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Abstract

For j = 1,...,k let C; be a Cantor set constructed from the interval I;, and let

¢; = 1. We derive conditions under which
6101 +°"+€ka =€111 +"°+€ka and C;l o CFF = I;l "'I,:..

When these conditions do not hold, we derive a lower bound for the Hausdorff di-
mension of the above sum and product. We use these results to make corresponding
statements about the sum and product of sets F(B;), where B; is a set of positive
integers and F(B;) is the set of real numbers z such that all partial quotients of
z, except possibly the first, are members of B;. We also examine cases where our
conditions do not hold, but in which it is still the case that C, + C;z contains an
interval.
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Chapter 1

Introduction

Let z be a real number. We say that z is badly approzimable if there exists a

positive integer n such that for every rational number p/gq,

It can be shown that this set is of Lebesgue measure zero; however, it is still quite
large. In 1947 Marshall Hall [8] showed that every real number can be expressed as
the sum of two badly approximable numbers. In particular, for a positive integer

m let F(m) denote the set of numbers
F(m)= {[t,a;,a3,...]; t€Z,1<a; <mfori>1}
where by [ao, a1, az,...] we denote the infinite continued fraction

1
6o +

a +

az..}.-—..-
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with partial quotients ao, a,, a; and so on. It can be shown that for every z € F(4)

and every p/q € Q,

so that F'(4) is a set of badly approximable numbers. Hall proved that
F4)+ F(4)=R
where we define the sum of two sets of real numbers A and B by
A+ B={a+bac Aand b€ B}.

In 1973 Bohuslav Divis [6] and Tom Cusick [3] showed independantly that one could
not do much better than Hall's result, namely that

F(3) + F(3) #R.

In 1975 James Hlavka [10] generalized Hall's results to the case of different sets
F(m) and F(n). He proved that

F(m)+ F(n) =R (1.1)

holds for (m,n) equal to (2,7) or (3,4), but does not hold for (m,n) equal to (2,4).
Now, if (1.1) holds, then the same equation holds with m and n replaced by m’
and n' respectively, where m’ > m and n’ > n. Further, if either m or n is
equal to one then trivially (1.1) does not hold, since F(1) consists of the points
{[t,1,1,1...]; t € Z}. Hence the only cases of interest left are (m,n) = (2,5) and
(m,n) = (2,6). Hlavka conjectured that in these two cases (1.1) would not hold.

We will show that in both cases Hlavka’s conjecture is false.

We can also examine the difference of two sets F{m) and F(n). If A is a set of
real numbers we define —A by

—A={-a;a€ A}
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and denote A + (—B) by A — B. We have the following result.

Theorem 1.0.1 Let m and n be integers. The equations
F(m)+ F(n)=R and F(m)- F(n)=R

hold if (m,n) equals (2,5) or (3,4). Neither of the above equations hold if (m,n)
equals (2,4). Additionally,

F(3)+F(3)#R and F(3)- F(3)=R.

In 1971 Thomas Cusick [2] examined the complementary case of sums of real
numbers whose continued fraction exinusion contains only large partial quotients.

For each positive integer [ we define the set G(I) by

G(l) ={[t,a1,03,...]; t € Z and a; > [ fori > 1}
U{tt.an,02...,08]; .k € Z, k> 0and & > I for 1 <i <k}

Cusick proved that
G(2) + G(2) =R.

The above results are special cases of the following general problem. Let B
be a set of positive integers. If B is a finite set, we let F(B) denote the set of
real numbers which have an infinite continued fraction expansion with all partial
quotients, except possibly the first, members of B. For B infinite, we define F(B)
similarly, but also allow numbers with finite continued fraction expansions. Thus
if we define

Lp,={1,2,....m} and Ui={l,l+1,...}

for positive integers m and !, then F(m) = F(L,) and G(I) = F(U;). For sets of

positive integers B, and B;, we wish to know when

F(B:) + F(B;) =R (1.2)
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and when
F(B,) — F(B;) =R. (1.3)

We shall derive conditions on the sets By and B, such that (1.2) and (1.3) follow.
Let B = {b1,b,...} be a non-empty set of positive integers with b; < b, < ... . If
|B| =1 then we put 7(B) = 0. Otherwise, we set

l=l(B)=mmB and A.'=A"(B)= ,'+|_—-b.-

for 1 < i < |B|. If B is a finite set with |B| > 1 then we put

_ —lm + VI3m? + 4lm
= 5 ,

m =m(B) =maxB, §=4B)

and

d(m 1) biy1lm + m + 6l
Adm —§(m—1) bim+m+dl’
(m = biga)lm +8(m = 1) bl +6

Adm — d(m — ) 'zm+5}‘

7(B) = min zmn{

1<i<|B|

If B is an infinite set then we put

1 . b.'+1l+1 b§1+1
A;I—l b,'l-{-l’A.‘l-l )

7(B) = inf min

it (1.4)

If we let A = max; A; then if 1 < [B| < oo we have

dm—-1) Im+d-IA
Alm - §(m ~ 1) Im+4

7(B) 2

and if B is infinite then
1

Al-1
It is a simple matter to calculate 7(B) for various sets B (see Table 1.1).

7(B) 2

We denote the Hausdorff dimension of a set S by dimzS. To help determine
whether (1.2) and (1.3) hold we will prove the following theorem.
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Table 1.1: Values of 7(B) for certain B

B r(B)

L| (-14+v3)/2=0.366...
Ls | (=6 +4v/21)/15 = 0.822...
Lq | (-3 +15v/2)/14 = 1.300..
Ls 4/5/5=1.788...

Le | (15 + 35v/15)/66 = 2.281. ..
Ly | (42 +24V/77)/91 = 2.775..
Ui 1/(1-1)

Theorem 1.0.2 Let B, and B; be sets of positive integers, and take €,¢6; €

{, -1},
1. If T(Bl)T(Bz) >1 then 61F(Bl) + EzF(Bz) = R.

2. If 7(B1)7(B2) < 1 then
log 2

1—r(B1)r(B )
log (2 + ETe iR e

dimg (e, F(By) + e F(B;)) >

For example, we have
. dimg(F(2) + F(2)) >0.658... .

The positive results in Theorem 1.0.1 follow in part from Theorem 1.0.2. In addition

we mention the following corollaries.

Corollary 1.0.3 If! and m are positive integers with m > 2l, then

F(m)+G(l) =R.
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Corollary 1.0.4 Let B, denote the set of positive odd integers. Then
F(B,) + F(B,) = R.
Furthermore, if B is any finite set of odd positive integers then we have

F(B)+ F(B) # R.

Note that if B(m) is the set of positive odd integers less than m, then 7(B(m))
approaches one as m tends to infinity. Thus part 1 of Theorem 1.0.2 is tight in the

sense that we cannot replace 1 by any smaller number.

Divis [6], Cusick [3], and Hlavka [10] also developed techniques that allowed
them to examine the sum of more than two F(m)’s. Divis and Cusick showed

independantly that
F(3)+F(3)+F(3)=R and F(2)+ F(2)+F(@2)+F(@2)=R
while
F(2) + F(2) + F(2) #R.
Hlavka proved that
F(l) + F(m) + F(n) =R

holds if (I,m,n) equals (2,2,4) or (2,3,3) but does not hold for ({,m,n) equal to
(2,2,3). Together with the work on sums of two F(m)’s, these results allow us to

determine those finite sets of positive integers {m;,...,m;} for which
k
Y F(m;)=R.
J=1

In the case of sums of integers with large partial quotients, Thomas Cusick and
Robert Lee [5] showed in 1971 that

IG(l) =R (1.5)
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for every positive integer [, where (G(l) denotes the sum of ! copies of G(I). We

shall extend this to the case where the summands are unequal.

Theorem 1.0.5 Ifk and l,,ls,...,1l. are positive integers with

k
i=1

| =

>1

Ty

2

then
Glh)+---+G(l) =R.

Note that if [ is a positive integer and weset k =land |, =, = =L =1
then we recover (1.5).
For a non-empty set of positive integers B we define 4(B) by

__m(8B)
18) =By

Theorem 1.0.5 is a consequence of the following general theorem.

Theorem 1.0.6 Let k be e positive integer and By, B;,. .., Bir be non-empty sets
of positive integers. Let ¢; € {1,-1} forj =1,...,k. If

k
Y (B >1
=1
then
aF(B1) + -+ &F(B:) =R. (1.6)
Otherwise

log 2

dimg(ey F(By) + -+ + & F(Bi)) 2 ,
log (1 + 1(315+~-—HZBA5)

(1.7
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Hall and Cusick also examined products of numbers with bounded partial quo-
tients. For sets A and B of real numbers, we define the product of A and B by

AB=A-B={abjac Aand be B}

and A~! by
A™' = {1/a; 4 € A and a # 0}.

We also denote by A/B the set A +(B~!). Hall [8] proved that

[1,00) C F(4)- F(4) (1.8)
while Cusick [2] established that

[1,0) € G(2) - G(2). (1.9)

We shall derive the following multiplicative analogue of Theorem 1.0.6.

Theorem 1.0.7 Let k be a positive integer. For j = 1,...,k let B; be a set of
positive integers and let ¢; € {1,—1}. Set

Sa=7(B1) +--- +7(Bs),
Se=a+-+a

and
F = F(B,)" F(B3)® +<<F(Bx)*™.

1. If Sy > 1 and S, = k then there ezists a positive real number c, such that

F 2 (~o0,—c¢;] U [e4, 00).
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2. IfS,>1 and |S,| < k then

F 2 (~00,0)U (0,00).

8. If S, > 1 and there ezists v such that |B,| = oo and ¢, =1 then

F=R.

4. If S, =1 and S, = k then there ezists a positive real number c; such that

F 2 [e3,00).

5. If Sy =1 and |S.| < k then (0,00) C F.

6. If S, =1 and there ezists r such that |B,| = o0, ¢, = 1 and A(B,) is con-
stant, then F = R.

7. If S, <1 then

log 2

dimgF > -lo—g—(T;;l-:-)-

For particular choices of B; we can calculate ¢; and c; in the above theorem
explicitly. If we denote by (a;,as,...) the continued fraction [0,a,,a;,...] and
let [ao, ..., ak, b1,b2] = [ao,...,ak, b1,b2,b1,bs,...], then we have the following im-

provements to (1.8).

Theorem 1.0.8 Let m and n be integers withn > m, m > 3 and n > 4, or
(m,n) = (2,7). Then

F(m)- F(n) = (=00, ~(1 = (Tm))(n, 1)] | [(1 - (T,m))(1 - (T,n)), ).
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Theorem 1.0.9 Let k > 3 and for 1 < t < k let my € Z with m, > 2. Assume
that my > m, for 1 <t < k and that

k
th 2 8.

t=1

Put
a-(m;,l)Hl—(l me)) end B = H 1,m,)).
t=2
Then
k -0, —a ) 1S even;
HF(mt)-‘: (=00, ]U[ﬂsm)v fk,"s ,
t=1 (=00, —B)lU [a,00), ifk is odd

We may also strengthen and generalize (1.9).

Theorem 1.0.10 Ifk and l),1,. .., ;. are positive integers with
Z LN
= l;
then
G(ll) veo G(Ik) =

If 7(Lm)r(Ls) < 1. then it still might be the case that F(m) + F(n) and
F(m})F(n) contain intervals; in fact in 1977 Hanno Schecker [14] proved that F(3)+
F(3) contains an interval. Inspired by his approach we will show that

F(5)£ F(2)=R and F(3)-F(3)=

which will partially prove Theorem 1.0.1. Additionally, we shall provide the follow-
ing characterization of F(3) + F(3). If w = dyd; - . - d; is a finite word with d; € Z+
for 1 <1 <t then we will abuse notation by putting

[aﬂﬁ"wak'rwsak-!'lr”-I = [aO:-”’ahdhdh”*rdhakﬂl-h"']
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and
(a1,...,8k, W, ak41,...) =(G1,...,0k,d1,da,...,ds,Bky1,...).

Theorem 1.0.11 Put

R= U [{v,3,T) + (v,2,1,3), (v, 1,3) + (v,1,2,1,3)]]

veEM

and

S ={2(d,d;,...) ;d; € {1,3} and ifd; = 1 then d;y; = 3, fori > 1}

where M is the set of finite words v = d,---d, such thatt > 0, d; € {1,3} for
1<i<t and ifdi =1 for some k thent > k+1 and dpyy = 3. Then

F(3)+F(3)=(Z+R)U(Z+5).

Furthermore, Z + S contains an uncountable set of points not contained in Z + R.

It should be noted that Theorem 1.0.11 contradicts work of Gregori Freiman.
In [7] Freiman claims to have proven that C(Ls) + C(L3) = R where R is defined
as in Theorem 1.0.11. However, in his proof that z + y € R for every z,y € C(L;)
he assumes that z # y and hence misses the set S described in Theorem 1.0.11.

Finally, we shall examine the products F(5) - F(2) and F(3) - F(3), achieving
the following result.

Theorem 1.0.12 There ezists a real number c; such that

(—o0,c1]Ufer,00) C F(5)-F(2) and (—o0,c1]U[e1,00) C F(3) - F(3).
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As in the works of Hall, Cusick and Lee, Divis and Hlavka, our results hinge on
the study of certain Cantor sets. For any set of positive integers B we define the
set C(B) by

C(B) = {(ay,az,...); a; € B for every i}
where numbers with a finite continued fraction expansion are included in C'(B) if
and only if B is an infinite set. We shall show that the sets C(B) may be viewed as
Cantor sets. We then derive results on sums and products of Cantor sets to prove

our results.

The majority of the results contained in Chapters 3 through 5 and Sections
6.1 and 6.2 will appear shortly [1]. For a good general survey of work related to
numbers with bounded partial quotients, see [15].



Chapter 2

Background Information

2.1 Continued Fractions

Let a,,...,a, be a finite sequence of positive integers, and let ag be an integer. We

denote by [ag, ay, ..., an] the number

a=ag+

a; +
1
v + —
Gn
By an abuse of notation we also call [ag,a,,...,aq] & continued fraction represen-
tation of a. The irtegers aq, ..., a, are called partial quotients of a. If ap € Z and
a1,4,,... is an infinite sequence of positive integers then we denote by [ag, a1, .. .]
the limit

lim [ag, a3, - . . , Gn)
N=—pO0

provided the limit exists. The following lemma guarantees that it does.

13
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Lemma 2.1.1 Let ap € Z and let a,,a3,... be an infinite sequence of positive
integers. Then

lim [ao'n Gy, .oy an]

N=»0C
ezists. Furthermore, if a is a positive real number then there ezists a sequence
dg, a1, ... such that

a = [ag,a1,...].

Proof. See |9, Theorems 162, 165 and 170] .

Let ap € Z and a;,a;3,... be a sequence of positive integers, and put a =
[ag,a1,...]). For n € Z such that a, exists we define p, and g, to be the coprime
integers with ¢, > 0 and

22 = [001a17"‘aan]~
n

We call p,/g, then n** convergent to a.
We also define p, and g, for n = =2 or n = —1 by
P-2=¢1 =0 and p_;=¢q3=1

By elementary properties of continued fractions we have the following lemma.

Lemma 2.1.2 Let p./gn be the n* convergent to [ao,a;,...]. Then

Pn=GnPn-1 +Pn-2 4nd Gn = Gngn~1 + G2 (2.1)

forn2>0.
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Proof. See [9], Theorem 149.

We can extend the definition of [ag,a;,...] to allow any real numbers not less
than one to be partial quotients. Further, we can take ao to be any real number.
The previous lemmas hold with this extended definition, and additionally we have
the following result.

Lemma 2.1.3 For a fizedr > 0 and 1 < i < 4 assume that G; = [ag, a1, .- -, Gr, gi]
for some real g; > 0. For 0 < n <7 let pa/qn be the nt® convergent to {ay, ... ,a,],
and put Q = q,—1/q,. Then

1.
A |9, — g2l
161 =Gl = e + 0@ + @)
and
2, ‘
G -G, _ |98 (93 + Q@)(94 + Q)
Gs — G, B0 (+Q)e:+Q)

Proof. See [10], Lemmas 4 and 5.
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2.2 Hausdorff Dimension

For any subset U of R we define the diameter of U, denoted d(U), to be
d(U) = sup {|z —y|}.
z,yel

Let E C R and take ¢ to be any positive real number. We define a countable ¢-cover

of E to be any countable collection {U;} of subsets of R such that

EC|JU: and d(U:) <e

=1
for 1 > 1. We also define, for positive real numbers s,
H2(E) = inf Y d(U5)"
i=1
where the infimum is taken over all countable e-covers {U;} of E. For s > 0 we
define the Hausdorff s-dimensional outer measure of E, denoted H*(E), to be

H'(E) = lim Hi(E) = sup Hi(E).

The Hausdorff dimension of E, denoted by dimg(FE), is defined to be the unique

number s such that

oo fort<s,
HY(E) =
0 fort>s.

If ECRand f: E — Ris a function then we define the image of f to be
f(E) = {f(z); z € E}.

We have the following results.
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Lemma 2.2.1 Let E be a set of real numbers with f : E — R such that for some

positwe constant c,
1f(z) = f(y)| < clz -yl

for all z,y € E. Then
dimg(f(E)) < dimg(E).

Proof. See [11, p. 44] .

O
Lemma 2.2.2 Let S C [a,d] be a set of real numbers with a > 0. Then
dimg(S) = dimpg(log 5).
Proof. For every z,y € S,
1 1
glz -yl < |logz —logy| < ~|z -y
a
and the lemma follows from Lemma 2.2.1.
a

2.3 Cantor Sets

Let T be a connected directed graph. We say that T is a tree if every vertex V of T'
has at most one edge terminating at V', and one vertex Vz has no edges terminating

at Vr. We call Vr the root of T. If there is an edge connecting V; to V2, then we
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say that V; is a subvertez of V. A vertex with no subvertices is called a leaf. A tree
where each vertex has at most ¢ subvertices is called a tree of valence t. A tree of

valence 2 is also called a binary tree.

We define a generalized Cantor set (henceforth known as a Cantor set) to be
any set C of real numbers of the form
c=r1\|Jo:
i21
where [ is a finite closed interval and {O; ; ¢ > 1} is a countable (finite or infinite)
collection of disjoint open intervals contained in I. We may inductively define a
binary tree D that will represent C. Let the root of the tree be the interval I. We
say that {I} is the zeroth level of the tree. Now say that we have defined our tree
up to the n** level. We define the (n + 1)** level of the tree as follows. Let I* be
an n'h level vertex of our tree. Assume first that
Y ot n (U 05) #0.
i>1
Let O be the interval in the set {O; ; ¢ > 1} of least index which is contained in
I, and let I*® and I*! be closed intervals with

I‘"=I‘”°U01wUIWI

where the union is disjoint. We let /“® and I** be subvertices of IV in D. If

pn(uo,-)=o

(>4

then we set I“? = I and let /“° be a subvertex of I* in D. We repeat this process
for every vertex I in the n** level of D. The (n + 1)t* level of the tree is the set of
vertices I' in D with |v| = n + 1, where {v| denotes the length of the word v. We
continue this process inductively, creating the infinite tree D. Note that

{O1e ; IV is a bridge of D} = {0; ; : > 1}
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e-fi(ur)

Any tree with this property is said to be a derivation of the Cantor set C from I.
The intervals I, I, ... are called bridges of the derivation, while the open intervals
07,0p, ... are called gaps of C. If IV is a bridge of D then we say that I splits

hence

M=r°vop.unrt.

For example, if C is the usual middle-third Cantor set we may take a derivation of
C to be the tree D with root I = [0,1] and bridges

dydgde __
s 134 1403
for all finite binary words d,d; .. .d:.

Note that the derivation D of a Cantor set C is not uniquely determined by C;
for example, if we change the order in which the open intervals are removed then

we get a different derivation but the same Cantor set.

We denote the length of an interval I by |I]. We say that a derivation D is
ordered if for any bridges A and B of D with A = A°U0, U A}, B=B°U0gu B!
and B C A we have |O4| > |Op]-

Cantor sets arise in the study of real numbers whose partial quotients are mem-
bers of a given set. Let B = {b;,b3,..., b} be a finite set of positive integers with
t>2and by <---<b. Wesetl=I(B)=minB =b;, m = m(B) = maxB = b,

C(B)=F(B)()[0,1] = {{a1,03,..); ;s € Bfori=1,2,...},
and let I(B) be the closed interval

I(B) = [(m,1), I, m)].
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We have C(B) C I(B). We now inductively construct a derivation D(B) of C(B)
from I(B). For any real a and b, we denote by [[a, b]] and ((a.b)) the intervals
[[a,b]] = [min{a, b}, max{a, b}]
and
((a,b)) = (min{a, b}, max{a, b}).

If, for i < ¢,

A= [[(ah”-yanbh;;"-;z)a (alv"aarvmvm)]] (22)
is a bridge of D(B) of level n, then we form the subvertices of A by setting

Ao = [[(ala cesy Gy, biam_vt>, (alv conqy By, bl'n m)]]a

OA = (((01, TR ,a,,b‘-,l,_'rn:), (alv cery By, b{+1, M)))
and

Al = [[(01, veeyBry bl“l'lr;;z‘)’ (01, e ’a"1m’-l’—1—n.)]]'

In this manner we construct the (n + 1)** level of the derivation from the n* level.
Note that A° is of the form (2.2) with a,,, = b; and b; replaced by . Similarly A}
is also of the form (2.2). Since I(B) is of the form (2.2) with r = 0 and ¢ = 1, by
induction we obtain the canonical derivation D(B) of C(B) from I(B).

If B is an infinite set then we may construct a similar derivation. Assume that
B = {b,...} with b; < b;y; for ¢ > 1. If we set [ = {(B) = min B = b, then we
have C(B) C I(B) where I(B) = [0,1/1] and
C(B)={(a,,a3,...); a; € Bfori>1}
[U{(a1,03,...,0); k€Z,k>0and a; € Bfor 1 <i <k}.
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If

A= [[(al,...,a,,b;), (al,...,a,)]] (23)

is a bridge, then we split A by setting

A° = [[(ay,...,ar b)), {0y, ..., a0 b D)]],
OA = (((al?' -+ 4 Gy, bt" l)’ (G]_, .o 1anbl'+1>))

and

Al = [[(al, ooy Bpy bt'+1>1 (81, cee ,G,)”

where by convention we set (a;,...,a,) = 0 if »r = 0. As above, we construct the

canonical derivation D(B) of C(B) from I(B) using this process.

For given sets of integers B;, j = 1,...,k, we would like to be able to determine
if
k k
d_C(B;) =) I(B;). (24)
i=1 =1
To do this we shall derive criteria on general Cantor sets that guarantee (2.4)
holds. Our conditions will be less stringent than those derived previously. Let C be
a Cantor set with derivation D, and let A be a bridge of D. We define the thickness
of A with respect to D, denoted by Tp(A), to be positive infinity if A does not split.

_ — i 4 1A 141
7(4) = 72(4) = min { 10al” 104l }

where throughout this paper we adopt the convention that z/0 = oo for any z > 0.
We define the thickness 7(D) of the derivation D by

Otherwise we set

(D) = nif rp(A)



CHAPTER 2. BACKGROUND INFORMATION 22

where the infimum is taken over all bridges A of D. We also define 7(C), the
thickness of the Cantor set C, by

7(C) = sup 7(D)
?

where the supremum is taken over all derivations D of C. For example, if C is the
middle-third Cantor set then 7(C) = 1. An equivalent definition of 7(C) may be
found in (13, p. 61] . It follows from Lemma 3.2.1 that 7(C) = 7(D,), where D, is
any ordered derivation of C. The following observation is trivial yet crucial in our

use of thickness.

Lemma 2.3.1 Let C be a Cantor set. Then C is an interval if and only if 7(C)
equals infinity.

Proof. Let C be derived from I and take D to be any ordered derivation of C
from I. By Lemma 3.2.1 we have 7(C) = 7(D). If C # I then I, the root of D,
must split in D with a nontrivial gap, so

7(D) < p(I) < o0.

If, on the other hand, C = I, then no gaps are removed from C in the derivation,

so 7(D) = oo as required.

To relate thickness to Hausdorff dimension we use the following result.

Lemma 2.3.2 If C is ¢ Cantor set then
log 2

log (2 + ;(13.7) .

dimg(C) >
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Proof. See (13, p. 77].

Thus, for example, if C is the middle-third Cantor set then by Lemma 2.3.2 we

have

log 2
log 3

dimgC >

(2.5)

In fact, it can be shown that in this case equality holds in (2.5), hence Lemma 2.3.2

is best possible.

As in [8] and [2] we employ the logarithm function to treat products and quo-
tients of Cantor sets. Given a set S of positive numbers, we form the set S* by
putting

S*={logz; z € S}

If C is Cantor set of positive numbers, then C* will also be a Cantor set. We can
construct a derivation of C* by taking our bridges to be of the form [log a, log b},
where [a, b] is a bridge of our derivation D of C. By Lemma 2.2.2 we have

dimg(C*) = dimg(C).



Chapter 3

Sums of Cantor Sets

3.1 Main Results

Let C be the middle-third Cantor set. Hugo Steinhaus proved in 1917 [16] that
C +C = [0,2]. Here we shall consider the more general problem of determining the
sum of a finite number of arbitrary Cantor sets. For sums of two Cantor sets we

shall prove the following result.

Theorem 3.1.1 For j = 1,2 let C; be a Cantor set derived from I;, with O; a gap

of mazimal size in C;. Assume that

|O1] L || and |Os] < |4

1. Iff(cl)T(Cz) 2 1 then 01 + Cz = I1 + Ig.

2. IfT(Cl)T(Cz) < 1 then

r(C1) + 7(Cs) +2r(C)r(Ca)

T(C1+Cy) 2 1 —7(Cy)r(Ca)

24
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Part 1 of Theorem 3.1.1 may be derived from work of Sheldon Newhouse; our
approach shall give an alternative proof. Newhouse [12] established the following
result.

Theorem 3.1.2 Let K; and K; be Cantor sets derived from I, and I, respectively,
with 7(K,)7(K3;) > 1. Then either I NI =0, K, is contained in a gap of K3, K,
is contained in o gap of K; or K; N K; # 0.

In fact, if Newhouse’s proof is slightly altered then we may replace the condition
“r(K1)7(K3) > 1” in Theorem 3.1.2 with the weaker condition “r(K,)7(K;) > 1".

To see that Part 1 of Theorem 3.1.1 follow from this modified version of Theorem
3.1.2, we assume that 7(C,)7(C3) > 1 and let k be any number in I; + I;. Upon
applying Theorem 3.1.2 (modified) with K; = k — C; and K; = C; we find that
(k—C)NC,; # 0 and hence k € C; + Ch.

If C is a Cantor set then we define the normalized thickness of C, denoted by

7(C), by ©)
"= ey

Theorem 3.1.1 is a special case of the following theorem.

Theorem 3.1.3 Let k be a positive integer and for j = 1,2,...,k let C; be a
Cantor set derived from I;, with O; a gap of mazimal size in C;. Let S, = v(Cy) +
-+ +7(Ce).

log 2

dimg(Cy + -+ + Ci) 2 - .
log (1 + m)
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2. If S, > 1 then Cy + ++=+ Ci contains an interval. Otherwise Cy + -+ Ci

contains a Cantor set of thickness at least

s,
1-8,
3. If
Hesr] 2 10;] forr=1,...,k—1landj=1,...,r, (3.1)
il + -+ | 1] 2 |Orsa forr=1,...,k-1 (3.2)

and S, 2 1 then
Ci+--+C=L+-+1

4. If (3.1) and (3.2) hold and S, < 1 then

S,

T(Citor 4G 2 e

Theorem 3.1.3 is best possible in the sense that the condition S, > 1 in part
2 or part 3 cannot be replaced by S, > 5 for any n < 1. Similarly if we multiply
the bound for the thickness or the Hausdorff dimension of the sum by 1 + ¢ for any
8 > 0 then the results do not hold in general. '

3.2 A Few Preliminary Lemmas

To prove Theorem 3.1.3 we require several lemmas.

Lemma 3.2.1 Let D be any derivation of C from I. Then there ezists an ordered
derivation D, of C from I with

(D) < 7(Ds)-
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Furthermore, if D, and D, are two ordered derivations of C from I then

T(D1) = T(Dz).

Proof. Let D be a derivation of C from I, and assume that D is not ordered.
Then there exists a bridge A of D which splits as A = A°U O, U A}, with A? and
A! splitting as A° = A% U 040 U A and A! = AU O U A!? respectively, such
that either |0 o] > |O4| or |O41| > |O4|. Assume without loss of generality that
|O4e| > |04|. Consider the derivation D, which is identical to D except that the
positions of O4 and Oy in the tree have been switched, that is, O 4 is removed

before O4. If we set A, = A,

A? = Am, OA. = Q0 o, A: =AU OsU Al
AP = A" 0,4 =0, and AM= A

then in D,, A = A, splits as A, = AJUO4,UA! and Al splits as A! = Al°UO 1 UA].
We claim that

(D) < 7(D.). (3.3)

To prove (3.3) it suffices to show that

(14 (A A% |47 } . {IA"I 1Az (A IA“I}
3 [} 3 < = ' y ) : . 3-4
“"“{|04| 01" 10w 10w S™2\i0n1'10a1 10a 0wl f &Y

Now,
|43 |A%| |A}] AU O, U AY > |A%
|0a,] ~ O]’ |04,] |0 o} [Onel’
|A®l A% _ A% |AZY _ 1AY
2= > d =4—=—
Oa] ~ 104l ~ 102l ™% 10a4] 104l

since [O4| < |O 4|, and so (3.4) holds.
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We construct our ordered derivation D, as follows. First we modify D to form
a new tree D! with the property that the first open interval removed is of maximal
size. We form this tree by switching (a finite number of times) the order in which
open intervals are removed in D, as outlined above. Next we perform the same
process on the bridges of level 1 in D!, forming a new derivation D? which has its
first two levels ordered. We continue this procedure inductively, forming D™** from
D" by switching the order open intervals are removed until for every bridge A of
level n in D**!, the next open interval removed from A is of maximal size. Our
ordered derivation D, is the derivation with the same root as D and for which the

nth level of D, consists of the same bridges as the nt* level of D™.

We will use (3.3) to prove the first part of our lemma. For k € Z+ let OF be
the set of all gaps between intervals in the k** level of the derivation D,. Let n; be
the minimal number of levels of D we must descend before all intervals in OF have
been removed. Further, let D* consist of all bridges occurring in the first k levels
of D,, and let D™ denote the set of all bridges occurring in the first n; levels of
the derivation D. Then for every k € Z* we have

(D) < min, 7»(4) < min 7,(4)
by a finite number of applications of (3.3). Thus
(D.) = igf min, 70,(4) 2 7(D)
as required.

Now assume that D, and D, are two ordered derivations of C from I. Let (¢;);
be the sequence of different lengths of open intervals removed in the derivations, in
decreasing order (note that both derivations remove the same set of intervals). If

no intervals are removed then C = [ and

f(p1) =00 = T(Dg).
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Otherwise for every j let B; be a bridge of minimal width in D, such that, in the
notation of section 2.3, B; = A“? for some binary word w and d € {0,1}, with
|O“’| = tj. Then

. ¢ |Bj
7

However, B; satisfies the same condition with D, replaced by D,, whence

_. 1Bl
T(Dz) = qufTJ-

and the lemma follows.

0

Lemma 3.2.2 Let C, and C; be Cantor sets derived by derivations D, and D,
respectively. Put
nn=7(D1) and 7, =7(Dy).

If both Ty and 13 are greater than zero and neither C, nor C; contains an interval,

then there exist bridges A and B of D, and D, respectively which split as

A=AU0,UA' and B=B°U0pU B!

such that
1 T2
> > .
|4] > p—y 1(1’3 +1)|0Op| and |B|> nt 1(1'1 +1)|04]

Proof. Let S = (A;)2; be a sequence of bridges of D,, where if D, contains a
bridge of width ¢ then [A;| = ¢ for some €, and |A;] > |Aia| for ¢ > 1. Since C;
does not contain an interval, all A; split, and |A;| tends to zero as ¢ increases. We
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define the sequence (B;)%2, from D; in a similar manner. If O4; and Op; are the

open intervals removed when A; and B; split, then

Ad . 1By
) —_— 3.5
2n+1 and IOB"l — 2 +1 ( )

for 7,7 > 1. Therefore to prove the lemma it suffices to exhibit A, and B, with

Tz-}'l. 1 <IA,|<2T1+1.T2+1
2T3+1 1'1+1—IB,|—T1+1 T2

|OA.'I S

or equivalently

n+l

2 21’1+1
. <
Tz+1|A'| -

1

T3
21’3 +1

By (3.5), for j > 1 we have

| B.|. (3.6)

|B.| <

1
max{|BY], |B}} 2 5 (1Bi] - 10s,1)

1 | B;] )
S - | —
- 2 (IBJl 21’3 + 1

-_" B.
- 21_2 + 1 |BJ|)
hence
|3j+1| T2 .
> > 1.
B, 2241 Prizl
Therefore
21’1 +1 T2
- |B;| > |B;| and Cr— 1IB:I < |Bjsl
so to establish (3.6) it is enough to find r and s such that
n+1 T2
1] < . < |B,l. 3.7
Bl < 252 2 ya 1< 5| (37)

Since {|A;|}; and {|B;|}; are both sequences which are monotonically decreasing

to zero and 73 # 0, (3.7) must have a solution (r,s) and the lemma follows.
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3.3 The Crucial Proposition

The next proposition is the key result in this thesis. In its proof we shall make use
of the concept of compatibility of bridges, which is similar to an approach used by
Hlavka ([10, Theorem 3)).

Proposition 3.3.1 For j = 1,2 let C; be a Cantor set derived from I; with O; the
largest gap in C;. Let S, = v(C1) +v(C3).

1. Let o' and B’ be any positive real numbers for which o/’ = 7(C,)r(C3), and
put a = min{l,a’} end 8 = min{1,5’}. If

Bi0:| < |L| and a|Os| < |L] (3.8)

then

sz 552 20022}

2. If |Oy| < |I3], 03| < |I1]| and Sy 2> 1 then
Ci+Ci=5L+ 1,
3. If (3.8) holds with

o' =q9(Ci)(r(C2) +1), B =7(Ca)(r(C1) +1)

and S, <1, then

S.
7(Ci +C3) 2 1 _"S_r-

4. If S, > 1 then C; + C; contains an interval. Otherwise C; + C, contains a
Cantor set of thickness at least
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Proof. We first prove part 1. Assume that (3.8) holds and set

_ . JT(C) +B T(Ca) +a
T‘m‘n{ 1-8 ' 1-a }

We will show that 7(C, + C;) > 7. To do so we will construct a tree of valence 2

to represent C, + C;. This tree might not be a derivation, since bridges of the tree
may overlap. However, we will use this tree to construct a derivation of C; + C3

with the required thickness.

We will construct our first tree inductively, by setting the root to be I, + I; and
showing how each bridge in the tree splits. Let D; and D; be ordered derivations
of C, and Cj; respectively. If A and B are bridges of D; and D; respectively, we
say that A and B are compatible, denoted A ~ B, if

|A| 2 @|Op| and |B| 2= 8|04l
where A and B split as
A=A"U0,UA
and
B=B°U0pu B

If A does not split but B does, then we say A ~ B if |A| > a|Op|, and similarly if
A splits but B does not, then A ~ B if |B| > 8|04]. Finally, for all bridges A and
B, neither of which split, we put A ~ B.

We shall construct a derivation for C,; + C; using the derivations of C; and Cj.
Let A and B be bridges of D; and D, respectively with A ~ B, and set D = A+ B.
Assume first that both A and B split. Then

min{|A4°%, |A'[} min{|B°,|B"[}
|04l 08|

27(C)7(Ca) 2 af
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SO

min{| A%, |A'|} min{| B%, | B[} > aB|04||O0sl,

thus either

min{|A°|,|A']} > a|Op| (3.9)
or
min{|B°|,|B*|} > 810al. (3-10)

Assume that (3.9) holds, and let O 0 and O4: be the open intervals removed in the

splitting of A° and A! respectively. Since the derivations are ordered,
BlOss| < BlO4| < |B| and BlOu| < BlO4| £ |B|
as A ~ B. By (3.9) we have

a|Op| < |A°| and a|Op| < |A}

whence
A°~B and A'~ B.
We put
D°=A°+B, D'=A'+B and Op=D\(D°uD?). (3.11)
We have

|D°| =14°| +|B|, |D'|=|A"|+|B|

and if Op is non-empty,
|Op| = |04l - |BI.
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Note that if # = 1 then Op is necessarily empty. Thus either there is no gap

between D® and D! or
min{|D°, [D'|} _ min{|A°], A"} +|B] J 7(C))+B
|Opl |04l — |B| - 1-8 =
For d = 0 or d = 1, to determine the splitting of D? we repeat the above process

with A replaced with A9

(3.12)

If we find that (3.10) holds instead of (3.9), we perform the same process, except
we split B instead of A. Again we may bound min{|D°, |D!|}/|Op| by .

If A splits but B does not then we define D°, D! and Op as in (3.11), and find
that either Op is empty or (3.12) holds. If B splits but A does not then we proceed
in an analogous manner. Finally, if neither A nor B split then we let D be the
vertex A + B, and place under D an infinite stalk composed of vertices D* where
w is a binary word composed of zeros, and D" = D as intervals.

Since I; ~ I; we find by induction that we may construct a tree T's of closed
intervals {D"} such that

a+C=Jo”

m20 w

where the union is taken over all binary words w of length m such that D" is a
vertex of Ts. We further have that if V is a vertex of Ts then either V' does not
split or

min{|V°|, [V?|} > 7|Ov|. (3.13)

Now T's might not be a derivation of C; + C; since we may have some overlap of
intervals associated with vertices. We will however use Ts to construct a derivation
for C; + C; with the required thickness. Let H® = I, + I;, H* = D°U D! and in
general

H™ = U D"
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where the union is over all binary words w of length m with D¥ in Ts. For each
m, H™ will be the union of a finite number of disjoint closed intervals {H™}. We
next define a tree Ty by taking as vertices all intervals { H™} and as edges all lines
joining vertices H™ to Hi**', where H**! C H[™ as sets. We will convert T into a
tree where every vertex has at most two subvertices. Let N be a vertex of Ty. We
will construct a finite tree Ty with root N and having as leaves the subvertices of

N in Ty, such that T is of valence 2 and Ty satisfies a condition similar to (3.13).
Let N have subvertices Ny, N;,..., N, in Ty. If t < 2 then we let Ty be the
tree with root N and leaves Ny,..., N,. Otherwise, we have that as intervals,

N=NUGUNUGU:-- UGt UN, (3.14)

where G,,...,G:_; are open intervals. For intervals J, and J; we write J; — Jz if
|J1] > 7|J3]. We start by making the following claim.

Claim 1 Let G, and G, be two open intervals in (8.14) with r < s. Let J denote
the entire closed interval between G, and G,. Then J = G, or J — G,. Further,
if G, is any apen interval in (8.14) then

(N, u J (Nau G,,)) -G (3.15)
1<n<r
and
(Ng u lJ (Nau G,.)) -G, (3.16)
r<n<lt

Proof of Claim 1. Since J contains points of C; +C; and (C: +C32)N(G.UG,) = 0,
there exists a vertex V = V2 U Oy U V? of Ts with V N J # @ and either G, C Oy
or G, C Oy. Assume without loss of generality that G, C Oy. If V! C J then

vl o IV
De=—D2r
lGrl - IOVI -
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so J = G,. Otherwise G, C V!, and since (C; + C2) NG, = 0 there exists a vertex
W=W°UuOwUW!in Ts with W C V! and G, C Ow. In this case W° C J so

| (W)
>
IG.] = 1ow| =7

so J — G, and the first part of the claim follows.

To prove the second part of the claim we denote by J® and J} the left sides of
(3.15) and (3.16) respectively. As above, we have a vertex V of T's with V° C J?,
V! C J! and G, C Oy, and the claim follows.

By the claim we have

N1 - Gl, Ng - Gg..],
and
N,' — Gj-]_ or Nj - Gj

for j =2,...,t — 1. For example,

G1 —"Gz‘— Ga —'64"_

N1 Nz Ns N4 ’ NB

Thus there must be some G,, with
N'l - G'n‘ and N'l+1 - G’l' (3-17)

Wesett' =t-1,

Nj iflSj<7'1

N;'+1 if"‘l(jSt’
N
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and

, Gj fl<j<mn

Gjpp ifr <5<t

By the claim, N = G, _, or N] = G|, i.e.

_ G G,
N N,

37

We continue this process until we have only two closed intervals left. In our example,

the next step results in

Gy Gy
" 14
N, N

while the last step yields

"
N3

"
Gy

" "
M N

We are now ready to construct our finite tree T. Let G, be the open interval
satisfying (3.17) at the i*» step, for i = 1,...,¢ — 2. Further, let G,,., be the open

interval remaining when our process terminates. We form Ty by removing, in order,

the open intervals G,,_,,G:,_;,...,Gh,.

—N—1— Gl

Gs

N, &N,

N, & TN

By our construction, if N¥ is a vertex in T which splits as

NW=NWOUON-UNWI
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then
|N"’°| > r|Onw| and |N“’1| > 7|ONw|.

To construct our derivation D of C; + C;, we take as vertices and edges of D

the sets

V= |J V(Tv) and E= |J E(Tw)
NeTs NeTs

respectively, where for a tree T' we denote the set of vertices of T by V(T') and the
set of edges by E(T'). We have (D) > 7 and the first part of the lemma follows.

We will use part 1 of the lemma to prove parts 2 and 3. Let
a =4(C1)(r(C3)+1) and B =+(Ca)(r(Ci)+1) (3.18)
and define a and 8 by
a=min{l,a’} and B =min{l,F}. (3.19)
Assume that |0y| < |L3], |O;]) < |1} and S, > 1. Then 7(Cy)7(Cz) > 1, which
implies that a = B = 1. Therefore, by part 1, 7(C; + C;) = oo and part 2 follows.

To prove part 3 we first define o', 3, a and § by (3.18) and (3.19). Note that
if Sy < 1then a =o' and B = &, hence .

T(C)+B8 _1(C)+F _ S
1-8 ~ 1-8 "~ 1-8,

and

T(Ci))+a 1(Ca)+a _ S,
l-a =~ 1-o 1-8,

so by part 1 of the lemma

S.
T(C; + Cz) > 1 —131



CHAPTER 3. SUMS OF CANTOR SETS 39

and part 3 follows.

To prove part 4 we first note that if 7(C;) = 0 or 7(C;) = 0 then the result
follows trivially, whence we may assume 7(C,) and 7(C,) are both greater than
zero. If either C; or C; contains a bridge that does not split then C; + C, will
contain an interval, hence a set of infinite thickness. Otherwise, by Lemma 3.2.2
there exist bridges A and B of D, and D, respectively, with

A=A"U04UA' and B=B°U0gUB!
such that
|Al 2 a|Os| and |B| 2 B|04|
where a and 3 are as defined in (3.19). By parts 2 and 3 of Proposition 3.3.1
applied to the Cantor sets
Ca=CiNA and Csg=C;NB
we have
Ca+Cp=A+B
if S, > 1 and

S.
7(Ca + Cps) > 1 _75,7

otherwise, and part 4 of the lemma follows.
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3.4 Proofs of our Main Results

Proof of Theorem 3.1.3. For real numbers 7;, 7, and 43 in [0, 1] with 7, +72 < 1

we put
S T+ 72 .
l-m—m
Note that
T12
=7 +
1+ 112 M T2
S0
T12
= ] 3.20
1+1'1:+73 N+t (3.20)

We first prove part 2. Assume S, > 1 and let ¢ be the smallest integer with
7(C1) + ~+~+ 4(C:) 2 1. Using Proposition 3.3.1 part 4 and (3.20) we find by
induction that C; + ~~-+ C, contains an interval, whence C; + «~~+ C). contains an

interval.

If S, < 1 then we find by Proposition 3.3.1 part 4, (3.20) and induction that
Ci + ==+ Ci contains a Cantor set of thickness at least S, /(1 —S,), so by Lemma
2.3.2,

. log 2
dimg(C, +-+- + Ci) 2 —————
alCi+--+C) 2 log(1 + é)

and part 1 of the theorem follows.

To prove parts 3 and 4 we first note that by (3.1) and (3.2) the sets [ + -+ I,
and [,4, satisfy (3.8) witha=8=1,forr =1,...,k— 1. We find by induction,
Proposition 3.3.1 part 2 and (3.20) that if S, > 1 then

Ci+-+Cr=L+---+ 1
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and part 3 of the theorem follows. Similarly if S, < 1 then by induction, Proposition
3.3.1 part 3 and (3.20) we have

s,

T(Ci+ -+ Ci) 2 =3,

and the theorem follows.

Proof of Theorem 3.1.1. Theorem 3.1.1 follows from Theorem 3.1.3 with k = 2,

since in that case
(C1)T(C2) 2 1 if and only if S, >1

and
7(C1) + 7(C3) + 27(Cy)7(C2) _ Sy
1 - 7(C1)7(Cs) T1-8,




Chapter 4

Numbers with Restricted Partial

Quotients

4.1 Bounds on the Thickness of C(B)

To apply Theorems 3.1.1 and 3.1.3 to the cases where the Cantor sets are of the
form C(B;) for some B; C Z*, we need only calculate the thicknesses of the Cantor

sets in question.

Lemma 4.1.1 Let t > 2 be an integer and B = {b,b;,...,b} a finite set of
positive integers with b; < b4y fori =1,2,...,t — 1. Letl = b, and m = b, and
set A;=biyy —b; fori=1,2,...,t—1. Put

P ~lm + V1?m3 + 4lm
= 3 )

42
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Then

o d(m —1) biy1lm + m + 4l
(D(B)) = jZig, min {A.-lm —6m—=1) blm+m+dl’
(m=bi)lm +d(m—=1) bl+ 5}

Aim — d(m — 1) m+4

Proof. Assume that our bridge is of the form (2.2). To compute a lower bound

for |A%|/|0 4| we use part 2 of Lemma 2.1.3 with

9= [b.‘, 21—”_!']: g2 = [b,-,m—,l], g3 = [bi+17m] and g4 = [bh l’m]

to find that

4] _ (it (T = (Bt (D) Biaa + (D) +Q
04l (bis1 + (m, 1)) = (b + (L,m)) b+ (m, D) +Q
_ (Lm)—(m,l)  bips+(m, 1) +Q
Ai+(mb) - (Im) b+ (m,D)+Q
_ §l—b/m b +d/m+Q
TAi+dm—6/l bi+ém+Q
__m=0) (n+Qm+d
Adm—o(m—1) (bi+Q)m+0

(4.1)
Similarly we use part 2 of Lemma 2.1.3 with
fh= [m!m’ g2 = [bi+l1mv g3 = [bi+1’m and g4 = [biym

and find that

|4Y _ (m—bia)im+8(m—1) (bi+ Q)+
|04] =  Am—d(m=1) (m+Q)+4§
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Thus

§(m —1) (bis1 + Q)m + 4
Adm—8(m—1) (b;+Q)m+4d '
(m = bipa)lm + d(m—1) (b +Q)I+4 }
Aidm — 8(m — 1) (m+Q)+¢

(D(8)) = igf i min {

L §(m ~ 1) biprlm + m + 6l
'gfcm{A;lm—J(m-l). bilm +m + 81 °
(m = big1)lm +8(m —1) bl+4

Adm — §(m — 1) ‘zm+5}

since 0 < @ < 1/!, and

U U}

| -

ifalr:l.

A similar but simpler result holds in the infinite case.

Lemma 4.1.2 Let B = {b;,b;,...} be an infinite set of integers with b; < by, for
1> 1. Letl =0, and set A; =biyy — b fori > 1. Then

1 bi+1l+1 bil+1
Al—-1 b,'l-'}-l’A;l—l )

(D(B)) = iafmin {

Proof. We use the same strategy as in the proof of Lemma 4.1.1. If A is a bridge
of the form (2.3) then by part 2 of Lemma 2.1.3 with

h= [bi" l]a g2 = bia g3 = bt'+l and g = [bhl]
we find

iA0(= 1 ‘bi+1+Q
04l Ad-1 b+Q°

(4.2)
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Now if » = ( then
|AY| _ bil+1
|04l TAl-1

while if » > 0 we apply part 2 of Lemma 2.1.3 with

9 = (a5, bi41], g2=ar, ga=[ar,b;,l] and g4 =[a;, biy1]

and conclude that

A (b) [ar, bi, 1] + =2
IOAI (bnl) - (b.’.,,,.l) a, + r=3

Qre1

- bnl +1 . GeGr-1 + Gr-2 + Qr—l(bia I)

TAd-1 GrGr-1 + Gr-2
b+l gt gea(bl)

_Bi+Q)+1 b+l
- Q-1 A VY R |

by (2.1) and since @ > 0. Therefore

(4.3)

r(D(B))=ixQxf11}fmin{ 1 hn+@ b"“}

Ad-1 5+Q 'Ad-1
and the lemma follows upon minimizing (4.3), since as in the proof of Lemma 4.1.1
wehave 0 < Q<1/lwithQ=0ifr=0and Q=1/lifr=1and a; = .

Note that 7(D(B)) equals 7(B) (as defined in the first chapter).

Lemma 4.1.3 Let B be a set of positive integers with |B] > 1. If Ay(B) = A is
constant then D(B) is ordered and so

7(C(B)) = 7(D(B)) = r(B)-
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Proof. Assume first that B is finite. In the notation of Lemma 4.1.1 put
) ((Gl, ey ar), bt) = (((aly ceoqGr, bi,m)s (a'la e ooy Bry bt'-f-l’ m_wl)))
for b; < m. Then by part 1 of Lemma 2.1.3 with

g1 = [big1,m, 1) and g; = [b;,1,m]

we have
0 sl = G S G T
Thus
10((a1,...,a),b)| > |0 ((ar,...,a:),05)|
for 7 > 1, and

IO ((al, een ,a,.),b.-)l > IO ((61, ceey By, bg),bj)|

46

for b; € B, so D(B) is an ordered derivation. By Lemma 3.2.1 we have 7(C(B)) =

7(D(B)) and Lemma 4.1.3 follows for B finite.

If B is infinite then we use an analogous approach, where in this case we define

O ((a1,---,ae), &) = (({a1,- -, 8r, 05, 1), {@1, . . .y Br, Big1)))-

4.2 Sums of Continued Fractions

For n an integer and B a set of positive integers with |B| > 1 we define C(n; B) by

C(n;B) =n+ C(B).
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Using the derivation D(B) of C(B) we may construct the canonical derivation
n+D(B) of C(n; B) from n+ I(B) by translating every interval in D by n. Similarly
we may construct the canonical derivation n — D(B) of n — C(B) from n — I(B).
Proof of Theorem 1.0.6. Put
k
Sy = v(B;).

Jj=1
Assume first that S, > 1,and for N> 1and j=1,...,k set
N
¢l = |J Cn;By)
n=-N

and

I} =[N + min C(B;), N + maxC(B;)).

For j = 1,...,k we construct a derivation ijV of Cf" from If as follows. Assume
that |I(B;)| < 1. Remove from I7 the interval (n + max C(B;),n + 1+ min C(B;))
forn=—N,...,N —1, so that if A; = IY then

A= —N + I(B;), A} = [-N + 1+ min C(B;), N + max C(B;)],
AP = —N +1+I(B)), Aj' = [-N + 2 + min C(B;), N + max C(B;)]

and ultimately,
Al =N ~1+1(B;) and A} =N +I(B;). (4.4)

We complete D) by using the derivations n + D(B;), n = —N,..., N, to split A?,
A®,...,A}"1% and A}, Note that if B; is finite then

[n + Il _ _(fm)-(m]T)
l(n + maxC(B;),n +1+minC(B;))| ~ 1+ (m,1) ~ (I,m)
d(m 1)

= ml—sm—1 > "B
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and that if B; is infinite then

In + I;] 1 |
(ntmexCBn+ L4 mmC(E) =1 > "5

so in either case (DY) > 7(B;).
If |I;| = 1 then we form DY by removing the gaps in C} in order of descending
width, so that again we have T(Df') > 7(B;).

For j =1,...,k, IN has width greater than 2, and all gaps in CY are of width
less than 1, whence (3.1) and (3.2) hold. Since S, > 1 and for a Cantor set C,
7(—=C) = 7(C), by part 3 of Theorem 3.1.3 we have

aCl+...+aC) = al¥ 4+ + eIV
D [—k(N — 1), k(N = 1)]
and (1.6) follows upon letting N tend to infinity.
If S, < 1 then (1.7) follows from part 1 of Theorem 3.1.3 with C; = C(B;) for
i=1,...,k

0

Proof of Theorem 1.0.2. Theorem 1.0.2 is a special case of Theorem 1.0.6,
since

¥(B1) +7(Bs2) > 1 ifand only if  7(By)7(Bg) 21
and further,

+ 1 = 1- T(Bl)T(Bz)
v(B1) +7(B:2)  7(B1) +7(B3) + 27(B1)7(Bs)

-1
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Proof of Corollary 1.0.3. Note that §(L,,) > m/(m + 1), whence

i) > o) o, (o LF
Since
() = 12y 2 ——
we have : )

(L) (U1) > >1

m(m — 2)

and the result follows from part 1 of Theorem 1.0.2.

Before proving Corollary 1.0.4 we need a preliminary lemma.
Lemma 4.2.1 If B is a finite set of odd positive integers then 1 & 2C(B).

Proof. Let m = max B and assume that 1 € 2C(B). Then 1 € S, where
S = [(al7azvm)9<al’037m)] + [(bl,bﬁ,m, 1>! (blvbzv.la—m)]

for some odd a;, a3, b; and b; between 1 and m inclusive. Now if both a; and b,
are greater than 1 then 1 ¢ S, so we may assume without loss of generality that

@ = 1. Thus

=[ a2 +6 by + 6 az+p ba+p ]
a2 +0+1 bi(ba+0)+1'az+p+1 b(bz+p)+1

where § = (m, 1) and p = (1, m). Therefore we have

S ax+46 + b+ 6
“ar+60+1 b(ba+8)+1

(4.5)
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and
az +p by +p
. 4.6
Tazt+p+l blbz+p)+1 (46)
It can be shown that (4.5) and (4.6) are equivalent to
1
—_b < —— — .
ag+1 bl-'bg-i'e 6 (47)
and
ap+1—by > e — (4.8)
? 'S bhtp -

respectively. But for any integer n > 1 and real z € (0,1) we have

—z<1

-1< 1
n+z

and so by (4.7) and (4.8) we must bave a; + 1 — b; = 0. But this is not possible,

since both a; and b, are odd, and the lemma follows.

a

Proof of Corollary 1.0.4. We find that 7(B,) = 1, and so by part 1 of Theorem
1.0.2,
F(B.)+ F(B,) =R.

Now if B is a finite set of positive odd integers then 0 ¢ 2C(B) and 2 ¢ 2C(B).
By Lemma 4.2.1 we have 1 ¢ 2C(B), whence

1 ¢ Z +2C(B) = F(B) + F(B)

and the result follows.
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Products of Cantor Sets

5.1 General Result

Recall from Section 2.3 that for £ C R we define E* by
E* ={logz; z € E}.

We have the following raultiplicative analogue of Theorem 3.1.3.

Theorem 5.1.1 Let k be a positive integer and for j = 1,2,...,k let C; be a
Cantor set derived from I; C (0,00), with O; a gap in C; chosen so that |O}] is
mazimal. Put S, = 4(C;) ++--+7(Cy).

1. If S, 2 1 then C, - -+ Ci contains an interval.

2. If S, <1 then
log 2

dimg(Cy --- C) 2 m-

51
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3. If

|74 2|07 forr=1,...;k—-1lendj=1,...,r,

I+ 41121050 forr=1,. k=1

and S, 2 1 then
C-Ce=1I L.

Proof. Note that by Lemma 2.2.2,
dimx(C; “-'-'Ck) = d.imH(C{ + et C,:)
We apply Theorem 3.1.3 to the Cantor sets Cy,...,C and the theorem follows.

0

5.2 Bounding 7(C*)

Before we can use Theorem 5.1.1 we must find a bound for 7(C*). We start by
generalizing a lemma of Cusick ([2, Lemma 2]). For real z and positive integers n

we put

(z) _ :r:(:c—l)---(z-n+1).

n n!

Lemma 5.2.1 Let E = [a,b] C (0,00) be an interval of real numbers. Suppose
that E = By U O U E; where

Ey=[a,a+7], O=(a+r,a+r+s) and Ey=[a+r+s,a+r+s+t].
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Ifs<a+r and T >0 is a real number such that

t—r1s 1 r+1
>
L ‘a+r(1+ Z ( n ))

2<n<r+1

then .
:63—: >T.
Proof. We have |E;| > 7|O"| if and only if
log(a+r+s+t)—log(a+r+s)>7(log(a+r+s)—Ilog(a+r))
which is equivalent to
(@+r+s+t)a+r)" > (a+r+s)H

or alternatively,

s+t s r+1
211 . 3.1
1+a+r"(+a+r) (5:1)

Using the power series expansion for (1 + z)¥ for real y and |z| < 1 we find that

(5.1) is equivalent to
t—75 _ o= [T+1 s \"
> . .
a+r -Z( n )(a+r) (5-2)

n=2
Let R be the unique positive integer such that R<7+1< R+1, and forn > 2
let C,, denote the binomial coefficient in (5.2). If » > 7 + 1 then

T+1 __'r+1. T ”.1'+1—R' T— R .“f+2-—n
n /] n n-1 n—-R n-R-1 1 )

Crn=

Observe that (JCnl)n>r+1 is a non-increasing sequence. Further, CpCryy < 0 for

n > 7 4 1. Therefore

,;15,.(7:1) (G:T)" = (a:-r)z' (5.3)

2<n
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The lemma follows from (5.2) and (5.3).

As a corollary we may find a bound for (C*).

Corollary 5.2.2 Let C C R* be a Cantor set derived by D and let 7 be a real
number which is at most 7(C). Assume that for all bridges A = [a,b] of D with A°
to the right of A% (d,e € {0,1}) for which

Ac| - 1|0 1 T+1
'%Tllf_u;(n 3 (n )) (5.4)

2<n<r+1
we have
lée—-l > (5.5)
|02l
Then
r(C) 2> T.

Proof. Let A= A°U 0, U A! be a bridge of D with A? to the left of A°, for
(d,e) = (1,0) or (d,e) = (0,1). Since the logarithm function has decreasing slope
it follows that

|4%] |47

— 22T

|04l = 104] =
If (5.4) does not hold then (5.5) holds by Lemma 5.2.1, so in any case

. [14% lA"l}
mns ———, =T 2T
{IOZI 104

as required.
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Products of Continued Fractions

6.1 Bounding the Thickness of (n + C(B))*

We may use Corollary 5.2.2 to find a bound for 7((n + C(B))") for n sufficiently

large.
Lemma 6.1.1 Let B be a set of positive integers with |B| > 1.

1. There exists My € Z* such that
7(C(n; B)") 2 7(B)
for alln > M.
2. If T 13 o real number with T < 7(B) then there ezists My € Z* such that
((n-C(B)) 27
foralln > M,.

55
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3. If |B| = o and A;(B) = A 1is constant then there ezists My € Z% such that
7((n — C(B))") 2 7(B)

for alln > M;.

Proof. For positive real numbers z we define
Wz)=1+ Y (”+1) (6.1)
25t<z+1
Since the lemma holds trivially if 7(B) = 0 or 7(B) = oo we may assume that
0 < 7(B) < oo. We first prove part 2. Assume that + < 7(B), say 7 = 7(B) -
where 7 > 0. Choose an integer M, such that

Mz > —_— h(T)
n

Let n > M, be an integer and let D be the canonical derivation of n — C(B). If A
is any bridge of D then A C [r — 1,00) and

JEN]
|0A| r27(B)-1=n
for e = 0,1. Thus
|A°| = 7|04l _ m h(r) _ h(r)
> >
0aF =00 " M;-1%7-1

and so (5.4) never holds. Therefore, by Corollary 5.2.2
Tp(A®) 2> T

and part 2 of the lemma follows.

We next prove part 3. Let M3 and n be integers with M; > Ah(r(B))+ 1 and
n 2 M;. Let D be the canonical derivation of n — C(B). To bound the quantity

|A%l — 7|04l
|0af?
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for all bridges A of D we need only compute the bound for all bridges of D(B). Let
A be a bridge of type (2.3). From (4.2) we have

m—r _ 1 bi+1+Q_ _ A
02~ B = AT ( b+ Q 1) = BI- 1)+ 0Q)

By Lemma 2.1.3 part 1 with g, = [b;4,] and g2 = [b;, {] we have

) _ _ A-1/1
|Oal =(a1...,8:,91) ~(a1...,8r,92) = @i + Q)b +1/1+ Q)

Therefore

A =rl0Al _ A g+ Qi+ 1/1+Q)
OaF ~ @I-1)H+Q) A-1]1
J @ 1 h(r(B)

Al A7 n-1"

Similarly we find that

|AY — 7|04l _ @2bibiya 1 h(7(B))
|0al? Z7ar CA” Th-1

and part 3 of the lemma follows from Corollary 5.2.2.

We now prove part 1. Assume first that B is finite and put

T = d(m —1)
" max{A;}Hm - §(m =)’

Let M, and n be integers with M; > (m + 2)*h(r(B))/T and n > M,. If Ais a
bridge of D(B) of the form (2.2) then from (4.1) we have

(S (P23 U S LTS
104l T FAdm—dm-)\ (+Qm+38  (+1/)ym+o

ST, m?A;(1/1 - Q)
=7 (ks +Q)ym + ) ((bs + 1/l)m + 6)
> m?Aiq,—2

=" lg,((b + Q)m + 8)((5: + 1/l)ym + 9)
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since ¢ > lgy—; + gr—2. From Lemma 2.1.3 part 1 with g; = [biy,m,1] and g, =
(b, I, m) we have

A; +68/m -4/l
@ (biy1 +/m + Q) (b +6/1+ Q)

|04l =

whence if r # 1 then
|4 = 7104l _ pgrosg | h(r(B)

. 2
[OaF T 7 Tm (62)
Similarly we have
|AY| ~ 7|04 Gr—19-bibis1 gr-19-b _ h(7(B))
> .
|Oal? > TA,-(m+ 2)2 > T(m +2)2~ = (6-3)

if r#0.

Now if » = 1 then in C(n; B) we have A! on the right side of A%, and if r = 0
then A° is to the right of A'. Thus by Corollary 5.2.2, part 1 of the lemma follows
for B finite.

If B is infinite then we take M, greater than (max A;)I*h(7(B)) and use an
analogous argument to the above to establish our result.

6.2 Improving Cusick’s Product Result

Proof of Theorem 1.0.10. Let S, denote the number

‘1
S-,=ZE.

=1
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If [; = 1 for any j then the theorem follows trivially, so we may assume that {; > 2

forj=1,...,k.

First assume that k = 2, then {; = [; = 2. For M > 2 sufficiently large we have
by Lemma 6.1.1 part 1 that

(C(n; U2)") 2 7(la) =1
for n > M. For positive integers N > M we define CN and IV by

N
1
N _ .
cY = [N+2,N+1}U‘ |C(ﬂ.,U2)

and
N = [M,N +1].

We may construct a derivation D¥ of C¥ from ¥ in a similar manner to that used
in the proof of Theorem 1.0.6, the only difference being that the rightmost interval
in every level of the tree contains the closed interval [N + 1/2, N + 1}, so that

T((CV)") 2 7(Ua) = 1.

Thus (C¥)~! and C(M; U,) satisfy the requirements of Theoi'em 5.1.1 part 3, so

C(M;U,) _ (M, M +1/2] [ M 1+ 1 ]
CN [M,N+1] ~ |[N+1'" " 2M
therefore
C(M;U,) 5 [2M+1 1]
Una ClmsUn) ~ L2V +177]°
But
C(0;02) =
o2 C(n; Ua)
whence

. _ 2M +1
oun; ) - 00 2 el
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This holds for every N > M, thus
C(M;U;) -C(0; U3) 2(0,1]. (6.4)
By taking reciprocals we have
C(M;U;)™" - C(0;U2)™" 2 [1,00).

However

C(M;Uz)"' CC(0;Uz) and C(0;U2)" C G(2)

so
C(0;U) - G(2) 2 [1,00). (6.5)

By (6.4) and (6.5) we have
(0,00) € G(2) - G(2). (6.6)

By part 3 of Lemma 6.1.1 we may extend our results to the negative real axis by
replacing the set C(M;U;) by C(—M;U;), so that

(—00,0) € G(2) - G(2). | (6.7)
Since 0 € G(2), we have by (6.6) and (6.7) that
G(2)-G(2)=R (6.8)

as required.

Now assume that k£ > 2. To prove the theorem we will use an approach similar
to that used to establish (6.8). Without loss of generality we may assume that

h2bL2---2h
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Now, for M sufficiently large, for all n > M and all j = 1,...,k the largest gap in
C(n;Uy;)" is (O7)", where O7 is the largest gap in C(n;Uy;), namely

O;l = ([nvli + 1}, [n, 4, 4])

By Lemma 6.1.1 part 1 there exists a positive integer M; > M such that

2

!
M > max{ll, —’;:é} (lals - -+ 1) divides M,
k

and
T(C(n; Uy;)7) 2 7(Uy;) (6.9)

foralln > M, andall j=1,...,k. For j =2,...,k we set

2
M; = {-‘-M,-_,. (6.10)
7

By our choice of M, ..., M, we have, by calculation,
(07%)7| < [I(Mjs1; Ujsa)*| < |1(M;; Uy )| (6.11)
for j =1,...,k— 1. For integers N > 2M, we define CY and I¥ by

1

N
Ik,N+1]u U critn,) and I =[Mi, N +1].  (6.12)

cy = [N +
n=M;

Now the largest gap in (C})" is either (OM*)* or (M + 1/, My + 1)". Since

I < liy and k > 2 we have

b < 1
LM (Lo beny) — UM,

Also, by (6.10) it follows that

(6.13)

LM,
M; = —‘ﬁl(z1 eoely) (6.14)
7



CHAPTER 6. PRODUCTS OF CONTINUED FRACTIONS 62

for j =1,...,k, whence with (6.13) we find

1 1
M, = LM,
thus
M. +1 M, + 1/ll
<
: (Mk + l/lk) - Iog( M, )
Equivalently,
(M + 1/be, Mie + 1)7| < [I(M1; Uy, )| (6.15)
As in the proof of the k = 2 case we have
r((CM)°) > ~(UL,)- (6.16)

By (6.9), (6.11), (6.15), (6.16) and Theorem 5.1.1 part 3,
C(My;Uy,) -+ C(Me—y; Ut ) - [Ml coo My (Myi+1/L) (Mey + 1/1k-x)]

C,iv N+1 ’ M
Thus
C(Ml; UZ;) ot C(Mk-l; Ul,.-;) D [(Ml + 1/:1) bt (Mk-l + 1/[,‘_1) Ml e Mk-—l]
N 2 —, )
Un=n, C(n;UL,) N+1/L M,
(6.17)
Since My > I£_, /I, and k > 2 we have by (6.14) that
M- M,
M, > 1 (6.18)
Also, since M; > I,
N -1
( U ¢ Uz.)) cco;ty,) (6.19)
n=My
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so by (6.17), (6.18) and (6.19), upon taking the limit as N approaches infinity we
have
(0,1] € G(k) -+~ G(k). (6.20)

Since M; > [; for j = 1,...,k — 1 we may take reciprocals in (6.17) and let N tend
to infinity, so that
[1,00) C G(L1) -+ G(k).

With (6.20) we have
(0,00) € G(l) -+ G(h).

As before we may extend our results to the negative reals, finding
(~00,0) € G(ly) ---G().

Since 0 € G(I,) our result follows.

6.3 Products of Continued Fractions

Proof of Theorem 1.0.7. We may assume without loss of generality that
0 < 7(B;) < oo for 1 < 7 < k. Assume first that S, > 1. Let 5 be the positive real
number

S, -1
’7_ k .

We will follow a similar approach to that used in the proof of Theorem 1.0.6. For
j=1,...,k by Lemma 6.1.1 part 1 there exists a positive integer M; such that for
n 2 M;,

7(C(n; B;)") 2 7(B;).
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Let M = max M;. We define C¥ and I¥ for N > M by
) N
¢y = |J C(n: By)
n=M
and

I¥ = [M + min C(B;), N + max C(B;)).

Our definition of DY is analogous to that for DY in the proof of Theorem 1.0.6.
Note that since the logarithm function is not linear, in the notation of (4.4) we may
have

(41|

[(Oar-1 )'l < T(Bj)' (621

However, if we set
o (B 417
1+9(r(B;) +1)
and take N sufficiently large, then

[(Oa1-1)7| >7(B;) -7
Thus

((CF)") > 7(Bi) -
s0

7(CF)") > 1(B;) -,
whence it follows that

1(CY)) + ==+9(CF)) > S, —kn =1.
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Now

Y(((CH)™)") =7(CF)7)
so if N > M + 1 then all the conditions of Theorem 5.1.1 part 3 are satisfied and
we find that

(CY)r - (G = (BN - (T
(M+1)5% N
=| NSO (M+1)S

(6.22)

where S} = |{j; ¢;, = 1}| and S; = k—5}. Welet N tend to infinity in (6.22) and
find that if S, = k then

[(M+1)0)CF (6.23)
and if |S,| < k then

(0,00) C F. (6.24)

To extend these results to the negative axis we consider the set

N

¢ = m-c(8)
n=M
for N> M +1. By Lemma 6.1.1 part 2 we find that for M and N sufficiently large,
((CY)) > 7(B) —n'.

As before we have by part 3 of Theorem 5.1.1 that

st —-1)5¢ - - -
[((f:f g ((fﬁ?)s-} C (GG @,

However,
n—C(B1) =—(-n+C(B1)) C ~F(B)
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for every n, whence

(M +1)% (N-1)

(N =1)5C " (M +1)5¢
Taking the limit as N approaches infinity we find that

(~o0,~(M + 1| C F (6.25)

if S¢ = k, and
(-00,0)C F (6.26)
if |Se] < k. Part 1 of the theorem follows from (6.23) and (6.25), while part 2 is a

consequence of (6.24) and (6.26).

We now assume that S, > 1 and |B,| = oo for some r with ¢, = 1. Now,

1 1

C(B,) = _ .
(&) bg. C(b; B:)  Upes, C(bi; Br)

This is similar to the case S, > 1 and |S,| < k, where instead of dividing by the set

N
U ¢t B.)
n=M

we are dividing by
¢'= |J cmB.).

M<n<N
nEB,

Notice that

|{Bis1, Bir + 1/L]] __1
(6 + 1/4e,051)|  Aile =1

Choose M sufficiently large so that A(M) = max;>, A;j(B,) occurs infinitely often
in the sequence (A;(B,), Aa(B,), ... ), where s = s( M) is the unique positive integer
with b,_; < M < b,. Then by (1.4),

(6.27)

1

7(B,) < AM)L =1
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so by (6.27) 7((C’)") > 7(B,) — n’ for N sufficiently large. We proceed in a similar
manner as in the proof of part 2 of the theorem and find that

(=00,0)U (0,00) C F.
However, 0 € F(B,) and part 3 of the theorem follows.

Now assume that S, = 1. We will first examine the sets C-'f in more detail.
Assume that for some j, B; is not equal to U for any [ > 1. We claim that for M
and N sufficiently large,

r((CN)7) 2 7(B;).
To see this we first take M so that by Lemma 6.1.1 part 1,
r(C(m; B,)") 2 7(B;)

for n > M. Assume that |B;| < o0, say B; = {by,... b} with l =b; < b; < »»»<
by = m. Then, in the notation of (6.21),
(A1) (Lm) = (m,1)
(0]~ 1= (I,;m) + (m,])
_ d(m=1)
T lm—-4§(m-1)
o(m =1) beil+4 A
. > .
m—dm—1) mitd = 59
by Lemma 4.1.1. Hence for N sufficiently large

((C)) 2 7(B;)-

Now assume that |B;| = oo but A; > 0 for some i. Then by Lemma 4.1.2
1 ‘(b.'+Ai)l+1< 1 .(bi'i'Ai)

0 <
B S AT T i+l Al-1 " &
1 A; 1 2
<
Samiitiar-y Sa-itioy
142 1 j(ary))

Ty ST=1 0
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since (! --1)(! +2) < (2l — 1) for | > 1, and our claim follows.

If Bi# Ui foralll >1and 1<j<k then by part 3 of Lemma 5.1.1,if S, = &
then
[M*, N5 CCY...CY

while if |S,| < k then

Mk—l N - -
[T. M—,,—] C (G ... (G

and so letting N approach infinity we find that
[M*,00) CF or (0,00)C F

as required.

If for all j we have B; = Uj; for some I; then, since
C(N; i)~ Cc C(0;h)
for N > | we may assume that S, = k, and our results follow from Theorem 1.0.10.

We now assume that for some ¢ in the range 1 < ¢t < k we have B; = U, for
ij=4L..,t, L >2--->land B; # Uy for any j > t and | > 1. As in the proof
of Theorem 1.0.10 we may choose M;, 7 = 1,...,¢ such that, in the notation of
Theorem 1.0.10,

(OF5)"| < 1 (Mjaa; Upa)"| < 1H(M3 UL,

For N large define CV and I¥ by (6.12), substituting ¢ for k. Without loss of
generality we may assume that ¢, = 1 (if not, consider the set F~1). If we choose
M sufficiently large so that |I(Mj; Ui;)*| > |[M,M + 1]°| for j = 1,...,t then by
Lemma 5.1.1 we have

C(My; Uy )" ...C(Meoy; Uy, )™ - (CN ) .. (CH) 5 Mt N
c¥* = [Nk +1° Mk
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since M > M; for j =1,...,¢t. Thus
C(MyUL)" ... C(Mees; Ur ) - (CHL)*H .. (CE)™ [N"" N ]

Uncag, Clni V) S
1 N
= |
and parts 4 and 5 of the theorem follow upon letting N tend to infinity, since
Ni
U ¢ m) € Co; ).
n=M;

To prove part 6 of the theorem we extend our results to the negative reals by
using part 3 of Lemma 6.1.1, as was done in the proof of Theorem 1.0.10.

Finally, if S, < 1 then by Lemma 6.1.1 part 1 we have
7(C(M; B;)") 2 7(B;)

for j =1,...,k and M sufficiently large, whence by Theorem 5.1.1 part 2,
log 2

dimyg(C(M; By)* ---C(M; B,)*) > ————
log (1 + ﬁ)

and the theorem follows.

Our methods of proving Theorems 1.0.10, 1.0.7, 1.0.8 and 1.0.9 differ from that
employed by Hall in [8]. He covers part of the real line by intervals of the form

I(n; L) - I(n;Ly) or  I(n;L,)-I(n+1; L)
and then shows that

C(n; L) - C(n; L) = I(n; Ls) - I(n, Ly)
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and

C(n;Lg)-C(n+1;Lg) = I(n; Lg) - I(n + 1, Ly).

6.4 Products of Sets of the Form F(m)

Before we prove Theorems 1.0.8 and 1.0.9 we will prove several preliminary lemmas.

Lemma 6.4.1 If0 <m < n then
(1= (Gm)mT) < (1 — (Em)im 1),

Proof. For positive real z put

 _2(1=(T=)
)

then, from Maple we have

flo) = 22tz -vaz+4)
(z— +/z(z +4))*/z(z + 4)

m(1— (Im)) _ n(1— ()
Tm - @m

for m < n, and the lemma follows, since (I,m) = m(m,1).

for £ > 0. Therefore

Lemma 6.4.2 If m > 0 then 1 — (I,m) < (m,1).
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Proof. We have

hence

For positive integers m and N we put
N
F*(m) = F(m) n[o, o), Cy(m) = U (n + C(m)),

F~(m) = F(m)[)(—00,0) and Cix(m)= U(n C(m)).
We have the following results.

Lemma 6.4.3 If N is sufficiently large then

7(CH(2)*) > 0.3660, 7(Cr(2)") > 0.2999,
7(CH(3)") > 0.8220, r(Cx(3)") > 0.7675,
r(CF(4)") > 1.3009, r(Cr(4)") > 1.2557,
7(C%(5)") > 1.7888, (Cx(5)7) > 1.7504,
T(CH(6)") > 2.2811, 7(Cx(6)") > 2.2477,
r(CH(7)") > 2.7758, T(Cr(7)") > 2.7463,
T(CF(8)") > 3.2719, 7(Cx(8)") > 3.2456,

7(C%(9)°) > 3.7690 and 7(Cx(9)°) > 3.7452.
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Proof. We first note that since the second derivative of the logarithm function is
decreasing, if N is large enough then (as in the proof of Theorem 1.0.7)

log(N + (T,m)) — log(N + (m, 1))

log(N + (m.1)) —1og(N — L+ (Lmy) ™)

and
log(N — (m,1)) — log(N — (T,m)
log(N — (1, m)) — log(N — 1 — (m, 1))
Thus it suffices to determine 7(C(Lm)") and 7((1 — C(Lm))") for 2 < m < 9.
Choose m in the range 2 < m < 9 and assume that » > 1, d € {0,1} and Ais a
bridge of C(Lm) of the form (2.2). Then by (6.2) and (6.3) we have

> 7(Lm)

149 = 70| - Grrgr
02 > T (m+2p

where L
M(m -1)

T = e Emm-1)

We use a Maple program to determine

mAinr(A') and mAin'r((l-A)')

where the minima are taken over all bridges A of C(L,,) with

(m+2)? h(r(Lm))
quf--x < T i 1— (I,—ﬂ;)

where h(z) is defined as in (6.1) (note that 1 — (I,m) < (m,1) by Lemma 6.4.2).
Our results follow from Corollary 5.2.2.

r<l1

Lemma 6.4.4 For m > 9 and N sufficiently large,

r(CH(m)*) >34 and r(Cx(m)*)>34. (6.28)
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Proof. We will use induction on m. For m = 9, (6.28) follows from Lemma 6.4.3.
Assume that (6.28) holds for m < t, for some integer ¢ > 10. We must bound
7(C#(t)") and 7(Cx(t)"). As in the proof of Lemma 6.4.3 it suffices to bound
7(C(Le)") and 7((1 — C(L))"). Let

A= [[(alv ---- s Bry kazi_f)a(ah ------ ) ar,t»l_v-f)]]

be a bridge of D(L,). If all a;’s are less than ¢t and &k < ¢ — 1 then A contains
some bridge B of D(L,-,) with A° O B? and A! D B!, so (6.28) follows from
the induction hypothesis. Therefore we may assume that either some a; = t or

k=t-1.
Now let D be either A or 1 —~ A. Assume that D° < D! and put
D ={(a,d] Op=(be)
D° = [a,b] D! = [c,d]
for some a,b,c and d with a < b < ¢ < d. We claim that
a>|D|=d-a. (6.29)

To see this assume first that £ = ¢ — 1. Then the largest possible intervals for D

are [, I3, 1 -1, and 1 — I; where

=[(£1),(¢-1,51)] and L =[(1,¢t-1,§1),(1,£1))

Now
1 1 t t+1
T<(t1)< and t—+—1'<(1_t)<m
hence
4111=<t-1,£,—1>-<f,'1>< - -
t—-1+ 2 t-{'-l

t+1
2t +1
t*(t+1) <(_)<1 (t -1,t1)
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and
2 1 by ) y ¥y |
1|t+11 1 8-—1+1I

2t+1 1

= 1- l,t, ' st—lrm*
Ero@+esD ez <1 hblo<ll )

Therefore if k = ¢ — 1 then (6.29) holds. Otherwise a; =t and so D is contained in
a bridge which has k =t — 1, and so again (6.29) holds.

Now we know that

|D%|
>7(Le) > 3.4
o5l > T

by the decreasing slope of the logarithm function and since 7(L:) > 7(Lyo) =
4.266.... Also

Dl IDI
|D'| logd—loge _ log (1'*';'?!) _é_{-

= = >
(O3]~ logec—logb ™ 1o (1 4 22 !

-
w—
E
h
»

by the power series expansion of the logarithm function, as ¢ > a > |D!| and
b > a > |Op|. Therefore

0], 121 (- 1121

2 ¢

03] ~ 10p] ¢

a + 7(L:){Op| 1 7(L¢)|Op|
27 T + Dios] (1 T 2av (L) I)IODI)
since
DY
|0p] 2 7(Le).

But a > |D| > (27(L:) + 1)|Op|, hence

DY L) +1 () (L)
05> r(Le)m ( - m)

>34
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as 7(L;) > 4.266... . Therefore
7(CH(Le)") > 3.4 and 7(Cn(L.)") > 3.4

for N sufficiently large, and the lemma follows by induction.

Lemma 6.4.5

F(3)F(4) = (=00, (1 = (I,3))(4, )] U [(3, T4, 1), o)

and

F(2)F(T) = (—o0, (1 = (L2INT, )] U [(2,I7, T}, o).

Proof. By Lemma 6.4.3 we have
(CH(3)") > 08220, 7(Cf(4)") > 1.3009

and
T(Cx(4)") > 1.2557.

75

(6.30)

(6.31)

Since 0.822 x 1.255 > 1 we find by an approach analogous to that used in the proof

of part 1 of Theorem 1.0.7 that
F*(3)-F*(4) = [(3,1)(4,1), o)
and

F*(3)- F~(4) = (—o0, G:1)(-1+ (T,H)].

(6.32)

(6.33)
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Now put

I; =[1-(1,3,1),1 -(1,1,3)] = [0.2087...,0.4417...],
I} =[(4,1,4),(3,4,1)] = [0.2071...,0.3118.. ],
I; =[1-(1,41),1-(1,1,4)] =[0.1715...,0.4530...],

C;=C(Ls)NI;, CH=CL)NI}; and C;=(1-C(L)NI].

Since 1 — I is a bridge of D(L3), we may use D(L3) to construct a derivation of C":,T
from I;. To bound 7((C5)") we use the same process that was used to establish

the results contained in Lemma 6.4.3. Specifically we find
7((C3)") 2 7(La). (6.34)
Similarly we have
T((CS)") 2 7(La) and 7((C{)") 2 7(La)- (6.35)

The largest gap in (C5)°, (Cf)" and (C;)® has width 0.1563..., 0.0943... and
0.1256... respectively. Further,

(I5)"1 = 0.7497..., |(I})"| =0.4091... and |(I7)]]=0.9710...
so by (6.34), (6.35) and part 3 of Theorem 5.1.1,
Cy -Cf =1y - I} =[(1-(1,3))(4,1),(1 - (1,1,3))(3,4,1)] (6.36)
and
Cy <C; = I +If = [(1 — (L3 - L), (1 - (LTI - (1,T;8)]. (6.37)
Since

F(3)- F(4) € (o0, (=1 + (TI)ED] U (-1 + TI)(-1 + (1)), 0)
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by Lemma 6.4.1 and Lemma 6.4.2, (6.30) follows from (6.32), (6.33), (6.36) and
(6.37).

We now prove (6.31). By Lemma 6.4.3 we have
T(CR(2)7)T(Cr(T)7) > 1
and
T(CR(2))T(CR(T)) > 1
for N sufficiently large. Therefore by Theorem 5.1.1

F(2)F(T) 2 (=00, (2, T)(1 = (I, T))] U [(2,T)(T, 1), o) (6.38)
= (—o00,~0.0411...] U [0.0464 ..., 00).

Let
I'=[1,12),(1,2)) aad C'=C(L;)NnI,

then using Maple and Corollary 5.2.2 (as in the proof of Lemma 6.4.3) we find that
((1 - C*)*) > 0.366.

Let O~ and O* denote the largest gap in (1 — C(L7))" and C(L7)"* respectively.
Then

0" =(1-(,1,7),1- (2,7.1))" and O*= ((2,7,1), (L, L,7)".
Further,

0"} =0.119..., |0*|=0.119... ,
I(1—I')| =04557..., [I(L2)"|=1.94...
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and

(1 = I(L7))"}| =2.04... .
Therefore by Theorem 5.1.1 we have

(1-CH(1=C(L7)) = [(1 - (T@,2)(1 ~ (I,7), (1 = (L, L,2))(1 = (T.T))]

(6.39)
= [0.0301...,0.369...]
and
—(1=0"! = [—(1 — 1,2)(1,7), -(1 — (1,2))(7,1
=[-0.375...,-0.0339...].
Since

F(2) - F(7) € (=00, (-1 + LRNTD] U (-1 + (TB)(~1 + (T 7)), 0)
by Lemma 6.4.1 and Lemma 6.4.2, (6.31) follows from (6.38), (6.39) and (6.40).

a

Lemma 6.4.6

F(2)F(2)F(2)F(2) = (=00, —(1 = (L,2))*2, 1) U [(1 - (1,2))*, 0).

Proof. By Lemma 6.4.3 we have, for N sufficiently large,
¥(Cx(L3)") > 0.2307 and ~(CH(Ls)") > 0.2679.
Therefore by Theorem 5.1.1 and letting N tend to infinity we have

F(2)* 2 (=00, —(2,1)*(1 - (,2))] U [(2,T)*, 00)
= (—00,—0.0131...] U [0.0179...,00).

(6.41)
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Similar to the approach used in the proof on Lemma 6.4.5 we put

" =[(2,1),(2,2,1)], I"=[1-(1,1,2),1 - (1,2)},
Ct=C(L)NI* and C-=(1-C(L))NnI-.

Using Maple and Corollary 5.2.2 we find that
(C**),7(C~") > 0.366
therefore
1(C**),v(C~") > 0.2679. (6.42)
Now I~ splits as I~ = I UO U I; where
Il. = [1 - (ﬁ)v 1- (17 2, (ﬁ))]s
and Iy =[1-(1,2,1,2),1-(1,1,2)).

Further,
II7*]=0103..., |I;"|=0.1437...,

3(I;7ul")=[-3.95...,-3.641...]U[-3.638...,-3.288...]
U [-3.327, —2.936] U [—3.015, —2.583)]
and
|7+ = 0.1438...

hence |I**| is greater than the size of the largest gap in 3C~*, so by (6.42) and
Theorem 5.1.1

CHC™P =I*(I")* =1 - (1,2))*(2,1), (1 ~ (1,1,2))*(2,2,1)]
= [0.00704. ..,0.0319...].

(6.43)



CHAPTER 6. PRODUCTS OF CONTINUED FRACTIONS 80

Also we have, by (6.42) and Theorem 5.1.1,

(CY =) =[1-102),1-(11,2)"
= (0.00514...,0.0319...].

(6.44)

The lemma follows from (6.41), (6.43), (6.44), Lemma 6.4.1 and Lemma 6.4.2.

a.

Proof of Theorem 1.0.8. If (m,n) = (3,4) or (m,n) = (2,7) then the theorem
follows from Lemma 6.4.5. Otherwise by Lemmas 6.4.1 and 6.4.2 we have

F(m)- F(n) € (-0, —(1 — (Tm))(®, D] |J [(1 - (Tm))(L - (Tm)), ) .
By Lemmas 6.4.3 and 6.4.4
(CR(m))r(CHm)") > 1 and r(Cr(m))r(Cx(n)") > 1
so by Theorem 5.1.1
(~(N = GED)(N + (T, ~( ~ )T} € Flm) - Fln)
and

[ = (T m)( - (Ta), (N - (m, D)N — (»,1))) C F(m) - F(n)

and the theorem follows upon letting N tend to infinity.



CHAPTER 6. PRODUCTS OF CONTINUED FRACTIONS 81

Proof of Theorem 1.0.9. Using an approach similar to that used to prove
Theorem 1.0.8, Theorem 1.0.9 follows from Lemmas 6.4.1, 6.4.2, 6.4.3, 6.4.4 and
6.4.6, and Theorem 5.1.1. |



Chapter 7

Cantor Sets with Small Thickness

7.1 Asymptotic and Maximal Thicknesses

Let C be a Cantor set with ordered derivation D. We define the asymptotic thickness
of C by
T4(C) =sup7(ANC)
A
where the supremum is taken over all bridges A of D. We also define the normalized
asymptotic thickness of C by

74(C)
1+ TA(C) ’

Using the results of Chapter 3 we may obtain the following theorem.

74(C) =

Theorem 7.1.1 Let k be a positive integer with Cy, . .., C; Cantor sets. Ifya(C1)+
s+« +44(Ck) > 1 then C; + - - - + C contains an interval. Otherwise

log 2
1 .
log (1 + A6 c.))

dimg(C1 +---+ C) 2

82
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Proof. Let S =794(C1)+ -+ + 74(Ck) and assume first that S > 1. Put
S-1

= ——.

k

Then for j = 1,...,k there exists a Cantor set C;} contained in C; with
7(C;) 2 14(Cj) = 4.

Note that
YC) +-=+7(CL) > 5—ki=1

hence by Theorem 3.1.3 C| + <+~ + C}, contains an interval and the first part of
Theorem 7.1.1 follows.

Assume next that S < 1. For any ¢ > 0 put

_5(1-27)

d k

Notice that
log2 _ log2 _log2(log (1+ 5i5) —log (1+3))
log(1+1) log(1+gig) log (1+ %) log (1 + 52)
log (3:%1'51“5373') |
log 2
log { =2
() -

log 2

since S — kd > 0 and
log (1+ ) >log (1+ %) >log2
B\'T5—ks) "B\ T5) =8
For j =1,...,k there exists a Cantor set C} with

Y(C;) 2 7a(Ci) — 4.
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Thus by Theorem 3.1.3

log 2
di Ci+---+Cp) > .
mH( 1+ + k)_log(l'*'s—lka)

Using (7.1) and the fact that C; C C; for 1 < j < k we have

. log 2
dim g (C .ol D> ——— —,
#(C1 + +Ck)_log(1+§) €

and upon letting e tend to zero we establish the required result.

While use of the asympotic thickness will often give a better result, there are

many cases where there will not be much improvement over use of ordinary thick-

ness. Consider the Cantor set C = C({1,2,3,4,10}). We have

7(C) =0.0717 and 74(C) = 0.07247

However C(Ly) = C({1,2,3,4}) C C and 7(C(L4)) = 1.300..., so C contains a
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set of large thickness. We define the mazimal thickness and normalized mazimal

thickness of a Cantor set C to be

7(C) = sup 7(C’) and u(C) = ™™m(C)
c'ce

™(C) +1

respectively, where the supremum is taken over all Cantor sets C’ contained in C.

Note that for any Cantor set C we have
7(C) < 1a(C) < ™4(C).

We have the following results.
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Lemma 7.1.2 If C is a Cantor set then

log 2

dma(C) 2 log (2 + ,—,;;l(—c-)-) .

Proof. For any ¢ in the range 0 < € < 7p(C) there exists a Cantor set C' C C
such that 7(C’) > 74(C) — ¢. By Lemma 2.3.2 we have

dimg(C) 2 dimg(C’) 2

and the lemma follows upon letting € tend to infinity.

Theorem 7.1.3 Let Cy,...,Ci be Cantor sets. If
™M(C1) + -+ + 1a(Cie) > 1

then C, + «+++ Ci contains an interval. Otherwise
log 2

dimg(Cy +-+-+ Cp) > - ‘
log (1 + G )+‘--+1M(Cu))

Proof. The proof of Theorem 7.1.3 is similar to that of Theorem 7.1.1, with max-
imal thickness and normalized maximal thickness replacing asymptotic thickness
and normalized asymptotic thickness respectively.
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7.2 Another Technique

If C; and C, have small maximal thicknesses (i.e., Tar(C1)Tar(C2) < 1) then it
may still be possible to prove that C, + C; contains an interval. We will examine
three such cases, motivated by the examples of C(L¢) + C(L,), C(Ls) + C(L;) and
C(L3) + C(L3) respectively. The techniques used were inspired in part by work
of Hanno Schecker [14] who first proved that C(L;) + C(L3) contains an interval.
Schecker made the following definitions. Put

6= (-1’—2>v n=(1,3)
and for any positive integer n define

6/2 if nis even, n/3 if nis even,
0, = and 75, =

6 otherwise, n  otherwise.

Note that §/2 = (2,1) and n/3 = (3,1). We also define B by

B={(a;)5_,; hhk€Zand1<a;<3for —h<i<k}

t=-h?

For any tuple A = (a_p,...,ax) € B we define the T-interval I(A) to be the closed
interval with lower endpoint

min{(a-1,...,8-n +11) +(a1,..., 8 + 0&),(a-1,...,6-a + bn) +(a1,..., 3 + M) }
and upper endpoint
max{(a—h seey a-h+"h+1)+(ab ey ak+0k+1)’ (a—ls ceey a-—h+0h+l)+(als ceey ak+'"¢+l)}'

We also define the T-ratio of A, v(A), to be

(31,...,8+m) —(a1,...,8c + M)

v(A) = .
( ) (a-l,—»-,a—h'i‘fll)“(6—1,-—-,3-h+’h>
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We say that the T-interval I(A) is valid if

h>2 or a_; 22, k>2 or a 22

and
5 17
— < < —.
7 SvA) S 3

Let B = (b-p,...,bwr) € B. Then we say that I(B) is a successor of I(A) if

k' >k, h' > h, h+k'>h+k
and

b; =a; for i = —h,...,k.

Schecker established the following result.
Theorem 7.2.1 Every vaelid T-interval is covered by its valid successors.

Proof. See [14, Lemma 1].

By induction we have the following corollary.
Theorem 7.2.2 Every valid T-interval is contained in C(3) + C(3).

Proof. See (14, Theorem 1].
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Before we proceed to our results we must introduce additional notation. Let
C be a Cantor set derived from [ and let n be an integer greater than one. We
may define an n-ary tree D" as follows. Let the root of D" be the closed interval
I. Suppose that A is a vertex of D" already defined but without sub-vertices. Let

0%,...,0%7! ben — 1 gaps occurring in C' N A and write
A=A'UOiuAdlu...u0ytu4a”

where Al,..., A" are closed intervals. We let the sub-vertices of A be the intervals
Al,... A" and continue defining D" recursively. Let the length of a word w be
denoted by |w|. If

then we say that D" is an n-ary derivation of C from I, and that C is derived from
I by D™. The vertices of D" are also called bridges of the derivation. We say that
D" is ordered if for any bridge A of D" and any j with 1 < j < n, O’A is a gap of
maximal size in (A7 UQ% U.--UA")NC.

For example, if C = C(L,) then one ordered n-ary derivation of C is the n-ary
tree D"(L,) defined by setting

I=1I(Ly) = [(= 1), (T,m)
and %" =([[(dy,...,d;, 7, 1),(d1, ..., de, T,m)]]

for any positive integer ¢ and integers d,,...,d; between 1 and n. Note that the

gaps in the derivation are of the form

O;dlmdg = (((dl’ v 1d¢7j:11_"')1 (dla .- ~ad¢:j + lvm))
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For sets of real numbers X and Y we write X <Y (X > Y) if for every z € X
and y €Y,z <y (z > y). Assume henceforth that in the derivation D" we have,
for all bridges A of D",

Al<A2< ... <A™ or Al> A%’>...> A"

Then we may construct a normal binary derivation D™ of C by using D" . Let
the root of D™ be B = I, where [ is the root of D". We define D™’ recursively as
follows. If, for a binary word v we have that the interval B" is a bridge of D™, say
BY = A", then we put

BW = A", B = A"y 0% U---U A",
BulO = sz Buu = Awa U---U Aum1
)
Bullmm - Aw(n-l) Bull---ll = A"

It is easy to see that the tree D™ so constructed will be a derivation for C in the
traditional sense. For example, if D*(L,) is as defined above then D"(L,)’ will be
the derivation D(L,) defined in (2.2).

Note that if n = 2 then the trees D" and D™ will be identical. If n =2 and A
is a bridge of D" then we often denote O simply by Oj,.

It may be the case that in the derivation D™ all local thicknesses are large

except for those where the ratio is of the form

[Bvll-"lll

o7
In such a situation we would hope that if we could in some sense “ignore” the bridges
of the form Bv!*!! then we could use the fact that the other local thicknesses are
large to show that C + C contains an interval. This concept was used by Schecker
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[14] and motivates our next definition. If A is a bridge of D" then we define A4 to
be

A= D

DeM
where M is the set of closed intervals D such that

ky
A=J@amvogiubu U(o;:} U A“'”)

t=1 e=1
for some k;,k; € Z* and words w; and u; with A¥" < D < A%" for 1 <1 < Kk
and 1 < j < k;. Equivalently, we form A from A by stripping off from both sides of
A as many intervals of the form O%.! A" as possible. For example, if A is a bridge
of D*(L,), say

= (ah <y By m (ala -5 Gy ﬁ)]]

then
Z= [[(al""7at’n- 111})(011“"‘yat117n'— 1 ]].

We define AZ and A® to be the two half-open intervals with
A=A"UAUAR and A~C AR
and fort =1,...,n — 1 put
0L =XUuo4uY

where

AR if A% < AR < 0Y or A* > A% > 0,
X =
AL otherwise.
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and
AltF1R if AGHIE < ACTIR 0 or AL 5 AG+DR 5 Ot |
Y =
Alt+1L otherwise.
Additionally, for 1 < s, < n with s # t we put
AA'=A"UO4U---UA" and A*A'=A"UO3U-.-UAL

Hence, for example,

A=A*UATUO L UATY...UOT 2 UA™TU AR
If O% is a gap in C(L,), say
Oi = (((ah'“yahkvlﬂp—n)’(alw ooy Gy kym))

then
O—ﬁ= (((al,...ya’tykvlan_ 1)’(“11’“7“!!"’"‘_ 1’1)))

Let C, and C; be Cantor sets derived by D} and D7 from I; and I, respectively.
Assume that for every interval J C I4, if O, is the largest gap in C; N J then
|O1| = sup |O|, where the supremum is taken over all gaps O contained in C; N J.
If D} is ordered and has this property then we say that Dp is B-ordered. Let J;
and J; be closed intervals of the form A*A* contained in I; and I, respectively. We
say that J; and J; are B-compatible, denoted J; = J,, if

|1l > |0s] and |J3] > {O4]
where O; and O, are the largest gaps in C; N J; and C; N J; respectively.
If I = I(Ls) = [(3,1),(1,3)] then in Shecker’s notation we have

I(A) = (Jo-1=a-n 4 %) U(m.{. [o-1a-n),
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7.3 F(6)+ F(2)

Although it follows from Theorem 7.4.3 that F(6) & F(2) = R, it is instructive
to examine an independent proof that F(6) £ F(2) contains an interval, since the
proof is much simpler than the proof of Theorem 7.4.3. Thus the main ideas behind

the proof will be more obvious. We have the following general theorem.

Theorem 7.3.1 Let C; and C; be Cantor sets with derivations D} and D3 respec-
tively. Assume that D} is B-ordered and D3 is ordered. Let I, and I; be the roots
of D} and D3 respectively, and assume that I, = I, and for every bridge A of D}
and B of D3

|AT| > (A% > ... > A%, |0%| 2 0%] >--- 2|05, (7.2)
|B'| > |B? and |Og|> |Op| (7.3)
Assume further that
n-1 An
et (7.4
4% |B3
—_— e — , 7.5
0372 108:] = (79
|4~1| |BY|
= _ . "> 7.6
05| 1051 2 (7o)
|4¥|
o T(Cy) 21 (7.7)
A

fork=1,...,n—2 and
AT

oa 7(C:) 21 (7.8)

fork=1,...,n=3. Then

L+LC(LNG)+(LNGC,).
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Proof. Let A and B be bridges of D} and D? respectively. Let k& be an integer
in the range 1 < k < n — 2, and assume that A*A"-! ~ B. We will show that
A*An~1 4 B can be covered by a union of intervals of the form

AwtAw(n-1) 4 Bv (7.9)

where either ¢ > k or w # 0 or v # 0, and A¥tAv(n~1) ~ BY. By repeating this
process we can cover AkA"~! + B by intervals of the form (7.9) where either v # 0
or 04| < |B? < |B!|. In this case if v = @ then it follows that

T~ g, AT x B
and
AvtAu(n-1) L B = (Athw(n—l) + Bl) U (Athw(n-l) + Bz)

Hence it is possible to cover A*A™~1 + B by intervals of the form (7.9) where v # 0.
Similar to the above argument we may repeat this process and cover A*A*~1+B by a
union of intervals of the form (7.9) where v # @ and either w # 0 or |Op.| < [A™7|.
If w =@ then

AT~ B

fort<r<n-1,and
AtA"-1 4+ B = (A*+ B*)U---U (AT + BY).

Therefore it is possible to cover A*A™~1+ B by a union of intervals of the form (7.9)
where w # 0 and v # 0. Therefore by induction on min{|w|, [v|} we may cover
A*A™-T 4 B by intervals of the form (7.9) where w and v are as long as desired.
By letting min{|w|, [v|} tend to infinity we have

AkAn-t 4 B CCi+0C,.
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Since I) = I’} ! and T; = I, it will then follow that

T;+Ing]_+Cz

Let A and B be bridges of D} and D? and assume that & is an integer with
1 <k<n-2and A*A*! ~ B. We must cover A*¥A™! + B by a union of
intervals of the form (7.9), as described above. Assume without loss of generality
that A! < A%. We identify two different situations.

Situation 1: 1 <k<n-3
Case 1: |B?| > |0
Since |B}| > | B?| we have

AkAn~1~ B! and AkA~-1x B?
and since A*A"-1 ~ B we know that A*A"-1 4 B! overlaps A*A"-1+4 B2, Therefore
AFA™T + B = (A*A™1 + B') U (A* A" + B?).
Case 2: |B?| < |0%]
By (7.7) and (7.8) we have
|A*| > |Op| and |AFTA1| > |Op|
hence
AFAn-T 1 B = (A% + B) U (A*14"-1 4 B)
with
A*~B and AFIA~TxB.
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Situation 2: k=n -2
Case 1: |B?| > |0%7?|
As before we find that

ZTAT 4 B = (A 74 + BY) U (74 + BY)

with A"-2A"1 = B! and A"—?A™1 ~ B2,

Case 2: |A™!] > |Op|
In this case it follows that

Ar-14n-1 4 B = (A"7 4 B)U (A™! + B)

where A"-% = B and A™! ~ B.

Case 3: |B?| < |0%7?| and |[4A"~1| < |Op]|
By (7.4), (7.7) and (7.5) we have

|A"-1A"| > [A"-3| > |Og| and |A™1| > |A®| > |Op:| > |Ops) (7.10)

By (7.6) and (7.7) we find that

|B'>1037%1 2 1037"| and |B*| > [O%anl-
Therefore with (7.10) we have
A-TxB, A~A-TxB) A"xB' and A™T= B2
Now if B2 < B! then
A™An-1 4 B = (A™? + B) U (A~7A™1 + BY)
while if B! < B? then

A2A"-1 4 B C (A2 + B)U (A" 2A"T + B')U (A" + B') U (A~ + B?).
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Notice that if B! < B? then A®~2A"-! 4+ B! intersects A™ + B, since |B!| > |05,

while A" + B! intersects A" + B2, since

|A-1A"| > |0p| and |B| > |07+ [A%].

Theorem 7.3.1 follows by induction, as described at the beginning of the proof.

O

Corollary 7.3.2 Let I, and I, be bridges of D®(Le) and D?(L,) respectively, with
Iy & {I(Le), I(Le)'}, I, ¢ {I(L2), I(Ls)'}
If T, = I, then

L+LC(LNF@6)+(LNF2) and T,— L C(LNF(6) - (LNF(2).

Proof. Let A = I(Lg)" be a bridge of D°(Lg) and let B = £I(L,)" be a bridge
of either D*(L;) or —D?*(L3). Assume that

wég{0,1} and »¢ {01}

Let w=a;:--a, and v =b;---b,. Then

1 7 1 3

75(“?)"*1“1)$§ and 55(601"'1b1)sz
Note that by Lemma 2.1.3 we have

=T —_—

|41 = ([k,1,4]+ 7/8)([k,4,1] + 7/8)
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for1<k<n-1. Also

Oil  (k+2,%1]+7/8)([k+1,1.4] +7/8)
Foﬁ“I 2 (k+1,4,1) + 7/8)([k, 1,4) + 7/8) >1 (7.12)
for 1 < k <n -2, and (7.2) follows. Also
|BY| > ([2,1,2] + 3/4)((2,2,1) + 3/4) o1 (1.13)

1B?] = ([1,T,2] + 3/4)([1,2, 1] + 3/4)

and

10511 . ([2,2,57) +3/4)(2,1, T2 +3/4)

0521 = ([1,2,2,1] + 3/4)([1, 1,1, 2] + 3/4) (7.14)

8o (7.3) holds.

By an approach similar to that used in Section 4.1 we must determine quantities
of the form
=S%f5v fr(91, 92, 93,94, Q) (7.15)

where
(1 —92) (93 +Q)ga+Q)

(95 —94) (1 +Q)(92+Q)
and z,y, 1, 92, 93 and g, are certain positive real numbers. Now if g;/g, and g4/g2

are both greater than one or both less than one then the infimum in (7.15) clearly

&(ghgh 93, 94 Q) =

occurs at either z or y. Otherwise, from calculus we see that fr(g,, g2, 9s,94, @),
considered as a function of @), will have a critical point at Q if

0=aQ*+8Q +¢

where

a=gy+9g:—9gs—g, b=2g19:—29sg« and c=(gs+94)9192 — (91 + 92)9304.
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Thus if @ = 0 the critical point is @ = —c/b, while if a # 0 then the critical points

are

—b+ v/b? — 4ac and —b— /b2 — 4ac
2a 2a

if b2 — 4ac > 0. Therefore to determine (7.15) we calculate fr(g, g2, g3, 94, @) at the

above critical points and at z and y.

We have
|AS AS|
¥ > £([6,1,5),[5,5,1),[4,1,5), (4,5,1),1/7) > 1.428, (7.16)
@> 4°] > fr([6,1,5),[6,5,1),[5,5,1],(4,1,5],1/7) > 1.296
_4 — _4' -— t e | b ] L ] ? t Bt | * b B | b} . b
|04l — 104
I%—I > fr([5,1,5),[1,5,1),{2,5,1],[1,1,5],1/7) > 8.672, (7.17)
A
k4l AS 4 A5
A A 5 55, T8, 50,450, 3, T8, 1/7) > 3542 (7.18)
|04 [ZA
for k=1,2,3, and
|4¥ 49|
o > = >fr([4,1,5),(4,5,1],[5,5,1],(4,1,5],7/8) > 2.584  (7.19)
|04l ~ 104l — |
for 1 <k<4. Also
|‘§ II >([2,1,2),(2,2,1),1,1,1,2],(1,2,2,1],1/3) > 0.9593
B!
and
|BY|
10 > £r((1,1,2],(1,2,1),{2,2,1],1,1,2], 3/4) > 0.8501.
B
Therefore
|4% |B? 148 1BY
== >1.24 and > 1.10. 7.20
03] 10a1] 1051 1031 (720)
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Further

(BN C(Ly)) = £([2,T,2), [2, 20, [2,2,1), [1, T,2), 1/3) > 0.3890

so that
(BN C(Ly))™" < 2.571. (7.21)

Corollary 7.3.2 follows from (7.11), (7.12), (7.13), (7.14), (7.16), (7.20), (7.21),
(7.17), (7.18), (7.19) and Theorem 7.3.1.

7.4 F(5)+F(2)

There will be three main differences between the proof we will use to establish that
F(5) £ F(2) = R and the proof of Theorem 7.3.1. Let A and B be bridges of D(Ls)
and D(L;) respectively, with A =~ B. In our proof we will differentiate between
the case where A' < A? and B! < B? (or A' > A? and B' > B?) and that where
A! < A? and B! > B? (or A! > A? and B! < B?). We will also have to occasionally
descend more than one level at a time in our derivations, using sums of the form
AY + B* where either |w| > 1 or |u| > 1. Finally, we will occasionally “backtrack”,
as in (7.24).

Let J1 = [z1,11] and J; = [z3,¥2] be intervals. We say that J, is almost linked
to J; if z2 < y;. Notice that if J; and J; overlap then J; is almost linked to J;.
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Lemma 7.4.1 Let n € Z*, and for 1 < t < n let J, = [z¢,y:] be a non-trivial
interval. Assume that z, < y, and that J, is almost linked to Jyyy for1 <t <mn-—1.
then

[zla yﬂ] g.:. U Jt~

t=1

Proof. See [14, Hilfssatz 1].

a

Lemma 7.4.2 Let I, and I; be two bridges of D*(Ls) and D?*(L3) respectively, with
5L ¢ {I(Ls), I(Ls)'}, I & {I(La),I(La)"}
and I, = I;. Then

L+ L C(hNF(5)+(LNFQ2) end Ti-LC(LNF(5) - (LNF(2)

Proof. Let A and B be bridges of D(Ls)® and +D(L,)? respectively, with
A ¢ {I(Ls),I(Ls)'} and B & {£I(Ls),=I(Ls)'}.

As in the proof of Theorem 7.3.1 we will use induction over min{|w|, |v{} to prove
that for 1 < k < 3, if A*A* =~ B then for any n > 0, A*A* + B can be covered by
a finite union of intervals of the form

Av*Av4 + BY
where min{|w|, |v|} > n. Thus by letting n tend to infinity we have

AFA* + B C (A*A*NF(5)) + (BN F(2)



CHAPTER 7. CANTOR SETS WITH SMALL THICKNESS 101

or
AFAS 4+ B C (AFA'N F(5)) + (BN (—F(2)))

as required.

Let A and B be bridges of D%(Ls) and +£D?(L,) respectively with

A ¢ {I(Ls),I(Ls)'} and B¢ {£I(Ls),£I(Ls)'}.
and let k be an integer with 1 < k < 3 and AFA* ~ B. Note first that
47| > 47| > oo > (&,  |04] >[04 >+ >[04
and
|B*| > |B?].

We must show that A*A* + B can be covered by a union of intervals of the form
AvtAw4 4 BY where either ¢t > k or w # 0 or v # 0, and A“A»4 ~ BY,

The rationale followed when determining the covering intervals is simple. In
many cases it was found that one could cover A*A* + B if intervals of the form
A" + B® were used, but not if they were replaced with those of the form A" + B".
To make up the difference we add to the union intervals of the form A*S 4+ B,
To maintain B-compatibility it is usually necessary to have u # 0. This of course
makes it difficult to ensure that A¥ + B is almost linked to A*3 + B*",

We may assume without loss of generality that A' < A%. We first examine the
case when B! < B?. We identify two situations.
Situation 1: k=1lork =2
Case 1: |B?| > |O%|
Then A*A* ~ B? and A*A* =~ B! since |B'| > |B?|. Also,

AFA% + B = (A*A* + B') U (A*A* + B).
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Case 2: |B?| < |O%]|

If k = 1 then |A*+1A%| > |Op| by (A.6) so A**1A% ~ B. If k = 2 then define w
and v by letting A = I(Ls)¥ and B = £I(L;)*. If v # (1 2) then by (A.7) we have
|A**TA%| > |Op|. Otherwise v = (1 2). We find by calculation that if w # (2) and
w # (1 1) then |O%] < | B?, a contradiction, whence either w = (2) or w = (1 1),

In both of these cases we have
|A3A%| > 0.02 > |Op|

and thus if k = 2 we have |A*+1 44| > |Op|, and so AF+1A* = B.

Case 2(a): |A*| > |O5|
In this case A* ~ B and

A*A% + B = (A* + B) U (A**1A% + B).

Case 2(b): |A¥| < |O3|
We have that |B!| > |O%| by (A.5), thus AFA% ~ B! and

AkA% + B = (A*A* + B') U (A*+1 4% + B).

Situation 2: k=3
Case 1: |B7| > (%]
In this case A3A% =~ B!, A3A* ~ B? and

ASAS + B = (AAT + B') U (4347 + B).

Case 2: |A%| > |Op|
Then A3~ B, A*~ B and

A’A'+ B=(A*+ B)U(A* + B).
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Case 3: |B?| < 03| and |A% < |O5]
We have

|A%A%| > (08|,  |A%| > |Ops| and |AS| > |Opu| (7.22)
by (A.8), (A.12) and (A.11). Also,
|B' > |05] and |B?| > |0 (7.23)
by (A.16) and (A.17) respectively. By (7.22) and (7.23) it follows that
_ A%A%*~ B* and A*=~ B>
Case 3(a): [ &) > |03
Then since |B'| > [0%| > [O%s| we have A° ~ B*. Since |B'| > |0%] > |0%] we

know that A3A* + B! is almost linked to A% + B!. Also AS + B! is almost linked
to A€ + B2, as |A%A5| > |Op|. Thus

ASA% 4+ B C (ASA%+ B') U (A% + BY) U (A* + BY)

by Lemma 7.4.1.

Case 3(b): |A%| < |Op:|
In this case |B'!| > |0%] > IO—}‘,—[ by (A.18). With (7.22) we have

AS ~ B11,

Also, since |BY| > |0%| we know that A3A% + B! is almost linked to A% + B!,
Similar to the above we find that A% + B!! is almost linked to A* + B2, since
|A%A%} > |Op|. Therefore

ASA* + B C (A%A* + B') U (A® + B*) U (A* + B?Y)

by Lemma 7.4.1.
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We now assume that B! > B?. Cases 1 and 2(a) of Situation 1 may be handled
in the same way as for B! < B2. Also, the proofs for Case 1 and Case 2 of Situation
2 are the same as in the case where B! < B?. Thus it suffices to examine Situation

1, Case 2(b) and Situation 2, Case 3.

Situation 1t k=lork =2
Case 2(b): |B?| < |0%| and |4*| < |Os|

As in the case where B! < B? we have
A1 44 ~ B and A*At =~ B!.

Also |B?| > |0%,] and |Ops| < |B?| < [0%] < |A*| by (A.5) and (A.4), whence
A* ~ B*. Further, |[A¥| > |Opia| and [B?| > |O4,] by (A.20) and (A.21), s0
AFS 2 B12 and A5 + B2 j5 almost linked to A*A% + B!.

Assume that k = 1. Then |A}] — |A}] — |A¥E] > |Op| by (A.22), so AT + B?
is almost linked to A™ + B2, Therefore by Lemma 7.4.1

ATA% + B C (AT + B*) U (A™ + B'1?) y (AT1A* + BY).

Assume next that k = 2. By (A.24) we have
|4 — |A%| - |A®5| > |05| or |B'| > |0} + [A™] +|APE|.
If |A?| - |A%L| — |A®E| > |Op| then A% + B? is almost linked to A% + B'? 50
AZA* + B C (A% + B*) U (A% + BM?) u (A%A* + BY)

by Lemma 7.4.1. Otherwise |B*| > [O%| + |AM| + |A%L| s0 AT + B is almost linked
to A% + B2, Now |Al| > |Op| and |B| > IO_};[ by (A.27), hence AT =~ B and

A?A% + B C (A? + B*) U (AT + B)U (A% + B'?) U (A%A* + BY)
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by Lemma 7.4.1.
Situation 2: k =3
Case 3: |B?| < |03| and |A%| < |O5|
Then |A%| > |Ops| and |B?| > |[OL;| by (A.19) and (A.31), whence A3 ~ B2. Also,
|B}| > |03 by (A.16), so ASA* =~ B.
Case 3(a): |43 > |O5|
In this case
A®A* + B C (A% + B) U (A%A* + BY)
where A® = B and A%A% =~ B
Case 3(b): |43) < |O5|
Then |B!| > |0%] by (A.32), so AZA% ~ B!. Since |Op| < |A®A%| < |A2A3| we have

ASA* 4+ B C (A3 + B?) U (A%A% + BY). (7.24)

The lemma follows by induction on the level of the bridges used in the sums, as

described at the beginning of the proof.

Theorem 7.4.3

F(5)+F(2)=R and F(5)-F(2)=R.
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Proof. Let I} and [, be the roots of D%(Ls) and D?(L;) respectively. Note that

77 =0.099..., || =0.050...
|'0§| =0.015..., [Ohal=0.007...
I?|=0.099..., |I?]=0.050...
) — ) =
0,1 =0.015..., |O|=0.007...

Also

\I3| = 0.056... , |I}|=0.056...,

|05 =0.024..., |Om|=0024..., |Opa|=0012...

Therefore
B~ T~
=5 M=,
M1, TPw IR,
M=n* B=IL,
F~p, TRxI
and

)

1153 = 0.030. ..
IO}lnl - 0.004 .
|I3| = 0.030...

|o_}‘.| =0.004..
|33 = 0.029...

I
e

12
4L

u-':l "'.:I

It = 12

~ I3,
~ I7,
~ 12,
~ I,

~ I},

. |IM=0.02...,
., |6§;|=0.003... ,
. |I¥=0.020...,
Cy |5;;|=0.003..

, |13 =0.0219...,
) |0@:|=0.009... .
=1,

11 11
L'= 15",
IS~ 32,
I~ It

T3~ 12
B=1I
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Now

I+ I3 = [0.537...,0.580...], T8+ I? = [0.573...,0.660...],

I3+ 12 =[0.627...,0.734...], 74 12 =[0.719...,0.875. ..
P+ 13 =[0.874...,0924...), IT4+1I}=[0.912...,1.069...

T7 432 = [1.249...,1.378...

)

] )

] ]
I 4 I3 =[1.054...,1.161...], I+ I} =[1124...,1.280...],

, TB+IM=[1339...,1426...]

J ]

1?4 12 =[1.391...,1470...], IB+1I}*=[1465...,1524...

and

T 4 )2 =[1.510...,1.560...].

hence by Lemma 7.4.2 we have
(0.538,1.560] C F(5) + F(2)
so F(5) + F(2) = R. Further,

IF - }*=[-0560...,-0.510...), I&—I}*=[-0525...,-0.465...],
B -I2=[-0470...,-0.391...], I§—I}=[-0426...,-0.339...],
F-1*=[-0378...,-0249...], I*-IM= (~0.280...,—0.124...],
I — % =[-0.185...,-0.056...], I — I} =[-0.087...,0.069...],
I — [} = [0.054...,0.161...], IM—13=100.124...,0.280...],
7 -1 ={0.265...,0.372...], I3 - 12 =1[0.339...,0426...]

and

M =[0.419...,0.462...].

Therefore by Lemma 7.4.2 we have

[-0.560,0.462] C F(5) — F(2)
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and the theorem follows.

7.5 F(3)+F(3)

The proof that F(3) + F(3) contains an interval will be more complicated than
the proofs in the previous two sections. Heuristically this is to be expected, since
1(Ls)T(L3s) < 7(Ls)T(L3). However, we will have an advantage we did not have
before, that since we will be adding together two copies of the same Cantor set we
can use sums of the form B¥ + A" as well as those of the form A* + BY.

When comparing an interval of the form B* + A¥ with one of the form A + B*
the following notation will be useful. If m and n are integers with 1 < m,n < 3
and A is a bridge of D3(L3) we put

TAMAD =z AnAM = A™ U AM A",

We also define

and for k=1or k =2 put
'Ok = 05 UAMIR and OF' = A U 0.
Lemma 7.5.1 Let I, and I be two bridges of D3(Ls), with

L, I ¢ {I(Ls), I(Ls)"}



CHAPTER 7. CANTOR SETS WITH SMALL THICKNESS 109

and I ~ I,. Then

L+ LC(LNF@)+(I:NF3)) end L - L C(LNF(3)) - (LNF(@3)).

Proof. Our proof will be similar to those of Theorem 7.3.1 and Lemma 7.4.2.
Let A be a bridge of D*(L3) and B be bridges of £D3(L,) with A, B # +I(Ls)
and A, B # +£1I(L3)}, and let k = 1 or k = 2. We will show that if A ~ B*B® then
‘A + B*B® may be covered by a union of intervals, where each interval is either of

the form

Av + B*tB" (7.25)
where A¥ ~ B"*B" and either ¢t > k or w # 0 or v # 0, or of the form

BY 4+ AT A" (7.26)

where BY ~ A""A“* and r = 1 or r = 2, and either w # @ or v # 0. As in the
proofs of Theorem 7.3.1 and Lemma 7.4.2 it follows that we can cover A + B*B3 by
intervals of the form (7.25) or (7.26) where min{|w|, |v|} is arbitrarily large. Thus

A+ B*B® C (AN F(3)) + (B*B*n F(3))

if B C R*, while
A+ B*B® C (AN F(3))+(B*B*n (-F(3)))

if B C R~, and the lemma follows.

Let A and B be bridges of +D%(L3) with A, B # +I(Ls) and A, B # I(L3)!,
and assume that k = 1 or k = 2, and that A = B*B®. We must cover A + B*B3
by a union of intervals of the form (7.25) or (7.26) where ¢t > k or w # @ or
v # 0. Without loss of generality we may assume that A < A%. Assume first that
B* < B2
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Situation 1: k=1
Case 1: min{|B!|,|B*B%|} > |0}|
Then A= B!, A~ B?*B® and

A+B=(A+B)YU(A+ B*B.
Case 2: |A?| > |O}]
Since |A?| > |A?| we know that AT = B, A? ~ B and
A+ B=(A'"+B)U(A?+ B).

Case 3: min{|B!|,|B*B%|} < |0}| and |A?| < |0}]
In this case |AT| > |0}/, min{|A!],|A2A4%} > |OL]|, |A?| > |0%], and |B| > |O}] by
(B.12), (B.13), (B.14) and (B.15). Further,

0%l < 147 < |0}| < |B*B.
Since |B| > |0%| we know that |B| > |0Y;| and |B| > |0%|. Therefore
A'~B, B=~A', B=xA'A, Alx BB

and
A+BC(A*+B)U(B+AY)U(B+ A%A%) U (A2 + B*BY).
Note that B + A! is almost linked to B + A2A® since |B| > |0}].

Situation 2: k£ =2
Case 1: |B?| > [0}
Then

A= B? (7.27)
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and
1B?| > |04, |B*| > [0%l,
|B*| > [0%| and [B*3| > O]
by (B.18), (B.33), (B.31) and (B.32).

Case 1(a): |B% > |0}
Then A ~ B? A= B® and

A+ B*B*=(A+B*)U(A+ B%.

Case 1(b): |ATA%| > |0%] and |B%| < |O}]
Then

|A’A°| > |OF|
by (B.18), and
47| > O}
by (B.33). Thus

Ax~B? B’z A’A® and A’x B°®

111

(7.28)
(7.29)

(7.30)

(7.31)

by (7.27), (7.28), (7.30) and (7.31). Also B? + A?A® is almost linked to A? + B®

since |A2A%'] > |0} |. Thus

A+ B*B*=(A+ B*) U (B?+ A’A*)U (A7 + B®).

Case 1(c): [A?A% < |0%] and |B?| < |O}]
In this case

5% > 04

(7.32)
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by (B.17). Also
|AZ| > [Oks|, |43 > |Ofu| and [A®2A%3| > |OL,.,| (7.33)
by (B.33), (B.31) and (B.32). Thus
Ax~B? Blz=A, A*=xB*¥, B AN apd ATx B

by (7.27), (7.32), (7.29), (7.33) and (7.28).
Case 1(c)(i): |A2A4%] > |0}] + |B¥34|
Then B31 + 43124313 j5 almost linked to A2 + B3, so

A+ B*B*C (A+ B*) U (B?+ A)U (A + B®) U (B3 + A324%%) U (A% + B).

Case 1(c)(ii): |A?A3| < |0}| + | B3'3L|
Say A= +I(Ls)* and B = I(Ls)". Assume first that w = (1 3). If v # (1 1) and
v # (2) then by calculation we have

0% < |A2A3]|.
Further, if v = (1 1) or v = (2) then
|B% > 0.008 > |0}].

However we know that

|A?A%Y < |0%'| and |B®| < |0}

hence we must have w # (1 3). Therefore |[B¥| > |0%,] > |0%;s]| by (B.16),
|AB| > |0%s| by (B.42), [B3| > |0%:| by (B.43) and |A}| > [0, by (B.43).
Therefore

B3x A' and AB =~ B®.
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Now B2+ A is almost linked to B3+ A!, since |4| > |03%]. Also |B?'| > |04 ]+| A%
by (B.44), so B3 + A! is almost linked to A + B*. Finally, A® + B% is almost
linked to A% + B, as |B%| > |0%,|. Therefore

A+ B*B*=(A+ B*)U(B?*+ A)U(B® + AY) U (A% + B®) U (A? + BY).

Case 2: |B?| < |0}]
We have |AT| > |0%| by (B.48), hence

Al ~ B*B°,
Case 2(a): [#7] > |03
Then A? ~ B?B3 and

A+ B*B® = (Al + B*B%) U (42 + B*B®).

Case 2(b): |4?] < |0}]
Then

|47 > |O}s| and |B®|> [0 (7.34)
by (B.63),

|4%| > |O}s| and |B?| > [O%]
by (B.62) and (7.34), since |B?| > | B3|, and

|A% > |0%.| and |B?| > |0}
by (B.48) and (B.64). Therefore

A7 =~ B®, A7~ B? and A®=x B2
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Also, |b—i-|| < |B?'| by (B.65), so A? + B? intersects B? + A°. Similarly ]@I <

|AZA%"| so B? + A® intersects A? + B3 Hence we have

A+ B*B® = (A'+ B*B*)U (A% + B*)U (B? + A®) U (A% + B®).

We now assume that B! > B2. Cases 1 and 2 of Situation 1 may be dealt with
in the same manner as those where B! < B?, so it suffices to examine Situation 1,

Case 3 and Situation 2.

Situation 1: k=1
Case 3: min{|B*|,|B?B%|} < |0%| and |A?| < |0}

As in Situation 1 we have
Al~B  B=A' and B=x A*A%

Also,
|4%] > |0%:| and |B| > |0}| > [47| > |O%;]
by (B.81) and (B.2), so

A+BC(AT+B)U(B+A) U (B + A%A%) U (A% + BY).

As before, B + A! is almost linked to B + A2A3 since |B| > |0}].

Situation 2: k=2
Case 1: |B% > [0}
Then A= B? A= B® and

A+B*B*=(A+B%) U(A+ B%.
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Case 2: |A!| > |0}]
In this case AT =~ B®B?. Also we have

|A%| > |Oks|, A% > (0%, 14% >|0OL| and |A4%> |0 (7.35)

by (B.77), (B.78), (B.89) and (B.62).
Case 2(a): [4% > |0}
Then A? ~ B%*B? and
A+ B*B* = (A' + B*B*) U (A? + B*B?).
Note that B3B* = B3B° hence A’ + B3B? and A? + B®B? are both of the form

(7.25). We have used the notation B3B? rather than B?B® to remind the reader
that B® < B2

Case 2(b): |B?| > lal;l
We have A ~ B? and
A+B°B*=(AT+ B*B*)U(A+ BY).

Case 2(c): [A?| < |O%| and |B?| < |O] .
Then |B* > |0%,|, |B?| > |0%,| and |B?| > |0%;] by (B.77), (B.78) and (B.62), so
with (7.35) we have

A?~ B  Bix A® and A3=x B>
Also
|B™| > |O4n| and [B3] > |0%|
by (B.79) and (B.89). Further,

|A%3| > |OLss| and [4% > [OL4] (7.36)
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by (B.90) and (B.89). Therefore
B3~ A®,
Case 2(c)(i): |"A?] > |03} + |(B**?)¥|

Then A? + B® is almost linked to B8 + A%, Also |A%] > 10§nl > |0153;3| by
(B.67) so B33 + A® js almost linked to B? + A%. Thus

A+ B°B® C (A" + B*B*) U (A? + B®) U (B™ + A®) U (B? + A*) U (A% + BY).
Case 2(c)(ii): |"A?| < |OF| + |(B**)¥|
Then [B*| > |03%,,] > |0%:5| by (B.69), so A% + B® is almost linked to A?13+ B33,
and with (7.36) we have A313 ~ B,

Case 2(c)(ii) (A): |[B%] > |0%] + |(A*3)4|
In this case A%13 + B33 is almost linked to B3+ A%. Also |A2A3| > IO";] by (B.90),
80 B° + A? is almost linked to A% + B?*. We have

A+ B*B?= (AT + B*B*) U (A% + B®) U (A™5 + B®) U (B® + A®) U(A? + B?).

Case 2(c)(ii) (B): [B¥| < |0%] +(4*%)*|
Then |A?| - |(A*%)¢| > |0%] +|(B**)%] by (B.70) hence A?™3 4 B3 is almost linked
to BB + A%, Additionally |A%| > [03,,| by (B.71), so as in Case 2(c)(i) we have

B3 ~ A®, Hence

A+B*B? = (A'+B*B*)U(A3+B%)U(A33+ B®)u(B13+ A®)U(B3+ A*)U(A%+B?).
Case 3: |Al| < |0%] and |B%| < [0}

Then [B?| > |0} by (B.12), so 4 =~ B*. Also [4| > [0L,], [B?| > |0}, |4%| >
0%s1, 1B > [0%], |A®| > [O%u| > [O%as| and [B55] > |0y] by (B.107),
(B.104), (B.106) and (B.105), hence

Bi~A, AixB, BWBxAR
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and BT 4+ A' is almost linked to BZ + A. Further, [A?| > |OL,], |B®| > [OL:],
|A%| > |0L,] and |B| > |0%;| by (B.33) and (B.114), so

A~ B® and B®=x A%
Finally
1A113I > lO};uI (737)

by (B.113).

Case 3(a): |"Al| > |0%] + [(B*?)4|
Then A + B? is almost linked to B?%® + A'?, and so

A+ BB*C (AT+ B U (B + A®) U (B? + A) U (4 + B?).

Case 3(b): |'A| < |0} + |(B*3)*|

We have [B¥| > |02,,] > |03,,5| by (B.95), so A1+ B is almost linked to AT13+B%,
Also, with (7.37) we have A113 ~ B®. Finally |B%| > |0} + |(A'®)®] by (B.96),
s0 A3 4 B3 is almost linked to BS + A%. Thus

A+ B*B? = (AT + B*) U (A5 + B®) U (B + A?) U (42 + B*) U (A + BY).

The lemma follows by induction as described at the beginning of the proof.

O

Theorem 7.5.2
F(3)- F(3)=R.
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— —

Proof. Let I =[(3,1),(1,3)]. Then

[T} = 0.056.. . , |123] = 0.029... , T8} = 0.017... ,
0% =0.024..., [0%;]=0.012..., [O%]=0.007...,
|I?| = 0.056... |77} = 0.021... , |72 = 0.009... ,
|OL| = 0.024... |0%,] =0.009..., |O%,|=0.004...,
|I*] =0.083... |1'?] = 0.042... , |I** =0.025... ,
}0}11! - 0.018. ey IO}]:I - 0‘009.. vy lO}uI = 0.005’.. N
[I*| = 0.042... and |O}|=0.009... .
Thus
M T Pax Pl
I3 = 13 T  TOx] and TB=x IR
Also,
I — 711 = [-0.075...,0.064...] " -1 =[0.059:..,0.158...
M -T=[0.135...,0275...] '* -3 =[0.270...,0.370..
' - T3 = [0.342...,0.378 ...] I T = [0.377...,0.425...

1% - =[0.396...,0468...] and I°—I°=[0.464...

]
-]
]
]

,0.524. ..
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(7.38)
(7.39)
(7.40)
(7.41)

(7.42)
(7.43)

(1.44)

(7.45)
(7.46)

(7.47)
(7.48)
(7.49)
(7.50)

Since F(3) — F'(3) is symmetric about zero, the theorem follows from (7.45), (7.46),

(7.47), (1.48), (7.49), (7.50) and Lemma 7.5.1.
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Proof of Theorem 1.0.1. As shown by Divis [6] and Cusick (3] we have

F(3)+ F(3) #R.
Also, Hlavka [10] established that

F(2)+ F(4)#R and F(3)+ F(4) =R.

Using Theorem 1.0.2 we find

F(3)—F4)=R
and from Theorems 7.4.3 and 7.5.2 we have that

F(2) + F(5) = F(2) - F(5) = F(3) — F(3) =R.

Since
I(L;) - I(Ls) € [-0.462...,0.524...]

we know that
F(2)-F(4)#R

and the theorem follows.

With slightly more work we can improve Lemma 7.5.1, describing F(3) + F(3)
completely. We have the following three lemmas.

Lemma 7.5.3 Let A be a bridge of D?(C(Ls)) and let n > 0 be an integer. Put
w=(13)"1. Then

[A*%] > |0%s. | (7.51)

|A%3]| > |A%3]| > |O)aus | (7.52)
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Proof. By Lemma 2.1.3 there exists @} in the range 0 < @ <1 such that

l'g;:l"f'l = (12, 0,3, T3], [2,,3, 5,1, 3,,3,2.T), 3,0, 2, 2}, Q)
Aaw
_ @318 - w3 3D ((BwdZN+QBwIA+Q) ;.
S @i -2l (Zwsli+Qzwsil+Q)
Now

(0.8,T9) - (w,3.57)

(@,3.5.0) — (,2.1.2) = fr([3,1,3],(3,3,1},[3,2,1},[2,1,2], (1, (3, 1)*))

2 &([3?Tt_31 [3’-33—”! [31m1 [2’m’ (m))

= 0.6558... . (7.54)

Further

([3,w,3,2,1] + Q)([3,w,2,1,2] + Q) ([3w3“'1+1 3,w,2,1,2] +1)
(12,w,3,1,3] + Q)([2,w,3,3,1] + Q) “(lzws_‘]+1 2,9,3,3,1] + 1)
([3,1,3,2, 1) +1)([3,1,2,1,2] + 1)
= ([2,1,3,1,3] +1)([2,1,3,3,1] + 1)

=1.570... . (7.55)

Therefore
I A2w3|

|O0%se |
by (7.53), (7.54) and (7.55), and (7.51) follows.

> 1.02

Note that
|A32]
|43 I
so to establish (7.52) it suffices to prove that

fr([2,1,2],(2,2,1),(3,1,2),(3,2,1),1) = 1.644. .. (7.56)
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Now

Adw3
B = (0,3, T, 5,0, 2 ), [2.,3,1, T3, 2.6,3,2.51,Q)
Adw3

(w,3,f,-§) (w,3, 2_1)__ ([2,w,3,1,1,3] + Q)([2,w, 3,2,3,1] + Q)

T (w,3,1,1,3) — (0,3,2,3,1) (33,52 +Q)([3,3,2,1] + Q)
(7.57)

However

(w, 3, 3.—2-) (w, 3,2, 1)
(w,3,1,1,3) — (w,3,2,3,1)

=1((3,1,2},3,2,1],[3,1,1,3},(3,2,3,1], (1,(3, 1))
> f((3,1,2],(3,2,1],(3,1,1,3],(3,2,3,1},(1,3))

=3.075... . (7.58)
Also
(12,w,3,1,1,3] +Q)([2,»,3,2,3,1]+ Q)  (12,1,3,1,1,3] +0)([2,1,3,2,3,1] +0)
(13, w, 3,m + Q)([3, w, 3,211+Q) ~ ({3vm + 0)([3!m +0)
= 0.5367. (7.59)

Thus by (7.57), (7.58) and (7.59) we have

| Adud|
IOAZwS I

By (7.56) and (7.60) we have (7.52), and the lemma follows.

> 1.65. ‘ (7.60)

Lemma 7.5.4 Let I = [(3,1),(1,3)] and assume that A = I" is a bridge of D°(L3)

for some word v. Put

C=ANF@3), C*=A°NF(3) and C®=A2nNF(3).
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Then

C+C=(C*+C)Jll(v,30) + (v,2,13), (v, T3) + (v, 1,2, L3 J(C** + C*)

where the union is disjoint.

Proof. We claim that
[[(v,2.T) + (v,3,1),(v,1,2) + (»,1,3)]] = A+ AC C + C. (7.61)

If A # I' and A # I then (7.61) follows immediately from Lemma 7.5.1. Otherwise
assume first that A = I*. By (7.38), (7.39), (7.42) and (7.43) we have

MM T U8 [y

Also
I 4 ' = [1.135,1.275], 3 4 M = [1.261,1.373],
T 4 '3 = [1.342,1.425), 113 4 ['? = [1.396, 1.468)],
T 4 '3 = [1.464,1.524] and T3 + I'® = [1.468, 1.523].
Therefore

T+ C(I*nF@3))+ (I'nF(3)) (7.62)

and so our claim follows for A = I'. If A = I then by (7.38), (7.39), (7.40), (7.41),
(7.42), (7.43) and (7.44) we have

PP, DP=xI?, MNMxpP, (7.63)
Px~I" and P=IY (7.64)
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Note that 72 =~ I? follows trivially. Further,

T2+ I°=[0.629...,0.728...], TP+ I2=[0.724...,0.864...], (7.65)
TT 4 I° =[0.841...,0.940...], P4+ 1" =[0924...,1.064...], (7.66)
24 1'% =[1.059...,1.158...] and I'+I'=[1.135...,1523...]. (7.67)

Therefore (7.61) holds for A = I, by (7.63), (7.64), (7.65), (7.66), (7.67), (7.62) and

Lemma (7.5.1), and our claim follows.

For n > 0 put w, = (1 3)" 1. Then by Lemma 7.5.3 we have
A%und o ATued fPund ny A2 (7.68)
and
|43 > |03, |- (7.69)
By (7.68) and Lemma 7.5.1
(A%un3 4 A2wnd) | (A3wnl 4 A23) C C 4 C

and by (7.69) we know that A3wn3 4 A2wn3 apd A3wn2 4 A3wn3 gyerlap, hence

Adwn3A3wnz 4 A2und C 0 4 O, (7.70)
Now
Awnd12 C Awad apd A3 C f2wnd
50

Adwnt3 f3uniiZ 4 AMnn3  apd  fIwn343und 4 423 gyerlap, (7.71)

Also
AT

|0%a1 |

2 &([33 1, 3smr [3, 1, 2,m, [21 1, 31@: [29 1, 2yma 0) =118...
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hence |A3134312} > |0?,, | and so
ASTA3T L A3 and A+ A overlap. (7.72)
By (7.61), (7.70), (7.71) and (7.72) we have
[[(»,3,(1,3)",1,3,1,2) + (v,2,1,3), (v,1,2) + (v,1,3)]] S C + C. (7.73)
Since (v,3,1) + (v,2,1,3) € C + C, upon letting n tend to infinity in (7.73) we find
that
(v, 3T) + (v,2,1,3), (v,1,2) + (v, ) S C + C. (7.74)
We may perform the same process using A! instead of A, finding that
((v,1,1,2) + (v,1,1,3),(v,1,3)1) + (v,1,2,1,3)]] CC + C.
With (7.74) we have
[(v,3,1) + (v,2,1,3), (»,1,3) + (»,1,2,1,3)]] S C + C.
Since
A’A' + A*A%, and AVAM® + A
are both contained in
[(v,3,T) + (v, 2,1,3), (v, 1,3) + (v, 1,2,1,3)]]
we know that
Cc+C =(C*+)Jl(v,3,) + (»,2,1,3), (v, I,3) + (v, 1,2, )] | J(C** + C*).

The above union is disjoint since for any bridge B of D*(C(Ls)) we have

12 <8, 13,1350, 8,570, 12.T3,1) = 0889
B

hence |A%| < |03%] and |A'¥] < |O%,|. The lemma follows.
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Corollary 7.5.5 Let I* be a bridge of D*(C(L3)) and put C* = I*N F(3). Then

C* +C* = {2(u,d;,d;,...) ;d; € {1,3} and ifd; = 1 then d;y, = 3, fori > 1}

U ( U [[(u,v,3,1) + (v,v,2,1,3), (u,v,1,3) + (u,v, 1,2,'1,_3)]]) ,

vEM

where M is the set of finite words v = dy - +~d, such thatt > 0, d; € {1,3} for
l1<i<tand ifd, =1 for some k thent > k+ 1 and dpyy = 3. The union is

disjoint.
Proof. Put

R= U [[(uav,m + (u, v, 2,f§), (“a v,i,—3) + (uvvv 1,2, m]]

vEM

and
S = {2(u,dy,d;,...) ;d; € {1,3} and if d; = 1 then d;y; =3, for i > 1}.
Then by repeated application of Lemma 7.5.4 we have
RCcC*+C"

Also we have

Scc +cCt

by the definition of C¥. Let z € C*+ C* and suppose that z € R. Then by Lemma
7.5.4 we have
ze€M4+ I or zel*48B,

Similarly if z € [“hd 4. [udi-dt then

z € I"dl"'d¢3 + Illdl"'dts or Iudl---dgl3 + I‘ldl-"dclii.
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Thus by induction we find that z € S. By the disjointness of the union in Lemma
7.5.4 we have RN S = 0, and the corollary follows.

Proof of Theorem 1.0.11. By Corollary 7.5.5 we have
F3)+ F(3)=(Z+ R)U(Z + S).

Now,

[(3,1) +(2,1,3),(1,3) + (1,2,1,3)] = [0.622...,1.527...].

Further, if [ = [(3,1),(1,3)] then we have

I 4+ 1'% =1.530...,1.582...]
and

I*® 4+ 1% =[0.604...,0612...].
Therefore if z € (1+ I* + I3%) N (F(3) + F(3)) and
z = [ag,61,...] +[0,b1,...]
where ag € Z and a;, b; € {1,2,3} for i > 1 then we must have
g=1 and a =a3=5=5b=3.

Put C% = [*¥ N F(3). Then by Corollary 7.5.5 there are an uncountable number
of points in C3 + C3 that are not in any interval contained in C3* + C%3, and the

theorem follows.
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7.6 F(5)-F(2) and F(3)- F(3)

Given Lemmas 7.4.2 and 7.5.1 one would not be surprised to learn that F'(5) - F(2)
and F(3)-F(3) contain intervals; however it is possible to prove even more, namely

that each contains two infinite rays.

To prove our result we will use the following two lemmas.

Lemma 7.6.1 Let I, and I, be bridges of D" (Ly,) and D'*(L,,) respectively. As-
sume that I} = I and |I;| > 2{-0—};[ Then for n sufficiently large and n < m < 2n,

(n+ ) = (m+ )"

Proof. Choose N such that for n > N,

n-1

—|(n+ 5)"| 22|(n + 0})"| and |(a+T)2|(n+0%)).  (7.75)

Then if n > N and n < m < 2n we have

[(n+ 1) 2 [(n + OL,)"| 2 |(m + OF,)"|. (7.76)

Assume that I; = [a, ]. Then

|(m + I3)*| _ log(m + B) —log(m + a)
l(n+12)*|  log(n +B) —log(n + a)
_log (1+£32)

m+a

" log (1+22)

nd+a

B-a _ 1 .B-_a)’
> m+a 2 \m+a

S =)

n4+a

n+a( lﬂ—a)
= 1-=
+ 2m+a

m
n n—1
m

n
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Therefore, since m < 2n,

n

(m + L) > "=+ L)) 2 [(n + OL)"| (1.77)

2n

by (7.75). The lemma follows from (7.76) and (7.77).

Lemma 7.6.2 Let ay, a3, B, B2 be real numbers with 0 < oy < f; <1 and

0 <az < f; <1. Let & be any number in the range
1-(Bi—a1))—(fr—az)<d< 1. (7.78)
Then for n sufficiently large,
R+bk+l+a)2n—k-1+a)<(n+k+p5)(2n—k+Bs) (7.79)
for k in the range

sz sv<3

Furthermore, for n sufficiently large

(n+1+ la"2—+—1_| +o)(2n+2- I_J“T“J + a)
<(n+ [%j +f1)(2n — L%J +B). (7.80)

Proof. To prove the first part of the theorem we note that (7.79) is equivalent to

n<n(fr—az+2(fi—a))+kQ2+P—c2+ a1 —B1)+ (7.81)
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for some constant ¢;. However

on

>k> —
- T 2

n|d

+c2
for some constant c;, whence there exists c3 such that (7.81) holds if
3
n< R(J + ﬂg —ag + E(ﬂl - a;)) +c3 (782)

However by (7.78) we know that (7.82) holds for n sufficiently large and our result

follow.

To prove the second part of the lemma we note that

n+1 n+1l n n
[" 2 J"“ e wd [7]=7+a

for some constants ¢, and cs. Hence (7.80) is equivalent to

3 s 4 9,
n 2+-2-—--4— +cen +cr < 2n +cgn + cp

for some constants cg, ¢z, cs and cp, or alternatively

1 & &
cion +c¢11 < n? (Z - .2. + .I) ' (7.83)

for some constants ¢;o and c;;. But

1 & & (& 1\?
Z"'2'+'Z"(§""2') >0

since 4 < 1, and so (7.83) holds for n sufficiently large, and the lemma follows.

0O

Proof of Theorem 1.0.12. Let

Is= [(la 1,1, 5)’ (11 L5, 1)]? L= [(1’ 1,'17@, (11 lam]
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and

I, =[(1,1,1,3),(1,1,3,1)].
Then by Lemma 7.6.1 there exists Ny such that
(n+ L) = (m+ L)

for n > Ny and n < m < 2n. Let € > 0 be given. Then for n sufficiently large, the
values of the ratios in Appendix A corresponding to bridges from (n + D°(Ls))"
and (n +D?(L;))* will be within ¢ of the values given in Appendix A for bridges of
D%(Ls) and D?(L,). Since the products in Appendix A are all strictly greater than
one, we find by an approach analogous to the proof of Lemma 7.4.2 that

[(n + a1)(m + az), (n + B1){(m + B)] C F(5) - F(2) (7.84)
for n sufficiently large and n < m < 2nr, where
o =(1,1,1,4), B =(1,1,41),
ar=(1,1,T2) and £ =(1,131)
Put
I(n,m) = [(n+ a1)(m + az),(n + B1)(m + f2)] .
By Lemma 7.6.2 for N; sufficiently large

U U In+k2n-k) (7.85)

n2Ny |52 <k<| 3]

is an interval. Therefore by (7.84) and (7.85) there exists a constant c3 such that
[es, ) € F(5) - F(2).
By a similar process we find that there exists real numbers ¢4, ¢s and cg such

that
[c4;0) € —F(5)- F(2), [cs,00) C F(3)- F(3)
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and

[cs,00) € —F(3)- F(3)

and the theorem follows.

7.7 Final Remarks

There are many related questions not answered in this thesis. For example, it is
unknown whether F(4) £ F(2) or F(2) £ F(2) £ F(3) contains an interval. Also,
it should be possible to use the work of Section 7.5 to obtain an alternate proof of
the lower bound for Hall's ray. Further, we have not examined the sets F(5)/F(2)
and F(3)/F(3). Finally, the general work on sums of Cantor sets should have many
applications beyond the field of number theory.



Appendix A

Calculations for F(5) + F'(2)

Let A = I(Ls)” and B = +I(L,)* be bridges of D(Ls) and +D?*(L;) with w ¢
{0,1} and v ¢ {@,1}. Say

w=aya2-*a¢ and v=05byby---b,

and put
Qa=(ar,...,a1) and Qp=(b,...,by).
Then
1 6 1 3
-=(5,1)<Qa<{(1,5,1) =5 and >=(2,1)<Qp<(1,21)=-.
6 7 3 4
We have
1
% > £([1,1,2],1,2,1],(2,2,1],[1,1,2],3/4) = 0.8501.... , (A1)
2
1“03—5[1 > (2,52, 2,27, 2,51,(1,12,1/3) =0389%... ,  (A2)
|A2AY]
o > fr([4,T,9),[2,%,1), (2,5, 1), (1,T,4),1/6) = 2.764... ,
A

132
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|ASA%|

o > £r([4,1,4),(3,4,1),[3,4,1), [2,T,4], 1/6) = 2.567... ,
A
IAI

and for k = 1,2 we have

k
llg ll > ll > fr((3,1,4],(3,4,1],(4,4,1],(3,1,4],6/7) = 2.044... .
Thus
¥ |B A% |B?
A 187 173 ana AL 181,
05| 10s] 0%, 108
for k=1or k =2, and
2 A4 2
A4 1B o
|04 10s|
Now if v # (1 2) then
4
Qs>(2,1,2,1) = 5.

In this case we have

1B

and so if v # (1 2) then

A3 A4 2
lA_f} L 5] > 1.003 .
|034| 10s]
More generally we have
|A*A3|
i > fr([5,1,4],([4,4,1),[4,4,1),[3,1,4),1/6) = 2.853...
hence
4 A5 2
lAA' |57] >111.

103 "10s]

>fr([4—] [1,4,1),[2,4,1),{1,1,4),0.2087...) = 6.599...

105 2 £ 1.2 (2,21, [2,2,1],(1,1,2], 4/11) = 0.3908...

133

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)



APPENDIX A. CALCULATIONS FOR F(5) + F(2)

Now
| 43|
== >1r([5,1,4],(5,4,1],[4,4,1],(3,1,4],1/6) = 0.8899.... ,
0%l ~
2
lggi[ f([2,1,2),(2,2.0),(1,1,2, 2 1), [1,1,1,T,2], 1/3) = 2.570...
Bl
and
1I0';'| >([2,1,2),(1,2,1},(2,2,1),(1,1,2},3/4) = 2.261.... .
Therefore
182
> 2.261,
™
A% 2
lﬁ—l . 57| > 2.28
IOi] lOaul
and
A4 2
L——"—'—-j' |57} > 2.01
A [{Ops]

since |AY] > |A5|. Further

|03
and
“AG|
-L..A.=.L > fr([5,1, 4], [5,4,1),[5,4,1),[4,1,4],1/6) = 1.367...
|04l
A
Also
A4 11
ES >6.599 and |B™| > 0.8502
lo tl IOB‘I

A > fr([4,1,4],[4,4,1), 4,41}, [3,1,4),1/6) = 1.312. ..
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(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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by (A.3) and (A.1). Therefore

4 1
{__.‘ . -‘-ﬂ > 1.11, (A.16)
1031 105l
A4 2
L_l . J—-Bi—l- > 2.56, (A.17)
|0%.1 10s]
A5 11
|4°] . |B7] > 1.16 (A.18)
|04] 108
and
|43 B
e > 4.62 A.19
|03] 108 (A-19)
by (A.13), (A.1), (A.15), (A.2), (A.14), (A.4) and (A.10). Also
|ATS|
Ia—l > fr([1,5,4,1),(1,5,1,4),[2,4,1],(1,1,4],6/7) = 0.1070... ,
A
|A%|
o > £((2,5,4,1),(2,5,1,4],(3,4,1],(2,1,4],6/7) = 0.08768.....
A
and
|B?|
oo 2 E T2 22T, 1,1,2,112],(1,1,2,2,5T],1/3) = 1467...
pua .
thus
yr 2
-l-‘é._:l . 5] > 1.28 (A.20)
|O%| |0pus|
fork=1o0r k=2. Now
%—4_'-[ > fr([4,1,4],(1,4,1),[5,4,1],[4,1,4],6/7) = 28.09...
A
and
|B113

>1r([1,1,2,1,2),[1,1,2,2,1),[2,2,1), (1,1, 2],3/4) = 0.05838. ..

105l



APPENDIX A. CALCULATIONS FOR F(5) + F(2) 136

SO

IE |B“2I
10%,1 105l

> 1.63 (A.21)

for k = 1 or k = 2. Further
IAJ.[ - IAlLl lAlsLI
|03

> fr([1,1,4),(1,5,1,4],(2,4,1],[1,1,4],6/7) = 2.620..

and so with (A.2) we have

A — A - 1AM |BY
[A 1051

>1.01. (A.22)

Additionally,

|A2| - IA:LI - lAzsLl
‘OIAI + IAlLl + lAzsLl 2 &([21m! [2)5sm) [21 5)@? [lvm]$ 1/6) = 1'241 e

(A.23)
hence
|A?] — |A%| - 1A% (B
- 24
04T+ 42 ¥ [4%E] " [08] ~ (A24)
by (A.23) and (A.1). Further
AT
o1 > > fr((1,1,4],(1,4,1),[3,4,1],(2,1,4],6/7) = 4.433.... (A.25)
A
and
2 =2.584... (A.26)
0%l ~
80
AL 3
M--ﬂ>1.73 and 'AI 1Bl 5.84 (A.27)

|02| |Osl |o% 10%,110s]
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by (A.25), (A.2), (A.26) and (A.9). We also have

— = fr([2,1,4],[1,4,1],[4,1,4],[2.4,1],6/7) = 1.416... . A.28
Yoy (2, 1,4, (1, 4,1],[4,1,4],[2.4,1),6/7) (A.28)
Finally,
ro
tl'O"‘—ll > fr([4,1,4),4,41),(3,1,1,4,(3,2,41],1/6) =4.074...  (A.29)
AS
and
|4%)
o > ([3,1,4),(3,4,1},[3,%,1],(2,1,4),1/6) = 1.230. .. (A.30)
A
80
4% 1B
= - —— > 1.59 A.ll
io%,| 10s] (A-31)

by (A.29) and (A.2), while

Y
&

- — > 1.04 (A.32)

3
S

by (A.30) and (A.1).
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Calculations for F'(3) + F(3)

Let A = +I(L3)” and B = +I(L3)" be bridges of £D%(L3) with w,v ¢ {0,1}.
Assume that

w=a;a63:---a, and v=0byby---b,

and put
Q4=(a,,...,a1) and Qa:(b,,...,b1).
Then
1 4
Z = (3,1) S QA1QB S (113’1) = g'
We have
Al
l‘—oi,—'l >&(L,52,L5T, 250,245 =08438...,  (B.1)
A
1
-—-:gx ', > fr([1,1,3],(1,3,1],(2,3,1], 1, 1,3],4/5) = 1.657.... , (B.2)
B
[ B2 B3
or 2 BB TR RIDRIN LI =163... (B.3)

138
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1A%
|04
|A243

§|

'%

04|
|B*

¥
LT

B o

EI

Q
mo—

and

2|

Q
;t-

Thus

AT min{|B"},|B*B°)}
|0} O]
by (B.1), (B.2) and (B.3),
min{|4}, |4?4%]} min{|B|,| BB}
04| ' 0%

> 1.37

> 1.351

by (B.4) and (B.5),

[4?| min{|B",|B*B}
N 03]

by (B.6), (B.7) and (B.8), and

> 1.16

4% |B]
T = > 152
|04l 103l

> f([1,1,3],(1,3,1),(2,2.1), [1,1,2),4/5) = 1.247 ..
> r([3,1,3),[2,3,1),[2,2,1),(1,1,2],1/4) = 1.229...
> ([2,1,2),[2,2,1),(2,2,1), 1,1, 2], 1/4) = 0.3837....
> fr([1,1,3),[1,3,1),(3,3,1), (2, 1,3],4/5) = 3.046...
> r([3,1,3},(2,3,1),[3,3,1),[2,1,3),4/5) = 3.354. ..
2&([2 1,2],[2,2,1),[2,3,1),[1,1,3},1/4) = 0.5095. ..
2&([2 1,2),[1,2,1},(2,3,1), (1,1, 3),4/5) = 3.000...

2&([1—] 1,2,1},[2,3,1),[1,1,3),4/5) = 1.121... .

s
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(B.4)
(B.5)
(B.6)
(B.7)
(B.8)
(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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by (B.9) and (B.10). Further, if w # (1 3) then

5
Qa2(3,131) =1
We have
|A2A%|
o > £([3,1,3),(2,2,1),[2,2,1),(2,3,2,1},5/19) = 13.05. ..
and
| B3
O%] + |5 2 > fr([3,3,3,1),[3,3,1),(3,3,1),[2,1, 3,1, 2), 1/4) = 0.07667 ..
Thus if w # (1 3) then
|A3A3'| iB”l
m—— . . B.16
oL 1081+ 1B > 1.0005 (B.16)
Now
2 3
LTozt > (13,73, 2,20), [2,3,1),(1,1,3),1/4) = 1.464..
and
B2
ILO—%;I'I 2 £((2,1,2},(2,2,7,(3,3,1),[2,1,2],4/5) = 0.8835 ...
850
|A2A3"| [B?|
>1.29. B.17
04T (03] (B-17)
As well,
|A2A® 14247
or| > £((3,1,3],[2,3,1),[2,27),(1,1,2),1/4) = 1.229.... ,
3
!gj 'l > r([3,1,3),(3,3,1),[2,1,1,2),(2,2,2,1],1/4) = 1.814..
|O%]

l02|>&([2—1 1,1,2],(3,3,1},(2,1,3],4/5) = 2.442. ..
A
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and
% >fr([2,1,2),(2,2,1),[2,1,3),(2,3,1},1/4) = 0.6799..
therefore
|A24°| B 104 B
on o0 > 2.22 and 04 1B > 1.66 . (B.18)
Now,
ll ll > r([3,1,2],{3,2,1),[2,2,1),(1,1,2),1/4) = 0.2079.. (B.19)
IIO‘sll > £r((3,1,3],(3,3,1],[2,1,2,3,1},(2,1,1,1,3],1/4) = 6.097... , (B.20)
BN
|04l B.21
o (B.21)
21
IIBB‘A']I 2 &([211—1317 [27 lamy [2am:[21ma1/4) = 0.3954. .. ) (B22)
IO|1.=3=*|I fr((3,1,3],[3,3,1),[2,1,3,1,1,2],(2,1,3,2,2,1],1/4) = 44.56.... ,
(B.24)
|04
0] 2 =56.03... , (B.25)
III;:TI >f([2,1,3,1,2],[2,1,3,2,1),[2,1,3], [2,3,1],1/4) = 0.0279%... ,
(B.26)
[|g=1l| > fr([2,1,2],[2,2,1),[2,2,1),[1,1,2),1/4) = 0.3837 .. (B.27)
A
i|b§1_l £([3,1,3),[1,3,1],(2,3,1),[1,1,3),0.5332...) =4475... , (B.28)
B
94l 5 (12,21, 11, T2, 2,112, 2,2, 51, 4/5) = 5.563...  (B29)

0% —
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and
|B%|
[B’I > r((3,1,3],(3,3,1},[2,1,3],(2,3,1],1/4) = 0.5383.. ..
therefore
“A3 3 B
L NP o Y -
0% T0%a] oL 1B

by (B.19), (B.20), (B.21) and (B.22),

|A312A313| !Bal S 2 23 and ' il lem‘
0% 0%l 03] 1B7
by (B.23), (B.24), (B.25) and (B.26), and
147 B 04 1B}
|01 105 |0%; | 187
by (B.27), (B.28), (B.29) and (B.30). Further,

|47

5 I>ﬁ(23‘7 2,3,1,2),(2,2,7), (1, 1,2, 1/4) = 0.03715..
A

|B|

0T I_fr([s_][si'j (3,3,2,3,1},(3,3,1,1,3],1/4) = 48.81..

lg’*‘l > ((2,5T), (1, T3], 2,3,2,27],[2,3,1, T,2],4/5) = 44.85 ...,
23
IIBB’tI > 1r([3,3,3,1},[3,3,1],[2,1,2],[2,2,1],1/4) = 0.07271..
l‘o;*'l &((2, 31, [1, T3], [1, L, T3], [1, 2, 50), 1/4) = 2.417 ..
A
%—}- > (3,72, 3,50, 2, T2, 2. ZT), 1/4) = 05417 ...,
|2

W 2 ﬁ([&ﬁ]s [212_1]1 [2,3,1:"-], [Lma 1/4) =1453...

>3.73

> 2.99
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(B.30)

(B.31)

(B.32)

(B.33)

(B.34)
(B.35)
(B.36)
(B.37)
(B.38)

(B.39)

(B.40)
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and
(B fr([3,1,2),(3,3,1),(3,3,1),(2,1,3,1,2),1/4) = 0.7521... (B.41)

loz I + |3213L|
thus we have

|43 B3 1oyl |B¥|

>1.81, — > 3.26, B.42
0% 105w 0L |57 (B.42)
by (B.34), (B.35), (B.36) and (B.37),
14} 187 [CARRE:E
> 5.58 , ci— >1.30 B.43
01| 0%l |0l |B? (B4
by (B.4), (B.28), (B.38) and (B.39) and
|ATA%) 'B?|
O3 + 1A% " O3] + 157 ~ - (B4
by (B.40) and (B.41). Now
2
|Ig=l > f([2,1,3],[2,3,1},[3,3,1],[2,1,3],4/5) = 1.480.. (B.45)
[M=1|| f([3,1,3),(3,3,1],(2,2,1),[1,1,2],1/4) = 0.3038.... (B.46)
7 .
and
IICI; ll > &((2,53), 2,50, [, 1,12, [2,2.50),1/4) = 3.370...  (B47)
B3
hence
Al 2 3 2
AT 1B 194 and AL 1B 0 (B.48)
|04l IO al

oL 1031
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by (B.1), (B.45), (B.46) and (B.47). Further,

:‘%‘: >([2,1,2],(2,2,1],(1,1,2],(1,2,1],1/4) = 0.4105... ,
|lg§| > £((3,3,1),[2, 3], (2. 1,1.3), (2,2,3,T), 1/4) = 2.868....
% > £((2,T,2),(1,2,11,[2,2.1), [1,1,2), 4/5) = 2.257....
2 s 2. 79,250,650, 25945 = 1480...,
Ilgill > £r([3,3,1), (2,13, [3,1,1,3], (3,2, 5, 1), 4/5) = 5.136... ,
lig; > £((3,T,3),(3,3,1),(3,3,1),[2,1,3), 1/4) = 0.8402.. ..,
IE}:IZ (12,1,2},2,2,1),13,1,1,2},[3,2,2,1], 4/5) = 3.910...
%:3 > £((2,1,2), (2,21, 3,3,1), (2, 1,3, 4/5) = L.011...
|lz§|2 (2,12}, (2,20, 3,3,T),[2,1,2],4/5) = 0.8835.... ,
F;] > fr((2,1,3), (2,2,1), (3,3,1), [2,1,3), 4/5) = 1.185..... ,
l?] 83,53, 2. 5T, (1,52, (L2, 1/4) = L179. .
1'g:|l £((3,31),(2,1,3), 3, 3,0, (2, 1,2], 1/4) = 0.8712....
B
and
lloog,l| >£((3,3,1],(2,1,3,(2,1,1,2], 2,2,2,1], 1/4) = 2.199...
Thus
|Xil 1031 >1.17 and g{_ 18% > 3.34

[AT] 105l 0.1 103l
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(B.49)
(B.50)
(B.51)
(B.52)
(B.53)
(B.54)
(B.55)
(B.56)
(B.57)
(B.58)
(B.59)

(B.60)

(B.61)

(B.62)
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by (B.49), (B.50), (B.51) and (B.52),

142|103 |42 |B°|

_— > 2.10 and — — > 1.89 B63
AT| 10%] oL 10%] (B.63)
by (B.49), (B.53), (B.51) and (B.54),
vl
. > 3.95 B.64
0%, ] " 10%] (B.64)
by (B.55) and (B.56),
@ (B
. > 1.02 B.65
AN (B.65)
by (B.57) and (B.58), and
A2 A3} 2
(AR ] 108l ) 09 (B.66)
VORI

by (B.59) and (B.60). Also

23
22 620,50, .50, 2 T, .50, /5) = 0.1055...

and

|03 + [BM%4|
—2 ﬁ:([31 3)—1]1 [2, L3, mv [21 L3, m') [23m1 1/4) =10.30...

|O%a
therefore
|A®] |0}| + |B*3E|
m . —El'——— > 1.06 . (B.67)
Furthermore
|"A3|

IO’ | 2 &([2’ -11—2]:' [21 m7 [21 L3, m: [2:m14/5) =14.02...
AN
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and

33
|02 |If|5szaL| > fr([3,3,3,1],(3,3,1],(3,3,1],(2,1,3,1,2],1/4) = 0.07667 . ..
B

(B.68)

thus

I
. >1.07. B.69
05| OB +1B7°F] (B.89)

Now,

|A2| — IAnaLI
O3]+ [47<E]
|B°]
O3] + [B7E]
A%
05T+ 147,

>fr([2,1,3,1,2],(2,3,1),[3,3,1),(2,1,3,1,2],4/5) = 1.465... ,

> fr((3,1,2),[3,3,1},(3,3,1],[2,1,3,1,2],1/4) = 0.7521 ... ,
> fr([2,3,3,1],[2,3,1],[8,3,1],[2,1,3,1,2],4/5) = 0.1375....

and
"B

o 260 TT,E I LTI, =T
B

hence

A% - |42 (B

11 _
|03 | + |A213L|  |0%] + | B33 >1.10 (B.70)

and

4% B3|
|04l + 14235 |02, ]

> 1.06 . (B.71)
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Also

0} ||>fr([3ﬂ 2,1,3),(3,1,1,3],[3,2,3,1],4/5) = 5.136.
B3

L

2
:‘%: &((2,T3), 12,30, [1, T2, [1,ZT), 1/4) = 0.6038.... ,
Ilg“ll > f(12,1,2), (1,2 1), [2, 3, 1), [1, T3], 4/5) = 3.000. .
A3
|43
o1 2 ﬁ'([2,1,2],[1,2, 1],[3,1, 1,3],[3, 2,3,1)],4/5) = 28.32..
433
and
|lea|

oI > £([2,1,3,1,2),(2,1,3,2,1), 3, 3,1}, [2, T, 3], 4/5) = 0.04270..

80

|47] |03 147 |8
14T 10%l 0%, o3l
by (B.49), (B.72), (B.51) and (B.54),
2 2 2
1Al |0"|>130 and 201 I“F3|>303
[A7] [OL.] 0% 103
by (B.73), (B.61), (B.74) and (B.56), and
&
— - > 1.20
|0%as| 103
by (B.75) and (B.76). Further, we have

|B*B3|

Jory 2EL3LR3T, 1,1 L3],1,2,31),1/4) = 3.047 ...
Bl

§0

A2 : 1 203
(@) min{|B*, (BB} _ .
[04l 105
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(B.72)

(B.73)
(B.74)

(B.75)

(B.76)

(B.77)

(B.78)

(B.79)

(B.80)

(B.81)
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by (BG) (B.28) and (B.80). Now
— >1([2,1,3),(2,3,1),[3,1,1,2],[3,2,2,1),4/5) = 5.728..

o l__ﬁ:(z—"][z_] [3,1,1,3],[3,2,3,1),4/5) = 5.193..

||B II > &((3,1,2),(3,2,1),[3,3,1},[2,1,3],1/4) = 0.5749... ,
Irgll fr([2,1,3,1,2},[2,1,3,2,1},(2,2,1},(1,1,2],1/4) = 0.01578 ..
A
2
Ifi)Bll > fr([2,1,3},[2,3,1},(3,3,2,3,1), 3,3,1,1,3),4/5) = 84.12... ,
|AZAT|
o >((3,1,3],12,2,1),{2,2,1),[1,1,2],1/4) = 1.102. ..
and
f—rb—-f'] (02,13, 2,50, 3, 50, 2, T3, 4/5) = 1.248...
B
thus
3 2 A2 -
4% 1B? >1.74 and |4 |B3
0% [0%| 0% 03]
by (B.46), (B.82), (B.83) and (B.84),
A% B
> 1.32
0% 105l
by (B.85) and (B.86) and
A4 2
BEY 1B g
|04l [ O3

by (B.87) and (B.88). Further,
lAII>&([3—j 1,2,1),01,2,9),(1,3,2,1),1/4) = 1346... ,

l Alt
A1

[Oll.*.lAnaLl 1—1 1_1 2_j (1,1,3,1,2],4/5) = 1.496..
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(B.82)

(B.83)
(B.84)
, (B.85)
(B.86)

(B.87)

(B.88)

(B.89)

(B.90)

(B.91)

(B.92)

(B.93)
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and
'B?|
> = 0.7521...
0T + 5] 2 fr([3,1,2],(3,3,1),(3,3,1},[2,1,3,1,2],1/4) = 0.7521
whence
A B®
I | " 1032 | lnsL >1.03
103, |03 +|B*%|
by (B.92) and (B.68), and
"AT] "B?|
O+ 14 [og]+ B
by (B.93) and (B.94). Also we have
||0A | > f([2,1,2),(1,2,1),[3,1,1,3],[3,2,3,1),4/5) = 28.32..
13
132131
T > ((2,1,3,1,2},[2,1,3,2,1),[3,3,1), [2, 1, 3],4/5) = 0.04270...
|4
oT] > r([1,3,3,1),(1,3,1),[2,2,1],[1,1,2),4/5) = 0.1240..
A
3
I(I)B II > r([3,1,3),(8,3,1),(2,1,3,2,1),[2,1,2],1/4) = 8.601.
B
A .
4] > ([3,1,3],1,3,1),[2,2,1),[1,1,2],0.5617...) = 3.369... ,
0% ~
||0 ll £((3,1,3],13,3,1],[2,1,1,2],[2,2,2,1),1/4) = 1.814..
B?

and
|B3]
lo—zl- > r((2,1,2],[2,2,1),[3,3,1],[2,1,3],4/5) = 1.011..
B

therefore

1 3 3 A
IA__l IB' > 3.77 and IBI @ > 1.89
0% 105 1031 [0%]

]
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(B.94)

(B.95)

(B.96)

(B.97)

(B.98)

(B.99)
(B.100)
(B.101)

(B.102)

(B.103)

(B.104)



APPENDIX B. CALCULATIONS FOR F(3) + F(3)

by (B.1), (B.28), (B.54) and (B.51),

|4Y  |B™
. > 1.20
|O%s| 03]
by (B.97) and (B.98),
13 3
A1, 1B > 1.06
|0.14| Iogzl
by (B.99) and (B.100), and
3 a1 2
dAl 1B > 6.11 and 1A% 184 > 1.13
0Ll 0| 104] "10%]
by (B.101), (B.102), (B.11) and (B.103). Finally,
A
o > fr([1,1,3,1,2),[1,1,3,2,1},(2,2,1),[1,1,2],4/5) = 0.03366.. ... ,
A

|
3
l (')B 'I > (3, T3], [3,3.1), [3,3,2,3.1), (3,3, 1, T3], 1/4) = 48.81 ..

>fr([2 1,3),12,3,0), (2, 2,1}, (1,1,2), 1/4) = 0.5643...

=L > f(3,1,3),(1,3,0),(2,2,1),[1,1,2),0.5617...) = 3.369.....

| >fr([1,1,2],[1,2,1},(2,1,1,3],(2,2,3,1},4/5) = 6.235...

hence

|ats] | 18%

> 1.64
|04 05|

by (B.108), (B.109), and

2 3 1 3
A1 1B 1ag g 1L B
AN [ZAN]

by (B.110), (B.111), (B.112) and (B.84).

> 3.58

150

(B.105)

(B.106)

(B.107)

(B.108)
(B.109)
(B.110)

(B.111)

(B.112)

(B.113)

(B.114)
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