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Abstract

As ruin theory evolves in recent years, there has been a variety of quantities pertaining to
an insurer’s bankruptcy at the centre of focus in the literature. Despite the fact that these
quantities are distinct from each other, it was brought to our attention that many solution
methods apply to nearly all ruin-related quantities. Such a peculiar similarity among their
solution methods inspired us to search for a general form that reconciles those seemingly
different ruin-related quantities.

The stochastic approach proposed in the thesis addresses such issues and contributes
to the current literature in three major directions.

(1) It provides a new function that unifies many existing ruin-related quantities and
that produces more new quantities of potential use in both practice and academia.

(2) It applies generally to a vast majority of risk processes and permits the consideration
of combined effects of investment strategies, policy modifications, etc, which were either
impossible or difficult tasks using traditional approaches.

(3) It gives a shortcut to the derivation of intermediate solution equations. In addition
to the efficiency, the new approach also leads to a standardized procedure to cope with
various situations.

The thesis covers a wide range of ruin-related and financial topics while developing
the unifying stochastic approach. Not only does it attempt to provide insights into the
unification of quantities in ruin theory, the thesis also seeks to extend its applications in

other related areas.
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Chapter 1

Introduction

It all starts with a simple and inspiring model proposed by the Swedish actuary Filip
Lundberg in 1903. Those who have doubts about ruin theory might be surprised to find
out that the theory actually outdated many disciplines of modern sciences and stood up to
challenges over more than a century. As every scientific theory evolves, ruin theory has grown
from a simple but thought-intriguing model to a specialized area which is nowadays equipped
with state-of-art techniques developed alongside many other areas in applied probability.

This chapter is dedicated to the overview of classical topics of interest and techniques
in the literature. The content of this chapter serves two main purposes.

In order to pave the way for the development of a unifying approach in later chapters,
we need to review many classical approaches and techniques, particularly those developed
in the past decade, for analyzing ruin-related quantities. A motivation for the construction
of a new unifying tool will be discussed in the end as an implication of comparison among
those well-studied quantities.

This chapter also intends to summarize the pros and cons of the classical approaches,
which shall be compared with those of the unifying approach throughout the thesis. To set up

the tone of future comparison, we name a few advantages and disadvantages of the classical



approach. The classical analytical techniques are straightforward and require only basic
understanding of infinitesimal arguments to construct basis for computation and derivation
of ruin-related quantities. Although introduced under the framework of compound Poisson
model in this chapter, the classical approaches are generally applicable to a great majority
of risk models in the ruin literature. However, as they were used in general risk models and
applied to solve more ruin-related quantities, the arguments often become unduely repetitive

and tedious, particularly, in many practical models where interest rates are involved.

1.1 Mathematical Preliminaries

It is not until recent years that operator analysis has come to the attention of actuarial
scientists. Despite of the limited research on this topic, the use of operators in recent liter-
ature has enormously reduced the amount of work in the analysis of ruin-related quantities.

In the section, we introduce a few important operators that would facilitate solving

integral-differential equations in later chapters.

Definition 1.1.1. For any integrable function f(y) defined for y > 0 and a real number

s >0, the Dickson-Hipp transform of f(y) is given by

’];f(at):esm/ooe_syf(y) dy , x> 0.

And Ty is called a Dickson-Hipp operator.

The Dickson-Hipp operator appeared in Li and Garrido [38] in the context of Sparre
Andersen model and was systematically exploited in Gerber and Shiu [24]. It has since
become a major tool in analyzing defective renewal equations.

The Dickson-Hipp operator possesses a number of nice properties, among which three
are of particular use to us in the next section. Hence we provide detailed proofs for these

properties.



Lemma 1.1.1.

51— 82

Proof. By changing the order of integrations,

T 75, f(x) = eslz/ e_slyeszy/ e 2 f(u) dudy
@ y

— eslm/ e‘sZ“f(u)/ e~ (1752 dy du
1 s1x > —Sou —(s1—82)x —(s1—82)u
= e e 2 fu)[e 1T — e\ gy

S1 — S92

= ! {65” /:O e 2" f(u)du — e™* /:O e_sluf(u)du} :

51— 52

O

A special case of the Dickson-Hipp transform that has been used frequently in theo-

retical derivation in ruin theory is the Laplace transform

LF(s) = T.(0) = /0 e i (y)dy.

Following the conventions in ruin theory, the notation f (s) is also used interchangeably with
Lf(s) in the thesis for the Laplace transform of f(x).

For brevity, we also use the notation f * g to denote the convolution of f(z) and g(x),
Frg@ = [ 1= newis= [ o)1 (111)
0 0

Lemma 1.1.2.

TAf g} (x) = g(s) - Tof () + Teg x f(2) .

Proof. Consider the Laplace transform as a special case of the Dickson-Hipp operator as



shown in (1.1.1) and apply the Lemma 1.1.1.

L{fxg}(s) — L{f xg}(2)

LITAS *9}He) = o
LA Lgls) — £F() - £g(2)
L LIE) gy L)~ L0G)

Z— S Z— S

= Lg(s) LT, f(z) + L{Ts9* [}(2) -

Observe that taking inverse Laplace transform with respect to z yields the desired equality.

O

Another very interesting discovery in Gerber and Shiu [24] is the left inverse of Dickson-
Hipp operator. In what follows, we shall use the notation Z for the identity operator and D
for the differentiation operator with respect to the argument of the function on which the

operator is performed.

Lemma 1.1.3.

(sZ =D)L f(x) = f(x) .

Proof. 1t can be verified that

(sT — D)fe / e i (y)dy)
= s / T e )y — e / e f(y)dy + f(2) = £(o).

O

Now we look at another operator that comes out of our need in solving integro-
differential equations with Gamma distributed claim sizes. Although it was not usually

treated as an operator in the past literature, we shall find it convenient to do so in order



to facilitate our derivations in dealing with many differential equations to be seen in later

chapters.

Definition 1.1.2. For any integrable function f(y) and s > 0, the exponential convolution

transform of f(y) is given by

Euflz) = / "oV (y)dy.

0

And & 1s called an exponential convolution operator.

The name comes from the fact that the operator yields a convolution of the integrable
function and an exponential function. A property we shall use frequently with this operator

is given by the next lemma.

Lemma 1.1.4.

(sZ+D)Ef(x) = f(x) .

Proof. 1t can be verified that

(T +D)fe / "o (y)dy)

0

= s / e Fy)dy + (—s)e / eV (y)dy + f(x) = f(2).

O

In the analysis of integro-differential equations, it is generally the integral term that
increases the level of difficulty in searching for solutions. As we shall see in later chapters,
we often make certain assumption about the claim size distribution to find explicit solutions.
For instance, in many cases the claim sizes are assumed to be exponentially distributed with

the distribution function Q(y) = 1 — e=%¥. The integral term, which will appear frequently,



involving the claim size distribution can now be written in terms of exponential convolution

transforms,
/mzz— )dQ(y ﬁ/m:c— Ye dy = BEsm(x).

If the claim sizes follow Gamma distribution

Qly)=1- e Py i M’

|
prt k!
we can easily represent the integral term as a multiple fold exponential convolution trans-

forms,
|t = @) = 5 ggmia).
Note that taking (SZ + D) n times on both sides, we obtain
(74D} [ mle = )dQ(w) = 3'ma),
Similarly, if the claim sizes follow a mixture of n exponential distributions, i.e.
Qy) =011 —e™PY) 4 05(1 —e™PY) - 4 0,(1 — e ),

then the integral term becomes

/ "l — 9)dQ(y) = 0.5 m(x) + OsBaEsm(z) + - + O PuEsmia).
0

It implies that

{H@IH)}/mz— )dQ(y :Z H (6:Z + D)ym(x).

i=1 j=1,j#4

The beauty of exponential convolution operator lies in the fact that such integral terms

can be converted to derivative terms that are more mathematically tractable.

1.2 Classical Compound Poisson Risk Model

Typically, good mathematical models are based on relatively idealized assumptions, but

also leave room for further refinement and more realistic considerations. They are always



rich sources of inspiration for researchers in generations to come. The compound Poisson
risk model introduced by Lundberg is beyond the shadow of a doubt one of such kind and
thereby an ideal place to start our introduction to ruin theory.

We begin with the basic setup of the model. An insurer’s asset consists of an initial
investment x and continuous premium income collected at a constant rate of ¢ per period,
whereas its liability is to cover a sequence of insurance claims {Y7, Y5, --}. The arrival of
claims is modelled by a Poisson process { N(t),t > 0} with intensity A and the claim sizes are
assumed to be mutually independent and identically distributed with common distribution

Q(y). Hence the aggregate claims up to time ¢ is given by

N(t)
Z(t) =) Y.
i=1
The aggregate claim follows the compound Poisson distribution, hence the name of the
model. Since the insurer’s surplus is its assets of the initial investment and premium income
less its liability of aggregate claims, we shall base our analysis on the surplus driven by the

stochastic process { X (¢),t > 0} with
X(t)=x+ct—Z().

In this simple model, we focus on the insurer’s ability to manage its surplus through the
control of initial investment x. It is obvious in the interest of such an insurer with how large
initial investment its surplus would remain solvent with a relatively large chance in long run.

This question gives rise to the study of probability of ruin, which is a measure to
quantify the likelihood that an insurer’s asset would eventually be insufficient to cover its

liabilities in long run. In mathematical terms, the probability of ultimate ruin is defined by
U(x) =P (10 < 00),

where the measure P* is defined for X (¢) starting off with an initial investment = and the
time of ruin is given by

7o = inf{ X (t) < 0}



with the convention that inf @ = oc.

The major task of ruin theory in its early stage was to search for solutions to the prob-
ability of ruin as an explicit function of the initial investment if available, or give reasonably
accurate approximations or tight bounds otherwise. The probability of ruin has always been
and still is a favorable quantity of interest in many fields of applied probability. It is often

viewed as the first step leading towards the investigation of more sophisticated quantities.

1.2.1 Gerber-Shiu Function

Another historic contribution to ruin theory was made by actuarial scientists Hans
U. Gerber and Elias S.W. Shiu in their seminal paper [22] published in 1998, where the
expected discounted penalty function comes to light. As a measurement of economic costs
resulted from an insurer’s bankruptcy, the expected discounted penalty function (or called

Gerber-Shiu function) is defined by
m(z) = E*[e™™w(Xr, -, | Xr )1 (10 < 00)],

where § > 0 is the discounting force of interest and the bounded function w(zx,y) is often
interpreted as a penalty imposed on the insurer’s bankruptcy depending on the amount of
surplus prior to ruin x and the amount of deficit at ruin y.

The purpose of studying such a quantity is multiple-fold. First of all, as m(z) reduces
to 1 (z) by letting 6 = 0 and w(x,y) = 1, the expected discounted penalty function is clearly
a generalization of the probability of ruin. Secondly, the function accommodates a wide
variety of quantities pertaining to the insurer’s financial conditions at the time of ruin. To

name a few, we observe that

e when w(z,y) = e ™Y m(x) as a function of (d, r, s) is a tri-variate Laplace transform

of the time of ruin 79, the surplus prior to ruin X (7o—) and the deficit at ruin X (7).



e when § =0 and w(z,y) = I(x +y < z),m(x) as a function of z gives the distribution

function of the claim causing ruin.

e when w(z,y) = (K — z)4,m(z) can be used to find the price of perpetual American

put option with exercise value K.

For a complete account of the family of Gerber-Shiu functions, readers are referred to Gerber
and Shiu [21, 22, 25, 26], etc.

The traditional approach to solve the Gerber-Shiu function m(z) is through a series
of probabilistic arguments as follows. Since the time until the first claim is exponentially
distributed with mean 1/), a claim occurs with probability density Ae™! at time t. The
surplus immediately prior to the first claim would have accumulated to x + ¢t as a result of
continuously receiving premium income at a constant rate c. If the size of first claim y is
larger than the current surplus level x + ct, ruin occurs and the penalty is exercised in an
amount determined by the surplus prior to ruin x 4 ¢t and the surplus at ruin x + ct — y.
Otherwise, the surplus remains positive and the surplus process continues as if it starts again
at x + ct — y. One should keep in mind that the Gerber-Shiu function takes account of the
time value of money by definition, the nominal values at time ¢ have to be discounted by the

factor e~%. Translating into mathematical terms,

m(r) = /OOO e o {/:O w(r +ct,y —x —ct)dQ(y) + /0r+0t m(zx + ct — y)dQ(y)} e Mt

+ct

A change of variable z = x + ct results in
m(x) = —Tso0(x), (1.2.1)
where s = (A + §)/c and
@)= [ ma =@+ [ wiay—adQw)

For notational convenience, we let

C@%Z/mw@w—IMQ@)



It should be noted that the differentiability and integrability are often implicitly assumed as
situation warrants. We usually treat Q)(y) as a continuous distribution function with density
function ¢(y). However, most results in what follows can be generalized to include claim size
distributions with a countable number of discontinuities.

Applying Lemma 1.1.3, we see that the Gerber-Shiu function satisfies the following

integro-differential equation

A+0
c

m'(z) =

o) =2 [Cmte = paaw+ [T wlwy-niew}. 022

In an attempt to display as many commonly used techniques as possible, we shall
employ three different approaches to solve this equation. As depicted by the proverb “All
roads lead to Rome”, it won’t be long before one is amazed to realize the hidden mathematical

consistency, which is truly, in the author’s point of view, the beauty of ruin theory.

Operator Analysis

We shall first start with the method that relies on the operators introduced in the pre-
vious section. Inspired by the pioneering work on operator analysis in Gerber and Shiu [24],
the method was recently formulated in Cai et al. [7].

Observe from Lemma 1.1.1 that the parameter of Dickson-Hipp operator can be shifted

at the cost of having an extra term involving a second order Dickson-Hipp operator. Thus
T{mxq+ CHx) = T{m*q+ C}x) — (s = p) L, T{mx g + (}(x). (1.2.3)
Note that
T{qxm + CHa) = g« m(@) + T,C(@) + ilp) - Tym(a)

with the last equality from Lemma 1.1.2. Plugging it into (1.2.3), we have

A

m(z) = S{ T me) + T,¢(w) + (o) Tym(w) — (s — T Te{mxa + CHa)}

(1.2.4)

10



Now we suppose the parameter p is chosen to be the non-negative root of the funda-

mental Lundberg equation

Za(p) =5 —p. (1.2.5)

In view of (1.2.1) and the fact that constants can move through Dickson-Hipp operators, we

obtain
1.{q(p) - m}(x) = Tp{(s — p)T{m» ¢+ (}}(x) = 0.
By canceling the last two terms, (1.2.4) reduces to

m(a) = STy m(z) + 2T,0(x),

which yields the beautiful defective renewal equation

m(e) =25 [ e = iy + 27400 (1.2:)

with 7 = [° T,q(y)dy and the generalized equilibrium distribution
0o “r

u(y) = % 2q(Y)-

Dickson-Hipp Transform Approach

For the lack of appropriate name to summarize the method, the name is chosen to
indicate that this procedure introduced in Gerber and Shiu [22] resembles the construction
of a Dickson-Hipp transform.

We multiply both sides of (1.2.2) by e #* and let m,(x) = e **m(x) for notational
brevity.

/ AT —py A —pe
() = (5 = p)my(e) == [ my(x = y)edQ(y) — e ((x).
0
Integrating both sides from 0 to z yields

Sm2) =m0 = S =) [ mfade = [ [ e = pemiauid - [ eraan

0

11



Recall from (1.2.5) that ¢/A\(s — p) = G(p). Thus, we can rewrite the above equation as

Cc

Sme) =m0 = (o) [ e = [ [“mt)e ot — y)dyda — [ mayaa
(1.2.7)

Interchanging the order of integration and changing the variable x —y =t in the innermost

integral gives

/ my(y)e P Wg(z — y)dydr = / m,(y) / e P g(z — y)drdy
0 0 Y

z z—y
= /mp(y)/ e Plq(t)dtdy.
0 0
c

S =m0 = o) [ myforte = [Cmyte) [ e rayinds [
= /OZ m,(z) /Zi e q(t)dtdr — /Z e P*((x)dx. (1.2.8)

0

Therefore, we must have

Since w(x,y) is a bounded function, then there must exists an M such that
my(z) =e ""m(zx) < My(z) — 0, as r — 00.

Letting z — oo in (1.2.7) and applying the bounded convergence theorem to the first integral

on the right gives
c

m(0) = /0 " e () da.

Substituting the expression for m,(0) in (1.2.8) and rearranging terms

Cc

my(z) = %/Z m,(z — x) /00 e q(t)dtdr + A /Z e P*((z)d.
0 T 0

Multiplying both sides by e??,
A z : —p(z—x) > — A z > —px
m(z) = =ef e P Im(z — x) e Pq(y)dy + —e’ e P (z)dx
c 0 T c z

= %/ m(z—z)epm/ e_pyq(y)dy—l—%e’”/ e P*((z)dz,
0 T z

which is same as (1.2.6) upon rearrangement.

12



Laplace Transform Approach

The Laplace transform is another technique that is widely used in ruin theory. We
now present the third derivation of the renewal equation using Laplace transforms. For more
detailed and complete account of the derivation, readers should consult with Willmot [48].

Taking Laplace transforms on both sides of (1.2.1)

) = 2R
_ Aa(s) — Cu) — rm(u)q(u)

Solving for m(u) yields
{u - %qw)} () = 25(s) — 2Cu)

Note that the expression embraced by the brackets on the left hand side also appears in the
Lundberg equation (1.2.5). Since m(u) is finite for all u > 0, then by letting u = p we must
have &(s) = {(p). Otherwise m(p) is not well-defined.

With Lemma 1.1.1 in mind, we divide both sides by u — p in order to construct the

Laplace transform of a Dickson-Hipp operator.

s ioi) 260 -lw)

uU—p c  u—p

(1.2.9)

We anticipate that this Laplace transform equation is that of a renewal equation, which

implies that it can be written as

(o) )

c  uU—p

{1 — h(u)}m(u) = (1.2.10)

Then it remains to figure out what h(z) is. We wish to manipulate the expression in the
brackets on the left hand side of (1.2.9) so that () can be written as a recognizable Laplace

transform of certain function.

u—s+Ns)au) _,  s—p—(N)qu)
uU—p u—p '

13



Therefore, we have

s —p—(Ac)q(u)
u—p

Ag(p) — q(u)

c u—p

>
£
|

with the last equality resulted from the Lundberg equation (1.2.5).
Inserting the expression for A(u) into (1.2.10) and taking the inverse Laplace transform

on both sides gives

i) = ST xmle) = 2T¢(a),

which leads to the defective renewal equation (1.2.6) upon rearrangement.
The analysis of defective renewal equations can be found in Willmot and Lin [50]. The

general solution to the equation (1.2.6) is given by
mie) = = [ Tt~ gty + 2760
T o ; p Yy)g\y)ay P )
where ¢g(y) is a compound geometric density function

g(y) = 3 (1 - %ﬂ) (%ﬂ)ann(y)-

We now wrap up this section by giving a closed-form solution to the probability of ruin

in a special case that is to be seen frequently throughout the thesis.

Example 1.2.1. Special case: exponential claim size distribution

As we see from (1.2.1), the probability of ultimate ruin satisfies

P(x) = %’Z\/Co(z), (1.2.11)

where

o) = / " h(@ - y)dQ(y) + 1 - Q(a).

14



It follows from Lemma 1.1.4 that

2~ D)) {/ - )AQW) +1- Q >} (1.2.12)

c
As alluded to in the discussion of exponential convolution transform, the simplest case is to

assume that the claim size follow an exponential distribution, i.e.

Q(y) =1- 6_6y7 Yy 2 0.

Hence, (1.2.12) can be represented as

C —D)i(e) = 2{5Ex(a) + 7).

c

Applying Lemma 1.1.4 gives

(54 DI~ D) = 2 {pula) + (5 + D)},

which simplifies to
V" (x) + (6 — %)w’(z) =0, x> 0. (1.2.13)
The general solution to (1.2.13) is given by
Y(z) = Ae= B>z, x>0,

where A is a constant to be determined.

Substituting the general solution of ¢ (x) into (1.2.11) yields

A BN _ A e / - {% =By _ % A | o~etdlu| g,
c x

By matching the coefficients of the terms involving e~*/<*®¥ we obtain immediately that

A
A= —.
618

Therefore, the probability of ultimate ruin in the classical compound Poisson model with

exponential claim size distribution is given by

Y(x) = %e_(ﬁ_’\/m, x> 0.

15



1.2.2 Total Dividends Paid up to Ruin

As ruin theory evolves in recent years, there has been revived interests in dividend
problems which dated back to 1957 by an Italian probabilist and actuary Bruno De Finetti.
Rather than the penalty occurred at the time of bankruptcy, the focus of dividend problems
is to investigate the payments of dividends paid out to an insurance company’s shareholders
throughout its life time up to the time of bankruptcy. Recent papers on the development of
dividend problems in classical models can be found in Lin et al. [41], Lin and Pavlova [39],
Gerber and Shiu [22, 23, 27, 28] etc.

A typical dividend problem in the framework of the compound Poisson model can be
described as follows. It is assumed that the insurer has the obligation to pay out a constant
rate «a of dividends when its surplus exceeds a level b, commonly referred to as dividend
threshold in ruin literature. Therefore, when the surplus runs below the dividend threshold,
the dynamics of the surplus process remains the same as in the classical case where the
growth of surplus is driven by the constant rate ¢ of premium income and the surplus drops
by insurance claims Z(t). However, as the surplus reaches the dividend threshold b, the rate
of growth in surplus reduces to ¢ — « as a result of dividend payout. The interests of such a
model is to study the expected total amount of dividends paid all the way until the time of
ruin.

In the papers mentioned above, the stream of continuous dividend payments is often
represented as a stochastic process by itself and the expected total dividends as its expecta-
tion. However, as we shall see in the next chapter, it is much more intuitive and constructive

to have this quantity defined as follows,

70
V(z) £ E” U e“”l(Xt)dt} , (1.2.14)
0
where
«Q, x> b;
I(z) =
0, 0<z<b.
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Note that the total dividends V' (z) is obviously not a special case of the Gerber-Shiu function
defined in previous section. Nevertheless, we can apply similar probabilistic arguments to
conduct analysis of the dividends.

We start with the relatively simple case where the initial investment x exceeds the
dividend threshold b. As the time of first claim is exponentially distributed with mean 1/\,
the surplus would reach x + (¢ — )t by the time ¢ at which an insurance claim occurs with a
chance of A\e™**. If the size of claim ¥ is larger than the current surplus level prior to the claim
x + (¢ — a)t, ruin occurs immediately and no future dividend payments will be expected.
Hence we shall only consider the possibility that the insurance claim is less than = + (¢ — a)t
and the surplus process regenerates itself due to the strong Markov property. The current
value of future dividends is the same as the total dividends generated by the process starting
from the new surplus level V(z + (¢ — a)t — y). Regardless of whether ruin occurs or not,
the shareholders would have already accumulated a stream of dividend payments by time ¢

which resembles a continuous annuity asy. Using the law of total probability, we write

00 z+(c—a)t
V(z) = / e o {/ V(z+ (c — o)t —y)dQ(y) + a§ﬂ} e Mdt, x> b
0 0

A change of variable z = = + (¢ — )t results in

TAV % g} (@) + —

V($):c—a A+6’

x> b, (1.2.15)

where s = (A +9)/(c — ).
Multiplying both sides of (1.2.15) by the operator sZ — D yields

Ay D a

C—« C—«

V'(z)

/Or V(e —y)dQ(y) — x >b. (1.2.16)

c—a’
As before, we could find at least the three approaches to turn (1.2.15) into a renewal

equation. For brevity, we shall only use the relatively concise method of operator analysis
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to obtain the result.

V() = DLV} o) ~ (- DTV * 0]+ 5o
N ci\a Zoa= V(@) +alp) - T,V (x) = (s = p)LTAV x q} ()] + Aia

In view of (1.2.15), we can expand

1) TV = i) T { 2TV )+ 55 | @

= - ATTV @+ T {50 @)

with the last equality derived by using the Lundberg equation

i) =s—p
Since
aq(p) _aq(p)
7;{)\+5}($)_p()\—|—5)’
we have
A aq(p) o
Vie) = c—a{T’Jq*V(IHp(Ha) 3T
B als — p) o
= VOt s YT
= LT V) o

with the second last equality resulted from the Lundberg equation.

Therefore, the expected total dividends also satisfies a defective renewal equation

Viz)= /Omwz—y)ql(y)dw

x > b.
c— o

a
plc—a)’

When the initial investment z is lower than the dividend threshold b, we need to break
down the possible scenarios into two cases: (1) If the first claim occurs before the surplus

reaches b, i.e. t < (b—x)/c, the surplus process restarts at = + ct — y if the size of claim y is
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smaller than the current surplus level x + c¢t. There has been no dividend payments by the
time ¢ in this case. (2) If the first claim occurs after the surplus attains b, i.e. t > (b—x)/c,
the surplus process must have regenerated itself at the dividend threshold b. The current
value at time (b — z)/c of future dividends paid up to ruin is given by V(b).

Applying the law of total probability, we obtain

(b—z)/c Tt -
Vi(z) = / et {/ V(z+ct— y)dQ(y)} e AMdt + e~0=D)/ey (p) / Ae M.
0 0 (

b—x)/c
0<ax<b.
Making changes of variables results in
Y b
V(x) = Eeslm/ eV % q(2)dz + e_sl(b_m)V(b), (1.2.17)
where sy = (A +0)/c and sy = (A +6)/(c — a). Rearranging terms yields
A A S1T > —Ss12 —s1(b—2)
V() = E,];l{v* q}(x) — e L eV xq(2)dz + e V(b)
b
A —s1(b—x) A
= ATV g} (@) + eIV D) - ATV xgh0)]
Applying the operator s1Z — D to both sides yields
V() = A j V() - %/ V(e —1y)dQ(y), 0<z<b. (1.2.18)
0

We now give an explicit solution for the special case where the claim size distribution
Qy)=1—ePand § > 0.
Example 1.2.2. Special case: exponential claim size distribution

Multiplying both sides of (1.2.16) by the operator 5Z + D gives

A0y — 29y 4 28

C—« C—« CcC—w

V") + (8 —

=0, x >b.
The general solution to the ordinary differential equation is given by

V(z) = % + A" 4 Age™”,
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where

N _()\—I—é)—ﬁ(c—a)—\/[ (c—a)—(A+0))?+4003(c — «)
1 (C Oé) 9

(A +0) = Ble—a) +/[Bc—a) = (A + )2+ 408(c — o)
Y2 2( a) .

It follows from the definition of V(z) in (1.2.14) that V(z) < «/d. Hence the coefficient
Ay = 0 as e is strictly positive. Multiplying both sides of (1.2.18) by 5Z + D gives

Vi) + (5= 2wy - Dy <o,

0<z<b,

which admits the solution

V(x) = B1e™® + Bye™,
where

= (A4 6) — Be— /[Bc— (A +0)]? + 46 3¢
e 2c ’
o= (A+0) — Be++/[Bc— (A +0)]2 + 458¢c
2T 2c ’

Substituting the solution into (1.2.18) and equating the coefficients of terms involving e=%*
to zero gives

By n By
B+m B+
By letting z — b in both (1.2.15) and (1.2.17), we can see that

V(b—) =V (b+),
which implies that
Bl€mb + Bg€772b = % + A1671b.
Substituting the solutions into (1.2.16) and equating the coefficients of the terms involving
e P to zero gives

Bie™mt  Boemt  Aemt o

+ + + ===
B+m  B+mn B+m B
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Solving the system of equations and inserting the coefficients into the solution, we have

ayr (B+m)e™® — (B +nz)e™”
V(iz) = , 0<x<hb, 1.2.19
(=) 0B (2 —m)emt — (m — y1)emd ( )
V@) = G-t Ve, e (1220

There are two interesting phenomena that attract our attention. (1) Even though the
expected discounted penalty m(x) and expected total dividends V' (x) are distinct quantities,
it is peculiar to see that they all satisfy surprisingly similar homogeneous or inhomogeneous
integro-differential equations given in (1.2.2), (1.2.16) and (1.2.18). The similarity among
these equations may suggest that these quantities belong to the same solution system. (2)
All the solution methods developed for the Gerber-Shiu function see their applications in
solving the expected total dividends. It might be an indication that we have been dealing
with different aspects of a more general form.

A question arises naturally - are they members of a larger family of functions?

1.2.3 Generalized Gerber-Shiu Function

We now give an affirmative answer to this question with a slightly heuristic argument.
The purpose of this section is to show that a general form of function can be used to reconcile
the Gerber-Shiu function and the total discounted dividends paid up to ruin. Readers will
find rigorous proofs for more general underlying risk processes in later chapters.

Such a function will be called a generalized Gerber-Shiu function throughout the thesis.

It is constructed on the basis of total discounted dividends as follows.
Td
H(z) £ E* U e—‘”l(Xt)dt] . x>d, (1.2.21)
0

where the constant 0 > 0 is the discounting force of interest, the stopping time 7, of the real

valued stochastic process X = {X(¢);t > 0} is given by
T, = inf{t| X (t) < d}, deR,
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with the convention that inf @ = oo and [(+) is a B(R)-measurable function. As it shall be
clear in later chapters, we would refer to 74 as the time of default to be distinguished from 7y,
the time of ruin. The measurable function [(-) will be called cost function, as it has a natural
interpretation of representing business costs. Thereby, in the context of ruin problems, the
generalized Gerber-Shiu function of the form (1.2.21) can be viewed as the expected total
discounted business costs incurred up to the time of default.

The derivation of solution to a generalized Gerber-Shiu function always involves the

infinitesimal generator of the underlying risk process X.

Definition 1.2.1. The infinitesimal generator of a stochastic process X is an operator 2,

which 1s defined on a suitable function f by

Af(z) = lim (Xl = f(@)

t10 t ’

zeR. (1.2.22)

The set of functions f such that the limit exists for x € R is denoted by D(2L), called the

domain of the generator 2.

We can easily obtain the infinitesimal generator of the risk process described by the
classical compound Poisson model. By the definition of compound Poisson process, the

number of claims up to time ¢ is given by

)\tm—)\t
P(Nt:n):%, n=01,2---.
nt

Therefore, there is no claim by the time ¢ with the probability of e=* = 1 — X\t + o(t), one
claim by time ¢ with the probability of AMte=*' = A\t + o(t) and more than one claim by time
t with the probability 1 — e — Me™ = o(t).

Had there been no claim, the surplus process would have been accumulated to x + ct

by time t. Otherwise, the surplus process would be at x + ¢t — y by time t if the size of a
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single claim occurred before t is given by y. Combining all those infinitesimally small terms,

we can write by the total law of probability

E*[f(X:)] = (1 = Xt) f(x + ct) + Mt /OOO flz+ct —y)dQ(y) + o(t).

We are now ready to derive the infinitesimal generator of the classical compound Pois-

son model.
— lim { fltet) = fz)  Mflx+et) Atf" fletet— y)dQ(y)}
Ho t t / ;

which yields that

Af(x) = cf (x) — Af(x) + A / " i — 9)dQly). (1.2.23)

Assume that H € D(2(). Since the generalized Gerber-Shiu function is defined on [d, 00), we

must have
AH (x) = cH'(z) — AH (x) + )\/Or— H(z —y)dQ(y), x> d. (1.2.24)

On the other hand, with the specific form of the generalized Gerber-Shiu function, we

see by definition and change of variables that

E°[H(X,)] = E* [ /0 " e—ésZ(XsH)ds] = [ /t k e—5<“—t>Z(Xu_t)du] = [E° {eét /t k e—JSZ(XS)ds] .

Assuming all necessary conditions are satisfied, we derive that

lim =
t

BUH - H) g
t]0

. et [T e (X, )ds — i e‘ésl(Xs)ds]

t10 t
= E* {% {65t /tTd e_‘ssl(Xs)ds} t:m]
= JE* { /0 k e—JSZ(XS)ds] —I(x)
= 0H(z)— (). (1.2.25)
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In view of (1.2.22) and (1.2.25), we now arrive at the equation that is absolutely

essential to finding the solution of the generalized Gerber-Shiu function,
AH(z) — dH (z) + l(x) = 0, x >d. (1.2.26)

As we shall see in later chapters, the equation holds true consistently for a great variety of
risk processes, which is, in the author’s point of view, a further manifestation of the beauty
of ruin theory.

In the classical compound Poisson model, we set the level of default d = 0. In view of
(1.2.24) and (1.2.26), we conclude that any generalized Gerber-Shiu function would satisfy

the integro-differential equation
cH' (x) — (A +0)H(x) + )\/ H(x —y)dQ(y) + I(x) =0, x > 0. (1.2.27)
0

Comparing (1.2.2) and (1.2.27), one might think that the Gerber-Shiu function m(x)

is a special case of the generalized Gerber-Shiu function H(x) where the cost function

1) = [ " wlesy — 2)dQ(y).

Such a conjecture will be proven to be valid in Section 2.3.5.

In consideration of dividend threshold strategy, we can easily show that

A (z) = (c—a)H'(x) = AH(x) + X [;" H(z = y)dQ(y), ==b (1.2.28)

cH'(z) — AH(z) + A [T H(z — y)dQ(y), 0<z<b.

It follows immediately by comparing (1.2.14) and (1.2.21) that the dividends paid up to ruin

V(x) is obviously a special case of the generalized Gerber-Shiu function H(z) by choosing

«Q, x > b;
I(z) = (1.2.29)
0, 0<z<b.

Substituting (1.2.28) and (1.2.29) into (1.2.26) reproduces the system integro-differential
equations (1.2.16) and (1.2.18) satisfied by V (z).
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As we have seen so far, this new approach involving generalized Gerber-Shiu function
provides a short-cut to the solution equations once the prior knowledge of infinitesimal
generator and cost function is acquired. In fact, infinitesimal generators of the vast majority
of risk processes are very well-studied and readily available on many standard textbooks.
It only remains for us to find appropriate cost function for various specific cases of the
generalized Gerber-Shiu function.

In the next few chapters, we will be looking at more general classes of risk processes,
which are all essentially generalizations in one way or another of the classical compound
Poisson risk model. Many of these existing risk models are well-studied using conventional
approaches with the objectives of finding solutions to either the probability of ruin, Gerber-
Shiu function or total dividends paid up to ruin. In an attempt to further develop the
new tool of generalized Gerber-Shiu function, we shall prove the formula (1.2.26) for each
individual class of underlying risk processes. We would also investigate cost functions for a
wide range of traditional and new ruin-related quantities and demonstrate how the formula

provides a fast-track to the solutions.
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Chapter 2

Piecewise-deterministic Compound

Poisson Risk Models

The first generalization of the compound Poisson model to be discussed in the thesis
is introduced to meet the practical needs of incorporating in risk models interest return,
dividend payments, etc. We will start with a heuristic motivation of the generalization from
the classical compound Poisson model and then define a more general class of processes
called the piecewise-deterministic compound Poisson processes, and the generalized Gerber-
Shiu function in rigorous mathematical terms. As a special case, we shall revisit the classical
compound Poisson model using the newly developed approach as opposed to applying the
traditional approaches introduced in Chapter 1. Later on, we shall employ the new approach
in a few more examples of piecewise-deterministic compound Poisson risk models, where the

efficiency and versatility of the approach becomes more apparent.
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2.1 Piecewise-deterministic Markov Process

The class of piecewise-deterministic Markov processes (PDMP) was introduced by
Davis [14], and has ever since drawn increased interests from researchers from a great variety
of areas in applied probability and engineering. Among its early natural applications, the
PDMP risk models were first studied by Dassios and Embrechts [13] to take into account
interests and inflation in the study of insurance surplus processes. Under the PDMP frame-
work, many martingale tools were brought in to deal with ruin-related quantities in far more
general settings than the classical Poisson risk model.

Despite its potential in application, there has been relatively sparse PDMP presence in
actuarial literature. To make the thesis self-contained and our results comparable to those
well-known in the actuarial literature, we shall restrict our attention to a small class of the
PDMP model, namely the piecewise-deterministic compound Poisson process (PDCP for
short) and restate some fundamental properties for future references. For a comprehensive
introduction to PDMPs, readers are referred to Davis [14], [15] and Rolski et al. [44].

In the classical compound Poisson model, the dynamics of a surplus process {U(t),t >
0} is given by

dU(t) = edt — dZ(t) ,
where the insurer’s initial surplus u and the premium income rate ¢ are given and the
aggregate claims Z(t) = Zﬁ(f) Y; is a random sum of insurance claims defined as follows.
The occurrence of insurance claims follow a Poisson process {N(t),t > 0} with intensity
rate A. All claims Y7, Y5, -+ are mutually independent and identically distributed with the
common distribution (y) and mean x. As shown in Figure 2.1, the geometric feature of
this model is the linear growth in surplus in between any two consecutive claims.

To make the surplus process more adaptable to various realistic situations, we attempt
to extend the risk models as far as we can while preserving the most essential Markov prop-

erties enjoyed by the classical compound Poisson model. Instead of assuming independent
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U(t)

RN

Figure 2.1: Sample path of classical compound Poisson model

structures, we want the claim sizes to have certain dependency with the actual value of
surplus at the time of claim arrivals. There is also a need to allow for non-linear accumula-
tion of surplus in the period between any two consecutive claims as long as some regularity
conditions are imposed to ensure the Markov property. Combining these requests, we see
that one of the candidate models that rise to the challenge is the piecewise-deterministic
compound Poisson process.

We assume as given a probability space (€2, F, P) satisfying the usual hypothesis.

Definition 2.1.1. A (standard, one-dimensional) Piecewise-deterministic Compound Pois-
son Process is a real-valued adapted cadlag process X = { X, F;0 < t < oo}, defined on

probability space (0, F,P) with the properties that

1. X(0) ==z, a.s.;

2. Let Ty = 0 and T,T5,T3,--- denote the sequence of jump points. Then the counting

process defined by N(t) = > 2, I(T; < t) follows a homogeneous Poisson process with
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Figure 2.2: Sample path of a piecewise-deterministic compound Poisson model

intensity rate \;

3. The jump sizes AX(Ty) = X(Tx) — X(Tx—) for k = 1,2,3,--- are determined by a

transition measure Q(-; X(Tk_)) ;

4. The continuous pieces {X; T <t < Tpr1,k = 0,1,2,---} are deterministically gov-

erned by a vector field X.

The triplet (X, \, Q) are called the local characteristics of the PDCP. It should be
noted that if X is a cadlag process there exists a sequence of {T,,}5°, of stopping times of
{F:} which exhausts the jumps of X (c.f. Proposition 2.26 Karatzas and Shreve [31]). The
second property that enumerates the sequence of jump points is well justified.

Albeit a rather abstract concept from differential geometry, the vector field appears
naturally in many areas including ruin theory. For instance, in the compound Poisson model
with investment, apart from the reduction caused by insurance claims, the instantaneous

increase in the surplus process is attributable to the present surplus amount times the force
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of interest plus the instantaneous premium income,
dU(t) = [e+ rU(t)]dt,
which means for any continuously differentiable function f(z),

%f(U(t)) = [c+ rU(t)]%f(U(t)) = :{f(U(t))’

where the operator X = (¢ + rz)d/dz is known as the vector field.

As one shall see in later sections, the vector field X in the majority, if not all, of the
applications in ruin theory met the following requirement. Hence we will assume throughout
the chapter that the vector field X in the definition of PDCP can always be represented as
follows.

For a given finite partition II,, = {by = x, b1, -+ ,b, = 00} of [x,00), g(x) is Lipschitz
continuous on each subinterval of the partition [b;, b;+1) for any ¢ = 0,1,--- ,n. Then the

ordinary differential equation

%X(t) —g(X(t), X(O0)=z€R, (2.1.1)

uniquely determines a deterministic process, known as a flow or integral curve and in con-
vention denoted by ¢(t,z) or ¢,(t) for brevity. Hence for any continuously differentiable

function f(z),
© 1(64(0)) = XF(8:(1)) (2.1.2)

where the corresponding vector field is given by
Xf(x) = g(x)——f(z). (2.1.3)

In various applications, we are often given information regarding the flow ¢(t, ). Then the
corresponding vector field is obtainable from (2.1.1) or (2.1.3).

There are two properties of the flow that of particular interest to us.
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1. The map z — ¢(t, x) is one-to-one and onto; Its inverse with respect to z, ¢~ (t,z) =

¢(—t,x) for all x € R.

2. The family {¢(t, z)}ier is a group. i.e. for any t,s € R, ¢(t + s,x) = ¢(t, ¢(s,x)) for

all z € R.

As we have seen in Chapter 1, it is absolutely essential in the analytical arguments
that a process regenerates itself at a certain point, which in mathematical terms is the strong
Markov property. We can not define a strong Markov property without properly defining a

set of measures under which the process “restarts”.

Definition 2.1.2. A Piecewise-deterministic Compound Poisson Family is a real-valued
adapted cadlag process X = {Xy, F;0 < t < oo}, defined on probability space (2, F),

together with a family of probability measures {P*},cr on (S, F), such that
1. for each A C R, the mapping v — Q(A;x) is measurable;
2. P*IX(0) =x] =1, for any x € R;

3. under each P*, the process X is a piecewise-deterministic compound Poisson process

starting at x.

Since all quantities to be discussed are functionals of the PDCPs, our analysis heavily

relies on the strong Markov property proved in Theorem 25.5 of Davis [15].

Theorem 2.1.1. Let X be a piecewise-deterministic compound Poisson family, T be a stop-
ping time with respect to {Fy;t > 0} such that T < oo a.s. and f be a bounded measurable
function. Then

E*[f(X, + 8)|F,] = EX[f(X,)], for all s > 0.
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As we alluded to in Chapter 1, many quantities of interest in ruin theory and finan-
cial mathematics can be solved via differential equations involving generators. However, as
pointed out in Davis [15], it is rather difficult to characterize the domain of the infinitesi-
mal generator defined in Definition 1.2.1 for PDMPs, but there are easily checked sufficient
conditions for the domain of another type of generator, which also characterizes a stochastic

process, called extended generator.

Definition 2.1.3. Suppose there exists a measurable function h such that t — h(X}) is

integrable P*-a.s. for each x € R and the process

F(X0) - fla) - / h(X,)ds

1s a local martingale. Then we write h = Af and A is called the extended generator of the
process X = {X;;t > 0}. The set of functions f such that the above property holds, denoted

by D(RA), is called the domain of extended generator 2.

Remark 2.1.1. 1. It can be shown that if f € D(ﬁl) where A is the infinitesimal generator
of X, then

F(X0) — fla) - / A (X,)ds

1s a martingale, hence is a local martingale. In other words, the extended generator A

is indeed an extension of A in that D(A) C D(A) and Af = Af for all f € D).

2. If f is continuously differentiable, then it follows from (2.1.2)

F(6a(t)) — flz) — / X (a(s))ds = 0 (2.1.4)
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which is a trivial martingale. Thus X is the extended generator of the deterministic
process ¢.(t). In fact its domain D(X) is the set of all measurable functions f such
that t — f(¢p(t)) is absolutely continuous.
We apply Theorem 26.14 in Davis [15] to give the sufficient conditions for checking the
membership of D(2() and the extended generator for PDCPs.
Theorem 2.1.2. Let {X;;0 < t < oo} be a piecewise-deterministic compound Poisson
process. Then the domain D(2) of the extended generator A of {X;} consists of functions

such that

1. The function t — f(gbm(t)) 15 absolutely continuous for all initial values x € R;

2. B2 [ S0 [ (X (Th)) — F(X(Ti—))|] < o0, forn=1,2,...

And for each f € D), Af is given by
Af () = Xf(x) = Af(z) + A Qf(2), (2.1.5)

where

ofw) = [ swQldyia)
Another process that arises frequently in ruin theory is the associated counting process

defined by
N(t,A) =) (T <t)[(X(Ti) € A),  for A€ B(R).
=1

This process records the frequency of the underlying piecewise-deterministic compound Pois-
son process being in A as a result of each jump by the time ¢. An appealing fact about the

associated counting process is that its compensator can be written as

N(t, A) = A/tQ(A;Xs)ds.
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The following theorem elucidates the connection between the associated counting process

and its compensator process.

Theorem 2.1.3. For all nonnegative Fi-adapted predictable process Cy,

R [ /0 h /_ Z C(s)N(ds,dy)] _ e [ /0 h /_ Z C(S)N(ds,dy)] |

The proof can be found in Brémaud [4], Chapter II Section 2.

2.2 Generalized Gerber-Shiu Functions

From this point on, we start to look at piecewise-deterministic compound Poisson risk
models, where an insurer’s surplus is driven by a real valued PDCP process X = {X;,0 <
t < oo}. The sequence of jump points {7,,,n = 1,2, --- } represents the arrivals of insurance
claims, whereas the measure () determines changes in surplus caused by claims or unexpected
income. The initial investment, which is represented by the initial value of the PDCP; is set
to be z.

The primary focus of the thesis is given to a generalized Gerber-Shiu function defined

as follows,

H(z) =E°® Uom e—‘”l(Xt)dt] , (2.2.1)

where 0 > 0, the cost function [(-) is B(R)-measurable and the time of default 7,4 is defined
by

T4 = inf{t| X (t) < d}, deR
with the convention that inf @ = oco. The intuitive interpretation of the generalized Gerber-
Shiu function is the expected present value of all future business costs arising from maintain-

ing the surplus process up to the time of default. Conventionally, when d = 0, 7y is called

the time of ruin.
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As it shall become clear shortly, the advantage of analyzing the generalized Gerber-Shiu
function is that many ruin-related functionals of the surplus process can be accommodated in
such a unified form, which can be exploited systematically from integro-differential equations
associated with the extended generators. We use the arguments similar to the ones given in

Theorem 32.2 of Davis [15] to prove the following major result.

Theorem 2.2.1. Suppose l(x) is continuous on [d,00) except for a countable set of dis-
continuities D and that H defined in (2.2.1) is bounded, then H is continuous on [d,o0),

differentiable on [d,00)\D U {b1,ba,--- ,b,} and satisfies
AH (z) — 0H (z) + I(x) = 0, x>d,x € DU{by, by, - by} . (2.2.2)

Proof. 1t is trivial to prove that 77 At is an Fi-stopping time. Let y = Xp ;. Since the

function t — (¢, (t)) is integrable on the interval [0, €], for any t € [0, €], we must have

H(z) =FE® { /0 e e‘ésl(Xs)ds] + E° { / k e‘ésl(Xs)ds} .

TiNt
Recall from Theorem 2.1.1 that if we define Y; = Xparas, then YV = {Y,0 < s < 00} is a
PDCP starting at y adapted to {Hs = Frass, 0 < 5 < 0o}. Define 71 = inf{t|Y(t) < d}.
Y

Since Y has the same distribution under PY as X under P*, we must have 7; =75 — 11 A L.

Therefore,

E* {/ e_‘ssl(Xs)ds] = E” {Ey {/ e (X, )ds| Xpyae = y] }
TiNt TNt
Tq—T1Nt
— E® {6—5(T1/\t)Ey |i/ €_ésl()/;)d8:| }
0

7_Y
_ E{<>E [* esgas }:Em e T H (X, )]
0
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Note that under P*, T} follows the exponential distribution with parameter A and whenever

s < Ty, we have the deterministic sample path X = ¢,(s). Therefore,

E® TlAte‘ésl(Xs)ds = E* |I(t<Th) te—ésZ(Xs)ds +E2 |I(t>T)) " e %%1(X,)ds
/ < [ |
— 6_M/o e_‘ssl(gbm(s))ds%—/o e /Os e l(¢(u)) duds
_ /t 6_(>\+5)sl (Cbm(s)) ds

0

with the last equality from integration by parts. On the other hand,

E” [e T H(Xpy )] = E[I(t < Th)e ™ H(X,)] +E* [I(t > Ty)e " H(Xr,)]
= E"[I(t <T)e " H(X,)] +E* [I(t > T\)e ""E"[H(X1,)|Fr-]]

= E"[I(t<T)e ®H(X,)] + E [I(t > T))e ""E"[H(Xr,)| X1, -] ]

with the last equality from the strong Markov property. Since () determines the jump

mechanism, for any z > d,
E* [H(X1)| X7 — = / H(u)Q(du; z).
Together with the fact that z — Q(A; z) is B(R)-measurable, we have
E” [I(t > T1)e *"E*[H(X1,)| X1-]] = E* [I(t > Ty)e " QH(Xr,-)] .

Note that when ¢t < T}, the PDCP X remains in the deterministic piece. Thus we can

simplify that

E” [I(t < Th)e " H(Xpp)] = e YT H (,(1)) + / t Ae" M QH (¢,(s)) ds.

0
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Therefore, putting all the pieces together, we have

H(z) = /0 e [1(6,(s)) + A QH (64(s)) | ds + e T H (¢, (1)). (2.2.3)

Since all the elements involving ¢,(s),s € [0,t] are deterministic with respect to the time

argument s, we shall adopt a simpler notation f*(s) = f(gbm(s)). Thus, (2.2.3) can be written

as
t
H*(0) = / ~OFDs [1%(5) + X QH*(5) ]| ds + e~ ATIH*(2),
0
l.e.
t
H*(t) = / A+0)(E=9) 5% (5)ds + ML H(0), (2.2.4)
0
where for notational convenience g*(s) = —I*(s) — A QH*(s). Note that

t(>\+5)H*(s)ds = (A +0)eA I (y) duds + | (A + 6)ePIH*(0) ds
/ VA A

0

B / o )/ (A + 8)e0E= ds du + €O (0) — H¥(0)

0 u

t t
= / g*(u)e(’\+5)(t_“)du - / g (u) du + e(’\+5)tH*(0) — H*(0).
0 0

The boundedness of H(x) allows the change of order of integrations. Substituting the ex-

pression for H*(t) from (2.2.4) into above equation, we have hence shown that

H*(t) — H*(0) = /0 (A + 8)H*(s) ds + /0 g*(s) ds,

1.e.

H(u(t)) — H(x) = / (A 8)H (6a(s)) ds — / [1(62()) + A QH(6u(s))] ds.  (2.2.5)
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Hence H*(t) is absolutely continuous for all x > d, which in turn implies H (z) is absolutely
continuous for all x > d as ¢,(t) is differentiable. Since there exists a real number M such

that H(z) < M for all z, then
E* | Y |H(Xi) — H(X,—)|| <2Mn < oo forn=1,2,3,-
k=1

It follows from Theorem 2.1.2 that H(z) € D(X).

For any z > x, there must be a t > 0 such that z = ¢(¢, z), which by the first property
of the flow determines that x = ¢(—t, z). By the second property of the flow, we must have
for any 0 < s <'t,

¢(S>I) = ¢(S>¢(_t>z)) = ¢(S - t,Z).

Hence we can write that

H(:) — H(o.(—1) = / O\ 6)H (6. (s — 1))ds — / (165 — 1) + X QH(6(s — 1))] ds

= [0 am@dr - [ [16.0)+ A QHo.)] dr

—t —t
Since z is chosen arbitrarily, we would have

0 0

(A 8)H(u(r))dr — / [1(62(r)) + X QH(6u(r))] dr. (2.2.6)

—t

H(x) — H(o(—t)) = /

—t

It follows by (2.2.5) that

tim 2D ZH@) 34 5 H (00 () — 1(60(1) — A QH(4(1)).

t—0 t t—0

Similarly from (2.2.6) that

tim 2T HOATE) 3 4 8)H(6,(~1)) — 16a(—0)) — A QH (1)),

t—0 t t—0
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Since

it is obvious that H(x) is differentiable where both [(z) and g(z) are continuous.

Recall from (2.1.4) that

)
ty—xz
)

t—0 T — %(—t) t—0

t—0 T — ¢u(—t) ’

H(a(t) — Hz) = / XH (6,(s))ds.

In view of (2.2.5) and (2.2.7), we obtain

XH(z)=A+90)H(z) —l(x) — NQH (z),

which can be simplified as (2.2.2) according to (2.1.5).

1‘2d,l’¢DU{b1,b2,"' >bn}7

(2.2.7)

O

The theorem shows that by choosing specific cost functions we can immediately ob-

tain integro-differential equations for ruin-related quantities for a great variety of processes

determined by different settings of (X, A\, @). Then it remains to solve the specific integro-

differential equations subject to certain boundary conditions in order to obtain the quantities

of interest.

Remark 2.2.1. Note that by definition H(z) =0 if x < d. Therefore, we can see that

OH () = / " H)Qy: ).
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If we further assume that there would be only negative jumps due to insurance claims whose
distribution is independent of the current surplus level, then with a slight abuse of notation we

use Q) as a point distribution function as opposed to the measure function originally defined.

/‘H )dQ(z — y) / H(z — y)dQ(y) (2.2.9)

with the last equality resulted from a change of variable.

2.3 Classical Compound Poisson Model

The shifted compound Poisson process is obviously a simple example of PDCP. We
now revisit the classical compound Poisson risk model in the context of PDCP.
Recall that the sample path in between two consecutive claims is continuous and lin-

early determined by the insurance premium rate c, i.e.

d d
X)) = (e +e)=c (2.3.1)

From (2.1.1), we must have g(-) = ¢, which implies from (2.1.3) that the extended generator
of the deterministic path is given by
d

¥ = c—
Cda:

Note that the event of ruin occurs at the first time the surplus falls below zero. Thus the
stopping time of interest to us is the time of ruin with the level of default set at d = 0.

Therefore, the extended generator of the classical compound Poisson risk model is given by

AH (x) = cH'(z) + )\/Or H(z —y)dQ(y) — AH (z), x> 0. (2.3.2)

2.3.1 Total Dividends Paid up to Ruin by Threshold

The dividend threshold strategy requires that once the surplus reaches the threshold

level b, dividends should be paid out at the rate of a to the insurance company’s shareholders,
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which means the deterministic path remains linear but with a reduced slope ¢ — «, where
a € (0, c). Therefore, when the dividend threshold is imposed, the extended generator of the

deterministic process changes to

cd/dx, if0<uz<b,
(c—a)d/dx, ifx>b.

Figure 2.3: Sample path of compound Poisson model with dividend threshold

We are interested in the expected present value of dividends paid up to the time of

ruin with the threshold strategy, defined by

70
V(x;b) =E” {/ e_étl(X(t))dt} , x>0,
0
where ¢ > 0 and the cost function is given by
a, ifx>0.
I(z) = (2.3.3)
0, if0<z<b.
Since [(z) is a bounded function, it is easy to see that V' (z;b) is also bounded. In view

of (2.2.2), (2.3.2) and (2.3.3), we can quickly obtain the integro-differential equations for

dividends paid up to ruin V(x;b) expected in the classical model

cV'(z;0) — (A +0)V(z;b) + )\/r V(z —y;b0)dQ(y) =0, 0<z<b,
0
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and
(c—a)V'(z;0) — (A +8)V(x;b) + )\/I V(e —y;0)dQ(y) + a =0, T > b,

which are precisely the equation (1.2.16) and (1.2.18) in Chapter 1 obtained through tradi-
tional probabilistic arguments. Hence we have so far demonstrated the consistency between

the traditional approach discussed in Chapter 1 and the newly proposed approach.

2.3.2 Total Dividends Paid up to Ruin by Barrier

With the dividend threshold strategy, an insurer has the responsibility to pay out a
certain portion of its premium income as dividends once the surplus reaches the threshold
level. Hence the dividend rate « takes value in (0,c). We now consider the extreme case
where the dividend rate « is set to be the premium rate ¢, which means any further premium
income would be paid out completely and the surplus would be capped at the level where
the dividend payment begins. Such a level is often referred to as dividend barrier, which
we shall denote by by to be distinguished from the dividend threshold. For more detailed
discussion of dividend barrier strategies, readers are referred to Lin et al. [41] and Gerber
and Shiu [27].

Hence the extended generator in this case becomes

cd/dr, if0 <z <by,
0, if z :b(].

Note that the second part of the generator uniquely determines the trivial deterministic

process

X(t) = bO>

given that X (0) = by, which corresponds to the sample path at the barrier level prior to an

insurance claim.
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It would be interesting to find out the expected present value of dividends paid up to

the time of ruin with the barrier strategy, defined by

70
V(z) =E" U e“”l(X(t))dt] , 0 < < b, (2.3.4)
0
where ¢ > 0 and the cost function is given by

C, ifz = bo.
l(z) =
0, if0<ux< b

Since V(x) < ¢/4, it follows from Theorem 2.2.1 that
cV'(x) = (A+0)V(x) + )\/ V(e —y)dQ(y) = 0, 0 <z <by. (2.3.5)
0

To find explicit solutions to the above integro-differential equation, we often need an

extra boundary condition to determine an unknown coefficient.

Corollary 2.3.1. With the dividend barrier strategy, the function V(x) defined in (2.5.4)

satisfies the following boundary condition
AV (bg) — 0V (bg) + 1(bo) = 0. (2.3.6)

Proof. Letting © = by in the proof of Theorem 2.2.1, we can obtain (2.2.5) for the trivial

integral curve ¢y, (t) = bo. Hence
V(bo) — V(bo) = (A+6)V (o)t — [L(bo) + AQV (bo)]t.

Since AV (by) = —AV(by) + AQV (by) in the case of dividend barrier strategy, (2.3.6) is

obtained upon rearrangement. O

This boundary condition (2.3.6) is intentionally written in the form which would con-

form with those for other models in later chapters. As we have seen in the proof, in the
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classical compound Poisson model, (2.3.6) reduces to

V(by) = c A

bo
=3 s + m/o V(bo — y)dQ(y).

Letting © — by in (2.3.5) and substituting in the boundary condition, we have

Vitn=) = 222V -2 [ Vit - Qe
- AR s xas  ve—ndaw)] + 2 [ Vi - paow)

from which we yield an alternative form of the boundary condition that
V'(bo—) = 1.

The condition was derived through traditional probabilistic arguments in Biihlmann [5] and

for more general models in Gerber et al. [20].

2.3.3 Insurer’s Accumulated Utility

When a risk process is used to model and assess a line of insurance business, the
insurer might be interested in a quantitative measure of the company’s overall performance
in maintaining its surplus reserve. In the context of microeconomics, the accumulated utility
up to default provides such a tool to quantify an insurer’s satisfaction gained from surplus at
each moment throughout the life of the business. As an application, the accumulated utility

of an insurer’s surplus wealth conforms to the generalized Gerber-Shiu function,

Ulz) = E° [ /0 k u(Xt)dt] ,

where d is a pre-determined level of default for a particular line of business and u(-) is the
utility function representing the insurer’s attitude towards current surplus.
We consider the classical compound Poisson risk model with a general claim size distri-

bution whose moment generating function is assumed to exist. In order to obtain closed-form
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solutions, we specify u(x) to be the exponential utility function —e~*/a, which is commonly
used in actuarial science and economics owing to its constant risk aversion property. In the
classical model, d = 0. The safety loading condition ¢ > Ax is imposed to ensure positive

drift. For future references, we introduce a new notation

Wi(z) =E" { /0 K e—“det] , (2.3.7)

where a > 0. Hence U(z) = —W (z)/a. We shall now focus on the properties and solutions

to the accumulated exponential utility up to ruin W(x).
Lemma 2.3.1. For x >0, W(z) is a bounded function.
Proof. Construct an auxiliary function

f(s) = es + A[l = Mq(s)],

where Mg(s) is the moment generating function of claim size distribution Q(x). Since f(0) =
0 and AMg(s)|s=0+ = Ax < ¢, hence f(s) > 0 in a positive neighborhood of zero. In view of
the fact that f”(s) < 0 and for all s > 0, there must exist a positive solution to f(s) = 0

denoted by R. Recall that

E* [6—aXt:| — E® [6—a(m+ct_zi\’:(f)yi)] _ 6—am—act6—)\t[1—MQ(a)] _ 6—am6—f(a)t‘

For 0 < a < R, we must have f(a) > 0, then

x 0 —aX¢ L —ax L
¢ U ‘ dt] SF@ S

Therefore,

) 0o 0o
o[ wva] < [ [ eal - [T e
0 0 0
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with the last equality from Fubini’s theorem.

For a > R, we have a > ag where 0 < ay < R. Since X; > 0 on [0, 79, it follows that

o [eoval <[ el 2w L
{/0 0 f(ao) f(ao)

O

Hence it follows from Theorem 2.2.1 that W (z) satisfies the following integro-differential

equation

W' (x) = AW (x) + A /r Wiz —y)dQ(y) + e ** =0, x > 0. (2.3.8)

Corollary 2.3.2. The solution to W (x) defined in (2.3.7) is given by

—ax

e

v 1
W(x) = ] /0 egly)dy + —e ™, 220, (2.3.9)

alc— Ak

where the associated compound geometric density function

o

o) = (1= ) yrgina)

and the equilibrium density function q,(x) = (1/k)Q(x).
Proof. We assume for simplicity the claim size distribution has the density ¢(y) = Q'(y),
but all of the following derivations can be extended to include discontinuous claim sizes.

In terms of operators, (2.3.8) can be written as

(%I— D)W (x) = %W* q(z) + %h(a:), (2.3.10)

where D and Z are the differentiation and identity operators respectively, h(z) = (1/\)e™**

and the convolution operator is defined by
W q(x) = / W(z —y)q(y)dy.
0
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Taking the Dickson-Hipp operator 7)., which is the inverse operator of (A\/c)Z — D,

on both sides of (2.3.10) gives

W(z) = %’Z\/C{W*q + h}(z), (2.3.11)

where

Tyef () = M/ / MW F(y)dy.

xT

It is easy to prove that 7y,.{W * ¢}(x) and T,.{e”*"} exist as both W (z) and e™** are

bounded functions. Hence, we have

W) = 2 [T g+ 0)o) = ST g + )0

Q> o>

{%q* W(z) 4+ Toh(z) + ToW (z) — %’ZE]’Z\/C{W *q+ h}(a:)} :

The above two equalities can be easily proved by taking Laplace transforms.

It follows from (2.3.11) that

A
T (2) = SBT3l + g+ b} (@)

Therefore, we arrive at the following defective renewal equation

W(z) = %W * Q) + ie_”, (2.3.12)

which admits the desired solution (2.3.9). O

Remark 2.3.1. The solution (2.5.9) is in fact the convolution of a compound geometric

distribution with an exponential distribution.

W) = g [ G0 = s,
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where in the Riemann-Stieltjes integral the compound geometric distribution is given by

Yy
G(y)=1—7+/ g(t)dt, y > 0.
0

For more on compound geometric convolutions, readers are referred to Willmot and Cai [49].

As with many other ruin-related quantities, closed-form solutions can be found for the
accumulated utility up to ruin in many special cases of claim size distributions. The simplest

among these examples would be the exponential claim size which leads to the following result.

Corollary 2.3.3. If the claim size distribution Q(y) is exponential with mean 1/5, W (x)

admits an explicit solution given by

— A —(B=X/co)x a— ﬁ —ax
W) = = a0° Tada—pgr o 0 20 231y

Proof. With a few steps of substitution and differentiation, (2.3.8) simplifies to
W"(x) + (8= NW'(z)+ (8 —a)e ™ =0. (2.3.14)

Therefore, the solution to W (z) can be represented as

T y B
W(zx) = ) —|—/ e~ (B=A/c)y (02 _/ ﬁ—cae_at6(ﬁ_>\/0)tdt) dy
0 0

— OOy / " Mg, / " (= / PO it -Mt gy,
0 0 0 ¢
—a

1 — e~ (B-Me)z 3

_ N L (BN [ _ —(a—BHA/0)
= C1+ (s EESYE C(a—ﬁ—l—)\/c)/oe y[l e + y}dy
_ Cl—l— 02 . ﬁ—a |i ﬁ—a _ 02 6—(5—>\/C)$
B—=Xc ac(B—=Ac) |cla=B+Nc)(B—-Nc) B—2Ac
f-a —az (2.3.15)

Cacla— B+ )\/c)6
where C] and Cy are coefficients to be determined.
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Substituting (2.3.15) for W (z) in (2.3.8), we find out that on the left hand side, all the

a.

constant terms, terms with e~(#=*/9% and terms with e~%* cancel out. Then equating terms

with e~#* with zero gives us the first constraint on the coefficients,

1 1 6—a 8—a
39T BN T aBB =) T Na= BT NGB =N
c 1

RS T R ES Ve I (23.16)

It follows from (2.3.9) that for an arbitrary € > 0,

Tr—e€ X 1
Wi(z) = _ e_”/ edG(y) + e_”/ eYdG(y) p + —e
a(c— Ak) 0 e ac
1 1
—az ja(z—¢) . . - —ax
o) {e~*e +G(z) -Gz —e)} + e
Hence we obtain
1 1 1
. < —ae l _ — l J— —ar = - _aE.
mh—>r£10 Wiz) < a(c — Ak) {6 + mglgo[G(:E) Gla 6)]} o ac’ a(c — AR) ‘

Since the limit equals zero for any € > 0, we can conclude that lim,_., W(x) = 0.
Letting * — oo in (2.3.15) we have the second constraint on the coefficients for the
case in which ¢ > \/(3,

02 ﬁ—a
TN adB o)

= 0. (2.3.17)

Combining (2.3.16) and (2.3.17) we get

a’ —2af +aXc+ 32— \?/c?

R RSV O ESYE

and

afc—a*c — A3+ N?/c

C2 = ac?(a — B+ N e)
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2.3.4 Total Claim Costs up to Ruin

One of the main focuses in actuarial mathematics is to quantify the future liability of
an insurance company by computing the expected amount which the company must hold
in reserve for upcoming insurance claims. Applying the same idea to risk models for a
business line of an insurance company, one would be interested in knowing the total amount
of discounted claims to be expected up to the time of possible default. Hence we shall define
such a quantity in this section and derive its connection to the generalized Gerber-Shiu
function.

In practice every single insurance claim is accompanied by a certain amount of business
cost resulted from claim appraisal, investigation, settlement negotiation, etc. The final costs
to the insurer may be quite different from the actual size of claims. Hence we assume as given
a bounded function w(x,y) that measures the cost of each claim depending on the surplus
prior to the time of claim x and the resulting new surplus y. As in the classical model, we
assume the line of business defaults when the surplus goes below zero and the safety loading
¢ > Ak is satisfied. Since all claims arrive at the sequence of jump points {17, 15,15, - },
then the expected present value of total claim costs up to the time of ruin can be written as

K(z)=E"[Y e Mw(Xr,_, Xr,)], (2.3.18)

i=1

where N = max{n : T,, < 75} with the convention that max{N} = co and § > 0.
Interestingly, we can express the total costs up to ruin as a special case of the gener-

alized Gerber-Shiu function as follows. In terms of the associated counting process, (2.3.18)

can also be written as

K(x)= Ez[/om /_OO el (X, y)N(dt, dy)].

Note that {X;—,0 < ¢t < oo} is the left-continuous modification of {X;,0 < t < oo} and
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hence is a predictable process. By Theorem 2.1.3, we must have
K@) = B[ [ e ) Nty

_ / oty / (X, Xi — y)dQ(y)dt]

_ / Y / w(Xe, X, — y)dQ(y)dt]. (2.3.19)

The last equality can be explained as follows. Since the cadlag process can only have count-
able discontinuities, then for each w € Q, {t : X;_(w) # Xi(w)} is a countable set, and hence
Jy 7 w(Xi(w), Xe(w) — = [y [7 w(Xi—(w), Xi—(w) — y)dQ(y)dt. Therefore, in
view of (2.2.1) and (2.3.19), the total claim costs can be recovered from the generalized

Gerber-Shiu function with a special cost function
l(x) = )\/ w(z,x —y)dQ(y). (2.3.20)
0

Corollary 2.3.4. The solution to K(x) defined in (2.3.18) is given by

_ / {z— 9)gly)dy + ((x), 220, (2.3.21)

c—)\7r

where

T e [T 1 d
T /0 e /m e dQ(y)dx
“ )\ [e.e] [e.e]
z) = Ee”/ 6_W/0 w(z,xr —y)dQ(y)dx

the associated compound geometric density function is given by

W) =3 -0y )
n=1

where the generalized equilibrium density function
. 1 X
q(y) = —e“’y/ e *dQ(x).
Q y
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The constant 7 is the unique positive root to the Lundberg fundamental equation

A A0
Eq(s) =— s (2.3.22)

Proof. Since K (z) is evidently bounded, we obtain the following integro-differential equation

by inserting (2.3.20) into (2.2.2),
cK'(x) — (A +0)K(x) + )\/Or K(x —y)dQ(y) + )\/Ooo w(z,r —y)dQ(y) =0. (2.3.23)

We can rewrite the equation in terms of operators,

A+0
c

(

T - D)K(r) = 2K xqlr) + (),

where
o) = [ @l = )dQU).
0
Since K (x), q(x) and ((z) are all bounded functions, their corresponding Dickson-Hipp

transforms exist. Using the arguments similar to those of Corollary 2.3.2, we have

A

K(x) = —Tows K xq+CH) (2.3.24)
= AT K wgt o)~ AL T T K 4 )
A A+0

= 2{K % Tq(e) + T6@) + GNT K@)} = (2 = )T Tosyed K+ CHa),

where the constant 7 is the solution to (2.3.22) and the safety loading condition ¢ > Ax

ensures that it is a unique positive root.

In view of (2.3.22) and (2.3.24), we have

K@)~ O ) Tl K g+ o)
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Hence, it follows that

K@) = 2K * T(r) + T¢(a)}

1.e.

A [* A .
Kia) = [ K= 9)aQ) + (@), (2.3.25)
0
which gives the desired solution. O

Remark 2.3.2. The solution (2.3.21) is in fact another example of compound geometric

convolution,

K@) = —5 [ Tile = )6,

C— AT

where I(x) is given in (2.3.20) and the compound geometric distribution is given by

AT Y

Gly)=1——+ [ g(t)dt. (2.3.26)
¢ 0

A good example of the total claim costs up to ruin is the discounted aggregate claim

with a policy limit of M, defined by

Ky(z) =B [ e [(Xg,o — Xp,) A M]].

i=1
Assume that claim sizes are exponentially distributed with mean 1/3. Observe from (2.3.20)
that w(x,z —y) =y A M and

M

I(x) = A / "y A M)AQ(y) = A / ydQ(y) + AMQ(M) = %(1 s

If we set the premium income ¢ = AE(Y; A M), then the expected present value of total

premium income collected up to the time of ruin is given by
70
Py(z) =E" { / e (X (t))dt] :
0
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where

l(2) =2 = %(1 _ emAM),

Hence it is not surprising that the total claim costs K, (z) is essentially equivalent to the

total premium income Pj/(z) in the sense that the insurer’s asset matches its liability.

Corollary 2.3.5. If Q(y) is exponentially distributed with mean 1/3, Ky (x) admits an
explicit solution given by

_oBM
Ks(a) = 24 )1

_PEB
6p

g

), x>0,
where p is the unique negative root to the Lundberg fundamental equation
cs® 4+ (Bc— X —d)s — 63 = 0. (2.3.27)

Proof. In this case, we have in (2.3.21) that

A

— (1 o BM
_ﬁ67(1 e M.

((x)
Hence K (x) is apparently a non-decreasing function of z. Since Kjs(x) is a bounded non-

decreasing function, there must exist a finite number K such that lim,_,., K/ (z) = K. Then

taking limits on both sides of (2.3.25) gives

K = %/ Tq(x)dr - K + A (1 —e 7M.
0

Bey
_ )‘[1 - @(7)] L __—BM
=T e Kreette
_q-2 A M
= (1 cv)K+ 507(1 e ")

with the last equality from (2.3.22). Hence we obtain the boundary condition that

lim Ky (z) = %(1 — e M),
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After standard algebraic simplification, (2.3.23) turns into a second order differential

equation
cK (2) — (e — X — 8Ky (z) — 68Ky (z) + A1 — e M) = 0. (2.3.28)

We first recall that the fundamental solutions to the corresponding homogeneous equa-
tion

cKpy(x) = (8 — A= 0)K)y(z) — 05K (x) =0

can be represented as

C’l6pm + C’g6ﬁ/m
’

where C and Cy are to be determined, —3 < p < 0 and v > 0 are the two real roots of
the characteristic equation (2.3.27), which corresponds the Lundberg fundamental equation
(2.3.22) in the case of exponential claim size distribution. We also have a particular solution
to (2.3.28) that Ky (z) = M1 — €M) /(53). Therefore, the general solutions to Ky, (x) are
given by

A1 — ePM)

Ky (x) = Cief + Ce™* + %

(2.3.29)

Since K (z) is bounded, we must have Cy = 0. Substituting (2.3.29) for Kj/(z) in

(2.3.28) yields

AMl—e™)p+p
op g

Therefore, the desired result is obtained. O

O = —
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2.3.5 Gerber-Shiu Functions

As the name suggests, the famous Gerber-Shiu function can be deduced from its gener-
alized version (2.2.1) with a special cost function. In doing so, we now amend the definition

of K(z) in previous section to construct a new quantity
N
m(z) =E[> e Tiw(Xr,_, Xz,)], (2.3.30)
i=1

where § > 0, N = max{n : T,, < 79} with the convention that max{N} = oo and

0, for y > 0,
@(z,y) =
’LU(I’, _y)> for y < 07
with a bounded function w(z,y).

We can adopt arguments almost identical to those in the previous section to convert

m(x) into a generalized Gerber-Shiu function. Hence, we also have

m(z) = B* [ /0 K e“”l(Xt)dt} ,

where

l(x) = )\/oo w(z,y — x)dQ(y). (2.3.31)

Note that with this special choice of @w(x,y), the function m(z) defined in (2.3.30) can

be represented as
m(x) = E”® [e_éTOw(XTO_, | X ) (70 < oo)} ,

where 6 > 0. Hence we obtain the classical definition of Gerber-Shiu function. It should be
noted that the indicator is an indispensable part of the representation. By the definition
of w(x,y), in the event that 7 = oo, the value of the process X; > 0 for all ¢ > 0, then
w(z,y) = 0 and hence m(z) = 0.

Since w(x,y) is bounded, there must exist B such that w(x,y) < B for any x,y € R.

We now see that

m(z) < ABE® [ /0 K e—ét@(y)dy] < \BE* [ /0 h @(y)dy] _ B,

56



By Theorem 2.2.1, m(z) satisfies the corresponding integro-differential equation

Xm(z) — (A +d)m(x)+ )\/Omm(:c —1)dQ(y) + )\/oo w(z,y —2)dQ(y) =0, x> 0.(2.3.32)

The Gerber-Shiu functions have been extensively studied in a variety of risk models, many
of which are essentially PDCPs or more generally PDMPs. With different choices of the ex-
tended generator of deterministic sample paths, we can obtain integro-differential equations
to the Gerber-Shiu functions for a vast amount of PDCPs.

For instance, in view of (2.3.1) and (2.3.32), the Gerber-Shiu function in the classical

compound Poisson model has to be the solution to the following equation,

em'(z) — (A + S)m(x) + A / "o — )dQ(y) + A / T wleny - 9)dQy) =0, @>0,
(2.3.33)

which is precisely equation (2.16) in Gerber and Shiu [22].

2.3.6 Insurer’s Life Annuity

We now look at a life annuity of an insurance company, which is an annuity with
continuous payments of one dollar per time unit payable up to the company’s bankruptcy. It
can be utilized to quantify the insurance company’s continuous contribution to its employees
pension funds until its bankruptcy if it occurs.

If the insurer’s surplus is driven by a PDCP process X = {X;,t > 0} with the safety
loading condition ¢ > Ak satisfied and the annuity contributions are invested at a constant
rate of return 0 > 0, the expected present value of such a life annuity from the perspective

of annuity-holder can be determined by

a(r) = E® { /0 K e—‘”dt] =" {ﬁ} : (2.3.34)
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It is evident that such an annuity is bounded and a special of the generalized Gerber-

Shiu function where [(x) = 1. Hence it satisfies the following integro-differential equation

ca(x) — (N +d0)a(z) + )\/Or alz —y)dQ(y) +1 =0, x> 0. (2.3.35)

Corollary 2.3.6. The solution to a(z) defined in (2.8.34) is given by

1

e )

G(x), x>0,

where the compound geometric distribution G(x) is given in (2.3.26) and ~y is the unique

positive oot to the Lundberg fundamental equation (2.5.22).

Proof. In terms of operators, (2.3.35) can be written as

A+6 A 1
T —Da(z) ="a =
. Ja(z) = Zaxq(e) + -

(

Since both @(x) and ¢(z) are bounded, their Dickson-Hipp transforms exist. Hence

() = “Tovray el * 4} ) + Tonsayel S} ).

Using the arguments similar to those in Corollary 2.3.4, we obtain

az) = / “ale — y)d0y) + -

c e’
which yields the desired solution. O

We shall now focus on the special case where claim sizes are exponentially distributed

to develop a life contingency type of formula.

Corollary 2.3.7. If Q(y) is exponentially distributed with mean 1/, a(x) admits an explicit

solution given by

e, x>0, (2.3.36)



where p is the unique negative solution to the Lundberg fundamental equation (2.3.27).

Proof. Equation (2.3.35) reduces to
ca’(x) + (cf—\—0)d'(z) — dBa(x) + 5 =0, x> 0.

Apparently, a(x) = 1/0 is a particular solution to the differential equation. In view of the

fact that @(z) is bounded, the solution is in the form of

1
a(zr) = 5 + ae’”, (2.3.37)

where a is the coefficient to be determined and p is the unique negative solution to the
Lundberg equation (2.3.27). Inserting (2.3.37) into (2.3.35) yields that a = —(p + 3)/(63).

O

We define a contingent claim of one dollar payable at the time of the insurance com-

pany’s bankruptcy or the default of a certain business line,
A(x) =E" [e7"™],

which is indeed a special case of Gerber-Shiu function and could have been obtained from
(2.3.33). However, to avoid repetitive derivations, we find the solution by using the result

(2.5.5) for a more general model in the later section. Hence,

Ar) = 2B,

5 x> 0. (2.3.38)

Comparing (2.3.36) and (2.3.38), we now arrive at a formula that is analogous with

the famous life contingencies formula

1 = éa(z) + A(x), for all z > 0.
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It has the interpretation that an initial loan of one dollar at present should be equal to the
expected present value of a series of continuous payment of interest due 0 dollar per time
unit up until the insurer’s bankruptcy and a final payment of one dollar to clear off the

balance at the time of bankruptcy.

2.4 Compound Poisson Model with Constant Interest

and Liquid Reserve

The idea of incorporating surplus investment with constant interest rate in a risk
process was introduced in Sundt and Teugels [45], Embrechts and Schmidli [18], etc. It
assumes that an insurer collects premiums at a constant rate ¢, and provides compensations
to claims that arrive according to the compound Poisson process Z(t). The insurer’s surplus
at any time is completely invested in a risk-free asset which earns interest at a constant
rate r. In contrast with classical model where the growth of surplus appears to be linear,
the surplus process now accumulates with compound interest in a fashion that can be easily
characterized by a PDCP. In the absence of random claims, the deterministic path of the

PDCP process is given by

d d
EXt = a(xe” + c5p) = rX¢ + ¢, x>0,

which means the generator

X =(rz+ c)%, x> 0. (2.4.1)

Another threshold strategy that comes often with surplus investment is the so-called
liquid reserve strategy, which requires a prudent insurer to keep the limited working capital
liquid to deal with insurance claims when the surplus reserve is running relatively low. Hence

we assume that the insurer sets a benchmark, liquid reserve limit A, below which the surplus
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as in classical model increases at the constant premium rate ¢ and above which the excess

of surplus would be invested in money market with the force of interest r. Accordingly we

find that
dX d/dt(A + (z — A)e™ 4+ cs53) = r( Xy — A) + ¢, x> A
dt d/dt(x + ct) = c, 0<z<A.
Hence the generator for the deterministic piece in the model with both constant interest and

liquid reserve is given by

[r(z — A) + c]d/dx, x> A
X = (2.4.2)
cd/dz, 0<z<A.

As a further generalization, we amend the above model with the inclusion of a dividend
threshold and investment cap b. When x > b, the excess of surplus stops being invested in
money market, instead a portion of the surplus will be paid out as dividends at a constant

rate a. A sample path of such a process is given in Figure 2.2. Hence we must have

%Xt:%[b+r(b—A)t+(c—a)t]:r(b—A)—l—c—a, x >b.

Hence the generator for the deterministic part is given by

[r(b—A) + ¢ — ald/dz, x> D,
X=9 [r(z—A)+dd/da, A<z<b, (2.4.3)

Traditional probabilistic derivations are given in Cai et al. [7].
In the compound Poisson model with constant interest (2.4.1), the corresponding

Gerber-Shiu function m(z) must satisfy

(v + ey () — (A4 8)m(x) + A / " (e — )dQ() + A / T wle,y-2)dQy) =0, x> 0.

Taking 6 = 0 and w(z,y) = 1 would lead to the equation (1) in Sundt and Teugels [45],

which is satisfied by the probability of ultimate ruin .

61



Following the same line of logic, by the substitution of the generator in the compound
Poisson model with both constant interest and liquid reserve (2.4.2), we obtain the system

of equations for the Gerber-Shiu function denoted by m(x; A) in Cai et al. [§],

[r(x — A) + (2 A) — (A+ S)m(x; A) + A / “inle — g A)AQ(y) + A / " wla,y — 2)dQ(y) = 0,

x> A,

e (3 A) — (A + 8)m(x: A) + A / "l -y A)IQ(y) + A / e,y — 2)dQy) =0,

0<z<A.

Interested readers are referred to Cai et al. [7] for the derivation of these integro-differential
equations through traditional probabilistic arguments and detailed solutions to the Gerber-
Shiu function.

In the compound Poisson model with constant interest, dividend and liquid reserve
strategies (2.4.3), the parameter vector b = (A, b) is employed to emphasize the dependency
of ruin-related quantities on these parameters.

We can easily obtain the system of equations of the Gerber-Shiu function denoted by

m(x; b) by substitution of its corresponding generator.

[r(b—A) +c—alm'(z;b) — (A + §)m(x; b) + A /Or m(x — y; b)dQ(y) + A /OO w(z,y —z)dQ(y) =0,

x> b,

[r(& — A) + | m/(a;b) — (A+ )m(z;b) + A / “inle -y D)Q(y) + A / " wla,y — 2)dQ(y) = 0,
A<z<b,

e (@) — (A + 8)m(a; b) + A / “in(e — g D)AQ() + A / e,y — 2)dQ(y) =0,

0<z<A.

Readers are referred to Cai et al. [7] for traditional probabilistic derivations and detailed
solutions.

As another typical example of the generalized Gerber-Shiu function, we can also find
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the expected present value of dividends paid up to the time of ruin defined by

T0
meﬂWUqﬁWMMﬂ,
0
where ¢ > 0 and the cost function is given by

a, ifxz>b,
I(z) =
0, if0<z<b.

Therefore, by Theorem 2.2.1, we have the following system of integro-differential equations,

cV'(z;b) — (A+0)V(z;b) + )\/r V(zx —y;b)dQ(y) =0, 0<z<A,
[r(x — A)+ ] V'(x;b) = (A + )V (x;b) + )\/r V(z—y;b)dQ(y) =0, A<z<b,

[1(A =b)+ (c— )] V'(z;b) — (A + )V (z;b) + )\/Or V(z —y;b)dQ(y) + a =0, x >b.

These equations are obtained in Cai et al. [7] through lengthy traditional probabilistic argu-
ments. Interested readers can find solutions to V' (x; b) in that paper.

Similarly, one can work out integro-differential equations satisfied by the generalized
Gerber-Shiu function for all kinds of risk models with combinations of dividend barrier and
investment strategies, such as the model with dividend barrier and constant interest in Yuen

et al. [52].

2.5 Compound Poisson Model with Two-sided Jumps

Random jumps in surplus process are often assumed to be resulted from insurance
claims. Hence it is considered to have only downward jumps in risk models by the nature
of claims. However, for more general applications, one might need to incorporate upward
jumps in surplus as well. For instance, Kennedy [32] considers the probability of ruin in a

system of program trading. The net outcome of trades is modelled by a compound Poisson

63



process with both positive and negative jumps, which represent increase or decrease of the
total capital as a result of trading in various financial markets.

Since the compound Poisson process with two-sided jumps is another example of PDCP,
it is natural to find the applications of generalized Gerber-Shiu functions in this type of risk
models. Even though we refer to Kennedy’s model merely for the purpose of giving a
motivation for double-sided jumps, the generalized Gerber-Shiu can be used to reproduce

the results given in Kennedy [32] obtained through probabilistic arguments.

U(t)

Figure 2.4: Sample path of compound Poisson model with two sided jumps

Assume that random events happen to an insurer in a Poisson process fashion. Each
event turns out to be either a random insurance claim with common distribution @~ (y) or a
random investment income (cash injection) with common distribution Q™ (y). The probability
of the event being an insurance claim is assumed to be 7 and thus the event happens to be
an investment income with the chance 1 — m. Therefore, the jump size distribution is given
by

Qly) =mQ () I(y=0)+ (1 —m)[l —Q (—y)I(y < 0)].

When both Q1 (y) and Q@ (y) are differentiable with density function ¢*(y) and ¢~ (y) re-

64



spectively, the density function of the claim size distribution can be written as

p(y) = mq"(y)I(y > 0)+ (1 —7m)q (—y)I(y <0).

If we are only interested in ruin-related quantities at or up to the time of ruin, then we set

the level of default d = 0 and the operator Q in (2.2.8) can be written as
QH(z) = / H(y)dQ(z —y) / H(z —y)dQ(y)
= / H(x —y)dQ™ (y / H(x +y)dQ (y). (2.5.1)

If the generalized Gerber-Shiu function H(z) defined in (2.2.1) is bounded, then the integro-
differential equation for H(x) can be obtained by inserting (2.5.1) in (2.2.2),

cH (x) — (A +0)H(x) + A\ /000 H(x +y)dQ*(y) + A1 —7) /Or H(x —y)dQ (y) + l(x) =
(2.5.2)

This integro-differential equation is generally difficult to solve when Q(y) is an arbitrary
distribution function. Instead we will look at explicit solutions for the double exponential
jump case, where the jump size is given by a mixture of two exponential distributions gov-

erning insurance claims and investment returns respectively,

Qy) = 7(1— e PNy = 0) +[1—7) = A —m)(1 - PNy <0).  (253)
Thus the integro-differential equation (2.5.2) becomes

cV'(x) — AN+ 0)V(z) + Ar 1T,V (x) + M1 — 7) 3283,V (x) + I(x) = 0. (2.5.4)

Readers may find it interesting to read the justification given in Kennedy [32] for considering

the double-sided exponential distribution for the outcome of trades.
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2.5.1 Discounted Payoff at Exercise

We are now interested in a special version of the Gerber-Shiu function in the compound

Poisson model with double sided jumps denoted by ¥s(z),
bs(x) = E[e™ f(| X |) I (10 < 00)],

where ¢ > 0 and the payoff function f(x) is bounded. Since ¥s(x) is bounded, we can utilize
Theorem 2.2.1 to find its solutions. Similarly, one can easily replace 7y by a general stopping
time 74 in a model where d is treated as a level of optimal exercise and the generalized

Gerber-Shiu function can be used to price a contingent claim with payoff function f(z).

Corollary 2.5.1. If Q(y) follows the distribution given in (2.5.3), s admits an explicit

solution given by

bs() = {(ﬁz o [ f(Z)e‘ﬁzzdz] ) (25.5)

where p is the unique negative root of the Lundberg fundamental equation

B 5, B
cs+)\{7rﬁl_s+(1—7r)ﬁz+s—1]—5. (2.5.6)

Proof. Taking derivatives with respect to z and making a substitution in (2.5.4) gives
V'(z) — A+ 0)V'(x) — BV () + Bi(A + )V (x) — BiA(l — 7)Bae™ " /Om V(y)e™dy
—Bil(x) = An LV (z) 4+ ¢V (2) — Bo(A 4+ 8V () + BormBre™” /:O V(y)e Vdy
+Bal(z) + M1 — m) BV (z) +1'(x) = 0.
Taking derivatives with respect to x again and substituting the integral terms yields
V" () + (B — B — A= 0)V"(x) + N1 —m)B2 — M B1 — Ba(A+6) + Br(A +8) — cf132) V' (2)
+00182V () +1"(x) + (B2 — Bl () — BiBal(z) = 0.
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Note that w(z,y — x) = f(y — x), then

o) = A1=m) [ fly =)y
= A1 —7)Bae 2" /000 f(z)e % dz. (2.5.7)

It is easy to verify that in this case I"(z) + (B2 — B1)l'(x) — f1G2l(x) = 0.

Thus (2.5.2) reduces to

() — (A + O)s(z) + Am / " (e + 9)dQ* (y)

+A(1 —m) /Or Ys(x —y)dQ ™ (y) + M1 — m)Bae ™27 /000 f(z)e™P*dz = 0. (2.5.8)

Apparently from previous analysis, it satisfies a homogenous integro-differential equation

cs (@) 4 (cfz — cf1 — X — 0)v5 (x)
+ A1 =) B2 = A B — Bo( A+ 0) + Bi(A +8) — cB1f2] Ys(x) + 661 82005(x) = 0.

We know that the fundamental solution to ¥s(x) can be written as
C’l€pm + C’g€ﬁﬂm + Cg€ﬁf2m
where p < 0,7 > 0 and ~» > 7, are the three real roots of the characteristic function

cs® 4+ (cBy — B — X\ — §)s?

+ AL =7)B2 = AB1 — Ba(A+0) + Bi(A +0) — cBiBa] s + 05182 = O,

which is essentially the Lundberg fundamental equation (2.5.6). We denote the left-hand side

of (2.5.6) by k(s). Note that § > 0. It is obvious from (2.5.6) that £(0) = 0, k(—(2—) = o0,
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hence there must be one solution p € (—fs,0) for k(s) = 6. We also have a solution v, €
(0, 1) as k(f1—) = +oo, and a solution 2 € (1, +00) as k(f1+) = —oo and k(+00) = +o0.

Since lim,_ 1 ¥s(u) = 0, we must have Cy = C3 = 0, i.e.
Ys(x) = Cre™.
Substituting it into (2.5.8) gives

cpCre” — (A + 6)Cre + /\7Tﬁ165”/ Cre” B =Pvdy

xT

+)\7Tﬁge_52””/ Cre P40V dy + \(1 — m)e P* = 0.
0

Rearranging terms yields,

AT 3y N A1 —7)Bs A1 - 7T)52016_52z
pr—p B2+ p B2+ p

+ {)\(1 — )0 /000 f(z)e_ﬁzzdz} e P =,

cp—(A+6)+ }Cw”m—

Note that the algebraic expression in the bracket of the first term is the lundberg equation

and hence the first term vanishes. Therefore,

Cy = (B 1 p) / " f)e e,

O

Figure 2.5 shows the three roots of Lundberg equation (2.5.6) for the compound Poisson
risk model with double exponential jumps and positive drift in which ¢ = 20, 3; = 0.1, 3 =
0.2,A=1,7 =0.5,0 = 0.125. Figure 2.6 shows the three roots of Lundberg equation (2.5.6)
for the compound Poisson risk model with double exponential jumps and negative drift in

which ¢ = 1,08, = 1,06, = 0.1, A = 1,7 = 0.01,0 = —9.89. Denoting the left-hand side of
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& 5 &

Figure 2.5: Illustration of the roots of Lundberg equation for the compound Poisson risk
model with double exponential jumps and positive drift

(2.5.6) by k(s), we observe that the equation k(s) = 0 has a negative solution if k(s) crosses
x-axis with positive tangent, whereas the smallest root of k(s) = 0 is zero if k(s) has negative

tangent at the origin.

We now consider the case where ¢ = 0. Hence ¢5(z) simplifies to
() = B [f(1 X7 ) (70 < 00)] .

Corollary 2.5.2. If Q(y) follows the distribution given in (2.5.3), ¥(x) admits an explicit

solution given by

[(Ba+p) [§~ f(2)e™2dz] er?, if > 0;
U(x) =
Ba [ f(z)e P7dz, if 0 <0,
where the safety loading factor 0 = (Bc— X\)/A and p is the unique negative solution to the

Lundberg fundamental equation

B
Br—s

Ba

cs+ A |m
By + s

+ (1 —m)

— 1l =o. (2.5.9)
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Proof. We have to determine whether there exists a negative solution for the lundberg equa-
tion (2.5.9). When the lundberg equation does not have a negative solution, we must have

Y(x) = Cy with C to be determined from the integro-differential equation

/(o) = M) 3w [ o +)dQ* )
+A(1 =) /Omw(:c —y)dQ~ (y) + {)\(1 — )0 /000 f(z)e_ﬁzzdz} e T — .

By replacing ¥ (x) with the constant C, we find out that
C) = ﬁz/ f(2)e P27 dz.
0

Since

F(0) = ¢+ A — A(1 — 1),

b Ba
and recall that
1 1
c=14+0)EY)=(1+0) |AMr——AX1—-m)—=|,
b Ba
whether (2.5.9) has a negative or zero solution depends solely on 6. O

Note that when 6 < 0, the safety loading condition is violated and the surplus process
has a negative drift, hence ruin is deemed to occur ultimately. If we take f(y) =1 in ¢(z),

then ¢ (x) = E*[1p < oo] = 1.

2.6 Geometric Compound Poisson Model

Since the compound Poisson process converges weakly to a Brownian motion, the
geometric compound Poisson model was also introduced by many authors to model the

dynamics of asset prices as an approximation of the Black-Scholes model. Interested readers
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Figure 2.6: Illustration of the roots of Lundberg equation for the compound Poisson risk

model with double exponential jumps and negative drift

are referred to Gerber and Shiu [25] for a detailed discussion on its implication in financial
modelling.

It would also have been appropriate to put the geometric compound Poisson model
in the context of jump diffusion processes in Chapter 4. However, because of the nature of
geometric compound Poisson process, we shall see that the quantities of interest to us in this
section can be completely solved with only references to generalized Gerber-Shiu function
in compound Poisson model. Hence we treat this section as part of our discussion in the
context of PDCP.

Assume that X is a shifted compound Poisson process with double-sided exponential
jumps and the dynamics of asset price follows a geometric compound Poisson process S =
{S(t),t > 0} with

N(t)
S(t) = X" = exp{z +ct = Y _Vi}, (2.6.1)

i=1
where the expected yield rate ¢ = r 4+ A[¢(—1) — 1], the counting process {N(t),t < 0} is

Poisson process with intensity A and the sequence of random movements {Y;,7 = 1,2,---}
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are mutually independent and follow the common distribution
Qy) =7(1 =) I(y>0) + [(1—7) — (1 = m)(1 — ™) I(y < 0)],

and the mean of jumps is given by k = 7/0; 4+ (1 —m) /2. It can be shown that the geometric
compound Poisson process S defined in (2.6.1) is a solution to the stochastic differential

equation
dS(t) =rS(t)dt — S(t)dZ(t). (2.6.2)

Readers may easily employ the approach to be discussed in Chapter 4 to recover all the

results in this section.

2.6.1 Perpetual American Put Option

In Gerber and Shiu [21], it was successfully demonstrated that the Gerber-Shiu dis-
counted penalty function can be applied to price a perpetual American put option. Following
the same line of logic, we shall now derive the price of a perpetual American put option with a
underlying stock price driven by the geometric compound Poisson with two-sided exponential
jumps.

It has been proved in mathematical finance that the price of an American put option
is the maximum of expected discounted payoff function over all possible hitting times. For

notational convenience, we denote the price by
F(x) =supE” [6_57—“1—[(5(7&))} = sup E” [e_‘sT“H(eX(“))] , (2.6.3)

where the payoff function

with the exercise price K and
T, = inf{t|S(t) < e*} = inf{t| X (¢) < a}
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with ¢ < In K < z. Now we are able to derive a result analogous to the perpetual American

put option with negative jumps only, which is given in Gerber and Shiu [21].

Corollary 2.6.1. When § > 0, the solution to F(z) defined in (2.6.3) is given by

p(62+1):|_p T
Ba(1 = p) " o

Ba(p—1)
where p is the unique negative solution to (2.5.6).

When § = 0, the solution to F(x) is given by

(Batp)K p(Ba+1) ] 7P pu . .
Flp) = Bo(1=p) [Kﬁz(;—l)} e, if 0> 0;
(z) =
t if 0 <0.
2

Proof. 1f we define a new process Y = {Y;,t > 0} such that Y; = X;—a and its corresponding
time of default 7 = inf{t|Y(¢) < d}, then it is easy to see that 77 = 7,. We have to keep in
mind that Y (0) = x—a. Therefore, the discounted payoff function upon which the supremum

is taken can written as a special case of ¥s5(z),
E* [6—JTQH(6X(TQ)):| — REz—a [6—57(}/H(6Y(T(}/)+a):| )

When 9 > 0, it follows immediately from Corollary 2.5.1 that

z [,—07a X(ta)\] _ . 62 a 62 +p p(z—a)
K [e H(e )} = (K ﬁz—l—le ) £ e ,

which is maximized at

a=ln [K%] |

Since p € (—f9,0), we can show that a < In K.
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When ¢ = 0, the similar result follows from Corollary 2.5.2. When 6 < 0,

K e?

E® [6—JTGH(6X(TQ)):| — 6_22 ﬁz(ﬁz — 1)’

which is maximized at a = —o0. O

The last part of the corollary makes sense because the investor is better off delaying
exercising the option as much as possible, as the safety loading condition 6 > 0 is violated

and the stock price process will eventually drift towards zero.

2.6.2 Fixed-rate and Floating-rate Stochastic Annuities

Suppose there are two types of investment features to policyholders in a certain in-
surance product. One feature offers to credit an annuity in amount of one dollar per unit
time continuously in the policyholder’s account at a predetermined fixed force of interest as
long as a reference equity index stays above a certain level. The second feature provides an
annuity in amount of one dollar per unit time continuously in the policyholder’s account with
a floating interest rate according to the reference equity index until it goes below the certain
level. If both features can be freely traded in the market, it would give rise to transactions
where a risk-seeking party agrees to pay floating-rate annuity in return for fixed-rate annuity
given up by another risk-averse party. Now we address the interesting issue of how to price
such an annuity swap.

We assume that the dynamics of equity price quoted by an insurance company as a
reference index is driven by a geometric compound Poisson process {S(t),t > 0} with

N(t)
S(t) = X — exp{x + ct — ZYZ'}’

i=1
where the expected yield rate ¢ = r — A[G(—1) — 1] and, for simplicity, the insurance claims

follow an exponential distribution with mean 1/3. We shall also denote s = S(0) = e”.
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Suppose the insurance company set up the benchmark level at b = e¢ > 0 and promises
continuous annuity payments until the reference index falls below the benchmark level. In

other words, the payments are made starting from the date of issue until the stopping time
7 2 inf{S(t) < b} = inf{X(¢) < d}.

Therefore the expected present value of the continuous annuity payable until the time of

index default with a fixed force of interest 6 > 0 is given by

Tb
- A mx —0t
am) = E { /0 e dt} )

If we define Y = {Y(t) = X(t) — d,0 <t < oo} and 7 = inf{t|Y(#) < 0}, then it is
easy to see that 7; = 7‘(}/ . Hence

Y

/ ° e“”dt] = 11— Bl
0 5

-5 _ r—d
Uy = FE

In view of (2.3.36), we find that

1 _1p40 pa-a

_ 1 1p+Bys

- 2y

I S G o & O b/ -

In the limiting case where d — —oo or b — 0, the time of default is virtually infinite

and the annuity with the fixed force of interest becomes a perpetuity. Hence, in consistent

with the result for perpetuity-certain,

T = limasy = 5

Now we follow the notion of “stochastic life annuity” from Dufresne [17] to construct

a floating rate annuity where the credited interest is linked with the equity index. Since the
equity price starting from e® at time zero accumulates to S(t) at any time t, it is obvious

that the amount that has to be invested initially at time zero to fund one dollar at time ¢ is

given by the discount function

v(t) = e*S(t)"
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Hence the expected present value of the annuity with the floating rates must be

a = E° U v(t)dt] = E” U e—<Xt—m)dt]
0 0

Y
e‘(’/f*d‘m)dt] _ e-d)e—d

/TO
0

It follows immediately from (2.3.7) and (2.3.13) that

— ]E:E—d

e
/ e_Ytdt]
0

s 1 A(B—1) (f)—W—n[c—A/(ﬁ—l)]/c

WECNG 1) de—NEB -1 \b

Similarly, when we set d — —oo or b — 0, the annuity with stochastic interest continues

(2.6.4)

for an infinite term. It follows from (2.6.4) that the expected present value of the stochastic

perpetuity converges if and only if ¢ > A/(f — 1) and § > 1,

1
5 A a8
O = o = G- 1)

It is intuitive to interpret the condition in connection with the discount process v(t).

To see if v(t) is a supermartingale or submartingale, we need to check that for any ¢t > s > 0,

Eo(t)|F] = Bl =R

fs]

— [E* [6—ct+Z§V:(f) Yi 6—CS+Z§V:(1S) Y;

Fs] + v(s)
N(s

N(t) g
6_Cs+zi:1)yiEm [€_C(t_s)+zi:N(S)Yl - 1|~7:S] + U(S)

oot T Vi fomelt=)HAE=)/(3-1) _ 1} | (),

Hence it is clear that

E*v(t)|Fs) < v(s) P* — a.s.

if and only if ¢ > A\/(8 — 1) and 8 > 1. Note that the convergence of moment generation
function of exponential distribution at 1 (or G(—1) in terms of Laplace transform) takes
place only if 3 > 1. When the discount process is a supermartingale, the perpetuity would

converge to a finite limit.
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In fact, we can also see from the stochastic differential equation (2.6.2) that, in order
for the equity index process to have a positive drift, we have to make sure that r = ¢ —
AlG(—1) — 1] > 0, which recovers that condition that ¢ > A\/(f — 1) and § > 1.

Given that the expected present value of both fixed-rate and floating-rate annuity are
obtained, a swap that exchanges a fixed-rate annuity for a floating-rate annuity until the

equity index falls below b can be evaluated as

‘/;wap = a% acs_|
B 1 A (B-1) 5\ ~(B-Dle=N/(8-1)]/c lp+p
T o= MB-1) ce=N(B-1) (B) _5 5 3 (B) '

2.7 Compound Poisson Model with Absolute Ruin

It has been argued in the recent literature that an insurer would not go bankrupted
immediately after the surplus in one line of business hits zero, rather the insurer stays in
business with debts borrowed from other lines of business or investors until the premium
income is no longer sufficient to cover debit interests. Gerber-Shiu functions in this model
has been studied thoroughly in Cai [6]. We shall use this example to work out the integro-
differential equations for the generalized Gerber-Shiu function for the compound Poisson
model with absolute ruin.

On the positive side, the surplus varies much the same way as the classical model. The
distinctive feature of the absolute ruin model lies in the deterministic sample path when the
surplus goes below zero and debt interest rate r starts to apply. In the absence of insurance
claims, the actual value at time ¢ of the surplus process starting off from x,z < 0, at time 0
should be the balance of the accumulated value of premium income up to time ¢, ¢ s , less

the original amount of debts at time 0 accumulated to time ¢, |z|e™. Hence,

T Ia d —\T T
i %= (e —lale™) = So(esy) +we™) =X+ c.
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Note that when = < —¢/r, dX;/dt < 0, which means the premium is no longer able to even
cover the debit interest and the surplus process is therefore said to be absolutely ruined.

In summary, the extended generator of the deterministic path is given by

cd/dx, if x>0,
(re+c)d/dx, if —c/r <z <0.
Since we are now interested all ruin-related quantities up to the time of absolute ruin,

the time of default in the definition of generalized Gerber-Shiu function is to be chosen as
T_¢/r = inf{t| X (t) < —c/r}.
Thus, the generalized Gerber-Shiu function (2.2.1) takes the form
T—c/r
%bs(f) = E* |i/ 6_5tl(Xt)dt:| .
0
Since d = —¢/r, it follows from (2.2.9) that
z+c/r
Qi) = [ Vil ~ Q).
0
If Vops(x) is bounded, it follows from Theorem 2.2.1 that
z+c/r
Vi) = O+ W) 42 [ Vil = 9)dQU) +1(2) =0, >0
0

x+c/r
(re + )V (x) — (N + 0) Vaps(z) + )\/0 Vaps(x — 1)dQ(y) + U(z) = 0, —c/r <x <.

Following the previous examples, we could derive all sorts of ruin-related quantities in

the absolute ruin model. For instance, we choose the penalty function at random jumps by

0, if v > —c/r,
@(z,y) =
w(z, —y), if v < —c/r.
Inserting it into (2.3.31) we obtain the cost function for the Gerber-Shiu function with

absolute ruin

l(x) = )\/00 w(z,y — z)dQ(y). (2.7.1)

+c/r
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Thus, the Gerber-Shiu function, defined by

Maps() = B [exp{—éT_c/T}w(XLc/r_, X,

M (T—c/r < 00)|,

—c/r

where § > 0 and w(z,y) is a bounded measurable function, is also bounded as shown in

Section 2.3.5. Hence it satisfies the following equations

z+c/r 00
el (1) — (A + 6)mane() + A / sl — )dQ(y) + A / w(z,y —2)dQ(y) =0, >0,
0 x+c/r
z+c/r 00
(1 + )mlys(@) — (A + ) mans() + A / sl — )dQ(y) + X / W,y — 2)dQ(y) = 0,
0 x+c/r

—c/r <x <0,

which are precisely equation (2.16) and (2.15) of Cai [6] respectively.

As a generalization, it is suggested that when an insurance company is in debt, its
debtor would demand debit interest that commensurate with the risk of bankruptcy. The
larger the deficit, the more interest charged. We hence amend the absolute ruin model above
to incorporate a varying debit interest rate r(x),z < 0. The function r(z) is an increasing
function in x. It is important to note that absolute ruin occurs at the new level d determined
by r(d)d + ¢ = 0, which means the premium income is no longer able to cover the debit

interest. Therefore, the extended generator of the deterministic path is given by

cd/dz, if x>0,
[r(z)z +c|d/dzx, if d <z <0.

Correspondingly, the Gerber-Shiu function mgs(z) satisfies

emly (2) — (A + 8)maps(x) + )\/Om— Maps(T — y)dQ(y) + )\/iw(z,y —x)dQ(y) =0,
x>0, (2.7.2)
o+ (o) = Ot () +3 [l =)@+ [ wley ~ 2)iQ() 0.

d<z<0, (2.7.3)
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For illustration, we look at an easy example of
Pabs () = B [w(X7,—, [ X7, )] (14 < 00)],

where the claim sizes are exponentially distributed with mean 1/(.

Corollary 2.7.1. If Q(y) is exponentially distributed with mean 1/3, paus(x) admits an

explicit solution given by

where

@) = A [ e Pula,y — 2)dy,
r—d

flo) = 2R

glx) = 7"'@)“7"(?(;) fir(fvc)a:Jrﬁc—A’
sw = [[@-Di=0-"2n

Gly) = /dmg(t)dt.
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and the coefficients are determined by

00 y
¢y = —/ e W (Cz—l-/ es(t)f(t)dt) dy,
0 0

0
Cy, = e 900, 4+ CO / e“On(t)dt,
d

03 = C(d)>
0 Y 0 Y
Cy = —[c(d)+ / e / eSO F(4)dtdy + / e~ oW / e“On(t)dtdy
0 0 d d
d o) 0 o)
—l—e_G(O)/ e_G(t)h(t)dt/ e_s(y)dy}/[/ e_G(y)dy—l—e_G(O)/ e_s(y)dy}
0 0

d 0

Proof. Multiplying 5 + D on both sides of (2.7.2) and (2.7.3) yields

A
ngbs(I) + (ﬁ - E)w;bs(z) = f(I)> x> 07

s (1) + g(7) (1) = h(), d<z<0.

The general solution to @ups(x) is given by (2.7.4) and (2.7.5). In order to deter-
mine those coefficients, we search for four boundary conditions, each of which gives a linear
equation involving the coefficients.

Since @qps(x) is a special case of Gerber-Shiu function, we always have

lim pups(z) = 0. (2.7.6)
Letting x — d in (2.7.3) yields
Cabs(d+) = ¢(d). (2.7.7)

By continuity of the generalized Gerber-Shiu function,

Pabs(0—) = @aps(0+). (2.7.8)

81



Letting x = 0 in (2.7.2) and z — 0 in (2.7.3) and in view of (2.7.8) we obtain

Paps(0=) = Paps(04). (2.7.9)

Hence, inserting (2.7.4) and (2.7.5) into (2.7.6), (2.7.7), (2.7.8) and (2.7.9) yields the

desired solutions. O

2.8 Compound Poisson Model with Multiple Thresh-

olds

As an extension to the classical compound Poisson model with a dividend threshold
described by (2.3.3), Lin and Sendova [40] analyzed the Gerber-Shiu function in a compound
Poisson model with n threshold levels by, by, - - - , b,, each of which specifies a different divi-
dend payout rate aq, as, - - - , o, respectively. In this example, we shall follow the techniques
from Lin and Pavlova [39], which treats a single threshold, to find solutions to the generalized
Gerber-Shiu function.

We number the threshold levels in the order from bottom to top. Let b = (b1, ba, - - - , by,)
and V' (x;b) be the generalized Gerber-Shiu function defined by

V(z:b) = E* [ /0 - e“”l(Xt)dt] , (2.8.1)

where the surplus process X; is a PDCP with local characteristics (X, A\, @) and the generator

of the deterministic path between ith and (i + 1)-th threshold is given by

d
%Z(C—ai)%> b <z < by,
withi=0,1,--- ,n,bp =d,ap = 0, b, 1 = 00. The same technique that treats the compound

Poisson model with multiple thresholds as a piecewise-deterministic Markov process also

appears in Yin [51].
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Suppose V (z;b) considered in this section is a bounded function. Therefore, insert-
ing the specific generator into (2.2.2), we obtain the integro-differential equation for each

threshold step,

(c—a;))V'(x;b) — (A + )V (x;b) + )\/Or— V(z—y;b)dQ(y) + I(z) =0,

bi§1’<bi+1, forz'zl,Q,--- ,n—l—l (282)

We summarize the solution to V(x;b) in the following corollary.

Corollary 2.8.1. The solution to V(z;b) defined in (2.8.1) is given by

V(z;b) = oi(x) + nivi(x), b < x < by, fori=0,1,--- ,n—1,

Vizb) = — /th d h by <
Z; R A n(@ = y)dvn(y) + hn(z), n ST < 00.
where
. ATit1 fobm_bi Yi(bis1 — ¥)dQir1(y) + (¢ — 1) [fira(bizat) — i(bis)]
(C — Oéi_|_1)’Ui(bi+1) — )\7Ti+1 fobi+1_bi 'Ui(bi—l—l - y)in—l—l (y) ’
(2.8.3)
vi(x) = Z 1 —m)m" Q™ (x —by), (2.8.4)
n=0
r—b;
wle) = = [ hile—y)duly) + hila). 2.85)
ml—do . 1
hiz) = / V(e —yb)dQuy) + — T, d(x). (286)

T = / e”ly/ e P dQ(t) (2.8.7)
c—a;

. B Jo o [ emrtdQ(t)dy
Qi(r) = e [ e ridQ)dy (2.8.8)

with p; being the unique non-negative root of the fundamental Lundberg equation

(c—a;)s +AG(s) — (A +9) =0.
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Proof. As usual, (2.8.2) can be written in terms of operators,

A+0 A
AT DVlib) = Vo) + — i), b <o < b
Since (hZ — D)7, = I, we hence obtain
A
V(ZL’; b) = Th{V *q}(l’) + Thl(l’), bi, <z < bi+1,

where h = (A +0)/(c — ;).
Repeating the usual procedure to take the Dickson-Hipp transform inside the convo-

lution and cancel terms, it is easy to obtain

Virb) = — > VT, q(x) + —

C — Q4 C — Q4

T, l(x).

To make it look clear, we can rewrite it as

A

C — Q4

V(z;b) =

x—d 1

/ V(e — g DT, QM) + ——Tl(x),  bi<z<bi. (2.89)
0 C— QO

Recall that V(x) is absolutely continuous for all x € R, then we must have

We search for the solution in the form of a combination of a particular solution and

fundamental solution to the corresponding homogeneous equation. For i =0,1,2,--- ;n—1,
V(z;b) = ¥;(x) + nvi(x), b < x < by, fori =0,1,--- ,n—1, (2.8.11)
where the particular solution 1;(x) is obtained from the defective renewal equation
r—b; .
wle)=m [ o= 9dQl) (o), bi<o<oc,
0
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and the fundamental solution v;(z) to the corresponding homogeneous equation

r—b; .
vi(x) = Wi/O vi(r —y)dQi(y), x>

The function Q;(y), hi(z) are given in (2.8.8) and (2.8.6). The constant m; is given in (2.8.7).

Note that for each step to compute V(z;b),b; < x < b1, = 1,2,--- ,;n — 1, the
function h;(z) is known from previous steps, depending on V' (z;b), by < = < b;. When
i =0, ho(x) is a function of {(z). Then it is easy to prove that the solutions can be expressively
written as (2.8.4) and (2.8.6).

In light of (2.8.11), we have
V(biy1—;b) = ¥i(bit1) + nivi(bit1).

And it follows from (2.8.9) and (2.8.11) that

AT biy1—bi .
V(bitit;b) = 7“/ V(bit1 — y;b)dQit1(y) + fir1(bis1+)
C— Q11 Jo
ATt bit1—b; R bit1—b; )
= [/ VYi(bir1 — y)dQiy1(y) + 77z'/ Vi(bit1 — ¥)dQiv1(y)| + fi(big1+),
C— 011l )y 0
where
)\7'('@' biy1—d A 1
fis1(bipat) = — / V(biv1 = y;0)dQir1(y) + ————Tp,., (bisa+).
C— Q1 bit1—b; C— Q41

Given (2.8.10), we obtain the expressions for 7; as given in (2.8.3).
The solution to V(x;b) for x > b, is rather straightforward, as it satisfies a renewal

equation without upper boundary.
x—bnp .
V(z;b) = 7Tn/ V(z —y;b)dQn(y) + hn(x), b, < x < 0.
0
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Thus we obtain the last unknown part,

1

Viesb) = ——

x—bnp
/ ho(x — y)dv,(y) + hn(z), b, <z < 0.
0

O

Readers are referred to Lin and Sendova [40] for alternative solutions to the Gerber-

Shiu function in the same model.
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Chapter 3

Sparre Andersen Risk Models

The generalization from the classical compound Poisson model to Sparre Andersen
model is another milestone that shapes the modern landscape of ruin theory. Since first
introduced in 1957 by E. Sparre Andersen, many new techniques have been brought in from
various original backgrounds and further developed in the ruin literature.

In simple words, the Sparre Andersen model replaces the exponential inter-claim time
distribution in the compound Poisson model by more general distributions while retaining
the assumption on the independence between inter-claim times and insurance claims. How-
ever, with such a generosity of inter-claim time distribution, we are not always unable to
obtain closed-form solutions to the probability of ruin, let alone Gerber-Shiu functions. The
recent study of a particular case of Sparre Andersen model with generalized Erlang-n inter-
claim time distribution has gained enormous popularity among the research community, as
the model produces many elegant results analogous to those in compound Poisson models.
Interested readers may refer to Gerber and Shiu [24], Li and Garrido [38] etc for a detailed
account.

In this chapter, we shall begin with another case of Sparre Andersen model, which

naturally leads to the construction of generalized Gerber-Shiu function in a similar manner
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as in previous chapter. Later on, we shall demonstrate its connection with the popular
generalized Erlang-n model and reproduce some well-known results to prove the efficiency

of a generalized Gerber-Shiu function and its consistency with conventional approaches.

3.1 Jacobsen Model

The risk model proposed by Jacobsen [29] assumes continuous phase-type distributed
inter-claim arrival times and claim sizes governed by distribution with rational Laplace trans-
form. Although it can be viewed as a generalization of the Sparre Andersen model previously
existed, Jacobsen [29] was the first in the literature to identify and technically treat the
underlying renewal process as a piecewise-deterministic Markov process. The major contri-
bution of his work was to introduce the martingale approach under the PDMP framework
to derive the Laplace transform of the time of ruin. As a result of specific assumptions on
both inter-claim time distribution and claim size distribution, closed-form solutions to the
Laplace transform of the time of ruin were produced, which in turn permits the calculation
of probability of ultimate ruin through numerical means.

Our goal is to reconcile Jacobsen model with all other models in the thesis in the
framework of a generalized Gerber-Shiu function and investigate more general ruin-related
quantities.

Suppose that an insurer’s surplus is driven by an indexed stochastic process X =
{(X4, Jt),t > 0} where the level of surplus is given by X; € R and the index J; € {1,2,--- ,m}

is governed by the inter-claim arrival time distribution.

e Jump Arrivals

The inter-claim arrival times {T},,n = 2,3,---} are independent and identically dis-
tributed with the common phase-type distribution PH(a, A), wherea £ (a1, as, - , )’

is the initial probability vector and A the sub-intensity matrix of the underlying Markov
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chain J moving in the transient state space £ = {1,2,--- ,m} and an absorbing state.

The absorption probability vector is given by

nE (i, )’ = —Aly,
where vector 1,, of dimension m consists of all elements equaling 1. Hence the intensity
matrix of the underlying Markov chain can be written as
A
0 0
From the knowledge of phase-type distributions, tail probability of the inter-claim

arrival time distribution is hence given by
K(t)=P{V, >t} = a’eM1,,, n=2,3--,

and the Laplace transform of the inter-claim time distribution can be written as

k(s) = —al (A — sI)n, (3.1.1)
where I denotes the identity matrix of dimension m.
In other words, we can interpret that the insurer’s surplus process X jumps from index
1 to j with transition rates defined by the following two cases,
1. Transition from (X¢,4) to (X, j) with J communicating from the transient state
t to j at the rate given by Aj;

2. Transition from (X3,7) to (X¢ — vy, ) with J first absorbed in absorbing state
resulting in an insurance claim of size y and then regenerated in a transient state

J at the rate given by n;a;.

e Jump Sizes

The jump sizes AX (7)) = X(Ty) — X(Tx—) are determined by a transition measure
Q(; X(Ty—),j) where j € {1,2,--- ,m}. Note that by definition Jacobsen model allows

the dependency between claim size AX (7)) and current surplus level X (7} —).
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e Piecewise-deterministic Path

In Jacobsen [29], the insurer’s surplus process increases by a constant premium rate.
However, we may easily extend the model to include the growth of surplus process
X, T, <t < Tgy1, governed by a vector field X regardless of the status of Markov

chain J;.

e Initial Value

For practical uses, we often assume X starts at a fixed point (x,4) and all the above
assumptions are made with the measure P(®*) under which P@{X(t) = =, J(t) =
i} = 1. However, if the initial index 7 is unknown in certain situations, we may make
various assumptions on ¢, which equivalently leads to different assumptions on V;. It
is obvious that if we let the process X starts randomly according to the entrance law
a, then V| has exactly the same distribution as V;,7 = 2,3, -, which is the case we
shall study in this section. Then we shall define a new measure under which V; follows

PH(a,A) aswellas V;,i =2,3,-- |
Pr =" aP",
i=1

The infinitesimal generator of the stochastic process X under the measure P(*% is given

Af(r,i) = Xf(e,i) + > Ayfle.d) +m > a / F(y.5)dQ(y: x, ). (3.1.2)
jEE jeEE -

Following the notion of generalized Gerber-Shiu function defined for PDCP, we can

similarly adopt a definition for the stochastic process X :
H(z,i) = E@Y U e (X, Jt)dt] , (3.1.3)
0

where the expectation is taken under the measure P the cost function l : R x E — R is

measurable and the time of default 74 is defined by

a4 = inf{t| X (t) < d}, deR.
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One may also be interested in a generalized Gerber-Shiu function under the measure P*,
H(l’) = Z aiH($> 2)7
i=1

which replies on the solution to the functions H(x,7).

It can be shown that H(z,1) satisfies the following integro-differential equation
AH (z,i) — 0H (z,i) + l(z,1) = 0, x >d, (3.1.4)

by which we shall analyze a great variety of ruin-related quantities for the rest of this chapter.

3.1.1 Dividends Paid up to Ruin

We assume that the insurer collects premiums continuously at a constant rate ¢ before
the surplus reaches a dividend threshold 6. When the surplus runs above b, dividends are
paid out continuously to the insurance company’s shareholders at a constant rate o and
accordingly the surplus increases at a reduced rate ¢ — «. As shown in the previous chapter,

we take the infinitesimal generator of the deterministic path to be

(c —a)d/dz, x> b,
cd/dx, 0<xz<hb.

%:

We are interested in the expected present value of dividends paid up to the time of

ruin defined by
V(x,i) = E@D { / e—étZ(Xt,Jt)dt] ,
0

where the cost function [(x,7) takes the form

«Q, x> b,
I(z,i) = (3.1.5)
0, 0<z<b.

The jumping mechanism Q(y; x) is assumed to be independent of the current surplus position

x and involves only negative jumps. Ruin occurs when the surplus hits zero, which is to say
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that d = 0. Hence, in view of (3.1.2) and (3.1.4), we obtain the following integro-differential

equations for V(x,1),

(c—a)V'(w,i) = 6V (2, i)+ > AyV(x,j)+m Y a / V(z—y,/)dQy) +a=0, x>0,
j=1 j=1 0

(3.1.6)

and

V(i) — 6V (1) + S AV, )+ Zaj/ Vie—y )dQ) =0, 0<z<b (3.1.7)
j=1 j=1 0

As always, we shall first start with the simplest example where the claim sizes are exponen-

tially distributed, i.e.

Qlyy=1—¢",  y>0.

Based on past experience with homogeneous equations, we try by inspection a solution

to V(x,1) of the form

. ke’ 4+ A, x >b,
V(z,i) = (3.1.8)
>onty hinef™, 0<z<b,
where v, A, p1, p2, -+ , pm+1 are constants to be determined later.

To find these constants, we replace V(x) in (3.1.7) by the lower part of (3.1.8).

m+1 m+1 m+1 m m+1 m

Z Cpnhm6p”m — Z 5hm€pnm + Z Z Aijhjnepnm + Z ;i Z Q; / hjn6p”(m_y)ﬁ€_6yd’y =0.
n=1 n=1 n=1 j=1 n=1 J=1 0
0<ax<hb.

Hence we obtain

m+1 m+1 m+1 m m+1 m ﬁ

Z cpphine”* — Z Ohin€”™* + Z Z Aijhjne’ + Z ua Z a;hj, et ———

n=1 n=1 n=1 j=1 n=1  j=1 B+ pn

m—+1 m
B

+Zm2ajhme—ﬁf—ﬁ+p =0, 0<z<b
n=1  j=1 n
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Equating all terms with ef*®, ef2® ... ePm® ePm+1i¥ regpectively with zero yields
Cpnhm — 5hm + Z Aijhjn + %ﬁz Z ajhjn = 0, for n = 1, 2, e, M + 1,
j=1 "=l

which can be written in matrix form as

g

{A = (6 — cpu)I}th., + it (a’h.,)n =0,

n

where hn = (h1n> h'2n> T hmn)T

Equating the rest of terms with e=#* with zero gives

m

n=1 j=1

which can also be represented as

m—+1
S ath, o
o B+ pn

Denote the constant a’h., = D,,, then

s 1
h,=—-D,——{A— (0 —cp)I} 1, forn=1,2,--- m+1, 3.1.9
(A= (=) (3.19)
with the constraint
m—+1

> b D, =0. (3.1.10)

n=1 ﬁ + Pn

Replacing the expression (3.1.9) for h,, in a’h,, = D,, gives
—LaT{A— (5—cpn)1}_177 ~ 1 (3.1.11)
B+ pn

Comparing (3.1.1) and (3.1.11), one soon recognizes that p1, pa, -+ , pm+1 satisfy the famous

generalized Lundberg fundamental equation

G(s)k(6 —cs) = 1.
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By substituting the expression (3.1.8) into (3.1.6) we have

(c — a)yk;e"™ — §k; ™ + ZAZJkeW%—ﬁ’%( a;k ) e

7=1
m+1

ﬁ{—f}/ <Za9 )776(5-1-“{ ﬁr_l_mzﬁ_l_ - <Zaj ) (B+pn)b—B
m+1
_mzﬁ—l—pn <Zaj Jn> - _nzza eﬁbAe Bz 5A+ZAZJA+77@ZG§A+Q_O

Jj=1 j=1

Recall that by definition » 7", a; = 1 and } 7, Aj; +n; = 0. Thus we obtain by
combining the last four constant terms that A = /6. Equating all terms with ¢’ and e="*

yields
(c — a)vk; — Ok; +2Awk + <Za§ )sz

and

m m+1 m
ﬁﬂ<z%;@> Zmpn( i ><

J=1
m—+1 m
+Z <Zaj jn> e_(ﬁﬂb%—Za Ae
B + Pn =
which can be written in matrix forms as
{A— [6 — (c—a) ]I}k+ ﬁfv(aTk)nzo, (3.1.12)
and
—ﬁ’%(aTk) = Ae™ +a’hd;, — a’hd,, (3.1.13)
where k = (kla k2> e >km)T> h = (hin)mx(m+1)>
T
di(b) = (Le‘(ﬁﬂ)b, Le%ﬁﬂ)b, e ,Le—(ﬁmb)
B+ B+ p2 B+ Pm+1
and
T
da(b) = (Lem—w)b A Ve 6(pm+1—w>b) ‘
B+ "B+ p2 B+ Pm+1
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It can be verified that A — [0 — (¢ — a)p|I is invertible ( c.f. Jacobsen [29] ). Note that a’k
is a constant. Hence in light of (3.1.12), (3.1.13) and the fact that A = a//4, the solution to

k is given by
k= [Se 4 aThdy (b) — a”hda(5)){ A — 5 — (c - aml}_ln. (3.1.14)

In light of the fact that a’h.,, = D,,, we must have a’hd; (b) = DTd,;(b) and a’hd,(b) =
Dng(b), where D = (Dl, Dg, cee ,Dm+1)T.
Inserting (3.1.14) into either (3.1.12) or (3.1.13) yields

__B
B+ p

Apparently, v has to satisfies (3.1.15) in order to make both (3.1.12) and (3.1.13) consistent.

A~ (c—apl} n=1 (3.1.15)

Comparing (3.1.1) and (3.1.15), one soon recognize that ~y satisfies the famous generalized

Lundberg fundamental equation
G(s)k[d — (¢ — a)s] = 1.

Therefore, the solution to the dividends up to ruin for x > b can be written in matrix

form,

V(z) = %1+ [%6_% +D%d; (b) — Dng(b)]{A —[0—(c— a)v]I}_lneW, x >0,

5
(3.1.16)
m+1 ﬁ
Vi) = =) Dug—{A-(0- o)} net 0<z <b. (3.1.17)
n=1 n

T
where V(z) = (V(x, 1), V(z,2),--- ,V(x,m)) and 1= (1,1,---,1)T.
Since both (3.1.16) and (3.1.17) contain m + 1 unknown constants, we now need m + 1

linear equations. By continuity condition that V(b—) = V(b+), we have

m+1 —
%1 + % +3° Du3 fpn (7 —em) {A —[0—(c~ a)v]l} E
n=1 _— ﬁ
= — Z DnWeP"b{A — (6 — cpu)I} 1. (3.1.18)
n=1 "
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Now that we obtain (3.1.18) and (3.1.10), Dy, Dy, -+ , Dy,+1 can be determined.
We can recover the classical result of dividends up to ruin in the compound Poisson
model by letting m = 1 in our model. Thus a = (1),A = (=\),n = (\),D = (Dy, D)7
Together with (3.1.11) and (3.1.15), equation (3.1.18) can be simplified as

oy (54‘76_&;_ﬁ+7€p1b)D1_(ﬁ+76_5b_5+7 pab

!l e Dy = e”*Dy + P2 D,
00 B+ p1 B+ p1 B+ p2 B+ p2 ) ’ ' ’

And equation (3.1.10) reduces to

g g
ﬁ+p1D1+ﬁ+p2

D2:0

Solving the two linear equations yields the solution,

D, - _ ay(B + p1)
0B[(p1 —v)errt — (p2 — )er=t]’
Dy — ay(8 + p2)
2

0B[(pr = 7)ert = (p2 = y)er?]

Inserting D; and D, into (3.1.16) and (3.1.17) gives

_a alB+Y) e ay(B + ) (efr® — er2b) (1)
Vo= 0 op ¢ OB[(p1 — v)er® — (pa — v)ert] ¢ ’ v2b
V({E) _ —ary (ﬁ + pl)emm - (ﬁ + p2)6p2m 0<z<b

08 (pr—7)emt — (pa = 7)ert”

which are exactly equation (1.2.20) and (1.2.19).

3.1.2 Total Discounted Claim Costs up to Ruin

We take as given a B(R)-measurable function w[(z,1), (y, j)] that determines the ex-
penses of each insurance claim according to the surplus position prior to the claim arrival

(x,i) and the resulting surplus position (y,j). Hence we define the expected present value
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of total claim expenses up to the time of ruin by

A(z, i) = E@) {Z e "Mwl( Xy, ), (X1, JTk)]} ;

k=1
where 6 > 0 and N = max{k : T}, < 10}.

Using similar arguments as in Theorem 2.2.1, we can show that
A($> Z) = E(Li){e_é(Tl/\TO)w[(XTl—7 2)7 (XT1> JTl)] + 6_5(T1/\TO)A(XT1> JTl)}‘

The first term can be written in terms of Lebesgue-Stieljes integral. Thus,

A($ i E(ml {Z/ / Xt ) ) (Xt— - Y, ])] j(dy>dt)}+E(m7i){6_5(T1ATO)A(XT1>JT1)}>

JjEE

where {H;,j € E} are mutually independent single jump processes defined by
Hj(A,t) = a;1(t = T1)Q(A).

Since T7 is governed by exponential distribution with mean 1/7;, by Theorem 17 (Chapter

5, Protter [43]) we have the compensator of H
;A1) = ma;QUA)(E AT,

Therefore,

Ala, i) = B {Z [ [ el o - m}<dy,dt>}+E<fvi>{e—5<TW°>A<XT1,JT1>}

JjEE

) TiNTo .
=E {/ / S maswl(Xissi), (Xo- —, y)]@(dy)dt}*E(m’l){e“g(TlAT“)A(XTUJT1>}.
0

JjEE

Now we compare it with a similar equation for V (z, %) obtained by strong Markov property
) T1NATo )
V(x, i) = E@D { / e (X, z')dt} + E@) SN (X )}
0

It becomes obvious that A(z) can be obtained by taking the following cost function in (3.1.3),

tosi) = [ 3 magal(e. ). (o - . )1Q), (3.1.19)

0 jeE
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Hence in the classical case with constant premium rate ¢, the integro-differential equa-

tions for A(z, 1) are given by

cA'(x,i) — 0A(z, 1 —I—ZAWACEJ +77@Za3/ (r —y,7)dQ(y)

+mZaJ/ =y, )]dQ(y) = x>0, (3.1.20)

3.1.3 Gerber-Shiu Function Depending on Deficit Only

As we shown in Cai et al. [9], the Gerber-Shiu expected discounted penalty is a special

case of the expected total discounted claim expenses. For simplicity, we choose
@(x,), (y,5)] = 9(=y)I(y < 0).
Then the total claim expenses reduce to
m(z,i) = E@I[e=g(|Xq )],

which is the Gerber-Shiu function depending on the deficit at ruin only.
We shall as well illustrate this example by taking the simplest assumption that the

claim sizes are exponentially distributed, i.e.
Qu)=1—-¢,  y>0.
By inspection, we search for the solution in the form of
m(x,i) = 1;e", x>0, (3.1.21)

where 7 is a constant to be determined later.

Inserting (3.1.21) into (3.1.20) yields,

T T = f ﬁ S z
cyl; e’ — olie” ‘I-ZAijljeﬁ{ +m77i Zajlj e’

i=1 j=1
i a;l; | e 7 +n0 g(z)e P2dz| e = 0.
n 777 < 3ty n ; (2)
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By equating all terms with €7 and e~#* with zero, we obtain the following equations

in matrix form.

g

cyl — 01+ Al + a’l)n =0,
Y ﬁJW( n
and
B r U‘X’ 5 }
aly= z)e PFdz | n,
ﬁ+7( n=p i 9(2) n
where 1= (I1,l2, - , ).

Hence we obtain the coefficient vector

1= | [Tt a - - enn
0
where ~ is the unique non-negative solution to the Lundberg equation

P A G- ey = L.

B+

3.1.4 Insurer’s Accumulated Utility

Another attraction of the generalized Gerber-Shiu function is the admission of an
insurer’s accumulated utility, which in the case of indexed compound Poisson process can be

defined as
70
Ulz,i) 2 E®) { / u(Xy, Jt)dt} ,
0

where u(x,7) measures an insurer’s utility of current surplus reserve. The most frequently

quoted utility function is the exponential utility function,
u(x,i) = ——e %, for all i’s,
a
which implies constant absolute risk aversion. For notational brevity, we shall denote
W(z,i) £ EEY {/ e_“Xtdt} :
0

Once the expression W (z, i) is determined, we can find U(z,i) = —W (z,1i)/a.
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Thus by (3.1.4) we have the integro-differential equation for W (z, 1),

W, 1)+ S AW )+ Y a / Alw -y, )AQ(y) + e =0, 23>0,
=1 j=1
(3.1.22)

Under the exponential claim size assumption, we search for the solution to the accu-
mulated utility of the form
W(z,i) = A;e™ + Bie " + D. (3.1.23)
Substituting (3.1.23) for W (z, 1) in (3.1.22) gives

CpAZBpm — acBie_” + i AijAJBpm + i AiijB_am + D i Aij

J=1 J=1 J=1

‘|’77z <Z aj J) mﬁ—l— <Z a;A ) e ‘|‘77@ <Z a;B )
—77Z <Z a;B ) e P + Dn; Z a; + Dn; Z aje_ﬁz +e ¥ =0.

j=1 j=1
Letting A = (Ay, A, -+, A)T, B = (By, By, -+, B,,)T and equating all terms with

eP e~ and e~P* gives,

B r
cpA+ AA + —na A =0,
P ﬁ+pn
B r B or

—a A+——-aB=-D,
B+p B—a
b a’Bn+1=0.
—a

Again we investigate how the compound Poisson model can be recovered from the

above analysis. Let m = 1, A = (—=)\),a = (1),n = (). Thus the above system of equations

become
g _
cpA — ANA + —)\A 0,
p+p
B B
A+ B=-D,
B+p  B—a
—acB — A\B + s
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Hence
__ a—f
~acla— B+ M)
the solution the lundberg equation is p = 0 or A/c — 3. When the safety loading condition

is satisfied, i.e. ¢ > A/, it can be proved that W(oco) = 0, which implies D = 0. Then we

arrive at the solution to the insurer’s accumulated utility when ¢ > A/,

_ A —(B=X\/c)x a— ﬁ —ar
W) = = a° Tala—gNa

On the other hand, if the safety loading condition is violated, since the accumulated utility

function is still bounded, then A has to be zero. Therefore, when ¢ < \/f3,

p n a—p oz
acla— B+ Nec)  acla— B+ Ne) '

W(x) =

3.2 (Generalized Erlang-n Inter-claim Risk Models

The model assumes that all inter-claim time random variables are identically dis-
tributed with the generalized Erlang-n distribution, which is equivalent to say that each
inter-claim time V; is a sum of n independent exponentially distributed random variables
with parameters Aj, Ao, - -+, A,,. In the context of phase-type distribution, we can treat each
exponential random variable as the time the Markov chain J stays in a transient state and
it must go through each state consecutively before it reaches the absorption state and regen-
erates thereafter. Hence, we define a = (1,0,0,---,0)” and the corresponding sub-intensity

matrix A can be written as

A\ 0o --- 0
0 =X X - 0
A= 0 0 —Xg --- 0
0 0 0 —An




Hence the absorption vector 7 is given by n = (0,0,0,--- , \,)?. One can obtain from (3.1.1)

that the Laplace transform of the inter-claim time distribution is given by

IIA + s

In view of (3.1.2) and (3.1.4), we obtain the following system of integro-differential

equations for V(x,i),i=1,2,--- ,n

XV(x,i)— (N +0)V(x, i) + AV(x,i+ 1)+ U(x,i) =0, i=1,2,--- ,n—1

XV(z,n) — (A +0)V(x,n)+ )\n/ V(y, 1)dQ(y; z) + l(z,n) = 0.

—0o0

Rearranging the equations gives

Viz,it1) = KH—%)I—%%} V(x,z’)—%l(x,z’), fori =12 nm—1,

(3.2.1)

{(1 + %) 7- Aif] V(x,n) = /_oo Viy, 1)dQ(y, 7) + )\iil(a:,n). (3.2.2)

o

As specified by the generalized Erlang-n inter-claim time distribution, the surplus
process must start with (z,1) and hence we are interested in particular the generalized

Gerber-Shiu function V' (zx, 1). Iterative substitution by (3.2.1) into (3.2.2) leads to

ﬁ {(1 + %) 7- Aiae] Vix,1)

i=1
> J
:/ V(y, )dQ(y; x Z{ 11 K Ak)z— A_k%] (e, z)} (3.2.3)
- =1 k=i+1 v
with the convention that [T, ., - = 1.

3.2.1 Dividends Paid up to Ruin with Two-sided Jumps

Following the same notion of dividend threshold policy in Section 3.1.1, we take the
infinitesimal generator of the deterministic path to be
(c —a)d/dx = (c — a)D, x> b,
cd/dx = D, 0<zxz<b.

%:

102



The cost function for dividends paid up to ruin is given regardless of the index of surplus
process by (3.1.5). As always in traditional Sparre Andersen model, the jumping mechanism
Q(y; x) is assumed to be independent of the current surplus position x. The ordinary ruin
level is set to be d = 0. To make it slightly more general than the dividends paid up to ruin
covered in Wang and Dong [47] and Albrecher et al. [1], we assume that the surplus process

jumps either upwards or downwards at random according to

Qly) =mQ (y)I(y>0)+ (1 —m)[1 —Q (=y)I(y <0).

Therefore, (3.2.3) reduces to the following system of integro-differential equations,

]ﬁ[A+5 ]V@J)ZlﬁﬂigémV@—yﬂﬂQ@)

(c=a)

n i—1 n

C_anEZH?kf[AHWL x> b; (3.2.4)

i=1 k=1 k=i+1

1[0 -] vy = =2 M-y naow.

C

0<z<b. (3.2.5)

When © = 0, equation (3.2.4) and (3.2.5) are precisely (2.12) and (2.13) in Wang and
Dong [47] derived using traditional probabilistic arguments, and (3.2.5) is the same as (9)
in the case of m =1 in Albrecher et al. [1].

Since the Sparre Andersen model with generalized Erlang-n claim sizes is a special case
of the Jacobsen model, the same technique in Section 3.1.1 would enable us to obtain general
solutions for V' (x,1). To avoid repetitive derivation, we shall illustrate the explicit solution
to V(x,1) in an example where traditional ordinary differential equation approach applies.
Assume that the random jump is governed by a mixture of two exponential distributions

corresponding to insurance claims and unexpected investment returns respectively,

Qly) = (1 — eIy >0)+[(1 —m) — (1 —m)(1 - ™) (y <0)].
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Hence, we can write (3.2.4) and (3.2.5) in terms of operators

H {)\i * 61 — D} Vi(z,1) = (I;Ii—:ila))\; [Wﬁl%lv(z? D)+ (1= 7m)BEs V(e 1)

n 1—1

ZHAk H A +0),  x>0b

i=1 k=1 k=i+1

H{Aijé _ }V(az,l):H%;)\i[W&TmV(%l)*'(l—W)ﬁ2gﬁzv(x>1)} 0w <h,

where the Dickson-Hipp operator 7; and the exponential convolution operator £ are defined

in Section 1.1. Recall that (sZ + D)7, =T and (sZ — D)E; = Z. Thus

(B —D)(BI+D)[] {Ai +1[0 —A('c —a)D]

i=1

+(1 = 7)B2(I — D)V (x,1) + ﬁlﬁgaz [ H (1 + i)

A
v k=i+1 k

} V(z,1) = n51(BZ + D)V (x,1)

z>b (3.2.6)

+[0— (c—a)D]
Ai
H(1 =M BB — D)WV (z,1), 0<z<b (3.27)

6z -z - ») [ { bV 1) = e + DIV (1)

It is obvious that a constant C' must be a particular solution to (3.2.6) if it satisfies

n

H( j)o o+azl H( f)

i=1 Y k=i+1

It can easily be proved by mathematical induction that

ﬁ(kﬁé)—ﬁ&-:éi{ ﬁ(Awé)ﬁAj}. (3.2.8)

Hence, we find that C' = o/ is a particular solution to (3.2.6). The fundamental solution to
the homogeneous differential equation corresponding to (3.2.6) is given by > ™ "2 esi where
S1,82, "+ ,Sp+2 are roots of the characteristic equation (i.e. Lundberg equation in ruin

context)

i=1
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In light of the fact that
lim V(z,1) = —

T— 00
we must have

Viz,1) = ke # + %, x> b, (3.2.10)

where —p is the unique negative root to the Lundberg equation (3.2.9) and k is to be
determined. Substituting (3.2.10) for V' (z,1) in (3.2.4) yields,
11 Mt pe—re . Ol i +0) T A 76 1
tlle—a d(c—a)m (c—a)" B+ p d(c—a)"
H?:l )\Z ( )62 —p{E _ H?:l )\Z ( )62]{: (B2—p)b —52.’2 + (1 _ W)a ?:1 )\Z
(c—a)" 02— (c—a)" 02—

o Hff_ TSR | Y =, b5
—(1=1m i=1 "% f2b,—faz + i=1 h;——— e(B2+pi)b—Poz
( )5(c—a)" (c—a)" Z ﬁQ‘l—pz

i=1

e (1—7r)§h- Po_ote s i]‘b H (Ax +0)
(c—a)n By + pi (c—a)n ¥ ¥ '

i=1 i=1 k=1  k=it1
All the terms with e™#* cancel out thanks to (3.2.9) and all the constant terms collapse to
zero because of (3.2.8). The only two terms left and both involving e=#2% gives

n+2 n+2

— P2 P (o0 P (oo
=" e+ 3" h— 2 el hi prpilb).
62 6 Z ﬁ2+pz Z ﬁ2+pz ]

Since (3.2.7) is a homogeneous differential equation, the solution to V(x,1),0 <z < b

must be in the form of

n+2
1) =) hie”*, 0<ax<b, (3.2.11)
where p;,i = 1,--- ,n+ 2 are roots of its characteristic (Lundberg) equation
(N —I— —cs
H{ ]} b + (1 —mn) b2 )
(51 —5) P2+ s

=1
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Inserting (3.2.11) back into (3.2.5) one finds that the coefficient of e=”2* must be equal to

zero, which yields that

1 1 1 1 1
I+ ho 4 b ———hp - ——— By + ———hpys = 0.
B2+ p1 ' B2 + p2 ? B2 + pn B2 + pn+1 i B2 + pny2 2

(3.2.12)

Observe from (3.2.1) that

iz, j+1) :f[ KH—%)I—)\%%} V(x,l)—i{ f[ [(1+ fk)z—A—kae} e z')},

i=1 i=1 (k=i+1
for j =1,2,--- ,n — 1. Because it is obvious by definition that V(x,j + 1) is continuous for
allz>0,7=0,1,2,--- ,n— 1, we must have
J J J i—1
[T+ - (c—a)D]V(b+,1) — @ Z { T +0]] /\k} (3.2.13)
i=1 ' —it1 k=1
j
=[x +6)Z - Dl V(b—,1). (3.2.14)
i=1

It follows from (3.2.3) that the above identity works for j = n as well.
Inserting the expression (3.2.10) and (3.2.11) in (3.2.14) gives for j =0,1,--- ,n
J

[T + 6+ (c — a)plke™ Pb+H (N +6% ai{kﬁ Ak +9) H)\k}

i=1 i=1 %

=1 =1
In light of (3.2.8), we obtain for j =0,1,--- ,n
n+2 J J a J
N+d—c e”lbh N+ 0+ (c—a)ple ™k — = A 3.2.15
;g 01) 1= H[ ( )P) 5 E ( )

Combing (3.2.12) and (3.2.15) in matrix form gives

Ah=B

Y
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where h = (hy, ha, -+, hyi2)7,

1/(B2 + p1) 1/(B4p2) e 1/ (B4 pns2)
6P1b 6P2b . 6Pn+2b
A= (AL + 0 — cpy)er? (A1 + 6 — cpy)er2? (AL + 0 — Cppio)efr+2?
T2+ 6 —epr)er® TIRZ (N + 0 —epa)er? o T (N + 6 — cppag)ernt??

n+2 n+2 T
B = <0, e PPl M+ 8+ (c—a)ple™ —a) /6, ’H[)‘i +6+ (c—a)ple™ —a H )\Z-/é) .
i=1

i=1

Hence we finally determine the unknown coefficients h; by

h=A"'B.

3.2.2 Total Claim Costs with Two-sided Jumps

Since insurance claims can only occur when J(t) = n, we suppress the indices of surplus
positions and hence w depends only on the surplus prior to claims x and immediately after
claims y. Accordingly, the cost function for the total claim expenses can be further simplified

from (3.1.19) by substituting specific transition rates.

A JoS @z, — y)dQ(y), i=n;
0, i=1,2,- n—1.

l(x,i) =

We have the infinitesimal generator for the classical deterministic path

d
X=c—=cD.
co=c

Hence, (3.2.3) reduces to

n

IT|(1+5)7- £2| A= [ At -y + [~ wtoe - naow),

=1
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3.2.3 Gerber-Shiu Functions

If we let
0, for y > 0,
w((z,n), (y,1)] =
'lU([L’, _y)> for y < 07
which means

l(x,n) =\, /oow(x,y —2)dQ(y).

Thus (3.1.3) turns into the familiar Gerber-Shiu function

m(x,1) = E@b [e ™™ w(Xn

00— |

XTODI(TO < OO)} )

and the corresponding integro-differential equation (3.2.3) becomes

II[(1+5) 7 £o|mia = [ mta —vi0w)+ [ wtey - 0w,

i=1

which is precisely the equation (5.11) in Gerber and Shiu [24].

3.3 (Generalized Erlang-2 Inter-claim Time Model with

Absolute Ruin

3.3.1 Gerber-Shiu Functions

The Sparre Andersen model with Erlang-2 inter-claim time distribution was first stud-
ied in a seminal paper by Dickson and Hipp [16] and then later successfully extended to
consider Erlang-n inter-claim time distribution by Li and Garrido [38]. In Gerber and Shiu
[24], the model was further generalized to incorporate a broader class of inter-claim times
governed by generalized Erlang-n distribution. Many inspiring new techniques and results

introduced in Gerber and Shiu [24] such as operator arguments popularized the study of
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Sparre Andersen model and were followed by numerous research papers such as Li and Gar-
rido [37] which investigated dividend paid up to ruin under a constant barrier strategy, and
Albrecher et al. [1] which derived the distribution of dividend payments in the same model.

In the classical Sparre Andersen model with generalized Erlang-2 inter-claim times, it
is assumed that an insurer’s surplus is driven by a stochastic process X = {X;,t > 0} with

Nt
Xp=xz+ct—) Y (3.3.1)

i=1
where z is the initial surplus level, insurance premium is collected continuously at a con-
stant rate of ¢, the sequence of insurance claims {Y;,;i = 1,2,---} are i.i.d. with com-
mon distribution @(y) with density ¢(y). The counting process {N(t),t > 0} is defined by
N(t) =min{n|Ty + --- + T, < t} where {T},i =1,2,--- } representing the inter-claim times

with a common generalized Erlang-2 distribution with Laplace transform

N A
]{5(8)—)\1+S)\1+S.

Since Erlang-2 distribution can be represented as a phase-type distribution PH (a, A)

where
- M

0 =X

A:

a= (1,007 and n = (0, \2)7, it is easy to see that the process {X;,t < 0} can be decomposed
as a piecewise-deterministic Markov process {(X;, J;),t > 0,J; = 1 or 2} with transition

rates defined by the following two cases,

1. Transition from (X, 4) to (X, j) with J communicating in the transient states at the

rate given by A;;

2. Transition from (Xy,17) to (X; —y,j) with J first absorbed resulting in an insurance

claim of size y and then regenerated at the rate given by n;a;.
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And the sample path of (X;,7) in between any two consecutive claims yields the infinitesimal

generator

X = cd/dt.

Hence, the classical Sparre Andersen model with generalized Erlang-2 inter-claim time dis-
tribution can be specified by the local characteristics (X, A, Q).

The absolute ruin probability was first introduced in the compound Poisson model
by Dassios and Embrechts [13] and then analyzed through piecewise-deterministic Markov
process approaches in Embrechts and Schmidli [18]. Recently, the Gerber-Shiu function
was extensively studied in the context of the compound Poisson model with absolute ruin
in Cai [6]. We follow the same idea to investigate the Gerber-Shiu function in the Sparre
Andersen model with Erlang-2 inter-claim times with absolute ruin.

Since the insurer is allowed to borrow money from a bank at a debit force of interest

r whenever in deficit, the dynamics of the surplus process is given by

dXt = cdt — dZt, X 2 0,
(3.3.2)
dX; = (rXy +co)dt —dZy, —c/r <z <0.
In terms of local characteristics of the piecewise deterministic Markov process, both

A and Q(y) remain the same. The infinitesimal generator for the deterministic path is now

given by

cd/dt, x> 0;
X = (3.3.3)

(re+c)d/dt, —c/r <z <O.

It is shown in Section 3.2 that the Gerber-Shiu function for such a process can be

represented as

m(x) = @b {/ e_‘stl(Xt, Jt)dt} ,
0
where

l(:v,z) _ Ao fm+c/¢w($>y - l’)dQ(y), =2 (334)

0, i=1.
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The Gerber-Shiu function satisfies the following integro-differential equation

f[ {(1 + %) 7 Aiae} m(z)

=1

:/: 9)dQ(y; x Z{ 11 K jk)I—A—kae} )\il(a:,z')} (3.3.5)

=1 k=i+1

with the convention that [],_, ., -=1.
Due to two types of dynamics in deterministic paths of the surplus process, we introduce

the notation

my(x), x >0;
m(z) = +(7) (3.3.6)
m_(x), —c/r <z <D0.
Inserting the expressions in (3.3.3), (3.3.4) and (3.3.6) into the equation (3.3.5), we

could easily obtain the integro-differential equation satisfied by the Gerber-Shiu function.

O+ 81T = cDl[(% + )7 = Dl (o) = Aa[ [ e = )dQ)

z+c/r 00
m_(x —y)d w(zx,y —x)d , x>0, 3.3.7
o me—vaw s [ ey niew) (337)
z+c/r
(A +0)Z — (ru+¢)D) [(A2 + )L — (ru+ ¢)D) m_(x) = M2 [/0 m_(x —y)dQ(y)
h w(zx,y —x)d , —c/r <x <0. 3.3.8
+/m+c/r (z,y —x) Q(y)} / < (3.3.8)

Hence we summarize the integro-differential equations in the following theorem.

Theorem 3.3.1.

mia) = LR (g - PR 4 222 ] [T - Qi
z+c/r 00
m_(x —y)d w(zx,y —x)d , x > 0; 3.3.9
o me—vaw s [ ey - niew) (339)
1 . )\1—|—)\2—|—25—’f’ ’ _()\1—|—5)()\2+5)m -
m_(z) = rr+c m_(z) (rx 4+ c)? ~(@)
)\1)\2 z+c/r 00
el e [ wey - niew)] —er <z <o

(3.3.10)
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Theorem 3.3.2. The Gerber-Shiu function satisfies the following equations,

my(x) = )\1)\2/ my(z —y)g(y)dy + h(z), x>0,
(3.3.11)
m_(z) = n(x)+ /r k(x,u)m_(u)du, —c/r <z <0, (3.3.12)
—c/r

gly) = /OOO /OOO e PPyt 4 s 4 y)dtds,
o) = | ey = 2)dQw),
x+c/r

h(z) = A?Q / T (e — ey + Mz /0 /0 et (s 4 s+ a)dtds,
A1 f e/r f c/r z)dzdu
n(z) = (ot C) ,
Fru) = Mo [TQy—w)dy  (3r+ M + Ao +26)(ru+c)
(rx 4+ c)? (rx 4+ c)?
B (AMA2 — A0 — Aod — 62 — 1% — A1 — Xor — 207) (2 — u)
(rx 4+ c)?

Proof. Following the same arguments as in Gerber and Shiu [24], we can have the following

Li’s renewal equation

>\1>\2 / my(x — y)dy + / / e PPty (t + s + x)dtds,
where
z+c/r 00
= [ moe =i+ [ ey = )dQ).
x x+c/r
Note that

/:Jrc/r m_(z —y)dQ(y) = /0 m_(2)q(x — 2)dz.

—c/r
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Hence

o 00 x+s+t+c/r
/ / 6—P18—P2t / m_ (:L‘ +s+t— y)dQ(y)dtdS
0 0 z

+s+t

[e%S) 00 0
= / / e PPt / m_(z)q(x + s+t — z)dzdtds
0 0 —c/r
0

= /_C/T m_(z)g(x — 2)dz = /:JFC/T m—(z —y)g(y)dy.

Therefore we obtain the renewal equation (3.3.11).

We rewrite (3.3.10) as

(ra 4+ e)*m” (z) + [(r* — M\ir — Xar — 207)z + (1 — A\p — Ay — 20)c]m’ ()

z+c/r
+(MA2 + A0+ Xad + 0H)m_(z) = Ay / m_(x —y)dQ(y) + ((x).
0
Replacing = by ¢ and integrating each term from —c/r to u,

/ ’ (rt +c)*m” (t)dt = (ru+c)*m’ (u) —2r / ’ (rt +c)m’ (t)dt
—c/r —c/r

= (ru+c)*m’ (u) — 2r(ru + c)m_(u) + 27’2/_ / m_(t)dt.

Similarly,

/ [(r2 = A — Ao — 267)t + (1 — A — Mg — 28)cm/_(t)dt
—c/r

= [(1% = M = Ao — 207)u + (1 — Ay — Ag — 20)c]m_(u)

u

—(r% — A\ — X — 267) / m_(t)dt.

—c/r
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Conducting the same procedure,

u t+c/r u t
/ Ao / m_(t —y)dQ(y)dt = Mo / / m_(x)Q'(t — z)dzdt
c/r 0 —c/r J—c/r

= )\1)\2/ m_(2)Q'(x — z)dxdz
—c/r Jz

= )\1)\2/_/ m_(z2)Q(u — z)dz.

Thus we must have

u

(ru + ¢)*m’_(u) — 2r(ru + c)m_ (u) + 2r? / m_(t)dt + (r* — M7 — dor — 207)um_ ()

—c/r
+(r— A — Ao — 28)em_(u) — (r* — A1 — Ao — 207) / m_(t)dt
—c/r
‘l‘()\l)\g - )\15 - )\25 - 52)/ m_(t)dt = )\1)\2/ m_(z)Q(u - Z)dZ + )\1)\2/ C(t)dt
—c/r —c/r —c/r

Integrating again from —c/r to x yields,

/r (ru 4+ c)*m (u)du = (rz + c)*m_(z) — 2r/ (ru + ¢)m_(u)du,

—c/r —c/r

/_i/r /_Z/T m-(8)didu = /_;T(I —u)m_(u)du,

[ ] meeu—sazin= [ [ o=tz = [ ([ 0= ) m (o

Hence, in summary we have

xT

(rx 4 c)*m_(z) — (3r + A + Ay + 20) / (ru+ c)m_(u)du

—c/r
+ (M2 — A0 — Agd — 0% — 1% — N7 — Xor — 267) / (x —u)ym_(u)du
—c/r
= )\1)\2/ (/ Q(u— z)du) m_(z)dz + )\1)\2/ ¢(t)dtdu,
—c/r z —c/rJ—c/r
which is the Volterra equation of the second kind (3.3.12) upon rearrangement. O
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As a result, the general solution to the Gerber-Shiu function is given by

mi(z) = A?Q /Om hz —y)g(y)dy + h(z), x>0,
m_(x) = n(z)+ ' K(x,u)n(u)du, —c/r<x <0,

—c/r

where
K(zx,u) = Zk‘m(a:,u), x>u>—c/r,
m=1
km(z,u) = / k(x,t)kny,—1(t, u)dt, m=23,---,x>u>—c/r

with &y (z,u) = k(z,u).
For the rest of this section, we assume that all insurance claims follow the exponential

distribution with mean 1/, i.e.

Q(y) =1- 6_6y7 Yy 2 0.

And the safety loading condition is also satisfied, i.e. ¢(1/A\ +1/X2) > 1/5.

Theorem 3.3.3. The Gerber-Shiu function with w(z,y) = g(y) and 6 = 0 in the model

(8.3.2) with exponential claim size distribution of mean 1/ is given by

my(x) = Dye®*”, x>0,
S Bltte/r) M Jr—1 A A=A
m_(x) =C4 e (t+c/r)V" M 1+7,1+ ;B(t+c/r)| dt
—c/r
’ —B(t+c/r) Ay /r—1 A A=A
Cy e (t+c/r)V" U 1—|—7,1—|— " Bt +c/r)| dt + Cs, —c/r <z <0,
—c/r
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where

o = AL+ Ay — fe— \/(ﬁc — A1 = A2)2 +4(M e+ Aoffe— A Ag)
1 — 9
2c

0

d = [(s1 = /) A(0) — A (O)][B0)/s1 - / Bl

+[B'(0) = (s1 — /) B(0)][A(0) /51 — / A(t)dt],

—c/r

cfr) = 5 [ gt+elnte vy
G = [(s1 = /) A(0) — A(O)]C(—c/r)/d,
G = [B(0) = (s1 = 1/e)BOIC(~¢/r)/d
Gy = (=),

Dy = [A(0)B'(0) — B(0)A'(0)]¢(—c/r)/s1/d.
Proof. In view of Lemma 1.1.4, we apply the operator 3Z + D to both sides of (3.3.9).
(B + D)[(\ + )T — ¢D][(Aa + 8)T — Dlm(z) = Bhdama(z) + MAa(BT + D)C(x),
which can be expanded as

{DP + [B2 — (M1 +0)c — (Mg + 6)c D2 + [(Ay + 8) (N2 + 6) — Be(M + 6) — Be(hs + 0)|D

+0(A 4 0) (A2 + ) tmy(x) = BAidamy () + M (6L + D)((x).
When 6 = 0 and w(zx,y) = g(y),
Eml(x) + (B¢ — M — dae)m/(x) + (A1 Ag — BeAr — Bedy)m!, (z) = 0.
Hence the general solution to m4.(x) is given by
my(x) = D1e®** + Dye® + Ds,
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where

A+ X — fe— /(B — A — X)? + 4(M B+ dofe — A dg)

S§1 = o0 < 0,
s A+ A2 — B+ (Be— A — Xo)? + 4(Mi Be+ Aafc — A hs) -
2 pu—

2c

are the roots of the characteristic equation
c?s® + (B — Aic — Xac)s® + (M Ay — B — Bedy)s = 0.
Since lim, o, m(x) = 0, we must have Dy = D3 = 0. Hence
my(x) = Dye®'”, x > 0. (3.3.13)
On the other hand, applying the operator SZ + D to both sides of (3.3.10) gives
(BZ4+D)[(M+6)I—(ra+c)D][(A2+6)I—(ra+c)Dim_(z) = MAefm_(z)+ i 2(BZ+D)((x),
which means

{(re 4+ ¢)*D* + [B(rz + ) + (rz +¢)(3r — Ay — Ay — 28)|D* + [(Bra + cB)(r — M\ — Ay — 20)
—l—)\l)\g + )\15 + )\25 + 52 + 7’2 — 7’)\1 — 7’)\2 — 257’]2) + ﬁ()\l + 5)()\2 + 5)}771_(1’)

In the case where § = 0 and w(z,y) = ¢g(y), it can be simplified as

(rx 4+ c)*m”(x) + [B(ra + ¢)* + (rx + ) (3r — Ay — Xo)]m” ()

+[(rz + ¢)(Br — BA1 — BA2) + MAg + 7% — 1A — rho]m’ (z) = 0. (3.3.14)
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Let 2 = 2+ ¢/r and m’ (z) = e P*f(2), then

m” (z) = e P*[f'(2) — Bf(2)]
m”(x) = e P2[f"(2) — 28 (2) + B*f(2)].

Hence (3.3.14) can be written as
P22 f(2) + [=Br22% 4 3122 — (A1 + M)zl £ (2) + (=287 + M da + 12 — M1 — dor) f(2) = 0.
Let f(z) = z/"=1k(2), then
P22k (2) + (= Br2z + 12 + M\ir — Aor)K (2) + (= BAr — Bro)k(z) = 0.
Let k() = y(z) and = Bz, then k() = By'(x) and ¥(2) = B%/"(x). Hence,
By (x) + (=1 fa + Br? + Bhr — BAor)y (x) + (= BMr — Bré)y(x) =0,

which means

MRy ) - (1 yy(e) =0

zy" () + (1 +

The Kummer’s differential equation

vy’ (z) + (b— )y (z) — ay(z) = 0

has two independent solutions denoted by M/(a,b; x) and U(a, b;z). The Kummer function
of the first kind can computed by

n

e (a)n
M/(a,b; x) Z
'7
—~ (b)pn!
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where (a), = a(a + 1)(a +2)---(a +n — 1). The Kummer function of the second kind is

hence given by

Ula,b;z) = il { M(a,b;z) Il—bM(1+a—b,2—b;:E)]

sin(rb) [D(1+a —b)T(b) I'(a)(2 = b)

Inverting the variables to the originals, we have

m_(x) = C’l/ e BN (¢t e /)TN {1 + %, 1+ 4 ; Az;ﬁ(t + C/T)] dt
—c/r
C Bltresr) el A A= Ao
+C% e (t+c/r)" U 1+7,1+ . ;B(t+c¢/r)| dt + Cs,
—c/r

—c/r <x<0. (3.3.15)

Now we need four linear equations to determine the unknown coefficients Dy, Cy, Cs

and C3 in (3.3.13) and (3.3.15). First, letting z = 0 in (3.3.9) and x — 0 in (3.3.10) gives
m4(0+) =m_(0—). (3.3.16)
Letting x = —c¢/r in (3.3.10) yields the second equation
m_(—c/r) = ((—c/r). (3.3.17)
In view of (3.2.1) and the continuity property, it follows that

P_iﬂmAM)z P—i4m4m%

)\1 )\1
7-xllz-Lxlmoon = |7-Lx||7- Lx|m (0o
N Wl - M el I
Hence
c c
m4(0+) — —m/ (04+) = m_(0—) — —m’ (0—)
)\1 )\1
my(0+) — (i + i)m’ (0+) + ¢ m’ (0+)
* PV Vs Mot
2
c C\ il re oo c oo
_m_(o_)_()\_1+)\_2)m_(0 )+)\1)\2m_(0 )+)\1)\2 —(0 )7



which implies that

m’ (0+) = m_(0-), (3.3.18)

rm”(0—) + em” (0—) = em/L(0+). (3.3.19)
Substituting (3.3.13) and (3.3.15) into (3.3.16), (3.3.17), (3.3.18) and (3.3.19) gives

0 0

D, — / A(t)dt01+/ B(t)dt Cy + C,
—c/r —c/r

Cy = C(_C/T)>

$1D1 = A(O)Cl—l—B(O)CQ,

S%Dl = (T’/C)SlDl + A/(O)Cl + B/(O)Cg,

where
—B(t+e/r) Ar/r—1 A Al — Ao
Alt)=e (t+c/r)" "M |14+ —,1+ Bt +c/r)
T
—B(t+e/r) A /r—1 A1 Al — Ao
B(t)=e (t+c/r)M/m U 1—|—7,1—|— . Bt +c/r)] .
Solving the system of equations for the unknown parameters gives the desired result. O

3.3.2 Probability of Absolute Ruin and Probability of Ordinary
Ruin
Now we are interested in the probability of absolute ruin defined by
(x) = PH{r < oo},

where 7 = inf{ X (t) < —¢/r.} Since it is a special case of the Gerber-Shiu function m(z), we
take w(z,y) = 1 and § = 0. Hence ((—c/r) = 1 and we obtain explicit solutions for 1 (z) by
Theorem 3.3.3.
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Figure 3.1: Absolute ruin probabilities

Figure 3.1 exhibits the probabilities of absolute ruin as functions of initial surplus in
three scenarios with different debt interest rates. The parameters are chosen as follows.
c=2,0=05X = 2,A = 1. The three functions correspond to the debt interest rate
r1 = 0.055, 7o = 0.11 and r3 = 0.22 respectively clockwise. We observe that in all cases the
probability decreases as the initial surplus increases, which indicates that the more initial
surplus the less likely the insurer’s surplus gets ruined. It agrees with our intuition that the
probability of absolute ruin gets larger as the debt interest rate increases since the insurer
has to pay more interest and it makes more difficult to break even.

For the purpose of comparison, we derive the probability of “ordinary” ruin in classical

Sparre Andersen model (3.3.1) defined by

p(x) = P*{ry < oo},

where 7o = inf{X (¢) < 0.}
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We can easily find the integro-differential equation satisfied by ¢(z),

Mt Ao A1z
o 2

. ¢'(x) — =z o(r) +

&) [ et wida) +1-a@]. G320

By similar arguments used to derive m(x), we find that
p(z) = Dye™®, x > 0.

Substituting it into (3.3.20) and equating all terms involving e=#% with zero determines the

coefficient Dj. Hence the probability of ultimate ruin is given by

o(z) = @es”, x> 0.
B

We plot both the ordinary ruin probability and the three previous cases of absolute

ruin probabilities in Figure 3.2. It is interesting to notice that ordinary ruin probability is

always bigger than absolute ruin probability. As one would expect from the definition of

absolute ruin probability, Theorem 3.3.3 shows that the absolute ruin probability approaches
the ordinary probability as the debit interest r goes to infinity.

122



Figure 3.2: Comparison of absolute ruin and ordinary ruin probabilities
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Chapter 4

Jump Diffusion Risk Models

Historically, most insurance-related problems in ruin theory are natural applications of
jump processes due to the nature of discrete-time occurrences of insurance claims, whereas
most classical models in financial mathematics take root in continuous processes that are
believed to describe the volatility in the constantly changing financial market. Although
the two disciplines of applied probability has evolved independently in the past few decades,
more and more researchers came to realize the need to involve characteristics captured in
each other’s models. For instance, on the financial mathematics side, numerous examples
such as “9.11” incidence have shown that stock price may at times increase or decrease faster
than a geometric Brownian motion can. In recent years, new efforts has been made to model
market prices by diffusion processes with jump components. On the ruin theory side, in
addition to the traditional approach of modelling the arrival of insurance claims by jump
processes, diffusion components have gained increasing popularity in the literature to allow
more randomness in surplus process for the periods in between claim arrivals.

In this chapter, we aim to build up risk processes on a common ground where both
traditional jump processes and diffusion processes can be accommodated in a systematic way.

To this end, we shall first give a motivation for a general class of risk processes defined by
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a stochastic differential equation, which includes the famous Levy process, geometric Levy
process and more. To make the thesis self-contained, we give a brief introduction to the

Levy process and its connection with the general jump diffusion processes to be discussed.

4.1 Introduction

4.1.1 Motivation and Introduction to Levy Process

We assume throughout the chapter as given the complete probability space (€2, F,P)
satisfying the usual conditions and as given the filtration (F;)o<t<co, o1 which all processes
to be discussed are defined and adapted to the filtration.

As one would see frequently in the ruin literature, the classical compound Poisson

surplus process X = {X(t),t > 0} is usually presented in terms of
X(t)=x+ct—Z(t). (4.1.1)

Recall from Section 1.2 that the process is interpreted as the balance of total premium income
ct and aggregate claim up to time Z(t). The initial deposit is given by = and the aggregate
claim Z; = Zf\il Y; with {Y;,7 = 1,2,---} denoting a sequence of independent insurance
claims with common distribution Q(A) = P{Y; € A} and mean denoted by . The total
number of insurance claims up to time ¢, {N(t),t > 0}, is a Poisson counting process with
intensity rate A, or in other words, follows a Poisson distribution with mean At at any time
t.

An alternative approach to define the surplus process, as shown in Section 2.3, is

through the stochastic differential equation given by
dXt = cdt — dZt,

together with X (0) = z, and {Z(¢),t > 0} is the compound Poisson jump process defined

above. The stochastic differential equation is usually set up by interpreting the instantaneous
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change in the surplus level at any time ¢ as the balance of instantaneous increase due to
premium income over the infinitesimal period, cdt, and instantaneous decrease as a result of
changes in aggregate claim, dZ(t). The great advantage of the second presentation is that for
the purpose of further generalizations it is often easier to employ infinitesimal arguments or
stochastic differential equations in more complicated situations with economic factors rather
than expressing X (¢) in an explicit form as in (4.1.1).

There have been proposed in the ruin literature a series of pure diffusion risk models
by stochastic differential equation approach, among which the most recent ones are Gerber
and Shiu [23], Gerber and Shiu [28], Cai et al. [10], and more. They all can be generally put
in the form of

dXt = /,L(Xt)dt + O'(Xt)dBt,

with Xy = z, provided some integrability conditions are satisfied to ensure pathwise unique-
ness of the processes. In fact, most asset pricing models in the finance literature can be put
in this category, as this type of diffusion processes naturally find their applications in a wide
range of financial topics. For an introduction to the application of pure diffusion models in
finance, readers are referred to Bjork [3].

In recent development, actuarial researchers start to investigate classical jump surplus

processes perturbed by a Brownian motion. In terms of a stochastic differential equation,
dXt = cdt + O'dBt — dZt

with Xy, = x. Interested readers are referred to Gerber and Landry [19], Tsai and Will-
mot [46], Li [36] for more detailed information on such models.

To find a common ground where all these models can be compared and analyzed
in a unified approach, we shall seek for more general jump diffusion processes. Generally
speaking, jump diffusion processes are particularly suitable for modelling in the context of
insurance surplus. A drift component can be chosen to reflect the dominating trend of

growth in surplus and a diffusion component demonstrates certain degree of randomness in
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total surplus, whereas a jump component would represent unexpected costs resulted from
extreme events on a large scale. To allow for more flexibility, we would like to search for
a way of measuring the actual impact of a jump caused by the jump component on the
overall process level, which for practical reasons depends on both the size of a jump and
the position of the process prior to the jump. In the context of risk models, the drop in
surplus would most likely be different from the actual size of jumps due to insurance claims,
as they are always accompanied with extra business costs. If big claims occur, its financial
impact on a high surplus level might be significantly different from that on the surplus which
is running low. With all of these in mind, one might want to consider the jump-diffusion

process governed by the following stochastic differential equation
dXt = /,L(Xt)dt + U(Xt)dBt — G(Xt_)dZt, (412)

where a(x) magnifies the actual impact incurred by the jump at the surplus level X (t—).
However, the generalization is not quite satisfactory in some sense. For instance, if the
jump size in the aggregate claim Z(t) is z, then the surplus X (¢) will have a jump due to
the impact measured by a(X;_)z. Hence we did not quite reach the ideal model where the
impact is expected to depend on both X (t—) and z, but not necessarily linear in z. It is
not hard to imagine that the financial impact of a relatively large insurance claim might be
much greater than the proportionally enlarged impact of a small claim. In order to tackle
this type of non-linear dependence, we need to introduce the Levy process and the Poison
random measure. Details of point processes can be found in Brémaud [4], Levy processes
and Poisson random measure in Bass [2], Cont and Tankov [11], Oksendal and Sulem [42],

Protter [43].
Definition 4.1.1. An adapted process X = (X;)i>0 with X(0) =0 a.s. is a Levy process if

1. X has increments independent of the past; i.e. X; — X, is independent of Fs for all

0<s<t <o

127



2. X has stationary increments; i.e. Xy — Xg has the same distribution as X;_s for all

0<s<t <o

3. Xy is continuous in probability; i.e. P{lim;_s X; = X} =1 for all s > 0.

Typical examples of Levy process are compound Poisson process and Brownian motion.
In fact, X always has a cadlag version and hence we shall consider it as a property of all

Levy processes to be considered.

The jump of X; is defined by
Z&;X} ::_X& —‘;X}_.

We now define a Poisson random measure N (t,-) : [0,00) X R — N by given any A C R that

is a Borel set whose closure does not contain 0,

N(t,A)= > I(AX, € A).

0<s<t

Note that N(t,-) is a generalization of the Poisson counting process N(t) in the compound
Poisson risk model. If we let
v(A) = E[N(1, )],

then the set function v : Q — RT is called the Levy measure of X;. It is easy to show
that for any fixed A, the process N(t, A) is indeed a counting process with stationary and
independent increments and hence a Poisson process with the intensity v(A).

One would now wonder how to represent the compound Poisson process Z(t) in terms
of the Poisson random measure N(t,-) and its corresponding Levy measure v(-) in terms of

the common distribution ¢(y). We need the following result for the Poisson random measure.

Theorem 4.1.1. Let A be a Borel set of R such that the closure of A does not include 0

and f be measurable and finite on A, then

/A FEN(tdz) = > [(AX)I(AX, € A).

0<s<t
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Hence by definition of the compound Poisson process

N(t)

ZY = > AX(s /zN(t,dz) (4.1.3)

0<s<t
with the second equality from the fact that all jumps in the surplus process are caused by

the compound Poisson component. Note that in this particular case,

N(¢)
N(t,A) = > I(AX, € A) ZI (Y € A). (4.1.4)

0<s<t
The Levy measure that corresponds to the compound Poisson process is given by

N(1)
v(0,y] = B{N(1,(0,y)} =E ¢ Y I(Y; € (0,9]) p = E[N(1)]P{Y; € (0,y]} = AQ(y)4.1.5)

i=1
with the second last equality from the independence of N(¢) and Y;’s. It is obvious from the
derivation that a Levy process can be represented by a compound Poisson process if and
only if its Levy measure is finite.

However, there are a great number of interesting Levy processes with infinite Levy
measures. For the notational brevity and practical reason, we shall only be looking at

integrable Levy processes which can always be represented as follows.

Theorem 4.1.2. If X, is a Levy process such that
E[X:] < o0 forallt >0,
then it has the decomposition
X, = at + BB(t) + /R ZN(t,dz), (4.1.6)
for some constants o, f € R and
N(dt,dz) = N(dt,dz) — v(dz)dt.
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The compound Poisson process can be recovered from the representation by taking

6 =0, (4.1.4), (4.1.5) and

a= /R 2v(dz) = A /R 2Q(dy) = k. (4.1.7)

Returning to our search for a general risk process, we can now represent the stochastic

differential equation (4.1.2) as

dXt = cdt + dBt — / a(Xt_)zN(dt, dZ),
R

whose integral clearly indicates the linear dependency in the size of jump z by Theorem
4.1.1. Equipped with the powerful tool of Poisson random measure, we can now readily
fix the problem by replacing a(X;_)z with a more general impact function F'(X;_, z). For
mathematical convenience, the compound Poisson process term is to be replaced by a com-
pensated compound Poisson process. One can always recover a compound Poisson process
by adding a drift term to the compensated compound Poisson process. Hence we shall now

investigate risk processes given by the stochastic differential equation

dX, = p(X,)dt + o(X,)dB, + / F(X,_, 2)N(dt, dz), (4.1.8)

with Xo = x and the Levy measure v. Although the process is being introduced here
with insurance flavors, the original model first appeared in one of the famous probabilist
Skorokhod’s papers on a rather theoretical background according to Bass [2].

The existence and pathwise uniqueness of the stochastic process given by (4.1.8) is

proved in the following theorem due to Skorokhod.

Theorem 4.1.3. If i and o are bounded and Lipschitz,

/Rsup |F(z, 2)]Pv(dz) < oo (4.1.9)

xT

and

/R F(z,2) — Fly, 2)"u(dz) < el — y,
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then there exists a solution to (4.1.8) and that solution is pathwise unique.

Remark 4.1.1. It can be shown that the pathwise unique solution still exists, if u and o are
bounded and piecewise Lipschitz continuous.

As we often deal with functionals of a risk process, we now state the Ito’s formula for

semimartingale, of which the process (4.1.8) is an example.

Theorem 4.1.4. Suppose X is a semimartingale and f is twice continuously differentiable.

Then f(X}) is also semimartingale and satisfies

F(X0) = F(Xo) + / F(X )X, + = / PG+ 3T (X)) — F(X,) — F(X.)AX].

0<s<t

It is easy to show by the Ito’s formula for semimartingale that the infinitesimal gener-

ator of X given in (4.1.8) is

Af(x) = o) f'(x) + %Oz(év)f”(l“) + /R{f[ﬂf + F(x, 2)] = f(x)}v(dz). (4.1.10)

where
jia) = @) = [ Pla, ().

It would be interesting at this point to recover the infinitesimal generator of the shifted
compound Poisson process, which is also given as a special case of piecewise-deterministic
Markov process in Section 2.3. In view of (4.1.7) and (4.1.3), we let pu(z) = ¢+ Ak, 0(x) =0
and F'(z,z) = z in (4.1.8), then the shifted compound Poisson process can be represented in
the form

dX; = (c+ \r)dt + /0 t ZN(dt,dz).
Plugging the relevant parameters into (4.1.10), we obtain the infinitesimal generator for the

classical compound Poisson risk process

Af(x) = ef () + A / (fle +2) - f(2)}Q(dz).

which is precisely (2.3.2) derived from the PDCP generator.
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Theorem 4.1.5. Let H is twice continuously differentiable. Suppose 6 > 0 and 7 is the first

exit time of an open bounded set such that E*|7] < oo, then
E*[e™*"H(X,)] = H(z) + E* { / e‘JSQLH(Xs)ds} — §E” { / e‘ésH(Xs)ds} :
0 0

Proof. Since H(x) is twice differentiable function, we apply the Ito’s formula for semimartin-

gales.

H(X:) = H(z)+ /Ot H'(X,_)dX, + % /Ot H"(X)d(X®)s

+ Z[H(Xs) - H(Xs—) - H/(Xs—)AXs]

s<t

= H(a:)+/0 U(XS)H’(Xs)dWs+/O w(Xs)H' (X,)ds
+ tH’(Xs_)/F(Xs_,z)N(ds,dz)—l—%/taz(Xs)H”(Xs)ds

t
+/ /{H[Xs_ + F(Xs_,2)] — HX,_) — H(X,_)F(X,_, 2)}N(dt, dz).
o Jr
By product rule and then taking expectations, we obtain

E*[e™ ™ H(X,)] = H(x) + E* { /0 t e dH(X,) — 0 /0 t e‘ésH(Xs)ds}
= H(z)—E* {5 /0 t e‘ésH(Xs)ds} + E* { /0 t e—ésa(Xs)H’(Xs)dWS] + E” { /0 t e—ésu(Xs)H'(Xs)ds]
+%Em { /0 t 6—5802(X3)H“(Xs)ds] + E° { /0 t e H' (X, ) /R F(Xs_,z)](f(ds,dz)}

+E” { /0 t e % /R {H[X,_ + F(X,_,2)] — HX,.) — H(X,_)F(X,_, z)}y(dz)ds]

with the fact that N(t, A) = N (¢, A) — v(A)t is a martingale.
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Using the infinitesimal generator given in (4.1.10), we have

E*[e™ ™ H(X,) = H(x) + E* { /0 ' e—ésmH(Xs)ds] —E* {5 /0 ' e‘ésH(Xs)ds}
+E” { /0 ' e“;sa(Xs)H’(Xs)dWs] + E° { /0 ' e H'(X,_) /R F(Xs_,z)N(ds,dz)] .

(4.1.11)

For any integer k& we have

E” { /0 " e—ésa(Xs)H'(Xs)dWs] + E° { /0 " e H' (X, ) /R F(Xs_,z)](f(ds,dz)}
= E° { /0 ' e %I(s < T)U(XS)H'(Xs)dWS]

+E* Uok e % I(s < 7)H'(X,_) /RF(XS_,z)N(ds,dz)} = 0. (4.1.12)

As there exists such a closed bounded set A that X(s) € A for all s < 7, H'(X,_) must
be bounded by the continuity of the first derivative. Hence both I(s < 7)o (X,)H'(Xs) and
I(s < T)H'(X,-) [p F(X,_,2) are bounded. The two integral terms in (4.1.12) are both
martingales and hence their expectations are equal to zero.

Moreover,

lim E*

k—o0

(/0 e /ok 6_550(Xs)H'(Xs)dWs)2]

= lim E” U {e—ésa(Xs)H’(Xs)}zds] =0

from the fact that E*[7] < oo and dominated convergence theorem. Similarly, we use the

133



same argument together with (4.1.9) to conclude that

I}Lrgo E” [(/OT e I(s < 7)H'(X,-) /F(XS_, 2)N(ds, dz)

_ /0 " (s < (X / F(Xs_,z)N(ds,dz))Q}
= lim E” { /T :k /R {e™%I(s < T)H’(XS_)F(XS_,z)}zy(dz)dt] = 0.

k—o0

Therefore, we must have

D% [ /0 ' e“;sa(Xs)H’(Xs)dWs} + E* { /0 ' e B H (X, ) /R F(XS_,Z)N(ds,dz)} = 0.

Hence the desired equality follows from (4.1.11). O

4.1.2 Exponential of Levy Process and Lundberg Equation

Before proceeding to various applications of the risk process (4.1.8), we first look at
some nice properties of an interesting special case and its connection with the Lundberg

equation we have frequently encountered throughout the thesis.

Theorem 4.1.6. (Levy-Khintchine Formula) Let X be a Levy process with Levy measure v.

Then
/min(l,zz)l/(dz) < 00
R

and

E[eiuX(t)] — 6tw(u)’

where the Levy exponent

Y(u) = —%ﬁzuz +iau —I—/

lz|<R

{e™* —1 —juz}v(dz) + / {e™* — 1} v(dz).

lz|>R
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Remark 4.1.2. If E[X;] < oo, for all t > 0, then the Levy exponent

Y(u) = —%azu2 +iau + /{emz — 1 —iuz}lr(dz). (4.1.13)
R

The famous Levy-Khintchine formula gives an explicit expression of the characteristic
function of a Levy process. However, as the title of this section alluded to, we are particularly
interested in viewing the characteristic function as central moments of the exponential of
Levy process

Et)2eX0 >0
To provide more insight to the exponential of Levy process, we apply the Ito’s formula in
Theorem 4.1.4.

dE(t) = E(t)dX(t)+%E(t)d(Xc>t+ / B(t—){e* — 1 — 2}N(dt,d)

— (a— %ﬁz)E(t)dH— BE)dB(t) + / E(t—){e* — 1Y N(dt, dz),

which is obviously a special case of (4.1.8).

There are many ways of explaining the Lundberg equations, one of such is by a mar-
tingale approach introduced in Gerber and Shiu [22]. The major contribution of their work
to reveal that the Lundberg equation is the necessary condition on which the exponential of
a certain multiple of the compound Poisson risk process by discounting is a martingale. We
now follow their idea to generalize the Lundberg equation for Levy process.

The goal is to find the condition on which the process

6_5t+uX(t), t 2 0’

is a martingale under the measure P* meaning that P*{X(0) = x} = 1. Applying the

optional sampling theorem,

E® [6—5t+uX(t)] e (4114)
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It follows from Levy-Khintchine formula that
z, —0t+uX (t)] _ 1 2, 2 —uz
E*[e ] =exp —5+u:v+§ﬁu —au+ [{e =1+uztr(dz)|ty.
R
Therefore, in order for (4.1.14) to hold true for all ¢’s, we must have the Lundberg equation
1 2 2 —uz
-0+ 56 u—au+ [ {e =14 uz}r(dz) =0. (4.1.15)
R

We conclude the section by recovering the Lundberg equation (1.2.5) for the classical
compound Poisson model.
Recall that the shifted compound Poisson process is a special case of Levy process

where a = ¢+ Ak, f =0 and v(y) = MQ(y). Inserting the parameters, (4.1.15) reduces to
—0 — (c+ Ar)u + )\/ e *Q(dz) — A+ Aku =0
0

which simplifies to (1.2.5) upon rearrangement.

4.2 Generalized Gerber-Shiu Functions

We are now ready to extend the notion of a generalized Gerber-Shiu function in the

context of the jump-diffusion model. Hence we define
H(z) =E°® { /0 k e—étZ(Xt)dt] , (4.2.1)
where the cost function [(-) is B(R)-measurable and the time of default 7, is given by
T4 = inf{t : X; < d},

with the convention that inf @ = oco. Intuitively speaking, a generalized Gerber-Shiu function
represents the aggregation of discounted business costs up to the time at which the surplus

hits the level of default d.
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Theorem 4.2.1. Suppose that I(x) is continuous on (d,o0) except for a countable set of

discontinuities D and
E* {/ |e_5tl(Xt)|dt} < 00 for all x > d (4.2.2)
0

and H(x) defined in (4.2.1) has continuous first and second derivatives, then H(x) is the

solution to the following differential equation
AH(z) —dH (z) + I(x) = 0, x>d,x & D. (4.2.3)
Proof. For any z € (d, 00) such that x € D, we let S,, = n Ainf{t|X; € (x — 1/n,x + 1/n)},
7 = /OTd e_ésl(Xs)ds and 0,7 = /OTd e_ésl(XtJ,s)ds.

Since (z — 1/n,z + 1/n) is an open set and X; is cadlag, then S, must be a stopping time
with respect to {F:+}. Hence it is stopping time with respect to {F;} as the filtration is
right-continuous by usual conditions.

Consider a partition of the positive real line {tg = 0,¢1, o, -+ }. We can approximate

Z as follows.
ZW = ie_étil(Xti)I(Td € [ti,00))(t;i — tiz1)
i=1
= ie_‘;til(Xti)I(‘v’r €[0,t;), X, € [d,00)&Ts > t;, Xs < d)(t; — ti—1)
i=1
Then
0,7 = o ie_é(t”t)l(XtiH)I(‘v’r € [0,t;), Xy € [d,00)&3s > t5, Xpis < d)(ti — ti1)
i=1

= & e INX ) I(Vr € [t t+ 1), X, € [d,00)&Ts > t+ L, X < d)(t: — ti1)

i=1

137



Therefore, we obtain that

Os, Z = e*5n /Td e 1(X,)ds, (4.2.4)
where
Os, 7 (w) =0, Z(w), if Sp(w) =1t
Hence,
E’le " H(Xg,) — H(z)] = E*{e®"EXs[Z]} —E”[Z]  (definition)

= lim E°{e*"EXsn[Z A M]} —E*[Z]  (Dom Conv Thm & 4.2.2)

M—oo

= lim E*{e*"E*[0s, Z A M|Fs,|} — E[Z] (strong Markov)

M—oo

= E*{eE*[fg, Z|Fs,]} — E°[Z] (Dom Conv Thm & 4.2.2)

Substituting (4.2.4) yields

E*[e " H(Xs,) — H(z)] = E*[— /0 " e %1(X,)ds). (4.2.5)

Since H is twice continuously differentiable on the compact set [x — 1/n,z + 1/n], we

can re-define H on the compact support in order to apply Theorem 4.1.5,

e H(Xs,) — H(x)]

nlggg E[S,] —AH(x) +0H (x)
E* | [ e S AH (X )ds| — 0E” | [>" e~ H(X,)ds
™ Il (x.) EL[S | B et ]

lim sup |AH (y) —AH (z) —dH(y) + 6H(z)| =0

=0 ye(x—1/n,x+1/n)

since AH (z) and H(x) are continuous functions.
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On the other hand,

E°[ [ 1(X)ds]

lim —Il(x)] < lim sup ll(y) —l(x)] =0,
n—0oo Ex [Sn] =0 ye(x—1/n,x4+1/n)
as () is continuous when = ¢ D.
Dividing E*[S,,] on both sides of (4.2.5) and taking limit n — oo gives (4.2.3). O

4.3 Brownian Motion Risk Model

Originally used to describe the random movement of particles suspended in a liquid,
Brownian motion is nowadays widely used in many other areas. One of the frequently
quoted examples is the stock market fluctuation. Motivated by both its representation of
randomness and mathematical convenience, Brownian motion is lately added in many ways
to risk models. We shall now demonstrate the analysis of ruin-related quantities in Brownian
motion models by means of generalized Gerber-Shiu function.

Taking p(z) = p,0(zr) =0 >0 and F(z,2z) =0 in (4.1.8) yields the Brownian motion

risk model driven by the stochastic differential equation
dXt = /,Ldt + UdBt.

We shall not allow u = 02 = 0, in which case the process becomes a trivial constant function
over time.

We see from (4.1.10) that its corresponding infinitesimal generator is given by

Af () = pof () + 50 (2).

The graph of a sample path of shifted Brownian motion can be found in Figure 4.1

with parameters u = 0.05 and o = 0.3.
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Crifted Brownian kotion

Figure 4.1: Sample path of shifted Brownian motion
4.3.1 Gerber-Shiu Function and Passage Time Distribution

Since ruin occurs exactly at the moment the continuous surplus process lands on zero,
there will be no deficit below zero in contrast with the compound Poisson case. Hence it
only makes sense to look at a smaller class of the Gerber-Shiu function, the expectation of

the time value of ruin defined by
L(z) = E*[e 2™ I (1y < 00)]. (4.3.1)

where 6 > 0.
In order to represent it in terms of the generalized Gerber-Shiu function, we shall
introduce the famous Dirac delta function (also referred to as unit impulse function) denoted

by ¢(z), which is defined with the following properties.

d(z)=0for z #0 and /00 d(z)der =1

o

For any continuous function F'(z),



With the aid of Dirac delta function, the expected value of the time of ruin can be written

as
70
R g—
0
where [(x) = §(z). Since L(x) is bounded, by Theorem 4.2.1 we see that L(x) is a solution

to the differential equation

1
50’2L//($) + pL'(x) — 6 L(z) = 0, x> 0. (4.3.2)

Corollary 4.3.1. The solution to L(z) defined in (4.3.1) is given, when o2 > 0, by

L(z) = exp{ —lt 'Zz i 2026):5}, x> 0. (4.3.3)

When o2 = 0, the solution to L(x) is given by

exp{%z}, w<0,z>0,
L(x) =
0, w>0.

Proof. When o2 > 0, the general solution to (4.3.2) is given by

L(z) = CLe"™® + Coe™?,

where
—p— A\ ? + 202
= :2 (4.3.4)
and

—i+ 2+ 2020
= (4.3.5)

T2 =

which are the two roots of the Lundberg equation

1
50272 +uy—0=0.
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In light of the fact that lim, .. L(z) = 0 and L(0) = 1, the solution to the Gerber-Shiu
function (4.3.1) must be (4.3.3).

When o2 = 0, the differential equation reduces to
ul'(z) — 0L(z) =0, x>0,

which admits solution

L(z)=A+ Bexp{%z},

where A, B are constants to be determined. Since lim,_.., L(x) = 0 and L(0) = 1, we find

A=0,B=1when <0, and B=0 when p > 0. O

Since the expectation of time value of ruin is the Laplace transform of the time of ruin,

inverting (4.3.3) with respect to § gives the density function of the time of ruin,

w32 (z + pt)?

V2mro? P 20%

Note that the density is defective, as it does not integrate to one when p > 0. Integrating

fro(t) = }

with respect to ¢, we would obtain the (defective) distribution function of the time of ultimate

ruin
T+ ut
Vot

where ®(x) is the standard normal distribution function. This function is given in equation

T — ut

Fry(t) = ®(— =

)+ exp{ -~ aja(- ",

(8.29) in Klugman et al. [33] by taking the conventional approach of reflecting properties.
We are now ready to derive the probability of ultimate ruin by taking the limit of (4.3.3)
when 6 — 0. But one has to do this with caution about the sign of the drift coefficient pu.

Hence we have

—2ux .

ex , if >0,
U(x) =P < o0} = i a

1, if 1 < 0.
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The first part of the solution was given by equation (8.33) in Klugman et al. [33]. Hence,

the (proper) density function of the time of ultimate ruin given that it occurs is given by

fo®) a2 (e |ult?
o) Ve P Ty

which is the density of an inverse Gaussian distribution with mean z/|u| and zo?/|u|® when

i # 0 and the density of an one-sided stable law with index 1/2 when p = 0.
In the case where 0% = 0 and p < 0, it is apparent that L(z) is a Laplace transform of
a constant

x
To=——. (4.3.6)
YT

When the surplus process does not have a diffusion component, it is nothing more than a

linear function of ¢. Only if u < 0, the linear function goes from z to 0 by the time —z/pu.

4.3.2 Total Dividends Paid up to Ruin by Threshold

Under the dividend threshold strategy, the sample path is generated by the stochastic

differential equation (4.1.8) with o(z) = ¢ and

n— x 2 b7
() =
L, x <b.
The drift term representing the net influx of cash flow is the balance of premium income at
rate of u offset by dividend payments at rate of o, when the surplus reaches the dividend

threshold b. Since we are interested in the total amount of discounted dividend payments up

to the time of ruin, we define

T0
V(z) £ E” {/ e_étl(Xt)dt] , x>0,
0

where the cost function is taken to be
«Q, x>b,

0, x <b.



Hence (4.2.3) turns into

1
5021/“(:5) +(p—a)V'(z) =6V(z)+a = 0, x> b,

1
5021/”(:5) +uV'(z) =6V (z) = 0, 0<z<b.
These two equations are precisely (2.13) and (2.7) in Gerber and Shiu [28].

Absolute ruin with dividend threshold
If the insurer is allowed to borrow money with debit force of interest r, then the sample

path of the deterministic part is changed with

H—a, Izba
w+re, —c/r <x <0.

Therefore, the generalized Gerber-Shiu function satisfies

Lo @) + (u— a)V'(@) — V(@) +1(z) = 0, x>0,

2
1
50’2‘///(1’) + ,UV/(I') . 6‘/(1.) + l(l’) = 0’ 0<or< b,
1
SOV (@) + (n+ra)V(2) =6V (2) +1x) = 0, —¢/r<z<0.

4.3.3 Total Dividends Paid up to Ruin by Barrier

In the extreme case of threshold strategy, the dividend rate o can be chosen to be
equal to the premium rate pu. Then the surplus process bounces back as soon as it hits from
below the dividend barrier by due to the nature of oscillations. In terms of the infinitesimal
generator, the dynamics of surplus growth is determined by (4.1.10) with o(x) = o, F(x, 2) =

0 and
07 X 2 bO>

M, 0<zx<by.
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In order to calculate the total amount of dividends paid up to ruin, we choose the cost

function in (4.2.1) to be

7 $2b7
I(z) = H 0
0, 0<zx<by.

Therefore, when 6 > 0, the expected present value of total dividends paid up to ruin is

bounded and hence satisfies the integro-differential equation
1
502V//(£E) + uV'(x) = 6V (z) =0, 0 <z < by,

and the boundary condition stated in the following corollary.

Corollary 4.3.2. With the dividend barrier strategy, the function V(z) defined in (4.2.1)

satisfies the following boundary condition
AV (bg) — 0V (bg) + 1(bo) = 0. (4.3.7)

Proof. The proof mirrors that of Theorem 4.2.1.

Choose = = by and S,, = n A inf{t|X; & [bo, bo + 1/n|}. Since the pure diffusion process
is continuous, it is easy to see that S, is indeed a stopping time with respect to the adapted
filtration {F;}. The rest of the argument follows in exactly the same manner and the result is

achieved since V' (z) is assumed to be continuous and [(x) is right-continuous in [bg, by + 1/n]

for all n’s. O

The condition (4.3.7) is written in the format consistent with (2.3.6). Inserting all

specific functions, it can be simplified as

1
50'2‘///(830) — 5V(b0) + n = 0. (438)
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Since V' (x) is twice differentiable, we must have

5 2
V(o) = Jim V(@) = lim V() - g—um

1 o’
p[fgv(bo) -5V (bo)],
which, combined with (4.3.8), gives us the alternative boundary condition

V/(bo) = 1.

Interested readers may refer to Gerber and Shiu [23] for an explicit solution for the
total dividends paid up to ruin by barrier strategy in the Brownian motion risk model as a

result of the boundary condition.

4.3.4 Insurer’s Accumulated Discounted Utility

A measurement of an insurer’s overall performance in maintaining its surplus in a
particular line of business is given by the accumulated utility on the surplus from the date
of inception to the date of default, which is a special case of the generalized Gerber-Shiu

function,
U(z) =E" {/ e_étu(Xt)dt} ,
0

where § > 0 and u(z) is the utility function of its surplus level. When § = 0, U(z) reduces to
the insurer’s accumulated utility. We choose the exponential utility function u(z) = —e~*/a
as it is more mathematically tractable than other utility functions.

We are now interested in the function W (z) in the Brownian Motion surplus model

defined by

W(z) =E* { /0 k e—‘”e—“det] . (4.3.9)

The function W (x) can be used to determine

Ulz) = —%W(a;).
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However, one should be cautious that W (z) might not converge for all a’s. As the function
shall be used to facilitate calculations of other quantities in other chapters, we allow a to be

negative and find an as wide as possible range of a where W (z) satisfies (4.2.2).
Lemma 4.3.1. Suppose that o? > 0 and
a’c®/2 —ap— 6 < 0. (4.3.10)

Then the function W (x) defined in (4.3.9) satisfies condition (4.2.2) and

—ax

e
< .
~ 0+ ap—a*0?/2

W () (4.3.11)

In addition, if a > 0, W(x) is bounded for all x > d.

Proof. Since l(z) = e~ is non-negative,

E* |i/ |6—5tl(Xt)|dt:| — E= |i/ 6—5tl(Xt)dt:| S E* |i/ 6—5t6—aXtdt:|
0 0 0
_ /OO 6—5tEm [6—aXt]dt — e 0T /OO 6—(5+a,u—a202/2)tdt
0 0

1 —ax

— 5—|—a,u—a202/26 < 00, for all x > d,

with the last equality from the assumption that a?0?/2 — apy — & < 0. And it follows that

W (zx) is bounded when a > 0. O

Remark 4.3.1. 1. The condition (4.3.10) is equivalent to say, when o2 # 0,

_ 2 225 2 225
MoV 200 BEVIE 00 (4.3.12)
o o

2. When 0% = 0, we can similarly prove that (4.2.2) is satisfied if either of the two

conditions holds:
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(a) >0 and ap+ 3§ > 0,

(b) u<0.

Hence if the parameters satisfy any of the conditions in Remark 4.3.1, it follows from

Theorem 4.2.1 that W (x) satisfies the following differential equation

1
50’2W“(ZE) + uW'(z) — W (z) + e * =0, x>d. (4.3.13)

Together with boundary conditions, we obtain an explicit solution to the accumulated ex-

ponential utility.

Corollary 4.3.3. If 0> > 0 and (4.3.10) is satisfied, then the solution to W (x) defined in

(4.3.9) is given by

2 /112 2 2 2

W ad—(pt++/ p2+20268)(z—d) /o ax > d.

( ) a?0? — 2ap — 26 a?0? — 2ap — 26 ’
1 1

(4.3.14)

If o2 =0,0> 0 and ap+ 6 > 0,

e
W(z) = >d
If o2 =0 and pu < 0,
W(l’) _ 1 e _ 1 65m/u—(a+5/,u)d’ > d.
ap+ 0 ap+ 0

Proof. We first determine a particular solution to (4.3.13) given of the form Cie™". Inserting
into (4.3.13) gives

a’o?

2

Cre™* —apuCre™* — 6Ce™ " + e % =0,
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which yields
B 1
Cap+0—(1/2)a20?

Hence when 2 > 0, the general solution to (4.3.13) must be in the form,
W(zx) = Cre™ 4 Ce™" + C3e™",

where the last two terms constitute a complimentary solution to the corresponding homoge-
neous differential equation (4.3.2).

It follows from the condition (4.3.11) that
W (z) = Cy 4 Cre @)% 4 Cyel@™12)2 < constant. (4.3.15)

By (4.3.12) we know that

A4/ p? + 2026

— /2 2 25
a+7y = a—“ ’l;;r ? > 0.

Then we must have C3 = 0 by taking limit z — oo on both sides of the inequality in (4.3.15).

Based on the condition that W (d) = 0, we obtain the last unknown

02 — 2 6—ad+(,u+\/,u2+2025)d/02.

a?o? — 2ap — 20

Therefore, we obtain (4.3.14) upon substitution and rearrangement.

When o2 = 0, the general solution to (4.3.13) must be in the form,

W(z) = Cre™ 4 Cyed®/H,
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According to (4.3.11) we have
e“W(x) =Cy + CoelaH/mMT < constant. (4.3.16)

If 4 > 0, then the condition (4.3.10) reduces to a + ¢/ > 0. By taking limit x — oo

on both sides of (4.3.16), we must have Cy = 0. Hence
6—CLI

W(zx) = Py

If 4 < 0, we can not eliminate Cy by (4.3.16). But since W (d) = 0, we would have

02 _ 1 6—(a+5/,u)d.
ap+ 0
Therefore,
W([L’) — 1 e T _ 1 65m/u—(a+5/,u)d.
ap+ 9o ap+ 9o

4.4 Geometric Brownian Motion Risk Model

Geometric Brownian motion is the most widely used stochastic process in financial
modelling, much owing to its computational tractability. There has also been a growing
number of papers in actuarial literature to involve geometric Brownian motion in pricing
insurance and investment combined products. Understanding its significance in financial
and actuarial modelling, we shall now investigate certain quantities of ruin theoretic interests
arising from the geometric Brownian motion model. Applications of these quantities will be

seen in credit risk modelling in the next chapter.
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Suppose the insurer’s equity index, denoted by S(t), is represented by a geometric

Brownian motion
S(t) = Xt = ertHttoB 4>, (4.4.1)

where the initial value is given by S(0) = s = e¢*. Note that both S(¢) and X(t) are defined
one-to-one correspondent on the same probability space, hence we shall use P* whenever S(t)
appears so as to emphasize the corresponding measure’s dependency on the initial value of
S(t).

Applying the Ito’s formula, one can easily see that S(¢) is a solution to the stochastic
differential equation

dS(t) =vS(t)dt + oS(t)dB(t), t >0,

where S(0) = s > 0,v = pu + 0%/2. Note that the geometric Brownian motion is by itself a
special case of (4.1.8) in which p(z) = vx,o(x) = oz and F(x, z) = 0. Hence the infinitesimal

generator of the geometric Brownian motion is given by
/ 1 2.2 pn
Xf(s) = vsfis) + 5077 f ().

To visualize the geometric Brownian motion, we now give a sample path of the geometric
Brownian motion with parameters 4 = 0.05,0 = 0.3 and s = 15 in Figure 4.2.

We are now interested in the Laplace transform of the time of index default defined by
L(s) & Es[e_hl(ﬂ, < 00)],
where the first time index goes below a predetermined level of default b > 0 is given by
7, 2 inf{t|S(t) < b}

with the convention that inf @ = oco. In the above expression, E° corresponds to the proba-
bility measure P°. In view of (4.4.1), we must have 7, = inf{¢|X (¢) < Inb}. Hence we could

easily obtain solutions from the relationship that

L(s) = E*[e ™™ [ (1, < 00)] = E* ™™™ [ (15 < o0)].
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Geornetric Brownian Motion

Figure 4.2: Sample path of geometric Brownian motion

However, since S(t) by itself is a special case of (4.1.8), we shall use Theorem 4.2.1 to obtain
solutions for the purpose of illustration. For simplicity, we skip the case where 0% = 0.
As shown in the previous section, an alternative way to express L(s) is given by the

generalized Gerber-Shiu function

L(s) = E° [ /0 K e“”l(St)dt] s> (4.4.2)

where the cost function I(s) = d(s — b).

It follows from Theorem 4.2.1 that L(s) is a solution to the differential equation
1
50252L”(s) +wvsL'(s) —dL(s) = 0, s>, (4.4.3)
which is an Euler equation.

Corollary 4.4.1. The solution to L(s) defined in (4.4.2) is given by

L(s) = (f)ﬁf1 = exp {—ln (f) Ak ’lfz_l— 2026} , s>b. (4.4.4)

b b
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Proof. By inspection, we conjecture that the solution to L(s) would be in the form of As?.

Substituting into (4.4.3) yields
L,
39 Ay(y —1)s7 + vAsT — §AsT = 0.

Hence we must have
1 1

5027 + (v — 502)7 —0=0,

which admits two roots of each sign

—v+0%/2 — /(v —02/2)% + 2025  —H =+ 2070

o= 2 2 ’
o o

—v+0%/2+ /(v —0%/2)2 +20% —p+\/p2+ 2020

Y2 = 2 = 3 .
o o

Therefore, the general solution to L(s) must be

L(s) = A1s™ + Ags™.

Recall that lims_ .. L(s) = 0, hence A; = 0. By the definition of Dirac delta function,
L(b) =1, which implies that A; = 1/b". O

Inverting the Laplace transform with respect to ¢, we have the density function of the

time of index default

n(s/b)t=3/? n(s 2
fr(t) = % exp {— (In( /2822_: ) } : (4.4.5)

Hence the (defective) distribution function of the time of index default is given by

F (1) = @(—W) + (%)_2“/02 o —W). (4.4.6)
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4.5 Ornstein-Uhlenbeck Risk Model

Ornstein-Uhlenbeck process, also known as the mean-reverting process, is often defined

by the stochastic differential equation
dXt = 9(# — Xt)dt + UdBt.

The process has a bounded variance and converges to a stationary probability distribution.
One of the most prominent examples is the Vasicek model of short rate in finance literature.

It was first proposed by Cai et al. [10] that Ornstein-Uhlenbeck process serves as a
risk process to approximate the fluctuation of insurance surplus. The version of Ornstein-

Uhlenbeck process used in Cai et al. [10] is given by

which has the natural interpretation that the insurance surplus is continuously funded by
premium income at rate of p and investment return with a constant yield rate p. Since
the total surplus to be invested varies from time to time, the rate of interest due at time
t is proportional to the current amount of surplus and hence given by pX;. The source
of randomness in surplus is assumed to be accurately captured in the Brownian motion
component. A sample path of Ornstein-Uhlenbeck process with parameters p = 0.1,p =
0.3,0 = 0.05 and = = 0.5 is generated in Figure 4.3.

Having p(z) = p+ pr,0(z) = 0 and F(z,z) = 0 gives the Ornstein-Uhlenbeck type
risk model (4.5.1). By (4.1.10) its infinitesimal generator is given by

Af () = (o + o) () + 50 (2).

Cai et al. [10] focused on the dividends paid up to ruin and the Laplace transform of
the time of ruin under the dividend barrier strategy. As an application of Theorem 4.2.1,

we now demonstrate by the new approach how to obtain the differential equation satisfied
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Ornstein-Uhlenbeck Process

o 1 2 3 4 5 B 7 a 9 10

Figure 4.3: Sample path of Ornstein-Uhlenbeck process
by the dividends paid up to ruin under dividend threshold strategy

%an”(a:; b) + (n—a+ px)V'(x;b) — 0V (z;0) + . = 0, x> b;

1
50 V" (@ b) + (p+ pu)V'(2;0) = 0V(2:0) = 0, 0<w<b.

The Gerber-Shiu function, which is simply the Laplace transform of the time of ruin, can be
obtained from

1
502m”(x) + (pu + px)m/(z) — dm(x) =0, x> 0.

4.6 Kou Jump Diffusion Model

The Kou jump diffusion model was proposed out of the need to address two phe-
nomenons observed in empirical studies, which can not be explained by the Black-Scholes
model. Interested readers may read Kou [34] for its background and Kou and Wang [35],

Dao and Jeanblanc [12] for applications in option pricing and credit risk modelling.
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The asset price in Kou’s model is driven by the exponential of a Brownian motion and

a compound Poisson process with both positive and negative exponential jumps.

N(t)

St) 2 eX0 2 expla+ (r - %az —Ag(—1) — 1]) t+oB(t)+ Z Yie, (4.6.1)

where 7 is the risk-free rate of return, o is the volatility coefficient, { N(¢),t > 0} is a Poisson
counting process with intensity A and the sequence of jumps {Y7, Y, - - - } follows the common

asymmetric double exponential distribution
Qy) = TABLe ™Y (y > 0) + (1 — m)A\Gee™I(y < 0) (4.6.2)

with the Laplace transform denoted by ¢(s). It can be shown using Ito’s formula for semi-
martingale that the process S = {S(¢),t > 0} is a solution to the stochastic differential
equation

dS(t) = S(t) {rdt + odB(t) + / (e* — 1)N(dt, dz)} ,
R

where the Poisson random measure

N(t)

N(t,A) =) I(Yi€ A) = AP(Y; € A)t, A cCR/{o}.

i=1
Note that the asset price process S in (4.6.1) is set in such a way that the discounted price
process {e~"'S(t),t > 0} is a martingale under the measure P*.

We can recover Kou’s model from the general process (4.1.8) by letting u(s) = rs,o(s) =

os,F(s,z) = s(e — 1) and Q(y) as defined in (4.6.2). Hence it follows from (4.1.10) that

the infinitesimal generator for process S is given by

Uf(s) = 505" (s) st (5) 4 [ [F(s e = 1) = F(5)dQy),

R

where
p=r— /(ez — Dv(dz) =r — A[Gg(—1) — 1].
R
However, the easiest way to solve functionals of Kou’s jump diffusion process is to

find functionals of its exponent X = {X(¢),¢ > 0}, which is a much simpler jump diffusion
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process, and then write the functionals of the original process S as a function of the functional

of X.

The infinitesimal generator of X is easily found by replacing p(z) = r—302—X[g(—1)—
1],0(z) = 2, F(z,2) = = in (4.1.10).
Wf(a) = 502" @)+ i @)+ A [ o +2) = F@dQQ),
where
P %(,—2 CNd(=1) = 1] = Ak
_ r_%oﬁ—A{wﬁﬁl +(1—7r)ﬁfi1 —1—(%— 1;2”)

4.6.1 Gerber-Shiu Function

In this subsection, we shall look at ruin-related quantities of the jump diffusion process
X. Once these quantities are obtained, they could be easily used to provide solutions to ruin-
related quantities of the asset price process S.

In a jump diffusion risk model, there are two types of causes for ruin. When the
surplus is running low, it might be dropped to a level below zero by a large insurance claim,
or gradually declines to zero by oscillation. Since the Gerber-Shiu function in either case
corresponds to a different cost function, we shall treat them separately.

We define the expected discounted penalty at ruin due to jump by
my(z) = B [e™w(X (10—), | X (10)) I (T < 00, X (70) < 0)]
and the expected discounted penalty at ruin due to diffusion by
mp(z) = E"[e~™w(0,0)I(T < oo, X (1) = 0)].
By the law of total probability, the Gerber-Shiu function is a sum of the two functions
m(z) =my(xz)+mp(x).
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Note that Brownian motion changes sign infinitely often in as small interval as one wants.
Once hits zero, the surplus ruins by oscillation in an instantaneous moment. Hence by
continuity one can prove that X (m) = 0, P*-a.s. On the other hand, a jump does not cause
ruin until it brings the surplus strictly below zero. Hence the two terms unambiguously
distinguish the two situations.

Once known the cause of ruin, we can represent the expected discounted penalty at ruin
in the form of the generalized Gerber-Shiu function as we did in the previous few chapters.
Since jumps are governed by the embedded compound Poisson component, we can follow
the same arguments as in Section 2.3.5 to prove that the expected discounted penalty due

to jump
m(z) = E* [ /0 K e“”l(Xt)dt] ,
where
te) =2 [ wlary - 2)dQ()

Similarly, the expected discounted penalty due to oscillation can be written as

70
mp(x) = E” {/ e_étw(0,0)é(Xt)dt} ,
0
where () is the Dirac delta function given in Section 4.3.1.

Applying Theorem 4.2.1, we obtain the following system of differential equations to

solve for the Gerber-Shiu functions.

%a%{;(x) + am’y(z) — (A + 6)my(x) + A / my(z +y)dQ(y) + A /oo w(z,y — x)dQ(y) =0,
x>0,

%azm’é(:v) + am’p(z) — (A + &)mp(z) + )\/mD(:B +v)dQ(y) =0, x > 0.

Expected Discounted Penalty at Ruin Due to Jump

For the purpose of applications in later section, it suffices to study the expected dis-

counted penalty at ruin when the penalty function is only dependent on the surplus at ruin.
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Suppose we have a bounded penalty function f(x),
my(z) = E*[e ™ f(| X (10)])1 (10 < 00, X (75) < 0)]. (4.6.3)

Hence it can be written in terms of the generalized Gerber-Shiu function

70
moto) =8 | [ 1xar]
0
where
)= A [ fy= 2@ (5) = A [ )
T 0
Substituting in the claim size distribution, we have

1 o0
o)+ i) = -+ 0)ma) + Nague? [ e Py (y)dy

+A(1 — W)ﬁ26_62m/ e (y)dy + 1(z) = 0, x > 0. (4.6.4)
0

Corollary 4.6.1. If the claim size distribution Q(y) is given by (4.6.2), the Gerber-Shiu

function defined in (4.6.3) admits an explicit solution given by

i) = [P 7 i) o

§1 — 82

L {(ﬁz + 51) (B2 + 52 /OOO 6_522f(z)dz] ey

S2 — 81

Proof. Represent (4.6.4) in terms of operators,

1

50 Dmy(x) + iDmy(x) = (A + 0)m(x) + At 1T my () + A(1 = ) BaEg,my (x) + U(x) = 0.

Multiplying both sides by (8:Z — D)(52Z + D) we obtain

{30292 (51Z = D)(BZ + D) + i D(B1Z — D)(BoL + D) — (A + 6)(5iZ — D)(B2Z + D)

+ATB1(BL + D) + A1 — ) B2(51 T — D)}mJ(I) + (812 — D)(BZ + D)l(z) = 0,
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which simplifies to

1 1 1 . X 1
502m§4) () + (it = 50261 + 50262)77153) (z) + (AB2 — i = A — 0 — 5025152)77152) ()

HA+6)81 + M1 = 7)B2 — AnBy — (A + 8) 2 — 1B Balml (x) + 81 Bam () = 0.
Since m;(z) satisfies a homogeneous fourth order differential equation with constant coeffi-

cients, it is easy to represent m () as
my(x) = C1e™* + Coe®® + C3e™" 4 Che®®, (4.6.5)

where s1 < s9 < 0 < s3 < s4 are roots of the generalized Lundberg equation

1 2.2 ~ /62
— — 1-— = 0. 4.6.
50 + fis ()\+5)+)\7rﬁ1_8+>\( W)ﬁ2+s 0 (4.6.6)

As lim, o, m(z) = 0, it is obvious that C5 = Cy = 0. We need two more boundary
conditions to determine C and Cj. Letting x — 0 in (4.6.4) we obtain the first condition

that
—asz}(O) + am/;(0) — (A + 0)my(0) + A5y /00 e Pvm ;s (y)dy
0
+A(1 —7) [ /00 e P27 f(2)dz = 0. (4.6.7)
0

Inserting (4.6.5) into (4.6.7) gives

Cl C12 /oo -
= 2% dz.
ﬁz+81+ﬁz+82 0 ‘ J(2)dz

Multiplying both sides of (4.6.4) by $;Z — D gives the second condition that

1 1 . .
—50°m(0) + (50°61 = Wm(0) + (b + A+ )my(0)

‘l‘()\’ﬂ'ﬁl — ﬁl)\ — ﬁlé)mJ(O) + ﬁll(O) — l/(O) =0. (468)
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We insert (4.6.5) into (4.6.8) and simplify the terms together with (4.6.6)

B — s1 fr—s2 ., <
624'8101_'—624—8202_(61_'_62)/0 € f(z)dz.

Hence we obtain

o = B [ g

S1 — So 0
o, = WGetn)lbats) / e f(2)d.
So2 — 81 0
The solution is thus obtained upon substitution of coefficients. O

Expected Discounted Penalty at Ruin Due to Diffusion

The expected discounted penalty at ruin is actually a Laplace transform of the time of

ruin due to diffusion,
mp(z) = FIO)E*[e ™I (1 < o0, X (1) = 0)]. (4.6.9)

Hence it satisfies the integro-differential equation

1 [e.e]
iazm’é(z) + amp(x) — (A + 0)mp(x) + )mﬁleﬁlm/ e P Ymp(y)dy (4.6.10)

+A(1 — 7T)626_62m/ "Ymp (y)dy = 0, x > 0. (4.6.11)
0

Corollary 4.6.2. If the claim size distribution Q(y) is given by (4.6.2), the Gerber-Shiu

function defined in (4.6.9) admits an explicit solution given by

- Pat Slf(O)eslm + Lz + Szf(O)es”.

mp(x
81 — 89 S2 — 81

Proof. Following the same technique used previously, we would also have
mp(z) = C1e*** + Cye®®®,
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where s; and s9 are the two negative roots of the fundamental Lundberg equation (4.6.6).
By letting x — 0 and substituting in the solution with unknown coefficients, we obtain

the first condition that

4 n Cy
Bo+ 81 [Pa+ S

= 0. (4.6.12)

The second condition comes from the fact that ruins occurs immediately if the process

starts at 0. Hence,

which means
C1 + Cy = f(0). (4.6.13)

Combining (4.6.12) and (4.6.13) we obtain the solution to the expected discounted

penalty at ruin due to diffusion. O

4.6.2 Perpetual American Put Option

Since the American put option is priced at the expected discounted payoff at such an

exercise date so that its value is maximized, we can write it as
F(x) = sup E”[e™°™T1(S (14))1 (14 < 00)],
d

where
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Hence it can be expressed as
F(x) = sgp E2[e 0TI (eX ) (14 < 00))]
= sup E* [e=97 T(e¥ 0 )+9) [ (74 < 00)]
= Sng””—d[e_éTgf(lY(Téf)I)I(Td < 00)],
where
fly) = (") = (K — ™).
As shown in previous section, we need to find the solution in two parts,
E2[e~IT(eX @) [ (14 < 00, X (14 < d))]

= B (Y (7)) (7a < 00, Y (13 < 0)]

_ (B2t 51)(Ba + 52) (5 e )6sl(m—d) n (B2 4 s1)(B2 + s2) (5 e )632@_@
S2 — 81 P2 Pat1 51— S2 .

B2 B+l
Em[e_éT‘iH(eX(”))I(Td < 00, X(1a = d))]

— B e f(0)I(rq < 00, Y (7)) = 0)]

_ (K _ €d) 62 + 51 6sl(m—d) + (K _ 6d)wesg(m—d)
S1 — S2 S2 — 81

Hence,

E2[e 07 (eX ) I (14 < 00))]
_ {(52 +51) (B2 + 52) (K ¢! ) (K- 6d)w} o5 (e—d)

S — S1 B2 Bat1 S$1 — S2
d
+{(ﬁz+$1)(ﬁz+$2) (5_ e )_I_(K_ed)ﬁ2+s2}esz(m—d)‘
51 — S2 B2 Bat1 So — 81

4.7 Jang Jump Diffusion Model

Taking pu(x) = b+ ax,0(x) = oy/x and F(x, z) = x, we obtain a jump-diffusion model

that was proposed by Jang [30].

dXt = (b + aXt)dt + o XtdBt + dZt
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As Jang [30] explains, the parameter a is considered as the expected market rate of return
and the volatility squared is proportional to the surplus level. The last term of compound
Poisson jump process is employed to keep track of unexpected substantial interest rises. We
may slightly generalize the model by including both positive and negative jumps.

Hence it follows from (4.1.10) that

Af(a) = (b-+ a0) o) + 50 f"(a) 4 A [17(o+9) - Fle)Qldy)

Jang [30] used a martingale approach to find the mean and variance of the surplus
process X; when the jump size is exponentially distributed. In what follows, we shall use
the approach of generalized Gerber-Shiu function to investigate the ruin-related quantities
of such a surplus model. For a simple example, we search for an explicit solution to the

probability of default caused by diffusion at the level d defined by
Y(x) =P"(1y < 00, X7, = d).

As we have shown before, the cost function that corresponds to the probability of default
caused by diffusion is given by

l(x) =d(x —d),

where () is the Dirac delta function. Hence, it follows from Theorem 4.2.3 that

1 r—d

iazzcw”(:c) + (b + ax)y'(z) — Mb(z) + A i (x —y)dQ(y) =0, r>d (4.7.1)

Corollary 4.7.1. If Q(y) follows an exponential distribution with mean 1/, the probability

of default ¥ (x) admits an explicit solution given by
V(x) = AZi(z) + BZs(x), r>d,

where the coefficients

L NZs(d) — [(1/2)02dZ}(d) + (b + ad) Z2(d)]

— Za(d)[(1/2)02dZ] (d) + (b + ad) 27 (d)] — Z1(d)[(1/2)02dZY (d) + (b + ad) Z4 (d)]
b NZy(d) — [(1/2)02dZ0(d) + (b + ad)Z(d)]

- [

Z1(d)|(1/2)0%dZ3(d) + (b + ad) Z3(d)] = Z2(d)[(1/2)0*dZ{(d) + (b + ad) Z{(d)]
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with the function Zy(x) and Zy(x) defined as

0o 2 2 2
B 8 o +2a+2\ 20+0° 03— 2a
Zl(l’) - /:E € yM|i 02/6_2a ) 0_2 ’ 0_2 ) dy?
0o 2 2 2
B 8 o*B+2a+2\ 20+0° 03— 2a
ZQ(ZB) - /:E € yU|i 02/6_2a ’ 0_2 ’ 0_2 ) dy?

where M(a,b;y) and U(a,b;y) are the Kummer function of the first and second kind, respec-

tively.

Proof. Since it is given that

Q(y) =1- ﬁ€6y> y< 07
we take the operator 5Z + D on both sides yields,

[%Uzaﬂ)g + %Ozﬁﬂ)z + %OzDz]w(:E) + [(b+ ax)D* + aD + (Bb + Baz)D)(z)

—A(B + D)y (x) + Aby(x) = 0.
Hence we find the integral differential equation satisfied by ¥ (x),

%aza:w”’(:v) + (%azﬁzv +ax+b+ %az)w”(:v) + (Baz + Bb— a — N\ (z) = 0, r>d.

Letting ¢/(z) = e P* f(x) gives
SO ()25 F (2 )+ (50" Ba-taz-b o) ()~ B ()} +(Baz+Bb—a—X) () = 0,

which simplifies to

So% (@) + (az — 5o®fr + b+ So”)(x) — (5070 +at Nf(x) = 0.
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In order to further simplify the second order differential equation, we let z = (023 — 2a)z /o>

and ¢g(z) = f(x). Hence we must have

23 _
9 = ),
on 2
76 (T2 = ),
Hence,
23 _
%(026 —2a)zg"(2) + (—%azz +b+ %02)%9’@) - (%026 +a+MNg(z) =0.

We obtain upon further rearrangement,

2 2 2\
o)+ |2 = 2] 0 - T B —o,

which is the Kummer’s confluent hypergeometric equation.

Hence the probability of ruin can be written as
U(x) = AZ\(z) + BZ (),

in consideration of the fact that 1 (c0) = 0.

Since 1 (d) = 1, we must have
AZi(d) + BZy(d) = 1. (4.7.2)
Letting x — d in (4.7.1) gives the second boundary condition that
%ﬁdw"(d) + (b+ad)/(d) = A,
which implies that
A[%ade{’(d) + (b+ ad)Z; (d)] + B[%adeg’(d) + (b+ ad)Z(d)] = M. (4.7.3)
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Solving the linear equation system (4.7.2) and (4.7.3) results in the desired expressions.

O
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Conclusion

The theme of the thesis is the development of a unifying approach to analyze ruin-
related quantities.

In Chapter 1, we use traditional approaches to analyze the Gerber-Shiu function and
dividends paid up to ruin respectively. Later on, a generalized Gerber-Shiu function is in-
troduced to reconcile the two seemingly unrelated quantities. We show through heuristic
arguments that the generalized Gerber-Shiu function can be derived through a general equa-
tion, which significantly reduces the amount of derivations required by traditional solution
methods.

As the generalized Gerber-Shiu function is formally defined in Chapter 2, we see that
not only does it recover both Gerber-Shiu function and dividends paid up to ruin which
are well-studied in ruin theory, the generalized Gerber-Shiu also gives rise to many in-
teresting new ruin-related quantities such as an insurer’s accumulated utility, total claim
costs up to ruin and more. We prove in Chapter 2 that the general equation holds for all
piecewise-deterministic compound Poisson processes, such as the compound Poisson model
with constant interest and dividend strategies.

We show in Chapter 3 that the same general equation applies to the Sparre Andersen
model where inter-claim time distribution is phase-typed. Similarly we produce solutions to
various ruin-related quantities in many cases of Sparre Andersen model.

To further demonstrate the generality of the unifying approach, we introduce in Chap-
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ter 4 a class of jump diffusion processes under which the general equation continues to hold.
Following the same logic as in Chapter 2 and 3, we find explicit solutions to both traditional
and new ruin-related quantities in different jump diffusion models, such as Brownian motion
risk model and Kou’s model. It is interesting to point out that the Gerber-Shiu function can
also be used to find passage time distributions of all risk models.

However, the thesis by no means exhausts all quantities accommodated by the gener-
alized Gerber-Shiu function and all risk models under which the unifying approach applies.
Owing to the flexibility of cost function and infinitesimal generator associated with the func-
tion, we should be able to extend the applications in future work to even more quantities of

interest in ruin theory and potentially in other financial topics.
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