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Abstract

This thesis consists of two distinct sections, the first highlighting causal set theory
(CST) and the second focusing on Feynman period estimation. This work specifically
covers how discrete structures from algebraic combinatorics can be applied to problems
from physics, and how we can use computational tools and techniques to help solve these
problems from a mathematical perspective.

In the first part of the thesis, we introduce CST, an approach to quantum gravity that
focuses on how events in spacetime are causally related to one another. In CST, discretized
spacetime is given by a locally finite poset. A significant portion of this section focuses on
covtree, which allows us to evolve such a discrete spacetime, in a way that does not depend
on arbitrary labelling. However recognizing nodes of covtree involve solving a particular
downset reconstruction problem. To attack this we define a graph that compares downsets
that differ by exactly one element, with a particular focus on the order dimension two
case. This section of the thesis sheds light on evolving a spacetime by constructing future
elements within the covtree framework. Reconstructing spacetime in this way will allow
for researchers to advance our understanding of covtree’s structure and improves causal
set theory as an approach to quantum gravity.

In the second part, we provide an introduction to Feynman periods, explaining their
significance in quantum field theory (QFT) calculations. We will discuss how machine
learning models, such as linear and quadratic regression, and graph neural networks, can
be applied to Feynman graphs and their properties, to predict the Feynman period. Even
simple techniques like linear regression, on graph parameters only, which do not consider
the graph structure directly, can make highly accurate predictions of Feynman periods. The
work presented in this section, done jointly with Dr. Paul-Hermann Balduf, is published
in the Journal of High Energy Physics. This research has significant implications for QFT
computations, which can become computationally infeasible at large scales, and facilitates
further exploration in particle physics.
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Chapter 1

Introduction

This thesis is meant to showcase how mathematics can serve as a tool for understanding
the fundamental principles of the physical world, in addition to how hand in hand math
and physics go together. In particular, this work focuses on how discrete mathematical
structures can be used to create a framework for analyzing problems where continuity
assumptions break down, such as in quantum gravity and high energy physics. This thesis
explores the application of discrete mathematics to two distinct research areas: causal set
theory (CST) and the prediction of Feynman periods.

1.1 Thesis Road map

The first half of this thesis is dedicated to CST. This part of the thesis will provide an
overview of partial orderings and how they are used in the CST framework. In this work,
we use partially ordered sets (posets) to model spacetime. There are may approaches to
quantum gravity, such as holography from string theory and loop quantum gravity, but
none are satisfactory [104, 92, 19]. The approach that we will take is CST, which begins
with a set of remarkably minimal and physically motivated assumptions: (1) spacetime is
fundamentally discrete, and (2) its structure is entirely determined by the causal order of
events. These assumptions are grounded in both physical reasoning and are mathematically
simple. Notably, CST is an intrinsically Lorentzian theory from the outset, the causal
order respects the light-cone structure of relativistic spacetimes. Even if CST does not
provide a complete theory of quantum gravity, its conceptual simplicity, deep connection
to spacetime causality, and mathematical clarity strongly suggest that it captures a core
part of the underlying structure. As such, CST offers not only a compelling framework in



its own right but also a foundation that may prove essential in any eventual synthesis of
quantum gravity.

The second half of this thesis is joint work with Paul-Hermann Balduf, focused on
Feynman periods, a class of integrals that arise from Feynman integration. Feynman
graphs serve as a combinatorial tool for encoding particle interactions in perturbative QF T,
and each diagram corresponds to an integral [123]. The period of a Feynman graph is a
specific scalar quantity derived from the associated Feynman integral, stripped of external
parameters [29, 95, 76]. These periods are arithmetically interesting. However, calculating
Feynman periods becomes increasingly difficult as the graphs get larger, with symbolic or
numerical integration often becoming intractable due to the complexity of the integral and
the combinatorial explosion of possible graphs [, |. This motivates the exploration of
new techniques, including the use of machine learning, to predict Feynman periods based
on graph-theoretic and combinatorial features, as we explore in this thesis.

Because of this, part two of this thesis explores the use of machine learning models
to predict Feynman periods. We use features of our graph such as the Hepp bound, the
Martin invariant, and numbers of 6, 8, 10, 12, 14-edge cuts, which are known to relate to the
Feynman period in various ways, so that our models can aim to learn patterns in known
period values and extrapolate them to new, unseen graphs. This approach offers a novel
perspective on using artificial intelligence for Feynman period prediction [9].

The outline of this thesis is as follows:

e Chapter 2 introduces posets, with a particular emphasis on plane posets, a structure
that features two interacting partial orders. This chapter sets the stage for later
discussions on their applications in CST.

e Chapter 3 provides an overview of CST, focusing on growth models that we need for
chapter four.

e Chapter 4 goes over the thesis’ primary result for part 1, regarding the structure of
a digraph of certain downsets.

e Chapter 5 introduces a background to Feynman integrals from a predominately graph
theoretic perspective, and gives a mathematical motivation to the questions that are
being answered with Feynman period predictions.

e Chapter 6 discuses a background to machine learning, providing an introduction to
the models that we used to compare for our Feynman period predictions.



e Chapter 7 details my contributions to machine learning approaches for Feynman
period estimation, discussing the results of the models used.

e Chapter 8 provides a concluding discussion, reflecting on the connections between dis-
crete mathematics and physics, summarizing my findings, and suggesting directions
for future research.



Chapter 2

Poset Background

2.1 Introduction and Motivation

Ordering relationships arise naturally in many mathematical and scientific contexts. There
are total orders, where every pair of elements is comparable, such as with the natural
numbers under <. A partially ordered set (or poset) generalizes the more familiar notion
of a total order, by allowing some pairs of elements to be incomparable.

Posets are mathematically interesting, because they let you talk about order without
needing everything to be comparable. From a combinatorics point of view, they show up
in problems like counting linear extensions, computing Mobius functions, or understanding
when a structure is a lattice. They are also used to study subsets ordered by inclusion,
such as the Boolean lattice of all subsets of an n-element set, which underpins problems in
extremal set theory and Sperner theory [16]. They also appear in partition lattices, which
structure the ways of breaking a set into non-empty blocks. These are simple to state but
can be hard to work out, which makes them interesting to study.

To consider a few further examples, in theoretical computer science, posets model
dependency graphs where tasks must be executed in a specific order: for example, in
job-shop scheduling, where tasks can only proceed once their prerequisites are complete
[100]. In distributed computing, events in a system without a global clock can be partially
ordered to represent causal dependencies, as in Lamport’s “happened-before” relation [73].
The Bruhat order on elements of a Coxeter group, a highly structured poset, plays a key
role in Lie theory and algebraic geometry [63].

This flexibility has made posets central to a wide range of applications across math-
ematics and computer science [I11]. This chapter will provide a background by defining
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posets and plane posets, and illustrating their structure with examples, which we will
expand on more in chapter 3 and chapter 4.

2.2 Posets

To establish a foundation, we begin with the formal definition of a partial order, followed
by several standard definitions of poset related terms from [110].

Definition 2.2.1 (Poset). A partially ordered set (poset) is a set P, equipped with a
binary relation < satisfying the following properties for all x,y, z € P.

o Reflexivity: x < x.
e Anti-symmetry: If x <y and y < z, then z = y.

e Transitivity: If x <y and y < z, then z < z.

This definition captures hierarchical structures where elements can be compared ac-
cording to a partial ordering, though some elements may remain incomparable, which is a
crucial component to why posets are so useful in the field of causal set theory (CST). Note
that we often talk about posets using standard abuse of notation where we define a poset
as P = (P, <), where P is both the poset structure and its underlying set of elements.

As an example consider P = { a, b, ¢, d, e } with partial order relation < such that a < b,
a<c,a<d a<e b<d, and ¢ < e, and reflexivity. We can check that (P, <) satisfies
the axioms, and so is a poset.

In the definition of poset, we have that every element is comparable to itself; this is
referred to as the non-strict case [116]. We will use the notation < to mean for z,y € P
x <y if and only if x < y and = # v.

Remark 2.2.1 (Strict Poset). There is an equivalent poset definition, where instead of the
non-strict partial order relation <, elements are compared with a strict partial order relation
<, resulting in a slightly different set of axioms. These two definitions are equivalent, and
result in the same underlying structure. For this thesis the non-strict version is used,
however for CST often the strict version is used.

We will now give some standard definitions.



c b
a
Figure 2.1: Basic Example of Order Diagram

Definition 2.2.2 (Total Order). A total order (or a linear order) is a partial order, but
where every two elements of our underlying set S are comparable. For all x,y,z € S

o Reflexivity: x < x.

e Anti-symmetry: If x <y and y < x, then z = y.
e Transitivity: If x <y and y < z, then z < z.

e Strongly Connected: Either z <y or y < z.

Definition 2.2.3 (Finite Poset). A poset P = (P, <) is finite if its underlying set of
elements P is finite.

Definition 2.2.4 (Covering Relation ([116], chapter 2)). Let (P, <) be a poset. We say
that y covers z, written x <y, if x < y and there is no z € P such that x < 2z <y .

Definition 2.2.5 (Order Diagram). An order diagram (also known as a Hasse diagram)
is a digraph representation of a finite poset, where for all z,y € P, there will be a directed
edge from z to y if and only if x < y.

An order diagram provides a visual representation of a poset that gives an intuitive
way to visualize its structure, where by convention the directed edges are drawn using the
vertical placement of elements in the Euclidean plane to indicate the order, rather than
using arrows. if for z,y € P, < y then z is drawn lower than y (has a lower height
coordinate) and edges are only drawn between elements that are covering relations (such
that x <y, or y < x). This is the standard visual representation of posets, and is shown in
figure 2.1.



a

Figure 2.2: Total Order Order Diagram Example

Note that order diagrams for total orders result in straight lines. For example, consider
the set P = {a,b,c,d,e} and the total order relation < where a < b < ¢ < d <e. The
order diagram for (P, <) is drawn in figure 2.2

As another example, consider the set P = {1,2,3,4,5,6 }, with the partial order given
by the divisibility relation | where a < b if a divides b. It’s order diagram is shown in
figure 2.3.

We will give some additional definitions that will be useful to us.

Definition 2.2.6 (Graded Poset). A poset (P, <) is graded if there exists a rank function
r: P — N such that:

e If x € P is a minimal element then r(z) = 0.

e For z,y € P, if y covers x, then r(y) = r(x) + 1.
As an example of a graded poset, consider the Boolean lattice B,,, the poset formed
by the power set of a finite set of n elements ordered by set inclusion. The rank of each

element is given by its cardinality, that is 7(p) = |p| for any p in the power set. The order
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2 3 5

N7

Figure 2.3: Order Diagram Example

{1,2,3}

RN

{1,2} {1,3} {2,3}

{1}><{2}><
N

Figure 2.4: Illustration of the B3 Boolean Lattice

{3}

diagram of B,, visually organizes the subsets into levels according to their size, with edges
representing cover relations (i.e., adding or removing one element). An example of Bj is
shown in figure 2.4. An example of a non graded poset is shown in figure 2.5.

Definition 2.2.7 (Chain). Let P = (P, <) be a poset. A chain is a subset C' C P such that
for all x,y € C, either x <y, or y < z, so that all elements in the chain are comparable.

A chain C of a poset P, can also be considered a subposet that is a total order [90].

Definition 2.2.8 (Antichain). Let P = (P, <) be a poset. An antichain is a subset A C P
such that for all z,y € A, neither x < y, nor y < z, so that all elements in the antichain
are incomparable.

Definition 2.2.9 (Height of a Poset). The height of a poset P is the length of the longest
chain in P.

Definition 2.2.10 (Width of a Poset). The width of a poset P is the size of the largest
antichain.



/
d
\ :
a/

Figure 2.5: Non Graded Poset Example

Definition 2.2.11 (Maximal Chain). A maximal chain in a poset is a chain that cannot be
extended further by adding more elements while maintaining the comparability condition.

While some posets of interest are finite (definition 2.2.3), many important examples,
both in CST and in combinatorics, are infinite but still satisfy a weaker condition known
as local finiteness.

Definition 2.2.12 (Locally Finite). A poset (P, <) is locally finite if for all z,y € P the
interval [z, y] is finite where:

[z,y={zeP|lz<z<y} (2.1)

Definition 2.2.13 (Poset Dual). Let (P, <) be a poset. The the dual poset, P¢, is the
poset P? = (P, <,) where for all x,y € P, z <4y if and only if y < x.

2.3 Downsets

In many combinatorial and order-theoretic problems, it is useful to study subsets of a
poset that are closed downward—meaning that if an element belongs to the subset, then
all smaller elements related to it must also belong. Such subsets are called downsets (or
order ideals) and play a fundamental role in analyzing the structure of posets. We begin
with the formal definition of a downset in a poset.

Definition 2.3.1 (Downset). Let (P, <) be a poset. A downset (or order ideal) of P is a
subset D C P such that if x € D and y < z in P then y € D.

10



Dually, one can consider subsets that are closed upward, meaning that if an element
is in the subset, then so are all greater elements related to it. These are called upsets (or
order filters).

Definition 2.3.2 (Upset). Let (P, <) be a poset. An upset (or order filter) of P is a subset
U C P such that if x € U and x <y in P then y € U.

Consider the poset from Figure 2.3, given by P = {1,2,3,4,5,6} with the partial order
as the divisibility relation |. The downsets of P of size 3 are {1,2,3},{1,2,4},{1,2,5},
and {1,3,5}.

It is also possible to consider the downsets and upsets generated by a set of elements
on a poset. We say that the downset generated by A on a poset P is the subset A(A) =
{yeP|JzeAst y<ax} [18]. In CST, we would say that A(A) is the past of A. The

upset generated by A on a poset is the subset V(A) ={ye P|Jzr € Ast.y<zx}, and
similarly in CST this would similarly be known as the future of A.

We will use downsets for a particular reconstruction problem, inspired by CST, which
is a nice purely combinatorial question.

2.4 Order Dimension Two Case

Definition 2.4.1 (Intersection of Total Orders, ([!16], chapter 4)). Let P be a set, and
let <4, <, be two total orders defined on P. The intersection of these total orders is the
partial order < on the set P defined such that x < y if and only if z <; y and x <5 y.

For instance, the intersection of the total orders (a <b<c<d<e)and (e<d<c<
b < a) is the antichain on the set { a,b,c,d, e }. The intersection between the total orders
(a<b<c<d<e)and (a < b<c<e<d)isthe poset given by the set P = {a,b, ¢, d, e}
and the order relations a < b, b < ¢, ¢ < d and ¢ < e as these are the relations that are
consistent amongst both total orders.

Definition 2.4.2 (Extension). Let P = (X, <p) be a poset. Then @ = (X, <) is an
extension of P if for all z,y € X, x <p y implies z < ¥.

Definition 2.4.3 (Linear Extension). Let P = (P, <) be a poset. @ is a linear extension
of P, if ) is an extension of P and () is a total order.
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Theorem 2.4.1 ([15], lemma 2.31). Let (P, <) be a poset with x,y € P such that x and y
are incomparable. Then there exists linear extensions <1 and <5 on the same underlying
set P such that x <y y and y <5 x.

Theorem 2.4.2. Let (P,<) be a poset. Then there is a collection of total orders on P
whose intersection is <.

The proof of this theorem can be sketched as follows, either all elements are comparable,
or for any two elements that are not comparable, we use the pairs of total orders from
theorem 2.4.1 to construct the poset, so that those elements would not be comparable in
the intersection, and do it likewise for any pair of elements that are not comparable. For
a complete proof of this theorem, see theorem 2.31 of [15].

Definition 2.4.4 (Order Dimension). The order dimension of a poset is the smallest
number of total orders whose intersection is the partial order. A family of total orders
whose intersection corresponds to the partial ordering is called a realizer of the poset [15].

Order dimension has been widely studied in combinatorics and computer science, par-
ticularly in scheduling and sorting problems. In CST, a different notion of dimension is
central, and the two notions happen to agree in order dimension two, which makes this
case special [90].

A poset is said to be planar if its order diagram is planar. Schnyder characterized planar
graphs in terms of order dimension and showed that the order dimension of a planar poset
is at most three, a result known as Schnyder’s theorem [105]. Felsner extended these results
to higher-dimensional order structures, providing bounds on the order dimension of posets
arising from geometric graphs [19]. As an example, the figure in ?? has order dimension
two but is non-planar. The figure in figure 2.7 is planar, and has order dimension three,
as shown in [117].

Definition 2.4.5 (Order-Preserving Function). Let P = (Xp,<p) and Q = (Xg, <g)
be two posets. We say that a map f : Xp — X is order-preserving if for z;,2, € Xp
x1 <p xo implies that f(x1) <g f(xq). [L10]

Definition 2.4.6 (Order-Isomorphism). Let P = (Xp,<p) and Q = (Xg, <g) be two
posets. An order isomorphism from P to () is a bijective function f : Xp — Xg such that
for all 1,25 € P, x; <p x5 if and only if f(z1) <¢ f(x2). If such a function exists, we say
that P and () are order-isomorphic and write that P = ().

For R?, we will use the product order, where for 2,y € R?, we will say # < y <=
mi(z) < mi(y) and mo(z) < mo(y), where 7; is the projection of the i coordinate.

12



Figure 2.6: Example of Poset with Order Dimension Two That is Non-Planar

AN\
\\/

Figure 2.7: Example of Poset with Order Dimension Three That is Planar from |
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Lemma 2.4.3. A finite poset P has order dimension two, if and only if there exists an
order-preserving function f : P — R?, such that f(P) is order-isomorphic to P.

Proof. Let P be a poset. Suppose f : P — R? is an order-preserving function, such that
f(P) is order-isomorphic to P. Let <; and <, be the two total orders on P defined by
comparing the first and second coordinates of f, respectively, these are both total orders
since they are subposets of the set of real numbers. Since P is order-isomorphic to f(P),
it holds that the intersection of these two total orders is the partial ordering on P, which
by definition makes P an order dimension two poset.

For the reverse direction, we assume that the order dimension of P is 2, and thus P
is the intersection of two total orders <; and <,. Define f : P — R? as follows, if z € P
is the i"" smallest element under the <; order, and the j** smallest element under the <,
order, then let f(x) = (¢,7). Then this defines an order-preserving function into R? whose
image is order-isomorphic. O

Lemma 2.4.3 does extend to higher dimensions as well, that is, a finite poset P has
order dimension % if and only if there exists an order-preserving function f : P — R*, such
that f(P) is order-isomorphic to P, but that fact will not be used in this thesis [122].

2.5 Plane Posets

Double posets were first introduced in [32].

Definition 2.5.1 (Double Poset). Let P be a set of elements, with two partial order
relations <, and <, on the set P. Then (P, <,, <,) is a double poset.

For a special subcase of double posets, we consider plane posets from [50].

Definition 2.5.2 (Plane Poset). A plane poset (P,<j,<,) is a set P with two partial
order relations <; and <, such that for all x,y € P, where z # y, then either x and y
are comparable with respect to <j, or, or they are comparable with respect to <,., but not

both [50].

This is different to our definition of planar poset, as shown in the examples above.

The height order (<) is illustrated in the manner of the order diagram for (P, <),
with additionally the rightward order (<,) illustrated as a horizontal precedence, meaning
that if z <, y then x appears to the left of y.

14
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Figure 2.8: Plane Poset Example

d

Figure 2.10: A Second Plane Poset Example

Within figure 2.8, it follows that a <, b <, d, ¢ <, d, ¢ <, e, and that b <, e based
on spatial positioning. To give an explicit example. We temporarily use the following
colouring scheme red and dashed lines for <, and blue for <; , to draw our plane poset.

Figure 2.9: Poset extended to plane poset

As another example of a plane poset consider a set P = {a, b, ¢, d, e} with the following
relations that extend transitively as well:

e Height order: (<p,): a <, cand b <, d
e Rightward order: (<,): a <, b,a<,d, b<,e,¢<,b, c<.d and d <, e.

This is illustrated in figure 2.10.

Lemma 2.5.1. Given two total orders <; and <, on the same underlying set of elements
P, if we define <;, to be the intersection of <i and <y and <, as the intersection of <
and the dual of <y, then this gives a plane poset (P, <p, <,).

15



Proof. Suppose we are given two total orders (P, <;) and (P, <) on the same underlying
set P. For any two elements a,b € P, if a <; b and a <5 b, then we will say they are
comparable with the height order so that a <, b. Otherwise, if a <; b but b <, a then
we will say a <, b. If neither condition holds then they will be comparable with the right
order such that b <, a, and hence any two elements will be comparable with respect to one
of the ordering relations, and the properties necessary on the two partial order relations of
a plane poset hold.

Lemma 2.5.2. Given a plane poset (P, <,,<,), we can construct two total orders <, and
<5 on the same underlying set of elements P, such that the construction in lemma 2.5.1
gives the plane poset (P, <p, <,).

Proof. Suppose we are given a plane poset (P, <j,<,). Then we can construct two total
orders (P, <;) and (P, <5) as follows. For any a,b € P such that a <, b we set a <; b and
a <o b. Similarly, if a <, b then we will set a <; b in Ly but set b <5 a in Ly. We must
now prove that <; and <, are total orders.

For a # b, either a and b are comparable in <; or in <., but not in both. Since they
are not comparable in both, this construction is well defined. Additionally, since they
are comparable in at least one of the two order relations, it follows that a and b will be
comparable in <;, and thus the construction we have given creates a strongly connected
total order for <;. The same argument holds for <s.

It holds trivially that each element is comparable to itself in <; and <,, satisfying
reflexivity. We now assume that we have an element such that a <; b and b <; a. If a # b
then a and b are comparable with exactly one of <;, and <,. So for it to hold that a <; b
and b <; a, then either a <, b and b <j a, or a <, b and b <, a. Hence by anti-symmetry
a = b after all. A similar argument holds for <s.

We wish to show that our construction satisfies transitivity. Suppose we have a <; b
and b <y ¢. Then either a <, b or a <, b and similarly either b <;, c or b <, ¢. If
both are comparable with the same order in the plane poset, then transitivity immediately
follows from the requirements of a partial order on our plane poset. If they are not both
comparable with the same order, consider the case where a <, b, and b <, c¢. If ¢ <}, «a,
then by transitivity of <;, ¢ <, b which is a contradiction. If ¢ <, a, then by transitivity
of <., b <, a, which is a contradiction. Since C' is comparable in a in one of the orders,
we must have a <j, ¢, or a <, ¢ and then it holds that a <; ¢. Now we consider the case
where a <, b, and b <;, c¢. If ¢ <}, a, then b <, a, which is a contradiction. Similarly if
¢ <, a, then ¢ <, b, which is also a contradiction. So either a <, ¢ or a <, ¢, and then it
holds that a <y ¢. A similar argument holds for <,.
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By construction, these two total orders <; and <y will return the given plane poset by
lemma 2.5.1. ]

Theorem 2.5.3. There is a bijection between the set of plane posets, and the set of posets
that have order dimension less than or equal to two.

Proof. Immediate from lemma 2.5.1 and lemma 2.5.2.

Definition 2.5.3 (Downset of a Plane Poset). A downset of a plane poset is a subset D
of a plane poset (P, <, <,) is a downset of the <, order.

Note that D itself in the above definition is itself a plane poset. For an example consider
the plane poset in figure 2.9, the downsets of size 3 are given by { a,b,c},{a,b,d},{a,d,e},{b,d,e}.
We will make more use of these downsets in section 4.2

Remark 2.5.4. For a set of elements P, any order preserving-function f : P — R?, such
that f(P) is order-isomorphic to P can be used to plot the plane poset, in a way that is
helpful and can show its structure.

A takeaway here is that this construction that we have shown, where you can take two
total orders on the same underlying set of elements, makes it very simple to generate plane
posets. It is possible to generate two random lists, and use their intersection to obtain the
height and rightward order as shown in lemma 2.5.1. The process of generating a plane
poset by selecting two total orders uniformly at random and applying the construction in
lemma 2.5.1 is guaranteed to produce a valid plane poset. However, this mapping is not
injective: some plane posets arise from many different total order pairs, while others arise
from fewer. As a result, the induced distribution on the set of plane posets is non-uniform,
and sampling in this way does not produce plane posets with equal probability. Uniform
generation of plane posets would require a different sampling method that accounts for the
size of each preimage.

In the next chapter, we will see the key role that posets play in causal set theory.
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Chapter 3

Causal Set Theory Background

3.1 Motivation

One of the central challenges in modern theoretical physics is the development of a frame-
work for quantum gravity that unifies general relativity (GR) and quantum field theory
(QFT). Such a theory is expected to describe physical phenomena where both gravitational
and quantum effects are significant, including black holes and the early universe [103]. GR
models spacetime as a smooth, four-dimensional Lorentzian manifold, where gravity arises
from the curvature of geometry. In contrast, quantum mechanics and QFT describe the
fundamental forces and particles in terms of quantized fields. Tensions between the two
frameworks become apparent in extreme regimes: GR predicts singularities where cur-
vature diverges, yet quantum effects are expected to modify this behaviour; meanwhile,
applying QFT techniques to gravity naively leads to a non-renormalizable theory, pro-
ducing divergences that cannot be resolved within the standard perturbative framework
[92, , 103]. As a result, there is motivation to find a quantum theory of gravity.

Traditional approaches to unifying GR and QFT, such as string theory and loop quan-
tum gravity, provide valuable insights but also face significant unresolved challenges. String
theory, for instance, requires additional spatial dimensions and remains empirically unver-
ified, while loop quantum gravity encounters difficulties in recovering smooth classical
spacetime at large scales [92, |. Despite these issues, both frameworks have contributed
important conceptual tools and motivated deeper questions about the nature of space,
time, and quantization.

Causal set theory (CST), begins from a minimal set of physically motivated axioms:
discreteness, and a partial order reflecting causal structure. These axioms directly encode
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the causal relationships between events, and they do so without requiring any geometric or
topological background. Even if CST is ultimately not the full answer to quantum gravity,
its conceptual simplicity and physical grounding suggest that it captures a foundational
layer of reality. The poset structure alone, stripped of continuous geometry, turns out to be
remarkably rich: it is sufficient to encode volume, causal relations, and even topological and
geometric approximations in suitable limits. While it remains an open question whether
this information is enough to reconstruct all of spacetime, the causal set hypothesis provides
a compelling demonstration of how much can be obtained from simple, fundamentally
discrete assumptions.

3.2 Foundation

In general relativity, spacetime is modelled as a smooth, four-dimensional Lorentzian man-
ifold, typically denoted by (M, g) where M is the underlying differentiable manifold and
g g is a Lorentzian metric tensor defined on M. The manifold M encodes the topological
and differentiable structure of spacetime, while the metric g determines both geometric
distances and causal relationships between events [103]. While this continuous model has
been remarkably successful at macroscopic scales, it poses significant challenges when one
attempts to quantize it. Of interest to us, is the line of investigation in quantum gravity
that seeks to replace the continuous manifold with a fundamentally discrete structure, from
which continuum properties can be recovered in appropriate limits.

Returning to the continuous case for motivation, among the earliest proposals to use
causality as the central organizing principle of spacetime were those of Lorentz, Weyl, and
Robb, who suggested that causal order might be more fundamental than the metric itself
[113]. This idea gained strong mathematical footing in the 1970s through the work of
Hawking, King, McCarthy, and Malament. Their results, now known collectively as the
HKMM theorem, are simply stated as “Causal Structure + Volume Element = Lorentzian
Geometry” [113]. This forms the basis for the well-known CST slogan: “Order + Number
~ Lorentzian Geometry.”

CST postulates that spacetime is a discrete set of events, partially ordered by causality.
CST can thus be described by the following proposal due to Bombelli, Lee, Meyer, and
Sorkin [113, 19]:

e Quantum gravity is a quantum theory of locally finite posets, which are called causal
sets (causets) in this context.
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e A continuum spacetime (M, g) is an approximation of an underlying causet C' such
that C' ~ (M, g) where order ~ causal order and number ~ spacetime volume.

3.2.1 The Beginning of Causal Set Theory

The causet approach states that spacetime at the deepest level is a finite or countable set
of elementary events equipped with a partial order that encodes their causal relationships.
In this way we have that a causet is an underlying set C' with a partial order relation <.
In standard CST literature, many use the < to denote the strict partial ordering. In CST,
there is one more requirement on the causet, locally finiteness (definition 2.2.12) [113, 43].

An important question in CST concerns how well a causet can approximate a continuum
manifold. Consider a causet C' and a Lorentzian manifold (M, g). Then an embedding
® : C — (M,g) is a map such that C is order-isomorphic with its image, that is an
injective map such x <¢c y <= ®&(x) <y P(y) where <o and <j; are the ordering
relations on C' and M respectively, for z,y € C. Furthermore ® is faithful at density p
if ®(C) is uniformly distributed in (M, g) with density p, see equation 7 of [113]. This
then leads this leads to a central open question in CST, sometimes referred to as the
hauptvermutung.

Hauptvermutung 3.2.1. A causet C' can be faithfully embedded at density p into two
distinct spacetimes if and only if they are approximately isometric. [117]

There is not a precise definition of “approximately isometric” that is suitable in all
contexts, but the central motivation is that faithful embeddings should be rare and geo-
metrically constrained. The hauptvermutung thus expresses the idea that the causal and
volumetric structure encoded in the causet should, in principle, determine the continuum
geometry up to small deformations. The hauptvermutung thus lies at the heart of whether
CST can reproduce continuum spacetimes uniquely in an appropriate limit. [113].

3.2.2 General Covariance

One challenge in CST is formulating dynamics in a way that is independent of relabelling
(which in CST is called general covariance, the principle that the laws of physics should
be independent of the labelling). In the continuum, general covariance is a foundational
feature of general relativity (GR), ensuring that physical predictions do not depend on
arbitrary coordinate choices. For discrete spacetimes, where the continuum manifold is
replaced by a locally finite partially ordered set, reproducing this principle is nontrivial.
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Figure 3.1: The First Three Levels

Broadly speaking, there are two modes of analysis in CST. The first is kinematical: one
considers the structure and properties of causal sets generated via a random sprinkling into
a continuum spacetime. This approach does not define a dynamics, but rather focuses on
the statistical or geometric characterization of causets and their continuum approximations.
The second is dynamical: causal sets are constructed incrementally via growth models or
other rule-based evolution processes. These models aim to capture an intrinsic, discrete
notion of time evolution that respects causal structure.

In the kinematical approach, one common method is to generate a causal set by per-
forming a Poisson sprinkling of points into a fixed Lorentzian manifold. Here, points are
selected randomly with uniform density p, and the causal relations among them are in-
herited from the background spacetime. This process is approximately covariant in the
sense that the probability distribution is invariant under Lorentz transformations, and the
resulting causal set inherits many properties of the continuum spacetime [19, 18]. However,
because it relies on embedding the causal set into a pre-existing spacetime, the sprinkling
procedure is not suitable as a fundamental dynamical law.

To model intrinsic, background-independent dynamics, one turns to growth models,
where elements of the causal set are added one at a time according to a stochastic rule.
An early example is transitive percolation, in which each new element selects predecessors
independently with fixed probability, and the causal set is formed by taking the transitive
closure [18]. For instance, suppose we begin with an empty causet and add elements one
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by one. The first element is added with no predecessors, as seen in figure 3.1. The second
element selects the first as a predecessor with probability p otherwise, it is unrelated with
probability ¢ = 1 — p. The third element independently decides whether to link to each
of the two existing elements, and so on. After all links are chosen, any implied causal
relations are added (for example, if @ < b and b < ¢, then a < ¢ are added via transitive
closure). One interesting case is the last case on the third level of figure 3.1, where one can
see that the probability simplifies to p. If the element with label 2 was to be related to 1,
or both 0 and 2, this would occur with probability pg+ p? = p(¢+p) = p. Thinking about
this process a different way, this model can be rephrased as random graph orders [51]

A generalization are the classical sequential growth (CSG) models introduced by Ride-
out and Sorkin [I01]. CSG models are particularly nice because they are exactly the set
of growth models satisfying a list of physical axioms, and they include transitive percola-
tion. Like transitive percolation, all of these growth models build a tree of possibilities,
but the nodes of these trees remain labelled posets, and thus each step is label-dependent
even though the completed structure is not. Thus, while observables are covariant, the
underlying dynamics are not manifestly so [113].

One way to move to label independence (i.e. to move to unlabelled posets) would be
to simply take the structure of our labelled growth model up to isomorphism. This will
give the poset of posets, ordered by inclusion as a downset. In order to obtain the general
covariance, we lose the tree structure.

To address this, the covariant tree (covtree) formalism was introduced by Dowker,
Imambaccus, Owens, Sorkin, and Zalel [12]. Covtree reformulates causal set growth in
a way that is manifestly covariant from the outset, while remaining a tree. Instead of
treating each node as a labelled causal set, it defines each node as a covariant event, an
equivalence class of labelled causal sets under relabelling. Growth then proceeds through
a branching tree in which each node corresponds to a set of unlabelled posets, and each
path through the tree represents a covariant history of causet evolution. This framework
ensures that all intermediate stages of growth are covariant. As such, covtree provides a
clean, fully covariant foundation for describing dynamics in CST [126]. The first few levels
of covtree are illustrated in figure 3.2.

More precisely, a node of covtree is a set of unlabelled posets, which is exactly the set
of downsets of size n up to isomorphism, for some n, of some poset P. One node of covtree
{Q1,...,Qx} is the parent of another if { Qy,..., Q% } is exactly the set of { Ry,..., Ry}
downsets of size n —1 of the R; where n = |Ry| = |Ry| = - -+ = |R¢|. Note that in figure 3.2,
children are drawn above their parents.
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Figure 3.2: Structure of the first 3 levels of the covtree, adapted from [12]

. For space purposes, only the right two of the second layer have their third layer
illustrated.

{:....}

Figure 3.3: Example of a Set That Cannot be a Node of Covtree

3.3 Witness Reconstruction

An important challenge of covtree, is that it is not obvious when a set of posets is a node
of covtree, that is when the set is exactly the set of downsets of size n, up to isomorphism,
for some n of some poset P. As an example, consider . It does not satisfy being a node
of covtree because it is missing the case where two nodes are connected by a line, followed
by a node, as shown in . Thus, given a set of downsets of size n, we ask whether there
exists a poset whose set of downsets of size n matches this set, and hence witnesses that
the original set is a node in covtree (we call this larger poset a witness).

This witness reconstruction problem will bear on the question of how much of a causet’s
global structure can be recovered from its local features. Being able to identify witnesses

{:.}

Figure 3.4: lustration of Missing case
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from a set of downsets would further our understanding of covtree, and shed light on the
discrete dynamics by which causal sets evolve under covariant growth models. In the next
chapter, we return to downsets in the special case of two-dimensional plane posets, which
may serve as a simplified model for studying witness reconstruction in the dimension two
case.
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Chapter 4

The Downset Graph

4.1 Introduction

This chapter studies a graph that encodes certain relationships among a set of downsets
of a fixed size. Starting with the set of all downsets of size n of a fixed poset, we prove
that this graph will be connected. Additionally, we will expand this to the plane poset
case, and show that the corresponding digraph notion will be acyclic, and prove a local
structural property of it.

4.2 Comparing Downsets

The fundamental concepts of posets, downsets, plane posets, and total orders were intro-
duced in chapter 2. In this section, we will focus on establishing a notion of comparison
of downsets for general posets. The next section will describe the process of comparing
downsets from a given collection of downsets of the same size on a poset. For this section
we will assume that our posets are finite.

Definition 4.2.1 (Set of Downsets of Size n). Given a poset (P, <), we define D,,(P) to
be the set of all downsets of P of size n.

As an example, consider the poset in figure 4.1. Then D3(P) = {{a,b,c}, {a,b,d},
{a,d,e}, {a,d, f}, {d,e, f}, {d,e,g}}. In our case, we are interested in pairs of downsets
that differ by exactly one element. Specifically, downsets A and B differ by exactly one
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Figure 4.1: Poset with Seven Elements

a

element if there exists a set X, such that A = X U{a} and B= X U{b}, for some a,b in
A and B respectively. As an example, consider the downsets { a,b,c} and {a,b,d } in the
example above. We will introduce a way to connect such elements with a graph structure.

Lemma 4.2.1. Let (P, <) be a poset. If two downsets A, B € D, (P) differ by exactly one
element, then the element they differ by is a mazximal element in both of their respective
downsets.

Proof. Suppose that A, B € D, (P) for a given poset (P, <) are two downsets which differ
by exactly one element. Thus we can write A = X U {a}, and B = X U {b}, for some
subset X C P and distinct elements a,b € P. To show that a and b are maximal elements
in A and B respectively, we will assume for sake of contradiction that a or b is not a
maximal element in its respective downset. Without loss of generality, we assume that a
is not a maximal element in A and that there is some w € A such that a # w and a < w.
However this raises a contradiction as w € X, and thus w € B, and as a ¢ B, B cannot
be a valid downset. Thus, a and b are maximal elements in their respective downsets.

]

Definition 4.2.2 (Graph of Set of Downsets of Size n). The graph of downsets of size n,
Gn(P), of a poset (P,<) is a graph G,, = (V, E) where V = D,(P), and for X,Y € V
there is an edge from X to Y if X and Y are downsets that differ by exactly one element.

This graph is a kind of exchange graph. Consider the poset in figure 4.2. Then we have
that the downsets of size 3 are given by: D; = {a,b,c}, Dy = {a,b,d} and D3 = {b,d, e},
and G,,(P) is the graph in figure 4.3.

Theorem 4.2.2 (Connected Graph Theorem). For any given poset (P, <) the graph G,,(P)
1s connected for all n € N.

26



a b
Figure 4.2: Poset Example
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Figure 4.3: Graph Example

Proof. Let (P, <) be a poset, and fix n € N. Let G,,(P) be as in definition 4.2.2. Let A, B
be any two downsets in D,,(P). We wish to prove that there exists an A, B path in G, (P)
by the principal of mathematical induction.

Consider |[A\ (ANB)|. If |[A\ (AN B)| =1, then A and B differ by exactly one element,
and thus they are adjacent in G,(P). We now assume for our inductive hypothesis that
there exists an A, B-path for any A, B € D,(P) such that [A\ (AN B)| < k, for k > 1,
k € N. Let A, B be two downsets such that |A\ (AN B)| = k.

Let X = ANB. Then we can consider A = XU{ay,...,a; y and B = XU{by,...,b; }.
The elements aq,...ax and by,...,b, must all be distinct. Without loss of generality,
let a; be a maximal element in {ay,...ax }, hence also maximal in A. Without loss of
generality, let by be a minimal element in { by,...,b; }, hence X U { b } is also a downset.
Let X' = X U{b}, and let A = X" U {ay,...,ar_1}. Then A" is a downset of P
because we removed a maximal element of {ay,...,a;}, and A’ is adjacent to A. Then
|A'\(A'NB)| = k—1, and hence there is an A’, B path in G,,(P), as B = X'U{ by, ..., by_1 }.
Thus there exist an A, B path as well, satisfying that G,,(P) is connected. O

This proof not only gives connectivity but also a bound (in terms of k) on the length
of the path between any two vertices. This will be pursued further in future work.
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4.3 Comparing Downsets of Plane Posets

Order dimension two is useful for CST, because as noted before, it where order dimension
agrees agrees with the other dimension notion that is used in CST, even though those
two notions differ for higher dimensions. Additionally, order dimension two is nice as it is
where we have our plane poset formulation.

Remark 4.3.1. Note that our definition of D, (P) does not change for plane posets. If we
had a poset (P, <) and a plane poset (P, <, <,), on the same underlying set P where <
was the same partial ordering as <y, then they would share the same set of downsets of a
given size, D, (P), for all n, but all the downsets inherit a plane structure themselves.

Lemma 4.3.2. Let (P, <;,<,) be a plane poset of size n. If two downsets X,Y &€ D, (P)
for some n € N differ by exactly one element, then those elements must be comparable with
respect to the rightwards order.

Proof. Suppose for sake of contradiction that two downsets X,Y € D, (P) of our plane
poset differ by one element and are comparable by the height order. Let x,y € P be the
two maximal elements with respect to their downsets is x € X, y € Y that our downsets
differ by. Without loss of generality we have that x <, y. Then in this case Y is not a
valid downset. Thus we have reached a contradiction and the elements that the downsets
differ by must be comparable with the rightward order. O]

We consider the downsets of figure 4.1. We can extend the poset to be a plane poset
in this case, using the rightward ordering given in the figure. For example, the downsets
{a,b,c} and {a,b,d} each differ by exactly one element, and ¢ <, d. We can extend the
notion of G,,(P) to create a digraph, by taking the edge that would correspond to the two
downsets above, and creating a directed edge that would point towards the latter downset.

Definition 4.3.1 (Digraph of Set of Downsets of Size n). The digraph of downsets of size
n, CT;(P), of a plane poset (P, <;, <,) is a digraph CT; = (V, E) where V = D,(P), and
for X,Y € V there is a directed edge from X to Y if X and Y are differ by one element
r € X and y € Y such that z <, y, which we denote as X — Y.

As an example, consider the poset from example figure 4.2, which we extend to be a
plane poset, using a rightward ordering in figure figure 4.4.

Then we have that thgdownsets of size 3 are still given by: Dy = {a,b,c}, Dy = {a,b,d}
and D3 = {b,d, e}, and G, (P) is the digraph in figure 4.5.
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Figure 4.4: Plane Poset Example

Ds

D1—>D2

Figure 4.5: Digraph Example

’Eleorem 4.3.3 (Digraph Theorem). For any given plane poset (P, <p,<,) the digraph
Gn(P) is acyclic for all n € N.

Proof. For a plane poset (P, <;,, <,), suppose that for sake of contradiction that the digraph
G, (P) contains a directed cycle. Then there exists a sequence of downsets Dy, Dy, ..., Dy €
D, (P) such that Dy — Dy — --- — Dy — D is a directed cycle in C?H(P) Each directed
edge D; — D;yq corresponds to a replacement of a maximal element b; € D; with an
element a; ¢ D; such that a; <, b;, and D;1; = (D; \ {b; }) U{a;}. Since the cycle is
a sequence that must return to Dp, the set of all elements removed, and the set of all
elements added must be equal, and thus {ay,...,ap} = {b1,...,bs }.

Consider the set P and the rightward order <,. Let ¢y = 1; then a;, <, b;, and b;,
is equal to some a;,; then a;, <, b, and b;, is equal to some a;, and so on: a;, <, b;, =
ai, <, by, =+ =a;, <, b, = a;, where 7 is the index in the sequence at which we add
element a; back to the downset in consideration. However, we have created a cycle in a
partial ordering, which is not possible. Thus the graph éZ(P) is acyclic.

H
We conclude this chapter with a structural result on G,,(P). Whenever there is branch-
ing, it can always be bridged by at most one other element.
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Figure 4.6: All possible local configurations for a branching point in the digraph G, (P).

Theorem 4.3.4 (Main Theorem). For a plane poset (P, <p,<,) if there exists downsets
Dy, Dy, D3 € D,(P) such that Dy — Dy and Dy — D3 in G,(P), then at least one of
the following cases will hold true, where for the latter three cases there exist downsets
D, e Dn(p)

Proof. Suppose that we have a plane poset (P, <,,<,) with A, B,C € D,(P) for some
n € N, such that A — B and A — C. Then it holds that B = (AU {b})\ {a,} for
a; € A, b€ B, and a; # b such that a; <, b. Similarly, C = (AU{c})\{ag} for as € A,
b € B where ay # ¢ such that as <, c¢. Note that a; and ay must be comparable with the
rightwards order because they are both maximal elements of A.

If a; and as are the same element, then we would have that B and C are also adjacent
in G,,(P), and would give either case (a) or (b) of figure 4.6. On the other hand, if b and ¢
were the same element then B = (CU{c})\{b}, so B and C would be adjacent in (—}z(P)
again giving (a) or (b) of figure 4.6. Hence, we assume that a, as, b and ¢ are all distinct
elements in the poset P for the remainder of the proof.

Without loss of generality, we assume that a; <, as. Then by transitivity we have that
a1 <, as <, ¢, and a; <, b. Suppose ¢ <, b, then by transitivity as <, b as well. Consider
the downset D = (D1 U{b})\{ax} =(BU{a;})\{az}=(CU{b})\{c} of P. This
is a downset as we already knew AU {b} is a downset, and the rest of the elements are
comparable with the rightward order. Thus we have that A - D, B — D, and D — C
giving case (d) of figure 4.6.

Now suppose b <, ¢, then consider the downset D = (AU {c})\{a1} =(BU{b})\
{c} = (CU{a})\{as}, which is a downset because a; <, ¢, and we already know
the rest of the elements satisfy being a downset. In this case, a; <, ¢ by transitivity, so
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Figure 4.8: Poset example where the rightward order is rightward positioning
A— D, B— D and C — D, so we end up in case (c) of figure 4.6.

Note that when ay <, aj, the argument is analogous with case (d) is replaced by case
(e) of figure 4.6, which concludes this result. ]

From figure 2.8, we recall the four downsets of our plane poset which we will denote

Dy ={a,b,c},Dy ={a,b,d},C ={a,d,e} and D = {b,d,e}. We wish to construct a
digraph G3, where D3(P) = { Dy, D3, D3, D, }. Then we have the following digraph:

/\

D, - D, - Dy

Figure 4.7: Graph of Downsets
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Figure 4.9: Digraph Example

Then the downsit)s of size 3 are Dy = {4,2,3},Dy = {4,2,1}, D35 = {4,7,2} and
Dy ={4,7,1}, and G3(P) is shown in figure 4.9.

4.4 Witness Reconstruction

One natural question in causal set theory that was touched on earlier was the concept of
recognizing nodes of covtree. Using notation from this chapter, understanding whether
D, (P) is a node of covtree would be of interest. Furthermore, another question is how
much of the covtree structure can be understood or recovered from local order-theoretic
information. In particular, given a set of downsets that might arise from a covariant growth
process, can we determine whether they correspond to a valid path through the covtree?
And if so, can we reconstruct a causal set that realizes them?

Order dimension two posets provide a natural setting in which to explore this question.
These are posets that can be expressed as the intersection of two linear orders, and they
form a tractable subclass that still captures nontrivial causal structure. In CST, such posets
arise in the study of 14 1-dimensional spacetimes. The constraint of dimension two reduces
combinatorial complexity while preserving enough structure to model meaningful causal
behaviour. This makes them an ideal setting for testing ideas about witness reconstruction
and covtree navigation.

We hope to use G,,(P) and CT; (P) to better understand the structure of witnesses to the
property of being a node in covtree. We hope that this will be useful for proving properties
of witnesses, such as their size, and that this will help with the algorithmic concerns in the
order dimension two case. For example, consider the set of downsets in figure 4.10.

In this case, the smallest poset that satisfies the above set of downsets of size 5 is shown
in figure 4.11. This is a surprising size, given that the expected value in this case based on
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Figure 4.10: Set of Downsets of Size 6

A X

Figure 4.11: Witness for figure 4.10

the number of elements in the set and the size of the downsets would suggest the smallest
poset would be of size 7, but the smallest witness has size 8.

This example illustrates that even small collections of downsets can encode non-obvious
structure, and recovering a corresponding witness requires careful analysis.
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Part 2

Machine Learning
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Chapter 5

Introduction to Feynman Periods

This chapter goes over the background needed to understand Feynman periods from a
combinatorial point of view. We start with some graph structures that appear in QFT,
including 4-regular graphs, loop orders, and the Kirchhoff polynomial. Then we explain
how Feynman periods are defined for primitive graphs in ¢* theory. The chapter then
proceeds to include a section on symmetries of the Feynman period, and provides a brief
motivation for using machine learning to predict Feynman periods. We also go over some
features that are useful for studying or estimating periods, such as the Hepp bound, edge
cuts, and number of graph automorphisms.

5.1 Graph Polynomials

This chapter will follow [123]. In this section, we introduce several classes of graphs that
will be central to our discussion of Feynman periods. These graphs arise naturally in
quantum field theory, but we begin here with a purely combinatorial viewpoint. For this
thesis, graphs will be finite, undirected, and connected, but can have self-loops and multi-
edges. One standard way to set up graphs for Feynman graphs is with half edges, as shown
in [123].

Definition 5.1.1 (Graphs via Half-Edges). A graph G is defined by a finite set of half-
edges H, together with:

e a set partition of H whose blocks are called vertices, denoted V(G),

e a set partition of H of blocks of size less than or equal to two:
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— the blocks of size two are internal edges, the set of which is denoted E(G),

— the blocks of size one are called external edges.

Each half-edge belongs to exactly one vertex and is either paired (forming an internal
edge) or unpaired (forming an external edge). In this setup, a vertex is said to be incident
to an edge if it contains one of the edge’s half-edges. T'wo vertices are said to be adjacent
if they share an internal edge. This definition generalizes the classical notion of a graph
by encoding incidence information at the level of half-edges. In standard graph theory
language, each internal edge connects two vertices, and each external edge is a dangling
leg attached to a single vertex. For this chapter, we will use usual graph theory language
whenever obvious. To see an example of a half-edge graph, consider figure 5.1. While it
can be convenient to choose an arbitrary edge and vertex ordering, as well as an orientation
for the edges, these choices are not part of the core definitions used in this work.

5.1.1 Valency and 4-Regular Graphs

A vertex v € V(G) has degree (or valency) d(v) equal to the number of edges incident to it.
In the half-edge graph case, the degree of a vertex is the size of the part that defines that
vertex. A graph is said to be k-regular if d(v) = k for all vertices in the graph. This is not
the standard graph theory sense of a k-regular graph, due to the external edges. 4-regular
graphs are the graphs that appear in ¢*-theory, a scalar field theory, where interaction
vertices involve exactly four scalar fields.

Definition 5.1.2 (Completion and Decompletion). Let K be a 4-regular graph, with no
external edges (so a 4-regular graph in the usual graph theory sense). Then we say that
K is the completion of G, where G is a 4-point ¢* graph with obtained by removing one
vertex of K. We say that G is a decompletion of K [123].

As an example, consider figure 5.2, showing a completion on five vertices. Then, if we
were to remove the top vertex, we have the decompletion shown in figure 5.3.

Within ¢*-theory, we are specifically looking at 4-point Feynman graphs. This means
we have removed exactly one vertex from the standard graph theory definition of a 4-
regular graph, leaving exactly 4 vertices to have an edge that doesn’t connect to anything
else (the external edges) [123, 8]. A visual representation of a 4-point ¢* Feynman graph
is shown in figure 5.3.
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Figure 5.1: Half-Edge Example: Vertices are: {1,2,9,10}, {3,4,5,6}, {7,8,15,16},
{11,12,13,14}, internal edges are: {2,3}, {4,5}, {6,7}, {10,11}, {12,13}, {14,15}
and external edges are 1,8,9,16 (following [123]).

Figure 5.2: Example of a Completion on Five Vertices
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Figure 5.3: Decompletion of figure 5.2

5.1.2 Loop Order and Spanning Trees

The loop order (or first Betti number) of a connected graph G is defined as
UG) = EG)] - V(G)+1 (5.1)

This counts the number of independent cycles in the graph and corresponds to the number
of independent loop momenta in the associated Feynman integral in momentum space (see
section 5.2). The loop order is the dimension of the cycle space of the graph [123]. In the
physics world, loop refers to what a graph theorist would call a cycle, but we will only use
it in the fixed phrase loop order.

Definition 5.1.3 (Spanning Tree). A spanning tree of G is a subset of internal edges of
G that is connected and contains no cycles, and includes all of the vertices of the graph.
The set of all spanning trees of a graph G is denoted by T¢.

5.1.3 Divergences

We follow [62] for some standard definitions.

Definition 5.1.4 (Primitive Log-Divergent Graph). Let G be a ¢? graph. G is said to
be primitive log-divergent if |E(G)| = 2((G) (where |E(G)| is the number of edges), and
every non-empty proper subgraph G’ of G has |E(G")| > 2((G).

The only primitive graphs we will consider are the primitive log-divergent graphs, so
we will just call them primitive going forward.
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Figure 5.4: Example Graph for the Dual Kirchhoftf Polynomial.

5.1.4 Kirchhoff Polynomials

The dual Kirchhoff polynomial, sometimes called the first Symanzik polynomial, plays a
key role in defining the Feynman integral. Let G be a connected graph. For each edge
e € E(G), we assign a variable a, [123, 95].

Definition 5.1.5 (Dual Kirchhoff Polynomial). The dual Kirchhoff polynomial U is

defined as
Vo= JJa. (5.2)

TeTg e¢T

where the sum runs over all of the spanning trees T" in G and the product runs over all
edges of GG that are not in 7. Note that to keep notation light we abuse notation slightly
and write a; instead of a., whenever convenient.

As an example consider figure 5.4. The spanning trees will be the acylic and connected
subgraphs that include all 4 vertices and exactly 3 edges (since |V| — 1 = 3) There are 8
such trees in total.

‘I’G = a1G2 + a1a3 + a104 + Q203 + A204 + Q205 + G305 + Q405

Another way to think about the dual Kirchhoff is through a certain determinant. We
choose an arbitrary orientation on the edges of (G, and an ordering for the vertex and
edge sets. The signed incidence matrix (an V(G) x E(G) matrix), uses the ordering and
orientation on the vertex and edge set. An edge from ¢ to j has tail 7 and head j. Then the
i7" entry will be 1 if the edge j has tail 4, and a —1 if it has head ¢, and zero otherwise.

Definition 5.1.6 (Expanded Laplacian). Let G be a graph, with signed incidence matrix
E where one row has been removed. If A is the diagonal matrix of edge variables, then the
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expanded Laplacian is given by:

A ET
= ]

It turns out that Vg = det(M).

Remark 5.1.1. Another version of the Kirchhoff polynomial is given by taking product
over all of the edges that are in the spanning tree, given by

> I e (5.3)

TETG e€T

This version is also given by det(EAET), where that matriz is the Laplacian of the graph.
For more information on the this version of the Kirchhoff polynomial, see [127, 29].

5.2 Feynman Graphs

To represent these interactions in a computationally tractable way, physicists often use
Feynman graphs. Feynman graphs, introduced by Richard Feynman in the 1940s, provide
a visual and combinatorial method to compute particle interaction amplitudes in quantum

field theories [66].

There is a procedure called Feynman rules, for reading off an integral from each Feyn-
man graph. This is the Feynman integral. There are three forms of the Feynman integral
that are of interest to us when studying Feynman graphs: position space, momentum space,
and parametric space [123]. In position space, the integral is written in terms of spacetime
coordinates at the interaction vertices, and propagators depend on the distances between
these points. In momentum space, the variables are the momenta flowing through internal
edges, and the integrals are constrained by momentum conservation at each vertex. Fi-
nally, in parametric space, the integral is written using the dual Kirchhoff polynomial, and
another polynomial, called the second Symanzik polynomial [106].

5.3 Feynman Periods

In QFT, divergent integrals must be regularized and renormalized to extract finite predic-
tions. A key step in this process involves identifying which parts of a graph are responsible
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for the divergences [76]. There is a process called renormalization that can be encoded with
Hopf algebras, that tells us how to extract finite predictions from Feynman integrals that
have divergences. Feynman periods capture the residue of the integral at the divergence
and are useful to understanding the transcendental content of the theory, as well as being
nice combinatorially [76, 123, 95].

With the Kirchhoff polynomial ¢ defined, we now define the Feynman period, a scalar
quantity obtained by integrating over the variables we assigned to the edges of G. For a
connected ¢* Feynman graph G that has 4 external edges it holds that:

V(G)| = £(G) + 1 (5.4)

Definition 5.3.1 (Feynman Period). Let e; be an edge of a graph G and set a., = 1.
Then the Feynman period (in the parametric space) is the integral:

He E(G),e#e dae
Pg :/ Glpg Jeter (5.5)
ae>0,e#e; G

aelzl

If GG is primitive log divergent then Py converges. For some examples of period calcu-
lations, see [106].

Theorem 5.3.1. If two graphs G and G' are both primitive 4-point ¢* graphs, with the
same completion then they will have equal Feynman periods [127].
For more detail of theorem 5.3.1, see [123].

Feynman periods are interesting number theoretic values. For example, the period of
the graph K, Pk, = 6((3), where ((3) is the Riemann Zeta function, evaluated at 3.

Other Feynman periods can be expressed in terms of multiple zeta values, which are
a generalization of positive integer evaluations of the Riemann Zeta function. Yet others
cannot be expressed in terms of their multiple zeta values but come from more complicated
geometries like K3 surfaces [28]. Others we do not know at all currently. For more examples,
see [1006].

5.4 Symmetries

There are certain graph theoretic symmetries which the Feynman period satisfies. These
help with period computation and are a hint at which graph features may be useful in
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Figure 5.5: lustration of Product Identity

period prediction. This section follows [62].

5.4.1 Products

The graph product we are interested in is the 2-sum, which merges two graphs over a
shared edge. The period is multiplicative for this graph product. This property facilitates
the decomposition of complex graphs into simpler components, and provides us with the
product identity from [123].

Theorem 5.4.1 (Product Identity). Let G be a primitive J-point ¢* graph with a two-
vertex cut that separates the external edges into two pairs. Let vy and vy denote the cut
vertices, with Gy and Go being the two subgraphs formed by splitting at vi and vy. Then
define G and G4 to be the graphs Gy and Gy respectively, with an additional edge between
vy and ve. Then the period satisfies:

Py = Py Pg; (5.6)

For an example of the product identity, see figure 5.5. As stated above, we know that
P(K,) = 6((3), and thus the period of the final graph in the figure is given by 36((3)?.

5.4.2 Duality

For G a planar graph, let G* be its planar dual.

Theorem 5.4.2 (Dual Symmetry). For G a planar, primitive 4-point ¢* graph. Suppose
G* is also a primitive 4-point ¢* graph. Then Pg = Pg-.

This symmetry allows computations to be transferred between dual graphs, potentially
simplifying the analysis. The proof of this dual symmetry centrally involves the Fourier
transform. As a result, sometimes the dual symmetry is called the Fourier symmetry

[62, 53],
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Figure 5.6: Illustration of Fourier Split Identity by Josephine Reynes

5.4.3 Fourier Split

The Fourier split is a kind of half dual where first if a graph has 3-vertex separation, and
one side is planar than we can take the planar dual of that side and glue it back on to the
other side, resulting in a graph with the same period [95].

Definition 5.4.1 (Terminal Dual ([62], definition 2.6)). Let G be a graph that has 3
marked vertices, that we label 0,1 and k. We define a new graph G, to be G in addition
to the edges (0,1), (0,k) and (1, k) and suppose G. is planar. The terminal dual of G is
defined by taking the dual of G, labelling the dual vertex created by edge (0, 1) with label
k, the dual vertex created by the edge (0, k) labelled by 1, the dual vertex created by the
edge (1,%) labelled by 0, and removing the star created by the dual edges of (0, 1), (0, k)
and (1, k).

Theorem 5.4.3 (Fourier Split Identity ([62], theorem 2.8)). Let G be a primitive 4-point
&*-graph with a 3-vertex separation. Label the 3 vertices by 0,1 and k, and further suppose
one side of the separation has the property that we can take its terminal dual. Let H be
the result of taking the terminal dual of this side, and re-attaching it to the other side, so
the labels 0,1 and k match, Then Py = Pg.

This identity is illustration in figure 5.6.

5.4.4 Completion

Recall the definition of completion from definition 5.1.2. The period is completion invariant
in the following sense.
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Theorem 5.4.4 (Completion Identity). If Gy and Gy are two primitive ¢* graphs with the
same completion, then:
Pg, = Pg,.

In view of this theorem, we can think of the period as being attached to the completion

of the graph, since the choice of decompletion doesn’t matter. This is why in the table
illustrated in [106], the period is associated with the completion of the graphs.

5.4.5 Twist

The twist identity is best seen at the completed level.
Theorem 5.4.5 (Twist Identity). Let

K, = and Ky = (5.7)

both of which are completed primitive graphs. Let G; be any decompletion of K;. Then
Pg, = Pg

1 2°

5.5 Useful Features

We will now discuss the features that we will use in our machine learning models in chap-
ter 7.

5.5.1 Features with Symmetries

Some of the most interesting features are the ones that have the same symmetries as the
Feynman period. This suggests they should have a close algebraic relation.
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Hepp Bound

The Hepp bound, is an upper bound for the Feynman period, that is helpful for its pre-
diction.

Definition 5.5.1 (Hepp Bound). As explained by [95], instead of using the dual Kirchhoff
polynomial in the equation, the Hepp bound uses a maximal monomial at each point in
the integration domain.

|E(G)-1] 5
1H(G) :/ [1icy da;
a;>0 (maXTETG{HegéT ae}) |a|E(G)|:1

(5.8)

Strictly as a bound, the Hepp bound is quite poor, however with a certain scaling it

correlates surprisingly well with the Feynman period [95, , 8]. Empirically, 12’5 f and
logz(_# have a near linear relationship as shown in [95]. With a 5-parameter fit function,

Balduf was able to show that the Hepp bound could predict the Feynman period for a
given loop order with less than 1% error [3].

The Hepp bound satisfies all five symmetry theorems from section 5.4 [95].

Further, it is conjectured to be a perfect invariant in the following sense.
Conjecture 5.5.1 (Conjecture 1.2 ([97])). Two primitive 4-point ¢* graphs Gy and G
have the same Hepp bound if and only if they have the same Feynman period.

In chapter 7, the difference between machine learning models with and without the
Hepp bound will be investigated, in a different way showing how good of a predictor for
the Feynman period it is.

Martin Invariant

The Martin polynomial is a kind of circuit partition polynomial.

Definition 5.5.2 (Transition System). At a given vertex v of a graph G, we say that a
transition is a perfect matching of the edges, where we match the half edges at that vertex.
Then a transition system P is a fixed choice of transition per vertex [J6].

We can see P as a partition of G into one or more circuits. We are going to write |P|
for the number of circuits in P, thought of as a decomposition. There are some minor
technicalities that occur when there are loops, see [90].
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Figure 5.7: Transition System Example. A special thank you to Josephine Reynes for her
help with lines!

Figure 5.7 is an example of a transition system on Kj illustrating how this particular
transition system gives a decomposition into two circuits.

Definition 5.5.3 (Martin Polynomial). The Martin polynomial of a graph G with all
vertices of even degree, is given by taking the sum over all transition systems P [90].

m(G,z) =) (x—2)"" € Z[a] (5.9)

P

Definition 5.5.4 (Martin Invariant). For a 2k-regular graph G where k > 1, the Martin
invariant is the derivative with respect to k.

A-1F -m/(G,4—2k) € Q (5.10)

M(G) = (k — 2)1(2k)

We are interested in the 4-regular case, where the graph is a completion of a primitive

4-point ¢*-graph. In this case, k = 2 so M(G) = ¢m/(G,0).

The Martin invariant satisfies all five symmetry theorems from section 5.4 [95].
Edge Cuts

Definition 5.5.5 (Edge Cut). A cut induced by a vertex set X C V(G) is all of the edges
that have exactly one end in X (that is, edges that incident to exactly only vertex in X).

The number of 6-edge cuts satisfies all five symmetry theorems from section 5.4 with
suitable normalization [95].
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The number and nature of such cuts give insight into the graph’s structure and can
influence the behaviour of its Feynman integral. We explore several of these cuts towards
using machine learning for predicting the Feynman period in chapter 7. In particular we
used the number of n-edge cuts for n = 6, 8,10, 12, 14.

Although the 8-edge cuts do not respect the symmetries of the Feynman period, their
inclusion was helpful for predicting the Feynman period and was seen to improve the
accuracy of the prediction. Adjusting the higher edge cuts to create further invariants
satisfying the symmetries remains a question of active research.

Vertex Cuts

The usefulness of edge cuts suggests also considering the number of vertex cuts of various
sizes, although they do not satisfy the symmetries. We consider n-vertex cuts for n = 3,4, 5.
A cut induced by a vertex set C' C V(G) is called a vertex cut of a connected graph if the
removal of C' from G results in a disconnected graph.

5.5.2 Global Counting
Graph Automorphisms

Inspecting graphs with particularly large period, we tend to find very symmetric graphs,
such as circulants and similar. So, we might guess that the size of the automorphism group
is a useful indicator [3]. Write Aut(G) for the group of automorphisms of a graph G [3].

Additionally, in the perturbative series we care about in QFT each graph’s period is
weighted with a symmetry factor of |Aut(G)|™!. So, the period and |Aut(G)| come together
physically, giving another reason why it might be a useful period predictor.

As shown in [8], the symmetry factors of completions and decompletions are also related
by:

1 1
D@ = 2 &)

G decompletion of K

Non-Isomorphic Decompletions

Following from the observations about automorphisms, then the interplay between com-
pletion and decompletion also suggests simply counting the number of non-isomorphic
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decompletions of a graph. We expect a large random graph to have no non-trivial au-
tomorphisms. Computations show that a completion with ¢ 4+ 2 vertices tends to have
on average ¢ + 2 non-isomorphic decompletions [8]. This suggests that an overwhelming
majority of the decompletions for higher loop orders are non-isomorphic.

Number of Planar Decompositions

The appearance of new families of numbers in the Feynman period tends to happen when
the graph is highly non-planar, with the same behaviour appearing in planar graphs, only at
higher loop order. Special attention to planar graphs in period prediction is thus reasonable.
In fact, as shown in [8], there appears to be a roughly linear relationship between the
Feynman period and the ratio of planar decompletions. The ratio is given by:

Number of Planar Decompletions
U(G)+2

Symmetry Factor of Planar Decompletions

With the above considerations together, we also include the symmetry factor of planar
decompletions, given by

1 Z 1
Number of planar decompletions |Aut(g)|

planar decompletion g

5.5.3 Distance Features

The Feynman period of the graph is seen to get larger as the graph itself visually looks
“larger” as well [2], so it is useful to consider various notions of wideness for the graph
among our features.

Radius and Diameter of Graphs

The diameter of a graph is defined to be the distance between two vertices in the graph
that have the have the maximum shortest path between them. That is

diam(G) = . glgic(c)(length of the shortest vy, vy path)
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To define the radius, first note that the eccentricity of a vertex v is defined to be the
maximum distance between v and any another vertex of the graph. So the radius is the
minimum of the eccentricity running over the vertices.

radius(G) = H‘l/l(% )(eccentricity of v)
ve

For more on the diameter, see [%]. It should be noted that for this work, the graphs
generally fall within several values for the diameter. For example, Balduf showed that for
the 755643 graphs of loop order 13, they all had diameters of 2,3 or 4 [3]. As a result of
this, it is potentially useful to consider the mean distance instead, as we outline next.

Mean, First Moments of Distance Between Vertices

The mean distance between pairs of vertices is the average of the length of the shortest
paths between all pairs of vertices in the graph.

d(G) = mean,, y,ev(c)(length of the shortest vy, vy path) (5.11)

As shown in [8], there are 51 mean distance values for loop order 13, compared to
the 3 values for the diameter. As well as the mean, we can consider the moments of the
distribution of lengths of shortest paths. For more on first moments see section 7 of [8].

5.5.4 Matrix Features
Given the importance of the dual Kirchhoff polynomial, which comes as a determinant of

the expanded Laplacian, and the importance of spectral graph theory in general, we also
consider a number of matrix based features.

Eigenvalues of the Distance Matrix
Continuing on the importance of distance, we define the distance matrix to be matrix

formed by the distances between all pairs of the vertices. We specifically consider the
eigenvalues of the distance matrix for the models will use. This will be outlined in chapter 7.
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Eigenvalues of the Laplacian Matrix

The Laplacian matrix of our Feynman graphs can also be considered. In this case, we take
the Laplacian matrix without variables, in contrast to section 5.1.4. Namely, if |V (G)| = n,
then the Laplacian is an n X n matrix such that that entry at index ij is deg(v;) if i = 7,
—1 if the vertiecs ¢+ and j are adjacent in the graph, or zero otherwise.

The eigenvalues of the Laplacian are well studied in spectral graph theory [35]. In our
case, they will be used for the models that we talk about in chapter 7.

Scaled Traces of Adjacency Matrix

The adjacency matrix of a graph with |V(G)| = n is an n x n matrix A where A;; = 1 if
the vertices © and j are connected by an edge, and zero otherwise. Note that the diagonal
Tr(Ak)

consists of all zeros . The scaled traces are given by WO T2

5.5.5 Electrical Ideas
Given the origin of the Kirchhoff polynomial in electrical networks and the analogy between

momentum space Feynman integrals and electrical flows, various electric features are also
reasonable to consider.

Mean Electrical Distance

The Kirchhoff index of a graph G is defined to be the average of the resistances between
all of the pairs of vertices v in the vertex set of our graph V(G) [71].

2
O = wETvern, 2,

v1<v2€V(G)

where 7, ., is the resistance between the vertices v; and vs, where every edge has
resistance 1, and following Kirchhoff’s laws. There is a nice way to compute this using the
Moore-Penrose pseudoinverse of the Laplacian matrix, as described in section 2.1 of [9].
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Minimum, Maximum, Standard Deviation of Electrical Resistance

We consider the minimum, maximum, and standard deviation, of electrical resistance be-
tween pairs of vertices in our graph, using the same notion of electrical resistance as above.
We additionally considered the absolute mean, minimum, and maximum of the first 4
Ursell functions [I18]. An Ursell function is a cumulant of a random variable, and they
arise naturally by summing over connected Feynman graphs.

The mean, and mean of absolute value, and the entries of the transfer current matrix
are also considered. The transfer current matrix of an electrical network expresses how the
current through an edge changes if a unit current is imposed parallel to another edge.

Autocorrelation Function of Random Walks

Since quantum walks are a quantum analog of what we just discussed, we also include
the first 9 entries of the autocorrelation function of random walks of length 10*, which we
average over 5000 random labellings of the vertices. For more on autocorrelation functions
see [25].

5.6 Motivation from Quantum Field Theory

Feynman periods arise in QFT as finite, scale-independent residues of divergent Feynman
integrals associated with primitive graphs. In perturbative QFT, physical quantities such
as scattering amplitudes or correlation functions are computed as a formal power series
whose coefficients are the Feynman integrals [123, 76].

Feynman periods are particularly important for the following reasons:

e They encode the combinatorics of UV divergences. Since primitive graphs correspond
to the simplest divergent structures in perturbation theory, their periods provide a
clean, universal description of the leading divergent behaviour in a theory.

e They are independent of physical parameters. Unlike full Feynman integrals, which
depend on masses and momenta, periods are dimensionless and independent of kine-
matics. They depend only on the structure of the graph in the form of the dual
Kirchhoff polynomial. This makes them ideal objects for mathematical study.
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e They connect QFT with number theory and algebraic geometry. Many known Feyn-
man periods evaluate to presumed transcendental numbers, such as multiple zeta
values. This has motivated deep connections between QFT and the theory of mo-
tives, periods, and arithmetic geometry.

Because of their mathematical structure and physical relevance, Feynman periods serve
as a bridge between QFT and several areas of pure mathematics. They are also a natural
object of study for classification and computational methods, including those explored in
this thesis.
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Chapter 6

Introduction to Machine Learning

6.1 Motivation

This chapter presents an overview of neural networks, with a focus on the fundamental
concepts, advanced architectures, and specialized graph-based models relevant to under-
standing my joint work with Paul-Hermann Balduf on using machine learning to predict
Feynman periods [9]. Starting from perceptrons and multilayer perceptrons, we develop
the formalism of feedforward neural networks, including activation functions. We then ex-
plore advanced network architectures such as convolutional neural networks (CNNs). Next,
we introduce graph neural networks (GNNs) and their variants, like graph convolutional
networks (GCNs) and GraphSAGE, delineating how graph structures are represented and
processed in neural models. After this, we introduced our new work by connecting these
machine learning concepts and using them for predictions in ¢*-theory.

6.2 Fundamental Concepts of Machine Learning

The aim of machine learning is train a computer to be able to perform a given task,
which in this case is predicting a Feynman period for a given Feynman graph. In general,
the goal is to take pre-existing data and use its characteristics to output a desired value,
and the data itself will have features or parameters that characterize the data [51]. The
exact features for our problem will be expanded in section 7.1.1, where for example we will
consider features such as the number of 3-cuts, 6-cuts and the Hepp bound in our Feynman
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graph, as described in section 5.5 [9]. Each particular data point can be considered a vector
x, such that each given entry z; is a value for a feature of that point in our dataset [5].

In machine learning, a model is a program that captures patterns in data. It maps
inputs (such as feature vectors) to outputs (such as predictions or classifications), typically
by learning features from data through a training process. The model encapsulates the
assumptions, structure, and learned knowledge which is then used to make inferences or
decisions about new, unseen data [51]. As a simplifying assumption, all of our inputs and
outputs are real-valued, and this will have no effect on the outlines of the models in this
chapter.

There are two very classical types of machine learning problems that this subsection
will outline: classification and regression. In classification problems, the task is to assign
an input to one of several predefined categories. Given k possible categories and an input
represented as a feature vector x € R", the model learns a function of the form f : R" —
1,...,k that maps inputs to discrete category labels [51]. In regression problems, the task
instead is to predict a real value based on a set of data values for the features of the model.
In this sense, if we were to have n features for each data entry, we would say that our
model produces a function f : R"™ — R [54]. For the scope of this thesis, our models are
regression models, with the goal of predicting the Feynman period.

In order to evaluate the performance of a machine learning model, we split the data
into a training set (X" Y®n) and a test set (X', Y'*"). The training set is used to
learn the features of the model, while the test set is kept separate during training, and
serves to evaluate the model’s ability to make accurate predictions on unseen data. This
process assesses the model’s generalization, which refers to its capacity to perform well
on new, previously unobserved inputs [54, |. High generalization indicates that the
model has learned meaningful patterns rather than simply memorizing the training data.
A key concern in this context is overfitting, which occurs when the model fits the training
data too closely, including its noise or outliers. While such a model may achieve very
low training error, it tends to perform poorly on the test set, revealing its inability to
generalize [51]. Overfitting is particularly likely when the model is overly complex relative
to the size or variability of the training data. To mitigate this, techniques such as dropout
are employed, which we will discuss later in this section. Within the scope of this project,
challenges arose due to disparities in dataset sizes across loop orders as described in [9], as
discussed further in chapter 7.
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6.2.1 Linear Models for Regression

A machine learning model is said to be linear for a regression problem if its output is a linear
function of the input features. More precisely, given an input vector x = (x1,...,2,) € R"
a linear model computes a prediction of the form

j=wlx+b

where w € R™ is a vector of weights we try to optimize and b € R is a scalar bias,
also subject to optimization [51]. While the weight vector w controls the orientation of
the hyperplane (or decision boundary), the bias term b allows the model to shift this
hyperplane away from the origin. The expression above defines an affine function (a linear
function plus a constant term). The set of all such functions forms the model class, also
known as the hypothesis class, the collection of functions that the learning algorithm is
able to explore when searching for an optimal model. In the case of regression, this yields
an affine map whose graph is a hyperplane in R"*!. In classification, a linear model defines
a decision boundary as the set x € R® : w/'x + b = 0, which is a hyperplane that separates
R™ into two half-spaces corresponding to different class predictions [38]. Thus, linear
models can only separate or fit data that is linearly structured (meaning data that is well-
approximated or well-separated by a hyperplane). When this is not the case, additional
feature transformations or nonlinear models must be used. To make the calculations easier,
instead of explicitly including a bias term, we append every data entry with a 1, and
optimize the weight vector to include the bias as the last term.

6.2.2 Linear Regression

Linear regression is one of the most classic linear model, and it even pre-dates modern
machine learning, but can be recast in this context and works well. In linear regression,
the model finds the desired weights that minimize the difference between the predicted
value (y) and the desired output (y), which is the Feynman period in our case. The
difference is calculated using a loss function. A loss function that often works well for
regression problems is mean squared error loss function given by:

~ test

1
MSEq=—1Y —Y""|3
m
Where we are using the Euclidean distance for the norm, symbolized by the subscript 2

[51], and m is the number of testing examples. Linear regression is a linear model, which we
compare to other linear models in section 7.3.1. To train a linear regression model, we aim
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to find the weight vector w that minimizes the MSE between the predicted outputs Y train
and the training labels Y2 In this context, training consists of solving an equation to
minimize the mean squared error, by solving for where its gradient is zero, as outlined in
[54]. Note that X" refers to the data used for training and X"** is the data used for
testing.

Vwl\/ISEtrain =0 (61)
1 ~ train ;
Ve—lIY  =Y""5=0 6.2
—| 1 (6.2
1 ~ train .
— VY = Y""5 =0 6.3
— V.| 1 (63
We then use the fact that v - Xr¥inw as we have included the bias term in the
weights.
lvw“XtrainW . thm| |% =0 (64)
m
1 A A _ A
_vw(Xtramw o Ytrmn)T(xtr(unW o Ytrazn) =0 (65)
m

Vw (WTX(train)TXtrainw . 2WTX(t'rain)TYtrain + Y(train)TYtrain -0
2X(train)TXtrainW i QX(tTain)TYtrain =0

Thus we can solve this system to show that the optimal weights are given by

W = (X(train)Txtrain)—lx(train)TYtrain (68)

Note that equation (6.6) simplifies ytram)t g traing, — T (train)Tytrain,

6.2.3 Perceptrons

A perceptron is the simplest model of an artificial neuron, first introduced in 1957 [102]. It
performs a linear combination of its inputs followed by an activation decision [38]. Formally,
given an input vector x = (z1,a,...,%,) € R™ a perceptron computes a weighted sum
z = w-X+ b, where w = (wy,...,w,,) is a weight vector and b is a bias term. The
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perceptron’s output f(x) is then given by an activation function h(z), traditionally the
Heaviside step function H(z) for binary classification [38, 65]. In equation form:

f(x)=H(w-x+b)€{0,1}

Here H(z) = 1 if z > 0 and H(z) = 0 otherwise [65]. This defines a linear decision
boundary in R™. The perceptron is thus a linear classifier: it can separate data that are
linearly separable by some hyperplane. If the bias b is included, it shifts the hyperplane
away from the origin. Although the Heaviside function is nonlinear in the sense that it
discretizes the output, the overall model remains a linear classifier because the decision
boundary is determined by a linear function of the input.

In order to tell how “easy” or “hard” a given problem or task may be, the notion of a
margin is used. Given a dataset and a hyperplane, the margin is defined to be the distance
between the hyperplane and the nearest point. The margin of a dataset D with weights w
and bias b defining the hyperplane, is denoted margin(D,w,b) = min . ep y(W - x + b)
if w separates D and negative infinity otherwise. The margin on the entire dataset is
the largest attainable margin of the dataset [38]. Training a perceptron involves adjusting
w and b to correctly classify labelled examples. There is a perceptron algorithm that
specifies how to initialize your weights, and how to train a model. This can be considered
an easy test as to how linearly separable a dataset can be. There is a proof of perceptron
convergence, that specifies how many updates of training a model will need based on the
margin of a dataset to find a linear separator for the dataset if it is linearly separable.
For a proof of the perceptron convergence algorithm, see the perceptron chapter of [35].
Perceptrons however cannot solve problems that aren’t linearly separable, which motivates
multilayer perceptrons.

6.3 Complex Models

6.3.1 Quadratic Regression

Quadratic regression is a natural generalization of linear regression in which the model
incorporates second-degree (squared) terms of the input features to capture nonlinear rela-
tionships between variables. While linear regression fits a hyperplane to the data, quadratic
regression fits a quadratic surface, allowing for curvature. Concretely, for an input vector
x = (z1,...,2,) € R, the model predicts an output g of the form

y=wx+x"Qx+b (6.9)
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where w € R" is a weight vector for the linear term, ) € R™*" is a symmetric matrix
encoding pairwise interactions and squared terms (i.e., z;z;), and b € R is a bias term [33].

This model can be trained by minimizing a loss function such as mean squared error,
just as in linear regression. Since the model includes all quadratic combinations of the
features, it can represent more complex surfaces that fit curved data better than linear
models. However, this comes at the cost of a larger parameter space: quadratic regression
has O(n?) features compared to O(n) in linear regression, which may lead to overfitting if
not regularized properly or trained on sufficient data.

6.3.2 Multilayer Perceptrons

Multilayer perceptrons (MLPs) or feedforward neural networks are neural network com-
posed of multiple layers of neurons (perceptrons) with nonlinear activation functions [54],
as seen in figure 6.1. In an MLP, neurons are arranged in an input layer, one or more hid-
den layers (meaning they go in between the input and output), and an output layer, and
each neuron in a layer connects to every neuron in the next layer [51, 38]. To explain more
about MLPs, it is first important to understand the significance of activation functions.

6.3.3 Activation Functions

Activation functions introduce nonlinearity into neural networks, allowing them to model
complex, non-linear patterns in data. Without such non-linearities, a neural network
composed of only linear transformations would itself represent a linear function, regardless
of depth, defeating the purpose of having multiple layers. Nonlinear activations therefore
give neural networks their expressive power. We briefly review two widely used activation
functions and then elaborate on their behaviour, particularly focusing on the vanishing
gradient problem and dying ReLUs.

1
e Sigmoid (Logistic) Function: o(z) = T [54]. This smooth, S-shaped function
e x
maps real-valued inputs to the interval (0, 1), as shown in figure 6.2 It was historically

popular in early neural networks, especially for binary classification, since it allows
for probabilistic interpretation of outputs. However, sigmoid functions suffer from a
major drawback during training: the vanishing gradient problem.

The derivative of the sigmoid is ¢’ = o(x)(1 — o(x)). This derivative becomes very
small when z is either large and positive (in which case o(z) =~ 1) or large and neg-
ative (then o(z) ~ 0). This leads to gradients close to zero during backpropagation
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hidden layers

Figure 6.1: figure

MLP Architecture
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(see section 6.3.6), particularly in deep networks where these small derivatives are
compounded across many layers. As a result, weights in early layers receive negligi-
ble updates, effectively freezing them, and learning becomes slow or even impossible

[54, 12].

Sigmoid Activation Function

1.0
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o
o
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.'é
% 0.4
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—1‘0.0 —7‘.5 —_rI).O —2‘.5 0.0 2:5 5.‘0 7.‘5 10‘.0
Figure 6.2: Sigmoid Function
Rectified Linear Unit (ReLU): ReLU(x) = max {0,z } [51]. ReLU is a piecewise

linear function that outputs zero for negative inputs and identity for positive ones,
as shown in figure 6.3. Its derivative is 0 for any = € R less than 0, or otherwise 1,
meaning that extremely large or negative values do not cause the vanishing gradient
problem during backpropogation. As a result, ReLLU became widely adopted because
it avoids the vanishing gradient issue [52].

However, ReLLU introduces a new issue: the dying ReLLU problem. If a neuron’s input
becomes negative, it outputs zero. If this happens consistently during training (e.g.,
due to poor initialization or large gradient steps), then the neuron will always output
zero and its gradient will also be zero. Consequently, the weights connected to this
neuron stop updating entirely, effectively “killing” the neuron. As we discussed ear-
lier, this is not optimal and networks with many such neurons may suffer a significant
reduction in capacity [30].

To mitigate this, variants like Leaky ReLLU and Parametric ReLLU have been proposed.
With Leaky ReLU, value is x if x > 0 and ax if x < 0, where o € (0,1) (typically
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RelLU Activation Function
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Figure 6.3: ReLU Function

a = 0.01) [31]. These variants allow a small, non-zero gradient for negative inputs,
preventing neurons from dying and encouraging better learning dynamics.

In this project, Leaky ReLU was frequently used as it empirically helped prevent the
issue of dead neurons while maintaining computational efficiency and improved convergence
properties [J].

6.3.4 Training Neural Networks

Training a neural network involves optimizing its features, typically weights W and bi-
ases b, to minimize a loss function £(7,y) that measures the error between the network’s
prediction § and the corresponding value from our dataset y [54]. This is generally done
through variants of gradient descent, an iterative optimization algorithm that updates the
parameters in the direction that most rapidly decreases the loss.

Gradient Descent

Given a loss function L(W) defined over the features of the network (like MSE sec-
tion 6.2.2), the classical gradient descent algorithm updates parameters using the rule

W« W — pVwL(W) (6.10)
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where 1 > 0 is the learning rate, and is a hyperparameter that can be further optimized,
and Vw L(W) is the gradient of the loss with respect to the weights. Intuitively, Vy, L(W)
points in the direction of steepest ascent, so moving in the opposite direction reduces the
loss.

For a dataset { (x,y;) }.-,, the loss function is typically defined as the average of a
per-sample loss £

L(W) = — £(fw(X2), 1) (611)

In regression problems, a common choice is the mean squared error loss L(y,y) =
l|g — yl||3, as described earlier in section 6.2.2 [54].

6.3.5 Stochastic Gradient Descent (SGD)

Computing the full gradient over all m training samples can be computationally expensive,
especially for large datasets. To improve efficiency, it is possible to use stochastic gradient
descent (SGD), which updates the parameters based on a randomly selected subset of data,
known as a mini-batch [24, 5]

where Lg(W) is the loss computed over the mini-batch B C {1,...,m }. Though this
introduces noise into the update direction, SGD often converges faster and can escape
shallow local minima.

6.3.6 Backpropagation

The gradient Vy L(W) in multilayer neural networks is efficiently computed via the back-
propagation algorithm, which applies the multivariable chain rule recursively layer by layer
[105, 54]. In brief, backpropagation works by first computing the error at the output layer,
then using the chain rule to express the gradient of the loss with respect to the weights in
each hidden layer. The name backpropgation is due to the fact that we propagate gradients
backward throughout the network, and we start this process at the end of the network [35].
For a full overview of back propagation, see chapter 6.5 of [35].
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6.3.7 Optimizers

Basic stochastic gradient descent (SGD) updates model parameters by taking small steps
in the direction of the negative gradient of the loss function. While simple and widely
used, SGD is sensitive to the choice of learning rate and can converge slowly, especially in
regions where the loss surface has steep slopes or noisy gradients. These challenges have
motivated the development of adaptive optimizers, which automatically adjust the learning
rate during training based on the behaviour of past gradients.

One of the most widely used adaptive optimizers is Adam (Adaptive Moment Estima-
tion) [79]. Adam extends SGD by maintaining exponentially decaying averages of past
gradients (which acts like momentum) and past squared gradients (to adjust learning rates
per parameter). The “momentum” component helps smooth updates by dampening oscil-
lations, while the “adaptive” component allows each parameter to have its own learning
rate, depending on how frequently and strongly it has changed in the past. This allows
Adam to perform well even when gradients vary significantly in magnitude or direction.
Adam has become a standard optimizer in deep learning because of its fast convergence,
minimal need for manual tuning, and robustness across a wide range of tasks.

6.3.8 Dropout Layers

Dropout is a regularization technique used in neural networks to prevent overfitting by
reducing co-adaptation among neurons [110]. During training, a dropout layer randomly
sets a fraction of its input units to zero at each update step. This forces the network to
learn redundant, robust representations, as it cannot rely on the presence of any single
feature. Dropout applies a random binary mask, with a fixed probability. It has been
shown to improve generalization, particularly in fully connected layers of deep networks.
In our work, dropout was applied between hidden layers of the MLPs to reduce overfitting
and promote more distributed feature representations.

6.4 Advanced Neural Networks

We now delve into specialized neural network architectures that extend the basic MLPs to
handle data with specific structures: images, sequences, and in general, data with spatial
or temporal locality.
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6.4.1 Convolutional Neural Networks (CNN)

Convolutional Neural Networks (CNNs) are a specialized class of neural networks designed
for data with spatial or grid-like structure, such as images. Unlike fully connected layers
where each neuron is connected to every input unit, CNNs use small, overlapping regions
of the input. This means each neuron looks at only a part of the input image (known as
local connectivity), allowing the network to detect simple patterns like edges or textures.
Additionally, the same set of weights is used across different parts of the image, which
helps the network recognize the same pattern regardless of its position (a concept known
as weight sharing). This framework allows CNNs to be computationally efficient and well-
suited for extracting local patterns such as edges or textures [54].

Convolution is the name for the mathematical operation used, and is a linear combina-
tion of products. One example of a convolution operation is outlined in [54], where we are
tracking the location of a spaceship with a laser sensor. The laser sensor has output z(t),
that provides the location of the spaceship at time ¢. If we assume that the laser sensor
has some noise, then we it makes the most sense to average several measurements, while
giving a higher precedence to more recent measurements. In this sense, we use a weight
function w(a), where a is the age of the measurement. We can put this all together to get
a smoothed estimate of the position of the spaceship given by:

s(t) = /x(a)w(t —a)da

The operation above is called convolution, and is typically denoted with an asterisk *

[54]-
s(t) = (zx w)(?)

In this case, w is a valid probability density function, that must be zero for all negative
values. The input to the CNN in this case is the function x. The function w is the kernel,
and the output is denoted a feature map. To consider a discrete convolution, we have the
following equation [54]:

[e.9]

s(t) = (zxw)(t) = Y z(a)w(t—a)

a=—0Q

In machine learning, we typically work with discrete data represented as multidimen-
sional arrays (tensors). The input [ is often a 2D array (such as a grayscale image), and
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the kernel K is another 2D array of learnable parameters. We define the 2D discrete
convolution between I and K denote (I x K)(3, j)

SGJ) = (1x K)(i.) = S0 S 1m,m)K (i = m, j = n)

6.4.2 Kernels

To illustrate how a kernel works, it is best to start with an example. Suppose that the
input to our model was a 2D 3 x 3 array (or in standard math notation an element of
R3*3). Then an example of a 2 x 2 kernel window is given by the following:

01 2
01 19 25
R RS (6.13)
6 7 8 2 3 37 43
where equation (6.13) follows [128]. The kernel slides along each part of the matrix.

For example, the 19 in the output is obtained from 0x0+1x14+3%2+4%3 = 19. Similarly,
we have 4«0+ 5% 1+ 7*2+ 8% 3 =43.

A kernel governs how local features are extracted from input data. Formally, a kernel is
a multidimensional array of features that is convolved with the input tensor to produce an
output known as a feature map. The kernel acts as a localized detector, scanning the input
to identify specific patterns such as edges, corners, textures, or more abstract features in
deeper layers of the network.

A key property of the kernel is that it is significantly smaller than the input. For
instance, in image processing tasks, kernels commonly have spatial dimensions of 3 X 3,
5x5 or 7x 7, while the input may be a full image with hundreds of pixels in each dimension.
The kernel is applied uniformly across the input via a sliding window mechanism, which
means the same set of weights is used at each location, as shown in our example above.
This architectural design embodies the characteristics that are central to CNNs: local
connectivity (only a small patch of the input affects each output unit) and feature sharing
(the same weights are reused across spatial positions).

During training, the entries of the kernel tensor are optimized using gradient descent
and backpropagation, enabling the network to learn task-relevant features directly from
the data. In a given convolutional layer, multiple kernels are typically used in parallel,
each learning to extract a different type of feature from the same input. The result is

65



- 16 - 16 - 16 Convolution 3

& -®19 OO

16 16 16 Convolution 2 Input Layer Output Layer

Convolution 1

Figure 6.4: Example CNN Architecture

a collection of feature maps that together represent the presence and spatial location of
various learned patterns.

6.4.3 Pooling

Often, convolutional layers are followed by pooling to reduce spatial resolution and increase
robustness. Pooling takes a neighbourhood (like 2x2) and outputs a summary statistic,
typically max pooling (maximum value) or average pooling. Pooling reduces the data
size and computation and helps achieve some translational invariance (small shifts in input
cause minimal changes after pooling) [51]. A 2x2 max-pooling, for example, down-samples
the image by a factor of 2 in each dimension, taking the maximum in non-overlapping 2x2
windows. An illustration of a CNN network is given in figure 6.4. In the illustration, the
convolutional layers are light pink, followed by dark pink pooling layers, purple dropout
layers, followed by a 12 layer fully connected layer to make it a single numerical output for
the Feynman period.

For this work, a CNN model was used where the input was not a natural image but
a graph adjacency matrix interpreted as an image. Specifically, we padded each graph’s
adjacency matrix to 20 x 20 and treated it as a grayscale image. The CNN had 4 convolu-
tional layers with 2x2 pooling, using leaky ReLLU activations. This is a direct application
of CNNs to graph data by imposing a grid structure, however this has limitations because
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the adjacency matrix is sensitive to node labelling (permutations of nodes alter the matrix)

[9].

6.4.4 Graph Neural Networks

Graph neural networks (GNNs) are neural architectures tailored to graph-structured data,
where input consists of nodes and edges with arbitrary connections.

A graph G = (V, E) with node set V and edge set E can be represented in neural
networks by:

e Adjacency matrix A of size n x n (for n = |V|) where A,, = 1 if (u,v) € E (or some
weight if weighted graph), and A,, = 0 otherwise [120].

e Node feature matrix X of size n x d, where the uth row x,, is a feature vector of node
u (could encode attributes of the node).

Early approaches to machine learning on graphs fed such representations (possibly
flattened) into an MLP or CNN (like the stack model or CNN1 section 7.3.2. However,
flattening the adjacency matrix loses permutation invariance (relabelling nodes permutes
the matrix arbitrarily). GNNs aim to perform learning on graphs in a way that is invariant
or equivariant to graph isomorphism (permutation of node labels) [120].

6.4.5 Graph Convolutional Networks (GCNs)

The Graph Convolutional Network, first introduced by Kipf & Welling in 2017 is founda-
tional architecture for learning on graph-structured data [70]. They extend classical neural
networks to graphs by incorporating information from a node’s local neighbourhood at
each layer. The GCN layer can be written in matrix form as:

HOD — o(DV2AD12 0o
Where, from [70]:

e H® is the n x d, matrix of node embeddings at layer ¢ (with H® = X the input
features).

e O is the trainable weight matrix for layer ¢ (of size d; x dy1).
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e A = A+ 1 is the adjacency matrix with added self-loops (each node connected to
itself).

e D is the degree matrix of A (diagonal with Duu = 3" vA,,).
o D Y2AD"Y? ig the symmetrically normalized adjacency matrix.

e o is an activation function like ReLLU applied element wise.

In the work, GCNS are implemented using PyTorch Geometric’s GCNConv with 4
graph convolution layers and leaky ReLU [9]

6.4.6 GraphSAGE

GraphSAGE (Graph Sample and Aggregate) is a graph neural network architecture de-
signed for inductive learning on large graphs, that is, it learns a function that can generate
embeddings for previously unseen nodes without retraining the entire model [58]. This
is in contrast to transductive methods (which are models that do not need to generalize
to unseen examples), which require access to the full graph at inference time and cannot
generalize to new nodes or graphs. This inductive capability is especially valuable in real-
world applications like dynamic social or citation networks, where the graph is constantly
evolving and new nodes frequently appear. For our context, this would be promising as it
would suggest that we could extend to higher loop order graphs, in a way that the models
could learn from smaller loop order graphs that would be easier to train.

GraphSAGE extends the neighbourhood aggregation framework by allowing for flexible
aggregation functions (e.g., mean, pooling) and by sampling a fixed-size set of neighbours
for each node, which keeps computations tractable on high-degree or large-scale graphs.
Unlike GCNs that average neighbour messages and apply a shared weight matrix, Graph-
SAGE concatenates a node’s own representation with its aggregated neighbours before
applying the transformation, allowing the model to distinguish between self-information
and contextual information. GraphSaGE also often uses a fixed number of sampled neigh-
bours (to control computational cost in graphs with very high degree nodes). For example,
sample up to 10 neighbours at random for each node instead of taking full neighbourhood,
which can reduce variance and complexity.

In our work, the GraphSAGE model was used with 4 layers, similar to the GNN setup

[9].
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6.5 Conclusion of ML

The use of neural network in our work showcases both the promise and challenges of apply-
ing deep learning in mathematical physics contexts, which we will expand on in chapter 7.
The fundamental and advanced models were all tested. Simpler models (such as linear
regression) performed surprisingly well due to the highly structured nature of the problem,
and modelling without the use of neural networks also proved successful [9]. More advanced
architectures did not automatically discover significantly better representations given the
data available and the complexity of extracting needed invariants from raw graphs. This
underscores the importance of combining deep learning with domain knowledge, here the
known combinatorial features of graphs, to achieve the best results.

Recently, machine learning has been used on questions that are somewhat related to,
but not identical with, our own endeavour to predict Feynman integrals in quantum field
theory. In [94], machine learning was used in a Feynman path integral framework to de-
scribe microbiological effects. [11] considers machine learning for graph-structured quan-
tum states, as arise in constructing quantum computers. In [57], quantum field theory
is suggested as a theoretical framework to understand neural networks. There is signifi-
cant literature on the simulation or prediction of various types of scattering amplitudes in
quantum field theory with machine learning methods as well, see e.g. [0, 85, 7, 64, 34].
Although the scattering amplitude in quantum field theory is expressible as a sum of all
Feynman integrals, these works have in practice focused on a very different aspect of the
prediction: For amplitudes, the relevant input would be the kinematics of the scattering
process, and the output the amplitude, whereas in our case, the input is a single Feynman
graph and the output its period, which is independent of kinematics. From a machine
learning perspective, predicting periods avoids the complications of external momenta and
regulator schemes, offering a cleaner and more structured target that depends only on the
internal topology of the graph. This makes it an ideal object of study for understanding
how graph structure encodes physically meaningful information. Moreover, Feynman peri-
ods have arithmetic structure, appearing in the study of motives and multiple zeta values,
giving further theoretical motivation for their study independent of physical scattering
processes. All of these reasons are motivators to using machine learning techniques for
predicting Feynman periods.
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Chapter 7

Period Estimation using Machine
Learning

7.1 Machine learning for graphs

When considering machine learning for Feynman period estimation, a natural question is
the use of graph neural networks given the natural graph structure of the problem. Graph
neural networks have become a more popular topic in machine learning in the most recent
years. For our present project, we aim to use a graph as an input to a model, and obtain a
real number — the period (definition 5.3.1) — as an output. For the rest of this introduction,
we will provide an overview of how this problem is similar to previously explored topics,
but also slightly different, and some areas of consideration. Some problems discussed in
the literature include, for example, classification (section 6.2) of graphs into finitely many
sets (e.g. [77]), or using data on a graph (such as values assigned to vertices) as an input,
or using a graph to describe the structure of a neural network itself, or using models that
have graphs as output (e.g. predicting missing edges in graphs that represent friendship
relations in social networks). From a machine learning perspective, our task presents a
slightly different structure from many standard graph learning problems.

In graph classification tasks, the model aims to assign a discrete label to each graph from
a finite set of classes, often using summary statistics or learned embeddings to reduce graph
structure to a classification-ready form [77]. In node classification or graph signal processing
tasks, the input includes not only the graph’s structure but also additional features on the
nodes or edges, and the goal is to label or predict properties of individual nodes. There are
also generative graph models, where the graph itself is the output—such as in molecular
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graph generation or link prediction problems. These use graph representations as either
structured inputs, outputs, or both, but the learning objective is always framed within a
discrete, categorical, or structured prediction context.

In contrast, our task is learning a function from unlabelled graphs, and additional
features such as the Hepp bound, Martin invariant, and so forth (section 5.5), to real
numbers. While we use the incidence matrix to represent the graph in our models, this
representation is not inherently isomorphism-invariant: permuting the order of vertices
or edges can drastically change the matrix, even though the underlying graph remains
the same. This contrasts with tasks like node classification, where vertex identities are
fixed across instances, and thus permutation invariance is less critical. Our use of the
incidence matrix allows us to train models like MLPs and CNNs, but also forces the model
to learn structural invariants from fixed but arbitrary representations, a fundamentally
different challenge than those encountered in typical graph classification or node prediction
pipelines. In our case, a single L = 13 loop graph has up to 15! > 10'? different orderings
of vertices, which makes it practically impossible to use all of them. Conversely, one might
want to fix one canonical order of vertices. This can be done uniquely (and we do this in all
our algorithms to avoid duplicates, using nauty [27]), but it imposes an artificial structure
on the graph, which obscures the fact that the graph really encodes adjacencies, and not
a particular ordering of vertices.

In our particular application, we use numerous graph-related quantities as input to
our machine learning models, see section 7.1.1. As stated earlier, the Hepp bound can
predict the Feynman period with an average error of less than 1% [3]. It is also possible to
consider how we can directly provide the machine learning model with the graph structure.
In the machine learning literature, the term embedding is used for a mapping of a graph to
some vector space of features, a survey of numerous embedding techniques can be found
in [121, 55, 68, 32]. The precise definition of what counts as an embedding depends on
the particular setting, commonly one demands that the vectors produced by an embedding
function for two distinct input graphs are close if the graphs are similar, in a sense that
depends on the context.

7.1.1 Input features and data sets

For the various machine learning models, we used all the features that have been found
helpful in [¢] and [9] for the linear models, and a few additional ones. The following is
an overview of all 22 features, where references indicate where this feature has been used
earlier to predict periods. See section 5.5 for an overview of these features.
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10.
11.

12.

13.
14.

15.
16.
17.
18.
19.

. Loop number (section 5.1.2).
. Hepp bound (section 5.5.1, [8, Sec. 6.5], [95, 71]).

. Whether the graph is planar.

Size of the automorphism group (section 5.5.2, [3, Sec. 6.1]).

. Number of non-isomorphic decompletions (section 5.5.2, [3, Sec. 6.1]).

. Number of planar decompletions (section 5.5.2, [3, Sec. 6.1]).

Symmetry factor of only the planar decompletions (section 5.5.2)

. Number of n-vertex cuts for n = 3,4,5 (section 5.5.1).

. Number of n-edge cuts for n = 6,8,10,12, 14 (section 5.5.1, [3, Sec. 6.4]).

Number of connected n-edge cuts for n = 6, 8,10, 12, 14.

Radius and diameter of the graph (i.e. minimum and maximum of the distance

between vertices) (section 5.5.3, [8, Sec. 6.2]).
Mean, and first moments, of the distance between vertices (section 5.5.3, [8, Sec.
6.2]).

Eigenvalues of the distance matrix (section 5.5.4).

22 binary parameters corresponding to whether or not an matrix eigenvalue is present
for the loop order under consideration (see below).

Eigenvalues of the Laplacian matrix (section 5.5.4).

Scaled traces (Tr(Ak)

Traye for k < 20, where A is the adjacency matrix (section 5.5.4).

Number of n-cycles for n = 3,...,10.
Mean electrical resistance (section 5.5.5).

Minimum, maximum, and standard deviation, of electrical resistances between pairs
of vertices. Absolute mean, minimum, and maximum, of the first 4 Ursell functions.
Mean, and mean of absolute value, of the entries of the transfer current matrix
(section 5.5.5).
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20. First 9 entries of the autocorrelation function of random walks of length 10%, averaged
over 5000 random relabellings of the vertices (section 5.5.5).

21. Scaled logarithms of the Martin invariants lnéﬁ[f ) (definition 5.5.4, [8, Sec. 6.6], [90]),

with upper limit £ < 5 depending on loop order.

22. Coefficients of the Martin polynomial (definition 5.5.3, [90]).

The size of the matrices, and therefore the number of eigenvalues, depends on the loop
order of the graph. In order to have a consistent number of 22 features for each matrix,
across all loop orders, we have padded the missing entries with zeros. Even if the loop
order already implies how many of the features are non-trivial, we supplied the models
with an explicit vector of ones and zeros to indicate whether the corresponding entries
contain information or are merely padded zeros, which is feature 14 in the list.

7.2 Dataset

The number of Feynman graphs grows factorially with loop order [37, 20], and as shown
in the counts given in [3]. Our dataset contains all periods up to L = 13 loops, but only
non-complete samples for higher loop order, as illustrated by the red dots in figure 7.1.
The red dots correspond to the number of numerically known 3-vertex irreducible periods,
and the blue dots are the number of known periods after using all period symmetries. This
is no problem as long as one only trains models for one particular loop order. However,
our goal is to predict periods across different loop orders. If we merely merge all available
data to train our models, L = 13 and L = 14 loops will be dominant by far. Consequently,
for the models that are trained on all loop orders simultaneously, we use non-complete
random samples of the data sets for L = 13,14 to reduce their dominance.

We split the data so that only 80% of the data was used for training, and the reported
performance of the models refers to testing the model on the remaining 20% of data. This
does imply that the testing data is heavily skewed towards the 13 and 14 loop order data.

If we train the models on all available data, they are effectively mostly being trained
on ¢ € {12,13,14,15} loops, since most of the data has this loop order. They then show
poor performance for smaller or larger loop orders. To remedy this imbalance, we only
use a random subset of the graphs for training. Concretely, at 12 loops 50% of the graphs
are used for training, at 13 loops 33%, and at 14 and 15 loops 10%, and all remaining
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Figure 7.1: Number of Completed Feynman graphs per Loop Order. The black dots are the
number of completions, which represents the total number of periods at that loop order,
the black line is the asymptotics. The red points indicate the number of numerically known
3-vertex irreducible periods. Blue dots are the number of known periods after using all
period symmetries.
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graphs are used for validation. These percentages stem from trying to make a more fair
contribution from all loop orders. While this cutoff is not equal as shown in figure 7.1,
these restrictions improved the accuracy of the test set. Given that the regression models
showed consistent performance, we use all available graphs for them (including for loop
orders 13 and 14).

7.3 Statistical Notations

We use the error measures 9, A as follow for measuring prediction accuracy:

Definition 7.3.1 (Relative Standard Devitation). The relative standard difference be-
tween a Feynman period P and the estimated Feynman period P is given by:

Definition 7.3.2 (Average Relative Difference). The average relative difference between
a Feynman period P and the estimated Feynman period P is given by:

P P\ P-P
(5)- {V5r) -5

To improve numerical stability, we consider rescaling the Feynman period P and Hepp
bound H in accordance to the loop order /.

e PG)
P(G) = W (7.1)
H(G) = Hif) (7.2)

This is referred to later as scaling the Feynman period and Hepp bound based on their
asymptotic growth.
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7.3.1 Standard Regression Techniques

For the machine learning techniques in this section, we used the python library scikit-learn
[98] and its auxiliary functions such as PolynomialFeatures and MinMaxScaler.

Linear Regression

We constructed three distinct linear regression models as described in section 6.2.2 for this
work. For all three of the models we created, we normalized all features x € 7 (section 7.1.1)
to lie within the interval (0, 1). The first model LR1 aims to predict the Feynman period
directly. The second model LR2 instead scales the period and Hepp bound to their leading
asymptotic growth with loop order according to section 7.3. Consequently, for that model
the Hepp bounds and periods across all loop orders are of similar magnitude. Finally,
the third model LR3 aims to predict the natural logarithm y = In(P) of the period, and
uses the logarithm of the Hepp bound as an input, both scaled to their asymptotic growth
(section 7.3).

The coefficient of determination for a N-element data set is defined as

R2 —1— Zi\%\}(yz - f(fl))Q’ (73)
Zi:l(yi —(y))?

where (y) denotes arithmetic mean. R? is a measure for how much better the multi-linear
function describes the data, compared to merely taking averages.

Model | R? Training | R? Testing | A (%)
LR1 0.9981745 0.9982034 3.37
LR2 0.9996490 0.9996573 0.04
LR3 0.9999994 0.9999994 0.04

Table 7.1: Coefficient of determination (equation (7.3)) for the three models using linear
regression; average relative difference A (definition 7.3.2). The models LR2 and LR3,
which include scaling to the asymptotics (section 7.3), are by far superior to the unscaled
model LR1.

The values shown in table 7.1 suggest that scaling to the leading asymptotics by the
period scaling is very helpful in order to construct a model that works across all loop
orders. The accuracy of the model LR3 for individual loop orders is shown in table 7.2
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From these preliminary results, we trained the remainder of our models in section 4
with the dataset whose Hepp bound and Feynman period were scaled with the leading
asymptotics of the period scaling, the natural logarithm and they were further normalized
to lie within (0,1). Normalization is a common preprocessing step in machine learning
that ensures all input features contribute comparably to the model. A standard linear
regression model was trained, and then evaluated on the test data set, which we split by
loop order to evaluate A and §, which are defined in section 7.3.

Recall that the Hepp bound (section 5.5.1) is a strong predictor of the Feynman period,
and thus results will often be provided with and without using the Hepp bound in the
training dataset.

Relative standard deviation of linear regression LR3 Relative standard deviation of quadratic regression

6/ % o/ %

= N ot

0.5

0.2

including Hepp bound
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0.05

including Hepp bound

0.02

7 8 9 10 11 12 13 14 15 16 17 18 7 8 9 10 11 12 13 14 15 16 17 18

Figure 7.2: (a) Relative standard deviation § (definition 7.3.1) for the linear regression
model LR3. Including the Hepp bound improves accuracy by roughly one order of magni-
tude. Overall, § is lower for larger the data sets than for smaller ones.

(b) Relative standard deviation ¢ for quadratic regression. If the data set is large enough,
then the accuracy is better than the linear model (a), but the quadratic model suffers more
strongly from having only small, or non-complete, data sets.

The plot in figure 7.2a shows how the linear regression model LR3 performs if it is
trained with data of only one particular loop order. Performance tends to be overall better
for the large data sets around L = 13 loops than for the smaller ones. The Hepp bound
as an input feature has a large influence, improving the accuracy by roughly a factor of
10. This is expected from the findings of [¢], that the Hepp bound alone is sufficient for
a relatively accurate prediction. Nevertheless, even without the Hepp bound, the linear
regression model reaches an accuracy of § < 1% if the data set is large enough.
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including Hepp bound | without Hepp bound
L | A%) 5(%) A% | 6%
7 | 0.102 0.024 | 7.399 4.183
8 | 0.141 0.197 | 3.861 5.136
9 | 0.094 0.114 | 1.514 1.759
10 | 0.079 0.098 | 0.927 1.229
11 | 0.040 0.051 | 0.690 0.944
12 ] 0.033 0.049 | 0.530 0.793
13 | 0.039 0.051 | 0.424 0.603
14 | 0.048 0.063 | 0.552 0.744
15 | 0.055 0.072 | 0.787 1.041
16 | 0.070 0.089 | 1.056 1.356
17 ] 0.114 0.146 | 1.305 1.683
18 | 0.276 0.354 | 2.201 2.830

Table 7.2: Obtained accuracies A and ¢ for the linear regression model LR3, separated
by loop order L. The last two columns refer to a model where the Hepp bound has been
omitted as an input feature.
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Quadratic Regression

We extended standard regression techniques, to train models using quadratic regression as

explained in section 7.3.1 [83]. In particular, this model for N input parameters involves

N(N-1)
2

quadratic terms and N linear ones, resulting in % fit parameters. If we were to use

all 194 input features of section 7.1.1, then the model would have 18914 free fit parameters,
making the model prone to overfitting. Consequently, we excluded list items 13, 14, 15 and
16 of section 7.1.1, and use only 83 features to train the model. The choices of features
to discard is based on the coefficients of the features that were analyzed in the linear
regression model. Using quadratic regression, we again obtain R? values (equation (7.3))
of better than 0.999. A model that included data from all loop orders reached A = 0.021%,
and & = 0.079%. For models trained only on one loop order, the performance is shown
in figure 7.2b. Similar to the linear regression model (section 7.3.1), we observe that the
accuracy of the quadratic model decreases by approximately one order of magnitude if the
Hepp bound is not used as an input feature, suggesting that it is an important feature for
the model to have.

not just N quadratic terms of the individual parameters, but potentially mixed

L A(%) 6 (%)

7 1.630 1.536
8 1.262 3.403
9 0.034 0.043
10 0.014 0.021
11 0.010 0.016
12 0.010 0.013
13 0.020 0.026
14 0.024 0.032
15 0.025 0.033
16 0.031 0.042
17 0.026 0.033
18 | 14195.258 | 259815.351

Table 7.3: A and ¢ by loop order L for quadratic regression.

It is clear that for the loop order 18 case, the model does not test well. This suggests
that the limited size of the dataset that corresponds to loop order 18 is not enough for
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the model to learn to predict the Feynman period for that loop order case. This is also a
strong suggestion that the model will not generalize well to unseen loop orders (i.e., loop
orders that were not used for training).

LT A% 5 (%)

6 361.829 523.333
7 57.822 76.363
8 36.218 122.359
9 0.932 1.343
10 0.339 2.555
11 0.097 0.143
12 0.079 0.127
13 0.097 0.131
14 0.121 0.157
15 0.152 0.197
16 0.203 0.264
17 0.268 0.345
18 | 150144.557 | 4851306.020

Table 7.4: A and d by loop order L for quadratic regression without using the Hepp bound
feature.

7.3.2 Neural Networks

In the present section, we discuss several neural network models we used to predict the
period. They utilize different architectures and different input features, including five
models that incorporate the structure of the Feynman graphs themselves into the prediction
additionally to the features listed in section 7.1.1. This allows us to study the difference
between models that only use features, models that only used the graph structure, and a
mixture of both.

The neural networks used for this research were implemented using Python 3.10.4, and
PyTorch 2.0.0 [97], along with mean squared error (MSE) loss function as explained in
section 6.2.2, the dataset using the RobustScaler from scikit learn[98|, which scales
the data using the quantile range.
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Figure 7.3: Weights of the Perceptron

Perceptron

As described in section 6.2.3, we had a perceptron to try to predict the Feynman period,
which is also a good measure of how linearly separable our data is. We confirmed that
the single layer perceptron resulted in a relative standard deviation ¢ that is similar to
figure 7.2a for large data sets, but inferior for small data sets, presumably due to the
iterative training being more susceptible to the influence of outliers in small data sets.
When we plot the weights of the perceptron as shown in figure 7.3 it is evident that
the most significant features are features 1, 41, 61 and 113 which correspond to the Hepp
bound, one of the diagonals of the distance matrix and one of the random walk correlations.
While the Hepp bound was always consistent, the exact diagonal of the distance matrix
and random walk were subject to change based on each run of training.

Basic Model

For the basic model, we used a standard architecture for a neural network. Concretely,
the basic model a feed-forward neural network with four fully connected linear layers, as
sketched in figure 7.4, and described in section 6.3.2. It uses a ReLLU activation functions
between the layers followed by a batch normalization layer between all of the layers. The
network includes a dropout layer with probability 0.3 between input and first hidden layer,
and another dropout layer of probability 0.2 between first and second hidden layer in
order to reduce susceptibility to overfitting [51]. We use the Adam optimizer with a mean
squared error loss function (section 6.2.2). Everything was implemented in PyTorch [97].
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input 3 hidden layers period
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Figure 7.4: Sketch of the architecture of the basic model used in section 7.3.2. Note that
it says 194 input features, given that some features (such as the matrices) require more
than one spot in the array

The basic model only uses 83 input features listed in section 7.1.1, and did not use list
items 13, 14, 15 and 16. Furthermore, it does not use the graph itself as an input.

The performance of the basic model is shown in figure 7.5a.

Unlike with the regression models in section 7.3.1, the performance of the basic model
is only improved marginally if the Hepp bound is included. What is remarkable is that
on the one hand, the regression models of section 7.3.1 are by far more accurate than the
basic model, and on the other hand, they are much less susceptible to outliers and random
fluctuations. In different runs of the neural network models, the performance fluctuated
notably, and one occasionally observes a breakdown in accuracy as for L = 10 in the basic
model in figure 7.5a. Note that the numbers can fluctuate based on each run.

Stack Model

The stack model uses both the features of section 7.1.1 (with or without Hepp bound),
and the adjacency matrix itself, as input features. Concretely, the adjacency matrix was
padded with zeros to a 20 x 20 matrix, flattened into a 1-dimensional vector [50], and
concatenated with the initial 169 graph features to produce a vector of 569 input features
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L] A% | 6 (%)
7 1 10.181 11.528
8
9

11.582 | 11.031
6.586 7.877
10 | 13.084 | 100.822
11 | 6.939 5.298
12 | 7.235 7.445
13 | 7.056 7.664
14 | 5.797 6.798
15 | 6.664 8.110
16 | 7.842 9.561
17 1 10.595 | 12.977
18 | 8.986 | 11.571

Table 7.5: A and § by loop order L for the basic model.

per graph. The model was trained using the same optimizer, loss function and activation
function as the basic model (section 7.3.2). This model is useful to see what significance
the distribution of single edges of the adjacency matrix may have on the prediction of the
Feynman period by the neural network. As shown in figure 7.5a, the stack model overall
shows similar performance as the basic model, and is superior only for L > 10 loops.

Models based on the graph structure

The fact that the stack model did not perform better than the basic model (section 7.3.2)
suggests that the adjacency matrix, when flattened to a 1-dimensional vector, is not useful
as an input feature. In this final section, we briefly comment on three different types of
artificial neural networks that operate more closely to the graph structure itself.

Firstly, a convolutional neural network (CNN) (section 6.4.1) processes a 2-dimensional
input array by convoluting it with a 2-dimensional kernel function [51], where the param-
eters of the kernel are subject to training as described in section 6.4.1.

CNNs are commonly used for image classification and computer vision, for a review
see e.g. [2], or section 6.4.1. In our case, we used the adjacency matrix, padded with
zeros to have a size of 20 x 20, as an input image. We chose a CNN architecture with

83



L] A% |6 (%)
7 1 11.805 | 8.216
8
9

8.310 | 7.966
10.623 | 13.272
10 | 7.063 | 9.950
11| 7.409 | 8.208
12 7.099 | 8.240
13| 7.777 | 9.609
14 | 6.640 | 8.375
15| 8.029 | 9.029
16 | 9.055 | 10.269
17 | 11.529 | 13.066
18 | 9.392 | 10.439

Table 7.6: A and 6 by loop order L for the basic model without using the Hepp bound
feature.

LTA% |6 (%)
7 1 16.052 | 15.492
8
9

4.205 | 5.511
4.643 | 5.098
10 | 4.988 | 5.402
11| 4.374| 6.168
12 | 5.995 | 7.545
13| 6.642 | 8.818
14 | 4.923 | 6.689
15| 7.935| 9.496
16 | 8.880 | 10.872
17 | 14.961 | 18.107
18 | 12.959 | 16.326

Table 7.7: A and ¢ by loop order L for the stack model.
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Figure 7.5: (a) Relative standard deviation ¢ (definition 7.3.1) for the basic model (sec-
tion 7.3.2) and the stack model (section 7.3.2). These models overall perform similarly,
except from random fluctuation such as L = 10 for the basic model.

(b) Relative standard deviation § for CNN (section 6.4.1), GCN (section 6.4.5) and SAGE
(section 6.4.6) models. For each of the three, the 1-version (dashed) is the pure model,
whereas the 2-version additionally use the input features of the basic model. We see that
adding the more advanced models gives only small increases in accuracy compared to
the basic model, and all these models are by far inferior to regression models (compare
figure 7.2)

4 convolutional layers, and then pooled twice using a 2 x 2 pooling layer. Pooling can
reduce computational effort and help eliminate noise from the data. Two CNN models
were implemented. CNNT1 is the actual CNN itself, as described above. For CNN2, we
combined CNN1 with the basic model (section 7.3.2) and use a weighted average of the
two as prediction.

The performance of the two CNN models is shown in figure 7.5b. CNN2 reaches ¢
between 5% and 10%, similar to the basic model in figure 7.5a, whereas CNN1 alone
performs notably worse. From this we conclude that the CNN itself is essentially unable to
predict the period. A probable reason for this is that the adjacency matrix is not invariant
under vertex relabelings, and the CNN, which essentially treats the adjacency matrix as
an image, was unable to incorporate this fact and therefore failed to infer the properties
of the underlying graph from the given matrix.

In a graph convolutional network (GCN), the convolution is computed for adjacent
vertices, following the edges of the graph, instead of for adjacent pixels of an input array.
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L | CNNI A(%) | CNN1 6 (%) | CNN2 A(%) | CNN2 6 (%)
7 86.157 30.073 21.739 2.661
8 37.668 19.642 15.247 4.494
9 37.981 33.854 12.952 12.924
10 26.615 31.168 10.563 6.509
11 27.962 33.934 9.153 4.686
12 27.529 34.851 7.940 5.019
13 27.879 35.931 7.384 5.767
14 38.696 47.590 6.043 6.324
15 46.611 55.235 7.394 7.723
16 50.717 61.173 7.772 8.288
17 65.681 76.400 7.683 8.596
18 59.486 71.259 7.721 14.196

Table 7.8: A and § by loop order L for the stack model.

Thereby, the GCN truly captures the adjacency relations of the graph itself, and not
just of some placeholder quantity like the adjacency matrix. For an explanation, review
section 6.4.5. For our model GCN1, we used 4 GCNConv layers with leaky ReLLU activation
function from the PyTorch Geometric library as convolutional layers, and additionally 1
pooling layer and 3 dropout layers. The vertices where labelled with integers. The model
GCN2 combines this graph convolutional network with the basic model (section 7.3.2)

Recall that the Graph Sample and Aggeregrate (GraphSAGE) model is an architecture
that samples neighbours from the nodes of the graph and aggregates features from the
node’s neighbour to create an embedding as described in section 6.4.6. As for the GCN,
the node features were taken to be integer vertex labels. The SAGE1 model used four
GraphSAGE convolutional layers, 1 pooling layer and 3 dropout layers. The SAGE2 model
combines SAGE1 with a basic model. The concept of combining both models was to see
if the network could figure out anything useful about the graph structure, and use that
in addition to the features we discussed in section 5.5, in order to improve its Feynman
period predictions. As shown in figure 7.5b, the GCN and SAGE models perform similarly
to the CNN.
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L | GCN1A(%) | GCN16(%) | GCN 2 A(%) | GCN 2 §(%)
7 305.555 60.308 15.684 11.389
8 242.612 63.766 929.124 2761.242
9 74.401 33.778 7.418 8.996
10 35.381 35.626 37.960 416.805
11 32.017 40.190 8.990 11.927
12 31.826 40.574 8.863 7.867
13 30.254 39.195 7.612 5.940
14 37.145 47.966 7.863 8.731
15 45.245 58.930 6.252 8.500
16 48.201 61.984 7.337 9.237
17 63.091 78.585 9.722 11.886
18 54.540 67.299 8.130 8.119
Table 7.9: A and 6 for GC1 and GC2
L | SAGEL A(%) | SAGE1 6(%) | SAGE2 A(%) | SAGE2 6(%)
7 115.178 24.368 7.753 4.969
8 96.156 21.938 16.646 6.144
9 59.639 36.368 10.756 4.294
10 33.945 22.800 9.018 4.485
11 30.033 23.683 7.140 5.464
12 30.510 26.159 8.304 6.690
13 27.840 24.310 8.543 7.358
14 35.137 28.812 8.763 9.550
15 43.210 35.571 9.773 11.133
16 46.936 37.545 10.827 12.105
17 63.754 48.724 15.244 16.167
18 57.125 40.700 10.369 11.325

Table 7.10: A and ¢ for SAGE1 and SAGE2
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Chapter 8

Conclusion

This thesis has explored the intersection of combinatorics and physics, through causal set
theory and the prediction of Feynman periods using machine learning approaches.

In the first part, we investigated structural aspects of causal set theory, by looking at
the order dimension two case of posets and proving results on the structures of downsets
of a fixed size of a poset. We introduced the covtree framework for modelling covariant
growth, and defined a witness reconstruction problem, highlighting its special structure in
the order dimension two case. Our results contribute to a clearer understanding of how
local information (such as the set of downsets of fixed cardinality) can determine global
causal structure.

The second part of the thesis turned to the combinatorics of Feynman diagrams, partic-
ularly the task of predicting Feynman periods associated to primitive graphs in ¢* theory.
By leveraging properties such as Kirchhoff polynomials, Hepp bounds, and graph invari-
ants, we constructed datasets that informed machine learning models, both classical and
neural network based. We further validated that certain graph-theoretic features serve as
strong predictors of Feynman periods, such as the Hepp bound, and edge-cuts.

Taken together, these studies reflect a broader theme: that discrete structures, particu-
larly posets and graphs, offer a powerful lens through which to understand the foundations
of physics. While causal set theory seeks to discretize spacetime itself, and Feynman in-
tegrals encode quantum amplitudes via graph polynomials, both domains benefit from a
combinatorial perspective. In both cases, we showed how problems traditionally viewed
as computational or physical can be reformulated as questions about order, structure, and
reconstruction.

38



There remain many open directions. In causal set theory, the extension of witness
reconstruction techniques in the order dimension two case. In the Feynman periods context,
more work on the generalization of the models we used here, and on the use of machine
learning for Feynman periods for higher loop orders would further enhance this research.
Thank you for reading my thesis!
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