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Abstract

This thesis employs operator-algebraic and group-theoretical techniques to study veri-
fiability and complexity in bipartite quantum systems. A bipartite Bell scenario consists
of two non-interacting parties, each can make several quantum measurements. If the two
parties share an entangled quantum state, their measurement outcomes can be correlated
in surprising ways. In general, we do not directly observe the entangled state and measure-
ment operators (which are referred to as a quantum model), only the resulting statistics
(which are referred to as a “correlation”) — there are typically many different models
achieving a given correlation. Hence it is remarkable that some correlation has a unique
quantum model. A correlation with this property is called a self-test. In the first part
of this thesis, we give a new definition of self-testing in terms of abstract states on C˚-
algebras. We show that this operator-algebraic definition of self-testing is equivalent to
the standard one and naturally extends to the commuting operator framework for nonlocal
correlations.

We also propose an operator-algebraic formulation of robust self-testing. For many
nonlocal games of interest, including synchronous games and XOR games, their optimal
strategies correspond to tracial states on the associated game algebras. We show that for
such nonlocal games, our operator-algebraic definition of robust self-testing is equivalent to
the standard one. This, in turn, yields an implication from the uniqueness of tracial states
on C˚-algebras to robust self-testing for nonlocal games. To address how to compute the
robustness function of a self-test explicitly, we provide an enhanced version of a well-known
stability result due to Gowers and Hatami and show how it completes a common argument
used in self-testing.

Self-testing provides a powerful tool for verifying quantum computations. Given that
reliable cloud quantum computers are becoming closer to reality, the concept of verifia-
bility of delegated quantum computations is of central interest. Many models have been
proposed, each with specific strengths and weaknesses. In the second part of this thesis,
we put forth a new model where the client trusts only its classical processing, makes no
computational assumptions, and interacts with a quantum server in a single round. In
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addition, during a set-up phase, the client specifies the size n of the computation and
receives an untrusted, off-the-shelf (OTS) device that is used to report the outcome of a
single measurement. We show how to delegate polynomial-time quantum computations
in the OTS model. This also yields an interactive proof system for all of QMA, which,
furthermore, we show can be accomplished in statistical zero-knowledge. This provides the
first relativistic (one-round), two-prover zero-knowledge proof systems for QMA.

Mathematically, bipartite quantum measurement systems can be modeled by the tensor
product of free ˚-algebras. The third part of this thesis studies the complexity of determin-
ing positivity of noncommutative polynomials in these algebras. An element of a ˚-algebra
is said to be positive if it is non-negative in all ˚-representations. In many situations,
we’d like to be able to decide whether an element is positive, and if it is, find a certificate
of positivity. For noncommutative algebras, it is well known that an element of the free
˚-algebra is positive if and only if it is a sum of squares. This provides an effective way to
determine if a given noncommutative ˚-polynomial is positive, by searching through sums
of squares decompositions. We show that no such procedure exists for the tensor product
of two free ˚-algebras: determining whether a ˚-polynomial of such an algebra is positive
is coRE-hard. We also show that it is coRE-hard to determine whether a noncommutative
˚-polynomial is trace-positive. Our results hold if free ˚-algebras are replaced by other
algebras that model quantum measurements, such as group algebras of free groups or free
products of cyclic groups.
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I am grateful to Jop Briët, Yinan Li, Zhengfeng Ji, Arthur Mehta, Junde Wu, Penghui
Yao, and Lihong Zhi for their hospitality and stimulating discussions during my visit.

I would like to thank my friend Futian Zhang, a musician, HCI researcher, and street
photographer. The photo I used for my academic website is one of his beautiful works. I
am deeply grateful to my wife, Yue Xu, for her love, support, impeccable taste in food,
and endless happiness she brought. Lastly, I thank my parents for their unconditional love
and support. Their unwavering belief in me has been my greatest source of strength.

vii



Dedication

To my parents, Mr. Jiansheng Zhao and Mrs. Chengmei Qiu.

viii



Table of Contents

Examining Committee Membership ii

Author’s Declaration iii

Statement of Contributions iv

Abstract v

Acknowledgments vii

Dedication viii

List of Figures xiv

List of Tables xv

1 Introduction 1

1.1 Self-testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Quantum delegation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3 Hardness results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

ix



2 General Preliminaries 17

2.1 Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.1 Groups, ˚-algebras, and presentations . . . . . . . . . . . . . . . . . 17

2.1.2 Representations, states, and GNS theorem . . . . . . . . . . . . . . 19

2.1.3 More on C˚-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 Quantum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1 Quantum states and measurements . . . . . . . . . . . . . . . . . . 23

2.2.2 Nonlocal games and correlations . . . . . . . . . . . . . . . . . . . . 24

2.2.3 Quantum circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3 Complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.2 Computability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.3 Quantum complexity classes . . . . . . . . . . . . . . . . . . . . . . 30

3 Self-testing 33

3.1 An operator-algebraic formulation of self-testing . . . . . . . . . . . . . . . 33

3.1.1 Abstract state self-tests . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1.2 Self-tests are abstract state self-tests . . . . . . . . . . . . . . . . . 39

3.1.3 Abstract state self-tests are self-tests . . . . . . . . . . . . . . . . . 47

3.2 POVM models versus PVM models . . . . . . . . . . . . . . . . . . . . . . 52

3.2.1 The class of all quantum models and projective quantum models . . 52

3.2.2 Self-testing for synchronous correlations and binary correlations . . 56

3.3 Self-testing in other frameworks . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.1 Self-testing for infinite-dimensional tensor product models . . . . . 59

3.3.2 Self-testing for commuting operator models . . . . . . . . . . . . . . 65

x



4 Robust self-testing 75

4.1 An operator-algebraic formulation of robust self-testing . . . . . . . . . . . 75

4.1.1 Robust self-tests are abstract state self-tests . . . . . . . . . . . . . 79

4.2 From correlations to nonlocal games . . . . . . . . . . . . . . . . . . . . . . 81

4.2.1 Robust self-testing for nonlocal games . . . . . . . . . . . . . . . . 86

4.3 A tracial-state characterization of self-testing . . . . . . . . . . . . . . . . . 90

4.3.1 Tracial states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.3.2 General results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.3.3 Self-testing for synchronous and XOR games . . . . . . . . . . . . . 108

4.4 Robust self-testing for nonlocal games with stable game algebras . . . . . . 113

4.4.1 Near-optimal strategies and approximate representations . . . . . . 113

4.4.2 A lifting theorem for game algebras . . . . . . . . . . . . . . . . . . 119

4.4.3 General results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

4.4.4 Robust self-testing for synchronous and XOR games . . . . . . . . . 125

5 Robustness and group stability 127

5.1 An enhanced Gowers-Hatami theorem . . . . . . . . . . . . . . . . . . . . . 127

5.2 Example: CHSH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6 Quantum delegation and quantum proofs 139

6.1 Context and overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.1.1 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.1.2 Proof approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.1.3 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

xi



6.1.4 Notation and preliminaries . . . . . . . . . . . . . . . . . . . . . . . 152

6.2 Low-weight Pauli braiding test and its robustness . . . . . . . . . . . . . . 154

6.2.1 The test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

6.2.2 Proof of robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.3 Energy test and Hamiltonian game . . . . . . . . . . . . . . . . . . . . . . 166

6.4 Zero-knowledge proof system . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.4.1 Simulation of history states for XZ-Hamiltonians . . . . . . . . . . 171

6.4.2 A two prover zero-knowledge proof system for QMA . . . . . . . . . 173

6.5 Off-the-shelf model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

6.5.1 Formal description of the model . . . . . . . . . . . . . . . . . . . . 177

6.5.2 Applications to ZK and delegated computation . . . . . . . . . . . 178

7 Decision problems in operator algebras 181

7.1 Motivation and overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

7.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

7.3 Approximate states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

7.3.1 Dealing with infinite operator norm . . . . . . . . . . . . . . . . . . 194

7.4 Construction of a suitable family of algebras . . . . . . . . . . . . . . . . . 197

7.4.1 Group stage of construction . . . . . . . . . . . . . . . . . . . . . . 199

7.4.2 Construction of ASpmq . . . . . . . . . . . . . . . . . . . . . . . . . 210

7.5 Proof of Theorem 7.1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

7.6 Proof of Theorem 7.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

References 229

xii



APPENDICES 244

A The closure of finite-dimensional states 245

xiii



List of Figures

1.1 Screenshot of Tsirelson’s original proof of his bound in [Tsi87] . . . . . . . 2

1.2 Off-the-shelf model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

6.1 Off-the-shelf proof system . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.2 Low-weight linearity test. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6.3 Low-weight anti-commutation test. . . . . . . . . . . . . . . . . . . . . . . 159

6.4 Transformation from QMA instances to nonlocal games . . . . . . . . . . . 174

6.5 Statistical zero-knowledge delegation protocol using off-the-shelf devices . . 180

xiv



List of Tables

6.1 Operator solution for magic square game . . . . . . . . . . . . . . . . . . . 158

xv



Chapter 1

Introduction

Consider a physical system consisting of two separate labs, each capable of performing
several different measurements. If the two labs are entangled, then their measurement
statistics can be correlated in surprising ways that can not be explained by any classical
theory. How unexpected can quantum correlations be? In his 1980s paper [Tsi87], Tsirelson
initiated the study of the limitations of correlations allowed by quantum mechanics.

The story begins with a fundamental yet profound question, posed by Einstein, Podol-
sky, and Rosen in 1935 [EPR35]: Can quantum-mechanical description of physical reality
be considered complete?. This question led to the famous EPR paradox which states that
if the theory of quantum mechanics were complete, it would allow for “spooky action at a
distance”: measuring one particle could instantaneously affect another particle regardless
of the distance between them. To explain the strange correlations predicted by quantum
mechanics, Einstein, Podolsky, and Rosen suggested the existence of local hidden variables
— undetected locally influential factors (e.g., shared randomness) that could impact the
behavior of spatially isolated particles.

In 1964, Bell made a significant breakthrough with his formulation of Bell’s inequal-
ities [Bel64]. These inequalities offered a way to test whether the correlations observed
in entangled particles could be explained by local hidden variable theories. The simplest
form of Bell’s inequality, known as the CHSH inequality [CHSH69] (named after Clauser,
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Horne, Shimony, and Holt) involves two observers, Alice and Bob, each with a choice
between two binary observables: A1, A2 for Alice and B1, B2 for Bob. These binary ob-
servables are unitary operators having eigenvalues ˘1 and they satisfy the compatibility
condition AiBj “ BjAi. The state of this joint system is described by a unit vector |ψy.
CHSH inequality asserts that the expectation

xψ|A1B1 ` A1B2 ` A2B1 ´ A2B2 |ψy (1.0.1)

is bounded above by 2 if the measurement results are governed by any local hidden variable
theory. This inequality allows for a practical test of quantum entanglement. Numerous
experiments have demonstrated violations of the CHSH inequality. These experiments
provide strong evidence against local hidden variable theories and support the nonlocal
nature of quantum mechanics.

Building on these foundational works, Tsirelson proved that the quantum mechanical
value of Equation (1.0.1) can reach up to 2

?
2. This maximal violation of the CHSH

inequality is now known as Tsirelson’s bound. Tsirelson described his original proof (see
Figure 1.1) as “a simple but lengthy calculation”. Interestingly, this bound has a simple

Figure 1.1: Screenshot of Tsirelson’s original proof of his bound in [Tsi87]
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yet short proof following the sum of squares (SOS) decomposition

2
?

21 ´ pA1B1 ` A1B2 ` A2B1 ´ A2B2q

“
1

?
2

˜

ˆ

A1 ´
B1 ` B2

?
2

˙2

`

ˆ

A2 ´
B1 ´ B2

?
2

˙2
¸

. (1.0.2)

The implications of Tsirelson’s bound extend far beyond theoretical curiosity, inspiring
several emerging areas of research in quantum information. This thesis is motivated by
these implications and focuses on three main topics.

Self-testing for quantum systems. Equation (1.0.2) illustrates that Tsirelson’s bound
is achieved if and only if

ˆ

A1 ´
B1 ` B2

?
2

˙

|ψy “

ˆ

A2 ´
B1 ´ B2

?
2

˙

|ψy “ 0. (1.0.3)

Equation (1.0.3) can be thought of as a system of equations involving matrices and vec-
tors. Remarkable, this system has a unique solution, where |ψy is the maximally entangled
two-qubit state, and Ai, Bj’s are Pauli observables. This means some measurement statis-
tics can uniquely determine the underlying state of the entangled systems and all the
observables involved. This phenomenon is known as self-testing for quantum systems.
In Chapters 3 to 5, we study the mathematics of self-testing via operator-algebraic and
group-theoretical approaches.

Verifying quantum computation. In essence, self-testing allows us to infer the ex-
act quantum state and measurements solely from the observed correlations, providing a
powerful tool for verifying quantum computations. In a delegated quantum computation
scenario, a client with access only to a daily-use laptop wants to delegate a quantum com-
putation to a company equipped with advanced quantum computers. Both the client and
the quantum server have their concerns: the client wants to verify that the server performed
the desired quantum computation correctly (rather than using a classical supercomputer),
while the server aims to conceal the inner workings of their quantum devices during the
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interaction. In Chapter 6, we introduce a delegation protocol that leverages self-testing
to address these concerns. Our protocol allows the client to verify the server’s quantum
computation while maintaining the secrecy of the server’s internal operations.

Complexity of noncommutative optimization. Finding the maximal violation of a
Bell-type inequality can be formulated as an optimization problem over noncommuting
variables. Equation (1.0.2) represents a sum-of-squares certificate for the positivity of the
noncommutative polynomial 2

?
2 ´ pA1B1 `A1B2 `A2B1 ´A2B2q. Does every positivity

noncommutative polynomial have a sum-of-squares certificate? What is the computational
complexity of determining the positivity of noncommutative polynomials? We study these
questions in Chapter 7.

In the remainder of the introduction, we provide more context about these topics and
summarize the results presented in this thesis.

1.1 Self-testing

In a bipartite Bell scenario, two spatially-separated parties (Alice and Bob) are given
measurement settings x and y drawn from some finite sets X and Y respectively, and
return measurement outcomes a and b drawn from finite sets A and B. In quantum
mechanics, Alice and Bob’s actions in such a scenario can be modeled by measurements
tMx

a : a P Au, x P X and tNy
b : b P Bu, y P Y on respective local Hilbert spaces HA and

HB. If the joint system is in state |ψy P HA b HB, then the probability that Alice and Bob
measure outcomes a, b on inputs x, y is

ppa, b|x, yq “ xψ|Mx
a b Ny

b |ψy .

The collection of probabilities p “ tppa, b|x, yq : a P A, b P B, x P X, y P Y u is called a
quantum correlation, and the collection

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

4



is a quantum model for p. While the correlation p can be directly observed from Alice and
Bob’s actions, the model S cannot, and in fact there are typically many different models
for a given correlation p. It is remarkable that some correlations have a unique quantum
model, in the sense that there is an ideal model rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

for p,
such that for any other model S “

`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

, there are Hilbert spaces
Haux
A , Haux

B , isometries IA : HA Ñ rHA b Haux
A and IB : HB Ñ rHB b Haux

B , and a state
|auxy P Haux

A b Haux
B such that

pIA b IBq ¨ pMx
a b Ny

b q |ψy “

´

ĂMx
a b rNy

b | rψy

¯

b |auxy (1.1.1)

for all px, y, a, bq P X ˆ Y ˆ A ˆ B. A correlation satisfying this condition is called a self-
test. The isometries IA and IB are necessary, because tensoring a model with an auxiliary
register and state does not change any observable consequences of the model, including the
correlation p.

The definition of a self-test given above is somewhat ad-hoc: it’s clear that some type of
equivalence between models is required for the definition, but why exactly this equivalence,
over this set of models? Indeed, many definitions of self-testing have appeared since the
inception of self-testing in [MY04], with a rough consensus seeming to form around the
above definition only recently. Despite this ad-hoc nature, the definition above and its
variants have been very successful. Among other achievements, self-tests have been used
in proofs of device-independent cryptography [BŠCA18a, BŠCA18b]; it is possible to self-
test any pure bipartite state [CGS17]; and self-testing is one of the keys to the recent proof
of MIP˚

“ RE, which has resolved the Connes’ embedding problem, one of the biggest
problems in operator algebras [JNV`20].

Nonetheless, the ad-hoc nature of the above definition does ask for more explanation.
Christandl, Houghton-Larsen, and Mančinska [CHLM22] have made substantial progress
on this front by giving an operational definition1 of self-testing which, while complicated, is
equivalent to the above definition. In this thesis, we take a different approach: we propose
a succinct, mathematically motivated definition of self-testing. Specifically, we say that a

1In this case, an operational definition is one which can be phrased entirely in terms of physically
measurable properties.
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correlation p is an abstract state self-test if for every k, ℓ ě 1, x1, . . . , xk P X, a1, . . . , ak P A,
y1, . . . , yℓ P Y , b1, . . . , bℓ P B, the value

xψ|Mx1
a1 ¨ ¨ ¨Mxk

ak
b Ny1

b1 ¨ ¨ ¨Nyℓ
bℓ

|ψy

is the same across all quantum models for p. The name comes from a convenient way of
rephrasing this definition using abstract states on the tensor product AX,A

POVM bminA
Y,B
POVM,

where A
X,A
POVM is the universal C˚-algebra generated by positive elements exa, a P A, x P X,

subject to the relations
ř

aPA e
x
a “ 1. Specifically, a correlation p belongs to the set Cq

of (finite-dimensional) quantum correlations if and only if there is a finite-dimensional
abstract state f on A

X,A
POVM bminA

Y,B
POVM, such that ppa, b|x, yq “ fpexa b eybq for all x, y, a, b.

Here an (abstract) state (as opposed to a vector state) refers to a linear functional f from
the algebra to C, such that fpaq ě 0 for all positive operators a, and fp1q “ 1. An abstract
state is said to be finite-dimensional if its GNS representation is finite-dimensional. With
this terminology, a p P Cq is an abstract state self-test for finite-dimensional states if and
only if there is a unique finite-dimensional state f realizing p.

In Chapter 3 we show that if p is an extreme point of the set Cq, then p is a self-test for
quantum models if and only if it is an abstract state self-test for finite-dimensional states
(see Theorem 3.1.5). Although this theorem is stated for general quantum models, the
definition of self-testing is often restricted to models with projective (PVM) measurements,
or other subclasses of all quantum models. This type of restriction on the class of models
can also be made for abstract states. For instance, projective models correspond to states
on the tensor product A

X,A
PVM bmin A

Y,B
PVM, where A

X,A
PVM is the quotient of A

X,A
POVM by the

relations pexaq2 “ exa for x P X, a P A, and so we can say that a correlation p is an
abstract state self-test for projective models if there is a unique finite-dimensional state
on A

X,A
PVM bmin A

Y,B
PVM realizing p (see Corollary 3.1.6 part (b)). In the full version of

Theorem 3.1.5, we show that the abstract state definition and the standard definition
of self-testing are equivalent for any sufficiently nice class C of models, provided that p
has a full-rank model in C. Interestingly, a result of Baptista, Chen, Kaniewski, Lolck,
Mančinska, Gabelgaard Nielsen, and Schmidt [BCK`23] constructs a correlation rp that
does not have a full-rank projective model (the existence of such models had been assumed
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in some prior work on self-testing). Formulating our results in this generality raises some
interesting questions, such as

Question 1.1.1. Whether there are self-tests for the class of projective models that are
not self-tests for the class of all models?

In Section 3.2, we prove that if p is an extreme binary correlation (in the sense that
|A| “ |B| “ 2), or a synchronous correlation (in the sense of [PSS`16]), then p is a self-
test for projective quantum models if and only if p is a self-test for all quantum models
(see Theorem 3.2.6). This shows that many common examples of self-tests for projective
models, such as the CHSH game and the Mermin-Peres magic square, are self-tests for all
quantum models. Note that Question 1.1.1 was an open problem when our paper [PSZZ23]
came out. This problem has since been resolved in [BCK`23]: the correlation rp mentioned
in the previous paragraph is a self-test for projective quantum models but not a self-test
for all quantum models.

One of the advantages of the abstract state definition of self-testing is that it generalizes
easily to other sets of correlations. For instance, the set of quantum correlations Cq is
not closed [Slo19], and there are now several elementary proofs of this fact using self-
testing techniques [Col20, Bei21]. The closure of Cq is denoted by Cqa, and a correlation
p belongs to Cqa if and only if there is a (not necessarily finite-dimensional) state f on
A
X,A
POVM bminA

Y,B
POVM such that fpexa b eybq “ ppa, b|x, yq for all a, b, x, y. Correlations p P Cqa

do not necessarily have tensor product structures, and thus it is not clear how to generalize
the standard notion of self-testing with local isometries to this setting. With the abstract
state definition, we can say that a correlation p P Cqa is a self-test if there is a unique
abstract state on A

X,A
POVM bmin A

Y,B
POVM realizing p.

While not all correlations in Cqa have tensor product models, correlations in Cqa can
be modeled using another framework for bipartite systems, commuting operator models.
In a commuting operator model, Alice and Bob make measurements on a joint Hilbert
space (with no tensor product structure), and their measurement operators are required
to commute (in place of factoring as tensor products). The set of correlations with a
commuting operator model is denoted by Cqc. If p has a finite-dimensional commuting
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operator model, then p also has a finite-dimensional tensor product model. However,
the MIP˚

“ RE result of Ji, Natarajan, Vidick, Wright, and Yuen shows that there are
correlations p P Cqc which are not contained in Cqa [JNV`20]. There is another tensor
product for C˚-algebras which is associated with the commuting operator framework, the
max-tensor product, and a correlation p belongs to Cqc if and only if there is a state f
on A

X,A
POVM bmax A

X,A
POVM with fpexa b eybq “ ppa, b|x, yq for all a, b, x, y. The definition of an

abstract state self-test immediately generalizes to commuting operator models. Having a
definition of a self-test for commuting operator models raises the prospect of being able
to construct self-tests in Cqc which have no finite-dimensional models, perhaps from group
algebras which are known to have a unique tracial state (see, e.g., [DM14]). In Section 3.3,
we show that there are already several examples of commuting operator self-tests with
finite-dimensional models. In particular, using results from [Tsi87] we show that there are
many XOR correlations that are commuting operator self-tests. Notably, this implies that
the CHSH game is a commuting operator self-test. This has independently been observed
by Frei [Fre22] as well.

Although one of the goals of this thesis is to address the many variations of self-
testing definitions, it is still helpful to make some simplifications, and for this reason we
look only at self-testing with pure states. A recent result of Baptista, Chen, Kaniewski,
Lolck, Mančinska, Gabelgaard Nielsen, and Schmidt [BCK`23] shows that for extremal
correlations, self-testing with pure states is equivalent to self-testing with mixed states
(using the definition from [ŠB20]).

For the practical use of self-testing, it is important to consider the robustness of a self-
test — what happens for models that achieve a correlation close to p. We say a correlation
p is a robust self-test if there is an ideal model rS for p, such that for any other model S
that achieves a correlation close to p (in some suitable norm), there are isometries IA and
IB such that Equation (1.1.1) holds up to some small additive error.

Given a correlation p P Cq which is a self-test, Theorem 3.1.5 states that there is
a unique finite-dimensional state f on A

X,A
POVM bmin A

Y,B
POVM realizing p. Two questions

naturally arise from this characterization:
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Question 1.1.2. Do we have a similar characterization of robust self-testing in terms
of abstract states on C˚-algebras?

Question 1.1.3. What happens to infinite-dimensional states on A
X,A
POVM bmin A

Y,B
POVM

that can realize p?

The purpose of Chapter 4 is to show that these two questions are indeed the same: if in
addition, p is a robust self-test, then there are no infinite-dimensional states on A

X,A
POVM bmin

A
Y,B
POVM that can realize p (see Theorem 4.1.4). In other words, with the abstract state self-

test definition, p is a robust self-test only if p is an abstract state self-test for all states.
In Section 4.4 we show that the “if” direction of this statement also holds provided that
p is the unique optimal correlation for some nonlocal game G whose strategies can be
characterized by tracial states on the associated game algebra C˚pGq (see Theorems 4.4.9
and 4.4.10). This last technical condition applies to many nonlocal games of interest,
including all synchronous, XOR, and Boolean constraint system (BCS) games. Notably,
this “if” direction also illustrates a tracial-state characterization of robust self-testing and
provides one-line proofs for many well-known robust self-tests. For instance, the fact that
the Clifford algebra of rank 2 has a unique tracial state directly implies that the CHSH
game is a robust self-test.

Chapter 4 gives an operator-algebraic formulation of robust self-testing, but it does
not explicitly address how to compute the robustness functions. Suppose a correlation p

is a robust self-test with an ideal model rS. The robustness of this self-test is a function
η : Rě0 Ñ Rě0 with limϵÑ0 ηpϵq “ 0 such that for any model S that achieves a correla-
tion ϵ-close to p, there are isometries IA, IB such that Equation (1.1.1) holds within an
ηpϵq-additive error. In Chapter 5 we discuss a group-theoretical approach to compute the
robustness functions. Some nonlocal games have an associated group G such that optimal
(resp. near-optimal) strategies correspond to representations (resp. approximate repre-
sentations) of G, so the theory of group stability comes into play. Gowers and Hatami’s
celebrated result [GH17] establishes that all finite groups G are stable2: for any approxi-

2In more technical terms, they demonstrate that finite groups are dilation-stable, which means that f

is close to I˚ϕI for some isometry I.
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mate representation f of G, there is always an exact representation ϕ nearby.

Gowers and Hatami focus on the normalized Hilbert-Schmidt norm. A version for
state-dependent norms was developed by Vidick in [Vid18]. However, earlier approaches
to proving robust self-testing results via the Gowers-Hatami theorem are sometimes insuf-
ficient: the exact representation ϕ given by the theorem not only carries the ideal model
rS but also contains some “junk models” that need to be disregarded. We tackle this prob-
lem in Chapter 5 by stating and proving an enhanced Gowers-Hatami theorem. We show
that if the approximate representation f defined by a near-optimal model satisfies some
additional symmetries, then one can find an exact representation ϕ nearby that contains
the ideal model rS exclusively (see Theorem 5.1.4).

1.2 Quantum delegation

In an interactive proof system, a computationally-bounded verifier interacts with a powerful
prover in order to verify the truthfulness of an agreed-upon problem instance. Starting with
QMA, and followed by QIP and QMIP (among others), quantum interactive proof system,
(in which the verifier is quantum polynomial-time) were defined and studied [Wat00, Wat03,
KM03].

Yet, these quantizations depend crucially on the tacit assumption that the verifier has
access to trusted quantum polynomial-time verification. Given the current state-of-the-art
in quantum computation development, the inherent difficulty at characterizing quantum
systems, and the fact that there is no way to reliably verify the trace of a quantum compu-
tation, there is ample evidence that this assumption may be questionable. Indeed, despite
impressive technological improvements, we may ultimately have to contend with a reality
where quantum computers are never as trustworthy or reliable as classical devices. This
prospect has motivated consideration of models where the verifier has access to very lim-
ited but trusted quantum functionality [ABOEM17, Bro18, FK17], or where the verifier
is entirely classical and the prover is computationally bounded [Mah18], while another
class called MIP˚ models an efficient classical verifier interacting with several isolated, un-
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bounded quantum provers [CHTW10]. Each approach provides advantages and encounters
challenges: early quantum servers will be expensive and thus all else equal, requiring a sin-
gle prover is preferable; on the other hand, existing single-prover protocols either require
a trusted device or make computational assumptions. Multi-prover protocols utilize pow-
erful device-independence techniques which avoid these assumptions but at the high cost
of requiring several powerful provers and requiring isolation.

The current zeitgeist in this field allows for imaginative considerations of how we de-
scribe and model tasks in a quantum world. These approaches have in common that instead
of considering the straightforward quantum analog of classical protocols, we strive to make
considerations that are naturally motivated in the quantum setting3. In this thesis, we
continue on this momentum and introduce a novel approach to proof verification, where
the set-up itself can only be motivated in the quantum setting. To this end, we consider
the following question:

Question 1.2.1. What is the expressive power of the class of relativistic, interactive
proof systems with a single quantum prover, and a classical verifier having access to an
off-the-shelf untrusted quantum device?

We call the above model the off-the-shelf (OTS) model since it models the fact that
the verifier, in addition to interacting with a standard prover, has access to a device that
is (1) generic (it does not depend on the instance of the problem to be solved, only on
the instance size), (2) efficient (for completeness, polynomial resources are sufficed), and
(3) completely untrusted (for soundness, there are no assumptions on its computational
power or inner-workings). Importantly, relativistic refers to a one-round protocol; this is
desirable for its relative ease in enforcing isolation4.

Operationally, we imagine the OTS model as the prover providing the verifier with such
a generic, off-the-shelf device ahead of the proof verification (see Figure 1.2). In particular,
the preparation of such a device in terms of its capabilities is independent of the particular

3See, for instance, the recent work on the complexity of preparing quantum states and unitaries [RY22].
4A relativistic protocol is highly desirable in the multi-prover scenario since isolation can be enforced

using relative position and response times [CL17, Gri19].
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problem instance, although we do allow dependence on its size. Once in possession of this
device, the verifier may query the prover and simultaneously use a single measurement
from the off-the-shelf device, which leads the verifier to accept or reject. The figures of
merit for the interactive proof system are the usual completeness and soundness.

Figure 1.2: During the set-up the verifier selects an off-the-shelf device based on the required
size of the problem instance. Afterward, the verifier is free to select any language and instance
and interacts in a single round with both the prover and the off-the-shelf device, leading to the
accept/reject output of the verifier.

Since the OTS scenario models aspects of near-term proof verification using untrusted
quantum devices, we naturally wish to understand how it relates to some of the most
relevant and studied properties of interactive proof systems:

Question 1.2.2. Can the OTS model provide novel approaches to zero-knowledge proof
systems and to delegated quantum computation?

Zero-knowledge (ZK) proof systems capture the counter-intuitive notion that an in-
teractive proof can be simultaneously convincing, while also completely concealing the
inner-workings of the prover; such proof systems play an influential role in many areas
of complexity and cryptography as well as in cybersecurity since they prevent reverse-
engineering. We are interested here in statistical ZK, meaning that the concealing property
holds against an unbounded verifier. Given our new OTS model, one of the first questions
we thus ask is whether proof systems in the OTS model can be made ZK.
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In delegated quantum computation, a computationally-weak client outsources a quantum
computation to a more powerful (but computationally-bounded) device in a way that the
result is verifiable. Starting with the OTS model, we can scale it down (such that the prover
is no longer unbounded, but merely quantum polynomial-time; the verifier and off-the-shelf
device remain unchanged). The question then becomes: via a relativistic interaction, can
a classical polynomial-time client, together with an OTS device, verifiably outsource a
quantum computation of their choosing to an isolated quantum polynomial-time device,
assuming that the size of the quantum computation is compatible with the parameters of
the OTS device?

In Chapter 6, we make important steps towards answering the above questions:

• We show that any language in QMA has a statistical ZK proof system in the OTS
model (see Theorem 6.5.2).

• We show that the above OTS proof system can be adapted for delegated quantum
computation for any problem in BQP, while remaining ZK and in the OTS model
(see Theorem 6.5.3).

1.3 Hardness results

Recall that a self-adjoint bounded operator T on a Hilbert space H is positive if xv, Tvy ě 0
for all v P H. A self-adjoint element α of a complex ˚-algebra A is said to be positive if
πpαq is positive for all ˚-representations π : A Ñ BpHq. Suppose that A is the complex-
ification of a finitely-generated ˚-algebra AQ over Q. Elements of AQ can be represented
as noncommutative ˚-polynomials with rational coefficients, and hence we can work with
them concretely, for instance on a computer.

In many situations, we’d like to be able to decide whether an element a P AQ is positive
in A, and if it is, find a certificate of positivity.

A prototypical example is A “ CFn, the group algebra of the free group Fn, with
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AQ “ QFn. In this case, the following two properties hold:

(a) Every positive element α P A is a sum of (hermitian) squares (SOS), meaning that
there are b1, . . . , bk P A such that α “

řk
i“1 b

˚
i bi.

(b) A self-adjoint element α P A is positive if and only if πpαq is positive in all finite-
dimensional representations π : A Ñ BpHq.

Property (a) is called the SOS property; for archimedean algebras (see Section 2.1.2 for a
definition) such as CFn, this property is also called archimedean closed. Since a sum of
squares is always positive, a sum of squares decomposition for an element a can be used as
a certificate of positivity. The SOS property states that every positive element has such a
certificate. For archimedean algebras, property (b) states that the enveloping C˚-algebra
of A is residually finite-dimensional (RFD), or equivalently that the quadratic module
generated by hermitian squares in A is RFD [ANT19]. For convenience, we’ll shorten
this and just say that A is RFD.5 If A is RFD, then for every non-positive self-adjoint
element α P A, there is a finite-dimensional representation ϕ such that ϕpαq is not positive.
Thus if AQ is finitely-presented, then this representation can be used as a certificate of non-
positivity. If A has the SOS property and is RFD, and AQ is finitely-presented, it is possible
to decide whether a self-adjoint element α P AQ is positive by simultaneously searching for
a sum of squares decomposition for α, and for a finite-dimensional representation showing
that α is not positive.

For the free group algebra, property (a) is sometimes attributed to an unpublished result
of Schmüdgen from the 1980s (see [NT13, Oza13]), with other proofs given in [McC01,
HMP04, BT07, NT13, Oza13]. Property (b) is a result of Choi [Cho80]. Both properties
also hold for the algebra of noncommutative ˚-polynomials C˚xx1, . . . , xny by theorems of
Helton [Hel02] and McCullough [McC01], for the ˚-algebra of n contractions by theorems of
Helton-McCullough-Putinar [HMP04] or Helton-Klep-McCullough [HKM12], and for the
group algebra CZ˚n

m of a free product of cyclic groups again by [HMP04] or [HKM12].
5But note that this is not equivalent to the standard definition of RFD for ˚-algebras, which says that

all non-zero elements are non-zero in some finite-dimensional representation.
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That all these algebras are RFD also follows from [GM90] or [EL92]. Thus it is possible to
decide positivity for all these algebras using the algorithm above, although actually we can
do better: the proofs of the SOS property above are effective, meaning that they provide
bounds on the degree of polynomials in the sum of squares needed to show that an element
is positive. Hence we can decide positivity by searching just through SOS decompositions
and stopping when the bound is reached.

In comparison, the commutative polynomial rings Crx1, . . . , xns famously do not have
the SOS property for n ě 2. However, Artin’s solution of Hilbert’s 17th problem states
that every positive polynomial is a sum of squares of rational functions [Art27]. More gen-
erally, a result of Scheiderer [Sch00] states that finitely generated connected commutative
˚-algebras of dimension ě 3, such as the group algebra CZn for n ě 3, do not have the SOS
property (provided they have a state). Certificates of positivity are provided for all finitely-
generated commutative algebras by the Krivine-Stengle positivstellensatz [Kri64, Ste74].
Effective versions of Artin’s theorem and the Krivine-Stengle positivstellensatz are proven
in [LPR20], and although the degree bounds are too large to yield practical algorithms, this
gives a way to decide positivity in principle. For finitely-generated commutative algebras,
positivity can also be decided with Tarski quantifier elimination or other algorithms for
the first-order theory of the reals. In fact, since non-positivity lies in the existential theory
of the reals, positivity can be decided in PSPACE [Can88].

If A is a finitely-generated commutative archimedean ˚-algebra, then Putinar’s posi-
tivstellensatz states that every element which is strictly positive on the state space of A is
a sum of squares [Put93]. For all archimedean ˚-algebras A, Helton and McCullough’s pos-
itivstellensatz [HM04] says that α P A is positive if and only if α` ϵ is a sum of squares for
all ϵ ą 0 (this exact formulation seems to appear first in [Cim09], see also [Sch09, Oza13]).
This does not give a method for deciding positivity, but does show that deciding positivity
is in the class Π0

2 for archimedean algebras.

While positivity is decidable for the free group algebras and other prototypical non-
commutative ˚-algebras A listed above, the point of Chapter 7 is to show that positivity
becomes undecidable for tensor products A b A of such algebras: it is coRE-hard to de-
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termine whether a given self-adjoint element α P AQ bQ AQ is positive in A b A (see
Theorem 7.4.1). The coRE-hardness of determining positivity for A b A immediately im-
plies that there exists no certificate of positivity in A b A. In particular, unlike elements
in A, the tensor product algebra A b A does not have the SOS property (Corollary 7.1.2).
In Chapter 7, we also discuss other related decision problems that arise from operator
algebras and quantum information.
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Chapter 2

General Preliminaries

2.1 Algebras

2.1.1 Groups, ˚-algebras, and presentations

We work with both groups and ˚-algebras. If K is a field with an involution λ ÞÑ λ, then
a ˚-algebra over K is a unital associative K-algebra A with an antilinear involution

A Ñ A : a ÞÑ a˚

such that pabq˚ “ b˚a˚ for all a, b P A. A ˚-homomorphism π : A Ñ B between ˚-algebras
A and B is an algebra homomorphism such that πpa˚q “ πpaq˚. In this thesis, K “ C will
be the default choice. We also work with K “ Q (with trivial involution) in Chapter 7.
When A is a ˚-algebra over Q, we use AC to denote A bQ C. In this thesis, we only deal
with unital ˚-algebras. We use 1 for the identity in both groups and ˚-algebras.

If G is a group, then we let KG be the group algebra of G over the field K. This is a
˚-algebra with g˚ “ g´1. If S is a set, then FS will denote the free group with generating
set S, and Fn :“ Ftx1,...,xnu. We use the standard notation for group presentations, in which
if S is a set, and R Ď FS, then xS : Ry denotes the quotient of FS by the normal subgroup
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generated by R. We often want to add generators and relations to a given presentation
G “ xS : Ry, so if S1 is another set disjoint from S, and R1 Ď FSYS1 , then we define
xG,S1 : R1y :“ xS Y S1 : R Y R1y. If G is a group, then G˚n denotes the free product
of n copies of G. The cyclic group of order k will be denoted by Zk. If S is a set, then
Z˚S
k denotes the free product of |S| copies of Zk, where the generators of the factors are

denoted by the elements of S. In other words, Z˚S
k “ xS : sk “ 1 for all s P Sy.

We also define ˚-algebras by means of presentations. If S is a set, we let K˚xSy denote
the free noncommutative ˚-algebra with generating set S over a field K. If R Ď K˚xSy,
then K˚xS : Ry denotes the quotient of K˚xSy by the two-sided ˚-ideal generated by R.
As with groups, if A “ K˚xS : Ry is a ˚-algebra presentation, S1 is a set disjoint from S,
and R1 Ď K˚xS Y S1y, then

K˚
xA, S : R1y :“ K˚

xS Y S1 : R Y R1y.

If G “ xS : Ry is a group presentation, then

KG “ K˚
xS : 1 ´ r, r P R, 1 ´ ss˚, 1 ´ s˚s, s P Sy.

For both group and ˚-algebra presentations, we’ll follow the standard practice of writing
a “ b for the relation b´1a (in the case of groups) or a´ b (in the case of ˚-algebras). Also,
a presented group (resp. algebra) is a group (resp. algebra) with a fixed presentation, and
a finitely presented group (resp. algebra) is a presented group (resp. algebra) where the
presentation has a finite number of generators and relations.

As mentioned above, unless specified otherwise a ˚-algebra will mean a ˚-algebra over
C. If a ˚-algebra A has a submultiplicative Banach norm ∥¨∥ such that the C˚-identity
∥a˚a∥ “ ∥a∥2 holds for all a P A and A is closed with respect to ∥¨∥, then A is said to be
a C˚-algebra. For any Hilbert space H, we use BpHq to denote the C˚-algebra of bounded
operators on H. We denote by 1H the identity operator in BpHq and simply write 1 if H
is clear from the context. The commutant of a subset X Ď BpHq is X 1 :“ tT P BpHq :
TS “ ST for all S P Xu.

The set of d ˆ d matrices MdpCq equipped with the normalized Hilbert-Schmidt norm
∥T∥hs :“ 1

d
TrpT ˚T q is a C˚-algebra called full matrix algebra and denoted Md.
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2.1.2 Representations, states, and GNS theorem

Unless stated otherwise, all Hilbert spaces in this thesis are assumed to be separable. A
representation π of a ˚-algebra A is a ˚-homomorphism from A Ñ BpHq for some Hilbert
space H. If H is finite-dimensional then we say π is finite-dimensional. A subrepresentation
of π is a closed subspace K Ď H such that

πpAqK :“ spantπpaqv : a P A, v P Ku “ K.

A representation is irreducible if it contains no proper non-zero subrepresentations. A
vector v P H is cyclic for a representation π : A Ñ BpHq if πpAqv is dense in H. A cyclic
representation of A is a tuple pH, π, vq, where π is a representation of A on H, and v P H
is cyclic for π. Two representations π : A Ñ BpHq and φ : A Ñ BpKq of A are (unitarily)
equivalent, denoted π – φ, if there is a unitary U : H Ñ K such that UπpaqU˚ “ φpaq for
all a P A. Two cyclic representations pH, π, vq and pK, φ, wq are (unitarily) equivalent if
there is such a unitary with Uv “ w.

A (bounded) state on a ˚-algebra A is a linear function f : A Ñ C with fp1q “ 1 such
that fpa˚q “ fpaq, fpa˚aq ě 0, and

sup
"

fpb˚a˚abq

fpb˚bq
: b P A, fpb˚bq ‰ 0

*

ă 8 (2.1.1)

for all a P A. The GNS theorem for ˚-algebras states that f : A Ñ BpHq is a state if
and only if there is a ˚-representation π : A Ñ BpHq and a unit vector v P H such that
fpaq “ xv, πpaqvy for all a P A [Sch20, Theorem 4.38]. Given a state f , there is always such
a representation π and unit vector v such that v is cyclic for π. Such a cyclic representation
pH, π, vq is called a GNS representation of f . Every state has a unique GNS representation
up to unitary equivalence. A state f is said to be tracial if fpabq “ fpbaq for all a, b P A.
Every full matrix algebra Md has a unique tracial state tr given by trpT q :“ 1

d
TrpT q.

A state ψ on a ˚-algebra A induces a semi-norm ∥a∥ψ :“
a

ψpa˚aq on A satisfying
|ψpabq| ď ∥a∥ψ∥b∥ψ for all a, b P A. If ψ is tracial, then ∥¨ ∥ψ is unitarily invariant, meaning
that ∥uav∥ψ “ ∥a∥ψ for all unitaries u, v P A and elements a P A. For an arbitrary state ψ,
the seminorm ∥¨ ∥ψ is left unitarily invariant, but not necessarily right unitarily invariant.
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A self-adjoint operator T P BpHq is positive if xv, Tvy ě 0 for all v P H. A self-adjoint
element a in a ˚-algebra is said to be (representation) positive if πpaq is a positive operator
for all Hilbert spaces H and representations π : A Ñ BpHq. The GNS theorem implies
that a self-adjoint element a P A is positive if and only if fpaq ě 0 for all states f on A.
If A is a C˚-algebra, then a P A is positive if and only if a “ b˚b for some b P A.

An element a of a ˚-algebra A is a hermitian square if there is b P A such that a “ b˚b,
and a sum of (hermitian) squares if there are b1, . . . , bk P A such that a “

řk
i“1 b

˚
i bi. If a

is a sum of squares, then ψpaq ě 0 for all states ψ. If a1 and a2 are sums of squares, then
ψpa1a2q ě 0 for all tracial states ψ, since ψpb˚

1b1b
˚
2b2q “ ψppb2b

˚
1q˚pb2b

˚
1qq when ψ is tracial.

Every ˚-algebra A has an operator norm ∥¨ ∥A : A Ñ Rě0 Y t8u defined by

∥a∥A :“ supt
a

ψpa˚aq : ψ a state on Au.

For any Hilbert space H, we denote by ∥¨∥op the operator norm on BpHq. Using the GNS
theorem, it can be shown that

∥a∥A “ supt∥πpaq∥op : π a representation on a Hilbert space Hu

and ψpb˚a˚abq ď ∥a∥2
Aψpb˚bq for all a, b P A and states ψ on A.

A ˚-algebra A is said to be archimedean if for all a P A (or equivalently, all a in a
generating set for A), there is a scalar λ ą 0 such that λ ´ a˚a is a sum of squares. If A
is archimedean, then a linear functional f : A Ñ C satisfying fp1q “ 1 and fpa˚q “ fpaq,
fpa˚aq ě 0 for all a P A automatically satisfies the boundedness condition in Equation
(2.1.1). Also, the operator norm ∥¨ ∥A takes only finite values, and the well-known Helton-
McCullough positivstellensatz states that a P A is positive if and only if a ` ϵ is a sum of
squares for all ϵ ą 0. Group algebras CG are archimedean, but free ˚-algebras C˚xSy are
not when S is non-empty. More background can be found in [Sch09] and [Oza13].

In this thesis, we will often work with finite-dimensional systems. A state f on a ˚-
algebra is finite-dimensional if the Hilbert space H in the GNS representation pH, π, vq of
f is finite-dimensional. If π : A Ñ BpHq is a finite-dimensional representation, then the
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double-commutant theorem states that there is an isomorphism H –
Àℓ

i“1 Cni b Cmi for
some integers ni, mi, i “ 1, . . . , ℓ, such that

πpAq –

ℓ
à

i“1
Mni

pCq b 1mi
, and πpAq

1
–

ℓ
à

i“1
1ni

b Mmi
pCq. (2.1.2)

In particular, πpAq and πpAq1 are direct sums of matrix algebras.

2.1.3 More on C˚-algebras

Let A be a C˚-algebra. The Gelfand–Naimark theorem states that A can be represented as
a C˚-subalgebra of some BpHq. In other words, there is a faithful representation π : A Ñ

BpHq for some Hilbert space H. For every a P A, ∥a∥2 ´ a˚a is positive in A and hence
a hermitian square. So A is archimedean. This implies a linear functional f : A Ñ C is a
state on A if and only if fp1q “ 1 and fpa˚aq ě 0. The set of all states on A, denoted SpAq,
is called the state space of A. SpAq is convex and weak*-compact. The extreme points of
SpAq are called pure states. Let f P SpAq and let pH, π, vq be a GNS representation of f .
Then f is a pure state if and only if π is an irreducible representation.

Given two C˚-algebras A and B, a linear mapping φ : A Ñ B is said to be positive if
φpxq is positive in B for any positive element x P A. A linear mapping Φ : A Ñ B is said
to be unital completely positive (ucp) if

(i) Φp1Aq “ 1B, and

(ii) for any x P N, the mapping

Φn : MnpAq Ñ MnpBq
¨

˚

˚

˝

a11 ¨ ¨ ¨ a1n
... . . . ...
an1 ¨ ¨ ¨ ann

˛

‹

‹

‚

ÞÑ

¨

˚

˚

˝

Φpa11q ¨ ¨ ¨ Φpa1nq

... . . . ...
Φpan1q ¨ ¨ ¨ Φpannq

˛

‹

‹

‚

is positive.
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The Stinespring dilation theorem states that for any ucp map Φ : A Ñ BpHq, there exists
a Hilbert space K, a representation π : A Ñ BpKq, and an isometry V : H Ñ K such that

Φpaq “ V ˚πpaqV

for all a P A. Moreover, if H is finite-dimensional, then K can be taken as finite-
dimensional.

Given two C˚-algebras A and B, their algebraic tensor product A b B is a ˚-algebra.
There is more than one way to make A b B into a C˚-algebra. The first is to define the
max-norm ∥¨∥max on A b B by

∥a∥max :“ supt∥πpaq∥op : π a representation of A b B on a Hilbert space Hu (2.1.3)

The max tensor product of A and B, denoted A bmax B, is the closure of A b B with
respect to ∥¨∥max. Representations π of AbmaxB on a Hilbert space H correspond to pairs
of representations πA : A Ñ BpHq and πB : B Ñ BpHq, such that πpab bq “ πApaqπBpbq “

πBpbqπApaq for all a P A, b P B. This gives us another way to understand bmax. If instead
of looking for all representations on A b B in Equation (2.1.3), we look at representations
of the form πA bπB where πA and πB are representations of A and B respectively, then we
get a C˚-algebra AbminB called the min tensor product. More precisely, we can fix faithful
representations A Ă BpHq and B Ă BpKq. Then A b B Ă BpH b Kq as a ˚-subalgebra.
Restricting the operator norm on BpH b Kq to A b B defines the min-norm ∥¨∥min. The
C˚-algebra A bmin B is the closure of A b B with respect to ∥¨∥min. Note that A bmin B
is independent of the choice of faithful representations A Ă BpHq and B Ă BpKq.

We say a state f : A b B Ñ C is max-continuous (resp. min-continuous) if it is
continuous with respective to ∥¨∥max (resp. ∥¨∥min). Equivalent, f is max-continuous
(resp. min-continuous) if it extends to a state on A bmax B (resp. A bmin B). By our
definition of states, every state on A b B is max-continuous.
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2.2 Quantum

2.2.1 Quantum states and measurements

Through Chapters 3 to 6, we use bra-ket notation for vectors in Hilbert spaces. A vector
state is a unit vector in some Hilbert space. Given two vector states |αy P H and |βy P K,
we often use |α, βy to denote the product state |αyb|βy P HbK. We use t|iyudi“1 to denote
the standard basis for the Euclidean space Cd. Given two Hilbert space HA and HB, every
bipartite vector state |ψy P HA b HB has a Schmidt decomposition

|ψy “
ÿ

iPI
λi |αiy b |βiy ,

where the index set I is either finite or countable, the Schmidt coefficients λi are strictly
positive, and t|αiyuiPI and t|βiyuiPI are orthonormal subsets of HA and HB respectively.
The cardinality of I is called the Schmidt rank of |ψy. For a derivation of the Schmidt
decomposition in infinite-dimensional spaces, see e.g. [CLP17, Theorem A.5].

Given a Hilbert space space H, we call

C1pHq :“ tT P BpHq :
8
ÿ

n“1
snpT q ă 8u

the trace class operators, where s1pT q ě s2pT q ě ¨ ¨ ¨ ě 0 are the singular values of T . For
any T P C1pHq and any orthonormal basis t|αiyuiPI for H,

ÿ

iPI
xαi|T |αiy (2.2.1)

converges and the value is independent of the choice of the orthonormal basis. We denote
by TrpT q the value of Equation (2.2.1) and call it the trace of T . An operator ρ P C1pHq

is called a density operator (or a quantum state) on H if ρ is a positive operator with
Trpρq “ 1. We say that a density operator ρ on H is a pure quantum state if ρ “ |ψy xψ| for
some vector state |ψy P H, and we say that ρ is a mixed quantum state if it is not a pure
quantum state. Every density operator ρ on H induces a semi-norm ∥X∥ρ :“

b

Tr
`

X˚Xρ
˘

on BpHq which is called the ρ-norm.
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A positive operator-valued measure (or POVM) on a Hilbert space H with finite index
set I is a collection of positive operators tMi : i P Iu on H such that

ř

iPIMi “ 1. We say
that a POVM tMiuiPI is a projection-valued measure (or PVM) if in addition, the operators
Mi are self-adjoint projections for all i P I. Naimark’s dilation theorem states that for any
POVM tMiuiPI on a Hilbert space H, there is a Hilbert space K, an isometry V : H Ñ K,
and a PVM tPiuiPI such that Mi “ V ˚PiV . One common proof of the theorem is to take
K “ H b CI , Pi “ 1H b |iy xi|, and V : H Ñ K sending |hy ÞÑ

ř

iPI M
1{2
i |hy b |iy, where

t|iyuiPI is the standard orthonormal basis for CI .

Given a PVM tM1, . . . ,Mmu Ă BpHq, the corresponding observable is the unitary
operator A P BpHq of order m defined by

A :“
m
ÿ

k“1
exp

ˆ

2π
?

´1
m

k

˙

Mk.

If m “ 2, then A “ M1 ´ M2 is hermitian and we call it a binary observable.

2.2.2 Nonlocal games and correlations

Let X, Y , A, and B be finite sets. A bipartite correlation (or behaviour) is a function
p P RAˆBˆXˆY

ě0 such that
ÿ

pa,bqPAˆB

ppa, b|x, yq “ 1

for all x P X, y P Y . A correlation can be thought of as specifying the probability of getting
outputs pa, bq P AˆB from inputs px, yq P X ˆ Y . A quantum model for a correlation p is
a tuple

S “ pHA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq,

where

(i) HA and HB are finite-dimensional Hilbert spaces,

(ii) tMx
a : a P Au, x P X and tNy

b : b P Bu, y P Y are POVMs on HA and HB respectively,
and
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(iii) |ψy P HA b HB is a vector state,

such that
ppa, b|x, yq “ xψ|Mx

a b Ny
b |ψy

for all pa, b, x, yq P A ˆ B ˆ X ˆ Y .

Any tuple satisfying (i)-(iii) determines a correlation p via this last equation, and we
refer to this as the correlation of the quantum model. A quantum model S for a correlation
p is projective if the measurement operators tMx

a : a P Au, x P X and tNy
b , b P Bu, y P Y

are PVMs. A quantum model is full-rank if dim HA “ dim HB, and the Schmidt rank of
|ψy is dim HA.

The set of correlations in RAˆBˆXˆY
ě0 which have a quantum model is convex, and is

usually denoted by CqpX, Y,A,Bq. We use Cq to denote the union of CqpX, Y,A,Bq over
all finite sets X, Y,A,B. By the Naimark dilation theorem, every element of Cq has a
projective quantum model, and by restricting to the support projection, every element of
Cq also has a full-rank (but not necessarily projective) quantum model (see Section 3.1.2
for the definition of support projection). The sets Cq are not closed in general [Slo19], and
the closure of Cq is denoted by Cqa. It also makes sense to talk about models in which
the Hilbert spaces HA and HB are infinite-dimensional, and this leads to another set of
correlations Cqs in between Cq and Cqa.

Aside from the above models that exhibit a tensor product structure, Algebraic Quan-
tum Field Theory suggests a commuting-operator framework for correlations. A commuting
operator model for a correlation p is a tuple

pH, tMx
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq,

where

(i) H is a Hilbert space,

(ii) tMx
a : a P Au, x P X and tNy

b : b P Bu, y P Y are POVMs on H such that

Mx
aN

y
b “ Ny

bM
x
a
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for all pa, b, x, yq P A ˆ B ˆ X ˆ Y , and

(iii) |ψy P H is a vector state

such that
ppa, b|x, yq “ xψ|Mx

a ¨ Ny
b |ψy

for all pa, b, x, yq P AˆBˆX ˆY . We let Cqc be the set of correlations with a commuting
operator model. It is well-known that Cqc is closed and convex, and the set of correlations
with finite-dimensional commuting operator models is equal to Cq.

We refer to the correlations in Cq, Cqs, Cqa, and Cqc as quantum correlations, quan-
tum spatial correlations, quantum approximable correlations, and quantum commuting
correlations respectively.

Operationally, one can think that correlations arise from an interactive game: a referee
samples a question pair px, yq according to a distribution µ on X ˆ Y , sends x to the
player Alice, and sends y to the player Bob; Alice and Bob then return a P A and b P B

respectively. Their behavior is captured by a correlation p P RAˆBˆXˆY
ě0 where ppa, b|x, yq

indicates the probability that Alice and Bob return a and b upon receiving x and y. Based
on a predicate V : AˆBˆXˆY Ñ t0, 1u, the referee then determines whether the players
win (V pa, b|x, yq “ 1) or lose (V pa, b|x, yq “ 0). We call the tuple G :“ pX, Y,A,B, µ, V q

a nonlocal game. Alice and Bob know the rules of G and can strategize together, but they
are not allowed to communicate once the game begins.

Given a nonlocal game G “ pX, Y,A,B, µ, V q and a correlation p P RAˆBˆXˆY
ě0 , the

winning probability of p for G is

wpG; pq :“
ÿ

a,b,x,y

µpx, yqV pa, b|x, yqppa, b|x, yq.

We refer to models for p as strategies for G. Given a strategy S, we denote by wpG;Sq (or
simply wpSq if G is clear from the context) the winning probability of S for G. That is,
wpG;Sq “ wpG; pq where p is the correlation achieved by S. The quantum value wqpGq of
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G is defined to be the supremum of wpG;Sq over all quantum strategies S for G. Since Cqa
is the closure of Cq and Cqs is in between Cq and Cqa,

wqpGq “ suptwpG; pq : p P Cqu “ suptwpG; pq : p P Cqsu “ suptwpG; pq : p P Cqau.

In this thesis, a correlation p (resp. a strategy S) is said to be optimal1 for G if wpG; pq “

wqpGq2 (resp. wpG;Sq “ wqpGq).

2.2.3 Quantum circuits

In this thesis, we take σI , σX , and σZ to denote the following Pauli operators:

σI “

˜

1 0
0 1

¸

, σX “

˜

0 1
1 0

¸

, and σZ “

˜

1 0
0 ´1

¸

.

A unitary quantum circuit is simply a unitary which can be written as a product of gates
from some universal gate set U . Unless otherwise specified we will assume the universal
gate set is the following universal gate set tH,ΛpXq,Λ2pXqu, where H is the Hadamard
gate, ΛpXq is the controlled σX gate, and Λ2pXq is the Toffoli gate. A general quantum
circuit or simply a quantum circuit is a unitary quantum circuit that can additionally
apply non-unitary gates which, introduce qubits initialized in the 0 state, trace out qubits,
or measure qubits in the standard basis.

We say a family of quantum circuits tQnunPN is a polynomial-size family of quantum
circuits if there exists polynomial r such thatQn has size at most rpnq. A family of quantum
circuits tQnu is called polynomial-time uniform family if there exists a polynomial time
Turing machine that on input 1n outputs a description of Qn. In this case, the family will
also be a polynomial-size family of quantum circuits.

1If wqpGq “ 1, we often replace “optimal” with “perfect”.
2One can also define the commuting-operator value wcopGq :“ suptwpG; pq : p P Cqcu. In this thesis,

being optimal always means achieving the quantum value wqpGq, even when we are working with p P Cqc

or infinite-dimensional commuting-operator strategies.
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Given a quantum circuit Q, we denote its size (number of gates plus number of wires)
by |Q|. The task of delegating the computation of Q is captured by the following promise
problem:

Definition 2.2.1 (Q-CIRCUIT). The input is a quantum circuit Q on n qubits. The
problem is to decide between the following two cases:

• Yes: ∥pp|1yx1| b In´1qQ|0ny∥2 ě 1 ´ γ

• No: ∥pp|1yx1| b In´1qQ|0ny∥2 ď γ

where we are promised that one of the two cases holds.

Problem in Definition 2.2.1 is known to be BQP-complete for 1 ´ 2γ ą 1
polypnq

.

2.3 Complexity

2.3.1 Notation

We take rns to denote the set t1, . . . nu. Given two real valued functions f, g : R Ñ R, we
write f “ Opgq (resp. f “ Ωpgq) if there exists a positive real number M and an x0 P R
such that |fpxq| ď Mgpxq (resp. |fpxq| ě Mgpxq) for all x ě x0. We call a function f

negligible, and write f “ neglpnq, if for all constants c ą 0 we have f “ Opn´cq. For two
distributions P and Q on a finite set X the statistical differences of P and Q is given by
ř

xPX |P pxq ´ Qpxq|.

2.3.2 Computability

Given a set Σ, a word of length n over Σ is a finite sequence a1a2 ¨ ¨ ¨ an, where ai P Σ for
all 1 ď i ď n. We use the standard terminology from the theory of computation (see, e.g.
[Sip12]). In particular, a subset L of words over Σ is in RE if there is a Turing machine M
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with input alphabet Σ which recognizes L, meaning that there is a computation path where
M halts on input x if and only if x P L. In this definition M can be non-deterministic, but
every language in RE can be recognized by a deterministic Turing machine. A language
L is in coRE if its complement L is in RE, and is decidable if it is in both RE and coRE.
Equivalently, L is decidable if there is a deterministic Turing machine that halts on every
input x, returning “accept” if x P L and “reject” otherwise. Since many types of objects
can be encoded as strings, we often talk about sets of other objects being RE or coRE. For
instance, the set

HALT “ tpM,xq a Turing machine, x an input to M | M halts on input xu

is the prototypical example of an undecidable RE set, although formalizing it as a language
requires choosing some encoding of pairs pM,xq as strings. The complement coHALT of
pairs pM,xq such that M does not halt on input x is the prototypical example of an
undecidable coRE set. A function f from strings on Σ to strings on Σ1 is computable if
there is a deterministic Turing machine with input alphabet Σ and output alphabet Σ1

which takes input x to fpxq. A language L of strings over Σ is RE-hard (resp. coRE-hard)
if there is a computable function f from pairs of Turing machines pM,xq to strings over Σ,
such that fpM,xq P L if and only if M halts on input x (sometimes this is called RE-hard
under many-one reductions). Because natural numbers can be encoded as binary strings,
we can also talk about RE, coRE, RE-hard, and coRE-hard subsets of N.

We also care about how many steps it takes a Turing machine to accept an input. The
time function of a non-deterministic Turing machine M is the function T : N Ñ N, where
T pnq is the smallest possible integer such that, given an input string x of length ď n,
if M halts on x, then some computation path of M halts in ď T pnq steps. We use the
convention that every Turing machine takes at least one step to halt, so T pnq ě 1 for all
n. We say that L can be recognized in time T 1 : N Ñ N if there is a Turing machine M
recognizing L with time function T pnq ď T 1pnq for all n. In particular, L can be recognized
in polynomial time if it can be recognized in time Cnk for some C, k P N. Similarly, we
say that L can be recognized in deterministic time T 1 : N Ñ N if there is a deterministic
Turing machine M recognizing L with time function T pnq ď T 1pnq for all n. A function f
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is computable in time T pnq if there is a deterministic Turing machine computing f which
halts in ď T pnq steps on all input strings of length ď n.

2.3.3 Quantum complexity classes

Definition 2.3.1 (QMA). A promise problem L “ pLyes, Lnoq is in QMA if there exist
polynomials p and q, and a polynomial-time uniform family of quantum circuits tQnu where
Qn takes as input a string x P Σ˚ with |x| “ n, a ppnq-qubit quantum state |ψy, and qpnq

auxiliary qubits in state |0y
bqpnq, such that:

• (Completeness) if x P Lyes, then there exists some |ψy such that Qn accepts px, |ψyq

with probability at least 1 ´ neglpnq, and

• (Soundness) if x P Lno, then for any state |ψy, Qn accepts px, |ψyq with probability at
most neglpnq.

The Hamiltonian of a quantum system is a Hermitian operator that encodes the energy
of that system. The following local Hamiltonian problem plays a central role in quantum
proofs. It was shown to be QMA complete for parameters k “ 5 and β ´ α “ 1

polypnq

[KSV02].

Definition 2.3.2. Let k P N, α, β P R with α ă β, the k-Local Hamiltonian problem with
parameters α and β is the following promise problem. Let n be the number of qubits of
a quantum system. The input is a set of mpnq Hamiltonians H1, . . . , Hmpnq where m is a
polynomial in n and each Hi acts on k qubits out of the n qubit system with ∥Hi∥ ď 1. For
H “

řmpnq

j“1 Hj the promise problem is to decide between the following.

• Yes. There exists an n-qubit state |φy such that xφ|H |φy ď α ¨ mpnq.

• No. For every n-qubit state |φy it holds that xφ|H |φy ě β ¨ mpnq.

We sometimes refer to the family of circuits tQnu in Definition 2.3.1 simply as a family
of verification circuits. Definition 2.3.1 can be understood as an interactive proof system.
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In general, we consider multiple-prover interactive proof (MIP) systems in the quantum
setting. This leads to the study of the class MIP˚. Informally, a language is in MIP˚ if it
can be decided by a polynomial-time classical verifier that interacts with multiple isolated,
all-powerful and entangled provers. In this thesis, we only deal with MIP˚ proof systems
involving two provers and one round; which are defined as the following.

Definition 2.3.3. A promise language L “ pLyes, Lnoq is in MIP˚
r2, 1sc,s if there exists

a polynomial-time computable function that takes an instance x P L to a description of a
non-local game Gx satisfying the following conditions.

• (Completeness) For every x P Lyes we have ω˚pGxq ě c.

• (Soundness) For every x P Lno we have ω˚pGxq ă s.

We refer to the mapping, x ÞÑ Gx, as a MIP˚
r2, 1sc,s proof system, or in some places a

MIP˚
r2, 1sc,s protocol. When the parameters are clear from the context we simply call it

an MIP˚ proof system.

Next, we discuss zero knowledge, which is an additional property for proof systems.
Intuitively, in a zero-knowledge proof system, no verifier (including a malicious one) can
learn anything beyond the membership in the language of the instance under consideration.
For our scenario of MIP˚

r2, 1s, it is sufficient to quantify over verifiers that send at most
one valid question to each prover (otherwise, we can impose that the provers abort the
protocol). Hence, a malicious verifier can only deviate from the honest one by sampling an
initial question according to an alternate distribution, and by sampling the second question
adaptively.

More formally, a malicious verifier pV is a probabilistic polynomial-time Turing (PPT)
machine which on input x and randomness θ samples question q1 for either Alice or
Bob. Given reply r1, the malicious verifier samples question q2 in a way that may de-
pend on q1 and r1. For a given quantum strategy S and malicious verifier pV , we take
V iewppV pxq,Sq to be the random variable corresponding to the transcript of questions and
answers px, θ, q1, r1, q2, r1q. A protocol is zero-knowledge when for all “yes” instances a
simulator can sample from the distribution above.
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Definition 2.3.4. An MIP˚
r2, 1sc,s proof system is statistical zero-knowledge if for every

x P Lyes there exists an honest prover strategy S satisfying the following:

1. ω˚pSq ě c.

2. For any PPT malicious verifier pV there exists a PPT simulator Sim
pV with output

distribution that is ϵ-close to V iewppV pxq, Sq in statistical distance for some negligible
function ϵp|x|q.
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Chapter 3

Self-testing

3.1 An operator-algebraic formulation of self-testing

The standard definition of self-testing centres around the following notion of local dilations
of quantum models:

Definition 3.1.1. A quantum model

rS “

´

rHA, rHB, tĂM
x
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψy

¯

is a local dilation of another model

S “ pHA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq ,

denoted S ľ rS, if there are finite-dimensional Hilbert spaces Haux
A and Haux

B , a vector state
|auxy P Haux

A b Haux
B , and isometries IA : HA Ñ rHA b Haux

A and IB : HB Ñ rHB b Haux
B

such that
pIA b IBq ¨ pMx

a b Ny
b q |ψy “

´

ĂMx
a b rNy

b | rψy

¯

b |auxy

for all pa, b, x, yq P A ˆ B ˆ X ˆ Y .
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Note that if S ľ rS, then S and rS give the same correlation. The relation ľ is a
preorder, in the sense that it is transitive and reflexive, but is not anti-symmetric. We now
recall the standard definition of self-testing for quantum models.

Definition 3.1.2. Let C be a class of quantum models. A correlation p is a self-test for
the class C if there is a model rS for p in C, such that S ľ rS for all other models S for p
in C.

In Definition 3.1.2, we are primarily interested in the classes of projective quantum
models and all quantum models, although we discuss several other classes at the beginning
of this section. Stating Definition 3.1.2 for an arbitrary class C of quantum models lets us
handle all these cases with one definition. For convenience, we refer to the models rS and S
appearing in Definition 3.1.2 as the ideal model and employed model respectively. In this
language, a correlation is a self-test if any employed model for the correlation is equivalent
to the ideal model up to local dilation.

3.1.1 Abstract state self-tests

Quantum models for correlations can also be expressed as states on C˚-algebras. Given
finite sets X and A, define the POVM algebra A

X,A
POVM to be the universal C˚-algebra

generated by positive contractions exa, x P X, a P A, subject to the relations
ř

aPA e
x
a “ 1

for all x P X. If ϕ : AX,A
POVM Ñ BpHq is a representation of AX,A

POVM on a Hilbert space H,
then tϕpexaq : a P Au is a POVM on H. Conversely, given any collection tMx

a : a P Au,
x P X of POVMs on a Hilbert space H, there is a unique representation ϕ : AX,A

POVM Ñ BpHq

with ϕpexaq “ Mx
a . To distinguish the generators of AX,A

POVM from the generators of AY,B
POVM

for a given tuple pX, Y,A,Bq, we let mx
a :“ exa P A

X,A
POVM and nyb :“ eyb P A

Y,B
POVM. If

S “ pHA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq

is a quantum model for p P Cq, then there is a (unique) representation ϕA b ϕB of the
C˚-algebra A

X,A
POVM bmin A

Y,B
POVM with ϕApmx

aq “ Mx
a and ϕBpnybq “ Ny

b for all pa, b, x, yq P

AˆBˆX ˆY . We call ϕA bϕB the associated representation of S. The abstract state fS
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on A
X,A
POVM bmin A

Y,B
POVM defined by fSpxq :“ xψ|pϕA b ϕBqpxq|ψy is finite-dimensional, and

satisfies
fSpmx

a b nybq “ xψ|ϕApmx
aq b ϕBpnybq|ψy “ ppa, b|x, yq. (3.1.1)

We refer to fS as the abstract state defined by S. Conversely, if f is a finite-dimensional
state on A

X,A
POVM bmin A

Y,B
POVM, then applying the double commutant theorem to a GNS

representation of f yields a quantum model S such that f “ fS [SW08]. In particular, a
correlation p P RAˆBˆXˆY

ě0 belongs to Cq if and only if there is a finite-dimensional state f
on A

X,A
POVM bmin A

Y,B
POVM with fpmx

a b nybq “ ppa, b|x, yq for all pa, b, x, yq P AˆB ˆX ˆ Y .
Consequently, a correlation p belongs to Cqa if and only if there is a (not necessarily
finite-dimensional) state f on A

X,A
POVM bmin A

Y,B
POVM with fpmx

a b nybq “ ppa, b|x, yq for all
pa, b, x, yq P A ˆ B ˆ X ˆ Y [Fri12, JNP`11].

Other classes of models can be identified with subsets of states on A
X,A
POVM bminA

Y,B
POVM.

For instance, let AX,A
PVM be the quotient of AX,A

POVM by the relations pexaq2 “ exa for all x P X,
a P A (the resulting algebra A

X,A
PVM is isomorphic to the group C˚-algebra C˚pZ˚n

m q, where
m “ |A| and n “ |X|). If

q : AX,A
POVM bmin A

Y,B
POVM Ñ A

X,A
PVM bmin A

Y,B
PVM

is the quotient homomorphism, and f is a state on A
X,A
PVM bmin A

Y,B
PVM, then f ˝ q is a state

on A
X,A
POVM bmin A

Y,B
POVM. The pullback map q˚ : f ÞÑ f ˝ q is an injection, and hence

identifies states on A
X,A
PVM bmin A

Y,B
PVM with a subset of states on A

X,A
POVM bmin A

Y,B
POVM. We

say that a state on A
X,A
POVM bmin A

Y,B
POVM is projective if it belongs to the image of q˚. A

finite-dimensional state f on A
X,A
POVM bmin A

Y,B
POVM is projective if and only if f “ fS for

some projective quantum model S.

The first main contribution of this thesis is a definition of self-testing in terms of states
on A

X,A
POVM bmin A

Y,B
POVM.

Definition 3.1.3. Let S be a subset of states on A
X,A
POVM bmin A

Y,B
POVM. A correlation p

is an abstract state self-test for S if there exists a unique abstract state f P S with
correlation p.
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The first main theorem of this thesis is that, in many cases, Definition 3.1.3 is equivalent
to the standard definition of self-testing in Definition 3.1.2. To state this theorem in as
much generality as possible, we make the following definitions:

Definition 3.1.4. Let

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψy
˘

be two quantum models.

1. We say that S and rS are locally equivalent, and write S – rS, if there are local
unitaries UA : HA Ñ rHA and UB : HB Ñ rHB such that

(i) UA b UB |ψy “ | rψy, and

(ii) UAM
x
aU

˚
A “ ĂMx

a and UBNy
b U

˚
B “ rNy

b for all pa, b, x, yq P A ˆ B ˆ X ˆ Y .

2. We say rS is a submodel of S if there are projections ΠA P BpHAq and ΠB P

BpHBq such that ΠAHA “ rHA,ΠBHB “ rHB, ΠA b ΠB |ψy “ λ | rψy for some λ ‰ 0,
ΠAM

x
aΠA “ ĂMx

a , ΠBN
y
b ΠB “ rNy

b , and rΠA,M
x
a s “ rΠB, N

y
b s “ 0 for all pa, b, x, yq P

A ˆ B ˆ X ˆ Y .

A class of quantum models C is closed if for any S P C, every rS that is locally equivalent
to a submodel of S is in C.

We can now state our first main theorem:

Theorem 3.1.5. Let p be an extreme point in Cq, let C be a closed class of quantum
models that contains a full-rank model for p, and let S :“ tfS : S P Cu be the set of finite-
dimensional states induced by C. Then p is a self-test for C if and only if p is an abstract
state self-test for S.
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The proof of Theorem 3.1.5 follows from Theorem 3.1.20 and Theorem 3.1.22. The
hypotheses of Theorem 3.1.5 can actually be weakened a bit further: the “if” direction
holds as long as p is extreme and C is closed, even if C does not contain a full-rank model
for p; while the “only if” direction only requires that C is closed and contains a full-rank
model for p. However, the assumption that p is extreme is necessary for the “if” direction,
as shown by Example 3.1.23; and the condition that p has a full-rank model is necessary
for the “only if” direction, which was shown in [BCK`23, Section 6.3].

The class of all quantum models and the class of projective quantum models are both
closed. As discussed above, if C is the class of all quantum models, then tfS : S P Cu is
the set of all finite-dimensional states on A

X,A
POVM bmin A

Y,B
POVM, while if C is the class of

projective quantum models then tfS : S P Cu is the set of projective finite-dimensional
states. Also, every correlation in Cq has a full-rank quantum model. Thus for these two
classes, Theorem 3.1.5 implies:

Corollary 3.1.6. Suppose p P CqpX, Y,A,Bq is an extreme point. Then:

(a) The correlation p is a self-test for the class of quantum models if and only if p is an
abstract state self-test for finite-dimensional states.

(b) If p has a full-rank projective quantum model, then p is a self-test for projective
quantum models if and only if p is an abstract state self-test for projective finite-
dimensional states.

The proof of Corollary 3.1.6 is given in Section 3.2.1. In part (b), if p is an abstract
state self-test for projective finite-dimensional states, then p is a self-test for projective
quantum models even if p does not have a full-rank projective quantum model. As shown
in [BCK`23], the hypothesis that p has a full-rank projective quantum model is required
for the other direction. The correlation rp constructed in [BCK`23, Section 6.3] does not
have a full-rank projective quantum model, and this correlation is a self-test for projective
quantum models but is not an abstract state self-test for projective finite-dimensional
states.
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In Section 3.2.1, we’ll show that if a correlation p P Cq is a self-test for all quantum
models (or equivalently, an abstract state self-test for the set of all finite-dimensional
states on A

X,A
POVM bminA

Y,B
POVM), then it has a projective ideal model, and hence is a self-test

for projective quantum models. The converse implication does not hold in general: the
correlation rp mentioned above is a self-test for projective quantum models but is not a
self-test for all quantum models. Nonetheless, our second main result is that for quantum
correlations that have full-rank projective models, every self-test for projective quantum
model is also a self-test for all quantum models.

Theorem 3.1.7. For any quantum correlation p P Cq, the following statements hold.

(a) If p is a self-test for all quantum models, then p has a full-rank projective ideal model
and is a self-test for projective quantum models.

(b) If p is a self-test for projective quantum models and has a full-rank projective model,
then p is a self-test for all quantum models.

Theorem 3.1.7 implies that many prominent self-tests for projective models, such as the
CHSH game, Mermin-Peres magic square game, and so on, are also self-tests for POVM
quantum models. In our paper [PSZZ23], we only proved a weaker version of part (b):
for synchronous quantum correlations and extremal binary quantum correlations, every
self-test for projective quantum models is also a self-test for all quantum models. Indeed,
we proved this by first showing that every correlation in these two classes has a full-
rank projective model. The general conclusion stated here follows from a recent result
by Baptista, Chen, Kaniewski, Lolck, Mančinska, Gabelgaard Nielsen, and Schmidt in
[BCK`23] (see Theorem 4.1 and 4.3 in their paper). In Section 3.2.1, I’ll review their
approach as well as our original proof.

When combining Corollary 3.1.6 and Theorem 3.1.7, we immediately see that:

Corollary 3.1.8. If p is an extreme point in Cq and has a full-rank projective quantum
model, then the following statements are equivalent:
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(1) p is a self-test for all quantum models.

(2) p is a self-test for projective quantum models.

(3) p is an abstract state self-test for finite-dimensional states.

(4) p is an abstract state self-test for projective finite-dimensional states.

Before starting to prove the main theorems, we note that a major advantage of Defi-
nition 3.1.3 is that it naturally generalizes to definitions of self-testing for other models of
nonlocal correlations, including commuting operator models. We discuss this in Section 3.3.
We prove Theorem 3.1.5 in the remaining of this section and prove Corollary 3.1.6 and
Theorem 3.1.7 in Section 3.2.1. Unless stated otherwise, all the Hilbert spaces in this
section and the next section are assumed to be finite-dimensional.

3.1.2 Self-tests are abstract state self-tests

We start by proving the “only if” direction of Theorem 3.1.5, that a self-test (as in Defini-
tion 3.1.2) is an abstract state self-test. For the purposes of this proof, we use the following
terminology. If

S “ pHA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq

is a quantum model, the support of |ψy in HA (resp. HB) is the image of the reduced
density matrix ρA :“ trHB

p|ψy xψ|q (resp. ρB “ trHA
p|ψy xψ|q. The support projections

ΠA and ΠB of |ψy are the self-adjoint projections onto the support of |ψy in HA and HB

respectively. Restricting to the support of |ψy gives another quantum model

S 1 :“ pΠAHA,ΠBHB, tΠAM
x
aΠAu, tΠBN

y
b ΠBu, |ψyq,

which we call the support model of S. The support model S 1 is a full-rank model, but is
not necessarily a submodel of S if ΠA and ΠB do not commute with all the measurement
operators Mx

a and Ny
b . We say that S is centrally supported if

rΠA,M
x
a s “ rΠB, N

y
b s “ 0
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for all pa, b, x, yq P A ˆ B ˆ X ˆ Y . The support model S 1 of a quantum model S is a
submodel of S if and only if S is centrally supported. Any full-rank model is centrally
supported, since the support projections are the identity operators. Conversely, if S is
centrally supported, then its support model is a full-rank submodel of S. Hence we have:

Lemma 3.1.9. Let C be a closed class of quantum models, and let p P Cq. Then C contains
a centrally supported model for p if and only if C contains a full-rank model for p.

For later use, we note the following two lemmas:

Lemma 3.1.10. If S is a centrally supported model with support model S 1, then S 1 ľ S

and S ľ S 1.

Proof. Suppose S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

is a centrally supported quantum model.
Let ΠA and ΠB be the support projections of |ψy, and let S 1 “ pH1

A,H1
B, t

xMx
a u, t pNy

b u, |ψyq

be the support model for S, so H1
A “ ΠAHA, H1

B “ ΠBHB, xMx
a “ ΠAM

x
aΠA, and pNy

b “

ΠBN
y
b ΠB. Since

xMx
a b pNy

b |ψy “ Mx
a b Ny

b |ψy for all a P A, b P B, x P X, y P Y,

it follows that S 1 ľ S.

To see S ľ S 1, pick an arbitrary unit vector |wAy P H1
A, and define an isometry

IA : HA Ñ H1
A b HA by IApvq “ v b |wAy if v P H1

A, and IApvq “ |wAy b v if v P pH1
AqK.

Similarly, define an isometry IB : HB Ñ H1
B b HB using a vector |wBy P H1

B. Using the
fact that S is centrally supported,

pIA b IBqMx
a b Ny

b |ψy “ pIA b IBqΠAM
x
aΠA b ΠBN

y
b ΠB |ψy

“ pxMx
a b pNy

b |ψyq b |wAy b |wBy

for all x P X, a P A, y P Y , b P B, so S ľ S 1.

Lemma 3.1.11. Two projections P,Q P BpHq commute if and only if PQP is a projection.
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Proof. The “only if” direction is obvious. For the “if” direction, suppose PQP is a pro-
jection, i.e., PQPQP “ PQP . Let S :“ PQp1 ´ P q. Then SS˚ “ PQp1 ´ P qQP “

PQP ´ PQPQP “ 0, which implies S “ 0. Hence PQ “ PQP . Then QP “ pPQq˚ “

pPQP q˚ “ PQP “ PQ.

Although we won’t use it, Lemma 3.1.11 immediately implies that the support model
of a centrally supported projective model remains projective:

Proposition 3.1.12. Suppose S is a projective quantum model and is centrally supported,
then its support model S 1 is projective.

We will now provide a useful characterization of centrally supported quantum models.
To do this, we first need to establish the following lemmas.

Lemma 3.1.13. Let |ψy P HA b HB be a bipartite vector state, and let ΠA and ΠB be
the support projections of |ψy. For any self-adjoint operator E P BpHAq, if there exists
an operator pE P BpHBq such that E b 1 |ψy “ 1 b pE |ψy, then the support projection ΠA

commutes with E.

Proof. Let |ψy “
řk
i“1 λi |αiy b |βiy be a Schmidt decomposition of |ψy, so the support

projection of |ψy on HA is ΠA “
řk
i“1 |αiy xαi|. Suppose there exists an operator pE P BpHBq

such that E b 1 |ψy “ 1 b pE |ψy. Then

ΠAE b 1 |ψy “ ΠA b pE |ψy “ 1 b pE |ψy “ E b 1 |ψy ,

or in other words p1 ´ ΠAqE b 1 |ψy “ 0. This implies
k
ÿ

i“1
λi
`

p1 ´ ΠAqE |αiy
˘

b |βiy “ 0,

and since λi ą 0 for all 1 ď i ď k and t|βiy : 1 ď i ď ku is an orthonormal subset, it follows
that p1 ´ ΠAqE |αiy “ 0 for all 1 ď i ď k. Hence,

p1 ´ ΠAqEΠA “

k
ÿ

i“1
p1 ´ ΠAqE |αiy xαi| “ 0,

and EΠA “ ΠAEΠA. Since E is self-adjoint, ΠAE “ pEΠAq˚ “ ΠAEΠA “ EΠA.
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Lemma 3.1.14. If |ψy P HA b HB is a full-rank vector state, then for any E P BpHAq

(resp. F P BpHBq) there is an operator pE P BpHBq (resp. pF P BpHAq) such that
E b 1 |ψy “ 1 b pE |ψy (resp. 1 b F |ψy “ pF b 1 |ψy).

Proof. Since the vector state |ψy P HA b HB is full-rank, we can assume without loss of
generality that HA “ HB “ Ck and |ψy has Schmidt decomposition

|ψy “

k
ÿ

i“1
λi |iy b |iy .

Let λ :“
řk
i“1 λi |iy xi| and |τy :“

řk
i“1 |iy b |iy. Then λ is invertible and |ψy “ 1b λ |τy “

λ b 1 |τy. Given E P BpHAq, let pE :“ λETλ´1, where ET is the transpose of E in the
standard basis. Since 1 b MT |τy “ M b 1 |τy for any operator M ,

1 b pE |ψy “ p1 b λETλ´1
qp1 b λq |τy “ 1 b λET

|τy “ E b λ |τy “ E b 1 |ψy .

The existence of pF for F follows similarly.

Proposition 3.1.15. A quantum model

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

is centrally supported if and only if for every a P A, x P X (resp. b P B, y P Y ) there exists
an operator xMx

a P BpHBq (resp. pNy
b P BpHAq) such that Mx

a b 1|ψy “ 1 b xMx
a |ψy (resp.

1 b Ny
b |ψy “ pNy

b b 1 |ψy) .

Proof. The “if” part follows directly from Lemma 3.1.13. For the “only if” part, let ΠA

and ΠB be the support projections of |ψy, and suppose rΠA,M
x
a s “ rΠB, N

y
b s “ 0 for all

pa, b, x, yq P A ˆ B ˆ X ˆ Y . Since ΠA b ΠB |ψy is full-rank in pΠAHAq b pΠBHBq, by
Lemma 3.1.14 there is an operator xMx

a in BpΠBHBq (which is also an operator in BpHBq

acting trivially on p1 ´ ΠBqHB) such that ΠAM
x
aΠA b ΠB |ψy “ ΠA b xMx

aΠB |ψy for any
a P A, x P X. Therefore

Mx
a b 1 |ψy “ Mx

aΠA b ΠB |ψy “ ΠAM
x
aΠA b ΠB |ψy “ ΠA b xMx

aΠB |ψy “ 1 b xMx
a |ψy .

Similarly, for any b P B, y P Y there is pNy
b P BpHAq such that 1bNy

b |ψy “ pNy
b b1 |ψy.
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This characterization allows us to show that centrally supported models can only locally
dilate to centrally supported models:

Proposition 3.1.16. Suppose S and rS are two quantum models such that S ľ rS. Then
S is centrally supported if and only if rS is centrally supported.

Proof. Suppose

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

are two quantum models for a quantum correlation p such that S ľ rS with local isometries
IA, IB and vector state |auxy P Haux

A b Haux
B . Let ΠA,ΠB and rΠA, rΠB be the support

projections of S and rS respectively.

For the “if” direction, suppose rS is centrally supported. Then for any x P X, a P A, by
Proposition 3.1.15, there is an operator F x

a P Bp rHBq such that ĂMx
a b 1 | rψy “ 1 b F x

a | rψy.
This implies xMx

a :“ I˚
BpF x

a b 1Haux
B

qIB is an operator in BpHBq such that

1 b xMx
a |ψy “ I˚

AIA b I˚
BpF x

a b 1Haux
B

qIB |ψy

“ I˚
A b I˚

B

´

1
rHA

b F x
a b 1Haux

A bHaux
B

pIA b IB |ψyq

¯

“ I˚
A b I˚

B

´

p1
rHA

b F x
a |ψyq b |auxy

¯

“ I˚
A b I˚

B

´

pĂMx
a b 1

rHaux
B

|ψyq b |auxy

¯

“ Mx
a b 1 |ψy .

Similarly, for any b P B, y P Y , there is a pNy
b P BpHAq such that 1bNy

b |ψy “ pNy
b b 1 |ψy.

By Proposition 3.1.15 again, this means S is centrally supported.

For the “only if” direction, suppose S is centrally supported. Then

S 1 :“
`

rHA b Haux
A , rHB b Haux

B , tĂMx
a b 1Haux

A
u, t rNy

b b 1Haux
B

u, | rψ, auxy
˘

is a quantum model for p with support projections rΠA b Πaux
A and rΠB b Πaux

B where
Πaux
A P BpHaux

A q and Πaux
B P BpHaux

B q are the support projections of |auxy. Since S is
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centrally supported, for any x P X, a P A, by Proposition 3.1.15, there is an operator
xMx
a P BpHBq such that Mx

a b 1 |ψy “ 1 b xMx
a |ψy. Since IAI˚

A b IBI
˚
B | rψ, auxy “ | rψ, auxy

and IAI
˚
A b 1 ě IAI

˚
A b IBI

˚
B, we see that IAI˚

A b 1 | rψ, auxy “ | rψ, auxy. Then IBxM
x
a I

˚
B is

an operator in Bp rHB b Haux
B q such that

1 b IBxM
x
a I

˚
B | rψ, auxy “ IAI

˚
A b IBxM

x
a I

˚
B | rψ, auxy

“ pIA b IBqp1 b xMx
a |ψyq

“ pIA b IBqpMx
a b 1 |ψyq

“ pĂMx
a b 1Haux

A
q b 1 | rψ, auxy .

By Lemma 3.1.13 we see that rΠAbΠaux
A commutes with ĂMx

a b1Haux
A

, and hence rrΠA,ĂM
x
a s “

0 for all x P X, a P A. Similarly, rrΠB, rN
y
b s “ 0 for all y P Y, b P B. We conclude that rS is

centrally supported.

As an immediate consequence, we have:

Corollary 3.1.17. Suppose p is a self-test for a class of quantum models C and C contains
a centrally supported model for p, then every model in C for p is centrally supported. If in
addition, C is closed, then p has a full-rank ideal model in C.

Proof. Let S be a centrally supported model in C for p, and let rS be an ideal model in C
for p. Since S ľ rS, by Proposition 3.1.16, rS must be centrally supported and hence all
models in C for p are centrally supported. If C is closed, then by Lemmas 3.1.9 and 3.1.10,
the support model S 1 of rS is in C and is a full-rank ideal model for p.

In particular, Corollary 3.1.17 applies to the class of all quantum models CPOVM . In
fact, we can say more about the ideal model in this case. We prove stronger versions of
Corollary 3.1.17 for CPOVM in Propositions 3.2.1 and 3.2.3.

The following proposition shows that two quantum models S and rS with S ľ rS induce
the same abstract state if one of them (hence both of them) is centrally supported.
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Proposition 3.1.18. Let

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

be two quantum models for a correlation p P CqpX, Y,A,Bq, with associated representations
πAbπB and rπAbrπB respectively. Suppose S ľ rS via local isometries IA and IB and vector
state |auxy P Haux

A b Haux
B . If either S or rS is centrally supported, then

prπApαq b 1
rHB

| rψyq b |auxy “ IAπpαqI˚
A b 1

rHBbHaux
B

| rψ, auxy for all α P A
X,A
POVM, (3.1.2)

p1
rHA

b rπBpβq | rψyq b |auxy “ 1
rHAbHaux

A
b IBπpβqI˚

B | rψ, auxy for all β P A
Y,B
POVM, (3.1.3)

and fS “ f
rS.

Proof. By Proposition 3.1.16, both S and rS are centrally supported. To prove Equa-
tion (3.1.2), we first show that this equation holds for all monomials α “ α1 ¨ ¨ ¨αk P A

X,A
POVM,

αi P texa : x P X, a P Au by induction on the monomial degree k P N. Indeed, the cases
k “ 0, 1 follow straight from Definition 3.1.1. Suppose that Equation (3.1.2) holds for all
monomials in A

X,A
POVM of degree k. For any monomial α “ α1 ¨ ¨ ¨αkαk`1 in A

X,A
POVM of degree

k ` 1, let α1 :“ α1 ¨ ¨ ¨αk. Since rS is centrally supported, by Proposition 3.1.15 there is an
rF P Bp rHBq such that rπApαk`1q b 1 | rψy “ 1 b rF | rψy. Thus by the inductive hypothesis,

`

rπApαq b 1
rHB

| rψy
˘

b |auxy “
`

rπApα1
qrπApαk`1q b 1

rHB
| rψy

˘

b |auxy

“
`

rπApα1
q b rF | rψy

˘

b |auxy

“ IAπApα1
qI˚
A b rF b 1Haux

B
| rψ, auxy

“
`

IAπApα1
qI˚
Aprπpαk`1q b 1Haux

A
q
˘

b 1
rHBbHaux

B
| rψ, auxy

“
`

IAπApα1
qI˚
AIAπApαk`1qI˚

A

˘

b 1
rHBbHaux

B
| rψ, auxy

“ IAπApαqI˚
A b 1

rHBbHaux
B

| rψ, auxy .

We conclude that Equation (3.1.2) holds for all α. The proof of Equation (3.1.3) is similar.
Hence, for any α P A

X,A
POVM and β P A

Y,B
POVM,

f
rSpα b βq “ x rψ| rπApαq b rπBpβq | rψy
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“ x rψ, aux| rπApαq b rπBpβq b 1Haux
A bHaux

B
| rψ, auxy

“ x rψ, aux| IAπApαqI˚
A b IBπBpβqI˚

B | rψ, auxy

“ xψ| πApαq b πBpβq |ψy

“ fSpα b βq,

which implies fS “ f
rS.

For later use, we note that when combining Lemma 3.1.10 and Proposition 3.1.18 we
have

Corollary 3.1.19. Suppose S is a centrally supported model, and let S 1 its support model.
Then fS “ fS1.

We can now prove the “only if” direction of Theorem 3.1.5 (with the weaker hypotheses
mentioned after the theorem statement).

Theorem 3.1.20. Let p P CqpX, Y,A,Bq. Let C be a class of quantum models that is
closed and contains a full-rank model for p, and let S “ tfS : S P Cu. If p is a self-test for
C then p is an abstract state self-test for S.

Proof. Let S be a full-rank model in C for p. Suppose p is a self-test for C, and let rS P C be
an ideal model for p, so S ľ rS. Full-rank models are centrally supported, so rS is centrally
supported by Proposition 3.1.16. Then Proposition 3.1.18 implies that f

rS is the unique
state in S achieving p.

As mentioned in Section 3.1, the assumption that C contains a full-rank model for p is
crucial for Theorem 3.1.20. In [BCK`23], Baptista, Chen, Kaniewski, Lolck, Mančinska,
Gabelgaard Nielsen, and Schmidt construct a quantum correlation rp where the class of
projective quantum models contains no full-rank models for rp. They further show that rp

is a self-test for projective quantum models but not an abstract state self-test for finite-
dimensional projective states.
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3.1.3 Abstract state self-tests are self-tests

Before we can establish the “if” direction of Theorem 3.1.5 we need to review some basic
facts about the representation theory of C˚-algebras. For more details we refer the reader
to [Bla06].

Lemma 3.1.21. Let πA : A Ñ BpHAq and rπA : A Ñ Bp rHAq be two representations of a
C˚-algebra A, and let πB : B Ñ BpHBq and rπB : B Ñ Bp rHBq be two representations of a
C˚-algebra B.

(1) πA b πB is irreducible if and only if πA and πB are irreducible.

(2) Suppose πA and πB are irreducible. Let |ψy and |ψ1y be two vector states in HAbHB.
If pπA b πB,HA b HB, |ψyq and pπA b πB,HA b HB, |ψ

1yq are GNS representations
for the same state, then |ψy xψ| “ |ψ1y xψ1| (in other words, the states |ψy and |ψ1y

only differ by a complex phase).

(3) Suppose πA, rπA, πB and rπB are irreducible. Then πA b πB – rπA b rπB if and only if
πA – rπA and πB – rπB.

Proof. Part (1) is an immediate consequence of Schur’s lemma, along with the fact that
`

πApAq b πBpBq
˘1

“
`

πApAq
˘1

b
`

πBpBq
˘1 [Bla06, III.4.5.8].

For part (2), since GNS representations of a state are unitarily equivalent, there exists
a unitary operator U acting on HA b HB such that

U |ψy “ |ψ1
y , and (3.1.4)

UπApαq b πBpβqU˚
“ πApαq b πBpβq for all α P A, β P B. (3.1.5)

Since πA and πB are irreducible, part (1) and Equation (3.1.5) implies that U P
`

πApAq b

πBpBq
˘1

“ C1. Then part (2) follows from Equation (3.1.4).

For part (3), if πA b πB – rπA b rπB as an A b B-module, then πA b 1HB
– rπA b 1

rHB

as an A-module. But this requires πA – rπA by Schur’s lemma.
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We note that Lemma 3.1.21 and its proof hold for representations of C˚-algebras on
infinite-dimensional Hilbert spaces.

Now we are ready to prove the “if” direction of Theorem 3.1.5 (with, again, the weaker
hypotheses mentioned after the theorem statement).

Theorem 3.1.22. Let p P CqpX, Y,A,Bq be an extreme point in Cq, let C be a class of
quantum models that is closed, and let S “ tfS : S P Cu. If p is an abstract state self-test
for S, then p is a self-test for C, and furthermore p has an ideal model rS such that the
associated representation rπA b rπB is irreducible.

Proof. Let f be the unique state in S achieving p. Given a quantum model

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

in C for p with the associated representation πA b πB, we can decompose the local Hilbert
spaces and associated representations with the double-commutant theorem to get

HA “
à

i

HA
i b KA

i , πApA
X,A
POVMq “

à

i

BpHA
i q b 1KA

i
, and

HB “
à

j

HB
j b KB

j , πBpA
Y,B
POVMq “

à

j

BpHB
j q b 1KB

j

for some Hilbert spaces HA
i , K

A
i ,HB

j , K
B
j . Choose orthonormal bases t|αki yuk and t|βℓjyuℓ

for KA
i and KB

j respectively. Then

|ψy “
à

i,j

˜

ÿ

k,ℓ

|ψklij y b λkℓij |αki , β
ℓ
jy

¸

P
à

i,j

HA
i b HB

j b KA
i b KB

j ,

where
ř

i,j

ř

k,ℓ|λkℓij |2 “ 1 and every |ψkℓij y is a vector state in HA
i b HB

j . Moreover, πA and
πB decompose as

πApαq “
à

i,k

πAi pαq b |αki y xαki | and πBpβq “
à

j,ℓ

πBj pβq b |βℓjy xβℓj | ,

where πAi and πBj are irreducible representations.
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For convenience, let Λ :“ tpi, j, k, ℓq : λkℓij ‰ 0u be the set of indices for which the
coefficient λkℓij is non-zero. It is clear that Λ is non-empty. Now, for every pi, j, k, ℓq P Λ,
Sklij :“ pHA

i ,HB
j , tπ

A
i pmx

aqu, tπBj pnybqu, |ψkℓij yq is a submodel of S. Since C is closed, we see
that Skℓij P C. And if pkℓij P Cq is the correlation of Skℓij , then

ř

pi,j,k,ℓqPΛ|λkℓij |2pkℓij “ p. But
since p is an extreme point in Cq and f is the unique abstract state in S achieving p, we
must have pkℓij “ p and ultimately fSkℓ

ij
“ f for all pi, j, k, ℓq P Λ.

In particular, it follows from the above argument that there are models

rS “
`

rHA, rHB, tĂM
x
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψy
˘

P C

for p such that the associated representation rπA b rπB is irreducible. Let’s suppose that we
have fixed such a model rS (not necessarily arising from S), and continue working with the
model S. Since πAi and πBj are irreducible, if pi, j, k, ℓq P Λ then pπAi b πBj ,HA

i b HB
j , |ψ

kℓ
ij yq

is a GNS representation of f . Hence by Lemma 3.1.21, part (2), for any i, j the vector
states |ψkℓij y , pi, j, k, ℓq P Λ differ at most by a complex phase. By absorbing this phase into
the coefficients λkℓij , we can rewrite

|ψy “
à

ij

|ψijy b λij |κijy ,

where |ψijy P HA
i b HB

j and |κijy P KA
i b KB

j are vector states, and
ř

i,j |λij|
2 “ 1.

Since rπA b rπB is irreducible, prπA b rπB, rHA b rHB, | rψyq is a GNS representation of f .
Similarly, pπAi b πBj ,HA

i b HB
j , |ψijyq is a GNS representation of f for pi, jq P Λ1 :“ tpi, jq :

λij ‰ 0u. Hence the representations πAi b πBj , pi, jq P Λ1 are all unitarily equivalent to
rπA b rπB. By Lemma 3.1.21, part (3), if i P ΛA :“ ti : λij ‰ 0 for some ju, then πAi is
unitarily equivalent to rπA via some unitary UA

i : HA
i Ñ rHA. Similarly if j P ΛB :“ tj :

λij ‰ 0 for some iu, then πBj is unitarily equivalent to rπB via some unitary UB
j : HB

j Ñ rHB.
If pi, jq P Λ1, then prπA b rπB, rHA b rHB, U

A
i b UB

j |ψijyq is a GNS representation of f , so
UA
i bUB

j |ψijy and | rψy differ by a complex phase. By absorbing this phase into λij, we can
assume that UA

i b UB
j |ψijy “ | rψy for all pi, jq P Λ1.

For every i P ΛA, we can define an isometry IAi : HA
i b KA

i Ñ rHA b KA
i via IAi :“

UA
i b 1KA

i
. For every i R ΛA, let IAi : HA

i b KA
i Ñ rHA b pHA

i b KA
i q be the isometry
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|vy ÞÑ |wy b |vy, where |wy P rHA is some arbitrarily chosen vector state. Define isometries
IBj analogously. Let

Haux
A :“

˜

à

iPΛA

KA
i

¸

‘

˜

à

iRΛA

pHA
i b KA

i q

¸

and Haux
B :“

˜

à

jPΛB

KB
j

¸

‘

˜

à

jRΛB

pHB
j b KB

j q

¸

,

and define |auxy :“
À

pi,jqPΛ1 λij |κijy P Haux
A b Haux

B . Finally, letting IA :“
À

i I
A
i and

IB :“
À

j I
B
j , we see that

pIA b IBqπApαq b πBpβq |ψy “

´

rπApαq b rπBpβq | rψy

¯

b |auxy

for all α P A
X,A
POVM, β P A

Y,B
POVM. We conclude that S ľ rS, so p is a self-test for C with ideal

model rS.

The point in Theorem 3.1.22 of showing that there is an ideal strategy

rS “
`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

for which the associated representation rπA b rπB is irreducible is that then | rψy is cyclic for
rπA b rπB, so

´

rπA b rπB, rHA b rHB, | rψy

¯

is the GNS representation of the unique abstract
state f “ f

rS for p. In particular, the GNS representation of f will be irreducible, which
means that f is an extreme point of the set of states on A

X,A
POVM bmin A

Y,B
POVM.

As mentioned in Section 3.1, the assumption that the correlation p is an extreme point
in Cq is necessary for Theorem 3.1.22. In the following example, we describe a non-extreme
quantum correlation which is an abstract state self-test but not a self-test.

Example 3.1.23. Let X “ Y “ t0u and A “ B “ t0, 1u, and consider the correlations p,
p1, and p2 defined by

pp0, 0|0, 0q “ pp1, 1|0, 0q “
1
2 , pp0, 1|0, 0q “ pp1, 0|0, 0q “ 0,

p1p0, 0|0, 0q “ 1, p1p0, 1|0, 0q “ p1p1, 0|0, 0q “ p1p1, 1|0, 0q “ 0, and

p2p0, 0|0, 0q “ p2p0, 1|0, 0q “ p2p1, 0|0, 0q “ 0, p2p1, 1|0, 0q “ 1.
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With question sets of size 1, all correlations are classical, so in particular p, p1, and p2

belong to CqpX, Y,A,Bq. Since p “ 1
2p1 ` 1

2p2, p is not an extreme point in Cq.

Suppose f is an abstract state on A
X,A
POVM bmin A

Y,B
POVM achieving p. The correlation p

is synchronous, so as we’ll show in Theorem 3.2.6 part (b), f is projective. The algebra
A
X,A
PVM bmin A

Y,B
PVM is spanned by 1 b 1, m0

0 b 1, 1 b n0
0, and m0

0 b n0
0, so f is determined by

its values on these monomials. From the correlation p, we see that

fp1 b 1q “ 1, fpm0
0 b 1q “ pp0, 0|0, 0q ` pp0, 1|0, 0q “

1
2 ,

fp1 b n0
0q “ pp0, 0|0, 0q ` pp1, 0|0, 0q “

1
2 , fpm0

0 b n0
0q “ pp0, 0|0, 0q “

1
2 .

So p is an abstract state self-test for the set of all states on A
X,A
POVM bmin A

Y,B
POVM.

We will now show that p is not a self-test for the class of quantum models. Consider
the following quantum models for p:

pS “

´

C2,C2, txM0 “ pN0 “ |0y x0| ,xM1 “ pN1 “ |1y x1|u, | pψy “
|00y`|11y

?
2

¯

, and

S “

´

C3,C3, tM0 “ N0 “ |0y x0| ,M1 “ N1 “ |1y x1| ` |2y x2|u, |ψy “
|00y
?

2 `
|11y`|22y

2

¯

.

Now, assume p is a self-test for quantum models with ideal model
rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

.

Then S ľ rS via some isometries IA, IB and vector state |auxy, and pS ľ rS via some
isometries pIA, pIB and vector state |yauxy, so in particular

IA b IB |ψy “ | rψy b |auxy and pIA b pIB | pψy “ | rψy b |yauxy .

The states |ψy and | pψy have Schmidt rank 2 and 3 respectively. Since isometries preserve
Schmidt rank, the Schmidt rank of | rψy must divide both 3 and 2. Therefore the Schmidt
rank of | rψy is 1. It’s well-known that p cannot be attained with a separable pure state, so
p is not a self-test for quantum models. Indeed, suppose that

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

is a model for p with |ψy “ |ψ1y |ψ2y. Then ppa, b|0, 0q “ paqb, where pa “ xψ1|M0
a |ψ1y

and qb “ xψ2|N0
a |ψ2y. But there are no probability distributions tp0, p1u and tq0, q1u with

p0q0 “ p1q1 “ 1{2 and p0q1 “ p1q0 “ 0.
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3.2 POVM models versus PVM models

3.2.1 The class of all quantum models and projective quantum
models

In this subsection, we look closer at the class CPOVM of all quantum models and the class
CPVM of projective quantum models. We start by proving Corollary 3.1.6.

Proof of Corollary 3.1.6. CPOVM and CPVM are both closed. Recall from Section 3.1 that
if f is a state on A

X,A
POVM bmin A

Y,B
POVM, then f “ fS for some S P CPOVM (resp. CPVM)

if and only if f is finite-dimensional (resp. projective and finite-dimensional). If S is a
model for p, then the support model of S is a full-rank model for p. Hence every p P Cq

has a full-rank model in CPOVM , so part (a) of Corollary 3.1.6 follows immediately from
Theorem 3.1.5 applied to CPOVM . Part (b) is Theorem 3.1.5 applied to CPVM .

As mentioned previously, every correlation p P Cq has a projective quantum model, and
hence there is a projective finite-dimensional state on A

X,A
POVM bminA

Y,B
POVM with correlation

p. If p is an abstract state self-test for finite-dimensional states, then the unique finite-
dimensional state achieving p must be projective. It follows immediately that if p is an
abstract state self-test for all finite-dimensional states, then p is an abstract state self-test
for projective finite-dimensional states. This allows us to prove:

Proposition 3.2.1. If p P Cq is a self-test for all quantum models, then

(a) every quantum model for p is centrally supported,

(b) every full-rank model for p is projective,

(c) p has an ideal model which is full-rank and projective, and

(d) p is a self-test for projective quantum models.
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Note that Proposition 3.2.1 does not require that p is an extreme point of Cq. The
proof uses the following lemma:

Lemma 3.2.2. If S is a full-rank model and fS is projective, then S is projective.

Proof. Let S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

. Since fS is
projective,

xψ|
`

Mx
a ´ pMx

a q
2˘

b 1 |ψy “ fS
`

mx
a ´ pmx

aq
2˘

“ 0

for all x P X, a P A. Since Mx
a ´ pMx

a q2 is a positive operator and |ψy is full-rank, we
conclude that Mx

a ´ pMx
a q2 “ 0 for all a P A, x P X. The same argument shows that Ny

b

is a projection for all b P B, y P Y .

Proof of Proposition 3.2.1. Part (a) follows from Corollary 3.1.17. By Theorem 3.1.20, p is
an abstract state self-test for finite-dimensional states, and hence an abstract state self-test
for finite-dimensional projective states. In particular, the unique abstract state f for p is
projective, so part (b) follows directly from Lemma 3.2.2. Part (a) and Corollary 3.1.17
imply that p has a full-rank ideal model rS. Then by part (b), rS is also projective. It
follows that p is a self-test for projective quantum models.

As mentioned in Section 3.1, Baptista, Chen, Kaniewski, Lolck, Mančinska, Gabelgaard
Nielsen, and Schmidt [BCK`23] have constructed a correlation which is a self-test for full-
rank quantum models, and a self-test for projective quantum models, but does not have a
full-rank projective quantum model. By Proposition 3.2.1, this correlation is not a self-test
for all quantum models.

When p is an extremal quantum correlation, Lemma 3.2.2 can also be used to prove a
stronger version of Proposition 3.2.1, part (c):

Proposition 3.2.3. Suppose p P CqpX, Y,A,Bq is an extreme point in Cq and is a self-
test for all quantum models. Then p has a full-rank projective ideal model for which the
associated representation is irreducible.
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Proof of Proposition 3.2.3. By Corollary 3.1.6, part (a), p is an abstract state self-test
for finite-dimensional states. As mentioned above, the unique finite-dimensional state f
corresponding to p must be projective. By Theorem 3.1.22, p has an ideal model

rS “
`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

for which the associated representation rπA b rπB is irreducible, and in particular
´

rπA b rπB, rHA b rHB, | rψy

¯

is a GNS representation of the projective state f
rS “ f . Since f is the pullback of a state

on A
X,A
PVM bmin A

Y,B
PVM, any GNS representation of f is a pullback of a representation of

A
X,A
PVM bmin A

Y,B
PVM, and hence rS is projective.

Let S 1 be the support model of rS. By Lemma 3.2.2, S 1 is projective, so by Lemma 3.1.11
the support projection ΠA commutes with ĂMx

a for all x P X, a P A. Thus ΠA P rπApA
X,A
POVMq1,

and since rπA is irreducible, we must have ΠA “ 1
rHA

is the identity. Similarly ΠB “ 1
rHB

,
and we conclude that rS “ S 1 is full-rank.

As we can see from the proof, the ideal model is given by the GNS representation of the
unique abstract state for p, and this GNS representation exhibits a “bipartite” structure.
We conclude that

Corollary 3.2.4. Let p be an extreme point in Cq. If there is a unique finite-dimensional
abstract state f on A

X,A
POVM bmin A

Y,B
POVM achieving p, then f has a GNS representation

pHA b HB, πA b πB, |ψyq where |ψy P HA b HB is full-rank, and πA and πB are irreducible
representations of AX,A

POVM and A
Y,B
POVM on HA and HB respectively. Moreover, p is a self-test

for all quantum models with an ideal model

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

where Mx
a :“ πApmx

aq and Ny
b :“ πBpnybq for all px, y, a, bq P X ˆ Y ˆ A ˆ B. The same

conclusion holds if APOVM and “self-test for all quantum models” are replaced with APVM

and “self-test for projective quantum models”.
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Now we are ready to prove Theorem 3.1.7. Note that part (a) is already proved in
Proposition 3.2.1. For part (b), as mentioned in Section 3.1, we follow the approach in
[BCK`23]. The following lemma is restated from part of Theorem 3.18 in [BCK`23].

Lemma 3.2.5. Let S be a quantum model, and let SNai be any Naimark dilation of S. If
SNai is centrally supported, then S ľ SNai.

Proof. Suppose SNai “

´

pHA, pHB, tP
x
a u, tQy

bu, |
pψy

¯

is a Naimark dilation of a quantum
model S “ pHA,HB, tM

x
a u, tNy

b u, |ψyq such that SNai is centrally supported. Let ΠA and
ΠB be the support projections of S, and let IA : HA Ñ pHA and IB : HB Ñ pHB be the
isometries such that Mx

A “ I˚
AP

x
a IA, N

y
b “ I˚

BQ
y
bIB, and | pψy “ IA b IB |ψy. Then IAΠAI

˚
A

and IBΠBI
˚
B are the support projections of SNai. For every x and a, since IAΠAI

˚
A and P x

a

commute, we obtain

rΠA,M
x
a s “ ΠAI

˚
AP

x
a IA ´ I˚

AP
x
a IAΠA “ I˚

A pIAΠAI
˚
AP

x
a ´ P x

a IAΠAI
˚
Aq IA “ 0.

This implies

xψ| pMx
a q

2
b 1 |ψy “ xψ|Mx

aΠAM
x
a b 1 |ψy “ xψ| I˚

AP
x
a pIAΠAI

˚
AqP x

a IA b 1 |ψy

“ xψ| I˚
AP

x
a P

x
a pIAΠAI

˚
AqIA b 1 |ψy “ xψ| I˚

AP
x
a IAΠA b 1 |ψy

“ xψ|Mx
a b 1 |ψy .

So the positive operator Mx
a ´ pMx

a q2 satisfies xψ|
`

Mx
a ´ pMx

a q2˘ b 1 |ψy “ 0, and hence
`

Mx
a ´ pMx

a q2˘ b 1 |ψy “ 0 for all x and a. Similarly, we have 1 b
`

Ny
b ´ pNy

b q2˘ |ψy “ 0
for all y and b. It follows that

∥IA b IB
`

Mx
a b Ny

b |ψy
˘

´ P x
a b Qy

b

`

IA b IB |ψy
˘

∥2

“ xψ|Mx
a b Ny

b |ψy ´ xψ| pMx
a q

2
b pNy

b q
2

|ψy “ 0.

We conclude IAbIB
`

Mx
a bNy

b |ψy
˘

“ P x
a bQy

b | pψy for all x, y, a, b, and hence S ľ SNai.

Proof of Theorem 3.1.7. Part (a) is just Proposition 3.2.1, part (d). For (b), let rS be
an ideal model. For any quantum model S, let SNai be a Naimark dilation of S. So
SNai is projective and hence SNai ľ rS. Since p has a full-rank projective model, by
Corollary 3.1.17, SNai is centrally supported. It follows from Lemma 3.2.5 that S ľ SNai.
Hence S ľ rS. We conclude that p is a self-test for all quantum models.
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3.2.2 Self-testing for synchronous correlations and binary corre-
lations

The hypothesis in Theorem 3.1.7, part (b) that p has a full-rank projective quantum model
does not hold for all quantum correlations, as shown in [BCK`23]. In this subsection, we
show that it does hold for two large classes of quantum correlations, namely synchronous
correlations and extremal binary correlations. So Theorem 3.1.7 part (b) applies to these
cases. Recall that the set of synchronous quantum correlations Csyn

q pX,Aq is the convex
subset of CqpX,X,A,Aq such that ppa, b|x, xq “ 0 for all x P X and a ‰ b P A. A
correlation is said to be a binary correlation if the measurement scenario has only two
outputs, usually taken to be A “ B “ t0, 1u.

Theorem 3.2.6. Suppose p P Csyn
q pX,Aq, or p is an extreme point in CqpX, Y,A,Bq with

A “ B “ t0, 1u. Then the following statements hold.

(a) p has a full-rank projective quantum model.

(b) Every finite-dimensional abstract state on A
X,A
POVM bmin A

Y,B
POVM for p is projective.

(c) p is a self-test for all quantum models if and only if p is a self-test for projective
quantum models.

Part (c) of this theorem follows directly from part (a) and Theorem 3.1.7. We prove
parts (a) and (b) for synchronous correlations and extremal binary correlations in Propo-
sition 3.2.8 and Proposition 3.2.10 respectively.

Self-testing for synchronous correlations

We first study synchronous correlations. The following result is well-known (see, e.g.
[PSS`16, Theorem 5.5] and [CM14, Lemma 3]).
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Lemma 3.2.7. If S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

is a
projective quantum model for a synchronous quantum correlation p P Csyn

q pX,Aq, then

Mx
a b 1 |ψy “ 1 b Nx

a |ψy

for all a P A, x P X.

The proof in [PSS`16, Theorem 5.5] uses the fact that tMx
a uaPA and tNy

b ubPB are PVMs.
Indeed, this lemma also holds for non-projective models. The following proposition proves
Theorem 3.2.6 for synchronous correlations.

Proposition 3.2.8. Suppose S “ pHAbHB, tM
x
a : a P A, x P Xu, tNy

b : b P A, y P Xu, |ψyq

is a quantum model for p P Csyn
q pX,Aq. Then

Mx
a b 1 |ψy “ 1 b Nx

a |ψy (3.2.1)

for all x P X, a P A. Furthermore, fS is a projective finite-dimensional state, and the
support model of S is projective.

Proof. By Naimark’s dilation theorem there are isometries VA, VB and self-adjoint projec-
tions P x

a , Q
y
b , such that Mx

a “ V ˚
AP

x
a VA, Q

y
b “ V ˚

BN
y
b VB. If we define |ψ1y :“ VA b VB |ψy,

then
SNai :“ pVAHA, VBHB, tP

x
a : a P A, x P Xu, tQy

b : b P A, y P Xu, |ψ1
yq

is a projective quantum model for p. By Lemma 3.2.7, it follows that for each a P A and
x P X we have P x

a b 1 |ψ1y “ 1 b Qx
a |ψ1y, and therefore P x

a VA b VB |ψy “ VA b Qx
aVB |ψy.

Applying the adjoint V ˚
A b V ˚

B to both sides, we obtain Mx
a b 1 |ψy “ 1 b Nx

a |ψy for all
a P A, x P X. From this observation we deduce that

xψ| pMx
a q

2
b 1 |ψy “ xψ|Mx

a b Nx
a |ψy “

ÿ

bPA

xψ|Mx
a b Nx

b |ψy “ xψ|Mx
a b 1 |ψy ,

and therefore fS
`

pmx
a ´ pmx

aq2q b 1
˘

“ xψ|
`

Mx
a ´ pMx

a q2˘ b 1 |ψy “ 0 for all a P A, x P X.
Similarly, fS

`

1 b pnyb ´ pnybq
2q
˘

“ 0 for all b P B, y P Y . It follows that fS is projective.
By Proposition 3.1.15, Equation (3.2.1) also implies that S is centrally supported . Let
S 1 be the support model of S. Then fS1 “ fS by Corollary 3.1.19 and S 1 is projective by
Lemma 3.2.2.
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Self-testing for binary correlations

We now study binary correlations. We adapt a proof technique from [CHTW10, Proposi-
tion 2]:

Lemma 3.2.9. Suppose p P CqpX, Y, t0, 1u, t0, 1uq is an extreme point in Cq. Let

S “ pHA,HB, tM
x
0 ,M

x
1 : x P Xu, tNy

0 , N
y
1 : y P Y u, |ψyq

be a quantum model of p. For each x P X, let
řd
i“1 λ

x
i |ϕxi y xϕxi | be the spectral decomposition

of Mx
0 , where d “ dimpHAq. Then one of the following conditions must hold for each

1 ď i ď d and x P X:

(a) λxi “ 0,

(b) λxi “ 1, or

(c) |ϕxi y xϕxi | b 1 |ψy “ 0.

Proof. Suppose x0 P X and i0 P t1, . . . , du. Define new binary outcome measurements
tEx0

0 , Ex0
1 u and tF x0

0 , F x0
1 u by Ex0

0 :“
ř

j‰i0
λx0
j |ϕx0

j y xϕx0
j |, Ex0

1 :“ 1 ´ Ex0
0 , F x0

0 :“ Ex0
0 `

|ϕx0
i0 y xϕx0

i0 |, and F x0
1 :“ 1 ´ F x0

0 . For the remaining x ‰ x0 P X, set Ex
a “ F x

a :“ Mx
a , so

that
Mx

a “ λx0
i0 F

x
a ` p1 ´ λx0

i0 qEx
a (3.2.2)

for all x P X, a P t0, 1u. Let p1 and p2 be the correlations with quantum models S1 :“
pHA,HB, tF

x
a : a P t0, 1u, x P Xu, tNy

b : b P t0, 1u, y P Y u, |ψyq and S2 :“ pHA,HB, tE
x
a :

a P t0, 1u, x P Xu, tNy
b : b P t0, 1u, y P Y u, |ψyq respectively. By Equation (3.2.2) we see

that p “ λx0
i0 p1 ` p1 ´ λx0

i0 qp2. Since p is an extreme point in Cq, either λx0
i0 “ 0, λx0

i0 “ 1, or
p1 “ p2 “ p. In the last case, we have that 0 “ xψ| pF x0

0 ´Ex0
0 q b1 |ψy “ xψ| p|ϕx0

i0 y xϕx0
i0 |q b

1 |ψy, and since |ϕx0
i0 y xϕx0

i0 | b 1 is a positive operator, p|ϕx0
i0 y xϕx0

i0 | b 1q |ψy “ 0.

The following proposition proves Theorem 3.2.6 for extremal binary quantum correla-
tion.
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Proposition 3.2.10. Suppose p P CqpX, Y, t0, 1u, t0, 1uq is an extreme point in Cq. For
any quantum model S “ pHA,HB, tM

x
a u, tNy

b u, |ψyq for p, there is a projective model S 1 “

pHA,HB, tP
x
a u, tQy

bu, |ψyq for p employing the same vector state |ψy such that

Mx
a b 1 |ψy “ P x

a b 1 |ψy and 1 b Ny
b |ψy “ 1 b Qy

b |ψy

for all x P X, y P Y , and a, b P t0, 1u, and fS “ fS1 is projective.

Proof. Let
ř

i λ
x
i |ϕxi y xϕxi | be the spectral decomposition of Mx

0 for each x P X. For all x
and i, let

rλxi :“

$

&

%

1 λxi “ 1,

0 otherwise,

and define P x
0 :“

ř

i
rλxi |ϕxi y xϕxi | and P x

1 “ 1 ´ P x
0 . By Lemma 3.2.9, tP x

0 , P
x
1 u is a binary

outcome PVM such that

Mx
a b 1 |ψy “ P x

a b 1 |ψy

for a P t0, 1u. Similarly, there are binary outcome PVMs tQy
0, Q

y
1u on HB such that

1 b Ny
b |ψy “ 1 b Qy

b |ψy

for all y P Y , b P t0, 1u. Taking S 1 “ pHA,HB, tP
x
a u, tQy

bu, |ψyq completes the proof.

3.3 Self-testing in other frameworks

3.3.1 Self-testing for infinite-dimensional tensor product models

Recall that a tensor product (POVM) model for a correlation p is a tuple

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

,

where the Hilbert spaces HA and HB are not restricted to be finite-dimensional. The set
of correlations p with a tensor product model is denoted by Cqs “ CqspX, Y,A,Bq. Like
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Cq, the set Cqs is convex but not closed [Slo19]; however, its closure is also the set Cqa.
Like Cq, correlations p P Cqs can be expressed by abstract states on A

X,A
POVM bmin A

Y,B
POVM.

We say a state f on A
X,A
POVM bmin A

Y,B
POVM is a tensor product state if there exists a tensor

product model S such that f “ fS. Because of the tensor product structure, the standard
definition of self-testing using local dilations in Definition 3.1.1 and Definition 3.1.2 extends
straightforwardly to tensor product models and correlations in Cqs. Coladangelo and Stark
have constructed examples of correlations which are in Cqs but not in Cq [CS18]. We do not
know of any examples of self-tests in CqszCq. Since the double-commutant theorem does
not hold for infinite-dimensional Hilbert spaces, we also do not know whether abstract state
self-tests are self-tests when p is an extreme point. However, we can prove that self-tests
for correlations in Cqs are abstract state self-tests:

Proposition 3.3.1. If p P Cqs is a self-test for the class of tensor product models then p

is an abstract state self-test for the subset of tensor product states.

The proof of Proposition 3.3.1 is similar to the proof of Theorem 3.1.20. First, note
that the definition of support projections, support models, and centrally supported models
generalize straightforwardly to tensor product models. A tensor product model S is said
to be full-rank if the support projections of the vector state in S are the identity opera-
tors, so in particular a full-rank tensor product model is centrally supported. Although
Lemma 3.1.13 and Lemma 3.1.14 no longer hold for tensor product models, they can be
replaced by “approximate” versions. To state these lemmas, we use the following notation:
if |v1y and |v2y are vectors in a Hilbert space H, we write |v1y «ϵ |v2y if ∥|v1y ´ |v2y∥ ď ϵ.
By the triangle inequality, we see that |v1y «ϵ1 |v2y «ϵ2 |v3y implies |v1y «ϵ1`ϵ2 |v3y. Also,
if |v1y «ϵ |v2y and T P BpHq, then T |v1y «∥T∥ϵ T |v2y.

Lemma 3.3.2. Let |ψy P HAbHB be a bipartite vector state, let ΠA and ΠB be the support
projections of |ψy, and let E be a self-adjoint operator in BpHAq. If, for any ϵ ą 0, there
exists an operator pE P BpHBq such that Eb1 |ψy «ϵ 1b pE |ψy, then the support projection
ΠA commutes with E.

Proof. Let |ψy “
ř

iPΛ λi |αiy b |βiy be a Schmidt decomposition of |ψy where Λ Ă N, so
the support projection of |ψy on HA is ΠA “

ř

iPΛ |αiy xαi|. Now, fix an ϵ ą 0 and let pE
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be an operator in BpHBq such that E b 1 |ψy «ϵ{2 1 b pE |ψy. Since ΠA ď 1, we see that

ΠAE b 1 |ψy «ϵ{2 ΠA b pE |ψy “ 1 b pE |ψy «ϵ{2 E b 1 |ψy .

Hence p1´ ΠAqEb1 |ψy «ϵ 0 for all ϵ ą 0, and we must have p1´ ΠAqEb1 |ψy “ 0. This
implies

ÿ

iPΛ
λi
`

p1 ´ ΠAqE |αiy
˘

b |βiy “ 0.

Since λi ą 0 for all i P Λ and t|βiy : i P Λu is an orthonormal subset, it follows that
p1 ´ ΠAqE |αiy “ 0 for all i P Λ. Then

p1 ´ ΠAqEΠA “
ÿ

iPΛ
p1 ´ ΠAqE |αiy xαi| “ 0,

and EΠA “ ΠAEΠA. Since E is self-adjoint, ΠAE “ pEΠAq˚ “ ΠAEΠA “ EΠA.

Lemma 3.3.3. If |ψy P HA b HB is a full-rank vector state, then for any ϵ ą 0 and
E P BpHAq (resp. F P BpHBq), there is an operator pE P BpHBq (resp. pF P BpHAq) such
that E b 1 |ψy «ϵ 1 b pE |ψy (resp. 1 b F |ψy «ϵ

pF b 1 |ψy).

Proof. If HA or HB is finite-dimensional, then both are finite-dimensional, and the lemma
follows from Lemma 3.1.14. Suppose that HA and HB are infinite-dimensional Hilbert
spaces. Since the vector state |ψy P HA b HB is full rank, it has Schmidt decomposition

|ψy “

8
ÿ

i“1
λi |αiy b |βiy ,

where pλiq
8
i“1 is a positive sequence in ℓ2pNq such that

ř8

i“1|λi|2 “ 1, and t|αiy : i P Nu and
t|βiy : i P Nu are orthonormal bases for HA and HB respectively. In particular, HA and
HB are separable. Suppose ϵ ą 0 and E is an operator in BpHAq. Let Eij :“ xαi|E |αjy for
every i, j P N. Since Eb1 |ψy “

ř8

i,j“1 λjEij |αiyb|βjy and
ř8

i,j“1|λjEij|2 “ ∥Eb1 |ψy∥2 ă

8, there exists an N P N such that
N
ÿ

i,j“1
|λjEij|2 ě ∥E b 1 |ψy∥2

´ ϵ2.
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Let rHA :“ spant|αiy : 1 ď i ď Nu, rHB :“ spant|βiy : 1 ď i ď Nu, and let rΠA :“
řN
i“1 |αiy xαi| P BpHAq and rΠB :“

řN
i“1 |βiy xβi| P BpHBq be the projections onto rHA and

rHB respectively. Then | rψy :“ rΠA b rΠB |ψy “
řN
i“1 λi |αiy b |βiy is a full-rank vector in the

finite-dimensional space rHA b rHB, and

E b 1HB
|ψy «ϵ

rΠAErΠA b 1
rHB

| rψy .

By Lemma 3.1.14, there exists an operator pE P Bp rHBq such that

rΠAErΠA b 1
rHB

| rψy “ 1
rHA

b pE | rψy .

Extending pE to HB by having it act trivially on t|βiy : i ě N`1u, we see that Eb1 |ψy «ϵ

1 b pE |ψy. The existence of pF for F and ϵ follows similarly.

Lemma 3.3.2 and Lemma 3.3.3 allow us to establish the following characterization of
centrally supported tensor product models.

Proposition 3.3.4. A tensor product model

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

is centrally supported if and only if for any ϵ ą 0 and every a P A, x P X (resp. b P B,
y P Y ) there exists an operator xMx

a P BpHBq (resp. pNy
b P BpHAq) such that Mx

a b 1|ψy «ϵ

1 b xMx
a |ψy (resp. 1 b Ny

b |ψy «ϵ
pNy
b b 1 |ψy) .

Proof. The “if” part follows directly from Lemma 3.3.2. For the “only if” part, let ΠA

and ΠB be the support projections of |ψy, and suppose rΠA,M
x
a s “ rΠB, N

y
b s “ 0 for all

pa, b, x, yq P AˆBˆXˆY . Since ΠAbΠB |ψy is full-rank in ΠAHAbΠBHB, by Lemma 3.3.3,
for any ϵ ą 0 there is an operator xMx

a in BpΠBHBq (which can be regarded as an operator
in BpHBq acting trivially on p1´ΠBqHB) such that ΠAM

x
aΠAbΠB |ψy «ϵ ΠAb xMx

aΠB |ψy

for any a P A, x P X. Therefore

Mx
a b 1 |ψy “ ΠAM

x
aΠA b ΠB |ψy «ϵ ΠA b xMx

aΠB |ψy “ 1 b xMx
a |ψy .

Similarly, for any ϵ ą 0 and every b P B, y P Y there exists pNy
b P BpHAq such that

1 b Ny
b |ψy «ϵ

pNy
b b 1 |ψy.
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Proposition 3.3.5. Let

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψy
˘

be two tensor product models for a correlation p P CqspX, Y,A,Bq, with associated repre-
sentations πA b πB and rπA b rπB respectively. Suppose S ľ rS via local isometries IA, IB
and vector state |auxy P Haux

A b Haux
B . If rS is centrally supported, then

prπApαq b 1
rHB

| rψyq b |auxy “ IAπpαqI˚
A b 1

rHBbHaux
B

| rψ, auxy for all α P A
X,A
POVM, (3.3.1)

p1
rHA

b rπBpβq | rψyq b |auxy “ 1
rHAbHaux

A
b IBπpβqI˚

B | rψ, auxy for all β P A
Y,B
POVM, (3.3.2)

and fS “ f
rS.

Proof. As in the proof of Proposition 3.1.18, we can show that Equation (3.3.1) holds for
all monomials α “ α1 ¨ ¨ ¨αk P A

X,A
POVM, αi P texa : x P X, a P Au using induction on the

monomial degree k P N. Indeed, the cases k “ 0, 1 follow straight from the definition
of local dilation of tensor product models. Suppose that Equation (3.1.2) holds for all
monomials in A

X,A
POVM of degree k. For any monomial α “ α1 ¨ ¨ ¨αkαk`1 in A

X,A
POVM of degree

k ` 1, let α1 :“ α1 ¨ ¨ ¨αk. Since rS is centrally supported, Proposition 3.3.4 implies that for
any ϵ ą 0, there is an rF P Bp rHBq such that rπApαk`1q b 1 | rψy «ϵ{2 1 b rF | rψy. Note that
∥rπApα1q∥ ď 1 and ∥IAπApα1qI˚

A∥ ď 1. Thus by the inductive hypothesis,
`

rπApαq b 1
rHB

| rψy
˘

b |auxy “
`

rπApα1
qrπApαk`1q b 1

rHB
| rψy

˘

b |auxy

«ϵ{2
`

rπApα1
q b rF | rψy

˘

b |auxy

“ IAπApα1
qI˚
A b rF b 1Haux

B
| rψ, auxy

«ϵ{2
`

IAπApα1
qI˚
Aprπpαk`1q b 1Haux

A
q
˘

b 1
rHBbHaux

B
| rψ, auxy

“
`

IAπApα1
qI˚
AIAπApαk`1qI˚

A

˘

b 1
rHBbHaux

B
| rψ, auxy

“ IAπApαqI˚
A b 1

rHBbHaux
B

| rψ, auxy .

Therefore
`

rπApαq b 1
rHB

| rψy
˘

b |auxy «ϵ IAπApαqI˚
A b 1

rHBbHaux
B

| rψ, auxy for all ϵ ą 0, and
we conclude that Equation (3.3.1) holds for all α P A

X,A
POVM. The proof of Equation (3.3.2)
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is similar. Hence, for any α P A
X,A
POVM and β P A

Y,B
POVM,

f
rSpα b βq “ x rψ| rπApαq b rπBpβq | rψy

“ x rψ, aux| rπApαq b rπBpβq b 1Haux
A bHaux

B
| rψ, auxy

“ x rψ, aux| IAπApαqI˚
A b IBπBpβqI˚

B | rψ, auxy

“ xψ| πApαq b πBpβq |ψy

“ fSpα b βq,

which implies fS “ f
rS.

Proposition 3.3.6. Let S and rS be two tensor product models for p P Cqs. If S is centrally
supported and S ľ rS, then rS is centrally supported.

Proof. Let

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψy
˘

be two tensor product models with support projections ΠA,ΠB and rΠA, rΠB respectively.
Suppose S is centrally supported and S ľ rS with local isometries IA, IB and vector state
|auxy P Haux

A b Haux
B . Then

S 1 :“
`

rHA b Haux
A , rHB b Haux

B , tĂMx
a b 1Haux

A
u, t rNy

b b 1Haux
B

u, | rψ, auxy
˘

is a tensor product model for p with support projections rΠA b Πaux
A and rΠB b Πaux

B , where
Πaux
A P BpHaux

A q and Πaux
B P BpHaux

B q are the support projections of |auxy. Since S is
centrally supported, by Proposition 3.3.4, for every x P X, a P A, and ϵ ą 0, there is an
operator xMx

a P BpHBq such that Mx
a b 1 |ψy «ϵ 1b xMx

a |ψy. Since IAI˚
A b IBI

˚
B | rψ, auxy “

| rψ, auxy and 1 b 1 ě IAI
˚
A b 1 ě IAI

˚
A b IBI

˚
B, we see that IAI˚

A b 1 | rψ, auxy “ | rψ, auxy

and ∥IA b IB∥ ď 1. Then, IBxMx
a I

˚
B is an operator in Bp rHB b Haux

B q such that

1 b IBxM
x
a I

˚
B | rψ, auxy “ IAI

˚
A b IBxM

x
a I

˚
B | rψ, auxy

“ pIA b IBqp1 b xMx
a |ψyq
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«ϵ pIA b IBqpMx
a b 1 |ψyq

“ pĂMx
a b 1Haux

A
q b 1 | rψ, auxy .

By Lemma 3.3.2 we see that rΠAbΠaux
A commutes with ĂMx

a b1Haux
A

, and hence rrΠA,ĂM
x
a s “ 0

for all x P X, a P A. Similarly, rrΠB, rN
y
b s “ 0 for all y P Y, b P B. We conclude that rS is

centrally supported.

Proof of Proposition 3.3.1. Suppose p P CqspX, Y,A,Bq is a self-test for the class of tensor
product models. Let S be a full-rank tensor product model for p with ideal model rS, so
that S ľ rS. Full-rank models are centrally supported, so Proposition 3.3.6 implies that
rS is centrally supported. It follows from Proposition 3.3.5 that f

rS is the unique abstract
state on A

X,A
POVM bmin A

Y,B
POVM achieving p.

Proposition 3.3.1 applies to the set of states which have a tensor product model. There
are also states on A

X,A
POVM bmin A

Y,B
POVM which do not arise from a tensor product model.

Suppose p is a correlation in Cqs, and consider the set of states f on A
X,A
POVM bmin A

Y,B
POVM

such that fpmx
a b nybq “ ppa, b|x, yq for all pa, b, x, yq P A ˆ B ˆ X ˆ Y . We do not know

whether every such state has a tensor product model, or whether being a self-test for
tensor-product models implies that there is a unique such state on A

X,A
POVM bmin A

Y,B
POVM.

3.3.2 Self-testing for commuting operator models

Recall that a commuting operator POVM model for a correlation p is a tuple

pH, tMx
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq,

where

(i) H is a Hilbert space,

(ii) tMx
a : a P Au, x P X and tNy

b : b P Bu, y P Y are POVMs on H such that

Mx
aN

y
b “ Ny

bM
x
a
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for all pa, b, x, yq P A ˆ B ˆ X ˆ Y , and

(iii) |ψy P H is a vector state

such that
ppa, b|x, yq “ xψ|Mx

a ¨ Ny
b |ψy

for all pa, b, x, yq P A ˆ B ˆ X ˆ Y . As with tensor product models, a commuting oper-
ator model is projective if the measurements tMx

a u and tNy
b u are projective, and finite-

dimensional if H is finite-dimensional. We let Cqc “ CqcpX, Y,A,Bq be the set of correla-
tions with a commuting operator model. It is well-known that Cqc is closed, convex, and
contains Cqa, that every correlation in Cqc has a projective commuting operator model, and
that the set of correlations with finite-dimensional commuting operator models is equal to
Cq.

Analogously to the finite-dimensional case, if

S “ pH, tMx
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq

is a commuting operator model for a correlation p P Cqc, then there is an associated
representation ϕ of A

X,A
POVM bmax A

Y,B
POVM with ϕpmx

a b nybq “ Mx
a ¨ Ny

b , and the associ-
ated abstract state fS on A

X,A
POVM bmax A

Y,B
POVM defined by fSpxq :“ xψ|ϕpxq|ψy satisfies

ppa, b|x, yq “ fSpmx
a b nybq. The tuple pϕ,H, |ψyq is a GNS representation of fS if and only

if |ψy is a cyclic vector for ϕ, in which case we say that S is a cyclic model. Conversely,
taking the GNS representation of a state f on A

X,A
POVM bmaxA

Y,B
POVM gives a commuting op-

erator model S with f “ fS. Hence a correlation p P RAˆBˆXˆY
ě0 belongs to CqcpX, Y,A,Bq

if and only if there is a state f on A
X,A
POVM bmax A

Y,B
POVM with ppa, b|x, yq “ fpmx

a b nybq for
all pa, b, x, yq P A ˆ B ˆ X ˆ Y [Fri12, JNP`11].

The definition of an abstract state self-test on A
X,A
POVM bminA

Y,B
POVM suggests a notion of

self-testing for commuting operator models:

Definition 3.3.7. Let S be a subset of states on A
X,A
POVM bmax A

Y,B
POVM. A correlation p

is an abstract state self-test for S if there exists a unique abstract state f P S with
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correlation p. We say that p is a commuting operator self-test if it is an abstract state
self-test for all states on A

X,A
POVM bmax A

Y,B
POVM.

There is a surjective homomorphism A
X,A
POVM bmax A

Y,B
POVM Ñ A

X,A
POVM bmin A

Y,B
POVM, and

this means that states on A
X,A
POVM bmin A

Y,B
POVM can be thought of as a subset of states

on A
X,A
POVM bmax A

Y,B
POVM. Hence Definition 3.3.7 subsumes Definition 3.1.3. While Defini-

tion 3.1.3 is for finite-dimensional states on A
X,A
POVM bminA

Y,B
POVM, Definition 3.3.7 also gives

us a definition of self-testing for non-finite-dimensional states on A
X,A
POVM bminA

Y,B
POVM (or in

other words, for correlations p P Cqa which do not have a finite-dimensional model). This
is potentially useful in understanding how self-testing interacts with limiting behaviour of
finite-dimensional models. For instance, Mančinska and Schmidt [MS23] give an exam-
ple of a nonlocal game which is a non-robust self-test by combining a finite-dimensional
self-test with a game with a perfect Cqa strategy, but no perfect Cq strategy. In our lan-
guage, this nonlocal game is a an abstract state self-test for finite-dimensional states on
A
X,A
POVM bmin A

Y,B
POVM, but not a self-test for all states on A

X,A
POVM bmin A

Y,B
POVM. Another

example is the open question at the end of Section 3.3.1, which in this language asks
whether every self-test for tensor-product models is an abstract state self-test for states on
A
X,A
POVM bmin A

Y,B
POVM.

An immediate question about Definition 3.3.7 is whether there is an equivalent descrip-
tion of this type of self-test in terms of models. For this purpose, we make the following
definitions.

Definition 3.3.8. Let

S “ pH, tMx
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq and
rS “

´

rH, tĂMx
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψy

¯

be two commuting operator models.

1. We say S and rS are equivalent, and write S – rS, if there exists a unitary U : H Ñ

rH such that
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(i) U |ψy “ | rψy, and

(ii) UMx
aU

˚ “ ĂMx
a and UNy

b U
˚ “ rNy

b for all pa, b, x, yq P A ˆ B ˆ X ˆ Y .

2. rS is a submodel of S if there is a self-adjoint projection Π P BpHq commuting with
Mx

a and Ny
b for all pa, b, x, yq P A ˆ B ˆ X ˆ Y , such that rH “ ΠH, | rψy “ |ψy, and

ĂMx
a “ ΠMx

aΠ and rNy
b “ ΠNy

b Π for all pa, b, x, yq P A ˆ B ˆ X ˆ Y .

3. S is said to be degenerate if there exists a non-trivial self-adjoint projection Π P

BpHq such that Π |ψy “ |ψy and rΠ,Mx
a s “ rΠ, Ny

b s “ 0 for all pa, b, x, yq P A ˆ

B ˆ X ˆ Y . A commuting operator model is said to be nondegenerate if it is not
degenerate.

A class of commuting operator models C is closed under submodels if

(i) for any S P C, if rS is a commuting operator model such that rS – S then rS P C, and

(ii) for any S P C, if rS is a submodel of S then rS P C.

Note that in the definition of submodel in Definition 3.3.8, the condition | rψy “ |ψy is
equivalent to the condition that Π |ψy “ | rψy, since both imply that |ψy is in the support
of Π. This makes this notion of submodel a bit different from the definition of submodel
in Definition 3.1.4, which only requires ΠA b ΠB |ψy “ λ | rψy for some non-zero complex
number λ. As a result:

Remark 3.3.9. Suppose S and rS are commuting operator models. If rS is equivalent to or
a submodel of S, then f

rS “ fS.

The following proposition shows that any commuting operator model S has a nonde-
generate submodel rS which is the GNS representation for the abstract state fS.

Proposition 3.3.10. A commuting operator model is nondegenerate if and only if it is a
cyclic model. Furthermore, every commuting operator model has a nondegenerate submodel.
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Proof. We use A to denote A
X,A
POVM bmax A

Y,B
POVM. Let p P CqcpX, Y,A,Bq, and let

S “ pH, tMx
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq

be a commuting operator model for p with associated representation π.

For the “if” direction, suppose |ψy is cyclic for π. If Π is a projection in the commutant
πpAq1 such that Π |ψy “ |ψy, then Ππpαq |ψy “ πpαqΠ |ψy “ πpαq |ψy, so πpαq |ψy is
contained in the image of Π. We conclude that Π “ 1, so S must be non-degenerate.

For the “only if” direction, suppose |ψy is not cyclic for π. Let H0 :“
`

πpAq |ψy
˘´,

and let Π P BpHq be the self-adjoint projection onto H0. Then Π P πpAq1 is a non-trivial
projection such that Π |ψy “ |ψy, and hence S is degenerate. Furthermore, pH0, tΠMx

aΠ :
a P A, x P Xu, tΠNy

b Π : b P B, y P Y u, |ψyq is a non-degenerate submodel of S.

We can now show that Definition 3.3.7 is equivalent to having a unique nondegenerate
commuting-operator model (and this holds for any class of commuting operator models
closed under submodels).

Theorem 3.3.11. Let C be a class of commuting operator models that is closed under
submodels, and let S :“ tfS : S P Cu be the set of states on A

X,A
POVM bmax A

Y,B
POVM induced

by C. Then p P Cqc is a self-test for S if and only if there is a commuting operator model

rS “ p rH, tĂMx
a : a P A, x P Xu, t rNy

b : b P B, y P Y u, | rψyq

for p in C, such that for every other commuting operator model

S “ pH, tMx
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψyq,

for p in C, there is a submodel of S which is equivalent to rS.

Proof. The “if” direction follows directly from Remark 3.3.9. For the “only if” direction,
suppose p is an abstract state self-test for S, with unique state f P S. By definition f “ fS1

for some S 1 P C. By Proposition 3.3.10, S 1 has a non-degenerate submodel rS. Suppose S
is any other model in C for p, and let S2 be a non-degenerate submodel of S. Then S2 and
rS are both cyclic models with fS2 “ fS “ fS1 “ f

rS. Since GNS representations are unique
up to unitary equivalence, S2 is equivalent to rS.
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Note that the above theorem does not require p to be an extreme point in Cqc.

The class of finite-dimensional commuting operator models is closed under submodels,
and thus Theorem 3.3.11 applies to this class. Every finite-dimensional state (resp. projec-
tive finite-dimensional state) on A

X,A
POVM bmaxA

Y,B
POVM comes from a finite-dimensional state

(resp. projective finite-dimensional state) on A
X,A
POVM bminA

Y,B
POVM, and thus p is an abstract

state self-test for finite-dimensional states (resp. projective finite-dimensional states) on
A
X,A
POVM bmax A

Y,B
POVM if and only if p is an abstract state self-test for finite-dimensional

states (resp. projective finite-dimensional states) on A
X,A
POVM bmin A

Y,B
POVM. As a result, if

p P Cq is an extreme point, then p is a self-test for (POVM) quantum models if and only if
p has a unique nondegenerate commuting operator model (up to unitary equivalence). If,
in addition, there exists a projective full-rank quantum model for p, then p is a self-test for
projective quantum models if and only if p has a unique nondegenerate commuting oper-
ator model. This gives a new criterion for p P Cq to be a self-test for (finite-dimensional)
quantum models.

It follows that if p P Cq is a commuting operator self-test, then p is a self-test for
(finite-dimensional) quantum models. Tsirelson showed that a wide family of correlations
in Cq are in fact commuting operator self-tests [Tsi87]. To state this result, let CorpX, Y q

be the set of matrices c P RXˆY for which there is a Euclidean space V and vectors
t|uxyuxPX , t|vyyuyPY in V of norm at most 1, such that cx,y “ xux|vyy for all x, y P X ˆ Y .
If p P CqcpX, Y,Z2,Z2q then the matrix c defined by

cx,y “
ÿ

a,bPZ2

p´1q
a`bppa, b|x, yq

is in CorpX, Y q, since if
`

H, tMx
a : a P Z2, x P Xu, tNy

b : b P Z2, y P Y u, |ψy
˘

is a commuting
operator model for p, then cx,y “ xψ|pMx

0 ´ Mx
1 qpNy

0 ´ Ny
1 q|ψy, where }Mx

0 ´Mx
1 } ď 1 and

}Ny
0 ´ Ny

1 } ď 1. We refer to c as the XOR correlation associated with p. Tsirelson shows
that the linear map

CqpX, Y,Z2,Z2q Ñ CorpX, Y q : p ÞÑ c

restricts to an isomorphism Cunbiased
q pX, Y,Z2,Z2q Ñ CorpX, Y q, where

Cunbiased
q pX, Y,Z2,Z2q “

!

p P CqpX, Y,Z2,Z2q :
ÿ

bPZ2

pp0, b|x, yq “
ÿ

bPZ2

pp1, b|x, yq and
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ÿ

aPZ2

ppa, 0|x, yq “
ÿ

aPZ2

ppa, 1|x, yq, x P X, y P Y
)

.

Theorem 3.3.12 ([Tsi87]). If p is an extreme point of Cunbiased
q and the associated XOR

correlation c has even rank, then p is a commuting operator self-test.

Proof. Since the isomorphism Cunbiased
q Ñ CorpX, Y q is linear, it preserves extreme points.

If p is an extreme point of Cunbiased
q , then the associated XOR correlation c is an extreme

point in CorpX, Y q. By [Tsi87, Theorem 3.2], if c has even rank then all nondegenerate
commuting operator models for p are unitarily equivalent. Hence, there is a unique state
on A

X,Z2
POVM bmax A

Y,Z2
POVM achieving p.

Example 3.3.13. It is well known that the unique optimal correlation for the CHSH game
is an extreme point of Cunbiased

q with associated XOR correlation matrix
˜

1?
2

1?
2

1?
2

´1?
2

¸

.

Since the associated XOR correlation has rank 2, the optimal CHSH correlation is a com-
muting operator self-test.

A modern proof that the CHSH correlation is a commuting operator self-test can be
found in [Fre22], where it is also shown that the Mermin-Peres magic square and magic
pentagram games are commuting operator self-tests.

For more examples of commuting operator self-tests, let CHSHα, α P r0, 2q be the
family of tilted CHSH games introduced in [AMP12]. It is well-known that there is a
unique correlation pα P CqpZ2,Z2,Z2,Z2q achieving the optimal winning probability of
CHSHα, and that pα is a self-test for projective quantum models [BP15, CGS17]. This
self-testing result is instrumental in the separations of the correlation sets Cq Ĺ Cqs Ĺ Cqa

in [CS18, Col20, Bei21]. Theorem 3.2.6 shows that pα is a self-test for POVM quantum
models as well.

Proposition 3.3.14. If pα P CqpZ2,Z2,Z2,Z2q is the unique optimal correlation for CHSHα,
α P r0, 2q, then pα is a commuting operator self-test.
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Proof. Fix α P r0, 2q. Let a0 :“ m0
0 ´ m0

1, a1 :“ m1
0 ´ m1

1, b0 :“ n0
0 ´ n0

1 , and b1 :“ n1
0 ´ n1

1

in A
Z2,Z2
POVM bmax A

Z2,Z2
POVM, and let η :“ αa0 ` a0b0 ` a0b1 ` a1b0 ´ a1b1. A state f on

A
Z2,Z2
POVM bmax A

Z2,Z2
POVM achieves pα if and only if fpηq “

?
8 ` 2α2 “: λ. Bamps and Pironio

[BP15] show that
2λpλ ´ ηq “ r2

1 ` r2
2 “ r2

3 ` r2
4

in A
Z2,Z2
PVM bmax A

Z2,Z2
PVM , where

r1 :“ λ ´ η,

r2 :“ αa1 ´ a0b0 ` a0b1 ´ a1b0 ´ a1b1,

r3 :“
`

2a0 ´
λ

2 pb0 ` b1q `
α

2 pa0b0 ` a0b1 ´ a1b0 ` a1b1q
˘

, and

r4 :“
`

2a1 ´
λ

2 pb0 ´ b1q `
α

2 pa0b0 ´ a0b1 ´ a1b0 ´ a1b1q
˘

.

Moving to A
Z2,Z2
POVM bmax A

Z2,Z2
POVM, we see that

2λpλ ´ ηq “ r2
1 ` r2

2 `
1
2ps1 ` s2 ` s3 ` s4q ` 2ps5 ` s6q

“ r2
3 ` r2

4 `
1
2ps1 ` s2 ` s3 ` s4q ` 2p2 ´ a2

0 ´ a2
1qp2 ´ b2

0 ´ b2
1q

`
1
2
`

λ ´ αpa0 ´ a1q
˘2

p1 ´ b2
0q `

1
2
`

λ ´ αpa0 ` a1q
˘2

p1 ´ b2
1q,

where

s1 :“ pα ` 2b0q
2
p1 ´ a2

0q, s2 :“ pα ` 2b1q
2
p1 ´ a2

0q,

s3 :“ pα ´ 2b0q
2
p1 ´ a2

1q, s4 :“ pα ´ 2b1q
2
p1 ´ a2

1q,

s5 :“ p2 ` a0a1 ` a1a0qp1 ´ b2
0q, and s6 :“ p2 ´ a0a1 ´ a1a0qp1 ´ b2

1q.

Suppose f is a state on A
Z2,Z2
POVM bmax A

Z2,Z2
POVM that achieves the optimal correlation pα.

Then f p2λpλ ´ ηqq “ 0. Since s1, . . . , s6, λ´ αpa0 ´ a1q, λ´ αpa0 ` a1q, 1 ´ b2
0, 1 ´ b2

1, and
p2´a2

0 ´a2
1qp2´b2

0 ´b2
1q are positive in A

Z2,Z2
POVM bmaxA

Z2,Z2
POVM, and λ´αpa0 ´a1q, λ´αpa0 `a1q

commute with 1 ´ b2
0, 1 ´ b2

1, we obtain that fpr2
i q “ fpsjq “ 0 for 1 ď i ď 4 and 1 ď j ď 8

where

s7 :“
`

λ ´ αpa0 ´ a1q
˘

p1 ´ b2
0q, and s8 :“

`

λ ´ αpa0 ` a1q
˘

p1 ´ b2
1q.
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Let pπ,H, |ψyq be the GNS representation of f , and let L be the left ideal generated by
r1, . . . , r4 and s1, . . . , s8. It follows that πplq |ψy “ 0 for all l P L. Observe that

p4 ´ α2
qpa0a1 ` a1a0q “

`

b0pr3 ` r4q ´ s7 ` 2λ
˘`

b0pr3 ` r4q ´ s7
˘

` s1 ` s3 ` 4s5,

so a0a1 ` a1a0 P L. This also implies

1 ´ b2
0 “

1
2
`

s5 ´ p1 ´ b2
0qpa0a1 ` a1a0q

˘

P L.

Likewise, one can verify that 1 ´ a2
0, 1 ´ a2

1, and 1 ´ b2
1 are in L. Furthermore,

λa0 ´ 2pb0 ` b1q “ a0r1 ` a1r2 ´ pb0 ` b1q
`

p1 ´ a2
0q ` p1 ´ a2

1q
˘

` pb0 ´ b1qpa0a1 ` a1a0q

is in L. Similarly, δa1 ´ 2pb0 ´ b1q P L where δ :“
?

8 ´ 2α2. Let A0 :“ πpa0q, A1 :“
πpa1q, B0 :“ πpb0q, and B1 :“ πpb1q. Then

pA0A1 ` A1A0q |ψy “ p1 ´ A2
0q |ψy “ p1 ´ A2

1q |ψy “ p1 ´ B2
0q |ψy “ p1 ´ B2

1q |ψy

“
`

λA0 ´ 2pB0 ` B1q
˘

|ψy “
`

δA1 ´ 2pB0 ´ B1q
˘

|ψy “ 0.

For any monomial ai1 ¨ ¨ ¨ aikbj1 ¨ ¨ ¨ bjl in A
Z2,Z2
POVM bmax A

Z2,Z2
POVM we have

Ai1 ¨ ¨ ¨AikBj1 ¨ ¨ ¨Bjl |ψy “ Bj1 ¨ ¨ ¨Bjl

2pB0 ` p´1qikB1q
a

8 ` 2p´1qikα2
¨ ¨ ¨

2pB0 ` p´1qi1B1q
a

8 ` 2p´1qi1α2
|ψy (3.3.3)

“ Ai1 ¨ ¨ ¨Aik
λA0 ` p´1qjlδA1

4 ¨ ¨ ¨
λA0 ` p´1qj1δA1

4 |ψy . (3.3.4)

Hence by Eq. (3.3.3), p1 ´ A2
0qAi1 ¨ ¨ ¨AikBj1 ¨ ¨ ¨Bjl |ψy “ 0, and since |ψy is cyclic for π,

we conclude that A2
0 “ 1. Similarly, we have A2

1 “ B2
0 “ B2

1 “ 1 and A0A1 ` A1A0 “ 0.
Thus, the C˚-algebra C˚xA0, A1y generated by A0 and A1 is the Clifford algebra of rank 2
which has a unique tracial state. Given w1 :“ Ai1 ¨ ¨ ¨Aik and w2 :“ Aj1 ¨ ¨ ¨Ajl ,

xψ|w1w2 |ψy “ xψ|Ai1 ¨ ¨ ¨Aik
2pB0 ` p´1qjlB1q
a

8 ` 2p´1qjlα2
¨ ¨ ¨

2pB0 ` p´1qj1B1q
a

8 ` 2p´1qj1α2
|ψy

“ xψ|
2pB0 ` p´1qjlB1q
a

8 ` 2p´1qjlα2
¨ ¨ ¨

2pB0 ` p´1qj1B1q
a

8 ` 2p´1qj1α2
Ai1 ¨ ¨ ¨Aik |ψy

“ xψ|Aj1 ¨ ¨ ¨AjlAi1 ¨ ¨ ¨Aik |ψy “ xψ|w2w1 |ψy ,
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so w ÞÑ xψ|w |ψy must be the unique tracial state on C˚xA0, A1y. By Eq. (3.3.4), there
is a unique state on A

Z2,Z2
POVM bmax A

Z2,Z2
POVM achieving pα, so pα is a commuting operator

self-test.

We leave it as an open problem to show that there are commuting operator self-tests
which do not have finite-dimensional models.
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Chapter 4

Robust self-testing

4.1 An operator-algebraic formulation of robust self-
testing

We study robust self-testing in this chapter. To define a robust self-test, we need the
following notion of approximate dilation.

Definition 4.1.1. Given ϵ ě 0 and two quantum models

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

,

we say rS is an local ϵ-dilation of S, denoted S ľϵ
rS, if there are isometries IA : HA Ñ

rHA b Haux
A and IB : HB Ñ rHB b Haux

B , and vector state |auxy P Haux
A b Haux

B such that

IA b IB
`

Mx
a b 1 |ψy

˘

«ϵ

`

ĂMx
a b 1 | rψy

˘

b |auxy (4.1.1)

IA b IB
`

1 b Ny
b |ψy

˘

«ϵ

`

1 b rNy
b | rψy

˘

b |auxy , and (4.1.2)

IA b IB |ψy «ϵ | rψy b |auxy . (4.1.3)

for all pa, b, x, yq P A ˆ B ˆ X ˆ Y .
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Note that, in the above definition, Equations (4.1.1) to (4.1.3) imply

IAM
x
a I

˚
A b 1 | rψ, auxy «2ϵ

`

ĂMx
a b 1 | rψy

˘

b |auxy , (4.1.4)

1 b IBN
y
b I

˚
B | rψ, auxy «2ϵ

`

1 b rNy
b | rψy

˘

b |auxy , and (4.1.5)

IA b IB
`

Mx
a b Ny

b |ψy
˘

«3ϵ
`

ĂMx
a b rNy

b | rψy
˘

b |auxy . (4.1.6)

We often use Equation (4.1.6) (with 3ϵ replaced by ϵ) as the definition of S ľϵ
rS.

Definition 4.1.2. Let C be a class of quantum models. We say a quantum correlation
p P Cq is a robust self-test for C if there is an ideal model rS P C such that the following
holds. For any δ ě 0, there is an ϵ ě 0 such that S ľδ

rS for any model S P C satisfying
∥pS ´ p∥1 ď ϵ.

Here the 1-norm of a vector v P RAˆBˆXˆY is given by ∥v∥1 :“
ř

a,b,x,y|vpa, b|x, yq|.
Taking δ “ 0 in the above definition, we see that every robust self-test is a self-test. On
the other hand, the following question is still open for quantum correlations.

Question 4.1.3. Is every self-test a robust self-test?

We’ll also discuss robust self-testing for nonlocal games in Section 4.2. Question 4.1.3
has a negative answer in this context: Mančinska and Simon construct a nonlocal game G
which is a self-test but not a robust self-test [MS23]. In their example, the game G has a
unique perfect quantum correlation p and p is a self-test, so G is a self-test as is p. However,
G also has a perfect quantum approximate correlation p1 P Cqa that is not in Cq. One can
take a sequence of quantum models Sn, n P N such that ∥pSn ´ p1∥1 Ñ 0 as n Ñ 8. While
Sn has an increasing winning probability for G as n Ñ 8, it becomes “far away” from the
ideal model under local dilations. This illustrates that this self-test is not robust.

In Section 3.1, we have seen an operator-algebraic formulation of self-testing. Suppose
p P CqpX, Y,A,Bq is a self-test for all quantum models. Then there is a unique finite-
dimensional state f on A

X,A
POVM bmin A

Y,B
POVM for p. In this section, we attempt to give an

operator-algebraic formulation of robust self-testing. The following theorem states that if
in addition, p is a robust self-test, then f is indeed the unique state on A

X,A
POVM bmin A

Y,B
POVM

that can achieve p.
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Theorem 4.1.4. If p P CqpX, Y,A,Bq is a robust self-test for all quantum models, then p

is an abstract state self-test for all states on A
X,A
POVM bmin A

Y,B
POVM.

This theorem looks very similar to the “only if” direction of Corollary 3.1.6, part (a),
which states that if p P CqpX, Y,A,Bq is a self-test for all quantum models then p is an
abstract state self-test for finite-dimensional states on A

X,A
POVM bmin A

Y,B
POVM. Compared

to Corollary 3.1.6, Theorem 4.1.4 replaces “self-test” and “finite-dimensional states” with
“robust self-test” and “all states” respectively.

Note that a quantum correlation p P Cq can always be achieved by some finite-
dimensional states. So if f is the unique state for a quantum correlation, then f must
be finite-dimensional. This gives an alternative way to phrase Theorem 4.1.4:

Theorem 4.1.5 (Restated from Theorem 4.1.4). If p P CqpX, Y,A,Bq is a robust self-test
for all quantum models, then

(i) there is a unique finite-dimensional state on A
X,A
POVM bmin A

Y,B
POVM for p and

(ii) there is no infinite-dimensional state on A
X,A
POVM bmin A

Y,B
POVM that can achieve p.

We prove this theorem at the end of this section. Part (a) of Corollary 3.1.6 is an
if-and-only-if statement, so we ask whether the converse of Theorem 4.1.4 holds or not:

Question 4.1.6. Let p P CqpX, Y,A,Bq be an extreme point in Cq. Suppose p is an
abstract state self-test for all states on A

X,A
POVM bmin A

Y,B
POVM. Is p a robust self-test for all

quantum models?

Through Sections 4.2 to 4.4, we aim to give an affirmative answer to Question 4.1.6 for
a large class of quantum correlations.

Theorem 4.1.7. Suppose p P CqpX, Y,A,Bq is the unique perfect quantum correlation for
a synchronous game, or the unique optimal quantum correlation for an XOR game. Then
p is a robust self-test for all quantum models if and only if p is an abstract state self-test
for all states on A

X,A
POVM bmin A

Y,B
POVM.

77



Our proof approach is based on algebraic characterizations of synchronous games and
XOR games established in [Slo11, HMPS19, KPS18]. For any synchronous game (resp.
XOR game) G, one can associate a finitely-presented algebra C˚pGq such that perfect (resp.
optimal) strategies for G correspond to tracial states on C˚pGq. Furthermore, as shown
in [Pad24], any near-perfect (resp. near-optimal) strategy S for G defines an approximate
state ϕ on C˚pGq which is also approximately tracial. Finally, using a lifting theorem for
C˚pGq, we lift ϕ to a ucp map θ on C˚pGq and construct the desired local dilation IA b IB

from the Stinespring dilation of θ. This last step is inspired by [MPS21].

The proof approach outlined above applies to any nonlocal game that exhibits structures
similar to synchronous or XOR games. In particular, Theorem 4.1.7 also holds if p is the
unique perfect quantum correlation for a Boolean constraint system (BCS) game. Indeed,
we’ll prove a general result (Theorem 4.4.9). Given a nonlocal game G, we say an algebra
C˚pGq is the associated game algebra for G if (i) every optimal strategy for G corresponds
to a tracial state on C˚pGq and (ii) every near-optimal strategy for G corresponds to an
approximate state on C˚pGq which is also approximately tracial. In Theorem 4.4.9, we show
that if p is the unique optimal quantum correlation for a game G which has an associated
game algebra, then p is a robust self-test for all quantum models if and only if p is an
abstract state self-test for all abstract states.

This general result also provides a convenient way to examine whether a nonlocal game
is an exact self-test or a robust self-test by studying the tracial states on the associated
game algebras.

Theorem 4.1.8 (Restated from part of Theorem 4.3.22 and Corollary 4.4.11, informal).
Suppose a nonlocal game G has an associated game algebra C˚pGq.

(a) G is a self-test for its optimal quantum strategies if and only if C˚pGq has a unique
finite-dimensional tracial state.

(b) G is a robust self-test for its optimal quantum strategies if C˚pGq has a unique tracial
state τ and τ is finite-dimensional.
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Part (b) of Theorem 4.1.8 provides one-line proofs for many robust self-testing results.
For example, CHSH game is a robust self-test because the associate game algebra Cl2, the
Clifford algebra of rank 2, has a unique tracial state τ and τ is finite-dimensional. This
tracial-state characterization of robust self-testing also raises the prospect of constructing
new robust self-tests from C˚-algebras which are known to have a unique tracial state (e.g.,
matrix algebras, Clifford algebras of even rank, etc.).

For the practical use of robust self-testing, it is important to study the ϵ´δ dependence
in Definition 4.1.2, which is also known as the robustness of a self-test. In many cases, the
robustness of a self-test is closely related to the stability of some groups/algebras under
approximate representations. We discuss some concrete examples in Chapter 5.

Finally, we conjecture that the answer to Question 4.1.6 is true for all extreme quantum
correlations.

Conjecture 4.1.9. Suppose p P CqpX, Y,A,Bq is an extreme point in Cq. Then p is a
robust self-test for all quantum models if and only if p is an abstract state self-test for all
states on A

X,A
POVM bmin A

Y,B
POVM.

4.1.1 Robust self-tests are abstract state self-tests

We prove Theorem 4.1.4 in this subsection. Recall that for any residually finite-dimensional
C˚-algebras A and B, the C˚-algebra A bmin B is also residually finite-dimensional, so the
set of finite-dimensional states on A bmin B forms a weak*-dense subset of the state space
of A bmin B. Taking A “ A

X,A
POVM and B “ A

Y,B
POVM, we have:

Proposition 4.1.10. For every state f on A
X,A
POVM bmin A

Y,B
POVM there is a sequence of

quantum models Sn, n P N such that limnÑ8 fSn “ f in the weak*-topology.

For the completeness of this thesis, we present a proof of Proposition 4.1.10 in Ap-
pendix A. Before we prove Theorem 4.1.4, we need the following proposition, which is the
robust version of Proposition 3.1.18.
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Proposition 4.1.11. Let

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

and
rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

be two quantum models with associated representations πA b πB and rπA b rπB respectively.
If rS is centrally supported and S ľϵ

rS via local isometry IA b IB and vector state |auxy,
then for every k, ℓ P N and monomials α “ mx1

a1 ¨ ¨ ¨mak
xk

P A
X,A
POVM, β “ ny1

b1 ¨ ¨ ¨nyℓ
bℓ

P A
Y,B
POVM

we have
`

rπApαq b 1 | rψy
˘

b |auxy «p2k`1qϵ IAπApαqI˚
A b 1 | rψ, auxy , (4.1.7)

`

1 b rπBpβq | rψy
˘

b |auxy «p2ℓ`1qϵ 1 b IBπBpβqI˚
B | rψ, auxy (4.1.8)

and |fSpα b βq ´ f
rSpα b βq| ď 2pk ` ℓ ` 1qϵ.

Proof. We first prove Equation (4.1.7) by induction on the monomial degree k P N. The
base cases k “ 0, 1 follow straight Equation (4.1.4). Suppose Equation (4.1.7) holds for all
monomials in A

X,A
POVM of degree k. For any given monomial α “ α1 ¨ ¨ ¨αkαk`1 in A

X,A
POVM

of degree k ` 1, let α1 :“ α1 ¨ ¨ ¨αk. Since rS is centrally supported, there is an operator
rF P Bp rHBq with ∥ rF∥ ď ∥rπApαk`1q∥ ď 1 such that rπApαk`1q b 1

rHB
| rψy “ 1

rHA
b rF | rψy.

Note that ∥rπApα1q∥ ď 1 and ∥IAπApα1qI˚
A∥ ď 1. Thus by the inductive hypothesis,

`

rπApαq b 1
rHB

| rψy
˘

b |auxy “
`

rπApα1
qrπApαk`1q b 1

rHB
| rψy

˘

b |auxy

“
`

rπApα1
q b rF | rψy

˘

b |auxy

«p2k`1qϵ IAπApα1
qI˚
A b rF b 1Haux

B
| rψ, auxy

“

´

IAπApα1
qI˚
A

`

rπApαk`1q b 1Haux
A

˘

¯

b 1
rHBbHaux

B
| rψ, auxy

«2ϵ IAπApα1
qI˚
AIAπApαk`1qI˚

A b 1
rHBbHaux

B
| rψ, auxy

“ IAπApαqI˚
A b 1 | rψ, auxy .

This implies
`

rπApαq b 1 | rψy
˘

b |auxy «`

2pk`1q`1
˘

ϵ
IAπApαqI˚

A b 1 | rψ, auxy. We conclude

that Equation (4.1.7) holds for all k P N and monomials in A
X,A
POVM of degree k. The

80



proof of Equation (4.1.8) is similar. The rest follows from the following lemma by taking
|αy “ IAπApαqI˚

A b 1 | rψ, auxy , |βy “ IBπBpβqI˚
B | rψ, auxy , |rαy “

`

rπApαq b 1 | rψy
˘

b |auxy,
and |rβy “

`

1 b rπBpβq | rψy
˘

b |auxy.

Lemma 4.1.12. If |αy , |rαy , |βy , |rβy are four vectors with norm ď 1 such that |αy «δ1 |rαy

and |βy «δ2 |rβy, then |xα|βy ´ xrα|rβy| ď δ1 ` δ2.

Proof. Observe that xα|βy ´ xrα|rβy “
`

xα| ´ xrα|
˘

|βy ` xrα|
`

|βy ´ |rβy
˘

. The lemma follows
from the Cauchy-Schwartz inequality.

Now we are ready to prove Theorem 4.1.4.

Proof of Theorem 4.1.4. Suppose rp P CqpX, Y,A,Bq is a robust self-test for all quantum
models, and let rS be an ideal model. By Corollary 3.1.6, there is a unique finite-dimensional
state rf on A

X,A
POVM bminA

Y,B
POVM achieving rp. Assume for the sake of contradiction that there

is an infinite-dimensional state f on A
X,A
POVM bminA

Y,B
POVM achieving rp. By Proposition 4.1.10

there exists a sequence of quantum models Sn, n P N such that f “ lim
nÑ8

fSn in the weak*-
topology. This implies rppa, b|x, yq “ fpmx

a b nybq “ lim
nÑ8

fSnpmx
a b nybq “ lim

nÑ8
pSnpa, b|x, yq

for all x, y, a, b. By the definition of robust self-testing, there is a function η : N Ñ Rě0 with
lim
nÑ8

ηpnq “ 0 such that Sn ľηpnq
rS for all n P N. Then for all monomials α P A

X,A
POVM and

β P A
Y,B
POVM, by Proposition 4.1.11, |fSnpαbβq´ rfpαbβq| ď 2

`

degpαq`degpβq`1
˘

ηpnq Ñ 0
as n Ñ 8. This means lim

nÑ8
fSn “ rf in the weak*-topology. Hence rf “ f , a contradiction.

We conclude that there is no infinite-dimensional state on A
X,A
POVM bmin A

Y,B
POVM for p.

4.2 From correlations to nonlocal games

We discuss self-testing for nonlocal games in this section. We often refer to models as strate-
gies when working with nonlocal games. For any nonlocal game G “ pX, Y,A,B, µ, V q, we
define its game polynomial to be the ˚-polynomial

ΦG :“
ÿ

x,y,a,b

µpx, yqV pa, b|x, yqmx
a b nyb
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in C˚xmx
a : x P X, a P Ay bC˚xnyb : y P Y, b P By. The optimal quantum value wqpGq of the

game G is equal to the supremum value of fpΦGq over all states f on A
X,A
POVM bmin A

Y,B
POVM.

The same conclusion holds if we replace APOVM with APVM.

We say a state f on A
X,A
POVM bmin A

Y,B
POVM (or A

X,A
PVM bmin A

Y,B
PVM) is optimal for G if

fpΦGq “ wqpGq. Equivalently, f is optimal for G if the quantum approximate correlation
achieved by f is optimal for G. Since Cq consists of correlations that can be achieved by
finite-dimensional states, G has an optimal quantum strategy if and only if there exists
a finite-dimensional optimal state on A

X,A
POVM bmin A

Y,B
POVM for G. The following lemma is

straightforward from the GNS construction.

Lemma 4.2.1. Let G “ pX, Y,A,B, µ, V q be a nonlocal game. For any ˚-representation π

of AX,A
POVM bmin A

Y,B
POVM, the operator πpΦGq has spectrum spec

`

πpΦGq
˘

Ď r0, wqpGqs.

Now we define self-testing for nonlocal games.

Definition 4.2.2. Let C be a class of quantum models. A nonlocal game G is a self-test
for its optimal quantum strategies in C if there is an optimal quantum strategy rS P C for G
such that S ľ rS for any optimal quantum strategy S P C for G.

In Definition 4.2.2, rS is referred to as an ideal optimal quantum strategy for G. When
C is the class of all quantum models, we simply say that G is a self-test for its optimal
quantum strategies; when C is the class of all projective quantum models, we say that G is
a self-test for its projective optimal quantum strategies. Combining with Definition 3.1.2,
we immediately see that:

Lemma 4.2.3. A nonlocal game G is a self-test for its optimal quantum strategies (resp.
projective optimal quantum strategies) if and only if G has a unique optimal quantum
correlation p and p is a self-test for all quantum models (resp. projective quantum models).

The following lemma implies that if a nonlocal game is a self-test for its optimal quan-
tum strategies (or optimal projective quantum strategies), then its unique optimal quantum
correlation must be an extreme point in Cq.
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Lemma 4.2.4. If a nonlocal game G has a unique optimal quantum correlation p, then p

must be an extreme point in Cq.

Proof. Suppose G has a unique optimal quantum correlation p. Assume for the sake of
contradiction that p is not an extreme point in Cq. Then p “ λp1 ` p1 ´ λqp2 for some
0 ă λ ă 1 and p1 ‰ p2 in Cq. Note that p is optimal. So

wpG; pq “ λwpG; p1q ` p1 ´ λqwpG; p2q ď λwpG; pq ` p1 ´ λqwpG; pq “ wpG; pq.

It follows that wpG; p1q “ wpG; p2q “ wpG; pq. The uniqueness of p implies that p “ p1 “ p2,
which is a contradiction. Hence p must be an extreme point in Cq.

On the other hand, if a nonlocal game has a unique optimal state f , then f is an
extreme point in the state space:

Lemma 4.2.5. Let G “ pX, Y,A,B, µ, V q be a nonlocal game. Suppose that there is a
unique finite-dimensional optimal state f on A

X,A
POVM bmin A

Y,B
POVM (or A

X,A
PVM bmin A

Y,B
PVM)

for G. Then f is a pure state, and the correlation p achieved by f is the unique optimal
quantum correlation for G.

Proof. Let p be the correlation achieved by f . Since wpG; pq “ fpΦGq “ wqpGq, p is
optimal for G. Assume G has another optimal quantum correlation p1. Then there is a
finite-dimensional state f 1 that can achieve p1. So f 1 is optimal for G, but f 1 ‰ f , a
contradiction. We conclude that p is the unique optimal quantum correlation for p. By
Lemma 4.2.3, p is an extreme point in Cq. Since any state that can achieve p is optimal
for G, f must be the unique finite-dimensional state for G. By Corollary 3.2.4, the GNS
representation of f is irreducible. It follows that f is a pure state.

Lemmas 4.2.4 and 4.2.5 allows us to translate many self-testing results established for
extremal quantum correlations in Section 3.1 to self-testing for nonlocal games.

Theorem 4.2.6 (Corollary 3.1.6, game version). Let G “ pX, Y,A,B, µ, V q be a nonlocal
game.
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(a) G is a self-test for its optimal quantum strategies if and only if there is a unique
finite-dimensional optimal state on A

X,A
POVM bmin A

Y,B
POVM for G.

(b) If G has a full-rank projective optimal quantum strategy, then G is a self-test for its
projective optimal strategies if and only if there is a unique finite-dimensional optimal
state on A

X,A
PVM bmin A

Y,B
PVM for G.

Theorem 4.2.7 (Theorem 3.1.7, game version). For any nonlocal game G, the following
statements hold.

(a) If G is a self-test for its optimal quantum strategies, then G has a full-rank projective
ideal optimal strategy and G is a self-test for its projective optimal quantum strategies.

(b) If G is a self-test for its projective optimal quantum strategies and G has a full-rank
projective optimal strategy, then G is a self-test for its optimal quantum strategies.

Corollary 4.2.8 (Corollary 3.1.8, game version). If G has a full-rank projective optimal
quantum strategy, then the following statements are equivalent.

(1) G is a self-test for its optimal quantum strategies.

(2) G is a self-test for its projective optimal quantum strategies.

(3) There is a unique finite-dimensional optimal state on A
X,A
POVM b A

Y,B
POVM for G.

(4) There is a unique finite-dimensional optimal state on A
X,A
PVM b A

Y,B
PVM for G.

Recall from Corollary 3.2.4 that if there is a unique finite-dimensional state f achieving
an extreme quantum correlation p, then f has a GNS representation pH, π, |ψyq where
π “ πA b πB is a tensor product of two irreducible representations. Furthermore, p is a
self-test for quantum models and there is an ideal model with an associated representation
πAbπB. We can sharpen this statement when working with self-testing for nonlocal games:
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Theorem 4.2.9. Suppose a nonlocal game G “ pX, Y,A,B, µ, V q has a unique finite-
dimensional optimal state rf on A

X,A
POVM bmin A

Y,B
POVM. Then the following statement holds.

(a) rf has a GNS representation p rHAb rHB, rπAbrπB, | rψyq where rπA and rπB are irreducible
˚-representations of AX,A

POVM and A
Y,B
POVM respectively.

(b) Let ĂMx
a :“ rπApmx

aq and rNy
b :“ rπBpnybq. Then G is a self-test for its optimal quantum

strategies with an ideal optimal strategy

rS “
`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

.

(c) rπ :“ rπA b rπB is the unique (up to unitary equivalence) finite-dimensional irreducible
˚-representation of AX,A

POVM bminA
Y,B
POVM with the property that the maximal eigenvalue

of rπpΦGq is wqpGq.

(d) The wqpGq-eigenspace of rπpΦGq is the one-dimensional space spanned by | rψy.

Proof. Let p be the correlation achieved by rf . Then by Lemmas 4.2.3 and 4.2.5, p is an
extreme point in Cq, p is the unique optimal quantum correlation for G, and rf is the unique
finite-dimensional state on A

X,A
POVM bmin A

Y,B
POVM achieving p. So parts (a) and (b) follow

from Corollary 3.2.4.

Now suppose π : A
X,A
POVM bmin A

Y,B
POVM Ñ BpHq is a finite-dimensional irreducible ˚-

representation such that the maximal eigenvalue of πpGq is wqpGq. Let |ψy be a unit
vector in the wqpGq-eigenspace of πpGq. Since πpA

X,A
POVM bmin A

Y,B
POVMq “ BpHq, the vector

|ψy is cyclic for π. Hence pH, π, |ψyq is a GNS representation of the state f given by
fpαq :“ xψ| πpαq |ψy , α P A

X,A
POVM bmin A

Y,B
POVM. This also means f is a finite-dimensional

state on A
X,A
POVM bminA

Y,B
POVM such that fpΦGq “ xψ| πpΦGq |ψy “ wqpGq. By the uniqueness

of rf , we have f “ rf , and hence pH, π, |ψyq is unitarily equivalent to p rHA b rHB, rπ, | rψyq.
This proves part (c).

To see part (d), take an arbitrary unit vector |ψy in the wqpGq-eigenspace of rπpΦGq.
Then the state f defined by fpαq :“ xψ| rπpαq |ψy , α P A

X,A
POVM bmin A

Y,B
POVM is optimal for
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G. So f “ rf . It follows that p rHA b rHB, rπ, |ψyq is a GNS representation for rf . This means
there is a unitary U on rHA b rHB such that

U |ψy “ | rψy , and (4.2.1)

UrπpαqU˚
“ rπpαq (4.2.2)

for all α P A
X,A
POVM bminA

Y,B
POVM. Note that rπ is irreducible. Equation (4.2.2) implies U “ λ1

for some λ P C. Then Equation (4.2.1) implies |ψy is linearly dependent with | rψy. Since
|ψy was arbitrary, part (d) follows.

4.2.1 Robust self-testing for nonlocal games

We also define robust self-testing for nonlocal games. We say a strategy S is ϵ-optimal for
a nonlocal game G if wpG;Sq ě wqpGq ´ ϵ.

Definition 4.2.10. Let C be a class of quantum models. A nonlocal game G is a robust
self-test for its optimal strategies in C if there is an ideal optimal quantum strategy rS P C
for G such that the following statement holds. For any δ ě 0, there is an ϵ ě 0 such that
S ľδ

rS for any ϵ-optimal strategy S P C for G.

Recall that the set of quantum approximate correlations Cqa is the closure of Cq. The
following lemma is a robust version of Lemma 4.2.3, although the proof is less straightfor-
ward.

Lemma 4.2.11. A nonlocal game G is a robust self-test for its optimal quantum strategies
(resp. projective optimal quantum strategies) if and only if G has a unique quantum ap-
proximate correlation p and p is a robust self-test for all quantum models1 (resp. projective
quantum models).

Proof. For the “only if” direction, suppose G “ pX, Y,A,B, V q is a robust self-test for its
optimal quantum strategies, and let rS be an ideal optimal strategy. By Lemma 4.2.3, the

1This last condition automatically implies that p is in Cq.
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quantum correlation rp generated by rS is the unique optimal quantum correlation for G. We
claim that rp is indeed the unique optimal quantum approximate correlation for G. Assume
for the sake of contradiction that G has an optimal correlation p P Cqa while p is not in Cq.
Then there is an infinite-dimensional state f achieving p. By Proposition 4.1.10, there is a
sequence of quantum models Sn, n P N such that lim

nÑ8
fSn “ f in the weak-˚ topology. This

implies wpG;Snq “ fSnpΦGq Ñ fpΦGq “ wqpGq as n Ñ 8. Since G is a robust self-test for
its optimal quantum strategies, there is a function η : N Ñ Rě0 with lim

nÑ8
ηpnq “ 0 such

that Sn ľηpnq
rS. It follows that p “ lim

nÑ8
pSn “ p

rS “ rp, which contradicts to the assumption
that p is not in Cq. We conclude that rp is the unique quantum approximate correlation for
G. Note that for any quantum model S, ∥pS ´ rp∥1 ď ϵ implies wpG;Sq ě wqpGq ´ ϵ. So G
is a robust self-test as is p.

For the “if” direction, suppose that G has a unique optimal quantum approximate
correlation rp and that rp is a robust self-test for quantum models, and let rS be an ideal
model for rp. Then rp must be in Cq. Assume for the sake of contradiction that G is not
a robust self-test. This means there exists a δ ą 0 and a sequence of quantum models
Sn, n P N with ϵn :“ wqpGq ´wpG;Snq Ñ 0 as n Ñ 8 such that for all n P N, Sn ľδ

rS does
not hold. Let p be an accumulation point of tpSn , n P Nu. Then p is in Cqa and p is optimal
for G. The uniqueness of rp implies that p “ rp. By passing a subsequence, we may assume
without loss of generality that lim

nÑ8
pSn “ rp. Since rp is a robust self-test for quantum

models, there is a function η : N Ñ Rě0 with lim
nÑ8

ηpnq “ 0 such that Sn ľηpnq
rS for all

n P N. Take a large enough N such that ηpNq ď δ, we see that SN ľδ
rS, a contradiction.

We conclude that G is a robust self-test for its optimal quantum strategies.

We can also state a game version of Theorem 4.1.4 (or equivalently Theorem 4.1.5).

Theorem 4.2.12 (Theorem 4.1.5, game version). If G “ pX, Y,A,B, µ, V q is a robust
self-test for its optimal quantum strategies, then

(i) there is a unique finite-dimensional optimal state on A
X,A
POVM bmin A

Y,B
POVM for G and

(ii) there is no infinite-dimensional optimal state for G.
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The following proposition will be used frequently in the proof of robust self-testing
results.

Proposition 4.2.13. Suppose a nonlocal game G “ pX, Y,A,B, µ, V q has a unique finite-
dimensional optimal state rf on A

X,A
POVM bmin A

Y,B
POVM. Let rS “

`

rHA, rHB, tĂM
x
a u, t rNy

b u, | rψy
˘

and rπ “ rπA b rπB be as in Theorem 4.2.9. Let ∆ be the spectral gap of rπpΦGq (i.e., the
second largest eigenvale of rπpΦGq is wqpGq ´ ∆). Suppose

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

is an ϵ-optimal quantum strategy for G. Let IA : HA Ñ rHA b KA and IB : HB Ñ rHB b KB

be two isometries. For every px, y, a, bq P X ˆ Y ˆ A ˆ B, let

δAx,a :“ ∥I˚
ApĂMx

a b 1KA
qIA ´ Mx

a ∥ρA
and δBy,b :“ ∥I˚

Bp rNy
b b 1KB

qIB ´ Ny
b ∥ρB

where ρA :“ TrHB

`

|ψy xψ|
˘

, ρB :“ TrHA

`

|ψy xψ|
˘

, and let

δ :“
ÿ

x,y,a,b

µpx, yqV pa, b|x, yq
`

δAx,a ` δBy,b
˘

.

Then there exists a unit vector |auxy P KA b KB such that

∥IA b IB |ψy ´ | rψy b |auxy∥ ď

?
2
`

δ `
?
ϵ
˘

∆ . (4.2.3)

Moreover, for every px, y, a, bq P X ˆ Y ˆ A ˆ B,

∥IA b IB
`

Mx
a b Ny

b |ψy
˘

´
`

ĂMx
a b rNy

b | rψy
˘

b |auxy∥ ď δAx,a ` δBy,b `

?
2
`

δ `
?
ϵ
˘

∆ . (4.2.4)

Proof. Let π :“ πA b πB be the associated representation of S, let I “ IA b IB, and let
K :“ KA b KB. By Lemma 4.1.12,

∥
´

I˚
`

rπpmx
abnybq b 1K

˘

I ´ πpmx
a b nybq

¯

|ψy∥

ď ∥I˚
A

`

rπApmx
aq b 1KA

˘

IA ´ πApmx
aq∥ρA

` ∥I˚
B

`

rπBpnybq b 1KB

˘

IB ´ πBpnybq∥ρB

“ δAx,a ` δBy,b.
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This implies

∥
´

I˚
`

rπpΦGq b 1K
˘

I ´ πpΦGq

¯

|ψy∥ ď
ÿ

x,y,a,b

µpx, yqV pa, b|x, yq
`

δAx,a ` δBy,b
˘

“ δ.

Since S is an ϵ-optimal strategy for G, by Lemma 4.2.1, wqpGq1 ´ πpΦGq is a positive
operator such that ∥wqpGq1 ´ πpΦGq∥op ď 1 and xψ|

`

wqpGq1 ´ πpΦGq
˘

|ψy ď ϵ. So

∥
`

wqpGq1 ´ πpΦGq
˘

|ψy∥ ď ∥
`

wqpGq1 ´ πpΦGq
˘1{2∥op ¨ ∥

`

wqpGq1 ´ πpΦGq
˘1{2

|ψy∥

ď

b

xψ|
`

wqpGq1 ´ πpΦGq
˘

|ψy ď
?
ϵ.

Let rΦ :“ wqpGq1 ´ rπpΦGq. It follows that

∥I˚
prΦ b 1qI |ψy∥ ď ∥

´

I˚
`

rπpΦGq b 1
˘

I ´ πpΦGq

¯

|ψy∥ ` ∥
`

wqpGq1 ´ πpΦGq
˘

|ψy∥ ď δ `
?
ϵ.

Now we fix orthonormal bases t|αiyui and t|βjyuj for KA and KB respectively. We can write
I |ψy “

ř

i,j λij |ψijy b |αi, βjy for some unit vectors |ψijy P rHA b rHB and some λij P C
where

ř

ij|λij|2 “ 1. By absorbing phase of |ψijy into λij, we may assume without loss of
generality that every δij :“ xψij| rψy ě 0. So we can write |ψijy “ δij | rψy `

b

1 ´ δ2
ij |κijy

for some unit vector |κijy P rHA b rHB that is orthogonal to | rψy. Theorem 4.2.9 implies
∥rΦ | rψy∥ “ 0 and ∥rΦ |κijy∥ ě ∆ for all i, j. Hence

pδ `
?
ϵq2

ě ∥I˚
prΦ b 1qI |ψy∥2

“
ÿ

i,j

|λij|2∥rΦ |ψijy∥2

“
ÿ

i,j

|λij|2p1 ´ δ2
ijq∥rΦ |κijy∥2

ě ∆2
ÿ

i,j

|λij|2p1 ´ δ2
ijq

ě ∆2
ÿ

i,j

|λij|2p1 ´ δijq “ ∆2

˜

1 ´
ÿ

i,j

|λij|2δij

¸

.

The last inequality uses the fact that δij ď 1 for all i, j. Let |κy :“
ř

i,j λ |αi, βjy. Then

∥I |ψy ´ | rψy b |κy∥2
“ 2

˜

1 ´
ÿ

i,j

|λij|2δij

¸

ď
2pδ `

?
ϵq2

∆2

So Equation (4.2.3) follows. For any px, y, a, bq P X ˆ Y ˆ A ˆ B, observe that

I
`

Mx
a b Ny

b |ψy
˘

´
`

ĂMx
a b rNy

b | rψy
˘

b |auxy “
`

IAM
x
a ´ pĂMx

a b 1KA
qIA

˘

b IBN
y
b |ψy
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` pĂMx
A b 1KA

q b
`

IBN
y
b ´ pĂNy

b b 1KB
qIB

˘

|ψy

` ĂMx
a b rNy

b b 1
`

I |ψy ´ | rψy b |auxy
˘

.

Since IBNy
b ,

ĂMx
a , and ĂMx

a b rNy
b all have operator norms ď 1, we conclude that

∥I
`

Mx
a b Ny

b |ψy
˘

´
`

ĂMx
a b rNy

b | rψy
˘

b |auxy∥ ď ∥I˚
ApĂMx

a b 1KA
qIA ´ Mx

a ∥ρA

` ∥I˚
Bp rNy

b b 1KB
qIB ´ Ny

b ∥ρB

` ∥I |ψy ´ | rψy b |auxy∥.

So Equation (4.2.4) follows.

Remark 4.2.14. We remark that Theorem 4.2.9 and Proposition 4.2.13 also hold if all
APOVM are replaced by APVM and “optimal quantum strategies” is replaced by “projective
optimal strategies”. The proofs follow similarly.

4.3 A tracial-state characterization of self-testing

4.3.1 Tracial states

In this subsection, we discuss some properties of tracial states that will be used later. Recall
that, in this thesis, all C˚-algebras are assumed to be unital and separable. A tracial state
τ on a C˚-algebra A is a state satisfying τpabq “ τpbaq for all a, b P A. We denote by T pAq

the set of tracial states on A. It is a convex set and is compact and closed in the weak*-
topology. We use BeT pAq to denote the extreme points in T pAq. We say a tracial state τ
on A factors through another C˚-algebra B if there are some ˚-homomorphism φ : A Ñ B

and some tracial state rτ on B such that τ “ rτ ˝ φ. If in addition, φ is surjective, we say τ
factors surjectively through B.

For any τ P T pAq, the kernel of τ , defined by

Iτ :“ ta P A : τpa˚aq “ 0u, (4.3.1)
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is a two-sided closed ideal. So xa ` Iτ , b ` Iτy :“ τpa˚bq, a, b P A defines an inner product
on A{Iτ . Completing A{Iτ with respect to this inner product gives the Hilbert space
L2pA, τq. For any a P A, we use pa to denote the canonical image of a in L2pA, τq. Let
πτ : A Ñ BpL2pA, τqq be the ˚-representation of A given by

πτ paqpb :“ pab for all a, b P A,

and let |τy :“ p1. Then the triple
`

L2pA, τq, πτ , |τy
˘

is a GNS representation for τ . We
refer to πτ as the left regular representatin of τ , and refer to

`

L2pA, τq, πτ , |τy
˘

as the
standard GNS for τ . One can also define the right regular representation πop

τ , which is the
˚-representation from Aop Ñ BpL2pA, τqq given by

πop
τ paop

qpb :“ pba for all a, b P A.

Here Aop denotes the opposite algebra of A. That is, Aop “ A as a Banach space, but
the multiplication on Aop is reversed: if we use aop to denote any a P A in Aop, then
aop ¨ bop “ pbaqop. It is clear that πτ pAq1 Ă πop

τ pAopq. So the left and right regular
representations commute.

The following characterization of extreme tracial states is well-known (see e.g., [Dix82,
Theorem 6.7.3])

Lemma 4.3.1. Suppose τ is a tracial state on a C˚-algebra A. Then τ is an extreme point
in T pAq if and only if the enveloping von Neumann algebra πτ pAq2 is a factor.

Note that in the “if” direction of the above lemma, the hypothesis that πτ pAq2 is a
factor does not necessarily mean πτ is irreducible. In fact, if an extreme tracial state τ has
an irreducible GNS representation πτ , then πτ must be a one-dimensional representation.
In other words, for any τ P BeT pAq, τ is a pure state if and only if τ is a character.

Finite-dimensional tracial states

When working with quantum correlations, we are particularly interested in finite-dimensional
tracial states and their convex structure. A tracial state is said to be finite-dimensional if
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its GNS representation is finite-dimensional. The set of finite-dimensional tracial states on
A is denoted by TfinpAq. The following characterization of finite-dimensional tracial states
is well-known (see e.g., [MR19]).

Lemma 4.3.2. A tracial state τ on a C˚-algebra A is finite-dimensional if and only if one
of the following equivalent statements holds.

(a) A{Iτ is finite-dimensional.

(b) τ factors through a finite-dimensional C˚-algebras.

(c) πτ pAq2 is finite-dimensional.

(d) The linear functional ϕ : Aop b A Ñ C defined by ϕpaop b bq “ τpabq, a, b P A is a
finite-dimensional state.

Later in Proposition 4.3.6 we’ll show that TfinpAq is a convex face of T pAq. We first
need to establish the following lemmas.

Lemma 4.3.3. For any C˚-algebra A, the set TfinpAq is convex.

Proof. Let τ1 and τ2 be two finite-dimensional tracial states on a C˚-algebra A. Then
there are finite-dimensional C˚-algebras B1 and B2, ˚-homomorphisms φ1 : A Ñ B1 and
φ2 : A Ñ B2, and tracial states rτ1 and rτ2 on B1 and B2 respectively such that τ1 “ rτ1 ˝φ1

and τ2 “ rτ1 ˝ φ2. For any 0 ă λ ă 1, let rτ be the tracial state on B1 ‘ B2 defined by

rτpβ1, β2q “ λrτ1pβ1q ` p1 ´ λqrτ2pβ2q

for all pβ1, β2q P B1 ‘ B2. Then λτ1 ` p1 ´ λqτ2 “ rτ ˝ φ where φ :“ λφ1 ‘ p1 ´ λqφ2 is a
˚-homomorphism from A Ñ B1 ‘ B2. This means the tracial state λτ1 ` p1 ´ λqτ2 factors
through the finite-dimensional C˚-algebra B1 ‘ B2, so λτ1 ` p1 ´ λqτ2 P TfinpAq. Since
τ1, τ2, and λ were arbitrary, we conclude that TfinpAq is a convex set.

We use BeTfinpAq to denote the extreme points in TfinpAq.
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Lemma 4.3.4. Let τ be a finite-dimensional tracial state on a C˚-algebra A. Suppose
τ “ λτ1 ` p1 ´ λqτ2 for some τ1, τ2 P T pAq and 0 ă λ ă 1. Then τ1 and τ2 must be
finite-dimensional.

Proof. Since τ P TfinpAq, the algebra A{Iτ is finite-dimensional. Observe that for any
a P A, τpa˚aq “ 0 if and only if τ1pa˚aq “ τ2pa˚aq “ 0. This means Iτ “ Iτ1 X Iτ2 .
Hence A{Iτ1 and A{Iτ2 are both C˚-subalgebras of A{Iτ , so they are finite-dimensional.
It follows that τ1, τ2 P TfinpAq.

Lemma 4.3.5. Let A be a C˚-algebra. Then TfinpAq is the convex hull of tracial states on
A that factor surjectively through full matrix algebras.

Proof. Any τ P TfinpAq drops to a tracial state rτ on A{Iτ so that τ “ rτ ˝ q, where
q : A Ñ A{Iτ is the quotient map. Since A{Iτ is finite-dimensional, we can write

A{Iτ “ Md1 ‘ ¨ ¨ ¨ ‘ Mdk

for some d1, . . . , dk ě 1. For every 1 ď i ď k, let Πi : A{Iτ Ñ Mdi
be the canonical

projection. Then every φi :“ Πi ˝ q is a surjective ˚-homomorphism from A Ñ Mdi
, and

hence every τi :“ trdi
˝φi is a tracial state on A that factors surjectively through the

matrix algebra Mdi
. Since each rτ |Mdi

is a tracial linear functional on Mdi
, we must have

rτ |Mdi
“ λi trdi

where λi “ rτp1di
q. This implies τ “ λ1τ1 ` ¨ ¨ ¨λkτk. We conclude that every

τ P TfinpAq is a convex combination of tracial states that factor surjectively through full
matrix algebras.

The following proposition states that TfinpAq is a convex face of T pAq and BeTfinpAq

consists of tracial states that factor surjectively through full matrix algebras.

Proposition 4.3.6. Suppose A is a C˚-algebra such that TfinpAq is non-empty.

(a) BeTfinpAq “ BeT pAq X TfinpAq.

(b) A tracial state τ is in BeTfinpAq if and only if it factors surjectively through a full
matrix algebra, and
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(c) TfinpAq “ conv
`

BeTfinpAq
˘

.

Proof. For part (a), it is clear that BeT pAq X TfinpAq Ď BeTfinpAq, so it only left to show
the inverse inclusion. Now assume that there is a τ P BeTfinpAq which is not in BeT pAq.
Then there are distinct τ1, τ2 P T pAq and 0 ă λ ă 1 such that τ “ λτ1 ` p1 ´ λqτ2. By
Lemma 4.3.4, τ1 and τ2 are finite-dimensional. This implies τ is not an extreme point
of TfinpAq, a contradiction. Hence BeTfinpAq Ď BeT pAq. We conclude that BeTfinpAq “

BeT pAq X TfinpAq.

For part (b), let τ P TfinpAq. Then τ has a convex combination λ1τ1 ` ¨ ¨ ¨λkτk where
every τi factors surjectively through a full matrix algebra, as shown in Lemma 4.3.5. For
the “only if” direction, suppose τ is in BeTfinpAq. Then we must have τ1 “ ¨ ¨ ¨ “ τk, and
hence τ factors surjectively through a full matrix algebra. For the “if” direction, suppose τ
factors surjectively through a full matrix algebra. Let

`

L2pA, τq, πτ , |τy
˘

be the standard
GNS of τ . Then τ “ trd ˝φ for some surjective ˚-homomorphism φ : A Ñ Md, and hence

Iτ “ ta P A : trd
`

φpa˚aq
˘

“ 0u “ ta P A : φpaq “ 0u “ kerpφq.

This implies πτ pAq – A{Iτ “ A{ kerpφq – Md is a full matrix algebra. So πτ pAq2 is a
factor, and hence τ P BeT pAq. Then by part (a), τ P BeTfinpAq. We conclude that a tracial
state τ is in BeTfinpAq if and only if τ factors surjectively through a full matrix algebra.

Part (c) follows straightforward from part (b) and Lemma 4.3.5.

From the proofs of Proposition 4.3.6 and Lemma 4.3.5, we immediately see that:

Corollary 4.3.7. Let A be a C˚-algebra. A tracial state τ on A is in BeTfinpAq if and only
if A{Iτ is a full matrix algebra.

We now study the GNS construction of states in BeTfinpAq. Given a τ P BeTfinpAq,
let

`

L2pA, τq, πτ , |τy
˘

be the standard GNS for τ . Since L2pA, τq is finite-dimensional,
A{Iτ “ L2pA, τq as a Hilbert space. Let q : A Ñ A{Iτ be the quotient map. Then τ

drops to a tracial state rτ on L2pA, τq so that τ “ rτ ˝ q. By Corollary 4.3.7, we can identify
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L2pA, τq with2 Md for some d ě 1. Under this identification, rτ “ trd and |τy “ 1?
d

řd
i“1 eii,

where teij : 1 ď i, j ď du is the standard basis for Md. While all GNS representations of τ
are unitarily equivalent to the standard one, some of them have a more “concrete” form.
The following proposition illustrates that any extreme finite-dimensional tracial state has
a GNS representation that employs a maximally entangled state.

Proposition 4.3.8. Let A be a C˚-algebra. A state τ on A is an extreme point in TfinpAq

if and only if τ has a GNS representation
`

Cd b Cd,1 b πp¨q, |φdy
˘

, where d ě 1, π is an
irreducible ˚-representation of A on Cd, and |φdy :“ 1?

d

řd
i“1 |iy b |iy.

Proof. For the “if” direction, observe that π is a surjective ˚-homomorphism from A Ñ

MdpCq such that

τpaq “ xφd|1 b πpaq |φdy “ trd
`

πpaq
˘

for all a P A. This means τ is a tracial state that factors surjectively through the full
matrix algebra MdpCq – Md. By part (b) of Proposition 4.3.6, we have τ P BeTfinpAq.

Now we prove the “only if” direction. Suppose τ P BeTfinpAq. Then the standard GNS
of τ has the form pMd, πτ , |τyq, where |τy “ 1?

d

řd
i“1 eii and teij : 1 ď i, j ď du is the

standard basis for Md. Let U : Md Ñ Cd b Cd be the unitary map sending eij ÞÑ |jy b |iy.
Then U |τy “ 1?

d

řd
i“1 |iy b |iy “: |φdy. Let Φ : Md Ñ MdpCq be the isomorphism sending

eij ÞÑ |iy xj| for all 1 ď i, j ď d. Then π :“ Φ ˝ πτ is a surjective ˚-homomorphism from
A Ñ MnpCq, and hence π is an irreducible ˚-representation. For any a P A, πτ paq can be
written uniquely as

řd
i,j“1 aijeij for some aij P C, so

Uπτ paqU˚
|k, ℓy “ U

d
ÿ

i,j“1
aijeijeℓk “ U

d
ÿ

i“1
aiℓeik “

d
ÿ

i“1
aiℓ |k, iy “ |ky b

`

d
ÿ

i“1
aiℓ |iy

˘

“ |ky b
`

d
ÿ

i“1
aiℓ |iy xℓ|ℓy

˘

“ |ky b
`

d
ÿ

i,j“1
aij |iy xj|ℓy

˘

“ |ky b

´

Φ
`

πτ paq
˘

|ℓy
¯

“ |ky b
`

πpaq |ℓy
˘

2Here we think of Md as a Hilbert space with inner product xA, By “ trdpA˚Bq
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for all |k, ℓy P Cd b Cd. This implies Uπτ paqU˚ “ 1 b πpaq for all a P A. It follows that
`

Cd bCd,1b πp¨q, |φdy
˘

is unitarily equivalent to the standard GNS of τ , and hence itself
is a GNS representation of τ .

The unitary operator U in the proof of Proposition 4.3.8 is known as the transforma-
tion of the operator-vector correspondence. From the proof, we see that the left regular
representation πτ satisfies πτ paq “ U˚

`

1 b πpaq
˘

U for all a P A. Consequently, the right
regular representation πop

τ is given by πop
τ paq “ U˚

`

πpaqT b 1
˘

U .

For every τ P BeTfinpAq, the irreducible representation π in the statement of Propo-
sition 4.3.8 is unique up to unitary equivalence. This gives a one-to-one correspondence
between extreme finite-dimensional tracial states on A and finite-dimensional irreducible
representations of A.

Corollary 4.3.9. For any C˚-algebra A, let IrrfinpAq be the set of inequivalent finite-
dimensional irreducible ˚-representations of A. There is a bijective correspondence between
IrrfinpAq and BeTfinpAq, sending a representation π P IrrfinpAq to the tracial state τ given
by τpaq “ trd

`

πpaq
˘

, a P A, where d is the dimension of π.

If a closed two-sided ideal J is contained in Iτ for a tracial state τ on A, then it is
clear that τ drops to a tracial state on A{J . The following lemma asserts that the finite
dimensionality of τ will also be preserved.

Proposition 4.3.10. Let A be a C˚-algebra. Suppose J is a closed two-sided ideal of A,
and let q : A Ñ A{J be the quotient map. There is a bijective correspondence between
tracial states on A{J and tracial states on A whose kernel contains J , sending a τ P T pA{

J q to the tracial state rτ :“ τ ˝ q. Moreover, τ P T pA{J q is finite-dimensional if and only
if the corresponding rτ is finite-dimensional.

Proof. Observe that L2pA, rτq – L2pA{J , τq. So the lemma follows.
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Amenable tracial states

In the study of robust self-testing, we need to work with weak*-limit of finite-dimensional
tracial states. This leads to the study of amenable tracial states.

Definition 4.3.11. Let A be a C˚-algebra, and fix a faithful representation A Ă BpHq.
We say a state τ on A is an amenable tracial state if there is a state ϕ on BpHq such
that ϕ|A “ τ and ϕpuTu˚q “ ϕpT q for any T P BpHq and unitary u P A.

Note that ϕ|A is indeed a tracial state. This is because ϕpuvq “ ϕ
`

upvuqu˚
˘

“ ϕpvuq

for all unitaries u, v P A and unitaries in A span the entire A. Another subtle point in this
definition is that the amenability of τ is independent of the choice of embedding A Ă BpHq

(see [BO08, Proposition 6.2.2] for a proof).

The following characterization of amenable tracial states is from [BO08, Theorem 6.2.7].

Lemma 4.3.12. A tracial state τ on a C˚-algebra A is amenable if and only if one of the
following equivalent conditions holds.

(a) There exists a sequence of ucp maps φn : A Ñ Mdn , n P N such that τpaq “

lim
nÑ8

trdn

`

φnpaq
˘

and lim
nÑ8

∥φnpabq ´ φnpaqφnpbq∥hs “ 0 for all a, b P A.

(b) The linear functional ϕ : Aop b A Ñ C defined by ϕpaop b bq :“ τpabq, a, b P A is a
min-continuous state.

(c) The ˚-homomorphism π : AopbA Ñ BpL2pA, τqq defined by πpaopbbq “ πop
τ paopqπτ pbq,

a, b P A is min-continuous.

(d) For any faithful representation A Ă BpHq there is a ucp map Φ : ApHq Ñ πτ pAq2

such that Φpaq “ πτ paq for all a P A.

For any two-sided ideal J of A, in Proposition 4.3.10, we have seen the correspon-
dence between tracial states on A{J and tracial states on A whose kernel contains J .
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The following proposition asserts that amenability is preserved in one direction of this
correspondence.

Proposition 4.3.13. Let A be a C˚-algebra. Suppose J is a closed two-sided ideal of A,
and let q : A Ñ A{J be the quotient map. If a tracial state τ on A{J is amenable, then
the tracial state rτ :“ τ ˝ q on A is amenable.

Proof. Suppose τ is an amenable tracial state on A{J , and let rτ :“ τ ˝ q. Then there is
a sequence of ucp maps φn : A{J Ñ Mdn , n P N such that τpaq “ lim

nÑ8
trdn

`

φnpaq
˘

and
lim
nÑ8

∥φnpabq ´ φnpaqφnpbq∥hs “ 0 for all a, b P A{J . It follows that rφn :“ φn ˝ q : A Ñ

Mdn , n P N is a sequence of ucp maps such that lim
nÑ8

trdn

`

rφnpaq
˘

“ τpqpaqq “ rτpaq and
lim
nÑ8

∥rφnpabq ´ rφnpaqrφnpbq∥hs “ 0 for all a, b P A. So rτ is amenable.

Remark 4.3.14. Unlike Proposition 4.3.10, the converse of Proposition 4.3.13 may not
hold in general: there are examples where an amenable tracial state rτ on A drops to a
non-amenable tracial state τ on A{J . However, as shown in [BO08, Proposition 6.3.5], if
0 Ñ J Ñ A Ñ A{J Ñ 0 is a locally split extension, then any amenable tracial state on
A whose kernel contains J always drops to an amenable tracial state on A{J .

4.3.2 General results

Definition 4.3.15. Let γ :“ tγxa : x P X, a P Au be a set of self-adjoint ˚-polynomials in
A
Y,B
PVM, and let R be a set of ˚-polynomials in A

Y,B
PVM. We say pγ,Rq is a determining pair

for a nonlocal game G “ pX, Y,A,B, µ, V q if the following conditions hold.

(i) For every x P X, tqpγxa quaPA is a PVM in the quotient C˚pGq :“ A
Y,B
PVM{xRy, where

xRy is the closed two-sided ideal generated by R and q : A
Y,B
PVM Ñ C˚pGq is the

quotient map.

(ii) A state f on A
X,A
PVM b A

Y,B
PVM is optimal for G if and only if

(a) f
`

pmx
a b 1 ´ 1 b γxa q2˘ “ 0 for all x P X, a P A, and
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(b) the linear functional τ :“ f |1bA
Y,B
PVM

is a tracial state on A
Y,B
PVM that satisfies

τpr˚rq “ 0 for all r P R.

Given a nonlocal game G with a determining pair pγ,Rq, we refer to the C˚-algebra
C˚pGq defined in condition (i) of Definition 4.3.15 as the associated game algebra of G.
tqpγxa q : a P Au is a PVM in C˚pGq means that qp

ř

aPA γ
x
a q “ 1, q

`

pγxa q˚
˘

“ qpγxa q “

q
`

pγxa q2˘, and q
`

γxaγ
x
a1

˘

“ 0 for all a ‰ a1 in C˚pGq. We usually express γxa as a ˚-polynomial
over tnyb : y P Y, b P Bu. Since the quotient map sends each generator nyb for A

Y,B
PVM to the

generator nyb for C˚pGq, in condition (i), we often just say tγxa : a P Au is a PVM in C˚pGq.

For any correlation p P CqcpA,B,X, Y q, we use T ppqpγ,Rq to denote the set of tracial
states τ on A

Y,B
PVM which satisfies

(1) τpγxan
y
bq “ ppa, b|x, yq for all x, y, a, b, and

(2) τpr˚rq “ 0 for all r P R.

We denote by T
ppq

fin pγ,Rq the set of finite-dimensional tracial states in T ppqpγ,Rq. From
the hypothesis (1) and (2), it is clear that both T ppqpγ,Rq and T

ppq

fin pγ,Rq are convex
sets. We denote by BeT

ppqpγ,Rq and BeT
ppq

fin pγ,Rq the extreme points in T ppqpγ,Rq and
T

ppq

fin pγ,Rq respectively. Later, in Lemma 4.3.20, we’ll show that T ppq

fin pγ,Rq is a convex face
of TfinpA

Y,B
PVMq whenever p is an extreme point in Cq.

In condition (ii) of Definition 4.3.15, although we are working with all states (or equiv-
alently, max-continuous states) on A

X,A
PVM bA

Y,B
PVM, the optimal value of G still refers to the

quantum value wqpGq. Here τ “ f |1bA
Y,B
PVM

means τpαq “ fp1 bαq for all α P A
Y,B
PVM. Later,

in Proposition 4.3.18, we’ll show that if f is an optimal state for a nonlocal game with
determining pair pγ,Rq, then τ “ f |1bA

Y,B
PVM

is a tracial state in T ppqpγ,Rq where p is the
correlation achieved by f .

In this section, we present a tracial-state characterization of self-testing for nonlocal
games that have determining pairs. For such a nonlocal game G, we show that the self-
testing property of G is witnessed by tracial states on the associated game algebra C˚pGq,
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and the self-testing property of any extreme optimal quantum correlation p for G can be
characterized by tracial states in T

ppq

fin pγ,Rq. We prove these two general results in this
subsection. In Section 4.3.3, we show that every synchronous game or XOR game has a
determining pair. So their self-testing properties can be characterized by tracial states on
the respect game algebras.

General results for correlations

We first prove the following general statement for extreme quantum correlations.

Theorem 4.3.16. Suppose a nonlocal game G has a determining pair pγ,Rq. Let C˚pGq be
the associated game algebra, and let q : AY,B

PVM Ñ C˚pGq be the quotient map. If an extreme
quantum correlation p is optimal for G, then the following statements are equivalent.

(a) p is a self-test for all quantum models.

(b) p is an abstract state self-test for finite-dimensional states on A
X,A
PVM bmin A

Y,B
PVM.

(c) There is a unique tracial state in T
ppq

fin pγ,Rq.

(d) There is a unique finite-dimensional irreducible ˚-representation π : AY,B
PVM Ñ MdpCq

such that the linear functional τ : AY,B
PVM Ñ C defined by

τpαq :“ trd
`

πpαq
˘

, α P A
Y,B
PVM (4.3.2)

is a tracial state in T
ppq

fin pγ,Rq.

The proof is established on a sequence of technical lemmas that characterize the non-
local games that have determining pairs.

Lemma 4.3.17. Suppose a nonlocal game G “ pX, Y,A,B, µ, V q has a determining pair
pγ,Rq. If a tracial state τ on A

Y,B
PVM satisfies τpr˚rq “ 0 for all r P R, then τ extends

uniquely to a state f on A
X,A
PVM b A

Y,B
PVM which is optimal for G and satisfies

fpmx1
a1 ¨ ¨ ¨mxk

ak
b ny1

b1 ¨ ¨ ¨nyℓ
bℓ

q “ τpγxk
ak

¨ ¨ ¨ γx1
a1n

y1
b1 ¨ ¨ ¨nyℓ

bℓ
q (4.3.3)
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for all k, ℓ P N and x1, . . . , xk P X, a1, . . . , ak P A, y1, . . . , yℓ P Y , b1, . . . , bℓ P B. If
in addition, τ is finite-dimensional (resp. amenable), then f is finite-dimensional (resp.
min-continuous).

Proof. Suppose τ is a tracial state on A
Y,B
PVM such that τpr˚rq “ 0 for all r P R. Then τ drops

to a tracial state rτ on the quotient C˚pGq such that τ “ rτ ˝ q, where q : AY,B
PVM Ñ C˚pGq

is the quotient map. Let pH
rτ , πrτ , |rτyq be the standard GNS for rτ . Here π

rτ is the left
regular representation for rτ . Then πτ :“ π

rτ ˝ q is the left regular representation for τ , and
pH

rτ , πτ , |rτyq is the standard GNS for τ .

Note that for every x P X, tqpγxa q : a P Au is a PVM in the quotient C˚pGq. This
means every tπop

rτ

`

qpγxa q
˘

: a P Au is a PVM on H
rτ . It follows that every tπop

τ pγxa q : a P Au

is a PVM on H
rτ . Hence there is a ˚-representation π : AX,A

PVM b A
Y,B
PVM Ñ BpH

rτ q sending
mx
a b1 ÞÑ πopτ pγxa q and 1bnyb ÞÑ πτ pnybq for all a, b, x, y. Let f be the state on A

X,A
PVM bA

Y,B
PVM

defined by fpαq :“ xrτ | πpαq |rτy , α P A
X,A
PVM b A

Y,B
PVM. Then

fpmx1
a1 ¨ ¨ ¨mxk

ak
b ny1

b1 ¨ ¨ ¨nyℓ
bℓ

q “ xrτ | πop
τ pγxk

ak
¨ ¨ ¨ γx1

a1 qπτ pny1
b1 ¨ ¨ ¨nyℓ

bℓ
q |rτy

“ xrτ | πτ pγxk
ak

¨ ¨ ¨ γx1
a1n

y1
b1 ¨ ¨ ¨nyℓ

bℓ
q |rτy

“ τpγxk
ak

¨ ¨ ¨ γx1
a1n

y1
b1 ¨ ¨ ¨nyℓ

bℓ
q

for all k, ℓ P N and x1, . . . , xk P X, a1, . . . , ak P A, y1, . . . , yℓ P Y , b1, . . . , bℓ P B. This
proves Equation (4.3.3). Meanwhile,

πpmx
a b 1q |rτy “ πop

τ pγxa q |rτy “ πτ pγxa q |rτy “ πp1 b γxa q |rτy .

This implies f
`

pmx
a b 1 ´ 1 b γxa q2˘ “ 0. So f satisfies part (a) of condition (ii) in

Definition 4.3.15. Part (b) of condition (ii) follows from Equation (4.3.3). We conclude
that f is optimal for G. Since monomials of the form mx1

a1 ¨ ¨ ¨mxk
ak

bny1
b1 ¨ ¨ ¨nyℓ

bℓ
span a dense

subset of AX,A
PVM b A

Y,B
PVM. Equation (4.3.3) implies that f is uniquely determined by τ .

If τ is amenable, then πop
τ ˆ πτ is min-continuous, and hence f is min-continuous. If τ

is finite-dimensional, then H
rτ is finite-dimensional, and hence f is finite-dimensional.
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Proposition 4.3.18. Suppose G has a determining pair pγ,Rq and p P Cqc is optimal for
G. There is a bijective correspondence between states on A

X,A
PVM b A

Y,B
PVM for p and tracial

states in T ppqpγ,Rq, sending an f to the tracial state τ :“ f |1bA
Y,B
PVM

. Moreover,

(a) f is finite-dimensional if and only if the corresponding τ is finite-dimensional, and

(b) f is min-continuous if the corresponding τ is amenable.

Proof. Let f be a state on A
X,A
PVM b A

Y,B
PVM for p. Since p is optimal for G, f is an optimal

state for G. So

f
`

pmx
a b 1 ´ 1 b γxa q

2˘
“ 0 (4.3.4)

for all x P X, a P A, and τ :“ f |1bA
Y,B
PVM

is a tracial state on A
Y,B
PVM satisfying τpr˚rq “ 0 for

all r P R. Let pH, π, |ψyq be a GNS representation for f . Equation (4.3.4) implies

πpmx
a b 1q |ψy “ πp1 b γxa q |ψy

for all x P X, a P A. It follows that

τpγxan
y
bq “ xψ| πp1 b γxan

y
bq |ψy “ xψ| πpmx

a b nybq |ψy “ fpmx
a b nybq “ ppa, b|x, yq

for all a, b, x, y. So τ is a tracial state in T ppqpγ,Rq. Moreover, if f is finite-dimensional,
then τ factors through the finite-dimensional C˚-algebra πp1 b A

Y,B
PVMq, and hence τ is

finite-dimensional. The rest of the proof follows straightforwardly from Lemma 4.3.17.

Lemma 4.3.19. Suppose G “ pX, Y,A,B, µ, V q has a determining pair pγ,Rq. If a quan-
tum correlation p P CqpX, Y,A,Bq is optimal for G, then p has a full-rank projective model.

Proof. Let f be a finite-dimensional state on A
X,A
PVM bmin A

Y,B
PVM for p, and let τ be the

corresponding tracial state in T
ppq

fin pγ,Rq given by Proposition 4.3.18. Since τ is a finite-
dimensional tracial state on A

Y,B
PVM, by Proposition 4.3.6, τ has a convex combination

τ “ λ1τ1 `¨ ¨ ¨`λkτk of tracial states τ1, . . . , τk P BeTfinpA
X,A
PVMq. By Proposition 4.3.8, every

τi has a GNS representation
`

Cdi b Cdi ,1 b πip¨q, |φdi
y
˘

, where di ě 1, πi : A Ñ Mdi
pCq
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is an irreducible ˚-representation, and |φdi
y “ 1?

di

řdi

j“1 |jy b |jy. Note that λ1, . . . , λk ą 0,
so τpr˚rq “ 0 for all r P R implies τipr˚rq “ 0 for all r P R and 1 ď i ď k. Since every
tγxa : a P Au is a PVM in the quotient AY,B

PVM{xRy, every tπipγ
x
a qT : a P Au is a PVM on Cdi .

Let Mx
a :“

Àk
i“1 πipγ

x
a qT , Ny

b :“
Àk

i“1 πipn
y
bq for all a, b, x, y, and let |ψy “

Àk
i“1

?
λi |φdi

y.
Then

S :“
˜

k
à

i“1
Cdi ,

k
à

i“1
Cdi , tMx

a u, tNy
b u, |ψy

¸

is a full-rank projective quantum model such that

pSpa, b|x, yq “

k
ÿ

i“1
λi xφdi

| πipγ
x
a q
T

b πipn
y
bq |φdi

y “

k
ÿ

i“1
λi xφdi

|1 b πipγ
x
a qπipn

y
bq |φdi

y

“

k
ÿ

i“1
λi xφdi

|1 b πipγ
x
an

y
bq |φdi

y “

k
ÿ

i“1
λiτipγ

x
an

y
bq “ τpγxan

y
bq “ ppa, b|x, yq

for all a, b, x, y. This completes the proof.

In the proof of Lemma 4.3.19, we see that the model S employs a direct sum of maxi-
mally entangled states. When p is an extreme point in Cq, we can strengthen Lemma 4.3.19:
p has a projective model which employs a single maximally entangled state. The proof is
based on the observation that T ppq

fin pγ,Rq is a convex face of TfinpA
Y,B
PVMq whenever p is

extreme.

Lemma 4.3.20. Suppose G has a determine pair pγ,Rq and p P Cq is optimal for G. If p
is an extreme point in Cq, then

(a) T
ppq

fin pγ,Rq X BeTfinpA
Y,B
PVMq “ BeT

ppq

fin pγ,Rq,

(b) T
ppq

fin pγ,Rq “ conv
`

BeT
ppq

fin pγ,Rq
˘

, and

(c) p has a projective quantum model that employs a maximally entangled state.

Proof. For part (a), it is clear that T ppq

fin pγ,Rq X BeTfinpA
Y,B
PVMq Ď BeT

ppq

fin pγ,Rq. To see the
converse inclusion, we assume for the sake of contradiction that there is a τ P BeT

ppq

fin pγ,Rq
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which is not in BeTfinpA
Y,B
PVMq. Then there are distinct τ1, τ2 P TfinpA

Y,B
PVMq and 0 ă λ ă 1

such that τ “ λτ1 ` p1 ´ λqτ2. τ is in T ppqpγ,Rq, so τpr˚rq “ 0 for all r P R. Since λ ą 0,
1 ´ λ ą 0, and τ1pr˚rq, τ2pr˚rq ě 0, it follows that

τ1pr˚rq “ τ2pr˚rq “ 0 (4.3.5)

for all r P R. By Lemma 4.3.17, the vectors p1, p2 P RAˆBˆXˆY defined by pipa, b|x, yq “

τipγ
x
an

y
bq, i P t1, 2u are optimal quantum correlations for G such that p “ λp1 ` p1 ´ λqp2.

Because p is an extreme point in Cq, we have p1 “ p2 “ p. Equation (4.3.5) implies τ1, τ2 P

T
ppq

fin pγ,Rq, which contradicts the assumption that τ is an extreme point in T ppq

fin pγ,Rq. We
conclude that T ppq

fin pγ,Rq X BeTfinpA
Y,B
PVMq “ BeT

ppq

fin pγ,Rq.

Now we prove part (b). For any τ P T
ppq

fin pγ.Rq, by Proposition 4.3.6, τ is a convex
combination τ “ λ1λ1`¨ ¨ ¨`λkλk of τ1, . . . , τk P TfinpA

Y,B
PVMq. Since every λ1 ą 0, τpr˚rq “ 0

for all r P R implies τipr˚rq “ 0 for all 1 ď i ď k and r P R. Again, by Lemma 4.3.17 and
the extremality of p, every τi is on T ppq

fin pγ,Rq. Hence by part (a), every τi is in BeT
ppq

fin pγ,Rq.
This proves part (b).

For (c), we first note that T ppq

fin pγ,Rq is non-empty, because p is optimal for G. Let
τ P BeT

ppq

fin pγ,Rq. Then by part (a), τ P BeTfinpA
Y,B
PVMq. By Proposition 4.3.8, τ has a GNS

representation
`

Cd b Cd,1 b πp¨q, |φdy
˘

where π : AY,B
PVM Ñ MdpCdq is an irreducible ˚-

representation and |φdy is a maximally entangled state. Let Mx
a :“ πpγxa qT and Ny

b :“ πpnybq

for all a, b, x, y. Then following the same reasoning as in the proof of Lemma 4.3.19,

S :“
`

Cd,Cd, tMx
a u, tNy

b u, |φdy
˘

is a projective quantum model for p that employs a maximally entangled state.

Now we are ready to proof Theorem 4.3.16.

Proof of Theorem 4.3.16. (a)ô(b): By Lemma 4.3.19, p has a full-rank projective quantum
model. Then by Corollary 3.1.8, p is a self-test for all quantum models if and only if p is
an abstract state self-test for projective finite-dimensional states. So (a)ô(b) follows.
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(b)ô(c) follows directly from the bijective correspondence between finite-dimensional
states on A

X,A
PVM bmin A

Y,B
PVM for p and tracial states in T

ppq

fin pγ,Rq, as shown in Proposi-
tion 4.3.18.

(c)ô(d): By Lemma 4.3.20, T ppq

fin pγ,Rq contains a unique element if and only if BeT
ppq

fin pγ,Rq

contains a unique element. So (c)ô(d) follows from the correspondence between tracial
states in BeT

ppq

fin pγ,Rq and representations in Irrfin
`

A
Y,B
PVM

˘

which satisfy Equation (4.3.2),
as shown in Corollary 4.3.9.

Corollary 4.3.21. Let G be a nonlocal game with a determining pair pγ,Rq. Suppose an
extreme quantum correlation p P BeCq is optimal for G and is a self-test for quantum models.
Let f , τ , and π : AY,B

PVM Ñ MdpCq be unique finite-dimensional state on A
X,A
PVM bmin A

Y,B
PVM

for p, then unique tracial stat in Tfinpγ,Rq, and the unique representation in IrrfinpA
Y,B
PVMq

satisfying Equation (4.3.2) given by part (b), (d), and (d) of Theorem 4.3.16 respectively.
Let ĂMx

a :“ πpγxa qT and rNy
b :“ πpnybq for all a, b, x, y, and let |φdy :“ 1?

d

řd
i“1 |iy b |iy. Then

(a) the tuple
`

Cd b Cd,1 b πp¨q, |φdy
˘

is a GNS representation for τ ,

(b) rS :“
`

Cd,Cd, tĂMx
a u, t rNy

b u, |φdy
˘

is an ideal model for p, and

(c) the tuple
`

Cd b Cd, πA b πB, |φdy
˘

is a GNS representation for f , where πA b πB is
the associated representation of rS.

General results for nonlocal games

We also prove the following general statement for nonlocal games.

Theorem 4.3.22. Let G be a nonlocal game with a determining pair pγ,Rq, and let C˚pGq

be the associated game algebra. Then the following statements are equivalent.

(a) G is a self-test for its optimal quantum strategies.

(b) There is a unique finite-dimensional optimal state on A
X,A
PVM bmin A

Y,B
PVM for G.
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(c) C˚pGq has a unique finite-dimensional tracial state.

(d) C˚pGq has a unique finite-dimensional irreducible ˚-representation (up to unitary
equivalence).

For the proof, we need to establish a correspondence between optimal states for G and
tracial states on C˚pGq. Given a nonlocal game G with a determining pair pγ,Rq, we say
a tracial state τ on A

Y,B
PVM is optimal for G if τpr˚rq “ 0 for all r P R. By Lemma 4.3.17,

if τ is an optimal tracial state for G, then the correlation defined by ppa, b|x, yq “ τpγxan
y
bq

is optimal for G. Hence a tracial state τ on A
Y,B
PVM is optimal for G if and only if τ is in

T ppqpγ,Rq for some optimal p P Cqc for G. The following correspondence between optimal
states on A

X,A
PVM b A

Y,B
PVM for G and optimal tracial states on A

X,A
PVM b A

Y,B
PVM for G is an

immediate consequence of Proposition 4.3.18.

Lemma 4.3.23. Suppose G has a determining pair pγ,Rq. There is a bijective correspon-
dence between optimal states on A

X,A
PVM b A

Y,B
PVM for G and optimal tracial states on A

Y,B
PVM

for G, sending an f to the tracial state τ :“ f |1bA
Y,B
PVM

. Moreover,

(a) f is finite-dimensional if and only if the corresponding τ is finite-dimensional, and

(b) f is min-continuous if the corresponding τ is amenable.

Any optimal tracial state for a nonlocal game G with determining pair pγ,Rq drops to a
tracial state on the quotient C˚pGq and vice versa. The following correspondence between
optimal tracial states for G and tracial states on the associated game algebra C˚pGq follows
straight from Propositions 4.3.10 and 4.3.13.

Lemma 4.3.24. Suppose G has a determining pair pγ,Rq, and let C˚pGq be the associated
game algebra. Then there is a bijective correspondence between optimal tracial states on
A
Y,B
PVM for G with respect to pγ,Rq and tracial states on C˚pGq. Moreover,

(a) an optimal tracial state on A
Y,B
PVM is finite-dimensional if and only if the corresponding

tracial state on C˚pGq is finite-dimensional, and
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(b) an optimal tracial state on A
Y,B
PVM is amenable if the corresponding tracial state on

C˚pGq is amenable.

Put everything together, we conclude that:

Proposition 4.3.25. Suppose G has a determining pair pγ,Rq. Then there is a bijective
correspondence between optimal states on A

X,A
PVM bA

Y,B
PVM for G and tracial states on C˚pGq.

Moreover,

(a) an optimal state is finite-dimensional if and only if the corresponding tracial state is
finite-dimensional, and

(b) an optimal state is min-continuous if the corresponding tracial state is amenable.

Now we are ready to prove Theorem 4.3.22

Proof of Theorem 4.3.22. (a)ô(b): By Lemmas 4.2.4 and 4.2.5, both (a) and (b) imply
that G has a unique optimal quantum correlation p and p is an extreme point in Cq. So
(a)ô(b) follows from (a)ô(b) in Theorem 4.3.16.

(b)ô(c) follows directly from the correspondence between finite-dimensional optimal
states on A

X,A
PVM bmin A

Y,B
PVM for G and finite-dimensional tracial states on C˚pGq, as shown

in Proposition 4.3.25.

(c)ô(d): By Proposition 4.3.6, Tfin
`

C˚pGq
˘

contains a unique element if and only if
BeTfin

`

C˚pGq
˘

contains a unique element. So (b)ô(c) follows from Corollary 4.3.9.

Corollary 4.3.26. Let G be a nonlocal game with a determining pair pγ,Rq. Let C˚pGq be
the associated game algebra, and let q : AY,B

PVM Ñ C˚pGq be the quotient map. Suppose G is
a self-test for its optimal quantum strategies. Let p P BeCq be the unique optimal quantum
correlation for G given by Lemma 4.2.3. Then p is a self-test for quantum models. Let
rπ be the unique ˚-representation in Irrfin

`

C˚pGq
˘

given by the part (d) of Theorem 4.3.22,
and let π be the irreducible ˚-representation on A

Y,B
PVM given by part (d) of Theorem 4.3.16.

Then π “ rπ ˝ q.
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4.3.3 Self-testing for synchronous and XOR games

Synchronous games

Recall that a nonlocal game G “ pX, Y,A,B, µ, V q is said to a synchronous game if A “

B,X “ Y , and V pa, a1|x, xq “ 0 for all x P X and a ‰ a1 in A. We make the convention
that the question distribution in a synchronous game is uniform on X ˆ Y , and we use
G “ pX,A, V q to denote a synchronous game.

Given a synchronous game G “ pX,A, V q and a projective commuting operator strategy
S “ pH, tMx

a u, tNy
b u, |ψyq for G. The strategy S is perfect for G if and only if

xψ|Mx
aN

y
b |ψy “ 0 (4.3.6)

whenever V pa, b|x, yq “ 0. As shown in [PSS`16, Theorem 5.5], if S is perfect for G, then

Mx
a |ψy “ Nx

a |ψy (4.3.7)

for all a P A and b P B.

Proposition 4.3.27. Suppose G “ pX,A, V q is a synchronous game with wqpGq “ 1. Then
G has a determining pair pγ,Rq where

• γxa “ nxa for all a P A and x P X, and

• R “ tnxan
y
b : V pa, b|x, yq “ 0u.

Proof. Since every tnxa : a P Au is a PVM in A
X,A
PVM, every γxa is self-adjoint in A

X,A
PVM and

every tγxa : a P Au is a PVM in C˚pGq :“ A
X,A
PVM{xRy. Condition (i) of Definition 4.3.15

holds.

Next we examine condition (ii). Let f be a state on A
X,A
PVM b A

Y,B
PVM, and let pH, π, |ψyq

be a GNS representation for f . Let Mx
a :“ πpmx

aq, Nx
a :“ πpnxaq for all a P A, x P X, and

let S :“ pH, tMx
a u, tNy

b u, |ψyq be a projective commuting operator strategy for G
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Suppose f is perfect for G. Then S is perfect for G. Equation (4.3.7) implies that

f
`

pmx
a b 1 ´ 1 b γxa q

2˘
“ ∥pMx

a ´ Nx
a q |ψy∥2

“ 0

for all a P A and x P X. Hence f satisfies part (b) of condition (ii) in Definition 4.3.15.
Let w1 “ nx1

a1 ¨ ¨ ¨nxk
ak

and w2 “ ny1
b1 ¨ ¨ ¨nyℓ

bℓ
be two monomials in A

X,A
PVM. Note that every Mx

a

is self-adjoint and commutes with every Ny
b . By Equation (4.3.7) again,

fp1 b w2w1q “ xψ|Ny1
b1 ¨ ¨ ¨Nyℓ

bℓ
Nx1
a1 ¨ ¨ ¨Nxk

ak
|ψy “ xψ|Mxk

ak
¨ ¨ ¨Mx1

a1 N
y1
b1 ¨ ¨ ¨Nyℓ

bℓ
|ψy

“ xψ|Nx1
a1 ¨ ¨ ¨Nxk

ak
Ny1
b1 ¨ ¨ ¨Nyℓ

bℓ
Nx1
a1 ¨ ¨ ¨Nxk

ak
|ψy “ fp1 b w1w2q.

Since w1 and w2 were arbitrary and monomials over tnyb : y P X, b P Au form a dense subset
of AX,A

PVM, the linearly functional τ :“ f |1bA
X,A
PVM

is a tracial state on A
X,A
PVM. For any relation

r “ nxan
y
b in R, by Equations (4.3.6) and (4.3.7),

τpr˚rq “ τpnybn
x
an

x
an

y
bq “ τpnxan

y
bq “ xψ|Nx

aN
y
b |ψy “ xψ|Mx

aN
y
b |ψy “ 0.

We conclude that f satisfies condition (ii) in Definition 4.3.15.

Now suppose f satisfies condition (ii) in Definition 4.3.15. By part (a) of condition (ii),
the strategy S satisfies Equation (4.3.7) for all a P A and x P X. Part (b) of condition (ii)
implies that τ :“ f |1bA

X,A
PVM

is a tracial state satisfying

0 “ τ
`

pnxan
y
bq

˚
pnxan

y
bq
˘

“ τpnxan
y
bq “ xψ|Ny

aN
y
b |ψy |ψy “ xψ|Mx

aN
y
b |ψy .

whenever V pa, b|x, yq “ 0. This implies S is perfect for G, and hence f is perfect for G.

We refer to C˚pGq :“ A
X,A
PVM{xRy, with R defined in Proposition 4.3.27, as the syn-

chronous algebra for G.

Note that for any synchronous correlation p P Csyn
qc pX,Aq, one can define a synchronous

game G “ pX,A, V q such that p is perfect for G. So Theorem 4.3.16 applies to all syn-
chronous correlations.

Theorem 4.3.28. Suppose a synchronous quantum correlation p P Csyn
q pX,Aq is an ex-

treme point in Cq. Then p is a self-test for quantum models if and only there is a unique
finite-dimensional tracial state on A

Y,B
PVM such that τpnxan

y
bq “ ppa, b|x, yq for all a, b, x, y.
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Proof. Let G “ pX,A, V q be the nonlocal synchronous game defined by V pa, b|x, yq “ 0 if
and only if ppa, b|x, yq “ 0. Then p is a perfect quantum correlation for G. Let pγ,Rq be
the determining pair of G defined in Proposition 4.3.27. Then a finite-dimensional tracial
state τ on A

X,A
PVM is in T pfinpγ,Rq if and only if

(i) τpnxan
y
bq “ ppa, b|x, yq for all a, b, x, y, and

(ii) τ
`

pnxan
y
bq

˚pnxan
y
bq
˘

“ τpnxan
y
bq “ 0 whenever V pa, b|x, yq “ 0.

Note that (ii) is equivalent to τpnxan
y
bq “ 0 whenever ppa, b|x, yq “ 0, and this is already

implied by (i). So T ppq

fin pγ,Rq consists of all finite-dimensional tracial states that satisfy (i).
The theorem follows from (a)ô(c) in Theorem 4.3.16.

XOR games

Recall that a nonlocal game G “ pI, J, A,B, µ, V q is an XOR game if A “ B “ t0, 1u, and
there is a matrix ptijq P t0, 1uIˆJ such that

V pa, b|i, jq “

$

&

%

1 if a ‘ b “ tij

0 otherwise.

We also define the cost matrix pωijq for G where ωij :“ p´1qtijµpi, jq. We always assume µ is
non-degenerate, meaning that µpi, jq ‰ 0 for all i P X, j P Y . So the cost matrix completely
determines ptijq and µ. We use G “

`

I, J, pωijq
˘

to denote an XOR game. When working
with XOR games, we usually use binary observable generators xi :“ mi

0 ´ mi
1, i P I for

A
I,t0,1u

PVM and yj :“ nj0 ´ nj1, j P J for A
J,t0,1u

PVM .

Every XOR game G “
`

I, J, pωijq
˘

has associated marginal row biases tri; i P Iu and
associated column biases tcj : j P Ju, where ri ą 0 and cj ą 03 for all i, j P I. Let f be
state on A

I,t0,1u

PVM b A
J,t0,1u

PVM , let pH, π, |ψyq be a GNS representation for f , and let

Xi :“ π
`

xi b 1
˘

, i P I and Yj :“ π
`

1 b yj
˘

, j P J

3In general, if µ is degenerate, then the cost matrix pωijq may have a all-zero row or column and there
could be a zero row or column bias.
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be the binary observables employed by Alice and Bob. Then tXi |ψy : i P Iu, tYj |ψy : j P Ju

is a vector strategy for G. As shown in [Slo11, Corollary 3.2], f is optimal for G if and only
if

1
ri

ÿ

jPJ

ωijYj |ψy “ Xi |ψy (4.3.8)

for all i P I. Equation (4.3.8) can also be replaced by

1
cj

ÿ

iPI

ωijXi |ψy “ Yj |ψy (4.3.9)

for all j P J .

Proposition 4.3.29. Let G “
`

I, J, pωijq
˘

be an XOR game, and let tri : i P Iu be the
associated row biases. Then G has a determining pair pγ,Rq, where γ “ tγia : i P I, a P

t0, 1uu is given by

γia “
1
2

´

1 ´
1
ri

ÿ

jPJ

ωijp1 ´ 2njaq
¯

, (4.3.10)

and the relations R consists of
`

ÿ

jPJ

ωijpn
j
0 ´ nj1q

˘2
´ r2

i (4.3.11)

for all i P I.

Proof. Since every nja is self-adjoint in A
J,t0,1u

PVM , every γia is self-adjoint in A
J,t0,1u

PVM . Equa-
tion (4.3.10) implies that

γi0 ´ γi1 “
1
ri

ÿ

jPJ

ωijpn
j
0 ´ nj1q,

so the relations in R can be expressed as pγi0 ´ γi1q2 ´ 1, i P I. Hence every γi0 ´ γi1 is a
binary observable in C˚pGq :“ A

J,t0,1u

PVM {xRy. This means every tγi0, γ
i
1u is a PVM in C˚pGq.

Condition (i) of Definition 4.3.15 holds.
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Now we examine Condition (ii) of Definition 4.3.15. Let f be state on A
I,t0,1u

PVM bA
J,t0,1u

PVM ,
let pH, π, |ψyq be a GNS representation for f , and let Xi :“ π

`

xi b 1
˘

, Yj :“ π
`

1 b yj
˘

, and
pYj :“ 1

cj

ř

iPI ωijXi for all i P I, j P J , where tcj : j P Ju is the column biases.

Suppose f is optimal. Then Xi, Yj satisfy Equations (4.3.8) and (4.3.9). This implies

π
`

1 b pγi0 ´ γi1q
˘

|ψy “
1
rj

ÿ

jPJ

wijYj |ψy “ Xi |ψy

for all i P I. Replacing the binary observables with the corresponding PVM elements in
the above equation, we have

πp1 b γiaq |ψy “ πpmi
a b 1q |ψy .

It follows that

f
´

`

mi
a b 1 ´ 1 b γia

˘2
¯

“ 0

for all i P I and a P t0, 1u. Hence f satisfies part (a) of condition (ii). Note that pYj, Yℓ are
self-adjoint and rpYj, Yℓs “ 0 for all j, ℓ P J . Then for any monomials W1 :“ yi1 ¨ ¨ ¨ yik and
W2 :“ yj1 ¨ ¨ ¨ yjℓ in A

J,t0,1u

PVM , Equation (4.3.9) implies that

fp1 b W1W2q “ xψ|Yi1 ¨ ¨ ¨YikYj1 ¨ ¨ ¨Yjℓ |ψy “ xψ| pYjℓ ¨ ¨ ¨ pYj1Yi1 ¨ ¨ ¨Yik |ψy

“ xψ|Yj1 ¨ ¨ ¨YjℓYi1 ¨ ¨ ¨Yik |ψy “ fp1 b W2W1q.

It follows that τ :“ f |1bA
J,t0,1u

PVM
is a tracial state. For any relation s “

`
ř

jPJ ωijyi
˘2

´r2
i P R,

by Equation (4.3.8),

πp1 b sq |ψy “ r2
i

`

pY 2
j |ψy ´ |ψy

˘

“ r2
i

`

pYjYj |ψy ´ |ψy
˘

“ r2
i

`

Yj pYj |ψy ´ |ψy
˘

“ r2
i

`

Y 2
j |ψy ´ |ψy

˘

“ 0.

The last equality uses the fact that Y 2
j “ 1. Hence τps˚sq “ xψ| πp1 b s˚sq |ψy “ 0 for all

s P R. We conclude that f satisfies part (b) condition (ii) in Definition 4.3.15.

On the other hand, suppose f satisfies parts (a) and (b) in condition (ii). Then in part
(a), by replacing the PVM elements with the corresponding binary observables, we see
that Equation (4.3.8) holds. This means f is optimal. We conclude that pγ,Rq satisfies
condition (ii) in Definition 4.3.15. Hence pγ,Rq is a determining pair for G.
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We refer to C˚pGq :“ A
J,t0,1u

PVM {xRy, with R defined in Proposition 4.3.29, as the solution
algebra for G. In [Slo11, Proposition 2.8], Slofstra shows that G has a unique optimal
quantum correlation p if and only if the solution algebra for G is Clifford. Furthermore,
the associated XOR correlation c with p has rank r if and only if the corresponding Clifford
algebra is of rank r. Here the Clifford algebra Clr of rank r refers to the universal C˚-
algebra generated by indeterminates x1, ¨ ¨ ¨ , xr and subject to the relations xixj ` xjxi “

2δij, 1 ď i, j ď n. This algebra has either one (when r is even) or two (when r is odd)
irreducible ˚-representations of dimension 2tr{2u.

Theorem 4.3.30. An XOR game G is a self-test for its optimal quantum strategies if and
only if G has a unique optimal quantum correlation p and the associated XOR correlation
with p has even rank.

Proof. For the “only if” direction, suppose G is a self-test for its optimal quantum strategies.
Then by Lemma 4.2.3, G has a unique optimal quantum correlation p. Let r be the rank
of the associated XOR correlation with p. By Theorem 4.3.22, the solution algebra Clr for
G has a unique finite-dimensional irreducible ˚-representation. So r must be even.

For the “if” direction, suppose G has a unique optimal quantum correlation p and the
associated XOR correlation with p has even rank. This implies the solution algebra Clr for
G has a unique finite-dimensional irreducible ˚-representation. By Theorem 4.3.22 again,
G is a self-test for its optimal quantum strategies.

4.4 Robust self-testing for nonlocal games with stable
game algebras

4.4.1 Near-optimal strategies and approximate representations

Definition 4.4.1. Let G be a nonlocal game with determining pair pγ,Rq, and let ν :
Rě0 Ñ Rě0 be a function such that νpϵq Ñ 0 as ϵ Ñ 0. We say pγ,Rq is ν-stable if for
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any ϵ ě 0 and projective ϵ-optimal quantum strategy

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

for G,

(i) ∥
`

πApmx
aq b 1 ´ 1 b πBpγxa q

˘

|ψy∥ ď νpϵq for all x P X, a P A, where πA b πB is the
associated representation of S,

(ii) ∥πBprq∥ρB
ď νpϵq for all r P R, where ρB :“ TrHB

p|ψy xψ|q, and

(iii) ∥πBpnybq
?
ρB ´

?
ρBπBpnybq∥F ď νpϵq for all y P Y, b P B.

Recall that the big Frobenius norm ∥¨∥F on MdpCq is defined by ∥T∥F “
a

TrpT ˚T q,
and the ρ-norm ∥¨∥ρ is defined by ∥T∥ρ “

a

TrpT ˚Tρq.

Lemma 4.4.2. Suppose G is a nonlocal game with a ν-stable determining pair pγ,Rq. Let

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

be a projective ϵ-optimal quantum strategy for G, and let ϕ :“ fS|1bA
Y,B
PVM

where fS is the
state on A

X,A
PVM bmin A

Y,B
PVM induced by S. Then

(a) ϕpr˚rq ď νpϵq2 for all r P R,

(b) ∥πBpW q
?
ρB ´

?
ρBπBpW q∥F ď degpW qνpϵq for any monomial W over tnyb : b P

B, y P Y u,

(c) |ϕpW1W2q ´ ϕpW2W1q| ď
`

degpW1q ` degpW2q
˘

νpϵq for any monomials W1 and W2

over tnyb : y P Y, b P Bu, and

(d) |ϕpγxan
y
bq ´ pSpa, b|x, yq| ď νpϵq for all a, b, x, y.
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Proof. Let πAbπB be the associated representation of S, and let ρB :“ TrHB
p|ψy xψ|q. For

any r P R,

ϕpr˚rq “ xψ|1 b πBpr˚rq |ψy “ ∥πBprq∥2
ρB

ď νpϵq2.

So (a) follows.

We prove (b) by induction on the degree k of W . k “ 1 follows from condition (iii)
of Definition 4.4.1. Now suppose (b) holds for any monomial of degree k for some k ě 1.
For any monomial W “ α1 ¨ ¨ ¨αkαk`1 in A

Y,B
PVM of degree k ` 1, let W 1 :“ α1 ¨ ¨ ¨αk be a

monomial of degree k. Then by the induction hypothesis,

∥πBpW 1
q
?
ρB ´

?
ρBπBpW 1

q∥F ď kνpϵq.

Note that ∥πBpW 1q∥op ď 1 and ∥πBpαk`1q∥op ď 1, it follows that

∥πBpW q
?
ρB ´

?
ρBπBpW q∥F “∥πBpW 1

qπBpαk`1q
?
ρB ´

?
ρBπBpW 1

qπBpαk`1q∥F
ď∥πBpW 1

q
`

πBpαk`1q
?
ρB ´

?
ρBπBpαk`1q

˘

∥F
` ∥

`?
ρBπBpW 1

q ´ πBpW 1
q
?
ρB

˘

πBpαk`1q∥F
ď∥πBpW 1

q∥op∥πBpαk`1q
?
ρB ´

?
ρBπBpαk`1q∥F

` ∥πBpαk`1q∥op∥
?
ρBπBpW 1

q ´ πBpW 1
q
?
ρB∥F

ďνpϵq ` kνpϵq “ pk ` 1qνpϵq.

So (b) holds for monomials of degree k ` 1. We conclude that (b) holds.

To prove (c), we first recall that for any matrices S and T ,

|TrpST q| ď ∥S∥op ¨ ∥T∥F .

Note that ∥?
ρB∥op ď 1, ∥πBpW1q∥op ď 1, and ∥πBpW2q∥op ď 1. By part (b) we have

|ϕpW1W2q ´ ϕpW2W1q| “|Tr
´

?
ρBπBpW1q

`

πBpW2q
?
ρB ´

?
ρBπBpW2q

˘

¯

` Tr
´

?
ρBπBpW2q

`

πBpW1q
?
ρB ´

?
ρBπBpW1q

˘

¯

|

ď∥πBpW1q
?
ρB ´

?
ρBπBpW1q∥F ` ∥πBpW2q

?
ρB ´

?
ρBπBpW2q∥F
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ď degpW1qνpϵq ` degpW2qνpϵq “
`

degpW1q ` degpW2q
˘

νpϵq.

This proves (c).

Now we prove (d). Since ∥πBpnyBq∥op ď 1 and ∥
`

πApmx
aq b1´1b πBpγxa q

˘

|ψy∥ ď νpϵq,

|ϕpγxan
y
bq ´ pSpa, b|x, yq| “ |xψ|1 b πBpγxan

y
bq |ψy ´ xψ| πApmx

aq b πBpnybq |ψy|

“ |xψ|
`

πApmx
aq b 1 ´ 1 b πBpγxa q

˘

¨
`

1 b πBpnybq
˘

|ψy|

ď ∥
`

πApmx
aq b 1 ´ 1 b πBpγxa q

˘

|ψy∥ ď νpϵq

for all a, b, x, y. This completes the proof.

Given a quantum model

S “
`

HA,HB, tM
x
a u, tNy

b u, |ψy
˘

,

by picking the Schmidt basis for |ψy as bases for HA and HB, and dilating Alice or Bob’s
system so that they have the same dimension, we can always write

S “
`

Cd,Cd, tMx
a u, tNy

b u, |ψy “

d
ÿ

i“1
λi |iy b |iy

˘

, (4.4.1)

where d ě 1 and λ1, . . . , λd ě 0, without changing the state induced by S. We refer to
Equation (4.4.1) as a balanced form of S. Indeed, if s :“ dimpHBq ´ dimpHAq ą 0, then
we take HA ‘ Cs as the new space for Alice and define her new measurement operators
to be Mx

a ‘ 1 for one fixed a P A and Mx
a1 ‘ 0 for the rest a1 P A. We can process

similarly when dimpHAq ą dimpHBq. So we can always assume dimpHAq “ dimpHBq “ d

for some d ě 1. Consider the Schmidt decomposition |ψy “
řk
i“1 λi |αiy b |βiy where

k ď d, λ1, . . . , λk ą 0, and t|αiy : 1 ď i ď ku and t|βiy : 1 ď i ď ku are orthonormal sets
in HA and HB respectively. We can expand these two orthonormal sets to orthonormal
bases t|αiy : 1 ď i ď du and t|βiy : 1 ď i ď du for HA and HB respectively, and write
|ψy “

řd
i“1 λi |αiyb|βiy where λk`1 “ ¨ ¨ ¨ “ λd “ 0. After fixing the bases t|αiy : 1 ď i ď du

and t|βiy : 1 ď i ď du, we can identify both HA and HB with Cd, and identify |ψy with
řd
i“1 λi |iy b |iy. One of the advantages of the balanced form Equation (4.4.1) is that the

reduced density matrices of |ψy on Alice and Bob’s sides are both ρ :“
řd
i“1 λ

2
i |iy xi|. So

we have |ψy “
?
ρ b 1 |pφdy “ 1 b

?
ρ |pφdy, where |pφdy :“

řd
i“1 |iy b |iy.
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Proposition 4.4.3. Let G “ pX, Y,A,B, µ, V q be a nonlocal game with a ν-stable deter-
mining pair pγ,Rq. Suppose p P Cq is an optimal quantum correlation for G. Let Sn, n P N
be a sequence of projective quantum models such that ∥pSn ´ p∥1 Ñ 0 as n Ñ 8, and let
ϕn :“ fSn |1bA

Y,B
PVM

for all n P N, where fSn is the state on A
X,A
PVM bmin A

Y,B
PVM induced by Sn.

Then any weak*-accumulation point ϕ of tϕn, n P Nu is an amenable tracial state on A
Y,B
PVM

satisfying

(a) ϕpγxan
y
bq “ ppa, b|x, yq for all a, b, x, y, and

(b) ϕpr˚rq “ 0 for all r P R.

We remind the reader that using the notation before, there is another way to phrase
this proposition: any weak*-accumulation point of tϕn : n P Nu is an amenable tracial
state in T ppqpγ,Rq.

Proof. By passing a subsequence, we may assume that lim
nÑ8

ϕn “ ϕ in the weak*-topology.
Note that ∥pSn ´ p∥1 Ñ 0 implies ϵn :“ wqpGq ´ wpG;Snq Ñ 0 as n Ñ 8. By part (d) of
Lemma 4.4.2,

|ϕpγxan
y
bq ´ ppa, b|x, yq|

ď |ϕpγxan
y
bq ´ ϕnpγxan

y
bq| ` |ϕnpγxan

y
bq ´ pSnpa, b|x, yq| ` |pSnpa, b|x, yq ´ ppa, b|x, yq|

ď |ϕpγxan
y
bq ´ ϕnpγxan

y
bq| ` |pSnpa, b|x, yq ´ ppa, b|x, yq| ` νpϵnq Ñ 0

as n Ñ 8. So (a) follows. By part (a) of Lemma 4.4.2, ϕnpr˚rq ď νpϵnq2 Ñ 0 as n Ñ 8

for all r P R. This proves (b).

It follows from part (c) of Lemma 4.4.2 that ϕ is a tracial state. Now we only need to
show ϕ is amenable. Let rf be the state on pA

Y,B
PVMqop b A

Y,B
PVM defined by rfpαop b βq :“

ϕpαβq, α, β P A
Y,B
PVM. We write every Sn in their balanced form

Sn “
`

Cdn ,Cdn , tMx
a pnqu, tNy

b pnqu, |ψny
˘
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and denote by ρn the reduced density of |ψny. For every n P N, let πAn bπBn be the associated
representation of Sn (in the balanced form), let rπn : pA

Y,B
PVMqop b A

Y,B
PVM Ñ BpCd b Cdq be

the ˚-representation sending

1 b nyb ÞÑ 1 b πBn pnybq and nyb b 1 ÞÑ πBn pnybq
T

b 1,

and let rfn be the finite-dimensional state on pA
Y,B
PVMqop b A

Y,B
PVM defined by

rfnpαq “ xψn| rπnpαq |ψny , α P pA
Y,B
PVMq

op
b A

Y,B
PVM.

For any monomials W1 and W2 over tnyb , y P Y, b P Bu,

rfnpW op
1 b W2q “ xψn| rπnpW op

1 b W2q |ψny “ xψn| πBn pW1q
T

b πBn pW2q |ψny

“ xpφdn | πBn pW1q
T

b
?
ρnπ

B
n pW2q

?
ρn |pφdny

“ xpφdn |1 b
?
ρnπ

B
n pW2q

?
ρnπ

B
n pW1q |pφdny

“ Tr
`?

ρnπ
B
n pW2q

?
ρnπ

B
n pW1q

˘

,

where |pφdny :“
řdn

i“1 |iy b |iy. So by part (b) of Lemma 4.4.2,

| rfnpW op
1 b W2q ´ ϕnpW1W2q| “ |Tr

´

?
ρnπnpW1q

`?
ρnπnpW2q ´ πnpW2q

?
ρn
˘

¯

|

ď ∥?
ρnπnpW2q ´ πnpW2q

?
ρn∥F ď degpW2qνpϵnq.

It follows that

| rfnpW op
1 b W2q ´ rfpW op

1 b W2q|

ď | rfnpW op
1 b W2q ´ ϕnpW1W2q| ` |ϕnpW1W2q ´ ϕpW1W2q| ` |ϕpW1W2q ´ rfpW op

1 b W2q|

ď degpW2qνpϵnq ` |ϕnpW1W2q ´ ϕpW1W2q| Ñ 0

as n Ñ 8. Since W1 and W2 were arbitrary, lim
nÑ8

rfn “ rf in the weak*-topology. This
means rf is the weak*-limit of a sequence of finite-dimensional states on A

X,A
PVM b A

Y,B
PVM.

Hence rf is min-continuous, and thus ϕ is amenable.
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4.4.2 A lifting theorem for game algebras

Proposition 4.4.4. Suppose a nonlocal game G has a determining pair pγ,Rq. Let C˚pGq

be the associated game algebra. For every finite-dimensional tracial state τ on A
Y,B
PVM that

satisfies τpr˚rq “ 0 for all r P R, there is a ucp map θ : C˚pGq Ñ A
Y,B
PVM such that

τ
´

`

θpαq ´ α
˘˚`

θpαq ´ α
˘

¯

“ 0

for any ˚-polynomial α P C˚xnyb , y P Y, b P By.

Note that A
Y,B
PVM, C

˚pGq, and A
Y,B
PVM{Iτ all have generating set tnyb : y P Y, b P Bu. In

the expression θpαq ´ α, the first α is viewed as an element of C˚pGq, while the second α

is an element of AY,B
PVM. The proof uses a lifting theorem due to Choi and Effros.

Lemma 4.4.5 ([CE76], see also [Arv77]). Suppose A and B are two unital separable C˚-
algebras. Suppose J is a closed two-sided ideal in B. Let q : B Ñ B{J be the quotient
map, and let φ : A Ñ B{J be a ucp map. If φ is nuclear, then there is a ucp map
θ : A Ñ B such that φ “ q ˝ θ.

Proof of Proposition 4.4.4. Suppose τ is a finite-dimensional tracial state on A
Y,B
PVM satis-

fying τpr˚rq “ 0 for all r P R. Let xRy be the closed two-sided ideal generated by R.
Since xRy Ă Iτ , there is a surjective ˚-homomorphism φ : C˚pGq Ñ A

Y,B
PVM{Iτ sending

α ÞÑ α for any ˚-polynomial α P C˚xnyb , y P Y, b P By. Since τ is finite-dimensional,
A
X,A
PVM{Iτ is a finite-dimensional C˚-algebra, and hence nuclear. It follows that φ is nu-

clear. By Lemma 4.4.5, there is a ucp map θ : ApGq Ñ A
Y,B
PVM such that φ “ qτ ˝ θ, where

qτ : AY,B
PVM Ñ A

Y,B
PVM{Iτ is the quotient map. For any ˚-polynomial α P C˚xnyb , y P Y, b P By,

qτ
`

θpαq
˘

“ φpαq “ α “ qτ pαq

in A
Y,B
PVM{Iτ . Hence θpαq ´ α P ker qτ “ Iτ .

Proposition 4.4.4 is used to prove the following proposition.
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Proposition 4.4.6. Let G “ pX, Y,A,B, µ, V q be a nonlocal game with a ν-stable deter-
mine pair pγ,Rq. Suppose p P Cq is the unique optimal quantum correlation for G and
there is a unique amenable tracial state τ in T ppqpγ,Rq. Then there exists a full-rank pro-
jective quantum model rS for p such that the following holds. For any sequence of projective
quantum models

Sn “
`

HA
n ,HB

n , tM
x
a pnqu, tNy

b pnqu, |ψny
˘

, n P N

with lim
nÑ8

∥pSn ´ p∥1 “ 0, there is a function η : N Ñ Rě0 with lim
nÑ8

ηpnq “ 0 such that
Sn ľηpnq

rS for all n P N.

Proof. By Proposition 4.3.18, τ extends to a state rf which is the unique state on A
X,A
PVMbmin

A
Y,B
PVM that can achieve p. Note that p is a quantum correlation. This means rf and τ must be

finite-dimensional, and hence rf is the unique finite-dimensional state on A
X,A
PVM bminA

Y,B
PVM

for p, and τ is the unique tracial state in T ppq

fin pγ,Rq. Since p is the unique optimal quantum
correlation for G, by Lemma 4.2.4, p is an extreme point in Cq. Hence by Theorem 4.3.16, p
is a self-test for all quantum models, and G is a self-test for its optimal quantum strategies.
Let π : AY,B

PVM Ñ MdpCq be the finite-dimensional irreducible ˚-representation given by part
(d) of Theorem 4.3.16, and let rπ be the unique irreducible ˚-representation of C˚pGq given
by part (d) of Theorem 4.3.22. Then π “ rπ ˝ q by Corollary 4.3.26, where q : AY,B

PVM Ñ

C˚pGq is the quotient map. Let ĂMx
a :“ πpγxa qT and rNy

b :“ πpnybq for all a, b, x, y, and let
|φdy :“ 1?

d

řd
i“1 |iy b |iy. Then by Corollary 4.3.21,

rS :“
´

Cd,Cd, tĂMx
a u, t rNy

b u, |φdy
¯

is a quantum model for G, and the triple pCd b Cd, rπA b rπB, |φdyq is a GNS representation
of rf , where rπA b rπB is the associated representation of rS.

Let θ : ApGq Ñ A
Y,B
PVM be the ucp map given by Proposition 4.4.4 that satisfies

τ
´

`

θpαq ´ α
˘˚`

θpαq ´ α
˘

¯

“ 0

for any ˚-polynomial α over tnyb : y P Y, b P Bu. For every n P N, let πAn b πBn be the
associated representation of Sn, and let ρAn :“ TrHB

n
p|ψny xψn|q and ρBn :“ TrHA

n
p|ψny xψn|q.

120



Claim 4.4.7. There are integers rn, sn P N, and isometries IA,n : HA
n Ñ Cd b Crn and

IB,n : HB
n Ñ Cd b Csn such that

δAx,apnq :“ ∥I˚
A,npĂMx

a b 1Crn qIA,n ´ Mx
a pnq∥ρA

n
Ñ 0, and (4.4.2)

δBy,bpnq :“ ∥I˚
B,np rNy

b b 1Csn qIB,n ´ Ny
b pnq∥ρB

n
Ñ 0 (4.4.3)

as n Ñ 8 for all a, b, x, y.

Proof of Claim 4.4.7. Without loss of generality, we can write every Sn in its balanced
form

Sn “
`

Cdn ,Cdn , tMx
a pnqu, tNy

b pnqu, |ψny
˘

.

Let ρn be the density of |ψny on Cdn , and let ϕn :“ fSn |1bA
Y,B
PVM

where fSn is the state on
A
X,A
PVM b A

Y,B
PVM induced by Sn. By Proposition 4.4.3, any weak*-accumulation point ϕ of

tϕn : n P Nu is an amenable tracial state in T ppqpγ,Rq. By the hypothesis, T ppqpγ,Rq has
a unique amenable tracial state τ . So we must have ϕ “ τ . By surpassing a subsequence,
we conclude that lim

nÑ8
ϕn “ τ is the weak*-topology.

Now consider the ucp maps θBn :“ πBn ˝ θ, n P N from C˚pGq Ñ BpCdnq. Since rπ is
the unique finite-dimensional irreducible ˚-representation of C˚pGq, any finite-dimensional
˚-representation of C˚pGq is a direct sum of rπ’s. By the Stinespring dilation theorem, there
are sn P N and isometries IB,n : Cdn Ñ Cd b Csn , n P N such that

θBn pαq “ I˚
B,n

`

rπpαq b 1Csn

˘

IB,n

for all α P C˚pGq. It follows that

lim
nÑ8

∥I˚
B,n

`

rπpαq b 1Csn

˘

IB,n ´ πBn pαq∥2
ρn

“ lim
nÑ8

∥θBn pαq ´ πBn pαq∥2
ρn

“ lim
nÑ8

Trρn ˝ πBn

´

`

θpαq ´ α
˘˚`

θpαq ´ α
˘

¯

“ lim
nÑ8

ϕn

´

`

θpαq ´ α
˘˚`

θpαq ´ α
˘

¯

“ τ
´

`

θpαq ´ α
˘˚`

θpαq ´ α
˘

¯

“ 0
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for any ˚-polynomial α over tnyb : y P Y, b P Bu. Taking α “ nyb , Equation (4.4.3) follows.

Note that every γxa is a ˚-polynomial over tnyb : y P Y, b P Bu and is self-adjoint in
A
Y,B
PVM. So rπ

`

γxa
˘

and πBn
`

γxa
˘

are self-adjoint, and the above calculation also implies

∥I˚
B,n

`

rπ
`

γxa
˘T

b 1Csn

˘

IB,n ´ πBn
`

γxa
˘T∥2

ρn
“ ∥I˚

B,n

`

rπ
`

γxa
˘

b 1Csn

˘

IB,n ´ πBn
`

γxa
˘

∥2
ρn

Ñ τ
´

`

θpγxa q ´ γxa
˘˚`

θpγxa q ´ γxa
˘

¯

“ 0

as n Ñ 8. Again, since pγ,Rq is ν-stable, by part (b) of Lemma 4.4.2,

∥πBn pγxa q
?
ρn ´

?
ρnπ

B
n pγxa q∥F ď ∥γxa∥1,1νpϵnq,

where ϵn :“ wqpGq ´wpG;Snq Ñ 0 as n Ñ 8. Here ∥γxa∥1,1 is the first Sobolev 1-seminorm
of the ˚-polynomial γxa (see Section 7.3 for a definition). Hence

∥Mx
a pnq ´ πBn

`

γxa
˘T∥ρn “ ∥πAn pmx

aq ´ πBn pγxa q
T∥ρn “ ∥

`

πAn pmx
aq ´ πBn pγxa q

T
˘

b 1 |ψny∥

ď ∥
`

πAn pmx
aq b 1 ´ 1 b πBn pγxa q

˘

|ψy∥ ` ∥
`

πBn pγxa q
T

b 1 ´ 1 b πBn pγxa q
˘

|ψy∥

ď νpϵnq ` ∥πBn pγxa q
?
ρn ´

?
ρnπ

B
n pγxa q∥F ď

`

∥γxa∥1,1 ` 1
˘

νpϵnq,

Ñ 0 as n Ñ 8. Note that
`

rπpγxa q
˘T

“ ĂMx
a . Taking rn “ sn and IA,n “ IB,n for all n P N,

it follows that

∥I˚
A,n

`

ĂMx
a b 1Crn

˘

IA,n ´ Mx
a pnq∥ρn

ď ∥I˚
B,n

`

rπ
`

γxa
˘T

b 1Csn

˘

IB,n ´ πBn
`

γxa
˘T∥ρn ` ∥Mx

a pnq ´ πBn
`

γxa
˘T∥ρn

Ñ 0 as n Ñ 8. So Equation (4.4.2) follows.

Claim 4.4.8. There are unit vectors |κny P Crn b Csn , n P N such that

∥IA,n b IB,n
`

Mx
a pnq b Ny

b pnq |ψy
˘

´
`

ĂMx
a b rNy

n |φdy
˘

b |κny∥ Ñ 0 as n Ñ 8 (4.4.4)

for all a, b, x, y.

Proof of Claim 4.4.8. Let ∆ be the spectral gap of the matrix rπA b rπBpΦGq, and let

δpnq :“
ÿ

a,b,x,y

µpx, yqV pa, b|x, yq
`

δAx,apnq ` δBy,bpnq
˘

, n P N.
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Since rf is the unique finite-dimensional optimal state on A
X,A
PVM bminA

X,A
PVM for G, by Propo-

sition 4.2.13 and Remark 4.2.14, there is a unit vector |κny P Crn b Csn for every n P N
such that

∥IA,n b IB,n
`

Mx
a pnq b Ny

b pnq |ψy
˘

´
`

ĂMx
a b rNy

n |φdy
˘

b |κny∥

ď

?
2
`

δpnq `
?
ϵn
˘

∆ ` δAx,apnq ` δBy,bpnq

for all a, b, x, y. By Claim 4.4.7, lim
nÑ8

δAx,apnq “ lim
nÑ8

δBy,bpnq “ 0, and hence lim
nÑ8

δpnq “ 0.
So Equation (4.4.4) follows.

For every n P N, let

ηpnq :“ max
x,y,a,b

!

∥IA,n b IB,n
`

Mx
a pnq b Ny

b pnq |ψy
˘

´
`

ĂMx
a b rNy

n |φdy
˘

b |κny∥
)

.

Then Sn ľηpnq
rS for all n P N, and lim

nÑ8
ηpnq “ 0 by Claim 4.4.8. This completes the

proof.

4.4.3 General results

Theorem 4.4.9. Let G “ pX, Y,A,B, µ, V q be a nonlocal game with a ν-stable determining
pair pγ,Rq. Suppose p P Cq is the unique optimal quantum correlation for G. Then the
following statements are equivalent.

(a) p is a robust self-test for all quantum models.

(b) p is an abstract state self-test for all states on A
X,A
POVM bmin A

Y,B
POVM.

(c) p is an abstract state self-test for all states on A
X,A
PVM bmin A

Y,B
PVM.

(d) There is a unique amenable tracial state in T ppqpγ,Rq.

123



Proof. (a)ñ(b) follows from Theorem 4.1.4.

(b)ñ(c): Suppose p is an abstract state self-test for all states on A
X,A
POVM bmin A

Y,B
POVM.

That is, there is a unique state f on A
X,A
POVM bmin A

Y,B
POVM for p. By Lemma 4.3.19, p has a

full-rank projective quantum model, so f must be finite-dimensional and projective. Hence
f drops to a finite-dimensional state rf on A

X,A
PVM bmin A

Y,B
PVM and rf is a state for p. Now

assume for the sake of contradiction that there is another state f 1 ‰ rf on A
X,A
PVM b A

Y,B
PVM

that can achieve p. Then the pull-back of f 1 on A
X,A
POVM bmin A

Y,B
POVM is a state for p but is

distinct to f , a contradiction. Hence rf is the unique state on A
X,A
PVM bmin A

Y,B
PVM for p.

(c)ñ(d): By Proposition 4.3.18, any amenable tracial state in T ppqpγ,Rq extends
uniquely to a state on A

X,A
PVMbminA

Y,B
PVM for p. If there is a unique state f on A

X,A
PVMbminA

Y,B
PVM

for p, then τ :“ f |1bA
Y,B
PVM

must be the unique amenable tracial state in T ppqpγ,Rq.

(d)ñ(a): Suppose there is a unique amenable tracial state τ in T ppqpγ,Rq. Let rS be
the full-rank projective quantum model given in Proposition 4.4.6. We first claim the p
is a robust self-test for projective quantum models with ideal model rS. Assume for the
sake of contradiction that there is a δ0 ą 0 and a sequence of projective quantum models
Sn, n P N such that ϵn :“ ∥pSn ´ p∥1 Ñ 0 as n Ñ 8, but for every n P N, the relation
Sn ľδ0

rS does not hold. By Proposition 4.4.6, there is a function η : N Ñ Rě0 such that
lim
nÑ8

ηpnq “ 0 and Sn ľηpnq
rS for all n P N. Take a big enough N P N such that ηpNq ď δ0.

Then SN ľδ0
rS, which contradicts the assumption. We conclude that p is a robust self-test

for projective quantum models. Note that the ideal model rS is full-rank and projective.
By [BCK`23, Theorem 4.1], p is a robust self-test for all quantum models.

In terms of robust self-testing for nonlocal games, we state the following theorem.

Theorem 4.4.10. For any nonlocal game G that has a ν-stable determining pair pγ,Rq,
the following statements are equivalent.

(a) G is a robust self-test for its optimal quantum strategies.

(b) There is a unique optimal state f on A
X,A
POVM bmin A

Y,B
POVM for G and f is finite-

dimensional.
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(c) There is a unique optimal state f on A
X,A
PVMbminA

Y,B
PVM for G and f is finite-dimensional.

(d) There is a unique amenable tracial state τ on A
Y,B
PVM such that τpr˚rq “ 0 for all

r P R and τ is finite-dimensional.

Proof. Any one of the above four statements implies G has a unique optimal quantum
correlation. So the theorem follows directly from Theorem 4.4.9.

In Theorem 4.3.22, we have shown that a nonlocal game G is a self-test if and only if
the associated game algebra C˚pGq has a unique finite-dimensional tracial state. Part (d)
of Theorem 4.4.10 suggests one may have a similar characterization of robust self-testing:
G is a robust self-test if and only if C˚pGq has a unique amenable tracial state τ . However,
as discussed in Remark 4.3.14, it is possible that an amenable tracial state on A

Y,B
PVM whose

kernel contains R drops to a non-amenable tracial state on the quotient C˚pGq. So it is
possible that C˚pGq has a unique amenable tracial state but there are multiple amenable
tracial states on A

Y,B
PVM that are optimal for G. Nonetheless, if C˚pGq has a unique tracial

state rτ and rτ is finite-dimensional, then the tracial state τ on A
Y,B
PVM induced by rτ must

be the unique tracial state (and hence the unique amenable tracial state) that satisfies
τpr˚rq “ 0 for all r P R. We conclude that:

Corollary 4.4.11. Suppose a nonlocal game G has a ν-stable determining pair pγ,Rq.
Let C˚pGq be the associated game algebra. If C˚pGq has a unique tracial state τ and τ is
finite-dimensional, then G is a robust self-test for its optimal quantum strategies.

4.4.4 Robust self-testing for synchronous and XOR games

For XOR games, the stability of the pγ,Rq determining pair defined in Proposition 4.3.29
was first proved in [Slo11]. For synchronous games, a similar result was observed in
[MPS21]. Both cases are also proved in [Pad24]. We summarize these results in the
following proposition.

Proposition 4.4.12 (Proposition 5.14 and Proposition 5.23 in [Pad24]).
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(1) Let G “ pX,A, V q be a synchronous game with wqpGq “ 1, and let pγ,Rq be as in
Proposition 4.3.27. Then pγ,Rq is a Opϵ1{4q-stable determining pair for G.

(2) Let G “ pI, J, pωijqq be an XOR game, and let pγ,Rq be as in Proposition 4.3.29.
Then pγ,Rq is a Opϵ1{4q-stable determining pair for G.

Hence for synchronous games and XOR games, we have:

Theorem 4.4.13. Let G be a synchronous game, and let C˚pGq be the associated syn-
chronous algebra. If C˚pGq has a unique tracial state τ and τ is finite-dimensional, then
G is a robust self-test for its perfect quantum strategies.

Theorem 4.4.14. If p is an extreme point of Cunbiased
q and the associated XOR correlation

c has even rank, then p is a robust self-test for all quantum models.
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Chapter 5

Robustness and group stability

5.1 An enhanced Gowers-Hatami theorem

In this chapter, we look closer at the ϵ ´ δ dependence in a robust self-test.

Definition 5.1.1. Let C be a class of quatum models, and let η : Rě0 Ñ Rě0 be a function
such that lim

ϵÑ0
ηpϵq “ 0. A nonlocal game G is a robust self-test for its optimal strategies in

C with robustness η if there is an ideal optimal strategy rS P C such that S ľηpϵq
rS for any

ϵ ě 0 and ϵ-optimal stategy S P C.

We develop a group-theoretical approach to the robustness of self-testing. For some
nonlocal games G, one can associate a group G such that optimal (resp. near-optimal)
strategies for G can be modeled by representations (approximate homomorphism) of G.

Definition 5.1.2. Let f : G Ñ UpHq be a function from a finite group G to unitaries
on a Hilbert space H. Given a quantum density ρ on H and an ϵ ě 0, we say f is an
pϵ, ρq-homomorphism if

EhPG∥fpgqfphq ´ fpghq∥2
ρ ď ϵ (5.1.1)

for all g P G. Here, unless specified otherwise, the expectation E is taken as the uniform
distribution over G.
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In the above definition, if ρ “ 1
dim H1 is the maximally mixed state, then the ρ-norm ∥¨∥ρ

is indeed the normalized Hilber-Schmidt norm ∥¨∥hs. The Gowers-Hatami theorem [GH17]
states that every finite group is dilation-stable with respect to ∥¨∥hs. In other words, for
any pϵ, 1

dimpHq
1q-homomorphism f : G Ñ UpHq, there is an isometry I : H Ñ K and a

representation π : G Ñ UpKq such that ∥fpgq ´ I˚πpgqI∥2
hs ď ϵ. The following state-

dependent Gowers-Hatami theorem is due to Vidick [Vid18].

Theorem 5.1.3. For any pϵ, ρq-homomorphism f : G Ñ UpHq of a finite group G on a
finite-dimensional space H, there exists a finite-dimensional Hilbert space K, an isometry
I : H Ñ K, and a representation π : G Ñ UpKq such that

∥fpgq ´ I˚πpgqI∥2
ρ ď ϵ

for all g P G.

Proof. We use t|gy : g P Gu to denote the canonical basis of ℓ2pGq. For every g P G, the
map Ig :“ fpgqb|gy defines a linear map from H Ñ Hbℓ2pGq sending |ψy ÞÑ fpgq |ψyb|gy

for all |ψy P H. Since I˚
g Ig “ fpgq˚fpgq “ 1 and I˚

g Ih “ 0 for all g ‰ h in G,

I :“ 1
a

|G|

ÿ

gPG

Ig

is an isometry from H Ñ Hbℓ2pGq. Let R : G Ñ ℓ2pGq be the right regular representation.
So Rpgq |hy “ |hg´1y for all g, h P G. Then π :“ 1H b R defines a representation of G on
H b ℓ2pGq that satisfies

fpgq ´ I˚πpgqI “ fpgq ´
1

|G|
ÿ

h,kPG

fphq
˚fpkq xh|Rpgq |ky

“ fpgq ´
1

|G|
ÿ

h,kPG

fphq
˚fpkq xh|kg´1

y

“
1

|G|
ÿ

hPG

fphq
˚fphqfpgq ´

1
|G|

ÿ

hPG

fphq
˚fphgq

“
1

|G|
ÿ

hPG

fphq
˚
`

fphqfpgq ´ fpghq
˘

128



for all g P G. Note that the ρ-norm ∥¨∥ρ is left unitarily invariant and each fphq is unitary.
It follows that

∥fpgq ´ I˚πpgqI∥2
ρ “

1
|G|2

∥
ÿ

hPG

fphq
˚
`

fphqfpgq ´ fpghq
˘

∥2
ρ

ď
|G|
|G|2

ÿ

hPG

∥fphq
˚
`

fphqfpgq ´ fpghq
˘

∥2
ρ

“ EhPG∥fpgqfphq ´ fpghq∥2
ρ ď ϵ

for all g P G.

Theorem 5.1.3 is a powerful tool in proving the robustness of self-testing: for some
nonlocal game G with an associated group G, one can show that a near-optimal strategy S
induces an approximate homomorphism f and the ideal optimal strategy rS gives the exact
representation π in Theorem 5.1.3. Then the desired local isometry IA b IB from S to rS

can be constructed from the isometry I in Theorem 5.1.3.

However, earlier approaches to proving the robustness using the above framework are
often insufficient: the exact representation π given by Theorem 5.1.3 not only carries
the ideal optimal strategy rS but also contains some “junk strategies” that need to be
disregarded. To tackle this problem, we state and prove an enhanced Gowers-Hatami
theorem in Theorem 5.1.4 that allows us to construct an exact representation π containing
the ideal model rS exclusively. To motivate the proof approach, we first present a different
proof of Theorem 5.1.3.

For any finite group G, we use IrrpGq to denote a complete set of inequivalent irreducible
representations of G, where every φ P IrrpGq is a (unitary) representation of G on Cdφ for
some dφ ě 1. Then

ℓ2
pGq –

à

φPIrrpGq

Cdφ b Cdφ ,

and the regular representation R – ‘φPIrrpGqφ
‘dφ . So

ÿ

φPIrrpGq

dφTr
`

φpgq
˘

“ χRpgq “

$

&

%

|G| if g “ 1

0 otherwise,
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where χR is the character of the regular representation R. For any function f : G Ñ UpHq

and any representation π : G Ñ UpCdq, we define the Fourier transform of f at π to be
the operator

pfpπq :“ EgPGfpgq b πpgq

acting on H b Cd. Here πpgq denotes the entry-wise conjugate of the d ˆ d matrix πpgq.
The following proof was given by Vidick in [Vid18].

A second proof of Theorem 5.1.3. Let

K :“ H b

˜

à

φPIrrpGq

Cdφ b Cdφ

¸

“
à

φPIrrpGq

H b Cdφ b Cdφ ,

let I : H Ñ K be the linear map sending

|ψy ÞÑ
à

φPIrrpGq

a

dφ

dφ
ÿ

i“1

´

pfpφq
`

|ψy b |iy
˘

¯

b |iy ,

and let

π :“
à

φPIrrpGq

1H b φ b 1Cdφ

be a representation of G on H. Then

I˚I “
ÿ

φPIrrpGq

dφ

dφ
ÿ

i“1

`

1H b xi|
˘

pfpφq
˚
pfpφq

`

1H b |iy
˘

“
1

|G|2
ÿ

φPIrrpGq

dφ
ÿ

g,hPG

fpgq
˚fphqTr

´

φpgq
Tφphq

¯

“
1

|G|2
ÿ

g,hPG

fpgq
˚fphq

ÿ

φPIrrpGq

dφTr
`

φpg´1hq
˘

“
1

|G|
ÿ

g,hPG

fpgq
˚fpgq “ 1H.
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So I is an isometry. Moreover, for any g P G,

I˚πpgqI “
ÿ

φPIrrpGq

dφ

dφ
ÿ

i,j“1
xi|φpgq |jy

`

1H b xi|
˘

pfpφq
˚
pfpφq

`

1H b |jy
˘

“
1

|G|2
ÿ

φPIrrpGq

dφ
ÿ

h,kPG

fphq
˚fpkq

dφ
ÿ

i,j“1
xi|φpgq |jy xi|φphq

Tφpkq |jy

“
1

|G|2
ÿ

φPIrrpGq

dφ
ÿ

h,kPG

fphq
˚fpkq

dφ
ÿ

i,j“1
xi|φpgq |jy xj|φpkq

˚φphq |iy

“
1

|G|2
ÿ

h,kPG

fphq
˚fpkq

ÿ

φPIrrpGq

dφTr
`

φpk´1hgq
˘

“
1

|G|
ÿ

hPG

fphq
˚fphgq.

This implies

fpgq ´ I˚πpgqI “
1

|G|
ÿ

hPG

fphq
˚
`

fphqfpgq ´ fphgq
˘

.

The rest follows similarly as in the (first) proof of Theorem 5.1.3.

In the above proof, the expressions of I˚I and I˚πpgqI both contain pfpφq˚
pfpφq for

φ P IrrpGq. In some cases, the approximate homomorphism f may satisfy some additional
symmetry so that pfpξq “ 0 for some ξ P IrrpGq. When this happens, ignoring such a ξ in the
construction of V and π would not affect the statement and the proof. This observation is
crucial when we use the Gowers-Hatami theorem to prove many robust self-testing results.

Theorem 5.1.4. For any pϵ, ρq-homomorphism f : G Ñ UpHq of a finite group G on a
finite-dimensional space H, there exists a finite-dimensional Hilbert space K, an isometry
I : H Ñ K, and a representation π : G Ñ UpKq such that

(i) ∥fpgq ´ I˚πpgqI∥2
ρ ď ϵ for all g P G, and

(ii) ξ P IrrpGq is an irreducible constituent of π only if pfpξq ‰ 0.
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Proof. Let

K :“ H b

¨

˚

˚

˝

à

φPIrrpGq

pfpφq‰0

Cdφ b Cdφ

˛

‹

‹

‚

,

let I : H Ñ K be the linear map sending

|ψy ÞÑ
à

φPIrrpGq

pfpφq‰0

a

dφ

dφ
ÿ

i“1

´

pfpφq
`

|ψy b |iy
˘

¯

b |iy ,

and let

π :“
à

φPIrrpGq

pfpφq‰0

1H b φ b 1Cdφ

be a representation of G on H. Then following the second proof of Theorem 5.1.3, we see

I˚I “
ÿ

φPIrrpGq

pfpφq‰0

dφ

dφ
ÿ

i“1

`

1H b xi|
˘

pfpφq
˚
pfpφq

`

1H b |iy
˘

“
ÿ

φPIrrpGq

dφ

dφ
ÿ

i“1

`

1H b xi|
˘

pfpφq
˚
pfpφq

`

1H b |iy
˘

“ 1H, and

I˚πpgqI “
ÿ

φPIrrpGq

pfpφq‰0

dφ

dφ
ÿ

i,j“1
xi|φpgq |jy

`

1H b xi|
˘

pfpφq
˚
pfpφq

`

1H b |jy
˘

“
ÿ

φPIrrpGq

dφ

dφ
ÿ

i,j“1
xi|φpgq |jy

`

1H b xi|
˘

pfpφq
˚
pfpφq

`

1H b |jy
˘

“
1

|G|
ÿ

hPG

fphq
˚fphgq.

So I is an isometry such that

∥fpgq ´ I˚πpgqI∥2
ρ ď ϵ.

Moreover, the representation π only has constituents ξ P IrrpGq that satisfies pfpξq ‰ 0.
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5.2 Example: CHSH

In the CHSH game, the verifier samples a pair px, yq P Z2 ˆZ2 uniformly at random. Upon
receiving x and y, Alice and Bob return a P Z2 and b P Z2 respectively. They win if and
only a ` b “ x ¨ y. The game polynomial of CHSH is given by

ΦCHSH :“ 1
2 `

1
4pa0 b b0 ` a0 b b1 ` a1 b b0 ´ a1 b b1q.

Here we use the convention that ax :“ mx
0 ´ mx

1 and by :“ ny0 ´ ny1 for x, y P t0, 1u. So ax
and by are binary observables in A

Z2,Z2
PVM . The quantum value of CHSH is 1

2 ` 1
2

?
2 and we

have the following sum of squares decomposition

1
2 `

1
2
?

2
´ ΦCHSH “

ˆ

a0 b 1 ´ 1 b
b0 ` b1

?
2

˙2

`

ˆ

a1 b 1 ´ 1 b
b0 ´ b1

?
2

˙2

(5.2.1)

in A
Z2,Z2
PVM b A

Z2,Z2
PVM .

Now suppose rf is an optimal state on A
Z2,Z2
PVM bminA

Z2,Z2
PVM for CHSH. Let pH, π, |ψyq be a

GNS representation for rf , and let Ax :“ πpax b 1q and By :“ πp1 b byq for all x, y P t0, 1u.
Since rfpΦCHSHq “ 1

2 ` 1
2

?
2 , Equation (5.2.1) implies that

ˆ

A0 ´
B0 ` B1

?
2

˙

|ψy “

ˆ

A1 ´
B0 ´ B1

?
2

˙

|ψy “ 0. (5.2.2)

It follows that

pA0A1 ` A1A0q |ψy “

ˆ

A1 `
B0 ´ B1

?
2

˙ˆ

A0 ´
B0 ` B1

?
2

˙

|ψy

`

ˆ

A0 `
B0 ` B1

?
2

˙ˆ

A1 ´
B0 ´ B1

?
2

˙

|ψy “ 0

For any monomial w :“ ai1 ¨ ¨ ¨ aik b bj1 ¨ ¨ ¨ bjℓ in A
Z2,Z2
PVM b A

Z2,Z2
PVM , by Equation (5.2.2)

Ai1 ¨ ¨ ¨AikBj1 ¨ ¨ ¨Bjℓ |ψy “ Bj1 ¨ ¨ ¨Bjℓ

B0 ` p´1qikB1
?

2
¨ ¨ ¨

B0 ` p´1qi1B1
?

2
|ψy (5.2.3)

“ Ai1 ¨ ¨ ¨Aik
A0 ` p´1qjℓA1

?
2

¨ ¨ ¨
A0 ` p´1qj1A1

?
2

|ψy (5.2.4)
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Hence by Equation (5.2.3),

pA0A1 ` A1A0qπpwq |ψy “ Bj1 ¨ ¨ ¨Bjℓ

B0 ` p´1qikB1
?

2
¨ ¨ ¨

B0 ` p´1qi1B1
?

2
pA0A1 ` A1A0q |ψy “ 0

Since |ψy is cyclic for π and w was arbitrary, we conclude that A0A1 ` A1A0 “ 0. Let D4

be the rank-4 dihedral group with generators J,X,Z, subject to relations

• J2 “ X2 “ Z2 “ 1,

• J is central, and

• XZ “ JZX.

Then there is a representation ϕ : D4 Ñ UpHq sending J ÞÑ ´1H, X ÞÑ A0 and Z ÞÑ A1.
The following property of D4 is well-known.

Lemma 5.2.1. The group D4 has the following properties.

(a) D4 has a normal form N pwq “ JαXβZγ, α, β, γ P t0, 1u. |D4| “ 8.

(b) IrrpD4q “ tχij : i, j P t˘1uu Y tσu where each χij is a character sending J ÞÑ 1, X ÞÑ

i, Z ÞÑ j, and σ is an irreducible representation of D4 on C2 sending J ÞÑ ´1, X ÞÑ

σX , Z ÞÑ σZ. Here σX and σZ are the Pauli-X and Pauli-Z matrices.

(c) D4 has a trace τ that satisfies τpJq “ ´1. This trace is given by τpgq “ tr2
`

σpgq
˘

, g P

D4.

Given any words w1 “ Jα1Xβ1Zγ1 and w2 “ Jα2Xβ2Zγ2 in D4, by Equation (5.2.3)

xψ|ϕpw1w2q |ψy “ p´1q
α1`α2 xψ|Aβ1

0 A
γ1
1 A

β2
0 A

γ2
1 |ψy

“ p´1q
α1`α2 xψ|

ˆ

B0 ´ B1
?

2

˙γ2 ˆB0 ` B1
?

2

˙β2

Aβ1
0 A

γ1
1 |ψy

“ p´1q
α1`α2 xψ|Aβ2

0 A
γ2
1 A

β1
0 A

γ1
1 |ψy “ xψ|ϕpw2w1q |ψy .
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So w ÞÑ xψ|ϕpwq |ψy must be the unique trace τ onD4 that sends J ÞÑ ´1. Equation (5.2.4)
implies that the state rf is completely determined by τ . We conclude that rf is the unique
optimal state on A

Z2,Z2
PVM bmin A

Z2,Z2
PVM for CHSH. Lemma 5.2.1 and Equation (5.2.2) also

illustrate a GNS representation p rHA b rHB, rπA b rπB, | rψyq for rf where

• rHA “ rHB “ C2,

• rπA sends a0 ÞÑ σX , a1 ÞÑ σZ ,

• rπB sends b0 ÞÑ
σX `σZ?

2 , b1 ÞÑ
σX ´σZ?

2 , and

• | rψy “
|00y`|11y

?
2 .

Let rA0 :“ σX , rA1 :“ σZ , rB0 “
σX `σZ?

2 , and rB1 :“ σX ´σZ?
2 . Then CHSH is a self-test for its

optimal quantum strategies with an ideal optimal strategy

rS :“
`

rHA, rHB, t rA0, rA1u.t rB0, rB1u, | rψy
˘

.

Let rπ :“ rπA b rπB. Then

rπpΦCHSHq “
1
2 `

?
2

4 pσX b σX ` σZ b σZq

“
1
2 `

?
2

4
`

|00y ` |11y
˘`

x00| ` x11|
˘

´

?
2

4
`

|01y ´ |10y
˘`

x01| ´ x10|
˘

.

So the spectral gap ∆CHSH of rπpΦCHSHq is
?

2
2 .

Next, use the enhanced Gowers-Hatami theorem to derive the robustness of this self-
test.

Proposition 5.2.2. CHSH game is a robust self-test for its optimal quantum strategies
with robustness ηpϵq “ Op

?
ϵq.

Proof. Suppose

S “ pHA,HB, tA0, A1u, tB0, B1u, |ψyq.
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is a projective ϵ-optimal strategy for CHSH where ϵ ě 0. Let ρA :“ TrHB

`

|ψy xψ|
˘

and
ρB :“ TrHA

`

|ψy xψ|
˘

.

Claim 5.2.3. ∥A0A1 ` A1A0∥ρA
ď 6

?
ϵ.

Proof of Claim 5.2.3. Let r0 :“ A0 b 1 ´ 1 b B0`B1?
2 and r1 :“ A1 b 1 ´ 1 b B0´B1?

2 . Then

ϵ “
1
2 `

1
2
?

2
´ wpCHSH;Sq “

1
8
?

2
`

∥r0 |ψy∥2
` ∥r1 |ψy∥2˘ .

Observe that pA0A1 ` A1A0q b 1 “ s1r0 ` s0r1 where s0 :“ A0 b 1 ` 1 b B0`B1?
2 and

s1 :“ A1 b 1 ` 1 b B0´B1?
2 . Since both s0 and s1 have operator norm ď 1 `

?
2,

∥A0A1 ` A1A0∥2
ρA

“ ∥pA0A1 ` A1A0q b 1 |ψy∥2
ď p∥s1∥op∥r0 |ψy∥ ` ∥s0∥op∥r1 |ψy∥q

2

ď
p1 `

?
2q2

2
`

∥r0 |ψy∥2
` ∥r1 |ψy∥2˘

“ 4
?

2p1 `
?

2q
2ϵ ď 36ϵ.

So the claim follows.

Now let f be the function from D4 Ñ UpHAq sending

JαXβZγ
ÞÑ p´1q

αAβ0A
γ
1

for every α, β, γ P t0, 1u.

Claim 5.2.4. f is a p36ϵ, ρAq-homomorphism of D4.

Proof of Claim 5.2.4. Observe that for any g, h P D4, fpgqfphq ´ fpghq is either 0 or
UpA0A1 ` A1A0q for some unitary U . Since the ρA-norm is left unitarily invariant, it
follows that ∥fpgqfphq ´ fpghq∥ρA

ď ∥A0A1 ` A1A0∥ρA
for all g, h P D4. So the claim

follows from Claim 5.2.3.

Claim 5.2.5. There is an isometry IA : HA Ñ C2 b Ck such that

δAx :“ ∥Ax ´ I˚
A

´

rAx b 1Ck

¯

IA∥ρA
ď 6

?
ϵ

for all x P t0, 1u.
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Proof of Claim 5.2.5. For any one-dimensional irreducible representation ξ of D4,

2 pfpξq “
ÿ

gPD4

ξpgqfpgq `
ÿ

gPD4

ξpJgqfpJgq “
ÿ

gPD4

ξpgqfpgq ´
ÿ

gPD4

ξpgqfpgq “ 0.

So by Claim 5.2.4 and Theorem 5.1.4, there is an isometry VA : H Ñ K and a representation
π : D4 Ñ UpKq such that

∥fpgq ´ V ˚
AπpgqVA∥ρA

ď 6
?
ϵ

for all g P G, and none of the one-dimensional representations of D4 is a constituent of π.
The latter condition implies that π is equivalent to a direct sum of σ’s. In other words,
there is a unitary U : K Ñ C2 b Ck such that πpgq “ U˚

`

σpgq b 1Ck

˘

U for all g P D4.
Then IA :“ UVA is an isometry from H Ñ C2 b Ck such that

∥fpgq ´ I˚
A pσpgq b 1Ckq IA∥ρA

ď 6
?
ϵ.

Taking g “ X and Z completes the proof.

Similarly, there is an isometry IB : HB Ñ C2 b Cs such that

δBy :“ ∥By ´ I˚
B

´

rBy b 1Cs

¯

IB∥ρB
ď 6

?
ϵ

for all y P t0, 1u.

Claim 5.2.6. There is a unit vector |κy P Ck b Cs such that

∥IA b IB |ψy ´ | rψy b |κy∥ ď 26
?
ϵ, and

∥IA b IB
`

Ax b By |ψy
˘

´
`

rAx b rBy | rψy
˘

b |κy∥ ď 38
?
ϵ

for all x, y P t0, 1u.

Proof of Claim 5.2.6. Since δ :“ 1
4p2δA0 `2δA1 `2δB0 `2δB1 q ď 12

?
ϵ. By Proposition 4.2.13,

∥IA b IB |ψy ´ | rψy b |κy∥ ď

?
2
`

δ `
?
ϵ
˘

∆CHSH

ď 26
?
ϵ, and

∥IA b IB
`

Ax b By |ψy
˘

´
`

rAx b rBy | rψy
˘

b |κy∥ ď δAx ` δBy `

?
2
`

δ `
?
ϵ
˘

∆CHSH

ď 38
?
ϵ

for all x, y P t0, 1u.
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Claim 5.2.6 implies that for any ϵ ě 0 and any ϵ-optimal projective quantum strategy S
for CHSH, one has S ľ38

?
ϵ
rS. Then by [BCK`23, Theorem 4.3], taking ηpϵq “ 5ˆ38

?
ϵ “

180
?
ϵ completes the proof.
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Chapter 6

Quantum delegation and quantum
proofs

6.1 Context and overview

As introduced in Section 1.2, we are interested in modeling near-term proof verification
and delegation of quantum computations. To this end, we propose a new paradigm that is
particularly relevant to the quantum scenario: a verifier having access to an off-the-shelf
(OTS) device.

To motivate our OTS model, consider that the complexity class QMA models a verifier
having access to fully-trusted polynomial-time quantum computation. While such a veri-
fier is skeptical of the prover (and thus needs to verify the claimed proof independently), in
the quantum case, a new level of skepticism is possible, namely that the verifier’s quantum
processing is untrusted. A common solution in this case is to postulate two (or more) un-
trusted and all-powerful devices together with a classical verifier; this is the realm of MIP˚.
In this chapter, we propose a new paradigm that treats the provers asymmetrically. Start-
ing with a conventional two-prover interactive proof system, we ask that only one of the
provers do the heavy lifting (via its unbounded computational capabilities), with the sec-
ond prover becoming efficient and completely generic (for completeness, this prover need
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not even be given a description of the task at hand; soundness, however, is shown against
two unbounded provers).

We first give an overview of background material, together with a summary of the
current state-of-the-art approaches to interactive proof systems and delegated computation
in the quantum setting, focusing on elements that are relevant to our main questions, and
highlighting where existing approaches fail in their applicability to our scenario.

Classical and quantum interactive proof systems

In the model of interactive proof systems (IP), an efficient classical verifier interacts with an
all-powerful and untrusted prover in order to verify the correctness of a statement [GMR89].
We note that class NP corresponds to a single-message interaction (with MA being in
probabilistic version), while AM incorporates a single round (i.e., two messages).

In a multiprover interactive proof system (MIP), a verifier interacts with multiple iso-
lated provers [BGKW88]. Each of the models above has been quantized, i.e., extended
to the setting where some (or all) of the parties are quantum. This is captured, e.g.
by the classes QMA (the quantum version of MA), QIP (the quantum version of IP) and
MIP˚ (a version of a multi-prover interactive proof system (MIP) where the unbounded
provers share entanglement). Groundbreaking results have characterized some these quan-
tum classes, e.g. QIP “ PSPACE [JJUW11] and MIP˚

“ RE [JNV`20].

Zero-knowledge

A strong motivation for the study of interactive proof systems is the connections to the
counter-intuitive concept of a zero-knowledge proof system [GMW91, BGG`90]. Infor-
mally, a proof system is zero-knowledge when the verifier is unable to learn anything beyond
the fact that the agreed-upon instance is true. This is more formally treated by establishing
the existence of a simulator which can reproduce the transcript of the interaction.

Zero-knowledge proof systems were first extended to the quantum setting by Watrous
[Wat09], who considered the setting where the verifier has access to a trusted polynomial-
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time quantum device. Subsequently, it was shown that under certain cryptographic as-
sumptions, all problems in QMA admit a zero-knowledge proof system [BJSW16, BJSW20,
BG22] (again, assuming the verifier has trusted polynomial-time quantum computation).
There have been several approaches in the case of a fully classical verifier. Vidick and
Zhang showed that argument protocols can be made to satisfy the zero-knowledge prop-
erty [VZ20]. Recent work by Crépeau and Stuart [CS23] provides a two-prover one-round
zero-knowledge proof system for NP. The work of Chiesa, Forbes, Gur and Spooner pro-
vides a two-prover zero-knowledge proof system for NEXP [CFGS18], however, their work
requires polynomially many rounds of interaction. Work due to Grilo, Yuen, and Slofs-
tra [GSY19] shows that any proof system for MIP˚ can be made zero-knowledge at the
cost of adding four additional provers. Although these works provide inspiration for study-
ing zero-knowledge proof systems in the OTS model, as far as we are aware, they do not
directly contribute to our main question on ZK. In fact, according to the current state-of-
the-art, an implicit open question [Gri19] is the following: “Does there exists a relativistic
zero-knowledge proof system for QMA with two provers and a classical verifier?”. We em-
phasize that our OTS model takes this question further, by requiring one of the provers to
operate generically and independently of the problem instance.

Delegation of quantum computations

Delegated quantum computation allows a computationally-weak classical client to delegate
a computational task to an untrusted, polynomial-time quantum server. Under certain
conditions, an interactive proof system leads in a straightforward way to a protocol for
delegated quantum computation. Typically, this is achieved if the interactive proof system
captures e.g. QMA, and furthermore, given the witness, the prover is efficient; it is also
relevant that the QMA witness is used in such a way that we can scale down the proof
system in order to achieve a delegation protocol for BQP (e.g. [Gri19])1. The sketch above
is also applicable to the scenario of multiple servers. Note that because of the resemblance
between the models of the interactive proof system and delegated quantum computation,

1BQP is closed under complementation, hence this is sufficient for delegation
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we occasionally confound the two — using the complexity class acronym to refer to the
interaction pattern between prover(s) and verifier — but we emphasize that in delegated
quantum computation protocols, the server is always computationally bounded (as opposed
to a prover in interactive proof systems).

Following Reichardt, Unger, and Vazirani [RUV13], who showed a delegated quantum
computation for the setting of MIP˚, much progress was made, aiming at improving pa-
rameters and techniques; despite these efforts, as far as we are aware, none of the existing
works are applicable to our model. Notable here is the work of [CGJV19] which uses quasi-
linear resources for both servers, and achieves at best a constant round complexity, as well
as [Gri19] which is the first 2-server, 1-round (relativistic) protocol for delegated quantum
computations, but uses the full polynomial-power of both servers.

We note that in the protocol of [RUV13], as well as for most of the related works,
we have the property that the protocol for delegated quantum computation can be scaled
up to an interactive proof system for QMA in the following way. We let the unbounded
prover derive a QMA witness, then apply the delegation protocol for the circuit of the
QMA verifier, where the other prover does the computation on the witness, as teleported
by the initial prover (and where the outcome of the teleportation measurement is reported
to the verifier). In this way, we can closely relate interactive proof systems for QMA with
two-prover protocols for delegated quantum computations.

Simulatable codes

Recent works by Grilo, Yuen, and Slofstra [GSY19], as well as Broadbent and Grilo [BG22]
introduce the notion of simulatable codes as a tool for establishing zero-knowledge proof
systems and protocols in the quantum setting. The idea is to use techniques from quantum
error-correcting codes to create a “simulatable” witness or proof for use in the verification
process. Here the witness is simulatable in the sense that there is an efficient classical
algorithm that can reproduce the description of the local density matrix of the witness on
any small enough subspace. This is a pivotal tool in establishing zero-knowledge, and the
application of the technique consists in developing a verification protocol, (or verification
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circuit in the case of [BG22]) which verifies such simulatable witnesses; this can then be
applied to the situation of encoding e.g., a witness for QMA into a simulatable code [BG22].

We note that the full power of simulatable codes is best appreciated when thinking
of them as for encoding a quantum state: thanks to such codes, we achieve a situation
where local descriptions are easy to compute, while global correlations might be hard — a
situation that has no classical equivalent since a series of local descriptions trivially define
a global description.

6.1.1 Summary of results

We denote OTS the set of all languages L that can be decided under a constant completeness-
soundness gap, in the model that follows. Before the instance x P L is selected, the clas-
sical verifier is provided with an untrusted off-the-shelf device which only depends on a
parameter n, indicating the size of the problem instance (without loss of generality, we
can assume that the prover provides such OTS device). For completeness, such a device
shares an entangled state |ψyn with a quantum prover and will be purported to perform
efficient measurements from a predetermined list of available options. The verifier may
select any choice x P L provided |x| ď n and simultaneously uses a single question to the
prover and to the device; the verifier then determines whether or not to accept based on
the responses. We stress that OTS proof systems are sound against both an unbounded
prover and unbounded OTS.

We observe that OTS is a refinement of and thus contained in MIP˚. In the other
direction, the OTS model is a generalization of AM, where the otherwise classical verifier
has additional 1-round query access to a small, off-the-shelf quantum device. In summary,
we have the following straightforward containments (see also Figure 6.1)

AM Ď OTS Ď MIP˚ (6.1.1)

In a classical proof system, an OTS can be understood as an instance-independent
hardware token. This device can be used to provide a commitment for a zero-knowledge
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proof system for NP [GMW91]; what is more, the one-time property of the OTS can be
used as an oblivious transfer device, which then yields a non-interactive zero-knowledge
proof system for NP [Kil88]. We note that in the quantum case, our model requires a
fully classical verifier and hence the case of zero-knowledge for QMA [BJSW16, BG22] in
the OTS model is much more complex, and a classical-verifier analogue to the NP proof
systems above is not directly applicable. Other approaches based on using the OTS as a
one-time memory [BGS13] also run into a roadblock due to the fact that we require a fully
classical verifier.

Figure 6.1: Off-the-shelf (OTS) proof system. P is the quantum prover, V is the classical verifier,
and D a rudimentary off-the-shelf-device; each arrow represents a single classical message. We
can interchangeably think of the model as a strengthening of the verifier in AM (V having access
to an additional OTS device D), or a weakening of MIP˚ (one of the provers, D, is severely
restricted).

OTS proof systems for QMA

Our first result is that any language in QMA is also in OTS.

Theorem 6.1.1. (Restated as part of Theorem 6.5.2) QMA Ď OTS.

An interpretation of this result is that starting with a conventional proof system for
QMA, we can exchange the unwavering trust of the verifier in its quantum verification
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process for a classical verifier with two new features: (1) the verifier has access to an
untrusted, and instance-independent, off-the-shelf quantum device; and (2) the verifier
interacts with the prover (and the device) in a single simultaneous round.

Zero-knowledge OTS proof system for QMA

What is more, we show that the OTS proof system for QMA is also statistical zero-
knowledge, meaning that we can simulate in classical polynomial time the verifier’s tran-
script when interacting with the provers on a yes-instance.

Theorem 6.1.2. (Restated in Theorem 6.5.2) For every language L in QMA, there exists
a statistical zero-knowledge OTS proof system for L.

Delegated quantum computation in the OTS model

As our final conceptual contribution, we show how our OTS proof system for QMA (The-
orem 6.1.1) can be adapted to the setting of delegated quantum computation (see Sec-
tion 6.1); note that the ZK property as described above also extends to the delegated
quantum computation paradigm.

Theorem 6.1.3. (Restated as Theorem 6.5.3) BQP has a relativistic delegated quantum
computation protocol in the OTS model with the statistical zero-knowledge property.

We believe that this result is of particular impact since it addresses a new model
for delegated quantum computation that has distinct conceptual benefits over existing
delegation protocols:

1. Comparing our delegated quantum computation protocol to single-server protocols,
we note that we make an extra assumption of an off-the-shelf, isolated device. How-
ever, the benefits are:

(a) We achieve soundness against an unbounded server; existing single-server, classical-
client delegation protocols require computational assumptions [Mah18].
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(b) The client does not trust any quantum device at all; existing single-server,
statistically secure protocols for delegated quantum computation require trust
in a small quantum preparation device [Bro18, FK17].

2. Comparing our delegated quantum computation protocol to existing multiple-server
(MIP˚) protocols, we note that:

(a) Our approach only requires a single high-performance quantum server that han-
dles the bulk of the computations; with a secondary efficient and generic device
which need not even be given a description of the problem instance. This has
practical advantages, especially when we consider that the off-the-shelf device
can be acquired ahead of the verification stage (Figure 1.2).

(b) Our approach is a single round, which means that relativistic means to enforce
isolation are possible. The only other known relativistic protocol requires full
quantum computational power for both servers and is not ZK [Gri19].

6.1.2 Proof approach

We now give an overview of the approach toward proving our main results.

Obstructions to the straightforward approach

In delegating quantum computations in two- or multi-server models, the classical verifier
is able to command quantum provers [RUV13] using two intertwined tests: (1) a com-
putational test, with acceptance probability based on the required quantum computation
(e.g., computation-by-teleportation [RUV13] or energy checking of a local Hamiltonian
[Ji17, Gri19]); (2) a rigidity test, ensuring provers’ actions stay within a known range (e.g.,
self-test via CHSH game or Pauli braiding test). In order to establish the ZK property, we
must show that responses from the provers can be simulated using a classical probabilistic
polynomial-time (PPT) device. Generally, approaches used for the rigidity test can be
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simulated in a straightforward way, hence the difficulty in obtaining ZK in this setting is
in simulating the energy test. Furthermore, even if both tests are simulatable in isolation,
this does not guarantee the ZK property since a malicious verifier may form question pairs
emanating from different tests, during a single round.

Grilo [Gri19] presents a game GpHq determined by an “XZ-type”2 Hamiltonian H.
Honest provers for this game share suitably many EPR pairs, and one prover privately
holds a ground state for H. The game GpHq combines an energy test with the Pauli
braiding test [NV17, Vid18]. During the energy test, one prover reports measurement
results of a randomly chosen term Hi on their side of EPR pairs, and the other provides
teleportation keys from a Bell basis measurement on the other EPR pairs and the ground
state. Combining the energy test with the Pauli braiding test allows the verifier to ensure
that provers share n EPR pairs and that the required Pauli-X/Pauli-Z measurements are
performed when measuring the local term Hi.

The straightforward approach to obtaining a two-prover ZK proof system would be
to combine recent results on simulatable codes in order to make the measurement re-
sults in Grilo’s energy test simulatable. More specifically, one could apply the well-known
circuit-to-Hamiltonian construction using the family of simulatable verification circuits
given in [BG22]. Given such a circuit V , it is shown that local measurements on the
ground state of the corresponding Hamiltonian HV are simulatable and thus this approach
would make the results of the energy test simulatable. Unfortunately, this approach fails
for two technical reasons.

The choice of encoding. Firstly, one cannot employ previously-known self-testing tech-
niques to show the players perform the required measurements on the simulatable ground
states given in [BG22]. On the one hand, previously-studied single-round self-testing tech-
niques can only be used to show the players perform Pauli-X, and Pauli-Z measurements.
On the other hand, the choice of physical gates used by Broadbent and Grilo during the

2These are Hamiltonians where each local term Hi is a real linear combination of tensor products of
the Pauli-X and Pauli-Z operators.
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encoding of logic gates may result in a local Hamiltonian that is not of XZ-type and thus
local terms Hi may require measurements that have no known self-test.

The size of the measurement. The second obstruction arises from the fact that ex-
isting rigidity tests in this setting require both players to make large-sized measurements
on their shared state. These large measurements can provide an avenue for attack by a
malicious verifier which compromises the zero-knowledge property. In particular, since the
Pauli braiding test allows for requests for measurements on all qubits, a malicious verifier
may indicate to one player that an energy test is being played and simultaneously request
Pauli-X and Pauli-Z measurements on a large number of qubits. Such a measurement re-
sult cannot be simulated using simulatable codes, which only protect against constant-sized
measurements, and thus this compromises zero-knowledge.

Overview of proof and technical results

In order to correct for an appropriate choice of encoding, we prove that one can re-
instantiate the verification circuit given by Broadbent and Grilo using an approach to
simulatable codes given in [GSY19]. This change allows us to encode logical gates of the
verification circuit given by Broadbent and Grilo using a different set of physical gates
and consequently, we show that the local Hamiltonian corresponding to the circuit is of
XZ-type, while preserving simulatability.

Theorem 6.1.4 (Informal version of Theorem 6.4.1). For any language L “ pLyes, Lnoq in
QMA, there is a family of verification circuits Vx satisfying (1) the circuit-to-Hamiltonian
construction applied to Vx produces a Hamiltonian Hx which is of XZ-type, and (2) if
x P Lyes there exists a polynomial-time algorithm that can approximate the reduced density
matrix obtained by tracing out all but 6 qubits of the ground state of Hx.

In order to overcome the large measurement problem, we introduce a new nonlocal game
called the low-weight Pauli braiding test (LWPBT) which can self-test the low-weight tensor
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products of Pauli measurements and n EPR pairs but only requires the players to make
measurements on a constant number of qubits.

Theorem 6.1.5 (Informal version of Theorem 6.2.12). The low-weight Pauli braiding test
can self-test for n EPR pairs and 6-qubit Pauli measurements. This self-test is robust with
robustness polypnqϵ1{4.

We use the group-theoretical approach developed in the previous chapter to prove
the robustness of the LWPBT. Here, we briefly describe the challenges associated with
achieving this result. We first recall the notation of approximate representations and
approximate homomorphisms for groups. Informally, given a group presentation xS : Ry

for a group G, a map f : S Ñ U from the generating set S to the set of unitary operators U
is called an ϵ-representation if it respects the relations in R, up to error ϵ. The more general
notion of an ϵ-homomorphism refers to a map f : G Ñ U that respects the multiplication
of elements in the group, up to error ϵ. When ϵ “ 0, these two notions coincide. The well-
known Gowers-Hatami theorem [GH17] states that every approximate homomorphism of
a finite group must be close to an exact homomorphism.

Implicitly in [Vid18] for the robustness of the n-qubit Pauli braiding test, a presentation
is taken for the n-qubit Weyl-Heisenberg group which has exppnq generators subject to
exppnq relations. It is then shown that any ϵ-perfect strategy forms an Op

?
ϵq-approximate

representation, and given the large presentation one can straightforwardly show that this
approximate representation is indeed an Op

?
ϵq-approximate homomorphism.

The analysis of the LWPBT requires a presentation for the n-qubit Weyl-Heisenberg
group with only polypnq generators and polypnq relations. Having fewer generators and
relations makes the rigidity analysis more technical. In particular, to show that the ap-
proximate representation given by a near-perfect strategy is indeed an approximate homo-
morphism, we need to specify a normal form of the Weyl-Heisenberg group with respect
to this “small” presentation and find a rewriting procedure that takes arbitrary words of
the group into its normal form. This allows us to track the precise error bounds on the
approximate homomorphism we obtain and conclude that any ϵ-perfect strategy forms a
polypnq

?
ϵ-approximate homomorphism.
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In order to finally round an approximate homomorphism to an exact homomorphism,
we use the enhanced version of the Gowers-Hatami theorem (Theorem 5.1.4) introduced
in the previous chapter to analyze the stability of the Weyl-Heisenberg group with respect
to the “small” presentation described above.

We use the above technical results to derive a modified version of [Gri19] by interleaving
the following tests: (1) a computational test consisting of an energy test in which a simu-
latable witness uses low-weight Pauli-X and Pauli-Z measurements and, (2) a rigidity test
consisting of the LWPBT. The result of this modified Grilo protocol gives a ZK OTS proto-
col with an inverse polynomial completeness-soundness gap. Finally, we apply a threshold
parallel repetition theorem to the above protocol to amplify the completeness-soundness
gap to be constant, thus demonstrating both Theorem 6.1.1 and Theorem 6.1.2. We then
show that the proof system is of a form that can be scaled down to yield a delegation
protocol, yielding Theorem 6.1.3.

6.1.3 Open problems

In this chapter, we show that the OTS model displays many interesting properties that are
related to both the single- and multi-prover models for interactive proofs. We believe that
there is tremendous scope for further investigation of the model, and also that our novel
techniques will find applications elsewhere. We collect some open problems below.

Do both provers need to be all-powerful to recover MIP˚? Our results show that
QMA Ă OTS. We leave it as an open question to determine if the same can be said about
larger complexity classes such as QIP. Going further, perhaps one can characterize how
powerful the untrusted set-up device needs to be in order to recover all of MIP˚. More
specifically, if we allow the untrusted device to make arbitrary measurements but still
require independence from the input, would we be able to recover MIP˚? Somewhat dual
to this question would be to ask if one can prove a natural upper bound for our new
model. One plausible candidate would be the class QIP but even this is not immediately
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straightforward if only for the reason that the off-the-shelf device may share arbitrary
amounts of entanglement with the prover.

Applications to proofs of quantum knowledge. As an extension to the concept of
ZK, in a proof of knowledge (PoK), the verifier further becomes convinced that the prover
has “knowledge” of an accepting witness. This is formally treated by showing the existence
of an efficient knowledge extractor which outputs a witness given oracle access to the
prover; this concept has recently been extended to the quantum setting [BG22], [CVZ19].
We conjecture that the assurances given by self-testing provide a different approach to
convincing the verifier that the prover(s) are in possession of an actual quantum witness;
it may be possible to refine our approach to self-testing by showing the result for a more
complete game. Namely, we leave it as an open question to find a 2-prover, 1-round protocol
that self-tests for ground states of a local Hamiltonian, and to determine how this yields a
new approach to a quantum PoK.

OTS devices for delegated quantum computation. We have shown that the OTS
model is powerful enough for the delegated quantum computations of BQP; while it seems
unlikely that we can do away with the OTS device completely [ACGK19], an open question
is to determine the minimal power required by this device (assuming BQP ‰ BPP).

Further uses and refinements of the LWPBT. We believe the new LWPBT may
be more widely applicable since it may be further generalized to provide a straightforward
tradeoff of question/answer size for robustness in a self-test for EPR pairs and Pauli mea-
surements. For example, one may analyze the same game as in our main result, but allow
for measurements of size logpnq instead of constant. We leave for future work the study of
this model and its consequences.

Further Applications. There are a variety of interesting applications and considera-
tions made of interactive proof systems in the quantum setting aside from the ones that
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we studied. Recent works have introduced the notion of state/unitary complexity classes
[RY22]. Informally, the approach is to study the ability of an efficient quantum verifier
to output a target quantum state, given access to an untrusted quantum prover. Similar
considerations can be made in our OTS model, in which a classical verifier may want to
certify the existence of a target state on the register of the untrusted set-up device.

6.1.4 Notation and preliminaries

In this chapter, we use ∥¨∥tr to denote the trace norm defined by ∥A∥tr :“ Tr
?
A˚A for any

matrix A. All Hilbert spaces are assumed to be finite-dimensional. Given two quantum
states ρ and σ on a Hilbert space H, we define their trace distance Dpρ, σq “ 1

2}ρ´ σ}tr “

maxP TrpP pρ ´ σqq where the max is taken over all projections P P BpHq.

We use |ΦEPRy to denote the EPR pair |00y`|11y
?

2 in C2 b C2 and use |Φbn
EPRy to denote

the n-qubit EPR pair. Recall that we take σI , σX , and σZ to denote the following Pauli
operators:

σI “

«

1 0
0 1

ff

, σX “

«

0 1
1 0

ff

, and σZ “

«

1 0
0 ´1

ff

. (6.1.2)

For every a P t0, 1un and W P tI,X, Zun, we use σW paq to denote the operator biPrnsσ
ai
Wi

on pC2qbn where σ0
I “ σ0

X “ σ0
Z “ σI .

All quantum strategies for nonlocal games are assumed to be projective in this chapter.
We often use S “

`

τA, τB, |ψy P HA b HB

˘

to denote a quantum strategy. Here τA is a
map from Alice’s question set IA to operators on HA, sending x P IA to the observable of
Alice that corresponds to x.

Recall that a quantum error-correcting code (QECC) C “ rrn, kss is a map Enc :
pC2qbk Ñ pC2qbn, which encodes a k-qubit state |ψy into an n-qubit state Encp|ψyq where
n ě k. The code is said to have distance d if the original state can be recovered from the
encoded state that has transformed under any quantum operation which acts on at most
pd´1q{2 qubits. Given an rrm, 1ss QECC with map Enc, we abuse notation and also write
Enc for the corresponding rrmn, nss encoding that is obtained by applying Enc to each of
the qubits in an n-qubit system.
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We use Akn to denote the set of k distinct numbers between 1 and n through this section.
Then Ak :“

Ť

něk A
k
n is the set of k distinct numbers. Given a k-qubit logical gate U and

an element a “ pa1, . . . , akq P Ak, let Upaq denote the gate U applied to qubits a1, ¨ ¨ ¨ ak.

Below we recall the definition of simulatable codes, which was first introduced by Grilo,
Slofstra, and Yuen [GSY19].

Definition 6.1.6. Given a k-qubit logical gate U and a quantum error-correcting code
C “ rrm, 1ss, let pσU , σ

1
Uq be a pair of states, and let ℓ be a positive integer. For each

1 ď i ď ℓ, let Oi be a mapping from elements a “ pa1, ¨ ¨ ¨ , akq in Ak to unitaries Oipaq

acting only on

(i) the physical qubits of codewords in C that corresponds to logical qubits a1, ¨ ¨ ¨ , ak, and

(ii) the register that holds σU .

We say the tuple pσU , σ
1
U , ℓ,O1, ¨ ¨ ¨ ,Oℓq is an encoding of U in code C if

pOℓpaq . . .O1paqqpEncpρq b σUqpOℓpaq . . .O1paqq
˚

“ Enc
`

UpaqρUpaq
˚
˘

b σ1
U (6.1.3)

for all n ě k, elements a P Akn, and n-qubit states ρ. If in addition, the unitaries
O1paq, ¨ ¨ ¨ ,Oℓpaq are gates in some set U for all A P Ak, then we say the encoding
pσU , σ

1
U , l,O1, ¨ ¨ ¨ ,Oℓq uses physical gates in U .

Given a circuit of logical gates V “ U1 . . . Uk we refer to an encoding of V as the
corresponding circuit of physical gates obtained by applying an encoding of each gate Ui.

Definition 6.1.7. An encoding pσU , σ
1
U ,O1, . . . ,Oℓq of a k-qubit logical gate U in a QECC

C is called s-simulatable if for all 0 ď t ď ℓ, n-qubit states ρ, and subsets S of the physical
qubits of Encpρq b σU with |S| ď s, the partial trace

TrS
´

Otpaq . . .O1paqqpEncpρq b σUqpOtpaq . . .O1paqq
˚
¯

is a 2|S| ˆ 2|S| matrix whose entries are rational and can be computed in polynomial time
from t, a and S. In particular, this matrix is independent of ρ if C can correct arbitrary
errors on s qubits.
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Theorem 6.1.8 (Theorem 6 in [GSY19]). Let U “ tH,ΛpXq,Λ2pXqu. For every s P N,
there exists a constant n P N and a rrn, 1ss QECC C such that any logical gate in U has an
s-simulatable encoding in C using physical gates in U .

6.2 Low-weight Pauli braiding test and its robustness

6.2.1 The test

In this section, we introduce a non-local game that can self-test for Alice making measure-
ments with n-qubit “braids” of Pauli σX and σZ of weight at most 6, against n EPR pairs.
That is, Alice performs a measurement of the form biσWi

, where each Wi P tX,Z, Iu and
for all but 6 indices we have Wi “ I. As we discuss in Section 6.1.2 we also want this game
to be able to be won perfectly when Alice is restricted to only perform measurements on at
most 6 qubits. Consequently, we cannot use the typical Pauli Braiding Test. To this end,
we introduce a low-weight version of the Pauli Braiding test. We introduce this game for
weight 6 but the rigidity arguments in the following section equally hold for the analogous
game with any constant weight on the strings. This game is constructed from two sub-
games which we call the low-weight linearity test and the low-weight anti-commutation
test.

Low-weight linearity test

For any a P t0, 1un and W P tX,Zun, we use W paq to denote the sequence W a1
1 W a2

2 ¨ ¨ ¨W an
n

where X0 “ Z0 “ I. Let IA :“ tW paq : W P tX,Zun, a P t0, 1un such that |a| ď 6u and let
IB :“ tpW paq,W pa1qq : W P tX,Zun, a, a1 P t0, 1un such that |a|, |a1| ď 6u be the question
sets for Alice and Bob respectively. We first describe the n-qubit low-weight linearity test
in Figure 6.2.

For this game we let µ denote the implied probability distribution on possible questions
IA ˆ IB. We see that for any x P IA and y P IB, either µpx, yq “ 0 or 1

µpx,yq
“ Opn6q.
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1. The verifier selects uniformly at random W P tX,Zun and strings a, a1 P t0, 1un

satisfying |a|, |a1| ď 6 (i.e. a, a1 both have at most 6 non-zero entries).

2. The verifier sends pW paq,W pa1qq to Bob. If a` a1 has weight at most 6 then the
verifier selects W 1 P tW paq,W pa1q,W pa ` a1qu uniformly at random to send to
Alice. Otherwise, the verifier uniformly at random sends W 1 P tW paq,W pa1qu to
Alice.

3. The verifier receives two bits pb1, b2q from Bob and one bit c from Alice.

4. If Alice receives W paq then the verifier requires b1 “ c. If Alice receives W pa1q

then the verifier requires b2 “ c. If Alice receives W pa ` a1q then the verifier
requires b1 ` b2 “ c.

Figure 6.2: Low-weight linearity test.

Suppose S “ pτA, τB, |ψy P HA b HBq is a quantum strategy for this game. On each
input x P IA, Alice performs a two-outcome PVM tEx

0 , E
x
1 u where Ex

0 ´ Ex
1 “ τApxq.

Similarly, on each input y “ pW paq,W pa1qq P IB Bob performs a four-outcome PVM
tF y

0,0, F
y
1,0, F

y
0,1, F

y
1,1u, and we define the following observables:

τBy pW paqq :“ F y
0,0 ` F y

0,1 ´ F y
1,0 ´ F y

1,1,

τBy pW pa1
qq :“ F y

0,0 ` F y
1,0 ´ F y

0,1 ´ F y
1,1, and

τBy pW pa ` a1
qq :“ F y

0,0 ` F y
1,1 ´ F y

0,1 ´ F y
1,0.

We take a moment to explain some subtleties of the above notation. Instead of specifying a
single observable τBpW paqq for all possible W paq we include a reference to each particular
question pair y “ pW paq,W pa1qq. This is because it is possible for the same W paq to be
included in different question pairs for different choices of W pa1q. In particular, we can not
assume that Bob’s measurements will be the same for W paq across these different possible
choices. For Alice, things are more straightforward and we can define a unique observable
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τApW paqq for each W paq. Note that one can readily check that for each y “ pW paq,W pa1qq

we have

τBy pW pa ` a1
qq “ τBy pW paqqτBy pW pa1

qq “ τBy pW pa1
qqτBy pW paqq. (6.2.1)

Lemma 6.2.1. Suppose S “ pτA, τB, |ψy P HA b HBq is a strategy for low-weight linearity
test with winning probability 1 ´ ϵ. Let ρA :“ TrHB

p|ψy xψ|q. Then the following bounds
hold.

1. For every y “ pW paq,W pa1qq P IB,

(a) xψ| τApW paqq b τBy pW paqq |ψy ě 1 ´ Opn6qϵ,

(b) xψ| τApW pa1qq b τBy pW pa1qq |ψy ě 1 ´ Opn6qϵ, and

(c) if in addition, W pa ` a1q P IA, then xψ| τApW pa ` a1qq b τBy pW pa ` a1qq ě

1 ´ Opn6qϵ.

2. For every W P tX,Zun and a, a1 P t0, 1un with |a|, |a1|, |a ` a1| ď 6,

(a) ∥τApW paqqτApW pa1qq ´ τApW pa ` a1qq∥2
ρA

ď Opn6qϵ,

(b) ∥τApW pa1qqτApW paqq ´ τApW pa ` a1qq∥2
ρA

ď Opn6qϵ, and

(c) ∥τApW paqqτApW pa1qq ´ τApW pa1qqτApW paqq∥2
ρA

ď Opn6qϵ

Proof. Suppose S “ pτA, τB, |ψyq wins this game with probability 1´ϵ. If we condition on a
round in which Bob receives question y “ pW paq,W pa1qq and Alice receives x “ W paq then
the probability they lose on this question pair is bounded above by p1{µpx, yqqϵ ď Opn6qϵ.
Indeed otherwise they will lose the overall game with a probability greater than ϵ. Hence
for any x “ W paq P IA and y “ pW paq,W pa1qq P IB, we have

xψ| τApW paqq b τBy pW paqq |ψy “ xψ| pEx
0 ´ Ex

1 q b pF y
0,0 ` F y

0,1 ´ F y
1,0 ´ F y

1,1q |ψy

“ xψ| pEx
0 b F y

0,0 ` Ex
0 b F y

0,1 ` Ex
1 b F y

1,0 ` Ex
1 b F y

1,1q |ψy
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´ xψ| pEx
0 b F y

1,0 ` Ex
0 b F y

1,1 ` Ex
1 b F y

0,0 ` Ex
1 b F y

0,1q |ψy

“Prpwin|x, yq ´ Prplose|x, yq

“1 ´ 2Prplose|x, yq ě 1 ´ Opn6
qϵ

A similar analysis holds in the case that Bob receives question y “ pW paq,W pa1qq and
Alice instead receives question x “ W pa1q. In particular we get

xψ| τApW pa1
qq b τBy pW pa1

qq |ψy ě 1 ´ Opn6
qϵ.

Next we consider the instances in which Bob receives question y “ pW paq,W pa1qq and
Alice receives question x “ W pa`a1q where |a`a1| ď 6. In this case the winning condition
requires b1 ` b2 “ c, so we have

xψ| τApW pa ` a1
qq b τBy pW pa`a1

qq |ψy

“ xψ| pEx
0 ´ Ex

1 q b pF y
0,0 ` F y

1,1 ´ F y
0,1 ´ F y

1,0q |ψy

“ xψ| pEx
0 b F y

0,0 ` Ex
0 b F y

1,1 ` Ex
1 b F y

1,0 ` Ex
1 b F y

0,1q |ψy

´ xψ| pEx
0 b F y

1,0 ` Ex
0 b F y

0,1 ` Ex
1 b F y

0,0 ` Ex
1 b F y

1,1q |ψy

“Prpwin|x, yq ´ Prplose|x, yq

“1 ´ 2Prplose|x, yq ě 1 ´ Opn6
qϵ.

To see the inequalities in the second part hold for fixed W paq and W pa1q where |a`a1| ď 6,
we take x “ W pa ` a1q, y “ pW paq,W pa1qq to be the corresponding inputs for Alice and
Bob. Let ρ :“ |ψy xψ|. By the above work, we have

∥τApW paqq b 1 ´ 1 b τBy pW paqq∥2
ρ ď Opn6

qϵ,

∥τApW pa1
qq b 1 ´ 1 b τBy pW pa1

qq∥2
ρ ď Opn6

qϵ, and

∥τApW pa ` a1
qq b 1 ´ 1 b τBy pW pa ` a1

qq∥2
ρ ď Opn6

qϵ.

Note that τBy pW pa ` a1qq “ τBy pW pa1qqτBy pW paqq and that τApW paqq and τBy pW pa1qq are
unitary operators. We have

∥τApW paqqτApW pa1
qq´τApW pa ` a1

qq∥ρA
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“∥
´

τApW paqqτApW pa1
qq ´ τApW pa ` a1

qq

¯

b 1∥ρ

ď∥τApW paqqτApW pa1
qq b 1 ´ τApW paqq b τBy pW pa1

qq∥ρ
` ∥τApW paqq b τBy pW pa1

qq ´ 1 b τBy pW pa1
qqτBy pW paqq∥ρ

` ∥1 b τBy pW pa ` a1
qq ´ τApW pa ` a1

qq b 1∥ρ ď Opn3
q
?
ϵ.

Hence 2(a) holds, 2(b) holds for the same reason, while 2(c) follows from 2(a) and 2(b).

Low-weight anti-commutation test

Next we introduce a natural version of the anti-commutation test built from the well-known
magic square game. Recall that in the magic square game, Alice and Bob are trying to
convince the verifier that they have a solution to a system of equations over Z2. There
are 9 variables v1, . . . , v9 in a 3 ˆ 3-array whose rows are labeled r1, r2, r3 and columns are
labeled c1, c2, c3. Each row or column corresponds to an equation: variables along the rows
or columns in tr1, r2, r3, c1, c2u sum to 0; variables along the column c3 sum to 1. In each
round, Bob receives one of the 6 possible equations and he must respond with a satisfying
assignment to the given equation. Alice is then asked to provide a consistent assignment to
one of the variables contained in the equation Bob received. The following table describes
an operator solution for this system of equations:

A1 “ σI b σZ A2 “ σZ b σI A3 “ σZ b σZ

A4 “ σX b σI A5 “ σI b σX A6 “ σX b σX

A7 “ σX b σZ A8 “ σZ b σX A9 “ σXσZ b σZσX

Table 6.1: Operator solution for magic square game

The canonical perfect quantum strategy for this game is one in which

• the players share two EPR pairs,

• given a variable vi, Alice performs Ai on her registers, and
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• given a row or column consisting of three variables vj, vl, and vℓ, Bob perform AjAkAℓ

on his registers.

It is well-known that the magic square game is a robust self-test with robustness Opϵ1{4q.
To incorporate this game in our anti-commutation test, we ask the players to play the Magic
Square game on a specified 2-qubit register of their shared n-qubit state. Importantly,
for all but one question v9 Alice will not be able to tell if she is playing the low-weight
linearity test or anti-commutation test, and thus we can combine the rigidity constraints
from each game. Recall that the system of equations in the magic square game has an
operator solution tA1, ¨ ¨ ¨ , A9u defined in Section 6.2.1. We describe the low-weight anti-
commutation test in Figure 6.3.

1. The verifier samples uniformly at random a string a P t0, 1un with exactly
two non-zero entries i ă j. The verifier also samples a row or column
q P tr1, r2, r3, c1, c2, c3u, and a variable vk contained in q as in the Magic Square
game.

2. Bob receives the question pq, aq.

3. If k ‰ 9 then Alice receives W paq “ I i´1WiI
j´iWjI

n´j P IA with σWi
bσWj

“ Ak.
If k “ 9 then Alice receives question pv9, aq.

4. The players win if and only if Bob responds with a satisfying assignment to q

and Alice provides an assignment to variable vk that is consistent with Bob’s.

Figure 6.3: Low-weight anti-commutation test.

In the above game, for each string a P t0, 1un with |a| “ 2 we define the following set of
observables for Alice tO1paq, . . . , O9paqu. If the players are winning the anti-commutation
test with probability 1 ´ ϵ then the above observables must determine the operators of a
quantum strategy for Magic Square that wins with probability at least 1 ´ Opn2qϵ. The
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robustness of magic square implies:

Lemma 6.2.2. If the players are winning low-weight anti-commutation test with probability
1 ´ ϵ, then for any a P t0, 1un with |a| “ 2 we have

∥O1paqO5paq ` O5paqO1paq∥2
σ ď Opnq

?
ϵ, and

∥O4paqO2paq ` O2paqO4paq∥2
σ ď Opnq

?
ϵ.

Formal statements

Combining the low-weight linearity test and low-weight anti-commutation test from the
previous sections, we now construct the low-weight Pauli braiding test and state its rigidity
result.

Definition 6.2.3. The low-weight Pauli braiding test (LWPBT) is played by executing with
probability 1{2 either the low-weight anti-commutation test or the low-weight linearity test.

If a quantum strategy S “ pτA, τB, |ψyq can win LWPBT with probability 1 ´ ϵ, then it
must be winning both the low-weight linearity test and low-weight anti-commutation test
with probability at least 1 ´ 2ϵ. For every W P tX,Zu and i P rns, we use τAW peiq to denote
τApI i´1WIn´iq. For any bit string a “ 0j´2110n´j with 2 ď j ď n, since Alice cannot tell a
question Ij´1WIn´j is from the low-weight linearity test or low-weight anti-commutation
test, we must have O1paq “ τAXpejq and O5paq “ τAZ pejq. Similarly, for any bit string
a “ 0j´1110n´j´1 with 1 ď j ď n ´ 1 we must have O2paq “ τAXpejq and O4paq “ τAZ pejq.
Then the following theorem follows directly from Lemma 6.2.1 and Lemma 6.2.2.

Theorem 6.2.4. Suppose S “ pτA, τB, |ψy P HA b HBq is a strategy for LWPBT with
wining probability 1 ´ ϵ. Let ρA :“ TrHB

p|ψy xψ|q.

1. For every y “ pW paq,W pa1qq P IB, we have the following bounds on consistency.

(a) xψ| τApW paqq b τBy pW paqq |ψy ě 1 ´ Opn6qϵ,
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(b) xψ| τApW pa1qq b τBy pW pa1qq |ψy ě 1 ´ Opn6qϵ, and

(c) if in addition |a`a1| ď 6, then xψ| τApW pa`a1qq b τBy pW pa`a1qq ě 1´Opn6qϵ.

2. For every W P tX,Zun and a, a1 P t0, 1un with |a|, |a1|, |a ` a1| ď 6, we have the
following linearity bounds and commutation bound.

(a) ∥τApW paqqτApW pa1qq ´ τApW pa ` a1qq∥2
ρA

ď Opn6qϵ,

(b) ∥τApW pa1qqτApW paqq ´ τApW pa ` a1qq∥2
ρA

ď Opn6qϵ, and

(c) ∥τApW paqqτApW pa1qq ´ τApW pa1qqτApW paqq∥2
ρA

ď Opn6qϵ

3. For any i, j P rns we have the following commutation/anti-commutation bound.

(a) ∥τAXpeiqτ
A
Z pejq ´ p´1qδijτAZ pejqτ

A
Xpeiq∥2

ρA
ď Opnq

?
ϵ.

6.2.2 Proof of robustness

We now aim to prove the rigidity of the low-weight Pauli Braiding test. To start, we fix
an n P N, an ϵ ą 0, and a quantum strategy S :“ pτA, τB, |ψy P HA b HBq for the n-qubit
LWPBT with winning probability 1 ´ ϵ through this section (except for Theorem 6.2.12).

LetHpnq be the n-qubit Weyl-Heisenberg group generated by indeterminates J,Xi, Zi, i P

rns, subject to the relations

(R0) J is central, and J2 “ X2
i “ Z2

i “ 1 for all 1 ď i ď n,

(R1) rXi, Zis “ J for all or all 1 ď i ď n, and

(R2) rXi, Xjs “ rZi, Zjs “ rXi, Zjs “ 1 for all i ‰ j.

Intuitively, this group models n-qubit Pauli measurements. It has an irreducible rep-
resentation σ : Hpnq Ñ UppC2qbnq sending J ÞÑ ´1, Xi ÞÑ σXpeiq, and Zi ÞÑ σZpeiq for all
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i P rns. In this section, the symbol σ will be used exclusively to refer to this irreducible
representation. The following two lemmas are well-known.

Lemma 6.2.5. IrrpHpnqq “ tσu Y tχi : 1 ď i ď 22nu where every χi : Hpnq Ñ C is a one
dimensional representation sending J ÞÑ 1.

Lemma 6.2.6. Hpnq has a normal form N pwq “ JαXi1 ¨ ¨ ¨XikZj1 ¨ ¨ ¨Zjl where α P t0, 1u,
1 ď i1 ă ¨ ¨ ¨ ă ik ď n, and 1 ď j1 ă ¨ ¨ ¨ ă jl ď n.

For any W P tX,Zu and i P rns, we use τAW peiq and τBW peiq to denote τApI i´1WIn´iq

and τBy pI i´1WIn´iq respectively, where y “ pI i´1WIn´i, Inq. Define functions fP : Hpnq Ñ

UpHP q, P P tA,Bu via sending

JαXi1 ¨ ¨ ¨XikZj1 ¨ ¨ ¨Zjl ÞÑ p´1q
ατPX pei1q ¨ ¨ ¨ τPX peikqτPZ pej1q ¨ ¨ ¨ τPZ pejlq,

so in particular, fP p1q “ 1HP
and fP pJq “ ´1HP

. We also define functions rfA, rfB :
Hpnq Ñ UpHA b HBq via rfApgq :“ fApgq b 1HB

and rfBpgq :“ 1HA
b fBpgq. Through this

section, we use ρ, ρA and ρB to denote |ψy xψ| ,TrHB
pρq and TrHA

pρq respectively.

Proposition 6.2.7. Let δ :“ Opn6q
?
ϵ. Every f P t rfA, rfBu satisfies the following condi-

tions.

(1) f respects all the relations in R0.

(2) ∥fpXiqfpZiq ` fpZiqfpXiq∥2
ρ ď δ for all 1 ď i ď n.

(3) ∥fpXiqfpXjq´fpXjqfpXiq∥2
ρ, ∥fpZiqfpZjq´fpZjqfpZiq∥2

ρ, and ∥fpXiqfpZjq´fpZjqfpXiq∥2
ρ

are bounded by δ whenever i ‰ j.

(4) For every Wi where W P tX,Zu, i P rns, there exists a unitary xWi commuting with
all tfpXjq, fpZjq, j P rnsu such that ∥fpWiq ´ xWi∥2

ρ ď δ.

(5) For any s ě 1 and every monomial3 v “ v1 ¨ ¨ ¨ vs over tfpXiq, fpZiq, i P rnsu of
degree s, there exists a unitary v̂ commuting with all tfpXiq, fpZiq, i P rnsu such that
∥v ´ v̂∥ρ ď s

?
δ.

3Here we allow the coefficient of a monomial to be 1 or ´1.
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Proof. We first examine that rfA satisfies (1), (2), (3), and (4). Since ∥Wb1HB
∥ρ “ ∥W∥ρA

for all W P BpHAq, it follows from Theorem 6.2.4 that rfA satisfies part (1), (2), and (3). To
establish part (4), observe that every rfBpWiq commutes with rfApXjq, rfApZjq for all j P rns,
and

∥ rfApWiq ´ rfBpWiq∥2
ρ “ 2 ´ 2 xψ| τAW peiq b τBW peiq |ψy ď Opn6

q
?
ϵ (6.2.2)

by Theorem 6.2.4. Hence part (4) follows by taking Ŵi “ rfBpWiq.

Next we examine that rfB satisfies (1), (2), (3) and (4). Part (1) is obvious. Since

rfBpXiq
rfBpZiq ` rfBpZiq rfBpXiq “ rfBpXiq

`

rfBpZiq ´ rfApZiq
˘

` rfBpZiq
`

rfBpXiq ´ rfApXiq
˘

` rfApZiq
`

rfBpXiq ´ rfApXiq
˘

` rfApXiq
`

rfBpZiq ´ fApZiq
˘

` rfApZiq rfApXiq ` rfApXiq
rfApZiq,

and each term on the right hand side has ρ-norm ď Opn6q
?
ϵ by Theorem 6.2.4, it follows

that ∥ rfBpXiq
rfBpZiq ` rfBpZiq rfBpXiq∥2

ρ ď Opn6q
?
ϵ. Therefore, part (2) holds for rfB . With

a similar argument we obtain that part (3) holds. Part (4) follows from Equation (6.2.2)
by taking xWi “ rfApWiq.

Now we prove part (5) by induction on the monomial degree s ě 1. The base
case s “ 1 follows straight from part (4). Suppose part (5) holds for all monomi-
als over tfpXiq, fpZiq, i P rnsu of degree s. For any monomial v “ v1 ¨ ¨ ¨ vsvs`1 over
tfpXiq, fpZiq, i P rnsu of degree s ` 1, let v1 :“ v1 ¨ ¨ ¨ vs. By the induction hypothe-
sis, there are unitaries v̂1 and v̂s`1 commuting with all tfpXiq, fpZiq, i P rnsu such that
∥v1 ´ v̂1∥ρ ď s

?
δ and ∥vs`1 ´ v̂s`1∥ρ ď

?
δ. In particular, v̂s`1 commutes with v1, so

v “ v1pvs`1 ´ v̂s`1q ` v̂s`1pv1 ´ v̂1q ` v̂s`1v̂
1. Since ρ-norm is left unitarily invariant and

v̂1, v̂s`1 are unitaries commuting with all tfpXiq, fpZiq, i P rnsu, it follows that v̂s`1v̂
1 “: v̂

is a unitary commuting with all all tfpXiq, fpZiq, i P rnsu and satisfies

∥v ´ v̂∥ρ ď ∥vs`1 ´ v̂s`1∥ρ ` ∥v1
´ v̂1∥ρ ď ps ` 1q

?
δ.

We conclude that part (5) holds for all monomials over tfpXiq, fpZiq, i P rnsu.
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Proposition 6.2.8. Let δ :“ Opn6q
?
ϵ. Then every f P t rfA, rfBu is an

`

Opn6qδ, ρ
˘

-
homomorphism of Hpnq.

Proof. LetR :“ tfpXiqfpXjq´fpXjqfpXiq, fpZiqfpZjq´fpZjqfpZiq, fpXiqfpZjq´fpZjqfpXiq :
i ‰ ju Y tfpXiqfpZiq ` fpZiqfpXiq : i P rnsu. Then by Proposition 6.2.7 part (2) and (3),
∥r∥ρ ď

?
δ for all r P R. Since fpXiq and fpZiq are unitaries, it follows that ∥r∥op ď 2 for

all r P R.

By the definition of rfA and rfB and the normal form theorem for Hpnq, for any g, h P

Hpnq, we see that fpgqfphq and fpghq are monomials over tfpXiq, fpZiq, i P rnsu of de-
grees less than 4n, and fpgqfphq ´ fpghq “

řk
i“1 uirivi where k ď 4n2, r1, ¨ ¨ ¨ rk P R,

u1, ¨ ¨ ¨uk, v1, ¨ ¨ ¨ , vk are monomials over tfpXiq, fpZiq, i P rnsu, and every vi has degree less
than 2n. The last condition implies that for every i P rks, there is a unitary v̂i commuting
with all tfpXiq, fpZiq, i P rnsu such that ∥vi ´ v̂i∥ρ ď 2n

?
δ by Proposition 6.2.7 part (5).

Then for each i P rks we have

∥uirivi∥ρ “ ∥ripvi ´ v̂i ` v̂iq∥ρ ď ∥ripvi ´ v̂iq∥ρ ` ∥v̂iri∥ρ
ď ∥ri∥op¨ ∥vi ´ v̂i∥ρ ` ∥ri∥ρ ď p4n ` 1q

?
δ.

Hence ∥fpgqfphq ´ fpghq∥ρ ď
řk
i“1∥uirivi∥ρ ď Opn3q

?
δ. We conclude that ∥fpgqfphq ´

fpghq∥2
ρ ď Opn6qδ for all g, h P Hpnq.

Since ∥fP pgqfP phq ´ fP pghq∥2
ρP

“ ∥ rfP pgq rfP phq ´ rfP pghq∥2
ρ for every P P tA,Bu and all

g, h P Hpnq, we have:

Corollary 6.2.9. The function fA (resp. fB) is a pOpn12q
?
ϵ, ρAq-homomorphism (resp.

pOpn12q
?
ϵ, ρBq-homomorphism) of Hpnq.

Now we can apply Theorem 5.1.4 to fA and fB.

Proposition 6.2.10. There are Hilbert spaces Haux
A , Haux

B and isometries VA : HA Ñ

C2n
b Haux

A , VB : HB Ñ C2n
b Haux

B such that ∥VAfApgq ´
`

σpgq b 1KA

˘

VA∥2
ρA

ď Opn12q
?
ϵ

and ∥VBfBpgq ´
`

σpgq b 1KB

˘

VB∥2
ρB

ď Opn12q
?
ϵ for all g P Hpnq.
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Proof. Let δ “ Opn12q
?
ϵ. Corollary 6.2.9 implies fA is a pδ, ρAq-homomorphism of Hpnq.

For any one-dimensional irreducible representation ξ P Irr
`

Hpnq
˘

,

pfApξq “
ÿ

gPHpnq

fApgq b ξpgq “
1
2

˜

ÿ

gPHpnq

ξpgqfApgq `
ÿ

gPHpnq

ξpJgqfApJgq

¸

“
1
2

˜

ÿ

gPHpnq

ξpgqfApgq ´
ÿ

gPHpnq

ξpgqfApgq

¸

“ 0.

Then by Theorem 5.1.4, there is a Hilbert space K, an isometry V : HA Ñ K, and a
representation ϕ : Hpnq Ñ UpKq such that ∥fApgq´V ˚ϕpgqV ∥2

ρ ď δ for all g P Hpnq, and ϕ
has a unique irreducible constituent σ. The latter condition means that K – C2n

bHaux
A for

some Hilbert space Haux
A and there is a unitary U : K Ñ C2n

b Haux
A such that UϕpgqU˚ “

σpgq b 1Haux
A

for all g P Hpnq. Since ρA-norm is left unitarily invariant, it follows that

∥fpgq ´ V ˚ϕpgqV ∥ρA
“ ∥fpgq ´ pUV q

˚
`

σpgq b 1Haux
A

˘

UV ∥ρA

for all g P Hpnq. We conclude that VA :“ UV : HA Ñ C2n
b Haux

A is an isometry such that
∥fApgq ´ VA

`

σpgq b IdHaux
A

˘

VA∥2
ρA

ď δ. The argument for fB follows similarly.

The above theorem illustrates that in a near-perfect strategy for LWPBT, the players
must perform measurements that are close to the measurements in the canonical perfect
strategy. Let π be the associated representation of the canonical perfect strategy for
LWPBT, and let ΦLWPBT be the game polynomial of LWPBT. Then

πpΦLWPBT q “
1

4n
ÿ

a,bPt0,1u,iPrns

σXpeiq
aσZpeiq

b
b σXpeiq

aσZpeiq
b

“
1
n

ÿ

iPrns

1
bpi´1q

C4 b |ΦEPRy xΦEPR| b 1
bpn´iq
C4 .

Hence |Φbn
ΦEPR

y is the unique eigenstate of the 1-eigenspace of πpΦLWPBT q and the spec-
tral gap of πpΦLWPBT q is 1

n
. The following proposition follows straightforwardly from

Proposition 4.2.13.
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Proposition 6.2.11. There are Hilbert spaces Haux
A and Haux

B , isometries VA : HA Ñ

C2n b Haux
A , VB : HB Ñ C2n b Haux

B , and a unit vector |auxy P Haux
A b Haux

B such that

∥pVA b VBq
`

fApgq b 1HB
|ψy

˘

´
`

σpgq b 1C2n |Φbn
EPRy

˘

b |auxy∥ ď Opn7
qϵ1{4 (6.2.3)

for all g P Hpnq.

Recall that for any W P tX,Zun and a P t0, 1un, we use σW paq to denote tensor
product of Pauli operators bn

i“1σ
ai
Wi

. In the canonical perfect strategy for LWPBT, Alice
performs σW paq on question W paq P IA. Since |a| ď 6 for all W paq P IA, as an immediate
consequence of Proposition 6.2.11 and Theorem 6.2.4 we have:

Theorem 6.2.12. There exists a constant Clw ą 0 such that the following holds. For any
ϵ ą 0, n P N, and strategy S “ pτA, τB, |ψy P HA b HBq for the n-qubit LWPBT with
winning probability 1 ´ ϵ, there are isometries VA : HA Ñ pC2qbn b Haux

A , VB : HB Ñ

pC2qbn b Haux
B and a unit vector |auxy P Haux

A b Haux
B such that

∥pVA b VBq
`

τApW paqq b IdHB
|ψy

˘

´
`

σW paq b IdC2n |Φbn
EPRy

˘

b |auxy∥ ď Clwn
7ϵ1{4

for all W paq P IA.

6.3 Energy test and Hamiltonian game

In this section, we show that for some local Hamiltonian H, one can construct a nonlocal
game GpHq whose winning probability is closely related to the ground state energy λ0pHq

of H. Our game is based on the Hamiltonian game introduced by Grilo [Gri19], but
some subtle reconfigurations are made for the purpose of the zero-knowledge property.
In particular, instead of using Pauli braiding test as in [Gri19], we employ the low-weight
Pauli braiding test against dishonest quantum provers and then perform parallel repetition
to achieve a constant completeness-soundness gap. To incorporate LWPBT in our modified
Hamiltonian test, we consider Hamiltonians with specific structures:
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Definition 6.3.1. We say a Hamiltonian H is of XZ-type if it can be decomposed as
H “ 1

m

řm
ℓ“1 γℓHℓ where each γℓ P r´1, 1s and each term Hℓ is a tensor product of operators

σX , σZ or σI .

Next, we define the relevant energy test which is analogous to the energy test used in
[Gri19].

Definition 6.3.2 (Energy test). Given an n-qubit 6-local Hamiltonian H “ 1
m

řm
ℓ“1 γℓHℓ

of XZ-type we define the following energy test:

1. The verifier picks a term Hℓ for ℓ P rms taken uniformly at random, and selects
uniformly at random from the pairs tpW, rq P tX,Zun ˆ t0, 1un : σW prq “ Hℓu.

2. The verifier sends W prq to Alice, and tells Bob that the players are playing the energy
test.

3. Alice responds with a single value c P t´1, 1u.

4. Bob responds with 2n bits a1, . . . an, b1, . . . bn.

5. The verifier next computes bit string d as follows. Take di “ p´1qai if ri “ 1 and
Wi “ X, take di “ p´1qbi if ri “ 1 and Wi “ Z, and take di “ 0 in all other cases.

6. The verifier accepts if c ¨
ś

i di ‰ signpγlq, and rejects with probability |γl| otherwise.

Combining the LWPBT and the above energy test we define our modified Hamiltonian
test:

Definition 6.3.3 (Hamiltonian test). Let H “ 1
m

řm
ℓ“1 γℓHℓ be a k-local Hamiltonian

of XZ-type and let p P p0, 1q. We define the following game GpH, pq: with probability
p1 ´ pq the players play LWPBT introduced in Section Section 6.2, and with probability p
the players play energy test described in Definition 6.3.2.
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We refer to a strategy S for GpH, pq as a semi-honest strategy if the players employ
the canonical perfect strategy when playing LWPBT. Hence in a semi-honest strategy
Alice and Bob hold n EPR pairs and Alice must perform σW prq on question W prq since
she cannot distinguish questions from LWPBT or energy test. We also define the honest
strategy Sh for GpH, pq in which the players employ the canonical perfect strategy when
playing LWPBT, and in the energy test, Bob honestly teleports the ground state of H to
Alice and provides the verifier with the teleportation keys.

Below we analyze the players’ ability to win the overall game GpH, pq assuming the
players are using a semi-honest strategy.

Lemma 6.3.4 (Lower bound on semi-honest strategies). Suppose H “ 1
m

řm
l“1 γlHl is an

n-qubit 6-local XZ Hamiltonian, and Alice and Bob are performing a semi-honest strategy
S for GpH, pq. Then

ωpSq ď ωpShq “ 1 ´ p

˜

1
2m

ÿ

l

|γl| `
1
2λ0pHq

¸

.

Proof. Suppose the players are employing a semi-honest strategy S “ pτA, τB, |ψy P HA b

HBq for GpH, pq. Let τ :“ TrHB
p|ψy xψ|q. Since the players win the LWPBT perfectly,

they can only lose the overall game if they are playing an instance of the energy test. Let
a, b P t0, 1un be the answers Bob provides in the energy test, and let ρ :“ σbXσ

a
Zτσ

a
Zσ

b
X .

Suppose in a round of the energy test, the verifier picks an ℓ P rms and selects a W prq

for Alice. As discussed above, since Alice cannot distinguish questions from LWPBT and
the energy test, she must perform σW prq “ Hℓ on her registers. Hence Epc ¨

ś

i diq “

TrpHℓσ
b
Xσ

a
Zτσ

a
Zσ

b
Xq “ TrpHℓρq. Let pℓ be the probability of c

ś

i di “ signpγℓq. Then
Epc

ś

i diq “ pℓsignpγℓq ´ p1 ´ pℓqsignpγℓq, or in other words, γℓEpc
ś

i diq “ p2pℓ ´ 1q|γℓ|.
This implies the verifier rejects with probability

pℓ|γℓ| “
|γℓ| ` γℓEpc

ś

i diq

2 “
|γℓ| ` γℓTrpHℓρq

2 .
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Thus by averaging over ℓ P rms we see that the players lose the energy test with
probability

1
m

ÿ

ℓPrms

|γℓ| ` γℓTrpHℓρq

2 “
1

2m
ÿ

ℓPrms

|γℓ| `
1
2TrpHρq.

This probability is minimized if and only if ρ is indeed the density matrix of the ground
state of H and in such case, the probability of winning the overall game is at most

1 ´ p
` 1
2m

ÿ

ℓPrms

|γℓ| `
1
2λ0pHq

˘

.

This probability can be achieved if Bob teleports over the ground state and supplies the
verifier with the verification keys in the energy test.

Lemma 6.3.5. (Upper bound on dishonest strategies) Let H “ 1
m

řm
ℓ“1 γℓHℓ be a 6-local,

n-qubit Hamiltonian of XZ-type. For any η P p0, 1q, let p “
4n´6η3{4

pClw`1q33{4 where Clw is the
constant given in Theorem 6.2.12. Then

ω˚
`

GpH, pq
˘

ď ωpShq ` η,

where ωpShq “ 1 ´ p
` 1

2m
ř

ℓPrms
|γℓ| ` 1

2λ0pHq
˘

as in Lemma 6.3.5.

Proof. Suppose the provers are employing a strategy S “ pτA, τB, |ψyq for GpH, pq that wins
LWPBT with probability 1´ϵ and wins the energy test with probability δ`1´

ř

ℓ|γℓ|
2m ´

λ0pHq

2 .
Theorem 6.2.12 implies δ ď Clwn

7ϵ1{4. Then for p :“ 4n´7η3{4

pClw`1q33{4 with η P p0, 1q, we have
η ` ϵ “ η{3 ` η{3 ` η{3 ` ϵ ě 4p

η3ϵ
33 q1{4 “ ppClw ` 1qn7ϵ1{4. It follows that

pδ ´ p1 ´ pqϵ ď pCn6ϵ1{4
` pϵ ´ ϵ ď pClwn

7ϵ1{4
` pn7ϵ1{4

´ ϵ “ ppClw ` 1qn7ϵ1{4
´ ϵ ď η.

Hence the overall winning probability is given by

ωpSq “ p1 ´ pqp1 ´ ϵq ` ppδ ` 1 ´

ř

ℓ|γℓ|
2m ´

λ0pHq

2 q “ ωpShq ` pδ ´ p1 ´ pqϵ ď ωpShq ` η.
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In the rest of this paper, given an n-qubit, 6-local Hamiltonian H of XZ-type and
parameters α and β with β´α ě 1{polypnq, we use GpHq to denote the game GpH, pq with
p “

32n´7pβ´αq24

27pClw`1q4 .

Theorem 6.3.6. Given an n-qubit, 6-local Hamiltonian H “ 1
m

řm
ℓ“1 γℓHℓ and parameters

α, β with β ´ α ě 1{polypnq, let ωα (resp. ωβ) denote the maximum winning probability
for GpHq when λ0pHq ď α (resp. λ0pHq ě β). Then ωα ´ ωβ ě 1{polypnq.

Proof. Let η :“ 16pβ´αq36

27pClw`1q4 , and let p :“ 4n´7η3{4

pClw`1q33{4 . Then p “
32n´7pβ´αq27

27pClw`1q4 , and hence
GpHq “ GpH, pq. By Lemma 6.3.4 and Lemma 6.3.5 we have ωpShq ď ω˚

`

GpH, pq
˘

ď

ωpShq ` η. This implies ωα ě 1 ´ pp 1
2m

ř

ℓ|γℓ| ` 1
2αq and ωβ ď 1 ´ pp 1

2m
ř

ℓ|γℓ| ` 1
2βq ` η.

Since n7pβ ´ αq8 ď Opn´1q, it follows that

ωα ´ ωβ ě
1
2ppβ ´ αq ´ η “

16n´6pβ ´ αq28

27pClw ` 1q4 p1 ´ n7
pβ ´ αq

8
q ě

16n´6pβ ´ αq28

27pClw ` 1q4 ě
1

polypnq
.

Our approach to gap amplification follows that of [GSY19] which uses parallel repetition
for the anchored version of games with perfect completeness. The key difference is that
in our case the underlying games do not satisfy perfect completeness. Instead we apply a
threshold parallel repetition theorem due to Yuen to the anchored version of our games.

For every n P N, let GpHq, wα and wβ be as in Theorem 6.3.6. By [Yue16, Theorem 41],
there exists a polypnq-computable transformation, called anchoring, that transforms GpHq

to a two-player game GpHqK with winning probability 1 ´
1´w˚pGpHqq

2 . So w˚pGpHqKq “
$

&

%

1 ´ ϵα{2 if λ0pHq ď α

1 ´ ϵβ{2 if λ0pHq ě β
, where ϵα :“ 1 ´ wα and ϵβ :“ 1 ´ wβ. Then by [Yue16,

Theorem 42], there is a universal constant C ą 0 such that for all integer m ě 1, and γ ě 0,
the probability that in the game GpHqmK the players can win more than

`

w˚pGpHqKq `γ
˘

m

games is at most p1 ´ γ9{2qCm. Take γ :“ ϵα´ϵβ
4 and m “ maxt4γ´2, 2Cγ´9u. Let

pGpHq :“ GpHqmK be the m parallel repeated anchoring version of GpHq. We show that
this nonlocal game has a constant completeness-soundness gap.
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Theorem 6.3.7. Let pωα (resp. pωβ) be the maximum winning probability for pGpHq when
λ0pHq ď α (resp. λ0pHq ě β). Then pωα ´ pωβ ě 1{4.

Proof. If λ0pHq ě β, then pωβ ď p1 ´
γ9

2 qCm ď p1 ´
γ9

2 q2{γ9
ă e´1 ă 1{2. Now suppose

λ0pHq ď α. An optimal strategy S for GpHqK has winning probability 1´ ϵα
2 . Let X be the

random variable for the number of games the strategy Sm wins. Then X „ Binomialpm, 1´

ϵα
2 q, so EX “ mp1´ ϵα

2 q and VarX “ m ϵα
2 p1´ ϵα

2 q. Since p1´ ϵα
2 q´p1´

ϵβ
2 `γq “

ϵβ´ϵα
2 ´γ “ γ,

we obtain that

PrpX ď p1 ´
ϵβ
2 ` γqmq “ Prpp1 ´ ϵα

2 qm ´ X ě γmq

ď Prp|X ´ EX| ě γmq

ď
mp1 ´ ϵα

2 q ϵα2
pγmq2 “

1
mγ2 ď 1{4.

This implies pωα ě wpSmq “ 1 ´PrpX ď p1 ´
ϵβ
2 ` γqmq ě 3{4, so the theorem follows.

6.4 Zero-knowledge proof system

In this section, we show that the family of games described in Definition 6.3.3 provides a
statistical zero-knowledge MIP˚

r2, 1s protocol for QMA with inverse polynomial complete-
ness/soundness gap. First we introduce our protocol.

6.4.1 Simulation of history states for XZ-Hamiltonians

Before we introduce our MIP˚ protocol and proceed to our result on zero-knowledge, we
reformulate a result, originally introduced by Broadbent and Grilo [BG22] (Lemma 3.5),
so that it is more amenable to device-independent techniques.

Theorem 6.4.1 (Simulation of history states). For any language L “ pLyes, Lnoq in QMA
and s P N, there is a family of verification circuits V psq

x “ UT . . . U1 for L that acts on
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a witness of size pp|x|q and on qp|x|q ancillary qubits such that there exists a polynomial-
time deterministic algorithm SimV psq that takes as input an instance x P L and a subset
S Ď rT ` p ` qs with |S| ď 3s ` 2, then outputs a classical description of an |S|-qubit
density matrix ρpx, Sq with the following properties:

1. If x P Lyes, then there exists a pp|x|q-qubit witness ψs such that V psq
x accept with

probability at least 1 ´ neglpnq on ψs and }ρpx, Sq ´ TrSpρq}tr ď neglp|x|q, where

ρ “
1

T ` 1
ÿ

t,t1PrT`1s

|unaryptqy xunaryptq| b Ut . . . U1pψs b |0y x0|
bq

qU˚
1 . . . U

˚
t1

is the history state of V psq
x on witness ψs.

2. Let Hi be one of the terms from the circuit-to-local Hamiltonian construction from
V psq
x , and let Si be the set of qubits on which Hi acts non-trivially. Then TrpHiρpx, Siqq “

0 for all x P L.

3. The Hamiltonian H from the circuit-to-local Hamiltonian construction is a 6-local
Hamiltonian of XZ type.

Proof. The first two points were proven by Broadbent and Grilo using simulatable codes
constructed from a different set of physical gates [BG22]. In brief, Broadbent and Grilo
provide a constructive approach which for each x P L provides a transformation from the
original verification circuit V to a simulatable verification circuit V psq

x that has 4 main
stages:

(i) The verifier receives an encoded witness and checks if the provided witness is properly
encoded under the relevant code C,

(ii) creates auxiliary resource states |0y , |T y and encodes them under C,

(iii) performs an encoded version of the original verification circuit V on the encoded
witness using either transversal Clifford gates or suitable encodings of T -gates, which
use |T y, and
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(iv) decodes the output of the computation.

For each constant s the CECC C is taken to be logp3s` 5q-fold concatenated Steane code.

Theorem 6.1.8 is obtained by using the same code C and applying the 3-qubit Toffoli gate
using resource state |Toffoliy, which can be constructed from |000y using H and Λ2pXq.
The proof of our result then follows by appropriately changing the resource generation
stage piiq to create encodings of auxiliary states |0y and |Toffoliy. Then stage piiiq is
altered to instead apply an encoding of the original circuit using encodings of the gate set
tH,ΛpXq,Λ2pXqu.

To see how this change of gate set gives us the third result, note that for any gate G we
have ΛpGq “ 1

2pI `Zq b I ` 1
2pI ´Zq bG. Using this decomposition we can readily check

that gates ΛpXq and Λ2pXq can both be expressed as a real linear combination of tensor
products of X,Z, and I. The same holds for H “ 1?

2pX ` Zq. Consequently, all physical
gates used in stages piiq and piiiq will consist of gates that can be expressed as real linear
combinations of tensors of X and Z. The same is true for physical gates used in stages
iq and ivq. We will also have that all of these gates are of order 2. Finally, following the
same approach due to Ji (Lemma 22 [Ji16]), we get H is 6-local and of XZ type.

Below we only need to invoke Theorem 6.4.1 for the case of s “ 2 in order to our
zero-knowledge protocol. We use Vx to denote V p2q

x throughout the rest of this section.

6.4.2 A two prover zero-knowledge proof system for QMA

Let L “ pLyes, Lnoq be a language in QMA. Figure 6.4 describes a two-prover one-round
interactive proof system for L with a constant polynomial completeness-soundness gap.

To put it more concretely, for any x P L, applying Theorem 6.4.1, with s “ 2, provides
a polyp|x|q-size verification circuit Vx, and the circuit-to-Hamiltonian construction creates
a polyp|x|q-qubit 6-local Hamiltonian Hx of XZ-type. We can then construct a non-
local game pGx as in Section 6.3. The constant completeness-soundness gap follows from
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x
Theorem 6.4.1
ÝÝÝÝÝÝÝÝÑ Vx

circuit-to-Hamiltonian
ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ Hx

Definition 6.3.3
ÝÝÝÝÝÝÝÝÝÑ GpHxq

Theorem 6.3.7
ÝÝÝÝÝÝÝÝÑ pGx :“ pGpHxq

Figure 6.4: x is an instance in L P QMA. Vx is a polyp|x|q-size quantum circuit. Hx is a polyp|x|q-
qubit 6-local Hamiltonian of XZ-type. pGx is a nonlocal game with polyp|x|q-bit questions and
polyp|x|q-bit answers.

Theorem 6.3.7. The map from instances x P L to nonlocal games pGx is efficient since each
step described in Figure 6.4 is efficient.

To prove the above interactive proof system for L has the statistical zero-knowledge
property, we first establish that any malicious verifier pV and x P Lyes, there exists a PPT
simulator that can sample from V iewppV pxq,Shq, where Sh is the honest strategy for Gx
defined in Section 6.3.

Lemma 6.4.2. Suppose x P Lyes for some language L “ pLyes, Lnoq in QMA. Let Gx be
the corresponding nonlocal game described in Figure 6.4, and let Sh be the honest strategy
for Gx defined in Section 6.3. For any malicious verifier pV there exists a PPT algorithm
Sim

pV with output distribution negligibly close to V iewppV pxq,Shq,

Proof. Let Hx be the corresponding Hamiltonian, and suppose Hx acts on n qubits (n “

polyp|x|q). Recall that, in Sh, Alice and Bob measure on a shared n-EPR pair |Φbn
EPRy P

HAbHB. Bob has an addition n-qubit register HB1 holding a copy of the ground state ρ of
Hx. Let HA,i,HB,i and HB1,i be the i-th qubit of Alice or Bob on their respective registers.

A malicious verifier pV samples its first question q1 using some distribution on the set
of all possible questions for Alice or Bob. Given a response r1 the second question q2 is
conditionally sampled using distribution. Since pV is PPT the simulator Sim

pV can also
sample from these distributions given the same randomness. We consider the cases below
for conditionally generating the responses.

If neither question q1 nor q2 are requests for energy test then in the honest strategy
both players will make one or more Pauli measurements on their shared n-EPR pairs, and
hence the simulator can efficiently produce responses. Here the order of the players will
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not matter as the simulator can first randomly generate the response r1 of the first player
and compute the appropriate response r2 of the second conditional on the previous entries
in the transcript.

Suppose q1 is a request for an energy test sent to Bob. In the honest strategy, Bob
performs n Bell measurements on HB b HB1 . The simulator can produce a response r1

conditional on Bob receiving a request for energy test by sampling 2n uniformly random
bits pα, βq “ pα1, ¨ ¨ ¨ , αn, β1, ¨ ¨ ¨ , βnq. In the honest strategy Alice should now have ρα,β :“
σβZσ

α
Xρσ

α
Xσ

β
Z on her register HA, where σrW denotes biPrnsσ

ri
W for W P tX,Zu and r P t0, 1un.

It follows that q2 must be a measurement request for Alice. This can be either of the
form σW paq for some W P tX,Z, Iun and a P t0, 1un with |a| ď 6, or σXZ b σZXpaq with
|a| “ 2. If S is the set of qubits on which Alice’s observable acts non-trivially then by
Theorem 6.4.1 there exists a polynomial time algorithm which can output a description of
a density matrix ρpx, Sq satisfying

∥TrSpρq ´ ρpx, Sq∥tr ď neglpnq. (6.4.1)

Sim
pV can then append r2 to the transcript using an approximation for Alice’s honest

measurement result on the qubits in S of ρα,β. This approximation can then be calculated
using ρpx, Sq since

TrSpσβZσ
α
Xρσ

α
Xσ

β
Zq “

`â

iPS

σbi
Zσ

ai
X

˘

TrSpρq
`â

iPS

σbi
Zσ

ai
X

˘

.

Lastly, we consider the case that Alice is first given a measurement request q1 and after
receiving response r1 the verifier sends an energy test request to Bob for q2. In order to
generate a response for Alice the simulator will first generate a uniformly random response
r1. We take Φq1,r1 denote the post measurement state on HA b HB obtained by measuring
the shared EPR pairs according to q1 and obtaining outcome r1. In the honest strategy,
the overall shared state will be

τq1,r1 :“ Φq1,r1 b ρ P HA b HB b HB1 ,

and Bob will perform independent Bell measurements on the registers HB b HB1 . Again
we take S to denote the set of qubits on which Alice measured given question q1. Then we
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have

TrSpτq1,r1q “ TrSpΦq1,r1q b TrSpρq.

It follows from Equation (6.4.1) that

∥TrSpτq1,r1q ´ TrSpΦq1,r1q b ρpx, Sq∥tr ď neglpnq.

Thus the simulator can generate the conditional response pα, βq “ pαi, βiqi as follows. First
compute reduced density matrix ρpx, Sq from Theorem 6.4.1. For i P S sample pαi, βiq

according to the probability of each possible Bell measurement result on TrSpΦq1,r1q b

ρpx, Sq. For the remaining i R S the simulator can sample uniformly random pairs pαi, βiq.

In all of the above cases, the output of the simulator will be guaranteed negligibly close
and thus the output of Sim

pV is negligibly close to V iewpx,Sq.

All that remains is to argue that the interactive protocol described in Figure 6.4 based
on the scaled-up game pGx is statistically zero-knowledge.

Theorem 6.4.3. The protocol described in Figure 6.4 is statistical zero-knowledge and has
a constant completeness-soundness gap.

Proof. The constant completeness-soundness gap follows directly from Theorem 6.3.7. To
show the statistical zero-knowledge, we first consider the anchoring procedure for the game
Gx. We can specify an honest strategy Sh,K for the anchored version of Gx by fixing a choice
of output for either player who receives question K in the honest strategy. Then, given any
malicious verifier pV pxq, the simulator given in Theorem 6.4.3 can be trivially modified to
sample from a distribution which is negligibly close to V iewppV pxq,Sh,Kq.

In the case of the threshold parallel repeated game pGx, the honest strategy Sm
h,K is taken

to be the m-fold product of the honest strategy Sh,K. Then, as commented in [GSY19],
since the protocol only queries each player once, a new simulator can be obtained by
sampling according to the m-fold product of the simulator used in the above lemma.
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6.5 Off-the-shelf model

In this section, we formally define the OTS model (Section 6.5.1). In Section 6.5.2, we
state our main conceptual theorems, which make use of all the technical contributions in
the main part of this work.

6.5.1 Formal description of the model

Here we provide a formal description of the OTS model. This model is defined as a re-
finement of MIP˚, where the completeness condition is weakened, allowing only one of the
provers to be “all-powerful”, while the other has limited functionality determined indepen-
dently of the problem instance.

Off-the-shelf device. We first formalize the definition of a family of off-the-shelf devices.
A verification device D “ p|ψy , tP 1

a ua, . . . , tP
q
a uaq consists of a state |ψy on Hilbert spaces

KA b KB and a collection of POVMs tP 1
a ua, . . . , tP

q
a ua on KA. We say that a quantum

strategy S “ pHA,HB, tE
x
au, tF y

b u, |ϕyq can be implemented using D, if three conditions
hold:

(i) HA “ KA and HB “ KB b KB1 for some Hilbert space KB1 .

(ii) The set of measurements in S which act on HA are contained in D.

(iii) The shared state |ϕy in S can be decomposed as |ϕy “ |ψy b |ϕ1y where |ψy is the
state in D and |ϕ1y is some auxiliary state held on a Hilbert space KB1 .

Note that if a quantum strategy S can be implemented using a verification device D, then
the overall system is decomposed as HA b HB “ KA b KB b KB1 . Informally, we view
this decomposition as consisting of an entangled state |ψy shared between the device and
a single prover, together with an auxiliary state |ϕ1y accessible only to the prover.
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Given a collection of verification devices tDnunPN, where each Dn consists of a state |ψny

and a sequence of POVMs, we say tDnunPN is an efficient family of off-the-shelf devices if
there exists a polynomial-time uniform family of quantum circuits tQnunPN satisfying the
following: Qn generates the state |ψny from an all 0 state, and on input i measures |ψny

using the i-th POVM from Dn.

Definition 6.5.1. A promise language L “ pLyes, Lnoq has an off-the-shelf (OTS) proof
system if there exists an efficient family of off-the-shelf devices tDnunPN, and a polynomial-
time computable function that takes an instance x to the description of a non-local game
Gx satisfying the following:

1. Completeness using off-the-shelf devices. For any x P Lyes with |x| ď n,
there exists a quantum strategy Sx, which can be implemented using Dn, obtaining
ωpGx,Sxq ě c.

2. Soundness. For any x P Lno we have ω˚pGxq ă s.

We use OTS to denote the class of all languages L which admits an OTS proof system with
a constant completeness-soundness gap.

Any OTS proof system is described as a special instance of a 2-player, 1-round MIP˚

proof system with additional constraints regarding the completeness condition and we say
that an OTS proof system is statistically zero-knowledge if it is statistically zero-knowledge
as an MIP˚ proof system (see Definition 2.3.4 for details).

6.5.2 Applications to ZK and delegated computation

In this section, we show that any language in QMA admits a statistical zero-knowledge
OTS proof system. We also consider how the OTS model can be scaled down to provide a
protocol for verifiable delegated quantum computation.

Theorem 6.5.2. For every language L in QMA, there exists a statistical zero-knowledge
OTS proof system for L with constant completeness and soundness gap.

178



Proof. We will be working with the proof system sending an instance x to game pGx, as
described in Figure 6.4. Using the rigidity results in Section 6.2, we have already shown
completeness and soundness of properties of the individual game pGx in Section 6.3. The
ZK property of this game has also been shown in Section 6.4. All that remains to show is
that this protocol further satisfies the extra restrictions of completeness using off-the-shelf
devices outlined in Definition 6.5.1. That is, we need to show that there exists an efficient
family of off-the-shelf devices tDnu which can implement the honest strategy Sx for all yes
instances x.

For each L P QMA, there exists a polynomial f such that, for all x P L of size |x| “ n

the corresponding Hamiltonian Hx is supported on at most fpnq qubits. Next suppose
x P Lyes with |x| ď n. In the honest strategy for the game Gx, Alice and Bob share at
most fpnq-EPR pairs, additionally, Bob privately holds a ground state ρ for Hx. The
measurements required by Alice always correspond to σX or σZ on up to 6 qubits of the
shared EPR pairs, or σXσZ b σZσX on two qubits. In the honest strategy Sx for the m-
fold parallel repeated anchoring game pGx, the players share mfpnq-EPR pairs and Alice’s
measures in σX or σZ on up to 6m qubits or measures with σXσZ b σZσX on 2m qubits.
Since m “ polypnq, we then satisfy the completeness condition required by specifying an
efficient family of off-the-shelf devices tDnu, where for each n the verification device Dn

contains mfpnq-EPR pairs and all of the above required Pauli measurements on up to 6m
qubits.

In our application towards delegated quantum computation, we consider a novel type of
interactive protocol, where in addition to exchanging classical messages, the server can send
an untrusted verification device, as defined in Section 6.5.1, to the client (see Section 6.1).
In Figure 6.5, we consider the case where in the first “message”, called a set-up stage, the
prover sends an untrusted verification device, which is followed by classical communication.

Putting these observations together with Theorem 6.5.2, we obtain the following result
on delegated quantum computation.

Theorem 6.5.3. For every language L in BQP, there is a statistical-zero-knowledge dele-
gation protocol as outlined in Figure 6.5 for L with constant completeness and soundness
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1. Set-up: The client sends a set-up parameter k P N to the server who provides a
verification device Dk from an efficient family of off-the-shelf devices tDnun.

2. Choice of computation: The client sends a classical description of circuit Q,
satisfying |Q| ď k to the server.

3. Verifiable delegation: The client plays a 1-round game pGQ, using the server
and device Dk as players. The client accepts if and only if the game is won.

Figure 6.5: A delegation protocol between a polynomial-time classical client and polynomial-time
quantum server, who provides an untrusted verification device during set-up.

gap.

Theorem 6.5.3 holds largely due to the fact that it can be viewed as a particular
application of Theorem 6.5.2 in the setting of a BQP-complete problem. The only additional
technical requirement occurs in step 3, in which an honest polynomial-time quantum prover
is required to be able to saturate the optimal winning probability of the corresponding
game. We provide the following sketch.

Proof. (Sketch) We can view the BQP-complete problem from Definition 2.2.1 as a language
in QMA. This allows us to apply the efficient mapping outlined in Figure 6.4 to obtain a
corresponding game pGQ. In this case, the ground state of the underlying Hamiltonian can be
prepared by a polynomial-time quantum prover. Thus, as in the proof of Theorem 6.5.2, we
can define the required polynomial-time uniform family of off-the-shelf devices tDnunPN by
taking Dn to contain suitably many EPR pairs, as well as the required Pauli measurements.
Since furthermore the required ground state can always be prepared by a polynomial-
time quantum prover, an honest server can obtain the required completeness in Step 3
by generating this state and teleporting it to the verification device when required. We
also have that the above delegation protocol inherits the ZK property via the results of
Theorem 6.5.2.
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Chapter 7

Decision problems in operator
algebras

7.1 Motivation and overview

Let A be the free ˚-algebra with at least two generators. As discussed in Section 1.3, there
is an effective way to determine whether a given ˚-polynomial (with rational coefficients)
in A is positive in all representations by searching through sums of squares decomposition.
The purpose of the chapter is to show that no such procedure exists for A b A: determine
whether an element of A b A is positive is undecidable.

Theorem 7.1.1. Let AQ be one of the algebras Q˚xx1, . . . , xny or QFn for n ě 2, or QZ˚n
m

for n ě 3, m ě 2 or n ě 2, m ě 3, and let A “ AQ bQ C be the complexification. Then
the decision problem

Given α P AQ bQ AQ, is α positive as an element of A bC A? (Pos)

is coRE-hard.

Specifically, we show that there is a computable mapping from Turing machines M to
self-adjoint elements αM P AQ bQ AQ, such that αM is positive if and only if M does not
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halt. The bounds on n and m in Theorem 7.1.1 are tight, as the algebras Q˚xxy bQ˚xxy “

Qrx1, x2s, QF1 bQF1 “ QZˆZ, and QZm ˆQZm are commutative, and positivity is also
decidable for QZ˚2

2 ˆZ˚2
2 (see Example 7.6.8). As an immediate corollary of Theorem 7.1.1,

we get:

Corollary 7.1.2. Let AQ be one of the algebras Q˚xx1, . . . , xny or QFn for n ě 2, or
QZ˚n

m for n ě 3, m ě 2 or n ě 2, m ě 3, and let A be the complexification. Then there
are elements of AQ bQ AQ which are positive, but are not sums of hermitian squares in
A bC A, so A bC A does not have the SOS property.

Proof. If every element of AQ bQ AQ is a sum of squares in A bC A, then the problem of
deciding whether elements of A b A are positive is contained in RE by searching through
SOS decompositions. Since coRE is not contained in RE, this is not possible.

For the algebras QFn and QZ˚n
m , m ě 3, the hypothesis n ě 2 in Corollary 7.1.2 is nec-

essary, since finite-dimensional C˚-algebras like CZm ˆ Zm always have the SOS property,
and CZ ˆ Z has the SOS property by a result of Scheiderer [Sch06]. We do not know if
CZ˚2

2 ˆ Z˚2
2 has the SOS property. For AQ “ Q˚xx1, . . . , xny, the corollary already follows

(for all n ě 1) from the fact that Crx, ys does not have the SOS property; indeed, if ppx, yq

is a positive polynomial in Crx, ys which is not a sum of squares, then ppx1 b 1, 1 b x1q is
positive in A b A, but does not have a sum of squares decomposition. The Motzkin poly-
nomials provide explicit examples of positive polynomials in Qrx, ys which are not sums
of squares, although of course they are sums of squares of rational functions by Artin’s
theorem. Corollary 7.1.2 does not seem to have been known for AQ “ QFn and QZ˚n

m ;
however, Theorem 7.1.1 is stronger, in that SOS decompositions can be replaced in Corol-
lary 7.1.2 with any other certificate of positivity. For instance, for AQ “ Q˚xx1, . . . , xny

with n ě 2, there are positive elements of AQ bQ AQ which are not sums of squares of
noncommutative rational functions in the sense of [KSV23]. The proof of Theorem 7.1.1 is
given in Section 7.6. We actually prove a more general statement (Theorem 7.6.1), which
applies to other algebras including the algebra of bounded contractions.
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The proof of Theorem 7.6.1 is by reduction to tracial positivity. An element α of a
˚-algebra A is said to be trace-positive if τpαq ě 0 for all (bounded) tracial states τ on A.
We show that tracial positivity is undecidable for free ˚-polynomials and group algebras:

Theorem 7.1.3. Let AQ be one of the algebras Q˚xx1, . . . , xNy, QFN , or QZ˚N
m for m ě 2.

If N is large enough, then the decision problem

Given α P AQ, is α trace-positive as an element of A? (TrPos)

is coRE-hard.

Klep and Schweighofer [KS08a] prove an analog of Helton and McCullough’s positivstel-
lensatz for the algebra of bounded contractions: an element α is trace-positive if and only
if α ` ϵ is a sum of hermitian squares and commutators for all ϵ ą 0. This is extended
to free group algebras by Juschenko and Popovych [JP11], to archimedean algebras by
Ozawa [Oza13], and to Q˚xx1, . . . , xny by Klep, Scheiderer, and Volčič [KSV23]. Quarez
[Qua15] (see also [KSV23, Example 3.2]) gives examples of trace-positive polynomials in
Q˚xx1, x2y which are not sums of hermitian squares and commutators, but which are sums
of squares and commutators of noncommutative rational functions. As in Corollary 7.1.2,
Theorem 7.1.3 immediately implies that all the algebras listed in the theorem contain
trace-positive elements which are not sums of squares and commutators of noncommuta-
tive rational functions. Unlike Theorem 7.1.1, we do not know the smallest bound N such
that Theorem 7.1.3 holds.

Part of the motivation for Theorem 7.1.1 comes from Kirchberg’s reformulation of
the Connes embedding problem, sometimes called Kirchberg’s conjecture [Kir93], and the
recent MIP*=RE theorem of Ji, Natarajan, Vidick, Wright, and Yuen [JNV`20], which
resolves this conjecture. Kirchberg’s conjecture asks whether the max and min tensor norms
on CFnbFn “ CFnˆFn agree for n ě 2 [Kir93]. As Ozawa observes [Oza04, Oza13], if A
is archimedean and RFD, then the max and min tensor norms on AbA agree if and only if
A b A is RFD, so Kirchberg’s conjecture is equivalent to whether CFn bCFn “ CFn ˆ Fn

is RFD. Kirchberg’s conjecture is still equivalent to the Connes embedding problem if Fn

is replaced by Z˚n
m for n ě 3, m ě 2 or n ě 2, m ě 3 [Oza13, Fri12]. The algebras CZ˚n

m b
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CZ˚n
m are of particular interest in quantum information, since they correspond to bipartite

(meaning composed of two spatially separated subsystems) measurement scenarios with n
measurement settings and m measurement outcomes per subsystem, and they are closely
connected with the complexity class MIP* of multiprover interactive proof systems with
entangled provers.

The main result of [JNV`20] is that MIP* is equal to RE, the class of recursively
enumerable languages. In algebraic language, this implies that there is a computable
mapping from Turing machines M to elements αM P QZ˚n

m ˆZ˚n
m (where Q is the algebraic

closure of Q, and m and n also depend on M), such that if M halts then αM is not positive
in finite-dimensional representations of CZ˚n

m ˆZ˚n
m , and if M does not halt, then αM ´ 1 is

positive in finite-dimensional representations of CZ˚n
m ˆ Z˚n

m . This shows that the promise
problem

Given n,m ě 1 and α P QZ˚n
m ˆ Z˚n

m , determine if either α ´ 1
is positive in finite-dimensional representations, or α is not pos-
itive in some finite-dimensional representation, promised that
one of the two is the case.

(GapFDPos)

is coRE-hard, so it is undecidable to determine if an element of CZ˚n
m ˆ Z˚n

m is strictly
positive in finite-dimensional representations. If CZ˚n

m ˆZ˚n
m were RFD, then (GapFDPos)

would be equivalent to the promise problem

Given n,m ě 1 and α P QZ˚n
m ˆ Z˚n

m , determine if either α ´ 1
is positive, or α is not positive, promised that one of the two is
the case.

(GapPos)

Note that α ´ 1 is positive if and only if α is strictly positive with spectrum contained in
r1,`8q, so (GapPos) is a “gapped” version of the decision problem (Pos) considered in
Theorem 7.1.1 (albeit with Q replaced by Q, and n and m allowed to vary). By Helton
and McCullough’s positivstellensatz, if α´ 1 is positive then α has an SOS decomposition
proving positivity, so unlike (Pos), the problem (GapPos) is contained in RE. Since RE
does not contain coRE, (GapPos) cannot be coRE-hard, and hence the MIP*=RE theorem
implies that CZ˚n

m ˆ Z˚n
m is not RFD for large enough n and m.
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There is a natural complement to the MIP˚
“ RE theorem called the MIPco

“ coRE
conjecture, which if true would imply (GapPos) is RE-complete, and hence that (Pos) is
RE-hard for A “ CZ˚n

m (assuming again that Q is replaced by Q, and n and m are allowed
to vary). If A b A is RFD, then (Pos) is contained in coRE, so showing that (Pos) is
RE-hard for A “ CZ˚n

m (with or without varying n and m) would give another disproof of
the Connes embedding problem. Proving that (GapPos) is RE-complete would also imply
that it is undecidable to determine if α P CZ˚n

m ˆ Z˚n
m is a sum of squares. On the other

hand, because (GapPos) is contained in RE, hardness results for (GapPos) cannot be used
to prove Corollary 7.1.2, and Theorem 7.1.1 is not true if (Pos) is replaced by (GapPos).
Hence Theorem 7.1.1 and the MIPco

“ coRE conjecture seem to be complementary. In
any case, the proof methods we used here are different from the methods used in the proof
of MIP˚

“ RE, and our techniques do not appear to be applicable to the MIPco
“ coRE

conjecture.

As mentioned above, the only upper bound we have on (Pos) is Π0
2. If (Pos) contains

both RE and coRE, then it seems possible that it is equal to Π0
2, and we conjecture that

this is the case for all the algebras in Theorem 7.1.1.

Conjecture 7.1.4. Let AQ be one of the algebras Q˚xx1, . . . , xny or QFn for n ě 2, or
QZ˚n

m for n ě 3, m ě 2 or n ě 2, m ě 3, and let A be the complexification. Then the
decision problem (Pos) from Theorem 7.1.1 is Π0

2-complete.

Tracial positivity has also been studied in connection with the Connes embedding prob-
lem [Had01, KS08a, BDKS14, JP11, Oza13], and the above connection with MIP˚

“ RE
and MIPco

“ coRE could be described equally as well in terms of tracial positivity and
MIP protocols with synchronous strategies (see e.g. [HMPS19, KPS18, MNY22, NZ23]).
For tracial positivity, we make the following conjecture.

Conjecture 7.1.5. Let AQ be one of the algebras Q˚xx1, . . . , xNy, QFN , or QZ˚N
m for

m ě 2, and let A be the complexification. If N is large enough, then the decision problem
(TrPos) from Theorem 7.1.3 is Π0

2-complete.

If Conjecture 7.1.5 is true, an additional problem is to find, for each algebra listed
above, the smallest bound on N such that the decision problem (TrPos) is Π0

2-complete.
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7.2 Preliminaries

We use some more advanced concepts from group theory. Suppose S is a finite set of
generators for a group G, and let L be the set of words over S Y S´1 which are trivial in
G. The word problem for G is the problem of determining whether a word over S Y S´1

belongs to L. Accordingly, we say that the word problem for G with respect to S is solvable
in non-deterministic time T : N Ñ N (resp. is in NP) if L can be recognized in time T
(resp. in polynomial time).

If G has generating set S (not necessarily finite), a normal form for G with respect to S
is a function η from words over SYS´1 to words over SYS´1, such that ηpxq “ x in G for
all words x, and two words x and y are equal in G if and only if ηpxq “ ηpyq. Equivalently,
a normal form can be specified as a function η from G to words over S Y S´1, such that
ηpgq “ g in G for all g P G.

We denote the free product of a family of groups tGiuiPI by ˚iPIGi, and the product
by

ś

iPI Gi. If tGiuiPI is a family of groups, K is a group, and ϕi : K Ñ Gi are injective
homomorphisms, then the amalgamated free product of the family over K is

K ˚i Gi :“ x˚iPIGi : ϕipkq “ ϕjpkq for all k P K, i, j P Iy.

If ϕipKq is in the centre of Gi for all i P I, then the central product of this family over K
is defined to be

K

ź

i
Gi :“ x

ź

i

Gi : ϕipkq “ ϕjpkq for all k P K, i, j P Iy.

In both cases, if we identify K with ϕipKq, then the image of K inside K˚iGi and
K

ź

i
Gi

is independent of what i we pick. Note that given a generating set S for K, we only need
the relations ϕipkq “ ϕjpkq for all k P S in the above presentations.

For each i P I, let Ai Ă Gi be a set of right coset representatives for ϕipKq, where
we pick the identity element 1 as the representative of ϕipKq itself. The normal form
theorem for amalgamated free products states that every element g P K ˚i Gi can be
written uniquely as g “ kg1 ¨ ¨ ¨ gm, where k P K, and gj P Aij zt1u for some sequence
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i1, . . . , im P I with ij ‰ ij`1 for all 1 ď j ă m. While the normal form theorem for
amalgamated free products does not give us a normal form of g in the above sense, if η
is a normal form for K with respect to generating set S, and ηi is a normal form for Gi

with respect to generating set Si, i P I, then g ÞÑ ηpkqηi1pg1q ¨ ¨ ¨ ηimpgmq is a normal form
for K ˚i Gi with respect to generating set S \

š

iPI Si (where
š

is the disjoint union).
Similarly, if we pick an ordering for I, the normal form theorem for central products states
that every element g P

K

ź

i
Gi can be written uniquely as kg1 ¨ ¨ ¨ gm, where k P K, and

gi P Aij zt1u for some increasing sequence i1 ă i2 ă . . . ă im in I. Again, if η is a normal
form for K and ηi is a normal form for Gi, i P I, then g ÞÑ ηpkqηi1pg1q ¨ ¨ ¨ ηimpgmq is a
normal form for

K

ź

i
Gi. In both cases, the normal form theorem implies that the natural

inclusions Gj ãÑ K ˚iGi and Gj ãÑ
K

ź

i
Gi are injections for all j, so Gj can be regarded

as a subgroup of the amalgamated free product or central product. One application of
amalgamated free products that we will use is the following lemma:

Lemma 7.2.1. Let G “ xS : Ry. For any y P S, G is a subgroup of

H :“ xG, s, t : y “ st, s2
“ t2 “ 1y

via the natural inclusion.

Proof. Suppose y has order k P NY t`8u. Then H is the amalgamated free product of G
with the dihedral group

Dk “ xs, t : s2
“ t2 “ pstqk “ 1y

of order 2k over the subgroups xyy – Zk – xs, ty.

Another construction we’ll use are HNN extensions. Suppose that G is a group, H and
K are subgroups of G, and ϕ : H Ñ K is an isomorphism. Then the HNN extension of G
by ϕ is

xG, t : tht´1
“ ϕphq for all h P Hy.

It is well-known that the order of the generator t is infinite, and that, similar to the
amalgamated free product and central product, G is a subgroup of the HNN extension
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via the natural inclusion. More generally, given a sequence of subgroups H1, . . . , Hm and
K1, . . . , Km of a group G, along with isomorphisms ϕi : Hi Ñ Ki, 1 ď i ď m, G will be
subgroup of the iterated HNN extension

xG, t1, . . . , tm : tiht´1
i “ ϕiphq for all 1 ď i ď m and h P Hiy.

Britton’s lemma allows us to determine the trivial words in an iterated HNN extension.

Lemma 7.2.2 (Britton’s lemma, [Rot73]). Let H1, . . . , Hm and K1, . . . , Km be subgroups
of a group G, and suppose ϕi : Hi Ñ Ki is an isomorphism for i “ 1 . . . ,m. Let

L “ xG, t1, . . . , tm : tiht´1
i “ ϕiphq for all 1 ď i ď m and h P Hiy

be the iterated HNN extension, and suppose

w “ g0t
e1
i1 g1t

e2
i2 ¨ ¨ ¨ ten

in gn P L

where g0, . . . , gn P G, e1, . . . , en P t˘1u, and 1 ď i1, . . . , in ď m. If w “ 1 in L, then at
least one of the following holds:

(a) n “ 0 and g0 “ 1 in G,

(b) there is 1 ď j ă n such that ej “ 1 “ ´ej`1, ij “ ij`1, and gi P Hij , or

(c) there is 1 ď j ă n such that ej “ ´1 “ ´ej`1, ij “ ij`1, and gi P Kij .

Let G “ xS : Ry be a finitely presented group. A function f : N Ñ N is an isoperimetric
function for G if for all words w “ s1 ¨ ¨ ¨ sn of length n ě 1 over S Y S´1, if w “ 1 in G

then there are elements u1, . . . , uk P FS and r1, . . . , rk P R Y R´1 with k ď fpnq and

w “ u1r1u
´1
1 ¨ u2r2u

´1
2 ¨ ¨ ¨ukrku

´1
k .

Lemma 7.2.3 ([Ger93]). Let G “ xS : Ry be a finitely presented group with an isoperi-
metric function f , and let l :“ maxt|r| : r P Ru be the length of the longest relation in
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R. If a word w P FS of length n is equal to 1 in G, then there are z1, ¨ ¨ ¨ , zk P FS and
r1, ¨ ¨ ¨ , rk P R Y R´1 with k ď fpnq and |zi| ď kl ` l ` n for all 1 ď i ď k such that

w “ z1r1z
´1
1 z2r2z

´1
2 ¨ ¨ ¨ zkrkz

´1
k .

in FS.

We use the following theorem of Birget, Ol’shanskii, Rips, and Sapir:

Theorem 7.2.4 ([BORS02]). Let G be a group with finite generating set S. If the word
problem for G with respective to S is solvable in non-deterministic time T pnq, where T 4 is
superadditive, then G can be embedded into a finitely presented group H with isoperimetric
function n2T pn2q4.

Here a function T : N Ñ N is superadditive if T pm` nq ě T pmq ` T pnq for all m,n. It
follows immediately from this theorem that if the word problem for G is in NP, then G can
be embedded in a finitely presented group H with a polynomial isoperimetric function.

7.3 Approximate states

We introduce some terminology for approximate states.

Definition 7.3.1. Let A be a finitely generated ˚-algebra. Suppose ϵ ě 0 and R Ď A. An
pϵ,Rq-state on A is a state φ on A such that φpr˚rq ď ϵ for all r P RYR˚. If, in addition,
φ is tracial, then we say that φ is a tracial pϵ,Rq-state on A.

If pπ : A Ñ BpHq, ξq is the GNS representation of a state φ on A, then ∥x∥ξ :“ ∥x ¨ ξ∥
is a semi-norm on BpHq such that ∥a∥φ “ ∥πpaq∥ξ for all a P A. If φ is an pϵ,Rq-state
on A as in Definition 7.3.1, then ∥πprq∥ξ ď

?
ϵ for all r P R, so we can think of π as a

?
ϵ-approximate representation for C˚xA : Ry with respect to ∥¨∥ξ.

Definition 7.3.2. Let A be a ˚-algebra with generating set X . Let R Ď C˚xX y be a set of
˚-polynomials over X . For any ˚-polynomial f P C˚xX y that is trivial in A{xRy, we say
that

řn
i“1 λiuirivi is an R-decomposition for f in A if
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1. ui, vi are ˚-monomials in C˚xX y for all 1 ď i ď n,

2. ri P R Y R˚ for all 1 ď i ď n,

3. λi P C for all 1 ď i ď n, and

4. f “
řn
i“1 λiuirivi in A.

The size of an R-decomposition
řn
i“1 λiuirivi is

řn
i“1 |λi|p1 ` ∥ri∥A degpviqq, where ∥¨∥A is

the operator norm in A.

Here a ˚-monomial in C˚xX y is a product a1a2 ¨ ¨ ¨ ak where k ě 0 and a1, . . . , ak P X YX ˚

(the integer k is called the degree). We let ∥¨∥1 and ∥¨∥1,1 denote the 1-norm and first
Sobolev 1-seminorm on C˚xX y with respect to the basis of ˚-monomials. In other words,
if f “

řn
i“1 λiui P C˚xX y for distinct ˚-monomials u1, . . . , un, then ∥f∥1 :“

řn
i“1 |λi| and

∥f∥1,1 :“
řn
i“1 |λi| degpuiq. Note that ∥¨∥1 is submultiplicative, and that ∥f˚∥1 “ ∥f∥1,

∥f˚∥1,1 “ ∥f∥1,1 for all f P C˚xX y. The following elementary lemma is useful for computing
sizes of R-decompositions.

Lemma 7.3.3. Let A be a ˚-algebra with generating set X , and let R Ď C˚xX y be a set
of ˚-polynomials over X . Then:

(a) If f “
řn
i“1 uirivi for ˚-polynomials u1, . . . , un, v1 . . . , vn P C˚xXy and r1, . . . , rn P

R Y R˚, then f has an R-decomposition of size at most
n
ÿ

i“1
∥ui∥1∥vi∥1 ` ∥ui∥1∥ri∥A∥vi∥1,1.

(b) If f ´ g has an R-decomposition of size ď Λ1, and g ´ h has an R-decomposition of
size ď Λ2, then f ´ h has an R-decomposition of size ď Λ1 ` Λ2.

(c) If g has an R-decomposition of size ď Λ, then fg has an R-decomposition of size
ď ∥f∥1Λ for all f P C˚xXy.
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For instance, suppose we can demonstrate that g “ h in A{xRy by finding f1, . . . , fn,
u1, . . . , un, v1, . . . , vn P C˚xX y and r1, . . . , rn P R Y R˚ such that fi`1 ´ fi “ uirivi for all
0 ď i ď n, where f0 “ g and fn`1 “ h. Then we know that g ´ h has an R-decomposition
of size at most

řn
i“1∥ui∥1∥vi∥1 ` ∥ui∥1∥ri∥A∥vi∥1,1.

If X is a set of unitary generators for A, then all ˚-monomials in C˚xX y are unitary in
A. As a result, an R-decomposition of f can be used to bound the state-dependent norm
of f with respect to any tracial pϵ,Rq-state:

Proposition 7.3.4. Suppose A is a ˚-algebra generated by a finite set of unitaries X .
Let R Ă C˚xX y be a set of ˚-polynomials over X , and let τ be a tracial pϵ,Rq-state
on A. If f P C˚xX y is trivial in A{xRy with an R-decomposition

řn
i“1 λiuirivi, then

∥f∥τ ď p
řn
i“1 |λi|q

?
ϵ.

Note that
řn
i“1 |λi| is less than or equal to the size of

řn
i“1 λiuirivi.

Proof. Since ∥¨ ∥τ is unitarily invariant,

∥f∥τ ď

n
ÿ

i“1
|λi|∥uirivi∥τ “

n
ÿ

i“1
|λi|∥ri∥τ ď p

n
ÿ

i“1
|λi|q

?
ϵ.

The proof of Proposition 7.3.4 does not work if τ is not tracial. However, we can still
bound ∥f∥τ using the size of an R-decomposition if τ is the restriction of a state on A b A
satisfying a synchronicity condition:

Definition 7.3.5. Suppose A is a ˚-algebra. A state φ on A b A is pϵ,X q-synchronous
for some ϵ ě 0 and X Ď A if

∥x b 1 ´ 1 b x∥φ ď
?
ϵ (7.3.1)

for all x P X .
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When working with pϵ,X q-synchronous states, it is convenient to let ωX denote the
linear map C˚xX y Ñ C˚xX y sending x1x2 ¨ ¨ ¨ xn ÞÑ xnxn´1 ¨ ¨ ¨ x1 for all n P N and
x1, . . . , xn P X Y X ˚. This map satisfies ωX pa˚q “ ωX paq˚ and ωX pabq “ ωX pbqωX paq for
all a, b P C˚xX y, and hence ωX is a ˚-isomomorphism C˚xX y Ñ C˚xX yop, where C˚xX yop

is the opposite algebra of C˚xX y.

Lemma 7.3.6. Let A be a ˚-algebra generated by a finite set of unitaries X . If φ is an
pϵ,X q-synchronous state on A b A, then

∥u b 1 ´ 1 b ωX puq∥φ ď ∥u∥1,1
?
ϵ (7.3.2)

for all u P C˚xX y.

Proof. For every x P X , since x is unitary and ∥¨ ∥φ is left unitarily invariant,

∥x˚
b 1 ´ 1 b x˚∥φ “ ∥px b xqpx˚

b 1 ´ 1 b x˚
q∥φ “ ∥x b 1 ´ 1 b x∥φ ď

?
ϵ.

Thus Equation (7.3.1) holds for all x P X Y X ˚. Suppose u “ x1 ¨ ¨ ¨ xn is a monomial in
C˚xX y of degree n ě 1. Let x0 “ xn`1 “ 1. Then

∥u b 1 ´ 1 b ωX puq∥φ “ ∥
n
ÿ

k“1
px0x1 ¨ ¨ ¨ xk´1 b xn`1xn ¨ ¨ ¨ xk`1qpxk b 1 ´ 1 b xkq∥φ

ď

n
ÿ

k“1
∥xk b 1 ´ 1 b xk∥φ ď n

?
ϵ.

By the subadditivity of ∥¨ ∥φ, Equation (7.3.2) holds for all u P C˚xX y.

The following lemmas show that some of the properties of tracial states hold approxi-
mately for pϵ,X q-synchronous states.

Lemma 7.3.7. Let A be a ˚-algebra generated by a finite set of unitaries X , and let φ
be an pϵ,X q-synchronous state on A b A. If u is a monomial in C˚xX y and a P A, then
|∥u˚au b 1∥φ ´ ∥a b 1∥φ| ď ∥a∥A degpuq

?
ϵ.
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Proof. Since u is a monomial in C˚xX y, u and ωX puq are unitary in A. By Lemma 7.3.6,
∥u b 1 ´ 1 b ωX puq∥φ ď degpuq

?
ϵ. Thus

∥u˚au b 1∥φ ď ∥pu˚a b 1qpu b 1 ´ 1 b ωX puqq∥φ ` ∥u˚a b ωX puq∥φ
“ ∥pa b 1qpu b 1 ´ 1 b ωX puqq∥φ ` ∥a b 1∥φ
ď ∥a∥A degpuq

?
ϵ ` ∥a b 1∥φ.

Replacing u with u˚ and a with u˚au in this calculation, we see that

∥a b 1∥φ ď ∥a∥A degpuq
?
ϵ ` ∥u˚au b 1∥φ,

and hence |∥u˚au b 1∥φ ´ ∥a b 1∥φ| ď ∥a∥A degpuq
?
ϵ.

Lemma 7.3.8. Let A be a ˚-algebra generated by a finite set of unitaries X , and let φ be
an pϵ,X q-synchronous state on A b A. If u is a monomial in C˚xX y and a P C˚xX y is a
hermitian square in A, then

ℜ
`

φpu˚aua b 1q
˘

ě ´∥u˚au∥1,1∥a b 1∥φ
?
ϵ.

Proof. Observe that

φpu˚aua b 1q “ φ
`

a b ωX pu˚auq
˘

` φ
´

`

u˚au b 1 ´ 1 b ωX pu˚auq
˘`

a b 1
˘

¯

.

Since a “ b˚b in A for some b P C˚xX y, ab ωX pu˚auq “
`

bb ωX pu˚b˚q
˘˚`

bb ωX pu˚b˚q
˘

is
a hermitian square in A. Hence φ

`

abωX pu˚auq
˘

ě 0. By the Cauchy–Schwarz inequality
and Lemma 7.3.6,

ˇ

ˇ

ˇ
φ
´

`

u˚au b 1 ´ 1 b ωX pu˚auq
˘`

a b 1
˘

¯ˇ

ˇ

ˇ
ď ∥u˚au b 1 ´ 1 b ωX pu˚auq∥φ¨ ∥a b 1∥φ

ď ∥u˚au∥1,1∥a b 1∥φ
?
ϵ.

Since ℜpαq ě ´|α| for every complex number α, the lemma follows.

Lemma 7.3.9. Let A be a ˚-algebra generated by a finite set of unitaries X , and let
ι : A Ñ A b A : a ÞÑ a b 1 be the left inclusion. Suppose R Ď C˚xX y is a set of ˚-
polynomials over X , and let φ be an pϵ,X q-synchronous state on AbA such that τ :“ φ˝ ι

is an pϵ,Rq-state on A. If f P A has an R-decomposition of size Λ, then ∥f∥τ ď Λ
?
ϵ.
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Proof. Let
řn
i“1 λiuirivi be an R-decomposition for f in A of size Λ. For every 1 ď i ď n,

by Lemma 7.3.6 there is a monomial pvi in C˚xX y such that ∥vi b1´1bpvi∥φ ď degpviq
?
ϵ.

Since φ˝ι is an pϵ,Rq-state on A and 1bpv is unitary, it follows that ∥ribpvi∥φ “ ∥ri∥φ˝ι ď
?
ϵ

for all 1 ď i ď n. Then

∥f b 1∥φ “ ∥
n
ÿ

i“1
λiuirivi b 1∥φ ď

n
ÿ

i“1
|λi|∥rivi b 1∥φ

ď

n
ÿ

i“1
|λi|

`

∥pri b 1qpvi b 1 ´ 1 b pviq∥φ ` ∥ri b pvi∥φ
˘

ď

n
ÿ

i“1
|λi|

`

∥ri∥A degpviq
?
ϵ `

?
ϵ
˘

“ Λ
?
ϵ,

so ∥f∥τ “ ∥f b 1∥φ ď Λ
?
ϵ.

7.3.1 Dealing with infinite operator norm

The results presented so far in this section are useful for algebras A with ∥a∥A ă 8 for all
a P A. However, for the free algebras A “ C˚xx1, ¨ ¨ ¨ , xny the operator norm ∥a∥A “ 8 for
all a P A which are not scalar multiples of identity, making the size of an R-decomposition
infinite as well. To handle this situation, we show in this section that for any element f in
the free algebra A, there is a set of relations Wpfq such that if τ is a tracial pϵ,Wpfqq-state
on A, then there is a tracial state on CZ˚n

2 which is close to τ on f .

Lemma 7.3.10. For any A P BpHq, the operator rA :“ sgn
`

A`A˚

2

˘

is a unitary involution
in C˚xAy2. If in addition, ξ is a vector in H satisfying (i) ∥pA2 ´ IHqξ∥ ď ϵ, (ii) ∥ppA˚q2 ´

IHqξ∥ ď ϵ, (iii) ∥pAA˚ ´ IHqξ∥ ď ϵ, (iv) ∥pA˚A´ IHqξ∥ ď ϵ, and (v) ∥pA´A˚qξ∥ ď ϵ for
some ϵ ě 0, then ∥pA ´ rAqξ∥ ď 2ϵ and ∥pA˚ ´ rAqξ∥ ď 2ϵ.

Here sgn denotes the function R Ñ t´1, 1u sending elements in r0,`8q to 1 and
elements in p´8, 0q to ´1.

Proof. The spectrum of A`A˚

2 is in R, so by Borel functional calculus, rA :“ sgnpA`A˚

2 q is
a unitary involution and is in C˚xAy2. Since sgn and |¨ | are measurable functions on R
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satisfying p1 ` |a|qpsgnpaq ´ aq “ sgnpaqp1 ´ a2q for all a P R, we obtain that

∥p rA ´ A`A˚

2 qξ∥ “ ∥psgnpA`A˚

2 q ´ A`A˚

2 qξ∥ ď ∥pIdH `|A`A˚

2 |qpsgnpA`A˚

2 q ´ A`A˚

2 qξ∥

“ ∥sgnpA`A˚

2 qpIdH ´pA`A˚

2 q
2
qξ∥ “ ∥pIdH ´pA`A˚

2 q
2
qξ∥

“ ∥pIdH ´
A2`pA˚q2`AA˚`A˚A

4 qξ∥ ď ϵ,

where the last inequality follows from the conditions piq ´ pivq. By condition pvq, ∥pA ´

A`A˚

2 qξ∥ “ ∥A´A˚

2 ξ∥ ď ϵ
2 , so ∥p rA ´ Aqξ∥ ď ∥p rA ´ A`A˚

2 qξ∥ ` ∥pA ´ A`A˚

2 qξ∥ ď 3
2ϵ ď 2ϵ.

Similarly we have ∥p rA ´ A˚qξ∥ ď 2ϵ.

Lemma 7.3.11. Let X be a finite set. There is a computable mapping W from Q˚xX y to
finite subsets of Q˚xX y such that

(a) Wpfq Ď ker q for all f P Q˚xX y where q : C˚xX y Ñ CZ˚X
2 is the quotient map, and

(b) for any tracial state τ on C˚xX y, there is a tracial state pτ on CZ˚X
2 such that for all

f P Q˚xX y and ϵ ě 0, if τ is a tracial pϵ,Wpfqq-state, then
ˇ

ˇ∥f∥
pτ ´ ∥f∥τ

ˇ

ˇ ď 2∥f∥1,1
?
ϵ.

Proof. If u “ x1 ¨ ¨ ¨ xn P C˚xX y is a monomial of degree n ě 0, then define

Wpuq :“ tpxix
˚
i ´ 1qxi`1 ¨ ¨ ¨ xn : 1 ď i ď nu Y tpx˚

i xi ´ 1qxi`1 ¨ ¨ ¨ xn : 1 ď i ď nu

Y
␣

px2
i ´ 1qxi`1 ¨ ¨ ¨ xn : 1 ď i ď n

(

Y
␣

ppx˚
i q

2
´ 1qxi`1 ¨ ¨ ¨ xn : 1 ď i ď n

(

Y tpxi ´ x˚
i qxi`1 ¨ ¨ ¨ xn : 1 ď i ď nu

(so in particular, Wp1q “ H). If f P Q˚xX y has support u1, . . . , uℓ, or in other words f “
řℓ
i“1 λiui P Q˚xX y for distinct ˚-monomials u1, . . . , uℓ and non-zero coefficients λ1, . . . , λℓ,

we define Wpfq :“
Ťℓ
i“1 Wpuiq. Clearly W is computable. If u is a monomial, then

qps˚sq “ 0 for all s P Wpuq, so the same is true for Wpfq.

Let
`

π : C˚xX y Ñ BpHq, v
˘

be the GNS representation of τ . Note that T ÞÑ xv, Tvy

extends to a tracial state on πpC˚xX yq2. For every x P X , let pπpxq :“ sgn
`

πpxq`πpxq˚

2

˘

. By
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Lemma 7.3.10, pπpxq is a unitary involution in C˚xπpxqy2 for every x P X , so pπ induces a
˚-representation of CZ˚X

2 on H and pτpaq :“ xv, pπpaqvy defines a tracial state on CZ˚X
2 .

Suppose u “ x1 ¨ ¨ ¨ xn is a monomial. If τps˚sq ď ϵ for all s P Wpuq, then ∥πpsqv∥ ď
?
ϵ

for all s P Wpuq, and hence by Lemma 7.3.10,

∥
`

pπpxiq ´ πpxiq
˘

πpxi`1 ¨ ¨ ¨ xnqv∥ ď 2
?
ϵ

for all 1 ď i ď n. It follows that

∥
`

pπpuq ´ πpuq
˘

v∥ ď

n
ÿ

i“1
∥pπpx1 ¨ ¨ ¨ xi´1q

`

pπpxiq ´ πpxiq
˘

πpxi`1 ¨ ¨ ¨ xnqv∥

“

n
ÿ

i“1
∥
`

pπpxiq ´ πpxiq
˘

πpxi`1 ¨ ¨ ¨ xnqψ∥ ď 2n
?
ϵ.

For a general element f P Q˚xX y, write f “
řℓ
i“1 λiui as above. If τps˚sq ď ϵ for all

s P Wpfq, then
ˇ

ˇ∥f∥τ ´ ∥f∥
pτ

ˇ

ˇ “
ˇ

ˇ∥pπpfqv∥ ´ ∥πpfqv∥
ˇ

ˇ ď ∥
`

pπpfq ´ πpfq
˘

v∥

ď

ℓ
ÿ

i“1
|λi|¨ ∥

`

pπpuiq ´ πpuiq
˘

v∥ ď

ℓ
ÿ

i“1
2|λi| degpuiq

?
ϵ “ 2∥f∥1,1

?
ϵ.

We conclude that W is a computable mapping satisfying (a) and (b).

Note that the proof of Lemma 7.3.11 only requires τps˚sq ď ϵ for all s P Wpfq. We use
the stronger hypothesis that τ is an pϵ,Wpfqq-state for convenience.

Lemma 7.3.12. Let X be a finite set, and let W be the map from Lemma 7.3.11. Suppose
φ is an pϵ,X q-synchronous state on C˚xX y b C˚xX y for some ϵ ě 0, and φps˚s b 1q ď

ϵ, φp1 b s˚sq ď ϵ for all s P
Ť

xPX Wpxq. Then there is a p25ϵ,X q-synchronous state pφ on
CZ˚X

2 b CZ˚X
2 such that for all f P Q˚xX y, if φps˚s b 1q ď ϵ for all s P Wpfq, then

ˇ

ˇ∥f b 1∥
pφ ´ ∥f b 1∥φ

ˇ

ˇ ď 2∥f∥1,1
?
ϵ.

196



Proof. Let pπ : C˚xX y b C˚xX y Ñ BpHq, ψq be the GNS representation of φ. For every
x P X , let pπpx b 1q :“ sgn

`

πpxb1q`πpxb1q˚

2

˘

and pπp1 b xq :“ sgn
`

πp1bxq`πp1bxq˚

2

˘

. Then by
Lemma 7.3.10, for every x P X , pπpxb1q and pπp1bxq are unitary involutions in C˚xπpxb

1qy2 and C˚xπp1bxqy2 respectively. So for every x, x1 P X , rπpxb1q, πp1bx1qs “ 0 implies
rpπpxb1q, pπp1bx1qs “ 0, and hence pπ induces a ˚-representation of CZ˚X

2 bCZ˚X
2 on H and

pφpaq :“ xψ, pπpaqψy defines a state on CZ˚X
2 bCZ˚X

2 . By the assumption, φps˚sb1q ď ϵ and
φp1bs˚sq ď ϵ for all s P

Ť

xPX Wpxq. This implies ∥πpsb1qψ∥ ď
?
ϵ and ∥πp1bsqψ∥ ď

?
ϵ

for all s P
Ť

xPX Wpxq, and hence by Lemma 7.3.10, ∥
`

pπpxb 1q ´ πpxb 1q
˘

ψ∥ ď 2
?
ϵ and

∥
`

pπp1 b xq ´ πp1 b xq
˘

ψ∥ ď 2
?
ϵ for all x P X . It follows that

∥
`

pπpx b 1q ´ pπp1 b xq
˘

ψ∥ ď∥
`

pπpx b 1q ´ πpx b 1q
˘

ψ∥ ` ∥
`

πpx b 1q ´ πp1 b xq
˘

ψ∥

` ∥
`

pπp1 b xq ´ πp1 b xq
˘

ψ∥ ď 2
?
ϵ `

?
ϵ ` 2

?
ϵ “ 5

?
ϵ.

This means pφ is a p25ϵ,X q-synchronous state pφ on CZ˚X
2 b CZ˚X

2 . The rest of the lemma
follows from a similar argument to the proof of Lemma 7.3.11.

7.4 Construction of a suitable family of algebras

We begin the proofs of Theorems 7.1.1 and 7.1.3, with the case A “ QZ˚N
2 . To explain

the idea of the proof, suppose that S Ď N is an RE set, and that we can find an integer N ,
a self-adjoint element w P QZ˚N

2 , and a computable family of finitely presented algebras
ASpmq “ C˚xCZ˚N

2 : Rmy such that ASpmq has a tracial state τ with τpw2q ą 0 if and
only if m P S. If αpmq :“

ř

rPRm
r˚r´w2, then a tracial state τ on ASpmq with τpw2q ą 0

pulls back to a tracial state on CZ˚N
2 with τpαpmqq ă 0. Unfortunately this idea runs into

a stability problem: it is not necessarily the case that every tracial state on CZ˚N
2 with

τpαpmqq ă 0 comes from a tracial state on ASpmq. Indeed, it might be possible to find a
tracial state τ for which τ

`
ř

rPRm
r˚r

˘

is small, but τpw2q is large.

The main technical idea of this chapter is that we can overcome the stability problem
with a carefully chosen algebra ASpmq. Specifically, we start with the algebra gener-
ated by a family of positive contractions t rP0, rP1, . . .u and a family of unitary involutions

197



t rX0, rX1, . . .u satisfying the relations

rPn`1 “ rPn ` rXn
rPn rXn (7.4.1)

for all n such that MS does not halt on input m after n steps, where MS is a Turing machine
recognizing S. This algebra is not finitely presented, so the purpose of this section is to
show that this algebra can be embedded in a finitely-presented algebra ASpmq, in such
a way that the size of relation (7.4.1) is polynomial in n. Relation (7.4.1) implies that
τp rPnq “ 1

2τp rPn`1q for any tracial state τ on ASpmq, and in the next section we use this
fact to overcome the stability problem and finish the proofs of Theorems 7.1.1 and 7.1.3
(for the case A “ QZ˚N

2 ) using the strategy outlined in the previous paragraph.

Theorem 7.4.1. Let S Ă N be an RE set, and let MS be a Turing machine that recognizes
S. Then there is a finite set X , two sequences t rP0, rP1, ...u and t rX0, rX1, ...u in Q˚xX y, and
a computable mapping m ÞÑ Rm from N to finite subsets of QZ˚X

2 , such that

(a) for all n ě 0, rPn is a hermitian square in QZ˚X
2 with ∥ rPn∥1 “ 1 and ∥ rPn∥1,1 “

3pn ` 1q{2, and rXn is a monomial in Q˚xX y of degree 4n ` 1 such that rX2
n “ 1 in

QZ˚X
2 ,

(b) there are constants C ą 0, k P N such that for every m P N and n ě 0, if MS hasn’t
halted after n steps on input m, then rPn ` rXn

rPn rXn ´ rPn`1 is trivial in ASpmq :“
C˚xCZ˚X

2 : Rmy and has an Rm-decomposition in CZX
2 of size ď C

`

pn ` 1qm
˘k,

(c) if m P S, then there is a tracial state τ on ASpmq such that τp rP 2
0 q ą 0, and

(d) there is a positive integer D such that ∥r∥1,1 ď Dm for all r P Rm,m P N.

In part (a), ∥¨∥1 and ∥¨∥1,1 denote the 1-norm and Sobolev seminorm on C˚xX y defined
in the previous section. Since monomials in C˚xX y are unitary in CZ˚X

2 , ∥a∥CZ˚X
2

ď ∥a∥1

for all a P C˚xX y. So part (a) implies that rPn is a contraction in CZ˚X
2 , i.e. ∥ rPn∥CZ˚X

2
ď 1,

and rXn is a unitary involution in CZ˚X
2 for all n ě 0.
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For the rest of this section, we fix an RE set S Ă N, and a deterministic Turing machine
MS that recognizes S. Define h : Z Ñ N Y t8u by

hpmq “

$

&

%

n m P S and MS halts at the nth step on the input m

8 m R S
,

so h|N is the running time of MS . Recall that in our convention, all Turing machines
take at least one step, so hpmq ě 1 for all m P Z. To prove Theorem 7.4.1, we start in
Section 7.4.1 by encoding the Turing machine MS in certain group relations. We finish the
proof by constructing ASpmq in Section 7.4.2.

7.4.1 Group stage of construction

In the first stage of constructing ASpmq, we build up a group GS out of amalgamations,
central products, and HNN extensions. We show that GS has a finite generating set, and
that the word problem with respect to this generating set is decidable in polynomial time.
This allows us to embed GS in a finitely presented group HS, which we use as the basis
for defining the algebras ASpmq.

For the construction of GS , let rA,Bs :“ ABA´1B´1 denote the group commutator,
and let Zn be the additive cyclic group of order n P N Y t`8u (so in particular, Z8 “ Z).
To order the elements of Zn, we represent elements of Zn by integers ´tn`2

2 u ă j ă tn`1
2 u.

For instance, for Z4 we use representatives ´2,´1, 0, 1. This choice of representatives has
the property that every congruence class is represented by an element that is minimal in
absolute value, i.e. if k1 is the representative of rks, then |k1| ď |k|. Also, note that this
set of representatives contains ´1 for every n ě 2. When n “ `8, elements of Zn “ Z
represent themselves.

For each m P Z and i P Zhpmq`1, let KSpm, iq be the group generated by indeterminates
J, xmi, zmi, subject to the relations:

• J2 “ x2
mi “ z2

mi “ 1,
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• rxmi, Js “ rzmi, Js “ 1, and

• rxmi, zmis “ Ja, where a “ 1 if i`1 ‰ 0 in Zhpmq`1, and a “ 0 otherwise.

If i ` 1 ‰ 0 in Zhpmq`1, then the map xmi ÞÑ a, zmi ÞÑ b, J ÞÑ abab gives an isomorphism
from KSpm, iq to the rank 4 dihedral group

D4 “ xa, b : a2
“ b2

“ pabq4
“ 1y,

while if i ` 1 “ 0 in Zhpmq`1 then all generators commute. Hence

KSpm, iq “

$

&

%

D4 i ` 1 ‰ 0 in Zhpmq`1

Z2 ˆ Z2 ˆ Z2 i ` 1 “ 0 in Zhpmq`1

.

In particular, J is central and xJy “ Z2 in both cases. For m P Z, let

KSpmq :“
xJy

ź

iPZhpmq`1
KSpm, iq

be the central product of the groups KSpm, iq, i P Zhpmq`1, over the central subgroup
xJy “ Z2, and let

KS :“ xJy ˚mPZ KSpmq

be the amalgamated free product of the groups KSpmq, m P Z, over xJy “ Z2. In other
words, KS is generated by indeterminates

XK :“ tJ, xmi, zmi,m P Z, i P Zhpmq`1u,

subject to relations

(K0) J2 “ x2
mi “ z2

mi “ 1 for all m P Z, i P Zhpmq`1,

(K1) rxmi, Js “ rzmi, Js “ 1 for all m P Z, i P Zhpmq`1,
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(K2) for all m P Z, i P Zhpmq`1,

rxmi, zmis “

$

&

%

J i ` 1 ‰ 0 in Zhpmq`1

1 i ` 1 “ 0 in Zhpmq`1

, and

(K3) for all m P Z and i ‰ j P Zhpmq`1,

rxmi, zmjs “ rxmi, xmjs “ rzmi, zmjs “ 1.

Note from relations (K1) that J is central in KS . For each m P Z and i P Zhpmq`1,
the elements t1, xmi, zmi, xmizmiu form a set of right coset representatives for xJy. By the
normal form theorem for central products, every element w P KSpmq, m P Z can be written
uniquely as

w “ J cxa1
m,i1z

b1
m,i1x

a2
m,i2z

b2
m,i2 ¨ ¨ ¨ xak

m,ik
zbk
m,ik

, (7.4.2)

where k ě 0, i1 ă i2 ă . . . ă ik are representatives of elements from Zhpmq`1 as described
above, c P Z2, and paj, bjq P tp0, 1q, p1, 0q, p1, 1qu Ă Z2 ˆ Z2 for all 1 ď j ď k. The
function ηmpwq “ J cxa1

m,i1z
b1
m,i1 ¨ ¨ ¨ xak

m,ik
zbk
m,ik

is a normal form for KSpmq. Note that we take
the indices i1, . . . , ik to be from the chosen set of representatives for Zhpmq`1, rather than
elements of Zhpmq`1, so ηpwq is a word over

rXK :“
!

J, xmi, zmi,m P Z,´t
hpmq`3

2 u ă i ă t
hpmq`2

2 u

)

rather than XK . We use this convention so that the indices are ordered, and so we can
encode words over the generators as binary strings. For convenience in what follows,
we assume that words over rXK Y rX ´1

K are encoded in a fairly typical way as a sequence
of substrings representing symbols and indices, where symbols are encoded with a fixed
number of bits, and indices are written in binary with a sign bit. For instance, we might
encode x´1

m,i by the bit sequence for x´1 followed by the binary representations of m and
i separated by delimiters, and x´3

m,izm1,i1 by this same sequence repeated three times (we
do not represent exponents in binary) followed by the encoding of zm1,i1 . The bit-length
(as opposed to the usual length) of a word over rXK Y rX ´1

K is the length of this binary
encoding. The bit-length of a word w depends on the indices m and i of generators x˘1

mi
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and z˘1
mi appearing in w. In what follows, we need to pay special attention to how large i

gets, so we define the maximum index of a word w over rXK Y rX ´1
K to be

maxtr ě 0 : one of x˘1
m,˘r, z

˘1
m,˘r appears in w for some m P Zu Y t0u.

Returning to normal forms, the subset

Cpmq :“
␣

xa1
m,i1z

b1
m,i1 ¨ ¨ ¨ xak

m,ik
zbk
m,ik

: k ě 0,´t
hpmq`3

2 u ă i1 ă . . . ă ik ă t
hpmq`2

2 u,

paj, bjq P tp0, 1q, p1, 0q, p1, 1qu, 1 ď j ď k
(

is a set of right coset representatives for xJy in KSpmq. By the normal form theorem for
amalgamated free products, every element w P KS can be written uniquely as

w “ J cw1 ¨ ¨ ¨wℓ (7.4.3)

where ℓ ě 0, c P Z2, and wj P Cpmjqzt1u for some integers m1, . . . ,mℓ such that mj ‰ mj`1

for all 1 ď j ď ℓ ´ 1. The function ηpwq “ J cw1 ¨ ¨ ¨wℓ is a normal form for KS . This
normal form can be computed efficiently:

Proposition 7.4.2. Let η be the normal form for KS described above. If w is given as a
word over rXK Y rX´1

K , then ηpwq is computable in polynomial time in the bit-length of w.
If we write ηpwq “ J cw1 ¨ ¨ ¨wℓ as in Eq. (7.4.3), then the length, bit-length, and maximum
index of w1 ¨ ¨ ¨wℓ are at most the length, bit-length, and maximum index of w respectively.

Proof. To compute ηpwq, suppose first that w is a word over rXKpmq Y rXKpmq´1, where

rXKpmq :“
!

J, xmi, zmi,´t
hpmq`3

2 u ă i ă t
hpmq`2

2 u

)

.

Note that if ´t
hpmq`3

2 u ă i ă t
hpmq`2

2 u, then i ` 1 “ 0 in Zhpmq`1 if and only if i “ ´1.
Using relations (K1)-(K3), we can reorder w so that it can be written as in Eq. (7.4.2) for
some c, a1, b1, . . . , ak, bk P Z (rather than Z2). Using relations (K0), we can then reduce
c, a1, b1, . . . , ak, bk mod 2 to put w in normal form ηmpwq “ J cw, where w P Cpmq. Since a
list of integers can be sorted in polynomial time, this process takes polynomial time in the
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bit-length of w. Since every generator in w occurs in w, and no generator appears in w

more than once, the length, bit-length, and maximum index of w are at most the length,
bit-length, and maximum index of w respectively.

If w is a word over rXK Y rX ´1
K , then we can write w “ J cw1 ¨ ¨ ¨wℓ, where c P Z2, wj is a

word over rXKpmjq Y rXKpmjq
´1 for 1 ď i ď ℓ, and m1, . . . ,mℓ is some sequence of integers

such that mj ‰ mj`1 for 1 ď j ď ℓ´ 1. Using the procedure in the last paragraph, we can
put wj in normal form J cjwj for KSpmjq, where wj P Cpmjq and cj P Z2. The length of
wj is at most the length of wj, so the length of w1 ¨ ¨ ¨wℓ is at most the length of w1 ¨ ¨ ¨wℓ,
and the same is true of bit-length and maximum index. Let c1 “ c `

ř

j cj. If wj ‰ 1 for
all 1 ď j ď ℓ, then ηpwq “ J c

1

w1 ¨ ¨ ¨wℓ. Otherwise, if wj “ 1 for some 1 ď j ď ℓ, then we
can repeat this procedure with w1 “ J c

1

w1 ¨ ¨ ¨wj´1wj`1 ¨ ¨ ¨wℓ. Since ℓ decreases in each
iteration of this algorithm, the overall running time will be polynomial in the bit-length
of w. Also, since the length of w1 ¨ ¨ ¨wℓ does not increase in each iteration, the length of
w1 ¨ ¨ ¨wℓ in the final iteration is at most the length of the initial input w, and the same is
true of bit-length and maximum index.

Remark 7.4.3. Since, for instance, ηpzm0xm0q “ Jxm0zm0, the length and bit-length of
ηpwq is not necessarily less than the length and bit-length of w. Proposition 7.4.2 does
imply that the length of ηpwq is at most one more than the length of w. Since the generator
J does not contribute to the maximum index, the maximum index of ηpwq is at most the
maximum index of w.

Remark 7.4.4. The above algorithm for computing η assumes that the generators xmi and
zmi in the input are given by specifying the representative of the index i P Zhpmq`1. The
algorithm does not work as stated without this assumption. For instance, on w “ xm,´3¨xm,7

the algorithm will return w back again, but if hpmq “ 9 then xm,7 “ xm,´3 in KS , and
ηpwq “ 1. If i P Z, then the representative for i in Zhpmq`1 can be computed by running
the Turing machine MS on input m for 2|i| ´ 1 steps. If MS halts by this point then we
know hpmq and can replace i by its representative if necessary, while if it does not halt then
hpmq ą 2|i| ´ 1 and hence ´t

hpmq`3
2 u ă i ă t

hpmq`2
2 u. The running time of this procedure

is polynomial in the bit-length of m and the value of i, but not polynomial in the bit-length
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of i. We will use this procedure for computing the representative of i later.

For the final step of constructing GS , we take iterated HNN extensions over several
subgroups of KS :

KS,x :“ xJ, xmi,m P Z, i P Zhpmq`1y,

KS,z :“ xJ, zmi,m P Z, i P Zhpmq`1y, and

KS,0 :“ xJ, xm,0, zm,0,m P Zy.

Lemma 7.4.5.

(a) An element w P KS is in KS,x if and only if its normal form ηpwq is a word over
tJ, xmi, m P Z,´t

hpmq`3
2 u ă i ă t

hpmq`2
2 uu. In addition, there is an automorphism

ϕS : KS,x Ñ KS,x sending J ÞÑ J and xmi ÞÑ xm,i`1 for all m P Z, i P Zhpmq`1.

(b) An element w P KS is in KS,z if and only if its normal form ηpwq is a word over
tJ, zmi, m P Z,´t

hpmq`3
2 u ă i ă t

hpmq`2
2 uu. In addition, there is an automorphism

ϕT : KS,z Ñ KS,z sending J ÞÑ J and zmi ÞÑ zm,i`1 for all m P Z, i P Zhpmq`1.

(c) An element w P KS is in KS,0 if and only if its normal form ηpwq is a word over
tJ, xm,0, zm,0,m P Z, u. In addition, there is an automorphism ϕW : KS,0 Ñ KS,0

sending J ÞÑ J , xm,0 ÞÑ xm`1,0, and zm,0 ÞÑ zm`1,0 for all m P Z.

Proof. For part (a), observe that the subgroup KS,xpm, iq :“ xJ, xmiy Ď KSpm, iq is iso-
morphic to Z2 ˆ Z2 for all m P Z, i P Zhpmq`1. For m P Z, let KS,xpmq :“ xJ, xmi : i P

Zhpmq`1y Ď KSpmq, and consider the natural surjective homomorphism

Φm :
xJy

ź

iPZhpmq`1
KS,xpm, iq Ñ KS,xpmq.

By the normal form theorem for central products, every element w in the domain of Φm

can be written uniquely as w “ J cxm,i1xm,i2 ¨ ¨ ¨ xm,ik , where k ě 0, ´t
hpmq`3

2 u ă i1 ă ¨ ¨ ¨ ă

ik ă t
hpmq`2

2 u, and c P Z2. Comparing with the normal form ηm for KSpmq, we see that
Φm sends normal forms to normal forms. It follows that Φm is an isomorphism, and that

204



if w P KS,xpmq, then the normal form ηmpwq in KSpmq is a word containing only J and
xmi’s.

A similar argument using the normal form theorem for amalgamated free products
shows that

KS,x “ xJy ˚mPZ KS,xpmq,

and the normal form ηpwq of an element w P KS,x is a word over tJ, xmi : m P Z,´t
hpmq`3

2 u ă

i ă t
hpmq`2

2 uu.

For the automorphism, observe that

xJy

ź

iPZhpmq`1
KS,xpm, iq – Z2 ˆ Z‘hpmq`1

2 ,

where the first Z2 is generated by J , and Z‘hpmq`1
2 is generated by txmi : i P Zhpmq`1u.

Hence for every m P Z there is an automorphism ϕ
pmq

S : KS,xpmq Ñ KS,xpmq sending
J ÞÑ J and xmi ÞÑ xm,i`1 for all i P Zhpmq`1, and these extend to the desired automorphism
ϕS : KS,x Ñ KS,x.

The argument for part (b) is identical. For part (c), observe that KSpm, 0q – D4 for all
m P Z (since hpmq ě 1), and that KS,0 “ xJy ˚mPZ KSpm, 0q by the normal form theorem
for amalgamated free products again. Hence for every m P Z there is an isomorphism
ϕ

pmq

W : KSpm, 0q Ñ KSpm ` 1, 0q sending J ÞÑ J , xm,0 ÞÑ xm`1,0, and zm,0 ÞÑ zm`1,0, and
these extend to the desired automorphism ϕW : KS,0 Ñ KS,0.

We can now define GS as the iterated HNN extensions of KS by the automorphisms
ϕS, ϕT , and ϕW from Lemma 7.4.5, using variables S, T , and W respectively. This means
that

GS “ xKS , S, T,W : SJS´1
“ TJT´1

“ WJW´1
“ J,

SxmiS
´1

“ xm,i`1, T zmiT
´1

“ zm,i`1,m P Z, i P Zhpmq`1,

Wxm,0W
´1

“ xm`1,0,Wzm,0W
´1

“ zm`1,0,m P Zy.

Unlike KS , this group is finitely generated:
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Lemma 7.4.6. GS is generated by tJ, S, T,W, x00, z00u.

Proof. For anym P Z, i P Zhpmq`1, we have xmi “ SiWmx00W
´mS´i and zmi “ T iWmz00W

´mT´i

in GS .

We use this generating set frequently going forward. Hence for notational convenience,
we let X :“ x00, Z :“ z00, and XG :“ tJ, S, T,W,X,Zu. Also, we let Xmi and Zmi denote
the words

Xmi :“ SiWmXW´mS´i and Zmi :“ T iWmZW´mT´i,m, i P Z.

The words Xmi and Zmi both have length 2|m| ` 2|i| ` 1.

If we restate the presentation of GS with respect to this generating set, we see that GS

is the group generated by XG, subject to the following relations:

(G0) J2 “ X2 “ Z2 “ 1.

(G1) rS, Js “ rT, Js “ rW,Js “ rX, Js “ rZ, Js “ 1, i.e., J is a central element.

(G2) For every m, i P Z,

rXmi, Zmis “

$

&

%

J i ` 1 ‰ 0 mod hpmq ` 1

1 i ` 1 “ 0 mod hpmq ` 1
.

(G3) For all m P Z and i ‰ j mod hpmq ` 1,

rXmi, Zmjs “ rXmi, Xmjs “ rZmi, Zmjs “ 1.

(G4) For every m P N with hpmq ă `8,

Xm,hpmq`1 “ Xm,0 and Zm,hpmq`1 “ Zm,0.

In the next stage of our construction, we want to use Theorem 7.2.4 to embed GS into
a finitely presented group with polynomial isoperimetric function. For this, we need:
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Proposition 7.4.7. The word problem for GS with respect to XG is solvable in determin-
istic polynomial time.

Proof. First consider the larger generating set pXG :“ rXK Y tS, T,W u where

rXK “

!

J, xmi, zmi,m P Z,´t
hpmq`3

2 u ă i ă t
hpmq`2

2 u

)

as in Proposition 7.4.2. The word problem with respect to pXG is solvable using Britton’s
Lemma as follows:

(1) Given a word w over pXG Y pX ´1
G , write

w “ g0t
e1
1 g1t

e2
2 ¨ ¨ ¨ ten

n gn,

where e1, . . . , en P t˘1u, t1, . . . , tn P tS, T,W u, and g0, . . . , gn are words over rXK Y

rX ´1
K .

(2) For every 0 ď i ď n, compute the normal form ηpgiq of gi from Proposition 7.4.2.

(3) If n “ 0, then w “ 1 in GS if and only if ηpg0q “ 1, and we can stop.

(4) Otherwise, use Lemma 7.4.5 to check whether there is an index 1 ď j ă n such
that ej “ ´ej`1, tj “ tj`1 “ S, and gj P KS,x. If such a j exists, then let g1

j “

J cxm1,i11
¨ ¨ ¨ xmk,i

1
k

where ηpgjq “ J cxm1,i1 ¨ ¨ ¨ xmk,ik and ´t
hpmlq`3

2 u ă i1l ă t
hpmlq`2

2 u is
the representative of ril ` ejs P Zhpmlq`1 (computed as in Remark 7.4.4). Return to
step (1) with

w “ g0t
e1
1 ¨ ¨ ¨ t

ej´1
j´1 pgj´1g

1
jgj`1qt

ej`2
j`2 gj`2 ¨ ¨ ¨ ten

n gn.

(5) If no such j exists, perform step (4) with S,KS,x replaced by T,KS,z andW,KS,0, with
g1
j adjusted to match the automorphisms ϕT and ϕW from Lemma 7.4.5 respectively.

(6) If no such j exists for S, T and W , then w ‰ 1 in GS by Britton’s Lemma, and we
can stop.
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Define the bit-length and maximum index of a word w over pXG Y pX ´1
G analogously to

words over rXKY rX ´1
K . Specifically, if if w is written as in step (1), then define the maximum

index of w to be maxi Ii, where Ii is the maximum index of gi. Let N , B, and I be the
length, bit-length, and maximum index of the initial input to the above algorithm. Since n
decreases by two after each iteration, and n is bounded by N , the algorithm is guaranteed
to halt after at most rN{2s iterations. In steps (4) and (5), the length of g1

j is equal to
the length of ηpgjq, which is at most one more than the length of gj. The generators tj
and tj`1 are removed from w in this step, and w does not change in any other step, so
the length of w also decreases in each iteration. The maximum index can increase by one
in steps (4) and (5) when the automorphisms ϕS and ϕT are applied, so the maximum
index throughout is bounded by I ` rN{2s. Applying automorphisms ϕS, ϕT , and ϕW in
steps (4) and (5) can also increase the bit-length of each generator by one (note that the
bit-length of the representative of ris P Zhpmq`1 is at most the bit-length of i), so the overall
bit length of w can go up by at most N in each step. Thus the bit-length of w is bounded
by B ` N ¨ rN{2s throughout.

By Proposition 7.4.2, each normal form ηpgjq in step (2) can be computed in time
polynomial in the bit-length of w, and we compute at most N normal forms in this step.
In steps (4) and (5), each representative i1ℓ can be computed in time polynomial in the
bit-length and maximum index of w, and we have to compute at most N representatives.
The other steps can be done in time polynomial in the bit-length of w, so we conclude that
the entire algorithm takes time polynomial in N , B, and I.

Since I is not polynomial in N and B in general, the above algorithm doesn’t run in
polynomial time in N or B. However, if the initial input is a word in XGYX ´1

G , then I “ 0,
and B “ CN where C is the number of bits needed to encode each element of XG Y X ´1

G .
So the above algorithm takes time polynomial in N for words from XG Y X ´1

G .

We can now embed GS into a finitely-presented group:

Proposition 7.4.8. There is a finitely-presented group HS “ xXH : RHy, a polynomial
dS , and an embedding ι : FXG

ãÑ FXH
such that
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(a) z2 P RH for all z P XH (so all the generators of HS are involutions),

(b) ιpJq, ιpXq, and ιpZq are elements of XH , while ιpSq, ιpT q, and ιpW q have length two
in HS , and

(c) if w P FXG
is a word which is trivial in GS , then there there exist r1, ¨ ¨ ¨ , rk P

RHYR´1
H , z1, ¨ ¨ ¨ , zk P FXH

with k ď dSp|ιpwq|q and |zi| ď dSp|ιpwq|q for all 1 ď i ď k

satisfying

ιpwq “ z1r1z
´1
1 z2r2z

´1
2 ¨ ¨ ¨ zkrkz

´1
k

in FXH
.

Item (c) implies that ι embeds GS into HS .

Proof. By Proposition 7.4.7 and Theorem 7.2.4, GS can be embedded in a finitely-presented
group H0 “ xX0 : R0y with polynomial isoperimetric function dH0 . Let X1 “ X0ztJ,X,Zu,
and XH “ tJ,X,ZuYtsy, ty : y P X1u. Define f : FX0 Ñ FXH

by fpyq “ y for y P tJ,X,Zu

and fpyq “ syty for y P X1, so in other words fpwq is the word w with y replaced by syty
for all y P X1. Finally, let RH “ tz2 : z P XHu Y tfprq : r P R0u. Then

xXH : RHy “ xH0, sy, ty for y P X1 : s2
y “ t2y “ 1 and y “ syty for all y P X1y,

and thus H0 is a subgroup of H :“ xXH : RHy by repeatedly applying Lemma 7.2.1. The
inclusion ι : G0 ãÑ H0 ãÑ H satisfies parts (a) and (b) of the proposition. Let ℓ be the
length of the longest relation in R0. If w P FXG

is trivial in GS , then w is also trivial in
H0. Hence by Lemma 7.2.3, there are r1, . . . , rk P R0 Y R´1

0 and z1, . . . , zk P FX0 such that

w “ z1r1z
´1
1 z2r2z

´1
2 ¨ ¨ ¨ zkrkz

´1
k ,

where k ď d0p|w|q and |zi| ď ℓk ` ℓ ` |w| for all 1 ď i ď k. Thus

ιpwq “ fpz1qfpr1qfpz1q
´1

¨ ¨ ¨ fpzkqfprkqfpzkq
´1.

Since dH0 is polynomial, fpriq P RH Y R´1
H for all 1 ď i ď k, and |w| ď |fpwq| ď 2|w| for

all w P FX0 , part (c) is true with e.g. dSpnq :“ 2ℓdH0pnq ` 2ℓ ` 2n.
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7.4.2 Construction of ASpmq

For this section, we fix a finitely-presented group HS “ xXH : RHy and a polynomial dS

as in Proposition 7.4.8, and identify GS with its image in HS (so we do not mention the
embedding ι explicitly). In particular, if w P FXG

, then |w| will denote the length of w
in HS rather than GS unless otherwise noted. The variables J , X, and Z will continue
to denote generators of HS , while S, T and W will be length two words in HS . We also
continue with the notation Xmi “ SiWmXW´mS´i and Zmi “ T iWmZW´mT´i. Now
that we are working with algebras, we let rA,Bs denote the algebra commutator AB´BA

instead of the group commutator.

To define ASpmq, consider the set of variables

X0 :“ tU1, U2, rX, rZ,OP , OQu,

and let

U :“ U1U2, P :“ 1 ´ OP

2 , and Q :“ 1 ´ OQ

2

in C˚xX0y. For every m P N, let ASpmq be the finitely presented ˚-algebra generated by
XH Y X0, subject to the relations

(R0) x˚x “ xx˚ “ x2 “ 1 for all x P XH Y X0,

(R1) r “ 1 for all r P RH , i.e. all the relations for HS hold,

(R2) rU,Xs “ rU,Zs “ rU, Ss “ rU, T s “ rU, Js “ rQ,Xs “ rQ,Zs “ rQ,Ss “ rQ, T s “

rQ, Js “ 0, i.e. U and Q commute with X,Z,S,T , and J ,

(R3) r rX,Qs “ rXQ ´ Xm,0Q “ 0 and r rZ,Qs “ rZQ ´ Zm,0Q “ 0,

(R4) U rXU˚ ´ S rXS˚ “ U rZU˚ ´ T rZT ˚ “ 0,

(R5) rP,Qs “ 0, i.e. P commutes with Q, and
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(R6) pP ` rXP rX ´ UPU˚qp1 ` J rX rZ rX rZq “ 0.

Note that relations (R0) imply that all the generators are order-two unitaries, so ASpmq “

CZ˚XH YX0
2 {xRmy, where Rm denotes the relations in (R1)-(R6). Since OP and OQ have

order two, P and Q are projections in ASpmq. The point of the generators OP and OQ is
to add the projections P and Q while making ASpmq a quotient of a free product of Z2’s.
Similarly, the point of U1 and U2 is to add the unitary U without putting any restriction
on its order. For the intuition behind the remaining relations, see the representation
constructed in the proof of Lemma 7.4.10 below. Before proceeding to the lemma, we
record some facts about the presentation for later use:

Remark 7.4.9.

1. If A “ CZ˚XH YX0
2 , then ∥r∥A ď 6 for all r P Rm.

2. The number of relations in Rm is independent of m.

3. The relations r in (R3) satisfy ∥r∥1,1 ď 2m ` 3, and the other relations in Rm do
not depend on m.

Lemma 7.4.10. If m P S then there is a tracial state τ on ASpmq such that τpPQq ą 0.

Proof. Suppose m P S and let n :“ hpmq ă 8, so the Turing machine M halts at the n-th
step on the input m. Let τ0 be the canonical trace on CHS , and let pπ : CHS Ñ BpH0q, vq

be the GNS representation of τ0. Let H1 be the Hilbert space ℓ2pZn`1q with the canonical
basis tei : i P Zn`1u, let Ei,i be the rank-one projection onto ei for every i P Zn`1, and let
C : ei ÞÑ ei`1 be the left cyclic shift operator on ℓ2pZn`1q. Let rH “ H0 b H1, and define a
˚-representation rπ : C˚xXH Y X0y Ñ Bp rH ‘ rHq by

rπpxq “

˜

πpxq b IdH1

πpxq b IdH1

¸

for all x P XH ,

rπpU1q “

˜

IdH0 b C

IdH0 b C´1

¸

, rπpU2q “

˜

Id
rH

Id
rH

¸

,
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rπp rXq “

¨

˚

˝

n
ř

i“0
πpXmiq b E´i,´i

n
ř

i“0
πpXmiq b Ei,i

˛

‹

‚

,

rπp rZq “

¨

˚

˝

n
ř

i“0
πpZmiq b E´i,´i

n
ř

i“0
πpZmiq b Ei,i

˛

‹

‚

,

rπpQq “

˜

IdH0 b E0,0

IdH0 b E0,0

¸

, and

rπpP q “

¨

˚

˝

n
ř

i“0
πpPiq b E´i,´i

n
ř

i“0
πpPiq b Ei,i

˛

‹

‚

,

where in the last equation Pi :“ p1´J
2 qp

1´Zm,i

2 qp
1´Zm,i`1

2 q ¨ ¨ ¨ p
1´Zm,n´1

2 q for all 0 ď i ď n´1,
and Pn :“ 1´J

2 . Note that

rπpUq “ rπpU1qrπpU2q “

˜

IdH0 b C

IdH0 b C´1

¸

.

It is not hard to check that rπprq “ 0 for all relations r in (R0)-(R6). Indeed, it is clear
that rπpxq is a unitary squaring to 1 for x P XH Y tU1, U2, rX, rZu, and rπpQq is a projection.
Since Zm,0, ¨ ¨ ¨ , Zm,n´1 and J commute in CHS , rπpP q is a projection as well. So rπprq “ 0
for all r in (R0). We also have rπprq “ 0 for r in (R1), (R2), and (R5) by inspection. For
(R3),

rπp rXqrπpQq “ rπpQqrπp rXq “ rπpXm,0qrπpQq “

˜

πpXm,0q b E0,0

πpXm,0q b E0,0

¸

,

and similarly rπp rZqrπpQq “ rπpQqrπp rZq “ rπpZm,0qrπpQq. For (R4), recall from the presenta-
tion of GS that πpXm,0q “ πpXm,n`1q and πpSqπpXm,iqπpS˚q “ πpXm,i`1q for all i P Z.
Since CEi,iC´1 “ Ei`1,i`1 for all i P Zn`1,

rπpSqrπp rXqrπpS˚
q “

¨

˚

˝

n
ř

i“0
πpXm,i`1q b E´i,´i

n
ř

i“0
πpXm,i`1q b Ei,i

˛

‹

‚
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“

¨

˚

˝

n
ř

i“0
πpXm,iq b E´pi´1q,´pi´1q

n
ř

i“0
πpXm,iq b Ei´1,i´1

˛

‹

‚

“ rπpUqrπp rXqrπpU˚
q.

Similarly rπpT qrπp rZqrπpT ˚q “ rπpUqrπp rZqrπpU˚q. This just leaves (R6). For this case,

rπ
`

pP ` rXP rX ´ UPU˚
qp1 ` J rX rZ rX rZq

˘

“

˜

A1

A2

¸

where

A1 “

n
ÿ

i“0
π
`

pPi ` XmiPiXmi ´ Pi`1qp1 ` JXmiZmiXmiZmiq
˘

b E´i,´i,

A2 “

n
ÿ

i“0
π
`

pPi ` XmiPiXmi ´ Pi`1qp1 ` JXmiZmiXmiZmiq
˘

b Ei,i,

and Pn`1 :“ P0. Recall from the presentation of GS that J is a unitary of order 2 and is
central. Hence in CHS , 1´J

2 and 1`J
2 are projections, and p1`J

2 qPi “ 0 for 0 ď i ď n. Also
for all 0 ď i ď n´1, XmiZmiXmiZmi “ J , Xmi commutes with Pi`1, and Pi “ p1´Zmi

2 qPi`1.
Hence 1 ` JXmiZmiXmiZmi “ 2, and

Pi ` XmiPiXmi ´ Pi`1 “ p1´Zmi

2 qPi`1 ` p1´JZmi

2 qPi`1 ´ Pi`1 “ ´Zmip
1`J

2 qPi`1 “ 0.

For i “ n, XmnZmnXmnZmn “ 1, so

pPn ` XmnPnXmn ´ P0qp1 ` JXmnZmnXmnZmnq “ p2 ´ P0q
p1´Jqp1`Jq

2 “ 0.

It follows that π
`

pPi `XmiPiXmi ´Pi`1qp1 `JXmiZmiXmiZmiq
˘

“ 0 for all 0 ď i ď n, and
hence A1 “ A2 “ 0. We conclude that rπprq “ 0 for all r in (R0)-(R6). Hence rπ induces a
representation of ASpmq on rH ‘ rH.

The image of rπ is contained in M2
`

πpCHSq b BpH1q
˘

This algebra is isomorphic to
πpCHSq bM2pn`1qpCq, which has a tracial state τ :“ τ0 b τ 1 where τ 1 is the unique tracial
state on M2pn`1qpCq. Finally,

τ
`

rπpPQq
˘

“ τ

˜

πpP0q b E0,0

πpP0q b E0,0

¸

“ 1
pn`1q

τ0pP0q “ 1
2n`1pn`1q

ą 0,

so the lemma follows.
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We now look at what happens when m R S. For all n ě 0, let

rPn :“ QUnPU´nQ and rXn :“ Un
rXU´n

in C˚xXH Y X0y. Note that rX2
n “ 1 in CZXH YX0

2 .

Proposition 7.4.11. There are constants C and k such that for any m P N and 0 ď

n ă hpmq, rPn ` rXn
rPn rXn ´ rPn`1 is trivial in ASpmq “ CZ˚XH YX0

2 {xRmy, and has an
Rm-decomposition in CZXH YX0

2 of size ď C
`

pn ` 1qm
˘k.

Although we won’t need this, the constants C and k can be computed from a description
of the Turing machine MS that recognizes S.

Proof. For the proof, say that αpnq “ Opβpnqq for functions α, β if there is a constant
C ą 0 such that αpnq ď Cβpnq `C for all n ě 0. Recall from Remark 7.4.9 that ∥r∥A ď 6
for all r P Rm when A “ CZ˚XH YX0

2 . Let

f “ QUn
pP ` rXP rX ´ UPU˚

qU´n and g “ Un
p1 ` J rX rZ rX rZqU´nQ.

By relation (R6), fg is trivial in ASpmq and has an Rm-decomposition in A of size 6n` 4.
To prove the proposition, we show that

fg “ 2
´

rPn ` rXn
rPn rXn ´ rPn`1

¯

in ASpmq, while keeping track of the size using Lemma 7.3.3. For the first step, since U
and S commute and U rXU˚ “ S rXS˚, we see that rXn “ Sn rXS´n in ASpmq. Similarly
Un

rZU´n “ T n rZT´n and U commutes with J , so

g “ p1 ` JSn rXS´n
¨ T n rZT´n

¨ Sn rXS´n
¨ T n rZT´n

qQ.

Replacing Un
rXU´n and Un

rZU´n with Sn rXS´n and T n rZT´n requires Opn2q applications
of the defining relations, and the intermediate polynomials in this calculation have degree
Opnq, so by Lemma 7.3.3,

g ´ p1 ` JSn rXS´n
¨ T n rZT´n

¨ Sn rXS´n
¨ T n rZT´n

qQ
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has an Rm-decomposition of size Opn3q.

Next, rXnQ “ Q rXn “ Sn rXQS´n “ QXmn and Un
rZU´nQ “ QZmn for all n ě 0 by

relations (R2) and (R3), so

p1 ` JSn rXS´n
¨ T n rZT´n

¨ Sn rXS´n
¨ T n rZT´n

qQ “ Qp1 ` JXmnZmnXmnZmnq.

This identity requires using the relations Opnq times, and Xmn and Zmn have degree Opm`

nq, so by Lemma 7.3.3 again,

p1 ` JSn rXS´n
¨ T n rZT´n

¨ Sn rXS´n
¨ T n rZT´n

qQ ´ Qp1 ` JXmnZmnXmnZmnq

has an Rm-decomposition of size Opn2 ` nmq.

Now suppose that 0 ď n ă hpmq. From the presentation of GS , we see that

XmnZmnXmnZmn “ J,

so Qp1 ` JXmnZmnXmnZmnq “ Qp1 ` J2q “ 2Q. The word JXmnZmnXmnZmn has length
16m ` 16n ` 5, so by Proposition 7.4.8, part (c) there are r1, . . . , rk P RH Y R´1

H and
z1, . . . , zk P FXH

with JXmnZmnXmnZmn “ z1r1z
´1
1 ¨ ¨ ¨ zkrkz

´1
k in FXH

, k ď dSp16m `

16n ` 5q, and |zi| ď dSp16m ` 16n ` 5q for all 1 ď i ď k. Replacing ri with 1 from
right to left, we see that Qp1 ` JXmnZmnXmnZmnq ´ 2Q has an Rm-decomposition of size
OpdSp16m ` 16n ` 5q2q “ OpdSpmq2 ` dSpnq2q. From Lemma 7.3.3, part (c), we get that
fg ´ 2fQ has an Rm-decomposition of size Opn3 ` n2 ` nm ` dSpmq2 ` dSpmq2q.

We now look at fQ. Since Q commutes with rXn,

fQ “ QUnPU´nQ ` QUn
rXP rXU´nQ ´ QUn`1PU´pn`1qQ

“ rPn ` Q rXn ¨ UnPU´n
¨ rXnQ ´ rPn`1

“ rPn ` rXn ¨ rPn ¨ rXn ´ rPn`1.

This identity requires replacing rXn with Sn rXS´n again, so

fQ ´ p rPn ` rXn ¨ rPn ¨ rXn ´ rPn`1q

has an Rm-decomposition of size Opn3q. Ultimately we conclude that rPn` rXn¨ rPn¨ rXn´ rPn`1

has an Rm-decomposition of size Opn3 ` n2 ` nm ` dSpmq2 ` dSpmq2q.
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Proof of Theorem 7.4.1. Let X “ XH Y X0, and let rPn, rXn, and Rm be as above. The
relations in (R1) are independent ofm, and the remaining relations are spelled out explicitly
in (R2)-(R6), so we see that the mapping m ÞÑ Rm is computable. Parts (a) and (d) of
the theorem hold by construction, and part (b) follows from Proposition 7.4.11. Finally,
since rP,Qs “ 0 in ASpmq, Lemma 7.4.10 implies that there is a tracial state τ on ASpmq

with τp rP 2
0 q “ τpPQq ą 0.

7.5 Proof of Theorem 7.1.3

In this section, we prove the following theorem.

Theorem 7.5.1. There is an integer n0, such that for all N ě n0, the promise problem

Given α P Q˚xx1, . . . , xNy, determine if α is trace-positive in C˚xx1, . . . , xNy,
or if πpαq is not trace-positive in CZ˚N

2 , promised that one of the two is the
case.

is coRE-hard, where π : Q˚xx1, . . . , xNy Ñ QZ˚N
2 is the homomorphism sending xi to the

generator of the ith factor of Z˚N
2 .

Suppose that N ě n0, and that the homomorphism π in Theorem 7.5.1 factors through
a ˚-algebra A, meaning that there are homomorphisms π1 : Q˚xx1, . . . , xNy Ñ A and
π2 : A Ñ QZ˚N

2 such that π “ π2 ˝ π1. Suppose also that we have some way of repre-
senting the elements of A as strings such that the homomorphism π1 is computable. Then
Theorem 7.5.1 has the following immediate corollary:

Corollary 7.5.2. It is coRE-hard to determine whether α P A is trace-positive in AC.

Proof. Suppose α P Q˚xx1, . . . , xNy. If α is trace-positive in C˚xx1, . . . , xNy, then π1pαq is
trace-positive in AC. If πpαq is not trace-positive in CZ˚N

2 , then there is a tracial state τ
on CZ˚N

2 such that pτ ˝ π2qpπ1pαqq “ τpπpαqq ă 0, so π1pαq is not trace-positive in AC.
Since π1 is computable, the promise problem in Theorem 7.5.1 reduces to the problem of
determining if α P A is trace-positive.
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Theorem 7.1.3 is a special case of Corollary 7.5.2 with A “ Q˚tx1, . . . , xNu, QFN , or
QZ˚N

M (for every M ě M 1, there is a ˚-homomorphism QZ˚N
M Ñ QZ˚N

M 1 sending the ith
generator of QZ˚N

M to the ith generator of QZ˚N
M 1 ). The corollary also applies to other

algebras such as the algebra of contractions and the algebra of self-adjoint contractions, as
well as free products of any of the algebras mentioned.

For the proof of Theorem 7.5.1, suppose S Ď N is an RE set, and let X , rPn and rXn,
n ě 0, and ASpmq “ C˚xCZ˚X

2 : Rmy, m ě 1, be as in Theorem 7.4.1. Before proceeding
to the proof, we need the following propositions.

Proposition 7.5.3. There are positive integers Λ, k such that if m R S and τ is a tracial
pϵ,Rmq-state on CZ˚X

2 for some ϵ ě 0, then ∥ rP0∥τ ď Λmk
?
ϵ.

Proof. Let C and k be the constants from Theorem 7.4.1, part (b). Suppose m R S,
ϵ ě 0, and τ is a tracial pϵ,Rmq-state on CZ˚X

2 . By Theorem 7.4.1, part (a), rXn is a
unitary involution in CZ˚X

2 . Since τ is tracial, ∥ rPn∥τ “ ∥ rXn
rPn rXn∥τ for all n. Also rPn and

rXn
rPn rXn are hermitian squares in CZ˚X

2 , so τp rPn rXn
rPn rXnq “ τp rXn

rPn rXn
rPnq ě 0. Hence

∥ rPn∥2
τ “ τp rP 2

nq “ 1
2

´

τp rP 2
nq ` τ

`

p rXn
rPn rXnq

2˘
¯

ď 1
2

´

τp rP 2
nq ` τ

`

p rXn
rPn rXnq

2˘
` τp rPn rXn

rPn rXnq ` τp rXn
rPn rXn

rPnq

¯

“ 1
2τ
`

p rPn ` rXn
rPn rXnq

2˘
“ 1

2∥ rPn ` rXn
rPn rXn∥2

τ .

By Proposition 7.3.4 and Theorem 7.4.1, part (b), ∥ rPn ` rXn
rPn rXn ´ rPn`1∥τ ď Cppn `

1qmqk
?
ϵ for all n ě 0. It follows that

∥ rPn∥τ ď 1?
2∥ rPn ` rXn

rPn rXn∥τ

ď 1?
2p∥ rPn`1∥τ ` ∥ rPn ` rXn

rPn rXn ´ rPn`1∥τ q

ď 1?
2∥ rPn`1∥τ ` 1?

2Cppn ` 1qmq
k
?
ϵ.

By induction, we obtain

∥ rP0∥τ ď p 1?
2q
t∥ rPt∥τ ` C

t
ÿ

n“1

nk

2n{2m
k
?
ϵ
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for all t ě 1. Since rPt is a contraction in CZ˚X
2 by Theorem 7.4.1, part (a), ∥ rPt∥τ ď 1 for

all t ě 1. The series
ř8

n“1
nk

2n{2 converges, so taking t Ñ `8, we conclude that

∥ rP0∥τ ď Λmk
?
ϵ

for any integer Λ ě C
ř8

n“1
nk

2n{2 .

Proposition 7.5.4. Let W be the mapping from Lemma 7.3.11, and let

Wm :“
˜

ď

rPRmYR˚
m

Wprq

¸

Y Wp rP0q Y Rm

for m P N. There are positive integers rΛ, k1 such that if m R S and τ is a tracial pϵ,Wmq-
state on C˚xX y, then ∥ rP0∥τ ď rΛmk1?

ϵ.

Proof. Let Λ, k be integers from Proposition 7.5.3, and let D be the integer from Theo-
rem 7.4.1, part (d). Suppose m R S, ϵ ě 0, and τ is a tracial pϵ,Wmq-state on C˚xX y. By
Lemma 7.3.11, there is a tracial state pτ on CZ˚X

2 such that
ˇ

ˇ∥r∥
pτ ´ ∥r∥τ

ˇ

ˇ ď 2∥r∥1,1
?
ϵ ď 2Dm

?
ϵ

for all r P RmYR˚
m. Since Rm Ď Wm, τ is an pϵ,Rmq-state. For every r P RmYR˚

m, ∥r∥τ ď
?
ϵ, and hence ∥r∥

pτ ď p2Dm ` 1q
?
ϵ. We conclude that pτ is a tracial

`

p2Dm ` 1q2ϵ,Rm

˘

-
state on CZ˚X

2 . By Proposition 7.5.3, ∥ rP0∥pτ ď Λmk
a

p2Dm ` 1q2ϵ “ p2Dm ` 1qΛmk
?
ϵ.

Again by Lemma 7.3.11, since τps˚sq ď ϵ for all s P Wp rP0q, we have
ˇ

ˇ∥ rP0∥pτ ´ ∥ rP0∥τ
ˇ

ˇ ď 2∥ rP0∥1,1
?
ϵ “ 3

?
ϵ.

It follows that

∥ rP0∥τ ď
`

p2Dm ` 1qΛmk
` 3

˘?
ϵ ď 6DΛmk`1?

ϵ.

Taking rΛ :“ 6DΛ and k1 :“ k ` 1 completes the proof.

218



Proof of Theorem 7.5.1 . Let n0 :“ |X |, and suppose we are given an integer N ě n0.
Pick an ordering on X so we can identify Q˚xX y with the subalgebra Q˚xx1, . . . , xn0y

of Q˚xx1, . . . , xNy. We think of C˚xX y and CZ˚X
2 as subalgebras of C˚xx1, . . . , xNy and

CZ˚N
2 similarly. Let rΛ, k1, and Wm be as in Proposition 7.5.4. For any m P N, define a

˚-polynomial

αpmq “
ÿ

rPWmYW˚
m

r˚r ´
1

rΛ2m2k1

rP ˚
0
rP0 P Q˚

xX y Ď Q˚
xx1, . . . , xNy. (7.5.1)

Then αpmq is self-adjoint and the map α : N Ñ Q˚xx1, . . . , xNy is computable by Theo-
rem 7.4.1 and Lemma 7.3.11.

Let π : Q˚xx1, . . . , xNy Ñ QZ˚N
2 be the homomorphism sending xi to the ith generator

of Z˚N
2 . Also let q “ q2 ˝ q1, where q1 : QZ˚N

2 Ñ QZ˚X
2 is the homomorphism sending

xi ÞÑ xi for 1 ď i ď n0 and xi ÞÑ 1 for i ą n0, and q2 : QZ˚X
2 Ñ ASpmq is the quotient

map. By Theorem 7.4.1, if m P S then there is a tracial state τ on ASpmq such that
τp rP 2

0 q ą 0. By Lemma 7.3.11, πptq “ 0 for all t P
`
Ť

rPRmYR˚
m

Wprq
˘

Y Wp rP0q. Since
qprq “ 0 for all r P Rm, qpπpr˚rqq “ 0 for all r P Wm Y W˚

m, and hence pτ ˝ qqpπpαpmqqq “

´ 1
rΛ2m2k1 τp rP 2

0 q ă 0. We conclude that πpαpmqq is not trace-positive.

Now suppose m R S, and that τ is a tracial state on C˚xx1, . . . , xNy. Let ϵ :“
ř

rPWmYW˚
m
τpr˚rq. Then τ is a tracial pϵ,Wmq-state, so by Proposition 7.5.4, τp rP ˚

0
rP0q “

∥ rP0∥2
τ ď rΛ2m2k1

ϵ. Hence τpαpmqq ě 0. Thus the complement S of S reduces to the
promise problem in the theorem statement. Taking S to be RE-hard, we see that the
promise problem is coRE-hard.

7.6 Proof of Theorem 7.1.1

The proof of Theorem 7.1.1 follows the same approach as the proof of Theorem 7.1.3. We
start with a promise problem version of the theorem.

Theorem 7.6.1. Suppose either N ě 2 and C “ CZ˚N
3 , or N ě 3 and C “ CZ˚N

2 .
Let P “ Q˚xx1, . . . , xNy, and let π : P Ñ C be the homomorphism sending xi to the ith
generator of C. Then the promise problem
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Given α P P bQ P, determine if α is positive in PC bC PC, or if pπ b πqpαq is
not positive in CC bC CC, promised that one of the two is the case.

is coRE-hard.

To get Theorem 7.1.1 from Theorem 7.6.1, suppose that N , C, P , and π are as in the
theorem, and that π b π factors through a ˚-algebra A, meaning that there are homomor-
phisms π1 : P b P Ñ A and π2 : A Ñ C b C such that π b π “ π2 ˝ π1. Suppose also that
the first homomorphism π1 in this factorization is computable. Then:

Corollary 7.6.2. It is coRE-hard to determine whether α P A is positive in AC.

The proof is the same as the proof of Corollary 7.5.2, with the word “trace” deleted.

Theorem 7.1.1 follows immediately from Corollary 7.6.2 by taking A to be one of
Q˚xx1, . . . , xNy bQ˚xx1, . . . , xNy or QFN bQFN with N ě 2, or QZ˚N

M bQZ˚N
M with N ě

3,M ě 2 or N ě 2,M ě 3. As with Corollary 7.5.2, Corollary 7.6.2 also applies to other
algebras such as the algebra of contractions and the algebra of self-adjoint contractions, as
well as free products of any of the algebras mentioned.

For the proof of Theorem 7.6.1, we use the same setup as in the previous section: we
suppose S P N is an RE set, and let X , rPn, rXn, n ě 0, and ASpmq “ C˚xCZ˚X

2 : Rmy,
m P N, be as in Theorem 7.4.1. In addition, let ι : CZ˚X

2 Ñ CZ˚X
2 b CZ˚X

2 : a ÞÑ a b 1 be
the left inclusion.

Proposition 7.6.3. There are positive integers Γ, k such that if m R S, φ is an pϵ,X q-
synchronous state on CZ˚X

2 b CZ˚X
2 , and τ :“ φ ˝ ι is an pϵ,Rmq-state on CZ˚X

2 for some
ϵ ě 0, then ∥ rP0∥τ ď Γmk

?
ϵ.

Proof. Suppose m R S, ϵ ě 0, and φ is an pϵ,X q-synchronous state on CZ˚X
2 b CZ˚X

2 such
that τ :“ φ˝ι is an pϵ,Rmq-state on CZ˚X

2 . By Theorem 7.4.1, part (a), rPn is a contraction
in CZ˚X

2 , rXn is a monomial in C˚xX y of degree 4n ` 1, and rXn is a unitary involution in
CZ˚X

2 , so Lemma 7.3.7 implies
ˇ

ˇ

ˇ
∥ rXn

rPn rXn∥τ ´ ∥ rPn∥τ
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
∥ rXn

rPn rXn b 1∥φ ´ ∥ rPn b 1∥φ
ˇ

ˇ

ˇ
ď p4n ` 1q

?
ϵ
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for all n ě 0. Hence
ˇ

ˇ

ˇ
∥ rXn

rPn rXn∥2
τ ´ ∥ rPn∥2

τ

ˇ

ˇ

ˇ
“
`

∥ rXn
rPn rXn∥τ ` ∥ rPn∥τ

˘

ˇ

ˇ

ˇ
∥ rXn

rPn rXn∥τ ´ ∥ rPn∥τ
ˇ

ˇ

ˇ

ď
`

2∥ rPn∥τ ` p4n ` 1q
?
ϵ
˘

p4n ` 1q
?
ϵ,

so

∥ rXn
rPn rXn∥2

τ ě ∥ rPn∥2
τ ´ p8n ` 2q∥ rPn∥τ

?
ϵ ´ p4n ` 1q

2ϵ (7.6.1)

for all n ě 0. By Theorem 7.4.1, part (a) again, rPn is a hermitian square in CZ˚X
2 with

∥ rPn∥1 “ 1 and ∥ rPn∥1,1 “ 3pn ` 1q{2 ď 2n ` 2 for every n ě 0, so ∥ rXn
rPn rXn∥1,1 ď

∥ rPn∥1,1 ` ∥ rPn∥1p8n ` 2q ď 10n ` 4. Lemma 7.3.8 implies

φ
`

rXn
rPn rXn

rPn b 1 ` rPn rXn
rPn rXn b 1

˘

“ 2ℜ
´

φ
`

rXn
rPn rXn

rPn b 1
˘

¯

ě ´2∥ rXn
rPn rXn∥1,1∥ rPn b 1∥φ

?
ϵ

ě ´p20n ` 8q∥ rPn∥τ
?
ϵ.

By Equation (7.6.1), we obtain

∥ rPn ` rXn
rPn rXn∥2

τ “ ∥ rXn
rPn rXn∥2

τ ` ∥ rPn∥2
τ ` φp rXn

rPn rXn
rPn b 1 ` rPn rXn

rPn rXn b 1q

ě 2∥ rPn∥2
τ ´ p28n ` 10q∥ rPn∥τ

?
ϵ ´ p4n ` 1q

2ϵ

ě 2
`

∥ rPn∥τ ´ p7n ` 7q
?
ϵ
˘2

´ p11n ` 11q
2ϵ,

where the coefficients here (and below) are chosen for convenience. It follows that

2
`

∥ rPn∥τ ´ p7n ` 7q
?
ϵ
˘2

ď
`

∥ rPn ` rXn
rPn rXn∥τ ` p11n ` 11q

?
ϵ
˘2
,

and hence

∥ rPn∥τ ď
1

?
2
`

∥ rPn ` rXn
rPn rXn∥τ ` p25n ` 25q

?
ϵ
˘

.

Let C and k be the constants from Theorem 7.4.1, part (b). By Lemma 7.3.9, ∥ rPn `

rXn
rPn rXn ´ rPn`1∥τ ď Cppn ` 1qmqk

?
ϵ for all n ě 0. Thus

∥ rPn∥τ ď 1?
2

`

∥ rPn`1∥τ ` Cppn ` 1qmq
k
?
ϵ ` p25n ` 25q

?
ϵ
˘
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ď 1?
2∥ rPn`1∥τ ` 1?

2pC ` 25qppn ` 1qmq
k
?
ϵ.

By induction, we obtain

∥ rP0∥τ ď p 1?
2q
t∥ rPt∥τ ` pC ` 25q

t
ÿ

n“1

nk

2n{2m
k
?
ϵ

for all t ě 1. Since rPt is a contraction, ∥ rPt∥τ ď 1 for all t ě 1. As in the proof of
Theorem 7.1.3, the series

ř8

n“1
nk

2n{2 converges, so taking t Ñ `8, we conclude that

∥ rP0∥τ ď Γmk
?
ϵ

for any integer Γ ě pC ` 25q
ř8

n“1
nk

2n{2 .

Proposition 7.6.4. Let W be the mapping from Lemma 7.3.11. For every m P N, let
Wm “

`
Ť

rPRmYR˚
m

Wprq
˘

Y Wp rP0q Y Rm be as in Proposition 7.5.4, and let

ĂWm :“ ts b 1 : s P Wmu Y ts b 1,1 b s : s P
ď

xPX
Wpxqu.

There are positive integers rΓ, k1 such that if m R S, φ is an pϵ,ĂWmq-state on C˚xX y b

C˚xX y, and φ is pϵ,X q-synchronous, then ∥ rP0 b 1∥φ ď rΓmk1?
ϵ.

Proof. Let Γ, k be integers from Proposition 7.6.3, and let D be the integer from Theo-
rem 7.4.1, part (d). Supposem R S, ϵ ě 0, and that φ is an pϵ,ĂWmq-state on C˚xX ybC˚xX y

which is pϵ,X q-synchronous. Since φps˚sb1q ď ϵ and φp1bs˚sq ď ϵ for all s P
Ť

xPX Wpxq,
and tsb1 : s P

Ť

rPRmYR˚
m

Wprqu Ď ĂWm, by Lemma 7.3.12, there is a p25ϵ,X q-synchronous
state pφ on CZ˚X

2 b CZ˚X
2 such that
ˇ

ˇ∥r b 1∥
pφ ´ ∥r b 1∥φ

ˇ

ˇ ď 2∥r∥1,1
?
ϵ ď 2Dm

?
ϵ

for all r P Rm Y R˚
m. Since tr b 1 : r P Rmu Ď ĂWm, for every r P Rm Y R˚

m, ∥r b

1∥φ ď
?
ϵ, and hence ∥r b 1∥

pφ ď p2Dm ` 1q
?
ϵ. Rounding 2Dm ` 1 up to 2Dm ` 3 so

that p2Dm ` 3q2 ě 25, we conclude that pφ is a pp2Dm ` 3q2ϵ,X q-synchronous state on
CZ˚X

2 b CZ˚X
2 and pφ ˝ ι is a pp2Dm ` 3q2ϵ,Rmq-state on CZ˚X

2 . By Proposition 7.6.3,

222



∥ rP0 b 1∥
pφ ď Γmk

a

p2Dm ` 3q2ϵ “ p2Dm ` 3qΓmk
?
ϵ. Again by Lemma 7.3.12, since

ts b 1 : s P Wp rP0qu Ď ĂWm, we have
ˇ

ˇ∥ rP0 b 1∥
pφ ´ ∥ rP0 b 1∥φ

ˇ

ˇ ď 2∥ rP0∥1,1
?
ϵ ď 3

?
ϵ.

It follows that

∥ rP0 b 1∥φ ď
`

p2Dm ` 3qΓmk
` 3

˘?
ϵ ď 8DΓmk`1?

ϵ.

Taking rΓ “ 8DΓ and k1 “ k ` 1 completes the proof.

Before proceeding to the proof of Theorem 7.6.1, we need a few more lemmas. The
first is a standard fact about extending tracial states to (not necessarily tracial) states on
tensor products.

Lemma 7.6.5. If τ is a tracial state on CZ˚X
2 , then there is a p0,X q-synchronous state φ

on CZ˚X
2 b CZ˚X

2 with φ ˝ ι “ τ .

Proof. Let pπ, vq be the GNS representation of τ , and let C “ πpAq be the closure of
πpAq in the operator norm, where A “ CZ˚X

2 . By [BO08, Proposition 6.1.2], the tracial
state defined by v on C extends to a state φ1 : C b Cop Ñ C : a b b ÞÑ xv, abvy. Note
that the isomorphism ωX : C˚xX y Ñ C˚xX yop defined in Section 7.3 descends to an
isomorphism A Ñ Aop, and that π defines a ˚-homomorphism πop : Aop Ñ Cop. Let
φ “ φ1 ˝ pπ b pπop ˝ ωX qq. Then φ is a state on A b A with φpa b bq “ xv, πpaωX pbqqvy “

τpa ¨ ωX pbqq. Since

∥x b 1 ´ 1 b x∥2
φ “ φpx˚x b 1 ´ x b x˚

´ x˚
b x ` 1 b x˚xq “ τpx2

´ x2
´ x2

` x2
q “ 0

for all x P X , φ is p0,X q-synchronous.

The remaining two lemmas are used to get from QFN and QZ˚N
2 for large N down to

QZ˚2
3 and QZ˚3

2 .

Lemma 7.6.6. If H be a subgroup of a group G, then any state on CH extends to a state
on CG.
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One way to prove this lemma is to observe that CH and CG are subalgebras of the full
group C˚-algebras C˚pHq and C˚pGq. By definition of the full group C˚-algebra, any state
on CH is the restriction of a state on C˚pHq, and since C˚pHq is a subalgebra of C˚pGq,
any state on C˚pHq extends to a state on C˚pGq. There is also a ˚-algebra proof which we
expect is known to experts, but have been unable to find in the literature, so we include a
proof for reference.

Proof of Lemma 7.6.6. Let CH` and CG` be the convex cones of sums of squares in CH
and CG respectively. We will show that CG` X CH “ CH`. Indeed, let r : CG Ñ CH
be the linear function with rpgq “ g if g P H and rpgq “ 0 if g R H. Pick a set of
representatives X Ă G for the coset space G{H. Any element α of CG can be written as
ř

xPX xαx, where αx P CH, and αx is zero for all but finitely many elements x P X. If
h, h1 P H and x, y P X, then h´1x´1yh1 P H if and only if x “ y, so

rpα˚αq “
ÿ

x,y

rpα˚
xx

´1yαyq “
ÿ

x

α˚
xαx

is a sum of squares in CH. Consequently, if a P CH and there are α1, . . . , αk P CG such that
a “

ř

i α
˚
i αi, then a “ rpaq “

ř

i rpα
˚
i αiq is a sum of squares in CH, so CG` XCH “ CH`

as desired.

If f is a state on CH, then f is nonnegative on CH X CG` “ CH`. Since CG
is archimedean, the M. Riesz extension theorem implies that f extends to a real linear
functional on spanRCG` which is nonnegative on CG`. From there, we can extend further
to get a linear functional rf on CG such that rfpa˚q “ rfpaq for all a P CG, rf |CH “ f , and
rf is nonnegative on CG`. Since rfp1q “ fp1q “ 1, the archimedean condition implies that
rf is a state.

Lemma 7.6.7. Suppose N ě 1 and G is either FK or Z˚K
3 with K ě 2, or Z˚K

2 with
K ě 3. Then there is an injective group homomorphism µ : FN Ñ G and a computable
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˚-homomorphism rµ : Q˚xx1, . . . , xNy Ñ Q˚xx1, . . . , xKy such that the diagram

Q˚xx1, . . . , xNy Q˚xx1, . . . , xKy
rµ

QFN

q1

QG
µ

q2

commutes, where q1 and q2 are the quotient homomorphisms sending xj to the jth generator
of FN and G respectively.

Proof. Let x1, . . . , xN denote the generators of FN , y1, y2 denote the generators of F2,
w1, w2 denote the generators of Z˚2

3 , and z1, z2, z3 denote the generators of Z˚3
2 . It is

well-known that the homomorphisms

γ1 : FN Ñ F2 : xi ÞÑ yi1y2y
´i
1 , 1 ď i ď N,

γ2 : F2 Ñ Z˚2
3 : y1 ÞÑ w1w

´1
2 , y2 ÞÑ w´1

1 w2, and

γ3 : F2 Ñ Z˚3
2 : yi ÞÑ z1´i

1 z2z3z
1´i
1 , i “ 1, 2

are injective. If G “ FK with K ě 2, then we can take µ “ γ1, where we think of F2 as a
subgroup of FK by mapping y1 and y2 to the first two generators, and let rµ be the lift of µ
sending xi ÞÑ xi1x2px˚

1qi. If G “ Z˚K
3 with K ě 2, we can take µ “ γ2 ˝ γ1, where again we

think of Z˚2
3 as a subgroup of Z˚K

3 by mapping w1 and w2 to the first two generators, and
let rµ be the lift of µ sending xi ÞÑ pw1w

˚
2 qiw˚

1w2pw2w
˚
1 qi. Finally if G “ Z˚K

2 with K ě 3,
we can take µ “ γ3 ˝ γ1, where we think of Z˚3

2 as a subgroup of Z˚K
2 , and let rµ be the

lift of µ sending xi ÞÑ px2x3qipx1x2x3x1qpx˚
3x

˚
2qi. In all three cases, we see from the explicit

formula that rµ is computable.

Proof of Theorem 7.6.1. Set PN :“ Q˚xx1, . . . , xNy for N P N. Let P1pNq be the promise
problem from the statement of the theorem with P “ PN and C “ QZ˚N

2 , and let P2pNq

be the promise problem with P “ PN and C “ QZ˚N
3 . Although it isn’t mentioned in the

theorem statement, let P3pNq be the promise problem with P “ PN and C “ QFN . As in
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the proof of Theorem 7.5.1, let n0 “ |X |. We start by showing that P1pNq is coRE-hard
for all N ě n0.

For this, suppose N ě n0, and once again pick an ordering on X and identify Q˚xX y,
C˚xX y, and CZ˚X

2 with subalgebras of PN , C˚xx1, . . . , xNy, and CZ˚N
2 respectively. Let

π : PN Ñ QZ˚N
2 be the quotient map, and let q “ q2 ˝ q1, where q1 : QZ˚N

2 Ñ QZ˚X
2 is the

homomorphism sending xi ÞÑ xi for 1 ď i ď n0, and q2 : QZ˚X
2 Ñ ASpmq is the quotient

map. Let rΓ, k1, and ĂWm be as in Proposition 7.6.4. For every m P N, define a ˚-polynomial

βpmq “
ÿ

rPĂWmYĂW˚
m

r˚r `
ÿ

xPX
px b 1 ´ 1 b xq

˚
px b 1 ´ 1 b xq ´ 1

rΓ2m2k1
rP ˚

0
rP0 b 1

in Q˚xX ybQQ˚xX y Ď PNbQPN . Then βpmq is self-adjoint and the map β : N Ñ PNbQPN

is computable by Lemma 7.3.11, Theorem 7.4.1, and Proposition 7.6.4.

By Lemma 7.3.11, pπ b πqpt b 1q “ pπ b πqps b 1q “ pπ b πqp1 b sq “ 0 for all
t P

`
Ť

rPRmYR˚
m

Wprq
˘

Y Wp rP0q and s P
Ť

xPX Wpxq. Hence

pπ b πqpβpmqq “
ÿ

rPRmYR˚
m

r˚r b 1 `
ÿ

xPX
px b 1 ´ 1 b xq

2
´ 1

rΓ2m2k1
rP 2

0 b 1

in QZ˚X
2 bQ QZ˚X

2 Ď QZ˚N
2 bQ QZ˚N

2 . If m P S, then by Theorem 7.4.1, part (c), there
is a tracial state τ on ASpmq such that τp rP 2

0 q ą 0. Since τ ˝ q2 is a tracial state on CZ˚X
2

and q2prq “ 0 for all r P Rm, Lemma 7.6.5 implies that there is a p0,X q-synchronous state
φ on CZ˚X

2 b CZ˚X
2 such that φp rP 2

0 b 1q “ τp rP 2
0 q ą 0 and φpr˚r b 1q “ τpq2pr˚rqq “ 0

for all r P Rm Y R˚
m. Then rφ :“ φ ˝ pq1 b q1q is a state on CZ˚N

2 b CZ˚N
2 such that

rφ ppπ b πqpβpmqqq “ ´ 1
rΓ2m2k1 τp rP 2

0 q ă 0. We conclude that pπ b πqpβpmqq is not positive.

Now suppose m R S. Let φ be a state on pPNqC bC pPNqC, and let

ϵ :“ φ

¨

˝

ÿ

rPĂWmYĂW˚
m

r˚r `
ÿ

xPX
px b 1 ´ 1 b xq

˚
px b 1 ´ 1 b xq

˛

‚.

The restriction of φ to C˚xX y b C˚xX y is an pϵ,ĂWmq-state which is pϵ,X q-synchronous,
so by Proposition 7.6.4, φp rP ˚

0
rP0 b 1q “ ∥ rP0 b 1∥2

φ ď rΓ2m2k1

ϵ. Hence φpβpmqq ě 0. We
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conclude that the complement S of S reduces to P1pNq. Taking S to be RE-hard implies
that P1pNq is coRE-hard for N ě n0.

Next, the quotient map πpNq : PN Ñ QZ˚N
2 factors as πpNq “ π

pNq

2 ˝ π
pNq

1 , where πpNq

1 is
the quotient map PN Ñ QFN , and πpNq

2 is the quotient map QFN Ñ QZ˚N
2 . If pπ b πqpαq

is not positive in CZ˚N
2 b CZ˚N

2 for α P PN b PN , then pπ
pNq

1 b π
pNq

1 qpαq is not positive in
CFN b CFN . Thus P1pNq reduces to P3pNq, and P3pNq is coRE-hard for N ě n0.

By Lemma 7.6.7, if N ě 1 and K ě 2 then there is an injective homomorphism
µ : FN Ñ Z˚K

3 and a computable homomorphism rµ : PN Ñ PK such that πpKq

3 ˝ rµ “

µ ˝ π
pNq

1 , where πpKq

3 is the quotient map PK Ñ QZ˚K
3 . If α P PN b PN is positive in

pPNqC b pPNqC, then prµ b rµqpαq is positive in pPKqC b pPKqC. If pπ
pNq

1 b π
pNq

1 qpαq is not
positive in CFNbCFN , then there is a state f on CFNˆFN such that fpπ

pNq

1 bπ
pNq

1 qpαqq ă

0. If we identify CFN b CFN with CFN ˆ FN and CZ˚K
3 b CZ˚K

3 with CZ˚K
3 ˆ Z˚K

3 , then
the homomorphism µ b µ is the algebra homomorphism coming from the injective group
homomorphism µ ˆ µ : FN ˆ FN Ñ Z˚K

3 ˆ Z˚K
3 . By Lemma 7.6.6, the state f extends to

a state rf on CZ˚K
3 ˆ Z˚K

3 , and

rfppµ ˆ µqpπ
pNq

1 b π
pNq

1 qpαqq “ fppπ
pNq

1 b π
pNq

1 qpαqq ă 0.

Hence pπ
pKq

3 b π
pKq

3 qprµ b rµqpαq “ pµ b µqpπ
pNq

1 b π
pNq

1 qpαq is not positive. Since rµ b rµ is
computable, P3pNq reduces to P2pKq for any N ě 1 and K ě 2. It follows that P2pKq is
coRE-hard for all K ě 2. Similarly, P3pNq reduces to P1pKq for all N ě 1 and K ě 3, so
P1pKq is coRE-hard for all K ě 3.

The following example shows that Theorem 7.6.1 is not true for C “ Z˚2
2 .

Example 7.6.8. Let G “ Z˚2
2 be the infinite dihedral group. This group is amenable

and linear. Hence the product group G ˆ G is also amenable and linear. By a theorem
of Bekka, CG ˆ G is residually finite-dimensional [Bek99], in the sense that an element
α P CGbCG “ CGˆG is positive if and only if ϕpαq is positive for all finite-dimensional
representations ϕ. Every finite-dimensional representation of CG ˆ G decomposes into
irreducible representations, so α is positive if and only if ϕpαq is positive for all irreducible
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finite-dimensional representations. The irreducible representations of G have dimension
1 and 2, so the irreducible representations of G ˆ G have dimension 1, 2, and 4. Thus
α P CG ˆ G is positive if and only if ϕpαq is positive for all representations of dimension
4. The question of whether ϕpαq is not positive for all representations of dimension 4
lies in the existential theory of the reals, and thus can be solved in PSPACE [Can88]. In
particular, the question of whether α P CG ˆ G is positive is decidable. We do not know
whether CG ˆ G is archimedean closed.
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12:307–326, 1964.

[KS08a] Igor Klep and Markus Schweighofer. Connes’ embedding conjecture and sums
of hermitian squares. Advances in Mathematics, 217(4):1816–1837, 2008.

[KS08b] Igor Klep and Markus Schweighofer. Sums of hermitian squares and the BMV
conjecture. Journal of Statistical Physics, 133:739–760, 2008.

[KSV02] Alexei Yu. Kitaev, Alexander Shen, and Mikhail N. Vyalyi. Classical and
Quantum Computation. American Mathematical Society, 2002.

[KSV23] Igor Klep, Claus Scheiderer, and Jurij Volčič. Globally trace-positive noncom-
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of semidefinite programs characterizing the set of quantum correlations. New
Journal of Physics, 10(7):073013, jul 2008.

[NT13] Tim Netzer and Andreas Thom. Real closed separation theorems and appli-
cations to group algebras. Pacific Journal of Mathematics, 263(2), 2013.

[NTZ`24] Shlok Nahar, Devashish Tupkary, Yuming Zhao, Norbert Lütkenhaus, and
Ernest Y.-Z. Tan. Postselection technique for optical Quantum Key Distri-
bution with improved de Finetti reductions. arXiv:2403.11851, 2024.

[NV17] Anand Natarajan and Thomas Vidick. A quantum linearity test for robustly
verifying entanglement. In Proceedings of the 49th Annual ACM SIGACT
Symposium on Theory of Computing (STOC), pages 1003–1015, 2017.

[NV18] Anand Natarajan and Thomas Vidick. Low-degree testing for quantum
states, and a quantum entangled games PCP for QMA. In 2018 IEEE 59th
Annual Symposium on Foundations of Computer Science (FOCS), pages 731–
742, 2018.

[NZ23] Anand Natarajan and Tina Zhang. Quantum free games. Proceedings of the
55th Annual ACM Symposium on Theory of Computing (STOC), 2023.

239



[Oza04] Natutaka Ozawa. About the QWEP conjecture. International Journal of
Mathematics, 15(05):501–530, 2004.

[Oza13] Narutaka Ozawa. About the Connes embedding conjecture - algebraic ap-
proaches. Japanese Journal of Mathematics, 8:147–183, 2013.

[Pad24] Connor Paddock. Rounding near-optimal quantum strategies for nonlocal
games to strategies using maximally entangled states. arXiv:2203.02525,
2024.

[Per90] Asher Peres. Incompatible results of quantum measurements. Physics Letters
A, 151(3):107–108, 1990.

[PSS`16] Vern I. Paulsen, Simone Severini, Daniel Stahlke, Ivan G. Todorov, and An-
dreas Winter. Estimating quantum chromatic numbers. Journal of Functional
Analysis, 270(6):2188–2222, Mar 2016.

[PSZZ23] Connor Paddock, William Slofstra, Yuming Zhao, and Yangchen Zhou. An
operator-algebraic formulation of self-testing. Annales Henri Poincaré, 2023.
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Appendix A

The closure of finite-dimensional
states

In this appendix, we prove Proposition 4.1.10:

Proposition 4.1.10. For every state f on A
X,A
POVM bmin A

Y,B
POVM there is a sequence of

quantum models Sn, n P N such that limnÑ8 fSn “ f in the weak*-topology.

We first show that any tensor product state on A
X,A
POVMbminA

Y,B
POVM can be approximated

by a sequence of finite-dimensional states.

Lemma A.0.1. For every tensor product model

S “
`

HA,HB, tM
x
a : a P A, x P Xu, tNy

b : b P B, y P Y u, |ψy
˘

there is a sequence of finite-dimensional states tfnunPN on A
X,A
POVM bmin A

Y,B
POVM such that

lim
nÑ8

fn “ fS in the weak*-topology.

Proof. If HA or HB is finite-dimensional, then fS is a finite-dimensional state and the
lemma follows by taking fn “ fS for all n P N. Now suppose HA and HB are separable
infinite-dimensional Hilbert spaces. The state |ψy has decomposition

|ψy “

8
ÿ

i“1
λi |ξiy b |ηiy

245



where tλiuiPN is a non-negative sequence in ℓ2pNq with
ř

iPN λ
2
i “ 1, and t|ξiy : i P Nu

and t|ηiy : i P Nu are orthonormal bases for HA and HB respectively. For every n P N
we define projections ΠA

n :“
řn
i“1 |ξiy xξi| P BpHAq and ΠB

n :“
řn
i“1 |ηiy xηi| P BpHBq,

finite-dimensional spaces HA
n :“ ΠA

nHA and HB
n :“ ΠB

nHB, and vector state |ψny :“
1
µn

řn
i“1 λi |ξiy b |ηiy P HA

n b HB
n where µn :“

a

řn
i“1 λ

2
i . Then for every n P N,

Sn :“ pHA
n ,HB

n , tΠA
nM

x
aΠA

n u, tΠB
nN

y
b ΠB

n u, |ψnyq

is a quantum model. Let πA b πB be the associate representation of S, and let πAn b πBn be
the associate representation of Sn for every n P N.

Claim A.0.2. Given ϵ ě 0, for every monomial α in A
X,A
POVM, there exists a TA P N such

that

πAn pαq b 1 |ψny «ϵ πApαq b 1 |ψy (A.0.1)

for all n ě TA.

Proof of Claim A.0.2. We prove this claim by induction on the degree k of the monomial
α. Since µn Ñ 1 as n Ñ 8, there is a T P N such that 1 ´ µn ď ϵ{2 and

a

1 ´ µ2
n ď ϵ{2

for all n ě T . So

∥|ψny ´ |ψy∥ ď ∥p1 ´ µnq |ψny∥ ` ∥µn |ψny ´ |ψy∥ ď 1 ´ µn `
a

1 ´ µ2
n ď ϵ

for all n ě T . Equation (A.0.1) holds for k “ 0. Now assume it holds for all monomials
of degree k for some k ě 0. Let α “ α1 ¨ ¨ ¨αk`1 be a monomial of degree k ` 1, and let
α1 :“ α2 ¨ ¨ ¨αk`1. By the induction hypothesis, there exists a T1 P N such that

πAn pα1
q b 1 |ψny «ϵ{2 πApα1

q b 1 |ψy

for all n ě T1. For every i, j P N, let sij :“ xξi, ηj| πApαq b 1 |ψy. Since
ř

i,jě1|sij|2 “

∥πApαq b 1 |ψy∥2 ď 1, there is a T2 P N such that
n
ÿ

i,j“1
|sij|2 ě

ÿ

i,jě1
|sij|2 ´ pϵ{2q

2

246



for all n ě T2. Note that ∥πApα1q∥op ď 1. It follows that

πApαq b 1 |ψy «ϵ{2 ΠA
n b ΠB

n

`

πApαq b 1 |ψy
˘

“ ΠA
nπApα1q b ΠB

n

`

πApα1
q b 1 |ψy

˘

«ϵ{2 ΠA
nπApα1q b ΠB

n

`

πAn pα1
q b 1 |ψny

˘

“ ΠA
nπApα1qΠA

nπ
A
n pα1

q b 1 |ψny

“ πAn pα1qπAn pα1
q b 1 |ψny “ πAn pαq b 1 |ψny

for all n ě T :“ maxtT1, T2u. So Equation (A.0.1) holds for all monomials of degree k` 1.
This completes the proof.

Similarly, for any ϵ ě 0 and monomial β P A
Y,B
POVM, there exists a TB P N such that

1 b πBn pβ˚
q |ψny «ϵ 1 b πBpβ˚

q |ψy . (A.0.2)

for all n ě TB. Then by Lemma 4.1.12, lim
nÑ8

fSnpα b βq “ fpα b βq for all monomials α
and β. So the lemma follows.

The above lemma illustrates that the weak*-closure of the set of finite-dimensional
states contains all tensor product states. To prove the set of finite-dimensional states is
weak*-dense, we only need to show that the set of tensor product states is weak*-dense.
Recall the following well-known fact (see e.g. [KR97, Corollary 4.3.10]).

Lemma A.0.3. Suppose A Ď BpHq is a concretely represented unital C˚-algebra, and let
f be a state on A. Then for every ϵ ą 0 and every finite set of elements α1, ¨ ¨ ¨ , αn P A,
there are coefficients λ1, ¨ ¨ ¨ , λk ě 0 with

řk
i“1 λi “ 1 and vectors |ψ1y , ¨ ¨ ¨ , |ψky P H such

that

|fpαiq ´

k
ÿ

j“1
λj xψj|αi |ψjy| ď ϵ

for all 1 ď i ď n.

This lemma can be used to prove:

Lemma A.0.4. For every state f on A
X,A
POVM bmin A

Y,B
POVM there is a sequence of tensor

product models tSnunPN such that lim
nÑ8

fSn “ f in the weak*-topology.
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Proof. We first fix any faithful representations A
X,A
POVM Ď BpHAq and A

Y,B
POVM Ď BpHBq for

some Hilbert spaces HA and HB. Then A
X,A
POVM bmin A

Y,B
POVM is the C˚-algebra generated

by the concrete operators mx
a b nyb , pa, b, x, yq P AˆB ˆX ˆ Y , where each mx

a b nyb acts
on HA b HB. For every n P N, let

Cpnq :“ tα b β : α monomial in A
X,A
POVM, β monomial in A

Y,B
POVM, degpαq ` degpβq ď nu

be the set of monomials in A
X,A
POVM bmin A

Y,B
POVM of degree ď n. Then Cpnq is a finite set

and Cpnq Ă Cpn` 1q for all n P N. For every n P N, by Lemma A.0.3 there are coefficients
λ

pnq

1 , ¨ ¨ ¨ , λ
pnq

kn
ě 0 with

řkn

i“1 λ
pnq

i “ 1 and vectors |ψ
pnq

1 y , ¨ ¨ ¨ , |ψ
pnq

kn
y P HA b HB such that

|fpα b βq ´

kn
ÿ

i“1
λ

pnq

i xψ
pnq

i |α b β |ψ
pnq

i y| ď
1
n

for all α b β P Cpnq. (A.0.3)

Then Sn :“
`

HA,HB, tm
x
au, tnybu, ρn

˘

is a tensor product model with a mixed state ρn :“
řkn

i“1 λi |ψiy xψi|. Equation (A.0.3) implies

|fpα b βq ´ fSnpα b βq| ď
1
n

for all α b β P Cpnq.

Then for every ϵ ą 0 and every monomial α b β P A
X,A
POVM bmin A

Y,B
POVM,

|fpα b βq ´ fSnpα b βq| ď ϵ

for all n ě maxtr1
ϵ
s, degpαq ` degpβqu. So lim

nÑ8
fSnpα b βq “ fpα b βq for any monomial

α b β. The lemma follows.

Proof of Proposition 4.1.10. Let f be a state on A
X,A
POVM bmin A

Y,B
POVM. By Lemma A.0.4

there is a sequence of tensor product models tSnunPN such that f “ lim
nÑ8

fSn in the weak*-
topology. Then for every n P N, by Lemma A.0.1 there is a sequence of finite-dimensional
states tf pnq

m umPN such that fSn “ lim
mÑ8

f pnq
m in the weak*-topology. Hence tf pnq

n unPN is a
sequence of finite-dimensional states such that f “ lim

nÑ8
f pnq
n in the weak*-topology. We

conclude that the set of finite-dimensional states on A
X,A
POVM bmin A

Y,B
POVM is a weak*-dense

subset of the state space of AX,A
POVM bmin A

Y,B
POVM.

248


	Examining Committee Membership
	Author's Declaration
	Statement of Contributions
	Abstract
	Acknowledgments
	Dedication
	List of Figures
	List of Tables
	Introduction
	Self-testing
	Quantum delegation
	Hardness results

	General Preliminaries
	Algebras
	Groups, *-algebras, and presentations
	Representations, states, and GNS theorem
	More on C*-algebras

	Quantum
	Quantum states and measurements
	Nonlocal games and correlations
	Quantum circuits

	Complexity
	Notation
	Computability
	Quantum complexity classes


	Self-testing
	An operator-algebraic formulation of self-testing
	Abstract state self-tests
	Self-tests are abstract state self-tests
	Abstract state self-tests are self-tests

	POVM models versus PVM models
	The class of all quantum models and projective quantum models
	Self-testing for synchronous correlations and binary correlations

	Self-testing in other frameworks
	Self-testing for infinite-dimensional tensor product models
	Self-testing for commuting operator models


	Robust self-testing
	An operator-algebraic formulation of robust self-testing
	Robust self-tests are abstract state self-tests

	From correlations to nonlocal games
	Robust self-testing for nonlocal games

	A tracial-state characterization of self-testing
	Tracial states
	General results
	Self-testing for synchronous and XOR games

	Robust self-testing for nonlocal games with stable game algebras
	Near-optimal strategies and approximate representations
	A lifting theorem for game algebras
	General results
	Robust self-testing for synchronous and XOR games


	Robustness and group stability
	An enhanced Gowers-Hatami theorem
	Example: CHSH

	Quantum delegation and quantum proofs
	Context and overview
	Summary of results
	Proof approach
	Open problems
	Notation and preliminaries

	Low-weight Pauli braiding test and its robustness
	The test
	Proof of robustness

	Energy test and Hamiltonian game
	Zero-knowledge proof system
	Simulation of history states for XZ-Hamiltonians
	A two prover zero-knowledge proof system for QMA

	Off-the-shelf model
	Formal description of the model
	Applications to ZK and delegated computation


	Decision problems in operator algebras
	Motivation and overview
	Preliminaries
	Approximate states
	Dealing with infinite operator norm

	Construction of a suitable family of algebras
	Group stage of construction
	Construction of AS(m)

	Proof of Theorem 7.1.3
	Proof of Theorem 7.1.1

	References
	APPENDICES
	The closure of finite-dimensional states

