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Abstract

Graph Neural Network(s) (GNN) are one of the most popular architectures used to solve
classification problems on data where entities have attribute information accompanied by
relational information. Among them, Graph Convolutional Network(s) (GCN) and Graph
Attention Network(s) (GAT) are two of the most popular GNN architectures. In this
thesis, I present a statistical framework for understanding node classification on feature-
rich relational data. First, I use the framework to study the generalization error and
the effects of existing neural network architectures, namely, graph convolutions and graph
attention on the Contextual Stochastic Block Model (CSBM) in the regime where the
average degree of a node is Ω(log2 n) in the number of nodes n. Second, I propose a notion
of asymptotic local optimality for node classification tasks and design a GNN architecture
that is provably optimal in this notion, for the sparse regime, i.e., average degree O(1).

In the first part, I present a rigorous theoretical understanding of the effects of graph
convolutions in neural networks through the node classification problem of a non-linearly
separable Gaussian mixture model coupled with a stochastic block model. First, I identify
two quantities corresponding to the signal from the two sources of information: the graph,
and the node features, followed by a result that shows that a single graph convolution
expands the regime of the distance between the means where multi-layer networks can
classify the data by a factor of up to 1/

√
E deg, where E deg denotes the expected degree of

a node. Second, I show that with a slightly stronger graph density, two graph convolutions
improve this factor to up to 1/

√
n, where n is the number of nodes in the graph. This

set of results provides both theoretical and empirical insights into the performance of
graph convolutions placed in different combinations among the layers of a neural network,
concluding that the performance is mutually similar for all combinations of the placement.

In the second part, the analysis of graph attention is provided, where the main result
states that in a well-defined “hard” regime, every attention mechanism fails to distinguish
the intra-class edges from the inter-class edges. In addition, if the signal in the node
attributes is sufficiently weak, graph attention convolution cannot perfectly classify the
nodes even if the intra-class edges are separable from the inter-class edges.

In the third part, I study the node classification problem on feature-decorated graphs
in the sparse setting, i.e., when the expected degree of a node is O(1) in the number of
nodes, in the fixed-dimensional asymptotic regime, i.e., the dimension of the feature data
is fixed while the number of nodes is large. Such graphs are typically known to be locally
tree-like. Here, I introduce a notion of Bayes optimality for node classification tasks,
called asymptotic local Bayes optimality, and compute the optimal classifier according
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to this criterion for a fairly general statistical data model with arbitrary distributions of
the node features and edge connectivity. The optimal classifier is implementable using
a message-passing graph neural network architecture. This is followed by a result that
precisely computes the generalization error of this optimal classifier, and compares its
performance statistically against existing learning methods on a well-studied data model
with naturally identifiable signal-to-noise ratios (SNRs). We find that the optimal message-
passing architecture interpolates between a standard MLP in the regime of low graph signal
and a typical graph convolutional layer in the regime of high graph signal. Furthermore,
I provide a corresponding non-asymptotic result that demonstrates the practical potential
of the asymptotically optimal classifier.

All the results are supplemented with extensive experiments on both synthetic and
real-world data to illustrate the main theorems. The code is open-sourced on GitHub.
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Chapter 1

Introduction

A large amount of interesting data and the practical challenges associated with them
are defined in the setting where entities have attributes as well as information about
mutual relationships. Traditional classification models have been extended to capture
such relational information through graphs [Ham20], where each node has individual at-
tributes and the edges of the graph capture the relationships among the nodes. A va-
riety of applications characterized by this type of graph-structured data include works
in the areas of social analysis [BL11], recommendation systems [YHC+18], computer vi-
sion [MBM+17], study of the properties of chemical compounds [GSR+17, SGT+09], sta-
tistical physics [BKGB+20, BPL+16], and financial forensics [ZZY+17, WDC+19].

Various popular learning methods for relational data utilize graph convolutions [KW17],
where the idea is to aggregate the attributes of the set of neighbours of a node instead
of only using its attributes. Despite several empirical studies of various GCN-type mod-
els [CLB19, MLST22] that demonstrate that graph convolutions can improve the perfor-
mance of traditional classification methods, there has been limited progress in the theoret-
ical understanding of the benefits of graph convolutions in multi-layer networks in terms
of improvement on node classification tasks.

1.1 Literature Review

1.1.1 Graph Convolutions

The capacity of a graph convolution for one-layer networks is studied in [BFJ21b], along
with its out-of-distribution (OoD) generalization potential. A more recent work [WZYW22]
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formulates the node-level OoD problem and develops a learning method that facilitates
GNNs to leverage invariance principles for prediction. In [GBG19], the authors utilize
a propagation scheme based on personalized PageRank to construct a model that out-
performs several GCN-like methods for semi-supervised classification. Through their al-
gorithm (APPNP) they show that placing power iterations at the last layer of an MLP
achieves state-of-the-art performance. As a byproduct of our results, we verify this empiri-
cal observation theoretically on a well-studied data model, the contextual stochastic block
model (CSBM) [DSMM18].

To this end, we study the effects of graph convolutions in deeper layers of a multi-
layer network. For node classification tasks, we also study whether one can avoid using
additional layers in the network design for the sole purpose of gathering information from
neighbours that are farther away, by comparing the benefits of placing all convolutions in
a single layer versus placing them in different layers.

1.1.2 Graph Attention

Graph convolution, usually defined using its spatial version, corresponds to averaging the
features of a node with the features of its neighbours [KW17]. More broadly, graph convolu-
tion can refer to different variants arising from different (approximations of) graph spectral
filters. Graph attention [VCC+18a] mechanisms augment this convolution by appropriately
weighting the edges of a graph before spatially convolving the data. The weighting can be
done using information from the given features for each node. Despite its wide adoption
by practitioners [FL19, WZY+19, HFZ+20a] and its large academic impact, the number of
works that rigorously study its effectiveness is quite limited.

Recently, the concept of attention for neural networks [BCB15, VSP+17] was transferred
to GNNs [LZBT16, BL17, VCC+18a, LRK+19, PBHL20]. A few papers have attempted to
understand the attention mechanism in [VCC+18a]. One work relevant to ours is [BAY22].
In this paper, the authors show that a node may fail to assign large edge weight to its
most important neighbours due to a global ranking of nodes generated by the attention
mechanism in [VCC+18a]. Another related work is [KTA19], which presents an empir-
ical study of the ability of graph attention to generalize on larger, complex, and noisy
graphs. In addition, in [HZC+19] the authors propose a different metric to generate the
attention coefficients and show empirically that it has an advantage over the original GAT
architecture.

Other related work to ours, which does not focus on graph attention, comes from the
field of statistical learning on random data models. Random graphs and the stochastic
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block model have been traditionally used in clustering and community detection [Abb18,
AFT+18, Moo17]. Moreover, the works by [BVR17, DSMM18], which also rely on CSBM
are focused on the fundamental limits of unsupervised learning. Of particular relevance
is the work by [BFJ21a], which studies the performance of graph convolution on CSBM
as a semi-supervised learning problem. Within the context of random graphs, [KBV21a]
studies the approximation power of GNNs on random graphs. In [MLLK22a] the authors
derive the generalization error of GNNs for graph classification and regression tasks. In
[FLY+23], the authors attempt to understand graph attention’s capability for edge/node
classification for different parameter regimes of CSBM.

Finally, there are a few related theoretical works on understanding the generalization
and representation power of GNNs [CLB19, CPLM20, ZYZ+20, XHLJ19, GJJ20, Lou20a,
Lou20b]. For a recent survey in this direction see [Jeg22]. This section of the thesis is
based on work done in [FLY+23], where we take a statistical perspective, allowing us to
characterize the precise performance of graph attention compared to graph convolution
and no convolution for CSBM, to answer the particular questions imposed above.

1.1.3 Statistical Models

There exists a large amount of theoretical work on unsupervised learning for random
graph models where node features are absent and only relational information is available
[DKMZ11, Mas14, MNS18, MNS15a, AS15, ABH15, BLM15, DAM15, MS16, BMNN16,
AS18, LCM19, KUK17, GRS22]. For a comprehensive survey, see [Abb18, Moo17].

Several theoretical and empirical works have also studied data models which have node
features coupled with relational information. In [DSMM18, LS20], the authors explore the
fundamental thresholds for weak recovery and community detection in the regime where
the number of nodes scales with the dimension of data, and the average degree is constant.
For the (primarily) empirical study of the semi-supervised node classification problem, see
[SGT+09, CZY11, GVB12, DV12, GFRS13, YML13, HYL17, JLL+19, MDR19, CCH+22,
YHS+21]. These papers provide good empirical insights into the merits of graph structure
in the data. I complement these studies with theoretical results that explain the effects of
graph convolutions in a multi-layer network.

Another relatively recent work [HZC+20] proposes two graph smoothness metrics for
measuring the benefits of graphical information, along with a new attention-based frame-
work. In [FLY+23], the authors provide a theoretical study of the graph attention mecha-
nism (GAT) and identify the regimes where the attention mechanism is (or is not) beneficial
to node classification tasks. Our study focuses on convolutions instead of attention-based
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mechanisms. Several other works study the expressive power and extrapolation of GNNs,
along with the oversmoothing phenomenon (see, e.g., [BRH+21, XZL+21, OS20, LHW18]),
however, our focus is to draw a comparison of the benefits and limitations of graph convo-
lutions with those of a traditional MLP that does not utilize relational information.

These areas of research still lack theoretical guarantees that explain when and why
graphical data, and in particular, graph convolutions, can boost traditional multi-layer
networks to perform better on node classification tasks.

1.1.4 Message-Passing GNN Architectures

There has been a tremendous amount of work on GNN architecture design, where the most
popular designs are based on a convolutional architecture, with each layer of the neural
network performing a weighted convolution (averaging) operation with immediate neigh-
bours, e.g., graph convolutional networks (GCN) [KW17, CWH+20] or graph attention
networks (GAT) [VCC+18b]. These architectures are known to have several limitations
regarding their expressive power (see, e.g., [LHW18, OS20, BRH+21, XZL+21, Ker22]).

An interesting line of research consists of both theoretical and empirical works that
attempt to address these limitations by developing an understanding of GNN architectures
within the scope of message-passing [RHXH20, LJZ+22, MLLK22b], as well as beyond it
[MBHSL19, MSRR19, CVCB19]. For example, [XLT+18] propose an architecture with a
technique called skip-connections, that flexibly leverages different ranges of neighbourhoods
for each node to enable structure-awareness in node representations, [CWH+20] propose a
modification of the vanilla GCN with an initial residual that effectively relieves the problem
of oversmoothing [OS20], and [KBV21b] study the universality of structural GNNs in the
large random graph limit. However, this area of research still lacks a clear understanding of
optimality in the context of graph learning problems, making it hard to design architectures
for which a well-defined notion of optimality can be theoretically justified.

Several works have studied traditional message-passing GNN architectures like GCN
and GAT using the binary contextual stochastic block model, see for example, [BFJ21b,
CCH+22, FLY+23, JMLV22, BFJ23a]. These analyses rely heavily on two assumptions:
first, the graph is not too sparse, i.e., for a graph with n nodes, the expected degree of
a node is Ωn(log

2 n), and second, the node features are modelled as a Gaussian mixture.
The work by [WYJ+22] is of particular interest to us, where the authors take a Bayesian
inference perspective to investigate the functions of non-linearity in GNNs for binary node
classification. They characterize the max-a-posterior estimation of a node label given the
features of itself and its immediate neighbours. A similar perspective to that of [WYJ+22]
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is discussed in [GSGG23], where the latter authors derive insights into the robustness-
accuracy trade-off in GNNs for node classification.

In contrast to these inspiring works, I study the highly sparse regime for this part of
the thesis, where the expected degree of a node is On(1), and also consider nodes beyond
the immediate neighbours at any fixed distance. (In fact, the non-asymptotic results allow
distances of order c log n for small enough c > 0, see Section 5.5). Furthermore, my
main result (Theorem 7) holds for a general multi-class statistical model with arbitrary
continuous or discrete feature distributions and arbitrary edge-connectivity probabilities
between all pairs of classes.

1.2 Overview of Contributions

The main results in this thesis are presented in three parts.

1.2.1 Effects of Graph Convolutions

The first part introduces a theoretical framework based on the contextual stochastic block
model (see Section 2.2) that provides a statistical standard for benchmarking various GNN
architectures for node classification tasks. Following the description of this framework,
I present a rigorous study of the effects of graph convolutions on feature-rich relational
data in the regime where the average node degree is ω(log n) in the number of nodes n.
I also recognize classification thresholds based on meaningful signals identified in the two
sources of data: the node features and the node relationships. First, I develop an intuition
for the main ideas using a simple binary CSBM (contextual stochastic block-model, see
Section 2.2). The following results are for the binary model where a one-layer network is
sufficient to classify the data.

1. I compare the relative performance of a graph convolution to the Bayes optimal
classifier in the case where we do not have a graph. In the absence of relational infor-
mation, I identify the threshold below which the data is not linearly separable with
high probability, followed by computing the precise improvement in this threshold
offered by a graph convolution. This result is formally presented in Theorem 1.

2. The second result is about the generalization of the output of the corresponding
optimization procedure that runs on a training sample. In particular, I show that
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the minimizer performs well on the classification of unseen out-of-distribution data.
See Theorem 2 for a formal statement.

The insights from the study of this toy model motivate the study of a slightly more
complicated variant, which I refer to as the XOR-CSBM (see Section 3.3). Here, one
necessarily needs a network with at least two layers to classify the data. For this model, I
study neural networks with up to three layers and show the improvement obtained by up
to two graph convolutions. In particular, the following results are obtained:

1. A single graph convolution enables a multi-layer network to classify the nodes in a
wider regime as compared to methods that do not utilize the graph, improving the
threshold for the distance between the means of the features by a factor of up to
1/
√
E deg. Furthermore, with a slightly denser graph, a multi-layer network with

two graph convolutions can classify the data in an even wider regime, improving the
threshold by a factor of up to 1/

√
n, where n is the number of nodes in the graph.

This is formalized in Theorem 4.

2. For multi-layer networks equipped with graph convolutions, the classification thresh-
old is determined by the number of graph convolutions rather than the number of
layers in the network. I study the improvement in the classification threshold ob-
tained by placing graph convolutions in several combinations across the layers of a
multi-layer network and find that the performance is mutually similar for all combi-
nations with the same number of graph convolutions.

1.2.2 Analysis of Graph Attention

In this part, I present the main result for the “hard regime”, i.e., when the distance between
the means is small compared to the standard deviation, showing that every attention
architecture fails to distinguish inter-class edges from intra-class edges with high probability
(Theorem 5).

Moreover, for the original GAT architecture [VCC+18a], it can be shown that with high
probability, most of the attention coefficients have uniform weights, similar to those of a
simple GCN [KW17] (Theorem 6).

1.2.3 Optimality of Message-Passing

Next, I turn to the regime of very sparse graphs where the average node degree is O(1),
where I propose a notion of asymptotically local Bayes optimality. The same statistical
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data model is extended to arbitrary node features and edge-connectivity profiles among all
pairs of classes to study this setting. The following results and findings are obtained:

1. Introduction to a family of GNN architectures that are asymptotically (in the number
of nodes n→ ∞) Bayes optimal in a local sense for a general multi-class data model
with arbitrary feature distributions. The optimality is stated precisely in Theorem 7.

2. Analysis of the architecture in the simpler two-class setting with Gaussian features,
explicitly characterizing the generalization error in terms of the natural signal-to-
noise ratio (SNR) in the data.

3. A comparative study against other learning methods analyzed using the same statis-
tical model (see Theorems 8 and 9). There are two key insights from this study:

• When the graph SNR is very low, the architecture reduces to a simple MLP
that does not consider the graph at all, while if it is very high, the architecture
reduces to a typical convolutional network that averages information from all
nodes in the local neighbourhood. In the regime between the low and high
SNRs, the architecture interpolates and performs better than both a simple
MLP and a typical GCN.

• If the signal in the graph is larger than a threshold, then a simple convolution
can perform better than any method that does not utilize the graph.

4. In the non-asymptotic setting with a fixed number of nodes, we show that even for
a logarithmic depth, the neighbourhoods of an overwhelming fraction of nodes are
tree-like with high probability. Subsequently, we show that the optimal classifier in
the non-asymptotic setting obtains an error close to that incurred by the optimal
classifier in the asymptotic setting. This is formalized in Theorem 10.

All of the content in this thesis is based on the papers published during my Ph.D.
with my supervisors and co-authors [BFJ21b, BFJ23a, FLY+23, BFJ23b, WBF24]. All
the results are demonstrated through extensive experiments on both synthetic and real
data. The source code for all experiments is open-sourced and can be found on GitHub.
The reader is referred to the GitHub account github.com/opallab/ for more details.
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Chapter 2

Preliminaries and Background

2.1 Common Notation

In the rest of this thesis, vectors and matrices are usually denoted by lowercase and up-
percase bold alphabets, respectively (such as x ∈ Rd and X ∈ Rn×d). In and Jn refer to
the n-dimensional identity matrix and all-ones matrix, respectively, where the subscript is

omitted if inferred from context. We write [n]
def
= {1, 2, . . . , n}. We use Ber(p) to denote

the Bernoulli distribution, so x ∼ Ber(p) means the random variable x takes value 1 with
probability p and 0 with probability 1− p.

G = (V,E) will denote a graph with the set of vertices V (G) and edges E(G). The
adjacency matrix is denoted by A = {auv}u,v∈[n], and the degree of a node u in G is denoted
by deg(u,G) =

∑
v∈[n] auv, where G is omitted if inferred from context.

Define the canonical graph distance metric (breadth-first distance / shortest distance)
between two nodes u, v in an undirected, unweighted graph to be d(u, v). For a node
u ∈ V (G), define ηk(u) = {v ∈ V (G) : d(u, v) ≤ k} to be the ball of radius k for the
canonical graph distance metric. I will also use Nk(u) to denote the set of vertices at the
distance of exactly k from node u. Thus, ηk(u) = {u} ∪kj=1 Nk(u).

The all-ones vector is denoted by 1 and ei denotes the ith standard basis vector in
Rn. Given a vector x ∈ Rn, ∥x∥ denotes its Euclidean norm

√∑n
i=1 x

2
i . We use ∥x∥∞

to denote its infinity norm, maxni=1 |xi|. For a matrix M ∈ Rn, we use ∥M∥ to denote
its spectral norm, maxx ̸=0,∥x∥=1 ∥Mx∥. We also make routine use of the spectral theorem,
which says that if M is an n × n symmetric matrix, then it can be diagonalized with
n orthogonal eigenvectors and real eigenvalues. In particular, there exist λ1, λ2, ...λn ∈
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R and orthonormal vectors w1,w2, . . . ,wn ∈ Rn such that M =
∑n

i=1 λiwiw
⊤
i . Note

that when M is symmetric, ∥M∥ = maxi |λi| = maxx:∥x∥=1 |x⊤Mx|. Finally, N (µ,Σ)
denotes a Gaussian distribution with mean µ and covariance matrix Σ. For one-dimensional
Gaussians, we use N (µ, σ2). For X ∼ N (µ, σ2), we will frequently use the Gaussian tail
bound: Pr [|X − µ| > tσ] ≤ exp(− t2

2
). We will usually denote by ϕ the sigmoid function

1/(1+ exp(x)) while Φ will always stand for the CDF of the standard normal distribution.

2.2 Statistical Data Model

I work with the multi-class CSBM, where each node belongs to one of C different classes
labelled 1, . . . , C, and the node features have arbitrary continuous or discrete distribu-
tions. This model with C = 2, along with a specialization to Gaussian features has
been extensively studied in several works on (semi)-supervised node classification and un-
supervised community detection, see, for example, [DSMM18, LS20, BFJ21b, WYJ+22,
FLY+23, BFJ23a]. Informally, a CSBM consists of a coupling of a stochastic block model
(SBM) [HLL83] with a mixture model where the components of the mixture have arbitrary
distributions and are associated with the blocks of the SBM.

More formally, let n, d be positive integers such that n denotes the number of nodes
and d denotes the dimension of the node features. Define y1, . . . , yn ∈ {1, . . . , C} as
the latent variables (class labels) to be inferred. Assume that the latent variables have
a uniform prior, i.e., yu ∼ Unif({[C]}) for all u. For the relational part of the data,
we have an undirected unweighted graph of n nodes, G = (V,E) with adjacency matrix
A = (auv)u,v∈[n] ∼ SBM(n,Q), where Q = {qij} ∈ [0, 1]C×C is the edge-probability matrix,
meaning that

Pr(auv = 1 | yu = i, yv = j) = qij.

The node attributes, X ∈ Rn×d are sampled from a mixture of C arbitrary distributions,
P = {Pi}i∈[C], where corresponding to the yu, we have Xu ∼ Pyu for all u ∈ [n]. For a
feature-decorated graph G = (A,X) = ({auv}u,v∈[n], {Xu}u∈n) sampled from the model
described above, we say that G ∼ CSBM(n,P,Q) or G ∼ CSBM(n,P,B/n), where Bij is
seen as the expected number of neighbours in class j, of a node that is in class i. In a lot
of places, we will reduce the model to the simpler case with two symmetric classes C0 and
C1, in which case, P = {P∓}, the distributions of the two classes, and Q = (p− q)I2 + qJ2

where p and q are the intra and inter-class edge probabilities. In this case, I use the
notation CSBM(n, p, q, θ) where θ represents the parameters of P∓. For example, for
a binary Gaussian mixture model coupled with a two-block symmetric SBM, we write
CSBM(n, p, q,µ, σ).
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2.3 Neural Network Architectures

For the first part of my thesis where I analyze existing GNN architectures, I use the
following general family of neural networks where any number of graph convolutions can
be placed in any layer. In particular, for a network with L layers, here’s the definition:

Architecture 1. Given input data (A,X) where A ∈ {0, 1}n×n is the adjacency matrix
and X ∈ Rn×d is the node feature matrix, define:

H(0) = X,

f (l)(X) = (D−1A)klH(l−1)W(l) + b(l)

H(l) = ReLU(f (l)(X))

}
for l ∈ [L],

ŷ = φ(f (L)(X)).

Here, φ(x) = 1
1+e−x and ReLU are applied element-wise. The final output of the network

is represented by ŷ = {ŷu}i∈[n]. Note that D−1A is the normalized adjacency matrix and
kl denotes the number of graph convolutions placed in layer l. In particular, for a simple
MLP with no graphical information, we have A = In.

For the second part of the thesis, we need the following additional notation and pre-
processing. Let ℓ ≥ 0 and L > 0 be fixed integers. Let C ≥ 2 be the number of classes. For
given data (A,X) where A ∈ Rn×n is the adjacency matrix of an unweighted undirected
graph, and X ∈ Rn×d is the node feature matrix, we perform a pre-computation on the
graph to construct a tensor Ã as follows:

Ã(0) = I, Ã(k) = f(Ak) ∧

(
¬f

(
k−1∑
m=0

Am

))
for k ∈ {1, . . . , ℓ},

where f(M) for a matrixM returns the entry-wise flattened matrix with f(M)ij = 1(Mij >
0), and (∧,¬) denote the entry-wise bit-wise operators (‘and’, ‘negation’) respectively. Note
here that Ã(k) is an n × n binary matrix with Ã

(k)
uv = 1 if and only if v is present in the

distance k neighbourhood of u but not within the distance (k − 1) neighbourhood. The
idea behind this pre-processing step is the following: for each node u and each k ∈ [ℓ], we
want to divide the radius ℓ neighbourhood of u into ℓ groups of nodes, where each group
k ∈ [ℓ] consists of nodes that are within discovered the neighbourhood at each distance

from a given node. Ã
(k)
u,: models a non-backtracking walk of length k that considers new

nodes in the distance-k neighbourhood that were not discovered.

I now propose the graph neural network architecture for the second part of the thesis.
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Architecture 2. Given input data (A,X) where A ∈ {0, 1}n×n is the adjacency matrix
and X ∈ Rn×d is the node feature matrix, define:

H(0) = X, H(l) = σl(H
(l−1)W(l) + 1nb

(l)) for l ∈ [L],

Q = sigmoid(Z), M
(k)
u,i = log⟨H(L)

u ,Qk
i )⟩ for k ∈ [ℓ], u ∈ [n], i ∈ [C].

Then the predicted label is given by ŷ = {ŷu}u∈[n], where

ŷu = argmax
i∈[C]

(
H(L)
u,c +

ℓ∑
k=1

Ã(k)
u,:M

(k)
:,i

)
.

Here, H(L) is viewed as the output of a simple L-layer MLP with {σl}l∈[L] being a set
of non-linear activation functions. We have (W(l),b(l))l∈[L] as the learnable parameters of
this MLP, with suitable dimensions so that H(L) ∈ Rn×C . In addition, we introduce the
learnable parameter Z ∈ RC×C which is used to model edge connectivity among all pairs
of classes. The quantity Ã

(k)
u,:M

(k)
:,i =

∑
v∈[n] Ã

(k)
u,vM

(k)
v,i is viewed as the sum of messages

M
(k)
v,i passed by all distance k neighbours of node u.

2.4 Elementary Results

Let us start by stating some standard definitions and probability tools which will be used
throughout this work. The first definition is regarding sub-Gaussian random variables.
Those random variables are characterized by their tail decay.

Definition 2.4.1 (SubGaussian tails, [Ver18]). We say that a random variable z follows
sub-Gaussian distribution if there are positive constants C, v such that for every t > 0

Pr [|z − E[z]| > t] ≤ C exp(−vt2).

Equivalently, z is sub-Gaussian if E[exp(a(z−E[z])2)] ≤ 2 for some a > 0 (this condition
is known as ψ2-condition).

The following lemma discusses the behaviour of the maxima of sub-Gaussian random
variables.
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Lemma 2.4.1 (Max of subGaussian [RH15]). Let x1, . . . ,xn be sub-Gaussian random
variables with the same mean and sub-Gaussian parameter σ̃2. Then,

E

[
max
i∈[n]

(xi − E[xi])
]
≤ σ̃

√
2 log n.

Moreover, for any t > 0

Pr

[
max
i∈[n]

(xi − E[xi]) > t

]
≤ 2n exp

(
− t2

2σ̃2

)
.

Next, we define Lipschitz functions and state that the function LeakyRelu, i.e., f(x) =
max(ax, x) where a is typically a very small number, is Lipschitz.

Definition 2.4.2 (Lipschitz functions). Let (X , dX ) and (Y , dY) be metric spaces. A
function f : X → Y is called L-Lipschitz if there exists L ∈ R such that for every u, v ∈ X

dY(f(u), f(v)) ≤ L · dX (u, v).

Fact 2.4.2. LeakyRelu is L-Lipschitz with L ≤ 1.

Next are a few concentration inequalities used in this work.

Lemma 2.4.3 (Hoeffding’s inequality, Theorem 2.2.6 in [Ver18]). Let X1, X2, . . . , Xn be
independent random variables such that ai ≤ Xi ≤ bi for each i. Define the sample mean
as: X = 1

n

∑n
i=1Xi. Then, for any t > 0,

Pr
[
X − E[X] ≥ t

]
≤ exp

(
− 2n2t2∑n

i=1(bi − ai)2

)
.

Similarly,

Pr
[
X − E[X] ≤ −t

]
≤ exp

(
− 2n2t2∑n

i=1(bi − ai)2

)
.

Lemma 2.4.4 (Chernoff bound [AS04, Han14, Ver18]). Let χ1, . . . , χn be independent and
identically distributed (iid) random variables ranging in [0, 1], and let p = E[χ1]. Then for
any ϵ ∈ (0, 1), it holds that

Pr

∣∣∣∣∣∣ 1n
∑
i∈[n]

χi − p

∣∣∣∣∣∣ > ϵ

 < 2 exp

(
−ϵ

2n

4

)
,
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and for any γ ∈ (0, 2], it holds that

Pr

∣∣∣∣∣∣ 1n
∑
i∈[n]

χi − p

∣∣∣∣∣∣ > γp

 < 2 exp

(
−γ

2pn

4

)
.

The following statement considers the optimal Bayes classifier for data generated by
the Gaussian mixture model.

Lemma 2.4.5. Let G = (A,X) ∼ CSBM(n, p, q,µ, σ). Then, the optimal Bayes classifier
for X is realized by the linear classifier.

h(x) =

{
0 if xTµ ≤ 0

1 if xTµ > 0
.

Proof. For a given data point x and label y ∈ {0, 1}, the Bayes classifier is given by

h (x) = argmax
c∈{0,1}

Pr [y = c | x] .

Note that since the class membership variables ϵ1, . . . , ϵn ∼ Ber(1/2) are independent, we
have Pr [y = 0] = 1

2
and Pr [y = 1] = 1

2
. Therefore, by Bayes rule

Pr [y = c | x]

=
Pr [y = c] · fx|y(x | y = c)

Pr [y = 0] fx|y=0(x | y = 0) +Pr [y = 1] fx|y=1(x | y = 1)
=

1

1 +
fx|y(x|y=1−c)
fx|y(x|y=c)

.

Assume that x ∈ C0, we have that h(x) = 0 if and only if Pr [y = 0 | x] ≥ 1/2.

Therefore, if we consider class c = 0 we need that
fx|y(x|y=1)

fx|y(x|y=0)
≤ 1. That is,

fx|y(x | y = 1)

fx|y(x | y = 0)
=

exp
(
− 1

2σ2∥x− µ∥22
)

exp
(
− 1

2σ2∥x+ µ∥22
) = exp

(
− 1

2σ2

(
∥x− µ∥22 − ∥x+ µ∥22

))
≤ 1,

which implies that xTµ ≤ 0. Similarly, for label c = 1 we get that xTµ > 0. Hence, the
Bayes classifier is given by

h(x) =

{
0 if xTµ ≤ 0

1 if xTµ > 0
,

which is a linear classifier.
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I now note the elementary results that supplement the proofs of the main results.

Proposition 2.4.6 (Degree concentration). Consider G ∼ CSBM(n, {P∓}, (p−q)I2+qJ2)

with yu ∈ {0, 1} for all u ∈ [n] and the density p, q = Ω( log
2 n
n

). Then for any c > 0, with
probability at least 1− 2n−c, we have for all u ∈ [n] that

deg(u) =
n

2
(p+ q)(1± on(1)),

1

deg(u)
=

2

n(p+ q)
(1± on(1)),

1

deg(u)

(∑
yv=1

auv −
∑
yv=0

auv

)
= (2yu − 1) sgn(p− q)γ(p, q)(1 + on(1)),

where the error term on(1) = O

(√
c

logn

)
.

Proof. Note that deg(u) is a sum of n Bernoulli random variables, hence, we have by the
Chernoff bound [Ver18, Section 2] that

Pr
[
deg(u) ∈

[n
2
(p+ q)(1− δ),

n

2
(p+ q)(1 + δ)

]c]
≤ 2 exp(−Cn(p+ q)δ2),

for some C > 0. We now choose δ =
√

(c+1) logn
Cn(p+q)

for a large constant c > 0. Note that since

p, q = Ω(log2 n/n), we have that δ = O(
√

c
logn

) = on(1). Then following a union bound over

u ∈ [n], we obtain that with probability at least 1− 2n−c,

deg(u) =
n

2
(p+ q)

(
1±O

(√ c

log n

))
for all u ∈ [n],

1

deg(u)
=

2

n(p+ q)

(
1±O

(√ c

log n

))
for all u ∈ [n].

Note that 1
deg(u)

∑
yv=b

auv for any b ∈ {0, 1} is a sum of independent Bernoulli random

variables. Hence, by a similar argument, we have that with probability at least 1− 2n−c,

1

deg(u)

(∑
yv=1

auv −
∑
yv=0

auv

)
= (2yu − 1)

p− q

p+ q
(1 + on(1)) for all u ∈ [n],

which completes the proof.

14



Proposition 2.4.7 (Number of common neighbours). Assume that the graph density is
p, q = Ω( logn√

n
). Then for any constant c > 0, with probability at least 1− 2n−c,

|N1(u) ∩N1(v)| =
n

2
(p2 + q2)(1± on(1)) for all yu = yv,

|N1(u) ∩N1(v)| = npq(1± on(1)) for all yu ̸= yv,

where the error term on(1) = O

(√
c

logn

)
.

Proof. For any two distinct nodes u, v ∈ [n] we have that the number of common neighbours
of u and v is |N1(u) ∩ N1(v)| =

∑
w∈[n] auwavw. This is a sum of independent Bernoulli

random variables, with mean E|N1(u) ∩ N1(v)| = n
2
(p2 + q2) for yu = yv and E|N1(u) ∩

N1(v)| = npq for yu ̸= yv. Denote µuv = E|N1(u) ∩ N1(v)|. Therefore, by the Chernoff
bound [Ver18, Section 2], we have for a fixed pair of nodes (u, v) that

Pr [|N1(u) ∩N1(v)| ∈ [µuv(1− δuv), µuv(1 + δuv)]
c] ≤ 2 exp(−Cµuvδ2uv)

for some constant C > 0. We now choose δuv =
√

(c+2) logn
Cµuv

for any large c > 0. Note that

since p, q = Ω(logn/√n), we have that δuv = O(
√

c
logn

) = on(1). Then following a union

bound over all pairs (u, v) ∈ [n] × [n], we obtain that with probability at least 1 − 2n−c,
for all pairs of nodes (u, v) we have

|N1(u) ∩N1(v)| =
n

2
(p2 + q2)(1± on(1)) for all yu = yv,

|N1(u) ∩N1(v)| = npq(1± on(1)) for all yu ̸= yv.

This completes the proof.

Fact 2.4.8. For any x ∈ [0, 1], x
2
≤ log(1 + x) ≤ x.

Fact 2.4.9. For any non-negative numbers u, v, x, y such that x, y ≤ 1,

xu+ yv − 1

2
(xu+ yv)2 ≤ 1− (1− x)u (1− y)v ≤ xu+ yv.
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Chapter 3

Effects of Graph Convolutions

The first set of results is presented in two parts. In the first part, we analyze the binary
CSBM data model and develop the intuition behind the effects of graph convolutions. We
characterize the precise change in the threshold for linear separability of the data when a
graph convolution is used with this data model. In the second part, we extend the idea to
multi-layer networks and work with the more complex data model, the XOR-CSBM. Here,
we also analyze the effects of graph convolutions in different combinations across multiple
layers of a neural network.

3.1 GNN Architecture

For this part, we shall work with Architecture 1. Let θ denote the set of all learn-
able parameters of the network, (W(l),b(l))l∈[L]. For a dataset (A,X,y), denote the
binary cross-entropy loss of a multi-layer network with parameters θ by ℓ(A,X,y, θ) =
− 1
n

∑
i∈[n] yi log(ŷi) + (1− yi) log(1− ŷi), and the optimization problem as

OPT(A,X,y) = min
θ∈C

ℓ(A,X,y, θ), (3.1)

where C denotes a suitable constraint set for θ. For our analyses, we take the constraint set
C to impose the condition

∥∥W(1)
∥∥
2
≤ R and

∥∥W(l)
∥∥
2
≤ 1 for all 1 < l ≤ L, i.e., the weight

parameters of all layers l > 1 are normalized, while for l = 1, the norm is bounded by some
fixed value R. This constraint is necessary for the optimization algorithm to terminate
because, without the constraint, the value of the loss function can go arbitrarily close to
0 in the case of perfect classification. Furthermore, the parameter R helps us concisely
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provide bounds for the loss in the theorems for various regimes by bounding the Lipschitz
constant of the learned function. In the rest of this chapter, I use ℓ(X,y, θ) to denote
ℓ(In,X,y, θ).

3.2 Binary CSBM with One-layer Networks

Let (yk)k∈[n] be iid Ber(1
2
) random variables that are latent class labels to be learned. Let

y denote the vector with coordinates yi. Corresponding to these, consider the adjacency
matrix A = (aij) ∈ Rn×n of a graph drawn from a symmetric stochastic block model
with two classes, C0 = {i ∈ [n] : yi = 0} and C1 = Cc

0. Additionally, consider a feature
matrix X ∈ Rn×d (also referred to as node covariates in the literature) drawn from a two-
component Gaussian mixture model. The distribution of the data conditioned on latent
variables (yk)k∈[n] is given by

Pr(aij = 1) =

{
p yi = yj

q otherwise
, Xi ∼ N ((2yi − 1)µ, σ2Id),

where p, q,µ, σ are parameters of the model. A sample drawn from this model is de-
noted as (A,X) ∼ CSBM(n, p, q,µ, σ), where A ∼ SBM(n, p, q) and X ∼ GMM(n,µ, σ).
Furthermore, we denote the convolved data matrix, i.e. the transformed feature matrix
obtained after applying a graph convolution to the original data X as X̃ = D−1AX. We
say that two models CSBM(n, p, q,µ, σ) and CSBM(n′, p′, q′,µ′, σ′) are in the same family
if µ = µ′, σ = σ′ and sgn(p− q) = sgn(p′ − q′), i.e., the underlying Gaussian mixture has
the same distribution and the homophilic/heterophilic nature of the underlying graph is
the same.

3.2.1 Linear Separability

We find that graph convolutions can dramatically improve the separability of a binary
CSBM dataset. In particular, adding the graph structure to a dataset and using the
corresponding convolution, i.e., working with X̃ = D−1AX as opposed to simply X, can
make a dataset linearly separable when it was not so previously. More precisely, given a
sample (A,X) ∼ CSBM(n, p, q,µ, σ), we say that (Xi)i∈[n] is linearly separable if there is
some unit vector v̂ such that ⟨Xi, v̂⟩ < 0 for all i ∈ C0 and ⟨Xi, v̂⟩ > 0 for all i ∈ C1. We
say that (X̃i)i∈[n] is linearly separable if the same holds for X̃. Let us begin by defining
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two quantities of interest:

γ(p, q) =
|p− q|
p+ q

, ζ(µ, σ) =
∥µ∥2
σ

. (3.2)

Here, γ(p, q) is viewed as the signal in the graph, while ζ(µ, σ) is viewed as the signal in the
GMM. In the rest of this section, we will denote ζ = ζ(µ, σ), making the dependence on
µ and σ implicit. Note that intuitively, a larger gap between the intra-edge and inter-edge
probabilities signifies a stronger signal in the graph. When p = q, the SBM collapses to
the Erdös-Rényi model. Similarly, a larger ratio of the distance between the means of the
GMM to the standard deviation signifies a stronger signal in the mixture. Note that our
definition of γ is similar to the signal identified by several theoretical works on community
detection and GNNs [AS15, Abb18, LS20, WYJ+22].

Theorem 1 (Linear separability). Let µ ∈ Rd and σ > 0. Then for any data sample
G = (A,X) ∼ CSBM(n, p, q,µ, σ) where p, q = Ω(log2 n/n), we have the following:

1. If ζ ≤ K for any constant K > 0 then Pr({Xi}i∈[n] are linearly separable) = on(1).

2. If γζ = ω
(√

logn
n(p+q)

)
then Pr((X̃i)i∈[n] is linearly separable) = 1− on(1).

3. Consider a training dataset (A′,X′) ∼ CSBM(n, p, q,µ, σ). Let w be a linear clas-
sifier produced by any arbitrary learning algorithm that takes as input the dataset
(A′,X′). Additionally, consider a test dataset (A,X) ∼ CSBM(n, p, q,µ, σ) drawn
independent of (A′,X′). If the product of the two signals γζ ≤ K√

n(p+q)
for a constant

K > 0 and p, q ≤ 1− ϵ for any constant ϵ ∈ (0, 1), then

Pr((X̃i)i∈[n] is linearly separable by w) = on(1).

This is a statement about the fundamental classification threshold of the data X, and
how a graph convolution improves that threshold. The first part of this theorem shows that
if we consider a two-component GMM in Rd with the same variance but different means,
then if the signal ζ is on(1), that is, the means ±µ are O(σ) apart, with overwhelming
probability it is impossible to linearly separate the data. For the second part we find
that the convolved data, X̃ = D−1AX, is linearly separable provided the means are a bit

more than σ
√

logn
n(p+q)

apart. In other words, we identify the separability regime in terms

of the product of the two signals γ and ζ. Furthermore, on this scale the loss decays
exponentially in Rγζ. Consequently, as n(p + q)/2 is diverging, this regime contains the
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regime in which the data (Xi)i∈[n] is not linearly separable and logistic regression fails at
perfect classification. We note here that our arguments show that this bound is essentially
sharp (within a small logarithmic factor). Finally the third part of the theorem shows that
the convolved data is not linearly separable below the identified threshold.

3.2.2 Generalization

Let us now turn to the related question of generalization. Here, we are interested in
the performance of the optimizer of (3.1), call it w∗, on out-of-distribution data. In
particular, we are interested in an upper bound on the loss achieved for new data (A′,X′) ∼
CSBM(n′, p′, q′,µ, σ). We find that the graph convolution performs well on any out-of-
distribution example. Given that the attributes of the test example are drawn from the
same Gaussian mixture as the attributes of the training sample, the graph convolution
makes accurate predictions with high probability even when the graph is sampled from a
different distribution, i.e., w∗ performs nearly optimally even when the values of n′, p′, and
q′ are substantially different from those in the training set.

Theorem 2 (Generalization). Let (A,X) ∼ CSBM(n, p, q,µ, σ) and assume that the prod-

uct of the signals γ(p, q)ζ ∈ Ω
(√

logn
n(p+q)

)
. Let w∗ be the optimizer of (3.1) on the sample

(A,X). Then for any test sample (A′,X′) ∼ CSBM(n′, p′, q′,µ, σ) independent of (A,X)

such that sgn(p′ − q′) = sgn(p − q) and γ(p′, q′)ζ ∈ Ω
(√

logn
n(p+q)

)
, we have for any c > 0

that
Pr(X̃′ is linearly separable by w∗) = 1−O(n−c).

Note here that while the result for generalization is stated in terms of the binary-cross
entropy, the arguments immediately yield that the number of nodes misclassified by the
half-space classifier defined by w∗ must vanish with probability tending to 1.

3.2.3 Proof of Theorem 1

Let us briefly discuss the intuition behind the proof of Theorem 1. To show that the data
(Xi)i∈[n] is not linearly separable, we observe that we can decompose the data in the form
Xi = (2yi − 1)µ+ σZi, where Zi ∼ N (0, I) are iid. The key observation is that when the
distance between the means is 2 ∥µ∥2 = O(σ) then the intersection of the high probability
regions of the two components of the mixture is most of the mass of both so that no plane
can separate the high probability regions.
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To make this precise, we state an elementary lower bound on the misclassification
error for the Gaussian mixture alone, i.e., in the absence of the graph. The proof re-
lies on the fact that we can easily compute the Bayes optimal classifier for the Gaussian
mixture model. A Bayes classifier, denoted by h∗(x), maximizes the posterior probabil-
ity of observing a label y = b, given the input data x = x. More precisely, h∗(x) =
argmaxb∈{0,1} Pr [y = b | x = x], where x ∈ Rd represents a single data point. For a sam-
ple drawn from the GMM, we compute the precise fraction of data points misclassified by
the Bayes classifier in terms of the GMM signal ζ, and hence, provide a lower bound on
the misclassification error for any arbitrary classifier.

Proposition 3.2.1 (Misclassification error in a GMM). Let {Xi}i∈[n] be a dataset sampled
from a Gaussian mixture with means ±µ ∈ Rd and variance σ2Id. Let ζ be the GMM
signal in (3.2). Then for every classifier h(x) : Rd → {0, 1}, we have for any constant
c > 0 that with probability at least 1− n−c, the fraction of data points misclassified by h is

Mh(n) ≥ Φc(ζ)−
√
c log n

n
.

Proof. Note that Pr [y = 0] = Pr [y = 1] = 1
2
. Let fx(x) denote the density function of a

continuous random vector x. Therefore, for any b ∈ {0, 1},

Pr [y = b | x = x] =
Pr [y = b] fx|y(x | y = b)∑

c∈{0,1}Pr [y = c] fx|y(x | y = c)
=

1

1 +
fx|y(x|y=1−b)
fx|y(x|y=b)

.

A direct calculation using the densities gives
fx|y(x|y=1)

fx|y(x|y=0)
= exp

(
2⟨x,µ⟩
σ2

)
.

The decision regions are identified by: Pr [y = 0 | x] ≥ 1/2 and Pr [y = 0 | x] < 1/2 for
assigning labels 0 and 1 respectively. Thus, we obtain the classifier

h∗(x) = 1(⟨x, µ̂⟩ > 0) =

{
0 ⟨x, µ̂⟩ ≤ 0

1 ⟨x, µ̂⟩ > 0
. (3.3)

We now consider a sample of n data points, {Xi}i∈[n], drawn from the binary GMM
with means ±µ ∈ Rd and variance σ2Id. For perfect classification by the Bayes classifier,
we require for every i ∈ [n] that ⟨Xi, µ̂⟩ ≤ 0 for yi = 0 and ⟨Xi, µ̂⟩ > 0 for yi = 1.
Note that the random variable Yi = ⟨Xi, µ̂⟩ is Gaussian with mean (2yi − 1) ∥µ∥2 and

variance σ2. Consider the case i ∈ C0. We have for all t ∈ R that Pr
(

Yi+∥µ∥2
σ

≤ t
)
= Φ(t).
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Putting t = ζ =
∥µ∥2
σ

, we have that Pr (Yi ≤ 0) = Φ(ζ). Similarly, for i ∈ C1, we have that
Pr (Yi > 0) = Φ(ζ). We thus obtain that each Xi is misclassified with probability Φc(ζ).
Next, we consider the complete sample of n data points. Define Mh∗(n) to be the fraction
of misclassified nodes. Let xi be the indicator random variable 1(Xi is misclassified). Then
xi are Bernoulli with mean Φ(ζ), and we have that E[Mh∗(n)] =

1
n

∑
i∈[n]E[xi] = Φc(ζ).

Using Hoeffding’s inequality [Ver18, Theorem 2.2.6], we have that for any t > 0,

Pr [Mh∗(n) ≥ Φc(ζ)− t] ≥ 1− exp(−nt2).

Choosing t =
√
c log n/n for any constant c > 0 yields

Pr [Mh∗(n) ≥ Φc(ζ)− on(1)] ≥ 1− n−c.

Since the Bayes classifier minimizes the risk (expected misclassification fraction) by defi-
nition, we have for any arbitrary classifier h that E[Mh(n)] ≥ E[Mh∗(n)]. Therefore, any
classifier h misclassifies at least Φc(ζ) fraction of data points with high probability.

Negative Regime without the Graph

We now prove part one of Theorem 1, i.e., the impossibility of classification of (Xi)i∈[n] into
regions identified by their labels. Note that Φc(ζ) is a decreasing function. It approaches
0 as ζ → ∞ and 1/2 as ζ → 0. The total number of misclassified data points in a sample
of size n is then roughly nΦc(ζ) ≈ n

ζ
exp(−ζ2/2). Thus, when ζ is a constant, we expect

a constant fraction of misclassifications, while as soon as ζ = Ωn(
√
2 log n), we expect

perfect classification with overwhelming probability. Following this intuition, we note that
if ζ ≤ K then for any c > 0, with probability at least 1 − n−c, we have that the total
number of errors is lower bounded as follows:

M(n) ≥ n

(
Φc(ζ)−

√
c log n

n

)
≥ nΦc(K)

(
1−

√
c log n

nΦc(K)2

)
= nΦc(K)(1− on(1)).

Therefore, {Xi}i∈[n] are not perfectly classified. This completes the proof.

Positive Regime with Graph Convolution

We now consider the convolved data and prove part two of Theorem 1. Let γ, ζ denote
the two signals in (3.2). The key observation here is that after a graph convolution, the
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convolved data points can be written as

X̃i ≈ (2yi − 1) sgn(p− q)γµ+
σZi√
deg(i)

.

From this we see that, while the means move closer to each other by a factor of γ, the
variance is reduced by a factor of Edeg(i) ≈ n

2
(p+ q). This lowers the threshold for non-

separability by the same factor. Consequently, if the distance between the means is a bit

larger than σ
γ

√
2

n(p+q)
, or in other words, if the product of the two signals γζ ∈ ω

(√
logn
n(p+q)

)
,

then with high probability we can separate the data by the hyperplane normal to the
direction µ̂ and passing through the origin. More precisely, it suffices to take as ansatz,
w ∝ µ̂. To formalize this, we first construct a one-layer network that realizes the Bayes
classifier in (3.3).

Proposition 3.2.2. Consider a one-layer network of the form described in Architecture 1,
with parameters W(1) = Rµ̂ and b(1) = 0 for some R ∈ R+. Then the defined network
realizes the Bayes optimal classifier given in (3.3) for the binary GMM(n,µ, σ).

Proof. Note that the output of the designed network is φ(XW(1)), which is interpreted as
the probability with which the network believes that the input is in the class with label 1.
The final prediction for the class label is thus assigned to be 1 if the output is ≥ 1/2, and
0 otherwise. For each i ∈ [n], we have that the output of the network on data point i is
ŷi = φ(R⟨Xi, µ̂⟩). Thus, we have

pred(Xi) = 1(R⟨Xi, µ̂⟩ > 0) = 1(⟨Xi, µ̂⟩ > 0),

which matches the Bayes classifier in (3.3).

We now turn to the convolved data. First, we provide a decomposition of X̃ which we
will use frequently throughout the rest of this section. Note that conditionally on y, we
have that Xi ∼ N ((2yi − 1)µ, σ2I). Thus, we can write

Xi = (2yi − 1)µ+ σgi, (3.4)

where gi ∼ N (0, I) are iid copies of a standard normal vector.

Lemma 3.2.3. Conditionally on A and y, we have that for any unit vector w, any c > 0,
and some C > 0, with probability at least 1−O(n−c), we have for every i ∈ [n] that

⟨X̃i − (2yi − 1) sgn(p− q)γµ(1 + on(1)),w⟩ = O

(
σ

√
log n

n(p+ q)

)
.
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Proof. Consider the random variables X̃i = [D−1AX]i. For any fixed i, we define m(i) to
be the mean of X̃i conditional to the adjacency matrix A and class memberships (yj)j∈[n],

m(i) = E[X̃i | A,y] =
1

deg(i)

∑
j∈[n]

aij(2yj − 1)µ =
1

deg(i)
(|C1 ∩Ni| − |C0 ∩Ni|)µ. (3.5)

From (3.4) we can write for any unit vector w that

⟨X̃i,w⟩ = 1

deg(i)

∑
j∈[n]

aij⟨Xj,w⟩ = ⟨m(i),w⟩+ σ

deg(i)

∑
j∈[n]

aij⟨gj,w⟩. (3.6)

Note that by the Chernoff bound (see [Ver18, Section 2]), we obtain that class sizes
|C0|, |C1| = n

2
(1 ± o(1)) with probability at least 1 − 1/poly(n). Combining this with

Proposition 2.4.6, we have that with probability 1− Cn−c for any c > 0,

m(i) = (2yi − 1) sgn(p− q)γµ(1 + on(1)) ∀ i ∈ [n]. (3.7)

Next, we consider the deviation term Fi =
σ

deg(i)

∑
j∈[n] aij⟨gj,w⟩. Note that condi-

tioned on A, we have Fi ∼ N (0, σ2

deg(i)
). Then by Gaussian concentration we have

Pr(|Fi| > δ | A) ≤ 2 exp(−δ2deg(i)/(2σ2)). (3.8)

Define the event Q = Q(t) = |Fi| ≤ t ∀i ∈ [n]} and let the event B be where the class sizes
concentrate around n/2 and Proposition 2.4.6 holds. We have

Pr(Qc) ≤ Pr(B ∩Qc) +Pr(Bc) ≤ 2n exp
(
−C ′t2n(p+ q)/σ2

)
+ Cn−c

for any c > 0 and some C,C ′ > 0. Subsequently, we have

Pr(B ∩Q) ≥ 1−Pr(Bc)−Pr(Qc) ≥ 1− Cn−c − 2n exp
(
−C ′t2n(p+ q)/σ2

)
. (3.9)

We now choose t = σ
√

(c+1) logn
C′n(p+q)

to obtain Pr(B ∩Q) ≥ 1− (C + 2)n−c. We then observe

that on the event B ∩Q, we have

∣∣∣⟨X̃i −m(i),w⟩
∣∣∣ = |Fi| = O

(
σ

√
log n

n(p+ q)

)
,

from which the result follows upon recalling (3.7).
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Next, we show that there exists a w̃ such that the loss incurred on any sample (A,X) ∼
CSBM(n, p, q,µ, σ) is exponentially small with a high probability.

Lemma 3.2.4. Consider a one-layer neural network with the architecture described in
Architecture 1, equipped with one graph convolution, and the parameter W(1) = w̃ =
R
σ
sgn(p − q)µ̂ for any R > 0. Consider a sample (A,X) ∼ CSBM(n, p, q,µ, σ). In the

regime γζ = ω
(√

logn
n(p+q)

)
and for some C ∈ [1/2, 1], we have that with probability at least

1−O(n−c) for any c > 0,

ℓ(A,X,y, w̃) = C exp (−Rγζ(1± on(1))) .

Proof. Consider the loss for a single node i with label yi,

ℓi(A,X,y, w̃) = −yi log
(
φ(⟨X̃i, w̃⟩)

)
− (1− yi) log

(
1− φ(⟨X̃i, w̃⟩)

)
= log

(
1 + exp

(
(1− 2yi)(⟨X̃i, w̃⟩)

))
.

Using Lemma 3.2.3, it follows that with probability at least 1− O(n−c) for any c > 0, we
have that for all i ∈ [n],

⟨X̃i, w̃⟩ = (2yi − 1) sgn(p− q)γ⟨µ, w̃⟩(1 + on(1))±O

(
σ ∥w̃∥

√
log n

n(p+ q)

)

= (2yi − 1)Rγζ(1 + on(1))±O

(
R

√
log n

n(p+ q)

)
,

where the error terms are uniform in i. In the second equation we put the value of w̃ from

the theorem statement. We now observe that if ζγ = ω
(√

logn
n(p+q)

)
, then for all i ∈ [n] and

all R > 0 we obtain

⟨X̃i, w̃⟩ = (2yi − 1)Rγζ(1± on(1)) = (2yi − 1)CRγζ (3.10)

for some constant C > 0. Hence, with the same probability, the loss incurred for each node
i ∈ [n] is ℓi(A,X,y, w̃) = log (1 + exp (−CRγζ)). Thus, the total loss is given by

ℓ(A,X,y, w̃) =
1

n

∑
i∈[n]

ℓi(A,X,y, w̃) = log (1 + exp (−CRγζ)) .

The result then follows using Fact 2.4.8.
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To finish the proof of Theorem 1 part two, note that from (3.10), we have that in the
said regime, with probability at least 1 − O(n−c) for any c > 0, the quantities ⟨X̃i, w̃⟩
have the correct signs, and therefore, a network with a graph convolution that outputs
φ(⟨X̃i, w̃⟩) obtains perfect classification with overwhelming probability. The exponentially
decaying expression for the cross-entropy is then obtained directly from Lemma 3.2.4.

Negative regime with Graph Convolution

We now provide the proof of part three of Theorem 1, i.e., the non-separability threshold
for the convolved data X̃. The way we define separability here implicitly includes the
desired property of generalization. In particular, consider a training dataset (A′,X′) ∼
CSBM(n, p, q,µ, σ) and a test dataset (A,X) ∼ CSBM(n, p, q,µ, σ) drawn independently
from (A′,X′) but from the same CSBM. Next, consider an arbitrary learning algorithm
L(A′,X′) that takes as input the training dataset (A′,X′) and outputs a linear classifier
w. We will bound the probability that w is able to perfectly classify the test data (A,X).

Recall that with probability at least 1− O(n−c) with any choice of c > 0, the value of
m(i) is given by (3.7). Note that for successful classification, we require ⟨X̃i,w⟩ < 0 for
i ∈ C0 and ⟨X̃i,w⟩ > 0 for i ∈ C1. These conditions are equivalent to the event that

γ⟨w,µ⟩(1± on(1)) + max
i∈C0

σ

deg(i)

∑
j∈[n]

aij⟨gj,w⟩ < 0, (3.11)

−γ⟨w,µ⟩(1± on(1)) + min
i∈C1

σ

deg(i)

∑
j∈[n]

aij⟨gj,w⟩ > 0, (3.12)

where the error term on(1) = O( 1√
logn

). Denote ∆ = E deg = n
2
(p + q) and T = C0 if

|C0| ≤ |C1|, T = C1 otherwise. Then we can bound the probability of the above event by
the following probability.

Pr

max
i∈T

σ

deg(i)

∑
j∈[n]

aij⟨gj,w⟩ ≤ −γ⟨w,µ⟩

 (1± on(1)) (3.13)

≤ Pr

max
i∈T

σ

deg(i)

∑
j∈[n]

aij⟨gj,w⟩ ≤ γ ∥µ∥2 (1± on(1))

 using Cauchy-Schwarz (3.14)

≤ Pr

max
i∈T

σ

deg(i)

∑
j∈[n]

aij⟨gj,w⟩ ≤ γζ(1± on(1))

 using ζ = ∥µ∥2 /σ (3.15)
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≤ Pr

(
max
i∈T

⟨Zi,w⟩ ≤ K√
∆
(1± on(1))

)
using γζ ≤ K√

∆
, (3.16)

where the random vectors Zi =
1

deg(i)

∑
j∈[n] aijgj ∼ N (0, 1

deg(i)
Id). We will now utilize Su-

dakov’s minoration inequality [Ver18, Section 7.4] to obtain a lower bound on the expected
supremum of the random process {⟨Zi,w⟩}i∈T , and then use Borell’s inequality [AT07,
Section 2.1] to upper bound the probability in (3.16).

Denote the set Jij = (Ni ∪Nj) \ (Ni ∩Nj), and note that

⟨Zi,w⟩ − ⟨Zj,w⟩ = (1± on(1))

∆

∑
l∈Jij

⟨gl,w⟩.

To apply Sudakov’s minoration result, we also define the canonical metric over the index
set T for any i, j ∈ T :

dT (i, j) =
√
E[(⟨Zi,w⟩ − ⟨Zj,w⟩)2] =

√
|Jij|
∆

(1± on(1)). (3.17)

For any i, j ∈ T with i ̸= j and a node l, the probability of l being a neighbor of exactly
one of i, j is 2p(1−p) if l ∈ T and 2q(1−q) if l ∈ [n]\T . Thus, |Jij| is a sum of independent
Bernoulli random variables and E|Jij| = n(p(1−p)+q(1−q)). Hence, by the multiplicative
Chernoff bound we obtain that for any δ ∈ (0, 1),

Pr(||Jij| − E|Jij|| > δE|Jij|) ≤ 2 exp

(
−δ

2E|Jij|
3

)
.

Since p, q = ω( log
2 n
n

), we have that E|Jij| = n(p(1− p) + q(1− q)) = ω(log2 n). Therefore,

choosing δ =
√
C logn
E|Jij | for any large constant C, we obtain that with probability at least

1−O(n−c), |Jij| ≥ n(p+ q − p2 − q2)(1− δ) = n(p+ q − p2 − q2)(1− on(1)) = Ω(∆) since
p, q ≤ 1− ϵ for a fixed ϵ > 0. Therefore, we have that

dT (i, j) =

√
|Jij|
∆

(1± on(1)) = Ω

(
1√
∆

)
.

Under the above mentioned event, let ϵ0 = mini,j∈S dT (i, j). Then for an ϵ0-covering of
the set, we need every point of the set, i.e., N(T, dT , ϵ0) = |T |. Putting this information
in Sudakov’s minoration inequality, we obtain that E[maxi⟨Zi,w⟩] ≥ Cϵ0

√
log n. Since

ϵ0 = Ω(1/
√
∆), this gives us that for some suitable C > 0,

E[max
i

⟨Zi,w⟩] ≥ C

√
log n

∆
. (3.18)
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We now use Borell’s inequality [AT07, Section 2.1] so that for any t > 0,

Pr

(
max
i∈C0

⟨Zi,w⟩ ≤ E[max
i∈C0

⟨Zi,w⟩]− t

)
≤ 2 exp(−t2deg(i))

=⇒ Pr

(
max
i∈C0

⟨Zi,w⟩ ≤ c

√
log n

∆
− t

)
≤ 2 exp(−t2deg(i)) using (3.18).

Choose t = c
√

logn
∆

− K√
∆

= Ω

(√
logn
∆

)
and combine with the event for class-size and

degree concentration from Proposition 2.4.6, so that for some constant c′ > 0,

Pr

(
max
i∈T

⟨Zi,w⟩ ≤ K√
∆

)
≤ 2n−c = on(1). (3.19)

Thus, for any such w, we showed that the probability that w perfectly classifies the con-
volved data (A,X) ∼ CSBM(n, p, q,µ, σ) is on(1). This completes the proof.

3.2.4 Proof of Theorem 2

Let us now prove Theorem 2 by characterizing w∗. The key point for this result is that the
optimizer of (3.1), w∗, must be close to the ansatz we construct, and should separate the
data better than the ansatz. Secondly, we observe that the chosen ansatz does not depend
on the particular values of p and q, but only the sign of p − q. As such, it can be shown
that w̃ performs well on out-of-distribution data corresponding to different values of p′, q′

with sgn(p′ − q′) = sgn(p− q). Combining these two observations then shows that w∗ also
performs well on the out-of-distribution data. Define the following quantities.

m0 = − sgn(p− q)γ(p, q)µ, m1 = sgn(p− q)γ(p, q)µ. (3.20)

We then have the following Lemma about the expected behaviour of w∗.

Lemma 3.2.5. For any R > 0, let w∗ be the optimizer to the problem in (3.1) for a given
training sample (A,X) ∼ CSBM(n, p, q,µ, σ) with µ ∈ Rd and with norm constraint R.

Consider the regime where γζ = Ω
(√

logn
n(p+q)

)
. Then for any c > 0 fixed but large enough,

with probability at least 1−O(n−c) we have that for any R > 0,

w∗ = R sgn(p− q)µ̂(1− on(1)). (3.21)

Furthermore, we have that

⟨m0,w
∗⟩ ≤ −Rσγ(p, q)ζ(1± on(1)), ⟨m1,w

∗⟩ ≥ Rσγ(p, q)ζ(1± on(1)). (3.22)
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Proof. Fix R > 0 and let w∗ be the solution to the problem in (3.1) with norm constraint
R. Let the training sample be (A,X) ∼ CSBM(n, p, q,µ, σ). Then we have that

ℓ(A,X,y,w∗) ≤ ℓ(A,X,y, w̃),

where w̃ is defined in Lemma 3.2.4. Let X̃i = (D−1AX)i. Now we focus our scope to the
event that for every i ∈ [n] and R > 0, we have ⟨X̃i, w̃⟩ = (2yi − 1)Rγ(p, q)ζ(1 + on(1)).
Note that from (3.10), this event occurs with probability at least 1 − O(n−c) for c large
but constant. Since w∗ is a solution to (3.1) and ∥w̃∥2 = R/σ, on this event we have for
all i that

(2yi − 1)⟨X̃i,w
∗⟩ ≥ Rσγ(p, q)ζ(1± on(1)).

Now Lemma 3.2.3 implies that with probability at least 1−O(n−c), for all i we also have∣∣∣⟨X̃i −myi(1 + on(1)),w
∗⟩
∣∣∣ = O

(
∥w∗∥σ

√
log n

n(p+ q)

)
Since ∥w∗∥2 ≤ R, we conclude that (1− 2yi)⟨myi ,w

∗⟩ ≤ −Rσγ(p, q)ζ(1± on(1)), that is,
(3.22) holds as desired. Now subtracting the two inequalities in (3.22) we obtain that

⟨m1 −m0,w
∗⟩ = 2 sgn(p− q)γ(p, q)⟨µ,w∗⟩ ≥ 2Rσγ(p, q)ζ(1± on(1)). (3.23)

This implies that ∥w∗∥2 ≥ R(1 − on(1)). Combined with the fact that ∥w∗∥ ≤ R due to
the optimization constraint in (3.1), we have

1− on(1) ≤
⟨µ,w∗⟩

∥µ∥2 ∥w∗∥2
≤ 1.

Thus, the solution of the optimization problem is the suitably scaled vector µ̂.

We now consider a test sample (A′,X′) ∼ CSBM(n′, p′, q′,µ, σ). Let X̃′ be the corre-
sponding convolution D′−1A′X′. Similar to (3.7) and (3.20) we also define m′(i), m′

0 and
m′

1 corresponding to the sample (A′,X′). We restrict our calculations to the case where
yi = 0, since the argument for yi = 1 is similar. Note that

m′
0 −m0 =

2(pq′ − qp′)

(p+ q)(p′ + q′)
µ.

From Lemmas 3.2.3 and 3.2.5, we see that for c′ > 0 large but O(1), with probability at
least 1−O((n′)−c

′
) we have that for any R > 0

⟨X̃′
i,w

∗⟩ = ⟨m′
yi
,w∗⟩(1 + on(1)) ∀ i ∈ [n′].
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Therefore, by the same lemmas, we have that for any c, c′ > 0 large enough, with
probability 1−O((n′)−c

′
+ n−c), when yi = 0

⟨X̃′
i,w

∗⟩ = ⟨m′
0,w

∗⟩(1 + on(1))

= ⟨m′
0 −m0,w

∗⟩(1 + on(1)) + ⟨m0,w
∗⟩(1 + on(1))

≤ 2(pq′ − qp′)

(p+ q)(p′ + q′)
⟨µ,w∗⟩ −Rσγ(p, q)ζ(1± on(1))

≤ 2R sgn(p− q) ∥µ∥2 (pq′ − qp′)

(p+ q)(p′ + q′)
−Rσγ(p, q)ζ(1± on(1))

= R ∥µ∥2 sgn(p− q)

(
2(pq′ − qp′)

(p+ q)(p′ + q′)
− p− q

p+ q

)
(1− on(1))

= −R ∥µ∥2 sgn(p− q) sgn(p′ − q′)γ(p′, q′)(1− on(1))

= −R ∥µ∥2 γ(p
′, q′)(1− on(1)).

The first inequality above uses (3.22), while the second inequality follows from Lemma 3.2.5.
In the last equation, we used sgn(p− q) = sgn(p′ − q′). Similarly, for yi = 1 we obtain

⟨X̃′
i,w

∗⟩ ≥ R ∥µ∥2 γ(p
′, q′)(1− on(1)).

This shows that the classifier w∗ obtains correct signs for X̃′, i.e., negative for i ∈ C0 and
positive for i ∈ C1, implying perfect classification of all the nodes.

3.3 XOR-CSBM with Multi-layer Networks

In this section, we look at an XOR arrangement of CSBM, which we refer to as the
XOR-CSBM. The choice of this data model is inspired by the fact that it is not linearly
separable but is non-linearly separable. Therefore, a single-layer network fails to classify
the data from this model and a multi-layer network is required. We have two classes here
as well, C0 and C1, and the graph A is sampled from a symmetric two-block SBM as
before. However, the GMM now has four components instead of two. We also have latent
variables ηi ∼ Ber(1/2) for the cluster membership. More precisely, let µ and ν be fixed
vectors in Rd, such that ∥µ∥2 = ∥ν∥2 and ⟨µ,ν⟩ = 0. The distribution of the data (A,X)
conditioned on latent variables (yk)k∈[n] and (ηk)k∈[n] is given by

Pr(aij = 1) =

{
p yi = yj

q otherwise
, Xi ∼ N ((2ηi − 1)((1− yi)µ+ yiν), σ

2Id),
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For data (A,X) = ({aij}i,j∈[n], {Xi}i∈n) sampled from this model, we say that (A,X) ∼
XOR-CSBM(n, p, q,µ,ν, σ), where A ∼ SBM(n, p, q) and X ∼ XOR-GMM(n,µ,ν, σ).

Figure 3.1: Example of a 2D Gaussian mixture with orthogonal means ±µ and ±ν.

3.3.1 Setting up the Baseline

Before stating the main result about the benefits and performance of graph convolutions,
we set up a comparative baseline in the setting where graphical information is absent. To
this end, we completely characterize the classification threshold for the XOR-GMM data
model in terms of the distance between the means of the mixture.

Theorem 3 (Misclassification error). Let X ∼ XOR-GMM(n,µ,ν, σ) be sampled from the
XOR Gaussian mixture. Then the following hold:

1. Assume that ∥µ − ν∥2 ≤ Kσ and let h(x) : Rd → {0, 1} be any binary classifier.
Then for any K > 0 and any ϵ ∈ (0, 1), at least a fraction 2Φc (K/2)

2 − O(n−ϵ/2) of
all data points are misclassified by h with probability at least 1− exp(−2n1−ϵ).
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2. For any ϵ > 0, if the distance between the means is ∥µ− ν∥2 = Ω(σ(log n)
1
2
+ϵ), then

there exist a two-layer and a three-layer network that perfectly classify the data with
probability at least 1−O(n−c) for any c > 0.

Part one of Theorem 3 shows that if the means of the features of the two classes are at
most O(σ) apart then with overwhelming probability, there is a constant fraction of points
that are misclassified. Note that the fraction of misclassified points is 2Φc(K/2)

2, which
approaches 0 as K → ∞ and approaches 1/2 as K → 0, signifying that if the means are
very far apart then we successfully classify all data points, while if they coincide then we
always misclassify roughly half of all data points. Furthermore, note that if K = c

√
log n

for some constant c ∈ [0, 1), then the total number of points misclassified is 2nΦc(K)2 ≍
n
K2 e

−K2 ≍ n1−c2

logn
= Ω(1). Thus, intuitively, K ≍

√
log n is the threshold beyond which

learning methods are expected to perfectly classify the data. This is formalized in part
two of the theorem, which shows that if the means are roughly ω(σ

√
log n) apart then the

data can be perfectly classified.

3.3.2 Improvement through Graph Convolutions

We now state the results that explain the effects of graph convolutions in multi-layer
networks with the architecture described in Architecture 1. Denote β = ∥µ − ν∥2 and
β′ = β/

√
2 = ∥µ∥2 = ∥ν∥2. Let erf(t) = 2Φ(t

√
2) − 1 be the Gauss error function and

ψ(t) = t erf(t)− (1− exp(−t2))/
√
π.

Let us begin by defining the signals from the two sources of information (the graph A
and the features X) in the XOR-CSBM model, given by

γ =
|p− q|
p+ q

, ζ = ψ

(
β

2σ

)
. (3.24)

We now state the most important result of our work.

Theorem 4. Let (A,X) ∼ XOR-CSBM(n, p, q,µ,ν, σ). Let γ and ζ be the signals defined
in (3.24). Then there exist a two-layer and a three-layer network such that:

• If the intra-class and inter-class edge probabilities are p, q = Ω( log
2 n
n

), and it holds

that γζ = ω
(√

logn
n(p+q)

)
, then for any c > 0, with probability at least 1− O(n−c), the

networks equipped with a graph convolution in the second or the third layer perfectly
classify all the nodes.

31



• If p, q = Ω( logn√
n
) and γ2ζ = ω

(√
logn
n

)
, then for any c > 0, with probability at

least 1−O(n−c), the networks with any combination of two graph convolutions in the
second and/or the third layers perfectly classify all the nodes.

To understand Theorem 4 intuitively, it helps to consider the case where γ(p, q) = Ω(1),
i.e., when the graph has a non-vanishing signal. Part one of the theorem then states
that under the assumption that p, q = Ω(log2 n/n), a single graph convolution improves the
classification threshold for ∥µ− ν∥2, the distance between the means by a factor of at
least 1/ 4

√
n(p+q) and up to 1/

√
n(p+q) as compared to the case without the graph. Similarly,

part two shows that with a slightly stronger assumption on the graph density, we observe
further improvement in the threshold up to a factor of at least 1/ 4√n and up to 1/√n.

Note that although the regime of graph density is different for part two of the theorem,
the result itself is an improvement. In particular, if p, q = Ω(logn/√n) then part one of
the theorem states that one graph convolution achieves an improvement of at least 1/ 8√n,
while part two states that two convolutions improve it to at least 1/ 4√n. However, we
also emphasize that in the regime where the graph is dense, i.e., when p, q = Ωn(1), two
graph convolutions do not have a significant advantage over one graph convolution. Our
experiments in Section 3.5.1 demonstrate this effect.

We also note that an artifact of the XOR-CSBM data model is that a graph convolution
in the first layer hurts the classification accuracy. Hence, we only consider networks with
no convolutions in the first layer, i.e., k1 = 0.

3.3.3 Placement of Graph Convolutions

We observe that the improvements in the classification capability of a multi-layer network
depend on the number of convolutions, and do not depend on where the convolutions
are placed. In particular, for the XOR-CSBM data model, putting the same number of
convolutions among the second and/or the third layer in any combination achieves mutually
similar improvements in the classification task.

Corollary 4.1. Consider the data model XOR-CSBM(n, p, q,µ,ν, σ) and the network ar-
chitecture described in Architecture 1. Then we have the following:

• Assume that p, q = Ω(log2 n/n), and consider the three-layer network characterized by
part one of Theorem 4, with one graph convolution. For this network, placing the
graph convolution in the second layer (k2 = 1, k3 = 0) obtains the same results as
placing it in the third layer (k2 = 0, k3 = 1).
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• Assume that p, q = Ω(logn/√n), and consider the three-layer network characterized by
part two of Theorem 4, with two graph convolutions. For this network, placing both
convolutions in the second layer (k2 = 2, k3 = 0) or both of them in the third layer
(k2 = 0, k3 = 2) obtains the same results as placing one convolution in the second
layer and one in the third layer (k2 = 1, k3 = 1).

Corollary 4.1 is immediate from Theorem 4. In Section 3.5, we also show extensive
experiments on both synthetic and real-world data that demonstrate this result.

3.3.4 Proof of Theorem 3

We begin by computing the Bayes optimal classifier for the XOR-GMM similar to that in
Proposition 3.2.1.

Lemma 3.3.1. For some fixed µ,ν ∈ Rd and σ > 0, the Bayes optimal classifier, h∗(x) :
Rd → {0, 1} for the data model XOR-GMM(n,µ,ν, σ) is given by

h∗(x) = 1(|⟨x,µ⟩| < |⟨x,ν⟩|) =

{
0 |⟨x,µ⟩| ≥ |⟨x,ν⟩|
1 |⟨x,µ⟩| < |⟨x,ν⟩|

,

where 1 is the indicator function.

Proof. Note that Pr [y = 0] = Pr [y = 1] = 1
2
. Let fx(x) denote the density function of a

continuous random vector x. Therefore, for any b ∈ {0, 1},

Pr [y = b | x = x] =
Pr [y = b] fx|y(x | y = b)∑

c∈{0,1}Pr [y = c] fx|y(x | y = c)
=

1

1 +
fx|y(x|y=1−b)
fx|y(x|y=b)

.

Let’s compute this for b = 0. We have

fx|y(x | y = 1)

fx|y(x | y = 0)
=

cosh(⟨x,ν⟩/σ2)

cosh(⟨x,µ⟩/σ2)
exp

(
∥µ∥2 − ∥ν2∥

2σ2

)
=

cosh(⟨x,ν⟩/σ2)

cosh(⟨x,µ⟩/σ2)
,

where in the last equation we used the assumption that ∥µ∥ = ∥ν∥. The decision regions
are then identified by: Pr [y = 0 | x] ≥ 1/2 for label 0 and Pr [y = 0 | x] < 1/2 for label 1.

Thus, for label 0, we need
fx|y(x|y=1)

fx|y(x|y=0)
< 1, which implies that cosh(⟨x,ν⟩/σ2)

cosh(⟨x,µ⟩/σ2)
≤ 1. Now we

note that cosh(x) ≤ cosh(y) =⇒ |x| ≤ |y| for all x, y ∈ R, hence, we have |⟨x,µ⟩| ≥
|⟨x,ν⟩|. Similarly, we have the complementary condition for label 1.
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Next, we design a two-layer and a three-layer network and show that for a particular
choice of parameters θ = (W(l),b(l)) for l ∈ {1, 2} for the two-layer case and l ∈ {1, 2, 3} for
the three-layer case, the networks realize the optimal classifier described in Lemma 3.3.1.

Proposition 3.3.2. Consider two-layer and three-layer networks of the form described in
Architecture 1, without biases (b(l) = 0 for all l), for parameters W(l) and some R ∈ R+:
For the two-layer network,

W(1) = R
(
µ̂ −µ̂ ν̂ −ν̂

)
, W(2) =

(
−1 −1 1 1

)⊤
.

For the three-layer network,

W(1) = R
(
µ̂ −µ̂ ν̂ −ν̂

)
, W(2) =

(
−1 −1 1 1
1 1 −1 −1

)⊤

, W(3) =

(
1
−1

)
.

Then for any σ > 0, the defined networks realize the Bayes optimal classifier for the data
model XOR-GMM(n,µ,ν, σ).

Proof. Note that the output of the two-layer network is φ([XW(1)]+W
(2)), which is inter-

preted as the probability with which the network believes that the input is in the class
with label 1. The final prediction for the class label is assigned to be 1(ŷi ≥ 0.5). For each
i ∈ [n], we have that the output of the network on data point i is

ŷi = φ((R(|⟨Xi, ν̂⟩| − |⟨Xi, µ̂⟩|)),

where we used the fact that [t]+ + [−t]+ = |t| for all t ∈ R. Similarly, for the three-layer
network, the output is φ([[XW(1)]+W

(2)]+W
(3)). Direct calculation gives

ŷi = φ (R([|⟨Xi, ν̂⟩| − |⟨Xi, µ̂⟩|]+ − [|⟨Xi, µ̂⟩| − |⟨Xi, ν̂⟩|]+))
= φ (R(|⟨Xi, ν̂⟩| − |⟨Xi, µ̂⟩|)) ,

where in the last equation we used the fact that [t]+ − [−t]+ = t for all t ∈ R.

The final prediction is then obtained by considering the maximum posterior probability
among the class labels 0 and 1, and thus,

pred(Xi) = 1(R |⟨Xi, µ̂⟩| < R |⟨Xi, ν̂⟩|) = 1(|⟨Xi,µ⟩| < |⟨Xi,ν⟩|),

which matches the Bayes classifier in Lemma 3.3.1.
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We are now ready to prove part one of Theorem 3. Recall from Lemma 3.3.1 that for
successful classification, we require for every i ∈ [n],

|⟨Xi,µ⟩| ≥ |⟨Xi,ν⟩| for i ∈ C0, |⟨Xi,µ⟩| < |⟨Xi,ν⟩| for i ∈ C1.

Let’s try to upper bound the probability of the above event, i.e., the probability that the
data is classifiable. We consider only class C0, since the analysis for C1 is symmetric and
similar. For i ∈ C0, we can write Xi = µ + σgi, where gi ∼ N (0, I). Then we have for
any fixed i ∈ C0 that

Pr [|⟨Xi,µ⟩| ≥ |⟨Xi,ν⟩|] = Pr [|β′ + σ⟨gi, µ̂⟩| ≥ |σ⟨gi, ν̂⟩|]
≤ Pr [β′ + σ |⟨gi, µ̂⟩| ≥ σ |⟨gi, ν̂⟩|] (by triangle inequality)

≤ Pr [|⟨gi, ν̂⟩| − |⟨gi, µ̂⟩| ≤ K/
√
2] (using β ≤ Kσ).

We now define random variables Z1 = ⟨gi, ν̂⟩ and Z2 = ⟨gi, µ̂⟩ and note that Z1, Z2 ∼
N (0, 1) and E[Z1Z2] = 0. Let K ′ = K/

√
2. We now have

Pr [|Z1| − |Z2| ≤ K ′] = 4Pr [Z1 − Z2 ≤ K ′, Z1, Z2 ≥ 0]

= 4

∫ ∞

0

Pr [0 ≤ Z1 ≤ z +K ′] ϕ(z)dz

= 4

∫ ∞

0

(
Φ(z +K ′)− 1

2

)
ϕ(z)dz = 4

∫ ∞

0

Φ(z +K ′)ϕ(z)dz − 1

= 2Φ(K/2) + 2Φ(K/2)Φc(K/2)− 1 = 1− 2Φc(K/2)
2.

To evaluate the integral above, we used [Owe80, Table 1:10,010.6 and Table 2:2.3]. Thus,
the probability that a point i ∈ C0 is misclassified is lower bounded as follows

Pr [Xi is misclassified] ≥ 2Φc (K/2)
2 = τK .

Note that this is a decreasing function of K, implying that the probability of misclassi-
fication decreases as we increase the distance between the means, and is maximum for
K = 0.

Define M(n) for a fixed K to be the fraction of misclassified nodes in C0. Define xi
to be the indicator random variable 1(Xi is misclassified). Then xi are Bernoulli random
variables with mean at least τK , and EM(n) = 2

n

∑
i∈C0

Exi ≥ τK . Using Hoeffding’s
inequality [Ver18, Theorem 2.2.6], we have that for any t > 0,

Pr [M(n) ≥ τK − t] ≥ Pr [M(n) ≥ EM(n)− t] ≥ 1− exp(−nt2).
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Choosing t = n−ϵ/2 for any ϵ ∈ (0, 1) yields Pr
[
M(n) ≥ τK − n−ϵ/2] ≥ 1 − exp(−n1−ϵ),

which completes the proof.

We now turn to the proof of part two of Theorem 3, and show that there exists a
two-layer MLP that obtains an arbitrarily small loss, and hence, successfully classifies
a sample drawn from the XOR-GMM model with overwhelming probability. Consider
the two-layer and three-layer MLPs described in Proposition 3.3.2, for which we have
ŷi = φ (R(|⟨Xi, ν̂⟩| − |⟨Xi, µ̂⟩|)).

Note that ⟨Xi−EXi, µ̂⟩ and ⟨Xi−EXi, ν̂⟩ are mean 0 Gaussian random variables with
variance σ2. So for any fixed i ∈ [n] and mc ∈ {µ,ν}, we use [Ver18, Proposition 2.1.2] to
obtain

Pr [|⟨Xi − EXi, m̂c⟩| > t] ≤ σ

t
√
2π

exp

(
− t2

2σ2

)
.

Then by a union bound over all i ∈ [n] and mc ∈ {µ,ν}, we have that

Pr [|⟨Xi − EXi, m̂c⟩| ≤ t ∀i ∈ [n], mc ∈ {µ,ν}] ≥ 1− nσ

t

√
2

π
exp

(
− t2

2σ2

)
.

Let µ̂, ν̂ denote the normalized vectors µ,ν. We now set t = σ
√

2(c+ 1) log n for any

large constant c > 0. We now have with probability at least 1− n−c√
π(c+1) logn

that

⟨Xi, µ̂⟩ = ⟨EXi, µ̂⟩ ±O(σ
√
c log n), ⟨Xi, ν̂⟩ = ⟨EXi, ν̂⟩ ±O(σ

√
c log n) ∀i ∈ [n].

Thus, we can write

⟨Xi, µ̂⟩ = β′
(
1±O

(√
c

log n

))
, ⟨Xi, ν̂⟩ = β′ ·O

(√
c

log n

)
∀i ∈ C0,

(3.25)

⟨Xi, µ̂⟩ = β′ ·O
(√

c

log n

)
, ⟨Xi, ν̂⟩ = β′

(
1±O

(√
c

log n

))
∀i ∈ C1.

(3.26)

Using (3.25) and (3.26), we obtain that the output of the networks in Proposition 3.3.2 is

φ((2yi − 1)Rβ′(1±O(
√

c
logn

)), implying perfect classification of all data points.
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3.3.5 Proof of Theorem 4

Networks with One Graph Convolution

Let us now prove part one of Theorem 4. First, let us understand the output of the (Bayes)
optimal classifier for the XOR-GMM data model.

Lemma 3.3.3. Let h(x) = |⟨x, ν̂⟩| − |⟨x, µ̂⟩| for all x ∈ Rd and recall the value of ζ from

(3.24). Consider ψ(t) = t erf(t)− 1√
π

(
1− e−t

2
)
. Then we have the following.

1. The expectation Eh(Xi) =
√
2(2yi − 1)σψ

(
β
2σ

)
.

2. For any β, σ > 0 such that β = Ωn(σ), we have that ψ(β
σ
) = Ω(β

σ
).

3. For any β, σ > 0 such that β = on(σ), we have that ψ(β
σ
) = Ω(β

2

σ2 ).

Proof. For part one, observe that ⟨Xi, µ̂⟩ and ⟨Xi, ν̂⟩ are Gaussian random variables with
variance σ2 and means β/

√
2, 0 if yi = 0 and 0, β/

√
2 if yi = 1, respectively. Thus, |⟨Xi, µ̂⟩|

and |⟨Xi, ν̂⟩| are folded-Gaussian random variables and we have Eh(Xi) = −
√
2σψ

(
β√
2σ

)
if i ∈ C0 and Eh(Xi) =

√
2σψ

(
β√
2σ

)
otherwise. We now write

ψ(t) = t

(
erf(t)− 1

t
√
π
(1− e−t

2

)

)
= tH(t),

where H(t) = erf(t)− 1
t
√
π
(1− e−t

2
).

For part two, note that H(t) is an increasing function in the range [−1, 1] and H(t) > 0
for t > 0. Hence, for t ≥ C for some positive constant C, H(t) ≥ H(C) = C ′, therefore,
ψ(t) = tH(t) ≥ C ′t.

For part three, t = on(1). We use the series expansion of h(t) about t = 0 to obtain
that

h(t) =
t√
π
− t3

6
√
π
+O(t5) ≥ t√

π
− t3

6
√
π
= Ω(t).

Hence, ψ(t) = th(t) = Ω(t2). Putting t = β/σ completes the proof.

Let us now begin the main proof by computing the output of the network when one
graph convolution is applied at any layer other than the first.
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Lemma 3.3.4. Let h(x) = |⟨x, ν̂⟩| − |⟨x, µ̂⟩| for any x ∈ Rd. Consider the two-layer and
three-layer networks in Proposition 3.3.2 where the weight parameter of the last layer, W(L),
is scaled by a factor of ξ = sgn(p− q). If a graph convolution is added to these networks in
either the second or the third layer then for a sample (A,X) ∼ XOR-CSBM(n, p, q,µ,ν, σ),
the output of the networks for a point i ∈ [n] is

ŷi = φ(f
(L)
i (X)) = φ

R sgn(p− q)

deg(i)

∑
j∈[n]

aijh(Xj)

 .

Proof. The networks with scaled parameters are given as follows.
For the two-layer network:

W(1) = R
(
µ̂ −µ̂ ν̂ −ν̂

)
, W(2) = ξ

(
−1 −1 1 1

)⊤
.

For the three-layer network:

W(1) = Rξ
(
µ̂ −µ̂ ν̂ −ν̂

)
, W(2) =

(
−1 −1 1 1
1 1 −1 −1

)⊤

, W(3) = ξ

(
1
−1

)
.

When a graph convolution is applied at the second layer of this two-layer MLP, the output
of the last layer for data (A,X) is f

(2)
i (X) = D−1A[XW(1)]+W

(2). Then we have

f
(2)
i (X) =

Rξ

deg(i)

∑
j∈[n]

aij(|⟨Xj, ν̂⟩| − |⟨Xj, µ̂⟩|) =
Rξ

deg(i)

∑
j∈[n]

aijh(Xj).

Similarly, when the graph convolution is applied at the second layer of the three-layer MLP,
the output is f

(3)
i (X) = [D−1A[XW(1)]+W

(2)]+W
(3), and we have

f
(3)
i (X) =

Rξ

deg(i)

∑
j∈[n]

aijh(Xj)


+

−

−∑
j∈[n]

aijh(Xj)


+

 =
Rξ

deg(i)

∑
j∈[n]

aijh(Xj).

Finally, when the graph convolution is applied at the third layer of the three-layer MLP,
the output is f

(3)
i (X) = D−1A[[XW(1)]+W

(2)]+W
(3), and we have

f
(3)
i (X) =

Rξ

deg(i)

∑
j∈[n]

aij
(
[|⟨Xj, ν̂⟩| − |⟨Xj, µ̂⟩|]+ − [|⟨Xj, µ̂⟩| − |⟨Xj, ν̂⟩|]+

)
=

R

deg(i)

∑
j∈[n]

aij(|⟨Xj, ν̂⟩| − |⟨Xj, µ̂⟩|) =
Rξ

deg(i)

∑
j∈[n]

aijh(Xj).
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Therefore, in all cases with a single convolution, the output of the last layer is f
(L)
i (X) =

R sgn(p−q)
deg(i)

∑
j∈[n] aijh(Xj), where L ∈ {2, 3} is the number of layers.

Now to complete the proof of Theorem 4 part one, we analyze the output conditioned
on the adjacency matrix A. Note that 1

R
f
(L)
i (X) in Lemma 3.3.4 is Lipschitz with con-

stant
√

2
deg(i)

, and h(Xj) are mutually independent for j ∈ [n]. Therefore, by Gaussian

concentration [Ver18, Theorem 5.2.2] we have that for a fixed i ∈ [n],

Pr

[
1

R
|f (L)
i (X)− E[f (L)

i (X)]| > δ | A
]
≤ 2 exp

(
−δ

2deg(i)

4σ2

)
.

We refer to the event from Proposition 2.4.6 as B and define Q(t) to be the event that

|f (L)
i (X)− E[f (L)

i (X)]| ≤ t for all i ∈ [n]. Then we can write

Pr [Q(t)c] = Pr [Q(t)c ∩B] +Pr [Q(t)c ∩Bc] ≤ 2n exp

(
−t

2n(p+ q)

8σ2

)
+Pr [Bc]

≤ 2n exp

(
−t

2n(p+ q)

8σ2

)
+ 2n−c.

Let ξ = sgn(p−q) and note that ξ(p−q)
p+q

= |p−q|
p+q

= γ(p, q). We now choose t = 2σ
√

2(c+1) logn
n(p+q)

to obtain that with probability at least 1− 4n−c, the following holds for all i ∈ [n]:

1

σ
f
(L)
i (X) =

1

σ
E[f

(L)
i (X)]±O

(
R

√
c log n

n(p+ q)

)

=
Rξ

σ deg(i)

∑
j∈[n]

aijEh(Xj)±O

(
R

√
c log n

n(p+ q)

)

=

√
2Rξζ

σ deg(i)

(∑
j∈C1

aij −
∑
j∈C0

aij

)
±O

(
R

√
c log n

n(p+ q)

)
(Lemma 3.3.3)

=
√
2(2yi − 1)Rγ(p, q)ζ(1± on(1))±O

(
R

√
c log n

n(p+ q)

)
(Proposition 2.4.6)

=
√
2(2yi − 1)Rγ(p, q)ζ(1± on(1)),

where in the last equation we used the assumption that γ(p, q)ζ = ω
(√

logn
n(p+q)

)
. Overall,

we obtain that with probability at least 1− 4n−c,

f
(L)
i (X) = (2yi − 1)CσRγ(p, q)ζ(1± on(1)), for all i ∈ [n].
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Therefore, with probability at least 1 − O(n−c), the output of the networks have correct
signs for each class, implying perfect classification of all the nodes.

Networks with Two Graph Convolutions

Let us now turn to the proof of part two of Theorem 4. We begin by computing the output
of the networks constructed in Proposition 3.3.2 when two graph convolutions are placed
among any layer in the networks other than the first.

Lemma 3.3.5. Let h(x) : Rd → R = |⟨x, ν̂⟩|−|⟨x, µ̂⟩|. Consider the networks constructed
in Proposition 3.3.2 equipped with two graph convolutions in the following combinations:

1. Both convolutions in the second layer of the two-layer network.

2. Both convolutions in the second layer of the three-layer network.

3. One convolution each in the second and the third layer of the three-layer network.

4. Both convolutions in the third layer of the three-layer network.

Then for a sample (A,X) ∼ XOR-CSBM(n, p, q,µ,ν, σ), the output of the networks in all
the above described combinations for a point i ∈ [n] is

ŷi = φ(f
(L)
i (X)) = φ

 R

deg(i)

∑
j∈[n]

τijh(Xj)

 , where τij =
∑
k∈[n]

aikajk
deg(k)

.

Proof. For the two-layer network, the output of the last layer when both convolutions are
at the second layer is given by f

(2)
i (X) = (D−1A)2[XW(1)]+W

(2). Then we have

f
(2)
i (X) =

R

deg(i)

∑
j∈[n]

∑
k∈[n]

aijajk
deg(j)

h(Xk) =
R

deg(i)

∑
j∈[n]

τijh(Xj).

Next, for the three-layer network, the output of the last layer when both convolutions
are at the second layer is given by f

(3)
i (X) = [(D−1A)2[XW(1)]+W

(2)]+W
(3), hence, we

have

f
(3)
i (X) =

R

deg(i)

∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajkh(Xk)


+

−

−∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajkh(Xk)


+


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=
R

deg(i)

∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajkh(Xk) =
R

deg(i)

∑
j∈[n]

τijh(Xj).

Similarly, the output of the last layer when there are one convolution each at the second
and the third layer is given by f

(3)
i (X) = D−1A[D−1A[XW(1)]+W

(2)]+W
(3), hence, we

have

f
(3)
i (X) =

R

deg(i)

∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajkh(Xk)


+

−

−∑
k∈[n]

ajkh(Xk)


+


=

R

deg(i)

∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajkh(Xk) =
R

deg(i)

∑
j∈[n]

τijh(Xj).

Finally, the output of the last layer when both convolutions are at the third layer is given
by f

(3)
i (X) = (D−1A)2[[XW(1)]+W

(2)]+W
(3), hence, we have

f
(3)
i (X) =

R

deg(i)

∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajk
(
[h(Xk)]+ − [−h(Xk)]+

)
=

R

deg(i)

∑
j∈[n]

aij
deg(j)

∑
k∈[n]

ajkh(Xk) =
R

deg(i)

∑
j∈[n]

τijh(Xj).

Hence, the output for two graph convolutions is the same for any combination of the
placement of convolutions, as long as no convolution is placed at the first layer.

We are now ready to prove the positive result for two convolutions. The proof strategy
is similar to that of part one of the theorem. Note that 1

R
f
(L)
i (X) in Lemma 3.3.5 is

Lipschitz with constant ∥∥∥∥ 1Rf (L)
i (X)

∥∥∥∥
Lip

≤
√

2

deg(i)2

∑
j∈[n]

τ 2ij.

Since h(Xj) are mutually independent for j ∈ [n], by Gaussian concentration [Ver18,
Theorem 5.2.2] we have that for a fixed i ∈ [n],

Pr

[
1

R
|f (L)
i (X)− E[f (L)

i (X)]| > δ | A
]
≤ 2 exp

(
− δ2deg(i)2

4σ2
∑

j∈[n] τ
2
ij

)
.
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We refer to the event from Proposition 2.4.7 as B. Note that since the graph density

assumption is stronger than Ω( log
2 n
n

), Proposition 2.4.6 trivially holds in this regime, hence,
the degrees also concentrate strongly around ∆ = n

2
(p+ q). On event B, we have that

∑
j∈[n]

τ 2ij =
∑
j∈[n]

∑
k∈[n]

aikajk
deg(k)

2

=
1

∆2

∑
j∈[n]

∑
k∈[n]

aikajk

2

(1± on(1))

=
1

∆2

(∑
j∼i

|Ni ∩Nj|2 +
∑
j≁i

|Ni ∩Nj|2
)
(1± on(1))

=
1

∆2

(∑
j∼i

(n
2
(p2 + q2)

)2
+
∑
j≁i

(npq)2
)
(1± on(1)) (using Proposition 2.4.7)

=
n

2∆2

(
n2

4
(p2 + q2)2 + n2p2q2

)
(1± on(1)) =

n3

8∆2

(
p4 + q4 + 6p2q2

)
(1± on(1)).

Therefore, under this event we have that∥∥∥∥ 1Rf (L)
i (X)

∥∥∥∥
Lip

≤
√

2

deg(i)2

∑
j∈[n]

τ 2ij =

√
4(p4 + q4 + 6p2q2)

n(p+ q)4
(1± on(1)).

Note that K = K(p, q) = 4(p4+q4+6p2q2)
(p+q)4

≤ 4. We now define Q(t) to be the event that

|f (L)
i (X)− E[f (L)

i (X)]| ≤ t for all i ∈ [n]. Then we have

Pr [Q(t)c] = Pr [Q(t)c ∩B] +Pr [Q(t)c ∩Bc] ≤ 2n exp

(
− nt2

2Kσ2

)
+ 2n−c.

We now choose t = σ
√

2K(c+1) logn
n

to obtain that with probability at least 1 − 4n−c,

the following holds for all i ∈ [n]:

f
(L)
i (X) = E[f

(L)
i (X)]±O

(
Rσ

√
log n

n

)
=

R

deg(i)

∑
j∈[n]

τijEh(Xj)±O

(
Rσ

√
log n

n

)
.

Note that we have

1

σdeg(i)

∑
j∈[n]

τijEh(Xj) =

√
2ζ

deg(i)

(∑
j∈C1

τij −
∑
j∈C0

τij

)
(using Lemma 3.3.3)
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=

√
2ζ

deg(i)

∑
j∈C1

∑
k∈[n]

aikajk
deg(k)

−
∑
j∈C0

∑
k∈[n]

aikajk
deg(k)


=

√
2ζ

deg(i)

∑
k∈[n]

aik
deg(k)

(∑
j∈C1

ajk −
∑
j∈C0

ajk

)
=

√
2ζ sgn(p− q)γ(p, q)

deg(i)

(∑
k∈C1

aik −
∑
k∈C0

aik

)
(1 + on(1))

=
√
2(2yi − 1)ζγ(p, q)2(1 + on(1)).

In the last two equations above, we used Proposition 2.4.6. Overall, we obtain that

1

σ
f
(L)
i (X) = (2yi − 1)CRγ(p, q)2ζ(1 + on(1))±O

(
R

√
log n

n

)
= (2yi − 1)CRγ(p, q)2ζ(1 + on(1)),

where in the last equation we used γ(p, q)2ζ = ω

(√
logn
n

)
. Now that the outputs have

the correct sign, this implies perfect classification of all nodes and completes the proof.

3.4 Experiments with the Linear Model

In this section, I provide experiments to demonstrate the theoretical results in Section 3.2.
To solve problem (3.1), CVX was used, a package for specifying and solving convex pro-
grams [GB13, BBK08].

3.4.1 Loss against the Distance between the Means

In our first experiment, we illustrate how the training and test losses scale as the distance
between the means increases from nearly zero to 2/

√
d. Note that according to Part 1

and Part 3 of Theorem 1, 1/
√

0.5dn(p+ q) and 1/
√
d are the thresholds for the distance

between the means, below which the data with and without graph convolution are not
linearly separable with high probability, respectively. For this experiment, we train and
test on a CSBM with p = 0.5, q = 0.1, d = 60, and n = 400 which is roughly equal
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to 0.85 · d3/2, and each class has 200 nodes. We present results averaged over 10 trials
for the training data and 10 trials for the test data. This means that for each value of
the distance between the means we have 100 combinations of train and test data. The
results for training loss are shown in Fig. 3.2a and the results of the test loss are shown
in Fig. 3.2b. We observe that graph convolution results in smaller training and test loss
when the distance of the means is larger than log n/

√
dn ≈ 0.035, which is the threshold

such that graph convolution can linearly separate the data (Part 2 of Theorem 1).
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(a) Training loss vs distance of means
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(b) Test loss vs distance of means

Figure 3.2: Training and test loss with/without graph convolution for increasing distance
between the means. The vertical dashed red and black lines correspond to the separability
thresholds from Parts 1 and 3 of Theorem 1, respectively. The green dashed line with
square markers illustrates the theoretical rate from Theorem 2. The cyan dashed line with
star markers corresponds to the lower bound from Part 1 of Theorem 1. We train and test
on a CSBM with p = 0.5, q = 0.1, n = 400 and d = 60. The y-axis is in the log scale.

3.4.2 Loss against the Density of the Graph

In our second experiment, we illustrate how the training and test losses scale as the density
of the graph increases while maintaining the same signal-to-noise ratio for the graph. By
density we mean the value of the intra- and inter-class edge probabilities p and q, since
they both control the average degree of each node in the graph. For this experiment, we
train and test on a CSBM with q = 0.2p where p varies from 1/n to 0.5 and γ(p, q) ≈ 0.6,
d = 60, and n = 400 which is roughly equal to 0.85 ·d3/2, and each class has 200 nodes. For
this experiment, the distance between the means is 2/

√
d. The results for training loss are

shown in Fig. 3.3a and the results of the test loss are shown in Fig. 3.3b. In these figures,
we observe that the performance of graph convolution improves as density increases. We
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also observe that for p, q ≤ log2 n/n, the performance of graph convolution is as poor as
that of standard logistic regression.
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Figure 3.3: Training and test loss with/without graph convolution for increasing density.
The vertical dashed red line corresponds to the lower bound of p and q from our assumption
on graph sparsity. The y-axis is in the log scale.

3.4.3 Out-of-Distribution Generalization on Synthetic Data

In this experiment, we test the performance of the trained classifier on out-of-distribution
datasets. We perform this experiment for two different distances between the means, 16/

√
d

and 2/
√
d. We train on a CSBM with ptrain = 0.5, qtrain = 0.1, n = 400 and d = 60, and

we test on CSBMs with n = 400, d = 60 and varying ptest and qtest while ptest > qtest. The
results are shown in Fig. 3.41. In this figure, we observe what was studied in Theorem 2
that is, out-of-distribution generalization to CSBMs with the same means but different p
and q pairs. In particular, for a small distance between the means, i.e., 2/

√
d, where the

data are close to being not linearly separable with high probability (Part 1 Theorem 1),
Fig. 3.4a shows that graph convolution results in much lower test error than not using the
graph. This happens even when qtest is close to ptest in the figure, i.e., γ(ptest, qtest) from the
bound in Theorem 2 is small. Furthermore, in Fig. 3.4b, we observe that for large distance
between the means, i.e., 16/

√
d, where the data are linearly separable with high probability

(Part 1 Theorem 1), and qtest is much smaller than ptest (i.e., γ(ptest, qtest) is large), then
graph convolution has low test error, and this error is lower than that obtained without
using the graph. On the other hand, in this regime for the means, as qtest approaches ptest

1Note that the x-axis is q. Another option that is more aligned with Theorem 2 is γ(ptest, qtest), however,
the log-scale collapses all lines to one and the result is less visually informative.
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(i.e, as γ(ptest, qtest) decreases), the test error increases and eventually it becomes larger
than without the graph.

In summary, we observe that in the difficult regime where the data are close to linearly
inseparable, i.e., the means are close but larger than 1/

√
d, then graph convolution can

be very beneficial. However, if the data are linearly separable and their means are far
apart, then we get good performance without the graph. Furthermore, if γ(ptest, qtest) is
small then the graph convolution can result in worse training and test errors than logistic
regression on the data alone. In the supplementary material, we provide similar plots for
various training pairs ptest and qtest. We observe similar trends in those experiments.
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Figure 3.4: Out-of-distribution generalization. We train on a CSBM with ptrain = 0.5,
qtrain = 0.1, n = 400 and d = 60. We test on CSBMs with n = 400, d = 60 and varying
ptest and qtest while ptest > qtest and fixed means. The y-axis is in the log scale.

3.4.4 Out-of-Distribution Generalization on Real Data

In this experiment, we illustrate the generalization performance on real data for the linear
classifier obtained by solving (3.1). Note that Eq. (3.1) is convex in the case of one-layer
networks. In particular, we use the partially labelled real data to train two linear classifiers,
with and without graph convolution. We generate new graphs by adding inter-class edges
uniformly at random. Then we test the performance of the trained classifiers on the noisy
graphs with the original attributes. Therefore, the only thing that changes in the new
unseen data are the graphs, the attributes remain the same. Note that our goal in this
experiment is not to beat current baselines, but rather to demonstrate out-of-distribution
generalization for real data when we use graph convolution.
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We use the real datasets Cora, PubMed and WikipediaNetwork. These datasets are
publicly available and can be downloaded from [FL19]. The datasets come with multiple
classes, however, for each of our experiments, we do a one-v.s.-all classification for a single
class. WikipediaNetwork comes with multiple masks for the labels, in our experiments,
we use the first mask. Moreover, this is a semi-supervised problem, meaning that only a
fraction of the training nodes have labels. Details about the datasets are given in Table 3.1.

Table 3.1: Information about the datasets, β0 and β1 are defined in Section 2.2. Note that
for each dataset we only consider classes A and B and we perform linear classification in
a one-v.s.-all fashion. Here, A and B refer to the original classes of the dataset. Results
for other classes are given in the supplementary material.

Info./Dataset Cora PubMed Wiki.Net.

# nodes 2708 19717 2277
# attributes 1433 500 2325
β0, class A 5.0e−2 2.5e−3 4.7e−1
β1, class A 5.6e−2 4.8e−3 4.9e−1
β0, class B 4.8e−2 3.3e−3 4.7e−1
β1, class B 9.2e−2 2.5e−3 4.7e−1

∥µ− ν∥, class A 7.0e−1 1.0e−1 3.6e−1
∥µ− ν∥, class B 9.4e−1 7.2e−2 3.0e−1

The results of this experiment are presented in Fig. 3.5. We present results for classes
A and B for each dataset. This set of experiments is enough to demonstrate good and
bad performance when using graph convolution. The results for the rest of the classes are
presented in the supplementary material. The performance for other classes is similar. Note
in the plots that in this figure the y-axis (Test error) measures the number of misclassified
nodes2 over the number of nodes in the graph. In all sub-figures in Fig. 3.5 except for
Fig. 3.5c we observe that graph convolution has lower test error than without the graph
convolution. However, as we add inter-class edges (noise increases), then graph convolution
can be disadvantageous. Also, there can be cases like in Fig. 3.5c where graph convolution
is disadvantageous for any level of noise. Interestingly, in the experiment in Fig. 3.5c the

2We do not plot the loss on the y-axis because the test loss does not differ much between using and
not using graph convolution. However, the number of misclassified nodes differs significantly as shown in
Fig. 3.5. As noted after Theorem 2, our argument for the bound on the loss immediately yields a bound
on the number of misclassified nodes.
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test errors with and without graph convolution are low (roughly ∼ 0.080). This seems to
imply that the dataset is close to being linearly separable for the given labels. However,
the dataset seems to be nearly non-separable after the graph convolution, since adding
noise to the graph results in a larger test error.

0 10 20 30 40 50
ρ

0.090
0.095
0.100
0.105
0.110
0.115
0.120
0.125

Te
st

 e
rro

r

Without graph conv.
With graph conv.

(a) Cora, class A

0 10 20 30 40 50
ρ

0.035
0.040
0.045
0.050
0.055
0.060

Te
st

 e
rro

r

Without graph conv.
With graph conv.

(b) Cora, class B

0 1 2 3 4 5 6 7
ρ

0.080
0.085
0.090
0.095
0.100
0.105
0.110

Te
st

 e
rro

r

Without graph conv.
With graph conv.

(c) PubMed, class A

0 1 2 3 4 5 6 7
ρ

0.21
0.22
0.23
0.24
0.25
0.26

Te
st

 e
rro

r

Without graph conv.
With graph conv.

(d) PubMed, class B

0 1 2 3 4 5
ρ

0.13

0.14

0.15

0.16

0.17

0.18

Te
st

 e
rro

r

Without graph conv.
With graph conv.

(e) WikipediaNetwork, class A

0 1 2 3 4
ρ

0.12

0.14

0.16

0.18

0.20

Te
st

 e
rro

r

Without graph conv.
With graph conv.

(f) WikipediaNetwork, class B

Figure 3.5: Test loss as the number of nodes increases. The test error measures the number
of misclassified nodes over the number of nodes in the graph. Moreover, ρ denotes the ratio
of added inter-class edges over the number of inter-class edges of the original graph. The
y-axis is in the log scale.
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3.5 Experiments with the Multi-layer Models

In this section, I provide empirical evidence that supports our results in Section 3.3. We
begin by analyzing the synthetic data models XOR-GMM and XOR-CSBM that are crucial
to our theoretical results, followed by a similar analysis on multiple real-world datasets
tailored for node classification tasks. I show a comparison of the test accuracy obtained by
various learning methods in different regimes, along with a display of how the performance
changes with the properties of the underlying graph, i.e., with the intra-class and inter-class
edge probabilities p and q.

We observe that the performance of the networks does not change significantly with the
choice of the placement of graph convolutions. In particular, placing all convolutions in
the last layer achieves a similar performance as any other placement for the same number
of convolutions. This observation aligns with the results in [GBG19].

3.5.1 Synthetic Data

In this section, we empirically show the landscape of the accuracy achieved for various
multi-layer networks with up to three layers and up to two graph convolutions. The reader
is referred to Section 3.6.3 for experiments with networks having graph convolutions in the
first layer, which provide insights into why convolutions may hurt in the first layer.

In Fig. 3.6, we see that as claimed in Theorem 4, a single graph convolution reduces
the classification threshold by a factor of 1/ 4√E deg and two graph convolutions reduce the
threshold by a factor of 1/ 4√n, where Edeg = n

2
(p+ q).

We observe that the placement of graph convolutions does not matter as long as it is
not in the first layer. Figs. 3.6a and 3.6b show that the performance is mutually similar for
all networks that have one graph convolution placed in the second or the third layer, and
for all networks that have two graph convolutions placed in any combination among the
second and the third layers. In Figs. 3.6e and 3.6f, we observe that two graph convolutions
do not obtain a significant advantage over one graph convolution in the setting where p
and q are large, i.e., when the graph is dense.

3.5.2 Real-world Data

For real-world data, we test our results on three graph benchmarks: CORA, CiteSeer, and
Pubmed citation network datasets [SNB+08]. We observe the following trends: First, as
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(a) 2-layer networks with (p, q) = (0.2, 0.02). (b) 3-layer networks with (p, q) = (0.2, 0.02).
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(c) 2-layer networks with (p, q) = (0.02, 0.2).
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(d) 3-layer networks with (p, q) = (0.02, 0.2).

(e) 2-layer networks with (p, q) = (0.5, 0.1). (f) 3-layer networks with (p, q) = (0.5, 0.1).

Figure 3.6: Averaged accuracy over 50 trials for networks with and without graph convolu-
tions on the XOR-CSBM data model with n = 400, d = 4 and σ = 1√

d
. The x-axis denotes

the ratio ∥µ− ν∥2 /σ on a logarithmic scale. The vertical lines indicate the theoretical
classification thresholds mentioned in Theorem 3 (red) and Theorem 4 (violet and pink).

claimed in Theorem 4, networks that utilize the graph perform remarkably better than a
traditional MLP that does not use relational information. Second, all networks with one
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graph convolution in any layer achieve a mutually similar performance, and all networks
with two graph convolutions in any combination of placement achieve a mutually similar
performance. This demonstrates a result similar to Corollary 4.1 for real-world data.
Finally, networks with two graph convolutions perform better than networks with one
graph convolution, i.e., they obtain better accuracy on the same dataset.

In Fig. 3.7, we present for all networks, the maximum accuracy over 50 trials, where
each trial corresponds to a random initialization of the networks. For 2-layer networks,
the hidden layer has width 16, and for 3-layer networks, both hidden layers have width 16.
We use a dropout probability of 0.5 and a weight decay of 10−5 while training.

For this study, we attribute minor changes in the accuracy to hyperparameters involving
dropout and weight decay. This helps us clearly observe the important difference in the
accuracy of networks with one graph convolution versus two graph convolutions. For
example, in Fig. 3.7a, we note that there are differences in the accuracy of the networks
with one graph convolution (red and blue). However, these differences are minor compared
to the networks with one convolution (red and blue) and networks with two convolutions
(green and yellow). Note that the accuracy slightly differs from well-known results in
the literature due to implementation differences. In particular, the GCN implementation
in [KW17] uses Ã = D− 1

2AD− 1
2 as the normalized adjacency matrix, however, we use

Ã = D−1A. (The proofs rely on degree concentration, and thus, generalize to the other
type of normalization as well.) In Figs. 3.8 and 3.9, I show similar results for larger datasets,
namely, OGBN-arXiv and OGBN-products [HFZ+20b].

3.6 Additional Insights

In this section, we will look at some insightful results that are not directly relevant to
the main results, yet, provide a meaningful chain of reasoning for a few of the research
decisions in this thesis.

3.6.1 Variance Reduction Through Graph Convolutions

A natural question about graph convolutions is: What is the precise variance reduction ob-
tained through relational information when a graph convolution operation is applied to the
node attribute data? The following result answers this question under some assumptions.

Lemma 3.6.1 (Variance reduction). Denote the event for Proposition 2.4.6 to be B. Let
{Xu}u∈[n] ∈ Rn×d be an iid sample of data. For a graph with adjacency matrix A (including
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(a) Accuracy of various learning models on the CORA dataset.

(b) Accuracy of various learning models on the Pubmed dataset.

(c) Accuracy of various learning models on the CiteSeer dataset.

Figure 3.7: Maximum accuracy (percentage) over 50 trials. A network with k layers and
j1, . . . , jk convolutions in each of the layers is represented by the label kL-j1 . . . jk.

52



MLP2 2L-01 2L-10 2L-02 2L-20 2L-11 2L-03 2L-30 2L-12 2L-21
Model

0

10

20

30

40

50

60

70

80

Ac
cu

ra
cy

 (a
vg

)

 55.59

 68.11  68.01
 71.46  71.31  71.43  71.49  71.61  71.51  71.3

(a) OGBN-arXiv with two-layer networks.
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(b) OGBN-arXiv with three-layer networks.

Figure 3.8: Average accuracy for OGB arXiv dataset over 10 trials. All models with one
GC (red) perform mutually similarly, while models with two GCs (blue) and three GCs
(green) perform mutually similarly and better than one GC.

self-loops) and a fixed integer K > 0, define a K-convolution to be X̃ = (D−1A)KX. Then
we have

Var(X̃u | B) = ρ(K)Var(Xu), where ρ(K) =

(
1 + on(1)

∆

)2K ∑
v∈[n]

AK(u, v)2.

Here, AK(u, v) is the entry in the uth row and vth column of the exponentiated matrix AK

and ∆ = Edeg = n
2
(p+ q).

Proof. For a matrix M, the uth convolved data point is X̃u = M⊤
uX, where M⊤

u denotes
the uth row of M. Since Xu are iid, we have

Var(X̃u) =
∑
v∈[n]

(Muv)
2Var(Xv).
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(a) OGBN-products with two-layer networks.
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(b) OGBN-products with three-layer networks.

Figure 3.9: Average accuracy for OGB products dataset over 10 trials. All models with
one GC (red) perform mutually similarly, while models with two GCs (blue) and three
GCs (green) perform mutually similarly and better than one GC.

It remains to compute the entries of the matrix M = (D−1A)K . Note that we have
D−1A(u, v) = auv/deg(u), so we obtain that

Muv = (D−1A)K(u, v) =
n∑

w1=1

n∑
w2=1

· · ·
n∑

wK−1=1

auw1aw1w2 · · · awK−2wK−1
awK−1v

deg(u)deg(w1) · · ·deg(wK−1)
.

Recall that on the event B, the degrees of all nodes are ∆(1± on(1)), and hence, we have

Muv =
(1± on(1))

K

∆K

n∑
w1=1

n∑
w2=1

· · ·
n∑

wK−1=1

auw1 · · · awK−2wK−1
awK−1v,

where the error on(1) = O( 1√
logn

). The sum of these products of the entries of A is simply
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the number of length-K paths from node i to j, i.e., AK(i, j). Thus, we have

Var(X̃u | B) =
∑
j∈[n]

(Muv)
2Var(Xv) =

(
1 + on(1)

∆

)2K ∑
j∈[n]

AK(i, j)2Var(Xv).

Since Xv are iid, we obtain that ρ(K) =
(

1+on(1)
∆

)2K∑
j∈[n]A

K(i, j)2.

Let us briefly discuss the implications of Lemma 3.6.1. Consider a sample (A,X) drawn
from XOR-CSBM(n, p, q,µ,ν, σ) for the symmetric case where exactly n/2 nodes are in
each of the two classes. We have that

EA =

(
pIn/2 qIn/2
qIn/2 pIn/2

)
.

This gives us Eρ(K) ≈ 1
n
(1 + γ(p, q)2K) for any K ≥ 2. Recall that a single graph

convolution reduces the distance between the means by a factor of γ(p, q). Hence, to
comment on the performance of an arbitrary number of convolutions, K, we might hope
to compare the reduction in this distance, γ(p, q)K with the reduction in the variance,
ρ(K) to obtain a condition on K in terms of n, p, and q. The challenge, however, lies in
the fact that in deeper layers, computing ρ(K) is non-trivial due to node features being
highly correlated. Moreover, an argument to claim that ρ(K) ≈ Eρ(K) is needed for this
approach, which seems to require strong density assumptions on the graph.

3.6.2 Thresholds for a Simpler Case

Although Theorem 4 encapsulates the general condition for networks with up to two graph
convolutions to achieve perfect classification, let us understand the theorem in a simplified
setting where γ(p, q) = Ω(1). In this regime, one can analyze two cases:

1. Case β = Ω(σ): Using part two of Lemma 3.3.3 implies that ζ = Ω(β
σ
). Hence,

for one graph convolution, the condition γ(p, q)ζ = ω
(√

logn
n(p+q)

)
is satisfied when

β
σ
= ω

(√
logn
n(p+q)

)
, implying that β = ω

(
σ
√

logn
n(p+q)

)
. Similarly, for two graph convo-

lutions, the condition γ(p, q)2ζ = ω

(√
logn
n

)
is satisfied when β = ω

(
σ
√

logn
n

)
.
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2. Case β = o(σ): Using part three of Lemma 3.3.3 implies that ζ = Ω(β
2

σ2 ). Hence,

for one graph convolution, the condition γ(p, q)ζ = ω
(√

logn
n(p+q)

)
is satisfied when(

β
σ

)2
= ω

(√
logn
n(p+q)

)
, implying that β = ω

(
σ 4

√
logn
n(p+q)

)
. Similarly, for two graph con-

volutions, the condition γ(p, q)2ζ = ω

(√
logn
n

)
is satisfied when β = ω

(
σ 4

√
logn
n

)
.

Combining both cases, we find that the theorems imply perfect classification if:

β =

Ω

(
σ
√
logn

4
√
n(p+q)

)
for networks wth one graph convolution,

Ω
(
σ
√
logn
4√n

)
for networks with two graph convolutions.

3.6.3 Graph Convolution in the First Layer

In this section, we show precisely why a graph convolution operation in the first layer is
detrimental to the classification task. This effect is visualized in Fig. 3.10, and is attributed
to the averaging of data points in the same class but different components of the mixture
that have means with opposite signs. As n (the sample size) grows, the difference between
the averages of node features over the two classes diminishes (see Figs. 3.10a and 3.10b). In
other words, the means of the two classes collapse to the same point for large n. However,
in the last layer, since the input consists of transformed features that are linearly separable,
a graph convolution helps with the classification task (see Figs. 3.10c and 3.10d).

In Fig. 3.11, we empirically show that placing a graph convolution in the first layer
makes the classification task difficult since the means of the convolved data collapse towards
0.

Proposition 3.6.2. Fix a positive integer d > 0, σ ∈ R+ and µ,ν ∈ Rd. Let (A,X) ∼
XOR-CSBM(n, p, q,µ,ν, σ). Define X̃ to be the transformed data after applying a graph

convolution on X, i.e., X̃ = D−1AX. Then in the regime where p, q = Ω( log
2 n
n

), with
probability at least 1− 1/poly(n) we have that

EX̃i =


pµ+ qν

2(p+ q)
· on(1) i ∈ C0

pν + qµ

2(p+ q)
· on(1) i ∈ C1

.

Hence, the distance between the means of the convolved data, given by p−q
2(p+q)

β · on(1) di-
minishes to 0 for n→ ∞.

56



(a) Original node features at the first layer. (b) After GC at the first layer.

(c) Feature representation at the last layer. (d) After GC at the last layer.

Figure 3.10: Placement of a graph convolution (GC) in the first layer versus the last layer
for data sampled from the XOR-CSBM. For this figure we used 1000 nodes in each class
and a randomly sampled stochastic block-model graph with p = 0.8 and q = 0.2.

Proof. Fix µ,ν ∈ Rd and define the following sets:

C−µ = {i | yi = 0, ηi = 0}, Cµ = {i | yi = 0, ηi = 1},
C−ν = {i | yi = 1, ηi = 0}, Cν = {i | yi = 1, ηi = 1}.

Denote X̃ = D−1AX and note that for any i ∈ [n], the row vector

X̃i =
1

deg(i)

∑
j∈[n]

aijXj =
1

deg(i)

∑
j∈[n]

aij(EXj + σgj)

=
1

deg(i)

µ
∑
j∈Cµ

aij −
∑
j∈C−µ

aij

+ ν

∑
j∈Cν

aij −
∑
j∈C−ν

aij

+ σ
∑
j∈[n]

aijgj

 ,
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(a) Test accuracy.
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(b) Test loss.

Figure 3.11: Comparing the accuracy and loss for various networks with and without graph
convolutions, averaged over 50 trials. Networks with a graph convolution in the first layer
(red and orange) fail to generalize even for a large distance between the means of the data.
For this experiment, we set n = 400 and d = 4, with σ2 = 1/d.

where we used the fact that Xj = (2ηj− 1)((1− yj)µ+ yjν+σgj) for a set of iid Gaussian
random vectors gj ∼ N (0, Id).

Note that since ϵi, ηi are Bernoulli random variables, using the Chernoff bound [Ver18,
Section 2], we have that with probability at least 1− 1/poly(n),

|C−µ| = |Cµ| = |C−ν | = |Cν | =
n

4
(1± on(1)).

We now use an argument similar to how we obtained Proposition 2.4.6 to observe that
for any c > 0, with probability at least 1−O(n−c), the following holds for all i ∈ [n]:

1

deg(i)

∑
j∈Cµ

aij −
∑
j∈C−µ

aij

 = O

(
(1− yi)p+ yiq

2(p+ q)

√
c

log n

)
,

1

deg(i)

∑
j∈Cν

aij −
∑
j∈C−ν

aij

 = O

(
yip+ (1− yi)q

2(p+ q)

√
c

log n

)
.

Hence, we have that for all i ∈ [n],

EX̃i =

[(
(1− yi)p+ yiq

2(p+ q)

)
µ+

(
yip+ (1− yi)q

2(p+ q)

)
ν

]
·O
(√

c

log n

)
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=


pµ+ qν

2(p+ q)
· on(1) i ∈ C0

pν + qµ

2(p+ q)
· on(1) i ∈ C1

Using the above result, we obtain that for fixed µ,ν and σ, the distance between the means
after convolution diminishes to 0 as n→ ∞.
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Chapter 4

Analysis of Graph Attention

4.1 Preliminaries

This section describes the Graph Attention mechanism [VCC+18a] along with notations
and terms that are frequently used throughout this chapter.

Define two classes as Cb = {u ∈ [n] | yu = b} for b ∈ {0, 1}. For each index u ∈ [n], set
the feature vector Xu ∈ Rd as Xi ∼ N ((2yi − 1)µ, σ2I), where µ ∈ Rd. This is a binary
CSBM with means ±µ. The results can be easily generalized to general means, however,
we will look at the symmetric case here. For a given pair p, q ∈ [0, 1], we look at the graph
G = (A,X) ∼ CSBM(n, p, q,µ, σ).

An advantage of CSBM is that it allows us to control the noise by controlling the
parameters of the distributions of the model. In particular, CSBM allows us to control the
distance between the means and the variance of the Gaussians, which are important for
controlling the separability. For example, fixing the variance, we see that the closer the
means are, the more difficult the separation of the node features becomes. Another notable
advantage of CSBM is that it allows us to control the structural noise and homophily level
of the graph. The level of noise in the graph is controlled by increasing or decreasing the
gap between the intra-class edge probability p and the inter-class edge probability q, and
the level of homophily in the graph is controlled by the relative magnitude between p and
q. For example, when p is much larger than q, then a node is more likely to be connected
with a node from the same class, and hence we obtain a homophilous graph; when q is
much larger than p, then a node is more likely to be connected with a node from a different
class, and hence we obtain a heterophilous graph. There are several recent works exploring
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the behaviour of GNNs in heterophilous graphs [LHL+21a, YHS+22, BDGC+22, LHL+22].
Interestingly, the results presented in this thesis for graph attention’s behaviour over the
CSBM data model do not depend on whether the graph is homophilous or heterophilous.

Given node representations hv ∈ RF ′
for v ∈ [n], a (spatial) graph convolution for node

u produces the output h′
u as follows:

h′
u =

∑
v∈[n]

cuvauvWhv, cuv =
1

deg(u)
,

where W ∈ RF×F ′
is a learnable matrix. Throughout this chapter, we refer to this oper-

ation as simple graph convolution or standard graph convolution. Our definition of graph
convolution is essentially the mean aggregation step in a general GNN layer [HYL17]. The
normalization constant cuv in our definition is closely related to the symmetric normal-
ization cuv = (deg(u))−1/2(deg(v))−1/2 used in the original Graph Convolutional Network
(GCN) introduced by [KW17]. Our definition does not affect the discussions or implications
we have for GCN with symmetric normalization due to degree concentration. More broadly,
there are other forms of graph convolutions in the literature [BBCV21, DBV16, LMBB18],
which are not compared within this work.

A single-head graph attention applies some weight function on the edges based on their
node features (or a mapping thereof). Given two representations hu,hv ∈ RF ′

for two
nodes u, v ∈ [n], the attention model/mechanism is defined as the mapping

Ψ(hu,hv)
def
= α(Whu,Whv)

where α : RF ×RF → R and W ∈ RF×F ′
is a learnable matrix. The attention coefficient

for a node u and its neighbour v is defined as

τuv
def
=

exp(Ψ(hu,hv))∑
w∈η1(u) exp(Ψ(hu,hw))

, (4.1)

where η1(u) is the set of neighbours of node u that also includes node u itself. Let f be
some element-wise activation function (which is usually nonlinear), the graph attention
convolution output for a node u ∈ [n] is given by

h′
u =

∑
v∈[n]

AuvτuvWhv,

h̃u = f(h′
u).

(4.2)
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A multi-head graph attention [VCC+18a] uses K ∈ N weight matrices W1, . . ., WK ∈
RF×F ′

and averages their individual (single-head) outputs. We consider the most simplified
case of a single graph attention layer (i.e., F ′ = d and F = 1) where α is realized by an MLP
using the LeakyRelu activation function. The LeakyRelu activation function is defined as
LeakyRelu(x) = x if x ≥ 0 and LeakyRelu(x) = βx for some constant β ∈ [0, 1) if x < 0.

A natural requirement of attention architectures is to maintain important edges in
the graph and ignore unimportant edges. For example, important edges could be the set
of intra-class edges and unimportant edges could be the set of inter-class edges. In this
case, if graph attention maintains all intra-class edges and ignores all inter-class edges,
then a node from a class will be connected only to nodes from the same class. More
specifically, a node v will be connected to neighbour nodes whose associated node features
come from the same distribution as node features of v. Given two sets A and B, we denote

A×B
def
= {(i, j) : i ∈ A, j ∈ B} and A2 def

= A× A.

4.2 Edge Separation in the Hard Regime

In this regime (∥µ∥ = κσ for κ ≤ O(
√
log n)), we show that every attention architecture

Ψ fails to separate the edges if κ <
√
2 log n. The goal of the attention mechanism is to

decide whether an edge (u, v) is an inter-class edge or an intra-class edge based on the
node feature vectors Xu and Xv. Let X

′
uv denote the vector obtained from concatenating

Xu and Xv, that is,

X′
uv

def
=

(
Xu

Xv

)
. (4.3)

We want to analyze every classifier h′ which takes as input X′
uv and tries to separate

inter-class edges and intra-class edges. An ideal classifier would have the property

y = h′(X′
uv) =

{
0, if (u, v) is an inter-class edge,
1, if (u, v) is an intra-class edge.

(4.4)

To understand the limitations of all such classifiers in this regime, it suffices to consider
the Bayes optimal classifier for this data model, whose probability of misclassifying of
an arbitrary edge lower bounds that of every attention architecture which takes as input
(Xu,Xv). Consequently, by deriving a misclassification rate for the Bayes classifier, we
obtain a lower bound on the misclassification rate for every attention mechanism Ψ for
classifying intra-class and inter-class edges. The following Lemma 4.2.1 describes the Bayes
classifier for this classification task.
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Lemma 4.2.1. Let (A,X) ∼ CSBM(n, p, q,µ, σ) and let X′
uv be defined as in (4.3). The

Bayes optimal classifier for X′
uv is realized by the following function,

h∗(x) =

{
0, if p cosh

(
x⊤µ′

σ2

)
≤ q cosh

(
x⊤ν′

σ2

)
,

1, otherwise,
(4.5)

where µ′ def
=

(
µ
µ

)
and ν ′ def

=

(
µ
−µ

)
.

Proof. Note that X′
uv is a mixture of 2d-dimensional Gaussian distributions,

X′
uv ∼


N (−µ′, σ2I) u ∈ C0, v ∈ C0

N (µ′, σ2I) u ∈ C1, v ∈ C1

N (−ν ′, σ2I) u ∈ C0, v ∈ C1

N (ν ′, σ2I) u ∈ C1, v ∈ C0

.

The optimal classifier is then given by

h∗(x) = argmax
c∈{0,1}

Pr [y = c | x] .

Note that Pr [y = 0] = q
p+q

and Pr [y = 1] = p
p+q

. Thus, by Bayes rule, we obtain that

Pr [y = c | x] =
Pr [y = c] · fx|y(x | y = c)

Pr [y = 0] fx|y=0(x | y = 0) +Pr [y = 1] fx|y=1(x | y = 1)

=
1

1 +
Pr[y=1−c]·fx|y(x|y=1−c)

Pr[y=c]·fx|y(x|y=c)

.

Suppose that x = X′
uv such that yu ̸= yv. Then h

∗(x) = 0 if and only if Pr [y = 0 | x] ≥ 1
2
.

Hence, for c = 0 we require that

Pr [y = 1− c] · fx|y(x | y = 1− c)

Pr [y = c] · fx|y(x | y = c)
=
p

q

fx|y(x | y = 1)

fx|y(x | y = 0)
=
p

q

cosh
(

1
σ2x

⊤µ′)
cosh

(
1
σ2x⊤ν ′

) ≤ 1,

Similarly, we obtain the reverse condition for h∗(x) = 1.

Using Lemma 4.2.1, we can lower bound the rate of misclassification of edges that every

attention mechanism Ψ exhibits. Below we define Φc
def
= 1− Φ, where Φ is the cumulative

distribution function of N (0, 1).
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Theorem 5. Suppose ∥µ∥ = κσ for some κ > 0 and let Ψ be any attention mechanism.
Then with probability 1− on(1), we have that,

1. Ψ fails to correctly classify at least 2 · Φc(κ)
2 fraction of inter-class edges;

2. For any K > 0 if q > K log2 n
nΦc(κ)2

, then with probability at least 1−O(n−8KΦc(κ)2 logn), Ψ
misclassifies at least one inter-class edge.

Part 1 of Theorem 5 implies that if ∥µ∥ is linear in the standard deviation σ, that is if
κ = O(1), then with overwhelming probability the attention mechanism fails to distinguish
a constant fraction of inter-class edges from intra-class edges. Furthermore, part 2 of
Theorem 5 characterizes a regime for the inter-class edge probability q where the attention
mechanism fails to distinguish at least one inter-class edge. It provides a lower bound on
q in terms of the scale at which the distance between the means grows compared to the
standard deviation σ. This aligns with the intuition that increasing the distance between
the means makes it easier for the attention mechanism to correctly distinguish inter-class
and intra-class edges. However, if q is also increased with the right proportion, in other
words, if the noise in the graph is increased, then the attention mechanism would still fail
to correctly distinguish at least one inter-class edge. For instance, for κ =

√
2 log log n

and K = log2 n, we get that if q > Ω( log
6+o(1) n
n

), then with probability at least 1− o(1), Ψ
misclassifies at least one inter-class edge.

The proof of Theorem 5 relies on analyzing the behaviour of the Bayes optimal classifier
in (4.5). We compute an upper bound on the probability with which the optimal classifier
correctly classifies an arbitrary inter-class edge. Then the proof of part 1 of Theorem 5
follows from a concentration argument for the fraction of inter-class edges that are mis-
classified by the optimal classifier. For part 2, we use a similar concentration argument to
choose a suitable threshold for q that forces the optimal classifier to fail on at least one
inter-class edge. The formal arguments are provided in the next section.

4.3 Proof of Theorem 5

Proof. From Lemma 4.2.1, we observe that for successful classification by the optimal
classifier, we need

p cosh
(

x⊤µ′

σ2

)
≤ q cosh

(
x⊤ν′

σ2

)
for yi ̸= yj,

p cosh
(

x⊤µ′

σ2

)
> q cosh

(
x⊤ν′

σ2

)
for yi = yj.
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We will split the analysis into two cases. First, note that when p ≥ q we have for yi ̸= yj
that

p cosh
(

x⊤µ′

σ2

)
≤ q cosh

(
x⊤ν′

σ2

)
=⇒ cosh

(
x⊤µ′

σ2

)
≤ cosh

(
x⊤ν′

σ2

)
=⇒ |x⊤µ′| ≤ |x⊤ν ′|.

In the first implication, we used that p ≥ q, while the second implication follows from the
fact that cosh(a) ≤ cosh(b) =⇒ |a| ≤ |b| for all a, b ∈ R. Similarly, for p < q we have for
yi = yj that

p cosh
(

x⊤µ′

σ2

)
> q cosh

(
x⊤ν′

σ2

)
=⇒ cosh

(
x⊤µ′

σ2

)
> cosh

(
x⊤ν′

σ2

)
=⇒ |x⊤µ′| > |x⊤ν ′|.

Therefore, for each of the above cases, we can upper bound the probability for either yi = yj
or yi ̸= yj that X

′
ij is correctly classified, by the probability of the event |X′T

ij µ
′| ≤ |X′T

ij ν
′|

or equivalently |X′T
ij µ

′| > |X′T
ij ν

′|. We focus on the former as the latter is equivalent and
symmetric. Writing Xi = µ+σgi and Xj = −µ+σgj, we have that for i ∈ C1 and j ∈ C0,

Pr
[
h∗(X′

ij) = 0
]
≤ Pr

[
|X′T

ij µ
′| ≤ |X′T

ij ν
′|
]

= Pr
[
|X⊤

i µ+X⊤
j µ| ≤ |X⊤

i µ−X⊤
j µ|
]

= Pr
[
σ|g⊤

i µ+ g⊤
j µ| ≤ | ± 2∥µ∥2 + σg⊤

i µ− σg⊤
j µ|

]
≤ Pr

[
|g⊤
i µ̂+ g⊤

j µ̂| − |g⊤
i µ̂− g⊤

j µ̂| ≤
2∥µ∥
σ

]
= Pr

[
|g⊤
i µ̂+ g⊤

j µ̂| − |g⊤
i µ̂− g⊤

j µ̂| ≤ 2κ
]
,

where we denote µ̂ = µ/∥µ∥. In the second to last step above, we used triangle inequality
to pull 2∥µ∥2 outside the absolute value, while in the last equation, we use ∥µ∥ = κσ.

Let zi = g⊤
i µ̂ for all i ∈ [n]. Then the above probability is Pr [|zi + zj| − |zi − zj| ≤ 2κ],

where zi, zj ∼ N (0, 1) are independent random variables. Note that we have

Pr
[
h∗(X′

ij) = 0
]
≤ Pr [|zi + zj| − |zi − zj| ≤ 2κ]

= Pr [|zi + zj| − |zi − zj| ≤ 2κ, |zi| ≤ κ]

+Pr [|zi + zj| − |zi − zj| ≤ 2κ, |zi| > κ]

= Pr [|zi| ≤ κ] + Φ(κ)Pr [|zi| > κ] . (4.6)

To see how we obtain the last equation, observe that if |zi| ≤ κ then we have

|zi + zj| − |zi − zj| = |zi + zj| − |zj − zi|
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≤ |zi|+ |zj| − |zj − zi| by triangle inequality

≤ |zi|+ |zj| −
∣∣|zj| − |zi|

∣∣ by reverse triangle inequality

≤ |zi|+ |zj| − (|zj| − |zi|) = 2|zi|
≤ 2κ,

hence, Pr [|zi + zj| − |zi − zj| ≤ 2κ, |zi| ≤ κ] = Pr [|zi| ≤ κ]. On the other hand, for |zi| >
κ, we look at each case, conditioned on the events zi > κ and zi < −κ for each of the
four cases based on the signs of zi + zj and zi − zj. We denote by E the event that
|zi + zj| − |zi − zj| ≤ 2κ, and analyze the cases in detail. First consider the case zi < −κ:

Pr [E, zi + zj ≥ 0, zi − zj ≥ 0 | zi < −κ] = Pr [zj ≤ zi, zj ≥ −zi | zi < −κ] = 0,

Pr [E, zi + zj ≥ 0, zi − zj < 0 | zi < −κ] = Pr [zj > |zi|, zi ≤ κ | zi < −κ] = Φ(zi),

Pr [E, zi + zj < 0, zi − zj ≥ 0 | zi < −κ] = Pr [zj < −|zi|, zi ≥ −κ | zi < −κ] = 0,

Pr [E, zi + zj < 0, zi − zj < 0 | zi < −κ] = Pr [zi < zj < −zi, zj > −κ | zi < −κ]
= Φ(κ)− Φ(zi).

The sum of the four probabilities in the above is Pr [E | zi < −κ] = Φ(κ). Similarly, we
analyze the other case, zi > κ:

Pr [E, zi + zj ≥ 0, zi − zj ≥ 0 | zi > κ] = Pr [−zi ≤ zj ≤ zi, zj ≤ κ | zi > κ]

= Φ(κ)− Φc(zi),

Pr [E, zi + zj ≥ 0, zi − zj < 0 | zi > κ] = Pr [zj > |zi|, zi ≤ κ | zi > κ] = 0,

Pr [E, zi + zj < 0, zi − zj ≥ 0 | zi > κ] = Pr [zj < −|zi|, zi ≥ −κ | zi > κ] = Φc(zi),

Pr [E, zi + zj < 0, zi − zj < 0 | zi > κ] = Pr [zj < −zi, zj > zi | zi > κ] = 0.

The sum of these four probabilities is Pr [E | zi > κ] = Φ(κ). Therefore, we obtain

Pr [|zi + zj| − |zi − zj| ≤ 2κ | |zi| > κ] = Φ(κ),

which justifies (4.6).

Next, note that Pr [|zi| ≤ κ] = Φ(κ) − Φc(κ) and Pr [|zi| > κ] = 2Φc(κ), so we have
from (4.6) that

Pr
[
h∗(X′

ij) = 0
]
≤ Φ(κ)− Φc(κ) + 2Φc(κ)Φ(κ)

= 1− 2Φc(κ) + 2Φc(κ)Φ(κ) = 1− 2Φc(κ)
2.

Thus, X′
ij is misclassified with probability at least 2Φc(κ)

2.
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We will now construct sets of pairs with mutually independent elements, such that the
union of those sets covers all inter-class edges. This will enable us to use a concentration
argument that computes the fraction of the misclassified inter-class edges. Since the graph
operations are permutation invariant, let us assume for simplicity that C0 = {1, . . . , n

2
}

and C1 = {n
2
+ 1, . . . , n} for an even number of nodes n. Also, define the function

m(i, l) =

{
i+ l, i+ l ≤ n

2
,

i+ l − n
2
, i+ l > n

2
.
.

We now construct the following sequence of sets for all l ∈ {0, . . . , n
2
− 1}:

Sl = {(Xm(i,l), Xi+n
2
) for all i ∈ C0 such that (m(i, l), i+ n/2) ∈ E}.

Fix l ∈ {0, . . . , n
2
− 1} and observe that the pairs in the set Sl are mutually independent.

Define a Bernoulli random variable, βi, to be the indicator that (Xm(i,l), Xi+n
2
) is misclas-

sified. We have that E[βi] ≥ 2Φc(κ)
2. Note that the fraction of pairs in the set Sl that are

misclassified is 1
|Sl|
∑

i:(Xm(i,l),Xi+n/2)∈Sl
βi, which is a sum of independent Bernoulli random

variables. Hence, by the additive Chernoff bound, we obtain

Pr

 ∑
i∈C0∩Nm(i,l)

βi ≥ 2|Sl|Φc(κ)
2 − |Sl|t

 ≥ 1− exp(−2|Sl|t2).

Since p, q = Ω( log
2 n
n

), we have by the Chernoff bound and a union bound that with proba-

bility at least 1−1/poly(n), |Sl| = nq(1±o(1)) for all l. We now choose t =
√

C logn
|Sl|

= o(1)

to obtain that on the event where |Sl| = nq(1± o(1)), we have the following for any large
C > 1:

Pr

 1

|Sl|
∑

i∈C0∩Nm(i,l)

βi ≥ 2Φc(κ)
2 − o(1)

 ≥ 1− n−C .

Following a union bound over all l ∈ {0, . . . , n
2
− 1}, we conclude that for any c > 0,

Pr

 1

|Sl|
∑

i∈C0∩Nm(i,l)

βi ≥ 2Φc(κ)
2 − o(1), ∀l ∈

{
0, . . . ,

n

2
− 1
} ≥ 1−O(n−c).

Thus, out of all the pairs X′
ij with j ≁ i, with probability at least 1− o(1), we have that

at least a fraction 2Φc(κ)
2 of the pairs are misclassified by the attention mechanism. This

concludes part 1 of the theorem.
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For part 2, note that by the additive Chernoff bound we have for any t ∈ (0, 1),

Pr

 ∑
i∈C0∩Nm(i,l)

βi ≥ 2|Sl|Φc(κ)
2 − |Sl|t

 ≥ 1− exp(−2|Sl|t2).

Since |Sl| = nq
2
(1±o(1)) with probability at least 1/poly(n), we choose t = 2

√
KΦc(κ)2 log

2 n
nq

to obtain

Pr

 ∑
i∈C0∩Nm(i,l)

βi ≥ nqΦc(κ)
2(1± o(1))−

√
KnqΦc(κ)2 log

2 n

 ≥ 1−O(n−8KΦc(κ)2 logn).

Now note that if q > K log2 n
nΦc(κ)2

then we have nqΦc(κ)
2 > K log2 n, which implies that

nqΦc(κ)
2 −

√
KnqΦc(κ)2 log

2 n > 0.

Hence, in this regime of q,

Pr

 ∑
i∈C0∩Nm(i,l)

βi > 0

 ≥ 1−O(n−8KΦc(κ)2 logn).

This completes the proof.

4.4 Attention Coefficients

As a motivating example of how the attention mechanism would fail and how exactly the
attention coefficients would behave in this regime, we focus on one of the most popular
attention architecture [VCC+18a], where α is a single-layer neural network parameterized
by (w,a, b) ∈ Rd × R2 × R with LeakyRelu activation function. Namely, the attention
coefficients are defined by

τij
def
=

exp

(
LeakyRelu

(
a⊤
[
w⊤Xi

w⊤Xj

]
+ b

))
∑

ℓ∈η1(i) exp

(
LeakyRelu

(
a⊤
[
w⊤Xi

w⊤Xℓ

]
+ b

)) . (4.7)
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We show that, as a consequence of the inability of the attention mechanism to distinguish
intra-class and inter-class edges, with overwhelming probability most of the attention co-
efficients τij given by (4.7) are going to be Θ(1/|η1(i)|). In particular, Theorem 6 says
that for the vast majority of nodes in the graph, the attention coefficients on most edges
are uniform irrespective of whether the edge is inter-class or intra-class. As a result, this
means that the attention mechanism is unable to assign higher weights to important edges
and lower weights to unimportant edges.

Theorem 6. Assume that ∥µ∥ ≤ Kσ and σ ≤ K ′ for some absolute constants K and K ′,
and the parameters (w,a, b) ∈ Rd × R2 × R are bounded. Then, with probability at least
1 − o(1) over the data (A,X) ∼ CSBM(n, p, q,µ, σ), there exists a subset A ⊆ [n] with
cardinality at least n(1− o(1)) such that for all i ∈ A the following hold:

1. There is a subset Ji,0 ⊆ η1(i) ∩ C0 with cardinality at least 9
10
|η1(i) ∩ C0|, such that

τij = Θ(1/|η1(i)|) for all j ∈ Ji,0.

2. There is a subset Ji,1 ⊆ η1(i) ∩ C1 with cardinality at least 9
10
|η1(i) ∩ C1|, such that

τij = Θ(1/|η1(i)|) for all j ∈ Ji,1.

Theorem 6 is proved by carefully computing the numerator and the denominator in
(4.7). In this regime, ∥µ∥ is not much larger than σ, that is, the signal does not dominate
noise, so the numerator in (4.7) is not indicative of the class memberships of nodes i, j but
rather acts like Gaussian noise. On the other hand, denote the denominator in (4.7) by δi
and observe that it is the same for all τiℓ where ℓ ∈ η1(i). Using concentration arguments
about {w⊤Xℓ}ℓ∈[n] yields τij = Θ(1/δi) and δi = Θ(|η1(i)|) finishes up the proof.

4.5 Proof of Theorem 6

The proof requires the following assumption on graph sparsity.

Assumption 1. p, q = Ω(log2 n/n).

Let us now define the following high-probability events which will be used in the proof.
Each of these events holds with probability at least 1− o(1), which follows from straight-
forward applications of Chernoff bound and union bound, e.g., see [BFJ21a].

Definition 4.5.1. Define the following events over A,X and {ϵi}i∈[n]:
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• E1 is the event that |C0| = n
2
±O(

√
n log n) and |C1| = n

2
±O(

√
n log n).

• E2 is the event that for each i ∈ [n], Dii =
n(p+q)

2

(
1± 10√

logn

)
.

• E3 is the event that for each i ∈ [n], |C0 ∩ Ni| = Dii · (1−ϵi)p+ϵiq
p+q

(
1± 10√

logn

)
and

|C1 ∩Ni| = Dii · (1−ϵi)q+ϵip
p+q

(
1± 10√

logn

)
.

• E4 is the event that for each i ∈ [n],
∣∣w̃⊤Xi − E

[
w̃⊤Xi

]∣∣ ≤ 10σ
√
log n.

• E∗ is the intersection of the above 4 events.

For i ∈ [n] let us write Xi = (2ϵi − 1)µ + σgi where gi ∼ N (0, I), ϵi = 0 if i ∈ C0 and
ϵi = 1 if i ∈ C1. Moreover, since the parameters (w,a, b) ∈ Rd × R2 × R are bounded,
we can write w = Rŵ and a = R′â such that ∥ŵ∥ = 1 and ∥â∥ = 1 and R,R′ are some
constants. We define the following sets which will become useful later in our computation
of τij’s. Define

A def
=

{
i ∈ [n]

∣∣∣∣ |â1ŵ
⊤gi| ≤ 10

√
log(n(p+ q)), and

|â2ŵ
⊤gj| ≤ 10

√
log(n(p+ q)), ∀j ∈ η1(i)

}
.

For i ∈ [n] define

Ji,0
def
=
{
j ∈ η1(i) ∩ C0 | |â2ŵ

⊤gj| ≤
√
10
}
,

Ji,1
def
=
{
j ∈ η1(i) ∩ C1 | |â2ŵ

⊤gj| ≤
√
10
}
,

Bt
i,0

def
=
{
j ∈ η1(i) ∩ C0 | 2t−1 ≤ â2ŵ

⊤gj ≤ 2t
}
, t = 1, 2, . . . , T,

Bt
i,1

def
=
{
j ∈ η1(i) ∩ C1 | 2t−1 ≤ â2ŵ

⊤gj ≤ 2t
}
, t = 1, 2, . . . , T,

where T
def
=
⌈
log2

(
10
√
log(n(p+ q))

)⌉
.

We start with a few claims about the sizes of these sets.

Claim 4.5.1. With probability at least 1− o(1), we have that |A| ≥ n(1− o(1)).

Proof. Because |â2| ≤ 1 we know that A is a superset of A′ where

A′ def
=

{
i ∈ [n]

∣∣∣∣ |ŵ⊤gi| ≤ 10
√

log(n(p+ q)), and

|ŵ⊤gj| ≤ 10
√

log(n(p+ q)), ∀j ∈ η1(i)

}
.
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We give a lower bound for |A′| and prove the result. First of all, note that if p + q ≥
Ω(1/ log2 n), then log(n(p + q)) = log n(1 − o(1)) and we easily get that with probability
at least 1 − o(1), |ŵ⊤gi| ≤ 10

√
log(n(p+ q)) for all i ∈ [n], and thus |A| = |A′| = n.

Therefore let us assume without loss of generality that p+ q ≤ O(1/ log2 n). Consider the
following sum of indicator random variables

S
def
=
∑
i∈[n]

1{
|ŵ⊤gi|≥10

√
log(n(p+q))

}.
By the multiplicative Chernoff bound, for any δ > 0 we have

Pr [S ≥ nb(1 + δ)] ≤ exp

(
− δ2

2 + δ
nb

)
where b

def
= Pr [(] |ŵ⊤gi| ≥ 10

√
log(n(p+ q))). Moreover, by the standard upper bound on

the Gaussian tail probability (Proposition 2.1.2, [Ver18]) we know that b < e−50 log(n(p+q)).
Let us set

δ
def
=

1

bn(p+ q) log n
.

Then by the upper bound on b and the assumption that p, q = Ω(log2 n/n) we know that

δ ≥ (n(p+ q))49

log n
≥ Ω(log97 n) = ω(1).

It follows that
δ2

2 + δ
nb ≥ Ω(δnb) = Ω

(
1

(p+ q) log n

)
≥ Ω(log n).

Therefore, with probability at least 1− o(1) we have that

S ≤ nb(1 + δ) ≤ n

(n(p+ q))50
+

n

n(p+ q) log n
= O

(
n

n(p+ q) log n

)
.

Apply the concentration result of node degrees, this means that with probability at least
1− o(1), for δ = 10

√
log(n(p+ q)),∣∣{i ∈ [n]

∣∣ |ŵ⊤gi| ≥ δ or ∃j ∈ η1(i) such that |ŵ⊤gj| ≥ δ
}∣∣

≤ S · n
2
(p+ q)(1± o(1)) = O

(
n

n(p+ q) log n

)
· n
2
(p+ q)(1± o(1)) = O

(
n

log n

)
.

Therefore we have
|A′| ≥ n−O(n/ log n) = n(1− o(1)).
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Claim 4.5.2. With probability at least 1− o(1), we have that for all i ∈ [n],

|Ji,0| ≥
9

10
|η1(i) ∩ C0| and |Ji,1| ≥

9

10
|η1(i) ∩ C1|.

Proof. We prove the result for Ji,0, the result for Ji,1 follows analogously. First, fix i ∈ [n].
For each j ∈ |η1(i) ∩ C0| we have that

Pr[|â2w
⊤gj| ≥

√
10] ≤ Pr[|w⊤gj| ≥

√
10] ≤ e−50.

Denote J ci,0
def
= (η1(i) ∩ C0) \ Ji,0. We have that

E[|J ci,0|] = E

 ∑
j∈η1(i)∩C0

1{|â2w⊤gj |≥
√
10}

 ≤ e−50|η1(i) ∩ C0|,

Apply Chernoff’s inequality (Theorem 2.3.4 in [Ver18]) we have

Pr

[
|J ci,0| ≥

1

10
|η1(i) ∩ C0|

]
≤ e−E[|J

c
i,0|]
(

eE[|J ci,0|]
|η1(i) ∩ C0|/10

)|η1(i)∩C0|/10

≤
(
ee−50|η1(i) ∩ C0|
|η1(i) ∩ C0|/10

)|η1(i)∩C0|/10

= exp

(
−
(
1

2
− log 10

10
− 1

10

)
|η1(i) ∩ C0|

)
≤ exp

(
− 4

25
|η1(i) ∩ C0|

)
.

Apply the union bound we get

Pr

[
|Ji,0| ≥

9

10
|C0 ∩ η1(i)|,∀i ∈ [n]

]
≥ 1−

∑
i∈[n]

exp

(
− 4

25
|η1(i) ∩ C0|

)

≥ Pr [(]E3) ·

1−
∑
i∈[n]

exp

(
− 4

25

nmin(p, q)(1− o(1))

2

)
= (1− o(1)) ·

(
1− n exp

(
−2nmin(p, q)(1− o(1))

25

))
= 1− o(1).
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The second inequality follows because |η1(i) ∩ C0| ≥ n
2
min(p, q)(1− o(1)) under the event

E3 (cf. Definition 4.5.1) for all i ∈ [n]. The last equality is due to our assumption that

p, q = Ω( log
2 n
n

).

Claim 4.5.3. With probability at least 1 − o(1), we have that for all i ∈ [n] and for all
t ∈ [T ],

|Bt
i,0| ≤ E[|Bt

i,0|] +
√
T |η1(i) ∩ C0|

4
5 and |Bt

i,1| ≤ E[|Bt
i,1|] +

√
T |η1(i) ∩ C1|

4
5 .

Proof. We prove the result for Bt
i,0, and the result for Bt

i,1 follows analogously. First fix
i ∈ [n] and t ∈ [T ]. By the additive Chernoff inequality, we have

Pr
[
|Bt

i,0| ≥ E[|Bt
i,0|] + |η1(i) ∩ C0| ·

√
T |η1(i) ∩ C0|−

1
5

]
≤ e−2T |η1(i)∩C0|3/5 .

Taking a union bound over all i ∈ [n] and t ∈ [T ] we get

Pr

⋃
i∈[n]

⋃
t∈[T ]

{
|Bt

i,0| ≥ E[|Bt
i,0|] +

√
T |η1(i) ∩ C0|

4
5

}
≤ nT exp

(
−2T

(n
2
min(p, q)(1− o(1))

)3/5)
+ o(1) = o(1),

where the last equality follows from Assumption 1 that p, q = Ω( log
2 n
n

), and hence

nT exp

(
−2T

(n
2
min(p, q)(1− o(1))

)3/5)
= nT exp

(
−ω

(√
2T log n

))
= O

(
n−c)

for some absolute constant c > 0. Moreover, we have used degree concentration, which
introduced the additional additive o(1) term in the probability upper bound. Therefore we
have

Pr
[
|Bt

i,0| ≤ E[|Bt
i,0|] +

√
T |η1(i) ∩ C0|

4
5 ,∀i ∈ [n] ∀t ∈ [T ]

]
≥ 1− o(1).

We start by defining an event E# which is the intersection of the following events over
the randomness of A and {ϵi}i and Xi = (2ϵi − 1)µ+ σgi,

• E ′
1 is the event that for each i ∈ [n], |C0 ∩ η1(i)| = n

2
((1 − ϵi)p + ϵiq)(1 ± o(1)) and

|C1 ∩ η1(i)| = n
2
((1− ϵi)q + ϵip)(1± o(1)).
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• E ′
2 is the event that |A| ≥ n− o(

√
n).

• E ′
3 is the event that |Ji,0| ≥ 9

10
|η1(i) ∩ C0| and |Ji,1| ≥ 9

10
|η1(i) ∩ C1| for all i ∈ [n].

• E ′
4 is the event that |Bt

i,0| ≤ E[|Bt
i,0|] +

√
T |η1(i) ∩ C0|

4
5 and |Bt

i,1| ≤ E[|Bt
i,1|] +√

T |η1(i) ∩ C1|
4
5 for all i ∈ [n] and for all t ∈ [T ].

By Claims 4.5.1 to 4.5.3, we get that with probability at least 1 − o(1), the event E# def
=⋂4

i=1 E
′
i holds. We will show that under event E#, for all i ∈ A, for all j ∈ Ji,c where

c ∈ {0, 1}, we have τij = Θ(1/|η1(i)|). This will prove Theorem 6.

Fix i ∈ A and some j ∈ Ji,0. Let us consider

τij =
exp

(
LeakyRelu(a1w

⊤Xi + a2w
⊤Xj + b)

)∑
k∈η1(i) exp (LeakyRelu(a1w⊤Xi + a2w⊤Xk + b))

=
exp

(
σRR′ LeakyRelu(κij + â1ŵ

⊤gi + â2ŵ
⊤gj + b′)

)∑
k∈η1(i) exp (σRR

′ LeakyRelu(κik + â1ŵ⊤gi + â2ŵ⊤gk + b′))

=
1∑

k∈η1(i) exp(∆ik −∆ij)

where for l ∈ η1(i), we denote

κil
def
= (2ϵi − 1)ŵ⊤µ/σ + (2ϵl − 1)ŵ⊤µ/σ,

∆il
def
= σRR′ LeakyRelu(κil + â1w

⊤gi + â2w
⊤gl + b′),

and b = σRR′b′. We will show that∑
k∈η1(i)

exp(∆ik −∆ij) = Θ(|η1(i)|)

and hence conclude that τij = Θ(1/|η1(i)|). First of all, note that since ∥µ∥ ≤ Kσ for
some absolute constant K, we know that

|κil| ≤
√
2K = O(1).

Let us assume that â1ŵ
⊤gi ≥ 0 and consider the following two cases regarding the mag-

nitude of â1ŵ
⊤gi.
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Case 1. If κij + â1ŵ
⊤gi + â2ŵ

⊤gj + b′ < 0, then

∆ik −∆ij = σRR′
(
LeakyRelu(κik + â1ŵ

⊤gi + â2ŵ
⊤gk + b′)

− LeakyRelu(κij + â1ŵ
⊤gi + â2ŵ

⊤gj + b′)
)

= σRR′
(
LeakyRelu(â1ŵ

⊤gi + â2ŵ
⊤gk ±O(1))

− β(κij + â1ŵ
⊤gi + â2ŵ

⊤gj + b′)
)

= σRR′ (LeakyRelu(â2ŵ
⊤gk ±O(1))±O(1)

)
= σRR′ (Θ(â2ŵ

⊤gk)±O(1)
)
,

where β is the slope of LeakyRelu(x) for x < 0. Here, the second equality follows from
|κik + b′| ≤

√
2K + |b′| = O(1) and κij + â1ŵ

⊤gi + â2ŵ
⊤gj + b′ < 0. The third equality

follows from

• We have j ∈ Ji,0 and hence |â2ŵ
⊤gj| = O(1);

• We have κij+ â1ŵ
⊤gi+ â2ŵ

⊤gj+b
′ < 0, so â1ŵ

⊤gi < |κij|+ |â2ŵ
⊤gj|+ |b′| = O(1),

moreover, because â1ŵ
⊤gi ≥ 0, we get that |â1ŵ

⊤gi| = O(1);

• We have |κij + â1ŵ
⊤gi + â2ŵ

⊤gj + b′| ≤ |â1ŵ
⊤gi|+ |â2ŵ

⊤gj|+ |κij + b′| = O(1) +
O(1) +O(1) = O(1).

Case 2. If κij + â1ŵ
⊤gi + â2ŵ

⊤gj + b′ ≥ 0, then

∆ik −∆ij = σRR′
(
LeakyRelu(κik + â1ŵ

⊤gi + â2ŵ
⊤gk + b′)

− LeakyRelu(κij + â1ŵ
⊤gi + â2ŵ

⊤gj + b′)
)

= σRR′
(
LeakyRelu(κik + â1ŵ

⊤gi + â2ŵ
⊤gk + b′)

− κij − â1ŵ
⊤gi − â2ŵ

⊤gj − b′
)

= σRR′ (LeakyRelu(κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′)− â1ŵ
⊤gi ±O(1)

){
= σRR′ (Θ(â2ŵ

⊤gk)±O(1)
)
, if k ∈ Ji,0 ∪ Ji,1

≤ σRR′ (O(â2ŵ
⊤gk)±O(1)

)
, otherwise.

To see the last (in)equality in the above, consider the following cases:
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1. If k ∈ Ji,0 ∪ Ji,1, then there are two cases depending on the sign of κik + â1ŵ
⊤gi +

â2ŵ
⊤gk + b′.

• If κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′ ≥ 0, then we have that

LeakyRelu(κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′)− â1ŵ
⊤gi ±O(1)

= κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′ − â1ŵ
⊤gi ±O(1)

= â2ŵ
⊤gk + κik + b′ ±O(1)

= â2ŵ
⊤gk ±O(1).

• If κik+â1ŵ
⊤gi+â2ŵ

⊤gk+b
′ < 0, then because â1ŵ

⊤gi ≥ 0 and |κik+â2ŵ
⊤gk+

b′| ≤ |κik|+ |â2ŵ
⊤gk|+ |b′| = O(1), we know that â1ŵ

⊤gi < |κik|+ |â2ŵ
⊤gk|+

|b′| = O(1) and |κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′| = O(1). Therefore it follows that

LeakyRelu(κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′)− â1ŵ
⊤gi ±O(1)

= LeakyRelu(±O(1))−O(1)±O(1)

= ±O(1)

= â2ŵ
⊤gk ±O(1)

where the last equality is due to the fact that k ∈ Ji,0∪Ji,1 so |â2ŵ
⊤gk| = O(1).

2. If k ̸∈ Ji,0 ∪ Ji,1, then there are two cases depending on the sign of κik + â1ŵ
⊤gi +

â2ŵ
⊤gk + b′.

• If κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′ ≥ 0, then we have that

LeakyRelu(κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′)− â1ŵ
⊤gi ±O(1)

= κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′ − â1ŵ
⊤gi ±O(1)

= â2ŵ
⊤gk + κik + b′ ±O(1)

= â2ŵ
⊤gk ±O(1).

• If κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′ < 0, then we have that,

LeakyRelu(κik + â1ŵ
⊤gi + â2ŵ

⊤gk + b′)− â1ŵ
⊤gi ±O(1)

= βκik + βâ1ŵ
⊤gi + βâ2ŵ

⊤gk + βb′ − â1ŵ
⊤gi ±O(1)

= βâ2ŵ
⊤gk − (1− β)â1ŵ

⊤gi ±O(1)

≤ βâ2ŵ
⊤gk ±O(1),

where β is the slope of LeakyRelu(·).
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Combining the two cases regarding the magnitude of â1ŵ
⊤gi, so far we have showed

that, for any i such that â1ŵ
⊤gi ≥ 0, for all j ∈ Ji,0, we have

∆ik −∆ij =

{
Θ(â2ŵ

⊤gk)±O(1), if k ∈ Ji,0 ∪ Ji,1
O(â2ŵ

⊤gk)±O(1), otherwise.
(4.8)

By following a similar argument, one can show that Equation 4.8 holds for any i such that
â1ŵ

⊤gi < 0.

Let us now compute∑
k∈η1(i)

exp(∆ik −∆ij) =
∑

k∈η1(i)∩C0

exp(∆ik −∆ij) +
∑

k∈η1(i)∩C1

exp(∆ik −∆ij)

for some j ∈ Ji,0. Let us focus on
∑

k∈η1(i)∩C0
exp(∆ik − ∆ij) first. We will show that

Ω(|η1(i) ∩ C0|) ≤
∑

k∈η1(i)∩C0
exp(∆ik −∆ij) ≤ O(|η1(i)|).

First of all, we have that∑
k∈η1(i)∩C0

exp(∆ik −∆ij) ≥
∑
k∈Ji,0

exp(∆ik −∆ij) =
∑
k∈Ji,0

exp
(
Θ(â2ŵ

⊤gk)±O(1)
)

≥
∑
k∈Ji,0

ec1 = |Ji,0|ec1 = Ω(|η1(i) ∩ C0|),
(4.9)

where c1 is an absolute constant (possibly negative). On the other hand, consider the
following partition of η1(i) ∩ C0:

P1
def
= {k ∈ η1(i) ∩ C0 | â2ŵ

⊤gk ≤ 1},

P2
def
= {k ∈ η1(i) ∩ C0 | â2ŵ

⊤gk ≥ 1}.
It is easy to see that∑
k∈P1

exp(∆ik −∆ij) ≤
∑
k∈P1

exp
(
O(â2ŵ

⊤gk)±O(1)
)
≤
∑
k∈P1

ec2 = |P1|ec2 = O(|η1(i) ∩ C0|),

(4.10)
where c2 is an absolute constant. Moreover, because i ∈ A we have that P2 ⊆

⋃
t∈[T ]B

t
i,0.

It follows that ∑
k∈P2

exp(∆ik −∆ij) =
∑
t∈[T ]

∑
k∈Bt

i,0

exp(∆ik −∆ij)

≤
∑
t∈[T ]

∑
k∈Bt

i,0

exp
(
O(â2ŵ

⊤gk)±O(1)
)

≤
∑
t∈[T ]

|Bt
i,0|ec32

t

,

(4.11)
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where c3 is an absolute constant. We can upper bound the above quantity as follows.
Under the Event E∗, we have that

|Bt
i,0| ≤ mt +

√
T |η1(i) ∩ C0|

4
5 , for all t ∈ [T ],

where

mt
def
= E[|Bt

i,0|] =
∑

k∈η1(i)∩C0

Pr [(] 2t−1 ≤ â2ŵ
⊤gk ≤ 2t) ≤

∑
k∈η1(i)∩C0

Pr[â2ŵ
⊤gk ≥ 2t−1]

≤
∑

k∈η1(i)∩C0

Pr[ŵ⊤gk ≥ 2t−1] ≤ |η1(i) ∩ C0|e−22t−3

.

It follows that∑
t∈[T ]

|Bt
i,0|ec32

t ≤
∑
t∈[T ]

(
|η1(i) ∩ C0|e−22t−3

+
√
T |η1(i) ∩ C0|

4
5

)
ec32

t

≤ |η1(i) ∩ C0|
∞∑
t=1

e−22t−3

ec32
t

+
∑
t∈[T ]

√
T |η1(i) ∩ C0|

4
5 ec32

⊤

≤ c4|η1(i) ∩ C0|+ o(|η1(i)|)
≤ O(|η1(i)|),

(4.12)

where c4 is an absolute constant. The third inequality in the above follows from

• The series
∑∞

t=1 e
−22t−3

ec32
t
converges absolutely for any constant c3;

• The sum
∑

t∈[T ]

√
T |η1(i) ∩ C0|

4
5 ec32

⊤
= T

3
2 |η1(i) ∩ C0|

4
5 ec32

⊤
= o(|η1(i)|) because

log
(
T

3
2 ec32

⊤
)
=

3

2
log
⌈
log2

(
10
√
log(n(p+ q))

)⌉
+ c32

⌈
log2

(
10
√

log(n(p+q))
)⌉

≤ 3

2
log
⌈
log2

(
10
√
log(n(p+ q))

)⌉
+ 20c3

√
log(n(p+ q))

≤ O

(
1

c
log(n(p+ q))

)
,

for any c > 0. In particular, by picking c > 5 we see that T
3
2 ec32

⊤ ≤ O((n(p+q))
1
c ) ≤

o(|η1(i)|
1
5 ), and hence we get T

3
2 ec32

⊤ |η1(i) ∩ C0|
4
5 ≤ |η1(i)|

4
5 · o(|η1(i)|

1
5 ) = o(|η1(i)|).
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Combining Equations 4.11 and 4.12 we get∑
k∈P2

exp(∆ik −∆ij) ≤ O(|η1(i)|), (4.13)

and combining Equations 4.10 and 4.13 we get∑
k∈η1(i)∩C0

exp(∆ik −∆ij) =
∑
k∈P1

exp(∆ik −∆ij) +
∑
k∈P1

exp(∆ik −∆ij) ≤ O(|η1(i)|). (4.14)

Now, by Equations 4.9 and 4.14 we get

Ω(|η1(i) ∩ C0|) ≤
∑

k∈η1(i)∩C0

exp(∆ik −∆ij) ≤ O(|η1(i)|). (4.15)

It turns out that repeating the same argument for
∑

k∈η1(i)∩C1
exp(∆ik −∆ij) yields

Ω(|η1(i) ∩ C1|) ≤
∑

k∈η1(i)∩C1

exp(∆ik −∆ij) ≤ O(|η1(i)|). (4.16)

Finally, Equations 4.15 and 4.16 give us∑
k∈η1(i)

exp(∆ik −∆ij) = Θ(|η1(i)|),

which readily implies

τij =
1∑

k∈η1(i) exp(∆ik −∆ij)
= Θ(1/|η1(i)|)

as required. We have showed that for all i ∈ A and all j ∈ Ji,0, τij = Θ(1/|η1(i)|).
Repeating the same argument we get that the same result holds for all i ∈ A and all
j ∈ Ji,1, too. Hence, by Claims 4.5.1 and 4.5.2 about the cardinalities of A, Ji,0 and Ji,1
we have thus proved Theorem 6.
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Chapter 5

Optimality of Message-Passing

In this chapter, I will present a theoretical analysis of the message-passing GNN given in
Architecture 2. We begin by defining a natural notion of optimality in our setting and
show that among local learning methods on graphs, Architecture 2 is optimal according
to this definition on a very general statistical model. We then compute the generalization
error and compare the architecture with other well-studied methods like a simple MLP and
a GCN. We will view n as large and study the setting where d is fixed (does not grow with
n) and work in the extremely sparse setting where qij = bij/n for constants bij > 1, so we
write Q = B/n where B = {bij}i,j∈[C]. Furthermore, the only assumption we need about
the distributions Pi is that Pi are absolutely continuous with respect to some base measure,
in which case their densities exist, denoted by ρi. For ease of reading, we encourage the
reader to consider the case where Pi are continuous or discrete, therefore, the base measure
is simply the Lebesgue measure on R or the counting measure on Z respectively.

5.1 Local Weak Convergence

We briefly recall here the notion of local weak convergence of random rooted graphs. The
notion of local weak convergence of random, feature-decorated, rooted graphs is defined
analogously. Let us begin first with the case of rooted graphs. A rooted graph (G, u) =
((E, V ), u) is a graph G with a distinguished vertex u called the root. We say that two
rooted graphs (G1, u1) = ((E1, V1), u1), (G2, u2) = ((E2, V2), u2) are isomorphic if there is
a bijection ϕ : V1 → V2 such that ϕ(u) = v and such that if (x, y) ∈ E1 then (ϕ(x), ϕ(y)) ∈
E2. In this case, we write (G1, u1) ∼= (G2, u2). For a rooted graph (G, u), we denote its
isomorphism class as [(G, u)].
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Let G∗ denote the set of isomorphism classes of (locally finite) rooted graphs. Here,
locally finite means that for constant depth starting from a root node in the graph, the
number of nodes in this constant-depth neighbourhood is constant. For a vertex v ∈ G we
let ηk(v) denote the collection of neighbours of v of distance at most k in the canonical edge
distance metric, and G[ηk(v)] denote the subgraph induced on this collection of vertices.
We then have the notion of local convergence in G∗.

Definition 5.1.1 (Local convergence on G∗). A sequence [(Gn, un)] ∈ G∗ converges locally
to [(G, u)] ∈ G∗ if for each k > 0, we have that Gn[ηk(un)] ∼= G[ηk(u)] for large enough n.

It can be shown [Bor16, Lemma 3.4] that G∗ equipped with the topology of local con-
vergence is a Polish space. We are then in the position to define local weak convergence on
G∗. In brief, the topology of local weak convergence of random graphs is the topology of
weak convergence of measures on the space of probability measures on G∗, namely M1(G∗).

Definition 5.1.2 (Local weak convergence of rooted graphs). A sequence {[Gn, un]} of
random rooted graphs with corresponding laws {µn} ⊆ M1(G∗) is said to locally weakly
converge to a random rooted graph [G, u] with law µ ∈ M1(G∗) if µn → µ weakly.

We note here that it is common to talk about the notion of local weak convergence of a
sequence of (finite) random graphs Gn. In this case Gn → G locally weakly if [(Gn, un)] →
[(G, u)] locally weakly where un ∼ Unif(V (Gn)).

5.2 Asymptotic Local Bayes Optimality

For classification tasks, it is natural to use a notion of generalization error in a “per sample”
or online sense. Without graphical side information, the natural choice is the Bayes risk.
With graphical information, however, there is an important obstruction: the number of
samples is equal to the size of the corresponding graph. As such, a naive extension of the
Bayes risk does not have this property.

A natural approach would be to consider the Bayes risk for estimators that take in
the node, the data set, and the graph, i.e., ŷv = ŷ(v, (X,G)). In this case, however, the
risk necessarily implicitly depends on the sample size, n, through G. One might try to
remove this dependence by taking the infinite sample size limit, but for a class of estimators
this general, it is not clear that such a limit is well defined. To circumvent this issue, we
restrict attention to node classifiers that are only allowed “local” information around the
node. The large graph limit of the generalization error is then naturally interpreted via
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local weak convergence, which is discussed in the following subsection. We refer the reader
to [Ram21, Chapter 1] or [Bor16, Section 3] for more detailed expositions.

In this limit, one can then interpret the generalization error as a per-sample error for
the randomly rooted graph (G, u) where u is a uniform random vertex in V (G). With these
observations, we are led to a natural notion of Bayes optimality, namely asymptotic local
Bayes optimality which is defined below. First, let us recall the notion of ℓ-local classifiers.

Definition 5.2.1 (ℓ-local classifier). Let G = (A,X) be a feature-decorated graph of n
vertices with d-dimensional features Xu for each vertex u. For a fixed radius ℓ > 0, an
ℓ-local node-classifier is a function h that takes as input a root vertex u ∈ [n], the features
of all nodes within the ℓ-neighbourhood of u, i.e., {Xv}v∈ηℓ(u) and the canonical distances
of each node from u, i.e., {d(u, v)}v∈ηℓ(u); and outputs a classification label for u.

Let Cℓ denote the class of ℓ-local classifiers. Suppose now that we have a sequence of
(random) feature decorated graphs (Xn, Gn) with |V (G)| = n. Let un denote a uniform at
random vertex inGn. Suppose finally that the rooted feature-decorated graphs (Xn, Gn, un)
locally weakly converge to (X,G, u). We can then define the notion of asymptotically ℓ-
locally Bayes optimal classifiers for this sequence of problems.

Definition 5.2.2. We say that a classifier h∗ℓ ∈ Cℓ is the asymptotically ℓ-locally Bayes
optimal classifier of the root for the sequence {(Xn, Gn, un)} if it minimizes the probability
of misclassification of the root of the local weak limit, (X,G, u), over the class Cℓ, i.e.,

h∗ℓ = argmin
h∈Cℓ

Pr
[
h(u, {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u)) ̸= yu

]
.

Before turning to our data model, we note here that the reader may ask how the
asymptotically ℓ-locally Bayes optimal classifier compares to the non-asymptotic optimal ℓ-
local classifier of the random root, un. We show this in an appropriate sense in Theorem 10.

5.3 Optimal Classifier

We are now ready to state our first main result that characterizes the asymptotically ℓ-
locally Bayes optimal classifier on the CSBM data described in Section 2.2. For a given
graph, let Nk(u) be the set of vertices at a distance of exactly k from node u in the graph.
Naturally, N0(u) = {u}. Further, denote by ηk(u) the k-hop neighbourhood of u, i.e.,
ηk(u) = ∪kj=0Nk(u).
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Theorem 7 (Bayes optimal message-passing). For any ℓ ≥ 1, the asymptotically ℓ-locally
Bayes optimal classifier of the root for the sequence (Gn, un) ∼ CSBM(n, d,P,Q) is

h∗ℓ(u, {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u)) = argmax
yu∈[C]

∑
v∈ηℓ(u)

log⟨ρ(Xv),Q
d(u,v)
yu ⟩,

where {ρi}i∈[C] are the densities associated with the distributions Pi ∈ P, and ρ = (ρi)i∈[C],
and ⟨·, ·⟩ denotes the vector inner product.

Let us briefly discuss the meaning of Theorem 7. It states that universally among all
ℓ-local classifiers, h∗ℓ is asymptotically Bayes optimal for the sparse CSBM data. We view

log⟨ρ(Xv),Q
d(u,v)
yu ⟩ as the message gathered from node v that is distance d(u, v) away from

node u, where d(u, u) = 0 by convention. In particular, log⟨ρ(Xv),Q
d(u,v)
yu ⟩ computes the

alignment of the feature profile of node v in all class j ∈ [C], ρ(Xv) with the connectivity

profile with node u at distance d(u, v), Q
d(u,v)
yu . Furthermore, this optimal classifier is

realizable using Architecture 2 (see for example, [LPW+17, Theorem 1], where it is shown
that any Lebesgue measurable function can be approximated arbitrarily closely by standard
neural networks). Consequently, this result shows that in the sparse setting, the message-
passing paradigm can realize the optimal node classification scheme irrespective of the
distributions of the node features or the inter-class edge probabilities.

For an intuitive understanding of Theorem 7, it helps to consider two extreme cases.
First, if Q = pI for some p ∈ [0, 1], then the classifier reduces to a simple convolution,

h∗ℓ = argmax
i∈[C]

 ∑
v∈ηℓ(u)

log ρi(Xv)

 .

Second, if Q = p11⊤, then qij = p for all i, j ∈ [C], meaning that the graph component
of the data is Erdös-Rényi, and hence, completely uninformative for the purposes of node
classification. In this case, Qi is the same for all i, so the messages are independent of the
maximization variable yu. Hence, the classifier reduces to

h∗ℓ = argmax
i∈[C]

{log ρi(Xu)} ,

i.e., it is optimal to look at only the features of node u to predict its label since the
neighbourhood does not provide any meaningful information. We formalize this intuition
later for a simpler case (see Theorem 9).
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5.4 Comparative Study

In this section, we perform a theoretical analysis of the classifier in Theorem 7 using a
well-studied specialization of the CSBM data model described in Section 2.2. For ease of
discussion, let us restrict ourselves to the setting where there are two classes. Formally,
we have C = 2, and without loss of generality, the class labels yu ∈ {±1} for all u ∈ [n].
The distributions of the node features are given by Xu ∼ Pyu with corresponding density
ρyu . Furthermore, Q = {qij} is a 2× 2 matrix with qii = p = a/n and qij = q = b/n with
constants a > 1, b ≥ 0 for classes i ̸= j. For a data sample G = (A,X) from this model,
we write G ∼ CSBM(n, d, {P±},Q) or G ∼ CSBM(n, d, {P±}, an ,

b
n
). We also recognize

the quantity associated with the signal-to-noise ratio (SNR) in the graph structure for this
case, which is given by

γ =
|p− q|
p+ q

=
|a− b|
a+ b

. (5.1)

Note that the quantity γ has been recognized as the meaningful SNR in several related
works where the underlying random graph model is the binary symmetric stochastic block
model, for example, [BFJ21b, FLY+23, WYJ+22, BFJ23a].

Let us now state Theorem 7 in the case of two classes.

Corollary 7.1 (Optimal classifier for binary symmetric CSBM). For any ℓ ≥ 1, the
asymptotically ℓ-locally Bayes optimal classifier of the root for the sequence (Gn, un) ∼
CSBM(n, d,P, a

n
, b
n
) is

h∗ℓ(u, {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u)) = sgn

 ∑
v∈ηℓ(u)

M(Xv, d(u, v))

 ,

where ψ(x) = ρ+(x)
ρ−(x)

and M(x, k) = log
(

1−γk+ψ(Xv)(1+γk)
1+γk+ψ(Xv)(1−γk)

)
.

In this simplified setting, we note that the messages propagated from nodes in the
ℓ-local neighbourhood of node u are scaled proportional to a function of their distance k
from node u. In particular, this scaling can be expressed in terms of the graph SNR γ
from (5.1). It is interesting to observe that Mk decreases rapidly as k increases. Since
γ < 1, this means that to predict the label of node u, the importance of the information
from node v at distance k from u decreases as k increases.

The above simplification helps us interpret the classifier in terms of the graph SNR
γ. We will now impose an assumption on the distribution of node features. This will
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help us analyze the generalization error in terms of the SNR in both the features and the
graph, and enable us to compare the performance with other learning methods that are
well-studied in the same statistical settings. We will resort to the setting where the features
of the CSBM follow a Gaussian mixture. Note that this specialized statistical model has
been studied extensively in previous works for benchmarking existing GNN architectures,
see for example, [BFJ21b, FLY+23, WYJ+22, BFJ23a].

We report the generalization error for Gaussian features. The generalization error is
defined for a classifier h to be the probability of disagreement between the true label yu
and the output of the classifier hu for node u. We characterize the error for h∗ℓ in the
case where P−,P+ correspond to the Gaussian mixture with components N (−µ, σ2I) and
N (µ, σ2I) for fixed µ ∈ Rd and σ > 0.

In this case, a notion of the signal-to-noise ratio of the features naturally exists, i.e.,
ζ = ∥µ∥2 /σ, a quantity proportional to the ratio of the distance between the means
of the mixture and the standard deviation. The log-likelihood ratio in this setting is
ψ(x) = log ρ+(x)

ρ−(x)
= 2

σ2 ⟨x,µ⟩.

Consider a sequence {(Gn, un)}n≥1 with Gn = (V (Gn), E(Gn)) from this model where
un ∼ Unif(V (Gn)). In this setting, in the absence of features, it is known that (Gn, un)
converges locally weakly to a Poisson Galton-Watson tree (see for example, [MNS15b,
Section 4]). Here, for every node, we additionally have features that are independent of
the graph, and hence, as a straightforward consequence of [MNS15b, Section 4], (Gn, un)
in our case converges to a feature-decorated Poisson Galton-Watson tree (G, u).

For the root node u, let αk and βk denote the number of children at generation k in
class yu and −yu respectively, where yu denotes the label of node u. Then {αk}k≥0 and
{βk}k≥0 are characterized by

α0 = 1, β0 = 0,

αk ∼ Poi

(
aαk−1 + bβk−1

2

)
, βk ∼ Poi

(
aβk−1 + bαk−1

2

)
for k ∈ [ℓ]. (5.2)

For a classifier h acting on G, let E(h) denote the probability of misclassification of the
root u in G, i.e., E(h) = Pr(huyu < 0). Correspondingly, in the case of finite n, we denote
by En(h) the probability of misclassification of a uniform random node un in Gn. We are
now ready to state the generalization error of h∗ℓ .

Theorem 8 (Generalization error (population risk)). For any ℓ ≥ 1, the generalization
error of the asymptotically ℓ-locally Bayes optimal classifier of the root for the sequence
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(Gn, un) ∼ CSBM(n, d,P,Q) with Gaussian features is given by

E(h∗ℓ) = Pr

g + 1

2ζ

∑
k∈[ℓ]

∑
i∈[αk]

Z
(a)
k,i +

∑
i∈[βk]

Z
(b)
k,i

 > ζ

 ,
where αk, βk are as in (5.2), Z

(a)
k,i = φ(−2ζ2 + 2ζgk,i, ck), Z

(b)
k,i = φ(2ζ2 + 2ζgk,i, ck), and

g, {gk,i} are mutually independent standard Gaussian random variables.

Let us now understand how the error described in Theorem 8 behaves in terms of the
two SNRs ζ (for the features), and γ (for the graph). Note that E(h∗ℓ) → 0 as ζ → ∞, and
E(h∗ℓ) → 1/2 as ζ → 0. This means that if the signal in the features is large, the number
of mistakes made by the classifier vanishes, while if the signal is very small, then roughly
half of the nodes are misclassified (equivalent to making a uniform random guess for each
node).

To see how γ affects the error, we begin by looking at two extreme settings: first, where
the graph is complete noise, i.e., γ = 0, and second, where the graph signal is very strong,
i.e., γ → 1, followed by a discussion on how h∗ℓ interpolates between these extremes. Let
ϕ± denote the Gaussian density functions with means ±µ and variance σ2Id. Define the
random variable

ξℓ = ξℓ(a, b) =
1 +

∑ℓ
k=1 |αk − βk|√

1 +
∑ℓ

k=1(αk + βk)
, (5.3)

where αk, βk follow (5.2). In the following, we denote the vanilla GCN classifier from
[KW17] by hgcn. We then have the following result.

Theorem 9 (Extreme graph signals). Let h∗ℓ be the classifier described in Corollary 7.1,
h∗0(u) = sgn(⟨Xu,µ⟩) be the Bayes optimal classifier given only the feature information of
the root node u, and hgcn be the one-layer vanilla GCN classifier. Then we have that for
any fixed ℓ:

1. If γ = 0 then E(h∗ℓ) = E(h∗0) = Φ(−ζ), where Φ is the standard Gaussian CDF.

2. If γ → 1 then ξℓ ≥ 1 almost surely (a.s.) and E(h∗ℓ) → Pr(g > ζξℓ), where g ∼
N (0, 1).

3. E(hgcn) = Pr (g > ζξ1).
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Theorem 9 shows that in the regime of low graph SNR, the optimal classifier h∗ℓ reduces
to a linear classifier h∗0(u) = sgn(⟨Xu,µ⟩), which can be realized by a simple MLP that
does not use the graph component of the data at all. On the other hand, in the regime of
strong graph SNR, h∗ℓ reduces to a simple convolution over all nodes in the ℓ-neighbourhood
and is comparable to a typical GCN. Furthermore, we note that in the strong graph SNR
regime γ → 1, E(h∗ℓ) → Pr(g > ζξℓ) ≤ Φ(−ζ) since ξℓ ≥ 1. The clip operation during the
propagation of messages makes things interesting between these two extremes, where h∗ℓ
interpolates between a simple MLP and an ℓ-hop convolutional network. This interpolation
is characterized by the graph signal γ, since the messages are clipped in the range [−ck, ck],
where ck = log

(
1+γk

1−γk

)
.

In addition, Theorem 9 concludes that if ξ1(a, b) > 1, then a GCN can perform better
than every classifier that does not see the graph. On the other hand, if ξ1(a, b) < 1,
then a GCN incurs more errors on the data than the best methods that do not use the
graph. Interestingly, but not surprisingly, this result aligns with the Kesten-Stigum weak
recovery threshold for the community-detection problem on the sparse stochastic block
model [Mas14, MNS18], meaning that if weak recovery is possible on the graph component
of the data, then a GCN is able to exploit it to perform better than methods that do not
use the graph, e.g., a simple MLP.

We now demonstrate our results through experiments using pyg (torch-geometric)
[FL19]. The following simulations are for the setting n = 10000 and d = 4 for binary
classification on the CSBM. We implement Architecture 2 for the binary case, and perform
full-batch training on a graph sampled from the CSBM with certain signals (mentioned in
the figures), followed by an evaluation of the architecture on a new graph sampled from
the same distribution.
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(a) Varying ζ with fixed γ = 0.42.
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(b) Varying γ with fixed ζ = 1.

Figure 5.1: Comparison of Architecture 2 against an MLP and a vanilla GCN.
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In Fig. 5.1, we show that the accuracy obtained by the optimal classifier is higher than
both a simple MLP and a vanilla GCN [KW17]. We plot the test accuracy of Architecture 2
against the SNR in the node features, ζ = ∥µ∥ /σ in Fig. 5.1a, and against the graph
SNR γ = |a − b|/(a + b) in Fig. 5.1b. We fix γ = 0.42 and ζ = 1 for the two plots,
respectively. We chose these specific values because they generate relatively clearer plots
where the accuracy metrics for the three architectures are easily visible and distinguished
from each other. The results are similar for other values for γ and ζ, i.e., the Bayes optimal
architecture is superior to both MLP and GCN.

Finally, we observe that for the binary setting when the parameters of the architec-
ture are initialized uniformly at random, gradient descent converges and the neural net-
work learns the right parameters such that Architecture 2 realizes the optimal classifier in
Corollary 7.1.

5.5 Non-asymptotic Setting

We now turn to the non-asymptotic regime and argue that for fixed n, the classifier in
Corollary 7.1 is still in a formal sense, Bayes optimal for an overwhelming fraction of
nodes. We begin by exploiting the fact that for up to logarithmic depth neighbourhoods,
a sparse CSBM graph is tree-like.

In particular, Proposition 5.6.4 states that for ℓ = c log n for a suitable constant c,
the ℓ-neighbourhood of an overwhelming fraction of nodes is a tree. This implies that the
classifier h∗ℓ is Bayes optimal for roughly all of the nodes. Moreover, since the diameter of a
sparse graph (as in our setting) is O(log n) a.s. [CL01, Theorem 6], any learning mechanism
can only look as far as O(log n)-hops away from a node to gather new information. This
shows that for such graphs, GNNs that are not very deep and look at only up to logarithmic
distance in the neighbourhood are sufficient.

Let us now turn to the misclassification error in the non-asymptotic setting. Recall
that for a classifier h ∈ Cℓ, we denote by En(h) and E(h) the misclassification error of h on
the data model with n nodes, and on the limiting data model with n → ∞, respectively.
Furthermore, recall from Corollary 7.1 that minh∈Cℓ E(h) = E(h∗ℓ). Our next result shows
that the optimal misclassification error in the non-asymptotic setting across all ℓ-local
classifiers, i.e., minh∈Cℓ En(h), is close to the misclassification error obtained in the non-
asymptotic setting by h∗ℓ . Moreover, minh∈Cℓ En(h) is also close to E(h∗ℓ) which is explicitly
computed in Theorem 8.
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Theorem 10 (Misclassification error for fixed n). For any 1 ≤ ℓ ≤ c log n such that the
positive constant c satisfies c log(a+b

2
) < 1/4, we have that∣∣∣∣min

h∈Cℓ
En(h)− En(h∗ℓ)

∣∣∣∣ = O

(
1

log2 n

)
,

∣∣∣∣min
h∈Cℓ

En(h)− E(h∗ℓ)
∣∣∣∣ = O

(
1

log2 n

)
.

Recall that Corollary 7.1 implies that h∗ℓ performs optimally on the limiting data model
(asymptotic setting) among the class of ℓ-local classifiers Cℓ, but it may not be optimal
for the non-asymptotic data model where we have a finite feature-decorated graph with n
nodes. However, Theorem 10 helps us conclude that even in the non-asymptotic setting,
h∗ℓ performs almost as well as the actual optimal classifier among Cℓ in this case, as long
as we compare with classifiers that can only look at moderate logarithmic depths in the
local neighbourhood, i.e., ℓ ≤ c log n for a suitable c.

5.6 Proofs of Results

In this section, we will look at the proof of the results in this chapter. First, I will state
two important preliminary results and a fact that are used to establish all our results.

Lemma 5.6.1. [DKLX+18, Lemma 3]. Let G ∼ CSBM(n, d, {P−,P+}, an ,
b
n
) and r be a

fixed constant. Then the probability that there exists an r-neighbourhood in G with m more
edges than the number of vertices is bounded as follows:

Pr(∃ Gr ⊂ G s.t. |E(Gr)| ≥ |V (Gr)|+m) ≤ (2(r(m+ 1))2(a+ b))2r(m+1)+m

nm
.

Lemma 5.6.2. [Mas14, Lemma 4.2]. Assume ℓ = c log(n) with c log∆ < 1/4, where
∆ = (a + b)/2. Then with high probability, no node i has more than one cycle in its ℓ-
neighbourhood. Moreover, for any m > 0, with probability at least 1−O(1/m2) the number
of nodes i whose ℓ-neighbourhood contains at least one cycle is bounded by O(m log3(n)∆2ℓ).

5.6.1 Proof of Theorem 7

In this section, we compute the asymptotically ℓ-locally Bayes optimal classifier for the
general CSBM described in Section 2.2 and establish Theorem 7, followed by a proof
of Corollary 7.1. Next, we compute the generalization error for the two-class case with
arbitrary node features.
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For the proofs, we introduce the notation Nk(u) for a given graph to mean the set of
vertices at a distance of exactly k from node u in the graph. Thus, ηk(u) = ∪kj=0Nk(u). We
begin by writing the MAP estimation for this problem. Note that the features Xv ∈ Rd

for every node v ∈ [n] follow the law Pi if yv = i ∈ [C]. In addition, recall that we have the
edge-probability matrix Q = {qij}i,j∈[C] with Pr((u, v) is an edge | yu = i, yv = j) = qij,
where qij = bij/n for absolute constants bij. Then we can write the likelihood of the
ℓ-neighbourhood of node u as the joint function:

fY(u, ηℓ(u), {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u),Y) = P{yv}v∈ηℓ(u)

∏
v∈ηℓ(u)

ρyv(Xv)Q
d(u,v)
yuyv . (5.4)

In the above, P{yv}v∈ηℓ(u)
denotes the prior distribution of the node labels, which by our as-

sumption is uniform; Qk
ij denotes the i, j-th entry of the matrix Qk and quantifies the prob-

ability that a node in class j is at a distance k from a node in class i, and d(u, v) denotes the
distance between nodes u and v. Let us now compute the MAP estimator by marginalizing
over the labels of all nodes v ∈ ηℓ(u)\{u}, i.e., fyu(u, ηℓ(u), {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u), yu) =∫
fY dY−u, where Y−u denotes the set of labels other than that of node u.

Let us recall and introduce some notation for the model with C classes. Let the neigh-
bourhood be ηℓ(u) = {u, vi, . . . , vL}, where L = |ηℓ(u)| − 1, the number of nodes in the
ℓ-neighbourhood of u other than u itself. Let Vk = {v1, . . . , vk} for all 1 ≤ k ≤ L and
define

Tk =
∑

{yv1 ,...,yvk}∈[C]k

[∏
v∈Vk

ρyv(Xv)Q
d(u,v)
yuyv

]
. (5.5)

We now provide a result to help us compute the maximization of the marginalized
likelihood.

Lemma 5.6.3. Let i = yu and Tk be defined as in Eq. (5.5). Then we have Tk =∏
v∈Vk⟨ρ(Xv),Q

d(u,v)
i ⟩, where ρ(x) ∈ RC is the vector of density function outputs {ρj(x)}j∈[C]

and Q
d(u,v)
i denotes the ith row vector of the matrix Qd(u,v).

Proof. We will prove this by induction on k. Let i = yu and j = yv1 . Then note that for

the base case, we have T1 =
∑

j∈[C] ρj(Xv1)Q
d(u,v1)
ij = ⟨ρ(Xv1),Q

d(u,v1)
i ⟩. For the induction

hypothesis, assume that Tl =
∏

v∈Vl⟨ρ(Xv),Q
d(u,v)
i ⟩ for all l ≤ k − 1. Then we have

Tk =
∑

{yv1 ,...,yvk}∈[C]k

[∏
v∈Vk

ρyv(Xv)Q
d(u,v)
yuyv

]
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=
∑

yvk∈[C]

ρyvk (Xvk)Q
d(u,vk)
yuyvk

 ∑
{yv1 ,...,yvk−1

}∈[C]k−1

(∏
v∈Vk

ρyv(Xv)Q
d(u,v)
yuyv

)
=
∑

yvk∈[C]

ρyvk (Xvk)Q
d(u,vk)
yuyvk

Tk−1 (using Eq. (5.5))

=
∑

yvk∈[C]

ρyvk (Xvk)Q
d(u,vk)
yuyvk

∏
v∈Vk−1

⟨ρ(Xv),Q
d(u,v)
i ⟩ (using I.H. to replace Tk−1)

=
∏
v∈Vk

⟨ρ(Xv),Q
d(u,v)
i ⟩.

This completes the proof of the lemma.

Let us now return to the proof of Theorem 7 and continue with the likelihood maxi-
mization.

h∗ℓ(u, {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u))
= argmax

yu∈[C]

fyu(u, {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u), yu)

= argmax
yu∈[C]

ρyu(Xu)
∑

{yv1 ,...,yvL}∈[C]L

[∏
v∈VL

ρyv(Xv)Q
d(u,v)
yuyv

]
= argmax

yu∈[C]

ρyu(Xu) TL using Eq. (5.5)

= argmax
yu∈[C]

ρyu(Xu)
∏
v∈VL

⟨ρ(Xv),Q
d(u,v)
yu ⟩ using Lemma 5.6.3

= argmax
yu∈[C]

log(ρyu(Xu)) +
∑
v∈VL

log⟨ρ(Xv),Q
d(u,v)
yu ⟩.

Here, log⟨ρ(Xv),Q
d(u,v)
yu ⟩ is seen as the information obtained from a node v in ηℓ(u) which

is at a distance d(u, v) from u, to estimate the label of u. Furthermore, note that an
instance of Architecture 2 with L = 1, σ1 = {ρi}i∈[C], and Q for the edge-probabilities
realizes the function h∗ℓ for a given root node u and its ℓ-neighbourhood ηℓ(u), in the sense
that ŷu = h∗ℓ(u, {Xv}v∈ηℓ(u), {(d(u, v))}v∈ηℓ(u)). This completes the proof of Theorem 7.

Next, we obtain a simpler version of the classifier for the two-class symmetric CSBM
with an arbitrary distribution of node features. Recall that ψ is the likelihood ratio. The
proof follows directly from Theorem 7, by taking C = 2. In this two-class case, the
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features Xv ∈ Rd for every node follow the law Pyv where the class labels yv ∈ {∓1} are
Unif({−1,+1}). In addition, we have

Pr((u, v) is an edge) =

{
p yu = yv

q yu ̸= yv
,

where p = a/n and q = b/n for absolute constants a > 1, b ≥ 0. Define the quantities pk, qk
as follows for k ∈ [ℓ]:

pk =

⌊k/2⌋∑
j=0

(
k

2j

)
pk−2jq2j, qk =

⌈k/2⌉∑
j=1

(
k

2j − 1

)
pk−2j+1q2j−1. (5.6)

Now note that rk =
pk
qk

= (p+q)k+(p−q)k
(p+q)k−(p−q)k = 1+γk

1−γk , where γ is given in Eq. (5.1). Then the
classifier reduces to

h∗ℓ(u, {Xv}v∈ηℓ(u), {d(u, v)}v∈ηℓ(u))

= argmax
yu∈{±1}

∑
v∈ηℓ(u)

log⟨ρ(Xv),Q
d(u,v)
yu ⟩

= argmax
yu∈{±1}

log(ρyu(Xu)) +
∑

v∈ηℓ(u)\{u}

log⟨ρ(Xv),Q
d(u,v)
yu ⟩

= argmax
yu∈{±1}

log(ρyu(Xu)) +
∑
k∈[ℓ]

∑
v∈Nk(u)

log⟨ρ(Xv),Q
k
yu⟩

= argmax
yu∈{±1}

log(ρyu(Xu)) +
∑
k∈[ℓ]

∑
v∈Nk(u)

log
(
ρ+(Xv)p

1+yu/2
k q

1−yu/2
k + ρ−(Xv)p

1−yu/2
k q

1+yu/2
k

)

= sgn

log
ρ+(Xu)

ρ−(Xu)
+
∑
k∈[ℓ]

∑
v∈Nk(u)

log

(
ρ+(Xv)pk + ρ−(Xv)qk
ρ+(Xv)qk + ρ−(Xv)pk

)
= sgn

logψ(Xu) +
∑
k∈[ℓ]

∑
v∈Nk(u)

log

(
1 + rkψ(Xv)

rk + ψ(Xv)

)
= sgn

logψ(Xu) +
∑
k∈[ℓ]

∑
v∈Nk(u)

log

(
1− γk + ψ(Xv)(1 + γk)

1 + γk + ψ(Xv)(1− γk)

) (
using rk =

1 + γk

1− γk

)

= sgn

 ℓ∑
k=0

∑
v∈Nk(u)

log

(
1− γk + ψ(Xv)(1 + γk)

1 + γk + ψ(Xv)(1− γk)

)
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= sgn

 ∑
v∈ηℓ(u)

log

(
1− γd(u,v) + ψ(Xv)(1 + γd(u,v))

1 + γd(u,v) + ψ(Xv)(1− γd(u,v))

) = sgn

 ∑
v∈ηℓ(u)

M(Xv, d(u, v))


5.6.2 Proof of Theorem 8

Let us now compute the generalization error of h∗ℓ . Formally, given a data instance
(u, {Xv}v∈ηℓ(u)) along with the neighbourhood ηℓ(u), h

∗
ℓ outputs a label ŷu ∈ {±1}, and the

generalization error is defined as the probability Pr(yuŷu < 1). For a simple calculation, let
us assume that the latent labels yi are uniformly distributed, i.e., Pr(yi = −1) = Pr(yi =
1) = 1

2
. It is straightforward to generalize to unbalanced settings. Recall that the features

in classes ±1 follow the law P±, and denote the likelihood ratio by ψ(x) = ρ+(x)/ρ−(x).
Then we have that for a fixed u,

E(h∗ℓ) = Pr

yu
logψ(Xu) +

∑
k∈[ℓ]

∑
v∈Nk(u)

Mk(Xv)

 < 0


=

1

2

Pr

logψ(Y(1)) +
∑
k∈[ℓ]

Z
(1)
k > 0

+Pr

logψ(Y(2)) +
∑
k∈[ℓ]

Z
(2)
k < 0

 ,
where Y(1) ∼ P−, Y

(2) ∼ P+,

Z
(1)
k =

∑
j∈[αk]

Mk(Y
(1)
k,j)+

∑
j∈[βk] Mk(Y

(2)
k,j) and Z

(2)
k =

∑
j∈[αk]

Mk(Y
(2)
k,j)+

∑
j∈[βk] Mk(Y

(1)
k,j)

are independent random variables with Y
(1)
k,j ∼ P− and Y

(2)
k,j ∼ P+.

The above expression is not particularly insightful. For this reason, we now specialize
to the case of Gaussian features and interpret the error in terms of the natural SNRs
associated with the Gaussian mixture and the graph, i.e., the quantities ζ and γ.

For the Gaussian mixture, the log of the likelihood ratio for a node u is given by
2
σ2 ⟨Xu,µ⟩

D
= 2yuζ

2 + 2ζg, where g ∼ N (0, 1). Replacing every {Xi}i∈[n] as Xi = EXi +
σgi = yiµ+ σgi, we obtain the expression in Theorem 8.

5.6.3 Proof of Theorem 9

Let us now turn to the next result, where we analyze the generalization error in the cases
where the graph SNR γ takes extreme values.
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Note that when γ = 0, i.e., when a = b, then ak = bk for all k ∈ [ℓ], hence, ck =
log(ak/bk) = 0. This implies that all information from the k-hop neighbours is truncated
to 0 for all k ∈ [ℓ]. Thus, the classifier reduces to h∗u = h∗ℓ(u, {Xv}v∈ηℓ(u)) = sgn (ψ(Xu)) =
sgn (g + yuζ) = h∗0(u, {Xu}). Thus, the probability that h∗uyu < 0 is

Pr(h∗uyu < 0) = Pr(yug + ζ < 0) = Φ(−ζ),

where Φ(·) is the standard Gaussian CDF.

For the other case where γ → 1, we have two sub-cases: Either a → 0 with b ̸= 0, or
a ̸= 0 with b→ 0. In this case, ck → ∞ for all k, so the classifier takes the form

h∗ℓ(u, {Xv}v∈ηℓ(u)) = sgn

g + yuζ +
∑
k∈[ℓ]

∑
v∈Nk(u)

(gk,v + yvζ)

 .

Hence, the probability of making a mistake is

Pr(h∗uyu < 0) = Pr

yug + ζ +
∑
k∈[ℓ]

∑
v∈Nk(u)

(yugk,v + yuyvζ) < 0


= Pr

g > ζ
|η(a)ℓ − η

(b)
ℓ |√

η
(a)
ℓ + η

(b)
ℓ

 ,

where η
(a)
ℓ , η

(b)
ℓ denote the total number of nodes in the ℓ-neighbourhood ηℓ(u) that are in

the same class as u and different class as u, respectively. The last equation is obtained
by using the fact that (g, {gk,v}) are iid standard Gaussians. Note that in this case since

either b → 0 or a → 0 (but not both), we have η
(b)
ℓ → 0 or η

(a)
ℓ → 0 using (5.2) for any

fixed ℓ. Thus, ξℓ(a, b) > 1 a.s. Following a similar analysis, one can find that E(hgcn) =
Pr(g > ζ · ξ1(a, b)). This completes the proof.

It is interesting to note that we may not have ξ1(a, b) > 1 in general, meaning that a
GCN is better than methods that do not use a graph only in the case where ξ1(a, b) > 1.

5.6.4 Proof of Theorem 10

First, consider the case where ℓ, the total depth of the neighbourhood is a constant inde-
pendent of n, the number of nodes.
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Putting m = 1 in Lemma 5.6.1, we see that the probability is bounded by (8ℓ2(a +
b))4ℓ+1/n = O(1/n). Hence, we conclude that in the limit n → ∞, there are no cycles in
any constant-depth neighbourhoods in the graph. In particular, we obtain that the local
weak limit (G, u) is a tree.

We now turn to the case where the depth of the neighbourhood is logarithmic in n.

Proposition 5.6.4 (Tree neighbourhoods). Let G = (V,E) ∼ CSBM(n, d,P, a
n
, b
n
) for

constants a, b > 1. Then for any ℓ = c log n such that c log((a + b)/2) < 1/4, with
probability 1−O(1/ log2 n), the number of nodes u ∈ V whose ℓ-neighbourhood is cycle-free
is n(1− o(log4(n)/

√
n)).

Proof. In Lemma 5.6.2, observe that since c log∆ < 1/4, we have ℓ < logn
4 log∆

= 1
4
log∆ n.

Thus, puttingm = log n, we find that with probability at least 1−O(1/ log2 n), the number
of nodes whose ℓ-neighbourhood contains at least one cycle is bounded by O(log4(n)∆2ℓ) =
o(log4(n)

√
n). Hence, the fraction of nodes whose ℓ-neighbourhood is cycle-free is 1 −

o( log
4 n√
n
).

For a fixed node u ∈ [n], let us denote the number of nodes at distance k (respectively
≤ k) from u with class label ±yu by U±

k (u) (respectively, U±
≤k(u)). Also let n± denote

the number of nodes with class label ±yu, so that n = n+ + n−. Note that U+
0 (u) = 1,

U−
0 (u) = 0, and conditionally on the sigma-field Fk−1 = σ(U±

t (u), t ≤ k − 1), we have

U+
k (u) ∼ Bin

(
n+ − U+

≤k−1, 1− (1− a/n)U
+
k−1(1− b/n)U

−
k−1

)
, (5.7)

U−
k (u) ∼ Bin

(
n− − U−

≤k−1, 1− (1− a/n)U
−
k−1(1− b/n)U

+
k−1

)
. (5.8)

Define Sk(u) = U+
k (u) + U−

k (u) to be the number of nodes at distance exactly k from u,
and denote ∆ = a+b

2
to be the expected degree of a node. Correspondingly, recall from

(5.2) that we have

α0 = 1, β0 = 0,

αk ∼ Poi

(
aαk−1 + bβk−1

2

)
, βk ∼ Poi

(
aβk−1 + bαk−1

2

)
for k ∈ [ℓ]. (5.9)

Let us now state a useful high-probability bound on Sk(u) = U+
k (u) + U−

k (u).

Lemma 5.6.5. [Mas14, Theorem 2.3]. For any ℓ = c log n with c log∆ < 1/4, there exist
constants C, ϵ > 0 such that with probability at least 1 − O(n−ϵ), Sk(u) ≤ C∆k log(n) for
all u ∈ [n] and all k ∈ [ℓ].
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We now obtain a total variation bound between the sequences {U±
k }k≥0 and {αk, βk}k≥0.

Lemma 5.6.6. Let u ∈ [n] be fixed with label yu ∈ {±1}. Let ℓ = c log n with c log∆ < 1/4.
Then the total variation distance between the collections of variables {U+

k (u), U
−
k (u)}k≤ℓ

and {αk(u), βk(u)}k≤ℓ is bounded by O(log3 n/n1/4).

Proof. Define the following events for C as in Lemma 5.6.5:

Ωk = {Sk ≤ C∆k log n}, 1 ≤ k ≤ ℓ. (5.10)

Conditionally on the sigma-field Fk−1 = σ(U±
t (u), t ≤ k − 1) and the event Ωk−1, we com-

pute the total variation distance between the variables (U+
k (u), U

−
k (u)) and (αk(u), βk(u)).

Since u is fixed, we omit it from the notation for brevity. Define the following random
variables:

W+
k ∼ Poi

(
aU+

k−1 + bU−
k−1

2

)
, W−

k ∼ Poi

(
aU−

k−1 + bU+
k−1

2

)
.

We now apply the Stein-Chen method to bound dTV(U
±
k ,W

±
k ). For more details on

this technique, we refer to [Ste72, Che75, BC05]. In particular, we use the fact that for
X1 ∼ Bin(n, λ/n), X2 ∼ Poi(λ) and X3 ∼ Poi(λ′), dTV(X1, X2) ≤ λ/n and dTV(X2, X3) ≤
|λ − λ′|. Let us focus on dTV(U

+
k ,W

+
k ) as the other case for dTV(U

−
k ,W

−
k ) is similar.

Construct an intermediate random variable based on the distributions of U±
k as in Eqs. (5.7)

and (5.8),

Vk ∼ Poi
(
(n+ − U+

≤k−1)
(
1− (1− a/n)U

+
k−1(1− b/n)U

−
k−1

))
.

Denote Tt = 1−
(
1− a

n

)U+
t
(
1− b

n

)U−
t for brevity. Note that using triangle inequality,

dTV(Vk,W
+
k ) ≤

∣∣∣∣(n+ − U+
≤k−1)Tk−1 −

aU+
k−1 + bU−

k−1

2

∣∣∣∣
≤
∣∣∣(n+ − U+

≤k−1 −
n

2

)
Tk−1

∣∣∣+ ∣∣∣∣aU+
k−1 + bU−

k−1 − nTk−1

2

∣∣∣∣
=
∣∣∣(n+ − U+

≤k−1 −
n

2

)
Tk−1

∣∣∣+ n

2

∣∣∣∣aU+
k−1 + bU−

k−1

n
− Tk−1

∣∣∣∣
≤
∣∣∣(n+ − U+

≤k−1 −
n

2

)
Tk−1

∣∣∣+ 1

4n

(
aU+

k−1 + bU−
k−1

)2
,
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where in the last inequality we used Fact 2.4.9. Then we obtain the variation distance:

dTV(U
+
k ,W

+
k ) ≤ dTV(U

+
k , Vk) + dTV(Vk,W

+
k )

≤ Tk−1 +
∣∣∣(n+ − U+

≤k−1 −
n

2

)
Tk−1

∣∣∣+ 1

4n

(
aU+

k−1 + bU−
k−1

)2
= Tk−1

(
1 +

∣∣∣n+ − U+
≤k−1 −

n

2

∣∣∣)+ 1

4n

(
aU+

k−1 + bU−
k−1

)2
.

Consider now a choice of c such that c log∆ < 1/4. We have ℓ = c log n < 1
4
log∆ n,

implying that ∆ℓ ≤ n1/4. Recalling (5.10) corresponding to Lemma 5.6.5, we have that
under the event Ωk−1 for k ≤ ℓ, the number of nodes at distance k − 1 is

Sk−1 = U+
k−1 + U−

k−1 ≤ C∆k−1 log n ≤ C∆ℓ log n ≤ Cn1/4 log n. (5.11)

Observe now that from Fact 2.4.9, Tk−1 ≤
aU+

k−1+bU
−
k−1

n
. Recalling that yu have a uniform

prior, by the Chernoff bound [Ver18, Theorem 2.3.1] on n+, we have |n+− n
2
| = O(

√
n log n)

with probability at least 1− 1/poly(n). Thus, we obtain that under this event,

dTV(U
+
k ,W

+
k ) ≤ O

(
|U+

≤k−1|
n

+
log n√
n

)
·
(
aU+

k−1 + bU−
k−1

)
+

1

4n

(
aU+

k−1 + bU−
k−1

)2
≤ O

(
log n√
n

)
·max(a, b)Sk−1 +

max(a, b)2

4n
S2
k−1 = O

(
log2 n

n1/4

)
,

where in the last step we used the bound from (5.11). Now recall that the variables
{U±

k , αk, βk}k∈[ℓ] are defined as in Eqs. (5.7) to (5.9) for all k ≤ ℓ. For a fixed u ∈ [n], we
have the base cases U+

0 = α0 = 1 and U−
0 = β0 = 0. Then following an induction argument

with a union bound over all k ∈ {1, . . . , ℓ}, we have that the variation distance between

the sequences {U+
k , U

−
k }k≤ℓ and {αk, βk}k≤ℓ is upper bounded by O

(
log3 n
n1/4

)
.

We now obtain a relationship between the misclassification error on the data model
with finite n, i.e., En and the error on the limit of the model with n→ ∞, i.e., E .

Theorem (Restatement of Theorem 10). For any 1 ≤ ℓ ≤ c log n such that the positive
constant c satisfies c log(a+b

2
) < 1/4, we have that∣∣∣∣min

h∈Cℓ
En(h)− En(h∗ℓ)

∣∣∣∣ = O

(
1

log2 n

)
,

∣∣∣∣min
h∈Cℓ

En(h)− E(h∗ℓ)
∣∣∣∣ = O

(
1

log2 n

)
.
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Proof. Consider a random feature-decorated graph Gn ∼ CSBM(n, d, {P±}, a/n, b/n),
where P± correspond to the distributions N (±µ, σ2I) for the node features given by
{Xu}u∈[n]. For a classifier h ∈ Cℓ, the class of all ℓ-local classifiers, define En(h) to be
the probability of misclassification for a uniform at random node u ∈ [n], i.e., En(h) =
Pr(yu · h(u, {Xv}v∈ηℓ(u), ηℓ(u)) < 0). Since it is known that all classifiers in Cℓ operate
on u given the information in its ℓ-neighbourhood ηℓ(u), we will omit ηℓ(u) from the no-
tation and say h(u) instead of h(u, {Xv}v∈ηℓ(u), ηℓ(u)) when it is understood. Let P be
the joint measure of the variables {U±

k }k≤ℓ from Eqs. (5.7) and (5.8), and P′ be the joint
measure of the variables {αk, βk}k≤ℓ from Eq. (5.9). Then Lemma 5.6.6 gives us that

dTV(P,P
′) ≤ O

(
log3 n
n1/4

)
= on(1).

Recall E(h∗ℓ) computed in Theorem 8 for the limiting data model (G, u).

E(h∗ℓ) = Pr

g + 1

2ζ

∑
k∈[ℓ]

(
αk∑
i=1

Z
(a)
k,i +

βk∑
i=1

Z
(b)
k,i

)
> ζ


=

∫
Pr

g + 1

2ζ

∑
k∈[ℓ]

(
αk∑
i=1

Z
(a)
k,i +

βk∑
i=1

Z
(b)
k,i

)
> ζ

∣∣∣∣∣∣ {αk, βk}k≤ℓ
 dP′.

Similarly, we have

En(h∗ℓ) = Pr

g + 1

2ζ

∑
k∈[ℓ]

 U+
k∑

i=1

Z
(a)
k,i +

U−
k∑

i=1

Z
(b)
k,i

 > ζ


=

∫
Pr

g + 1

2ζ

∑
k∈[ℓ]

 U+
k∑

i=1

Z
(a)
k,i +

U−
k∑

i=1

Z
(b)
k,i

 > ζ

∣∣∣∣∣∣ {U±
k }k≤ℓ

 dP.
Thus, we obtain that

|En(h∗ℓ)− E(h∗ℓ)| ≤ dTV(P,P
′) ≤ O

(
log3 n

n1/4

)
= on(1), (5.12)

Let us now focus on the case with finite n. Let A denote the event from Proposition 5.6.4

where the number of nodes with cycle-free ℓ-neighbourhoods is 1 − o( log
4 n√
n
). For a node

u ∈ Gn, let Eu denote the event that the subgraph induced by the ℓ-neighbourhood of u,
ηℓ(u) is a tree. Then observe that for a uniform random node u ∈ Gn,

min
h∈Cℓ

En(h) = Pr(yuh
∗
ℓ,n(u) < 0)
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= Pr(Eu)Pr(yuh
∗
ℓ,n(u) < 0 | Eu) +Pr(Ec

u)Pr(yuh
∗
ℓ,n(u) < 0 | Ec

u)

= (1− on(1))Pr(yuh
∗
ℓ(u) < 0) + on(1)

= En(h∗ℓ)± on(1).

In the above, we used from Proposition 5.6.4 that Pr(Eu) = Pr(Eu ∩A) +Pr(Eu ∩Ac) =
1 − O( 1

log2 n
), and that En(h∗ℓ) = minh∈Cℓ Pr(yuh(u) < 0 | Eu). This establishes the first

part:

|min
h∈Cℓ

En(h)− En(h∗ℓ)| = O

(
1

log2 n

)
.

Combining the above display with (5.12), we obtain the second part, i.e.,∣∣∣∣min
h∈Cℓ

En(h)−min
h∈Cℓ

E(h)
∣∣∣∣ = ∣∣∣∣min

h∈Cℓ
En(h)− E(h∗ℓ)

∣∣∣∣
=

∣∣∣∣min
h∈Cℓ

En(h)− En(h∗ℓ) + En(h∗ℓ)− E(h∗ℓ)
∣∣∣∣

≤
∣∣∣∣min
h∈Cℓ

En(h)− En(h∗ℓ)
∣∣∣∣+ |En(h∗ℓ)− E(h∗ℓ)|

= O

(
1

log2 n

)
+O

(
log3 n

n1/4

)
= O

(
1

log2 n

)
.

This completes the proof.

5.7 Additional Empirical Observations

In this section, I will describe a few empirical observations that may help understand
Architecture 2 better in terms of being practically useful, i.e., train-able and comparable
to existing graph learning methods. The complete analysis of the implementation and its
comparison with other GNN architectures is left as an open problem.

5.7.1 Convergence of Parameters

We observe empirically that gradient descent (SGD and Adam implementations in the py-
torch library) converges in the binary setting. In this case, the neural network learns the
correct parameters corresponding to the parameters of the CSBM from which the data is
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Figure 5.2: Convergence of parameters of Architecture 2.

sampled, i.e., ρ and Q, such that Architecture 2 realizes the optimal classifier in Corol-
lary 7.1. In Fig. 5.2, the x-axis denotes the number of epochs elapsed since the beginning
of the training process. For the first plot, the y-axis denotes the cosine similarity between
the parameters θ1 ∈ Rd learned by the MLP H(L) in Architecture 2 and the ansatz µ that
realizes the optimal classifier; while in the second plot, the y-axis denotes the absolute
difference between the clip parameter θ2 ∈ R and the ansatz value log(1+γ

1−γ ). These exper-
iments are performed in the same setting as Fig. 5.1b with fixed γ = 0.2. We see that the
parameters converge as the number of training iterations increases. The reported metrics
are averaged over 10 trials, and the standard deviation is shown at each iteration using the
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translucent blue region.

5.7.2 Comparison with AMP-BP

We now perform a comparison of our architecture with ℓ = 5 against the AMP-BP algo-
rithm from [DSMM18] in two different settings. We set n = 1000 and work with two values
of d ∈ {5, 500}. The case d = 5 simulates the low-dimensional case where asymptotically
d/n → 0, while d = 500 represents the high-dimensional case where d/n → c for a con-
stant c. For the AMP-BP algorithm, we choose two values for the number of iterations,
t ∈ {5, 20}.

Tables 5.1 and 5.2 show the results for ζ = 1 with varying values of γ. We observe that
the classifier obtained after training Architecture 2 almost always outperforms AMP-BP
for both low-dimensional and high-dimensional cases.

Table 5.1: Accuracy metrics for Architecture 2 and AMP-BP for ζ = 1 and d = 5.

Graph signal 5-local Bayes Optimal AMP, t = 5 AMP, t = 20

0.3 0.870 0.753 0.858
0.4 0.954 0.816 0.890
0.5 0.988 0.819 0.916
0.6 0.996 0.892 0.952

Table 5.2: Accuracy metrics for Architecture 2 and AMP-BP for ζ = 1 and d = 500.

Graph signal 5-local Bayes Optimal AMP, t = 5 AMP, t = 20

0.3 0.916 0.554 0.848
0.4 0.995 0.558 0.877
0.5 0.998 0.626 0.920
0.6 0.998 0.657 0.940

Tables 5.3 and 5.4 show the results for ζ = 0.2, i.e., for a weaker feature signal in the
data. Here, we observe that although Architecture 2 outperforms AMP-BP in the low-
dimensional regime, it exhibits worse performance than AMP-BP in the high-dimensional
regime.

It is important to note, however, that this is an apples-to-oranges comparison because
AMP-BP is not a local algorithm, i.e., the whole graph is visible to the algorithm and all
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Table 5.3: Accuracy metrics for Architecture 2 and AMP-BP for ζ = 0.2 and d = 5.

Graph signal 5-local Bayes Optimal AMP, t = 5 AMP, t = 20

0.3 0.554 0.520 0.579
0.4 0.587 0.528 0.584
0.5 0.823 0.604 0.756
0.6 0.997 0.637 0.880

Table 5.4: Accuracy metrics for Architecture 2 and AMP-BP for ζ = 0.2 and d = 500.

Graph signal 5-local Bayes Optimal AMP, t = 5 AMP, t = 20

0.3 0.584 0.502 0.543
0.4 0.706 0.525 0.694
0.5 0.762 0.568 0.804
0.6 0.788 0.604 0.878

nodes contribute to the classification of every other node. This is not true for Architec-
ture 2, where only the nodes in the ℓ-hop neighbourhood contribute to this decision. Our
notion of optimality is among the class of local algorithms. Furthermore, we observe that
AMP-BP with 5 iterations does not converge and obtains a much lower accuracy compared
to 20 iterations.
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Chapter 6

Subsequent Relevant Work

Since the inception of the work presented in this thesis, there has been good progress
in the field of understanding graph neural networks and graph data using statistically
grounded techniques and tools. The most recent work in this regard is [WBF24], which
provides a rigorous theoretical analysis of the performance of corrected graph convolutions
(corrected by removing the principal eigenvector to avoid oversmoothing). It provides
theoretical guarantees for both exact and partial linear classification, which was missing in
all previous works, including the work in this thesis.

In particular, this new set of results gives a spectral analysis for k rounds of corrected
graph convolutions for any arbitrary k and shows that each round of convolution can
reduce the misclassification error exponentially for partial classification. Additionally, it
is demonstrated that the separability threshold for exact classification can be improved
exponentially as a function of the number of corrected convolutions.

6.1 Corrected Graph Convolutions

Let A be the adjacency matrix of the given graph, and D be the degree matrix. Vanilla
graph convolutions are represented using matrices such as D−1A or D−1/2AD−1/2 [KW17].
Suppose the graph is d−regular, meaning that each node has exactly d neighbours. In this
case, both graph convolutions reduce to 1

d
A. The top eigenvector of A is 1 with eigenvalue

d, where 1 is the vector of all ones. This means that limk→∞
1
dk
Ak = 1

n
11⊤, which implies

that multiplying our feature vector, x, by 1
d
A many times is essentially equivalent to

projecting our data onto the all-ones vector, x 7→ 1
n
⟨x,1⟩1. This means that all feature
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values will converge to the same point. Therefore, we should expect, as verified by most
real-world and synthetic experiments, that many rounds of the convolution x 7→ 1

d
Ax

will lead to a large learning error. However, if we instead apply the corrected graph
convolution Ã := 1

d
A− 1

n
11⊤ instead, then the convergent behaviour of x 7→ Ãk would be

equivalent to projecting x onto the second eigenvector of A. This eigenvector is known to
capture information about sparse cuts in graphs [Che70, AM85, Alo86], and so for certain
problems, like binary classification, we may expect this eigenvector to capture a larger
amount of information about our signal.

All the results in this chapter are stated in terms of the following corrected convolution
matrices:

Â = D−1/2AD−1/2 − 1

1⊤D1
D1/211⊤D1/2 and Ã =

1

d
A− 1

n
11⊤, (6.1)

where d is the empirical average degree in A, which is equal to 2|E|/n and |E| is the num-
ber of edges in the graph. Note that Â is derived from the normalized adjacency matrix,
while Ã is (up to a scalar multiple) its unnormalized counterpart. Briefly, in our results, we
demonstrate that when the graph is sufficiently dense and of reasonably good quality, the
corrected graph convolutions exponentially improve both partial and exact classification
guarantees. Depending on the density and quality of the given graph, improvement be-
comes saturated after O(log n) convolutions in our partial and exact classification results.
However, in comparison to a similar analysis in [WCWJ23] for vanilla graph convolutions
(without correction), we show that classification accuracy does not become worse as the
number of convolutions increases.

6.2 Data Model

A specialized version of the CSBM (see Section 2.2) is used to obtain these results. In
particular, the model is defined by parameters n,m ∈ N, p, q ∈ [0, 1], µ,ν,∈ Rm and

σ ∈ R+, with P = {N (µ, σ2Im),N (ν, σ2Im} and Q =

(
p q
q p

)
. The vertices of the

feature-decorated graph G(V,E) = (A,X) are thus partitioned into two classes, denoted
by S and T , each of size n/2. The goal is to recover this partition. For each i ∈ V , let
gi ∼ N (0, σ2Im) be an iid Gaussian noise vector. For i ∈ S, the ith row of X is given by
µ + gi, while for each j ∈ T , the jth row of X is given by ν + gj. For ease of notation,
assume in this chapter that p > q, however, note that the results can be easily generalized
to the other symmetric case p < q. In the following, γ(p, q) = |p−q|

p+q
.
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6.3 Partial Classification

The partial classification or “detection” problem aims to correctly classify 1−o(1) fraction
of vertices with probability 1−o(1). The following result illustrates the detection threshold.

Theorem 11. Suppose (A,X) ∼ CSBM(n, p, q, {µ,ν}, σ) where µ,ν ∈ Rm are means

of the Gaussian mixture, and p, q satisfy γ(p, q) := p−q
p+q

≥ Ω
(√

1
np

)
and p ≥ Ω

(
log2 n
n

)
.

Then, there exists a linear classifier such that after k rounds of convolution with Ã, with

probability at least 1− 1
2
exp(−Ω

(
n∥µ−ν∥2

σ2

)
) it misclassifies at most

O

(
1

γ2p
+
( C

γ
√
np

)2k σ2

∥µ− ν∥2
n log n

)

vertices, where C is an absolute constant. Furthermore, if γ ≥ Ω(
√

logn
np

) then with probabil-

ity at least 1− 1
2
exp(−Ω

(
n∥µ−ν∥2

σ2

)
), the same linear classifier after k rounds of convolution

with Â will misclassify at most

O

(
log n

γ2p
+
(C log n

γ
√
np

)2k σ2

∥µ− ν∥2
n log n

)
vertices.

Let us take a closer look at the error bound. First, we see that an important ratio in
the bound is the term 1/(γ2np). This term is small if γ2 is much larger than the inverse of
the expected degree of each vertex, (p+ q)n/2, which is at most np. The assumption that
this ratio is upper bounded by a constant means that we need the signal from the graph to
be sufficiently strong. Now, if we let ρ = C/(γ2np) where C is a sufficiently large constant,
then we see that the fraction of misclassified vertices is at most ρ + ρkσ2 log n/ ∥µ− ν∥2.
Our assumption on the parameters ensures that ρ < 1. Note that only the second term
depends on k, and the feature’s noise-to-signal ratio. This term measures the amount
of error introduced by the variance in the features and exponentially decreases with k.

Moreover, after about k = log1/ρ

(
σ2 log n/(ρ ∥µ− ν∥2)

)
convolutions, the ρ term, which

only depends on graph parameters, will dominate over the variance term, indicating that
more convolutions will not improve the quality of the convolved features beyond the quality
of the signal from the graph. If ∥µ− ν∥ /σ is constant, we will always reach the optimal
error bound of O(ρ) when k = O(log log n). Moreover, if γ = Ω(1), as was assumed in
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[BFJ21b], we have 1/ρ ≥ Ω(np). This means that even when σ/ ∥µ− ν∥ ≈
√
n/ log n, we

will reach optimality in a constant number of convolutions with a high probability if the
graph is moderately dense. For example, if p = 1/

√
n, then we only need 3 convolutions

and if p = Ω(1), then we only need 2. On the other hand, if γ is on the order of Θ(1/
√
np),

then in the worst case, we may need log n convolutions to reach the optimal bound.

6.4 Exact Classification

The exact classification objective aims to recover S and T with probability 1− o(1).

Theorem 12. Suppose (A,X) ∼ CSBM(n, p, q, {µ,ν}, σ) where µ,ν ∈ Rm are means

of the Gaussian mixture, and p, q satisfy γ(p, q) ≥ Ω
(
k
√

logn
np

)
and p ≥ log3 n

n
. Then

after k = O(log n) rounds of graph convolution with Ã, the data is linearly separable with
probability 1− n−Ω(1) if

∥µ− ν∥
σ

≥ Ω

(
max

(√
log n

n
,

(
C

γ
√
np

)k√
log n

))
where C is an absolute constant.

Theorem 12 provides the minimum signal-to-noise ratio required for exact classification
as a function of n, p, q, k. Similar to the partial classification result, this function has a
term that decreases exponentially with k and a term that is independent of k. The rate
of decrease of the dependent term is proportional to 1/(γ

√
np), or

√
ρ. We see once again

that with more convolutions, the requirement on the feature signal-to-noise ratio for exact
classification becomes exponentially weaker. Moreover, because of the assumption that
γ ≥ Ω(k

√
log n/(np)), as long as ∥µ− ν∥ ≥ Ω(σ

√
log n/n), the data becomes linearly

separable after k = O(log n/log log n) convolutions. Observe that the larger γ is, the
fewer convolutions we need to obtain the optimal bound. In particular, if γ = Ω(1) and
p = Ω(1) then one convolution already gives the optimal bound, and if p = 1/

√
n, then

two convolutions are enough.

6.5 Discussion on Assumptions

For the complete proofs of Theorems 11 and 12, the reader is referred to [WBF24, Theorem
4.1 and 4.2]. Note that both the theorems require a lower bound of γ ≥ ω(1/

√
np) to
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ensure that the signal from the graph is strong enough so that a convolution does not
destroy the signal from the feature data. Furthermore, implicit in the probability bound of
Theorems 11 and 12 is the assumption that the signal-to-noise ratio, ∥µ− ν∥ /σ, is at least
ω(1/

√
n) so the feature signal is sufficiently strong. The lower-bound assumption on p is

to ensure the concentration of degrees and the adjacency matrix towards its expectation.
In Theorem 12, it is also assumed that k = O(log n), mainly for technical reasons of the
proof. Finally, note that the case p > q corresponds to a homophilous graph, and the
case p < q corresponds to a heterophilous graph (see [LHL+21b, MLST22] for more). For
binary classification, it has been shown [BFJ23a] that one can assume p > q without loss
of generality and make corresponding adjustments in the classifier. As such, we assume
that p > q.

6.6 Experiments

This section demonstrates the above results empirically. For synthetic data, Theorems 11
and 12 are simulated for linear binary classification. For real data, it is shown that removing
the principal component of the adjacency matrix exhibits positive effects on multi-class
node classification problems as well.

6.6.1 Synthetic Data

For synthetic data from the CSBM, we observe the benefits of removing the principal
component of the adjacency matrix before performing convolutions for both variants of
convolution described in (6.1). The experiments are performed for n = 2000 nodes with
20 features for each node, sampled from a Gaussian mixture. The intra-edge probability
is fixed to p = O(log3 n/n). Linear classification is performed to demonstrate the results,
training a one-layer GCN both with and without the corrected convolutions.

Plots are provided for two different settings: (1) Fix γ = |p− q|/(p+ q) = 2/3 and vary
signal-to-noise ratio of the node features, ∥µ−ν∥/σ, for a different number of convolutions.
We observe in Fig. 6.1 that as the number of convolutions increases, the original GCN
[KW17] (in blue) starts performing poorly, while the corrected versions (in orange and
green) retain the accuracy for lower signal-to-noise ratio; (2) Fix ∥µ− ν∥/σ = 1 and vary
the graph relative signal strength, γ, for different number of convolutions. We observe
the same trends in this setting, as depicted in Fig. 6.2. The vertical lines represent the
threshold for exact classification from Theorem 12.
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Figure 6.1: Accuracy plot (averaged over 50 trials) against the signal-to-noise ratio of the
features (ratio of the distance between the means to the standard deviation) for a given
number of convolutions. Here, v = D1/21 and the “GCN with vv⊤ removed” refers to
convolution with the corrected, normalized adjacency matrix. “GCN with 11⊤ removed”
is the corrected, unnormalized matrix.
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Figure 6.2: Accuracy plot (averaged over 50 trials) against graph relative signal strength
(γ = |p− q|/(p+ q)) for various values of the number of convolutions.

The partial classification result is demonstrated in Fig. 6.3, which plots the theoretical
value of the error from Theorem 11 along with the simulated values. We observe that
for suitable values of the constants in Theorem 11, the simulated accuracy (fraction of
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correctly classified nodes) is roughly the same as the theoretical bound.
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(a) 4 convolutions.
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(b) 8 convolutions.

Figure 6.3: The theoretical error as derived from Theorem 11 is shown in red.

Next, let us depict a comparison between the corrected vs uncorrected convolutions
via both linear and non-linear models for multi-class classification against the number of
convolutions. For the linear model (Section 6.6.1), we look at five 1-vs-all classifiers followed
by a softmax to predict the class label, while the non-linear method (Section 6.6.1) follows
a typical two-layer MLP-based architecture. In both cases, we observe that the corrected
convolutions do not deteriorate in performance as the number of convolutions increases.

6.6.2 Real Data

Similar to synthetic data, the results for the corrected and the original GCN are compared
on the following real graph benchmark datasets: CORA, CiteSeer, and Pubmed citation
networks [SNB+08]. It is observed in Fig. 6.5 that correcting the convolution as in Eq. (6.1)
by removing the principal component performs better as the number of layers increases,
even for a multi-class setting, where we perform one convolution at each layer.

Note that in Fig. 6.5, we see that overall the accuracy of every learning method decreases
as the number of convolutions increases but the corrected convolutions converge to an
accuracy much higher than that of the uncorrected convolution. This is attributed to the
fact that for multi-class classification, the important information about class memberships
is captured by the top C eigenvectors (except the first one) where C is the number of
classes [LGT14]. Since the limiting behaviour of many rounds of convolutions is akin to
projecting the features onto the second eigenvector, we only expect this to capture partial
information about the multi-class structure.
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(a) Linear method, q = 0.02, σ = 8.
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(b) Linear method, q = 0.04, σ = 8.
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(c) Nonlinear method, q = 0.02, σ = 8.
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(d) Nonlinear method, q = 0.04, σ = 8.

Figure 6.4: Accuracy plot (averaged over 50 trials) on CSBM data with 5 balanced classes,
500 nodes per class and orthogonal means, with fixed p = 0.1.
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(a) Cora.
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(b) CiteSeer.
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Figure 6.5: Accuracy plots against the number of layers for real datasets.
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Chapter 7

Conclusion and Future Work

This thesis attempts to build a statistically grounded methodology for understanding, eval-
uating, and developing learning methods for graph machine learning problems. It provides
a rigorous theoretical framework which enables a broader, yet fundamental understanding
of learning on graphs, using well-studied random graph models coupled with node attribute
information. There are several limitations of this work, for example, it specifically deals
with the node classification problem. However, I hope future research in this field can ex-
tend the ideas presented in this thesis to understand a wider variety of learning problems
in wider, more challenging regimes.

The first part of this thesis uses the binary contextual stochastic block model to show
that graph convolution can transform data which is not linearly separable into data which
is linearly separable. It also showed empirically that graph convolution can be disadvan-
tageous if the intra-class edge probability is close to the inter-class edge probability. Fur-
thermore, a classifier trained on the convolved data can generalize to out-of-distribution
data with different intra and inter-class edge probabilities. The study of binary models is
then extended to understand the fundamental classification thresholds for graph convolu-
tions when placed beyond the first layer in a multi-layer network. The XOR-CSBM data
model is used to provide theoretical guarantees for the performance of graph convolutions
in different regimes of the signal in the data. Through experiments on both synthetic and
real-world data, it is shown that the number of convolutions is a more significant factor
for determining the performance of a network, rather than the number of layers in the
network. Furthermore, placing graph convolutions in any combination achieves mutually
similar performance enhancements for the same number of them. Multiple graph convolu-
tions are advantageous only when the underlying graph is relatively sparse. Intuitively, this
is because, in a dense graph, a single convolution can gather information from a large num-
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ber of nodes, while in a sparser graph, more convolutions are needed to gather information
from a larger number of nodes (Chapter 3).

In the second part, the impact of graph attention on edges and its implications for
node classification are studied. It is shown that graph attention may not be very useful
in a “hard” regime where the node features are noisy by proving that a single-layer graph
attention convolution is limited when it comes to distinguishing intra-class from inter-class
edges (Chapter 4). Given the empirical successes of graph attention and its many variants,
a promising future work is to study the power of multi-layer graph attention convolutions
for distinguishing intra-class and inter-class edges. Variants of graph attention networks
have been successfully used in tasks other than node classification, such as link prediction
and graph classification. These tasks are typically solved by architectures that add a final
aggregation layer which combines node representations generated from graph attention
convolution. It is an interesting future direction to develop a good understanding of the
benefits and limitations of the graph attention mechanism for these tasks.

Our analysis in these two parts is limited to a regime where the graph is relatively
dense, i.e., p, q = Ω(log2 n/n). To fully understand the limitations of graph convolutions, a
study of their effects in the case of very sparse graphs (up to p, q = O(1/n)) is warranted.
This problem is hard because degree concentration does not provide a useful bound in this
extremely sparse regime. Without degree concentration, it is difficult to argue about the
nature of the output of the neural networks with overwhelming probability. Consequently,
it is difficult to show a classification result. However, this level of sparsity comes with a
benefit: the local neighbourhoods of every node are tree-like. This fact is crucial to the
work in part three of this thesis, where it is made precise and used to design the optimal
message-passing architecture for sparse graphs.

Part three presents a comprehensive theoretical characterization of the Bayes optimal
node classification architecture for sparse feature-decorated graphs and shows that it can
be realized through a GNN using the message-passing framework. Utilizing the well-
established and well-studied statistical model CSBM, its performance is interpreted in
terms of the SNR in the data, along with a validation of the findings through empirical
analysis of synthetic data (Chapter 5). The following limitations are identified as prospects
for future work: (1) Neighbourhoods only up to distance ℓ = c log n are considered for
a small enough c. Extending ℓ to the graph’s diameter (known to be O(log n) with high
probability) by removing the restriction on c poses challenges due to the presence of cycles,
which add a lot of correlation. (2) More insights can be provided through experiments on
real data to benchmark the architecture in cases where we have a significant gap between
the theoretical assumptions (sparse and locally tree-like graph) and the real-world data.
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[Mas14] Laurent Massoulié. Community Detection Thresholds and the Weak Ramanu-
jan Property. In Proceedings of the Forty-Sixth Annual ACM Symposium on
Theory of Computing, page 694–703, 2014.

[MBHSL19] Haggai Maron, Heli Ben-Hamu, Nadav Shamir, and Yaron Lipman. Invariant
and Equivariant Graph Networks. In International Conference on Learning
Representations, 2019.

[MBM+17] Federico Monti, Davide Boscaini, Jonathan Masci, Emanuele Rodola, Jan
Svoboda, and Michael M. Bronstein. Geometric Deep Learning on Graphs and
Manifolds Using Mixture Model CNNs. In Proceedings of the IEEE Conference
on Computer Vision and Pattern Recognition (CVPR), July 2017.

[MDR19] Nikhil Mehta, Lawrence Carin Duke, and Piyush Rai. Stochastic Blockmod-
els meet Graph Neural Networks. In Proceedings of the 36th International
Conference on Machine Learning, volume 97, pages 4466–4474, 2019.

[MLLK22a] S. Maskey, R. Levie, Y. Lee, and G. Kutyniok. Generalization analysis of
message passing neural networks on large random graphs. In Advances in
Neural Information Processing Systems (NeurIPS), 2022.

122



[MLLK22b] Sohir Maskey, Ron Levie, Yunseok Lee, and Gitta Kutyniok. Generalization
Analysis of Message Passing Neural Networks on Large Random Graphs. In
Alice H. Oh, Alekh Agarwal, Danielle Belgrave, and Kyunghyun Cho, editors,
Advances in Neural Information Processing Systems, 2022.

[MLST22] Yao Ma, Xiaorui Liu, Neil Shah, and Jiliang Tang. Is Homophily a Neces-
sity for Graph Neural Networks? In International Conference on Learning
Representations, 2022.

[MNS15a] E. Mossel, J. Neeman, and A. Sly. Consistency thresholds for the planted
bisection model. In Proceedings of the forty-seventh annual ACM Symposium
on Theory of computing, pages 69–75, 2015.

[MNS15b] Elchanan Mossel, Joe Neeman, and Allan Sly. Reconstruction and estima-
tion in the planted partition model. Probability Theory and Related Fields,
162:431–461, 2015.

[MNS18] E. Mossel, J. Neeman, and A. Sly. A proof of the block model threshold
conjecture. Combinatorica, 38(3):665–708, 2018.

[Moo17] C. Moore. The Computer Science and Physics of Community Detection:
Landscapes, Phase Transitions, and Hardness. Bulletin of The European As-
sociation for Theoretical Computer Science, 1(121), 2017.

[MS16] A. Montanari and S. Sen. Semidefinite programs on sparse random graphs and
their application to community detection. In Proceedings of the forty-eighth
annual ACM Symposium on Theory of Computing, pages 814–827, 2016.

[MSRR19] Ryan Murphy, Balasubramaniam Srinivasan, Vinayak Rao, and Bruno
Ribeiro. Relational Pooling for Graph Representations. In Kamalika Chaud-
huri and Ruslan Salakhutdinov, editors, Proceedings of the 36th International
Conference on Machine Learning, volume 97 of Proceedings of Machine Learn-
ing Research, pages 4663–4673. PMLR, 09–15 Jun 2019.

[OS20] Kenta Oono and Taiji Suzuki. Graph Neural Networks Exponentially Lose
Expressive Power for Node Classification. In International Conference on
Learning Representations, 2020.

[Owe80] D. B. Owen. A table of normal integrals. Communications in Statistics-
Simulation and Computation, 9(4):389–419, 1980.

123



[PBHL20] O. Puny, H. Ben-Hamu, and Y. Lipman. Global attention improves graph
networks generalization. In arXiv:2006.07846, 2020.

[Ram21] Kavita Ramanan. CRM-PIMS Summer School 2021: Background Material
For Mini Course on Asymptotics of Interacting Stochastic Processes on Sparse
Graphs, 2021.

[RH15] P. Rigollet and J.-C. Hütter. High dimensional statistics. Lecture notes for
course 18S997, 813:814, 2015.

[RHXH20] Yu Rong, Wenbing Huang, Tingyang Xu, and Junzhou Huang. DropEdge:
Towards Deep Graph Convolutional Networks on Node Classification. In In-
ternational Conference on Learning Representations, 2020.

[SGT+09] Franco Scarselli, Marco Gori, Ah Chung Tsoi, Markus Hagenbuchner, and
Gabriele Monfardini. The Graph Neural Network Model. IEEE Transactions
on Neural Networks, 20(1), 2009.

[SNB+08] Prithviraj Sen, Galileo Namata, Mustafa Bilgic, Lise Getoor, Brian Galligher,
and Tina Eliassi-Rad. Collective classification in network data. AI magazine,
29(3):93, 2008.

[Ste72] Charles Stein. A bound for the error in the normal approximation to the
distribution of a sum of dependent random variables. In Proc. Sixth Berkeley
Symp. Math. Stat. Prob., pages 583–602, 1972.

[VCC+18a] Petar Velickovic, Guillem Cucurull, Arantxa Casanova, Adriana Romero,
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