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Abstract

Humanoid robotics is advancing rapidly, with significant potential to address challenges in
disaster recovery, manufacturing, and healthcare. Despite great progress, current humanoid
capabilities remain limited, particularly in terms of efficient mobility over long distances.
Integrating humanoid robots with personal transporters (PTs) like Segways, offers a promis-
ing solution, enabling them to operate more efficiently in human-centric environments such
as factories, malls, and airports. This approach not only preserves the humanoid’s ability
to navigate complex, uneven terrain with its legs, but also enhances versatility, allowing for
faster, more energy-efficient movement on flat surfaces.

This thesis explores methods for enabling bipedal humanoids to operate PTs, focusing
on the REEM-C humanoid riding a Segway x2 SE. The research begins by analyzing human
interactions with Segways to reverse-engineer their internal controllers, leading to a high-
fidelity simulation model. This model informs the development of control algorithms for the
REEM-C, enabling successful simulation-based demonstrations of humanoid-driven Segway
motions, including translational, rotational, and mixed maneuvers. Building on this, balance
stabilization strategies are devised for actuated balance boards, addressing both frontal and
sagittal plane control through an integration of admittance control strategies.

A comprehensive analysis of bimanual manipulation is also conducted, emphasizing ma-
nipulability and stability within a constrained workspace. Using a combined manipulability-
stability metric, collision-free bimanual trajectories are generated, demonstrating improved
stability during dynamic tasks such as manipulating objects of varying shapes and masses.
This analysis underpins the implementation of bimanual manipulation strategies needed for
operating the Segway’s LeanSteer handlebar.

The final contribution consolidates all findings, presenting a whole-body control strategy
that enables the REEM-C to ride a Segway safely and effectively. A stack-of-tasks quadratic
program is utilized to ensure stability, balance, and bimanual control in dynamic condi-
tions. Experimental validation demonstrates the feasibility of this approach, showcasing the
REEM-C’s ability to operate a Segway under real-world conditions. This research provides a
step towards more versatile and adaptable humanoid mobility solutions for everyday human
environments.
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for the collaborations in the lab and the incredibly fun board game nights that brought so
much joy. Shaundell, I deeply appreciate the good times we shared and the fun dance classes
we attended together. A special thanks to Shubham, Anavir, Laurence, and Ayush for their
encouragement along the way. To the many others who go unnamed here, please know that
your support and presence have left a lasting impact on me, and I am forever grateful for the
role you played in this journey.

A heartfelt thank you to my parents, Raj and Shanthi, for their steadfast support and
for seeing me through to this day. I could not have done it without you. I was a few months
old around the time my Mom was defending her PhD. It’s funny how life comes full circle.
Thank you to my uncle, Mahen, for his encouragement and valuable life advice whenever
we met. I am also truly indebted to my grandparents, Mani and Uma, for their constant
support. To those no longer with us, Bhuvaneshwari, Rajasekaran, and Sundar, thank you
for always supporting me throughout my educational journey. To the many relatives who
will go unnamed, thank you for all of your support and love over the years.

I am deeply grateful to NSERC for the funding that made this research possible, as well as
to the Canada Excellence Research Chair program and the Hector Foundation (Germany).
A special thank you to Segway and Segway of Ontario for the initial collaboration which
played a pivotal role in shaping my research.

Finally, I am genuinely thankful to the University of Waterloo for an incredible 11 years
of post-secondary education (BASc, MASc, and now PhD). It has been an unforgettable
journey, filled with growth, learning, and countless memorable experiences.

vii



Dedication

In memory of my Grandmother, Bhuvaneshwari. She was my greatest cheerleader and
supporter, seeing me through all of my educational milestones. I miss you, dearly.

viii



Table of Contents

List of Figures xiv

List of Tables xxii

1 Introduction 1

1.1 Problem Definition and Approach . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 REEM-C Humanoid Robot Platform . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Thesis Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Literature Review and Background Theory 10

2.1 Current State of Humanoid Robots . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Humanoid Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.1 Whole-body Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.2 Centroidal Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Whole-body Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Whole-body Controllers from Literature . . . . . . . . . . . . . . . . 13

2.3.2 Whole-body Control Formulation . . . . . . . . . . . . . . . . . . . . 13

2.4 Model-based Motion Generation for Humanoids . . . . . . . . . . . . . . . . 15

2.4.1 Template Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Floating Base Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5.1 Anchor Point Method . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5.2 Extended Kalman Filter Based Estimation . . . . . . . . . . . . . . . 21

2.6 Inverse Optimal Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.6.1 Bi-level IOC Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.7 Movement Primitives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

ix



2.8 Model Predictive Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.9 Reinforcement Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.10 Frameworks and Libraries Used . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.10.1 Pinocchio Rigid Body Dynamics Library . . . . . . . . . . . . . . . . 26

2.10.2 EXOTica Extensible Optimization Library . . . . . . . . . . . . . . . 26

2.10.3 Task Space Inverse Dynamics Library . . . . . . . . . . . . . . . . . . 27

3 Towards Humanoids Using Personal Transporters: Learning to Ride a Seg-
way from Humans in Simulation 28

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Experimental Studies of Human-Segway System . . . . . . . . . . . . . . . . 30

3.2.1 Marker Sets and Equipment . . . . . . . . . . . . . . . . . . . . . . . 31

3.2.2 Experimental Protocols . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2.3 Motion Capture Trial Analysis . . . . . . . . . . . . . . . . . . . . . . 31

3.3 Modelling and Control of the Segway . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Pitch Controller . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.2 Yaw-Rate Controller . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 Modelling and Control of the REEM-C . . . . . . . . . . . . . . . . . . . . . 44

3.4.1 Linear Inverted Pendulum Model Based Controller . . . . . . . . . . 44

3.4.2 Upper Body Impedance and Admittance Controller . . . . . . . . . . 45

3.5 Simulation Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.5.1 Driving Straight . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.5.2 Rotating In Place . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.3 Driving in a Small Arc . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.6 Conclusions and Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Whole-body Stabilization of the REEM-C Humanoid on Actuated Balance
Boards in Sagittal and Frontal Directions 52

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.2 Analysis of a Human on a Balance Board . . . . . . . . . . . . . . . . . . . . 55

4.3 Background Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.3.1 PID Controller Formulation . . . . . . . . . . . . . . . . . . . . . . . 56

4.3.2 Balance Board . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3.3 Zero Moment Point Estimation . . . . . . . . . . . . . . . . . . . . . 57

x



4.4 Humanoid Controller Design . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.4.1 Ankle Admittance . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.4.2 Base Orientation Admittance . . . . . . . . . . . . . . . . . . . . . . 59

4.4.3 CoM Admittance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.4.4 Contact Wrench Distribution . . . . . . . . . . . . . . . . . . . . . . 61

4.4.5 Task Space Inverse Dynamics . . . . . . . . . . . . . . . . . . . . . . 61

4.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.5.1 Implementation Details . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.5.2 Sagittal Plane Balancing in Simulation . . . . . . . . . . . . . . . . . 63

4.5.3 Sagittal Plane Balancing on Hardware . . . . . . . . . . . . . . . . . 64

4.5.4 Frontal Plane Balancing . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.5.5 Frontal Plane Stabilization against Large Perturbation . . . . . . . . 65

4.6 Conclusions and Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5 Motion Planning for Bimanual Manipulation of Humanoid Robots based on
a Novel Manipulability-Stability Metric and Object-Specific Constraints 67

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2 Workspace Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.2.1 Manipulability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.2.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.2.3 Combined Manipulability-Stability Metric . . . . . . . . . . . . . . . 73

5.3 Workspace Analysis Methodology . . . . . . . . . . . . . . . . . . . . . . . . 74

5.3.1 Whole-body Inverse Kinematics . . . . . . . . . . . . . . . . . . . . . 74

5.3.2 Generation of a General Bimanual Workspace Map . . . . . . . . . . 75

5.3.3 Generation of Bimanual Workspace Maps under Object-induced Con-
straints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.3.4 Workspace Visualization . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.4 Workspace Analysis Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.4.1 General Workspace Maps . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.4.2 Workspace Maps with Varying Center of Mass Velocities . . . . . . . 79

5.4.3 Workspace Maps with Different Object Masses . . . . . . . . . . . . . 80

xi



5.4.4 Workspace Maps with Different Objects . . . . . . . . . . . . . . . . 82

5.4.5 Workspace Maps of TALOS . . . . . . . . . . . . . . . . . . . . . . . 83

5.5 Motion Generation Methodology . . . . . . . . . . . . . . . . . . . . . . . . 87

5.5.1 Planning Problem Formulation . . . . . . . . . . . . . . . . . . . . . 87

5.5.2 Sampling-Based Planning for Bimanual Manipulation . . . . . . . . . 88

5.5.3 Extension of Bimanual Model to Include Contact Forces . . . . . . . 92

5.5.4 Control Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.6 Motion Generation Results for the REEM-C Humanoid Robot . . . . . . . . 95

5.6.1 Experimental Bimanual Box Motions . . . . . . . . . . . . . . . . . . 96

5.6.2 Experimental Bimanual Broom Motions . . . . . . . . . . . . . . . . 97

5.6.3 Experimental Bimanual Rolling Pin Motions . . . . . . . . . . . . . . 97

5.6.4 Bimanual Box Motions on a Shelf . . . . . . . . . . . . . . . . . . . . 97

5.7 Conclusions and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6 Advancing Humanoid Locomotion: Enhancing Versatility Through the use
of Personal Transporters 103

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.2 Materials and Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.2.1 Controller Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.2.2 Constrained Whole-body Inverse Kinematics . . . . . . . . . . . . . . 106

6.2.3 Bimanual Model for Operating LeanSteer . . . . . . . . . . . . . . . . 107

6.2.4 Bimanual Admittance Control . . . . . . . . . . . . . . . . . . . . . . 109

6.2.5 Tasks Implemented in Whole-body Controller and Stabilizer . . . . . 109

6.2.6 Implementation Details . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.3.1 Elementary Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.3.2 Mixed Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.3.3 Complex Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.4.1 Limitations and Future Work . . . . . . . . . . . . . . . . . . . . . . 120

7 Discussion and Conclusions 121

7.1 Summary of Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7.2 Limitations and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . 122

xii



References 124

Appendices 146

A Linear MPC for Segway Reference Tracking 147

A.1 Introduction and Literature Survey . . . . . . . . . . . . . . . . . . . . . . . 147

A.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

A.2.1 General MPC Description . . . . . . . . . . . . . . . . . . . . . . . . 149

A.2.2 Linear Constrained MPC . . . . . . . . . . . . . . . . . . . . . . . . . 150

A.2.3 Linear MPC for Tracking . . . . . . . . . . . . . . . . . . . . . . . . . 151

A.3 Segway Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

A.4 Model Predictive Control Formulation for Segway System . . . . . . . . . . . 154

A.4.1 Choosing the Weights for Q and R . . . . . . . . . . . . . . . . . . . 157

A.4.2 Gazebo/Simulink Co-Simulation . . . . . . . . . . . . . . . . . . . . . 157

A.5 Simulation Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

A.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

B REEM-C Hardware Malfunction and Fix 164

C REEM-C Energy Expenditure Comparison Between Walking and Personal
Transporter Usage 169

xiii



List of Figures

1.1 The personal transporters shown from left to right are: Ninebot Kickscooter
E22 [5], Ninebot S-Max (mini self-balancing Segway) [6], Segway x2 SE [13],
Segway Drift W1 Electric Skates [11]. The complexity in terms of user control
increases from left to right along the arrowhead [48]. This is not an exhaustive
list of personal transporters but covers some common designs. For this thesis,
we consider the Segway x2 SE as the exemplar PT. . . . . . . . . . . . . . . 2

1.2 The high-level block diagram of the proposed approach to endow humanoids
with the skills to operate PTs. . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 A high-level overview of the various topics covered in this thesis. They all
ultimately contribute to the work in Chapter 6 with the REEM-C operating
a Segway personal transporter in real hardware experiments. . . . . . . . . . 5

1.4 The REEM-C humanoid with specifications and degrees of freedom labelled [9]. 7

1.5 REEM-C kinematic structure. . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6 Overview of the chapters in this thesis. The research in Chapter 3-5 contribute
to Chapter 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 NVIDIA CEO Jensen Huang introducing Project GR00T, a general-purpose
foundation model for humanoid robots [105]. Several commercial and research
humanoids are pictured in the background. . . . . . . . . . . . . . . . . . . 11

2.2 An overview of various legged robot models used for optimization-based con-
trol. Adapted from [239]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 3D SEA walker [57]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4 The SEROW state estimation method presented in [184]. This method is
extended for this thesis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.5 A categorization of RL agents and the methods used to train them. Adapted
from [186]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 A high-level overview of our approach for synthesizing controllers to allow the
REEM-C humanoid to drive a Segway. The shaded grey area highlights the
focus of this chapter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

xiv



3.2 Segway x2 SE with motion capture markers. The markers were placed in a way
that would allow for easy reconstruction of the LeanSteer and wheel kinematics. 31

3.3 Motion capture trial with the human driving in a straight line. . . . . . . . . 32

3.4 Representations of the human model based on De Leva anthropometrics [66]
for kinematic analysis. On the right, the meshes of the model are shown and
on the left, the axes frames for each joint. The x, y, z frames corresond to the
colors red, green and blue respectively. The root frame of the human model is
at the pelvis (denoted with a larger frame in the right figure). The blue dots
on the right figure correspond to marker placement during motion capture. . 33

3.5 A graph showing the human’s CoM translation in the x-direction (pointing
forward with respect to the Segway) versus the Segway’s pitch angle. . . . . 34

3.6 Graphs showing the human’s arm joint angles and the Segway LeanSteer joint
angle for a “rotate in place” trial. x, y and z correspond to roll, pitch and yaw
respectively. The oscillations seen in the graphs are artefacts from the inverse
kinematics process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.7 A block diagram showing the general procedure for PT control synthesis. The
pipeline starts with motion capture and model design of the real PT. Kinematic
and dynamic analysis is performed using RBDL and BIORBD to retrieve the
PT joint angles, CoM trajectories etc. Finally, this data is used to perform
control parameter identification with the PT model, joint angle data and the
Simulink parameter identification toolbox. . . . . . . . . . . . . . . . . . . . 37

3.8 Block diagram of the pitch controller parameter estimation procedure. A point
mass trajectory excites the system and the Segway’s pitch (θp) and linear
velocity are monitored for the estimation procedure. τyaw is set to zero for this
identification process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.9 The Segway simulated pitch and linear velocity response, as compared to mea-
sured experiment data, after parameter estimation. . . . . . . . . . . . . . . 39

3.10 a) An exemplar ”rotate in place” motion capture trial showing the LeanSteer
angle and corresponding yaw rate. b) The polynomial fit (Equation 3.3) of
all the Segway ”rotate in place” motion capture trials to map the relationship
between the LeanSteer input angle to the Segway yaw-rate. . . . . . . . . . . 41

3.11 Block diagram of the yaw rate controller parameter estimation procedure.
A LeanSteer trajectory excites the system and ψ, the Segway’s yaw-rate is
monitored. P denotes the relationship between the LeanSteer angle and the
desired yaw rate as in Equation 3.3. . . . . . . . . . . . . . . . . . . . . . . . 42

3.12 The simulated yaw-rate response of the Segway system. . . . . . . . . . . . . 43

3.13 REEM-C shifting its COM back and forth. The force-torque sensors at the
wrists of the REEM-C allow the upperbody to actively switch between com-
pliance and stiff control. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.14 REEM-C operating the LeanSteer mechanism. . . . . . . . . . . . . . . . . . 47

xv



3.15 REEM-C CoM and Segway linear velocity as compared to a corresponding
”straight” motion capture trial. The desired CoM trajectory CoMdes comes
from human motion capture experiments. . . . . . . . . . . . . . . . . . . . . 48

3.16 Segway LeanSteer angle, yaw-rate, pitch and REEM-C CoM position for a
rotate in place simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.17 REEM-C performing a small arc. The yellow parking stop keeps the Segway
stable before starting the motion. . . . . . . . . . . . . . . . . . . . . . . . . 50

3.18 The global x− and y− position of the REEM-C in the World frame along with
the desired arc trajectory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.1 The REEM-C Humanoid on a balance board. The black steel bar was retrofitted
to actuate the board manually. Sagittal and frontal plane setups are shown in
the background, being actuated by two humans. . . . . . . . . . . . . . . . . 54

4.2 A high-level overview of the stabilization controller developed in this work to
balance on an actuated balance board. . . . . . . . . . . . . . . . . . . . . . 55

4.3 a) One of the authors balancing in the sagittal plane on a balance board. The
Theia3D system reconstructs all limb segments. b) Pressure insoles showing
foot center of pressure estimates. Here, the human is leaning backwards,
concentrating their center of pressure near the heals. . . . . . . . . . . . . . 56

4.4 The balance board model used in this work. . . . . . . . . . . . . . . . . . . 58

4.5 a) Unmodelled ankle flexibility b) The modified cart-table model taking into
account flexibility (figure taken and adapted from Benallegue et al. [30]). . . 60

4.6 Frames (from left to right) of the REEM-C humanoid balancing on an actuated
sagittal board rotating at 20 °/s, with a maximum inclination of 7◦. On the
second to last frame (on the right), the robot is pushed with a force of 55 N
for 0.3 s and successfully rejects the disturbance by generating momentum in
the opposite direction of the push with its arms. . . . . . . . . . . . . . . . . 62

4.7 Graphs showing the CoM, ZMP and left ankle wrench measurements for the
simulation sagittal board experiment. The references for the CoM and ZMP
are shown using dotted black lines. . . . . . . . . . . . . . . . . . . . . . . . 62

4.8 Frames (from left to right) of the REEM-C humanoid balancing on a sagittal
board actuated by a human. The maximum inclination is 7◦. We note that
the robot has no knowledge of the board and it is treated as a disturbance in
this case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.9 Graphs showing the CoM, ZMP and left ankle wrench measurements for the
real robot sagittal board experiment. The references for the CoM and ZMP
are shown using dotted black lines (at y = 0). . . . . . . . . . . . . . . . . . 63

4.10 Frames (from left to right) of the REEM-C humanoid stabilizing on an actu-
ated frontal plane balance board. . . . . . . . . . . . . . . . . . . . . . . . . 65

xvi



4.11 Frames (from left to right) of the REEM-C humanoid stabilizing in the frontal
plane after a large step-like disturbance is applied to the balance board by a
human foot. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.1 Examples of objects introducing tightly coupled bimanual manipulation sce-
narios addressed in this work: a) a small 1 kg box b) a large 7 kg box c) a
sweeping broom (with a left-handed grasp) d) a rolling pin. . . . . . . . . . . 69

5.2 a) The REEM-C humanoid with World frame and left and right TCP frames
labeled. Here x is in red, y is in green and z is in blue. b) For the general
workspace generation case, a single point on the workspace grid encodes the
center between the two end effectors of the robot. . . . . . . . . . . . . . . . 75

5.3 The metric color range used throughout this work. . . . . . . . . . . . . . . . 77

5.4 Sensitivity visualizations of the workspace considered for the general case for α
and β. Low quality voxels are blue and high quality voxels are yellow/orange.
Voxels that are unreachable or unstable are translucent grey. The first row
shows the workspace that was considered and the second row shows a hori-
zontal cut through. a) and d) show α = 1 and β = 0 (the manipulability
metric), b) and e) show α = 0 and β = 1 (the stability metric), and c) and f)
show α = 0.5 and β = 0.5 (the combined manipulability-stability metric) as
detailed in Equation 5.9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.5 Visualizations of different CoM velocity (m/s) cases for a subset of the general
workspace using the stability metric. a) ṙCoM = [0.0, 0.0, 0.0] b) ṙCoM =
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Chapter 1

Introduction

Humanoid robotics is a burgeoning field which has received significant attention in the past
years and is predicted to play a central role in the advancement of society as a whole in the
21st century [24]. Humanoids are typically designed to mimic human-like topology, structure,
and motion capabilities, enabling them to seamlessly integrate into existing infrastructure
built for humans [244]. Disaster recovery, manufacturing and healthcare are a few of the
areas where humanoids can takeover dangerous, repetitive and labourious tasks to ease the
workload on humans. However, much work remains to elevate humanoid capabilities to a
level that allows them to be seamlessly integrated into our daily lives.

Bipedal humanoid walking was a difficult task at the DARPA Robotics Challenge (DRC),
highlighting the gap between current state-of-the-art humanoid performance, and the level
of performance required for real-world operation of humanoids. The humanoid robots that
competed in the DRC required close to an hour to complete tasks that would typically
take a healthy adult 10 minutes to do [215]. Few of the most successful humanoids at the
competition used wheeled-motion to their advantage. However, bipedal walking is still an
important skill to have, especially for uneven terrain [94]. How can we maintain bipedal gait
while also taking advantage of wheeled locomotion for humanoids?

In recent years, multi-modal locomotion has been implemented in various robots. The
DRC-HUBO+ is a humanoid robot that has wheeled attachments at its knees [149] enabling
both wheeled and bipedal locomotion. A variant of the popular ANYmal quadruped is
wheeled, with the ability to locomote efficiently and perform many different tasks [33]. The
LEONARDO robot is able to fly and walk, the first bipedal robot able to do so [128]. Ascento
is a compact wheeled bipedal robot that can jump to avoid obstacles [131]. These robots
offer multi-modal locomotion capabilities but their design is neither optimized for legged or
wheeled motion, making their implementations heavy and complex [48].

Implementing methods to endow bipedal humanoids with the skills to operate personal
transporters (PTs), such as scooters, Segways (Segway Inc., New Hampshire) and electric
skates is an option with several advantages. First, it keeps the humanoid’s form-factor close
to a human’s and maintains bipedal walking capabilities. Secondly, it allows humanoids to
conserve their energy while efficiently travelling longer distances.

Operating PTs with humanoids is challenging because it requires the ability to control
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Increasing Complexity

Figure 1.1: The personal transporters shown from left to right are: Ninebot Kickscooter E22
[5], Ninebot S-Max (mini self-balancing Segway) [6], Segway x2 SE [13], Segway Drift W1
Electric Skates [11]. The complexity in terms of user control increases from left to right along
the arrowhead [48]. This is not an exhaustive list of personal transporters but covers some
common designs. For this thesis, we consider the Segway x2 SE as the exemplar PT.

devices that have their own complex dynamics. However, like many other humanoid tasks,
it can be broken down into subtasks such as environment recognition, state estimation, path
planning and whole body motion computation [57]. To operate a PT, humanoids should be
able to mount and dismount the PT, sit or stand on the PT stably and control its command
inputs (e.g., handlebar for steering and pedals for linear velocity). Figure 1.1 shows example
PTs from left to right in increasing complexity. In this thesis, we tackle the problem of riding
a Segway x2 SE [13] as it offers sufficient complexity while also being practical for usage in
factories, malls, airports and other large campuses. The other PTs shown are either too
small for the humanoid platform used in this thesis or impractical for daily usage (Segway
Drift W1 Electric Skates).

There has been limited previous work in this area. Xin et al. [243] tackle the problem
of a humanoid riding a small two-wheeled mobile platform. The COMAN (COmpliant Hu-
MANoid Platform) successfully balances on and drives a RoboSavvy self-balancing robotic
platform [10] in simulation, showing that the COMAN can actively balance on the two-
wheeled platform using quadratic optimization to generate whole-body torques. While the
arms are taken into consideration for balancing, they are left unactuated as the specific two-
wheeled platform used had no physical handle for steering. Gong et al. [90] successfully
enabled the Cassie bipedal robot to balance and drive a Segway miniPro by modifying the
nominal standing controller and shifting its centre of mass (CoM) for accelerating and turn-
ing. Hyungjik et al. [144] implement center of gravity control on miniature humanoid robots
and show that they are able to ride a two-wheeled mobile platform. Similar to other prior
work, the arms are used purely for balancing. While these prior works have successfully
balanced and driven two-wheeled mobile platforms, all works employed lightweight robots,
and used arms only for balance and not platform control.
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The work in [129, 130] demonstrated a method for the HRP-2 humanoid to ride a
self-balancing hoverboard. The authors devised separate controllers for riding and speed-
governing of the hoverboard. This paper proposed the Sequential Online Learning Control
(SOLC) method composed of the cascade connection of SGD-based open-loop Learning Con-
trol (SLC) and Mini-batch-based closed-loop Learning Control (MLC). The SLC contributes
the damping gain online tuning for the foot torque to mount the hoverboard, and the MLC
handles speed governing. The method is tested in real life with the HRP2-JSK humanoid.

The work in [48] proposes a method towards achieving multi-modal locomotion with
the bipedal robot Cassie. The authors develop a framework for Cassie to ride a pair of
hovershoes across various terrains. The framework allows Cassie to balance, regulate forward
and rotational velocities, achieve fast turns and move over flat terrain, slopes, stairs and rough
outdoor terrain. The method uses the built in sensors of Cassie along with a depth camera
to perform visual SLAM for navigation in an obstacle course. The method augments the
dynamic model of Cassie with a model of the hovershoes, has a tight perception + planning
loop and uses simple PD control for balance. The method is demonstrated in simulation and
in real world experiments.

While great efforts have been made in this domain, there are several shortcomings of
existing literature. First, the methods proposed are highly handcrafted and tied to specific
hardware. Dynamic models are augmented to include the PT dynamics and controllers are
kept simple, raising questions on stability margins outside the examples shown. Second,
other than the work in [129, 130], most works deal with relatively small bipedal robots as
compared to a full humanoid model (which has challenging dynamics due to heavy limbs).
Finally, most works so far have only considered the lower body for motion as none of the
PTs tested had handlebars. In the next section, we outline our more general approach for
the problem of operating PTs with (full-sized) humanoids.

1.1 Problem Definition and Approach

The objective of this research is to endow humanoids with the skills to operate PTs. More
precisely, by “operate”, we mean control the command inputs of the PT, realize desired linear
and angular velocities and stably balance on the PT. Our approach is unique with respect
to current literature in that we analyze how humans operate PTs qualitatively and use this
to aid in controller design as pictured in Figure 1.2.

Our proposed approach relies solely on the sensors internal to the humanoid platform and
Vicon motion capture for global base estimation, making it independent of the PT. Forces
measured at the wrists and feet are used in the control methods to balance and operate
steering mechanisms. The PT control system is not modified in any way for this research.

Some simplifying assumptions were introduced to capture the essential structure of the
problem without losing generality:

1. The humanoid is already in its driving posture with hands on the handlebar. The grasp
is predefined and unchanged for the duration of operation.
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Figure 1.2: The high-level block diagram of the proposed approach to endow humanoids with the skills to
operate PTs.

2. Friction is not taken into consideration for the PT’s wheels and it is assumed that the
wheels do not slip. However, friction is taken into consideration for the humanoid feet
when standing on the PT.

Given these assumptions, we present our general framework to operate PTs with hu-
manoids in Figure 1.2. The flow is from left to right and starts with human and PT motion
capture experiments. The PT experiments are used to identify the control and dynamic
structure of the PT while the human experiments aid in the identification of control and
motion strategies for balance and handlebar manipulation. Once the PT is characterized, a
dynamic model is constructed and tested in simulation. With the knowledge of how humans
ride Segways, a whole-body controller is synthesized that takes into account feet contacts,
hand contacts, bimanual constraints to operate the handlebar and whole-body stabilization
through centre of mass motion. This whole-body controller is deployed onto the REEM-C
humanoid to drive a Segway. The same pipeline can be used for various other PTs with small
modifications to gains, and modelling. However, for this thesis, only the Segway is considered
as an exemplar PT.

While developing the controller for the REEM-C to drive a Segway, various seemingly
orthogonal works were investigated and make up the various chapters of this thesis. This is
highlighted in the diagram shown in Figure 1.3. First, a high-fidelity simulation of the Segway
was developed along with a basic controller to test the dynamic feasibility of a humanoid
riding a Segway. Next, whole-body stabilization on dynamic platforms (balance boards) was
investigated. This is arguably a harder problem than operating a PT because the platform
shifts to steeper angles than a PT would. Next, a motion generation pipeline for bimanual
manipulation was investigated. Various household items like brooms, boxes and rolling pins
were used as test objects. This same pipeline was used to operate the LeanSteer handlebar of
the Segway. All of these works were combined and used to enable the REEM-C humanoid to
operate a Segway. We note that each of these individual works also spawned contributions of
their own and did not only contribute to the research in Chapter 6. For example, during the
development of the bimanual manipulation pipeline, a new metric for gauging the quality of
bimanual grasps was developed.
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Bimanual Manipulation Whole-body Stabilization High-Fidelity Simulation

REEM-C Driving a Segway

Figure 1.3: A high-level overview of the various topics covered in this thesis. They all ultimately contribute
to the work in Chapter 6 with the REEM-C operating a Segway personal transporter in real hardware
experiments.
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1.2 REEM-C Humanoid Robot Platform

For this thesis, the humanoid platform, REEM-C, is used for all testing in simulation and
real life. REEM-C is a bipedal humanoid [16] designed and manufactured by PAL Robotics.
It has a height of 165 cm, weighs 80 kg and has 68 degrees of freedom (DoF), 36 actuatable
and all revolute. The DoF summary is given in Table 1.1. The humanoid has the ability
to stand on 1 foot and carry a payload of 1 kg in each hand separately, or 10 kg together.
The hands are tendon driven with 3 actuators controlling 19 degrees of freedom. This allows
the hands to grasp cylindrical objects (like handlebars) easily. For sensors, the robot has
force-torque sensors at the ankles and wrists, lasers on each foot and an IMU in its torso.
All joints have encoders, and the robot is position-controlled. It is also fully integrated with
ROS (Robot Operating System) making it an easy-to-use platform for research. The robot is
shown in Figure 1.4 and its kinematic structure in Figure 1.5. The REEM-C dynamic model
is described in URDF format. ROS, Gazebo and rviz was used to simulate the dynamics of
the REEM-C.

Table 1.1: REEM-C degrees of freedom in each body part.

Body Part DoF

Head 2
Arm 7
Hand 19 (3 actuatable)
Pelvis (Waist) 2
Leg 6

The mass distribution of the REEM-C is summarized in Table 1.2. For an average-sized
human, the torso and pelvis account for 45% of the total mass, and a single leg is usually
17% [241]. From Table 1.2, we see that for the REEM-C, the distribution is 37% for the torso
and pelvis, and 18% for a single leg. While close, this is slightly different than an averaged
sized-human. When standing upright, the CoM of the REEM-C is roughly at the center of
the pelvis, about 85 cm off the ground.

Table 1.2: REEM-C mass distribution.

Body Part Mass (kg) % of Total Mass

Head 1.57 2%
Torso 12.76 19%
Arm (+hand) 8.37 12%
Pelvis 12.32 18%
Leg (+foot) 12.12 18%
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Figure 1.4: The REEM-C humanoid with specifications and degrees of freedom labelled [9].
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(a) Lower body kinematic structure. (b) Upper body kinematic structure.

Figure 1.5: REEM-C kinematic structure.

1.3 Thesis Contributions

In this section, we highlight the various contributions of this thesis.

1. Relating to PTs

• Control: the internal controllers of the Segway x2 SE PT were reverse engineered
through human motion capture in order to develop a high-fidelity simulation
model.

2. Relating to Humanoids

• Bimanual Manipulation: a novel manipulability-stability metric is developed for
humanoid robots. This metric is used to perform a workspace analysis for hu-
manoids manipulating everyday objects. The metric was also used in a motion
generation pipeline to plan trajectories to manipulate household objects. This
pipeline was used to operate the Segway handlebar.

• Whole-body stabilization: an integration of various existing methods from litera-
ture along with novel controller components aided in developing a general whole-
body stabilization method for humanoids. The whole-body controller developed
through this investigation was used to stabilize the humanoid while driving a
Segway.

• Real-world Experiments : rigorous experiments were performed with the REEM-C
humanoid for each chapter in this thesis. Ultimately, this culminated into the
experiments done in the final chapter with the REEM-C successfully operating
a Segway in various test scenarios. This showed, to our knowledge, the first
demonstration of a full-sized humanoid operating a Segway with a handlebar.
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1.4 Thesis Organization

Chapter 3: Humanoid
on Segway simulation

Chapter 4: Whole-
body stabilization
on balance boards

Chapter 5: Motion
planning for biman-
ual manipulation

Chapter 6: Humanoid
driving a Segway

hardware experiments

Figure 1.6: Overview of the chapters in this thesis. The research in Chapter 3-5 contribute
to Chapter 6.

The rest of this thesis is organized as follows. Chapter 2 provides a literature review
of the key subtopics that are explored in this thesis along with theoretical background.
Chapter 3 details a method to model PTs to develop a high-fidelity simulation. An initial
basic controller is tested in simulation that allows the REEM-C to drive a Segway. After
initial testing, it was realized that more sophisticated controllers would be needed to stably
operate PTs with humanoids. To this end, Chapter 4 investigates whole-body stabilization
of humanoids on actuated balance boards. Chapter 5 investigates bimanual manipulation for
humanoid robots and proposes a novel manipulability-stability metric and motion generation
pipeline. Chapter 6 brings together the work in all previous chapters and shows extensive
real hardware experiments of a humanoid driving a Segway. In Chapter 7 we conclude and
provide outlook on future work. Each chapter has an associated video that explains the
method and experiments presented. They are listed in Table 1.3.

Link
Chapter 3 https://youtu.be/cVHbf4fwzcs
Chapter 4 https://youtu.be/X61gbXRYg50
Chapter 5 https://youtu.be/dALPqitEdOA
Chapter 6 https://youtu.be/eZxXSlk1v0w

Table 1.3: The associated videos for each chapter. These videos detail the methods and
experiments conducted and serve as a quick summary of the work.
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Chapter 2

Literature Review and Background
Theory

In this chapter, we provide a brief literature review along with necessary background theory
relevant to this thesis.

2.1 Current State of Humanoid Robots

The humanoid robotics landscape has seen significant growth since 2020 (the start of my
PhD). In 2020, the field of humanoids was still mainly research focused, with robots like
the Boston Dynamics (hydraulic) Atlas, Kawada HRP-2, DLR ToRo, PAL TALOS, PAL
REEM-C and Honda ASIMO leading the state of the art. Fast forward four years and the
landscape has changed dramatically. There is a large commercial interest in the humanoid
robotics space with new companies debuting humanoids every month. A few are pictured
in Figure 2.1 from companies such as Figure AI, Apptronik, Agility Robotics, Unitree and
many more. Tesla has also entered the race with their Optimus robot, performing various
tasks in Tesla factories [221]. NVIDIA is also playing a key role, enabling large foundation
models to be trained on their hardware. These robots are expected to become part of the
labour force and assist with household tasks. Time will tell if this vision becomes reality.
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Figure 2.1: NVIDIA CEO Jensen Huang introducing Project GR00T, a general-purpose
foundation model for humanoid robots [105]. Several commercial and research humanoids
are pictured in the background.

2.2 Humanoid Modelling

To begin the technical discourse, in this section we summarize humanoid whole-body dynam-
ics and centroidal dynamics. The modelling here is used throughout this thesis.

2.2.1 Whole-body Dynamics

A humanoid robot is modeled as a floating base system with nq joints and nq + 6 degrees
of freedom, accounting for both the joints and the 6 generalized coordinates of the floating
base. The configuration vector q ∈ Rnq+6 includes the joint positions as well as the floating
base’s position and orientation. The robot’s dynamics can be described by:

M (q)q̈ + q̇TC(q)q̇ = STτ + τg(q) +
nc∑
k=1

JT
k wk, (2.1)

J(q)q̈ + J̇(q)q̇ = 0, (2.2)

where:

• S ∈ Rnq×(nq+6) is the selection matrix for actuated joints,
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• τ ∈ Rnq represents the torque input vector,

• τg ∈ Rnq+6 is the gravitational term,

• M (q) ∈ R(nq+6)×(nq+6) is the mass matrix,

• C(q) ∈ R(nq+6)×(nq+6) accounts for centrifugal and Coriolis forces,

• J = [J⊤
1 , . . . ,J

⊤
k ]

⊤ ∈ R6nc×(nq+6) is the contact Jacobian, and

• wk = (fk, τk) ∈ R6 denotes the wrench at the kth contact point.

For a humanoid standing on two feet, nc = 2 (this is the case for Chapter 4) and for a
humanoid carrying or manipulating an object with both hands, nc = 4 (this is the case for
Chapter 3, Chapter 5 and Chapter 6). Equation 2.2 arises from the no-sliding constraint at
the contact points, assuming unilateral ground contact forces constrained by friction cones,
described as:

∥fx,yi ∥ ≤ µ0f
z
i , ∀fi, (2.3)

with µ0 > 0 as the coefficient of friction.

Additionally, when the hands of the humanoid are in contact with an object, they are
not treated as fixed contacts in the world frame; they move with the robot and are bilat-
eral, meaning they cannot detach and the object being carried or manipulated is essentially
considered attached to the robot.

2.2.2 Centroidal Dynamics

Centroidal dynamics describe the underactuated part of the robot’s whole-body dynamics.
Using the Newton-Euler equations, they relate changes in centroidal momentum to contact
forces [178]:

mc̈ =
∑
i

fi +mg = l̇c,

ḣ(q, q̇) =
∑
i

(pi − ci)× fi + τi = k̇c,
(2.4)

where c is the center of mass (CoM) position, m is the robot’s mass, fi ∈ R3 is the contact
force at point i, pi ∈ R3 is the position vector, and τi ∈ R3 is the contact torque. Linear
and angular momentum about the CoM are denoted as lc and kc ∈ R3, respectively, while
g ∈ R3 represents gravitational acceleration.

The centroidal angular momentum is given by [178]:

h(q, q̇) = A(q)q̇, (2.5)

where A ∈ R3×(nq+6) is the centroidal momentum matrix.
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2.3 Whole-body Control

In this section, we detail whole-body control techniques that are popularly used on humanoid
robots before detailing the one specifically used in this thesis.

2.3.1 Whole-body Controllers from Literature

Whole-body controllers often take the form of quadratic programs (QPs) that are solved
in real-time at high frequencies (100Hz to 1kHz). They are said to be instantaneous since
they find a control input u ∈ Rn (where n is the number of actuators) to apply at the
next controller timestep with no horizon, using an optimization method. Typically, u will
be velocity, acceleration or torques (the free variables of the optimization). Forces are also
typically optimized in whole-body controllers. For the case of a velocity or acceleration input,
the robot is usually position-controlled (such as the PAL REEM-C) and the control generated
by the optimization needs to be integrated before being sent to the low-level joint position
controllers (which are usually PID controllers).

Many research humanoids have used (and still use) whole-body control as the final layer
in the control pipeline even if more sophisticated controllers precede them. A popular frame-
work that has been adopted by the community is the stack-of-tasks approach [161]. There
are many variants of this approach but it is essentially a control approach for humanoids
that prioritizes multiple simultaneous tasks by organizing them hierarchically, ensuring that
higher-priority tasks (e.g., balance) are achieved first, while lower-priority tasks (e.g., arm
movement) are executed without disrupting higher-priority objectives. It uses optimiza-
tion techniques to manage constraints, enabling coordinated and safe motion in dynamic
environments. For many scenarios, whole-body controllers are enough to perform complex
maneuvers, manipulation and locomotion (running, walking). In the work presented in this
thesis, we solely make use of a whole-body controller.

TORO, developed by DLR, is a humanoid robot operated in torque control [74]. Over
the years, much work has been presented using TORO, including walking, balancing, multi-
contact scenarios [99], centroidal angular momentum generation for balancing [208] and much
more. Central to all of these works is a passivity based whole-body controller implementation
[72].

In [42], the authors develop a whole-body admittance controller that allows the HRP-4
robot to climb stairs in an Airbus manufacturing plant. The controller has a strict hierarchy
of tasks. CoM admittance, foot force difference control, and feet wrench distribution are a
few of the tasks implemented to stabilize the system.

2.3.2 Whole-body Control Formulation

The whole-body controller implemented for this work is a weighted Quadratic Program (QP),
implemented with the TSID (Task Space Inverse Dynamics) library [3]. It sums task functions
into a general cost function using user-defined weights for their priorities. The formulation
has two layers, costs and constraints, whose trade-off can influence controller performance.
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Formulation of task functions

Adapting the formulation from [203], the task errors, e ∈ Rl (with l being the dimension of
the task error), in this controller formulation are implemented as acceleration-based tracking
laws in task space and are expressed as follows:

ë(q, t) = ẍ(q)− ẍ∗(t)

ë(q, t) = (J (̈q)+ J̇ q̇)− ẍ∗(t)
(2.6)

where x∗, ẍ∗ are the desired position and acceleration for the task, and J is the Jacobian.

The dynamics imposed on these task errors are as follows:

ë(q, t) = KP (x(q)− x∗) +KD (ẋ(q)− ẋ∗(t))
⇔ ẍ(q) = ẍ∗(t) +KP (x(q)− x∗(t)) +KD (ẋ(q)− ẋ∗(t))

(2.7)

with KP and KD being the task gains.

Using Equation 2.6 and Equation 2.7, we can write a generic formulation for a task-
function as follows:

J︸︷︷︸
O

q̈︸︷︷︸
y

= ẍ∗ − Jq̇ +KPe+KDė︸ ︷︷ ︸
o

(2.8)

Formulation of contacts

When solving the inverse dynamics for the robot, we assume that it is in rigid contact with
the environment. Therefore, these contacts constrain the motion. They are implemented as
nonlinear functions, differentiated twice, leading to zero contact point acceleration as follows:

c(q) = 0 ⇔ Contact point does not move
JT
c q̇ = 0 ⇔ Contact point velocity is zero

JT
c q̈ + J̇cq̇ = 0 ⇔ Contact point acceleration is zero

(2.9)

In this work we use a unilateral rectangular plane contact for the feet, which is defined
as a 6D motion task, as in Equation 2.8. This is an inequality on the force bounds and the
QP is allowed to freely optimize the forces at the contact.

Formulation of quadratic program

As mentioned previously, TSID sums all task functions using user defined scalar weights λi
for all i ∈ N tasks. The constraints are the dynamics and rigid contacts. The formulation is
given as follows:
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min
y=[q̈,f ]

N∑
i=0

λi ∥Oiy − oi∥2

s.t. Equation 2.1, 2.2, 2.3
τmin ≤ τ ≤ τmax

qmin
j ≤ qj ≤ qmax

j

q̇min
j ≤ q̇j ≤ q̇max

j

fmin ≤ f ≤ fmax

(2.10)

The free variables that the QP solves for are the acceleration, q̈ and the forces, f . Of
note, the QP has two strict layers, constraints and costs. The next section details all of the
tasks implemented for this work and highlights whether they are costs or constraints.

2.4 Model-based Motion Generation for Humanoids

Humanoid robots have been around for a few decades with a major research focus on bal-
ancing and dynamical walking. Robots like ASIMO [205], HRP-2 [101], ToRo [180], Atlas [1]
and REEM-C [16] have been used in research capacities and many walking, balancing and
whole-body controllers have been developed. However, even though these robots have proven
they can walk, fast and efficient motion is still an open topic for research. These robots are
relatively slow as compared to humans (save for Atlas) and their motions in general could be
more human-like to assimilate better into human environments. Along this line of research,
Cheng et al. explored more human-like sensing and motion control with the CB (computa-
tional brain) humanoid, developed in collaboration with SARCOS [50]. The work presented
a whole-body compliance controller, perception and visual ocular-motor responses close to
those of humans. In a similar vain, this thesis aims to make humanoids more human-like by
enabling them to use PTs designed for humans.

Figure 2.2 shows an overview of various modelling techniques that are used to simplify
control. Since humanoid robots have many degrees of freedom, optimization-based control
can be very computationally expensive. Reduced order models, as will be discussed in the
rest of this section, offer a tradeoff between accurate dynamics and efficient computation.

Existing motion generation methods can be classified into three broad categories: motion
remapping, reduced-order model-based methods and optimization-based methods [104]. A
quick summary and non-exhaustive list of works in these three categories is presented in
Table 2.1. As a note, we mainly consider classical model-based approaches in this section. A
summary of reinforcement learning (RL) is provided in Section 2.9.

Of these three methods, model-based is the most popular due to the ease of implemen-
tation and real-time control capabilities (especially with reduced models). However, in this
thesis, going by the definitions provided here, the approach taken is a hybrid of model-based
and optimization-based. In order to make the optimization problems more tractable, we
also use a reduced model specific for the task we want to accomplish (operating PTs). As
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Figure 2.2: An overview of various legged robot models used for optimization-based control.
Adapted from [239].

Method and Works Definition

Motion Remapping [36, 171] Mapping trajectories from human motion to humanoids
(directly). Special consideration needs to be made to
scale the motions and augment them with physical con-
straints and stability criteria before transferring to the
humanoid.

Reduced-order Model-based
Methods [120, 123, 86, 158, 190,
73]

Reduced or whole-body models are used to generate mo-
tions based on stability criteria such as ZMP and cap-
ture point theory.

Optimization-based Methods
[166, 57, 132, 55]

Optimal control is used to learn optimal human mo-
tions. This can be from demonstration data (IOC)
or from technical specification of an objective func-
tion. While computationally expensive, especially for
whole-body models, a major advantage of this method
is that feasibility constraints for the specific humanoid
are taken into account during optimization.

such, the next subsection details the literature on reduced template models and their usage
in humanoid control.

2.4.1 Template Models

While working with full dynamic models of humanoids would be ideal and allow for accurate
sim to real translation, it is generally computationally expensive due to the number of degrees
of freedom in a humanoid. An alternative modelling approach is to form what are called
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“template” models [82]. These models usually abstract away the large number of degrees of
freedom in favor of keeping the most essential parts for dynamic motion.

Practically in control, using the template model usually has two layers [158]. First, a
proper template model is developed and its trajectories are regulated through some control
strategies or optimization techniques. In the second layer, the template model trajectories are
“tracked” by the full humanoid model. As an example, template models will often produce
CoM and ZMP trajectories which are then tracked by the full humanoid through inverse
kinematics and inverse dynamics routines at an actuator level.

We will now discuss several template models from the literature.

Linear Inverted Pendulum Model

The Linear Inverted Pendulum Model (LIPM) is a well-known and widely used template
model for walking. The model was first proposed in 2D [121] before being extended to 3D
[120]. In this model, the CoM movement is constrained to a horizontal plane allowing for
a simplification and relation between the position of the Center of Pressure (CoP) and the
CoM. Defining [px, py] as the position of the CoP and [xc, yc, zc] as the position of the CoM
(and noting that zc is constant), the relation between the CoP and CoM is given as:

px = xc −
zc
g
ẍc

py = yc −
zc
g
ÿc

The LIPM has been used successfully for many dynamic walking tasks. Kajita et al.
proposed ZMP Preview Control [118] based on Model Predictive Control [126, 164]. The
work proposed a walking pattern generator that took into account future ZMP locations and
produced stable CoM trajectories by solving an optimal control problem that minimizes ZMP
tracking error and control effort while also maximizing CoM trajectory smoothness.

Several improvements have been made to ZMP Preview Control including an efficient
quadratic programming (QP) [240] formulation to better handle disturbances, adjustment
of the optimization weights, costs and variables to realize adaptive foot positioning and
automatic footstep placement [69, 100] and loosening constraints on the ZMP to allow it to
deviate from the reference trajectory on uneven ground [123].

Capture point theory is another formulation that uses the LIPM. Originally proposed for
push recovery [190], the capture point is the point on the ground that the robot can step
to in order to come to a complete stop. For a given initial CoM state of the LIPM, in 2D
there is a unique capture point but not in the 3D case. In 3D, the capture point moves over
time, making it instantaneous. Several works have exploited this property and formulated
walking methods/controllers based on the instantaneous capture point, later coined Divergent
Component of Motion (DCM) [189, 219, 102, 73, 103, 192].
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Figure 2.3: 3D SEA walker [57].

Spring Loaded Inverted Pendulum Model

The Spring Loaded Inverted Pendulum (SLIP) model was first introduced in [82]. The SLIP
model assumes a linear spring during stance with a rest length equal to the touchdown length
of the spring. When the leg spring reaches its rest length, stance terminates and is followed
by ballistic CoM flight dynamics [238]. The model uses a point mass with massless legs that
can arbitrarily reposition in flight, in preparation for touchdown. The SLIP model has been
used as a motion template for running and hopping in bipedal robots [108, 238].

Dual Spring Loaded Inverted Pendulum Model

The Dual Spring Loaded Inverted Pendulum (Dual-SLIP) was introduced in [86]. The authors
found that this model could better reproduce the double-peak ground reaction force pattern
and CoM vertical and horizontal oscillations while walking. Since it is bipedal in nature,
it can more readily address the double support phase in gait with no extra hand-designed
mechanism [158]. There are a few works that develop walking controllers using the Dual-SLIP
template, most in 2D [235, 85], and recently in 3D [158].

3D Serial Elastic Actuator Walker

The 3D Serial Elastic Actuator (SEA) walker is a recent template model proposed in [58, 57].
The model has an upper body, two actuated legs and point masses for feet. Actuation is
done through SEAs in the legs and torques between the upper trunk and legs. The model is
a suitable candidate to reproduce and predict realistic 3D CoM and swing foot trajectories.
The template model is shown in Figure 2.3.

The 3D SEA walker was used to demonstrate a computational chain going from human
motion capture experiments to experiments on real robots [57]. The template was successfully
adapted for use with the HeiCub bipedal robot, and the HRP-2.
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2.5 Floating Base Estimation

An important quantity to estimate for humanoids is the position and orientation of the
floating base (typically close to the pelvis of the robot). In this section, we present two
methods for floating base estimation, an anchor point method [41] which was used for stair
climbing in [42] and another based on an EKF [14]. The EKF version is implemented with
the SEROW library and is extended with ground truth Vicon data to estimate the floating
base position and velocity of a humanoid (in double support) driving on a Segway. Since the
robot is moving in freespace without making and breaking contact with the environment, the
anchor point method does not suffice for this scenario. However, the anchor point method is
useful for estimating the floating base location with respect to the PT being driven.

2.5.1 Anchor Point Method

The formulation presented here is adapted from [41].

Orientation Estimation

We assume that our legged robot is equipped with an inertial measurement unit (IMU) in its
pelvis link, providing measurements of angular velocity ωk and linear acceleration ak. The
IMU’s orientation Rk and position pk at time step k evolve according to:

Ṙ(t) = R(t)[ω(t)×] (2.11)

where:

• R(t) is the rotation matrix representing the orientation of the floating base.

• ω(t) is the angular velocity vector.

• [ω(t)×] is the skew-symmetric matrix of the angular velocity vector.

The frames of the robot are defined like so:

• B: The body frame, which is fixed to the robot’s floating base and moves with it (the
IMU is mounted here).

• W : The world frame, which is the inertial frame of reference.

• A: The anchor frame, representing a fixed contact point on the ground.

The orientation estimation relies on integrating angular velocity measurements, while
translation estimation uses linear acceleration and known contact points. This approach
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estimates both orientation and translation of the floating base frame in relation to the inertial
frame.

To update the rotation matrix Rk+1 at time tk+1 from the prior time tk, we use angular
velocity integration:

Rk+1 = Rk exp([ωk×]∆t) (2.12)

where:

• ∆t = tk+1 − tk
• [ωk×] is the skew-symmetric matrix of the angular velocity vector.

The matrix exponential can be approximated using Rodrigues’ rotation formula:

Rk+1 = Rk

(
I3 + sin(θk)[ωk×] + (1− cos(θk))[ωk×]2

)
(2.13)

where θk = ∥ωk∥∆t.
Gyroscope-based integration of angular velocity tends to drift over time, so accelerometers

are used to estimate orientation based on the gravity vector, which helps correct for roll and
pitch. However, this approach cannot estimate yaw. A combined solution using a Kalman
filter mitigates both short-term noise and long-term drift.

Translation Estimation

The translation estimation uses an anchor point A that remains in contact with the ground.
The translation pWB of the floating base in the world frame is calculated as:

pWB = pWA −RW
B pBA (2.14)

where:

• pWA is the anchor point position in the world frame.

• RW
B is the rotation matrix from the floating base to the world frame.

• pBA is the anchor point’s position in the floating base frame.

The anchor-point method effectively estimates translation by assuming a fixed contact
point, updated continuously during double-support phases to avoid discontinuities. This
simple approach performs well in practice.
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Figure 2.4: The SEROW state estimation method presented in [184]. This method is ex-
tended for this thesis.

2.5.2 Extended Kalman Filter Based Estimation

The work in [184, 14] introduces a cascade state estimation framework, SEROW, for esti-
mating the 3D center of mass (CoM) of walking humanoid robots (detailed in Figure 2.4).
SEROW fuses joint encoder, inertial, feet pressure, and visual odometry data, incorporating
Newton-Euler dynamics to derive a nonlinear CoM estimator that handles uneven terrain
and body angular momentum. It extends a floating mass estimator to account for support
foot pose, forming a comprehensive cascade estimation scheme. Evaluations, both simulated
and on a real NAO robot walking outdoors, demonstrate the framework’s accuracy and ro-
bustness. The implementation is provided as an open-source ROS/C++ package and used
in this thesis. Vicon motion capture data is fed into this estimator as ground truth data to
retrieve accurate estimation of the base position and velocity while the robot operates a PT.

2.6 Inverse Optimal Control

Human motion is hypothesized to be optimal. Humans have evolved and learned to produce
motor commands that optimize their behaviour with respect to a set of well-defined but
unknown criteria. In the literature, these criteria have been developed into composite cost
functions that can be grouped into task-related and body-related sub-costs [32]. Producing
trajectories by optimizing against these cost functions has been shown to closely resemble
human motion [32, 113, 151, 152].

Inverse optimal control (IOC) to identify objective functions from measurements was first

21



proposed by Kalman [125]. The method has been extended to various domains such as human
motion analysis [18, 209] and robotics [166, 113, 57].

An important prerequisite to solve inverse optimal control problems is establishing a set
of independent base functions ψi(t) for the objective function [167]. Broadly speaking, there
are four types of features commonly used in human motion analysis: kinematic features such
as velocity, acceleration and jerk, dynamic features such as torque and torque derivatives,
geodesic features such as path length, and energy features such as kinetic energy, work,
positive work and total absolute work [32, 152].

2.6.1 Bi-level IOC Problem

In the bi-level IOC approach proposed by Mombaur et. al [166, 167], there are two nested
optimizations, an “upper-level” which minimizes the error between the measurement data
and the simulated trajectory, and a “lower-level” optimization that solves the forward optimal
control problem to generate the simulated trajectory. Here we assume a set of base functions
ψi(t) with weight factors αi that are unknown. As such, the inverse optimal control problem
is to determine the weight factors α that results in the best possible fit to the measurement
data. Mathematically, the problem is written as:

min
α

{
m∑
j=1

||x′∗(tj;α)− x
′
M(tj)||2

}
(2.15)

where x
′∗(tj;α) is the result from the solution of

min
x,u,p,T

{
n∑
i=1

γi

∫ T

0

ψi(x(t), u(t), p) dt

}
(2.16)

such that

ẋ(t) = f(t, x(t), u(t), p) (2.17)

g(t, x(t), u(t), p) ≥ 0 (2.18)

req(x(0), ..., x(T ), p) = 0 (2.19)

rineq(x(0), ..., x(T ), p) ≥ 0 (2.20)

Equation 2.15 is the upper-level optimization where the aim is to minimize the distance
between the measured motion and the simulated trajectory by optimizing over the vector of
weight parameters α. It should be noted that the notation x′ signifies that only a subset of
the states is measured or the measurements concern variables that are not directly a part of
the state variables but allow us to draw conclusions about the state. Equation 2.16 is the
lower-level optimization where the forward optimal control problem for the current α iter-
ation is solved to compute x∗ which is used in the upper-level optimization. Equation 2.17
summarizes the full or reduced vector of states, controls and free parameters (system dynam-
ics). Equation 2.18 describes all continuous inequality constraints such as box constraints
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on all variables or more complex relations between several variables. The coupled and de-
coupled pointwise equality and inequality constraints are described in Equation 2.19 and
Equation 2.20 respectively. These could be start and end point constraints on states, phase
switching conditions or periodicity constraints.

On generating numerical solutions to this bi-level IOC problem, we note that the lower-
level optimal control problem has to be solved first and the upper-level function cannot be
expected to satisfy any conditions on smoothness or differentiability. As such, we wish to
apply a derivative free optimization for the upper-level, i.e., only requiring function eval-
uations and no explicit gradient information. In previous works [57, 166], the quadratic-
approximation-based method BOBYQA (Bound Optimization BY Quadratic Approxima-
tion) [188] and COBYLA (Constrained Optimization BY Linear Approximations) [187] from
the NLopt library [114] have been used successfully. For the lower-level problem, one can
use a derivative-based approach, which relies on state parametrization by multiple shooting,
a discretization of the controls and a structure that exploits the SQP algorithm to solve the
resulting discrete nonlinear programs. It is important for this method to be efficient since it
is solved on every iteration of the upper-level problem.

2.7 Movement Primitives

Learning through observation is an important paradigm for humanoids as it enables the
robot to take advantage of the similarity in topology between humans and humanoids. A
fundamental hypothesis in human movement is that motions are comprised of movement
primitives which are combined and sequenced to generate complex behaviours [207].

Movement primitives have many definitions in the literature but can be grouped roughly
into four main categories: spatial, temporal, spatio-temporal [132] and dynamical. Table 2.2
details the different types and lists some related work for each.

Primitive Type and Works Definition

Spatial [174, 97] Patterns of instantaneous co-activation that are de-
scribed as vectors in the activation-space, and can be
extracted from motion data via Principal Component
Analysis (PCA).

Temporal [52, 177, 53, 55] Time-courses of activity that are linearly superimposed
to give rise to complex movements such as human whole-
body motion. Identification approaches: PCA, Inde-
pendent Component Analysis or Anechoic Demixing.

Spatio-temporal [65] Combination of spatial and temporal primitives where
instantaneous patterns of co-activation are combined
with time-courses. These can be shifted in time and
linearly combined to generate new movements.
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Dynamical [110] Trajectories are generated by transforming the output of
a dynamical system via a learned kinematics mapping.
They can be easily modulated based on task demand
and sequenced to generate complex movements.

Kinematic motion primitives (temporal, spatio-temporal) [65, 168] are advantageous be-
cause they are modular : novel movements can be generated by a weighted combination of
previously-learned primitives. Dynamical Movement Primitives (DMPs) are typically not
modular, meaning there aren’t many approaches to combine them across different effectors
[132].

In the area of dynamical MPs, a modular approach was developed using coupled Gaussian
Process Dynamical Model (GPDM) [233]. This method can learn movement primitives from
human movement data. The approach allows for controllable couplings between primitives,
driving different parts of the body.

In [132, 55, 56], the flexibility of the full GPDM framework [233] was not needed and
instead, a simplified approach using weight morphing was used, inspired by earlier works in
computer graphics and animation [87, 60].

2.8 Model Predictive Control

One realization of model-based optimal control is called model predictive control (MPC).
It is an approach that relies on real-time trajectory optimization over a finite-horizon. The
method has become widely adopted in the robotics community because of its ability to handle
nonlinearity, constraints and system dynamics in an online fashion [107]. MPC has been used
in many robotics and industrial applications including path planning for autonomous vehicles
[154], quadrotor control [27], industrial processes [80] and humanoid robot control [76, 64].

Being more specific, at every iteration of the MPC loop, the current state of the robot
is measured and a trajectory optimization algorithm is applied to obtain a locally optimal
solution from the current state for a particular (user-set) prediction horizon. The initial part
of the policy is applied as a control and the rest of the solution is discarded. The optimization
is repeated continuously in this manner.

MPC is very commonly used in the chemical process industry [21]. In this domain, the
natural dynamics of the systems are generally quite slow (on the order of minutes) and thus
the real-time optimization is not too much of a computational challenge. When the dynamics
of the system are low-dimensional, it also eases computational load. This is why MPC is
quite popular in the control of autonomous vehicles.
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In contrast, humanoid robots are high-dimensional and require control loops to run on
the order of milliseconds [76]. As such, the online optimization process is computationally
expensive. This can be circumvented by using a reduced order model (as we do in this thesis)
but recent works have also used the full robot model [64]. There are several challenges with
using MPC for humanoids. Firstly, we need a computationally efficient optimizer that is
able to work at high frequencies. Recently, shooting methods like Differential Dynamic
Programming (DDP) have been considered to be more suitable for MPC. Efficient solvers
based on DDP have been implemented and used for whole-body control [64]. Secondly, we
need to ensure the number of iterations needed by the solver for convergence is reasonable (as
low as possible). This can be done in several ways: formulating the DDP as a more convex
problem [64] or by providing a good initial guess to the solver. A common approach is to
simply provide the solution computed at the previous control cycle. This is a good heuristic
but may fail in the face of external disturbances [64]. A more recent approach, proposed
in the context of humanoid locomotion, is to warm start the MPC iterations with a motion
from a precomputed motion database containing optimal motions for the given task [147].

2.9 Reinforcement Learning

Reinforcement learning (RL) is an approach which aims to find a control policy π to maximize
a reward function. A categorization of RL agents and the methods used to train them is
given in Figure 2.5. In robotics, a model is typically used to find an appropriate control
input, although a parametric functional space can also be used [218]. The main mechanism
to learn a policy is to execute an action in an environment and evalute the reward. This
is, in general, a time-consuming method and hard to do on a real robot without damaging
it. Because of this, simulation is often used to pre-explore the space and then transfer onto
a robot to further tune the policy. Many techniques like domain-randomization [225] and
accurate modelling allow for “zero-shot” transfer of policies trained in simulation onto real
hardware.

The work in [153] compares Deep Reinforcement Learning (DRL) and Model Predictive

Figure 2.5: A categorization of RL agents and the methods used to train them. Adapted
from [186].

25



Control (MPC) for adaptive cruise control in car-following scenarios. Using a first-order
model to approximate vehicle dynamics, it finds that DRL achieves better generalization
and handles modeling errors more effectively, while MPC offers consistent performance but
struggles with modelling error. Overall, DRL can achieve higher control accuracy in varying
conditions, making it a viable control scheme for adaptive cruise control. This shows the
generalization capabilities of learning-based control.

There have been several works that have used reinforcement learning for locomotion
[213, 212, 210, 204, 222], with some works even applying it to tasks like skateboarding [223].
Another recent development is the usage of transformers (originally developed for large lan-
guage models) for humanoid locomotion [194].

2.10 Frameworks and Libraries Used

A number of libraries were used to realize the controllers, modelling and motion generation
pipelines presented in this thesis. A few of the major ones are detailed in this section.

2.10.1 Pinocchio Rigid Body Dynamics Library

Pinocchio [43] is a rigid body dynamics library that implements many of the algorithms
from Featherstone [77]. The library efficiently computes the dynamics of a robot model
and provides analytical derivatives of the main rigid body dynamics algorithms such as the
Recursive Newton-Euler Algorithm and the Articulated-Body Algorithm. The library was
validated against another very popular library, RBDL [78]. Pinocchio is optimized for real-
time performance and can handle complex multi-body systems like humanoid robots. The
library is open-source, written mostly in C++ with Python bindings for ease of use. Pinocchio
was used extensively throughout this thesis for all the computations of rigid body dynamics
and kinematics.

2.10.2 EXOTica Extensible Optimization Library

EXOTica (Extensible Optimization Toolset for Robotics) is a modular, open-source optimiza-
tion library designed for motion planning, trajectory optimization, and inverse kinematics
in robotics. It provides a flexible framework that allows users to define, combine, and solve
various optimization problems for robot control and motion planning. With its extensible ar-
chitecture, EXOTica supports different robot models, cost functions, constraints, and solvers,
making it suitable for a wide range of robotic applications, from industrial manipulators to
humanoids. It is used in this work to perform a task-based whole-body inverse kinematics
for humanoids (in Chapter 5 and Chapter 6). SNOPT [88] is used to solve the non-linear
optimization problem.
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2.10.3 Task Space Inverse Dynamics Library

TSID (Task Space Inverse Dynamics) is an optimization-based inverse dynamics library de-
signed for whole-body control of legged robots, humanoids, and manipulators [3]. It allows
users to define tasks directly in the task space (e.g., end-effector positions, orientations, center
of mass) and compute joint torques (or accelerations) that fulfill these tasks while satisfying
constraints, such as joint limits. It implements a non-strict two-layer hierarchy: constraints
and costs. It is used in this thesis as the main whole-body controller.
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Chapter 3

Towards Humanoids Using Personal
Transporters: Learning to Ride a
Segway from Humans in Simulation

Foreword

The contents of this chapter was accepted and published in the the 2022 IEEE International
Conference for Biomedical Robotics and Biomechatronics with the following citation:

V. Rajendran, J. F. -S. Lin and K. Mombaur, “Towards Humanoids Using Personal
Transporters: Learning to Ride a Segway from Humans,” 2022 9th IEEE RAS/EMBS Inter-
national Conference for Biomedical Robotics and Biomechatronics (BioRob), Seoul, Korea,
Republic of, 2022, pp. 01-08, doi: 10.1109/BioRob52689.2022.9925458. [198]

Minor edits involving formatting were made to adhere to thesis guidelines, but otherwise,
the content was used verbatim.

This work describes the simulation model development of the Segway PT along with an
initial basic controller for humanoids to operate a Segway. The video associated with this
chapter is at the following link: https://youtu.be/cVHbf4fwzcs.

3.1 Introduction

Legged bipeds are becoming increasingly advanced but their mobility is still restricted. Gen-
erating walking motions for humanoids still lags behind the capabilities of humans due to the
number of actuators and mechanisms required for stable gait. Beyond the hardware, complex
algorithms are required to ensure time and energy efficient walking motions. Some recent
works have focused on humanoids with wheels instead of feet to allow for faster mobility
[256], [257]. While performance is good for continuous surfaces, wheeled locomotion may not
be generalizable to other human-centric environments or uneven terrain, where legged motion
reigns supreme [220]. To achieve the best of both worlds, designing control algorithms for
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humanoids to operate PTs could be a viable option. This allows the humanoid to maintain
the advantages of bipedal walking while also allowing it to be more mobile and efficient for
long distance travel.

Xin et al. [243] tackle the problem of a humanoid riding a small two-wheeled mobile
platform. The COMAN (COmpliant HuMANoid Platform) successfully balances on and
drives a RoboSavvy self-balancing robotic platform [10] in simulation, showing that the
COMAN can actively balance on the two-wheeled platform using quadratic optimization to
generate whole-body torques. While the arms are taken into consideration for balancing,
they are left unactuated as the specific two-wheeled platform used had no physical handle
for steering.

Gong et al. [90] successfully enabled the Cassie bipedal robot to balance and drive a
Segway miniPro by modifying the nominal standing controller and shifting its centre of mass
(CoM) for accelerating and turning. Hyungjik et al. [144] implement center of gravity
control on miniature humanoid robots and show that they are able to ride a two-wheeled
mobile platform. Similar to other prior work, the arms are used purely for balancing.

The work in [129, 130] demonstrated a method for the HRP-2 humanoid to ride a
self-balancing hoverboard. These papers proposed the Sequential Online Learning Control
(SOLC) method composed of the cascade connection of SGD-based open-loop Learning Con-
trol (SLC) and mini-batch-based closed-loop Learning Control (MLC). The SLC contributes
the damping gain for online tuning of the foot torque to mount the hoverboard, and the MLC
handles speed governing.

While these prior works have successfully balanced and driven two-wheeled mobile plat-
forms, most works employed lightweight robots, and used arms only for balance and not
platform control.

This chapter aims to evolve a human-sized biped humanoid’s mobility by synthesizing
control strategies that allow it to drive a Segway (two-wheeled inverted pendulum). We
identify the controller of a Segway x2 SE via motion capture experiments and then formu-
late controllers for the REEM-C humanoid to drive the Segway in simulation. Using motion
capture data, we estimated the Segway’s proportional-integral-derivative (PID) control pa-
rameters used to drive and turn the vehicle. We also estimate the human’s whole-body
behaviour while riding the Segway to motivate our humanoid control approach. Mimicking a
human model is important for applications where humanoids need to integrate within exist-
ing human environments. Moreover, it is a common assumption that human locomotion and
motion is optimal [20], as such, we exploit the fact that humanoids are anthropometrically
similar to humans in controller design.

To drive the Segway forward and backward, we model the REEM-C humanoid as an in-
verted pendulum on top of the Segway and control the CoM position through linear-quadratic
regulator control (LQR). The REEM-C uses the Segway’s LeanSteer handlebar for turning
in the same fashion as a human. Since the REEM-C is position-controlled, the arms holding
the LeanSteer mechanism pose a problem when shifting the humanoid’s CoM because, in
general, they are too stiff to accurately track position commands. To alleviate this issue,
an admittance controller was introduced for the upperbody to allow for compliance while
the humanoid shifts its CoM when holding the LeanSteer handlebar. We show that through
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Figure 3.1: A high-level overview of our approach for synthesizing controllers to allow the REEM-C humanoid
to drive a Segway. The shaded grey area highlights the focus of this chapter.

these simple control strategies, we can effectively balance on and drive the Segway with a
humanoid robot (Figure 3.1).

The contributions of this work are:

• the reverse engineering and identification of the internal controllers of a Segway (from
human experiments) in order to develop a high-fidelity simulation model,

• biomechanical analysis of a human rider operating a Segway,

• controller synthesis for a humanoid robot to operate a Segway, motivated by human
riding data,

• simulation experiments showing that the proposed humanoid controllers allow for the
operation of a Segway.

This chapter is organized as follows. In Section 4.2, we share results and analysis of
a motion capture study where a human drove a Segway through various motion scenarios.
Section 3.3 details the development of a simulation model for a Segway x2 using the motion
capture data. Section 3.4 details the control scheme for the REEM-C humanoid to operate
a Segway. Section 3.5 presents the simulation experiments run to validate the proposed
humanoid controller design for operating the Segway. Finally, Section 4.6 summarizes the
chapter and provides an outlook for future work.

3.2 Experimental Studies of Human-Segway System

We first model the human-Segway system by examining motion capture data of a human
riding a Segway to estimate the Segway and human kinematics and dynamics.
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3.2.1 Marker Sets and Equipment

Motion capture markers were placed on both the Segway and human rider. For the human,
the IOR marker set [143] was used, consisting of 36 markers covering each limb, torso, and
head. For the Segway, 4 markers were placed on each wheel, 5 on the base platform, and
9 on the LeanSteer (Figure 3.2). All marker data was collected through the Vicon Motion
Capture system at 100Hz with 12 cameras.

Figure 3.2: Segway x2 SE with motion capture markers. The markers were placed in a way that would allow
for easy reconstruction of the LeanSteer and wheel kinematics.

3.2.2 Experimental Protocols

The experiments were done with the first author (male, 63 kg, 170cm) who had prior expe-
rience driving a Segway. He performed various trials (Table 3.1, Figure 3.3) which consisted
of short motions under 30 seconds, repeated 6 times each. The goal of this experiment was
to collect a variety of data that was representative of typical Segway usage.

3.2.3 Motion Capture Trial Analysis

A detailed kinematic and dynamic analysis of the human on the Segway was performed for
all trials. To estimate the kinematics, De Leva anthropometrics [66] were used to form the
human kinematic model as seen in Figure 3.4. The kinematic model was combined with the
motion capture marker position data in a Kalman filter inverse kinematics estimator, where
expected marker position relative to the kinematic model and the actual marker position are
minimized. The inverse kinematics estimation was carried out using RBDL [78] and biorbd
[165].

Figure 3.5 shows data from a “straight” trial. We see that as the human starts to shift
their CoM forward in the x-direction, the Segway starts to pitch forward and start moving.
When the human shifts their CoM backward to stop (starting at 2.5 s), the Segway similarly
reacts to this and pitches backward. The close coupling between the human rider CoM
shifting and the Segway will be exploited in Section 3.3 to reverse engineer a pitch controller
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Figure 3.3: Motion capture trial with the human driving in a straight line.
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Table 3.1: Motion capture trials performed by human riding the Segway.

Motion Description

Straight Start from rest and drive in a
straight line before coming to a
complete stop. Three speeds col-
lected.

Rotate In Place Turn on the spot using the
LeanSteer without moving for-
ward or backward.

Figure Eight Trace a figure eight shape that
was marked on the ground.

Small Arc Drive in a small arc shape by driv-
ing forward and then making a
smooth arc-shaped turn.

Figure 3.4: Representations of the human model based on De Leva anthropometrics [66] for kinematic
analysis. On the right, the meshes of the model are shown and on the left, the axes frames for each joint.
The x, y, z frames corresond to the colors red, green and blue respectively. The root frame of the human
model is at the pelvis (denoted with a larger frame in the right figure). The blue dots on the right figure
correspond to marker placement during motion capture.

for the Segway. We note that the y and z-direction are not shown as they do not contribute
as significantly to the motion of the Segway.
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Figure 3.5: A graph showing the human’s CoM translation in the x-direction (pointing forward with respect
to the Segway) versus the Segway’s pitch angle.

From Figure 3.6, we see the human’s arm joint angles plotted for a “rotate in place”
trial. “Right Arm Shoulder y” and “Right Arm Elbow x” contribute the most to turning
the LeanSteer as seen by the similar shaped graphs in blue. The angles are different in
sign as compared to the LeanSteer due to the difference in axes definition. This knowledge
is exploited in Section 3.4 where an upper body controller is developed for the REEM-C
humanoid to operate the Segway LeanSteer.

From all of the trials, some general observations about the human motions were deduced.
First, the human keeps their feet flat on the Segway’s platform and does not move them
(with respect to the Segway) while riding. When pitching forward and backward, the human
uses the LeanSteer for support to allow for more rapid CoM shifting. The human also keeps
their torso upright, effectively shifting their CoM through their leg joints.
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Figure 3.6: Graphs showing the human’s arm joint angles and the Segway LeanSteer joint angle for a “rotate
in place” trial. x, y and z correspond to roll, pitch and yaw respectively. The oscillations seen in the graphs
are artefacts from the inverse kinematics process.

3.3 Modelling and Control of the Segway

The Segway model used in simulation is developed in this section (Figure 3.8). The system
is approximated as a two-wheeled inverted pendulum. While a full human model was used
for biomechanical analysis Figure 3.4, as noted in Subsection 3.2.3 the x-direction of CoM
translation contributes most significantly to the motion of the Segway. As such, for the
parameter identification process outlined in this section, the human rider is approximated
as a point mass (centred at the CoM of the human) connected to the base platform of the
Segway by a massless rod. The point mass is allowed to shift forward and backward (in
the x-direction) via a prismatic joint to simulate a human rider shifting their CoM to drive
the Segway. This corresponds to a linear inverted pendulum attached to the Segway. The
simulation model was developed in URDF format to be simulated with the Gazebo dynamics
simulator. It is assumed that the tires do not slip and the LeanSteer mechanism is modelled
as a torsional spring joint with equilibrium at 0rad.

Our Segway controllers were motivated by prior PID controller models [44, 169, 253],
where independent self-balancing and yaw-rate controllers are developed to produce wheel
torques at the left and right wheels of the Segway. The self-balancing controller governs
the forward and backward motion by closing the loop on the pitch angle error whereas the
yaw-rate controller acts upon the heading error of the Segway. While many works have
presented more sophisticated approaches for controlling PTs similar to Segways, simple PD
and PI controllers present a smaller parameter set for tuning, and have even been used
in commercial Segway products [169]. In our approach, a PD controller was used for the
self-balancing controller (Equation 3.1) and a PI controller with feedforward gain was used
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for the yaw-rate controller (Equation 3.2). The overall controller outputs left and right
wheel torques. To achieve direction control, the yaw-rate controller torque, τyaw is applied
in opposite directions to each wheel. The desired pitch, θdes, was set to 0 so that the base
platform of the Segway would stay level while being driven or standing in place [169].

τl, τr = Kθp(θp − θdes) +Kθd θ̇p ± τyaw (3.1)

τyaw = Kff ψ̇des +Kψp(ψ̇ − ψ̇des) +Kψi

∫ t

0
(ψ̇ − ψ̇des)dt (3.2)

The yaw-rate was estimated from the individual wheel rotation speeds as ψ̇ = r(ωr−ωl)
l

where
ωr and ωl are the right and left wheel angular velocities. Segway dynamic parameters (Ta-
ble 3.3) were estimated from our collected data, the Segway manual [13], and previous studies
[44].

Table 3.3: Segway dynamic parameters.

Parameter Description Value

r Wheel radius 0.27 m
mw Wheel mass 4.6 kg
ml LeanSteer mass 2 kg
mb Platform mass 37 kg
hl Point mass rod height 0.85 m
hm Point mass weight 65 kg
g Acceleration due to gravity −9.81 m/s2

While the form of the controller and parameters are approximations, in the next subsec-
tions we will see that the parameter identification process yields a Segway response that is
reasonably close to the collected motion capture data. This was deemed sufficient for our
simulation experiments with the REEM-C humanoid.

Many works in the literature have suggested control schemes for various different PTs.
Some have relied on model-based controllers like LQR or MPC and others have used tradi-
tional PID controllers. In this work, we aim to exclusively use PID controllers to keep the
control synthesis simple and also to keep the number of tunable parameters low.

Controller tuning is an important aspect to take into consideration to ensure the simulated
PT behaves similar to its real-life model. While manual gain tuning or like Ziegler-Nichols
[71] can be used to attain good system response, it is hard to closely match the response of
the real system using these methods. As such, we use the motion capture data of human
riders operating the PTs in a lab setting from Section 4.2 to perform controller parameter
identification. This process is detailed in Figure 3.7.
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Figure 3.7: A block diagram showing the general procedure for PT control synthesis. The
pipeline starts with motion capture and model design of the real PT. Kinematic and dynamic
analysis is performed using RBDL and BIORBD to retrieve the PT joint angles, CoM tra-
jectories etc. Finally, this data is used to perform control parameter identification with the
PT model, joint angle data and the Simulink parameter identification toolbox.

Table 3.4: Segway controller gains, before and after parameter estimation.

Parameter Description Initial Values Final Values

Kθp Pitch controller proportional gain 1000 209.95
Kθd Pitch controller derivative gain 20 9.72

3.3.1 Pitch Controller

To command a certain linear velocity on the Segway, the user has to shift their CoM forward
to create a pitch error and the Segway will compensate by applying torques at the wheels,
thus moving the vehicle forward. If we look at this controller independently, the controller
takes the form of Equation 3.1 with τyaw = 0. The parameters that need to be estimated
are Kθp and Kθd . For the parameter estimation procedure, we take as input the human CoM
trajectories for all of the straight trials. This CoM trajectory is used to shift the point mass
sitting on top of the Segway to simulate a human’s motion. The Segway pitch angle and
linear velocity are used as outputs that need to be matched by the parameter estimation
(Figure 3.8). The MATLAB Parameter Estimation Toolbox was used, applying trust-region
nonlinear least squares to minimize the sum of squared errors (Table 3.4). The initial gains
were set manually such that the system was balanced in the upright position stably. Our
estimated Segway model matches well with the experimental motion capture pitch and linear
velocity response (Figure 3.9). The response when pitching backwards slightly differs in the
simulation model likely due to dynamic parameter inaccuracies as compared to the real
Segway. Nonetheless, the controller is able to balance the Segway and achieves a similar
linear velocity response to the motion capture data making this a viable model for use in
simulation.

3.3.2 Yaw-Rate Controller

The Segway yaw-rate is commanded by the user through the LeanSteer mechanism. The
LeanSteer has a plate spring on its joint to allow it to come back to its equilibrium point.
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Point mass
trajectory

Figure 3.8: Block diagram of the pitch controller parameter estimation procedure. A point mass trajectory
excites the system and the Segway’s pitch (θp) and linear velocity are monitored for the estimation procedure.
τyaw is set to zero for this identification process.
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Figure 3.9: The Segway simulated pitch and linear velocity response, as compared to measured experiment
data, after parameter estimation.
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When the user moves the LeanSteer to a certain angle, a commanded yaw-rate is sent to the
Segway’s controller and opposite torques are applied to both wheels (Equation 3.1).

We first need to find the relation between the LeanSteer input and commanded yaw-
rate for the Segway. For this, several trials were conducted where the human rotated the
Segway in place by moving the Leansteer left and then right, turning a full clockwise, then
counterclockwise circle by moving the LeanSteer mechanism to the maximum comfortable
position (±0.28 rad), which is limited by the high stiffness of the LeanSteer springs. The
data show a clear inverse relationship between the LeanSteer angle and Segway yaw-rate
(Figure 3.10). Curve fitting was applied to the LeanSteer angle against the yaw-rate, resulting
in a 7th-order polynomial (Equation 3.3). While the data could be fitted with a lower order
polynomial, we use knowledge from previous studies [44] [253] that show that the region close
to 0 rad is roughly linear but beyond 0.1 rad the behaviour becomes nonlinear. This is due
to the torsional spring used in the LeanSteer. The use of more data will make this effect
more pronounced.

y = −19375.57x7 + 875.05x6 + 3331.07x5 − 105.10x4

−159.65x3 + 2.26x2 − 2.45x+ 0.0087
(3.3)

The parameter estimation procedure for identifying the yaw-rate controller gains involves
using the previously estimated pitch controller to maintain balance and the LeanSteer to
yaw-rate polynomial relationship (Figure 3.11, Equation 3.3). From Equation 3.2, we note
that this controller is assumed to be a PI controller with feedforward gain on the yaw-rate,
requiring three parameters to be identified: Kff , Kψp , and Kψi . The input to the estimation
procedure are the LeanSteer trajectories, using the “rotate in place” motion capture trials.
The output being monitored by the estimation procedure is the Segway’s yaw-rate. The
resultant parameters (Table 3.5) matched the experimental data well (Figure 3.12).

Table 3.5: Segway yaw-rate controller gains, before and after parameter estimation.

Parameter Description Initial Values Final Values

Kff Yaw rate controller feedforward gain 0 -1.2411
Kψp Yaw rate controller proportional gain 0 249.88
Kψi Yaw rate controller integral gain 0 51.477
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Figure 3.10: a) An exemplar ”rotate in place” motion capture trial showing the LeanSteer angle and corre-
sponding yaw rate. b) The polynomial fit (Equation 3.3) of all the Segway ”rotate in place” motion capture
trials to map the relationship between the LeanSteer input angle to the Segway yaw-rate.
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LeanSteer
Trajectory

Figure 3.11: Block diagram of the yaw rate controller parameter estimation procedure. A LeanSteer trajectory
excites the system and ψ, the Segway’s yaw-rate is monitored. P denotes the relationship between the
LeanSteer angle and the desired yaw rate as in Equation 3.3.
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Figure 3.12: The simulated yaw-rate response of the Segway system.
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3.4 Modelling and Control of the REEM-C

With the Segway system modelled, we can now synthesize controllers for the REEM-C hu-
manoid to drive the Segway in simulation. The REEM-C humanoid has 36 actuatable degrees
of freedom, weighs 67 kg, and is 165 cm tall. It has force-torque sensors in the ankle and
wrists.

From our knowledge of the Segway control synthesis and human motion capture trials, we
synthesize two independent controllers: one focused on shifting the CoM to pitch the Segway
forwards and another to operate the LeanSteer to control the yaw-rate. First, we describe the
simplified linear inverted pendulum model (LIPM) along with the controller used to shift the
humanoid’s CoM. Then we discuss the upper body impedance and admittance control used
to operate the LeanSteer and also be compliant when the humanoid is actuating its lower
body to shift its CoM. We note that the LIPM is not used for walking or foot placement as
is typically done [118]. Instead, our aim is to control and command Segways to a vertical
position to drive and operate them.

3.4.1 Linear Inverted Pendulum Model Based Controller

To simplify the control synthesis for pitching the Segway, we employ the LIPM. The body of
the humanoid is approximated as a point mass at the CoM, connected to the ground contact
point via a massless rod and maintains a fixed height from the ground. This reduces the
system to a linear uncoupled system in the x- and y-directions. From Subsection 3.2.3, human
data showed that the x-component of the CoM shifting attributed the most to commanding
a velocity on the Segway. Thus, we simplify our LIPM model to only the x-direction CoM:

c̈x =
g

zc
cx +

1

mzc
ux, (3.4)

where m is the mass, zc is the height of the plane on which the point is constrained and ux
is the control torque. We used the manufacturer provided URDF for the REEM-C where
m = 76 kg and zc = 0.83 m in resting posture as pictured in the leftmost figure in Figure 3.14.
A common criterion for stability in biped robots is the zero moment point (ZMP), the point
on the plane where no horizontal torque components exist. For the LIPM point mass, the
x-direction ZMP coordinate is defined as:

px = cx −
zc
g
c̈x. (3.5)

We then apply a Laplace transform [118, 75] and a low pass filter with filter time constant
T to get the following state-space representation of our LIPM:ṗxċx

c̈x

 =

−1/T 1/T 0
0 0 1
0 0 0

pxcx
ċx

+

−zc/(gT )0
1

 c̈x (3.6)
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where the control input is the CoM acceleration in the x− direction. With a linear model,
we can use LQR (Linear Quadratic Regulator) to control the CoM acceleration c̈x, calculated
by:

c̈x = −K1 ∗ (px − cx)−K2(cx − cxdes)−K3 ∗ ċx, (3.7)

where K1, K2, and K3 are the computed LQR gains and cxdes is the desired CoM posi-
tion. We note that the first term involving the ZMP and CoM aims to bring the LIPM
to an equilibrium configuration by driving the ZMP towards the CoM. As long as cxdes is
commanded to positions that are within the stability boundary of the humanoid (i.e., the
support polygon), we can ensure the humanoid stays balanced. From the motion capture
trials in Subsection 3.2.3, the human only needed to translate their CoM between ±0.1 m
which is within the support polygon of our particular humanoid. Since the REEM-C is po-
sition controlled, when applying this control to the robot, two discrete time integrations are
performed in order to produce a reference CoM position. The KDL library [214] is used
to calculate the humanoid’s CoM and the two leg sub-chain inverse kinematics to move the
CoM to the desired location.

We note that the LIPM (with fixed CoM height) is most accurate on flat surfaces. From
the motion capture analysis presented in Subsection 3.2.3, and the fact that we are considering
the case where the Segway is operating on flat ground, the Segway tilts at most a few degrees.
To keep the control structure and model simple, we did not consider the tilt angle in this
work.

3.4.2 Upper Body Impedance and Admittance Controller

From the motion capture experiments, we found that when the human rider shifted their CoM
to command a velocity on the Segway, they tended to lean their body onto the LeanSteer
using their arms to prevent falling. This is quite obvious when observing a human rider on
a Segway but to achieve this with a humanoid requires some special attention. To this end,
we model the upper body joints with admittance controllers, focusing on the torso and arms.
The REEM-C has force-torque sensors at its wrist, used to measure any forces that act on
the hands and are further projected to other joints in the arms to achieve compliance. This
is useful when the REEM-C is shifting its CoM forward and backward because the upper
body can yield to the forces felt at the wrist from the LeanSteer and allow for a smooth CoM
shifting motion. The method presented in this section is adapted from [181].

The arms are also required to operate the LeanSteer, and this requires a level of tracking
accuracy, hence the controller becomes stiffer, not yielding to external forces. This allows
the REEM-C to turn the LeanSteer and command a desired yaw-rate on the Segway.

To form the Cartesian admittance law for the upper body we take the hand position with

respect to the base frame as x =
[
Q⊤ t⊤

]⊤
with translation t and rotation quaternion Q.

The desired pose of the hand is taken as xd such that a Cartesian impedance law that tracks
the desired hand pose is given as,

Wi = −Kpx̃−Kd
˜̇x, (3.8)
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where x̃ is the pose error, ˜̇x is the velocity error, Wi is the resultant impedance wrench and
Kp and Kd are diagonal proportional and derivative gain matrices. This control allows for
adequate tracking of Cartesian hand poses.

Analogously, we can define a Cartesian admittance law as,

Wc = wi ∗Wi +Kft ∗Wft. (3.9)

Here, Wft is the wrench as measured at the wrist of the arm, Kft is a gain to amplify the
wrench, and wi a weight that allows us to vary the effect of the Cartesian impedance control.
When Wft is greater than a set threshold, wi is set to 0 so that the hand can yield to any
forces or torques without interference from the pose tracking Cartesian impedance control
law, Wi.

The wrench Wc is then projected onto each joint of the upperbody through the Jacobian
associated with the force-torque sensor frame τc = J⊤

ftWc.

Since the REEM-C is position-controlled, we must transform this torque to a position
command. This is done by first defining a velocity command,

q̇cmd =M−1
j τc −M−1

j Kjp(q − qd), (3.10)

where Mj is the mass matrix related to the controlled joints. KJp is set to 0 for each joint in
the arm but to large values for the torso joints so that they stay stiffer and have less influence
on CoM shifting of the humanoid. q̇cmd is then integrated using the controller’s time period
to generate a position command qcmd.

3.5 Simulation Experiments

In this section we show several simulation results of the REEM-C riding the Segway. For all
test scenarios, the REEM-C grasps the LeanSteer with both hands but is compliant when
shifting its center of mass due to the upperbody admittance controller (Figure 3.13). When
required to make turns, wi, the Cartesian impedance gain, is set to 1.0 to allow for adequate
pose tracking. This allows the REEM-C to operate the LeanSteer mechanism and command
a desired yaw-rate on the Segway.

3.5.1 Driving Straight

First, a straight trial where the humanoid was required to follow a CoM trajectory was
conducted. The desired CoM, CoMdes, was a CoM trajectory of the human from a motion
capture experiment. This trajectory was not used during the parameter estimation procedure
detailed in Section 4.2. The REEM-C humanoid is able to track the desired CoM trajectory
adequately via LQR control (Figure 3.15). Although there is a slight error, as can be seen
from the Segway velocity graph, the output velocity of the Segway based on the REEM-C’s
CoM motion tracks very closely to the motion capture trial. This shows that the REEM-C
is able to easily regulate its CoM while holding on to the LeanSteer.
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Figure 3.13: REEM-C shifting its COM back and forth. The force-torque sensors at the wrists of the REEM-
C allow the upperbody to actively switch between compliance and stiff control.

Figure 3.14: REEM-C operating the LeanSteer mechanism.

3.5.2 Rotating In Place

In this experiment, the REEM-C moved the LeanSteer to ±0.28 rad similar to the rotate
in place trials by the human. This was achieved by commanding equal and opposite joint
position commands to the shoulder pitches of the REEM-C’s two arms. First, the REEM-C
turned the LeanSteer left and after a set amount of time, brought its arms back to resting
pose (Figure 3.14) before turning the LeanSteer right. This approach of commanding only
the shoulder pitch was deduced from the “rotate in place” human trial shown in Figure 3.6,
where it was shown that the shoulder pitch was a significant contributor to turning the
LeanSteer. The elbow also contributed to turning the Segway for the human but this was
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Figure 3.15: REEM-C CoM and Segway linear velocity as compared to a corresponding ”straight” motion
capture trial. The desired CoM trajectory CoMdes comes from human motion capture experiments.

neglected for the humanoid as the shoulder was able to easily move the LeanSteer to the
desired joint angle.

For this maneuver, the REEM-C regulated its CoM position to 0 m in the x− direction,
aiming to stay in place while the Segway rotated (Figure 3.16). As can be seen, the REEM-C
effectively moved the LeanSteer to the desired position and commanded a yaw-rate on the
Segway. The Segway pitched back and forth very little during this motion and the REEM-C
also maintained its CoM very closely to 0m in the x-direction.

3.5.3 Driving in a Small Arc

The last task for the REEM-C was to drive a small arc. This was to show that the REEM-C
can actively pitch forward and backward while also operating the LeanSteer (Figure 3.17).
As can be seen, the REEM-C is able to regulate its CoM and command a yaw-rate through
the LeanSteer effectively. The REEM-C was able to follow the prescribed trajectory only
overshooting near the top of the arc where the direction of motion switches (Figure 3.18).
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Figure 3.16: Segway LeanSteer angle, yaw-rate, pitch and REEM-C CoM position for a rotate in place
simulation.

The prescribed trajectory was designed by driving the Segway without the REEM-C and
applying a constant yaw-rate and pitch angle. As such the error in the trajectory tracking is
likely due to the delays induced by the REEM-C arm motion and time taken to pitch forward
from rest.
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Figure 3.17: REEM-C performing a small arc. The yellow parking stop keeps the Segway stable before
starting the motion.

3.6 Conclusions and Perspectives

In this work we presented an approach to go from motion analysis of a human riding a
Segway to a humanoid riding a Segway. First we presented and analyzed the motion capture
experiments conducted with a human. Next, we developed a simulation model of the Segway
that matched the motion capture experiments closely. Finally, we presented a decoupled
control approach for the REEM-C humanoid to balance on and operate the Segway. The
approach involved modelling the REEM-C humanoid as a LIPM and using LQR control to
shift its CoM in order to command a velocity on the Segway. The upperbody was able to
hold and command the LeanSteer mechanism via an impedance/admittance control scheme.
The controller was compliant during CoM shifting and stiff when commanding a LeanSteer
position. A limitation of the work presented in this chapter is the robustness of the method
to parameter uncertainties (models and controller gains). Analysis of the coupling effects
between the upper and lower body controllers of the REEM-C is also important to study.

For future work we will be testing the proposed control scheme with the real Segway
and REEM-C humanoid. We will also be performing more extensive motion capture trials
to collect data from many participants. Extending the approach to directly learn from
the human motion capture trials using inverse optimal control is another approach which
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could yield better performance. Comparing foot reaction forces between the Segway and
the human/REEM-C could also help develop a more sophisticated model. Developing a
wholebody controller instead of decoupling the humanoid into a two part system will also
help to remove any coupling effects between the independent controllers (which were neglected
in this work). Further, we would like to extend this initial work into a larger framework that
would allow humanoids to use other transportation devices meant for humans such as scooters
and electric skates.
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Figure 3.18: The global x− and y− position of the REEM-C in the World frame along with the desired arc
trajectory.
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Chapter 4

Whole-body Stabilization of the
REEM-C Humanoid on Actuated
Balance Boards in Sagittal and
Frontal Directions

Foreword

The contents within this chapter was accepted and published at the 2023 IEEE International
Conference on Humanoid Robots with the following citation:

V. Rajendran, F. J. A. Chavez and K. Mombaur, “Whole-body Stabilization of the
REEM-C Humanoid on Actuated Balance Boards in Sagittal and Frontal Directions,” 2023
IEEE-RAS 22nd International Conference on Humanoid Robots (Humanoids), Austin, TX,
USA, 2023, pp. 1-8, doi: 10.1109/Humanoids57100.2023.10375223. [197]

Minor edits involving formatting were made to adhere to thesis guidelines, but otherwise,
the content was used verbatim.

This work develops a whole-body stabilization controller for the REEM-C to balance on
actuated balance boards. This work was a stepping stone to driving and balancing on PTs.
The controller developed in this work was adapted and extended in Chapter 6 to enable
the REEM-C humanoid to drive a Segway. The video associated with this chapter is at the
following link: https://youtu.be/X61gbXRYg50.

4.1 Introduction

The challenge of achieving stable balance control is a critical issue in the field of legged
robotics, particularly for humanoid robots. For these robots to become fully integrated
into human society, they must be able to navigate various terrains, including unstable and
dynamic environments, with a high level of safety. Many works in the literature focus on
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stabilization for walking and uneven terrain [124, 42, 51, 40, 93, 112]. However, it is also
interesting for humanoids to balance on and interact with human-centred environments and
devices which offer uncertain dynamics such as personal transporters [198]. Most stabilizers
made for position-controlled walking are very damped, aiming to reject as many disturbances
as possible. However, this strategy does not work for other challenging environments such as
on moving platforms or vehicles. In these cases, humanoids should be more compliant and
adapt to the deviations and disturbances. Torque controlled robots are inherently compliant
but to achieve this same behaviour for position controlled robots, admittance-based control
schemes are required.

Humanoid balance and stabilization has been a topic of interest over the years. In the
work by Kajita et al. [124], a stabilization approach incorporating posture control, foot force
control, foot torque control and zero moment point (ZMP) distribution is used to stabilize
the walking gait of the HRP-4C humanoid. A similar approach is used in [42] to climb stairs
with the HRP-4 humanoid. In [246], the authors propose a stabilizer that takes into account
full 6D force measurements to balance a UBTECH Walker robot in the MuJoCo simulator.
Simulation experiments on unstable platforms validate the approach.

In this work, we focus on stabilizing a humanoid robot on actuated balance boards. In the
literature, there has been some interest in stabilizing humanoids on unstable platforms and
seesaws. Some seminal work in this area is presented in [109]. The authors introduce a control
technique for full-body balancing in humanoid robots, enabling safe and compliant physical
interaction without requiring force measurements, inverse kinematics, or inverse dynamics.
The method, validated through experiments on a bipedal humanoid, optimally distributes
forces across contact points and adapts to uneven ground, showcasing its effectiveness in repli-
cating human-like responses during interaction. In [22], an adaptive torque-based controller
is designed for the Sarcos Primus humanoid. The controller used an augmented model-based
policy-mixing controller to balance on a frontal plane seesaw. In [176], a momentum-based
balancing controller is developed for the iCub humanoid and simulation results are shown to
stabilize a seesaw. Recently, a stabilization approach is proposed for the HRP-4 to balance
on a frontal plane seesaw based on super-twisting sliding mode control [179]. The controller
aims to apply a torque on the seesaw to command it to any angle by sliding its foot along
the seesaw. The controller is tested in a physics based simulation but it is unclear whether
it would work on real hardware.

In this work, we tackle humanoid balancing on actuated balance boards in the frontal
and sagittal planes. Sagittal seesaw balancing has not been studied as well as frontal plane
balancing in literature. This perspective on the traditional (frontal) seesaw balancing problem
is particularly significant because of the potential challenges that may arise when considering
the range of motion of humanoid robots. The actuated balance board provides a tractable
problem with enough similarities to a fully unactuated balance board to serve as an efficient
bridge between simulation results and real robot experiments while minimising risks to the
robot. It further allows the opportunity to provide challenging rapidly changing scenarios to
stress test the proposed method. For humanoids to be useful in the real world, they should be
able to balance in dynamic environments (e.g., riding buses or using personal transporters).
This directly motivates our work in this chapter.

Our approach first starts with qualitative analysis of a human balancing on a balance
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Force applied manually
to actuate the board

Max inclination 7°

Figure 4.1: The REEM-C Humanoid on a balance board. The black steel bar was retrofitted
to actuate the board manually. Sagittal and frontal plane setups are shown in the background,
being actuated by two humans.

board. From this, we deduce key takeaways to inform our control design. We then take an
approach similar to [124, 42] but modify portions of the approach to form a new integration to
balance on a sagittal plane balance board. The method includes ankle admittance to correct
the roll and pitch of the ankle based on ZMP measurements, base orientation admittance to
correct the roll and pitch of the robot based on IMU measurements and foot force difference
control, center of mass (CoM) admittance that takes into account a model of flexiblity in
the x direction based on the work in [30] and contact wrench distribution. All of these
methods produce task-space references which are consumed by a whole-body task-based QP
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Figure 4.2: A high-level overview of the stabilization controller developed in this work to balance on an
actuated balance board.

(quadratic program) controller to track the references. The contributions of our work are as
follows:

• We propose a method for balancing on an actuated balance board in the frontal and
sagittal planes.

• We develop a controller integrating multiple strategies found in literature for a hu-
manoid robot to balance on an actuated balance board, which is inspired by human
motion capture data. Results show that the controller is able to withstand large per-
turbations.

• We conduct simulation and real hardware experiments to test and validate the
effectiveness of our control approach.

This chapter is organized as follows. In Section 4.2 we share qualitative insights of motion
capture studies of a human on a balance board to motivate the control approach for a
humanoid. Section 4.3 introduces background theory used throughout the rest of the work.
In Section 4.4 we lay out the full control approach to stabilize a humanoid on an actuated
balance board. Section 4.5 shows experimental results in simulation and on hardware. We
conclude in Section 4.6 with a summary of the work, limitations and future directions.

4.2 Analysis of a Human on a Balance Board

To motivate our humanoid control design, we took inspiration from human motion capture
trials where one of the authors balanced themselves on an off-the-shelf balance board. The
Theia3D system (Theia Markerless, Inc.; Kingston, Ontario, Canada) was used to obtain
3D subject pose estimates of all limb segments. Two trials were conducted, one where the
human stood on the board and balanced in the sagittal plane and another where the human
balanced in the frontal plane. The authors also used pressure insoles to measure the center
of pressure of each foot while balancing on the balance board as shown in Figure 4.3.

From the human motion studies we made a few qualitative observations:
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(a) (b)

Figure 4.3: a) One of the authors balancing in the sagittal plane on a balance board. The
Theia3D system reconstructs all limb segments. b) Pressure insoles showing foot center of
pressure estimates. Here, the human is leaning backwards, concentrating their center of
pressure near the heals.

• The human keeps both feet fixed and in contact with the balance board at all times,

• The human keeps their torso upright and CoM roughly in place while balancing,

• The human lets their ankles be compliant to the board’s motion and they can also
command a torque on the board.

These observations informed our choice of model and control design for humanoid bal-
ancing (on balance boards).

4.3 Background Theory

In this section, we introduce notation and formulations related to PID controllers, modelling
of a balance board and ZMP estimation to set the groundwork for the rest of the chapter.

4.3.1 PID Controller Formulation

In this work, several proportional-integral-derivative (PID) controllers are used to track task-
space references. A vectorized formulation is given as:

PID(t, s(t), i(t)) = Kp(s− i) +Ki

∫ t

0

(s− i)dτ −Kd
di

dt
, (4.1)
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where s ∈ Rr×1 and i ∈ Rr×1 are the setpoint and input (measurement) column vectors, and
Kp, Ki and Kd are matrices of proportional, integral and derivative gains. We note that this
formulation is different than the classical version. Specifically, for the derivative term, we use
the derivative on measurement form [79]. In practice, this does not change the performance
of the controller substantially. It has the added benefit of removing output spikes due to
derivative kick on setpoint changes in contrast to performing derivative on error control.

We note that the integral term is implemented as a leaky integrator, similar to the for-
mulation presented in [42]; it has the benefit of not winding up by design.

A discretized version of Equation 4.1 is used in this work. With an abuse of notation, we
drop the t from here onwards and write the equation as PID(s, i).

4.3.2 Balance Board

For this chapter, we focus on balancing on actuated balance boards. A sagittal plane board
(along the world x-axis) is shown in Figure 4.4. By actuated, we mean that the board
is powered/moved externally rather than as a passive mechanism. As such, in this work,
we don’t explicitly take the (dynamic) model of the balance board into account but do
feed the angle of inclination and board dimensions into the robot controller. However, this
information was only used in simulation tests; for real robot experiments, no information
about the balance board is fed into the controller.

The balance board used for this work is off-the-shelf, made of wood and has a semi-
circular base. To actuate it, we added an extended steel bar (as shown in Figure 4.1) to
move it manually by hand. To aid the controller in simulation, we estimate the contact point
on the ground through Equation 4.2:

db = rθb, (4.2)

where r is the radius of the circular base, calculated from its chord length l and segment
height h. The contact follows the arc traversed by the circular base, and db is the arc length
between the original contact point (shown with a green dot) and the current contact point
as a result of tilting the board by angle θb.

4.3.3 Zero Moment Point Estimation

From the previous section, we can think of the balance board as a moving slope with incli-
nation angle θb. As such, the humanoid’s ZMP needs to be projected onto the platform. We
use the well-known cart-table model [122] and the formulation in [106]:

px(θb) =

{
cx − zc

g cos θb
c̈x + zc tan θb θ ≥ 0

cx − zc
g cos θb

c̈x − zc tan θb θ < 0
(4.3)

py(θb) =

{
cy − zc

g cos θb
c̈y θ ≥ 0

cy − zc
g cos θb

c̈y θ < 0
(4.4)
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Contact
Point

Figure 4.4: The balance board model used in this work.

where θb is the balance board inclination as depicted in Figure 4.4, cx and cy denote the
center of mass position of the robot in the x and y directions, px and py are the ZMP in the
x and y directions, zc is the constant height of the cart-table model and g is gravity.

4.4 Humanoid Controller Design

We now describe the balancing controller design. The approach is depicted at a high-level
in Figure 4.2 and this section will dive deeper into each of the blocks shown. Task-space
references are generated by the stabilizer and fed into a TSID-based whole-body QP controller
which produces the desired accelerations for each joint of the humanoid. By integrating twice,
we get the desired joint positions to send to the robot position controllers.

4.4.1 Ankle Admittance

First we describe the ankle admittance controller. When balancing on an actuated balance
board (or moving platform), it is important for the robot’s ankles to be compliant and yield
to the forces felt at the foot in order to keep its ZMP within its support polygon. In this
work, we implement the following ankle admittance control:[

ω̇cr
ω̇cp

]
= PID(pd, p) (4.5)
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where p and pd denote the ZMP position and ZMP reference position respectively and (ω̇cr, ω̇
c
p)

are the commanded ankle roll and pitch velocities. For our particular humanoid, there are
actuators directly at the ankle roll and pitch and these commands are sent directly to these
motors (after being integrated to get desired positions). The gains for the PID controller
are used to tune the responsiveness of this controller. In particular, for balancing on an
actuated balance board, a combination of Kp and Ki can yield good tracking performance
with human-like ankle compliance to the board’s motion.

4.4.2 Base Orientation Admittance

Maintaining the orientation of the base is important to ensure whole-body stability. In many
humanoid controllers, the objective is to keep the base and torso upright but it can also be
used to counteract force differences at the feet [124]. In this work, we implement a base
upright task for the base pitch and a modified foot force difference admittance control for
the base roll as an overall base admittance control.

The formulation for foot force difference control is:

ζcr = ζr + PID((f qpLz − f qpRz), (fmLz − fmRz)), (4.6)

where ζcr denotes the base roll angle command, and f qpLz, f
qp
Rz denote the normal forces produced

by a force distribution quadratic program and the superscriptm denotes measured quantities.
As noted in [42], an implicit side effect of this control strategy is that it increases CoM
compliance. This control strategy is useful to shift the base when balancing on a frontal
plane balance board. This control is also useful for humanoids without a torso roll joint
(such as the REEM-C humanoid used in this thesis). The formulation to keep the base pitch
upright is given as:

ζcp = ζp + PID(ζdp , ζp), (4.7)

where ζcp denotes the base pitch angle command and superscript d denotes a desired quantity.
In this work, the desired quantity was set to keep the base pitch upright but this can be varied
based on the application. For balancing on a balance board in the sagittal plane, we found
that humans generally keep their torso and pelvis upright. This control strategy aims to
emulate this.

4.4.3 CoM Admittance

For the center of mass admittance control we take a modified approach that incorporates
model flexibility into the table cart model, as in [30]. We do this only for the x direction and
use a formulation similar to the one proposed in [42] for the y direction.

For the x direction CoM control, we use a modified table-cart model which takes into
account ankle flexibility as an offset angle α as in Figure 4.5. If we assume α is small the
system equations can be linearized and we can write the state space equations of the system
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(a) (b)

Figure 4.5: a) Unmodelled ankle flexibility b) The modified cart-table model taking into
account flexibility (figure taken and adapted from Benallegue et al. [30]).

as: 
ċx
α̇
c̈x
α̈

 =


0 0 1 0
0 0 0 1
−g
zc

−Kx
mzc

0 0
−g
z2c

−Kx
mz2c

0 0



cx
α
ċx
α̇

+


0
0
0
1
zc

 c̈x (4.8)

We control this system using LQR to obtain the optimal control u. The spring constant
Kx was not directly identified but tuned experimentally starting with the model identified
for HRP-2 in [30]. In this work, α and α̇ are measured with an IMU on board the humanoid.
This control works in tandem with the base orientation admittance which keeps the torso
upright. This allows for accurate estimation of the angle α to reject disturbances (pushes)
and to track a desired CoM reference.

For the y direction CoM control, the formulation is:

c̈y = c̈dy − PID(z∗, z), (4.9)

where z∗ and z are the ZMP reference and ZMP position respectively. The reference z∗ is
generated from a divergent component of motion (DCM) feedback control law as reported in
[42].
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4.4.4 Contact Wrench Distribution

For the contact wrench distribution problem, we follow a similar approach to [234] using
Newton and Euler equations to consider desired values cd, c̈d, L̇d (angular momentum rate)
along with z∗, pd to obtain ground contact wrenches wdLF , w

d
RF . The redundancy from being

in double support is handled by formulating a quadratic program to minimize each foot’s
wrench magnitude. We also consider unilaterality and friction cone equality constraints for
this problem.

4.4.5 Task Space Inverse Dynamics

To briefly review the details from Subsection 2.3.2, TSID [3] is a whole-body quadratic
program which sums task functions into a general cost function using user-defined weights
for their priorities. The formulation has two layers, costs and constraints, whose trade-
off can influence controller performance. The task errors in this controller formulation are
implemented as acceleration-based tracking laws in task space. The whole-body QP is solved
assuming the robot is in rigid contact with its environment.

In this work, we implement several tasks to track the task space references generated in
previous sections:

• Center of Mass: to track the output of Equation 4.8 and Equation 4.9,

• Contacts (6D): to track the ground contact wrenches wdLF , w
d
RF from Subsection 4.4.4,

• Feet Pose: to track the output of Equation 4.5 to control the ankle roll and pitch of
each foot,

• Joint Posture: to regulate the joint posture in a “half-sitting” stance with knees
bent and arms to the side,

• Trunk Orientation: to track the output of Equation 4.6 and Equation 4.7 to control
the roll and pitch of the floating base,

• Angular Momentum (AM): to regulate the angular momentum of the system as
in Equation 4.10.

For the angular momentum task as formulated in TSID (reference set to 0), the dynamics
are expressed as follows:

l̇c = m[c̈d +KDcom(ċ
d − ċ) +KPcom(c

d − c)]
k̇c = kdc +KPAM (K

d
c − kc)

(4.10)
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4.5 Experiments

In the simulation and real robot experiments, Pinocchio [43] is used to compute dynamic
quantities and TSID [67] [3] is used to compute the task-space inverse dynamics whole-
body quadratic program (Equation 2.10). We also make use of SEROW (State Estimation
RObot Walking) [14] for base estimation. The performance of the stabilizaton approach
is validated on the REEM-C simulation model in Gazebo and with real experiments on
hardware. The REEM-C is a 1.65 m tall, 80 kg position controlled humanoid with 30 actuated
joints (excluding the hands). In addition to the experiments shown, the attached video
includes sagittal and frontal plane balancing, as well as perturbation recovery tests.

Figure 4.6: Frames (from left to right) of the REEM-C humanoid balancing on an actuated
sagittal board rotating at 20 °/s, with a maximum inclination of 7◦. On the second to last
frame (on the right), the robot is pushed with a force of 55 N for 0.3 s and successfully rejects
the disturbance by generating momentum in the opposite direction of the push with its arms.
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Figure 4.7: Graphs showing the CoM, ZMP and left ankle wrench measurements for the
simulation sagittal board experiment. The references for the CoM and ZMP are shown using
dotted black lines.

4.5.1 Implementation Details

The controller’s cycle time was measured to be on average, 2.5±0.5 ms, which is within the 5
ms control loop time for the REEM-C humanoid. This time is spread almost evenly between
solving the wrench distribution quadratic program and the TSID quadratic program (using
eiquadprog [2]). The wrench distribution is solved using the qpsolvers [8] interface and
quadprog [7] [89].
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Figure 4.8: Frames (from left to right) of the REEM-C humanoid balancing on a sagittal
board actuated by a human. The maximum inclination is 7◦. We note that the robot has no
knowledge of the board and it is treated as a disturbance in this case.
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Figure 4.9: Graphs showing the CoM, ZMP and left ankle wrench measurements for the
real robot sagittal board experiment. The references for the CoM and ZMP are shown using
dotted black lines (at y = 0).

The controller was written in Python using the ROS Melodic middleware (Ubuntu 18.04)
and ran on a desktop Intel Core i7-10700F with 16GB of RAM. Whole-body position com-
mands were sent to the REEM-C over a ROS topic.

For the TSID whole-body QP, the task gains were set as in Table 6.2. All task damping
gains (KD) were set to their critical value 2

√
KP. For the priority levels listed, 0 indicates

a constraint and 1 indicates a cost. The “Contact” and “Foot Pose” tasks are imposed on
both feet of the humanoid independently.

With regards to state feedback, we note that since we are using a position-controlled
robot, sensor data is only used to estimate the floating base and to calculate references for
the various tasks in the TSID whole-body QP as shown in Figure 4.2. Feeding the measured
state into the TSID whole-body QP can lead to instabilities in position-control [202].

4.5.2 Sagittal Plane Balancing in Simulation

The first experiment to test the stabilization method was a sagittal plane balancing problem
on an actuated balance board. The problem setup starts with the balance board completely
horizontal before gradually changing inclination about its pivot point up to 7◦ one direction.
It then goes the opposite direction declining 7◦ before returning to a near horizontal state.
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Table 4.1: The TSID Task Gains for the balance problem. The same gains are used for sagittal and frontal
boards.

Task Weight Priority KP gain

Torque Bounds 1 0 -
Joint Bounds 1 0 -
Center of Mass 1 0 20
Contact (6D) 1 0 30
Foot Pose 1 1 300
Joint Posture (30 DoFs) 1× 10−2 1 all equal (1)
Trunk Orientation 1 1 20

The speed of the motion during this test was 20°/s. Additionally, at the 9 s mark, there is a
perturbation at the humanoid’s waist of 55 N for 0.3 s.

Figure 4.6 shows snapshots of the simulation results where the robot successfully balances
itself on top of the actuated balance board. The ankle admittance control (Equation 4.5)
allows the robot to be compliant to the board’s motion and track the contact point of the
balance board with the ground. We see from Figure 4.7a that the center of mass stays
bounded within the support polygon limits of the humanoid (which are roughly 10 cm from
the center to each foot edge for the REEM-C in the initial configuration). The ZMP also
tracks the reference, with some noise and oscillation (Figure 4.7b). This is expected behaviour
given the sudden start and direction switching of the balance board. The forces and moments
at the left ankle are regulated by the controller as seen in Figure 4.7c and Figure 4.7d. The
right ankle forces and moments are very similar to the left ankle measurements and are
left out for clarity. It is interesting to notice that the momentum task which allows for
arm swinging, damps the 55 N push at around 9 s with little deformation in the CoM
position. This shows the importance of controlling momentum (both linear and angular) and
is something that should be explored further in future work for different types of balance
boards and stabilization situations. The CoM height also shifts slightly from the reference
which is expected since we allow this to be free for the QP solver to choose.

4.5.3 Sagittal Plane Balancing on Hardware

In this scenario, we run the controller on the real REEM-C hardware. With minimal changes
to the gains, we could test the actuated board scenario in the sagittal plane. For this test,
we moved slower but at a constant rate of 10 °/s to validate the controller. The snapshots in
Figure 4.8 show that the REEM-C can successfully balance on the board and also perform all
task objectives such as ankle admittance, CoM stabilization and base orientation correction.
As can be seen in Figure 4.9a, the CoM stays bounded in the x direction and similar to
simulation trials, there is CoM height variation as an additional stabilization strategy. One
thing we note is that for the real hardware trial, we did not estimate the contact point of the
board and the ground and thus the balance board is treated as an unmodelled disturbance.
The references for the CoM and ZMP were set to 0 to keep the ZMP at the center of the
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foot. This strategy worked to stabilize the system including bounded forces and torques as
measured by the ankle force-torque sensors (Figure 4.9c, Figure 4.9d).

4.5.4 Frontal Plane Balancing

The control approach described in Section 4.4 also works for frontal plane balancing. The
snapshots shown in Figure 4.10 show the REEM-C successfully balancing as the board is
actuated manually. All task objective were satisfied and notably, foot force difference control
came into play to equalize the normal force between the two legs as the board oscillated back
and forth. This helped keep the base upright as can be seen in frames 2 and 3 from the left,
in Figure 4.10.

Figure 4.10: Frames (from left to right) of the REEM-C humanoid stabilizing on an actuated
frontal plane balance board.

4.5.5 Frontal Plane Stabilization against Large Perturbation

In this last test, the robot started on the frontal plane board leaning to one side before a
large disturbance was applied (by a human foot) to the board’s steel bar. This briefly sent
the robot airborne before it landed back on the board. Here, the ankle admittance and force
difference controller was able to stabilize the robot by admitting to the forces/torques felt
upon landing back in double support. The peak force felt at the right ankle force-torque
sensor was 1750N. The video associated with this chapter shows this experiment in slow
motion for better clarity: https://youtu.be/X61gbXRYg50.
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Figure 4.11: Frames (from left to right) of the REEM-C humanoid stabilizing in the frontal
plane after a large step-like disturbance is applied to the balance board by a human foot.

4.6 Conclusions and Perspectives

In this work, we describe a formulation for balancing on actuated balance boards in the
frontal and sagittal plane not only in simulation, but also on real humanoid hardware. The
proposed stabilizer incorporates various strategies from the literature (ankle admittance,
CoM admittance, base pitch admittance, foot force difference admittance, contact wrench
distribution and angular momentum regulation) and integrates them in a new formulation.
TSID is used to unify the strategies in a whole-body QP to realize the control approaches at
the acceleration level.

By utilizing an actuated balance board, we were able to intentionally create disturbances
to the robot in a controlled environment. This enabled us to validate our proposed approach
and assess the effectiveness of this type of controller in scenarios where the environment is
rapidly changing. In future developments, it could be used to provide challenging disturbance
profiles based on real-world scenarios such as maintaining balance on a moving boat.

Future work will involve improving the performance of the controller to balance on an
unactuated balance board. While simplified models are tractable and elegant to formulate,
our focus will shift to considering the whole-body to generate high-fidelity references for
whole-body QP solvers. This work will also be extended to a general purpose stabilizer to
allow humanoids to balance in more challenging scenarios, such as while operating personal
transporters [198].
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Chapter 5

Motion Planning for Bimanual
Manipulation of Humanoid Robots
based on a Novel
Manipulability-Stability Metric and
Object-Specific Constraints

Foreword

A portion of this chapter was accepted and published at the 2022 IEEE International Con-
ference on Humanoid Robots. The other half is currently being revised for resubmittal at
the IEEE Transactions on Robotics journal. The citations are as follows:

• W. Thibault*, V. Rajendran* and K. Mombaur, “Bimanual Manipulation Workspace
Analysis of Humanoid Robots with Object Specific Coupling Constraints,” 2022 IEEE-
RAS 21st International Conference on Humanoid Robots (Humanoids), Ginowan, Japan,
2022, pp. 141-148, doi: 10.1109/Humanoids53995.2022.10000183. *Equal first author-
ship. [224]

• V. Rajendran*, W. Thibault*, K. Mombaur, ”Motion Planning for Bimanual Ma-
nipulation of Humanoid Robots based on a Novel Manipulability-Stability Metric and
Object-Specific Constraints,” in IEEE Transactions on Robotics, 2024, Revise and Re-
submit. *Equal first authorship. [201]

Minor edits involving formatting were made to adhere to thesis guidelines but otherwise,
the content was used verbatim.

Within the context of this thesis, this work introduces a novel manipulability-stability
metric and motion generation pipeline for bimanual manipulation. This work was extended
and adapted in Chapter 6 to enable a humanoid to operate the handlebar of a Segway. The
video associated with this chapter is at the following link: https://youtu.be/dALPqitEdOA.
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5.1 Introduction

With the integration of robots into our daily lives, bimanual or dual-arm robotic manipulation
has become increasingly important to manipulate large, heavy and complex shaped objects.
Krebs et al. [135] identified a number of common bimanual tasks in their dataset created from
human motion capture studies including sweeping with a broom, opening juice containers,
mixing ingredients for cooking and rolling with a rolling pin. Other tasks requiring bimanual
manipulation include lifting boxes, pushing carts and carrying trays [250, 232, 142]. These
tasks are well suited for dual-arm robots, especially humanoids, when operating in real-world,
human settings (e.g., in a home or factory). However, the complex nature of these high degree
of freedom, coordinated, multi-contact tasks result in many challenges in motion planning and
control. Bimanual manipulation tasks can be distinguished in terms of hand coordination,
coupling and symmetry/asymmetry of the two hands with respect to the object, as suggested
in a recent taxonomy developed by Krebs and Asfour [134]. In this work, we focus on
coordinated, tightly coupled bimanual manipulation cases in which the object imposes clear
constraints between the position and orientation of the two hands. We consider objects that
introduce symmetric as well as asymmetric grasps, as shown in Figure 5.1.

5.1.1 Related Work

Recent Works

The field of bimanual manipulation covers a wide breadth of tasks of varying goals, objects
and constraints. Identifying and classifying these tasks, that generally are based on human
bimanual tasks, has been studied to better understand them and inform the development
of such motions on bimanual robots [70, 135, 134]. In many recent works for bimanual
manipulation learning has been a dominant direction of research as these motions are very
complex to define. Imitation learning and learning from human demonstrations has been
used for tasks like stir-fry cooking [155], pouring and box manipulation [156], and furniture
manipulation [242]. Other learning based techniques have been used in bimanual manipula-
tion including learning from configuration and operational space constraints [211], perception
based learning [47, 46], multi-agent deep reinforcement learning [157], combined offline and
online reinforcement learning [216], and neural network control [245]. Due to the human-
like nature of bimanual manipulation teleoperation methods are another popular method of
motion generation allowing humans to control the arm positions with position tracking and
EMG sensors [185, 139]. Human motions can also be used to develop movement primitives
used in bimanual tasks [84]. Traditionally, bimanual manipulation research includes work
on reachability and workspace analysis, planning and control, which are reviewed in the
following sections.

Reachability and Workspace Analysis

When dealing with multiple manipulators or kinematic trees, such as with humanoids and
dual-arm robots, reachability is often considered. Reachability maps have been shown to be
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(a) (b)

(c) (d)

Figure 5.1: Examples of objects introducing tightly coupled bimanual manipulation scenarios
addressed in this work: a) a small 1 kg box b) a large 7 kg box c) a sweeping broom (with a
left-handed grasp) d) a rolling pin.
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useful when determining valid poses planning manipulation related tasks for bimanual or hu-
manoid robots [172] including inverse reachability maps allowing for determining base poses
for specific hand poses [247, 249, 229]. Another perspective on reachability is the capability
map developed by Zacharias et al. that allows for the visual representation of valid grasps
at reachable points, particularly useful when the robot has a fixed base [254]. Workspace
analysis extends reachability maps by evaluating the quality of poses that are reachable. A
common metric considered is manipulability, a measure of how close a robot manipulator is
to singularity [251]. An alternative metric proposed by Leibrandt et al. measures dexterity
using joint-space configurations to evaluate the task-space for a more global metric [146]. In
the case of bimanual workspace analysis, manipulability becomes more challenging to con-
sider due to each arm having its own manipulability and it is often desirable for both arms
being able to operate in a similar workspace. Bimanual manipulability has been studied as
the intersection of the two manipulability ellipsoids [145]. Other bimanual manipulability
approaches include using individual arm manipulabilities for search-based approaches to op-
timize dual arm grasping manipulabilities [231] and an extended manipulability metric based
on the Yoshikawa manipulability metric using an augmented Jacobian matrix to include both
arms with cost terms for joint limits and obstacle avoidance [230, 227]. However, bimanual
manipulability is much easier to consider with robots that have a wheeled base design as
stability is not a concern. Static stability considerations for humanoids have been shown in
reachability maps in terms of a ratio of the distance of the center of mass to the edge of
the support polygon [116] and have been fused with extended manipulability metrics as a
product for a combined metric when determining whole-body affordances [117].

Planning

Bimanual, or dual arm, planning is an important part of motion generation when manipulat-
ing larger objects or more challenging manipulation is required. Orientation constraints are
often important when tipping objects or spilling contents is of concern like manipulating trays
leading to planning approaches that focus on object orientation [236, 59, 141, 142, 140] and
wrench balancing through sliding gripper motions [62]. Other works focus on large objects
like furniture [148] or objects with more challenging shapes to grasp leading to grasp oriented
planning [228, 217, 183]. Bimanual planning works have used a variety of planning approaches
including motion primitive search-based planning [59], trajectory optimization and analytic
inverse kinematics approaches [61, 236], sampling based techniques [228, 148] and reactive
planning [142] to achieve feasible plans these constrained manipulations necessitate. In the
case of semi-deformable bimanual manipulation a benchmark for the performance of planners
was proposed [45]. However, much of the work still focuses around fixed manipulators and
wheeled based robots. Manipulation planning with legged humanoids generally centers on
successful end effector planning rather than a bimanual object focused sense [115].

Control

Bimanual manipulation scenarios are often used because the manipulation task involves a
large, heavy object or a manipulation too complex for a single manipulator. This motivation
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with the need to perform tasks in cluttered environments and near or with humans leads to
many control frameworks leveraging impedance or admittance control to have compliant mo-
tions [83, 237, 150]. These frameworks focus on compensation for the load of the object being
manipulated along with disturbance and interaction from humans. Other control methods
include simpler torque control for optimization based trajectories [98], adaptive master-slave
control for hybrid force-position control [29] and cooperative task-space control methods us-
ing a dual quaternion representation [17]. Overall, force and constraint considerations are
key components of bimanual control methods. Another important consideration for control
is the prioritization of tasks, which is often resolved using a sequential approach based on
the prescribed priority. Sathya et al. propose the an MPC approach where weighted exact
penalties are used to ensure strict priority [206]. This method produced equivalent prioriti-
zation to a sequential approach with a reduced computational burden for a dual arm pick
and place task.

5.1.2 Contributions

Despite the extensive research already performed on bimanual manipulation, we have iden-
tified a few missing pieces from the perspective of dynamically moving bipedal humanoid
robots. The limitations that tight bimanual object grasps impose on the reachable workspace
and manipulability of humanoids, the constraints introduced by the object on the hands and
collision avoidance have to be explicitly considered to clearly assess bimanual manipulation.
In order to be able to plan, optimize and control dynamic (loco-)manipulation motions or
to evaluate key points along such motions, the weight and motion of the robot and the ma-
nipulated load have to be considered along with whole-body stability beyond the static case.
A planning and control pipeline using these considerations would enable highly manipulable
and stable humanoid motions. Knowing this, the contributions of our work presented here
are:

C.1 A new bimanual manipulability-stability metric that considers the manipulability of a
bimanual task and its static and dynamic whole-body stability,

C.2 A workspace analysis with object specific considerations such as mass, collisions and
end effector constraints,

C.3 Computations and visualizations of the metric in a variety of workspace scenarios with
different example objects and velocities,

C.4 Workspace comparison of two kinematically and dynamically different humanoids, REEM-
C and TALOS, in the same manipulation scenario,

C.5 Cost-based planning with proposed bimanual manipulability-stability metric using BiRRT
for object constrained, collision-free whole body inverse kinematic planning,

C.6 A task space inverse dynamics whole body quadratic programming control strategy to
consider object dynamics during manipulation,
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C.7 Simulation and real robot evaluation of planning and control pipeline on the REEM-C
humanoid.

5.2 Workspace Metrics

In this section the metrics used to analyze the workspace of a humanoid are developed, specif-
ically related to manipulability and whole-body stability. Using these individual metrics, a
combined metric is defined to analyze the quality of each pose/voxel in the workspace volume
of a humanoid.

5.2.1 Manipulability

A frequently used metric for measuring manipulability is the volume of the manipulablility
ellipsoid, also referred to as the Yoshikawa manipulability [251]. For a robotic manipulator
with n degrees of freedom in a task space of q ∈ Rm with m ≤ n and Jacobian J , a square,
symmetric and positive definite matrix A can be defined as:

A = JJT ∈ Rm×m. (5.1)

The eigenvalues λi of A correspond to the squares of the singular σi values of J . A describes
the mapping of a unit sphere in the joint velocity space to end effector velocities, and serves
to define the manipulability ellipsoid. The lengths of the half-axes of this ellipsoid are

√
λi,

and the manipulability measure µ for a single manipulator is computed based on its volume
as:

µ(A) =
√
λ1λ2...λm =

√
detA, (5.2)

µ(J) =
√
det JJT = σ1σ2....σm, (5.3)

where larger values indicate higher manipulability [159]. When considering manipulability in
a bimanual manipulation situation, this becomes more challenging, since both end effectors
have to be manipulable enough to support a given motion. We therefore extend the metric
to select the less manipulable arm which will be the limiting factor:

cm = min (µ(ALeftArm), µ(ARightArm)). (5.4)

For non-anthropomorphic robots (with more than two arms), this metric can be extended as
such:

cmmulti-arm
= min (µ(AArmi), i = 1, . . . , n) . (5.5)
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5.2.2 Stability

A whole-body stability metric is another important quality value to consider for workspace
analysis of humanoids. A reachable and manipulable pose is only useful if the humanoid
is also stable. Often, a simple confirmation of stability for a static pose is checking if the
ground projected center of mass (GPCM) lies within the support polygon. In [116], a quality
metric for stability was proposed based on the distance of the GPCM to the edge of the
support polygon. For non-static poses, the capture point can be used as it considers the
orbital energy of the linear inverted pendulum model (LIPM) when the center of mass is
moving at a velocity to determine if a step needs to be taken [191].

For a 3D LIPM at position rCoM, moving at a velocity of ṙCoM, the instantaneous capture
point, rICP, can be written as follows:

rICP = P (rCoM +
ṙCoM

ω0

), (5.6)

where P =

[
1 0 0
0 1 0

]
is a projection matrix and ω0 =

√
g
z0
, where z0 is a constant center

of mass height and g is acceleration due to gravity. Note that if the center of mass is not
moving, static stability is preserved [193].

Using the capture point of the robot, a stability metric can be calculated in situations
where the center of mass is experiencing a velocity. This metric can be defined as the
minimum distance to the edge of the support polygon and is denoted cs in this work. In
the situation where the capture point does not lie within the support polygon, the pose is
considered unstable for the current stance and not a valid reachable pose without taking
another step. Note that in the case of static poses, the capture point criterion automatically
reduces to the static stability criterion on the GPCM.

5.2.3 Combined Manipulability-Stability Metric

In order to have a single metric to evaluate different reachable poses in a workspace, a com-
bined manipulability-stability metric must be defined. To create such a metric, Equation 5.4
and cs should be normalized by the largest value found for each metric in the workspace
analysis to allow for comparison on a similar scale. The normalization is written as:

c′mi =
cmi

max(cm0 , cm1 , ..., cmn)
, (5.7)

c′si =
csi

max(cs0 , cs1 , ..., csn)
, (5.8)

where n is the number of reachable poses/voxels in a workspace volume and i indicates the ith

reachable voxel from 0 to n. Normalization is a crucial step to ensure a standardized metric
can be used when optimizing the workspace for better stability and manipulability, as each
metric has its own unique scale. To maintain consistency, only feasible configurations are
considered, ensuring the metric stays within a reasonable range. Although some feasible poses
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might have poor manipulability or stability, the resulting metrics do not become unreasonably
small in practice.

With the normalized metrics in Equation 5.7 and 5.8, a combined manipulability metric
at a reachable voxel can be defined as a weighted sum of the two metrics as follows:

cvi = αc′mi + βc′si , (5.9)

where α and β are weights between 0 and 1 that together sum to 1. Equal weighting for the
two metrics is used for the initial evaluation of the metric in this work. In the implementation
of this metric, detailed in Section 5.3, we perform a hard check and discard any reachable
poses that are unstable.

This combination of metrics to represent the stability and manipulability for a humanoid
has not been explored previously and can offer insight into quality of a whole-body bimanual
manipulation pose. High values would indicate if the pose of the robot is highly stable while
the arms also remain very manipulable for a given bimanual grasp.

5.3 Workspace Analysis Methodology

5.3.1 Whole-body Inverse Kinematics

This work considers humanoid robots, which kinematically have a tree like structure, unlike
the chain structure of typical articulated manipulators. This requires a different approach
to solving the inverse kinematics (IK) problem of reaching a certain pose in space, especially
when considering multiple end effectors and whole-body stability. In this work, we use the
EXOTica (Extensible Optimization Toolset) framework by Ivan et al. [111] to solve the
whole-body inverse kinematics problem for the humanoid using an optimization approach.
The optimization problem is set up using task maps that build the cost function and con-
straints. The task maps include considerations for joint limits, end effector positions and
center of mass position, among others. The task maps used for the whole-body IK optimiza-
tion are described in Table 5.1. To formally define the whole-body IK problem, we refer to
[248]:

q∗ = IK(qseed, C), (5.10)

where C is the set of constraints and tasks (as described above) and qseed is a given seed
configuration (or start configuration).

Using these task maps, queries for poses of the tool center point (TCP) of the left and
right hand of the humanoid are performed. In this work, we predominantly use the REEM-C
humanoid “Seven” by PAL Robotics, from the University of Waterloo. Figure 5.2a shows
the model of Seven with the left and right TCPs labeled. The task map weights were set
with joint limit avoidance as highest priority, followed by stability considerations (restricting
the position of the feet, avoiding unnecessary CoM motion) and finally achieving desired end
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(a) (b)

Figure 5.2: a) The REEM-C humanoid with World frame and left and right TCP frames
labeled. Here x is in red, y is in green and z is in blue. b) For the general workspace
generation case, a single point on the workspace grid encodes the center between the two end
effectors of the robot.

effector poses. For the IK procedure, we used the ExoticaWholeBodyIKConfig problem type
with the SciPyEndPoseSolver (using the L-BFGS-B optimization method).

5.3.2 Generation of a General Bimanual Workspace Map

For a general bimanual workspace analysis, that will serve as a reference for the results to
be presented, the method applied is similar to that of [227]. No specific object is defined
in this case, so constraints on distance and orientation of the hands are not applied. For
each end effector center point, a range of hand distances and positions around the point
are evaluated. This workspace generation procedure discretizes a task space in front of
the robot, the area where humanoids perform the majority of their manipulation related
motions, into a 6D voxelized workspace. A general workspace analysis is performed for
points in a 3D grid and for a series of spherical coordinates around each point. A 3D position
vector describes the center between the two end effectors and a spherical coordinate (r, θ,
ϕ) encodes the distance between the end effectors as shown in Figure 5.2b. This description
does not store any information about the relative end effector orientation. By removing the
orientation of the end effectors, a significant speedup is achieved due to the simplicity of
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position-only inverse kinematics. We define j = [v0, v1, v2] as the position of a 6D voxel v
that encodes the relation between the two end effectors of the humanoid, represented in the
World frame (as pictured in Figure 5.2a). From the spherical coordinates s = [r, θ, ϕ] a
Cartesian position j′ = [x′, y′, z′] can be derived as x′ = r sin(θ) cos(ϕ), y′ = r sin(θ) sin(ϕ)
and z′ = r cos(θ). The Cartesian positions of the left and right TCPs are then given as:
TCPleft = j + j′, TCPright = j − j′. Therefore, the spherical coordinates allow the hands to
be positioned around the point at different distances, where the TCPs are always considered
to be across from each other. During generation, the IK solution is considered valid if
the bimanual configuration is reachable, the capture point is within the support polygon, the
configuration is collision-free and it respects all joint limits. These hard checks are performed
because the cost-based optimization approach for whole-body inverse kinematics, detailed in
Subsection 5.3.1, does not have any hard constraints and may converge to infeasible solutions.
It is important to note that these checks are independent of any manipulability-stability
metric that is measured, as a result every logged solution is a stable and realizable pose.

5.3.3 Generation of Bimanual Workspace Maps under Object-induced
Constraints

The workspace maps generated by the approach presented in the previous section give an
overly optimistic picture of the situation when it comes to bimanual manipulation of a given
object. An object introduces different kinds of constraints:

• the distance of the hands are fixed to the grasping width of the object,

• the orientation of the hands with respect to each other is determined by the grasp
required for the object,

• for certain objects, there may be additional constraints on their orientation, e.g. crates
that have to be carried upright (fixed roll and pitch).

In this section, we therefore consider an object specific workspace analysis for humanoid
bimanual manipulation. In a similar manner, the workspace generation produces a discretized
area in front of the robot; however, the 6D voxelized parameters now consider the position
and orientation. The object specific workspace requires specific offsets for each TCP based
on the grasp for the object rather than using spherical coordinates with position-only IK. In
this case, full position and orientation IK is required to meet the grasp requirements. The
addition of orientation then allows for the consideration of the object rotation at each position
in the workspace, which may be useful depending on the task the robot is performing.

Algorithm 1 provides the details on generating the object specific workspace maps. The
algorithm takes as input the range of each voxel dimension, the discretization, the velocity of
the center of mass and the object geometry. It then computes the metric cv (Equation 5.9)
for each voxel in the defined workspace. Note that in this workspace generation, the object
influences the kinematic grasp, the dimensions of the object are considered for collision-
checking and the mass of the object is considered for stability. The hands are simplified end
effectors for faster computation, and we assume simplified fixed contact grasps.
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Algorithm 1 Object Bimanual Workspace Generation

Input: x, y, z, roll, pitch, yaw ranges and discretization steps, ṙCoM , object geometry

Parameters:
1: for x ∈ {xmin, . . . , xmax} do
2: for y ∈ {ymin, . . . , ymax} do
3: for z ∈ {zmin, . . . , zmax} do
4: for roll ∈ {rollmin, . . . , rollmax} do
5: for pitch ∈ {pitchmin, . . . , pitchmax} do
6: for yaw ∈ {yawmin, . . . , yawmax} do
7: j ← Vector(x, y, z, roll, pitch, yaw)
8: jl, jr ← calcGraspOffsets(object geometry)
9: q ← calcBothArmsIK(j + jl, j + jr)
10: stateValid ← isStateValid(q)
11: if stateValid then
12: c′m ← calcNormManipulability(q)
13: c′s ← calcNormStability(q, ṙCoM )
14: cv ← αc′m + βc′s
15: writeVoxelToDatabase(x, y, z, roll, pitch, yaw, cv)

5.3.4 Workspace Visualization

The generated results for cv at each voxel in the workspace are visualized by a color spectrum
ranging from low quality in blue to high quality in yellow/orange (going through green as
medium quality). Any unreachable or unstable voxel is plotted as gray. As multiple results
appear at each 3D voxel, the average result is displayed through an overlap of voxels by
applying a transparency.

Figure 5.3: The metric color range used throughout this work.

77



Table 5.1: EXOTica Task Maps used for whole-body inverse kinematics.

Task Map Formulation

Joint position ΦRef(x) = x− xref

Joint limits ΦBound(x) =


x− xmin − ϵ, if x < xmin + ϵ

x− xmax + ϵ, if x > xmax − ϵ
0, otherwise

End effector
frame

ΦEffFrame(x) = MB
A where MB

A ∈ SE(3)

End effector po-
sition

ΦEffPos(x) = PB
A where PB

A ∈ R3

End effector ori-
entation

ΦEffRot(x) = RB
A where RB

A ∈ SO(3)

Center of mass ΦCoM(x) =
(∑

i(P
world
CoMi

mi)
) /

M
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5.4 Workspace Analysis Results

In this section we present various workspace scenarios to illustrate our proposed metric in
the context of bimanual manipulation with humanoids.

5.4.1 General Workspace Maps

For the general case, generated as described in Subsection 5.3.2, a 0.8m3 workspace with
5 cm voxel discretization is considered. The workspace is predominantly in front of the robot
where most manipulation tasks take place and no CoM velocity is considered. Figure 5.4
shows a simple sensitivity analysis of the full workspace considered in the first row and a
horizontal cut through in the second row as α and β are varied. Figure 5.4a and 5.4d show
the manipulability distribution (i.e., α = 1 and β = 0 in Equation 5.9). As can be seen,
voxels closer to the REEM-C are of higher manipulability while voxels near the edge of the
workspace are of lesser manipulability. This is to be expected given that the further the
arms extend, the closer they are to singularity (and the less manipulable the configuration
will be). Figure 5.4b and 5.4e shows the stability distribution of the workspace (α = 0 and
β = 1 in Equation 5.9). The REEM-C is relatively stable for this cut through with voxels
near the edges being of lower quality. This is expected given that the REEM-C would need
to attempt to shift its CoM in order to reach some of these poses, reaching the edge of the
support polygon. Figure 5.4c and 5.4f show the combined manipulability-stability metric with
weightings, α = 0.5 and β = 0.5. Configurations nearer to the REEM-C are of higher quality.
This visualization gives an overview of the most stable and manipulable configurations in the
considered workspace. Of all the queried voxels, REEM-C was able to reach 22% of the
workspace. Other combinations of manipulability-stability could be obtained with different
α and β weights to prioritize manipulability or stability more depending on the application.

5.4.2 Workspace Maps with Varying Center of Mass Velocities

As described in our metric formulation in Subsection 5.2.2, we consider the capture point for
our stability metric which allows us to account for CoM velocity. Encoding this data into the
workspace visualization gives a sense of the robot’s capabilities while in motion. To this end,
we present exemplary workspaces to show how this consideration affects voxel reachability.

For this example, we consider a small subset of the general workspace presented in Sub-
section 5.4.1 and show four workspaces of varying CoM velocities. Here the metric considered
is stability (i.e., α = 0.0 and β = 1.0 in Equation 5.9). First, in Figure 5.5a, we show a case
where no CoM velocity is applied. As can be seen, most of the workspace can be reached and
voxels close to the REEM-C are of higher quality. When a CoM velocity is applied in the
x-direction, a portion of the workspace becomes unreachable due to the capture point exiting
the support polygon, as shown in Figure 5.5b. Similarly, Figure 5.5c shows the scenario when
a CoM velocity in the y-direction is applied. A portion of the workspace in the y-direction
again, becomes unreachable. Applying a CoM velocity with both x and y components shows
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(a) (b) (c)

(d) (e) (f)

Figure 5.4: Sensitivity visualizations of the workspace considered for the general case for α
and β. Low quality voxels are blue and high quality voxels are yellow/orange. Voxels that
are unreachable or unstable are translucent grey. The first row shows the workspace that was
considered and the second row shows a horizontal cut through. a) and d) show α = 1 and
β = 0 (the manipulability metric), b) and e) show α = 0 and β = 1 (the stability metric),
and c) and f) show α = 0.5 and β = 0.5 (the combined manipulability-stability metric) as
detailed in Equation 5.9.

that only a small corner of the workspace is now reachable. This information could be useful
when considering CoM velocity in humanoid motion planning scenarios.

5.4.3 Workspace Maps with Different Object Masses

In this section we show two workspace scenarios where the REEM-C manipulates boxes.
Box dimensions are taken into consideration for collision-checking and box mass is taken into
account for the stability metric.

The first scenario involves a light 1 kg box of dimensions 0.1m · 0.4m · 0.1m. The
workspace checked for this scenario was 0.8m3 with a translational discretization of 5 cm
and a rotational discretization of 15◦. Figure 5.6 shows cut throughs of the workspace. We
can see that the workspace is fairly symmetric which is expected given that the box being
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(a) (b)

(c) (d)

Figure 5.5: Visualizations of different CoM velocity (m/s) cases for a subset of the general
workspace using the stability metric. a) ṙCoM = [0.0, 0.0, 0.0] b) ṙCoM = [0.2, 0.0, 0.0] box c)
ṙCoM = [0.0, 0.6, 0.0] d) ṙCoM = [0.2, 0.6, 0.0].

manipulated is held with a symmetric grasp. The impact of carrying even this light box can
be seen in the reduction of the feasible workspace in the x-direction. The outer voxels are
infeasible due to the capture point exiting the support polygon which violates our currently
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developed metric. For this case, the feasible area of the checked workspace was 18% which
is a reduction from the general workspace shown in Subsection 5.4.1.

The second scenario is manipulating a bigger box with dimensions 0.2m · 0.6m · 0.4m,
weighing 7 kg. From Figure 5.7 we can see that the effect of the increased box mass has a
significant impact on the feasible workspace volume. For this case, the feasible area of the
checked workspace was 10%, a reduction from the 1 kg box case. We can see in Figure 5.7a,
even holding the box at a distance of 0.2m to 0.3m from the torso brings the capture point
(shown as a green dot between the feet) close to the edge of the support polygon (shown in
blue outline).

(a) (b)

Figure 5.6: Visualization of the bimanual manipulability-stability metric for the REEM-C
manipulating a 1 kg box. a) A cut through at z = 1.0m b) A cut through at z = 1.2m.

5.4.4 Workspace Maps with Different Objects

In this section we consider two other objects with different grasping configurations, a rolling
pin and a broom.

For the rolling pin, we considered a small workspace in front of the robot and restricted
the orientation of the rolling pin to 7.5◦ around all axes. Pictured in Figure 5.8a, is the
rolling pin workspace at a height of z = 0.9m from the ground. The middle portion of the
workspace in the x-direction is reachable but the edges closer to the robot and away from the
robot are unreachable. The edges further away being unreachable is due to the fact that the
arms and torso must extend and tilt causing stability issues. For the area closer to the robot,
reachability is degraded due to self-collisions of the arms with the torso. When visualizing a
higher z value, at 1.1m, we can see that much more of the workspace is reachable due to the
elbows pointing outwards from the torso, avoiding self-collisions. Thus, from this workspace,
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(a) (b)

Figure 5.7: Visualization of the bimanual manipulability-stability metric for the REEM-C
manipulating a 7 kg box. a) A cut through at z = 1.0m b) A cut through at z = 1.2m.

we can see the effects of having this grasp constraint and how it restricts motion at lower
heights while standing in one place. We note that contacts and force are not considered in
this workspace, and we are purely evaluating the kinematics of this constrained bimanual
task.

For the broom, we considered a left-handed grasp with the right hand of the REEM-C
above the left hand. Figure 5.9 shows two cut throughs of the workspace. Importantly, from
Figure 5.9b, we see that the area towards the left side of the REEM-C is of higher quality
and reachable where as much of the right side is unreachable. This is expected since the
robot would have to reach across its body with the left hand to access the right side of the
workspace, causing collisions with the torso.

5.4.5 Workspace Maps of TALOS

In order to illustrate how specific robot topology and characteristics affect workspace analysis,
we show a few workspace scenarios with the TALOS humanoid. Figure 5.10 shows cut
throughs of the manipulability-stability distribution for a general workspace, generated with
spherical coordinates as described in Subsection 5.3.2. We used the same workspace volume
and discretization parameters as was done for the REEM-C in Figure 5.4. We see that voxels
nearer to TALOS are of higher quality while the edges of the generated workspace are of
lower quality. Notably, as compared to the REEM-C, TALOS was able to reach 34% of the
queried voxels as compared to the REEM-C’s 22%. This is expected given that TALOS has
longer arms and a shoulder topology that allows more motion than the REEM-C.
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(a) (b)

Figure 5.8: Visualization of the bimanual manipulability-stability distribution for REEM-C
manipulating a rolling pin. a) A cut through at z = 0.9m b) A cut through at z = 1.1m.

We also consider the same 1 kg box that was considered for the REEM-C in Subsec-
tion 5.4.3 for the TALOS, as shown in Figure 5.11. Notably, TALOS was able to reach 26%
of the checked volume whereas the REEM-C was only able to reach 18%. Again, this is due
to the differences in limb lengths and topology.
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(a) (b)

Figure 5.9: Visualization of the bimanual manipulability-stability distribution for REEM-C
manipulating a broom. a) A cut through at z = 0.9m b) A cut through at z = 1.0m.

(a) (b)

Figure 5.10: Visualization of the bimanual manipulability-stability distribution for the TA-
LOS humanoid, for the general case with spherical coordinates as described in Subsec-
tion 5.3.2. a) A cut through at z = 0.9m b) A cut through at z = 1.1m.

85



(a) (b)

Figure 5.11: Visualization of the bimanual manipulability-stability metric for the TALOS
manipulating a 1 kg box. a) A cut through at z = 1.0m b) A cut through at z = 1.2m.
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5.5 Motion Generation Methodology

In this section, we outline the motion generation methodology to generate bimanual motions
using the metric proposed in Section 5.2. A bimanual variant of BiRRT is proposed which
produces a kinematic path. This is then fed to a task space inverse dynamics controller to
generate dynamically feasible trajectories.

5.5.1 Planning Problem Formulation

In this section we follow and adapt the formulations presented in [248, 196]. A humanoid
robot is modelled as a floating base system with nq joints and nq + 6 degrees of freedom,
including the joints and the 6 generalized coordinates of the floating base. The vector q ∈
Rnq+6 contains the joint positions of the robot and the position and orientation of the floating
base. Given the the set of all possible configurations of the robot, i.e., configuration space or
C-space (C), a configuration q ∈ C is a minimal set of variables that specifies the position and
orientation of each rigid body composing the robot along with the position and orientation
of the floating base. The subset of C inducing collisions with obstacles in the environment
is denoted Cobs. Assuming that C \ Cobs is an open set, we denote the obstacle-free space
as Cfree = cl(C \ Cobs), where cl(·) denotes the closure of a set. In addition, since we are
dealing with a humanoid robot, we introduce Cbalanced ⊂ C as the manifold that contains
statically balanced configurations. Therefore, the set of obstacle-free and statically balanced
configurations is denoted Cvalid ≡ Cfree ∩ Cbalanced.

For a given start and goal configurations, qinit, qgoal ∈ Cvalid respectively, the humanoid
path planning problem can be defined as a triplet (Cvalid, qinit, qgoal). A geometric path over
the configuration space is a continuous function σ : [0, 1]→ C and it is said to be collision-free
and statically balanced if for all τ ∈ [0, 1], σ(τ) ∈ Cvalid. Let Σ denote the set of all paths,
and Σvalid denote the set of all collision-free paths. The feasible path planning problem is
defined as:

Problem 1. Feasible path planning problem. Given a path planning problem (Cvalid,
qinit, qgoal), find a feasible path σ(τ) ∈ Cvalid such that σ(0) = qinit and σ(1) = qgoal, if one
exists, or report failure otherwise.

For planning on a a continuous-cost space, we define a cost-function c : C → R≥0 such
that a positive real value is assigned to all configurations in C. Then the cost-space path
planning problem is:

Problem 2. Cost-space path planning problem. Given a path planning problem
defined as the quadruplet (Cvalid, qinit, qgoal, c), solve the feasible path planning problem while
accounting for the cost function c during exploration of the C-space.

Methods that aim to solve the cost-space path planning problem often perform a rejection
sampling of configurations in the C-space by imposing specific cost constraints evaluating
each configuration on its cost alone, or on the cost variation to move locally between con-
figurations. Specifically for humanoids, generating collision-free samples is straightforward
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using random sampling and off-the-shelf collision checking libraries. However, generating
samples from Cbalanced is nontrivial since random sampling from a low-dimensional manifold
is not straightforward. In this work, we propose a planning method to solve Problem 2 for
humanoids by employing whole-body inverse kinematics (Equation 6.1) to generate statically
balanced samples, with the cost being the proposed manipulability-stability metric. In addi-
tion, as detailed later, we impose kinematic bimanual constraints to ensure that each sample
generated also maintains a grasp on the object that the humanoid is manipulating.

5.5.2 Sampling-Based Planning for Bimanual Manipulation

In this work, we are concerned with bimanual object manipulation and therefore sample in
the end-effector space, SE(3). We set bounds on SE(3) to indicated a region of interest in
front of the robot where manipulation occurs and the state is equivalent to the end effector’s
forward kinematics denoted:

x = FK(q) ∈ W, (5.11)

where FK() denotes the forward kinematics function, and W ∈ SE(3) the robot’s world.
The final paths are represented in the robot’s configuration space, thus, we associate an end-
effector state with a single full body configuration (using whole-body inverse kinematics) to
avoid ambiguity. In this work, the “end-effector” is the mid point between the two hands (as
shown in Figure 5.2) and the offsets of the hands are changed for each object to maintain a
suitable bimanual grasp.

Algorithm 2 details the bimanual BiRRT planner which is based on the planner from [31]
with changes in the ConstrainedExtend function to adapt the task to humanoids performing
bimanual manipulation.

In this planner, sampling happens in the task space (SE(3)) and a whole-body IK solver
is used to find the configuration space joint angles for the humanoid at each valid sampled
node. In this way, the object and robot motion are planned together simultaneously and the
whole-body IK solver can be tuned to produce whole-body configurations that satisfy costs
and constraints. For this work, we used all of the task maps detailed in Table 5.1 to form
a constrained IK solver that satisfies bimanual constraints for the various objects studied in
this work. Each object has specific geometry which are encoded as grasp offsets for the left
and right TCPs of the humanoid as detailed in Subsection 5.3.3. This is also described in
Algorithm 4 where the object geometry is taken into account for solving the IK problem.

Algorithm 3 works similarly to the original algorithm [31] by iteratively moving from a
configuration xnear toward xtarget with a step size ∆xstep. After each iteration, there is a check
to see whether the new configuration has reached the target and if so, the new configuration
xs is returned. If this condition isn’t met, the algorithm takes a step toward the target
configuration using the ConstrainedIK function which finds a joint space configuration for
the passed in SE(3) configuration, xs. This joint space configuration adheres to various
constraints and costs as set to achieve bimanual motion while holding a specified object. The
IK algorithm and costs are similar to those described in Table 5.1 with the exception that
we use the SNOPT solver [88] so that we can make some costs constraints without sacrificing
computation time. In particular we make the “End effector frame” task map a constraint
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and encode bimanual grasp offsets for each object. Additionally, we added a new task map
“Manipulability-Stability” where the cost is calculated exactly as in Equation 5.9.

Algorithm 2 Bimanual BiRRT Planner

1: Input: xstart, xtarget, qstart, qtarget, object geometry

2: Output: Feasible path or failure
3: TA.Init(xstart, qstart), TB.Init(xgoal, qgoal)
4: for n ∈ {1, . . . ,max n nodes} do
5: xrand ← SampleValidSE3()
6: xanear, q

a
near ← NearestNode(TA, xrand)

7: xareached ← ConstrainedExtend(TA, xanear, xrand, object geometry)
8: xbnear, q

b
near ← NearestNode(TB, xareached)

9: xbreached ← ConstrainedExtend(TB, xbnear, xareached, object geometry)
10: if xareached == xbreached then
11: P ← ConstructPath(TA, TB)

return SmoothJointSpacePath(P, TA, TB)
12: Swap (TA and TB)
13: return NULL

Algorithm 3 ConstrainedExtend

1: Input: T , xnear, xtarget, object geometry

2: Output: xfinal
3: xs ← xnear; x

old
s ← xnear

4: while True do
5: if xtarget == xs then
6: return xs
7: if ∥xtarget − xs∥ > ∥xolds − xtarget∥ then
8: return xolds
9: xs ← xs +min(∆xstep, ∥xtarget − xs∥) · xtarget−xs

∥xtarget−xs∥
10: xs, qs ← ConstrainedIK(xs, q

old
s , object geometry)

11: if qs ̸= NULL and IsSegmentValid(T , qolds , qs) then
12: T .InsertNewNode(xs, qs)
13: else
14: return xolds

After a path P is found, it is passed to SmoothJointSpacePath() which ensures that the
path has no large jumps in joint space configurations. This can happen, in particular, at
the edge configurations between the two trees TA and TB. Since these trees are expanded
separately, the configurations where the trees are connected can have jumps in the joint
space, for example, with elbow up or elbow down arm configurations given the redundancies
in the arms of the humanoid. To alleviate this, the function takes the shorter of the two trees
and seeds the first configuration in the tree with the last configuration of the other tree and
resolves all the joint space IK solutions along the path. This adds to the overall planning
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Algorithm 4 ConstrainedIK

1: Input: xs, q
old
s , object geometry

2: Output: xs, qs
3: jl, jr ← calcGraspOffsets(object geometry)
4: qs ← calcBothArmsIK(xs + jl, xs + jr, q

old
s )

5: return qs

Algorithm 5 IsSegmentValid

1: Input: T , qolds , qs
2: Output: Boolean (True if the segment is valid)
3: qdiff ← —(qs - q

old
s ) /∆t|

4: if qdiff > joint velocity limits then
5: return False
6: Q← linspace (qolds , qs, ∥qs - qolds ∥/ϵ)
7: for i, q in Q do
8: if IsConfigInCollision(q) then
9: if i == 0 then

10: return False
11: else
12: xobj ← FK(Q[i− 1])
13: T .InsertNewNode(xobj, Q[i− 1])

14: return False
15: return True

90



FT Sensors

Bimanual BiRRT Planner
with Manip-Stability Cost

Object Properties

Bimanual Admittance
Controller

Base Estimation
Joint Encoders, IMU, FT Sensors

Whole-body
Controller

AM/CoM

Foot/Hand Pose

Bimanual Constraint

Contacts (Feet, Hands)

Joint Reference Tracking

Manipulability-Stability Constraint
Cost

Figure 5.12: The planning and control block diagram highlighting the various components
of the motion generation pipeline. As a note, qcmd is tracked with the “Joint Reference
Tracking” task and is updated at each controller time step (0.005s).

time but is negligible given that each configuration takes up to 1 ms to solve. If there is
no large jump in joint space between the trees, this function exits without modifying the
constructed path.

Algorithm 5 checks collisions and velocity limits by stepping along the interval between
qolds and qs. If any configuration between the interval is in collision or violates joint velocity
limits, the last valid configuration is added to the tree and the algorithm exits. ∆t is set to
0.005s in this work as the REEM-C robot’s internal controller runs at 200Hz.

We note that, for simplicity, during path execution, we set the time step between path
nodes to 0.005s. This could also be parametrized using any known algorithm from the
literature, such as Iterative Parabolic Time Parameterization (IPTP) algorithm [15].

Additionally, while the manipulability-stability metric is only a local metric this plan-
ning procedure ensures a continuous trajectory while optimizing for greater manipulability-
stability. As a result, disjoint configurations of high quality for manipulability-stability are
not of concern since all nodes of the trajectory are part of the continuous configuration space
as determined by the Bimanual BiRRT planner. Ultimately, the proposed metric allows for
capturing the key qualities of manipulability and stability at a specific task space point for
a more preferential robot configuration.

Since we are only altering the planner to essentially sample configurations on a constrained
manifold (Cvalid) of Cfree, this planner inherits probabilistic completeness from the original
BiRRT/RRT-Connect implementation [136]. That is, if a path exists, it is guaranteed to be
found as the number of samples tends to infinity.
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Figure 5.13: The dynamic model for bimanual manipulation with the robot rigidly grasping
an object.

5.5.3 Extension of Bimanual Model to Include Contact Forces

So far, we have primarily focused on kinematic modelling and planning to form time-indexed
paths for the robot to execute, assuming a fixed, tightly coupled grasp. In this subsection,
we introduce the bimanual grasp model used later in our control formulation to execute the
paths found during the planning stage.

Consider a system with two hands, tightly grasping an object, as in Figure 5.13. The
robot is applying forces on the object with both hands and no relative motion can arise
between the grasping points and the grasped object. The generalised forces that each hand
applies on the object hl,hr ∈ R6 can be mapped to the net object force ho ∈ R6 by a grasp
matrix, as defined in [173]:

ho =
[
Gl Gr

] [hl
hr

]
. (5.12)

92



The grasp matrix can be expressed as:

G =
[
Gl Gr

]
=

[
I3 03 I3 03

S(rl)
⊤ I3 S(rr)

⊤ I3

]
, (5.13)

where I3, 03 are three dimensional identity and zero matrices, S(·) is the skew-symmetric
matrix operator and rl, rr are translation vectors from a point on the object (for example,
the center of mass) to the contact point on the hand (these are also known as virtual-sticks
in previous works, [38]).

From rigid body kinematics, we can derive the following constraint:[
ẋl
ẋr

]
= J(q)q̇ =

[
G⊤
l

G⊤
r

]
ẋo (5.14)

where ẋl, ẋr ∈ R6 denotes the hand velocities, ẋo ∈ R6 is the object velocity and J ∈ R12×nq

is the stacked Jacobian matrix associated with all contact points. This constraint, which says
that the object and hand velocities are common, is directly used in the control formulation,
shown later.

5.5.4 Control Formulation

Bimanual Admittance Control

To avoid high interaction forces with the held object and the environment, admittance control
can be employed to allow the trajectory being executed to deform based on forces felt by the
robot. Since we are using a position-controlled robot with force-torque sensors at the wrist
of the robot, we can form a Cartesian impedance/admittance law that modulates between
accurate tracking and compliance based on the forces felt. This controller nominally executes
the path planned by the motion planning pipeline and yields to forces felt when needed. A
similar controller was used in our previous work for operating a handlebar with a humanoid
on a personal transporter [196].

Consider a single n-DOF manipulator with a force torque sensor at its wrist. To form the
Cartesian admittance law for the manipulator we take the end-effector position with respect
to the base frame as x. The desired pose of the hand is taken as xd such that a Cartesian
impedance law that tracks the desired hand pose is given as,

Wi = −Kpx̃−Kd
˜̇x, (5.15)

where x̃ is the pose error, ˜̇x is the velocity error, Wi is the resultant impedance wrench and
Kp and Kd are diagonal proportional and derivative gain matrices. This control allows for
adequate tracking of Cartesian hand poses.

Analogously, we can define a Cartesian admittance law as,

Wc = wiWi +KftWft. (5.16)
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Here, Wft is the wrench as measured at the wrist of the arm, Kft is a gain matrix to amplify
the wrench, and wi a weight that allows us to vary the effect of the Cartesian impedance
control. When Wft is greater than a set threshold, wi can be lowered (or set to 0) so that
the end effector can yield to any forces or torques while sacrificing pose tracking performance
with the Cartesian impedance control law, Wi. This can be useful to limit interaction forces
due to unexpected disturbances.

Equation 5.16 can be used for multiple independent manipulators, but needs extra atten-
tion when the manipulators are carrying a shared load or object. To couple and synchronize
the manipulators, another term can be added to reduce the relative error between the two
end effectors, assuming a distance and orientation offset between the two is set. Taking x̃b
and ˜̇xb as the relative pose error and relative velocity error of the two end effectors, a Carte-
sian coupling admittance control law to reduce the relative error between the end effectors
carrying a shared load is given as,

Wr = −Kpr x̃b −Kdr
˜̇xb. (5.17)

Kpr and Kdr are diagonal proportional and derivative gain matrices. The total wrench is
given as,

Wt = Wc +Wr, (5.18)

and is projected onto each joint of the two arms through the Jacobian associated with the
force-torque sensor frame,

τc = J⊤
ftWt. (5.19)

If using a position-controlled robot (such as the REEM-C humanoid), we must transform
this torque to a position command. This is done by first defining a velocity command,

q̇cmd = M−1
j τc −M−1

j Kjp(q − qd), (5.20)

where Mj is the mass matrix related to the controlled joints. KJp can be set depending on
how stiff or compliant the arms should be. q̇cmd is then integrated using the controller’s time
period to generate a position command qcmd.

In this work, we deal with scenarios where the object is already grasped with the two
hands. For the case where the robot initially grasps the object (comes in contact with a rigid
body), gains can be scheduled to reduce the influence of the admittance controller upon inital
contact. This would remove instabilities and allow for compliance to come into play once
the object is rigidly grasped with both hands. This combined with the force thresholding
mentioned earlier allows for stable motion generation with admittance control.

Task Space Inverse Dynamics

In this work, we make use of the whole-body controller developed for whole-body balancing
[197] and add some new tasks to more explicitly take into account bimanual manipulation
scenarios. The tasks used are listed in Figure 5.12: contacts, feet/hand positions, joint
reference tracking, bimanual constraint and the manipulability-stability metric proposed in
this work. The joint reference tracking task is used to track the output of the bimanual
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admittance controller (which in turn tracks the output of the BiRRT planning stage). We
finally impose the bimanual constraint as in Equation 5.14 and the manipulability-stability
cost in the whole-body controller (Equation 2.10). We note that the cost considers the CoM
velocity at every iteration. This QP is solved in real-time (every 5 ms, the controller timestep)
and the final joint accelerations are integrated twice before being sent to the robot as joint
position commands.

The task gains were set as in Table 5.3. All task damping gains (KD) were set to their
critical value 2

√
KP. For the priority levels listed, 0 indicates a constraint and 1 indicates a

cost.

Task Weight Priority KP gain

Torque Bounds - 0 -
Joint Bounds - 0 -
Bimanual Constraint - 0 -
Feet Contacts (6D) 1 0 30
Hand Contacts (6D) 1e-5 0 30
Center of Mass 1e3 1 12.5
Angular Momentum 1e-4 1 10
Feet Pose 1 1 300
Hand Pose 1 1 300
Joint Reference Tracking (30 DoF) 1e2 1 all equal (1)
Manipulability-Stability 1e-2 1 10

Table 5.3: The TSID task gains for the bimanual manipulation whole-body controller.

5.6 Motion Generation Results for the REEM-C Hu-

manoid Robot

In this section we validate our motion generation pipeline by showing real hardware results.
We utilize the PAL REEM-C humanoid as the test platform. Pinocchio [43] is used to com-
pute dynamic quantities and TSID [67] [3] is used to compute the task-space inverse dynamics
whole-body quadratic program (Equation 2.10). SEROW (State Estimation RObot Walk-
ing) [14] is used for base estimation. All components of the motion generation pipeline are
written in Python using the ROS Noetic middleware (Ubuntu 20.04) and ran on a MacBook
Pro (M1 Pro processor) with 16GB of RAM. Whole-body position commands were sent to
the REEM-C over a ROS topic.

The rest of this section is broken down by each object tested (box, broom, rolling pin)
and results are presented and discussed. We note that any potential grasp could be analyzed
using the workspace analysis described in Section 5.3. However, many objects are designed
to be used with a single prescribed grasp in a fixed manner, as seen in the exemplar cases
studied. Therefore, we focus on demonstrating motion generation for these three typical
types of grasps.
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5.6.1 Experimental Bimanual Box Motions

The first object that was tested was a 50 cm wide box. To rigidly grasp the object, the flat
palms of the REEM-C made contact with the sides of the box and the fingers curled in to
grasp the corners firmly. Task space start and goal configuration were set with respect to the
center of the box and are listed in Table 5.4. A total of 10 trials were run for the start and
goal configurations and metrics were collected with and without the proposed manipulability-
stability cost. Figure 5.17 shows an exemplar motion with the manipulability-stability cost
used during planning. As compared to Figure 5.18 we can clearly see that the elbows are more
flared and the robot stays closer to the center of the support polygon when planning with the
manipulability-stability cost. This is also confirmed in the box graph in Figure 5.15. We see
that the yellow line indicates that along the planned paths, the planner with the proposed cost
metric is able to maximize the manipulability-stability metric along the whole path. Table 5.5
also shows some metrics for the planner comparisons, with and without the manipulability-
stability metric. As can be seen, the average manipulability-stability cost is much higher
when the cost is enabled, producing more manipulable and stable paths. The tradeoff here
is planning time which is 5.44 s ± 1.77. Given the significant increase in manipulability-
stability metric, in situations where planning time is not critical, we can produce more high
quality paths (e.g., for creating an offline database of trajectories). Figure 5.16 shows the
left and right hand end effector errors for the box trajectories. As can be seen, the error in
translational components is less than 1 mm and 0.005 rad in orientation. This clearly shows
that the full motion pipeline is able to handle all the constraints set in the planning and
TSID QP execution stage.

Figure 5.14 shows sensor data from the left wrist force-torque sensor during a box ma-
nipulation motion. As can be seen, the force and torque profiles are bounded through the
admittance controller, before returning to their nominal values at the end of the trajectory.
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Figure 5.14: Force-torque data from the left wrist force-torque sensor for one trial of the box
motion shown in Figure 5.17.
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5.6.2 Experimental Bimanual Broom Motions

The next object that was tested was a standard, off-the-shelf, broom. For this experiment,
the REEM-C firmly grasped the cylindrical handle of the broom forming a rigid grasp.
Figure 5.19 shows one cycle of the broom motions starting from the left frame where the
broom is lightly making contact with the ground, to the final frame where the robot has
swept over the ground to the final configuration. As shown in Figure 5.15, the broom motion
with the manipulability-stability metric are more manipulable and stable along the trajectory.
Portions of the path dip below the baseline planner (shown in blue) but as shown in Table 5.5,
the planner with the cost produces paths with higher average manipulability-stability. The
planning time only increases by around 1 s when planning with the manipulability-stability
metric and this is because the broom motion is already a highly constrained grasp which
doesn’t allow too much nullspace motion. As such, the difference in cost metrics are less
than the box scenario. We see similar results in Figure 5.16 where the left and right hand
errors are bounded within 1 mm for translational components and 0.015 rad for orientation.

This grasp configuration is very limiting for the REEM-C due to the wrist design as it
can only perform flexion and extension or adduction and abduction. This design limitation
along with the short arms, compared to a humanoid platform with a larger workspace such as
TALOS with a different arm topology (see Subsection 5.4.5), limit the range of the sweeping
motion but nevertheless can perform a reasonable sweeping cycle

5.6.3 Experimental Bimanual Rolling Pin Motions

The last object that was tested was the rolling pin. Figure 5.20 shows the setup where the
robot holds a rolling pin with a closed grasp against a table. In this scenario, similar to the
broom, the grasping configuration is very constrained as compared to the topology of the
REEM-C arms. As such, the difference in metrics between the plan with and without the
cost is less pronounced, but nevertheless visible in Figure 5.15. The end effector errors are
also well bounded showing very good tracking in Figure 5.16.

Similar to the grasp for the broom, the wrist design and limited workspace size limit the
rolling pin’s range of motion.

Object xstart xgoal
Box [0.45, 0.0, 1.1, -1.57, 0, 0] [0.55, 0.25, 1.3, -1.57, 0.0, 0.0]

Broom [0.47, 0.17, 1.06, -1.111, 0.047, 0.281] [0.47, 0.04, 1.14, -1.25, 0.047, 0.281]
Rolling Pin [0.45, 0.0, 0.96, 0.0, 0, 0] [0.65, 0.0, 0.96, 0.0, 0, 0]

Table 5.4: The start and goal configurations across different tasks.

5.6.4 Bimanual Box Motions on a Shelf

In this final test, we show that the planner can avoid environmental collisions by planning a
motion to carry a box from one rung of a shelf to another. In doing this, the robot needs to
extend to the edge of its workspace and ensure that its links do not collide with the shelf.
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Object Algorithms W Path Length (m) Planning Time (s) Nodes Expanded Avg. MS Cost

Box
BiRRTn 0.3560 ± 0.0022 0.56 ± 0.04 112.00 ± 10.77 0.25 ± 0.01
BiRRTc 0.3323 ± 0.0075 5.44 ± 1.77 163.6 ± 44.53 0.45 ± 0.02

Broom
BiRRTn 0.3707 ± 0.0295 2.17 ± 0.39 477.6 ± 71.01 0.56 ± 0.02
BiRRTc 0.3533 ± 0.0275 3.13 ± 0.98 422.00 ± 56.84 0.60 ± 0.02

Rolling Pin
BiRRTn 0.198 ± 0.0054 0.95 ± 0.08 46.80 ± 0.91 0.29 ± 0.0
BiRRTc 0.199 ± 0.005 7.03 ± 0.16 43.1 ± 0.57 0.31 ± 0.0

Table 5.5: Comparison of BiRRTn (baseline, no cost) and BiRRTc (with manipulability-
stability cost) across different tasks.

0 20 40 60 80

Waypoint Index

0.2

0.3

0.4

0.5

0.6

M
a
n

ip
u

la
b

il
it

y
-S

ta
b

il
it

y
M

et
ri

c BiRRTc (with cost)

BiRRTn (without cost)

(a) Box

0 100 200 300

Waypoint Index

0.50

0.55

0.60

0.65

0.70

M
a
n

ip
u

la
b

il
it

y
-S

ta
b

il
it

y
M

et
ri

c

BiRRTc (with cost)

BiRRTn (without cost)

(b) Broom

0 20 40 60 80

Waypoint Index

0.25

0.30

0.35

0.40

M
a
n

ip
u

la
b

il
it

y
-S

ta
b

il
it

y
M

et
ri

c BiRRTc (with cost)

BiRRTn (without cost)

(c) Rolling Pin

Figure 5.15: Manipulability-Stability metric along real hardware trajectories. 10 trials were
done for each object and the graphs show the average and standard deviation along the trajec-
tories for the box, broom and rolling pin. Exemplar paths generated with the manipulability-
stability cost are shown for each object.

Figure 5.21 shows the trajectory generated with the manipulability stability cost. As can
be seen, the path generated avoids the shelf while maximizing the manipulability-stability
metric. The arms are slightly flared throughout the trajectory avoiding singularities. Fig-
ure 5.22 shows the trajectory generated without the manipulability stability cost. Along the
trajectory, there are certain points in which the arms are close to singularity. The average
manipulability-stability along the trajectory with the manipulability-stability cost was 1.16,
as compared to without the metric, which was 0.68. In these cases, using the metric within
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Figure 5.16: The left and right hand end effector error along all real hardware trajectories
(with manipulability-stability cost). As can be seen, all the errors are bounded to sub cen-
timeter and sub 0.03 radians.

the planning framework produces trajectories that are more stable and manipulable, poten-
tially allowing the robot to react to disturbances more easily. For example, if this trajectory
was used within a real-time MPC, the trajectory generated with the manipulability-stability
cost could more easily be deformed if the robot hits a shelf rung or gets pushed. This is
because the arms are away from singularity (allowing the robot to more easily deform its
configuration) and is more stable.
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Figure 5.17: Experimental box trajectory with manipulability-stability cost. The trajectory
starts on the leftmost frame and ends on the rightmost. The red dot indicates the start of the
trajectory and the green indicates the goal. Both arms are kept in manipulable configurations
along the path as compared to the path constructed without the cost in Figure 5.18.

Figure 5.18: Experimental box trajectory without manipulability-stability cost. The trajec-
tory starts on the leftmost frame and ends on the rightmost. The red dot indicates the start
of the trajectory and the green indicates the goal. At the end of the trajectory the left arm
is more extended and near joint limits, resulting in lower path quality as was shown in the
graph in Figure 5.15.
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Figure 5.19: Experimental broom trajectory with manipulability-stability cost. The trajec-
tory starts on the leftmost frame and ends on the rightmost.

Figure 5.20: Experimental rolling pin trajectory with manipulability-stability cost. The
trajectory starts on the leftmost frame and ends on the rightmost.

Figure 5.21: Experimental shelf box manipulation, with manipulability-stability cost. The
trajectory starts on the leftmost frame and ends on the rightmost.

Figure 5.22: Experimental shelf box manipulation, without manipulability-stability cost.
The arms are closer to singularity and the whole-body configurations are less stable along
the trajectory as compared to Figure 5.21. A video of this motion (along with the one from
Figure 5.21) is shown in this video: https://youtu.be/q8r3p5O4F6s.
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5.7 Conclusions and Outlook

In this work, a bimanual manipulation workspace analysis was developed for humanoid
robots, that considers a combined manipulability-stability metric based on the volume of the
manipulability ellipsoid and the distance of the capture point from the edge of the support
polygon. A general workspace was generated and visualized for the REEM-C as well as spe-
cific object workspace analyses for boxes, a broom and a rolling pin. Additionally, workspaces
with varying CoM velocities were compared. These workspace analyses provide valuable in-
sight into how well a humanoid robot can manipulate an object with two hands for a motion
planning and control pipeline. Using this bimanual manipulability-stability metric, a BiRRT
based motion planner was used to plan a collision-free motion trajectory. These motion plans
were then used to generate a dynamically feasible motion using a TSID whole body QP. Mo-
tions for a box manipulation, broom sweeping and rolling pin rolling were demonstrated
experimentally on the REEM-C humanoid. The motions with the manipulability-stability
cost activated during planning were more stable and manipulable with the tradeoff of in-
creased planning time. The trajectories also had very little end-effector error, adhering to
the constraints set in the TSID QP.

Current directions for leveraging this work include planning hand trajectories for Segway
handlebar motions while dynamically riding a Segway [199] and extending a reinforcement
learning based walking controller to perform highly stable and manipulable box locomanip-
ulation [222].

Future directions for this work will focus on exploring learning based approaches of ap-
plying the bimanual manipulability-stability metric to motion generation. The bimanual
manipulability-stability metric could provide a useful dense reward for massively parallel RL
training tools like Isaac Lab [4] and Brax [81]. Also, the pipeline presented in this work offers
a convenient way to develop highly manipulable and stable whole body motions that could
be used as demonstration data. Demonstrations have proven useful for pre-training learning
based approaches and speeding up the learning by overcoming the need for large exploration
in what can be a very sparse task to learn [95, 96, 138, 170, 175]. A learning based approach
for bimanual manipulation would provide the ability to adapt to more manipulation cases
from a single policy and offer a comparison to the optimization based approach presented
in this work. An additional area for improvement would be to perform a detailed sensitiv-
ity analysis of the motion generation approach with respect to inaccuracies in the robot’s
kinematic and dynamic model compared to the REEM-C hardware.
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Chapter 6

Advancing Humanoid Locomotion:
Enhancing Versatility Through the
use of Personal Transporters

Foreword

This chapter will be submitted to the Science Robotics journal. The citation is as follows:

V. Rajendran and K. Mombaur, Advancing Humanoid Locomotion: Enhancing Versa-
tility Through the use of Personal Transporters. Science Robotics, 2024, To Be Submitted.
[200]

Within the context of this thesis, this work combines and extends the work from previous
chapters to enable the REEM-C humanoid to drive a Segway in real life. The video associated
with this chapter is at the following link: https://youtu.be/eZxXSlk1v0w.

6.1 Introduction

Humanoid robotics has seen a surge of interest in the past few years due to several com-
mercialization efforts by various companies. These robots are touted to do labour tasks
in factories, fine manipulation and even elder care in home settings. While the outlook is
ambitious, there are still several technical challenges to overcome. One such challenge is
humanoid mobility. The humanoid form factor is versatile, and can integrate into existing
environments where humans work or habitate. However, bipedal walking is typically reserved
for short distances. Recent research has explored the use of wheeled humanoids as an al-
ternative to legged locomotion, aiming to enhance speed and efficiency on flat, continuous
surfaces [256, 257, 25]. While wheeled designs offer advantages in certain scenarios, they face
limitations in navigating uneven or complex terrains, where legged locomotion remains more
versatile and better suited for human-centric environments [220]. There are several works that
show robust bipedal locomotion over various terrains and distances [194, 195, 119, 68, 137],
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the walking is typically slower than an adult human gait and more importantly, expends a
lot of energy from the system.

Looking to humans, they not only walk but also switch to wheeled modes of transport,
using bikes, cars, scooters, or personal transporters (PTs) like Segways, to travel greater
distances and carry loads. To address this, we explore the use of PTs to enhance the traver-
sal abilities of humanoid robots. This approach allows robots to maintain their bipedal
capabilities while utilizing more efficient wheeled transportation for longer distances.

Current commercial humanoids from the likes of Tesla, Figure, Apptronik and many
more have battery lives from 1.5 to 5 hours [133, 19, 23], less than a typical 8 hour shift in a
manufacturing environment. Not only this, BMW Group reported that some of their factory
and logistics workers cover up to 12 km per day on foot. This spurred a project to introduce
an efficient wheeled transportation device to aid in factory floor travel for distances that
were too long to walk [34]. The project lead to the development of a statically stable 4 wheel
transporter with a handlebar, that human workers could use to travel around the work site.
Given BMWs recent partnership with Figure AI to deploy humanoids in their factories [35],
would it make sense for humanoids to use similar devices to travel longer distances?

To motivate the usage of personal transporters (PTs) by humanoids, we performed a
simple study with the humanoid robot used in this work, the PAL Robotics REEM-C [16],
to compare the robot’s energy usage to travel a short distance via walking versus using a
personal transporter. Calculation details are provided in Appendix C, but to sum up, it
was found that to walk a distance of 0.75m the REEM-C used 64677.6 Coulombs while only
needing 18271.4 Coulombs while traveling the same distance, riding a Segway. This is a 72%
reduction in battery usage to travel the same distance. This is a quantifiable advantage in
favor of humanoids using PTs to locomote. It allows them to maintain the versatility of
bipedal locomotion while increasing their efficiency for longer distance travel.

As noted in Chapter 3, the works in [129, 130, 243, 90, 144] either tackle the problem of
operating a personal transporter in simulation, or use lightweight robots without challenging
dynamics. Moreover, none of the works handle the bimanual steering which is required for
many PTs.

In this work, we introduce a controller formulation that can readily generate coordinated
and constrained whole-body motions to operate a Segway x2 SE. This Segway is a rugged all
terrain version with a LeanSteer handlebar. Careful consideration of feet and hand contacts
need to be made in order to be able to shift the robot’s centre of mass forward and backward
to command a linear velocity on the Segway, while also turning the handlebar simultaneously.
Through modeling and implementation of a stack-of-tasks whole-body controller, we show
that a humanoid can traverse a large area on a Segway, dramatically improving its efficiency.
We test the controller rigorously with many empirical trials. First we show that the robot
can command a linear velocity on the Segway (Figure 6.4). Next, we show that the robot
can reject a small bump (Figure 6.7). In another trial, we show that the robot can reject a
large disturbance applied at the torso (Figure 6.8). Several other experiments ranging from
driving a serpentine path, rotating in place and driving over uneven terrain, further solidify
the adaptability of the controller for personal transporter operation. This work directly uses
the Segway model and controller identified in Section 3.3.
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Figure 6.1: The REEM-C humanoid operating a Segway. a) The control framework in this
work is deployed for various test scenarios on real hardware. b) Operation of the Segway
is depicted in simulation, showing handlebar manipulation and forward and backward CoM
shifting.
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6.2 Materials and Methods

In this section, the overall controller formulation, mathematical modelling and individual
controller components are described.

6.2.1 Controller Overview

The overall controller developed in this work is described in this section and detailed in
Figure 6.2. Vicon motion capture is used for global (humanoid with respect to inertial frame)
state estimation and an anchor point based method [42] is used for local (humanoid with
respect to Segway) state estimation. Whole-body inverse kinematics generates a reference q∗

which feeds a bimanual admittance controller that deforms the reference based on a projected
wrench from the wrist FT sensors. A stabilizer (extended from our previous work [197])
takes in task space references and generates modified task spaces references which are finally
optimized by the WBC. Since our REEM-C humanoid is position-controlled, the output joint
accelerations are integrated twice using the controller timestep and the resulting qd is sent
to the robot at 200Hz.

6.2.2 Constrained Whole-body Inverse Kinematics

In this work, we use the EXOTica (Extensible Optimization Toolset) framework [111] to
solve the whole-body inverse kinematics problem for the REEM-C using an optimization
approach. The optimization problem is set up using task maps that build the cost function
and constraints. The task maps include considerations for joint limits, end effector positions
and center of mass position, among others. The task maps used for the whole-body IK
optimization are described in the Supplementary Material. In summary, tasks for CoM, feet
position (fixed), hand positions (bimanual) are implemented as equality constraints, while
the rest of the tasks are costs (manipulability-stability [224], joint pose regularization).

To formally define the whole-body IK problem, we refer to [248]:

q∗ = IK(qseed, C), (6.1)

where C is the set of constraints and tasks (as described above) and qseed is a given
seed configuration (or start configuration). For this work, qseed was chosen as the nominal
standing position of the REEM-C with hands on the LeanSteer handlebar (as depicted in
the block diagram of Figure 6.3). We use the SNOPT solver [88] to generate the constrained
whole-body reference configuration.

Table 6.1 provides the nominal joint angles to seed the whole-body inverse kinematics
block of the controller. The joint angles result in a standing configuration with arms holding
the LeanSteer handlebar of the Segway (as pictured in Figure 6.1).
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Figure 6.2: The stack-of-tasks whole-body controller (WBC) developed and used in this work
shown in block diagram form.

Humanoid Chain Joint Angles (in order from index 0)

Left Arm {0.1566, 0.5616,−0.7356, 1.4812,−0.9243, 0.4709,−0.1941}
Right Arm {0.1566, 0.5616,−0.7356, 1.4812,−0.9243, 0.4709,−0.1941}
Left Leg {0.0, 0.0706,−0.122, 0.2439,−0.122,−0.0706}
Right Leg {0.0,−0.0706,−0.122, 0.2439,−0.122, 0.0706}
Torso {0.0, 0.0}
Head {0.0, 0.0}

Table 6.1: Nominal joint angles used for whole-body IK. The nominal joint angles for the
REEM-C humanoid standing in double support with hands on the LeanSteer handlebar.

6.2.3 Bimanual Model for Operating LeanSteer

Consider the bimanual humanoid system with two hands rigidly grasping the LeanSteer han-
dlebar, as illustrated in Figure 6.3. The robot exerts forces with both hands, ensuring no
relative motion occurs between the grasping points and the handlebar. The formulation fol-
lows exactly as described in Chapter 5 where the full formulation is given in Subsection 5.3.3.

Both hands rigidly grasping the LeanSteer handlebar, ensuring no relative motion between
the hands and the handlebar. The forces exerted by the left and right hands, represented as
hl and hr, contribute to the net handlebar force ho, governed by a grasp matrix G. This
matrix combines individual grasp matrices for each hand and includes identity, zero, and
skew-symmetric matrices that relate to the hand positions. The derived constraint, involving
the Jacobian J , ensures consistent velocities between the hands and the object, serving as a
foundation for the control strategy.
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LeanSteer with a rigid grasp

Figure 6.3: A diagram of the LeanSteer handlebar modeling. The REEM-C operates the
LeanSteer mechanism of the Segway with a closed grasp. While turning the LeanSteer, the
upperbody uses admittance control to minimize internal forces.
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6.2.4 Bimanual Admittance Control

Admittance control is used to minimize interaction forces with the environment and the
object held by the robot. By allowing trajectory adaptation based on sensed forces, it
balances tracking accuracy and compliance. Our position-controlled robot, equipped with
wrist force-torque sensors, uses a Cartesian impedance/admittance controller that follows the
planned trajectory and adjusts based on the forces felt. The formulation follows exactly as
described in Chapter 5 where the full formulation is given in Subsection 6.2.4.

6.2.5 Tasks Implemented in Whole-body Controller and Stabilizer

With the whole-body controller described in Equation 2.10, several task-space reference con-
trollers (collectively, the “Stabilizer” in the block diagram of Figure 6.2) that set the refer-
ences for the various task functions (Equation 2.8) are implemented for this work. They are
extended from our previous work on stabilizing on moving platforms [197].

The stabilizer components are listed below with further mathematical details in our pre-
viously published work [197]:

• Ankle Admittance: The ankle admittance controller maintains the robot’s ZMP
(zero moment point) within its support polygon by yielding to forces at the foot through
commanded ankle roll and pitch velocities. This is achieved by a PID-based control
strategy, where the ZMP error drives the commanded ankle velocities, which are then
integrated to obtain desired positions and sent directly to the ankle actuators.

• CoM Admittance: The CoM admittance controller uses a modified table-cart model
for the x direction, incorporating ankle flexibility as an offset angle α, and is controlled
using an LQR approach to maintain stability and disturbance rejection. In the y
direction, the CoM control is based on a PID formulation driven by the ZMP error,
with the reference ZMP generated through a divergent component of motion (DCM)
feedback law.

• Contact Wrench Distribution: For the contact wrench distribution problem, we
follow a similar approach to [234], using Newton and Euler equations to account for the
desired values cd, c̈des, and L̇des (angular momentum rate), and pdes (ZMP reference), to
obtain the desired contact wrenches wLFdes , wRFdes , wLHdes , and wRHdes , where subscripts
denote the left foot, right foot, left hand, and right hand, respectively. The redundancy
from having four contacts is addressed by formulating a quadratic program (QP) that
minimizes the magnitude of each contact wrench while satisfying the system’s dynamics.

In terms of tasks, the ones listed in Figure 6.2 were implemented and the task space
references for them were generated from the list above. Other than those listed, the “Joint
Reference Tracking” task tracks qcmd, the output of the bimanual admittance control. The
“Angular Momentum” task tries to regulate the system’s angular momentum to zero since
the CoM is on a fixed plane for riding a Segway. We can easily generate a centroidal angular
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momentum reference for personal transporters that require variations in angular momentum
references. The last task implemented is Manipulability-Stability which is a metric proposed
in our previous work on workspace analysis for humanoids [224]. The task maximizes a
composite cost function that balances the bimanual manipulability of the system along with
capture point stability.

For the TSID whole-body QP, the task gains were set as in Table 6.2. All task damping
gains (KD) were set to their critical value 2

√
KP. For the priority levels listed, 0 indicates a

constraint and 1 indicates a cost.

Task Weight Priority KP gain

Torque Bounds - 0 -
Joint Bounds - 0 -
Bimanual Constraint - 0 -
Feet Contacts (6D) 1 0 30
Hand Contacts (6D) 1 0 30
Center of Mass 1e3 1 12.5
Angular Momentum 1e-4 1 10
Feet Pose 1 1 300
Hand Pose 1 1 300
Joint Reference Tracking (30 DoF) 1e2 1 all equal (1)
Manipulability-Stability 1e-2 1 10

Table 6.2: The TSID Task Gains for driving a personal transporter.

6.2.6 Implementation Details

For global floating base state estimation, we utilize Vicon motion capture in the control loop.
Markers are placed at the base link of the robot and the 6D pose of the base is given at
200Hz. This is fed into an extended Kalman filter (EKF) via the SEROW package (State
Estimation RObot Walking) [14] and we calculate the base position and velocity for use
within the controller. This state estimator gives us the global position and velocity of the
REEM-C and transporter system together.

We also implemented another local state estimator which gives us the floating base esti-
mate relative to the base of the Segway. This allows us to know, for example, how far the
centre of mass of the robot is shifted relative to the Segway. This is useful to implement
kinematic limits to avoid collisions and to stop the Segway system easily by shifting the CoM
forward or backward. This estimator is implemented using the anchor point method. With
the robot being in double support (and not making and breaking contacts, such as, when
walking), estimating the base position and orientation is trivial with kinematics and the IMU
inside the base [42].

The controller was written in Python using the ROS Melodic middleware (Ubuntu 18.04)
and ran on a desktop AMD Ryzen 9 7900x with 32GB of RAM. Whole-body position com-
mands were sent to the REEM-C over a ROS topic.
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6.3 Results

In this section, we present a series of experiments demonstrating the robustness and adapt-
ability of the proposed controller across diverse scenarios. We cover driving on flat ground,
mixed motions of the Segway, driving on uneven terrain and disturbance rejection. We first
describe the REEM-C humanoid, hardware used for experiments, controller modelling before
detailing each experiment and their results.

6.3.1 Elementary Motions

In this section, we show that the REEM-C can operate a Segway and perform elementary
motions. These are driving straight, stopping and rotating in place. Driving straight and
stopping requires CoM shifting while rotating in place requires turning of the LeanSteer
handlebar.

Driving Straight on Flat Ground

In this first experiment, the robot is commanded to drive straight for 2 metres before coming
to rest. It achieves this by shifting it’s center of mass forward and then shifting it backward
to decelerate and then recovering to roughly it’s original CoM position, to stop. We note
that this is a challenging task given that 4 contacts (2 at the feet and 2 at the hands) are
constraining the motion. Figure 6.4 a) shows snapshots of the real hardware experiment.
Figure 6.4 b) shows the path traveled by the REEM-C in the x-y plane. The REEM-C’s
local center of mass shifting stages are shown in Figure 6.4 c). The red indicates the portion
where the robot commands a linear velocity on the Segway, the blue is when the robot starts
to decelerate by shifting its CoM backward and green indicates the recovery stage where it
re-centers to come to rest. Figure 6.4 d), e) and f) show CoM tracking and forces felt at
the ankles and wrists. As can be seen, the most force is felt when the REEM-C is shifting
backwards to decelerate.

Rotating in Place

In this experiment, the robot was commanded to maintain a linear velocity of 0 m/s while
turning a full 2π radians, effectively rotating in place. This is a challenging task for humans
since it is hard to turn the handlebar without shifting one’s center of mass forward or back-
ward. Real robot experiments are shown in Figure 6.5 a) and simulation experiments are
shown in Figure 6.5 b). As can be seen, from the graph plotted in Figure 6.5 c), the robot is
able to turn a full 2pi radians (red) while maintaining a linear velocity of 0 m/s. Here, the
robot’s stand in place controller was activated with a reference velocity of 0 m/s. The robot
can easily achieve this precise motion of the Segway.
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Figure 6.4: REEM-C driving straight on a Segway. a) Snapshots of the REEM-C driving a
Segway. The humanoid starts from rest, drives straight and then stops after 2 m. b) An x-y
plot of the path travelled by REEM-C during this trial. c) The local CoM trajectory in the
x-direction (clx) traversed by the REEM-C. Red indicates the start of the trajectory, blue is
when the direction changes to start to slow down and green is when the robot re-centers itself
to bring the system to a stop. d) The local CoM trajectory traversed by the REEM-C plotted
against the desired local CoM trajectory. The forces felt at the ankles e) of the REEM-C
and the wrists f). The start of the decelerations are indicated with a vertical red line.
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Figure 6.5: The REEM-C humanoid rotating in place by turning the LeanSteer handlebar. a)
Real hardware trial snapshots of the REEM-C rotating in place. b) Simulation trial snapshots
of the REEM-C rotating in place. c) Plot of the floating base yaw in red and floating base
signed linear velocity in green. As can be seen, the linear velocity is maintained close to zero
and the robot does a full rotation of 2π.
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6.3.2 Mixed Motions

In this section, we report the results of a mixed motion of the Segway; that is, commanding a
linear velocity while turning at the same time. From the robot’s perspective, mixed motions
refers to CoM shifting while operating the LeanSteer handlebar.

Driving a Serpentine Path

A serpentine maneuver seems simple but requires careful whole-body coordination and force
control. The whole-body inverse kinematics module is important here as it gives a good
starting configuration for the controller to deform with admittance control and then track
with the whole-body controller. Without this module, the optimization in the whole-body
controller may take longer to find a suitable configuration that can satisfy all the constraints
and costs. In Figure 6.6 a), we see the real hardware experiment. The REEM-C starts at one
end of the lab and turns at various points, making a snake like path through the environment.
This is shown in the x-y plot in Figure 6.6 b). Figure 6.6 c) and d) shown the right ankle
forces and torques, respectively. There is activity in the middle of the trajectory once the
REEM-C starts to turn the LeanSteer back and forth. Here, it is aiming to keep the forces
among all contacts equal. The forces and torques settle at the end of the trajectory when
the robot stops.

6.3.3 Complex Motions

In this section, we detail three experiments where the controller faces unknown disturbances
in the form of pushes, bumps and uneven terrain. In all cases, the REEM-C was able to
stabilize the system and continue on its path to its final goal.

Driving Straight Over a Bump

In this next experiment, the REEM-C is commanded to drive straight and over a bump. The
bump is constructed using exercise mats. As can be seen in the frames of Figure 6.7 a), the
robot starts from rest, climbs the bump and descends from it before coming to a stop. This
is also depicted in the 3D plot in Figure 6.7 b). The robot is able to reject this unknown
disturbance and the controller stays stable despite the large forces felt during the descent as
seen in the left ankle force and torque graphs.

Robustness to External Disturbance

In this experiment, a human pushes the REEM-C while it is standing still, with a push stick.
The force applied is 113N. The stand-in-place controller is activated here and the frames
from the experiment are shown in Figure 6.8 a). We can see that the robot recieves a push
in the second frame, starts travelling backward in the global inertial frame (as can be seen
by the blue line in Figure 6.8 c)) but then immediately starts shifting it’s CoM forward in
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Figure 6.6: REEM-C driving a serpentine path. a) Real hardware snapshots of the REEM-C
humanoid driving a serpentine path. b) The path travelled by the REEM-C in the x-y plane.
The c) forces and d) torques measured at the right ankle. The spikes in the graphs indicate
points that the robot turned the LeanSteer; they settled at the end of the trajectory.
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Figure 6.7: REEM-C driving over a bump. a) Snapshots of the experiment where REEM-C
drove over a bump (exercise mats). b) The path taken by the REEM-C plotted in 3D. The
bump is denoted by vertical dashed lines. c) The left ankle forces during the trial. Climbing
the bump, the forces are contained but descending the bump causes large spikes that settles
after a few seconds. d) The forces measured at the left wrist. We see that similar to the
ankle forces, the bump is clearly noted in the plots.
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the local frame to counteract the push. After a few seconds, the push is absorbed and the
REEM-C travels back to the original location and the system velocity reaches steady-state
around 0 m/s (as shown in Figure 6.8 d)). This trial shows the controller robustness and
system adaptability to unknown disturbances. The controller can sustain even larger pushes,
with the largest one recorded at 176 N.

Driving Over Uneven Terrain

In this trial, the REEM-C drove over a set of bike tires that acted as disturbances or rough
terrain. The tires were randomly thrown into the air and landed on the ground in the config-
uration seen in the snapshots of Figure 6.9. The robot started from rest and drove forward
with automatic heading correction activated. The heading correction controller monitored
the floating base yaw angle and corrected the heading back to the reference, zero, by ma-
nipulating the LeanSteer handlebar. It maintained its forward velocity throughout this trial
and successfully drove across the tires. The controller was able to readily reject the tire
disturbances, manipulate the LeanSteer and drive to the goal location.
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Figure 6.8: REEM-C self-balancing on a Segway and rejecting a push disturbance. a) The
REEM-C humanoid rejecting a disturbance from an instrumented push stick (the push hap-
pens on frame ii, t=1.2s). The push was 113N and lasted for 0.7s. b) The desired local CoM
in the x-direction (clxdes) plotted against the measured local CoM in the x-direction (clx). c)
The measured local CoM in the x-direction plotted against the measured global CoM in the
x-direction (cgx). d) The measured local CoM velocity in the x-direction ċlx plotted against
the measured global CoM velocity in the x-direction ċgx.
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Figure 6.9: The REEM-C humanoid driving over a set of randomly strewn bike tires. In these
snapshots, the REEM-C drives over a set of bike tires that act as disturbances or uneven
terrain. The robot can easily drive over the tires with the proposed controller.

6.4 Discussion

We introduce a stack-of-tasks-based whole-body controller designed for a full-sized humanoid
robot to drive a Segway PT. This controller leverages a hierarchy of tasks balanced through
optimization, enabling the humanoid to operate the PT safely and reliably. The formulation
incorporates multiple constraints, including a bimanual constraint that allows the humanoid
to manipulate the handlebar while simultaneously shifting its center of mass (CoM) to control
the Segway. This type of hybrid motion presents significant challenges, as the robot is
constrained both at its feet (standing in double support on the Segway) and at its hands
(controlling the LeanSteer handlebar).

The controller demonstrates robust and adaptive performance across diverse scenarios,
including navigating over bumps, bicycle tires (rough terrain), and unexpected disturbances.
Its success underscores the effectiveness of the hybrid strategy, making it resilient even in
conditions that would typically disrupt balance and control.

As humanoid robotics progresses, achieving versatile locomotion will be crucial. In human
environments, wheeled transport is vital for efficient travel over longer distances, suggesting
that humanoids must acquire similar capabilities to become genuinely multi-functional. By
developing human-like skills such as operating personal transporters, humanoids can better
integrate into workspaces, households, and other human-centric environments, making these
capabilities essential for their seamless adaptation to everyday life.
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6.4.1 Limitations and Future Work

Our approach demonstrates promising results in controlling a Segway PT, showcasing robust-
ness across diverse terrains, resilience to external disturbances, and the capability to produce
mixed motions. However, there are a few limitations that will be addressed in future work.
The current implementation uses a position-controlled robot with a relatively low control
bandwidth (200 Hz), making it vulnerable to very large disturbances (e.g., a push exceed-
ing 200N). This limitation is mainly due to hardware constraints, and with faster onboard
computing, the control bandwidth could be increased to improve performance.

Another limitation is the absence of onboard global state estimation. For this study,
VICON motion capture was integrated to validate the controller’s robustness across various
test scenarios. In future work, we aim to incorporate visual odometry, enabling the system
to operate independently in diverse environments without external aids.

Future research will also explore the controller’s adaptability to other personal trans-
porters (PTs). While Segways are challenging for humanoids to control due to their un-
deractuated nature and inherent instability, other PTs used in industrial settings, campus
security, and similar venues are statically stable with three or four wheels. These systems
still require an active controller to maintain balance during motion but are generally easier
to control. We also plan to investigate more sophisticated control schemes, such as model
predictive control (MPC) or reinforcement learning.

In the context of learning-based control, we believe the proposed controller provides a
strong foundation for a wide range of PTs. The current method considers key elements of PT
riding, such as standing in double support and grasping handlebars, which could be further
enhanced by a learning-based approach that develops a higher-level policy. For instance,
learning could generate reference trajectories for the center of mass (CoM) or handlebar
orientation. This hybrid approach would combine things like hard constraints and easy
objective tuning of optimization-based control with the generalizability of learning-based
methods, expanding the controller’s versatility across various tasks and environments.
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Chapter 7

Discussion and Conclusions

In this chapter we provide a discussion and conclusion for this thesis by summarizing the
results presented, and providing an outlook for future work.

7.1 Summary of Work

The research presented in this thesis has shown that it is feasible and more efficient for
humanoids to operate personal transporters when travelling long distances. To extend the
capabilities of the REEM-C to drive a Segway (used as an exemplar personal transporter), a
comprehensive motion generation pipeline was proposed and implemented on real hardware.

First, in Chapter 3 a study involving humans riding Segways was implemented to reverse
engineer the Segway’s controller to create a high-fidelity simulation model. We synthesized
controllers for the the humanoid robot REEM-C to ride a Segway in simulation, motivated by
human Segway riding. We performed motion capture experiments of a human riding a Segway
and identified human whole-body behaviour as well as the Segway’s internal controllers.
We then showed that the REEM-C could successfully generate translational, rotational and
mixed motions of the Segway in simulation. The Segway is controlled by targeted motions
of the REEM-C using an inverted pendulum based LQR controller for pitch control and an
admittance controller for the LeanSteer to command a yaw-rate.

In Chapter 4, stabilizer design for humanoid balancing on actuated balance boards was
explored. We qualitatively studied how humans balance on balance boards to motivate our
humanoid controller design. The developed approach combined various strategies from the
literature including ankle admittance, CoM admittance, base pitch admittance, foot force
difference admittance, contact wrench distribution and angular momentum regulation in a
new integration to achieve stabilization on an actuated balance board. We explored the
frontal and sagittal plane balance board problems along with pushes at the upper body and
showed that our approach works in simulation and on real hardware. The work brought us
one step closer to balancing on unactuated balance boards and other dynamic environments
such as moving platforms and transportation devices.
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In Chapter 5, a bimanual manipulation workspace analysis for humanoid robots was devel-
oped and used for planning manipulable and stable trajectories. This analysis considered ma-
nipulability and whole-body stability for a workspace where constraints existed between the
hands of the humanoid induced by the object shape and grasp. A combined manipulability-
stability metric based on the volume of the manipulability ellipsoid and the distance of the
capture point from the edge of the support polygon was proposed. This metric was visualized
in a variety of workspace scenarios including those where the humanoid’s center of mass is
moving at a certain velocity and where it is grasping and carrying objects of different masses
and shapes. With a focus on tightly coupled bimanual manipulation of varying symmetry,
objects studied included boxes, a broom, and a rolling pin. A general workspace and a
box manipulation workspace are visualized for both the REEM-C and TALOS humanoids,
showing differences in the generated workspace volumes due to the varying topologies of
the humanoids. These visualizations aimed to provide insights into how manipulability and
whole-body stability are affected by bimanual manipulation scenarios. Subsequently, the
combined manipulability-stability metric is used to plan bimanual manipulation motions. A
BiRRT planner planned collision-free trajectories for the robot and object being manipulated
using constrained whole-body inverse kinematics with the combined manipulability-stability
metric as a cost. A TSID whole-body QP generateed a final motion with dynamics consid-
erations for the object being manipulated using the previously planned path. This pipeline
was proven in simulation as well as experimentally on the REEM-C robot for the various
objects.

Finally, in Chapter 6, the works from all previous chapters are combined to enable the
REEM-C humanoid to operate a Segway. We developed control strategies that enable hu-
manoids to safely and effectively operate PTs while maintaining balance. This control task
differs from walking control and presents unique challenges, requiring quick reactions and
precise adjustments. Our approach utilized a stack of tasks quadratic program (QP) for-
mulation, which considers contacts, stability, and bimanual manipulation constraints. We
demonstrated the effectiveness of our controller through experimental results with a REEM-
C humanoid operating a Segway x2 SE. The Segway model developed in Chapter 3 was used
to validate the developed controller (which in turn is based on the work in Chapter 4). The
bimanual motion generation pipeline presented in Chapter 5 is used to operate the LeanSteer
handlebar of the Segway.

7.2 Limitations and Future Work

Several successful real robot experiments were shown in this work but there are still some
limitations and scope for improvement. Firstly, this thesis only considered the control of
the PT once the robot was already mounted onto it. Mounting and egressing the PT is a
challenge on its own given that many PTs are unstable when weight is first placed on them.
This will need to be addressed using methods from stair climbing literature [41] combined
with balancing strategies on unstable platforms [197, 246]. Secondly, Vicon was used in the
loop to estimate the floating base position and orientation of the humanoid-Segway system
in free space. This would not be possible in a general outdoor environment, so a method
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such as visual odometry or visual SLAM would need to be investigated and integrated.

To continue this line of research, testing this controller on more PTs would be needed.
A Segway is arguably harder to operate than a statically stable PT such as a four-wheeled
scooter. Nonetheless, the control scheme would need to be adapted based on the humanoid-
PT dynamics and kinematics. Using methods like inverse optimal control can help to au-
tomatically tune the whole-body controller weights and gains, limiting the need for hand
tuning. In terms of sensing, using a solution such as robotic skin [49] could prove useful for
more precise maneuvers on PTs. The work in [49] shows examples of applying robotic skin
on the whole body of a humanoid. Having extra force sensing capabilities at the hands and
feet of the humanoid can allow feedback of more accurate center of pressure for balancing and
more accurate forces for upper body admittance control. Investigating the use of MPC or
reinforcement learning for the task of operating PTs is also an interesting future work. The
lookahead capabilities of MPC and rapid exploration of the action space with RL could lead
to a more general purpose control policy that can be ported to many different PTs. Apart
from controller improvements, integrating a full navigation stack would allow the robot to
autonomously traverse any area. This would involve the integration of high-level planners
that take in semantic environment information and synthesize paths for the PT to follow.
Obstacle avoidance, and safe navigation in the presence of humans [196] is also a line of work
that could propel this research forward.
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Appendix A

Linear MPC for Segway Reference
Tracking

Foreword

This appendix summarizes the development of an MPC controller (for the course SYDE 655:
Optimal Control) for the Segway model used throughout this work. In the end, this was not
used for simulations due to computational costs but the controller performed as well as the
classical PID control method used in this thesis.

A.1 Introduction and Literature Survey

Wheeled robots have become very popular in academia, research and industry. They have a
wide range of applications from personal transportation, last mile delivery, rescue operations
and much more. They are also generally more energy efficient than legged robots and have
simpler dynamics.

Within the class of wheeled robots, two-wheeled robots have gained popularity in re-
search due to the unique stabilization challenges they present. They are also popular in
general society, despite their complex dynamics, because they are small, light, and highly
maneuverable.

Segways are famous robots that take on this two-wheeled configuration. They are usually
modeled as two-wheeled inverted pendulums [92], [44], [169].

In this work, we adapt pre-existing two-wheeled inverted pendulum models [92], [63] and
apply linear MPC to stabilize them in their upright position and track reference trajecto-
ries. Prior work has mainly focused on using PID control, pole placement or LQR (Linear
Quadratic Regulator) control techniques to stabilize the system and track reference [92], [127].
This may be due to the paper released by Segway engineers giving a brief overview of their
two-wheeled balancing transporter where they explain the use of state-feedback along with
a multitude of sensors and processors [169]. There have been some works that investigate
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the use of Linear MPC (Model Predictive Control) for Segways and two-wheeled inverted
pendulums, for example, [54], [26], [258], [252]. These works generally linearize the Segway
dynamics about an operating point to track various reference trajectories. In comparison
with this work, most of them use reduced models of the Segway and don’t consider turning
or control performance in the presence of external disturbances. In this work, stabiliza-
tion about the upright position is achieved similar to these works via linearization, but no
restrictions are made with regards to motion around the vertical axis (turning axis).

In [91], the authors propose a theoretical unification of Nonlinear Model Predictive Con-
trol (NMPC) with Control Lyapunov Functions (CLFs). This framework achieves optimal
control performance while ensuring stability guarantees. They evaluate the combined NMPC
and CLF formulation against baseline CLF and NMPC showing that parameters are easier
to tune and greater control performance is achieved as compared with NMPC.

In [226] the authors propose an MPC method that can achieve a long prediction horizon
with short computation time. This is achieved by optimizing the input sequence as a graph
search problem by restricting the inputs to discrete values. Next a learning approach is used
to learn the optimized control result and this is shown to allow longer MPC horizons (leading
to better simulated and experimental performance).

In [54], an MPC is developed to control a two-wheeled inverted pendulum with a flexible
beam. Several models of varying complexity (including nonlinear versions) are developed and
stabilized with MPC. It was found that the MPC worked well when parameters were known
completely but performed sub-optimally in the presence of model mismatches.

Despite some of the shortcomings of MPC (particularly the lack of robustness in the
presence of model uncertainty), it is still a viable control approach for stabilizing a Segway.
In this work, we present the control of a two-wheeled inverted pendulum (herein referred to
as “Segway”) with Linear MPC and utilize a model adapted from [92] and [63]. We first
decouple the Segway into two independent subsystems, one that models the stability around
the lateral axis (pitch) and displacement, and the other that acts on the vertical axis (yaw).
Then we develop two MPCs that control each subsystem. Each MPC outputs a torque
around its respective axis which is fed into a simple linear decoupling matrix that translates
these signals into left and right wheel torques. This scheme is similar to the one presented
in [92]. After simulation with a nonlinear plant in Simulink, the controllers are tested with a
high-fidelity Segway model developed in URDF format for use in Gazebo. The model is based
on a previously designed CAD model [12]. Results from the Gazebo simulation do not match
exactly with the Simulink simulation, most likely due to a mismatch in the dynamic models
used in each scenario. However, when tested in Simulink, the dual-MPC controller scheme
performs well at tracking reference trajectories and we also show that the performance is
better than an optimal LQR-based solution (as was used in [63]).

The rest of this report is organized as follows: Section A.2 gives some background on
linear MPC, Section A.3 details the Segway model used in this work, Section A.4 formulates
the optimal control problem for the Segway, Section A.5 describes the various simulations
run to test the performance of the MPC and Section A.6 summarizes the work and provides
concluding remarks.
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Figure A.1: High-fidelity Segway model created in URDF format, simulated in ROS/Gazebo.

A.2 Background

In this section some background is provided on MPC control and it’s advantages when coupled
with underactuated systems such as the Segway.

Prior to MPC, LQR (and LQG) were (and still are) quite popular due to the simplicity of
implementation. However, one major drawback of these control schemes is that they do not
consider constraints on system input or outputs. To some extent, constraints can be included
in LQR and LQG formulations through the retuning of cost functions, but this is often only
effective when the nominal operation of the plant is far from its constraint boundaries [160].
Modern MPC originated in the process industry to satisfy these types of issues prevalent
with LQR and LQG control.

A.2.1 General MPC Description

MPC, at its core, is a type of control strategy that uses the system model, an objective
function and an optimization algorithm to determine the optimal control action for the
system.

The control structure can be summarized as [54], [39]:

1. Future outputs of the model are determined for a future horizon y(t + k), where k =
1, 2, ..., Np, where Np is the prediction horizon. We use the current model outputs at
time t and a set of control inputs u(t+ l), where l = 1, 2, ...,M , where M is the control
horizon.

2. The next control inputs u(t + 1 + l) are calculated by optimizing a user-determined
criterion to keep the model outputs y(t+ k) as close to a reference trajectory v(t+ k)
as possible.

3. Generally, the first control input that was calculated in step 2 is applied to the system,
and the rest are discarded.
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4. Step 1 is repeated with y(t + 1 + k) and u(t + 1 + k) as long as the system continues
to run.

A diagram of the above process is below:

Figure A.2: Controller action using MPC [255]. u(t+ k|t) is the predicted control action at
t+ k given u(t). y(t+ k|t) is the predicted output at t+ k given y(t).

MPCs have a number of advantages including their versatility to be used with many types
of models and objective functions, their ability to handle constraints and their ability to run
for long periods of time without intervention. Some disadvantages of MPCs include their lack
of robustness, and lack of proofs related to stability guarantees. One way this is combated is
by using a terminal cost to approximate the infinite horizon control problem. However this
is still not a guarantee and is only really an estimate. In terms of robustness, one qualm with
linear MPCs is that they perform poorly in the presence of model uncertainty.

A.2.2 Linear Constrained MPC

While there are different formulations of MPC, be it unconstrained or constrained, or for
different objective functions, in this work we use linear constrained MPC and as such describe
it in this section. The formulation described herein is based on [28].

First, we use the following linear discrete-time prediction model:

xk+1 = Axk +Buk

yk = Cxk +Duk
(A.1)

where x ∈ Rn, u ∈ Rm and y ∈ Rp. We would like to enforce the following constraints on
the inputs and outputs of the system:

umin ≤ u(t) ≤ umax, umin,umax∈Rm

ymin ≤ y(t) ≤ ymax, ymin,ymax∈Rp
(A.2)
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The constrained optimal control problem, given as a quadratic performance index, is the
following:

min
z
x⊺NPxN +

N−1∑
k=0

x⊺kQxk + u⊺kRuk

s.t. umin ≤ u(t) ≤ umax, k = 0, ..., N − 1

ymin ≤ y(t) ≤ ymax, k = 1, ..., N

(A.3)

where R⊺ ≻ 0, Q⊺ ⪰ 0, P ⊺ ⪰ 0 and z = [u0u1...uN−1]
⊺. P is the solution to the discrete

time algebraic Riccati equation.

The convex quadratic optimization problem can be written as:

V (x0) =
1

2
x⊺0Y x0 +min

z

1

2
z⊺Hz + x⊺0F

⊺z

s.t. Gz ≤ W + Sx0

(A.4)

In Equation A.4, H⊺ ≻ 0 and H, F , Y , G, W , S depend on the weights Q, R, P , upper
and lower bounds, Umin, umax, ymin, ymax and model matrices A, B, C.

A.2.3 Linear MPC for Tracking

With the formulation for linear constrained MPC presented in Subsection A.2.2, we can easily
extend the objective function for tracking reference signals:

min
z
e⊺NPeN +

N−1∑
k=0

e⊺kQek +∆u⊺kR∆uk

s.t. umin ≤ u(t) ≤ umax, k = 0, ..., N − 1

ymin ≤ y(t) ≤ ymax, k = 1, ..., N

(A.5)

where R⊺ ≻ 0, Q⊺ ⪰ 0, P ⊺ ⪰ 0, z = [∆u0∆u1...∆uN−1]
⊺ and ek = xk − xrk .

The details on the exact convex quadratic programming formulation are given in [28].
This is the exact objective function that will be used in the MPC formulation for Segway
reference tracking.

A.3 Segway Model

The Segway model used for all control is developed in this section. The system is approxi-
mated as a two-wheeled inverted pendulum as shown in Figure A.3.

Since this work is not focused on system modelling, we present the equations of motion
but refer the reader to two texts from which the model was derived [92], [63]. The various
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Figure A.3: Segway diagram of forces and moments acting on the body, pendulum, and
wheels [63]. As a note, a few parameters and symbols are different than the ones presented
in this section.

parameters used in the formulation are summarized in Table A.1. The parameter descriptions
and values used in this work are given. The system is linearized about the upright position,
that is, θ = 0, θ̇ = 0:



ẋ
ẍ

θ̇

θ̈

ψ̇

ψ̈

 =



ẋ
m2
pgl

2
gl

α
θ +

Jθ−mplglr
rα

(TL + TW ) +
mplgl
α
Tdθ

θ̇
mplglβ

α
θ +

mplgl−rβ
rα

(TL + TW ) + β
α
Tdθ

ψ̇
D1

2rJψ
(TL − TW ) + 1

Jpsi
Tdψ


where

Jψ =
D2

1

2
(mW + JW/r

2) + JPz (A.6)

Jθ = JPy +mP l
2
gl (A.7)

β = 2mw + 2Jw/r
2 +mp (A.8)

α = Jθβ −m2
pl

2
gl (A.9)
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From this, we take our state as [x ẋ θ θ̇ ψ ψ̇]⊺ and rewrite the equations of motion in
state-space form:



ẋ
ẍ

θ̇

θ̈

ψ̇

ψ̈

 =


0 1 0 0 0 0
0 0 A23 0 0 0
0 0 0 1 0 0
0 0 A43 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0





x
ẋ
θ

θ̇
ψ

ψ̇

+


0 0 0 0
B21 B22 B23 0
0 0 0 0
B41 B42 B43 0
0 0 0 0
B61 B62 0 B64



TL
TR
Tdθ
Tdψ



where

A23 =
m2
pgl

2
gl

α
A43 =

mpglglβ

α
(A.10)

B21 =
Jθ −mplglr

rα
B22 =

Jθ −mplglr

rα
B23 =

mplgl
α

(A.11)

B41 =
mplgl − rβ

rα
B42 =

mplgl − rβ
rα

B43 =
β

α
(A.12)

B61 =
D1

2rJψ
B62 = −

D1

2rJψ
B64 =

1

Jψ
(A.13)

In this work we assume all state variables are measureable, thus the C output matrix
in the state space formulation is the identity matrix, I6x6. The feed-forward matrix D is
assumed to be the zero matrix, 06x4.

For the Segway system described in state space form, there are 4 inputs, 2 of which are
disturbances that cannot be used to directly control the system. The torques TL, TR are
available for control. Following the formulation in [92], we decompose the state space into
two independent subsystems. One subsystem models the dynamics around the vertical z-
axis and the other on the lateral y-axis. This essentially translates into producing an output
torque Tψ about the vertical axis and Tθ about the lateral axis. Each of these torques only
influence the dynamics about their respective axes. In order to apply these torques to the
Segway system, we need a decoupling unit that transforms Tψ, Tθ to TL, TR. In this work, we
take the decoupling controller as:[

Tθ
Tψ

]
=

[
0.5 0.5
0.5 −0.5

] [
TL
TR

]
(A.14)

With this new decoupling transform, we can write the state space as two separate sub-
systems, one as the rotational dynamics about the y-axis,
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Parameter Description Value Unit
mp pendulum mass 37 kg
mw wheel mass 4.6 kg
D1 distance between left and right wheel 0.55 m
lgl distance from base to CoM of pendulum 0.475 m
r wheel radius 0.27 m
g gravitational acceleration 9.81 m/s2

x displacement along x-axis - m
θ linearized Segway tilt angle - rad
ψ heading angle of Segway - rad
Tdθ disturbance torque on pitch axis - Nm
Tdψ disturbance torque on yaw axis - Nm
TL, TR Left and right wheel actuator torques - Nm
Jw wheel inertia 0.1643 kgm2

Jpy pendulum and chassis inertia along y-axis 0.779 kgm2

Jpz pendulum and chassis inertia along z-axis 3.1757 kgm2

Table A.1: The parameters for the Segway system.


ẋ
ẍ

θ̇

θ̈

 =


0 1 0 0
0 0 A23 0
0 0 0 1
0 0 A43 0



x
ẋ
θ

θ̇

+


0 0 0
B21 B23 0
0 0 0
B41 B43 0


 TθTdθ
Tdψ

 (A.15)

and another for the rotational dynamics about the z-axis,

[
ψ̇

ψ̈

]
=

[
0 1
0 0

] [
ψ

ψ̇

]
+

[
0 0 0
B61 0 B64

] TψTdθ
Tdψ

 (A.16)

With the state space decoupled and all dynamic parameters defined, we are ready to
formulate the control system to stabilize and track reference trajectories with the Segway. In
this work we consider reference trajectories for velocity, ẋ and angular velocity ψ̇.

A.4 Model Predictive Control Formulation for Segway

System

For this specific decoupled system, the problem is formulated using two MPCs, one control-
ling the rotational dynamics about the y-axis, Equation A.15, and another controlling the
rotational dynamics about the z-axis, Equation A.16. This scheme is shown in the Simulink
block diagram in Figure A.5. MATLAB’s MPC Toolbox [162] was utilized for both of the
MPCs. The MPC parameters for each subsystem are given in Table A.2 and Table A.3.
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For the Segway balance and position MPC, the prediction horizon was tuned to minimize
any overshoot to velocity step references. This was done to ensure smooth operation of
the Segway, especially when coming to a complete stop. The prediction horizon was tuned
first after setting the sampling time of the controller and then held constant afterwards. In
the end, this value for the prediction horizon was satisfactory as it stabilized the system
and seemed to anticipate constraint violations early enough to mitigate them. The control
horizon was kept small so as to try and keep the plant internally stable.

For the Segway yaw MPC, the prediction horizon was also tuned to minimize any over-
shoot to angular velocity step references. In the end, a larger prediction horizon, than for
the Segway balance and position MPC, was used so that the system could react and stabilize
quickly.

Figure A.4: Decoupled MPC control scheme to track reference trajectories with the Segway
system.

The relevant input and output constraints are given in Equation A.17. As a note, the
limits on TL and TR for a Segway of this size is usually around 100 Nm. As such, the torque
limits for Tθ and Tψ were set to ±50 Nm so that the maximum torque produced by the
decoupling matrix for one actuator of the Segway would be 100 Nm (see Equation A.14 for
the TL and TR calculations). The maximum speed of this Segway model is 20 km/h, and as
such, the constraints on ẋ were set to ±5 m/s.
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Parameter Value
Prediction Horizon 10
Control Horizon 2
Sampling Rate 0.1 s

Table A.2: The parameters for the Segway balance and position MPC, controlling the system
described in Equation A.15.

Parameter Value
Prediction Horizon 20
Control Horizon 4
Sampling Rate 0.1 s

Table A.3: The parameters for the Segway yaw MPC, controlling the system described in
Equation A.16.

Figure A.5: Decoupled MPC control scheme to track reference trajectories with the Segway
system.

−50 Nm ≤ Tθ ≤ 50 Nm,

−50 Nm ≤ Tψ ≤ 50 Nm,

−5 m/s ≤ ẋ ≤ 5 m/s,

−π/12 rad ≤ θ ≤ π/12 rad.

(A.17)
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Since we have constraints on θ to keep it in a linear region and all system constraints
are linear, we can loosely say that the specific problems solved by each MPC of the Segway
system are convex.

A.4.1 Choosing the Weights for Q and R

Choosing the weights for the Q and R matrices is important to achieve the desired system
performance. The optimality of the solution is relative to the cost function and as such,
choosing the weights carefully for the specific problem is important. A starting point for
selecting the Q and R matrices is given by Bryson’s rule [37]: for each state and control
signal, one decides the largest value allowable under normal operation, denoted x̄1, x̄2, ..., x̄n,
and ū1, ū2, ..., ūm. Then the Q and R matrices are given as:

Q =


1
x̄21

0 . . . 0

0 1
x̄22

. . . 0
...

...
. . .

...
0 0 . . . 1

x̄2n

 , R =


1
ū21

0 . . . 0

0 1
ū22

. . . 0
...

...
. . .

...
0 0 . . . 1

ū2n

 .
This essentially normalizes the individual states and control inputs by the maximum

allowable value for each. Bryson’s rule is popularly used with LQR and LQG control schemes
and in this work is used purely as a starting point for the MPC weight matrices. It turns
out, in the end, some manual tuning for the given control problem is usually always required.

For the Segway problem, Bryson’s rule was used as a starting point before further tuning
the weight matrices. In the end, R was set to 1 and for the Q matrix, x was set to 10000,
θ was set to 1000 and ψ was set to 1000. The rest of the states were set to 1. This ensured
that the Segway maintained its balance and did not displace too much when perturbed with
disturbance forces.

A.4.2 Gazebo/Simulink Co-Simulation

For the high-fidelity Gazebo simulation introduced in this work, Gazebo/Simulink co-simulation
was used [163]. This essentially synchronizes the Gazebo and Simulink clocks allowing mes-
sages to be passed to and from Gazebo, from Simulink. The Simulink model developed for
the co-simulation is shown in Figure A.6 and attached with this submission.
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Figure A.6: Decoupled MPC control scheme to track reference trajectories with the Segway
system using Gazebo/Simulink co-simulation.

A.5 Simulation Experiments

In this section we outline the various simulation results from the tests done using the decou-
pled MPC control structure. First, we outline a test done with velocity and angular velocity
step references using the linear Segway model in Simulink. Next, we compare the decoupled
MPC formulation against a decoupled LQR scheme using disturbance torques applied at the
handle of the Segway. Finally, we discuss a test done in the Gazebo simulator for a velocity
and angular velocity step reference.

The first test that was performed is shown in Figure A.7, where a step reference of 1 m/s
was applied to ẋ and another step of 0.2 rad/s was applied to ψ̇. From the graph we can see
that the Segway system is able to quickly track the reference trajectories. For both ẋ and
ψ̇, the Segway stabilizes at steady state in around 2 s. Figure A.8 shows that the MPC also
drives θ to 0 quickly.

Figure A.9 shows the Segway’s response to a 5 Nm ramp disturbance at the handlebar.
This same test was done in [63] with LQR (linear quadratic regulator) control. Here, the
results from that work were reproduced but the Q and R matrices used were the same ones
used for the MPC control scheme. As such, this is a fair test to see whether MPC performs
better than LQR for the Segway system. In response to the disturbance torque profile,
the linear displacement of the Segway is around 0.4 m when using LQR and the system
is stabilized quickly. However, when we use MPC, we can see the performance is vastly
improved. The Segway only displaces 0.1 m. All the states are driven to 0 much quicker
than LQR. The graph makes it look like the Segway’s response is a bit chaotic but this is
only because the values are very small (see the y-axis of b) and c) for the major difference
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Figure A.7: Segway reference tracking to step changes in the ẋ and ψ̇ state inputs. The model
used here is the linearized equations of motion, and the simulation was done in Simulink as
shown in Figure A.5.

between LQR and MPC). This shows that a well-formed MPC as compared to LQR (with
the same weighting matrices) is better at rejecting disturbances. This is a major advantage
and reason to use MPC. In fact, if even better disturbance rejection was required, the sample
time could be reduced at the expense of increased computational complexity.

A final test was run using the Simulink controllers developed in Figure A.5 and using
them directly in a Gazebo/Simulink co-simulation. This essentially emulates simulating the
controllers on a high-fidelity (and non-linear) plant model. However, the results here were
a bit different than the previous tests. The Segway yaw rate response (ψ̇) was as designed
and was able to track the reference signal easily. However, the ẋ response was quite slow
taking almost 20s to settle at steady state. This is likely due to a mismatch in parameters
between the previous Simulink model and the Gazebo model. The Segway in the Gazebo
model, pictured in Figure A.1, was developed by the author from a previously available CAD
model. Inertias were calculated using specific material properties in SolidWorks before being
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Figure A.8: θ response for Segway reference tracking to step changes in the ẋ and ψ̇ state
inputs.

imported as STL files into a URDF (Unified Robot Description Format). The URDF format
specifies the Segway’s kinematic and rigid body model. It is likely that these do not translate
one to one with the equations of motion presented in Section A.3. However, efforts were made
to try and bridge the gap between the two models but further work needs to be done in this
regard. A video of the Segway driving around in Gazebo is attached with this submission.
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Figure A.9: Simulation of a) 5 Nm ramp disturbance acting on Segway handlebar b) system
response using decoupled LQR control c) system response using decoupled MPC.
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Figure A.10: Segway reference tracking to step changes in the ẋ and ψ̇ state inputs. The
model used here is the high fidelity model in Gazebo, and the simulation was performed
using Gazebo/Simulink co-simulation [163]. As a note, the x-axis is labelled incorrectly and
should read Time[steps].

A.6 Conclusions

In this work we presented a decoupled MPC formulation to control, stabilize and track ref-
erence trajectories with a two-wheeled Segway. Theory and background on MPC was intro-
duced before developing the Segway model. A dual linear MPC formulation with constraints
on inputs and outputs was presented to stabilize and control the Segway. It was shown that
the resulting controllers were able to stabilize and track reference signals. The linear MPC
controller was also compared against LQR and it was found that it performed better in the
presence of disturbances. The same MPCs were tested on a high fidelity Segway model in
Gazebo but this yielded sub-optimal performance for tracking velocity step inputs. Some
explanation on the causes for this discrepancy were given, with the most likely factor being
a model mismatch between the equations of motion and the URDF format used to describe
the Segway in Gazebo.
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Future work on this project could go in many directions. Firstly, the URDF model
developed in Gazebo should match more closely with the equations of motion developed in
Simulink. For example, there has been recent work to symbolically convert rigid-body models
described in URDF format into equations of motion [182]. The author was unaware of this
work at the time of development but this could be a viable option to bridge the modelling
gap between the high-fidelty Gazebo simulator and Simulink. The work can also be extended
to utilize Non-linear MPC to attain better tracking performance beyond the linear region of
control used in this work. Segways were developed for human riders, and as such, exploring
the developed MPC’s capability for adapting to human rider dynamics would be interesting.
To start off, the human could be modeled as a cylinder and point mass as seen in Figure A.11.

Figure A.11: Segway model with a human point mass rider.
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Appendix B

REEM-C Hardware Malfunction and
Fix

This appendix section provides a brief account of the hardware malfunction encountered in
June 2024. After two weeks of intensive debugging, the issue was traced to the mSATA
solid-state drive (SSD) connector on the control PC board. Figure B.1 illustrates the robot
disassembled, with cabling coming out from its torso. Figure B.2 captures my colleagues
and I troubleshooting the logic box, a compact cube containing numerous intricately nested
boards. Despite its complexity, the design proved logical and straightforward to debug. We
benefitted greatly from guidance provided by PAL Robotics employees during a visit to their
office in May 2022 and through subsequent video calls and emails.

As shown in Figure B.3, the control PC board, with the mSATA SSD and connector
highlighted, was identified as the root cause. Removing the SSD from the connector allowed
the motherboard to boot. We also confirmed that the SSD itself was functional by testing it
via an mSATA enclosure on a working desktop computer. While the precise failure within the
control PC board remains unclear and warrants further investigation, an interim solution was
implemented. As shown in Figure B.4, an external SSD, loaded with the control computer
image, was mounted on the robot, enabling experiments to resume after a two-week delay.
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Figure B.1: The REEM-C taken apart for debugging purposes.
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Figure B.2: My colleagues and I debugging the robot’s logic box and compute module, which
had been removed from its torso.
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Figure B.3: The REEM-C control computer board is shown here. Highlighted in red is the
mSATA SSD connector. Once the SSD was removed from this connector, the motherboard
was able to complete its POST (Power-On Self-Test). While this may seem like a simple fix,
the board is located deep within the robot’s torso, requiring the entire compute logic box to
be disassembled (see Figure B.2 and Figure B.1).
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Figure B.4: The final solution to operationalize the robot involved mounting an external SSD
onto the robot, running the control computer over USB 3.0. This configuration was sufficient
to perform all tests described in Chapter 6.
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Appendix C

REEM-C Energy Expenditure
Comparison Between Walking and
Personal Transporter Usage

In this appendix section, we detail the calculations for the energy expenditure comparison
between walking and Segway usage for the REEM-C humanoid. Snapshots of the REEM-C
walking on flat ground are shown in Figure C.1. Figure C.2 shows a graph of the charge used
for riding a Segway compared against walking for 0.75 m. Driving a Segway takes 72% less
charge.

To evaluate the runtime of the REEM-C under different operating conditions, we com-
pare the total recorded current draw when the robot is walking and when it is using a
personal transporter. The total current draw is measured in Coulombs, which we convert
to ampere-hours for runtime estimation. The comparison reveals that REEM-C can operate
for significantly longer durations when using a personal transporter compared to walking,
given the reduced energy consumption. This analysis assumes consistent current draw and
full utilization of the battery capacity during each mode of operation.

The conversion follows (assuming a nominal voltage of 44.4v and a battery capacity of
27.85 Ah, specifications from PAL Robotics):

1Ah = 3600C. (C.1)

The total current consumption in ampere-hours, Itotal, is given by:

Itotal =
Qtotal

3600
, (C.2)

where Qtotal is the total current in coulombs.
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Figure C.1: The REEM-C walking. The REEM-C humanoid walking 0.2 m/s over flat ground
for 0.75 m (from left to right).

Example 1: Walking (64667 Coulombs)

For walking, the total recorded current is 64667 coulombs:

Itotal =
64667C

3600C/Ah
≈ 17.96Ah. (C.3)

The battery’s capacity is calculated as:

Cbattery =
1225Wh

44.4V
≈ 27.58Ah. (C.4)

The estimated run time for walking, Twalking, is:

Twalking =
Cbattery

Itotal
=

27.58Ah

17.96Ah
≈ 1.54 hours ≈ 92minutes. (C.5)

Example 2: Personal Transporter (18271 Coulombs)

For personal transporter usage, the total recorded current is 18271 coulombs:

Itotal =
18271C

3600C/Ah
≈ 5.08Ah. (C.6)

The corresponding run time, Ttransporter, is:

Ttransporter =
Cbattery

Itotal
=

27.58Ah

5.08Ah
≈ 5.43 hours ≈ 326minutes. (C.7)
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Figure C.2: REEM-C driving a Segway compared against walking. To travel a distance of
0.75 m, the REEM-C used 72% less energy when driving a Segway, as compared to walking.
Using the internal 48v 1225 Wh battery, the REEM-C would last 5.4 hours riding a Segway
and only 1.535 hours walking.
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