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Abstract— This paper provides a systematic approach to address
the fundamental electricity auction issue regarding how to
include security boundaries associated with system stability into a
security-constrained DC-OPF-based model. These boundaries
are linearly approximated by a reduced number of hyperplanes,
from which a set of linear inequality security/stability constraints
is derived and included into a proposed voltage security-
constrained DC-OPF auction model. This allows the proper
implementation of a true DC formulation, taking full advantage
of its associated simplicity and robustness in the solution
algorithm. Case studies are presented to illustrate the
applicability of the proposed method and to demonstrate that the
market clearing and power dispatch resulting from the
optimization solution process are within the desired feasible and
secure region, contrary to the typical security constrained
DC-OPF auction model, which may fail to meet this condition.

Index Terms— Optimal power flow, power system security,
electricity markets, power dispatch.

1. INTRODUCTION

Nowadays, power systems are operating increasingly
closer to their control and operational limits because of
the increase of power demand and highly competitive
electricity markets, which together with other regulatory
requirements make new transmission facility construction
more difficult. Operating so close to these limits increases the
overall operating costs of the power system. Hence, these
limits should be properly represented in a security-constrained
optimal power flow (SC-OPF) problem [1], since the solution
of this problem is used to dispatch generating units in the most
economical manner, while satisfying operational and physical
constraints of the power system. However, if the security
limits are not adequately modeled, the OPF solution may not
be secure, i.e. the solution may not guarantee a dispatch that is
robust to contingencies.

Several approaches to properly represent the system
security in OPF models have been proposed in the literature
[2] to obtain optimal security constrained dispatches that
assure a secure operation of the power system. In this context,
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a comprehensive survey of different models and solution
techniques used for the SC-OPF problem from early 1960's to
2009 is reported in [3]. The simplest formulations extend the
conventional OPF approach by adding a set of steady-state
security constraints, such as limits on branch currents and
voltage magnitudes, properly modified for each credible
contingency considered in the study [4]. This formulation is
referred to as the SC-OPF problem [5]. However, the solution
of the SC-OPF problem may not yield a secure operating
condition [6]-[9], with the voltage stability problem being one
of the major security concerns for today's electric power
system operation [10]. In order to overcome this drawback, the
SC-OPF  has been reformulated as a  voltage
stability-constrained OPF (VSC-OPF) by adding stability
constraints derived from voltage stability indices, which
quantify how close the current operating point is to voltage
instability [7], [11], [12]. In [11], the authors propose the use
of a new index to also account for oscillatory stability. These
indices, however, represent only one single stress direction
corresponding to the dispatch being computed.

In the present restructured power systems, competition
between electricity market participants increases the number
of possible energy transactions, resulting in different load and
generation patterns that may aggravate stability problems
caused by high active power transfers or an insufficient
reactive power supply. Hence, an alternative approach to
achieve a proper representation of system security in this
operative context consists of characterizing the entire stability
region in the dispatch space, that properly represents multiple
load and/or generation patterns [13], [14]. The
security/stability boundaries are represented in this case by
means of a differentiable function that is included as a
constraint in the OPF approach, allowing a secure power
system operation, as proposed in [14]. In this formulation, a
back-propagation neural network (BPNN) is used to represent
the system security/stability boundaries (SB), and an explicit
differentiable function is extracted from the BPNN to be used
as a security constraint.

In order to avoid the time-consuming process of solving
nonlinear OPF models, which may not even yield adequate
solutions, a common practice in competitive electricity
markets is to adopt DC-OPF formulations, which provide
simple and robust solutions to obtain a proper optimal market
dispatch [15], [16]. System security in this case is introduced
via limits on certain optimization variables, and iterative
procedures to account for the system nonlinearities [15]. Thus,
a typical SC DC-OPF auction model imposes active power
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transfer constraints on transmission lines, which certainly have
the most impact on active power dispatch. These limits,
however, are determined from off-line studies that do not
necessarily correspond to the actual operative system
conditions, which may result in inappropriate market signals,
jeopardizing system security [15]. Therefore, how to include
additional security constraints into the SC DC-OPF auction
model is an important issue. In this context, typical single- and
multi-period SC DC-OPF auction models were extended in
[17] by including the security boundary constraint (SBC)
proposed in [14]. Since this constraint is a nonlinear function
of the system variables, the resulting SBC auction model is
nonlinear, introducing nonlinearities in the SC DC-OPF.
Hence, the main motivation of this paper is to obtain a proper
and novel linear representation of the security/stability
boundaries, which can be readily introduced as a linear
constraint in the SC DC-OPF auction and dispatch model.

The adequate linear representation of the aforementioned
SB is based on the use of hyperplanes [18], [19], under the
assumption that the boundaries are convex [19], resulting in an
approximation given by a set of linear inequalities in the
multidimensional dispatch space. In order to decrease the
dimension of the problem formulation, two new methods to
reduce the number of linear constraints to be used in the
analytical description of these boundaries are also proposed.
Finally, the effectiveness of the proposed approach to obtain
an optimal dispatch condition within the secure operating
region is demonstrated by means of realistic examples.

The proposed approach is detailed in the rest of this paper,
which is structured as follows: Section II briefly describes the
typical SC DC-OPF auction linear model, as well as the
previously proposed SB formulation. Section III details the
procedure for the linear approximation of the security/stability
boundaries, along with two proposed approaches to reduce the
number of hyperplanes used in this approximation;
furthermore, the proposed SBC DC-OPF linear model is also
formulated in this section. Study cases are presented in
Section IV in order to discuss and compare the results
obtained from the application of the proposed techniques.
Finally, the main conclusions and contributions of this paper
are summarized in Section V.

II. BACKGROUND
A. Security constrained DC-OPF

The typical single-period SC DC-OPF based auction and
dispatch model is formulated as a linear programming
problem, consisting of a scalar objective function to be
minimized subject to a set of linear equality and inequality
constraints, as follows [17]:
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where Cg s the cost of the i-th generator's bid power in

$/MWh; n; is the number of buses; and n¢ is the number of
generators, with their individual active power generation
represented by F; in MW, which cannot exceed its minimum

. .. min max .
and maximum limits 5 and F;T,  respectively.

Furthermore, F; and F,_are the active power generation and
demand at the k-th bus, respectively; B, represents the power

flowing through the transmission element connecting buses k
and m, with its susceptance given by bin; and J is the bus
voltage phasor angle. The system losses cause significant
impact on generation dispatch, thus transmission system losses
P are incorporated in the auction model by means of a

piecewise linear approximation, as detailed in [20], where the
system losses are given by:

P’ = 8in 2t (0)(0(0)=6,,(0)) (6)

with a,, (¢) representing the slope of the /-th segment of the

piece wise linear (PWL) approximation, while gi, is the
conductance of the transmission element connecting buses &
and m. Finally, system security is represented in this model by
P and P
respectively, which are calculated off-line by means of
loadability and contingency studies.

Participants in the electricity market demand correct market
signals for their operational and investment decisions;
however, as mentioned before, improper market signals and/or
insecure operating conditions may result from this auction
model, because its resulting generation dispatch depends on
power transfer limits obtained from off-line studies, which do
not properly reflect system security for the obtained dispatch.
Hence, a proper representation of system security by
characterizing security/stability boundaries, from which
security constraints are derived considering a variety of
generation dispatch patterns, is discussed next.

minimum and maximum power flow limits,

E}

B. Security Boundary

In the context of electricity markets, as proposed here,
another way to properly include security constraints into the
DC-OPF formulation is through a linear approximation of the
system security boundary. In this case, the boundary is first
obtained, and a set of linear constraints are then derived from
the linear approximation of the boundary. This set of
constraints is then included in the DC-OPF model (1)-(5) in
order to assure that the dispatch conditions are within the
secure region of operation. The details of how the boundary is
obtained are explained next.



Power system security operation requires that the system
operates inside a feasibility region F, which is composed of
the set of all asymptotically stable equilibrium points that can
be reached from a specific initial operating point through the
change of system parameters [21]. In this context, this region
is defined as a set of load demands and power generations (in
the dispatch parameter space) or magnitudes and phase angles
of nodal voltages (in the state space), for which the power
flow mismatch equations and all types of constraints
representing the power system operation are satisfied [22].
This region is bounded by a feasibility boundary X, at which
the system equilibrium points change their stability properties
[21]. Therefore, this feasibility region, and in particular its
boundary, is of great importance in the secure operation of the
electric power system. A full and detailed description about
the computation of the feasibility region and its associated
boundary can be found in [13], [14]. Therefore, only the most
relevant principles and procedures associated with this
computation are discussed here.

The feasibility region and its boundary can be constructed
for a specific operating point by identifying equilibrium
points, in the parameter space, that are stable with respect to
small and large perturbations for a system associated with the
following set of differential-algebraic equations representing
the power system:
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where xeR™ are the state variables; y<R™ are the

algebraic variables; peR"™ are a set of controllable

parameters associated with control device set points; and

A eR™ are uncontrollable parameters such as active and
reactive power demands. Note that the feasibility region
(boundary) corresponds to a stability region (boundary) for
stable equilibrium points corresponding to the full base
system; for resulting operating points associated with the
system with one less element corresponding to the worst
contingency (N-1 contingency criteria), the resulting region
(boundary) is called the security region (boundary).

The security boundary is computed using a continuation
approach, which allows to determine the equilibrium points of
(7) that make up the boundary, and thus satisfy the set of
equations 0= f(-) and 0= g(-), which include generator and

associated control models, as well as the system’s AC power
flow equations. The stability of these equilibrium points is
determined by an eigenvalue analysis of the Jacobian matrix
associated with the linearization of (7), and thus the boundary
includes a set of equilibrium points associated with
codimension-1 generic local bifurcations, i.e. saddle node,
Hopf, or limit induced bifurcations, which directly reflect
voltage and small-signal angle stability limits. Therefore, each
one of these equilibrium points, which defines an operating
state of the system, defines a loadability limit representing the
system’s critical active and reactive powers beyond which the
system loses its voltage or angle stability. This boundary is
only represented in the Pg-parameter space here due to the fact
that generator active powers are the main control variables in

the considered OPF model, but voltage and angle stability and
the influence of reactive powers are implicitly considered in
the security boundary. A detailed explanation of the meaning
and calculation of the security boundary can be found in [13].

Despite the fact that end-users may participate in demand
response and demand side management programs, or bid on
current electricity markets, in practice, load patterns still
remain reasonably forecastable in a way that the overall load
profile is predictable with reasonable accuracy, so that the
market clearing price can be determined by matching a highly
elastic supply with a forecast of expected load. In this context,
the feasibility region and boundary are then constructed by
stressing the system progressively in one particular loading
direction at a constant power factor, from the base load
scenario, until the instability occurs considering an N-1
contingency criterion and a variety of generation dispatch
patterns. Note that the latter permits obtaining a discrete
representation of the ¥ in the Ps-parameter space.

From the discussion above, the security boundary X in the
Pg-parameter space can be defined as follows: let

T
AFg, :[APGM AFg, ---APGHGJ be a k-th particular set of

generator power increase rates for all generators participating
in the dispatch, where AF; =ad, is the power increase rate

for the i-th generator from its base generation B, » in its

corresponding k-th dispatch direction d;x, and a>0 is a
generation increasing factor. The power output required by the
i-th generator to supply a specific load increase from the base
load is then given by B, =AF I, :Otaf,-,kPq_,0 . In
addition, the critical dispatchable generator power output

C

G :APG‘;_"PGLU =a"dl-’kPGL0 , corresponds to the active power
supplied at a loadability limit beyond which the system
becomes unstable; hence, APGCikbasically represents the

sensitivity of generator i with respect to a loadability limit in
the k-th load direction. Note that in order to properly represent
multiple generation dispatch patterns, the k-th direction at
which the i-th generator is dispatched must lie in the interval

0<d, <1 Vi=l,...,n;, such thatZdl.k =1. Furthermore, a
i=1
different
T
TN, :[d1 dy---d, J,where d; :|:d1,k dz,k"'dnc,k] , must

dd

suitable number  of dispatch  directions

be specified in order to assure that a reasonable density is
achieved to get a complete boundary. Based on this, the
discrete representation of X in the Pg-parameter space is
mathematically expressed by the critical active power
generation matrix given by (8), where n4; is the number of
dispatch directions considered in the study and selected in
such a way that a reasonable density to accurately represent
is achieved [14]. Note that each column of this matrix defines
one boundary point on the discrete X in the Pg-parameter
space of dimension ng.
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III. SECURITY BOUNDARY-CONSTRAINED DC-OPF MODEL

A. Linear representation of the security boundary

The linear representation of the feasibility boundary is
obtained by its piecewise approximation based on a set of

hyperplanes, where each hyperplane in R"¢ is completely
described by its inclination, which is obtained by specifying a
normal vector 7] to the hyperplane, and one boundary point

PGCk on it [18]. Furthermore, if PGC/_ is an arbitrary boundary

point on the hyperplane, Péj _Pfi will be a vector in the

hyperplane and, consequently, will be perpendicular to 7.
Hence, the single linear point-normal equation representing
the hyperplane is derived from the dot product given by
UO(Pé_ —Pék)=n0PGC_ —C =0, where C=Tl°PGCk[18].

In order to obtain the point-normal equation representing
each i-th hyperplane, finding first its corresponding normal
vector 77, is necessary. This is achieved by selecting the
hyperplane's vertices given by ng neighboring points of the
feasibility boundary Z, Pé;i V j € {nc boundary points},

which are used to find a set of linearly independent (ng-1)
vectors that spans the hyperplane containing them. Based on
these vectors, an underdetermined set of (ng-1) linear
equations is formulated and solved for ng-1 elements of 7,

and for the constant term C;, under the assumption that the
first element of 7, is set to a specified value [18], [19]. A unit
value 77;; =1 has been selected here as proposed in [19].

Considering that the hyperplane's vertices are the ng
boundary points corresponding to the first ng dispatch

directions, [Pé’i ---Pé’i ], and that the boundary point Pé’i
1 nG 1

is the reference hyperplane's vertex from which the (ng-1)
vectors are obtained, as illustrated in Fig. 1 for ng=3, the set of
linearly independent equations to be solved is given, for j#1,
by:
ni'(PGC’.[_PGCIJ):nlA.PGC-_Ci:() v].:25""’”(; (9)
i1 =1
or in matrix form:

. . . C,i c,i c,i
Fig. 1. Hyperplane with vertices PG, , PG2 and PG3 .
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Once (10) is solved for ng-1 elements of 7, and the

constant term C', an i-th hyperplane is completely described
by:

=C' Vi=l..my, (11
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for any arbitrary boundary point PGC’i on the hyperplane, with

the set of sy hyperplanes piecewise-linearly approximating
the feasibility boundary X.

B. Linear inequalities

Since the operating point resulting from the proposed SBC
DC-OPF model must be within the feasibility region F, the
active power dispatched by all generators must satisfy the
following set of linear inequality constraints, which are
directly derived from the set of point-normal equations (11),

iaBo, + ot P, < +C' Vi=1,..n, (12)

The sign on the right side of this inequality constraint will
depend of the direction at which the normal vector is pointing
to from the feasibility boundary in the Pg-parameter space. If
the normal vector points outward (inward) from the feasibility
region, the sign is positive (negative). The direction of the
normal vector is determined by evaluating (12) considering
the generation of active powers that define the base operating
point for which the feasibility boundary is computed,
Feo :[PGLO PGZV0 - By

nG 0

]T. Since ||PG,0||<| , the

r
normal vector 7, is pointing outward from the feasibility

region if 7; ® PGb < C'; otherwise, the direction of 7, is inward
from the feasibility region.



C. Proposed SBC DC-OPF linear model

The proposed SBC DC-OPF linear dispatch model is
formulated based on the set of linear feasibility boundary
constraints as follows:

g
min z Co. Fs,
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where (15) represents the voltage feasibility boundary
constraints which guarantee that the resulting operating point
remains within the feasibility region, as illustrated in Section
IV. Note that this constraint replaces (4) in the typical model
(1)-(5) to better represent system security. If generators are
grouped in generation control areas, (15) is given by:

G, .
Z(m,kZPGA}*]?C’ <0 Vi=l..m,

k=1 Jjek
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where 7, is the total number of generation control areas, and

PG/;k corresponds to the active power produced by the j-th

generator embedded at the k-th generation control area.
The SBC DC-OPF model also incorporates the power loss
of each transmission line connecting nodes k& and m,

Ploss V(k,m)en,, by means of the piecewise linear
approximation proposed in [20]. Hence, for each transmission
line, the following set of constraints is included in the set of

equations (13)-(17) in order to complete the optimization
model:

L
Pklrffs = gkmzakm (6)5km (6)

(18)
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where L is the number of piecewise linear segments used to
represent the power loss in the line, and each /-th segment is

defined by its corresponding slope a, (¢) and its angle
increment, given by the difference of phase angles oy, (ﬂ)
In this case, &, () is a new optimization variable, while
Ay (7) is defined as: ay, (£)=(20-1)AS, (=1,---,L [20],
where AJ is the maximum angle increment of each segment,

i.e. the maximum possible value of &, (7). Furthermore,

Oy, 1s also an optimization variable representing the absolute
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value of the difference of phase angles at the transmission
line’s nodes, and this absolute value is also equal to the sum of
the value of angle difference in each piecewise linear segment.
Finally, constraint (20) is represented by a set of linear
constraints, as in [20] and [23], in order to retain the linear
properties of the model. Details of the derivation of these
equations are given in [20].

D. Dimension of the SBC DC-OPF linear model

The dimension of the optimization problem to be solved is a
function of the number of inequality constraints directly
associated with the set of hyperplanes used to approximate the
feasibility boundary. Hence, reducing the original number of
hyperplanes to reduce the dimension of the proposed SBC
DC-OPF model is desirable; this is achieved through the
following two algorithms.

1) Algorithm 1: Boundary Points’ Approximation
1. Each point-normal equation (11) is evaluated at all
boundary points composing the discrete SB X, i.e. evaluate

neP; Vkeny,ien,.
2. An approximation error criterion is then defined such that

~0.001<7, ¢ P —~C' <0, which defines how far the

boundary point from the i-th hyperplane is. Note that the
maximum limit cannot be bigger than zero; otherwise, the
boundary point may be located in the Ps-parameter space
below the hyperplane, which implies that an unfeasible
region is below the hyperplane, and thus will be considered
as a secure region during the optimization process.

3. The hyperplanes are sorted in descending order according
to the number of boundary points that satisfy the error
criterion.

4. The following criteria are then used to reduce the number
of hyperplanes:

a. The first approximant hyperplane is the one at which
the largest number of boundary points satisfies the
error criterion. These boundary points are excluded for
the subsequent selection of hyperplanes.

b. For the rest of the boundary points, Step 4a is repeated
until all boundary points composing the discrete X have
been considered.

2) Algorithm 2: Inner Product

1. The inner product of the normal vectors associated with
the original set of hyperplanes is calculated.

2. Two normal vectors to their corresponding hyperplanes are
considered “parallel” to each other if the angle between
them does not exceed five degrees. These normal vectors
are then sorted in descending order according to the
number of so defined parallel vectors.

3. The following criteria are then used to reduce the number
of hyperplanes:

a. The first approximant hyperplane is the one with the
largest number of “parallel” vectors. All hyperplanes
associated with this set of normal vectors are excluded
for the subsequent selection of hyperplanes.

b. For the rest of the hyperplanes, Step 3a is repeated until
all hyperplanes of the original set have been
considered.



Note that the proposed algorithms to linearly approximate
the feasibility boundary assure that the boundary points are
located on or above the approximant hyperplanes in the
Pgs-parameter space. From a practical viewpoint, this means

that the feasibility region bounded by the hyperplanes Z”y is

always contained within the original feasibility region ., i.e.

ey

IV. RESULTS

In order to demonstrate the feasibility and benefits of the
proposed SBC DC-OPF model, the IEEE 3-machine 9-bus test
system [24], and the IEEE 54-machine 118-bus test system
[25] are used here as examples. Additionally, the typical SC
DC-OPF reported in Section II and the Neural
Network-Based Security Boundary Constrained DC-OPF
model presented in [17] are used to compare and to validate
the proposed model and its results.

A. IEEE 3-machine 9-bus test system

This system is composed of three generators at Buses 1, 2,
and 3, with active power output limits of 900 MW, 700 MW
and 600 MW, respectively, and three loads at buses 5, 6, and
8, as shown in Fig. 2. The system is divided into three
generation areas directly related to each generator, i.e. areas A,
B, and C corresponding to generators Gi, G, and G,
respectively. All data for this system are reported in [24]. The
system stability boundary was obtained following the
procedure discussed in Section II.B, based on static and
dynamic studies (an exciter model Type II was used),
assuming that the loading increments are supplied from 631
different generation dispatches at each generation area.

The stability boundary for this system is shown in Fig. 3,
while the total number of hyperplanes required to approximate
this boundary by brute force, boundary points’ approximation,
and inner product approaches, respectively, is illustrated in
Table 1. Note that a reduction of 79% and 91% in the number
of approximant hyperplanes is achieved by the boundary
points’ approximation and inner product approaches with
respect to the brute force approach, respectively. The absolute
errors between the boundary points composing ¥ and their
corresponding approximant hyperplanes is obtained by:

e Pg —C'

- (22)
Cl

Vi=1,...n,
and these are reported in Figs. 4 and 5 for the boundary points’
approximation and inner product approaches, respectively.
Note that the maximum absolute error of the boundary points’
approximation does not exceed 0.25%, proving that the
approximation is fairly accurate. Moreover, the maximum
absolute error related to the application of the inner product
approach is below 0.9%; this increment with respect to the
boundary points’ approximation is due to the minimum
number of hyperplanes employed to perform the linear
approximation of X, so that each hyperplane approximates a
greater number of boundary points.
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Fig.2. On-line diagram of the IEEE 3-machine 9-bus test system.
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Fig.3. Stability boundary for the IEEE 9-bus system.

TABLE I
NUMBER OF Y* FOR THE IEEE 9-BUS SYSTEM ).

Approximation Approach | Number of planes
Brute Force 630
Boundary Points’ Approximation 132
Inner Product 52
TABLE II
LINEAR SBC DC-OPF DISPATCH RESULTS FOR THE IEEE 9-BUS SYSTEM
Approximation F;, F, F, Losses | Generation
Brute Force 322.638 | 182.319 | 188.221 | 13.578 | 988.680
Boundary Points™ | 303 ¢ | 181,254 | 188.837 | 13.572 | 988.567
Approximation
Inner Product 333.381 | 163.000 | 196.750 | 13.531 986.683

For a base load increment of 60%, the proposed
optimization model is solved considering, independently, each
set of linear inequality constraints related to each of the three
piecewise-linear approximation approaches. The generation
dispatches of each area, system losses and optimal generation
cost obtained are reported in Table II. Note that the most
economical generation dispatch corresponds to the inner
product approach, presenting the lowest transmission losses
and lowest cost of the most expensive generator with respect
to the results obtained with the brute force and boundary
points’ approximation approaches.

The system under study was analyzed using the
SC DC-OPF linear model reported in Section II and the SBC
DC-OPF nonlinear model detailed in [17]. Both models
validate the results obtained by the proposed approach for the



brute force approach. The results for each model are shown in
Table III, in terms of the generation dispatch, system losses,
and total generation costs, and the “location” of these
generation dispatches in the Pg-parameter space is shown in
Fig. 6. Note that the typical SC DC-OPF linear model
provides the most economical dispatch, but it is infeasible as it
is outside the stability region, as shown in Fig. 6. On the other
hand, the solutions obtained with the nonlinear and linear SBC
DC-OPFs are feasible in terms of system stability, with the
nonlinear approach to model the stability boundary being the
one that provides the most economic operating point.
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Fig. 4. Absolute error with the boundary points’ approximation.
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Fig.6. Dispatch solutions and their location in the Pg-parameter space for the
IEEE 9-bus system.
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Fig. 7. LMPs for the IEEE 9-bus system for both the SC DC-OPF and the
proposed linear SBC DC-OPF.

Figure 7 compares the Locational Marginal Prices (LMPs)
at all generator and load buses for both the SC DC-OPF and
the proposed linear SBC DC-OPF. The values of these LMPs
correspond to the Lagrange multipliers associated with the
active power balance constraints at the generator and load
buses. Observe that both yield, for all practical purpose, very
similar results, with the proposed approach generating slightly
higher LMPs. This is to be expected, since it can be observed
in Fig. 6 that the solutions are close, with the proposed
technique being the most constrained by the stability
boundary. Similar results were obtained for the other cases
discussed next.

These results highlight the impact of properly considering
system stability (or security) constraints in the optimization
model, demonstrating that a feasible solution not only depends
on the active power demanded by the system and its
corresponding generation dispatch, but also on the system
stability (or security) constraints. Tables IV and V provide the
CPU times required by the DC-OPF models and the proposed
SBC DC-OPF approaches, respectively. All OPF models were
solved using AMPL [26] with the KNITRO solver [27] in a
computer with a 2.93GHz CPU and 16 GB of RAM.

TABLE III
DC-OPF SOLUTIONS FOR THE IEEE 9-BUS SYSTEM
P, P P, i
OPF Model G, Gy Ge Ll\(/)lsses Generatl}(l)n
SC DC-OPF | 340.930 | 163.000 | 189.096 | 13.426 | 986.536
Nonlinear
SBC DC-OPF 330.113 | 164.423 | 198.628 | 13.564 | 986.872
Linear
SBC DC-OPF 322.638 | 182.319 | 188.221 | 13.578 | 988.680
TABLE IV
CPU TIMES FOR THE VARIOUS DC-OPF MODELS FOR THE IEEE 9-BUS SYSTEM
OPF Model Time (ms)
SC DC-OPF 8.86
Nonlinear SBC DC-OPF 7.95
Linear SBC DC-OPF 32.08

TABLE V
CPU TIMES FOR THE LINEAR SBC DC-OPF APPROACHES FOR THE IEEE
9-BUS SYSTEM

Approximation .
pgpproach Time (ms)
Brute Force 32.08
Boundary Points’ Approximation 15.98
Inner Product 13.69




TABLE VIII
SC AC-OPF SOLUTIONS FOR THE IEEE 9-BUS SYSTEM
P, P, P, Losses | Generation
Study Case i Cs Cc
Base system | 350.170 | 163.000 | 182.857 | 16.427 | 990.738
System with 1,25 561 | 163.000 | 113.366 | 9.195 | 784.379
contingency

Lastly, the study cases detailed above have been analyzed

TABLE VI
LINEAR SBC DC-OPF DISPATCH FOR THE IEEE 9-BUS SYSTEM WITH
CONTINGENCY
Approximation P, 3 PGn PGc Losses | Generation
Approach ovw) | mw) | oiw) (MW) | Cost ($/h)
Brute Force | 227.532|224.329 | 97.119 | 9.547 791.005
Boundary Points’| ¢ 796 | 194 309 | 127.442 | 9.134 | 787.427
Approximation
Inner Product | 230.654 | 196.508 | 121.364 | 9.094 787.587
TABLE VII

DC-OPF SOLUTIONS FOR THE IEEE 9-BUS SYSTEM WITH CONTINGENCY

P, 3 PGB P, 3 Losses | Generation

OPF Model oWy | oawy | awy | W) | Cost sy
SC DC-OPF 277.829 [ 163.000 | 107.055 | 8.452 | 783.338
Nonlinear SBC DC-OPF | 227.089 | 196.883 | 124.610 | 9.149 | 787.702
Linear SBC DC-OPF | 227.532 | 224.329 | 97.119 | 9.547 | 791.005
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Fig.8. Security boundary and dispatch solutions for the IEEE 9-bus system.

The study was repeated considering a contingency
corresponding to the tripping of the line connecting nodes 5-7.
Hence, the system’s stability boundary in Fig. 6 becomes the
security boundary shown in Fig. 8, which required 630, 80,
and 20 hyperplanes to approximate it using the brute force,
boundary points’ approximation, and inner product
approaches, respectively. In this case, the maximum absolute
errors between the security boundary points and their
corresponding approximant hyperplanes were 0.23247% and
0.7304% for the boundary points’ approximation and inner
product approaches, respectively. Table VI shows the optimal
generation dispatch obtained with the proposed linear SBC
DC-OPF while considering the security constraints associated
with each linear representation of the security boundary for a
base load increment of 27%; the most economical dispatches
correspond to the cases where the security constraints are
derived from the linear approximations associated with the use
of approximant hyperplanes. The numerical comparisons of
the results obtained with the proposed linear SBC DC-OPF
using the brute force approximation with the results obtained
with the SC DC-OPF and the SBC DC-OPF nonlinear model
are reported in Table VII; observe in Fig. 8 that the SC
DC-OPF yields an unsecure dispatch, i.e. the corresponding
solution is located outside the security region.

using an SC AC-OPF approach. Thus, Table VIII shows the
optimal generation dispatches when the base system as well as
the system with the reported single contingency scenario are
considered, respectively; the location of the corresponding
system’s operating points in the Pg-parameter space is shown
in Figs. 6 and 8. Observe that these solutions are similar to the
SC DC-OPF solutions and lie outside the security region in the
system Pg-parameter space. These results demonstrate that, as
with the SC DC-OPF, the SC AC-OPF is unable to properly
account for the actual system security limits.

B. IEEE 54-machine 118-bus test system

The IEEE 54-machine 118-bus test system from [25] is
used here to prove the effectiveness of the proposed approach
when dealing with a more realistic and larger power system.
This system was divided into three operational areas with 18
generators each. A static voltage security boundary was
obtained for the worst single contingency, corresponding to a
Line 39-40 trip. A total of 631 different generation directions
for each area were considered in the computation of X. The
resulting security boundary is depicted in Fig. 9, while the
number of hyperplanes required for its linear approximation is
shown in Table IX. Note that the boundary points’
approximation and inner product approaches reduce the
number of hyperplanes by 76% and 96%, with respect to the
brute force methodology, respectively. As expected, the
boundary points’ approximation is the one with the smallest
errors, which do not exceed 2.4%, as shown in Fig. 10,
whereas the errors do not exceed 9.8% when the inner product
approach is applied, as shown in Fig. 11; the errors for the
latter approach are due to the larger reduction in the total
number of hyperplanes used to represent .

The dispatch solutions regarding the three approximation
approaches, considering a 15% increment in the system’s base
load, are shown in Table X. In this case, all generators have
been assumed to have different production costs in the range
of 0.3 to 0.8 $/MWh. For comparison purposes, an SC AC-
OPF and the SC DC-OPF and linear SBC
DC-OPF models were used to obtain the optimal generation
dispatches for this loading scenario, with the corresponding
solutions being shown in Table XI; the “location” of the
corresponding dispatches in the Pg-parameter space are
depicted in Fig. 9. Note that the SC AC-OPF model provides
the most economic operating point, but also the most insecure
generation dispatch. On the other hand, the SC
DC-OPF model provides the most expensive solution, which
is also located outside the security region of operation but
closer to the security boundary. Lastly, and in contrast to the
insecure solutions obtained with the SC AC-OPF and SC DC-
OPF models, the solution obtained with the linear SBC DC-
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Fig. 9. Security boundary and dispatch solutions for the IEEE 118-bus system.
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Fig. 10. Absolute error with the boundary points’ approximation for the IEEE
118-bus system.
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Fig. 11. Absolute error with the inner product approach for the IEEE 118-bus
system.

OPF model lies in the feasible region of operation. These
results clearly show the suitability of the proposed
optimization model to obtain a secure operating point for a
given set of loading conditions.

Even though one would intuitively expect to sacrifice
economic gain for security, the reason for the non-intuitive
behavior in the results associated with the DC-based OPF
models and summarized in Table XI and Fig. 9 is that the
proposed approach reduces the amount of generation in Areas

TABLE IX
NUMBER OF ¥ FOR THE IEEE 118-BUS SYSTEM Y,

Approximation Approach Number of planes
Brute Force 630
Boundary Points’ Approximation 153
Inner Product 25
TABLE X
DISPATCH RESULTS FOR THE IEEE 118-BUS SYSTEM
Approximation Fg, Ps, Fg, Losses | Generation
Approach (MW) (MW) (MW) (MW) | Cost ($/h)
Brute Force 3096.140 | 848.939 | 1816.800 | 139.025 | 1775.755
Boundary Points™ | 5156 700 | 861.471 | 1766.500 | 161.815 | 1783.309
Approximation
Inner Product 3141.140 | 859.914 | 1765.340 | 143.535 | 1777.921
TABLE XI
OPF SOLUTIONS FOR THE IEEE 118-BUS SYSTEM
opFModer | 0 | o | Foo | Losses) Generation
oMw) | oaw) | oawy | MW) | Cost($/h)
SC AC-OPF | 2030.450 | 1587.030 [ 2089.120 | 83.740 | 1713.280
SC DC-OPF | 2694.120 | 1217.990 | 1844.460 | 133.714 | 1778.863
Linear
SBC DC-OPF 3096.140 | 848.939 | 1816.800 | 139.025 | 1775.755

B and C in order to maintain the operation within the secure
operating region, resulting on the generation costs for each
area reported in Table XII, where it is possible to infer that the
generation cost in Areas B and C is reduced by 114.31 $/h and
12.7 $/h, respectively. However, to supply the required
demand, generation in Area A is increased, resulting in a cost
increment of 123.9 $/h. Since the reduction in the generation
cost of areas B and C is higher than the increment in area A,
the system security is preserved while reducing overall
operating costs. This is not observed when the SC DC-OPF is
employed to obtain the optimal dispatch.

The CPU times required by the SC DC-OPF and linear SBC
DC-OPF models are reported in Tables XIII and XIV,
respectively, for the aforementioned computer system.

TABLE XII
GENERATION COSTS FOR THE IEEE 118-BUS SYSTEM.
Generation costs
OPF Model Area A | Area B | Area C | Total Cost
($/h) ($/h) ($/h) ($/h)
SC AC-OPF 601.93 518.61 592.74 1713.28
SC DC-OPF 809.57 411.54 | 557.74 1778.86
Linear SBC DC-OPF | 933.47 297.23 | 545.03 1775.74
TABLE XIIT
CPU TIMES FOR THE VARIOUS DC-OPF MODELS FOR THE 118-BUS SYSTEM
OPF Model Time (s)
SC DC-OPF 0.33139
Linear SBC DC-OPF 1.85205
TABLE XIV
CPU TIMES FOR THE LINEAR SBC DC-OPF APPROACHES FOR THE 118-BUS
SYSTEM
Approximation .
pI;Approach Time (s)
Brute force 1.85205
Boundary points’ approximation | 1.25721
Inner product 0.65581




TABLE XV
OPF SOLUTIONS FOR THE IEEE 54-MACHINE 118-BUS SYSTEM WITH
DIFFERENT GENERATION COSTS

opFModel | 6 | Fo, | Foo | Losses | Generation
Mw) | w) | mw) | MW) | Cost (37h)
SC AC-OPF 1881.0 2685.29 | 1282.64 | 226.07 1217.62
SC DC-OPF 2397.77 | 1472.85 | 1880.04 | 127.81 1430.63
Linear
SBC DC-OPF 3383.02 919.52 1476.80 | 156.48 1549.90
TABLE XVI

GENERATION COSTS FOR THE IEEE 54-MACHINE 118-BUS SYSTEM WITH
DIFFERENT GENERATION COSTS

Generation costs
OPF Model Area A | AreaB | Area C | Total Cost
($/h) ($/h) ($/h) ($/h)
SC AC-OPF 56430 | 268.53 | 384.79 | 1217.62
SC DC-OPF 719.33 147.28 | 564.01 1430.63
Linear SBC DC-OPF | 1014.91 91.95 443.04 | 1549.90
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Fig. 12. Security boundary and dispatch solutions for the IEEE 54-machine
118-bus system with different generation costs.

Independently of the cost of generation in Area B, the
proposed approach will tend to reduce the generation of active
power in this area to maintain system security. In order to
validate this statement, the previous study has been repeated
considering a production cost of 0.1 $/MWh for all generators
in Area B and of 0.3 $/MWh for all generators located in
Areas A and C; the results are reported in Tables XV and XVI.
The location of the power generation dispatches in the Pg.
parameter space is shown in Fig. 12. Observe that this results
in the proposed approach sacrificing economic gain due to
system security, as intuitively expected, resulting in an
optimal operating point that is more expensive than the one
obtained with the SC DC-OPF. The latter, however, yields an
optimal operating point outside the security region.

Note that the proposed approach provides an optimal
economic generation dispatch that is secure, in all cases, as
opposed to the “standard” SC DC- and AC-OPFs, which yield
insecure dispatches. This unique attribute of the proposed
method is possible because of the proper characterization and
linearization of the security/stability region for multiple load
and/or generation patterns, which is included in the OPF as an
additional constraint. An economic consequence of systems
working close to their stability/security boundaries, as
depicted in Figs. 9 and 12 for the 118-bus system, is that these
systems are more constrained (congested) and hence more
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expensive to operate. In fact, the SC DC- and AC-OPF
solutions will require adjustments by the operator to make
them secure, thus increasing operating costs.

V. CONCLUSIONS

This paper proposed a DC OPF-based approach that
properly considers system security/stability boundaries. These
nonlinear boundaries have been represented by a set of
point-normal equations of hyperplanes to linearized the
boundaries and include them as linear inequality
security/stability constraints into a proposed SBC DC-OPF
model. Practical methodologies and procedures have also been
proposed to reduce the number of hyperplanes required to
linearly approximate the power system security/stability
boundaries, which substantially reduce the dimension of the
proposed linear optimization model.

The discussed numerical examples illustrate the
effectiveness of the proposed piecewise linear SBC DC-OPF
auction model demonstrating its merits with respect to a
DC OPF-based auction models used in practice. The presented
case studies and their results show that the proposed auction
algorithm ensures that the resulting operating points are
optimal from both the economical and security points of view.
Therefore, this auction model should provide system operators
with a more complete and reliable support tool for market
clearing and power dispatch.

An essential feature of smart grids is to enable demand
response and demand side management, with loads varying
following both prices and end-user preferences, and hence
these can no longer be considered constant. Therefore, proper
load models for OPF applications such as the one described
here are needed to adequately reflect the interaction between
markets and end users; the authors are currently pursuing this
work in the same context as the current paper, i.e. the
development of improved and practical OPF models.
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