two single-
photon Gaussian wavepackets separated by a time interval A. The symmetrized amplitude
function for this state will be:

N
g(t17t27 .. ’tN) = Z [Hh (tpermN(i) - ZA)

permy Li=1

(4.24)

In this case, the photons have partial indistinguishability, and the normalization factor
is N = 1/y/permanent (S), where § is the indistinguishability matrix, with its elements
given by the inner product of different wavepackets [130], i.e., S;; = (h(t —iA) | h(t — jA)).
For the two-photon input with Gaussian wavepackets introduced earlier, this results in
N =1/4/1+ exp(—2A2/6?). By structuring the input in this way, it becomes possible to
investigate the system’s response in both linear and nonlinear regimes simply by adjusting
the parameter A. When A > § and A > 1/v ;> only one photon interacts with the system
at a time, resulting in a linear response. For smaller values of A, two-photon effects may
arise, leading to a nonlinear response. In the limit of A = 0, the input resembles a two-
photon pulse within a single wavepacket, as considered before. The results shown in Figure
4.5 correspond to the case of two-photon input. As A increases, leading to a lower overlap
between the photons, the results converge to the linear solution. Additionally, as seen in
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Figure 4.5: Probabilities of subtracting no photon (first column), the first arriving photon
(second column), and the second arriving photon (third column) from two overlapping
photons as a function of their separation time. First, second, and third row correspond
to the weak interaction (9, = 0.1), intermediate interaction (7, = 1), and strong inter-
action (6, = 10) regimes, respectively. Solid lines represent analytical results, while dots
indicate numerical results obtained using the Monte Carlo method, averaged over 10,000
trajectories. Dashed lines correspond to linear solutions.

part (a) of the figure, in the weak interaction regime (9, < 1), the linear solution for the
success probability of the photon subtractor remains valid with high precision, regardless
of the amount of overlap. This is because, in this regime, the probability of two-photon
interactions remains low, even when photons arrive at the atom within a short time interval.

To further verify the accuracy of our analytical and numerical models for inputs with
more than one mode, particularly those that exhibit correlations or further anti-correlations
compared to Fock-state inputs, we consider the following two-mode inputs:

0 (tl, t2) = ho (tl) h(] (tz) + hl (t1> hl <t2) ((Z
g2 (t1,t2) = ho (t1) ho (ta) — hy (t1) hy (t2) (b (4.25)

where h (t) and hy (t) are the zero-th and first-order 1D Hermite-Gauss functions of width

d, respectively, which are defined generally for the n-th order as h,, (t) = y/1/2" " 1nly/7d x
exp (—2t%/6% YH,, (2t/6 ), with H,, (t) being the n-th order Hermite polynomial. As seen in
the first column of parts (a) and (b) of Figure 4.6, the amplitude functions given in equation
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Figure 4.6: (a) Second-order correlation of the output photons at the ay,; mode of a
single-emitter photon subtractor, shown for various values of é,. The first and second
rows corresponds to a bunched and anti-bunched two-photon input with amplitudes given
in equations 4.25.a and 4.25.b, respectively. (b) Same results as in (a), obtained using the
Monte-Carlo method by averaging across 50,000 trajectories. (c) Zero-delay single-time
correlation function g® (0) of the output light as a function of §v, for these two correlated
input states, along with the uncorrelated input, as described in equation 4.15. (d) Left to
right: probability of successfully subtracting a single photon, the first arriving photon, and
the second arriving photon, respectively. The circle markers denote the numerical solutions
obtained using the quantum trajectory method, averaged across 1,000 trajectories.

4.25 generate bunched and anti-bunched light, respectively, compared to the single-mode
two-photon Fock state. The correlation between the output photons, in cases where no
photon is subtracted by the photon subtractor, is shown in the subsequent columns of
Figures 4.6.(a) and 4.6.(b), as well as in Figure 4.6.(c). As shown in this figure, bound states
dominate the output in the strong interaction regime for both input states. Additionally,
in the intermediate interaction regime (dvy, ~ 1), the bunched input exhibits stronger
anti-bunching. This occurs because, when photons arrive close together, the probability
of only one photon interacting with the atom increases, while the other photon is directly
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Figure 4.7: (a) Relative error of a PNR detector consisting of a cascade of n = 4 quantum
emitters when subjected to Gaussian input pulses with different photon numbers. (b)
Relative error of PNR detectors with cascades of n = 2 to n = 5 quantum emitters when
subjected to Gaussian input pulses with N = 3 photons. The dash-dotted lines indicate
the results from the linear analysis, while the dots represent nonlinear results calculated
using the quantum trajectory method, averaged across 5,000 trajectories.

transmitted due to atomic saturation. In Figure 4.6.(d), the probabilities of subtracting no
photon, the first photon, and the second photon are plotted for these input pulses. For the
bunched input, there is a higher probability that the subtracted photon is detected after
the transmitted photon due to the small arrival-time difference between the photons (see
the rightmost plot). Additionally, the total success rate of subtraction is lower for both
bunched and anti-bunched inputs compared to the single-mode Fock state input (see the
leftmost plot). This occurs because, in the anti-bunched case, the effective interaction time
of each photon with the emitter is shorter. In the bunched case, the reduction arises because
the second photon arrives shortly after the first, decreasing its likelihood of interacting with
the emitter due to saturation.

As we observed in the previous results, the stimulated emission effect in the nonlinear
regime prevents single emitters from successfully subtracting photons by inducing the re-
emission of the absorbed photon into the same waveguide mode. Additionally, it generates
bound states that due to their bunching are more difficult to be re-routed by the next
emitter in the cascade. Therefore, we expect the precision of a PNR detector to be lower
than that predicted by the linear model (see Figure 4.2) in the region where these bound
states are generated. However, increasing the number of photon subtractors in the cascade
relative to the number of input photons can enhance this precision, leading to highly
accurate detectors, particularly in the strong interaction regime. This is confirmed by
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Figure 4.7, which shows the relative error of a detector with different number of emitters
and input photons as predicted by both linear and nonlinear models.

4.3 Comparison with Conventional PNR Detection
Scheme

To evaluate the photon-number-resolving performance of the proposed detector, we com-
pare it against conventional PNR techniques that rely on linear optical splitting of the
input pulse across multiple single-photon detectors. In these approaches, the photons are
distributed across several detector pixels, with the ideal case being a uniform distribution.
The total photon number is then estimated by counting the number of detectors that regis-
ter a click. When the number of detector pixels significantly exceeds the number of incident
photons, the probability of two photons arriving at the same detector becomes negligible,
enabling accurate photon counting. Spatial demultiplexing of photons in these methods

is typically achieved using balanced beamsplitter trees [103], cascaded polarizing beam-
splitters and half-wave plates [130], multipixel sensor grids [1&], or cascades of waveguide-
coupled superconducting nanowire single-photon detectors (SNSPDs) [21]. Figure 4.8.(a)

illustrates a typical setup consisting of a cascade of beamsplitters with reflectivities R;
to R,, where each beamsplitter reflects a portion of the incident light to a single-photon
detector, and the final detector collects the fully transmitted light. The probability that
an incoming photon is routed to the i-th detector in this setup is given by:

R, i=1
P={ Rl (1-R)) l<i<n+]1 (4.26)
[12 (1—Ry) i=n+1

To describe the probability that k& detectors out of n+1 register a click when N photons
are sent into the input of the beamsplitter cascade, we model the system as a multinomial
distribution over the n 4+ 1 detectors, where each detector ¢ is associated with a photon-
routing probability P;. This leads to the following expression for the average number of

clicks registered by the detectors:
n+1 n+1
(H P )/(H AR (i )] (4.27)

Nk . . .
where A} is an ordered set of n + 1 non-negative integers whose sum is IV, and exactly
k of the elements are nonzero.

min(n+1,N)

(clicks) = N! Z Z

ANk
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Figure 4.8: (a) Schematic of a conventional PNR detector, which spatially distributes input
photons among multiple single-photon detectors using a cascade of beamsplitters. (b) Per-
formance comparison between the conventional scheme achievable with n = 4 beamsplit-
ters and the photon-subtraction-based scheme with a cascade of n = 4 quantum emitters,
shown for different values of the parameter ¢-,. The results for the proposed scheme are
calculated using the quantum trajectory method, averaged across 5,000 trajectories.

Figure 4.8.(b) shows the detector response curve, which plots the average number of
detector clicks as a function of the number of incident photons for an input pulse prepared
in a Fock state with photon number N. The blue curve represents the most accurate
response achievable with the conventional scheme shown in Figure 4.8.(a). This optimal
response is obtained when the beamsplitter reflectivities are configured such that photons
are uniformly distributed among the detectors—that is, when P, = P, = ... = P, 41, as in
the case of a balanced beamsplitter tree. The orange curve corresponds to the response of
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the same conventional scheme, but with beamsplitters of equal reflectivity—that is, when,
Ry = Ry, = ... = R, which is equivalent to the case of a PNR detector using a series
of SNSPDs placed along a waveguide [21]. In this case, the reflectivity value is chosen to
maximize the precision of the detector. The other curves correspond to the response of the
proposed detector for various values of the parameter ¢-,. Both approaches are assumed
to use the same number of single-photon detectors, i.e., five. As shown, the SPRINT-based
detector proposed in this chapter outperforms the conventional scheme when v, reaches
values on the order of approximately 10. Assuming an input pulse width of 10 ns - which
corresponds to the typical dead time of currently available single-photon detectors based
on avalanche photodiodes or SNSPDs - this condition is satisfied when the coupling rate 7,
reaches 1 GHz. At the same time, coupling rates of several gigahertz have been reported for
solid-state emitters coupled to chiral photonic crystal waveguides [3, 126], which highlight
the feasibility of implementing the proposed approach for high-precision PNR detection
with currently available technologies.
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Chapter 5

Two-Way Two-Emitter Cascade for
Selective Single-Photon Subtraction

As mentioned before, one potential application of deterministic single-photon subtractors is
in PNS attacks on QKD. While quantum cryptography schemes based on single photons as
information carriers are theoretically proven to be unconditionally secure, in practice, their
security might be compromised due to implementation non-idealities. One such nonideality
involves using highly attenuated laser pulses instead of one-photon states [I1]. In this
case the adversary eavesdropper can gain partial access to the communicated data by
splitting a single photon from the inadvertently-occurring multi-photon states without
neither changing the signal rate at receiver’s end nor leading to error in the sifted key.
Previously, it was suggested that PNS needs to include a quantum non-demolition (QND)
measurement to determine number of photons in each pulse to distinguish multi-photon
states, which is experimentally demanding [67]. In this chapter, we propose a photon
subtraction scheme consisting of two cascaded A-emitters coupled to a chiral waveguide
[120] which selectively subtracts a single photon only from multiphoton states eliminating
the need for the QND measurement. We theoretically model and numerically simulate our
photon subtractor to evaluate its performance through analyzing photon number statistics
at different output ports of the device.

5.1 Description of the Proposed Scheme

The proposed scheme based on a cascade of photon subtraction is shown in Figure 5.1.
Two identical A-type quantum emitters are interacting with a chiral waveguide where each
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Figure 5.1: Diagram of the proposed photon subtraction system based on two identical
three-level quantum emitters coupled to a chiral waveguide. The initial state of the two
emitters is also shown.

counterpropagating mode of light is selectively coupled to only one of the two possible
ground to excited state transitions i.e. |1) — |3) or |2) — |3) [77]. The corresponding
transitions and propagation directions, which are coupled to each other, are indicated by
arrows of the same color in this figure. Emitter F; is initially prepared at its second
ground state |2) while Ej is initially at |1). The separation length between the emitters is
L and the input light, currently assumed to be a laser pulse containing an n-photon Fock
state, is sent to the right propagating mode input r;,. According to the initial state of the
emitters, since F; is initially transparent to the right propagating light, the input pulse
first interacts with F,. This interaction results in subtraction of a single photon which
then propagates in left direction. This behavior was explained in section 1.1.2. According
to that discussion, when the input light resonantly interacts with an emitter initially in one
of its ground states (e.g., state |1) shown in the figure), a destructive interference occurs
in the weak excitation limit between the input photon and the emitted radiation from the
|1) —|3) transition dipole. This interference prevents the emitter from decaying back to
state |1) and transmitting the arriving photon. Consequently, the atom deterministically
decays to its other ground state, resulting in the absorbed photon being diverted to the
opposite direction and a ground state flip of the emitter [119].

The subtracted photon by FEs is then reflected back into the right direction as it toggles
the state of E from |2) to |1). After this ground state flip, 1 would be no more transparent
to the input light. It will subtract a second photon from the input (if there is one), sending
it to the left propagating mode to exit from [,,; output mode, while E; goes back into state
|2). This whole process leaves both emitters at state |2) and makes them transparent to
the remaining photons from the input. Thus, an output pulse containing n — 1 photons
leaves the subtractor from the r,,; output. The important feature of this proposed scheme
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Figure 5.2: Conceptual diagram illustrating a potential implementation of the proposed
device, integrating solid-state quantum emitters coupled to a nanophotonic chiral waveg-
uide and a ring resonator drop filter, to subtract a single photon and divert it to a different
pathway.

is that it selectively subtracts the second arriving photon. If the input pulse contains
only one photon, no photon can be subtracted by FE;. This single input photon after two
consecutive reflections by E, and FE) exits from r,,;. We refer to this configuration as a
two-way cascade because, unlike the cascade described in Chapter 4, where only photons
emitted into the right propagating mode could interact with downstream emitters (while
those emitted into the left propagating mode were extracted by circulators), here photons
emitted into both the right and left propagating modes can interact with emitters located
to the right and left of the emitting atom, respectively. Figure 5.2 illustrates a potential
realization of the proposed scheme featuring two solid-state quantum emitters coupled to a
nanophotonic chiral waveguide. Additionally, a ring resonator drop filter [109] is used in the
left input/output port of the waveguide enabling the redirection of the subtracted photon
to a different pathway. This configuration requires the non-degeneracy of the ground energy
levels of the emitter, ensuring that the subtracted photon possesses a different frequency
compared to the input photons.
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5.2 Theoretical Modeling

The above-described scheme can be modeled as an input-output quantum network, where
each of the counterpropagating modes of light is represented by a cascaded quantum sys-
tem as shown in the block diagram of Figure 5.3. In the context of QKD attack, the
sender (Alice) sends light pulses to the input mode 7;,, the subtracted photon goes to the
eavesdropper (Eve) who employs detector Ds, and the remaining pulse is received by the
receiver (Bob), where detector Dj is utilized. Phase delay modules ¢ are inserted between
the emitters to account for the finite propagation time along distance L. Denoting the
speed of light in the waveguide and carrier frequency of the input pulse by v and w, re-
spectively, one can write the phase delay as ¢ = wL/v. It should be noted that in general,
free propagation of the field between two cascaded components of the network results in a
non-Markovian dynamic of the composite system. However, when the propagation time is
much smaller than other time scales of the system including emission time of the emitters
to the channel and width of the light pulses, one can model the effect of free propagation
on the field by simply applying a lag phase to it and derive an approximate Markovian
model for the network [24, 15].

For the single wavepacket input pulse in our system, the interaction of the pulse with
the quantum system can be studied by adding a single one-sided virtual cavity to the
right propagating cascade, as shown in the figure [63]. In this approach, as described in
section 1.2.2, the time-dependent transmissivity of the cavity mirror is chosen to match the
temporal profile of the light pulse, and the cavity is initially prepared in a same quantum
state as that of the wavepacket. Considering feedback loops which bring into account
diverting of single photons between different modes during the photon subtraction process,
the two cascaded models are then concatenated to find the Hamiltonian H and Lindblad
operators L;’s for the whole system. Then the master equation as given in equation 3.15
can be solved to calculate the evolution of the system over time.

Following the SLH framework described in section 1.2.2, the SLH triples for the input
cavity and phase delay module are Goguity = (I, 95a,0) and Ggeray = (€i¢>[ ,0, O) where [
is the identity matrix and a is the annihilation operator of the cavity mode. Given the
temporal profile of the input pulse u (¢), the cavity coupling to the channel g, is determined
according to equation 1.12. Moreover, for the emitter E;(i = 1,2) the SLH triple for the

right and left propagating fields can be written as G(e?nitter (R) = (I , ,/790%), Hs(;)s> and
G(i)

emitter

Hamiltonian of the emitter lumped into the right propagating mode and v, is the atomic

emission rates to the guided modes. a](.g = |7) (k| in these expressions is transition operator

) = (],‘/Vgaéé),0>, respectively, where Hﬁ?s = w3043 + (W13 — wo3) by s the

73



I

Figure 5.3: Quantum input-output network block diagram for the proposed scheme.

of emitter F; and wq3 (we3) is transition frequency from ground state |1) (|2)) to the excited
state |3). The total SLH triple G then can be written by cascading of the subsystems in
R and L modes i.e. Gg and G, and concatenating of the derived triples:

(2)
G Gemztter < Gdelay < Gemztter < Gcavity
1
GL = Gemztter < Gdelay < Gemztter (L) (51)
Gr=GrBG,

The above calculation results in the following effective Hamiltonian and Lindblad op-
erators for the whole network:

2 " 2) —i
H= Hs(yg + Hs(y?e +3 (79 <0§1)0§3) + 053)@& ) P 4 Nare (013 al + aT0§3)e ¢’> — H.c.)
Lo (t) = /3, (013 +01e™®) + grae™

Ly (1) = /7y (0% + 053 e
(5.2)

5.3 Simulation Results and Discussion

When solving the master equation, the operators L (t) and Ly (t) in the SLH representation
of the network (equation 5.2), will be responsible for the system collapse when either of
detectors Dy or Dy detect an output photon, respectively. Therefore, using the Monte-
Carlo wave function method (MCWF) to solve the problem one would be able to find
the photon number statistics at each output of the system by counting the number of
collapses occurred according to each of these two collapse operators [$8]. In addition to the
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Figure 5.4: Photon subtraction from pulsed Fock state (7 = 100/7,).

above Lindblad operators, one can consider four more collapse operators Ly (t) = , /7130%),

Ls(t) =, /7230%), Ly(t) =, /7130%), and Ls (t) = | /7230%) to account for spontaneous
emission of the emitters to the free space, where v;; is rate of atomic spontaneous decay from

excited state |j) to ground state |i). Moreover, operators Lg (t) = \/VT@J%), L;(t) =
08y s Ls (t) = /Traenosys and Lo () = \/Taaemnoys can be used to bring into
account the decoherence effect due to pure dephasing of levels |2) and |3) with respect
to |1) with rates 7odeph and 7sgepn, respectively [38]. Here, we use QuTiP package in
python to implement the MCWF method and examine the photon number statistics. The
input pulse in our simulations is supposed to be of Gaussian shape with temporal envelope

u(t) = exp {2752/7'2}/\4/ w12 /4.

To verify that the proposed design is functioning as intended, we initially consider
the input light as a Fock state pulse with a varying number of photons n;,. Results are
presented in Figure 5.4. The pulse duration 7 is chosen to be much larger than the emission
time to the waveguide mode (1/7,). As depicted in this figure, in the case of a single-photon
input pulse, no photon is extracted by the subtractor, as expected. Conversely, when there
is more than one photon, exactly one photon is subtracted, and the remaining photons are
transmitted. Running the simulation with different phase values ¢ reveals that the device’s
operation is independent of the phase delay and, consequently, the distance between the
emitters L. Therefore, if the emitters are sufficiently close to each other to ensure that
the propagation delay time between them is significantly smaller than the pulse width and
emission time 1/7,, we anticipate the proposed scheme to function effectively, regardless
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Figure 5.5: (a) Effect of pulse duration on transmissivity and reflectivity of the device
for a single photon input. (b) Probability of successful photon subtraction from different
multi-photon Fock states at the input.

of the distance L.

Next, we investigate how the device’s performance is influenced by the duration of the
input Gaussian pulse. In the above-described scenario, a single-photon Fock state pulse
introduced to the right-propagating mode is expected to be directly transmitted to the
output of the same mode, resulting in a transmissivity of unity. In Figure 5.5.(a), the
transmissivity and reflectivity are plotted as functions of the pulse duration. For ultra-
short pulses compared to the emission time (1/7,), the pulse does not interact with either
of the atoms, and the photon is directly transmitted. Conversely, long pulses interact with
both atoms sequentially, leading to two reflections and eventual transmission. However, for
pulses with intermediate durations comparable to the emission time, there is a probability
of 15-20% that the photon is subtracted and reflected to the left-propagating mode. This
probability arises when photons, successfully reflected by the second emitter and diverted
to the left-propagating mode, fail to interact with the first emitter and emerge from the
left output.

In Figure 5.5.(b), we examine how the pulse duration influences the probability of
successfully subtracting a single photon from multi-photon Fock state pulses. Given that
the proposed design has only one emitter in state |2) and does not subtract more than
one photon regardless of the number of input photons, this probability is also equal to the
expected number of subtracted photons. As shown in this figure, the number of subtracted
photons increases with the pulse duration, reaching unity for pulses as long as around
one hundred times the emission time confirming the deterministic nature of the photon
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Figure 5.6: Photon subtraction from pulsed coherent state containing different mean num-
ber of photons. (a) 7, = 0.1, (b) 7;, = 1, and (c) 7, = 2 (7 = 100/7,).

subtraction in the proposed device. Moreover, intermediate pulse durations exhibit a
relative peak, similar to the one observed in the single-photon input case, which can be
attributed to photons reflected by the second emitter without subsequent interaction with
the first emitter.

Now, we examine the scenario where a highly attenuated coherent pulse is used as
input, reflecting the conditions encountered in practical QKD applications. QKD schemes
typically involve pulses with a mean number of photons around 7, = 0.1 [32]. The photon
statistics results presented in Figure 5.6 are displayed for this mean photon number as
well as for two higher mean photon numbers, i.e. 7n;, = 1 and n, = 2. Due to the
small probability of non-vacuum states for n,, = 0.1, a logarithmic scale is used for the
y-axis in part (a) of this figure to represent the photon number probability distributions in
this case more clearly. Comparing the photon number probability distribution at Alice’s
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Figure 5.7: Ratio of communicated qubits successfully eavesdropped by Eve as a function
of mean number of photons in the input coherent pulse (7 = 100/7,).

and Bob’s ends (i.e., what Alice sends versus what Bob receives shown in the first and
second columns of this figure, respectively) shows an equal probability of vacuum at the
corresponding network ports. This implies that no photons have been subtracted from the
single-photon signals. Thus, as long as Bob utilizes a basic single-photon detector incapable
of resolving the number of arriving photons, he won’t be able to detect the presence of Eve.
Additionally, depending on the number of photons in Alice’s signal, Eve either receives one
or no photon (see third column of the figure), with zero probability of receiving more than
one photon, thus again confirming the deterministic behavior of the proposed subtractor.
The ratio of the communicated bits successfully eavesdropped by Eve can be calculated
from the following formula rguccess = PF¥ (1) /(1 — PP (0)) where P* (j) is the probability
of detecting j photons by person ”A”. According to the Poissonian probability distribution
of the coherent state, the above expression for the case of ideal lossless photon subtractor
for which PEve (1) = 1 — PAlice () — pAlice (1) and PB°P (0) = PAlie (0) can be expressed
as:

1 PAlice (1) . 1— [1 + ﬁzn] exXp (_ﬁzn>

TSUCCGSS - 1 _ PAhce (O) - 1 _ exp (—’len)

(5.3)

Figure 5.7 shows the success probability as a function of the average number of photons
contained in the coherent pulse sent by Alice n;,. The figure includes both the success
rate predicted for an ideal subtractor (equation 5.3) and the numerical simulation results
for the proposed scheme. As can be seen in this figure, if Alice uses single photon coherent
pulses instead of Fock states to send quantum information to Bob, photons from about
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Figure 5.8: (a) Simpler scheme using a photon subtractor made of a single A-type emitter,
and (b) relative change in average number of photons received by Bob for the two different
schemes (7 = 100/7,).

45% of the communicated pulses would be collected for further analysis by Eve using this
photon subtractor. In practical applications, where coherent pulses with a lower number
of photons (~ 0.1 photon) are utilized, Eve can block some single-photon pulses, thereby
augmenting the percentage of communicated bits she can access. In such scenarios, if Eve
substitutes the lossy channel used by Alice and Bob for communication with a lossless one,
her attack can remain undetectable as it neither induces errors nor alters the detection
rate at Bob’s end [32].

To evaluate our proposed PNS scheme against a potential counter-measure, let’s con-
sider the scenario that Bob has a PNR detector and measures the average number of
photons he receives at his end and by comparing it with the average photon number sent
by Alice attempts to detect presence of potential eavesdroppers, as proposed in Ref. [10].
The sensitivity of this measurement depends on the efficiency of his detector. Hence, when
the percentage of change in average photon number is lower than a limit, there will be
a high chance that the photon subtraction process remains undetectable for Bob. The
relative photon number change for an ideal lossless subtractor, is:

A — Min — Mout PPve (1) 11— PAlice () — pAlice (1) 1= [1 + ng) exp (—7n)

(5.4)
where 7, is the mean number of photons detected by Bob. We compare our system with
a simplified implementation employing a simple single-photon subtractor, as illustrated in
Figure 5.8.(a). In this configuration, the single-stage SPRINT-based subtractor extracts
one photon from the input signal, directing it to Bob, who in this scheme employs detector
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Dy, while routing the remaining photons to Eve, who utilizes detector D;. For this scheme,
in the ideal limit one has fig,; = 1 — P2 (0), and therefore:

Ay — Tin = [1— PR (0)] _ | L e (=) (5.5)

ﬁin ﬁin

Figure 5.8.(b) illustrates the outcomes derived from equations 5.4 and 5.5 together with
the numerical simulation results for both schemes. The Hamiltonian and Lindblad opera-
tors employed in the simulations of the single-emitter subtractor shown in Figure 5.8.(a)
are H = Hgys+1/2 % (\/'y_g w130t — H.c.), Lo (t) = \/Yg013+gpa, and Ly (t) = | /7,023. As
depicted in the figure, the proposed scheme exhibits a lower relative change in the number
of photons received by Bob compared to the single-emitter approach, particularly in cases
with a high mean number of photons. This implies that the communicating parties have a
lower chance of detecting the eavesdropper in the case of the proposed scheme.

We recently became aware that a proposal and analysis using a single-stage SPRINT
for a PNS attack was published in 2024 [1], around the same time as our paper on this
topic [95]. In their study, the information gained by the eavesdropper and the resulting
quantum bit error rate (QBER) are calculated. Their analysis relies on the simple single-
emitter photon-extraction scheme shown in Fig. 5.8.(a) and assumes that Bob does not
have access to a photon-number-resolving (PNR) detector. In contrast, as discussed above,
our proposed approach is less vulnerable to PNR-based counterattacks since it induces a
smaller change in the photon-number arrival rate at Bob’s end.
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Chapter 6

Multi-Photon Fock State Generation
via a Generalized Selective Photon
Subtractor

In the previous chapter, we introduced a photon subtraction scheme that leveraged the
temporal entanglement generated by the SPRINT mechanism to enable a novel and useful
feature. We showed that cascading two photon subtractors allows for the subtraction of
a second photon after the first has been subtracted and re-added. This configuration
enables selective photon subtraction from states containing more than one photon. In
this chapter, we demonstrate how this concept can be extended to an n-emitter cascade,
resulting in a photon subtractor capable of selectively removing photons based on their
position in the arrival-time sequence of the incoming photons. Unlike the simple SPRINT-
based subtractor, where the detection time of the subtracted photon serves as a lower
bound for the transmitted photons, in the scheme proposed in this chapter, the subtracted
photon acts as a time reference signal that can divide the input pulse into two parts. We
show that this approach enables the splitting of n photons from the input light, generating
a nearly single-mode n-photon Fock state.

One of the key applications of multi-photon Fock states is in quantum-optical metrology,
where optical interferometers measure the phase difference between two modes of light [29].
This phase shift can reveal various physical quantities, such as displacement, temperature,
gravity, and angular acceleration, and is utilized in different types of sensors across various
fields of science and engineering [20, 100, 139]. The presence of quantum noise, as dictated
by the Heisenberg uncertainty principle, limits the precision of interferometers [8]. When
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classical light is used, the minimum achievable noise level is known as the standard quantum
limit (SQL), where the uncertainty in the measured phase decreases as 1 / VN, with N

representing the number of measurements. This precision can be enhanced if the coherent
input is replaced with quantum states that possess finer structural features in their Wigner
representation. This improvement is ultimately constrained by another minimum noise
level, known as the Heisenberg limit (HL), where the uncertainty scales as 1/N. It has been
shown that a Mach-Zehnder interferometer (MZI) with a twin Fock state input can reach
the Heisenberg limit precision with the intensity difference or parity detection schemes
[52,55]. However, while various methods have been proposed in the literature for generating
Fock states, the efficient generation of multi-photon Fock state pulses with high fidelity,
high modal purity, and arbitrary photon numbers remains a significant challenge [75, 101,

].

The structure of the present chapter is as follows: In section 6.1, we develop a com-
prehensive mathematical model for our selective photon subtractor concept including a
variational approach to explore the modal structure of its output light. In section 6.2, we
study the proposed cascaded QED scheme for practical implementation of the introduced
concept. We adopt a quantum input-output perspective and discuss how a master equa-
tion can be extracted and solved for the resulting quantum network. Both analytical and
numerical results are presented, compared, and discussed in section 6.3.

6.1 Photon Culling: Mathematical Modeling

Consider a four-port quantum optics device with one input and three output ports, as
shown in Figure 6.1. We refer to this device as a selective photon subtractor or ‘photon
culler’ because it is capable of sorting incoming photons based on their arrival times and
selectively subtracting the photon arriving j-th in the sequence. The subtracted photon
is routed to the purple output, while the remaining photons are distributed between the
other two output ports. Photons arriving before the subtracted photon (j — 1 photons) are
sent to the red output port, while those arriving afterward are directed to the blue output
port. Additionally, if the input pulse contains no more than 7 — 1 photons, the entire pulse
is routed to the red output. We use operators gt (¢), 7t (¢), p' (¢), and bt (¢) to represent the
creation of a single photon at time ¢ in the green, red, purple, and blue modes, respectively.
If a single spatiotemporal wavepacket is sent to the device as input, the state of the light
in the system, prior to the interaction with the device, can be expressed in its most general
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Figure 6.1: Schematic of a selective photon subtractor (photon culler), represented as a
four-port quantum optics device with one input port and three output ports.

form (assuming the occupying quantum state to be pure), as follows:

= (ah)" 1o 6.1)

In the above equation, g, = [~ dtexp (—iwt) h (t) g (¢) represents the photon wave-
packet creation operator in the green input mode, responsible for creating a photon in a
wavepacket with carrier frequency w and amplitude A (t), which satisfies the normalization
condition fj;o dt|h (t)]" = 1. Additionally, the coefficients ¢, denote the amplitude of
different Fock states in the quantum superposition.

An alternative way to describe the state of the light in the system is by numbering
the photons according to their arrival times. However, since the photons in the pulse
are indistinguishable, we must account for the number of permutations of the n photons.
This introduces a combinatorial factor, so the expression for any n-photon state must be
multiplied by the number of permutations, n!, leading to the following expression for |¢):

) =im/oo

Here, t; to t, represent the arrival times of the photons in an n-photon number state
within the input pulse. Additionally, the n-fold integral used is defined as follows:

« tn to
a>tp>... >t —00 —00 —00

Based on the scenario described above regarding the distribution of input photons
among the output ports, the quantum state of the output light, after the interaction of the

n

[ dtiexp (—iwt;) b (5:) g1 (ti)] |0). (6.2)
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input pulse with the quantum system has been completed, can be expressed as follows:

) = ZZ::lOcn\/m foo>tn>...>t1 Lﬁ[l dth (8 (ti)] o

F V[T A0 0, ooy [Tt @) 0] |10

o o dtih (8) b (8) x |
+n§-+1 cnV/n! [foo>t">...>tj+1 Z.le__[H [ ij;l dt;h () pt (tj)j;&]->tj_1>..<>t1 ﬁjl dt:h (t;) 7t (ti)] ]] |0).

(6.4)

The above expression assumes that the entire quantum process occurring inside the
device is fully coherent. Moreover, in this expression, we have omitted the term exp (—iwt;)
by moving to a frame rotating with frequency w. Since the photon subtractor removes the
j-th arriving photon, the timing of the photon propagating in the purple mode reflects
the timing of photons in the red and blue modes, thereby creating temporal entanglement
between different outputs. Therefore, without measuring the subtracted photon in the
purple mode, the output pulses in either the red or blue ports cannot contain a pure
single-mode quantum state. However, if we use a single-photon detector at the purple
output to detect and time-tag the subtracted photon, the state of the red and blue outputs
collapses to the following state vectors:

1-1/2 ,
1 ) 7! - o " 2 \/nlpri g, \ni

J)!
(6.5)
In the above expression, 8 = ft+°° drh? (1), where ¢; is the detection time of the sub-
J
tracted photon. According to this expression, |i,) represents a single-mode j — 1-photon
Fock state pulse with wavepacket amplitude h;j (t). Additionally, if the input is a coherent
pulse with amplitude o, where ¢, = o exp (—|al|? / 2) / v/n! and the mean photon number

n = o2, it can be concluded that the blue output will also be a coherent state with a mean
photon number of Sn and wavepacket amplitude £y, (). The amplitudes h;_(t) and by (t)
are truncated versions of h (t) as follows:

h (t> H(tj — t) h;/ (t) _ h (t) H(t - tj) (66)

VI dih (1), J,7 din (1)

where H(z) is the Heaviside step function. Here, we assume h (¢) to be real without loss
of generality.

W, (1) =
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While post-selecting the blue and red output states based on the detection time of
the purple photon can increase the purity of the collected light, it should be noted that
the probability of detecting the subtracted photon at a specific time ¢;, which results in
the generation of the pure states described in equation 6.5, approaches zero. Therefore,
in practice, post-selection should be based on detecting the subtracted photon within a
time interval instead. Suppose we post-select the outputs for which the photon is detected
between ., and t,.c. Projecting the density matrix onto the subspace corresponding to
this measurement outcome and then tracing over the states of the light in the blue and
purple outputs yields the density matrix of the light in the red output as follows:

. cn|2n<j—1>!(?‘})><
; Z . +oo n,j j—1j5-1
[ a0 @) ) Sz T G ) e (2)10) 017 50

tmin t; >y] 1> >y1 =1 k=1
(6.7)

where P is the probability of finding the j-th photon between t,,;, and t,.y:

P Z / " gt ealPn < Z‘j ) [ /t .m drh? m] e (t)) [ /_ t; drh? (T)r_l. (6.9)

tmin 3

In several applications, including various quantum information and quantum metrology
protocols, single-mode Fock states are preferred. Therefore, it is important to determine
how closely the generated pulse approximates a single-mode pulse. This can be assessed
by finding the maximum ratio of photons contained within a single wavepacket or mode.
To achieve this, one needs to identify the mode amplitude f; (¢) (with the index 1 denoting
that the modes are sorted according to their mean photon number) that maximizes (n,) =

Tr <prm§m1), where the annihilation operator for the mode is my = [_dtf, ()7 ().

Using the density matrix provided in equation 6.7, the i-th moment of the photon number
distribution can be expressed as the following functional:

‘ 1 [lwmax ‘
() =5 [ dzd (L), (69)
tmin

where:

o0 (L) = £ el (120 ) () (U0 e

k: m=0 m

< (f7driz @) (= arnt ()" (L @) L (@)
(6.10)
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L (z) in the above expression denotes the projection of f; on h!:

Vo dth? (t)

Finding the normalized function f; that maximizes (n;) requires solving a constrained
variational problem. To formulate this problem, we first expand f; over the function space
spanned by the non-orthogonal set of functions k!, with = varying between t,,;, and tpax,
as:

fi(t) = / - day (z) by (6.12)

tmin

Substituting the above representation into the normalization condition (f; | f1) = 1
yields the following constraint equation:

o= [ [ wir @) F e =1 (6.13)

tmin tmin

where:

Fz,y)= Wy | I;) = [ dri () (6.14)
’ Y z finax(x,y) dTh2 (T) :

o

According to equations 6.11, 6.12, and 6.14, L (z) is related to 7 (z) through F'(z,y)
as L(x) = (f1 | W,) = Lﬁ:‘:" dyy (y)F (z,y). By introducing the constraint from equation
6.13 through the Lagrange multiplier A into the functional from equation 6.9, the following
augmented functional is obtained for the first moment:

1 tmax tmax tmax
I= F/ deg™M) (L, x) + /\/ / dzdyL* (z) L (y) G (z,v), (6.15)
2(:min tmin tmin

where function G (z,y) satisfies ftt“fa" dyG (z,y)F (y,z) = § (). After setting 6 = 0 and
applying the calculus of variations, the following nonlinear integral equation is derived:

0¢ (L, x)

o +A/m dyL (=) G (z,y) = 0. (6.16)

tmin

Solving the above equation gives the dominant mode shape of the output light. Once
the main mode or any other higher order modes are determined, the fidelity of the quantum
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Figure 6.2: Two photon cullers integrated into a Mach-Zehnder interferometer (MZI) for
phase measurement.

states occupying these modes with any desired state can be calculated. For the main mode,
the fidelity with a j — 1 photon Fock state can be obtained from the following expression:

F=(=1pnli=1) B ) |
= b i ot @) (i 0)) L@ 2 @) E el (101 ) (17 0)
- (6.17)

As mentioned before, n-photon twin-Fock state |n,n) can be used for phase detection
in interferometers, achieving precision at the Heisenberg limit. To evaluate the phase sensi-
tivity of the multi-photon pulses generated by our selective photon subtractor, we consider
feeding two such pulses into a Mach-Zehnder interferometer (MZI), as depicted in Figure
6.2. The photon subtractors are fed by a single coherent input pulse, which is split equally
into two by a beamsplitter. The MZI consists of two 50:50 lossless beamsplitters, with
phase shift elements of ¢/2 and —¢/2 applied to different arms between the beamsplit-
ters. The input-output relation for the interferometer can be found by multiplying the
transformation matrices for the beamsplitters and the phase shift elements as follows:

cl (1 [t d]fe®? 0] 1 [1 4]\ [a] [—isin(¢/2) icos(¢/2)] [a
A=l 0wzl o)) ) = o) imtorm)) o]
(6.18)
where a, b and ¢, d are annihilation operators of the input and output modes, respectively. If

the input pulses to the MZI occupy the same temporal modes, the transformation described
above can be used to calculate the output state for the input state |n,m) with n photons
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sent to one input port and m photons to the other. The result is given by:

1 S~ i+ ) mAn—i—n V)" o o
‘wout>: ZZ ‘ o (2)<j) |z—i—j,m—|—n—z—])
VimE ST (=1 (sin (6/2))" 7 (cos (¢/2))"

(6.19)

However, the two input pulses of the interferometer shown in Figure 6.2 do not nec-
essarily occupy the same temporal modes, meaning that they may correspond to different
photon subtraction times in the photon subtractors. Denoting these detection times by x
and y, the mode shape of the pulses would be A/, and h;. Since both subtractors are fed by
coherent states with the same pulse shape, the longer pulse can be expressed using a two-
temporal-mode representation. For example, if z > y, the h!, can be divided into two modes

one with mode shape h; and the other one with mode shape h', H (t — y)/1 /f; dth? (t).

By doing so, the total input state of the interferometer would adopt a four-mode represen-
tation, with two input modes, each comprising two temporal modes as shown below:

kzoagy“{;? n>m0de1 ® |n - k’ 0>mod62 x> Y
Yin) = "7 . (6.20)
I;)Oéi’”n, k>m0de1 ® |07 n— k>mode2 T < )

n—

The coefficients o satisfy (af¥)” = ,Cr(hs | h’y)zk(l — (I | h’y>2) * where nCk
represents the binomial coefficient, or the combination of k£ out of n. The temporal modes
introduced above are orthogonal to each other and do not interfere. Hence, the result given
in equation 6.19 can be used to calculate the output for each mode independently.

Here, we consider using the intensity difference measurement scheme, where the phase
shift ¢ is estimated based on the difference in the number of photons counted by detectors
placed at different output ports of the interferometer. When ¢ = 0, the expected number
of counts at each detector is n, leading to an expected count difference of zero due to
symmetry. However, as ¢ deviates from zero, there will be an intensity difference between
the outputs, which can be used to infer the phase shift and estimate its magnitude. Using
this measurement scheme, the counts coming from the second mode in equation 6.20 doesn’t
contain any information about the phase ¢. This is because the conditions x > y and z < y
occur with equal probability leading to an expected count difference of zero irrespective
of the phase shift. Therefore, we consider only the counts from the first mode, which
means only the counts registered before either of the photon subtractors performs photon
subtraction are accounted for. The probability distribution for observing a difference of
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q between the detector measurements for a phase difference ¢ is given by the conditional
probability, expressed as follows:

25
2 x, 2 jl1(j+q)!
p™Y (gl o) = > (a2j?j-q—n) (2;+(f1ti))!nl
([ 255],) -
min(3.25ka=n) [ 95 4 g —p n ; ’
> (J . )( .)(_1)

i=max(0,j—n) t J =t

 (sim (6/2))" 7+ (cos (/2)) 7

X

If the input state of the interferometer is prepared by post-selecting the subtractor
outputs based on detecting both subtracted photons within the time interval between ¢,
and t,.x, the total probability p(g|¢®) is obtained by replacing (ai’y)Q by the following
integral in equation 6.21, then adding the obtained p(q|¢) and p(—q| ¢) to account for
second half of cases where x > y:

T ) Jarnr ()] we ) [ 12, drn? (r)}"ﬂ

o
« | (iz ) [ drn? (- )]J 12 (x) 7 drk (T)}nl}
x ( . —1 ) (W | WY1 = (W, | h,y>2)n_1_k]

||'Mg

[o.@]
2 3 lePled i S

min min

=21
P

(6.22)

6.2 Proposed Scheme

6.2.1 Operational principle

In this section, we propose a practical scheme to implement the selective photon subtrac-
tor concept introduced and mathematically formulated in the ideal limit in the previous
section. The proposed approach extends the two-emitter photon-subtraction scheme intro-
duced in the previous chapter. Figure 3.6.(a) shows a schematic of the photon subtractor,
consisting of n A-type three-level emitters coupled to a single chiral waveguide. All atoms
are initially prepared in the ground state |2), except for the n-th atom (the rightmost one),
which is initially in state |1). The input pulse is introduced into the right input mode, 74,.
As we will explain below, when a stream of photons is sent to the right-propagating input
modes of the waveguide, this system is capable of subtracting the n-th arriving photon in
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Figure 6.3: (a) The proposed scheme consisting of n three-level emitters coupled to a chiral
waveguide, along with their initial states. (b) A potential realization of the scheme in part
a, using a chiral photonic crystal waveguide with an acousto-optical switch at the output.

the stream, diverting it to the output of the counter-propagating mode, while allowing the
other photons to be transmitted to the output port of the same initial mode.

According to the initial states of the atoms in the proposed scheme shown in the figure,
the first photon introduced into the r;, input, after passing through the first n — 1 atoms
without interacting with them, interacts with the n-th atom, switching it to state |1) and
getting reflected into the left-propagating mode. This photon is then reflected by the n—1-
th atom, switches its state, and exits through the r,,; output mode without interacting
with the n-th atom a second time. After this, all atoms are in state |2), except the n —1-th
atom. Consequently, the atom in state |1) has shifted one position to the left. This process
is repeated for the next n — 2 photons, with the atom in state |2) eventually shifting to
the leftmost position. It then subtracts n-th photon and routes it to the [,,; output port.
After the subtraction process, all atoms are in state |2), and none interact with photons
in the red mode, allowing subsequent photons to be transmitted.

In the scenario described, our photon subtractor divides an m-photon (m > n) input
pulse into two temporally entangled output pulses: a single-photon pulse at the [,,; output
and an m — 1 photon pulse at the r,,; output mode. The temporal entanglement ensures
that exactly n—1 photons of the latter pulse can exist in the portion of the pulse preceding
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the detection of the photon in the single-photon pulse. Consequently, the subtracted photon
pulse can serve as a trigger to temporally divide the r,,; output pulse into two parts, with
the first part being an n — 1 photon pulse, regardless of the number of photons in the
input pulse. This implementation is depicted in the setup shown in Figure 6.3.(b), where
an acousto-optical modulator (AOM), controlled by the detection signal from a single-
photon detector placed at the [,,; output, is used to separate the n — 1 photon pulse from
the remaining photons at the r,,; output. The setup employs a chiral photonic crystal
waveguide [77], with three-level emitters coupled to it. Alternatively, nanofibers can serve
as chiral waveguides [102], with emitters positioned adjacent to them and evanescently
coupled to the waveguide field. Coherent laser pulses are introduced, and a high-reflectivity
beam splitter at the input separates the subtracted photon, directing it to the detector.

6.2.2 Input-output formulation

In section 6.1, we demonstrated that the selective photon subtractor concept can generate
highly pure, nearly single-mode Fock state pulses. Now, we need to assess whether the
proposed scheme in section 6.2.1 can effectively implement the described photon culling
process. To do this, we perform two different types of simulations. First, we use the
dominant mode shape derived earlier to calculate the quantum state of the output light
in our scheme occupying this mode. Second, we assess the performance of the proposed
scheme within the measurement setup depicted in Figure 6.2. In the first part of our
simulations, since the input pulse is assumed to be single-mode and our focus is on the
quantum state in the primary mode of the output light, a single cavity is used at both the
left input port and the output port (after the switch). The coupling of these cavities to
the waveguide is described by equation 1.12, where w (¢) and v () are amplitude functions
of the input and output modes, respectively.

To derive the effective total Hamiltonian and Lindblad operators required in the master
equation, we employ the SLH framework, described in section 1.2.2. In a frame rotating
with the carrier frequencies of the input and output light, the SLH representation of the

emitters, the input cavity, and the output cavity are as (I, Nall a%) 023 ] Ala + Aga >
(I glaw 0], O) and <I gl ay 0 ]T,O), respectively. In these expressions a, and a,

are photon annihilation operators of the input and output cavities and o), = ]m> ) (n| 0
is the transition operator of the i-th emitter. Moreover, v, Ay, and A, are photon emis-
sion rate of the atoms to the waveguide modes and detuning of the atomic transition with
respect to the input and output light frequencies, respectively. This leads to the following
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effective Hamiltonian:
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where H.c. stands for Hermitian conjugate terms. The Lindblad operators of the network
responsible for the system collapse when an output photon falls outside the dominant mode
(Lo) or the subtracted photon is detected by the detector (L) are:

Lo = giau + giaw + 7 »_ 013, Li=7) al. (6.24)
i=1 =1

It should be noted that the model provided above assumes that each component oper-
ates as a Markovian system, which holds in the weak coupling regime [16,121]. Additionally,
the propagation delay between the atoms is assumed to be much smaller than the response
time of the atoms. While finite propagation delays in quantum networks can introduce
non-Markovian effects, in the limit where these delays vanish, they can be modeled as
phase lags and the system’s dynamics can be approximated as evolution under a Marko-
vian Hamiltonian as demonstrated by Gough and James [15]. Since these phase lags do
not affect the photon statistics at the output of the cascade, as discussed in the previous
chapter, they have been set to zero in this analysis.

In the second part of our analysis, we simulate the quantum-optical phase measurement
scheme outlined in the previous section, utilizing the photon subtractor implementation
proposed here. Following the approach described above, we treat the measurement setup
depicted in Figure 6.2 as a quantum network with a vacuum input by introducing a virtual
cavity with a coherent state at the input of the leftmost beamsplitter. The SLH triple

for a lossless beamsplitter is Gy = (U, [ 00 }T, 0) where U is the unitary input-output

transformation matrix, as given in equation 6.18 for a 50:50 beamsplitter. Combining the
SLH representations of the components yields the following Hamiltonian, which can be
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used to analyze the network dynamics by solving the governing master equation:
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(6.25)

Additionally, the Lindblad operators Lp; and Lps, described below, represent photon
detection in detectors D1 and D2, respectively, at the output of the interferometer:

Lpy = \/_ZU 13 sin (¢/2) + \/_20122) cos (¢/2) ‘f'%fguau w2

(6.26)
Lp2 = \/_Z 013 ) cos (9/2) + \/_Z 013 sin (¢/2) + % guau ei¢/2

The first index number in the superscript of the Hamiltonian and atomic transition
operators indicates the photon subtractor to which they belong. The subtractor at the top
input of the interferometer is indexed by 1, while the bottom subtractor is indexed by 2.

6.3 Simulation Results and Discussion

In this section, first we use the analytical model developed in Section 6.1 for the selective
photon subtractor, introduced earlier, to evaluate its performance in generating multi-
photon Fock states with varying photon numbers. As discussed, the temporal entanglement
created during the deterministic photon subtraction process causes the output photons
from the photon culler to occupy multiple temporal modes. Post-selection of the generated
pulses, based on the detection time of the subtracted photon, can enhance the modal purity
at the device’s output. While this improves purity, it comes at the cost of reducing the
generation rate of Fock states. However, since the device can work with coherent pulses at
the input and such pulses can be generated at a high rate, it is still possible to efficiently
produce highly pure Fock states. To determine the set of temporal modes that contain the
majority of photons, we solve the optimization problem described by equation 6.16. This
equation can be discretized and solved using an iterative method. To do so, first an initial
solution Lg () is guessed (for example, a reasonable choice could be the corresponding
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Figure 6.4: (a) Pulse shape of the subtracted photon in a selective photon subtractor
subtracting the 4" arriving photon, for Gaussian coherent inputs with different mean
photon numbers 7. (b) Dominant mode shape of the output 3-photon pulse for different
values of the time interval width A (n = 5).

L(x) for fi = h,(tn1in+tmax)/2). Next, using equation 6.10, ¢(!) (L, z) is computed, and by
substituting it into equation 6.16 and solving the resulting linear equation, a new function
Ly (x) is obtained. In this step, A is used to adjust L; (x) and ensure that the constraint in
equation 6.13 is satisfied. This process is repeated until convergence is achieved. Finally, f;
is calculated using v (z) = f:r:j" dyL (y)G (z,y) and equation 6.12. The same method can
be applied sequentially to find higher-order modes of the output light. The only difference
is that when determining the n-th mode, additional constraints beyond the one in equation
6.13 must be introduced. These additional constraints ensure that the calculated mode is
orthogonal to the previous n — 1 modes.

The modal purity obtained from solving the above optimization problem clearly de-
pends on the width of the time interval [tyin, tmax] used for the post-selection process. A
wider interval results in a higher pulse generation rate, while narrower intervals enhance
purity. To achieve highly pure output pulses at a reasonable rate, we select the interval
to be centered around the peak of the subtracted photon’s pulse shape. This pulse shape
corresponds to the probability distribution of the subtracted photon’s detection time, as
given by the integrand in equation 6.8.

Figure 6.4.(a) depicts the probability distribution corresponding to a device subtracting
the fourth arriving photon (used to generate a 3-photon Fock state output) for input
coherent pulses with varying mean photon numbers n. For this result, as well as all other
simulations in this section, we consider an input with a Gaussian amplitude of width 7,
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Figure 6.5: Probability of successful Fock state generation (P), Single-modedness of the
generated pulse (), Photon number standard deviation of the first mode (o), and Fidelity
of the quantum state contained in the first mode with an n-photon Fock state (F’) for (a)
2-photon Fock state, and (b) 3-photon Fock state.

described by the amplitude function h (t) = /2/(7y/7)exp (—2t?/72). The probability
P, indicated in the figure legend represents the likelihood that one photon is subtracted.
For an ideal deterministic photon subtractor, this equals the probability that the input
pulse contains at least four photons. In Figure 6.4.(b), the calculated dominant mode

shape containing the maximum number of photons is shown for different values of the time
interval width A.

In Figure 6.5, the impact of the post-selection parameter A on the characteristics of
the generated multi-photon state by a selective photon subtractor is illustrated. Parts
(a) and (b) of the figure examine the generation of n = 2 and n = 3 photon Fock states,
respectively, from a coherent input containing n = 5 photons. The first parameter studied is
the probability P, representing the likelihood that a single photon is successfully subtracted
and falls within the acceptable time interval [tuyin, tmax|- The modal purity of the output
light is represented by the parameter S = (n4)/n, which quantifies the fraction of the output
photon population contained in a single mode, indicating the level of single-modedness of

the output light. Photon number standard deviation o = /(n2) — (n1)? is used to measure
the consistency in the calculated average single-modedness S. Finally, F' represents the
fidelity of the quantum state in the dominant output mode compared to an ideal n-photon
Fock state. As expected, increasing A leads to an enhancement in the probability P, which
saturates at a maximum level corresponding to the likelihood that the input coherent state
contains at least n photons. This increase in probability, however, is accompanied by
a degradation in the other three parameters—modal purity S, photon number standard
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Figure 6.6: Wigner functions of the generated (a) 2-photon, and (b) 3-photon Fock states
using the cascaded QED scheme shown in Figure 6.3. The generation probability (P),
single-mode purity (5), and fidelity (F') of the produced states are indicated in the plot
(n=>5 A=71/8, y7 =10%)

deviation o, and fidelity F'—as A becomes larger. Nevertheless, the results suggest that as
long as the photon subtractor is supplied with a high rate of coherent pulses, it is possible
to generate Fock states at a high rate, with fidelity and modal purity approaching unity,
by selecting small values of A.

After demonstrating the capability of the photon culling approach in successfully gen-
erating Fock states, we now investigate the performance of our proposed scheme. Using
the modal structure obtained by solving equation 6.16, we simulate the quantum network
described by equations 6.23 and 6.24 to extract the exact quantum state within the domi-
nant output mode of the cascaded QED system. This is achieved by using the stochastic
quantum trajectory method, implemented with the QuTiP package in Python, to evolve
the network in time by solving its governing master equation. The results are presented in
Figure 6.6, where the Wigner functions of the generated 2- and 3-photon Fock states are
plotted. The calculated fidelities exceed 90% for A = 7/8 and can be further improved,
approaching unity, by reducing A.

To evaluate how the multi-photon pulses generated by the photon culling process out-
perform classical light in quantum metrology, we consider a quantum-optical interferometry-
based phase measurement scheme, as illustrated in Figure 6.2. As mentioned before, the
goal is to estimate the phase ¢ by measuring the difference ¢ in photon counts registered
by detectors D1 and D2, positioned at different outputs of the interferometer. Using the
probability distribution from equation 6.21, the Fisher information can be calculated as a
measure of the average information that can be inferred about the phase ¢ from a single
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Figure 6.7: Effect of (a) photon number n, and (b) post-selection interval A, on the Fisher
information content of the output light of the interferometer for 3-photon input pulses
generated via selective photon subtraction.

measurement. This is given by the following summation over all possible outcomes ¢:

F(e)= ) ! (apéi’;@) . (6.27)

S rlde)

The significance of Fisher information lies in the fact that, according to the Cramer-Rao
bound, the precision of an unbiased estimator in a measurement is fundamentally limited
to 1/F () [150]. This sets the lower bound on the variance of any estimator, meaning that
higher Fisher information leads to more precise estimates. In classical interferometry with
coherent light, the Fisher information equals the total number of photons used at the input
of the interferometer [3]. However, it can be shown that when coherent light is replaced
by n-photon Fock states, the Fisher information increases to 2n (1 4+ n) which scales with
the square of n, consistent with the Heisenberg limit [101].

Figure 6.7.(a) illustrates the Fisher information for generated multiphoton states with
varying photon numbers when no post-selection is applied to the output (A — o00). As
observed, for photon numbers greater than 1, the Fisher information becomes dependent on
¢, exceeding the classical limit in certain regions of the ¢ domain. Notably, as n increases,
the peaks of the curves rise beyond linear behavior, indicating that the Fisher information
moves further away from the classical limit and approaches the Heisenberg limit. In Figure
6.7.(b), we observe the enhancement of Fisher information through post-selection. The
results are presented for a 3-photon pulse, demonstrating that if the selected width A for
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Figure 6.8: Conditional probability P (¢|¢) vs. phase shift ¢ for 3-photon Fock state

inputs when (a) No post-selection applied (A — o0), and (b) post selection applied with
A =1/32.

the post-selection interval is sufficiently small, it is possible to approach the Heisenberg
limit for pure Fock states of the same photon number. The dips in the curve are attributed
to the high probability of measuring odd ¢ values, which convey less information at specific
phases. It is important to note that for pure Fock state inputs, only even ¢ values can
occur.

In Figure 6.8, the conditional probability P (g|¢) is plotted for different values of g.
In part (a), where no post-selection is applied, the curves exhibit broader peaks and lower
sensitivity to changes in ¢. However, after applying post-selection with a relatively small
A, the curves for odd values of ¢ disappear, leaving sharper peaks for the remaining curves.
In the specific case of single-photon inputs, the only possible measurement with an odd ¢
is ¢ = £1, which occurs when there is only one photon at the common mode of the two
inputs. This single photon will be detected at one of the detectors regardless of the phase
¢. Consequently, the Fisher information curve for this specific case is independent of ¢, as
observed in Figure 6.7.(a).

Figure 6.9 shows the precision of a single measurement of the phase as a function of the
number of photons in the multi-photon states used. As observed, when no post-selection
is applied, measurements with low-photon-number Fock states can yield precisions higher
than the classical limit achieved with coherent inputs. However, as the photon number
increases, the situation improves, and the precision surpasses the classical limit across all
values of ¢. When post-selected input states from the photon culler are used as input to
the interferometer, the precision is significantly enhanced, closely following the Heisenberg
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Figure 6.9: Phase measurement precision against the number of photons in multi-photon
state inputs to the interferometer. (a) No post-selection applied (A — o), and (b)
post-selection applied with A = 7/8.
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Figure 6.10: Conditional probability P (q|¢) vs. phase shift ¢ for 2-photon Fock state
inputs and no post-selection (A — 00). Dotted lines are analytical results for the ideal
photon culler, circle markers are Monte-Carlo simulation results for the proposed emitter
cascade scheme.

limit curve, particularly at higher photon numbers. Overall, as demonstrated by these
results, the Fock states generated through the selective photon subtractor concept can be
efficiently applied to quantum phase estimation. The next step is to determine whether the
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proposed cascaded scheme can achieve the same results. To do this, we use the quantum
network model developed in the previous section, as formulated in equations 6.25 and
6.26. We apply the quantum trajectory method to solve the governing master equation
and analyze the statistics of the detector clicks registered at the output of the MZI. The
results, shown in Figure 6.10, illustrate the conditional probability distribution for twin
2-photon Fock states generated by two 3-emitter cascades. As observed, the results align
with the analytical predictions, indicating that the desired measurement precision can be
realized using the proposed multi-emitter scheme.
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Chapter 7

Conclusions

This thesis explored how the manipulation of light pulses at the single-photon level can
unlock a wide range of possibilities, with applications across various areas of quantum in-
formation technology. Photon subtraction was employed as the primary tool to achieve this
goal. Among the various photon subtraction techniques currently available and experimen-
tally demonstrated, we focused on the one based on the single-photon Raman interaction
(SPRINT). This approach not only enables deterministic photon subtraction due to its
self-terminating nature, but also allows the subtracted photon to be routed to a distinct
optical mode. This capability opens up additional opportunities for applications that rely
on either measurements performed on the subtracted photon or its use as a trigger for a
secondary process. We explored and discussed the feasibility of experimentally implement-
ing the proposed schemes based on the current state of the art, and the parameters used in
the simulations were chosen to reflect values that are technologically achievable according
to the literature.

To evaluate the performance of the SPRINT mechanism for deterministic single-photon
subtraction, we began with a comprehensive analysis of single-photon transport in bimodal
waveguide-cavity systems coupled to three-level A-type quantum emitters. Combining
analytical techniques based on the input-output formalism with numerical simulations
using the Monte Carlo wave function (MCWF) method, we investigated the influence of
various parameters including input pulse shape, duration, carrier frequency, and quantum
state content, as well as atom-cavity coupling strength, cavity decay rate, and atomic
lifetime on the device’s behavior. Our findings highlight the potential of utilizing insights
from single-photon transport analysis to guide the design of efficient photon subtractors
capable of extracting photons from input pulses with varying photon counts, achieving
success probabilities approaching unity. We evaluated the success rate of our photon
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subtractor within current QED systems involving multiple cavity modes interacting with a
single quantum emitter, demonstrating that success rates approaching unity are achievable,
particularly with cold atoms trapped in crossed optical fiber cavities.

Motivated by recent advances in the fabrication of highly chiral nanophotonic waveg-
uides and the successful direct coupling of solid-state quantum emitters to them, we next
analyzed the photon subtractor in a configuration where the incoming light and the sub-
tracted photon propagate in counterpropagating modes of a chiral waveguide. We demon-
strated that deterministic photon subtraction in this scheme can effectively transform
squeezed and coherent states of light into non-Gaussian states. We employed an input-
output formalism with squeezed vacuum, coherent, and Fock state input pulses to calculate
the temporal modes of the output light through eigen decomposition of first-order auto-
correlation matrices. Subsequently, we determined the quantum state content of different
modes by cascading virtual cavities at various outputs of the subtractor and evolving the
obtained quantum network in time using quantum trajectory method. Our results revealed
that the proposed method not only can achieve higher success probabilities for generating
kitten states from squeezed vacuum compared to traditional beam-splitter-based methods
but also has the capability to generate non-Gaussian states, including kitten states, di-
rectly from coherent laser pulses. The calculated fidelities are above 99% for both cases of
squeezed vacuum and coherent states.

In the next step, we explored cascading single-photon subtractors in one-way and two-
way configurations, aiming to achieve multi-photon subtraction and selective photon sub-
traction, respectively. For the one-way cascade, we proposed and thoroughly investigated
a photon-number-resolving (PNR) detector based on a series of A-type emitters coupled
to a chiral waveguide. In this potential application of SPRINT-based deterministic photon
subtraction, the cascade of waveguide-coupled A-type atoms enables deterministic demul-
tiplexing of input photons across multiple single-photon detectors. Based on a photon
transport analysis in the time domain, we calculated the success rate of photon subtrac-
tion for input pulses with varying photon numbers, considering single-mode pulses, as well
as both fully or partially overlapping multi-mode pulses. We further evaluated the total
number of photons subtracted by the cascade and determined the achievable resolution
precision as a function of the number of emitters and their coupling strength to the waveg-
uide. Our results showed that the proposed detector, with technologically feasible coupling
rates, can outperform conventional spatial demultiplexing PNR schemes using the same
number of single-photon detectors.

Subsequently, we turned to two-way cascades over chiral waveguides and, by leveraging
the temporal entanglement of the output photons in a deterministic photon subtractor,
demonstrated the possibility of selective photon subtraction. The selectivity arises from
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the photon subtractor’s ability to choose which photon to subtract based on its position in
the time arrival sequence, a capability we referred to as photon culling. For the specific case
of two-emitter cascade, our results demonstrated the proposed scheme’s ability to deter-
ministically extract single photons from pulses with more than one photon while allowing
the transmission of pulses with only one photon. Our findings suggest tantalizing potential
for successful photon-number-splitting (PNS) attacks on quantum key distribution (QKD)
schemes implemented with weak coherent pulses and motivate future efforts to implement
this scheme experimentally. By extending the two-emitter scheme to a multi-emitter con-
figuration, we demonstrated that this specialized photon subtractor can be used to directly
generate multi-photon Fock states with high fidelity and modal purity from a coherent in-
put. An input-output analysis of this system revealed that the generated multi-photon
states could significantly enhance phase measurement precision in quantum-optical inter-
ferometry—a potential application of this technique. This enhancement can be further
improved, approaching the Heisenberg limit, by post-selecting the generated states based
on the detection time of the subtracted photon. Since the process is based on coherent laser
pulses, high-rate Fock state generation remains feasible, even with stringent post-selection
conditions.

7.1 Future Directions and Outlook

The range of possible applications explored in this thesis for deterministic photon subtrac-
tion arises from two main mechanisms by which this operation manipulates light: altering
the photon number distribution and generating temporal entanglement between the out-
put photons. We demonstrated how the combination of these two mechanisms enables the
direct generation of non-Gaussian states of light, including Schrodinger’s kitten states and
multi-photon Fock states, from an input Gaussian state. Moreover, in contrast to tradi-
tional photon subtraction schemes, which are inherently probabilistic and suffer from low
success rates that limit their effectiveness for multi-photon subtraction, the deterministic
approach investigated in this thesis supports high-fidelity number-resolved multi-photon
subtraction. These capabilities pave the way for photon subtraction schemes that could
significantly expand the range of accessible nonclassical states and enhance their generation
rates.

Regarding the PNR detection capability, one can further explore how this approach
compares to conventional demultiplexing-based PNR detection as the number of detectors
increases beyond the few-photon case studies presented here, particularly for the detec-
tion of more complex nonclassical states. Notably, our PNR detector exhibits several
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unique features, such as the emergence of correlations in the nonlinear regime and the
generation of intermittent entanglement between photons during the detection process.
These features are absent in conventional demultiplexing schemes and open new avenues
for both foundational research and practical applications. Beyond high-precision multi-
photon detection, this PNR scheme may also enable novel forms of quantum tomography
and the generation of exotic photon states by combining its photon-number-resolving and
entanglement-generating capabilities.

Implementing the photon subtraction mechanism described in this thesis using a solid-
state platform instead of cold atoms can offer several advantages, including the capability of
on-chip integration with electronics, increased scalability, and potential for miniaturization.
Solid-state emitters exhibiting A-type transitions can be found among point defects in

wide-bandgap semiconductors, such as diamond [137] and silicon carbide [128], as well as
in quantum dots [31]. Among the different potential candidates, the combination of large
optical oscillator strength and long coherence time [0,419,117], makes NV and SiV centers

in diamond particularly well-suited for this application.
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Appendix A

Derivation of the Optical Bloch
Equations

To find the set of governing Bloch equations given in equation 3.1, one must initially
derive the total Hamiltonian of the system, which is the summation of the waveguide’s
Hamiltonian Hg, emitter’s Hamiltonian H., and their interaction Hamiltonian Hiy:

Htot = HWg + He + Hint (Al)

where the different terms can be expressed as follows:

+oo

ng = f (TLTW - li;lw) wdw
He = w033 + (w1 — w2) 022 (A.2)
400 400
Hint = ZVR f (7“:2013 - 0317@) dw + ZVL f (l:[)023 - Ugglw) dw
In the above equation, ¢;; = |i) (j| is the atomic transition operator, w; is the tran-

sition frequency from the excited state to the ground state |i), 7,,(l,) is the annihilation
operator for a right (left) propagating mode of frequency w, and Vz(Vy) is the coupling
strength between the light propagating in right (left) direction with the corresponding
atomic transition.

Heisenberg equation of motion can be used to obtain time derivatives of any arbitrary
operator A (t) in the Heisenberg picture (h = 1):

dA(t .

% = i [Hior, A (1)] (A.3)
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This, after substituting in equations A.1 and A.2, results in the following set of ordinary
differential equations governing time evolution of different atomic transition operators:

“+oo
on=Vg [ (Uglm + Tlalg) dw
Foo
0'22 == VL f (Ugglw + llO’Qg) dw
700—&—00 +oo
O"33 = —VR f (TI_)O'lg + O'317’w) dw — VL f (ll)0'23 + nglw) dw
o +0o0 o +0o0 (A4>
613 = —iW1013 + VR f ((033 — 011) Tw) dw — VL f (Ulglw) dw
Foo oo
093 = —iWwg0o3 + V1 f ((o33 — 022) ly) dw — Vg f (0217y) dw
) - +o0o ;O;o
012 = —1 (Wl — WQ) 012 + VR f (O'gQTw) dw + VL f (llo’lg) dw

Also, for the right and left propagating field operators, one obtains:
T"w = —in‘w + VRGlg lw = iwlw + VL023 (A5)

which after integration gives:

t t

T = To|y_, e ) —i—VR/a e~ =gy’ Lo = Lo,y €01 +VL/02 e~ =gy’
to to

(A.6)

Substituting equation A.6 into A.4 results in the set of optical Bloch equations given

in equation 3.1, where input operators r;, and [;, are defined as Fourier transform of the

bath operators r, and [, at time t = ¢y, before the light starts interacting with the emitter:

+o0
, 1 ,,
dw'ryy (t) e~ (t=t0) Lin (1) = —— [ dw'ly (to) e’ ¢t (A7)
2V 27r / 2T

In deriving equation 3.1, we assume that the coupling strengths Vxz and V; are equal
and express them in terms of the emission rate 7, of the atom to the guided modes of
the waveguide as Vi = Vi, = \/,/27. Using a similar approach to equation A.7, one can

Tint:
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define the output operators r,,; and l,,; to keep track of the output light from the system
at time t = t;, which is after the interaction ends:

+00 +o0
1 - 1 -
Tout (1) = NG / dw'r. (t) e~ (=0 lout (1) = NeT: / dw'ly (tp) e 1) (AL8)

Integrating equation A.6 over all frequencies, and then substituting equations A.7 and
A8, yields the input-output relations for the system as given in equation 3.2.
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Appendix B

Derivation of First Autocorrelation
Matrix

B.1 Squeezed vacuum input

When the input is in the squeezed vacuum state |¢), = S (¢) |0) with the complex squeeze
parameter ( = se?, we can define the state obtained by annihilating n photons from the
original vacuum state as |(), = a"|¢), where a is the annihilation operator of the corre-
sponding mode. Then, using the notation ;(oa) =i (€| oan|C) ;» We express the equations
set 3.11 and 3.12 as follows:

O (011) = /g (n (031) 1 @ (1) + & () ns1(013),,) + 79 (033)
Oy (033) = —\/Tg (n (031) g @ (t) + @ (1),,41(013),,) — 274 (033)
Oy (013) = Vg (n(033) 1 — nl011) 1) @ (1) — 74 (013) (B.1)
9 (031) = /g (n41(033),, — nt1{o11),,) @™ (t) — 7 (31) '
Op (032) = =/ Vgn+1(012),,@" (t) — 7, (032)
0¢ (012) = \Agn(032),,4,0 (1)
and:
O,y (o1 (t2) 013 (1)) = /g (n (031 (£2) 013 (11)), g ¢ (t2) + @ (2) nr1 (013 (2) 013 (11)),,) + Vg (033 (t2) 013 (1))
O, (033 (t2) 013 (1)) = —/Tg (n (o1 (t2)013 (t1)) g1 @ (t2) + (¢ )n+1< o1 (t )013( )>n) — 27, (033 (t2) 013 (t1))
O, (013 (t2) 013 (1)) = g (w033 (t2) 013 (11)) 101 — nlo11 (B2) 013 (£1)),11) @ (t2) — g (013 (t2) 013 (1))
O, (31 (t2) 013 (t1)) = /g (1033 (t2) 013 (t1)),, — ni1 {011 (t2) 013 (11)),,) @ ( ) Vg (031 (t2) 013 (1))
Opy (032 (ta) 023 (t1)) = —/Agn+1(012 (t2) 023 (t1)),,0" (ta) — g (032 (t2) 023 (1))
Op, (012 (t2) 023 (t1)) = /Vgn (032 (t2) 03 (t1)) 11 ¢ (t2)

(B.2)
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Both equations B.1 and B.2 represent sets of recurrence equations, similar to the case
of Fock state input. As n increases, |¢), tends toward zero, allowing for truncation at
a sufficiently large n, after which the equations can be solved. The initial conditions for
equation B.2 are analogous to those provided in equation 3.13. Furthermore, in accordance
with the photon number distribution of the squeezed vacuum state, which is as follows:

B (—ew tanh s)n (2n!)%
)= Z Vv cosh s 2nn!

n

12n) (B.3)

the nonzero initial conditions for equation B.1 will be:

—e'? tanh s ant 41 n 1+ n J+1
i<0‘11>j = Z( tanhs) [ ( ( il 1)( (n5°)Y) } 1 and j are both odd

O P ey e
_ g~ (e tanhe)™ 2 (2nti))((2n+0)) - and i
o), = zn: ) v o (n:])'(%)! v and j are both even

(B.4)

Solving equation B.2 gives the first correlation terms appearing on the right-hand side
of equation 3.8. For the other three correlation terms appeared in equation 3.8, one can
write:

(1o (12) i (1)) = (z L [ ] ) o () a () -
(rin' (t2) 013 (1)) = " (t2) 1 {013 (t1)), '
(31 (t )Tzn(t1)> ( 31 (t2)),a (1)

B.2 Coherent input

For the case where the input pulse is in a coherent state |a), one has ry, (t) |a) = «a (t) |a).
Taking the expectation values of both sides of equation 3.1 yields:

O (o11) = Vg ((os1) a (E) + & (t) (013)) + Vg (033)

i (<( 0§1> <<t)>j)L az ()t) <013<>) _>2’79 o

013) = /79 ((033) — (011)) @ (t) — 7y (013

) = Asa* (1) ((35) — (1)) — 7 (031 (B.6)
i t) (o12) — 74 (032)
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which needs to be solved according to the initial condition of (o1;) = 1. Equation 3.12 in
this case changes to the following form:

Oy (o1 (t2) 013 (1)) = /g ({031 (t2) 013 (1)) (L) + ™ (t2) (013 (t2) 013 (t1))) + 7 (033 (t2) 013 (1))
Oy (033 (t2) 013 (t1)) = —/Vg ({031 (t2) 13 (1)) a (t2) + ™ (t2) (013 (t2) 013 (t1))) — 274 (033 (t2) 013 (1))
Oy (013 (t2) 013 (1)) = /g ({033 (t2) 013 (t1)) a (t2) — a* (t2) (11 (t2) 013 (t1))) — Vg (013 (t2) 013 (1))
Ory (031 (t2) 013 (1)) = /g ({033 (t2) 13 (t1)) — (011 (t2) 013 (1)) a* (t2) — 7y (031 (t2) 013 (t1))
Oy (032 (t2) 023 (1)) = — /g (012 (t2) 023 (t1)) @ (t2) — vy (032 (t2) 023 (1))
O, (012 (t2) 023 (1)) = Vg (032 (t2) 023 (t1)) & (t2)
(B.7)
The initial conditions will be as follows:
(032 (t2) 023 (t1)) |1y, = (031 (t2) 013 (t1))]1,—y, = (033 (t1)) (B.8)

(012 (t2) 023 (t1)) 1y, = (011 (t2) 13 (t1))] 1=y, = (013 (t1))

Solving equation B.7 with the initial conditions given in equation B.8 gives the first cor-
relation terms appearing on the right-hand side of equation 3.8. Also, the other correlation
terms appearing in equation 3.8 will be:

(rin' (t2) in (01)) = ™ (t2) a (t1)
(rin® (ta) 013 (1)) = a* (t2) {013 (1)) (B.9)
(031 (t2) i (1)) = (031 (2)) v (t1)
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Appendix C

Scattering Matrices for Two and
Three Photon Inputs

Using equations 4.9 and 4.10, the scattering matrix elements for the two cases of two- and
three-photon inputs can be written as follows:

Y2 (ty, to; U1, t9) = 21 (t'1 — t1) & (ty — t'9)

55 (1, tos t',1'2) = Bg (1 — t1) By (s — ) — 740 (ta — t'1) exp (7 (01 — t'2))

35 (tr, to; 'y, t'9) = g (' — 1) B¢ (2 — t2) — 740 (t2 — t'1) exp (7 (t1 — t'2))

3 (41, to, ta;t'y, U9, s ) ¥t —tl) (s —t’g)é(t5 —t3)

22 (tl, tQ, td,t 1, t/ 2, t'. ) (tll ) El (tlg — t2> 0 (t3 — t/g) — ’}/g(g (tg — tll) ) (td — tlg) exp (’yg (tl — tlz))

23( 1,t27t3,t17t2,t/ ) (tll —t1> El (tlg —tg) E% (tlg—tg) —’yg(; (tQ —t’l)E% (tlg —tg) exp (’Yg (tl —t )
—Y9%0 (t' t1) 6 (ts —t'a) exp (g (ta — 1'3)) — Vg0 (t2 — t'1) 6 (t3 — U'2) exp (74 (1 — '3

2)

)
55 (t1 o, tas t'y, 2, t'3) = Bg (Hh — 1) Bg (2 — 12) Bg (' — t3) — 740 (f2 — 1) X ('3 — t3) exp (7, (11 — 1'2))
7980 (t'r = 11) 0 (ts — ') exp (7 (t2 — 1'3)) = 740 (t2 — 1'1) 6 (t3 — t'2) exp (7, (11 — 1'3))
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