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Abstract

Graph Neural Network(s) (GNN) are one of the most popular architectures used to solve
classification problems on data where entities have attribute information accompanied by
relational information. Among them, Graph Convolutional Network(s) (GCN) and Graph
Attention Network(s) (GAT) are two of the most popular GNN architectures. In this
thesis, I present a statistical framework for understanding node classification on feature-
rich relational data. First, I use the framework to study the generalization error and
the effects of existing neural network architectures, namely, graph convolutions and graph
attention on the Contextual Stochastic Block Model (CSBM) in the regime where the
average degree of a node is Q(10g2 Nn) in the number of nodes N. Second, I propose a notion
of asymptotic local optimality for node classification tasks and design a GNN architecture
that is provably optimal in this notion, for the sparse regime, i.e., average degree O(1).

In the first part, I present a rigorous theoretical understanding of the effects of graph
convolutions in neural networks through the node classification problem of a non-linearly
separable Gaussian mixture model coupled with a stochastic block model. First, I identify
two quantities corresponding to the signal from the two sources of information: the graph,
and the node features, followed by a result that shows that a single graph convolution
expands the regime of the distance bﬁween the means where multi-layer networks can
classify the data by a factor of up to 1= E deg, where E deg denotes the expected degree of
a node. Second, I show that witl_a slightly stronger graph density, two graph convolutions
improve this factor to up to 1=" n, where n is the number of nodes in the graph. This
set of results provides both theoretical and empirical insights into the performance of
graph convolutions placed in different combinations among the layers of a neural network,
concluding that the performance is mutually similar for all combinations of the placement.

In the second part, the analysis of graph attention is provided, where the main result
states that in a well-defined “hard” regime, every attention mechanism fails to distinguish
the intra-class edges from the inter-class edges. In addition, if the signal in the node
attributes is sufficiently weak, graph attention convolution cannot perfectly classify the
nodes even if the intra-class edges are separable from the inter-class edges.

In the third part, I study the node classification problem on feature-decorated graphs
in the sparse setting, i.e., when the expected degree of a node is O(1) in the number of
nodes, in the fixed-dimensional asymptotic regime, i.e., the dimension of the feature data
is fixed while the number of nodes is large. Such graphs are typically known to be locally
tree-like. Here, I introduce a notion of Bayes optimality for node classification tasks,
called asymptotic local Bayes optimality, and compute the optimal classifier according



to this criterion for a fairly general statistical data model with arbitrary distributions of
the node features and edge connectivity. The optimal classifier is implementable using
a message-passing graph neural network architecture. This is followed by a result that
precisely computes the generalization error of this optimal classifier, and compares its
performance statistically against existing learning methods on a well-studied data model
with naturally identifiable signal-to-noise ratios (SNRs). We find that the optimal message-
passing architecture interpolates between a standard MLP in the regime of low graph signal
and a typical graph convolutional layer in the regime of high graph signal. Furthermore,
I provide a corresponding non-asymptotic result that demonstrates the practical potential
of the asymptotically optimal classifier.

All the results are supplemented with extensive experiments on both synthetic and
real-world data to illustrate the main theorems. The code is open-sourced on GitHub.
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Chapter 1

Introduction

A large amount of interesting data and the practical challenges associated with them
are de ned in the setting where entities have attributes as well as information about
mutual relationships. Traditional classi cation models have been extended to capture
such relational information through graphs [Ham20], where each node has individual at-
tributes and the edges of the graph capture the relationships among the nodes. A va-
riety of applications characterized by this type of graph-structured data include works
in the areas of social analysis [BL11], recommendation systems [YHIB], computer vi-
sion [MBM* 17], study of the properties of chemical compounds [GSR7, SGT" 09], sta-
tistical physics [BKGB* 20, BPL" 16], and nancial forensics [ZZY 17, WDC" 19].

Various popular learning methods for relational data utilize graph convolutions [KW17],
where the idea is to aggregate the attributes of the set of neighbours of a node instead
of only using its attributes. Despite several empirical studies of various GCN-type mod-
els [CLB19, MLST22] that demonstrate that graph convolutions can improve the perfor-
mance of traditional classi cation methods, there has been limited progress in the theoret-
ical understanding of the bene ts of graph convolutions in multi-layer networks in terms
of improvement on node classi cation tasks.

1.1 Literature Review

1.1.1 Graph Convolutions

The capacity of a graph convolution for one-layer networks is studied in [BFJ21b], along
with its out-of-distribution (OoD) generalization potential. A more recent work [WZYW22]
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formulates the node-level OoD problem and develops a learning method that facilitates
GNNs to leverage invariance principles for prediction. In [GBG19], the authors utilize
a propagation scheme based on personalized PageRank to construct a model that out-
performs several GCN-like methods for semi-supervised classi cation. Through their al-
gorithm (APPNP) they show that placing power iterations at the last layer of an MLP
achieves state-of-the-art performance. As a byproduct of our results, we verify this empiri-
cal observation theoretically on a well-studied data model, the contextual stochastic block
model (CSBM) [DSMM18].

To this end, we study the e ects of graph convolutions in deeper layers of a multi-
layer network. For node classi cation tasks, we also study whether one can avoid using
additional layers in the network design for the sole purpose of gathering information from
neighbours that are farther away, by comparing the bene ts of placing all convolutions in
a single layer versus placing them in di erent layers.

1.1.2 Graph Attention

Graph convolution, usually de ned using its spatial version, corresponds to averaging the
features of a node with the features of its neighbours [KW17]. More broadly, graph convolu-
tion can refer to di erent variants arising from di erent (approximations of) graph spectral
Iters. Graph attention [VCC * 18a] mechanisms augment this convolution by appropriately
weighting the edges of a graph before spatially convolving the data. The weighting can be
done using information from the given features for each node. Despite its wide adoption
by practitioners [FL19, WZY" 19, HFZ" 20a] and its large academic impact, the number of
works that rigorously study its e ectiveness is quite limited.

Recently, the concept of attention for neural networks [BCB15, VSPL7] was transferred
to GNNs [LZBT16, BL17, VCC" 18a, LRK" 19, PBHL20]. A few papers have attempted to
understand the attention mechanism in [VCC 18a]. One work relevant to ours is [BAY22].
In this paper, the authors show that a node may fail to assign large edge weight to its
most important neighbours due to a global ranking of nodes generated by the attention
mechanism in [VCC 18a]. Another related work is [KTA19], which presents an empir-
ical study of the ability of graph attention to generalize on larger, complex, and noisy
graphs. In addition, in [HZC" 19] the authors propose a di erent metric to generate the
attention coe cients and show empirically that it has an advantage over the original GAT
architecture.

Other related work to ours, which does not focus on graph attention, comes from the
eld of statistical learning on random data models. Random graphs and the stochastic
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block model have been traditionally used in clustering and community detection [Abb18,
AFT " 18, Mool17]. Moreover, the works by [BVR17, DSMM18], which also rely on CSBM
are focused on the fundamental limits of unsupervised learning. Of particular relevance
is the work by [BFJ21a], which studies the performance of graph convolution on CSBM
as a semi-supervised learning problem. Within the context of random graphs, [KBV21a]
studies the approximation power of GNNs on random graphs. In [MLLK22a] the authors
derive the generalization error of GNNs for graph classi cation and regression tasks. In
[FLY * 23], the authors attempt to understand graph attention's capability for edge/node
classi cation for di erent parameter regimes of CSBM.

Finally, there are a few related theoretical works on understanding the generalization
and representation power of GNNs [CLB19, CPLM20, ZYZ220, XHLJ19, GJJ20, Lou20a,
Lou20b]. For a recent survey in this direction see [Jeg22]. This section of the thesis is
based on work done in [FLY 23], where we take a statistical perspective, allowing us to
characterize the precise performance of graph attention compared to graph convolution
and no convolution for CSBM, to answer the particular questions imposed above.

1.1.3 Statistical Models

There exists a large amount of theoretical work on unsupervised learning for random
graph models where node features are absent and only relational information is available
[DKMZ11, Masl14, MNS18, MNS15a, AS15, ABH15, BLM15, DAM15, MS16, BMNN16,
AS18, LCM19, KUK17, GRS22]. For a comprehensive survey, see [Abb18, Mool7].

Several theoretical and empirical works have also studied data models which have node
features coupled with relational information. In [DSMM18, LS20], the authors explore the
fundamental thresholds for weak recovery and community detection in the regime where
the number of nodes scales with the dimension of data, and the average degree is constant.
For the (primarily) empirical study of the semi-supervised node classi cation problem, see
[SGT"09, CZY11, GVB12, DV12, GFRS13, YML13, HYL17, JLE 19, MDR19, CCH" 22,
YHS*® 21]. These papers provide good empirical insights into the merits of graph structure
in the data. | complement these studies with theoretical results that explain the e ects of
graph convolutions in a multi-layer network.

Another relatively recent work [HZC" 20] proposes two graph smoothness metrics for
measuring the bene ts of graphical information, along with a new attention-based frame-
work. In [FLY " 23], the authors provide a theoretical study of the graph attention mecha-
nism (GAT) and identify the regimes where the attention mechanism is (or is not) bene cial
to node classi cation tasks. Our study focuses on convolutions instead of attention-based
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mechanisms. Several other works study the expressive power and extrapolation of GNNSs,
along with the oversmoothing phenomenon (see, e.g., [BREIL, XZL" 21, OS20, LHW18]),
however, our focus is to draw a comparison of the bene ts and limitations of graph convo-
lutions with those of a traditional MLP that does not utilize relational information.

These areas of research still lack theoretical guarantees that explain when and why
graphical data, and in particular, graph convolutions, can boost traditional multi-layer
networks to perform better on node classi cation tasks.

1.1.4 Message-Passing GNN Architectures

There has been a tremendous amount of work on GNN architecture design, where the most
popular designs are based on a convolutional architecture, with each layer of the neural
network performing a weighted convolution (averaging) operation with immediate neigh-
bours, e.g., graph convolutional networks (GCN) [KW17, CWH20] or graph attention
networks (GAT) [VCC™ 18b]. These architectures are known to have several limitations
regarding their expressive power (see, e.g., [LHW18, OS20, BRM, XZL" 21, Ker22]).

An interesting line of research consists of both theoretical and empirical works that
attempt to address these limitations by developing an understanding of GNN architectures
within the scope of message-passing [RHXH20, LJZ2, MLLK22b], as well as beyond it
[MBHSL19, MSRR19, CVCB19]. For example, [XLT 18] propose an architecture with a
technique called skip-connections, that exibly leverages di erent ranges of neighbourhoods
for each node to enable structure-awareness in node representations, [CVZB]| propose a
modi cation of the vanilla GCN with an initial residual that e ectively relieves the problem
of oversmoothing [0S20], and [KBV21b] study the universality of structural GNNs in the
large random graph limit. However, this area of research still lacks a clear understanding of
optimality in the context of graph learning problems, making it hard to design architectures
for which a well-de ned notion of optimality can be theoretically justi ed.

Several works have studied traditional message-passing GNN architectures like GCN
and GAT using the binary contextual stochastic block model, see for example, [BFJ21Db,
CCH' 22, FLY" 23, JMLV22, BFJ23a]. These analyses rely heavily on two assumptions:
rst, the graph is not too sparse, i.e., for a graph withn nodes, the expected degree of
a node is ,(log?n), and second, the node features are modelled as a Gaussian mixture.
The work by [WYJ* 22] is of particular interest to us, where the authors take a Bayesian
inference perspective to investigate the functions of non-linearity in GNNSs for binary node
classi cation. They characterize the max-a-posterior estimation of a node label given the
features of itself and its immediate neighbours. A similar perspective to that of [WY 22]
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is discussed in [GSGG23], where the latter authors derive insights into the robustness-
accuracy trade-o in GNNs for node classi cation.

In contrast to these inspiring works, | study the highly sparse regime for this part of
the thesis, where the expected degree of a nodedg(1), and also consider nodes beyond
the immediate neighbours at any xed distance. (In fact, the non-asymptotic results allow
distances of orderclogn for small enoughc > 0, see Section 5.5). Furthermore, my
main result (Theorem 7) holds for a general multi-class statistical model with arbitrary
continuous or discrete feature distributions and arbitrary edge-connectivity probabilities
between all pairs of classes.

1.2 Overview of Contributions

The main results in this thesis are presented in three parts.

1.2.1 E ects of Graph Convolutions

The rst part introduces a theoretical framework based on the contextual stochastic block
model (see Section 2.2) that provides a statistical standard for benchmarking various GNN
architectures for node classi cation tasks. Following the description of this framework,

| present a rigorous study of the e ects of graph convolutions on feature-rich relational
data in the regime where the average node degree!ilogn) in the number of nodesn.

| also recognize classi cation thresholds based on meaningful signals identi ed in the two
sources of data: the node features and the node relationships. First, | develop an intuition
for the main ideas using a simple binary CSBM (contextual stochastic block-model, see
Section 2.2). The following results are for the binary model where a one-layer network is
su cient to classify the data.

1. | compare the relative performance of a graph convolution to the Bayes optimal
classi er in the case where we do not have a graph. In the absence of relational infor-
mation, | identify the threshold below which the data is not linearly separable with
high probability, followed by computing the precise improvement in this threshold
o ered by a graph convolution. This result is formally presented in Theorem 1.

2. The second result is about the generalization of the output of the corresponding
optimization procedure that runs on a training sample. In particular, 1 show that



the minimizer performs well on the classi cation of unseen out-of-distribution data.
See Theorem 2 for a formal statement.

The insights from the study of this toy model motivate the study of a slightly more
complicated variant, which | refer to as the XOR-CSBM (see Section 3.3). Here, one
necessarily needs a network with at least two layers to classify the data. For this model, |
study neural networks with up to three layers and show the improvement obtained by up
to two graph convolutions. In particular, the following results are obtained:

1. A single graph convolution enables a multi-layer network to classify the nodes in a
wider regime as compared to methods that do not utilize the graph, improving the
thrlgshold for the distance between the means of the features by a factor of up to
1= Edeg. Furthermore, with a slightly denser graph, a multi-layer network with
two graph convolutions can cIasBify the data in an even wider regime, improving the
threshold by a factor of up to £ n, wheren is the number of nodes in the graph.
This is formalized in Theorem 4.

2. For multi-layer networks equipped with graph convolutions, the classi cation thresh-
old is determined by the number of graph convolutions rather than the number of
layers in the network. | study the improvement in the classi cation threshold ob-
tained by placing graph convolutions in several combinations across the layers of a
multi-layer network and nd that the performance is mutually similar for all combi-
nations with the same number of graph convolutions.

1.2.2 Analysis of Graph Attention

In this part, | present the main result for the \hard regime”, i.e., when the distance between
the means is small compared to the standard deviation, showing tha&very attention
architecture fails to distinguish inter-class edges from intra-class edges with high probability
(Theorem 5).

Moreover, for the original GAT architecture [VCC" 18a], it can be shown that with high
probability, most of the attention coe cients have uniform weights, similar to those of a
simple GCN [KW17] (Theorem 6).

1.2.3 Optimality of Message-Passing

Next, | turn to the regime of very sparse graphs where the average node degre®(%),
where | propose a notion of asymptotically local Bayes optimality. The same statistical
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data model is extended to arbitrary node features and edge-connectivity pro les among all
pairs of classes to study this setting. The following results and ndings are obtained:

1. Introduction to a family of GNN architectures that are asymptotically (in the number
of nodesn!1 ) Bayes optimal in a local sense for a general multi-class data model
with arbitrary feature distributions. The optimality is stated precisely in Theorem 7.

2. Analysis of the architecture in the simpler two-class setting with Gaussian features,
explicitly characterizing the generalization error in terms of the natural signal-to-
noise ratio (SNR) in the data.

3. A comparative study against other learning methods analyzed using the same statis-
tical model (see Theorems 8 and 9). There are two key insights from this study:

" When the graph SNR is very low, the architecture reduces to a simple MLP
that does not consider the graph at all, while if it is very high, the architecture
reduces to a typical convolutional network that averages information from all
nodes in the local neighbourhood. In the regime between the low and high
SNRs, the architecture interpolates and performs better than both a simple
MLP and a typical GCN.

If the signal in the graph is larger than a threshold, then a simple convolution
can perform better than any method that does not utilize the graph.

4. In the non-asymptotic setting with a xed number of nodes, we show that even for
a logarithmic depth, the neighbourhoods of an overwhelming fraction of nodes are
tree-like with high probability. Subsequently, we show that the optimal classi er in
the non-asymptotic setting obtains an error close to that incurred by the optimal
classi er in the asymptotic setting. This is formalized in Theorem 10.

All of the content in this thesis is based on the papers published during my Ph.D.
with my supervisors and co-authors [BFJ21b, BFJ23a, FLY23, BFJ23b, WBF24]. All
the results are demonstrated through extensive experiments on both synthetic and real
data. The source code for all experiments is open-sourced and can be found on GitHub.
The reader is referred to the GitHub account github.com/opallab/ for more details.



Chapter 2

Preliminaries and Background

2.1 Common Notation

In the rest of this thesis, vectors and matrices are usually denoted by lowercase and up-
percase bold alphabets, respectively (such as2 RY and X 2 R" 9). I, and J, refer to
the n-dimensional identity matrix and all-ones matrix, respectively, where the subscript is

omitted if inferred from context. We write [n] Qef f1;2;:::;ng. We use Berf) to denote
the Bernoulli distribution, so x  Ber(p) means the random variablex takes value 1 with
probability p and O with probability 1 p.

G = (V;E) will denote a graph with the set of verticesV (G) and edgesk(G). The
adjacency matrifs is denoted byA = fayguv2in), and the degree of a node in G is denoted
by deg(u;G) =,y @, WhereG is omitted if inferred from context.

De ne the canonical graph distance metric (breadth- rst distance / shortest distance)
between two nodesu;v in an undirected, unweighted graph to bed(u;v). For a node
u2 V(G), dene (u) = fv2V(G): du,;v) kgto be the ball of radiusk for the
canonical graph distance metric. | will also us@l(u) to denote the set of vertices at the
distance of exactlyk from nodeu. Thus, (u)= fug[}<:1 N (u).

The all-ones vector is denoted byl and e denotes thei™ standard basis vector in
R". Given a vectorx 2 R", kxk denotes its Euclidean norm ., x2. We usekxk,
to denote its in nity norm, max ., jx;j. For a matrix M 2 R", we usekM k to denote
its spectral norm, maxe o.kxk=1 KMx k. We also make routine use of the spectral theorem,
which says that if M is ann n symmetric matrix, then it can be diagonalized with
n orthogonal eigenvectors and real eigenvalues. In particular, there exist; ,;::: o 2
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P
R and orthonormal vectorswq;ws;:::;w, 2 R" such that M = inzl iwiw; . Note

that when M is symmetric, KMk = max;j ;] = maXyxxk=1 jX"Mx j. Finally, N( ;)
denotes a Gaussian distribution with mean and covariance matrix . For one-dimensional
Gaussians, we us&l (; 2). For X N (; 2), we will frequently use the Gaussian tail
bound: Pr [jX j>t ] exp( %). We will usually denote by the sigmoid function
1=(1 + exp(x)) while will always stand for the CDF of the standard normal distribution.

2.2 Statistical Data Model

| work with the multi-class CSBM, where each node belongs to one Gf di erent classes
labelled %:::;C, and the node features have arbitrary continuous or discrete distribu-
tions. This model with C = 2, along with a specialization to Gaussian features has
been extensively studied in several works on (semi)-supervised node classi cation and un-
supervised community detection, see, for example, [DSMM18, LS20, BFJ21b, W22,
FLY * 23, BFJ23a]. Informally, a CSBM consists of a coupling of a stochastic block model
(SBM) [HLL83] with a mixture model where the components of the mixture have arbitrary
distributions and are associated with the blocks of the SBM.

More formally, let n;d be positive integers such thain denotes the number of nodes
and d denotes the dimension of the node features. Deng;:::;y, 2 f1;:::;Cg as
the latent variables (class labels) to be inferred. Assume that the latent variables have
a uniform prior, i.e., y, Unif(f[C]g) for all u. For the relational part of the data,
we have an undirected unweighted graph af nodes,G = (V; E) with adjacency matrix
A =(aw)uv2p)  SBM(n;Q), whereQ = fg;g 2 [0;1]° © is the edge-probability matrix,
meaning that

Pr(aw =1jys=1iyv=j)= g

The node attributes, X 2 R" 9 are sampled from a mixture ofC arbitrary distributions,

P = fPigi2[c), Where corresponding to they,, we haveX, Py, forall u2 [n]. Fora
feature-decorated graphG = (A;X) = (faw9uvzmp: f Xulu2n) sampled from the model
described above, we say thab CSBM(n; P;Q) or G CSBM(n; P;B=n), whereBj; is
seen as the expected number of neighbours in clas®of a node that is in clasg. In a lot
of places, we will reduce the model to the simpler case with two symmetric clas€gsand
C;, in which case,P = fP g, the distributions of the two classes, an@ =(p q)l.+ gJ;
where p and g are the intra and inter-class edge probabilities. In this case, | use the
notation CSBM(n;p;q; ) where represents the parameters oP . For example, for
a binary Gaussian mixture model coupled with a two-block symmetric SBM, we write
CSBM(n; p;q; 5 ).



2.3 Neural Network Architectures

For the rst part of my thesis where | analyze existing GNN architectures, | use the
following general family of neural networks where any number of graph convolutions can
be placed in any layer. In particular, for a network withL layers, here's the de nition:

Architecture 1. Given input data (A;X) where A 2 f0;1g" " is the adjacency matrix
and X 2 R" 9 s the node feature matrix, de ne:

HO = X;

fO(X)=(D *A)HI DWO + b('))
HO = ReLU(f M(X))

=" (fOX):

Here,' (X) = ﬁ and ReLU are applied element-wise. The nal output of the network
is represented by = f9,0i2;n). Note that D *A is the normalized adjacency matrix and
k; denotes the number of graph convolutions placed in layér In particular, for a simple
MLP with no graphical information, we haveA = I,.

for | 2 [L];

For the second part of the thesis, we need the following additional notation and pre-
processing. Let 0andL > 0 be xed integers. LetC 2 be the number of classes. For
given data (A; X) where A 2 R" " is the adjacency matrix of an unweighted undirected
graph, and X 2 R" 9 is the node feature matrix, we perform a pre-computation on the
graph to construct a tensorA as follows:

§ 1 I

AO = AW =AY~ o f AM fork2f1;:::;°g;

m=0
wheref (M) for a matrix M returns the entry-wise attened matrix with f (M ); = 1(My >
0), and (*;: ) denote the entry-wise bit-wise operators (‘and’, ‘negation’) respectively. Note
here that A is ann n binary matrix with A{) = 1 if and only if v is present in the
distance k neighbourhood ofu but not within the distance (k 1) neighbourhood. The
idea behind this pre-processing step is the following: for each nodeand eachk 2 ['], we
want to divide the radius * neighbourhood ofu into ~ groups of nodes, where each group
k 2 ['] consists of nodes that are within discovered the neighbourhood at each distance
from a given node.Afﬁ? models a non-backtracking walk of lengttk that considers new
nodes in the distancek neighbourhood that were not discovered.

| now propose the graph neural network architecture for the second part of the thesis.
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Architecture 2.  Given input data (A;X) whereA 2 f0;1g" " is the adjacency matrix
and X 2 R" ¢ s the node feature matrix, de ne:

HO = X; HO = (HO Yw® + 1,00) for I 2 [L];
Q = sigmoid(Z); M) =loghH {M; Qi fork 2 [J;u 2 [n];i 2 [C):

Then the predicted label is given by = f$,0,21n;, Where
|

" Y
yu=argmax H{2+  AUME
i2[C] okt

Here,H®) is viewed as the output of a simple.-layer MLP with f g, | being a set
of non-linear activation functions. We have \V @; b('))|2[L] as the learnable parameters of
this MLP, with suitable dimensions so thatH(-) 2 R" €. In addition, we introduce the
learnable parameterZ 2 R¢ € which 5 used to model edge connectivity among all pairs
of classes. The quantiyA{M % = =, ALUM ) is viewed as the sum of messages

M \(,k,) passed by all distanceé neighbours of nodeu.

2.4 Elementary Results

Let us start by stating some standard de nitions and probability tools which will be used
throughout this work. The rst de nition is regarding sub-Gaussianrandom variables.
Those random variables are characterized by their tail decay.

De nition 2.4.1  (SubGaussian tails, [Verl18]) We say that a random variablez follows
sub-Gaussiandistribution if there are positive constantsC; v such that for everyt > 0

Prjz E[z]j>t] Cexp( vt?):

Equivalently, z is sub-Gaussian iE[exp@(z E[z])?)] 2 for somea > 0 (this condition
is known as ,-condition).

The following lemma discusses the behaviour of the maxima of sub-Gaussian random
variables.
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variables with the same mean and sub-Gaussian parametér Then,
p
E max(x;i E[Xi]) ~ 2logn:
i2[n]

Moreover, for anyt> 0

t2

Pr m o EXqiD > 2n —
max(x;  E[xi]) >t exp 5

Next, we de ne Lipschitz functions and state that the function LeakyRelu, i.e.f (x) =
max(ax; x) where a is typically a very small number, is Lipschitz.

De nition 2.4.2  (Lipschitz functions). Let (X;dyx) and (Y;dy) be metric spaces. A
functionf : X 'Y is calledL-Lipschitz if there existsL 2 R such that for everyu;v 2 X

dy(f(u);f(v)) L dx(u;v):

Fact 2.4.2. LeakyRelu isL-Lipschitz with L 1.

Next are a few concentration inequalities used in this work.

independef_l,t random variables such tha X; b for eachi. De ne the sample mean

as: X = 3 L Xj. Then, for anyt> 0,

— — 2n2t?
Pr X E[X] t ex P
[ ] p in:]_ (b a|)2
Similarly,
— — 2n2t?
Pr X E[X t ex P
] PP e ar
Lemma 2.4.4 (Cherno bound [AS04, Hanl14, Verl8]) Let 4;:::; , be independent and

identically distributed (iid) random variables ranging in[0; 1], and letp = E[ ]. Then for
any 2 (0;1), it holds that
2 3
1 X 2n
4 = . 5 -
Pr N i p > < 2exp 7
i2[n]
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and for any 2 (0;2], it holds that

2 3
X 2
pral i p>pO<2exp Pn
i2[n]

The following statement considers the optimal Bayes classi er for data generated by
the Gaussian mixture model.

Lemma 2.4.5. LetG=(A;X) CSBM(n;p;q; ; ). Then, the optimal Bayes classi er
for X is realized by the linear classi er.

0 if xT 0
h(x) = :
() 1 ifx"™ >0

Proof. For a given data pointx and labely 2 f 0; 1g, the Bayes classi er is given by

h(x) =argmaxPr [y = cj x]:
c2f 0:1g

Note that since the class membership variables;:::; , Ber(1=2) are independent, we
havePr [y=0]= s andPr[y=1]= % Therefore, by Bayes rule

Prly=cjx]
Prly=c fyy(xjy=0 1

TPy =00fayo(X [Y=0)+ Priy=1fay(xjy=1 14 bty o9
xjy(XJy—C)

Assume thatx 2 Cy, we have thath(x) = 0 if and only if Pr [y =0 jx] 1=2.

Therefore, if we consider class= 0 we need that% 1. That is,
xJy -

L iy=1) _exp kx K
fxy(Xjy=0) exp hHkx+ k3

1
=exp o kx K2 k x + K3 1;

which implies that x T 0. Similarly, for label c = 1 we get that xT > 0. Hence, the
Bayes classi er is given by
0 ifxT 0
h(x) = ;
x) 1 ifxT™ >0
which is a linear classi er. m
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I now note the elementary results that supplement the proofs of the main results.

Proposition 2.4.6 (Degree concentration) ConsiderG CSBM(n;fP g;(p g)l.+qdo)
with y, 2 f 0;1g for all u 2 [n] and the densityp;q= ( %). Then for any ¢ > 0, with
probability at leastl 2n €, we have for allu 2 [n] that

deg(u) = g(p+ (1 on(1)); degl(u) = n(p2+ q)(1 on(1));
L ’ | 2yy 1 1 1
deg(u) | _, Qv oo aw =@ys 1sgn@ q (p;d(1+ on(1));

C

where the error termo, (1) = O oo

Proof. Note that deg(u) is a sum ofn Bernoulli random variables, hence, we have by the
Cherno bound [Verl8, Section 2] that
h h, n N
Prodeg(u)2 Z(p+al )i+ al+ ) 2exp( Cn(p+ q) %);

(ct+l)log n
Cn(p+q)

p;q= ( 'e¢’n=), we have that = O( %)= 0,(1). Then following a union bound over

logn

for someC > 0. We now choose = for a large constantc > 0. Note that since

u 2 [n], we obtain that with probability at least 1 2n €,

r—
n C
deg(u) = E(p+ Q 1 O r logn forall u 2 [n];
1 2 - Cc
deg(w) _ n(p+ 3 1 O _Iogn for all u 2 [n]:

P
Note that Wl(u) yo=b By for any b 2 f 0; 1g is a sum of independent Bernoulli random

variables. Hence, by a similar argument, we have that with probability at least 1 2n €,
!

1 X X

P q
v v =2y, 1D)—@1+ 1)) for all u 2 [n];
deg (W) yv=1au yvzoau @Y Dt on(d) [n]

which completes the proof. O
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Proposition 2.4.7 (Number of common neighbours) Assume that the graph density is
pP;q= ( '%‘-%). Then for any constantc > 0, with probability at leastl 2n €,

: . n

iNs(U\ Na(v)j = S(p"+ @)1 on(1) for all y, = yy;

IN2(U)\ Ny (v)j = npo(1  on(1)) for all 'y, 6 y;
where the error termo, (1) = O =<

logn

Proof. For any two distinct nodesy, v 2 [n] we have that the number of common neighbours
of u and v is jNy(u) \ Ny(v)j = w2n] Quw Bvw - This is a sum of independent Bernoulli
random variables, with meanEjNy(u) \ Ny(v)j = 3(p? + of) for y, = y, and EjNy(u) \
N:(v)] = npqgfory, 6 y,. Denote ,, = EjNi(u)\ Ny(v)j. Therefore, by the Cherno
bound [Ver18, Section 2], we have for a xed pair of nodesi;(v) that

Pr [iNl(u)\ Nl(V)j 2 [ uv(l uv); uv(1+ uv)]c] 2exp( C uv 5\/)

q___
for some constantC > 0. We now choose, = (”'(f)ﬂ for any largec > 0. Note that

sincep;q= ( lo9n=7), we have that ,, = O( % = 0,(1). Then following a union

bound over all pairs (;v) 2 [n] [n], we obtain that with probability at least 1  2n €,
for all pairs of nodes (;Vv) we have

. .. n
iNs(U\ Na(v)j = S(p"+ @)L on(1) for all y, = yu;
IN2(U)\ Ny (v)j = npo(1  on(1)) for all y, 6 yy:
This completes the proof. ]

Fact 2.4.8. Foranyx 2 [0;1], 5 log(1+Xx) X.

Fact 2.4.9. For any non-negative numbers; v; X;y such thatx;y 1,

XU + yv %(xu+yv)2 1 1 @ y)Y xu+yv:
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Chapter 3

E ects of Graph Convolutions

The rst set of results is presented in two parts. In the rst part, we analyze the binary
CSBM data model and develop the intuition behind the e ects of graph convolutions. We
characterize the precise change in the threshold for linear separability of the data when a
graph convolution is used with this data model. In the second part, we extend the idea to
multi-layer networks and work with the more complex data model, the XOR-CSBM. Here,
we also analyze the e ects of graph convolutions in di erent combinations across multiple
layers of a neural network.

3.1 GNN Architecture

For this part, we shall work with Architecture 1. Let denote the set of all learn-

able parameters of the network, \V );b®),; ;. For a dataset (A;X;y), denote the

blnqjy cross-entropy loss of a multi-layer network with parameters by "(A;X;y; ) =
ﬁ 2y Yi109(h) + (1 yi)log(l i), and the optimization problem as

OPT(A;X;y)=m£g (AGXY ) (3.1)

whereC denotes a suitable constraint set for. For our analyses, we take the constraint set
Cto impose the conditon W® _ Rand WO 1forall1<l L,Iie., the weight
parameters of all layerd > 1 are normalized, while fot = 1, the norm is bounded by some
xed value R. This constraint is necessary for the optimization algorithm to terminate
because, without the constraint, the value of the loss function can go arbitrarily close to
0 in the case of perfect classi cation. Furthermore, the parametdR helps us concisely
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provide bounds for the loss in the theorems for various regimes by bounding the Lipschitz
constant of the learned function. In the rest of this chapter, | use(X;y; ) to denote

(I Xsys ).

3.2 Binary CSBM with One-layer Networks

Let (Yi)k2p) be iid Ber(3) random variables that are latent class labels to be learned. Let
y denote the vector with coordinatesy;. Corresponding to these, consider the adjacency
matrix A = (a;) 2 R" " of a graph drawn from a symmetric stochastic block model
with two classes,Cp = fi 2 [n] :y; = 0g and C; = C§. Additionally, consider a feature
matrix X 2 R" 9 (also referred to asnode covariatesin the literature) drawn from a two-
component Gaussian mixture model. The distribution of the data conditioned on latent
variables x)«2n) is given by

(
Pr(a; =1)= P yi_yj. ; Xi N (yi 1) ; 2la);
g otherwise
where p;q; ; are parameters of the model. A sample drawn from this model is de-

noted as @;X) CSBM(n;p;q; ; ), whereA SBM(n;p;g and X GMM(n; ; ).
Furthermore, we denote the convolved data matrix, i.e. the transformed feature matrix
obtained after applying a graph convolution to the original dataX asX = D *AX . We
say that two models CSBM@; p;q; ; ) and CSBM(n%p% % & 9 are in the same family
if = 9 = %andsgnp 0 =sgn(p® o), i.e., the underlying Gaussian mixture has
the same distribution and the homophilic/heterophilic nature of the underlying graph is
the same.

3.2.1 Linear Separability

We nd that graph convolutions can dramatically improve the separability of a binary
CSBM dataset. In particular, adding the graph structure to a dataset and using the
corresponding convolution, i.e., working withX = D *AX as opposed to simplyX, can
make a dataset linearly separable when it was not so previously. More precisely, given a
sample A;X) CSBM(n;p;q; ; ), we say that (X;)i2[ is linearly separableif there is
some unit vector¢ such that hiX;¢i < 0 for alli 2 Cy and hX;;¢i > 0 foralli 2 C;. We
say that (X;)izm is linearly separable if the same holds faK. Let us begin by de ning
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two quantities of interest:

ip g k k,

o= ; ;)= : 3.2

(Pid= " () (3.2)
Here, (p;0) is viewed as the signal in the graph, while( ; ) is viewed as the signal in the
GMM. In the rest of this section, we will denote = ( ; ), making the dependence on

and implicit. Note that intuitively, a larger gap between the intra-edge and inter-edge
probabilities signi es a stronger signal in the graph. Wherp = q, the SBM collapses to
the Erdes-Renyi model. Similarly, a larger ratio of the distance between the means of the
GMM to the standard deviation signi es a stronger signal in the mixture. Note that our
de nition of is similar to the signal identi ed by several theoretical works on community
detection and GNNs [AS15, Abb18, LS20, WYJ22].

Theorem 1 (Linear separability). Let 2 RY9 and > 0. Then for any data sample
G=(A;X) CSBM(n;p;q; ; ) wherep;q= (log ?n=n), we have the following:

1. If K for any constantK > 0 then Pr (f Xgi[n) are linearly separable= 0,(1).

q

2.1f =1 —oats then Pr((Xi)iz is linearly separablp=1  0,(1).

3. Consider a training dataset(A%X9% CSBM(n;p;q; ; ). Let w be a linear clas-
si er produced by any arbitrary learning algorithm that takes as input the dataset
(A% X9. Additionally, consider a test datasef(A;X) CSBM(n;p;q; ; ) drawn
independent of(A% X 9. If the product of the two signals % for a constant

n

K> Oandp;qg 1 for any constant 2 (0; 1), then

Pr ((Xi)izn is linearly separable byw) = 0,(1):

This is a statement about the fundamental classi cation threshold of the datx, and
how a graph convolution improves that threshold. The rst part of this theorem shows that
if we consider a two-component GMM irRY with the same variance but di erent means,
then if the signal is 0,(1), that is, the means are O( ) apart, with overwhelming
probability it is impossible to linearly separate the data. For the second part we nd
that the con\ﬁolved data,X = D AX, is linearly separable provided the means are a bit

more than n'(op%f”q) apart. In other words, we identify the separability regime in terms

of the product of the two signals and . Furthermore, on this scale the loss decays
exponentially in R . Consequently, am(p + g)=2 is diverging, this regime contains the
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regime in which the data )iz is not linearly separable and logistic regression fails at
perfect classi cation. We note here that our arguments show that this bound is essentially
sharp (within a small logarithmic factor). Finally the third part of the theorem shows that
the convolved data is not linearly separable below the identi ed threshold.

3.2.2 Generalization

Let us now turn to the related question of generalization. Here, we are interested in
the performance of the optimizer of (3.1), call itw , on out-of-distribution data. In
particular, we are interested in an upper bound on the loss achieved for new dafa’(X 9
CSBM(n®%p%o® ; ). We nd that the graph convolution performs well on any out-of-
distribution example. Given that the attributes of the test example are drawn from the
same Gaussian mixture as the attributes of the training sample, the graph convolution
makes accurate predictions with high probability even when the graph is sampled from a
di erent distribution, i.e., w performs nearly optimally even when the values af®, p° and

o are substantially di erent from those in the training set.

Theorem 2 (Generalization). L&t (A;X) CSBM(n;p;q; ; ) and assume that the prod-

uct of the signals (p;q 2 n'(%%(”q) . Let w be the optimizer of (3.1) on the sample
(A;X). Then for any test samplg(A% X9 CSBM(nO,&O, > ; ) independent of(A; X)

such thatsgn@® o) =sgn(p ¢ and (PP 2 n'("p%”q) , we have for anyc > 0

that

Pr (X70is linearly separable byw ) =1 O(n °):

Note here that while the result for generalization is stated in terms of the binary-cross
entropy, the arguments immediately yield that the number of nodes misclassi ed by the
half-space classi er de ned byw must vanish with probability tending to 1.

3.2.3 Proof of Theorem 1

Let us brie y discuss the intuition behind the proof of Theorem 1. To show that the data
(Xi)izpn) is not linearly separable, we observe that we can decompose the data in the form
Xi=Q@y; 1) + Z;,wherez; N (0;I) are iid. The key observation is that when the
distance between the means isk k, = O( ) then the intersection of the high probability
regions of the two components of the mixture is most of the mass of both so that no plane
can separate the high probability regions.
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To make this precise, we state an elementary lower bound on the misclassi cation
error for the Gaussian mixture alone, i.e., in the absence of the graph. The proof re-
lies on the fact that we can easily compute the Bayes optimal classi er for the Gaussian
mixture model. A Bayes classi er, denoted byh (x), maximizes the posterior probabil-
ity of observing a labely = b, given the input data x = x. More precisely,h (x) =
argmaxy g.1q Pr [y = bj x = x], wherex 2 RY represents a single data point. For a sam-
ple drawn from the GMM, we compute the precise fraction of data points misclassi ed by
the Bayes classi er in terms of the GMM signal , and hence, provide a lower bound on
the misclassi cation error for any arbitrary classi er.

Proposition 3.2.1 (Misclassi cation error in a GMM). Let f X;gi2;n) be a dataset sampled
from a Gaussian mixture with means 2 RY and variance 214 Let be the GMM
signal in (3.2). Then for every classier h(x) : RY ! f 0;1g, we have for any constant
c > 0 that with probability at leastl n €, the fraction of data points misclassi ed byh is

r

clogn
n

Mn(n) ()

Proof. Note that Pr[y=0]= Pry=1] = % Let f,(x) denote the density function of a
continuous random vectorx. Therefore, for anyb 2 f 0; 19,

. Ir[y— b]ijy(xjy_ b) 1
- - - P .
Pr [y = l)j X = X] - 2 o1 Pr [y — C]ijy(X ] y - C) 1 ijy(ijzl b)
-9 ijy(Xiy=b)

A direct calculation using the densities giveé% =exp 2
xJy

The decision regions are identied by:Pr [y=0jx] =andPr[y=0jx]< = for
assigning labels 0 and 1 respectively. Thus, we obtain the classi er

0 ;™ O

h (x)= 1(lx; " > 0) = ) h><"‘i>0:

(3.3)

We now consider a sample af data points, f X;gi>(,;, drawn from the binary GMM
with means 2 RY and variance 214. For perfect classi cation by the Bayes classi er,
we require for everyi 2 [n] that hX;; i 0 fory; = 0 and hX;; i > 0 fory, = 1.
Note that the random variable Y; = hX;; *i is Gaussian with mean (8 1)k k, and

variance 2. Consider the casé 2 Co,. We have forallt 2 R that Pr Ytk X = ( y).
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K Ky

Puttingt= = , we have thatPr (Y; 0)= ( ). Similarly, for i 2 C;, we have that
Pr(Y;>0)= ( ). We thus obtain that each X; is misclassi ed with probability .( ).
Next, we consider the complete sample of data points. De ne My, (n) to be the fraction
of misclassi ed nodes. Lek; be the indicator random variablel(X iq;,misclassi ed). Then
X; are Bernoulli with mean ( ), and we have thatE[M (n)] = % 2 EXil = ().

Using Hoe ding's inequality [Verl8, Theorem 2.2.6], we have that for any> 0,
PriMp(n) () t] 1 exp( nt?:
Choosingt = P clogn=n for any constantc > 0 yields
PriMa(n) () o(@] 1 n*©

Since the Bayes classi er minimizes the risk (expected misclassi cation fraction) by de -
nition, we have for any arbitrary classi er h that E[M(n)] E[My (n)]. Therefore, any
classi er h misclassi es at least (( ) fraction of data points with high probability. ]

Negative Regime without the Graph

We now prove part one of Theorem 1, i.e., the impossibility of classi cation oX(;)izn; into
regions identi ed by their labels. Note that .( ) is a decreasing function. It approaches

Oas !'1 and=as ! 0. The total number of misclassi ed data points in a sample
of sizen is then roughlyn () “exp( 2=2). Thus, when is a_constant, we expect
a constant fraction of misclassi cations, while as soon as= (' 2logn), we expect
perfect classi cation with overwhelming probability. Following this intuition, we note that

if K then for any ¢ > 0, with probability at least 1 n ¢, we have that the total

number of errors is lower bounded as follows:

r ! s 1
M 0O S nk) 1 SR =0 (00 g

Therefore,f X;gio[n; are not perfectly classi ed. This completes the proof.

Positive Regime with Graph Convolution

We now consider the convolved data and prove part two of Theorem 1. Let denote
the two signals in (3.2). The key observation here is that after a graph convolution, the
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convolved data points can be written as

Z.
Xi 2y sgnp o + p=—=:
deg(i)
From this we see that, while the means move closer to each other by a factor ¢fthe
variance is reduced by a factor oEdeg(i) 5(p+ q). This lowers the threshold for non-
separability la]y the same factor. Consequently, if the distance between the neans is a bit

larger than - Wiq) or in other words, if the product of the two signals 2 ! n'(°p9+”q) :

then with high probability we can separate the data by the hyperplane normal to the
direction » and passing through the origin. More precisely, it su ces to take as ansatz,
w /. To formalize this, we rst construct a one-layer network that realizes the Bayes

classier in (3.3).

Proposition 3.2.2. Consider a one-layer network of the form described in Architecture 1,
with parametersW @ = R~ and b® = 0 for someR 2 R*. Then the de ned network
realizes the Bayes optimal classi er given ir{3.3) for the binary GMM(n; ; ).

Proof. Note that the output of the designed network is (XW &), which is interpreted as
the probability with which the network believes that the input is in the class with label 1.
The nal prediction for the class label is thus assigned to be 1 if the output is =, and
0 otherwise. For each 2 [n], we have that the output of the network on data pointi is
% = ' (RhX;; *i). Thus, we have

pred(X;) = 1(RhX;; i > 0) = 1(hX;; ~i > 0);
which matches the Bayes classi er in (3.3). ]

We now turn to the convolved data. First, we provide a decomposition & which we
will use frequently throughout the rest of this section. Note that conditionally ony, we
have that X; N ((2y; 1) ; ?2I). Thus, we can write

Xi=@yi 1) + g (3.4)
whereg; N (0;1) are iid copies of a standard normal vector.

Lemma 3.2.3. Conditionally on A andy, we have that for any unit vectow, any ¢ > 0,
and someC > 0, with probability at leastl O(n €), we have for every 2 [n] that
s |

logn

KX 2y 1)sgne o (1+on(1);wi=0 NP+ Q)
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Proof. Consider the random variablesk; =[D 'AX ],. For any xed i, we de ne m(i) to
be the mean ofX; conditional to the adjacency matrixA and class membershipsy(); 2in}.

__1 7 iy 1) = 1 (iCi\ Nij j Co\ Nij) : (3.5)
- deg(D_ au M 1 i] ] 0 i) . .

m(i) = E[XijA;y] - ~ deg(i)

From (3.4) we can write for any unit vectorw that

X . . - X
| aj X wi = h‘n(l);W|+m_
j2[n] j2[n]

hX;wi = ajj hg;; wi: (3.6)

deg(i)

Note that by the Cherno bound (see [Verl8, Section 2]), we obtain that class sizes
jCo;JCaj = 5(1  o(1)) with probability at least 1 ~ 1=poly(n). Combining this with
Proposition 2.4.6, we have that with probability 1 Cn € for any ¢ > 0,

m@)=@2y; 1)sgnp a (1+0n(1)8i2][n] (3.7)

Next, we consider the deviation termF; = i2pn & gj;wi. Note that condi-

deg (i)
tioned on A, we haveF; N (0O; ﬁ)' Then by Gaussian concentration we have

Pr(iFij> jA) 2exp( *deg(i)=(2 ?): (3.8)

De ne the eventQ = Q(t) = jFjj t 8i 2 [n]g and let the eventB be where the class sizes
concentrate aroundn=2 and Proposition 2.4.6 holds. We have

Pr(Q Pr(B\ Q9+ Pr(B° 2nexp C%n(p+q=2 +Cn ¢
for any ¢ > 0 and someC; C°> 0. Subsequently, we have

Pr(B\ Q) 1 Pr(B® Pr(Q° 1 Cn°® 2nexp C%¥n(p+q=2: (3.9

q___
We now choose = (G990 to obtain Pr(B\ Q) 1 (C+2)n °. We then observe

that on the eventB \ Q, we have

logn

hXi m(i);wi = jFj=0 n(p+ 9 ;

from which the result follows upon recalling (3.7). O
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Next, we show that there exists av such that the loss incurred on any sampleA(; X)
CSBM(n; p;q; ; ) is exponentially small with a high probability.

Lemma 3.2.4. Consider a one-layer neural network with the architecture described in
Architecture 1, equipped with one graph convolution, and the paramet&y ® = w =
Rsgnp o~ f(H any R > 0. Consider a sample(A;X) CSBM(n;p;q; ; ). Inthe
regime = ! n'(‘;ﬂ”q) and for someC 2 [%=;1], we have that with probability at least
1 O(n ©) for any c > 0,

(ASXsy;w)=Cexp( R (1 on(D)):
Proof. Consider the loss for a single nodewith label y;,
W(AXSy;w) = yilog t(RRwi) o (10 yi)log 10 (RRGwi)
=log l+exp (1 2y)(hXi;wi)

Using Lemma 3.2.3, it follows that with probability at least 1 O(n ©) for any ¢ > 0, we
have that for all i 2 [n],

s 1
i wi=@y 1)sgn@ @ h wi(l+o(1) O kwk —o9"
= s TS n(p+ o
S !
logn
=Q2y; 1R (1 1 ;
@y DR (A+o@m) O R o EEo
where the error terms are uniform in. In the second eqanation we put the value off from
the theorem statement. We now observe that if = ! n'("p%”q) , then for all i 2 [n] and
all R > 0 we obtain
hXi;wi=@2yr DR (1 0(1)=Q2y; 1)CR (3.10)

for some constaniC > 0. Hence, with the same probability, the loss incurred for each node
i 2[n]is i(A;X;y;w)=log(l+exp( CR )). Thus, the total loss is given by

X

1
(A X yw) = — A Xy;w)=log(l+exp( CR )
n i2[n]
The result then follows using Fact 2.4.8. O
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To nish the proof of Theorem 1 part two, note that from (3.10), we have that in the
said regime, with probability at least 1 O(n ©) for any ¢ > 0, the quantities hX;; wi
have the correct signs, and therefore, a network with a graph convolution that outputs
" (hXi; wi) obtains perfect classi cation with overwhelming probability. The exponentially
decaying expression for the cross-entropy is then obtained directly from Lemma 3.2.4.

Negative regime with Graph Convolution

We now provide the proof of part three of Theorem 1, i.e., the non-separability threshold
for the convolved dataX. The way we de ne separability here implicitly includes the
desired property of generalization. In particular, consider a training datasetA(® X9
CSBM(n; p;q; ; ) and a test dataset @;X) CSBM(n;p;q; ; ) drawn independently
from (A% X9 but from the same CSBM. Next, consider an arbitrary learning algorithm
L (A% X9 that takes as input the training dataset (A% X9 and outputs a linear classi er
w. We will bound the probability that w is able to perfectly classify the test data4 ; X).

Recall that with probability at least 1 O(n €) with any choice ofc > 0, the value of
m(i) is given by (3.7). Note that for successful classi cation, we requirgX;;wi < O for
i 2 Coand hXj;wi > 0 fori 2 C;. These conditions are equivalent to the event that

X
hw; i(1 0,(1))+max

_ _— a; hgi;wi < 0; 3.11
2Co deg(i) , i hY, (3.11)

X
hw; i(1 o0,(1)+min ——— aj hg;;wi > 0; (3.12)
i2Cy deg(|) 2] ) kg]
where the error termao, (1) = O(plol—ﬁ). Denote = Edeg = 3(p+ ¢) and T = Cy if

iCoj ] C4j, T = C; otherwise. Then we can bound the probability of the above event by
the following probability.

0 1
@ s hg hw; iA ( 1) (3.13)
Pr @max - a; hgi ; wi A1 o,(1 3.13
i2T deg(l)jz[n] e
0 1
X
Pr @mﬁx deg (i) a; hgj ; wi k k,(1 o,(1))A using Cauchy-Schwarz (3.14)
I .
0 j2[n] 1
@m X A K k
Pr ax a; hgi ;wi 1 o,(1 using = = 3.15
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Pr mzz%xhzi;wi pK:(l o, (1)) using pK:; (3.16)
|

P . o
where the random vectore; = golos o @i 8 N (05 geagyla)- We will now utilize Su-

dakov's minoration inequality [Ver18, Section 7.4] to obtain a lower bound on the expected
supremum of the random procesthZ;;wigi>t, and then use Borell's inequality [ATO7,
Section 2.1] to upper bound the probability in (3.16).

Denote the setd; = (N;[ N;) n(N;\ N;), and note that
(1 () X

12 Jj;

hWi;wi h Z;;wi = hg; wi:

To apply Sudakov's minoration result, we also de ne the canonical metric over the index
setT foranyi;j) 2 T:

q P ATY}
dr(ij) = E[(ziwi h Z:wi))= 0@ g): (3.17)

For anyi;j 2 T with i 6 ] and a nodel, the probability of | being a neighbor of exactly
oneofi;j is2p(1l p)if 2 Tand2g(1 o) if I 2 [n]nT. Thus, jJ;j is a sum of independent
Bernoulli random variables andEjJ; j = n(p(1 p)+ q(1 ). Hence, by the multiplicative
Cherno bound we obtain that for any 2 (0; 1),

2EjJij
3

Pr(idiyi EjJjli> EjJjj) 2exp

Sincep;q="! (F')Og’%), we have thatEjJ;j=n(p(1 p)+ql q)=" (log? n). Therefore,
choosing = ECJ ch;gjn for any large constantC, we obtain that with probability at least
1 O 9,3 np+qg p* AL )=np+qg pP° &)1 on(l)= ()since
p;q 1 fora xed > 0. Therefore, we have that

dr(ij)= @ a@)=  p=
Under the above mentioned event, let, = minj,sdr(i;j ). Then for an (-covering of
the set, we need every point of the set, i.eN (T;dr; o) = jTj. Putting thiB information
in Sudak(bv'i minoration inequality, we obtain that E[maxhz;;wi] C o logn. Since
o= (1 = ), this gives us that for some suitable C > 0,

r
Emaxtz;:wi] ¢ 29", (3.18)
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We now use Borell's inequality [ATO7, Section 2.1] so that for any> 0,

Pr maxhZi;wi E[maxhz;;wi] t 2 exp( t2deg(i))
i2Co rIZCO I

| | ' | .
=) Pr r_ggxhzi;w C ‘ogn t 2exp( t2deg(i)) using (3.18).
| 0
Chooset = ¢ '9n £ = logn  and combine with the event for class-size and

degree concentration from Proposition 2.4.6, so that for some constaifit> 0,
) K
Pr mzaTlxrzi;m p— 2n °= 0,(1): (3.19)
I

Thus, for any suchw, we showed that the probability that w perfectly classi es the con-
volved data (A; X) CSBM(n;p;q; ; )is 0,(1). This completes the proof.

3.2.4 Proof of Theorem 2

Let us now prove Theorem 2 by characterizingg . The key point for this result is that the
optimizer of (3.1), w , must be close to the ansatz we construct, and should separate the
data better than the ansatz. Secondly, we observe that the chosen ansatz does not depend
on the particular values ofp and g, but only the sign ofp . As such, it can be shown
that w performs well on out-of-distribution data corresponding to di erent values op® ¢
with sgn(p® o9 =sgn(p g). Combining these two observations then shows that also
performs well on the out-of-distribution data. De ne the following quantities.

me= sgn@ a (p:9 ; mi=sgn(p q) (p;g : (3.20)
We then have the following Lemma about the expected behaviour of .

Lemma 3.2.5. Forany R > O, let w be the optimizer to the problem ir{3.1) for a given
training sample (A; X) CSBM(n;a;q; ;) with 2 RY and with norm constraint R.
Consider the regime where = n'(‘;ﬂ”q) . Then for any ¢ > 0 xed but large enough,
with probability at leastl O(n ©) we have that for anyR > 0,

w = Rsgnp q”*(1 o0,(1)): (3.21)

Furthermore, we have that

hmo;w i R (p;d (T on(1)); mmywi R (p;d (T on(1): (322
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Proof. Fix R> 0 and letw be the solution to the problem in (3.1) with norm constraint
R. Let the training sample be A;X) CSBM(n;p;q; ; ). Then we have that

(ACXsyswo ) (A XY w);

wherew is de ned in Lemma 3.2.4. LetX; = (D !AX);. Now we focus our scope to the
event that for everyi 2 [n] and R > 0, we havehX;;wi = (2y; 1)R (p;09 (1 + 0,(2)).
Note that from (3.10), this event occurs with probability at least 1 O(n ©) for c large
but constant. Sincew is a solution to (3.1) andkwk, = R=, on this event we have for
all i that

2yy DXyw i R (p;9 (1 on(1)):

Now Lemma 3.2.3 implies that with probability at least 1 O(n ©), for all i we also have
s 1
logn

n(p+ 0

Sincekw k, R, we conclude that (1 2y;)my;w i R (p;9 (1 0,(1)), thatis,
(3.22) holds as desired. Now subtracting the two inequalities in (3.22) we obtain that

tm; mew i=2sgn(p q (p;dh;wi 2R (p;g (1 on(1)): (3.23)

This implies that kw k, R(1 0,(1)). Combined with the fact that kw k R due to
the optimization constraint in (3.1), we have

hX; my(l+o0,(1);wi =0 kwKk

h ;wi
1 ) —— L
*D T w K
Thus, the solution of the optimization problem is the suitably scaled vectof*. m

We now consider a test sampleA% X9 CSBM(n%p%d¢® ; ). Let X°be the corre-
sponding convolutionD® A% Similar to (3.7) and (3.20) we also de nemi), m$ and
m? corresponding to the sampleA %X 9. We restrict our calculations to the case where
yi =0, since the argument fory; = 1 is similar. Note that

_ 2(pd qp)
Mo Mo ol et

From Lemmas 3.2.3 and 3.2.5, we see that fa? > 0 large but O(1), with probability at
least 1 O((nY <) we have that for anyR > 0

hR%w i = tmd;w i(1+ 0,(1) 8i 2 [nI:
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Therefore, by the same lemmas, we have that for any; > 0 large enough, with
probability 1 O((n9 <+ n ©), wheny; =0
hRPw i = mdw i(1+ 0,(1))
=mJ mow i(1+ 0y(1))+ hmo;w i(1+ 0,(1))

20 9B .. .
oo W R (o @ (D)
2Rsgnp 9k k,(pd aqP .

(p+ AP+ ¢ e toed

RK k,sgn® Q) @?&@f@ Se @ o)

= Rk kysgn@ osgn®® o) (5@ o (D)
= Rk k, (P51 on(D)):

The rstinequality above uses (3.22), while the second inequality follows from Lemma 3.2.5.
In the last equation, we used sgm( q) =sgn(p® ). Similarly, for y; = 1 we obtain

REw i Rk ky (P51 on(D)):

This shows that the classi erw obtains correct signs forx© i.e., negative fori 2 C, and
positive fori 2 C,, implying perfect classi cation of all the nodes.

3.3 XOR-CSBM with Multi-layer Networks

In this section, we look at an XOR arrangement of CSBM, which we refer to as the
XOR-CSBM. The choice of this data model is inspired by the fact that it is not linearly
separable but is non-linearly separable. Therefore, a single-layer network fails to classify
the data from this model and a multi-layer network is required. We have two classes here
as well, Cy and C;, and the graph A is sampled from a symmetric two-block SBM as
before. However, the GMM now has four components instead of two. We also have latent
variables ;  Ber(*=) for the cluster membership. More precisely, let and be xed
vectors inRY, such thatk k, = k k, andh ; i =0. The distribution of the data (A; X)
conditioned on latent variables ¥ )w2n; and ( «)kzpn) IS given by

(

Pr(ay =1)= ° *=Y

. Xi N (27 D@ y) +vy ) 2l
g otherwise
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For data (A;X) = (faj g 2n); f Xi0i2n) Ssampled from this model, we say that4; X)
XOR-CSBM(n;p;q; ; ; ), whereA  SBM(n;p;g) and X = XOR-GMM(n; ; ; ).

Figure 3.1: Example of a 2D Gaussian mixture with orthogonal means and

3.3.1 Setting up the Baseline

Before stating the main result about the bene ts and performance of graph convolutions,
we set up a comparative baseline in the setting where graphical information is absent. To
this end, we completely characterize the classi cation threshold for the XOR-GMM data
model in terms of the distance between the means of the mixture.

Theorem 3 (Misclassi cation error). Let X  XOR-GMM(n; ; ; ) be sampled from the
XOR Gaussian mixture. Then the following hold:

1. Assume thatk k, K andleth(x): RY!f 0;1g be any binary classi er.
Then for any K > 0 and any 2 (0;1), at least a fraction2 .(Kk=)*> O(n =2) of
all data points are misclassi ed byh with probability at leastl exp( 2n! ).
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2. For any > 0, if the distance between the means ks k,=( (log n)%+ ), then
there exist a two-layer and a three-layer network that perfectly classify the data with
probability at leastl O(n €) for any ¢ > 0.

Part one of Theorem 3 shows that if the means of the features of the two classes are at
most O( ) apart then with overwhelming probability, there is a constant fraction of points
that are misclassi ed. Note that the fraction of misclassi ed points is 2 .(K=)?, which
approaches 0 aX ! 1 and approaches= asK ! 0, signifying that if the means are
very far apart then we successfully classify all data points, while if they coincid%then we
always misclassify roughly half of all data points. Furthermore, note that iK = ¢ logn
for some constantc 2 [0; 1), then the total number of points misclassied is B (K)?

2z€ K2 r};gf = (1). Thus, intuitively, K P logn is the threshold beyond which
learning methods are expected to perfectly classify the data. TFpis is formalized in part
two of the theorem, which shows that if the means are roughly( * logn) apart then the

data can be perfectly classi ed.

3.3.2 Improvement through Graph Convolutions

We now state the results that explain the e ects of graph convolutions in multi-layer

networks with the architecture described in Aﬂchitecture 1. Denote = k k, and
0= P3=k ky = k ko. Leterf(t)=2( t 2) 1 be the Gauss error function and
M) = terft) (1 exp( t2))= .

Let us begin by de ning the signals from the two sources of information (the graph
and the featuresX) in the XOR-CSBM model, given by

_p_q.

= — 3.24
p+q’ 2 (524
We now state the most important result of our work.
Theorem 4. Let (A;X) XOR-CSBM(n;p;q; ; ; ). Let and be the signals de ned

in (3.24). Then there exist a two-layer and a three-layer network such that:

" If the intra-class and inter-class edge probabilities ang;q = ( %), and it holds

that = n'(op%”q) , then for any ¢ > 0, with probability at leastl O(n ©), the
networks equipped with a graph convolution in the second or the third layer perfectly

classify all the nodes.
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q
“f pig= (%) and 2 = | logn " then for any ¢ > 0, with probability at

n

leastl O(n °), the networks with any combination of two graph convolutions in the
second and/or the third layers perfectly classify all the nodes.

To understand Theorem 4 intuitively, it helps to consider the case whergp; g = (1),
i.e., when the graph has a non-vanishing signal. Part one of the theorem then states
that under the assumption thatp;q= ( '09’n=), a single graph convolution improves the
classi cation threshold for_lp< k,, the distance between the means by a factor of at
least =% n(p+q) and up to 3= n(p+qg as compared to the case without the graph. Similarly,
part two shows that with a slightly stronger assumption on the graph density, we observe
further improvement in the threshold up to a factor of at least=%# and up to = 7.

Note that although the regime of graph density is di erent for part two of the theorem,
the result itself is an improvement. In particular, if p;q = ( 'ean="7) then part one of
the theorem states that one graph convolution achieves an improvement of at ledsn,
while part two states that two convolutions improve it to at least =%7. However, we
also emphasize that in the regime where the graph is dense, i.e., wheng= (1), two
graph convolutions do not have a signi cant advantage over one graph convolution. Our
experiments in Section 3.5.1 demonstrate this e ect.

We also note that an artifact of the XOR-CSBM data model is that a graph convolution
in the rst layer hurts the classi cation accuracy. Hence, we only consider networks with
no convolutions in the rst layer, i.e., ky = 0.

3.3.3 Placement of Graph Convolutions

We observe that the improvements in the classi cation capability of a multi-layer network
depend on the number of convolutions, and do not depend on where the convolutions
are placed. In particular, for the XOR-CSBM data model, putting the same number of
convolutions among the second and/or the third layer in any combination achieves mutually
similar improvements in the classi cation task.

Corollary 4.1. Consider the data model XOR-CSBKh; p;q; ; ; ) and the network ar-
chitecture described in Architecture 1. Then we have the following:

"~ Assume thatp;q= ( 'o9’r=), and consider the three-layer network characterized by
part one of Theorem 4, with one graph convolution. For this network, placing the
graph convolution in the second layerk = 1;ks = 0) obtains the same results as
placing it in the third layer (k, = 0; k; = 1).
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"~ Assume thatp;q= ( 'ean="7), and consider the three-layer network characterized by
part two of Theorem 4, with two graph convolutions. For this network, placing both
convolutions in the second layerk, = 2;ks = 0) or both of them in the third layer
(ko = 0;ks = 2) obtains the same results as placing one convolution in the second
layer and one in the third layer k, = 1;k; = 1).

Corollary 4.1 is immediate from Theorem 4. In Section 3.5, we also show extensive
experiments on both synthetic and real-world data that demonstrate this result.

3.3.4 Proof of Theorem 3

We begin by computing the Bayes optimal classi er for the XOR-GMM similar to that in
Proposition 3.2.1.

Lemma 3.3.1. For some xed ; 2 RY%and > 0, the Bayes optimal classier,h (x):
RY1f 0;1g for the data model XOR-GMMn; ; ; ) is given by

h )= 10 i < i)z o M B e

1 jhx; i) < jhx; ij
wherel is the indicator function.

Proof. Note that Pr[y=0]= Pry=1] = % Let f,(x) denote the density function of a
continuous random vectorx. Therefore, for anyb 2 f 0; 19,

Priy=bjx=x]=p 0= 0hyXiy=b _ 1
2o Pr Iy = cdfxy(xjy=0 1+ ‘fxfjxyj(yx&yjjxlz‘b)b)

Let's compute this forb= 0. We have
|

Fuy(x jy=1) _ coshx; i=?) oxp K K k 2k _ coshfx; i=2)
fuy(xy=0) _ coshfw; i=2) " 272 - coshfx; i=?)’

where in the last equation we used the assumption tha k = k k. The decision regions
are then identied by: Pr[y=0]jx] = forlabel 0 andPr [y =0 jx]< = for label 1.

Thus, for label 0, we neeo]% < 1, which implies that % 1. Now we
note that coshx) coshfy) =) j xj j yj for all x;y 2 R, hence, we havghx; i

jhx; ij. Similarly, we have the complementary condition for label 1. O
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Next, we design a two-layer and a three-layer network and show that for a particular
choice of parameters = (W (; b®) for | 2 f 1; 2g for the two-layer case and 2 f 1; 2; 3g for
the three-layer case, the networks realize the optimal classi er described in Lemma 3.3.1.

Proposition 3.3.2. Consider two-layer and three-layer networks of the form described in
Architecture 1, without biases (" = 0 for all 1), for parametersW () and someR 2 R*:
For the two-layer network,

wWh=R ~ A~ A A w@= 1 111
For the three-layer network,

1 11 1 we - 1

(1) = A AN A @ = .
w R W 1 1 1 1 1

Then for any > 0, the de ned networks realize the Bayes optimal classi er for the data
model XOR-GMM(n; ; ; ).

Proof. Note that the output of the two-layer network is' ([XW @], W @), which is inter-
preted as the probability with which the network believes that the input is in the class
with label 1. The nal prediction for the class label is assigned to b&(§;  0:5). For each
i 2 [n], we have that the output of the network on data pointi is

gi =" ((RGAXi; N jhe X5 ~ij));

where we used the fact thatt]. +[ t]. = jtj for all t 2 R. Similarly, for the three-layer
network, the output is ' ([[XW @], W @], W @), Direct calculation gives

$

SRR M jhe X ML IR A Jhe XG5 R )
©(RORXG; M) jhe X5 M) 5

where in the last equation we used the fact that], [ t]. = tforallt2 R.

The nal prediction is then obtained by considering the maximum posterior probability
among the class labels 0 and 1, and thus,

pred(Xi) = L(RjhX;; *ij <R jhXi; Mij) = 1(GhX5; i < jhXi; ij);

which matches the Bayes classi er in Lemma 3.3.1. ]
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We are now ready to prove part one of Theorem 3. Recall from Lemma 3.3.1 that for
successful classi cation, we require for eveiy2 [n],

jinXi; i jh X5 ij fori 2 Cy; inXi; i < jhXy; ij fori 2 Cy:

Let's try to upper bound the probability of the above event, i.e., the probability that the
data is classi able. We consider only clas€,, since the analysis folIC; is symmetric and
similar. Fori 2 Cy, we can writeX; = + gi, whereg; N (O;1). Then we have for
any xed i 2 Cy that

Pr{jnXi; ij jh Xi; ij1=Pr [ °+ hgi;ij j  hgi; 2]
Pr[ %+ jhgi; "ij jhgi; Nij]1  (by triangle inequality)
Pr [jhgi; %ij jh gi;Nij %<3 (using K ):
We now de ne random variablesZ; :phgi; Al and Z, = hgi; M1 and note that Z4;Z,

N (0;1) and E[Z;Z,] = 0. Let K%= K=" 2. We now have
PriZy j Zij K(ﬂ:4F£r [z, Z, K%Z3:Z, O]
1

=4 Pri0 Z, z+K9 (2)dz
Zol Zl

=4 (z+KH % (z2)dz=4 (z+K9Y (2dz 1
0 0

=2( K2)+2( K2) (k=) 1=1 2 (2%

To evaluate the integral above, we used [Owe80, Table 1:10,010.6 and Table 2:2.3]. Thus,
the probability that a point i 2 Cy is misclassi ed is lower bounded as follows

Pr [X; is misclassied] 2 .(K=)*= :

Note that this is a decreasing function oK, implying that the probability of misclassi-
cation decreases as we increase the distance between the means, and is maximum for
K =0.

Dene M(n) for a xed K to be the fraction of misclassi ed nodes irCy. De ne x;
to be the indicator random variable1(X; is misclasg ed). Thenx; are Bernoulli random
variables with mean at least x, and EM (n) = % i2c, EXi k. Using Hoe ding's
inequality [Ver18, Theorem 2.2.6], we have that for any> 0,

PriM(n) « t] Pr[M(n) EM(@M) t] 1 exp( nt?:
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Choosingt = n =2 forany 2 (0;1) yieldsPr M(n)  n =2 1 exp( n! ),
which completes the proof.

We now turn to the proof of part two of Theorem 3, and show that there exists a
two-layer MLP that obtains an arbitrarily small loss, and hence, successfully classies
a sample drawn from the XOR-GMM model with overwhelming probability. Consider
the two-layer and three-layer MLPs described in Proposition 3.3.2, for which we have
% =" (RGhXi; Nj jh X5 7))

Note that hX; EX;; i andhX; EX;; i are mean 0 Gaussian random variables with
variance 2. So for any xedi 2 [nNJandm.2f ; g, we use [Verl8, Proposition 2.1.2] to
obtain
t2
2 2
Then by a union bound over alli 2 [n] andm.2f ; g, we have that

r_

Pr jhX; EXj;mcj >t] Ep?eXp

. y : n 2 t?
Prnxi EXimd t8i2[n;me2f ;g 1 — “exp o5
Let ~;~ denote the normalized vectors ; . We now sett = P 2(c+1)log n for any
large constantc > 0. We now have with probability at least 1 pﬁ that

hXi; M= lEX ;M O P clogn); hXj; ™ = FEX;; N O P clogn) 8i 2 [n]:
Thus, we can write

r r—

C ) C

hX: Nio= 0 1 : hX; N o= O _ 8i 2 Cy;
logn logn
(3.25)
r — r —
hX ;A= 0 e) : hXi: M= 0 1 _— 8i 2 Cy:
logn logn
(3.26)

Using (3.25) and (3.28),& obtain that the output of the networks in Proposition 3.3.2 is
"(Qyi DR 1 O( %)), implying perfect classi cation of all data points.

logn
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3.3.5 Proof of Theorem 4
Networks with One Graph Convolution

Let us now prove part one of Theorem 4. First, let us understand the output of the (Bayes)
optimal classi er for the XOR-GMM data model.

Lemma 3.3.3. Let h(x) = jhx; ~ij jh x; ~ij for all x 2 RY and recall the value of from
(3.24). Consider (t)=terf(t) s~ 1 e ¥ . Then we have the following.

1. The expectationEh(X;) = p§(2yi 1) 5.

2. For any ; > 0 such that n( ), we have that (-)= ( -).

3. For any ; > 0 such that on( ), we have that (-) = ( —2).

Proof. For part one, observe thathX; ~i and hX;; *i are Gaussian random variables with
variance 2 and means = 2,0 ify; = 0 and 0; 2z if y; = 1, respectively. Thus,jhX;; 2ij

and jhX;; Nij are folded-Gaussian random variables and we hakd(X ) = 2 P>

if i 2 Co and Eh(X;) = P 2 P~ otherwise. We now write

M=t erf(t) t491—_(1 e ™) =tH();

whereH (t) =erf(t) #(1 e ¥).

For part two, note that H(t) is an increasing function in the range [1; 1] andH (t) > O
for t > 0. Hence, fort C for some positive constaniC, H(t) H(C) = C° therefore,
(t)=tH((t) C&.

For part three, t = 0,(1). We use the series expansion ¢i(t) about t = 0 to obtain

that
t t3

3
hh= p= H=+0(9) p= p== (1)

Hence, (t) = th(t)= ( t?). Putting t= = completes the proof. m

Let us now begin the main proof by computing the output of the network when one
graph convolution is applied at any layer other than the rst.
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Lemma 3.3.4. Let h(x) = jhx;"ij jh x; ~ij for any x 2 RY. Consider the two-layer and
three-layer networks in Proposition 3.3.2 where the weight parameter of the last layet ("),
is scaled by a factor of =sgn(p ). If a graph convolution is added to these networks in

either the second or the third layer then for a samp(@& ; X) XOR-CSBM(n;p;q; ; ; ).
the output of the networks for a point 2 [n] is
0 1

X
Rsanb _a % hix,)A -

— v (5 (L) -
g= (R0 =" O

j2[n]

Proof. The networks with scaled parameters are given as follows.
For the two-layer network:

Wh=R A~ A~ Ay w@= 1 111

For the three-layer network:

>

1 1 1 1
. @ =
1 1 1 1 W

1

WO =R ~ A A A W@ = .

When a graph convolution is applied at the second layer of this two-layer MLP, the output
of the last layer for data A;X) is f@(X) = D A[XW @], W@ Then we have
X o H R X
[P LAY =
aj (JhX5 Mjjhe X5 7)) deg(i)

j2[n] i2[n]

fi(z)()(): a; h(X;):

deg(i)

Similarly, when the graph convolution is applied at the second layer of the three-layer MLP,
the output is f&(X) =[D A[XW O, W @], W® and we have
02 3 2 31
X R X
ajh(X;)> 4 ajh(X;)® A = aj h(X;):

t9(x) = =
i2[n] deg(i) i2[n]

_@4
deg(i) i200]

+ +

Finally, when the graph convolution is applied at the third layer of the three-layer MLP,
the output is f&(X) = D A[XW O, W @], W®  and we have

R X

®) _ VI e LA A
O (x) dog() , ° G057 gh Xg; 7T, ORXGs Aijh X5 il
= R Xy = R g hex)):
= : i (X5 i M) = - i h(X;):
deg(i) P20 deg(i) (200
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Therefor% in all cases with a single convolution, the output of the last layer fs(L)(X) =

RS2 o @ h(X;); whereL 2 2;3g is the number of layers. O

Now to complete the proof of Theorem 4 part one, we analyze the output conditioned
on the, adjacency matrixA . Note that 1£5(X) in Lemma 3.3.4 is Lipschitz with con-

stant Wz(.) and h(X;) are mutually independent forj 2 [n]. Therefore, by Gaussian
concentration [Ver18, Theorem 5.2.2] we have that for a xed2 [n],
1 . . 2deg(i
Pr ﬁin(L)(X) EfFMSX)i> jA  2exp 4—92()

We refer to the event from Proposition 2.4.6 a8 and de ne Q(t) to be the event that
iFPx) EFM (X)) tforalli 2 [n]. Then we can write

2
Pr [Q(t)] = Pr [Q(t)°\ B]+ Pr [Q(t)°\ B°] 2nexp tn;p—:q) + Pr [BY
t?n(p+ g .
2n exp —gz +2n %
Let =sgn(p ¢ andnotethat £ =B = (p;g). Wenowchoose =2 ~ 2EJean
to obtain that with probability at least 1  4n ¢, the following holds for alli 2 [n]:
s 1
1 1 clogn
Zt O x)y= ZEFM (X)) o
(X)= =E[f{(X)] 0 g
s |
R X clogn
= - aj Eh(X; O R
deg(i) -  ERCXS) n(p+ q
I S I
p_ H H
2R X X clogn
= . aj aj O R (Lemma 3.3.3)
dea) e, 2, nera
P clogn ' .
= 2(2yy 1R (p; 1 o,(1 O R Proposition 2:4:6
2yi DR (p;9 ( (1)) n(p+ Q) (Prop )

3@ DR (M9 @ (D);

q
where in the last equation we used the assumption that(p;q = % . Overall,
we obtain that with probability at least 1  4n ¢,

fOX)=@2y, 1CR (g9 (1 0,(2)); foralli 2 [n]:
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Therefore, with probability at least 1  O(n ©), the output of the networks have correct
signs for each class, implying perfect classi cation of all the nodes.

Networks with Two Graph Convolutions

Let us now turn to the proof of part two of Theorem 4. We begin by computing the output
of the networks constructed in Proposition 3.3.2 when two graph convolutions are placed
among any layer in the networks other than the rst.

Lemma 3.3.5. Leth(x):RY! R = jhx;”ijjh x; ~ij. Consider the networks constructed
in Proposition 3.3.2 equipped with two graph convolutions in the following combinations:

1. Both convolutions in the second layer of the two-layer network.
2. Both convolutions in the second layer of the three-layer network.
3. One convolution each in the second and the third layer of the three-layer network.

4. Both convolutions in the third layer of the three-layer network.

Then for a sample(A;X) XOR-CSBM(n;p;q; ; ; ), the output of the networks in all
the above described combinations for a poin® [n] is
0 1
—(fWixn= ' @ Ch(X A - - k8k .

j2[n] k2[n]
Proof. For the two-layer network, the output of the last layer when both convolutions are
at the second layer is given by ®(X) = (D A)2XW @], W@ Then we have

deg (i) deg()" ) = deg(h)

f@(x) = i h(X;):

j2[n]k2[n] j2[n]

Next, for the three-layer network, the output of the last layer when both convolutions
are at the second layer is given by ¥ (X) = [(D 1A)2XW @], W @], W ®  hence, we
have

02 3 2 31

@4 L Kh(Xy)> 4 L
deg(i) . deg() " deg())

k2[n] j2[n] k2[n]

f(x)= ah(X )5 A

i2 +

+
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~ R X aj X _ R X
= degt . deg() .. AN Gegm

k2[n]

i h(Xj):

j2[n] j2[n]

Similarly, the output of the last layer when there are one convolution each at the second
and the third layer is given by f®(X) = D A[D AXW O, W®@],W® hence, we
have

02 3 2 31
R X a; X
F9X)= —— @4 auh(X)5 4 akh(Xi)5 A
deg(i) j2[n] deg(j) k2[n] . k2[n] .
= - . Ak h(Xx) = ——= i h(XJ)
deg(i) . deg() - deg(i) .

Finally, the output of the last layer when both convolutions are at the third layer is given
by £P(X) = (D A)XW D], W @], W ® hence, we have
0 1

X ) X
FOxy= N 4 @ a, [n h A
00 Gagiy  dmgy @, W MO L 0L

R X a; X
" deo ,, deoll),, , "

i h(Xj):

B R
deg(i) i200]

j2[n] k2[n]

Hence, the output for two graph convolutions is the same for any combination of the
placement of convolutions, as long as no convolution is placed at the rst layer. m

We are now ready to prove the positive result for two convolutions. The proof strategy
is similar to that of part one of the theorem. Note that %fi(L)(X) in Lemma 3.35 is
Lipschitz with constant

S

2 X

1 )
R dea(i)z i
Hip 4e9()* o

[(®)

Since h(X;) are mutually independent forj 2 [n], by Gaussian concentration [Verl8,
Theorem 5.2.2] we have that for a xed 2 [n],
[

2 N2
Pr %jfi(L)(X) EFC0)> jA  2exp _zm :

2
4% jom i
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We refer to the event from Proposition 2.4.7 a88. Note that since the graph density

assumption is stronger than ('09: M), Proposition 2.4.6 trivially holds in this regime, hence,
the degrees also concentrate strongly around =3(p+ g). On event B, we have that

0 1, 0 1,
X X X aa X X
Ak Ak 1
p= @ QA= @ arA o)
i2[n] i2In]  k2[n] i2n] k2]
1 X , X "
= — NPV NG =+ NV NGj2 (1 on(2))
joi joi |
1 X n , > 2 X 2' . -
== E(p +q) + (npg)® (1 on(1) (using Proposition 2.4.7)
joi joi
n 3

n2 n
57 PP (1 @)= g P dHEpT (1 on(1):

Therefore, under this event we have that
S » S
lf -(L)(X) L A 2 4(p* + g* + 6 P°F)
R i deg(i)?, " n(p+ o)

(1 o (1):

Note that K = K (p;q) = W 4. We now de ne Q(t) to be the event that

if P x) E[F®M (X)) tforalli 2 [n]. Then we have

2

Pr [Q(t)°] = Pr [Q(t)°\ B]+ Pr [Q(t1)°\ B°] 2nexp K2 +2n %
We now choose = 261 14 ghtain that with probability at least 1 4n ©,
the following holds for alli 2 [n]:
r ! X r !
fOX)= EfVx) o r 09N _ R JEh(X,) O R lo9n .
deg(i) n
j2[n]
Note that we have
|
L X s 2 XK )
. i En(X;) = . i i using Lemma 3.3.3
i j i ]
deg(I)jZ[n] deg(i) j2Cs i2Co
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D 0 1
2 @X X oaan X X aya A
deg(i) RECTHU deg(k) |,c, kom 989K

P -
_ 2 X A X 8 X a A
deg(i) k2[n] deg(k) j2Cy i2Co |
p_ a X X '
_ 2 Sgrcll(s (i;}) (p; 9 au ak  (1+ on())
g k2C1 k2Co

=Py 1) e+ o):

In the last two equations above, we used Proposition 2.4.6. Overall, we obtain that

r !
logn

1
X)) =@y DCR (Pg® (L+o(1) O R ——
=(@2yi 1CR (p;9? (1+ 0n(1));
. . 2 g logn
where in the last equation we used (p;g* = ! =% . Now that the outputs have

the correct sign, this implies perfect classi cation of all nodes and completes the proof.

3.4 Experiments with the Linear Model

In this section, | provide experiments to demonstrate the theoretical results in Section 3.2.
To solve problem (3.1), CVX was used, a package for specifying and solving convex pro-
grams [GB13, BBKO0S8].

3.4.1 Loss against the Distance between the Means

In our rst experiment, we illustrate how the trainingpagd test losses scale as the distance
between the means increas&s from nearly zero ¢g 4. Note that according to Part 1
and Part 3 of Theorem 1, ¥ 0:5dn(p+ g) and 1= d are the thresholds for the distance
between the means, below which the data with and without graph convolution are not
linearly separable with high probability, respectively. For this experiment, we train and
test on a CSBM with p = 0:5, g = 0:1, d = 60, and n = 400 which is roughly equal
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to 0:85 d*2, and each class has 200 nodes. We present results averaged over 10 trials
for the training data and 10 trials for the test data. This means that for each value of
the distance between the means we have 100 combinations of train and test data. The
results for training loss are shown in Fig. 3.2a and the results of the test loss are shown
in Fig. 3.2b. We observe that graph convolution re&ﬂs in smaller training and test loss
when the distance of the means is larger than log= dn  0:035, which is the threshold
such that graph convolution can linearly separate the data (Part 2 of Theorem 1).

(a) Training loss vs distance of means (b) Test loss vs distance of means

Figure 3.2: Training and test loss with/without graph convolution for increasing distance
between the means. The vertical dashed red and black lines correspond to the separability
thresholds from Parts 1 and 3 of Theorem 1, respectively. The green dashed line with
square markers illustrates the theoretical rate from Theorem 2. The cyan dashed line with
star markers corresponds to the lower bound from Part 1 of Theorem 1. We train and test
on a CSBM withp=0:5,q=0:1, n =400 and d = 60. The y-axis is in the log scale.

3.4.2 Loss against the Density of the Graph

In our second experiment, we illustrate how the training and test losses scale as the density
of the graph increases while maintaining the same signal-to-noise ratio for the graph. By
density we mean the value of the intra- and inter-class edge probabilitigsand g, since
they both control the average degree of each node in the graph. For this experiment, we
train and test on a CSBM with q= 0:2p wherep varies from Ento 0.5 and (p;g 0.6,

d = 60, and n = 400 which is roughly equal to 885 d33, and each class has 200 nodes. For
this experiment, the distance between the means is2d. The results for training loss are
shown in Fig. 3.3a and the results of the test loss are shown in Fig. 3.3b. In these gures,
we observe that the performance of graph convolution improves as density increases. We
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also observe that forp;q log? n=n, the performance of graph convolution is as poor as
that of standard logistic regression.

(a) Training loss vs density (b) Test loss vs density

Figure 3.3: Training and test loss with/without graph convolution for increasing density.
The vertical dashed red line corresponds to the lower bound paind g from our assumption
on graph sparsity. They-axis is in the log scale.

3.4.3 Out-of-Distribution Generalization on Synthetic Data

In this experiment, we test the performance of the trained classi er on out-of-distribution
datasets. We perform this experiment for two di erent distances between the means=L6d
and 2= d. We train on a CSBM with pyain = 0:5, Gin = 0:1, n = 400 and d = 60, and
we test on CSBMs withn = 400, d = 60 and varying prest and Gest While prest > Qest- The
results are shown in Fig. 3.4 In this gure, we observe what was studied in Theorem 2
that is, out-of-distribution generalization to CSBMs with the same means, but di erentp
and q pairs. In particular, for a small distance between the means, i.e.=2d, where the
data are close to being not linearly separable with high probability (Part 1 Theorem 1),
Fig. 3.4a shows that graph convolution results in much lower test error than not using the
graph. This happens even wheges; is close topes; in the gure, i.e., (Prest; Gest) from the
bound in Theorem 2 is sma|l. Furthermore, in Fig. 3.4b, we observe that for large distance
between the means, i.e., d, where the data are linearly separable with high probability
(Part 1 Theorem 1), and gest is much smaller thanpest (i.€., (Prest; Gest) IS large), then
graph convolution has low test error, and this error is lower than that obtained without
using the graph. On the other hand, in this regime for the means, @gs; approachePiest

INote that the x-axis is . Another option that is more aligned with Theorem 2is  (Prest ; Gest ), however,
the log-scale collapses all lines to one and the result is less visually informative.
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(i.e, as (pest; Gest) decreases), the test error increases and eventually it becomes larger
than without the graph.

In summary, we observe that in the di cult regime where the data are close to linearly
inseparable, i.e., the means are close but larger thar 1d, then graph convolution can
be very bene cial. However, if the data are linearly separable and their means are far
apart, then we get good performance without the graph. Furthermore, if (Pest; Gest) IS
small then the graph convolution can result in worse training and test errors than logistic
regression on the data alone. In the supplementary material, we provide similar plots for
various training pairs pest and gest. We observe similar trends in those experiments.

@) k ¢ dk=2=pa (b) k 4 dk=16=pa
Figure 3.4: Out-of-distribution generalization. We train on a CSBM withpy,, = 0:5,
Grain = 0:1, n =400 and d = 60. We test on CSBMs withn = 400, d = 60 and varying
Prest aNd Gest While prest > (iest @aNd xed means. They-axis is in the log scale.

3.4.4 Out-of-Distribution Generalization on Real Data

In this experiment, we illustrate the generalization performance on real data for the linear
classi er obtained by solving (3.1). Note that Eq. (3.1) is convex in the case of one-layer
networks. In particular, we use the partially labelled real data to train two linear classi ers,
with and without graph convolution. We generate new graphs by adding inter-class edges
uniformly at random. Then we test the performance of the trained classi ers on the noisy
graphs with the original attributes. Therefore, the only thing that changes in the new
unseen data are the graphs, the attributes remain the same. Note that our goal in this
experiment is not to beat current baselines, but rather to demonstrate out-of-distribution
generalization for real data when we use graph convolution.
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We use the real datasets Cora, PubMed and WikipediaNetwork. These datasets are
publicly available and can be downloaded from [FL19]. The datasets come with multiple
classes, however, for each of our experiments, we do a one-v.s.-all classi cation for a single
class. WikipediaNetwork comes with multiple masks for the labels, in our experiments,
we use the rst mask. Moreover, this is a semi-supervised problem, meaning that only a
fraction of the training nodes have labels. Details about the datasets are given in Table 3.1.

Table 3.1: Information about the datasets, o and ; are de ned in Section 2.2. Note that
for each dataset we only consider classésand B and we perform linear classi cation in
a one-v.s.-all fashion. HereA and B refer to the original classes of the dataset. Results
for other classes are given in the supplementary material.

H Info./Dataset Cora PubMed Wiki.Net. H

# nodes 2708 19717 2277

# attributes 1433 500 2325
o0, classA 50e 2 25e 3 47e 1

1, classA 56e 2 48e 3 49e 1

o0, classB 48e 2 33e 3 47e 1

1, classB 9:2e 2 25e 3 47e 1

k k,classA 7:0e 1 10e 1 36e 1
k k,classB 94e 1 T72e 2 30e 1

The results of this experiment are presented in Fig. 3.5. We present results for classes
A and B for each dataset. This set of experiments is enough to demonstrate good and
bad performance when using graph convolution. The results for the rest of the classes are
presented in the supplementary material. The performance for other classes is similar. Note
in the plots that in this gure the y-axis (Test error) measures the number of misclassi ed
nodeg over the number of nodes in the graph. In all sub- gures in Fig. 3.5 except for
Fig. 3.5c we observe that graph convolution has lower test error than without the graph
convolution. However, as we add inter-class edges (noise increases), then graph convolution
can be disadvantageous. Also, there can be cases like in Fig. 3.5¢c where graph convolution
is disadvantageous for any level of noise. Interestingly, in the experiment in Fig. 3.5c¢ the

2We do not plot the loss on the y-axis because the test loss does not di er much between using and
not using graph convolution. However, the number of misclassi ed nodes di ers signi cantly as shown in
Fig. 3.5. As noted after Theorem 2, our argument for the bound on the loss immediately yields a bound
on the number of misclassi ed nodes.
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test errors with and without graph convolution are low (roughly 0:080). This seems to
imply that the dataset is close to being linearly separable for the given labels. However,
the dataset seems to be nearly non-separable after the graph convolution, since adding
noise to the graph results in a larger test error.

(a) Cora, classA (b) Cora, classB
(c) PubMed, classA (d) PubMed, classB
(e) WikipediaNetwork, class A (f) WikipediaNetwork, class B

Figure 3.5: Test loss as the number of nodes increases. The test error measures the number
of misclassi ed nodes over the number of nodes in the graph. Moreoverdenotes the ratio

of added inter-class edges over the number of inter-class edges of the original graph. The
y-axis is in the log scale.
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