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Abstract

In this thesis, we focus on the quantitative assessment, mitigation, and backtesting
of extreme risks in insurance and finance. We adopt tools from extreme value theory
(EVT), dependence modeling, and statistical testing to address fundamental challenges in
managing low-probability but high-impact events. The research contributes to three key
aspects of extreme risk management: systemic risk assessment, catastrophe risk mitigation,

and risk model evaluation.

We begin with the assessment of systemic risk under extreme scenarios. Systemic
events are characterized by strong dependence among individual entities and heavy-tailed
risk behavior. In Chapter 3, we develop an asymptotic framework for systemic risk mea-
sures, covering both Value-at-Risk-based and expectile-based risk measures. Second-order
asymptotic approximations are derived to improve the accuracy of risk quantification be-
yond conventional first-order results. Special attention is given to expectile-based systemic

risk measures, which provide a more conservative assessment of systemic risk.

The limitation of diversification for heavy-tailed risks has been well documented in the
literature, especially for extremely heavy-tailed risks with infinite first moment. However,
in practical insurance markets, catastrophic risks often exhibit extremely heavy tails but
are also subject to truncation due to limited liability or policy design. In Chapter 4, we
investigate the effectiveness of catastrophe risk pooling under these realistic constraints.
Building on EVT, we characterize conditions under which diversification benefits remain
achievable. The analysis incorporates tail heaviness, loss scaling, liability structure, and
risk-sharing rules, providing theoretical foundations and practical guidance for catastrophe

risk management.

In Chapter 5, we turn to the problem of risk model evaluation through backtesting.
Conventional backtesting methods often rely on strict model assumptions and may fail
under model misspecification, structural change or dependence uncertainty. Building on
existing model-free testing approaches using e-values and e-processes, we extend these ideas
to develop a backtesting framework for identifiable and elicitable risk measures, including
Value-at-Risk, Expected Shortfall, and expectiles. The proposed framework delivers valid
statistical inference for both standard and comparative backtests, and supports robust risk

assessment across a wide range of risk levels, not limited to extreme events.

v



Throughout the thesis, theoretical results are complemented by extensive simulation
studies and real-world applications. These findings contribute to advancing the theoretical
foundations and practical methodologies for extreme risk management in modern insurance

and financial systems.
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Chapter 1
Introduction

The growing occurrence and global impact of “Black Swan” events have underscored
the importance of continuously developing risk management methodologies in financial
and insurance markets. Extreme events such as the COVID-19 pandemic, the 2021 US
stock market crash, and increasingly frequent large-scale natural disasters have illustrated
the complexity and magnitude of risks that can arise in such environments. In particu-
lar, these events reveal the challenges associated with accurately capturing heavy-tailed
distributions, complex dependence structures, and structural instability that characterize
extreme risk scenarios. These characteristics present significant considerations for the de-
sign and implementation of risk assessment and mitigation tools, especially when managing

low-probability but high-impact events.

These developments underscore the necessity for systematic, theoretically sound, and
data-driven methodologies that can more effectively address the challenges posed by ex-
treme risks in insurance and financial markets. Accurate risk measurement techniques
capable of capturing the tail behavior and dependence among risks, effective risk-sharing
mechanisms to mitigate the financial burden of catastrophic events, and reliable tools to
monitor and validate risk models under realistic, potentially unstable conditions are essen-
tial to enhance the stability and risk-bearing capacity of these systems. Advancing these
areas is key to improving the resilience of financial and insurance markets and ensuring

their ability to function effectively under conditions of heightened uncertainty.



This thesis contributes to the quantitative management of extreme risks through three
fundamental and interconnected components: (1) assessment of extreme risks, (2) mitiga-
tion of extreme risks, and (3) monitoring the performance of risk forecasts. Specifically,
this thesis focuses on: (1) developing a more accurate asymptotic framework for systemic
risk measurement under general dependence structures and heavy-tailed risk distributions,
(2) proposing effective diversification mechanisms for extremely heavy-tailed natural catas-
trophe risks, and (3) developing a model-free backtesting framework for identifiable and
elicitable risk measures. While the first two components address the unique challenges
posed by systemic financial events and catastrophic losses, the third component provides
a general statistical framework for evaluating risk models, applicable not only to extreme
risk scenarios but also to risk assessment under more moderate conditions. Together, these
research directions align with the key stages of the actuarial control cycle and form a

systematic foundation for enhancing the resilience of insurance and financial systems.

The structure of this thesis is organized as follows. In Chapter 2, we prepare some
mathematical concepts and tools regarding heavy-tailed distributions and risk measures
that will be widely used in the rest of the thesis.

In Chapter 3, we advance the theoretical foundations of systemic risk measurement in
the context of financial systemic events. We provide an asymptotic framework for sys-
temic risk measures, classifying them into two families: Value-at-Risk (VaR)-based and
expectile-based measures. In particular, we conduct a comparative study of two expectile
based systemic risk measures, the Individual Conditional Expectile (ICE) and the Systemic
Individual Conditional Expectile (SICE). These measures serve as expectile based coun-
terparts to the widely used Marginal Expected Shortfall and Systemic Expected Shortfall.
They extend existing concepts and offer a systematic approach to evaluating systemic risk
under mutually dependent and heavy tailed risks. To capture the complex dependence
structures commonly observed in practice, we adopt a flexible multivariate Sarmanov dis-
tribution framework. Building on this, we derive second order asymptotic approximations
for both VaR based and expectile based systemic risk measures, which improve the approx-
imation accuracy compared to conventional first order results. We further investigate the
associated diversification benefits and show that expectile based measures tend to produce

more conservative risk assessments. This property makes them appealing from a prudential



regulatory perspective. Our results contribute to the development of theoretically sound

and practically relevant tools for systemic risk quantification in modern risk management.

In Chapter 4, we investigate effective mechanisms for catastrophe risk pooling to en-
hance diversification benefits for participants facing extremely heavy-tailed natural catas-
trophe risks. While risk pools have been widely advocated as a practical solution to im-
prove financial resilience against catastrophic events, their effectiveness is fundamentally
challenged by the extremely heavy-tailed nature of such losses. Building on extreme value
theory, we develop a theoretical framework that characterizes conditions under which risk
pools can be successfully formed and deliver meaningful diversification benefits. Specif-
ically, we examine different pool structures, including uniform and proportional liability
schemes, as well as uniform and proportional risk-sharing rules, and identify scenarios
where fair and effective risk pooling is achievable. These conditions are derived through an
asymptotic analysis of Value-at-Risk-based diversification ratios, providing practical guid-
ance for designing sustainable catastrophe risk pools. Our findings underscore the critical
influence of factors such as tail heaviness, liability design, and the number of participants on
pooling outcomes. The theoretical results are further supported by extensive simulations
and real data analysis. These results provide practical guidance for insurers, policymak-
ers, and stakeholders to enhance catastrophe risk management amid rising natural disaster

exposures.

In Chapter 5, we extend recent model-free testing approaches based on e-values and
e-processes to both standard and comparative backtesting of identifiable and elicitable
risk measures, contributing to more reliable risk assessment in both regulatory and risk
management contexts. Standard backtests focus on detecting risk underestimation for in-
dividual models, while comparative backtests assess the relative performance of competing
forecasting methods. We construct rigorous e-tests tailored to each of these tasks, with-
out requiring distributional assumptions. Our approach leverages the identifiability and
elicitability properties of risk measures to design sequential tests applicable to a broad
class of risk measures, including the mean, variance, Value-at-Risk, Expected Shortfall,
and expectile. The proposed methodology ensures valid Type-I error and false discovery
rate control, even in the presence of structural changes. Extensive numerical simulations

and empirical analysis using real financial data demonstrate the effectiveness and practical



relevance of our framework for improving risk forecast evaluation in practice.

Several potential topics for further research are presented in Chapter 6.



Chapter 2
Preliminaries

In this chapter, we prepare some mathematical concepts and tools necessary for the
rest of the thesis.

2.1 Univariate Risk Measures

Value-at-Risk (VaR) is probably the most widely used risk measure in insurance in-
stitutions. It has a prominent role in the Basel regulatory framework and has also been
influential in Solvency II (see Embrechts et al. (2011)). We define VaR as follows.

Definition 2.1.1 The Value-at-Risk (VaR) at level p € (0,1) of a loss variable X
with distribution function Fx(z) = P(X < z),x € R is defined as the p-quantile of the loss

distribution:
VaR,(X) = Fx (p) = inf{z € R: Fx(z) > p},

where F5 (p) is the inverse of the distribution function.

VaR is sometimes criticized for a number of different reasons. Most important are its
lack of subadditivity property and the fact that it completely ignores the severity of losses



in the far tail of the loss distribution. The coherent risk measure Expected Shortfall (ES)

was introduced to solve these issues.

Definition 2.1.2 The Expected Shortfall (ES) also called Tail Value-at-Risk (TVaR)
or Conditional Tailed Expectation (CTE) at level p € (0,1) of a loss variable X with
E(|X]) < oo is defined as

1 1
p

ES can be intuitively understood as the expected loss that is incurred in the event that
VaR is exceeded, and thus, it looks further into the tail of the loss distribution. However, ES
is not elicitable (see Gneiting (2011)). Elicitability can be interpreted as the property that
the functional of probability distributions can be estimated by generalized regression, which
is a helpful criterion for the determination of optimal point forecasts. Another property,
which makes elicitability an important concept, is that it can be used for comparing the
performance of different forecast methods (see Gneiting (2011) for a detailed discussion).

It is interesting to look for risk measures that are coherent and elicitable.

Since VaR is not coherent and ES lacks direct elicitability, Expectiles have been suggested

as coherent and elicitable alternatives to both VaR and ES.

Definition 2.1.3 For a confidence level p € (0,1) and square integrable X, the Expectile
ex,(X) is defined as

ex,(X) = axgmin {pE [((X — 0).)7] + (1~ pE[((X — 6))"]}
where x4 = max(z,0) and x_ := min(zx,0).

The presence of terms X7 and X2 makes this definition well defined indeed as soon as
X €12 (i.e. E|X|> < o). A more general but less intuitive definition is suggested by the

following observation:



Lemma 2.1.1 (Newey and Powell (1987) or Bellini and Bignozzi (2015))

If X is an integrable random variable, e,(X) is the unique solution 6 of the equation

0~ BX] = T E[(X — 0)4].

Thus, expectiles of a distribution function F' with a finite absolute first-order moment are
well defined. Expectiles summarize the distribution function in much the same way as
the quantiles; see Gneiting (2011). Actually, the expectile ex, with p > £ is the only risk
measure which is elicitable, law-invariant and coherent; see Bellini and Bignozzi (2015).
The study on expectiles also becomes increasingly popular in finance and econometric

literature; see, for example, De Rossi and Harvey (2009), Kuan et al. (2009).

2.2 Marginal Risk Contributions

For risk management purposes, especially in extreme cases, it is useful to decompose the
portfolio-wide risk into components (risk contributions) associated with the sub-portfolios
or assets the portfolio comprises. There are quite a few approaches to this problem. In
this thesis, to measure the risk contribution from an individual risk, we follow the Euler

principle, whose definition is given below.

Definition 2.2.1 Let X4, Xo, ..., X,, be loss variables such that S,, = Z?:l X; and let p be
a risk measure. If the derivative W exists at h = 0 then the risk contribution of X;

to p(Sy) is defined by

dp(S, + hX;)

(2.1)

Applying the above definition to the Expected Shortfall yields the following theorem.

Theorem 2.2.1 The Marginal Expected Shortfall (MES) of X,, with respect to the
portfolio S, is defined as the risk contribution of X,, to the portfolio’s Expected Shortfall. If



the partial derivative in (2.1) ezists for p taken as the Ezpected Shortfall, for a confidence
level p € (0,1),

MES, ., (Sn) = ES, (X, | Sn) = E [ X, | S, > VaR,(S,)] .

Definition 2.2.2 For a confidence level p € (0,1), the Systemic Expected Shortfall
(SES) of a risk X,, is defined as

SESpm(S) = E [(X,n — VaR, (X)), |Su > VaR,(S,)] -

Analogous to MES, SES can be intuitively understood as the expected amount a finan-
cial institution is undercapitalized in a future catastrophic scenario in which the overall

portfolio is undercapitalized.

2.3 Regular Variation

Regularly varying functions are those functions which behave asymptotically like power
functions, which is an essential analytical tool for dealing with heavy tails, long-range

dependence and domains of attraction.

Definition 2.3.1 A measurable function f : Ry — R, is said to be reqular varying at
ty € [—00, 00] with index o € R, denoted by f € RV, if for all z > 0

Jim O

When ty = oo, we write RVY = RV,. In addition, if o = 0, then f is said to be slowly

varying at infinity.

The definition above implies that a smaller value of the tail index o corresponds to a
heavier tail of the distribution function F'. When considering two loss variables X and Y

with unequal tail indices, it’s widely acknowledged that the contribution of the lighter tail



to the aggregated loss X + Y becomes asymptotically negligible compared to that of the
heavier tail.

In the following lemma, we list some important properties of regular variation that this
thesis will use for proofs.

Lemma 2.3.1 (Bingham et al. (1989))

Let f € RV, for some 0 < a < 0o. We have the following:

1. (Potter’s bounds) For every € > 0, there exists some xq > 0 such that for x,y > xo,

y a—+e y a—E€ f(y) y a+e y a—e€
1— 4 4 < J 4
(=@ n ) s 5 < o Vi)
2. Let f : Ry — R, be a non-decreasing function with f(oo) = oo. Then, f € RV, if
and only if f© € RVy/,.

3. (Karamata’s theorem) Suppose there exists xy > 0 such that f(x) is positive and
locally bounded for x > xq. If « > —1 then

rf(x)

) 4
ehoe [T f(s)ds ot

Ifa <=1, ora=—1and [;° f(s)ds < oo, then

The second-order regular variation (2RV) is a concept that is a generalization of regular
variation (RV). The idea of 2RV was initially proposed to investigate the rate of conver-
gence of the extreme order statistics in EVT; see De Haan and Stadtmdiiller (1996) and
De Haan and Ferreira (2006).

Definition 2.3.2 A measurable function f : R, — Ry is said to be second-order reqular

varying with the first-order inder o € R and second-order index 5 < 0, denoted by f €

9



QRVZ?,,m if there exists some eventually positive or negative measurable function A(-) with
A(t) — 0 as t — to such that

}Lrg BT =z 5 =: H,p(x), forall x>0.
Here H, g(x) is x*logx if 5 =0, and A(-) is called an auziliary function of f. If ty = oo,
we write QRVZ),B =2RVaz.

It is worth noting that the auxiliary function A(-) € RVy; see for example Theorem 2.3.3
of De Haan and Ferreira (2006). Moreover, let X denote a loss variable with distribution
function F. Here F(-) means the survival function F(z) = 1 — F(x). The tail quantile
function associated with the distribution function F' is denoted by Ug(-) = (1 /F)H (1) =
F<(1—1/-). Note that F(-) € RV_, for all @ € R is equivalent to Ur(-) € RVy/, (see
Corollary 1.2.10 of De Haan and Ferreira (2006)). Furthermore, if F(-) € 2RV_, 3 with
a > 0,6 < 0 and auxiliary function A(:), by Theorem 2.3.9 of De Haan and Ferreira
(2006), one can easily check that Ug(-) € 2RV 4,5/ With auxiliary function a?A o Up(-).
Generally, the equality F (F*< (p)) = p does not hold true. It can be shown that if F(-) €
RV_, with a > 0, then F (F(p)) ~ p as p 1 1. If we further assume that F(-) € 2RV _, 5

with auxiliary function A(-), then
Ur(1/F(t)) =t(1+0(A(t))) ast — o0, F(F"(p))=p(l+o(F"(p) asptl (32)

see Mao and Yang (2015) and Exercise 2.11 of De Haan and Ferreira (2006).
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Chapter 3

Value-at-Risk- and Expectile-based
Systemic Risk Measures and
Second-order Asymptotics: With

Applications to Diversification

3.1 Introduction

Insurers and governments establish risk-sharing pools to deal with catastrophe risks,
including natural disasters, to mitigate risk and achieve enhanced financial stability. How-
ever, when faced with correlated risks and a deteriorating external environment, the ef-
fectiveness of the risk-sharing pool is compromised. It becomes crucial to accurately ap-
proximate the risk contribution of each loss within the pool, particularly in catastrophic
scenarios when the risk pool is more likely to be undercapitalized. In this chapter, we pro-
vide an asymptotic treatment to approximate the systemic risk contributions from risks.

The treatment has three steps. The first step is that the measuring methods are classified

1Co-authors: Dr. Bingzhen Geng, School of Big Data and Statistics, Anhui University
Dr. Yang Liu, School of Science and Engineering, The Chinese University of Hong Kong,
Shenzhen
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into two representative families: Value-at-Risk- (VaR-) and expectile-based ones. From the
definitions, VaR, and e, exhibit distinct mathematical properties. As we can see below,
both of them lead to many methods to approximating systemic risk contributions, which
also known as systemic risk measures; e.g., ES, (or CTE,), MES, ,, and SES,, ,,, which are
categorized within the family of VaR-based risk measures. As a result, VaR, and e, can
serve as building blocks in approximating systemic risk contributions and form essential
foundations for further study. Let X1, ..., X,, denote the loss variables within the risk pool
and the aggregate S, = Y., X;. Taylor (2008) introduced an expectile-based alternative
to ES, known as the Conditional Expectile (CE,):

CE,(X) = E[X|X > ex,(X)],

where CE, represents the expectation of exceedances beyond the p-th expectile ex, of the
distribution of X.

To evaluate each risk contribution to the portfolio, we further propose two new expectile-
based systemic risk measuring methods. We call them the Individual Conditional Expectile
(ICE) and the Systemic Individual Conditional Expectile (SICE):

ICE, 1 (Sn) := E[X,n]Sn > ex,(S,)],

and
SICE)m(Sn) :== E [(Xim — exp(Xim)) . |50 > ex,(Sn)] -

ICE and SICE stand from a view of expectile to capture an individual agent’s risk profile
conditional on a system-wide catastrophe. For comparison, the VaR estimation knows
only whether an observation is below or above the predictor. It would be inaccurate to
measure an extreme risk based on only the frequency of tail losses and not on their values.
This problem is typical in extreme cases where there are often few observations available,
corresponding to very high confidence levels. The expectile makes more efficient use of
the available data since it optimizes the discrepancy between the observations and the
predictor. Particularly, ICE represents the potential losses an individual would contribute
conditional on the tail of the portfolio’s loss distribution. SICE is an improved version of

ICE and reveals the individual’s excess loss to his/her expectile ex,(X,,) conditional on

12



the systemic catastrophe.

In the second step, to characterize a general dependence and heavy-tailed risks, we
assume that the risks Xi,..., X, are dependent on each other through a multivariate Sar-
manov distribution. This characterizes a very general dependence structure, e.g., compared
to the commonly-used Farlie-Gumbel-Morgenstern (FGM) copula; see Yang and Hashorva
(2013). In particular, the Sarmanov distribution is flexible in joining different types of
marginals, making it suitable for modeling various risks. The advantage of using the Sar-
manov distribution lies in its ability to capture dependencies and helps the evaluation of

joint probabilities.

Name First-order asymptotics Second-order asymptotics
VaR,(S,) | Bingham et al. (1989); Barbe | Degen et al. (2010); Mao and Yang
et al. (2006); Embrechts et al. | (2015); Theorem 3.3.1 of this chapter
(2009) and so on.
CTE,(S,) | Alink et al. (2005); Chen et al. | Mao and Hu (2013); Lv et al. (2013);
(2012); Kley et al. (2020) and so | Theorem 3.3.1 of this chapter
on.
MES, ;n(S,) | Asimit et al. (2011); Joe and Li | Hua and Joe (2011); Theorem 3.3.2
(2011); Jauné and Siaulys (2022) | of this chapter
and so on.
SES, m(Sn) | Chen and Liu (2022) Theorem 3.3.2 of this chapter
ex,(Sh) Bellini et al. (2014); Bellini and | Mao et al. (2015); Mao and Yang
Di Bernardino (2017) (2015); Theorem 3.4.1 of this chap-
ter
CE,(S,) Dhaene et al. (2022) Theorem 3.4.1 of this chapter
ICE, n(S,) | Emmer et al. (2015); Tadese and | Theorem 3.4.2 of this chapter
Drapeau (2020)
SICE, 1 (55) | Theorem 3.4.2 of this chapter Theorem 3.4.2 of this chapter

Table 3.1: Contribution of this chapter compared to the literature. Here VaR-based systemic
risk measures include VaR, CTE, MES and SES, while expectile-based systemic risk measures
include ex, CE, ICE and SICE.

In the third step, we obtain the second-order asymptotics of the two families of sys-
temic risk measures. Here we make our most theoretical contributions on asymptotic

approximations. First, we investigate the second-order expansions of tail probability of
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Sy, under multivariate Sarmanov distribution (Proposition 3.3.1 below), which generalizes
the results of Mao and Hu (2013) and Theorem 4.4 of Mao and Yang (2015). Second, we
study second-order asymptotic formulas of VaR,(S,,), CTE,(S,) (Theorem 3.3.1 below) and
MES, ..(Sn), SES, m(S,) (Theorem 3.3.2 below). Third, we use different methods to obtain
the second-order asymptotic estimation of expectile, which extends theorem 3.1 of Mao and
Yang (2015) (Proposition 3.4.1 below). Fourth, we consider the second-order asymptotic
formulas of ex,(S,), CE,(S,) (Theorem 3.4.1 below) and ICE, ,,(S,), SICE, ,,(S,) (The-
orem 3.4.2). Lastly, we apply two examples to explain different risk measures based on
VaR and expectile. Numerical and analytical examples illustrate that our second-order
asymptotics provide an accurate estimate and behave much better than the first-order
asymptotics. Further, we compare these two families of systemic risk measures and find
that expectile-based systemic risk measures produce a larger risk evaluation sensitivity

than that of VaR-based systemic risk measures.

Moreover, we explore economic insights on diversification with our asymptotic treat-
ment. In risk management, evaluating diversification benefits properly is a key step, since
risk diversification is one of the main purpose to establish the risk pool that may reduce
a company’s need for risk-based capital. The purposes of establishing the portfolio di-
versification dates back to the celebrated Markowitz mean-variance model, revealing the
importance of mitigating risks in the investment. Diversification hence becomes a crucial
topic in banking and insurance for risk management, integral to regulatory frameworks
like Basel II and Solvency II. A lot of works propose quantitative ways to measure the
advantage of benefits. E.g., Chen et al. (2022) delved into comparing diversification ad-
vantages under the worst-case VaR and ES in the context of dependence uncertainty; see
Chen et al. (2024) for more results. Among them, the diversification benefit, proposed by
Biirgi et al. (2008), signifies the preserved capital achieved through collectively considering
all risks in a portfolio versus addressing each risk in isolation; see Section 3.6 for a detailed
definition. Based on our asymptotic treatment, we obtain the second-order asymptotics
for the diversification benefits based on different risk measures, including VaR, CTE, ex
and MES. We find that CE, an expectile-based systemic risk measure, provides the most
accurate approximation with an error range of less than 5%. Further, the expectile-based
diversification benefits consistently deduce an underestimation and suggest a conservative

approximation, while the VaR-based diversification benefits consistently deduce an over-
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estimation and suggest an optimistic approximation.

Finally, we discuss our results compared with the literature. In the field of risk man-
agement and capital allocation, it is necessary to determine how to allocate the acquired
economic capital among different risks. In this case, the solvency capital has already been
calculated using risk aggregation techniques; see Blanchet et al. (2020) for a recent treat-
ment of risk aggregation. In recent years, the focus is on selection of appropriate models for
multivariate risk factors, such as the choice of dependence structure model and the distribu-
tions of the marginals. Some recent contributions include the use of the FGM distribution
(Yang and Hashorva (2013), Chen and Yang (2014), etc) and the Sarmanov distribution
(Qu and Chen (2013), Yang and Hashorva (2013), etc), and multivariate regular variation
(MRV) (Embrechts et al. (2009), Asimit et al. (2011), etc). They usually aim to obtain
the first-order asymptotics of some risk measures. On the contrary, our results provide
a series of second-order asymptotics, which is much more accurate than the first-order
asymptotics; this will be shown in the tables and figures later. This fact is also studied in
Degen et al. (2010), Mao et al. (2012), Mao and Hu (2013), but they attain the second-
order asymptotics for independent and identically distributed (iid) random variables (rvs)
with second-order regularly varying tails. This independence assumption is too restrictive
for practical problems. Mao and Yang (2015) studied the case that X,..., X, are de-
pendent on each other through a multivariate FGM distribution, and derived second-order
approximations of the risk concentrations of Value-at-Risk and expectile. However, our
study contributes to the advancement of systemic risk measurement by introducing novel
measures, developing a modeling framework, and providing enhanced asymptotic tools for
risk approximation. Technically, the proposed two wide families of systemic risk measures
can include the result in Mao and Yang (2015). In particular, we provide rigorous and
necessary lemmas for asymptotic treatment (Lemmas A.1-A.3) and offer a simpler proof

for the key results.

The rest of the chapter is organized as follows. In Section 3.2, we briefly discuss the
n-dimensional Sarmanov distribution. In Sections 3.3 and 3.4, we present several second-
order asymptotics of risk measures based on VaR and expectile and examples to explain the
main results. In Section 3.5, we give two examples to illustrate some measures under VaR
and expectile. Also, according to the second-order asymptotics of VaR, CTE, expectile
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and CE, we further extend results on measuring diversification benefit. In Section 3.6, we
apply our results to discuss the diversification benefit. Lastly, Section 3.7 concludes the

chapter. Appendix A provides details for some proofs.

3.2 Multivariate Sarmanov Distribution

The Sarmanov distribution was originally introduced by Sarmanov (1966) in the bi-
variate case. Its applications in many insurance contexts show its flexible structure when
modeling the dependence between multivariate risks given the distribution of the marginals;
see Qu and Chen (2013), Abdallah et al. (2016), Ratovomirija (2016) and so on. It was
then extended by Ting Lee (1996) and Kotz et al. (2004) in the multivariate case:

P (X, € dzy,..., X, € dz,) = <1 + Y g (a ) [[ar), (2.1)

1<i<j<n

where F' is the corresponding marginal distribution of X, X5, ..., X,,. Particularly, the

parameters a;; are real numbers and the kernels ¢; are functions satisfying

E[¢1(Xz)] :O7 1= 17"'7”7

and
1+ Z a”gbl(xz)gbj(xj) > 07 for all T; € DXNZ. = 1, e, n,

1<i<j<n
where Dy, ={z e R:P(X; € (t —d,z+9)) >0forall o >0},i=1,...,n

Similarly to those pointed out in Yang and Wang (2013), three common choices for the
kernels ¢;,7 = 1,...,n are listed below:
(i) ¢i(z) = 1—2F(z) for all z € Dy, leading to the well-known standard FGM distribution;
(ii) ¢i(z) = (€7 — ¢;)1(z>0y with ¢; = E[e Y 1ix,50]/P(X > 0) for all z € Dy;;
(ili) ¢i(x) = P — E[X?] for all z € Dx, and p € R such that E[X?] < occ.

We remark that for any proper bivariate Sarmanov distribution, the kernels are bounded.

Thus, in case (iii), Dx,,i = 1,...,n are bounded sets. We further discuss the dependence
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structure of two rvs (X, X3) following a Sarmanov distribution with different kernel func-
tions. As before, the kernel functions are written in the form ¢(x) = f(z) — E[f(X)] with
f properly chosen. To model the dependence between the two rvs X; and X5, we shall use

Pearson’s correlation coefficient, which is defined as

_ E[X\X] — E[XE[X,
pr2 \/Var(Xl)\/Var(Xg)

In the case of the Sarmanov distribution, p;5 can be rewritten as

a12E[ X161 (X1)|E[X2¢2(X2)] ‘
VVar(X,)y/Var(Xs)

(2.2)

P12 =

Based on (2.2), we hereafter present Pearson’s correlation coefficient for different kernel

functions along with its maximal and minimal value.

Case 1: Let the kernel functions be ¢;(z) = 1 — 2F(z), which corresponds to the FGM
distribution. It is well known that Pearson correlation coefficients p;o of the FGM distri-
bution lie between —%
of the FGM distribution. Huang and Kotz (1984) show that, by considering the iterated

generalization of FGM distribution proposed by Johnson and Kotz (1977), the range of

and % (see Schucany et al. (1978)), which is an important drawback

correlation coefficients can be enlarged.

Case 2: Let the kernel functions be ¢;(z) = 2 — E[X?]. A usual choice is p = 1, which
leads to the Pearson correlation coefficients p;o = a190109. In this situation, according to
Ting Lee (1996), we assume that the correlation coefficient of X; and X, exists. Let T} and
T> be the corresponding upper truncation points, and suppose the marginal probability
density functions are defined only for non-negative values. Under these conditions, ai-

satisfies

—1 —1 1 1
max , < ajp < min ) )
{muz (T = pa ) (T2 — p2) } . {Ml(Tz — pi2) " pa(Th — Ml)}

where p; = E[X;]. Then, the maximal and the minimal values of the correlation coefficient
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are, respectively, given by

0102 i —0102

- max{ 2, (T — 1) (To — pa)}

Piz- = max(p (To — p2), pro(Ty — 1))’ Piz

Case 3: Let the kernel functions be ¢;(z) = ¢™* — g with ¢ = E[e™ %] for all z € Dy,. In
this case, if the correlation coefficient of X; and X exists, the range of a2 is (see Ting Lee
(1996))

-1 1
max(L1(DL2(1), (1— L)1~ La(1)) = ™ = max(Z()(1 — Lo(0): L2 (1~ L(1))

where £;(t) = [;° exp(—ta;)dF;(x;). Then, according to (2.2), the maximal value of Pear-

son’s correlation coefficient pi5 can be written as follows

e _ [—£1(1) = L1V ][ L£5(1) — Lo(1) o]
12 max(Lq(1)(1 — La(1)), L2(1)(1 — L4(1)))0109

and the minimal value can be expressed as

pmin _ [—£1(1) = L1(1) ][ L£5(1) — Lo(1)pe]
12 max(L1(1)L2(1), (1 — L1(1))(1 — L2(1)))o103”

where p; = E[X;].
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3.3 Second-order Asymptotics of VaR-based Systemic

Risk Measures

In this section, we study the second-order asymptotics of VaR-based systemic risk mea-
sures with multivariate Sarmanov distributions. Let X, X5, ..., X,, denote the financial
losses, which are identically distributed random variables with a distribution function F'.
Denote the distribution function of the aggregate risk S, = > | X; by G(t) := P(S, < 1).
Before stating some results, we use the following notation:

(1) 7 = )77 (1 = 2)™ — 1) 27z 4 22071 — 22,

(if) pe [X];
(iii) p fo zdF(x
(iv) u foa:gb dF(z),i=1,...,n;

First, we establish the second-order asymptotics of the random sum under multivariate

Sarmanov distributions.

Proposition 3.3.1 Let Xy,..., X, be nonnegative random variables with common marginal
distribution F satisfying that F(-) € 2RV _, 3 with a > 0, B <0 and an auziliary function
A(+). Suppose that (X1,...,X,) follows an n-dimensional Sarmanov distribution given by
(2.1) and tlggo ¢i(t) =d; € R, ¢i(-) —d; € RV, with p; <0 for each i =1,...,n. Then as
t — oo, we get that

where
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and
it = (- ey + Y Gl dilt)

- n
1<i<j<n

2ai;dsd,
Kpi=n—1+ Z bl
n

1<i<j<n

Proof. For ¢t > 0, denote the region €, = {(z1,...,2,) € R} : " | x; > t}. In addition,
let X7,..., X} beiid with a distribution function F. According to Proposition 1.1 of Yang
and Wang (2013), there exist n constants ¢; > 1,7 = 1,...,n, such that |¢;(z;)| < ¢; — 1
for all Ti € Dx,. Let X e ,)?E; be mutually independent rvs with marginal distributions
Fl, e Fn, which are also independent of X7, ..., X. Particularly, /F\’I, e ,E are defined
by

¢i(:)

Ci

dF;(z;) = (1— )dF( D, i=1,....n

By Lemma A.1 in Appendix, here we have ¢(t) = i(g_ﬁ"). Thus, lim o(t) =1—-d;/¢

and ¢;(-) — 1+ d;/c; € RV,,. It follows tha

t F() € 2RV_, ,, with v; = max{3, p;} and
auxiliary function A?(-) = A(:) + —&*— e ATl ( (-

-) — d;). In addition, as t — oo, we obtain

ol

(f; (1-2) (1 - di)“(a (0 - )L+ o) )

forall i =1,...,n. Write p,(t) := fot z¢;(x)dF(x),i =1,...,n. We have that

/Ot:cdé(:v) =/Otx (1—@) dF(z) :“(t)_uic_(?'

ol
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Next, we can split G(t)

G(t) = /Q (1 + K;%a”@ 23)b;(x; ) [TdF(z)
(o) (o

:/ <1+ Z Ai;CiC;
Q¢

1<i<j<n

(1 “”ff”) (1-757)) ) Morc
/ HdF ) 1<Z<]<n e ( Qg ﬁdF /Qt klfgﬁ
le:rk)dii(lh)djz(xj))

- AF (z,)dF;(x;) +
/Qt kgi /g;t k=1,k#i,j

1<i<j<n

To deal with I(t), according to Propositions 3.6, 3.7 and Remark 3.1 of Mao and Ng (2015)

dF (z)dFy(z;)

with common distribution F(-) € 2RV _, s, it follows that
(1+ (n—1D)atpu(t) (L+0(1) +o(A(t), a>1,

I(t
O<a<l.

(t)

~—

(1+ (n = DnaF(t) (1+0(1))) + 0 (A1),

ol

By the similar analysis E() € 2RV_, ., and (A.1) in Appendix. We have
p(t) (14 0(1))) — (el 4 =578 ) (1 4-0(1)
a>1,

( <n i)(l%—a(n—l)

+o (A(1)),
a((ﬁi(t)*di)(l +0(1))

I(t)
F(t) (n g ) S+ 1 (n—1) ( 26—‘51> F(t)(l +o(1)) — ci(a—pi)
0<a<l,

+o (A1),

\
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and

0 /\
/N

3

|

—_

|
v
NS
=

( <n_g_;_g—;)<1+at*1<n—1> (><1+o< ) .
Li(t) _ * (n —l- c_l> Mj(t) + (ZZ((a) ) T (fj((ci) pd) (1+ +o(A{1), @zl
O s ) (1 (e (% §)) %) ) (o)

| (S ) (1 0(0) + 0 (A0 hcast

Pulling all the asymptotics for I(t), I;(t), and I; ;(¢) into (3.2) yields that

IT+at™ [ (n—Dut)+ >

1<i<j<n

(
aij(diﬂj(t)+djﬂi(t))> (1 + 0(1))

o (A(t) S (i(t) — d,-)) , o>,

=1

1<i<j<n

nk(t)
1+7]a(n—l—|— D %)F(mwou))

0<a<l,

o (A(t) +2(0(0) - d») ,

\

Thus, this ends the proof. =

Remark 3.3.1 For different choices of the kernel function ¢;(x), the corresponding con-
stants d; and p; are summarized as follows:

o If ¢i(x) =2 —E[X?] for p <0, then d; = —E[X?] and p; =p
o [fpi(x)=e"—g, thend; = —g and p; = —

In addition, let py = max p;, associated with the kernel function ¢o(-) and constant dy € R
<i<n

In view of Proposition 3.3.1, we can easily obtain the 2RV property of G(-).
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Corollary 3.3.1 Under the conditions of Proposition 5.3.1, we have G(-) € 2RV _, » with

A =max{—1, —a, B} and an auziliary function A(C?)(-) given by

A(t) — at™ (), a>1,
AR() = (3.3)

A(t) — anakn F(t), 0<a<l.

Proof. According to the definition of 2{\;(75), it is easy to check that Z;(t) € RV_5, where
X = min{1, a}. Note that F(t) € 2RV_g 5 with an auxiliary function A(t), for any z > 0,
as t — oo, we have that

(tz)  G(tz) F(tx) F
G(t)  F(tz) F(t) G(t)
n (1 + A (k) (1 + 0(1)))
— — (a:’a + H_,5(x)A(t) (1 + 0(1)))
n (1 T A1+ 0(1)))

=2+ H_o5(2)A®) (1 +0(1)) + 272" — 1)An(t) (1 + o(1))

27 (Hoaal@)AD) ~ Hoaa (Dot ) (14 0(1) 40 (S(00 - 4)) a1
27+ (H_qp(x)A(t) — H_q_o(x)an.c, F(t)) (1 +0(1)) + 0 (zn:(gbl(t) - dz)> , 0<a<l.

i=1

Thus, we complete this proof. m

Remark 3.3.2 (1) When ¢;(z) = 1-2F(x) forallx € Dx,,i = 1,...,n, Proposition 3.3.1
and Corollary 3.5.1 reduce to Theorem 4.4 and Corollary 4.5 of Mao and Yang (2015).

(2) If « > 1 and 5 < —1, then A(t) = o(ui(t)). If « < 1 and B < —a, then
A(t) = o(F(t)). If B> — (1 Aa), then ui(t) = o(A(t)) and F(t) = o(A(t)).

Second, we are ready to show the second-order asymptotics of VaR,,(S,,) and CTE,(S,,).
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Theorem 3.3.1 Under the conditions of Proposition 3.3.1, we have, as p T 1,

(/e (1 + (;‘{L/(f;i’f;)) + 21l (F“(p))> (1+ 0(1))>
+o (é(@(t) - di)) , .
VaR,(S,) _ i
oY nle (14 (B2 F (F () + 252 A (F=(0)) (1 +0(1)))
\ o (ié(@@) - di)) > 0<a<l

Fora>1,asp1T1,

n

CTE,(S,) _ an'/o i (F(p)
= 1+ A(FT 14+ o(1))) 2 (1 4 o(1)) 40 (1) — d,
=) p— (1+ ¢ sA(F=(p) (1 +0(1))) ) (1+o0(1)) ;(qﬁ() )
and
N 1 (nf*(a—1)
= ap (a——ﬁ—l - 1) | (34)
Here, by convention, n"(/;;_l — a~2logn and = a2logn if B = 0. Clearly, the

first-order asymptotics of VaR,(S,) and CTE,(S,) are n*/*F*<(p) and "‘;L—i/laF“(p).

Proof. Since F(-) € 2RV_, 5 with an auxiliary function A(-) and Theorem 2.3.9 of
De Haan and Ferreira (2006), one can easily check that Up(-) € 2RVy/4,3/0 With an auxil-
iary function a 24 o Up(-). Let t = G (p). If p 1 1, then ¢ — co. By the relation (3.2)
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and Proposition 3.3.1, we get that

Fe(p) — F<(p) Ur(1/G(t

. e G B/a_
) [ e ()

= (n(1+ 4001 +0(1))>)1/a (1 + ”ﬁ/:ﬁ_ LAous (%) (1+ 0(1))) :

VaR,(S,)  GT(p) Ur (
)

where we use the transformation ¢t — G* (p) and the first-order Taylor expansion. Note

that A, (G=(p)) ~ A, (n"/*F<(p)) ~ nMoA, (F©=(p)) with A = —min{1,a}. As p 1 1,
we have that

VaR,(S) 14 1~ . nf/e —1 .
o) e (14 L2 (G0 (14 o) + " AGE ) (14 0(1))

o nfle _
_ e (1 " én”“An (F=(p)) (1 +0(1) + —3 LA(FE () (1 + 0(1))>

(e (14 (BEES 4 2 A (P (p)) (1 -+ 0(1)))
ro (S0 - ) a>1

i=1 -

nile (14 (BT (F(p) + 25 A(F(p)) (14 0(1)))
\ +o (iil(gzﬁi(t) — di)) : 0<a<l.
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By Proposition 3.3.1 and the definition of CTE,(S,), we have

CTE,(S,)  E[Sa|Sn > VaR,(S,)]

F<(p) F<(p)
- (1 A @ oA+

VaR,(S,)
F(p)

ala—A—1)

LESR) | 1
) A ) ) (4 0(1))

_ o'/ <1+ pa Ang“(p))(Ho(l)))
(

ant/® nPlo(q — *(F
= <1+a_15 (M —1) A(F“(p))(l—l—o(l))) +M(1+0(1))

a—1 a—p—1

+o0 ( (s(t) — di)> .

This ends the proof. =

F(p)

Remark 3.3.3 According to VaR,(S,) in Theorem 3.3.1, we include Theorem 4.6 of Mao
and Yang (2015) and our result provides a simpler proof. If a;; =0, for all1 <i# j <n,
the n-dimensional Sarmanov distribution reduces to the independent r.v.s. In this case,
CTE,(S,) of Theorem 3.5.1 is consistent with Theorem 3.1 of Mao et al. (2012).

The following example is used to illustrate Theorem 3.3.1 under the Pareto distribution

with different parameters «. In addition, we consider different a;s under a Sarmanov
distribution with ¢;(-) =1 —2F(-), i = 1,2.
Example 3.3.1 (The Pareto distribution) A Pareto distribution function F satisfies that

k
T+ k

F(m)zl—( > , oz, k,a>0.

It can be described that F(-) € 2RV_,_; with an auxiliary function A(t) = ak/t and
Fo(p)=k(1—p)"Y>=1). Ifa> 1, we have p = k/(a—1) and u(t) = k/(a—1) — (ot +
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k)/(a —1)F(t). Let X; and X, have an identical Pareto distribution F. Suppose that the
random vector (X, X3) follows a Sarmanov distribution in (2.1) with ¢;(-) = 1 —2F(+),i =
1,2. Clearly, d; = —1,p; = —a and p;(t) = k/ (20— 1) — (2at + k) /(2a = 1) (F(1))” = p(t),
1 =1,2. Then

2Y0F(p) + pn(F< () — @iz (F<(p)) +k (2V% = 1), a>1,
VaRp(Sg) =
e Fe(p) (14 =582 (1 - p)) + k (2V% - 1), 0<a<l,

and for a > 1,

o/ ey

CTE,(S) = ——=

(F(p) + k) = k4 p(F(p)) — arzp (F*(p)).-

Table 3.2: Simulated values (MC) versus first-order (1st) and second-order (2nd) asymptotics
values VaR,(S2) and CTE,(S2) with various values of o. The Pareto distribution with £ = 1 and

p = 0.99,a12 = 0.5. The simulated values are the averages over 100 repetitions with a sample
size of 105 each.

VaRp (S2)1s¢ VaRp(Sa) CTE,(Sg) CTE,(S2)
a VaRp(S2) mc VaRp (S2)1st VaRp (S2)2nd CTEp (S2) Mo CTER(S2)15t CTEp(S2)2nd VaR:(S;)]t;é vmﬁ(s;)i}ﬁ CTEzf(S;);;é CTEﬁ(s;f\Ig

1.1 126.8065 121.5690 126.1943 1561.6015 1337.2588 1360.6628  0.9587 0.9952 0.8563 0.8713
1.5 35.3132  32.6000 34.9843 102.9805 97.8000 103.3591 0.9232 0.9907 0.9497 1.0037
2.0 14.4215 12.7262 14.1893  28.5141  25.4524  28.3298 0.8824 0.9839 0.8926 0.9935
2.5 8.2435 7.0060 8.0581 13.8310  11.6767  13.6085 0.8499 0.9775 0.8442 0.9839
3.0 5.5535 4.5847 5.4053 8.5145 6.8771 8.3277 0.8255 0.9733 0.8077 0.9781
4.0 3.2479 2.5708 3.1404 4.5244 3.4277 4.3938 0.7915 0.9669 0.7576 0.9711
5.0 2.2591 1.7378 2.1739 2.9994 2.1722 2.8956 0.7692 0.9623 0.7242 0.9654

In Table 3.2 we find that the values of VaR and CTE decrease as « rises and the second-
order asymptotics of VaR and CTE are closer to the empirical value as p 1 1. However,

the asymptotic values of CTE are not accurate as « is close to 1, because CTE may not
exist as a T 1.

The following theorem obtains the second-order asymptotics of MES and SES under
an n-dimensional Sarmanov distribution. These results are important in a wide range of

marginal risk contributions, capital allocation and systemic risk.
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Theorem 3.3.2 Let Xy, ..., X, be nonnegative random variables with a common marginal
distribution F satisfying that F(-) € 2RV_, 5 with a > 1, B < 0 and auxiliary function
A(+). Suppose that (Xy,...,X,) follows an n-dimensional Sarmanov distribution given by
(2.1) and Ih—I}IlOO ¢i(x;) = d; € R, ¢;(+) — d; € RV, with p; <0 for eachi =1,...,n. Then
as t — 00, sze get that

MES,, 1 (Sn) ant/@ " - 1 &
Fo(p) ~ (a—Dm TGaAE (p))(HO(l”)“(t +0<Z(¢i(t)_di))>’

i=1

where ( 5 is defined in (3.4) and

SESpm(Sn)  MES,,n(S,) 1

F<(p)  F<(p) n

Obuviously, the first-order asymptotics of MES,(S,) and SES,(S,,) are —a”z;aj;l ® gnd —a"z;ili;(p )
F(p)

n

Proof. Here we require Lemma A.4 in Appendix A and Theorem 3.3.1. Define B (t) =
mzél(t) — ”"T(t) We have that B € RV, with p = min{—1, 5}. It follows that, as p 1 1,

MES, . (S,)  E [Xn|Sn > VaR,(S,)]
Fe(p) F<(p)

- oot (1 + B (VaR,(S,)) (1 + 0(1)))

anlt/® ~
= gy (1B (P (14 o))

(e (B s ) (140

anlt/e nBle(o —
= g (1 ap (a5 = 1) A 0D ) 1ol +0 (" oo —do).
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Here we require Lemma A.5 in Appendix A and Theorem 3.3.1, we conclude that

SES, m(Sn)  E[(Xm — VaR, (X)), | Sk > VaR,(S,)]

Fe(p) F<(p)
_ MES,.(S) 1

F<(p) n’

This completes the proof for MES,, ,,,(S,,) and SES,,,(S,,). =

Lastly, Example 3.3.2 is used to explain Theorem 3.3.2 with the Burr distribution. We
use B (u,v) to represent the Beta distribution.

Example 3.3.2 (Burr distribution) A Burr distribution function F' satisfies that

F(x):l—(l—i—xfﬁ)a/ﬁ, r,a>1,08<0.

It is easy to check that F'(-) € 2RV _,, 5 with auxiliary function A(t) = at?, p = —a/3B (1_70‘, %)

and F'< (p) = ((1 —p)Ple — 1)_1/6. Let X; and X, have an identical Burr distribution F'.
Suppose that the random vector (Xi, X3) follows a Sarmanov distribution in (2.1) with
¢i(-) =1 —2F(-). Clearly, d; = —1,i = 1,2. Then,

1/aa — B/a o —
MES, (Sy) = 22(04—?1()]@ (1 + % <2a—(—ﬂ—? — 1) (Fe(p))ﬁ) ;

and

1/o¢a — B/a a— —
SES, (55) = - ) 2(02 1<)p) (1 + % (—2 _(ﬁ — 1) - 1) (F*(p))ﬁ) ) 2<p).

21/ aF (p)
2(a—1)

By Figure 3.1, the second-order asymptotics of MES,(S2) and

It is easy to see that the first-order asymptotics of MES,(Ss) and SES,(S2) are

21/o¢aF<—( ) F‘f( )
nd Q(a—l)p -

SES,(S52) are much closer to the simulation value than the first-order asymptotics for
p € [0.95,1).
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Figure 3.1: Simulated values (MC) versus first-order and second-order asymptotic values of
MES,(S2) (left) and SES,(S2) (right) with a = 2,8 = —0.5 and a12 = 0.5. The simulated
values are the averages over 100 repetitions with a sample size of 10° each.
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3.4 Second-order Asymptotics of Expectile-based Sys-
temic Risk Measures
In this section, we consider the second-order asymptotics of expectile-based systemic

risk measures under multivariate Sarmanov distributions. Firstly, we establish the second-

order asymptotics of the expectile under a different method with the literature.

Proposition 3.4.1 Let F(-) € 2RV_, 5 with a > 1,8 < 0 and from auziliary function
A(+). Then we have that as p 11,

exp(X)
F=(p)

— (0= 17V (1 4+ Eap A () (14 0(1) + =

where
1 —1)t-b/a
fa,ﬁ = Oé_ﬁ (% — 1) . (4.1)

Here &, 5 := —a"?log(a — 1) if 3 =0.

Proof. See Appendix. =

Proposition 3.4.1 is derived by a different method with Corollary 1 of Daouia et al.
(2018). In addition, due to 1 —p ~ F(F*<(p)) as p T 1 and a > 1, we derive that
1 —p=o0(1/F(p)). Thus, Proposition 3.4.1 is consistent with Proposition 3.1 of Mao
et al. (2015) or Theorem 3.1 of Mao and Yang (2015).

Secondly, we obtain the second-order asymptotics of ex,(S,) and CE,(S,) with an

n-dimensional Sarmanov distribution.

Theorem 3.4.1 Let Xy, ..., X, be nonnegative random variables with a common marginal
distribution F satisfying that F(-) € 2RV _, 5 with a > 1, B < 0 and auxiliary function
A("). Suppose that (Xi,...,X,) follows an n-dimensional Sarmanov distribution given by
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(2.1) and lim ¢;(x;) =d; € R for eachi=1,...,n. Then asp T 1, we get that

T;—00

exp(Sn) n \Ye 1 (nf/o(a—1)Pl B - )
o) () (1 (e ) a0 o)
G 1>“j}§f?p()p)) O (14 o(1)) + 0 (Z(qﬁi(t) - dz-)) ,
and
anl/a
e e (1 XA (P () (14 o(1)
(o = 2)p (F<(p)) + np oy
T o pEe) e (;(@(t) dl)) ’
where

. 1 n \"a+p-1
Xaﬁ:a—ﬁ«a_l) a—ﬁ—l_l)' (4.2)

Here xp, 5 := a2(logn —log(a — 1)) if B = 0. In addition, the first-order asymptotics of

nl/op+ anl/a <
ex,(Sy) and CE,(S,) are (a—f)l/(f) and )f/af?.

Proof. Firstly, to deal with E[S,,], owing to (Xi,...,X,) follows an n-dimensional Sar-

manov distribution in (2.1), we have

4) le <1+ Z a;;0i(x;)P; xJ>HdF xy)

=1 1<i<j<n
_Z/ ( Z a;;0i(x;)P; :U])HdF
[0,00]" 1<) <n,ji k=1
= nu.
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According to Proposition 3.4.1 and Corollary 3.3.1, we have

x,(5) = (0= 17/ G () (14 £0243 (G()) (1 +0(1))) + ) (1 4-0(1))

= (@ =17 G (p) (14 nMogan A (F7(0) (1+0(1)) + 2 (1+0(1))
n e <~ nﬁ/a

= (a — 1) F*(p) (1 - (iq/gf(;; aﬁ A(F“(p))) (1+0(1)))

(14 nMoea A (FC ) (1+0(1)) + =5 (1+0(1))

() (10 L (e lﬂ/“ ~1) AP ) (1+o))

+a™ ((a =D, (F(p) +np) (1+0(1)) +o <Z(¢@-(t) - di)) :

i=1

According to the definition of CE,(S,) and Theorem 3.4.1, we obtain, as p T 1,

CE,(S,)  E[Sn]Sn > ex,(S,)]
Fe(p) F“( )

a—1 ;_UAE)(eXp(Sn))(l + 0(1))) e;z;(i;)

( Ry afl)k/aAE;"L)(FF(p)))
((aﬁl) (+$("W2i_1_116/a )A<F9<p>><1+o<1>>)

B/aa B
/< <a_1 afg_i—1>A<F*<p>><1+o<1>>)

(04—2)% “(p) +np N
a-DF(p) 07 (1>>+0<Z(¢z(t) dz)>-

Thus, this completes the proof of the theorem. m
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Table 3.3: Simulated values (MC) versus first-order (1st) and second-order (2nd) asymptotic
values ex,(S2) and CE,(S2) with different p. The Student ¢, with & = 2.5 and the Sarmanov
with parameter ajo = —0.5. The simulated values are the averages over 100 repetitions with a
sample size of 10 each.

exp(S2)1st exp(S2)and CEpR(S2)1st CER(S2)an
P exp(S2)nrc exp(S2)1st xp(S2)2na CEp(S2)arc CEp(S2)1st CEp(S2)ana seb(aet Spiaiind copiala fov(cajand

0.9500 5.7991 4.0097  5.5194 9.2238 6.6828 9.0031 0.6914 0.9518 0.7245 0.9761
0.9600 6.2368 4.4366  5.9522 9.9000 7.3943 9.7178 0.7114 0.9544 0.7469 0.9816
0.9700 6.8510 5.0387  6.5609 10.8592 8.3978 10.7250 0.7355 0.9577 0.7733 0.9876
0.9800 7.8270 6.0016 7.5313 12.4033 10.0027  12.3340 0.7668 0.9622 0.8065 0.9944
0.9900 9.8652 8.0309  9.5699 15.6877  13.3849  15.7213 0.8141 0.9701 0.8532 1.0021
0.9950 12.5120 10.6764 12.2216  20.0218 17.7940  20.1339 0.8533 0.9768 0.8887 1.0056
0.9990 22.2665 20.4956 22.0482  36.1840  34.1594  36.5034 0.9205 0.9902 0.9440 1.0088
0.9999 53.1965 51.3901 52.9461  88.2526  85.6502  87.9961 0.9660 0.9953 0.9705 0.9971

The following example is applied to illustrate the interpretation of Theorem 3.4.1 with
the absolute Student ¢, distribution.

Example 3.4.1 (Absolute Student t, Distribution) A standard Student t, distribution
with density function satisfies that

~T(la+1)/2) a? ~(at1)/2
@) =~ s (1+a) Cvem aet

Denote by F' the distribution function of |X|, according to Example 4.2 of Mao et al.
(2012) and Example 4.4 of Hua and Joe (2011), we know that F' € 2RV _,, _, with auxiliary
function A(t) = 25t2, u = E|X| = a/(a — 1) and F* (p) = t5 (1 + p)/2). Let X; and
X, have an identical Student ¢, distribution F. Suppose that the random vector (X7, X5)
follows a Sarmanov distribution in (2.1) with ¢;(-) =1 — 2F(+),i = 1,2. Clearly, d; = —1.

Then

1/a o —
ex,(S2) = ?a —Fl)l(i? o : (n (F(p)) = arapn (F7(p)) + a i 1
and
UeqF=(p) a—2 200

CEP(S2) =

(o — 1)1/a+1 a—1 (U (F™(p)) — aropr (F(p))) + m.
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According to Table 3.3, the second-order asymptotics of ex,(S) and CE,(S2) are much

closer to the simulation value as p € [0.95,1).

Next, we get the second-order asymptotics of ICE, ,,(S,) and SICE,,,(S,) with an

n-dimensional Sarmanov distribution.

Theorem 3.4.2 Under the conditions of Theorem 3.4.1, as p T 1, we get that

ICE,.(S))  « n \* . - .
o) e (<a_1> (14 X254 (F<(0) (1 + 0(1))

+nu — i (F<(p)) (1+ 0(1))) +o <Z(¢l<t) — dz)) )

ol (p) —

with x5 defined in (4.2) and

SICEpm(Sn) — ICEpm(Sn)  exp(Xim)
Fe(p)  F<(p) nF<(p)’

Moreover, the first-order asymptotics of ICE,,,,(S,) and SICE, ,,(S,) are % and
n/“aF(p) _ _F*(p)
n(a—1)1+1/a n(a—1)t/a"

Proof. By the definition of ICE,,,(S,), Theorem 3.4.1 and Lemma A.4 (here we require

35



Lemma A.4 in Appendix A), as p T 1, we have that

ICE,n(S,)  E[Xn|Sn > ex,(Sy)]
Fe(p) F<(p)
ex(Sp)

- (aj;m (14 B (ex(Sn) (14 0(1))) e

R ((a"j B (I e e )

(0 — Dy (F<(p)) + e n \"" s e
- aF= () (1+o(1))) <1+( 1) B(F (p))(1+0(1)))

o —

o n 1/a
P (( ) A E ) (14 o(1)

a—1

L —a/ﬂf;(p)) (1+ 0(1))) +o <Z(¢i<t) —~ di)> .

i=1

Applying Theorem 3.4.1 and Lemma A.5 (here we require Lemma A.5 in Appendix A), we
conclude that
SICE,m(Sn)  E[(Xm — exp(Xin)) . [Sn > ex,(S,)]
Fe(p) F=(p)
~ICE, m(Sn)  ex,(Xon)
- Fe(p) nFe(p)’

This completes the proof of ICE, ,,(S,) and SICE, ,,(S,). =

Lastly, the following example is applied to this result of Theorem 3.4.2 under the Fréchet
distribution.

Example 3.4.2 (Fréchet distribution) A Fréchet distribution function F satisfies that

F(z)=1—exp(—2z7%), a>1.

Obviously, F(-) € 2RV _, _o with auziliary function A(t) = at~*/2. Let X, and Xy have
an identical Fréchet distribution F. Suppose that the random wvector (Xi, Xs) follows a
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Sarmanov distribution in (2.1) with ¢;(:) = (-)™' — E[X;']. Then, d; = —E[X; '] and
pi=—1,1=1,2. Thus

Ve laF(p)  2u— pu(F<(p)) — anndipn (F<(p))
(v — 1)V/atl 2(a— 1) ’

ICE, 1(S2) =
and

SICE,(5) =108~ (5~ + 37 )

It is clear that Tables 3.4 and 3.5 reveal that the second-order asymptotics of ICE,(S2)
and CE,(S2) tend to the simulation values for p € [0.95,1) and provide much better esti-

mates than the first-order asymptotics.

3.5 Numerical Examples
In this section, we numerically illustrate our asymptotic results.

Example 3.5.1 Under Example 3.5.1 with « =2, k =1 and ayo = —1,0,1, by Theorems
3.3.1, 8.3.2, 3.4.1 and 3.4.2, we have that the first-order asymptotics (as p T 1) of VaR,
Ezpectile, MES and ICE are equivalent (the ratio to F* (p) is 2'/2). Those of CTE and
CE are equivalent (the ratio to < (p) is 2%/2). Those of SES and SICE are equivalent (the
ratio to F*(p) is 22 — 1/2). We have the following observations:

e The second-order asymptotics of systemic risk measures are closer to the simulation
values than the first-order asymptotics as p 7 1. The expectile-based systemic risk
measures are larger than VaR-based ones. One should consider a lower confidence

level for expectile-based risk measures.
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Figure 3.2: Comparison of MC-simulated, first-order, and second-order asymptotic values of
various risk measure ratios for S relative to X. Results are based on Pareto margins with
Sarmanov dependence (aj2 = —1, 0, 1 for left, middle, and right panels). The simulated values
are the averages over 100 repetitions with a sample size of 10° each.
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Table 3.4: Simulated values ICE,(S2) ¢ versus the first-order asymptotic values ICE,(S2)1s and
the second-order asymptotic values ICE,(S2)2pq with oo = 2, a12 = 0.5. The simulated values are
the averages over 100 repetitions with a sample size of 105 each.

D ICE, 1 (S2)mc ICE,1(S2)1  ICE,1(52)2nd Ilggzﬂll(%));; %ggﬁfgj))%

0.9500 8.0518 6.2481 7.2566 0.7760 0.9012
0.9600 8.8178 7.0051 7.9763 0.7944 0.9046
0.9700 9.9471 8.1096 9.0379 0.8153 0.9086
0.9800 11.8197 9.9749 10.8508 0.8439 0.9180
0.9900 16.0617 14.1623 14.9689 0.8817 0.9320
0.9990 47.6943 45.0164 45.7053 0.9439 0.9583
0.9999 146.0483 144.7467 145.3974 0.9911 0.9955

e The second-order asymptotics of VaR, CTE and MES follow a5 (i.e. dependence
coefficient) decreases from bottom simulation values to top. The second-order asymp-

totics of expectile and CE are closer to the simulation values as a5 increases.

e The second-order asymptotics of ICE is closer to the empirical value as a5 decreases
and that of ICE is closer to the simulation value than that of MES.

e The second-order asymptotic of SICE is closer to the simulation values as aqo de-

creases and that of SES is closer to the simulation values than that of SICE.

Example 3.5.2 Consider the setting of Fxample 3.3.2 with a = 1.5, § = —0.5 or —2,
under a Sarmanov distribution as in (2.1) with ¢;(-) =1 —2F(-),i = 1,2 and a;o = —0.5.
Then, by Theorem 3.3.1, 3.3.2, 3.4.1 and 3.4.2, as p T 1:

e Figures 3.3-3.6 compare the second-order asymptotics with Monte Carlo simulation
results of Theorems 3.3.1, 3.3.2, 3.4.1 and 3.4.2. It is clear that the second-order

asymptotics can capture the trend as p T 1 with the first-order asymptotics.

e Figures 3.3 and 3.5 reveal that the second-order asymptotics of VaR and MES with
£ = —0.5 are more accurate than § = —2, which the expectile and ICE are opposite

to VaR with different .

39



n
—— VaRy(S;)uc/VaRy(X) Q —— VaR,(S;)uc/VaRy(X)
w0 | . - VaRy(Sa)zna/ VaRy(X) == VaRy(S)ana/ VaR,(X)
- —— VaRy(Sy)1s/VaR,(X) g | —— VaRy(Sy)1s/ VaR,(X)
s
g g
= ~ =
£ 5 g B -
£ £ -
w w
he] °
g <o | 5 3 4
—_ i —~ —
) )
[ $ S
> o _| > —
2 — Q
5 5 .
€ € <
2 7
< 5 | <
-
n
(\’)_ —
-
T T T T T I T T T T T I
0.95 0.96 0.97 0.98 0.99 1.00 0.95 0.96 0.97 0.98 0.99 1.00
p p
© _
N
—  ep(S2)ue/VaRy(X) © —  ep(S2)uc/VaRy(X)
N - ep(S2)2na/ VaR,(X) - - ep(S2)ana/ VaR,(X)
—  &p(S2)1a/VaRy(X) — ey(S2) 1/ VaR,(X)
m N n
K] | -
L o | g
RN =
& &
<
R ERER
© ©
L o 2
SR & m
© L - 7
S g
5 S 5
< <
N
-
N
R
T T T T T I T T T T T I
0.95 0.96 0.97 0.98 0.99 1.00 0.95 0.96 0.97 0.98 0.99 1.00
p p

Figure 3.3: Comparison of the simulation values (MC), first-order and second-order asymptotic
values of VaR,(S2)/VaR,,(X) and ex,(S2)/VaR,(X). We use the Burr distribution with 5 = —0.5
for the left panel and 8 = —2 for the right panel.
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The simulated values are the averages over 100

left panel and § = —2 for the right panel.
repetitions with a sample size of 10° each.
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Figure 3.5: Comparison of the simulation values (MC), first-order and second-order asymptotic
values of MES,(S2)/VaR,(X) and ICE,(S2)/VaR,,(X), Burr distribution with 5 = —0.5 for the
left panel and g = —2 for the right panel.
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Figure 3.6: Comparison of the simulation values (MC), first-order and second-order asymptotic
values of SES,(S2)/VaR,(X) and SICE,(S2)/VaR,(X), Burr distribution with 5 = —0.5 for
the left panel and 8 = —2 for the right panel. The simulated values are the averages over 100
repetitions with a sample size of 10° each.
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Table 3.5: Simulated values SICE,(S2) ¢ versus the first-order asymptotic values SICE,(S52)14¢
and the second-order asymptotic values SICE,(S2)2,q4 with o« = 2,a12 = 0.5. The simulated
values are the averages over 100 repetitions with a sample size of 10° each.

p SICE,(Soluc SICE,i(So)ie SICE,(Solons miea(Sahiat  SICBp1 (S

0.9500 4.4381 4.0390 4.6044 0.9101 1.0375
0.9600 4.9085 4.5284 5.0565 0.9226 1.0301
0.9700 5.6135 5.2424 5.7276 0.9339 1.0203
0.9800 6.7875 6.4482 6.8810 0.9500 1.0138
0.9900 9.4881 9.1552 9.5187 0.9649 1.0032
0.9990 29.4512 29.1007 29.4465 0.9881 0.9998
0.9999 93.8148 93.5710 93.7786 0.9974 0.9996

e Figures 3.4 and 3.6 represent that the second-order asymptotics of CTE, CE, SES
and SICE with § = —2 are better than those with g = —0.5.

3.6 Diversification Benefits

Introduced by Biirgi et al. (2008), the concept of diversification benefit represents the
retained capital gained by collectively managing all risks within a portfolio, in contrast to
addressing each risk individually. For a fixed threshold of 0 < p < 1, the diversification
benefit is defined by

Pp(Sn) - E[Sn]
;(pp(Xi) —E[X;])

DA(S,) =1 — , (6.1)

where p, represents a risk measure at a specific confidence level p (e.g., VaR,, ex,, CTE,,
etc).

Constructed as such, for a fixed systemic risk measure p, Dy > 0 indicates that di-
versification is advantageous, potentially reducing an insurer’s catastrophic risk by market
engagement. Conversely, Df < 0 suggests diversification is not advantageous for a single

insurer. We are particularly interested in cases of heavy-tailed risks whether diversification
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may be beneficial. Further, this aspect of whether Df > 0 is technically linked to the risk

measure p’s subadditivity. It further relates to the so-called coherence; e.g., see Artzner
et al. (1999).

Using D5(S,) aids in the portfolio selection for a company. By maximizing diversifica-
tion benefits, the company can reduce the risk and boost the performance of a portfolio.
It is worthwhile to mention that the usage of Df(S,) is not always applicable; its value
depends on the number of risks involved and the specific risk measures employed. Recent
findings from Dacorogna et al. (2018) highlighted that diversification benefits vary notably

based on the type of dependence and the risk measures.

Experts emphasize caution against careless diversification practices, especially when
confronted with risks with heavy tails. By adopting the above results of risk measures
and deriving formulas for diversification benefits, we can evaluate the performance of a
portfolio S,, in contrast to individual risks operating independently. In the following, we
first derive the second-order asymptotic of Df(S,) with p based on VaR, expectile, CTE
and CE. Additionally, we give an example with the Weiss distribution.

Theorem 3.6.1 Under the conditions of Proposition 3.3.1 with o > 1, we have, as p 11,

‘(e Bl _
DY) =1 = nthet (14 (H ) TR (r ) ) (14 0f1))
(1=n'""Y)p

F<_<p) (1 + 0<1)) +o (Z((bz(t) - dz)) )

i=1

(Pl —1) (a — 1)1=F/
afla—-pF-1)

(o= DYt (F(p)) (1+0(1) +o0 (Zn:(gbi(t) — di)> ;

DyX(S,) = 1 —nt/o! (1 + A(F(p) (1+ 0(1))>

anF(p) —
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D) =1 et (14 ] (W““‘”‘B—J)A@*@»a+dn0

Oz_ﬁ a—pF—1
(=1 (p (F(p) — (n—nY*) ) oo
naF<(p) (1+0(1)) +o (;(aﬁz(t) d,)) ,

and

(e —1) (a = 1) (a+B-1)

DyF(S,) =1 —nt/o! <1+ A(F“(p))(1+0(1))>

p oBa—F 1)
(0 — DY = 2)p;, (F* (p)) -
o 20 (-4 o1) 4o Yot60) - )
Obuiously, the first-order asymptotics of DY*®(Sy), D(Sn), DS™(S,) and DJ®(S,) are
1 —nt/a-1,

Proof. See Appendix A. =

Example 3.6.1 (Weiss distribution) A Weiss distribution function F satisfies that
F(:p)zl—ma(l—l—m_ﬁ), r,a>1,08<0.

It is easy to check that F(-) € 2RV _, 3 with auziliary function A(t) = 8t°. Let X, and X
have an identical Weiss distribution F. Suppose that the random vector (X, Xs) follows
a Sarmanov distribution in (2.1) with ¢;(-) =1 —2F(-). Clearly, d; = —1,i =1,2.

In the context of Example 3.6.1, we aim to present the asymptotic performance for
diversification benefits D/ across four risk measures (i.e. VaR, expectile, CTE, and CE)
based on the results obtained in Theorem 3.6.1. Here, we denote by 155 the second-order
asymptotic and employ the ratio lﬁ{; /D to assess the asymptotic performance of diversifi-
cation benefits. A value of 155 /D?f closer to 1 indicates a more accurate asymptotic result,
while deviations from 1 imply poorer outcomes. Besides, according to Biirgi et al. (2008),
155 /Df > 1 signifies the overestimation of the diversification benefit, while ljz /Db <1

corresponds to the underestimation.
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Figure 3.7: Weiss distribution with « =2,k =1 and a;2 = 0.3

The numerical experiment is shown in Figure 3.7. For the comparing purpose, we
use blue lines to represent the outcomes derived from VaR-based systemic risk measures
(i.e. VaR and CTE), while red lines represent the outcomes obtained from expectile-based

systemic risk measures (i.e. expectile and CE).

We can observe that, in both plots, the 155 / D# obtained from alternative expectile-
based systemic risk measures (i.e. expectile and CE) generally exhibit higher accuracy
compared to the 15{,’ /D# obtained from VaR-based systemic risk measures (i.e. VaR and
CTE). Particularly noteworthy is the performance of CE, the ratio of 155 /D?$ is consis-
tently greater than 0.95 when p € [0.95,1), indicating an error range of less than 5%.
Moreover, it is worth noting that expectile inherently incorporates more information than
VaR when estimated from the empirical dataset. Another interesting finding is that, when
p is the selected expectile-based systemic risk measures, 155 / D < 1 consistently with
p € [0.95,1), implying an underestimation of the diversification benefit and suggesting a
conservative approximation. Conversely, when p is the selected VaR-based systemic risk
measures, 135 /Df > 1 consistently with p € [0.95, 1), which overestimate the diversification

benefit and reflecting an optimistic view of diversification. Such characteristics highlight
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the potential of expectile-based and VaR-based risk measures as alternatives, each serving

distinct purposes.

There are more new ways to quantify diversification. E.g., the diversification quotient,
was proposed in Han et al. (2022, 2023). Our asymptotic treatment provides a framework

to investigate these new quotients, which will be studied in future.

3.7 Conclusion

In this chapter, we study systemic risk measures with a multivariate Sarmanov distri-
bution. We first classify them into two families of VaR- and expectile-based systemic risk
measures. We have the second-order asymptotics of VaR, CTE, MES and SES in the first
family. Furthermore, we obtain the second-order asymptotics of expectile, CE, ICE, and
SICE in the second family. In addition, we give concrete analytical and numerical exam-
ples to illustrate the main results. We emphasize that the second-order asymptotics can
provide a more accurate approximation as p T 1 than the first-order asymptotics. More-
over, we provide a comprehensive comparison among VaR- and expectile-based systemic
risk measures. We find that expectile-based measures deduce a larger risk evaluation than
VaR-based measures, suggesting a lower confidence level when the expectile is adopted.
Finally, we apply the asymptotic treatment to financial diversification and provide instruc-
tive insights for risk management. We believe that our results consolidate future research
in risk management, and our findings have implications for financial practitioners and
regulators striving to better understand and mitigate systemic risks in complex financial

systems.
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Chapter 4

Catastrophe Risk Pooling

4.1 Introduction

Changing climate patterns and economic development continue to drive rising natural
catastrophe losses worldwide. Global economic losses totaled $368 billion USD in 2024, of
which 60% was uninsured, known as the global ‘protection gap’ (Aon, 2025). To address
this ongoing protection gap and improve economic resilience to physical climate risk, catas-
trophe risk pools have recently emerged as a promising addition to existing catastrophe
risk financing mechanisms (Ciullo et al., 2023). Pooling catastrophe risks across different
geographical regions and perils such that the risks are relatively independent in nature can
reduce the risk faced by each participant through diversification. However, the well-known
traditional diversification benefits of pooling may not be effectively realized for catastrophe
risks due to unique characteristics like extremely heavy tails, creating challenges for the

long-term viability and sustainability of catastrophe risk pools.

In this chapter, we study mechanisms for catastrophe risk pools to effectively pro-
vide diversification benefits for all participants. Prominent examples of catastrophe risk
pools include the Caribbean Catastrophe Risk Insurance Facility (CCRIF), the first multi-
country risk pool launched in 2007, which offers earthquake, tropical cyclone, and excess
rainfall protection for 20 member countries, and the Pacific Catastrophe Risk Assessment
and Financing Initiative Facility (PCRAFT Facility) established in 2016 to provide emer-
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gency response liquidity for earthquakes and tropical cyclones in 15 countries; see Boll-
mann and Wang (2019) for more details and examples. Literature assessing diversification
in catastrophe risk pools is sparse; empirical studies note the geographical diversification
benefits across a wide array of countries (Ciullo et al., 2023) and states (Dumm et al.,
2015) for existing pools, in part due to the low correlation between tail losses from dif-
ferent regions and perils (Ciullo et al., 2023; Bollmann and Wang, 2019). In contrast, we
adopt an extreme value analysis perspective and focus on the underlying pooling of natural
catastrophe risks to provide theoretical insight into pool structures that can achieve more

effective diversification.

According to Ibragimov et al. (2009), economic losses from natural disasters can be
justified as having a power-law decay in the tail when the natural disaster exhibits the
power-law decay property; examples include earthquakes (Sornette et al., 1996), hurricanes
(Hsieh, 1999; Hogg and Klugman, 1983), wildfires (Malamud et al., 2005), and river floods
(Woo, 2011). Intuitively, a power-law decay in the tail of a risk X with distribution function
Fis

Pr(X > x) ~ca™ x>0,

for some tail index a > 0. Further empirical studies have shown that catastrophic risks are
extremely heavy-tailed with a tail index o < 1, meaning even their first moments are not
finite (for example, Woo, 2011; Hofert and Wiithrich, 2012; Brazauskas and Kleefeld, 2016).
Simply pooling such heavy-tailed risks together does not yield the traditional diversification
effect, a phenomenon that has been recognized in the literature (Ibragimov and Walden,
2007; Ibragimov, 2009; Ibragimov and Walden, 2011; Cui et al., 2021). Departing from
existing studies, this chapter examines the diversification benefits of pools with extremely
heavy-tailed, heterogeneous catastrophe risks to propose effective pool structures from the

perspective of limited liability schemes and risk-sharing rules.

Central to our study is the measurement of the diversification benefit for a participant
in the catastrophe risk pool. For n catastrophe risks X1, ..., X,,, the diversification benefit
for a participant is measured by the diversification ratio (DR) based on the Value-at-Risk

(VaR) measure,
_ VaRq(Hl (Xl, 7Xn))

DR, (X) VaR, (X)) ’
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where VaR,(X) = inf{z : F'(z) > ¢} is the VaR of a risk X with distribution function F at
confidence level 0 < ¢ < 1, and H; (X1, ..., X,,) is the risk shared by participant 1 through
joining the pool (without loss of generality). Hence, DR is the ratio of the risk faced by a
participant after joining the pool to the risk faced by the participant without joining the
pool. In particular, 1—DR can be used to measure the diversification benefit; see Embrechts
et al. (2009), Degen et al. (2010), Mao and Yang (2015), Cui et al. (2021) and Cui et al.
(2022). If the value of DR is less than 1, the participant’s risk is reduced by joining the
pool. We use DR as a criterion for determining a participant’s willingness to join the pool,
and develop conditions for which a catastrophe risk pool can successfully form by requiring
all participants to have a DR value less than 1. Because the analytical expression for DR
is generally unavailable and the risks considered in the pool are catastrophic in nature,
we investigate the conditions under which participants are willing to join the pool when
the confidence level of VaR approaches 1. That is, the derived conditions hold for all
sufficiently high confidence levels.

One important feature for the pool to function is to set a maximum payout (i.e., limited
liability) for each catastrophe risk since the pool would fail to diversify the risk if all of
the participants bring in their unlimited, extremely heavy-tailed catastrophe risks. This
is related to the subadditivity of VaR, discussed in greater detail in Cui et al. (2021). We
further allow the liability level to vary with the level of tail risk as measured by VaR. That is,
when the aggregated risk of the pool or the original individual risk is evaluated at a higher
confidence level of VaR, the limited liability is allowed to increase accordingly. Limited
liability for catastrophe risks has been justified by insurance literature such as Cummins
et al. (2002) and Cummins and Mahul (2003), and features in existing pools like the
CCRIF and PCRAFI. In practice, losses beyond the limit may be covered by government
assistance programs such as the Federal Emergency Management Agency, international

donors, reinsurance markets, or through securitization (Bollmann and Wang, 2019).

Since the pooled catastrophe risks may not be identically distributed, we consider
different limited liability schemes imposed on the risks contributing to the pool, as well as
different risk sharing rules for distributing the aggregated risk to the participants. The two
liability schemes considered are uniform liability, which assumes the same limited liability

level for all risks, and proportional liability, which allows different liability levels for risks
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based on their scale. Various risk sharing rules have been discussed in the literature; see,
for example, Denuit et al. (2022). The most intuitive one is the uniform risk sharing
rule, which distributes the aggregate risk equally back to the participants. We begin our
investigation with uniform risk sharing, and ultimately propose a proportional risk sharing
rule to ensure fair diversification within the pool, where all participants achieve the same

diversification benefit.

To preview our findings, we introduce and evaluate three different catastrophe risk pool
structures by establishing conditions for the pools to work using asymptotic analysis. That
is, at confidence levels of VaR close to 1, we derive the conditions for all participants to
have DR less than 1. The first pool involves any heterogeneous catastrophe risks that
are independent, e.g., the risks may exhibit varying degrees of heavy-tailedness. Under
the uniform limited liability scheme and uniform risk sharing rule, we find that it is only
possible for all participants to be willing to join the pool when the limited liability is set
at a low level. This is intuitive, as participants may contribute substantially different tail
risks to the pool. Only when the tail risks are controlled through a low level of limited
liability is it possible for participants with lighter-tailed risks to avoid being distributed

relatively more risk compared to their risk prior to joining the pool.

In the second pool structure, to form the pool at a higher liability level, we propose to
pool risks that have the same heavy-tailedness. The risks may still be heterogeneous with
different scales and therefore do not need to be identically distributed, a considerably less
restrictive assumption for practical applications. Again under the uniform liability scheme
and uniform risk sharing rule, we find that the pool can work for a much higher level of
limited liability and thus a much larger aggregate risk can be diversified through the pool

compared to the first structure.

In the third structure, we construct the pool to make the risk contribution and sharing
fair between all of the participants. First, the proportional limited liability scheme based
on the scales of the individual risks allows each participant to contribute (asymptotically)
the same tail risk to the pool. Under the uniform risk sharing rule, we find that the pool
can work for an even greater aggregated risk compared to the second structure. However,
participants with risks of smaller scales receive less diversification benefit than those with

risks of larger scales. We then propose the proportional risk sharing rule, which distributes
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the aggregate risk to each participant based on the scale of their individual risk. The
combination of the proportional liability scheme and proportional risk sharing rule allows
all of the participants to achieve equal diversification benefit by joining the pool. This

structure can be regarded as a fair and practically applicable risk pooling mechanism.

We emphasize that each structure has its own merits and drawbacks. The first pool
structure applies to general catastrophe risks with varying degrees of heavy-tailedness.
However, it can only form when the uniform limited liability level is relatively low. The
second pool structure is suitable for catastrophe risks with the same heavy-tailedness but
which differ in scale. This structure allows the pool to form under a more relaxed condi-
tion and at a much higher liability level. However, the diversification benefit is unevenly
distributed among participants. Like the second structure, the third pool structure applies
to risks with the same heavy-tailedness but different scales. Although the conditions for
forming the pool are more stringent than those of the second structure, it is possible to
diversify greater aggregated risk and have each participant obtain the same diversification

benefit by joining the pool.

We conduct numerical experiments at each stage of the investigation to illustrate the
theoretical results. In addition, we demonstrate the practical applicability of the proposed
approach for a multi-peril, multi-state risk pool using US catastrophe loss data. Notably,
the real data analysis indicates that the independence assumption in the theoretical results
can be relaxed, since data limitations preclude formal statistical tests of independence, yet
the pools are still shown to work for risks that satisfy all of the other conditions in the

theorems.

The remainder of the chapter is organized as follows: Section 4.2 investigates the pool
with general catastrophe risks under the uniform risk sharing rule and uniform liability
scheme, Section 4.3 studies the pool with tail equivalent risks, Section 4.4 explores the
pool structures with the proportional liability scheme and proportional risk sharing rule,
Section 4.5 presents the real data analysis, and Section 4.6 concludes. All of the proofs are
deferred to Appendix B.
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4.2 Uniform Risk Sharing with General Heavy-tailed
Risks

We begin with general heterogeneous, heavy-tailed catastrophe risks, and investigate
the conditions under which a participant would obtain a diversification benefit and prefer to
join the catastrophe risk pool. We further illustrate the theoretical results using simulation

experiments.

4.2.1 Theory

For n > 2, let X = (Xy,...,X,) be independent catastrophe risks with distribution
functions F, Fy, .., F,,. These risks are assumed to be heavy-tailed in terms of regular
variation (RV). By definition, a risk X with distribution function F = 1 — F is said to
have a regularly varying tail with index o > 0, denoted by X € RV_, or F € RV_,, if

F(tx)

im — = x> 0.

The tail index « represents the heaviness of the tail, where the smaller the value of «,
the heavier the tail. As mentioned in the Section 4.1, we assume that F; € RV_,, with
0 < a; < 1, which means that these X;’s are extremely heavy-tailed without finite first
moments. See, for example, Haan and Ferreira (2006) and Resnick (2008) for more details

on RV functions.

We consider a uniform limited liability for all of the risks in this section, which is defined

k X, >k,
X;(k) = ’ - (2.1)
X; X; <k.

as

In this case, we denote X (k) = (X;(k), Xa(k), ..., X, (k)).

The uniform risk sharing rule is defined as follows. If participants with risks X; join
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the pool, then each of them shares the risk uniformly as

1

n

Sn (X1 +Xo+ -+ X,).

That is, before joining the pool, participant ¢ is liable for the risk X;, and after joining
the pool, she and the other participants would each bear S,,. When the limited liability is

imposed for each risk, we denote the uniformly shared risk by
1

To analyze the change of risk for a participant before and after joining the pool, the DR
in this case is given by

_ VaR,(Su(k))
~ VaR, (X (k)

Note that without loss of generality, in the above definition we compare the risk for partici-

DR, (X (k) (2.3)

pant 1. The DR in (2.3) is understood as the ratio of the risk for participant 1 after joining
the pool and the risk for participant 1 without joining the pool. Thus, if DR, (X (k)) < 1,

it is preferred for participant 1 to join the pool; otherwise, it is not preferred.

Since our focus is how the pool can be formed for catastrophe risks, to measure the
tail risk, the confidence level of the VaR should be set close to 1. As mentioned in the
Section 4.1, the limited liability is allowed to increase with the confidence level, i.e., we
allow k = k(q).

In the following lemma, we explore the conditions such that it is preferred for a par-
ticipant to join the catastrophe risk pool. Since we begin with general catastrophe risks
where the risks can have different heavy-tailedness, intuitively, the preferred condition for
an participant to join the pool would depend on the heavy-tailedness. Hence, without loss
of a generality, we assume that all of the risks have different heavy-tailedness and rank the
tail indices oy, ...,y as ) < a2y < -+ < aqy). Accordingly, for ¢ = 1,2,...,n, we denote
X () to have tail index oy and distribution function F(i).

Lemma 4.2.1 Forn > 2, let X4, ..., X,, be nonnegative and independent random variables
with continuous distribution functions Fy, ..., F, such that F; € RV_,, with 0 < a; < 1.
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Suppose each catastrophe risk X; has the limited liability defined in (2.1) and follows the

uniform risk sharing rule as in (2.2). Assume that lim, % =£>0.

(i) For0<¢ < 2= we have lim,,; DR, (X (k)) < 1.

n—1-7

(i) For g <& < withi=2,...,n—1, if ay < q(n_iya), then limy,; DR (X (k)) <
1.

(i13) For &> n, if oq < aqg), then limy_; DRy(X (k)) < 1.

In Lemma 4.2.1, the condition lim, ,; k(¢)/VaR,(X1) = £ means that the liability &
for participant 1 is assumed to be £ times their benchmark risk at high confidence levels,
where the benchmark for participant 1 is measured by VaR,(X;). That is, k(g) is linearly
proportional to the benchmark risk. Lemma 4.2.1 shows that when 0 < § < 25 or
equivalently, when the liability level k is low relative to the benchmark VaR,(X;) as in
0 < k < -“5VaR,(X1), then there are no other restrictions on the tail indices of the other
risks in the pool for participant 1 to prefer to join. If the liability level k is increased
to - VaR,(X1) < k < -%5VaR,(X}), then participant 1 would prefer to join the pool,
provided at least one other participant has a lighter-tailed risk than she. Intuitively, the
presence of a lighter-tailed risk in the pool is necessary to help diversify the additional
risk associated with the higher liability level. If the liability level k further increases to
—-VaR,(X1) < k < "5 VaRy(X1), then at least two lighter-tailed risks are required in the
pool to maintain a diversification benefit for participant 1. This pattern continues—each
time k increases to a higher level, an additional lighter-tailed risk is needed in the pool.
Eventually, when k& > nVaR,(X;), participant 1 must have the heaviest tail in the pool for

joining to still reduce her individual risk.

Thus, when the uniform liability level k is set to be low relative to the lightest-tailed
risk in the pool, the pool of n participants can be formed regardless of the extent of heavy-
tailedness of the catastrophe risks. The pooling reduces the risk for each participant,
making it beneficial for them to join and share the aggregated risk. We formalize this
result in the next theorem. The following notation is adopted to denote the diversification

benefit for the ¢th participant in the pool, i =1, ..., n,
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Thus, DRV (X (k)) = DRy (X (k)).

Theorem 4.2.1 Under the conditions of Lemma 4.2.1, if lim, ,; —MD _n gpen

VaRq(X(n)> n—1’
lim, DRgi)(X(k)) <1 foranyi=1,..n.

There is room for improvement in the condition derived in Theorem 4.2.1. In fact,
from the proof of Lemma 4.2.1, we observe that in most cases, DR, (X (k)) — 0 as ¢ —
1, indicating that DR, (X (k)) is significantly below 1. This is further illustrated in the
simulation study in the following subsection. However, for simplicity of presentation, we
retain the current conditions. In the next two sections, we explore conditions under which

all participants prefer to join the pool for relatively higher levels of limited liability k.

4.2.2 Simulation Studies

In this subsection, we illustrate the two theoretical results from Section 4.2.1 through
simulation experiments. First, we illustrate Lemma 4.2.1 in Figure 4.1. Consider 10
independent catastrophe risks X;, ¢ = 1, ..., 10. Each follows a Pareto distribution function
as

Fi(z)=1—-(1+x)™",

with 0 < «a; < 1. We vary oy from 0.01 to 1 at a step size of 0.01, and set ay = 0.5,
az = 0.55,..., ayp = 0.9. In addition, we set the liability level k to be k = {VaR, (X)),
where ¢ = 0.975 and & takes values in the intervals (0, %) , (%, %) ,- -, (n,00) based
on Lemma 4.2.1. Specifically, £ takes values 1.1,1.2,1.3,1.6,1.8,2.2,3,4,9, and 10.1. Then
we explore how DR, (X (k)) changes by varying the tail index oy under various limited
liability levels determined by . We generate a sample of size 1,000 for each risk X; and

compute DR, (X (k)) using the empirical estimator

DR.(X (L) — VaR,(Sw(k) S5 (k)
q( ( >>_ ﬁ X ]% ) T (LlOOOqJ) ~ )
aRq(X1(k)) Xy (k)
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where XM < ... < X™ are the order statistics of X and limited liability k= §X1(L1000qj)
is empirically estimated. Repeating the experiment 100 times, we report the average
[/)ﬁq(X(lAf)) in Figure 4.1.

Lemma 4.2.1 indicates that for different values of &, there is a constraint or an upper
bound on «; in order for DR, (X (k)) to be less than 1. The upper bound is marked by a
star on each curve in Figure 4.1. Clearly, we can observe that when «; takes values below
the upper bound, DR, (X (k)) is strictly less than 1. As the value of £ becomes larger, the
upper bound becomes smaller, which means the condition for participant 1 to be willing to
join the pool is stricter. In all of the cases, even when «; is larger than the upper bound,
the value of DR, (X (k)) is not immediately greater than 1, which shows that there is still

room to improve the upper bound.

Next, we illustrate Theorem 4.2.1. We still consider 10 risks, each following a Pareto
distribution with fixed tail indices (o, as, as, ..., a19) = (0.999,0.998,0.997, ...,0.99). Note
that X, has the lightest tailed in the pool and hence we set the liability £ = {VaR,(X;)
with & = 1.1. The reason all the tail indices are very close to each other and close to 1 is
to avoid the trivial case in which DRéi)(X (k)) overlaps at the low limited liability level.
By varying the confidence level ¢ from 0.95 to 0.999 with a step size of 0.001, we explore
the change of DR((Ji)(X (k)) for each participant in Figure 4.2. As expected, all participants
have a DR less than 1, meaning that they are all willing to join the pool.

4.3 Uniform Risk Sharing with Equivalent-tailed Risks
under Uniform Liability

In Section 4.2, we showed that for catastrophe risks with different tails, if the uniform
liability is higher than some threshold, then it is not optimal for the participants with
lighter-tailed risks to join the pool. Theorem 4.2.1 suggests that one way for all participants
to be willing to join the pool is to set a sufficiently low liability; however, this may not
meet the needs for catastrophe risks in practice. Alternatively, we can pool the risks with
the same heavy-tailedness, so that the risks have equivalent tails but are not necessarily
identically distributed.
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Figure 4.1: The value of DRy g75(X (k)) for 10 catastrophe risks following Pareto distributions.
The tail index of X is varying and all 9 other risks have fixed tail indices. The limited liability
k is set as £€VaRg g75(X1).

4.3.1 Theory

Formally, X; and X; have equivalent tails, or the same tail index, if there exists some

0 < 6; < oo such that
lim 2 _ o (3.4)

T—00 Fl (m)

We emphasize that X; and X; having equivalent tails does not mean that they have
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Figure 4.2: The values of DR,(j)(X (k)) for 10 catastrophe risks following Pareto distributions
with fixed tail indices. The limited liability & is set as 1.1VaR4(X1), where X; has the lightest
tail in the pool.

identical distributions. The difference in their distributions is reflected by a constant 6;,
which we call the scale coefficient compared to X;. That is, X; and X; can have the same
heavy-tailedness, but different scales. When 6; > 1 (or < 1), it means that F;(z) is 6;
times larger (or smaller) than F;(z). Even when 6; = 1, X and X; may not necessarily be
identically distributed. Thus, the assumption of tail equivalence is much easier to achieve

in practice than requiring all risks to have identical distributions.

In the following lemma, we derive the conditions for a participant to join the pool when
all of the participants bring tail equivalent risks to the pool. We assume uniform liability
for the catastrophe risks and apply (2.1) for all X;.

Lemma 4.3.1 Forn > 2, let X4, ..., X,, be non-negative and independent random variables
with continuous distribution functions Fy, ..., F, such that F; € RV_, with 0 < a < 1.

Assume that limy_, gl((?) =0; € (0,00), i = 2,3,....,n. Fach X; has the same limited
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liability as in (2.1) and follows the uniform risk sharing rule as in (2.2). Further assume
that limq_ﬂ % = 5 > 0.

(i) For 0 < ¢ <n, we have lim,,; DR, (X (k)) < 1.

(it) For & >n, if Y . 6; <n®, then lim, ,; DR,(X (k)) < 1.

Lemma 4.3.1 states that if the liability level k is lower than n times the benchmark
so that k < nVaR,(X}), then there are no additional restrictions on the risks and all the
participants are willing to join the pool. This result is consistent with Theorem 3.1(i) in
Cui et al. (2021). If the liability level k is higher than n times the benchmark so that
k > nVaR,(X;), then there is an additional condition for participant 1 to join the pool:
>, 0; < n® This condition requires that the sum of the scale coefficients compared to
X1 not be too large. Since 0 < o < 1, we have > ", 6; < n® < n, which indicates that
there is at least one risk in the pool with 6; < 1, a smaller scale coefficient than that of
X;. Such a requirement prevents participants with smaller scale risks from joining the pool
even when the risks have the same heavy-tailedness. Thus, when the limited liability is not
too high, it is possible to form the pool. This result is presented in the following theorem.
Theorem 4.3.1 Under the conditions of Lemma 4.5.1, ifé’_é
then limg_,q DR((j)(X(k:)) <1 foranyi=1,..n.

& < n, where Oy, = min{1,6s, ..., 6,},

min

4.3.2 Simulation Studies

In this subsection, we illustrate the theoretical results from Section 4.3.1 through sim-
ulations. We first illustrate Lemma 4.3.1 in Figure 4.3. Again, we consider 10 independent
catastrophe risks X;, ¢ = 1, ..., 10, each following a Type II Pareto distribution with com-
mon tail index 0.9, but different scale coefficients. Specifically, for risk X;, the distribution
is

i

—-0.9
E(.’E) =1- 91 <IB + 91/0.9) , .Z‘,ei > 0.

We set 0; = 1 and consider the following three combinations of scale coefficients (61, ..., 01¢):
©;:=(1,1.1,1.3,1.5,1.7,1.9,2.1,2.3,2.5,5), ©, := (1.0,0.1,0.2,0.3,0.4,0.5,1.2,1.3, 1.4, 1.5),
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and ©3 := (1,0.35,0.45,0.55,0.65,0.75,0.85,0.95,1.05, 1.15). These combinations are cho-
sen so that ©, and O3 satisfy the condition in Lemma 4.3.1 (ii) where Zgl 0; < 10°9,
while ©; does not satisfy the condition. It is apparent that the ©; combination contains
many risks with large scales in the pool and both ©; and O3 include risks that have a
smaller scale than X;. The limited liability is set as k = {VaR,(X1), with ¢ taking values
2 and 12, which corresponds to the two cases £ < n and £ > n in Lemma 4.3.1. Again, we
simulate a sample of 1,000 observations for each distribution X; and apply the empirical
estimator of DR, (X (k)) introduced in Section 4.2.2. Repeating the experiment 100 times,
we plot the average Bf\{q(X (k) in Figure 4.3 for different combinations of © and € as ¢
increases from 0.95 to 0.999 with a step size of 0.001. We can see that when the limited
liability is relatively low (£ = 2), the diversification benefit for participant 1 is achieved
starting from a lower confidence level, even for the pool with large scale risks (©1). When
the limited liability is higher (£ = 12), the diversification benefit for participant 1 can still
be achieved, but at a higher confidence level and generally only works for the pool with

smaller scale risks (O and O3).

Next, we illustrate Theorem 4.3.1 in Figure 4.4 using the same 10 catastrophe risks,
which follow Pareto distributions with common tail index 0.9 and different scale parameters
©,. By varying the confidence level g from 0.95 to 0.999 with a step size of 0.001, we explore
the change in DR((;)(X (k)) for each participant. The limited liability k is set at different
values in the four subfigures. In Figure 4.4(a), we set k = 2VaR,(X;) and it can be verified
that ©, satisfies the Qfé
have a DR less than 1, which means that they are all willing to join the pool. In Figure
4.4(b), we set k = 2VaR,(Xy), which is based on Xg with the second largest scale in the
pool. At this liability level, ©; still satisfies the condition in Theorem 4.3.1. Although
all participants have a DR less than 1 in Figure 4.4(b), the DR values are larger than

¢ < n condition from Theorem 4.3.1. As expected, all participants

min

those in Figure 4.4(a) due to the higher liability level for each participant and greater
risk brought to the pool, indicating a lower diversification benefit for each participant. In
Figure 4.4(c), we have k = 1.5VaR,(Xj¢), which is based on Xj, with the largest scale in
the pool. This time the coefficient is reduced to 1.5 to make ©; satisfy the condition in
Theorem 4.3.1. Moreover, we observe that the two risks with the smallest scales, X; and

Xy, only prefer to the join the pool at higher confidence levels. Lastly, in Figure 4.4(d) we
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Figure 4.3: The value of DR,(X (k)) for 10 catastrophe risks following Pareto distributions with
the tail index 0.9 and different scale parameters ©1, © and ©3. The limited liability k is set as
2VaR,(X1) and 12VaR,(X) with £ =2 and 12.

set k = 2VaR,(Xj0), which makes ©; fail to satisfy the condition in Theorem 4.3.1. As a
result, X; and X5 no longer prefer to join the pool. These experiments demonstrate that
under uniform limited liability levels, the choice of benchmark risk affects the preference of
each participant, which is caused by the imbalanced risks contributed and shared among

the participants. In the next section, we aim to address this issue.

4.4 Risk Sharing with Equivalent-tailed Risks under

Proportional Liabilities

In Sections 4.2 and 4.3, we explored the conditions for participants with catastrophe
risks to join the pool under the uniform limited liability scheme (2.1). Combined with the

uniform risk sharing rule, the uniform liability scheme can create some inequality among

63



the participants. To see this, for equivalent tails, when the same liability k£ is applied to

different X;, we have
Fi(k) ~ 0;F1(k), or VaRy(X;) ~ 6/°VaR,(X)).

That is, the risk brought into the pool by participant ¢ is 91-1 /® times the risk that participant
1 contributed. When the pooled risk is distributed back to each participant, participant ¢
may be at a disadvantage if the scale of its risk, 6;, is smaller than 1, that of participant 1.
To address the inequality, in this section we consider setting proportional limited liability

levels.

4.4.1 Theory

We consider proportional liabilities as follows. For i = 2, ..., n,

ki7 X’L kia
Xi(ki) = g (4.5)
Xi,  Xi < ki,

where k; = (91-1 /L and k is the limited liability chosen for X;. By allowing different liabilities

for different risks, each participant contributes equivalent risks to the pool. To see this,

note that
Fiky) _ . F (6°%) Fl_@g/a’“) 0, (1) " =1
k—oo (k) k—voo F <62-1/al€> Fy(k) S

That is, the tail probabilities for X; and X; at their corresponding liability limits are
equivalent:

PI'(XZ>]€Z)NPI'(X1>I€)

Such proportional liabilities are more appropriate with the uniform risk sharing rule when
the risks are not identically distributed. Note that the proportional liability (4.5) does not
apply to the general risks examined in Section 4.2. For example, if X; has a lighter tail
than X; so that a; > a4, then #; = oo and it is not possible to define k; as Qil/ak:. In other
words, it is not possible to find a k; such that Pr (X; > k;) ~ Pr (X > k).
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Let k = (ku, ko, ..., kn) = <k 0k, ., e}/ak). We denote X (k) = (X1 (K1), Xa(ka), oo, Xn(kn))

(Xl(k),X2 (9;/%) e X (9}/%)) and

Sn(k) = % (X1(k1) + Xo(ke) + -+ + X, (k)
_ % (X0 (k) + X (3/°K) 4+ + X, (6Y°K) ). (4.6)

The following lemma explores the conditions for participant 1 to join the pool.

Lemma 4.4.1 Forn > 2, let X4, ..., X,, be non-negative and independent random variables
with continuous distribution functions Fi, ..., F, such that F; € RV_, with 0 < a < 1 for
?1((?) =0, € (0,00), 1 =2,....,n. Fach catastrophe risk X;
has a proportional limited liability as in (4.5) and follows the uniform risk sharing rule as

1=1,...,n. Assume that lim;_,,

in (4.6). Further assume that lim,_,; % =¢>0.

(i) For0<&<1,if ", 0% <n, then lim,_,; DR, (X (k)) < 1.

(i) For{>1,ify ,,0; <n®whereZ ={j=2,..,n: 9;/0‘ > n/E}, thenlim, ,; DR(X (k)) <

1.

The set Z in Lemma 4.4.1 is the set of risks with relatively larger 6,’s, where 9]1-/ “>n/E,
and the condition for participant 1 to be willing to join the pool is that the sum of these

6;’s is not too large.

Comparing Lemmas 4.3.1 and 4.4.1 regarding participant 1’s willingness to join the
pool with uniform liability and proportional liability respectively, Lemma 4.4.1 places
additional restrictions on the scale coefficients 6; in the { < n case. This is because under
the proportional liability scheme, risks with smaller scales can have a lower liability level,
while risks with larger scales have a higher liability level. When comparing participant
1’s share of the pooled risk to the original risk using DR, (X (k)), even though the limited
liability level is not very high (¢ < n), it is still necessary to control those high liability

levels so that participant 1 is not distributed too much risk compared to its original risk.

65



In the following theorem, we derive the conditions such that it is preferred for all
participants to join the pool with proportional limited liability levels under uniform risk

sharing.
Theorem 4.4.1 Under the conditions of Lemma 4.4.1, we have

(i) For 0 < (< 1,40, =1 foralli =1,...,n, then lim, ,; DR((;)(X(’G)) < 1 for any
1=1,...,n.

(ii) For 1 < & < n, if Ejezmm 0; < n%Omin, where Oy, = min{l,6,...,0,} and Zpy, =
{j=1,..,n: 0;/0‘ > 090 /¢, then lim,_,; DR((;)(X(k:)) <1 foranyi=1,..n.

min

Under uniform risk sharing, it is possible to pool larger risks with the proportional lia-
bility scheme than with the uniform liability scheme. However, a drawback of proportional
liability under uniform risk sharing is that, despite all being willing to join the pool, the
participants with smaller scales may not obtain as much diversification benefit as the par-
ticipants with larger scales. One way to improve a fairer distribution of the diversification
benefit is to modify the uniform risk sharing rule to achieve an equal diversification benefit
for all participants. More specifically, for tail equivalent risks with proportional liability,
after pooling X;(k1), Xa(kz), ..., and X,,(k,), the amount of risk distributed to participant
118

. n gL/
SW(k) =w; Y X;(k;),  with w; = T (4.7)
j=1 Zj:l QJ'
which we introduce as the proportional risk sharing rule. Then each participant ¢ has the

same diversification ratio as

S VaR, (05 X)) VaR, (S Xi(ky))
(111_13 DR; (X (k)) = (111_{% VaR (X.0)) = }}lﬁ ST VAR, (5, ()

To see this, first note that

VaR, <wi > it Xj(kj)) _VaR, (Z}L Xj(k‘j)) S VaRy (X (k)
VaR,(X;(k)) oo, VaR,(X,(k;)  VaRe(Xi(k,)
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With the proportional liability scheme, for any ¢ = 1, ..., n, we have

ki(q) _
AR, (X))

This implies that for 0 < £ <1 or £ > 1, we have

J

a1 VaR, (X, (k) g/

7

VaR,(X;(k;)  07°

Thus, under proportional risk sharing, each participant can obtain the same diversification
benefit by joining the pool. In the following theorem, we derive the conditions for every
participant to be willing to join the pool with proportional liability under the proportional

risk sharing rule.

Theorem 4.4.2 Forn > 2, let Xy,..., X,, be non-negative and independent random vari-
ables with continuous distribution functions Fy,...,F, such that F; € RV_, with0 < a < 1
fori=1,...,n. Assume that lim;_,, il t) =0, € (0,00), i = 2,...,n. Each catastrophe risk
X; has a p'roportzonal limited liability as in (4.5) and follows the proportional risk sharing
rule as in (4.7). Further assume that lim,_,; ﬁ £>0.

(i) For0<¢ <1, limg,1 DR}(X (k)) < 1.

(it) For &> 1, iijeWQj < (Zz 1 j/a>a where W = {j =1,...,n: Ql/aﬁ > zl/a}
then lim,,; DR (X (k)) < 1.

As the simulations in Section 4.4.2 will illustrate, with the proportional liability scheme
where participants contribute equivalent risks to the pool, the uniform risk sharing rule
allows participants with larger scale risks to obtain greater diversification benefit. On
the other hand, participants with smaller scale risks are willing to join the pool only at
higher confidence levels and obtain less diversification benefit. Combining the proportional
liability scheme and the proportional risk sharing rule would allow all of the participants to
obtain the same diversification benefit. This results from a redistribution of diversification

benefit among participants so that larger scale risks have a reduced diversification benefit.
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4.4.2 Simulation Studies

In this subsection we illustrate the theoretical results from Section 4.4.1 involving tail
equivalent risks with proportional liability, under both uniform and proportional risk shar-
ing.

We illustrate Lemma 4.4.1 in Figure 4.5 using a similar setup to that of Figure 4.3
for Lemma 4.3.1. We consider 10 independent catastrophe risks X;, ¢ = 1,...,10, each
following a Pareto distribution with equivalent tail index 0.9 and different scale coefficient
combinations of (61, ...,019) given by ©1 and O, defined in Section 4.3.2, where participant
1 is the smallest scale risk in ©;, while there are smaller and larger scale risks in ©,. We
also introduce another combination ©4 := (1.0,0.5,0.6,0.7,0.8,0.9,1.0,1.1,1.2,1.3). To
incorporate the proportional liability, we set the limited liability for X; as k = {VaR,(X;),
with ¢ taking values 0.8 and 2, which corresponds to the two cases 0 < £ < 1 and & > 1
in Lemma 4.4.1. Then the limited liability for X; is set as k; = 93/0‘/{ for i = 2,...,10.
These parameters are chosen so that ©, and O, together with & = 0.8 satisfy the condition
S 6’1-1/0'9 < 10 in Lemma 4.4.1 (i), and ©; and ©, together with £ = 2 satisfy the
condition 3., 6; < 10°° in Lemma 4.4.1 (i), where Z = {i = 2,...,10 : 6}/°° > 10/¢}.
We again simulate a sample of 1000 observations for each X; and apply the empirical
estimator of DR, (X (k)) introduced in Section 4.2.2. Repeating the experiment 100 times,
Figure 4.5 plots the average ﬁq(X (l%)) for various combinations of © and £ as ¢ increases
from 0.95 to 0.999 with a step size of 0.001.

We can similarly observe that the lower liability level with £ = 0.8 results in a larger
diversification benefit (lower DR) for participant 1 compared to the higher liability with
¢ = 2 in Figure 4.5. However, at ¢ = 2 with scale combination ©; under uniform risk
sharing (solid lines), the DR for participant 1 is higher in Figure 4.5 with proportional
liability than in Figure 4.3 with uniform liability. Under the proportional liability scheme,
larger scale risks have higher liability limits, so the pool in Figure 4.5 contains much larger
aggregated risk than the pool in Figure 4.3 under uniform limited liability. Specifically, for
©4, all of the risks in Figure 4.3 have the same limited liability & = 2VaR,(X;), whereas
in Figure 4.5, X; has the smallest scale coefficient and thus the lowest liability &k, and the
remaining risks have liabilities 92-1 / “k, which are larger than k. For example, the liability

level for Xjo in ©; of Figure 4.5 is about 6 times its level in Figure 4.3. Hence, to still
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form the pool with the much larger aggregated risk in Figure 4.5, participants with smaller

scale risks receive less diversification benefit.

Moreover, in Figure 4.5 we plot the empirical estimator of DRy (X (k)) when the pool
is constructed under the proportional risk sharing rule. According to Theorem 4.4.2
all participants are able to achieve the same diversification benefit by having the same
DR} (X (k)), which is shown by the dashed lines for ©,, ©; and Oy, respectively. We observe
that participant 1, the smallest scale in the pool with ©1, obtains a greater diversification
benefit (lower DR) under proportional risk sharing compared to uniform risk sharing. In
contrast, ©, and ©4 both include smaller and larger scale risks than that of participant 1,
and the diversification benefit for participant 1 is reduced under proportional risk sharing
(higher DR), indicating a redistribution of the diversification benefit so that all participants

ultimately obtain the same level of diversification benefit.

Next, we illustrate Theorem 4.4.1 using a similar setup of 10 catastrophe risks following
Pareto distributions with common tail index 0.9 and scale coefficient combination ©; in
Figure 4.6, which are plotted in solid lines for uniform risk sharing. The limited liability
is set to be k = 2VaR,(X;), which allows ©; to satisfy the condition ) ez 05 < n%Omin
in Theorem 4.4.1 and the condition in Theorem 4.4.2. Note that under the proportional
liability scheme, setting k = 2VaR,(X;) for any ¢ = 1, ..., n means that k; = 2VaR,(X;) for
any j = 1,...,n. That is, all participants have the same £ = k;/VaR,(X;) = 2 so that the
liability level for each participant j is always 2 times its benchmark VaR,(X;). In Figure
4.6, by varying the confidence level ¢ from 0.95 to 0.999 with a step size of 0.001, we explore
the change in DRgi)(X (k)) as a solid line for each participant. All of the participants are
eventually willing to join the pool. To consider the difference in the diversification benefit
for participants under the uniform versus proportional liability schemes, we compare Figure
4.4 and Figure 4.6. First, in Figure 4.4(a), all participants have a uniform liability level
of k = 2VaR,(X}), whereas in Figure 4.6, participant 1 has a liability of & and all other
participants have liabilities of 63 / “k, which are greater than k. Thus, larger risks are pooled
in Figure 4.6, and participants with smaller scales (e.g., X; and X3) forgo part of their
diversification benefit to enable the formation of the pool. When the uniform liability
for all participants is increased to k = 2VaR,(X1o) in Figure 4.4(d), the pool fails to form

because the aggregated risk is too large to be effectively diversified among the participants.
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Under proportional liability in Figure 4.6, although the aggregated risk is not as large as
in Figure 4.4(d), participant 10 (with the largest scale coefficient) is still able to contribute
a liability of 2VaR,(X10) to a successfully formed pool.

Furthermore, for the same group of risks ©; and proportional limited liability scheme,
we consider DRy (X (k)) when the pool is constructed under the proportional risk sharing
rule. According to Theorem 4.4.2, all participants have the same DR value DR} (X (k)),
which is shown as the multi-coloured dashed line in Figure 4.6. We can see that compared
to the uniform risk sharing rule, the proportional risk sharing rule redistributes the diversi-
fication benefit such that participants with larger scale risks such as Xg and X7y, now have
a reduced diversification benefit (higher DR), and participants with smaller scale risks such
as X7 and X, have an increased diversification benefit (lower DR). This is more fair for all

of the participants from the diversification benefit perspective.

4.5 Real Data Analysis

In this section we use US natural catastrophe loss data to demonstrate the application
of the theoretical insights and proposed mechanisms to the formation of risk pools for

heavy-tailed catastrophe risks.

The dataset comes from the Storm Events Database maintained by the National Oceanic
and Atmospheric Administration (NOAA, 2023), which documents storms and other severe
weather phenomena such as tornados, floods, thunderstorm winds, and hail, that occurred
in the US over the past 70 years. While the earliest records begin in 1950, our sample
comprises severe weather events from 1996 (when reporting procedures were standardized
across all peril types) through to 2023. Records are at the severe weather event level and
include information on the date(s) and state of occurrence, type of peril, and economic
losses associated with property damage. Thus, we can consider both peril-based and ge-
ographical diversification as advocated by existing literature on catastrophe risk pools.
The data facilitate an analysis of pooling across different US states and perils, which we
refer to as ‘state-perils,” although the methodology can be applied to similar contexts for

diversifying heavy-tailed losses, such as the formation of sovereign risk pools.
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We consider risk pools for the annual economic property losses of various state-perils.
Economic property losses include damage inflicted to private property and public infras-
tructure and facilities and are reported in US dollars, which we inflation adjust to 2023
dollars. Since only 28 years of historical annual losses are observed for each state-peril, we
instead use the full dataset of event level records to construct the distribution of annual
losses for a state-peril hierarchically. Using the empirical distribution of the event level
losses, we obtain the distribution of annual losses by scaling the event level loss distribution
up by the average annual event frequency. Specifically, we define a weather event based
on the ‘episode’ identified by NOAA, where a single episode corresponds to an entire me-
teorological storm system that can potentially consist of multiple individual peril events

(e.g., thunderstorm wind, hail, tornado).

The risk pool in Section 4.2 involving general heavy-tailed risks with uniform risk
sharing only forms at a relatively low uniform liability level, so we focus our analyses
on the pool structures in Sections 4.3 and 4.4. That is, we study independent and tail
equivalent catastrophe risks. Due to the different numbers of observations of different
state-perils, we cannot formally test the independence of state-perils; however, we can
select risks from different perils and geographic regions. It is reasonable to believe that
annual losses from different perils and in different, non-adjacent states may be relatively
independent, a presumption that is supported by some empirical evidence of low correlation
between adjacent country-perils for regional pools, e.g., in the Carribean or Sub-Saharan
Africa (Ciullo et al., 2023; Bollmann and Wang, 2019). To identify sets of tail equivalent
risks with tail index less than 1, we first apply the classical Hill estimator (Hill, 1975) to
estimate the tail index of each risk. Next, we apply the test of equality of tail indices
proposed by Daouia et al. (2024) to examine the tail equivalence of groups of heavy-tailed
risks. In the remaining analyses, we present results for two example pools identified using
this procedure, which are summarized in Table 4.1. Pool 1 is constructed with risks from
different perils and from different locations, and Pool 2 is constructed with risks from the

same peril but are geographically separated from each other.

Figure 4.7 displays the p-values for the test of equality of tail indices for the two pools as
the sample fraction increases from 0.5% to 20% with a step size of 0.5%. We can conclude

that the risks in each pool have equal tail indices at the 0.05 significance level, aside from a
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State Peril Number of \755:'{0_95(X)
observations (USD, millions)

Pool 1
MN-TW  Minnesota Thunderstorm wind 632 42.7
AL-TN Alabama Tornado 539 72.3
NE-H Nebraska  Hail 907 63.8
Pool 2
VA-TW  Virginia Thunderstorm wind 2,401 15.8
IN-TW Indiana Thunderstorm wind 1,606 21.2
AL-TW  Alabama  Thunderstorm wind 3,519 19.4

Table 4.1: Two candidate pools of heavy-tailed, tail equivalent catastrophe risks.

rejection point at the 1% sample fraction for Pool 1. In addition, the common tail index «
is calculated based on the test statistic of equality of tail indices from Daouia et al. (2024),
and is shown for varying fractions of the sample from 0.5% to 20% in Figure 4.8. Similar
to the standard practice in extreme value theory for obtaining the Hill estimate of the tail
index from the Hill plot, we visually infer the common tail index for each risk pool based
on the first stable region of the plot. In Figure 4.8, the first stable region for Pool 1 is
identified as beginning at 5.5% of the sample, for a common tail index estimate of 0.701.

Similarly, the common tail index for Pool 2 is estimated as 0.974 at a 5% sample fraction.

Next, we determine the scale coefficients 6; for the risks in each pool. Under the setup in
Section 4.3, X; has 6; = 1, and the scale coefficients for the remaining risks are calculated

relative to X;. We propose the following empirical estimator of 8; for any i = 2, ..., n.

= h:n
0, Al (Xl( 1)> moge 5.8
i = 1 (Xl(h2n1)> = nzh ; {Xi(j)>X£hm1)}7 ( . )

where n; is X;’s sample size, Xi(j) is j-th data point in the sample of X;, and Xl(lml) <
XM << XM are order statistics of X, so X\“™) represents the h-th order
statistic of X; with sample size n;. We estimate 6, at sample fractions from 0.5% to 20%
with a step size of 0.5%. Since each sample fraction corresponds to an order statistic

indexed by an integer, we let the order index h vary from ({0.005 x n4]) to (|0.2 x nq]),
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with increments corresponding to 0.5% increases in the sample fraction. Figure 4.9 plots é\z
for each risk in Pool 1 and Pool 2 at increasing sample fractions. Without loss of generality,
MN-TW and VA-TW are assigned the first risk in Pools 1 and 2 respectively so that their
scale coefficients are both set as ¢; = 1. Similar to the estimation of the tail indices, we
follow standard practice in extreme value theory by choosing the value of 6A’Z from the first
stable region in the plots. Then in Pool 1, the estimated scale coefficients for AL-TN and
NE-H are 1.577 and 1.533 respectively, indicating that both AL-TN and NE-H are larger
scale risks than MN-TW. In Pool 2, the estimated scale coefficients for IN-TW and AL-TW
are 1.301 and 1.271 respectively, indicating that both IN-TW and AL-TW are larger scale
risks than VA-TW.

Having estimated the common tail index and scale coefficients of the risks in Pool 1
and Pool 2, we now explore the performance of risk pools with various liability schemes
and risk sharing rules. First, for the risks in Pool 1, Figure 4.10 displays the DR under
three pool structures: uniform liability with uniform risk sharing (Theorem 4.3.1); propor-
tional liability with uniform risk sharing (Theorem 4.4.1); and proportional liability with
proportional risk sharing (Theorem 4.4.2), in rows 1, 2, and 3 respectively. In addition,
we consider different levels of ¢ = 1.2, 2.2, and 2.9 in columns 1, 2, and 3 respectively.
Note that due to the rejection point observed at the 1% sample fraction in Figure 4.7 for
Pool 1, we adopt a conservative approach by restricting the pooling to the range where
tail equivalence holds at the 0.05 significance level, specifically for confidence levels ¢ from
0.8 to 0.985 with a step size of 0.005.

The first row of Figure 4.10 depicts the uniform liability scheme and uniform risk sharing
rule. All three values of £ = 1.2, 2.2, and 2.9 satisfy the conditions of Theorem 4.3.1. We
can correspondingly see that all of the risks obtain a DR less than 1 eventually, and would
be willing to join the pool, although the smallest scale risk MN-TW obtains the lowest
diversification benefit. In addition, as the uniform liability level increases with larger &,
the smallest scale risk MN-TW only prefers to join the pool at a higher confidence level ¢,

and their diversification benefit is even further reduced compared to the other risks.

The three graphs in the second row of Figure 4.10 are plotted under the proportional
liability scheme and uniform risk sharing rule as in Theorem 4.4.1 for £ = 1.2,2.2 and 2.9.

In this case, only ¢ = 1.2 and 2.2 satisfy the conditions of Theorem 4.4.1. Thus when
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¢ =2.9, MN-TW has a DR larger than 1 for all the plotted confidence levels. Under the
proportional liability we see a redistribution of diversification benefits among the three

risks. The diversification benefits for risks with larger scales are reduced.

The three graphs in the third row of Figure 4.10 are plotted under the proportional
liability scheme and proportional risk sharing rule as in Theorem 4.4.2 for £ = 1.2,2.2 and
2.9. In this case, only ¢ = 1.2 and 2.2 satisfy the conditions of Theorem 4.4.2. In this
setting the diversification benefit in theory is the same for all three risks and it is verified
with the real data as well. The risks with larger scales have reduced diversification benefit
compared to the three graphs in the first row but participants may find it is more fair in

this setting.

The similar plots are done for Pool 2 in Figure 4.11, where the confidence level ¢ is
ranging from 0.8 to 0.995 with a step size of 0.005. For Pool 2, all three values of £ = 1.2,2.2
and 2.9 satisfy the conditions in Theorems 4.3.1, 4.4.1 and 4.4.2. Similar observations can

be found in Figure 4.11. Better performance is seen in Pool 2 than that in Pool 1.

4.6 Conclusion

A catastrophe risk pool serves as an effective mechanism to enhance the financial re-
silience of firms or countries in response to the increasing incidence of weather-related
natural disasters driven by climate change. For a risk pool to diversify participants’ risks,
it pools catastrophic risks from various geographies or perils such that the risks are (al-
most) independent. Due to the extremely heavy-tailed nature of catastrophe risks, the
performance of the risk pool may deviate from expectations. In this chapter, we explore
different structures for a catastrophe risk pool to work for all participants. DR is used as
a criterion to evaluate the willingness of a participant to join the pool. All the catastro-
phe risks are independent and extremely heavy tailed with limited liabilities. We explore
the conditions for the pool to form under various scenarios. When the risks have different
heavy tailedness, under the uniform liability scheme and uniform risk sharing, the pool can
form only when the liability level is very low. When the risks are tail equivalent but with
different scales, the pool can form for a higher liability level under the uniform liability

scheme and uniform risk sharing rule. By combining the proportional liability scheme and
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proportional risk sharing rule, the pool can form at a high level liability limit, and all the
participants can achieve (asymptotically) the same amount of diversification benefit, which
can be considered to be a fair pool. Simulations are conducted to illustrate the theoretical
results, and a real-data analysis is presented to demonstrate the practical implementation

of the proposed approach.

75



DR

DR

Figure 4.4: The values of ﬁs

15

1.0

0.5

0.0

15

1.0

0.5

0.0

\
x
15

((C)) k= 1.5V&Rq(X10)
) ~

((d)) k= 2V&Rq(X10)

(X (k)) for 10 catastrophe risks following Pareto distributions

with tail index 0.9 and scale parameters ©1. The limited liability k is set at different levels.

76



— — uniform risk sharing — 0,
- = proportional risk sharing — O,

1.2

1.0

DR
0.6 0.8

0.4

0.2

0.0
|

Figure 4.5: The value of DR, (X (k)) for 10 catastrophe risks following Pareto distributions with
the tail index 0.9 and different scale parameters ©1, ©9 and ©4. The limited liability & is set as
0.8VaR4(X1) and 2VaR,(X1).

7



¥ 1 — uniform risk sharing Xy
- - — proportional risk sharing _— ;z
J— Xj
Xs
— X
X7
— XS
Xq
— X
—
14
[a)
v
o
o |
oS
I I I I I I
0.95 0.96 0.97 0.98 0.99 1.00
q

Figure 4.6: The values of DREP (X (k)) for 10 catastrophe risks following Pareto distributions
with the tail index 0.9 and scale parameters ©;. The limited liability k is set as 2VaR4(X1). The
dashed line represents the common DRy (X (k)) for all risks under proportional risk sharing.

o o
— 7] — 7]
@ _| ® |
o o
© ©
o oS 7| o oS 7|
> >
< ©
> >
o < o <
o 7| S 7
N N
o 7 o 7|
o | o [T
o o
T T T T 1 T T T T 1
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
Effective sample fraction Effective sample fraction

Figure 4.7: p-values from the test of equality of tail indices for Pool 1 (left) and Pool 2 (right),
with the 0.05 significance level indicated by the dashed line.

78



[ee] N
o 7 - 7]
(0.055,0.701)

N~ —

S 7 - 7

© o
o] S T © - ]

(0.02,0.963)

[Te) [«

o o

< @

o o

T T T T 1 T T T T 1
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
Effective sample fraction Effective sample fraction
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Figure 4.10: DRs for each risk in Pool 1. Row 1 is under uniform liability and uniform risk sharing
as in Theorem 4.3.1. Row 2 is under the proportional liability scheme and uniform risk sharing
rule as in Theorem 4.4.1. Row 3 is under the proportional liability scheme and proportional risk
sharing rule as in Theorem 4.4.2.
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Figure 4.11: DRs for each risk in Pool 2. Row 1 is under uniform liability and uniform risk sharing
as in Theorem 4.3.1. Row 2 is under the proportional liability scheme and uniform risk sharing
rule as in Theorem 4.4.1. Row 3 is under the proportional liability scheme and proportional risk
sharing rule as in Theorem 4.4.2.
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Chapter 5

Standard and Comparative
E-backtests based on Identifiability
and Elicitability

5.1 Introduction

The evaluation of risk forecasts plays a central role in modern financial risk manage-
ment and regulatory supervision. Financial institutions are required to report forecasts for
various risk measures, such as Value-at-Risk (VaR) and Expected Shortfall (ES), to ensure
adequate capital reserves and effective risk control. Consequently, rigorous backtesting
procedures are essential to assess the accuracy and adequacy of these forecasts, forming a

critical component of regulatory frameworks such as Basel III.

Standard backtests primarily aim to assess whether the realized losses are consistent
with the risk levels forecasted by a single internal model. In practice, these tests often
focus on identifying potential underestimation of risk, as this poses significant regulatory

and financial concerns. Classical approaches, such as those proposed by McNeil and Frey

LCo-authors: Dr. Zhanyi Jiao, Department of Mathematics, Illinois State University.
Dr. Qiuqgi Wang, Maurice R. Greenberg School of Risk Science, Georgia State University.
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(2000) and Acerbi and Szekely (2014), provide formal statistical tools to evaluate the align-
ment between observed losses and predicted risk measures. To complement these methods,
comparative backtesting has been introduced to facilitate direct performance comparison
between competing risk forecasting models (Nolde and Ziegel (2017)). Rather than evalu-
ating forecasts relative to an unknown “true” model, comparative backtests assess whether
one forecasting method statistically outperforms another based on consistent scoring func-
tions. Both standard and comparative backtests rely fundamentally on the concepts of
elicitability and identifiability, which characterize whether a risk measure permits mean-
ingful forecast evaluation through observable data and properly designed loss functions
(Gneiting, 2011; Fissler and Ziegel, 2016). While these backtesting procedures have been
widely implemented in practice, they often depend on asymptotic arguments, restrictive
parametric assumptions, and structural assumptions on forecast models. These limita-
tions can compromise the robustness and reliability of the tests, particularly in complex,
dynamic, or misspecified environments. Table 5.1 summarizes representative backtesting

methods in the literature, highlighting key differences in testing scope and underlying

assumptions.
Standard backtest/ . Parametric or Forecast
. Risk measures
Literature comparative backtest/ tested dependence structural
static test este assumptions assumptions
NZ17 standard, comparative VaR, ES, expectiles yes yes
MF00, AS14, DE17,
BD22; HD23 standard VaR, ES yes yes
WWZ25 standard VaR, ES no no
FIJW23 static E, Var no yes
CLZ22 static elicitable risk measures no yes
This chapter standard, comparative elicitable risk measures no no

Table 5.1: Comparison of existing backtesting methods for risk measures.

Notes: We use shortcuts NZ17 for Nolde and Ziegel (2017), MFO00 for McNeil and Frey (2000), AS14
for Acerbi and Szekely (2014), DE17 for Du and Escanciano (2017), BD22 for Bayer and Dimitriadis
(2022), and HD22 for Hoga and Demetrescu (2023), WWZ25 for Wang et al. (2025), FJW23 for Fan
et al. (2023) and CLZ22 for Casgrain et al. (2022). Parametric or dependence assumptions refer
to assumptions on loss distributions, time series models, stationarity, or strong mixing. Forecast

structural assumptions refer to requirements on the form of risk forecasts.
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To overcome the limitations of classical approaches, recent developments in model-free
backtesting methodologies have introduced the concepts of e-values and e-processes, offer-
ing a flexible and robust alternative to p-value based hypothesis testing. The e-process
framework, originally proposed by Vovk and Wang (2021), constructs sequential super-
martingales that enable valid, non-asymptotic Type-I error control without requiring spe-
cific distributional assumptions. Building on this foundation, Wang et al. (2025) developed
e-value based standard backtesting procedures for evaluating VaR and ES forecasts, demon-
strating that e-processes provide a model-free, theoretically sound approach that addresses
key limitations of traditional backtests, including reliance on asymptotic approximations,

parametric assumptions, and rigid forecast structures.

Building on existing model-free testing approaches using e-values and e-processes, this
chapter extends these ideas to develop a backtesting framework for identifiable and elic-
itable risk measures. The main contributions of this chapter are as follows. First, we de-
velop model-free standard e-backtests for identifiable risk measures, as detailed in Section
5.3. The proposed framework accommodates a broad class of widely used risk measures,
including the mean, variance, VaR, ES, and expectiles, covering both one-dimensional and
multi-dimensional settings. Second, we introduce a new class of comparative e-backtests
for elicitable risk measures in Section 5.4, enabling direct model comparison without im-
posing restrictive parametric or dependence assumptions. By leveraging e-processes, the
proposed comparative backtests provide valid sequential inference and naturally extend
to a three-zone interpretation, similar to the framework of Fissler and Ziegel (2016) and
Nolde and Ziegel (2017), enhancing interpretability and practical relevance in regulatory
applications. Third, we establish theoretical guarantees for Type-I error control and false
discovery rate control of the proposed e-backtests in Section 5.5, ensuring their statistical
validity under realistic conditions. Finally, Sections 5.6 and 5.7 demonstrate the practical
performance of our methods through extensive simulation studies and real-world financial
data analysis. The results illustrate the flexibility, robustness, and effectiveness of e-value
based backtests, providing practical tools for reliable risk forecast evaluation in modern,

data-driven financial environments.
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5.2 Preliminaries

5.2.1 Elicitability, Identifiability, and Bayes pairs

We consider a probability space (€, F,P). Let X and M be some convex sets of
random variables and distributions, respectively. Let X, be the set of all non-negative
random variables. For m > 0, denote by L, (resp. M,,) the set of random variables
(resp. distributions) with finite n-th moment. Let Ly and L. (resp. My and M) be
the sets of all random variables (resp. distributions) and the sets of random variables
(resp. distributions) with bounded supports. For a functional ¢ : M — R, write ¢(X) =
Y(F) for a random variable X ~ F. For z,y € R, we define x Ay = min{z,y}, x Vy =

max{z,y}, z; =z V0 and z_ = —(—x);.

Elicitability and identifiability are both important concepts for statistical inference.
Following the definitions in Fissler and Ziegel (2016), for d € N, a set-valued functional
v M — 2B is called M-elicitable (or elicitable for simplicity) if there exists a function
S : R — R such that for all F € M,

W(F) = argmin/ S(z,a)dF(zx),
acR? R

where S is called a strictly consistent scoring function for 1. Here, “strict” means that
the minimum of the expected score attains its minimum wuniquely at the correct value
Y(F). An integrable function I : R¥ — RY is said to be an M-identification function
(or identification function for simplicity) for ¢ if [, I(x,a)dF(z) = 0 for all F € M and
a € Y(F). Further, the functional v is called M-identifiable (or identifiable for simplicity)
if there exists a strict identification function I : R4 — R? such that for all F € M and
y €RY,

a€Y(F) < /[(x,a)dF(w) =0.
R
Here, “strict” means that the zero of the expected identification function wuniquely de-
termines 1 (F); no other point in R? yields zero expectation. Following the insights of

elicitability and Bayes risk, in the single-dimensional case, Embrechts et al. (2021) intro-

duced Bayes pairs defined as follows. Let I(R) be the set of closed real intervals. A pair
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of risk measures (p, ¢) : M — R x I(R) is a Bayes pair if there exists a scoring (or loss)
function S : R? — R such that for all F' € M,

O(F) = argmin/RS(x,a) dF(z) and p(F)= min/RS(:c,a) dF(z).

a€R a€R

We first have the following lemma showing the link between Bayes pairs and identifiability,

which will be useful for constructing our backtesting method.

Lemma 5.2.1 Let (p,¢) : M — RxI(R) be a Bayes pair with a loss function S : R* — R.
If ¢ has (strict) identification function v : R* — R, then (p, ) has (strict) identification
function (z,r,2) = (v(x,2), h(r,2)(S(z,2) — )" for every function h : R? — R which is
not constantly 0.

Proof. For each F' € M, suppose that r = p(F) and z € ¢(F'). We have

/R o(z,2)dF(z) = 0 and /]R h(r, 2)(S(z, 2)—r) dF(z) = h(r, 2) ( /R S(z, =) dF(z) — r) ~0

by the definition of Bayes pairs. On the other hand, if the identification function v is strict,
suppose that

/Rv(x, 2)dF(z) =0 and /Rh(r, 2)(S(z,2z) —r)dF(z) = 0.

We have z € ¢(F) as ¢ is identifiable. Next, we have [,(S(x,2) —r)dF(z) = 0, which
yields that r = [, S(z,2z)dF(z) = p(F). Therefore, (p,¢) is identifiable with (strict)
identification function (z,r, 2) — (v(z, 2), h(r,2)(S(z,z) —7))". =

5.2.2 E-values and E-processes for Model-free Tests

We construct our model-free testing approach using the concept of e-values and e-
processes. Let H be a set of probability measures on (€2, F), representing the (composite)
hypothesis we are testing. The hypothesis H is simple if it is a singleton. Following the

terminology of Vovk and Wang (2021), we say a non-negative random variable £ is an
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e-variable for H if E?[E] < 1 for all Q € H. A realized e-variable is called an e-value. In
a dynamic setup, we say a non-negative stochastic process (F;)cr, K C N, adapted to a
filtration {F; }+ex, is an e-process for H if E?[E,] < 1 for any stopping time 7 taking values
in K and all P € H. Following the definition in Fan et al. (2023), we say an e-variable F
for H is precise if supgey E®[E] = 1. Intuitively, a precise e-variable is not conservative

in its realized values when the null hypothesis holds true.

To illustrate our idea of model-free tests using e-values and e-processes, we demonstrate

two simple examples testing the mean E.

Example 5.2.1 (Standard test) Forn € N, suppose that we observe i.i.d. data { X }repn)
of a random variable X € X,. The data arrive sequentially. We aim to test the following

null hypothesis for p € R:
Hy: p>E[X].

We go through the following procedures to achieve the goal.
1. We know that E is identifiable. Choose a strict identification function (z,a) — I(z,a)

for E that is decreasing in a. For example, we can choose I(x,a) = z/a—1, z,a > 0.

This choice is apparently not unique.

2. We verify that E[1 + I(X, )] < 1 for all X € X, under Hy. Thus 1+ I(X, p) is
an e-variable for Hy for any X € X,. Moreover, for all X € X, and p > E[X], we
have E[1 + I(X, u)] > 1.

3. At time t € [n], we choose a value \; € [0,1]. This value can depend on past data
Xy, X
4. Construct the following stochastic process (Mt)te[n] with My = 1:
¢
My = (1= N+ ML+ T(X, )Moy = [[(1+ NI(X,, ), t € [n].

s=1

By definition, the process (M) is a super-martingale and is an e-process under Hy.
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5. For a pre-specified significance level o € (0,1), we reject Hy if the e-process (M)
exceeds the threshold 1/a.

Example 5.2.2 (Comparative test) Suppose that we observe i.i.d. data {X;}iepm) of a
random variable X € L., which takes values within the interval [—M, M), M > 0. Now
we have two estimates of the mean py, oy € R obtained by different methods. Our aim is
now to compare which estimate 1is better, or is closer to the true value. It is clear that
E is elicitable. We choose a strictly consistent scoring function S : R? — R for E. For
example, we can choose S(z,a) = (x —a)?. To compare between the two estimates, we test

the following hypothesis based on the nature of the elicitablity of the mean:

We then go through the following steps:

1. At time t € [n], we choose a value N\, > 0 such that infyei_pran{Ae(S(z, 1) —
S(z, pe))} > —1. This value can depend on past data Xq,...,X; 1.

2. For all t € [n|, we verify that E[1 + \(S(X, 1) — S(X, p2))] < 1 for all —M <
X < M wunder Hy. Thus 1 4+ \(S(X, p1) — S(X, p2)) is an e-variable for Hy for
any —M < X < M. Moreover, for all —M < X < M and py,ps € R such that
E[S(X, )] > E[S(X, po)], we have E[1 + A\ (S(X, 1) — S(X, p2))] > 1.

3. Construct the following stochastic process (Mt)te[n] with My = 1:

t

My = (14N (S(X, 1) =S (X, p12))) My 1 = | JOAA(S (X, i) =S(Xs, p12))), € [n]:

s=1
By definition, the process (M) is a super-martingale and is an e-process under Hy.

4. For a pre-specified significance level o € (0,1), we reject Hy if the e-process (M;)
exceeds the threshold 1/cv.

Examples 5.2.1 and 5.2.2 are in a similar sense to Section 2 of Wang et al. (2025).
However, they illustrate a more general framework of model-free tests using e-values and

e-processes. Built on the discussion of Wang et al. (2025), we make the following remarks.
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1. We construct e-values for all random variables X in a certain set. It means that the
validity and consistency of our e-tests do not depend on the specific distribution of
X. In other words, we achieve non-parametric or model-free tests based on e-values

and e-processes.

2. We construct e-values based on the identifiability or elicitability of the mean. Natu-
rally, we are able to construct e-values for our model-free tests for a general identifi-
able or elicitable risk measure. Clearly, the risk measure we are testing on can also

be multi-dimensional.

3. The examples deal with i.i.d. observations. In a general setup, our tests are feasible

for arbitrary dependence structures of the random losses.

4. We are able to do both standard and comparative tests depending on specific pur-
poses. Our tests can also be extended to a dynamic setup where the estimates of
the risk measures are predictable processes adapted to some filtration. In this case,
we conduct standard e-backtests (see Section 5.3) and comparative e-backtests (see

Section 5.4), both of which are of independent interests in financial regulation.

5.3 Standard E-backtests

5.3.1 Null Hypotheses

For backtesting purposes, we consider two risk measures to be tested denoted by
p: M —= Rand ¢ : M — 287" for d € N. Write ¢ = (p,¢). Here we call the
single-dimensional risk measure p a regqulatory risk measure, which usually represents the
risk measure the financial institution uses to calculate financial reserves. We call the
multi-dimensional risk measure ¢ a statistic, containing distributional information of the
underlying random losses. Let 7' € N be a finite time horizon. Let {L;},cr) be a sequence
of random losses adapted to the filtration {F;}.cr, taking values in a measurable space
K C R. The conditional distribution of L, given F; 1, denoted by L; | F;_1, is the family
of random variables

Fror (@) =P(L; <z | F1), zeR,
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where P(- | Fi_1) is a reqular conditional probability on (2, F;_1). The risk measures
p(Ly| Fi—1) and ¢(L;|F,_1) are predicted by R; : @ — R and Z; : Q@ — R !, respectively,
which are F;_;-measurable for ¢ € [T]. That is, the processes {R;}icr) and {Z; }e are
predictable. Depending on different practical situations, the financial institution and the
regulator may care about either the regulatory risk measure p or the statistic ¢. For stan-

dard backtests, we are first interested in the one-sided test for the following null hypothesis:
H) : Ry > p(Ly|Fi-1) and Z; € ¢(Ly|Fi—q), for allt € [T7. (3.1)

A test based on (3.1) focuses on whether the regulatory risk measure p is underestimated
and ¢ provides auxiliary information. Here we are concerned of underestimation for p
because underestimation of a regulatory risk measure usually leads to less capital reserves
for financial risk management, which may result in severe problems such as bankruptcy. On
the other hand, overestimation means that more conservative risk management strategies
are taken, which is acceptable in the current setup. However, overestimation sometimes also
causes practical problems due to model misspecification. Considering such a possibility,

we may also conduct the two-sided test for the following null hypothesis:

H(l/)) R, = p(Lt|ft_1) and Z; € QZﬁ(Lt‘f.t_l), for all t € [T] (32)

The hypothesis above tests whether the financial institution provides exact forecasts of the
statistic ¢ given that the forecasts for the regulatory risk measure p are accurate or close
to their true values. In such a setup above, we are interested in whether a correct model
is chosen, where we focus more on the statistic ¢ and the regulatory risk measure p serves

as an auxiliary input.

5.3.2 E-variables and E-processes via Identification Functions

In a static setup, for some unknown distribution /' € M and real-valued r € p(M) and

z € (M), we first show the e-variables for the following one- and two-sided hypotheses:

H@W):r>p(F)and z € ¢(F), H():r=p(F)and z € ¢(F). (3.3)
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The proof for the following lemma is straightforward by the definitions of identification
functions and e-variables.

Lemma 5.3.1 Suppose that ¢ : M — 2R has an identification function v : R? — RI~1,
and ) = (p, ) : M — RxRYL has an identification function (z,a,b) — (v(z,b),V(z,a b) .
If infoe (apeprn V(z,a,b) > —1, then for all F, € M and (r,z) € (M), =
1+ V(L,r,2) is a precise e-variable for H(1) in (3.3). Moreover, if V(x,a,b) is fur-
ther decreasing in a, then for all Fr, € M and (r,z) € v(M), E is a precise e-variable for

H(®) in (3.3).

Lemma 5.3.1 still holds when the risk measure 1 is single dimensional (i.e. ¥ = p)
without a statistic ¢. However, for the single-dimensional case, we can achieve a stronger
result by characterizing all possible forms of e-variables for the tests given the consistency
of the one-sided test. Precisely, we have the following result under some mild assumptions
from Dimitriadis et al. (2023) (stated in Appendix C).

Theorem 5.3.1 (Single dimension) Let ¢ = [¢p~,¢1] : M — I(R) be identifiable with

a strict identifiable function (z,a) — V(z,a) on R? decreasing in a and inf ex aepmy V(z, a) >
—1. Suppose that M and V' satisfies Assumptions C.0.2-C.0.3 in Appendiz C. For a func-
tion e : R* — [0,00) continuous almost everywhere, E = e(L,r) is a precise e-variable for
H):r >4~ (L) and ﬁ(w) :r € (L) for all Fr, € M and r € (M) if and only if

e(x,a) =1+ h(a)V(z,a) (3.4)

for a non-negative function h on R with 0 < h < —1/inf,cxc aepm) V (2, a). In this case,
Ele(L,r)] > 1 for all F, € M and r < ¢~ (L).

Proof. “<”: Suppose that e(x,a) = 1+h(a)V (z,a) for 0 < h < —1/infcx gepmy V (2, a).

As V is a strict identification function for ¢, we have
E[V(L,r)] =0 < r e (L) (3.5)

for all F, € M and r € (M). Because a — V(z,a) is decreasing in a, E[e(L,r)] =
1+ h(rE[V(L,7)] <1 forall r > ¢~ (L) and F, € M, and the equality holds when
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r € (L). Hence, e(L,r) is a precise e-variable for H(¢) : r > ¢~ (L) and H(¥) : r € (L)
for all F, € M. Moreover, we have E[V (L, r)] > 0 for all » < ¢~ (L) and F, € M by (3.5)
and monotonicity of V. Thus, E[e(L, )] > 1 for all F, € M and r < ¢~ (L).

“=7: As e(L,r) is a precise e-variable for Hy : r € ¢(L), we have E[e(L,r) — 1] = 0 for
all € ¢(L) and F, € M. Thus (z,a) — e(x,a) — 1 is an identification function for .
As e is continuous almost everywhere on R?, it satisfies Assumption C.0.3 in Appendix C.
Hence, we have by Theorem 4 of Dimitriadis et al. (2023) that

e(r,a) —1=h(a)V(x,a)
for h defined on R. As e(L, ) is a precise e-variable for H(¢)) : r > ¢~ (L), we have
Ele(L,r) — 1] = h(r)E[V(L,7)] <0 for all F, € M and r > ¢ (L).

Monotonicity of V' yields that h > 0. The condition A < —1/inf,cx seprm) V (2, a) arises
from non-negativity of e. m

Remark 5.3.1 Under the assumptions in Theorem 5.53.1, if (x,a) — V(z,a) is increasing
in a instead, then e(L,r), where e is in (3.4), is a precise e-variable for the hypothesis
H' W) :r < YT(L) for all F, € M and r € (M). This test is usually not practically
interesting since overestimation is not considered a severe problem in risk management.
However, based on this result, we can construct an e-process for a two-sided test of a

single-dimensional identifiable risk measure (see Theorem 5.3.2 below).

When a statistic ¢ is involved (i.e., d > 1), Lemma 5.3.1 does not guarantee consistency
of both tests based on Hy or Hy in (3.3) when the regulatory risk measure p is underes-
timated or the statistic ¢ is inaccurately estimated. The consistency of such tests can be

achieved for a Bayes pair, as shown by the following result.
Proposition 5.3.1 Let ¢» = (p,¢) : M — R x I(R) be a Bayes pair with loss function
S :R? — R. Suppose that ¢ is identifiable with identification function v : R?* — R, and v

is identifiable with identification function (z,a,b) — (v(x,b),V(x,a,b))".
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(i) If inf,exc (o p)epr) h(a, b)(S(z,b) —a) > —1 for some function h : R* — [0, 00) that is
not constantly 0, then for all Fr, € M and (r,z) € Y(M), E = 1+h(r,2)(S(L, z)—r)
is a precise e-variable for H() in (3.3). Moreover, E[E] > 1 for all F, € M,
r=p(L) and z ¢ ¢(L).

(ii) Under the assumptions in (i), if h(a,b)(S(x,b) — a) is decreasing in a, then for all
Fr e M and (r,z) € (M), E is a precise e-variable for H(¢) in (3.3). Moreover,
E[E] > 1 for all F, e M, r < p(L) and z € p(M).

Proof. The first statements of (i) and (ii) follow directly from Lemmas 5.2.1 and 5.3.1.
We prove the second statements of (i) and (ii).

(i) For all F, € M, r = p(L), and z ¢ ¢(L), because

o(L) :argmin/S(:c, a)dFy(x) and r—mln/S x,a)dF(z
R

a€eR

we have r < [ S(z,z) dFy(x). As h(r,z) > 0, we have
E[E] =1+ h(r, 2) (/ S(z,z)dF(z) — r) > 1.
R
(i) For all F, € M, r < p(L), and z € ¢(M), because

o(L) :argmin/S(x,a) dF(z) and p(L mln/S z,a) dFL(z
R

acR a€R

we have r < mingeg [ S(z,a) dFy(z) < [ S(x, z) dFy(z), and thus E[E] > 1 similarly to

(i). m

Remark 5.3.2 The e-variable E = 1+ h(r,2)(S(L,z) — r) we construct in Proposition
5.3.1 is a real function of L, r, and z. Wang et al. (2025) called such a function in
Proposition 5.3.1 (ii) a model-free e-statistic for ) = (p, @) strictly testing p, where validity
and consistency of the test are both gquaranteed. We show by Proposition 5.3.1 that we can

naturally construct a model-free e-statistic with a Bayes pair.
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In light of Proposition 5.3.1, when (p, ¢) is a Bayes pair and we choose an identification
function h(a,b)(S(x,b) — a) decreasing in a, suppose that we detect a rejection through
a realized e-value exceeding some pre-specified threshold. Then the following conclusions
can be made: (i) It is possible that the regulatory risk measure p is underestimated no
matter what the forecasts for the statistic ¢ are reported. (ii) If the regulatory risk measure
p is accurately estimated (or not underestimated), then the forecast for the statistic ¢ is

misspecified possibly due to a wrong model chosen by the financial institution.

Moving to the dynamic framework, we construct e-processes for our standard backtest-
ing hypotheses (3.1) and (3.2).

Theorem 5.3.2 Let ¢ = (p,¢) : M — RxR“ and X = {\ }1eqr) be a predictable process
taking values in [0,1]. Suppose that ¢ is identifiable with identification function v : R —
R, and 1 is identifiable with identification functions (x,a,b) — (v(x,b),V(z,a,b))" and
(z,a,b) = (v(z,b),V'(z,a,b))". The following statements hold.

(i) If infoex (apycpr V(z,a,0) > —1, then the process { M }ieqoyur with Mo =1 and

M) = (1 + NV (Le, Rey Z0) My_y (A) = f[u Y NV(Le R Z))  (3.6)

s=1

is a non-negative martingale under ﬁ(zﬁ) in (3.2), and is thus an e-process. More-
over, if V(x,a,b) is further decreasing in a, then {M;}icqoyum is a non-negative

supermartingale under H (1) in (3.1).

(ii) (Single dimension) When d = 1, if V(z,a) and V'(x,a) are decreasing in a for all
r € K, infoexacpmy V(x,a) > =1 and sup,cx sepmy V' (2, a) < 1, then the process
{Mt}te{O}U[T] with My =1 and

t t

M8 = S TI+ AV (L R)) + 5 T - AV (Lo B) (3.7)

s=1 s=1

1 a non-negative martingale under

H(Y) : Ry = (L, Fiey) for allt € [T),
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and is thus an e-process.

Proof. (i) For all s € [t], as infeic (ap)epr) V(2,a,0) > —1 and 0 < Ay < 1, we have
1+ XV (L, Ry, Zs) > 0. Therefore, My(A) > 0 for all ¢ € [T].

For t € [T], when H(v) in (3.2) holds true, as R, and Z, are F,_;-measurable, we have
E[V(Lt, Rt7 Zt)|.E_1] — 0
Because L;_; and \; are F;_;-measurable, it follows that

E[My(N)[Fi1] = Me—r(N) (1 + ME[V (Le, Re, Z4)|Fia]) = My—1(X).

(ii) Suppose that V(x,a,b) is decreasing in a. We have {M;}cqoyur) being a non-
negative process following the same argument as (i). For t € [T], when H () in (3.1) holds
true, we have

]E[V(Lt? Rt; Zt)’-F.tfl] S O

by monotonicity of V. Hence,

EIMy(N)|Fia] = Mia(N (A + ME[V(Ly, By, Z0)[Fia]) < Mya(X).

(iii) The assertion holds by noting that the mixture of two martingales is still a mar-
tingale. m

As shown in Lemma 5.3.1 and Theorem 5.3.2, constructing e-variables and e-processes
requires the uniform boundedness of the corresponding identification functions. This is in
a similar sense to Lemma 3.2 of Casgrain et al. (2022). Differently from their result, the
e-process { M }eqopupr) we construct is a function of the predictable process { A }iepr). We
call the process {\;}ic[r) a betting process. Moreover, we construct the e-process using only
the function (x,a,b) — V(z,a,b) instead of the whole identification function (x,a,b) —
(v(z,b),V(x,a,b))" for ¢b. This reduces computational complexity a lot.

In Theorem 5.3.2 (i) and (ii), when ¢ = (p,¢) is a Bayes pair with loss function
S :R?* — R and inf,ex (o n)epm) h(a, b)(S(z,b) —a) > —1 for some h : R?* — [0, 00) that
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is not constantly zero (and h(a,b)(S(z,b) — a) is further decreasing in a for (ii)), we can

take V(x,a,b) = h(a,b)(S(z,b) — a).

Example 5.3.1 We show examples of e-variables we get via the identification functions
of some common risk measures in the financial industry. The corresponding e-processes

can be constructed in a similar sense by taking miztures with the form of (3.6).

1. (The mean) For L € X NLy, the mean E[L] is identifiable with identification function
V(z,a) = x/a—1, x,a > 0, which is decreasing in a. By Theorem 5.3.1, L/r is a
precise e-variable for the null hypothesis H(E) : v > E[L] for all L € X, and r > 0.

Now consider bounded losses L € Lo, so that L : Q — [—M, M| for M > 0. Another
identification function for the mean E[L] is given by V'(z,a) = (x —a)/(2M), z,a €
[—=M, M), which is decreasing in a. It is clear that infy .cj01)V'(2,a) > =1 and
SUD, aeo.1] V' (2, a) < 1, thus we have by Theorem 5.3.1 that 1 + (L —r)/(2M) and
1—(L—r)/(2M) are precise e-variables for the null hypotheses H(E) : v > E[L] and
H'(E) : r < E[L], respectively, for all L : Q2 — [—M, M] and r € [0,1].2

2. (The mean and the variance) For L € Lo, the variance Var(L) is jointly identifiable
with the mean E[L]. The risk measure (Var,E) is a Bayes pair. The identification
function for (Var,E) is

(z —b)?

(v(z,b), V(z,a,b)) = (%—1, —1), z,beR, a>0.

The function V(x,a,b) = (z —b)*/a is decreasing in a. By Lemma 5.3.1, (L — z)*/r
is a precise e-variable for the following null hypotheses H(E, Var) and fI(E, Var) for
allL € &, z€ R, and r > 0:

H(Var,E) : r > Var(L) and z = E[L], H(Var,E):r = Var(L) and z = E[L].

Here, the mean serves as the statistic and the variance is the requlatory risk measure.

2When constructing the corresponding e-process, dividing the identification functions by 2M does not
affect the calculation of betting processes because betting processes are usually very small in practical
standard backtests and thus the condition A < (2M)~! is easy to satisfy.
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We refer to the work of Fan et al. (2023) for details of testing the mean and the

variance by e-values.

. (The Value-at-Risk) For L € Ly and p € (0,1), we define the lower (VaR™) and
upper Value-at-Risk (VaR™ ) as the generalized left- and right-quantiles, respectively,
given by

VaR; (L) = inf {x e R: F(x) > p} and VaRS(L) =inf {z € R: F(x) > p}

with the convention inf()) = oo. We denote the interval VaR, = [VaR,, VaR.].
It is well-known that VaR,, is identifiable with the following identification functions
decreasing in a:

Tizsa 1ie<a
V(m,a):g—l, and V’(x,a)zl—ﬁ, z,a € R.

l—p p
By Theorem 5.8.1, 1¢1~,y/(1—p) and Lip<,y/p are precise e-variables for the follow-
ing null hypotheses H(VaR,) and H'(VaR,), respectively, for all L € Ly and r € R:

H(VaR,) : 7 > VaR, (L) and H'(VaR,):r < VaR;(L).

. (The Value-at-Risk and the Expected Shortfall) For L € Ly and p € (0,1), the Ez-
pected Shortfall (ES) is defined by
1 1
ES,=—— [ VaR;, (L)dt.
p 1— P ) t ( )

ES itself is neither elicitable nor identifiable (see e.g., Gneiting, 2011), but is jointly
identifiable with VaR. The risk measure (ES,, VaR,) is a Bayes pair. The identifica-
tion function for (ES,, VaR,) is

(v(z,b), V(z,a,b)) = (]i{”f;} 1, T (_xp;(z)i 5 1) Cz€R, a>b

As V is uniformly bounded below by —1 and V (z,a,b) is decreasing in a, we have by
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Lemma 5.3.1 that (L — z)+/((1 — p)(r — 2)) is a precise e-variable for the following
null hypotheses Hy and f[o forallL e L,z €R, and r > z:

H(ES,,VaR,) : r > ES,(L) and z € VaR, (L), fI(ESp,VaRp) :r =ES,(L) and z € VaR,(L).

We regard ES as the requlatory risk measure and VaR as the statistic for their joint
tests. Wang et al. (2025) discussed the detailed model-free procedures backtesting

VaR and ES using e-values and e-processes.

. (The expectile) For L € Ly and p € (0,1), the expectile (ex,, Newey and Powell,
1987) is defined as

ex,(L) = argminE [p(L —y)% + (1 —p)(L —y)*].

yeR

The expectile ex, (with p > 1/2) is the only monetary risk measure that is elic-
itable and coherent according to the results of Weber (2006) and Bellini and Big-
nozzi (2015). Focusing on the space of non-negative random variables, the expectile
ex, : X4 N Ly — R is identifiable with identification function

V(ZL‘,(I) = |1 _p_]l{oc>a}| (f - 1)7 z,a > 0.
a

We can check that inf, ,>0 V(x,a) > —1 and V(z, a) is decreasing in r. By Theorem
5.9.1,

L
|1 —p—]l{L>T}| (; - 1) +1

is a precise e-variable for the null hypotheses H (ex,) : r > ex,(L) for all L € X, and
r>0.

Similarly to point 1, if we consider bounded losses L :  — [—M,M], then the

wdentification function
V/([E,CL) = |1 —D— ]l{x>a}| (l’ - CL)

for ex,, is decreasing in a and uniformly bounded by —2M and 2M . Thus we have by
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Theorem 5.53.1 that
1 1
1+ mﬂ —p—1on|(L—7) and 1-— mﬂ —p—1gon| (L—7)
are precise e-variables for the null hypotheses H(ex,) : r > ex,(L) and H'(ex,) : r <

ex, (L), respectively, for all L : Q@ — [=M, M| and r € [-M, M].

A model-free procedure backtesting expectiles using e-values and e-processes remains

unsolved in the literature.

. (The expectile and the variantile) For L € Ly and p € (0,1), the variantile (var,,
Frongillo and Kash, 2020) is defined as

var,(L) = minE [p(L —y)i+ (1 -p)(L— y)Q_} )

yeR

The risk measure (vary,ex,) is a Bayes pair. It is identifiable with identification

function

a

(le0)V(za.0) = (11=p = 1 (£ -1) HEEEUZREZDE )

for x;b € R and a > 0. By uniform boundedness and monotonicity of V similar to

the examples above, we get by Lemma 5.5.1 that

p(L—2)7+ (1 —p)(L—2)?

is a precise e-variable for the following null hypotheses H (vary, ex,) and ﬁ[(varp, ex,)
forall Le X, z€ R and r > 0:

H(var,, ex,) : r > var,(L) and z = ex,(L), H(vary,ex,):r =var,(L) and z = ex,(L).

In this case, the variantile is the requlatory risk measure and the expectile is the

statistic.
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5.4 Comparative E-backtests

5.4.1 Null Hypotheses

Standard backtests can detect underestimation of risk and model misspecification for
financial regulation. In other words, they test whether the predictions reported by the
financial institution deviate too much from a correct or reference model that is usually un-
known in practice. However, if the financial institution provides multiple predictions based
on different forecasting methods, standard backtests cannot help regulators or risk man-
agers choose the best method among all the alternatives. To compare different alternative
models, we resort to comparative backtests. As introduced by Nolde and Ziegel (2017),
the evaluation for risk forecasts can be formulated by the so-called S-dominance defined
below. The risk measure ¢ : M — 2R is forecasted by the internal process {R;}icpr) and
the alternative process {R; }+cj7) that are both predictable, where Ry, R} : @ — R¢ for all
t € [T]. Instead of an unknown correct process, we regard the alternative process { R} }iejm)
as the standard or reference process. A comparative backtest should give a conclusion

whether the internal process { R; }+cr] passes or not compared with the reference { R; }icir).

Definition 5.4.1 Let ¢ : M — R? be elicitable with scoring function S : Rt — R. We
say {Ri}ten S-dominates { R} }en if E[S(Ly, Ry) — S(Ly, Ry)] < 0 for all t € [T]. We say
{R:}1en conditionally S-dominates {R; }ien if E[S(Ly, Ry) — S(Ly, R})|Fi—1] < 0 for all
te[T].

In Definition 5.4.1, S-dominance is weaker than conditional S-dominance which is more
suitable for sequential tests under a dynamic setup. Here, we assume predictions {R; }cjr)
and {R; }icir) are based on the same information set {F;_1}icpr;. That is, the competing
models are produced by the same financial institution without information gaps. We made
this assumption because we aim to find the best forecasting method itself whose dominance

over the other does not result from a better information set.

We consider the following null hypotheses for our comparative backtests based on con-
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ditional S-dominance.

H™(¢) : {R¢}4eqr) conditionally S-dominates { R} }iepr)- (4.8)
H*(¢¥) : {R; }eqr) conditionally S-dominates { Ry }iery- (4.9)

In practice, merely considering one of the two tests above does not always give a safe
conclusion. For instance, if hypothesis H~(¢) is not rejected, we are not able to say pre-
dictions {R:}cir) pass the comparative backtest without further justification. Instead,
another test should be conducted for hypothesis H* (). However, the null hypotheses we
considered are testing conditional S-dominance. This is much stricter than those based
on S-dominance (on average) in Nolde and Ziegel (2017) because conditional S-dominance
is not usually satisfied for two competing stochastic processes in the real world. In this
sense, it is possible that both null hypotheses (4.8) and (4.9) are rejected simultaneously.
However, by the nature of e-processes as supermartingales, we can still tell valuable infor-
mation by comparing the pair of e-processes testing (4.8) and (4.9) even though both of
them might be rejected at the end. As a result, we can obtain a three-zone approach for
comparative backtests similar to that proposed by Fissler et al. (2016) and Nolde and Ziegel
(2017): Suppose that the e-processes we obtained for H~(¢) and H* () are {M; }iepr
and {M;" }1eqr, respectively, and the rejection threshold is 1/c for a € (0,1).

(i) When H~(¢) is rejected but HT (1) is not, the internal process is in the red region
and does not pass the backtest.

(il) When H™(v) is rejected but H~(¢)) is not, the internal process is in the green region
and passes the backtest.

(iii) When both H~(¢) and H'(¢) are rejected, the internal process is in the yellow
region. In this case, we further compare the e-processes {M; }iepr) and {M;" e
If My < My, then we say {R;}er) weakly dominates {R; }ier) by magnitude (the
converse holds true by changing “<” to “>"). Here, an e-value serves as an average
overall “score” for our comparative test. On the other hand, if 7= = inf{t € [T] :
M7 > 1/a} > inf{t € [T] : M;” > 1/a} = 7", then we say {R;}ieir) weakly
dominates { R} }+cpr) by speed (the converse holds true by changing “>” to “<”). Here,
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we observe which null hypothesis is rejected faster than the other by comparing the
stopping times when the two e-processes exceed a prespecified threshold respectively.
Of course, the larger the differences |M; — M| and |7~ —77| we observe, the stronger

the conclusions we get.

(iv) When neither H~ (1)) nor H"(¢) is rejected, no clear conclusion is obtained and
further investigation is required. However, Theorem 5.5.3 below shows that under
an iid setup, if neither H~(¢)) nor H* (1)) is true, both H~(¢)) and H*(¢)) will be
rejected with asymptotic power 1 under properly chosen betting processes. Moreover,
we seldom observe case (iv) in practice. Therefore, we do not consider this case

specifically.

5.4.2 E-variables and E-processes via Scoring Functions

In this subsection, we suppose that ¢ : M — 2B is elicitable with scoring function S :
R4 — R. As a building block for the e-process we construct for the comparative backtest,
we first consider the following static testing hypotheses for some unknown distribution
F € M and real-valued r,r* € (M) x h(M):

H () : /RS(LT) — S(z,r")dF(z) <0, H*(y) : /RS(x,r) — S(z,r*)dF(z) > 0.
(4.10)

Similarly to the construction of e-variables for standard backtests, we require bounded-
ness conditions of the scoring functions to construct e-variables for comparative backtests.
However, unlike identification functions, the uniform boundedness property for the differ-
ence between two scoring functions is usually hard to satisfy in practice (see Example 5.4.1
for usual choices of scoring functions of common risk measures). As shown in the following
result, we can achieve a weaker uniform boundedness condition by the following: (i) We
restrict the domain K to a compact space (usually we can take K = [—M, M| for M > 0).
(ii) We find a non-negative function h of given risk forecasts such that the boundedness

condition is satisfied for all losses. The proof of the following result is straightforward.
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Lemma 5.4.1 Forr,r* € (M)xp(M), suppose that inf e {h(r,r*)(S(z,r)=S(z,7*))} >
—1 for some function h : R? x R® — [0,1]. We have E = 1+ h(r,r*)(S(L,r) — S(L,7*))

is a precise e-variable for H= () in (4.10) for all F, € M. Moreover, E[E] > 1 for all

Fi e M and r,r* € (M) x (M) such that [, S(x,r) — S(x,r*) dFg(x) > 0.

If we switch the positions of  and 7* in Lemma 5.4.1 (i), we can also get an e-variable
1—(S(L,r)—S(L,r*)) for H*(¢) in (4.10) under a proper uniform boundedness assump-
tion. Based on the rationale of Lemma 5.4.1, we construct the e-process for comparative

backtests as shown by the following result.

Theorem 5.4.1 Let {R;}icir) and {Rf }ieir) be predictable processes. Let { A }ieir) be a
non-negative betting process such that inf e c{\(S(x, Ry) —S(x, R}))} > —1 for all t € [T).
The process {M; }ieqoyuir with My =1 and

Mt_()‘) = (1 + )\t(S(Lta Rt) - S(Ltv R:)))Mt_—1<)‘) = H(l + )\S(S(Lsa Rs) - S(Lsa R:)))

s=1

(4.11)

is a non-negative supermartingale under H= (1) in (4.8), and is thus an e-process.

Proof. For all s € [t], as As(S(Ls, Rs) — S(Ls, RY)) > —1, we have M, is non-negative.
For ¢t € [T], under H~(¢) in (4.8), we have

E[S(Li, Ry) — S(Ly, RY)|Fi—1] < 0.
As N\, Ly, R; and R; are F;_;-measurable, we have

E[M; (N)|Fia] = My_ (AN (1 + ME[S(Le, Ry) — S(Le, BY)|Fra]) < My_y(N).

Remark 5.4.1 The corresponding result for H () in (4.9) holds similarly by switching
the positions of {Ri}ierr) and { R beepry. That is, if infec{\e(S(z, Ry) — S(x, Ry))} > —1
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for all t € [T, then we define the process {M;" }1eqoyur with My =1 and

M) = (14 A(S (L, BY) = S(Le, R))MEL(A) = [T+ A (S (Lo, BY) = S(Ls, Ry))).

s=1

(4.12)
Similarly to Theorem 5.4.1, { My }reqoyuim) is a non-negative supermartingale under H*(¢)
in (4.9).

Theorem 5.4.1 constructs a valid e-process under the hypothesis H~ () in (4.11) for
comparative backtests. It allows inputs of forecasts {R;}iciry and {R; }ier) that are pro-
cesses instead of prespecified fixed parameters. Moreover, the growth rate of the e-process
in Theorem 5.4.1 is controlled by the betting process A, offering flexibility to guarantee

the performance of the tests.

Next, we show examples of e-variables constructed through the scoring functions for
comparative backtests with the risk measures discussed in Example 5.3.1. We calculate
the bounds for the A functions in Lemma 5.4.1 so that the weak uniform boundedness
condition is satisfied. Direct observation tells that the bounds for h rely on the choice of
M > 0 and the differences between the comparing risk forecasts. The upper bounds of h
boil down to 1 if the comparing risk forecasts do not differ too much from each other. We
can also construct corresponding e-processes in a similar sense, where we should choose
the betting processes {\; }ieir) with A, = h(Ry, Ry) for t € [T

Example 5.4.1 Here, we only show the e-variables for H (1)) and the corresponding h

functions for all risk measures below. Those for H' (1) are similar.

1. (The mean) The mean E is elicitable with strictly consistent scoring function Sg(x,a) =
(x —a)?, x,a € [-M, M]. Forr,r* € [-M, M], we have

inf 2\2 _*2:_2M X 2 *2<0.
xe[l—Ile,M]((x T) (x —717)%) lr—r*| +r°—r= <

By Lemma 5.4.1, 1 + h(r,v*)((L — r)* — (L — r*)?) is a precise e-variable for the
following null hypothesis H~(E) for all L : Q — [—-M, M]:

H™(E) : E[(L —7r)* = (L —1")| <0,
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where
1

0<h ) < .
< hir,r") < 2M|r — r*| — r2 + r*2

. (The mean and the variance) The mean and the variance (Var,E) is jointly elicitable

with a strictly consistent scoring function
Svarg(7,a,b) = b(b — 2z) + ala — 22%), x,b€ [-M,M], a € [0, M?].

For r,r* € [0, M?] and z,2* € [-M, M|, we have

= 1 f S ar y Ty _S ar ) *7 -
" Ie[lnMM]( Varg(T, T, 2) Varg (T, 77, 2"))
(2 —2*)?

2(r — ) 1{—%6[—M,M] and r+>r}

—2M(M(r —r*)+ |z — z*|)]l{_2<z:*izT>¢[_M7M] or <y t r?— 2t = 2

By Lemma 5.4.1,
1+h(r,r*, 2,2%) (2(z = 2L) 4+ r(r — 2L%))=h(r,r*, z,2%) (z"(z* — 2L) + r*(r* — 2L?))

is a precise e-variable for the following null hypothesis H= (Var,E) for all L : Q —
[—M, M], r,r* € [0, M?] and z, z* € [-M, M]:

H~(Var,E) : E[Svarg(L,7,2) = Svare(L, 7", 2")] <0,
where

e, 84! 2 07

0<h(rrzz") <
{ _1/717 "< 0.

. (The Value-at-Risk) The Value-at-Risk VaR, = [VaR,, VaR[] is elicitable with a

strictly consistent scoring function

SVaR(xaa) = (1 _p)a + ]l{ar>a}(a7 - a)? T,a < R.
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Forr,r* € R, we have

nf (Svar (2, 7) = Svar(2,77)) = (1 = p)(r = 1) Ljr<ry = p(r =171y < 0.
By Lemma 5.4.1,

L+ h(r, ) (1 = p)r + Dgpse (L =) = h(r,r*) (1= p)r* + Lypspey (L — 7))

is a precise e-variable for the following null hypothesis H=(VaR,,) for all L : Q — R
and r,r* € R:
H’(VaRp) : E[S\/aR(L, 7") — SVaR(L, T*)] < 0,
where
1

0<h(r,r) < )
S PSSy gy PR

. (The Value-at-Risk and the Expected Shortfall) The Value-at-Risk and the Expected

Shortfall (VaR,, ES,) is jointly elicitable with a strict consistent scoring function

r—>b a+b
Sgs.var (T, a,b) = ]I{Db}m +(1 —p)ﬁ, r€[-M,M], 0<b<a<M.

Here, we assume that the risk forecasts take positive values since we focus on losses.
ForO<z<r<Mand0 < z* <r* < M, we have

Ve = gce[i—r]l\/f[,M](SES,VaR(x7 r,2) = Sesvar (2,77, 2"))

M-z M-z z—2z*
= ]lrr* - _]lrr* ]lzz*— NO

aon (555
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Thus we have by Lemma 5.4.1 that

. . L—=z T4z
1+ h(r,r*, z,2%) (]I{LN}W—F(l—p) 2\/77)

. . L—zr Tt 4 2"
— h(r,r%, 2,27) <]l{L>z*}2—\/F+(1 —P)z—\/r—*>

is a precise e-variable for the following null hypothesis H™ (ES,, VaR,,) for all L :
Q—[-1,1]:

H™ (ESP, VaRp) : ]E[SES,VaR<L7 T, Z) — SES,V&R(L7 ?”*, Z*)] < O,
where

00, Y2 > 0,
_1/727 Y2 <0 ‘

0 <h(rrzz") < {

. (The expectile) The expectile ex, is elicitable with a strict consistent scoring function
Sex(z,a) = =1 (zsay(1 = 2p)(z — a)® + (1 — p)ala — 2z), x,a € [-M, M].
For all r,r* € [—M, M|, we have

xe[i}}\fl M}(Sex(x, ) = Sex(z,7%) ={(PLipsry + (1 = p) L)) (=27 — 7| M + 17 — %)}

AN (=Tgpsry + Lopey r—r <0.
{( {r>r+} {s})l_Qp( )

(4.13)
By Lemma 5.4.1,

L+ h(r,r*) (= Lgrsny (1= 2p)(L = 7)° + (1 = p)r(r — 2L))
— h(r, 7 ) (= Lqrsry (1 = 2p)(L = 7*)? + (1 = p)r* (r* — 2L))

is a precise e-variable for the following null hypothesis H™(ex,) for all L : Q —
[—M, M] and r,r* € [-M, M]:

H™(exp) : E[Sex(L,7) — Sex(L,7)] <0,
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where
1

0<h(r,r) < — )
= ( ) —lnfxe[_M,M}(SeX<x7T) — SeX(ZIJ,r*))

and infyepnr ) (Sex(,7) — Sex(, 7)) is given by (C.1).

5.5 Type-1 Error, FDR, Consistency, and Choosing

Betting Processes

This section demonstrates necessary technical details for our backtesting method in-
cluding the Type-I error control, consistency, and an established method for choosing the

betting processes.

5.5.1 Type-I Error Control

By constructing the e-processes as (super)martingales, we control the Type-I error of

our sequential tests at all stopping times by the following well-known Ville’s inequality.

Theorem 5.5.1 (Ville’s inequality) For each o € (0,1), we have the e-processes { My }ieqoyurm
n (3.6), {M; heqoyur) in (4.11), and {M; heqoyurr i (4.12), under their corresponding
null hypotheses, satisfy

—~ 1 —

P sup Mt > — S a, Mt = Mt7 Mti, or Mt+‘
te{0}U[T] «

Theorem 5.5.1 guarantees that the e-processes we define for our standard and compara-

tive backtests control the Type-I error at « if the rejection threshold we choose is 1/a.

The supremum in the inequality makes our test valid for all stopping times and thus no

asymptotic models are required.
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5.5.2 False Discovery Rate (FDR) Control for Multiple Rejec-

tions

For our sequential multiple testing problem, we are particularly interested in the case
where we find multiple rejections. The control of the false discovery rate (FDR) of our

e-test has become an essential issue.

FDR control for deterministic number of runs

Suppose that we deliberately divide our time frame into n € [T'] parts in advance. That
is, we choose a prespecified partition (tg, t1, ..., tn_1,t,) for t; € [T], t;_1 < t;, 7 € [n]U{0},
where tg = 0 and t, = T, and restart the e-process (]\Z) from the initial value 1 at all
points ¢;, i € [n — 1]. In real life, the points {t;}!~]' can represent well-known structural
changes such as pandemic periods and financial crises. They can also be even time windows

set by the regulators to observe seasonal patterns of the backtesting results.

Following the above-mentioned testing approach, we can easily check that the false
discovery rate of our e-test is controlled under the level of a € (0, 1) if we reject our null
hypothesis at the threshold 1/a:

Theorem 5.5.2 (FDR control) Let (M,) be the e-process for hypothesis H. For all
Q € H and a € (0,1), we have

EQ

1 n
_ 1 —~ < a.
n Zl {supti_1<t§ti MtZé} =

1=

Proof. The result holds by noting that

1 — 1 — ~ 1
- ;]l{suptildﬁiz%z;}] n ;Q (tislligqi M > E) < a,

where the last inequality holds by Theorem 5.5.1. m

E€

Using Theorem 5.5.2, we can guarantee the false discovery rate of our e-test to stay
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under a certain level if the number of runs is deterministic. See Section 5.6.2 for a simulation

study of multiple-run comparative e-tests with structural changes on the dataset.

FDR control for random number of runs

Suppose that we restart our e-process (]\Z) from the initial value 1 whenever it exceeds
the prespecified threshold 1/a for o € (0,1). Let the random variable N, taking values
between 0 and 7" € N, be the N-th rejection we get. For ¢ = 0,..., N, define stopping

times
0, 1 =0,
T inf{Ti_1<t§N:]\ZE§}, 0<e<N.

In such a case with random restarts, the general FDR control result may not hold.?
However, in the following result, we show that following the above-mentioned testing pro-
cedure, the average number of false rejections for our e-test is controlled at the level of
a € (0,1) multiplied by the expected number of total rejections after choosing the rejection
threshold 1/a.

Proposition 5.5.1 Let (]\Z) be the e-process for hypothesis H. For any o € (0,1), we

have
N

1 —

1
2 {sup‘ri71<t§-ri Mtza}
1=

E“ < aE@[N], forall Q € H.

Proof. Define
Ai:{ sup ]\ZZ—}, i=1,...,N.
«

Ti—1<t<T;

Define the o-algebras

EOZ{Q,Q}, EZ'ZO'(Al,...,AZ’), Z:]_,,N

3By general FDR control result, we mean that

N

1
Q E — € €
E 2 H{SUPri,lggfi Mt>é}] <a, forall Qe H, a€(0,1).

We leave it as an open question.
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Foralli=1,...,N,Q € H, and w € (), we have

Q(Az |Ai*1)7 1142‘-1 (w) =

EC [1 4, !
Z 0, ]lAz'—1<w) =0

Yic1] = Q(A[Xi1) (w) = { , (5.14)

Q-almost surely. Indeed, to obtain the last inequality in (5.14), we use the fact that (M)
is a supermartingale. Hence by Theorem 5.5.1, Q(A;]A;_1) < a and thus E9[1 4,|%; 1] < «
holds ()-almost surely. Define the following process with Z; = 0:

For all n € [T\ {1}, we have

E2[nZ,|S,_1] = (2(1& —a) + B9y, |S_i] —a]) < <2<M - a)) = (n—1)Zp_1,

i=1 i=1

Q-almost surely. Moreover, it is straightforward that E?[Z;] = Q(A;) — a < 0 by (5.14).
Therefore, (nZ,) is a supermartingale adapted to the filtration (3,)7_,. As{N =n} € %,
for all n € [T], N is a stopping time. By Doob’s optional stopping theorem, we have

N

Z(]lAi - Oé)

i=1

EC =E9[NZy] <E90- Z) = 0.

Therefore, we have

< aE“[N].

N
2L

i=1

E® =E“

N
1 —
2 {SUPTi71<tSTz‘ Mtzé}
1=

The proof is complete. =

Proposition 5.5.1 provides a theoretical foundation for our e-backtest if we restart the
test as soon as the e-process hits a prespecified threshold, and thus multiple rejections can
be found sequentially over time with the average number of rejections being controlled

under a certain level when the expected number of rejections is finite. We refer to Section
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5.7 for the real data analysis of such a backtesting method.

5.5.3 Test Power

Next, we formally present the consistency result for our testing method under an iid
setting. This is in a similar sense to but more general than Proposition 1 of Fan et al.
(2023).

Theorem 5.5.3 (Consistency) Let Ey, Es, ... be iid non-negative random variables gen-

erated from an alternative probability measure (). Let

A" = argmax E9[log(1 — A\ + \FE))] (5.15)
A€(0,1]

and A = {\ }ien be a betting process such that

1

—(log M(X) — log Mr(X")) L0 as T — oo, (5.16)

where My(a) = [[._,(1—as+asEy) for a = {as}sciy. We have Q(supyeir) Mi(A) > 1/a) —

1 as T — oo for all a € (0,1) if and only if E?[E,] > 1. In other words, the e-test with

betting process A has asymptotic power 1 as T — oco.

Proof. “=": Suppose that E?[E;] < 1. Tt follows that
EC[My(A)| Fro] = My (ME[(1 = A+ MBI Fr] < Mya(N), £ €N

and thus { M;(A) }ien is a supermartingale. Hence, we have by Ville’s inequality that
te[T)

Q (sup Mi(X) > 1/a> < a, forall ae€(0,1).

This implies that if Q(supeir Mi(A) > 1/a) = 1> a as T — oo for all a € (0,1), then
EC[E] > 1.
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“«": Suppose that E?[E;] > 1. Write f(\) = E?[log(1 — X\ + AE})], A € [0,1]. We
have

= E9[E, — 1] > 0.
A=0

f'(0) = E9

E, -1
1 =X+ AE;

Thus we have maxycp,1 f(A) > f(0) = 0. By the strong law of large numbers,

T

1 1
T log My (\") = T ;log(l—/\*—i-/\*Et) — /\rg[%?i E9log(1-A+AE;)] > 0, Q-almost surely.

Hence, we have Q(sup,cr) Mi(A\*) > 1/a) — 1 as T — oo for all @ € (0,1). Further
because .
1
T(log Mrp(X) —log Mp(\)) L350 asT — oo,

we have Q(sup,eip) Mi(A) > 1/a) = 1asT — oo foralla € (0,1). =

In Theorem 5.5.3, the optimal A\* obtained in (5.15) maximizes the log-capital growth
rate of the e-process, and thus can be considered as a benchmark betting process calculated
using the true distribution (). Using Theorem 5.5.3, we can achieve consistency with the
e-process we constructed given that (i) a betting process A is properly chosen in the sense
of (5.16), where the log-capital growth rate for X is asymptotically the same as that for A\*;
and (ii) the consistency of a single e-variable is satisfied (see Theorem 5.3.1, Proposition
5.3.1, and Lemma 5.4.1 above).

5.5.4 Choosing Betting Process

Sections 5.5.1 and 5.5.2 show that our e-test is always valid no matter how the betting
process A is chosen as long as it stays in a certain range such that the e-process is non-
negative. However, as shown by Section 5.5.3, the power of the e-test is guaranteed only if
the betting process A is “properly” chosen. Therefore, one of the important missions for
calculating the e-processes is to find good choices of betting process A. In this chapter, we
use the GREL (growth-rate for empirical losses) method introduced by Wang et al. (2025):
Let L follow the empirical distribution of the sample losses Ly, Lo, ..., Ly. Let f(X,r) be
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some function of the losses X € X and forecasts r € R%. We have

t—1
At = M(r) = argmax E[log(1-A+Af(L,7))] = arg max Zlog(l—)\+)\f(Ls,r)), te[T],
A€[0,7] eloy) t—1 s=1

(5.17)
where v > 0 is some bound of the betting process to guarantee the e-process to stay above

0. Specifically, it is defined as

B ( ) B 0, infxelC f(x,?") 2 1’
TEN = —1/(infyexc f(x,r) — 1), infeex fx,r) < 1.

To facilitate the calculation of the optimization problem stated above, we approximate
these expressions by using the Taylor expansion log(1 + ) ~ x — 2%/2 at x = 0, and apply
the first-order condition. Then, (5.17) can be approximated by

S (f(Ls, ) — 1)
S (f (L) — 1)2

where we set a truncation level 0 < ¢ < 1 to avoid extreme ill-behaved scenarios. We say

A0V A ¢, (5.18)

it is a “proper” choice of a betting process because the GREL method is asymptotically
optimal when Ly, Lo, ..., Ly are iid as shown by Theorem 3 of Wang et al. (2025). We
only adopt the GREL method to determine our betting processes because the focus of
this chapter is not exploring betting processes with the best performance. One can use
alternative methods for choosing the betting processes (see e.g., Griinwald et al., 2020; Fan
et al., 2023; Waudby-Smith and Ramdas, 2024; Wang et al., 2025).

5.6 Simulation Studies

In this section, we present several simulation studies to compare e-backtesting of differ-
ent risk measures, including Value-at-Risk, Expected Shortfall, and expectile. We show the
backtesting results and evaluate different forecasting methods based on under-reporting,
over-reporting, and exact reporting by the risk forecaster. Our main proposal is to use e-

processes for comparative e-backtesting among different forecasting methods. Recall that
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for each comparison between two forecasting methods, we need to do two sides of testing,
referred to as (4.8) and (4.9), whose corresponding e-processes are constructed by (4.11)

and (4.12) respectively.

For comparative backtests, we use the Taylor approximated betting process via the
GREL method in (5.18). Specifically, we get

S (S(Ls, Ry) — S(Ly, By))

A - 2/\6’7,0<C§1, (6.19)
Zszl(S(Lsa Rt) - S(Lsa Rt))
for H=(¢) in (4.8), where
o 00, inf,exc{S(x, R) — S(x,R;)} > 0,
—1/(inf,exc{S(z, R;) — S(z, R})}), infrexc{S(z, Ry) — S(z,R;)} < 0.

Switching the positions of S(L, R;) and S(Lg, R}) in (6.19) yields the approximation of \;"
for H= () in (4.9). We replace S(Ls, R;) and S(Ls, R;) by S(Ls, Ry, Z;) and S(Ls, R}, Z})
for the case of two-dimensional risk measures; e.g., (ES, VaR).

5.6.1 Comparative Backtests via Time Series Data

We apply our e-backtesting procedure to evaluate the relative performance of differ-

ent forecasting methods on time series data. The data are simulated from an AR(1)-
GARCH(1,1) process:

Ly =i+ 0.7, py=—0.05+03L,y, o07=0.01+0.1022? +0.8507 , t€N (6.20)

where {Z;}1en is a sequence of iid innovations following a skewed-t distribution with shape
parameter v = 5 and skewness parameter v = 1.5. We adopt the same setup as in Nolde
and Ziegel (2017) to enable a direct comparison, and the same applies to the forecast mod-
els. Following Nolde and Ziegel (2017), the estimation of p is carried out using a two-stage
procedure. We assume that the innovations follow either a normal, t, or skewed-t distri-
bution. For each distribution, we apply three estimation methods: Fully Parametric (FP),
Filtered Historical Simulation (FHS), and Extreme Value Theory-based (EVT) estimation.
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This yields a total of nine estimation approaches, denoted as n-FP, n-FHS, n-EVT, t-FP,
t-FHS, t-EVT, st-FP, st-FHS, and st-EVT. In addition, we supplement the results with
optimal forecasts that utilize knowledge of the data-generating process. The estimation
is performed using a moving window of size 500, and the forecasts are evaluated over an

out-of-sample period comprising 5,000 verification observations.

We conduct comparative backtests for each of the ten models, reporting the e-values
and e-processes for each case. We implement the Taylor-approximated betting process via
the GREL method as described in (6.19), with a truncation level ¢ = 0.1 to prevent ill-
behaved e-processes. Evidence against the null is detected when e-values exceed thresholds
2, 5, and 10. In particular, e-values exceeding 5 or 10 provide substantial evidence to reject

4 While exceeding threshold of 2 may not be substantial enough to

the null hypothesis.
reject the null hypothesis, it can still serve as an early warning, suggesting that one set of

risk predictions may not be more accurate than another.

Additionally, we present heat maps for these comparative backtests, similar to the traf-
fic light matrices in Nolde and Ziegel (2017). Green cells indicate that the comparative
backtest is passed, while yellow cells indicate inconclusive evidence, occurring either when
neither H~(¢)) nor H* (1)) is rejected, or when both are rejected (further details are pro-
vided in Section 5.4.1). In our comparative backtest heat maps, red cells indicate a failure
in the backtest. Since the e-value in this chapter also serve as an average overall “score”
for the comparative test, we use three shades of red to distinguish different levels of failure
based on the e-values: light red indicates an e-value greater than 2 but less than 5 (early
warning); medium red indicates an e-value greater than 5 but less than 10 (substantial

evidence); and dark red denotes an e-value greater than 10 (strong evidence).

In the following, we present in Figure 5.1 a set of representative results corresponding to
the cases discussed in Section 5.4.1. The figure displays six comparative backtests for VaR,,
ex,, and (ES,,VaR,) at typical internal risk management levels (a« = 0.9, 7 = 0.96567,
v = 0.754) and the Basel standard levels (o = 0.99, 7 = 0.99855, v = 0.975). Each plot
shows the e-processes for both test directions (M," and M, ), along with their difference
(M = M),

4In accordance with Jeffrey’s rule of thumb about e-values (see Jeffreys (1961)), the evidence against the
null hypothesis is considered substantial if the e-value falls within the interval of (10/2,10); The evidence
against the null hypothesis is regarded as strong, if the e-value falls within the interval of (10,10%/2).
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For VaR,, we present the result for t-FHS (internal model) against t-EVT (standard
model). At a = 0.9, both M, and M, exceed the early warning threshold of 2. This
indicates rejections on both sides of the test, which is not a case under traditional p-value
based comparative backtesting. As discussed in Section 5.4.1, such both sides rejections
can be interpreted in terms of “magnitude” (via the final e-values) and “speed” (via the
growth rate of M;" and M, ). A faster rise in either M;" or M, indicates stronger evidence
against H*(¢) or H~(v)), thus favoring the internal or standard model. Additionally, the
trend of M," — M, can also offers insight into relative model performance: an increasing
(decreasing) trend suggests outperformance of the internal (standard) model. We will
provide more detailed examples based on real data analysis in section 5.7. At a = 0.99, we
observe a more standard rejection pattern, where H~ (1) is rejected with M,  between 2
and 5, while H* (1)) is not rejected. This suggests that st-EVT outperforms st-FHS under
this scenario, indicating the superior performance of EVT-based methods over FHS-based

methods at higher confidence levels.

For expectile, we compare the st-EVT method with the optimal (opt) method. The
case at the lower level 7 = 0.96561 serves as a clear example of a rejection with substantial
evidence. Specifically, H~(v) is rejected with M, stopping in the range of 5 to 10, while
H* (1) is not rejected. At a more extreme level, 7 = 0.99855, we obtain early warning
evidence that the optimal method outperforms st-EVT, as H~ (1) is rejected in the range
of 2 to 5 and H"(¢) remains unrejected. Both results suggest that the optimal method
outperforms st-EVT, which is consistent with our expectation. For (ES, VaR), we compare
the n-FP method with the n-EVT method. Both cases serve as examples of rejection with
strong evidence. Specifically, M,  exhibits a faster rate of increase and exceeds 10, while
Mt remains within the range of 0 to 1. These results indicate that n-EVT outperforms n-
FP in both scenarios. Moreover, at the higher confidence level v = 0.975, the even steeper
growth and larger final value of M; provide additional evidence in terms of both speed
and magnitude, supporting the conclusion that n-EVT tends to outperform n-FP at more

extreme levels.

The final comparative backtesting results for VaR, (ES, VaR), and expectile are dis-
played as heat maps in Figures 5.2, 5.3 and 5.4. The results are generally consistent with

Nolde and Ziegel (2017) and provide additional statistical insight. Across all three mea-
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sures, the n-FP and t-FP methods consistently fail the comparative backtests in most cases
when used as internal models, and are therefore regarded as the two worst forecasters. The
optimal method passes the comparative backtest against all other methods, with the ex-
ception of st-FP and st-EVT in the VaR case, which is again consistent with expectations.
For VaR and (ES, VaR), skewed t-based methods generally outperform t-based methods,
which in turn outperform n-based methods. Under certain distributional assumptions on
the innovations, the performance of the three estimation methods (i.e. FP, FHS and EVT)
varies depending on the specific case. For expectiles, aside from the best method (i.e., opt)
and the worst methods (i.e., n-FP and t-FP), only limited clear evidence is observed, indi-
cating that the remaining methods are all suboptimal with indistinguishable performance.
Visualizing the e-processes of the comparative backtests provide further insight into the

strength and timing of the test outcomes.
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Figure 5.1: E-process of comparative backtests for VaR, ex and (ES, VaR) forecasts at various
confidence levels; see Section 5.6.1 for details. The tests employ the GREL betting process with
¢ = 0.1, based on the scoring functions in Example 5.4.1. The title of each plot indicates the
comparison: “internal model” vs. “standard model”.
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Figure 5.2: Heat map matrices for VaR,, forecasts. The test employs the GREL betting process

with ¢ = 0.1, based on the score function in Example 5.4.1. This figure is comparable to Figure
1 in Nolde and Ziegel (2017)
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Figure 5.3: Heat map matrices for ex, forecasts. The test employs the GREL betting process

with ¢ = 0.1, based on the score function in Example 5.4.1. This figure is comparable to Figure
2 in Nolde and Ziegel (2017)
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Figure 5.4: Heat map matrices for (ES,, VaR, ) forecasts. The test employs the GREL betting

process with ¢ = 0.1, based on the score function in Example 5.4.1. This figure is comparable to
Figure 3 in Nolde and Ziegel (2017)
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5.6.2 Comparative Backtests via Structural Change of Time Se-

ries

We examine the power of comparative backtests for risk forecasts under structural
changes in simulated time series, focusing on a deterministic number of runs mentioned in

section 5.5.2. We simulate the loss {L;}en following the AR(1)-GARCH(1,1) process:
Li= i+ 0125, s =—0.05+03L,1, 02=03+0.050222+ B2, teN (621)

where {Z;}1en is a sequence of iid innovations following a skewed-t distribution with shape
parameter v = 5 and skewness parameter v = 1.5. The volatility coefficient shifts at the
structural change point b* = 1500, with 8, = 0.4+ 0.51 ;4. We simulate 500 presampled
data for forecasting risk measures and another 2000 data for backtesting. The change
point is placed at the midpoint of the backtesting period, creating a contrast between a

normal-volatility regime (first half) and a high-volatility regime (second half).

We again consider a two-stage estimation procedure for a risk measure p. We assume
the innovations follow either a normal or skewed-t distribution and apply three estima-
tion methods for each distribution: FP, FHS, and EVT. This results in a total of six
estimation approaches: n-FP, n-FHS, n-EVT and st-FP, st-FHS, and st-EVT. Then, we
conduct comparative backtests between these six estimation approaches. In comparative
backtests, we restart the e-process at the structural change point to account for structural
shifts, reflecting realistic scenarios where regime changes are known. We implement the
Taylor-approximated betting process via the GREL method as described in (6.19), with a
truncation level of ¢ = 0.1 to prevent ill-behaved e-processes. Both risk forecasts and the
betting procedure use a rolling window of size n = 500. We detect evidence against the

null hypothesis when the e-processes exceed threshold 2.

Figures C.1, C.2, and C.3 present the comparative backtesting results for six estimation
methods of VaR, expectiles, and (ES, VaR) at their respective Basel levels, with the e-

process restarted at the structural change point.

For VaRgg9, n-FP and n-FHS emerge as the weakest methods, as evidenced by M~
exceeding 2 when treated as internal models and compared against others, while M™

remains stable and well below the rejection threshold of 2. Among the remaining methods,
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we observe that n-EVT performs worse than the skew-t based estimation methods (st-
FP, st-FHS, and st-EVT) after the structural change point. Before the change, however,
n-EVT demonstrates comparable performance to the skew-t methods and even trending
better than st-FHS. This relationship reverses following the structural change. We conclude
that st-FP and st-EVT both outperform st-FHS over the entire period. Moreover, st-EVT
consistently shows a stronger performance than st-FP, although both M~ and M+ exceed

2 after the structural change, indicating a rejection that warrants further investigation.

For exgggs55, aside from the strong evidence identifying n-FP as the weakest method
throughout the period, as indicated by a sharp increase in M~ and a consistently stable
M, there is no clear evidence of superiority among the remaining methods in either period,

suggesting comparable accuracy.

The results for (ESgg75, VaRgor5) once again highlight the substantially poor perfor-
mance of n-FP in forecasting. Although no rejection evidence is found in M~, a clear
underperformance trend is observed. With a more aggressive truncation level (i.e., higher
¢), evidence of rejection becomes apparent. Most of the remaining methods do not show
clear differences in performance, except for two notable comparisons. n-EVT performs
comparably to st-FHS before the structural change and outperforms it afterward. Mean-
while, st-FP initially shows better performance than st-EVT, but this relationship reverses

after the structural change, with a clear rejection observed.

5.7 Real Data Analysis

We fit the negated percentage log-returns of the NASDAQ Composite Index using an
AR(1)-GARCH(1,1) model over the period Jan 3, 2003, to May 30, 2025. To account
for recent market and economic conditions, we use a rolling estimation window of 500
data points, resulting in an out-of-sample size of n = 5138 for backtesting. The same
forecasting methods described in Section 5.6.2 are employed, consistent with methods in
real data analysis of Nolde and Ziegel (2017). We conduct comparative backtests between
methods using the e-processes defined in (4.11). The betting process ), is selected based on
GREL. While GREE, as introduced in Wang et al. (2025) is also applicable in comparative

backtests, its range for A is constrained by both a predefined upper bound and the minimum
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value of h(R:, R;) before time t. This constraint leads to a shrinking bound, causing
inconsistent bound ranges over time. In contrast, this issue does not arise in GREL, which
supports its use as our recommended approach. Additionally, as previously mentioned,
the boundedness condition is required to construct e-variables for comparative backtests.
Different choices of truncation level ¢ reflect regulators’ preferences, with a larger value of ¢
can lead to more aggressive test outcomes. Through our extensive numerical experiments,
we find that the choice of ¢ is highly flexible in practical applications. To illustrate this
flexibility and to avoid the illness behavior caused by highly uncertainty real-world data,

we set a conservative truncation level of ¢ = 0.01 for all experiments without restart.

Figures C.4, C.5, and C.6 present the comparative backtesting results of the six fore-
casting methods for VaR, expectile, and the (VaR, ES) pair at their respective Basel levels.
The experiments are conducted based on the two-sided conditional S-dominance test pro-
posed in (4.10). Each plot displays the comparative backtesting results for two models
along with their corresponding e-processes for M, , M," and the difference (M," - M,").
We detect evidence against the null when e-values exceed thresholds 2. To determine the
superior method in a comparative backtest, we assess through the e-process of M,  and M,"
and the trend of (M,;" - M;"). Specifically, if M, exceeds and is detected before M," over
the testing period, the internal model outperforms the alternative model, and vice versa.
In some cases, no clear detection occurs, but valuable insights can still be obtained by
analyzing the trend of (M, - M,"). An upward trend in (M, - M,") suggests the internal
model outperforms the alternative, while a downward trend indicates the opposite. More

complex cases are addressed later in the discussion.

For VaRg g9, strong evidence suggests that n-FP is the least accurate method, and n-
EVT and n-FHS perform worse than t-FHS and st-FHS, respectively. In the remaining
comparative backtests, both sides of the two-sided test are rejected; however, meaningful
insights can still be drawn in some cases by examining the trend of the M~ — M™ process
and comparing the behaviors of M~ and M. For instance, in the comparison between
st-FP and st-EVT, the M~ process shows stronger evidence than M™ in terms of both
speed and magnitude, suggesting that st-EVT outperforms st-FP. Another noteworthy
example is the comparsion between n-EVT and st-FHS, where n-EVT outperforms st-FHS
prior to 2016, as indicated by a one-sided rejection in H~(¢)). However, the M~ — M+
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trend reverses and decreases thereafter. Although both H~(¢) and H*(v) eventually are
rejected, M~ shows stronger evidence in both magnitude and speed, indicating a weak
dominance of n-EVT on st-FHS. Similar patterns can be observed in the comparisons of
n-FHS vs. st-FP, n-EVT vs. st-EVT, and st-FP vs. st-FHS. Additionally, there are more
complex scenarios in which both sides of the two-sided test are rejected and the M~ — M™*
process appears ambiguous in both direction and magnitude, making it difficult to draw
firm conclusions. Examples include n-FHS vs st-EVT, n-EVT vs. st-FP and n-EVT vs.
st-FHS, highlighting the need for further investigation.

To address the above-mentioned issue and facilitate timely detection, we restart the
e-processes upon each detection, enabling more dynamic monitoring of the relative perfor-
mance of competing models over time. To further enhance sensitivity, we adopt a more
aggressive betting strategy by increasing the truncation level to ¢ = 0.1 Figure C.7 shows
the comparative backtests for VaRg g9 with e-processes restarted at 2 across the considered
methods. In the comparison between n-EVT and st-FP, M exceeds 2 more frequently
than M~ indicating overall superior performance of n-EVT. Furthermore, since 2018,
n-EVT continues to outperform st-FP, as shown by the persistent rejection of H*(v), sug-
gesting its potential for superior future performance. The comparisons n-FHS vs. st-EVT
and n-EVT vs. st-FP show considerable temporal variation. Notably, both st-EVT and
n-EVT outperform n-FHS and st-FP during the 2008 financial crisis and the COVID-19
pandemic period between 2020 and 2024, highlighting the advantage of EVT-based meth-
ods under extreme scenarios. In contrast, n-FHS tends to outperform st-EVT during more
stable periods. These findings demonstrate that the relative performance of the methods

considered varies between different time intervals.

For exg.g9s55, we can first establish a statistically supported ranking of the methods

based on Figure C.5:
n-FP < n-EVT < st-EVT < n-FHS < st-FHS < st-FP

This ranking clearly reflects the overall relative performance of the methods over the entire
period. Moreover, the results from the restarted comparative backtest are presented in
Figure C.8. With a more aggressive betting strategy, the test becomes more sensitive to

changes, allowing us to capture additional information. For instance, we observe a reversal
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in the relative performance between the comparison of skewed-t based methods after 2016,

providing further insight for evaluating model behavior under the current scenario.

For (ESg.975, VaRoo75), Figure C.6 supports sufficient statistical evidence to obtain the

following ranks :

n-FP < st-FP < st-FHS < n-EVT

The ranks of n-FHS and st-EVT remain to be determined. There is clear evidence
that n-EVT, n-FHS, and st-EVT outperform n-FP, st-EVT, and st-FHS, respectively.
Besides, although both sides of the test are rejected in n-FHS vs. st-FP, M* weakly
dominates M~ in both magnitude and speed, suggesting that n-FHS outperforms st-FP.
To complete the ranking, we further consider the results of n-FHS vs. st-FHS, n-EVT vs.
st-EVT, and st-FHS vs. st-EVT. In both n-FHS vs. st-FHS and n-EVT vs. st-EVT, we
observe a reversal between M~ and M™ around 2013, indicating improved performance
of normal distribution-based methods in the subsequent period. Furthermore, combining
the restarted backtests in Figure C.9, we find that n-based methods (n-FHS and n-EVT)
consistently outperform their skewed-t counterparts after 2006, except at the beginning
of the pandemic. This suggests n-FHS and n-EVT are likely to maintain their superior
performance in the near future. Finally, for st-FHS vs. st-EVT, the M~ and M processes
show comparable trends after 2009 (as seen in Figures C.6 and C.9), with no rejections in
either direction, indicating similar performance. Thus, for forecasting (ESg.g75, VaRo.o75),

the above findings support the following ranking of methods:

n-FP < st-FP < st-FHS ~ st-EVT < n-FHS < n-EVT

5.8 Conclusion

This chapter develops a model-free framework for standard and comparative backtests
of identifiable and elicitable risk measures, building on the recently introduced concepts of
e-values and e-processes. By leveraging these tools, we construct valid e-tests applicable

to a broad class of commonly used risk measures, including the mean, variance, Value-
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at-Risk, Expected Shortfall, and expectile. Our approach accommodates both standard
backtesting, which detects underestimation and model misspecification, and comparative
backtesting, which facilitates rigorous performance comparison between competing fore-
casting models. The proposed methodology provides valid Type-I error and false discovery
rate control in sequential testing, even under structural change and without restrictive
assumptions on the underlying data-generating process. The framework enhances exist-
ing backtesting techniques by incorporating the fundamental properties of identifiability
and elicitability, offering a systematic and flexible approach to evaluating risk forecasts.
Through comprehensive simulation studies and empirical analysis with real financial data,
we demonstrate the practical effectiveness of our methods. These findings provide valu-
able insights for improving risk model evaluation in both financial risk management and

regulatory applications.
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Chapter 6

Future work

In this chapter, we conclude with some potential extensions to consider in the future.

e In chapter 3, we improve the approximation accuracy for two families of systemic risk
measures by developing second-order asymptotic results. The next step is to con-
struct unified estimation methods for systemic risk measures based on conditional
distortion risk measures, encompassing a wider range of classic risk metrics. We will
develop first- and second-order asymptotics and corresponding estimators for ease
and accurate use. Given the strong dependence among firm losses during systemic
events, our goal is to create estimators that can capture tail dependence within the
data range and further extrapolate these estimations to extreme levels. Meanwhile,
the asymptotic normality of the proposed estimators will be established. Our find-
ings expect to enhance understanding of systemic risk management in finance and

actuarial science. Preliminary results have already been obtained.

e In chapter 4, we establish a systematic diversification framework for managing ex-
tremely heavy-tailed catastrophe risks. Building on these findings, future research
offers promising directions for further enhancing insurers’ diversification efficiency
within the constraints of insurability (e.g. business types & location) and capi-
tal capacity. Currently, we have utilized the factor copula to model multidimen-

sional general dependence and tail dependence while adapting mixture models to
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capture the heavy-tailed nature of catastrophic losses. The optimization criterion
will be studied to assist insurers in optimizing risk selection and evaluating new pol-
icy acceptances. Next, we will derive sharp asymptotics for diversification ratios,
focusing on risks with varying heavy-tailedness and incorporating tail dependence
to establish refined criteria for enhancing catastrophe risk management. Consider-
ing varying heavy-tailedness improves the pooling efficiency by diversifying across
a broader range, including those beyond natural disasters. Adapting Archimedean
copulas with Williamson transform-based generators will enable us to analyze how
tail dependence, particularly negative dependence, affects pooling outcomes. Fur-
thermore, various risk-sharing rules can enhance diversification from different per-
spectives: conditional-mean and mean-proportional rules improve actuarial fairness,
quantile-based rules improve Pareto efficiency, and order-statistics and multi-layer
rules help in loss allocation. Exploring diversification strategies within various risk-
sharing rules provides a robust foundation for advancing risk-sharing practices and

offers promising directions for future research.

In chapter 5, the e-value based backtesting framework tests the null hypothesis
through betting, where the strategy directly impacts the power of the e-backtest.
Exploring optimal betting strategies is a promising research direction to enhance
the power of the e-test and help market practitioners improve timely risk awareness.
Beyond the established connection between elicitable risk measures and backtesta-
bility, distortion risk measures offer another promising class for backtesting, with
significant practical benefits for evaluating a variety of risk measures. An empirical
project could apply our developed e-backtesting model to financial and insurance
data, identifying the most accurate methods in extensive literature across various
datasets, refining evaluations, adjusting mitigation strategies and further examining
the strategies’ effectiveness. For extreme risks, determining the maximum domain
of attraction (MDA) is crucial for statistical inference. While many risks often ex-
hibit heavy tails, heteroscedasticity can vary the tail index over time. Leveraging
e-values for single and multiple hypotheses offers a practical approach to monitoring
and assessing the MDA and tail index homogeneity across single and multiple risks.

This enables the timely detection of shifts and misconceptions in extreme risk assess-
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ment. The above findings enhance understanding, guide advancements, and provide

iterative insights for the first two research paths.
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Appendix A

Value-at-Risk- and Expectile-based
Systemic Risk Measures and
Second-order Asymptotics: With

Applications to Diversification

Lemma A.1 Assume that F(-) € 2RV _, 3 with a > 0,3 < 0 and auziliary function A(-).

Define F(t) = f(f (1 — @) dF(z), where ¢ : R — R is a function with E[¢(X)] = 0,

lp(x)| < c—1 for all x > O,tlim () = b and ¢(-) —b € RV, with b € R and p < 0.
—00

We have ?() € 2RV_,,, with v = max{f, p} and A() = A() - (=) (o(:)—0b). In

addition, as t — oo, we have

ot

Eg - (1 - g) (1 - m (6(t) = b) (1 + 0(1))> : (A1)

ol

Proof. Firstly, we need to prove that f() € RV_,. According to tlim ¢(t) = b, for any
— 00
€ > 0, there exists tyg > 0 such that

b—e<ot)<b+e Vit>t.
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Fix any x > 0. we have
T () dRg) + (- Y F)
lim —— = lim — = ~
O N (M) dF(y) + (1— ) F(1)

Secondly, according to F' € RV_,, ¢(-) —b € RV, and Potter’s inequality (Proposition
B.1.9 (5) of De Haan and Ferreira (2006)), for any 6 > 0, there exists t; > ¢, such that for

t7 ty > tl)

<e€ max{y*a”, y*a*‘s},

—_yia

and

< emax{y” T y* 1.

‘M 2

o) — b

For any t > 1, by the dominated convergence theorem, we have

- (-0 gt
- (1 - g) - (1 + /100 2z dx”) W)C_ 2 (14 0(1))
_ (1 _ 9) (1 STl CORDI o<1>>)

C

ol

By F(-) € 2RV_, g and Drees-type inequality in Mao (2013), there exists ¢ > ¢; such that

for all y > 0 and ¢ > max{ts, %},

'_ (% _ ya> - Ha,ﬁ(y)‘ < ey " max{y’,y’}.

1
A(t)

For any ¢ > max{ts, %}, according to the dominated convergence theorem, for all x > 0,
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it follows that

— :L‘_a

F(r) (1- ) F(tx) (um@(m)—b)(uo(m)
F(t) (1= F@) (1 - sy (@) — ) (1 +0(1)))

Y N s z? —1 0 —_ M — 0 -z @
= (vt i o)) (1 A o -0 o+ o)
L =1 _arf =1 po

5 At)(1+o0(1)) — p (c—b)(a—p)

Thus, this ends the proof of Lemma A.1. =

(o(t) = b) (1 +o(1)).

=X

Proof of Proposition 3.4.1. Because of equation (2.1.1), for large enough p 1 1 satisfying
ex,(X) > 0, we have

E(X) 2p—1 X
1— = E — 1| 1rx/ex .
e (X)  1-p (i{exp<)(> ] B/ P<X’>1}>

Applying integration by parts, we have

E ({% - 1} 1{X/6XP(X)>1}) _ F (ex, (X)) ( /1 T de+ /1 N % = dx)

= Flen(0) (57 + [ Hoaal@)A(ex,(X) (14 o(1) de
= 2O (14 Al () (1 o))

where the third step is due to the dominated convergence theorem ensured by Theorem
2.3.9 of De Haan and Ferreira (2006). In particular, Bellini et al. (2014) shows that

exy(X) ~ (a = 1)V F(p), ptL

Since ex,(X) — oo, 1 —p | 0 and A(ex,(X)) | 0 as p 1 1, by the first-order Taylor
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expansion, we have that

B —2(1 = S h _ ex 0
Flog(x)) a—10 2177 (am) (e a o)
— 1 — — H 0 —1 X 0
= =200 (1 i (o)) (14 s Al () (14 0(1))
o — —B/a a — 1/a
- (e e a o) + U o),

where in the third step we use 1 —p ~ F(F* (p)) as p 1 1. Notably, in the second last step,

we use liglf(F“(p))F“(p) = 0, and thus F(F*“(p)) = o(1/F*<(p)). In addition, due to
P

the fact that Up(-) € RVy/4 5/ with auxiliary function a™?A o Up(+), it follows that

X 1 e (ly/a !
exp(X) <F(;p))) | 1 \Fes () 0240 Up (1/(1—p))

F<(p) ex,(X B/
a—1)8/ o — 1)1/e
= (a—1)7e (1 + ﬁ/x(ﬁﬂp)) (14 o(1)) + ﬁ (1+ 0(1)))
(a B 1)76/a —1 —
x [ 1+ o A(F(p)) (1 +0(1))
o — 1-8/a o — 1/a
— (a— 1)V (1 + (% (% - 1) A(F<(p)) + ﬁ> (1+ 0(1))> .

Thus, we obtain the desired results.

Lemma A.2 Let Y be the nonnegative rv with a distribution H satisfying that H(-) €
2RV_,, with a > 1, p <0 and auziliary function Ay(-). Ast — oo, we have

E[y]y > =

2 (1 G A0 o)

Proof. By the dominated convergence theorem ensured by Theorem 2.3.9 of De Haan and
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Ferreira (2006), it follows that, as t — oo,

CPY >zY >t)
E[Y|Y>t}:/0 Py = ) dz

=t <1 +/100 Z° <1 + pr_ 1AH(t)(1 +o(1))> dz)

a 1
(2 AR O0 o))

at 1
T a1 (1+ ala—p— 1)AH(t)(1+0(1))) ~

Thus, we prove this lemma. m

The next lemma extends Lemma 2.4 of Mao and Hu (2013).

Lemma A.3 Let F' be the distribution function of a nonnegative random variable satisfy-
ing F(-) € RV_, with a > 1. For any fized z € (0,1) and 8 > 0, define

Vg(zt):/:t((l—%)_ﬂ—l) dF(y), t>0.

Then, as t — oo, we have
Vs(zt) ~ Bt u(t).

Proof. Since a > 1 and u(t) — p as t — oo, we have that pu(t) < oo and %t) € RV_;. We

have
t t - t
u(t) = / +dF(z) = —/ 2 dP(z) = —F(#) +/ Fz) du.
0 0 0
According to Karamata’s theorem, it is easy to check that

- tF(t
p(t) ~ / F(z)dz as t—o00, and lim (®) = 0. (A.2)
0

=00 [VF(y) dy
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By the integration by parts, it follows that

V(st) = —/OZt ((1 0T 1) dF(y)

(1= 2)FF(zt) + § /0 ) F(y) <1 - %)_ﬁ Ty,

For any fixed z € (0,1) and (A.2),

. tF(zt) < lim tf(zt) B
S [H ) (1-) " dy T o [ F(y) dy

Since (A.2) holds for alla« >Tand 1+ (B+ 1z < (1—2) P 1 <1+ (B+1)(1—2)F 2%
for x € (0, z), we obtain

o VD g thF(y)zfl— — 4y
t—oo pu(zt) t—r00 fo F(y)dy
> 8 lim JEF@)dy + (B+1) [ Fy)y/tdy
fmreo fo F( )dy
a1 2t F(zt)
_ Bt <1+(6+1 i e dyHF(Zt))
=Bt
and
cValet) _ say Jo Flyydy)
Jim e < pt! <1+(5+1)(1— 2)” thoom =pt

By 42 ¢ RV_,, it follows that

Va(zt) ~ Bt u(zt) ~ Bt u(t), as t— oo.

This ends the proof. =
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Lemma A.4 Under the conditions of Theorem 3.53.2, ast — oo, we have that

t

E [XalS0 > 1] = 2y (1 BOL+ (1) +o (Z 6:(t) - dﬂ) ,
where

By — 1 ap -0 (A3)

Proof. It follows that, as t — oo,

[T P(S, >t X, > 2)
E[Xm|5n>t]_/0 B(S, > 1 dz

B (e )

o P(X > t)
—t(14 55 =5

(1) - Qz(t))) .

For Q:(t), using the fact that F'(-) € 2RV_, 5 with a > 1 8 < 0 and the auxiliary function
A(t), as t — oo, we have

Qi(t) = /100 P (1 + Zﬁﬂ_ 1A(t)(1 + 0(1))> dz

- (14 A o) )

For t > 0 and z € (0,1), write Q. := {(21,...,2,) € R} : Y 2, > t,x, < 2t}. For
Q2(t), the key idea is to connect P (S,, > t, X,,, < zt). Similar to the proof of Proposition
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3.3.1, we have that

n

P(S, > t, Xy < 2t) = / [[aF@)+ 3 asec ( / IT aF(m) - / I dF@)dFi)

Q2 g=1 1<i<j<n Q2 g=1 Dtz k=1 k£i
_/ dF (zy,) dE(l’j) + / dF(zy) dﬁz(xz) dE(@))
iz p=1k#j iz p=1,k#i,j
=J(t2)+ Y agee; (J(t2) — Kit,z) — Kj(t,2) + Kij(t, 2)).
1<i<j<n

(A.4)

For simplicity, denote S — >~ X; which has the distribution G,,. By Theorem 3.5 of

Mao and Hu (2013) with o > 1 and the induction assumption, it is easy to check that
Gul(t) -1
O - (n—1) (14 (n—2)at " u(t) (1 +0o(1))) + o (A(t)).

Obviously, G,,(+) € 2RV_, with auxiliary function B(t), where A = —min{l, —5} and
B(t) is given by

B(t) = A(t) — (n — 2)at ™ pu(t).
For J(t, z), by the dominated convergence theorem, it follows that
2t _
It2) = [ Gl = p)ar(y
0

=Gn(t) /:t (1 - %)*a 4+ H gy (1 - %) B(t) (1 +0(1)) dF(y)
= Go(t) (Ji(t, 2) + Ja(t, 2)) .
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For Ji(t,z), by Lemma A.3 and F(t) = o(*}2), we have that

t

A (@-- :anw+F@o

=t u(t) + 1 — F(zt)
— 1t u(t) (1 +o(1).

For Jo(t, z), since Hop (1 — %) < (1_&?7& ((1 - %)’\ - 1) for any y € (0, 2t) and z € (0,1)
and Lemma 5.6 in Barbe and McCormick (2005), we have

[y arms R (01 =0

Then,
Jo(t,z) = o (B(t)).

Thus, according to G,,(t), Ji(t,2) and Jy(t, 2), it follows that

(14 at™u(t) (1+0(1)) + o (B(1)))
=(n—-1)(1+m—1at " ut)(1+o0(1)) +o(JA{)])).
Similarly, it is easy to see that

o=

n—1-— —) (1+at™ (n—1)u(t) (1+0(1))) + o (JA®)])

an —Du(t) | a(d(t) — d;)
_< ), “a_m))u+dnx
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and

K;& 2 _ (n - Ccl— _ %’:) (14 at~"(n — Du(t) (1 + o(1))) + o (|A®))
(el = Dp(t) | adi(t) —di) | an—Dun(t) | a(dn(t) —dn) )
( cit + ci(la— p;) + emt + Cm(a = pm) ) (14 o(1).

Pulling J(¢t, z), Ki(t, z), K, (t, 2) and K;,,(t, z) into (A.4) yields that

P (S, >t X,, < zt)
F(t)

=(n—1)(1+at ' u(t) (1 +0o(1) +o <|A(t)| + Z | (t) — diy> :

i=1

Thus, we have that

Q- [ P(Sy >;(j§m§“> dz=(n—1) (1+at1uz<t>)+o<|A<t>|+;|¢i<t>—dir>.

According to the dominated convergence theorem, it follows that as ¢t — oo,

E [Xm|S, > t] —t(l—i—(n 1+ A, (8)(1+o(1 >>_1(Q1 t)_QQ(t>>)

(
(1—|— (1—at wh () (1 +o(1 +0<A(t)+zn:(¢i(t)—di)>>
)_ 1 ey

(a_1(”

_ ((l_—w (1 4 (mA(t) — M;t(t)) (14 0(1))) +0 (g; |9i(t) —

This completes the proof of the lemma. =

SENS

Lemma A.5 Under the conditions of Theorem 3.3.2, there exist some large enough tq
such that for any t > tq,

E [(Xm —t), |S,

- (a f"l)n (1+ B +0(1))) - % +0 (Z 6i(t) — di|) ,
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where B(t) is defined in (A.3).

Proof. This proof proceeds along similar lines as in the proof of Proposition 3.3.1. Ap-

plying the integration by part, we conclude that

CP(X,, > z2t, S >t)
tl =1t d
Sn > ] /ttl P (S >t) ‘

B t P(X >t) *P(X,, > zt) TP (S, >t X, < 2t)
_t<1_?+19>(5n>t)</1 P(X > {) dz_[tl P(X > {) dz))‘

Following a similar analysis of Q3(¢) of Proposition 3.3.1, we have that

E [(Xm —t),

/ : (Sn;()t(’ i(n;)g e = (1 =1/ 0 —1) (14 0t 430)) +0 (A(t) +2_(ilt) - di)) :

Thus, by the Taylor expansion, as ¢ — 0o, we have
E [(Xm —t),

t(l -2 (n (1+ A0 +0(1))) (@il (1 + a_;_ 1A(t)>
—(1—t:/t)(n—1) (1 +at™hn(t) + o (A(t) + i(dh’(t) - dﬂ))))

— ﬁ (1 + (m’%) _ u::t(t)) (1+ 0(1))) - % +o (Z(@(t) - d,»)) .

We complete this proof of Lemma. m

Sn>t}
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Proof of Theorem 3.6.1. By Theorem 3.3.1 and (6.1), as p 1 1, based on VaR, we obtain

DYR(S,) = 1 — VaR,(S,) — nu (1 “p)>_l

nE<(p) P
« (e nble
=1-—nl/t <1 + <Z’{/(a];:8)) 3 1A(F“(p))> (1 +o(1)))
(1 _ nl/a—l

) (14 0(1) +o0 (Z(@(t) - di)) .

=1

F<(p)
According to Proposition 3.4.1 and Theorem 3.4.1, as p 1 1, we have

Dex(sn) —1— eXP(Sn)/n — U

exp(X) — p
— 1 pl/e-t (n* —1) (= 1)t - 0
.y G+ O A ) (4 ot
(a — DYH e (F<(p)) -
_ () (1+0(1))+o (;(Cbi(t) - di)) :

Based on CTE and Lemma A.2, as p 1 1, we have

naF < =
0 (14 i AP (o) — )

C
DSTE(S,) =1 —

_ 1 _ /et (1 + ( " m> A(F=(p)) (1+ o<1>>> +o (i@bi(t) - di>)

(la=Dps (F=(p) —np) | (o= Dn'/*"'p 0 Z:
() ) e

— 1 plla-l 1 n’*(a—1) - 8 _ « 0

=1t (1 L (DS ) e o))

(o= 1) (P () — (n— 1) ) .
naF<(p) (1+o0(1)) +o (Z(@(ﬂ dz)) :

i=1
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In addition, applying Lemma A.2, it follows that

CE (S ) —nu
DSP(S,) =1—
mee®) (14 B;U Afexy(X)) ) = np
L By (Su)/n — p
“fﬁ’(r+;;z%)<F%@»u+wu» —u

anF=(p)

Thus, this completes the proof of Theorem 3.6.1.
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Appendix B

Catastrophe Risk Pooling

Proof of Lemma 4.2.1 . By the similar argument in the proof of Theorem 3.1 of Cui
et al. (2021), we can show that if 0 < & < 1, then there exists 0 < g < 1 such that for all
g < ¢ <1, DR,(X(k)) < 1. It then follows that lim, ,; DR, (X (k)) < 1. We are left to
show the case of £ > 1.

Let t = VaR,(X;). To study DR, (X (%)) < 1, it is sufficient to analyze as t — oo,

Pr(Xi(k) + -+ X, (k) > nt)
Pr (%, (k) > ©) =1 (B-1)

First we denote the index set I = {2,3,...,n}. Let A C [ with the cardinality denoted by
|A|. Let 1 = {1, ..., xp—1} and xpa = {x2, ...,z }\{2s,7 € A}. To simplify the notation,
we denote

Ay g ={x;,ie€l:0<z <k},

which is a unique set, and for any set A with |A| = j,

An,]:{fﬂl,ZGI\AOSl’ZSk},
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which in fact represents C”~} 7 different sets. We rewrite

Pr (X (k) + -+ X, (k) > nt)

= /A Pr <X1(k) >nt — i%) A"~ Fi(y:)

n

+ Z /An_Q Pr <X1(k) >nt — Z Yi — k) F (k)d?hZF( i)

i=2,i#j1

+. Z / Pr (Xl(k) > nt—A Z ‘yi_lk> Fjy(k) - Fj (k)dy ™ i)

Lt =2,1 Ay Y Bl

4+ Pr(Xy(k) >nt — (n—1)k) FQ(IC) - Fn(k:%

where d" ' Fj(y;) HdF yi), and d\’; - L Ti(yi) = H dF;(y;) for L =1,2,...,n — 2.
=2, 1,01

In total there are Cg,l +Cl 4+ 0"} =271 terms on the right-hand side of (B.2).

Denote the (I + 1)th term by [, [ = 0,1,.., 2"~!

— 1. Next we analyze these terms by
different range of &.

(a) 1 < § < 5. That is there is ¢y > 0 such that for all ¢ > ty, (n — 1)k < nt < nk.
Note that

_—70 _ / Fl(”t__ > ico yi)dnle‘(y‘).
Fi(t) k< v nan Fi(t)

and > ,y; < (n — 1)k. We have

_ . Fi(nt—(n—1)k) 1l
lim — = d" Fi(y
L Ut Sy PN
= (n—(n—1)¢)" lim A"~ Fi(y:)

t=roo {nt—kSZ?:Q yi}mAnfl

=0, (B.3)

where in the last step we used the fact that nt — k — oo as t — oo for n > 2. Similarly,
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forl=1,.., 271 -2
I

lim =
t—o0 Fl (t)

Now for the last term, since

Y Pr(Xy(k) > nt — (n — 1)k)
iS50 210

=(n—(n—-1§) " <oo,

. I,
we have lim;_, o T )

1 with no further restriction on «;.

= 0 as well. Combining all the terms, we obtain lim, ,; DR, (X (k)) <

(b) 5 < & < 5. That is there is £y > 0 such that for all ¢ > #o, (n —2)k < nt <

n—1 k. In this case, 1t requires a; to satisfy a; < a(,). For the first term,
q y (n)

{nt B3 2yl<nt}ﬂAn 1 i—9 {ntSZ?ZQ yi}ﬂAn,1
Filnt—=> y | d" " Fi(y)
[{ t—k<>" 5 yi<(n— st}ﬁAn 1 ( Z )
nt — yi | d" 1F(%)
/(n <> 2yz<nt}ﬂAn 1 < Z )
(y:)

1d" ' Fy(

_l_

/{m&<zz 2 Ui JNAR 1
= JO 4 g0 4 g, (B.4)

Let ¢ be chosen so that 0 < e <n — (n —2)¢&. Similarly as in (B.3),

(0) Al
Fq(et
lim _Jl < lim _1(8 )/
oo F(t)  toee Fh(t) J{nt—k<sr, yis(n—e)t}nan
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For JZ(O), note that

7 < / I F(y,)
{(n—e<r, yi<nt}

=Pr ((n—a)t < iXi < nt)

=2

< Fuy((n—e)t—(n—2)k).

Since 0 < e <n — (n—2)&, we have (n —e)t — (n —2)k — o0 as t — oo. Then

0 O F
lim _J—2 = lim _J2 _(n)( )
=00 Fy(t)  too0 By (t) Fa(t)
F —e)t—(n—-2k F
< lim m((n _E)t (n —2)k) n n)(t)
t—voo Fy(t) Fy(t)

=0,

where the last step is due to that a; < a(y). Then, J?EO) isPr(Xo+- -+ X, >nt, Xo <k, ...X, <k),
which can be analyzed similar to I in (B.3) for case (a). That is for (n—2)k < nt < (n—1)k,

(0)

F n(nt —
lim =2— = lim/ (o _Zz Glall )dn QF(%) =0.
1500 Finy(t) 1790 S {nt k< iy v} Fy(t)
(0) 0 F
Thus, if o < g, then lim,_, ;(t) = limy_, FJ 0] FJ;?)(()) = (0. Combining the terms

J1(O); J2 % and J:)E >7 it leads to limy o fl(t) =0
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Next we turn to term [;, [ = 1,2,3,...,2" 71 — 2,

I
Pr | X, (k) > nt — Z yi — Ik | Fy (k) - Fj,(k)dr
..... gl =2 Z" yiSnt—lk}ﬂAnz1 =2
Jl# “Fi 1#]1 ,,,,, i A1, 01
} Fj (k) Fy(k)dy L Fiys)
..... j Z" _ yi>nt—lk yNA, 11
117'é #Jl 175]1 ,,,,, Ji
=J 4 0,

For Jl(l), if F(,,)(k) is one of F;,(k),- -, Fj,(k), then noting that lim, = (()) =0 and

/ Pr| Xi(k) >nt — Y g1k [ " Fiy) < oo,
{Z" i—o  vi<nt lk}mAn 1 , L1yees]
Jl

. =4
T#£J15]1

0) _ _
we have lim,;_, };]() 0. If F,(k) is not one of Fj (k),---,Fj;(k), then the analysis is

«
similar to that for Jl(o +J2 in Iy above. Thus, again we have lim;_, ;

o) =0. ForJ2 , 1t is

yeesJI=4J17FFJl 1= 4,1F ],

which follows the analysis of J3 in IO above. Thus, if oy < ), then Ff_l(t) — 0.

For the last term, as t — oo,

1,1 . —(n— J=2 ‘ F(")@)
F= (X1(k) > nt — (n — 1)k) Foo(t) Fi(t)

Combining all the above, lim,_,; DR,(X (k)) < 1.

— 0.

(¢) o= < § < ;% with s = 3,...,n—1. That is there is ¢, > 0 such that for all £ > #,
(n—s)k <nt < (n — s+ 1)k. In this case, we require that a; < a(,—s42). The analysis
is similar to that in (b) by repeatedly splitting the lightest risk out until the number of
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random variables is reduced to n — s + 2. In this process, if a; < a(,—s42), then each term
can be shown to be o (F1(¢)). Then it leads to lim,,; DR,(X (k)) < 1.

(d) Lastly, we turn to the case & > n. By the similar arguments of Theorem 3.1(ii) in
Cui et al. (2021), we have that

lim Pr <S"(k) > t) = lim M = lim M =n %<1,

twoo Pr(Xi(k) >t) 20 Pr(Xy >t) 900 Fi(t)

provided that a; < ay2). The second equality above is due to Feller’s theorem; see page
278 of Feller (1991).

Combining the above analysis, the desired results follow. m

Proof of Theorem 4.2.1 . Note that X(,) has the lightest tail in the pool and a,) =

max{a, @, ..., }. Then for any i with o; < a(y), we have

k() k(q)  VaR, (X))
lim —————— = lim
¢=1 VaR,(X;)  a=1VaR, (X)) VaRy(X;)

=¢.0=0.

By Lemma 4.2.1 (i), we have lim, ,; DRéi)(X(k)) <l m

Proof of Lemma 4.3.1. (i) If 0 < £ < 1, then there exists 0 < gy < 1 such that for all
g < q <1, VaR (X (k)) = k. Note that VaR,(S,(k)) < k for any 0 < ¢ < 1. Thus

limDRq (X(k)) <1.
qtl

When 1 < £ < n, consider the decomposition
Pr(S,(k) > t) = Pr(S,(k) > t,none of X;’s > k) + Pr(S,(k) > t,at least one of X;’s > k)
= Pr(S, >t)—Pr (Sn > t, LnJ {X; > k}) + Pr (Sn(k) >, 0 {X; > k})
i=1 i=1
=1 — L+ Is. (B.5)

Next we analyze each term separately.
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For I, since X;’s are independent and F; € RV_,, by Feller’s Theorem (see page 278
of Feller, 1991) we have

I Pr(>" X, > nt " OPr(X; > nt u
lim =1L = g Dz X >0l 2 PrX > ) Y 6. (B.6)
t—o00 Fl(t) t—o0 Fy (t) t—o0 Fl(t) i—1

For I, on one hand

i=1

On the other hand,
L= Pr(S, >, X; > k)= Y Pr(S,>t,X; >k, X; > k).
i=1 i#j
Since X;’s are independent and tail equivalent, we have

Doizi Pr(Sh >, X; > k, X; > k) > iz Pr(Xi >k, X; > k) _

lim — < lim —
=500 Fi(t) t=00 Fy(t)
Thus,
I " Pr(S,>tX; >k
lim == = lim 3 S > 4 X > k) (B.7)
t—oo Iy (t) t—00 - Fl(t)

Note that for & < n, which is equivalent to that there is some t, > 0 such that for all £ > ¢,

we have k < nt,

Pr(S, > t, X; > k) = / Pr <Z X; > nt — yi> dF;(y;) (B.8)
K i
(n—e)t nt 00
= (/ +/ ) Pr (ZXj >nt — yz) dFi(yi) +/ dFi(yi)
k (n—e)t i nt

= Io1 + Iy + Io3.
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First, we have

By the arbitrariness of ¢,

e _ . (Fi(n—o)t) = Fi(nt))

im — <
t—oo F'y (t) t—o0

— (TL — 5) o 91 — 0.
Lastly, o
1 F;
im —2 lim _l(nt) =n"%,.
t—00 Fl (t) t—00 Fl(t)
Combining I, Is and I3 leads to
lim
t—o0 Fl Zl
Now we turn to I3. Following similar arguments for I, we have
"\ Pr(S,(k) > t, X; > k
lim —— = lim 3 H(Slk) > 6, X > k) (B.9)
t—oo By (t) t—00 Py Fl(t)
Note that nt—k = (n — ) t = coast — oo for { < n, we have Pr (Z X;(kj) > nt — k‘) —
J#i
0 as t — oo. Then
Pr(S,(k) > t, X; > k) Fi(k) Fi(t
(Snlk) > 1, X; > (X sk | BB B,
Fi(t) o Fy(t) Fa(t)

Thus, lim;_, FIS

o = 0.
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Combining 7, I and I3 yields

. Pr(S,(k) >t) e Ca

i=1 ieze

(ii) Now we consider the case £ > n by following the same decomposition in (B.5). The
relations (B.6), (B.7) and (B.9) still hold. Note that £ > n is equivalent to that there
is some ty > 0 such that for all ¢ > t, we have &k > nt. Then Pr(S,(k) > t,X; > k) =
Pr(S, >t, X; > k) = Pr(X; > k). It follows that

lim —_IQ + _]3
t—o0 Fl(t) Fy (t)

Hence when & > n,

Pr(Su(k)>t) .. I :n—aie-

hm —_— = hm e
t—oo Fl (t) t—oo Fl (t)

If =) "0; < 1, then lim,_; DRy(X (k)) < 1. m

i=1

- - Ka)  _ : VaRy(X2) _ &
Proof of Theorem 4.3.1. Given lim, VaR, (X)) = ¢ and lim, VR (X)) = 07, we have
k k VaR, (X _1
i FO) Mo VaRW(X)

251 VaR,(X;) a1 VaR,(X,) VaR,(X;)

_1 . _1 1
Lemma4.3.1 (i) implies, if 6, “¢ < n, we have lim,_,; DRgZ)(X(k)) < 1. Then, if max(&, 6, “¢, ..., 0, &) =
Oiné < n, we have lim,_,; DR(/(X (k)) < 1forany i=1,..,n. m

Proof of Lemma 4.4.1. (i) If 0 < £ < 1, then there exists 0 < gy < 1 such that for all
G < q < 1, VaRy(X:(k)) = k. Note that VaRy(S,(k)) < = >°" | k; for any 0 < ¢ < 1. If
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526/ < —1, then
i=2

DA R
lim DR, (X (k)) < n=i=t™ _ 2 N gl/e 1
im DR, (X (k) < === "2 <

(ii)) When ¢ > 1, following the similar decomposition (B.5) as in Theorem 4.3.1, we
have

Pr(S,(k) > t) = Pr(S,(k) > t,none of X;’s > k;) + Pr (S, (k) > t, at least one of X;’s > k;)

= Pr(S, >t)—Pr <Sn > t, O {X; > ki}> + Pr (Sn(k:) > t, O {X; > ki}>

i=1
= Il - [2 + [3.

The analysis of I; as in (B.6) still holds. Similar to (B.7) and (B.9) we have

I " P X >k
lim —— lim Z (S >_t’ i 2 kl),
t—o00 Fl (t) t—00 Fl(t)

and

1M = 1m
t=roo Fl(t) i=1 Fl(t)

Next we focus on I and Is.

If for some i, 02-1 / “¢ > n, which is equivalent to there is some t;, > 0 such that k; > nt
for all ¢t > to, then Pr(Sn(k) > t,X; > k’l) = PI"(Sn > t,X; > k’z) = PI"(XZ > k’z) We
denote Z ={i=2,..,n: 91.1/0‘5 >n}. Then Z¢={i=2,...n: 91.1/0‘5 < n}. Now

t—oo [y (t) Fy (t) t—o0 Fy (t) i—1 Fy (t)
oo Fi(t) Fi(t)
= lim _Jl + J2.
t—00
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For J;, note that for 92-1 / “¢ < n, which is equivalent to that there is some t; > 0 such that
k; < nt for all ¢ > t;, we have a similar decomposition as in (B.8) that

ki j#i
(n—e)t nt (9]
_ / +/ Pr ZXj >nt —y; | dF;(y:) +/ dF;(y;)
k; (n—e)t ji nt
= Ju + Jig + Jis.

Then following the similar line of proofs in Lemma 4.3.1, we can show that

Jll li J12

lim — = lim — =0,
t—o0 Fl(t) t—o0 Fl(t)

and _
lim = = lim Fl(nt) =n"%0,.
t—00 Fl (t) t—00 Fl(t)

This leads to
lim J; = Z tli)m (Jn + Jia2 + Jlg) = Z n~“0;.

t—o00
ISV A AL

For J;, note that nt — k; = (n — %) t — oo as t — oo for 491-1/0“5 < n. Applying similar
arguments as in Lemma 4.3.1 yields lim;_,, Jo = 0.

Combining the above analysis,

: Pr(STL(k) > t) -« - —a —«

1€Z¢ 1€Z

If 3,0, 0 < n®, then lim, ,; DR,(X (k) < 1. =

Proof of Theorem 4.4.1. First note that for any i,5 =1, ..., n,

limij—(m):hmw:

ZT—00 F,(a?) T—00 Fz(x)/Fl (I)

SIS
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N Ve
When 0 < ¢ < 1, Lemma 4.4.1 (i) implies for participant 7, if >, (%) < n or

equivalently

>0 <o),
j=1

then limgp DR((Ii)(X (k)) < 1. Thus, for all participants willing to join the pool, it requires

> 9]1-/(1 < n&in/li Given 0; = 1, all §;’s have to equal 1.

When 1 < £ < n, Lemma 4.4.1 (ii) implies for participant 4, if ZjeZ (ﬁ) < n% or

;
Z 9]' < n“0;,

JE€EZ;

equivalently

where Z; = {j =1,..,n,j #1i: 9]1-/a > 92-1/0‘71/5}, we have limg4 DREP(X(I{:)) < 1. Thus,

for all participants willing to join the pool, it requires ) ez 05 < n%Omin.

When § > n, the set Zyin becomes {1,...,n} and the condition reduces to >°7_, 0; <
Nn*@nin, which is impossible to satisfy. Thus, only when 1 < £ < n, it is possible for all

participants to join the pool. m

The proof of Theorem 4.4.2 follows from similar lines as in Lemma 4.4.1 and is omitted

for simplicity.
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Appendix C

Standard and Comparative
E-backtests based on Identifiability
and Elicitability

Assumptions

Assumption C.0.1 For all a € R?, there exist Fy, ..., Fy.1 € M, such that

0 € int ({conv <{Af<x,a)dpl(x>,...,Af(x,a)dFd+l(x)}>}>,

where int denotes interior and conv stands for convex hull.

Assumption C.0.2 For all a € R, there exists a sequence {F,}nen such that F, € M,
the support of F, is contained in a compact set K for all n € N, and {F,},en converge

weakly to the Dirac measure 6.

Assumption C.0.3 a +— I(z,a) is locally bounded for almost all x € R? in the Lebesgue
sense. Moreover, the complement of the set {(x,a) € R¥ : I(z,a) is continuous at a} has

(d + 1)-dimensional Lebesgue measure zero.
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E-variable and Bound under 0-Homogeneous Scoring
Functions

Example C.0.1 This example shows the e-variables constructed by 0-homogeneous scoring

functions for some common risk measures.
1. The Value-at-Risk VaR, under a strictly consistent scoring function
Svar(z,a) = (1 —p)log(a) + Liz>a) log(g)
Forr,r* € R, we have

. . r r
inf (Svar (z,7) — Svar(z,77)) = (1 = p)log(—) 1<y — plog(F)]l{Dr*}.

z€R r*

By Lemma 5.4.1,

L+ h(r,m*)((1—p)log(r) + Lirsn log(?)) — h(r,7*)((1 = p)log(r*) + Lirsr log(r—*))
is a precise e-variable for the following null hypothesis H~(VaR,,) for all L : Q — R
and r,r* € R:

H_ (V&Rp) . E[SV3R<L, 7") — SVaR<L7 7”*)} S 0,

where

1
0<h(r,r") < - = .
(") plog(Z) sy — (1 —p)log (5 ) Lir<pe)

2. (The Value-at-Risk and the Expected Shortfall) The Value-at-Risk and the Expected
Shortfall (VaR,,, ES,) is jointly elicitable with a strict consistent scoring function

z—>b

b
SES,VaR(xa a, b) = ]l{a:>b} +(1_p)(a_1+10g(a))a YIS [_M> M], 0<b <a< M.

Here, we assume that the risk forecasts take positive values since we focus on losses.
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ForO<z<r<Mand0 < z* <r* < M, we have

= i S a s 1y -5 a 5 *7 *
2 we[l_lew’M}( ES,V: R($ r Z) ES,V: R(-’B T,Z ))
M-z M-z 2 —z z—z*
— ]1 r>r* — /\ _]1 rp* /\O
{{>}(,,, ,r*) ()~ Lpzey— }

r r* r

Thus we have by Lemma 5.4.1 that

L—z
r

1+ h(r,r*, z,2%) (II{L>Z} +(1— p)(; -1+ log(r)))

. . L—=z z* .
| T R Ra )

is a precise e-variable for the following null hypothesis H~(ES,, VaR,) for all L :
Q—[-1,1]:

H~ (Espa VaRp) : E[SES,VaR(La T, Z) - SES,VaR(La T*7 Z*)] < Oa

where 1
0 < h(r,r*,2,2") < 1,0y — “H2<0} g

V2
3. (The expectile) The expectile ex,, is elicitable with a strict consistent scoring function

Sex(,0) = Lgsap (1 = 2p)(log = +1 = =) 4 (1 =p)loga— 1+ =), w,a € [-M, M].

For all r,r* € [—M, M|, we have

T 1 1
inf Sex ) _Sex 7* =(plirsr 1 —p) iy log— — |- — — .
me[l_%’M]( (z,7) (xz,r")) =(p {r> }+( p) (r< })(ogr* |7" 7’*|M)
(C.1)
By Lemma 5.4.1,

1+ h(r,r*)Sex(r, L) — h(r, 1) Sex (1", L)
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is a precise e-variable for the following null hypothesis H™ (ex,) for all L : Q —
[—M, M] and r,r* € [-M, M]:

H™(ex,) : E[Sex(L, 1) — Sex(L, )] <0,
where

1

0<h(r,r) < —
ST S Bl r) — Sl )

Al,

and infyep ) (Sex(, 1) — Sex(,7%)) is given by (C.1).
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Supplementary Results for Comparative Backtests via

Structural Change of Time Series
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Figure C.1: E-processes of comparative backtests for VaRg g9 rejecting at 2 and restarting at the
structural change point, using the h-1 score function. Betting process is GREL with ¢ = 0.1. The
title of each plot represents ”Internal model vs Alternative model”.
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Figure C.2: E-processes of comparative backtests for exg gggs5 rejecting at 2 and restarting at the
structural change point, based on the score function in Example 5.4.1. Betting process is GREL
with ¢ = 0.1. The title of each plot represents ”Internal model vs Alternative model”.
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Figure C.3: E-processes of comparative backtests for (ESg 975, VaRg.975) rejecting at 2 and restart-
ing at the structural change point, based on the score function in Example 5.4.1. Betting process
is GREL with ¢ = 0.1. The title of each plot represents ”Internal model vs Alternative model”.
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Supplementary Results for Real Data Analysis
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Figure C.4: E-processes for comparative backtests of VaRg g9 on the NASDAQ index with respect
to the number of days from January 3, 2003 to May 30, 2025. Adopting GREL betting process
with ¢ = 0.01 and the score function in Example 5.4.1. The title of each plot represents ” Internal
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Figure C.5: E-processes of comparative backtests of exg ggsss on the NASDAQ index with respect
to the number of days from January 3, 2003 to May 30, 2025. Adopting GREL betting process
with ¢ = 0.01 and the score function in Example 5.4.1. The title of each plot represents ” Internal
model vs Alternative model”.
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Figure C.7: E-processes for comparative backtests of VaRg 975 on the NASDAQ index, rejecting
at 2 and restarting thereafter. The x-axis represents the number of days from January 3, 2003,
to May 30, 2025. The GREL betting process with ¢ = 0.1 is adopted, using the score function
specified in Example 5.4.1. The title of each plot indicates the comparison: “Internal model vs
Alternative model”.
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Figure C.8: E-processes for comparative backtests of exg gggss on the NASDAQ index, rejecting
at 2 and restarting thereafter. The x-axis represents the number of days from January 3, 2003,
to May 30, 2025. The GREL betting process with ¢ = 0.1 is adopted, using the score function
specified in Example 5.4.1. The title of each plot indicates the comparison: “Internal model vs

Alternative model”.
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Figure C.9: E-processes for comparative backtests of (ESg.975, VaRg.975) on the NASDAQ index,
rejecting at 2 and restarting thereafter. The x-axis represents the number of days from January
3, 2003, to May 30, 2025. The GREL betting process with ¢ = 0.1 is adopted, using the score
function specified in Example 5.4.1. The title of each plot indicates the comparison: “Internal
model vs Alternative model”.
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