
Measuring Quantum Correlations of
Polarization, Spatial Mode, and
Energy-Time Entangled Photon

Pairs.

by

Andrew Cameron

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Physics (Quantum Information)

Waterloo, Ontario, Canada, 2023

© Andrew Cameron 2023



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Jennifer Ogilvie
Professor, Dept. of Physics and Dept. of Biophysics,
University of Michigan

Supervisor(s): Kevin Resch
Professor, Dept. of Physics & Astronomy, University of Waterloo

Internal Member: Thomas Jennewein
Professor, Dept. of Physics & Astronomy, University of Waterloo

Internal-External Member: Jon Yard
Professor, Dept. of Combinatorics and Optimization,
University of Waterloo

Other Member(s): Dmitry Pushin
Professor, Dept. of Physics & Astronomy, University of Waterloo

ii



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Abstract

Optical quantum technologies have found applications in all facets of quantum infor-
mation. Single photons are actively being researched for quantum computation, commu-
nication, and sensing, due to their robustness against decoherence stemming from their
minimal interaction with the environment. For communication and networking applica-
tions, specifically, photons are lauded for their speed and coherence over long distances.
While clear benefits arise from the lack of photon-environment interaction, measurement
and control of all photonic degrees of freedom is made challenging. Each degree of free-
dom, be it polarization, space, time, or frequency, comes with its own advantages and
drawbacks. The potential that single photons bring to future quantum technologies may
only be realized by full control over each of these properties of light.

The polarization degree of freedom can be used for high fidelity preparations and mea-
surements and is experimentally controlled with high precision. The spatial degree of
freedom, on the other hand, while comparatively trickier to work with, provides access to
a large Hilbert space for encoding information that polarization falls short of. Together,
these properties of light are combined in structured waves to use the advantages of both de-
grees of freedom simultaneously. One particularly popular spatial encoding, orbital angular
momentum, has received a lot of attention for its high-dimensionality and experimental
realizations. However, these states are not preserved by fiber and decohere in turbulence.
Correlations between polarization and orbital angular momentum have shown robustness
in scattering and turbulent media, demonstrating the advantage of their partnership.

The energy-time degree of freedom of light also provides a large Hilbert space for
encoding, along with preservation of quantum information through fiber transmission. The
accessible state space is determined by the resolution of controls and measurements in both
frequency and time. Specifically, single photon manipulation on ultrafast timescales has
become more practical in recent years, enabling measurement on timescales faster than
state-of-the-art single photon detectors.

In the first experiments presented in this thesis, novel single-photon structured waves
are experimentally demonstrated and imaged with a single photon emICCD camera. First,
these states are propagated in free space and used to demonstrate a Talbot effect with single
photons. Imaging at different fractional Talbot distances shows the near-field interference
patterns of a two-dimensional Talbot carpet. Next, the correlations between the polariza-
tion of one photon and the spatial mode of its partner entangled photon are utilized to
remotely prepare complex spatial arrays by means of heralded polarization measurements.

The final chapter of this thesis moves focus to the energy-time degree of freedom. The
optical Kerr effect, a third order nonlinear optical effect, is used to gate energy-time entan-
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gled photons with sub-picosecond resolution, therefore surpassing the timing limitations of
single photon detectors. With this fast optical gating technique, the temporal correlations
of two energy-time entangled photons are measured. In addition to spectral correlation
measurements, these are used to verify energy-time entanglement. This demonstration
adds the optical Kerr effect to the short list of available methods in ultrafast quantum op-
tics, further advancing experimental control of the energy-time degree of freedom of single
photons.
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Chapter 1

Quantum optics

1.1 Chapter Overview

There are many strategies for encoding quantum information in the electromagnetic �eld,
and throughout this thesis, experiments that focus on multiple encodings which exploit
di�erent degrees of freedom of light will be presented. This chapter sets the stage for
understanding the advantages and disadvantages of working with light's varying degrees of
freedom by �rst discussing how we think of light as a quantized �eld in Sec. 1.2, how we for-
malize the polarization, spatial mode, and energy-time degrees of freedom in Sec. 1.3, how
we can describe correlations between them in Sec. 1.4, and �nally how we experimentally
determine these correlations in Sec. 1.5.

1.2 Quantizing the Electromagnetic Field

We start, as many quantum optics texts do [6, 7, 8], by considering a simple electromagnetic
�eld that is contained in a one-dimensional cavity of lengthL along thez-axis. The electric
�eld makes a standing wave in the cavity with nodes at the wallsz = 0 and z = L.
Assuming there are no currents, charges, or dielectric materials in the cavity, and setting
the polarization of the �eld to be along thex-direction, E(r ; t) = Ex (z; t)î , where î is the
unit vector aligned with the x-axis, Maxwell's equations reduce to,

r � E = �
@B
@t

(1.1)

1



r � B = � 0� 0
@E
@t

(1.2)

r � E = 0 (1.3)

r � B = 0: (1.4)

These equations and boundary conditions are satis�ed by an electric �eld of the form

Ex (z; t) =
�

2! 2

V �0

� 1=2

q(t) sin(kz) (1.5)

where the �eld's angular frequency! is related to the wave numberk by ! = kc. Angular
frequencies that obey the boundary conditionsz = 0 and z = L are valid, and have the
form ! m = c(m�=L ) for m 2 Z, q(t) is a time dependent electric �eld amplitude, and
V = LA is the e�ective volume of the cavity with cross sectional areaA. As the electric
�eld is polarized in the x direction, the magnetic �eld which satis�es Eqs. 1.2 and 1.4 is
orthogonal and aligned with they axis, B (r ; t) = By(z; t)ĵ , where ĵ is the unit vector
aligned with the y-axis, and has the form

By(z; t) =
� � 0� 0

k

� �
2! 2

V �0

� 1=2

_q(t) cos(kz) (1.6)

The classical �eld energy, called the HamiltonianH , is obtained with an integration
over the cavity volume as

H =
1
2

Z
dV

�
� 0E2(r ; t) +

1
� 0

B 2(r ; t)
�

=
1
2

Z L

0
dz

Z
dA

�
� 0E 2

x (z; t) +
1
� 0

B 2
y (z; t)

�

=
1
2

(p2(t) + ! 2q2(t))

(1.7)

where we have used the notation _q(t) = p(t). To go from the second to the third line of
Eq. 1.7, trig integrals

RL
0 sin2(kz) and

RL
0 cos2(kz) appear. These are straightforward to
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evaluate by noting the boundary conditions limitk = m�=L for m 2 Z. This Hamiltonian
is in the same form as a classical one-dimensional harmonic oscillator, which is the key
observation that will help quantize the electromagnetic �eld. For this analogy, the time
dependent �eld amplitudes play the role of the canonical position,q(t), and momentum,
p(t).

Using this Hamiltonian, we turn our attention to solving for the energy eigenvalues.
Now that we have noted the similarities of our �eld amplitudes to the position and mo-
mentum of a particle in a harmonic oscillator, we use the Bohr correspondence principle
to replace our classicalq and p variables with the associated Hermitian operators ^q and p̂
with commutator [q̂;p̂] = i~. We de�ne non-Hermitian operatorsâ = ( ! q̂+ i p̂)=

p
2~! and

ây = ( ! q̂ � i p̂)=
p

2~! referred to as the annihilation and creation operators, respectively,
or collectively as the ladder operators. These operators have the commutation relation
[â; ây] = 1, which can be used to rewrite the Hamiltonian as

Ĥ = ~!
�

âyâ +
1
2

�
: (1.8)

We now set up the eigenvalue equation by introducing the energy eigenstate,j	 n i , with
energy eigenvalueEn as

Ĥ j	 n i = En j	 n i : (1.9)

Multiplying Eq. 1.9 by ây and rearranging the equation with the ladder operator commu-
tation relation will reveal how the creation operator earned its name.

~!
�

âyâyâ +
1
2

ây

�
j	 n i = En ây j	 n i

~!
�
(âyâây � ây) +

1
2

ây

�
j	 n i = En ây j	 n i

~!
�

âyâ +
1
2

�
(ây j	 n i ) = ( En + ~! )( ây j	 n i )

(1.10)

We now see an eigenvalue equation with a new eigenstate, ^ay j	 n i , and a new energy
eigenvalue,En + ~! . The common language from which the creation operator adopted
its name says that the action ofây created a quanta of energy~! . This created energy
is termed the photon when referring to the electromagnetic �eld. Similarly, the same
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steps with the annihilation operator yields a new eigenstate ^a j	 n i with energy eigenvalue
En � ~! , from which we say the operator annihilated a photon.

These operators create an energy spectrum with integer multiples of~! separating the
rungs of the ladder. The bottom of this ladder is referred to as the ground state,j0i ,
with energy 1

2~! , and any further use of the annihilation operator results in ^a j0i = 0.
Throughout this thesis, a photon will be denoted as ^ay j0i and experimentally it will be
measured by a count in a single photon detector. Photons will be casually discussed a lot
in this thesis but to be more verbose and formal, coming back to this chapter can remind
you that a photon is the canonically quantized energy of the electromagnetic �eld which
is a solution to Maxwell's equations.

Working back to the electric �eld of the cavity, we de�ne the canonically quantized
electric �eld operator for a single mode,k, in terms of the ladder operators and for arbitrary
polarization direction, �̂ k , as

Êk = i

r
~! k

2� 0V

�
âke� i! k t+ i k �r � ây

kei! k t � i k �r
�

�̂ k ; (1.11)

where the operator has a time dependence and is written in the Heisenberg framework of
quantum mechanics. In this framework, states are time independent and time evolution
is completely captured within the operator. To model a superposition of multiple modes
occurring simultaneously within the cavity, we get the total electric �eld by adding up the
di�erent modes coherently with a discrete sum as

Ê(r ; t) =
X

kx ;ky ;kz

Êk(r ; t) = i
X

k

r
~! k

2� 0V

�
âk e� i! k t+ i k �r � ây

k ei! k t � i k �r
�

�̂ k ; (1.12)

wherer = ( x; y; z) is a vector of spatial positions, andk = ( kx ; ky; kz) is a vector of wave
numbers in di�erent directions. Note, quantization in kx , ky, and kz requires generalizing
the 1D cavity to a 3D cubic cavity with length L and volume V [7]. Other than the
canonical quantization that occurred by introducing ladder operators, the derivation is
done purely with classical electrodynamics. Due to this closeness of the quantum and
classical descriptions of light, there are many phenomena that occur in a laboratory with
single photons that would also occur with classical light.

Many students have asked what the size of a photon is. Unfortunately, the answer is
not well de�ned in general. In our derivation, we assumed the electromagnetic �eld was
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contained to standing waves in a cavity. That gave us helpful arti�cial boundary conditions
and answers the question of size because the photon is exactly the size of the cavity,V . Of
course, this need not be the case. If you were to let your photons 
y instead of bounding
them, the energy of the photon, like the orbitals of an atomic wave function, technically
expand to in�nity and thus a photon has no de�nable size. In our experiments in the lab,
the energy of each photon is created at the source and radiates to the detector. If the
laser is pulsed, we can be sure that the heavy majority of the photon is contained within
the coherence time of the pulse, but this serves to remind you that mathematically, the
photon's size is as large as the space you give it to propagate.

There is a mathematical framework for avoiding the constraints of a cavity which in-
stead considers a continuum [9]. This will be helpful when considering the experiments in
this thesis which do not occur inside a cavity. Instead of being represented by quantum
harmonic oscillators in a cavity, the quantized electromagnetic �eld modes are represented
by continuous wave vectors. To illustrate this change, consider plane waves that traverse
a cavity of length L. The allowed standing waves have a minimum frequency di�erence of
� ! = 2�c

L . Clearly, we move from a cavity to a continuum by taking the limit asL ! 1
which implies there will be no minimum di�erence in frequency modes: �! ! 0. Ladder
operators are transformed to continuous mode operators by ^a !

p
� ! â(! ) which provides

a continuous version of the commutation relation [^a(! ); ây(! 0)] = � (! � ! 0) where � (x � x0)
is the dirac delta function. The volume term is written asV = LA where we can substitute
L = 2�c

� ! . Finally, discrete sums which can keep track of the superposition of electric �elds
with di�erent frequencies inside a cavity are replaced with integrals by the transformationP

k ! 1
� !

R
d! . Starting from Eq. 1.12, dropping the polarization label, and making the

substitutions listed above, the continuous mode quantized electric �eld operator is thus

Ê (z; t) = i
1

� !

Z
d!

s
~!

2� 0A

�
� !
2�c

� � p
� ! â(! )e� i!t + ikz �

p
� ! ây(! )ei!t � ikz

�

= i
Z

d!

r
~!

4�� 0cA

�
â(! )e� i!t + ikz � ây(! )ei!t � ikz

�

= Ê (+) (z; t) + Ê (� )(z; t);

(1.13)

where we have compactly written the electric �eld operator as the sum of two components
Ê (+) (z; t) and Ê (� )(z; t) referred to as the positive and negative frequency components
named after the sign in the exponential1.

1From my perspective they are named backwards, but there is old history from the theory of waves and
oscillations at play behind the naming convention.
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Light carries potential energy through space with its oscillating electric �eld, but we
don't measure the �eld amplitude directly. Instead, power meters in the lab measure power,
which if integrated over time gives the �eld intensity, Î (z; t). This operator is the quantum
mechanical analog of the classical Poynting vector. The electric �eld operators in Eq. 1.13
are related to the intensity operator by

Î (z; t) = 2 � 0cÊ (� )(z; t)Ê (+) (z; t)

=
~

2�A

Z
d!

Z
d! 0

p
!! 0̂ay(! )â(! 0)ei (! � ! 0)( t � z

c ) ;
(1.14)

and integration of the intensity provides the total energy of the system. First, integrating
with respect to position gives the total energy over the entirez-axis at a given time:

A
Z 1

�1
dzÎ (z; t) = c

Z
d! ~! ây(! )â(! ); (1.15)

while integrating over all time gives the total energy that passes through a plane at a given
z:

A
Z 1

�1
dtÎ (z; t) =

Z
d! ~! ây(! )â(! ): (1.16)

Both of these expressions include an integral over a photon's energy,~! , and both ladder
operators, ây(! )â(! ). These integrals relate the total �eld energy to the summation of
single photon energies at a particular frequency, weighted by the number of photons at
that frequency. This counting procedure is formalized by the photon number operator, ^n,
given by

n̂ =
Z

d! ây(! )â(! ): (1.17)

The ladder operators are non-Hermitian operators which do not correspond to a physical
observable, while the number operator, a simple multiplication of two ladder operators,
is Hermitian and corresponds to the number of photons. We can de�ne ladder operators
which create and destroy a photon at a particular time by Fourier transforming their
frequency representation as
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â(t) =
1

p
2�

Z
d! â(! )e� i!t (1.18)

ây(t) =
1

p
2�

Z
d! ây(! )ei!t ; (1.19)

and we can rewrite the number operator with respect to the Fourier transformed ladder
operators as

n̂ =
Z

dtây(t)â(t): (1.20)

1.3 Degrees of Freedom of Light

Throughout this thesis, light is the carrier of quantum information. In a beam like geom-
etry, there are four degrees of freedom (DoF) of a single photon - polarization, transverse
spatial mode pro�le (containing two DoF), and spectrum [10], each of which can be used
to encode, transfer, and read quantum information. Think of DoF as physical parameters
that can be independently manipulated in an experiment. Polarization is the simplest to
work with on an optics table as basic linear optics are capable of high �delity polarization
preparation, transformation, and measurement. This DoF is limited to a Hilbert space
of two, meaning a single state carries binary information. Spatial modes and spectra, on
the other hand, allow access to a theoretically in�nite Hilbert space in which to encode
information. Orbital Angular Momentum (OAM) modes describe a high dimensional state
space in the transverse beam pro�le limited only by the resolution of current state-of-
the-art spatial light modulators (SLM) and other controllable phase modulation optics.
As engineering advances and provides a higher SLM spatial resolution, the ability to ap-
ply particular phase delays to di�erent coordinates of the transverse mode pro�le of light
will provide access to larger Hilbert spaces. When working with the spectrum of light,
the Hilbert space is limited by the spectral resolution of single photon spectrometers, or,
equivalently, the temporal resolution of time-of-arrival single photon detectors.

For completeness, one can also consider the number of photons as a degree of free-
dom [11], but working with this DoF requires expensive and early-stage photon number
resolving cryogenic detectors and will not be discussed further. This thesis encompasses a
set of experiments utilizing both the polarization and OAM DoF, and more recent work
focusing on the spectral DoF. These are described in the following sections.
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1.3.1 Polarization

Polarization qubits make for an excellent teaching example for photonic quantum informa-
tion both in theory, and in the lab as they are straightforward to prepare, superimpose, and
measure. The polarization of an electromagnetic �eld describes the direction of oscillation
of the electric �eld. It is convention to focus on the electric �eld rather than the orthogonal
magnetic �eld, but due to orthogonality one always knows the direction of oscillation of
one when given the other. To begin, consider a photon in an arbitrary superposition of
horizontal, jH i , and vertical, jV i polarizations as

j	 i = cos
�

�
2

�
jH i + ei� sin

�
�
2

�
jV i (1.21)

where �; � 2 [0; 2� ) are angles that describe the relative combination ofjH i and jV i .
In order to see the similarities between polarization qubits and other physical quantum
information systems, it's useful to assign these polarization states to the two-dimensional
computational basis,

jH i =
�

1
0

�
; jV i =

�
0
1

�
: (1.22)

Taking � = 90� and � = 0 � ; 180� gives us the diagonal and anti-diagonal states,

jD i =
1

p
2

(jH i + jV i ) =
1

p
2

�
1
1

�
; jAi =

1
p

2
(jH i � j V i ) =

1
p

2

�
1

� 1

�
: (1.23)

jH i ; jV i ; jD i , and jAi , along with all other states described by Eq. 1.21 with real coe�-
cients, are called linearly polarized states. Starting from one linearly polarized state, it is
straightforward to rotate the polarization to any other linearly polarized state with just a
half-wave plate (HWP). Taking � = 90� , and � = 90� ; 270� gives the right and left circular
polarization states,

jRi =
1

p
2

(jH i + i jV i ) =
1

p
2

�
1
i

�
; jL i =

1
p

2
(jH i � i jV i ) =

1
p

2

�
1

� i

�
: (1.24)

Starting from jH i , a quarter-wave plate (QWP) is su�cient to rotate the polarization to
either circular polarization state. Combining the action of a quarter-wave and half-wave
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plate provides enough freedom to rotatejH i to all polarizations described by Eq. 1.21.
Polarizing beam splitters are used for projective measurements and typically transmit
horizontal polarization and re
ect vertical polarization. Inserting a half and quarter-wave
plate before a polarizing beam splitter enables projective measurements onto arbitrary
qubit polarization bases.

Using the matrix formalism provided by the computational basis representation, the
H/V states are eigenstates of the Pauli� z operator, while the D/A and R/L states are
eigenstates of the Pauli� x and Pauli � y operators, respectively. These matrices have the
following form,

� z =
�

1 0
0 � 1

�
; � x =

�
0 1
1 0

�
; � y =

�
0 � i
i 0

�
: (1.25)

Polarization qubits are easily visualized by plotting the angles that parameterized the
state in Eq. 1.21 onto a sphere called theBloch sphere. When referring to the polarization
of light and not just an arbitrary qubit, it is called the Poincar�e sphere, and both are il-
lustrated in Fig. 1.1. Throughout the thesis, quantum information protocols and concepts
will be described using the polarization bases and the Poincar�e sphere. Note, when dis-
cussing these concepts with quantum information scientists studying other physical qubits,
the Bloch sphere is more common and the bases are labeledf 0; 1g, f + ; �g , and f + i; � ig
instead of f H; V g, f D; A g, and f R; Lg, respectively.

Figure 1.1: Graphical representation of qubit state space. a) Poincar�e sphere labelled with
polarization bases. b) Bloch sphere labelled with computational bases.
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Wave plates are a simple optic consisting of a uniaxial birefringent material such as
quartz. Birefringent materials have a polarization dependent index of refraction which
manifests as a relative phase delay between polarizations aligned with one axis we call the
fast axis, and a perpendicular axis called the slow axis. Wave plates can be represented by
2x2 matrices called the Jones matrices [12] which take the form,

HWP (� ) =
�

cos(2� ) sin(2� )
sin(2� ) � cos(2� )

�
(1.26)

QWP(� ) =
�

cos2(� ) � isin2(� ) (1 + i )cos(� )sin(� )
(1 + i )cos(� )sin(� ) � icos2(� ) + sin 2(� )

�
; (1.27)

where� is the rotation angle of each wave plate about the optic axis and� = 0 corresponds
to the fast axis aligned to the horizontal. It can be helpful to remember what each waveplate
takes thejH i state to. For example, a HWP rotated to +(� ) 22:5� rotates jH i to jD i (jAi ),
and a QWP rotated to +( � ) 45� rotates jH i to jRi (jL i ).

Operations on a qubit, such as setting a HWP to 22:5� and sending a horizontally
polarized photon through, can be visualized as a rotation of thejH i vector on the Poincar�e
sphere to thejD i vector as seen in Fig 1.2.

Figure 1.2: Poincar�e sphere representation of the action of a HWP at 22:5� acting on a
horizontally polarized photonic state. The resulting state is diagonally polarized.
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1.3.2 Spatial Modes

Spatial modes of light generally refer to the amplitude and phase of the transverse compo-
nent of the electromagnetic �eld. Imagine taking a cross sectional-slice of light perpendic-
ular to the direction of travel. The patterns that emerge are superpositions of orthogonal
�elds which can be used to encode quantum information. The mathematical represen-
tations of the electromagnetic �elds and their transverse components are usually derived
by combining three of Maxwell's equations to build a wave equation and then solving to
�nd transverse �eld solutions. In this section, the wave equation is derived, the parax-
ial approximation, which closely models laser beams in the lab, will be introduced, and
the Hermite-Gaussian family of solutions will be presented. Although this thesis explores
spatial modes related to the cross-section of light, it should be noted that quantum infor-
mation can be encoded in the path that light travels [13, 14]. Path encoding can also be
considered a spatial mode because it is labeled by a photon's position in space, but will
not be discussed further here.

Consider an electromagnetic �eld in an isotropic, linear, source-free media. Take the
curl of Maxwell's Eq. 1.1, and employ the vector identityr � r � A = r (r � A) � r 2A
to get

r � r � E = r (r � E) � r 2E

r �
�

�
@B
@t

�
= r (r � E) � r 2E:

(1.28)

The divergence ofE is zero by Maxwell's Eq. 1.3. Note, the time derivative can be brought
outside the curl which leaves the left hand side as@@t(r � B ) . We can now substitute
Maxwell's Eq. 1.2 to bring in a second time derivative to obtain the wave equation

r 2E = ��
@2E
@t2

: (1.29)

The general solution of the wave equation for a wave travelling in a single direction, say,
the z direction, is a plane-wave (meaning the �eld has no transverse dependence) which
has the form

E(z; t) = E0

�
t �

z
v

�
(1.30)

11



whereE0 is anx � y plane vector andv = 1=
p

�� is the speed of light in the medium. Plane
waves extend their transverse amplitude to in�nity and so do not model the collimated
laser beams in the lab. That being said, to good approximation, lasers can be considered
to be a superposition of plane waves that are travelling close to a single direction,z, and
we call beams described by this approximation paraxial. Transverse �eld variations of
paraxial beams are much smaller than variations in thez-direction.

A monochromatic, paraxial wave, ignoring polarization, may be written as

E(z; t) = u(x; y; z)ei (!t � kz) (1.31)

where u(x; y; z) is a slowly-varying envelope relative to the wavelength-scalee� ikz term.
Substituting this electric �eld into the wave equation in Eq. 1.29 yields

r 2
�
uei (!t � kz)

�
= ��

@2

@t2
�
uei (!t � kz)

�
: (1.32)

We will simplify each side of this equation one at a time. First, break the Laplace operator
into transverse andz components as

LHS = ( r 2
T +

@2

@z2
)
�
uei (!t � kz)

�

= ei (!t � kz)r 2
T u + ei!t @2

@z2
�
ue� ikz

�

= ei (!t � kz)r 2
T u + ei (!t � kz)

�
@2u
@z2

� 2ik
@u
@z

� k2u
�

(1.33)

where the chain rule was implemented twice from the second to the last line. Moving to
the right hand side and using the relationship�� = k2=! 2, we simplify the following:

RHS = ��
@2

@t2
�
uei (!t � kz)

�

= ��ue � ikz @2

@t2
ei!t

= ��ue � ikz (� ! 2ei!t )

= � k2uei (!t � kz) :

(1.34)
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Setting the LHS = RHS, we arrive at a di�erential equation ofu(x; y; z),

r 2
T u +

@2u
@z2

� 2ik
@u
@z

= 0: (1.35)

Due to the slowly-varying property of the envelopeu(x; y; z),

�
�
�
�
@2u
@z2

�
�
�
� � 2k

�
�
�
�
@u
@z

�
�
�
� ; (1.36)

and we can neglect the second derivative ofu with respect to z yielding the paraxial wave
equation:

r 2
T u � 2ik

@u
@z

= 0: (1.37)

The Hermite-Gauss (HG) modes are a family of solutions to the paraxial wave equation.
They are labeled and categorized by two indices,m; n 2 Z, and given by the formula

umn =
1

w(z)
Hm

 p
2x

w(z)

!

Hn

 p
2y

w(z)

!

e� (x2+ y2 )=w2 (z)e� ik (x2+ y2 )=2R(z)ei (m+ n+1) � (z) ; (1.38)

where we have introduced the beam radius,

w2(z) = w2
0

�
1 +

�
z
zR

2
��

; (1.39)

the radius of curvature,

R(z) =
z2 + z2

0

z
; (1.40)

the beam is focused atz = 0 with radius w0, � (z) = tan � 1
�

z
zR

�
, the Rayleigh range,

zR = �! 2
0nr =� , is the distance light travels while maintaining only a slow increase in beam

radius, nr is the index of refraction, where the subscript is used to di�erentiate from the
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mode numbern, and H � (� ) are Hermite polynomials. These modes are termed Trans-
verse Electromagnetic Modes (TEMmn ), and higher mode numbers correspond to more
complicated intensity patterns with regions alternating between high and low intensity.
Figure 1.3 shows the intensity patterns corresponding to the �rst few TEM modes which
are the result of the squared modulus of the �eld amplitude,jumn (x; y; z)j2.

Figure 1.3: Intensity patterns of Hermite-Gauss (HG) modes with varying mode indices.
© L. Carbone et al., (2013) [1].

The lowest order solution, TEM00, is of particular interest and has the following form:

u00(x; y; z) =
w0

w(z)
e� (x2+ y2 )=w2 (z)e� ik (x2+ y2 )=2R(z)ei� (z) : (1.41)

This mode is a 2D-Gaussian function and is sometimes referred to as the single spatial
mode. It is the dominant spatial mode output from many laser resonators in which the
curvature of the cavity mirrors is matched with the radius of curvature,R(z), of the
desired beam output. Single mode �bers are used throughout this thesis because they
collect/output only the TEM 00 spatial mode. They have a very small core of� 5� m
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diameter which �lters all higher order modes. Some experiments prefer to collect higher
order spatial modes of light when coupling from free-space to �ber, and can do so with
multi-mode �bers. These have a larger core size of anywhere between 10� m � 100� m in
diameter.

1.3.3 Orbital Angular Momentum

A particularly interesting family of solutions to the paraxial wave equation describe beams
of light that have an azimuthal phase dependency,eil� , which are referred to as vortex
beams. A 2D cross section of such a beam reveals a phase singularity at the coordinate
which the phase is varying around with angle� [15]. At this point, the phase is unde�ned
and the intensity is zero. These singularities are called optical vortices and can occur
sporadically in nature [16], or be speci�cally engineered with a particular azimuthal phase
dependence. In 3D space, as light propagates, a phase singularity draws out a line at which
the phase is unde�ned, and the azimuthal phase dependence carves out a helical phase
pattern around the singularity. These beams can have multiple interwoven helical phase
fronts counted by the unbounded integerl 2 f�1 ; :::; � 1; 0; 1; :::; 1g and carry orbital
angular momentum (OAM), l~, per photon. The sign ofl determines the handedness of the
helical phase, and beams with opposite handedness have seen applications in determining
the chirality of molecules and materials [17].

The unbounded nature of the helicity parameter,l , provides access to a large alphabet
in which quantum information can be encoded in a single photon. Two-level quantum
systems, or qubits, were introduced during the discussion of polarization. Here, OAM
is a vehicle to introduce ad-dimensional system called a qudit, where instead of being
constrained by a two-dimensional Hilbert space, we are limited only by our engineering
capability of preparation and measurement of higher-order modes. Higher dimensional
optical quantum states have lead to applications in quantum cryptography [18], quantum
communication [19, 2], and quantum computing [20].

To introduce a mathematical formalism for vortex beams, we move to the cylindrical
coordinates (r; �; z ) and represent the electric �eld as

E(r; �; z; t ) = A(r; �; z )e� i (!t � kz) ; (1.42)

whereA(r; �; z ) is the complex amplitude of the �eld and contains the spatial distribution
of a 2D cross section of light. In the case of vortex beams, the amplitude can be written
as a superposition of helical modes labelled by their azimuthal number,l , as
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A(r; �; z ) =
X

l

cl (r; z)eil� (1.43)

where coe�cients cl are determined by the angular Fourier transform of the �eld amplitude
as

cl (r; z) =
1

2�

Z 2�

0
d�e � il� A(r; �; z ): (1.44)

By radially integrating the absolute value squared of these coe�cients, we get the proba-
bility, P(l), that a photon is in the l OAM state as

P(l) =
1
B

Z 1

0
drr jcl (r; z)j2 (1.45)

where the probability is normalized by the transverse plane beam power,

B =
X

l

Z 1

0
drr jcl (r; z)j2: (1.46)

Note, the probability is not dependent on the longitudinal coordinatez because OAM is
conserved as light propagates [21]. A full analysis of the transverse spatial mode requires
reference to the radial component of the �eld. While there are many spatial modes with
helical phase factors which di�er in their radial amplitude, it is most common to focus
on �eld amplitudes, A, which are written as superpositions of Laguerre-Gaussian modes,
LGp;l . These are analytic solutions to the wave equation in the paraxial approximation,
Eq. 1.37. Similar to the TEMm;n modes,LGp;l modes are described in reference to special
functions and are labelled by two indices. Before,m; n were indices that indicatedx and y
structure. Now that we have moved to cylindrical coordinates, we used the mode indicesp; l
to refer to radial and azimuthal structure. LGp;l modes have a lengthy derivation, so only
the results will be presented here. Interested readers looking for a detailed derivation of the
Laguerre-Gaussian modes are encouraged to visit reference [22]. Introducing dimensionless
cylindrical coordinates� = r=w0 and � = z=zR , Laguerre-Gaussian modes are represented
as
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LGp;l (�; �; � ) =

s
2j l j+1 p!

� (p + jl j)!(1 + � 2)

 
�

p
1 + � 2

! j l j

� e
� � 2

1+ � 2 L j l j
p (2� 2=(1 + � 2))e

i� 2

� +1 =� eil� � i (2p+ jl j+1)tan � 1 (� ) ;

(1.47)

wherep 2 f 0; 1; 2; :::g, and L j l j
p (� ) are generalized Laguerre polynomials. Superpositions of

these modes give a more radially detailed picture of the electric �eld amplitude,A, as

A(r; �; z ) =
X

p

X

l

bp;lLGp;l (r; �; z ); (1.48)

and we can relate these new coe�cientsbp;l with the angular Fourier transform coe�cients
from before using

bp;l =
Z 1

0
rdrLG �

p;l (r; �; z )e� il� cm (r; z): (1.49)

Similar to the TEM m;n modes discussed earlier, Fig 1.4 shows the �rst fewLGp;l inten-
sity patterns. Increasing the radial index adds rings to the intensity pattern, but it is less
clear how the azimuthal index changes the state by looking at intensity. This is because
intensity measurements wash out the phase of an electromagnetic �eld, and the azimuthal
number refers to the helicity of the phase,eil� .

The intensity patterns in Fig 1.4 show the theoretical distribution of light in the trans-
verse plane. When measuring the transverse pro�le of single photons, we use arrays of
single photon detectors, also known as single photon cameras. A single measurement will
only light up one pixel of the camera. It's only after many subsequent measurements of
photons with similar phase patterns that the doughnut shaped intensity patterns emerge.
This build up of data can be visualized in Fig 1.5. It should be noted that althoughl = 1
and l = � 1 LG modes have the same intensity pattern, a superposition of both yields a
unique intensity pattern. Using this idea, if you only have access to intensity measurements,
it's possible to measure the LG coe�cientsbp;l by interfering the signal with a reference
wave that has identical polarization and frequency and a known spatial distribution [21].

There are many ways to generate OAM states experimentally, including spiral phase
plates (SPP), q-plates, fork dislocations, spatial light modulators (SLMs), and metasur-
faces. The simplest to describe, and perhaps the most elegant, is the SPP. A SPP is a
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Figure 1.4: Intensity patterns of Laguerre-Gaussian (LG) modes with varying mode indices.
© L. Carbone et al., (2013) [1].

piece of glass that has thickness which varies with azimuthal angle,� . An input Gaussian
beam will therefore have each transverse coordinate of the electric �eld delayed based on
its azimuthal coordinate, i.e., how much time the light spent in the glass [23]. With this
method, each OAM state you may want to prepare requires a particular SPP tailored to
your desired output. A similar device with slightly more versatility is the q-plate. These
devices have a birefringence that varies across the face of the optic, which leads to the
output OAM state being dependent on the input polarization [24]. Speci�cally, the origi-
nal q-plates transformed right circularly-polarized light to OAM with l = 2q whereq is a
fabrication controlled integer relating to glass thickness and birefringence, and transformed
left circularly polarized glass to OAM with l = � 2q. Similar to waveplates discussed in
Sec. 1.3.1, q-plates can be described by Jones matrices with the form

M =
�

cos(2� ) sin(2� )
sin(2� ) � cos(2� )

�
; (1.50)
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where � (r; � ) = q� + � 0, and � 0 is a constant. Circularly polarized light carries spin-
angular momentum (SAM), so q-plates are an example of spin-orbit coupling where the
OAM component of light is dependant on the SAM component.

Figure 1.5: Single photon images built up over many measurements.© Fickler et al.,
(2013) [2, 3].

While it is straightforward to associate right circularly polarized light with \spinning"
of the electric �eld, and OAM with an angular phase dependence, it can be less obvious how
these particular instances of light relate to spin and orbital angular momentum. To address
this, it is much easier to think about what happens when light with SAM or OAM interacts
with an atom. Circularly polarized light will transfer spin angular momentum to an atom
and has been used to rotate quartz waveplates [25], while light with helical phase patterns
will transfer orbital angular momentum to an atom causing the atom to revolve around the
optical singularity [26, 27]. These mechanical forces due to OAM transfer have since been
applied to optical tweezers [28], which are light beams that trap and manipulate atoms.
The familiar analogy of the earth-sun system may help to visualize. The earth spins on its
axis with SAM, and revolves around the sun with OAM, much like the atom described in
a light beam.

Optics with fork dislocations, also known as screw dislocations, will impart helical phase
patterns on light beams that pass through [29]. Fork dislocations have also been applied to
beams by holographically imprinting a fork pattern onto a beam using a grating mask [30].
Most recent single photon OAM experiments use SLMs in order to prepare and measure
higher level OAM modes in a programmable way, the �rst demonstration of which was
done by Gibson et al. [31]. You could consider these SLM preparations as more on-the-
y
programmable successors to the fork dislocation methods, because the pattern encoded in
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the SLM to produce OAM states is also fork-shaped. It's worth noting that in the broader
community, spatial light modulators are known for modulating beam intensity, such as the
overhead transparencies used in presentations2. In contrast, for OAM purposes, we are
always referring to SLMs which modulate the phase of light at di�erent spatial positions.

The last generation and measurement method I will mention uses metasurfaces. These
are arti�cially fabricated thin materials with small scale structures across the transverse
face. They modulate the electromagnetic �eld either through transmission or re
ection and
can generally be printed with �ner, sub-wavelength spatial resolution than state-of-the-art
SLMs. [32, 33, 34]

1.3.4 Time & Frequency

The time-frequency degree of freedom provides another high-dimensional Hilbert space for
encoding quantum information. Unlike OAM states which are essentially washed out dur-
ing �ber transmission 1, it is robust against decoherence over long-distance �ber networks
of up to 100 kilometers [37, 38, 39]. Additionally, polarization mode-dispersion, which
can complicate �ber networks using polarization states, does not a�ect the time-frequency
degree of freedom. For quantum communication speci�cally, energy-time entanglement
is being considered to take advantage of the current telecommunications infrastructure
around the world which already encodes classical information in frequency and time [40]. I
will discuss three quantum information encodings associated with the time and frequency
of single photons. The �rst two consider a single property of light by discretizing the
continuous range, of either time-of-arrival or frequency, into bins. The third encoding,
referred to as temporal-mode encoding, uses the continuous nature of time and frequency
simultaneously.

Time-bin encoding makes use of an unbalanced Mach-Zehnder interferometer as illus-
trated in Fig. 1.6. Photons which take the shorter path are given the labeljei for \early",
while photons taking the longer path are denotedjl i for \late". A coherent superposition
of the form

j	 i = � jei + � jl i (1.51)

2maybe a relic of the past for some younger readers, but in 2019 I saw Roger Penrose give a talk at
Perimeter using only overhead transparency slides so they're still out there.

1There are OAM preserving �bers, but they only preserve a speci�c target spatial mode [35]. Currently,
regular multimode �bers are not su�cient for OAM preservation in quantum optics experiments [36].

20



Figure 1.6: Illustration of an unbalanced Mach-Zehnder interferometer generating time-bin
states.

is created by varying the amplitude and phase of each path of the interferometer. Ampli-
tudes may be varied by changing the re
ectivity of the beamsplitters and thus the portion
of photons in each path, while phase may be varied by changing relative path length. Beam-
splitters in interferometers are not easy to change out quickly, so it is simpler to implement
relative phase di�erences and �x the amplitudes. Measurement of time-bin states can also
be done with a Mach-Zehnder (MZ) interferometer, although single photon detectors may
be su�cient if the separation time between jei and jl i is longer than detector resolution.
High-dimensional time bin states can be made by increasing the number of time slots for
the encoding, for example using cascaded MZ interferometers [41]. The time di�erence
between each bin is limited by photon coherence length. If the bins are too close together,
it is not possible to deterministically distinguish the two paths.

Frequency bin encoding is conceptually similar with the frequency of light de�ning the
di�erent basis states instead of the time-of-arrival. Frequency bin states can be created
using ring resonators which produce a frequency \comb" and have been integrated into
silicon chips [42, 43]. Relative phases between bins can be applied using Fourier domain
pulse shaping in which pulses are stretched out in space into their frequency components
with gratings or prisms and an SLM is used to apply the relative phases [44]. Superpositions
are made possible by phase modulators that can selectively interfere particular frequency
bins, and measurements are made with single photon spectrometers. To avoid the loss
in spectrometers, it is also possible to measure frequency bins using a series of dichroic
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mirrors. Similar to the time-bin resolution problem, any detection method must have higher
spectral resolution than the spacing of frequency bins to ensure deterministic readout.

An optical pulse can be decomposed into orthogonal functions that describe the fre-
quency and temporal pro�le. In Sec. 1.3.2 the electric �eld as a function of position was
described by 2D Hermite-Gauss modes. In the temporal mode framework, the 1D repre-
sentation of these functions can also be used to describe the electric �eld as a function of
time or frequency instead. Temporal modes can be produced using pulsed light to pump a
spontaneous parametric downconversion (SPDC) crystal. Speci�c modes can be selected
for routing or measurement using a quantum pulse gate [45] which uses sum-frequency
generation (SFG) to combine the signal with a spectrally engineered gate pulse [46]. In
addition to quantum communication which time and frequency bin encodings are often
used for, temporal modes have been touted as a basis for optical quantum computing [10].

1.4 Quantum Entanglement

Quantum entanglement is possibly the most astonishing phenomenon in quantum mechan-
ics. It was �rst postulated in 1935 by Einstein, Podolsky, and Rosen [47], the three authors
which to this day entangled particles, or EPR pairs, are named after. The authors used
the hard-to-believe concept of entanglement that came with their prediction as an argu-
ment that quantum mechanics was an un�nished theory that did not describe reality in its
current form. In 1964, John Bell responded to their claim by narrowing down exactly what
constraints reality must abide by if it is truly described by quantum mechanics, stating
that quantum mechanics is incompatible with local hidden-variable theories [48]. Clauser,
Horne, Shimony, and Holt proposed a test of Bell's theorem that could be implemented
experimentally [49]. The test amounted to four, two-particle correlation measurements
which combined to create the CHSH inequality, also known as a Bell inequality, which,
if violated, would rule out local hidden-variable theories. Aspect, Grangier, and Roger
were the �rst to experimentally violate this inequality by measuring the polarization of
correlated photons in 1981[50].

As bothered as the EPR authors seemed to be by their prediction, this experiment
was the �rst of many to disprove local-realism, i.e. the principles of locality and realism
could not both be true. Locality is the notion that particles can only be a�ected by their
surroundings, and realism is the theory that describes a particle as having a de�nite state
before it is measured. Entanglement, now experimentally veri�ed, began to be considered
as a resource for quantum communication. Superdense coding, proposed by Bennett and
Weisner [51] and experimentally demonstrated by Zeilinger et al. [52], uses maximally
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entangled states as a resource shared by a sender and receiver to send two bits of classical
information by only sending a single qubit. Quantum teleportation, proposed by Bennett
et al. [53] and again experimentally demonstrated by Zeilinger et al. [54], allows the receiver
to transport the state of a qubit by sending a classical bit. Entanglement is a property
of generic multi-particle quantum systems, but photons in particular played an important
role in the pivotal experiments proving its existence and using it as a resource. Note,
the original experimental CHSH violations have a number of small issues which have been
the topic of much debate. In the decades since that experiment, there have been many
experiments that closed so-called \loopholes" that could be exploited to show local hidden-
variable theories may indeed describe the experimental outcomes. With each experiment,
the likelihood that nature obeys local-realism diminishes further [55].

1.4.1 CHSH inequality

Here, an experiment is described to derive the CHSH inequality and use it as a working
example to introduce two qubit states. A source prepares two particles in a repeatable
manner. Each particle is sent to a di�erent party, Alice and Bob. They both have two
measurement apparatuses which are capable of measuring physical properties of the particle
they receive. Call the properties Alice can measurePQ and PR , and the properties Bob can
measurePS and PT . When either party receives a particle, they 
ip a coin to decide which
measurement to take. Each of the four physical properties can result in a measurement
outcome of either 1 or� 1. We will give the labelQ to the outcome of the measurement of
PQ, and follow a similar convention forR; S;and T. Now, set Alice and Bob far apart from
each other and time the experiment such that they receive and measure their particle at the
same time. Say they are far enough apart that the outcome of one party's measurement is
unable to a�ect the other due to physical in
uences being limited by the speed of light [56].

If this experiment is repeated many times, we can build up a list of the four out-
come pairs,QS; RS; RT;and QT. Consider the following expression of these measurement
outcome pairs:

QS + RS + RT � QT = ( Q + R)S + ( R � Q)T: (1.52)

Note that (Q + R) = 0 if Q 6= R, and (Q � R) = 0 if Q = R. From this we can see
that Eq. 1.52 is equal to either� 2. Next, we can introduce state probabilities. Say that
p(q; r; s; t) is the probability that the system is in a state whereQ = q; R = r; S = s; and
T = t before Alice and Bob perform their measurements. The mean value,E(�), of our
algebraic quantity is written as
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E(QS + RS + RT � QT) =
X

qrst

p(q; r; s; t)(qs+ rs + rt � qt)

�
X

qrst

p(q; r; s; t)(2)

= 2
X

qrst

p(q; r; s; t)

= 2:

(1.53)

where to move from the �rst to the second line we have taken the largest possible value
of (qs+ rs + rt � qt) which is 2 (See Eq. 1.52). We can also implement the distributive
property on the RHS of the �rst line to get

E(QS + RS + RT � QT) =
X

qrst

p(q; r; s; t)qs+
X

qrst

p(q; r; s; t)rs

+
X

qrst

p(q; r; s; t)rt �
X

qrst

p(q; r; s; t)qt

= E(QS) + E(RS) + E(RT) � E(QT):

(1.54)

We can equate Eq. 1.53 and Eq. 1.54 to obtain the CHSH inequality,

E(QS) + E(RS) + E(RT) � E(QT) � 2: (1.55)

Experimentally, Alice and Bob can estimate the mean of all four quantities by repeating the
experiment many times. The classical CHSH bound for general measurements described in
this simple experiment is 2, but introducing quantum systems which are entangled changes
the game.

Consider a source that prepares a two-qubit state of the form

�
�	 �

�
=

jHV i � j V Hi
p

2
; (1.56)

where jHV i = jH i 
 j V i represents a photon with horizontal polarization in one local
Hilbert space and a second photon with vertical polarization in a second local Hilbert
space. Alice will measure the observables,
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Q = � z R = � x ; (1.57)

on her qubit while Bob will measure the observables,

S =
� � z � � xp

2
T =

� z � � xp
2

; (1.58)

on his qubit. Average values of the outcome ofQS, denotedhQSi , can be calculated as

hQSi =


	 �

�
� (Q 
 S)

�
� 	 �

�

=
�

hHV j � h V Hj
p

2

� �
� z 
 (

� � z � � xp
2

)
� �

jHV i � j V Hi
p

2

�

=
� 1

2
p

2
(hHV j � h V Hj)( � z 
 � z + � z 
 � x ))( jHV i � j V Hi )

=
� 1

2
p

2
(hHV j � h V Hj)( � j HV i + jV Hi + jHH i + jV Vi )

=
� 1

2
p

2
(� 2)

=
1

p
2

(1.59)

where the distributive property of tensor products was used from the second to the third
line, the Pauli matrix properties � z jH i = jH i , � z jV i = � j V i , � x jH i = jV i , and � x jV i =
jH i are used from the third to the fourth line, and the orthonormality of basis states
hH jV i = hVjH i = 0, and hH jH i = hVjV i = 1 was used from the fourth to the �fth line.
Similarly, the three other expectation values can be calculated,

hRSi =
1

p
2

; hRTi =
1

p
2

; and hQTi =
� 1
p

2
: (1.60)

substituting these quantities in to the CHSH inequality gives

hQSi + hRSi + hRTi � h QTi = 2
p

2: (1.61)

This is a clear violation of the classical bound of 2. States which violate this equality are
called entangled states, and thej	 � i state used for this example is a maximally entangled
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state meaning it reaches the upper quantum bound of 2
p

2. j	 � i is one of the four Bell
states, which are written as

�
�� +

�
=

jHH i + jV Vi
p

2
;

�
� � �

�
=

jHH i � j V Vi
p

2
;

�
� 	 +

�
=

jHV i + jV Hi
p

2
;

�
� 	 �

�
=

jHV i � j V Hi
p

2
;

(1.62)

which together make a complete two-qubit basis that any two-qubit system can be described
by. States which obey the classical limitation of the CHSH inequality are called separable
states and can be written as a tensor product of two one-qubit states,

j	 i = j� i 
 j � 0i : (1.63)

When a joint state is separable, it is possible to independently describe each single qubit
state it is comprised of. In this section, entanglement was introduced with an operational
de�nition as a state that exceeds the classical bound of the CHSH inequality. The formal
de�nition of an entangled state is a state which is not separable.

1.4.2 GHZ States

Entanglement can also be extended to more than two particles. Much like how the Bell
states are a maximally entangled two-qubit state, GHZ states are maximally entangled
d-qubit states. For example, the three-qubit GHZ state is written as

�
�GHZ+

�
=

1
p

2
(jHHH i + jV V Vi ): (1.64)

Interestingly, measuring one of the three qubits in the orthogonalD=A basis prepares a
Bell state between the remaining two qubits. This makes the GHZ state a valuable resource
in quantum information because Bell states are often produced probabilistically, while a

26



GHZ state gives access to an on-demand Bell state. Photon GHZ states are in general
very di�cult to produce with both high count rates and high �delity [57]. For example,
H•ubel et al. generated GHZ states with triple coincidence count rates around four counts
per hour using cascaded SPDC sources [58]. Two of these three-qubit GHZ states may be
combined using entanglement swapping to entangle four qubits together [59]. Continuing
this process, small entangled clusters can be combined to generate a network of entangled
qubits called a cluster state [60]. Generation of cluster states using this technique is referred
to as ballistic quantum computing [61]. For this reason, GHZ states may play a critical
role in photonic quantum computing in the future.

GHZ states are not limited to two-level systems. In theory, higher dimensional systems
such as those presented in the discussion of spatial and time-frequency modes can be
entangled to created-dimensional GHZ states with the form

jGHZi =
1

p
d

d� 1X

i =0

ji i 
 ::: 
 j i i : (1.65)

1.4.3 Density Matrix Formalism

So far throughout the thesis, the bra-ket notation,hji, has been used to indicate the state
vector describing a quantum state. We have seen entangled state vectors describing multi-
particle states; however, a state vector cannot describe particle 1 in an entangled state
precisely because it isn't possible to separate the state into two separate Hilbert spaces.
In order to describe the state of particle 1, we introduce a more general description of
quantum states involving density operators, denoted� , also known as state operators [62].
The density operator is de�ned as

� =
X

�

p� j� � i h� � j ; (1.66)

where the system has probabilityp� of being in statej� � i . This operator can be represented
by a d� d matrix called the density matrix, whered is the dimension of the quantum state
vectors j� � i . Expectation values of a physical propertyA are given by

hAi =
X

�

p� hAi � =
X

�

p� h� � j A j� � i = Tr( �A ): (1.67)
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The density operator is Hermitian, meaning it is self adjoint:� = � y. It has unit trace,
Tr( � ) = 1, and is positive-semide�nite, i.e. h� j � j� i � 0 for all j� i . If there are two or more
terms in the sum

P
� , we say that the quantum state is a probabilistic mixture, or mixed

state, and the sum carried out in Eq. 1.66 represents an incoherent mixture as opposed to
the coherent superpositions symbolized by the addition of state vectors. If there is only
one term, we say that the state ispure, and the equality � 2 = � holds. So far, all states
described in this thesis have been pure states, but the states we create in the lab are only
approximately pure.

Density operators of di�erent quantum systems� and � 0can be compared to understand
the degree of similarity between them. Fidelity is a measurement of similarity which can
be calculated using the formula

F (�; � 0) =
�

Tr
q p

� 0�
p

� 0

� 2

: (1.68)

In the special case where both density matrices represent pure quantum states, the �delity
equation simpli�es to

F (�; � 0) = j h � j � 0i j 2; (1.69)

where� = j � i h � j and � 0 = j � 0i h � 0j [63].

We have seen how CHSH inequalities are maximally violated by Bell states and not
violated by separable states. Fidelity can also be used to di�erentiate separable and en-
tangled states when the density matrix is known. This is done by calculating the �delity
of the state with each of the four Bell states and taking the highest �delity value of the
four. A qubit separable state can not achieve a Bell state �delity of more than 0.5, while a
Bell state will acheive a �delity of exactly 1 [64]. Therefore, states with a Bell state �delity
greater than 0.5 are entangled. This metric is an example of an entanglement witness and
is a su�cient condition for demonstrating entanglement.

To describe the state of particle 1 in an entangled state, we introduce the reduced
density operator,

� (1) = Tr 2�; (1.70)

where we are assuming the global state space is a tensor product of two Hilbert spaces,
H 1 
 H 2, particle 1 is in H 1, � is the global density operator, and Tr2 is the partial trace
which represents a trace on the spaceH 2 and can be computed with the formula
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Tr 2(� ) =
X

j

(I 
 h � j j)� (I 
 j � j i ); (1.71)

where j� j i is any orthonormal basis for the Hilbert spaceH 2. Now, we can calculate the
expectation value of an operator A which only depends on particle 1 as

hAi = Tr( � (1) A): (1.72)

As an example, consider the global two-photon Bell state given by

�
�� +

�
=

1
p

2
(jHH i + jV Vi ): (1.73)

The reduced density operator of this state is

� (1) = Tr 2�

= Tr 2

�
� � +

� 

� +

�
�

=
1
2

�
(I 
 h H j)

�
� � +

� 

� +

�
� (I 
 j H i ) + ( I 
 h V j)

�
� � +

� 

� +

�
� (I 
 j V i )

�

=
1
2

[jH i hH j + jV i hV j] ;

(1.74)

where we have chosen the computational basis,jH i =jV i , as our orthonormal basis to
compute the partial trace in Eq. 1.71. Even though the global state,� , was in a pure
state, particle 1 is in a mixed state with an incoherent mixture ofjH i and jV i . Using the
Poincar�e sphere for visualization introduced in Sec. 1.3.1, mixed states can be represented
as vectors with length less than one inside the surface of the sphere.

1.4.4 Concurrence

Measures of entanglement are a widely discussed topic in quantum information science [65].
Bell state �delity as an entanglement witness is useful for classifying states as entangled
or separable, but it doesn't order entangled states and claim that one entangled state is
more entangled than another. There are many ways to quantify entanglement which can
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be used in di�erent situations [66, 67]. I will focus on concurrence and tangle which have
been favoured by many experimental physicists and can be analytically computed [68, 69].

Concurrence is de�ned for two qubit states with density matrix� as

C(� ) = max f 0; � 1 � � 2 � � 3 � � 4g; (1.75)

where� i are the eigenvalues, in decreasing order, of the matrix

q p
� (� y 
 � y)� � (� y 
 � y)

p
�; (1.76)

where � indicates complex conjugate and matrix square roots are calculated by diagonal-
izing the matrix and taking the square root of each of the diagonal elements. This formula
simpli�es for a pure state to

C(� ) =
q

2[1� Tr( � 2
1)]: (1.77)

where� 1 is the reduced density operator describing particle 1. The concurrence of a sepa-
rable state is zero, the concurrence of a maximally entangled state is one, and, in general,
higher concurrence values indicate a state is more entangled. The square of concurrence is
referred to astangle and is often reported instead.

Another commonly discussed entanglement measure, especially among theorists, isen-
tanglement of formation, E f . I'll leave out a detailed description of the quantity but instead
mention it can be written as a monotonically increasing function of concurrence as

EF (� ) = h

 
1 +

p
1 � C2(� )
2

:

!

; (1.78)

whereh(x) = � xlog(x) � (1 � x)log(1� x) is the binary entropy function from information
theory. If you calculate the density matrix of your quantum state in an experiment,
concurrence, tangle, and entanglement of formation, to name a few, can be calculated
to quantify the entanglement of the system. This brings us to how we experimentally
determine the density matrix of a system using quantum state tomography.

30



1.5 Quantum State Tomography

Systems in quantum mechanics are intrinsically probabilistic, so the same measurement
on two identical qubits can result in di�erent outcomes. Projective measurements of a
quantum system, such as a polarization qubit passing through a PBS, provide a sample
of the statistics describing the possible outcomes associated with the measurement. If the
same measurement is performed many times on copies of the same state, the statistics of the
measurement can be built up enough to calculate the expected value of that measurement.
For a general state,� , the expectation value of a single measurement is not su�cient
to reconstruct the full density matrix, but collecting expectation values of the system in
di�erent bases can begin to build up a more complete picture [56]. This process is called
quantum state tomography, and requires a tomographically complete set of measurements
which span the operator space of� in order to measure su�cient count statistics so that
the density matrix can be fully constructed.

First we consider a single qubit density operator. It must be trace one, Hermitian, and
positive-semide�nite. These constraints enable the parametrization

� =
�

� 11 � 12

� 21 � 22

�
=

�
� 11 � 12

� �
12 1 � � 11

�
: (1.79)

One example of a tomographically complete set of measurements for a single qubit is
f H; V; D; Rg. Starting with H , Born's rule gives the probability of the projective measure-
ment

PH = Tr( � jH i hH j): (1.80)

In a quantum optics lab, we typically produce many photons with equivalent quantum
states and measure detector counts (or more colloquially, clicks) to infer the probability
of the measurement. Adding up the counts of both measurements in a basis, for example
NH + NV = N , gives the total number of photons,N , and allows us to convert counts to
probabilities by division, PH = NH =N.

Born's rule can be applied to all four measurements,f H; V; D; Rg, to create the system
of equations
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NH = N� 11

NV = N (1 � � 11)

ND =
N
2

(1 + � 12 + � �
12)

NR =
N
2

(1 + i� 12 � i� �
12);

(1.81)

There are four elements of the density matrix to solve for, and four equations generated
by Born's rule. Solving this system of equations gives

� =
�

NH =N ND
N � 1 � i ( NR

N � 1)
ND
N � 1 + i ( NR

N � 1) 1 � NH =N

�
: (1.82)

This type of quantum state tomography is calledlinear inversion. Similarly, Born's rule
can be used to generate equations for two or more qubits and the linear inversion protocol
can reconstruct density matrices of larger quantum systems. In these cases, coincidence
counts are considered instead of detector singles.

Linear inversion can lead to unphysical density matrices when the count statistics are
noisy. For this reason, maximum likelihood estimation quantum state tomography is a more
common method for experimentally determining quantum states [70]. With this approach,
a density matrix which is constrained to be physical is randomly generated as an initial
guess for an optimization routine. These constraints include normalization, hermiticity,
and positivity [71]. To ensure these properties, the density matrix is constrained by

� = TyT=Tr( TyT) (1.83)

where T is a square matrix with the same dimensions as� . Any matrix that can be
written as TyT must be positive-semi de�nite ash j TyT j i = h 0j 0i � 0, taking the
adjoint proves Hermiticity as (TyT)y = Ty(Ty)y = TyT, and dividing by Tr( TyT) ensures
normalization.

The experiments in chapter 3 and chapter 4 implement this method to reconstruct two-
qubit density matrices which require 16 tomographically complete measurements for a 16
element density matrix. The maximum likelihood estimation algorithm requires inverting
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T to relate its elements to the elements of� . It is therefore helpful to representT as a
lower triangular matrix with elements

T =

0

B
B
@

t1 0 0 0
t5 + it 6 t2 0 0

t11 + it 12 t7 + it 8 t3

t15 + it 16 t13 + it 14 t9 + it 10 t4

1

C
C
A : (1.84)

A likelihood error function, L , is minimized numerically by searching for the physical
density matrix which is most likely to �t the data. The following function is minimized
with respect to the density matrix elements,

L (�̂ ) =
16X

i =1

�
N Tr( �̂ j i ih i j) � ni

� 2

2N Tr( �̂ j i ih i j)
; (1.85)

where ^� is the density matrix which describes the two-photon state and is parameterized by
Eq. 1.83 and Eq. 1.84,i is the variable which indexes the 16 di�erent measurements required
for a two-qubit density matrix reconstruction, j i ih i j are the tomographically complete
measurement operators,ni are the raw coincidence counts measured in the experiment,
and N is the total number of counts before the projective measurement. Similar to the
one-qubit linear inversion example,N is inferred from a subset of the measurements using
the following relationship

N = Tr( �̂ jHHihHHj) + Tr( �̂ jVV ihVV j)

+ Tr( �̂ jHVihHVj) + Tr( �̂ jVHihVHj):
(1.86)

In contrast to the linear inversion technique, maximum likelihood estimation can be em-
ployed on a measurement dataset that is tomographically overcomplete containing more
than the minimum number of measurements.
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Chapter 2

Nonlinear optics

2.1 Chapter Overview

Nonlinear media are imperative for each experiment in this thesis, from entangled photon
generation to ultrafast pulse measurement. Nonlinear optics describes the physics behind
phenomena which occur when light modi�es the optical properties of material systems,
which generally requires intense light �elds as in those provided by lasers. I begin by
introducing the polarization �eld generated by an electric �eld in matter in Sec. 2.2, and
discuss the relation between the two �elds. Sec. 2.3 derives and discusses the process
of second harmonic generation (SHG). Spontaneous parametric downconversion (SPDC)
for the generation of entangled photons is described in Sec. 2.4. The optical Kerr e�ect
is presented as a method for measuring ultrafast single photons in Sec. 2.5. I conclude
with a discussion on ultrafast optics in Sec 2.6, which provides details on ultrafast pulse
propagation in dispersive media.

2.2 Electric Fields in Matter

Nonlinear optical processes discussed in this thesis occur in speci�cally engineered dielectric
materials. These are materials which are poor conductors that can be polarized by an input
electric �eld. Unlike conductors, the electrons in a dielectric may not 
ow freely through
the material. When an electric �eld is applied, the average position of electrons in the
material shifts enough to create a dipole moment between the electron and atomic nucleus.
The dipole moments between each of the electrons and their respective nuclei add up to
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produce a second electric �eld which we call the polarization �eld,P(t). The material
response is altered in a perturbative way [4], which means we can describeP(t) as a Taylor
expansion of the applied electric �eld,E(t), given by

P(t) = � 0
�
� (1) E(t) + � (2) E 2(t) + � (3) E 3(t) + � � �

�

= P (1) (t) + P (2) (t) + P (3) (t) + � � � :
(2.1)

where the proportionality constants,� (i ) , are known as the linear, second order, and third
order optical susceptibilities, for increasingi , respectively. This representation of the �eld
assumes instantaneous polarization only depends on the instantaneous electric �eld, which
is true if the medium responds instantaneously. The Kramers-Kronig relations can be used
to show that this implies the medium is lossless and dispersionless [72, 6]. In general, the
susceptibilities are tensors and depend on the frequencies of the electric �eld, but under
the current assumptions we take them to be constants.

In the linear optic regime, the polarization �eld is simply the �rst term in Eq. 2.1.
The study of nonlinear optics refers to polarization �elds which depend nonlinearly on the
applied electric �eld, and as such, the higher order terms in Eq. 2.1 cannot be ignored.
Note, at high intensities of around 1016W=cm2, corresponding to electric �eld strengths
on the order of atomic �eld strengths, a Taylor series expansion ofE(t) does not converge
and therefore the polarization �eld cannot be de�ned in this way. This regime is referred
to as intense-�eld nonlinear optics [4], and will not be discussed further here1. The �elds
are written as scalars for simplicity, but the full vector representation of the polarization
requires tensor representations of the optical susceptibilities for each spatial component of
the electric �eld. It is often convenient to group all higher order terms into one nonlinear
polarization term as

P(t) = P (1) (t) + PNL (t): (2.2)

The polarization �eld is introduced into Maxwell's equations presented at the beginning of
Sec. 1.2 by rewriting them in terms ofD and H as a replacement forE and B, respectively,
whereD is the electric displacement �eld andH is the magnetic auxiliary �eld [73]. These
substitutions give

rrr � D = � f (2.3)

1Some physicists do not consider this regime nonlinear optics at all. When discussing the regime, be
sure to clarify \intense-�eld" nonlinear optics.
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rrr � B = 0 (2.4)

rrr � E = �
@B
@t

(2.5)

rrr � H = J f +
@D
@t

; (2.6)

where � f is the free charge density, the electric displacement �eld includes the applied
electric �eld and the material polarization �eld as D = � 0E + P, J f is the free current
running through the material, the auxiliary magnetic �eld includes the applied magnetic
�eld and magnetization, M , asH = 1

� 0
B � M , and � 0 is the permeability of free space. For

the purposes of describing crystals in the lab where we encounter nonlinear optic e�ects,
dielectric materials do not have free charges,� f = 0, we have no wires around the crystals
applying free currents,J f = 0, and the crystals are non-magnetic,M = 0. Therefore, the
e�ective di�erence of Maxwell's equations, as we move from free space to mattter, comes
from the polarization �eld, P. We will see in the following sections how the nonlinear
components of the polarization �eld generate new �elds with new frequency components.

2.2.1 The Wave Equation in Nonlinear Media

With the previous assumptions on free currents, charges, and magnetization, the forced
wave equation will be derived to illustrate how the nonlinear polarization �eld a�ects wave
propagation through a material. Taking the curl of Eq. 2.5 gives

rrr � r rr � E = rrr � �
@B
@t

= �
@
@t

(rrr � B )

= �
@
@t

�
� 0

@D
@t

�

= � � 0
@2

@t2
(� 0E + P) ;

(2.7)

where we substituted in Eq. 2.6 to get from line two to three. Rearranging and replacing
� 0 by 1=�0c2 we get
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rrr � r rr � E +
1
c2

@2

@t2
E = �

1
� 0c2

@2

@t2
P: (2.8)

Just as we proceeded in Sec. 1.3.2, we employ the vector calculus identityrrr � r rr � A =
rrr (rrr � A) � r rr 2A which gives

rrr (rrr � E) � r rr 2E +
1
c2

@2

@t2
E = �

1
� 0c2

@2

@t2
P: (2.9)

In previous sections,rrr � E was set to zero by Maxwell's �rst equation. We have to be
more careful here because Maxwell's �rst equation is now written in terms ofD and by
extension includesP. However, in practice for the frequencies considered in this thesis
which are fast relative to the �eld amplitude envelope, this second derivative term is very
small compared to the other terms due to the slowly-varying amplitude approximation
explained in Sec. 1.3.2, so we will leave it out and write the wave equation as

rrr 2E �
1
c2

@2

@t2
E =

1
� 0c2

@2

@t2
P: (2.10)

Splitting up the polarization �eld into its linear and nonlinear components,P = P (1) + PNL ,
and labeling the linear component of the electric displaced �eld asD (1) = � 0E + P (1) , we
can rewrite the wave equation as

rrr 2E �
1

� 0c2

@2

@t2
D (1) =

1
� 0c2

@2

@t2
PNL : (2.11)

This equation is simpler to interpret with an example. Suppose the nonlinear medium is
lossless, dispersionless, and isotropic. The linear electric displacement �eld is simpli�ed
to D (1) = � 0� (1) E, where � (1) is a permittivity constant which is speci�c to the dielectric
material. The wave equation in this example simpli�es to

�r rr 2E +
� (1)

c2

@2

@t2
E = �

1
� 0c2

@2

@t2
PNL : (2.12)

Now that the E-�eld is in both the spatial and temporal second derivatives, this equation
has the form of a driven wave equation where the nonlinear polarization acts as a source
term [4]. This is called a source term because it can generate new waves with di�erent
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frequencies, which will be the key to the nonlinear optical e�ects discussed in the com-
ing sections and used throughout the experiments in the thesis. If you take away the
source term, the equation describes free waves propagating with velocityc=

p
� (1) with the

same frequency as the applied electric �eldE. So far, I've assumed the electric �eld is
monochromatic, but a driven wave equation can be given for each frequency component,
n, as

�r rr 2En +
� (1) (! n )

c2

@2

@t2
En = �

1
� 0c2

@2

@t2
PNL

n ; (2.13)

where the permittivity, � (1) (! n ), is now a function of frequency.

2.3 Second Harmonic Generation

The �eld of nonlinear optics is said to have begun with the �rst demonstration of second
harmonic generation (SHG). In 1961, only one year after the laser was invented, Franken
et al. [74] detected light with twice the energy of the input optical ruby maser after prop-
agation through a crystalline quartz sample. This e�ect is due to the� (2) term of the
nonlinear polarization and will be derived below. The electric �eld of the laser can be
written as

E(t) = Ee� i!t + E � ei!t : (2.14)

SHG requires a material with a nonzero second-order susceptibility,� (2) , for which you
need a material that is non-centrosymmetric. The nonlinearP (2) (t) term is nonzero and
expressed as

P (2) (t) = � 0� (2) E 2(t)

= � 0� (2) E(t)E(t)�

= 2� 0� (2) EE � + � 0� (2) E 2e� i 2!t + � 0� (2) (E � )2ei 2!t :

(2.15)

Consider this equation as the source term for the driven wave equation in Eq. 2.12. The
second time derivative will kill the �rst term, but when applied to the the second and
third terms it will lead to the generation of new electromagnetic modes with frequency 2! .
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These modes are called the second harmonic ofE. Energy conservation must hold, so the
absorption of two input photons results in the emission of a single photon with twice the
energy. SHG is thereby classi�ed as a three-wave mixing processes where the two input
waves have equal frequency. We number the modes involved in this process asE1 and E2

which must satisfy the driven wave equation and so can be represented as

E1(z; t) = A1ei (k1z� ! 1 t ) + A �
1e� i (k1z� ! 1 t ) (2.16)

E2(z; t) = A2ei (k2z� ! 2 t ) + A �
2e� i (k2z� ! 2 t ) (2.17)

where ! i and ki are the frequency and wave number of modei , respectively. Energy
conservation mandates! 2 = 2! 1, and ki is given by

ki =
ni ! i

c
(2.18)

whereni =
p

� (1) (! i ). Both of the modes have a corresponding polarization �eld,

P1(z; t) = B1(z)e� i! 1 t + B �
1(z)ei! 1 t (2.19)

P2(z; t) = B2(z)e� i! 2 t + B �
2(z)ei! 2 t (2.20)

and must independently obey the driven wave equation,

@2

@z2
E j (z; t) �

� (1) (! j )
c2

@2

@t2
E j (z; t) =

1
� 0c2

@2

@t2
Pj (z; t) ( j = 1; 2); (2.21)

where rrr 2 has been simpli�ed to @2

@z2 as we are considering �elds that only depend on a
longitudinal coordinate z. The amplitudes for the polarization �elds are written as

B1(z) = 2 � 0� (2) A2A �
1ei (k2 � k1 )z (2.22)

B2(z) = � 0� (2) A2
1e2ik 1z: (2.23)
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After substitution of electric and polarization �elds into Eq. 2.21, we get the following
coupled-amplitude equations

dA1

dz
=

i! 2
1� (2)

k1c2
A2A �

1e� i (2k1 � k2 )z (2.24)

dA2

dz
=

i! 2
2� (2)

2k2c2
A2

1ei (2k1 � k2 )z: (2.25)

where the di�erential equations have been simpli�ed by employing the slowly-varying am-
plitude approximation introduced in Eq. 1.36 to eachA j to neglect second derivatives
as,

�
�
�
�
d2A j

dz2

�
�
�
� �

�
�
�
�kj

dAj

dz

�
�
�
� : (2.26)

These coupled di�erential equations describe the propagation of input beam and second
harmonic �eld amplitudes through the crystal and illustrate how the second harmonic is
generated in the crystal as a consequence of the nonlinear polarization �eldPNL (z; t) =
P (2) (z; t). The undepleted-pump approximation assumes thatA1 is constant and enables a
direct integration of Eq. 2.25 to see how the second harmonic �eld generates and progresses
through the crystal. As more of the pump �eld is converted into the second harmonic �eld,
this approximation is no longer accurate and the two coupled equations must be solved
simultaneously. In the undepleted-pump regime of a crystal with lengthL,

Z L

0
dA2 =

i! 2
2� (2) A2

1

2k2c2

Z L

0
dzei (2k1 � k2 )z

A2(L) =
i! 2

2� (2) A2
1

2k2c2

�
ei � kL � 1

i � k

� 2 (2.27)

where � k = 2k1 � k2 is the SHG wavevector mismatch. The intensity of the second
harmonic �eld is obtained by the time-averaged Poynting vector,I 2 = 2n(! 2)� 0cjA2j2,
giving
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I 2 =
n(! 2)� 0! 4

2(� (2) )2jA1j4

2k2
2c3

�
�
�
�
ei � kL � 1

i � k

�
�
�
�

2

=
n(! 2)� 0! 4

2(� (2) )2jA1j4

2k2
2c3

L2sinc2(� kL=2)

==
! 2

2(� (2) )2I 2
1

8c3� 0n(! 2)n2(! 1)
L2sinc2(� kL=2);

(2.28)

where sinc = sin(x)=x, and constants have been simpli�ed usingkj = ! j n(! j )=c. By
tuning the wave vector mismatch parameter,I 2 can be maximized. This process is called
phase-matching and will be discussed in more detail in the following section. In general,
nonlinear optical phenomena involving modes with di�erent frequencies have a wave vector
mismatch parameter which changes depending on the number of �elds involved and the
type of nonlinear optical phenomenon, but the concept of phase-matching is universal to
all of these processes.

Here, we focused on the second harmonic of a laser. This is the only harmonic used
in experiments in this thesis, but for interested readers, it should be noted that higher
harmonics are also studied. In crystals with strong� (3) or � (4) susceptibility components,
third harmonic generation (THG) and fourth harmonic generation (FHG) respectively, is
possible. Note, FHG can also be e�ectively accomplished with two cascaded SHG crystals,
and thus even higher frequency modes are theoretically accessible using multiple stages of
SHG and THG. High harmonic generation (HHG) refers to the �fth harmonic and above,
and in practice utilizes other strategies such as working with a rare gas medium and high
intensity lasers [75].

SHG has seen many di�erent applications including microscopy [76], characterization
of crystalline materials [77], and ultrashort pulse measurement [78, 79]. Many researchers
employ SHG to produce light with a higher frequency than their laser can generate, or
when multiple frequencies are needed on a table with only one laser. Crystals can be
purchased and mounted for free-space optics, and prealigned �ber-integrated SHG modules
are available for �ber optic applications. Interestingly, many sub-research grade green laser
pointers available to the public are actually IR laser pointers with an ine�cient SHG crystal
embedded. You can't see the IR frequency with your eyes, but it is often the dominant
intensity.
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2.3.1 Phase-matching

We have seen that the intensity of the second harmonic �eld in the previous section depends
on the length of the crystal and the wavevector mismatch as sinc2(� kL=2). This function
is presented in Fig. 2.1 and decreases asj� kjL increases. This e�ciency drop occurs when
the second harmonic �eld falls out of phase with the input laser �eld. Both �elds are
in a medium with an index of refraction which varies with light frequency. As soon as
higher frequency second harmonic light is generated, it travels through the medium with
a di�erent speed than the input light �eld and the longer the crystal, the more out of
phase the two �elds become. Once out of phase, newly generated second harmonic light
will destructively interfere with previously generated second harmonic light. The goal of
phase-matching is to keep the input and SHG �elds in phase with each other such that
newly generated light �elds will constructively interfere with previously generated light
�elds and boost the second harmonic intensity.

Figure 2.1: Visualization of relationship between SHG e�ciency and wavevector mismatch.
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Perfect phase-matching occurs when �k = 0. In practice, this comes down to tuning
the index of refraction of the material as

� k = 0

2k1 = k2

2n(! 1)! 1

c
=

n(! 2)! 2

c
n(! 1) = n(2! 1);

(2.29)

where ! 2 = 2! 1. The di�culty of phase-matching arises from the fact that the index of
refraction of most materials exhibits normal dispersion. Visualized in Fig. 2.2, normal
dispersion results in an index of refraction which monotonically decreases with increasing
wavelength.

Figure 2.2: Index of refraction in silica as a function of wavelength.
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To circumvent this, a common phase-matching technique takes advantage of birefrin-
gence. If the input light has a di�erent polarization than the second harmonic light, then
the two �elds \see" a di�erent index of refraction in a birefringent material.

The relative index of refraction di�erence between the two �elds must be tuned in
order to satisfy n(! 1) = n(2! 1). This is done in two ways: Temperature tuning and
angle tuning. The index of refraction is a function of crystal temperature, and in many
birefringent materials the birefringence also depends on temperature. Nonlinear crystals
can be heated to a particular temperature in an oven with a window for input and output
beams. Angle tuning involves changing the angle between the incoming light and and
optic axis of the crystal in order to tune the relative birefringence experienced by the two
�elds. This technique is limited because large angles between the surface of the crystal
and the incoming light will lead to spatial walk-o� between the two �elds. However, when
combined with temperature tuning, a Goldilocks angle/temperature combination can lead
to perfect phase-matching without large angle changes. In some cases, angle tuning is
su�cient for high e�ciency nonlinear optical processes. Crystals are pre-cut to ensure the
incidence angle is very close to the perfect phase-matching angle to avoid large incidence
angles and spatial walk-o�.

2.3.2 Non-centrosymmetric Media

Earlier it was stated that as a� (2) process, SHG requires non-centrosymmetric materials,
that is, materials that do not possess inversion symmetry. Below, SHG is used as an
example of� (2) vanishing in centrosymmetric media to provide more intuition between the
relationship between� (2) and crystal symmetry as shown in Ref [4].

We have shown that the nonlinear polarization is related to the incident electric �eld
as

P (2) (t) = � 0� (2) E 2(t): (2.30)

Assume the applied �eld is given by

E(t) = Acos!t: (2.31)

Now, if we take an identical applied �eld with the opposite sign, we expect the polarization
�eld to change as well because the medium is symmetric under spatial inversion. This would
change Eq. 2.30 to
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� P (2) (t) = � 0� (2) [� E(t)]2; (2.32)

which simpli�es to

� P (2) (t) = � 0� (2) E 2(t): (2.33)

Comparing this to Eq. 2.30, it follows that both statements can only be true ifP (2) (t) = 0,
implying that � (2) = 0.

2.4 Spontaneous Parametric Downconversion

Spontaneous parametric down-conversion (SPDC) is another three-wave mixing process
which occurs in a� (2) medium. In contrast to SHG, the input �eld is higher in frequency
and a photon \down-converts" into two lower frequency photons. This process is how all
entangled photon pairs are created in the experiments in this thesis, and for historical rea-
sons, we refer to the high-frequency parent photon as the \pump" and the two entangled
daughter photons as the \signal" and \idler". The signal and idler photons need not be
equal in energy, but energy conservation must hold giving! p = ! s + ! i . This phenomenon
was �rst observed in 1967 by Harris et al. [80] by pumping a lithium niobate (LiNbO3) crys-
tal with a 488 nm argon laser. They observed that spontaneous 
uorescence was tunable
from 540 nm to 660 nm by temperature phase-matching the crystal.

Three years later in 1970, Burnham and Weinberg [81] demonstrated SPDC in an am-
monium dihydrogen phosphate crystal by pumping with a 324 nm He-Cd laser. This ex-
periment is particularly important in the history of quantum optics because they recorded
single photon pair coincidence-counts. When they moved one of the two photo-multiplier
detectors in either the horizontal or vertical direction, changed the spectral �lters, or altered
the relative delay time between the two paths, the coincidence rates would drop down to
the expected accidental rates. This demonstrated that energy conservation and momentum
conservation of photon pairs both had to be satis�ed in order to detect pair-coincidences.
This groundbreaking experiment laid the foundation for SPDC to become the workhorse
of future quantum optics experiments. Other single photon generation methods are em-
ployed today such as quantum dots [82], single atom systems [83], and nitrogen-vacancy
centres in diamond [84], to name a few. While they each have their advantages, SPDC
remains the most commonly used in academia and industry for quantum information and
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communication experiments, with a plethora of applications across quantum cryptogra-
phy, quantum metrology, quantum simulation, and exploring the foundations of quantum
mechanics [85, 86].

Similar to the derivation of the SHG coupled di�erential equations, the amplitudes of
the �elds in a three wave mixing process are described by coupled di�erential equations
given by

dA1

dz
=

i� (2) ! 2
1

k1c2
A3A �

2e� i � kz

dA2

dz
=

i� (2) ! 2
2

k2c2
A3A �

1e� i � kz

dA3

dz
=

i� (2) ! 2
3

k3c2
A1A2ei � kz ;

(2.34)

where � k = k1 + k2 � k3 is the wave vector mismatch, and! 3 = ! 1 + ! 2. SPDC starts
with a strong A3(t = 0) �eld coming from the laser and no photons in the other two
modes,A1(t = 0) = A2(t = 0) = 0. Note, these initial conditions set all three coupled
di�erential equations to zero. So, classically this process cannot be sparked by just the
A3 �eld. A quantum mechanical description of the �elds and the vacuum of unpopulated
modes allows for spontaneous production of signal and idler photons [87]. SPDC has been
wonderfully described quantum mechanically by many past group members. Interested
readers are strongly recommended to check out similar descriptions to what is presented
below in references [88, 89].

2.4.1 SPDC in the Discrete Picture

To begin, we assume the pump is in an initial single-mode coherent state and the signal
and idler are in the vacuum state. We also assume, as we did in the SHG derivation, that
there is only a single component to the� (2) tensor and it can be treated as a scalar. The
Hamiltonian describing this system will be broken into two terms, the free Hamiltonian in
the media, Ĥ0, and the nonlinear interaction term,Ĥ NL , as

Ĥ = Ĥ0 + Ĥ NL : (2.35)

The nonlinear interaction term in the Hamiltonian couples the three �elds together and is
given by the normal-ordered energy conserving terms as
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Ĥ NL = �
� 0

3
� (2)

Z

V
dVÊ (� )

s Ê (� )
i Ê (+)

p + Ê (� )
p Ê (+)

s Ê (+)
i ; (2.36)

where Ê (+) and Ê (� ) are previously de�ned in Eq. 1.12. Time evolution of our state is
given by

j i = e� i Ĥ NL t=~ j0i s j0i i j� i p ; (2.37)

which to �rst order is expanded to

j i = j0i s j0i i j� i p +
it� 0� (2)

3~

Z t

0
dt0

Z

V
dVÊ (� )

s Ê (� )
i Ê (+)

p j0i s j0i i j� i p

+
it� 0� (2)

3~

Z t

0
dt0

Z

V
dVÊ (� )

p Ê (+)
s Ê (+)

i j0i s j0i i j� i p :

(2.38)

The second term in the state describes the process of SPDC where a pump photon is
annihilated and a signal and idler photon are created. Recall that thêE (+) and Ê (� )

rather unintuitively correspond to destruction and creation ladder operators, respectively.
The third term describes the reverse process, sum-frequency generation (SFG), where the
signal and idler photons are detroyed to create a pump photon. SHG is the special case of
SFG where both input photons are the same frequency.

Focusing on the second term which we now label asj i spdc, and dropping the constant
coe�cient, we substitute in Eq. 1.12 to get

j i spdc /
X

k s k i

Z t

0
dt0

Z

V
dV �a y

k s
ay

k i
ei (! s + ! i � ! p )t0

ei (k s + k i � k p )�r j0i s j0i i j� i p ; (2.39)

where the mathematical de�nition of a coherent state ^ak p j� i = � j� i and the fact that the
pump is in a single spatial mode was used to simplify the expression. Carrying out the
time integral over long integration times yields

lim
t !1

Z t

0
dt0ei (! s + ! i � ! p )t0

= 2�� (! s + ! i � ! p); (2.40)
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where we can see energy conservation and note that �xing the pump frequency constrains
the sum ! s + ! i . The bandwidth of each photon is not constrained individually, however,
energy conservation leads to anti-correlated frequencies. The higher the signal frequency
is, the lower the idler frequency must be, and vice-versa. The energy level diagram of this
system is displayed in Fig. 2.3.

Figure 2.3: Energy level diagram for spontaneous parametric downconversion. A high
frequency pump �eld, ! p, is incident on a � (2) -nonlinear crystal and downconverted to
lower frequency signal,! s, and idler, ! i , �elds.

Assuming a crystal with physical dimensionsL x ,L y, and L z, we can write the volume
integral as

Z

V
dV e� i (k s + k i � k p )�r =

Z L x

0
dxe� i � kx x

Z L y

0
dye� i � ky y

Z L z

0
dze� i � kz z (2.41)

where � kj = ks;j + ki;j � kp;j for j = ( x; y; z). Each of these integrals can be solved as

Z L x

0
dxe� i � kx x = e

� i � k x L x
2 L xsinc

�
� kxL x

2

�
(2.42)

Resulting in a sinc(� kj L j =2) function for each direction. Similar to our classical approach
to phase-matching in SHG, we see an optimal phase-matching region near �kzL z=2 = 0.
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2.4.2 SPDC in the Continuum Picture

So far we have been analyzing the Hamiltonian in terms of ladder operators de�ned for
discrete wave vectors by using the discrete de�nition of theE (+) and E (� ) terms derived in
Eq. 1.12 by assuming the �eld is quantized in a cavity. We can also learn from an analysis
in the continuum picture using the de�nitions from Eq. 1.13 instead. In this picture, the
Hamiltonian is written as

Ĥ NL = �
�
3

� (2)

�
~

4�� 0cA

� 3
2

Z L z

0
dz

� Z
d! s

p
! s

n(! s)
ay

s(! s)e� i (! s t � ks z)

�

�
� Z

d! i

p
! i

n(! i )
ay

i (! i )e� i (! i t � k i z)

�

�
� Z

d! p

p
! p

n(! p)
ap(! p)ei (! p t � kp z)

�
+ h:c:

(2.43)

whereh:c: implies Hermitian conjugate to avoid writing out the other three integrals de-
scribing three-wave mixing. Although each free wave was originally de�ned out toL ! 1
in the z direction, the interaction Hamiltonian only describes waves inside the crystal of
length L z. An integral along thez-axis will once again provide phase-matching information
as

1
L z

Z L z

0
dzei (kp � ks � k i )z = e

i � kL z
2 sinc

�
� kL z

2

�
; (2.44)

where the phase mismatch, �k = kp � ks � ki , is along thez-axis. This term is given the
name phase-matching function, denoted

�( ! s; ! i ; ! p) = e
i � kL z

2 sinc
�

� kL z

2

�
; (2.45)

where frequency dependence stems from the dependence ofkj on ! j , as kj = n(! j )! j

c . As
done in Sec. 2.4.1, time evolution of this Hamiltonian to �rst order gives
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j i spdc /
Z

d! sd! i d! p� (! p)�( ! s; ! i ; ! p) (2�� (! s + ! i � ! p)) ay
s(! s)a

y
i (! i ) j0i s j0i i j� i p

/
Z

d! sd! i � (! s + ! i )�( ! s; ! i ; ! s + ! i )ay
s(! s)a

y
i (! i ) j0i s j0i i ;

(2.46)

where the delta function removes all reference to pump frequency! p so we drop the coherent
state j� i from the description.

This representation of the SPDC state can be thought of as a distribution of photon
pairs with frequencies! s and ! i weighted by the pump amplitude� (! s + ! i ) and phase-
matching function �( ! s; ! i ; ! s + ! i ). Depending on these weighting functions, some joint-
frequency probabilities will be larger than others. The pump amplitude is a function of the
incoming laser only, while the phase-matching function is unique to the nonlinear medium.
Note, ! s does not necessarily need to be equivalent to! i , but can be depending on pump
amplitude and phase-matching. The! s = ! i case is called degenerate SPDC, and the
! s 6= ! i case is called nondegenerate SPDC.

2.4.3 Phase-matching

Just as in SHG, birefringent materials can be used to ensure the pump photons and SPDC
produced photons \see" a di�erent refractive index. A� -barium borate (BBO) crystal
is used to produce photons in chapter 5 and is an example of a negative uniaxial crystal
where the extraordinary wave travels faster than the ordinary wave (ne < n o). Ordinary
waves have a polarization parallel to the optic axis, while light waves which travel in the
same direction as ordinary waves but with orthogonal polarization are extraordinary waves.
They get their name from the fact that they do not obey Snell's law of refraction (which is
extraordinary, I suppose) while ordinary waves do obey Snell's law. When an e-polarized
pump photon downconverts to two o-polarized photons, its called type-I SPDC. If instead,
an e-polarized pump photon downconverts to one e-polarized photon and one o-polarized
photon, its called type-II SPDC. When type-I SPDC is employed, the photons can not be
separated by polarization. In this case, noncollinear SPDC or nondegenerate SPDC can be
implemented to separate the photons spatially or spectrally, respectively. In comparison,
type-II SPDC can be collinear and degenerate because the photons can be separated by
polarization optics such as a PBS.
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BBO crystals can be phasematched by angle tuning the crystal to change the e�ective
extraordinary index of refraction [90],ne(� ), given by

1
ne(� )2

=
sin2�

�n2
e

+
cos2�

n2
o

; (2.47)

where �ne is the principal value of the refractive index along the extraordinary axis, andno

is the refractive index along the ordinary axis. The orientation of the crystal,� , can be
tuned to match the phase-matching condition �k = 0.

2.4.4 Quasi-phase-matching

Phase matching discussed so far relies on birefringence to compensate for the relative
chromatic dispersion between the pump wavelength and SPDC-photon wavelengths. In
some materials, birefringence is not strong enough to compensate for chromatic dispersion.
Even when it is, birefringence can be insu�cient to compensate for dispersion when the
pump has a short wavelength because the refractive index of a material usually increases
more rapidly at shorter wavelengths.

Quasi-phase-matching is an alternative strategy to combat dispersion in a material
which involves fabricating periodically poled materials. These are crystals with alternating
crystal structure that is periodic in space and where the crystalline axes are inverted in
each succeeding segment. The inverted crystalline axes lead to an inversion of the nonlinear
coupling coe�cient, de� [4].

We representd(z) as a square-wave function

d(z) = de� sign(cos(2�z= �)) ; (2.48)

where � is the poling period, de� is the magnitude of nonlinear coupling coe�cient,z is
the propagation distance, andd(z) is related to � (2) by d(z) = 1

2 � (2) . In terms of its spatial
Fourier series,d(z) is represented by

d(z) = de�

1X

m= �1

Gmeik m z; (2.49)

where km = (2 �m= �) is the grating vector of the mth Fourier component, and Fourier
coe�cients are given by
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Gm = (2 =m� )sin(m�= 2): (2.50)

Taking m = 1 gives G1 = 2=� . Coupled amplitude equations presented in Eq. 2.34 are
now in
uenced by the spatially varying nonlinear coupling coe�cient and written as

dA1

dz
=

2idQ! 2
1

k1c2
A3A �

2e� i (� kQ � 2km )z

dA2

dz
=

2idQ! 2
2

k2c2
A3A �

1e� i (� kQ � 2km )z

dA3

dz
=

2idQ! 2
3

k3c2
A1A2ei (� kQ )z;

(2.51)

wheredQ = de� Gm , and the new wave vector mismatch parameter is

� kQ = k1 + k2 � k3 + km : (2.52)

dQ decreases for higher values ofm, and to a good approximation quasi-phase-matching
can be modeled form = 1. This leads to a mismatch factor of

� kQ = k1 + k2 � k3 � 2�= � ; (2.53)

and a nonlinear coupling coe�cient of dQ = (2 =� )de� . Traditionally, quasi-phase match-
ing is done with perfectly periodic poling where the distance between changing nonlinear
coupling coe�cients is constant. However, recent work has shown more e�ective phase
matching techniques are possible with aperiodic poling involving crystals which are man-
ufactured with numerically optimized pole spacing [91]. More complicated crystal domain
engineering involves changing the magnitude of the nonlinear coupling coe�cient between
neighbouring pole sites, as well as building sections shorter than the coherence length of
light to maximize SPDC e�ciency and shape the phase-matching function [92].

The experiments described in chapters 3 and 4 use a single photon source where type-II
quasi-phase-matching is used to produce single photons in a periodically-poled potassium
titanyl phosphate (ppKTP) crystal. Periodic poling is often achieved in other common
nonlinear optic materials such as lithium niobate (ppLN) and lithium tantalate (ppLT).
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2.4.5 Spectral and Temporal Correlations in SPDC

When considered together, the weighting terms �(! s; ! i ; ! s + ! i ) and � (! s + ! i ) introduced
in Sec. 2.4.2 are referred to as the joint spectral amplitude (JSA),

F (! s; ! i ) = � (! s + ! i )�( ! s; ! i ; ! s + ! i ): (2.54)

The JSA is a probability distribution that determines the spectral correlations of the
two-photon state. If it is factorable into spectral functions that describe each photon
individually, such as F (! s; ! i ) = F (! s)F (! i ), then we say the state is separable because
a separable JSA implies a separable wavefunction. If this is not the case, the distribution
describes energy-time entangled photons.

Figure 2.4: Illustration of the joint spectral amplitude (JSA) resulting from SPDC
with spectral �lters placed in each photon path. The blue rectangle represents the
pump amplitude � (! s; ! i ), the green rectangle represents the phase-matching function,
�( ! s; ! i ; ! s + ! i ), and the two larger pink rectangles represent spectral �ltersSs(! s) (hor-
izontal), and Si (! i ) (vertical). The spectrally �ltered JSA is shown in orange where all
four rectangles overlap.
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Often, the side-lobes of the sinc(�kL=2) part of the phase-matching function are un-
desirable and limit the purity, P = Tr( � 2), of produced photons [93]. This functional-form
of the JSA can be avoided by domain engineering� (2) -nonlinear crystals to have sections
of varying nonlinearity smaller than the coherence length of the laser, which are built in
to the crystal in the fabrication stage [92]. In contrast, our lab apodizes the side-lobes of
the phase-matching function by placing spectral bandpass �lters,Ss(! s) and Si (! i ),in each
downconverted photon path. The e�ect of these �lters yields the state

j i spdc /
Z

d! sd! i F (! s; ! i )Ss(! s)Si (! i )ay
s(! s)a

y
i (! i ) j0i s j0i i ; (2.55)

which is visually represented in Fig. 2.4. In the experiments in this thesis, each �lter
function is realized with angle-tuned long- and short-pass spectral �lters, allowing the
bandwidth to be speci�cally chosen to �lter out the side-lobes without �ltering the main
phase-matching peak. This provides the additional advantage of �ltering out the remaining
pump light, but comes with the caveat that the brightness of the single photon source is
lowered.

Figure 2.5: Joint spectral intensity (JSI) and joint temporal intensity (JTI) of energy-time
entangled photons.

Characterizing spectral and temporal correlations is a major focus in this thesis. Pho-
tons from SPDC are naturally anticorrelated in frequency to satisfy energy conservation,
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as shown in Fig 2.4, and positively correlated in their time-of-arrival. Since SPDC is a
probabilistic process, there is an uncertainty in the generation time of photon pairs corre-
sponding to where in the crystal they were created. Regardless of when they are created,
they must be produced at the same time, hence the positive time-of-arrival correlations.
The two-photon temporal correlations are obtained by Fourier transforming the joint spec-
tral amplitude,

F (ts; t i ) =
Z

d! sd! i F (! s; ! i )ei! s ts ei! i t i (2.56)

where the SPDC state can now be written as a double time integral,

j i spdc /
Z

dtsdti F (ts; t i )ay
s(ts)a

y
i (t i ) j0i s j0i i ; (2.57)

and F (ts; t i ) is called the joint temporal amplitude. Joint measurements of the two-photon
state can be �ltered to select speci�c frequency or time-of-arrival components to probe the
correlations. Single photon detectors measure counts proportional to the intensity of the
spectrally or temporally �ltered �eld, not the amplitude, which are related by the squared
absolute value. The joint spectral intensity,jF (! s; ! i )j2, and the joint temporal intensity,
jF (ts; t i )j2, of energy-time entangled photons are conceptually represented by Fig. 2.5.
Note, separable states that are not entangled in the energy-time degree of freedom can be
written as F (! s; ! i ) = F (! s)F (! i ), and therefore exhibit circular or non-correlated oval
shapes in the JSI and JTI, as opposed to positively and negatively correlated ellipses shown
in the �gure. The widths of these distributions along the! s = ! i axis and ts = � t i axis
can together be measured to verify energy-time entanglement which will be the focus of
Chapter 5.

2.5 The Optical Kerr E�ect

We have seen how crystals with� (2) nonlinear optical properties enable three-wave mixing
processes such as SHG and SPDC. In this section, we discuss a four-wave mixing nonlinear
optical e�ect depending on the third order term in the polarization expansion giving a
nonlinear polarization

PNL (! ) = 3 � 0� (3) (! = ! + ! � ! )jE(! )j2E(! ); (2.58)
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where we assume linear polarization and take� (3) to be a scalar for simplicity. The total
polarization is the sum of linear and nonlinear polarization,

P(! ) = P (1) (! ) + PNL (! )

= � 0� (1) E(! ) + 3 � 0� (3) jE(! )j2E(! )

= � 0� e� E(! );

(2.59)

where

� e� = � (1) + 3� (3) jE(! )j2 (2.60)

is the e�ective susceptibility which takes both the linear and nonlinear term into account.
Generally [4], the index of refraction of a medium is given by

n =
p

1 + � e� : (2.61)

In many materials, the index of refraction has a component that increases with increasing
electric �eld intensity as

n = n0 + �n2


E 2(t)

�
; (2.62)

wheren0 is the weak-�eld refractive index and �n2 is the second-order index of refraction,
and



E 2(t)

�
=



(E(! )e� i!t + E � (! )ei!t )2

�
= 2 jE(! )j2: (2.63)

Comparing the two equations for index of refraction, Eq. 2.61 and Eq. 2.63, gives

[n0 + 2�n2jE(! )j2] = 1 + � (1) + 3� (3) jE(! )j2

[n2
0 + 4n0�n2jE(! )j2 + 4n0�n2

2jE(! )j4] = 1 + � (1) + 3� (3) jE(! )j2:
(2.64)

By only considering terms up to orderjE(! )j2, the constant terms and squared terms can
be compared to give
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n0 =
p

1 + � (1) ; �n2 =
3� (3)

4n0
: (2.65)

Here, we see higher� (3) susceptibilities correspond to a larger intensity-dependent index
of refraction.

Figure 2.6: Two ways of measuring an intensity dependent refractive index. (a) A strong
beam modi�es its own propagation via self-phase modulation (SPM), and (b) a strong
beam modi�es the propagation of a weak beam via cross-phase modulation (XPM).©
Boyd (2008) [4].

An intensity-dependent index of refraction can also be measured by a weaker probe
beam,E(! 0), when the nonlinear polarization is due to a strong beam of amplitudeE(! )
like before. In this case, the nonlinear polarization is given by

PNL (! 0) = 6 � 0� (3) (! 0 = ! 0+ ! � ! )jE(! )j2E(! 0): (2.66)

Note, the proportionality constant is bigger than the previous nonlinear polarization by
a factor of two. The derivation of intensity dependent refractive index remains the same
except for this factor yielding an index of refraction,

n = n0 + 2�n(cross)
2 jE(! )j2; (2.67)
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where

�n(cross)
2 =

3� (3)

2n0
: (2.68)

Thus, a strong laser induces an intensity-dependent index of refraction change in a weak
probe wave twice as much as it induces in its own index of refraction. These two processes
are depicted in Fig. 2.6. The intensity-dependent change in the nonlinear index of a
strong beam in
uencing itself is referred to as self-phase modulation (SPM) and shown in
Fig.2.6(a), while a strong beam in
uencing a second beam in this way is called cross-phase
modulation (XPM), as shown in Fig.2.6(b).

Note that it is also common to de�ne the intensity-dependent index of refraction as

n = n0 + n2I; (2.69)

where we have writtenn2 without the bar on top to di�erentiate it from the previous
de�nition, and I is the time-averaged intensity given by

I = 2n0� 0cjE(! )j2: (2.70)

Comparing our two de�nitions of n gives

2�n2jE(! )j = n2I; (2.71)

which showsn2 is related to �n2 by

n2 =
�n2

n0� 0c
: (2.72)

Substitution of Eq. 2.65 gives the relationship betweenn2 and � (3) as

n2 =
3

4n2
0� 0c

� (3) : (2.73)

This change in the refractive index is called the optical Kerr e�ect, and the XPM variant
is utilized as the core feature for ultrafast temporal measurements of single photons in the
work presented in Chapter 5. Interestingly, this e�ect was named because of an analogy
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with a di�erent refractive index e�ect called the Kerr electrooptic e�ect. Instead of being
caused by the electric �eld from an optical beam, the Kerr electrooptic e�ect describes a
changing refractive index due to an applied static electric �eld, which also scales as the
square of the �eld strength.

2.5.1 Optical Kerr Shutter

Cross-phase modulation from a strong pulsed laser can be used to perform a gated mea-
surement of the temporal pro�le of a probe wave [94]. In this thesis, XPM occurs in a
single mode �ber which is not birefringent2 and is isotropic with no � (2) component to
the nonlinear polarization, so for the discussion below we will consider a medium with
these properties. The time-dependent index of refraction in the horizontal and vertical
orientation of the �ber is given by

nx (t) = n0 + 2n2I p(t)

ny(t) = n0 + 2n2bIp(t);
(2.74)

whereI p(t) is the intensity of the pulsed laser which is horizontally polarized, andb= 1=3
for an isotropic material such as SMF [95, 96]. WhenI p(t) = 0, we can see the material
is not birefringent, nx = ny. When I p(t) is increased, the horizontal index of refraction
increases three times faster relative to the vertical index of refraction which creates an
induced birefringence. For a probe beam of wavelength� s in a SMF of length L, the
induced index of refraction imparts a time dependent phase given in each spatial direction
as

� � x (t) = 2 n2I p(t)
�

2�L
� s

�

� � y(t) =
2
3

n2I p(t)
�

2�L
� s

�
:

(2.75)

If the probe beam is parallel to one of these two axes, it will maintain its polarization and
receive a phase shift. This has been utilized in previous experiments in a con�guration

2Technically, SMF has a slight birefringence that is compensated for in experiments with quarter- and
half-waveplates. Putting tension on �bers can also impart a birefringence, but for the remaining discussion
it is su�cient to consider an SMF with no birefringence.
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called a nonlinear optical loop mirror (NOLM) [97], where the phase shift (or lack of phase
shift when no gating is intended), routes photons in the probe wave to a di�erent output
port of a beamsplitter.

Alternatively, if the probe beam is diagonally polarized relative to the horizontally-
polarized pump, the probe experiences a time dependent polarization rotation. When
this e�ect is followed by a waveplate and PBS to transmit rotated probe light and re
ect
unrotated probe light, the con�guration is referred to as an optical Kerr shutter. The
di�erence in the two phase shifts in Eq. 2.75 provides the time-dependent phase di�erence
experienced by the components of the probe wave parallel and perpendicular to the pump
and is given by

� � (t) = � � x (t) � � � y(t) =
8�n 2Le� I p(t)

3� s
: (2.76)

For a pump and probe wave with di�erent centre wavelengths, the two beams will travel
with di�erent group velocities in the SMF. In this case, the nonlinear phase shift can be
modeled as an integral of the pump pulse intensity in the reference frame of the signal
probe beam, given by

� � (T) =
8�n 2

3� s

Z L

0
dzIp(T � dwz); (2.77)

where z is propagation distance in the SMF, the temporal walko� of the two pulses in
the �ber is dw = v� 1

gp
� v� 1

gs
, vgp and vgs are the group velocities of the pump and signal,

respectively, andT = t � z=vgs is the reference frame moving with the signal pulse. In the
OKS con�guration, a half-waveplate and PBS are placed after the Kerr medium and the
transmission of signal �eld through the PBS is called the rotation e�ciency, given by

� (T) = sin 2(2� )sin2

�
� � (T)

2

�
; (2.78)

where � is the initial angle between pump and signal polarization incident on the SMF.
This e�ciency is maximized by � = �= 4, when the pump is set to horizontal and the signal
is set to diagonal.
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2.6 Ultrafast Optics

Ultrafast laser pulses provide the ability to measure physical processes with incredible time
resolution. The word ultrafast is held for the timing regime of events with a duration of
picoseconds (10� 12s) or shorter [98]. For perspective, nanosecond resolution is approxi-
mately the limit of high speed electronics. When looking to route signals, measure fast
phenomena, or interact with a system for only brief moments, femtosecond (10� 15s) lasers
are commonly used as a source of ultrashort optical pulses.

Measurement of fast events typically requires gating from even faster processes, making
ultrashort optical pulses di�cult to measure. For example, the sports-mode feature in many
cameras can help a photographer capture the moment a golf club strikes a ball. Gating
the fast event of the strike with faster electronic events breaks up the moment into small
pieces to map out the process. In contrast, an optical pulse with a sub-picosecond width
cannot be gated by faster events simply because faster events are di�cult and expensive to
produce. Instead, the pulse is used to gate itself using a technique called autocorrelation.

An autocorrelator splits a pulse up with a beamsplitter in an unbalanced Mach-Zehnder
interfermoter where one arm has a variable time delay. The pulses are then combined and
input to a nonlinear crystal. A common method uses SHG and was proposed in 1967 [99].
The output second harmonic generation is recorded as a function of relative time delay
between the two pulses. This is called the intensity autocorrelation,A (2) (� ), and if the
pulse is faster in time than the resolution of the photodetector (which it likely is if you
need an autocorrelator in the �rst place), is given by

A (2) (� ) =
Z 1

�1
dtI (t)I (t � � ): (2.79)

The intensity autocorrelation provides an estimate of the pulse length because the SHG
signal will be brighter when both beams overlap in time. However, it is an overestimate
of the true pulse length. In 1993, Trebino et al. [100] showed that although the auto-
correlation is insu�cient to reconstruct the ultrafast input pulse, the spectrum of the
autocorrelation, called the spectrogram of the pulse, could be measured to reconstruct the
amplitude and phase of the pulse with phase reconstruction algorithms. This technique
is called frequency resolved optical gating (FROG) and was a major breakthrough in the
ultrafast optics community. Readers interested in a detailed description of the algorithms
used in reconstruction and an in-depth description of phase retrieval are encouraged to
read Trebino's textbook [78].
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Originally developed for classical �elds, FROG requires light with a high enough inten-
sity to measure a spectrum of the upconverted signal. In past experiments, our group has
shown that similar phase reconstruction algorithms can be used to reconstruct the ampli-
tude and phase of the joint spectral amplitude to fully characterize energy-time entangled
photons [101, 102]. This technique requires measurement of the joint temporal intensity
and joint spectral intensity, in addition to the time-frequency and frequency-time joint
correlations of the two photons. This thesis builds on this work in Chapter 5 by exploring
an optical gating method which utilizes the� (3) -enabled optical Kerr e�ect instead of the
� (2) processes previously used.

2.6.1 Pulse Propagation in a Medium

An ultrafast pulse is made up of many di�erent modes. It can have multiple spatial modes,
polarization modes, and frequency modes in superposition. When it travels through a
medium, each of the di�erent modes can interact with dipoles in the medium in di�erent
ways which causes the modes to travel at di�erent speeds. This is called dispersion and
regardless of which modes are being dispersed by the medium, the pulse becomes stretched
out in time as the modes walk o� from each other. Each type of dispersion has a di�erent
name related to the associated degree of freedom of light, such as modal dispersion, po-
larization dispersion, and chromatic dispersion. The latter two are self explanatory but to
clarify on the �rst, modal dispersion speci�cally refers to the spatial mode of light. Single
mode �bers only allow one spatial mode and so are una�ected by modal dispersion, but
multimode �bers couple in di�erent spatial modes which can be separated in time in the
�ber.

Chromatic dispersion has already been mentioned in Sec. 2.5.1, but it is treated more
rigorously here because it is perhaps the most relevant type of dispersion when considering
ultrafast pulses made of many frequencies, and chromatic dispersion a�ects energy-time
correlations which are a primary focus of this thesis. The bandwidth and pulse width
are related by the Fourier transform, so the shorter a laser pulse is in time, the larger its
bandwidth and the more frequency modes are in superposition within the pulse. Note, for
this reason, femtosecond lasers can also be referred to as broad band lasers.

Recall the form of the nonlinear driven wave equation from Sec. 2.2.1,

�r rr 2E(t) +
� (1)

c2

@2

@t2
E(t) = �

1
� 0c2

@2

@t2
PNL (t): (2.80)
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Chromatic dispersion a�ects the frequency modes of the electric �eld, so we can rewrite
the �elds in terms of their frequency dependence using the Fourier transform,

E(t) =
1

p
2�

Z
d! E(! )ei!t

PNL (t) =
1

p
2�

Z
d! PNL (! )ei!t :

(2.81)

substituting these into the driven wave equation, taking time derivatives ofei!t , and re-
placing � (1) with n2(! ) gives

�r rr 2E(! ) �
n2(! )! 2

c2
E(! ) =

! 2

� 0c2
PNL (! ): (2.82)

In the absence of a driving nonlinear polarization �eld,PNL (! ) = 0, one possible solution
is given by plane waves where the �eld does not depend onx or y, given by

E(!; z ) = A(! � ! 0)e� ik (! )z + A � (� ! � ! 0)eik (! )z; (2.83)

wherek(! ) is the wave vector in the linear medium given by

k(! ) =
n(! )!

c
: (2.84)

The terms in the complex exponent are often grouped together as

� (!; z ) = k(! )z; (2.85)

and referred to as thespectral phase. The dynamics of pulse propagation are described by
the frequency dependent wave vector, and for this reason it is also commonly called the
propagation constant. Expanding k(! ) about the central frequency of the pulse,! 0, gives

k(! ) = k(! 0) +
dk
d!

(! � ! 0) +
1
2!

d2k
d! 2

(! � ! 0)2 +
1
3!

d3k
d! 3

(! � ! 0)3 + : : : ; (2.86)
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where the derivatives ofk(! ) are evaluated at! 0. Each of these derivatives have signi�cant
meaning for understanding pulse propagation, so we will label them askn = dn k

d! n and write
k(! ) as

k(! ) = k0 + k1(! � ! 0) +
1
2!

k2(! � ! 0)2 +
1
3!

k3(! � ! 0)3 + : : : : (2.87)

Note, notation can change between sources giving a description of pulse dispersion. Some
textbooks refer to the propagation constant as� (! ), and others describe dispersion by
expanding the spectral phase,� (!; z ), and labelling its derivatives instead.

The phase velocity is given by the zeroth order term as

vp =
! 0

k0
; (2.88)

while the group velocity of the pulse is a function of the �rst order term as

vg =
1
k1

: (2.89)

The group velocity can be thought of as the velocity at which the medium transfers the
energy of a pulse. It is equivalent to the speed of light when the pulse is in a vaccuum,
and slows down as the index of refraction of the material increases. In media where
higher order terms,k2, k3 : : : kn are negligible, the pulse does not experience chromatic
dispersion. However, when these terms contribute to the propagation, each higher order
derivative describes a higher order of dispersion where frequency components travel with
a linear, quadratic, or higher order variation in! . These terms modify the shape of the
pulse in time and frequency.

For example, whenk2 is nonzero, each frequency component receives a time delay,

� (! ) =
d�
d!

=
d(k(! )z)

d!
= k1z + k2(! � ! 0)z: (2.90)

The �rst term, k1z is the delay corresponding to the central frequency mode, while the
relative delay of each frequency component is given by the coe�cient of the second term,
k2z. This is called linear chromatic dispersion because the di�erence in the velocity of
spectral modes varies linearly.
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Dispersed pulses are also known as chirped pulses. This stems from the fact that a
dispersed pulse has increasing (or decreasing) frequency over time similar to a bird's chirp.
The amount of chirp is often given by the chirp parameter,

A =
1
2

d2�
d! 2

=
k2z
2

; (2.91)

which is also the coe�cient of (! � ! 0)2 in the expansion of spectral phase about the centre
frequency. For this reason, we say that a linear chirp corresponds to a quadratic spectral
phase. Similarly, quadratic chirp corresponds to cubic spectral phase, and so on for higher
orders of dispersion.

The sign of the chirp parameter indicates whether higher or lower frequencies travel faster.
Most materials, such as �ber and nonlinear crystals described in this thesis, lead to a
positve chirp, jAj > 0, where low frequencies travel faster than high frequencies. This is
called normal dispersion. Negative chirp,jAj < 0, is called anomalous dispersion and is
a property of some speci�cally engineered �bers where the high frequencies travel faster
than the lower frequencies. In the next section, I'll show how anomalous dispersion can be
introduced by gratings to counteract normal dispersion in �ber.

Optical materials manufacturers often report the index of refraction3 instead of the
propagation constant. To calculate the dispersion caused by a material, we need to rewrite
the propagation constant terms as functions of the index of refraction. The �rst three
terms are given by

k0 = k(! )
�
�
�
! = ! 0

=
n(! 0)! 0

c

k1 =
dk(! )

d!

�
�
�
! = ! 0

=
! 0

c

�
n(! 0)

! 0
+

dn(! )
d!

�
�
�
! = ! 0

�

k2 =
d2k(! )

d! 2

�
�
�
! = ! 0

=
! 0

c

�
2
! 0

dn(! )
d!

�
�
�
! = ! 0

+
d2n(! )

d! 2

�
�
�
! = ! 0

�
:

(2.92)

Therefore, to calculate propagation constant derivatives, we need the entire function,
n(! ). In 1872, Wolfgang Sellmeier proposed equations that modeled the empirical rela-
tionship between the index of refraction of a material and optical wavelength [103] of the
form

3Unfortunately the exact number is actually a trade secret because it can be used to �gure out what
dopants the company uses. Fortunately, many online libraries provide decent estimates ofn for di�erent
materials.
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n2(� ) = 1 +
X

k

ck � 2

� 2 � � 2
k

: (2.93)

The constantsck and � k are di�erent for each material and a large table containing the
constants for most relevant materials can be found at [104]. For example, fused silica
(SiO2) in �bers has the following Sellmeier equation in the near infrared (NIR), for� given
in micrometers (� m):

n2(� ) = 1 +
0:6962� 2

� 2 � (0:06840)2
+

0:4079� 2

� 2 � (0:1162)2
+

0:8975� 2

� 2 � (9:896)2
: (2.94)

This relationship betweenn and � isn't directly compatible with the frequency depen-
dent equations we have derived. So,k0, k1, and k2 can be written in terms of � by using
the relationship between� and ! ,

� =
2�c
!

; (2.95)

and the di�erentiation chain rule to get

d�
d!

=
� 2�c

! 2
: (2.96)

Substitution of Eq. 2.95 and Eq. 2.96 into Eq. 2.92 gives

k0 = k(� )
�
�
�
� = � 0

=
2�n (� 0)

� 0

k1 =
dk
d!

�
�
�
! = ! 0

=
dk
d�

d�
d!

�
�
�
� = � 0

=
� 0

c

�
n(� 0)

� 0
�

dn(� )
d�

�
�
�
� = � 0

�

k2 =
d2k
d! 2

�
�
�
! = ! 0

=
d

d!

�
dk
d�

d�
d!

� �
�
�
� = � 0

=
� 3

0

2�c 2

d2n(� )
d� 2

�
�
�
� = � 0

:

(2.97)

2.6.2 Dispersion Manipulation

In many optics experiments, single photon sources are compartmentalized and separated
from the experiment by �ber. This is done to �lter the spatial modes of the generated
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photons and to ensure that misalignment of the source doesn't lead to misalignment of the
rest of the experiment. With sources pumped by monochromatic continuous wave (CW)
lasers, polarization rotation in the �ber is all there is to be concerned about. With pulsed
sources, however, normal dispersion in the �ber is also a concern. The frequency modes
separate from each other in time and the pulse stretches out. Chapter 5 involves measuring
the energy-time correlations of photon pairs, and ideally we would like a measurement of
the original pulse structure without normal dispersion altering the correlations.

To combat the normal dispersion in �ber, optics which spread out a beam's frequency
modes, such as prisms [105] or di�raction gratings [106], can be used to geometrically
engineer an anomalous dispersion setup where low frequency light has a longer path length
to travel. If a pulse has been normally dispersed and spread out by �ber, the act of
applying anomalous dispersion is called pulse compression because the pulse goes back to
being shorter in time. Prism compressors have low loss but can take up a lot of space, and
di�raction grating compressors are more compact but result in higher losses.

A di�raction grating based pulse compressor is illustrated in Fig. 2.7 (a). A light pulse
is guided into the compressor at an angle� i relative to the normal. The �rst grating re-

ects the incoming pulse at an angle proportional to frequency, with the centre frequency
re
ected at angle � d. The second grating collimates the frequency components which are
directed to a mirror. The mirror re
ects the pulse back along the path it entered which re-
combines the frequency components spatially. Throughout the two paths, higher frequency
components travelled a shorter distance than lower frequency components, illustrated by
red and blue lines, which results in anomalous dispersion. The dispersion can be tuned by
increasing the distance between the two gratings. To separate the incoming and outgoing
pulses, the mirror can be slightly tilted out of the plane of this diagram. This results in
two beams of slightly di�erent heights before and after the compressor.

In Fig. 2.7 (b) you can see the spread in colours as a function of time within the
pulse, where the blue frequency components are on the leading edge of the pulse, and the
red frequency components trail. This is what we expect for anomalous dispersion where
jAj < 0. Fig. 2.7 (c) shows the process that gives the compressor its name. Normally
dispersed light, such as a pulse that has travelled through a normally dispersive medium,
has its frequency components compressed back to the centre. If tuned properly, it can
cancel out the dispersion applied by the dispersive medium. A picture of the grating
compressor built for the experiment in chapter 5 is shown in Fig. 5.8.

The dispersion angle,� d, is given by the grating equation as

sin(� d) = sin( � i ) + m� � ; (2.98)
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Figure 2.7: Schematic of a di�raction grating based pulse compressor. (a) A pair of gratings
and a mirror make a pulse compressor which applies anomalous dispersion. A pulse comes
in at angle � i relative to the gratings, the centre frequency of the pulse is re
ected at
angle � d relative to the gratings, and it travels a distanceD to the second grating. The
backwards path recombines the frequency components spatially. (b) An example of a short
pulse having its frequency components spread out in time by a grating compressor. (c) An
example of a normally dispersed pulse compressing back to its short duration by a grating
compressor.

where m is the di�raction order and � is the grating frequency usually provided by the
grating manufacturer in units of lines per mm. Taking the derivative of Eq. 2.98 gives,

d� d

d�
=

m�
cos(� d)

: (2.99)

Gratings are built to be most e�cient when � i = � d, known as theLittrow con�guration .
After two passes and four grating re
ections, a total transmission e�ciency of 65% is
possible [107, 108, 109]. If the gratings are far apart, it is su�cient to consider only the
path between the two gratings as the wavelength dependent part of the path length,P,
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given by

P = 2Dcos(� d): (2.100)

Note, for shorter path lengths, the path between the second grating and the mirror should
also be considered to be wavelength dependent. A formal derivation of this case is given
in Ref [89]. Di�erentiating Eq. 2.100 and substituting in Eq. 2.99 gives

d2P
d� 2

=
� 2m2� 2D
cos2(� d)

; (2.101)

which leads to a chirp given by [98],

A =
1
2

d2�
d! 2

=
� m2� 3� 2

2�c 2cos2(� d)
D: (2.102)

Note the negative sign corresponds to anomalous dispersion, and the distance between the
two gratings can be tuned to change the chirp.

To give an example, gratings with � = 1200 lines/mm, a centre wavelength of� =
847 nm, a dispersion angle of� d = 32� , and a di�raction order of m = 1 provides a
chirp value of A = � 2154:4fs2=mm of grating separation,D. If you compare this to the
normal dispersion in �ber of the same wavelength,A = 21:82fs2=mm, the compressor
comparatively applies two orders of magnitude more anomalous dispersion than a �ber
applies normal dispersion. Therefore, a small grating compressor can compensate the
dispersion from a long �ber.
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Chapter 3

Talbot E�ect of Orbital Angular
Momentum Lattices with Single
Photons
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3.1 Chapter Overview

The self-imaging, or Talbot E�ect, that occurs with the propagation of periodically struc-
tured waves has enabled several unique applications in optical metrology, image processing,
data transmission, and matter-wave interferometry. In this work, we report on the �rst
demonstration of a Talbot E�ect with single photons prepared in a lattice of orbital angu-
lar momentum (OAM) states. We observe that upon propagation, the wavefronts of the
single photons manifest self-imaging whereby the OAM lattice intensity pro�le is recov-
ered. Furthermore, we show that the intensity at fractional Talbot distances is indicative
of a periodic helical phase structure corresponding to a lattice of OAM states. This phe-
nomenon is a powerful addition to the toolbox of orbital angular momentum and spin-orbit
techniques that have already enabled many recent developments in quantum optics.

3.2 Context

The Talbot E�ect [111] is a near-�eld di�raction phenomenon whereby periodic phase and
amplitude modulations are self-imaged due to free-space propagation. In accordance with
Fresnel di�raction [112], replicas of a periodic transverse intensity pro�le reappear after
a speci�c propagation distance known as the Talbot length. The Talbot E�ect has been
demonstrated in numerous areas of research involving linear and nonlinear optical waves
[113, 114, 115], single photons [116, 117, 118], x-rays [119], matter-waves [120, 121, 122,
123, 124, 125], exciton polaritons [126], and Bose-Einstein condensates [127]. The Talbot
E�ect has a diverse array of applications in optical metrology [128], imaging processing
[129], and lithography [130, 131, 132], with potential in data transmission [133].

Here we consider the Talbot E�ect manifested by lattices of orbital angular momentum
(OAM) states. The OAM degree of freedom of light has garnered signi�cant interest in
various �elds ranging from optical manipulation and high-bandwidth communication [134,
135, 136, 137] to quantum information processing [138, 2] and medical diagnostics [139,
140, 141]. In addition to the photonic applications, OAM beams have been extended to
neutrons [142, 143, 144] and electrons [145, 146].

The Talbot E�ect has been considered with classical light as well as OAM lattices
[147, 148, 149, 5, 150, 151, 152]. In this chapter, we discuss our results of the �rst demon-
stration of the Talbot E�ect with single photons prepared in a lattice of OAM states. The
extension of the Talbot E�ect to single photons and OAM techniques o�ers the possibility
of utilizing quantum information processing protocols, such as remote state preparation,
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to leverage quantum communication advantages [153]. Furthermore, self-imaging has po-
tential applications in implementing quantum logic operations as qudits may be encoded
in the transverse spatial pro�le of single photons [154, 155].

3.3 Concept and Theory

3.3.1 The Talbot E�ect

The Talbot e�ect, also known as the self-imaging e�ect, is a classical optics phenomenon
discovered by Talbot in 1836 [111]. Talbot observed that periodic structures of light will
interfere in the near �eld, and reappear after a speci�c propagation distance.

Figure 3.1: The setup for the derivation of the Talbot e�ect begins with multiple source
emitters at z = 0 propagating along the z-axis and interfering in the near �eld to give
E(x; z).
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Consider a superposition of plane waves in the XZ plane, coming from sources dis-
tributed along the x-axis. To calculate the electric �eld at a pointx0; z0, denotedE(x0; z0),
we must add up all the contributions from di�erent sources as displayed in Fig. 3.1. To
model this, the electric �eld before propagation,E(x; z = 0), will be derived and propa-
gated forward in thez-direction using Fresnel di�raction [156]. The initial electric �eld is
given by

E(x; 0) =
1X

�1

Ene� ink d x ; (3.1)

where

kd =
2�
d

: (3.2)

Fourier transforming into momentum space gives

E(kx ; 0) =
Z 1

�1
dxE(x; 0)eik x x

=
Z 1

�1
dx

"
1X

�1

Ene� ink d x

#

eik x x

=
1X

�1

En

Z 1

�1
dxei (kx � nk d )x

=
1X

�1

En (2�� (kx � nkd)) ;

(3.3)

where� (x) is the Dirac delta function. In one dimension (ignoringy), the Fresnel di�raction
approximation is given as, [157],

E(x; z) =
e� ikz

2�

Z 1

�1
dkxE(kx ; 0)e

ik 2
x z

2k e� ik x x ; (3.4)

wherek = 2�
� is the propagation wave vector. Substituting Eq. 3.3 into Eq. 3.4 gives

73



E(x; z) =
e� ikz

2�

Z 1

�1
dkx

"
1X

�1

En (2�� (kx � nkd))

#

e
ik 2

x z
2k e� ik x x

= e� ikz
1X

�1

Ene
i ( nk d ) 2z

2k e� i (nk d )x ;

(3.5)

where the delta function handled the integral and subsequently set all terms wherekx 6= nkd

to zero. Now, de�ne the Talbot length as

zT =
2d2

�
; (3.6)

which enables writingE(x; z) as

E(x; z) = e� ikz
1X

�1

Ene
i 2�n 2z

zT e� 2�inx=d : (3.7)

The Talbot e�ect emerges at propagation distancez = zT , where

e
i 2�n 2z

zT

�
�
�
z= zT

= e
i 2�n 2 ( zT )

zT = ei 2�n 2
= 1; for all n: (3.8)

Therefore, the electric �eld at the Talbot length propagation distance,z = zT , becomes

E(x; zT ) = e� ikz T E(x; 0) ) j E(x; zT )j = jE(x; 0)j; (3.9)

which means the �eld reproduces itself. Fractional Talbot length distances are also inter-
esting. At z = zT =2, the exponential instead simpli�es to

e
i 2�n 2z

zT

�
�
�
z= zT =2

= e
i 2�n 2 ( zT =2)

zT = ei�n 2
= ei�n : (3.10)

The �nal equality holds because whenn is even,ei�n 2
= ei�n , and whenn is odd,n = 2m+1,

giving ei�n 2
= ei� (2m+1) n = e2�inm ei�n = ei�n . This results in an electric �eld given by
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E(x; zT =2) = e� ikz T =2
1X

�1

Enei�n e� 2�inx=d = e� ikz T =2
1X

�1

Ene� 2�in (x� d=2)=d: (3.11)

Similar to before, we can write the electric �eld at half the Talbot length in terms of the
electric �eld before propagation as

E(x; zT =2) = e� ikz T =2E(x �
1
2

d;0): (3.12)

From this, we can see that the �eld is also reproduced at half of the Talbot length, but
with a lateral phase shift ofd=2. Continuing in this way, one can calculate the electric �eld
at even smaller fractional lengths,zT =4; zT =8, etc., to recover the electric �eld with phase
shifts and increasing image frequency. Plotting out the intensity of the �eld as a function
of z is referred to as the Talbot carpet. An example of this pattern is shown in Fig. 3.3.

As is demonstrated experimentally later on in Sec. 3.6, a periodic transverse �eld in two
dimensions propagating inz also realizes reimaging at fractional Talbot length propagation
distances.

3.3.2 LOV Prism Pairs Aside

In this section, a quick history of the optics that are used to create periodic OAM structures
in this chapter and chapter 4 will be presented. Our group joined in to this collaboration
when the \Lattice of Optical Vortices" (LOV) prisms had already been proposed and
demonstrated by Dmitry Pushin and David Cory's group, and it will help bring context
to brie
y share the lead up to this collaboration.

In 2016, Nso�ni et al. [158] proposed a way to create spin-orbit entangled states in
neutrons. Spin-orbit coupling in this case refers to correlations between the spin of a
neutron and the orbital angular momentum of a neutron. Entanglement of this type
between di�erent degrees of freedom of a physical system is sometimes referred to as
hyperentanglement. They proposed applying a quadrupole magnetic �eld operator of the
form

UQ = ei ( �r= 2r c )[cos(� ) �̂ x +sin( � ) �̂ y ]

= cos
�

�r
2r c

�
I + isin

�
�r
2r c

�
(l̂+ �̂ + + l̂ � �̂ � );

(3.13)
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to a spin-up polarized neutron, wherer is the radial coordinate of the �eld, r c is the radius
at which the neutron spin 
ips its sign, I is the 2 � 2 identity matrix, l̂ � = e� i� are
raising/lowering OAM operators, and � � = ( �̂ x � i �̂ y)=2 are superpositions of the Pauli
operators. Once applied to a spin-up neutron, the polarization and OAM would become
entangled. This operator could be realized by passing a spin-up neutron through the centre
of a quadrupole magnetic �eld.

Next, in 2018, an analogy from neutron beams to laser beams was formed. Sarenac
et al. [5] showed that the quadrupole operator could be approximated by the repeated
application of two simpler unitary operators of the form

ÛQ = ei ( �r= 2r c )[cos(� ) �̂ x +sin( � ) �̂ y ] � (ÛxÛy)N ; (3.14)

where

Ûx = ei �
2r c

(x� x0 ) �̂ x ; Ûy = ei �
2r c

(y� y0 ) �̂ y ; (3.15)

and (x; y) are the transverse coordinates of the neutron beam with center coordinate
(x0; y0). Sarenac et al. implemented these unitaries physically with neutron beams and
magnetic �elds [144], as well as optically with classical laser light and birefringent prisms [5].

The analogy connecting neutrons and photons highlights the similarities of the two
systems and the bene�t of describing quantum systems with a common quantum infor-
mation language. The spin of a neutron is referring to the physical property spin angular
momentum. Photon's that are circularly polarized carry spin-angular momentum as well,
and the two concepts can both be described by the Pauli matrices and a two-dimensional
Hilbert space. Physically, neutron spin is a�ected by applied magnetic �elds, while photon
polarization is a�ected by birefringent materials. Both systems also have an orbital angular
momentum component as well. Photon OAM has been discussed in detail in Sec. 1.3.2,
and neutron OAM can be thought of in a similar manner where a neutron beam has a
helical phase dependence.

The physical analogy enables the quadrupole approximating magnetic �elds to be repre-
sented in the optics regime by birefringent gradients as seen in Fig. 3.2. Each wedge shaped
optic refers to a single unitaryUx or Uy, where the radial constant has been changed to
a = 2r c. Pairs of these optical elements are referred to as LOV-prism pairs. After Sarenac
et al. published their work in the classical optics regime [5], the LOV prism pairs were
brought to our lab to work with single photons. The intensity pattern is periodic in two-
dimensions, which enabled the �rst experiment described in the following sections where
two dimensional single-photon Talbot carpets are observed.
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Figure 3.2: Circularly polarized light passes through four birefringent wedges called lattice
of optical vortices (LOV) prism pairs. This creates an array of spin-orbit states which
each have a polarization-dependent orbital angular momentum. The displayed intensity
distribution can be seen by projecting the state on to left circularly polarized light and
placing a CCD camera.© D. Sarenac et al., (2018) [5].

3.3.3 2D Talbot Carpet Realized by Spin-orbit Single Photons

We consider spin-orbit states described by the wavefunction

j	 i = A(r; � )
h
cos

� �r
d

�
jRi + iei`� sin

� �r
d

�
jL i

i
; (3.16)

where (r; � ) are the cylindrical coordinates,̀ speci�es the OAM number,d is the distance
in which the polarization state performs a full rotation on the Poincar�e sphere,jRi and
jL i denote the right and left circular polarization states, andA(r; � ) denotes the envelope.
A lattice of spin-orbit states can be obtained by passing circularly polarized light through
pairs of birefringent linear gradients whose optical axes are perpendicular to each other [5,
159]. This may be derived by considering the Suzuki-Trotter expansion of the operatorÛ
which generates the spin-orbit state in Eq. 3.16 when acting on an input statejRi , where

Û = ei �
d [x �̂ x + y�̂ y ] = lim

N !1
(ei �x

Nd �̂ x ei �y
Nd �̂ y )N : (3.17)

Truncating the expansion toN terms, the operators in Eq. 3.17 can be realized by sets of
perpendicular birefringent gradients with the general form
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