
Actualizing High-Dimensional Qudits
on a Trapped-Ion Quantum

Computer

by

Gaurav Ashish Tathed

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Master of Science
in

Physics (Quantum Information)

Waterloo, Ontario, Canada, 2025

© Gaurav Ashish Tathed 2025



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

ii



Abstract

Trapped-ion processors offer unrivalled qubit fidelities but encounter heating and spec-
tral crowding limits as chain lengths increase. This thesis mitigates those bottlenecks by
encoding high-dimensional qudits in the 25 hyperfine–Zeeman sublevels of a single 137Ba+

ion, thereby expanding the Hilbert space without adding additional ions. The work pre-
sented spans the key challenges of preparing arbitrary qudit basis states, efficiently main-
taining calibration of the 80 transitions used to manipulate the ion, and benchmarking
coherent control, culminating in performing a full quantum algorithm on a qudit.

A narrow-band optical-pumping sequence was devised to prepare any of the five 6S1=2

(F = 2) sub-levels and then selectively shelve population into the long-lived 5D5=2 mani-
fold, achieving an average state-preparation-and-measurement (SPAM) fidelity of 99.51%
across 25 levels. Two-point Ramsey interferometry, supported by analytic calculations of
magnetic-field sensitivities and laser-polarisation geometries, allows for sub-100 Hz tran-
sition frequency calibration and Rabi frequency normalization.

Coherence was benchmarked with multilevel Ramsey interferometry on registers of
dimension d = 2: : : 24. Star-topology encodings retained high contrast up to d = 17;
beyond this, the bus-state architecture required for larger d was limited chiefly by 60 Hz
and 180 Hz line noise, as confirmed by a noise-resolved Monte Carlo model that predicted
measured contrasts to within ±3% with no free parameters.

Using the same physical toolbox, qudit registers were mapped onto virtual-qubit sub-
spaces and algorithmic primitives executed: the Bernstein–Vazirani algorithm succeeded
with probabilities of 95% (two virtual qubits) and 84% (three virtual qubits), while a four-
virtual-qubit controlled-Toffoli gate reached 99.5% success—currently limited by SPAM
error—using a single Givens rotation.

Collectively, these results establish 137Ba+ as a versatile 25-level qudit platform and
demonstrate that high-fidelity, noise-aware control of large qudit Hilbert spaces is already
practical, opening a path toward resource-efficient, fault-tolerant quantum computing with
far fewer ions than traditional qubit-based architectures require.
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Chapter 1

Introduction

Quantum computing has advanced rapidly over the past decades, with multiple hardware
platforms (superconducting circuits, trapped ions, neutral atoms, etc.) now demonstrat-
ing control over tens of qubits[1, 2, 3]. Trapped-ion quantum processors are among the
leading architectures, o�ering fully-connected qubit interactions and some of the highest
gate �delities in the �eld. Trapped-ion quantum computing encodes quantum informa-
tion in the long-lived hyper�ne or Zeeman levels of laser-cooled ions that are con�ned in
electro-magnetic �elds. The collective quantized motion of an ion string provides a bus
for entangling interactions, while high e�ciency state-dependent 
uorescence enables pro-
jective read-out. Cirac and Zoller were the �rst to articulate this architecture, showing
that universal quantum logic becomes possible when the collective motional modes of an
ion string are used to entangle any desired pair of ions|a result that laid the foundation
for scalable trapped-ion processors [4]. And subsequent reviews have documented steady
progress in experimental control, error sources and scaling strategies [3].

Modern trapped-ion processors satisfy the �rst �ve DiVincenzo's criteria for a physical
quantum computer outright [5]. For example, techniques like Narrow band optical pumping
for state initialization and cabinet shelving procedure for measurement allowed a team
at Quantinuum to achieve a state-preparation-and-measurement (SPAM) in�delity of just
(9:0� 1:3)� 10� 5 [6]. Single qubit rotations implemented with resonant Raman or microwave
drives have reached �delities above 99:99%, while two qubit entangling gates based on
M�lmer{S�rensen interaction or geometric phase has surpassed 99:9% [7, 8] Hyper�ne
\clock" qubits boast coherence times exceeding ten seconds, and cryogenic surface traps
further suppress motional heating [9, 10, 11]. Together, these features underpin universal,
high �delity gate sets appropriate for error-corrected operations.
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The platform's maturity is evident in recent mid-scale processors. IonQ's Forte system
arranges 30171Yb+ ions in a single chain with fully connected two-qubit gates, and com-
prehensive benchmarking shows a median two-qubit �delity of 99.5% [12]. Quantinuum's
H2-1 processor hosts 56171Yb+ and 138Ba+ ion pairs in a racetrack-style surface trap; at
its launch in June 2024 the company reported record two-qubit-gate �delities, and in 2025
the very same machine enabled an experiment that generated device-independent certi�ed
randomness|a feat that cannot be reproduced on any classical computer [13, 14]. These
achievements con�rm that trapped-ion hardware has entered the regime where modest
numbers of logical qubits and small-scale fault-tolerant protocols are feasible.

As trapped-ion systems scale beyond a few dozen ions, two major e�ects begin to erode
the exquisite control that underpins trapped-ion quantum processors. First, motional heat-
ing increases as the ion chain lengthens. The axial centre-of-mass (COM) mode, in which
every ion oscillates in phase, acquires a secular frequency that drops roughly as 1/ N once
the Coulomb coupling of many ions begins to compete with the external axial con�nement,
leaving only a narrow energy gap between the COM mode and the broadband electrode
noise that permeates the trap. Because that noise is essentially spatially uniform, it couples
almost exclusively to the COM motion, so the heating rate rises sharply with chain length.
This uniform-�eld mechanism was identi�ed in the seminal ground-state-heating measure-
ments of Turchette et al in Ref. [15] and reinforced by the extensive survey of Brownnutt et
al., which shows that low-frequency modes are universally the most vulnerable to surface
noise and heat an order of magnitude faster than their higher-frequency counterparts in
Ref. [16]. A second obstacle is spectral crowding. A linear crystal supports 3N collective
vibrations; as N grows, adjacent axial frequencies squeeze together. Entangling gates that
rely on resolving one or two normal modes must then slow down dramatically to avoid
o�-resonant excitation due to power broadening or resort to sophisticated pulse shapes
that excite several modes at once. Techniques such as amplitude-modulated multi-mode
M�lmer{S�rensen gates [17], EASE protocols [18], and power-optimal control sequences
[19] have pushed high-�delity operation into the tens-ion regime, yet the classical optimi-
sation needed to design those pulses scales poorly with N, and theoretical analyses indicate
that gate time is ultimately bounded by the narrowest mode spacing|implying at least
quadratic slow-down for very long chains[20].

Architectures based on shuttling or dynamical segmentation can mitigate these prob-
lems, but they still grow the hardware footprint linearly with the number of physical qubits.
This thesis, therefore, turns to a deeper solution:increase the amount of quantum
information carried by each ion instead of adding more ions . By elevating the
two-level qubit to a multilevel qudit encoded in the rich hyper�ne or Zeeman structure of a
single ion, one expands the computational Hilbert space without lengthening the chain or
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forcing the motional spectrum to compress, thereby sidestepping both heating and crowd-
ing constraints while opening new avenues for resource-e�cient quantum logic.

Trapped-ion qudits were proposed soon after the earliest qubit experiments as a way
to exploit the rich multilevel hyper�ne and Zeeman structure that naturally exists in ions.
Foundational theory established that multilevel trapped-ion systems can support univer-
sal quantum logic with a �nite, two-body gate set: Muthukrishnan & Stroud proved that
any unitary on d-level ions factors into pairwise multivalued gates [21], while Klimov et
al. supplied an explicit trapped-ion controlled-NOT for qutrits and showed how to com-
pile arbitrary algorithms from it [22]. Subsequent analytic work by Mischuck & M�lmer
extended these constructions to closed-form pulse sequences for one- and two-qudit opera-
tions of arbitrary dimension in realistic ion{oscillator Hamiltonians [23] Bridging the gap
between these theoretical blueprints and full-scale hardware, Low et al. assembled and
numerically validated a complete trapped-ion qudit toolbox|covering high-�delity state
preparation, shelving-based read-out, arbitrary single-qudit rotations, and a generalized
M�lmer{S�rensen entangling gate|for dimensions up to d = 5, thereby providing the
practical recipe book that underpins the recent experimental breakthroughs[24]. Experi-
mental milestones have followed quickly in the past few years. In 2022, Ringbauer et al.
demonstrated a universal trapped-ion processor that operates natively in local Hilbert-
space dimensions up tod = 7, showing single-qudit �delities and algorithmic performance
on par with the best qubit devices [25]. Building on that control, a 2023 experiment
realized a native two-qudit entangling gate whose calibration overhead is independent of
dimension and produced genuine entanglement ford � 5 in a single gate application [26].
These results con�rm that high-dimensional operations can reach the same (� 99%) �delity
frontier as binary gates while carrying more information per ion. The utility of qudits is
already visible in application-level tests. Multi-level encoding compresses circuit depth for
algorithms with natural high-dimensional structure such as quantum Fourier transforms,
lattice gauge simulations, and encoding multiple virtual qubits in a single ion. The re-
cent lattice-gauge-theory simulations leveraged an all-to-all-connected trapped-ion qudit
processor to model two-dimensional gauge �elds more e�ciently than any qubit mapping
could manage [27].

Certain ion species lend themselves naturally to multilevel encodings. Practical-protocol
surveys, such as Low et al. (2020), highlight43Ca+ , 88Sr+ , and 171Yb+ as particularly
attractive hosts owing to their long-lived excited manifolds and clean laser-accessible tran-
sitions [24]. Among these candidates,137Ba+ is especially compelling: its metastableD5=2

manifold remains coherent for tens of seconds, providing a spacious and reasonably-isolated
arena for qudit logic. Building on this advantage, our group has already demonstrated
state preparation and read-out across 13 levels of a single137Ba+ ion [28]. This thesis
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now advances that work by exploiting the same manifold to approach the full 25-level
capacity of 137Ba+ , thereby probing the practical limits of high-dimensional encoding in
a single trapped ion. Following this introductory chapter, the thesis opens with a Back-
ground section that lays out the atomic and hyper�ne energy level structure of137Ba+ , and
reviews the laboratory hardware|the linear Paul trap, laser systems, and control electron-
ics|referencing prior group theses wherever the apparatus is unchanged. The discussion
then introduces the theoretical tools that support the experimental work, including calcu-
lations of oscillator strengths and Magnetic �eld sensitivities. Building on this foundation,
the next chapter, State Preparation and Measurement, explains how a narrow-band optical-
pumping scheme is adapted and engineered to initialize population in theF = 2, 6S1=2

manifold, describes the considerations and optimizations need to get high-�delity initializa-
tions, and then details the 
uorescence-based read-out protocol, with particular emphasis
on the heralding �lters that remove experiments containing easily recognizable errors and
thus enhance e�ective SPAM �delity. The subsequent chapter, Coherence Characteriza-
tion, turns to multilevel Ramsey spectroscopy as a metric for coherence charaterization,
presenting the pulse sequence, state selection strategy, and an analysis of how the observed
Ramsey coherence decays as the qudit dimension grows, thereby benchmarking phase sta-
bility across the entire Hilbert space at once. Finally, Error Budget and Fidelity Prediction
draws together independently measured noise channels|magnetic-�eld 
uctuations mea-
sured in situ, laser phase and intensity noise, and calibration drift in transition frequencies
and their Rabi frequencies|and folds them into a Monte-Carlo model that predicts exper-
imental gate-set �delities to within three percent of observation, providing a quantitative,
self-consistent picture of the decoherence mechanisms that limit high-dimensional opera-
tions in trapped-ion qudits.
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Chapter 2

137Ba+ | A 25 level workhorse

This chapter positions 137Ba+ as the central platform for the 25-level qudit experiments
presented in the remainder of the thesis. It �rst lays out the ion's electronic, hyper�ne,
and Zeeman structure, focusing on the long-lived 5D5=2 manifold whose rich ladder of
levels enables high-dimensional encoding. The narrative then moves from spectroscopy to
hardware, describing the linear Paul trap, laser, and magnetic-�eld source that together
a�ord precise manipulation and read-out of a single barium ion. The chapter concludes
by introducing the theoretical tools | oscillator strength and magnetic �eld sensitivity
calculations from solving the system's Hamiltonian | that underpin the calibrations and
noise characterization in subsequent chapters.

2.1 Energy Level Structure

In this section I lay out the electronic, hyper�ne and Zeeman structure of137Ba+ , emphasiz-
ing the long-lived 5D5=2 manifold that underpins high-d encoding. Finally, I conclude with
a summary of key hyper�ne splittings and radiative pathways, setting up the transitions
we will use experimentally.

Singly-ionized barium behaves, to �rst order, like an alkali atom with a single valence
electron outside a xenon-like closed shell. In the odd-mass isotope137Ba+ , the nuclear spin
I = 3=2 couples to the electronic angular momentum J via magnetic dipole (and electric-
quadrupole) interactions. This splits every �ne-structure level into a set of hyper�ne states
labelled byF = I + J . Figure 2.1 shows the Fine structure and laser wavelength used in the
experiments, as well as the branching ratios for each orbital. For the ground state, 6S1=2,
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Figure 2.1: Energy-level structure of 137Ba + , annotated with the laser wavelengths
used in our experiment and the branching ratios for each orbital.

there are two such hyper�ne states,F = 1 and F = 2, separated by 8:038 GHz at zero B-
�eld [29]. The �rst excited level, 6P1=2, is likewise split into F = 1 and F = 2 components
that lie 930 MHz below and 558 MHz above the �ne structure center, respectively, giving
total separation of 1:49 GHz [30]. Spontaneous decay from 6P1=2 returns to the ground
state with 74% probability, while 26% of the population leaks into the metastable 5D3=2

level [31, 32]. The 5D3=2 itself possesses four hyper�ne components (F = 0-3) spread over
roughly 1:1 GHz and a radiative lifetime of about 80 s, making it a quasi-stable leak channel
during 
uorescence. The higher-lying 6P3=2 level exhibits F = 0-3 components, spanning
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over 670 MHz. Its decay predominantly returns to 6S1=2, with 75% probability, but also
populates 5D5=2 manifold, with 23% probability, and to a lesser extent 5D3=2 with 2%
probability [33]. The 5D5=2 manifold, with its four hyper�ne states, enjoys a 32 s lifetime,
with possible decay channels to 6S1=2 and 5D3=2, with 85% and 15% chance respectively
[34].

Taken together, three structural features are central to this thesis:

1. The "three" level cycling transitions between 6S1=2 $ 6P1=2 $ 5D3=2 used for 
uo-
rescence of the ion.

2. The long-lived 5D5=2 level enables shelving and hosting of high-dimensional qudit
encoding.

3. And connectivity between 6S1=2 $ 5D5=2 $ 6P3=2 ! 6S1=2 used for pumping the
population out of 5D5=2 into 6P3=2 from where the population decays to 6S1=2.

2.1.1 Principal Lasers and modulation Schemes

In a linear Paul trap, oscillating RF quadrupole �elds provide radial con�nement while
static DC endcaps con�ne axially; a� 4 G magnetic �eld sets the quantization axis. Once
loaded and Doppler cooled, a single137Ba+ ion typically remains trapped for hours to a day,
long enough for extended calibration and data runs. When a new ion is needed, neutral
barium is released from a BaCl2 salt target and the desired isotope is loaded via isotope-
selective photoionization directly into the trap, after which standard cooling prepares the
ion for spectroscopy and control and computation.

In daily operation we rely on four key wavelengths for experiments and three lasers
for loading and trapping. The underlying optical architecture is essentially unchanged
from the system commissioned prior to the start of this work; a complete schematic, parts
list and alignment procedure are given in Ref.[35, 36]. Apart from minor updates to
EOM drive frequencies, all mirrors, �bres, and dichroics remain as originally installed.
In the remainder of this section, I summarize the key instrumentation details and, where
applicable, the modulation schemes for lasers employed in our experiments.

532 nm | Pulsed ablation laser

We begin every ion-loading cycle by creating a plume of neutral barium atoms with a
Minilite II , a Q-switched Nd: YAG laser at 532 nm, provided byAmplitude Laser Group.

7



Figure 2.2: Two-photon Ionization Scheme. Two photon ionization scheme using
554 nm and 405 nm lasers.

The laser delivers 3-5 ns pulses that pass a half-wave-plate/polarizer pair for energy control,
a beam sampler that feeds a power meter, and an ND �lter that equalizes the monitored
and delivered energies before a 200 mm focal length lens focuses the light onto BaCl2 salt
target inside the vacuum chamber. The resulting 196µm diameter beam gives adjustable

uence (by rotating the HWP); we routinely operate between 0.2 and 0:4 J cm� 2 depending
on the condition of the target spot, which is well below previously record threshold level
(> 3 J cm� 2) to damage the target. Because sub-microsecond synchronization is unneces-
sary at this stage, pulse triggering is handled by theMinilite 's internal sync output, and
the beam passes through a mechanical shutter.

554 nm | First{step photo-ionization laser

The neutral atoms liberated by the 532 nm ablation pulse traverse the trap center within
a few microseconds. To excite the neutral atoms in an isotope-selective manner, we over-
lap this neutral plume with a resonant 554 nm (541:433 315 THz) beam that drives the
strong 6S $ 6P transition | step one of the two-photon resonance-enhanced multiphoton-
ionization (REMPI) scheme (Figure 2.2). The exact 554nm frequency is derived from the
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previous work done in our group in Ref. [37].

The 554 nm light is generated by frequency-doubling a 1107 nm external-cavity diode
laser (ECDL). A 1% of doubled power is sent to the Fizeau-interferometer wavemeter (WS-
8) provided by HighFinesse, and a PID loop acting on the ECDL grating piezo keeps the
absolute frequency parked on the desired isotope line. Because the ionization step is not
time-critical, the main beam is gated with a mechanical shutter; downstream, an HWP
followed by a polarizer permits stable power adjustment without perturbing the lock.

405 nm | Second-step photo-ionization laser

A laser diode provides the 405 nm photons needed to raise the 6P state to the continuum
and complete the two-photon REMPI process. After �rst-step excitation at 554 nm, the
atom still needs approximately 3 eV to reach the ionization threshold (E ion = 5:21 eV).
A single 405 nm photon carries� 3:06 eV, comfortably above this value, so the process is
insensitive to THz-level frequency 
uctuations. Consequently, the diode is operated open-
loop; no piezo or PID servo is required. The beam is mechanically shuttered and timed to
overlap the trailing edge of the ablation plume.

493 nm | Doppler-cooling, Fluorescence and Optical-pumping beam

A Toptica DL-pro tunable{diode laser is frequency-stabilized with slow feedback from
a HighFinesse WS-8 wavemeter and held at 607:431 93 THz (� � 493:406 nm), close to
the

�
�6S1=2; F = 1

�
!

�
�6P1=2; F = 2

�
transition. A �bre-coupled phase-modulator (AdvR

WPM-K0493) is driven at 8:1 GHz; the �rst blue-shifted sideband therefore sits near the�
�6S1=2; F = 2

�
!

�
�6P1=2; F = 2

�
resonance, so that the carrier{sideband pair simultane-

ously addresses both hyper�ne ground states and closes the Doppler-cooling cycle.

A polarising beam-splitter after the EOM diverts � 90% of the optical power to the

uorescence / Doppler-cooling arm and the remaining� 10% to anoptical-pumping arm.
Each arm passes a single-pass AOM driven at 200 MHz; the �rst-order beam acts as a
sub-100 ns intensity switch, triggered by the experiment sequencer.

650 nm | Fluorescence Repump beam

Roughly 26% of the population excited by the 493 nm light leaks into the long-lived�
�5D3=2

�
manifold (lifetime � 80 s), so a repumper is required. We use a secondToptica

9



Figure 2.3: Fluorescence laser modulation scheme. Modulation Scheme used for
Ion Fluorescence using 493 nm and 650 nm. Dashed lines are sidebands generated by the
respective EOMs.

DL-pro diode laser, wavemeter-locked near the
�
�5D3=2; F = 3

�
!

�
�6P1=2; F = 2

�
transi-

tion at 461:311 32 THz. A free-space phase-modulator adds three additional sidebands at
877 MHz, 473 MHz and 318 MHz; together with the carrier these frequencies connect the�
�5D3=2; F = 2; 1; 0

�
states to

�
�6P1=2; F = 1

�
, Figure 2.3 shows the EOM sidebands used in

ion 
uorescence.

The 650 nm beam then traverses a single-pass AOM at 200 MHz, giving identical pulse-
picking and frequency agility to the 493 nm paths. After the AOM, the repump light is
overlapped with the cooling beam on the same dichroic, shares the re
ective delivery
telescope, and is focused to a� 60µm waist.
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Figure 2.4: 1762 nm Laser modulation schemes for Locking and to address individual
transitions using AWG.

1762 nm | Quadrupole shelving beam

We stabilize our 1762 nm quadrupole laser to a high-�nesse ultra-low-expansion (ULE)
reference cavity (provided by Stable Laser Systems) using a Pound{Drever{Hall (PDH)
scheme that combines a �xed and a tunable radio-frequency (RF) modulation on a single
EOM. A permanent 5 MHz modulation is applied to generate the sidebands required for
PDH demodulation; by mixing the re
ected light with this reference, we obtain the dis-
persive error signal that is fed back to the laser, ensuring long-term frequency stability.
Simultaneously, we drive the same EOM with a second RF tone, �PDH , whose frequency
we choose to set the carrier's detuning from the nearest cavity resonance. The red sideband
(� � PDH ) is locked to a cavity mode, so the carrier is held exactly �PDH away from that
mode while inheriting the cavity's stability. In daily operation we set � PDH � 240 MHz, a
value that keeps the carrier well outside any 6S1=2 , 5D5=2 transition yet leaves the �rst-
order sideband of a second, downstream EOM|driven at � AWG by an Arbitrary Waveform
Generator (AWG) |precisely resonant with the desired transition in the ion shown in Fig-
ure 2.4. This arrangement lets us tune or switch the experiment frequency in software
without retuning the cavity or disturbing the PDH lock. At the same time, higher-order
sidebands remain safely detuned from all spectroscopic features.
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614 nm | Shelving-repump beam.

Population shelved in the long-lived 5D5=2state during quadrupole operations must be re-
turned to the cooling cycle before the next experiment shot. We accomplish this with
614 nm laser, tuned to the

�
�
�5D5=2; ~F = 4; m ~F = 2

E
!

�
�
�6P3=2; ~F = 3

E
transition, which de-

cays rapidly to the 6S1=2 ground state. The 614 nm beam is produced by frequency-
doubling a 1228 nm ECDL. A 50:50 beamsplitter sends half the power WS-8, whose PID
loop locks the carrier within � 20 MHz of the repump line; the remaining half is routed
to the experiment. After the doubler, the experimental arm passes an AOM driven at
200 MHz, giving sub-100 ns intensity switching that is aligned to the experimental se-
quencer.

Together, the cooling/detection pair closes the 
uorescence cycle while dedicated side-
bands cover all required ground and leak states. A cavity-stabilized narrow-line drive
provides coherent control with software-tunable targeting, and a dedicated depopulation
beam returns shelved population to the readout pathway. Fast, synchronized AOM gating
keeps pulse sequencing straightforward.

2.2 Experimental Setup

This section consolidates the hardware used to trap and control a single137Ba+ ion: a
linear Paul trap at the center of a UHV spherical-octagon chamber with dedicated laser
access, RF/DC feeds, and integrated pumping.

The experiments are carried out in a conventional four-rod linear Paul-trap that was
designed and assembled by earlier members of the group; complete mechanical drawings,
wiring diagrams, and alignment protocols are given in Ref. [35, 36, 38, 39]. The essential
parameters are collected in this section for ease of reference. The trap sits at the center of
a 4.5-inch ConFlat (CF) spherical-octagon UHV chamber whose eight 0.75-inch side ports
provide laser access, RF + DC bias feed through. Vacuum is maintained by by a single
SAES NEXTorr Z-200 hybrid pump mounted on the manifold; its integrated 6 Ls� 1 diode
ion-pump handles noble gases and methane, while 200 Ls� 1 non-evaporable-getter (NEG)
cartridge provides high throughput for hydrogen and the other active gases released during
ablation shots.

The trap consists of four 0.5 mm diameter tungsten rods arranged at the corners of 1 mm
square, so the ion-electrode distance isr0 =

p
2 mm. One pair of diagonal rods is driven

at � +120 V while the opposite diagonal is driven with the same amplitude, but� -shifted
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phase (for a total amplitudeVRF � 240 Vpp); the drive frequency is 
RF = 20:776 MHz. To
break the axial symmetry and help compensate stray �elds, a static bias of +3 is applied to
the pair carrying the +180 RF phase, while the opposite pair remains at dc ground. Two
tungsten needle end-caps provide axial con�nement, 2.8 mm apart, 11.5 V and 16 V. Under
these conditions, a single137Ba+ ion exhibits radial secular frequencies of (1.27, 1.46, and
0.21) MHz. The micromotion is nulled by trimming the rod biases by� 200 mV, reducing
the micromotion sidebands|observed via the 1762 nm transition|to < 5 � 10� 3 of the
carrier.

2.2.1 Magnetic �eld Source | Permanent Magnets

This subsection motivates replacing the coil-driven bias �eld|whose line-synchronous and
intermittent instabilities limited coherence|with a passive permanent-magnet source. It
outlines the design goals (stable quantization axis, preserved optical access, drop-in install)
and the modeling-driven con�guration that meets them.

A well-de�ned static magnetic �eld establishes the quantization axis, lifts Zeeman de-
generacies and sets the transition splittings that encode our 25-level qudit. Several of
the

�
�
�5D5=2; ~F ; m ~F

E
$

�
�6S1=2; F = 2; mF

�
transitions have magnetic �eld sensitivity of

� 3 MHz G� 1. Consequently, even a drift of a few milligauss produces frequency shifts on
the order of our typical Rabi rates, directly limiting coherence times.

In the original apparatus, this �eld (B0 = 4:216 G) was generated by a single copper
coil. Although the supply was operated in constant-current (CC) mode, it injected line-
synchronized noise at 60 Hz and its third harmonic (180 Hz). We also observed that
the magnetic �eld noise intermittently increased, and this correlated with large voltage
excursions|up to 200 mV over a few seconds|on the voltage telemetry of the power
supply, as shown in Appendix B. In principle, a constant-current driver should adjust
its voltage to compensate for temperature- or vibration-induced resistance changes, or to
counteract any stray magnetic �eld-induced current in the coil loop. Yet, the magnitude
and sporadic nature of these excursions pointed to an intrinsic instability of the supply
itself or intermittent contact resistance spikes in the wiring. Rather than undertake a
detailed fault analysis, we adopted a simpler solution: replacing the electromagnet with a
passive array of permanent magnets.

Because the required �eld is static and moderate, a permanent-magnet solution promised
at least a factor of two reduction in Line noise [40] and zero technical noise. Key design
goals were:
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Figure 2.5: Permanent Magnet Con�guration. A CAD model image of permanent
magnets on the view-port of vacuum chamber. This con�guration of permanent magnets
is used to generate� 4.2 at the trap center.

1. Deliver an on-axis �eld ofB0 = 4:20� 0:05 G at the trap centre;

2. Preserve full clearance for all eight optical side-ports; and

3. O�er coarse tunability while installing as a drop-in replacement that requires no
invasive modi�cations to the existing apparatus.

Using COMSOL Multiphysics, I built a model of the circular magnet array and stainless-
steel vacuum chamber in order to optimize the free parameters like the number of layers, the
number of magnets in each layer, the angular separation, the distance between the rings,
and the dimensions and power of magnets used. The optimum con�guration has two-layers
of that hold small cylindrical N52-grade neodymium magnets (nickel-plated,� = 1/8 in,
thickness 1/16 in, 
ux density � 4.5 kG). The inner layer's� =1.03 in, and the outer layer's
� =1.5 in. The pair of magnet arrays is clamped to the opposing 4/3 in view-ports, giving
axial spacing of� 4:2 in (set by the � 4.2 in chamber body). In the �nal con�guration,
there are 24 magnets in the inner layer and 6 magnets in the outer layer, shown in �gure
2.5, each with its north pole pointing towards the trap center for one array of magnets
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Figure 2.6: Beam Paths and geometry with respect to Magnetic �eld orientation

and (south pole pointing towards the trap center for the other array). The con�guration
yields a simulated on-axis �eld of 4.5 G while leaving all eight optical side-ports completely
unobstructed (see Appendix C for details on simulations.).

A three-piece PLA collar was then printed with press-�t pockets forup to 24 inner-
ring magnets and 32 outer-ring magnets, the extra holes allowing future re-con�guration
without re-printing the �xture. The N52 cylinders were inserted by hand after printing;
no magnets were embedded during the print. With the 24 + 6 con�guration installed we
measure an on-axis �eld ofB exp

0 = 4:2 G at the ion|which is 1 G discrepancy between
simulation and measured magnetic �eld.

The discrepancy can be traced to two practical factors, (i) the actual magnet{trap
distance is slightly larger than the ideal 4:2 in because the collars cannot sit perfectly 
ush
against the viewport 
anges, B-�eld at the center vs. the separation between the rings
is shown in Figure C.2 (b) in Appendix C. (ii) the manual press-�t leaves a few magnets
tilted by a few degrees, reducing the net axial component. (iii) The quoted surface 
ux
density( and hence the estimated remanent 
ux density) of the individual magnets might
be higher in practice.
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2.2.2 Beam geometry and Polarizations

Table 2.1: Beam-path summary relative to the quantization axis

Beam path
Wavelength

(nm)
k̂

direction y Lab pol. Ion pol.

Combined
Beam

493, 650,
554

Linear � + ; �; � �

Shelving
Repump

614, 405 Linear � + ; � �

Shelving Laser 1762 Elliptical f � + ; �; � � g�

Optical pump 493
right

circular
� +

yBlack arrows represent the quantization axis
� Details about polarization components of 1762nm in Appendix A

Now that the permanent-magnet array �xes a stable quantization axis, we can turn to
the other half of the picture: how each laser beam couples to the ion in that �eld. The
polarisation that actually drives an atomic transition is de�ned with respect to this axis.
To determine it, one projects the laser's electric �eld onto the spherical basisf � + ; �; � � g
tied to the magnetic �eld. The result depends on the angle between the beam's propagation
vector k̂ and the ellipticity of the �eld:

ˆ k̂ k B̂ . Circularly polarized light appears as pure� + or � � ; linear light splits into
equal � + or � � components.

ˆ k̂ ? B̂ . Linear light polarized along the �eld is pure � , whereas linear light polarized
across the �eld decomposes into equal� + + � � .

ˆ Intermediate angles . All three components are present, with weights that vary
smoothly with the angle and ellipticity.

Thus, the "polarization the ion sees" is set jointly by lab optics and by the beam's
direction relative to the quantization axis. With the magnetic geometry now �xed, I list
below the propagation directions as seen in Figure 2.6, the power and waist and lab polar-
ization of all operational wavelength, and translate each into the correspondingf � + ; �; � � g
mix that drives the relevant transitions in our 137Ba+ qudit.
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2.3 Theory tools

This section documents the mathematical formalism and numerical work
ow that allow
us to extract practical quantities|most notably transition strengths and magnetic-�eld
sensitivities|for any pair of hyper�ne manifolds. Our immediate focus is the quadrupole-
allowed 6S1=2 $ 5D5=2 system in Ba+ , but the expressions below hold for any (I; J ) com-
bination once the appropriate hyper�ne constants are supplied (see Table 2.2).

Hyper�ne interactions capture how the nuclear and electronic angular momenta couple
within a given �ne-structure manifold. This coupling splits each �ne-structure level into
hyper�ne states and, together with the Zeeman interaction from an external magnetic
�eld, determines both the energy spacings and the composition of the eigenstates. In the
weak-�eld regime the total angular momentumF (with projection mF ) is a good quantum
number. The Hamiltonian below collects these e�ects into standard terms so we can
compute level energies and eigenvectors used throughout the experiment.

Hhfs = HA MD + HBEQ + HCMO + HZ; (2.1)

The magnetic-dipole term,HA MD (2.2), is the leading electron-nuclear spin coupling
and sets the primary hyper�ne splitting pattern with the �ne structure level. It describes
the coupling between the nuclear magnetic-dipole moment and the magnetic �eld produced
at the nucleus by the electronic cloud. The electric-quadrupole term,HBEQ (2.3), accounts
for the interaction between the nuclear quadrupole moment and the electronic electric-�eld
gradient; it vanishes for states withJ = 1=2 but contributes in higher-J manifolds. The
magnetic-octupole,HCMO (2.4), term is a higher-order correction from the nuclear magnetic
octupole moment; it is typically small but can be included for completeness when extracting
precise level energies. Finally, the Zeeman term,HZ (2.5),describes coupling to an external
bias �eld and provides the �eld-dependent shifts and state mixing.
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HA MD = AMD I �J; (2.2)

HBEQ =
BEQ

2I (2I � 1)J (2J � 1)

h
3(I �J)2 + 3

2 I �J � I (I + 1) J (J + 1)
i
; (2.3)

HCMO =
CMO

I (I � 1)(2I � 1)J (J � 1)(2J � 1)

h
10(I �J)3 + 20(I �J)2

+ 2
�
I (I + 1) + J (J + 1) + 3 � 3I (I + 1) J (J + 1)

�
I �J

� 5I (I + 1) J (J + 1)
i
; (2.4)

HZ = � BB0
�
gJ Jz + gI I z

�
: (2.5)

Table 2.2: Experimental hyper�ne constants for selected levels of137Ba+ .

Electronic level AMD (MHz) BEQ (MHz) CMO (Hz) Reference

6S1=2 4018.870(5) - - [29]
6P1=2 743.7(4) - - [41]
6P3=2 126.9(3) 92.5(2) - [41]
5D3=2 189.731494(17) 44.537594(34) 29.533(86) [42]
5D5=2 -12.029234(11) 59.525520(110) -12.41(77) [42]

Here I and J are the nuclear- and electronic-angular-momentum operators,� B is the
Bohr magneton, andgI and gJ are the respectiveg-factors. For an l-S coupled valence
electron, the Land�e factor is given by

gJ =
gL

�
J (J + 1) � S(S + 1) + L(L + 1)

�
+ gS

�
J (J + 1) + S(S + 1) � L(L + 1)

�

2J (J + 1)
:

(2.6)

In practice, we work in the uncoupled product basisjmI ; mJ i of dimension (2I +1)(2 J +1).
Ladder operators

S� jmi = ~
p

S(S + 1) � m(m� 1) jm� 1i (2.7)

generate the Cartesian components
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Figure 2.7: Energy Level splitting vs. Magnetic �eld. Variation in Energy levels
of 5D5=2 and 6S1=2 over 10 G of magnetic �eld. The zero energy for 5D5=2 �gure is set at
magnetic �eld insensitive statej5D5=2; ~F = 2; m ~F = 0i . And the zero energy of 6S1=2 is at
138Ba+ energy level (it has no hyper�ne splittings).

Sx = 1
2(S+ + S� ); Sy = 1

2i (S+ � S� ); Szjmi = ~mjmi ; (2.8)

and replacingS! I or J yields I and J. The scalar product that appears throughout
Eqs. (2.2),(2.3),(2.4),(2.5) is then

I �J =
X

k= x;y;z

I k 
 Jk : (2.9)

After solving this Hamiltonian numerically, we get eight eigenvalues and eigenstates for
6S1=2 manifold and 24 eigenvalues and eigenstates for 5D5=2 manifold. The eigenstates will
be in the jI; m I ; J; mJ i basis.

HhfsjVn i = En

X

m I;L ;m J;L

cm I;L ;m J;L jI = 3=2; mI ; J; mJ i (2.10)

wherejVn i is eigenstate injI; m J ; J; mJ i basis,cm I;L ;m J;L are complex coe�cients corre-
sponding to respectivejI = 3=2; mI ; J; mJ i state. And En is the eigenvalue or energy shift
from the corresponding �ne-structure level.
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In 137Ba+ the 5D5=2 manifold's lowest two hyper�ne levels,F =3 and F =4, are split by
only � 0:5 MHz at B = 0. Because this gap is so narrow, even sub-gauss magnetic �elds
mix pairs of states appreciably, turning the nominaljF; mF i basis into �eld-dependent
superpositions. Thus, the hyper�ne labels are merely convenient references; the actual
energy eigenstates we work with are these mixed combinations (denoted byj ~F ; m ~F i ). Our
numerical routine follows each eigenvector adiabatically inB , permuting it whenever energy
levels swap the order, so every energy, transition strength, and sensitivity reported later is
tied to a single, continuously tracked physical state.

Algorithm 1 CalculateEnergy { Adiabatic computation of the 2D5=2 spectrum
Require: Target �eld Bmax ; quantum numbersJ = 5=2; I = 3=2

1: Bprev  10� 5 G . seed �eld
2: (Vprev ; )  Eig

�
HD 5=2

(Bprev )
�

3: P  I 24, PF m F  I 24 . running permutations
4: for B from 10� 6 to Bmax in steps � B = 10� 4 Bmax do
5: (V;E)  Eig

�
HD 5=2

(B )
�

. diagonalise
6: O  

�
�V yVprev

�
� ~O  round(O) . overlap matrix ! permutation

7: P  ~O P; V  V PT ; E  P diag(E)
8: if �rst loop then . anchor to F; mF basis once
9: T  CG-matrix

�
jI; m I ; J; mJ i ! j F; mF i

�

10: C  diag
�
round

�
1T TyV

��

11: V  V C; P  C P
12: end if
13: VF mF  TyV
14: Q  round

�
V y

F mF PF m F

�
. enforce consistentF; mF labels

15: V  V Q; VF mF  TyV; PF m F  Q PF m F

16: set elements ofV and VF mF with jxj < 10� 6 to 0
17: Vprev  V . store for next �eld step
18: end forreturn E (ordered energies),V (lab-labelled eigenvectors),VF mF (vectors in

F; mF basis),P (�nal permutation)

Using this method, we can calculate how the energy levels split as the B-�eld increases,
as shown in Figure 2.7. TheF = 3 and F = 4 levels start to cross at� 0:07 G, resulting
in eigenstates that are mixes of the purejF; mF i states.

The plots in Figure 2.7 can be combined for a given B-�eld to generate a magnetic �eld
sensitivity chart of transitions between the 6S1=2 and 5D5=2 manifolds shown in Figure 2.8.
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Furthermore more relative transition strengths can also be calculated using the Clebsch-
Gordan (CG) coe�cients and polarization-dependent geometric factor as

srel = g(q)h~FS; m ~F ;S ; k = 2; q = m ~F ;D � m ~F ;S j ~FD ; m ~F ;D i : (2.11)

Sincej ~F ; m ~F i are not the pure hyper�ne energy levels, the CG coe�cients part of (2.11)
can be calculated as:

h~FS; m ~F ;S ; k = 2; q = m ~F ;D � m ~F ;S j ~FD ; m ~F ;D i =
X

m I;D ;m J;D

X

m I;S ;m J;S

c�
m I;D ;m J;D

cm I;S ;m J;S � m I;S ;m I;D (2.12)

� h JS = 1=2; mJ;S ; k = 2; q = mJ;D � mJ;S jJD = 5=2; mJ;D i

Where cm I;L ;m J;L can be numerically calculated as in Eq (2.10).g(q) is the geometric factor
corresponding to the polarization and geometry of the laser with respect to the quantization
axis. Ref. [35] Section 4.1.2 provides the derivation of these geometric factors for a linearly
polarized laser. Appendix A provides a derivation of the geometric factor for a general
elliptical polarization. Using (2.11) and (2.12), we obtain a relative transition strengths
chart for transitions between 6S1=2 and 5D5=2 manifolds. A subset of this chart is shown
in the Figure 2.9 with quadrupole laser polarization assumed as linear.

These magnetic �eld sensitivity values and relative transition strength values are of
practical use for calibrating transition frequencies and Rabi frequencies, as discussed in
Chapter 4.
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Figure 2.8: Magnetic �eld Sensitivity Chart. Color map of magnetic �eld sensitivities
� (in MHz/G) for various transitions between the 6S1=2 F = 2 and 5D5=2 states, calculated
at 4.209 G of B-�eld. Each cell is annotated with the corresponding sensitivity value� as
well as the associated AWG modulation frequencyf n (in MHz) used to drive the transition.
The vertical axis denotes the 5D5=2 states, while the horizontal axis represents the 6S1=2

states involved in each transition.
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Figure 2.9: Transition Strength Chart. Colormap of relative transitions strengths (srel)
between 6S1=2 F = 2 and 5D5=2 states. The laser polarization is assumed to be linear with
a polarization angle of 58� .
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Chapter 3

State Preparation and Measurement

A critical aspect of any quantum information experiment is the ability to prepare quantum
states and measure them reliably with high �delity. This chapter presents the techniques
and results related to initializing and measuring multi-level qudit states in our trapped
137Ba+ system. Since the 6S1=2 manifold contains the ground states of the ion, all exper-
iments must begin with the ion initialized in one of these levels. We begin by discussing
the method of state preparation in the 6S1=2 manifold, including practical considerations
that in
uence �delity, such as branching ratios, laser polarization, optical pumping dura-
tion and o�-resonant scattering. We then extend our focus to the 5D5=2 manifold, where
initialization is more straightforward. Having �rst prepared the ion in a well-de�ned 6S1=2

state, we can selectively drive \good" transitions into speci�c 5D5=2 levels to prepare arbi-
trary qudit states in that manifold. Following the discussion on preparation, we detail our
measurement protocols, including 
uorescence detection and how transitions are chosen
for state readout. We then present our SPAM (State Preparation and Measurement) re-
sults, quantifying our system's performance across all 25 qudit levels. Finally, we describe
heralding techniques employed to boost �delity and ensure experimental con�dence in the
presence of imperfections or some initialization and readout errors.

3.1 6S1=2 Initialization

This section introduces an NBOP routine that prepares a chosen 6S1=2; F =2 Zeeman state
and shelves it to a speci�ed 5D5=2 sublevel with a single calibrated quadrupole� -pulse.
I outline the pump{repump{depletion loop, how the transfer line is selected based on
Practical considerations in each step of NBOP sequence.
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Figure 3.1: 6S1=2 Initialization scheme. In the example shown herej6S1=2; F = 2; mF =
� 2i is being initialized. 650 nm laser is used in both steps (1) and (3), since 6P1=2 and
6P3=2 have a branching ratio to 5D3=2.

Polarization-based optical pumping with circularly (or near-circularly) polarized light is
the canonical route to preparing a trapped ion in a single Zeeman sub-level. The technique
exploits the fact that repeated absorption{spontaneous{emission cycles drive the popula-
tion toward a \dark" state that is forbidden by the polarization selection rules. High-purity
polarization can routinely achieve sub-percent preparation error in qubits [28, 43].

For multi-level qudits, however, polarization-based optical pumping (with circular po-
larization) alone is insu�cient: from the mF = +2 state in 6 S1=2, F = 2 manifold, we
can access only 12 of 24 sub-levels in 5D5=2directly. This ceiling was evident in earlier
work from our group in Ref. [28], where they demonstrated control and single-shot read-
out of a 13-level qudit, but deemed it impractical to reach the full 25-level computational
space because the remaining 5D5=2 states were inaccessible from the standard optical-
pumping start point. To unlock the entire set of 5D5=2 levels we adopt, and extend, the
Narrow-Band Optical Pumping (NBOP) protocol introduced by Anet al. in Ref. [6]. This
technique combines broadband optical pumping with targeted, narrow-band coherent tran-
sitions to achieve high-�delity initialization in a speci�c Zeeman sublevel. In each cycle,
the undesired 6S1=2 state population is coherently transferred to 5D5=2 via a quadrupole
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Figure 3.2: Shelving transitions for 6 S1=2 initializations. 1762 shelving transitions
used in step (2) of Narrowband Optical Pumping (NBOP) scheme. The transitions were
chosen keeping the considerations described in

transition, then repumped using broadband dipole light. Repeating this process gradually
depopulates all states except the desired one. This method circumvents the limitations of
polarization-based pumping and achieves exceptional �delity even in complex multi-level
systems such as137Ba+ . An et al. implemented NBOP by reaping the shelving population
out of the two leakage statesj6S1=2; F = 2; mF = � 1i with narrow 1762 nm � mF = � 2
pulses and repumping, thereby funneling everything into the �eld-insensitive clock state
j6S1=2; F = 1; mF = 0i ; this single-state variant reached a record SPAM in�delity of
9 � 10� 5 [6]. We extend the scheme by retuning the narrow-band steps so thatany of the
�ve j6S1=2; F = 2; mF 2 f� 2; � 1; 0; +1; +2gi sub-levels can be chosen to be initialized,
giving easy access to all 24 magnetic sub-levels of 5D5=2 manifold.

In the following, I outline the speci�c steps of our adapted initialization sequence (also
shown in �gure 3.1), highlighting key considerations at each stage, such as frequency se-
lectivity and timing constraints, that are crucial for achieving state preparation across all
target states.

(1) Selective F = 1 depopulation |Apply 493 nm and 650 nm light with frequency
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Figure 3.3: Initialization probability vs. Repetitions. Plots here show the �delity
and in�delity of initializing in a target 6 S1=2 F = 2 level as the initialization repetitions
increase.

component tuned speci�cally to pump out of population from 6S1=2, F = 1 manifold.
This ensures that the ion is con�ned to theF = 2 manifold, where state selection
will occur.

(2) Coherent depletion of unwanted F = 2 states |Apply 1762 nm light with
narrow-band frequency component targeting speci�c transitions from 6S1=2, F = 2
levels|excluding the desired target state. Each component is tuned for a calibrated
� -pulse duration to coherently transfer population from each unwanted sublevel to
5D5=2. The transitions used in this step are shown in �gure 3.2.

(3) Repumping via 614 nm light |Apply 614 nm light to depopulate 5 D5=2 by pref-
erentially pumping it to 6P3=2, F = 3, allowing any shelved population to decay back
to 6S1=2, typically redistributing among the available F = 2 sublevels.

(4) Iterative re�nement |Repeat steps 1-3 in a loop. Over successive cycles, popula-
tion accumulates in the chosen state |i.e., the only sublevel not targeted by step 2
(1762 nm depletion step)|resulting in preparation of the desired 6S1=2, F = 2 state.

Figure 3.3 shows how the population in the desired 6S1=2, F = 2 state increases with
the number of initialization iterations for each of the �ve sublevels. The population reliably

27



saturates after approximately 60-80 repetitions, indicating the convergence to the target
state. yielding a preparation �delity of 0:986(8) averaged over the Five target sub-levels.
Additionally, the �gure includes a state preparation and measurement (SPAM) chart for
each 6S1=2, F = 2 sublevel. For these experiments, we initialize the target state and then
apply up to six 1762 nm shelving pulses to transfer population to the distinct 5D5=2 states,
mitigating errors due to imperfect shelving. We then detect 
uorescence; the absence of
photons (a \dark" ion) indicates successful state preparation and shelving, con�rming that
the population was initialized in the desired sublevel.

It is important to note that three main factors in
uence both the rate at which the
population saturates and the �nal saturation value in our initialization scheme. First, the
repump path in step 3|i.e., the decay pathway from 5D5=2 ! 6P3=2 ! 6S1=2|plays a
critical role. Due to the branching ratios involved, certain 5D5=2 states are more likely to
decay into speci�c 6S1=2 sublevel, and we can exploit these biases to our advantage. Second,
the spectral selectivity of the transitions used in step 2 must be carefully managed. To
avoid o�-resonant excitation of the targeted state, the chosen 1762 nm transitions must have
su�cient frequency separation from the transitions connecting to the targeted state. Third,
power and duration of 493 nm (and 650 nm) light in step 1 must be optimized: it should be
strong enough to clear out the population from theF = 1 manifold without unintentionally
exciting population out of the F = 2 manifold. These considerations directly inform the
choice of transitions and pulse parameters in our initialization sequence. The following
sections discuss each of these points in detail.

3.1.1 614 nm Repump path

Using the numerical calculations in Chapter 2 Section 2.3, we map out the repump path-
ways for population shelved in any of the 24 Zeeman sub-levels of 5D5=2. Because the
614 nm repump beam contains equally weighted� + and � � polarization components (see
Table 2.1), these polarizations are taken into account when we compute the branching
ratios for the cascade 6D5=2 ! 6P3=2 ! 6S1=2. This allows us to identify the most advan-
tageous 5D5=2 states to use in step (2) of NBOP sequence so they preferentially decay to
the desired target state.

The resulting repump-probability chart (shown in Figure 3.4) is renormalized so that
it only shows decay channels terminating in the 6S1=2; F = 2 manifold. These probabilities
are one of the main factors guiding our choice of shelving states in 6S1=2: when we wish to
initialize a particular mF sub-level, we deliberately choose shelving states whose repump
pathways preferentially funnel population into (or towards) that targetmF state.
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Figure 3.4: Repump path Map. Using numerical calculation described in 2 Section 2.3,
branching ratios from 6D5=2 ! 6P3=2 ! 6S1=2 were calculated and normalized forF = 2
manifold in 6S1=2.

3.1.2 Spectral crowding

A second constraint on high-�delity 6S1=2 initialization is the spectral isolation of the
1762 nm shelving transitions, particularly from those linking the target 6S1=2 mF sub-level
to the 6D5=2 manifold. In practice, the spectrum is crowded: with our polarization ge-
ometry the quadrupole selection rule (�m = � 2) connects the �ve 6S1=2(F = 2) Zeeman
sub-levels to subsets of the twenty-four 6D5=2 states, yielding � 80 distinct carrier lines.
Each of these carriers is further 
anked by red and blue motional sidebands at the radial
secular frequencies! x and ! y, i.e. at ! 0 � ! x and ! 0 � ! y. These sidebands arise be-
cause a trapped ion experiences a harmonic pseudopotential from the RF Paul trap; near
the equilibrium point the motion separates into orthogonal normal modes along ^x and
ŷ with secular frequencies! x and ! y, and the laser couples internal and motional states
with strengths set by the Lamb{Dicke parameters� x;y = ( k �x̂; k � ŷ)

p
~=(2m! x;y ). With a

1762,nm beam at 45� to both x̂ and ŷ axes, the projection ofk onto either axis isk0=
p

2.
Using 137Ba+ massm = 2:28� 10� 25 kg:

� x =
k0p

2

r
~

2m! x
; � y =

k0p
2

s
~

2m! y
: (3.1)

Plugging ! x = 2� � 1:46 MHz and! y = 2� � 1:27 MHz:

ˆ � x � 0:0127

ˆ � y � 0:0136
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Figure 3.5: O�-resonant Scattering probability. A colormap of o� resonant scattering
probability and most probable transition (denoted as triplet number [mF;S ; ~FD ; mF;D ]) to
be scattered.
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The mean phonon number is �n � 140 the Lamb{Dicke weighting for the �rst-order
secular side-bands jumps by a factor�

p
140� 12:


 blue = �
p

�n + 1 
 0 � 12� 
 0; 
 red = �
p

�n 
 0 � 12� 
 0: (3.2)

Now if we drive a transition with frequencyf 0 for its corresponding� -time, the probability
of o�-resonantly driving a transition of frequencyf n and Rabi-frequency 
n is given by

Pn (t � ) =

 2

n


 2
n + � 2

n
sin2

�
1
2

p

 2

n + � 2
n t �

�
: (3.3)

where � n = f n � f 0 Total o�-resonant shelving probability for the driven line can be found
by summing over all the carriers and their� 1:46 MHz / � 1:27 MHz side-bands

Po� =
X

n6=0

Pn (t � ); (3.4)

Figure 3.5 plots, for every candidate shelving line, the total o�-resonant scattering prob-
ability obtained by driving a � -pulse, as well as shows the biggest contributor to the
o�-resonant scattering probability. In step (2) of initialization scheme, the transitions that
appreciably couple the target 6S1=2 state to any of the 24 Zeeman sub-levels of 6D5=2

are undesirable, because inadvertent population excitation imposes a hard ceiling on the
achievable shelving-pulse saturation (and hence on the �nal state-preparation �delity).
We therefore select, as our primary shelving channels, those transitions that minimize this
o�-resonant drive while still o�ering acceptable Rabi rates at the available optical power.

3.1.3 F=1 Pump parameters

We have found that the likelihood of successfully preparing the target state is highly
in
uenced by parameters of theF = 1 pumping step (1) that a�ect o�-resonant scatter
rates, more speci�cally, the optical power, modulation con�guration, and pulse duration.

In our original modulation con�guration, the 493 nm carrier was parked 2:3 GHz above
the F = 1 manifold, while 2:3 GHz and 5:7 GHz sidebands addressed theF = 1 and F = 2
manifolds, respectively. The red 2:3 GHz sideband e�ciently depopulates theF = 1 mani-
fold, but the blue 2:3 GHz sideband sits only� 3:4 GHz from theF = 2 manifold, and the
carrier itself is 5:7 GHz detuned fromF = 2. At high laser power, these proximities lead
to signi�cant o�-resonant excitation of the F = 2 manifold during initialization, counter-
acting the intended shelving and preferential repump sequence. Figure 3.6 illustrates the

31



Figure 3.6: F = 1 pump Parameter Chart. A colormap showing saturation values as
we sweep over the 2.3 GHz sideband's attenuation as well as pumping time in step (1) of
the initialization scheme.
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Figure 3.7: State encoding and shelving transitions for State preparation and
Measurement. The 5D5=2 levels are colored based on the 6S1=2 level they originate from.

e�ect: when we vary theF = 1 pump duration and increase the attenuation of the 2:3 GHz
sideband, the observed saturation value shifts accordingly.

Building on these results, we have re-optimized the 493 nm beam con�guration. The
carrier is now tuned directly to the 6S1=2; F = 1 ! 5P1=2; F = 2 resonance, and a single
� 8:1 GHz electro-optic sideband addresses the 6S1=2; F = 2 ! 5P1=2; F = 2 transition
(as described in Section 2.1.1). By eliminating the former blue sideband that lay only�
3:4 GHz from theF = 2 manifold and moving the carrier further away, we greatly suppress
unintended excitation of F = 2 during the F = 1 pumping step. Residual o�-resonant
scattering is still possible, so we continue to tune the pump parameters carefully. A 0.5µs
pulse at full laser power (0 dB attenuation) reliably empties theF = 1 manifold without
undoing the shelving and preferential repump sequence, and we now use this setting as our
standard operating point for high-�delity initialization.

3.2 D 5=2 Initialization

To prepare a chosen qudit level within the 24-dimensional 5D5=2 manifold, we �rst identify
the strongest electric-quadrupole transition linking that 5D5=2 state to one of the �ve 6S1=2

hyper�ne levels. Figure 4.2 lists every allowed transition (by quadrupole selection rules)
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together with their � -times. Our strategy is to select, for each 5D5=2 row, the transition
with the shortest � -time; this maximizes transfer e�ciency and minimizes decoherence and
o�-resonant driving due to spectral crowding. Figure 3.7 shows our shelving transitions
chosen for 24 levels in 5D5=2. After robustly initializing the ion in the corresponding 6S1=2

level, extending the procedure to any of the 24 5D5=2 levels becomes straightforward: a
single calibrated� -pulse promotes the population into the desired 5D5=2 level. The detailed
calibration of the transition frequencies and precise� -times used for each transition is
presented in Chapter 4.

3.3 State-Selective Readout

Our measurement scheme needs to distinguish between all 25 levels in our ions. We ac-
complish this by reducing the problem to a sequence of binary (bright/dark) 
uorescence
checks, interleaved with calibrated� -pulses that successively \deshelve" individual dark
states (5D5=2) into the bright manifold (6S1=2); the �rst bright event �xes the state, with a
dynamic threshold set from the photon-count histogram. The protocol proceeds as follows:

1. Detect j0i . Switch on the Doppler{cooling beams at 493 nm and 650 nm for a
detection window of durationtdet = 5 ms.

ˆ Bright: the ion was in j0i .

ˆ Dark: population is shelved elsewhere; continue.

2. Unshelve j1i . Apply a calibrated � -pulse on the quadrupole transition that trans-
fers j1i from the 5D5=2 manifold to the bright 6S1=2 manifold.

3. Detect j1i . Repeat the 
uorescence detection as in Step 1.

ˆ Bright: population was in j1i .

ˆ Dark: population is shelved elsewhere; continue.

4. Iterate for the remaining basis states. Repeat the \unshelve! detect" cycle
for all remaining jni (n 2 f 2; dg for d level qudit), each time using the appropriate
� -pulse to bring the selected dark state into the bright manifold.

A bright event is de�ned with a dynamic threshold: for every block of 1 000 shots
we re-�t the bimodal photon-count histogram and set the cuto� at the midpoint between
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the bright and dark peaks (see Appendix D). Across the entire data set this threshold
converges, on average, to about 10 counts intdet = 5 ms; counts below that value are
classi�ed asdark.

Executing the full sequence generates a Boolean string of up to 25 entries, e.g.D D D B B ...,
where \B" denotes a bright detection and \D" a dark outcome. Because the act of 
uores-
cence detection projects the ion into the bright manifold, the�rst bright event identi�es
the state with the population; all subsequent detections are disregarded. This pump{probe
sequence relies on a single precisely calibrated� -pulse per state and exploits the high
bright/dark discrimination �delity already demonstrated for ion 
uorescence. Its robust-
ness is further supported by the long metastable lifetime of the 5D5=2 manifold (� 30 s),
which keeps shelved population protected from spontaneous decay during the entire mea-
surement cycle. Care must still be taken in selecting the speci�c quadrupole transitions that
deshelve population from 5D5=2 to 6S1=2: each pulse must be spectrally isolated enough to
avoid o�-resonant coupling that would inadvertently depopulate neighbouring 5D5=2 levels.
With this combination of long-lived shelving and carefully vetted, state-selective� -pulses,
we obtain reliable, state-resolved readout across the full 25-level qudit.

3.4 SPAM Results

With the preparation sequence in the 6S1=2 and 5D5=2 manifolds fully de�ned, and a state-
selective readout routine established, we are now equipped to evaluate the combined state
preparation and measurement (SPAM) performance.

The evaluation procedure is conceptually straightforward: each of the 25 computational
basis states is individually prepared, followed by the complete 
uorescence-plus-deshelving
readout sequence. The observed outcomes are recorded for each input state, resulting in a
full detection matrix de�ned by

M ij � P(detect j j preparei ); (3.5)

whereM ij represents the conditional probability of detecting statej given that state i was
prepared.

The resulting matrix is a 25� 25 grid whose diagonal entries re
ect the individual
SPAM �delities for each state, while the o�-diagonal elements reveal state-to-state leakage,
crosstalk, and other preparation or detection errors. Figure 3.8 displays the measured
detection matrix M ij , compiled from 5000 experimental shots per prepared state. We
see anaverage state preparation and measurement �delity of 99.51(5)% . Data
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Figure 3.8: State Preparation And Measurement Results. A color map showing
M i;j elements from (3.5). The inset shows how the error from each channel scales as we
add more dimensions to our qudit. The data rate plots on the right show the data loss for
each prepared state due to Heralding techniques.
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collection was performed in sets of 1000 shots, with frequency calibration of the prepared
state carried out before each set. The calibration procedure is detailed in Chapter 4. The
states are encoded in descending order of the Rabi frequency of the transition used for
shelving and deshelving the states. The encoding for this SPAM experiment is shown in
Figure 3.7.

Following data acquisition, the raw outcomes are further re�ned using a heralding-based
post-processing step, which suppresses detectable errors and improves SPAM �delity. The
heralding procedure is described in the subsequent section.

3.4.1 Heralding Techniques and Error breakdown

To suppress trials in which obvious preparation or read-out faults occur, we add two simple
heralds around every SPAM cycle and retain only those shots that pass both checks.

Herald #1 | Initialization check. Immediately after the preparation sequence we
attempt a preview 
uorescence measurement of the 6S1=2 manifold:

1. For target statesj1i : : : j24i (which reside in 5D5=2) the ion should be dark; a bright
result signals that population never left 6S1=2, so the shot is discarded.

2. For the special casej0i 2 6S1=2 we �rst shelve the ion to a reliably isolatedj0i$ 5D5=2

transition, perform the same 
uorescence check, and then deshelve. A bright preview
again indicates a failed initialization. And the shot is rejected. In Figure 3.8, we can
see the artifact of this heralding technique. The residual population inM 0;3 is due
to this heralding technique and indicates the error in deshelving the pulse.

The fraction of shots that fail Herald #1 is logged as a data rate penalty attributable to
imperfect initialization. For the data set presented here, this data loss due to initialization
is � init � 2:8% of the raw trials.

Herald #2 | Readout consistency check. A properly functioning readout sequence
must yield at least one bright detection at the step that projects the ion onto its prepared
state. If all 25 detection windows return photon counts below the threshold value, the
shot is 
agged as a deshelving error and discarded. In the presented data set, this second
herald removes, on average, 1.8% of the trials, a loss reported as data loss due to readout
error.

37



Error budget. The state-by-state data losses|and the residual, single-state SPAM In-
�delities extracted from the diagonal of M ij are well described by the stochastic model
developed by Nicholas Zutt, details can be found in Ref. [44]. In that framework, the total
SPAM error splits into three contributions:

1. O�-resonant scattering during the shelving and deshelving pulses, which can spu-
riously transfer population to neighbouring Zeeman sub-levels. This reduces our
�delity by 0.20%. We can see big o�-resonant scattering error in Figure 3.8M 13;5.
This is also con�rmed by looking at the o�-resonant scattering chart in Figure 3.5.

2. Spontaneous decayfrom the metastable 5D5=2 manifold while the sequence is in
progress. This reduces our �delity by0.19%.

3. Bright{dark discrimination errors arising from the �nite overlap of the photon-count
histograms. This reduces total �delity by 0.06%.

To place our d = 25 average SPAM in context, I report a qubit-equivalent �gure by
normalizing to the information content of the register. IfFd denotes the average correct
assignment portability overd basis states, we de�ne

Fqubit-equiv = F 1= log2 d
d (3.6)

For our reult F25 = 0:9951, thi sgivesFqubit-equiv � 0:9989. For superconducting qubits, a
representative state-of-the-art experiment reports an average assignment �delity of 99.77%
(best qubit > 99:9%) using fast multiplexed readout [45]. Against state-of-the-art trapped-
ion SPAM on signal qubits, our qubit-equivalent �gure is within an order of magnitude in
error of the leading records: Quantinuum (99.9904%) [6], IonQ (99.96%) [46], and Oxford
Ionics (99.9993%, heralded) [43], noting that those qubit benchmarks typically target one
or few favorable states while our �gure averages uniformly across 25 basis states.

Furthermore, the main SPAM errors stem from o�-resonant scattering during the shelv-
ing/deshelving pulses and from spontaneous decay of the 5D5=2 state while 
uorescence
is being collected; both are therefore reducible. A higher-numerical-aperture collection
optic would allow the detection window to be shortened, cutting the time available for
spontaneous decay, while retuning the magnetic �eld to maximize the isolation of used
transitions, suppressing o�-resonant excitation, and together pushing the overall SPAM
�delity higher.
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Chapter 4

Calibrations | Transition
Frequencies and Strengths

High-�delity state preparation and measurement in the previous chapter hinged on deliv-
ering well-calibrated shelving and deshelving pulses. Achieving that �delity demands that
we know the exact transition frequency and Rabi frequency for every line we intend to
drive. Yet the 6S1=2 F = 2 $ 5D5=2 system o�ers 80 quadrupole-allowed transitions. A
conventional approach|full frequency scans followed by Rabi 
ops on each line|would
occupy the experiment for hours every day, only to be undermined by slow drifts in mag-
netic �eld and in the 1762 nm cavity that shift those frequencies on a timescale of few
minutes.

Therefore, this chapter reintroduces and adapts the compact calibration toolkit de-
scribed in Ref. [28] for all 25 levels in 5D5=2and all 80 possible transitions, which makes
exhaustive scans obsolete. Furthermore, instead of traditional way of stepping the 1762
nm laser across each line to hunt for its resonance, we calibrate every transition with a
Ramsey-based phase measurement. By letting the ion accumulate phase during a �xed
dark time and reading out that phase directly, we pinpoint the frequency detuning in just
two data points|achieving �ner resolution and far less overhead (in terms of calibration
time, AWG programming time, and �tting) than any full sweep could o�er.

With the resonant frequencies secured, the next step is to establish reliable transition
strengths. Measuring the Rabi frequency for every one of the eighty quadrupole lines
would again impose an excessive burden on experiment time. Instead, the calibration pro-
cedure determines the� -pulse times of �ve carefully chosen transitions|one representa-
tive for each allowed � mF |and then scales the remaining seventy-�ve using the (relative)
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quadrupole matrix-element calculated in Chapter 2. As a result,� -pulse timings for every
transition are extracted within minutes rather than hours, keeping the full qudit manifold
ready for high-�delity control without cumbersome overhead.

4.1 Qubit Dynamics and Ramsey Interferometry

Before we delve into the details of the Ramsey experiment on a qubit, it is helpful to �rst
understand how a classical laser �eld interacts with a two-level atomic system. In the
context of trapped ion quantum computing, this interaction forms the basis of coherent
control over qubit states. Consider a two-level ion with ground and excited states separated
by energy ~! 0, interacting with a classical laser �eld of frequency! , Rabi frequency 
,
and a controllable phase� . The system is described by the Hamiltonian:

H = �
~! 0

2
� z + ~
 cos( !t + � )� x (4.1)

Here, � z and � x are the standard Pauli operators in the two-level basis. The �rst term rep-
resents the internal energy of the qubit, and the second term describes the time-dependent
coupling to the laser. To make analytical progress, we move to the interaction picture with
respect to a rotating frame de�ned by:

H0 = �
~!
2

� z; H1 = ~
 cos( !t + � )� x (4.2)

The Hamiltonian in the interaction picture becomes:

H int = eiH 0 t=~(H � H0)e� iH 0 t=~ = eiH 0 t=~H1e� iH 0 t=~ (4.3)

To evaluate this, we use the identity for the rotated Pauli operator:

ei!t� z =2� xe� i!t� z =2 = cos(!t )� x + sin( !t )� y (4.4)

Substituting this back in gives:

H int =
~�
2

� z +
~

2

[cos(!t + � ) cos(!t )� x + cos(!t + � ) sin(!t )� y] (4.5)

where we have de�ned the detuning � = ! 0 � ! . We now simplify the products of
trigonometric functions using standard identities:

cos(!t + � ) cos(!t ) =
1
2

[cos(2!t + � ) + cos � ] (4.6)
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cos(!t + � ) sin(!t ) =
1
2

[sin(2!t + � ) � sin� ] (4.7)

Inserting these into the Hamiltonian yields:

H int =
~�
2

� z +
~

2

[cos(2!t + � ) + cos � ] � x + [sin(2!t + � ) � sin� ] � y (4.8)

Next, we apply the Rotating Wave Approximation (RWA), which involves neglecting the
rapidly oscillating terms at frequency 2! . This leaves us with an e�ective time-independent
interaction Hamiltonian:

) H int =
~�
2

� z +
~

2

(cos� � x � sin� � y) (4.9)

This expression captures the essential physics of laser-driven qubit rotations with arbitrary
detuning and phase. To understand the outcome of a Ramsey experiment, we now solve
for the time evolution under this Hamiltonian. The evolution operator is:

U(t) = e� iH int t=~ (4.10)

Expanding the exponential, we write:

U(t) = exp
�
� i

�
�
2

� z +


2

cos� � x �


2

sin� � y

�
t
�

(4.11)

We de�ne the total e�ective Rabi frequency:

� =
p

� 2 + 
 2 (4.12)

and the normalized axis of rotation:

n̂ =
1
�

(� � z + 
 cos � � x � 
 sin � � y) (4.13)

Using Euler's identity for exponentials of Pauli operators, we obtain:

U(t) = cos
�

�t
2

�
I � i sin

�
�t
2

�
n̂ (4.14)

In full, this gives:

U(t) = cos

 p
� 2 + 
 2t

2

!

I (4.15)

� i sin

 p
� 2 + 
 2t

2

! �
�

p
� 2 + 
 2

� z +

 cos �

p
� 2 + 
 2

� x �

 sin �

p
� 2 + 
 2

� y

�

41



This analytical expression governs the qubit state after a pulse of durationt, and will be
central to analyzing the phase evolution observed in Ramsey spectroscopy.

In a typical Ramsey experiment, we begin with the qubit in the ground statej0i and apply
the following sequence of operations:

1. A �= 2 pulse (duration t �= 2) with phase � = 0, which creates an equal superposition
of j0i and j1i .

2. Free evolution for a timeT during which the qubit evolves under the detuning � =
! 0 � ! .

3. A second�= 2 pulse, also of durationt �= 2, but with a variable phase� relative to the
�rst.

The �nal state is measured in the computational basis, and we are typically interested
in the population of the ground statej0i as a function of � or �. To derive a compact
analytical expression for the probability of measuring the qubit inj0i at the end of the
Ramsey sequence, we make the following assumptions:

(1) Small Detuning: The detuning � is much smaller than the Rabi frequency, i.e.,
� � 
. This allows us to drop second-order terms like � 2 and make the approxi-
mation

p
� 2 + 
 2 � 
.

(2) Short Pulses: The �= 2 pulses are assumed to be short compared to the timescale of
detuning-induced phase accumulation, i.e.,t �= 2 � T. This means the free evolution
dominates the Ramsey fringe behavior.

(3) Neglect of Decoherence: We assume no decoherence or dephasing occurs during
the sequence (i.e.,T2 ! 1 ), so the evolution is entirely unitary.

(4) Ideal Pulses: The �= 2 pulses are treated as ideal unitary rotations with full contrast
and no amplitude or phase error.

We now derive the analytical expression for the probability of measuring the qubit in state
j0i after a Ramsey sequence, making use of the approximations listed above. The sequence
consists of a�= 2 pulse with phase 0, free evolution under detuning � for a timeT, and a
second�= 2 pulse with phase� . The qubit begins in the state

j 0i =
�
1
0

�
(4.16)
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During the �rst �= 2 pulse, the qubit evolves under the Hamiltonian

H =
~�
2

� z +
~

2

� x (4.17)

for a duration t �= 2 = �= (2
). Applying the approximation (1) and (2) from earlier, the
unitary evolution operator becomes:

U1 �
1

p
2

�
I � i

�
�



� z + � x

��
(4.18)

Applying U1 to the initial state yields

j 1i = U1 j0i =
1

p
2

�
j0i � i

�



j0i � i j1i
�

=
1

p
2

�
(1 � i

�



) j0i � i j1i
�

(4.19)

Now for the second step, we allow the system to evolve freely for a timeT under the
detuning Hamiltonian

H =
~�
2

� z ) Uwait =
�
e� i � T=2 0

0 ei � T=2

�
(4.20)

Applying Uwait to j 1i , we get

j 2i = Uwait j 1i =
1

p
2

�
(1 � i

�



)e� i � T=2 j0i � iei � T=2 j1i
�

(4.21)

For the �nal step, we apply a second�= 2 pulse with phase� , using the Hamiltonian

H =
~�
2

� z +
~

2

(cos� � x � sin� � y) (4.22)

Again using the approximation (1) and (2), the unitary becomes:

U2 �
1

p
2

�
I � i

�
�



� z + cos� � x � sin� � y

��
(4.23)

We now write

j 2i =
1

p
2

(a j0i + bj1i ) where a = (1 � i
�



)e� i � T=2; b= � iei � T=2 (4.24)
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Applying U2 to j 2i , we compute the amplitude of the statej0i :

 0 =
1
2

�
a � i

�
�



a + cos� b + i sin� b
��

=
1
2

�
a(1 � i

�



) � ibei�

�
(4.25)

Substituting the expressions fora and b, we have:

 0 =
1
2

�
(1 � i

�



)2e� i � T=2 � ei (� T=2+ � )

�
(4.26)

Now squaring the magnitude to compute the probability:

P0 = j 0j2 =
1
4

�
�
�
�(1 � i

�



)2e� i � T=2 � ei (� T=2+ � )

�
�
�
�

2

(4.27)

Factor out e� i � T=2:

P0 =
1
4

�
�
�
�(1 � i

�



)2 � ei (� T + � )

�
�
�
�

2

(4.28)

Now expand:

(1 � i
�



)2 = 1 � 2i
�



�
�

�



� 2

� 1 � 2i
�



(4.29)

So:

P0 =
1
4

�
�
�
�1 � 2i

�



� ei (� T + � )

�
�
�
�

2

(4.30)

Write z = ei (� T + � ) . Then:

P0 =
1
4

�
j1 � 2i

�



j2 + jzj2 � 2 Re
�
(1 + 2i

�



)z
��

(4.31)

Using j1 � 2i �

 j2 = 1 + O

�
( �


 )2
�
, and jzj = 1, we get:

P0 �
1
2

[1 + cos(� T + � )] (4.32)

This is the standard Ramsey interference fringe pattern, expressed in terms of the accu-
mulated phase � T and the pulse phase o�set� . In practice, we often vary the phase� in
Ramsey experiments to trace out the full sinusoidal fringe, allowing for precise characteri-
zation of coherence and detuning.
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4.2 Ramsey-Based Frequency Calibration | Practi-
cal Considerations

In our experimental procedure, we calibrate the transition frequencies by performing Ram-
sey experiments at two speci�c phase values,�= 2 and 3�= 2. This allows us to probe the
detuning of the system. From these measurements, two points are typically su�cient to
obtain a good (sub 50 Hz) �t for the transition frequency detuning. However, in practice,
we must account for the �nite coherence times of the system. As a result, assumptions (2)
and (3), which assume perfect coherence and negligible pulse duration e�ects, are often no
longer valid. Speci�cally, thet �= 2 times of the transitions can be comparable to the Ramsey
wait time, thereby a�ecting the accuracy of our measurements. To mitigate these e�ects
and provide a more accurate estimate of the detuning, we utilize assumption-free unitaries
(see 4.2 for their de�nition), which are computed numerically. This approach ensures that
the detuning values are derived from the actual evolution of the system, providing a more
robust calibration despite the presence of decoherence.
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Algorithm 2 Estimating Detuning from Two Ramsey Points

1: Input: � -pulse time t � , wait time T, measured populations
�

P (exp)
�= 2 ; P (exp)

3�= 2

�

2: De�ne Pauli matrices: � x , � y, � z, and identity I
3: function AnalyticalUnitary (� ; 
 ; �; t )
4: �  

p
� 2 + 
 2

5: return cos
�

�t
2

�
I � i sin

�
�t
2

� �
�
� � z + 
 cos �

� � x � 
 sin �
� � y

�

6: end function
7: function StatePopulation (t � ; T; � ; � )
8: 
  �=t �

9: t �= 2  t � =2
10: U1  AnalyticalUnitary(� ; 
 ; 0; t �= 2)
11: Uwait  AnalyticalUnitary(� ; 0; 0; T)
12: U2  AnalyticalUnitary(� ; 
 ; �; t �= 2)
13: Utotal  U2 � Uwait � U1

14: return j h0jUtotal j0i j 2

15: end function
16: function FitError (�)
17: P (model)

�= 2  StatePopulation (t � ; T; � ; �= 2)

18: P (model)
3�= 2  StatePopulation (t � ; T; � ; 3�= 2)

19: return Error: (P (model)
�= 2 � P (exp)

�= 2 )2 + ( P (model)
3�= 2 � P (exp)

3�= 2 )2

20: end function
21: Use Nelder-Mead method to minimizeFitError over �
22: Output: Optimal detuning �

To implement this calibration strategy, we use the algorithm described in the code
snippet above. This routine �ts the measured ground state populations at two Ramsey
phase points,�= 2 and 3�= 2, to the expected evolution computed via numerically evaluated
unitaries. By minimizing the squared error between the model and experimental results,
the algorithm returns the optimal detuning � for the transition, as illustrated in Figure
4.1 (a).

To validate the accuracy of this method, we performed a controlled experiment in which
known detunings were deliberately introduced on a selected transition. The transition
chosen for this test is the most magnetically �eld-insensitive qubit transition in our system,
with a coherence time (T2) of approximately 1200� s and a� -pulse time of around 128� s.
In this experiment, the Ramsey wait time was 100� s, making the pulse duration actually
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Figure 4.1: 2-point Calibration Ramsey fringes and Detuning sweep. (a) Illus-
tration of the two-point Ramsey calibration method. The population of thej0i state is
measured at phases� = �= 2 and 3�= 2, and the resulting values are used to �t a Ramsey
fringe with the detuning � as the only free parameter. The data shown here is from a
numerical simulation with a known detuning of � = 1234 :56 Hz, chosen for illustrative
purposes.(b) Results from a controlled experimental test, in which known detunings were
applied to validate the accuracy and robustness of the �tting procedure.

bigger than the free evolution time, conditions under which assumptions (2) and (3) are
no longer valid. The calibration script was then used to estimate the detuning from the
measured Ramsey populations. The results of this test are shown in Figure 4.1 (b). The
detunings predicted by the script closely matched the known o�sets, with a standard
deviation of just 33 Hz from the expected values.

While the two-point Ramsey method o�ers e�cient (in terms of the number of mea-
surements required) and accurate frequency calibration, it comes with intrinsic limitations.
In particular, there is an upper bound on the absolute detuningj� j for which the �tting
remains valid. This constraint arises from the requirement that the accumulated phase
j� � Tj remain within the non-degenerate region of the Ramsey fringe. Empirically, we
�nd that the method becomes unreliable whenj� � Tj & �= 2, as the two points on the
sinusoidal curve become ambiguous, leading to degeneracies in the �tted detuning values.

Given the approximate analytical expression for the Ramsey population derived earlier,

P0 �
1
2

[1 + cos(� T + � )] (4.33)

we can estimate the uncertainty in the �tted detuning �, assuming the dominant source
of uncertainty arises from the �nite number of measurement shotsn used to estimate the
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population P0. We assume that� and T are known precisely. Inverting the population
expression, we obtain

� =
arccos(2P0 � 1) � �

T
: (4.34)

To propagate the uncertainty fromP0 to �, we apply standard error propagation:

� 2
� =

�
d�
dP0

� 2

� 2
P0

: (4.35)

Computing the derivative,

d�
dP0

=
d

dP0

�
arccos(2P0 � 1) � �

T

�
=

� 2

T
p

1 � (2P0 � 1)2
(4.36)

=
� 2

T
p

4P0(1 � P0)
=

� 1

T
p

P0(1 � P0)
: (4.37)

The uncertainty in the population P0 due to projection noise inn measurement shots is
given by the standard deviation of a binomial distribution:

� P0 =

r
P0(1 � P0)

n
: (4.38)

Substituting into the expression for� � , we obtain:

� � =
1

T
p

P0(1 � P0)
�

r
P0(1 � P0)

n
=

1
T

p
n

: (4.39)

Thus, the �nal expression for the uncertainty in the predicted detuning is:

� � =
1

T
p

n
(4.40)

While the analytical result � � = 1=(T
p

n) is useful for intuition, in our experiment, we
estimate � by numerically �tting the full model to two or more measurements. In that
setting, the analytical expression should be read as a scaling law rather than a strict error
bar|it illustrates how the resolution improves with increasing Ramsey wait time T and
total number of shots n. The actual uncertainty is determined from a numerical error
propagation method based on the �rst-order Taylor expansion.
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Let r1 and r2 denote the measured populations at two di�erent phases (e.g.,� = �= 2
and � = 3�= 2 as used in 4.2). These observables are related to the unknown detuning �
through a nonlinear mapping:

� = f (r1; r2); (4.41)

wheref represents the �tting process: a numerical minimization of the squared di�erence
between observed populations and those predicted by the Ramsey model (see 4.2). Since
f is a numerical optimizer, we estimate its sensitivity to the inputs using �nite di�erences.
By linearizing f using the �rst-order Taylor expansion around the mean values ofr1 and
r2 and taking variance:

� 2
� �

�
@�
@r1

� 2

� 2
r 1

+
�

@�
@r2

� 2

� 2
r 2

: (4.42)

This assumesr1 and r2 are uncorrelated, which is valid in this case since they're separate
experiments. In practice, we approximate the partial derivatives using symmetric �nite
di�erences:

@�
@r1

�
f (r1 + � r 1 ; r2) � f (r1 � � r 1 ; r2)

2� r 1

;
@�
@r2

�
f (r1; r2 + � r 2 ) � f (r1; r2 � � r 2 )

2� r 2

:

(4.43)
where � r i is, standard deviation in binomial sample, given by� r i =

p
r i (1 � r i )=n. The

�nal uncertainty is then computed by combining these in quadrature:

� � =

s �
@�
@r1

� r 1

� 2

+
�

@�
@r2

� r 2

� 2

: (4.44)

This method is robust and model-agnostic, as it does not require analytic knowledge of
the function f , and instead relies solely on the numerical �tting procedure.

The uncertainty or detuning resolution analysis also guides our practical choice of Ram-
sey wait time T. Since the uncertainty in detuning scales inversely withT (see (4.40)),
longer wait times improve precision. However, the accumulated phasej� Tj must remain
within the non-degenerate region of the Ramsey fringe (j� Tj . �= 2) to ensure the �tting
remains unambiguous. In our daily experiments, we typically use a Ramsey wait time of
250,� s, which provides a reliable detuning range of approximately� 1 KHz. Given that we
perform frequency calibrations every few minutes and our system remains stable within
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this window, this choice strikes an e�ective balance between sensitivity and dynamic range.
This calibration method enabled us to resonantly drive the transitions used in the SPAM
experiment of Chapter 3 with over 99.5% �delity. For calibrations in those experiments,
a Ramsey wait time of 400� s was used, providing a detuning range of approximately
� 625 Hz.

Although this calibration method is signi�cantly faster than performing full frequency
sweeps to locate resonance, it remains impractical to apply it individually to every tran-
sition when multiple transitions are involved in a single operation. To address this, we
implement and adapt the calibration technique described in Ref. [28], which is detailed in
the following section.

4.3 Data collection and Fitting

To avoid the need to calibrate every individual transition frequency each time multiple
transitions are used in an operation, we adopt a referencing scheme based on two carefully
chosen reference transitions. The �rst transition, which we denotef 0, is selected to be the
most magnetically insensitive one: from S1=2; F = 2; mF = 0 to D 5=2; F = 2; mF = 0
(magnetic �eld sensitivity � 40 Hz/G). This transition is minimally a�ected by ambient
magnetic �eld 
uctuations and primarily experiences frequency drift due to slow changes
in laser frequency, such as those arising from optical cavity drift. The second reference
transition, denoted f 1, is chosen to be one of the most magnetically sensitive: from
S1=2; F = 2; mF = � 1 to D5=2; F = 4; mF = � 3 (magnetic �eld sensitivity � 3:5 MHz/G).
By tracking both f 0 and the frequency di�erencef 1 � f 0, we can e�ectively capture and
compensate for the two dominant sources of frequency drift in our system|laser frequency
drift and magnetic �eld 
uctuations.

To reference the remaining 78 transitions (denotedf n ) to the two primary transitions f 0

and f 1, we collect a set of \calibration data." This process involves sequentially measuring
the frequencies off 0, f 1, and f n for 40 selected transitions.These transitions are carefully
chosen to collectively span all 24 states in the 6D5=2 manifold and to provide coverage
across the various 6S1=2; F = 2 Zeeman sublevels. The selected set ensures that for each
D5=2 level, there is at least one transition measured, and that the frequency separations
between the 6S1=2 F = 2 sublevels can be inferred. This allows us to extrapolate the
frequencies of the remaining transitions with high accuracy. The chosen transitions used
for calibration are shown in Figure 4.2.

To make use of this referencing scheme, we aim to express each transition frequencyf n

as a function off 0 and f 1. From the analysis presented in Chapter 2 Section 2.3, we know
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Figure 4.2: � -times and Calibration, reference transitions. A colormap of calibrated
pi-times of all the allowed transitions (transition strengths are calculated at 4.209 G of B-
�eld). Red boxes show the chosen calibration frequencies for data collection. Black boxes
show the two reference transitions for frequency calibrations. And red dots show the �ve
reference transitions for pulse angle calibration.
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that the energy levels in the 5D5=2 manifold exhibit a linear dependence on the magnetic
�eld over small variations in �eld strength. Consequently, each transition frequencyf n

also inherits a linear dependence on the magnetic �eld, which is captured by the di�erence
f 1 � f 0, and a dependence on the laser frequency drift, captured byf 0.

We therefore model the transition frequencyf n using the following form:

f n = � n (f 1 � f 0) + � n + f 0; (4.45)

where � n encodes the magnetic �eld sensitivity of the transition relative to the reference,
and � n is a constant o�set determined from calibration. We need this calibration o�set
because the transition frequencies calculated by solving the Hyper�ne Hamiltonian (in
chapter 2 Section 2.3) have discrepancies when compared to analytically measured tran-
sitions. We speculate that state mixing with levels in 5D3=2 needs to be considered in
our calculations to obtain a more complete picture of all perturbations. The parameter
� n can be determined from theory using the calculated magnetic �eld sensitivities of the
transitions:

� n =
� n � � 0

� 1 � � 0
; (4.46)

where� 0, � 1, and � n are the magnetic �eld sensitivities of the reference transitionsf 0, f 1,
and the transition f n , respectively. These sensitivity values are provided in Figure 2.8. The
magnetic �eld used to calculate these sensitivity values was estimated by back-calculating
B0 in the hyper�ne Hamiltonian, based on a �t to the frequency di�erence betweenf 0 and
f 1. The calibration data described above is then used to determine the best-�t value of� n

for each transition.

Once both � n and � n have been determined and the two reference frequenciesf 0 and
f 1 are measured, the frequency of any desired transition frequencyf n can be calculated
using either (4.45) (if the that transition is part of calibration dataset) or by extrapolating
its frequency using Zeeman splittings within the S1=2; F = 2 manifold.

For example, consider the transition from 6S1=2; F = 2; mF = � 1 to 5D5=2; F = 2; mF =
� 2, which we denote in shorthand as [� 1; 2; � 2]. This transition is not part of the cal-
ibration set, but its frequency can be inferred by adding the Zeeman energy di�erence
between themF = � 2 andmF = � 1 states in 6S1=2; F = 2. This frequency spacing can be
estimated by averaging the di�erences observed in transitions that share the same 5D5=2

state but di�er in the 6 S1=2, F = 2 sublevel. Speci�cally, the spacing can be averaged from
the di�erences between:

ˆ [� 2; 3; � 2] and [� 1; 3; � 2],
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ˆ [� 2; 3; � 1] and [� 1; 3; � 1],

ˆ [� 2; 2; 0] and [� 1; 2; 0],

ˆ [� 2; 1; � 1] and [� 1; 1; � 1]

And the spacing between any pair ofmF levels within the F = 2 manifold of the 6S1=2

state can be calculated in the same manner, using frequency di�erences between transitions
that share a common upper 5D5=2 state. Further analysis of the collected calibration data
shows that the average deviation between the predicted transition frequencies and the
experimentally measured values using this referencing method is� 94 Hz. A more detailed
discussion of calibration errors and systematic deviations is presented in Chapter 6.

For the average� -pulse length of 100� s used throughout this work, the corresponding
Rabi frequency is about 16 kHz; the residual detuning therefore represents only �=
 �
0:006. That ratio reduces the maximum population transfer|and thus the contrast in
any subsequent Ramsey or Rabi experiment|by less than 10� 3, an e�ect well below other
technical noise sources considered later in the thesis. In practice, the calibrated frequencies
are therefore su�ciently accurate that detuning-induced contrast loss is negligible for both
state preparation and coherence measurements. This accuracy can be improved further by
increasing the Ramsey free-evolution time once coherence times in the system are extended,
shrinking the statistical uncertainty in the �tted detuning.

4.4 Rabi-Frequency Calibration

While the relative transition strengths for all quadrupole transitions were calculated in
Chapter 2 Section 2.3, those calculations assumed a linearly polarized quadrupole laser
�eld. However, based on the observed relative Rabi frequencies across various transitions,
it is evident that the laser polarization deviates from being purely linear. A more detailed
discussion of this discrepancy is provided in Appendix A. As a result, the geometric fac-
tors derived and the relative transition strengths cannot be fully trusted for determining
absolute Rabi frequencies.

To overcome this, we experimentally measure the Rabi frequency of �ve carefully se-
lected transitions, each corresponding to a di�erent value of �mF 2 f� 2; � 1; 0; +1; +2g.
To generalize the calibration to all transitions, we use the �ve measured Rabi frequencies
as references for their respective �mF classes. For any other transition with the same
� mF , we estimate its � -time based on its theoretical transition strength relative to the
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corresponding reference transition. Speci�cally, ift �;n denotes the� -time of the target
transition, t �; 0 is the measured� -time of the reference transition with the same �mF ,
and sn , s0 are the theoretical transition strengths of the target and reference transitions
respectively, then we use the scaling relation:

�
t �;n =

t �; 0 � sn

s0

�

� mF

(4.47)

This works because geometric factors for all transitions with the same �mF are the same
(So essentially we are calibrating over the laser polarization and intensity). Using this
approach, we get the� -time values presented in Figure 4.2. The �gure also shows the
�ve reference transitions used, one for each �mF value. We observe that the� -times
estimated using this scaling method deviate from the experimentally measured� -times by
approximately 1.7%, indicating good agreement between the model and experimental data.
A more detailed discussion of this deviation and its implications is presented in Chapter 6.

For a � -pulse calibrated with a 1.7% error (i.e. the pulse angle is (1 +")� with " = 0:017),
the shelving probability for an ideal two-level system is

Pshelve = sin2
�
(1 + ") �

2

�
= cos2

�
"�
2

�
' 1 �

�
"�
2

� 2
:

Substituting " = 0:017 gives a �delity drop of

1 � Pshelve �
�

0:017�
2

� 2
� 7 � 10� 4;

so the shelving step still succeeds with about 99.93% probability. This< 0.1% loss is
much smaller than other technical errors discussed in the SPAM budget and becomes
negligible once the Rabi rate is re-tuned or the drive amplitude is actively stabilised.
This calibration can also be accelerated by adopting a two-point method analogous to the
frequency calibration: sample a single Rabi oscillation at two phase-o�set times near the
expected�= 2 and 3�= 2 points, �t with the known Rabi-oscillation model, and extract the
Rabi rate directly, cutting the number of data points needed while retaining sub-percent
accuracy.
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Chapter 5

Coherence Characterization | Qudit
Ramsey

Interferometry, in essence, turns phase into an observable by splitting a coherent wave,
letting each branch accumulate a phase proportional to some physical quantity, and then
recombining the branches so that the relative phase appears as constructive or destruc-
tive interference. In the Ramsey version applied to internal quantum states, two brief,
phase-coherent� / 2 pulses act as the beam-splitter and recombiner: the �rst pulse creates
a superposition of energy eigenstates, the system evolves freely so each component acquires
its own phase, and the second pulse mixes the paths so that the �nal-state populations
oscillate (Ramsey fringes) as a function of the accumulated phase. Since Ramsey's orig-
inal molecular-beam experiment in 1950 [47], this sequence has become a standard ruler
for coherence: it anchors precision frequency standards such as auto-balanced Ramsey
spectroscopy in171Yb+ optical clocks [48], where careful pulse tailoring suppresses probe-
induced shifts; it benchmarks coherence and sensing protocols in superconducting qubits,
as recently shown by deterministic-control schemes that surpass the conventional Ramsey
sensitivity limit [49]; and it gauges spin-ensemble coherence in solid-state systems, exempli-
�ed by nitrogen-vacancy centres in diamond whose Ramsey fringes reveal millisecond-scale
dephasing times[50].

Multilevel, or qudit, versions of Ramsey interferometry build directly on the two-level
scheme by replacing the� / 2 \beam-splitters" with gates that distribute amplitude across
several eigenstates and by monitoring a single-state population that re-encodes all accu-
mulated relative phases. In semiconductor optics, Leeet al. created coherent three- and
four-level superpositions in a charged InGaAs quantum dot and showed that the visibility
of the resulting Ramsey fringes tracks phase preservation across the entire manifold [51].
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Godfrin et al. introduced a formal \generalized Ramsey interferometry" for a nuclear-spin-
3/2 system, using Hadamard-like pulses to prepare and recombine equal-weight quartit
states so that the single-level fringe contrast reports the combined o�-diagonal coherence
of the qudit density matrix [52]. Similar ideas have emerged in solid-state colour centres,
where Va�no et al. employed multi-frequency microwaves to drive Ramsey sequences on
vacancy-related spin sub-levels in silicon carbide, extracting coherence information from
a room-temperature qudit platform [53]. On the theoretical side, Feng and Wei analyzed
multilevel atomic Ramsey spectroscopy. They showed that equal-superposition sequences
can reach quantum-Fisher bounds |the fundamental quantum-mechanical limit on how
precisely any method can estimate the desired parameter| underscoring the protocol's
metorological power [54]. At the same time, Thenuwara and Sidorov provided closed-form
Ramsey envelopes for three- and �ve-level manifolds in87Rb condensates, demonstrating
how analytic treatments can guide experiments that probe coherence across several hyper-
�ne states [55]. Collectively, these studies establish Ramsey interferometry as a practical,
tomography-free metric for assessing how well a multilevel system preserves the relative
phases|and therefore the usable coherence|of all the states that participate in a quantum
operation.

In this chapter, I describe the Qudit Ramsey scheme, developed by Pei Jiang Low, and
the underlying pulse sequences we implement using quadrupole transitions for an arbitrary
d-level system. Next, I explain how the computational subspace is chosen: a physically
motivated cost function is minimized to select thed basis states that form the qudit.The
third section presents the experimental phase scans and the measured fringe contrast as
d grows, revealing how coherence scales with Hilbert-space size. The chapter closes with
a thorough error budget: each identi�ed noise source is quanti�ed and fed, with No-Free-
parameters, into a Monte-Carlo model (details in chapter 7) whose predicted contrasts
agree with the data for every dimension within experimental uncertainty.

5.1 Qudit Ramsey Scheme

To interrogate the coherence of the entired-level manifold, we employ a classical Ramsey-
type sequence that was conceived in our group by Pei Jiang Low during his postdoc. The
idea is to treat the qudit as a multi-arm interferometer: a �rst global pulse spreads one
unit of population uniformly across all computational states, a second global pulse|with
state-dependent phases|attempts to re-focus that amplitude back ontoj0i . The degree
to which the population returns to j0i is our single-number measure of coherence.

The experiment proceeds in three steps:
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Figure 5.1: Qudit Ramsey phase scan d = 5 and j0i population colormap.(a) An
example of a qudit Ramsey experiment implemented on ad = 5 qudit. The plot shows
the population dynamics across the �ve basis states as the phase� is swept from 0 to 2� .
Notably, the population returns entirely to the initial state at � = 0 and � = 2� , indicating
constructive interference. At certain intermediate phases, we observe complete destructive
interference, where the population is fully transferred to other levels.(b) A colormap
showing the population of thej0i state as a function of both dimensiond and phase� .
As the dimensionality increases, interference e�ects become more complex, resulting in a
larger number of phases where thej0i population vanishes. The phases used for contrast
measurements in our experiment are indicated in red.

1. Initialisation { Prepare the ion in the ground statej0i .

2. Equal-superposition { Drive a sequence of calibrated 1762 nm quadrupole pulses
that, one by one, move a fraction 1=dof the population fromj0i into j1i ; j2i ; : : : ; jd � 1i .
For the j th transfer the rotation angle is

� j = 2 arcsin
�

1
p

d � j + 1

�
; (5.1)

so that after the �nal pulse every basis state holds an equal amplitude and the register
is in the uniform superposition 1p

d

P d� 1
k=0 jki .
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3. Phase-tagged reversal { Re-apply the same pulse train in reverse order, but ad-
vance the phase of thenth pulse byn� .

In an ideal noise-free environment, when� = 2�` (` 2 Z) the phases accumulated
by states align to zero and the entire population should return toj0i ; when � = 2�`=d
the interference is maximally destructive andj0i should be empty (except wheǹ is a
multiple of d). Analytical derivation of the qudit Ramsey scheme described here can be
found in Ref. [44]. Measuring the contrast between these two outcomes provides a direct,
tomography-free gauge of how faithfully the qudit preserves relative phases during this
operation.

A key departure from textbook Ramsey interferometry is that we insert no free evolution
between the superposition step and the recombination step; the two pulse trains follow
one another immediately. The contrast we observe, therefore, re
ects how well the qudit
preserves its relative phases while the relevant superposition components are being driven,
rather than during a passive wait. Because the sequence involves every computational state,
it e�ectively exercises the qudit under a congested control pattern we can devise|akin to
running a single, maximally complex qudit gate. While a formal gate-complexity proof
lies outside the scope of this thesis, the intuition is that any phase error or leakage can
appear somewhere in the sequence, so the resultingj0i return probability o�ers a stringent,
system-wide measure of coherence.

5.2 State Selection and Qudit encoding

Because the Qudit-Ramsey experiment probes phase relations amongall states in the
system, the choice of those states must minimize their joint susceptibility to the dominant
noise sources in the trap. We frame that choice as an optimization problem: given the
measured magnetic-�eld 
uctuations and laser-frequency instabilities (see Chapter 6), we
seek the set ofd basis statesfSg that minimizes a noise-weighted cost function. A Gaussian
distribution well describes the magnetic �eld noise, while the laser noise follows a Voigt
pro�le that accounts for both frequency and phase 
uctuations. Decoherence under each
noise channel is governed by the characteristic function of its corresponding probability-
density function, so the overall vulnerability of a candidate encoding can be expressed
as

C(fSg) =
1
`

X

j<k

2

4

 
� fSg

T (j;k )
L;G

! 2

+

 
� fSg

T (j;k )
L;L

!

+

 
� fSg

T (j;k )
B;G

! 2
3

5 (5.2)
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where the three terms aggregate the pairwise decoherence that arises from Gaussian part
of laser noiseT (j;k )

L;G , Lorentzian part of laser noiseT (j;k )
L;L , and Gaussian magnetic-�eld noise

T (j;k )
B;G , respectively. The parameter

� fSg =
X

j<k

� (j;k )
� (5.3)

is the total \ � -time budget": the sum of the calibrated� -pulse durations that would be
required, in principle, to transfer population between every ordered pair of states infSg.
It captures how long the qudit must remain phase-coherent while being actively driven.
The normalizing factor ` counts the distinct states that the full control sequence actually
visits; in practice ` may exceed the logical dimensiond because certain operations route
population through auxiliary \bus" states in D5=2 or S1=2. Framed this way, C is not tied
to the Qudit-Ramsey protocol alone but serves as a platform-agnostic �gure of merit for
any task that manipulates a selected set of levels in the presence of magnetic �eld and laser
noise.

Applying the cost{function framework to our 29-level spectrum|�ve Zeeman sub-levels
in S1=2 (F =2) and twenty-four in D5=2|An exhaustive searchwas carried out for every
target dimension d. For each candidate set (i) all

� 29
d

�
possibled-element subsets were

compiled, (ii) each subset with any intermediate \bus" states required by the actual control
graph were augmented, (iii) the costC of the resulting full set was evaluated, and (iv)
the subset that produced the global minimum was retained. Ford � 9 it consistently
returned a star-topologypattern: one state in the 6S1=2 (F =2) manifold served as the hub,
while the remaining d � 1 nodes were all drawn from 5D5=2. At d = 10, however, the
algorithm introduced another 6S1=2 Zeeman sublevel tod = 9 set, giving the proposed
register two states 6S1=2. Because we encodej0i in the primary S1=2 state (see Section
5.2.1), coupling the newly added 6S1=2 level to j0i would require a two-step route| j0i !
5D5=2 ! 6S0

1=2|rather than a single quadrupole pulse. This was unexpected, as several
D5=2 states that couple directly to j0i were still available; yet, the optimizer preferred
the more elaborate path. Experimentally, the star-topology register delivered noticeably
lower fringe contrast once the secondS1=2 level was included; replacing that choice with
a directly connectedD5=2 state restored the �delity. We attribute the discrepancy to a
noise source that the present cost function omits|the AC mains line signal component
that imparts a systematic phase to each transition in the sequence, decoherence due to
this e�ect increases linearly with total operation time. The in
uence of this line noise and
its impact on coherent operations are also discussed in Appendix E. A revised cost function
that includes this additional dephasing channel is left for future work; however, the episode
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highlighted the practical value of cross-checking purely numerical state selections against
empirical coherence tests.

To make the operation faster, we impose a star-topology constraint: for as large a
dimension as possible, thed levels must all couple through asingle 6S1=2 hub. Now, for
each of the �ve Zeeman sub-levels in 6S1=2(F = 2), the optimizer �nds the best set of
d-states that connect only to that sub-level; we then compare the �ve costs and retain the
set with the lowest cost. This selection process allows star-topology registers up tod = 17.
Beyond that point every 5D5=2 state directly linked to the chosen hub is already in use,
so we manually introduce 5D5=2 level that belong to a di�erent 6S1=2 hub. From d = 18
onward we therefore migrate thej0i population to whichever 6S1=2 level couples to the
5D5=2 state being addressed, routing through a singleD5=2 \bus" state when necessary.

5.2.1 Qudit encoding

After the physical levels are chosen, we must decide how to assign the logical labels
j0i ; j1i ; : : : ; jd � 1i . The optimal labelling can vary with the task at hand. If an ex-
periment repeatedly couples many levels to a single state in a star-topology graph, it is
advantageous to encode that hub in 6S1=2(F =2); every other level is then accessible with
a single quadrupole pulse.

For the Qudit-Ramsey sequence, the requirement is even clearer. The protocol starts by
preparingj0i , redistributes the population uniformly across the register, and �nally reverses
the process to return all population toj0i . We, therefore, encodej0i in the S1=2 state that
has the most direct links to the selectedD5=2 levels. The remaining labels are assigned
in ascending order of coupling strengthto j0i . States that couple most weakly become
j1i , those with progressively stronger couplings becomej2i ; j3i ; : : : , and the level with the
largest Rabi frequency is labeledjd � 1i . This ordering minimizes the total duration of
the two pulse sequences in Qudit Ramsey because early pulses only need transfer a small
fraction of the initial population, while the �nal pulse (moving jd � 1i to or from j0i ) uses
a �= 2-angle rotation that bene�ts from the highest available Rabi frequency.

The �nal level sets chosen for all Qudit-Ramsey runs|together with their logical la-
bels|are collected in Figure 5.2 and serve as the basis for the experimental results pre-
sented in the next section.
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Figure 5.2: Qudit state encoding for all dimensions. The plot above illustrates the
qudit state encoding for dimensionsd 2 f 2; : : : ; 24g. Colors indicate the transitions used to
address each state in 5D5=2. Starting from d = 18, bus states (jbi ) are introduced to access
additional levels. This requires temporarily shifting the population ofj0i to a di�erent
6S1=2; F = 2 state mid-operation to facilitate connectivity.
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