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Abstract

This thesis employs operator-algebraic and group-theoretical techniques to study veri-
fiability and complexity in bipartite quantum systems. A bipartite Bell scenario consists
of two non-interacting parties, each can make several quantum measurements. If the two
parties share an entangled quantum state, their measurement outcomes can be correlated
in surprising ways. In general, we do not directly observe the entangled state and measure-
ment operators (which are referred to as a quantum model), only the resulting statistics
(which are referred to as a “correlation”) — there are typically many different models
achieving a given correlation. Hence it is remarkable that some correlation has a unique
quantum model. A correlation with this property is called a self-test. In the first part
of this thesis, we give a new definition of self-testing in terms of abstract states on C*-
algebras. We show that this operator-algebraic definition of self-testing is equivalent to
the standard one and naturally extends to the commuting operator framework for nonlocal

correlations.

We also propose an operator-algebraic formulation of robust self-testing. For many
nonlocal games of interest, including synchronous games and XOR games, their optimal
strategies correspond to tracial states on the associated game algebras. We show that for
such nonlocal games, our operator-algebraic definition of robust self-testing is equivalent to
the standard one. This, in turn, yields an implication from the uniqueness of tracial states
on C*-algebras to robust self-testing for nonlocal games. To address how to compute the
robustness function of a self-test explicitly, we provide an enhanced version of a well-known
stability result due to Gowers and Hatami and show how it completes a common argument

used in self-testing.

Self-testing provides a powerful tool for verifying quantum computations. Given that
reliable cloud quantum computers are becoming closer to reality, the concept of verifia-
bility of delegated quantum computations is of central interest. Many models have been
proposed, each with specific strengths and weaknesses. In the second part of this thesis,
we put forth a new model where the client trusts only its classical processing, makes no

computational assumptions, and interacts with a quantum server in a single round. In



addition, during a set-up phase, the client specifies the size n of the computation and
receives an untrusted, off-the-shelf (OTS) device that is used to report the outcome of a
single measurement. We show how to delegate polynomial-time quantum computations
in the OTS model. This also yields an interactive proof system for all of QMA, which,
furthermore, we show can be accomplished in statistical zero-knowledge. This provides the

first relativistic (one-round), two-prover zero-knowledge proof systems for QMA.

Mathematically, bipartite quantum measurement systems can be modeled by the tensor
product of free =-algebras. The third part of this thesis studies the complexity of determin-
ing positivity of noncommutative polynomials in these algebras. An element of a =-algebra
is said to be positive if it is non-negative in all #-representations. In many situations,
we’d like to be able to decide whether an element is positive, and if it is, find a certificate
of positivity. For noncommutative algebras, it is well known that an element of the free
=-algebra is positive if and only if it is a sum of squares. This provides an effective way to
determine if a given noncommutative =-polynomial is positive, by searching through sums
of squares decompositions. We show that no such procedure exists for the tensor product
of two free =-algebras: determining whether a =polynomial of such an algebra is positive
is coRE-hard. We also show that it is coRE-hard to determine whether a noncommutative
#-polynomial is trace-positive. Our results hold if free =-algebras are replaced by other
algebras that model quantum measurements, such as group algebras of free groups or free

products of cyclic groups.
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Chapter 1
Introduction

Consider a physical system consisting of two separate labs, each capable of performing
several different measurements. If the two labs are entangled, then their measurement
statistics can be correlated in surprising ways that can not be explained by any classical
theory. How unexpected can quantum correlations be? In his 1980s paper | |, Tsirelson

initiated the study of the limitations of correlations allowed by quantum mechanics.

The story begins with a fundamental yet profound question, posed by Einstein, Podol-
sky, and Rosen in 1935 | |: Can quantum-mechanical description of physical reality
be considered complete?. This question led to the famous EPR paradox which states that
if the theory of quantum mechanics were complete, it would allow for “spooky action at a
distance”: measuring one particle could instantaneously affect another particle regardless
of the distance between them. To explain the strange correlations predicted by quantum
mechanics, Einstein, Podolsky, and Rosen suggested the existence of local hidden variables
— undetected locally influential factors (e.g., shared randomness) that could impact the

behavior of spatially isolated particles.

In 1964, Bell made a significant breakthrough with his formulation of Bell’s inequal-
ities | |. These inequalities offered a way to test whether the correlations observed
in entangled particles could be explained by local hidden variable theories. The simplest

form of Bell’s inequality, known as the CHSH inequality [ | (named after Clauser,

1



Horne, Shimony, and Holt) involves two observers, Alice and Bob, each with a choice
between two binary observables: A, As for Alice and Bj, By for Bob. These binary ob-
servables are unitary operators having eigenvalues +1 and they satisfy the compatibility
condition A;B; = B;A;. The state of this joint system is described by a unit vector [¢).
CHSH inequality asserts that the expectation

<1/J| AlBl + AlBQ + AgBl — A2B2 |¢> (101)

is bounded above by 2 if the measurement results are governed by any local hidden variable
theory. This inequality allows for a practical test of quantum entanglement. Numerous
experiments have demonstrated violations of the CHSH inequality. These experiments
provide strong evidence against local hidden variable theories and support the nonlocal

nature of quantum mechanics.

Building on these foundational works, Tsirelson proved that the quantum mechanical
value of Equation (1.0.1) can reach up to 24/2. This maximal violation of the CHSH
inequality is now known as Tsirelson’s bound. Tsirelson described his original proof (see

Figure 1.1) as “a simple but lengthy calculation”. Interestingly, this bound has a simple

1
A By +A4,B, + 4,8, —A4,8, =75 (A7 +43 +B] +B}) -

_% (VZ+1) 4y ~Bi)+4; - B) —

VL@ DU B BT -

7\/_178_—_]«\/7-'_1]({41 —B;)+4, "'-32)2 -
—%{(ﬁﬂ)mz +By)— Ay~ By )

1
5% (42 +A43+BT+BH < /211

Figure 1.1: Screenshot of Tsirelson’s original proof of his bound in [ ]



yet short proof following the sum of squares (SOS) decomposition

2v/21 — (A1 By + A\ By + A3 By — Ay By)

_ ¢1§ ((A1 _ 31}232>2 4 (A2 - 31\—632>2> - (1.02)

The implications of Tsirelson’s bound extend far beyond theoretical curiosity, inspiring
several emerging areas of research in quantum information. This thesis is motivated by

these implications and focuses on three main topics.

Self-testing for quantum systems. Equation (1.0.2) illustrates that Tsirelson’s bound

is achieved if and only if

(A1 - 31}232) ) = <A2 - 531\}232) ) = 0. (1.0.3)

Equation (1.0.3) can be thought of as a system of equations involving matrices and vec-
tors. Remarkable, this system has a unique solution, where [¢) is the maximally entangled
two-qubit state, and A;, B;’s are Pauli observables. This means some measurement statis-
tics can uniquely determine the underlying state of the entangled systems and all the
observables involved. This phenomenon is known as self-testing for quantum systems.
In Chapters 3 to 5, we study the mathematics of self-testing via operator-algebraic and

group-theoretical approaches.

Verifying quantum computation. In essence, self-testing allows us to infer the ex-
act quantum state and measurements solely from the observed correlations, providing a
powerful tool for verifying quantum computations. In a delegated quantum computation
scenario, a client with access only to a daily-use laptop wants to delegate a quantum com-
putation to a company equipped with advanced quantum computers. Both the client and
the quantum server have their concerns: the client wants to verify that the server performed
the desired quantum computation correctly (rather than using a classical supercomputer),

while the server aims to conceal the inner workings of their quantum devices during the



interaction. In Chapter 6, we introduce a delegation protocol that leverages self-testing
to address these concerns. Our protocol allows the client to verify the server’s quantum

computation while maintaining the secrecy of the server’s internal operations.

Complexity of noncommutative optimization. Finding the maximal violation of a
Bell-type inequality can be formulated as an optimization problem over noncommuting
variables. Equation (1.0.2) represents a sum-of-squares certificate for the positivity of the
noncommutative polynomial 24/2 — (A; By + Ay By + Ay By — Ay By). Does every positivity
noncommutative polynomial have a sum-of-squares certificate? What is the computational
complexity of determining the positivity of noncommutative polynomials? We study these

questions in Chapter 7.

In the remainder of the introduction, we provide more context about these topics and

summarize the results presented in this thesis.

1.1 Self-testing

In a bipartite Bell scenario, two spatially-separated parties (Alice and Bob) are given
measurement settings x and y drawn from some finite sets X and Y respectively, and
return measurement outcomes a and b drawn from finite sets A and B. In quantum
mechanics, Alice and Bob’s actions in such a scenario can be modeled by measurements
{MZ:ae A},z € X and {N/ : b€ B},y € Y on respective local Hilbert spaces H4 and
Hp. If the joint system is in state |¢)) € Ha ® Hp, then the probability that Alice and Bob

measure outcomes a, b on inputs x,y is
pla,blz,y) = (W[M7 @ N/[v).

The collection of probabilities p = {p(a,blz,y) : a € A,b e B,x € X,y € Y} is called a

quantum correlation, and the collection
S = (’HA,HB,{M;: cae Ajxe X} {N/:be ByyeY}, |@Z)>)

4



is a quantum model for p. While the correlation p can be directly observed from Alice and
Bob’s actions, the model S cannot, and in fact there are typically many different models
for a given correlation p. It is remarkable that some correlations have a unique quantum
model, in the sense that there is an ideal model S = (7-[A,7-[B, (M=}, {N}}, |7,Z>) for p,
such that for any other model S = (HA,HB, {MZ}, {N/}, \1/1>), there are Hilbert spaces
HEw HE*, isometries [4 : Ha — 7—~[A QHY™ and Ip : Hp — 7-73 ® HE™, and a state
lauz) € HY @ HE™ such that

(14 ® In) - (MF @ NY) [0y = (M2 @ NY |1)) ® [aus) (1.1.1)

for all (z,y,a,b) € X xY x A x B. A correlation satisfying this condition is called a self-
test. The isometries 4 and Ig are necessary, because tensoring a model with an auxiliary
register and state does not change any observable consequences of the model, including the

correlation p.

The definition of a self-test given above is somewhat ad-hoc: it’s clear that some type of
equivalence between models is required for the definition, but why exactly this equivalence,
over this set of models? Indeed, many definitions of self-testing have appeared since the
inception of self-testing in | |, with a rough consensus seeming to form around the
above definition only recently. Despite this ad-hoc nature, the definition above and its
variants have been very successful. Among other achievements, self-tests have been used
in proofs of device-independent cryptography | , ]; it is possible to self-
test any pure bipartite state | ]; and self-testing is one of the keys to the recent proof
of MIP* = RE, which has resolved the Connes’ embedding problem, one of the biggest

problems in operator algebras | ].

Nonetheless, the ad-hoc nature of the above definition does ask for more explanation.
Christandl, Houghton-Larsen, and Mancinska | | have made substantial progress
on this front by giving an operational definition! of self-testing which, while complicated, is
equivalent to the above definition. In this thesis, we take a different approach: we propose

a succinct, mathematically motivated definition of self-testing. Specifically, we say that a

In this case, an operational definition is one which can be phrased entirely in terms of physically

measurable properties.



correlation p is an abstract state self-test if for every k, € > 1, x1,..., 2, € X, a1,...,a; € A,

Yi,---,Ye €Y, by,..., by € B, the value
@WIMG - Mgk @ Ny -+ Ny o)

is the same across all quantum models for p. The name comes from a convenient way of
rephrasing this definition using abstract states on the tensor product .Af.f’OAVM Qmin A?’gVM,
where Af.fg‘VM is the universal C*-algebra generated by positive elements e?, a € A, v € X,
subject to the relations ), _,e* = 1. Specifically, a correlation p belongs to the set C,
of (finite-dimensional) quantum correlations if and only if there is a finite-dimensional
abstract state f on .Af’OAVM@mm .A?gVM, such that p(a,b|z,y) = f(ef ®e}) for all z,y, a,b.
Here an (abstract) state (as opposed to a vector state) refers to a linear functional f from
the algebra to C, such that f(a) = 0 for all positive operators a, and f(1) = 1. An abstract
state is said to be finite-dimensional if its GNS representation is finite-dimensional. With
this terminology, a p € C, is an abstract state self-test for finite-dimensional states if and

only if there is a unique finite-dimensional state f realizing p.

In Chapter 3 we show that if p is an extreme point of the set C;, then p is a self-test for
quantum models if and only if it is an abstract state self-test for finite-dimensional states
(see Theorem 3.1.5). Although this theorem is stated for general quantum models, the
definition of self-testing is often restricted to models with projective (PVM) measurements,
or other subclasses of all quantum models. This type of restriction on the class of models
can also be made for abstract states. For instance, projective models correspond to states
on the tensor product Ag"f‘M min A}Z’{?M, where Ang is the quotient of Agg‘VM by the
relations (e¥)? = e for x € X, a € A, and so we can say that a correlation p is an
abstract state self-test for projective models if there is a unique finite-dimensional state
on AN @min Abiy, realizing p (see Corollary 3.1.6 part (b)). In the full version of
Theorem 3.1.5, we show that the abstract state definition and the standard definition
of self-testing are equivalent for any sufficiently nice class C of models, provided that p
has a full-rank model in C. Interestingly, a result of Baptista, Chen, Kaniewski, Lolck,
Mancinska, Gabelgaard Nielsen, and Schmidt | | constructs a correlation p that

does not have a full-rank projective model (the existence of such models had been assumed

6



in some prior work on self-testing). Formulating our results in this generality raises some

interesting questions, such as

Question 1.1.1. Whether there are self-tests for the class of projective models that are
not self-tests for the class of all models?

In Section 3.2, we prove that if p is an extreme binary correlation (in the sense that
|A| = |B| = 2), or a synchronous correlation (in the sense of | ]), then p is a self-
test for projective quantum models if and only if p is a self-test for all quantum models
(see Theorem 3.2.6). This shows that many common examples of self-tests for projective
models, such as the CHSH game and the Mermin-Peres magic square, are self-tests for all
quantum models. Note that Question 1.1.1 was an open problem when our paper | ]
came out. This problem has since been resolved in | |: the correlation p mentioned
in the previous paragraph is a self-test for projective quantum models but not a self-test

for all quantum models.

One of the advantages of the abstract state definition of self-testing is that it generalizes
casily to other sets of correlations. For instance, the set of quantum correlations C is
not closed | |, and there are now several elementary proofs of this fact using self-
testing techniques [ , ]. The closure of C; is denoted by Cy,, and a correlation
p belongs to Cy, if and only if there is a (not necessarily finite-dimensional) state f on
AR5y 2r Omin Avbyvar such that f(ef ®e!) = p(a, bz, y) for all a,b, z,y. Correlations p € Cyq
do not necessarily have tensor product structures, and thus it is not clear how to generalize
the standard notion of self-testing with local isometries to this setting. With the abstract
state definition, we can say that a correlation p € Cy, is a self-test if there is a unique

X,A Y,B .
abstract state on Ap) s @min Apoyys realizing p.

While not all correlations in Cy, have tensor product models, correlations in C,, can
be modeled using another framework for bipartite systems, commuting operator models.
In a commuting operator model, Alice and Bob make measurements on a joint Hilbert
space (with no tensor product structure), and their measurement operators are required
to commute (in place of factoring as tensor products). The set of correlations with a

commuting operator model is denoted by C,. If p has a finite-dimensional commuting

7



operator model, then p also has a finite-dimensional tensor product model. However,
the MIP* = RE result of Ji, Natarajan, Vidick, Wright, and Yuen shows that there are
correlations p € C,. which are not contained in Cy, | ]. There is another tensor
product for C*-algebras which is associated with the commuting operator framework, the
max-tensor product, and a correlation p belongs to Cy. if and only if there is a state f
on Ani s @maz Ay with f(e? @ €¥) = p(a, bz, y) for all a,b, z,y. The definition of an
abstract state self-test immediately generalizes to commuting operator models. Having a
definition of a self-test for commuting operator models raises the prospect of being able
to construct self-tests in C,. which have no finite-dimensional models, perhaps from group
algebras which are known to have a unique tracial state (see, e.g., | ]). In Section 3.3,
we show that there are already several examples of commuting operator self-tests with
finite-dimensional models. In particular, using results from [ | we show that there are
many XOR correlations that are commuting operator self-tests. Notably, this implies that
the CHSH game is a commuting operator self-test. This has independently been observed

by Frei | | as well.

Although one of the goals of this thesis is to address the many variations of self-
testing definitions, it is still helpful to make some simplifications, and for this reason we
look only at self-testing with pure states. A recent result of Baptista, Chen, Kaniewski,
Lolck, Man¢inska, Gabelgaard Nielsen, and Schmidt [ ] shows that for extremal
correlations, self-testing with pure states is equivalent to self-testing with mixed states

(using the definition from | D).

For the practical use of self-testing, it is important to consider the robustness of a self-
test — what happens for models that achieve a correlation close to p. We say a correlation
p is a robust self-test if there is an ideal model S for p, such that for any other model S
that achieves a correlation close to p (in some suitable norm), there are isometries I, and

Ip such that Equation (1.1.1) holds up to some small additive error.

Given a correlation p € C, which is a self-test, Theorem 3.1.5 states that there is
a unique finite-dimensional state f on Apgyay; ®umin Apoyy realizing p. Two questions

naturally arise from this characterization:



Question 1.1.2. Do we have a similar characterization of robust self-testing in terms

of abstract states on C*-algebras?

Question 1.1.3. What happens to infinite-dimensional states on AfgbAVMCYQmm A}%}VM

that can realize p?

The purpose of Chapter 4 is to show that these two questions are indeed the same: if in
addition, p is a robust self-test, then there are no infinite-dimensional states on A§54VM®min
A?’(?VM that can realize p (see Theorem 4.1.4). In other words, with the abstract state self-
test definition, p is a robust self-test only if p is an abstract state self-test for all states.
In Section 4.4 we show that the “if” direction of this statement also holds provided that
p is the unique optimal correlation for some nonlocal game G whose strategies can be
characterized by tracial states on the associated game algebra C*(G) (see Theorems 4.4.9
and 4.4.10). This last technical condition applies to many nonlocal games of interest,
including all synchronous, XOR, and Boolean constraint system (BCS) games. Notably,
this “if” direction also illustrates a tracial-state characterization of robust self-testing and
provides one-line proofs for many well-known robust self-tests. For instance, the fact that
the Clifford algebra of rank 2 has a unique tracial state directly implies that the CHSH

game is a robust self-test.

Chapter 4 gives an operator-algebraic formulation of robust self-testing, but it does
not explicitly address how to compute the robustness functions. Suppose a correlation p
is a robust self-test with an ideal model S. The robustness of this self-test is a function
n: Reg — Reg with lim._,q7(e) = 0 such that for any model S that achieves a correla-
tion e-close to p, there are isometries I4, Ig such that Equation (1.1.1) holds within an
n(e)-additive error. In Chapter 5 we discuss a group-theoretical approach to compute the
robustness functions. Some nonlocal games have an associated group G such that optimal
(resp. near-optimal) strategies correspond to representations (resp. approximate repre-
sentations) of G, so the theory of group stability comes into play. Gowers and Hatami’s

celebrated result [ | establishes that all finite groups G are stable?: for any approxi-

2In more technical terms, they demonstrate that finite groups are dilation-stable, which means that f

is close to I*¢I for some isometry I.



mate representation f of G, there is always an exact representation ¢ nearby.

Gowers and Hatami focus on the normalized Hilbert-Schmidt norm. A version for
state-dependent norms was developed by Vidick in | |. However, earlier approaches
to proving robust self-testing results via the Gowers-Hatami theorem are sometimes insuf-
ficient: the exact representation ¢ given by the theorem not only carries the ideal model
S but also contains some “junk models” that need to be disregarded. We tackle this prob-
lem in Chapter 5 by stating and proving an enhanced Gowers-Hatami theorem. We show
that if the approximate representation f defined by a near-optimal model satisfies some
additional symmetries, then one can find an exact representation ¢ nearby that contains

the ideal model S exclusively (see Theorem 5.1.4).

1.2 Quantum delegation

In an interactive proof system, a computationally-bounded verifier interacts with a powerful

prover in order to verify the truthfulness of an agreed-upon problem instance. Starting with

QMA; and followed by QIP and QMIP (among others), quantum interactive proof system,

(in which the verifier is quantum polynomial-time) were defined and studied | , ,
].

Yet, these quantizations depend crucially on the tacit assumption that the verifier has
access to trusted quantum polynomial-time verification. Given the current state-of-the-art
in quantum computation development, the inherent difficulty at characterizing quantum
systems, and the fact that there is no way to reliably verify the trace of a quantum compu-
tation, there is ample evidence that this assumption may be questionable. Indeed, despite
impressive technological improvements, we may ultimately have to contend with a reality
where quantum computers are never as trustworthy or reliable as classical devices. This
prospect has motivated consideration of models where the verifier has access to very lim-
ited but trusted quantum functionality | , , ], or where the verifier
is entirely classical and the prover is computationally bounded | |, while another

class called MIP* models an efficient classical verifier interacting with several isolated, un-
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bounded quantum provers | ]. Each approach provides advantages and encounters
challenges: early quantum servers will be expensive and thus all else equal, requiring a sin-
gle prover is preferable; on the other hand, existing single-prover protocols either require
a trusted device or make computational assumptions. Multi-prover protocols utilize pow-
erful device-independence techniques which avoid these assumptions but at the high cost

of requiring several powerful provers and requiring isolation.

The current zeitgeist in this field allows for imaginative considerations of how we de-
scribe and model tasks in a quantum world. These approaches have in common that instead
of considering the straightforward quantum analog of classical protocols, we strive to make
considerations that are naturally motivated in the quantum setting®. In this thesis, we
continue on this momentum and introduce a novel approach to proof verification, where
the set-up itself can only be motivated in the quantum setting. To this end, we consider

the following question:

Question 1.2.1. What s the expressive power of the class of relativistic, interactive
proof systems with a single quantum prover, and a classical verifier having access to an

off-the-shelf untrusted quantum device?

We call the above model the off-the-shelf (OTS) model since it models the fact that
the verifier, in addition to interacting with a standard prover, has access to a device that
is (1) generic (it does not depend on the instance of the problem to be solved, only on
the instance size), (2) efficient (for completeness, polynomial resources are sufficed), and
(3) completely untrusted (for soundness, there are no assumptions on its computational
power or inner-workings). Importantly, relativistic refers to a one-round protocol; this is

desirable for its relative ease in enforcing isolation*.

Operationally, we imagine the OTS model as the prover providing the verifier with such
a generic, off-the-shelf device ahead of the proof verification (see Figure 1.2). In particular,

the preparation of such a device in terms of its capabilities is independent of the particular

3See, for instance, the recent work on the complexity of preparing quantum states and unitaries [ ].
4A relativistic protocol is highly desirable in the multi-prover scenario since isolation can be enforced

using relative position and response times [ ) ]
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problem instance, although we do allow dependence on its size. Once in possession of this
device, the verifier may query the prover and simultaneously use a single measurement
from the off-the-shelf device, which leads the verifier to accept or reject. The figures of

merit for the interactive proof system are the usual completeness and soundness.

P O[O0 OO O]
plle ofle o]]o

THE SEVENTH STATIoN

Figure 1.2: During the set-up the verifier selects an off-the-shelf device based on the required
size of the problem instance. Afterward, the verifier is free to select any language and instance
and interacts in a single round with both the prover and the off-the-shelf device, leading to the

accept/reject output of the verifier.

Since the OTS scenario models aspects of near-term proof verification using untrusted
quantum devices, we naturally wish to understand how it relates to some of the most

relevant and studied properties of interactive proof systems:

Question 1.2.2. Can the OTS model provide novel approaches to zero-knowledge proof

systems and to delegated quantum computation?

Zero-knowledge (ZK) proof systems capture the counter-intuitive notion that an in-
teractive proof can be simultaneously convincing, while also completely concealing the
inner-workings of the prover; such proof systems play an influential role in many areas
of complexity and cryptography as well as in cybersecurity since they prevent reverse-
engineering. We are interested here in statistical ZK, meaning that the concealing property
holds against an unbounded verifier. Given our new OTS model, one of the first questions

we thus ask is whether proof systems in the OTS model can be made ZK.
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In delegated quantum computation, a computationally-weak client outsources a quantum
computation to a more powerful (but computationally-bounded) device in a way that the
result is verifiable. Starting with the OTS model, we can scale it down (such that the prover
is no longer unbounded, but merely quantum polynomial-time; the verifier and off-the-shelf
device remain unchanged). The question then becomes: via a relativistic interaction, can
a classical polynomial-time client, together with an OTS device, verifiably outsource a
quantum computation of their choosing to an isolated quantum polynomial-time device,
assuming that the size of the quantum computation is compatible with the parameters of

the OTS device?

In Chapter 6, we make important steps towards answering the above questions:

o We show that any language in QMA has a statistical ZK proof system in the OTS
model (see Theorem 6.5.2).

o We show that the above OTS proof system can be adapted for delegated quantum
computation for any problem in BQP, while remaining ZK and in the OTS model
(see Theorem 6.5.3).

1.3 Hardness results

Recall that a self-adjoint bounded operator T' on a Hilbert space H is positive if (v, Tv) = 0
for all v € H. A self-adjoint element « of a complex =-algebra A is said to be positive if
7(a) is positive for all -representations 7 : A — B(H). Suppose that A is the complex-
ification of a finitely-generated =-algebra Agp over Q. Elements of Ag can be represented
as noncommutative =polynomials with rational coefficients, and hence we can work with

them concretely, for instance on a computer.

In many situations, we’d like to be able to decide whether an element a € Ag is positive

in A, and if it is, find a certificate of positivity.

A prototypical example is A = CJF,,, the group algebra of the free group F,,, with
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Ag = QF,. In this case, the following two properties hold:

(a) Every positive element o € A is a sum of (hermitian) squares (SOS), meaning that
there are by, ..., b, € A such that a = Zle brb;.

(b) A self-adjoint element o € A is positive if and only if 7(«) is positive in all finite-

dimensional representations 7 : A — B(H).

Property (a) is called the SOS property; for archimedean algebras (see Section 2.1.2 for a
definition) such as CF,, this property is also called archimedean closed. Since a sum of
squares is always positive, a sum of squares decomposition for an element a can be used as
a certificate of positivity. The SOS property states that every positive element has such a
certificate. For archimedean algebras, property (b) states that the enveloping C*-algebra
of A is residually finite-dimensional (RFD), or equivalently that the quadratic module
generated by hermitian squares in A is RFD | |. For convenience, we’ll shorten
this and just say that A is RFD.> If A is RFD, then for every non-positive self-adjoint
element o € A, there is a finite-dimensional representation ¢ such that ¢(«) is not positive.
Thus if Ag is finitely-presented, then this representation can be used as a certificate of non-
positivity. If A has the SOS property and is RFD, and Ag is finitely-presented, it is possible
to decide whether a self-adjoint element o € Ag is positive by simultaneously searching for
a sum of squares decomposition for «, and for a finite-dimensional representation showing

that « is not positive.

For the free group algebra, property (a) is sometimes attributed to an unpublished result

of Schmiidgen from the 1980s (see [ : ]), with other proofs given in | ,

, , , |. Property (b) is a result of Choi | ]. Both properties
also hold for the algebra of noncommutative =-polynomials C*(x1,...,xz,) by theorems of
Helton | ] and McCullough | |, for the #-algebra of n contractions by theorems of
Helton-McCullough-Putinar | | or Helton-Klep-McCullough | ], and for the
group algebra CZ*" of a free product of cyclic groups again by [ | or | ].

5But note that this is not equivalent to the standard definition of RFD for #-algebras, which says that

all non-zero elements are non-zero in some finite-dimensional representation.
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That all these algebras are RFD also follows from | | or [ |. Thus it is possible to
decide positivity for all these algebras using the algorithm above, although actually we can
do better: the proofs of the SOS property above are effective, meaning that they provide
bounds on the degree of polynomials in the sum of squares needed to show that an element
is positive. Hence we can decide positivity by searching just through SOS decompositions

and stopping when the bound is reached.

In comparison, the commutative polynomial rings C[z1,...,z,] famously do not have
the SOS property for n > 2. However, Artin’s solution of Hilbert’s 17th problem states
that every positive polynomial is a sum of squares of rational functions [ |. More gen-
erally, a result of Scheiderer | ] states that finitely generated connected commutative
x-algebras of dimension > 3, such as the group algebra CZ" for n > 3, do not have the SOS
property (provided they have a state). Certificates of positivity are provided for all finitely-
generated commutative algebras by the Krivine-Stengle positivstellensatz | , ].
Effective versions of Artin’s theorem and the Krivine-Stengle positivstellensatz are proven
in [ ], and although the degree bounds are too large to yield practical algorithms, this
gives a way to decide positivity in principle. For finitely-generated commutative algebras,
positivity can also be decided with Tarski quantifier elimination or other algorithms for
the first-order theory of the reals. In fact, since non-positivity lies in the existential theory
of the reals, positivity can be decided in PSPACE | ]

If A is a finitely-generated commutative archimedean =-algebra, then Putinar’s posi-

tivstellensatz states that every element which is strictly positive on the state space of A is

a sum of squares [ ]. For all archimedean =-algebras A, Helton and McCullough’s pos-
itivstellensatz | | says that a € A is positive if and only if a+ € is a sum of squares for
all € > 0 (this exact formulation seems to appear first in | |, see also | , ])-

This does not give a method for deciding positivity, but does show that deciding positivity

is in the class II$ for archimedean algebras.

While positivity is decidable for the free group algebras and other prototypical non-
commutative =-algebras A listed above, the point of Chapter 7 is to show that positivity
becomes undecidable for tensor products A ® A of such algebras: it is coRE-hard to de-
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termine whether a given self-adjoint element o € Ag ®g Ag is positive in A ® A (see
Theorem 7.4.1). The coRE-hardness of determining positivity for A® A immediately im-
plies that there exists no certificate of positivity in A ® A. In particular, unlike elements
in A, the tensor product algebra A® A does not have the SOS property (Corollary 7.1.2).
In Chapter 7, we also discuss other related decision problems that arise from operator

algebras and quantum information.
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Chapter 2

(General Preliminaries

2.1 Algebras

2.1.1 Groups, =-algebras, and presentations

We work with both groups and s-algebras. If K is a field with an involution A ~— A, then

a =-algebra over K is a unital associative K-algebra A with an antilinear involution
A—>A:a—a*

such that (ab)* = b*a* for all a,b e A. A =-homomorphism m : A — B between =-algebras
A and B is an algebra homomorphism such that w(a*) = 7(a)*. In this thesis, K = C will
be the default choice. We also work with K = @Q (with trivial involution) in Chapter 7.
When A is a =-algebra over Q, we use Ac to denote A ®g C. In this thesis, we only deal
with unital =-algebras. We use 1 for the identity in both groups and =-algebras.

If G is a group, then we let KG be the group algebra of G over the field K. This is a
+-algebra with g* = g=%. If S is a set, then Fg will denote the free group with generating
set S, and F, 1= Fi,, .,
if S'is a set, and R < Fg, then (S : R) denotes the quotient of Fg by the normal subgroup

za)- We use the standard notation for group presentations, in which
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generated by R. We often want to add generators and relations to a given presentation
G = (S : R), so if S; is another set disjoint from S, and R; < Fgs_g,, then we define
(G,S1 : Ry) :=={(SuS;:RuURy. If Gis a group, then G*" denotes the free product
of n copies of G. The cyclic group of order k£ will be denoted by Z;. If S is a set, then
Z;% denotes the free product of |S| copies of Zy, where the generators of the factors are
denoted by the elements of S. In other words, Z}® = (S : s*¥ =1 for all s € S).

We also define =-algebras by means of presentations. If S is a set, we let K*(S) denote
the free noncommutative =-algebra with generating set S over a field K. If R < K*(S),
then K*(S : R) denotes the quotient of K*(S) by the two-sided *-ideal generated by R.
As with groups, if A = K*(S : R) is a =-algebra presentation, S; is a set disjoint from S,
and R; < K*(S U S}), then

K*(A,S: Ry :=K*(SuUS;:RURy).
If G ={S: R) is a group presentation, then
KG=K*(S:1—r,re R, 1—ss*1—s%s,s€5).

For both group and =-algebra presentations, we’ll follow the standard practice of writing
a = b for the relation b~'a (in the case of groups) or a — b (in the case of -algebras). Also,
a presented group (resp. algebra) is a group (resp. algebra) with a fixed presentation, and
a finitely presented group (resp. algebra) is a presented group (resp. algebra) where the

presentation has a finite number of generators and relations.

As mentioned above, unless specified otherwise a =-algebra will mean a =-algebra over
C. If a =-algebra A has a submultiplicative Banach norm ||-|| such that the C*-identity
la*a|| = ||a||* holds for all a € A and A is closed with respect to ||-||, then A is said to be
a C*-algebra. For any Hilbert space H, we use B(H) to denote the C*-algebra of bounded
operators on H. We denote by 14 the identity operator in B(H) and simply write 1 if H
is clear from the context. The commutant of a subset X < B(H) is X' := {T' € B(H) :
TS = ST for all S e X}.

The set of d x d matrices My(C) equipped with the normalized Hilbert-Schmidt norm
|T||ns := Tx(T*T) is a C*-algebra called full matriz algebra and denoted Mj.

18



2.1.2 Representations, states, and GNS theorem

Unless stated otherwise, all Hilbert spaces in this thesis are assumed to be separable. A
representation w of a =-algebra A is a *-homomorphism from A — B(H) for some Hilbert
space H. If H is finite-dimensional then we say 7 is finite-dimensional. A subrepresentation

of 7 is a closed subspace K < H such that
7(A)K :=span{r(a)v:ae A, ve K} =K.

A representation is irreducible if it contains no proper non-zero subrepresentations. A
vector v € H is cyclic for a representation 7 : A — B(H) if 7(A)v is dense in H. A cyclic
representation of A is a tuple (H,m,v), where 7 is a representation of A on H, and v € H
is cyclic for w. Two representations 7 : A — B(H) and ¢ : A — B(K) of A are (unitarily)
equivalent, denoted m = ¢, if there is a unitary U : H — K such that Un(a)U* = ¢(a) for
all a € A. Two cyclic representations (H,7,v) and (K, p,w) are (unitarily) equivalent if

there is such a unitary with Uv = w.

A (bounded) state on a =-algebra A is a linear function f: A — C with f(1) = 1 such
that f(a*) = f(a), f(a*a) =0, and
sup{‘]c(jl::;:kg;l)) :be A, f(b*D) 7&0} < (2.1.1)
for all a € A. The GNS theorem for =-algebras states that f : A — B(H) is a state if
and only if there is a »representation m : A — B(H) and a unit vector v € H such that
fla) =<v,m(a)v) forallae A , Theorem 4.38]. Given a state f, there is always such
a representation 7 and unit vector v such that v is cyclic for 7. Such a cyclic representation
(H,m,v) is called a GNS representation of f. Every state has a unique GNS representation
up to unitary equivalence. A state f is said to be tracial if f(ab) = f(ba) for all a,b € A.
1

Every full matrix algebra My has a unique tracial state tr given by tr(7') := 3Tr(T).

A state ¢ on a *-algebra A induces a semi-norm |lal|, := +/%(a*a) on A satisfying
|(ab)| < ||allp]|b]|y for all a,b e A. If 1 is tracial, then ||- ||, is unitarily invariant, meaning
that ||uav||ly = ||al|y for all unitaries u,v € A and elements a € A. For an arbitrary state 1,

the seminorm ||- ||, is left unitarily invariant, but not necessarily right unitarily invariant.
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A self-adjoint operator T € B(H) is positive if (v, Tv) = 0 for all v e H. A self-adjoint
element a in a =-algebra is said to be (representation) positive if w(a) is a positive operator
for all Hilbert spaces H and representations 7 : A — B(H). The GNS theorem implies
that a self-adjoint element a € A is positive if and only if f(a) = 0 for all states f on A.
If A is a C*-algebra, then a € A is positive if and only if a = b*b for some b € A.

An element a of a =-algebra A is a hermitian square if there is b € A such that a = b*b,
and a sum of (hermitian) squares if there are by, ..., b, € A such that a = Y b*b;. If a
is a sum of squares, then ¥ (a) = 0 for all states ¢. If a; and ay are sums of squares, then
Y(aay) = 0 for all tracial states v, since 1(bb1b5ba) = 1((bab])*(b2b})) when 1) is tracial.

Every #-algebra A has an operator norm |- || 4 : A — Rxg U {0} defined by

||al| 4 := sup{r/¥(a*a) : ¥ a state on A}.

For any Hilbert space H, we denote by ||||,, the operator norm on B(#). Using the GNS

theorem, it can be shown that

llalla = sup{||w(a)||op : ™ & representation on a Hilbert space H}

and ¥ (b*a*ab) < ||al|%¥(b*D) for all a,b € A and states ¢ on A.

A =-algebra A is said to be archimedean if for all @ € A (or equivalently, all a in a
generating set for A), there is a scalar A > 0 such that A — a*a is a sum of squares. If A4
is archimedean, then a linear functional f : A — C satisfying f(1) = 1 and f(a*) = f(a),
f(a*a) = 0 for all a € A automatically satisfies the boundedness condition in Equation
(2.1.1). Also, the operator norm ||- || 4 takes only finite values, and the well-known Helton-
McCullough positivstellensatz states that a € A is positive if and only if a + € is a sum of
squares for all € > 0. Group algebras CG are archimedean, but free =-algebras C*(S) are

not when S is non-empty. More background can be found in | ] and | ].

In this thesis, we will often work with finite-dimensional systems. A state f on a =*-
algebra is finite-dimensional if the Hilbert space H in the GNS representation (H,m,v) of

f is finite-dimensional. If 7 : A — B(H) is a finite-dimensional representation, then the
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double-commutant theorem states that there is an isomorphism H = @le Cm @ C™ for

some integers n;, m;, i = 1,... ¢, such that
¢ ¢
m(A) = P M, (C)® 1, , and 7(A) =P 1, ® M, (C). (2.1.2)
i=1 i=1

In particular, 7(A) and w(A)" are direct sums of matrix algebras.

2.1.3 More on C*-algebras

Let A be a C*-algebra. The Gelfand—Naimark theorem states that 4 can be represented as
a C*-subalgebra of some B(H). In other words, there is a faithful representation 7 : 4 —
B(H) for some Hilbert space H. For every a € A, ||al|> — a*a is positive in A and hence
a hermitian square. So A is archimedean. This implies a linear functional f : A — C is a
state on A if and only if f(1) = 1 and f(a*a) = 0. The set of all states on A, denoted 8§(.A),
is called the state space of A. §(A) is convex and weak*-compact. The extreme points of
8(A) are called pure states. Let f € 8(A) and let (H,w,v) be a GNS representation of f.

Then f is a pure state if and only if 7 is an irreducible representation.

Given two C*-algebras A and B, a linear mapping ¢ : A — B is said to be positive if
o(z) is positive in B for any positive element z € A. A linear mapping ® : A — B is said

to be unital completely positive (ucp) if
(i) ®(1a) = 15, and

(ii) for any x € N, the mapping

Ap1 - Qpp

is positive.
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The Stinespring dilation theorem states that for any ucp map ® : A — B(H), there exists
a Hilbert space K, a representation 7 : A — B(K), and an isometry V : H — K such that

O(a) = V*r(a)V

for all @ € A. Moreover, if H is finite-dimensional, then I can be taken as finite-

dimensional.

Given two C*-algebras A and B, their algebraic tensor product A ® B is a =-algebra.
There is more than one way to make A ® B into a C*-algebra. The first is to define the

max-norm ||-||mez on A ® B by
|a|lmaz := sup{||m(a)||op : ™ a representation of A® B on a Hilbert space H}  (2.1.3)

The max tensor product of A and B, denoted A ®,,q. B, is the closure of A ® B with
respect to ||+||lmaz. Representations 7 of A®,nq. B on a Hilbert space H correspond to pairs
of representations 74 : A — B(H) and 7 : B — B(H), such that 7(a®0b) = ma(a)7p(b) =
mp(b)ma(a) for all a € A, b e B. This gives us another way to understand ®,,q,. If instead
of looking for all representations on A ® B in Equation (2.1.3), we look at representations
of the form m4 ® 7 where w4 and mp are representations of A and B respectively, then we
get a C*-algebra A®,,;, B called the min tensor product. More precisely, we can fix faithful
representations A < B(H) and B < B(K). Then A® B < B(H ® K) as a =subalgebra.
Restricting the operator norm on B(H ® K) to A® B defines the min-norm ||-||;in. The
C*-algebra A ®,:n, B is the closure of A ® B with respect to ||-||nin. Note that A Quin B
is independent of the choice of faithful representations A c B(H) and B < B(K).

We say a state f : A® B — C is max-continuous (resp. min-continuous) if it is
continuous with respective to ||-|lmaz (resp. ||*|lmin). Equivalent, f is max-continuous
(resp. min-continuous) if it extends to a state on A ®,q. B (resp. A Qmin B). By our

definition of states, every state on A ® B is max-continuous.
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2.2 Quantum

2.2.1 Quantum states and measurements

Through Chapters 3 to 6, we use bra-ket notation for vectors in Hilbert spaces. A wvector
state is a unit vector in some Hilbert space. Given two vector states |a) € H and |5) € K,
we often use |a, 3) to denote the product state |a)®|3) € HRK. We use {|i)}L, to denote
the standard basis for the Euclidean space C?. Given two Hilbert space H 4 and Hp, every

bipartite vector state 1)) € H4 ® Hp has a Schmidt decomposition

) = Z Ailai) ® 185y,

€l
where the index set 7 is either finite or countable, the Schmidt coefficients \; are strictly
positive, and {|a;)}ier and {|f;)}ier are orthonormal subsets of H 4 and Hp respectively.
The cardinality of Z is called the Schmidt rank of |1)). For a derivation of the Schmidt

decomposition in infinite-dimensional spaces, see e.g. [ , Theorem A.5].

Given a Hilbert space space H, we call

0
Ci(H) = {T e B(H) : Y. su(T) < 0}
n—=1
the trace class operators, where s1(T') = so(T) = - -+ = 0 are the singular values of T'. For
any T € C1(H) and any orthonormal basis {|a;)}er for H,
> ai| Tlas) (2.2.1)
1€l
converges and the value is independent of the choice of the orthonormal basis. We denote
by Tr(7T") the value of Equation (2.2.1) and call it the trace of T. An operator p € Cy(H)
is called a density operator (or a quantum state) on H if p is a positive operator with
Tr(p) = 1. We say that a density operator p on H is a pure quantum state if p = |¢) (3| for
some vector state [)) € H, and we say that p is a mized quantum state if it is not a pure
quantum state. Every density operator p on H induces a semi-norm || X||, := 4/ Tr(X*Xp)
on B(H) which is called the p-norm.
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A positive operator-valued measure (or POVM) on a Hilbert space H with finite index
g M; = 1. We say
that a POVM {M, },cz is a projection-valued measure (or PVM) if in addition, the operators

set Z is a collection of positive operators {M; : i € Z} on H such that

M; are self-adjoint projections for all + € Z. Naimark’s dilation theorem states that for any
POVM {M,};er on a Hilbert space H, there is a Hilbert space K, an isometry V : H — K,
and a PVM {P,};cz such that M; = V*P, V. One common proof of the theorem is to take
K=H®CT, P, =1y ®liy|, and V : H — K sending |h) — 3. M}"*|h) @ |i}, where

{li)}ier is the standard orthonormal basis for CZ.

Given a PVM {M,...,M,,} < B(H), the corresponding observable is the unitary
operator A € B(H) of order m defined by

- 2m/—1
A::Zexp< T k) Mj,.
k=1

m

If m = 2, then A = M; — M, is hermitian and we call it a binary observable.

2.2.2 Nonlocal games and correlations

Let X, Y, A, and B be finite sets. A bipartite correlation (or behaviour) is a function

p € REXB*XXY quch that

S plable,y) =1

(a,b)eAx B
forall x € X,y € Y. A correlation can be thought of as specifying the probability of getting
outputs (a,b) € A x B from inputs (z,y) € X x Y. A quantum model for a correlation p is
a tuple
S = (Ha,Hp,{M;:aecAjxe X} {N/:be B,ye Y}, |v)),

where

(i) Ha and Hp are finite-dimensional Hilbert spaces,

(ii) {M?:ae A},z € X and {N/ : be B},y € Y are POVMs on H 4 and H g respectively,

and
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(ili) 1) € Ha ® Hp is a vector state,

such that
pla, bz, y) = Y|My & NJ[Y)
for all (a,b,z,y) e Ax Bx X xY.

Any tuple satisfying (i)-(iii) determines a correlation p via this last equation, and we
refer to this as the correlation of the quantum model. A quantum model S for a correlation
p is projective if the measurement operators {M? : a € A},x € X and {N/,be B},yeY
are PVMs. A quantum model is full-rank if dim H 4 = dim H g, and the Schmidt rank of
[ty is dim H 4.

The set of correlations in R4y Z***Y

usually denoted by C,(X,Y, A, B). We use C, to denote the union of C,(X,Y, A, B) over
all finite sets X,Y, A, B. By the Naimark dilation theorem, every element of C;, has a

which have a quantum model is convex, and is

projective quantum model, and by restricting to the support projection, every element of
C, also has a full-rank (but not necessarily projective) quantum model (see Section 3.1.2
for the definition of support projection). The sets C, are not closed in general | |, and
the closure of €, is denoted by Cy,. It also makes sense to talk about models in which
the Hilbert spaces H4 and Hp are infinite-dimensional, and this leads to another set of

correlations Cy, in between C and Cy,.

Aside from the above models that exhibit a tensor product structure, Algebraic Quan-
tum Field Theory suggests a commuting-operator framework for correlations. A commuting

operator model for a correlation p is a tuple
(H,{M? :a€ Az e X},{N/ :be B,ye Y}, |V)),
where
(i) H is a Hilbert space,
(ii) {M*:aec A}, xe X and {N; : be B}, ye Y are POVMs on H such that
MIN) = N/M?
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for all (a,b,x,y) € Ax Bx X xY, and
(iii) |¢) € H is a vector state

such that
p(av b|l‘,y) = <¢|M¢f ’ be|w>

for all (a,b,2,y) € Ax Bx X xY. We let Cj. be the set of correlations with a commuting
operator model. It is well-known that C,. is closed and convex, and the set of correlations

with finite-dimensional commuting operator models is equal to Cj,.

We refer to the correlations in Cy, Cys, Cgq, and Cy. as quantum correlations, quan-
tum spatial correlations, quantum approximable correlations, and quantum commuting

correlations respectively.

Operationally, one can think that correlations arise from an interactive game: a referee
samples a question pair (z,y) according to a distribution g on X x Y, sends = to the
player Alice, and sends y to the player Bob; Alice and Bob then return a € A and b € B

respectively. Their behavior is captured by a correlation p € RazZ*X*Y

where p(a, b|x,y)
indicates the probability that Alice and Bob return a and b upon receiving x and y. Based
on a predicate V : Ax Bx X xY — {0, 1}, the referee then determines whether the players
win (V(a,blz,y) = 1) or lose (V(a,b|z,y) = 0). We call the tuple G := (X,Y, A, B, u, V)
a nonlocal game. Alice and Bob know the rules of G and can strategize together, but they
are not allowed to communicate once the game begins.

Given a nonlocal game G = (X,Y, A, B, u,V) and a correlation p € REFE*X*Y the

winning probability of p for G is

w(G;p) = >, pl,y)V(a,blz,y)p(a, bz, y).

a,b,z,y

We refer to models for p as strategies for G. Given a strategy S, we denote by w(G;.S) (or
simply w(S) if G is clear from the context) the winning probability of S for G. That is,
w(G; S) = w(G; p) where p is the correlation achieved by S. The quantum value wy(G) of
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G is defined to be the supremum of w(G; S) over all quantum strategies S for G. Since C,

is the closure of C; and Cy, is in between C, and Cl,,
wy(G) = sup{w(G;p) : pe Cy} = sup{w(G;p) : p € Cys} = sup{w(G;p) : p € Cya}.

In this thesis, a correlation p (resp. a strategy S) is said to be optimal® for G if w(G;p) =
we(G)? (resp. w(G; S) = we(G)).

2.2.3 Quantum circuits

In this thesis, we take o7, ox, and oz to denote the following Pauli operators:

10 0 1 | 1 0
or = , O0x = , and oz = )
1o 1) " \1 0 77 \o -1

A unitary quantum circuit is simply a unitary which can be written as a product of gates
from some universal gate set &. Unless otherwise specified we will assume the universal
gate set is the following universal gate set {H, A(X), A?(X)}, where H is the Hadamard
gate, A(X) is the controlled ox gate, and A?(X) is the Toffoli gate. A general quantum
circuit or simply a quantum circuit is a unitary quantum circuit that can additionally
apply non-unitary gates which, introduce qubits initialized in the 0 state, trace out qubits,

or measure qubits in the standard basis.

We say a family of quantum circuits {Q,}nen is a polynomial-size family of quantum
circuits if there exists polynomial r such that @, has size at most r(n). A family of quantum
circuits {Q,} is called polynomial-time uniform family if there exists a polynomial time
Turing machine that on input 1™ outputs a description of (),,. In this case, the family will

also be a polynomial-size family of quantum circuits.

f wy(G) = 1, we often replace “optimal” with “perfect”.
20ne can also define the commuting-operator value we,(G) := sup{w(G;p) : p € Cye}. In this thesis,

being optimal always means achieving the quantum value wy(G), even when we are working with p € Cy.

or infinite-dimensional commuting-operator strategies.
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Given a quantum circuit @), we denote its size (number of gates plus number of wires)
by |Q|. The task of delegating the computation of ) is captured by the following promise

problem:

Definition 2.2.1 (Q-CIRCUIT). The input is a quantum circuit Q) on n qubits. The

problem is to decide between the following two cases:
o Yes: (1D @ L) Q02 = 1 -
o No: [[((INXAA] @ In-1)Q[0™)|* < v
where we are promised that one of the two cases holds.

Problem in Definition 2.2.1 is known to be BQP-complete for 1 — 2y > ﬁ(n)'

2.3 Complexity

2.3.1 Notation

We take [n] to denote the set {1,...n}. Given two real valued functions f,g: R — R, we
write f = O(g) (resp. f = Q(g)) if there exists a positive real number M and an zy € R
such that |f(z)] < Mg(x) (resp. |f(x)] = Mg(z)) for all x > xy. We call a function f
negligible, and write f = negl(n), if for all constants ¢ > 0 we have f = O(n™°). For two
distributions P and @) on a finite set X the statistical differences of P and @) is given by

Daex | P(2) = Q()].

2.3.2 Computability

Given a set X, a word of length n over ¥ is a finite sequence ayas - - - a,, where a; € 3 for
all 1 < i < n. We use the standard terminology from the theory of computation (see, e.g.

[ ]). In particular, a subset £ of words over ¥ is in RE if there is a Turing machine M
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with input alphabet 3 which recognizes £, meaning that there is a computation path where
M halts on input z if and only if x € £. In this definition M can be non-deterministic, but
every language in RE can be recognized by a deterministic Turing machine. A language
L is in coRE if its complement £ is in RE, and is decidable if it is in both RE and coRE.
Equivalently, £ is decidable if there is a deterministic Turing machine that halts on every
input x, returning “accept” if x € £ and “reject” otherwise. Since many types of objects
can be encoded as strings, we often talk about sets of other objects being RE or coRE. For

instance, the set
HALT = {(M, z) a Turing machine, z an input to M | M halts on input x}

is the prototypical example of an undecidable RE set, although formalizing it as a language
requires choosing some encoding of pairs (M, x) as strings. The complement coHALT of
pairs (M, z) such that M does not halt on input x is the prototypical example of an
undecidable coRE set. A function f from strings on ¥ to strings on X' is computable if
there is a deterministic Turing machine with input alphabet ¥ and output alphabet X’
which takes input x to f(x). A language £ of strings over ¥ is RE-hard (resp. coRE-hard)
if there is a computable function f from pairs of Turing machines (M, x) to strings over 3,
such that f(M,x) e L if and only if M halts on input z (sometimes this is called RE-hard
under many-one reductions). Because natural numbers can be encoded as binary strings,
we can also talk about RE, coRE, RE-hard, and coRE-hard subsets of N.

We also care about how many steps it takes a Turing machine to accept an input. The
time function of a non-deterministic Turing machine M is the function 7' : N — N, where
T'(n) is the smallest possible integer such that, given an input string z of length < n,
if M halts on x, then some computation path of M halts in < T'(n) steps. We use the
convention that every Turing machine takes at least one step to halt, so T'(n) > 1 for all
n. We say that £ can be recognized in time 7" : N — N if there is a Turing machine M
recognizing £ with time function T'(n) < T"(n) for all n. In particular, £ can be recognized
in polynomial time if it can be recognized in time Cn* for some C,k € N. Similarly, we
say that £ can be recognized in deterministic time 7" : N — N if there is a deterministic

Turing machine M recognizing £ with time function 7'(n) < 7"(n) for all n. A function f
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is computable in time T'(n) if there is a deterministic Turing machine computing f which

halts in < T'(n) steps on all input strings of length < n.

2.3.3 Quantum complexity classes

Definition 2.3.1 (QMA). A promise problem L = (Lyes, Lno) is in QMA if there exist
polynomials p and q, and a polynomial-time uniform family of quantum circuits {Q,} where
Q. takes as input a string x € X* with |z| = n, a p(n)-qubit quantum state |¢), and q(n)
auziliary qubits in state |0Y%9"™ | such that:

o (Completeness) if © € Lyes, then there exists some |¢) such that Q,, accepts (x,|{))
with probability at least 1 — negl(n), and

o (Soundness) if x € Ly,, then for any state |1, Q, accepts (x,|1)) with probability at
most negl(n).

The Hamiltonian of a quantum system is a Hermitian operator that encodes the energy

of that system. The following local Hamiltonian problem plays a central role in quantum

1

proofs. It was shown to be QMA complete for parameters £k = 5 and § — a = ooy o)

[ J

Definition 2.3.2. Let ke N, o, 5 € R with a < (3, the k-Local Hamiltonian problem with
parameters o« and [ is the following promise problem. Let n be the number of qubits of
a quantum system. The input is a set of m(n) Hamiltonians Hy, ..., Hym) where m is a
polynomial in n and each H; acts on k qubits out of the n qubit system with ||H;|| < 1. For

H = Z;n:(?) H; the promise problem is to decide between the following.

e Yes. There exists an n-qubit state |¢) such that {p| H |¢) < o - m(n).
o No. For every n-qubit state |¢) it holds that (| H |p) = [ - m(n).

We sometimes refer to the family of circuits {Q,,} in Definition 2.3.1 simply as a family

of verification circuits. Definition 2.3.1 can be understood as an interactive proof system.
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In general, we consider multiple-prover interactive proof (MIP) systems in the quantum
setting. This leads to the study of the class MIP*. Informally, a language is in MIP* if it
can be decided by a polynomial-time classical verifier that interacts with multiple isolated,
all-powerful and entangled provers. In this thesis, we only deal with MIP* proof systems

involving two provers and one round; which are defined as the following.

Definition 2.3.3. A promise language L = (Lyes, Lyo) is in MIP*[2,1].s if there exists
a polynomial-time computable function that takes an instance x € L to a description of a

non-local game G, satisfying the following conditions.
o (Completeness) For every x € Ly.s we have w*(G,) = c.

o (Soundness) For every x € Ly, we have w*(G,) < s.

We refer to the mapping, © — G,, as a MIP*[2,1]. s proof system, or in some places a
MIP*[2,1].s protocol. When the parameters are clear from the context we simply call it

an MIP* proof system.

Next, we discuss zero knowledge, which is an additional property for proof systems.
Intuitively, in a zero-knowledge proof system, no verifier (including a malicious one) can
learn anything beyond the membership in the language of the instance under consideration.
For our scenario of MIP*[2,1], it is sufficient to quantify over verifiers that send at most
one valid question to each prover (otherwise, we can impose that the provers abort the
protocol). Hence, a malicious verifier can only deviate from the honest one by sampling an
initial question according to an alternate distribution, and by sampling the second question

adaptively.

More formally, a malicious verifier Visa probabilistic polynomial-time Turing (PPT)
machine which on input z and randomness 6 samples question ¢; for either Alice or
Bob. Given reply 7, the malicious verifier samples question ¢s in a way that may de-
pend on ¢; and r;. For a given quantum strategy S and malicious verifier XA/, we take
View(V(z),S) to be the random variable corresponding to the transcript of questions and
answers (x,60,q1,71,q2,71). A protocol is zero-knowledge when for all “yes” instances a

simulator can sample from the distribution above.
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Definition 2.3.4. An MIP*[2,1]., proof system is statistical zero-knowledge if for every
x € Lyes there exists an honest prover strateqy S satisfying the following:

1. w*(S) =ec.

2. For any PPT malicious verifier V there exists a PPT simulator Simyg with output

A~

distribution that is e-close to View(V (x),S) in statistical distance for some negligible
function €(|x|).
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Chapter 3

Self-testing

3.1 An operator-algebraic formulation of self-testing
The standard definition of self-testing centres around the following notion of local dilations
of quantum models:

Definition 3.1.1. A quantum model

§ = (Fia o (V2 cac Aw e X)(RY sbe Bye Y] 1))
is a local dilation of another model

S = (HaHp, {M*:aeAxeX},{N beByeY} |,

denoted S > §, if there are finite-dimensional Hilbert spaces H4'" and HE™, a vector state
laux) € HY™ @ HEY™, and isometries T4 : Ha — 7-[A R HY™ and Ip : Hp — 7-73 ® HE™
such that

(14 ®Ip) - (M2 @ NY) 1) = (M2 @ NY |0 ) @ Jaua)

for all (a,b,z,y) e Ax Bx X xY.
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Note that if S > 9 , then S and S give the same correlation. The relation > is a
preorder, in the sense that it is transitive and reflexive, but is not anti-symmetric. We now

recall the standard definition of self-testing for quantum models.

Definition 3.1.2. Let C be a class of quantum models. A correlation p is a self-test for
the class C if there is a model S forp in C, such that S > S for all other models S for p
inC.

In Definition 3.1.2, we are primarily interested in the classes of projective quantum
models and all quantum models, although we discuss several other classes at the beginning
of this section. Stating Definition 3.1.2 for an arbitrary class C of quantum models lets us
handle all these cases with one definition. For convenience, we refer to the models Sand S
appearing in Definition 3.1.2 as the ideal model and employed model respectively. In this
language, a correlation is a self-test if any employed model for the correlation is equivalent

to the ideal model up to local dilation.

3.1.1 Abstract state self-tests

Quantum models for correlations can also be expressed as states on C*-algebras. Given
finite sets X and A, define the POVM algebra Apgyy, to be the universal C*-algebra
generated by positive contractions eZ, z € X, a € A, subject to the relations ), , e =1
for all z € X. If ¢ : A§54VM — B(H) is a representation of Af.f’OAVM on a Hilbert space H,
then {¢(e?) : a € A} is a POVM on H. Conversely, given any collection {M7? : a € A},
x € X of POVMs on a Hilbert space H, there is a unique representation ¢ : Afgg‘VM — B(H)
with ¢(e?) = M?. To distinguish the generators of AN, from the generators of Abgy,,

for a given tuple (X, Y, A, B), we let m?® := e* € Apiyy and n! := el € AnS,. If

S: (,HAaﬂBa{M(f:OJEAaxEX}v{Né/:bEBayEY}7’w>)

is a quantum model for p € C,, then there is a (unique) representation ¢4 ® ¢p of the
C*-algebra A3y Qmin Aboyy With ¢a(m?) = M* and ¢z(n¥) = N} for all (a,b,z,y) €
Ax Bx X xY. Wecall p4® ¢p the associated representation of S. The abstract state fg
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on Apiyas Omin Avoyy defined by fo(z) == (¥|(dpa ® ¢5)(2)[)) is finite-dimensional, and
satisfies

fs(mg @ ny) = (Ploa(my) ® ¢s(ny)|v) = pla, blz, y). (3.1.1)

We refer to fs as the abstmct state defined by S. Conversely, if f is a finite-dimensional
state on A% POVM Qumin A POVM, then applying the double commutant theorem to a GNS
representation of f yields a quantum model S such that f = fg | |. In particular, a
correlation p € lRAXB “XXY helongs to O, if and only if there is a finite-dimensional state f
on Asivas Qmin Abgya with f(me @nY) = p(a,blz,y) for all (a,b,z,y) e Ax Bx X x Y.
Consequently, a correlation p belongs to C,, if and only if there is a (not necessarily
finite-dimensional) state f on Apayy @min Avgyy With f(me @ n¥) = p(a,blz,y) for all
(a,b,z,y) e Ax Bx X xY | , ).

Other classes of models can be identified W1th subsets of states on A3, POVM®mm ALE -

For instance, let A PVM be the quotient of A7, POVM by the relations (e*)?

= e’ for all v € X,
a € A (the resulting algebra fl‘;fi/AM is isomorphic to the group C*-algebra C*(Z*"), where

m = |A| and n = | X]). If

‘APOVM Qmin Arovir — ‘APVM ®min Apin
is the quotient homomorphism and f is a state on Ag"f‘M Rmin Ag’fM, then foq is a state
on Ariyas @min Ap OVM The pullback map ¢* : f +— f oq is an injection, and hence
identifies states on AN PVM Qmin Apv, pyy With a subset of states on A§54VM Omin A}Cgm We
say that a state on AgﬁVM Qmin A;’(?VM is projective if it belongs to the image of ¢*. A
finite-dimensional state f on Ag’OAVM Qmin Apiwy is projective if and only if f = fg for
some projective quantum model S.

The first main contribution of this thesis is a definition of self-testing in terms of states

X, A Y,B
on Appyas @min Apovar

Definition 3.1.3. Let S be a subset of states on APOVM @min Avgya. A correlation p
is an abstract state self-test for S if there exists a unique abstract state f € S with

correlation p.
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The first main theorem of this thesis is that, in many cases, Definition 3.1.3 is equivalent
to the standard definition of self-testing in Definition 3.1.2. To state this theorem in as

much generality as possible, we make the following definitions:

Definition 3.1.4. Let

= (Ha Hp, {M} ac Axe X}, {N/:be ByeY},|¥)) and

S
S = (Ha, Hp, {M?:acAzeX},{N}:beByeY},|)))

be two quantum models.

1. We say that S and S are locally equivalent, and write S = §, if there are local
unitaries Uy : Haq — ﬁA and Ug : Hg — 7-73 such that

(i) Us@Ug |tb) = |@Z>, and

(ii) UsMZU% = M?* and UgNYU% = N} for all (a,b,z,y) € Ax Bx X x Y.

2. We say S is a submodel of S if there are projections 114 € B(H,4) and Ilp €
B(Hp) such that IyHy = Ha, lpHp = Hp, o Qg |¢) = A|ib) for some X # 0,
T, M2IL, = M?, IgNYTlz = N}, and [ILy, M*] = [lg, NY] = 0 for all (a,b,z,y) €
AxBx X xY.

A class of quantum models C is closed if for any S € C, every S that is locally equivalent

to a submodel of S is in C.

We can now state our first main theorem:

Theorem 3.1.5. Let p be an extreme point in C,, let C be a closed class of quantum
models that contains a full-rank model for p, and let S := {fs : S € C} be the set of finite-
dimensional states induced by C. Then p is a self-test for C if and only if p is an abstract
state self-test for S.
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The proof of Theorem 3.1.5 follows from Theorem 3.1.20 and Theorem 3.1.22. The
hypotheses of Theorem 3.1.5 can actually be weakened a bit further: the “if” direction
holds as long as p is extreme and C is closed, even if C does not contain a full-rank model
for p; while the “only if” direction only requires that C is closed and contains a full-rank
model for p. However, the assumption that p is extreme is necessary for the “if” direction,
as shown by Example 3.1.23; and the condition that p has a full-rank model is necessary

for the “only if” direction, which was shown in [ , Section 6.3].

The class of all quantum models and the class of projective quantum models are both
closed. As discussed above, if C is the class of all quantum models, then {fs : S € C} is
the set of all finite-dimensional states on Apgya @min Apoyy, While if C is the class of
projective quantum models then {fs : S € C} is the set of projective finite-dimensional
states. Also, every correlation in €, has a full-rank quantum model. Thus for these two

classes, Theorem 3.1.5 implies:

Corollary 3.1.6. Suppose p e C,(X,Y, A, B) is an extreme point. Then:

(a) The correlation p is a self-test for the class of quantum models if and only if p is an

abstract state self-test for finite-dimensional states.

(b) If p has a full-rank projective quantum model, then p is a self-test for projective
quantum models if and only if p is an abstract state self-test for projective finite-

dimensional states.

The proof of Corollary 3.1.6 is given in Section 3.2.1. In part (b), if p is an abstract
state self-test for projective finite-dimensional states, then p is a self-test for projective
quantum models even if p does not have a full-rank projective quantum model. As shown
in [ |, the hypothesis that p has a full-rank projective quantum model is required
for the other direction. The correlation p constructed in | , Section 6.3] does not
have a full-rank projective quantum model, and this correlation is a self-test for projective
quantum models but is not an abstract state self-test for projective finite-dimensional

states.
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In Section 3.2.1, we’ll show that if a correlation p € C is a self-test for all quantum
models (or equivalently, an abstract state self-test for the set of all finite-dimensional
states on Afg’OAVM@)mm A};’gVM), then it has a projective ideal model, and hence is a self-test
for projective quantum models. The converse implication does not hold in general: the
correlation p mentioned above is a self-test for projective quantum models but is not a
self-test for all quantum models. Nonetheless, our second main result is that for quantum
correlations that have full-rank projective models, every self-test for projective quantum

model is also a self-test for all quantum models.

Theorem 3.1.7. For any quantum correlation p € Cy, the following statements hold.

(a) If p is a self-test for all quantum models, then p has a full-rank projective ideal model

and is a self-test for projective quantum models.

(b) If p is a self-test for projective quantum models and has a full-rank projective model,

then p is a self-test for all quantum models.

Theorem 3.1.7 implies that many prominent self-tests for projective models, such as the
CHSH game, Mermin-Peres magic square game, and so on, are also self-tests for POVM
quantum models. In our paper | |, we only proved a weaker version of part (b):
for synchronous quantum correlations and extremal binary quantum correlations, every
self-test for projective quantum models is also a self-test for all quantum models. Indeed,
we proved this by first showing that every correlation in these two classes has a full-
rank projective model. The general conclusion stated here follows from a recent result
by Baptista, Chen, Kaniewski, Lolck, Mancinska, Gabelgaard Nielsen, and Schmidt in
[ | (see Theorem 4.1 and 4.3 in their paper). In Section 3.2.1, I'll review their

approach as well as our original proof.

When combining Corollary 3.1.6 and Theorem 3.1.7, we immediately see that:

Corollary 3.1.8. If p is an extreme point in C, and has a full-rank projective quantum

model, then the following statements are equivalent:
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(1) p is a self-test for all quantum models.
(2) p is a self-test for projective quantum models.
(3) p is an abstract state self-test for finite-dimensional states.

(4) p is an abstract state self-test for projective finite-dimensional states.

Before starting to prove the main theorems, we note that a major advantage of Defi-
nition 3.1.3 is that it naturally generalizes to definitions of self-testing for other models of
nonlocal correlations, including commuting operator models. We discuss this in Section 3.3.
We prove Theorem 3.1.5 in the remaining of this section and prove Corollary 3.1.6 and
Theorem 3.1.7 in Section 3.2.1. Unless stated otherwise, all the Hilbert spaces in this

section and the next section are assumed to be finite-dimensional.

3.1.2 Self-tests are abstract state self-tests

We start by proving the “only if” direction of Theorem 3.1.5, that a self-test (as in Defini-
tion 3.1.2) is an abstract state self-test. For the purposes of this proof, we use the following

terminology. If
S = (Ha,Hp,{M}:aeAjxe X} {N/:be B,ye Y}, |v))

is a quantum model, the support of |¢) in H4 (resp. Hp) is the image of the reduced

density matrix pa = try, (|Y){Y]) (resp. pp = try,(|)<{Y]). The support projections
IT4 and IIp of |¢) are the self-adjoint projections onto the support of |¢)) in H and Hp

respectively. Restricting to the support of [¢)) gives another quantum model
S" = (IaHa, UpHp, {ILaMIa}, {Ilp N/}, [0)),

which we call the support model of S. The support model S’ is a full-rank model, but is
not necessarily a submodel of S if II4 and I1g do not commute with all the measurement

operators M and N;. We say that S is centrally supported if

[HAvM[;C] = [HB>NI?)J] =0
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for all (a,b,z,y) € A x B x X xY. The support model S” of a quantum model S is a
submodel of S if and only if S is centrally supported. Any full-rank model is centrally
supported, since the support projections are the identity operators. Conversely, if S is

centrally supported, then its support model is a full-rank submodel of S. Hence we have:

Lemma 3.1.9. Let C be a closed class of quantum models, and let p € C,. Then C contains
a centrally supported model for p if and only if C contains a full-rank model for p.

For later use, we note the following two lemmas:

Lemma 3.1.10. If S is a centrally supported model with support model S’, then S" > S
and S > 5.

Proof. Suppose S = (HA, Hp, {M}, {N/}, Wz>) is a centrally supported quantum model.
Let I14 and Il be the support projections of [¢), and let S" = (H'y, H'g, {M\;f}, {Ng}, [1V))
be the support model for S, so H'y = s Ha, Hy = lIpHp, ]/\4\; = A MZ*T4, and ]vg’ =
Iz N/Tp. Since

M@ NY Y = MP @ NY [¢) forallae Abe Bz e X,yeY,

it follows that S’ > S.

To see S > ', pick an arbitrary unit vector |ws) € H/,, and define an isometry
In:Ha— HAQ@HA by Ia(v) = v® |wa) if veH,y, and I4(v) = [wa) @ v if v e (Hy):
Similarly, define an isometry Ip : Hp — Hz ® Hp using a vector |wg) € H’z. Using the

fact that S is centrally supported,

(Ia®Ip)MI @ N ) = (1a ® Ip) LA M4 @ I N/ |¢))
= (M @ NY 1)) ® lwa) ® |wi)

forallze X,ae A,yeY,be B,so S > 5" ]

Lemma 3.1.11. Two projections P,Q € B(H) commute if and only if PQP is a projection.
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Proof. The “only if” direction is obvious. For the “if” direction, suppose PQP is a pro-
jection, ie., PQPQP = PQP. Let S := PQ(1 — P). Then SS* = PQ(1 — P)QP =
PQP — PQPQP = 0, which implies S = 0. Hence PQ = PQP. Then QP = (PQ)* =
(PQP)* = PQP = PQ. O

Although we won’t use it, Lemma 3.1.11 immediately implies that the support model

of a centrally supported projective model remains projective:

Proposition 3.1.12. Suppose S is a projective quantum model and is centrally supported,

then its support model S’ is projective.

We will now provide a useful characterization of centrally supported quantum models.

To do this, we first need to establish the following lemmas.

Lemma 3.1.13. Let |¢) € Ha ® Hp be a bipartite vector state, and let 114 and g be
the support projections of [1). For any self-adjoint operator E € B(H.a), if there exists
an operator Ee B(Hp) such that EQ1|Y) =1® E |1y, then the support projection 11,4

commutes with E.

Proof. Let [y = S¥ A |aw) ® |8;) be a Schmidt decomposition of |1/, so the support
projection of [¢)) on H 4 is IT4 = Zle ;) (ai;|. Suppose there exists an operator £ € B(Hp)
such that F® 1[¢y) = 1® E |¢)). Then

LE®L) =@ L) =19 E[¢) = E®1[v),
or in other words (1 —IT4)E ® 1 |¢») = 0. This implies

N A ((1 L) E Jai)) ® 18 = 0,

i=1
and since \; > 0 for all 1 <i < k and {|5;) : 1 < i < k} is an orthonormal subset, it follows
that (1 —I14)E |a;) = 0 for all 1 < i < k. Hence,

(1 —TLA) BT = > (1 — 4) E o) o] = 0,

=1

and FIl4 = T4 ETl4. Since E is self-adjoint, [I4E = (Ell4)* = [I4Fll4 = Ell4. O
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Lemma 3.1.14. If |y € Ha ® Hp is a full-rank vector state, then for any E € B(Ha)
(resp. F € B(Hp)) there is an operator E € B(Hp) (resp. F € B(Ha)) such that
E®1L|p)=1®E) (resp. 1@ Flpy = F®1|v)).

Proof. Since the vector state [1)) € H4 ® Hp is full-rank, we can assume without loss of

generality that H4 = Hp = C* and |¢) has Schmidt decomposition
k
W) = Z Ai|i) @)
i=1

Let A:= Y% A i) (| and |7) := 3F | [iY®[i). Then X is invertible and [¢)) = T A |7) =
A® 1|7). Given E € B(H4), let E := AETA"!, where ET is the transpose of E in the
standard basis. Since 1 ®@ M7 |7) = M ® 1 |7) for any operator M,

1QE W) = (1QAETANARN [P =1QAET [P =E®@N)=E®1|¢).
The existence of F' for F follows similarly. O
Proposition 3.1.15. A quantum model
S = (HaMHp,{M}:ac A xe X},{N/ :be ByeY} |))

is centrally supported if and only if for everya e A, x € X (resp. be B, y € Y ) there exists
an operator ]T/[\(f e B(Hp) (resp. N} € B(Ha)) such that M* @ 1|¢) = 1 ® ]T/[\ff\w> (resp.
LN [y = Ny @1 4)) .

Proof. The “if” part follows directly from Lemma 3.1.13. For the “only if” part, let 114
and Il be the support projections of [¢), and suppose [II14, M*] = [IIg, N}/] = 0 for all
(a,b,z,y) € A x Bx X xY. Since Iy ® Il |[¢) is full-rank in (ITaH4) ® (IIgHp), by
Lemma 3.1.14 there is an operator M\f in B(IlgHp) (which is also an operator in B(Hp)
acting trivially on (1 — IIg)Hp) such that I, M I, @ g |¢) =4 ® ]\/ZjHB |4 for any
a€ A,xr € X. Therefore

ME @14 = MLy @ g [4) = TAMTLy @ T [1) = Tla ® T [0) = 1@ M ).
Similarly, for any b € B,y € Y there is NY € B(H 4) such that T@ NY [¢) = NY®1 |¢p). O
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This characterization allows us to show that centrally supported models can only locally

dilate to centrally supported models:

Proposition 3.1.16. Suppose S and S are two quantum models such that S > S. Then
S is centrally supported if and only if S is centrally supported.

Proof. Suppose

(H/h HBv {M§}7 {be}v |¢>> and

S
S = (Ha Hp (M} ANV} 1))

are two quantum models for a quantum correlation p such that S > S with local isometries
I4,Ip and vector state |aux) € HY* ® HY*. Let 114,115 and ﬁA,ﬁB be the support

projections of S and S respectively.

For the “if” direction, suppose S is centrally supported. Then for any x € X, a € A, by
Proposition 3.1.15, there is an operator F* € B(Hp) such that ]\75 Q1Y) = 1® F= ).
This implies ]\/4\53 1= I} (Fy @ Lyaus) 5 is an operator in B(H p) such that

1@ M () = I ® TH(FE © Lyggee) [ |4
- [Z ® [E <]l7'~[A ® F; ® ]l?'liux@?{%ux (IA ® IB ‘w>))
- @15 ((1g, ® F [9) ®aur))
= 130 I (M7 @ Ly [1) ® Jauz)) = MZ @11
Similarly, for any be B, y € Y, there is a NY € B(H4) such that 1@ N} [¢)) = NY @ 1|4
By Proposition 3.1.15 again, this means S is centrally supported.

For the “only if” direction, suppose S is centrally supported. Then
S = (Ha @ HY™ Hp @ HE {M? ® Lypgape b, ANY ® Lpgane}, 0, auz))

is a quantum model for p with support projections I 4 @ 9" and ﬁB ® IIE* where
9 e B(HY™) and [I4* € B(HE™) are the support projections of |auz). Since S is
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centrally supported, for any x € X,a € A, by Proposition 3.1.15, there is an operator
]T/[\g" € B(Hp) such that M@ 1|y =1® Z/\/[\élD 4. Since I,I% ® Iplh |0, auz) = |4, auz)
and [4 1% ® 1 > I4I% @ Ipl}, we see that I41% ® 1|0, auz) = |4, auz). Then I5M=I is
an operator in B(Hpz @ H%®) such that

1 ®]B]\/4\(f_f§ 0, auz) = T4 ® IB]\/Z;”]E Y, auz)
= (14® I5) (1 ® M 1))
= ([a®1p) (M7 ®@1[¢))
= (]\7;" ® Lo ) @ 1 |7,Z, auzx) .

By Lemma 3.1.13 we see that I, RII%*™ commutes with Mj@]lyzuz, and hence [ﬁA, ]\7;”] =
0 for all z € X,a € A. Similarly, [ﬁB, ngf] =0 for all y € Y,be B. We conclude that 3 is
centrally supported. O

As an immediate consequence, we have:

Corollary 3.1.17. Suppose p is a self-test for a class of quantum models C and C contains
a centrally supported model for p, then every model in C for p is centrally supported. If in

addition, C is closed, then p has a full-rank ideal model in C.

Proof. Let S be a centrally supported model in C for p, and let S be an ideal model in C
for p. Since S > S , by Proposition 3.1.16, S must be centrally supported and hence all
models in C for p are centrally supported. If C is closed, then by Lemmas 3.1.9 and 3.1.10,
the support model S’ of S is in C and is a full-rank ideal model for . n

In particular, Corollary 3.1.17 applies to the class of all quantum models Cpoy . In
fact, we can say more about the ideal model in this case. We prove stronger versions of

Corollary 3.1.17 for Cpoy s in Propositions 3.2.1 and 3.2.3.

The following proposition shows that two quantum models S and S with S > S induce

the same abstract state if one of them (hence both of them) is centrally supported.
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Proposition 3.1.18. Let

S = (HA,HB,{MI} {N/}, |¢>) and
S = (Ha, Hp, (M7}, (NP}, 1))

be two quantum models for a correlation p € C,(X,Y, A, B), with associated representations
TAQTp and T AT respectively. Suppose S > S wvia local isometries 14 and Ig and vector
state |auz) € HY™ @ HE™. If either S or S is centrally supported, then

(Tala) @ 1y, 1)) @ |auz) = Tym() I ® 131 p@pane |, auz) for all € AN, (3.1.2)

(L, ®Fp(8) 1) ® lauz) = Ly, gyyaue ® Igm(B) I} ¥, aux) for all Be Apgyy, (3.1.3)
and fs = f3.

Proof. By Proposition 3.1.16, both S and S are centrally supported. To prove Equa-
tion (3.1.2), we first show that this equation holds for all monomials v = oy - - - g € Adgvass
a; € {e* . x € X,a € A} by induction on the monomial degree k € N. Indeed, the cases
k = 0,1 follow straight from Definition 3.1.1. Suppose that Equation (3.1.2) holds for all
monomials in Ay, of degree k. For any monomial o = ay - - - iy in Ay, of degree
k+1,let o := ay---ap. Since S is centrally supported, by Proposition 3.1.15 there is an
F € B(Hp) such that F4(aps1) ® 1)) = 1@ F |¢). Thus by the inductive hypothesis,

(Fal@) @ 1y, [1)) ® auz) = (Fa(a)Fa(nn) ® Ly, [§)) ® |auz)
— (Fal@) @ F V) ® aux)
= IamA()E®F ® Lpaue |0, auz)
(&) A (F (k1) @ Tpgane ) ® L3 p@nane |0, auz)
(@) i Lama(ons) ) ® Ly enans Y, auz)
= Lama(@) 13 ® Ly gpqane |, auz) .

= (Iama

(]AWA

We conclude that Equation (3.1.2) holds for all a. The proof of Equation (3.1.3) is similar.

Hence, for any a € .APOVM and [ € APOVM,
fsla®B) = W|Fal@) ©F(5) )
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= (b, auz| Fa() @ Fp(B) ® Lysuegnugye [, aua)
= <?Za aux| Iama(o) 3 ® Ipmp(B)1; |1Z, auz)

= (Y[ male) @ mp(5) [¢)

= fs(a®p),

which implies fg = f3. O]

For later use, we note that when combining Lemma 3.1.10 and Proposition 3.1.18 we

have

Corollary 3.1.19. Suppose S is a centrally supported model, and let S’ its support model.
Then fS = fS"

We can now prove the “only if” direction of Theorem 3.1.5 (with the weaker hypotheses

mentioned after the theorem statement).

Theorem 3.1.20. Let p € Cy(X,Y,A,B). Let C be a class of quantum models that is
closed and contains a full-rank model for p, and let S = {fs : S € C}. If p is a self-test for
C then p is an abstract state self-test for S.

Proof. Let S be a full-rank model in C for p. Suppose p is a self-test for C, and let SeCbe
an ideal model for p, so S > S. Full-rank models are centrally supported, so S is centrally
supported by Proposition 3.1.16. Then Proposition 3.1.18 implies that fz is the unique
state in S achieving p. O

As mentioned in Section 3.1, the assumption that C contains a full-rank model for p is
crucial for Theorem 3.1.20. In | |, Baptista, Chen, Kaniewski, Lolck, Manc¢inska,
Gabelgaard Nielsen, and Schmidt construct a quantum correlation p where the class of
projective quantum models contains no full-rank models for p. They further show that p
is a self-test for projective quantum models but not an abstract state self-test for finite-

dimensional projective states.
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3.1.3 Abstract state self-tests are self-tests

Before we can establish the “if” direction of Theorem 3.1.5 we need to review some basic
facts about the representation theory of C*-algebras. For more details we refer the reader
to | ].

Lemma 3.1.21. Let w4 : A — B(H4) and Ta : A — B(H,) be two representations of a

~

C*-algebra A, and let mp : B — B(Hp) and T : B — B(Hp) be two representations of a
C*-algebra B.

(1) ma ® wp is irreducible if and only if ma and wp are irreducible.

(2) Suppose wa and g are irreducible. Let |1y and |{) be two vector states in HaQHp.
If (mAa®7mp, Ha® Hp,|10)) and (ma @ 75, Ha ® Hp, |V')) are GNS representations
for the same state, then |){W| = [ Y| (in other words, the states 1) and [i)")
only differ by a complex phase).

(8) Suppose wa, T, and Tg are irreducible. Then 74 @ Tp = T4 ® T if and only if

TA = %A andﬁB 2%3.
Proof. Part (1) is an immediate consequence of Schur’s lemma, along with the fact that

(ma(A) @ m5(B)) = (7a(A)) ® (m5(B))" | ,1I1.4.5.8).

For part (2), since GNS representations of a state are unitarily equivalent, there exists

a unitary operator U acting on H 4 ® Hp such that

Ulg) = [4'), and (3.1.4)
Ura(a) @mp(B)U* = ma(a) @ mp(B) for all a € A, 5 € B. (3.1.5)

Since 74 and 7 are irreducible, part (1) and Equation (3.1.5) implies that U € (m4(A) ®
WB(B))/ = C1. Then part (2) follows from Equation (3.1.4).
For part (3), if 74 ® mp =~ T4 ® T as an A ® B-module, then 74 ® 13, = T4 ® 1y,

as an A-module. But this requires m4 =~ 74 by Schur’s lemma. ]
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We note that Lemma 3.1.21 and its proof hold for representations of C*-algebras on

infinite-dimensional Hilbert spaces.

Now we are ready to prove the “if” direction of Theorem 3.1.5 (with, again, the weaker

hypotheses mentioned after the theorem statement).

Theorem 3.1.22. Let p € Cy(X,Y, A, B) be an extreme point in C,, let C be a class of
quantum models that is closed, and let S = {fs : S € C}. If p is an abstract state self-test
for S, then p is a self-test for C, and furthermore p has an ideal model S such that the

associated representation T4 ® T s irreducible.

Proof. Let f be the unique state in & achieving p. Given a quantum model
S=(HaHp, {M!:aeAxe X}, {N/:beB,yeY} |¢))

in C for p with the associated representation 74 ® mz, we can decompose the local Hilbert

spaces and associated representations with the double-commutant theorem to get

J

for some Hilbert spaces H;!, K, H? , KP. Choose orthonormal bases {|af)}, and {|5%)},
for KA and K JB respectively. Then

7]

vy =D (Zw DA oy, 55 ) c DM OH] ®K' ® K,
4,7

where >, . el I? =1 and every [¢}) is a vector state in H;' ® . Moreover, 74 and

mg decompose as

ma(a) = 7 (e) ® laf) {of| and 75(8) = D77 (8) @ |6) Bl

ik 3L

where 7 and 7r;3 are irreducible representations.
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For convenience, let A := {(i,7,k,¢) : Aif # 0} be the set of indices for which the
coefficient )\ff is non-zero. It is clear that A is non-empty. Now, for every (i, 7, k,{) € A,
SE = (MM HP Ar (mE)} Ax P (n))}, [WE)) is a submodel of S. Since C is closed, we see
that Sff € C. And if pff e (), is the correlation of Sikje, then Z(i,j,k,ﬂ)eA /\ff|2pff = p. But
since p is an extreme point in C, and f is the unique abstract state in S achieving p, we

must have pff = p and ultimately fqre = f for all (4,7, k,¢) € A.

In particular, it follows from the above argument that there are models
S = (ﬁA,ﬁB,{J\/\[(f ca€e A xe X},{ij :beB,ye Y},|J>) eC

for p such that the associated representation 74 ® 7 is irreducible. Let’s suppose that we
have fixed such a model § (not necessarily arising from .S), and continue working with the
model S. Since 7 and 7r]B are irreducible, if (i, j, k, ) € A then (7 ®7T]B, H?@HJB, |@Z)ff )
is a GNS representation of f. Hence by Lemma 3.1.21, part (2), for any 7, j the vector
states |1/1ij , (4,4, k, £) € A differ at most by a complex phase. By absorbing this phase into

the coefficients )\ff , We can rewrite
) = @D i) ® A k45
ij

where 1) € H @ H} and k) € K{' ® K are vector states, and 33, . [A[* = 1.

Since T4 ® T is irreducible, (T4 ® %B,”;E[A ® 7—73, |QZ>) is a GNS representation of f.
Similarly, (7 @ 72, H @ 12, [1);;)) is a GNS representation of f for (i,7) € A := {(i, j) :
A\ij # 0}. Hence the representations 77" ® Wf ,(i,7) € A" are all unitarily equivalent to
Ta®7p. By Lemma 3.1.21, part (3), if i € Ag := {i : \;j # 0 for some j}, then 7! is
unitarily equivalent to 74 via some unitary U : HA — Ha. Similarly if j € Ag := {j :
Aij # 0 for some ¢}, then ﬂf is unitarily equivalent to 7 via some unitary U jB : Hf —H B-
If (4,7) € A/, then (T4 ® Fp Ha @ Hp, UA® UJB 10;;7) is a GNS representation of f, so
UA®U JB 1) and |1Z> differ by a complex phase. By absorbing this phase into \;;, we can
assume that U @ UP [¢;;) = |4 for all (i, ) € A,

For every i € Au, we can define an isometry I : HA @ K/ — Ha® K via I =
UA® 1ya. For every i ¢ Ay, let T2 : HAQ KA — Hi® (HA ® K1) be the isometry
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V) > [w) @ |v), where |w) € H 4 is some arbitrarily chosen vector state. Define isometries

B
I3 analogously. Let

= (@ k)o@ k) many = (@ 2o @oronn),

€Ay igA 4 JjEAB J¢AB

and define |auz) 1= @D jyen Nij [Ri) € HET @ H™. Finally, letting I4 1= @, I and
Ip =@, I}, we see that

(14 ® Ip)7a(c) @ 75(8) [¥) = (Fa(e) @ Fn(8) [4)) ® auz)

for all ac e Afg’OAVM, B e Ay - We conclude that S > S, s0 p is a self-test for C with ideal
model S. O]

The point in Theorem 3.1.22 of showing that there is an ideal strategy
g = (ﬁAuﬁB7 {Mcf}a {ng}v |?/1>)

for which the associated representation 74 ® 7 is irreducible is that then |QZ> is cyclic for
TaA®Tp, SO (%A R g, 7-7,4 ®7—~[B, |QZ>) is the GNS representation of the unique abstract
state f = fg for p. In particular, the GNS representation of f will be irreducible, which

means that f is an extreme point of the set of states on Apgy s Omin A voys-

As mentioned in Section 3.1, the assumption that the correlation p is an extreme point
in Cy is necessary for Theorem 3.1.22. In the following example, we describe a non-extreme

quantum correlation which is an abstract state self-test but not a self-test.

Example 3.1.23. Let X =Y = {0} and A = B = {0, 1}, and consider the correlations p,
p1, and py defined by

1
2’
pl(0,0‘0,0) =1, p1<07 1‘07()) = p1(170|070) = p1<17 1‘07 O) =0, and
p2(070|070) = p2(07 1|070) = p2(170|070) =0, p2(17 1‘0’ 0) =1
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With question sets of size 1, all correlations are classical, so in particular p, p1, and ps
belong to Cy(X,Y, A, B). Since p = %pl + %pg, p is not an extreme point in C,.

Suppose [ is an abstract state on Aj.fg‘VM Qmin A?{?VM achieving p. The correlation p
is synchronous, so as we’ll show in Theorem 3.2.6 part (b), f is projective. The algebra
AN @min A, is spanned by 1@ 1, mQ®1, 1®@nl, and md®@nl, so f is determined by

its values on these monomials. From the correlation p, we see that

fA®1) =1, f(mi®1)=p(0,0[0,0) + p(0,1]0,0) = ;

1
(1L ®ng) = p(0,00,0) +p(1,0[0,0) = 5, f(mg®ng) = p(0,000,0) = 5.

N | —

So p is an abstract state self-test for the set of all states on Af.f’OAVM Qmin AVoyvar

We will now show that p is not a self-test for the class of quantum models. Consider

the following quantum models for p:
8 = (C2,C2, (Mo = No = [0)<0], My = Ny = 1)1}, 19 = 2412 | and
§ = (C,C%, {Mo = No = [0)0] , My = Ny = |1 (1| + |22}, [v) = 9 + Lozl
Now, assume p is a self-test for quantum models with ideal model
§ = (Ha Ho (M} (N}, 10)).
Then S > S wvia some isometries I4,Ip and vector state |aux), and S > S via some

1sometries fA, fB and vector state |aux), so in particular
Ii @150 = [0)Q |auz) and Ty ® I |0 = [ ® |auz).

The states |1)) and \1Z> have Schmidt rank 2 and 3 respectively. Since isometries preserve
Schmidt rank, the Schmidt rank of \J} must divide both 3 and 2. Therefore the Schmidt
rank of |@E> is 1. It’s well-known that p cannot be attained with a separable pure state, so

p is not a self-test for quantum models. Indeed, suppose that
S = (HAuHB7 {M§}7 {Ng}v |?/1>)

is a model for p with |y = |[¢1)|e). Then p(a,bl0,0) = p.qy, where p, = (1| M2|1)1)
and gy = (12| NO|1)o). But there are no probability distributions {py,p1} and {qo,q:} with

Pogo = P1q1 = 1/2 and pog1 = p1go = 0.
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3.2 POVM models versus PVM models

3.2.1 The class of all quantum models and projective quantum

models

In this subsection, we look closer at the class Cpoy s of all quantum models and the class

Cpy s of projective quantum models. We start by proving Corollary 3.1.6.

Proof of Corollary 3.1.6. Cpov and Cpy s are both closed. Recall from Section 3.1 that
if f is a state on A‘;fg‘VM Rumin A?gVM, then f = fg for some S € Cpoyy (resp. Cpyar)
if and only if f is finite-dimensional (resp. projective and finite-dimensional). If S is a
model for p, then the support model of S is a full-rank model for p. Hence every p € C
has a full-rank model in Cpoy s, so part (a) of Corollary 3.1.6 follows immediately from

Theorem 3.1.5 applied to Cpoy . Part (b) is Theorem 3.1.5 applied to Cpyay. O

As mentioned previously, every correlation p € C, has a projective quantum model, and
hence there is a projective finite-dimensional state on Apzy .y, @min A by With correlation
p. If p is an abstract state self-test for finite-dimensional states, then the unique finite-
dimensional state achieving p must be projective. It follows immediately that if p is an
abstract state self-test for all finite-dimensional states, then p is an abstract state self-test

for projective finite-dimensional states. This allows us to prove:

Proposition 3.2.1. If p € C, is a self-test for all quantum models, then
(a) every quantum model for p is centrally supported,
(b) every full-rank model for p is projective,
(¢) p has an ideal model which is full-rank and projective, and

(d) p is a self-test for projective quantum models.
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Note that Proposition 3.2.1 does not require that p is an extreme point of C;. The

proof uses the following lemma:

Lemma 3.2.2. If S is a full-rank model and fs is projective, then S is projective.

Proof. Let S = (Ha,Hp,{M?:ae Az e X},{N/:be B,yeY}[¢)). Since fg is

projective,
QM7 — (M3)?) ® L |¢) = fs(mg — (m5)?) =0

for all z € X,a € A. Since M* — (MZ)? is a positive operator and [¢) is full-rank, we
conclude that M? — (MZ)? = 0 for all a € A, v € X. The same argument shows that N/
is a projection for allbe B, y e Y. m

Proof of Proposition 3.2.1. Part (a) follows from Corollary 3.1.17. By Theorem 3.1.20, p is
an abstract state self-test for finite-dimensional states, and hence an abstract state self-test
for finite-dimensional projective states. In particular, the unique abstract state f for p is
projective, so part (b) follows directly from Lemma 3.2.2. Part (a) and Corollary 3.1.17
imply that p has a full-rank ideal model S. Then by part (b), S is also projective. It

follows that p is a self-test for projective quantum models. n

As mentioned in Section 3.1, Baptista, Chen, Kaniewski, Lolck, Mancinska, Gabelgaard
Nielsen, and Schmidt | ] have constructed a correlation which is a self-test for full-
rank quantum models, and a self-test for projective quantum models, but does not have a
full-rank projective quantum model. By Proposition 3.2.1, this correlation is not a self-test

for all quantum models.

When p is an extremal quantum correlation, Lemma 3.2.2 can also be used to prove a

stronger version of Proposition 3.2.1, part (c):

Proposition 3.2.3. Suppose p € Cy(X,Y, A, B) is an extreme point in C, and is a self-
test for all quantum models. Then p has a full-rank projective ideal model for which the

associated representation s irreducible.
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Proof of Proposition 3.2.3. By Corollary 3.1.6, part (a), p is an abstract state self-test
for finite-dimensional states. As mentioned above, the unique finite-dimensional state f

corresponding to p must be projective. By Theorem 3.1.22, p has an ideal model
S = (Ha Ho M}, (NI}, 19))
for which the associated representation 74 ® 7p is irreducible, and in particular
<7~TA ®Fp, Ha®Hp, \QZ>>

is a GNS representation of the projective state fy = f. Since f is the pullback of a state
on Ang Qmin A?{,BM, any GNS representation of f is a pullback of a representation of

X,A Y,B 3. o
Apin @min Apyy, and hence S is projective.

Let S’ be the support model of S. By Lemma 3.2.2, S is projective, so by Lemma 3.1.11
the support projection IT4 commutes with ]\75’ forallz € X,ae A. ThusIly € T4 (A;E’OAVM)’,
and since 74 is irreducible, we must have II4 = 15 is the identity. Similarly IIp = 1 ,
and we conclude that S = S’ is full-rank. O

As we can see from the proof, the ideal model is given by the GNS representation of the
unique abstract state for p, and this GNS representation exhibits a “bipartite” structure.
We conclude that

Corollary 3.2.4. Let p be an extreme point in C,. If there is a unique finite-dimensional
abstract state f on Apiya @min Avoyy achieving p, then f has a GNS representation
(HAa®Hp, ma®mp, [1)) where |p) € Ha® Hp is full-rank, and w4 and wp are irreducible
representations ofA;fglVM and A}Zﬁw on Ha and Hpg respectively. Moreover, p is a self-test

for all quantum models with an ideal model

S = (Ha, Hp, {MJ}, {NY}, [))

where MY := ws(m®) and N} := wg(n) for all (x,y,a,b) € X xY x A x B. The same
conclusion holds if Apovy and “self-test for all quantum models™ are replaced with Apyy

and “self-test for projective quantum models”.
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Now we are ready to prove Theorem 3.1.7. Note that part (a) is already proved in
Proposition 3.2.1. For part (b), as mentioned in Section 3.1, we follow the approach in

[ ]. The following lemma is restated from part of Theorem 3.18 in | ]-

Lemma 3.2.5. Let S be a quantum model, and let Syq; be any Naimark dilation of S. If
Snai 18 centrally supported, then S > Sya;.

Proof. Suppose Syg = (I;‘:ZA,,]:ZB, {P*},{Q1}, |QZ>> is a Naimark dilation of a quantum
model S = (Ha, Hp, {MZ*}, {N/}, [1))) such that Sy,; is centrally supported. Let IT4 and
IIg be the support projections of S, and let I4 : Ha — ﬁA and Ig : Hp — 7—73 be the
isometries such that M% = I* P14 NV = I5QVIp, and [¢) = I4 ® Ip |1b). Then I4I14I%
and Ipllpl}; are the support projections of Syg,. For every x and a, since 41147} and P7
commute, we obtain
(L, M| = Mal3 Pl — P IAILy = I3 (T4 Py — PrIAILAL;) 14 = 0.
This implies
W M) @ LIy = (| MgTIaMg @ 1 [¢p) = (| L1 Py (TallaL3) Py La @ T[4
= W APT Py (Tala ) Ia @ 1 |¢h) = W P IAlla @ 1[)
= WMLy
So the positive operator M — (MZ)? satisfies (¢ (M2 — (MZ)?) ® 1[¢)) = 0, and hence
(MZ — (M2)*) ®1|¢p) = 0 for all x and a. Similarly, we have 1® (N} — (N})?) [v) = 0
for all y and b. It follows that
114 ® 15 (Mg @ N} [¥)) — P @ QY (1a ® I [¥))|I*
= (| M7 ® NY [ob) — (o[ (M7)* ® (NY)? [4b) = 0.
We conclude Iy ®1Ip(MZQN, [¢)) = PrQ} \1Z> for all x,y, a, b, and hence S > Sygi. O

Proof of Theorem 3.1.7. Part (a) is just Proposition 3.2.1, part (d). For (b), let S be
an ideal model. For any quantum model S, let Sy, be a Naimark dilation of S. So
Snai is projective and hence Syg; > S. Since p has a full-rank projective model, by
Corollary 3.1.17, Syg; is centrally supported. It follows from Lemma 3.2.5 that S > Syq;.
Hence S > S. We conclude that p is a self-test for all quantum models. n
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3.2.2 Self-testing for synchronous correlations and binary corre-

lations

The hypothesis in Theorem 3.1.7, part (b) that p has a full-rank projective quantum model
does not hold for all quantum correlations, as shown in | ]. In this subsection, we
show that it does hold for two large classes of quantum correlations, namely synchronous
correlations and extremal binary correlations. So Theorem 3.1.7 part (b) applies to these
cases. Recall that the set of synchronous quantum correlations C;¥"(X, A) is the convex
subset of Cy(X, X, A, A) such that p(a,blz,x) = 0 for all x € X and a # b e A A
correlation is said to be a binary correlation if the measurement scenario has only two
outputs, usually taken to be A = B = {0, 1}.

Theorem 3.2.6. Suppose p € C;V"(X, A), or p is an extreme point in Cy(X,Y, A, B) with
A =B ={0,1}. Then the following statements hold.

(a) p has a full-rank projective quantum model.
(b) Every finite-dimensional abstract state on Afég‘VM Omin A?gVM for p is projective.

(c) p is a self-test for all quantum models if and only if p is a self-test for projective

quantum models.

Part (c) of this theorem follows directly from part (a) and Theorem 3.1.7. We prove
parts (a) and (b) for synchronous correlations and extremal binary correlations in Propo-

sition 3.2.8 and Proposition 3.2.10 respectively.

Self-testing for synchronous correlations

We first study synchronous correlations. The following result is well-known (see, e.g.
[ , Theorem 5.5] and | , Lemma 3]).
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Lemma 3.2.7. If S = (Ha, Hp, {M? :ae Az e X}, {N/:be ByeY}|Y)) isa

projective quantum model for a synchronous quantum correlation p € C’;’y"(X, A), then
M7 @1y =L@ N7 i)
forallae A,x e X.

The proof in | , Theorem 5.5] uses the fact that {MZ},c4 and { N} }rep are PVMs.
Indeed, this lemma also holds for non-projective models. The following proposition proves

Theorem 3.2.6 for synchronous correlations.

Proposition 3.2.8. Suppose S = (HaQHp, {M?:ac A,z e X}, {N/ :be A,ye X},|V))
is a quantum model for p e C3¥"(X, A). Then

My®@1|Y) =1 NI |) (3.2.1)

for all x € X, a € A. Furthermore, fs is a projective finite-dimensional state, and the

support model of S is projective.

Proof. By Naimark’s dilation theorem there are isometries V4, Vg and self-adjoint projec-
tions P¥, Q4, such that M* = ViP*V,, Q) = VAN Vp. If we define [¢') := V4 ® Vi [¢),
then

SNai = (VaHa, VeHp, {P? :ac A,z e X},{Q) :be A,y e X}, |Y"))

is a projective quantum model for p. By Lemma 3.2.7, it follows that for each a € A and
re X we have PP 1 |[¢) = 1® Q¥ |¢), and therefore PIVy®@ Vi [) = Vi Q@ QX Vi |¥).
Applying the adjoint Vi ® V5 to both sides, we obtain M? ® 1 |¢) = 1 ® NZ |¢) for all

a€ A, v € X. From this observation we deduce that

WHMEP @ |9) = (| M7 @ Ny [9) = Y (| My @ Ni |9y = (| Mg ® 1[4,

beA
and therefore fs((m2 — (m2)?)®@1) = | (M2 — (MZ)*) @1y =0forallac A, v X.
Similarly, fs(1® (ny — (n})?)) = 0 for all b€ B,y € Y. It follows that fs is projective.
By Proposition 3.1.15, Equation (3.2.1) also implies that S is centrally supported . Let
S’ be the support model of S. Then fs = fg by Corollary 3.1.19 and S’ is projective by
Lemma 3.2.2. O
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Self-testing for binary correlations

We now study binary correlations. We adapt a proof technique from | , Proposi-
tion 2J:

Lemma 3.2.9. Suppose p € Cy(X,Y,{0,1},{0,1}) is an extreme point in C,. Let
S = (Ha, Hp, {Mg, My : € X}, {N§, N{ 1y € Y}, [¢)))

be a quantum model of p. For each x € X, let Zle AP |7y {PF| be the spectral decomposition

of My, where d = dim(Ha). Then one of the following conditions must hold for each
1<i<dandze X:

(a) A7 =0,
(b) Xt =1, or

(c) |¢7)<dr|®1[¢) = 0.

Proof. Suppose xyp € X and iy € {1,...,d}. Define new binary outcome measurements
{EG°, EY°} and {Fg°, FY"} by Eg° = ;0 A" [05°)(07°], EY° = 1 — Eg°, Fg° = Eg° +

j#i0 7]
|95 ) (p?], and F° := 1 — F§°. For the remaining = # x9 € X, set £ = F7 := M7, so
that

M? = NOF? 4 (1 — A2)E? (3.2.2)

for all z € X, a € {0,1}. Let p; and py be the correlations with quantum models Sy :=
(Ha, Hp, {F¥ :ae€{0,1},z € X}, {N/ :be {0,1},y € Y},|¢)) and Sy := (Ha, Hp, {E? :
a€{0,1},z e X},{N/:be {0,1},y € Y}, |¢)) respectively. By Equation (3.2.2) we see
that p = Ai°p1 + (1 — Aj)p2. Since p is an extreme point in Cy, either Aj® = 0, A{® =1, or
p1 = p2 = p. In the last case, we have that 0 = (| (F§° — Eg°) @1 |¢) = Y| (|¢52) (di2 ) ®
1 [, and since [¢;°){¢;’| ® 1 is a positive operator, (|¢;?)(¢i’| ® 1) [¢) = 0. O

The following proposition proves Theorem 3.2.6 for extremal binary quantum correla-

tion.
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Proposition 3.2.10. Suppose p € C,(X,Y,{0,1},{0,1}) is an extreme point in C,. For
any quantum model S = (Ha, Hp, {MZ},{N/}, |1)) for p, there is a projective model S" =
(Ha, Hp, {P*},{QL}, ) for p employing the same vector state 1) such that

M;®1[Y) =P, 1Y) and 1@ N [¢) = 1R QY |¥)

forallze X,yeY, and a,be {0,1}, and fs = fs is projective.

Proof. Let Y. A7 |¢?){¢?| be the spectral decomposition of M for each z € X. For all x
and i, let
N R

,[: .
0 otherwise,

and define Py := >, X7 g7 (¢| and P = 1 — P¥. By Lemma 3.2.9, {P¥, P*} is a binary
outcome PVM such that

My ®1[Y) =P @1 i)
for a € {0,1}. Similarly, there are binary outcome PVMs {Qf, Q7} on Hp such that
1N/ [¥) =1®Q; [¥)

forall y e Y, b e {0,1}. Taking S" = (Ha, Hp,{F7},{Q}}, [¥)) completes the proof. [

3.3 Self-testing in other frameworks

3.3.1 Self-testing for infinite-dimensional tensor product models
Recall that a tensor product (POVM) model for a correlation p is a tuple
S = (HaHp, {M}:aeAze X}, {N/ :beB,yeY} b)),

where the Hilbert spaces H4 and Hp are not restricted to be finite-dimensional. The set
of correlations p with a tensor product model is denoted by Cys = Cys(X,Y, A, B). Like
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Cy, the set Cy is convex but not closed | ]; however, its closure is also the set Cy,.
Like Cj, correlations p € Cys can be expressed by abstract states on Afﬁg‘VM Qmin A}C’(?VM.
We say a state f on A;E’OAVM @min Apoyy 18 a tensor product state if there exists a tensor
product model S such that f = fs. Because of the tensor product structure, the standard
definition of self-testing using local dilations in Definition 3.1.1 and Definition 3.1.2 extends
straightforwardly to tensor product models and correlations in C,,. Coladangelo and Stark
have constructed examples of correlations which are in Cys but not in Cy | |. We do not
know of any examples of self-tests in Cys\C,. Since the double-commutant theorem does
not hold for infinite-dimensional Hilbert spaces, we also do not know whether abstract state
self-tests are self-tests when p is an extreme point. However, we can prove that self-tests

for correlations in Cy, are abstract state self-tests:

Proposition 3.3.1. If p e Cy is a self-test for the class of tensor product models then p

is an abstract state self-test for the subset of tensor product states.

The proof of Proposition 3.3.1 is similar to the proof of Theorem 3.1.20. First, note
that the definition of support projections, support models, and centrally supported models
generalize straightforwardly to tensor product models. A tensor product model S is said
to be full-rank if the support projections of the vector state in S are the identity opera-
tors, so in particular a full-rank tensor product model is centrally supported. Although
Lemma 3.1.13 and Lemma 3.1.14 no longer hold for tensor product models, they can be
replaced by “approximate” versions. To state these lemmas, we use the following notation:
if |v1) and |vy) are vectors in a Hilbert space H, we write |v1) ~, |ve) if |[Jv1) — [v2)|| < €.
By the triangle inequality, we see that |v1) ~, |v2) ~, |v3) implies |v1) ~¢ 1o, |v3). Also,

if [v1) ~c |v2) and T € B(H), then T' |v1) ~ e T |v2).

Lemma 3.3.2. Let |¢) € HaQHp be a bipartite vector state, let 114 and Il be the support
projections of [1), and let E be a self-adjoint operator in B(Ha). If, for any € > 0, there
exists an operator E € B(Hp) such that EQ1 ) ~c 1QE 1), then the support projection

114 commutes with E.

Proof. Let |¢) = > ...\ Ai |a) ® |B;) be a Schmidt decomposition of |1)) where A < N, so
the support projection of [1)) on H, is 114 = >, |y {a;|. Now, fix an € > 0 and let E
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be an operator in B(Hp) such that EQ 1 [¢)) ~p 1 ® E |t). Since T4 < 1, we see that

HAE® L)) ~¢o HA®E|¢>= IL®E|¢> ~ep E@L|Y).

Hence (1 -1I14)E®1|¢)) ~, 0 for all € > 0, and we must have (1 —I14)E®1 [¢)) = 0. This
implies

DM =T Eai)) ® |6 = 0.

ieA
Since \; > 0 for all i € A and {|3;) : i € A} is an orthonormal subset, it follows that
(1 —I4)E|a;y =0 for all i € A. Then

(1 —TLA)EIy = Y (1 —ILa)E o) {ay| = 0,
€A
and FTl4 = 4 ETl4. Since E is self-adjoint, [I4E = (ETl4)* = [I4Ell4 = Ell4. O

Lemma 3.3.3. If [¢) € Ha ® Hp is a full-rank vector state, then for any € > 0 and
E € B(Ha) (resp. F e B(Hg)), there is an operator E € B(Hp) (resp. F € B(H4)) such
that E® 1) ~. 1Q E ) (resp. 1® F |¢)) ~c F @ 1|¢))).

Proof. 1f H 4 or Hp is finite-dimensional, then both are finite-dimensional, and the lemma
follows from Lemma 3.1.14. Suppose that H 4 and Hp are infinite-dimensional Hilbert

spaces. Since the vector state [1)) € H ® Hp is full rank, it has Schmidt decomposition
e}
) = Z Ai i) ® 85
i=1

where (\;); is a positive sequence in £2(N) such that >° |\;]? = 1, and {|a;) : i € N} and
{|5;) : i € N} are orthonormal bases for H4 and Hp respectively. In particular, H 4 and
H g are separable. Suppose € > 0 and E is an operator in B(H4). Let E;; := {o4| E |a;) for
every i, j € N. Since E®1 |[¢) = Z;’;:l N Eijlai)®|B;) and ij:l])\jEijF = [[EQT|)|* <
o0, there exists an IV € N such that

N
SINEG = |E@LI)|* - €.

t,j=1
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Let Hy = span{|ay) : 1 < i < N}, Hp = span{|8;) : 1 < i < N}, and let I :=
SV iy {ai| € B(H,) and I = SV 18 {Bil € B(Hp) be the projections onto H, and
H 5 respectively. Then [0 := I, ® I 1) = SV N |a) ®|B:) is a full-rank vector in the
finite-dimensional space H A® H B, and

E® Ly, [V) ~ MBIy ® 15, [4).
By Lemma 3.1.14, there exists an operator £ € B(#z) such that

LB, ® Ly, |%Z> =1y, ® E ’@Z>

Extending E to #z by having it act trivially on {|8;) : i = N+ 1}, we see that EQ1 [¢) ~.
1QF |1)). The existence of F for F and € follows similarly. O

Lemma 3.3.2 and Lemma 3.3.3 allow us to establish the following characterization of

centrally supported tensor product models.

Proposition 3.3.4. A tensor product model
S=(HaHp, {M!:aeAxe X}, {N/:beB,yeY} |¢))

is centrally supported if and only if for any € > 0 and every a € A, x € X (resp. b € B,
y €Y ) there exists an operator ]\/4\5 € B(Hp) (resp. ]V;’ € B(Ha)) such that M* ® L]¢)) ~,
L@ Mg[¢) (resp. 1@ Ny [¢) ~e Ny @ L)) -

Proof. The “if” part follows directly from Lemma 3.3.2. For the “only if” part, let 114
and IIz be the support projections of [¢)), and suppose [[14, M*] = [IIg, N}/] = 0 for all
(a,b,x,y) € Ax Bx X xY. Since [1y®I1p |¢) is full-rank in T, H QM gH g, by Lemma 3.3.3,
for any € > 0 there is an operator M; 2 in B(IlgHp) (which can be regarded as an operator
in B(Hp) acting trivially on (1 —1I15)Hp) such that I ML @15 |4 ~ 4@ M-Il )
for any a € A,z € X. Therefore

MZ @1 |¢) = Ty M, ® g [ ~ Ty @ Mg [y = 1@ M |¢)).

Similarly, for any ¢ > 0 and every b € B,y € Y there exists ]Qfé”’ € B(H4) such that
10 Ny [6) ~ N @1 ). a
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Proposition 3.3.5. Let

S = (HaHp, {MaeAxe X}, {N/:be B,yeY} |¢)) and
S = (ﬁA,ﬁB,{Mf:aeA,xeX},{ﬁf : beB,er},M))

be two tensor product models for a correlation p € Cys(X,Y, A, B), with associated repre-
sentations Ty @ mp and T4 ® T respectively. Suppose S > S wia local isometries I4,1p

and vector state |aux) € HY™ @ HE™. If S is centrally supported, then

(Tala) ® 1y, 1)) @ |auz) = Tym() I ® 131 p@pane |, auz) for all € AN, (3.3.1)
(Ly, ®Fp(8) [1)) ® lauz) = Ly, gyyaue @ Igm(B) I |1, aux) for all B e Apgyy, (3.3.2)

and fs = fg

Proof. As in the proof of Proposition 3.1.18, we can show that Equation (3.3.1) holds for
all monomials & = ay -+~ ay € Apgya, % € {€° - 2 € X, a € A} using induction on the
monomial degree k € N. Indeed, the cases k£ = 0,1 follow straight from the definition
of local dilation of tensor product models. Suppose that Equation (3.1.2) holds for all
monomials in ANy, of degree k. For any monomial o = ay - - - iy in Ay, of degree
k+1,let o := ;- ay. Since S is centrally supported, Proposition 3.3.4 implies that for
any ¢ > 0, there is an F' € B(Hp) such that F4(o 1) @ 1]¢) e 1 ® F [{)). Note that
|Ta(a))|| <1 and ||[Iawa(c’/)1%]| < 1. Thus by the inductive hypothesis,

(Fale) ®14, 0)) ® laux) = (Fa(e')Falagr) ® Ly, 1)) ® |auz)
~qn (Fa(@) @ F 1)) ® |aux)
= Iamal()E®F ® Lyggue |1Z, aur)
~ea (Lama(e”) (R (ahs1) ® Tyaus)) ® L p@naue |, auz)
= (Lama(a) 51 ama(apen) ;) ® L p@mane ‘@l auzx)
= Lama() I3 ® Ly g0 0, aux) .

Therefore (7F4(o) ® Ly, |@Z>) ® |auz) ~c Iama(a) i ® Ly @maue |@Z, aux) for all € > 0, and
we conclude that Equation (3.3.1) holds for all v € A3y, The proof of Equation (3.3.2)
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o X,A Y,B
is similar. Hence, for any a € Apjyy, and 5 € Apoyus

fala® B) = (] Fala) @ F5(B) [¥)
= <7Za auz|Ta(a) @T(8) ® Lyjaue @aua |2;, aur)
— (), auz| Iy a(Q) T ® Ipmp(B) I |4, aux)
= (Y[ Tale) @ mp(B) [¥)
= fs(a®p),

which implies fg = f3. O]

Proposition 3.3.6. Let S and S be two tensor product models for p € Cys. If S is centrally
supported and S > §, then S is centrally supported.

Proof. Let

S = (HaMHp,{M}:acAxeX},{N/:beByeY}, |¢)) and
S = (HaHp, {M?:aecAze X}, {N/:beByecY} [)))

be two tensor product models with support projections I14, Iz and | As I B respectively.
Suppose S is centrally supported and S > S with local isometries I A, Ig and vector state

laux) € HE @ HE™. Then
S = (Ha @MY Hp @ My {M7 @ Lygae }, AN} @ Lyggpe }, [0, auz))

is a tensor product model for p with support projections I A@II9 and I B QIIE™, where
9 e B(HY™) and g™ € B(HE™) are the support projections of |aux). Since S is
centrally supported, by Proposition 3.3.4, for every x € X,a € A, and € > 0, there is an
operator ]\/ng € B(Hp) such that M7 ® 1 |¢) ~ 1 ® ]\//.7;” 4. Since I4I% ® Igl% |, auz) =
1, auz) and 1@ 1 > I I4 ® 1 > I40% ® Iplh, we see that I4I% @ 1|, auz) = |, aux)
and ||/4 ® Ig|| < 1. Then, IB]T/[\;”IE is an operator in B(Hz ® HL") such that

1 ®IB]\7;”I§ 0, auz) = 4T ® IB]/W\ZCIE 0, auz)
= (Ia®Ip)(1® M? )
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~e (A ® 1) (M7 ®1¢))
= (M2 @ Lyype) ® 1|9, aua) .
By Lemma 3.3.2 we see that I1,®@II%“ commutes with ]\7;@1%%%, and hence [I1,, Mf] =0

for all z € X,a € A. Similarly, [ﬁB,Né’] =0 for all y € Y,b € B. We conclude that S is
centrally supported. O

Proof of Proposition 3.3.1. Suppose p € Cys(X,Y, A, B) is a self-test for the class of tensor
product models. Let S be a full-rank tensor product model for p with ideal model S , SO
that S > S. Full-rank models are centrally supported, so Proposition 3.3.6 implies that
S is centrally supported. It follows from Proposition 3.3.5 that fg is the unique abstract

XA Y,B -
state on Apyyar Omin A poyar achieving p. O

Proposition 3.3.1 applies to the set of states which have a tensor product model. There

X,A Y,B : .
are also states on Apjyu @min Apoyys Which do not arise from a tensor product model.

. L : X,A Y,B
Suppose p is a correlation in Cy,, and consider the set of states f on Apyyar @min Apovur

such that f(mf®ny) = p(a,blz,y) for all (a,b,z,y) € A x B x X xY. We do not know
whether every such state has a tensor product model, or whether being a self-test for

tensor-product models implies that there is a unique such state on Afg’OAVM Qmin Arovar

3.3.2 Self-testing for commuting operator models

Recall that a commuting operator POVM model for a correlation p is a tuple
(H,{M? :ae A,z e X}, {N/ :be B,ye Y}, |¥)),
where
(i) H is a Hilbert space,
(ii) {M*:ae€ A}, xe X and {N} : be B}, ye Y are POVMs on H such that
MIN) = N/M?
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for all (a,b,x,y) € Ax Bx X xY, and
(iii) |¢) € H is a vector state

such that
p(av b|l‘,y) = <¢|M¢f ’ be|w>

for all (a,b,z,y) € A x B x X xY. As with tensor product models, a commuting oper-
ator model is projective if the measurements {M?*} and {N/} are projective, and finite-
dimensional if H is finite-dimensional. We let C,. = Cy (X, Y, A, B) be the set of correla-
tions with a commuting operator model. It is well-known that Cy. is closed, convex, and
contains Cy,, that every correlation in Cy, has a projective commuting operator model, and

that the set of correlations with finite-dimensional commuting operator models is equal to
Cy.

Analogously to the finite-dimensional case, if
S =(HAM;:aeAjxe X},{N/ :be B,yeY}, |V))

is a commuting operator model for a correlation p € Cy., then there is an associated
representation ¢ of Ap3vas Omaz Apoyy With ¢(m? @ n¥) = MF - NY, and the associ-
ated abstract state fg on Apiyy @maee Avoyy defined by fg(x) := @|é(x)|) satisfies
pla,blz,y) = fs(mE®ny). The tuple (¢, H,|¢)) is a GNS representation of fg if and only
if [¢) is a cyclic vector for ¢, in which case we say that S is a cyclic model. Conversely,
taking the GNS representation of a state f on Af’OAVM Qmaz A};’gVM gives a commuting op-
erator model S with f = fs. Hence a correlation p € RA5Z*X*Y belongs to Cy(X, Y, A, B)
if and only if there is a state f on A iy @mas Avayy With pla,blz,y) = f(mE @nY) for
all (a,b,z,y)e Ax Bx X xY | : ]

The definition of an abstract state self-test on A?’OAVM Qmin A iy Suggests a notion of

self-testing for commuting operator models:

Definition 3.3.7. Let S be a subset of states on Anivuy @mas Avgyy. A correlation p

is an abstract state self-test for S if there exists a unique abstract state f € S with
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correlation p. We say that p is a commuting operator self-test if it is an abstract state

self-test for all states on APOVM Qmaz APOVM

There is a surjective homomorphism ANy @maz Apoyy — Aoy Omin Apayy, and
this means that states on A§54VM Qmin A?gVM can be thought of as a subset of states
on A, POVM Qmaz Apoyy Hence Definition 3.3. 7 subsumes Deﬁnition 3.1.3. While Defini-
tion 3.1.3 is for finite-dimensional states on A7, POVM @min Apgya, Definition 3.3.7 also gives
us a definition of self-testing for non-finite-dimensional states on A pgyy®min A payay (OF i
other words, for correlations p € Cy, which do not have a finite-dimensional model). This
is potentially useful in understanding how self-testing interacts with limiting behaviour of
finite-dimensional models. For instance, Mancinska and Schmidt | | give an exam-
ple of a nonlocal game which is a non-robust self-test by combining a finite-dimensional
self-test with a game with a perfect C, strategy, but no perfect C, strategy. In our lan-
guage, this nonlocal game is a an abstract state self-test for finite-dimensional states on
APOVM Qmin Apoyy, but not a self-test for all states on APOVM Qmin Apoyy- Another
example is the open question at the end of Section 3.3.1, which in this language asks

whether every self-test for tensor-product models is an abstract state self-test for states on

‘APO VM Smin ‘APO VM-

An immediate question about Definition 3.3.7 is whether there is an equivalent descrip-
tion of this type of self-test in terms of models. For this purpose, we make the following

definitions.

Definition 3.3.8. Let

S =(H,AM;:ae Ajxe X},{N/ :be B,ye Y}, |[v)) and
5= (ﬁ,{z\’Zg:aeA,xeX},{Ng/:beB,er},@)

be two commuting operator models.

1. We say S and S are equivalent, and write S = §, if there exists a unitary U : H —
H such that
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(i) U ) = |4, and
(ii) UM2U* = M? and UNYU* = NY for all (a,b,z,y) € Ax Bx X x Y.
2. S is a submodel of S if there is a self-adjoint projection 11 € B(H) commuting with

M= and NY for all (a,b,z,y) € A x Bx X x Y, such that H = IIM, |y = [), and
M® = IIM?II and N} = IINYIL for all (a,b,z,y) € Ax B x X x Y.

3. S is said to be degenerate if there exists a non-trivial self-adjoint projection II €
B(H) such that TL|Yp) = |[¢) and [II, M¥] = [II, NY] = 0 for all (a,b,x,y) € A x
B x X xY. A commuting operator model is said to be nondegenerate if it is not

degenerate.
A class of commuting operator models C is closed under submodels if
(1) for any S eC, if§ is a commuting operator model such that S~ then S e C, and
(ii) for any S € C, ng is a submodel of S then Sec.

Note that in the definition of submodel in Definition 3.3.8, the condition |¢) = [1) is
equivalent to the condition that IT|¢)) = |QZ>, since both imply that |¢)) is in the support
of II. This makes this notion of submodel a bit different from the definition of submodel
in Definition 3.1.4, which only requires 114 ® IIg ) = A ]1Z> for some non-zero complex

number A. As a result:

Remark 3.3.9. Suppose S and S are commuting operator models. ]fg s equivalent to or
a submodel of S, then fs = fs.

The following proposition shows that any commuting operator model S has a nonde-

generate submodel S which is the GNS representation for the abstract state fs.

Proposition 3.3.10. A commuting operator model is nondegenerate if and only if it is a

cyclic model. Furthermore, every commuting operator model has a nondegenerate submodel.
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Proof. We use A to denote ARjyy ®maz Apbyy. Let pe Cpo(X,Y, A, B), and let
S=H,{M!: aecAzeX},{N/:beB,yeY} i)
be a commuting operator model for p with associated representation 7.

For the “if” direction, suppose |¢) is cyclic for 7. If IT is a projection in the commutant
w(A) such that II|¢) = [¢), then IIn(a)|Y) = w(a)|) = 7(a)|¥), so w(a) ) is
contained in the image of I[I. We conclude that II = 1, so S must be non-degenerate.

For the “only if” direction, suppose [¢) is not cyclic for m. Let Ho := (m(A) |[v)) ",
and let IT € B(H) be the self-adjoint projection onto Hy. Then IT € 7(A)" is a non-trivial
projection such that IT|¢) = |[¢), and hence S is degenerate. Furthermore, (Ho, {ITILMZ1I :
aeAxe X} {IIN/IL:be B,y e Y}, [¢)) is a non-degenerate submodel of S. H

We can now show that Definition 3.3.7 is equivalent to having a unique nondegenerate
commuting-operator model (and this holds for any class of commuting operator models

closed under submodels).

Theorem 3.3.11. Let C be a class of commuting operator models that is closed under
submodels, and let S := {fs : S € C} be the set of states on AﬁbAVM Rmaz A?gVM induced

by C. Then p € Cy is a self-test for S if and only if there is a commuting operator model
S=(HAM! :ac Axze X}, {N} :be B,ye Y}, i)

for p in C, such that for every other commuting operator model
S=(H,{M?!:aeAxe X}, {N/:be B,yeY} |v)),

for p in C, there is a submodel of S which is equivalent to S.

Proof. The “if” direction follows directly from Remark 3.3.9. For the “only if” direction,

suppose p is an abstract state self-test for S, with unique state f € S. By definition f = fg

for some S” € C. By Proposition 3.3.10, S’ has a non-degenerate submodel S. Suppose S

is any other model in C for p, and let S” be a non-degenerate submodel of S. Then S” and

S are both cyclic models with fsr = fg = fsr = fg. Since GNS representations are unique

up to unitary equivalence, S” is equivalent to S. H
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Note that the above theorem does not require p to be an extreme point in Cl..

The class of finite-dimensional commuting operator models is closed under submodels,
and thus Theorem 3.3.11 applies to this class. Every finite-dimensional state (resp. projec-
tive finite-dimensional state) on Aj.fg‘VM@m A};’gVM comes from a finite-dimensional state
(resp. projective finite-dimensional state) on Ay @min Aoy, and thus p is an abstract
state self-test for finite-dimensional states (resp. projective finite-dimensional states) on
AB v @maz Abgyy if and only if p is an abstract state self-test for finite-dimensional
states (resp. projective finite-dimensional states) on Af.fg‘VM Omin A;’gVM. As a result, if
p € C, is an extreme point, then p is a self-test for (POVM) quantum models if and only if
p has a unique nondegenerate commuting operator model (up to unitary equivalence). If,
in addition, there exists a projective full-rank quantum model for p, then p is a self-test for
projective quantum models if and only if p has a unique nondegenerate commuting oper-
ator model. This gives a new criterion for p € C;, to be a self-test for (finite-dimensional)

quantum models.

It follows that if p € C, is a commuting operator self-test, then p is a self-test for
(finite-dimensional) quantum models. Tsirelson showed that a wide family of correlations
in C, are in fact commuting operator self-tests | |. To state this result, let Cor(X,Y)
be the set of matrices ¢ € R¥*Y for which there is a Euclidean space V and vectors
{|ug)}zex, {|vy)}tyey in V' of norm at most 1, such that ¢, , = (u,|v,) for all z,y € X x Y.
If pe Cpe(X,Y,Zy,Zs) then the matrix ¢ defined by

Coy = > (=1)""p(a,blz,y)
a,beZs
isin Cor(X,Y), sinceif (H,{MZ? : a € Zs,x € X}, {N/ : be Zy,y € Y}, 1)) is a commuting
operator model for p, then ¢, , = W|(My — M7)(Ng — NY)|¢), where | M§ — M{|| < 1 and
INS — NY| < 1. We refer to ¢ as the XOR correlation associated with p. Tsirelson shows
that the linear map
Cy(X,Y,Zy,Zy) — Cor(X,Y) : p—c
restricts to an isomorphism C""*!( XY, Zy, Zy) — Cor(X,Y’), where
Crmbinsed( XY, 7y, Zy) = {p € Cy(X.Y. 20, Z5) : Y p(0,blz,y) = Y p(1,blz,y) and

beZso beZso
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Z p<a70|xay> = Z p(a,1|x,y), re X, er},

a€Z2 a€Zo

Theorem 3.3.12 (] ). If p is an extreme point of Ci™***! and the associated XOR

correlation ¢ has even rank, then p is a commuting operator self-test.

Proof. Since the isomorphism C}j”bwsed — Cor(X,Y) is linear, it preserves extreme points.
If p is an extreme point of C’};"bi“sed, then the associated XOR correlation c¢ is an extreme
point in Cor(X,Y). By | , Theorem 3.2|, if ¢ has even rank then all nondegenerate
commuting operator models for p are unitarily equivalent. Hence, there is a unique state

X,Z2 Y, Zo . .
on ApHvu Omaz Ao achieving p. O

Example 3.3.13. I is well known that the unique optimal correlation for the CHSH game

is an extreme point of C’f;”bmsed with associated XOR correlation matriz

11
V242
=1
V2 V2

Since the associated XOR correlation has rank 2, the optimal CHSH correlation is a com-

muting operator self-test.

A modern proof that the CHSH correlation is a commuting operator self-test can be
found in | |, where it is also shown that the Mermin-Peres magic square and magic

pentagram games are commuting operator self-tests.

For more examples of commuting operator self-tests, let CHSH,, « € [0,2) be the
family of tilted CHSH games introduced in | . It is well-known that there is a
unique correlation p, € Cy(Za, Za, Zs, Zs) achieving the optimal winning probability of
CHSH,, and that p, is a self-test for projective quantum models | , ]. This
self-testing result is instrumental in the separations of the correlation sets C; & Cys & Cyq
in | , , ]. Theorem 3.2.6 shows that p, is a self-test for POVM quantum

models as well.

Proposition 3.3.14. Ifp, € C,(Zs,Zs,Zs, L) is the unique optimal correlation for CHSH,,

a € [0,2), then p, is a commuting operator self-test.
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Proof. Fix a € [0,2). Let ag := md —m? ay := m} —mi, by :=n) —n? , and by := n} —n}

in A2 @mae A5y, and let n := aag + aghy + agby + a1by — a1by. A state f on
ATS AT5, achi if and only if f(n) = v/ 2=: ) d Pironi

pov Omaz Apora achieves p, if and only if f(n) 8 + 2a* =: \. Bamps and Pironio
[ ] show that

2/\()\—77)=7"f+7"§=r§+7"§

. ZQ,ZQ 22722
in Apyif @maz Apyaf, Where
ryi=A—1,

o 1= aayp — aobo + a0b1 - a1b0 — albl,

A

rs = (2&0 — 5(60 + bl) + %(aobo + (Zobl — a1b0 + albl)), and
A Q

g = (2&1 — 5(60 - bl) + E(aobo — Clobl — a1b0 — albl)).

: L, Ly, Lo
Moving to Ap3vis @maz Apovas, We see that

1
2AX\ —n) =71 + 73 + 5(31 + 89 + 83+ 54) + 2(85 + 56)

1
=r3~|—ri+§(sl+52~|—33+54)+2(2—a%—a%)(2—bg—b3)

+ ;()\ — a(ag — a))*(1 = b2) + ;()\ — alag + a1)) (1 = b3),
where

s1:= (a +2bp)*(1 —ad), sy := (a + 2by)*(1 — a?),
s3:= (a0 —2bg)*(1 — a), s4:= (a—2b))*(1 —a?),
s5 1= (2 + apay + ajag)(1 —b3), and s¢ := (2 — apay — ajag)(l — b3).

Suppose f is a state on AP, Omas A2k, that achieves the optimal correlation pq.

Then f (2A(A — 7)) = 0. Since s1,...,86, A — a(ag — a1), A\ — alag + a1),1 — b2, 1 —b?, and
(2—a2—a2)(2—b2 —b?) are positive in A722, @maz A2, and A—a(ag—ay), \—a(ag+ay)
commute with 1 — 53,1 — b%, we obtain that f(r?) = f(s;) =0for 1 <i<4and1<j <8

where
S7 1= ()\ —alag — al))(l —b3), and sg := ()\ — alag + al))(l —b3).
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Let (m,H,|1)) be the GNS representation of f, and let £ be the left ideal generated by
r1,...,74 and sq,...,sg. It follows that m(l) [¢)) = 0 for all [ € L. Observe that

(4 — o®)(apar + a1ag) = (bo(rg +71y) — 87+ 2)\) (bo(rg +71y4) — 37) + 81 + S3 + 4ss5,
S0 apaq + aiag € L. This also implies
1—b = ;(55 — (1= b3)(aoar + arap)) € L.
Likewise, one can verify that 1 — a3, 1 — a?, and 1 — b? are in £. Furthermore,
Aag — 2(bg + b1) = agry + airs — (bo + b1) (1 — ag) + (1 — a})) + (bo — b1)(aoar + arao)

is in £. Similarly, da; — 2(by — by) € £ where § := 4/8 —2a2. Let Ay := w(ap), A1 =
m(ay), By := m(bg), and By := 7(by). Then

(AgAr + Ay Ag) [y = (1 — AF) [y = (1 — A}) [9) = (1 — Bg) [y = (1 — BY) |4y
= (Mo —2(By + By)) [0y = (64, —2(By — By)) [¢) = 0.

: Lz, L Lz,
For any monomial a;, - - - a;, bj, - - - b, in Ay @maz Apoyas We have

2(By+ (—1)*B;)  2(By+ (—1)"By)
Aiy -+ Ay Bj -+ B, ) = Bj, -+ B, A 12 >
8 +2(—1)*a 8+2(—1)r«

]l — ]l
k)\Ao + (4 1)710 A, M+ (4 1)71§ A, vy (334)
Hence by Eq. (3.3.3), (1 — A3)A;, --- A, By, -+ Bj, |¢) = 0, and since [¢) is cyclic for T,
we conclude that A2 = 1. Similarly, we have A2 = B2 = B = 1 and AgA; + A1 4y = 0.
Thus, the C*-algebra C*( Ay, A1) generated by Ay and A; is the Clifford algebra of rank 2

which has a unique tracial state. Given w; := A;, --- A;, and wy := A, --- A,

1Y) (3.3.3)

= A, A

2By + (-1)By)  2(By+ (—1)'By)

(plwrwg [y = (WP Ay -+ Ay 8+ 2(—1)ia? 8 + 2(—1)1a? 42
o 2Bot (CUPBY) 2B+ (C1VBY)
= <w| 8 + 2( 1)]1 2 8 & 2( 1)]1 2 11 Zk W>

= ([ Ajy - Aj Ay - Ay [) = (bl wawy |9),
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so w — (Y|w 1) must be the unique tracial state on C*(Ay, A;). By Eq. (3.3.4), there
Is a unique state on AIZJQ(’)ZVQM Omaz A%’O’%M achieving p,, so p, is a commuting operator

self-test. O

We leave it as an open problem to show that there are commuting operator self-tests

which do not have finite-dimensional models.
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Chapter 4

Robust self-testing

4.1 An operator-algebraic formulation of robust self-
testing

We study robust self-testing in this chapter. To define a robust self-test, we need the

following notion of approximate dilation.

Definition 4.1.1. Given € = 0 and two quantum models

S = (Ha, Hp, {MZ}{N/}, [¥)) and
S = (Ha Hp, (M2 {NILID)),

we say S is an local e-dilation of S, denoted S >. g, if there are isometries 14 : Haq —
Ha@HY and Ip : Hp — Hp @ HE, and vector state |auz) € HE @ HLw such that

L@ Ip(MPQ1[P)) ~ (M*Q1|0)) ® |auz) (4.1.1)
L®IzARN ) ~ (1@ N [)) ® |auz), and (4.1.2)
1@ Ig |0 ~ [ Q |auz). (4.1.3)

for all (a,b,x,y) e Ax Bx X xY.
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Note that, in the above definition, Equations (4.1.1) to (4.1.3) imply

LAMPTE @ 1|0, aux) ~oc (MP @1 |4)) ® auz), (4.1.4)
1Q IgNYIE |, auz) ~o (1® NY |7,Z>) ® |auz), and (4.1.5)
L1 ® I5(ME @ N [v)) ~se (ME@ NY [9)) @ |aus). (4.1.6)

We often use Equation (4.1.6) (with 3¢ replaced by €) as the definition of S >, 5.

Definition 4.1.2. Let C be a class of quantum models. We say a quantum correlation
p € C, is a robust self-test for C if there is an ideal model S e C such that the following
holds. For any 6 = 0, there is an € = 0 such that S >; S for any model S € C satisfying

Ips = pllx < e

Here the 1-norm of a vector v € RA*BxXxY

is given by ||vl[1 = X, . ,lv(a, bz, y)|.
Taking 0 = 0 in the above definition, we see that every robust self-test is a self-test. On

the other hand, the following question is still open for quantum correlations.

Question 4.1.3. Is every self-test a robust self-test?

We’ll also discuss robust self-testing for nonlocal games in Section 4.2. Question 4.1.3
has a negative answer in this context: Manc¢inska and Simon construct a nonlocal game ¢
which is a self-test but not a robust self-test | |. In their example, the game G has a
unique perfect quantum correlation p and p is a self-test, so G is a self-test as is p. However,
G also has a perfect quantum approximate correlation p’ € Cy, that is not in C,. One can
take a sequence of quantum models S,,, n € N such that ||ps, —p'|li — 0 as n — 0. While
S, has an increasing winning probability for G as n — o0, it becomes “far away” from the

ideal model under local dilations. This illustrates that this self-test is not robust.

In Section 3.1, we have seen an operator-algebraic formulation of self-testing. Suppose
p e Cy(X,Y, A, B) is a self-test for all quantum models. Then there is a unique finite-
dimensional state f on AfgbAVM Qmin Apoya for p. In this section, we attempt to give an
operator-algebraic formulation of robust self-testing. The following theorem states that if
in addition, p is a robust self-test, then f is indeed the unique state on A3y Qmin A royas

that can achieve p.
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Theorem 4.1.4. Ifpe C(X,Y, A, B) is a robust self-test for all quantum models, then p
Y,B

is an abstract state self-test for all states on Apgyuy Omin Avoy-

This theorem looks very similar to the “only if” direction of Corollary 3.1.6, part (a),
which states that if p € C,(X,Y, A, B) is a self-test for all quantum models then p is an
abstract state self-test for finite-dimensional states on AN;iyy Omin Apgyy. Compared
to Corollary 3.1.6, Theorem 4.1.4 replaces “self-test” and “finite-dimensional states” with

“robust self-test” and “all states” respectively.

Note that a quantum correlation p € C, can always be achieved by some finite-
dimensional states. So if f is the unique state for a quantum correlation, then f must

be finite-dimensional. This gives an alternative way to phrase Theorem 4.1.4:

Theorem 4.1.5 (Restated from Theorem 4.1.4). If pe C,(X,Y, A, B) is a robust self-test

for all quantum models, then

(1) there is a unique finite-dimensional state on Afég‘VM min A};’gVM for p and

(ii) there is no infinite-dimensional state on Afég‘VM Qmin AZ’S"VM that can achieve p.
We prove this theorem at the end of this section. Part (a) of Corollary 3.1.6 is an

if-and-only-if statement, so we ask whether the converse of Theorem 4.1.4 holds or not:

Question 4.1.6. Let p € Cy(X,Y, A, B) be an extreme point in C,. Suppose p is an
abstract state self-test for all states on A§54VM Qmin A?gVM. Is p a robust self-test for all

quantum models?

Through Sections 4.2 to 4.4, we aim to give an affirmative answer to Question 4.1.6 for

a large class of quantum correlations.

Theorem 4.1.7. Suppose p € Cy(X,Y, A, B) is the unique perfect quantum correlation for
a synchronous game, or the unique optimal quantum correlation for an XOR game. Then
p s a robust self-test for all quantum models if and only if p is an abstract state self-test

X,A Y,B
for all states on ApHyar @min A povis-
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Our proof approach is based on algebraic characterizations of synchronous games and
XOR games established in | : : |. For any synchronous game (resp.
XOR game) G, one can associate a finitely-presented algebra C*(G) such that perfect (resp.
optimal) strategies for G correspond to tracial states on C*(G). Furthermore, as shown
in [ |, any near-perfect (resp. near-optimal) strategy S for G defines an approximate
state ¢ on C*(G) which is also approximately tracial. Finally, using a lifting theorem for
C*(G), we lift ¢ to a ucp map 6 on C*(G) and construct the desired local dilation /4 ® I
from the Stinespring dilation of #. This last step is inspired by | ].

The proof approach outlined above applies to any nonlocal game that exhibits structures
similar to synchronous or XOR games. In particular, Theorem 4.1.7 also holds if p is the
unique perfect quantum correlation for a Boolean constraint system (BCS) game. Indeed,
we'll prove a general result (Theorem 4.4.9). Given a nonlocal game G, we say an algebra
C*(G) is the associated game algebra for G if (i) every optimal strategy for G corresponds
to a tracial state on C*(G) and (ii) every near-optimal strategy for G corresponds to an
approximate state on C*(G) which is also approximately tracial. In Theorem 4.4.9, we show
that if p is the unique optimal quantum correlation for a game G which has an associated
game algebra, then p is a robust self-test for all quantum models if and only if p is an

abstract state self-test for all abstract states.

This general result also provides a convenient way to examine whether a nonlocal game
is an exact self-test or a robust self-test by studying the tracial states on the associated

game algebras.

Theorem 4.1.8 (Restated from part of Theorem 4.3.22 and Corollary 4.4.11, informal).

Suppose a nonlocal game G has an associated game algebra C*(G).

(a) G is a self-test for its optimal quantum strategies if and only if C*(G) has a unique

finite-dimensional tracial state.

(b) G is a robust self-test for its optimal quantum strategies if C*(G) has a unique tracial

state T and T is finite-dimensional.
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Part (b) of Theorem 4.1.8 provides one-line proofs for many robust self-testing results.
For example, CHSH game is a robust self-test because the associate game algebra C'l,, the
Clifford algebra of rank 2, has a unique tracial state 7 and 7 is finite-dimensional. This
tracial-state characterization of robust self-testing also raises the prospect of constructing
new robust self-tests from C*-algebras which are known to have a unique tracial state (e.g.,

matrix algebras, Clifford algebras of even rank, etc.).

For the practical use of robust self-testing, it is important to study the e — dependence
in Definition 4.1.2, which is also known as the robustness of a self-test. In many cases, the
robustness of a self-test is closely related to the stability of some groups/algebras under

approximate representations. We discuss some concrete examples in Chapter 5.

Finally, we conjecture that the answer to Question 4.1.6 is true for all extreme quantum

correlations.

Conjecture 4.1.9. Suppose p € Cy(X,Y, A, B) is an extreme point in C,. Then p is a
robust self-test for all quantum models if and only if p is an abstract state self-test for all

X,A Y,B
states on ApHyy Omin Apovir

4.1.1 Robust self-tests are abstract state self-tests

We prove Theorem 4.1.4 in this subsection. Recall that for any residually finite-dimensional
C*-algebras A and B, the C*-algebra A ®,,;, B is also residually finite-dimensional, so the
set of finite-dimensional states on A Qumin B forms a weak*-dense subset of the state space
of A ®uin B. Taking A = A5, and B = ApS,., we have:

Proposition 4.1.10. For every state f on .Afg’OAVM Qumin APy there is a sequence of

quantum models S,,n € N such that lim,, ., fs, = f in the weak*-topology.

For the completeness of this thesis, we present a proof of Proposition 4.1.10 in Ap-
pendix A. Before we prove Theorem 4.1.4, we need the following proposition, which is the

robust version of Proposition 3.1.18.
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Proposition 4.1.11. Let

(HA’HB7 {M;}v {Né/}v |¢>) and

S =
S = (Ha, Hp, (MI} N/ 10))

be two quantum models with associated representations ma ® w1 and T4 ® T respectively.
If S is centrally supported and S >, S wia local isometry 1o ® Ig and vector state |aux),
T .

: _ a X,A _ Y Ye Y.B
then for every k,¢ € N and monomials o = mg! ---mgr € Apiyuy, B = ny, - ny, € Apoyy

we have
(Fa(@) ®1[1)) ® |auz) ~(rsn)e Tama(@) 5 @ 1|0, auz), (4.1.7)
(1®75(6) |QZ>) ® laux) ~ @1y 1 @ Ipmp(B)15 |9, auz) (4.1.8)

and | fs(a ® B) — fsla ® B)| < 2(k + £ + 1)e.

Proof. We first prove Equation (4.1.7) by induction on the monomial degree k € N. The
base cases k = 0, 1 follow straight Equation (4.1.4). Suppose Equation (4.1.7) holds for all
monomials in .Af.fg‘VM of degree k. For any given monomial @ = ay -+ apag,q in Af.fbAVM
of degree k + 1, let o/ := aq---ay. Since S is centrally supported, there is an operator
F e B(Hp) with [|F|| < [Falax)]| < 1 such that Fa(ar) ® 1y, [V) = 15, ® F|d).
Note that |T4(a’)|| <1 and ||[[ama(a’)%]| < 1. Thus by the inductive hypothesis,

(Fala) ® 1z, [0)) ® |auz) = (Fa(a)Falon) @ 1, [9)) ® auz)
= (Fa(e) ® F|¥)) ® |auz)
X 2k11)e Lama(a) [} ® F® Ty ]15, auz)
— (Lama(e) 5 (Fa(arsn) ® L) ) @ Ly gppsee |0, aua)
~oe Lama(@) I Lama (o) I © Ly, gygone [0, aui)

= Lima() 5 Q1 |4, aux).

This implies (Fa(a) ® 1 \1%) ® |auzx) %(2(19—&-1)-‘,-1)6 Lima(0)I% ® 1], auz). We conclude

that Equation (4.1.7) holds for all k& € N and monomials in Ap3y,, of degree k. The
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proof of Equation (4.1.8) is similar. The rest follows from the following lemma by taking
o) = Lama() I3 @ 1[¥), aux),|B) = Ipmp(B) I} [, auz) ,|&) = (Fala) @ 111)) ® |auz),
and |3) = (L®75(8) 1)) ® laux). O

Lemma 4.1.12. If o), |d), |8, |3) are four vectors with norm < 1 such that |a) ~s, |&)
and |3) ~s, |B), then [(a|8) = {a|F)] < 01 + da.

Proof. Observe that {(a|8) —(@|B) = ({a| —(@|) |8)+ <@ (|8)—|B)). The lemma follows
from the Cauchy-Schwartz inequality. O

Now we are ready to prove Theorem 4.1.4.

Proof of Theorem 4.1.4. Suppose p € Cy(X,Y, A, B) is a robust self-test for all quantum
models, and let S be an ideal model. By Corollary 3.1.6, there is a unique finite-dimensional
state f on A5y Omin A by achieving p. Assume for the sake of contradiction that there
is an infinite-dimensional state f on A3jyy®minApoyy achieving p. By Proposition 4.1.10
there exists a sequence of quantum models S,,,n € N such that f = 7}1_{%0 fs, in the weak*-
topology. This implies p(a, blz,y) = f(mE@n}) = lim fs, (mg ®ny) = lim ps, (a, 0|z, y)
for all x,y, a,b. By the definition of robust self-testing, there is a function n : N — R, with

lim n(n) = 0 such that S, >,m) S for all n € N. Then for all monomials o € A%, and
B e ASE, .., by Proposition 4.1.11, | fs, (a®p)— f(a®)| < 2( deg(a)+deg(8)+1)n(n) — 0
as n — o0. This means Jlr%o fs, = J? in the weak™-topology. Hence f = f, a contradiction.

We conclude that there is no infinite-dimensional state on Af.fglVM min A?gVM forp. O

4.2 From correlations to nonlocal games

We discuss self-testing for nonlocal games in this section. We often refer to models as strate-
gies when working with nonlocal games. For any nonlocal game G = (X, Y, A, B, 1, V'), we

define its game polynomial to be the *-polynomial

O = Y, ple,y)V(a,blz,y)m; @n}

x?y7a7b
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in C*(m?:zxe X,ae A)Q@C*(ny : yeY,be B). The optimal quantum value w,(G) of the
game G is equal to the supremum value of f(®g) over all states f on Apiyy Qmin Aroy-

The same conclusion holds if we replace Apoyy with Apyy.

We say a state f on A%‘VM @min Apoyy (08 ANin; @min Abtyy) is optimal for G if
f(®g) = w,(G). Equivalently, f is optimal for G if the quantum approximate correlation
achieved by f is optimal for G. Since C; consists of correlations that can be achieved by
finite-dimensional states, G has an optimal quantum strategy if and only if there exists
a finite-dimensional optimal state on Ag’OAVM Qmin Avoyy for G. The following lemma is

straightforward from the GNS construction.

Lemma 4.2.1. Let G = (X, Y, A, B, 1, V) be a nonlocal game. For any =-representation
of Ap3var @min Apoyass the operator m(®g) has spectrum spec (1(®g)) < [0,wy(G)].

Now we define self-testing for nonlocal games.

Definition 4.2.2. Let C be a class of quantum models. A nonlocal game G is a self-test
for its optimal quantum strategies in C if there is an optimal quantum strategy SecC for G

such that S > S for any optimal quantum strateqy S € C for G.

In Definition 4.2.2, S is referred to as an ideal optimal quantum strategy for G. When
C is the class of all quantum models, we simply say that G is a self-test for its optimal
quantum strategies; when C is the class of all projective quantum models, we say that G is
a self-test for its projective optimal quantum strategies. Combining with Definition 3.1.2,

we immediately see that:

Lemma 4.2.3. A nonlocal game G is a self-test for its optimal quantum strategies (resp.
projective optimal quantum strategies) if and only if G has a unique optimal quantum

correlation p and p is a self-test for all quantum models (resp. projective quantum models).

The following lemma implies that if a nonlocal game is a self-test for its optimal quan-
tum strategies (or optimal projective quantum strategies), then its unique optimal quantum

correlation must be an extreme point in Cj,.
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Lemma 4.2.4. If a nonlocal game G has a unique optimal quantum correlation p, then p

must be an extreme point in C,.

Proof. Suppose G has a unique optimal quantum correlation p. Assume for the sake of
contradiction that p is not an extreme point in C;. Then p = Ap; + (1 — A)p, for some

0 <A <1andp; # ps in C,. Note that p is optimal. So
w(G;p) = Aw(G;p1) + (1 = Nw(G;p2) < Mw(G;p) + (1 = Nw(G;p) = w(G;p).

It follows that w(G; p1) = w(G; p2) = w(G; p). The uniqueness of p implies that p = p; = po,

which is a contradiction. Hence p must be an extreme point in Cj,. O]

On the other hand, if a nonlocal game has a unique optimal state f, then f is an

extreme point in the state space:

Lemma 4.2.5. Let G = (X,Y, A, B, i, V') be a nonlocal game. Suppose that there is a
unique finite-dimensional optimal state f on AfgbAVM Qmin Ay (07 A),f;‘M Qmin Ay
for G. Then f is a pure state, and the correlation p achieved by f is the unique optimal

quantum correlation for G.

Proof. Let p be the correlation achieved by f. Since w(G;p) = f(Pg) = w,(9), p is
optimal for G. Assume G has another optimal quantum correlation p’. Then there is a
finite-dimensional state f’ that can achieve p’. So f’ is optimal for G, but f" # f, a
contradiction. We conclude that p is the unique optimal quantum correlation for p. By
Lemma 4.2.3, p is an extreme point in C,. Since any state that can achieve p is optimal
for G, f must be the unique finite-dimensional state for G. By Corollary 3.2.4, the GNS

representation of f is irreducible. It follows that f is a pure state. O

Lemmas 4.2.4 and 4.2.5 allows us to translate many self-testing results established for

extremal quantum correlations in Section 3.1 to self-testing for nonlocal games.

Theorem 4.2.6 (Corollary 3.1.6, game version). Let G = (X,Y, A, B, u, V') be a nonlocal

game.
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(a) G is a self-test for its optimal quantum strategies if and only if there is a unique

finite-dimensional optimal state on Apiyy Qmin Apoyy for G.

(b) If G has a full-rank projective optimal quantum strategy, then G is a self-test for its
projective optimal strategies if and only if there is a unique finite-dimensional optimal

X,A Y,B
state on ‘APVM ®mm ‘APVM f07” g

Theorem 4.2.7 (Theorem 3.1.7, game version). For any nonlocal game G, the following

statements hold.

(a) If G is a self-test for its optimal quantum strategies, then G has a full-rank projective

ideal optimal strategy and G is a self-test for its projective optimal quantum strategies.

(b) If G is a self-test for its projective optimal quantum strategies and G has a full-rank

projective optimal strategy, then G is a self-test for its optimal quantum strategies.

Corollary 4.2.8 (Corollary 3.1.8, game version). If G has a full-rank projective optimal

quantum strategy, then the following statements are equivalent.
(1) G is a self-test for its optimal quantum strategies.
(2) G is a self-test for its projective optimal quantum strategies.
(3) There is a unique finite-dimensional optimal state on Apiyy ® Avgya for G.
(4) There is a unique finite-dimensional optimal state on Af.f"fM@A}];’gM for G.

Recall from Corollary 3.2.4 that if there is a unique finite-dimensional state f achieving
an extreme quantum correlation p, then f has a GNS representation (H,,|¢)) where
T =Ty ® g is a tensor product of two irreducible representations. Furthermore, p is a
self-test for quantum models and there is an ideal model with an associated representation

mTa®mp. We can sharpen this statement when working with self-testing for nonlocal games:
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Theorem 4.2.9. Suppose a nonlocal game G = (X,Y, A, B,u,V) has a unique finite-

dimensional optimal state f on APOVM Qmin APOVM Then the following statement holds.

(a) f has a GNS representation (7?[,4@7-73, TARTg, W\}) where T4 and Tg are irreducible
. X,A Y,B ;
w-representations of Appyy and A poyy respectively.

(b) Let M(f = Fa(m®) and N} := F(n¥). Then G is a self-test for its optimal quantum

a

strategies with an ideal optimal strategy
g = (ﬁAvﬁBa {M(f}a {Ng}a ‘J>)

(c) T:=TaQ®Tp is the unique (up to unitary equivalence) finite-dimensional irreducible
x-representation ofAPOVM®mmAPOVM with the property that the mazimal eigenvalue

of T(Pg) is we(G).
(d) The wy(G)-eigenspace of T(Pg) is the one-dimensional space spanned by \J>

Proof. Let p be the correlation achieved by f Then by Lemmas 4.2.3 and 4.2.5, p is an
extreme point in Cy, p is the unique optimal quantum correlation for G, and fis the unique
finite-dimensional state on Apayy @min Apgyy achieving p. So parts (a) and (b) follow

from Corollary 3.2.4.

Now suppose 7 : Ay Omin Apoyy — B(H) is a finite-dimensional irreducible #
representation such that the maximal eigenvalue of 7(G) is w,(G). Let [¢)) be a unit
vector in the wy(G)-eigenspace of 7(G). Since 7(Apiya Omin Arayy) = B(H), the vector
|ty is cyclic for m. Hence (H, 7, 1)) is a GNS representation of the state f given by
fle) == @|m(a) [¥), a € AN @min Abayy- This also means f is a finite-dimensional
state on Ay min Apoyy such that f(®g) = (| 7(Pg) [10) = wy(G). By the uniqueness
of f, we have f = f, and hence (H,n,[1)) is unitarily equivalent to (Ha ® Hp, T, |V)).
This proves part (c).

To see part (d), take an arbitrary unit vector |¢) in the w,(G)-eigenspace of T(Pg).
Then the state f defined by f(o) := | F(@) [¢), @ € ANihur Qmin ANS,4y is optimal for
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G. So f = f. It follows that (7—7,4 QHp, 7, |1)) is a GNS representation for f. This means
there is a unitary U on H A® ﬁB such that

Uy = [y, and (4.2.1)
U (a)U* = 7(«) (4.2.2)

for all & € Apayy@minAbgyy- Note that 7 is irreducible. Equation (4.2.2) implies U = A1
for some A € C. Then Equation (4.2.1) implies |¢) is linearly dependent with [¢)). Since
|1)) was arbitrary, part (d) follows. ]

4.2.1 Robust self-testing for nonlocal games

We also define robust self-testing for nonlocal games. We say a strategy S is e-optimal for

a nonlocal game G if w(G;S) = w,(G) — €.

Definition 4.2.10. Let C be a class of quantum models. A nonlocal game G is a robust
self-test for its optimal strategies in C if there is an ideal optimal quantum strategy SecC
for G such that the following statement holds. For any 6 = 0, there is an € = 0 such that
S >59 for any e-optimal strategy S € C for G.

Recall that the set of quantum approximate correlations Cy, is the closure of C,. The
following lemma is a robust version of Lemma 4.2.3, although the proof is less straightfor-

ward.

Lemma 4.2.11. A nonlocal game G is a robust self-test for its optimal quantum strategies
(resp. projective optimal quantum strategies) if and only if G has a unique quantum ap-
prozimate correlation p and p is a robust self-test for all quantum models' (resp. projective

quantum models).

Proof. For the “only if” direction, suppose G = (X, Y, A, B, V) is a robust self-test for its
optimal quantum strategies, and let S be an ideal optimal strategy. By Lemma 4.2.3, the

!This last condition automatically implies that p is in C.
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quantum correlation p generated by S is the unique optimal quantum correlation for G. We
claim that p is indeed the unique optimal quantum approximate correlation for G. Assume
for the sake of contradiction that G has an optimal correlation p € Cy, while p is not in Cj,.
Then there is an infinite-dimensional state f achieving p. By Proposition 4.1.10, there is a
sequence of quantum models S, n € N such that T}grolo fs, = f in the weak-* topology. This
implies w(G; Sy) = fs,(Pg) — f(Pg) = w,(G) as n — 00. Since G is a robust self-test for
its optimal quantum strategies, there is a function 1 : N — R, with lim. n(n) = 0 such
that .S, >, ) S. Tt follows that p= 7}1_{130 Ps, = Pg = D, which contradicts to the assumption
that p is not in C);. We conclude that p is the unique quantum approximate correlation for
G. Note that for any quantum model S, ||ps — p||1 < € implies w(G;S) = wy(G) —e. So G

is a robust self-test as is p.

For the “if” direction, suppose that G has a unique optimal quantum approximate
correlation p and that p is a robust self-test for quantum models, and let S be an ideal
model for p. Then p must be in C,. Assume for the sake of contradiction that G is not
a robust self-test. This means there exists a § > 0 and a sequence of quantum models
Sn,n e N with €, := w,(G) —w(G;S,) — 0 as n — oo such that for alln e N, S,, >; S does
not hold. Let p be an accumulation point of {ps,,n € N}. Then p is in Cy, and p is optimal
for G. The uniqueness of p implies that p = p. By passing a subsequence, we may assume
without loss of generality that Agrolc ps, = D. Since p is a robust self-test for quantum
models, there is a function 7 : N — R>o with lim n(n) = 0 such that S, >, S for all
n € N. Take a large enough N such that n(N) < J, we see that Sy >, S, a contradiction.

We conclude that G is a robust self-test for its optimal quantum strategies. O

We can also state a game version of Theorem 4.1.4 (or equivalently Theorem 4.1.5).

Theorem 4.2.12 (Theorem 4.1.5, game version). If G = (X,Y, A, B, u,V) is a robust

self-test for its optimal quantum strategies, then
(i) there is a unique finite-dimensional optimal state on A3y @min Apayy for G and

(ii) there is no infinite-dimensional optimal state for G.
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The following proposition will be used frequently in the proof of robust self-testing
results.

Proposition 4.2.13. Suppose a nonlocal game G = (X,Y, A, B, 1, V') has a unique finite-

dimensional optimal state | on ANy @min Avoyy. Let S = (ﬁA, Hp, (M2}, {N}, \QZ>)

and T = Ty, ® Tg be as in Theorem 4.2.9. Let A be the spectral gap of T(®g) (i.e., the
second largest eigenvale of T(Pg) is wy(G) — A). Suppose

S = (HasHp, (M2}, (N}, 16))

is an e-optimal quantum strateqy for G. Let I : Hy — Hai@Ka and I : Hp — Hr O Kx
be two isometries. For every (z,y,a,b) € X xY x A x B, let

52, = IV @ L, ) La — M, and 685, = I1I5(NY ® Licy) s — Nl
where pa = Terg, (1)W1 ), pp = Trpey (|03 €0 ), and et

5= 3 wley)Viablr.y) (5 +0}3)

m’yia7b

Then there exists a unit vector |aux) € K4 ® Kpg such that

V2(6 ++/e)

14 ® I [¢) — |9 @ auz)|| < A (4.2.3)
Moreover, for every (z,y,a,b) € X xY x A x B,
~ ~ o~ V2(6 + +/e
T4 @ Ip(M; @ NY ) — (M7 @ N} [)) ® lauz)|| < 62, + 62, + ( *[). (4.2.4)

A

Proof. Let m := w4 ® mg be the associated representation of S, let I = I, ® I, and let
K:=K4s®Kpg. By Lemma 4.1.12,

|(7* (Fmz@nt) @ 1) I — w(mg @ n}) ) 1)

< A (Falmg) @ Lic, ) Ia = malmg) s + 115 (Fe () ® Ly ) s — 75(n)) |l s

A B
- 522,(1 + 5y,b
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This implies

||(1*(%(c1>g)®ﬂ;<)l—7r(d>g)> (Il < >, wla,y)Via,blz,y) (52, +5.4) =6

x7y7a7b

Since S is an e-optimal strategy for G, by Lemma 4.2.1, w,(G)1 — m(®g) is a positive
operator such that [|wy(G)1 — m(Pg)|lop < 1 and (Y] (wy(G)1 — m(Pg)) [¢) < €. So

(@)L = 7(®0)) 1) < (wa(G)1 = m(20)) "l | (wy(9)1 = 7(25)) 0]
< \/<@/’| (wq(G)1 = m(®g)) [y < Ve

Let & := wy(G)1 — 7(Dg). It follows that

@@ VI ] < (1 (3@6) @ 1)1 — 7(@5)) W] + | (1 (6)1 — (26)) )] < 6+
Now we fix orthonormal bases {|c;)}; and {|3;)}; for K4 and KCp respectively. We can write
) = 25 Nij i) ® |ai, B;) for some unit vectors |¢;) € Ha® Hp and some \; € C
where 3| \i;|> = 1. By absorbing phase of [;;) into Ay, we may assume without loss of

generality that every d;; := <@Z),]|zz> > 0. So we can write [1;;) = d;; ) + 4/1 — 0% |Kij)

for some unit vector |r;;) € Ha® Hp that is orthogonal to |zz> Theorem 4.2.9 implies
H(T) ’7;>H = 0 and H&) |kij)|| = A for all 4, 5. Hence

6+ = [ (@@ DI = ZMH% i)l
=2 PP - DD sl = A2 AP
1]

> A7) NP1 =6y) = A? (1 - Z’)‘ij|25ij> -
i,] ]

The last inequality uses the fact that d;; < 1 for all i, 5. Let |k) := >, ; A|a, B;). Then

119y~ 1§ ® w]* = 2 (1 —ZM%) <2V

]

So Equation (4.2.3) follows. For any (z,y,a,b) € X x Y x A x B, observe that
I(M; @ Ny o)) — (M; @ N |9)) ® laux) = (IaMy — (M @ Lic,)1a) ® I5 Ny 1)
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+ (M5 @ 1xc,) ® (15N — (N} ® Tic,)I) 1)
+ M2@N! @ 1(1 [y — [¢) ® |auz) ).

Since 15Ny, ]\72” , and ]\7; ® Né’ all have operator norms < 1, we conclude that

11 (ME @ N [16)) — (M? @ NY |9)) @ lauz)|| < || I5(MZF @ L, ) s — MZ|,,
+ 1T (NY @ Lic, ) — N
+ 1|9 = |9) ® |auz)]|.

So Equation (4.2.4) follows. O

Remark 4.2.14. We remark that Theorem 4.2.9 and Proposition 4.2.13 also hold if all
Apova are replaced by Apyy and “optimal quantum strategies” is replaced by “projective

optimal strategies” The proofs follow similarly.

4.3 A tracial-state characterization of self-testing

4.3.1 Tracial states

In this subsection, we discuss some properties of tracial states that will be used later. Recall
that, in this thesis, all C*-algebras are assumed to be unital and separable. A tracial state
7 on a C*-algebra A is a state satisfying 7(ab) = 7(ba) for all a,b € A. We denote by T'(A)
the set of tracial states on A. It is a convex set and is compact and closed in the weak™-
topology. We use 0,T(A) to denote the extreme points in T'(A). We say a tracial state 7
on A factors through another C*-algebra B if there are some *-homomorphism ¢ : A — B
and some tracial state 7 on B such that 7 = 7o . If in addition, ¢ is surjective, we say 7

factors surjectively through B.
For any 7 € T'(A), the kernel of 7, defined by

Z, :={aeA:71(a%a) = 0}, (4.3.1)
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is a two-sided closed ideal. So {a + Z,,b + Z.) := 7(a*b),a,b € A defines an inner product
on A/Z.. Completing A/Z, with respect to this inner product gives the Hilbert space
L?*(A, 7). For any a € A, we use a to denote the canonical image of a in L?(A,7). Let

7, : A — B(L*(A, 7)) be the s-representation of A given by

A~

ﬂT(a)g :=ab for all a,b e A,

and let |7) := 1. Then the triple (Lz(A,T),WT, \T>) is a GNS representation for 7. We
refer to m, as the left reqular representatin of 7, and refer to (LQ(.A,T),T('T, |T>) as the
standard GNS for 7. One can also define the right reqular representation 7P, which is the

=representation from A°° — B(L?*(A, 1)) given by
W;’p(aol’)g .= ba for all a,b e A.

Here A°P denotes the opposite algebra of A. That is, A°® = A as a Banach space, but
the multiplication on A°P is reversed: if we use a°® to denote any a € A in A°P, then
a’® - b°? = (ba)°P. Tt is clear that m, (A) < w%(A%). So the left and right regular

representations commute.

The following characterization of extreme tracial states is well-known (see e.g., | ,
Theorem 6.7.3])

Lemma 4.3.1. Suppose 7 is a tracial state on a C*-algebra A. Then T is an extreme point

in T(A) if and only if the enveloping von Neumann algebra m.(A)" is a factor.

Note that in the “if” direction of the above lemma, the hypothesis that m,(A)” is a
factor does not necessarily mean 7, is irreducible. In fact, if an extreme tracial state 7 has
an irreducible GNS representation 7, then 7, must be a one-dimensional representation.

In other words, for any 7 € 0.T'(A), T is a pure state if and only if 7 is a character.

Finite-dimensional tracial states

When working with quantum correlations, we are particularly interested in finite-dimensional

tracial states and their convex structure. A tracial state is said to be finite-dimensional if
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its GNS representation is finite-dimensional. The set of finite-dimensional tracial states on
A is denoted by Tg,(A). The following characterization of finite-dimensional tracial states

is well-known (see e.g., [ D).

Lemma 4.3.2. A tracial state 7 on a C*-algebra A is finite-dimensional if and only if one

of the following equivalent statements holds.
(a) A/Z, is finite-dimensional.
(b) T factors through a finite-dimensional C*-algebras.
(c) m-(A)" is finite-dimensional.

(d) The linear functional ¢ : A® @ A — C defined by ¢(a®® ® b) = 7(ab),a,b e A is a

finite-dimensional state.

Later in Proposition 4.3.6 we’ll show that T,(A) is a convex face of T'(A). We first

need to establish the following lemmas.

Lemma 4.3.3. For any C*-algebra A, the set T, (A) is convex.

Proof. Let 71 and 75 be two finite-dimensional tracial states on a C*-algebra A. Then
there are finite-dimensional C*-algebras B; and By, *-homomorphisms ¢; : A — By and
w9 : A — By, and tracial states 77 and 7 on By and By respectively such that 7 = 7 0 ¢

and 7 = 71 0 9. For any 0 < A < 1, let T be the tracial state on By @ B, defined by

T(B1, B2) = AT1(B1) + (1 — N)Ta(fB2)

for all (1, 02) € By @ By. Then Ary + (1 — A\)7o = T o @ where p := A1 @ (1 — Ny is a
x~homomorphism from A — B; @ By. This means the tracial state Ay + (1 — )7, factors
through the finite-dimensional C*-algebra By @ Bs, so Ary + (1 — A\)mp € Thn(A). Since

71, Te, and A were arbitrary, we conclude that T, (A) is a convex set. O

We use 0.T5,(A) to denote the extreme points in Tg,(A).
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Lemma 4.3.4. Let 7 be a finite-dimensional tracial state on a C*-algebra A. Suppose
T = A + (1 — N)1o for some 171,75 € T(A) and 0 < A < 1. Then 7 and 17, must be

finite-dimensional.

Proof. Since 17 € Ty, (A), the algebra A/Z. is finite-dimensional. Observe that for any
a € A, 7(a*a) = 0 if and only if 7 (a*a) = m(a*a) = 0. This means Z, = Z,, n Z,,.
Hence A/Z., and A/Z,, are both C*-subalgebras of A/Z,, so they are finite-dimensional.
It follows that 71, 79 € Tha(A). n

Lemma 4.3.5. Let A be a C*-algebra. Then Ty, (A) is the convex hull of tracial states on
A that factor surjectively through full matrix algebras.

Proof. Any 7 € Tg,(A) drops to a tracial state 7 on A/Z. so that 7 = 7 o ¢, where

q: A — AJZ, is the quotient map. Since A/Z, is finite-dimensional, we can write
‘A/IT = MdIC‘B"'@Mdk

for some dy,...,dy = 1. For every 1 < i < k, let II; : A/Z, — M, be the canonical
projection. Then every ¢, := II; o ¢ is a surjective *-homomorphism from A — Mg, and
hence every 7; := trg, op; is a tracial state on A that factors surjectively through the
matrix algebra Mg,. Since each T|um, is a tracial linear functional on My,, we must have
7~—|Md¢ = \; try, where \; = 7(14,). This implies 7 = A7y + - - \y7. We conclude that every
7 € Tin(A) is a convex combination of tracial states that factor surjectively through full

matrix algebras. O

The following proposition states that T, (A) is a convex face of T'(A) and 0.Tx,(A)

consists of tracial states that factor surjectively through full matriz algebras.

Proposition 4.3.6. Suppose A is a C*-algebra such that Ty, (A) is non-empty.
(a) OcThin(A) = 0. T(A) N Tin(A).

(b) A tracial state T is in 0. Tun(A) if and only if it factors surjectively through a full

matriz algebra, and
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(¢) Tan(A) = conv(0.Thn(A)).

Proof. For part (a), it is clear that 0.T(A) N Tan(A) S 0. Thn(A), so it only left to show
the inverse inclusion. Now assume that there is a 7 € 0.T5,(A) which is not in 0.7 (A).
Then there are distinct 71,75 € T(A) and 0 < A < 1 such that 7 = Ary + (1 — A)7». By
Lemma 4.3.4, 7, and 75 are finite-dimensional. This implies 7 is not an extreme point
of Tin(A), a contradiction. Hence 0.Ts,(A) € 0.T(A). We conclude that 0.Tg,(A) =
0.T(A) N T (A).

For part (b), let 7 € Th,(A). Then 7 has a convex combination A;7y + - -+ A7, where
every 7; factors surjectively through a full matrix algebra, as shown in Lemma 4.3.5. For
the “only if” direction, suppose 7 is in 0. T, (A). Then we must have 7 = -+ = 73, and
hence 7 factors surjectively through a full matrix algebra. For the “if” direction, suppose 7
factors surjectively through a full matrix algebra. Let (L?(A,7), ., |T)) be the standard

GNS of 7. Then 7 = try op for some surjective *-homomorphism ¢ : A — My, and hence
I, ={ac A:trg(p(a*a)) = 0} = {a€ A : p(a) = 0} = ker(yp).

This implies 7, (A) = A/Z, = A/ker(p) = My is a full matrix algebra. So 7, (A)” is a
factor, and hence 7 € 0.T(A). Then by part (a), 7 € 0. Tsn(A). We conclude that a tracial

state 7 is in 0. Th,(A) if and only if 7 factors surjectively through a full matrix algebra.

Part (c) follows straightforward from part (b) and Lemma 4.3.5. O

From the proofs of Proposition 4.3.6 and Lemma 4.3.5, we immediately see that:

Corollary 4.3.7. Let A be a C*-algebra. A tracial state 7 on A is in 0. Tsn(A) if and only
if AJZ, is a full matriz algebra.

We now study the GNS construction of states in 0.7T5,(A). Given a 7 € 0T, (A),
let (L*(A,7),m,|7)) be the standard GNS for 7. Since L?(A,7) is finite-dimensional,
A/T. = L*(A,7) as a Hilbert space. Let ¢ : A — A/Z, be the quotient map. Then T
drops to a tracial state 7 on L?(A, 7) so that 7 = Toq. By Corollary 4.3.7, we can identify
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L*(A,T) with? My for some d > 1. Under this identification, 7 = trg and |7) = ﬁ Zle Ciis
where {e;; : 1 <, < d} is the standard basis for My. While all GNS representations of 7
are unitarily equivalent to the standard one, some of them have a more “concrete” form.
The following proposition illustrates that any extreme finite-dimensional tracial state has

a GNS representation that employs a maximally entangled state.

Proposition 4.3.8. Let A be a C*-algebra. A state T on A is an extreme point in Th,(A)
if and only if T has a GNS representation ((Cd RCLI@n(-), |<,0d>), where d > 1, m is an
irreducible «-representation of A on C%, and |pq) := ﬁ Dl ® i),

Proof. For the “it” direction, observe that 7 is a surjective *-homomorphism from A —
M,(C) such that

7(a) = {pal L@ 7(a) |pa) = tra (7(a))

for all @ € A. This means 7 is a tracial state that factors surjectively through the full
matrix algebra M,;(C) = M,. By part (b) of Proposition 4.3.6, we have 7 € 0. T5,(A).

Now we prove the “only if” direction. Suppose 7 € 0.T5,(A). Then the standard GNS
of 7 has the form (Mg, 7, |7)), where |7) = ﬁzzil e; and {e;; : 1 < 4,5 < d} is the
standard basis for My. Let U : My — C? ® C? be the unitary map sending e;; — |7) ® [i).
Then U |7) = ﬁ ST D ® i) =: |@a). Let ® : My — My(C) be the isomorphism sending
e;j — |iy(j| for all 1 < 4,5 < d. Then 7 := ® o7, is a surjective *-homomorphism from

A — M, (C), and hence 7 is an irreducible #-representation. For any a € A, m.(a) can be

. . d
written uniquely as =1 @ijeij for some a;; € C, so

d d d d
Urc(a)U* [k, £y = U Y agieizea = U D awe, = Y ai|k,iy = k)@ (D awli))
i=1 =1 =1

= D ® (e ldUO) =@ ( ] aslDGl0)

— 0 ® (9(m(0) 1©)) = ) ® (r(a) [0))

2Here we think of My as a Hilbert space with inner product (A, B) = try(A*B)
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for all |k, ¢y e C¢® C?. This implies U, (a)U* = 1 ® 7(a) for all a € A. It follows that
(C'®@C*, 1@mn(:), |¢ay) is unitarily equivalent to the standard GNS of 7, and hence itself

is a GNS representation of 7. O

The unitary operator U in the proof of Proposition 4.3.8 is known as the transforma-
tion of the operator-vector correspondence. From the proof, we see that the left regular
representation m, satisfies 7, (a) = U*(1 ® w(a))U for all a € A. Consequently, the right

regular representation 72 is given by 72P(a) = U*(7(a)” @ 1)U.

For every 7 € 0.15,(A), the irreducible representation 7 in the statement of Propo-
sition 4.3.8 is unique up to unitary equivalence. This gives a one-to-one correspondence
between extreme finite-dimensional tracial states on A and finite-dimensional irreducible

representations of A.

Corollary 4.3.9. For any C*-algebra A, let Irrg,(A) be the set of inequivalent finite-
dimensional irreducible =-representations of A. There is a bijective correspondence between
Irrgn(A) and 0.5, (A), sending a representation w € Irrg,(A) to the tracial state T given

by 7(a) = try (7(a)),a € A, where d is the dimension of .

If a closed two-sided ideal J is contained in Z, for a tracial state 7 on A, then it is
clear that 7 drops to a tracial state on A/J. The following lemma asserts that the finite

dimensionality of 7 will also be preserved.

Proposition 4.3.10. Let A be a C*-algebra. Suppose J is a closed two-sided ideal of A,
and let ¢ : A — A/T be the quotient map. There is a bijective correspondence between
tracial states on A/ J and tracial states on A whose kernel contains J, sending a T € T(A/
J) to the tracial state T := 1 o q. Moreover, T € T(A/J) is finite-dimensional if and only

if the corresponding T is finite-dimensional.

Proof. Observe that L*(A,7) =~ L?(A/J,T). So the lemma follows. O
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Amenable tracial states

In the study of robust self-testing, we need to work with weak*-limit of finite-dimensional

tracial states. This leads to the study of amenable tracial states.

Definition 4.3.11. Let A be a C*-algebra, and fix a faithful representation A < B(H).
We say a state T on A is an amenable tracial state if there is a state ¢ on B(H) such
that ¢|lq = 7 and ¢(uTu*) = ¢(T') for any T € B(H) and unitary u e A.

Note that ¢[4 is indeed a tracial state. This is because ¢(uv) = ¢(u(vu)u*) = @(vu)
for all unitaries u, v € A and unitaries in A span the entire A. Another subtle point in this
definition is that the amenability of 7 is independent of the choice of embedding A < B(H)
(see | , Proposition 6.2.2] for a proof).

The following characterization of amenable tracial states is from | , Theorem 6.2.7].

Lemma 4.3.12. A tracial state 7 on a C*-algebra A is amenable if and only if one of the

following equivalent conditions holds.

(a) There ezists a sequence of ucp maps ¢, : A — Mg,,n € N such that 7(a) =

lim trg, (¢n(a)) and 7}i_r}rolngpn(ab) — @n(a)@n(b)||ns = 0 for all a,be A.

n—00

(b) The linear functional ¢ : A® @ A — C defined by ¢p(a®® ® b) := 7(ab),a,be A is a

min-continuous state.

(c) The «-homomorphism m : A°°QA — B(L*(A,T)) defined by m(a°’®b) = 7P (a°P)7,(b),

a,be A is min-continuous.

(d) For any faithful representation A < B(H) there is a ucp map ® : A(H) — m(A)”
such that ®(a) = 7, (a) for all a € A.

For any two-sided ideal J of A, in Proposition 4.3.10, we have seen the correspon-

dence between tracial states on A/J and tracial states on A whose kernel contains J.
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The following proposition asserts that amenability is preserved in one direction of this

correspondence.

Proposition 4.3.13. Let A be a C*-algebra. Suppose J is a closed two-sided ideal of A,
and let ¢ : A — A/T be the quotient map. If a tracial state T on A/J is amenable, then

the tracial state T := 7o q on A is amenable.

Proof. Suppose 7 is an amenable tracial state on A/J, and let 7 := 7 0 q. Then there is
a sequence of ucp maps ¢, : A/J — Mg, ,n € N such that 7(a) = lim trg,, (¢n(a)) and
Ji_I)I()lOHQOn(ab) — on(@)n(b)||ns = 0 for all a,b € A/J. Tt follows that @, := p,0q: A —
Mg, ,n € N is a sequence of ucp maps such that lim trg, (Bnla)) = 7(q(a)) = 7(a) and

nlgr(}OHan(ab) — Pn(a)@n(b)||ns = 0 for all a,b e A. So T is amenable. O

Remark 4.3.14. Unlike Proposition 4.3.10, the converse of Proposition 4.53.13 may not
hold in general: there are examples where an amenable tracial state T on A drops to a
non-amenable tracial state T on A/J. However, as shown in [ , Proposition 6.3.5], if
0—>J —>A— AT — 0 is alocally split extension, then any amenable tracial state on

A whose kernel contains J always drops to an amenable tracial state on A/J .

4.3.2 General results

Definition 4.3.15. Let v := {7* : x € X,a € A} be a set of self-adjoint *-polynomials in
A};"],BM, and let R be a set of =-polynomials in A}Z’EM. We say (v, R) is a determining pair
for a nonlocal game G = (X,Y, A, B, i1, V') if the following conditions hold.

1) For every x € X, {q(VY) }aca 1S a in the quotient = ' , where
F X - PVM in th C*(G) := ApDy/{R), wh
(R) is the closed two-sided ideal generated by R and q : Appy, — C*(G) is the

quotient map.
(i) A state f on Apin, ® Awby is optimal for G if and only if
(a) f((m§®1 — 1®7§f)2) =0 forallze X,ae A, and
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(b) the linear functional T := f|,g,vs is a tracial state on AYD, that satisfies
PVM
T(r*r) =0 for all r € R.

Given a nonlocal game G with a determining pair (v, R), we refer to the C*-algebra
C*(G) defined in condition (i) of Definition 4.3.15 as the associated game algebra of G.
{a(v3) + a € A} is a PVM in C*(G) means that ¢(X,.,75) = 1, ¢((02)*) = a(vi) =
q((72)?), and q(727%) = O for all a # ' in C*(G). We usually express 77 as a *polynomial
over {nj : y € Y,b e B}. Since the quotient map sends each generator n; for A?’?M to the

generator nj for C*(G), in condition (i), we often just say {y* : a € A} is a PVM in C*(G).

For any correlation p € C,.(A, B, X,Y), we use T®?)(y,R) to denote the set of tracial

states 7 on A}C’{?M which satisfies
(1) T(venp) = pla,bla,y) for all 2.y, a,b, and
(2) 7(r*r) =0 for all r € R.

We denote by Tﬁ(ﬁ) (7,R) the set of finite-dimensional tracial states in T® (v, R). From
the hypothesis (1) and (2), it is clear that both T®(y,R) and Tﬁ(ﬁ)('y,R) are convex
sets. We denote by 0,7" (v, R) and 0.7, ﬁ(ﬁ) (7,R) the extreme points in 7% (y,R) and
Téi) (v, R) respectively. Later, in Lemma 4.3.20, we’ll show that 7| ﬁ(ﬁ) (v, R) is a convex face
of Thn(Apihy) whenever p is an extreme point in C,.

In condition (ii) of Definition 4.3.15, although we are working with all states (or equiv-
alently, max-continuous states) on Apin, @ Apiy, the optimal value of G still refers to the
quantum value w,(G). Here 7 = fh@ﬂ?fM means 7(a) = f(1Qa) for all « € ARp,. Later,
in Proposition 4.3.18, we’ll show that if f is an optimal state for a nonlocal game with
determining pair (v, R), then 7 = f|1®A§'5M is a tracial state in 7®(y, R) where p is the

correlation achieved by f.

In this section, we present a tracial-state characterization of self-testing for nonlocal
games that have determining pairs. For such a nonlocal game G, we show that the self-

testing property of G is witnessed by tracial states on the associated game algebra C*(G),
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and the self-testing property of any extreme optimal quantum correlation p for G can be
characterized by tracial states in Tﬁ(ﬁ) (7,R). We prove these two general results in this
subsection. In Section 4.3.3, we show that every synchronous game or XOR game has a
determining pair. So their self-testing properties can be characterized by tracial states on

the respect game algebras.

General results for correlations

We first prove the following general statement for extreme quantum correlations.

Theorem 4.3.16. Suppose a nonlocal game G has a determining pair (v, R). Let C*(G) be
the associated game algebra, and let q : APVM — C*(G) be the quotient map. If an extreme

quantum correlation p is optimal for G, then the following statements are equivalent.
(a) p is a self-test for all quantum models.

(b) pis an abstract state self-test for finite-dimensional states on Apin, @min Abiy.

(c) There is a unique tracial state in Téﬁ) (v, R).

(d) There is a unique finite-dimensional irreducible -representation m : Ay — My(C)
such that the linear functional 7 : Al — C defined by

(@) = try (7(a)), € ALD, (4.3.2)

is a tracial state in T,” (v, R).

The proof is established on a sequence of technical lemmas that characterize the non-

local games that have determining pairs.

Lemma 4.3.17. Suppose a nonlocal game G = (X, Y, A, B,u, V') has a determining pair
(v,R). If a tracial state 7 on Appy, satisfies T(r*r) = 0 for all ¥ € R, then T extends
uniquely to a state f on APVM®APVM which is optimal for G and satisfies

f(mfji .. mg: ® ngll . nbz) (f)/ak . ﬁ)/gllngll .. ni’f) (433)
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for all k,¢ € N and x1,...,2, € X, a1,...,ax € A, y1,...,y0 € Y, by,...;by € B. If
in addition, T is finite-dimensional (resp. amenable), then f is finite-dimensional (resp.

min-continuous).

Proof. Suppose T is a tracial state on A5y, such that 7(r*r) = 0 for all 7 € R. Then 7 drops
to a tracial state ¥ on the quotient C*(G) such that 7 = 7 o ¢, where ¢ : Aty — C*(G)
is the quotient map. Let (Hz, 7z, |7)) be the standard GNS for 7. Here m; is the left
regular representation for 7. Then 7, := 73 o ¢ is the left regular representation for 7, and

(Hz, 7, |T)) is the standard GNS for 7.

Note that for every z € X, {¢(7¥) : a € A} is a PVM in the quotient C*(G). This
means every {72 (q(72)) : a € A} is a PVM on H;. It follows that every {mP(7Z) : a € A}

is a PVM on Hz. Hence there is a *-representation 7 : Af.fi,AM ® A};’gM — B(H>) sending

mE®1 — 1%(y*) and 1@nY — 7. (nY) for all a,b, z,y. Let f be the state on A3, @Ap iy

defined by f(a) := (7| 7(a) |7y, o € Ay, ® Apiy,. Then

flmagy - - mgy @ng - ngy) = Tl a2 (gl -+ Yoy )mr (ngy - - ng,) |7)
= Tl (Yay = Yoy 7y -+ 1) [ T)

— Tk T1,,Y1 Ye
= T(’yak ...f)/alnbl "'nbé)

for all £,/ € N and z1,...,2, € X, a1,...,ar € A, y1,...,ys € Y, by,..., b, € B. This
proves Equation (4.3.3). Meanwhile,

m(mg @ 1) |7) = mP(a) [T) = 7 (V) [T) = 71 ®@5) [7)-

This implies f((m? ® 1 — 1 ®~%)?) = 0. So [ satisfies part (a) of condition (ii) in
Definition 4.3.15. Part (b) of condition (ii) follows from Equation (4.3.3). We conclude
that f is optimal for G. Since monomials of the form mj! ---mZ* @ny, - - ny span a dense

subset of ANin, ® AbD,,. Equation (4.3.3) implies that f is uniquely determined by 7.

If 7 is amenable, then 7P x 7, is min-continuous, and hence f is min-continuous. If 7

is finite-dimensional, then 3 is finite-dimensional, and hence f is finite-dimensional. [
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Proposition 4.3.18. Suppose G has a determining pair (7, R) and p € Cy. is optimal for

G. There is a bijective correspondence between states on AXA @ AVE  for p and tracial
PVM PVM

states in TW) (v, R), sending an f to the tracial state T := fligay:z - Moreover,
PVM

(a) f is finite-dimensional if and only if the corresponding T is finite-dimensional, and
(b) f is min-continuous if the corresponding T is amenable.

Proof. Let f be a state on Aﬁ;ﬁ‘M@A}QVBM for p. Since p is optimal for G, f is an optimal
state for G. So

Fmi®1-1®7%)%) =0 (4.3.4)

forall z € X,ae A, and 7 := f|1®A§’5M is a tracial state on A};"JfM satisfying 7(r*r) = 0 for
all m € R. Let (H,m,|Y)) be a GNS representation for f. Equation (4.3.4) implies

m(mg @ 1) [¥) = m(1® ) [4)

for all z € X,a € A. It follows that

T(Yany) = Wl w1 @gnp) [¢) = Wl w(mg @ ny) [) = f(mg @ ny) = pla, bz, y)

for all a,b,z,y. So T is a tracial state in T (v, R). Moreover, if f is finite-dimensional,
then 7 factors through the finite-dimensional C*-algebra 7(1 ® A?EM), and hence 7 is

finite-dimensional. The rest of the proof follows straightforwardly from Lemma 4.3.17. [

Lemma 4.3.19. Suppose G = (X,Y, A, B, u, V') has a determining pair (v, R). If a quan-
tum correlation p € Cy(X,Y, A, B) is optimal for G, then p has a full-rank projective model.

Proof. Let f be a finite-dimensional state on Apin, ®min Apiy for p, and let 7 be the
corresponding tracial state in Tﬁ(ﬁ) (7, R) given by Proposition 4.3.18. Since 7 is a finite-
dimensional tracial state on A};’EM, by Proposition 4.3.6, 7 has a convex combination
T = MT1+ -+ A7 of tracial states 7,..., 7 € 66Tﬁn(A§§}4M). By Proposition 4.3.8, every

7; has a GNS representation (C% ® C%,1® m(-), ¢4,y ), where d; = 1, m; : A — My,(C)
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is an irreducible =-representation, and |pg,) = \/177 Z;li:l |7)® 7). Note that Ay,..., A\x >0,
so 7(r*r) = 0 for all » € R implies 7;(r*r) = 0 for all » € R and 1 < i < k. Since every
{v* : a € A} is a PVM in the quotient A5, /(R), every {m(7%)" : a € A} is a PVM on C%.
Let M := @, m(y5)T, NY := @F_, mi(n}) for all a,b,z,y, and let [¢) = DY VA [@a,)-
Then

S = <6_? C*, 6_}1 C%, (Mg} AN}, !¢>>

is a full-rank projective quantum model such that

k k
ps(a,0lz,y) = > Nidpal m(7)" @mi(n) [pa) = Y Xida,

i=1 i=1

k k
= Y Aipal 1@ m(ing) |ay = D Mimi(iny) = T(3inh) = pla, blz, y)

i=1 i=1

1® (v )mi(ny) lea,)

for all a, b, z,y. This completes the proof. O

In the proof of Lemma 4.3.19, we see that the model S employs a direct sum of maxi-
mally entangled states. When p is an extreme point in C,, we can strengthen Lemma 4.3.19:
p has a projective model which employs a single maximally entangled state. The proof is
based on the observation that 7; ﬁ(ﬁ) (7,R) is a convex face of Tgn(Apry,) whenever p is

extreme.

Lemma 4.3.20. Suppose G has a determine pair (v, R) and p € C, is optimal for G. If p

is an extreme point in C,, then
(a) Ti?) (%, R) 0 0Tin(ATiy) = 0.T30) (1. R),
(b) T (v, R) = conv (06Téﬁ) (v.R)), and
(¢) p has a projective quantum model that employs a maximally entangled state.

Proof. For part (a), it is clear that ngﬁ) (7, R) N 0 Tan(Abiny) < 68Tf§£) (7,R). To see the

converse inclusion, we assume for the sake of contradiction that there is a 7 € 66Tf§ﬁ) (v, R)
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which is not in 66Tﬁn(A§’5M). Then there are distinct 71,79 € Tj ﬁn(A’,i’EM) and 0 < A <1
such that 7 = A + (1 — M), 7isin T® (4, R), so 7(r*r) = 0 for all r € R. Since A > 0,

1 —=A> 0, and 7 (r*r), o(r*r) = 0, it follows that
T (r*r) = ro(r*r) =0 (4.3.5)

for all 7 € R. By Lemma 4.3.17, the vectors py, ps € RA*B*XXY defined by p;(a, blz,y) =
7;(v¥ny), i € {1,2} are optimal quantum correlations for G such that p = Ap; + (1 — \)ps.
Because p is an extreme point in C, we have p; = p» = p. Equation (4.3.5) implies 71,75 €
Téﬁ) (7, R), which contradicts the assumption that 7 is an extreme point in 7| éﬁ) (7, R). We
conclude that TP (v, R) A 0.Tan(ARE) = 0.TL (v, R).

Now we prove part (b). For any 7 € Tﬁ(ﬁ) (7.R), by Proposition 4.3.6, 7 is a convex
combination 7 = A\ +-- -+ A\ Ay of 7,... Tk € Tﬁn(ﬂg’gM). Since every Ay > 0, 7(r*r) =0
for all r € R implies 7;(r*r) = 0 for all 1 <i < k and r € R. Again, by Lemma 4.3.17 and
the extremality of p, every 7; is on T\?) (v, R). Hence by part (a), every 7; is in 0. T\” (v, R).
This proves part (b).

For (c), we first note that T| éﬁ) (7, R) is non-empty, because p is optimal for G. Let
TE &eTéﬁ) (7,R). Then by part (a), 7 € 0.Thn(Awi,). By Proposition 4.3.8, 7 has a GNS
representation (C?® C%, 1 ® 7(-),|pq)) where 7 : AR — My(C% is an irreducible #-
representation and |¢,) is a maximally entangled state. Let M? := 7(7%)” and N} := w(n})

for all a, b, z,y. Then following the same reasoning as in the proof of Lemma 4.3.19,
Si= (C4C Mg} AN, lva))
is a projective quantum model for p that employs a maximally entangled state. O

Now we are ready to proof Theorem 4.3.16.

Proof of Theorem 4.3.16. (a)<(b): By Lemma 4.3.19, p has a full-rank projective quantum
model. Then by Corollary 3.1.8, p is a self-test for all quantum models if and only if p is

an abstract state self-test for projective finite-dimensional states. So (a)<(b) follows.
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(b)<(c) follows directly from the bijective correspondence between finite-dimensional
states on Apin; Omin Abiyy for p and tracial states in Tﬁ(ﬁ) (7,R), as shown in Proposi-
tion 4.3.18.

(¢)<(d): By Lemma 4.3.20, Téﬁ (7, R) contains a unique element if and only if ﬁeTﬁ(ﬁ) (7, R)
contains a unique element. So (c)<>(d) follows from the correspondence between tracial
states in 0. T\" (7, R) and representations in Irrg, (A};"J/BM) which satisfy Equation (4.3.2),
as shown in Corollary 4.3.9. m

Corollary 4.3.21. Let G be a nonlocal game with a determining pair (v, R). Suppose an

extreme quantum correlation p € 0.Cy is optimal for G and is a self-test for quantum models.

Let f, 7, and 7 : A};"?M — My(C) be unique finite-dimensional state on .Afgif‘M Qmin A;"EM

for p, then unique tracial stat in Ty (7, R), and the unique representation in Irrg, (AW,
satisfying Equation (4.3.2) given by part (b), (d), and (d) of Theorem 4.3.16 respectively.
Let M? := ()T and N} := w(n}) for all a,b,z,y, and let |pq) = ﬁ S ®1iy. Then

(a) the tuple (Cd ®CHL1®7(), ]gpd>) is a GNS representation for T,
(b) S := (Cc4, e, (M=}, (N3, lpay) is an ideal model for p, and

(c) the tuple ((Cd®(Cd,7rA ® 7, \gpd>) is a GNS representation for f, where ma @ wp is

the associated representation of S.

General results for nonlocal games

We also prove the following general statement for nonlocal games.

Theorem 4.3.22. Let G be a nonlocal game with a determining pair (v, R), and let C*(G)

be the associated game algebra. Then the following statements are equivalent.
(a) G is a self-test for its optimal quantum strategies.
(b) There is a unique finite-dimensional optimal state on AP, @min Apins for G.
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(c) C*(G) has a unique finite-dimensional tracial state.

(d) C*(G) has a unique finite-dimensional irreducible =-representation (up to unitary

equivalence).

For the proof, we need to establish a correspondence between optimal states for G and
tracial states on C*(G). Given a nonlocal game G with a determining pair (v, R), we say
a tracial state 7 on Apy,, is optimal for G if 7(r*r) = 0 for all 7 € R. By Lemma 4.3.17,
if 7 is an optimal tracial state for G, then the correlation defined by p(a, blz,y) = 7(v*ny)
is optimal for G. Hence a tracial state 7 on AW, is optimal for G if and only if 7 is in
T (7, R) for some optimal p € C,. for G. The following correspondence between optimal
states on APVM® AVE | for G and optimal tracial states on Apin, ® ALl for G is an

immediate consequence of Proposition 4.3.18.

Lemma 4.3.23. Suppose G has a determining pair (v, R). There is a bijective correspon-
dence between optimal states on APVM®APVM for G and optimal tracial states on A}g’gM

for G, sending an f to the tracial state T := f]1®AYB . Moreover,
PVM

(a) f is finite-dimensional if and only if the corresponding T is finite-dimensional, and
(b) f is min-continuous if the corresponding T is amenable.

Any optimal tracial state for a nonlocal game G with determining pair (v, R) drops to a
tracial state on the quotient C*(G) and vice versa. The following correspondence between
optimal tracial states for G and tracial states on the associated game algebra C*(G) follows
straight from Propositions 4.3.10 and 4.3.13.

Lemma 4.3.24. Suppose G has a determining pair (v, R), and let C*(G) be the associated
game algebra. Then there is a bijective correspondence between optimal tracial states on

ALy for G with respect to (v, R) and tracial states on C*(G). Moreover,

(a) an optimal tracial state on A?"?M is finite-dimensional if and only if the corresponding

tracial state on C*(G) is finite-dimensional, and

106



(b) an optimal tracial state on A};"éM is amenable if the corresponding tracial state on
C*(G) is amenable.

Put everything together, we conclude that:

Proposition 4.3.25. Suppose G has a determining pair (7, R). Then there is a bijective
correspondence between optimal states on Anin @ Abiy, for G and tracial states on C*(G).

Moreover,

(a) an optimal state is finite-dimensional if and only if the corresponding tracial state is

finite-dimensional, and
(b) an optimal state is min-continuous if the corresponding tracial state is amenable.
Now we are ready to prove Theorem 4.3.22

Proof of Theorem 4.3.22. (a)<(b): By Lemmas 4.2.4 and 4.2.5, both (a) and (b) imply
that G has a unique optimal quantum correlation p and p is an extreme point in Cj;. So
(a)<(b) follows from (a)<>(b) in Theorem 4.3.16.

(b)<(c) follows directly from the correspondence between finite-dimensional optimal
states on Af.f{,AM Rmin A};’gM for G and finite-dimensional tracial states on C*(G), as shown

in Proposition 4.3.25.

(c)«(d): By Proposition 4.3.6, T, (C*(G)) contains a unique element if and only if
0cTin (C*(G)) contains a unique element. So (b)<(c) follows from Corollary 4.3.9. O

Corollary 4.3.26. Let G be a nonlocal game with a determining pair (v, R). Let C*(G) be
the associated game algebra, and let q : A?EM — C*(G) be the quotient map. Suppose G is
a self-test for its optimal quantum strategies. Let p € 0.Cy be the unique optimal quantum
correlation for G given by Lemma 4.2.3. Then p is a self-test for quantum models. Let
7 be the unique =-representation in Irrg, ((J*(g)) given by the part (d) of Theorem 4.5.22,
and let w be the irreducible =-representation on A}};"JfM given by part (d) of Theorem 4.3.16.

Then ™= T oq.
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4.3.3 Self-testing for synchronous and XOR games
Synchronous games

Recall that a nonlocal game G = (X,Y, A, B, u, V) is said to a synchronous game if A =
B, X =Y, and V(a,d|z,z) = 0 for all z € X and a # &’ in A. We make the convention
that the question distribution in a synchronous game is uniform on X x Y, and we use

G = (X, A,V) to denote a synchronous game.

Given a synchronous game G = (X, A, V) and a projective commuting operator strategy
S = (H,{MZ},{N/}, 1)) for G. The strategy S is perfect for G if and only if

Wl MING [) = 0 (4.3.6)
whenever V' (a,blz,y) = 0. As shown in | , Theorem 5.5], if S is perfect for G, then
Mg [y = Ng 1) (4.3.7)

forallae A and be B.

Proposition 4.3.27. Suppose G = (X, A, V) is a synchronous game with w,(G) = 1. Then
G has a determining pair (v, R) where

e Y =n¥forallac A and x e X, and

e R={nin!:V(a,blx,y) =0}

Proof. Since every {n* : a € A} is a PVM in Aj.?;‘M, every 7 is self-adjoint in Aféij‘M and
every {77 : a € A} is a PVM in C*(G) := Apin,/C(R). Condition (i) of Definition 4.3.15
holds.

Next we examine condition (ii). Let f be a state on Apin, ® Aty and let (H, 7, [1))
be a GNS representation for f. Let M?* := w(mZ), N* := nw(n%) for all a € A,z € X, and
let S := (H,{MZ*},{N/},|1)) be a projective commuting operator strategy for G
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Suppose f is perfect for G. Then S is perfect for G. Equation (4.3.7) implies that
F((me ®1=1092)%) = [I(Mg = NJ) [$)l|* = 0
for all @ € A and = € X. Hence f satisfies part (b) of condition (ii) in Definition 4.3.15.

Y1,
by

T

e i XA
- -ny; be two monomials in Api,,. Note that every M7

= nTl ... k —
Let wy = ngl---ng and wy = n

is self-adjoint and commutes with every /. By Equation (4.3.7) again,

FA@wawr) = QNG Ny NG - Ngt |ih) = (| Mgé -« Mgt Ny - Nyt [0)
= (I Nay - N Ny - Ny NG NGt [9) = f(L @ wiws).

al k

Since wy and wy were arbitrary and monomials over {n} : y € X,b e A} form a dense subset

of Aﬁf‘M, the linearly functional 7 := f| o x4 is a tracial state on A?VAM. For any relation
PVM

r =n¥ny in R, by Equations (4.3.6) and (4.3.7),
T(r'r) = T(nyngngny) = T(ngny) = W NGNY ) = b MGN [¢) = 0.

We conclude that f satisfies condition (ii) in Definition 4.3.15.

Now suppose f satisfies condition (ii) in Definition 4.3.15. By part (a) of condition (ii),
the strategy S satisfies Equation (4.3.7) for all a € A and x € X. Part (b) of condition (ii)

implies that 7 := f ]1® x4 1s a tracial state satisfying
PVM
0 = 7((ngny)*(ngny)) = T(ngny) = | NINY [9) [0y = (| MGNY [¢) .
whenever V(a, b|lx,y) = 0. This implies S is perfect for G, and hence f is perfect for G. [
We refer to C*(G) := Apin/(R), with R defined in Proposition 4.3.27, as the syn-

chronous algebra for G.

Note that for any synchronous correlation p € C;¥"(X, A), one can define a synchronous
game G = (X, A, V) such that p is perfect for G. So Theorem 4.3.16 applies to all syn-

chronous correlations.

Theorem 4.3.28. Suppose a synchronous quantum correlation p € C’;y”(X, A) is an ex-
treme point in Cy. Then p is a self-test for quantum models if and only there is a unique

finite-dimensional tracial state on AYE such that T(ntn?) = pla,blx,y) for all a,b,z,y.
PVM a"
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Proof. Let G = (X, A, V) be the nonlocal synchronous game defined by V'(a,b|z,y) = 0 if
and only if p(a,b|z,y) = 0. Then p is a perfect quantum correlation for G. Let (v, R) be
the determining pair of G defined in Proposition 4.3.27. Then a finite-dimensional tracial

state 7 on Apin, is in T2 (v, R) if and only if
(i) 7(nZn}) = p(a,blx,y) for all a,b, z,y, and
(ii) T((ngni’)*(nﬁnz)) = 7(n*n}) = 0 whenever V(a,blz,y) = 0.

Note that (ii) is equivalent to 7(n*ny) = 0 whenever p(a,blx,y) = 0, and this is already
implied by (i). So Téﬁ) (7, R) consists of all finite-dimensional tracial states that satisfy (i).
The theorem follows from (a)<>(c) in Theorem 4.3.16. O

XOR games

Recall that a nonlocal game G = (I, J, A, B, u, V') is an XOR game if A = B = {0, 1}, and

there is a matrix (¢;;) € {0, 1}/*7 such that

Vi(a, bli, j) = ’
0  otherwise.

We also define the cost matrix (w;;) for G where w;; := (—1)" u(i, j). We always assume p is

non-degenerate, meaning that (i, j) # 0 for alli € X, j € Y. So the cost matrix completely

determines (¢;;) and . We use G = (I, J, (w;;)) to denote an XOR game. When working

with XOR games, we usually use binary observable generators z; := m{ — m},i € I for
Afp’%’}} and y; :=nj) —ni,je J for Aﬁ%?

Every XOR game G = (I, J, (w;;)) has associated marginal row biases {r;;i € I} and
associated column biases {c; : j € J}, where r; > 0 and ¢; > 0° for all 4,5 € I. Let f be

state on A;J{g{/}} ®Aﬁ2\’}}, let (H,m,[1)) be a GNS representation for f, and let

X;i=n(z;®1),iclandY; :=n(1Qy;),jecJ

3In general, if u is degenerate, then the cost matrix (w;;) may have a all-zero row or column and there

could be a zero row or column bias.
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be the binary observables employed by Alice and Bob. Then {X; [¢) : i e I}, {Y; [¢) : j e J}

is a vector strategy for G. As shown in [ , Corollary 3.2], f is optimal for G if and only
if
= Yt = Xil) (138)
vjed

for all 7 € I. Equation (4.3.8) can also be replaced by
=S Xy = Y5 ) (139)
% Ger

for all j € J.

Proposition 4.3.29. Let G = (I, J, (w;;)) be an XOR game, and let {r; : i € I} be the

associated row biases. Then G has a determining pair (v, R), where v = {7. :i € I,a €
{0,1}} is given by

(1 _ - wa — 2nd) ) (4.3.10)
jeJ
and the relations R consists of
Z wij(ny — nl —r? (4.3.11)
jedJ

foralliel.

Proof. Since every nl is self-adjoint in A PV]\/}}

tion (4.3.10) implies that

{0 1}

, every 7! is self-adjoint in Apy;,’. Equa-

= =),

]eJ

so the relations in R can be expressed as (74 — 7:)*> — 1,7 € I. Hence every 4 — 7} is a
binary observable in C*(G) := ALI%1 /(RY. This means every {7i,vi} is a PVM in C*(G).
Condition (i) of Definition 4.3.15 holds.
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Now we examine Condition (ii) of Definition 4.3.15. Let f be state on AQ%’}} ®A£;{2\’}},

let (H,m, |v/)) be a GNS representation for f, and let X, := 7(2;®1),Y; := 7(1®y;), and
}A/j = C%_Zie[ w;; X; for all i e I,j € J, where {¢; : j € J} is the column biases.

Suppose f is optimal. Then X;,Y; satisfy Equations (4.3.8) and (4.3.9). This implies

(18 (vg— 1)) ) = — Zqu\w X; 1)

for all 7 € I. Replacing the binary observables with the corresponding PVM elements in

the above equation, we have

T(1®7) [¥) = m(me ® 1) [¥).

It follows that
F(mi@1-104)") =0
for all i € I and a € {0,1}. Hence f satisfies part (a) of condition (ii). Note that }Afj, Y, are
self-adjoint and DA/]7 Y] = 0 for all j,¢ € J. Then for any monomials Wy := y;, ---y;, and
Wy i=yj, ---y;, in Aﬁg)](/[l}, Equation (4.3.9) implies that
FA®WAW,) = (WY, -+ Yy, Yy - Y, [) = (I ¥y -+ Y Vi - Vi [0
= WY -V - Y ) = f(1 ®W2W1)~

It follows that 7 := f\1®A£‘{3\;) is a tracial state. For any relation s = (Zjej wijyi)Q —r? e R,
by Equation (4.3.8),

T(1®@s) [y = ri (Y7 [y — [v)) = (VY5 [v) — [¥))
=i (VY1) —19)) = i (Y7 1) 1)) =
The last equality uses the fact that Y = 1. Hence 7(s*s) = (| 7(1® s*s) [¢) = 0 for all
s € R. We conclude that f satisfies part (b) condition (ii) in Definition 4.3.15.

On the other hand, suppose f satisfies parts (a) and (b) in condition (ii). Then in part
(a), by replacing the PVM elements with the corresponding binary observables, we see
that Equation (4.3.8) holds. This means f is optimal. We conclude that (v, R) satisfies
condition (ii) in Definition 4.3.15. Hence (v, R) is a determining pair for G. O
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We refer to C*(G) := Aﬁyj\’/}}/<7€>, with R defined in Proposition 4.3.29, as the solution
algebra for G. In | , Proposition 2.8|, Slofstra shows that G has a unique optimal
quantum correlation p if and only if the solution algebra for G is Clifford. Furthermore,
the associated XOR correlation ¢ with p has rank r if and only if the corresponding Clifford
algebra is of rank r. Here the Clifford algebra C', of rank r refers to the universal C*-
algebra generated by indeterminates x4, - - -, z, and subject to the relations x;z; + x;z; =
20;5,1 < 4,5 < n. This algebra has either one (when r is even) or two (when r is odd)

irreducible =representations of dimension 2l7/2!.

Theorem 4.3.30. An XOR game G is a self-test for its optimal quantum strategies if and
only if G has a unique optimal quantum correlation p and the associated XOR correlation

with p has even rank.

Proof. For the “only if” direction, suppose G is a self-test for its optimal quantum strategies.
Then by Lemma 4.2.3, G has a unique optimal quantum correlation p. Let r be the rank
of the associated XOR correlation with p. By Theorem 4.3.22, the solution algebra C/, for

G has a unique finite-dimensional irreducible =-representation. So r must be even.

For the “if” direction, suppose G has a unique optimal quantum correlation p and the
associated XOR correlation with p has even rank. This implies the solution algebra Cl, for
G has a unique finite-dimensional irreducible =representation. By Theorem 4.3.22 again,

G is a self-test for its optimal quantum strategies. O

4.4 Robust self-testing for nonlocal games with stable

game algebras

4.4.1 Near-optimal strategies and approximate representations

Definition 4.4.1. Let G be a nonlocal game with determining pair (v, R), and let v :
R-o — Rxo be a function such that v(e) — 0 as ¢ — 0. We say (v, R) is v-stable if for
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any € = 0 and projective e-optimal quantum strategy
S = (HAu Hp, {M;}a {Né/}’ ‘¢>)

for G,

(i) ||(ma(mI) @1 — L@ mp(12)) |[¥)|| < vle) for allx € X,a € A, where 74 @ 7p is the

associated representation of S,
(it) ||mp(r)||,5 < v(e) for allr e R, where pp := Try, (|¢){Y]), and
(iii) ||ms(ny)\/ps — +/PBTB(NL)||F < v(€) for ally € Y,be B.

Recall that the big Frobenius norm ||-||z on My(C) is defined by ||T'||r = +/Te(T*T),
and the p-norm ||-||, is defined by ||T'||, = /Tr(T*Tp).

Lemma 4.4.2. Suppose G is a nonlocal game with a v-stable determining pair (v, R). Let

S = (%A,HBv {M,f}, {Né/}’ ‘w>)

be a projective e-optimal quantum strateqy for G, and let ¢ = f5’1®AY,B where fg is the
PVM

state on Apins Omin ARD,, induced by S. Then
(a) &(r*r) < v(e)? for allr € R,

(b) llmg(W)\/ps — +/pms(W)|lFr < deg(W)v(e) for any monomial W over {nj : b €
ByeY},

(c) |o(WiWa) — ¢(WoWi)| < (deg(Wh) + deg(Wa))v(e) for any monomials Wy and W
over {nj :yeY,be B}, and

(d) ‘¢<7§ng> _pS(a7 b|l’7 y)' < V(€> fOT’ all a, ba x,y.
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Proof. Let m4®mp be the associated representation of S, and let pp := Try, (|¢) (¢|). For
any r € R,

¢(rr) = WL @7p(r*r) [¥) = |ms(r)|7, < v(e)*.

So (a) follows.

We prove (b) by induction on the degree k of W. k = 1 follows from condition (iii)
of Definition 4.4.1. Now suppose (b) holds for any monomial of degree k for some k£ > 1
For any monomial W = «a; - - apag,q in .A??M of degree k + 1, let W’ := ay--- a4 be a

monomial of degree k. Then by the induction hypothesis,

lms(W)\/pe — eeme(W')||F < kv(e).
Note that |[|[7(W')|l,p < 1 and ||7p(ck+1)]lop < 1, it follows that
Im8(W)v/pB — +/pe78(W)|lF =||m5(W')m5(a)i1)vPB — v/PB7B(W')TE(00K41)| P
<||7TB(W/)(7TB(O%+1)\//E — VpeTB(0ke)) || F
+ | (Vosms(W') = 15(W)\/p5) m5(ar)llr
<[ms(W )HopHWB(akH)W— VBB (k)|

+Ims(aria) lopllv/peme(W') = 75(W)\/pBll P
<v(e) + kv(e) = (k + 1)v(e).

So (b) holds for monomials of degree k + 1. We conclude that (b) holds.

To prove (c), we first recall that for any matrices S and T,
Te(ST)| < [[Sllop - 17| -
Note that ||\/p5llop <1, [[T8(W1)|lep < 1, and ||mp(W3)[lop < 1. By part (b) we have
B(W1W2) = G(WalWA)| =[Tr(\pams(Wh) (ra(Wa) Vi = v/pums(W2))

+ Tx (Vosma(We) (ra(Wh)y/om — vpams(W1) )|
<lms(W)y/om = Vpams(W)lr + lma(Wa)v/om — Vpama(We)llr
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< deg(Wh)v(e) + deg(Wa)v(e) = (deg(Wh) + deg(Wa))v(e).
This proves (c).
Now we prove (d). Since ||75(n%)|lop < 1 and ||(7a(m2) @1 - 1@75(17))
[0(vany) — ps(a, bz, y)| = K[ L@ mp(vany) [¢) — (Y] ma(my) @ mp (1)
= @l (ra(mg) © 1 = 1@ 75(7;)) - (1@ 75}
< [(ma(mg) ® 1 = 1@ 75(72)) W)l < v(e)
for all a, b, z,y. This completes the proof. 0

(W)l < wle),

)
) 1))

Given a quantum model

S = (Ha, Hp ML AN [0)),
by picking the Schmidt basis for |¢)) as bases for H 4 and Hp, and dilating Alice or Bob’s

system so that they have the same dimension, we can always write

S = (C1,C ML AN 1) = Y D ®10)), (14.1)

where d > 1 and \q,..., Ay = 0, without changing the state induced by S. We refer to
Equation (4.4.1) as a balanced form of S. Indeed, if s := dim(Hg) — dim(H4) > 0, then
we take H 4 @ C*® as the new space for Alice and define her new measurement operators
to be M? @ 1 for one fixed a € A and M7 @ 0 for the rest a’ € A. We can process
similarly when dim(#H ) > dim(Hg). So we can always assume dim(H,4) = dim(Hg) = d
for some d > 1. Consider the Schmidt decomposition W> = 3% N ® |8 where
E<d, Ai,..., >0, and {|a;): 1 <i <k} and {|f;) : 1 < i < k} are orthonormal sets
in H4 and Hp respectively. We can expand these two orthonormal sets to orthonormal
bases {|a;) : 1 < i < d} and {|B;) : 1 <1 < d} for Ha and Hp respectively, and write
[y =30 N ]ai>®]6¢> where \g 1 = -+ = Ay = 0. After fixing the bases {|a;) : 1 <i < d}
and {|B;) : 1 < i < d}, we can identify both H4 and Hp with C¢, and identify |1/1> with
ZZ il ® |z> One of the advantages of the balanced form Equation (4.4. 1) is that the
reduced density matrices of [¢)) on Alice and Bob's sides are both p := 3% A2 |i)i]. S

we have [¢) = \/p®@ 1|a) = 1 ® 1/p|Pa), where [Py := 30, |i) ® [i).
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Proposition 4.4.3. Let G = (X,Y, A, B, 11, V) be a nonlocal game with a v-stable deter-
mining pair (v, R). Suppose p € Cy is an optimal quantum correlation for G. Let S,,n e N
be a sequence of projective quantum models such that ||ps, — p|l1 — 0 as n — o, and let
On 1= fSn|1®A}1;,VBM for all n e N, where fg, is the state on Af.f;j‘M Qmin A)};"]/BM induced by S,,.
Then any weak*-accumulation point ¢ of {¢pn,n € N} is an amenable tracial state on A?’?M

satisfying

(b) ¢(r*r) =0 for allr € R.

We remind the reader that using the notation before, there is another way to phrase
this proposition: any weak*-accumulation point of {¢, : n € N} is an amenable tracial
state in T® (v, R).

Proof. By passing a subsequence, we may assume that 7}1_{130 ¢n = ¢ in the weak*-topology.
Note that ||ps, — p|li — 0 implies €, := w,(G) — w(G; S,) — 0 as n — co. By part (d) of
Lemma 4.4.2,

|¢<7§ng) - p(a7 b|1}, y)|
< |0(an) = n(ami)| + [dn(veny) — ps, (a, blz, y)| + |ps, (a, bz, y) — pla, blz, y)|
< ‘¢(7§ng) - ¢n(7§ni/)| + ’p5n<a7 b|$,y) —p(a,b\x,y)\ + I/(En) —0

as n — 00. So (a) follows. By part (a) of Lemma 4.4.2, ¢, (r*r) < v(e,)*> > 0 as n —

for all 7 € R. This proves (b).

It follows from part (c) of Lemma 4.4.2 that ¢ is a tracial state. Now we only need to
show ¢ is amenable. Let f be the state on (ARD )P ® AR, defined by Flo® @ fB) =

o(apf),a,pe A};’EM. We write every S, in their balanced form

Sn = (C¥, CH (MG (n)}, {N} ()}, [¥n) )
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and denote by p, the reduced density of |1,,). For every n € N, let 7®@7Z be the associated
representation of S, (in the balanced form), let %, : (Apr,)® ® Ay — B(C? @ C?) be

the =-representation sending
1@n! —1@7%n!)and n) @1 — 72(n))' @1,

and let fn be the finite-dimensional state on (A;’gM)Op ®A};’5M defined by
Fal@) = Wn| Ful@) [y, 0 € (Apih) ™ ® Afivys

For any monomials Wy and W; over {n{,y € Y,be B},

Fa(WEP @ W) = (thn| Fn(W” @ Wa) [th) = (bt (W1)T @ 72 (W) [t
= (Ba, | 78 (W) @ N/l (W) /P | B,
= (@i, | 1 ® \/puy, (Wa)y/pury (W1) | Ba, )
=Tr( o2 (Wa)\/purt (Wl)),

where |34,) == 39", |i) ®|i). So by part (b) of Lemma 4.4.2,
F(W3? @ Wa) = 0 (WitW)| = [Tr (Vuma(W0) (Vpurma (W) = 7, (W) /5) )|
< [Wonmn(Wa) — mn(W2)/pullr < deg(Wa)v(en).
It follows that
[ fa(WiP ® W2> — FW{P @ Wa))

< | Fa(WEP @ Wa) — bu(WilWa)| + |6 (Wi Wa) — G(WiW2)| + |6(Wi W) — F(WTP @ W)
< deg(Wg)l/<€n) + ‘¢n(W1W2) — ¢(W1W2)‘ — 0

as n — o0. Since Wi and W5 were arbitrary, lim fn = f in the weak™*- topology This

means [ is the weak*-limit of a sequence of ﬁnlte dimensional states on A3; PVM ® APty

Hence f is min-continuous, and thus ¢ is amenable. O]
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4.4.2 A lifting theorem for game algebras

Proposition 4.4.4. Suppose a nonlocal game G has a determining pair (v, R). Let C*(G)
be the associated game algebra. For every finite-dimensional tracial state T on A};’gM that
satisfies T(r*r) = 0 for all v € R, there is a ucp map 6 : C*(G) — Apiy such that

T((Q(a) - a)*(e(a) - a)) =0

for any =-polynomial o € C*(ny,y € Y,b € B).

Note that Appy, C*(G), and ApD,,/Z. all have generating set {nY : y € Y,b € B}. In
the expression 0(«) — «, the first « is viewed as an element of C*(G), while the second «

is an element of A}5D,,. The proof uses a lifting theorem due to Choi and Effros.

Lemma 4.4.5 (| ], see also | ). Suppose A and B are two unital separable C*-
algebras. Suppose J is a closed two-sided ideal in B. Let q : B — B/J be the quotient
map, and let ¢ : A — B/T be a ucp map. If ¢ is nuclear, then there is a ucp map
0: A — B such that p = qo6.

Proof of Proposition 4./4.4. Suppose T is a finite-dimensional tracial state on A};"JfM satis-
fying 7(r*r) = 0 for all » € R. Let (R) be the closed two-sided ideal generated by R.
Since (R) < Z,, there is a surjective *-homomorphism ¢ : C*(G) — Apiy,/Z, sending
a — « for any =-polynomial o € C*(nj,y € Y,b € B). Since 7 is finite-dimensional,
Agi/AM/IT is a finite-dimensional C*-algebra, and hence nuclear. It follows that ¢ is nu-
clear. By Lemma 4.4.5; there is a ucp map 0 : A(G) — A};"J/BM such that ¢ = ¢, o 0, where

¢ Aply, — ApD,/T, is the quotient map. For any #polynomial a € C*(n¥,y € Y,b € B),

¢-(0(a)) = ¢(@) = a = ¢-(a)

in App,/Z,. Hence 0(a) — a € ker g, = Z,. O

Proposition 4.4.4 is used to prove the following proposition.
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Proposition 4.4.6. Let G = (X,Y, A, B, u, V') be a nonlocal game with a v-stable deter-
mine pair (v, R). Suppose p € C, is the unique optimal quantum correlation for G and
there is a unique amenable tracial state 7 in T® (v, R). Then there exists a full-rank pro-
jective quantum model S for p such that the following holds. For any sequence of projective

quantum models
S = (Hi Hy AME ()}, AN ()}, [hn) ), € N

with T}%Hpsn —plli = 0, there is a function n : N — Rsq with lim n(n) = 0 such that
Sn Za(n) S for all n € N,

Proof. By Proposition 4.3.18, 7 extends to a state fwhich is the unique state on Ang(@mm
A};"J/BM that can achieve p. Note that p is a quantum correlation. This means fand 7 must be
finite-dimensional, and hence f is the unique finite-dimensional state on Af.fif‘M Qmin Apvns
for p, and 7 is the unique tracial state in Téﬁ) (7, R). Since p is the unique optimal quantum
correlation for G, by Lemma 4.2.4, p is an extreme point in C;;,. Hence by Theorem 4.3.16, p
is a self-test for all quantum models, and G is a self-test for its optimal quantum strategies.
Let 7 : A}P/’\lng — My(C) be the finite-dimensional irreducible =representation given by part
(d) of Theorem 4.3.16, and let 7 be the unique irreducible *-representation of C*(G) given
by part (d) of Theorem 4.3.22. Then m = 7 o ¢ by Corollary 4.3.26, where ¢ : A)};"J/BM —
C*(G) is the quotient map. Let M7 := 7(y®)” and N} := w(nY) for all a,b,z,y, and let
|ay == 25 3, i) ®[é). Then by Corollary 4.3.21,

§:= (€. (L) (). o))

is a quantum model for G, and the triple (C?® C%, 74 ® 7g, |pq)) is a GNS representation

of f, where T4 ® 7p is the associated representation of S.

Let 6 : A(G) — AR, be the ucp map given by Proposition 4.4.4 that satisfies

T<((9(C() - a)*(H(&) - a)) =0

for any #-polynomial a over {n{ : y € Y,b € B}. For every n € N, let 72 ® 72 be the
associated representation of Sy, and let pi! := Tryz ([0, (¢n]) and pZ := Trya ([t (¥nl).
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Claim 4.4.7. There are integers ry,,s, € N, and isometries 1, : ’Hé‘ — C*®@C™ and
Ig, : HE — C?® C* such that

2. (n) := | I (M2 ® Tern ) Lap — ME(n)]| 0 — 0, and (4.4.2)
08, (n) == || I3, (N} ® Leen) g — NY(n)] 5 — 0 (4.4.3)

as n — o for all a,b,x,y.

Proof of Claim 4.4.7. Without loss of generality, we can write every S, in its balanced

form
Sn = (Cdnv Cdnv {M(f(n)}> {Né/(n)}v |¢n>)

Let p, be the density of [1,) on C%, and let ¢, := fs. g ey where fg, is the state on
Aﬁf‘M & A};"éM induced by S,. By Proposition 4.4.3, any weak*-accumulation point ¢ of
{¢n : n € N} is an amenable tracial state in T® (v, R). By the hypothesis, 7™ (v, R) has
a unique amenable tracial state 7. So we must have ¢ = 7. By surpassing a subsequence,

we conclude that nlgrolo ¢, = T is the weak™*-topology.

Now consider the ucp maps 62 := 78 06,n € N from C*(G) — B(C). Since 7 is
the unique finite-dimensional irreducible *-representation of C*(G), any finite-dimensional
=-representation of C*(G) is a direct sum of 7’s. By the Stinespring dilation theorem, there

are s, € N and isometries I, : C™ — C?® C*",n € N such that
05(01) = ]E’n (%(Q) &® I]_(Csn)]an
for all « € C*(G). It follows that

Tim 125, (¥(0) ® Lew) I — 72 (@)%, = lim 65 (a) — 72(a)]2,

= lim Tr,, Wf((é’(a) - a)*(g(a) — a))

= lim ¢n<(9(a) —a)*(0(a) - 0‘))
= 7((6(0) — a)" (6(0) — @) ) = 0
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for any #-polynomial « over {n} : y € Y,b e B}. Taking a = nj, Equation (4.4.3) follows.

Note that every ~? is a =-polynomial over {n{ : y € Y,b € B} and is self-adjoint in

A};"J/BM. So %(’yjf) and 72 (fyﬁf) are self-adjoint, and the above calculation also implies

15, (7 (1) © Lewn ) g — 72 (72)"

o = 150 (F(72) ® Leon ) Ipm — ) (32) II7,
= 7((00v) = 72)"(003) = 72) ) = 0
as n — o0. Again, since (v, R) is v-stable, by part (b) of Lemma 4.4.2,
172 (V)v/Pn = Vo (Ve < e lliav(en),

where €, := w,(G) —w(G; S,) — 0 as n — 0. Here ||7Z]|1,1 is the first Sobolev 1-seminorm

of the *-polynomial 77 (see Section 7.3 for a definition). Hence

15 () = 72 () Mo = It (m) = 72 () Nl = N[k (mE) = 72 (32)T) @ Lbw) |
< l(mi(m) ® 1 = 1@ 77 (v)) [ + (77 ()" ® 1 = 1@, () [l
< vlen) + 1m0 (a)V/Pn = Voumy ()lle < (Il + Dv(en),

— 0 as n — 0. Note that (%(v(f))T = ]\7;” Taking 7, = s, and 14, = Ip, for alln e N,
it follows that

125 (M @ Tera ) L = M (),
< M (F(0)" @ e ) I =17 (32) Nl + 105 (0) = 77 (52)
— 0 as n — . So Equation (4.4.2) follows. O
Claim 4.4.8. There are unit vectors |k,y € C'» @ C* n € N such that
1Tan ® (Mg (n) © Ny (n) [1)) = (Mg © N |9a)) ® k)| > 0 asn— 0 (44.4)

forall a,b,x,y.
Proof of Claim 4.4.8. Let A be the spectral gap of the matrix T4 ® 75(Pg), and let

d(n) = Z p(z,y)V(a,blz,y) (5;?,(1(”) + 551)(71)) ,neN.

a’7b7x7y
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Since f is the unique finite-dimensional optimal state on AN @min Anins for G, by Propo-
sition 4.2.13 and Remark 4.2.14, there is a unit vector |k,) € C'™ ® C** for every n € N
such that

1Lan ® Ipn(ME(n) @ NP (n) [4)) — (M2 ® NY|0a)) ® |
_ V2(6(n) + \/en)

+ 62(1(71) + 651)(71)

h A
for all a,b,2,y. By Claim 4.4.7, lim 02, (n) = lim 0% (n) = 0, and hence lim é(n) = 0.

So Equation (4.4.4) follows.

For every n € N let

1(n) = max { [ Lan ® I (M (0) @ NY(n) [4)) = (M @ N2 |a)) ® k) }

z,Y,a,b

Then S, >,m) S for all n € N, and lim n(n) = 0 by Claim 4.4.8. This completes the
proof. O
4.4.3 General results

Theorem 4.4.9. Let G = (X, Y, A, B, 1, V') be a nonlocal game with a v-stable determining
pair (v, R). Suppose p € C, is the unique optimal quantum correlation for G. Then the

following statements are equivalent.
(a) p is a robust self-test for all quantum models.
(b) p is an abstract state self-test for all states on Ay @min Aoy
(¢) pis an abstract state self-test for all states on Apin @min Abias-

(d) There is a unique amenable tracial state in T® (y, R).
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Proof. (a)=(b) follows from Theorem 4.1.4.

(b)=>(c): Suppose p is an abstract state self-test for all states on Af.fngM Qmin ‘A?(?VM'

That is, there is a unique state f on Ap;ya @min Apoyar for p. By Lemma 4.3.19, p has a
full-rank projective quantum model, so f must be finite- dimensional and projective. Hence
f drops to a finite-dimensional state f on AN PVM Qmin A PVM and f is a state for p. Now
assume for the sake of contradiction that there is another state f’ # f on A} PVM@ ARD PVM
that can achieve p. Then the pull-back of f" on Apgyu Omin Ap POVM is a state for p but is

distinct to f, a contradiction. Hence f is the unique state on AN St Omin Apihy for p.

(¢)=(d): By Proposition 4.3. 18 any amenable tracial state in T®(y, R) extends
uniquely to a state on ANinQmind piys for p. If there is a unique state f on Apin,@mind Py

for p, then 7 := f|1®AY,B must be the unique amenable tracial state in T® (v, R).
PVM

(d)=(a): Suppose there is a unique amenable tracial state 7 in T®)(y,R). Let S be
the full-rank projective quantum model given in Proposition 4.4.6. We first claim the p
is a robust self-test for projective quantum models with ideal model S. Assume for the
sake of contradiction that there is a dg > 0 and a sequence of projective quantum models
Snsm € N such that €, := ||ps, — p|lli — 0 as n — o, but for every n € N, the relation
Sn =5, S does not hold. By Proposition 4.4.6, there is a function 7 : N — R, such that
lim n(n) = 0 and S, >,m) S for all n € N. Take a big enough N € N such that 5(N) < d.

n—a0

Then Sy >4, S , which contradicts the assumption. We conclude that p is a robust self-test
for projective quantum models. Note that the ideal model S is full-rank and projective.

By | , Theorem 4.1], p is a robust self-test for all quantum models. H

In terms of robust self-testing for nonlocal games, we state the following theorem.

Theorem 4.4.10. For any nonlocal game G that has a v-stable determining pair (7, R),

the following statements are equivalent.
(a) G is a robust self-test for its optimal quantum strategies.

(b) There is a unique optimal state f on A3y @min Apayy for G and f is finite-

dimensional.
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c) There is a unique optimal state f on AxA mm.A)’B for G and f is finite-dimensional.
PV PVM
d) There is a unique amenable tracial state T on AYE - such that T(r*r) = 0 for all
PVM

r € R and 7 is finite-dimensional.

Proof. Any one of the above four statements implies G has a unique optimal quantum

correlation. So the theorem follows directly from Theorem 4.4.9. O

In Theorem 4.3.22, we have shown that a nonlocal game G is a self-test if and only if
the associated game algebra C*(G) has a unique finite-dimensional tracial state. Part (d)
of Theorem 4.4.10 suggests one may have a similar characterization of robust self-testing:
G is a robust self-test if and only if C*(G) has a unique amenable tracial state 7. However,
as discussed in Remark 4.3.14, it is possible that an amenable tracial state on Ag’gM whose
kernel contains R drops to a non-amenable tracial state on the quotient C*(G). So it is
possible that C*(G) has a unique amenable tracial state but there are multiple amenable
tracial states on A};’gM that are optimal for G. Nonetheless, if C*(G) has a unique tracial
state ¥ and 7 is finite-dimensional, then the tracial state 7 on AR/, induced by 7 must
be the unique tracial state (and hence the unique amenable tracial state) that satisfies
7(r*r) =0 for all » € R. We conclude that:

Corollary 4.4.11. Suppose a nonlocal game G has a v-stable determining pair (v, R).
Let C*(G) be the associated game algebra. If C*(G) has a unique tracial state T and T is

finite-dimensional, then G is a robust self-test for its optimal quantum strategies.

4.4.4 Robust self-testing for synchronous and XOR games

For XOR games, the stability of the (v, R) determining pair defined in Proposition 4.3.29
was first proved in | |].  For synchronous games, a similar result was observed in
[ ]. Both cases are also proved in | ].  We summarize these results in the

following proposition.

Proposition 4.4.12 (Proposition 5.14 and Proposition 5.23 in | 1.
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(1) Let G = (X, A,V) be a synchronous game with wy,(G) = 1, and let (v, R) be as in
Proposition 4.3.27. Then (v,R) is a O(e'/*)-stable determining pair for G.

(2) Let G = (I,J,(wi;)) be an XOR game, and let (7, R) be as in Proposition 4.5.29.
Then (v,R) is a O(e'/*)-stable determining pair for G.
Hence for synchronous games and XOR games, we have:

Theorem 4.4.13. Let G be a synchronous game, and let C*(G) be the associated syn-
chronous algebra. If C*(G) has a unique tracial state T and T is finite-dimensional, then

G is a robust self-test for its perfect quantum strategies.

Theorem 4.4.14. If p is an extreme point of C’g‘”bmsed and the associated XOR correlation

¢ has even rank, then p is a robust self-test for all quantum models.
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Chapter 5

Robustness and group stability

5.1 An enhanced Gowers-Hatami theorem

In this chapter, we look closer at the ¢ — § dependence in a robust self-test.

Definition 5.1.1. Let C be a class of quatum models, and let n : Rsqg — Rsq be a function
such that ll_I)% n(e) = 0. A nonlocal game G is a robust self-test for its optimal strategies in
C with robustness n if there is an ideal optimal strategy S e C such that S > n(e) S for any
€ = 0 and e-optimal stategy S € C.

We develop a group-theoretical approach to the robustness of self-testing. For some
nonlocal games G, one can associate a group G such that optimal (resp. near-optimal)

strategies for G can be modeled by representations (approximate homomorphism) of G.

Definition 5.1.2. Let f : G — U(H) be a function from a finite group G to unitaries
on a Hilbert space H. Given a quantum density p on H and an € = 0, we say f is an

(€, p)-homomorphism if
Encc |l f(9)f(h) — f(gh)ll; < e (5.1.1)

for all g € G. Here, unless specified otherwise, the expectation E is taken as the uniform

distribution over G.
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In the above definition, if p =

is indeed the normalized Hllber—Schmldt norm ||-||ns. The Gowers—Hataml theorem | ]
states that every finite group is dilation-stable with respect to ||-||ns. In other words, for
any (e, dlm(H 1)-homomorphism f : G — U(H), there is an isometry I : H — K and a
representation 7 : G — U(K) such that ||f(g) — I*n(g)I||?, < €. The following state-

dependent Gowers-Hatami theorem is due to Vidick | ]

Theorem 5.1.3. For any (€, p)-homomorphism f : G — U(H) of a finite group G on a
finite-dimensional space H, there exists a finite-dimensional Hilbert space K, an isometry
I:H — K, and a representation 7w : G — W(K) such that

1£(9) = I*m(g)I1I; < €
forall g € G.
Proof. We use {|g) : g € G} to denote the canonical basis of £*(G). For every g € G, the

map I, := f(g)®|g) defines a linear map from H — H®/*(G) sending |¢) — f(g) [*)®|g)
for all [vh) € H. Since I71, = f(g9)*f(g) = 1 and I;I;, = 0 for all g # h in G,

I,
- V@
is an isometry from H — H®(*(G). Let R : G — (*(G) be the right regular representation.

So R(g) |h) = |hg™!) for all g,h € G. Then 7 := 13 ® R defines a representation of G' on
H ® (?(G) that satisfies

o) = I'vlo)] = f9) - 1 X 00 bl R )
- 10~ 1 h%Gf(h)*f(k) (hlkg™)
rG| ,;Gf 19 =1 ;Gf
-3l heZGf f(g) = f(gh))
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for all g € G. Note that the p-norm ||-||, is left unitarily invariant and each f(h) is unitary.
It follows that

1f(9) — I*m(g)IIl; = QHZ f(h flg) = flgm)I3
‘G’ heG
_ Gl 2
<1Gp hEZGHf )F(9) = Flam);
= Enca|| f(9)f(R) — f(gh)[I} < e
for all g € G. ]

Theorem 5.1.3 is a powerful tool in proving the robustness of self-testing: for some
nonlocal game G with an associated group G, one can show that a near-optimal strategy S
induces an approximate homomorphism f and the ideal optimal strategy S gives the exact
representation 7 in Theorem 5.1.3. Then the desired local isometry /4 ® Ig from S to S

can be constructed from the isometry I in Theorem 5.1.3.

However, earlier approaches to proving the robustness using the above framework are
often insufficient: the exact representation 7 given by Theorem 5.1.3 not only carries
the ideal optimal strategy S but also contains some “junk strategies” that need to be
disregarded. To tackle this problem, we state and prove an enhanced Gowers-Hatami
theorem in Theorem 5.1.4 that allows us to construct an exact representation 7 containing
the ideal model S exclusively. To motivate the proof approach, we first present a different

proof of Theorem 5.1.3.

For any finite group G, we use Irr(G) to denote a complete set of inequivalent irreducible
representations of G, where every o € Irr(G) is a (unitary) representation of G on C% for
some d, > 1. Then

*(G)

lle

@ de ® (Cdtp’

pelrr(Q)

and the regular representation R = @ger(c)e®%. So

G| ifg=1
> dTr(e(9) = xrlg) = |
el (G) 0 otherwise,
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where g is the character of the regular representation R. For any function f : G — U(H)
and any representation 7 : G — U(CY), we define the Fourier transform of f at 7 to be

the operator

f(7) := Epeaf(9) @ 7(g)

acting on H ® C?. Here 7(g) denotes the entry-wise conjugate of the d x d matrix 7(g).
The following proof was given by Vidick in | ].

A second proof of Theorem 5.1.3. Let
K:=HQ® ( @ (de®<cdw> = P HRC*QRC%,

pelr(Q) pelr(Q)

let I : H — K be the linear map sending
- D Vi, Z (T o)) ® i,

pelrr(G)

and let
@ IL’H ® 2 & ]1Cdeo
pelrr(G)

be a representation of G on H. Then
I = Z d Z Ly ® (| ) )" F () (L ® i)

Z d, > flg)*f(h)Tx (w(g)Tm)

«peIrr (@) g,heG

:,GﬂQz ) S AT (o))

9,heG elr(G)

- LSty () = 1

’ | g,heG
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So [ is an isometry. Moreover, for any g € G,

~

= > 4 2@190 )19 (L ® Gl Fle)* Flo) (1 @ 1))

pelrr(Q) 1,7=1

:(;2 S a3 AT S o) Gl o)
’ | welrr(Q) h,keG t,j=1
—m Y 5% Glel6) 5> Gl o)
| | pelrr(Q) h,keG 1,j=1
1
= dy Tr k™ 'hg)
G2 h,kZeG eoeg (@) g |G| };f

This implies

flg) - el Z f(h f(g) = f(hg)).

heG

The rest follows similarly as in the (first) proof of Theorem 5.1.3.

O

In the above proof, the expressions of I*] and I*7(g)I both contain f((p)*f(go) for

¢ € Irr(G). In some cases, the approximate homomorphism f may satisfy some additional

symmetry so that f (&) = 0 for some £ € Irr(G). When this happens, ignoring such a ¢ in the

construction of V' and m would not affect the statement and the proof. This observation is

crucial when we use the Gowers-Hatami theorem to prove many robust self-testing results.

Theorem 5.1.4. For any (e, p)-homomorphism f : G — UW(H) of a finite group G on a

finite-dimensional space H, there exists a finite-dimensional Hilbert space K, an isometry

I:H — K, and a representation m : G — W(K) such that
(i) 11f(g) = I*m(g)I||; < € for all g€ G, and

(ii) € € Irr(G) is an irreducible constituent of ™ only if f(f) # 0.
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Proof. Let

K=H®| P C»xC |,
gerIrr(G)
f(e)#0

let I : H — K be the linear map sending

W B Vi, Z(f (I ®10))) @ iy,
LpeIrrG)
Fle)#0
and let
C—B IL"H®90®]1CC%
pelrr(G)

Fl@)#0

be a representation of G on H. Then following the second proof of Theorem 5.1.3, we see

rr= Y 4 Z 1w ® (il ) f()*f () (1n ® 1))

oo
- Z d Z 1y ® G| ) F(9)* ) (1 ® i) = T30, and
Frgl= Y d, Z<W )15 (1 ® <l ) F(0)* Flo) (1 ® 1))
Fowo
- 3 37 G100 1) (18 1) Pl P (1 01 = EDNION
pelrr(G 1,7=1 heG

So [ is an isometry such that
1f(9) — I*m(g)I]I; < e
Moreover, the representation 7 only has constituents ¢ € Irr(G) that satisfies ]?(5 )#0. O
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5.2 Example: CHSH

In the CHSH game, the verifier samples a pair (z,y) € Zy X Zy uniformly at random. Upon
receiving x and y, Alice and Bob return a € Zs and b € Z, respectively. They win if and

only a + b = x - y. The game polynomial of CHSH is given by
1 1
Qopsy = 5 + Z(a()@bo +ag®@b1 + a1 @by — a1 @ by).

Here we use the convention that a, := m{ — m{ and b, := n§ — n{ for z,y € {0,1}. So a,

and b, are binary observables in A%32. The quantum value of CHSH is :+ ﬁ and we

have the following sum of squares decomposition

1 1 B by + by 2 bo — by ?
2+m—©CHSH—<ao®1—1® NG > +(a1®1—1® 72 ) (5.2.1)

in AZ ® Aing-
Now suppose f is an optimal state on AP @i AZA2 for CHSH. Let (H, m, 1)) be a
GNS representation for ]?, and let A, := 7m(a, ®1) and B, := 1(1®b,) for all z,y € {0, 1}.

Since f(®CHSH) = % + ﬁ, Equation (5.2.1) implies that

(AO - BO\%Bl) ) = <A1 - BO\;?BI) ) = 0. (5.2.2)

It follows that

(ApA1 + A1) |¥) = (A1 + BO\_FQBI> <A0 - BO\J}QBI) |

For any monomial w := a;, - - - a;, @ bj, - - - b;, in AZA2 @ A%52 | by Equation (5.2.2)
By + (-1)*B;  By+ (-1)"B
Ay - Ay By, -+ B, [) = By, -+ By, 72 72
Ap + (—1)”141 Ap + (—1)j1A1
el

KT (5.2.3)

— A, A (5.2.4)

il..
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Hence by Equation (5.2.3),

(AoAr + A Ag)r(w) o) = B, - - B, 20T (\—@1)%31  Bo+ (\—@1)“ B,

Since |¢) is cyclic for m and w was arbitrary, we conclude that AgA; + A1 Ag = 0. Let D,

(A()Al + Ale) |77D> = 0

be the rank-4 dihedral group with generators J, X, Z, subject to relations
e JP=X2=7%=1,
o J is central, and
« XZ =JZX.

Then there is a representation ¢ : Dy — U(H) sending J — —14, X — Ay and Z — A;.
The following property of D, is well-known.

Lemma 5.2.1. The group Dy has the following properties.
(a) Dy has a normal form N(w) = J*XPZY «, B, € {0,1}. |D4| = 8.

(b) Irr(Dy) = {xij : 1,7 € {£1}} U {o} where each x;; is a character sending J — 1, X
i,Z — 7, and o is an irreducible representation of Dy on C? sending J — —1,X

ox,Z — 0yz. Here ox and oz are the Pauli-X and Pauli-Z matrices.

(¢) Dy has a trace T that satisfies 7(J) = —1. This trace is given by 7(g) = tra2 (0(g)),g €
Dy.

Given any words w; = J X" 2" and wy, = J* X277 in D,, by Equation (5.2.3)

| p(wywy) [y = (—1)™F02 (| AT AT AR AT [4b)

By — Bi\™ ( By + B\
=<—1>“1+a2<¢|< — ) ( i ) AB AT |

= (=)™ 2 (Y| AP AP AT AT ) = (U] d(wawr) [¥) .
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So w — (| p(w) [1») must be the unique trace 7 on D, that sends J — —1. Equation (5.2.4)
implies that the state ]7 is completely determined by 7. We conclude that f is the unique
optimal state on A% Qpin A7A2 for CHSH. Lemma 5.2.1 and Equation (5.2.2) also
illustrate a GNS representation (H4 ® Hg, 4 ® Tg, [10)) for f where

Hy=Hp = C2

T4 sends ag — ox,a, — 0z,

7 sends by — "X\E’Z by — "XJ{Z, and

i 00)+|11
9y = B2,

Let Ay := ox, Ay := 0y, By = %, and B, := % Then CHSH is a self-test for its

optimal quantum strategies with an ideal optimal strategy
S = (Ha, Ho, { Ao, A} {Bo, B}, [0 ).

Let 7 := T4 ® 7. Then

%((DCHSH) = ; + f(@){@UX + UZ®UZ)
= L2000+ 1)) (001 + 1)) X2 o1y — J10)) (<01 — C10)).

So the spectral gap Acpsy of T(Popsy) is g

Next, use the enhanced Gowers-Hatami theorem to derive the robustness of this self-

test.

Proposition 5.2.2. CHSH game is a robust self-test for its optimal quantum strategies
with robustness n(e) = O(4/€).

Proof. Suppose
S = (Ha, Hp, {Ao, A1}, {Bo, B1}, V).
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is a projective e-optimal strategy for CHSH where € > 0. Let ps := Try, ( KT <¢]) and
pPB = TY”HA(WXW )

Claim 5.2.3. HAOAl + A1A0||pA < 6\%

Proof of Claim 5.2.3. Let rg == Ag®1 —-1& % andr =41 -1® %. Then

1

€=—

1 1
2 T 55~ WOHSH;S) = <=5 (llro lIP” + lir W)IP)

Observe that (A()Al + A Ao) ® 1 = s1rg + sory where sp := Ay ®1+1R® BO\'/"‘EBl and

51 =41 01+1® BoﬁBl Since both sy and s; have operator norm < 1 + /2,

140AL + A1 Aoll}, = I(AoAs + ALA)) ® TP < (IIsullopllro [¥)I] + lisollepllrs [¥)]1)*
<LV \F) (o I + I [9)1%) = 4v/2(1 + v2)%e < 36e.

So the claim follows. O

Now let f be the function from Dy — U(H4) sending
JOXBZY s (1) AJA]
for every a, 8,7 € {0, 1}.

Claim 5.2.4. f is a (36¢€, pa)-homomorphism of Dy.

Proof of Claim 5.2.4. Observe that for any g,h € Dy, f(g)f(h) — f(gh) is either 0 or
U(AoA1 + A1Ag) for some unitary U. Since the ps-norm is left unitarily invariant, it
follows that || f(g)f(h) — f(gh)|l,, < ||[AoA1 + A1Ao]|,, for all g,h € Dy. So the claim
follows from Claim 5.2.3. [

Claim 5.2.5. There is an isometry 14 : Ha — C>® CF such that
08 = 11 4e = 15 (A @ Tcr ) Lally, < 6V
for all x € {0,1}.
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Proof of Claim 5.2.5. For any one-dimensional irreducible representation & of Dy,

2f(€) = D €@ fla)+ D g f(Tg) = D @) flg)— D &(9)f(g) = 0.

geDy gDy geDy geDy
So by Claim 5.2.4 and Theorem 5.1.4, there is an isometry V4 : H — K and a representation
7 : Dy — U(K) such that

1£(9) = VAT(9)Vallps < 6v/e

for all g € G, and none of the one-dimensional representations of Dy is a constituent of 7.
The latter condition implies that 7 is equivalent to a direct sum of ¢’s. In other words,
there is a unitary U : K — C? ® C* such that 7(g) = U* (J(g) ® ]lck)U for all g € Dy.
Then I := UV, is an isometry from H — C? ® C* such that

1£(g) — I} (0(9) ® Lex) La|lp, < 64/€.

Taking g = X and Z completes the proof. O

Similarly, there is an isometry Iz : Hp — C* ® C* such that
67 = By — It (By @ 1c- ) Inllyy < 6ve
for all y € {0, 1}.
Claim 5.2.6. There is a unit vector |k) € C* ® C* such that
1A ®Is|) - ) ® |m)]| < 26V, and
114 ® I(A, ® B, 19)) - (A, ® B, 19)) ® )l < 38ve

for all z,y € {0, 1}.

Proof of Claim 5.2.6. Since § := 1(20§" + 261 + 26§ +26F) < 124/e. By Proposition 4.2.13,
V26 + V9

114® L5 [4) — [) ®|m)]l < =1~ < 26+, and
CHSH
~ o~ V2(8 + /e
12 ® In(A4: @ By 1)) — (L@ B, 1) @ ool < 52+ 57 + Y20V g
CHSH
for all =,y € {0, 1}. H
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Claim 5.2.6 implies that for any € > 0 and any e-optimal projective quantum strategy S
for CHSH, one has S >33/ S. Then by | , Theorem 4.3], taking n(e) = 5 x 38,/e =
180+/€ completes the proof. ]
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Chapter 6

Quantum delegation and quantum

proofs

6.1 Context and overview

As introduced in Section 1.2, we are interested in modeling near-term proof verification
and delegation of quantum computations. To this end, we propose a new paradigm that is
particularly relevant to the quantum scenario: a verifier having access to an off-the-shelf
(OTS) device.

To motivate our OTS model, consider that the complexity class QMA models a verifier
having access to fully-trusted polynomial-time quantum computation. While such a veri-
fier is skeptical of the prover (and thus needs to verify the claimed proof independently), in
the quantum case, a new level of skepticism is possible, namely that the verifier’'s quantum
processing is untrusted. A common solution in this case is to postulate two (or more) un-
trusted and all-powerful devices together with a classical verifier; this is the realm of MIP*.
In this chapter, we propose a new paradigm that treats the provers asymmetrically. Start-
ing with a conventional two-prover interactive proof system, we ask that only one of the
provers do the heavy lifting (via its unbounded computational capabilities), with the sec-

ond prover becoming efficient and completely generic (for completeness, this prover need
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not even be given a description of the task at hand; soundness, however, is shown against

two unbounded provers).

We first give an overview of background material, together with a summary of the
current state-of-the-art approaches to interactive proof systems and delegated computation
in the quantum setting, focusing on elements that are relevant to our main questions, and

highlighting where existing approaches fail in their applicability to our scenario.

Classical and quantum interactive proof systems

In the model of interactive proof systems (IP), an efficient classical verifier interacts with an
all-powerful and untrusted prover in order to verify the correctness of a statement | ].
We note that class NP corresponds to a single-message interaction (with MA being in

probabilistic version), while AM incorporates a single round (i.e., two messages).

In a multiprover interactive proof system (MIP), a verifier interacts with multiple iso-
lated provers | ]. Each of the models above has been quantized, i.e., extended
to the setting where some (or all) of the parties are quantum. This is captured, e.g.
by the classes QMA (the quantum version of MA), QIP (the quantum version of IP) and
MIP* (a version of a multi-prover interactive proof system (MIP) where the unbounded
provers share entanglement). Groundbreaking results have characterized some these quan-
tum classes, e.g. QIP = PSPACE | | and MIP* = RE | ].

Zero-knowledge

A strong motivation for the study of interactive proof systems is the connections to the
counter-intuitive concept of a zero-knowledge proof system | , |. Infor-
mally, a proof system is zero-knowledge when the verifier is unable to learn anything beyond
the fact that the agreed-upon instance is true. This is more formally treated by establishing

the existence of a simulator which can reproduce the transcript of the interaction.

Zero-knowledge proof systems were first extended to the quantum setting by Watrous

[ |, who considered the setting where the verifier has access to a trusted polynomial-
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time quantum device. Subsequently, it was shown that under certain cryptographic as-
sumptions, all problems in QMA admit a zero-knowledge proof system | ) ,

| (again, assuming the verifier has trusted polynomial-time quantum computation).
There have been several approaches in the case of a fully classical verifier. Vidick and
Zhang showed that argument protocols can be made to satisfy the zero-knowledge prop-
erty | ]. Recent work by Crépeau and Stuart | | provides a two-prover one-round
zero-knowledge proof system for NP. The work of Chiesa, Forbes, Gur and Spooner pro-
vides a two-prover zero-knowledge proof system for NEXP | |, however, their work
requires polynomially many rounds of interaction. Work due to Grilo, Yuen, and Slofs-
tra | ] shows that any proof system for MIP* can be made zero-knowledge at the
cost of adding four additional provers. Although these works provide inspiration for study-
ing zero-knowledge proof systems in the OTS model, as far as we are aware, they do not
directly contribute to our main question on ZK. In fact, according to the current state-of-
the-art, an implicit open question | | is the following: “Does there exists a relativistic
zero-knowledge proof system for QMA with two provers and a classical verifier?”. We em-
phasize that our OTS model takes this question further, by requiring one of the provers to

operate generically and independently of the problem instance.

Delegation of quantum computations

Delegated quantum computation allows a computationally-weak classical client to delegate
a computational task to an untrusted, polynomial-time quantum server. Under certain
conditions, an interactive proof system leads in a straightforward way to a protocol for
delegated quantum computation. Typically, this is achieved if the interactive proof system
captures e.g. QMA, and furthermore, given the witness, the prover is efficient; it is also
relevant that the QMA witness is used in such a way that we can scale down the proof
system in order to achieve a delegation protocol for BQP (e.g. | ])'. The sketch above
is also applicable to the scenario of multiple servers. Note that because of the resemblance

between the models of the interactive proof system and delegated quantum computation,

!BQP is closed under complementation, hence this is sufficient for delegation
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we occasionally confound the two — using the complexity class acronym to refer to the
interaction pattern between prover(s) and verifier — but we emphasize that in delegated
quantum computation protocols, the server is always computationally bounded (as opposed

to a prover in interactive proof systems).

Following Reichardt, Unger, and Vazirani | ], who showed a delegated quantum
computation for the setting of MIP*, much progress was made, aiming at improving pa-
rameters and techniques; despite these efforts, as far as we are aware, none of the existing
works are applicable to our model. Notable here is the work of | | which uses quasi-
linear resources for both servers, and achieves at best a constant round complexity, as well
as [ ] which is the first 2-server, 1-round (relativistic) protocol for delegated quantum

computations, but uses the full polynomial-power of both servers.

We note that in the protocol of | |, as well as for most of the related works,
we have the property that the protocol for delegated quantum computation can be scaled
up to an interactive proof system for QMA in the following way. We let the unbounded
prover derive a QMA witness, then apply the delegation protocol for the circuit of the
QMA verifier, where the other prover does the computation on the witness, as teleported
by the initial prover (and where the outcome of the teleportation measurement is reported
to the verifier). In this way, we can closely relate interactive proof systems for QMA with

two-prover protocols for delegated quantum computations.

Simulatable codes

Recent works by Grilo, Yuen, and Slofstra | |, as well as Broadbent and Grilo | ]
introduce the notion of simulatable codes as a tool for establishing zero-knowledge proof
systems and protocols in the quantum setting. The idea is to use techniques from quantum
error-correcting codes to create a “simulatable” witness or proof for use in the verification
process. Here the witness is simulatable in the sense that there is an efficient classical
algorithm that can reproduce the description of the local density matrix of the witness on
any small enough subspace. This is a pivotal tool in establishing zero-knowledge, and the

application of the technique consists in developing a verification protocol, (or verification
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circuit in the case of | ]) which verifies such simulatable witnesses; this can then be

applied to the situation of encoding e.g., a witness for QMA into a simulatable code | ].

We note that the full power of simulatable codes is best appreciated when thinking
of them as for encoding a quantum state: thanks to such codes, we achieve a situation
where local descriptions are easy to compute, while global correlations might be hard — a
situation that has no classical equivalent since a series of local descriptions trivially define

a global description.

6.1.1 Summary of results

We denote OTS the set of all languages L that can be decided under a constant completeness-
soundness gap, in the model that follows. Before the instance x € L is selected, the clas-
sical verifier is provided with an untrusted off-the-shelf device which only depends on a
parameter n, indicating the size of the problem instance (without loss of generality, we
can assume that the prover provides such OTS device). For completeness, such a device
shares an entangled state [¢), with a quantum prover and will be purported to perform
efficient measurements from a predetermined list of available options. The verifier may
select any choice x € L provided |z| < n and simultaneously uses a single question to the
prover and to the device; the verifier then determines whether or not to accept based on
the responses. We stress that OTS proof systems are sound against both an unbounded

prover and unbounded OTS.

We observe that OTS is a refinement of and thus contained in MIP*. In the other
direction, the OTS model is a generalization of AM, where the otherwise classical verifier
has additional 1-round query access to a small, off-the-shelf quantum device. In summary,

we have the following straightforward containments (see also Figure 6.1)

AM < OTS < MIP* (6.1.1)

In a classical proof system, an OTS can be understood as an instance-independent

hardware token. This device can be used to provide a commitment for a zero-knowledge
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proof system for NP | |; what is more, the one-time property of the OTS can be
used as an oblivious transfer device, which then yields a non-interactive zero-knowledge
proof system for NP | ]. We note that in the quantum case, our model requires a
fully classical verifier and hence the case of zero-knowledge for QMA | , | in
the OTS model is much more complex, and a classical-verifier analogue to the NP proof
systems above is not directly applicable. Other approaches based on using the OTS as a
one-time memory | | also run into a roadblock due to the fact that we require a fully

classical verifier.

Figure 6.1: Off-the-shelf (OTS) proof system. P is the quantum prover, V' is the classical verifier,
and D a rudimentary off-the-shelf-device; each arrow represents a single classical message. We
can interchangeably think of the model as a strengthening of the verifier in AM (V' having access
to an additional OTS device D), or a weakening of MIP* (one of the provers, D, is severely

restricted).

OTS proof systems for QMA

Our first result is that any language in QMA is also in OTS.

Theorem 6.1.1. (Restated as part of Theorem 6.5.2) QMA < OTS.

An interpretation of this result is that starting with a conventional proof system for

QMA, we can exchange the unwavering trust of the verifier in its quantum verification
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process for a classical verifier with two new features: (1) the verifier has access to an
untrusted, and instance-independent, off-the-shelf quantum device; and (2) the verifier

interacts with the prover (and the device) in a single simultaneous round.

Zero-knowledge OTS proof system for QMA

What is more, we show that the OTS proof system for QMA is also statistical zero-
knowledge, meaning that we can simulate in classical polynomial time the verifier’s tran-

script when interacting with the provers on a yes-instance.

Theorem 6.1.2. (Restated in Theorem 6.5.2) For every language L in QMA, there exists
a statistical zero-knowledge OTS proof system for L.

Delegated quantum computation in the OTS model

As our final conceptual contribution, we show how our OTS proof system for QMA (The-
orem 6.1.1) can be adapted to the setting of delegated quantum computation (see Sec-
tion 6.1); note that the ZK property as described above also extends to the delegated

quantum computation paradigm.

Theorem 6.1.3. (Restated as Theorem 6.5.3) BQP has a relativistic delegated quantum

computation protocol in the OTS model with the statistical zero-knowledge property.

We believe that this result is of particular impact since it addresses a new model
for delegated quantum computation that has distinct conceptual benefits over existing

delegation protocols:

1. Comparing our delegated quantum computation protocol to single-server protocols,
we note that we make an extra assumption of an off-the-shelf, isolated device. How-

ever, the benefits are:

(a) We achieve soundness against an unbounded server; existing single-server, classical-

client delegation protocols require computational assumptions [ .
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(b) The client does not trust any quantum device at all; existing single-server,
statistically secure protocols for delegated quantum computation require trust

in a small quantum preparation device | , ].

2. Comparing our delegated quantum computation protocol to existing multiple-server

(MIP*) protocols, we note that:

(a) Our approach only requires a single high-performance quantum server that han-
dles the bulk of the computations; with a secondary efficient and generic device
which need not even be given a description of the problem instance. This has
practical advantages, especially when we consider that the off-the-shelf device

can be acquired ahead of the verification stage (Figure 1.2).

(b) Our approach is a single round, which means that relativistic means to enforce
isolation are possible. The only other known relativistic protocol requires full

quantum computational power for both servers and is not ZK | .

6.1.2 Proof approach

We now give an overview of the approach toward proving our main results.

Obstructions to the straightforward approach

In delegating quantum computations in two- or multi-server models, the classical verifier
is able to command quantum provers | | using two intertwined tests: (1) a com-
putational test, with acceptance probability based on the required quantum computation
(e.g., computation-by-teleportation | | or energy checking of a local Hamiltonian
[Jil7, ]); (2) a rigidity test, ensuring provers’ actions stay within a known range (e.g.,
self-test via CHSH game or Pauli braiding test). In order to establish the ZK property, we
must show that responses from the provers can be simulated using a classical probabilistic

polynomial-time (PPT) device. Generally, approaches used for the rigidity test can be
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simulated in a straightforward way, hence the difficulty in obtaining ZK in this setting is
in simulating the energy test. Furthermore, even if both tests are simulatable in isolation,
this does not guarantee the ZK property since a malicious verifier may form question pairs

emanating from different tests, during a single round.

Grilo | ] presents a game G(H) determined by an “XZ-type”? Hamiltonian H.
Honest provers for this game share suitably many EPR pairs, and one prover privately
holds a ground state for H. The game G(H) combines an energy test with the Pauli
braiding test [ : |. During the energy test, one prover reports measurement
results of a randomly chosen term H; on their side of EPR pairs, and the other provides
teleportation keys from a Bell basis measurement on the other EPR pairs and the ground
state. Combining the energy test with the Pauli braiding test allows the verifier to ensure
that provers share n EPR pairs and that the required Pauli-X/Pauli-Z measurements are

performed when measuring the local term H;.

The straightforward approach to obtaining a two-prover ZK proof system would be
to combine recent results on simulatable codes in order to make the measurement re-
sults in Grilo’s energy test simulatable. More specifically, one could apply the well-known
circuit-to-Hamiltonian construction using the family of simulatable verification circuits
given in | ]. Given such a circuit V, it is shown that local measurements on the
ground state of the corresponding Hamiltonian Hy are simulatable and thus this approach
would make the results of the energy test simulatable. Unfortunately, this approach fails

for two technical reasons.

The choice of encoding. Firstly, one cannot employ previously-known self-testing tech-
niques to show the players perform the required measurements on the simulatable ground
states given in | ]. On the one hand, previously-studied single-round self-testing tech-
niques can only be used to show the players perform Pauli-X, and Pauli-Z measurements.

On the other hand, the choice of physical gates used by Broadbent and Grilo during the

2These are Hamiltonians where each local term H; is a real linear combination of tensor products of
the Pauli-X and Pauli-Z operators.

147



encoding of logic gates may result in a local Hamiltonian that is not of X Z-type and thus

local terms H; may require measurements that have no known self-test.

The size of the measurement. The second obstruction arises from the fact that ex-
isting rigidity tests in this setting require both players to make large-sized measurements
on their shared state. These large measurements can provide an avenue for attack by a
malicious verifier which compromises the zero-knowledge property. In particular, since the
Pauli braiding test allows for requests for measurements on all qubits, a malicious verifier
may indicate to one player that an energy test is being played and simultaneously request
Pauli-X and Pauli-Z measurements on a large number of qubits. Such a measurement re-
sult cannot be simulated using simulatable codes, which only protect against constant-sized

measurements, and thus this compromises zero-knowledge.

Overview of proof and technical results

In order to correct for an appropriate choice of encoding, we prove that one can re-
instantiate the verification circuit given by Broadbent and Grilo using an approach to
simulatable codes given in | ]. This change allows us to encode logical gates of the
verification circuit given by Broadbent and Grilo using a different set of physical gates
and consequently, we show that the local Hamiltonian corresponding to the circuit is of

X Z-type, while preserving simulatability.

Theorem 6.1.4 (Informal version of Theorem 6.4.1). For any language L = (Lyes, Lyno) in
QMA, there is a family of verification circuits V, satisfying (1) the circuit-to-Hamiltonian
construction applied to V,, produces a Hamiltonian H, which is of X Z-type, and (2) if
x € Ly, there exists a polynomial-time algorithm that can approzimate the reduced density

matriz obtained by tracing out all but 6 qubits of the ground state of H,.

In order to overcome the large measurement problem, we introduce a new nonlocal game
called the low-weight Pauli braiding test (LWPBT) which can self-test the low-weight tensor
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products of Pauli measurements and n EPR pairs but only requires the players to make

measurements on a constant number of qubits.

Theorem 6.1.5 (Informal version of Theorem 6.2.12). The low-weight Pauli braiding test
can self-test for n EPR pairs and 6-qubit Pauli measurements. This self-test is robust with

robustness poly(n)e'/*.

We use the group-theoretical approach developed in the previous chapter to prove
the robustness of the LWPBT. Here, we briefly describe the challenges associated with
achieving this result. We first recall the notation of approximate representations and
approximate homomorphisms for groups. Informally, given a group presentation (S : R)
for a group G, amap f : .S — U from the generating set S to the set of unitary operators U
is called an e-representation if it respects the relations in R, up to error . The more general
notion of an e-homomorphism refers to a map f : G — U that respects the multiplication
of elements in the group, up to error e. When e = 0, these two notions coincide. The well-
known Gowers-Hatami theorem | | states that every approximate homomorphism of

a finite group must be close to an exact homomorphism.

Implicitly in | | for the robustness of the n-qubit Pauli braiding test, a presentation
is taken for the n-qubit Weyl-Heisenberg group which has exp(n) generators subject to
exp(n) relations. It is then shown that any e-perfect strategy forms an O(y/€)-approximate
representation, and given the large presentation one can straightforwardly show that this

approximate representation is indeed an O(4/€)-approximate homomorphism.

The analysis of the LWPBT requires a presentation for the n-qubit Weyl-Heisenberg
group with only poly(n) generators and poly(n) relations. Having fewer generators and
relations makes the rigidity analysis more technical. In particular, to show that the ap-
proximate representation given by a near-perfect strategy is indeed an approximate homo-
morphism, we need to specify a normal form of the Weyl-Heisenberg group with respect
to this “small” presentation and find a rewriting procedure that takes arbitrary words of
the group into its normal form. This allows us to track the precise error bounds on the
approximate homomorphism we obtain and conclude that any e-perfect strategy forms a

poly(n)s/e-approximate homomorphism.
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In order to finally round an approximate homomorphism to an exact homomorphism,
we use the enhanced version of the Gowers-Hatami theorem (Theorem 5.1.4) introduced
in the previous chapter to analyze the stability of the Weyl-Heisenberg group with respect

to the “small” presentation described above.

We use the above technical results to derive a modified version of | | by interleaving
the following tests: (1) a computational test consisting of an energy test in which a simu-
latable witness uses low-weight Pauli-X and Pauli-Z measurements and, (2) a rigidity test
consisting of the LWPBT. The result of this modified Grilo protocol gives a ZK OTS proto-
col with an inverse polynomial completeness-soundness gap. Finally, we apply a threshold
parallel repetition theorem to the above protocol to amplify the completeness-soundness
gap to be constant, thus demonstrating both Theorem 6.1.1 and Theorem 6.1.2. We then
show that the proof system is of a form that can be scaled down to yield a delegation

protocol, yielding Theorem 6.1.3.

6.1.3 Open problems

In this chapter, we show that the OTS model displays many interesting properties that are
related to both the single- and multi-prover models for interactive proofs. We believe that
there is tremendous scope for further investigation of the model, and also that our novel

techniques will find applications elsewhere. We collect some open problems below.

Do both provers need to be all-powerful to recover MIP*?  Our results show that
QMA < OTS. We leave it as an open question to determine if the same can be said about
larger complexity classes such as QIP. Going further, perhaps one can characterize how
powerful the untrusted set-up device needs to be in order to recover all of MIP*. More
specifically, if we allow the untrusted device to make arbitrary measurements but still
require independence from the input, would we be able to recover MIP*? Somewhat dual
to this question would be to ask if one can prove a natural upper bound for our new

model. One plausible candidate would be the class QIP but even this is not immediately
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straightforward if only for the reason that the off-the-shelf device may share arbitrary

amounts of entanglement with the prover.

Applications to proofs of quantum knowledge. As an extension to the concept of
ZK, in a proof of knowledge (PoK), the verifier further becomes convinced that the prover
has “knowledge” of an accepting witness. This is formally treated by showing the existence
of an efficient knowledge extractor which outputs a witness given oracle access to the
prover; this concept has recently been extended to the quantum setting | I, [ .
We conjecture that the assurances given by self-testing provide a different approach to
convincing the verifier that the prover(s) are in possession of an actual quantum witness;
it may be possible to refine our approach to self-testing by showing the result for a more
complete game. Namely, we leave it as an open question to find a 2-prover, 1-round protocol
that self-tests for ground states of a local Hamiltonian, and to determine how this yields a

new approach to a quantum PoK.

OTS devices for delegated quantum computation. We have shown that the OTS
model is powerful enough for the delegated quantum computations of BQP; while it seems
unlikely that we can do away with the OTS device completely | |, an open question

is to determine the minimal power required by this device (assuming BQP # BPP).

Further uses and refinements of the LWPBT. We believe the new LWPBT may
be more widely applicable since it may be further generalized to provide a straightforward
tradeoff of question/answer size for robustness in a self-test for EPR pairs and Pauli mea-
surements. For example, one may analyze the same game as in our main result, but allow
for measurements of size log(n) instead of constant. We leave for future work the study of

this model and its consequences.

Further Applications. There are a variety of interesting applications and considera-

tions made of interactive proof systems in the quantum setting aside from the ones that
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we studied. Recent works have introduced the notion of state/unitary complexity classes
[ |. Informally, the approach is to study the ability of an efficient quantum verifier
to output a target quantum state, given access to an untrusted quantum prover. Similar
considerations can be made in our OTS model, in which a classical verifier may want to

certify the existence of a target state on the register of the untrusted set-up device.

6.1.4 Notation and preliminaries

In this chapter, we use ||-||; to denote the trace norm defined by || Al|;. := Trv/ A* A for any
matrix A. All Hilbert spaces are assumed to be finite-dimensional. Given two quantum
states p and ¢ on a Hilbert space H, we define their trace distance D(p,0) = 3|p — 0w =

maxp Tr(P(p — o)) where the max is taken over all projections P € B(H).

We use |Pgpr) to denote the EPR pair % in C? ® C? and use |9 ) to denote

the n-qubit EPR pair. Recall that we take o7, ox, and oz to denote the following Pauli

10 01 | 1 0 6.12)
oy = , 0x = , and oz = . -1
o 1”7 |1 0 77 lo -1

For every a € {0,1}" and W € {I, X, Z}", we use ow(a) to denote the operator ®;c[n]0,

operators:

on (C*)®" where o) = 6% = 0% = a7.

All quantum strategies for nonlocal games are assumed to be projective in this chapter.
We often use & = (TA,TB, |y € Ha® 7-[3) to denote a quantum strategy. Here 74 is a
map from Alice’s question set Z4 to operators on H 4, sending x € Z4 to the observable of

Alice that corresponds to x.

Recall that a quantum error-correcting code (QECC) C = [[n,k]] is a map Enc :
(CH®k — (C?)®", which encodes a k-qubit state |) into an n-qubit state Enc(|i)) where
n = k. The code is said to have distance d if the original state can be recovered from the
encoded state that has transformed under any quantum operation which acts on at most
(d—1)/2 qubits. Given an [[m, 1]] QECC with map Enc, we abuse notation and also write
Enc for the corresponding [[mn, n]] encoding that is obtained by applying Enc to each of

the qubits in an n-qubit system.
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We use A* to denote the set of k distinct numbers between 1 and n through this section.
Then A* := Unsk Af_; is the set of k distinct numbers. Given a k-qubit logical gate U and
an element a = (ay, ..., a;) € A¥, let U(a) denote the gate U applied to qubits ay, - - - a.

Below we recall the definition of simulatable codes, which was first introduced by Grilo,
Slofstra, and Yuen | ].

Definition 6.1.6. Given a k-qubit logical gate U and a quantum error-correcting code
C = [[m,1]], let (ou,0y) be a pair of states, and let € be a positive integer. For each
1 <i </, let O; be a mapping from elements a = (ay,--- ,az) in A* to unitaries O;(a)

acting only on
(i) the physical qubits of codewords in C that corresponds to logical qubits ay,- - - ,ax, and

(ii) the register that holds oy .

We say the tuple (oy, 0,4, O1,- -+, Op) is an encoding of U in code C if
(Ou(a) ... O1(a))(Enc(p) ® ov)(Ocla) . .. Oi(a))* = Enc(U(a)pU(a)*) ® oy (6.1.3)

for all n = k, elements a € AZ, and n-qubit states p. If in addition, the unitaries
Oi(a), -+ ,0a) are gates in some set U for all A € A*, then we say the encoding

(ov,00,1,01, -+ ,0p) uses physical gates in U.
Given a circuit of logical gates V' = U;...U; we refer to an encoding of V' as the
corresponding circuit of physical gates obtained by applying an encoding of each gate Us.

Definition 6.1.7. An encoding (oy, oy, O1, ..., Op) of a k-qubit logical gate U in a QECC
C s called s-simulatable if for all 0 <t < £, n-qubit states p, and subsets S of the physical
qubits of Enc(p) ® oy with |S| < s, the partial trace

Trs(Oila) .. O4(@)) (Enc(p) ® 0v) (Oila) .. 01 (a))*)

is a 2131 x 2181 matriz whose entries are rational and can be computed in polynomial time
from t, a and S. In particular, this matriz is independent of p if C can correct arbitrary

errors on s qubits.
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Theorem 6.1.8 (Theorem 6 in | . Letd = {H,AN(X),A*(X)}. For every s € N,
there exists a constant n € N and a [[n,1]] QECC C such that any logical gate in U has an

s-simulatable encoding in C using physical gates in U.

6.2 Low-weight Pauli braiding test and its robustness

6.2.1 The test

In this section, we introduce a non-local game that can self-test for Alice making measure-
ments with n-qubit “braids” of Pauli ox and o, of weight at most 6, against n EPR pairs.
That is, Alice performs a measurement of the form ®;ow,, where each W, € {X, Z, I'} and
for all but 6 indices we have W; = I. As we discuss in Section 6.1.2 we also want this game
to be able to be won perfectly when Alice is restricted to only perform measurements on at
most 6 qubits. Consequently, we cannot use the typical Pauli Braiding Test. To this end,
we introduce a low-weight version of the Pauli Braiding test. We introduce this game for
weight 6 but the rigidity arguments in the following section equally hold for the analogous
game with any constant weight on the strings. This game is constructed from two sub-
games which we call the low-weight linearity test and the low-weight anti-commutation
test.

Low-weight linearity test

For any a € {0,1}" and W € {X, Z}", we use W (a) to denote the sequence Wi W32 ... W an
where X0 = Z0 = I. Let Z, := {W(a) : W € {X, Z}",a € {0,1}" such that |a|] < 6} and let
I :={(W(a),W(d)): W e {X,Z}", a,d’ € {0,1}" such that |a|,|a’| < 6} be the question
sets for Alice and Bob respectively. We first describe the n-qubit low-weight linearity test
in Figure 6.2.

For this game we let ;1 denote the implied probability distribution on possible questions

Ta x Ip. We see that for any o € Z4 and y € Zp, either u(z,y) =0 or m = O(n").
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1. The verifier selects uniformly at random W e {X, Z}" and strings a,a’ € {0, 1}"

satisfying |a|, |a'| < 6 (i.e. a,a’ both have at most 6 non-zero entries).

2. The verifier sends (W (a), W (a')) to Bob. If a + o’ has weight at most 6 then the
verifier selects W' e {W(a), W(a'), W(a + a’)} uniformly at random to send to
Alice. Otherwise, the verifier uniformly at random sends W’ € {W(a), W(a')} to
Alice.

3. The verifier receives two bits (by, by) from Bob and one bit ¢ from Alice.

4. If Alice receives W (a) then the verifier requires by = c. If Alice receives W (a’)
then the verifier requires by = ¢. If Alice receives W(a + a’) then the verifier

requires by + by = c.

Figure 6.2: Low-weight linearity test.

Suppose S = (74,78 |¢) € H4 ® Hp) is a quantum strategy for this game. On each
input € Z4, Alice performs a two-outcome PVM {EZ, E¥} where Ef — E¥ = 74(x).
Similarly, on each input y = (W(a),W(a’)) € Zg Bob performs a four-outcome PVM

{FGo: FVo, F§1, FY 1}, and we define the following observables:

TP (W(a)) := Fgo + F§, — Fly — FY,
Tf(W(a')) = Fo+ FYy— F§y — FY,, and

Tf(W(a +d)) = Fo+ F{, — F§, — F},.

We take a moment to explain some subtleties of the above notation. Instead of specifying a
single observable 78 (W (a)) for all possible W (a) we include a reference to each particular
question pair y = (W(a), W (a’)). This is because it is possible for the same W (a) to be
included in different question pairs for different choices of W (a’). In particular, we can not
assume that Bob’s measurements will be the same for W (a) across these different possible

choices. For Alice, things are more straightforward and we can define a unique observable
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74(W (a)) for each W (a). Note that one can readily check that for each y = (W (a), W (a))

we have

B(W(a+d)) =P (W(a)rP (W (d)) = T2 (W (d))TZ (W (a)). (6.2.1)

Y

Lemma 6.2.1. Suppose S = (74,78, 1)) €e HaQ@Hp) is a strategy for low-weight linearity
test with winning probability 1 — €. Let pa := Try, (|00){W|). Then the following bounds
hold.

1. For everyy = (W(a),W(d')) € I,

(a) WI74(W(a)) @77 (W(a)) [¢) = 1 — O(n°)e,
(b) Yl (W(a)) @7} (W(a)) [¥) =1~ O(n)e, and

(¢) if in addition, W(a + o) € La, then Q|74 (W(a + ') @ TZ(W(a + a')) =
1 —0O(n%e.

2. For every W € {X,Z}" and a,d’ € {0,1}" with |a|, |d'],|a + a'| <6

(@) |74(W(a)r4(W(a) — 74 (W(a + a))|7, < O(n)e,
(b) I (W (a)) 4 (W(a)) — 74 (W(a + d))I[;, < O(n°)e, and
(¢) I (W (@) 4 (W (a')) = 74 (W (a))r (W (a))[I7, < O(n°)e

Proof. Suppose S = (74,78, |¢))) wins this game with probability 1—e. If we condition on a
round in which Bob receives question y = (W (a), W(a')) and Alice receives x = W (a) then
the probability they lose on this question pair is bounded above by (1/u(z,y))e < O(n®)e.
Indeed otherwise they will lose the overall game with a probability greater than e. Hence
for any v = W(a) € Zy and y = (W(a), W(da')) € Zp, we have

Wl W (@) @ 7.} (W(a)) [y = W[ (5 — EY) ® (Fo + iy — Fily = 1) [
=W (Ef ® Fop + Eg ® Fou + EY @ Filg + EY @ FYy) [¢)
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— (W[ (E§ @ Fio + Ef @ FYy + EY ® Fyp + EY ® F1) [¢)
=Pr(win|z,y) — Pr(lose|x, y)
=1 —2Pr(lose|z,y) = 1 — O(n%)e

A similar analysis holds in the case that Bob receives question y = (W (a),W(a')) and

Alice instead receives question x = W (d’). In particular we get
W (W(d) @7, (W(d)) [) =1 - O(n’)e.

Next we consider the instances in which Bob receives question y = (W (a), W(a')) and
|

Alice receives question x = W(a+a’) where |a+a’| < 6. In this case the winning condition

requires by + by = ¢, so we have

WA W(a+a) @7} (W(ata)) [v)
=W (Ef — EY) @ (Fgp + Fiy — Fgy — Fio) [v)
= W[ (Ef @ Fyo + Ef @ FYy + EY @ Fig + EY @ Fgy) [4)
— W(By @ Fip + Eg @ Fy + BY @ Fgp + ET @ F1,) [¥)
=Pr(win|z,y) — Pr(lose|x, y)
=1 —2Pr(lose|z,y) = 1 — O(n®)e.
To see the inequalities in the second part hold for fixed W (a) and W (a') where |a+a'| < 6,

we take © = W(a + '),y = (W(a),W(a')) to be the corresponding inputs for Alice and
Bob. Let p := [¢)(¢|. By the above work, we have

I (W (@) @1 - 1@ 7 (W(a)l; < O(n°)e,
I (W) @1 - 1@7,](W(d))|; < O(n’)e, and
I (W(a+a)®@1-1@7 (W(a+d))l; < On’)e

Note that 7.7(W(a + o)) = 72(W(d))7,2 (W (a)) and that 74(W (a)) and 7,2 (W(a')) are

unitary operators. We have
I74 (W (@) (W () =74 (W (a + a))l| .,
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(W (@) W) = 7 W(a + @) @1l

<A W (@) (W (@) @ 1 = (W (@) @ 72 (W ()]l
W (@) @ (W (@) = 1@ T2 (W (@7 (W (),
+ 17 (W(a+d)) -7 W(a+d) @1, < O(n)ye.

Hence 2(a) holds, 2(b) holds for the same reason, while 2(c) follows from 2(a) and 2(b). O

Low-weight anti-commutation test

Next we introduce a natural version of the anti-commutation test built from the well-known
magic square game. Recall that in the magic square game, Alice and Bob are trying to
convince the verifier that they have a solution to a system of equations over Zs. There
are 9 variables vy, ..., v9 in a 3 x 3-array whose rows are labeled rq, 79,73 and columns are
labeled ¢y, ¢o, 3. Each row or column corresponds to an equation: variables along the rows
or columns in {ry, 79,73, c1, 2} sum to 0; variables along the column ¢z sum to 1. In each
round, Bob receives one of the 6 possible equations and he must respond with a satisfying
assignment to the given equation. Alice is then asked to provide a consistent assignment to
one of the variables contained in the equation Bob received. The following table describes

an operator solution for this system of equations:

Al =01 ®Qoz Ay=07,Q0; As=0;Q0y
Ay=0x®o; As=0Qox As=0x®ox

Ar=0xQo0z As=07Q0x Ag=0x07020x

Table 6.1: Operator solution for magic square game
The canonical perfect quantum strategy for this game is one in which
o the players share two EPR pairs,

e given a variable v;, Alice performs A; on her registers, and
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 given a row or column consisting of three variables v;, v;, and v;, Bob perform A;A;A,

on his registers.

It is well-known that the magic square game is a robust self-test with robustness O(e'/4).
To incorporate this game in our anti-commutation test, we ask the players to play the Magic
Square game on a specified 2-qubit register of their shared n-qubit state. Importantly,
for all but one question vy Alice will not be able to tell if she is playing the low-weight
linearity test or anti-commutation test, and thus we can combine the rigidity constraints
from each game. Recall that the system of equations in the magic square game has an
operator solution {Aj, -+, Ag} defined in Section 6.2.1. We describe the low-weight anti-

commutation test in Figure 6.3.

1. The verifier samples uniformly at random a string a € {0,1}" with exactly
two non-zero entries ¢ < j. The verifier also samples a row or column
q € {ry,m2,73, €1, C2, c3}, and a variable v;, contained in ¢ as in the Magic Square

game.
2. Bob receives the question (g, a).

3. If k # 9 then Alice receives W (a) = I'" "W, /"W, 1" € T, with ow, ®ow, = Ag.

If £ =9 then Alice receives question (v, a).

4. The players win if and only if Bob responds with a satisfying assignment to ¢

and Alice provides an assignment to variable v, that is consistent with Bob’s.

Figure 6.3: Low-weight anti-commutation test.

In the above game, for each string a € {0, 1} with |a| = 2 we define the following set of
observables for Alice {O;(a),...,0q(a)}. If the players are winning the anti-commutation
test with probability 1 — ¢ then the above observables must determine the operators of a

quantum strategy for Magic Square that wins with probability at least 1 — O(n?)e. The
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robustness of magic square implies:

Lemma 6.2.2. If the players are winning low-weight anti-commutation test with probability

1 — ¢, then for any a € {0,1}" with |a| = 2 we have

101(a)Os(a) + Os(a)O1(a)ll; < O(n)v/e, and
104(a)02(a) + O2(a)Os(a) |5 < O(n)/e.

Formal statements

Combining the low-weight linearity test and low-weight anti-commutation test from the
previous sections, we now construct the low-weight Pauli braiding test and state its rigidity

result.

Definition 6.2.3. The low-weight Pauli braiding test (LWPBT) is played by executing with

probability 1/2 either the low-weight anti-commutation test or the low-weight linearity test.

If a quantum strategy S = (74, 78, [¢))) can win LWPBT with probability 1 — e, then it
must be winning both the low-weight linearity test and low-weight anti-commutation test
with probability at least 1 —2e. For every W e {X, Z} and i € [n], we use 7{}(e;) to denote
A=W I, For any bit string a = 0/72110" 7 with 2 < j < n, since Alice cannot tell a
question /"YW I"=J is from the low-weight linearity test or low-weight anti-commutation
test, we must have O;(a) = 7¢(e;) and Os(a) = 74(e;). Similarly, for any bit string
a = 0"1110"771 with 1 < j < n — 1 we must have Oy(a) = 7¢(e;) and Oy(a) = 74 (¢;).

Then the following theorem follows directly from Lemma 6.2.1 and Lemma 6.2.2.

Theorem 6.2.4. Suppose S = (74,78, |v) € Ha ® Hp) is a strategy for LWPBT with
wining probability 1 — €. Let py := Try, (|0 W)).

1. For every y = (W(a),W(d')) € Ig, we have the following bounds on consistency.

(a) QI TAW(a) @7} (W(a)) [) = 1= O(n)e,
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(b) Q|7 W(d')) ®Tf(W(&/)) 1Y) =1 —0(ne, and

(¢) if in addition |a+d'| <6, then (Y| TH(W(a+d') @7 (W(a+d')) = 1—0(nd)e.

2. For every W € {X,Z}" and a,da’ € {0,1}" with |al|,|d'|,|a + '| < 6, we have the

following linearity bounds and commutation bound.
(a) I (W (a)) e (W (a')) — 74 (W(a +a))ll;, < O(n°)e,
() |74 (W(a)74(W(a)) — 74(W(a + a))|2, < O(n°)e, and
(c) |74 (W(a)T*(W(d)) = 74(W(d)) T4 (W (a))|l}, < O(n)e
3. For any i, j € [n] we have the following commutation/anti-commutation bound.

(a) |73 (e)77(e;) — (=177 (ej)R(en) 7, < On)v/e.

6.2.2 Proof of robustness

We now aim to prove the rigidity of the low-weight Pauli Braiding test. To start, we fix
ann €N, an € > 0, and a quantum strategy S := (74,75, [1)) € H4 ® Hp) for the n-qubit
LWPBT with winning probability 1 — € through this section (except for Theorem 6.2.12).

Let H(n) be the n-qubit Weyl-Heisenberg group generated by indeterminates J, X;, Z;,i €

[n], subject to the relations

(RO) J is central, and J? = X? = Z? =1 forall 1 <i < n,
(R1) [X;, Z;] = J for all or all 1 < i < n, and

(R2) [Xi, X;] = [Zi, Z;] = [Xi, Z;] = 1 for all i # j.

Intuitively, this group models n-qubit Pauli measurements. It has an irreducible rep-
resentation o : H(n) — U((C?)®") sending J — —1, X; — ox(e;), and Z; — oz(e;) for all
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i € [n]. In this section, the symbol ¢ will be used exclusively to refer to this irreducible

representation. The following two lemmas are well-known.

Lemma 6.2.5. Irr(H(n)) = {0} U {x; : 1 < i < 2?"} where every x; : H(n) — C is a one

dimensional representation sending J — 1.
Lemma 6.2.6. H(n) has a normal form N'(w) = J*X,, -+ X;, Z;, - - Zj, where a € {0, 1},

I1<ii<-- <y <n,and1 <y <---<j <n.

For any W e {X,Z} and i € [n], we use 7iy(e;) and 1 (e;) to denote 741~ 1W ["—%)
and 77 (I'""W ™) respectively, where y = (I""'W ", I"). Define functions fp : H(n) —
U(Hp), P e {A, B} via sending

TOXiy - X Zjy - Zgy > (1)1 () (e )7 (e5y) - 77 (eq),
so in particular, fp(1) = 13, and fp(J) = —13,. We also define functions fa, fp :

H(n) — W(Hs®@Hp) via falg) = falg) ® Ly, and fp(g) := Ly, ® f5(g). Through this
section, we use p, pa and pp to denote [¢) (Y|, Try, (p) and Try , (p) respectively.

Proposition 6.2.7. Let § := O(n%)/e. Every f € {fA,fB} satisfies the following condi-

tions.
(1) f respects all the relations in RO.

(2) || F(X3)f(Zs) + f(Zl)f<XZ>H2 <0 foralll <i<n.

(3) IF(Xa) f(X5) = f (X FXDR N F(Z) f(Z3)=F(Z3) F(Zo)I} and || f(X) f(Z)— £(Z;) F(XG)]

are bounded by 6 whenever i # j.

(4) For every W; where W € {X, Z},i € [n], there exists a unitary W; commuting with
all {f(X;), [(Z;).j € [n]} such that || f(W;) = Will5 < 6.

(5) For any s = 1 and every monomial v = vy ---vs over {f(X;), f(Z:),i € [n]} of
degree s, there exists a unitary 0 commuting with all {f(X;), f(Z;),i € [n]} such that
o = oll, < 5v3.

3Here we allow the coefficient of a monomial to be 1 or —1.
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Proof. We first examine that f, satisfies (1), (2), (3), and (4). Since WLyl = [[Wlloa
for all W € B(#4), it follows from Theorem 6.2.4 that f satisfies part (1), (2), and (3). To
establish part (4), observe that every fz(W;) commutes with f (X i), fA(Zj) for all j € [n],

and
1Fa(W3) = Fo(Wo)I2 = 2 — 20| 73 (e1) @ T (e5) [1h) < O(nf)v/e (6.2.2)

by Theorem 6.2.4. Hence part (4) follows by taking W; = fB(Wi).

Next we examine that f satisfies (1), (2), (3) and (4). Part (1) is obvious. Since

~

F5(X) Fs(Z) + [5(Z) f5(X) = u(X:) (F5(Z:) — fa(Z:

and each term on the right hand side has p-norm < O(n%),/e by Theorem 6.2.4, it follows
that || f5(X;) f(Z:) + fB(Zi)fB(Xi)Hz < O(n®)\/e. Therefore, part (2) holds for f5 . With
a similar argument we obtain that part (3) holds. Part (4) follows from Equation (6.2.2)
by taking W; = fa(W)).

Now we prove part (5) by induction on the monomial degree s > 1. The base
case s = 1 follows straight from part (4). Suppose part (5) holds for all monomi-
als over {f(X3), f(Z;),i € [n]} of degree s. For any monomial v = wvy---vs0s,1 OvVer
{f(Xy), f(Zi),i € [n]} of degree s + 1, let v/ := vy ---vs. By the induction hypothe-
sis, there are unitaries ¢’ and 04,1 commuting with all {f(X;), f(Z;),i € [n]} such that
v — ||, < sv& and |Jves1 — Dsy1ll, < V6. In particular, 0, commutes with v/, so
v = V' (vs41 — Vs41) + Usy1(v) — V') + 05410, Since p-norm is left unitarily invariant and
¥', 041 are unitaries commuting with all {f(X;), f(Z;),7 € [n]}, it follows that 050" =: 0

is a unitary commuting with all all {f(X;), f(Z;), € [n]} and satisfies
[ = 2llp < vsss = Dosally + 1" = 8'll, < (s + 1)V4.

We conclude that part (5) holds for all monomials over {f(X;), f(Z;),i € [n]}. O
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Proposition 6.2.8. Let § := O(nf)\/e. Then every f € {fa, f5} is an (O(n8)d,p)-
homomorphism of H(n).

Proof. Let R = {F(X0) [(X,)~ (X)) (X0), F(Z0)f(Z5)~ F(Z) F(Z). F(X) (25— F(Z3) F(X)
i# 3 u{f(X)f(Z)+ f(Z)f(X;) : i€ [n]}. Then by Proposition 6.2.7 part (2) and (3),
|r||, < /0 for all r € R. Since f(X;) and f(Z;) are unitaries, it follows that ||r|,, < 2 for
all r e R.

By the definition of J?A and fB and the normal form theorem for H(n), for any g, h €
H(n), we see that f(g)f(h) and f(gh) are monomials over {f(X;), f(Z;),i € [n]} of de-
grees less than 4n, and f(g)f(h) — f(gh) = Zle wr;v; where k < 4n?, ry,---r, € R,
U, Uk, V1, -+, U are monomials over {f(X;), f(Z;),i € [n]}, and every v; has degree less
than 2n. The last condition implies that for every i € [k], there is a unitary 9; commuting
with all {f(X,), f(Z;),i € [n]} such that |lv; — 0|, < 2n\/d by Proposition 6.2.7 part (5).

Then for each i € [k] we have

luirivillp = [lri(vi = 0+ G)llp < [lraCv = @)l + [[Girl,

< |I7illop lor = @illp + I7:ll, < (4n + 1)V

Hence ||f(g)f(h) = f(gh)ll, < Xi_ywirivill, < O(n*)v/s. We conclude that || f(g) f(h) —
fgh)|IZ < O(n®)é for all g,h € H(n). O

Since | fp(g) fr(h) = fe(gh)|2, = I fr(9)fr(h) = fr(gh)| for every P e {A, B} and all
g,h € H(n), we have:

Corollary 6.2.9. The function fa (resp. fg) is a (O(n'?)\/€, pa)-homomorphism (resp.
(O(n'?)+/€, pg)-homomorphism) of H(n).

Now we can apply Theorem 5.1.4 to f4 and fg.

Proposition 6.2.10. There are Hilbert spaces HY'", HE™ and isometries Va4 : Ha —
C*”" @HY™, Vg : Hp — C" @ HY™ such that |Vafa(g) — (0(9) ® L, ) Vall?, < O(n'?)/e
and ||V f(g ) — ( (9) ® IL,CB)VBHPB < O(n'?)\/e for all g€ H(n).
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Proof. Let § = O(n'?),/e. Corollary 6.2.9 implies fa is a (4, pa)-homomorphism of H(n).

For any one-dimensional irreducible representation ¢ € Irr(H(n)),

AGEEY fA(g)®€(g)=;< Mg falg)+ D] S(Jg)fA(Jg)>
geH (n) geH (n) geH (n)
=§< S o fal) - Y s<g>fA<g>) —0.
geH(n) geH (n)

Then by Theorem 5.1.4, there is a Hilbert space IC, an isometry V : Hy — K, and a
representation ¢ : H(n) — U(K) such that || fa(g) —=V*¢(g)V |5 < 6 for all g € H(n), and ¢
has a unique irreducible constituent o. The latter condition means that K =~ C?" @ H4** for
some Hilbert space H%“® and there is a unitary U : K — C¥" ® H4%* such that Ug(g)U* =

0(g) ® Lyaue for all g € H(n). Since ps-norm is left unitarily invariant, it follows that

1£(9) = V*0(g)Vpn = IIf(9) = (UV)*(0(9) ® Lpgauz ) UV ||,

for all g € H(n). We conclude that Vy := UV : Hy — C* @ H® is an isometry such that
1fa(g) = Va(o(g) ® Idpaus ) Val|2, < 6. The argument for fp follows similarly. O

The above theorem illustrates that in a near-perfect strategy for LWPBT, the players
must perform measurements that are close to the measurements in the canonical perfect
strategy. Let 7 be the associated representation of the canonical perfect strategy for
LWPBT, and let @,y ppr be the game polynomial of LWPBT. Then

1
m(®rwpsr) = — Z ox(ei)'oz(e)’ @ ox(ei)oz(e;)
4n abe{0,1},ie[n]
1 i n—i
= ﬁ Z ﬂ%i 2 ® |(I)EPR,> <q)EPRV| ® ]l%i )'
1€[n]

Hence ](I)QZPQ is the unique eigenstate of the 1-eigenspace of m(®rwppr) and the spec-

tral gap of 7(®rwpepr) is % The following proposition follows straightforwardly from
Proposition 4.2.13.
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Proposition 6.2.11. There are Hilbert spaces HY'" and HEZ®, isometries Vi : Ha —
C*"QHY Vg : Hp — C*" Q@ HY”, and a unit vector |auz) € HY™ @ HE® such that

1(Va® Vi) (fa(9) ® Luy [1) ) — (0(9) ® Leam |€F) ) ® lauz)|| < O(n")e (6.2.3)

for all g € H(n).

Recall that for any W e {X,Z}" and a € {0,1}", we use ow(a) to denote tensor
product of Pauli operators ®;,oyy.. In the canonical perfect strategy for LWPBT, Alice
performs oy (a) on question W(a) € Z4. Since |a| < 6 for all W (a) € Z,, as an immediate

consequence of Proposition 6.2.11 and Theorem 6.2.4 we have:

Theorem 6.2.12. There exists a constant Cy, > 0 such that the following holds. For any
e >0, neN, and strategy S = (4,78, 1)) € Ha ® Hp) for the n-qubit LWPBT with
winning probability 1 — €, there are isometries Vy : Ha — (CH®" @ HY* Vg : Hp —
(CH®" @ HE™ and a unit vector |auz) € HY™ @ HE™ such that

I(Va® V) (r'(W(a)) ® Idy, [4) ) — (ow(a) ® Ldean [0F,) ) ® Jaua)|| < Crun'e'

for all W(a) € Za.

6.3 Energy test and Hamiltonian game

In this section, we show that for some local Hamiltonian H, one can construct a nonlocal
game G(H) whose winning probability is closely related to the ground state energy Ao(H)
of H. Our game is based on the Hamiltonian game introduced by Grilo [ |, but
some subtle reconfigurations are made for the purpose of the zero-knowledge property.
In particular, instead of using Pauli braiding test as in | |, we employ the low-weight
Pauli braiding test against dishonest quantum provers and then perform parallel repetition
to achieve a constant completeness-soundness gap. To incorporate LWPBT in our modified

Hamiltonian test, we consider Hamiltonians with specific structures:
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Definition 6.3.1. We say a Hamiltonian H is of X Z-type if it can be decomposed as

H=1 e veHe where each vy, € [—1,1] and each term Hy is a tensor product of operators

T om

Ox,0z7 Or Oy.

Next, we define the relevant energy test which is analogous to the energy test used in

[Gril9).

Definition 6.3.2 (Energy test). Given an n-qubit 6-local Hamiltonian H = = 37" | ~.H,
of X Z-type we define the following energy test:

1. The verifier picks a term H, for ¢ € [m] taken uniformly at random, and selects
uniformly at random from the pairs {(W,r) € {X, Z}"* x {0,1}" : ow (r) = H}.

2. The verifier sends W (r) to Alice, and tells Bob that the players are playing the energy
test.

3. Alice responds with a single value c € {—1,1}.
4. Bob responds with 2n bits aq,...ay,,b1,...b,.

5. The verifier next computes bit string d as follows. Take d; = (—=1)% if r; = 1 and
W; = X, take dy = (=1)% if r; = 1 and W; = Z, and take d; = 0 in all other cases.

6. The verifier accepts if c¢- [ [, d; # sign(v), and rejects with probability || otherwise.

Combining the LWPBT and the above energy test we define our modified Hamiltonian
test:

Definition 6.3.3 (Hamiltonian test). Let H = =" ~Hy be a k-local Hamiltonian
of XZ-type and let p € (0,1). We define the following game G(H,p): with probability
(1 — p) the players play LWPBT introduced in Section Section 6.2, and with probability p
the players play energy test described in Definition 6.53.2.
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We refer to a strategy S for G(H,p) as a semi-honest strategy if the players employ
the canonical perfect strategy when playing LWPBT. Hence in a semi-honest strategy
Alice and Bob hold n EPR pairs and Alice must perform ow (r) on question W (r) since
she cannot distinguish questions from LWPBT or energy test. We also define the honest
strategy Sy, for G(H,p) in which the players employ the canonical perfect strategy when
playing LWPBT, and in the energy test, Bob honestly teleports the ground state of H to

Alice and provides the verifier with the teleportation keys.

Below we analyze the players’ ability to win the overall game G(H,p) assuming the

players are using a semi-honest strategy.

Lemma 6.3.4 (Lower bound on semi-honest strategies). Suppose H = = >" v H, is an

n-qubit 6-local XZ Hamiltonian, and Alice and Bob are performing a semi-honest strategy

S for G(H,p). Then
W(S) < w(S) = 1—p [ o= Sl + 2ho(H) )
2m ; 2

Proof. Suppose the players are employing a semi-honest strategy S = (74,78, [¢) e Ha ®
Hp) for G(H,p). Let 7 := Try,(J1o)(]). Since the players win the LWPBT perfectly,
they can only lose the overall game if they are playing an instance of the energy test. Let

a,b e {0,1}" be the answers Bob provides in the energy test, and let p := 0% 0%710%0% .

Suppose in a round of the energy test, the verifier picks an ¢ € [m] and selects a W (r)
for Alice. As discussed above, since Alice cannot distinguish questions from LWPBT and
the energy test, she must perform oy (r) = Hy on her registers. Hence E(c - [[,d;) =
Tr(Hyo%o4r0o%0%) = Tr(Hip). Let p, be the probability of ¢[[,d; = sign(v). Then
E(e[; di) = pesign(e) — (1 = pe)sign(ye), or in other words, vE(c[]; di) = (2pe — 1)|vel-
This implies the verifier rejects with probability

_ el + Bl Tidi) el + e Tr(Hep)

Pel el 5 5 «
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Thus by averaging over ¢ € [m] we see that the players lose the energy test with

probability

Vel + e Tr(Hyp) 1
- Z 5 2— Z o] + Tr (Hp).
Le[m] te[m]

This probability is minimized if and only if p is indeed the density matrix of the ground

state of H and in such case, the probability of winning the overall game is at most
1 1
—pl— + =Xo(H)).
p(2m z;z]hd 9 o ))

This probability can be achieved if Bob teleports over the ground state and supplies the

verifier with the verification keys in the energy test. O]

Lemma 6.3.5. (Upper bound on dishonest strategies) Let H = L 37" ~,H, be a 6-local,

6y,3/4
- e where Cly, s the

n-qubit Hamiltonian of X Z-type. For any n € (0,1), let p = (CT

constant given in Theorem 6.2.12. Then

w*(G(H,p)) < w(Sph) +mn,

where w(Sp) =1 —p(5 Dvefm) Vel + Xo(H)) as in Lemma 6.3.5.

Proof. Suppose the provers are employing a strategy S = (74, 75, [1)) for G(H, p) that wins
LWPBT with probability 1—e and wins the energy test with probabﬂity o+1— Zm"" — %
Theorem 6.2.12 implies § < Cyyn’e/4. Then for p := m

with 7 € (0, 1), we have
n+e=n/34+n/3+n/3+e= 4(%)1/4 = p(Cly + 1)n" €Y%, Tt follows that

P — (1 — p)e < pCnle”’* + pe — e < pClyn”e* + pnTe’* — e = p(Chyy + D07t —e < 1.

Hence the overall winning probability is given by

2l _ Ao(H)
2 2

w8 =1-p(1—-—€)+pd+1-— ) =w(Sh) +pd — (1 —ple < w(Sy) + .

]
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In the rest of this paper, given an n-qubit, 6-local Hamiltonian H of X Z-type and

parameters « and § with §—a > 1/poly(n), we use G(H) to denote the game G(H, p) with

_ 32 "(B—a)**
D= 7.t -

Theorem 6.3.6. Given an n-qubit, 6-local Hamiltonian H = % ey veHe and parameters
a, B with B —a = 1/poly(n), let w, (resp. wg) denote the mazimum winning probability
for G(H) when A\o(H) < « (resp. No(H) = (). Then w, —ws = 1/poly(n).

Proof. Let n := %, and let p := %. Then p = %, and hence
G(H) = G(H,p). By Lemma 6.3.4 and Lemma 6.3.5 we have w(Sy) < w*(G(H,p)) <
w(Sp) + 1. This implies wy = 1 — p(5= Y| + 3a) and ws < 1 — p(5= D1yl + 38) + 1.
Since n7 (5 — a)® < O(n™1), it follows that

—_

_ 16n%(8 — a)*® 16n7%(8 — a)*® - 1

o =g = 5p(B = a) =1 (1-n"(3=a)") >

27(Chyy + 1)4 27(Cy + D)4~ poly(n)’
m
Our approach to gap amplification follows that of | ] which uses parallel repetition

for the anchored version of games with perfect completeness. The key difference is that
in our case the underlying games do not satisfy perfect completeness. Instead we apply a

threshold parallel repetition theorem due to Yuen to the anchored version of our games.

For every n € N, let G(H), w, and wg be as in Theorem 6.3.6. By | , Theorem 41],
there exists a poly(n)-computable transformation, called anchoring, that transforms G(H)
to a two-player game G(H), with winning probability 1 — w So w*(G(H),) =

1—€/2 if N(H)<a
, where ¢, := 1 —w, and eg := 1 — wg. Then by | :

1—es/2 if No(H) > 8
Theorem 42], there is a universal constant C' > 0 such that for all integer m > 1, and v = 0,
the probability that in the game G(H )7 the players can win more than (w*(G(H)1)+v)m
games is at most (1 — 4%/2)9". Take v := “ % and m = max{4y72,2Cy"}. Let
é(H ) := G(H)|" be the m parallel repeated anchoring version of G(H). We show that

this nonlocal game has a constant completeness-soundness gap.

170



Theorem 6.3.7. Let O, (resp. Wg) be the maximum winning probability for Q(H) when
M(H) < a (resp. No(H) = B). Then &, — s = 1/4.

Proof. If A\o(H) > f3, then &g < (1 — ’Y?Q>Cm < (1- 72—9)2/79 < e ! < 1/2. Now suppose
Ao(H) < . An optimal strategy S for G(H ), has winning probability 1 — <. Let X be the
random variable for the number of games the strategy S wins. Then X ~ Binomial(m, 1—
%), 50 EX = m(1-%) and VarX = m%(1-%). Since (1-%)—(1-F+7) = L52—7 = v,
we obtain that
Pr(X < (1= +7)m) = Pr((l - %)m—X >ym)
< Pr(|X —EX| = ym)
m(1-5)% 1

272 _ < 1/4.
(ym)? my? /

~

This implies G = w(S™) = 1 — Pr(X < (1 -2 +v)m) = 3/4, so the theorem follows. [

6.4 Zero-knowledge proof system

In this section, we show that the family of games described in Definition 6.3.3 provides a
statistical zero-knowledge MIP*[2, 1] protocol for QMA with inverse polynomial complete-

ness/soundness gap. First we introduce our protocol.

6.4.1 Simulation of history states for X 7-Hamiltonians

Before we introduce our MIP* protocol and proceed to our result on zero-knowledge, we
reformulate a result, originally introduced by Broadbent and Grilo | | (Lemma 3.5),

so that it is more amenable to device-independent techniques.

Theorem 6.4.1 (Simulation of history states). For any language L = (Lyes, Lno) tn QMA

and s € N, there is a family of verification circuits V) = Ur...U, for L that acts on
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a witness of size p(|z|) and on q(|x|) ancillary qubits such that there exists a polynomial-
time deterministic algorithm Simy.s) that takes as input an instance x € L and a subset
S < [T+ p+q] with |S| < 3s + 2, then outputs a classical description of an |S|-qubit
density matriz p(x,S) with the following properties:

1. If v € Ly, then there exists a p(|z|)-qubit witness 1° such that V.*) accept with
probability at least 1 — negl(n) on ¢* and ||p(z, S) — Trg(p)|l < negl(|x|), where
1

=T

D1 Junary(t)) (unary(t)| @ Uy ... Uy (1 @ |0)0[*)Us ... Uy

t,t'e[T+1]

is the history state of V;(s) on witness °.

2. Let H; be one of the terms from the circuit-to-local Hamiltonian construction from
V) and let S; be the set of qubits on which H; acts non-trivially. Then Tr(H;p(z, S;)) =
0 for all z € L.

3. The Hamiltonian H from the circuit-to-local Hamiltonian construction is a 6-local

Hamiltonian of X Z type.

Proof. The first two points were proven by Broadbent and Grilo using simulatable codes
constructed from a different set of physical gates | |. In brief, Broadbent and Grilo
provide a constructive approach which for each x € L provides a transformation from the
original verification circuit V' to a simulatable verification circuit V() that has 4 main

stages:

(i) The verifier receives an encoded witness and checks if the provided witness is properly

encoded under the relevant code C,
(i) creates auxiliary resource states |0),|T) and encodes them under C,

(iii) performs an encoded version of the original verification circuit V' on the encoded
witness using either transversal Clifford gates or suitable encodings of T-gates, which
use |T"), and
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(iv) decodes the output of the computation.

For each constant s the CECC C is taken to be log(3s + 5)-fold concatenated Steane code.

Theorem 6.1.8 is obtained by using the same code C and applying the 3-qubit Toffoli gate
using resource state |Toffoli), which can be constructed from |000) using H and A?(X).
The proof of our result then follows by appropriately changing the resource generation
stage (i) to create encodings of auxiliary states |0) and |Toffoliy. Then stage (iii) is
altered to instead apply an encoding of the original circuit using encodings of the gate set
(H, A(X), A(X)}.

To see how this change of gate set gives us the third result, note that for any gate G we
have A(G) = 3(I + Z)® 1 + 3(I — Z) ® G. Using this decomposition we can readily check
that gates A(X) and A?(X) can both be expressed as a real linear combination of tensor
products of X, Z, and I. The same holds for H = %(X + Z). Consequently, all physical
gates used in stages (ii) and (i7i) will consist of gates that can be expressed as real linear
combinations of tensors of X and Z. The same is true for physical gates used in stages
i) and iv). We will also have that all of these gates are of order 2. Finally, following the
same approach due to Ji (Lemma 22 [Ji10]), we get H is 6-local and of X Z type. O]

Below we only need to invoke Theorem 6.4.1 for the case of s = 2 in order to our

zero-knowledge protocol. We use V, to denote V,?) throughout the rest of this section.

6.4.2 A two prover zero-knowledge proof system for QMA

Let L = (Lyes, Lno) be a language in QMA. Figure 6.4 describes a two-prover one-round

interactive proof system for L with a constant polynomial completeness-soundness gap.

To put it more concretely, for any x € L, applying Theorem 6.4.1, with s = 2, provides
a poly(|z|)-size verification circuit V,, and the circuit-to-Hamiltonian construction creates
a poly(|x|)-qubit 6-local Hamiltonian H, of XZ-type. We can then construct a non-

local game Q\x as in Section 6.3. The constant completeness-soundness gap follows from
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Theorem 6.4.1 circuit-to-Hamiltonian Definition 6.3.3 Theorem 6.3.7 5 ~
T Ve H, G(H,) ———> G, = G(H,)

Figure 6.4: z is an instance in L € QMA. V, is a poly(|z|)-size quantum circuit. H, is a poly(|z|)-
qubit 6-local Hamiltonian of X Z-type. G, is a nonlocal game with poly(|z|)-bit questions and

poly(|x|)-bit answers.

Theorem 6.3.7. The map from instances x € L to nonlocal games QAx is efficient since each

step described in Figure 6.4 is efficient.

To prove the above interactive proof system for L has the statistical zero-knowledge
property, we first establish that any malicious verifier Vand z e L5, there exists a PPT

simulator that can sample from View(V(z),S})), where Sp, is the honest strategy for G,
defined in Section 6.3.

Lemma 6.4.2. Suppose x € Ly, for some language L = (Lyes, Ly,) in QMA. Let G, be
the corresponding nonlocal game described in Figure 6.4, and let Sy, be the honest strategy
for G, defined in Section 6.3. For any malicious verifier V there exists a PPT algorithm

A~

Simg with output distribution negligibly close to View(V (x),Sh),

Proof. Let H, be the corresponding Hamiltonian, and suppose H, acts on n qubits (n =
poly(|z])). Recall that, in Sy, Alice and Bob measure on a shared n-EPR pair |92 €

HA®Hp. Bob has an addition n-qubit register H g holding a copy of the ground state p of
H,. Let Ha,, Hp; and Hp ; be the i-th qubit of Alice or Bob on their respective registers.

A malicious verifier V samples its first question ¢; using some distribution on the set
of all possible questions for Alice or Bob. Given a response r; the second question ¢y is
conditionally sampled using distribution. Since V is PPT the simulator Simy, can also
sample from these distributions given the same randomness. We consider the cases below

for conditionally generating the responses.

If neither question ¢; nor ¢y are requests for energy test then in the honest strategy
both players will make one or more Pauli measurements on their shared n-EPR pairs, and

hence the simulator can efficiently produce responses. Here the order of the players will
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not matter as the simulator can first randomly generate the response r; of the first player
and compute the appropriate response 5 of the second conditional on the previous entries

in the transcript.

Suppose ¢ is a request for an energy test sent to Bob. In the honest strategy, Bob
performs n Bell measurements on Hp ® Hp. The simulator can produce a response 7,
conditional on Bob receiving a request for energy test by sampling 2n uniformly random
bits (o, B) = (a1, - , @, B1, -+, Bn). In the honest strategy Alice should now have p, g :=

oh0% posaly on her register H 4, where o}, denotes ®Riemyoy for W e {X, Z} and r € {0, 1}".

It follows that ¢g» must be a measurement request for Alice. This can be either of the
form oy (a) for some W e {X, Z, I}"* and a € {0,1}" with |a| < 6, or 0xz ® 0zx(a) with
la| = 2. If S is the set of qubits on which Alice’s observable acts non-trivially then by
Theorem 6.4.1 there exists a polynomial time algorithm which can output a description of

a density matrix p(x,S) satisfying
ITes(p) — plz, S)ln < negl(n). (6.4.1)

Simyp can then append r; to the transcript using an approximation for Alice’s honest
measurement result on the qubits in .S of p, g. This approximation can then be calculated
using p(x,S) since
Trg(oz0%p0%07) = (K 050%) Trs(p) (X o%0%).-
€S €S

Lastly, we consider the case that Alice is first given a measurement request ¢; and after
receiving response r; the verifier sends an energy test request to Bob for ¢,. In order to
generate a response for Alice the simulator will first generate a uniformly random response
r1. We take @, ,, denote the post measurement state on ‘H 4 ® Hp obtained by measuring
the shared EPR pairs according to ¢; and obtaining outcome r;. In the honest strategy,

the overall shared state will be
Tqr ~= (I)fh,m & pE HA ® HB ®HB’7

and Bob will perform independent Bell measurements on the registers Hg ® Hp. Again

we take S to denote the set of qubits on which Alice measured given question ¢;. Then we
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have

Tr?(qu,m) = Trg(q)qhﬁ) ® Tr?(ﬂ)

It follows from Equation (6.4.1) that
ITrg(7g1.0) = Trg(Pgy ) ® (2, )i < megl(n).

Thus the simulator can generate the conditional response («, 3) = (s, 5;); as follows. First
compute reduced density matrix p(z,S) from Theorem 6.4.1. For i € S sample (o, 3;)
according to the probability of each possible Bell measurement result on Trg(®,, ) ®

p(x,S). For the remaining i ¢ S the simulator can sample uniformly random pairs (s, 3;).

In all of the above cases, the output of the simulator will be guaranteed negligibly close

and thus the output of Simy is negligibly close to View(z,S). O

All that remains is to argue that the interactive protocol described in Figure 6.4 based

on the scaled-up game éx is statistically zero-knowledge.

Theorem 6.4.3. The protocol described in Figure 6.4 is statistical zero-knowledge and has

a constant completeness-soundness gap.

Proof. The constant completeness-soundness gap follows directly from Theorem 6.3.7. To
show the statistical zero-knowledge, we first consider the anchoring procedure for the game
G.. We can specify an honest strategy Sy, for the anchored version of G, by fixing a choice
of output for either player who receives question L in the honest strategy. Then, given any
malicious verifier V(z), the simulator given in Theorem 6.4.3 can be trivially modified to

A~

sample from a distribution which is negligibly close to View(V (), Sh 1).

In the case of the threshold parallel repeated game Q\x, the honest strategy S, is taken
to be the m-fold product of the honest strategy Sj, 1. Then, as commented in | ],
since the protocol only queries each player once, a new simulator can be obtained by

sampling according to the m-fold product of the simulator used in the above lemma. [
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6.5 Off-the-shelf model

In this section, we formally define the OTS model (Section 6.5.1). In Section 6.5.2, we
state our main conceptual theorems, which make use of all the technical contributions in

the main part of this work.

6.5.1 Formal description of the model

Here we provide a formal description of the OTS model. This model is defined as a re-
finement of MIP*, where the completeness condition is weakened, allowing only one of the
provers to be “all-powerful”; while the other has limited functionality determined indepen-

dently of the problem instance.

Off-the-shelf device. We first formalize the definition of a family of off-the-shelf devices.
A werification device D = (|i),{P},,...,{P%},) consists of a state |1)) on Hilbert spaces
K4 ® Kp and a collection of POVMs {P!},,...,{P%}, on K4. We say that a quantum
strategy S = (Ha, Hp, {E*},{F}},|¢)) can be implemented using D, if three conditions
hold:

(i) Ha = K4 and Hp = K ® Kp for some Hilbert space Kp'.
(ii) The set of measurements in S which act on ‘H 4 are contained in D.

(iii) The shared state |¢) in S can be decomposed as |¢p) = 1)) ® |¢) where [¢)) is the

state in D and |¢’) is some auxiliary state held on a Hilbert space Kp.

Note that if a quantum strategy S can be implemented using a verification device D, then
the overall system is decomposed as Hqs @ Hp = K4 ® K ® Kp. Informally, we view
this decomposition as consisting of an entangled state |¢)) shared between the device and

a single prover, together with an auxiliary state |¢’) accessible only to the prover.
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Given a collection of verification devices { Dy, },en, where each D,, consists of a state |, )
and a sequence of POVMs, we say {D,}.en is an efficient family of off-the-shelf devices if
there exists a polynomial-time uniform family of quantum circuits {Q, },en satisfying the
following: @, generates the state [i,) from an all 0 state, and on input i measures |¢,,)
using the i-th POVM from D,,.

Definition 6.5.1. A promise language L = (Lyes, Lyo) has an off-the-shelf (OTS) proof
system if there exists an efficient family of off-the-shelf devices { Dy }nen, and a polynomial-
time computable function that takes an instance x to the description of a non-local game

G, satisfying the following:

1. Completeness using off-the-shelf devices. For any x € Ly, with |z| < n,

there exists a quantum strategy S, which can be implemented using D, obtaining

w(G,,S:) = c.
2. Soundness. For any x € L,, we have w*(G,) < s.

We use OTS to denote the class of all languages L which admits an OTS proof system with

a constant completeness-soundness gap.

Any OTS proof system is described as a special instance of a 2-player, 1-round MIP*
proof system with additional constraints regarding the completeness condition and we say
that an OTS proof system is statistically zero-knowledge if it is statistically zero-knowledge

as an MIP* proof system (see Definition 2.3.4 for details).

6.5.2 Applications to ZK and delegated computation

In this section, we show that any language in QMA admits a statistical zero-knowledge
OTS proof system. We also consider how the OTS model can be scaled down to provide a

protocol for verifiable delegated quantum computation.

Theorem 6.5.2. For every language L in QMA, there exists a statistical zero-knowledge

OTS proof system for L with constant completeness and soundness gap.
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Proof. We will be working with the proof system sending an instance z to game éx, as
described in Figure 6.4. Using the rigidity results in Section 6.2, we have already shown
completeness and soundness of properties of the individual game QAx in Section 6.3. The
ZK property of this game has also been shown in Section 6.4. All that remains to show is
that this protocol further satisfies the extra restrictions of completeness using off-the-shelf
devices outlined in Definition 6.5.1. That is, we need to show that there exists an efficient
family of off-the-shelf devices {D,,} which can implement the honest strategy S, for all yes

instances x.

For each L € QMA, there exists a polynomial f such that, for all x € L of size |z| = n
the corresponding Hamiltonian H, is supported on at most f(n) qubits. Next suppose
x € Lyes with |z| < n. In the honest strategy for the game G,, Alice and Bob share at
most f(n)-EPR pairs, additionally, Bob privately holds a ground state p for H,. The
measurements required by Alice always correspond to ox or oz on up to 6 qubits of the
shared EPR pairs, or oxoz ® 0z0x on two qubits. In the honest strategy S, for the m-
fold parallel repeated anchoring game QAI, the players share mf(n)-EPR pairs and Alice’s
measures in oy or oz on up to 6m qubits or measures with oxoy; ® ocz0x on 2m qubits.
Since m = poly(n), we then satisfy the completeness condition required by specifying an
efficient family of off-the-shelf devices {D,,}, where for each n the verification device D,
contains m f(n)-EPR pairs and all of the above required Pauli measurements on up to 6m
qubits. O

In our application towards delegated quantum computation, we consider a novel type of
interactive protocol, where in addition to exchanging classical messages, the server can send
an untrusted verification device, as defined in Section 6.5.1, to the client (see Section 6.1).
In Figure 6.5, we consider the case where in the first “message”, called a set-up stage, the

prover sends an untrusted verification device, which is followed by classical communication.

Putting these observations together with Theorem 6.5.2, we obtain the following result

on delegated quantum computation.

Theorem 6.5.3. For every language L in BQP, there is a statistical-zero-knowledge dele-

gation protocol as outlined in Figure 6.5 for L with constant completeness and soundness
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1. Set-up: The client sends a set-up parameter k£ € N to the server who provides a

verification device Dy, from an efficient family of off-the-shelf devices {D,,},.

2. Choice of computation: The client sends a classical description of circuit @),

satisfying |Q| < k to the server.

3. Verifiable delegation: The client plays a 1-round game QAQ, using the server

and device Dy, as players. The client accepts if and only if the game is won.

Figure 6.5: A delegation protocol between a polynomial-time classical client and polynomial-time

quantum server, who provides an untrusted verification device during set-up.

gap.

Theorem 6.5.3 holds largely due to the fact that it can be viewed as a particular
application of Theorem 6.5.2 in the setting of a BQP-complete problem. The only additional
technical requirement occurs in step 3, in which an honest polynomial-time quantum prover
is required to be able to saturate the optimal winning probability of the corresponding

game. We provide the following sketch.

Proof. (Sketch) We can view the BQP-complete problem from Definition 2.2.1 as a language
in QMA. This allows us to apply the efficient mapping outlined in Figure 6.4 to obtain a
corresponding game QAQ. In this case, the ground state of the underlying Hamiltonian can be
prepared by a polynomial-time quantum prover. Thus, as in the proof of Theorem 6.5.2, we
can define the required polynomial-time uniform family of off-the-shelf devices {D,, },en by
taking D,, to contain suitably many EPR pairs, as well as the required Pauli measurements.
Since furthermore the required ground state can always be prepared by a polynomial-
time quantum prover, an honest server can obtain the required completeness in Step 3
by generating this state and teleporting it to the verification device when required. We
also have that the above delegation protocol inherits the ZK property via the results of
Theorem 6.5.2. ]
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Chapter 7

Decision problems in operator

algebras

7.1 Motivation and overview

Let A be the free =-algebra with at least two generators. As discussed in Section 1.3, there
is an effective way to determine whether a given *-polynomial (with rational coefficients)
in A is positive in all representations by searching through sums of squares decomposition.
The purpose of the chapter is to show that no such procedure exists for A® A: determine

whether an element of A ® A is positive is undecidable.

Theorem 7.1.1. Let Ag be one of the algebras Q*(xy, ..., x,) or QF, forn =2, or QZ:"
form=3 m=2o0rn>=2 mz=3, and let A = Ay ®q C be the complexification. Then

the decision problem
Given o € Ag ®q Ag, is o positive as an element of A@c A? (Pos)

1s coRE-hard.

Specifically, we show that there is a computable mapping from Turing machines M to

self-adjoint elements oy € Ag ®q Ag, such that ay, is positive if and only if M does not
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halt. The bounds on n and m in Theorem 7.1.1 are tight, as the algebras Q*(z)®Q*(x) =
Qlz1, z2], QFi ®QF;, = QZ x Z, and QZ,, x QZ,, are commutative, and positivity is also
decidable for QZ3? x Z%? (see Example 7.6.8). As an immediate corollary of Theorem 7.1.1,

we get:

Corollary 7.1.2. Let Ag be one of the algebras Q*(xy,...,x,) or QF, forn = 2, or
QZE form =3, m=2o0rn =2 m=3, and let A be the complezification. Then there

are elements of Ag ®q Ag which are positive, but are not sums of hermitian squares in
A®c A, so AQc A does not have the SOS property.

Proof. If every element of Agp ®g Ag is a sum of squares in A ®c A, then the problem of
deciding whether elements of A ® A are positive is contained in RE by searching through

SOS decompositions. Since coRE is not contained in RE, this is not possible. m

For the algebras QF,, and QZ}", m > 3, the hypothesis n > 2 in Corollary 7.1.2 is nec-
essary, since finite-dimensional C*-algebras like CZ,, x Z,, always have the SOS property,
and CZ x Z has the SOS property by a result of Scheiderer | |. We do not know if
CZ%* x Z3? has the SOS property. For Ag = Q*(zy,...,z,), the corollary already follows
(for all n > 1) from the fact that C[z, y] does not have the SOS property; indeed, if p(z, y)
is a positive polynomial in C[z,y] which is not a sum of squares, then p(x; ® 1,1 ® x1) is
positive in A ® A, but does not have a sum of squares decomposition. The Motzkin poly-
nomials provide explicit examples of positive polynomials in Q[xz,y]| which are not sums
of squares, although of course they are sums of squares of rational functions by Artin’s
theorem. Corollary 7.1.2 does not seem to have been known for Ay = QF, and QZ}";
however, Theorem 7.1.1 is stronger, in that SOS decompositions can be replaced in Corol-
lary 7.1.2 with any other certificate of positivity. For instance, for Ay = Q*(xy,...,x,)
with n > 2, there are positive elements of Ag ®q Ag which are not sums of squares of
noncommutative rational functions in the sense of | |. The proof of Theorem 7.1.1 is
given in Section 7.6. We actually prove a more general statement (Theorem 7.6.1), which

applies to other algebras including the algebra of bounded contractions.
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The proof of Theorem 7.6.1 is by reduction to tracial positivity. An element a of a
x-algebra A is said to be trace-positive if T(«) = 0 for all (bounded) tracial states 7 on A.

We show that tracial positivity is undecidable for free *-polynomials and group algebras:

Theorem 7.1.3. Let Ag be one of the algebras Q*(xy, ..., xx), QFn, or QZEN form > 2.
If N is large enough, then the decision problem

Given a € Ag, is a trace-positive as an element of A? (TrPos)

1s coRE-hard.

Klep and Schweighofer | ] prove an analog of Helton and McCullough’s positivstel-
lensatz for the algebra of bounded contractions: an element « is trace-positive if and only

if o 4+ € is a sum of hermitian squares and commutators for all ¢ > 0. This is extended

to free group algebras by Juschenko and Popovych | |, to archimedean algebras by
Ozawa | ], and to Q*(zy,...,x,) by Klep, Scheiderer, and Volci¢ | . Quarez
[ | (see also | , Example 3.2]) gives examples of trace-positive polynomials in

Q*{x1, x2) which are not sums of hermitian squares and commutators, but which are sums
of squares and commutators of noncommutative rational functions. As in Corollary 7.1.2,
Theorem 7.1.3 immediately implies that all the algebras listed in the theorem contain
trace-positive elements which are not sums of squares and commutators of noncommuta-
tive rational functions. Unlike Theorem 7.1.1, we do not know the smallest bound N such
that Theorem 7.1.3 holds.

Part of the motivation for Theorem 7.1.1 comes from Kirchberg’s reformulation of

the Connes embedding problem, sometimes called Kirchberg’s conjecture | |, and the
recent MIP*=RE theorem of Ji, Natarajan, Vidick, Wright, and Yuen | ], which
resolves this conjecture. Kirchberg’s conjecture asks whether the max and min tensor norms
on CF,®F, = CF, x F, agree forn > 2 | |. As Ozawa observes | , |,if A

is archimedean and RFD, then the max and min tensor norms on A® A agree if and only if
A® A is RFD, so Kirchberg’s conjecture is equivalent to whether CF,, ® CF,, = CF, x F,
is RFD. Kirchberg’s conjecture is still equivalent to the Connes embedding problem if F,
is replaced by Z" forn >3, m>2orn>2,m >3 | , |. The algebras CZ*" ®
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CZ}" are of particular interest in quantum information, since they correspond to bipartite
(meaning composed of two spatially separated subsystems) measurement scenarios with n
measurement settings and m measurement outcomes per subsystem, and they are closely
connected with the complexity class MIP* of multiprover interactive proof systems with

entangled provers.

The main result of | | is that MIP* is equal to RE, the class of recursively
enumerable languages. In algebraic language, this implies that there is a computable
mapping from Turing machines M to elements oy, € QZ*™ x Z*" (where Q is the algebraic
closure of Q, and m and n also depend on M), such that if M halts then «,, is not positive
in finite-dimensional representations of CZ}" x Z*", and if M does not halt, then a;; —1 is
positive in finite-dimensional representations of CZ}" x Zx". This shows that the promise

problem

Given n,m > 1 and a € QZ*" x Z*", determine if either a — 1
is positive in finite-dimensional representations, or « is not pos- (GapFDPos)

itive in some finite-dimensional representation, promised that

one of the two is the case.

is coRE-hard, so it is undecidable to determine if an element of CZ" x ZX" is strictly
positive in finite-dimensional representations. If CZ" x Z*" were RFD, then (GapFDPos)

would be equivalent to the promise problem

Given n,m > 1 and « € QZ" x Z*", determine if either o — 1
is positive, or « is not positive, promised that one of the two is (GapPos)

the case.

Note that o — 1 is positive if and only if « is strictly positive with spectrum contained in
[1, +00), so (GapPos) is a “gapped” version of the decision problem (Pos) considered in
Theorem 7.1.1 (albeit with Q replaced by Q, and n and m allowed to vary). By Helton
and McCullough’s positivstellensatz, if a — 1 is positive then a has an SOS decomposition
proving positivity, so unlike (Pos), the problem (GapPos) is contained in RE. Since RE
does not contain coRE, (GapPos) cannot be coRE-hard, and hence the MIP*=RE theorem
implies that CZ;" x Z;" is not RFD for large enough n and m.
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There is a natural complement to the MIP* = RE theorem called the MIP* = coRE
conjecture, which if true would imply (GapPos) is RE-complete, and hence that (Pos) is
RE-hard for A = CZ*" (assuming again that Q is replaced by Q, and n and m are allowed
to vary). If A® A is RFD, then (Pos) is contained in coRE, so showing that (Pos) is
RE-hard for A = CZ*" (with or without varying n and m) would give another disproof of
the Connes embedding problem. Proving that (GapPos) is RE-complete would also imply
that it is undecidable to determine if a € CZ}" x Z!" is a sum of squares. On the other
hand, because (GapPos) is contained in RE, hardness results for (GapPos) cannot be used
to prove Corollary 7.1.2, and Theorem 7.1.1 is not true if (Pos) is replaced by (GapPos).
Hence Theorem 7.1.1 and the MIP® = coRE conjecture seem to be complementary. In
any case, the proof methods we used here are different from the methods used in the proof
of MIP* = RE, and our techniques do not appear to be applicable to the MIP*° = coRE

conjecture.

As mentioned above, the only upper bound we have on (Pos) is I19. If (Pos) contains
both RE and coRE, then it seems possible that it is equal to I19, and we conjecture that
this is the case for all the algebras in Theorem 7.1.1.

Conjecture 7.1.4. Let Ag be one of the algebras Q*(xy,...,x,) or QF, for n = 2, or
QZEY form =3, m =2 orn =2, m >3, and let A be the complexification. Then the

decision problem (Pos) from Theorem 7.1.1 is I13-complete.

Tracial positivity has also been studied in connection with the Connes embedding prob-
lem | , , , , |, and the above connection with MIP* = RE
and MIP®® = coRE could be described equally as well in terms of tracial positivity and
MIP protocols with synchronous strategies (see e.g. | , , , ).

For tracial positivity, we make the following conjecture.

Conjecture 7.1.5. Let Ag be one of the algebras Q*(xy,...,xny, QFy, or QZ*N for
m = 2, and let A be the complexification. If N is large enough, then the decision problem
(TrPos) from Theorem 7.1.3 is I13-complete.

If Conjecture 7.1.5 is true, an additional problem is to find, for each algebra listed

above, the smallest bound on N such that the decision problem (TrPos) is II3-complete.
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7.2 Preliminaries

We use some more advanced concepts from group theory. Suppose S is a finite set of
generators for a group G, and let £ be the set of words over S U S~! which are trivial in
G. The word problem for G is the problem of determining whether a word over S U S™1
belongs to L. Accordingly, we say that the word problem for G with respect to S is solvable
in non-deterministic time 7" : N — N (resp. is in NP) if £ can be recognized in time T

(resp. in polynomial time).

If G has generating set S (not necessarily finite), a normal form for G' with respect to S
is a function 7 from words over S U S~ to words over S U ST, such that n(x) = z in G for
all words x, and two words z and y are equal in G if and only if n(z) = n(y). Equivalently,
a normal form can be specified as a function 7 from G to words over S U S™!, such that

n(g) = ¢gin G for all g € G.

We denote the free product of a family of groups {G,}ic; by kG, and the product
by [ Lic; Gi- If {Gi}ier is a family of groups, K is a group, and ¢; : K — G; are injective

homomorphisms, then the amalgamated free product of the family over K is
K ki Gz = <*ielGi . qb,(k‘) = ¢J(/€) for all k£ € K,i,j € I>

If ¢;(K) is in the centre of G; for all i € I, then the central product of this family over K
is defined to be

A1 Go= ]G dilk) = (k) forall ke K,i,jeI).

In both cases, if we identify K with ¢;(K), then the image of K inside g *;G; and KH. G;
is independent of what ¢ we pick. Note that given a generating set S for K, we only need
the relations ¢;(k) = ¢;(k) for all k € S in the above presentations.

For each i € I, let A; G, be a set of right coset representatives for ¢;(K), where
we pick the identity element 1 as the representative of ¢;(K) itself. The normal form
theorem for amalgamated free products states that every element g € g ; G; can be

written uniquely as g = kg1 ---gm, where k € K, and g; € A;\{1} for some sequence
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Wyt € I with 4; # 4,49 for all 1 < j < m. While the normal form theorem for
amalgamated free products does not give us a normal form of g in the above sense, if n
is a normal form for K with respect to generating set S, and n; is a normal form for G;
with respect to generating set S;, i € I, then g — n(k)n;,(¢1) - - - M, (gm) is a normal form
for x %, G; with respect to generating set S u [[,.;S; (where [[ is the disjoint union).
Similarly, if we pick an ordering for I, the normal form theorem for central products states
that every element g € KI—L GG; can be written uniquely as kg; - - - g,n, where k € K, and
gi € A;;\{1} for some increasing sequence i; < iy < ... < ip, in /. Again, if 7 is a normal
form for K and 7; is a normal form for G;, i € I, then g — n(k)n;, (g1) - 1i,,(gm) is a
normal form for KI_L G;. In both cases, the normal form theorem implies that the natural
inclusions G; — g %, G; and G; — Kl_L G are injections for all j, so G can be regarded
as a subgroup of the amalgamated free product or central product. One application of

amalgamated free products that we will use is the following lemma:

Lemma 7.2.1. Let G ={S: R). For anyy€ S, G is a subgroup of
H:={(G,st:y=sts=t"=1)
via the natural inclusion.

Proof. Suppose y has order k € NuU {+00}. Then H is the amalgamated free product of G
with the dihedral group
Dy ={(s,t:s>=t*=(st)F =1)

of order 2k over the subgroups {(y) =~ Z; =~ (s, t). O

Another construction we’ll use are HNN extensions. Suppose that G is a group, H and
K are subgroups of G, and ¢ : H — K is an isomorphism. Then the HNN extension of G
by ¢ is
(G,t:tht™" = ¢(h) for all h e H).

It is well-known that the order of the generator ¢ is infinite, and that, similar to the

amalgamated free product and central product, G is a subgroup of the HNN extension
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via the natural inclusion. More generally, given a sequence of subgroups Hi, ..., H,, and
Ky, ..., K, of a group G, along with isomorphisms ¢; : H; — K;, 1 < i < m, G will be
subgroup of the iterated HNN extension

<G,t1, ce ,tm . tlhtz_l = gbz(h) for all 1 <i<m and h € HZ>
Britton’s lemma allows us to determine the trivial words in an iterated HNN extension.

Lemma 7.2.2 (Britton’s lemma, | ). Let Hy,...,H,, and Ky, ..., K,, be subgroups

of a group G, and suppose ¢; : H; — K; is an isomorphism fori=1...,m. Let
L={G,t,... ty:t;ht;* = ¢;(h) for all 1 <i <m and h e H;)
be the iterated HNN extension, and suppose
w = goty gits; -t gn € L

where go, ..., g0 € G, €1,...,6, € {x1}, and 1 < iy,...,i, < m. Ifw =1 in L, then at
least one of the following holds:

(a) n =0 and go =1 in G,

(b) thereis 1 < j <n such that ej = 1 = —eji1, i = ij41, and g; € H;,, or

(c) thereis 1 < j <n such that ej = —1 = —ej;1, i = ij41, and g; € K.

Let G = (S : R) be a finitely presented group. A function f : N — N is an isoperimetric
function for G if for all words w = s;---s, of length n > 1 over SuU S~ ! ifw=11in G

then there are elements uy,...,uy € Fg and rq,...,r, € Ru R™' with k < f(n) and
_ -1 -1 -1
W = UIT1UL - U2T2Uy -+ - URTEUy, .

Lemma 7.2.3 (| ). Let G = (S : R) be a finitely presented group with an isoperi-

metric function f, and let | := max{|r| : r € R} be the length of the longest relation in
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R. If a word w € Fg of length n is equal to 1 in G, then there are z,--- ,z, € Fg and
ri, o, € RUR™Y with k< f(n) and |z| < kl+1+n for all 1 <i <k such that

w = ZlT'lZ;lZQTQZ;l .- -zkrkzk’l.

m fs.

We use the following theorem of Birget, Ol’shanskii, Rips, and Sapir:

Theorem 7.2.4 (| ). Let G be a group with finite generating set S. If the word
problem for G with respective to S is solvable in non-deterministic time T(n), where T* is

superadditive, then G can be embedded into a finitely presented group H with isoperimetric

function n*T (n?)*.

Here a function 7" : N — N is superadditive if T'(m +n) = T'(m) + T'(n) for all m,n. It
follows immediately from this theorem that if the word problem for GG is in NP, then G can

be embedded in a finitely presented group H with a polynomial isoperimetric function.

7.3 Approximate states

We introduce some terminology for approximate states.

Definition 7.3.1. Let A be a finitely generated =-algebra. Suppose € =0 and R < A. An
(e, R)-state on A is a state ¢ on A such that o(r*r) < e for allr € RUR*. If, in addition,

¢ 18 tracial, then we say that ¢ is a tracial (e, R)-state on A.

If (m: A— B(H),€) is the GNS representation of a state ¢ on A, then ||z||¢ := ||z - ]|
is a semi-norm on B(H) such that ||a|, = ||7(a)|¢ for all a € A. If ¢ is an (e, R)-state
on A as in Definition 7.3.1, then |7 (r)|l¢ < /€ for all 7 € R, so we can think of = as a

y/e-approximate representation for C*(A : R) with respect to |||

Definition 7.3.2. Let A be a =-algebra with generating set X. Let R < C*(X) be a set of
«-polynomials over X. For any =-polynomial f € C*(X) that is trivial in A/{R), we say
that Y- | Niwiriv; is an R-decomposition for f in A if
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1. uy,v; are =-monomials in C*(X) for all 1 <i < n,
2. 1,€ RUR™ forall1 <1i<n,

3. MeC foralll <i<n, and

4o =20 wirv; in A.

The size of an R-decomposition Y| Nurv; is Doy | N[ (14 ||ri||.a deg(v;)), where ||-|| 4 is

the operator norm in A.

Here a *-monomial in C*(X’) is a product ajas - - - a, where k = 0 and aq, . .., a € XUX™
(the integer k is called the degree). We let ||-||; and ||-||;,1 denote the 1-norm and first
Sobolev 1-seminorm on C*(X’) with respect to the basis of *-monomials. In other words,
if f =", \u; € CH{X) for distinct »-monomials uy, ..., u,, then || f|l; :== X", |\ and
I flla o= 200 [\ deg(u;). Note that |||y is submultiplicative, and that || f*||1 = || f]1,
| f*lli0 = || fl]11 for all f € C*(X). The following elementary lemma is useful for computing

sizes of R-decompositions.

Lemma 7.3.3. Let A be a #-algebra with generating set X, and let R < C*(X) be a set

of =-polynomials over X. Then:

(a) If f = X" wiriv; for =-polynomials wi, ..., Uy, v1...,v, € C(X) and ry,...,1, €

R U R*, then f has an R-decomposition of size at most

n
ZHUiHlﬂviﬂl + [Jwilluf[rsll allvill -
i=1

(b) If f — g has an R-decomposition of size < Ay, and g — h has an R-decomposition of

size < Mo, then f — h has an R-decomposition of size < Ay + As.

(¢) If g has an R-decomposition of size < A, then fg has an R-decomposition of size
< |fIhA for all f e C*X).
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For instance, suppose we can demonstrate that ¢ = h in A/(R) by finding fi,..., fa,
Uy vy Upy V1, ny Uy € CX ) and rq,...,7, € R U R* such that fi,1 — f; = wyryv; for all
0 <@ < n, where fy = g and f,.1 = h. Then we know that g — h has an R-decomposition

of size at most D" |lug||1]|villx + [Jwl1||7:]].allvill1,1-

If X is a set of unitary generators for A, then all *-monomials in C*(X’) are unitary in
A. As a result, an R-decomposition of f can be used to bound the state-dependent norm

of f with respect to any tracial (e, R)-state:

Proposition 7.3.4. Suppose A is a =-algebra generated by a finite set of unitaries X.
Let R <« C*X) be a set of =-polynomials over X, and let T be a tracial (¢, R)-state
on A. If [ € CX) is trivial in A/(R) with an R-decomposition Y., \u;r;v;, then
£l < (izy M) Ve.

Note that > ", [A;] is less than or equal to the size of Y " | A\ju;r;v;.

Proof. Since ||-||; is unitarily invariant,

[FAIEES Z Al l|uarivil| = Z Al l[rall < (Z NG
=1 =1 =1
O

The proof of Proposition 7.3.4 does not work if 7 is not tracial. However, we can still
bound || f||» using the size of an R-decomposition if 7 is the restriction of a state on A® .4

satisfying a synchronicity condition:

Definition 7.3.5. Suppose A is a =-algebra. A state ¢ on A® A is (e, X)-synchronous
for some € =0 and X < A if

lz®1-1®z|, < e (7.3.1)

forallze X.
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When working with (e, X')-synchronous states, it is convenient to let wy denote the

linear map C*X) — C*X) sending z1z5-- 2, — x,T,_1- -2 for all n € N and

x1,...,T, € X U X*. This map satisfies wy(a*) = wy(a)* and wx(ab) = wy(b)wxy(a) for

all a,b e C*(X), and hence wy is a *-isomomorphism C*(X) — C*(X)°P, where C*(X")°P
is the opposite algebra of C*(X’).

Lemma 7.3.6. Let A be a =-algebra generated by a finite set of unitaries X. If ¢ is an
(e, X)-synchronous state on A® A, then

lu®@1 —1@wxr(u)ll, < flulliive (7.3.2)
for all u e C*(X).
Proof. For every x € X, since x is unitary and ||- ||, is left unitarily invariant,
lz*@L-1®a", = [(z@2)(z" @ L - 1@z")|y = [t @1 - 1@z, < Ve

Thus Equation (7.3.1) holds for all x € X U X*. Suppose v = z; - - -z, is a monomial in
C*(X) of degree n > 1. Let x¢g = z,,41 = 1. Then

[u®@1 -1 Q@wx(u)ll, = ||Z(9€0$1 T @ T 1Ty T ) (T @ L — T @ )|
k=1
<z ® 1 — L@yl < ne.
k=1
By the subadditivity of ||-||,, Equation (7.3.2) holds for all u € C*(X). O

The following lemmas show that some of the properties of tracial states hold approxi-

mately for (e, X)-synchronous states.

Lemma 7.3.7. Let A be a =-algebra generated by a finite set of unitaries X, and let ¢
be an (e, X')-synchronous state on A® A. If u is a monomial in C*(X) and a € A, then
lurau @ 1|, — [la @ Lly| < [[alladeg(u)y/e.
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Proof. Since u is a monomial in C*(X), v and wy(u) are unitary in A. By Lemma 7.3.6,
[u®1 -1 Q@uwx(u)|, < deg(u)y/e. Thus

lrau® 1], < [(w'a® D@ L - L@ we(@), + u'a@walw)],
@@ D@1 - 1®wr()ll, + la®1],
< llalladeg(u)v/e + la® 1],

Replacing v with v* and a with u*au in this calculation, we see that
la® 1|y < llalladeg(u)ve + [[u*au® 1],
and hence [[|u*au® 1], — [la ® 1]|,| < [la] 4 deg(u) ve. =

Lemma 7.3.8. Let A be a =-algebra generated by a finite set of unitaries X, and let @ be
an (e, X)-synchronous state on A® A. If u is a monomial in C*(X) and a € C*(X) is a

hermitian square in A, then
R(p(uaua ® 1)) > —[[u*au1]la ® L]|,e.
Proof. Observe that
p(ufaua® 1) = p(a @ (u*au)) + ga((u*au R1-1Qux(u*au))(a® 11)).

Since a = b*b in A for some b € C*{X), a @ wx(u*au) = (b@wx(u*b*))*(b@wx(u*b*)) is
a hermitian square in A. Hence ¢(a@wy(u*au)) = 0. By the Cauchy-Schwarz inequality
and Lemma 7.3.6,

‘gp((u*au@ 1-1Quy(u*au))(a® ]l))) <|u'au® 1 — 1 @uwy(uau)|, |la® 1,
< [utaufialla ® 1l ve.
Since R(a) = —|a| for every complex number «, the lemma follows. O

Lemma 7.3.9. Let A be a =-algebra generated by a finite set of unitaries X, and let
t: A—> AR A :a— a®1 be the left inclusion. Suppose R < C*(X) is a set of *-
polynomials over X, and let ¢ be an (e, X')-synchronous state on AQ A such that T := o
is an (e, R)-state on A. If f € A has an R-decomposition of size A, then || f|» < Ay/e.
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Proof. Let Y | Aju;r;v; be an R-decomposition for f in A of size A. For every 1 < i < n,
by Lemma 7.3.6 there is a monomial v; in C*(X’) such that ||[v; ® 1 —1®v;||, < deg(v;)+/e.
Since gou is an (€, R)-state on A and 1®U is unitary, it follows that ||7;:®0;||, = [|rillye. < V€
for all 1 <i <n. Then

IF @1l = 1D Nwirivi @ Llp < Y [ Nillrivs @ 1,
=1 =1

ZM |(||(TZ® 1>(U1® 1— ]l@UZ)Hcp + ||7“Z®U,|| )

3

< LIl deg(onve + ve) = A

so [[fll- = If @1, < Ay/e, -

7.3.1 Dealing with infinite operator norm

The results presented so far in this section are useful for algebras A with ||a|| 4 < oo for all
a € A. However, for the free algebras A = C*(zy, - -- , x,) the operator norm ||a|| 4 = o for
all a € A which are not scalar multiples of identity, making the size of an R-decomposition
infinite as well. To handle this situation, we show in this section that for any element f in
the free algebra A, there is a set of relations W(f) such that if 7 is a tracial (¢, W(f))-state

on A, then there is a tracial state on CZ3™ which is close to 7 on f.

Lemma 7.3.10. For any A € B(H), the operator A= sgn(A+A ) is a unitary involution
in C*(AY'. If in addition, & is a vector in H satisfying (i) ||(A% — Iy)¢|| <€, (i) ||((A*)*—

Il < e, (i) [(AA* — gl <€, (i) [[(A*A — L)€l < €, and (v) [[(A — A*)E]| < € for
some € = 0, then ||(A — A)¢| < 2¢ and ||(A* — A)¢|| < 2¢

Here sgn denotes the function R — {—1,1} sending elements in [0, +o0) to 1 and

elements in (—o0,0) to —1.

Proof. The spectrum of A+TA* is in R, so by Borel functional calculus, A= sgn(AJ“TA*) is

a unitary involution and is in C*(A)". Since sgn and |- | are measurable functions on R
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satisfying (1 + |a|)(sgn(a) — a) = sgn(a)(1 — a?) for all a € R, we obtain that

I(A = 2525)e]| = [l (sgn(25%) — AE2)E] < || (Ida +] 252 ) (sgn(455) — A525)¢ |

= [lsen(#5) (Idy —(455)%)¢] = || (Idy —(25)?)¢]

2 %*\2 * *
_ ||<Id’H—A +(A*) —ZAA +A A)gH <e

where the last inequality follows from the conditions (i) — (iv). By condition (v), ||(A —
AEANEN = [14527¢0 < 5. s0 (A — Al < (A = A5l + (A = AN < Fe < 26
Similarly we have [|(A — A*)¢|| < 2e. O

Lemma 7.3.11. Let X be a finite set. There is a computable mapping W from Q*(X) to
finite subsets of Q*(X) such that

a) W(f) € kerq for all f € Q*(X) where q : C*(X) — CZi¥* is the quotient map, and
2

(b) for any tracial state T on C*(X), there is a tracial state T on CZ3* such that for all
feQ*(X) and € = 0, if T is a tracial (e, W(f))-state, then

[11£1z = A1l < 2l fhave.

Proof. If u =1z ---x, € C*(X) is a monomial of degree n > 0, then define

W(u) = {(ziz] — 1)wi1 - l’n:1<i<n}u{(x*xi—ﬂ)xi+1---xn:1<z’<n}
u{ ZBH_l 1<z<n} { 1)$i+1~'-$n:1<i<n}
U{<xi_xi)xi+1‘ r1<i<n}

(so in particular, W(1) = &). If f € Q*(X) has support uy, ..., us, or in other words f =
Zf;l Aiu; € Q*(X) for distinct *-monomials uq, ..., u, and non-zero coefficients A, ..., A,
we define W(f) := Ule W(u;). Clearly W is computable. If u is a monomial, then
q(s*s) = 0 for all s € W(u), so the same is true for W(f).

Let (7 : C*(X) — B(H),v) be the GNS representation of 7. Note that 7' — (v, Tv)
extends to a tracial state on 7(C*(X))". For every xz € X, let 7(z) := sgn(w). By
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Lemma 7.3.10, 7(x) is a unitary involution in C*(zw(x))” for every z € X', so 7 induces a

=representation of CZiY on H and 7(a) := (v, 7(a)v) defines a tracial state on CZ3".
Suppose u = x1 - - - T, is a monomial. If 7(s*s) < € for all s € W(u), then ||w(s)v]| < /€

for all s € W(u), and hence by Lemma 7.3.10,

| (7 (i) — m(@i))m(@igr - )0 < 24/€

for all 1 <7 < n. It follows that

For a general element f € Q*(X), write f = Y°_, A\, as above. If 7(s*s) < e for all
s € W(f), then

1£1l- = 1Lf1l2 }—Hl7T =7 (H)oll] < G = 7()l

L

ZIM (7 () = m(w))oll < Y20\ deg(ug)v/e = 2|| fll1v/e.

=1

We conclude that W is a computable mapping satisfying (a) and (b). O

Note that the proof of Lemma 7.3.11 only requires 7(s*s) < € for all s € W(f). We use

the stronger hypothesis that 7 is an (e, W(f))-state for convenience.

Lemma 7.3.12. Let X be a finite set, and let VW be the map from Lemma 7.5.11. Suppose
¢ is an (e, X)-synchronous state on C*(X)® C*(X) for some € = 0, and ¢(s*s® 1) <
€, (1 ®s*s) <e forall s €|,y W(x). Then there is a (25¢, X')-synchronous state @ on
CZ3* ® CZ3™ such that for all f € Q*(X), if p(s*s®@ 1) < € for all s € W(f), then

If @1z = If ®Lly| < 20l flave.
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Proof. Let (1 : C*(X)® C*(X) — B(H), 1) be the GNS representation of ¢. For every
re X let Mz ®1) := sgn(w) and T(1 ® x) := sgn(w). Then by
Lemma 7.3.10, for every z € X, 7(x ® 1) and 7(1 ®z) are unitary involutions in C*(m(z ®
1))" and C*(m(1®x))" respectively. So for every x,2' € X, [r(z®1), 7(1®x")] = 0 implies
[7(z®1),7(1®2")] = 0, and hence 7 induces a =-representation of CZi*  CZ4* on H and
P(a) := (¢, 7(a)) defines a state on CZi¥®CZi*. By the assumption, ¢(s*s®1) < € and
o(1l®s*s) < eforall s e | J, ., W(z). This implies ||7(s®1)y| < y/eand |7(1®s)y|| < /€
for all s € | J,.» W(z), and hence by Lemma 7.3.10, [|(7(z ® 1) — m(z @ 1)) | < 24/€ and
|F(l®z) —m(1®x))y| < 24/ for all z € X. It follows that

[FreD) -7(1e2)¢| <@ 1) -rz®1))y| + [[(r(z@1) - (1 ®=))|
+ |FA @) — 11 @ 2)) Y| < 2ve + Ve + 24/e = 5y/e.

This means { is a (25¢, X')-synchronous state @ on CZi* ® CZ3*. The rest of the lemma

follows from a similar argument to the proof of Lemma 7.3.11. O

7.4 Construction of a suitable family of algebras

We begin the proofs of Theorems 7.1.1 and 7.1.3, with the case A = QZ"N. To explain
the idea of the proof, suppose that S € N is an RE set, and that we can find an integer IV,
a self-adjoint element w € QZ3", and a computable family of finitely presented algebras
As(m) = C*(CZ3N : R, such that As(m) has a tracial state 7 with 7(w?) > 0 if and
only if m e . If a(m) := Y .5 r*r —w?, then a tracial state 7 on Ag(m) with 7(w?) > 0
pulls back to a tracial state on CZ3Y with 7(a(m)) < 0. Unfortunately this idea runs into
a stability problem: it is not necessarily the case that every tracial state on CZiN with
T(a(m)) < 0 comes from a tracial state on Ag(m). Indeed, it might be possible to find a

tracial state 7 for which 7 (3 .5 7*r) is small, but 7(w?) is large.

The main technical idea of this chapter is that we can overcome the stability problem
with a carefully chosen algebra Ag(m). Specifically, we start with the algebra gener-

ated by a family of positive contractions {130, P, .. .} and a family of unitary involutions
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{)Z'O, )N(l, ...} satisfying the relations

~ ~

P, =B, +X,P,X, (7.4.1)
for all n such that Mg does not halt on input m after n steps, where Mg is a Turing machine
recognizing S. This algebra is not finitely presented, so the purpose of this section is to
show that this algebra can be embedded in a finitely-presented algebra Ags(m), in such
a way that the size of relation (7.4.1) is polynomial in n. Relation (7.4.1) implies that

~

T(]Bn) = %T(Pnﬂ) for any tracial state 7 on Ag(m), and in the next section we use this
fact to overcome the stability problem and finish the proofs of Theorems 7.1.1 and 7.1.3

(for the case A = QZ3Y) using the strategy outlined in the previous paragraph.

Theorem 7.4.1. Let S € N be an RE set, and let Ms be a Turing machine that recognizes
S. Then there is a finite set X, two sequences {ﬁ’o, P, ...} and {)?0, X1, .} in QX), and
a computable mapping m — R, from N to finite subsets of QZ3*, such that

(a) for all n = 0, P, is a hermitian square in QZi* with |Py|l, = 1 and ||P, |11 =
3(n+1)/2, and X,, is a monomial in Q*(X) of degree 4n + 1 such that X2 = 1 in
Qz5*,

(b) there are constants C' > 0,k € N such that for every m € N and n = 0, if Ms hasn’t
halted after n steps on input m, then f’n + )w(nﬁnf(n — 15,”1 is trivial in As(m) :=
C*(CZ;* : Ryy and has an R,-decomposition in CZy of size < C((n + 1)m)k,

(c) if me S, then there is a tracial state T on As(m) such that T(ﬁOZ) >0, and

(d) there is a positive integer D such that ||r||11 < Dm for all r € R,,,m € N.

In part (a), ||-}; and ||-||1,1 denote the 1-norm and Sobolev seminorm on C*(X’) defined
in the previous section. Since monomials in C*(X) are unitary in CZ;%, lallezs> < llallx
for all a € C*(X). So part (a) implies that P, is a contraction in CZ:¥, i.e. ||ﬁn||CZ>2kX <1,

and X, is a unitary involution in CZi% for all n > 0.
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For the rest of this section, we fix an RE set S © N, and a deterministic Turing machine
Ms that recognizes S. Define h : Z — N u {oo} by

n  me S and Mg halts at the nth step on the input m
h<m) = ¢S )
w0 m

so hly is the running time of Mg. Recall that in our convention, all Turing machines
take at least one step, so h(m) = 1 for all m € Z. To prove Theorem 7.4.1, we start in
Section 7.4.1 by encoding the Turing machine Mg in certain group relations. We finish the

proof by constructing As(m) in Section 7.4.2.

7.4.1 Group stage of construction

In the first stage of constructing As(m), we build up a group Gs out of amalgamations,
central products, and HNN extensions. We show that GGs has a finite generating set, and
that the word problem with respect to this generating set is decidable in polynomial time.
This allows us to embed Ggs in a finitely presented group Hg, which we use as the basis
for defining the algebras As(m).

For the construction of Gs, let [A, B] := ABA™'B~! denote the group commutator,
and let Z,, be the additive cyclic group of order n € N u {400} (so in particular, Z,, = Z).
To order the elements of Z,, we represent elements of Z, by integers —| 22| < j < |25].
For instance, for Z, we use representatives —2, —1,0, 1. This choice of representatives has
the property that every congruence class is represented by an element that is minimal in
absolute value, i.e. if k" is the representative of [k], then |k'| < |k|. Also, note that this
set of representatives contains —1 for every n > 2. When n = 400, elements of Z, = Z

represent themselves.

For each m € Z and i € Zp(+1, let Ks(m, i) be the group generated by indeterminates

J, Tmiy Zmi, Subject to the relations:
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o [Tmi, J] = [2mi, J] = 1, and
o i, Zmi| = J, where a = 1 if i+1 # 0 in Zpn)+1, and a = 0 otherwise.
(m)+

If © +1 # 0in Zp@m)+1, then the map zp; — a, 2y — b, J — abab gives an isomorphism

from Kg(m,1i) to the rank 4 dihedral group
Dy ={a,b:a*=0b*= (ab)* = 1),
while if ¢ + 1 = 0 in Zj ()41 then all generators commute. Hence

D 14+ 1% 0in Zy,
Kg(m,i) _ 4 h( )+1'
Ly x Ly X Ly i+ 1 =01n Zpn)y+1

In particular, J is central and (J) = Zs in both cases. For m € Z, let

Kstm)i= 1., Ksmi)

)+1

be the central product of the groups Ks(m,i), i € Zpun)41, over the central subgroup
(J) = Zs, and let

Ks := () *kmez Ks(m)

be the amalgamated free product of the groups Kg(m), m € Z, over {(J) = Zs. In other

words, K is generated by indeterminates
Xg = {J7 Tmiy Zmi, M € Zvl € Zh(m)-‘rl}a
subject to relations

(KO) J? =12, =22, =1for all m € Z,i € Zpimy11,

ma

(K1) (@i, J] = [2ms, J] = 1 for all m € Z, i € Zp(m)+1,
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(K2) for all m € Z,i € Zpm)+1,

J 1+1#0in Zh(m)+1

[Zmis 2mi] = , and

1 24+1=0in Zh(m)+1
(K3) for all m e Z and i # j € Zpm)+1,
[mmiazmj] = [xmiaxmj] = [Zmi7 ij] = 1.

Note from relations (K1) that J is central in Kgs. For each m € Z and i € Zpgn)41,
the elements {1, Z,ni, Zmi, Tmizmi} form a set of right coset representatives for (J). By the
normal form theorem for central products, every element w € Kg(m), m € Z can be written
uniquely as

_ c, .a1 b1 az bo ag by
w=J xm,ilzm,ilxm,igzm,ig e Im,ikzm,ikv (742>

where k > 0, i1 < iy < ... < i are representatives of elements from Z,,)11 as described
above, ¢ € Zy, and (a;,b;) € {(0,1),(1,0),(1,1)} < Zy x Zy for all 1 < j < k. The

function n,,(w) = J"’:Efnl’ilzfé,il Tk zfi’fzk is a normal form for Ks(m). Note that we take
the indices 7y,...,%; to be from the chosen set of representatives for Zj ()41, rather than

elements of Zj, )41, so n(w) is a word over

"X\:K = {J7~Tmiyzmi)m € Z7_[WJ <1< lh(n’;)—i_QJ}

rather than Xx. We use this convention so that the indices are ordered, and so we can
encode words over the generators as binary strings. For convenience in what follows,
we assume that words over Xx U X -1 are encoded in a fairly typical way as a sequence
of substrings representing symbols and indices, where symbols are encoded with a fixed
number of bits, and indices are written in binary with a sign bit. For instance, we might
encode x;ﬁi by the bit sequence for ! followed by the binary representations of m and
1 separated by delimiters, and x,_ni-zm/,i/ by this same sequence repeated three times (we
do not represent exponents in binary) followed by the encoding of z,, . The bit-length
(as opposed to the usual length) of a word over X U 2?1;1 is the length of this binary

encoding. The bit-length of a word w depends on the indices m and i of generators z-
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+1
mi

and z_ - appearing in w. In what follows, we need to pay special attention to how large 7

gets, so we define the maximum index of a word w over Xx U X' to be

+1 |

max{r > 0 : one of x, ,,, 2, 4, appears in w for some m € Z} u {0}.

Returning to normal forms, the subset

C(m) = {alt, 2

ag bk . h(m)+3 . . h(m)+2
iy Zmiy T 2tk =0, = | <1 <..o<idp < | FEEE

(aj.by) € {(0,1), (1,0), (1,1)},1 < j < k}

is a set of right coset representatives for (J) in Ks(m). By the normal form theorem for

amalgamated free products, every element w € Ks can be written uniquely as
w = Jw - wy (7.4.3)

where £ > 0, ¢ € Z,, and w; € C(m;)\{1} for some integers my, ..., my such that m; # m;,
for all 1 < j < ¢ — 1. The function n(w) = J; ---w, is a normal form for K. This

normal form can be computed efficiently:

Proposition 7.4.2. Let n be the normal form for Kg described above. If w is given as a
word over )N(K U )?[_(1, then n(w) is computable in polynomial time in the bit-length of w.
If we write n(w) = Jw; -+~ wy as in Eq. (7.4.3), then the length, bit-length, and mazimum

index of wy - - - wy are at most the length, bit-length, and maximum index of w respectively.

Proof. To compute n(w), suppose first that w is a word over .??K(m) U /'?K(m)*l, where

Riclm) i= { iy o~ < < M2y

Note that if —|""*| < < |M22| then i + 1 = 0 in Zygmys1 if and only if i = —1.
Using relations (K1)-(K3), we can reorder w so that it can be written as in Eq. (7.4.2) for
some ¢, ay, by, ..., ag, by € Z (rather than Z,). Using relations (K0), we can then reduce
¢,ay, by, ..., ag, by mod 2 to put w in normal form 7,,(w) = Jw, where w € C(m). Since a

list of integers can be sorted in polynomial time, this process takes polynomial time in the

202



bit-length of w. Since every generator in w occurs in w, and no generator appears in w
more than once, the length, bit-length, and maximum index of @ are at most the length,

bit-length, and maximum index of w respectively.

If w is a word over AN.’K U 2\?};1, then we can write w = Jw; - - - wy, where c € Zs, w; is a
word over -)?K(mj) v /'i?K(mj)’l for 1 <i </, and myq, ..., my is some sequence of integers
such that m; # mj;, for 1 < j < £ —1. Using the procedure in the last paragraph, we can
put w; in normal form J%w; for Ks(m;), where w; € C(m;) and ¢; € Zy. The length of
w; is at most the length of w;, so the length of w; - - - w, is at most the length of w; - - - wy,
and the same is true of bit-length and maximum index. Let ¢ = ¢+ )] ;¢ tw; # 1 for
all 1 < j < ¢, then n(w) = Jw, - - -w,. Otherwise, if w; = 1 for some 1 < j < ¢, then we
can repeat this procedure with w' = J 1wy - - “W;_1Wj4q - We. Since ¢ decreases in each
iteration of this algorithm, the overall running time will be polynomial in the bit-length
of w. Also, since the length of w; ---w, does not increase in each iteration, the length of
w1 - - - Wy in the final iteration is at most the length of the initial input w, and the same is

true of bit-length and maximum index. m

Remark 7.4.3. Since, for instance, 1(2mo®Tmo) = JTmozmo, the length and bit-length of
n(w) is not necessarily less than the length and bit-length of w. Proposition 7.4.2 does
imply that the length of n(w) is at most one more than the length of w. Since the generator
J does not contribute to the mazimum index, the mazimum index of n(w) is at most the

mazximum index of w.

Remark 7.4.4. The above algorithm for computing n assumes that the generators ,,; and
Zmi tn the input are given by specifying the representative of the index i € Zpny41. The
algorithm does not work as stated without this assumption. For instance, onw = Ty, _3-Tm 7
the algorithm will return w back again, but if h(m) = 9 then x,7 = Ty 3 in Ks, and
n(w) = 1. If i € Z, then the representative for i in Zpum+1 can be computed by running
the Turing machine Mg on input m for 2|i| — 1 steps. If Ms halts by this point then we
know h(m) and can replace i by its representative if necessary, while if it does not halt then
h(m h(m)+2

h(m) > 2|i] — 1 and hence —[%J <i < |=57=]. The running time of this procedure

s polynomial in the bit-length of m and the value of i, but not polynomial in the bit-length
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of 1. We will use this procedure for computing the representative of v later.

For the final step of constructing Gg, we take iterated HNN extensions over several

subgroups of Kg:

KS,aE = <<]7 Tmiy, M € Zal € Zh(m)+1>7
Ks,. = {(J, 2mi,m € L, 1 € Lp(my+1), and

Ks :={J, im0, Zmo, m € Z).

Lemma 7.4.5.

(a) An element w € Kg is in Ks, if and only if its normal form n(w) is a word over
{J, 2pmi, m € Z, —[WJ <i< [WJ} In addition, there is an automorphism

¢s: Ksy — Kso sending J — J and xp; — T ip1 for all m € Z,i € Lpgmy41-

(b) An element w € Kg is in Ks, if and only if its normal form n(w) is a word over
{J, z2mi, m € Z, —[WJ <i< [WJ} In addition, there is an automorphism

¢ Ks. — Ks. sending J — J and 2y = 2mip1 for all m € 7,1 € Lpmy+1-

(c) An element w € Ks is in Ksq if and only if its normal form n(w) is a word over
{J, Zm0, 2mo,m € Z,}. In addition, there is an automorphism ¢w : Kso — Ksyo

sending J — J, Ty = Tmi1,0, aNd Zpo = Zmi1,0 for all m e Z.

Proof. For part (a), observe that the subgroup Ks,(m,i) := {(J, zy;) S Ks(m,1) is iso-
morphic to Zy x Zy for all m € Z,i1 € Zymy41. For m € Z, let K (m) = (J,xp; i €

Zimy+1) S Ks(m), and consider the natural surjective homomorphism

(I)m : <J>1_L€Zh(m)+1 K57x<m77’) - KS,r(m)-

By the normal form theorem for central products, every element w in the domain of ®,,

can be written uniquely as w = JCp, ;, Timiy -+ - Ty, , Where k& = 0, —[WJ << <

i < [WJ, and ¢ € Zy. Comparing with the normal form 7, for Ks(m), we see that

®,,, sends normal forms to normal forms. It follows that ®,, is an isomorphism, and that
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if w e Ks,(m), then the normal form 7,,(w) in Kg(m) is a word containing only J and
Tmi S.

A similar argument using the normal form theorem for amalgamated free products
shows that

Ksa = (1) ¥mez Kso(m),

h(m)+3

and the normal form n(w) of an element w € K, is a word over {J, Z,; : m € Z, —| =57 <

: h(m)+2
i< MR
For the automorphism, observe that
) ~ @h(m)+1
<J>HiEZh(m)+1 stx(m7 Z) = Z2 X Z2 ,
+1

where the first Zs is generated by J, and Z3"™

Hence for every m € 7Z there is an automorphism qb(sm) : Ks.(m) — Ks.(m) sending

is generated by {Zy; : i € Zpm)41}-

J v+ Jand Ty — T 41 for all i € Zy )41, and these extend to the desired automorphism
¢s: Ksp — Ks,.

The argument for part (b) is identical. For part (c), observe that Ks(m,0) = D, for all
m € Z (since h(m) > 1), and that Ksg = ¢, mez Ks(m,0) by the normal form theorem
for amalgamated free products again. Hence for every m € Z there is an isomorphism
gb(v;m : Ks(m,0) —» Kg(m + 1,0) sending J — J, Tyo — Timt1,0, a0d 20 — Zmt1,0, and

these extend to the desired automorphism ¢y : Kso — Ksp. O

We can now define G as the iterated HNN extensions of Kg by the automorphisms
os, o1, and ¢y from Lemma 7.4.5, using variables S, T, and W respectively. This means
that

Gs = (Ks, S, T,W:SJSH =TJT™H = WJW™ = J,
SmeS*l — xm,i+17 TZmlTil — Zm7i+1, m € Z,Z S Zh(m)+1’

VV&Tm,OI/V_1 = Tm+1,0 WszW_l = Zm+1,0,M E L).
Unlike Kg, this group is finitely generated:
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Lemma 7.4.6. G is generated by {J, S, T, W, oo, zo0}-

Proof. For any m € Z,i € Zp(m)+1, we have ,,,; = S"W™aooW S~  and 2, = T*W™m20oW T
in GS. ]

We use this generating set frequently going forward. Hence for notational convenience,
we let X := xq0, Z := 200, and Xg := {J, S, T, W, X, Z}. Also, we let X,,; and Z,,; denote

the words
Xoni = STWmXW ™8 " and Z,,; := T'W"ZW "™T~" m,ieZ.
The words X,,; and Z,,; both have length 2|m/| + 2|i| + 1.

If we restate the presentation of Gs with respect to this generating set, we see that Gs

is the group generated by Xy, subject to the following relations:

(GO) J? =X?=27%=1.

(Gl) [S,J]=[T,J]=[W,J]=[X,J]=[Z,J] =1, ie., Jis a central element.
(G2) For every m,i € Z,

J i+ 1%#0mod h(m)+1

[XmiaZmi] = .
1 i+1=0modh(m)+1

(G3) For all m e Z and i # j mod h(m) + 1,

[Xnis Zimgl = [Xnis Xmgl = [Zimis Zimj] = 1.
(G4) For every m € N with h(m) < +0,

Xm,h(m)+1 = Xm0 and Zm,h(m)+1 = Zm,o-

In the next stage of our construction, we want to use Theorem 7.2.4 to embed Gg into

a finitely presented group with polynomial isoperimetric function. For this, we need:
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Proposition 7.4.7. The word problem for Gs with respect to Xg is solvable in determin-

istic polynomial time.

Proof. First consider the larger generating set AA,’G = X U {S,T,W} where

X = {J, Toni 2y € Ly —| M8 | < < [WJ}

as in Proposition 7.4.2. The word problem with respect to )?G is solvable using Britton’s

Lemma as follows:

(1) Given a word w over Xg U X', write
w = goty' G1t5> - 43" G,

where ey,...,e, € {£1}, t1,...,t, € {S,T, W}, and go,..., g, are words over X U

~

Xt
(2) For every 0 < i < n, compute the normal form 7(g;) of g; from Proposition 7.4.2.
(3) If n =0, then w = 1 in Gg if and only if (go) = 1, and we can stop.

(4) Otherwise, use Lemma 7.4.5 to check whether there is an index 1 < j < n such

that e; = —ej1, t; = ;11 = S, and g; € Ks,. If such a j exists, then let g} =

m 3 h(m 20
_[ h( 2z)+ ( 21)+ J is

the representative of [i; + €;] € Zp(m,)+1 (computed as in Remark 7.4.4). Return to
step (1) with

STy Ty, Where 9(g;) = J Ty iy Ty iy, and | < <|

w = got§ -t (gjflgg-gjﬂ)t;f;gjw SRR A/

(5) If nosuch j exists, perform step (4) with S, Ks , replaced by T, Ks , and W, Ks o, with

g; adjusted to match the automorphisms ¢r and ¢y from Lemma 7.4.5 respectively.

(6) If no such j exists for S, T and W, then w # 1 in Gs by Britton’s Lemma, and we

can stop.
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Define the bit-length and maximum index of a word w over /'?G U ??5 ! analogously to
words over Xx U X 1. Specifically, if if w is written as in step (1), then define the maximum
index of w to be max; I;, where [; is the maximum index of g;. Let N, B, and I be the
length, bit-length, and maximum index of the initial input to the above algorithm. Since n
decreases by two after each iteration, and n is bounded by N, the algorithm is guaranteed
to halt after at most [N/2] iterations. In steps (4) and (5), the length of g’ is equal to
the length of n(g;), which is at most one more than the length of g;. The generators ¢;
and ¢, are removed from w in this step, and w does not change in any other step, so
the length of w also decreases in each iteration. The maximum index can increase by one
in steps (4) and (5) when the automorphisms ¢g and ¢ are applied, so the maximum
index throughout is bounded by I + [N/2]|. Applying automorphisms ¢g, ¢, and ¢y in
steps (4) and (5) can also increase the bit-length of each generator by one (note that the
bit-length of the representative of [i] € Zp(m)+1 is at most the bit-length of ¢), so the overall
bit length of w can go up by at most /N in each step. Thus the bit-length of w is bounded
by B + N - [N /2] throughout.

By Proposition 7.4.2, each normal form 7(g;) in step (2) can be computed in time
polynomial in the bit-length of w, and we compute at most N normal forms in this step.
In steps (4) and (5), each representative i, can be computed in time polynomial in the
bit-length and maximum index of w, and we have to compute at most /N representatives.
The other steps can be done in time polynomial in the bit-length of w, so we conclude that

the entire algorithm takes time polynomial in N, B, and I.

Since [ is not polynomial in N and B in general, the above algorithm doesn’t run in
polynomial time in N or B. However, if the initial input is a word in X5 U X5", then I = 0,
and B = C'N where C' is the number of bits needed to encode each element of Xz U X5

So the above algorithm takes time polynomial in N for words from Xg u X5 [

We can now embed G into a finitely-presented group:

Proposition 7.4.8. There is a finitely-presented group Hs = (Xg : Ry), a polynomial

ds, and an embedding v : Fx, — Fx, such that
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(a) 2> € Ry for all z € Xy (so all the generators of Hs are involutions),

(b) «(J), «(X), and L(Z) are elements of Xy, while 1(S), 1(T), and «(W) have length two

in Hs, and
(c) if w e Fax, is a word which is trivial in Gg, then there there exist ry,--- 1) €
RuORG, 21, 2k € Fayy, withk < ds(|e(w)]) and |z| < ds(|e(w)]) forall1 <i <k
satisfying
v(w) = 212y Y aarezy e TRy
m ]:XH'

Item (c) implies that « embeds Gs into Hg.

Proof. By Proposition 7.4.7 and Theorem 7.2.4, G's can be embedded in a finitely-presented
group Hy = (X, : Ry) with polynomial isoperimetric function dp,. Let X} = X)\{J, X, Z},
and Xy = {J, X, Z} u{s,,t,:ye X1}. Define f : Fy, — Fx, by f(y) =y forye {J, X, 7}
and f(y) = syt, for y € A, so in other words f(w) is the word w with y replaced by s,t,
for all y € X). Finally, let Ry = {2?: z€ Xz} U {f(r) : 7 € Ro}. Then

(X : Ry = (Hy, sty forye Xy : s =t2 = Land y = syt for all y € A1),

and thus Hy is a subgroup of H := (Xy : Ry by repeatedly applying Lemma 7.2.1. The
inclusion ¢ : Gy — Hy < H satisfies parts (a) and (b) of the proposition. Let ¢ be the
length of the longest relation in Ry. If w € Fu, is trivial in G, then w is also trivial in

Hy. Hence by Lemma 7.2.3, there are 71, ...,r, € RgURy " and 2y, ..., 2z € Fx, such that
w = 217“121_1227“222_1 e zkrkzk_l,
where k < do(Jw|) and |2;| < lk + ¢+ |w]| for all 1 < i < k. Thus

w(w) = f(z) fOro) f(z) ™ f Q) f (i) f ()

Since dy, is polynomial, f(r;) € Ry u Ry for all 1 <i <k, and |w| < |f(w)| < 2|w| for
all w € Fy,, part (c) is true with e.g. ds(n) := 2ldy,(n) + 20 + 2n. O
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7.4.2 Construction of Ag(m)

For this section, we fix a finitely-presented group Hs = (X : Ry) and a polynomial dg
as in Proposition 7.4.8, and identify Gs with its image in Hs (so we do not mention the
embedding ¢ explicitly). In particular, if w € Fa,, then |w| will denote the length of w
in Hg rather than Gs unless otherwise noted. The variables J, X, and Z will continue
to denote generators of Hg, while S, T" and W will be length two words in Hs. We also
continue with the notation X,,; = S‘WmXW "5~ and Z,,; = T'"W™ZW ™1, Now
that we are working with algebras, we let [A, B] denote the algebra commutator AB — BA

instead of the group commutator.

To define Ag(m), consider the set of variables
X = {Uh U27 )?7 27 OP7 OQ}7
and let
1-0p 1—-0q

U:=UU,, P:= —5 and Q := 5

in C*(Xy). For every m € N, let Ag(m) be the finitely presented =-algebra generated by

Xy u &), subject to the relations
(RO) z*x = za* = 22 = 1 for all x € Xy U X,
(R1) r =1 for all » € Ry, i.e. all the relations for Hg hold,

(R2) [U.X] = [U,2] = [U,S] = [UT] = [U,J] = [@ X] = [Q, 2] = [@,5] = [Q,T] =
[Q,J] =0,ie U and Q commute with X,Z ST, and J,

(R3) [X,Q] = XQ — XnoQ = 0 and [Z,Q] = ZQ — Z,n0Q = 0,
(R4) UXU* — SXS* = UZU* — TZT* = 0,
(R5) [P, Q] =0, i.e. P commutes with @, and

210



(R6) (P + XPX —UPU*)(1+ JXZXZ) = 0.

Note that relations (R0) imply that all the generators are order-two unitaries, so Ag(m) =
CZy*™ J(R,,), where R,, denotes the relations in (R1)-(R6). Since Op and Og have
order two, P and () are projections in Ag(m). The point of the generators Op and O is
to add the projections P and ) while making Ag(m) a quotient of a free product of Z,’s.
Similarly, the point of U; and U, is to add the unitary U without putting any restriction
on its order. For the intuition behind the remaining relations, see the representation
constructed in the proof of Lemma 7.4.10 below. Before proceeding to the lemma, we

record some facts about the presentation for later use:

Remark 7.4.9.
1. If A= CZ3*°% then ||r||4 < 6 for all 7 € Rp,.
2. The number of relations in R, is independent of m.

3. The relations r in (R3) satisfy ||r|li1 < 2m + 3, and the other relations in R, do

not depend on m.

Lemma 7.4.10. If m € S then there is a tracial state T on As(m) such that 7(PQ) > 0.

Proof. Suppose m € § and let n := h(m) < o0, so the Turing machine M halts at the n-th
step on the input m. Let 75 be the canonical trace on CHg, and let (7 : CHs — B(H,),v)
be the GNS representation of 7. Let H; be the Hilbert space ¢*(Z, 1) with the canonical
basis {e; : i € Zyn4+1}, let E;; be the rank-one projection onto e; for every i € Z,1, and let
C :e; — e;y1 be the left cyclic shift operator on EQ(ZnH). Let H = Ho ® H1, and define a
s-representation % : C*(Xy U X)) — B(H @ H) by

1
7(z) = <7r(x) ® ldw, ) for all x € Xy,

ﬂ-(x) ® Id?—ll

N Idy, ® C N Ids
#(Uh) = L CRO) = ),
Idy, ® C Idy
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%(2) = =0 n 9
Z 7"-(Zmi) ® Ez 7
i=0

Id E
Q) = [ © P00 , and
Idy, ® Eoy
D m(P)QE_;

%(P) — =0 n ,

> 7(P)®E;;

where in the last equation P; := (?)(ﬂ_g’””')(ﬂ_zgl’i“) e (%) forall0 <i<n-—1,

and P, := %. Note that
T(U) = 7(U)7(U2) = (

It is not hard to check that 7(r) = 0 for all relations r in (R0)-(R6). Indeed, it is clear
that 7(z) is a unitary squaring to 1 for z € Xy u {Uy, Us, X, Z}, and 7(Q) is a projection.
Since Zp0, -+ s Zmn—1 and J commute in CHg, 7(P) is a projection as well. So 7(r) = 0
for all 7 in (R0O). We also have 7(r) = 0 for  in (R1), (R2), and (R5) by inspection. For
(R3),

HX)H(Q) = FQFX) = H(Xm0)F(Q) = (w(Xm,()) ® oo

T(Xmo) ® Eo,o) ’

and similarly %(2)%(Q) = #(Q)%(Z) = T(Zm0)7(Q). For (R4), recall from the presenta-
tion of Gs that m(X,,0) = 7(Xpnt1) and 7(S)7( X )7(S*) = (X is1) for all i € Z.

Since CEZ‘,iC_l = Ei+1,i+1 for all i e Zn+1,
N 2, T(Xomir1) @ B
F(O)F(X)F(S™) = | n
D m( Xmit1) @ Eis
1=0
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2 (X)) @ Bi1i1
i=0

Similarly 7(T)%(2)%(T*) = #(U)%(Z)%(U*). This just leaves (R6). For this case,

N fa A
#(P+XPX ~UPU*) (1 +JXZXZ)) = ( ! ) ) where
2

-

Ar =) (P + XoiPiXoni — Pii1) (1 4 J X003 Zi Xoni Zmi)) @ E_i s,

1=0

3 |

Ay = Y 7 ((Pr 4 X PiXomi = Pit) (1 + J Xoi Zoni Xoni Zomi)) @ Ei,
i=0
and P, := F,. Recall from the presentation of GGg that J is a unitary of order 2 and is
central. Hence in CHg, % and %
forall0 <i < n—1, XpiZniXmiZmi = J, Xpmi commutes with Pyyq, and P; = (£=2=) P, 4.

Hence 1 + JXWZWXWZW = 2, and

are projections, and (1££)P; = 0 for 0 < < n. Also

P+ Xoni P Xoni — Piy1 = (%)P@'H + (%)Piﬂ — P = —Zpi(32) P = 0.

2

For i =n, XpnZmnXmnZmn = 1, SO

(Pr + X P X — Po)(1 + I X Zon Xonn Zonn) = (2 — PO)(l—J)2(1+J) -0

It follows that 7 ((P; + Xpi PXmi — Prs1) (1 + J X0 Zmi XmiZimi)) = 0 for all 0 < ¢ < n, and
hence A; = Ay = 0. We conclude that 7(r) = 0 for all r in (R0)-(R6). Hence 7 induces a
representation of As(m) on H ® H.

The image of 7 is contained in M (m(CHs) ® B(H;)) This algebra is isomorphic to

m(CHs) ® M(41)(C), which has a tracial state 7 := 79 ® 7" where 7’ is the unique tracial
state on My(,,11)(C). Finally,

) (W(Po)®E0,0 — L (P =

m(Fy) ® Eo,o) (et

so the lemma follows. O

T(F(PQ)) =7

1
s > Vs
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We now look at what happens when m ¢ §. For all n > 0, let
P, :=QU"PU"Q and X,, := U"XU ™"
in C*(Xy U Xp). Note that X2 = 1 in CZy#"™.

Proposition 7.4.11. There are constants C' and k such that for any m € N and 0 <
n < h(m), P, + X,P,X, — P,y is trivial in As(m) = CZi*% (RS, and has an

R -decomposition in CZy"=Y of size < C((n+ 1)m)k.

Although we won’t need this, the constants C' and k can be computed from a description

of the Turing machine Mg that recognizes S.

Proof. For the proof, say that a(n) = O(5(n)) for functions «, 8 if there is a constant
C > 0 such that a(n) < CfB(n) + C for all n = 0. Recall from Remark 7.4.9 that ||r||4 < 6
for all r € R,, when A = CZi* % Let

f=QU"(P+XPX —UPU*U " and g = U1+ JXZXZ)U™"Q.

By relation (R6), fg is trivial in Ag(m) and has an R,,,-decomposition in A of size 6n + 4.

To prove the proposition, we show that
fg =2 (Pt X%~ P

in Ag(m), while keeping track of the size using Lemma 7.3.3. For the first step, since U
and S commute and UXU* = SXS5*, we see that X, = S"XS™" in Ag(m). Similarly
UrZU™™ = T"ZT~" and U commutes with J, so

g=1+JS"XS™" . T"ZT™". S"XS™" . T"ZT~")Q.

Replacing U nXU~" and UMZU~" with S" XS~ and T"ZT~™" requires O(n?) applications
of the defining relations, and the intermediate polynomials in this calculation have degree
O(n), so by Lemma 7.3.3,

g—(1+JS"XS™ . T" 2T . S"XS™" - T"ZT™)Q
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has an R,,-decomposition of size O(n?).
Next, X,Q = QX,, = S"XQS™ = QXp and U"ZU"Q = QZy, for all n > 0 by
relations (R2) and (R3), so
(14 JS"XS™ - T"ZT"-S"XS™ - T"ZT"™)Q = Q(1 + J Xn ZinXmn Zomn)-

This identity requires using the relations O(n) times, and X,,, and Z,,, have degree O(m +

n), so by Lemma 7.3.3 again,
(1+JS"XS™ - T"ZT " - S"XS™ - T"ZT"™)Q — Q(1 + J X n Zoin X mn Zomn)
has an R,,-decomposition of size O(n* + nm).

Now suppose that 0 < n < h(m). From the presentation of G's, we see that

50 Q(1 + J X Zrin Xon Zonn) = Q(1 + J?) = 2Q. The word J X 1 Zmn Xonn Zmn has length
16m + 16n + 5, so by Proposition 7.4.8, part (c) there are r1,...,7, € Ry U Ry' and
21,2k € Fay With JXom ZonXon Zmn = 27121 -+ 26Tkzn - in Fayy, kb < ds(16m +
16n + 5), and |z;] < ds(16m + 16n + 5) for all 1 < i < k. Replacing r; with 1 from
right to left, we see that Q(1 + JXnZmnXmnZmn) — 2Q has an R,,-decomposition of size
O(ds(16m + 16n + 5)?) = O(ds(m)?* + ds(n)?). From Lemma 7.3.3, part (c), we get that
fg —2fQ has an R,,-decomposition of size O(n® + n? + nm + ds(m)? + ds(m)?).

We now look at f@). Since () commutes with )?n,
fQ=QU"PUT™Q+ QU"XPXU"Q — QU™ PU~"Q
=P, +QX,,-U'PU™ X,Q — P,y
=P, + X, P, X, — Poy1.
This identity requires replacing X, with S"X$—" again, so
fQ— (P, +X, P, X, — Bu1)

has an R,,,-decomposition of size O(n?). Ultimately we conclude that ﬁn+)~(n -ﬁn-)?n—ﬁ%l

has an R,,-decomposition of size O(n® + n? + nm + ds(m)? + ds(m)?). O
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Proof of Theorem 7./.1. Let X = Xy u Xy, and let ]Bn, )N(n, and R,, be as above. The
relations in (R1) are independent of m, and the remaining relations are spelled out explicitly
in (R2)-(R6), so we see that the mapping m — R,, is computable. Parts (a) and (d) of
the theorem hold by construction, and part (b) follows from Proposition 7.4.11. Finally,
since [P, Q] = 0 in As(m), Lemma 7.4.10 implies that there is a tracial state 7 on Ag(m)
with 7(P2) = 7(PQ) > 0. O

7.5 Proof of Theorem 7.1.3

In this section, we prove the following theorem.

Theorem 7.5.1. There is an integer ng, such that for all N = ng, the promise problem

Given a € Q*(xy,...,xyN), determine if o is trace-positive in C*(xq, ..., zNn),
or if w(a) is not trace-positive in CZiN, promised that one of the two is the

case.

is coRE-hard, where 7 : Q*(x1,...,xx)y — QZiN is the homomorphism sending x; to the
generator of the ith factor of ZiN.

Suppose that N > ng, and that the homomorphism 7 in Theorem 7.5.1 factors through
a =-algebra A, meaning that there are homomorphisms m : Q*(zy,...,2y) — A and
7y A — QZ3N such that m = my o ;. Suppose also that we have some way of repre-
senting the elements of A as strings such that the homomorphism m; is computable. Then

Theorem 7.5.1 has the following immediate corollary:

Corollary 7.5.2. It is coRE-hard to determine whether o € A is trace-positive in Ac.

Proof. Suppose a € Q*(xy,...,zn). If a is trace-positive in C*(zy, ..., xy), then m () is
trace-positive in Ac. If m(«) is not trace-positive in CZ3" then there is a tracial state 7
on CZiN such that (1o m)(m(a)) = 7(m(a)) < 0, so m () is not trace-positive in Ac.
Since 7 is computable, the promise problem in Theorem 7.5.1 reduces to the problem of

determining if o € A is trace-positive. ]
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Theorem 7.1.3 is a special case of Corollary 7.5.2 with A = Q*{xy,...,2n}, QFy, or
QZEN (for every M = M’, there is a *-homomorphism QZ*N — QZY sending the ith
generator of QZ%N to the ith generator of QZ%Y). The corollary also applies to other
algebras such as the algebra of contractions and the algebra of self-adjoint contractions, as

well as free products of any of the algebras mentioned.

For the proof of Theorem 7.5.1, suppose S < N is an RE set, and let X, 15 and )N(n,
n = 0, and As(m) = C*(CZ3* : R,,), m = 1, be as in Theorem 7.4.1. Before proceeding

to the proof, we need the following propositions.

Proposition 7.5.3. There are positive integers A, k such that if m ¢ S and 7 is a tracial
(€, Rm)-state on CZ2Y for some € > 0, then | B> < AmFy/e.

Proof. Let C' and k be the constants from Theorem 7.4.1, part (b). Suppose m ¢ S,
¢ > 0, and 7 is a tracial (¢, R,y)-state on CZ:¥. By Theorem 7.4.1, part (a), X, is a
unitary involution in CZ:¥. Since 7 is tracial, ||P, ||, = || X, P, X, for all n. Also P, and

~

X, P, X, are hermitian squares in CZ3%, so 7'(]5 )?n]San) = T()?nﬁn)?nﬁn) > (0. Hence

1Pall2 = 7(P2) = 3 (n(P2) + 7((RuPu X)) )
<3 (r(B) + T(RP X)) + (PR PR + (R B XAP))
= L7 (P, + X, P, X,)?) = LB, + X, P. X, |12

By Proposition 7.3.4 and Theorem 7.4.1, part (b), [Py + XnPoXy — Posill- < C((n +
1)m)¥\/e for all n = 0. It follows that
||15n\|T < KB+ Xu B X |-
(HPHHHT+ HP +X PX ]SnHHT)
< TH Bratlls + SC((n + m)* e

%\

By induction, we obtain

k

t
~ ~ TL
I1Polle < (Il + C 3, g Ve
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for all ¢ > 1. Since P is a contraction in CZ%¥ by Theorem 7.4.1, part (a), || B, <1 for

all £ = 1. The series Zle 2’}% converges, so taking ¢ — +o0, we conclude that
1Boll, < Am*ye
for any integer A > C Y| 2’}% O

Proposition 7.5.4. Let W be the mapping from Lemma 7.3.11, and let

W = ( U W(r)) UW(B) U Ry

T€ERm UR;’%

for m € N. There are positive integers K, k' such that if m ¢ S and T is a tracial (e, Wy,)-
state on C*(XY, then || Py, < AmF \/e.

Proof. Let A,k be integers from Proposition 7.5.3, and let D be the integer from Theo-
rem 7.4.1, part (d). Suppose m ¢ S, € = 0, and 7 is a tracial (¢, W,,)-state on C*(X’). By

Lemma 7.3.11, there is a tracial state 7 on CZ3" such that

7llz = 7ll-] < 2l Ve < 2Dma/e

forallr € R,,, URY,. Since R,, € W,,, T is an (¢, R,,)-state. For every r € R,,URY | ||7]|+ <
Ve, and hence |r[jz < (2Dm + 1)y/e. We conclude that 7 is a tracial ((2Dm + 1)%¢, R, )-
state on CZ3¥. By Proposition 7.5.3, || Pylls < AmF\/(2Dm + 1)2e = (2Dm + 1)Am*,/e.
Again by Lemma 7.3.11, since 7(s*s) < ¢ for all s € W(P,), we have

1]z — 1 ol-] < 20 Balliav/e = 3ve.
It follows that
||150||T < ((2Dm + DAm” + 3) Ve < 6DAmF 1 /e.

Taking A:=6DAand K =k +1 completes the proof. O
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Proof of Theorem 7.5.1 . Let ny := |X|, and suppose we are given an integer N > ny.
Pick an ordering on X so we can identify Q*(X) with the subalgebra Q*(zy,...,x,,)
of Q*(xy,...,zx). We think of C*(X) and CZ4* as subalgebras of C*(x1,...,xx) and
CZ3N similarly. Let /~\, k', and W,, be as in Proposition 7.5.4. For any m € N, define a
#-polynomial

alm) = - PP e QUA) € Qa1 (7.5.1)

reWm W,

Then a(m) is self-adjoint and the map a : N — Q*(zy,...,zy) is computable by Theo-
rem 7.4.1 and Lemma 7.3.11.

Let m: Q*(xy,...,zn) — QZiN be the homomorphism sending z; to the ith generator
of ZEN. Also let ¢ = ¢y o q1, where ¢ : QZ3N — QZ3¥* is the homomorphism sending
x; — x; for 1 <1 < ngand x; — 1 for i > ng, and ¢ : QZ;X — Ags(m) is the quotient
map. By Theorem 7.4.1, if m € S then there is a tracial state 7 on Ag(m) such that
7(P2) > 0. By Lemma 7.3.11, 7(t) = 0 for all ¢ € (User,,orz W(r)) v W(E,). Since

q(r) =0 for all r € R,,, q(w(r*r)) = 0 for all r € W, u W and hence (70 q)(m(a(m))) =

— %7 2,C,T(P2) < 0. We conclude that 7(«(m)) is not trace-positive.

Now suppose m ¢ S, and that 7 is a tracial state on C*(xy,...,zn). Let € :=
Yirew,,ows T(r*r). Then 7 is a tracial (¢, W,,)-state, so by Proposition 7.5.4, T(PyPy) =
1Fy]|2 < A2m2'e. Hence 7(a(m)) = 0. Thus the complement S of S reduces to the
promise problem in the theorem statement. Taking S to be RE-hard, we see that the
promise problem is coRE-hard. O

7.6 Proof of Theorem 7.1.1

The proof of Theorem 7.1.1 follows the same approach as the proof of Theorem 7.1.3. We

start with a promise problem version of the theorem.

Theorem 7.6.1. Suppose either N > 2 and C = CZiN, or N > 3 and C = CZ3N.
Let P = Q*(xq,...,xn), and let m : P — C be the homomorphism sending x; to the ith

generator of C. Then the promise problem
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Given a € P ®q P, determine if o is positive in Pc Q¢ Pc, or if (m @ m)(a) is
not positive in Cc ®c Cc, promised that one of the two is the case.

1s coRE-hard.

To get Theorem 7.1.1 from Theorem 7.6.1, suppose that N, C, P, and 7 are as in the
theorem, and that 7 ® 7 factors through a =-algebra A, meaning that there are homomor-
phisms m : P®P — A and 15 : A — C®C such that 7 ® m = w9 o 1. Suppose also that

the first homomorphism 71 in this factorization is computable. Then:

Corollary 7.6.2. It is coRE-hard to determine whether o € A is positive in Ac.

The proof is the same as the proof of Corollary 7.5.2, with the word “trace” deleted.

Theorem 7.1.1 follows immediately from Corollary 7.6.2 by taking A to be one of
Q*(wy,...,an)@Q*(xy,...,2n) or QFy ® QFy with N = 2, or QZN @ QZiY with N >
3,M >=>2o0r N>2 M=>3. As with Corollary 7.5.2, Corollary 7.6.2 also applies to other
algebras such as the algebra of contractions and the algebra of self-adjoint contractions, as

well as free products of any of the algebras mentioned.

For the proof of Theorem 7.6.1, we use the same setup as in the previous section: we
suppose S € N is an RE set, and let X, B, X,,, n > 0, and As(m) = C*(CZi* : R,
m € N, be as in Theorem 7.4.1. In addition, let ¢ : CZ;* — CZ3*  CZi* :a—> a® 1 be

the left inclusion.

Proposition 7.6.3. There are positive integers I', k such that if m ¢ S, ¢ is an (e, X)-
synchronous state on CZ3* @ CZ3*, and 7 := @ o1 is an (e, Ry,)-state on CZi* for some
€ >0, then ||Py||, < Tmky/e.

Proof. Suppose m ¢ S, € = 0, and ¢ is an (e, X)-synchronous state on CZi* ® CZ4* such
that 7 := o is an (¢, R, )-state on CZY. By Theorem 7.4.1, part (a), B, is a contraction
in CZ3*, X, is a monomial in C*(X) of degree 4n + 1, and X, is a unitary involution in

CZ3*, so Lemma 7.3.7 implies

”XnPanHT - “PTZHT

— IR PR @ Ll — 1Py @ 1| < (40 + 1)
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for all n > 0. Hence

”XnPan”g - ||PnH‘2r = (HXnPanHT + HPn”T) ||XnPanHT - ”PnHT

< (2/|Pull- + (dn + 1)v/€) (4n + 1)/,

SO
X0 PaXall2 = (| Pall? — (80 + 2)[|Pull /e — (dn + 1)% (7.6.1)

for all n = 0. By Theorem 7.4.1, part (a) again, P, is a hermitian square in CZ3* with
IBly = 1 and ||Pyfis = 3(n +1)/2 < 2n + 2 for every n = 0, so | X,PX,|11 <
1B, lli1 + || Pall1(87 + 2) < 10n + 4. Lemma 7.3.8 implies
(KPR P01+ BRAE,01) - (oK B %P o)
= _QHXnﬁn)?nHLlHﬁn ® 1”90\%
> =(20n + 8)|[ Full-vVe.
By Equation (7.6.1), we obtain
1P+ X PoXal2 = 1Xn P X2 + 1 2ll7 + 0(Xo B Xa P @1 + P X P X, @)
> 2| B2 = (28n 4 10)[| Pall /e — (dn + 1)%e
2(|| Palls — (7n + T)v/€)® = (11n + 11)%,

\%

where the coefficients here (and below) are chosen for convenience. It follows that
2([|1Boll — (0 + 1)) < (1P + Xu P Xl + (110 + 11)1/€)%,

and hence

1
V2
Let C and k be the constants from Theorem 7.4.1, part (b). By Lemma 7.3.9, || B, +
XoP. X, — Poiill, < C((n+ 1)m)k\/e for all n > 0. Thus

1Pl < —= (1B + Ko P Xolls + (25m + 25)1/e).

1Pallr < 5 (1Basill- + C((n + 1)m)*y/e + (250 + 25)y/e)
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< L[| Bl + 25(C + 25)((n + m) e,

By induction, we obtain
~ N t
1Pl < () 1Bl + (C +25) Z

for all ¢ > 1. Since B, is a contraction |B, < 1forallt>1 Asin the proof of

Theorem 7.1.3, the series Z _15% /2 converges, so taking ¢ — +00, we conclude that

||ﬁ0||7 < FTnk\/E

k

for any integer I' > (C' +25) Y. 2~ O

n=1 on/2"

Proposition 7.6.4. Let W be the mapping from Lemma 7.3.11. For every m € N, let
W = (User,,orx W(r)) U W(Ey) U R be as in Proposition 7.5.4, and let

= {s®L:seW,}u{s®L1®s:se UW(x)}
reX
There are positive integers I, k' such that if m ¢ S, ¢ is an (e, VNVm)-state on C*{(X) ®
C*XY, and ¢ is (e, X)-synchronous, then |Py® 1|, < < I'm¥ \/e.

Proof. Let I', k be integers from Proposition 7.6.3, and let D be the integer from Theo-
rem 7.4.1, part (d). Suppose m ¢ S, € = 0, and that ¢ is an (e, Win )-state on C*(XH)QC*(X’)
which is (e, X')-synchronous. Since c,p(s s®1) < eand p(1®s*s) < eforall s € | ,., W(2),
and {s®1 : s € J,er,,orx W(r)} < Win, by Lemma 7.3.12, there is a (25¢, X')-synchronous
state ¢ on CZ3* ® CZ4* such that

llr @ Llls — lIr @ Llly| < 2[lr[l1v/e < 2Dmy/e

for all 7 € Ry URE. Since {r@1 :r € Ryt S Wy, for every r € Ry URE, |Ir @
1ll, < +/€, and hence ||r ® 1||; < (2Dm + 1)4/e. Rounding 2Dm + 1 up to 2Dm + 3 so
that (2Dm + 3)? > 25, we conclude that @ is a ((2Dm + 3)%, X')-synchronous state on
CZi* @ CZ3* and $ o is a ((2Dm + 3)%¢, R,,)-state on CZ3*. By Proposition 7.6.3,
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1B ® 1|z < I'm*y/(2Dm + 3)%¢ = (2Dm + 3)I'm"y/e. Again by Lemma 7.3.12, since
(s®1:se W(P)} < Wi, we have

1P @1l — [P @ 1l | < 2| Polliiv/e < 3V
It follows that

Taking I' = 8DI" and k¥’ = k + 1 completes the proof. O

Before proceeding to the proof of Theorem 7.6.1, we need a few more lemmas. The
first is a standard fact about extending tracial states to (not necessarily tracial) states on

tensor products.

Lemma 7.6.5. If 7 is a tracial state on CZ5%, then there is a (0, X)-synchronous state ¢
on CZ3* @ CZ5™¥ with pov = 7.

Proof. Let (m,v) be the GNS representation of 7, and let C = 7w(A) be the closure of
7(A) in the operator norm, where A = CZ3*. By | , Proposition 6.1.2], the tracial
state defined by v on C extends to a state ¢’ : CQC? — C : a®b — {(v,abv). Note
that the isomorphism wy : C*(X) — C*(X)°% defined in Section 7.3 descends to an
isomorphism A — A°, and that 7 defines a *-homomorphism 7% : A°®? — (C°%. Let
o =¢ o(r®(r?owy)). Then ¢ is a state on A® A with p(a ® b) = (v, m(awx(b))v) =

7(a - wx(b)). Since
||x®1—1®:v||i =p(r*'2@R1 —2Qr* —r*Qr+1®z*r) =72 — 2> -2 +2%) =0

for all z € X, ¢ is (0, X')-synchronous. O

The remaining two lemmas are used to get from QFy and QZ:" for large N down to
QZ%* and QZ33.

Lemma 7.6.6. If H be a subgroup of a group G, then any state on CH extends to a state
on CG.
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One way to prove this lemma is to observe that CH and CG are subalgebras of the full
group C*-algebras C*(H) and C*(G). By definition of the full group C*-algebra, any state
on CH is the restriction of a state on C*(H), and since C*(H) is a subalgebra of C*(G),
any state on C*(H) extends to a state on C*(G). There is also a *-algebra proof which we
expect is known to experts, but have been unable to find in the literature, so we include a

proof for reference.

Proof of Lemma 7.6.6. Let CH, and CG, be the convex cones of sums of squares in CH
and CG respectively. We will show that CG,. n CH = CH,. Indeed, let r : CG — CH
be the linear function with r(g) = g if ¢ € H and r(g) = 0 if g ¢ H. Pick a set of
representatives X < G for the coset space G/H. Any element a of CG can be written as
D rex Ty, where o, € CH, and o, is zero for all but finitely many elements z € X. If
h,h € H and z,y € X, then h~z~'yh’' € H if and only if z = y, so

r(a*a) = Zr atryay) Za Oy
.y

is a sum of squares in CH. Consequently, if a € CH and there are g, . .., aj € CG such that
a=Y,afq, then a =r(a) = Y, r(afa;) is a sum of squares in CH, so CG,. nCH = CH,

as desired.

If f is a state on CH, then f is nonnegative on CH n CG, = CH,. Since CG
is archimedean, the M. Riesz extension theorem implies that f extends to a real linear
functional on spangCG ;. which is nonnegative on CG. From there, we can extend further
to get a linear functional f on CG such that f(a*) = f(a) for all a € CG, f|CH = f, and
fis nonnegative on CG .. Since f(l) = f(1) = 1, the archimedean condition implies that
f is a state. O

Lemma 7.6.7. Suppose N > 1 and G is either Fx or Zi5 with K > 2, or Z3% with

K > 3. Then there is an injective group homomorphism p : Fy — G and a computable
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x-homomorphism i : Q*(xy,...,xn) — Q*(xy,...,xx) such that the diagram

Q*<$1,...,ZL‘N> M Q*<[I)1,...,ZEK>
%l l(h
QFn I QG

commutes, where q1 and gz are the quotient homomorphisms sending x; to the jth generator

of Fn and G respectively.

Proof. Let xq,...,xn denote the generators of Fy, y1,y2 denote the generators of Fj,
wy,wy denote the generators of Z3% and 21, 2,23 denote the generators of Zi3. Tt is

well-known that the homomorphisms

Y Fn = Foimi— gy 1 <i < N,

Yo i Fo = L5y — wiwy ', yp — wy ws, and

vyt Fy — L3ty > 21 zgzgzr i =1,2
are injective. If G = Fx with K > 2, then we can take p = 71, where we think of F; as a
subgroup of Fx by mapping y; and ys to the first two generators, and let i be the lift of u
sending x; — zixo(z¥)’. If G = ZiK with K > 2, we can take p = 79 0 71, where again we
think of Z%? as a subgroup of Z:X by mapping w; and wy to the first two generators, and
let [i be the lift of p sending x; — (wyw3) wiws(wow?)t. Finally if G = Z3K with K > 3,
we can take p = 73 0 1, where we think of Zi* as a subgroup of Zi%, and let i be the
lift of p sending x; — (row3)*(z122w321 ) (252%)". In all three cases, we see from the explicit

formula that i is computable. m

Proof of Theorem 7.6.1. Set Py := Q*(zy,...,xy) for N € N. Let P;(N) be the promise
problem from the statement of the theorem with P = Py and C = QZiV, and let Py(N)
be the promise problem with P = Py and C = QZ%". Although it isn’t mentioned in the
theorem statement, let P3(N) be the promise problem with P = Py and C = QFy. As in
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the proof of Theorem 7.5.1, let ny = |X|. We start by showing that P;(N) is coRE-hard
forall N > n

For this, suppose N = ng, and once again pick an ordering on X and identify Q*(X),
C*(X), and CZ3"* with subalgebras of Py, C*(zy,...,zy), and CZiN respectively. Let
7 : Py — QZ3N be the quotient map, and let ¢ = g; 0 g1, where ¢, : QZ3YN — QZ3¥ is the
homomorphism sending x; — x; for 1 < i < ng, and ¢ : QZ5* — As(m) is the quotient

map. Let f, k', and f/lv/m be as in Proposition 7.6.4. For every m € N, define a *-polynomial

B(m) = Z r*r—i—Z(x@]l—]l@x)*(a:@ﬂ—]l@x) = PRl
reWm UWE, zeX
in Q*(X)®pQ*(X) € Pxy®qgPy. Then S(m) is self-adjoint and the map 8 : N — Py®gPn
is computable by Lemma 7.3.11, Theorem 7.4.1, and Proposition 7.6.4.
By Lemma 7.3.11, (7@ m)(t®1) = (r@m)(s®1) = (1®7) (1 ®s) = 0 for all
te (UreRmu'R;"n W(T’)) v W(ﬁ(}) and s € UzeX W(ZE) Hence

(r®@m)(B(m)) = 2 T*r®ﬂ+2(x®]l—ll®x) = A P®1
reRmURE, reX
in QZi* ®g QZ4* < QZIN ®g QZN. If m € S, then by Theorem 7.4.1, part (c), there
is a tracial state 7 on Ag(m) such that 7‘(1302) > 0. Since T o ¢, is a tracial state on CZ3*
and go(r) = 0 for all r € R,,, Lemma 7.6.5 implies that there is a (0, X')-synchronous state
@ on CZi* @ CZi¥ such that ¢(P2® 1) = 7(P2) > 0 and ¢(r*r ® 1) = 7(g(r*r)) = 0
for all r € R,, U R¥,. Then § := o (g1 ® q1) is a state on CZiN ® CZ4N such that
P((r@m)(B(m))) = —5.- Qk,T(P2) < 0. We conclude that (7 ® 7)(/5(m)) is not positive.

Now suppose m ¢ S. Let ¢ be a state on (Py)c ®c (Py)c, and let

e=¢ Y M+ Y (Ee1-102)'@®1-1®1)
reWm Wi reX
The restriction of ¢ to C*(X) ® C*(X) is an (e, Wm)—state which is (e, X')-synchronous,
so by Proposition 7.6.4, o(PfPy® 1) = ||Py ® 1|7, < I2m?'e. Hence o(B(m)) = 0. We
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conclude that the complement S of S reduces to P;(N). Taking S to be RE-hard implies
that P;(N) is coRE-hard for N = ny.

Next, the quotient map 7™ : Py — QZ3N factors as 7V) = ™Mo 7™ where 7™ is

the quotient map Py — QFy, and 7T§N) is the quotient map QFy — QZiN. If (r @ 7)(«)
is not positive in CZiN @ CZi"N for a € Py ® Py, then (W%N) ® 7T§N))(oz) is not positive in
CFny ® CFy. Thus P (N) reduces to P3(N), and P3(N) is coRE-hard for N > n,.

By Lemma 7.6.7, if N > 1 and K > 2 then there is an injective homomorphism

p o Fy — Zi% and a computable homomorphism fi : Py — Pg such that 7T§K) ol =

IR} W%N), where ng) is the quotient map P — QZiK. If a € Py ® Py is positive in
(Pxn)e ® (Py)c, then (i@ fi)(a) is positive in (Px)e @ (Px)e. If (1™ @ 7")(a) is not
positive in CFy®CFy, then there is a state f on CFy x Fy such that f(7r§N)®7T§N))(Oz)) <
0. If we identify CFy ® CFy with CFy x Fy and CZiK @ CZi* with CZiK x Z3¥, then
the homomorphism p ® p is the algebra homomorphism coming from the injective group
homomorphism p x p: Fy x Fy — Z55 x Z5%. By Lemma 7.6.6, the state f extends to

a state f on CZ:K x 73K and
fllp < w(@Y @) (@) = f(7 @ m™)(«) < 0.

Hence (7T§K) ® WéK))(ﬁ ®n)(a) = (p® ) (W%N) ® 7T§N)>(Oé> is not positive. Since i ® [i is
computable, P3(N) reduces to Py(K) for any N > 1 and K > 2. It follows that P»(K) is
coRE-hard for all K > 2. Similarly, P5(/N) reduces to P;(K) for all N > 1 and K > 3, so
P (K) is coRE-hard for all K > 3. O

The following example shows that Theorem 7.6.1 is not true for C = Z32.

Example 7.6.8. Let G = Z3i* be the infinite dihedral group. This group is amenable
and linear. Hence the product group G x G is also amenable and linear. By a theorem
of Bekka, CG x G is residually finite-dimensional [ [, in the sense that an element
a e CGRCGE = CG x G s positive if and only if ¢(«) is positive for all finite-dimensional
representations ¢. FEvery finite-dimensional representation of CG x G decomposes into

irreducible representations, so « is positive if and only if ¢(«) is positive for all irreducible
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finite-dimensional representations. The irreducible representations of G have dimension
1 and 2, so the irreducible representations of G x G have dimension 1, 2, and 4. Thus
a € CG x G is positive if and only if ¢(«) is positive for all representations of dimension
4. The question of whether ¢(a) is not positive for all representations of dimension 4
lies in the existential theory of the reals, and thus can be solved in PSPACE [ ] In
particular, the question of whether a € CG x G is positive is decidable. We do not know

whether CG x G is archimedean closed.
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Appendix A

The closure of finite-dimensional

states

In this appendix, we prove Proposition 4.1.10:

Proposition 4.1.10. For every state f on Anpyy Qmin Avayy there is a sequence of

quantum models S,,n € N such that lim,_, fs, = f in the weak*-topology.

We first show that any tensor product state on A?’OAVM(@minA?’gVM can be approximated

by a sequence of finite-dimensional states.
Lemma A.0.1. For every tensor product model
S = (HaHp, {M!:aeAxeX},{N/:beB,yeY} |¢))
there is a sequence of finite-dimensional states {fotnen 0n Apiyy Omin Avgyy such that

lim f, = fs in the weak*-topology.

Proof. If H or Hp is finite-dimensional, then fg is a finite-dimensional state and the
lemma follows by taking f,, = fs for all n € N. Now suppose H, and Hp are separable

infinite-dimensional Hilbert spaces. The state [¢)) has decomposition
a0
W) = Z Ai &) @ [mip
i=1
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where {\;}ien IS a non-negative sequence in ¢(*(N) with Y, A? = 1, and {|§;) : i € N}
and {|n;) : ¢ € N} are orthonormal bases for #4 and #p respectively. For every n € N
we define projections IIZ := Y7 [6)(&| € B(Ha) and IEZ = 7" |n>{ni| € B(Hp),
finite-dimensional spaces HZ := MAH, and HE := TIPHp, and vector state |i,) :=

u% ST N ED ® Iniy € HA®HE where p,, = 4/, A?. Then for every n € N,
S = (H AT ML, (I NYILTY, [40)
is a quantum model. Let m4 ® mg be the associate representation of S, and let 7T7‘? ®7Tf be
the associate representation of .S,, for every n € N.
Claim A.0.2. Given € = 0, for every monomial o in Agg‘VM, there exists a Ty € N such

that

T () @ 1 [thy) ~e male) @ L|) (A.0.1)

forallm = Ta.

Proof of Claim A.0.2. We prove this claim by induction on the degree k of the monomial
a. Since p,, — 1 as n — oo, there is a T' € N such that 1 — u, < €/2 and 4/1 — p2 < ¢/2
foralln > T. So

Hthn) = 1IN < 1L = ) [ou)ll + [t [thn) = 1N <1 = i + /1 — i <€

for all n > T'. Equation (A.0.1) holds for £ = 0. Now assume it holds for all monomials
of degree k for some k > 0. Let @ = ay---ag,1 be a monomial of degree k£ + 1, and let

o := ay---agy1. By the induction hypothesis, there exists a T € N such that

Q) @ L) ~epp a(d) @ 1Y)

for all n > T1. For every i,j € N, let s;; := (&, n;/ma(a) @ 1), Since 3, .- |si]* =
[ma(a) ® 1 |1b)||> < 1, there is a Ty € N such that

Dilsiil? = sl = (e/2)

t,j=1 i,5=1
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for all n > T5. Note that ||m4(aq)|lep < 1. It follows that

Ta(@) @ L[Y) ~epp I} @IS (ma() @ 1]y ) = Hiwa(an) @IF (male’) @1 [4))
~ep Hama(an) @IIZ (rH () @ L)) = Hama(a)omi (o)) @ 1 |1hn)
= 7 (o) (@) @ 1 by = 7 (a) @ 1 [ty

for all n > T := max{T},T>}. So Equation (A.0.1) holds for all monomials of degree k + 1.
This completes the proof. O

Similarly, for any € > 0 and monomial 3 € A?’gVM, there exists a Tz € N such that

L@, (B%) [n) ~e L@ T5(5) [1) . (A.0.2)

for all n > Tp. Then by Lemma 4.1.12, lim fs,(@a® ) = f(a® B) for all monomials «
and 5. So the lemma follows. n

The above lemma illustrates that the weak*-closure of the set of finite-dimensional
states contains all tensor product states. To prove the set of finite-dimensional states is
weak*-dense, we only need to show that the set of tensor product states is weak™-dense.

Recall the following well-known fact (see e.g. | , Corollary 4.3.10]).

Lemma A.0.3. Suppose A < B(H) is a concretely represented unital C*-algebra, and let

f be a state on A. Then for every e > 0 and every finite set of elements oy, -+ ,, € A,
there are coefficients Ay, -+, A\, = 0 with Zle Xi = 1 and vectors |11y, -+, |ty € H such
that

k
| f(ai) — Z A (sl e [y < e
j=1
forall1 <i<n.

This lemma can be used to prove:

XA Y,B :
Lemma A.0.4. For every state f on Appyiy @min Apoyas there is a sequence of tensor

product models { Sy }nen such that r}glgo fs, = f in the weak*-topology.
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Proof. We first fix any faithful representatlons AN S fB(H 4) and AR5, < B(Hp) for
some Hilbert spaces H and Hp. Then AR POVM Qmin A POVM is the C*-algebra generated
by the concrete operators m* @ ny, (a,b,x,y) € A x B x X x Y, where each mZ ® n acts
on Hy ® Hp. For every n e N, let

C(n) := {a ® f : & monomial in Apjy,, 3 monomial in Apjy,,, deg(a) + deg(B) < n}

be the set of monomials in A§54VM min A?{?VM of degree < n. Then C(n) is a finite set

and C(n) € C(n+1) for all n € N. For every n € N, by Lemma A.0.3 there are coefficients

A ,)\,(gz) > 0 with 3", A™ — 1 and vectors ]wln)>, cee |w,(cz)> € Ha ® Hp such that
Fa®B) ZA " ) a® B <+ for all a® f € Cln). (A.0.3)

Then S,, := (7—[,4, Hp, {m*}, {n}}, pn) is a tensor product model with a mixed state p, :=
Zfﬁl i [ (1;|. Equation (A.0.3) implies

lfla®pB) = fs,(a® )] < :L for all a ® B € C(n).

Then for every ¢ > 0 and every monomial o ® (€ Ap POVM Qmin A, POVM,

lfla®p) — fs,(a®@B)| <€

for all n > max{[1], deg() + deg(s)}. So lim fs,(a® B) = f(a® P) for any monomial
a® B. The lemma follows. O]

Proof of Proposition 4.1.10. Let f be a state on APOVM Qmin APOVM By Lemma A.0.4
there is a sequence of tensor product models {S,},en such that f = lim fg, in the weak*-
topology. Then for every n € N, by Lemma A.0.1 there is a sequence of finite-dimensional
states {f},.en such that fs, = lim £ in the weak*-topology. Hence {f™},cy is a
sequence of finite-dimensional states such that f = nh—Igc £ in the weak*-topology. We
conclude that the set of finite- dimensional states on ANSvas Omin Avgya is a weak*-dense

subset of the state space of A iy Qmin Aoy O
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