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Abstract

This thesis provides statistical contributions to solve challenges in Network Meta-
Analysis (NMA) and the quantification of methane emissions from the oil and gas industry.

NMA is an extension of pairwise meta-analysis which facilitates the simultaneous com-
parison of multiple treatments using data from randomized controlled trials. Some treat-
ments may involve combinations of components, such as one or more drugs given in different
combinations. Component NMA (CNMA) is an extension of NMA which allows the es-
timation of the relative effects of components. In Chapter 2, we compare the popular
Bayesian and frequentist approaches to additive CNMA and show that there is an impor-
tant difference in the assumptions underlying these commonly used models. We prove that
the most popular Bayesian CNMA model is prone to misspecification, while the frequentist
approach makes a less restrictive assumption. We develop novel Bayesian CNMA models
which avoid the restrictive assumption and are robust, and demonstrate in a simulation
study that the proposed Bayesian models have favourable statistical properties compared
to the existing Bayesian model. The use of all CNMA approaches is demonstrated on a
published network.

A commonly reported item in an NMA is a list of treatments ranked from most to least
preferred, also known as a treatment hierarchy. In Chapter 3, we present the Precision
Of Treatment Hierarchy (POTH), a metric which quantifies the level of certainty in a
treatment hierarchy from Bayesian or frequentist NMA. POTH summarises the level of
certainty into a single number between 0 and 1, making it simple to interpret regardless of
the number of treatments in the network. We propose modifications of POTH which can
be used to investigate the role of individual treatments or subsets of treatments in the level
of certainty in the hierarchy. We calculate POTH for a database of published NMAs to
investigate its distribution and relationships with network characteristics. We also provide
an in-depth worked example to demonstrate the methods on a real dataset.

In the second part of the thesis, we focus on some problems in the quantification of
methane emissions from the oil and gas industry. Measurement-based methane invento-
ries, which involve surveying oil and gas facilities and compiling data to estimate methane
emissions, are becoming the gold standard for quantifying emissions. However, there is a
current lack of statistical guidance for the design and analysis of such surveys. In Chapter
4, we propose the novel application of multi-stage survey sampling techniques to analyse
measurement-based methane survey data, providing estimators of total and stratum-level
emissions and an interpretable variance decomposition. We also suggest a potentially more
efficient approach involving the Hajek estimator, and outline a simple Monte Carlo ap-
proach which can be combined with the multi-stage approach to incorporate measurement



error. We investigate the performance of the multi-stage estimators in a simulation study
and apply the methods to aerial survey data of oil and gas facilities in British Columbia,
Canada, to estimate the methane emissions in the province.

In Chapter 5, we introduce a Bayesian model for measurements from a methane quan-
tification technology given a true emission rate. The models are fit using data collected in
controlled releases (CR) of methane for six different technology types. We use a weighted
bootstrap algorithm to provide the distribution of the true emission rate given a new mea-
surement, which synthesizes the new measurement data with the CR data and external
information about the possible true emission rate. We present results for the measure-
ment uncertainty of six quantification technologies. Finally, we demonstrate the use of the
weighted bootstrap algorithm with different priors and data.
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Chapter 1

Introduction

This thesis examines current data-driven problems and provides statistical developments
to address them. In the first part of the thesis, we propose new models and methodology
for Network Meta-Analysis (NMA). In the second part of the thesis, we develop novel
applications of statistical methods to improve the quantification of methane emissions from
oil and gas (OG) producers. We provide the necessary background on NMA in Section 1.1
and introduce key concepts in methane emissions quantification in Section 1.2. In Section
1.3, we provide an outline of the structure and contributions of the following chapters of
this thesis.

1.1 Network Meta-Analysis

NMA is an extension of pairwise meta-analysis which synthesizes information on the safety
or efficacy of two or more treatments from a set of Randomized Controlled Trials (RCTs)
(Lumley, 2002; Psaty et al., 2003). The set of RCTs forms a network of evidence. An
example of a network is shown in Figure 1.1, which is composed of trials comparing treat-
ments for Diabetes (Elliott and Meyer, 2007). Treatments which are directly compared in
a trial are connected by an edge, for example, blocker and ARB. NMA enables the esti-
mation of the relative effects of all treatments in a network, even if they were not directly

compared in an RCT, such as ARB and ACE inhibitor in Figure 1.1.

Consistency is a core concept in NMA models that relates direct and indirect evidence.
Consistency can be expressed via the consistency equations,

ko = dm,l — dm,k for k 7é { 7& m, (11)
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blocker ARB

ccB ACE inhibitor

Diurefic Placebo

Figure 1.1: An example of a network of RCTs studying treatments for Diabetes. The
thickness of the edges is proportional to the number of RCTs which directly make each
comparison. The network was created with the BUGSnet package (Béliveau et al., 2019).

where dj; is the true relative effect of treatment [ versus treatment k. Consistency describes
logical relationships between the population relative effects and reduces the dimension of
the parameter space (Lu and Ades, 2009). In a standard NMA it is only necessary to
estimate {d;y: k=1, ..., N}, where N is the number of treatments in the network and
t is some reference treatment, because consistency enables the computation of any other
comparison from the relative effects in this set (Lu and Ades; 2009). The relative effects
{dix : k=1,...,N} are referred to as the basic parameters and the other relative effects
which are functions of the basic parameters are called functional parameters (Dias et al.,
2018).

Both frequentist and Bayesian approaches to NMA are commonly used, although there
are advantages to a Bayesian approach (Dias et al., 2018). Bayesian models are flexible
and can be adapted to a variety of data types. Bayesian approaches that use arm-level
trial data can even accommodate binomial data where some trials have zero counts with-
out requiring adjustment (Dias et al., 2018). Frequentist approaches require non-standard
methods in this situation, such as adding a small value to all cells which may introduce
bias or the use of non-standard effect scales or link functions (Efthimiou, 2018; Efthimiou
et al., 2019). Another advantage is that Bayesian approaches automatically account for un-
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certainty in the estimation of heterogeneity in random-effects models, whereas frequentist
approaches typically estimate the heterogeneity parameter and then treat it as fixed and
known because this assumption is required for the relative effect estimates to be unbiased
(Walter and Balakrishnan, 2022). The uncertainty in the heterogeneity from a Bayesian
approach is propagated to the posterior distributions of the relative effects, allowing for a
better reflection of the true uncertainty in the estimates. In the following subsections, we
describe the Bayesian and frequentist approaches to NMA which are built upon throughout
Chapters 2 and 3, although this is not an exhaustive list of models for NMA.

1.1.1 Bayesian NMA Models

Dias et al. (2018) provide two Bayesian models for NMA which differ in the type of data
they use; the first uses data summarized at the arm level of trials, and the second uses
data summarized at the contrast level. First, consider that we have a set of I trials, each
of which has a; treatment arms for which the outcome is binary, for example, cured or not,
and assume that the number of outcomes in arm j of trial 4, R;;, is reported for j =1, ..., a;
and ¢ =1,...,1. We can model R;; using the binomial likelihood, that is, R;; ~ Bin(n;;, m;;)
where n;; is the number of patients in arm j in trial ¢ and 7;; is the probability of a patient
in trial + who was in arm j having the outcome.

Note that we distinguish between the arm number and the treatment employed in that
arm. For example, a trial may have three treatment arms, and the arms are labelled 1,
2, and 3. The treatments employed in each arm may be treatment numbers 2, 4, and 5.
Thus, let ¢;; be the index of the treatment in arm j of trial 1.

As discussed previously, we need only estimate a set of basic parameters that are relative
to a common reference treatment. In the Bayesian approach, one of the treatments in
the network is chosen as the reference treatment, which further reduces the number of
parameters that must be estimated by one, since dyj; = 0 for any treatment k. The
choice of the reference treatment is arbitrary in standard NMA models but is nevertheless
important in the model set-up and interpretation of the basic parameters (Lu et al., 2011).
Without loss of generality, we assume that the reference treatment is the treatment labelled
as 1. Thus, in this model we will estimate the set of relative effects {dyx : k =2,..., N},
which form the basic parameters in this model.

Returning to the model, the probability of the outcome occurring in arm j of trial 7,
i;, is modelled as follows:



where I{j # 1} = 1 if j # 1 and 0 otherwise, yu; is the log odds of response from patients
in trial ¢ if they were treated with the treatment in arm 1 of trial ¢, and (5@17% is the
trial-specific relative effect of the treatment in arm j of trial ¢ compared to the treatment
in arm 1 of trial 4, that is, d;,, . is the log-odds ratio of ¢;; versus ¢;;. Note that d;, , =0
by definition. The parameters p;, @ = 1, ..., I are called the trial-specific baselines, and are
generally considered nuisance parameters.

At the next level of the hierarchical model, we have

zil,tiz dtilatz?
6 = : ~ MVN4,-1) : 0B (- (as—1) | (1.3)
51%1'1,%%. dtil»tiai

where X4, _1)x(a;,—1) 18 a square matrix of dimension (a; — 1) x (a; — 1) with ones on the
diagonal and 0.5 on the off-diagonal entries. The parameter o2 represents the common
between-trial variance of the relative effects, that is, the between-trial variance for 5;'“7%_
is equal to o? for any ¢; and ¢;;. More complex variance structures are also possible (Lu
and Ades, 2009). A common-effect model is also possible by setting 0% = 0. Recall that
due to consistency, we have d, =dy;; — dig,-

It can be more convenient to work with the univariate distribution of 52“7% conditional

i1,big

ON O} tys woos Oty gy, (Dias et al,, 2018). This distribution is
gﬂ,tm 1 Jj—1 ]
i . i 2
5ti17tij | i : ~ N (stij - dl,til + ‘7_—1 ;(5%1%@ - (dl,tug - dl,t“))v 2(j—_1)0 ) .
ti1stij—1
Priors must be set on the parameters p; for ¢ = 1, ..., I, dyy for k = 2, ..., N, and

o. Typically vague priors are used, because we wish for the observed data to exert the
most influence on the estimated relative effects (Dias et al., 2018). These are typically
wi ~ N(0,10%), dy 1 ~ N(0,10?), and o ~ Unif(0, upper bound) where the upper bound is
chosen based on the scale of the data and the expected range of observed treatment effects.

The model described above uses data summarised at the arm level, that is, the ag-
gregated event totals for each arm of each trial. Some trials may only report differences
between arms, such as the log-odds ratio of arm 2 versus 1, 3 versus 1, and so on. We refer
to this type of data as contrast-level or contrast-based. We must use a different likelihood
for this type of data. In the typical Bayesian approach, we work with a; — 1 log-odds ratios
from each trial, © = 1,...,1. Let y;;, 7 = 2, ..., a; be the log-odds ratio of the treatment



ti; compared to t;; observed in trial ¢. Additionally, let SE;; be the standard error of the
log-odds ratio y;;, and SE},, be the standard error of the log-odds in arm 1 of trial <. Then
we use a normal likelihood as follows:

Yi2
: | ~MVN,_1 (6%,5),
Yia,
where
SEZ-Q2 .. SEIZ1
SEZ. ... SE2,

noting that the diagonal elements of S; represent variances of contrasts and the off-diagonal
elements represent the variance of the responses in arm 1 of trial 7. 6 has the same random-
effects distribution as given in (1.3), and similar priors can be used for the d; ;s and o.

Finally, note that although we focus on binomial data and the log-odds ratios in this
section, it is simple to adapt these models to other types of data by using a different
likelihood and link function on the lefthand side of Equation (1.2), or different summary
data for contrast-based methods. For example, continuous data can be modelled in an
arm-based Bayesian model by using the means of each trial arm as the outcome and the
identity link function in Equation (1.2).

1.1.2 Frequentist NMA Model

The frequentist approach to NMA uses weighted least squares regression and contrast-
based data, but various approaches to accounting for multi-arm trials exist (Lu et al.,
2011; Riicker and Schwarzer, 2014). In this section, we focus on the method proposed in
Riicker and Schwarzer (2014).

In the previous section, we discussed a contrast-based model which used a; —1 contrasts
from each trial, where the contrasts were all relative to a common comparator (arm 1
of the trial). For this model, we use all m; = (“;Z) contrasts that can be made from
the a; arms. Note that the m; contrasts are not independent, in the sense that some
contrasts are functions of other contrasts. Let y;; be the jth contrast in trial ¢, and
Y= Y11y s Yimys-- Y11, - - - Yrm; )" be the vector of all observed contrasts in the network,

which is of dimension M x 1 where M = 21‘1:1 m;. Also, let t;; be the treatment index



of the minuend' of contrast j, and let ;5 be the treatment index of the subtrahend? of
contrast j.

Let B be the M x N edge-vertex incidence matrix. In each row, B; = 1 if contrast
j has treatment [ in the minuend, —1 if treatment j is the subtrahend of contrast [, and
0 otherwise. Additionally, let W be a diagonal matrix with Wj; equal to the inverse of
the squared standard error of contrast j (analogous to 1/5 Efj using the notation from the
Bayesian contrast-based method). If the model includes multi-armed trials, the matrix W
needs to be adjusted to account for the correlations between the contrasts within multi-
armed trials. The Bayesian model accounts for this in the likelihood by using a covariance
matrix which is not diagonal, S;. However, Riicker and Schwarzer (2014) take a different
approach in which the weights in W are reduced for contrasts from multi-arm trials which
we describe below (Riicker and Schwarzer, 2014).

The procedure and notation described in Riicker and Schwarzer (2014) for adjusting for
multi-arm trials can be confusing, so we introduce our own slightly different notation and
explain the procedure here. Let B; be a m; X a; matrix which describes all the possible
contrasts between arms within trial ¢ similarly to how B describes all the contrasts in the
network. V; is a a; X a; symmetric matrix were V;j; equals the variance of the contrast
between treatment arm k£ and treatment arm [ in trial ¢, or 0 if £ = [. We also intro-
duce L; and L, the trial-specific Laplacian matrix and its Moore-Penrose pseudoinverse,
respectively. It can be shown that L} can be written as

1

%2
(Riicker and Schwarzer, 2014). To adjust the weights of a multi-arm trial, L] is com-
puted according to (1.4), and then L; is determined by L; = (L;)*. The new adjusted
weights which account for within-trial correlation are the absolute value of the negative
non-diagonal entries of L;. Then W4 is the matrix with the adjusted weights as calcu-
lated using the above procedure for all multi-armed trials on the diagonal (and the inverse
of the observed variances for two-armed trials).

BB,V BB, (1.4)

For a common-effect model, we assume

dt12,t11
y ~ MVNy, : w ],

) adj

dt]\{%tMl

!A quantity from which another quantity is subtracted from. For example, in the equation 5 — 1 = 4,
5 is the minuend.

2A quantity which is subtracted from another quantity. For example, in the equation 5 — 1 = 4, 1 is
the subtrahend.



where W4 = W for a network with no multi-armed trials.

Then a weighted regression estimate of (dy, 4,5 - -
lation means of the contrasts in y, is given by

), the vector of the popu-

© dth,tM1

B(B'W,;;B)"B'W,y. (1.5)

The Moore-Penrose pseudoinverse is needed because for most network structures, B'W,q; B
is not invertible. Since B(B'W,4;B)* B'W,,; plays the role of the “hat” matrix in regres-
sion, we let B(B'W,4;B)*B'W,,; = H. Note that the vector estimated in (1.5) could
have repeated elements. It also does not necessarily provide estimates for a comprehensive
set of parameters with a common reference treatment in the same way as the Bayesian
method. For example, consider a small network where trial 1 compares treatments 1 and
2, trial 2 compares treatments 2 and 3, and trial 3 compares treatments 3 and 4. Then
Equation (1.5) will provide estimates of d; 2, da 3, and ds 4 only.

Finally, a random-effects model is also possible using this frequentist approach. An
estimate of the between-trial variance is calculated and then added to the observed vari-
ances of each comparison before computing W,q;. The heterogeneity variance o2 can be
estimated using a method-of-moments;

5% = max ( Q—df O)
B tr{(I - HYUW} ")’

where @ is also known as Cochran’s Q), and is computed according to Q = (y—Hy)' W4 (y—
Hy) (Riicker and Schwarzer, 2014), U is an M x M block diagonal matrix derived from
the matrix B(BY?) (see Riicker and Schwarzer (2014) for details), and df is the degrees
of freedom, computed as

max a;,i=1,...1

df = Y, (a=Dn,—(N—-1),

a=1

where a represents the number of arms and n, is the number of trials in the network with
a arms (Riicker and Schwarzer, 2014).

1.1.3 Multicomponent Treatments

Multicomponent treatments refer to treatment protocols which are composed of combina-

tions of other treatments. We refer to the treatments which act as sub-units for multi-
component treatments as components. For example, consider the hypothetical network of

7



evidence described in Table 1.1. The components education and support group are em-
ployed as treatments on their own in studies 2 and 3 respectively, and in combination in a
multicomponent treatment in study 4. To analyse the data with a standard NMA model,
one must decide whether the treatment “Education & support group” should be lumped
with one of the nodes “Education” or “Support group”, or treated as a new node in the net-
work. Lumping of treatments can lead to increased heterogeneity, while defining new nodes
for all multicomponent treatments can lead to a sparse or even disconnected network (Hig-
gins et al.,; 2019). A solution is to analyse networks involving multicomponent treatments
with a Component NMA (CNMA) model, which facilitates the estimation of the relative
effects of components and multicomponent treatments simultaneously (Petropoulou et al.,
2021; Welton et al., 2009; Riicker et al., 2019; Efthimiou et al., 2022).

Table 1.1: A hypothetical network involving a multicomponent treatment. Studies 1-3
involve only single-component treatments, while the treatment in arm 2 of study 4 is
multi-component (education and support group).

Study Arm 1 Arm 2
1 Usual care Counselling
2 Usual care Education
3 Usual care Support group
4 Usual care | Education & support group

1.1.4 Ranking Treatments in NMA

A popular outcome reported in NMA is a ranking of treatments from best to worst, also
known as a treatment hierarchy (Papakonstantinou et al., 2022). Treatment hierarchies
are produced by calculating ranking metrics which summarise the estimated relative effect
of each treatment, ideally while taking into account their precision. The ranking metrics
can then be ordered from largest to smallest to obtain the treatment hierarchy. We refer
to the ordered list of treatments from best to worst as a hierarchy instead of a ranking
to avoid confusion between the ranking metrics and the final output based on the ranking
metrics (the hierarchy).

Common ranking metrics used to produce hierarchies include the Surface Under the
Cumulative RAnking curve (SUCRA), the P-score (which is a frequentist version of SU-
CRA), the expected rank, and the probability of having the best outcome value (Riicker
and Schwarzer, 2015; Salanti et al.; 2022). The predictive P-score is a Bayesian ranking



metric that measures the expected performance of each treatment in a new study (Rosen-
berger et al.; 2021). SUCRAs and P-scores have been shown to be less sensitive to different
levels of precision in the effect estimates compared to the probability of having the best
value and are commonly reported (Chiocchia et al., 2020; Davies and Galla, 2021; Salanti
et al., 2022). The expected rank is a function of SUCRA and will result in the same
hierarchy (Riicker and Schwarzer, 2015).
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Figure 1.2: An example of a SUCRA plot for treatments aimed at reducing mortality from
Diabetes. This plot was created using the BUGSnet package (Béliveau et al., 2019).

The formula for the SUCRA of treatment k is

N-1 r
SUCRA (k) = ZMNZ_ullmu, k=1,...,N, (1.6)

where pg, is the probability that treatment k takes rank u and N is the number of treat-
ments in the network. SUCRA values can also be visualized by plotting the probability
that each treatment ranks r or better versus the ranking r. The SUCRA value for treat-
ment k is then the area under this curve, scaled by 1/(N — 1). An example of such a plot
using the Diabetes data is shown in Figure 1.2. The corresponding treatment hierarchy and
SUCRA values, from most to least preferred, are ARB (SUCRA = 0.948), ACE inhibitor
(SUCRA = 0.830), placebo (SUCRA = 0.555), CCB (SUCRA = 0.462), blocker (SUCRA
= 0.166), and diuretic (SUCRA = 0.038).



SUCRA values are calculated in a Bayesian context where samples from the posterior
can be used to estimate the rank probabilities pg,. SUCRA values are more challenging
to calculate in a frequentist NMA as the rank probabilities py, are less readily available in
this context, but they can be obtained using resampling methods (White, 2011).

P-scores were proposed as a frequentist version of SUCRA values which do not require
resampling (Riicker and Schwarzer, 2015). P-scores are calculated using the relative effect
estimate of k versus [, dhk, and thelr standard errors SFE (dl,k), assuming a larger response

is favourable, according to
al d
P(k § P 1.7
2k

where ®(-) represents the cumulative distribution function of the standard normal distri-
bution. If smaller responses are favourable, chﬁk is replaced with —cfl’k = cfkﬁl. P-scores
and SUCRAs are equivalent in a Bayesian analysis when the posterior distribution of the
relative effects are independent and normally distributed (Riicker and Schwarzer, 2015).

1.2 Methane Emissions Quantification

Methane is a strong greenhouse gas with a short lifetime in the atmosphere compared to
carbon dioxide, meaning reductions can have an impact in a short timeframe (Ripple et al.,
2024). Methane emissions from the OG sector account for approximately 40% of anthro-
pogenic sources globally, making it a focus for emissions reductions (1A, 2023). Initiatives
aimed at reducing methane emissions include the setting of emissions reduction targets and
the compilation of methane inventories where emissions are estimated and attributed to
different sources to understand major contributors to emissions and track progress to-
wards targets (Climate and Clean Air Coalition, 2021; Environment and Climate Change
Canada, 2016; Intergovernmental Panel On Climate Change, 2023). Previous approaches
to estimating inventories from the exploration and production sector of the OG indus-
try, also known as upstream OG, typically relied on multiplying emissions factors (EFs)
by the number of facilities in a given jurisdiction, but these approaches have been found
to be inadequate (l\Ll(K(W et al., 2021; Tyner and Johnson, 2021; Zavala-Araiza et al.,

2018; Vollrath et al.; 2024). Reasons include ignoring the underlying skewed distribu-
tion of emissions, hmlted data, and ignoring the uncertainty associated with the sampling
and measurement methods in the calculation of EFs. An alternative to outdated EF ap-
proaches is a measurement-based inventory, which is derived by surveying OG facilities
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with methane detection and quantification technologies (MDQTSs) and using these mea-
surements to inform the inventory (Tyner and Johnson, 2021). In a review of approaches to
measuring methane emissions from OG facilities, Vollrath et al. (2024) highlighted the need
for statistical frameworks that can integrate measurement data while considering associ-
ated uncertainties. Important sources of uncertainty include detection and measurement
uncertainty from MDQTs, uncertainty from the sampling design of measurement-based
surveys, and temporal variability of emissions.

Another initiative designed to reduce methane emissions from OG production and stor-
age facilities is the implementation of regulatory requirements for Leak Detection And
Repair (LDAR) programs (Atherton et al.; 2017; Fox et al.; 2021b). The idea is that OG
producers must regularly survey their facilities with technology to detect leaks and repair
identified leaks within a certain timeframe to reduce unnecessary emissions. Initial regu-
lations tend to recommend the use of Optical Gas Imaging (OGI) technology for surveys,
which is time-consuming as an individual operator must manually survey an entire facility
with an OGI camera (Fox et al., 2021b; Atherton et al., 2017). Alternative approaches
have become more popular which take advantage of emerging MDQTs which can oper-
ate at larger scales, such as by mounting on a truck or aircraft. These approaches can
quickly survey an entire facility, but may require follow-up with OGI in order to localize
detected leaks before they can be repaired. Several software programs have been developed
to model the emissions reductions and cost-effectiveness of LDAR programs with various
MDQTs, frequencies, and follow-up strategies, such as FEAST (Kemp and Ravikumar,
2021), LDAR-Sim (Fox et al., 2021a), and AroFEMP (Lavoie et al., 2021). However, not
all approaches consider the measurement error of the technologies being deployed, despite
this factor potentially impacting the effectiveness of programs (Fox et al., 2021b). Accu-
rate models for measurement uncertainty of MDQTs are needed to ensure deployed LDAR
programs reduce methane emissions as much as possible. These models are also needed to
integrate measurement error into methane inventory estimation techniques.

1.3 Outline of Contributions

CNMA is an increasingly popular method for synthesizing evidence which involves mul-
ticomponent treatments (Petropoulou et al.; 2021), but there is a lack of rigourous com-
parison between existing Bayesian and frequentist approaches. In Chapter 2 of this thesis,
we identify weaknesses in the definition of additivity used in CNMA models and highlight
an important difference in the assumptions underlying common Bayesian and frequentist
CNMA models that has been overlooked in the literature until now. In particular, we show
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that the most popular Bayesian CNMA model makes a stronger assumption than the fre-
quentist approach to CNMA, causing it to be prone to misspecification. We introduce the
notion of “anchored” (less flexible) and “unanchored” (more flexible) CNMA models. We
propose novel Bayesian CNMA models which are unanchored, and show in a simulation
study that the anchored Bayesian approach leads to biased estimates, poor coverage prob-
ability, and inaccurate treatment hierarchies when it is misspecified, while the unanchored
frequentist approach and our novel unanchored Bayesian models are robust. The anchored
and unanchored CNMA models are fit to a published network of treatments for coronary
heart disease and we compare the results.

Once an NMA model has been fit, a common output of interest is a treatment hierarchy.
Treatment hierarchies from NMA have important implications as they can aid in decision-
making, however they are often reported without any measure of uncertainty, which can be
misleading. In Chapter 3, we propose an approach to quantifying uncertainty in producing
a treatment hierarchy from a frequentist or Bayesian NMA. By defining maximum and
minimum certainty in a hierarchy in terms of the SUCRA or P-scores, we show that the
variance of the SUCRA or P-scores captures useful information about the level of certainty
in a treatment hierarchy. We use this insight to propose the Precision Of Treatment
Hierarchy (POTH), which summarises the level of certainty in a treatment hierarchy into
a single number between 0 and 1. We propose modifications to POTH to summarise the
level of certainty in the hierarchy of a subset of treatments of interest, and approaches to
identifying the relative contribution of each treatment to uncertainty in the hierarchy. To
investigate the distribution of POTH and any associations with network characteristics,
we calculate POTH for a database of over 200 published NMAs. We conclude with an
in-depth worked example to demonstrate the methods on a real dataset.

In the second part of the thesis, we turn our attention to some problems in the quantifi-
cation of methane emissions from the OG industry. Measurement-based methane invento-
ries can provide an accurate estimate of methane emissions from a given jurisdiction, but
existing approaches are computationally intensive and challenging to implement and inter-
pret. In Chapter 4, we show how multi-stage survey sampling techniques can be used to
produce a measurement-based methane inventory. We provide estimators of the total and
stratum-level emissions, corresponding variance estimators, and an interpretable decompo-
sition of the variance which can be useful in planning future surveys. We also provide an
efficient approach based on the Hajek estimator which requires an adjustment to the sec-
ond stage design. To address measurement error in the survey data, we describe a Monte
Carlo approach which incorporates a known measurement model for the technology used
to collect the data. In a simulation study, we show that the multi-stage estimators have
good statistical properties. We apply the methods to aerial survey data of OG facilities
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in British Columbia, Canada and compare the inventory to that of a previously published
analysis.

An accurate model for the uncertainty associated with component-level measurements
from MDQTs is needed as input for the methane inventory calculation approach proposed
in Chapter 4, as well as modelling LDAR programs and other applications. In Chapter
5, we introduce a Bayesian method to develop probability distributions of measurements
given a true emission rate using data collected in controlled releases (CR) of methane
for different technologies. The approach includes flexible likelihoods which can capture
complex relationships in the data. We also use a weighted bootstrap algorithm to provide
the distribution of the true emission rate given a new measurement, which synthesizes
the measurement with the CR data and external information about the possible true
emission rate. We present results for six quantification technologies and show that flexible
models that accommodate complex non-linear behaviour are needed to adequately model
measurement error. We also demonstrate the use of the weighted bootstrap algorithm with
different priors and show how uncertainty can be reduced by making repeated independent
measurements.

To conclude, we summarise all contributions of this thesis in Chapter 6.
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Chapter 2

Bayesian Unanchored Additive
Models for Component Network
Meta-Analysis

2.1 Introduction

In a recent review of methods for multicomponent interventions, Petropoulou et al. (2021)
recommended the use of additive CNMA models (when the assumptions are satisfied) over
other types of CNMA models. An additive CNMA model assumes that the relative effect
of a multicomponent treatment is the sum of its components’ relative effects, that is,

dA,X = Z dA,xv (21)

reX

where X is a multicomponent treatment, x indexes the components of X, and A is a com-
mon comparator treatment. Additive CNMA models were preferred in the review because
they allow for comparison of relative efficacy of all possible combinations of components,
and because of the availability of code and R packages which facilitate their implemen-
tation (Petropoulou et al.; 2021). Existing additive CNMA models have been applied in
practice by e.g. Mills et al. (2011, 2012); Madan et al. (2014); Pompoli et al. (2018); and
Freeman et al. (2018).

There are two established additive CNMA methods; one proposed by Welton et al.
(2009) and another proposed by Riicker et al. (2019). The model of Welton et al. (2009)
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uses Bayesian inference and takes trial data summarised at the arm level. The approach
of Riicker et al. (2019) is a frequentist model which uses data summarised at the contrast
level. Similarly to standard NMA approaches, the two methods also differ in the way multi-
arm trials are accounted for. Recently, several Bayesian CNMA models were proposed
by Efthimiou et al. (2022). Since the work in this thesis chapter was completed before
publication of Efthimiou et al. (2022), the terms “existing” or “established” methods in
this chapter refer to the methods of Welton et al. (2009) and Riicker et al. (2019). Efthimiou
et al. (2022) focuses on extending CNMA models to allow for the use of individual patient
data and facilitating selection of component interactions. They describe their model III as
Welton et al. (2009)’s model, however we note (from inspecting their model formulation
and code) that it is not exactly Welton et al. (2009)’s model, but rather analogous to a
model we propose in Section 2.4.1.

There has been limited work done assessing existing CNMA models. Thorlund and
Mills (2012) investigated the performance of the standard Bayesian NMA model compared
to the additive CNMA model of Welton et al. (2009) in a simulation study. Riicker et al.
(2021) compared the frequentist CNMA model to a matching method on a dataset of
multiple myeloma. However, no direct comparison of these CNMA methods has been
made so far in the literature. The two models use different notation for different elements
of the models, which makes comparison difficult.

In this chapter, we introduce a novel notation and compare existing CNMA models in
Section 2.2. In Section 2.3, we introduce the definition of the anchor treatment and show
that it plays an important role in CNMA models. This is a new insight and the idea of the
anchor treatment was overlooked in the literature until now. We emphasize the role of the
anchor treatment and make use of the novel notation of the previous section to show that
existing CNMA models differ in their use of the anchor treatment. We also discuss the
interpretation of placebo or “no treatment” as the anchor. In Section 2.4, we propose two
novel Bayesian models for CNMA. We compare the existing and novel CNMA models in
a simulation study in Section 2.5 and apply the models to a published dataset in Section
2.6. We conclude with a discussion of the results and possible avenues for future work in
Section 2.7.

2.2 Comparison of Existing CNMA Models

In this section, we introduce the CNMA models of Welton et al. (2009) and Riicker et al.
(2019) using new unified notation. The notation is summarized in Table 2.1.
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2.2.1 Bayesian CNMA Model of Welton et al. (2009)

Welton et al. (2009) proposed a Bayesian method for analysing multicomponent treatments
and the effects of their components using data summarised at the arm level. This model
is the first CNMA model in the literature. The model is typically fit using Markov Chain
Monte Carlo (MCMC) sampling via BUGS software. BUGS code corresponding to the
model as originally presented is available in their paper.

In this model, similarly to the standard NMA model presented in Section 1.1.1, a
reference treatment must be chosen. Without loss of generality, let the reference treatment
be the treatment labelled as “17. If there are C' components in the network, the model
estimates C' — 1 relative effects where the comparator is the reference treatment. Elements
of the model whose structure depends on the treatment chosen to be treatment 1 are
written with a superscript (1).

Suppose we have I RCTs, indexed with ¢, each with a total of a; arms. Assuming
the outcome of interest is binary, such as death, then the trial data are aggregated as the
counts of the outcomes in arm j of trial ¢, R;;. Similarly to the standard model, we have

Rij ~ Bin(nij, 7Tij)7

given n;;, the total number of subjects observed in arm j of trial ¢, and m;;, the probability
of an outcome in the respective arm and trial.

Let 7; = (m1, ..., Tq,;) be the vector of binomial probabilities in trial . Without loss of
generality, assume that if trial ¢ employed the reference treatment, it is in the arm labelled
1. Then logit(7;), the vector of the log-odds of outcomes in the arms of trial i, can be
modelled using

lOglt(ﬂ'J = Oéi]-lxai + ‘/Z(l)d(l) + €;, (22)

where «; is the baseline response in trial i to the reference treatment (this differs from the
baselines in the standard NMA model, which are relative to treatment ¢;;); the vector 11,
is an a;-length vector of ones; dV = (dya,...,d1 ) is a vector of relative effects of length

C — 1 for each component except for the reference treatment (since d;; = 0). Vi(l) is a

design matrix with dimension a; x (C'—1) where ‘/;(]1,1 = 1if arm j involves component k41
and 0 otherwise. That is, if arm 7 employs only the reference treatment, the row sum of
Vi(l) is zero, otherwise the row sum is equal to the number of components employed in the
treatment protocol of arm j. Multiplying the j** row of Vi(l) by dM) results in Equation
(2.1), where A is the reference treatment and X is the treatment protocol in arm j of trial

2.

16



Further, €; are random errors representing between-trial variation. If trial ¢ includes
treatment 1, then €; = (0, €0, ..., €,,) , and

2
€i,2:a0; ™ MVNaifl((); g Eaiflxcufl)?

where X,,,, has the same definition as in Section 1.1.1. Otherwise, €; = (€1, .. ., €4;) and
€ ~ MVN, (0,023, ,,). This model is a random effects model. To obtain a common-
effect model, o is set to zero, which is equivalent to omitting €; from Equation (2.2).

Independent diffuse normal priors are used for the baselines «; and the relative effects
d™, such as N(0,1000I). A flat uniform prior is used for o, where the upper limit is chosen
based on the scale of the data, similarly to the standard NMA model.

Estimation is performed by using MCMC sampling. A posterior sample is obtained,
usually by using BUGS (Welton et al., 2009). A point estimate for dy x, k =2,...,C and
o can then be obtained by taking the mean or the median of the posterior samples. The
posterior distribution of multicomponent treatment effects can be obtained by applying the
additivity Equation (2.1) to posterior samples. The posterior distribution for the relative
effect of any two treatments k& and [ can then be determined by applying the consistency
equation to the posterior samples of dy; and d; ;. Credible intervals can also be obtained
using the appropriate quantiles of the posterior samples, for example, 2.5% and 97.5% for
a 95% credible interval.

2.2.2 Frequentist CNMA Model of Riicker et al. (2019)

Riicker et al. (2019) proposed a frequentist approach to CNMA which takes contrast-based
summary data. The R package netmeta implements this method and is freely available
(Balduzzi et al.; 2023). We introduce their common and random effects models using the
unified notation which is summarized in Table 2.1, which differs from the notation used in
introducing the standard frequentist NMA model in Section 1.1.2.

Similarly to the standard frequentist approach, this model uses all m; = (“2) contrasts

from each a;-arm trial as data. Let y; = (Y, ..., ¥im,)" be the vector of m; comparisons
from trial ¢ with associated standard errors SFE;;. The model is given by

with
m; = U;Vd,
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where d is a vector of length C' which contains relative effects for each component 1 to C.
U, is a m; x a; design matrix which creates a vector of m; contrasts from the a; arms of
trial 4. In particular, U; jx = 1 if the k'™ arm is the minuend of the j™ contrast, —1 if the
k" arm is the subtrahend of the j* contrast, and 0 otherwise. Vj is a design matrix with
dimension a; x C' where V; j; = 1 if arm j involves component & and 0 otherwise.

In this model, we use the notation d and V; without a superscript to emphasize the fact
that the structure of these model elements do not depend on a chosen reference treatment,
and thus they involve all C' components rather than C' — 1 as in the Bayesian model from
the previous section.

2, is a diagonal covariance matrix that reflects the standard errors in the data and,
for random effects models, the degree of between-study heterogeneity estimated using a
method-of-moments. Between-study heterogeneity can be omitted for a common-effect
model. €, is analogous to W~! from the standard frequentist model, but on the trial
scale. The adjustments needed for multi-arm trials and random-effects follow the same
procedure as for the standard model (Riicker et al., 2019).

To obtain a regression estimate of d, the model can be rewritten by letting y =
(Yi, ..., y;), Q be a block-diagonal matrix with (€24, ...,€2;) along the diagonal, and

Uuvi
X = : . (2.3)
U:Vv;
We can then write
y ~ MVNy(Xd,Q), (2.4)

where y and X are the same as those defined in Riicker et al. (2019). Weighted least
squares is used to estimate d, that is

d= (X" ' X)PXTQ 'y, (2.5)
where (X7Q71X)* is the pseudoinverse of XTQ 1 X (Riicker et al.; 2019; Riicker and
Schwarzer, 2014). For some network structures, the matrix X7Q~! X is invertible, but in
general the pseudoinverse is needed.

To estimate any treatment comparison, the appropriate contrast of relative effects in
d can be taken, by applying additivity (Equation (2.1)) and the consistency equation
(Equation (1.1)). For example, if the relative effect of treatment 1 + 2 compared to 3 was
desired, it would be calculated as

cf371+2 = a?l + 622 — 6?3, (26)

where dj, represents the £ entry in the vector d.
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Table 2.1: Summary of the model elements used in the new unified notation for additive
CNMA models in this thesis.

Model Element Role Description
U, U’ Design Matrix Forms contrasts between arms - only for contrast-
based data
V; Vi(l) Design Matrix Forms component structure of treatment arms
Q; Parameter Represents trial-specific response to the anchor
treatment - only for arm-level data
o? Parameter Represents between-trial heterogeneity in random
effects models
dv Parameter Vector of population relative effects for components
2, ..., C where treatment 1 (reference) is the
comparator - only for anchored model
d Parameter Vector of relative effects for components 1, ..., C
where the unknown anchor is the comparator -
only for unanchored models
11xq, Structural Element | Vector of ones of length a; - only for arm-level data
Yxp Structural Element | Square matrix of ones and 1/2’s of dimension p X p
which describes correlation structure - only for
Bayesian random effect models
Yi, Y Data Vector of contrast data - only for contrast-level data
Rij, nj Data Binomial counts and sample sizes for j'® arm in trial
- only for arm-level data
Q; Covariance Matrix | Covariance matrix incorporating uncertainty in data
and from between-trial heterogeneity - only for
frequentist model
S; Covariance Matrix | Covariance matrix quantifying uncertainty in data -
only for Bayesian contrast-based model
* Notation Indicates elements of the model which are of reduced
dimension due to the inclusion of a; — 1 contrasts
instead of (‘;’) dependent contrasts
(1) Notation Indicates elements of the model which are of reduced

dimension because the model is anchored, and therefore
the element’s structure depends on which treatment was
chosen as reference
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2.3 The Anchor in Additive CNMA

2.3.1 Role of the Anchor Treatment

In additive CNMA models, the assumption which defines multicomponent treatment rela-
tive effects is stated mathematically in Equation (2.1). We call the treatment A in Equation
(2.1) the anchor treatment. Simply put, Equation (2.1) indicates that additivity is imple-
mented on the relative effect scale, and specifically on the scale where effects are relative
to the anchor treatment A. We introduce the new term “anchor treatment” because the
role of this treatment is distinct from the reference treatment in an analysis.

The anchor treatment defines the relative effects on which additivity can be applied.
Different forms of additivity are possible based on which treatment is the anchor. For
example, if treatment A is the anchor treatment, then the population multicomponent rel-
ative effects are defined according to da x = er « daz for all multicomponent treatments
X. However, this does not imply that dp x is equal to Eme v dp. In fact, if treatment
B was the anchor and thus multicomponent relative effects were determined according to
> zex dBz, this would represent a different set of population relative effects and thus a
different data-generating mechanism. We can state this as a theorem.

Theorem 1. If additivity holds for anchor treatments A and B simultaneously, then treat-
ments A and B have indistinguishable effects.

Proof. Suppose A and B are single component treatments and X is a multicomponent
treatment in an arbitrary network. Let |X| > 1 denote the number of components making
up the multicomponent treatment X. Assume that the additivity equation holds for both
A and B as the anchor simultaneously, that is,

dax = da, (2.7)
zeX
and

dpx =Y dp,. (2.8)

zeX
Since we have consistency, we can write

dax =Y (dpo—dp.a)

zeX
= E dB,a: - E dB,A
rzeX rzeX
=dpx — | X|dp,a,
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where the last line is obtained by using Equation (2.8). Applying consistency to the left-
hand side, we have

dpx —dpa=dpx — |X|dp,.a,

which implies that dg 4 = 0, and thus treatments A and B must have indistinguishable
effects. O

Theorem 1 shows that the anchor treatment defines the relative effects on which ad-
ditivity can be applied, and that anchor treatments that have different effects correspond
to different assumptions about multicomponent relative effects. This means that the pa-
rameter definitions, and thus their estimates, will differ depending on the anchor used to
fit the model. Two analysts presented with the same network data could thus come to
different conclusions about the relative effectiveness of treatments simply by using models
with different anchors. This is important to emphasize as it has been overlooked so far in
the literature. This is further exemplified in Appendix A.1.

A further point worth emphasizing is the distinction between the anchor treatment and
the reference treatment used in a Bayesian NMA. It is difficult to differentiate between the
two concepts because in the existing Bayesian CNMA model, we are restricted to using
the same treatment as the anchor and the reference treatment (see Section 2.3.2). Despite
this, they play distinct roles which is why we refer to them with different terms. It is true
that using any treatment as the reference treatment is equivalent as long as consistency is
assumed, that is,

dA,C-i—D = dX,C+D - dX,A = dY,C—}—D - dY,A-

In contrast, from Theorem 1 we know that using different anchor treatments leads to
different models for additivity in general, so different anchors are not equivalent. Thus we
differentiate between their two roles: The reference treatment is simply the treatment we
use as the comparator for the population relative effects in the model, which is arbitrary
due to the consistency equations. The anchor treatment is the treatment which defines the
relative effect scale on which additivity is applied and thus defines our assumptions about
multicomponent relative effects. It happens that in some models, the same treatment may
play both roles, but the roles are nevertheless distinct.

2.3.2 Anchored and Unanchored Models

We argue that the anchor treatment is chosen in two different ways in the models presented
in Section 2.2. It is either specified by the modeller a priori or automatically selected by
the model. The first method corresponds to assuming that a particular treatment in the
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network is the true anchor, and we define this to be an anchored approach. The second
method corresponds to assuming that additivity holds for some unknown true anchor which
is determined during model fitting, and we define this as an unanchored approach. Due
to a lack of discussion on this topic in the literature, it is unlikely that the true anchor
treatment would be known. Further, an anchor specified in an analysis may not fit the data
well, leading to a misspecified model which may introduce bias to the estimated relative
treatment effects and rankings. Therefore, unanchored models are of particular interest.

To illustrate whether existing CNMA approaches are anchored or unanchored, consider
a network with components placebo, treatment A, and treatment B. Let us examine the
design matrices of our novel notation and the resulting parameters for a two-arm trial with
placebo in the first arm and treatment A in the second arm. If we use the model from
Section 2.2.1, we must choose which treatment to use as the reference treatment (treatment

1). If placebo is chosen as the reference treatment, the design matrix Vi(l) is as follows:

@ (0 0

and the resulting vector logit(mr;) is

(67 + 0 0 dl,A . Oél+0
(67 1 0 dl,B N Oéi—i‘dLA '

This implies that «a; is the response to the placebo (the reference treatment), and the
elements of dV) are relative to placebo. In contrast, if treatment A was chosen as reference,

we would obtain
a; + dl,Placebo
o; + 0 ’

showing that in general o is the response to the reference treatment and d) is a vector
of effects relative to the reference treatment. Since multicomponent treatment effects are
computed as sums of the elements of d(), the treatment chosen as the reference is forced
to be the anchor in the analysis. The structure of the design matrix in this model assumes
that a particular treatment is the anchor, thus the model of Welton et al. (2009) is an
anchored model.

On the other hand, consider using the model from Section 2.2.2. The design matrices

are as follows:
1 00
U, = (-1 1),Vi_(0 ) o)‘
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The resulting parameter contrast is

01 0 dk’A = dk»A - dk,Placebo-

1 0 O> dk,Placebo
dk,B

UVd= (-1 1) (

In this model, multicomponent treatment effects are sums of the elements of d, which are
relative to the unspecified anchor treatment k. The unspecified anchor is selected based on
what gives the best fit to the data. Therefore, the anchor treatment is estimated during
model fitting and not specified by the modeller, making this an unanchored model.

In an unanchored model, the estimates of d can also be used to identify how similar
the estimated anchor is to the treatments present in the network. We can examine the
point estimates for the elements of d that are identifiable. If the estimate for treatment k
is close to zero, that indicates that the anchor treatment is similar in effect to treatment
k. This can provide insight into the true anchor in unanchored models.

A key difference between the anchored and unanchored models is in the dimension
of the population relative effect parameter vector. In the anchored model, the vector
d® is of length C' — 1. In the unanchored model, the vector d is of length C. This
is because in the anchored model, dV) is a vector of effects relative to treatment 1, and
dy 1 = 0 by definition, so only the remaining C' — 1 relative effects need to be estimated.
In contrast, in the unanchored model, the relative effects in d are not restricted to be
relative to a particular treatment, so it is necessary to estimate a relative effect for all C'
components. Note that the elements of d are not uniquely identifiable in general, although
some elements may be depending on the network structure. This is what necessitates the
use of the pseudoinverse in Equation (2.5).

We emphasize that anchored models impose the anchor treatment, which may or may
not result in an additivity assumption which fits the data well. From this perspective,
anchored models have the potential to be biased due to misspecifying the anchor, and
thus, anchored models should be used with caution. In addition to using the anchor which
gives the best fit to the data, we remark that unanchored models are more flexible in
other ways. First, the estimated anchor may not be a treatment in the network. Further,
the estimated anchor may be zero or “no treatment”, corresponding to additivity on the
absolute effect scale, rather than a relative effect scale. To capitalise on the advantages of
the unanchored approach, we introduce two Bayesian CNMA models that are unanchored
in Section 2.4.
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2.3.3 The Anchor and the Placebo Effect

We argued that unanchored models will use the anchor which fits the data best while in
anchored models, the anchor is specified a priori. Intuitive choices for the anchor in an
anchored model may be either “no treatment” or “placebo”. In this section, we investigate
the practical implications of assuming these anchors. We argue that although they may
be conceptually meaningful, the interpretations rely on strong assumptions which we may
not be able to check in practice.

To investigate the conceptual meaning of placebo or “no treatment” as anchors, we
should consider the conceptual definition of the relative effect parameter dy;, which is the
difference in outcome of treatment [ compared to treatment £ on average, or in other words,

diy = E(Y, = Yy) = E(Y)) — E(Y)), (2.9)

where E(Y]) is the average outcome observed for patients who receive treatment [, and
treatments [ and k could be single or multicomponent. Let @ and P represent “no treat-
ment” and placebo, respectively. Nikolakopoulou et al. (2024) discussed concepts related
to the placebo effect in CNMA, and we make use of their notation here. Let f represent
the response to “no treatment”, that is, E(Y,) = f. This can be viewed as the natural pro-
gression of the disease and other mechanisms not related to any treatment (Nikolakopoulou
et al., 2024). Additionally, let m represent the effect of placebo compared to “no treat-
ment”. We assume that these effects are additive so that E(Yy) = f and E(Yp) =7+ f
(Nikolakopoulou et al.; 2024). We also assume that these effects are constant and do
not interact with any components, that is, E(Y;) = f 4+ 7 + dp;, for any component k
(Nikolakopoulou et al., 2024; Boussageon et al., 2022).

In Figure 2.1, Panel i), we visualize the average absolute effects of “no treatment” (&),
placebo (P), treatment A (A), and treatment B (B) under the assumption described above.
If the anchor treatment is placebo, we have

dpa+p = dpa + dpp, (2.10)
and by rearranging Equation (2.9), we find that this implies
E(YA+B) =1+ f4+ dp7A + dpyB = E(YP> + dp7A + dp’B, (211)

illustrated in Panel ii) of Figure 2.1. This means that if the placebo is the anchor, the
absolute effect of A + B is the addition of the effect of A over placebo plus the effect of B
over placebo plus the effect of placebo. That is, we get one placebo effect per treatment,
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E(Yyip) if

E(Y . p)if | anchoris @

anchoris P

Figure 2.1: Illustration of the average absolute effects of different treatments. Panel i):
“no treatment” (&), placebo (P), component A, and component B. Panel ii): treatment
A + B if the anchor is placebo, and A + B if the anchor is “no treatment”.

not per component. This makes sense if we do not expect each component to contribute its
own placebo effect. For example, if all treatments (single and multicomponent) are given
in the form of a topical cream, we may expect that the placebo effect is the same regardless
of the number of active ingredients included in the cream.

Alternatively, consider “no treatment” as the anchor, that is,
dy ayp =dpa+dy p. (2.12)
Plugging this in and rearranging Equation (2.9) suggests
E(Ysip) =21+ f+dpa+dps. (2.13)

This is illustrated in Panel ii) of Figure 2.1, and implies that the placebo effects for compo-
nents are additive. That is, under the anchor @, we get one placebo effect per component.
This is sensible when it is likely that each component contributes a new placebo effect. For
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example, if each component is delivered as a separate pill, so that the treatment A + B
involves taking two pills instead of one, we may hypothesize that each pill could contribute
its own placebo effect.

Both “no treatment” and “placebo” as the anchor have distinct conceptual meanings
that may be useful in different settings. Placebo is a sensible anchor when we expect the
placebo effect to be present for multicomponent treatments, and it does not change as
more components are added. Alternatively, “no treatment” is a useful anchor when each
component contributes its own placebo effect. It may be tempting to use an anchored model
where we assume the anchor which best models our assumptions about the placebo effect
in the problem at hand. Alternatively, we may want to fit an unanchored model and then
use the estimates of d to provide insight into the behaviour of the placebo effect in a certain
dataset, for example, if a?k p is close to zero, we may want to conclude that the placebo effect
is not additive for components in our dataset. However, it is not guaranteed that placebo,
or particularly “no treatment”, will be present as a node in the network, which may prevent
us from using the desired anchor or from estimating the desired relative effects. Moreover,
the interpretations derived above hinge on strong assumptions, discussed in further detail
in the following paragraph.

While in theory these anchors have interpretations related to the placebo effect, they
rely on strong assumptions which may not be met. First, the interpretations of Figure 2.1
are all subject to the assumption that the placebo effect and the specific treatment effects
are additive and do not interact. It has been found that this assumption is often violated
and it is rarely possible to be checked (Boussageon et al., 2022). Second, we assumed that
the placebo effect is the same for all components, but placebo effects may differ between
components and treatments, such as if some components are taken as a pill while some
are given by an injection. If placebo effects differ between components, not only could this
cause bias in the meta-analysis, but it also invalidates the interpretations in this section
(Nikolakopoulou et al.; 2024). Third, there may be scenarios where the true behaviour of
the placebo effect is somewhere in between “one placebo effect per treatment” and “one
placebo effect per component”. For example, there may be additive effects for the first
2-3 components, but this effect may diminish as the number of components gets larger. In
this case, there would be a different “true anchor” for different treatments, and either the
placebo or “no treatment” would not work as a one-size-fits-all anchor. Since it is likely
that one or more of these assumptions is violated, we caution against over-interpretation
of the anchor treatment and its implications for the placebo effect.

To investigate the suitability of different anchors, an unanchored model can be fit and
the relative effects of “no treatment” and placebo versus the anchor can be investigated to
see where the anchor lies (if they are present and identifiable in the network). Although
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the unanchored model will use the anchor which best fits the data without relying on some
of the previous assumptions needed to justify the use of a specific treatment as the anchor,
it still requires that there is one “true anchor” for all treatments, and so the results can still
be misleading. Another approach would be to fit anchored models with various anchors
to see how sensitive the conclusions are to the specified anchor. In all cases, the fit of the
model should be assessed, such as by comparing the Deviance Information Criterion (DIC)
(Spiegelhalter et al., 2002).

2.4 Novel Bayesian Unanchored CNMA Models

Due to the more flexible nature of unanchored models, practitioners may wish to avoid
the use of an anchored CNMA model. Although the frequentist approach of Riicker et al.
(2019) is already an option for practitioners to implement an unanchored additive model,
a Bayesian approach may be preferred. Additionally, the model of Riicker et al. (2019)
only accommodates contrast-level data. Thus, in sections 2.4.1 and 2.4.2 we introduce
novel unanchored Bayesian additive CNMA models to handle contrast-level and arm-level
summary data, respectively. Table 2.2 contains a summary of the CNMA models included
in this thesis.

2.4.1 Novel Bayesian Unanchored Model for Contrast-level Data

We introduce a random effects model which follows a similar formulation to Riicker et al.
(2019) in that it does not require the specification of an anchor for additivity and uses
contrast-level data, however it uses a Bayesian framework. Additionally, in this model,
we will use the same subset of the contrasts as the standard contrast-level Bayesian NMA
model from Section 1.1.1, that is, for trial ¢ with a; arms, we use a; — 1 contrasts which are
all relative to the treatment in arm 1, ¢;;. Due to the different subset of data being used,
some elements in our model have reduced dimension which is indicated with superscript *
compared to similar elements in the frequentist version.

Let y; = (Y, ..., ¥i,,) be the (a; — 1) x 1 vector of independent contrasts relative to
the treatment in arm 1 of study 7 for ¢ = 1,...,I. Let SE;; be the standard error of the
contrast associated with the jth treatment arm compared to arm 1 in the ¢th study, and
let SE;,, be the standard error of the raw response in arm 1 in study ¢. Then we have

Y| ulo? ~N(ui, S5),i=1,...,1, (2.14)
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where S} has the same definition as S; in Section 1.1.1, but we add the superscript * to
emphasize the fact that it is of dimension (a; — 1) X (a; — 1). Further,

pi =UVd + €, (2.15)
where U} is a (a;—1) X a; design matrix, where Uy, = 1if the k" arm is the minuend of the
j*® contrast, —1 if the £*® arm is the subtrahend in the j* contrast, and 0 otherwise. The
rows of U sum to zero and the first column of U contains all —1’s. V; is the same design
matrix as introduced in Section 2.2.2. €] represents between-study heterogeneity, and is
distributed according to €; ~ N(0, 02X, _1xq,_1). Here, we also note that the inclusion of
multicomponent treatments does not impact the compound symmetry of treatments. That

is, the correlation between the heterogeneity terms of any two treatments in the same trial,
regardless of if they are single or multicomponent, is 1/2.

To finish the Bayesian treatment of the model, we place vague priors on d and o.
Similarly to the model in Section 2.2.2, in this model d represents a set of relative effects
with an unknown reference point, corresponding to an unanchored model. We use priors
similar to those used on the relative effects in the model described in Section 2.2.1, d ~
N(0,10001), and a uniform prior on the heterogeneity parameter o with a suitably large
upper limit based on the scale of the data.

2.4.2 Novel Bayesian Unanchored Model for Arm-level Data

In order to accommodate arm-level data, we adapt the model introduced in Section 2.4.1.
We assume that the arm-level response consists of binomial counts of an outcome of interest
for each arm of each trial, similarly to the previous arm-based Bayesian models in this
thesis. Recall that the binomial distribution family and logit link functions we use can
be modified to accommodate other types of outcomes, such as event counts or continuous
outcomes, following Dias et al. (2018). Let the observed binomial counts in the j* arm
of trial ¢ be R;;, and as before we have R;; ~ Bin(n;;,m;). Let m; = (m1,...,mq,)" be
the vector of binomial probabilities in trial 2. Then we model the binomial probabilities
according to

logit(m;) = a;11xq, + Vid + €; (2.16)
where

€ ~ MVN, (0,02, a,),

and o, lixq,, Vi, d, 0 and X, ., are as defined previously. We use the same priors as
in Section 2.2.1. We can show that this model is equivalent to the contrast-based model
in Section 2.4.1, with the exception that the contrast-based method requires a normality
assumption when calculating the standard errors in the matrix S} (see Appendix A.2).
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Table 2.2: Summary table of the four CNMA models described in this chapter, labeled
by the subsection in which they were introduced. Note that the definition of €; for the
model in Section 2.2.1 and its dimension is slightly altered if trial ¢ includes the reference
treatment.

Existing models

2.2.1 (arm, anchored) 2.2.2 (contrast, unanchored)
Data R;; ~ Bin(n;;, m;;) y; ~ MVN,,. (p;, ;)
Treatment effects logit(m;) = a;11xq, + Vi(l)d(l) + € w; =U;V,d
Heterogeneity € ~ MVN,.(0,0°%,. «q4.) 62, embedded in ;
New models
2.4.2 (arm, unanchored) 2.4.1 (contrast, unanchored)
Data R;; ~ Binomial(n;;, m;;) yi | ui, 0% ~MVN,, _1(uf, S})
Treatment effects logit(m;) = a;11xq, + Vid + €; pi=UV,d+ €
Heterogeneity € ~ MVN,.(0,0°%,. «q4.) € ~MVN,. 1(0,0%%, 1x4,1)

2.5 Simulation Study

The simulations in this section are designed to illustrate the biases which can arise from
misspecifying the anchor in an anchored model and demonstrate the performance and
flexibility of the new unanchored models in Section 2.4. To this end, we consider eight
different simulation scenarios (described in Section 2.5.1), and simulate 1000 arm-level
datasets from each scenario using the model presented in Section 2.2.1 with the anchor
treatment specific to the scenario. We choose this model to generate data because it allows
for the generation of arm-level data and the specification of the true anchor in additivity.

Each dataset is analysed using the four CNMA models covered previously in this thesis
chapter: Bayesian anchored CNMA model with arm-level data (referred to as Bayes Arm
Anchored), Frequentist unanchored CNMA model with contrast-level data (Freq Contrast
Unanchored), Bayesian unanchored CNMA model with contrast-level data (Bayes Contrast
Unanchored), and Bayesian unanchored CNMA model with arm-level data (Bayes Arm
Unanchored). For models Freq Contrast Unanchored and Bayes Contrast Unanchored,
the arm-level data were converted to contrast-level data using the procedure described in
Appendix A.3.

The priors specified for the Bayesian models were d or d) ~ N(0,1000I) for the
unanchored and anchored models respectively, o ~ Unif(0, 2), and « ~ N(0,1000) for the
arm-based models.
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Figure 2.2: Network plots of the two scenarios considered in the simulation study. The
number of trials making each comparison is written on the corresponding edge. Network
1) is shown on the left and Network 2) on the right.

Bayes Arm Anchored requires specifying an anchor treatment. In the simulations,
the specified anchor is sometimes correctly specified and sometimes misspecified. This is
indicated by including the data-generating, true anchor in the plot labels and the anchor
specified in the anchored model in brackets in the model name.

2.5.1 Network Structure and Parameter Values

Two different network structures were used and are presented in Figure 2.2. Both net-
work structures include five single-component interventions A, B, C, D, and E, and three
multicomponent interventions. The treatments are labelled alphabetically according to
decreasing effectiveness in each network structure, assuming a large response is good. All
trials have two arms only. In each network, additivity was considered relative to two dif-
ferent anchor treatments. In each of the two networks and for each of the two additivity
assumptions, two different amounts of data were considered: 50 and 500 patients per arm.

In the first network (referred to as network 1), the relative effects are set so that the
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worst treatment (treatment E) is much less effective than the other four treatments. The
value of the heterogeneity () is set relatively low. The parameter values used in simulating
data for this network are presented in the first three columns of Table 2.3. We consider
two different ways to simulate the multicomponent data: one where the true anchor is the
treatment E; the other specifying the true anchor to be a different treatment, B, which has
a similar effect size to the remaining treatments A, C and D. The additivity assumption
implied by using E as the anchor treatment is quite different from the additivity assumption
implied by using treatment B as the anchor. This can be seen in the multicomponent
treatment effects in Table 2.3 and is due to the fact that treatments E and B have quite
different effect sizes. From this table, we can see that misspecifying the anchor as E when
its true value is B could give poor results - our assumption (that the true anchor is E)
expects the multicomponent treatment effects shown in the third column of Table 2.3, but
the data-generating mechanism reflects the multicomponent treatment effects in the second
column. Therefore, network 1 represents a scenario where we expect that misspecifying
the anchor treatment will have a strong impact on model fit. This could correspond to a
scenario where a set of trials compared several very effective drugs to a placebo treatment
(which is not very effective), and the true anchor is one of the effective drugs but the data
is analysed assuming the placebo is the anchor.

The second network (network 2) was designed to represent a more moderate scenario
in terms of the consequences of misspecifying the anchor for additivity. The parameter
values used in simulating data for this network are presented in the last three columns
of Table 2.3. The heterogeneity in the network (o) was increased compared to network
1. We consider two different ways to simulate the multicomponent data: one specifying
the true anchor to be the moderately effective treatment C; the other specifying the true
anchor to be the worst treatment, E. The absolute relative effect of those two treatments
is smaller (0.5) compared to the absolute difference of treatments E and B in network 1
(0.9) and there are fewer direct and indirect trials providing data on the relative effect.
Network 2 represents a less severe scenario in terms of misspecifying the anchor treatment
because the two additivity assumptions in network 2 give more similar multicomponent
treatment effects than the two additivity assumptions used in network 1. For details on
how the values in Table 2.3 were determined and how they were used to simulate the data,
see Appendix A.3 and A.4.

2.5.2 Performance Measures

For the Bayesian models, the posterior mean was used as the point estimate. To quantify
the bias in each model, we calculate the difference between the mean of the estimated value
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Table 2.3: Parameter values used in the simulation for Network 1 and Network 2. Values
of the parameters under different anchors are also given. The value of the single com-
ponent relative effects and the heterogeneity o are the same for different anchors. The
multicomponent relative effects and the baseline responses are different for different an-
chor treatments.

Network 1 ‘ Network 2

Parameter | Anchor B | Anchor E | Parameter | Anchor C | Anchor E
dp.a 1.2 1.2 de.a 0.70 0.70
dg B 0.9 0.9 de s 0.35 0.35
dgc 0.8 0.8 de,c 0.00 0.00
dg.p 0.7 0.7 de.p -0.20 -0.20
dg g 0.0 0.0 de.p -0.50 -0.50
dpasc 1.1 2.0 dears 1.05 1.55
dg a+D 1.0 1.9 de.B+p 0.15 0.65
dg A+c+D 0.9 2.7 dc,A+B+D 0.90 1.85
« 0.05 -0.85 « -0.60 -1.10
o 0.1 0.1 o 0.40 0.40

and the true value used in data generation for each parameter. Coverage probability was
calculated for 95% confidence and credible intervals (CIs) for the frequentist and Bayesian
models respectively. Additionally, length of the Cls was calculated.

To assess the ability of the models to give accurate treatment hierarchies, we computed
the average SUCRA value for each treatment in the Bayesian models or the average P-
score for each treatment in the frequentist model. SUCRA values were calculated using
the dmetar R package and P-scores were calculated using the netmeta R package.

Methods to assess model fit in terms of additivity and choice of anchor are of inter-
est. We investigate the use of DIC to assess and compare model fit between anchored
and unanchored models. In particular, we compare the anchored arm-level model 2.2.1
to the unanchored arm-level model 2.4.2 using the DIC. Let A = DIC(Model 2.4.2) —
DIC(Model 2.2.1). Then negative values of A indicate better fit for the unanchored model
compared to the anchored model. Differences in DIC of two or more are generally consid-
ered meaningful (Spiegelhalter et al.; 2002).
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Figure 2.3: Bias of estimates of relative effect parameters and heterogeneity for Network 1
(left, pink) and Network 2 (right, green). The relative effect parameters shown correspond
to treatment effects relative to the treatment used to generate the data for that scenario.

33



Data Generation Anchor = E| (Data Generation Anchor=E Data Generation Anchor = E | | Data Generation Anchor=€ | Network 1 Models

n-=50 n.=500 n-=50 n. =500 Bayes Arm Anchored
= = = = (analysis anchor=E)

- - o -a - e g l:l Freq Contrast Unanchored
0.75 - . Bayes Contrast Unanchored
0504 . Bayes Arm Unanchored

(=1
L

=1
in
L

) O
20.254 =
= w
=]
€ 0.00 0.0
g o
o Data Generation Anchor = B | |Data Generation Anchor=8 %} Data Generation Anchor = B | | Data Generation Anchor=B
© o
g n; =50 n;=500 o n; =50 n; =500
4 ©
< 1.00 = . O CaEC &-W- o
=] i
© 2
<<

0.0+

o o
tn -~
[=J

<o

o
<o

o
o]
o
=1 -
in =1

9

s 8 8 8 % % ¥ 5§ 8 8 2
Parameter Parameter
Data Generation Anchor = C | (Data Generation Anchor=C Data Generation Anchor = C | |Data Generation Anchor=c | Network 2 Models
_ _ _ _ Bayes Arm Anchored
n, =50 n,=500 n; =50 =St (analysis anchor=C)
1.00 [} - l:l Freq Contrast Unanchored
W g i P 20
0.95"8*6* *o*g*g”(’r *Q*‘iw‘****&*g’*&* 15 . Bayes Contrast Unanchored
o] 51
0.904 @ o o o SRS o . Bayes Arm Unanchored
1.04
0.85
0.5+4
0.80
0.0+

Data Generation Anchor = E | |Data Generation Anchor=E Data Generation Anchor = E | | Data Generation Anchor=E

n, = 50 n.=500

L4
22
o

n, = 50 n;= 500

Coverage Probability

22300

&
g o @ q

Average Length of 95% CI

o o
w w
(=} om
< L ]
o
o}
o}
ool |
o7 3
c@
) byl
R I
[=] (&) ] [=] (&) ] [=]

Parameter Parameter

Figure 2.4: Coverage probability and average length of 95% credible or confidence intervals
for the relative effect parameters monitored in the simulation for network 1 (top row, pink)
and network 2 (bottom row, green).

34



Data Generation Anchor = E| |Data Generation Anchor=E
n; =50 n; =500

oD | e | s |
w ACH
& A+DA
E A
s gl
= oA
E

00 02 05 08 1000 02 05 08 10

Average SUCRA/P-score
Data Generation Anchor = B| |Data Generation Anchor =B
n; =50 n; =500

L | [ |
w ACH
T A+DA
g A+C+D
s 2]
= o
E

o0 02 05 08 1000 02 05 08 10

Average SUCRA/P-score
Network 1 Models

Bayes Arm Anchored
(analysis anchor =E)

Freq Contrast Unanchored
. Bayes Contrast Unanchored
. Bayes Arm Unanchored

Proportion of Datasets

Data Generation Anchor =E | | Data Generation Anchor=E

n, =500

1.004

0.751

0.501

= =

=1 [

= o
1 I

Data Generation Anchor =B | | Data Generation Anchor =B

n;=150 n; =500

=] =
=~ o
2] =]

I L

0.507

0.257

0.001

Value of A*

W .-
2=A=22
A=2

*A is defined as DIC({unanchored) - DIC{anchored)

Figure 2.5: Network 1 average rankings based on SUCRA /P-scores and percentage of
datasets where the value of A = DIC(Model 2.4.2) — DIC(Model 2.2.1) is less than -2,
between -2 and 2, and greater than 2. Negative values of A indicate that the unan-
chored model has a better fit. Differences of DIC greater than 2 are considered meaningful

(Spiegelhalter et al., 2002).
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2.5.3 Results: Network 1

The biases for relative effect parameters and heterogeneity are shown for network 1 on
the left of Figure 2.3. When the anchor used in data generation is E, the bias for the
relative effects is small for all models and sample sizes. When the treatment B is used as
the anchor for data generation, the bias for the three unanchored models remains small,
however the Bayes Arm Anchored (analysis anchor = E) model has much larger magnitude
biases, regardless of the sample size. The bias for ¢ decreases as the sample size increases
for the Bayesian models, but it increases for the frequentist model. Overall, the bias is
always relatively low for the unanchored models, but when the anchor is misspecified,
the anchored model shows severe bias. Here we also note that due to the assumption of
consistency, if the set of relative effect estimates with one treatment as the comparator
are unbiased, then the sets of relative effect estimates with any other treatment as the
comparator will also be unbiased. Similarly, if the set of relative effect estimates with one
treatment as the comparator are biased, then the sets of relative effect estimates with any
other treatment as the comparator will also likely be biased.

The coverage probability and average length of 95% CIs for network 1 are shown on the
top row of Figure 2.4. For the unanchored models, the coverage probability is close to the
nominal level of 0.95 for all relative effect parameters, sample sizes, and data generation
anchors. However, when the analysis anchor does not match the data generation anchor,
the anchored model performs poorly. In that scenario, dg 4, dgc, dgp,p and dg ayrc+p
all have coverage probabilities well below the nominal level of 0.95 which decrease as
the sample size is increased, falling to zero for dg p. Interestingly, the single component
treatments whose relative effects have poor coverage are the components involved in the
multicomponent treatments.

Turning to the average lengths of the ClIs, when the data generation anchor is E,
models Bayes Arm Anchored (analysis anchor = E) and Freq Contrast Unanchored have
the shortest ClIs and the lengths are shorter for the larger sample size. When the data
generation anchor is B, Bayes Arm Anchored (analysis anchor = E) model tends to have
longer Cls, particularly for the larger sample size compared to the other models.

The average SUCRA or P-score value for each treatment in the different scenarios is
shown on the left of Figure 2.5. The order of the treatments on the Y-axis indicates the
true treatment hierarchy, where the treatment with the largest effect is at the top and the
smallest effect is at the bottom. The true order changes depending on which treatment
was used as the anchor in generating the data. When treatment E is the true anchor,
all four models produce accurate treatment hierarchies on average based on the SUCRA
and P-scores. However, when treatment B is the true anchor, the Bayes Arm Anchored
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(analysis anchor = E) model results in average SUCRA scores which reflect a different
hierarchy of the treatments than the truth. In particular, the treatment hierarchy implied
by the average SUCRA scores from this model is the same as the treatment hierarchy
which is true when E is the true anchor.

A breakdown of the values of A for each scenario comparing the DIC of the unanchored
and anchored Bayesian arm-level models is given in the right panel of Figure 2.5. When
the true anchor is E, in the majority of the models, neither the anchored or unanchored
models have a meaningfully better fit than the other model, for both sample sizes. When
the true anchor is B, the unanchored model tends to be preferred by the DIC the majority
of the time. The Bayes Arm Anchored (analysis anchor = E) model is recommended only
0.03% of the time when n;; = 50 and is never recommended when n;; = 500.

2.5.4 Results: Network 2

The bias of estimates in network 2 is shown on the right side of Figure 2.3. The biases
for the relative effect parameters show similar patterns to network 1. In particular, the
anchored model, Bayes Arm Anchored (analysis anchor = C), shows large biases when the
analysis anchor is misspecified. For both data generation anchors, the magnitudes of the
bias for the heterogeneity are larger for the Freq Contrast Unanchored and Bayes Arm
Unanchored models compared to the other two models.

The coverage probability and average length of 95% Cls for relative effects are shown
in the bottom row of Figure 2.4. When the data generation anchor is C, the coverage
probabilities are close to the nominal level for all models and sample sizes, although the
Freq Contrast Unanchored model tends to fall slightly below 0.95 and the Bayesian models
slightly above 0.95. When the data generation anchor is E, the Bayes Arm Anchored
(analysis anchor = C) model has coverage probabilities which fall below the nominal level.
The lengths of Cls tend to be shortest for models Bayes Arm Anchored (analysis anchor
= C) and Freq Contrast Unanchored when the data generation anchor is C. As the sample
size increases from 50 to 500, the average lengths of the Cls decrease for all models. A
similar pattern is seen when the data generation anchor is E.

The left panel of Figure 2.6 shows the average SUCRA or P-score values for each
treatment in the different scenarios. Similar results are seen for both sample sizes for both
anchor scenarios. When the true anchor is C, all four models give average SUCRA /P-
scores that correspond to the true treatment hierarchy. The Bayes Arm Anchored (analysis
anchor = C) tends to give higher average SUCRA scores to the best treatments (A + B,
A+ B+ D) and lower scores to the worse treatments (C, D, E) than the other three models.
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chored model has a better fit. Differences of DIC greater than 2 are considered meaningful

(Spiegelhalter et al., 2002).
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When the true anchor is E, all models give average SUCRA /P-scores corresponding to the
correct hierarchy, with the exception of Bayes Arm Anchored (analysis anchor = C), which
incorrectly ranks D slightly higher than C' on average. The right panel of Figure 2.6 shows a
breakdown of the values of A for the different anchor and sample size scenarios for network
2. In all scenarios, the most common outcome is that the DIC does not recommend one
model over the other.

2.6 Application

2.6.1 Dataset and Methods

To illustrate the CNMA models discussed in this chapter, we use the dataset analysed in
Welton et al. (2009) which is freely available from http://www.bristol.ac.uk /population-
health-sciences/centres/cresyda/mpes/code/. The data regards clinical trials of psycho-
logical interventions for adults with coronary heart disease (CHD). They include the data
for a variety of outcomes; we will focus on trials which report all-cause mortality, a binary
outcome. Welton et al. (2009) classified the psychological interventions employed in the
clinical trials as being educational (Edu), behavioural (Beh), cognitive (Cog), relaxation
(Rel), supportive (Sup), or some multicomponent combination of these, for example, ed-
ucational and relaxation (Edu + Rel). In all trials, the psychological interventions were
compared to a control arm which employed usual care. Several of the trials recorded zero
events, which requires adjustment in the frequentist model.

For illustration purposes, we show the design matrices for the multi-arm trial numbered
23 for models 2.4.1 and 2.4.2. This trial has three treatment arms. In the first arm, a
psychological intervention composed of educational, cognitive, and relaxation components
was investigated. In the second arm, a psychological intervention composed of educational
and relaxation components was used. The third arm used usual care only. For the contrast-
based unanchored model introduced in Section 2.4.1, we require two design matrices: U}
and V;. U} forms the contrasts between the arms, where the columns represent arms and
the rows represent contrasts. Recall that in this model, a; — 1 contrasts are used. Assuming
that the two contrasts used are arm two versus arm one and arm three versus arm one, U

for this trial is given by
. (-1 10
vi= (20 1)
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The design matrix V; shows the component structure of the arms, and is given by

V, =

— o O

1
1
0

o OO
o O =

1
1
0

o O O

In this matrix, the columns correspond to the components Usual, Edu, Beh, Cog, Rel, and
Sup. Model 2.4.2 uses the same V; as model 2.4.1.

Random-effects additive CNMA models were fit to the CHD dataset, including the
Bayesian anchored model, Bayesian unanchored models (arm and contrast-level data), and
the frequentist unanchored model. The Bayesian models were fit to the data in R using
JAGS for MCMC sampling via the runjags R package (Denwood, 2016). The models
ran two parallel chains and at least 10,000 burn-in iterations followed by at least 40,000
samples from the posterior. Convergence was assessed by inspecting trace plots. The R
package netmeta was used to fit the random-effects additive CNMA model introduced in
Section 2.2.2 (Balduzzi et al., 2023). An adjustment for zero event counts was performed by
setting the arguments incr = 0.5 and allstudies = T to the function pairwise before
performing the CNMA analysis using netmeta.

For the purposes of comparing the anchored and unanchored model fit, DIC was cal-
culated for the Bayes Arm Anchored and Bayes Arm Unanchored model using JAGS.
Although it is typically recommended that the DIC be calculated manually for hierarchi-
cal models, no leverage can be manually calculated for study arms which experience zero
events, and thus the DIC cannot be calculated manually for this data example (Dias et al.,
2018). The DIC calculated automatically by JAGS is thus reported.

2.6.2 Results

The results for the relative effects of the psychological components compared to usual care
are shown in Figure 2.7 in a forest plot. We note that due to the way the data was coded in
the original model used by Welton et al. (2009), the multi-arm correction was not correctly
applied to trials with three arms. By recoding the data so that usual care is implemented
in the first arm of each study, this issue is corrected. Our results presented here therefore
differ slightly from those in the original paper. The most important finding from this
plot is that while all three unanchored models find no statistically significant differences
between psychological interventions and usual care as the Cls include zero, the anchored
model finds that behavioural interventions significantly reduce all-cause mortality when
compared with usual care. Additionally, the point estimates from the anchored model
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Figure 2.7: Log-odds ratios of the five psychological components versus usual care and
95% confidence/credible intervals for the four additive CNMA models. Note that a point
estimate and confidence interval is missing from the frequentist model for the relaxation
component due to this not being readily available from the R package netmeta.

tend to be shifted downwards compared to those from the unanchored models, while those
from the unanchored models are closer to each other.

Although the conclusions from all three unanchored models are similar, some differ-
ences remain. Firstly, the frequentist model gives narrower confidence intervals than the
Bayesian models’ credible intervals. This could be due to the fact that the Bayesian models
account for the uncertainty in the estimation of heterogeneity while the frequentist model
treats the estimated heterogeneity parameter as fixed and known. Secondly, the Bayesian
arm-level model 2.4.2 gives longer credible intervals than either of the other unanchored
models and gives slightly different point estimates than the other unanchored models, par-
ticularly for educational and behavioural components. One possible explanation for this is
that the contrast-based models make a normal approximation in calculating the standard
errors of the contrasts, whereas the arm-level methods do not. This could result in loss
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of information in the data, particularly for studies for whom the normal approximation is
poor, such as those with small sample sizes.

We compare the DIC for the two Bayesian models which use arm-level data. The an-
chored and unanchored models had a DIC of 363.4 and 363.5 respectively. From this, there
is no evidence that one model has a better fit over the other. Overall, all three unanchored
models give similar results and we note that the anchored model finds a significant effect
of behavioural components versus usual care whereas the unanchored models do not find
any significant differences relative to usual care.

Table 2.4: Point estimates and 95% ClIs for the elements of d from the Bayesian unanchored
arm-based model.

Component | Posterior Mean of danchorr (95% CI)
Usual care -0.535 (-1.335, 0.243)
Educational 0.053 (-0.587, 0.743)
Behavioural -0.910 (-1.635, -0.219)
Cognitive -0.350 (-1.062, 0.331)
Supportive -0.532 (-1.333, 0.205)
Relaxation 0.172 (-0.682, 0.988)

In Table 2.4, we illustrate how the estimates of d from an unanchored model can tell
us about the estimated anchor. The table shows the point estimate and 95% CI for the
relative effect of all components versus the anchor from the Bayes Arm Unanchored model.
The component with the point estimate the closest to zero is Educational with a value
of 0.053, indicating that the anchor which best fits the data has a very similar effect to
the educational component on average. However, Cls indicate we do not have statistical
evidence to differentiate the anchor from Usual care, Educational, Cognitive, Supportive
or Relaxation.

2.7 Discussion and Future Work

In this chapter, we introduced the notion of the anchor treatment and anchored and unan-
chored CNMA models. We introduced unified notation and clarified the nature of the
additivity assumption in two existing CNMA models. We also presented arguments for
why unanchored models are more robust than anchored models. We provided two novel
Bayesian unanchored additive CNMA models to capitalize on the advantages of a Bayesian
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approach. A simulation study was completed to demonstrate the performance of the unan-
chored and anchored additive CNMA models under different scenarios in terms of relative
effects, true anchor, and sample sizes. A case study was presented where all additive
CNMA models were demonstrated on a real dataset.

Anchored models such as Welton et al. (2009)’s can lead to serious problems if the
anchor is misspecified. In the simulation study, we found that if the analysis anchor does
not match the true anchor used to generate data, important biases are introduced and
coverage probability can be poor. We also showed that the biases introduced can lead
to inaccurate treatment hierarchies based on SUCRA values. Anchored models should be
used with caution, while unanchored models such as that of Riicker et al. (2019) and the
Bayesian models introduced in this chapter are preferable. However, in the simulation
study when the analysis anchor was correctly specified, the anchored model can present
narrower Cls than the unanchored models. Thus, practitioners may still wish to use an
anchored model if they are confident in their choice of the anchor treatment.

Given that anchored models can provide benefits when the analysis anchor agrees with
the data generating mechanism, but can lead to serious problems if it is misspecified, a
method to test the suitability of a specific treatment as the anchor in the anchored model
may still be desirable. Welton et al. (2009) use the DIC to choose between standard NMA
and CNMA models. In our simulation study, we explored the use of DIC for detecting an
unsuitable anchor by comparing the anchored model to an unanchored model. However,
we found that in network 2, despite notable biases and poor coverage probability of the
misspecified anchor model, the DIC did not reliably recommend the unanchored model over
the anchored model. An alternative approach would be to look only at the posterior mean
deviance, which is not penalized for complexity, rather than the DIC, to assess whether the
anchored model is appropriate. No frequentist anchored CNMA model has been developed
at this time, so no tests are available to assess the anchor choice if frequentist models are
used. Development of methods to assess the suitability of the chosen anchor in anchored
additive CNMA models is a possible avenue of future work.

We restricted our investigation to additive CNMA models in this thesis. The additivity
assumptions made in the two existing CNMA models discussed in this chapter can be
relaxed by including interaction terms (Welton et al.; 2009; Riicker et al., 2019). Tt is
not known how the interpretation of the relative effect parameters change when using
an anchored interaction model vs. an unanchored interaction model. Expanding our
understanding of anchored and unanchored models in settings beyond additivity is an
interesting area of future work.

Finally, there is potential for further development of the unanchored Bayesian CNMA
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models proposed in this chapter. We could incorporate interaction terms to relax additivity,
along with further developing the interpretation of unanchored interaction models. In
addition, the Bayesian models could be applied to disconnected networks as described in
Riicker et al. (2019) and demonstrated in Riicker et al. (2021). A potential benefit of
the Bayesian CNMA framework is that the additivity assumption could be relaxed by
introducing structure in the priors for the relative effects of multicomponent treatments.
This approach would not require interaction parameters to be estimated, which is attractive
in situations where data are sparse, such as in disconnected networks.
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Chapter 3

Quantifying Certainty in Treatment
Hierarchies from Network
Meta-Analysis

3.1 Introduction

A hierarchy of treatments is a useful output of an NMA where treatments are ordered from
most to least preferred. A treatment hierarchy is often the desired output of a systematic
review (Papakonstantinou et al., 2022). To avoid over-interpretation, treatment hierarchies
must be considered alongside the underlying uncertainty stemming from the value and
precision of the estimated relative effects. For example, consider two hypothetical sets of
SUCRA values. Set 1 gives treatments A, B, C, and D SUCRA values of 0.411, 0.472, 0.530,
and 0.586, while Set 2 gives SUCRA values of 0.005, 0.334, 0.667, and 0.994. Both sets
of SUCRA values would produce the same treatment hierarchy with A the least preferred
and D the most preferred. However, the interpretations of the different sets of SUCRAs
are very different. The differences in SUCRAs between treatments are much larger in Set
2 than in Set 1. The posterior distribution of the relative treatment effects versus B which
produced the SUCRA values for Sets 1 and 2 are shown in Figure 3.1. The posterior
distributions which produced Set 1 have similar centres and have a lot of overlap with
each other and with zero (representing equivalence with treatment B). From a statistical
perspective, the posteriors on the left show little evidence of a difference in effects between
any of the treatments. On the other hand, the posteriors which produced Set 2 have much
less overlap with each other and with zero. In this scenario, we have more confidence
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that D produces a greater effect than C, and so on. We can therefore interpret Set 1 as
producing a hierarchy with low certainty, whereas Set 2 produces a hierarchy with high
certainty.

2 2
5 O 24
=} o
1 b
0 0
025 0.00 0.25 05 0.0 05 1.0
Relative Effect Versus Treatment B Relative Effect Versus Treatment B

Treatment vs. B: A C D

Figure 3.1: The hypothetical posterior distributions for the relative effect of treatments
A, C, and D compared to treatment B that created Sets 1 (left, SUCRA(A) = 0.411, SU-
CRA(B) = 0.472, SUCRA(C) = 0.530, SUCRA(D) = 0.586) and Set 2 (right, SUCRA(A)
= 0.005, SUCRA(B) = 0.334, SUCRA(C) = 0.667, and SUCRA(D) = 0.994).

It is necessary to differentiate between the uncertainty in creating a treatment hier-
archy and the uncertainty in the ranking metrics used to produce the hierarchy, such as
the SUCRASs or the P-scores. The uncertainty in SUCRAs or P-scores was discussed by
Veroniki et al. (2018). The only uncertainty in SUCRA(k) comes from the ranking prob-
abilities pg,, which are usually assumed to be known. The P-score can be interpreted as
an average of p-values, and uncertainty in p-values is rarely considered (Veroniki et al.,
2018). On the other hand, the uncertainty in a given treatment hierarchy is determined
by the uncertainty and overlap of estimated relative effects. Moreover, we emphasize that
in this work we focus on the uncertainty in the treatment hierarchy without considering
the uncertainty in estimating the ranking metrics.

Approaches to quantify the uncertainty in producing a treatment hierarchy can broadly
be classified as operating at the treatment or hierarchy level. Treatment-level approaches
quantify the uncertainty in the rank of one treatment at a time. In a network with N
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treatments, a treatment-level approach produces N measures of uncertainty, one specific
to each treatment. Confidence intervals (Cls) for SUCRA values or predictive P-scores are
examples of treatment-level approaches (Rosenberger et al.; 2021). Current approaches to
calculating ClIs for SUCRA values are restricted to taking discrete values and provide little
insight, ranging from zero to one, whereas Cls for predictive P-scores can take continuous
values (Veroniki et al., 2018; Wu et al., 2021; Rosenberger et al., 2021). SUCRA and
predictive P-score Cls have only been implemented in a Bayesian setting. More recently,
it was proposed to use the normalized entropy to quantify uncertainty in each treatment’s
place in a hierarchy (Wu et al.; 2021). In a given network, there will be N SUCRA ClIs,
predictive P-score Cls, or normalized entropy metrics, each of which may express a different
level of certainty. Therefore, treatment-level approaches are not adequate to summarise
the overall uncertainty in creating a treatment hierarchy:.

Hierarchy-level approaches to quantifying uncertainty have also been suggested. Salanti
et al. (2014) provided procedures for evaluating the confidence in a hierarchy in the domains
defined by the Grading of Recommendations Assessment, Development and Evaluation
(GRADE) Working Group. These include integrating information from the contribution
matrix and visualizing plots of the ranking probabilities for each treatment (rankograms)
(Salanti et al.; 2014). The methods are not tied to a particular ranking metric. Pa-
pakonstantinou et al. (2022) suggest approaches for quantifying uncertainty in hierarchies
developed from clinically relevant criteria as an alternative to SUCRAs or P-scores. All
suggested methods can be subjective or depend on the number of treatments in the net-
work. Finally, since the normalized entropy was proposed as a treatment-level approach,
the average normalized entropy among the treatments in the network was used to quan-
tify uncertainty in the treatment hierarchy in an analysis of published NMAs (Wu and
Tu, 2022). However, the properties of the average normalized entropy have not yet been
explored in depth. No single hierarchy-level approach to quantifying uncertainty has yet
been broadly adopted by NMA practitioners.

In this chapter, we introduce the Precision of Treatment Hierarchy (POTH), a measure
of certainty in producing a treatment hierarchy. POTH is derived from SUCRAs or P-scores
and operates at the hierarchy-level, summarising the uncertainty in a hierarchy into a single
value between zero and one. In Section 3.2, we define scenarios which have maximum
and minimum certainty. We introduce the variance of SUCRAs and use this to derive
POTH. We also show how POTH is related to the average variance of the treatments’ rank
probability distributions. We show how POTH can be calculated for subsets of treatments
of interest, and discuss two useful applications. In Section 3.3, we calculate the POTH in
a database of NMAs and investigate associations between the POTH and various network
characteristics. In Section 3.4, we provide a worked example to demonstrate the usefulness

47



and interpretation of POTH. An R package poth and code to reproduce the database
analysis and examples are available (Wigle and Schwarzer, 2024). We conclude with a
discussion of our findings and future work in Section 3.5.

3.2 Methodology

3.2.1 Maximum and Minimum Certainty in a Hierarchy

First, let us clarify the interpretation of ranks and ranking probabilities pg,, which are
used to calculate SUCRA(k) in Equation (1.6). In a Bayesian framework, the py, are
approximated by sampling from the posterior distributions of the relative effects. In a fre-
quentist framework, they are approximated by resampling from the sampling distribution
of the relative effects’ estimates. A treatment’s rank in a given draw from the posterior
or sampling distribution is determined by the value of all treatments’ relative effects and
whether the outcome is beneficial or harmful. In each draw, treatment k will assume one
of the w =1,2,..., N possible ranks. The rank of treatment k, rank(k), is a random vari-
able. The ranking probability pg, is the probability that treatment %k takes the u'™ rank
in a random draw from the posterior. Together, py, for u = 1,..., N forms the discrete
probability distribution for rank(k), as shown in Table 3.1. We treat these probabilities as
perfectly known.

Table 3.1: The probability mass function for rank(k).

Rank ‘ 1 2 ... N
Probability ‘ D1 Pr2 ... DEN

Consider a situation where we are completely certain about the hierarchy of the treat-
ments. In general, this situation is represented by the configuration of ranking probabilities
Prw shown on the left in Table 3.2. We are completely certain about the hierarchy in this
case because the probability of observing the ranking of (1, 2, ..., N) in a random draw
from the posterior or sampling distribution is one. Note that this situation is unlikely to
occur in practice because the order of the relative effects would have to be identical in every
sample drawn from the posterior or sampling distribution. In this hypothetical scenario,
the SUCRA values are evenly spaced between zero and one by increments of 1/(N — 1).
This is related to the fact that SUCRA(k) can be expressed in terms of the expected rank
of treatment k, E [rank(k)] (Riicker and Schwarzer, 2015), which is calculated using the
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probability distribution in Table 3.1 as

E [rank(k)] = Z UPkous

and the SUCRA value of treatment k£ can be expressed as

N —E k(k
SUCRA(k) = rank(k)] (3.1)
N -1
The mean of the SUCRA values in any given network is 0.5 and the mean of the expected
ranks in any given network is (N 4 1)/2 (Riicker and Schwarzer, 2015).

On the other extreme, consider the situation shown on the right in Table 3.2. In this
scenario, each treatment takes rank u with probability 1/N and all SUCRA values are equal
to 0.5. This represents a highly uncertain scenario because we have no evidence to suggest
ranking any treatment over any others. Other configurations of ranking probabilities are
possible which will result in all SUCRA values equal to 0.5. In general, when all SUCRA
values are 0.5, any increase in the certainty of the place that one treatment takes in
the hierarchy is offset by a decrease in the certainty of another treatment’s place in the
hierarchy. An in-depth explanation is available in Appendix B.1. We therefore define the
minimum certainty in a hierarchy as any set of ranking probabilities which results in all
SUCRA values equal to 0.5.

In the most certain scenario, the SUCRA values are spread out along the interval
[0, 1], whereas in the least certain scenario, the SUCRA values are all equal to their mean.
This suggests that deviation of SUCRA values (or expected ranks) from their mean is an
indicator of the certainty in a hierarchy.

3.2.2 The Variance of SUCRA Values and Expected Ranks

To investigate the deviation of SUCRAs from their mean, let us consider the variance of
the SUCRA values, or equivalently, the scaled variance of the expected ranks. Let
X
S*(N) == [SUCRA(k) — 0.5 3.2
(N) =+ ]; [ (k) ] (3.2)
be the variance of the SUCRA values, which can also be expressed in terms of the variance
of the expected ranks using Equation (3.1) to give

S2N) = m 3 {E frank(k)] — %} | (3.3)

k=1
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Table 3.2: Tables of ranking probabilities corresponding to the most certainty in a hierarchy
(left) and illustrating the least certainty in a hierarchy (right). The values in the tables
correspond to the probability of treatment k taking rank u, pg,. The bottom rows show
the SUCRA values and expected ranks for each treatment.

Rank (u) ) Tre;tment (k) o Rank (1) 1 Treathent (k:) N
1 1 0 .0 1 1/N /N ... 1I/N
2 0 1 .0 2 1/N 1N ... 1N
N 0 0 1 N 1/N YN ... 1N
SUCRA |1 (N—2)/(N—1) ... 0 SUCRA 0.5 05 ... 05
E [rank(k)] | 1 2 ... N E [rank(k)] | (N+1)/2 (N+1)/2 ... (N+1)/2

Here, we interpret S?(N) as a measure of variability of SUCRAs between treatments. It is
clear that when there is minimum certainty in the hierarchy, S*(N) = 0 because all SUCRA
values (or expected ranks) are equal to their mean. In other words, minimum certainty
in the hierarchy is identified when the variance of the SUCRA values is zero. It can also
be shown that maximum certainty in the treatment hierarchy coincides with maximum
variance of the SUCRA values by considering the distribution of each treatment’s rank
(see Sec. 3.2.4).

Let S2, (N) be the upper bound of S?*(N), that is, S%,.(N) is the value of S?(N)
evaluated when the certainty in the hierarchy is maximized and the number of treatments
is equal to V. Using the fact that in the maximum certainty scenario the SUCRA values
form a discrete uniform distribution on [0,1/(N — 1),2/(N — 1),...,1], the maximum

variance as a function of N is

(N) = (N +1)

2 —
S CI2(N - 1)

max

As the number of treatments approaches infinity, this converges to the variance of the
continuous uniform distribution from zero to one, which equals 1/12.

3.2.3 The Precision of Treatment Hierarchy (POTH)

The upper bound of S?(N) is S2_ (N), which depends on the number of treatments in

the network. This makes S?(N) alone difficult to interpret. Therefore, let the Precision of
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Treatment Hierarchy (POTH) be defined as

S*(N)
POTﬂuvy_POTH__EZ;GB

C12(N - 1)

__TN:TTS%N) (3.4)

Since S?(N) is a variance, POTH is non-negative. Thus, we have that

S%(N)
<POTH= —"-,<1
0= PO S2 (N) =

max

with equality to zero when there is minimum certainty in the hierarchy and equality to one
when there is maximum certainty in the hierarchy. The POTH is therefore a measure of the
degree of certainty in a hierarchy, with higher POTH corresponding to higher certainty.
Furthermore, the bounds of POTH do not depend on the number of treatments in the
network, facilitating its interpretation.

Note that the key properties of SUCRA values which facilitate the derivation of POTH,
namely, a mean of 0.5, are also possessed by frequentist P-scores. Thus, POTH can be
calculated using the variance of P-scores by simply replacing SUCRA(k) with P(k) in
Equation (3.2). Additionally, knowledge of the ranking probabilities py, is not needed to
compute POTH as long as one of the SUCRA values, P-scores, or relative differences and
standard errors are available.

Interpreting POTH

POTH represents the extent of certainty in a treatment hierarchy. While a generic cate-
gorisation of POTH values may not always be appropriate, we tentatively assign POTH
values less than 0.5 as low certainty and above 0.8 as high certainty based on the relation-
ship between POTH and the proportion of statistically significant treatment differences
in the database analysis presented in Section 3.3 and early simulation results reported in
Appendix B.6 which found that POTH values below 0.5 are very common in networks with
no treatment differences.

To further aid in the interpretation of an observed POTH value, we suggest comparing
it to the distribution of POTH that could be generated in a similar network but where all
observed treatment differences are due to chance, or where treatment differences observed
between active treatments are due to chance. In particular, the reference distribution
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is obtained by repeatedly sampling from a network with the same structure, standard
errors, and heterogeneity as our network of interest, but where the true relative effects
of all (active) treatments are zero. The observed POTH value can then be compared to
a histogram of the reference distribution to gain an understanding of how our observed
POTH value compares to typical values seen in the reference scenario.

This distribution can be used to calculate the probability of obtaining a POTH value
that is at least as large as we observed given that there are no true treatment differences (or
no treatment differences between active treatments). If X% of the reference distribution
has larger POTH than we observed, then there is an X% chance that a treatment hierarchy
obtained under the reference scenario will be more certain than the treatment hierarchy we
observed. In summary, POTH describes the extent of certainty in the hierarchy, and the
probability describes how likely we are to have a higher level of certainty in the reference
scenario. In Appendix B.2, we describe a simulation-based approach to obtaining a relevant
reference distribution and corresponding probability. This approach is implemented in the
function ‘refdist’ of R package poth.

3.2.4 POTH and the Probability Distribution of Ranks

We have shown that POTH = 0 uniquely corresponds to the scenario with minimum
certainty in the hierarchy. In this section we show that POTH can be calculated from the
average variance of the probability distributions of rank(k) for k = 1,..., N and prove that
POTH =1 corresponds to the maximum certainty in hierarchy scenario.

Intuitively, the variance of the distributions of individual ranks are inversely linked
to the certainty of a hierarchy. When there is high certainty in the hierarchy, most of
the probability will be concentrated at one particular rank for each treatment, leading to
distributions of individual ranks with low variances. On the other hand, if the hierarchy
is very uncertain, the distributions of individual ranks will be flat with larger variances.
Assuming the probabilities py,, are exactly known, the variance of rank(k) is given by

N
Variance [rank (k)] = Z {u — E [rank ()]} peu.
u=1
Since we are interested in the uncertainty in the whole hierarchy, we can look at the average
of the variances for all observed treatments,



Under maximum certainty in the hierarchy, py, = 1 for u = E [rank(k)] and pg, = 0
for all u # E[rank(k)], for k. = 1,...,N. V(N) is zero under these conditions, and in
Appendix B.3, we show that this is a unique minimum. Therefore, V (V) is uniquely
minimized when certainty in the hierarchy is maximized.

Further, we show that POTH can be expressed in terms of V(N). We can find the
relationship between V(NN) and S?(N) using a weighted sum of squares decomposition as
follows:

i (u — %)2 = i XN: {u— E [rank(k)]}* pra + i Nl {E [rank(k)] — %}2%,

S

-~ -~ ~~

N(N+1)(N-1) NV(N) N(N —1)25%(N)

12

(3.5)
noting that the cross term 238 | 3™ (y — E [rank(k)]) (E [rank(k)] — 2 py, is equal
to zero. Then by dividing Equation (3.5) by N(N + 1)(N — 1)/12, we conclude that

12(N 1) , 12

——=5*(N)=1- V(N), 3.6
(N+1) (V) (N+1)(N-1) (V) (3:6)

or in other words, POTH can be derived from V(N) and is equivalent to POTH from

the variance of SUCRAs or expected ranks. Since we have shown that V(V) is uniquely

minimized when there is maximum certainty in the hierarchy, we also have that POTH

and S?(N) are uniquely maximized when there is maximum certainty in the hierarchy.

POTH =

3.2.5 POTH with Groups of Equivalent Treatments

To exemplify POTH, consider a hypothetical network with N treatments, where there
are G equally sized groups of equivalent treatments, and G is a factor of N. The largest
possible number of groups is N/2. For example, for G = 2 and even N, we have a group
of N/2 equivalently “good” treatments and a group of N/2 equivalently “bad” treatments.
Table 3.3 shows the ranking probabilities for this case. In this section, we calculate POTH
for arbitrary G.

The difference between the expected ranks in group p and ¢ is equal to

p— gl
p qG’

which means the difference in SUCRAs between treatments in groups p and ¢ is equal to

lp—q <ﬁ) : (3.7)
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Table 3.3: Table of ranking probabilities corresponding to the hypothetical scenario where
half of the treatments perform equally well and half equally poorly (G = 2). The values

in the table correspond to pg,, the probability of treatment £ taking rank wu.

Treatment (k)
Rank (w) | Ny [(Nj241 .. N
1 2/N ... 2/N 0 ... 0
: : : 0 :
N/2 |2/N ... 2/N 0 ... 0
N/2+1 | 0 ... 0 2/N ... 2N
: S : 2/N ...
N 0 ... 0 2/N ... 2N
SUCRA | (3N —2)/(4(N — 1)) | (N — 2)/(4(N — 1))

To calculate POTH for arbitrary GG, we use the fact that the variance can be written as a

sum of pairwise differences, that is, we can write

SN = %QL S S [SUCRA(K) — SUCRA())?
k=1 I=1
11 N 2 G ) N 2
_Nﬁ<5 ;;(p—q) (G(N—l))
_ G2 —1 N4
TG 12(V -1y

The POTH for a network with GG equally-sized groups of treatments is therefore

G*—1 N?
G? N?2-1

12(N —1)
(N +1)

POTH = S%(N) =

For example, for G = 2 groups of size %, the POTH is equal to

3N?

(3.8)

(3.9)

If we fix the number of groups and increase the number of treatments, the value of
POTH goes to (G* — 1)/G?. For the case of G = 2 groups, as N approaches infinity,
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the POTH approaches 0.75 from above. This is because the certainty about the rankings
within groups decreases as the number of treatments in the groups increase, but we always
have certainty about the relative ranking of the two groups.

If we fix the number of treatments N and increase the number of groups G to its
maximum value of N/2, the POTH becomes (N? — 4)/N?%. If we increase N and keep
the maximum value of groups, the POTH goes to 1. As N increases, the number of
distinguishable hierarchy positions (groups) increases, leading to higher certainty in the
hierarchy.

3.2.6 Deriving POTH for Subsets of Treatments

Suppose we want to know the certainty in the hierarchy of an arbitrary subset of treatments
in a network. For example, clinicians might be interested in the hierarchy of the top
five treatments (five treatments with the highest SUCRA values) or the hierarchy of all
treatments which are non-surgical. Notice that SUCRA values or P-scores can be re-
calculated using subsets of the treatments observed in a network. The interpretation of
a SUCRA value or P-score calculated using a subset of the observed treatments is the
degree of certainty that a treatment beats other competing treatments, where “competing
treatments” means the subset of treatments considered rather than all treatments in the
network.

To re-calculate SUCRA values, the ranking probabilities p, must be re-calculated. Let
T represent a subset of all treatments observed in a network. Let pk. be the probability
of treatment k taking rank u out of the treatments in T'. In a setting where the rank
probabilities are calculated from samples of relative effects for treatments k£ = 1,..., NV,
the probabilities p{, can be calculated by ignoring the column of effect estimates for all
treatments not in . Then the SUCRA value for treatment k& when the set of competing
treatments is defined as T is given by

1 Npr—1 r

SUCRA (k) = - >N vk (3.10)

r=1 wu=1

where Nt is the number of treatments in T'.

P-scores can be recalculated by simply omitting treatments not of interest from the
sum in Equation (1.7), to give

1 dy s
Pr(k) = pr— d o (W) : (3.11)

leT
1£k
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Both SUCRAr(k) and Pr(k) maintain a mean of 0.5.
We define the subset POTH of the set T as
12(Np — 1)

POTHy =
OTHr (Ng +1)

SH(Nr), (3.12)

where )
S2(Ng) = o > (SUCRAz(k) — 0.5)%,
T jer

SZ(Nr) could also be calculated with P (k). The interpretation of POTHgz is the certainty
in the treatment hierarchy for the treatments included in T'. Subset POTH is always
specific to the subset T' and multiple POTHz can be calculated for a given network as
long as there are more than two treatments in the network. POTHz can be higher, lower,
or equal to POTH in a given network. In the next two subsections, we describe two useful
applications of POTHr.

We note here that subset POTH is not the same as fitting a new NMA which only
includes the treatments of interest. For example, suppose we have a network composed of
A:B, A:C, A:D, and B:D trials. The subset POTH for the set T' = {A, B, C'} still leverages
the information from the A:D and B:D studies, whereas re-fitting the NMA to only the
A:B and A:C trials would lead to a loss of information. The difference between the subset
POTH for T' and the POTH from the NMA of only the A:B and A:C studies will depend
on the information offered by the A:D and B:D trials. For example, if the A:D and B:D
trials allow the treatment relative effects to be estimated more precisely, then POTH7 will
be higher than POTH for the network that excludes those trials.

Quantifying Treatment Contributions to POTH

A given value of POTH can be achieved in multiple ways, except for the maximum certainty
scenario. For example, a POTH of 0.7 could be observed when the N — 1 treatments have
a similar effect which is considerably different than that of the N-th treatment, or, on the
other extreme, the N treatments have effects which are moderately different from each
other (see example in Figure 3.2). To discern which of the two situations (or any other
in-between scenario) is true, it is important to gauge the graphical presentation of the
effects and observe the overlap in treatment effects. We also introduce here a numerical
tool to complement the graphical approach: the leave-one-out POTH residual.

Let T~ be the set of all treatments in the network except treatment j, for j = 1,..., N.
Then subset POTH can be calculated to give a set of N leave-one-out POTH values, each
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one representing the precision in the hierarchy when treatment j is left out. We introduce
the POTH residual for treatment j,

rPOTH(j) = POTH — POTHT—]’. (313)

If
rporu(j) <0

then treatment j reduces the certainty in the hierarchy as a whole. Similarly, if

rpotu(j) >0

then treatment j increases the certainty in the hierarchy as a whole. A POTH residual equal
to zero means that the certainty in the hierarchy does not change if treatment j is ignored.
Under maximum certainty in the hierarchy, the POTH residual for every treatment is zero.
Additionally, rporr(j) is bounded between -1 and 1.

Best &k Treatments POTH

The certainty in the best positions in the hierarchy may be of greater interest than that
of all treatments. In particular, we may be interested in the POTH of the best k treat-
ments, where &k < N. We suggest defining T?*'* as the set of k treatments with the
k highest SUCRA or P-score values in the network. Then we can calculate POTHpbest &
for k = 2,..., N, which represents the POTH for the best k treatments, and note that
POTHgvess v = POTH. To investigate how the certainty in the hierarchy changes as k
increases to N, we can plot POTHpues » versus k. Significant changes in POTHwest # after
the addition of a treatment can help identify clusters of similarly performing treatments,
as shown in the following hypothetical example.

Interpretation of POTH Residuals and Best k£ Treatments POTH: A Hypothet-
ical Example

The POTH residuals and POTHpuest # in combination with a graphical presentation of the
size and precision of estimated effects, such as a plot of the posterior distributions or a
forest plot, can aid in interpreting the impact of individual treatments on the certainty in
a hierarchy. Consider two networks with four treatments, A, B, C, and D. In one network,
the four treatments are all moderately different from each other, while in the other, three
treatments B, C, and D perform similarly while A stands out as having a much different
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effect than the others (for example, A may be a new drug which represents a significant
advance over treatment options B, C, and D). We simulate draws from hypothetical pos-
terior distributions under these two scenarios, and calculate POTH, POTH residuals, and
best k treatments POTH. We assume the outcome is harmful, so smaller responses are
desirable. In Figure 3.2, we show the posterior distributions for a situation with moderate
separation of all effects (left) and a situation where treatment A is significantly separated
from the others (right). Both scenarios have similar POTH (0.709 versus 0.701).

Below each posterior plot in Figure 3.2 we show a graphical representation of the
POTH residuals for each treatment. In the situation with similar separation between all
treatments, the top and bottom treatments in the hierarchy increase POTH an equivalent
amount while the middle two treatments decrease POTH an equivalent amount. The top
and bottom treatments increase POTH because they are similar in effects to only one
treatment each, while the middle treatments have two neighbouring treatments to which
they have similar effects. In the scenario where A is quite different from B, C, and D, the
bottom three treatments in the hierarchy reduce the POTH, while the best treatment A,
which has a much different effect size than the others, increases the POTH an important
amount.

In the bottom row of Figure 3.2 we present the best k treatments POTH for different
values of k in the two networks. In the network where all treatments are moderately
different, we see a steady increase in POTHpuest » as more treatments are considered. In
the scenario where A is much different from the other treatments, we see the highest
POTHpbest » when only the top 2 treatments, A and B, are considered. This is because
the posterior distribution of the relative effect of A vs. B has almost no overlap with
zero, giving high confidence in the treatment hierarchy for these two treatments. As more
treatments are added, the POTHpues: » falls since the treatments we are adding have a lot
of overlap with each other.

3.3 What is the Precision of Treatment Hierarchies
in Published Networks? Empirical Evidence from
267 Published Networks

Petropoulou et al. (2017) provided a comprehensive database of NMAs published between
1999 and 2015. We calculate POTH in this database to gain an understanding of POTH in
published networks and investigate relationships between POTH and network characteris-
tics. From the database, a total of 267 NMAs were identified with available data. The R
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Figure 3.2: The simulated posterior distributions (top row), POTH residuals rporu(j)
(middle row), and POTHgues r (bottom row) for two different hypothetical scenarios.
Smaller values indicate a better treatment.
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package nmadb was used to access the data (Papakonstantinou, 2019). Each dataset was
re-analysed using frequentist random-effects NMA using the R package netmeta (Balduzzi
et al., 2023). The effect measure used in the initial publication of each dataset was used
in the re-analysis. The REstricted Maximum Likelihood (REML) estimator was used to
estimate the between-study heterogeneity parameter o. P-scores for each treatment were
calculated, then POTH was calculated for each network using the R package poth (Wigle
and Schwarzer, 2024).

The distribution of POTH in the networks is shown in Figure 3.3. Note that due
to the sample size and the lack of included networks since 2015, this distribution should
not be used as a reference distribution for POTH. Still, it provides some insight into the
different levels of certainty in treatment hierarchies observed in some published networks.
The minimum POTH is 0.096 and the maximum is over 0.999. Results for the networks
producing the minimum and maximum POTH are included in Appendix B.4. The median
POTH is 0.671. The inter-quartile range is 0.528 to 0.833.
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Figure 3.3: Histogram of POTHs from random-effects NMAs performed on 267 datasets
available from Petropoulou et al. (2017); Papakonstantinou (2019).

A plot of the POTH versus the number of treatments in the network is shown in the left
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panel of Figure 3.4. There are many more NMAs comparing ten or fewer treatments than
NMAs comparing more than ten treatments. The Spearman’s rank correlation between
the number of treatments in the network and the POTH is —0.193, indicating a weak
relationship. This suggests that we can compare POTH across different networks with
varying numbers of treatments. However, there is limited data on the POTH for networks
comparing more than 20 treatments, and a better understanding of the behaviour of POTH
in networks comparing large numbers of treatments is needed before conclusions about its
use in very large networks can be made.

Another interesting relationship is that between the POTH and the number of treat-
ment comparisons which are statistically significant in an NMA. The right panel of Figure
3.4 shows a plot of the POTH versus the proportion of treatment comparisons that are
significantly different at the 5% level. There is a clear relationship between the POTH and
the proportion of significantly different treatment comparisons, with POTH values close
to one tending to have a proportion of significant comparisons close to one as well. The
converse is true to some extent, however there is more variation. For example, among
NMAs where there were zero significantly different treatment comparisons, the range of
POTH values is from 0.096 (very low certainty) to 0.571 (moderate certainty). Still, this
association can aid in the interpretation of POTH values. For a network with POTH less
than or equal to 0.5, the proportion of significant treatment comparisons is expected to be
quite low - the largest proportion of significant treatment comparisons seen in networks
with POTH less than 0.5 was 0.267. Networks with moderate POTH values between 0.5
and 0.8 had a proportion of significant treatment comparisons ranging between 0 and 0.533.
We found that networks with POTH greater than 0.8 had at least one third of the treat-
ment comparisons being significant. For a network with POTH close to one, we expect
almost all treatment comparisons to be significant.

Additionally, we investigate the relationship between POTH and heterogeneity in the
network. Since the interpretation of the heterogeneity parameter ¢ depends on the effect
measure, we investigate the NMAs based on the effect measure used in the analysis. The
three most common effect measures in the database were the log odds ratio (119 NMAs),
log relative risk (68 NMAs), and mean difference (45 NMAs). There were 14 or fewer
NMAs using each of the remaining effect measures. The POTH versus the estimate of o is
shown for the top three effect measures in Figure 3.5. The Pearson’s correlation coefficient
between POTH and o for each effect measure are -0.143, -0.074, and -0.110 for log-odds
ratio, log relative risk, and mean difference respectively. This indicates a weak negative
correlation between POTH and the heterogeneity of a network.
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Figure 3.4: Left: Scatterplot of the POTH versus the number of treatments in the network
in the 267 random effects NMAs. Right: Scatterplot of the POTH versus the proportion
of treatment comparisons with a p-value less than 0.05 in the 267 random effects NMAs.
That is, the x-axis is the proportion of treatment comparisons where there is evidence that
the treatments being compared have different effects.

3.4 Real Data Example: Safety of Immune Check-
point Inhibitors as Cancer Treatments

Here we present a published network and demonstrate the use and interpretation of POTH,
POTH residuals and best k treatments POTH. A NMA of Immune Checkpoint Inhibitors
(ICIs) was conducted by Xu et al. (2018) to assess the safety of ICI drugs as cancer
treatment. Data were obtained from Rosenberger et al. (2021), who re-analysed the data.
There are seven treatments and 23 studies. The outcome of interest is the number of
treatment-related adverse events, so smaller values indicate a safer treatment. A random-
effects NMA model was fit to the data using the REML method to estimate heterogeneity.
The POTH was calculated using the R package poth (Wigle and Schwarzer, 2024).

The estimated treatment effects are shown in the forest plot in Figure 3.6. Atezolizumab
is ranked as the safest in the hierarchy and ICI and conventional is ranked as the least
safe. The POTH is equal to 0.838. A reference distribution for this scenario where there
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Figure 3.5: Plots of POTH versus the estimated heterogeneity parameter o for the three
most common effect measures in nmadb: log odds ratio, log relative risk, and mean
difference. There is an outlying point that was omitted from the mean difference plot
which had an estimated o of 68.06 and POTH equal to 0.597.

are no true treatment differences is shown in Figure 3.7. We found that there was only a
0.6% chance of obtaining a larger POTH than 0.838 in the reference scenario, indicating
that it is extremely rare to obtain a treatment hierarchy with this extent of certainty when
there are no treatment differences. Thus, the POTH value of 0.838 indicates a high extent
of certainty in the treatment hierarchy, and we would be very unlikely to have this high of
an extent of certainty if there were no true treatment differences.

The POTH residuals are shown in the column beside the P-scores and in the bottom
right panel. The treatments contributing the most to certainty in the hierarchy are ate-
zolizumab, ICI and conventional, and conventional therapy. Ipilimumab and two ICIs re-
duce the certainty in the hierarchy. Ipilimumab has a similar point estimate to nivolumab,
and two [ClIs has the widest CI in the network.

The best k treatments POTH is shown for different values of k£ in the bottom panel
of Figure 3.6. The POTH is the lowest when the top three treatments are considered.
There is a noticeable increase in the POTH when going from the top three to the top
four treatments. The certainty then increases steadily as more treatments are added. This
illustrates that there is a cluster of treatments with similar safety profiles occupying the top
three spots in the hierarchy made up of atezolizumab, pembrolizumab, and conventional
therapy. Indeed, we can see the similarity in the CIs of atezolizumab and pembrolizumab
versus conventional therapy in the forest plot in Figure 3.6.

Finally, consider creating a hierarchy for only the treatments which are single ICIs. That
is, let T ={atezolizumab, pembrolizumab, ipilimumab, nivolumab}. The resulting POTHr

63



Comparison: other vs 'Conventional therapy'

Study P-score rPOTH (Random Effects Model) OR 95%-Cl

Atezolizumab 0.933 0.033 —'—|7 0.68 [0.32; 1.46]

Pembrolizumab 0.780 0.004 — 0.96 [0.46; 1.98]

Conventional therapy  0.764 0.020 1.00
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Figure 3.6: Above: Estimated confidence intervals (CI) for the odds ratio of all-grade
treatment-related adverse events for ICI versus conventional therapy in the cancer network.
P-scores and residual POTH are shown to the left of CIs. ORs less than one favour
the intervention and ORs greater than one favour conventional therapy. The treatments
are organized from largest (highest ranking in hierarchy) to smallest (lowest ranking in
hierarchy) P-scores. A positive residual indicates that the treatment contributes to the
certainty in the hierarchy, while a negative residual indicates that the treatment reduces
the certainty in the hierarchy.

Below, left: Best k treatments POTH for k£ = 2 to NV treatments in the ICI network.
Below, right: POTH residuals rporr(j) for all treatments in the network.

is 0.777, indicating moderate certainty. This is lower than the POTH for all treatments
in the network (0.838), indicating that there is more certainty in the hierarchy considering
all treatments in the network than in the hierarchy of only the single ICIs. In Figure 3.6,
we can see that the single ICIs roughly form two clusters (atezolizumab/pembrolizumab
and ipilimumab/nivolumab). This example is reminiscent of the case when there are two
groups of equivalent treatments described in Section 3.2.5, where we found that the POTH
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is bounded below by 0.75.

3.5 Discussion and Future Work

In this chapter, we introduce POTH, a metric which quantifies the certainty in producing
a treatment hierarchy. We define maximum and minimum certainty scenarios and show
that POTH is uniquely maximized in the case of maximum certainty and minimized in
the case of minimum certainty. We propose POTH7z as a method to measure certainty in
the hierarchy of a subset of treatments. The POTH answers the question “how certain
is the presented hierarchy of all treatments?” while POTHy answers the question “how
certain is the hierarchy of a subset of treatments of interest?”. We also introduce two useful
applications of POTHz: POTH residuals using a leave-one-out approach to measure the
contribution of each treatment to POTH, and best k treatments POTH to identify the
certainty of the hierarchy for the top k treatments as k increases. The methods are easily
applied in Bayesian and frequentist frameworks.

Although POTH was proposed specifically to summarise the certainty in treatment
hierarchies derived using SUCRAs or P-scores, it can also be viewed simply as a way to
summarise all the ranking probabilities in a given network. It is therefore an indicator of the
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certainty in any treatment hierarchy derived using a ranking metric related to the ranking
probabilities. A strength of POTH is that it can be applied to any extensions of SUCRA or
P-values, as long as their range is zero to one and their mean is 0.5. For example, a version
of POTH could be calculated using Bayesian predictive P-scores to quantify the certainty
in the hierarchy of treatments when applied in a new study (Rosenberger et al.; 2021).
Another useful application would be to calculate POTH from SUCRA values that consider

minimally important differences (Curteis et al., 2025). This approach would quantify the
certainty in a hierarchy which only considers clinically meaningful treatment differences.

POTH is a quantitative approach, which sets it apart from some previously suggested
approaches to quantifying uncertainty in treatment hierarchies (Papakonstantinou et al.,
2022; Salanti et al., 2014). The average normalized entropy is also a quantitative hierarchy-
level approach. An advantage of POTH over the average normalized entropy is that POTH
can be calculated directly from SUCRAs or P-scores rather than relying on the individual
ranking probabilities pg,.

We performed an exploratory simulation study to investigate the distribution of POTH
that can be expected in networks where no true treatment differences exist. Our prelimi-
nary results show that in networks with no true treatment differences, data with smaller
standard errors leads to higher average POTH values, while increasing between-study het-
erogeneity can lead to lower average POTH values. We also found that the underlying
network structure can have an important impact on the distribution of POTH observed in
repeated sampling. Full results are available in Appendix B.6. A more in-depth simula-
tion study which further investigates the impact of several network characteristics such as
different magnitudes of treatment differences, precision in the data, number of treatments,
network geometries, and heterogeneity is of interest. It would be difficult to capture a suf-
ficient range of these factors to provide a reference distribution for a specific NMA whose
properties were not known a priori. Instead, we provide an R function which provides a
simulation-based reference distribution for the user’s desired network characteristics. This
ensures that a point of formal comparison is available to aid in the interpretation of an
observed POTH value for any desired scenario.

It was previously highlighted that the quality of evidence in NMA should be evaluated
separately for the treatment effect estimates and the hierarchy of treatments (Salanti et al.,
2014). Formal guidance for assessing the certainty in NMA estimates has been provided,
notably GRADE (Guyatt et al., 2008, 2011) and Confidence in Network Meta-Analysis
(CINeMA) (Nikolakopoulou et al., 2020). However, no similar guidance for the hierarchies
resulting from an NMA have been created. POTH and POTH for subsets of treatments
could play a role in the future development of guidelines for evaluating the certainty in
treatment hierarchies from NMA.
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Chapter 4

Estimating Methane Emissions from
the Upstream Oil and Gas Industry
Using a Multi-Stage Framework

4.1 Introduction

In the present and following chapter of the thesis, we turn our attention to some challenges
in accurately quantifying methane emissions from OG production and storage facilities. We
introduce new notation in Chapters 4 and 5, and any commonalities between the notation
used in Chapters 2 and 3 are coincidental.

Methane inventories provide critical insights into progress towards reductions targets, as
well as highlighting potential areas for improvement, such as facility types or regions with
higher emission rates (Conrad et al.,; 2023¢; Johnson et al.; 2023). Multiple recent studies
have shown that official methane inventories in Canada significantly underestimate emis-
sions and highlight the value of measurement-based inventories (Tyner and Johnson, 2021;
MacKay et al., 2021; Johnson et al., 2023; Conrad et al., 2023a,c). Measurement-based
inventories have the potential to provide accurate and data-driven estimates of emissions,
but there is a lack of guidance on how measurement-based inventories should be compiled

from survey data (Vollrath et al., 2024).

In the estimation of methane inventories for the upstream OG sector using measurement
data, four sources of uncertainty must be considered. First, it is not practical due to cost
and time constraints to measure methane at every facility in the population of interest,
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such as an entire province or an entire country. This leads to sampling error - that is, the
error in the estimate due to not measuring every facility in the population (results will
vary if we sample different subsets of facilities). Similarly, it is also impractical to survey
facilities every day within a time period of interest, leading to sampling error due to the
days. Third, the measurement technology can fail to detect methane at emitting sources
even when the emission rate is above its minimum detectable limit, leading to detection
uncertainty. Finally, measurement technologies are subject to measurement uncertainty;,
that is, when methane is detected, the estimated emission rate is not exactly equal to
the true emission rate, and is likely biased. These four sources of uncertainty must be
considered when creating measurement-based estimates of methane emissions.

Measurement-based data has been collected in multiple surveys in Canada using Bridger
Photonics, Inc’s Gas-mapping LiDAR (GML) plane-mounted technology (Johnson et al.,
2023; Conrad et al., 2023a,¢). The GML technology has been studied through extensive
controlled releases (Johnson et al.; 2021; Tyner and Johnson, 2021) and both the probability
of detection and measurement error of the technology have been characterised (Conrad
et al., 2023b). These properties correspond to detection uncertainty and measurement
uncertainty as described above. The probability of detection function and measurement
error distribution can readily be used to quantify these sources of error in methane emissions
inventories.

A simulation approach to creating measurement-based inventories from the aerial survey
data collected using GML was recently developed and applied in Canada (Johnson et al.,
2023; Conrad et al., 2023a,c). To the best of our knowledge, it is the only available
approach to create measurement-based inventories from aerial survey data in the current
literature. The approach separately estimates “measurable” emissions, which are emissions
that are detectable by the GML aerial survey technology, and “unmeasurable” emissions,
which are emissions below the minimum detectable limit of the measurement technology.
Only the measurable portion of emissions can be estimated using the GML data, while
the unmeasurable portion requires additional methods which rely on auxiliary data from
surveys of facilities on the ground using OGI cameras.

The approach to estimating the measurable portion of emissions developed in Johnson
et al. (2023) uses a nested Monte Carlo (MC) algorithm to account for measurement error,
sampling error, and detection error. First, a MC procedure which accounts for measure-
ment and detection uncertainty (the initial MC) is performed. Next, for every iteration of
the initial MC, a mirror match bootstrap procedure (Sitter, 1992) is followed in order to
scale the sample estimates to the population level and account for sampling error due to
the facilities. The algorithm requires computationally intensive methods including numer-
ical integration and root-finding methods to solve multiple equations at each iteration of
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the initial MC. Additionally, both the initial MC and mirror-match bootstrap are complex
and open-source code for their implementation is not available.

The primary objective of this work is to propose an alternative framework for estimating
the measured portion of measurement-based methane inventories and their uncertainties
which is easy to interpret and implement. We accomplish this goal by viewing the prob-
lem through a statistical survey lens, treating non-detection as survey non-response, and
using established multi-stage weighting methods. We provide analytical formulas which
account for sampling and detection uncertainty and have desirable statistical properties,
such as unbiasedness. We also present decompositions of the variance formulas which
are useful in identifying important contributors to the uncertainty of the inventory. Ad-
ditionally, we propose a straightforward MC approach which incorporates measurement
uncertainty. Further, an R package which implements the described analysis was written
and is freely available. This alternative method and accompanying R package will make
measurement-based inventories more accessible, in accordance with the FAIR principles
(Findable, Accessible, Interoperable, Reusable) endorsed by The Intergovernmental Panel
on Climate Change (the United Nations body for assessing the science related to climate
change) (Pirani et al., 2022). To the best of the authors’ knowledge, this is the first at-
tempt at addressing the development of measurement-based inventories from a statistical
foundation.

The chapter is organized as follows: In Section 4.2, we provide the necessary background
on the motivating dataset and the technology used to collect the data. In Section 4.3, we
cast the problem under a design-based statistical framework and explain how weighting
methods for multi-stage sampling can be applied in this situation, providing two options for
estimators and the necessary modifications to the methodology required for each option.
We provide a simple MC procedure that can be combined with the multi-stage framework
to incorporate measurement uncertainty into the estimate and its variance. We present
a simulation study evaluating the multi-stage estimators with respect to the design and
apply the methods to the motivating dataset in Section 4.4, providing insights about key
emitters and important sources of uncertainty. We conclude with a discussion of the results
and potential future areas of development in Section 4.5.

4.2 Aerial Survey Data from British Columbia

Aerial survey data were collected using GML in the province of British Columbia (BC),
Canada in 2021. The survey was the basis for developing a measurement-based methane
inventory from the province’s OG industry (Johnson et al.; 2023). The British Columbia
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Oil and Gas Research and Innovation Society (BC OGRIS) and the Methane Emissions
Research Collaborative (MERC) provided anonymized aerial survey data to facilitate the
development of new measurement-based methods for estimating methane emissions. Some
anonymized data from the BC survey have since been published (Johnson et al., 2023),
and subsequent surveys following similar designs to the BC survey have been performed in
other provinces in Canada (Conrad et al., 2023a,c¢). A subset of the BC data provided by
BC OGRIS and the MERC is available in the R package methanelnventory.

In the BC survey data, the airborne GML technology was used to detect and quantify
methane from point sources at selected upstream OG facilities. Measurements made using
airborne GML were attributed to specific components, where a component is a piece of
equipment at an OG facility, such as a compressor building or a tank (Johnson et al.,
2023). The plane visited some sites on multiple survey days, where a site is a collection
of one or more facilities which are close together and were surveyed simultaneously. In
addition, some facilities are large and required multiple passes by the plane to cover them
completely on each survey occasion, with some components being visible to the plane in
multiple passes. This resulted in multiple days of measurement data for some components,
with potentially multiple data points per component per day. In passes where methane was
detected, we have available the measured emission rate from GML, the plane’s altitude,
and the wind speed. The number of passes per day per component ranges between one and
five, with a median of two passes per day per component. A total of 543 unique components
are identified in the dataset, with a total of 1171 passes with successful detections.

Different kinds of facilities are expected to have different levels of emissions so it is
useful to classify facilities by Petrinex subtype, where Petrinex is Canada’s Petroleum
Information Network (MackKay et al., 2021). Boxplots of the non-zero measurements for
each facility type (stratum) are shown in Figure 4.1, with the number of non-zero methane
measurements shown below each stratum’s boxplot. Details about the definition of facility
types and strata are given in Section 4.3.4 and Table 4.1. There is wide variation in the
distribution of measurements between different strata, in terms of the average, variance,
and skewness. There is also variation in the number of non-zero measurements, ranging
from zero (enhanced recovery schemes and water and waste facilities, which are not shown
in Figure 4.1) to 305 (gas multi-well batteries for effluent).

The GML’s detection abilities are imperfect and sometimes the technology fails to de-
tect emissions. As mentioned in the introduction, work has been done to describe both the
probability of detection and the distribution of measurement error for the GML technology.
A function which calculates the probability of detection (POD) of a given source by the
GML was derived by Conrad et al. (2023b) using controlled release data. The POD is a
function ¢ of the true emission rate (Y, in kg/h), altitude of the plane over the source (a,
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Figure 4.1: Boxplots of non-zero measured emission rates for facility types (strata). There
are two outliers above 200 kg/h in the dataset for the sweet gas plant facility type. The
number of non-zero measurements for each stratum is shown in the box below each boxplot.
Acronyms: GP = gas plant, MWB = multi-well battery, LNGP = liquid natural gas plant,
CO = crude oil, CTF = custom treating facility, GGS = gas gathering system, SWB =
single-well battery, MS = meter station, TF = tank farm, NGL = natural gas liquids.

in m), and wind speed (u, in m/s). The POD of a point source is calculated as

(4.1)

0.224 x Y107 }2'53

(3255) %™ (u + 2.14)1.69)

o(Y,a,u) =exp | — {

(Conrad et al., 2023b). We ignore any error or uncertainty in this function, in line with
Johnson et al. (2023).

In addition, Conrad et al. (2023b) derived a probability density function for the true
emission rate given a measurement from GML using controlled release data. Letting M be
the measurement of the true emission rate Y, the distribution is

Y | M, M > 0 ~ Log-logistic(scale = d X a x M, shape = [3), (4.2)
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where d = 0.918, o = 0.891, and # = 3.82. The mean of Y given M, by properties of the

log-logistic distribution, is

dx M x

ar /B

sin(x /)

This means that on average, the true emission rate is equal to 0.918 times the measured
value. This insight provides a straightforward bias correction for measurements.

=dx M =0.918 x M.

(4.3)

Table 4.1: Description of facilities, Petrinex subtype codes, and stratum definitions used

in the data analysis.

Facility Description Petrinex Stratum Name Sample | Population
Code size (np) | size (Np)
Crude oil single-well battery 311 CO SWB 48 58
Crude oil multi-well group battery 321
Crude oil multi-well proration battery 322 CO MWB 34 40
Gas single-well battery 351 Gas SWB 21 28
Gas multi-well group battery 361 Gas MWB (group) 54 79
Gas multi-well effluent measurement 362 Gas MWB (effluent) 113 140
battery
Mixed oil and gas battery 393 Mixed OG Battery 16 16
Water hub battery 395 Water Hub Battery 22 34
Gas plant sweet 401 GP Sweet 21 25
Gas plant, acid gas flaring (< 1 t/d 402 GP Acid Gas Low 19 23
sulphur)
Gas plant, acid gas flaring (> 1 t/d 403
sulphur)
Gas plant, acid gas injection 404
Gas plant, Sulpl%ur rei:overy 405 Other GP and LNGP 10 21
Gas plant, fractionation 407
Liquefied natural gas plant 451
Gas transporter 204
Enhanced recovery scheme 501 Recovery Scheme 23 27
Disposal 503
Acid gas disposal 504 Disposal and storage 48 77
Underground gas storage 505
Compressor station 601 Compressor station 45 254
Custom treating facilit 611
Gas gatheringgsystemy 621 CTF and GGS o7 144
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Facility Description Petrinex Stratum Name Sample | Population
Code size (np) | size (Np)
Field receipt meter station 631
Interconnect receipt met('er station 632 MS 51 91
NEB regulated field receipt meter 637
station
NED regulated interconnect receipt 638
meter station
Tank farm loading and unloading 671
terminal TF and NGL 13 24
Third party tank farm loading and 673
unloading terminal
Natural gas liquids hub terminal 676
Surface waste facility 701
Water source 901 Water and Waste 13 20
Water source battery 902
Well - Gas -
W‘Z{fl_l Wzller ] Wells 1004 9978
Well - undefined -

4.3 Methods

In this section, we show how a multi-stage approach can be leveraged to estimate methane
emissions from aerial survey data, accounting for the four sources of uncertainty in the
survey data without substantial computational costs. In Section 4.3.1, we explain how a
multi-stage framework can be applied to the survey data. Methods for estimating methane
emissions that do not consider measurement uncertainty are developed in Sections 4.3.2,
4.3.3, and 4.3.4. In Section 4.3.5, we provide an algorithm to incorporate measurement
uncertainty into the previous methods, allowing the consideration of all four sources of
uncertainty in the estimation simultaneously. Methodology for a simulation study assessing
the proposed multi-stage framework is described in Section 4.3.6. A summary of the
notation used in this section is available in Appendix C.3.
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4.3.1 Measurement-Based Surveys As Multi-Stage Sampling

Multi-stage sampling is a type of probability design where sampling is carried out in the
following way:

1. A sample S of primary sampling units (PSUs) are selected from a population U*
according to a probability design.

2. For every PSU p in S', a sample of secondary sampling units (SSUs) SII)I is drawn
from the population U;I according to a probability design.

3. For every PSU p in S' and SSU ¢ in SI;I, a sample of tertiary sampling units (TSUs)
S]ID? is drawn from the population UE according to a probability design,

and so on. Each stage is defined using a probability design which describes how the units
at that stage were sampled, given the results of the sampling in the previous stage(s). In
the context of measurement-based aerial surveys of OG facilities, a three-stage approach
can be employed to describe the data collection process. We introduce stages to represent
the selection of components to sample, the collection of data on different days, and the
process of detection of methane in each pass.

In order to apply the methods presented here, the first and second order inclusion
probabilities for all three stages of sampling must be known. The first order inclusion
probability refers to the probability of a sampling unit being selected in a given stage.
The second order inclusion probability refers to the probability of any two units both
being selected at a given stage. However, data may not have been collected according to
a statistical probability design. Practitioners must then work to find a probability design
which matches the process by which data were collected as closely as possible. This may
require assumptions and approximations which should be kept in mind when interpreting
results.

In the methane data, the first stage of sampling represents the selection of components
to survey. Therefore, the first stage population U' represents the components at all OG
facilities in the province of BC, and S' represents the components which were surveyed. To
support application of these methods to other measurement-based surveys, we introduce a
generic probability design to represent the first stage in Section 4.3.2, while also providing
results for the specific design assumed for the BC data in Section 4.3.4. The generic first
stage probability design is described by ), the probability that component p is in ST, and

W}Id, the probability that components p and [ are both in S'.
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The second stage of sampling is the selection of the days on which to survey each
component selected into S'. For each component p € S', we select a sample of days S
on which to survey p. The second stage population U;I represents the entire time period
for which we want to estimate emissions. Typically, methane emissions are estimated on a
yearly basis, in which U;I is the year for all p. Similarly to the first stage, we use a generic
second stage design, and later provide specific results for the BC data. The generic second
stage design is described by 77%|Ip, the probability that we survey component p on day ¢

1

given that p was selected into S', and Tulp: the probability that we survey component p

on days t and u given that p is in S™.

Finally, the third stage represents detection of methane in the passes on each day a
component was surveyed. While in the first and second stages we use generic probability
designs to allow for different modelling of the selection process for components and days, for
the third stage we specify a probability design which is broadly applicable to modelling non-
detection in measurement-based surveys. We adapt approaches for treating non-response
in traditional surveys to treat passes with missed detections. We differentiate between
missed detections and true non-detections in the same way as Johnson et al. (2023), by
assuming that if methane is detected at component p in at least one pass on day ¢, any
passes without detections on day ¢ at component p are missed detections. The set SH! is
the set of passes in which methane was detected from component p on day ¢, while Upf is
the set of all passes made over component p on day t, regardless of detection status. The
sampling at this stage is therefore governed by the probability of detection from component
p on day t in pass ¢, 7.l . We leverage Equation (4.1) to calculate the POD for GML, so

qipt”
that in the BC data, Fiﬁt = O(Yptgs Uptqs Aptq) = Pptg» Where Yy, is the true emission rate,
Uptq 18 the wind speed in m/s, and a,, is the height of the plane during pass ¢ on day ¢
over component p. Further, we assume that detection is independent between passes given
the variables used to calculate ¢, so that the second order inclusion probability W;ﬂpt is
given by ¢pqPper. This design corresponds to Poisson sampling as discussed in Section 3.5

of Sérndal et al. (1992) and 4.6 of Wu and Thompson (2020).

The three stages of sampling represent three important sources of uncertainty in esti-
mating methane emissions from measurement-based survey data: uncertainty due to the
facilities and components sampled (stage I), uncertainty due to the days on which sam-
pling takes place (stage II), and detection uncertainty (stage I1I). The three-stage sampling
framework therefore accounts for these three sources of error in the point estimate and its
variance estimate. We refer to estimators which are unbiased with respect to stages I, II,
and III as ptg-unbiased. The fourth source of uncertainty in the survey data, measurement
uncertainty, must be incorporated outside of the multi-stage framework; see Section 4.3.5.
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4.3.2 Estimating Methane Emissions Using Multi-Stage Sam-
pling

We aim to estimate the total methane emission rate from all OG facilities in BC. We

formulate the estimand as
ZteU“ quUIH thq/th

teULt th
T SR SLoCl L S

peU! peU! peU!

where @), is the total number of passes over component p on day ¢, and D is the total
number of days in the period of interest. Further, Y, and Y. are the emission rate from
component p on day t averaged over the passes, and the emission rate from component p
averaged over the days and the passes. T is an adaptation of the commonly used multi-
stage total estimator with no averaging, >~ ZteUU quUm Yy, (Sdrndal et al., 1992, p.

137). In this section, we adapt existing results to accommodate T.

An (approximately) ptg-unbiased estimator for T is

- 1=~ 1 ZteSH th /7%|p
I A w9

pest P pest P

(Sarndal et al., 1992, pp. 146-148), where 7p,, is an estimator for the true emission rate

from component p, averaged over all days and passes, and ?pt, is an (approximately)
unbiased estimator for the mean emission rate from component p on day ¢. Possible forms

for th_ are described later in this subsection and in Section 4.3.3.

A variance estimator for 7' which accounts for the uncertainty due to the three stages
(component sampling, day sampling, and detection uncertainty) is

3 stage 7r7r Y Y \7
(8 stoe _ZZ l 7rI 7rlI +ZW—E, (4.6)

pest 1es! Pl pegt

(Sarndal et al., 1992) pp.148-149) where

~

%

7Tt’ulz>_7Tt|p UIp)Y Y t
Vp. = D2 Z Z I 7rH -+ Z —r (4.7)

s
teSI ue st tU\p tp Tulp egn Tilp
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is an unbiased estimator of the variance of Y, , and V. is an unbiased estimator for the

variance of ?pt.. The true variance is given in Appendix C.4. A 95% Wald CI for the true

total emissions is given by
T +1.96 x \/ V7 (4.8)

The variance can be broken down into contributions from each stage, corresponding to
three of the four sources of uncertainty in the data. The estimated contribution due to
detection uncertainty (stage III), sampling of days (stage II), and sampling of components
(stage I) are given by

i \Y
5 (49)
eSI tes;} Ttlp
V! = max 0, Z e , (4.10)
pGSI p
and ~ 1 ~ 3 st AT AT
Y :max{o (VAR v v } (4.11)

respectively (Sarndal et al., 1992, pp.148-149), where the max operator avoids negative
variance estimates which can arise especially with small sample sizes at stage II and III.

Now, a method for estimating Y . in the presence of missed detections must be chosen.
We can use inverse probability weighting (IPW) to account for detection uncertainty and
obtain an unbiased estimate of 7pt.. As discussed in Section 4.3.1, detection in each pass
is modelled as Poisson sampling, with inclusion probability ¢, for component p on day ¢
in pass ¢. Under this design, the IPW estimate of Y ;. is

?;iw _ qusg,y Yota/ byt (4.12)
th

with corresponding variance estimate

VIPW _ L Z (1 ¢ptq)Y2

pt- 2t t ptq
p 111 ptq
qES

(4.13)

(Wu and Thompson, 2020). If the ¢, are perfectly known, then the estimator in Equation
(4.12) and its variance estimator are ptg-unbiased.

7



4.3.3 Increasing Efficiency Using the Hajek Estimator

A drawback to the use of the IPW estimator to correct for detection uncertainty is that it
can result in paradoxical estimates and have a large variance in some situations (Horvitz
and Thompson, 1952; Wu and Thompson, 2020). An alternative to the use of the IPW
estimator in Equation (4.5) is the Héjek estimator, which has the form

qusgtl Y;)tq/ ¢ptq
qusgl 1/ ¢ptq

(Hajek, 1971). The Héjek estimator is only approximately ptg-unbiased, but has a much
smaller variance than the IPW estimator in a variety of cases and is often preferred (Séarndal
et al., 1992, pp. 181-184; Wu and Thompson, 2020, pp. 64-65). In particular, the Héjek
estimator has been shown to have smaller variance in cases where 1) the Y}, are constant
or have low variability, and 2) the sample size is variable. In the context of the motivat-
ing dataset, for most components, the emission rates are relatively homogeneous between
passes in the same day, approximately satisfying case 1). Due to missed detections, we
also have a variable stage III sample size, satisfying case 2). This leads us to believe that
the Hajek estimator has the potential to reduce the variance contribution from detection
uncertainty.

However, caution is needed when attempting to use the Hajek estimator in the context
of estimating methane emissions. In typical sampling designs, samples of size zero are
not allowed, however, due to the low number of passes per day and variation in detection
probability, the size of the stage III sample S}}' may be zero for some components and
days. When the size of S}j! is zero, the Héjek estimator is undefined (0/0). Therefore,
in order to make use of the Hajek estimator in estimating methane inventories, one must
adjust the stage II sampling design to ensure it is well-defined.

To ensure SEI is non-empty for use with the H&jek estimator, we define SIIDI* as the
set of days where component p is surveyed AND methane is detected at least once, which
ensures that all stage III samples are non-empty. This results in modifications to the stage
IT and III probability designs, which are discussed below. Stage I remains unchanged. This
approach is equivalent to the previously described approach if the IPW estimator is used,
which is shown in Appendix C.5.

Detection is statistically independent between passes of the plane given the true emis-
sion rates, so the probability of having any detections for component p on day ¢ given that
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peStandte SZI)I is given by

Gpr- =1 = H (1 = Ppeg)-

111
qEUpt

The first order inclusion probabilities for the adjusted stage II sampling design are given
by
Ty = Dpt- Wiy (4.14)

the probability that day ¢ is in S’ZI,I* given p € S'. The probability that ¢ and u are both in
SZI?I* is
(4.15)

’]T pr
tulp II * e
i ift=u.

I * _ {Qﬁpt-(épu-ﬂ'gm if ¢ 75 U

The stage III inclusion probabilities also change as a consequence of the stage II ad-
justment. In the original sampling design, the inclusion probability for pass ¢ is equal to
Ppiq, the probability that methane is detected in pass ¢ given that p € ST and ¢ € SII,I. In
the modified sampling design, the inclusion probability for pass ¢ is the probability that
q € SII)? given that p € ST and t € SIIJI*, that is, the probability of detecting methane in
pass ¢ given that p is surveyed on day ¢ AND that methane is detected in at least one
pass on that day. This additional condition in the modified design means the responses are
no longer independent between passes, and so the stage III sampling scheme is no longer
Poisson. Instead, the inclusion probabilities are given by

7Tzﬁzl?t* = Gpta/ Ppt-» (4.16)
and the passes are no longer independent, with
7TtIJITI\pt* = OptgPptr/ Pyt (4.17)
when q # r.
Let

?H&"J’ek B qusgl Yota®pt-/ Potq B qusgl Yot/ Dptq (4.18)
P qus;gl Gt/ Poiq qusgtl 1/ bptg '
which is always defined for ¢t € SII)I*. In the methane data, an approximately unbiased
variance estimate is

.. ~ Hajek ~ Hajek
~ Hajek

2 2
t- Yt -Y t- Yt -Y t.
th' = ZL?)t [quszlzlzl(l — ¢ptq) (%T:) -+ (¢pt- — 1) <Zq651171tl pq(ﬁT:) ] . (419)
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Note that ¢, can only be calculated for components on days in which methane was
detected in all @), passes, since we require Y, to calculate ¢,;,. In practice, many com-
ponents have some passes where detections were missed. For components on days with
missed detections, we use mean imputation (MI) to estimate ¢,.. That is, in passes with
missed detections, we impute the mean of the detection probabilities for the successfully
detected passes on that day. Let p,. = qusgl dptq/|Spi| be the mean of the detection

probabilities among the detected passes, where | - | denotes the number of elements in -.
Then, let
~ HI 111
Gpr. =1 — (1 — Sl TT (1= ) (4.20)
kesm

In practice, we use this estimate in place of the unknown true value ¢,. in all estimators
presented here.

To estimate the total methane emissions using the Hajek estimator for the Component’s

: e 11 I 11 I *
daily mean emission rates, replace S, with Sp , 7rt|p, Tl and Wtulp with thp s Tulp > and
oo ~IPW . _~ Hajek ~IPW . N
Trup » ¥ pe. With Y, and Vp,  with th. in the methods described in Section 4.3.2.

4.3.4 First and Second Stage Designs for BC Data

In this section, we explain the particular stage I and II designs we use to analyse the BC
survey data.

Stage I: Stratified Cluster Sampling

Sampling of components was done by first identifying all the active OG facilities in the
province (Johnson et al.; 2023). Then, in an effort to maximise sample size within a
constrained budget and to accommodate on-site follow-up surveys needed to estimate the
unmeasured inventory, all facilities south of the 58 degree north latitude line were included
in the survey because they are more densely populated and easier to access than more
remote facilities. All components at facilities included in the survey were sampled at least
once, that is, surveyed at least once with one or more passes per survey.

While the true sampling mechanism was not stratified, in the analysis, we take a strati-
fied approach to stage I. That is, we treat the sample of facilities as if it were an independent
SRS of facilities in each stratum and the sample size in each stratum was fixed. Analysing
the data as if the facilities were selected using stratified sampling produces a post-stratified
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estimate which has improved precision compared to a SRS (Smith, 1991). We stratify based
on the type of facility, since the emissions distribution differs by facility type, as seen in
the data in Figure 4.1 and in previous studies, e.g. MacKay et al. (2021).

More specifically, strata were defined based on Petrinex facility subtypes. Some sub-
types were merged to form larger strata based on expert knowledge and to improve sample
sizes as described in Johnson et al. (2023). This scheme still leaves some strata with very
small sample sizes, as low as one, posing a problem for variance estimation. Guidance
has been presented in the statistical literature on the desirable minimum stratum sample
size in post-stratification, ranging from 10 to 20 (Sarndal et al., 1992, p. 267; Wu and
Thompson, 2020; Cochran, 1977; Kish, 1965). In particular, Kish (1965) recommended
a minimum sample size of 10 when the true stratum weights are known, such as in our
application. Westfall et al. (2011) investigated the minimum sample size needed for accu-
rate estimation in the context of forest inventories via simulation studies and found that
stratum sizes of 10 or more gave stable mean estimates. Thus, we merge more strata than
the initial analysis to ensure a minimum sample size of 10 facilities per stratum. Subtypes
which had a sample size less than 10 were merged with strata with larger sample sizes that
had similar characteristics. A remaining subtype with a small sample size which is not
similar to any other subtypes (701 - surface waste battery) was merged with other strata
which had small sample sizes even after merging with similar strata (901 - water source
and 902 - water source battery) to form a stratum of sufficient size. This results in a total
of H = 18 strata. Stratum definitions are given in Table 4.1. Sample and population
sizes were derived from data provided by the MERC, and differ from those used in the
other published analysis of these data (Johnson et al., 2023). Details on the sample and
population sizes are given in Appendix C.1. Note that due to differences in how data for
wells was reported, they require slightly different methods, see Appendix C.2.

Since a facility being surveyed means that all components at that facility are surveyed,
the selection of components can be viewed as cluster sampling, where all elements of the
cluster are surveyed. Let h(p) represent the stratum that component p belongs to, and let
1), be the set of components belonging to stratum h. Let ny,) be the number of facilities
in stratum h(p) in the stage I sample and Ny, be the number of facilities in stratum h(p)
in the population. Further, let f(p) represent the facility containing component p. Then
the inclusion probabilities for stage I are given by

7l = A0 (4.21)
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and

i if f(p) = f(1)
n Npp)—1 .

T = { RERGEEif f(p) # F(1). h(p) = h(]) (4.22)
RS0 R(p) # h(D).

Note that the assumed design implies that components in separate strata are indepen-
dent. Because of this, we can easily calculate stratum-specific total estimates using

~

~ 1 =~
peSinpeqy, P

which has corresponding variance estimate

~ 3 stage 7TI_7TI7T Y? v
V- sy el e B

T, Tl om 7l
peSINpeq, leSINleEQ, p p peSinpeq,, P
We also have
H
~ 3 stage ~ 3 stage
VISV (), (4.23)
h=1

~ 3 st
which means V" age(h) is an estimate of stratum h’s contribution to the variance in the

province-wide methane emissions estimate.

Stage II: Simple Random Sample

The stage II design describes which days are chosen to survey the components selected in
stage I. We will let d,, be the number of days on which component p was surveyed, whereas
D is the number of days in the population of interest. For example, if the data are being
used to compile a yearly inventory, the population is D = 365 days in the year. We assume
here that the days where sampling occurred represent a simple random sample from the
population of D days. This is a simplification of the true underlying process, and the
implications of this are discussed in Section 4.5.

For a simple random sample of d, out of D days, the inclusion probabilities are given
by
no_ dp
ﬂ-t\p = 5 (424)
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and

11 : .
I ) if t = u;
Trtu'p {@ Otherwise (425)
D(D-1) :

The general formula for the variance estimate of ?p,, can be computationally intensive,
so we derived a computationally simpler form specific to the SRS design at stage II when
the IPW estimator is used:

~ IPW 1 D —d,)D =PW ~ IPW - IPW
A S g R e D DR +Z
P D? dy(d,—1) " 7 d2 d — 1
tesit PR tesy teSH
An analogous variance formula for the Hajek estimator is
N _~ Hajek \ 2 Ha_]ek 2 ..
o Héjek _ D{D~1=dpi(dp=1)} (Vi D(dy—D) , b Hijek
Vp ZteS”* dp(d,:—l) ( ;;t + a2 ;,,_1 ZteSU* A;t. + ZtESZI,I* dpd;ptlvpt-

Derivations are available in Appendix C.6.

An estimation issue arises for components where d, = 1 when using IPW, and com-
ponents for which there is only one day with detections when using Hajek. The variance
estimation formulas result in undefined expressions under these conditions. If no methane
was detected at component p on any survey days, we conservatively assume that this com-
ponent has an emission rate of zero for the population of D days and therefore contributes
zero to the total and zero to the variance. If component p has only one day of measurement
data (either due to d, = 1 for IPW or by only having detections on one day for Héjek),
we pool the Vp,, from all other components in the same stratum which were surveyed more
than once and impute the average. In the BC data, there are 17 components that were
surveyed only once (d, = 1), and 208 components that have only one day of non-zero
measurement data.

4.3.5 Estimation Accounting for Measurement Error

In the previous methods, in line with survey sampling literature, we treat the values of
Yy, as fixed and known. In reality, the measurements vary around the true emission
rate. To accommodate this, we introduce a superpopulation model by assuming the true
emission rate Y, follows a distribution given the measured emission rate M, and that
the measured rate is non-zero. In particular, we can assume that the true emission rate
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follows the distribution in Equation (4.2) when methane is detected. We denote this
measurement model as m. Let E,, and Var,, denote the expectation and variance with
respect to the ptg-design, that is, stages I, II, and III of the sampling design, treating
the measured emission rates as fixed and known. Now, let E,, and Var,, denote the
expectation and variance with respect to the measurement model m while the sampling
design is fixed. Finally, let E and Var represent the total expectation and variance, that is,
the expectation and variance with respect to both the ptg-design and measurement model
m. Previously, our target of estimation was T = ZPGUI Yp , which is the expectation of T

with respect to the ptg-design. Now, we introduce the total expectation of T,

7 =En(T) = En[Ep(T)) = E(T), (4.26)
to be our new target of estimation. Given a sample of size B drawn from the distribution
of Yy, given My, we can calculate B estimates of T, 7% b =1, ..., B. Then we estimate
T with B

T
%:Z¥§—ﬂ (4.27)

where the hat overscore denotes an estimator with respect to the ptg-design and the tilde
overscore denotes an estimator with respect to both the ptg-design and model m.

The total variance of 7, Var(7), can be estimated according to
~ Total ~m ~ ~ 11 ~ 111

V"V V4V (4.28)

where 5o
o _ D=7
B-1
is the estimated contribution to the total variance of 7 from measurement uncertainty, and

\7]' _ Zf:l v
B
for 7 = I,II, III represents the estimated contribution due to stages I, II, and III of the
ptg-design respectively. A derivation of Equation (4.28) is available in Appendix C.6. A
95% Wald CI for 7 is given by

74£1.96\/ V' (4.29)

An algorithm to estimate the methane emissions total and its variance with respect to

the ptg-design and measurement model m is given in Algorithm 1. This algorithm addresses

the four key sources of uncertainty in methane survey data from upstream OG facilities:

sampling uncertainty from components and days, detection uncertainty, and measurement
uncertainty.
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Algorithm 1 Monte Carlo procedure to account for measurement error.

for p € S' do
for t € S]I?I do
for ¢ € S};' do
forbin1,...,B do
Draw a true emission rate Ypbtq
Equation (4.2).
end for
Calculate ¢p, using Equation (4.1) where Y is the mean of the B
Ypbtq’s, U = Uptg, aNd @ = Qpyq-
end for
if Hajek estimator used then
Calculate ¢,;. using Equation (4.20).
end if
end for
end for

forbinl,..., B do

Calculate T°, VIb, VIIb, and V' using Equations (4.5), (4.11), (4.10), and (4.9).
end for - Total
Calculate 7, V ? a, and CI for 7 as described in Section 4.3.5.

given M, using the distribution in

4.3.6 Simulation Methodology

The dataset collected in aerial surveys in BC has several features which may challenge
the normality assumption which is relied on in the construction of Wald CIs. The sample
sizes at stages Il and III are very small, and it is known that the distribution of emission
rates from emitting OG facilities is right-skewed. A strength of the Wald CI is that it
is considerably simpler to understand and requires almost no computational effort. In
support of our aim to provide accessible methods for estimating methane inventories, we
perform a simulation study to investigate the properties of the proposed estimators and
Wald CIs under similar conditions to the BC data, in the absence of measurement error.

We created an artificial population, U, of facilities. We selected four strata from the
BC dataset which represented different emission rate distributions and sampling fractions.
These strata were crude oil single-well batteries (83% of facilities represented in S, fifth
lowest emitting stratum in data analysis), meter stations (56% of facilities represented in
S!. third lowest emitting stratum), sweet gas plants (84% of facilities represented in S,
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second highest emitting stratum), and compressor stations (18% of facilities represented in
S highest emitting stratum). We use the same population sizes N}, as we have in the real
population as shown in Table 4.1. Then, a number of components was randomly assigned
to each facility in the artificial population, drawn from a discrete uniform distribution from
one to 50. Each component was assigned as either emitting or not, drawn from a Bernoulli
distribution with a probability of emitting equal to 0.055. These two distributions were
chosen so that the simulated population had a similar true total to the estimated total
from the four strata in the data analysis.

Next, for 365 days, emitting components were assigned a daily mean emission rate
drawn from a stratum-specific distribution. To obtain stratum-specific emission rate dis-
tributions, the non-zero emission rates in the motivating dataset were bias-corrected as
suggested in Equation (4.3). Then, a log-normal distribution was fit to the bias-corrected
emission rates in the motivating dataset for each stratum to give unique log-normal dis-
tributions. Distributions were fit using the fitdistrplus package in R using the moment-
matching method (Delignette-Muller and Dutang, 2015). The daily emission rate for com-
ponent p was sampled from the log-normal distribution corresponding to the stratum of
component p. Note that this is not exactly the same quantity as 7pt., where the mean is
taken over the discrete number of passes.

Once daily average emission rates were assigned, for each emitting component and day,
a number of passes is randomly assigned by drawing from the distribution of passes in the
observed data. An instantaneous emission rate Y, altitude a,,, and wind speed u,, are
assigned at each pass. The height and wind speed are drawn from normal distributions
with mean and standard deviation equal to those observed in the data. The wind speed
distribution is truncated at zero. Emission rates are drawn from a normal distribution with
mean equal to the previously assigned daily mean and standard deviation proportional to
the daily mean. The proportion is determined by taking the median of the ratio between
mean and standard deviation observed in the data, by strata.

Sampling was carried out following the three-stage sampling design described in Section
4.3.4. First, a simple random sample of n;, facilities was selected out of N, in the artificial
population. All components belonging to selected facilities are part of S!, the stage I
sample. Next, a SRS of two out of 365 days was selected for each component in S' to
make up SII)I. Finally, for all p € S' and t € SZI)I, detections were simulated in each
pass p = 1,...,Qp according to a Bernoulli distribution where the success probability
is calculated using Equation (4.1) with Y}, g, and a,,. The passes with successful
detections form SH.

For each sample, the stratum total was estimated using two types of estimators and
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two assumed stage II designs, giving four different estimation approaches in all. Either
IPW or Hajek estimators were used, assuming a stratified SRS at stage I, and for stage II,
either a SRS of two out of 365 or a SRS of two out of two (ignoring stage II uncertainty) as
described in Section 4.3.4. All estimation methods follow those described in Sections 4.3.2
and 4.3.3. The population total was estimated by summing the strata totals. 95% ClIs for
individual strata and for the population were calculating using the Wald method described
in Equation (4.8). The sampling and estimation process was carried out 5000 times, giving
a sample of 5000 stratum-level and overall population total estimates, denoted T (h)¢ and
T¢ for ¢ = 1,...,5000. The bias, variance, and mean-squared-error (MSE) of T for the
four different methods were estimated according to

5000 7
o Te
Bias(T') = <—Z§0(1JO ) - T,

where T is the true value calculated for the artificial population,

~

§5000 e _ ST )?

~

7y = Lee=l 5000
Var(T) 5000 — 1
and
~ N N 2
MSE(T) = Var(T) + {Bias(T)} . (4.30)

Percent bias is calculated by dividing the bias by the true value 7" and multiplying by
100%. The coverage probability of 95% CIs were calculated according to

5000
D o1 Lreqe ue)
5000

Coverage probability(T') = (4.31)

where (1°, u°) represents the lower and upper bounds of the 95% Wald CI calculated for the

cfh estimate, T¢. The bias, MSE and coverage probability for the stratum-level estimator
T'(h) were calculated similarly.

4.4 Results

4.4.1 Simulation Results

The percent bias of the estimators for the four strata and the artificial population are
shown in Figure 4.2. We differentiate only between the estimator type (IPW or Héjek)
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and not between assumed stage II design in showing these results because the different
designs only affect the variance, not the point estimate. For all strata and the population,
the Hajek estimator results in a larger magnitude of bias than using IPW, and tends to
be biased upwards. The largest magnitude of percent bias is seen when estimating the
total for meter stations, at 4.2% bias. The percent bias tends to be larger for strata with
lower true totals. This is likely due to the lower detection probabilities, leading to smaller
sample sizes at stage III. For the population total, both approaches have low bias below
0.5%.
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np/Np = 0.83 ny/Nj, = 0.56 np/Np = 0.84
True total = 3.3 kt/y True total = 3.3 kt/y True total = 7.4 kt/ly
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Figure 4.2: Percent bias for different estimators of the stratum totals 7'(h) and provincial
total T

The MSE results of the simulation study are shown in Figure 4.3 for the approaches
which considered uncertainty at stage II. The MSE are very similar between the Hajek
and IPW approaches for all strata, except for the meter stations stratum, where IPW has
noticeably lower MSE. In all cases, the biggest contributor to the MSE is the variance.
Despite the Hajek estimator being more efficient than IPW in many situations, in this sim-
ulation study we see little to no efficiency gains in using the Hajek estimator. Conclusions
are similar for the approaches which did not consider stage II uncertainty.

The coverage probabilities of the estimation approaches are shown in Figure 4.4. The
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Figure 4.3: Mean squared error for different estimators of the stratum totals 7'(h) and
provincial total T" when considering stage II uncertainty, including the contribution from
bias and from variance.

approaches which used the true stage II sampling design (D = 365) give coverage the
closest to the nominal level. The differences between IPW and Héjek are marginal. When
considering the true stage II design, the coverage probability is at the nominal level for
crude-oil single well batteries, only slightly below 95% for meter stations, compressor sta-
tions, and the population total, and below 90% for sweet gas plants. Ignoring the stage
IT uncertainty by setting D = d, in the analysis leads to reduced coverage probability
for all strata. This is especially pronounced for the sweet gas plants stratum, which has
the lowest coverage probabilities in general. This is likely due to the underlying emission
distribution of this stratum. The log-normal distribution fit to the sweet gas plants data
had the largest variance out of four stratum included in the simulation, which leads to
skewness in the log-normal distribution, which could explain why the performance is worse
for this stratum.
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Figure 4.4: Coverage probability of 95% Wald CIs for all estimation approaches by stratum.
The dotted line represents the nominal coverage probability.

4.4.2 Data Analysis

In this section, we apply the methods described in Section 4.3 to calculate a provincial
methane inventory for the data described in Section 4.2. The data analysis was performed

with the R package methaneInventory, available on GitHub from https://github.com/
augustinewigle /methanelnventory.

We analyse the BC data in eight different ways, using different approaches to estimate
7pt. (either IPW or H4jek estimator), different approaches to model the selection of days in
stage II, and different approaches to address measurement uncertainty. We also compare
the results to the published inventory compiled in Johnson et al. (2023) using the nested

MC approach. The different stage IT and measurement uncertainty approaches are detailed
below.
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We use two different values for D in the stage II design to illustrate the ability of
our method to incorporate uncertainty due to the number of days sampled. First, we
assume that the population of interest is represented by the d, days on which we sampled
component p. In other words, we let D = d, for component p. From this perspective, the
sampling at stage II contributes nothing to the variance, since we are sampling the entire
population. This is an equivalent treatment to the main analysis presented by Johnson
et al. (2023). Second, we set D = 365, treating the year as the population of interest.
Changing the D value only impacts the variance estimate and does not change the point
estimate.

We also consider measurement error in two different ways. First, we investigate the
possibility of avoiding any MC steps by performing a bias correction to the measured emis-
sion rates. We multiply all measured emission rate values by the bias correction factor in
Equation 4.3, and then apply the methods in Section 4.3.2 without using the measurement
uncertainty MC. This provides a rough estimate where we account for measurement bias,
but assume that measurement uncertainty is otherwise negligible. The other approach is
to consider both the bias and uncertainty coming from measurement error by applying Al-
gorithm 1. No bias correction to the measured rates is required with this approach because
the MC simultaneously corrects for bias and variance. When the measurement uncertainty
algorithm is applied, we use B = 5000 MC iterations. Convergence was assessed by plot-
ting s + v + V' versus the number of MC iterations for each stratum. The different
approaches to measurement error can impact both the point estimate and the variance
estimate.

Estimates of the total measurable methane emissions for the province of BC in 2021 for
eight different multi-stage approaches and the nested MC approach of Johnson et al. (2023)
are shown in Figure 4.5. The point estimates within the same estimation approach (multi-
stage Héjek or multi-stage IPW) are very similar regardless of the uncertainty sources
considered. The multi-stage Hajek approach gives point estimates of the provincial emis-
sions that are slightly higher than the nested MC approach, while the multi-stage IPW
approach leads to slightly lower point estimates. This is not too surprising based on the
simulation study results, where we observed upwards bias with the Héajek estimator for
some strata. As expected, considering additional sources of uncertainty (stage II, measure-
ment) increases the variance estimate for both multi-stage approaches.

Based on the simulation results, we expect the multi-stage IPW approach to be un-
biased with respect to the ptg-design and we should account for all possible sources of
uncertainty. Thus, we expect the most reliable multi-stage approach to be the multi-stage
IPW estimator which accounts for stage I and measurement uncertainty. The 95% CI for
provincial emissions using this approach is (85.2 kt/y, 132.4 kt/y), whereas the nested MC
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Figure 4.5: Point estimates and 95% ClIs for all methods compared on the BC data. In
the legend, considering stage II indicates that D = 365 whereas ignoring stage II indicates
that D = d,. Similarly, considering measurement uncertainty means the measurement
uncertainty MC algorithm was used while ignoring measurement uncertainty means that
the bias-correction method without the algorithm was used.

approach gives a 95% CI of (92.3 kt/y, 136.5 kt/y), which is slightly narrower (a length
of 47.2 kt/y versus 44.2 kt/y). While the CIs overlap significantly, the multi-stage IPW
approach suggests slightly lower emissions. This could be due to the use of the symmetric
Wald CI in this approach, whereas the nested MC method uses quantile-based ClIs that
allow for asymmetry.

In Table 4.2, we show the total emissions estimate and variance estimates by source
for each stratum, using the multi-stage IPW approach considering both stage II and mea-
surement uncertainty. There is important variation between strata. Two strata which
are not shown (enhanced recovery schemes, water and waste) had no non-zero methane
measurements in the survey data, and so we conservatively estimate that they emit zero
methane over the year. Apart from those two strata, the lowest emitting stratum is tank
farms and natural gas liquid storage, which is estimated to emit 0.026 kt/y. This contrasts
with the highest emitting stratum, compressor stations, which is estimated to emit 44.937
kt/y. The top four highest emitting strata account for over 80% of the total estimated
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Table 4.2: Estimates of the total methane emissions in BC for 2021, variance estimates by
uncertainty source, and total variance estimates by stratum using the multi-stage approach
with IPW considering all three stages and measurement uncertainty. Due to rounding,
small non-zero values are shown as 0.00. Acronyms: GP = gas plant, MWB = multi-well
battery, LNGP = liquid natural gas plant, CO = crude oil, CTF = custom treating facility,
GGS = gas gathering system, SWB = single-well battery, MS = meter station, TF = tank
farm, NGL = natural gas liquids.

Stratum Total Estimate \71 \~/H \7111 v VTOtal
(kt/y) (Ikt/]?) (Ikt/]?)

TF and NGL 0.026 | 0.000 0.001 0.000 0.000 0.001
Water Hub Battery 0.097 | 0.000 0.000 0.004 0.002 0.007
MS 0.162 | 0.003 0.001 0.000 0.001 0.006

CO SWB 0.194 | 0.001  0.003 0.003 0.002 0.008

Gas SWB 0.227 | 0.012 0.008 0.000 0.006 0.027
Disposal/storage 0.385 | 0.038 0.023 0.000 0.007 0.068
Mixed OG Battery 0.391 | 0.000 0.014 0.000 0.005 0.019
CO MWB 0.764 | 0.002 0.101 0.001 0.016 0.119
CTF and GGS 0.801 | 0.108 0.032 0.007  0.028 0.174
GP Acid Gas Low 3.805 | 0.267 0.184 0.003 0.072 0.525
Gas MWB (group) 4.754 | 1.022  0.771 0.001  0.432 2.227
Other GP and LNGP 8.473 | 0.446  2.056 0.005 0.472 2.978
Wells 12.364 | 9.136  0.680 0.151  1.704 11.670

Gas MWB (effluent) 14.227 | 1.398 1.613 0.010  0.426 3.448
GP Sweet 17.240 | 4.021 3.481 0.201 2.476 10.178
Compressor Stations 44.937 | 80.099 23.502 0.015 9.816 | 113.432
Population 108.847 | 96.552 32.470 0.401 15.561 | 144.984

emissions for BC. Compressor stations accounted for an estimated 41.3% of total provin-
cial emissions. The next highest-emitting strata are sweet gas plants, wells, and multi-well
gas batteries (effluent), contributing 15.8, 13.1, and 11.4% of emissions respectively. The
remaining strata account for an estimated 18.4% of the total emissions. These findings
align well with those obtained using the nested MC method, for example, they find the
same top four emitting strata.

Turning to the variance decomposition, the variance estimate for the provincial total
and the contribution from each uncertainty source using the multi-stage IPW estimator
with and without measurement error are shown in Figure 4.6. With both approaches,
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Figure 4.6: The estimated variance contributions for the provincial total from different
uncertainty sources, with and without considering measurement error through the MC
algorithm. Results are from the multi-stage IPW approach where stage I uncertainty was
considered.

the biggest contributor to uncertainty is sampling error due to the facilities, followed by
sampling error due to the days. Addressing these sources of uncertainty in future survey
designs could lead to more precise estimates. A key difference between the approaches with
and without measurement error is that the estimated variance contribution from each stage
increases when measurement error is considered. We expect this is due to the fact that
the underlying distribution for each measurement is right-skewed, and the bias-correction
approach only addresses the bias, but does not adequately capture the variance. On the
provincial level, when all four uncertainty sources are considered, detection uncertainty is
the smallest contributor to the variance.

We can investigate the variance breakdowns within individual strata. Figure 4.7 shows
the percentage of the total variance from each source for every stratum. Uncertainty in
higher emitting strata tends to be dominated by stage I or stage II. Lower emitting strata
are more likely to have measurement uncertainty and detection uncertainty contribute an
important amount to the variance. This suggests that reducing the variance in a particular
stratum total estimate will require a tailored, case-by-case approach.
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Figure 4.7: Percent contribution to the estimated total variance by uncertainty source
for every stratum in the BC data. Strata are organized from highest (top left) to lowest
(bottom right) emitting. The results are from the multi-stage IPW approach which includes
stage II and measurement uncertainty. Acronyms: GP = gas plant, MWB = multi-well
battery, LNGP = liquid natural gas plant, CO = crude oil, CTF = custom treating facility,
GGS = gas gathering system, SWB = single-well battery, MS = meter station, TF = tank
farm, NGL = natural gas liquids.



4.5 Discussion and Future Work

We showed how a multi-stage framework can be leveraged to quantify measurable methane
emissions given data from a complex aerial survey. We also proposed a MC algorithm which
leverages knowledge about the survey technology to incorporate measurement uncertainty
into the multi-stage approach. Overall, the methods account for the four key sources of
uncertainty in aerial surveys of methane emissions from OG production facilities: sampling
components, sampling days, detection uncertainty, and measurement uncertainty. The
results yield similar insights to the nested MC approach that is the current standard
for developing measurement-based inventories, with the additional ability to explicitly
decompose the variance contribution from different uncertainty sources.

An advantage of the multi-stage approach is its relatively low computational burden
compared to the currently used approach. Our approach has reduced computational needs
in two ways. First, the currently used approach relies on a complicated MC approach to
account for measurement and detection error where numerical integration and root-finding
methods are needed at every iteration (Johnson et al., 2023). By addressing detection error
using [IPW or Héjek estimation, we can significantly simplify the MC algorithm needed to
quantify measurement uncertainty. Second, by deriving analytical formulas for estimators
and Cls, we remove the need for a bootstrap or other MC approach to be nested within the
measurement error MC. The existing nested MC approach requires a total of B¢ x BBS
MC iterations, where BM® is the number of iterations in their initial MC and B?° is the
number of bootstrap samples taken in the mirror-match bootstrap. Alternatively, since
our approach does not rely on a bootstrap procedure, our approach requires only B MC
iterations in total, where B is the number of iterations in the measurement uncertainty
algorithm. Johnson et al. (2023) require a total of 10> MC iterations to produce their
inventory for BC, while we used only 5000. Additionally, the code used to implement
the nested MC approach is not publicly available, while we provide an open-source R
package, methanelnventory, which makes the methods described herein accessible, available
at https://github.com/augustinewigle /methanelnventory.

It is unclear whether the use of the Héjek estimator provides benefits over IPW in the
context of estimating methane emissions from OG. Although it is known that the H&jek
estimator is more efficient than IPW in many contexts, the variance estimates for the Hajek
estimator were larger than those for IPW in the data analysis for the province and for a
majority of strata (when stage IT and measurement uncertainty were considered). It also
gives larger point estimates for the totals. Another downside to the Hajek estimator is that
it requires manipulation of the stage II and III designs in order to analyse the data, which
interferes with the interpretation of the variance decompositions for those stages. Overall,
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more investigation is needed to understand which stratum and population characteristics
lead to efficiency gains from using the Héjek estimator. Our proposed Hajek approach
may be useful in other survey contexts where detection error or non-response contributes
significantly to the variance and also leads to empty samples.

In the data analysis, we assume the design at stage II is a SRS of d, out of D days. In
reality, the sampling process was more complex. A second day of sampling for a component
p was only carried out if there were any detections at the entire site containing p on the
initial survey day. This means that the number of days p is sampled, d,,, is actually random,
which is not considered in the current variance estimate. The probability that two surveys
are conducted at component p is related to the probability of having any detections at the
site containing p on day t;, where ¢, is the day where the initial survey was conducted for
component p. This probability is given by

Qv

T =1- H H(l = Dptag)-

u€EsiteDp g=1

If ~, is approximately zero or one, then d, is effectively fixed. We calculated conservative
estimates of 7,, where the facility was used in place of the site. The first quartile of the
estimated 7,’s was 1.00, showing that the assumption that d,, is fixed is reasonable.

Another way in which the data departs from the assumed SRS of days is that sampling
was only possible over a relatively short time period. This limits our ability to capture
any potential long-term temporal patterns, such as seasonal variation in emission rates. In
the SRS, we assume all 365 days have an equal chance of being selected. In reality, only
days that are relatively close together have a non-zero probability of being selected, which
requires complex modelling to describe. We chose to use a SRS because it is a simple
way to incorporate the fact that we want to estimate a quantity that relates to 365 days
using only one or two days of data. Johnson et al. (2023) performed a sensitivity analysis
where the day-to-day variability was exaggerated via a bootstrap procedure to investigate
its impact on the estimate and its uncertainty. In future surveys, sampling could be
carried out in a way which more closely resembles SRS and covers a wider temporal range.
However, feasibility considerations may prevent the days from being selected using a true
probability design. The temporal variations that can be expected at OG facilities are still
an open question in the literature. More complex and realistic sampling designs could be
implemented in the multi-stage approach as new information on temporal variations in
methane emissions from OG becomes available.

The sampling at stage I is also impacted by practical constraints which make following
any probability design difficult. Analysing the data as if it were a probability sample is

97



in line with the established method where a stratified sampling scheme is assumed in the
mirror-match bootstrap (Johnson et al., 2023). It is important to be aware of the potential
implications of the simplifying assumptions made when translating the true data collection
process to a statistical probability design to be used in the analysis. In particular, any
facilities which are deemed inaccessible will have a true inclusion probability of zero. If
the part of the population which has zero probability of being sampled differs from the
population with non-zero probability of being sampled, the estimates could be biased.
For example, if the northern facilities in BC which could not be sampled due to their
remoteness tend to emit more than the sampled southern facilities, the results of the
survey will underestimate total emissions since the surveyed facilities do not represent the
population. Efforts should be made to include as many facilities as possible in the list of
candidate sites for surveys. If it is necessary to exclude a group of facilities, any possible
systematic differences between the surveyed facilities and the excluded facilities should be
investigated and reported with the inventory. Additionally, results can be presented for
the population (involving extrapolation for the portion of the population which had no
chance to be included) alongside an estimate specifically for the surveyed facilities (that
is, the facilities in the population which had a non-zero inclusion probability) which may
not represent the population of interest, but will be unbiased. In the case of the BC data,
we would report the inventory estimated for the southern facilities alongside the province-
wide inventory. This is as simple as estimating an inventory where the facility population
sizes are equal to the sample sizes. The results for this analysis using the multi-stage
IPW estimator, the measurement uncertainty MC and considering stage II uncertainty are
available in Appendix C.8.8. If data about the systematic differences between included
and excluded facilities are available, an area of future work would be to develop weights
which account for the sampling bias.

A key strength of our approach is that it can be leveraged in the planning of future
surveys. Uncertainty due to the sampling of facilities and days contribute significantly
to the uncertainty of population estimates. These also happen to be the two sources
of uncertainty over which we have the most control, assuming we are not in a position
to improve the technical abilities of the technology used to make measurements. The
variance contribution from stages I and II can easily be predicted by plugging different
sample structures into the true variance formulas for T given in Appendix C.4, where
different representative values for 7p.. based on previous data can be used. This gives a
simple approach to identify efficient sampling designs in terms of sampling error, something
that is not possible in the existing approach (Johnson et al.; 2023). A rigourous approach
to determining an optimal survey design is a possible avenue of future work.

We performed a simulation study evaluating the performance of the multi-stage esti-
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mators in the absence of measurement error, and found that they have good performance
when the daily design is properly accounted for. An important next step is to conduct a
more extensive simulation which considers measurement error. This will enable the vali-
dation of the measurement uncertainty MC approach described in Section 4.3.5, as well as
a formal comparison to the bias-correction approach used in the data analysis.

It is important to note that the approach proposed herein only estimates measurable
emissions; that is, emissions which have a non-zero detection probability. Estimating
emissions which are too small to be detected using GML require alternative data collection
and estimation techniques. Methods for estimating unmeasurable emissions are covered in
Johnson et al. (2023). Due to the good performance of the GML technology, measurable
emissions have been found to account for a majority of total methane emissions from
upstream OG in multiple studies of different oil-producing regions (Johnson et al.; 2023;
Conrad et al., 2023c,a). The presented methods are therefore an important contribution
to advancing the ease and accuracy of estimating OG methane emissions as a whole. The
methods can also be adapted to any MDQT, provided that the probability of detection
function and measurement error distribution are available. Accurate statistical models
for measurement error from a variety of MDQTs are therefore important for enabling the
broader use of these methods.
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Chapter 5

A Bayesian Approach for Estimating
Uncertainty in Measurements from
Methane Emission Quantification
Technologies

5.1 Introduction

Due to the OG industry’s significant contribution to methane emissions, many countries
have enacted policy interventions focused on reducing emissions from this sector. Interven-
tions include setting targets for methane emissions reductions and mandating LDAR pro-
grams (Climate and Clean Air Coalition, 2021; Environment and Climate Change Canada,
2016). These data-driven initiatives rely on measurements of methane emissions from a
wide range of technologies, and are thus subject to quantification uncertainty. It is impor-
tant to characterize the measurement uncertainty associated with a jurisdictional methane
inventory, such as one compiled using the methods from Chapter 4, as year-to-year trends
in inventories can inform future climate policy decisions and only considering point esti-
mates may obscure or exaggerate important changes (Solazzo et al., 2021; MacKay et al.,
2021; Conrad et al.; 2023¢). LDAR programs should be optimized with quantification un-
certainty in mind to give the best trade-off between cost and emissions reductions, as high
quantification uncertainty can impact the cost-effectiveness (Fox et al., 2021b). In order
for methane inventories to be reported with appropriate uncertainty and LDAR programs
to be designed optimally, accurate and accessible models for the uncertainty associated
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with measurements from MDQTs are needed.

A wide range of technologies have been deployed to quantify methane emissions from
the OG industry, including quantitative OGI (QOGI) cameras (Wilson, 2016; Mitchell
et al., 2()1 ; Kang et al., 2022); stationary (IHeltzel et al.; 2022) and mobile (Brantley
et al., ll Atherton et (11 2017; Caulton et al., 2018) methane concentration sensors;
and aerlal ((, onrad et al., 2()23(, bh(‘,rwm et al, 2021) and satellite-based (Varon et al.,
2019) measurements. All of these systems use a physics-based measurement model to
produce an emission rate.

The physics-based measurement models can provide insights into the uncertainty of
methane emission estimates, and how specific technologies should be deployed to mini-
mize these uncertainties. Measurement models may be very complex or unavailable to
researchers due to proprietary aspects of the technology. Further, results of a purely
physics-based uncertainty estimate may not agree with what is observed in real-world sce-
narios due to missing or inadequate modelling of external uncertainty sources. Moreover,
existing physics-based uncertainty analyses do not typically include guidance for how the
results should be applied in practice, and there is a lack of consistency in reporting of the
results (Caulton et al., 2018). For example, most published physics-based approaches do
not show how their results should be used to derive a 95% confidence interval based on
a given measurement from the technology. This presents a barrier to the application of
accurate measurement uncertainty models in the calculation of inventories or the modelling
of LDAR programs.

Data-driven approaches are an alternative to physics-based approaches which rely on
controlled release (CR) data, where methane is released at known rates, and technology
providers take measurements. The measurements can then be compared to the true release
rates to learn about the expected error of the technology. Many measurement campaigns
have been conducted with the goal of assessing the performance of MDQTs (Fdie et al.,
2020; Singh et al., 2021; Johnson et al., 2021; Bell et al., 2022; Sherwin et al., 2021; Conrad
et al., 2023b). However, data-driven approaches employed on these measurements have
mainly been limited to linear regression approaches (Edie et al., 2020; Singh et al., 2021;
Johnson et al., 2021; Bell et al., 2022; Sherwin et al., 2021), with the exception of Conrad
et al. (2023b), Who prov1de an approach to derive the distribution of the true emission rate
given a measurement from aerial GML technology, which was deployed in Chapter 4 to
incorporate measurement uncertainty into a methane inventory. A limitation of existing
approaches is that the models have a constant relationship between uncertainty and the
true emission rate (either strictly additive or multiplicative). Also, approaches often do
not account for the possibility that a technology may detect methane when there is none
being released. Finally, there is a lack of reporting on how the methods should be applied
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in different applications, such as in performing field measurements in LDAR programs or
as part of measurement-based surveys.

To address the lack of flexible and widely applicable approaches for quantifying uncer-
tainty in methane emissions measurements, in this chapter we propose a highly customiz-
able data-driven approach for characterising measurement uncertainty in methane emission
rates and provide guidelines for how the uncertainty results can be used in practice. In
Section 5.2.1 we describe a flexible Bayesian model for the measured emission rate given
a true emission rate which is fit to CR data. We then present an algorithm to find the
posterior distribution of the true emission rate given a new measurement made in the field,
such as part of a LDAR program, in Section 5.2.2. We describe a set of CRs for a variety
of MDQTs in Section 5.3. In Section 5.4.1, we fit the Bayesian uncertainty model to the
described CR data. We demonstrate the use of the algorithm for use on new measurement
data in Section 5.4.2. Finally, we discuss our findings and possible avenues of future work
in Section 5.5.

5.2 Methods

5.2.1 A Flexible Model for the Measured Emission Rate Given
the True Rate

In this section, we describe a Bayesian model that answers the following question: For
a given true emission rate, what range of measurements could be expected, given the
observed CR data? The models described in this section are conditional on the data used
to fit the models, so their prediction accuracy can only be guaranteed for measurements
made under similar conditions. Additionally, the model is fit only to data where methane
was detected, and therefore does not account for missed detections.

Let Y; be the true emission rate associated with the ¢th observation in the measurement
campaign, and M; be the emission rate estimated by the technology for the 7th observation,
1 =1,...,n where n is the total number of observations for the given technology. Here, we
describe a likelihood that models the relationship between Y; and M;, given that methane
was detected. The relationship between Y; and the bias and variability of M, can be
complicated, since both may change over the range of Y;. Additionally, the relationship
between Y; and M; may not be strictly linear, such as the case in Figure 5.1. The model
must also account for the fact that all technologies may report a “false positive”, that is,
estimating a non-zero M; when Y; = 0.
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A flexible likelihood that fulfills these requirements is given by

log(M;) = log(vy;) + €, (5.1)

where

¢; ~ N(0, Var(g;)) (5.2)

and
Y; = median(M; | Y;).

This likelihood is normal on the log scale, which corresponds to a log-normal likelihood on
the measurement scale. The median of M; is modelled by a continuous piece-wise function
of Y;:
b = ag + a1Y; + apY? Yi <7
' o+ Bo+ (an + B1)Yi Yi> 7,

which is quadratic for values of Y; below a threshold v and linear above . To ensure that
the function is continuous at Y; = v, we impose the restriction that 8y = asy? — B17.

The specification of 1; can be modified to give the best prediction results and fit to the
data, depending on the detection technology. For example, the threshold parameter v, £,
and [ could be removed, which would give a quadratic relationship characterized by «y,
a1, and as over the whole range of Y;.

The model can be rewritten to facilitate interpretation by exponentiating both sides of
Equation (5.1):
Mi = ’(/)7, X GEi, (53)

where 1); is the median measurement for a true emission rate of Y; and e“ is equal to one
on average. That is, the function v; adjusts for systematic bias and e“ is a multiplicative
error term that accounts for remaining variation.

The likelihood in Equation (5.1) is an extension of the scheme proposed by Conrad
et al. (2023h). Their model is a special case of our likelihood where ag = 0, @y = 0, 5y = 0,
B1 =0, and Var(e;) = g% for all i = 1,...,n. In this version of the model, the median value
of M; has a multiplicative relationship with Y;, that is, ¢; = a; x Y;, and the multiplicative
error term has a constant variance over the range of Y;. Our model expands on this in
three ways. First, we allow for piecewise linear and quadratic relationships between the
median measurement and Y; and accommodate false positives rather than using a strictly
linear model which does not allow false positives. Second, the inclusion of the threshold
parameter v allows more flexibility in modelling the relationship between the median of
M; over the range of Y; rather than assuming a common median function for all Y;. Third,
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we investigate different variance structures for ¢; which can allow the variance to change
with Y; to more accurately model the patterns observed in CR data for some technologies.
Another difference is that Conrad et al. (2023b) investigate different distributions for the
error term, whereas we restrict ourselves to the log-normal distribution, but investigate
different forms for the median and variance that are motivated by the data. Finally, we
take a fully Bayesian approach to estimation and inference, whereas Conrad et al. (2023h)
use a (frequentist) maximum likelihood approach.

It is important to note that in this model the errors are additive on the log scale, which
implies multiplicative errors on the raw measurement scale as shown in Equation (5.3). The
simplest way to model the variation is to set the variance of ¢; to a constant, Var(e;) = o
for all 7. Multiplicative errors may be suitable for lower and moderately-sized emission
rates, but for large values of Y; purely multiplicative errors may overestimate variability for
some technologies. To accommodate this, we also propose using Var(e;) = (672 +Y;/n) ™!
as an alternative variance structure for ¢; which allows the variability of the error terms
to decrease with increasing Y; while also ensuring that the variance is continuous along
the range of Y;. With this variance form, when Y; = 0, the variance on the log scale is
equal to o2, which decreases as Y; increases. The parameter n controls how quickly the
variance decreases with Y;. The approach to choosing an appropriate likelihood, including
the variance specification, is described below.

Table 5.1 summarizes the parameters in the likelihood, their units, scenarios in which
they may be included or removed, and interpretations of their roles in the model. As
with any Bayesian model, an appropriate prior distribution depends on the context of
the problem at hand, including pre-existing knowledge and the scale of the data. We
specify prior distributions with the units in mind, as well as considering the role of each
parameter in the model. A detailed discussion of the prior distribution specification is
given in Appendix D.1.

Model Selection

The Deviance Information Criterion (DIC) was used to guide model selection as it combines
goodness-of-fit while penalizing for model complexity to avoid over-fitting (Spiegelhalter
et al., 2002). We are also guided by plotting prediction bands derived from the posterior
predictive distribution of measurements for different values of Y; over a scatterplot of the
data used to fit the model. If the prediction bands show a much wider or narrower spread
than the data used to fit the model, this indicates that the variance is not modelled well.
The generalizability of the model may also be assessed by comparing the prediction bands
to additional data that was excluded from the model fit (“external data”). If the model
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Table 5.1: Summary of the units for each parameter in the likelihood, important to keep
in mind when specifying prior distributions. Exclusion criteria: * = may be removed if
technology does not have false positives in CR data, f = may be removed if its removal
leads to a simpler model which has adequate fit and predictive performance.

Parameter | Units Exclusion | Interpretation
criteria

o [M;] * Median measurement when Y; = 0

o Unitless None Coefficient for Y; in the quadratic relationship be-
tween ¢; and Y; (when Y; < v if applicable)

oD (M7t T Coefficient for Y;? in the quadratic relationship
between v; and Y; (when Y; < « if applicable)

Bo [M;] * 1 Change in intercept of linear relationship when
Y, >0

b1 Unitless 1 Change in slope of linear relationship when Y; >
0

~y [M;] T Allows relationship between Y; and 1); to change
when Y; > v

o? Unitless None Variance parameter

n [M;] T Allows variance to decrease as Y; increases -
larger value means milder reduction in variance

predictions are consistent with the external validation data, this is an encouraging sign
that either the CR data was collected in diverse conditions, or the bias and variance of
the measurements do not depend on factors which differ between the training and external
data. In either of these scenarios, the results are generalizable to different conditions.
Investigating the residuals, defined as the difference between the model-predicted value
(M;) and the observed data point (M), provides further insight into areas of improvement
for the model.

The DIC, prediction bands, and residual plots were used for model selection as follows:
First, the simplest model possible with constant variance was fit to the data (a multiplica-
tive model with a4 if there are no false positives in the data or a linear model with o and
ay otherwise). The DIC was calculated using JAGS. Prediction bands were compared to
the data used to fit the model and residual plots were inspected. If the prediction bands
were much wider or narrower than the spread of the data, this indicated that the variance
model should be explored. If the residual plots show structured and/or large residuals, this
indicated that the median parameterization may need to be modified. Models were then
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augmented as suggested by the diagnostic plots, refit, and DIC was re-calculated. This
process was repeated until the diagnostic plots were satisfactory and the DIC was at least
three less than that of the previous model.

5.2.2 Algorithm for Quantifying Measurement Uncertainty in
New Measurements

A key application of the models in Section 5.2.1 is calculating a credible interval for the
true emission rate based on methane measurements made in the field. Let M™*" be the new
non-zero measurement made in the field and Y"" represent the unknown true emission
rate associated with M"". We wish to know the distribution of Y™ given M"™*" and
our uncertainty model derived from CR data. Let M = (My,Y3,..., M,,Y,) be a vector
of the CR data for the technology under consideration. The distribution of interest is
p(Y"ew | M™* M). Using Bayes theorem, we can say that

p(Y" ™ | M, M) o< p(M"™ [ Y, M)p(Y™ ™ | M)
— p(MTLe'u) | Ynew,M)p(Ynew>, (54)

where the new measurement and true emission rate are modelled as independent of the
CR data. That is, we assume the distribution of true emission rates investigated in the
CR trials does not provide any information about the true emission rate observed in the
field. The distribution p(Y"*) can be thought of as a prior distribution representing our
beliefs about the emission rate distribution we expect to see. The distribution p(M™" |
Ymew M) is the likelihood of observing M"™ given Y™ and M. If we assume that the
new measurements obey the same uncertainty model as the CR data, then this distribution
is the likelihood selected in Section 5.2.1 for the given technology, marginalised over the
posterior distribution of the statistical model parameters.

We propose the use of a weighted bootstrap technique (also called sampling/importance
resampling) (Gelman et al., 2013; Smith and Gelfand, 1992) to obtain a sample from the
posterior in Equation (5.4). This requires

1. Drawing a sample from the prior p(Y ™).

2. Computing normalized weights proportional to p(M"¢” | Y™ M) for each element
of the sample from Step 1.

3. Resampling from the Step 1 sample using the normalized weights from Step 2.
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This algorithm is implemented in R functions included in the repository https://github.com/
augustinewigle/methaneUQ. A detailed description of each step of the algorithm is avail-
able in Appendix D.2.

5.3 Data

Several methane emission quantification technologies from different providers were evalu-
ated through two CR measurement campaigns executed at Carbon Management Canada
(CMC)’s Newall County Research Station near Brooks, Alberta, the first during April 20
- 26, 2022 and the second during September 25 - October 1, 2022. Providers conducted
measurements and analysed data in the same way they would deploy in a typical survey
scenario, for example, as part of an LDAR program. Providers compiled their own esti-
mates and provided them to the academic team. In a small minority of the cases, the
technology providers provided a null measurement due to sensor failures, or inappropriate
meteorological conditions such as excessive cloud cover. These null measurements were
excluded from the CR data for model fitting purposes.

The technologies which were evaluated in the CR campaigns were QOGI (3 different
providers), truck-mounted Tunable Diode Laser-Absorption Spectroscopy (truck TDLAS);
and aerial Near-InfraRed HyperSpectral Imaging (aerial NIR HSI). For a description of
the physical basis for each technology, please refer to Wigle et al. (2024). A summary of
the number of controlled releases completed for each technology provider and campaign is
given in Table 5.2. Anonymized release and emissions estimates data from both campaigns
are available at https://github.com/augustinewigle/methaneUQ.

To maximise the observed meteorological conditions in our CR data, we conducted two
campaigns at different times of year. We consider a range of release rates that correspond
to realistic scenarios from 0 to 80 kg/h. Finally, we performed releases from a variety
of industrially relevant scenarios, including 1.7, 3.4, and 4.8 m tall stacks, an unlit flare,
and a storage tank. Due to the location of the measurement campaigns and modality of
several technologies, it was not possible to carry out fully blinded CRs where the technol-
ogy providers were unaware of the existence, location, and release rate of CRs. Instead,
providers were aware of the existence and location of releases, but not the rate.

In addition to the data from the two measurement campaigns, CR data reported by
Conrad et al. (2023b) on the Bridger GML technology described in Chapter 4 was used to
demonstrate the applicability of the methods. This technology is a type of TDLAS, and
in this chapter, we refer to this technology as the aerial TDLAS technology. The range of
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emission rates investigated in this CR data is from 0.4 to 66 kg/h. Some of the releases were
conducted where the provider was aware that releases were being conducted, but not the
location or amount being released, and some were conducted alongside a contracted survey
so the provider was completely unaware that controlled releases were being performed,
representing a superior degree of blinding. A total of 404 non-zero measurements were
available. For more details, see Conrad et al. (2023h).

Table 5.2: Summary of technologies, providers, and number of non-zero measurements
from the CR campaigns conducted at the CMC facility in Alberta. N; and N, refer to
the number of observations collected for a given technology during the first and second
campaigns, respectively.

Technology Ny | Ny
QOGI Provider A | 117 | 0
QOGI Provider B | 0 71
QOGI Provider C | 14 | 106

Truck TDLAS 142 | 125
Aerial NIR HST | 46 | 37

5.4 Results

5.4.1 Uncertainty Model Results

The model described in Section 5.2.1 was fit to the available CR data for the six technol-
ogy/provider combinations. The likelihoods selected for each type are summarized in Table
5.3. The results are conditional on the CR data used to fit the models, therefore we com-
ment on the generalizability of the models to an arbitrary release scenario by comparing
to external data, if available.

QOGI

Prediction bands and posterior median predictions are shown for QOGI Providers A, B,
and C in Figures 5.1, 5.2 and 5.3, respectively. All QOGI technologies underestimate
emissions on average. The likelihoods from QOGI Providers B and C are best modelled
using a quadratic function for the median below a small threshold, and a linear function at
larger release rates. QOGI Provider A is best modelled using a quadratic function for the
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Table 5.3: Summary of selected models for each methane quantification technology
provider.

Technology Selected likelihood
¥; (Median of M;) Var(e;)
QOGT A ap + arY; + apYy? (e +Yi/n)~!
QOGI B wFa¥ita)? o Yi<y o2
ag+ Bo+ (o +B1)Y; Yi>n.
QOGI C Q0+ i+l LT (672 +Yi/n)™!
Oéo+ﬂo+(6¥1+61)}/; Y;>"y
Truck TDLAS ap + a1 (0> +Yi/n)~
Aerial TDLAS aY; (02 +Yi/n)™"
Aerial NIR HSI ag + a1 Y; o’

median. The releases measured by Provider A have a more limited range than the other
QOGTI technologies with a max Y; value of 30 kg/h, compared to 80 kg/h for Provider C
and 50 kg/h for Provider B. For QOGI technologies in general, the likelihood has more
curvature in the lower range of Y; while a linear relationship on the log scale is suitable for
higher release rates.

QOGI Provider C was present for both campaigns. Only 14 measurements were made
for this technology at the first campaign, which we use as external data. These data points
fall within the 95% prediction band, suggesting that the model is generalizable. The other
technology providers were only present for one campaign and thus no external data are
available for these providers.
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Data type
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Figure 5.1: Uncertainty quantification model results for QOGI Provider A. The model was
fit to data from the first campaign. No external data were available.
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Figure 5.2: Uncertainty quantification model results for QOGI Provider B. The model was
fit to data from the second campaign. No external data were available.
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Data type
A External (first trial)

© Used to fit model (second trial)
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Figure 5.3: Uncertainty quantification model results from QOGI Provider C. The model
was fit to data from the second campaign. CR data from the first campaign was used as
external data.

TDLAS

Results from the selected models for truck and aerial TDLAS systems are shown in Fig-
ure 5.4 and the left panel of Figure 5.5 respectively. The truck-based TDLAS tends to
underestimate emissions, while the aerial-based TDLAS overestimates on average.

For truck-based TDLAS, the model was fit using data from the second campaign, while
data from the first campaign were used as external data to assess the model’s generaliz-
ability. Most of the external data points fall within the prediction bands. However, the
median trend appears different for the external data. A possible explanation for this is
that weather conditions may have differed between the two campaigns. The generalizability
would be improved if more CR data were collected and included in the model fitting.
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Figure 5.5 compares the predictions resulting from the Bayesian uncertainty model de-
rived for the aerial TDLAS and the one presented by Conrad et al. (2023b). The Bayesian
model gives narrower prediction bands than the other model, which is particularly notice-
able in the upper range of Y;. This is likely due to the different variance specifications
used in the models; the model by Conrad et al. (2023b) uses a constant variance whereas
the present model allows the variance to change with Y;. The median predictions are very
similar between the two models.

150 4
Data type
A External (first trial)

© Used to fit model (second trial)

Prediction
/ Posterior median prediction

, 7 Perfect prediction line

1004

o Prediction band
(HPD intervals)

- 50%

Measured Emission Rate (kg/h)

90%
95%

True Emission Rate (kg/h)

Figure 5.4: Uncertainty quantification model results for truck-based TDLAS data. The

model was fit to data from the second campaign. CR data from the first campaign was
used as external data.
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Figure 5.5: Side-by-side comparison of Bayesian model proposed in Table 5.3 and that
presented in Conrad et al. (2023bh) for aerial TDLAS.

Aerial NIR HSI

The prediction bands from the selected model for the aerial NIR HSI technology are shown
in Figure 5.6. The technology tends to overestimate emissions. The model was fit to
data from the second campaign, while data from the first campaign were used as external
data. The technology tended to underestimate the true releases during the first campaign
and overestimate the true releases during the second campaign. Conditions during the first
campaign were considered marginal due to excessive cloud cover and atypical of those under
which commercial measurements were conducted, while those of the second campaign were
nearly ideal. Given the different conditions between the campaigns, it is not surprising that
the model derived from data taken from the second campaign consistently overestimates
the observed data from the first campaign. Therefore, the model is not generalizable.
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Figure 5.6: Uncertainty quantification model results for aerial NIR HSI data. The model
was fit to data from the second campaign. CR data from the first campaign were used as
external data.

5.4.2 Example of Quantifying Uncertainty in New Measurements

We now demonstrate how the models developed in the previous section may be used to
estimate uncertainty in a new measurement using the QOGI Provider C model as an
example. The weighted bootstrap algorithm described in Section 5.2.2 and Appendix D.2
was followed with L = 5000, J = 10,000, and K = 4000.

When conducting QOGI measurements, a key operational consideration is the number
of independent measurements that should be made, given the well-known variability of
this technology. Accordingly, we consider two measurement scenarios: one where a single
measurement of a source is made, and one where five independent measurements of the
same source are made. We also investigate two different prior distributions, p(Y"™*), to
show how information flows from the prior to the posterior distribution.
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We simulate the process of performing measurements in the field as follows: First, we
choose a hypothetical true value for the source we will measure, Y; = 25 kg/h. Then,
we simulate measurements by drawing from the posterior predictive distribution, p(M; |
M;,Y; = 25 kg/hr). To demonstrate how prior information impacts the estimates, we
consider two different prior distributions, reflecting different degrees of prior information
that may be available at the time of the measurement. We investigate four different
scenarios:

1. Only one measurement, M = 19.7 kg/h, is drawn, and p(Y"*") is a uniform
distribution from 0 to 200 kg/h.

2. Five measurements are drawn, M{¢* = 19.7 kg/h, M3 = 11.6 kg/h, MP" =
8.4 kg/h, Mpe* = 18.1 kg/h, and MF*" = 17.0 kg/h, and p(Y"*") is the same uni-
form distribution as Scenario 1.

3. Only one measurement, M7 is used, and p(Y"*") is a log-normal distribution,
which is often used to model leak rate distributions (Zavala-Araiza et al., 2018). We
set the shape parameter to 1, location parameter equal to zero, and scale parameter
equal to 2.6 (NIST, 2023).

4. All of Mpew, ..., MP" are used, and p(Y"") is the same log-normal distribution as
Scenario 3.

The different information expressed in the two priors is shown in the grey histograms
in Figure 5.7. The uniform prior expresses that all values between 0 and 200 kg/h are
equally likely. This may be a naive choice, because surveys have shown that extremely
high emitters are much less likely than lower emitters (Brandt et al.; 2016; Zavala-Araiza
et al.,; 2018). The log-normal prior expresses that there is about a 50% chance that the
emission rate is less than 13.6 kg/h and 75% chance that the emission rate is less than 26.2
kg/h, with very large values being rare, but possible.

The posterior distributions for different numbers of measurements are shown along with
the corresponding priors in Figure 5.7. The posterior distributions are not centred around
the measured values, which were all less than the true value of 25 kg/h. This is a reflection
of the results shown in Figure 5.3, where it is clear that the technology systematically
underestimates the true emission rate. It is also clear to see the influence of the prior
distribution - the narrower prior distribution provides more information and narrows the
posterior distribution. It is therefore crucial that the prior distribution specified for Y " is
a true reflection of the state of knowledge about the plausible emission rates. The 90% Cls
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Figure 5.7: Prior and posterior distributions for the true value of the emission rate given
the observed measurement(s), prior distribution, and CR data. Posterior 90% CIs are
shown with dashed lines.

for Y™ given the measurement(s) and their lengths for the different settings are shown
in Table 5.4. The number of measurements made seems to have a bigger impact on the
length of the CI than the prior distribution used.

An important consideration when applying this algorithm is that the error model will
only reflect the true measurement uncertainty if the new measurement was obtained under
conditions similar to those under which the CR data were obtained. In particular, we
caution against fitting error models to CR data collected only in ideal operating conditions,
because the resulting Cls will be too narrow.
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Table 5.4: Summary of 90% credible intervals (CI) resulting from weighted bootstrap
algorithm for different priors and numbers of new measurements made.

Prior Number of Measurements 90% CI Length of CI
Unif(0,200) 1 (13.1, 71.7) 58.6
Unif(0,200) 5 (15.0, 37.2) 22.2

LogNormal(2.6, 1) 1 (2.1, 47.3) 45.2
LogNormal(2.6, 1) 5 (13.0, 34.1) 21.1

5.5 Discussion and Future Work

As highlighted by Figures 5.1 - 5.6, relying solely on measurements without considering
their uncertainty can lead to significant misinterpretations of the underlying emission rate.
In this chapter, we present a Bayesian approach to summarising the variability and bias
of a technology using CR data, and provide an algorithm for deriving the posterior dis-
tribution of a true methane emission rate, given the CR data and new measurement(s).
These methods can be useful as inputs to probabilistic simulations to assess the effective-
ness of LDAR programs or in calculating the uncertainty attached to estimated methane
inventories.

While not the focus of this work, a key finding of this study is that increasing the
number of measurements reduces the width of the posterior; that is, as we collect more
data, we can be more certain about the true value of the emission rate from a given source.
Table 5.4 shows that the uncertainty in estimating a true emission rate is reduced when
we have five measurements compared to only one measurement. The implications of this
result are immediately of significance for regulations regarding LDAR programs. Currently,
regulations on OG producers tend to specify the annual frequencies of LDAR surveys on
production sites and facilities. We have shown that the number of measurements made in
a given survey could have a significant impact on the precision of the estimated methane
emission rate. Therefore, in addition to specifying the annual number of surveys, regulators
would be advised to specify the minimum number of observations at any emission source in
each survey. Alternatively, and perhaps more appropriately due to the relationship between
uncertainty and true emission rate, a desired uncertainty range per emission source should
be specified, rather than the number of measurements. The models presented here could be
used to determine how many measurements should be performed for a certain technology
and emission rate to attain the desired uncertainty range.

Although extensive meteorological data were collected during the campaigns, we refrain
from incorporating them in the statistical models. This is because the goal of the models
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is to summarise the performance of a technology over a variety of conditions so as to
be as generally applicable as possible. To this end, the campaigns were conducted at
different times of year, involved different release structures, and each trial was carried out
over multiple days, so that the results could be used to assess the performance of the
technologies over a variety of conditions. In addition, we did not want our models to rely
on inputs that may not be available during regular operating conditions. Nonetheless, it
may be possible to improve the predictive performance of the models by incorporating
meteorological data into the likelihood.

The uncertainty contributed by a specific technology includes measurement uncertainty
as well as detection uncertainty. The methods in this chapter address measurement un-
certainty only. These components may be considered separately, and this has been imple-
mented by Conrad et al. (2023b). They found that the detection probability of Bridger’s
GML is related to different factors than the measurement uncertainty, emphasizing that
the two sources of uncertainty are distinct. An advantage of the Bayesian approach taken
in this chapter is that it lends itself well to model extension. A possible avenue of future
work is the modelling of detection probability and measurement uncertainty simultaneously
using a hierarchical Bayesian model.

The approach to creating a methane inventory presented in Chapter 4 utilises a distribu-
tion for the true emission rate given a measurement from the technology, which coincides
with the distribution derived by the weighted bootstrap algorithm, p(Y™" | M"¢¥ M).
The error models derived in this chapter could therefore be integrated into the measure-
ment error MC portion of the inventory approach. Improvements to the efficiency of the
algorithm would be beneficial in this application, and are an important area of future
work.
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Chapter 6

Conclusion

In this thesis, we have examined several problems in NMA and the quantification of
methane emissions. We proposed new methods in NMA to address knowledge gaps in
CNMA and uncertainty in treatment hierarchies. We proposed novel applications of sta-
tistical models to improve our understanding of uncertainty in methane inventories and
quantification technology measurements. We conclude by summarizing the contributions
of each chapter, and avenues for future work.

In Chapter 2, we identified an important difference in the underlying assumptions of
Bayesian and frequentist additive CNMA models. We showed that the original Bayesian
approach (an anchored approach) is sensitive to misspecification and proposed a more
robust Bayesian alternative (unanchored). We also discussed possible interpretations of
“placebo” or “no treatment” as the anchor, if assumptions are met. In a simulation study,
we demonstrated that when misspecified, the additive anchored Bayesian CNMA model
may result in biased relative effect estimates, incorrect CI coverage probability, and an in-
correct treatment hierarchy. On the other hand, our novel unanchored Bayesian methods,
along with the unanchored frequentist approach, are robust. We applied the anchored and
unanchored models to a published network. This research is an important step in con-
necting the fields of Bayesian and frequentist NMA. A possible avenue of future work is to
relax the additivity assumption by including interaction terms in the unanchored Bayesian
CNMA model and investigate the interpretations of the relative effect parameters in these
models. Another approach to relaxing additivity in the Bayesian framework would be to
incorporate structure in the prior distributions on the relative effects of multi-component
treatments.

Chapter 3 focused on the challenge of quantifying uncertainty in a treatment hierarchy
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produced from an NMA. We proposed the Precision Of Treatment Hierarchy, or POTH,
a metric which quantifies the level of certainty in a treatment hierarchy from a Bayesian
or frequentist NMA. The metric is less subjective and easier to interpret than existing ap-
proaches, even when the number of treatments in the network is large. We offer guidance
on its interpretation, and provide an R function that can be used to obtain a relevant refer-
ence distribution for any given network. We also introduced leave-one-out POTH residuals
for quantifying the relative contribution of each treatment to the level of certainty in the
hierarchy, and best-k-treatments POTH as a way to understand how the certainty changes
when we consider only the top k treatments. In an analysis of 267 published networks, we
found an empirical distribution of POTH and investigated the association between POTH
and the number of treatments in the network, the proportion of significantly different
treatment effects, and the estimated heterogeneity. Finally, we provide worked examples
to demonstrate the use of POTH with published datasets. Updating the database to in-
clude more recent networks and re-analysing it to obtain a more current distribution of
POTH is of interest. An important area of future work is a more detailed simulation study
which explores more factors and how they affect POTH, including increasing the number
of studies per comparison, network geometry, and different relative treatment effects.

In Chapter 4, we presented a novel application of a multi-stage sampling framework to
estimate methane emissions using aerial survey data, inspired by a real dataset collected in
BC, Canada. First, we showed how the data collection process of a OG survey corresponds
to a multi-stage survey, accounting for detection error, daily variation, and sampling error.
We presented estimators for the stratum and population totals and their variances, an
interpretable breakdown of the variance by source, and showed how the Hajek estimator
can be used in this setting, even when there are empty samples. We also provided a
MC approach to combine measurement uncertainty with the multi-stage framework. We
conducted a simulation study based on the BC data to validate the properties of the multi-
stage estimators in the absence of measurement error. Finally, we applied the methods
to the BC dataset and compared our findings with the existing approach to analysing
the data. Our approach has similar findings, while providing additional insights into the
sources of variability and being less computationally intensive. This work can be extended
by incorporating more complicated sampling designs. It can readily be used to compare
the efficiency of sampling designs for future surveys. An approach to finding an optimal
sampling design is also of interest. Finally, as uncertainty models for more MDQTs become
available, the methods can be applied to a wider variety of datasets. This can potentially
have a broad impact as measurement-based surveys using various MDQTs become more
common (Johnson et al., 2023; Conrad et al., 2023c,a; Varon et al., 2019).

In Chapter 5, we proposed a data-driven approach to quantify uncertainty in measure-
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ments from different MDQTs. We provided a flexible Bayesian model for the measured
emission rate given a true emission rate, which is fit to CR data. We showed how a
weighted bootstrap algorithm can be used to incorporate new measurements and prior
information to obtain the posterior distribution of a true emission rate. We fit the flexible
Bayesian model to CR data for six different technologies, and showed that the methods
capture complex non-linear behaviour. We demonstrated the use of the weighted bootstrap
algorithm for different numbers of new measurements and prior distributions, and showed
how uncertainty could be reduced by making repeated measurements. An area of future
work for this project would be to use a hierarchical Bayesian model to account for both
detection uncertainty and measurement uncertainty. Another area of future work would be
to incorporate these models into the measurement error MC of the multi-stage approach
to estimating methane inventories proposed in Chapter 4. Improvements to the efficiency
of the algorithm will be important in this application.
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Appendix A

Chapter 2 Appendix

A.1 Implications of the Anchor

Consider a network where there are four different treatments, A, B, C, and D, and where B
and C are sometimes combined into a multicomponent treatment, B+ C. We will suppose
our outcome of interest is the number of cured patients, and so a large positive response
represents a more effective treatment. Assume that the magnitude of the treatment effects

are ordered as follows,
D <(C< B<A,

that is, A is the most effective and D is the least effective relative to the other treatments.

Now we will consider two different models; one in which treatment D is the anchor,
and one in which treatment A is the anchor. In the first model, treatment D is the anchor,
so we obtain the relative effect of B + C working on the scale relative to D, that is,

dp,p+c = dp,p +dpc. (A1)
We can write the single component relative effects relative to D as follows:
dD,D =0< dD,C’ < dD,B < dD,A-

Notice that because the relative effects are all positive relative to D, this implies that
dp p+c is greater than dp g or dp ¢ and so in this model, combining treatments B and C
results in a more effective treatment.
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On the other hand, let us consider a model where A is the anchor. Then we have
dapyc =dap+dac, (A.2)
and the relative effects are
dap <dac <dap <dga=0.

Now all of the effects relative to the anchor are negative, and so Equation (A.2) implies
that d4 p+c is less than either of d4 p or d4 ¢, meaning in this model, we expect combining
treatments B and C to be worse than either B or C' alone.

These two cases show how models with different anchors make different assumptions
about the effect of combining treatments. The model which is “best” will depend on the
data. In the example in this section, the two models have opposite implications for the
multicomponent treatment B+ C'. If the data shows that B+ C'is a better treatment than
B or C alone, than the first model will probably perform well, while the second model will
likely fit the data poorly. Overall, it is important to understand what is being used as the
anchor in the additivity equation, as some anchors may give a poor fit to the data.

A.2 Equivalence of Novel Bayesian Models

Theorem 2. The arm-based model in section 2.4.2 1s equivalent to the contrast-based model
i section 2.4.1, with the exception that the contrast-based method requires a normality
assumption when calculating the standard errors in the matriz S;.

Proof. Applying U} to a vector of observed log-odds ratios in each arm of trial ¢ will give
the data vector y;. More specifically, U, = 1 if the k™ arm is the minuend of the j*
contrast, —1 if the k*® arm is the subtrahend of the j' contrast, and 0 otherwise. The
rows of U sum to zero and the first column of U; contains all —1s. We can show that
multiplying U} by (2.16) gives equation (2.15):

Ui*logit(ﬂ'i) = Oéz‘Ui*]-lxai + Uz*‘/zd + Uz‘*ei
=U;Vid+e€
= 1
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noting that U;1ixs = O,—1)x1, and U/€; has the same probability distribution as €;.
The latter follows from Uje; ~ MVN,, 1(0,U;%,, _1xq,—1U;"), where

U'S., 1xa, 11U = 0.50°U; (J + U
= 0.50*(0 + U; IU}")
= 0.50%(U;U}")

= Eaiflxaifla

where J is an a; X a; square matrix of ones, O is an a; X a; matrix of zeroes, and I is the
a; X a; identity matrix. ]

A.3 Simulation Data Generation Mechanism

We adopt a data generation mechanism which produces arm-level data, and then transform
the resulting arm-level data to contrast-based summaries. See Appendix A.4 for details
on how the relative effect parameters were set. After setting the parameter values and the
network structure, datasets are generated from the model in Section 2.2.1. First, logit(7r;),
i=1,...,1 is drawn from Equation (2.2) and each binomial probability ;; is determined
via the inverse logit function. Then binomial counts for each arm R;; are drawn from
Bin(n,j, m;;).

Once outcomes are generated for all trial arms, the data are transformed to contrast-
level summaries. The appropriate summary for the contrast between arm 2 and arm 1 in
trial 7 is the log-odds ratio

* Riz/(ni — Ris)
Yin = log ( (A.3)
Ri/(nia — Rir)
with corresponding standard error SE;y = RL_Q + n_;m RL‘l n'liR'l (Borenstein et al.,

2011).

A.4 Parameter Calculation in Simulations

Here we describe the process by which we set the relative effect parameters. In each network
and sample size setting, we simulate two datasets corresponding to two different anchors.
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Let z and 2’ represent the first and second anchor treatments which are to be used in a
given network respectively. First, the relative effects of the single component treatments
relative to the first anchor treatment z, d.; are set. Then the relative effects for single
components with the second anchor as the comparator, d, i, are determined according to
the consistency equations, that is, d./, = d.; — d. .. The relative effect parameter vector
corresponding to z as the anchor is d®), a (C' — 1)-length vector containing the relative
effects for all components (except z) compared to treatment z, and similarly for d*).

The true multicomponent relative effects are needed to compute bias in the simulation.
The multicomponent effects relative to z when z is the anchor are given by the additivity
equation (2.1), that is, the sum of its component effects relative to z, and similarly for
when 2’ is the anchor. For comparison purposes, we transform the multicomponent relative
effects relative to 2’ using the consistency equations so we can compare the multicomponent
effects relative to z when z is the anchor to the multicomponent effects relative to z when
2’ is the anchor (these are shown in Table 2.3). That is, we compute d, j and d. j for all
multicomponent treatments according to d.p = > . d:p and doip = > o, d 5. Then we
calculate the multicomponent effects relative to z when 2’ is the anchor according to the

consistency equations, that is,

d, x(where 2’ is the anchor) = d,/ ,(where 2’ is the anchor) — d. .

= Z dz/,:c - dz’,z-

€k
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Appendix B

Chapter 3 Appendix

B.1 Ranking Probabilities in the Minimum-Certainty
Hierarchy Scenario

In Section 3.2, we defined the scenario where there is minimum certainty in a ranking to
be the case when all SUCRA values are equal to 0.5. We illustrate this scenario where all
ranking distributions are flat, that is, the probability that treatment i takes rank w is equal
to 1/N for all k and u from 1 to N. However, other configurations of ranking probabilities
are possible.

In Table B.1, we show two illustrative examples where the SUCRA values of all N =4
treatments are equal to 0.5, but the ranking probabilities are not all equal to 1/N. In the
first scenario, the ranking distribution for treatment 3 is no longer flat. The probabilities
are now higher for ranks 2 and 3 and lower for ranks 1 and 4. This corresponds to a
reduction in the variance of treatment 3’s ranking distribution compared to the variance
of a flat ranking distribution. However, the ranking distribution of treatment 4 must also
now be non-flat to compensate for this and maintain all SUCRA values equal to 0.5. The
ranking distribution of treatment 4 now has higher probabilities at the highest and lowest
ranks, corresponding to an increase in its variance compared to a flat distribution. In
general, if the variance of one treatment’s ranking distribution is less than that of a flat
ranking distribution, the variance of the ranking distribution of another treatment (or
treatments) must be greater than that of a flat ranking distribution. Recall that in Section
3.2.4, we argued that the variance of a treatment’s ranking distribution is a measure of
the certainty in that treatment’s ranking. Thus, when all SUCRAs are 0.5, any treatment
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with more certainty in its place in the hierarchy will be balanced by a reduction in the
certainty of the place of one or more other treatments.

Scenario 2 shows another example where the ranking distribution of treatments 3 and 4
are not flat and all SUCRA values are equal to 0.5. In this case, the variance of the ranking
distributions for treatments 3 and 4 are equal to the variance of a flat ranking distribution.
These distributions can be described as multimodal, since each treatment has two different
ranks with increased probabilities, and those ranks are not adjacent (for treatment 3, the
ranks are 1 and 3). This shows that there is still very little certainty about which rank the
treatments are likely to take in the hierarchy. Although the distributions are not flat, they
have the same variance as a flat ranking distribution, and they provide similar information
about which ranks the treatments are likely to take.

In summary, multiple configurations of probabilities are possible which give the min-
imum certainty in hierarchy scenario. If all distributions are not flat, any increase in
certainty (reduction in variance) must be compensated by a decrease in certainty (increase
in variance) in the ranking distributions of one or more treatments. Multimodality in the
ranking distributions which does not change the certainty in a treatment’s rank is also
possible. Thus, all possible configurations of ranking probabilities where SUCRA (k) = 0.5
for all £ provide the same amount of certainty about the treatment hierarchy overall.

Table B.1: Two scenarios illustrating different joint ranking distributions where all SU-
CRAs are equal to 0.5. In Scenario 1, the certainty in the rank of treatment 3 is increased,
with an equal and opposite decrease in the certainty of the rank of treatment 4. In Sce-
nario 2, both treatments 3 and 4 have multimodal ranking distributions which have equal
certainty to those treatments with flat ranking distributions.

Scenario 1 ‘ Scenario 2
Treatment (k) Treatment (k)

Rank (u) | 7 gy g gy
1 0.25 0.25 0.10 0.40]0.25 0.25 0.30 0.20
2 0.25 0.25 0.40 0.10|0.25 0.25 0.10 0.40
3 0.25 0.25 0.40 0.10|0.25 0.25 040 0.10
4 0.25 0.25 0.10 0.40 ] 0.25 0.25 0.20 0.30
SUCRA 05 05 05 05105 05 05 0.5
Efank(k)] | 25 25 25 25|25 25 25 25
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B.2 Obtaining A Simulation-Based Reference Distri-
bution for POTH

Suppose we have calculated POTH for a treatment hierarchy generated by an NMA and we
wish to obtain a relevant reference distribution. Our network comprises M pairwise com-
parisons connecting N treatments. The network structure is described by the M x N design
matrix B, as described in Section 1.1.2. Also important to distinguish our network is a
vector of the variances (squared standard errors) corresponding to the M observed pairwise
comparisons, SE? = (SE% SE3,...,SE?,)" and the estimated heterogeneity parameter 62,
which equals zero if a common-effect model was used. Let @ = (01, 0o, ..., On)' be a vector
of relative effects of the N treatments relative to an arbitrary reference treatment k£ which
describes our setting of interest. The reference distribution is that generated by repeated
sampling from a network with structure described by B, precision in the data determined
by SE?, true heterogeneity equal to 62, and with true relative effects 8. The methods
described in this section are implemented in the ‘refdist’ function of the R package poth.

The relative effect vector 8 should be set to represent a relevant reference point. A
common setting would be 8 = (0,0, ...,0)" which corresponds to no true treatment differ-
ences in the network. This setting allows us to understand the distribution of POTH in the
network described by B, SE, and 62 if all observed treatment differences are solely due
to chance. The use of no treatment differences as a reference point may be less relevant in
networks which include placebo and several active treatments if it is commonly understood
that placebo is inferior to any active treatment for the research question under considera-
tion. An alternative in this case is to set 8 = (d,0,...,0)’, where treatment 1 corresponds
to the placebo or inactive treatment. This corresponds to the assumption that placebo
is inferior to all active treatments by the value of d, while observed treatment differences
between active treatments are solely due to chance.

Once a suitable 0 is chosen, study-level relative effects are sampled according to

y ~ MVNy (BO,W_1), (B.1)

adj

where W4, as defined in Section 1.1.2. If there are multi-arm studies present, the simulated
relative effects from this model will not be transitive. Thus, for each a-arm study, we use
the first a — 1 simulated study-level relative effects to compute the remaining (;) —(a—1)
study-level comparisons to ensure the relative effects are transitive within the study.

A NMA model is then fit to the simulated data y with assumed standard errors equal
to SE. If a common-effects model was used to simulate the data, then a common-effects
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model is used to analyse the data, and vice versa. POTH is then calculated from the
resulting effect estimates and their standard errors as described in Section 3.2.3. The data
simulation and POTH calculation process is repeated L times to give a sample of L. POTH
values, representing the reference distribution.

B.3 Proof that V(N) is Uniquely Minimized Under
Maximum Certainty in the Hierarchy

We claim that there is a unique minimum for V() when pg, = 1 for u = E [rank(k)] and
pre = 0 for all v # u, for k = 1,..., N. We will show that this is a unique minimum by
showing that V(INV) = 0 implies py, = 1 for v = E [rank(k)] and pg, = 0 for all v # u, for
k=1,...,N.

If V(N) =0, then we have

0 — % Z Z (u—E [rank(k)])kau

k=1 u=1

— 0= (u—E[rank(k)])’pra ¥V ku=1,...,N. (B.2)

For (B.2) to hold, we have one of u = E [rank(k)] or px, = 0 for every u. Considering
the additional constraint that Zszlpku = 1 and Zivzlpk’u =1forall k,u=1,...,N,
this can only be satisfied where py,, = 1 for u = E [rank(k)] and 0 otherwise. Thus, V(N)
is uniquely minimized under the maximum certainty in hierarchy scenario. Further, this
shows that POTH is uniquely maximized under maximum certainty in the hierarchy.

B.4 Networks Producing Smallest and Largest POTH
in NMA Database

The network which produced the smallest POTH observed in the database of NMAs inves-
tigated the risk of death for different terms of dual antiplatelet therapy after drug-eluting
stents (Bulluck et al., 2015). There were four different time periods (treatments) investi-
gated and data were taken from seven studies. The record ID in nmadb is 482231. The
POTH calculated for this network was 0.096. In the simulation-based reference distribu-
tion where there were no true treatment differences, there was a 90.1% chance of having
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a larger POTH value. This indicates a very low level of certainty in the hierarchy, and it
would be likely to observe a similar or higher level of certainty even if there were no true
treatment differences.

The network which produced the largest POTH observed in the database of NMAs
regarded the relative risk of major cardiovascular events at different statin doses (Ribeiro
et al., 2013). Statins were classified as low, intermediate, and high doses and compared
to placebo, resulting in four treatments total. There were 39 studies in the network. The
record ID in nmadb is 501379. The POTH value is over 0.999. In a reference setting
where there were no true treatment differences, there was a 0% chance of observing a
larger POTH. We therefore have a high extent of certainty in the hierarchy and it would
be extremely unlikely to observe this level of certainty if there were no true treatment
differences.

604
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o
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Frequency
Frequency
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=]
1
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0.00 0.25 0.50 0.75 1.00 0.00 025 0.50 0.75 1.00
POTH POTH

"~ Observed
| POTH=0.096

"~ Observed

Pr(POTH > 0.096) = 0.901 | POTH = 1

Pr(POTH>1)=0
Figure B.1: Reference distributions for POTH where there are no true treatment differences

in the network with the lowest (left) and highest (right) POTH observed in the database
analysis.

The estimated between-study variance o2, the I?, and POTH for both networks are
shown in Table B.2. Forest plots for both networks are shown in Figure B.2.
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Comparison: other vs '1'
Treatment (Random Effects Model) RR 95%-Cl

1.00

1.07 [0.78; 1.47]
1.07 [0.77; 1.47]
0.99 [0.73; 1.33]

B ODN -~

0.8 1 1.25

Comparison: other vs '1'
Treatment (Random Effects Model) RR 95%-Cl

1 1.00
2 —— 0.55 [0.49; 0.61]
3 —_— 0.65 [0.60; 0.70]
4 - 0.77 [0.72; 0.83]
[ [ |
0.5 1 2

Figure B.2: Forest plots showing estimates and 95% ClIs for relative effects of network
producing the lowest (top) and highest (bottom) POTH in the database of NMAs.

Table B.2: Between-study heterogeneity (¢2), I?, and POTH for the two extreme networks
in the database.

‘ Lowest POTH Network ‘ Highest POTH Network

o’ 0.00 0.00
1% (95% CI) 0% (0-79%) 0% (0-37%)
POTH 0.096 0.999762

B.5 Extra Data Examples

Here we include two supplementary worked examples to further demonstrate the use and
interpretation of POTH. In each example, a random-effects NMA model was fit to the data
using the REML method to estimate heterogeneity.
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B.5.1 Antifungal Treatments to Prevent Mortality for Solid Or-
gan Transplant Recipients

A meta-analysis of treatments for preventing fungal infection in solid organ transplant
recipients was conducted by Playford et al. (2004). They report data from ten studies.
There are five treatments to compare; four anti-fungal treatments and a control. The data
is available in nmadb using record ID 501370 (Papakonstantinou, 2019). The outcome of
interest is mortality.

Comparison: other vs '‘Control’

Study P-score rPOTH (Random Effects Model) RR 95%-ClI
Liposomal amphotericn B 0.782 0.051 0.57 [0.15; 2.24]
Fluconazole 0.634 -0.018 — 0.85 [0.53; 1.37]
Itraconazole 0.462 -0.068 — 1.00 [0.47; 2.14]
Control 0.440 -0.028 1.00
Ketoconazole 0.182 0.113 1.79 [0.45; 7.17]
[ T T |
POTH = 0.326 0.2 05 1 2 5
1.00 4 _ % % ﬁ
0751 &z E 5 &
- 0.104
5 0.504 Lt
o 0.05 1 Contribution to POTH
g s |_| (POTH = 0.326)
0254 % 0.00 Reduces certainty
- -0.05 Increases certainty
0.00 -0.104
2 3 4 5 1 2 3 4 5
Best k Treatments Place in Hierarchy

Figure B.3: Above: Estimated confidence intervals (CI) for the relative risk of mortality
for anti-fungal treatments versus control in the organ transplant network. P-scores and
residual POTH are shown to the left of CIs. RRs less than one favour the intervention and
RRs greater than one favour control. The treatments are organized from largest (highest
ranking in hierarchy) to smallest (lowest ranking in hierarchy) P-scores. A positive residual
indicates that the treatment contributes to the certainty in the hierarchy, while a negative
residual indicates that the treatment reduces the certainty in the hierarchy.

Below, left: Best k treatments POTH for £ = 2, ..., N in the organ transplant network.
Below, right: POTH residuals rpon(j) for all treatments in the network.

145



I
60 1 —

Frequency
N
o

N
o
1

0.00 0.25 0.50 0.75 1.00
POTH

Observed
| POTH=0.326

Pr(POTH > 0.326) = 0.551
Figure B.4: Reference distribution for antifungals example where no treatment differences
exist.

The 95% ClIs, P-scores, and POTH residuals from the random-effects NMA for the
transplant data are shown in Figure B.3. The POTH calculated using the P-scores is 0.326,
reflecting low certainty in the treatment hierarchy. We obtained a reference distribution for
this network where no treatment differences exist and found that 55.1% of the simulated
datasets had a POTH value greater than 0.326. This means there is a 55.1% chance that
a treatment hierarchy obtained under the reference scenario will be more certain than the
treatment hierarchy we observed. This POTH represents a low extent of certainty in the
hierarchy and it would be reasonable to see a similar level of certainty in a network with no
true treatment differences. Correspondingly, there is no evidence of treatment differences
from control in the forest plot in Figure B.3.

Turning to the POTH residuals, we note that Ketoconazole, the lowest-ranked treat-
ment in the hierarchy, has the largest positive residual equal to 0.113. Despite its wide CI,
the estimated relative effect of Ketoconazole is noticeably different from those of the other
treatments, so overall it adds certainty to the hierarchy. The best k treatments POTH,
k= 2,...,5 is illustrated in the bottom panel of Figure B.3. There is a steady increase
in POTH as more treatments are considered, with the largest jump occurring when £ in-
creases from 4 to 5, corresponding to the addition of Ketoconazole to the set of competing
treatments.

Suppose we wish to produce a hierarchy of all non-control treatments in addition to
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the hierarchy of all treatments. We use POTH7z to quantify the certainty in the hierarchy
of all non-control treatments by defining T' = {Liposomal amphotericin B, Fluconazole,
Itraconazole, and Ketoconazole}. The POTH7 for the non-control treatments is 0.354. In
fact, this corresponds to the POTH residual for control. Removing control from the set of
treatments leads to an increase in POTH of 0.028. There is slightly more certainty in the
hierarchy of non-control treatments compared to the hierarchy of all treatments, but the
certainty is still low.

B.5.2 Efficacy of Pharmacological Treatments for Persistent De-
pressive Disorder

Kriston et al. conducted an NMA assessing the efficacy and acceptability of treatments
for persistent depressive disorder (Kriston et al.; 2014). Data from 45 studies comparing
29 treatments (28 pharmacological treatments, and placebo) were accessed in nmadb
from record ID 480666 (Papakonstantinou, 2019). The binary outcome of interest is an
improvement of 50% or more on a symptom severity scale, so larger values are desirable.

A forest plot in Figure B.6 shows the results of the random-effects NMA. The treatments
are organized by decreasing P-score. The POTH is calculated as 0.559, corresponding to
a moderate extent of certainty. In FigureB.5, we show the reference distribution for a
similar network where there were no true treatment differences. We found a 15.3% chance
of obtaining a POTH value greater than 0.559 in the reference scenario. The hierarchy is
thus moderately certain, and it would be unlikely to observe a more certain hierarchy in a
network with no treatment differences.

The POTH residuals for all 29 treatments and the best k treatments POTH in the
depression network for & = 2, ..., 29 is illustrated in Figure B.7. Based on the rpoTg(7), the
treatments contributing the most to POTH are the four worst treatments in the hierarchy;,
and the top treatment in the hierarchy, phenelzine. Dothiepine is the treatment with
the lowest POTH residual equal to -0.022, indicating that it reduces the certainty in the
hierarchy the most out of all treatments in the network. This is no surprise as it has a
very wide CI and similar point estimates to neighbouring treatments in the hierarchy. As
more treatments are considered, the POTH rises relatively steadily. This is reflective of
the lack of clustering of estimated treatment effects as seen in the forest plot. The best
k treatments POTH is the lowest when considering only the top 2 treatments, phenelzine
and duloxetine.
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Figure B.5: Reference distribution for POTH in the depression example, where there are
no true treatment differences.
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Comparison: other vs 'Placebo’

Study P-score rPOTH (Random Effects Model) OR 95%-ClI
Phenelzine 0.910 0.025 8.84 [2.24; 34.90]
Duloxetine 0.823 0.009 ———— 5.70 [1.75; 18.53]
Moclobemide 0.815 0.012 . 4.67 [2.75; 7.94]
Flupenthixol 0.787 0.003 —— 5.13 [1.46; 18.04]
Reboxetine 0.730 -0.000 —a 4.01 [1.79; 8.99]
Clomipramine 0.678 -0.010 — 3.77 [1.08; 13.19]
Minaprine 0.675 -0.008 — 3.66 [1.28; 10.44]
Amineptine 0.656 -0.004 —ae 3.33 [1.92; 5.80]
Ritanserin 0.648 -0.006 — e 3.37 [1.59; 7.13]
Amisulpride 0.638 -0.002 - 3.16 [2.31; 4.33]
Fluoxetine + Bentazepam  0.634 -0.012 — 3.37 [1.01; 11.21]
Amitriptyline 0.626 -0.006 — 3.18 [1.64; 6.17]
Acetyl-l-carnitine 0.578 -0.008 —aa 291 [1.49; 5.69]
Imipramine 0.538 -0.004 - 2.72 [2.06; 3.59]
Paroxetine + Amisulpride 0.521 -0.015 B I S a— 2.57 [0.81; 8.13]
Sertraline 0.476 -0.002 - 2.49 [1.90; 3.26]
Paroxetine 0.443 -0.003 - 2.31 [1.46; 3.66]
Viloxazine 0.426 -0.008 - 211 [0.79; 5.60]
Venlafaxine + Mirtazapine  0.396 -0.014 — 1.77 [0.37; 8.35]
Dothiepine 0.389 -0.022 1.57 [0.15; 16.00]
Escitalopram 0.368 -0.010 — T 1.68 [0.40; 7.14]
Fluoxetine 0.343 0.007 - 1.92 [1.27; 2.88]
Buprion + Escitalopram 0.331 -0.009 B e a— 1.52 [0.32; 7.21]
St. John's wort 0.322 -0.000 — 1.58 [0.54; 4.64]
Desipramine 0.268 -0.007 1.00 [0.11; 9.38]
Placebo 0.152 0.028 1.00

Trazodone 0.143 0.022 — 0.74 [0.17; 3.11]
Diazepam 0.122 0.025 — T 0.64 [0.14; 2.88]
Lorazepam 0.065 0.035 |4.|—_| | 0.38 [0.07; 2.13]
POTH = 0.559 0.1 051 2 10

Figure B.6: Estimated ClIs for the odds ratio of 50% improvement of symptom severity
for pharmacological interventions versus placebo in the depression network. P-scores and
residual POTH are shown to the left of CIs. ORs greater than one favour the intervention
and ORs less than one favour placebo. The treatments are organized from largest to
smallest P-scores. A positive residual indicates that the treatment contributes to the
certainty in the hierarchy, while a negative residual indicates that the treatment reduces
the certainty in the hierarchy.
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Figure B.7: Left: Best k treatments POTH for k = 2 to N treatments in the depression

network.
Right: POTH residuals rpon(j) for all treatments in the network.

B.6 What is the Distribution of Precision of Treat-
ment Hierarchies in Networks with No Treatment
Differences? A Simulation Study

B.6.1 Set-up

The aim of this simulation study is to understand the distribution of POTH when there
are no treatment differences present. We also investigate the impact of network geometry,
precision of the data, and heterogeneity on the POTH. We simulated data from a random-
effects NMA model where all relative treatment differences are equal to zero, the between-
study heterogeneity is equal to o, the observed data in study 7 is a mean difference y;, and
the standard error is given by SE(y;).

SE(y;) was set to 0.12, 1.10, or 2.07. Between-study heterogeneity o was set to 0
(representing no heterogeneity), 0.12, and 2.07. We investigate three possible network
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geometries when there are 5 treatments in the network: star, line, and fully connected.
For each network geometry, we assume there are two studies per treatment comparison.

For a given network geometry and settings for SE(y;) and o, data was simulated from
a random-effects NMA model. The vector of relative effects is set to (0,...,0), so all
five treatments are equally effective. Study-specific relative treatment effects are simulated
according to

§; ~ N(0,0?) (B.3)
fori =1,...,I where I is the number of studies in the network. Observed data is simulated
according to

yi ~ N(6;, SE(y;)?). (B.4)

For each scenario, we simulated 8000 NMA datasets. Each NMA dataset was analysed
using a frequentist random-effects NMA model using the R package netmeta using the
REML method for estimating o (Balduzzi et al., 2023). The POTH for each simulated
NMA dataset was calculated using the poth R package (Wigle and Schwarzer, 2024).

B.6.2 Results

The mean of POTH observed in the 8000 simulated NMA datasets for each simulation
scenario is shown in Figure B.8. The mean of POTH for the different settings range from
0.327 to 0.462. For a given level of heterogeneity and network type, as the precision
of the data increases, the mean POTH increases. This makes sense, as more precise
data will correspond to tighter confidence intervals on the relative effects and therefore
higher certainty in the rank probability distributions. In the absence of between-study
heterogeneity (where o = 0), the mean POTH is the smallest for the line network and the
largest for the full network. In other words, the more a network relies on indirect evidence,
the lower the POTH will be, on average. Finally, we see an increase in the mean POTH
as the heterogeneity increases. At first glance this may seem counter-intuitive, however,
we speculate that the reason for this trend is that the data are generated assuming no
treatment differences. Because of this, as heterogeneity increases, the magnitude of the
observed effect sizes in the simulated datasets increases, which can lead to more pronounced
differences in P-scores, and thus, higher POTH.

We show the observed distribution of POTH for the combinations of low and high stan-
dard error and heterogeneity for all three network types in Figure B.9. The fully connected
network has the most peaked distributions while the line network has the flattest distri-
butions. Interestingly, in all scenarios, a relatively wide range of POTHs were observed.
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Figure B.8: Mean of POTH over the simulated datasets for different combinations of
heterogeneity (represented by 7), network type, and standard error in the data.

For all scenarios, there is over a 55% chance that the POTH will be less than 0.5. On
the other hand, POTH values over 0.8 are very rare - less than a 17% chance of being
observed, and less than 1% for some scenarios. Accordingly, we tentatively assign an ob-
served POTH value less than 0.5 to convey low certainty and an observed POTH greater
than 0.8 to convey high certainty. POTHs close to 1 were still observed for a small subset
of simulated datasets, which illustrates that POTH can only summarise the certainty in
the treatment hierarchy based on the observed data, and even when no true underlying
treatment differences exist, we may still observe data which suggest a clear hierarchy of
treatments.
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Figure B.9: Histograms showing the distribution of POTH observed for different settings
in the simulation study.
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Appendix C

Chapter 4 Appendix

C.1 Note on Sample and Population Sizes

The information on number of facilities and facility type at each site comes from confi-
dential, anonymized data provided by the MERC and BC OGRIS. This data includes all
facilities and wells that had ‘Active’ status in Petrinex, including shut-in, in the province
of BC as of June 2021. We use the June 2021 sample sizes in this thesis because the
information on the number of active facilities of each type at each site was only available
to us for June 2021. The survey was conducted in September and October of 2021 and
so the sample and population sizes for each facility type reported in the supplementary
information of Johnson et al. (2023) were obtained from Petrinex in September and Octo-
ber 2021 respectively. The number of active facilities and wells in the Petrinex database
decreased from June 2021 to September 2021, so the sample sizes used to analyse the data
in this thesis are equal to or greater than those reported in Johnson et al. (2023). It is
worth noting that the decrease in the database does not necessarily mean a decrease in
the number of active facilities in the field. For facilities besides wells, the population size
was determined using the number of each facility type with Active status in Petrinex in
September 2021, when most of the surveys were conducted. For wells, the population and
sample sizes were determined using the number of wells with active status in Petrinex as
of June 28, 2021 because this represents the breakdown of wells at each site available to
us.
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C.2 Treatment of Wells

Johnson et al. (2023) differentiate between on-site wells (wells which share a location with
other facilities) and off-site wells (wells at completely separate locations from other facility
types). They attribute emissions from on-site wells to other facilities at the site as it may
not be possible to distinguish between components associated with the well versus the
other facilities, so only off-site wells have emissions attributed to them. We take a different
approach because the data from the MERC and BC OGRIS attributed emissions to both
on- and off-site wells and does not differentiate between on- and off-site wells.

Unlike other facility types, multiple wells may share the same pieces of equipment. For
example, four wells may be connected to a single tank, and thus, if the tank is emitting
methane, it cannot be attributed to a single well. For every leaking component that is
associated with a well, we sum the estimated average emission rate for that survey occasion
for all detected well components at that site and divide by the number of wells at the site,
and set

~

? _ ZpESI(Wells) th- (C 1)
Pl Number of wells at site '
for all the wells at that site for all . The variance is given by

Z th, /(Number of wells at site)?.

peST(Wells)

This is similar to the approach in Johnson et al. (2023), where emissions are divided equally
among wells at the same site.

C.3 Summary of Notation Used in Chapter 4

Table C.1: A summary of the notation and terms used in Chapter 4.

Notation Interpretation
ptq Represents the three-stage sampling design
m Represents the measurement model
I IT, IIT Represents stage one, stage two, and stage three of the sampling
design, respectively
) Represents an estimator with respect to the ptg-design
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Notation

Interpretation

(h)
T
Y,

ptq; Uptqs Aptq

My

Y

- ~IPW _ Hajek
pt-; th. 7 pt.

th-% L
1. 77l 7711
U Up ; Upt

1. QII. QIII
S, SM: 51

TIx
Sp

I. 1
7Tp77rpl

I . II
Ttip? Ttulp

IIT . III

T T
qlpt’ " qr|pt

Represents an estimator with respect to the measurement model
Indicates that the quantity is a property of stratum h

The target of estimation from a design-based perspective; its ptg-
estimator, respectively

The true emission rate in kg/h, wind speed in m/s, and altitude of
the plane in m from component p on day ¢ in pass ¢

The measured emission rate from component p on day ¢ in pass ¢
The true average emission rate from component p on day ¢, averaged
over the passes

A generic ptg-estimator of th., the IPW estimator of ?pt., and the
Hajek estimator of Y.

The true average emission rate from component p, averaged over all
days and passes; its generic ptg-estimator

The true variance of 7' with respect to the ptg-design; its estimator

The true variance contribution from stage j for 7 = I, II, III; their
ptg-estimators

The true ptg-variance of ?p_; its ptg-estimator

The true ptg-variance of ?th its ptg-estimator

The population of PSUs (components); The population of SSUs
(days) for component p; The population of TSUs (passes) for com-
ponent p and day ¢

The stage 1 sample of components; The stage II sample of days for
component p; the stage I1I sample of passes for component p on day
t

The stage II sample of dauy}sI /fol{l" which methane was detected at least
once; replaces SZI)I when ijje is used

The probability that p is selected into S'; the probability that com-
ponents p and | were selected into S?

The probability that ¢ is selected into S} given that p is in S'; the
probability that ¢ and u are selected into SIIJI given that p is in S?
The probability that pass ¢ is included in S}/, that is, the probability
that methane is detected in pass ¢, given that p is in S' and ¢ is in
SZIJI; the probability that methane is detected in passes ¢ and r given

that p is in S" and ¢ is in S}
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Notation Interpretation
nglp*; W%il p* The probability that ¢ is selected into SII)I given that p is in ST AND
methane is detected in at least one pass on day t; the probability
that ¢ and u are selected into SI' given that p is in S* AND methane
is detected at least once on days ¢t and u
W;{}Iyt*; (I;"Ilpt* The probability that methane was detected in pass ¢ given that ¢ is
in SI™ and p is in S'; the probability that methane was detected in
passes ¢ and r given that ¢ is in S} and p is in S’
Optq The probability of detecting methane from component p on day ¢ in
pass ¢q. Calculated using Equation (1)
Opt.; ggpt. The probability of detecting methane at least once from component

Nh(p): Th(p)

p on day t; its estimate using MI

The number of facilities in U! belonging to the stratum containing
component p; the number of facilities in S! belonging to the stratum
containing component p

D; d, The number of days in the population; the number of days on which
component p is sampled
Qpt The number of passes made over component p on day ¢
T T The target of estimation considering the ptg-design and the mea-
surement model; its estimator
~ Total . . : .
y Total. v/ ot The true variance of 7 with respect to ptq and m; its estimator
AR v’ The true variance contribution from j with respect to ptq and m;

its estimator, for j = m, I, 11, 111

C.4 Variance Formulas for Multi-Stage Approach

The true variance of T’ with respect to the ptg-design for generic sampling designs at stages

I and II is given by _
Y. Y. V..
I 11 m
D I R o wiee ) B o (€-2)

peU! peU! p petl P
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~IPW  _~ Hajek
where V), is is the design-based variance of Y, or Y, depending on the approach

used. Vgiw is given by

- X~ IPW
7T II )th pr + th- (C 3)
§ : § : tUIp t\p Tulp T § : pit J :
teUl ueUl! tlp “ulp teul!

where

A o c ; (G (C.4)

2 . ptq
pt qeutll p
when the non-detection follows Poisson sampling. For the H4jek estimator, Vg‘f”ek is given

Héjek
Y, Y Vv

II = II « __IT =* pt- - pu- pt-
Z Z Tty — Ttlp Tulp ) T T + § : T (C.5)

T
teUIl ueUl! Ttlp Tulp teUl! tlp

2
e _ 1 1-¢ = -
Vgt-J o N2 Z %t-M(thq - th-)2 + (¢pt- - 1) Z (Y;otq - th-) )

pt 111 (bptq 111
qeU, q€Up

is a linear approximation of the variance using a Taylor series expansion.
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C.5 Proof of Equivalency of Sampling Designs

We refer to the original design as the design where the stage Il sample is governed by
inclusion probabilities 7| ip and T , and the stage III sample is governed by 7THI and W;ﬂpt.
On the other hand, the modlﬁed de81gn is the design where the stage II and III samples

s 1T o+ I s I«
are governed by Tiip > Tarlpt > Tolpt and Tgrlpt -

Let s' be a fixed but arbitrary sample of PSUs. Similarly, let s;} be a fixed but arbitrary
sample of SSUs for all p € s', and let SIH be a fixed but arbitrary sample of TSUs for all
t € s)l and p € s'. Together, let s=A{p 6 s',t € s}, q € s,; } represent a fixed but arbitrary
sample of PSUs, SSUs and TSUs. To show equivalence between the original and modified
design, we will show that the probability of observing s is equal under both designs.

Under the original design, the probability of observing s is

Pr(S' = s, S]I)I = sg for all p € s ,S};I = sm forallp € s’ and t € sg)

=Pr(S" =) [[[Pr(s) =sp | 8" =s") S [ Pr(Sy' =

pt_

III | SI I’ S]I?I — S;I)

pesl tesl

Under the modified design, let s)'* = {t € )} s.t. Z,; = 1} where Z,; = 1 if there are
any detections at component p on day ¢ and zero otherwise. Then the probability of s in
the modified design is

Pr(S' = sI,S]IDI* = H* forall p € s ,SIH = sIH forallpe s' and t € SH*)

— PI“(SI — SI) H PT(SZI;I* — Si)l* | SI — SI){ H PI"(SZI)%I III ’ SI — S SII* — S;I*)}]

| pes! teskl*

=Pr(S" = 5" H Pr(SiI = sg | ST =sh) { H ¢pt.} { H (1-— ¢pt.)}

| pes! tes* tesi\ sl

H PI‘ III III | SI I’ SZI)I* — S;I*)
teskl*
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pes!

=Pr(s' = s |:H Pr(S) =

= Pr(s' = s |:H Pr(S}DI

pes!

=Pr(S"' =5 {H Pr(SM =

pes!

since for t € sH*

(SIII — SIH | SI — S SII* _

and for ¢ ¢ s)*,
Pr(Sl! —

pt — S

SS’SI_S

35]51—8

11 %}{ 11 <1¢m.)}
tESII* tESH\sII*

tEsH*

tESH*

test

II*) — (SIH _ SHI | SI _ S S;I — S;Iazpt — 1)

p
o _ 1 _ I oll _ I
Pr(Sy =s,; NZy=1[5 =s,5, =s,)

H Pl" III ‘ SI I,SII,I — SI)I)}

Pr(Zy, = 1| ST = sl, ST = slI)
(SI? — SIII | SI — S SH p)
¢pt- ’

III | SI I SH — SH) (1 . ¢pt)

Thus, the original design is equlvalent to the modified design.
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C.6 Derivation of Variance Estimators

C.6.1 Variance Estimator for the IPW Approach with SRS

II el ~
ﬂtlp ulp) Y Y th-
II 7TII -+ Z 1I

Wl sy

tESH ueSH 7Ttu|p 7Tt|p ulp teSH ﬂt|p
(1 I ) ~ IPW YIPW \7
1 ~ M) 5 IPW tulp B thp”%ﬂlp pu- Vpt-
- D2 Z (7172 Vo )+ Z Z T} 7TH T Z T
teSu tlp teSI utt Tiulp tlp ulp tesu Tilp
2 ~IPW G (1) _ (% 2 2 -~ IPW_~ IPW
_ 1 D d D D\’ 4 D vAPW
- D2 {Ztesg,l (@) (1 - ﬁ) Y pt- ) + ZteSH Zu;ﬁt <Cj§ (‘}%’ 11<> ) (@) th- Ypu- + EteSH dp V }
1 (D d ~ IPW IPW R IPW
= 73 Zidz ZZ d—l Voo Voo +302
teSH p teSIT ut tesI! dyp
— N2 Z 42 B d2(d. — pt' + Z Z d2 d _ pt- pu' + Z
(dp — 1) 1 dp
tesSH p p teSI ueSlt teSH

teSH ueSH teSHt P

~ IPW

1 D(D — dp) =IPW ~IPW_~ IPW D ~1PW
= 2 { Z dy(d, — 1) (th- ) d2 d —1) Z Z Y Yopu Z Evpt-
(D —dy)D = 5  D(d,— D) 2IPW - IPW
Py, P+ L Y. | +
{tezsy dp(dy, — 1)+ 7 d2(dp — 1) 2 Vo Z
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C.6.2 Variance Estimator for the Hajek Approach with SRS

~ ) ?Héjek - Halek ~ HaJek
vHaJek 1 Z Z tulp tlp "ulp pt: + Z
p - D2 * H * H * H *
tESH* uESH* tu|p t|p u\p tESH t|p
~ Hajek ~ Hajek ~ Haiek
I I 1T * 4je
_ 1 Z 1 thp AHaJek Z Z tUIp Wt\p Tulp Ypr YVpu n Z V.
- D2 II % * H * 7rH * ,].‘.H *
teSix (thp ) teSI uzt tu\p Ttlp ulp test “tp

I II I _~ Hajek _~ Héajek
. 1 1- t|p¢pt 7Hajek t|p¢pt-¢pu - t|p¢pt ﬂu‘p¢pu) th Ypu.
=2\ X g, + 22

tesux ( t|p¢p ) teSU* uztt tu|p¢pt ¢PU t|p¢pt 7Tu|p¢p“

>

teSII* t|p¢pt

~ Hajck

dp dp (dp—1) d,\ 2 ~ Hijek ~ Héjek
1 (1_ﬁ¢Pt-> HaJek D (D-1) — (ﬁ) Y. Y, . D
D R D L D B D D Dl
st (Bom) i R = B = i
[ . ?Héjek 2 ?Héjek 2
1 D{D—-1—¢,(d,—1 . D(d, — D . D .Hs
— ﬁ Z { y dgbpti P )} pt + dz(C;ZD 1) pt + - V]ijjek
tESZI,I* p( p ) ¢pt' p( D ) tES%)I* ¢pt~ tESII,I* p¢pt-
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C.7 Derivation of Total Variance of 7

We will use the following properties:
1. E(Tb):Tfor allb=1,...,B,
2. En(T?) =T forallb=1,...,B,
3. T is independent of T with respect to measurement error for b # ¢,
4. B (TPT°) = B, ((T?)?) for b # c,

where properties 2 and 3 give property 4.

The variance of 7 with respect to measurement error and the design is given by

v [ T
Var(7) = Var (bT>

1
g (v S o)
b=1 c#b
1 A
e (o v+ Y - T>E<Tc>)
b=1 ctb
1 B
= ﬁ ZV&I‘ Tb —|— Z Z ptq bTC E(Tb)2> using property 17
b=1 c#b
1 B
T B2 (Z Var(1") + ZZE E(T )2> using property 4,
b=1 c#b

1 b b
= 2 {BVar(T )+ B(B —1)Var(T )}
= Var(7?)
= Var,,E,, (T°) + E,, Var,,, (1)
= Var,,(T%) + E,,(V®).

We can therefore estimate Var(7) with

(ki D I
B-1 B

~ 3 stage,
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~ 3 st
or using the fact that the estimator V "% is the sum of variance contributions from each

stage,
R ~ AT ~TI A TII
ZbB:1(Tb - 7')2 4 Zf:lv ’ + Zszlv ’ + Zf:lv ’
B-1 B B B )
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C.8 Additional Data Analysis Results

C.8.1 Results for Multi-Stage Hajek with Stage II Uncertainty
and Measurement Error

Table C.2: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

Stratum Total Estimate \71 v VIH v \~/T0tal
(kt/y) ([kt/y]?) ([kt/y]?)

TF and NGL 0.026 0.000 0.001 0.000 0.000 0.001
Water Hub Battery 0.097 0.003  0.000 0.000 0.002 0.006
MS 0.199 0.004 0.003 0.000 0.002 0.008

Gas SWB 0.227 0.012  0.009 0.000 0.006 0.027

CO SWB 0.251 0.001  0.011 0.000  0.003 0.016
Mixed OG Battery 0.389 0.000 0.014 0.000 0.005 0.019
Disposal /storage 0.451 0.056  0.026 0.000 0.009 0.092
CTF and GGS 0.837 0.110  0.056 0.000 0.038 0.204
CO MWB 0.886 0.003 0.106 0.000 0.018 0.127

GP Acid Gas Low 4.181 0.297  0.199 0.000 0.080 0.576
Gas MWB (group) 5.709 1.785  0.845 0.000 0.663 3.293
Other GP and LNGP 9.138 0.777  2.027 0.000 0.521 3.326
Wells 13.402 10.355  0.868 0.007  1.871 13.101

Gas MWB (effluent) 14.761 1.491  1.651 0.001  0.446 3.589
GP Sweet 19.438 5.150  4.128 0.000  2.685 11.963
Compressor Stations 46.888 83.104 25.311 0.002 10.429 | 118.846
Population 116.881 103.149 35.255 0.011 16.926 | 155.342
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C.8.2 Results for Multi-stage IPW with No Stage II Uncertainty
and Measurement Error

Table C.3: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

Stratum Total Estimate s veoovt V" v
(kt/y) ([kt/y]*) ([kt/y]*)

TF and NGL 0.026 0.000 0.000 0.000  0.000 0.001
Water Hub Battery 0.097 0.000 0.000 0.004 0.002 0.007
MS 0.162 0.004 0.000 0.000 0.001 0.005

CO SWB 0.194 0.001 0.001 0.003 0.002 0.006

Gas SWB 0.227 0.014 0.000 0.000  0.006 0.021
Disposal/storage 0.385 0.047 0.000 0.000  0.007 0.054
Mixed OG Battery 0.391 0.000 0.000 0.000  0.005 0.006
CO MWB 0.764 0.016 0.000 0.001 0.016 0.033
CTF and GGS 0.801 0.117 0.003 0.007 0.028 0.155
GP Acid Gas Low 3.805 0.298 0.000 0.003  0.072 0.373
Gas MWB (group) 4.754 1.266 0.001 0.001  0.432 1.700
Other GP and LNGP 8.473 1.459 0.003 0.005 0.472 1.939
Wells 12.364 9.736 0.000 0.151 1.704 11.591

Gas MWB (effluent) 14.227 1.709 0.001 0.010 0.426 2.146
GP Sweet 17.240 4571 0.043 0.201 2.476 7.290
Compressor Stations 44.937 99.380 0.069 0.015 9.816 | 109.280
Population 108.847 118.619 0.122 0.401 15.561 | 134.703
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C.8.3 Results for Multi-stage Hajek with No Stage II Uncer-
tainty and Measurement Error

Table C.4: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

I ~ 11 ~ 111 ~ M ~ Total

Stratum Total Estimate \% \Y \Y \Y% \Y%
(kt/y) ([kt/y]*) ([kt/y]*)
TF and NGL 0.026 0.000 0.000 0.000  0.000 0.001
Water Hub Battery 0.097 0.003 0.000 0.000 0.002 0.006
MS 0.199 0.005 0.001 0.000  0.002 0.007
Gas SWB 0.227 0.014 0.001 0.000  0.006 0.021
CO SWB 0.251 0.002 0.003 0.000 0.003 0.009
Mixed OG Battery 0.389 0.000 0.000 0.000  0.005 0.006
Disposal/storage 0.451 0.066 0.001 0.000  0.009 0.076
CTF and GGS 0.837 0.120 0.027 0.000  0.038 0.185
CO MWB 0.886 0.019 0.001 0.000 0.018 0.038
GP Acid Gas Low 4.181 0.331 0.003 0.000  0.080 0.415
Gas MWB (group) 5.709 2.052 0.002 0.000 0.663 2.717
Other GP and LNGP 9.138 1.806 0.008 0.000 0.521 2.336
Wells 13.402 11.078 0.064 0.007 1.871 13.020
Gas MWB (effluent) 14.761 1.807 0.010 0.001  0.446 2.264
GP Sweet 19.438 5.771 0.244 0.000  2.685 8.701
Compressor Stations 46.888 103.745 0.226 0.002 10.429 | 114.402
Population 116.881 126.820 0.592 0.011 16.926 | 144.350
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C.8.4 Results for Multi-stage IPW with Stage II Uncertainty
and No Measurement Error

Table C.5: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

Stratum Total Estimate \71 VII VIH V" \73 e
(kt/y) (Ikt /y?) (Ikt/y?)

TF and NGL 0.026 0.000  0.001 0.000 0.000 0.001
Water Hub Battery 0.099 0.000  0.000 0.004 0.000 0.004
MS 0.162 0.003  0.000 0.000 0.000 0.004

CO SWB 0.194 0.001  0.001 0.002 0.000 0.004

Gas SWB 0.226 0.012  0.003 0.000 0.000 0.015
Disposal /storage 0.385 0.038  0.016 0.000 0.000 0.054
Mixed OG Battery 0.388 0.000  0.008 0.000 0.000 0.008
CO MWB 0.765 0.002  0.085 0.001 0.000 0.087
CTF and GGS 0.810 0.109  0.008 0.004 0.000 0.121
GP Acid Gas Low 3.807 0.268  0.113 0.002 0.000 0.383
Gas MWB (group) 4.755 1.027  0.353 0.001 0.000 1.380
Other GP and LNGP 8.491 0.401  1.543 0.004 0.000 1.947
Wells 12.360 7.845  0.437 0.116 0.000 8.398

Gas MWB (effluent) 14.230 1.400  1.178 0.008 0.000 2.586
GP Sweet 17.212 4.019 1.028 0.154 0.000 5.201
Compressor Stations 44.897 79.927 13.517 0.011 0.000 93.456
Population 108.807 95.0561 18.292 0.306 0.000 | 113.649
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C.8.5 Results for Multi-stage Hajek with Stage II Uncertainty
and No Measurement Error

Table C.6: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

Stratum Total Estimate \71 VH VIII V" \73 e
(kt/y) (Ikt/5?) (Ikt/y]?)

TF and NGL 0.026 0.000  0.001 0.000 0.000 0.001
Water Hub Battery 0.099 0.002  0.000 0.000 0.000 0.003
MS 0.199 0.004  0.001 0.000 0.000 0.005

Gas SWB 0.226 0.012  0.003 0.000 0.000 0.015

CO SWB 0.250 0.001  0.008 0.000 0.000 0.009
Mixed OG Battery 0.387 0.000  0.008 0.000 0.000 0.008
Disposal /storage 0.451 0.056  0.017 0.000 0.000 0.074
CTF and GGS 0.849 0.111  0.021 0.000 0.000 0.132
CO MWB 0.887 0.003  0.088 0.000 0.000 0.091

GP Acid Gas Low 4.183 0.299  0.119 0.000 0.000 0.418
Gas MWB (group) 5.710 1.795 0.186 0.000 0.000 1.981
Other GP and LNGP 9.157 0.756  1.483 0.000 0.000 2.239
Wells 13.398 8.923  0.577 0.001 0.000 9.502

Gas MWB (effluent) 14.762 1.491  1.198 0.000 0.000 2.689
GP Sweet 19.416 5.158  1.434 0.000 0.000 6.592
Compressor Stations 46.838 82911 14.705 0.001 0.000 97.617
Population 116.839 101.523 19.848 0.003 0.000 | 121.375
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C.8.6 Results for Multi-stage IPW with No Stage II Uncertainty
and No Measurement Error

Table C.7: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

Stratum Total Estimate \71 VII VIH V" \73 e
(kt/y) (Ikt/y?) (Ikt/y?)

TF and NGL 0.026 0.000 0.000 0.000 0.000 0.000
Water Hub Battery 0.099 0.000 0.000 0.004 0.000 0.004
MS 0.162 0.003 0.000 0.000 0.000 0.004

CO SWB 0.194 0.001 0.000 0.002 0.000 0.004

Gas SWB 0.226 0.013 0.000 0.000 0.000 0.013
Disposal /storage 0.385 0.044 0.000 0.000 0.000 0.044
Mixed OG Battery 0.388 0.000 0.000 0.000 0.000 0.000
CO MWB 0.765 0.014 0.000 0.001 0.000 0.015
CTF and GGS 0.810 0.111 0.002 0.004 0.000 0.116
GP Acid Gas Low 3.807 0.287 0.000 0.002 0.000 0.289
Gas MWB (group) 4.755 1.138 0.000 0.001 0.000 1.140
Other GP and LNGP 8.491 1.207 0.003 0.004 0.000 1.213
Wells 12.360 8.230 0.000 0.116 0.000 8.346

Gas MWB (effluent) 14.230 1.627 0.000 0.008 0.000 1.635
GP Sweet 17.212 4.179 0.033 0.154 0.000 4.365
Compressor Stations 44.897 91.006 0.053 0.011 0.000 91.070
Population 108.807 107.861 0.092 0.306 0.000 | 108.259
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C.8.7 Results for Multi-stage Hajek with No Stage II Uncer-
tainty and No Measurement Error

Table C.8: Estimates of the total methane emissions for 2021, variance estimates by un-
certainty source, and total variance estimates by stratum

Stratum Total Estimate \71 \7H VIII v" \73 roee
(kt/y) ([kt/y]) ([kt/y1*)

TF and NGL 0.026 0.000 0.000 0.000 0.000 0.000
Water Hub Battery 0.099 0.003 0.000 0.000 0.000 0.003
MS 0.199 0.004 0.001 0.000 0.000 0.005

Gas SWB 0.226 0.013 0.000 0.000 0.000 0.013

CO SWB 0.250 0.002 0.002 0.000 0.000 0.004
Mixed OG Battery 0.387 0.000 0.000 0.000 0.000 0.000
Disposal /storage 0.451 0.063 0.000 0.000 0.000 0.063
CTF and GGS 0.849 0.114 0.014 0.000 0.000 0.127
CO MWB 0.887 0.016 0.001 0.000 0.000 0.017

GP Acid Gas Low 4.183 0.319 0.003 0.000 0.000 0.322
Gas MWB (group) 5.710 1.854 0.002 0.000 0.000 1.855
Other GP and LNGP 9.157 1.529 0.006 0.000 0.000 1.536
Wells 13.398 9.396 0.051 0.001 0.000 9.449

Gas MWB (effluent) 14.762 1.721 0.008 0.000 0.000 1.729
GP Sweet 19.416 5.358 0.187 0.000 0.000 5.545
Compressor Stations 46.838 94.870 0.170 0.001 0.000 95.042
Population 116.839 115.261 0.446 0.003 0.000 | 115.710
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C.8.8 Results for Multi-Stage IPW with Measurement and Stage
II Uncertainty for Only Southern Facilities

Table C.9: Estimates of the total methane emissions for 2021 from facilities in BC south
of the 58 degree north latitude line, variance estimates by uncertainty source, and total
variance estimates by stratum

Stratum Total Estimate \N/I \7H \~/1H v \~/T0tal
(kt/y) ([kt/y]*) ([kt/y]?)

CO SWB 0.161 0.000 0.001 0.002 0.001 0.005

Gas SWB 0.171 0.000 0.005 0.000 0.003 0.008

Gas MWB (group) 3.249 0.000 0.360 0.001 0.202 0.563
Gas MWB (effluent) 11.484 0.000 1.050 0.008 0.277 1.335
Mixed OG Battery 0.391 0.000 0.014 0.000 0.005 0.019
Water Hub Battery 0.063 0.000 0.000 0.003 0.001 0.004
GP Sweet 14.482 0.000 2.429 0.169 1.747 4.345

GP Acid Gas Low 3.143 0.000 0.125 0.002 0.049 0.177
Compressor Stations 7.961 0.000 0.735 0.003 0.308 1.046
CO MWB 0.650 0.000 0.073 0.001 0.011 0.085
CTF and GGS 0.539 0.000 0.013 0.004 0.013 0.030
Disposal/storage 0.240 0.000 0.009 0.000 0.003 0.012
MS 0.091 0.000 0.000 0.000 0.000 0.001

Other GP and LNGP 4.035 0.000 0.465 0.002 0.107 0.574
TF and NGL 0.014 0.000 0.000 0.000 0.000 0.000
Wells 1.244 0.000 0.001 0.015 0.017 0.033
Population 47.916 0.000 5.281 0.211 2.743 8.235
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Appendix D

Chapter 5 Appendix

D.1 Prior Distributions

The parameters of the likelihood to be estimated are g, «ay, o, along with optional pa-
rameters am, v, f1, and/or . Note that 3y is a function of other parameters to ensure that
the piece-wise function is continuous, so a prior is not specified for this parameter. Let the
vector of statistical model parameters be represented by 8. All parameters are assumed to
be independent, that is, the prior distribution can be written as

p(0) = plag, a1, 0, 2,7, Br,m) = plao)p(ar)p(o)p(az)p(y)p(B1)p(n), (D.1)

so we can specify individual prior distributions for each parameter.

Since qg is the median measurement when the true emission rate is zero, it should be
small and non-negative. It is parameterized by a gamma distribution, where the shape
and rate parameters can be chosen so the mean of the distribution is similar to the mean
false positives observed in the data. For example, for the data reported by QOGI Operator
A, the average false positive is 0.27 kg/h so the prior is a gamma distribution with shape
parameter = 0.5 and rate parameter = 2, which has a mean of 0.25 and variance of 0.125.

In a simple linear model, a; is the slope of Y; so for every one unit increase in Y;, the
median measurement increases by oy units. A perfect technology would have ay = 1. Thus
we use a prior for oy which has a median of 1 and is non-negative. Further, we seek a
distribution with the property that for any constant k£ > 1, the probability that oy > k
should be the same as the probability that a; < 1/k, or in other words, the probability that
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the technology over-estimates by a factor of k is the same as the probability that it under-
estimates by a factor of 1/k. This property is desirable for the prior because information
about under- or over-estimation should only come from the data. Thus we use a standard
log-normal distribution (shape parameter equal to one, location parameter equal to zero,
and scale parameter equal to zero (NIST, 2023)) because it fulfills this requirement. For
example, if a; follows the standard log-normal distribution the probability that Pr(a; <
1/2) = Pr(a; > 2) = 0.244.

Coefficient ay is associated with Y;? when Y; < «. Like o and ay, it must be non-
negative. Therefore, we use a half-normal distribution with scale parameter equal to one.
This gives a prior variance of 0.60 kg/ h™?. In units of kg /h, this is equivalent to a variance

of 1.29.

Parameter 5; (unitless, non-negative) represents the change in a; when Y; > ~. As
with oy, we use a standard log-normal distribution as a prior for (.

The threshold parameter v represents the value of Y; for which the relationship with
M; changes from quadratic to linear. We must constrain the parameter v to the range of
Y; in the CR data, otherwise it cannot be estimated. We use a uniform prior distribution
on (0,Y,,4:) where Y., is the largest value of Y; observed in the CR data for a given
technology.

Parameter o2 represents either the variance of measurements on the log scale in a

constant variance model, or the variance of measurements when Y; = 0 on the log scale.
We use a vague non-negative prior of a half-normal with variance parameter set to 100 on
o, as suggested in (Gelman, 20006).

Finally, if the more complicated variance model is used, a prior must be chosen for 7.
Little external information is known about 7 except it must be non-negative. We use a
half-normal with variance set to 100.

The sensitivity of results to prior specification was checked for all models. Results were
obtained for the stated priors. Next, the model was refit with priors where the range and/or
variance was changed for some parameters. The posterior distribution of each parameter
was then compared between the two models. The resulting 90% prediction bands were also
compared between the models. Unless otherwise stated in the results section, the model
results were insensitive to the prior specification.
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D.2 Detailed Algorithm

The weighted bootstrap algorithm for obtaining a sample from the posterior of interest
outlined in Section 5.2.2 has the following steps:

1. Drawing a sample from the prior p(Y ™).

2. Computing normalized weights proportional to p(M™" | Y M) for each element
of the sample from Step 1

3. Resampling from the Step 1 sample using the normalized weights from Step 2.

The sample can then be used to compute quantile-based or highest posterior density (HPD)
CIs for the true emission rate, given a measurement or set of measurements. This algo-
rithm is implemented in R functions included in the repository https://github.com/
augustinewigle/methaneUQ. In the following sections, we describe the details of each
step of the algorithm.

D.2.1 Step 1

A prior distribution should be chosen based on the best available data. For example, a
continuous distribution such as the log-normal could be fit to data from a large sample of
survey data from the region of interest. Then a sample from the fitted log-normal distri-
bution can be drawn. Let L be the size of the sample drawn from the prior distribution.
This step of the algorithm is described in pseudocode in Algorithm 2.

Algorithm 2 Pseudocode for Step 1 of the weighted bootstrap algorithm

Define L
Define prior_distribution
Define sample from prior < vector of length L
for 1 in 1:L do
sample from prior[1l] < sample drawn from prior distribution
end for
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D.2.2 Step 2

We need computational techniques to determine p(M"¢ | Y% M) in order to calculate
weights. We can see that

PO Y7o A0 = [0 | Y70, 00)p(8 | Y, M)
- / p(M™™ | Y @)p(6 | M)do. (D-2)

The distribution p(M™* | Y ) is the likelihood given by the uncertainty model from
the previous section where Y; = Y% and p(€ | M) is the posterior distribution of 8 given
the controlled release data. We can approximate p(M"™" | Y% M) by approximating the
integral on the right side of Equation (D.2). Let P be the number of parameters in the
vector O for the given technology.

The integral in Equation (D.2) can be approximated via Monte Carlo simulation for a
single value of Y as follows:

1. Sample @ j =1,...,J times from p(@ | M)
2. For j =1,...,J, calculate p(M™v | Y"ew @7)

Z}le p(Mnewlynew’ej)
7 .

3. The integral in Equation (D.2) ~

In Algorithm 3 we describe how this can be implemented to obtain the normalized weights
needed in Step 3 of the weighted bootstrap algorithm.
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Algorithm 3 Pseudocode for getting normalized weights at Step 2 when there is a single
new measurement.

Define mnew <« value(s) of new measurement(s)
Define theta - matrix with P columns containing MCMC draws from p(6 | M)
Define mnew_likelihood < a function of M"Y Y " @
Define J +— Number of samples to take from the posterior of 6
Define theta_sample < matrix with J rows and P columns
for1 in 1:L do
current_y < sample_from prior[1]
Define integrand < vector of length J
for j in 1:Jdo
theta sample[j,] < row sampled from theta
integrand[j] < mnew likelihood(M"*" = mnew, Y™ = current.y, 0 =
theta sample[j,])
end for
unnormalized weights[1l] < mean(integrand)
end for
for1 in 1:L do
normalized weights[1] <— unnormalized weights[1]/sum(unnormalized weights)
end for

The function mnew_likelihood is the mathematical coding of the likelihood function
selected when fitting the measurement uncertainty model to the controlled release data.
For example, for operator QOGI C, the selected likelihood is given by

log(M;) = log(v;) + €,
where
e ~N(0, (02 +Yi/n)™")
and

Y; Y7 Y <
wi o {Oé() + o + Qo i S (D3)

a ag+ Bo+ (e + )Y Yi>y
In fact, it is more accurate to write v;(Y;, @) since it depends on the true value of Y; and
the values of the statistical model parameters. Then the function mnew_likelihood for

a single new measurement is given by the normal density function with mean equal to
log(;(Y;,0)) and variance parameter (02 + Y;/n)~! evaluated at M"e*.
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The algorithm is also applicable to the case where we have repeated measurements of
the same source, that is, where M"*’ is a vector, M"* = (M7, ..., M}*"). Under the
assumption that the uncertainty in each measurement is independent of previous measure-
ments, conditional on Y™, we have that p(M" | Y% 67) = [, p(M[* | Y™, 07).
That is, we simply take the product of the normal densities evaluated at each measurement
value for the same values of Y% and 6/.

D.2.3 Step 3

At the final stage of the weighted bootstrap, we perform resampling from the sample drawn
in Step 1. That is, we take a random sample from that drawn from the prior in Step 1
where the probability of sampling each element is proportional to its normalized weight
calculated in Step 2. Suppose we want to have K samples from the distribution in Equation
(5.4). Algorithm 4 describes the steps to achieve this.

Algorithm 4 Pseudocode for obtaining the final bootstrapped sample from the posterior
distribution (Step 3).

Define K +— Number of bootstrap samples

Define final _sample < vector of length K

for k in 1:K do

final sample[k] < sample from sample from prior with weights
normalized_weights
end for
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