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Abstract 

For j = 1, ... , k let C; be a Cantor set constructed from the interval I;, and let 

f; = ±1. We derive conditions under which 

When these conditions do not hold, we derive a lower bound for the Hausdorff di­

mension of the above sum and product. We use these results to make corresponding 

statements about the sum and product of sets F(B;), where B; is a set of positive 

integers and F(B;) is the set of real numbers z such that all partial quotients of 

z, except possibly the first, are members of B;. We also examine cases where our 

conditions do not hold, but in which it is still the case that C1 + C2 contains an 

interval. 
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Chapter 1 

Introduction 

Let z be a real number. We say that z is badly approzimable if there exists a 

positive integer n such that for every rational number p/q, 

lz - ~1 > __!.__ 
q nq2 

It can be shown that this set is of Lebesgue measure zero; however, it is still quite 

large. In 194 7 Marshall Hall [8] showed that every real number can be expressed as 

the sum of two badly approximable numbers. In particular, for a positive integer 

m let F( m) denote the set of numbers 

F(m) = {[t,ai,a2, ••• ) ; t E Z, 1 ~ 4i ~ m for i 2: l} 

where by [a0 , a1, a2, ... ] we denote the infinite continued fraction 

1 
ao+-----

1 

1 
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with partial quotients a0 , a1 , a2 and so on. It can be shown that for every x E F( 4) 

and every p/q E Q, 

lx-~1 > _1 
q 6q2 

so that F(4) is a set of badly approximable numbers. Hall proved that 

F(4) + F(4) = R 

where we define the sum of two sets of real numbers A and B by 

A+ B ={a+ b; a E A and b E B}. 

In 1973 Bohuslav Divis [6] and Tom Cusick [3J showed independantly that one could 

not do much better than Hall's result, namely that 

F(3) + F(3) ¥: R. 

In 1975 James Hlavka [10] generalized Hall's results to the case of different sets 

F(m) and F(n). He proved that 

F(m) + F(n) = 1R 

holds for (m, n) equal to (2, 7) or (3,4), but does not hold for (m, n) equal to (2,4). 

Now, if (1.1) holds, then the same equation holds with m and n replaced by m' 

and n' respectively, where m' > m and n' ~ n. Further, if either m or n is 

equal to one then trivially (1.1) does not hold, since F(l) consists of the points 

{[t, 1, 1, 1. .. ]; t E Z}. Hence the only cases of interest left are (m, n) = (2, 5) and 

(m, n) = (2, 6). IDavka conjectured that in these two cases (1.1) would not hold. 

We will show that in both cases lDavka's conjecture is false. 

We can also examine the difference of two sets F(m) and F(n). HA is a set of 

real numbers we define -A by 

-A= {-a; a EA} 
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and denote A + ( -B) by A - B. We have the following result. 

Theorem 1.0.1 Let m and n be integers. The ef/11,ations 

F(m) + F(n) = R and F(m) - F(n) = R 

hold if (m, n) equals (2, 5) or (3, 4). Neither of the above equations hold if (m, n) 

equals (2, 4). Additionally, 

F(3) + F(3) I= JR and F(3) - F(3) = R. 

In 1971 Thomas Cusick [2) examined the complementary case of sums of real 

numbers whose continued fraction ev,~nsion contains only large partial quotients. 

For each positive integer l we define the set G(l) by 

G(l) ={[t,a1,a2, ... ] ; t e Zand Bi 2: l for i ~ 1} 

LJ {[t, a1, a2, ... , aA:J; t, k E Z, k ~ 0 and Cli ~ l for 1 ~ i S k}. 

Cusick proved that 

G(2) + G(2) = JR. 

The above results are special cases of the following general problem. Let B 

be a set of positive integers. H B is a finite set, we let F(B) denote the set of 

real numbers which have an infinite continued fraction expansion with all partial 

quotients, except possibly the first, members of B. For B infinite, we define F(B) 

similarly, but also allow numbers with finite continued fraction expansions. Thus 

if we define 

Lm = {l, 2, ... , m} and Ch = {l, l + 1, ... } 

for positive integers m and l, then F(m) = F(Lm) and G(l) = F(U,). For sets of 

positive integers B1 and B2 , we wish to know when 

(1.2) 
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and when 

(1.3) 

We shall derive conditions on the sets Bi and B2 such that (1.2) and (1.3) follow. 

Let B = {bi, bi, ... } be a non-empty set of positive integers with bi < b2 < .... H 

IBI = 1 then we put r(B) = 0. Otherwise, we set 

for 1 $ i < !Bl. If Bis a finite set with IBI > 1 then we put 

m = m(B) = maxB, 8 = cS'(B) = -lm + ✓l~m2 + 4lm' 

and 

If B is an infinite set then we put 

r(B) = inf min { 1 . bi+1l + l I b.l + 1 } . 

1 Si £1,l - 1 bil + 1 A,l - 1 

If we let l1 = maJCi £1. then if 1 < IB I < ex> we have 

-r(B)> J(m-l) _lm+cS'-lA 
- Jllm-cS'(m-l) lm+S 

and if Bis infinite then 
1 

-r(B) > lil - 1 

It is a simple matter to calculate -r(B) for various sets B (see Table 1.1). 

(1.4) 

We denote the Hausdorff dimension of a set S by dimHS. To help determine 

whether (1.2) and (1.3) hold we will prove the following theorem. 
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Table 1.1: Values of r(B) for certain B 

B r(B) 

L2 (-1 + v'3)/2 = 0.366 ... 

L3 (-6 + 4v'21)/15 = 0.822 ... 

L4 (-3 + 15v'2)/14 = 1.300 ... 

L5 4v'5/5 = 1.788 ... 

Ls (15 + 35v15)/66 = 2.281 ... 

L1 (42 + 24v'77)/91 = 2.775 ... 

u, 1/{l - 1) 

Theorem 1.0.2 Let B1 and B2 be sets of positive integers, and take Ei, e2 E 

{l, -1}. 

2. lf-r(Bi)-r(B2) < 1 then 

dime(e1F(B1) + t2F(B2)) ~ log 2 . 
1 (2 + 1--r(B1)-r(B2) ) 
og .,-(B1 )+r(.8-i)+2.,-(B1 ).,.(B1) 

For example, we have 

. dime(F(2) + F(2)} 2:: 0.658 .... 

The positive results in Theorem 1.0.1 follow in part from Theorem 1.0.2. In addition 

we mention the following corollaries. 

Corollary 1.0.3 // l and m are positive integers with m ~ 21, then 

F(m) + G(l) = R. 
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Corollary 1.0.4 Let B0 denote the set of positive odd integers. Then 

Furthermore, if B is any finite set of odd positive integers then we have 

F(B) + F(B) ¥: R. 

Note that if B(m) is the set of positive odd integers less than m, then r(B(m)) 

approaches one as m tends to infinity. Thus part 1 of Theorem 1.0.2 is tight in the 

sense that we cannot replace 1 by any smaller number. 

Divis [6), Cusick [3], and lilavka [10] also developed techniques that allowed 

them to examine the sum of more than two F(m)'s. Divis and Cusick showed 

independantly that 

F(3) + F(3) + F(3) = R and F(2) + F(2) + F(2) + F(2) = R 

while 

F(2) + F(2) + F(2) :/: R. 

Hlavka proved that 

F(l) + F(m) + F(n) = R 

holds if (l, m, n) equals (2,2,4) or (2,3,3) but does not hold for (l, m, n) equal to 

(2, 2, 3). Together with the work on sums of two F(m)'s, these results allow us to 

determine those finite sets of positive integers {m.1 , ... , m11:} for which 

At 

LF(m;) = R. 
i=l 

In the case of sums of integers with large partial quotients, Thomas Cusick and 

Robert Lee [SJ showed in 1971 that 

IG(l) = R 
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for every positive integer l, where lG(l) denotes the sum of l copies of G(l). We 

shall extend this to the case where the summands are unequal. 

Theorem 1.0.5 If k and l1 , l2, ... , l1c are positive integers with 

then 

,I: 1 
"- > 1 L..J l· -
j=l :, 

Note that if l is a positive integer and we set k = l and l1 = l2 = •••••• = l1c = l 
then we recover ( 1.5). 

For a non-empty set of positive integers B we define -y(B) by 

r(B) 
"Y(B) = r(B) + 1· 

Theorem 1.0.5 is a consequence of the following general theorem. 

Theorem 1.0.6 Let k be a positive integer and B1, B2, ... , B1c be non-empty sets 

of positive integers. Let e; E {l, -1} for j = 1, ... , k. If 

k 

L7(B;) ~ l 
j=l 

then 

(1.6) 

Otherwise 

(1.7) 
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Hall and Cusick also examined products of numbers with bounded partial quo­

tients. For sets A and B of real numbers, we define the product of A and B by 

AB = A • B = { ab; a E A and b E B} 

and A- 1 by 

A-1 = {1/ai ci EA and a ,:j; O}. 

We also denote by A./B the set A •·(B-1). Hall [8] proved that 

[1, oo) ~ F(4) • F(4) (1.8) 

while Cusick [2] established that 

[1, 00) ~ G(2) • G(2). (1.9) 

We shall derive the following multiplicative analogue of Theorem 1.0.6. 

Theorem 1.0. 7 Let k be a positiue integer. For j = 1, ... , k let B; be a set of 

positive integers and let e; E {1, -1}. Set 

S., = -y( Bi) + · · · + 1( B1c), 

and 

1. If S., > 1 and S., = k then there ezists a positive real number c1 such that 
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2. If S., > l and ISel < k then 

F .2 (-oo,O) U (O,oo). 

9. If S., > l and there exists r su.ch that IBrl = oo and~ = l then 

F= IR. 

4. If S., = 1 and Se = k then there exists a positive real n-umber c2 such that 

5. If S.., = 1 and ISel < k then (O,oo) s F. 

6. If S., = 1 and there exists r SV,ch that IBrl = oo, ~ = 1 and ~.(Br) is con­

stant, then F = R. 

7. If S., < 1 then 

dim F log2 
H > ( ) • - log 1 + J., 

For particular choices of B; we can calculate c1 and c2 in the above theorem 

explicitly. If we denote by (a1, a2, .. . ) the continued fraction (0, a1, a2, ... ] and 

let [ao, ... , a,r, b1, ~] = [a0 , ..• , ak, b1, ~, b1, ~' ... ], then we have the following im­

provements to (1.8). 

Theorem 1.0.8 Let m and n be integers with n ~ m, m ~ 3 and n ~ 4, or 

(m, n) = (2, 7). Then 

F(m) • F(n) = (-00, -(1 - {l, m) )(n, 1)] LJ [(1 - (1, m) )(1 - (1, n) }, oo) . 
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Theorem 1.0.9 Let k 2:: 3 and for 1 :5 t ::5 k let me E Z with mt 2:: 2. Assume 

that m1 2:: mt for 1 :5 t ::5 k and that 

Put 

Then 

le le 

a= (m1, 1) Il(l - {l,mt)) and /3 = IT (1 - (1, mt)). 
t=2 

Il
ic { {-oo, -a] U [.B, CXl), 

F(mt) == 
t=l (-00, -,8] U [a, 00), 

t=l 

if k _is even; 

if k is odd. 

We may also strengthen and generalize {1.9). 

Theorem 1.0.10 If k and li, 12, ... , l1c are positive integers with 

then 

le 

".!.>1 ~ ,- -
j=l , 

If -r(Lm)-r(Ln) < li then it still might be the case that F(m) + F(n) and 

F(m}F(n) contain intervals; in fact in 1977 Hanno Schecker [14] proved that F(3)+ 

F(3) contains an interval. Inspired by his approach we will show that 

F(5) :1: F(2) = lR and F(3) - F(3) = JR 

which will partially prove Theorem 1.0.1. Additionally, we shall provide the follow­

ing characterization of F(3) + F(3). If w = d1d2 • • • <4 is a finite word with~ E z+ 
for 1 :$ i :$ t then we will ab11Se notation by putting 
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and 

Theorem 1.0.11 Put 

R = LJ [[{v, 3, 1) + (v, 2, 1, 3), (v, 1, 3) + (v, 1, 2, 1, 3)]] 
veM 

and 

S = {2(d1,d2, ... ) ; '4 E {1,3} and if d; = 1 then '4+1 = 3, for i 2:: l} 

where M is the set of finite words v = d1 •••de such that t ~ 0, '4 E {l, 3} for 

1 :;; i :;; t, and if d11 = 1 /or some k then t 2:: le+ 1 and '4:+1 = 3. Then 

F(3) + F(3) = (Z + R) u (Z + S). 

Furthermore, Z + S contains an uncountable set of points not contained in Z + R. 

It should be noted that Theorem 1.0.11 contradicts work of Gregori Freiman. 

In [7] Freiman claims to have proven that C(L3) + C(L3) ==Ii.where R is defined 

as in Theorem 1.0.11. However, in his proof that z + y ER for every z,y E C(Ls) 

he assumes that z #; y and hence misses the set S described in Theorem 1.0.11. 

Finally, we shall examjnP- the products F(5) • F(2) and F(3) • F(3), achieving 

the following result. 

Theorem 1.0.12 There ezists a real number c1 such. that 

(-00, c1] U [c1, 00) ~ F(5) • F(2) and (-00, c1] U [c1, 00) C F(3) • F(3). 
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As in the works of Hall, Cusick and Lee, Divis and IIlavka, our results hinge on 

the study of certain Cantor sets. For any set of positive integers B we define the 

set C(B) by 

C(B) = { (a1, a2, ... ) ; <Ji E B for every i} 

where numbers with a finite continued fraction expansion are included in C(B) if 

and only if Bis an infinite set. We shall show that the sets C(B) may be viewed as 

Cantor sets. We then derive results on sums and products of Cantor sets to prove 

our results. 

The majority of the results contained in Chapters 3 through 5 and Sections 

6.1 and 6.2 will appear shortly [lJ. For a good general survey of work related to 

numbers with bounded partial quotients, see [15). 



Chapter 2 

Background Information 

2.1 Continued Fractions 

Let a1, ... , an be a finite sequence of positive integers, and let ao he an integer. We 

denote by [a0, a1, ... , an] the number 

1 
a = a0 + -----. 

1 

1 
••• + -

On 

By an abuse of notation we also call [a0, a1, ... , an] a continued fraction represen­

tation of a. The idegers a0 , ... , a.i are called partial quotients of a. If a0 E Z and 

a1, a2, ... is an infinite sequence of positive integers then we denote by [a0, a1, ... ] 

the limit 

provided the limit exists. The following lemma guarantees that it does. 

13 

I 
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Lemma 2.1.1 Let ao E Z and let a1 , a2 , ... be an infinite sequence of positive 

integers. Then 

lim [ao, a1, . .... , an] 
n➔oc 

exists. Furthermore, if a is a positive real number then tr.ere exists a sequence 

ao, a1, ... such that 

Proof. See [9, Theorems 162, 165 and 170] . 

□ 

Let a0 E Z and a1, a2, ... be a sequence of positive integers, and put a = 
[ao, a1, ... ]. For n E Z such that CJn exists we define Pn and qn to be the coprime 

integers with q" > 0 and 

Pn = [ao, a1, ... 'CJn]. 
qn 

We call Pn/qn then nl/L convergent to a. 

We also define Pn and qn for n = -2 or n = -1 by 

P-2 = q-1 = 0 and P-1 = q_2 = 1. 

By elementary properties of continued fractions we have the following lemma. 

Lemma 2.1.2 Let Pnl qn be the nliL convergent to [a0, a1, ... ]. Then 

(2.1) 

Jorn~ 0. 
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Proof. See [9], Theorem 149. 

□ 

We can extend the definition of (ao, a1, ... ] to allow any real numbers not less 

than one to be partial quotients. Further, we can take a0 to be any real number. 

The previous lemmas hold with this extended definition, and additionally we have 

the following result. 

Lemma 2.1.3 For a fixed r ~ 0 and 1 $ i $ 4 assume that Gi = [a0 , a1, .•• , a,., Ui] 

for some real g, > 0. For O ~ n ~ r let Pn/qn be the n th convergent to (ao, ... , a,.], 

and put Q = q,._ 1/q,.. Then 

1. 

and 

e. 

I
G1 -G21 = 191 -021. (ga + Q)(9,. + Q). 
Ga - G" 9a - 9• (01 + Q)(92 + Q) 

Proof. See [10], Lemmas 4 and 5. 

□ 
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2.2 Hausdorff Dimension 

For any subset U of R we define the diameter of U, denoted d(U), to be 

d(U) = sup {lz - yj}. 
:i:,11eU 

16 

Let E ~Rand take e to be any positive real number. We define a countable e-cover 

of E to be any countable collection {Ui} of subsets of R such that 

00 

E ~ LJu, and d(U.) ~ E 

i=l 

for i ~ 1. We also define, for positive real numbers s, 

00 

'H.!(E) = inf I: d(U,t 
i=l 

where the infimum is taken over all countable E-covers {Ui} of E. For s > 0 we 

define the Hausdorff a-dimensional outer measure of E, denoted 1£•(E), to be 

1{ .. (E) = lim 'H.!(E) = sup 1£:(E). 
c➔oo c>O 

The Hausdorff dimension of E, denoted by diinH( E), is defined to be the unique 

number s such that 

{

oo fort< s, 
1-£t{E) = 

0 fort> s. 

If E C R and / : E ➔ R is a function then we define the image of / to be 

/{E) = {/(z); z e E}. 

We have the following results. 
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Lemma 2.2.1 Let E be a set of real numbers with f: E ➔ IR.such that for some 

positive constant c, 

1/(x) - /(y)I :5 clx -yj 

for all x, y E E. Then 

Proof. See [11,p. 44]. 

□ 

Lemma 2.2.2 Let S ~ [a, b] be a set of real numbers with a> 0. Then 

dimH(S) = dimH(log S). 

Proof. For every z,y ES, 

1 1 
;;lz-yl $ llogz-logyl :5 ;_;lz-yl 

and the lemma follows from Lemma 2.2.1. 

□ 

2.3 Cantor Sets 

Let T be a connected directed graph. We say that T is a tree if every vertex V of T 

has at most one edge terminating at V, and one vertex VR has no edges terminating 

at VR. We call VR the root of T. If there is an edge connecting Vi to Vi, then we 
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say that Vi is a subvertex of Vi. A vertex with no subvertices is called a leaf. A tree 

where each vertex has at most t subvertices is called a tree of valence t. A tree of 

valence 2 is also called a binary tree. 

We define a generalized Cantor set (henceforth known as a Cantor set) to be 

any set C of real numbers of the form 

where I is a finite closed interval and { Oi ; i 2:-: 1} is a countable ( finite or infinite) 

collection of disjoint open intervals contained in /. We may inductively define a 

binary tree 'D that will represent C. Let the root of the tree be the interval I. We 

say that { /} is the zeroth level of the tree. Now say that we have defined our tree 

up to the n th level. We define the (n + l)th level of the tree as follows. Let l"' be 

an n'h level vertex of our tree. Assume first that 

Let O 1• be the interval in the set { Oi ; i ~ 1} of least index which is contained in 

Jw, and let 1wo and /"'1 be closed intervals with 

r = I"'°u01-ur1 

where the union is disjoint. We let [wO and 1"'1 be subvertices of 1w in 'D. If 

rn (uoi) = 0 
~l 

then we set [wO = 1w and let [wO be a subvertex of I"' in 'D. We repeat this process 

for every vertex [111 in the nth level of 'D. The ( n + 1 )th level of the tree is the set of 

vertices Iv in 'D with Iv I = n + 1, where Iv I denotes the length of the word v. We 

continue this process inductively, creating the infinite tree 'D. Note that 

{01• ; I"' is a bridge of 'D} = {Oi; i ~ 1} 
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hence 

c=f1(~rw). 
Any tree with this property is said to be a derivation of the Cantor set C from I. 

The intervals I, [ 0 , . . . are called bridges of the derivation, while the open intervals 

0 r, 0 ro , . . . are called gaps of C. If [VJ is a bridge of 'D then we say that 1w splits 

as 

For example, if C is the usual middle-third Cantor set we may take a derivation of 

C to be the tree 'D with root I= [O, 1] and bridges 

Jd1"2··-dt = [2 t :, :, + 2 t :] 
-=:l 1=1 

for all finite binary words di d2 ••. cit. 

Note that the derivation 1) of a Cantor set C is not uniquely determined by C; 

for example, if we change the order in which the open intervals are removed then 

we get a different derivation but the same Cantor set. 

We denote the length of an interval I by I II. We say tl:iat a derivation 'D is 

ordered if for any bridges A and B of 'D with A = AO u a A u A 1 ' B = B0 u Os u B1 

and BC A we have IOAI > IOsl-

Cantor sets arise in the study of real numbers whose pattial quotients are mem­

bers of a given set. Let B = {bi, "2, ... , bt} be a finite set of positive integers with 

t ~ 2 and bi<···< IJ.. We set l = l(B) = minB = bi, m = m(B) = maxB = bt, 

C(B) = F(B) n [O, l] = {(a1,a2, ... ) ; a.EB for i = 1,2, ... }, 

and let I( B) be the closed interval 

I(B) = [{m, l), {l, m)]. 
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We have C(B) ~ I(B). We now inductively construct a derivation 'D(B) of C(B) 

from I ( B). For any real a and b, we denote by ([ a, bl} and ( ( a. b)) the intervals 

[[a,b]] = [min{a,b},max{a,b}] 

and 

((a,b)) = (min{a,b},max{a,b}). 

IT, for i < t, 

(2.2) 

is a bridge of 'D(B) of level n, then we form the subvertices of A by setting 

0 - -A = ([(a1, ... , a,., bi, m, l}, (a1, ... , a,., bi, l, m)l], 

OA = (((a1, ... ,a.,.,bi,l,m), (a1, ... ,a.,.,bi+1,m,l))) 

and 

l - -11 A = [[(a1, ... , a,., bi+i, m, l), (a1, ... , a,., m, l, m} . 

In this manner we construct the (n + l)th level of the derivation from the n th level. 

Note that A0 is of the form (2.2) with a.,.+i = b" and bi replaced by l. Similarly A1 

is also of the form (2.2). Since l(B) is of the form (2.2) with r = 0 and i = 1, by 

induction we obtain the canonical derivation 'D(B) of C(B) from I(B). 

H B is an infinite set then we may construct a similar derivation. Assume that 

B = {b1, ... } with bi< bi+i for i ~ 1. Hwe set l = l(B) = minB = b1 then we 

have C(B) ~ I(B) where l(B) = [0, 1/l] and 

C{B) == {(a1, 02, ... ) ; C1i EB for i > l} 

LJHa1,a2, .. ,,a1:); k E Z, k > 0 and Cli EB for 1 < i $ k}. 
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If 

(2.3) 

is a bridge, then we split A by setting 

A0 = [[(a1, ... , a,., bi), (a1, ... , a,., bi, l)]], 

OA = (( (a1, ... , a,., bi, l), (a1, ... , a_., bi+1))) 

and 

where by convention we set {a1, ... , a,.} = 0 if r = 0. As above, we construct the 

canonical derivation 7'(B) of C(B) from /(B) using this process. 

For given sets of integers B;, j = 1, ... , k, we would like to be able to determine 

if 

k le 

E C(B;) = E /(B;). (2.4) 
j=l j:1 

To do this we shall derive criteria on general Cantor sets ·that guarantee (2.4) 

holds. Our conditions will be less stringent than those derived previously. Let C be 

a Cantor set with derivation 7), and let A be a bridge of 7). We define the thickness 

of A with respect to 7', denoted by r,,(A), to be positive infinity if A does not split. 

Otherwise we set 

• { IA
0
1 IA

1
1 } 

r(A) = r,,(A) = mm IOAI' (OAI 

where throughout this paper we adopt the convention that z/0 = cx, for any z > O. 

We define the thickness r(1') of the derivation 7) by 

r(1') = inf -r1:t(A) 
A 
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where the infi.mum is taken over all bridges A of 'D. We also define r(C), the 

thickness of the Cantor set C, by 

r(C) = sup r('D) 
'D 

where the supremum is taken over all derivations 'D of C. For example, if C is the 

middle-third Cantor set then r(C) = 1. An equivalent definition of r{C) may be 

found in [13, p. 61) . It follows from Lemma 3.2.1 that r(C) = r('D0), where 'Do is 

any ordered derivation of C. The following observation is trivial yet crucial in our 

use of thickness. 

Lemma 2.3.1 Let C be a Cantor set. Then C is an interval if and only if r(C) 

equals infinity. 

Proof. Let C be derived from I and take 1) to be any ordered derivation of C 

from I. By Lemma 3.2.1 we have r( C) = r(1'). If C ::f: I then /, the root of 1', 

must split in 'D with a nontrivial gap, so 

If, on the other hand, C = I, then no gaps are removed from C in the derivation, 

so T(1') = 00 as required. 

□ 

To relate thickness to Hausdorff dimension we use the following result. 

Lemma 2.3.2 If C is a Cantor set then 

dimg( C) > log 2 . 
- log ( 2 + ,.<~>) 
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Proof. See (13, p. 77]. 

D 

Thus, for example, if C is the middle-third Cantor set then by Lemma 2.3.2 we 

have 

dim C 
log2 

H ~ log3' (2.5) 

In fact, it can be shown that in this case equality holds in (2.5), hence Lemma 2.3.2 

is best possible. 

As in (8) and [2] we employ the logarithm. function to treat products and quo­

tients of Cantor sets. Given a set S of positive numbers, we form the set s· by 

putting 

s• = {log z ; z E S}. 

If C is Cantor set of positive numbers, then c• will also be a Cantor set. We can 

construct a derivation of c• by taking our bridges to be of the form [log a, log b], 

where [a, b] is a bridge of our derivation 1) of C. By Lemma 2.2.2 we have 



Chapter 3 

Sums of Cantor Sets 

3.1 Main Results 

Let C be the middle-third Cantor set. Hugo Steinhaus proved in 1917 [16) that 

C + C = (0, 2]. Here we shall consider the more general problem of determining the 

sum of a finite number of arbitrary Cantor sets. For sums of two Cantor sets we 

shall prove the following result. 

Theorem 3.1.1 For j = 1, 2 let C; be a Cantor set derived from I;, with O; a gap 

of marimal size in C;. Assume that 

!. If r(C1)r(C2) < 1 then 

.,.(Ci+ C
2
) > r(C1) + r(C2) + 2r(C1)r(C2). 

- 1 - r( C1)r( C2) 

24 
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Part 1 of Theorem 3.1.1 may be derived from work of Sheldon Newhouse; our 

approach shall give an alternative proof. Newhouse [12] established the following 

result. 

Theorem 3.1.2 Let K1 and K2 be Cantor set, derived from [ 1 and I2 respectively, 

with r(Ki)r(K2 ) > l. Then either Ii n /2 = 0, K1 is contained in a gap of K2, K2 

is contained in a gap of K1 or K1 n K2 =/:- 0. 

In fact, if Newhouse's proof is slightly altered then we may replace the condition 

"r(Ki)r(K2 ) > l" in Theorem 3.1.2 with the weaker condition "r(Ki)r(K2 ) ~ 1". 

To see that Part 1 of Theorem 3.1.1 follow from this modiJied version of Theorem 

3.1.2, we assume that r( C
1
)-r( C

2
) ~ 1 and let: k be any number in 1

1 
+ 1

2
. Upon 

applying Theorem 3.1.2 (modified) with K1 = k - Ci and K2 = C2 we find that 

(k - C1) n C2 =/:- 0 and hence Jc E C1 + C2. 

If C is a Cantor set then we define the normalized thickness of C, denoted by 

-y(C), by 
r(C) 

-y(C) = r(C) + 1 • 

Theorem 3.1.1 is a special case of the following theorem. 

Theorem 3.1.3 Let k be a positive integer and for j = 1, 2, ... , k let C; be a 

Cantor set derived from I;, 'lllitk O; a gap of maximal size in C;. Let S., = -y(C1) + 
··•+-y(C,:). 

1. 
. log2 

dimH(C1 + • • • + C1:) > ( ) . 
- log 1 + min{~.,,l} 
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2. If S., 2: 1 then C1 + •·····+ Cfc contains an interval. Otherwise C1 + ·····+ C1: 

contains a Cantor set of thickness at least 

S-, 
1 - s.,. 

9. If 

llr+ll 2: 10;1 

llil + • • • + I1,.I 2:: I0,.+d 

forr=l, ... ,k-1 andj=l, ... ,r, (3.1) 

for r = 1, ... , k - 1 (3.2) 

and S-, 2: 1 then 

4. If (9.1) and (9.2} hold and S., < l then 

.,.( Ci + .. • + Ci) 2:: 1 :"'s ., 

Theorem 3.1.3 is best possible in the sense that the condition S., :2:: 1 in part 

2 or part 3 cannot be replaced by S., :2:: r, for any T/ < 1. Similarly if we multiply 

the bound for the thickness or the Hausdorff dimension of the sum by 1 + 6 for any 

6 > 0 then the results do not hold in general. 

3.2 A Few Preliminary Lemmas 

To prove Theorem 3.1.3 we require several lemmas. 

Lemma 3.2.1 Let 'D be any derivation of C from I. Then there emts an ordered 

derivation 'Da of C from I with 



CHAPTER 3. SUMS OF CANTOR SETS 27 

Furthermore, if 'D1 and 'D2 are two ordered derivations of C from I then 

Proof. Let 'D be a derivation of C from I, and assume that 'D is not ordered. 

Then there exists a bridge A of 'D which splits as A = AO U O A U A 1 , with AO and 

A1 splitting as A0 = A00 U OAo U A01 and A1 = A10 U OAa U A11 respectively, such 

that either ID Ao I > IO A I or IO A' I > IO A 1- Assume without loss of generality that 

IOAol > IOAI• Consider the derivation 'D. which is identical to 'D except that the 

positions of O Ao and O A in the tree have been switched, that is, 0 Ao is removed 

before O A. If we set A. = A, 

A~= A00
, 

A!o = Ao1, 

A!= A01 u OA u A1 

and A!1 = A1 

then in 'D., A =A.splits as A. = A~UO A. UA! and A! splits as A! = A!0uO A~ UA!1
• 

We claim that 

To prove (3.3) it suffices to show that 

Now, 

IA~I IA001 
IOA.I = IOAoJ' 
IA!01 IA01

I IA01
I --=-->-- and 

IOAd IOAI IOAol 

since IDAI < (OAol, and so (3.4) holds. 

(3.3) 

(3.4) 
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We construct our ordered derivation 1J0 as follows. First we modify 1J to form 

a new tree 'D1 with the property that the first open interval removed is of maximal 

size. We form this tree by switching (a finite number of times) the order in which 

open intervals are removed in TJ, as outlined a.hove. Next we perform the same 

process on the bridges of level 1 in 'D1 , forming a new derivation 'D2 which has its 

first two levels ordered. We continue this procedure inductively, forming -z,n+i from 

'LY' by switching the order open intervals are removed until for every bridge A of 

level n in 1JR+l, the next open interval removed from A is of maximal size. Our 

ordered derivation 'D0 is the derivation with the same root as 'D and for which the 

n th. level of 'DO consists of the same bridges as the n th level of 1J". 

We will use (3.3) to prove the first part of our lemma. Fork e z+ let O! be 

the set of all gaps between intervals in the kth level of the derivation 'DO • Let nA: be 

the minimal number of levels of 'D we must descend before all intervals in O! have 

been removed. Further, let D! consist of all bridges occurring in the first k levels 

of 'Do, and let nn• denote the set of all bridges occurring in the first nk levels of 

the derivation 'D. Then for every k e z+ we have 

by a finite number of applications of (3.3). Thus 

as required. 

Now assume that 'D1 and 'D2 are two ordered derivations of C from I. Let (t;); 

be the sequence of dift'erent lengths of open intervals removed in the derivations, in 

decreasing order ( note that both derivations remove the same set of intervals). If 

no intervals are removed then C = I and 
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Otherwise for every j let B; be a bridge of minimal width in 'D1 such that, in the 

notation of section 2.3, B; = Awd for some binary word w and d E {0, 1}, with 

!Owl= t;. Then 

However, B; satisfies the same condition with 'D1 replaced by 'D2 , whence 

and the lemma follows. 

□ 

Lemma 3.2.2 Let C1 and C2 be Cantor sets derived by derivations 1'1 and 'D2 

respectively. Put 

If both r1 and -r2 are greater than zero and neither C1 nor C2 contains an interval, 

then there e:iist bridges A and B of 'D1 and 1'2 respectively which split as 

A= A0 U OA U A1 and B = B0 U Os U B 1 

S'U,Ch that 

Proof. Let S = ( A.)~1 be a sequence of bridges of 'D1 , where if 'D1 contains a 

bridge of width t then l~I = t for some i, and IA.I > IA.+11 for i 2: 1. Since Ci 

does not contain an interval, all A. split, and IA.I tends to zero as i increases. We 
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define the sequence (B;)i=1 from 'D2 in a similar manner. If OAi and Os, are the 

open intervals removed when A, and B; split, then 

(3.5) 

for i,j ~ 1. Therefore to prove the lemma it suffices to exhibit A,. and B. with 

T2 + 1 . ~ < IA,.I < 2-r1 + 1 . T2 + 1 
2T2 + 1 T1 + 1 - IE.I - T1 + 1 T2 

or equivalently 

T2 IE.I :5 T1 + 1. ~I.Ari :5 2-r1 + llB.1. 
2T2 + 1 T1 T2 + 1 T1 

(3.6) 

By (3.5), for j ~ 1 we have 

hence 

Therefore 
2r1 + 1 T2 IB;I ~ IB;I and 2 1 

IB;I :5 IB;+il 
T1 T2 + 

so to establish (3.6) it is enough to find rands such that 

IB I< T1 + 1. T2 I .... ,< IB 1-•+1 - + 1 .n.- - • T1 T2 
(3.7) 

Since {1.4.l}i and {IB;I}; are both sequences which are monotonically decreasing 

to zero and -r2 :I: 0, (3. 7) must have a solution ( r, s) and the lemma follows. 

□ 
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3.3 The Crucial Proposition 

The next proposition is the key result in this thesis. In its proof we shall make use 

of the concept of compatibility of bridges, which is similar to an approach used by 

ffiavka ([10, Theorem 3]). 

Proposition 3.3.1 For j = 1, 2 let C; be a Cantor set derived from I; with O; the 

largest gap in C;. Let S., = -y(C1) + 1(C2). 

1. Let a' and /3' be any positive real numbers for which 0.1/31 = -r(Ci)T(C2), and 

put a= min{l, o:'} and /3 = min{l,,B'}. If 

(3.8) 

then 

(C C) > . {-r(Ci)+/3 -r(C2)+0:} 
T 1+ 2 _mm l-,8 , l-o: • 

2. If I01l :5 1121, I02l ~ 1111 and S., ~ 1 then 

3. If (3. 8) holds with 

and S.., < 1, then 

T( Ci + C2) ~ 
1 

:_ .. s.,. 

4. If S.., ~ 1 then Ci+ C2 contains an interval. Otherwise Ci+ C2 contains a 

Cantor set of thickness at least 

s.., 
1-S. • .., 
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Proof. We first prove part 1. Assume that (3.8) holds and set 

T = min { T(Ci) + /3, T(C2) +a} . 
1-/J 1-a 

32 

We will show that -r(C1 + C2 ) ~ T. To do so we will construct a tree of valence 2 

to represent C1 + C2. This tree might not be a derivation, since bridges of the tree 

may overlap. However, we will use this tree to construct a derivation of C1 + C2 

with the required thickness. 

We will construct our first tree inductively, by setting the root to be 11 + 12 and 

showing how each bridge in the tree splits. Let 'D1 and 'D2 be ordered derivations 

of C1 and C2 respectively. HA and B are bridges of 'D1 and 'D2 respectively, we 

say that A and B are compatible, denoted A "' B, if 

where A and B split as 

and 

B = B0 u Os u B1
. 

HA does not split but B does, then we say A- B if IAI ~ a:JOsl, and similarly if 

A splits but B does not, then A- B if IBI ~ PIOAI• Finally, for all bridges A and 

B, neither of which split, we put A,,.., B. 

We shall construct a derivation for C1 + C2 using the derivations of C1 and C2. 

Let A and B be bridges of 1'1 and 7'2 respectively with A - B, and set D = A+ B. 

Assume first that both A and B split. Then 

min{IAol, !All}. min{JBol, IBlJ} > -r(C )-r(C) > aR 

IOAI IOsl - 1 2 
- 1-1 
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so 

min{IA0 1, IA1 l}min{IB0 1, IB1I} ~ af310AIIOsl, 

thus either 

(3.9) 

or 

(3.10) 

Assume that (3.9) holds, and let OAo and OA1 be the open intervals removed in the 

splitting of A0 and A1 respectively. Since the derivations are ordered, 

as A- B. By (3.9) we have 

whence 

A0 
- B and A1

,..., B. 

We put 

D0 = A0 + B, D1 = A1 + B and OD= D \ (D0 U D1
). (3.11) 

We have 

ID0
1 = IA01 + IBI, 1n11 = IA1I + IBI 

and if OD is non-empty, 
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Note that if f3 = 1 then On is necessarily empty. Thus either there is no gap 

between D0 and D1 or 

min{ID0 J, ID1 I} = min{IA0 j, IA1I} + IBI > r(Ci) + /3 > T (3.12) 
IOnl IOAI - IBI - 1 - /3 -

Ford= 0 or d = 1, to determine the splitting of D" we repeat the above process 

with A replaced with Ad. 

If we find that (3.10) holds instead of (3.9), we perform the same process, except 

we split B instead of A. Again we may bound min{ID0 1, ID1 1}/I0nl by T. 

If A splits but B does not then we define D0, D1 and On as in (3.11), and find 

that either OD is empty or (3.12) holds. If B splits but A does not then we proceed 

in an analogous manner. Finally, if neither A nor B split then we let D be the 

vertex A + B, and place under D an infinite stalk composed of vertices Dw where 

w is a binary word composed of zeros, and Dw =Das intervals. 

Since / 1 - / 2 we find by induction that we may construct a tree Ts of closed 

intervals { D"'} such that 

where the union is taken over all binary words w of length m such that D"' is a 

vertex of Ts. We further have that if V is a vertex of Ts then either V does not 

split or 

{3.13) 

Now Ts might not be a derivation of C1 + C2 since we may have some overlap of 

intervals associated with vertices. We will however use Ts to construct a derivation 

for Ci + C2 with the required thickness. Let H0 = 11 + 12, H 1 = D0 U D1 and in 

general 

u, 
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where the union is over all binary words w of length m with Dw in Ts. For each 

m, Hm will be the union of a finite number of disjoint closed intervals { H["}. We 

next define a tree Ts by taking as vertices all intervals { H["} and as edges all lines 

joining vertices H[" to H'J'+1
, where Jr/'+1 ~ H[" as sets. We will convert TH into a 

tree where every vertex has at most two subvertices. Let N be a vertex of TH. We 

will construct a finite tree TN with root N and having as leaves the subvertices of 

Nin TH, such that TN is of valence 2 and TN satisfies a condition similar to (3.13). 

Let N have subvertices N1, N2, ... , Ne in TH. If t ~ 2 then we let TN be the 

tree with root N and leaves Ni, ... , Ne. Otherwise, we have that as intervals, 

(3.14) 

where G1 , ... , Ge-1 are open intervals. For intervals J1 and J2 we write J1 ➔ J2 if 

IJ1I ~ TIJ2I- We start by making th~ following claim. 

Claim 1 Let G,. and G. be two open inten,als in (9.14) with r < s. Let J denote 

the entire closed interval between G,. and G •. Then J ➔ G,. or J ➔ G •. Further, 

if G,. is any open inten,al in {9.14) then 

( N,. u u (Nn u Gn)) ➔ G,. 
l~n<r 

(3.15) 

and 

(3.16) 

Proof of Claim 1. Since J contains points of C1 + C2 and ( C1 + C2) n ( G,. U G.) = 0, 

there exists a vertex V = V° U Ov u V1 of Ts with V n J #: 0 and either G,. ~ Ov 

or G. ~ Ov. Assume without loss of generality that G,. ~ Ov. If V1 ~ J then 

IJI 1v11 
IG,.I > IOvl ~ r 
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so J ➔ G,.. Otherwise G. s; V1

, and since (C
1 
+ C

2
) n G. = 0 there exists a vertex 

W = W 0 u Ow u W1 in Ts with W s; V1 and G. s; Ow. In this case W0 s; J so 

so J ➔ G. and the first part of the claim follows. 

To prove the second part of the claim we denote by J~ and J; the left sides of 

(3.15) and (3.16) respectively. As above, we have a vertex V of Ts with V 0 s; J~, 

V1 s:;; J; and Gr s; Ov, and the claim follows. 

By the claim we have 

and 

N; ➔ G;-1 

for j = 2, ... , t - 1. For example, 

Thus there mmt be some G,1 with 

We set t' = t - 1, 

N'­;-

N· :J 

or N· ➔ G· , J 

(3.17) 
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and 

N' 1 

G'. = , {
G· 

, G;+i 

G' 1 

if 1 $ j < r1 

N' 2 N' 4 

37 

We continue this process until we have only two closed intervals left. In our example, 

the next step results in 

N" l 

Gf 

while the last step yields 

N"' 1 

G"' 1 

N." 2 

N,111 
2 

We are now ready to construct our finite tree TN. Let Gr, be the open interval 

satisfying {3.17) at the ith step, for i = 1, ... , t - 2. Further, let Gr,_1 be the open 

interval remaining when our process terminates. We form TN by removing, in order, 

the open intervals Gr,_1 , Gr,_2 , ••• , Gr1 • 

Na N,. G,,. 

By our construction, if N"' is a vertex in TN which splits as 
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then 

To construct our derivation 1) of C1 + C2 , we take as vertices and edges of 1) 

the sets 

NeTs NETs 

respectively, where for a tree T we denote the set of vertices of T by V(T) and the 

set of edges by E(T). We have r(V) ?: T and the first part of the lemma follows. 

We will use part 1 of the lemma to prove parts 2 and 3. Let 

and define a and /3 by 

a = min{l, a'} and /3 = min{l, P'}. (3.19) 

Assume that I01I ~ II2I, 1021 ~ II1I and S-, ~ 1. Then r(Ci)r(C2) ~ 1, which 

implies that a= {3 = 1. Therefore, by part 1, r(C1 + C2) = oo and part 2 follows. 

To prove part 3 we first define a', {3', a and {3 by (3.18) and (3.19). Note that 

if S-, < l then a= a' and /3 = P', hence 

and 

-r(Ci) + ,8 
1-,8 

r(Ci) + ,8' 
1-/3' 

S-, 
1-S., 

r(C2) + a _ r(C2) + a' _ S., 
1 - a - 1 - a' - 1 - S-, 

so by part 1 of the lemma 
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and part 3 follows. 

To prove part 4 we first note that if r( Ci) = 0 or r( C2) = 0 then the result 

follows trivially, whence we may assume r(Ci) and T(C2) are both greater than 

zero. Heither C1 or C2 contains a bridge that does not split then C1 + C2 will 

contain an interval, hence a set of infinite thickness. Otherwise, by Lemma 3.2.2 

there exist bridges A and B of 1J1 and 1J2 respectively, with 

A= A0 U OA U A1 and B = B0 u Os u B 1 

such that 

where a and /3 are as defined in (3.19). By parts 2 and 3 of Proposition 3.3.1 

applied to the Cantor sets 

we have 

if S., ~ 1 and 

otherwise, and part 4 of the lemma follows. 

□ 
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3.4 Proofs of our Main Results 

Proof of Theorem 3.1.3. For real numbers 'Yt, 12 and 13 in [0, 1) with ,1 +,2 < 1 

we put 

Note that 

so 

T12 

1 + = ')'1 + '}'2 
T12 

(3.20) 

We first prove part 2. Assume S-, ~ 1 and let t be the smallest integer with 

1(Ci) + ...... + 1(Ce) ~ 1. Using Proposition 3.3.1 part 4 and (3.20) we find by 

induction that C1 + ...... +Ct contains an interval, whence C1 + ...... + C1c contains an 

interval. 

If S., < 1 then we find by Proposition 3.3.1 part 4, (3.20) and induction that 

C1 + ...... + C1c contains a Cantor set of thickness at least S.,/(1- S.,), so by Lemma 

2.3.2, 
. log2 

dimg(C1 + · • · + C1c) > ----""-­
- log{l + i) ., 

and part 1 of the theorem follows. 

To prove parts 3 and 4 we first note that by (3.1) and (3.2) the sets / 1 + ...... +I,. 

and I,.+1 satisfy (3.8) with a = P = 1, for r = l, ... , k - 1. We find by induction, 

Proposition 3.3.1 part 2 and (3.20) that if S-, ~ 1 then 
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and part 3 of the theorem follows. Similarly if S.., < I then by induction, Proposition 

3.3.1 part 3 and (3.20) we have 

and the theorem follows. 

s., 
r( C1 + • • • + Ck) ~ 1 _ S .., 

□ 

Proof of Theorem 3.1.1. Theorem 3.1.1 follows from Theorem 3.1.3 with k = 2, 

since in that case 

if and only if S-, 2:: 1 

and 
r(Ci) +-r(C2) + 2r(Ci)r(C2) _ S.., 

1 - r(C1)r(C2) - 1 - S-, • 

□ 
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Numbers with Restricted Partial 

Quotients 

4.1 Bounds on the Thickness of C(B) 

To apply Theorems 3.1.1 and 3.1.3 to the cases where the Cantor sets are of the 

form C(B;) for some B; C z+, we need only calculate the thicknesses of the Cantor 

sets in question. 

Lemma 4.1.1 Let t > 2 be an integer and B = {bi, bi, ... , bi} a finite set of 

positive integers with bi < b.+1 for i = 1, 2, ... , t - 1. Let l = bi and m = bt, and 

set ~i = bi+l - bi for i = 1, 2, ... , t - 1. Put 

-lm + Jl2m2 + 4lm 
6= 2 • 
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Then 

Proof. Assume that our bridge is of the form (2.2). To compute a lower bound 

for IA0 1/IOAI we use part 2 of Lemma 2.1.3 with 

to find that 

IA0 1 (bi + (T,"m)) - (bi + (in,'7)) bi+l + (in,'7) + Q 
IOAI = (bH1 + (m,l)) - (bi+ (l,m)) bi+ (m,l) + Q 

(f,"m} - (in,'7) bi+i + (in,'7) + Q -
L\i + (m, l} - (l, m) bi+ (m, l) + Q 

6/l - 6/m bi+1 + 6/m + Q 
L\i+6/m-6/l b,+6/m+Q 

6(m - l) (bi+l + Q)m + 6 - a.lm - 6(m - l) (bi+ Q)m + 6 • 
(4.1) 

Similarly we use part 2 of Lemma 2.1.3 with 

and find that 

IA11 (m - bi+i)lm + 6(m - l) (bi+ Q)l + 6 
IOAI = L\ilm -6(m- l) • (m + Q)l + 6' 
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Thus 

since O :5 Q :5 1/l, and 

□ 

A similar but simpler result holds in the infinite case. 

Lemma 4.1.2 Let B = {61, ~' ... } be an infinite set of integers with bi < bi+i for 

i ~ 1. Let l = b1 and set .(li = bi+l - b, for i ~ 1. Then 

Proof. We use the same strategy as in the proof of Lemma 4.1.1. If A is a bridge 

of the form (2.3) then by part 2 of Lemma 2.1.3 with 

we find 

IA0 1 1 
(OAI = .(l.l - 1 

(4.2) 
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Now if r = 0 then 
IA1

1 bil + 1 
10 A I = aiz - 1 ' 

while if r > 0 we apply part 2 of Lemma 2.1.3 with 

and conclude that 

IA1I (bi+l) 
IOAI = (bi,l) - (bi+1} 

[n_ b· l) + !I!:=! -,-, ,, 'Ir-\ 

Cl,.+ fr-2 
9r-1 

bil + I a,.q"-1 + q"-2 + qr-1 (bi, l) 
- ll,l - 1 • a,.q,._1 + q,._2 

bil + 1 qr+ qr-1 (bi, l} 
= !1,l - 1 • qr 

= (bi + Q)l + 1 > bil + 1 
llil-1 - ~l -1 

by ( 2.1) and since Q 2:: 0. Therefore 

r(7'(B)) = inf inf min { 1 . b,+1 + Q, b,l + l , } (4.3) 
Q i "1il - 1 bi + Q Ail - 1 

and the lemma follows upon minimizing (4.3), since as in the proof of Lemma 4.1.1 

we have O :5 Q :5 1 / l with Q = 0 if r = 0 and Q = 1 / l if r = 1 and a1 = l. 

D 

Note that r(7'(B)) equals T(B) (as defined in the first chapter). 

Lemma 4.1.3 Let B be a set of positive integers with IBI > 1. If Ai(B) = l1 is 

constant then 1'( B) is ordered and so 

T(C(B)) = r('D(B)) = r(B). 
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Proof. Assume first that Bis finite. In the notation of Lemma 4.1.1 put 

for bi< m. Then by part 1 of Lemma 2.1.3 with 

we have 

Thus 

for j > i, and 

for b; EB, so 'l>(B) is an ordered derivation. By Lemma 3.2.1 we have -r(C(B)) = 
-r(tl(B)) and Lemma 4.1.3 follows for B finite. 

If B is infinite then we use an analogous approach, where in this case we define 

□ 

4.2 Sums of Continued Fractions 

For nan integer and Ba set of positive integers with IBI > 1 we define C(n; B) by 

O(n; B) = n + O(B). 
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Using the derivation 'D(B) of C(B) we may construct the canonical derivation 

n+'D(B) of C(n; B) from n+I(B) by translating every interval in 'D by n. Similarly 

we may construct the canonical derivation n - 'D(B) of n - C(B) from n - l(B). 

Proof of Theorem 1.0.6. Put 
l: 

s.., = E1(B;). 
j:l 

Assume first that S,., ~ 1, and for N ~ 1 and j = 1, ... , k set 

N 

Cf = LJ C{n; B;) 
n=-N 

and 

If= [-N + min C(B;), N + maxC(B;)J. 

For j = 1, ... , k we construct a derivation 'Df of Cf from If as follows. Assume 

that II(B;)I < 1. Removefrom If the interval (n+maxC(B;),n+l+minC(B;)) 

for n = -N, ... , N - 1, so that if A; = If then 

AJ = -N + I(B;), 

A}0 = -N + 1 + /(B;), 

and ultimately, 

A}= [-N + 1 +minC(B;),N +max:C(B;)], 

A}1 = [-N + 2 + minC(B;),N + max:C(B;)] 

A}' .. 10 = N -1 + I(B;) and A}···11 = N + I(B;). (4.4) 

We complete 'Df by using the derivations n + 'D(B;), n = -N, ... , N, to split A1, 
A}0 , ••• , A}···10 and At·11• Note that if B; is fimte then 

Jn + I;I _ (T,m,') - (in,"l) 
l(n + max C(B;), n + 1 + min C(B;))I - 1 + (m, l) - {l, m) 

6(m-l) 
- ml -6(m-l) > -r(B;) 
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and that if B; is infinite then 

In+ I;I - _1_ > T B·) 
l(n + maxC(B;), n + 1 + min C(B;))I - l - 1 - ( ' 

so in either case T('Df) ~ T(B;). 

If II;I = 1 then we form V1f by removing the gaps in Cf in order of descending 

width, so that again we have T('Df) ~ r(B;). 

For j = 1, ... , k, If has width greater than 2, snd all gaps in Cf are of width 

less than 1, whence (3.1) and (3.2) hold. Since S., ~ 1 and for a Cantor set C, 

T( -C) = r( C), by part 3 of Theorem 3.1.3 we have 

2 [-k(N -1),k(N - 1)] 

and ( 1.6) follows upon letting N tend to infinity. 

If S., < 1 then (1.7) follows from part 1 of Theorem 3.1.3 with C; = C(B;) for 

j = 1, ... ,k. 

□ 

Proof of Theorem 1.0.2. Theorem 1.0.2 is a special case of Theorem 1.0.6, 

since 

and further, 

□ 
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Proof of Corollary 1.0.3. Note that d°(Lm) > m/(m + 1), whence 

(L) 
m(m-1) (m-l)(m+l)+m (m-1)2 

T m > -------. ------- > ---. 
m(m + 1)-m(m-1) m(m+ 1) +m 2m 

Since 

we have 

1 2 
r(U,)=->-­

l-1 - m-2 

(m - 1)2 

r(Lm)r(U,) > m(m _ 2) > 1 

and the result follows from part 1 of Theorem 1.0.2. 

Before proving Corollary 1.0.4 we need a preliminary lemma. 

Lemma 4.2.1 If B is a finite set of odd positive integers then 1 ft 2C(B). 

Proof. Let m = maxB and assume that 1 E 2C(B). Then 1 ES, where 

□ 

for some odd a 1, a2, b1 and "2 between 1 and m inclusive. Now if both a 1 and b1 

are greater than 1 then 1 ¢ S, so we may assume without loss of generality that 

a1 = 1. Thus 

S [ a2 + IJ "2 + IJ a2 + p bi + p ] 
= a2 + 9 + 1 + b1(b2 + 8) + l' a2 + p + 1 + b1("2 + p) + 1 

where IJ = ( m, 1} and p = ( 1, m}. Therefore we have 

1 > a2 + 8 "2 + 8 
- a2 + 8 + 1 + 61("2 + IJ) + 1 

(4.5) 
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and 

l < a2 + p + b2 + p . 
- a2 + p + 1 b1 ( b2 + p) + 1 

It can be shown that (4.5) and (4.6) are equivalent to 

and 

1 
a2+l-b1<---8 

- b2 +8 

1 
a 2 + 1 - b1 ~ b - p 

2+P 

respectively. But for any integer n ~ I and real :,; E ( 0, 1) we have 

1 
-1<--z<l 

n+z 

(4.6) 

(4.7) 

(4.8) 

and so by ( 4. 7) and ( 4.8) we must have a2 + 1 - b1 = 0. But this is not possible, 

since both a2 and b1 are odd, and the lemma follows. 

D 

Proof of Corollary 1.0.4. We find that T(B0 ) = 1, and so by part 1 of Theorem 

1.0.2, 

Now if Bis a finite set of positive odd integers then O ¢ 2C(B) and 2 ¢ 2C(B). 

By Lemma 4.2.1 we have 1 ¢ 2C(B), whence 

1 t Z + 2C(B) = F(B) + F(B) 

and the result follows. 

D 



Chapter 5 

Products of Cantor Sets 

5.1 General Result 

Recall from Section 2.3 that for E ~ R+ we define E• by 

E• = {logz; z EE}. 

We have the following 1nultiplicative analogue of Theorem 3.1.3. 

Theorem 5.1.1 Let k be a positive integer and for j = 1, 2, ... , k let C; be a 

Cantor set derived from I; ~ (0, oo), with. O; a gap in C; chosen so that IOJI is 

mazimal. Put S.., = -y(C;) + · • · +-y(CZ)-

1. If S.., ~ 1 then C1 • • • C1c contains an interoal. 

2. If S.., < 1 th.en 

51 
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9. If 

11:+il ~ 10;1 for r = 1, ... , k - I and j = l, ... , r, 

I Ii I + • • • + I 1; I ~ I o;+i I 

for r = 1, ... , k - 1 

and S.., ~ 1 then 

Proof. Note that by Lemma 2.2.2, 

We apply Theorem 3.1.3 to the Cantor sets Ci, ... , Ci and the theorem follows. 

□ 

5.2 Bounding r(C*) 

Before we can ue Theorem 5.1.1 we must find a bound for -r(C·). We start by 

generalizing a lemma of Cusick ([2, Lemma 21}. For real z and positive integers n 

we put 

(z) = z(z-l)•·•(z-n+l)_ 
n n! 

Lemma 5.2.1 Let E = [a, b] C (0, 00) be an inten,al of real numbers. Suppose 

that E = E1 u O u E2 -where 
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Ifs < a + r and T > 0 is a real number such that 

then 
IEil 
10•1 >T. 

Proof. We have IE21 ~ TIO•I if and only if 

log(a + r + s + t) - log(a + r + .s) ~ T(log(a + r + s) -log(a + r}) 

which is equivalent to 

or alternativelyt 

l+s+t~ 1+-8-( )
,-+1 

a+r a+r 
(5.1) 

Using the power series expansion for (1 + z)11 for real y and lzl < 1 we find that 

(5.1) is equivalent to 

t4-/; ~ t. (r: 1) (,.:J (5.2) 

Let R be the UDique positive integer such that R < r + 1 < R + 1, and for n ~ 2 

let Cn denote the binomial coefficient in (5.2). If n > r + 1 then 

Cn = (.,. + 1) = T + 1 . _:_ ... r + 1 - R . T - R ... r + 2 - n. 
n n n-1 n.-R n-R-1 1 

Observe that (IC..,l)n~+1 is a non-increasing sequence. Further, CnCn+l ~ 0 for 

n > r + 1. Therefore 

(5.3) 
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The lemma follows from (5.2) and (5.3). 

□ 

As a corollary we may find a bound for T(C•). 

Corollary 5.2.2 Let C ~ JR+ be a Cantor set derived by 'D and let T be a real 

number which is at most T(C). Assume that for all bridges A= [a, bJ of 1J with Ae 

to the right of Ad (d, e E {0, l}) /or which 

IA"I ~ T~OAI < ~ (1 + E (T: 1)) (5.4) 
I Al 2Sn<-r+l 

we have 

(5.5) 

Then 

Proof. Let A = A0 U O A U A1 be a bridge of 'D with Ad to the left of Ae, for 

(d, e) = (1, 0) or (d, e) = (0, 1). Since the logarithm function· has decreasing slope 

it follows that 
IAci-1 IAdl 
IOll > IOAI ~ r. 

If (5.4) does not hold then (5.5) holds by Lemma 5.2.1, so in any case 

• { IA0*1 IA1·1} 
mm IOAI' IOAI ~ r 

as required. 

□ 



Chapter 6 

Products of Continued Fractions 

6.1 Bounding the Thickness of (n ± C(B))* 

We may use Corollary 5.2.2 to find a bound for r((n ± C(B)t) for n sufficiently 

large. 

Lemma 6.1.1 Let B be a set of positive integers with IBI > 1. 

1. There esists M1 E z+ such tha.t 

-r(C(n; Bt) 2: -r(B) 

for all n 2: M1. 

f. If T is a rea.l number with r < -r( B) then there ezists M2 E z+ such. tha.t 

-r((n - C(B))*) ~ r 

for all n ~ M2. 

55 
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,'J. If IBI = oo and Ai(B) = A is constant then there exists M3 E z+ such that 

r((n - C(B)t) ~ r(B) 

Proof. For positive real numbers x we define 

(6.1) 

Since the lemma holds trivially if r(B) = 0 or r(B) = oo we may assume that 

0 < r(B) < 00. We first prove part 2. Assume that r < r(B), say T = r(B) - T/ 

where T/ > O. Choose an integer M2 such that 

u h(r) 1 
.tvi2 > -+ . ,, 

Let n ~ M2 be an integer and let 'D be the canonical derivation of n - C(B). If A 

is any bridge of 'D then A~ [n - 1, oo) and 

fore= 0, 1. Thus 

IAel -TIOAI > TJ h(T) h(r) 
IOAl2 - IOAI > 1/ > M2 -1 ~ n -1 

and so (5.4) never holds. Therefore, by Corollary 5.2.2 

and part 2 of the lemma follows. 

We next prove part 3. Let M3 and n be integers with M3 ~ L\h(-r(B)) + 1 and 

n ~ M3 • Let 'D be the canonical derivation of n - C ( B). To bound the quantity 

IAel-TIOAI 
IOAl2 



CHAPTER 6. PRODUCTS OF CONTINUED FRACTIONS 57 

for all bridges A of 'D we need only compute the bound for all bridges of V(B). Let 

A be a bridge of type (2.3). From (4.2) we have . 

By Lemma 2.1.3 part 1 with 91 = [bi+1l and 92 = [bi, l) we have 

Therefore 

q;(bi+i + Q)(bi + 1/l + Q) 
A-1/l 

Similarly we find that 

and part 3 of the lemma follows from Corollary 5.2.2. 

We now prove part 1. Assume first that B is finite and put 

T- 5(m-l) 
- max{Ai}lm - 6(m - l) • 

Let M1 and n be integers with M1 ~ (m + 2)2h(r(B))/T and n ~ M1. If A is a 

bridge of 'D(B) of the form (2.2) then from (4.1) we have 

IA0
J S(m - l) ((bi+l + Q)m + 6 (bi+l + 1/l)m + 6) 

IOAI - r ~ ~lm -cf(m -l) (~ + Q)m + 6 - (bi+ 1/l)m + cf 

> T. m2~(1/l - Q) 
- ((bi+ Q)m + S)((bi + 1/l)m + cf) 
> T. m2Aiq,._2 
- lq,.((14 + Q)m + ci)((b, + 1/l)m + 6) 
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since qT' ~ lqT'-1 + q,.-2. From Lemma 2.1.3 part 1 with 91 = [bi+1, m, l} and 92 = 
[bi, l, m] we have 

O _ Ai+ 5/m - 6/l 
I Al - q;(bi+l + c5/m + Q)(bi + c5/l + Q) 

whence if r :f: 1 then 

(6.2) 

Similarly we have 

(6.3) 

if r :f: 0. 

Now if r = 1 then in C(n; B) we have A1 on the right side of A0 , and if r = 0 

then A0 is to the right of A 1 . Thus by Corollary 5.2.2, part 1 of the lemma follows 

for B finite. 

If B is infinite then we take M1 greater than (max~;)l2h(r(B)) and use an 

analogous argument to the above to establish our result. 

6.2 Improving Cusick's Product Result 

Proof of Theorem 1.0.10. Let S-, denote the number 

A: 1 
s.,= Er· 

i=l 1 

□ 
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H l; = 1 for any j then the theorem follows trivially, so we may assume that l; ~ 2 

for j = l, ... , k. 

First assume that k = 2, then l1 = l2 = 2. For M ~ 2 sufficiently large we have 

by Lemma 6.1.1 part 1 that 

for n ~ M. For positive integers N > M we define CN and [N by 

cN = [N+½,N+l] U u C(n;U2) 
n=M 

and 

IN= [M,N + l}. 

We may construct a derivation 1)11 of CN from [N in a similar manner to that used 

in the proof of Theorem 1.0.6, the only difference being that the rightmost interval 

in every level of the tree contains the closed interval [N + 1/2, N + 1), so that 

Thus (CN)-1 and C(M; U2) satisfy the requirements of Theorem 5.1.1 part 3, so 

C(M;U2) = [M,M + 1/2] = [ M l _1] 
CN [M, N + l] N + 1' + 2M 

therefore 

But 
1 

C(O; U2) = Uoo C( · U:) 
n=2 n, 2 

whence 

[
2M+l] C(M;U2) • C(0;U2) :2 
2
N + 1 ,1 . 
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This holds for every N > M, thus 

(6.4) 

By taking reciprocals we have 

However 

so 

C(O; U2) • G(2) ~ (1, oo ). (6.5) 

By (6.4) and (6.5) we have 

(0, oo) ~ G(2) • G(2). (6.6) 

By part 3 of Lemma 6.1.1 we may extend our results to the negative real axis by 

replacing the set C(M; U2) by C(-M; U2), so that 

(-oo, 0) ~ G(2) • G(2). (6.7) 

Since O E G(2), we have by (6.6) and (6. 7) that 

G(2) • G(2) = llt (6.8) 

as required. 

Now assume that k > 2. To prove the theorem we will use an approach similar 

to that used to establish (6.8). Without loss of generality we may assume that 
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Now, for M sufficiently large, for all n ~ Mand all j = 1, ... , k the largest gap in 

C(n; U1;)* is (07)*, where Oj is the largest gap in C(n; U1;), namely 

O'J = ([n, l; + l], [n, l;, l;]). 

By Lemma 6.1.1 part 1 there exists a positive integer M1 ~ M such that 

and 

for all n 2!'. M1 and all j = 1, ... , k. For j = 2, ... , k we set 

l}-1 
M; = TMi-1• , 

By our choice of M1, ... , M1c we have, by calculation, 

for j = 1, ... , k - 1. For integers N > 2M1c we define Cf and If by 

(6.9} 

(6.10) 

(6.11) 

Cf= [N + l~ ,N + 1] U u C(n; U1,) and If= [M,,N + l]. (6.12) 
n=M• 

Now the largest gap in (Cf't is either (o:'•)• or (M, + l/l1c,M1c + 1)*. Since 

l1c :$ l,_1 and le~ 2 we have 

l1c < _1 __ 
l1M1(l1 • • • l,_i) - l1M1 

(6.13) 

Also, by (6.10) it follows that 

(6.14) 
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for j = 1, ... , k, whence with (6.13) we find 

thus 

Equivalently, 

(6.15) 

As in the proof of the k = 2 case we have 

(6.16) 

By (6.9), (6.11), (6.15), (6.16) and Theorem 5.1.1 part 3, 

C(M1; U,1 ) • • • C(M1c-1; U,1_,) = [Mi··· M1c-1 (M1 + 1/li) • • • (M1c-1 + 1/la:-d] 
Cf N + 1 ' M1e • 

Thus 

C(M1; Ui1 ) • • • C(M1c-1; u,._,) ~ [(M1 + l/l1) • • • (M1c-i + l/l1c-1), M1 • • • M1c-1] . 

LJ~M• C(n; Ur.) N + l/l1c • M1c 

Since M1 > l?_1/l1c and k > 2 we have by (6.14) that 

M1 • • • M1c-1 
M,. > 1. 

Alsoi since M1c ~ 11:, 

( 
N )-1 U C(n; U,111 ) C C(0; U1,J 

n=M• 

(6.17) 

(6.18) 

(6.19) 
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so by (6.17), (6.18) and (6.19), upon taking the limit as N approaches infinity we 

have 

(0, l] ~ G(li) • • • G(l1c). (6.20) 

Since M; ~ l; for j = 1, ... , k -1 we may take reciprocals in (6.17) and let N tend 

to infinity, so that 

With (6.20) we have 

As before we may extend our results to the negative reals, finding 

Since O E G(li) our result follows. 

D 

6.3 Products of Continued Fractions 

Proof of Theorem 1.0. 7. We may assume without loss of generality that 

0 < r( B;) < CX> for 1 ~ j ~ k. Assume first that S., > 1. Let 'I be the positive real 

number 
S -1 

'I= _.,_k_ 

We will follow a similar approach to that used in the proof of Theorem 1.0.6. For 

i = 1, ... , k, by Lemma 6.1.1 part 1 there exists a positive integer M; such that for 

n> M;, 

r(C(n; B;)*) > r(B;). 
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Let M = max M;. We define Cf and if for N ~ M by 

N 

Cf= LJ C(n; B;) 
n=M 

and 

-N . I; = [M + mm C(B;}, N + maxC(B;)]. 

64 

Our definition of 'D1f is analogous to that for 'Df in the proof of Theorem 1.0.6. 

Note that since the logarithm function is not linear, in the notation of (4.4) we may 

have 

(6.21) 

However, if we set 
, 71(-r(B;) + 1)2 

'I = 1 + 71(r(B;) + 1) 

and take N sufficiently large, then 

Thus 

r((Cf)*) > r(B;) - q' 

so 

7((Cf)*) > 7(B;) - 11, 

whence it follows that 

1((Cf)'") + ······+ 7((bt't) > s., - kTJ = 1. 
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Now 

so if N > M + 1 then all the conditions of Theorem 5.1.1 part 3 a.re satisfied and 

we find that 

ccf'r• ... <err·= <lf'r ... c1:r 

[
(M + l)st Nst ] 

2 Ns-; '(M + l)s-; 
(6.22) 

where s: = l{j; E; = l}I ands;= k-s:. We let N tend to innn.ity in (6.22) and 

find that if Se = k then 

[(M + l)\00) s;; F 

and if jS,I < k then 

(0, 00) s;; F. 

To extend these results to the negative axis we consider the set 

N 
-N u C1 - = (n - C(B1)) 

n=M 

(6.23) 

(6.24) 

for N > M + 1. By Lemma 6.1.1 part 2 we find that for Mand N sufficiently large, 

As before we have by part 3 of Theorem 5.1.1 that 

[
<M + i>st (N - i)st] c cc.N->•1 cca).2 .... ctN>•·. 
(N - l)s;- ' (M + l)s;- - 1 2 1 

However, 
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for every n, whence 

[
(M + l)st (N - l)st] C-F 
(N - 1)5';' (M + 1)5'; - • 

Talcing the limit as N approaches infinity we find that 

(-00, -(M + 1}'] ~ F (6.25) 

if Se= k, and 

(-oo,O) ~ F (6.26) 

if IS1 I < k. Part 1 of the theorem follows from (6.23) and (6.25), while part 2 is a 

consequence of (6.24) and (6.26). 

We now assume that S.., > 1 and IB,.j = 00 for some r with er= 1. Now, 

U 1 1 
C(B,.) = -- = ----. 

biEBr C(bi; B,.) u,,iEBr C(bi; B,.) 

This is similar to the case S-, > 1 and IS.I < k, where instead of dividing by the set 

N 

we are dividing by 

Notice that 

LJ C(n;B,.) 
n=M 

C' = LJ C(n; B,.). 
M<n<N 

n'e.8;. 

l[bi+i, bi+i + 1/ l,. ]I _ 1 
l(bi + 1/l,., bi+i) I - 4il,. - 1 • 

(6.27) 

Choose M sufficiently large so that d( M) = max,~. ~;( B,.) occurs infinitely often 

in the sequence (d1(B,.), 4 2(B,.), ... ), wheres= s(M) is the unique positive integer 

with b.-1 < M :5 b,. Then by (1.4), 

1 
-r(B,.) < d(M)l,. -1 



CHAPTER 6. PRODUCTS OF CONTINUED FRACTIONS 67 

so by (6.27) T((C')'") ~ T(B,.) -11' for N sufficiently large. We proceed in a similar 

manner as in the proof of part 2 of the theorem and find that 

(-oo,O)U (O,oo) ~ F. 

However, 0 E F(B,.) and part 3 of the theorem follows. 

Now assume that S., = 1. We will first examine the sets Cf in more detail. 

Assume that for some j, B; is not equal to U1 for any l ~ 1. We claim that for M 

and N sufficiently large, 

To see this we first take M so that by Lemma 6.1.1 part 1, 

T(C(n; B;t) ~ T(B;) 

for n ~ M. Assume that IB;I < oo, say B; = {b1, ... , bt} with l = b1 < b2 < ...... < 

bt = m. Then, in the notation of (6.21), 

l(Al···ll )I (T,m) - (m,I) 
-1(01'"'1 )1 1-(l,m) + (m,l) 

6(m- l) 
- -------------

lm - 6( m - l) 

6(m - l) ht-11 + 6 (B- ) > ------------ • --~ > T • 
lm - S(m - l) ml+ 5 - ' 

by Lemma 4.1.1. Hence for N sufficiently large 

Now assume that IB;I = oo but A. > 0 for some i. Then by Lemma 4.1.2 

T(B·) < 1 . (bi+Ai)l+l < 1 (h.+Ai) 
' - Ail - 1 b_l + 1 A.l - 1 bi 

< 1 Ai < 1 2 
- A_l -1 + l(A_l - 1) - 21-1 + l{2l-1) 

l + 2 1 l(A1•••11 )1 
= l(2l- l) < l-1 = 1(01···1)1 
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since (l ·- l)(l + 2) < 1(21 - 1) for l ~ l, and our claim follows. 

If B, ~ U, for all l ~ 1 and 1 :5 j :5 k then by part 3 of Lemma 5.1.1, if Se = k 

then 

while if IS«I < k then 

and so letting N approach infinity we find that 

as required. 

If for all j we have B; = Uii for some l; then, since 

for N 2:: l we may assume that Sc= k, and our results follow from Theorem 1.0.10. 

We now assume that for some tin the range 1 :5 t < k we have B; = Uii for 

j = 1, ... , t, l1 ~ • • • ~ lt and B; :/: U, for any j > t and l 2:: 1. As in the proof 

of Theorem 1.0 .10 we may choose M;, j = 1, ... , t such that, in the notation of 

Theorem 1.0.10, 

For N large define Cf and If' by (6.12), substituting t for le. Without loss of 

generality we may assume that Ek = 1 (if not, consider the set F-1 ). ff we choose 

M sufficiently large so that II(M;; U,;)91 > l[M, M + 1]•1 for j = 1, ... , t then by 

Lemma 5.1.1 we have 

C(M1; u,1 )•
1 

••• C(Mt-1; u,*_1 )'
1 

• (Cfi1)'*+1 
••• (Cf)•" ::::> [ M1c-

1 
~] 

Cf'" - N" + 1' M1c-1 
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since M > M; for j = 1, ... ,t. Thus 

C(M1;U1,)'1 .. • C(Mt-1;U,,_,)•1 • (Cf+1r'+ 1 ••• (Cft•:) [Nk-l _!!_] 
UN• C( . rr ) - Nie ' Mk-1 

n=M• n, v11 

= [~, :.-1] 
and parts 4 and 5 of the theorem follow upon letting N tend to infinity, since 

N' 

LJ C(n; U1,) ~ C(0; U,,}. 
n=M• 
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To prove part 6 of the theorem we extend our results to the negative reals by 

using part 3 of Lemma 6.1.1, as was done in the proof of Theorem 1.0.10. 

Finally, if S., < 1 then by Lemm.a 6.1.1 part 1 we have 

r(C(M; B;)9) ~ r(B;) 

for j = 1, ... 1 k and M sufficiently large, whence by Theorem 5.1.1 part 2, 

dimH(C(M; B1t1 • • • C(M; B1cr•) ~ log 2 

log (1 + J.J 
and the theorem follows. 

□ 

Our methods of proving Theorems 1.0.10, 1.0.7, 1.0.8 and 1.0.9 diff'er from that 

employed by Hall in [8]. He covers part of the real line by intervals of the form 

or I(n; L4) • I(n + l; L•) 

and then shows that 
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and 

6.4 Products of Sets of the Form F(m) 

Before we prove Theorems 1.0.8 and 1.0.9 we will prove several preliminary lemmas. 

Lemma 6.4.1 If O < m ~ n then 

(1 - (1, m) )(n, 1} ~ (1 - {l, n) )(m, 1). 

Proof. For positive real z put 

/(z) = z(l - (~)) 
{l,z) 

then, from Maple we have 

for z > O. Therefore 

/'(z) = z(2 + z - Jz(z + 4))
2 

> 0 
(z - Jz(z + 4))2Jz(z + 4) 

m( 1 :.Q_--:m)) < n( 1 -:_Q--;n)) 
{1, m} - {1, n.) 

for m ~ n, and the lemma follows, since (1, m} = m{m, 1). 

Lemma 6.4.2 If m > 0 then 1-{l,m} < {m,1}. 

□ 
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Proof. We have 

- m - 1 (1,m) > 
1 

and (m, 1) > 
1 m+ m+ 

hence 
- m 1 -

1 - (1, m) < 1 - -- = 
1 

< (m, l} 
m+l m+ 

as required. 

□ 

For positive integers m and N we put 

N 

Ct(m) = LJ (n + C(m)), 

N 

F-(m) = F(m)n(-00,0) and CN(m) = LJ(n-C(m)). 
n=l 

We have the following results. 

Lemma 6.4.3 If N is sufficiently large then 

r(Ct(2t) > 0.3660, r(CN(2t) > 0.2999, 

r(C_t(3)*) > 0.8220, r(CN(3)•) > 0.7675, 

r(Ct(4t) > 1.3009, r(CN(4t) > 1.2557, 

r(C_t(5)*) > 1.7888, r( CN(5)*) > 1. 7504, 

r(Ct(6t) > 2.2811, r(CN(6t) > 2.2477, 

r( Ct(7t) > 2. 7758, T(CN(7t) > 2.7463, 

r( Ct(S)*) > 3.2719, r( CN(8)*) > 3.2456, 

r(C;(9)*) > 3.7690 and r( CN(9)*) > 3. 7452. 
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Proof. We first note that since the second derivative of the logarithm function is 

decreasing, if N is large enough then ( as in the proof of Theorem 1.0. 7) 

log(N + (l,m)) - log(N + (m,T)) > T(Lm) 
log(N + (m, 1)) - log(N - 1 + (1, m)) 

and 

log(N - (m,1)) - log(N - (l,m)) > T(Lm) 
log(N - {1, m)) - log(N - 1 - (m, 1)) 

Thus it suffices to determine T(C(Lm)"') and T((l - C(Lm))•) for 2 $ m $ 9. 

Choose min the range 2 $ m $ 9 and assume that r > 1, d E {0, 1} and A is a 

bridge of C(Lm) of the form (2.2). Then by (6.2) and (6.3) we have 

IAdl - TIOAI > T q,._1q,. 
IOAl2 (m + 2)2 

where 
T _ (l,m}(m - 1) 

- m-{l,m)(m-1)" 

We use a Maple program to determine 

minT(A•) and m.inT((l -A)9) 
A A 

where the minima are taken over all bridges A of C(Lm) with 

(m + 2)2 h(T(Lm)) < l 
q,.q,._ 1 < T • ( ) or r _ 

1- l,m 

where h(z) is defined as in (6.1) (note that 1 - {1, m) < (m, 1} by Lemma 6.4.2). 

Our results follow from Corollary 5.2.2. 

D 

Lemma 6.4.4 Form~ 9 and N sufficiently large, 

(6.28) 
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Proof. We will use induction on m. Form= 9, (6.28) follows from Lemma 6.4.3. 

Assume that (6.28) holds for m < t, for some integer t ~ 10. We must bound 

r(Ct(t) ■ ) and r(C;(t) ■). As in the proof of Lemma 6.4.3 it suffices to bound 

r(C(Li)•) and r((l - C(L,))•). Let 

A= [[{a1, ..... , a,., le, t, 1), {a1, ...... , a,., t, 1, t)]] 

be a bridge of '.D(L,). If all tJi 1S are less than t and le < t - 1 then A contains 

some bridge B of '.D(L,_i) with A0 :::> B0 and A1 :::> B1, so (6.28) follows from 

the induction hypothesis. Therefore we may assume that either some tJi = t or 

k = t-1. 

Now let D be either A or 1 - A. Assume that D0 < D1 and put 

D = [a,d) 

D0 = [a,6] 

OD= (b,c) 

D1 = (c,d] 

for some a, b, c and d with a < b < c < d. We claim that 

a> IDI =d-a. (6.29) 

To see this assume first that k = t - l. Then the largest possible intervals for D 

are 11, 12, 1 - 11 and 1 - /2 where 

11 = [{t, 1), {t - 1, Q}] and 12 = ((1, t - 1, t,I), (1, Q}]. 

Now 

1 1 t t+l 
t + 1 < (t, l) < t and t + 1 < {l, t) < t + 2 

hence 
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and 

- - 1 1 
II2I = (1, t, 1) - (1, t - 1, t, 1) < 1 1 - 1 l 

+ i+T + t-1+1.. «+1 

2t+l 1 -- -
- ( t + 2 )( t2 + t + l) < t + 2 < 1 - ( 1, t, 1, ) < ( 1, t - 1, t, 1}. 

Therefore if k = t - 1 then (6.29) holds. Otherwise <Ji= t and so Dis contained in 

a bridge which has k = t - 1, and so again (6.29) holds. 

Now we know that 
ID0·1 
IOi,I > -r(Lt) > 3.4 

by the decreasing slope of the logarithm function and since -r{Lt) 2: r(L10) = 

4.266 .... Also 

by the power series expansion of the logarithm function, as c > a > ID1I and 

b >a> fODI• Therefore 

smce 
IDl( 
IODI 2: -r(Le)-

But a > IDI > (2-r(Lt) + l)(OD(, hence 

!Di.I > r(L ) 3r(Le) + 1 (i _ -r(La) ) 
IOi,I t 3-r(Le) + 2 6-r(Lt) + 4 

> 3.4 
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as r(Le) ~ 4.266 .... Therefore 

for N sufficiently large, and the lemma follows by induction. 

□ 

Lemma 6.4.5 

F(3)F(4) = (-oo,(1- (~))(4,1}] U ((~}(4,1},oo) (6.30) 

and 

F(2)F(7) = (-oo,(1-(1,2})(7:T)] U [(2,1)(7,1),oo). (6.31) 

Proof. By Lemma 6.4.3 we have 

r( ct(3t) ~ 0.8220 , r(Ct(4t) 2: 1.3009 

and 

Since 0.822 x 1.255 > 1 we find by an approach analogous to that used in the proof 

of part 1 of Theorem 1.0.7 that 

(6.32) 

and 

p+(3) • p-(4) = (-00, (3, 1)(-1 + (1, 4} )]. (6.33) 
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Now put 

Ii = (1 - (1, 3,1), 1 - (1, 1,3)] = (0.2087 ... , 0.4417 ... ), 

It = [ ( 4, CT), (3, 4, 1}] = [0.2071 ... , 0.3118 ... ] , 

Ii= (1- (1,CT),1- (1,1,4)] = (0.1715 ... ,0.4530 ... }, 

76 

Since 1 - /3 is a bridge of 'D( £3), we may use 7J( £3) to construct a derivation of C; 

from /3 . To bo1111d T((Cit) we use the same process that was used to establish 

the results contained in Lemma 6.4.3. Specifically we find 

(6.34) 

Similarly we have 

(6.35) 

The largest gap in (Cit, (Ct)■ and {Cit has width 0.1563 ... , 0.0943 ... and 

0.1256 ... respectively. Further, 

l(litl = o.7497 ... , l(Jttl = 0.4091... and l(Jitl = 0.9710 ... 

so by (6.34), (6.35) and part 3 of Theorem 5.1.1, 

c; . ct = 1; • it = ((1 - (1, 3) ){4, 1), (1 - (1, CT) )(3, 4, 1)] 

and 

(6.36) 

C3 ··C4 = /3 -· 14 = [{l - (1, 3) )(1 - (1, 4) ), (1 - {l, 1, 3} )(1- (1, 1, 4} )]. (6.37) 

Since 

F(3) • F(4) s; (-00, (-1 + (1,3))(4, 1)] u [(-1 + (1,3))(-1 + (1,4)), 00) 



CHAPTER 6. PRODUCTS OF CONTINUED FRACTIONS 77 

by Lemma 6.4.1 and Lemma 6.4.2, (6.30) follows from (6.32), (6.33), (6.36) and 

(6.37). 

We now prove (6.31). By Lemma 6.4.3 we have 

and 

for N sufficiently large. Therefore by Theorem 5.1.1 • 

F(2)F(7) ~ (-ex,, -(2, 1)(1 - (1,7) )] U [(2, l)(D), 00) (6.38) 

= ( -00, -0.0411 ... J U [0.0464 ... , 00). 

Let 

1 [(_)_] 1 1 I = l, 1, 2 , ( 1, 2) and C = C ( L2) n / , 

then using Maple and Corollary 5.2.2 (as in the proof of Lemma 6.4.3) we find that 

r((l - C1)") ~ 0.366. 

Let o- and o+ denote the largest gap in (1 - C(L7))" and C(L1)• respectively. 

Then 

o- = (1- (1, 1,7), 1- (2, 7, 1))9 and o+ = ((2, 7, 1), {1, 1, 7))". 

Further, 

10-1 = 0.119 ... , 10+1 = 0.119 ... ' 

1(1 - 11 )"I = 0.4557 ... ' II(L.,)"I = 1.94 .. . 
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and 

Therefore by Theorem 5.1.1 we have 

(1-C1)(1- C(L1)) = [(1-(1,2))(1- (1, 7)),(1-(1, 1,2))(1- (D))J 

and 

Since 

= [0.0301. • • I 0.369 • • • 1 

-(1- C1)C(L7) = [-(1-(1, 1,2))(1,7),-(1- (1,2))(7,T)] 

= [-0,375, •, I -0,0339,,, ]. 
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(6.39) 

(6.40) 

F(2) • F(7) ~ (-00, (-1 + (1, 2) )(7,1)] u [(-1 + (1, 2) )(-1 + {l, 7) ), 00) 

by Lemma 6.4.1 and Lemma 6.4.2, (6.31) follows from (6.38), (6.39) and (6.40). 

□ 

Lemma 6.4.6 

F(2)F(2)F(2)F(2) = (-00, -(1- (1, 2) )3 (2, 1)] u [(1 - (1, 2) )4 , 00 ). 

Therefore by Theorem 5.1.1 and letting N tend to .infinity we have 

F(2)4 

:, (-oo, -(2, 1)3 (1 - (1, 2) )] U [{2, 1)4

, oo) 

= (-oo, -0.0131 ... ] U [0.0179 ... , oo ). 
(6.41) 
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Similar to the approach used in the proof on Lemma 6.4.5 we put 

1+ = [(2,1), (2, 2,T)], 1- = (1 - (1, 1,2), 1 - (1,2)], 

c+ = C(L2) n 1+ and c- = (1 - C(L2)) n 1-. 

Using Maple and Corollary 5.2.2 we find that 

therefore 

Now 1- splits as 1- = 11 U OU 12 where 

Further, 

and 

11 = (1-(l,2},1-{1,2,(2,1})], 

0 = (1 - (1, 2, (2,l} ), 1 - (1, 2, 1,2)) 

and 12 = (1 - (1, 2, 1, 2), 1 - (1, 1,2}]. 

3(/i". U 1;·) = {-3.95 ... , -3.641 ... ] U (-3.638 ... , -3.288 ... ] 

U [-3.327, -2.936) U [-3.015, -2.583) 

11+•1 = 0.1438 ... 
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(6.42) 

hence 11+•1 is greater than the size of the largest gap in ac-•, so by (6.42) and 

Theorem 5.1.1 

c+(c-)3 = 1+(1-)3 = ((1 - (1, 2) )3 (2, 1), (1 - (1, 1, 2) )3 (2, 2, 1)1 

= [0.00704 ... , 0.0319 ... ]. 
(6.43) 
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Also we have, by (6.42) and Theorem 5.1.1, 

(C-)4 = u-r• = (<1- (I:2))\ (1- (1, 1,2))41 

= [0.00514 ... , 0.0319 ... ]. 
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(6.44) 

The lemma follows from (6.41}, (6.43), (6.44), Lemma 6.4.1 and Lemma 6.4.2. 

□. 

Proof of Theorem 1.0.8. If (m, n) = (3, 4) or (m, n) = (2, 7) then the theorem 

follows from Lemma 6.4.5. Otherwise by Lemmas 6.4.1 and 6.4.2 we have 

F(m) • F(n) ~ (-oo, -(1 - (1, m} )(n, 1)] LJ [(1 - (1, m) )(1 - (1, n) ), 00) . 

By Lemmas 6.4.3 and 6.4.4 

so by Theorem 5.1.1 

(-(N - (m, 1) )(N + (1, n) ), -(1 - {1, m) )(n, 1)] ~ F(m) • F(n) 

and 

[(1-(1,m))(l -(l,n)),(N-{m,l))(N-(n,1})) C F(m) •F(n) 

and the theorem follows upon letting N tend to infinity. 

□ 
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Proof of Theorem 1.0.9. Using an approach similar to that used to prove 

Theorem 1.0.8, Theorem 1.0.9 follows from Lemmas 6.4.1, 6.4.2, 6.4.3, 6.4.4 and 

6.4.6, and Theorem 5.1.1. 

D 



Chapter 7 

Cantor Sets with Small Thickness 

7 .1 Asymptotic and Maximal Thicknesses 

Let C be a Cantor set with ordered derivation 'D. We define the asymptotic thickness 

of C by 

'T°A(C) = sup T(A n C) 
A 

where the supremum is taken over all bridges A of 'D. We also define the normalized 

asymptotic thickness of C by 

Using the results of Chapter 3 we may obtain the following theorem. 

Theorem 7.1.1 Let k be a positive integer with C1, ... , C1i Cantor sets. /f-yA(C1)+ 

• • • + iA(C1i) > 1 then C1 + • • • + C1c contains an interval. Otherwise 

. log2 
dime( C1 + · · · + C1i) > --,---__,;;;,---..-. 

log ( 1 + TA(C1)+-~+-u(C1)) 

82 
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Proof. Let S = '}'A(Ci) + • • • + rA(Ck) and assume first that S > 1. Put 

S-1 
iS---- k • 

Then for j = 1, ... , k there exists a Cantor set Ci contained in Ci with 

Note that 

83 

hence by Theorem 3.1.3 C~ + ·•·•·• + ci contains an interval and the first part of 

Theorem 7.1.1 follows. 

Assume next that S :5 1. For any e > 0 put 

Notice that 

log2 

log (1 + ½) 

since S - k6 > 0 and 

log 2 log 2 (log ( 1 + ~) - log ( 1 + ½)) 
log (1 + s~w) = log (1 +½)log (1 + s~.6 ) 

log ( s-:o~~!io/S) 
<------- log2 

log(~) 
< log2 = e 

For j = 1, ... , k there exists a Cantor set Cj with 

(7.1) 
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Thus by Theorem 3.1.3 

dim (C, C') log 2 
H 1 + • • • + k ~ l (1 + _l_) • og S-ko 

Using (7.1) and the fact that C1 s C; for 1 ~ j ~ k we have 

. log 2 
dimH(C1 + • •···+ C1c) ~ log (l + i) - f, 

and upon letting f tend to zero we establish the required result. 

□ 

While use of the asympotic thickness will often give a better result, there are 

many cases where there will not be much improvement over use of ordinary thick­

ness. Consider the Cantor set C = C({l,2,3,4,10}). We have 

r(C) = 0.0717 and TA(C) = 0.07247 

However C(L4) = C({l,2,3,4}) ~ C and T(C(L4)) = 1.300 ... , so C contains a 

set of large thickness. We define the mazimal thickness and· normalized maximal 

thickness of a Cantor set C to be 

respectively, where the supremum is taken over all Cantor sets C' contained in C. 

Note that for any Cantor set C we have 

We have the following results. 
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Lemma 7 .1.2 If C is a Cantor set then 

Proof. For any E in the range O < E < TM(C) there exists a Cantor set C' ~ C 

such that r(C') ~ TM(C) - E. By Lemma 2.3.2 we have 

dimH( C) ~ dimH( C') ~ log 2 .• 
log ( 2 + TM(~)-() 

and the lemma follows upon letting E tend to infinity. 

□ 

Theorem 7.1.3 Let C1, ... , C1c be Cantor sets. If 

then C1 + ...... + C1c contains an interoal. Otherwise 

Proof. The proof of Theorem 7.1.3 is similar to that of Theorem 7.1.1, with max­

imal thickness and normalized maximal thickness replacing asymptotic thickness 

and normalized asymptotic thickness respectively. 

□ 
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7.2 Another Technique 

86 

H C1 and C2 have small maximal thicknesses (i.e., TM(C1)rM(C2) < 1) then it 

may still be possible to prove that 0 1 + C2 contains an interval. We will examine 

three such cases, motivated by the examples of C(L6) + C(L2), C{Ls) + C{L2) and 

C(L3) + C(L3) respectively. The techniques used were inspired in part by work 

of Hanno Schecker [14] who first proved that C(L3 ) + C(L3) contains an interval. 

Schecker made the following definitions. Put 

and for any positive integer n define 

{
9/2 if n is even, 

9.,.= 
9 otherwise, 

'1 = (1, 3) 

{ 
'1 /3 if n is even, 

and ,,.,. = 
'1 otherwise. 

Note that 9/2 = (2, 1) and q/3 = (3, 1). We also define B by 

8 = {(Gi)t=-h; h,k E Zand 1 ~ CJi S 3 for -h < i < k}. 

For any tuple A= (a_,., ... , al) E 8 we define the T-interval I(A) to be the closed 

interval with lower endpoint 

and upper endpoint 

We also define the T-ra.tio of A, v(A), to be 

v(A) = I {1.11, •••,a•+ '11} - (1.11, ••• , 1.11 + '12) I · 
(a-1, ... , a_,.+ '11) - (a-1, ... , a_"+ '12) 
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We say that the T-interval I (A) is valid if 

h ~ 2 or a_ 1 ~ 2, k 2: 2 or a1 ~ 2 

and 

Let B = (b-h,, ... , bk,) EB. Then we say that J(B) is a successor of I(A) if 

k' > k - , h' > h - ' h' + k' > h + k 

and 

for i = -h, ... , k. 

Schecker established the following result. 

Theorem 7.2.1 Every valid T•interual is covered by its valid successors. 

Proof. See [14, Lemma 1]. 

D 

By induction we have the following corollary. 

Theorem 7.2.2 Every valid T-interoal is contained in C(3) + C(3). 

Proof. See (14, Theorem l]. 

D 



CHAPTER 7. CANTOR SETS WITH SMALL THICKNESS 88 

Before we proceed to our results we must introduce additional notation. Let 

C be a Cantor set derived from I and let n be an integer greater than one. We 

may define an n-ary tree 1J" as follows. Let the root of 1J" be the closed interval 

I. Suppose that A is a vertex of 1J" already defined but without sub-vertices. Let 

O~, ... , o~-1 be n - 1 gaps occurring in C n A and write 

where A 1, ... , An a.re closed intervals. We let the sub-vertices of A be the intervals 

A 1, ... , A" and continue defining 1J" recursively. Let the length of a word w be 

denoted by lwl. If 

C = lim LJ I"' 
t➔oo 

lwl=t 

then we say that 1)'l is an n-ary derivation of C from I, and that C is derived from 

/ by 1J". The vertices of 1J" are also called bridges of the derivation. We say that 

1J" is ordered if for any bridge A of 1J" and any j with 1 ~ j ~ n, ~ is a gap of 

maximal size in (A; U ~ U • • • U An) n C. 

For example, if' C = C(Ln) then one ordered n-ary derivation of C is the n-ary 

tree TJ"(Lft) defined by setting 

I= I(Ln) = [(n, 1), (1, n)) 

and 1r1i---t1i = [[{d1,••·,dt,n,l),{d1, ... ,de,l,n)}] 

for any positive integer t and integers d1, ... , de between 1 and n. Note that the 

gaps in the derivation are of the form 
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For sets of real numbers X and Y we write X < Y ( X > Y) if for every x E X 

and y E Y, x < y ( x > y). Assume henceforth that in the derivation 'D" we have, 

for all bridges A of 1J", 

Al < A 2 < • • • < An or Al > A 2 > • • • > An. 

Then we may construct a normal binary derivation 1)"' of C by using '1Jfl . Let 

the root of 'D"' be B = I, where I is the root of '1Jfl. We define TJfl' recursively as 

follows. If, for a binary word v we have that the interval Bu is a bridge of 1J", say 

Bu = Aw, then we put 

BvO = AUil' 

Bvll•00lO = Aw(n-1) 

Bvl = Au,2 U 0~., U • • • U Awn, 

Bvll = A u,
3 U • • • U A um, 

It is easy to see that the tree 'D"' so constructed will be a derivation for C in the 

traditional sense. For example, if 'D"(L11 ) is as defined above then 'D"(Ln)' will be 

the derivation TJ(Ln) defined in (2.2). 

Note that if n = 2 then the trees 'D" and 1J"' will be identical. If n = 2 and A 

is a bridge of 1J" then we often denote O} simply by OA. 

It may be the case that in the derivation 'U'' all local thicknesses are large 

except for those where the ratio is of the form 

1.81111···111 
)Oi,11•••1 J • 

In such a situation we would hope that if we could in some sense "ignore" the bridges 

of the form Bv11•··11 then we could U8e the fact that the other local thicknesses are 

large to show that C + C contains an interval. This concept was used by $checker 
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[14] and motivates our next definition. If A is a bridge of 1Jn then we define A to 

be 

A= n D 
DEM 

where M is the set of closed intervals D such that 

k1 ki 
A= LJ(Aw,n U OA:; U DU LJ(OA;,1 U A"tn) 

t=l t=l • 

for some k1 , k2 E Z + and words w, and u; with A"''" < D < A "1"' for l $ i $ k1 

and 1 $ j ~ k2 . Equivalently, we form A from A by stripping off from both sides of 

A as many intervals of the form OA:1 A""" as possible. For example, if A is a bridge 

of 1"'(Ln), say 

then 

We define AL and AR to be the two half-open intervals with 

and for t = 1, ... , n - 1 put 

where 

if AtL < AtR < O~ or AtL >At.It> O~, 

otherwise. 
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and 

{

A(t+i)R if A(t+i)L < A(t+i)R < Qt or A{t+l)L > A(t+l)R > 0 t 
Y= A A, 

A(t+i)L otherwise. 

Additionally, for 1 ~ s, t ~ n with s -::/: t we put 

A• At = A• u OA u · · · u At and A• At = A• u OA u · · · u At. 

Hence, for example, 

A= ALU A1 U O!t U A2 U • • • U oA-2 U An-l UAR. 

If 0~ is a gap in C(Ln), say 

then 

Let C1 and C2 be Cantor sets derived by 1'i' and r,;' from / 1 and / 2 respectively. 

Assume that for every interval J ~ 11, if 0 1 is the largest gap in C1 n J then 

101 I = sup 10 I, where the supremum is taken over all gaps O. contained in C1 n J. 

H 1J'; is ordered and has this property then we say that~ is B-ordered. Let J1 

and J2 be closed intervals of the form A• At contained in / 1 and / 2 respectively. We 

say that J 1 and J2 are B-compatible, denoted J1 ~ J2, if 

where 0 1 and 02 are the largest gaps in C1 n J1 and C2 n J 2 respectively. 

If I= l(L3 ) = [{3, 1), (1, 3)] then in Shecker's notation we have 
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7.3 F(6) + F(2) 

Although it follows from Theorem 7.4.3 that F(6) ± F(2) = lR., it is instructive 

to examine an independent proof that F(6) ± F{2) contains an interval, since the 

proof is much simpler than the proof of Theorem 7.4.3. Thus the main ideas behind 

the proof will be more obvious. We have the following general theorem. 

Theorem 7.3.1 Let C1 and C2 be Cantor sets with derivations 'Di and V; respec­

tively. Assume that 'Di is B-<Jrdered and ~ is ordered. Let 11 and [2 be the roots 

of 'Di and~ respectively, and assume that [1 ~ 12 and for every bridge A of 'Di 
and B of1Ji 

Assume ferther that 

for k = l, ... , n - 2 and 

for k = 1, ... , n. - 3. Then 

(7.2) 

(7.3) 

(7.4) 

{7.5) 

(7.6) 

(7.7) 

(7.8) 
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Proof. Let A and B be bridges of ~ and 1'~ respectively. Let k be an integer 

in the range 1 $ k $ n - 2, and assume that AkAn-l :::::: B. We will show that 

Ak An-l + B can be covered by a union of intervals of the form 

(7.9) 

where either t > k or w ::/; 0 or 11 :/; 0, and A"'t Aw(n-l) :::::: B". By repeating this 

process we can cover A• An-l + B by intervals of the form (7 .9) where either 11 :/; 0 

or IO~.I < 1B21 < 1B1 1. In this r.ase if 11 = 0 then it follows that 

and 

Hence it is possible to cover A• A"-1 + B by intervals of the form (7.9) where v '::/: 0. 

Similar to the above argument we may repeat this process and cover Ak A"-1+B by a 

union of intervals of the form (7.9) where 11 '::/: 0 and either w ::/: 0 or I Os• I < IA"-11-

If w = 0 then 

for t < r $ n - 1, and 

Therefore it is possible to cover AkAn-1+B by a union of intervals of the form (7.9) 

where w ::/: 0 and 11 :/;: 0. Therefore by induction on min{lwl, lvl} we may cover 

A1An-l + B by intervals of the form (7.9) where wand 11 are as long as desired. 

By letting min{lwl, lvl} tend to infinity we have 



CHAPTER 7. CANTOR SETS WITH SMALL THICKNESS 94 

Since Ii = 1u~-l and Ii ::::: I2 it will then follow that 

Let A and B be bridges of Vi and 'Di and assume that k is an integer with 

1 $ k ~ n - 2 and A"'An-l ~ B. We must cover A"'An-l + B by a union of 

intervals of the form (7.9), as described above. Assume without loss of generality 

that A 1 < A 2. We identify two different situations. 

Situation 1: 1 $ k $ n - 3 

Case 1: fB21 ~ 10~1 
Since 1B11 ~ 1B21 we have 

Case 2: 1B2! < 10~1 
By (7.7) and (7.8) we have 

hence 

with 
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Situation 2: k = n - 2 

Case 1: JB21 ~ 101-21 
As before we find that 

Case 2: IA"-1 I ~ 10B1 
In this case it follows that 

where A"-2 ::::: B and An-l ::::: B. 

Case 3: 1B21 < 101-21 and IA"-11 < IOsl 
By (7.4), (7.7) and (7.5) we have 

By (7.6) and (7.7) we find that 

!B11 > 10~-2 1 ~ 10~-1 1 and IB2 I > IO~n-1 ,. 

Therefore with (7.10) we have 

An-2::::: B 
' 

An::::: B 1 and An-l::::: B2 . 

Now if B2 < 8 1 then 

while if 8 1 < B2 then 

95 
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Notice that if B1 < B 2 then An-2An-1 +B1 intersects A"'+B1
, since 1B11 > 10~-1 1, 

while An+ B1 intersects An-l + B 2 , since 

Theorem 7 .3.1 follows by induction, as described at the beg.inning of the proof. 

D 

Corollary 7.3.2 Let 11 and 12 be bridges of 1'6(L6 ) and T/l{L2 ) respectively, with 

Proof. Let A= I(Ls)w be a bridge of 1'6(Ls) and let B =. ±l(L2)v be a bridge 

of either 'D'-( L2) or -X>2 ( L2). Assume that 

tu¢ {0, l} and v ¢ {0, 1}. 

Let w = a1 ·••a,. and v = 61 ... 6,. Then 

Note that by Lemma 2.1.3 we have 

IA'I > ([k + 1, I:l] + 7 /S){[k + 1, 4,1 + 7 /8) l 
IA'+I I - ([k, I:l] + 7 /8){[k, 4,1] + 7 /8) > 

(7.11) 
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for 1 ~ k ~ n - 1. Also 

IDII > ([k + 2, CT] + 7 /S)([k + 1, CT] + 7 /8) > l 
10~+1 I - ([k + 1, 4, 1] + 7 /S)([k, 1, 4) + 7 /8) 

for 1 ~ k ~ n - 2, and (7.2) follows. Also 

97 

(7.12) 

1s11 > ((2, 1,2] + 3/4)([2, 2,1) + 3/4) > i (7.13) 
1s21 - ([1, 1,2] + 3/4)([1, 2,1) + 3/4) 

and 

IOa1 I > ((2, 2, 2,1) + 3/4)([2, 1, 1,2) + 3/4) > 1 (7.14) 
IOa:i I - ([l, 2, 2,1) + 3/4)([1, 1, 1, 2} + 3/4) 

so (7.3) holds. 

By an approach similar to that used in Section 4.1 we must determine quantities 

of the form 

(7.15) 

where 
fr( Q) (91 - 92) (gs+ Q}(94 + Q) 

91,92,Ua,94, = (!/3 _ 94) • (91 + Q)(gz + Q) 

and z, y, 91, 92, 93 and g., are certain positive real numbers. Now if g3/ 91 and 94/ 92 

are both greater than one or both less than one then the mfimum in (7 .15) clearly 

occurs at either z or y. Otherwise, &om calculus we see that &(91,g2,93,g4, Q), 

considered as a function of Q, will have a critical point at Q if 

0 = aQ2 +bQ+c 

where 

a = 91 + 92 - Us - 94, 
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Thus if a= 0 the critical point is Q = -c/b, while if a -/= 0 then the critical points 

are 
-b + Jb2 - 4ac -b- Jb2 - 4ac 

2a and 2a 

if b2 -4ac ~ 0. Therefore to determine (7.15) we calculate fr(g1 , 92, 93, 94, Q) at the 

above critical points and at :z: and y. 

We have 

IASA6I 
-=,--'- > fr([6, 1, 5), [5, 5, 1], [4, D], [4, 5, 1), 1/7) > 1.428, (7.16) 

IA41 -

IA5 I IA6 I -=- >-=- >fr([6,1,5),[6,s,11,[5,5,1),[4,l,5),l/7) > 1.296, 
1011 - 1011 -

IAI -=- > fr([5, 1, 5), [1, 5,1], [2, 5,I], [1, 1, 5], 1/7) > 8.672, (7.17) 
10:.1 -

IAk+lASI IA4ASI 
~=---- > --=,,..... > fr([5, 1, 5], (4, 5,1], (4, 5,I], [3, 1, 5], 1/7) > 3.542 (7.18) 

I0~J - IO~I -

fork= 1,2,3, and 

IAkl IA4 1 -=- > -=- > fr((4, 1,5], (4, 5,I], [5, 5, 1), [4, 1, 51, 7 /8) > 2.584 (7.19) 
10~1 - 1011 -

for 1 $ k $ 4. Also 

1s21 
IOsal 2::fr((2,0],[2,2:T],[1,1,1,2],[1,2,2,l),1/a) > o.9593 

and 

1s11 
I0sl 2:: fr([l, CT], (1, 2,1), [2, 2,I}, (1, 1,2], 3/4) > 0.8501. 

Therefore 

(7.20) 
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Further 

r(B n C(L2)) = fr([2, 1, 2], [2, 2, 1), [2, 2,T], [1, 1,2], 1/3) > 0.3890 

so that 

(7.21) 

Corollary 7.3.2 follows from (7.11), (7.12), (7.13), (7.14), (7.16), (7.20), (7.21), 

(7.17), (7.18), (7.19) and Theorem 7.3.1. 

D 

7.4 F(5) + F(2) 

There will be three main diff'erences between the proof we will use to establish that 

F(5) ±F(2) =Rand the proof of Theorem 7.3.1. Let A and B be bridges of 'D(L5) 

and 1:>( L2) respectively, with A ~ B. In our proof we will -differentiate between 

the case where A1 < A2 and B1 < B2 (or A1 > A2 and B1 > B2 ) and that where 

A1 < A2 and B 1 > B2 (or A1 > A2 and B1 < B2). We will also have to occasionally 

descend more than one level at a time in our derivations, using sums of the form 

A111 + Bu where either lwl > 1 or lul > 1. Finally, we will occasionally "backtrack", 

as in (7.24). 

Let J1 = [z1, y1) and J 2 = (z2, Y2) be intervals. We say that J1 is almost linked 

to J2 if z 2 < y1 . Notice that if J 1 and J2 overlap then J1 is almost linked to J2. 
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Lemma 7.4.1 Let n E z+, and for 1 ~ t ~ n let Jc = [zc, Ye] be a non-trivial 

interval. Assume that z1 < Yn and that Jc is almost linked to Je+1 for 1 :5 t $ n -1. 

then 
n 

(z1, Yn] ~ LJ Jt. 
t=l 

Proof. See [14, Hilfssa.tz 1). 

□ 

Lemma 7.4.2 Let 11 and 12 be two bridges of'D5(L5 ) and1'2(L2) respectively, with 

and /1 ~ /2, Then 

/1 + 12 C (/1 n F(5)) + (/2 n F(2)) and /1 - 12 ~ (Ii n F(5)) - (12 n F(2)). 

Proof. Let A and B be bridges of 'D(L5) 5 and ±'D(L2) 2 respectively, with 

As in the proof of Theorem 7.3.1 we will use induction over min{lwl, 1111} to prove 

that for 1 S le S 3, if A• A4 ~ B then for any n > 0, A'= A4 + B can be covered by 

a finite union of intervals of the form 

where min{Jwl, Jvl} > n. Thus by letting n tend to infinity we have 

A•A4 + B ~ (A'A4 n F(5)) + {B n F(2}) 
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or 

AkA4 + B ~ (AkA4 n F(5)) + (B n (-F(2))) 

as required. 

Let A and B be bridges of 7'5 (£
5

) and ±1'2 (£
2

) respectively with 

and let k be an integer with 1 ~ k ~ 3 and Ak A4 ~ B. Note first that 

and 

We must show that A• A 4 + B can be covered by a union of intervals of the form 

Awt Aw4 + Bv, where either t > k or w :/: 0 or v :/: 0, and Awt Aw4 ~ Bv. 

The rationale followed when determining the covering intervals is simple. In 

many cases it was found that one could cover A le A 4 + B if intervals of the form 

Aw + Bv were used, but not if they were replaced with those of the form A10 + Bv. 

To make up the difference we add to the union intervals of.the form A1113 + B"". 

To maintain B-compatibility it is usually necessary to have u :/: 0. This of course 

makes it difficult to ensure that A10 + SV is almost linked to A103 + Bvu. 

We may assume without loss of generality that A1 < A 2. We first examinP. the 

case when B1 < B2• We identify two situations. 

Situation 1: k = 1 or k = 2 

Case 1: IB 2 1 ~ IO~I 
Then A'A" ==: B 2 and AlcA" ==: B 1 since IB11 > IB2 1. Also, 

A'A" + B = (A'A" + B1) U (AlcA4 + B2). 
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Case 2: IB2I < l~I 

If k = 1 then IAA:+1A41 > IOsl by (A.6) so Ak+1A4 ::::: B. If k = 2 then define w 

and v by letting A= /(L5)"' and B = ±/(L2)". If v # (1 2) then by (A.7) we have 

IAA:+1A41 > IOsl- Otherwise v = (1 2). We find by calculation that if w -::/; (2) and 

w # (1 1) then IO~I < IB21, a contradiction, whence either w = (2) or w = (1 1). 

In both of these cases we have 

IA3 A4 1 > 0.02 > IOsl 

and thus if k = 2 we have IAAl+1A41 > IOsl, and so Ak+iA4 ::::: B. 

Case 2(a): IAA:I 2: IOsl 

In this case Ak ~ B and 

AkA4 + B =(AA:+ B) U (AA:+1A4 + B). 

Case 2(b): IAAIJ < IOsl 

We have that IB1I > 10~1 by (A.5), thus AAIA4 ~ B1 and 

AAIA4 + B = (AAIA4 + B1) U (AAl+1A4 + B). 

Situation 2: k = 3 

Cue 1: 1B21 ~ IOil 

In this case A3A4 ~ B1, A3A4 ~ B2 and 

A3A4 + B = (A3 A4 + B 1
) U (A3 A4 + B 2

). 

Case 2: IA"I > IOsl 

Then A3 ~ B, A" ~ B and 

A3 A4 + B = (A3 + B) u {A4 + B). 
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Case 3: IB2I < I0~d and IA4I < I0sl 
We have 

by (A.8), (A.12) and (A.11). Also, 

by (A.16) and (A.17) respectively. By (7.22) and (7.23) it follows that 

A3 A4 ~ B 1 and A4 ~ B 2

. 

Case 3(a): IA5I 2: IOs1 I 
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(7.22) 

(7.23) 

Then since IB11 > IO~I > I0~,I we have A5 ~ B 1
• Since 1B11 > 10~1 > 1011 we' 

know that A 3 A4 + B1 is almost linked to A 5 + B1. Also A 5 + B1 is almost linked 

to A4 + B2
, as IA4 A 5 I > I0sl- Thus 

by Lemma 7.4.1. 

Case 3(b): IA5I < IOsal 

In this case IB11I > 1011 > IO~, I by (A.18). With (7.22) we have 

Also, since IB111 > 1011 we know that A3A4 + B1 is almost linked to A5 + B11
• 

Similar to the above we find that A5 + B 11 is almost linked to A4 + B2

, since 

IA4A5I > IOsl- Therefore 

A3A4 + B ~ (A3A4 + B1
) U (A5 + B11

) U (A4 + B2
) 

by Lemma 7 .4.1. 
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We now assume that B1 > B 2. Cases 1 and 2(a) of Situation 1 may be handled 

in the same way as for B 1 < B2 . Also, the proofs for Case 1 and Case 2 of Situation 

2 are the same as in the case where B 1 < B2. Thus it suffices to examine Situation 

1, Case 2(b) and Situation 2, Case 3. 

Situation 1: k = 1 or k = 2 

Case 2(b): IB2I < 10~1 and IAkl < IDBI 
As in the case where B1 < B2 we have 

Also 1B21 > ID~. I and IOs2 I < 1B2 1 < IO~I < IA•I by (A.5) and (A.4}, whence 

A' ~ B2
• Further, IAl:51 > IOaml and 1B1121 > 101.1 by (A.20) and (A.21), so 

Ak5 ~ B112

, and AH + B112 is almost linked to A' A4 + B 1

. 

Assume that k = 1. Then IA11 - IA1LI - IA15LI > IOsl by (A.22), so A1 + B2 

is almost linked to A15 + B 112. Therefore by Lemma 7.4.1 

Assume next that k = 2. By (A.24) we have 

If IA21 - IA2LI - IA25Lj > IOal then A2 + B 2 is almost linked to A25 + B 112, so 

by Lemma 7.4.1. Otherwise 1B11 > IOil + IAlLI + IA25LI so A1 +Bis almost linked 

to A25 + B112• Now IA11 > IOsl and IBI > IOi1I by (A.27), hence A1 ~Band 
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by Lemma 7.4.l. 

Situation 2: k = 3 

Case 3: 1B21 < IO~I and IA4I < IOsl 

105 

Then IA3I > IOa2 I and 1B21 > 10~, I by (A.19) and (A.31), whence A3 ~ B2• Also, 

IB1 I > 10~1 by (A.16), so A3 A4 ~ B1
• 

Case 3(a): JA3I ~ IOsl 
In this case 

where A3 ~ B and A3 A4 ~ B 1

. 

Case 3(b ): JA3I < I Os I 
Then 1B

1
1 > IOil by (A.32), so A2A4 ~ B1

• Since IOsl ~ IA3A4
1 < IA2A3

I we have 

(7.24) 

The lemma follows by induction on the level of the bridges used in the sums, as 

described at the beginning of the proof. 

□ 

Theorem 7.4.3 

F(5) + F(2) = R and F(5) - F(2) = R. 
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Proof. Let 1
1 

and 1
2 

be the roots of 'D5 {£
5

) and D2 {£
2

) respectively. Note that 

IIt 1 I = 0.099 ... , 11t21 = o.oso ... , IIt31 = o.o3o ... , 11;4 1 = 0.020 ... ' 

IO}:, I = 0.015 ... , IO}n I = 0.001 ... , 
1 

IO}u I = 0.004 . . . , 
l 

10}141 = 0.003 ... ' 
l 

11:1 = 0.099 ... , IIf I = o.o5o ... , IItl = 0.030 ... , llf I = 0.020 ... , 

!Ohl= 0.015 ... , 
I 

IO}s I = 0.007 ... , 
I 

IO}.. I = 0.004 ... , 
1 

10}5 I = 0.003 .... 
l 

Also 

llil = 0.056 ... , 11:11 = 0.056 ... , 11:21 = 0.029 ... ' 11;11 = 0.0219 ... , 

1O12 I = 0.024 ... ' 
2 

IOlu J = 0.024 ... , 
2 

IOrp I = 0.012 ... , IOL?t I = 0.009 .... 
2 

Therefore 

15 -121 1...,, 2 , 14 -12 1 ,_ 2, 13 - 12 1 "' 2, 12 -12 
l "' 2, 

/ 5 - 112 1 ,_ 2 , Ill,_ l2 
l ...,, 2, 112 -12 l ,.._, 2, 111 - 111 l ,_ 2 , 

/
11 _ [12 
l ,_ 2 ' / 13 -111 1 ,_ 2 , 112 -112 l ,.._, 2 , 113 ,_ [12 

1 ,_ 2 , 

114 ,_ 112 1 ,_ 2 , 12 -111 l ,.._, 2, n ...., l12 
1 "'-' 2 , / 12 - 111 1 ,.._, 2 , 

113 -12 1 ,_ 2, 114 - 121 
1 - 2 , 14 -111 1 ,..., 2 , / 3 ~ 112 1 ,_ 2 

and 

/ 4 ,_ zu 
1 _, 2 • 
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Now 

If+ 1;1 = [0.537 ... , 0.580 ... ], It+ Ii = [0.573 ... , 0.660 ... ], 

ll +Ii= (0.627 ... , 0.734 ... ], If+ Ii= [0.719 ... ,0.875 ... ], 

1: + 1:2 = [0.874 ... , 0.924 ... ], /[1 + I; = [0.912 ... , 1.069 ... 1, 

If 2 + 1; = [1.054 ... , 1.161. .. ], Jl1 + IJ 1 = (1.124 ... , 1.280 . .. ] , 

/fl+ 1J2 = [l.249 ... , 1.378.,. ], lf3 + /J1 = [l.339 ... , 1.426 ... ] , 

1£2 + 1J2 = [l.391 ... , 1.470 ... ], If 3 + lJ2 = [l.465 ... , 1.524 ... ] 

and 

If4 + IJ2 = [1.510 ... , 1.560 ... ]. 

hence by Lemma 7.4.2 we have 

(0.538, 1.560] s;; F(5) + F(2) 

so F(5) + F(2) = JR. Further, 

If - IJ2 = [-0.560 ... , -0.510 ... ], It - 1;2 = [-0.525 ... , -0.465 ... ] , 

If - IJ2 = [-0.470 ... , -0.391 ... ], It - li1 = [-0.426 ... , -0.339 ... ], 

Il - li2 = [-0.378 ... , -0.249 ... ], If - IJ1 = [-0.280 ... , -0.124 ... J, 
If 1 - Ii2 = (-0.185 ... , -0.056 ... ] , /fl - 1:1 = [-0.087 ... , 0.069 ... ], 

I:2 - li1 = [0.054 ... , 0.161 ... J, IP - 1: = [0.124 ... , 0.280 ... ], 

It2 - 1: = [0.265 ... , 0.372 ... ], Il3 - 1: = [0.339 ... , 0.426 ... ] 

and 

Il4 - 1:1 = [0.419 ... '0.462 ... ]. 

Therefore by Lemma 7 .4.2 we have 

[-0.560, 0.462) s;; F(5) - F(2) 
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and the theorem follows. 

D 

7.5 F(3) + F(3) 

The proof that F(3) + F(3) contains an interval will be more complicated than 

the proofs in the previous two sections. Heuristically this is to be expected, since 

-r(L3)-r(L3) < -r(L5)r(L2). However, we will have an advantage we did not have 

before, that since we will be adding together two copies of the same Cantor set we 

can use sums of the form B 111 + Au as well as those of the form Au + B 111 • 

When comparing an interval of the form B" + A 111 with one of the form A• + Bt 

the following notation will be useful. ff m and n are integers with 1 ~ m, n ~ 3 

and A is a bridge of 'D3 ( L3) we put 

We also define 

and for k = 1 or k = 2 put 

Lemma 7.5.1 Let 11 and 12 be two bridges of T>'(L3 ), with 
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and Ii ~ 12. Then 

Proof. Our proof will be similar to those of Theorem 7.3.1 and Lemma 7.4.2. 

Let A be a bridge of V3 ( L3) and B be bridges of ± V3 ( L3) with A, B :/: ±1 ( L3) 

and A, B :f:. ±I(L3)1, and let k = 1 or k = 2. We will show that if A~ Bk B3 then 

A + B' B3 may be covered by a union of intervals, where each interval is either of 

the form 

where Aw~ irtBv3 and either t > k or w :f:. 0 or v :f: 0, or of the form 

Bv + Awr A"'3 

(7.25) 

(7.26) 

where B1' ~ Aw,-A103 and r = 1 or r = 2, and either w :f: 0 or v f:. 0. As in the 

proofs of Theorem 7.3.1 and Lemma 7.4.2 it follows that we can cover A+B'B3 by 

intervals of the form (7.25) or (7.26) where min{lwl, lvl} is arbitrarily large. Thus 

A+ B•B3 ~(An F(3)) + (B"B3 n F(3)) 

if B ~ R+, while 

A + B" B3 ~ ( A n F( 3)) + ( B" B3 n ( -F(3))) 

if B ~ a-, and the lemma follows. 

Let A and B be bridges of ±X>3(L3) with A, B :f:. ±I(L3) and A, B :f:. l(L3)1, 

and assume that k = 1 or k = 2, and that A ~ B" B3 . We must cover A + B" B3 

by a union of intervals of the form (7.25) or (7.26} where t > k or w f:. 0 or 

v f:. 0. Without loss of generality we may asS11me that A1 < A2. Assume first that 

Bl< B2. 
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Situation 1: k = 1 

Case 1: min{IB1 I, IB2B 3 I} ~ IO!d 
Then A~ B1 , A~ B 2B3 and 

Case 2: IA2I ~ 1011 
Since IA11 > IA21 we know that A1 ~ B, A2 ~Band 

A+ B = (A1 + B) U (A2 + B). 

Case 3: min{JB1I, IB2B3I} < (Oil and IA2I < 1011 

110 

In this case IA1 ( > 1011, min{IA1 l, IA2A3 I} > 1011, (A21 > 1011, and IBI > !Oil by 

(B.12), (B.13), (B.14} and (B.15). Further, 

Since IBI > IOil we know that IBI > IO.!t1 I and IBI > IO~J Therefore 

and 

A+ B s;; (A1 + B) U (B +A1

) U (B+A2A3
) U (A2 + B2 B3

). 

Note that B + A1 is almost linked to B + A2 A3 since IBI > IO~J. 

Situation 2: k = 2 

Case 1: 1B21 ~ IOil 
Then 

(7.27) 
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and 

IB2I > 10~1, IB31 > IOi2I, 

IB21I > 10i3 I and IB213l > IO!:u I 

by (B.18), {B.33), (B.31) and (B.32). 

Case l(a): IB3I 2: !Oil 
Then A ~ B2, A ~ B3 and 

A+ B2B3 =(A+ B2
) U (A+ B3

). 

Case l(b): IA2 A31
I 2: IOrl and 1B3 1 < IO~I 

Then 

by (B.18), and 

by (B.33). Thus 

111 

(7.28) 

(7.29) 

(7.30) 

(7.31) 

by (7.27), (7.28), (7.30) and (7.31). Also B2 + A2 A3 is almost linked to A2 + B3 

since IA2A31I 2: IOI, 'I. Thus 

A+ B 2B3 =(A+ B 2

) u (B2 + A2 A3

) u {A2 + B3

). 

Case l(c): (A2A3 '1 < 101,'I and (B31 < (Oil 
In this case 

(7.32) 
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by (B.17). Also 

(7.33) 

by (B.33), (B.31) and (B.32). Thus 

B2 ~ A, s213 ~ A 312 A 313 and A 2 ~ Ba 

by (7.27), (7.32), (7.29), (7.33) and (7.28). 

Case l(c)(i): IA2A3 'I ~ IOil + IB213LI 
Then B213 + A312 A313 is almost linked to A2 + B3 , so 

Case l(c)(ii): IA2A31I < IOil + IB213LI 
Say A= ±l(L3)"' and ±B = /(L3)". Assume first that w = (1 3). If v :/: (11) and 

v # (2) then by calculation we have 

Further, if v = (11) or v = (2) then 

However we know that 

IA2A3 'l < IOJi'I and 1B31 < !Oil 

hence we must have w :/: (1 3). Therefore IB33I > IOi2 I > IOiu I by (B.16), 

IA23I > I01ss I by (B.42), IB3I > IOi1 I by (B.43) and IA11 > I01s I by (B.43). 

Therefore 
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Now B2 +A is almost linked to B3 +A1
, since IAI > IOi,I. Also IB3 '1 > IO~l+IA23LI 

by (B.44), so B3 + A1 is almost linked to A23 + B33• Finally, A23 + B33 is almost 

linked to A 2 + B3
, as I B33 I > I 0!2 1- Therefore 

Case 2: 1B21 < IO~I 
We have IA1I > IDil by (B.48), hence 

Case 2(a): IA21 ~ 101'1 
Then A2 ~ B2B3 and 

Case 2{b ): IA2I < IOJ. I 
Then 

by (B.63), 

by (B.62) and (7.34), since IB21 > 1B3 1, and 

by (B.48) and (B.64). Therefore 

(7.34) 
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Also, IO~ 'I < IB2 'I by (B.65), so A2 + B2 intersects B2 + A3
• Similarly 101 'I < 

~ - -IA2A3 I so B 2 + A3 intersects A2 + B3
. Hence we have 

We now assume that B 1 > B2. Cases 1 and 2 of Situation 1 may be dealt with 

in the same manner as those where B 1 < B2 , so it suffices to examine Situation 1, 

Case 3 and Situation 2. 

Situation 1: k = 1 

Case 3: min{IB1I, IB2B3I} < IOll and IA2l < 1011 
As in Situation 1 we have 

Also, 

IA2I > 101,1 and IB1I > 1011 > IA2I > IOl2l 

by (B.81) and (B.2), so 

As before, B + A1 is almost linked to B + A2A3 since !Bl> IO!tl­

Situat:ion 2: k = 2 

Case 1: 1B3 1 ~ IO!tl 
Then A ~ B2, A ~ B3 and 
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Case 2: IA1I ~ IOtl 
In this case A 1 ~ B3 B2 . Also we have 

by (B.77), (8.18), (B.89) and (B.62). 

Case 2(a): IA2I 2:: 1oi1 
Then A2 ~ B3B2 and 
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Note that B3 B2 = B2 B3 hence A1 + B3 B2 and A2 + B3 B2 are both of the form 

(7.25). We have used the notation B3B2 rather than B'lB3 to remind the reader 

that B3 < B2
. 

Case 2(b): IB2I 2:: IOll 
We have A ~ B2 and 

A+ B3 B2 = (A1 + B3 B2
) U (A+ B2

). 

Case 2{c): IA21 < IOJ.I and {B21 < 1011 
Then IB3I > 10~2I, (B21 > 10~,I and 1B21 > 10}:al by (B.77), (B.78) and {B.62), so 

with (7.35) we have 

B 2 ~ A2 and A2 =::: B 2

. 

Also 

by (B.79) and (B.89). Further, 

(7.36) 
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by (B.90) and (B.89). Therefore 

Case 2(c)(i): I' A 2 1 2: IOLI+ l(B213)LI 

Then A 2 + B3 is almost linked to B213 + A 
23

• Also I A 
231 > I Oi21 I > I 01,,s I by 

(B.67) so B213 + A23 is almost linked to B2 + A2
. Thus 

A+ B
3 

B
2 ~ (A1 + B 3 B 2

) U (A2 + B 3
) u (B213 + A23

) u (B2 + A 2
) u (A2 + B 2

). 

Case 2(c)(ii): l'A21 < 10},I + l(B213)LI-

Then 1B331 > 1O!._:n I > IOi211 I by (B.69), so A2 + B3 is almost linked to A213 + B33
, 

and with (7.36) we have A213 ~ B 33 • 

Case 2(c)(ii) (A): f1Ji'I ~ !Oil+ l(A213)LI 

In this case A213 +B33 is almost linked to B3 +A3 • Also IA2A3 '1 > I0JJ 'I by (B.90), 

so B3 + A3 is almost linked to A2 + B2. We have 

A+ B
3 
B~ = (A 1 + B 3 B 2

) U (A2 + B 3

) U (A213 + B33
) U (B 3 + A 3

) U (A2 + B 2

). 

Case 2(c)(ii) (B): IWI < I0il + l(A213)LI 

Then IA2l-l(A213)LI > 10}1 + f{B213)LI by (B.70) hence A213 +B33 is almost linked 

to B213 + A23
• Additionally IA23I > IOin I by (B.71), so as in Case 2(c)(i) we have 

B213 ~ A23. Hence 

A+B3 B2 = (A1+B3 B2)u{A2+B3 )U(A213+B33)U(B213+A23)U(B2+A2)U(A2+B2
). 

Case 3: IA11 < JO},I and IB3I < IOil 
Then (B21 > IOil by (B.12), 80 A ~ B2

• Also IAI > IOL:al, (B2) > 1011, IA1I > 

1O},s I, IB3 I > IOi1 I, IA13I > IOi21 I > 101~.us I and (B2131 > IOl1s I by (B.107), 

{B.104), (B.106) and (B.105), hence 

B213 ~ A1a 
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and B213 + A13 is almost linked to B2 + A. Further, IA

2 1 > 101.,1, IB3
I > 10~,I, 

JA2
l > 1013 I and 1B3

1 > 10~2 I by (B.33) and (B.114), so 

A2 ~ B3 and B3 ~ A2
. 

Finally 

(7.37) 

by (B.113). 

Case 3(a): I' A11 ~ IOLI+ f(B213)LI 

Then A 1 + B3 is almost linked to B213 + A 13, and so 

Case 3(b): 1• All < IOil + l(B213)LI 

We have 1B331 > IOiu I > IOim I by (B.95), so A1+B3 is almost linked to A113+B33
. 

Also, with (7.37) we have A113 ~ B33
• Finally 1B3 'I > 10~1 + l(A113)RI by (B.96), 

so A 113 + B33 is almost linked to B3 + A 2• Thus 

The lemma follows by induction as described at the bP.gfouing of the proof. 

□ 

Theorem 7.5.2 

F{3) - F(3) = R. 
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Proof. Let I= [(CT), (1,3)]. Then 

Thus 

Also, 

11111 = 0.056 ... ' 

ID}u I = 0.024. . . , 

1121 = 0.056 ... , 

IO}il = 0.024 .. . 

11111 = 0.083 ... ' 

JO}u I= 0.018 ... , 

11121 = 0.029 ... ' 

ID}n I = 0.012 ... , 

11211 = 0.021. .. , 

IO}nl = 0.009 ... , 

11121 = 0.042 ... ' 

ID}nl = 0.009 ... , 

11131 = 0.011 ... , 

ID}u I = 0.001 ... , 

11221 = 0.009 ... , 

IO}n I = 0.004 ... , 

11131 = 0.025 ... , 

I Ohs I = 0.005 • • • , 

113
1 = 0.042... and 10}, I = 0.009 .... 

/11 ~ 111, /11 ~ 112, 

/22 ~ [13, /21 ::=::: 113, 112 ::=::: 1a and 11a ~ /3. 
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(7.38) 

(7.39) 

(7.40) 

(7.41) 

(7.42) 

(7.43) 

(7.44) 

(7.45) 

(7.46) 

111 
- 111 = [-0.075 ... '0.064 ... ] /

12 
- / 11 = (0.059; .. , 0.158 ... J (7.47) 

/ 11 - / 2 = [0.135 ... , 0.275 ... ] 112 
- /2 = [0.270 ... , 0.370 ... ) (7.48) 

/
13 

- / 22 = [0.342 ... '0.378 ... ] / 13 - [21 = [0.377 ... 1 0.425 ... ] (7.49) 

/12 - /
3 = [0.396 ... '0.468 ... J and 113 - /

3 = (0.464 ... , 0.524 ... ] (7.50) 

Since F(3)-F{3) is symmetric about zero, the theorem follows from (7.45), (7.46), 

(7.47), (7.48), (7.49), (7.50) and Lemma 7.5.1. 

□ 
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Proof of Theorem 1.0.1. As shown by Divis [6J and Cusick (3) we have 

F(3) + F(3) =/; R. 

Also, filavka [10] established that 

F(2) + F(4) ~ R and F(3) + F(4) = R. 

Using Theorem 1.0.2 we find 

F(3) - F(4) = JR 

and from Theorems 7.4.3 and 7.5.2 we have that 

F(2) + F(5) = F(2) - F(S) = F(3) - F(3) = JR. 

Since 

I(L2) - I(L-a) ~ [-0.462 ... , 0.524 ... ] 

we know that 

F(2) - F( 4) :/; JR 

and the theorem follows. 

□ 

With slightly more work we can improve Lemma 7.5.1, describing F(3) + F(3) 

completely. We have the following three lemmas. 

Lemma 7.5.3 Let A be a bridge of 'D3(C(L3)) and let n > 0 be an integer. Put 

w = (1ar 1. Then 

IA
21113I ~ IOis. I 

IA3tu2f > IA3w3f > f O~:a.s I 

(7.51) 

(7.52) 
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Proof. By Lemma 2.1.3 there exists Qin the range 0 ~ Q ~ 1 such that 

IA2w31 -
-=------- = fr([2, w, 3, 1, 3], [2, w, 3, 3, 1], [3, w, 3, 2, 1], [3, w, 2, 1, 2), Q) 
10!3-I 

{w, 3, CT) - (w, 3, 3,1) ((3, w, 3, 2':1] + Q)([3, w, 2, 1,2] + Q) (
7
.
53

) 
= (w, 3, 2, 1) - (w, 2, 1, 2} • ([2, w, 3, 1, 3] + Q)([2, w, 3, 3, 1] + Q) • 

Now 

{w, 3, !:!} - (w, 3, 3,1} = fr([3 131 [3 311 (3 21' [2 f2l (1 (3 l)n)) 
{w, 3, 2, l} - (w, 2, 1, 2) ' ... , "h '"' .&.J, '"'' .LJ, ' ... , "'h ' ' 

~ fr([3, 1,3], [3, ~' [3, 2':11, [2, 1,2], (1,3)) 

= 0.6558 .... (7.54) 

Further 

((3, w, 3, 2':1] + Q)([3, w, 2, 1,2] + Q) > ([3, w, 3, 2':1] + 1)([3, w, 2, 1,2] + 1) 
([2, w, 3, 1,3] + Q)([2, w, 3, 3, 1) + Q) - ((2, w, 3, 1, 3) + 1)((2, w, 3, ~ + 1) 

> ([3, 1, 3, 2,1) + 1)([3, 1, 2, OJ+ 1) 
- ([2, 1, 3, 1,3] + 1)((2, 1, 3, ~ + 1) 

= 1.570... . (7.55) 

Therefore 
IA2"'31 
------ > 1.02 
IO!a.l 

by (7.53), (7.54) and (7.55), and (7.51) follows. 

Note that 

IA3w2( 
-=------ > &([2, OJ, (2, Pl, [a, OJ, [3, 2':11, 1) = 1.644... c1 .s6) 
IA3tu31 -

so to establish (7.52) it suffices to prove that 

IJiiuiil 
10 1 I > 1. 

A2•S 



CHAPTER 7. CANTOR SETS WITH SMALL THICKNESS 

Now 

IA3w31 
101 I = fr([3, w, 3, 1, 2], [3, w, 3, 2, 1), (2, w, 3, 1, 1, 3}, [2, w, 3, 2, 3, l], Q) 

Jl2Ut3 
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(w, 3, U) - (w, 3, D') ([2, w, 3, 1, 1,3] + Q)([2, w, 3, 2, 3,1] + Q) 
= (w, 3, 1, 1,3) - (w, 3, 2, 3,1) • ([3, w, 3, 1, 2) + Q)([3, w, 3, 2, 1} + Q) • 

(7.57) 

However 

(w, 3, 1,2) - (w, 3, ~) fr([ 1'i1 [ ;;---;, [ ,.-;;, [ ;r,, ( )n)) 
( ) ( ) 

= 3,1,2h 3,2,lh 3,1,1,31, 3,2,3,lJ, 1,(3,1 
w,3,1,1,3 - w,3,2,3,1 

~ fr([3, Q, (3, 2,I], [3, 1, 1,3], [3, 2, 3,1], (1, 3)) 

= 3.075 .... (7.58) 

Also 

([2, w, 3, 1, 1,3] + Q)([2, w, 3, 2, 3,1] + Q) > ((2, 1, 3, 1, 1,3] + 0)([2, 1, 3, 2, 3,1) + 0) 
([3, w, 3, 1,2) + Q)([3, w, 3, 2,I] + Q) - ((3, 1,3) + 0)((3, f,3] + 0) 

= 0.5367. 

Thus by (7.57), (7.58) and (7.59) we have 

IJiiviil 
1
01 I > t.65. 

A3•S 

By (7.56) and (7.60) we have (7.52), and the lemma follows. 

(7.59) 

(7.60) 

D 

Lemma 7.5.4 Let I= ((3, 1), (1,3}] and assume that A= Jv is a bridge o/'D3(L3) 

for some word 11. Put 

C =An F(3), C3 = A3 n F(3) and 0 13 = A13 n F(3). 



CHAPTER 7. CANTOR SETS WITH SMALL THICKNESS 122 

Then 

3 3 u 'iJ,\ ~ - - ]] u 13 13 C+C=(C +C) [((v,3,11 +(v,2,1,31,(v,l,3)+(v,1,2,1,3) (C +C ) 

where the union is disjoint. 

Proof. We claim that 

[[(v, 2, 1) + (v, 3,1), (v, 1,2) + (v, 1, 3)]] =A+ A~ C + C. (7.61) 

If A:/= 11 and A:/= I then (7.61) follows immediately from Lemma 7.5.1. Otherwise 

assume first that A= 11 . By (7.38), (7.39), (7.42) and (7.43) we have 

Also 

Therefore 

/12 ~ 111, 

/ 11 + / 11 = [1.135, 1.275], 

/ 11 + / 13 = [1.342, 1.425]' 

/ 13 + / 12 = [1.464, 1.524] 

112 + 111 = [1.261, 1.373), 

/ 12 + / 12 = [1.396, 1.468)' 

and 112 + 113 = [1.468, 1.523}. 

11 + 11 ~ (/
1 n F(3)) + (11 n F(3)) (7.62) 

and so our claim follows for A= 11. If A= I then by (7.38), (7.39), (7.40), (7.41), 

(7.42), (7.43) and (7.44) we have 

/2 ~ 111 and I2 ~ / 12. 

(7.63) 

(7.64) 
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Note that / 2 ~ / 2 follows trivially. Further, 

/ 2 + / 3 = (0.629 ... '0. 728 ... }, /2 + / 2 = (0.724 ... , 0.864 ... ], 

/ 11 + / 3 = [0.841. .. , 0.940 ... ], / 2 + / 11 = (0.924 ... , 1.064 ... ], 

- 12 
/ 2 + / = [l.059 ... , 1.158 ... ] and [ 1 + [ 1 = [l.135 ... , 1.523 ... ]. 
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(7.65) 

(7.66) 

(7.67) 

Therefore (7.61) holds for A= I, by (7.63), (7.64), (7.65), (7.66), (7.67), (7.62) and 

Lemma (7.5.1), and our claim follows. 

For n z 0 put Wn = (1 3)n 1. Then by Lemma 7.5.3 we have 

(7.68) 

and 

(7.69) 

By (7.68) and Lemma 7.5.1 

and by (7.69) we know that A3wn3 + A 2wn3 and A3wn2 + A 2wn3 overlap, hence 

(7.70) 

Now 

so 

overlap. (7.71) 

Also 

IA313A3121 
,-- > fr([3, 1, 3, 1, 2], [3, 1, 2, 2, l], [2, 1, 3, 2, 1), [2, 1, 2, 1, 2], 0) = 1.18 ... 
IOA21I 
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hence IA313A3121 > 10!21 I and so 

A313A312 + A 213 and A+ A overlap. (7. 72) 

By (7.61), (7.70), (7.71) and (7.72) we have 

[[(v,3,(l,3r,1,3,l,2) + (v,2,1,3),(v,l,2) + (v,1,3}]] ~ C +C. (7.73) 

Since (v, 3, 1) + (v, 2, l, 3) EC+ C, upon letting n tend to infinity in (7.73) we find 

that 

[[(v, 3, l} + (v, 2, 1,3), (v, 1, 2) + (v, 1,3)]] ~ C + C. (7.74) 

We may perform the same process using A 1 instead of A, finding that 

[[(v, 1, 1, 2) + (v, 1, 1, 3), (v, 1, a:-f) + (v, 1, 2, 1, 3)]] ~ C + C. 

With (7.74) we have 

[[(v, 3, 1) + (v, 2, 1, 3), (v, 1, 3) + (v, 1, 2, 1,3)]] £; C + C. 

Since 

are both contained in 

[[(v, 3, 1) + (v, 2, CT), (v, 1, 3) + (v, 1, 2, 1, 3}]1 

we know that 

3 3 u ii'1\ ;--,j\ - - u 13 13 C+C=(C +C) [[(v,3,11 +(v,2,1,31,(v,l,3)+(v,l,2,1,3)]) (C +C ). 

The above union is disjoint since for any bridge B of 1>1(C(L3)) we have 

IB31 IOLI $; fr([3, 1,3], [3, a:1], (3, a;I], [2, 1,3], l) = 0.883 

hence IA3I < IOll and IA13I < 10~, I- The lemma follows. 

□ 
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Corollary 7.5.5 Let 1" be a bridge o/'D3(C(L3)) and pv.t C" = [" n F(3). Then 

cu+ C" = {2{11., d1, d2, ... ) ; ~ E {1, 3} and if~ = 1 then <.4+1 = 3, for i ~ 1} 

U ( LJ [[(v.,v,3,1) + (u,v,2,1,3),(u,v,l,3) + (u,v,1,2,1,3)1]), 
veM 

where M is the set of finite words v = d1 • •···de sv.ch that t ~ 0, c4 E {1, 3} for 

1 $ i $ t and if dk = 1 for some le then t ~ k + 1 and dk+i = 3. The union is 

disjoint. 

Proof. Put 

R = LJ [[(u, v, 3, 1) + (u, v, 2, 1,3), (u, v, 1, 3) + (u, v, 1, 2, 1, 3)1] 
veM 

and 

S = {2(u,di,d2, ••• ) ; c4 E {1,3} and if c4 = 1 then <.4+1 = 3, for i ~ 1}. 

Then by repeated application of Lemma 7 .5.4 we have 

Also we have 

by the definition of C". Let z E C"" + C"" and suppose that z ¢ R. Then by Lemma 

7 .5.4 we have 

z E r3 + r3 or z E p13 + p13. 

Similarly if z E 1""1 ···"• + Judi ···da then 
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Thus by induction we find that x E S. By the disjointness of the union in Lemma 

7.5.4 we have Rn S = 0, and the corollary follows. 

□ 

Proof of Theorem 1.0.11. By Corollary 7.5.5 we have 

F(3) + F(3) = (Z + R) u (Z + S). 

Now, 

[(3,T) + (2, CT), (CT)+ (1, 2, 1,3)] = [0.622 ... , 1.527 ... J. 

Further, if I= [(3, 1), (1, 3)] then we have 

113 + 113 = [1.530 ... ' 1.582 ... J 

and 

133 + /33 = [0.604 ... '0.612 ... J. 

Therefore if z E (1 + 133 + / 33
) n (F(3) + F(3)) and 

where ao E Zand <Ji, bi E {1, 2, 3} for i > 1 then we must have 

Put C33 = /33 n F(3). Then by Corollary 7.5.5 there are an uncountable number 

of points in C33 + C33 that are not in any interval contained in C33 + C33, and the 

theorem follows. 

□ 
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7.6 F(5) • F(2) and F(3) • F(3) 

Given Lemmas 7.4.2 and 7.5.1 one would not be surprised to learn that F(5) • F(2) 

and F(3)-F(3) contain intervals; however it is possible to prove even more, namely 

that each contains two infinite rays. 

To prove our result we will use the following two lemmas. 

Lemma 7.6.1 Let 11 and 12 be bridges of T>'1 (L,
1

) and 1"2 (L,
2

) respectively. As­

sume that 11 ~ 12 and 1121 > 2I0¼i I• Then for n sufficiently large and n ::5 m $ 2n, 

Proof. Choose N such that for n ~ N, 

n-1 -
--l(n + I2)"'I ~ 2l(n + 0}1 ti and l(n + I1tl ~ l(n + 0}2 )"'!. (7.75) 

n 

Then if n ~ N and n ::5 m $ 2n we have 

Assume that 12 = [a, ,8]. Theti. 

l(m+/2)81 _ log(m+/3)-log(m+a) 
l(n + 12)•] - log(n + ,8) -log(n + a) 

log(l+~) 

= log (1 + ~) 
8-a _ ! (fl=!a)2 > m+a 2 m+a 

- (b) 
n+ai 

= n + a (l _ 1 /3 - a) 
m+a 2m+a 
n n-1 >-·--. 
m n 

(7.76) 
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Therefore, since m :5 2n, 

(7. 77) 

by (7.75). The lemma follows from (7.76) and (7.77). 

D 

Lemma 7.6.2 Let a 1, a2, /31, /32 be real numbers with O $ et1 < /31 $ 1 and 

0 ~ a2 < /32 :5 1. Let 6 be any number in the range 

(7.78) 

Then for n sufficiently large, 

for k in the range 

Fv.rthermore, for n sufficiently large 

(n+l+ lon;
1
J +a1)(2n+2-lon;1J +a2) 

< (n + l;J + P1)(2n - l;J + /32)- (7.80) 

Proof. To prove the first part of the theorem we note that (7. 79) is equivalent to 
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for some constant c1 . However 

n 6n 
->k>-+c2 2 - - 2 

for some constant c2 , whence there exists c3 such that (7.81) holds if 

129 

(7.82) 

However by (7.78) we know that (7.82) holds for n sufficiently large and our result 

follow. 

To prove the second part of the lemma we note that 

lrn + lj rn + 1 d a-- = o-- + ct an 
2 2 

for some constants ct and cs. Hence (7.80) is equivalent to 

for some constants Ce, c7t ca and C9, or alternatively 

2 (1 6 62) c1on + cu < n - - - + -
4 2 4 

(7.83) 

for some constants c10 and c11. But 

since 6 < 1, and so (7.83) holds for n sufficiently large, and the lemma follows. 

D 

Proof of Theorem 1.0.12. Let 

12 = ((1, 1, 1, 2}, {l, 1, 2, 1}] 
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and 

[3 = [(l, 1, CT), (1, 1, ~)J. 

Then by Lemma 7.6.1 there exists No such that 

for n ~ N0 and n :$ m :$ 2n. Let E > 0 be given. Then for n sufficiently large, the 

values of the ratios in Appendix A corresponding to bridges from (n + 7J5(L5))· 

and (n + 'D2(L2 ))"' will be within E of the values given in Appendix A for bridges of 

7J5(L5 ) and 1'2 (£2). Since the products in Appendix A are all strictly greater than 

one, we find by an approach analogous to the proof of Lemma 7 .4.2 that 

for n sufficiently large and n :$ m :$ 2n, where 

Put 

a1 = (1, 1, 1, 4), /31 = (1, 1, 4, 1}, 

a:2 = {1, 1, 1, 2) and /32 = (1, 1, 2, 1). 

By Lemma 7 .6.2 for N1 sufficiently large 

u LJ l(n+k,2n-k) (7.85) 

is an interval. Therefore by (7.84) and (7.85) there exists a constant c3 such that 

(cs, 00) ~ F(5) • F(2). 

By a similar process we find that there exists real numbers Ct, c5 and Ce such 

that 

[et, 00) ~ -F(5) • F(2}, [es, 00) C F(3) • F(3) 
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and 

[es, 00) ~ -F(3) • F(3) 

and the theorem follows. 

□ 

7.7 Final Remarks 

There are many related questions not answered in this thesis. For example, it is 

unknown whether F(4) ± F(2) or F(2) ± F(2) ± F(3) contains an interval. Also, 

it should be possible to use the work of Section 7 .5 to obtain an alternate proof of 

the lower bound for Hall's ray. Further, we have not examined the sets F(5)/ F(2) 

and F(3)/ F(3). Finally, the general work on sums of Cantor sets should have many 

applications beyond the field of number theory. 



Appendix A 

Calculations for F(5) + F(2) 

Let A = l(Ls)w and B = ±l(L
2

)

11 be bridges of VS(Ls) and ±7'2 (L
2

) with w ¢ 

{0, l} and v ¢ {0, l}. Say 

and put 

Then 

We have 

IBll IOsl ~ fr([l, 1,2], [l, 2,I), [2, 2,I), [1, 1,2], 3/4) = 0.8501 ... , (A.l) 

IB 2 I IOsl ~ fr([2, 1,2], [2, 2,I), [2, 2,I), [1, 1,2], 1/3) = 0.3890 ... , (A.2) 

IA2A"I 
--- > fr([4, 1,4], [2,4,Tj, [2,4,Tj, [1, I;ij, 1/6) = 2.764 ... , 

1011 -

132 
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IA3A41 
--- > fr([4, 1, 4], [3, 4,1], [3, 4,1], [2, 1,4], 1/6) = 2.567 ... , 

10~1 -
IAI -=- > fr([4, 1, 4], [1, 4,1], [2, 4,1], [1, 1,4], 0.2087 ... ) = 6.599... (A.3) 
I0~I-

and fork= 1, 2 we have 

!Aki IA3I -=- > -==- > fr([3, 1,4], [3, 4,1], [4, 4,1], [3, 1,4], 6/7) = 2.044... . (A.4) 
10~1 - 10~1 -

Thus 

IAkl . IB1I > 1.73 and !Aki . IB2I > 2.56 
10~1 IOsl 10~,.1 IOsl 

for k = 1 or k = 2, and 

Now if v ~ {l 2) then 

In this case we have 

4 
QB > (2, 1, 2, 1} = ll. 

IB2I IDs I ~ fr([2, 1,2], (2,2,l], [2,2,l], [l, 1,2),4/11) =_0.3908 ... 

and so if v :/: {l 2) then 

IA3Ai'I . Is21 > 1.003 . 
ID~I IDsl 

More generally we have 

IA4A51 
--- > fr([5, 1,4], (4, 4,1], [4, 4,1], (3, 1,4], 1/6) = 2.853 ... 
IDil -

hence 

IAiAil IB2l - • -,o I > i.11 • (Oil B 

(A.5) 

(A.6) 

(A.7) 

(A.8) 
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Now 

IA5I -=- > fr([5, 1,4], [5,4,l], [4, 4, 1], [3, 1,4], 1/6) = 0.8899 ... , 
10~1 -

IB2I 
IOau I ~ fr([2, 1,2], [2, 2,1], (l, l, 2, 2, l], (1, 1, 1, UJ, 1/3) = 2.570 ... 

and 

IBI 
IOsl ~ fr([2, 1,2}, [1, 2,1), [2, 2,1], [l, 1,2), 3/4) = 2.261... . (A.9) 

Therefore 

IB21 
IOa:il > 2.261, (A.10) 

(A.11) 

and 

(A.12) 

since !A"I ~ IA'I• Further 

IA"I -=- > fr([4, 1,4], [4, 4,1), [4, 4,1], [3, 1,4), 1/6) = 1.312... (A.13) 
IO~d -

and 

IA5I -=- >fr([5,1,4],[5,4,1),[5,4,1],[4,l,4],1/6} = 1.367.... (A.14) 
1011-

Also 

IA•I > 6.599 and 18111 > 0 8502 
IOBll - • 1oi,1 -

(A.15) 
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by (A.3) and (A.I}. Therefore 

and 

IA•I 1s11 
-=-·-101>1.ll, 10~1 B 

JA"I 1s21 -=- • -10 I > 2.56 , 1oi41 B 

IA5I 1B11
1 

-=- • -10 I > 1.16 
1011 s• 

IA31 . 1s21 > 4.62 
IOil I0s2 I 

by (A.13), (A.l), (A.15), (A.2), (A.14), (A.4) and (A.10). Also 

IA15I -=- > fr((l, 5, 4, 1], [1, 5, I:4), [2, i;I), [1, I:4), 6/7) = 0.1070 ... , 
IOil -
IA251 -==- > fr((2, 5, i;I], [2, 5, I:4], [3, i;I], [2, I:4], 6/7) = 0.08768 ... 
!Oil -

and 

135 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

IB2I 
10 I ?:: fr{[2, 1,2], (2, Zl], [1, 1, 2, 1, 1,2], (1, 1, 2, 2, Zl], 1/3) = 14.67 ... 

sn2 

thus 

IAul . 1s2
1 > 1.28 

1011 IOs112I 
for k = 1 or k = 2. Now 

IAI -=-- > fr([4, I:4), [l, i;I), (5, i;'I], [4, I:4), 6/7) = 28.09 ... 
1011-

and 

1s1121 
IOsl ?:: fr([l, 1, 2, 1, 2), (1, 1, 2, Zi], (2, Zi], [l, 1,2], 3/4) = 0.05838 ... 

(A.20) 
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so 

IAA:I 1B1121 
-=-. -,o I > 1.63 10~,I B 

(A.21) 

for k = 1 or k = 2. Further 

IA1I - IA1LI - IA15LI 
--...........,,,.-- > fr([l, 1,4), [l, 5, 1,4), (2, 4,1), [1, 1, 4}, 6/7) = 2.620 ... 

1011 -

and so with (A.2) we have 

IA1 I - IA1LI - IA115LI 1s21 
·-10 I> i.01. 1011 B 

(A.22) 

Additionally, 

IA2I - IA2LI - IA25LI 
I0il + IAlLI + IA25LI ~ fr([2, 1,4), (2, 5, 1, 4}, [2, 5, 1, 4), [l, 1, 4], 1/6) = 1.241 ••• 

(A.23) 

hence 

IA2I - IA2£I - IA211..1 1s11 
10~1 + IA1LI + IA25LI • I0sl > 1•05 (A.24) 

by (A.23) and (A.1). Further 

IA1I -=- > fr([l, 1,4}, [1,0), [3,4,1), [2, l,4],6/7) = 4.433... (A.25) 
I0il -

and 

IA2I -=- > fr([2, I;1), [2, T,I], [l, 1, 1,4), [l, 2, 4,1), 1/6) = 2.584. . . (A.26) 
I0l1I -

80 

(A.27) 
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by (A.25), (A.2), (A.26) and (A.9). We also have 

IA1A2I ~- =fr([2,l,4],[l,:Q:l,[4,1,4),[2,4,1),6/7) = 1.416.... (A.28) 
IA2A41 

Finally, 

IA"I -=- > fr([4, 1, 4), [4, 4,1), [3, 1, 1,4), [3, 2, 4,1), 1/6) = 4.074... (A.29) 
IO~sl -

and 

IA3I -=- > fr{(3, 1,4), [3,:Q:l, [3,:Q:l, [2, 1,4}, 1/6) = 1.230... (A.30) 
IOil -

so 

by (A.29) and (A.2), while 

by (A.30) and (A.I). 

IA41 . 1s21 > 1.59 
10~,f IOsl 

IA3
I . 1B

1
1 > 1.o4 

10~1 (Osl 

(A.31} 

(A.32) 



Appendix B 

Calculations for F(3) + F(3) 

Let A = ±l(L3),,, and B = ±l(L3)" be bridges of ±1'3(L3) with w, v ¢ {0, 1}. 

Assume that 

and put 

Then 

We have 

IA11 -=- > fr([l, 1,2], (1, 2,1), [2, 2,1), [1, 1,2], 4/5) = 0.8438 ... , (B.1) 
I0!tl -
1s11 I0},I ~ fr((l, 1,3], (1, 3,1], [2, 3,I), [1, 1,3], 4/5) = 1.657 ... , (B.2) 

1s2ss1 
I01,I ~ fr([3, 1,3), (2, 3,1], [2, 3,I], [1, 1,3], 1/4) = 1.633 ... , (B.3) 

138 
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IAll -=- > fr{ll, 1, 3], [l, 3,1], [2, 2,1], [l, 1, 2], 4/5) = 1.247 ... , (B.4) 
10~1-

IA2A31 IDII ~ fr((3, 1, 3], (2, 3, l], [2, 2,1], [1, 1, 2]i 1/4) = 1.229 ... , (B.5) 

JA2I -=- > fr([2, f,21, [2, 2,1'], [2, 2,1), [l, f.21, 1/4) = 0.3837 ... , (B.6) 
10~1-
IB1 l 101,1 ~ fr([l,l,3),[1,3,1],[3,3,1],[2,l,3},4/5) = 3.046 ... , (B.7) 

1B2B31 IO~I ~fr([3,1,3),[2,3,I},[3,3,l],[2,r,3},4/5)=3.354 ... , (B.8) 

IA2I IOil ~ fr([2, 1,2], (2, 2,T], [2, 3:-I], {1, r,3}, 1/4) = 0.5095 ... , (B.9) 

IBI 101 I ~ fr([2, 1,2], [l, 2,11, [2, Pl, [l, 1,3], 4/5) = 3.000... (B.10) 

and 

IA1I IOil ~ fr([l, 1,2], {l, 2, l], [2, Pl, [l, 1,3], 4/5) = 1.121... . (B.11) 

Thus 

!All . min{l~~~,~2B31} > 1.37 (B.12) 
IOil B 

by (B.l), (B.2) and (B.3), 

min{IA1 1, IA2A3 I}. min{IB1 I, IB2B3 I} > 1.51 
!Oil 1011 (B.lJ) 

by (B.4) and (B.5), 

IA2 I min{IB1 I, IB2 B3 I} 
-=- • I02 I > 1.16 (B.14) 
1011 B 

by (B.6), (B.7) and (B.8), and 

IA2I IBI 
!Oil • IO},I > 1.S2 (B.lS) 



APPENDIX B. CALCULATIONS FOR F(3) + F(3) 

by (B.9) and (B.10). Further, if w # (1 3) then 

We have 

and 

5 
QA~ (3, 1,3, 1) = 

19
. 

IA2A3'1 
~,,,..- > fr([3, 1,3), [2, 2,1], [2, 2,1], [2, 3, 2,1], 5/19) = 13.05 ... 

1012 I -

140 

1B331 101,1 + IB213LI ~ fr([3, 3, 3, 1), [3, 3, 1], (3, 3, 1), (2, 1, 3, 1, 2], 1/4) = 0.07667 .... 

Thus if w :/: (1 3) then 

Now 

and 

so 

As well, 

IA2A3'1 
IO!tl ~ fr([3, 1,3], [2, 2,1], [2, 3,1), (1, 1,3], 1/4) = 1.464 ... 

!B21 
2 

I ~ fr([2, 1, 2), (2, 2,1], [3, 3,1), [2, 1, 2}, 4/5) = 0.8835 ... 
IOs I · 

IAiFI IB2I 
1011 ~ > 1.29 • 

A 101, I 

IAZA3l 
1 ~ fr([3, 1,3), [2, 3,1), [2, 2,1], (1, 1,2], 1/4) = 1.229 ... , 
(0AI 
IB3

( , -=- ~ fr([3, 1,3), (3, 3,1], [2, 1, 1,2], (2, 2, 2,1], 1/4) = 1.814 ... 
I0},21 
IOil IO!I ~ fr([2, 2,1], [l, 1,2], (3, 3,1), (2, 1,3), 4/5) = 2.442 ... 

(B.16) 

(B.17) 
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and 

IB2I IB21 ~ fr([2, 1,2), [2, 2,T], [2, 1,3], [2, ~' 1/4) = 0.6799 ... 

therefore 

JA2A3 I IB3I 10~1 IB2I 
• -=- > 2.22 and I0A2 I • IB2I > 1.66 • (B.18) 

10~1 10121 
Now, 

IA3 I -=- > fr([3, 1, 2), (3, 2,T], [2, 2,T], (1, 1,2), 1/4) = 0.2079 ... , (B.19) 
I0~I-

IB3 I I01:u I ~ fr([3, 1, 3}, [3, 3, l}, [2, 1, 2, ~, [2, 1, 1, 1,3], 1/4) = 6.097 ... , (B.20) 

101 I 
A > fr([2, 2,1], [1, 1, 2], (3, 1, 1,2), [3, 2, 2,T], 4/5) = 9.449 ... , (B.21) 

IO~sl -
IB21J 
IB2j ~ fr([2, U], [2, 1, U], [2, U], [2, ~' 1/4) = 0.3954 ... , (B.22) 

IA312 A3131 
IOil ?: fr([3, U], (3, 1, 2, ~. (2, 2,T], (1, 1,2), 1/4) = 0.05012 ... , (B.23) 

1B3 1 
1 

> fr([3, 1, 3], [3, 3, 1), [2, 1, 3, 1, 1, 2}, (2, 1, 3, 2, 2, 1], 1/4) = 44.56 ... , 
108 ml 

(B.24) 

10~1 
IO~si I ~ fr((2, 2, 1), [l, 1, 2], [3, 1, 3, ~, [3, 1, 2, 1, 3], 4/5) = 56.03 ... , (B.25) 

IB2131 7lPf > fr([2, 1, 3, 1, 2], [2, 1, 3, 2,1], [2, U], [2, 3, 1], 1/4) = 0.02796 ... , 

(B.26) 

IA2I -!Oil ~ fr([2, 1, 2), [2, 2,1], [2, 2,I], [l, 1,2), 1/4) = 0.3837 ... , (B.27) 

IBI IOiJI > fr{[3, U], [1, a:l], [2, a:l], [1, U], 0.5332 ... ) = 4.475 ... , (B.28) 

IOil -==- > fr([2, 2,1), [1, 1,2), [2, 1, 1,2), [2, 2, 2,1),4/5) = 5.563... (B.29) 
10~21 -



APPENDIX B. CALCULATIONS FOR F(3) + F(3) 142 

and 

IB3 l IB21 ~ fr([3, 1, 3), (3, 3,1], [2, 1,3], [2, 3,1], 1/4) = 0.5383... (B.30) 

therefore 

IA31 . 1B31 1 26 and IO~I . IB211 > 3.73 
10~1 101211 > • IO~sl IB2I 

(B.31) 

by (B.19), (B.20), (B.21) and (B.22), 

IA312As131 1B31 10~1 1s2131 
- • -:::...-=-- > 2.23 and IOA2 ·• I IB2I > 1.56 (B.32) !Oil 101ml ~ 

by (B.23), (B.24), (B.25) and (B.26), and 

IA2I 1B31 -=-. 101 I > 1.72 and 
IOil B 3 

by (8.27), (B.28), {B.29) and (B.30). Further, 

(B.33) 

IA23l -=- > fr([2, 3, 2,T], [2, 3, 1, 2], [2, 2,1), [l, Q, 1/4) = 0.03715 ... , (B.34) 
IOil -
IB3

I (O
1

u I 2: fr([3, 1, 3], [3, a:l], (3, 3, 2, 3, 1), [3, 3, 1, 1, 3], 1/4) . 48.81 ... , (B.35) 

101 1 
A > fr([2, 3,1], [l, 1,3], [2, 3, 2, 2,1], [2, 3, 1, 1, 2}, 4/5) = 44.85 ... , (B.36) 

IOi:,31 -

IB33I IB
2
I 2: fr([3, 3, 3,1], [3, 3,1), [2, Q, (2, 2,1), 1/4) = 0.07271 ... , (B.37) 

IOil 10~1 I 2: fr([2, 3, 1), [l, 1,3], [l, 1, 1,3], (1, 2, 3, l], 1/4) = 2.417 ... , (B.38) 

IB3 ( IB2l 2: fr([3, Q, [3, n], (2, Q, (2, 2';1], 1/4) = 0.5417 ... , (B.39) 

IA2AS'I 
IOil + IA23LI 2: fr{[3, 1,3], (2, 2';1], [2, 3, 1,2), [l, 1,3], 1/4) = 1.453... {B.40) 
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and 

l'B3I 
10~1 + IB213Lj ~ fr([3, 1, 21, (3, 3, 1], (3, 3, l], [2, 1, 3, 1, 2], 1/4) = 0.7521... (B.41) 

thus we have 

IA23I IB3 I 
!0~I • 101:u I > 1.Bl ' 

by (B.34), (B.35), (B.36) and (8.37), 

IA1I IB31 
=-·-101 I >5.58, 
I0!tl B 3 

by (B.4), (8.28), (B.38) and (8.39) and 

IO!tl IB33 i 
-101 I • -=- > 3.26 , 

A13 jB2I 

10? . IB3 I > 1.30 
10,411 IB2I 

IA2A3'1 ,~1 
10~1 + IA23LI • 1011 + IB213LI > 1.og 

(B.42) 

(B.44) 

by {8.40) and (B.41). Now 

jB2I 
IOi,I ~ fr([2,1,3},[2,3,l],[3,3,1],[2,l,3],4/5) = 1.480 ... , (B.45) 

IA3I -==- > fr([3, 1,3), [3, 3,1), (2, DJ, [l, 1,2), 1/4) = 0.3038... (B.46) 
10~1- · 

and 

IB2I -=- > fr([2, 1,3], [2, 3,1], [2, 1, 1,2), [2, 2, 2,1], 1/4) = 3.370... (8.47) 
10121 -

hence 
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by (B.l), (B.45)t (B.46) and (B.47). Further, 

IA2I -=- > fr([2, 1,2), (2, 2,I], (1, 1,2), {1, 2,I], 1/4) = 0.4105 ... , (B.49) 
jAll -

102 I 10C21 ~ fr([3, 3,TJ, [2, 1, 3), [2, 1, 1, 3), [2, 2, 3,TJ, 1/4) = 2.868 ... ' (B.50) 

IAI -=- > fr([2, 1,2), (1, 2,I], [2, 2,I], (1, 1,2), 4/5) = 2.257 ... , (B.51) 
10~1-
IB2I IOil ~ fr([2, 1,3], (2, 3, 1), [3, 3,TJ, [2, 1,3], 4/5) = 1.480 ... , (B.52) 

(Oil 101,sl ~ fr([3, 3,TJ, [2, 1,3], [3, 1, 1,3], (3, 2, 3,TJ, 4/5) = 5.136 ... , (B.53) 

1B3
1 IOJ.I ~ fr((3, 1,3], [3, 3,1], (3, 3,TJ, [2, 1,3], 1/4) = 0.8402 ... , (B.54) 

IA2I IOls I ~ fr([2, 1, 2), [2, 2, l], (3, 1, 1, 2], [3, 2, 2, 1), 4/5) = 3.910 ... , (B.55) 

1s21 IOJ.I > fr([2, 1,2), (2, 2,I], (3, 3,TJ, [2, l,3],4/5) = 1.011 ... , (B.56) 

IA2I ~ > &([2, 1,2), [2, 2,I], [3, 3,1'J, [2, 1,2), 4/5) = 0.8835 ... , (B.57) 
IOi 1-
1s2•1 IOLI > fr([2, 1, 3], [2, 2,I], [3, 3,TJ, (2, 1,3), 4/5) = 1.155 ... , (B.58) 

IA2A3'1 • 
IAl( > fr([3, 1,3], (2, 2,I], [1, 1,2], [1, 2,I], 1/4) = 1.179 ... , (B.59) 

102 1 -d-, > fr([3,3, 1], [2, 1,3], [3, 3,1], (2, 1,2), 1/4) = 0.8712 ... , (B.60) 
lOfi I -

and 

Thus 
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by (B.49), (B.50), (B.51) and (B.52}, 

IA2I . 10111 > 2.10 IA2I JB
3
I (B.63) 

IA1I I0a,1 and 10~21 • 1011 > 1.sg 

by (B.49), (B.53), (B.51) and (B.54), 

by (B.55) and (B.56), 

1A21 rw1 
~ • 102 I > 1.02 IOi I B 

by (B.57) and (B.58), and 

__ IA_2A_3_'I. _10_1_1 > 1.02 
IA1I 101, 'I 

by (B.59) and (B.60). Also 

IA231 
-.==- > fr{[2, 3, 3,1], [2, 3,1], [2, 1,2], [2, 3,1], 4/5) = 0.1035 ... 
l'A21 -

and 

(B.64) 

(B.65) 

(B.66) 

102 I + IB213LI 
B 

2 
~ fr([3, 3, lJ, [2, 1, 3, 1, 2J, [2, 1, 3, 2, 1], [2, 1,2), 1/4) = 10.30 ... 

IOs21I 

therefore 

(B.67) 

Furthermore 

l'A21 
2 

> fr{[2, 1,2], [2, 3,1], [2, 1, 3, 2, 1], [2, 1, 2], 4/5) = 14.02 ... 
IOA21I 
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and 

IB33I 10~1 + JB213LI ~ fr([3, 3, 3, l], [3, 3, lJ, [3, 3, 1], [2, 1, 3, 1, 2), 1/4) = 0.07667 ... 

thus 

Now, 

l'Ail . IB33I 
- 1as2 I + IB213LI > 1.07 • 10~:nl 

(B.68) 

(B.69) 

IA2 I - IA213LI 
10~1 + IA213LI ~ fr([2, 1, 3, 1, 2], (2, 3, 1], (3, 3, l], (2, 1, 3, 1, 2], 4/5) = 1.465 ... ' 

1B3'1 
I0~ I+ IB213LI ~ fr((3, 1, 2], (3, 3, 1], (3, 3, 1], [2, 1, 3, 1, 2], 1/4) = 0.7521 ... , 

IA231 
10~ I + IA213LI ~ fr([2, 3, 3, 1], (2, 3, 1], (3, 3, lJ, (2, 1, 3, 1, 2], 4/5) = 0.1375 ... 

and 

l'B31 
-2- ~ fr((3, 1,2], (3, ~, (2, 1, 3, 2,1], [2, 1, 2], 1/4) = 7.749 ... 
I0a:nl 

hence 

IA2I - IA213LI IWI 
I0!tl + IA213LI 10}1 + IB213LI > 1.10 

(B.70) 

and 

(B.71) 
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Also 

102 I I01
3
I ~ fr([3,3,1],[2,l,3],[3,l,1,3],[3,2,3,1],4/5) = 5.136 ... , (B.72) 

IA2I 
-==- > fr([2, 1,3], [2, 3,1], [1, 1, 2}, (1, ~' 1/4) = 0.6038 ... , (B.73) 
IA1I -
IA2I I0~

2
I ~ fr([2,l,2],[l,~,[2,3,1],[l,l,3],4/5) = 3.000 ... , (B.74) 

IA2I J0~23I ~ fr([2,l,2],[1,~,[3,l,l,3],[3,2,3,1],4/5) = 28.32... (B.75) 

and 

IB2131 
I0~I ~ fr((2, 1, 3, 1,2], [2, 1, 3, 2, lJ, (3, 3,1], [2, 1,3), 4/5) = 0.04270... (B. 76) 

80 

IAzl . 10:1 > 2.10 and 1~21 . IIOB:11 > 1.89 (B.77) 
IA1 I IOssl I0 A2I B 

by (B.49), (B.72), (B.51) and (B.54), 

IA2 I. 1011 > 1.30 d IA2I IB2I 3 03 
IA1I 10121 an I0}2I • I0LI > • 

(B.78) 

by (B.73), (B.61), (B.74) and (B.56), and 

IA2! IB2131 
IO~isl • IOfil > 1.2o (B.79) 

by (B.75) and (B.76). Further, we have 

IB2B31 
IOi1 I ~ fr([3, 1, 3], [2, 3,1], [1, 1, 1, 3], [l, 2, 3, 1), 1/4) = 3.947 ... (B.80) 

so 

(B.81) 
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by (B.6), (B.28) and (B.80). Now 

IB2I . -==- > fr([2, 1,3], [2, 3, 1], [3, 1, 1,2), (3, 2, 2,1], 4/5) = 5. 728 ... , (B.82) 
101,1 -
IA2I 

IO~s I ~ fr([2, f,2], [2, 2, 1), (3, 1, 1,3], [3, 2, a;Tj, 4/5) = 5.193 ... , (B.83) 

IB3 I IOLJ ~ fr([3, 1,2], (3, 2,1], [3, a;I], [2, 1,3], 1/4) = 0.5749 ... , (B.84) 

IA2131 
~ > fr([2, 1, 3, 1, 2], [2, 1, 3, 2,1], [2, 2,1], [1, 1, 2), 1/4) = 0.01578 ... , (B.85) 
10;.I -
IB2I I01ss I ~ fr{[2, 1, 3J, [2, 3, lJ, [3, 3, 2, 3, 1], (3, 3, 1, 1, 3), 4/5) = 84.12 ... , (B.86) 

IA2A3'1 
---- > fr([3, 1,3], [2, 2,1], (2, 2,1], (1, 1,2], 1/4) = 1.102... (B.87) 

10;.I -
and 

IB2I 
,=;::- > fr{[2, 1,3], [2, 3,1], [3, 2,1], [2, 1,3], 4/5) = 1.248... (B.88) roi,-

thus 

IA3I . JB2I > 1_74 IA2I IB3 l (B.sg) 
and 10A1 s I • 1oa2 I > 2.98 10;.I J01sl 

by (B.46), (B.82), (B.83) and (B.84), 

IA213t IB2
I 

IOil • I01u I > 1.32 (B.gO) 

by (B.85) and (B.86) and 

fiiiFI . 1s21 > i.as (B.91) 
10;.I I' 0J,I 

by (B.87) and (B.88). Further, 

I' All 
2 

~ fr([3, r,a], (1, 2,1], (1, 2,1], (1, 3, 2';1}, 1/4) = 13.46 ... , (B.92) 
IOAul 

l'All 10;.J + (Ji113LI > fr([l, 1, 2], (1, 3,1], [2, 3,i], (1, 1, 3, 1,2], 4/5) = 1.496... (B.93) 
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and 

l'B31 
IOj,I + IB213LI ~ fr([3, 1, 2}, [3, 3, l], [3, 3, l], [2, 1, 3, 1, 2), 1/4) = 0.7521... (B.94) 

whence 

by (B.92) and (B.68), and 

l'Afl IB33 I 
- • 1os2 I + IB213LI > 1.03 
IO!ul 

I' A1I l'lPI 
10~1 + IA113Lj 101, I + IB213LI > 1.l

2 

by (B.93) and (B.94). Also we have 

(B.95) 

(B.96) 

IA1I 
IO~u I ~ fr([2, 1, 2], [l, ~, [3, 1, 1, 3], [3, 2, a:I), 4/5) = 28.32 ... , {B.97) 

1B2131 
IO~I ~ fr([2, 1, 3, 1, 2], [2, 1, 3, 2, 1], [3, a:I), [2, 1,3], 4/5) = 0.04270 ... , (B.98) 

IA131 
IOil ? fr([l, 3, a:I), [1, a:I), [2, 2, 1), [1, OJ, 4/5) = 0.1240 ... , (B.99) 

IB3I 
-

2
- ~ fr([3, 1, 3], [3, a:I), [2, 1, 3, 2, l], [2, OJ, 1/4) = 8.601 ... , (B.100) 

IOs:nl 
IAI • 

IO~f ~ fr([3, 1, 3], [1, 3, II, [2, ~, [l, 1, 2], 0.5617 ... ) = 3.369 ... , (B.101) 

IB3
J 

-==- > fr([3, 1,3], [3, a:I), [2, 1, 1, 2], [2, 2, ~, 1/4) = 1.814... (B.102) 
10121 -

and 

1B21 
JOLI ~ fr([2, 1, 2], [2, ~' [3, a:I], [2, 1,3], 4/5) = 1.011... (B.103) 

therefore 

IA1I IB31 IB3I IAI -=- · 101 I > 3.77 and 
1021 

• ~ > 1.89 (B.104) 
IO!tl B' B 10~1 
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by (B.1), (B.28), (B.54) and (B.51), 

IAll 1B2131 
IO~ul • IOtl > 1.2o 

by (B.97) and (B.98), 
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(B.105) 

(B.106) 

by {B.99) and (B.100), and 

IAI 1B3 1 IA1I IB2I 
1 • i > 6.11 and 101 I • 1021 > 1.13 (B.107) 

IOAI IOs:al A B 

by (B.101), (B.102), (B.11) and (B.103). Finally, 

IA1131 
-=- > fr([l, 1, 3, 1, 2), [1, 1, 3, 2,1), [2, 2, 1), [1, 1,2], 4/5) = 0.03366 ... , (B.108) 
1011 -
1B3 1 I01ul ~ fr{[3, 1, 3), [3, 3,1], [3, 3, 2, 3, l], [3, 3, 1, 1, 3), 1/4) = 48.81 ... , (B.109) 

IA21 
-=- > fr([2, 1,3], [2, 3,1], [2, 2,1], [l, Q, 1/4) = 0.5643 ... , (B.110) 
!Oil -
1B31 -=- > fr([3, l, 3), [l, 3, 11, [2, 2, l}, [l, 1, 2], 0.5617 ... ) = 3.369.. . (B.111) 
I01sl -

and 

IAll 
IO~a I > fr([l, I:2], [l, 2,1], (2, 1, ~, [2, 2, 3, 1], 4/5) = 6.235 ... {B.112) 

hence 

(B.113) 

by (B.108), (B.109), and 

IAZI .. 1B31 > 1.90 IA1I 1B31 
and 10A1 ~ I •• 1osz I > 3.58 IOil I01sl • 

(B.114) 

by (B.110), (B.111), (B.112) and (B.84). 
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