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Abstract

Classically, the study of computational problems has been primarily focused on what we
call a static model of the world. Specifically, given a fized unchanging input instance, e.g.,
a graph, the usual goal is to compute a fized subset of vertices or edges that minimizes
or maximizes some objective function. In addition to unchanging instances, the static
model ignores the potential existence of prior (partially feasible) solutions as well as the
costs associated with materializing a new (more optimal) one. These limitations become
more apparent when one considers the dynamic model of the world in which we sometimes
seek efficient transformations of a given system from some state to another. Upgrading
public transport lines is a typical example of this since a reasonable strategy is expected to
minimize criteria such as cost, environmental impact, and disruption time. It is therefore
crucial for a corresponding computational problem to have knowledge of the current state
of the system so as to seek a new, more desirable state, while minimizing the number of
required “changes” (and the number of undesired changes).

Solution discovery and reconfiguration problems constitute two possible ways of ad-
dressing such computational problems arising in our dynamic model of the world, and they
are the main topics of this thesis. Both problems model system states as configurations,
such as sets of tokens placed on one of vertices or edges of a graph. Under our solution
discovery problems, we start with an initial graph configuration and seek to transform it
into any final configuration that satisfies a desired property (such as forming a shortest
path) and where each vertex contains at most one token, using at most a given budget of
token slides along graph edges. In the reconfiguration problems we study, both the initial
and target configurations are specified, and we must determine whether one can be trans-
formed into the other within a given budget of token multi-slides, where a token moves
along a path of vertices with no other tokens. These token movements capture real-world
constraints where changes must be local, that is, prohibiting arbitrary relocation, as seen
in applications ranging from robot motion planning to quantum circuit compilation.

This thesis contributes to the computational complexity landscape for these transfor-
mation problems. For solution discovery problems where the target property is to form
a matching, vertex/edge cut, or shortest path, we show that even though these prop-
erties are efficiently computable in the static setting, their transformation variants are
NP-hard. Similarly, our reconfiguration problems are NP-hard regardless of whether to-
kens are distinguishable or indistinguishable. This necessitates a parameterized complexity
approach, which provides a more refined analysis by developing ( fized-parameter tractable)
algorithms whose running times are exponential only in carefully chosen parameters, which
are typically small in practice, while remaining polynomial in the input size. Under pa-
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rameterized complexity, we investigate these transformation problems, including solution
discovery problems for polynomial-time solvable properties (matching, vertex/edge cut,
shortest path) and NP-hard properties (independent set, dominating set, vertex cover),
under the fundamental parameters of number of tokens k£ and transformation budget b.
Additionally, we examine how certain structural parameters affect the parameterized com-
plexity; particularly, we analyze the independent set, dominating set, and vertex cover
solution discovery variants with respect to the parameter pathwidth.

Beyond fixed-parameter tractability, we investigate the kernelization complexity of the
studied solution discovery problems to understand the limits of preprocessing. Kerneliza-
tion provides a mathematical framework for analyzing data reduction, asking whether large
instances of a problem can be efficiently compressed to equivalent instances whose size de-
pends only on the parameter. A polynomial kernel exists when instances of a problem can
be reduced to a size that is at most polynomial in the parameter, indicating that effective
preprocessing is possible. For problems that we prove admit fixed-parameter tractable al-
gorithms, we employ advanced techniques to establish upper and lower kernel bounds. Our
analysis extends to combined parameters, such as examining how the pathwidth structural
parameter interacts with the transformation budget to affect preprocessing possibilities.

Finally, we transcend individual problem analysis through meta-theorems that charac-
terize entire families of solution discovery problems using descriptive complexity. Rather
than proving similar results repeatedly for each graph property, we investigate general
theorems for all solution discovery problems whose target properties are definable in logic,
particularly first-order (FO) or the more expressive monadic second-order (MSO) logic.
We prove that MSO solution discovery is fixed-parameter tractable when parameterized
by the structural parameter neighborhood diversity, exploiting vertex type equivalences
to reduce the search space. Conversely, we demonstrate that even FO solution discovery
is hard classically and under parameterized complexity assumptions for several natural
structural parameters including twin cover, modulator to stars, and modulator to paths
numbers. Through these results, we delineate precise boundaries within a well-studied
hierarchy of structural parameters, establishing where in the hierarchy meta-tractability
results are possible.
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index nodes are teal, vertex nodes are purple, and arc nodes are black. (a)
Since |L,,| = 3, we have three u-supply cliques for uv and three v-supply
cliques for uv. (b) Each wu-supply clique for wv corresponding to the ith
supply pair contains X2 — X - (i — 1) teal (C5) index nodes and x!, orange
(Cy) supply nodes. Each v-supply clique for uv corresponding to the ith

supply pair contains Y- (i — 1) teal index nodes and ¥’  orange supply nodes. 201

A sketch of the isolated and connected side rails for some vertex u € V(D)
as discussed in Theorem 141. Demand nodes at the top of the connected
side rail are colored yellow; reservoir nodes at the bottom of the isolated
side rail are brown. Reservoir nodes contain tokens. The thin dotted lines
indicate additional nodes that are omitted for clarity. . . . . . .. ... ..

A sketch of the arc-gadget for some edge uv € A(D). Only the orange
token-bearing nodes contain tokens. Here, the x and y values for the first
supply tuple for uv are 2 and 4, respectively. The values for the supply tuple
t — 1 for uv are 3 and 1, respectively, and those for the supply tuple ¢ for uv
are 1 and 2, respectively. . . . . ...
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7.10 A sketch of how the connected side rail for some vertex u € V(D) and the
connected side rail for some vertex v € V(D) connect to an arc-gadget for
arc uwv € A(D). Here v is assigned type d in the neighborhood of u, and u
is assigned type ¢ in the neighborhood of v. The thin dotted lines indicate
additional nodes that are omitted for clarity.
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Chapter 1

Introduction

Change is a fundamental characteristic of real-world systems. From automated warehouses
that adapt to shifting demand patterns to quantum circuits that reallocate qubits for op-
timal computation, real-world systems must continuously reconfigure themselves. Tradi-
tional algorithmic approaches, designed for static environments where problems are solved
once from scratch, fail to capture this complexity of the real world that often requires the
transformation of one configuration of one system into some other through a sequence of
intermediate states. This gap between static solutions and dynamic reality motivates this
thesis.

Consider the challenge faced by automated parking systems in dense urban environ-
ments [170]. Vehicles are arranged on sliding platforms within a grid structure, where
each car can only move by sliding along rails to empty adjacent positions. When re-
trieving some vehicles from deep within the structure, the system cannot simply lift them
out. Instead, it must carefully orchestrate a sequence of platform movements, sliding cars
along predetermined car-free paths to create paths to the exits. This physical constraint,
where transformations must proceed through local, edge-based movements, appears across
diverse domains: mobile robots navigating warehouse floors can only move along guide
paths, modules storing items in dense three-dimensional grids of modern warehouses can
only slide to adjacent positions [77], and trains in a depot can only travel along connected
tracks.

The quantum computing domain also exemplifies these edge-based movement transfor-
mations through its fundamental architectural constraints. Modern quantum processors
feature sparse connectivity graphs in which physical qubits can only interact with their im-
mediate neighbors [64, |. During compilation, logical qubits from a quantum program



must be mapped onto these physical qubits, but this initial mapping rarely suffices for
the entire computation [169]. As the algorithm executes and requires two-qubit operations
between previously non-adjacent logical qubits, the compiler must dynamically reconfigure
the mapping through swap operations. Each swap slides quantum information between
adjacent physical qubits, gradually moving logical qubits into positions where they can in-
teract. Another example of such transformations arises from urban bike-sharing systems.
In such systems, bicycles must be redistributed every few hours to match pre-specified re-
quired numbers at each station for coming demand. Rebalancing trucks collect bikes from
stations where commuters accumulated them and must discover a distribution ensuring
that every station meets its minimum required inventory.

Across all these examples, minimizing the cost of transformation is not merely an op-
timization goal, but a critical operational constraint. In automated parking systems, each
unnecessary platform movement extends retrieval time, frustrating customers and reducing
throughput. For warehouse modules, excessive travel leads to delivery delays. In quantum
computing, every additional swap operation extends circuit time and introduces errors that
can destroy delicate quantum computation. For bike-sharing systems, minimizing truck
travel distance directly impacts operational profitability and the system’s ability to meet
demands. Whether measured in time, energy, computational accuracy, or monetary cost,
the efficiency of most system transformations determines the viability of the entire system.

These real-world constraints naturally also lead to a graph-based model to study trans-
forming configurations. In this abstraction, vertices represent valid positions, tokens on
vertices represent the entities being moved (cars, logical qubits, bikes), while edges encode
allowed transitions between positions. For bike-sharing systems, the graph is simply a map
of the cities, and trucks can travel along routes. For quantum circuits, vertices represent
physical qubits, edges connect those qubits that can directly interact, and tokens represent
logical qubits that can only swap between connected positions (that is, tokens sliding along
an edge). In a similar way, we can model diverse physical systems challenges into a unified
framework: the study of how tokens slide along graph edges to transform one configuration
into another.

We let these real-world systems challenges inspire our work, and thus focus our research
efforts on:

Understanding and developing efficient algorithms for token edge-based move-
ment problems on graphs, where we seek to transform configurations through
minimum size sequences of such token edge-based movements.

The choice to focus on token edge-based movement is not arbitrary; it directly reflects
the physical and logical constraints of many real systems, as we saw. The edge-based



movement model encompasses more than one fundamental movement paradigm. In some
systems, each individual edge traversal incurs a unit cost; every time a parking platform
slides one position, a quantum swap occurs, or a warechouse robot moves between adjacent
waypoints, we consume a resource. In some others, we pay the unit cost per token move-
ment along a token-free path regardless of the length of the path traversed by the token.
Consider having a collection of atoms each randomly assigned to one distinct square of
a large flat grid. In order to reassign atoms (to different squares) so that they form a
condensed arrangement, e.g., all squares in the center of the grid, atoms can be moved one
by one along a trajectory of empty squares. Minimizing the number of atoms to move is
one of the challenges faced by physicists in preparing given configurations of atoms for use
in quantum simulators [165, 52, 50, 76].

The definition of what constitutes one step in the configuration transformation process
depends on the underlying cost model. When each individual edge traversal incurs a unit
cost, one step consists of a token slide; that is, moving a token from one vertex to an adja-
cent vertex along a single edge. When we pay unit cost per token movement regardless of
path length, one step consists of a token multi-slide; moving a token along an entire path
of multiple edges (provided the path is free of other tokens). In both models, applying one
such step transforms the current configuration into the next configuration in the transfor-
mation sequence of transformation steps. Both mentioned edge-based movement models
prohibit teleportation or discontinuous jumps, enforcing the locality constraints that make
these problems realistic and computationally challenging.

Note also that in these transformation scenarios, the nature of the target configuration
of the system varies fundamentally. Sometimes we know precisely which target configura-
tion to reconfigure our current configuration to. For example, in the example of preparing
atoms for use in quantum simulators, we know that all atoms must end up in a specific
predetermined arrangement in the center of the grid. We call these reconfiguration prob-
lems [150], where both the initial and target configurations are fully specified. However, at
other times, we must discover a suitable final configuration as part of the solution process.
In bike-sharing redistribution, we need any distribution where each station meets its min-
imum inventory; many final configurations could work. We call these solution discovery
problems [83], where we seek any final configuration that satisfies certain properties while
minimizing the transformation cost from the current infeasible state.

The transition from asking “does a valid configuration exist?” to “how can we efficiently
transform between configurations?” marks a fundamental and recent shift in algorithmic
thinking toward modeling that change which is an unavoidable aspect of our environment.
To understand these transformation problems with unspecified final configurations, we
first study how they behave when the final configuration must satisfy properties defined



by classical graph subset problems. These are problems whose solutions consist of select-
ing subsets of vertices or edges from a graph, such as choosing which physical qubits to
map logical ones to, or which grid squares to occupy with atoms, or which set of road
intersections must be occupied to monitor all roads in a city network. These selections
can be easily modeled as tokens placed on vertices or edges, with at most one token per
element. Graph subset problems provide a rich foundation on which to build and have
widespread applications in organ exchange networks [162], pandemic contact tracing [177],
sensor placement optimization [180], social influence maximization [I61], and quantum
computing, as demonstrated in our examples.

Beyond these fundamental graph subset problems, we extend our study to encompass
final graph configurations (again, with at most one token on an element) that must satisfy
some logical formula given as part of the problem input (that is, not fixed). These logical
formulas are flexible rules that can be used to encode expressive requirements that capture
the constraints of many real-world systems [122, 73, 140]. For example, this broader study
naturally captures scenarios like bike-sharing systems, where valid configurations must
satisfy a non-standard graph subset problem requirement: a minimum number of bikes at
each station. By moving from specific graph subset problems to general logical formulas, we
can model virtually any system where configurations must satisfy a collection of rules. This
generalization allows one to develop unified algorithmic techniques and deeper theoretical
insights that apply across diverse domains, rather than creating specialized solutions for
each application.

Under reconfiguration problems, we study the impact of both labeled and unlabeled
tokens to model the effect of distinguishable versus indistinguishable items. Labeled to-
kens represent distinguishable entities where identity matters: specific cars must reach
designated exits in parking systems. In contrast, unlabeled tokens model indistinguishable
items where only the distribution pattern matters: atoms need only form the correct geo-
metric arrangement regardless of which atom occupies which position. This distinction will
fundamentally affect the problems’ complexities as seen in previous work [50] and as we
will see. While labeled token problems must track individual identities, unlabeled versions
enjoy additional flexibility that can lead to shorter transformation sequences and different
algorithmic approaches.

Finally, we mention that most of the problems we will study are [56] or will turn
out to be classically computationally hard. Thus, we also study these problems under
the parameterized complexity paradigm [09]. Parameterized complezity is a branch of

computational complexity theory that is different from classical complexity theory and
examines the complexity of algorithmic problems not only in relation to the input size
(i.e. n), but also with respect to one or more parameters of the problem instances. While
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classical complexity theory might consider a problem intractable (or computationally hard)
due to exponential worst-case running time with respect to the input size, parameterized
complexity recognizes that real-world problems’ instances often have special structures that
can be exploited. By identifying relevant parameters; such as the number of tokens to move,
the maximum degree of the input graph, or the size of the transformation sequence we seek,
we can develop algorithms whose running time is exponential only in these typically small
parameters in real life while remaining polynomial in the input size. This means that
instances with thousands of vertices but small parameter values can be solved efficiently
(or are tractable), transforming seemingly intractable problems into ones with practical
algorithms for many real-world applications.

Our transformation problems are amenable to such complexity analysis, as they are de-
fined over graphs having a bounded maximum degree, or a bounded diameter, and or the
problems themselves could be seeking a bounded size transformation or having a bounded
number of tokens. All of those bounds are examples of parameters that one can consider
when designing parameterized algorithms for such problems. When we succeed in design-
ing a (fized-parameter tractable) algorithm that runs in some time with respect to the
parameter, but in polynomial time with respect to the size of the instance (that is, n® for
a constant c¢), we say that the problem is fized-parameter tractable when parameterized by
k. When we cannot find such algorithms, we prove that the problem is hard for complex-
ity classes such as W[1], W[2], or even XNLP, providing evidence that a fixed-parameter
tractable algorithm for that parameterization is unlikely [69]. These hardness results guide
us toward identifying which parameters offer genuine algorithmic advantages and which do
not.

This thesis will address the fundamental need to understand and design efficient al-
gorithms for token edge-based reconfiguration and solution discovery problems on graphs.
This calls for investigating both the computational complexity landscape of these prob-
lems and the development of practical algorithms that can handle real-world instances. We
specifically work towards that research goal through this summary of objectives:

1. Study the complexity of solution discovery problems with unlabeled tokens, whose
final configuration must satisfy properties defined by classical graph subset problems
(with at most one token per element) and where a step consists of a token slide.

2. Study the complexity of solution discovery problems with unlabeled tokens, whose
final configuration must satisfy some graph property expressed as a logical formula
given as part of the problem input (with at most one token per element) and where
a step consists of a token slide.



3. Study the complexity of reconfiguration problems with labeled and unlabeled tokens
and where a step consists of a token multi-slide.

Notice that with unlabeled tokens, reconfiguration problems where a step consists of a
token slide reduce to a matching problem. Given our objectives, from here on, we associate
solution discovery problems with a step that consists of a token slide and reconfiguration
problems with a step that consists of a token multi-slide. In the following section, we
present the necessary background, including the preliminaries, previous, and related work.



Chapter 2

Background

Having outlined our research objectives, we now provide the necessary foundation for our
technical contributions. The following chapter surveys the relevant previous and related
work, motivates the questions we answer in the thesis, and introduces along the way some
algorithmic techniques that we employ.

2.1 Background

In this thesis, we study solution discovery problems where the fundamental transformation
step is the token slide. Given a graph G with a vertex set V(G) and an edge set E(G), an
initial configuration S C V(G) (or S C E(G)) of size k (represented as tokens placed on
the elements of the set S), and a budget b, a solution discovery problem asks whether we
can transform S into a final configuration T C V(G) (or T C E(G)) of size k that satisfies a
fixed graph property II using at most b token slides. A token slide consists of moving a single
token from its current vertex (edge, respectively) to an adjacent vertex (edge, respectively).
We also study reconfiguration problems with labeled and unlabeled tokens and where the
fundamental transformation step is the token multi-slide. In these problems, we are given
a graph G with a vertex set V(G) and an edge set E(G), initial and target configurations
S and T of size k representing labeled or unlabeled tokens placed on distinct vertices of G,
and a budget b, and the goal is to answer whether we can transform S into 7" using at most b
multi-slides. A token multi-slide consists of moving a single token from its current vertex to
another vertex via a path of vertices containing no other tokens. The two described edge-
based movement constraints (with no jumps to non-adjacent positions, only movement



along the edges (vertices, respectively) of the graph) reflect the physical limitations of
many real-world systems, where entities can only transition through connected states.

In what follows, we start by introducing the solution discovery and reconfiguration
frameworks under which our problems fall. We survey initial results showing that our
reconfiguration problems are NP-hard (that is, classically computationally hard) and sur-
vey /present further results later in the thesis that prove that even properties solvable in
polynomial-time can yield NP-hard solution discovery problems. We conclude from this
that we can address this intractability through the lens of parameterized complexity theory.
Parameterized complexity theory analyzes a problem’s complexity through both its input
size n (for graph problems, n is the number of vertices) and problem-specific parameters
(in our case, the number of tokens k, the budget b, and some structural graph parame-
ters), distinguishing fixed-parameter tractable problems from those that are not, that is,
are W([1]-hard or worse.

Fized-parameter tractable problems are those for which we can design a (fized-parameter
tractable) algorithm that on any input of size n with parameter value k, runs in some time
with respect to k& but polynomial time with respect to n (that is, in n® time for some
constant ¢). This means that the possibly exponential or worse complexity is entirely
confined to the parameter, making such algorithms practical when the parameter value
is small in real-world instances, even if the input size is large. Note that problems with
polynomial-time (with respect to n) algorithms (that is, efficiently solvable problems) are
also fixed-parameter tractable with any parameter. We provide background on param-
eterized complexity and briefly present some key techniques used under this paradigm,
including color coding for finding small substructures and derandomization for converting
randomized algorithms into deterministic ones. We make use of these techniques in some
of the algorithms we present, and thus include a description of them in the background.

Another important technique in parameterized complexity is kernelization, which trans-
forms preprocessing from an ad hoc practice into a rigorous mathematical framework. We
say that two instances are equivalent if they are both yes-instances or both no-instances of
the same problem. A kernelization or kernel is a fixed-parameter tractable algorithm that
reduces any instance of a parameterized problem into an equivalent one whose size and
parameter are bounded above solely in terms of the original instance parameter. When this
function is polynomial, we have a polynomial kernel, which represents the gold standard for
preprocessing effectiveness. Unfortunately, not all problems admit polynomial kernels; we
study whether our solution discovery problems possess this desirable property with respect
to certain parameters, and thus present a background section on this technique, which we
discuss in more technical detail in the preliminaries.



We then provide a background section on descriptive complexity. Many of our results
on solution discovery problems will be ones for which the property II is defined by a
classical graph problem. For example, when II is defined by the classical matching problem
which asks whether there exists a set of k edges with no two edges sharing a common
vertex, the corresponding II-DISCOVERY (in this case, MATCHING-DISCOVERY) problem
asks whether we can transform an initial configuration of k tokens on k edges into any valid
matching of size k through at most b token slides. Descriptive complexity, through logical
expressiveness, will help us move from analyzing the complexity of individual solution
discovery problems to speaking of the tractability of all solution discovery problems where 11
can be expressed in a certain type of logic. This approach yields powerful meta-theorems: a
single result about logically-definable problems can simultaneously capture the tractability
of hundreds of specific problems, eliminating the need for repetitive case-by-case proofs
and revealing deep structural patterns across problem families. In this context, we study
the parameterized complexity of our solution discovery problems with popular structural
graph parameters.

Finally, we briefly survey other related problems and frameworks to clarify how our
solution discovery and reconfiguration problems differ from other approaches. We give an
overview of our detailed results after the background, but throughout include questions
that arise from the concepts presented and that we will work on answering in the thesis.
For the sake of the background, a graph class is a (typically infinite) set of graphs that share
a common structural property. We define relevant graph classes later in the preliminaries
and only those needed for comprehension of the proofs and importance of the results will
be defined. When the focus is on the containment relation between classes and not on their
definitions, we mention the relation. The same applies for problems or structural graph
parameters.

We begin with the reconfiguration framework before examining subsequent concepts.

The Reconfiguration Framework

In the reconfiguration framework [123, , |, different types of reconfiguration frame-
work problems are defined over classical ones such as graph and satisfiability problems. In
particular, given a problem (equivalently, property) II, a reconfiguration framework prob-
lem takes as input an instance I and asks an algorithmic or structural question defined
over the reconfiguration graph where the vertices represent solutions to II on instance [
and two solutions are adjacent when one can be transformed into the other with one trans-
formation step. Here, a transformation step modifies the current solution in a prescribed
way (such as sliding a token to an adjacent vertex under token sliding when II is a graph
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subset problem with solutions viewed as tokens on vertices or edges of the graph), and a
transformation sequence is a walk in this reconfiguration graph. Crucially, unlike solution
discovery problems, every intermediate configuration in the transformation must remain
feasible (equivalently, is a solution) with respect to II. The framework is general enough to
accommodate colored and uncolored tokens, labeled and unlabeled tokens, as well as any
conceivable transformation step, including but not limited to (multiple) token sliding, that
is, sliding (multiple) tokens to adjacent vertices or edges, (multiple) token jumping [135],
that is, moving (multiple) tokens to arbitrary vertices or edges, token addition/removal,
that is, changing the number of tokens, and other transformation steps.

Reconfiguration framework problems of algorithmic flavor typically take additionally as
input two feasible solutions S and 7" to II on instance I. The problem is then one of the fol-
lowing incomplete list of types: a reachability problem, that is, does there exist a sequence
of transformation steps that converts S into 7" while maintaining feasibility throughout; a
shortest transformation problem, that is, what is the minimum number of transformation
steps needed to convert S to T'; a bounded reachability problem, can S be transformed
to T" using at most b transformation steps. Structural framework problem types include
but are not limited to, a connectivity problem, that is, can any feasible solution be trans-
formed to any other; a diameter problem, what is the maximum size of a minimum size
transformation sequence between any two feasible solutions, and other problems that ask
structural questions such as “What are necessary and sufficient conditions for the input so
that its reconfiguration graph is a collection of trees” [11], “Does the reconfiguration graph
have a Hamiltonian path (that visits every vertex once) regardless of the instance” [3],
and others. When II is defined by a classical problem, such as matching, we call the cor-
responding [I-RECONFIGURATION framework problem, MATCHING-RECONFIGURATION,
and include the type in the problem name when necessary to distinguish between vari-
ants, such as MATCHING-REACHABILITY-RECONFIGURATION or MATCHING-SHORTEST
TRANSFORMATION-RECONFIGURATION.

Recently, another type of reconfiguration framework problem has been investigated:
the optimization variant, where we start from a feasible but non-optimal solution (such
as a non-maximum independent set) and seek to reach an optimal solution (such as a
maximum independent set) while maintaining feasibility throughout [124]. Unlike the
previously mentioned algorithmic types that require both initial and target configurations,
this variant takes only a single solution and asks for a more desirable solution reachable
from it. Ito et al. introduced this type and studied INDEPENDENT SET-OPTIMIZATION-
RECONFIGURATION [124] then Blanché et al. studied DOMINATING SET-OPTIMIZATION-
RECONFIGURATION [25]. Both of these problems were shown to be PSPACE-hard (generally
believed to be harder than NP-hard) even on very restricted graph classes. It should be
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noted that solution discovery problems remain distinct from optimization variants under
the reconfiguration framework, which require all intermediate configurations to remain
feasible solutions (such as feasible independent sets), thus inheriting the computational
hardness of reconfiguration framework decision problems, which are often harder than
solution discovery problems (that is, they are often PSPACE-hard).

The reconfiguration framework includes our reconfiguration problem; however, note
that here the problem or property upon which this problem is defined is a trivial “does
a set of k vertices exist in the graph?”. Calinescu, Dumitrescu, and Pach proved that
the reconfiguration problem with unlabeled tokens is not only NP-hard but also APX-
hard [19]. If a problem is APX-hard, then one cannot efficiently find solutions arbitrarily
close to optimal, though constant-factor approximations may still be possible. On the
positive side, the authors provided an approximation algorithm (with constant factor 3),
and showed that for tree graph classes, the problem can be solved optimally in linear time.
They also established that at most k& multi-slides are always sufficient (and sometimes
necessary) for reconfiguring k& unlabeled tokens in any connected graph. For labeled tokens,
the problem is also NP-hard and APX-hard and 7k/4 multi-slides are always enough, and
3k/2 are sometimes necessary, for the reconfiguration of k& labeled tokens in the infinite
planar rectangular grid graph.

Following this, this question emerges as the logical progression for our transformation
problem.

Question 1. What is the parameterized complexity of the reconfiguration problems with

labeled or unlabeled tokens and parameters such as the number of tokens & or the budget
b?

Within the reconfiguration framework, Mouawad et al. [117] were the first to consider
the parameterized complexity of reconfiguration framework problems. After that, a myriad
of classical graph problems have been studied under the reconfiguration framework for their
bounded transformation or other variants. We survey here related results that emerged
from studying bounded transformation variants (with token sliding as a transformation
step) of classical graph problems, which also serve as the defining properties I for the
solution discovery problems we focus on in this thesis.

In particular, INDEPENDENT SET RECONFIGURATION is PSPACE-hard even on bounded
treewidth graphs [17] (where treewidth is a structural graph parameter that measures how
“tree-like” a graph is), polynomial-time (with respect to n) solvable on certain graph classes
related to trees [181, 113] and others [125]. With respect to the number of tokens k, IN-
DEPENDENT SET RECONFIGURATION is W[l]-hard on the class of split graphs [15], the
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class of bipartite graphs and other graph classes [13] and in FPT on the class of bipar-
tite graphs without 4-cycles [13], the class of bounded degree graphs, the class of planar
graphs and others [15, 17, 14]. For DOMINATING SET RECONFIGURATION, Bousquet et
al. [38] showed that the problem is PSPACE-hard even on graphs of treewidth at most 12.
However, the problem admits polynomial-time algorithms for the class of tree graphs and
the class of interval graphs [131]. In their survey, Bousquet et al. [10] showed that the
problem is fixed-parameter tractable when parameterized by b on some graph classes that
include every nowhere dense class of graphs. For classical graph problems with efficient
polynomial-time algorithms, Bousquet et al. [39] showed that SHORTEST PATH RECON-
FIGURATION is W([1]-hard when parameterized by kb but fixed-parameter tractable when
parameterized by b on every nowhere dense class of graphs and when parameterized by

other structural parameters such as treedepth, cluster deletion number, or the modular
width.

We note that the reconfiguration variant of the independent set problem is often also
referred to by using different names such as TOKEN SLIDING [15], or SLIDING T'OKEN [(1].

The Solution Discovery Framework

Our solution discovery problems fall under the broader solution discovery framework intro-
duced by Fellows et al. [$3], which also encompasses various transformation steps beyond
token sliding. Like its reconfiguration counterpart, the general framework allows non-graph
problems and any conceivable transformation step, including but not limited to token slid-
ing, token jumping, token addition/removal, and other modification rules, with the first
three being among the most studied modification rules relating to graph subset problems
in the solution discovery and reconfiguration frameworks. However, as Fellows et al. [$3]
and we demonstrate, the choice of what is considered a transformation step fundamen-
tally affects the computational complexity and theoretical richness of solution discovery
problems: while MATCHING-DISCOVERY remains polynomial-time solvable under token
jumping and token addition/removal, it becomes NP-hard under token sliding. This sen-
sitivity to the movement choice motivates our focus on the most restrictive yet practically
relevant operation, token sliding along edges.

The solution discovery framework itself emerged from the recognition that many opti-
mization scenarios involve repairing or adapting existing configurations rather than com-
puting solutions from scratch. In the introductory paper by Fellows et al. [83], the authors
focus on problems where II represents a graph property that is defined by a classical graph
problem such as matching, shortest path, vertex cover, independent set, or dominating
set, and the solution discovery problem would then seek any final configuration that is a
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feasible solution to the problem II reachable from an initial configuration within the trans-
formation budget. This is different from reconfiguration framework problems that require
the maintaining of feasibility with respect to Il at every step of the transformation. The
relaxation of feasibility at every intermediate step of the transformation makes solution
discovery problems computationally easier than their reconfiguration framework (decision)
counterparts and allows different algorithmic approaches.

The solution discovery framework generalizes earlier work by Garnero et al. [94] on
the proper coloring discovery problem. Here, a coloring of a graph is an assignment of
exactly one color from a fixed color set to each vertex, and a proper coloring is one that
additionally assigns distinct colors to adjacent vertices. If the coloring does not do so, then
we call it improper. In their proper coloring discovery problem, Garnero et al. [91] focus
on finding an arbitrary proper coloring of a given graph G, starting from a given improper
coloring, by recoloring the minimum number of vertices. Similarly, the framework also
generalizes the earlier work of De Biasi and Lauri [21], who studied the same problem
with a different transformation step that allows the swapping of colors on two adjacent
vertices. The framework also encompasses the MOBILE FACILITY LOCATION problem
introduced by Demaine et al. [62] in which existing facilities must be relocated (using token
slides) and clients assigned to minimize the (weighted) sum of movement and service costs.
This problem and its variants have seen significant algorithmic theoretical (approximation
algorithms and inapproximability results) and heuristic progress in the uncapacitated [39,

, 4, 9], capacitated [160], and even the online setting [98, 97]. Demaine et al. [63] also
developed a general framework for minimizing token slides to achieve one of many allowed
final configurations. Other problems falling under the framework include the s-t-CUT-
SUM problem studied by Bilo et al. [23] for which the authors give an inapproximability
result and in which the goal is to move (using token slides) the tokens to form a set of
vertices whose removal disconnects to given vertices s and t. The introductory paper
of Fellows et al. [33] can be thought of as unifying these approaches under a common
theoretical umbrella.

Garnero et al. [91] show that their proper coloring discovery problem (where the prob-
lem IT asks whether there exists a proper coloring for the input graph) is NP-hard whenever
we have a fixed number of three or more colors. Additionally, it is W[1]-hard when param-
eterized by the budget, but fixed-parameter tractable when parameterized by the budget
and the number of colors. In contrast, De Biasi and Lauri [21] show that their proper
coloring discovery problem (with the swapping of colors on adjacent vertices being a trans-
formation step) is W[1]-hard when parameterized by the budget for every fixed number of
colors. Demaine et al. [62] proved NP-hardness for the problem of minimizing the number
of token slides needed so that the final configuration is a path between two fixed vertices,
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provided an approximation algorithm for the same problem (with constant factor cn for
some constant ¢), and later [63] proved that when minimizing the number of token slides
needed in order to get the tokens into a final configuration whose vertices induce a graph
from a fixed group of graphs, then the parameterized complexity with respect to the num-
ber of tokens of any problem of a subset of such problems depends on the treewidth of the
edge-deletion minimal graphs in the group. The latter implies that when minimizing the
number of token slides to get the tokens into a final configuration whose vertices form a
connected graph or a path between two fixed vertices, then the problem is fixed-parameter
tractable with respect to the number of tokens, but when the vertices of the final config-
uration are non-adjacent, form a 2-connected graph, or a grid, then the same problem is
WI[1]-hard. In the following unifying work of Fellows et al. [33], the focus expanded to a
comprehensive study of several (other) classical and fundamental graph problems, particu-
larly vertex cover, independent set, dominating set, and coloring. We note that the results
of Demaine et al. [(3] cannot speak of properties defined by problems such as dominat-
ing set, vertex cover, and (s-t) vertex cut, where the feasibility of the final configuration
additionally depends on the input graph.

While it is obvious that all the solution discovery problems of Fellows et al. [33] would
inherit their NP-hardness (equivalently, their classical computational complexity) from
the NP-hardness of the property or equivalently the classical problem II, the behavior of
these problems under parameterized complexity assumptions is not as obvious. VERTEX
COVER-DISCOVERY was shown to be NP-hard, fixed-parameter tractable when parame-
terized by the number of tokens k, W[1]-hard when parameterized by the budget b, and
in XP for parameter treewidth [33]. XP is the class of parameterized problems solvable by
an algorithm that runs in some time with respect to the parameter k£ and polynomial time
with respect to n, but the degree of that polynomial may depend on the parameter. In
contrast, INDEPENDENT SET-DISCOVERY and DOMINATING SET-DISCOVERY were shown
to be NP-hard and W([1]-hard for parameters b and k + b on all graphs [33].

The problems become slightly less computationally complex when we restrict the type of
graph in the input [$3]. For example, on every nowhere dense class of graphs, all three prob-
lems (VERTEX COVER-DISCOVERY, INDEPENDENT SET-DISCOVERY, and DOMINATING
SET-DISCOVERY) become fixed-parameter tractable when parameterized by the budget b.
For parameter k, INDEPENDENT SET-DISCOVERY becomes fixed-parameter tractable on
the class of d-degenerate graphs and every nowhere dense class of graphs, and DOMINAT-
ING SET-DISCOVERY becomes fixed-parameter tractable on every class of biclique-free or
semi-ladder-free graphs. The class of d-degenerate graphs and every nowhere dense class
of graphs are standard sparsity benchmarks. A graph class is sparse if its graphs have
few edges relative to vertices (typically, |E| = O(|V])), and in modern usage, if dense
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(that is, non-sparse) substructures, primarily cliques, are avoided in its graphs regardless
of the radius: even if one replaces disjoint groups of vertices lying within distance at most
this radius by single nodes and then examines the connections those nodes inherit, large
cliques still do not appear. Biclique-free, semi-ladder-free graph classes, while not neces-
sarily sparse in the above sense, contain d-degenerate graphs and every nowhere dense class
of graphs and generalize many of the algorithmically favorable properties of sparse graphs.
Together, nowhere dense, d-degenerate, biclique-free, semi-ladder-free graph classes sub-
sume many natural sparse families of graphs, such as the class of planar graphs, which
contains all graphs that can be drawn on a plane without any edges crossing; edges may
be drawn as continuous curves connecting their endpoints.

We add to the list of studied solution discovery problems where II is defined by a
classical and fundamental graph problem with efficient polynomial-time algorithms the
following. We single out matching among properties in P because it probes a different
axis of structure: it enforces disjointness (no two chosen edges share a vertex), in contrast
to cut (separation) and shortest path (connectivity/metric). It also comes with an excep-
tionally mature theory that we can leverage for both algorithmic upper bounds as well as
lower-bound constructions.

Question 2. What is the classical complexity of MATCHING-DISCOVERY?

As demonstrated above and as we will see later, solution discovery problems, even those
where II is defined by a classical graph problem with polynomial-time algorithms, can turn
out to be classically computationally hard (NP-hard). This computational intractability
necessitates a more refined analysis of these problems, which can be done through the
lens of parameterized complexity theory [09, 58, 85]. This framework can help identify
tractable cases of the problems by isolating problem-specific parameters that may be small
in practice and for which efficient algorithms exist.

Question 3. What is the parameterized complexity for each of MATCHING-DISCOVERY,
VERTEX/EDGE CUT-DISCOVERY, and SHORTEST PATH-DISCOVERY for parameters such
as the number of tokens k or the budget b7

Parameterized Complexity and Tools

Parameterized complexity, pioneered by Downey and Fellows [(5], has emerged as a crucial
theoretical framework but extends far beyond that, offering practical solutions to compu-
tationally hard problems in diverse domains. The framework has been used in various
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areas of computer science, such as database theory, artificial intelligence, and computa-
tional biology. In bioinformatics, parameterized algorithms have proven essential for its
NP-hard problems including sequence assembly and analysis as well as genome comparison
and completion [16], and researchers like Hiiffner et al. [120] provide comprehensive surveys
of these applications. The impact extends to machine learning, where the parameterized
complexity analysis of training ReLLU networks has revealed fundamental insights about
the influence of data dimensionality on computational complexity [90], and recent work has
applied parameterized complexity analysis to explain decisions in ML models, addressing
critical challenges in explainable AT [152]. In computational social choice, the framework
has become indispensable for analyzing problems in voting procedures, preference aggre-
gation in multiagent systems, bribery, and control in elections [11, 13].

As mentioned earlier, the core idea of parameterized complexity is to measure the
running time of algorithms not just in terms of the input size n, but also with respect to
a parameter k that captures some structural or other aspect of the problem instance [69].
When a problem is fixed-parameter tractable when parameterized by some parameter, we
say it is in the class FPT. For instance, Fellows et al. [33] showed that VERTEX COVER-
DiscovERY when parameterized by the number of tokens k is in FPT, with an algorithm
running in time c - 2% - n? for a constant c.

The weaker notion of tractability in parameterized complexity is captured by the class
XP. For problems in this class, the exponent of the polynomial in the running time may
depend on the parameter, which can result in impractically large running times even for
small parameter values. Fellows et al. [¢3] showed that the vertex subset discovery prob-
lems they study fall into this class when parameterized by treewidth. Indeed, treewidth
has become one of the most important and well-studied parameters in parameterized com-
plexity, with a recent survey describing it as “the most well studied width measure in
the field” [146] with researchers in diverse areas investigating how their problems behave
when parameterized by this structural measure: Courcelle’s celebrated theorem [55] shows
that any graph property expressible in a certain logic can be decided in linear time (with
respect to n) on graphs of bounded treewidth; in database theory, query evaluation be-
comes fixed-parameter tractable for various query languages when parameterized by the
treewidth of the query structure [34, |; and in constraint satisfaction, fundamental re-
sults show that such problems can be solved in polynomial time on instances of bounded
treewidth [112, 107]. Given the importance of this measure, we ask the following.

Question 4. Are INDEPENDENT SET-DISCOVERY, VERTEX COVER-DISCOVERY, and
DOMINATING SET-DISCOVERY fixed-parameter tractable when parameterized by treewidth?
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Unfortunately, not all parameterized problems admit fixed-parameter tractable algo-
rithms. The W-hierarchy provides a framework for classifying parameterized problems that
are believed to be inherently difficult (that is, not admit fixed-parameter tractable algo-
rithms) from a parameterized perspective. This hierarchy consists of complexity classes
FPT =W][0] C W[1] CW][2] CW[3] C ---, where inclusions are conjectured to be strict [(9].
That is, it is formed of complexity classes W[i] for every integer i, such that WI[i] C
WIi+1], and it is a subset of XP. A problem that is W/1/-hard is believed to not ad-
mit a fixed-parameter tractable algorithm, under the widely accepted assumption that
FPT # WI[1]. For solution discovery problems, Fellows et al. [$3] demonstrated several
WI[1]-hardness results: for example, both INDEPENDENT SET-DISCOVERY and DOMINAT-
ING SET-DISCOVERY are W([1]-hard for parameters b and k + b. Beyond the W-hierarchy,
problems can be shown to be XNLP-hard, which implies hardness for every level of the W-
hierarchy and suggests that even space-efficient (that is, polynomial space) parameterized
algorithms are unlikely [31]. As we will see, several solution discovery problems (that is,
those appearing in Question 4) exhibit this stronger form of hardness when parameterized
by structural parameters like treewidth and pathwidth (which measures how “path-like” a
graph is and is, for every graph, larger than treewidth).

The development of parameterized algorithms has been derived by several fundamen-
tal techniques that have proven successful across diverse problem domains. Among the
most influential are bounded search trees, dynamic programming on tree decompositions,
iterative compression, bidimensionality theory, color coding, derandomization and kernel-
ization [58].

Color Coding. One influential technique is the powerful color coding randomized tech-
nique introduced by Alon, Yuster, and Zwick [7] that revolutionized the search for small
substructures in graphs. The core idea of this technique is elegantly simple: to find a
k-element substructure in a graph, randomly assign colors from {1,... k} to vertices (or
edges) and search for a “colorful” substructure where each element has one distinct color.
While a specific k-element solution might not be colorful in a random coloring, it becomes
colorful with probability at least k!/k* > e=* when we use k colors. By repeating the pro-
cess e - k times, we find the k-element substructure with high probability. The technique
transforms the problem of finding a size-k structure into finding a colorful one, which is
often significantly easier; finding a size-k path is hard, but finding a colorful path using
dynamic programming on color subsets takes only 2 - n¢ time for some constant c¢. From
its original applications to paths and cycles [7], color coding has expanded to subgraph
isomorphism [111], network motif detection in biological networks [5], temporal graph ex-
ploration [30], and the detection of signaling pathways in protein-protein interaction (PPI)

17



networks [121]. Recent advances include structure-aware coloring strategies [154] that ex-
ploit graph properties to reduce dynamic programming calls by orders of magnitude in
kidney exchange and transportation optimization problems.

Derandomization Using Perfect Hash Families. While color coding provides effi-
cient randomized algorithms, many applications require deterministic guarantees, achieved
through derandomization using perfect hash families. An (n, k, k)-perfect hash family is a
collection F of functions from {1,...,n} to {1,..., k} such that for every k-element subset
S C {1,...,n}, there exists a function f € F that is injective on S. Instead of random
colorings, we systematically try each function from a perfect hash family, guaranteeing
that any k-elements substructure will be “colorful” under at least one function. Naor,
Schulman, and Srinivasan [119] provided the foundational construction that achieves fam-
ilies of size e*k¢°8*logn (for some constant c) that can be generated in polynomial time,
with subsequent advancements by Alon and Gutner [6]. This derandomization technique is
invaluable beyond color coding, for example, for communication complexity, where perfect-
hashing—based two-round protocols for list problems (originating with Orlitsky) remain the
canonical construction and are explicitly referenced in recent treatments [15, 153].

Kernelization. Perhaps no parameterized complexity technique has had a wider impact
than kernelization, a mathematical framework that elevated preprocessing from informal
methods to principled science. Michael Fellows dubbed it the “lost continent of polynomial
time” [32], recognizing that while practitioners had long known preprocessing can dramati-
cally improve performance, kernelization provides the first theoretical lens to analyze these
ubiquitous data reduction steps with mathematical precision. This framework has trans-
formed practice well beyond theory: modern SAT solvers use kernelization-inspired vari-
able elimination techniques to handle industrial instances with millions of variables [75],
reducing them by orders of magnitude. In computational biology, kernelization principles
guide the design of feature selection algorithms for genomic data, where reducing from
tens of thousands of genes to the most informative subset is crucial for both computational
feasibility and biological interpretability [178, 163].

While every fixed-parameter tractable problem admits some kernelization algorithm [15],
the existence of a polynomial kernel, which is particularly desirable from a practical point
of view, is not guaranteed. Bodlaender et al. [31, 35] developed the first framework for
proving kernel lower bounds, providing the first rigorous impossibility results for prepro-
cessing and explaining why some problems resist decades of reduction efforts. Fortnow and
Santhanam [$8] showed a connection to the complexity hypothesis NPZ coNP/P. Specifi-
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cally, for several problems, a polynomial kernel with respect to a parameter would imply
that NP C coNP/P, and thus an unlikely collapse of the polynomial hierarchy to its third
level [184].

Given that, for parameter k, Fellows et al. [33] show that INDEPENDENT SET-Discov
-ERY and DOMINATING SET-DISCOVERY are fixed-parameter tractable on every nowhere
dense class of graphs and every class of biclique-free graphs, respectively, we ask whether
they also admit polynomial kernels.

Question 5. Does INDEPENDENT SET-DISCOVERY parameterized by k& admit a polyno-
mial kernel on every nowhere dense class of graphs? Does DOMINATING SET-DISCOVERY
parameterized by k£ admit a polynomial kernel on every biclique-free class of graphs?

Question 6. Do any of MATCHING-DISCOVERY, VERTEX/EDGE CuUT-DISCOVERY, and
SHORTEST PATH-DISCOVERY when parameterized by k or b admit polynomial kernels?

Descriptive Complexity

Descriptive complexity, which has proven effective in addressing complexity-theoretic ques-
tions for static problems [55], offers a promising direction for understanding solution dis-
covery problems by moving away from case-by-case analysis where each problem’s unique
structure demands its own specialized techniques and proofs. While problem-specific anal-
ysis can yield deep insight into individual problems, it can leave us without a unifying
framework to understand broader patterns across problem families. Descriptive complexity
is a powerful framework that classifies problems not by the computational resources they
require (time or space), but by the logical expressiveness needed to define them [122]. This
shift in perspective, from operational to declarative, has revolutionized how we approach
algorithmic problems across diverse domains.

The power of this logical approach is exemplified by Courcelle’s celebrated theorem [53].
This single meta-theorem has captured the tractability of hundreds of NP-hard problems,
from Hamiltonian cycle to graph coloring, when restricted to graphs of bounded treewidth,
eliminating the need for problem-specific algorithms. The theorem’s impact extends far
beyond classical graph problems: Burton and Downey [17] extended it to simplicial com-
plexes for computing quantum invariants of 3-manifolds, and Grohe [105] used it to show
that the problem of computing crossing numbers is fixed-parameter tractable. Even in
database theory, recent work has shown how logic on appropriate graph representations
produces efficient algorithms for consistent query answering [115].
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In this thesis, logic will be defined on (colored) graphs. Here, a colored graph is a tuple
(G,C) where C is a set of vertex sets (colors), and a vertex in G can belong to zero or
multiple vertex sets in C (or equivalently, have no or multiple colors). Logic at its core
allows us to make statements such as “There exists a vertex with color red that is connected
to a vertex with color blue” or “There exists a set of vertices forming a clique of size k”.
The ability to express these and even more complex structural properties or problems in
a formal language is what enables researchers to handle many different problems within
a single theorem or algorithm. In both first-order logic (FO) and monadic second-order
logic (MSO), formulas are constructed over (colored) graphs. Each formula constructed
over (colored) graphs is a sentence that describes a property of a graph. This sentence
can be true or false for any given graph. The key difference between the aforementioned
logics lies in what they allow: FO allows one to say “there exists a vertex” while MSO
additionally allows one to say “there exists a set of vertices”.

In both logics, a formula uses verter variables (like z and y) which act as placeholders
for vertices in the graph, similar to how in algebra x represents an unknown number. There
also are set variables (like X') which represent collections of vertices. A set variable X is
a free set variable when it has not been specified which set it represents; it is left open
so that one can later ask questions like “Which sets make this formula true?”. Unlike in
Courcelle’s theorem (and other theorems for non-transformation problems), since we would
like to describe properties of the final configuration and not the graph, we work with a
variant of FO that includes one free set variable X, to which the formula can refer (but
not quantify over). The basic statements available to build a formula are: X (z) meaning
that the vertex x belongs to the set X; C;(z) meaning that the vertex x has color Cj;
E(z,y) meaning that there is an edge between the vertices x and y; and z = y meaning
that the vertices z and y are the same. These basic statements are combined using logical
connectives (-, A, V, —, <) and quantification over vertices with “Jr € X 7 (“there
exists a vertex z € X such that”) and “Vax € X :” (“every x € X satisfies”). For example,
dr € V(G) : Ci(z) ATy € V(G) : (Ca(y) AN E(z,y)) says “there exists a vertex with color
(' adjacent to some vertex with color Cy”.

Monadic second-order logic (MSO) extends (our formulation of) FO by allowing set
variables beyond the free set variable and quantification over all sets. In MSO, it is
possible to have multiple set variables (like Y, Z) and to quantify over them: “3Y C X .7
means “there exists a set Y C X such that” and “VY C X” means “every set Y C X
satisfies”. For a formula ¢(X) with a free set variable X and for a set S C V(G), we write
G E ¢(S) when ¢ is true for the graph G with X interpreted as vertex set S. Checking
whether G = ¢(S5) can be done in time polynomial in n and the size of the formula [7].
MODEL CHECKING asks, given a graph G and a formula ¢(X), if there exists a set .S such
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that G = ¢(S). We will refer to FO and MSO with no free set variable as classical FO
and MSO, respectively. For more background on logic, we refer to the book by Wilfrid
Hodges [115]. We note that the number of colors used in a formula ¢ is always bounded
by its size, thus if the size of the formula given as part of the input is treated as a constant
(or parameter), as will be the case in this thesis, one can assume that there is a constant
number of colors |C| in the colored graph that is part of the same input.

The descriptive complexity approach offers several key advantages. First, it provides a
uniform treatment of a group of problems. For instance, Courcelle’s theorem states that
classical MSO MODEL CHECKING can be decided in linear time on graphs of bounded
treewidth and extends to graphs with bounded cliquewidth [54], which is another struc-
tural parameter smaller than treewidth. A similar theorem states that classical FO MODEL
CHECKING can be solved in almost linear time on every nowhere dense class of graphs [106]
and in polynomial time on every monadically stable class of graphs (which are broader
classes that extend nowhere dense ones while preserving their key algorithmic or logi-
cal properties) [71, 70]. Second, it reveals deep connections between seemingly unrelated
problems that share the same logical complexity and enables the transfer of algorithmic
techniques across domains. For instance, Kolman et al. [131] showed that classical MSO-
definable optimization problems on graphs of bounded treewidth admit compact extended
formulations, bridging descriptive complexity with linear programming theory. Kneis et
al. [128] developed game-theoretic algorithms for Courcelle’s theorem that avoid the state
explosion problem of automata-theoretic approaches, making Courcelle’s theorem applica-
ble to larger instances in practice. For data management under uncertainty, Amarilli et
al. [3] demonstrated that classical MSO on tree-like instances yields linear-time provenance
circuits and tractable probabilistic evaluation, while Kazana and Segoufin [127] achieved
constant delay enumeration for classical MSO queries on trees. Furthermore, Ganian et
al. [92] show that problems expressible in classical MSO admit polynomial kernels on
graphs with structural parameters like bounded rank-width.

Descriptive Complexity and the Reconfiguration Framework. Descriptive com-
plexity has also proven to be valuable for transformation problems, such as those defined
under the reconfiguration framework. Mouawad et al. [118] observed that Courcelle’s theo-
rem immediately yields a meta-theorem for bounded transformation reconfiguration frame-
work problems: if a classical problem’s feasible solutions are MSO-definable, then these
reconfiguration variants (both with token sliding and token jumping) are fixed-parameter
tractable when parameterized by b + tw (where tw is the input graph’s treewidth). This
extends to graphs with bounded cliquewidth, yielding tractability for the parameter b+ cw
(where cw is the input graph’s cliquewidth). Similarly, these reconfiguration variants for
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FO-definable problems are fixed-parameter tractable when parameterized by b on all graph
classes admitting efficient FO MODEL CHECKING [10]. A similar observation holds for the
solution discovery framework: if a problem is MSO-definable, then its solution discovery
variants with the token jumping or token sliding transformation steps are fixed-parameter
tractable when parameterized by b + cw, and when a problem is FO-definable, then its
solution discovery variants are fixed-parameter tractable parameterized by b on every class
that admits efficient FO MODEL CHECKING [168]. These results follow from the fact
that formulas can be constructed to quantify transformation sequences whose length de-
pends only on b, combined with the general MODEL CHECKING results for MSO and FO,
respectively.

For reconfiguration framework problems, Wrochna [180] demonstrated that without
the parameter b, several reconfiguration framework reachability variants of FO-definable
problems become PSPACE-hard even on graphs with constant bandwidth (which is another
structural parameter larger than both pathwidth and treewidth), highlighting a critical
role of the parameter b. Despite this hardness, Gima et al. [99] explored meta-theorems
for bounded transformation reconfiguration framework problems with the token jumping
transformation step, an input containing an MSO-defined property, and without involving
b, necessarily then requiring structural parameters larger than bandwidth or orthogonal
to it. Parameters they considered are modulator-type parameters such as minimum vertex
cover, twin cover, and cluster deletion numbers (but also includes modulator to paths and
modulator to stars numbers) that typically isolate a small “difficult core” and leave a
tractable remainder; and “type compression” measures like neighborhood diversity that
bound the number of distinct neighborhoods, typically enabling compact state summaries.
The authors showed that these problems are fixed-parameter tractable when the parameters
are only neighborhood diversity and vertex cover.

Since similar observations hold for solution discovery variants as for the bounded trans-
formation reconfiguration variants of FO- and MSO-definable problems when the param-
eter includes the budget b, we follow Gima et al.’s approach and investigate what happens
when the parameter excludes b. Specifically, we study solution discovery problems whose
transformation step is token sliding, whose input contains an MSO- or FO-definable prop-
erty and that are parameterized by the same structural parameters of Gima et al., asking
whether the relaxation of maintaining feasibility in intermediate configurations yields im-
proved meta-tractability results for these parameters. Particularly, if FO-DISCOVERY
denotes the solution discovery variants of FO-definable problems coupled with the token
sliding transformation step and MSO-DISCOVERY denotes the solution discovery variants
of MSO-definable problems coupled with the token sliding transformation step, we ask:
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Figure 2.1: A subset of possible structural parameters. An arrow between two boxes indi-
cates the existence of a function in the parameter above that lower-bounds the parameter
below.

Question 7. Are FO-DISCOVERY and MSO-DISCOVERY fixed-parameter tractable when
parameterized by any one of the parameters of Figure 2.17

The dominance and incomparability relations charted in Figure 2.1 provide a roadmap
for Gima et al.’s and other structural parameters (the figure itself represents only a subset
of known structural parameters). By locating algorithmic and hardness results within the
hierarchy of this figure, it is possible to (i) identify the minimal parameter that restores
tractability for FO- and MSO-Di1SCOVERY, and (ii) transfer results across parameters
whenever the figure’s relations permit (positive results with respect to a certain parameter
propagates downward resulting in positive results for the larger parameters and negative re-
sults propagate upwards resulting in negative results for the smaller parameters), yielding a
tight frontier for where meta-tractability is possible and where barriers to meta-tractability
start to arise.

Related Work

The reconfiguration framework encompasses various other motion planning problems with
distinct movement rules and constraints, many having both discrete (that is, graph-based)
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and continuous (that is, on the plane) variants. In PEBBLE MOTION or MULTIAGENT
PatH FINDING (discrete), many agents move in parallel in synchronous transformation
steps (from one vertex to an adjacent one) while ensuring no vertex/edge collisions [132,

]; the continuous analogue of multiagent path finding (MULTI-ROBOT MOTION PLAN-
NING) models robots, often unit disks, moving in the plane while avoiding collisions [118].
Recent work on these problems includes improved complexity bounds for trees in PEBBLE

MoTioN [27], and an anytime LNS-based solver that improves large-scale MULTIAGENT
PATH FINDING solution quality [157]. For the continuous analogue of the latter, Abra-
hamsen et al. [2] prove PSPACE-hardness for reconfiguring unit squares in simple polygons

and unit disks in polygons with holes.

The reconfiguration framework also includes the TOKEN SWAPPING problem, where
tokens placed on vertices of a graph need to be moved to their destination vertices by
swapping tokens on adjacent vertices (in a manner akin to the requirement of swapping
logical qubits between physical ones to ensure connectivity between those that need to
interact). The main contribution of Bonnet et al. [37] is showing that TOKEN SWAPPING
is W[1]-hard when parameterized by the number of allowed swaps k. The authors also
introduced SUBSET TOKEN SWAPPING as a generalization where a function specifies for
each labeled token a set of possible destination vertices, rather than just one fixed desti-
nation. The goal is to reach any configuration where each token is placed on one of its
allowed destinations within k& swaps. This generalizes both TOKEN SWAPPING and COL-
ORED TOKEN SWAPPING (where tokens and vertices have colors, and tokens must reach
vertices of matching colors) which was proven to be NP-hard on trees [21]. The authors
prove that even this most general variant is fixed-parameter tractable on nowhere-dense
graph classes (including planar graphs and bounded treewidth graphs) when the parameter
is the allowed number of token swaps. All the aforementioned variants under the reconfigu-
ration framework highlight its richness; different movement rules, from discrete single-edge
steps to continuous motion, from non-collision preservation to property maintenance, yield
fundamentally different computational problems.

We note that other reconfiguration tasks are sought after for modular robotic systems;
a recent advance gives reconfiguration algorithms for cubic modular robots under realistic
movement constraints, with universality guarantees via plane-sweep and for shapes with
sufficient external feature size [171]. Two recent surveys provide a broader context and
taxonomies of strategies and mechanisms for these systems [59, 139].

A framework particularly close to solution discovery in the token sliding setting is
concerned with minimizing movement of tokens into a final configuration that satisfies
a predefined property. The framework was introduced by Demaine et al. [62] who then
focused on final configurations satisfying the following properties: connectivity, indepen-
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dence, and perfect matchability, while minimizing the number, the sum, or the maximum of
movements. Their movement minimization problems demand that all given tokens induce
a subgraph that satisfies the property, which means allowing multiple tokens to occupy a
vertex in the final configuration. Nevertheless, they proved that minimizing the number of
token slides needed to reach a final configuration (where each vertex contains one token)
that is a path between two vertices is classically hard. While the aforementioned paper
and others [19, 23] focused on approximation and inapproximability results, Demaine et
al. [03] proved that with respect to the parameter number of tokens, the complexity of
a subset of these graph problems (where the property is defined through the graph in-
duced by the vertices of the final configuration belonging to a group of graphs) depends
on the treewidth of the edge-deletion minimal graphs in the group. Other results also in
the discrete setting provide approximation and inapproximation results for these problems
(with properties concerned with radius and distance) under explicit per token distance or
energy constraints [106]. Notice that some properties such as “tokens need to be on ver-
tices whose removal disconnects two given vertices s and t” do not need to move multiple
tokens into a single vertex, thus becoming analogous to our solution discovery problems.
We mention that Demaine et al. [63] achieved a similar treewidth-based characterization
in the restrictive setting (as in the unrestrictive one) where each vertex hosts at most one
token (as noted earlier). This framework has also been analyzed in the geometric domain.
One specific example in the continuous setting is the problem SPREADING POINTS, where
points must be separated by a minimum distance while minimizing movement, which has
been studied both classically [138, 96] and through parameterized complexity [36]. In the
plane, Tekdas et al. [7, ] considered the problem of finding the final destinations of a
subset of tokens that will form an s-t-path (bridge) that minimizes the number of tokens
between s and ¢t and the distance traveled by the tokens.

Beyond the aforementioned frameworks, several established “change” paradigms cap-
ture related algorithmic questions. In dynamic graph algorithms, the goal is to efficiently
update information about graph properties, such as connectivity or spanning trees, while
the graph undergoes updates such as edge insertions or deletions. Instead of recomputing
the property from scratch after every update (which could take polynomial time), dynamic
graph algorithms maintain auxiliary data structures that can be updated more efficiently,
often in logarithmic or polylogarithmic time per change. This efficiency has been achieved
for many fundamental problems, including maximal matchings [20], minimum spanning
forests [171], and vertex cuts [116]. Under the reoptimization framework, a previously
solved instance undergoes a small modification, and algorithms exploit the known solu-
tion to compute a solution to the modified instance more efficiently than solving it from
scratch [22, 26]. A complementary approach is local search via k-exchange neighborhoods
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(conceptually akin to multiple token-jumping in the optimization variant of the recon-
figuration framework) where one iteratively improves a solution within a bounded-radius
neighborhood; recent advances span new parameterized local search results for MAX-c-
Cur [95], and improved k-median local search with a (2.836 4 ¢) guarantee [51]. These
frameworks formalize different notions of “change” (updates to the instance vs. constrained
moves in solution space) but none is concerned with maintaining feasibility during the
transformation between solutions or the “closeness” of solutions.

2.2 Results Overview

In Chapter 4, we work towards Question 1 and map the parameterized complexity land-
scape of our transformation problems with the token multi-sliding transformation step and
pinpoint where tractability emerges. We do so particularly for the parameter b, that is, the
budget. We prove a clean dichotomy with respect to token type: with unlabeled tokens the
problem is fixed-parameter tractable when parameterized by either the number of tokens
k or the budget b on both directed and undirected graphs, while with labeled tokens it is
WI[1]-hard when parameterized by b. Table 2.1 summarizes the relevant background and
our results.

Table 2.1: Summary of background and our results for the reconfiguration problems de-
fined in this thesis; that is, UNLABELED UNDIRECTED TOKEN MovING (UUTM), UNLA-
BELED DIRECTED TOKEN MOVING (UDTM), LABELED UNDIRECTED TOKEN MOVING
(LUTM), and LABELED DIRECTED TOKEN MOVING (LDTM), considering only unre-
stricted graphs. Here, n is the number of vertices, k is the number of tokens, and b is
the budget. APX-hardness implies NP-hardness. “3-approx.” indicates the existence of a
3-approximation algorithm.

Problem Parameterized complexity Other results

UUTM In FPT when parameterized by k or by b | APX-hard; 3-approx. [19]
UDTM In FPT when parameterized by k or by b | APX-hard [19]

LUTM WI[1]-hard when parameterized by b APX-hard [19]

LDTM WI[1]-hard when parameterized by b APX-hard [19]

For our solution discovery problems, we begin with properties corresponding to classical
problems that are solvable efficiently by polynomial-time algorithms. Table 2.2 summa-
rizes the relevant background and our results on these problems. We focus on the following
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properties: matching, vertex/edge cut, and shortest path. These primitives are canonical
and ubiquitous, so they form a clean testbed for all complexity analysis. In Chapter 5, we
answer Question 2 and prove exactly this: the discovery variant MATCHING-DISCOVERY
is NP-hard. We strengthen the hardness result of Demaine et al. [62] and show using the
same reduction framework that SHORTEST PATH-DISCOVERY is NP-hard even when the
input graph is restricted to one from a more restrictive group of graphs that is sparse.
This and the other NP-hardness results for solution discovery problems [62, 23] suggest a
parameterized analysis focused first on the most fundamental parameters, the number of
tokens k£ and the budget b. We continue Chapter 5 mirroring the introductory paper of

Fellows et al. [$3], that is, we chart the boundaries: all three problems are fixed-parameter
tractable when parameterized by k (independently from the characterization result of De-
maine et al. [63], we present a short proof of the fixed-parameter tractability of SHORTEST

PATH-DISCOVERY with respect to parameter k here); SHORTEST PATH-DISCOVERY is
also fixed-parameter tractable when parameterized by b; and MATCHING-DISCOVERY and
VERTEX/EDGE CuUT-DISCOVERY are W([1]-hard with respect to b. These results advance
progress on Question 3 and clarify, for parameters k£ and b, where parameterized tractabil-
ity emerges and where locality constraints imposed by sliding remain a barrier, even for
polynomially solvable properties.

Building on the results of Fellows et al. [$3], who obtained only an XP upper bound for
their vertex-subset discovery problems when parameterized by treewidth, we strengthen
this result in Chapter 6. We prove that INDEPENDENT SET-DISCOVERY, VERTEX COVER-
DiscovERy, and DOMINATING SET-DISCOVERY are XNLP-hard when parameterized by
pathwidth or by treewidth, even when a width-realizing path/tree decomposition is given.
Consequently, these problems are W[i]-hard for every integer 4, so fixed-parameter tractable
algorithms are unlikely. This answers Question 4 in the negative. In Chapters 5 and 6, we
also analyze kernelization exactly for those problems where fixed-parameter tractable algo-
rithms are obtained, to quantify the limits of preprocessing. Thus, we show that MATCH-
ING-DISCOVERY admits a polynomial kernel when parameterized by k, but VERTEX/EDGE
CuT-DISCOVERY does not unless an unlikely assumption in complexity theory (namely,
that NPC coNP/P) holds. The same lower bound applies for SHORTEST PATH-DISCOVERY
when parameterized by k+b. For INDEPENDENT SET-DISCOVERY and DOMINATING SET-
DiscovERy, we show that the problems admit polynomial kernels with parameter k£ on
every nowhere dense class of graphs and every biclique-free class of graphs, respectively.
These results address Questions 5 and 6. For INDEPENDENT SET-DISCOVERY, VERTEX
COVER-DISCOVERY, and DOMINATING SET-DISCOVERY, we additionally prove that that
no polynomial kernels exist when parameterized by b+pathwidth, even when a width-
realizing path decomposition is given. The choice of b+pathwidth is deliberate: b alone is
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Table 2.2: Summary of background and our results for solution discovery problems where
the underlying property II is a classical problem that is solvable in polynomial time; namely,
matching, vertex/edge cut, shortest path, and spanning tree. Here, n is the number of
vertices, k is the number of tokens, and b is the budget. All background results are for
unrestricted graphs, and we only specify graph classes for our results when they differ and
are relevant for comparison.

11 Our results Previous Work

Matching NP-hard;
in FPT when parameterized by k;
WI[1]-hard when parameterized by b

Vertex/Edge cut | In FPT when parameterized by k; no cn!'~¢-approx. for any con-
WI[1]-hard when parameterized by b | stant ¢ and any € > 0 [23]

Shortest path NP-hard even on a class of graphs | NP-hard;

that is sparse; cn-approx. for constant ¢ [62];
in FPT when parameterized by k or | in FPT for parameter k [63]
by b

Spanning tree Poly-time algorithm [103]

too weak (all these discovery problems are W[1]-hard for b), but leads to fixed-parameter
tractable algorithms on nowhere dense graph classes that include bounded pathwidth graph
classes. This combination is a step in analyzing which minimal structural parameter can
be combined with b to lead to a polynomial kernel.

Finally, we work toward answering Question 7 in Chapter 7. In particular, we show
that MSO-DISCOVERY is fixed-parameter tractable when parameterized by neighborhood
diversity, and thus alternatively by minimum vertex cover. Unfortunately, we obtain sev-
eral hardness results; FO-D1SCOVERY is W([l]-hard when the parameter is twin cover,
modulator to stars, or modulator to paths number. This implies that there exists at least
one property definable in FO for which the solution discovery problem is W[1]-hard when
parameterized by any of those parameters. MSO-DISCOVERY is also W[1]-hard when
parameterized by bandwidth. Recall from the background that negative results for a pa-
rameter imply negative results for smaller (higher level) parameter. That means that the
negative result for twin cover directly implies the same negative result for cliquewidth,
modular width, and twinwidth. To completely answer the question, it suffices to examine
whether FO-DISCOVERY is fixed-parameter tractable when parameterized by bandwidth
and maximum leaf number, we leave these as open problems.
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Concluding remarks, open problems, and directions for future research are discussed in
Chapter 8. All the results presented in this thesis have appeared in part or in full in one
of the following conference papers or manuscripts.

— Parameterized Complexity of Reconfiguration of Atoms. In WALCOM: Algorithms and
Computation 2022, LNCS 13174, pp. 263-274. Joint work with Alexandre Cooper, Amer
E. Mouawad, and Naomi Nishimura.

— Solution Discovery via Reconfiguration for Problems in P. In ICALP 2024, LIPIcs 297,
76:1-76:20. Joint work with Mario Grobler, Nicole Megow, Amer E. Mouawad, Vija-
yaragunathan Ramamoorthi, Daniel Schmand, and Sebastian Siebertz.

— Kernelization Complexity of Solution Discovery Problems. In ISAAC 2024, LIPIcs 322,
36:1-36:17. Joint work with Mario Grobler, Amer E. Mouawad, Naomi Nishimura,
Vijayaragunathan Ramamoorthi, and Sebastian Siebertz.

— Surveying Graph Parameters for Algorithmic Meta-Theorems for Solution Discovery.
Submitted, 2025. Joint work with Nicolas Bousquet, Amer E. Mouawad, Naomi Nishimura
and Sebastian Siebertz.
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Chapter 3

Preliminaries

This chapter formally defines the problems we study and presents the mathematical, graph-
theoretic, and complexity-theoretic preliminaries required to ensure that diverse readers
can understand our results. For comprehensive treatments of graph theory and complexity

theory, we refer the reader to the excellent books by Douglas B. West [179], Christos
H. Papadimitriou [155], Rodney G. Downey and Michael R. Fellows [09], and Andreas
Brandstadt, Van Bang Le, and Jeremy P. Spinrad [12]. We note that some section-specific

preliminaries appear instead in sections on relevant results.

3.1 Foundational Graph Theory

Basic Definitions and Notation

We begin with the fundamental objects of our study. Throughout this thesis, we use N =
{0,1,2,...} to denote the non-negative integers, N.g = {1,2,...} to denote the positive
integers, and R to denote non-negative reals. For k € N, we define [k] = {1,2,...,k}
with the convention that [0] = (). For any finite set S, we denote by |S| its cardinality
(the number of elements it contains). For any finite string x, we denote by |z| its size (the
number of symbols it contains).

A (simple) graph G is a representation of a binary symmetric relation. It is a pair
(V(G), E(G)) where V(G) is a finite set of vertices (also called nodes) and E(G) is a set
of edges. Each edge connects two vertices and can be represented as an unordered pair
{u,v} where u,v € V(G) and u # v. The vertices u and v are called the endpoints of the
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edge {u,v}. With slight abuse of notation, we often write uv to denote the edge {u,v}
when clear from context. We let |V(G)| = n and |E(G)| = m represent the numbers of
vertices and edges, respectively. See Figure 3.1. For a vertex v € V(G), its neighborhood
N() ={u € V(G) : wv € E(G)} consists of all vertices adjacent to v (that is, connected via
an edge with v). We say that a vertex v € V(G) is incident to an edge e € E(G) (and vice
versa) when v is one of the endpoints of e. The closed neighborhood is N[v] = N(v) U{v},
and the degree of v is deg(v) = |N(v)].

U1 V2
Us

U3 Uy

Figure 3.1: A simple graph G with five vertices (V(G) = {v1, v2,v3,v4,v5}) and 6 edges

<E<G) = {{Ulv U2}7 {Ub U3}7 {U27 U4}7 {U37 U4}7 {7)27 ,05}7 {,047 /05}})'

A (simple) directed graph (or (simple) digraph) D is a representation of a binary re-
lation. It is a pair (V(D), A(D)) where V(D) is a finite set of vertices and A(D) is a set
of arcs. Each arc points from one vertex to another and is represented by an ordered pair
(u,v) where u,v € V(D). We use A(D) to refer to the set of arcs to distinguish it from
that of edges. Also, the vertices u and v are called the endpoints of the arc (u,v). With
slight abuse of notation, we often write uv to denote the arc (u,v) when clear from context.
We let |V(D)| = n and |A(D)| = m represent the numbers of vertices and arcs, respec-
tively. See Figure 3.2. We say that a vertex v € V(D) is incident to an arc a € A(D)
(and vice versa) when v is one of the endpoints of a. For a vertex v € V(D), its in-
neighborhood N~ (v) = {u € V(D) : (u,v) € A(D)} consists of all in-neighbors of v (that
is, all vertices that point to v via an arc). For a vertex v € V(D), its out-neighborhood
N*t(w) = {u € V(D) : (v,u) € A(D)} consists of all out-neighbors of v (that is, all ver-
tices that v point to via arcs). For a vertex v € V(D), N(v) = N~ (v) U N*(v) and
N[v] = N(v)U{v}, N~[v] = N~ (v)U{v}, and NT[v] = N (v) U{v} refer to the neighbor-
hood, closed neighborhood, closed in-neighborhood, and closed out-neighborhood of v, respec-
tively. The in-degree of v is deg™(v) = |[N~(v)|, the out-degree of v is deg™(v) = |[N*(v)|,
and the degree of v is deg(v) = |N(v)].

These local neighborhood concepts extend to sets: for S C V(G), we define N(5)
Upes N(v) \ S and N[S] = N(S)U S. For S C V(D), we define N7 (S) = ,es N~ (v) \
and N~[S] = N=(S)US, NT(S) = U,cs NT(v) \ S and NT[S] = NT(S)U S, N(S)
Upes N(v) \ S and N[S] = N(S)U S.

I o |l

vES
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U1 V2
Us

V3 ()

Figure 3.2: A simple directed graph D with five vertices (V (D) = {vy, v, v3,v4,v5}) and
6 arcs (A(D) = {(v1,v2), (v1,v3), (v2,v4), (v3,04), (V2,v5), (vg,v5)}). The arcs represent
ordered pairs indicating direction of the binary relation.

A multigraph is a generalization of a graph that allows multiple edges between the
same pair of vertices. Formally, a multigraph G = (V| E) consists of a vertex set V' and
a multiset £ of unordered pairs from V', where the same pair {u,v} may appear multiple
times. Similarly, a multidigraph (or directed multigraph) D = (V, A) consists of a vertex
set V and a multiset A of ordered pairs from V' x V, allowing multiple arcs from one vertex
to another. The multiplicity of an edge {u,v} or an arc (u,v) is the number of times it
appears in E. Note that (u,v) and (v,u) are considered distinct arcs and each may have
its own multiplicity.

A weighted graph is a graph G = (V| E) together with a weight function w : E — R
(or more generally, w : E — S for some set S). For each edge e € E, the value w(e) is
called the weight of edge e. Similarly, a weighted directed graph (or weighted digraph) is
a directed graph D = (V, A) together with a weight function w : A — R. These concepts
extend naturally to multigraphs and multidigraphs, where the weight function assigns a
weight to each instance of an edge or arc. Weighted graphs are fundamental in modeling
real-world scenarios where edges represent connections with associated costs, distances,
capacities, or other quantitative attributes.

A wvertex-colored graph is a tuple (G,C), where C = {C1,...,C.} is a set of colors, and
each C; C V(G). An edge-colored graph is a tuple (G,C), where C = {C},...,C.} is a
set of colors, and each C; C E(G). Note that each element may have zero or multiple
colors. For each v € V(G) we write C(v) to denote the set of colors assigned to v. For
each e € F(G) we write C(e) to denote the set of colors assigned to e. A colored graph
is properly colored if every vertex has exactly one color and adjacent vertices (or edges in
the case of an edge-colored graph) have different colors.

A set S C V(G) (S C E(G), respectively) in a vertex-colored graph (edge-colored
graph, respectively) where every vertex (edge, respectively) has exactly one color is called
a rainbow set if every element of the set has a distinct color.
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U1 V2

U3 V4

Figure 3.3: A vertex-colored graph where v, has multiple colors (blue and green), demon-
strating that vertices can belong to multiple color classes. Here C(vq) = {Cy,Cy} where
(1 is green and C5 is blue.

Colors will serve multiple purposes in this thesis; sometimes they will be part of a
problem input (such as when we use logic), other times they will provide a mechanism for
algorithmic techniques (such as when we use color coding), or simply organize the input
data in a convenient way.

Fundamental Structures

Several basic structures appear repeatedly in our analysis. In a graph, a path is a sequence
of vertices vy, vs,...,v, where consecutive vertices are adjacent (v;v;41 € E(G) for all
i € [(—1]) and all vertices (except possibly v; and v,) are distinct. In a digraph, a directed
path is a sequence of vertices vy, vy, ..., v, where consecutive vertices are connected by arcs
following the direction: (v;,v;11) € A(D) for all i € [¢ —1], and all vertices (except possibly
vy and v,) are distinct. The length of the path is ¢ — 1 (the number of edges or arcs).
The vertices v; and vy are the endpoints of the path, and the edges viv, and vy_qv, are
the endpoint edges of the path. A (directed) cycle is a sequence of vertices vy, vs, ..., vy
where consecutive vertices are adjacent (v;v;11 € E(G) for all i € [¢ —1]), v; = v, and all
intermediate vertices are distinct. See Figure 3.4.

(%)
(%1 (%) V3 V4
[ ° ® ® V1 U3
Path of length 3 N

Cycle of length 4

Figure 3.4: Examples of a path and a cycle.
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The distance d(u,v) between the vertices u and v is the length of a shortest (directed, in
the case of a digraph) path between them, which we assume to be oo if no path exists. We
define the distance-r neighborhood N'(v) of a vertex v € V(@) as the set that contains all
vertices at distance at most 7 from v, excluding v itself. Furthermore, N"[v] = N"(v)U{v}.
For sets, N"(S) = J,eg N"(v) \ S and N"[S] = N"(S)U S.

A (di)graph is connected if a (directed) path exists between each pair of its vertices. A
connected component of a (di)graph G is a maximal set of vertices C' C V(@) such that
every pair of vertices in C'is connected (in the underlying undirected graph in the case of a
digraph) by a path. A tree is a connected graph that contains no cycles. A directed tree is a
connected digraph whose underlying undirected graph is a tree. We call vertices of degree
one in a tree the leaves. A star is a tree with one central vertex and neighboring leaves.
A (directed) forest is a (di)graph in which each connected component is a (directed) tree.
See Figure 3.5. We say that a graph is acyclic when it does not have cycles. When a graph
has an edge between each pair of its vertices, then it is a clique. A clique on n vertices is
denoted by K,

A N B

Tree Forest (2 trees) Clique

Figure 3.5: Examples of a tree, a forest, and a clique.

We manipulate graphs in multiple ways within the proofs. For example, we frequently
use induced subgraphs. A subgraph G’ of a graph G is a graph whose vertex set is a
subset of V(G) and whose edge set is a subset of E(G) that only includes edges whose two
endpoints are in V(G’). For X C V(G), induced subgraph G[X] has a vertex set X and an
edge set {uv € E(G) : u,v € X}. For X C V(D), induced subgraph D[X] has a vertex set
X and an arc set {uv € A(D) : u,v € X}. For X C E(G), induced subgraph G[X| has as
edge set X and as vertex set the vertices of X. For X C A(D), induced subgraph D[X| has
as arc set X and as vertex set the set of vertices of X. We also define G—X = G[V(G)\ X]
as the graph obtained by removing vertices from the vertex set X and all incident edges
(arcs). See Figure 3.6. When X C E(G) (or X C A(D), respectively), G — X (D — X,
respectively) is the graph obtained by removing all edges (arcs, respectively) in X.
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U1 (% (%1 V2

Us ® Us

{
U3 (1 () U3

Graph G G[X] G-X

Figure 3.6: Induced subgraph and vertex deletion for X = {vy, ve, v4}.

Some Graph Classes

A graph class is a set of graphs that share a common property or can be characterized by a
specific condition. In this subsection, we explain the graph classes that appear later in the
thesis. Algorithmic behavior can differ sharply across these classes. When the containment
relation between the graph classes is recorded, tractability is downward-hereditary while
intractability is upward-hereditary. A full complexities classification by graph class is
beyond our scope; however, we do mention the types of graphs on which we prove hardness
results.

Bipartite and Biclique-free Classes of Graphs. A graph G is bipartite if its vertex
set can be partitioned into two disjoint sets A and B such that each edge in E(G) has one
endpoint in A and one in B. We call A and B the partite sets (or parts), and the pair
(A, B) is called a bipartition of G. See Figure 3.7.

a1 @ bl

U1
az by U3 0/\ Vg
a3 @ b3 Non-bipartite graph

Bipartite graph

Figure 3.7: A bipartite graph with partite sets A = {ay, as,as} (blue) and B = {by, bo, b3}
(green) and a non-bipartite graph with an odd-length cycle.
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Bipartite graphs appear prominently in our hardness results. In Chapter 5, we show
that even on bipartite graphs, all of MATCHING-D1SCOVERY, VERTEX /EDGE CuUT-Disco-
VERY, and SHORTEST PATH-DISCOVERY remain NP-hard.

If all edges between sets A and B are present in G we say that G is a bicligue. When
|A| = a and |B| = b, we denote a biclique with partite sets A and B by K,;. A graph G
is said to be d-biclique-free if it does not have the biclique K44 as a subgraph.

Definition 1 (Biclique-free Class of Graphs). A class C of graphs is biclique-free if there
exists an integer d such that for all G € C, G is d-biclique-free.

Degenerate Graphs. A graph G is d-degenerate if every non-empty (that is, with at
least one vertex) induced subgraph of G has a vertex of degree at most d. Equivalently, the
vertices of G can be ordered vy, vs,...,v, so that each v; has at most d adjacent vertices
among {v;y1,...,v,}. The degeneracy of G, denoted dege(G), is the smallest such d.

1 2 3 4
®

5

Figure 3.8: A 2-degenerate graph with degeneracy ordering shown using numbers. Each
vertex has at most two adjacent vertices that appear “later” in the ordering.

The class of d-degenerate graphs is one proper subclass of the class of d+ 1-biclique-free
graphs and degeneracy also provides one natural measure of how sparse a graph is. Trees
and forests are 1-degenerate, while the class of bipartite graphs has unbounded degeneracy.
In Chapter 5, we often prove that our solution discovery problems (with polynomially
solvable underlying properties, such as SHORTEST PATH-DISCOVERY ) remain difficult even
on graphs with very low degeneracy, demonstrating that the computational hardness is not
due to dense graph structures.

Nowhere Dense Classes of Graphs: One Other Sparsity Measure
A graph H is a minor of a graph G, denoted H =< G, if there exists a mapping that asso-

ciates each vertex v of H with a non-empty connected subgraph G, of G such that V(G,)
and V(G,) are disjoint for v # v and whenever there is an edge between u and v in H,
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there is an edge between a vertex of G, and a vertex of GG,. The subgraph G, is referred
to as the branch set of v. The radius of a connected graph (or subgraph) is the minimum,
over all vertices, of the maximum distance from that vertex to any other vertex in the
graph (or subgraph). We call H a depth-r minor of G, denoted H =, G, if each branch
set has radius at most 7.

Definition 2 (Nowhere Dense Class of Graphs). A class C of graphs is nowhere dense if,
for every r € N, there exists a function t : N — N such that K,y 2. G and all G € C.

From the definition, every nowhere dense class of graphs excludes at least one biclique.

3.2 Complexity Theory

Understanding the computational landscape of our problems requires us to have a solid
foundation in complexity theory, both classical and parameterized. We start with classical
complexity theory, which analyzes the computational resources needed to solve problems
as a function of the input size.

Classical Complexity

We begin with formal definitions of the fundamental classical (time) complexity classes.
Let ¥ be a finite alphabet (typically {0,1}). We denote by ¥* the set of all finite strings
over ¥, including the empty string. A language is a subset L C ¥*. A (classical) problem
is the task of determining whether a given string (equivalently, instance, input) x € ¥*
belongs to a language L. If x € L has size n, then a solution (or witness) for = is a proof
of size polynomial in n that demonstrates that x € L (that is, = is a yes-instance of the
relevant problem).

The encoding of problem instances is crucial for complexity analysis. For example,
when encoding integers, we typically use binary representation unless otherwise specified.
Some problems become artificially easier when integers are encoded in unary (where the
integer n is represented by n consecutive 1s), since this inflates the input size. We mention
such a problem in Chapter 6.

The complexity class P contains each problem that has an algorithm that given any
input z € X* of size n, returns a YES if x € L and NO if z € L in time polynomial
in n (at most ¢ - n° time or equivalently, O(n®) for some constants ¢, c¢). We say in this
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case that the algorithm decides or “solves” the problem in polynomial time. Problems in
P are considered efficiently solvable, or tractable. The class NP contains problems whose
solutions can be checked in time polynomial in the size of the input. Specifically, if the
answer for an instance x (of size n) of a problem is YES, then there exists a solution of size
polynomial in n (at most ¢ - n¢ size or equivalently, O(n®) for some constants ¢, c) that
can be checked in time polynomial in n to confirm the answer is indeed YES.

Hereafter, we say polynomial time to mean time polynomial in the size of the input,
or polynomial size to mean size polynomial in the size of the input. We also say that an
algorithm is a polynomial time algorithm if, on an input x of size n, it completes its task
in time O(n°) for some constant c.

Clearly, P C NP, but whether P = NP remains one of the most important open problems
in computer science. That is the case because, while checking a solution can be done in
polynomial time, finding one can still be computationally hard.

A problem A is polynomial-time reducible to a problem B, denoted A <p B, if instances
of A can be transformed (that is, reduced) into instances of B in polynomial time so that
the transformation preserves the answer (yes-instances map to yes-instances, no-instances
map to no-instances). Intuitively, this means that B is at least as hard as A, since we can
solve A by transforming it to B and solving B.

We call this polynomial-time transformation a polynomial-time reduction. In reduc-
tions, we employ gadgets, which are constructed substructures in an instance of problem B
that simulate or encode the behavior of specific components from an instance of problem

A.

A problem is NP-hard if every problem in NP is polynomial-time reducible to it. NP-
hard problems are at least as hard as the hardest problems in NP. A problem is NP-complete
if it is both NP-hard and in NP. NP-hard problems are classically intractable. The standard
technique for proving that a problem B is NP-hard is to select another known NP-hard
problem A and show that A <p B.

Since most of our problems are classically computationally NP-hard as stated in the
background and as we show later, it becomes imperative to explore methodologies be-
yond classical approaches for designing algorithms. One such avenue is the consideration
of parameterized algorithms under the parameterized complexity theory; we present the
preliminaries on this theory in what follows.
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Parameterized Algorithms and Complexity

Through the framework developed by Downey and Fellows [69], we first define the general
notion of a parameterized problem (that is, a parameterized variant of a classical problem)
and then introduce some of the relevant parameterized time complexity classes, namely
FPT, Para-NP and XP. A parameterized problem is the task of determining whether a given
input (z, k) belongs to a language L C ¥* x N. For instance (z,k) € ¥* x N, x is called
parameter.

Definition 3 (FPT and XP). A parameterized problem is fixed-parameter tractable (or
equivalently, in FPT) if it can be solved by an algorithm in time f(k)-n®Y) where |x| = n
and f(-) is a computable function. A parameterized problem is in XP if it can be solved in
time g(x) - nf®) where g(-) is also a computable function. Clearly, FPT C XP, and this
containment is believed to be strict.

We say that an algorithm is a fized-parameter tractable algorithm if, on an input (z, k)
where |z| = n, it completes its task in time f(x)-n°®. One way to show that a parame-
terized problem is in FPT is to show that it has a kernel [, 69].

Definition 4 (Kernelization and Kernel). Kernelization or simply kernel is a fized-parameter
tractable algorithm that maps an instance (x,K) to an instance (z', k'), such that:

i. (z,K) is a yes-instance if and only if (z',K') is a yes-instance,
1. kK <k, and

iii. |2’ < f(k) for some computable function f(-).
We have a polynomial kernel when f is a polynomial function.

Unfortunately, as we said before, not every parameterized problem that is in FPT ad-
mits a polynomial kernel. Under the complexity-theoretic assumption that NP Z coNP/P
(where coNP contains all problems where when the answer to an instance is NO, then
there exists a certificate of polynomial size that can be checked in polynomial time), we
can rule out the existence of a polynomial kernel for certain fixed-parameter tractable prob-
lems. The machinery for such lower bounds heavily relies on composing instances that are
equivalent according to a polynomial equivalence relation [58].

Definition 5 (Polynomial Equivalence Relation). An equivalence relation R on the set of
instances of a problem A is called a polynomial equivalence relation if the following two
conditions hold.
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1. There is an algorithm that, given two instances x and y of A decides whether x and
y belong to the same equivalence class in time polynomial in |z| + |y|.

2. For any finite set S of instances of A, the equivalence relation R partitions the
elements of S into at most (max,cs |2|)°W) equivalence classes.

We can compose equivalent instances in more than one way. In this thesis, we focus on
or-cross-compositions.

Definition 6 (Or-cross-composition [35]). Let A be a problem, and let B be a parameterized
problem. We say that A or-cross-composes into B if there is a polynomial equivalence
relation R on the set of instances of A and an algorithm that, given t instances (where
t € Nog) @1, 29, ..., 2 belonging to the same equivalence class of R, computes an instance
(x, k) in time polynomial in Xt_|x;| such that the following properties hold.

1. (z,K) is a yes-instance of B if and only if there exists at least one index i such that
x; 18 a yes-instance of A.

2. Kk is bounded above by a polynomial in max}_, |z;| + logt.

The inclusion NP C coNP/P holds if an NP-hard problem A or-cross-composes into a
parameterized problem B that admits polynomial kernels. As this inclusion is believed to
be false, we will constantly make use of the following theorem to show that the existence
of polynomial kernels is unlikely.

Theorem 7 ([35]). If a problem A is NP-hard and A or-cross-composes into the parame-
terized problem B, then there are no polynomial kernels for B unless NP C coNP/P.

On an unrelated note, an XP-time algorithm for an NP-hard problem does not imply
P = NP, as the parameter & is not fixed (that is, not a constant). Problems that remain
NP-hard even when the parameter is a fixed integer (above some threshold) are the Para-
NP-hard parameterized problems. For such problems, one cannot hope for algorithms
running in FPT or even XP time.

To distinguish between parameterized problems solvable in XP time and parameterized
problems solvable in fixed-parameter tractable time (that is, that have more efficient algo-
rithms), the W-hierarchy of parameterized time complexity classes was introduced. This
hierarchy is a subset of XP. A parameterized problem is W/i/-hard when every problem in
WI[i] reduces to it via an FPT-reduction (the definition of each class W([i] is omitted as it is
not needed).
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An FPT-reduction from a parameterized problem A to a parameterized problem B is
an algorithm that transforms any input (z, k) to A where |z| = n to an input (2, ') to
B in time f(x) - n°Y such that (x,x) is a yes-instance of A if and only if (2/,x') is a
yes-instance of B, and k' = g(k) for some computable function g.

A problem that is W[i]-hard for some i > 1 is intractable. On a positive note, FPT-
reductions can also be used as an algorithmic tool.

A problem that is W/[i]-hard for all i« > 1 is XNLP-hard [31]. One way to show that
a parameterized problem B is XNLP-hard is to choose another parameterized problem A
that is also XNLP-hard and perform a pl-reduction (equivalently, a parameterized log-space
reduction) from A to B. A pl-reduction from A to B is an FPT-reduction that additionally
computes (2, k") using O(h(k) + log |z|) working space where h is a computable function.

3.3 Graph Problems

In our framework, we employ several graph problems; some serve as sources for reductions,
others provide algorithms that we use as subroutines, and some define our property II. We
focus on the last category in this section of the preliminaries.

Shortest Path

A shortest path between vertices u and v in a graph G is a path from u to v with the
minimum number of edges. The SHORTEST PATH problem is defined as follows.

SHORTEST PATH

Input: A graph G, vertices s,t € V(G), and an integer k.
Output: YES if d(s,t) = k. NO otherwise.

On a side note, as an example of subroutines, here we mention Breadth-First Search
and Dijkstra’s algorithms. Breadth-First Search (BFS) computes d(s,v) for all vertices v
in O(n 4+ m) time, and can then reconstruct a shortest path from s to each vertex v in
worst-case O(n) time. Throughout this thesis, whenever we need to calculate distances
or paths between polynomially many pairs of vertices, we employ BFS, which runs in
polynomial time. In non-negatively weighted (di)graphs, each edge (or arc for digraphs) e
has a weight w(e) > 0, and the length of a path is the sum of its edge (arc for digraphs)
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weights. While BFS no longer suffices for weighted graphs, Dijkstra’s algorithm [65] finds
shortest weighted paths from a single source vertex s in O((n +m)logn) time.

Matching

A matching in a graph G is a set M C FE(G) such that no two edges in M share one
endpoint. A vertex v is saturated by a matching M if some edge in M is incident to v;
otherwise, v is unsaturated. See Figure 3.9a. The size of a matching is |M|, the number of
edges it contains.

U1 Vg U1 V2
Vg Vg
® Us ® Us
V3 Uy U3 V4
(a) (b)

Figure 3.9: A matching M = {vjve,v3v4} shown in (a) has saturated vertices vy, vq, v3, V4
while v5,vs are unsaturated. The path vgvzvavs is an M-augmenting path. Using this
augmenting path, we obtain the maximum matching M’ = {v;vq, v6v3, v4v5} shown in (b),
which saturates all vertices.

A matching M is mazimum if no other matching in G' contains more edges than M. An
M -augmenting path is a path that starts and ends at unsaturated vertices and alternates
between edges not in M and edges in M. Notice how one can obtain a larger matching by
removing from M each edge in M that appears in the M-augmenting path and adding to
M each edge in the M-augmenting path that is not in M. See Figure 3.9b. The following
fundamental theorem of Berge characterizes a maximum matching.

Theorem 8 ([18]). A matching M in a graph G is mazimum if and only if G has no
M -augmenting path.

This characterization leads to polynomial-time algorithms for finding maximum match-
ings in graphs (since finding an M-augmenting path in a graph G can be done in O(m)
time with the help of BFS) and will play a crucial role in our complexity analysis of
MATCHING-DISCOVERY. The classical MATCHING problem is defined as follows.
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MATCHING

Input: A graph G, and an integer .
Output: YES if there exists a matching M C E(G) such that |M| > k. NO otherwise.

Vertex and Edge Cuts

Given vertices s and ¢ in a graph G, a vertex cut (or an s-t verter cut) is a set C' C
V(G) \ {s,t} such that every path from s to t in G contains a vertex in C. Equivalently,
removing C' disconnects s from ¢ in the resulting graph. An edge cut (or an s-t edge cut)
is a set C' C FE(G) such that every path from s to ¢ contains an edge in C. See Figure 3.10.
A line graph of a graph G is a graph L(G) where each vertex of L(G) represents an edge
of G, and two vertices in L(G) are adjacent if and only if their corresponding edges in G
share a common endpoint. See Figure 3.10c.

€1 €3

u €2 €4
e1 es3 (¢c) Line graph of graph (b)
5 ¢ s +  to which we add vertices {s,t}
made adjacent to all the vertices
v €2 €4 . o
representing edges they are inci-

(a) s-t vertex cut {u,v} (b) s-t edge cut {es, eq} dent to in graph (b)

Figure 3.10: Examples of vertex and edge cuts separating s from ¢. The s-t edge cut
{es,e4} in (b) corresponds to the vertex cut {es,es} in the line graph drawn in (c).

It is easy to see that if C'is an s-t edge cut in a graph G, then the vertices representing
the edges in C' form an s-t vertex cut in the augmented line graph constructed from L(G)
by adding two new vertices s and ¢, making s adjacent to all vertices in L(G) that represent
edges incident to s in GG, and making ¢ adjacent to all vertices in L(G) that represent edges
incident to ¢ in G [179]. The size of a cut is the number of vertices (for vertex cuts) or
edges (for edge cuts) it contains. The classic VERTEX/EDGE CUT problem is defined as
follows.
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VERTEX/EDGE CuT

Input: A graph G, two vertices s,t € V(G), and an integer .
Output: YES if there exists an s-t vertex/edge cut of size at most k. NO otherwise.

Independent Set and Vertex Cover

An independent set in a graph G is a set I C V(G) such that no two vertices in I are
adjacent. See Figure 3.11. The INDEPENDENT SET problem is defined as follows.

INDEPENDENT SET

Input: A graph G and an integer .
Output: YES if there exists an independent set I C V(G) such that |I| > k. NO
otherwise.

U1
U7 V2

Ve U3

(% V4

Figure 3.11: An independent set I = {vy,v3,v5} (shown in red). Note that no two vertices
in I are adjacent, while the remaining vertices form a vertex cover.

A wertex cover in a graph G is a set C' C V(@) such that every edge in F(G) has at
least one endpoint in C. Equivalently, C' is a vertex cover if and only if V(G) \ C is an
independent set. We say that the vertex cover C' covers G. When u € C, then uc is covered
and u covers uc. The vertex cover number is the size of a minimum vertex cover in GG. The
following is the definition of the VERTEX COVER problem.

VERTEX COVER

Input: A graph G and an integer k.
Output: YES if there exists a vertex cover C' C V(@) such that |C] < k. NO
otherwise.
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Dominating Set

A dominating set in a graph G is a set D C V(G) such that every vertex in V(G) \ D
is adjacent to at least one vertex in D. We say that the dominating set D dominates G.
When u € D, we say that every vertex v € V(G) adjacent to u is dominated and that u
(or D) dominates v. Here is the definition of the DOMINATING SET problem.

DOMINATING SET

Input: A graph G and an integer .
Output: YES if there exists a dominating set D C V(G) such that |D| < k. NO
otherwise.

An important concept that was introduced by Dawar and Kreutzer to approach domi-
nation problems [60] is domination cores.

Definition 9. Let G be a graph and k > 1. A set C C V(G) is a k-domination core if
every set of size at most k that dominates C' also dominates G.

3.4 Solution Discovery Problems

In this thesis, a configuration in a graph G is a subset of its vertices (or edges). In all of
our solution discovery problems given a graph G' and an initial configuration S C V(G)
(or S € E(G)) where |S| = k, we place one token on each element of S, and our goal
is to move these tokens into a final configuration T C V(G) (or T C E(G)) where each
element contains at most one token and that satisfies a certain property II, using at most
a budget of b token slides. In a single token slide, a token can move (or specifically, slide)
from a vertex to an adjacent vertex (an edge to an adjacent edge). The sequence of token
slides that we perform to get from an initial configuration S to a final configuration 7' is
called a transformation sequence T. We say that in a solution (7, T) to a solution dlscovery
problem, a token ¢ initially at a vertex u € S'is destined for a vertex v € T" when T includes
a subsequence of token slides that slide the token from u to v and no other token slide in
T slides t. Note that only S and T are sets; during the transformation, multiple tokens
can be placed at the same vertex (or edge) and this is equivalent to the model where no
vertex can have more than one token during the transformation.

When IT is a fixed property defined by a classical problem (such as SHORTEST PATH,
that is, the property is “the k tokens form a shortest path between s and t”), we get the
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II-D1SCOVERY problem (such as the SHORTEST PATH-DISCOVERY problem). When IT is
a fixed property defined by a logical formula, we obtain a particularly expressive frame-
work. Let ¢(X) be a formula with a free vertex-set variable X that expresses a property
of colored graphs. In the ¢-DISCOVERY problem, the final configuration must satisfy the
formula; we seek a set T of vertices (|T'| = |S|) such that G = ¢(T'). Formulas can cap-
ture many classical problems: for instance, “X forms an s-t vertex cut” can be expressed
as a logical formula. In the most general version, called MSO-Di1SCOVERY (MONADIC
SECOND-ORDER-DISCOVERY) or FO-DI1SCOVERY (FIRST-ORDER-DISCOVERY), the for-
mula (MSO- or FO-formula, respectively) ¢(X) itself is part of the input. Since MSO
is more expressive than FO, the tractability of MSO-DISCOVERY when parameterized by
some parameter implies the tractability of FO-DISCOVERY when parameterized by the
same parameter, while the intractability of FO-DISCOVERY when parameterized by some
parameter implies intractability of MSO-DISCOVERY when parameterized by the same
parameter.

For the purpose of analysis of these problems, we define b(u, v) as the minimum number
of token slides needed to move a token initially placed on some vertex (edge) u € S to (an
incident edge to) the vertex v. Note that in a yes-instance, we can always assume b < kn
where b is the budget and k is the number of tokens in S, since each token needs to traverse
a path of length at most n to reach its final position. Hence, we have the following.

Claim 10. Let b be the budget for a solution discovery problem instance with n vertices
and |S| = k, then we can assume that b < kn.

This bound ensures that all solution discovery problems that we consider are in NP
since we can give a transformation sequence of polynomial size as a solution.

Finally, we say that a vertex u € V(G) (an edge e € E(G), respectively) is irrelevant
with respect to v € S (irrelevant with respect to €' € S, respectively) if a given a solution
(T, T ) and where the token on v (¢/, respectively) slides and stays on the vertex u (edge e,
respectively), we can construct a final configuration 7" that requires the same number of
token slides as in T and where u & T” (e & T, respectively).

Problem Definitions

The following are the solution discovery problems that we study in this thesis.
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INDEPENDENT SET DISCOVERY

Input: A graph G, an initial configuration S C V(G) with |S| = k, and a budget b.
Output: YES if there exists a transformation sequence T that transforms S into an
independent set I C V(G) (]I| = k) such that the number of token slides in T is at
most b. NO otherwise.

DOMINATING SET DISCOVERY

Input: A graph G, an initial configuration S C V(G) with |S| = k, and a budget b.
Output: YES if there exists a transformation sequence T that transforms S into a
dominating set D C V(G) (|D| = k) such that the number of token slides in T is at
most b. NO otherwise.

VERTEX COVER DISCOVERY

Input: A graph G, an initial configuration S C V(@) with |S| = k, and a budget b.
Output: YES if there exists a transformation sequence T that transforms S into a
vertex cover C C V(@) (|C| = k) such that the number of token slides in T is at most
b. NO otherwise.

MATCHING DISCOVERY

Input: A graph G, an initial configuration S C V(G) with |S| = k, and a budget b.
Output: YES if there exists a transformation sequence T that transforms S into a
matching M C E(G) (|M| = k) such that the number of token slides in T is at most
b. NO otherwise.

VERTEX/EDGE CuUT DISCOVERY

Input: A graph G, vertices s,t € V(G), an initial configuration S C V(G)/E(G)
with |S| = k, and a budget b.

Output: YES if there exists a transformation sequence T that transforms S into a
vertex/edge cut C' C V(G)/E(G) (|C| = k) separating s and ¢ such that the number
of token slides in T is at most b. NO otherwise.
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SHORTEST PATH DISCOVERY

Input: A graph G, vertices s,t € V(G), an initial configuration S C V(G) with
|S| =k = d(s,t), and a budget b.

Output: YES if there exists a transformation sequence T that transforms S into the
vertex set of a shortest s-t path in G such that the number of token slides in T is at
most b. NO otherwise.

MSO-DISCOVERY

Input: A (colored) graph (G,C), an MSO formula ¢(X) with a free set variable X,
an initial configuration S C V(G) with |S| = k, and a budget b.

Output: YES if there exists a transformation sequence T that transforms S into a
set T C V(G) (|T| = k) such that G = ¢(T") and the number of token slides in T is
at most b. NO otherwise.

FO-DISCOVERY

Input: A (colored) graph (G,C), an FO formula ¢(X) with a free set variable X, an
initial configuration S C V(G) with |S| = k, and a budget b.

Output: YES if there exists a transformation sequence T that transforms S into a
set T'C V(G) (|T] = k) such that G = ¢(T) and the number of token slides in T is
at most b. NO otherwise.

3.5 Reconfiguration Problems

While solution discovery problems ask whether we can transform an initial configuration
into some final configuration satisfying certain properties, our reconfiguration problems
study the transformation between two specified configurations.

We say that k tokens are labeled when each token has a unique label from [k] =
{1,2,...,k}. A labeled configuration is a sequence (v, ve, . .., v) where v; € V(@) indicates
that the token with the label i is placed on the vertex v;. In our reconfiguration problems,
we are given an initial (labeled) configuration S and a target (labeled) configuration T, and
we must determine whether S can be transformed exactly into 7" within a given budget of b
multi-slides. A multi-slide of a token from vertex u € V(G) to vertex v # u € V(G) moves
the token along a path from u to v in a single move, provided that v and all intermediate
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vertices on the path are token-free. For directed graphs, a multi-slide must follow a directed
path. We may drop the word “labeled” and only say “configuration” when it is clear from
context which configuration we are referring to.

In the context of our reconfiguration problems, a transformation sequence M = (my, ma,
...,my) is a sequence of multi-slides where each multi-slide m; = (s;,t;) is valid; that
means, after executing the multi-slides mq, ..., m;_1, there is a token on the source vertex
s;, no token on the target vertex t;, and a token-free path from s; to t;. We call this path
from s; to t; the path for the multi-slide. For a transforming sequence of multi-slides, we use
G or (Dy, for an instance with a directed graph) to denote the induced subgraph G[X]
(D[X], respectively) where X is an edge set that contains all the edges of the (directed)
paths for the multi-slides in M. We define the obstacles to be O = S NT (vertices that
contain tokens in both configurations). We call a multi-slide whose s; is in O a clearing
multi-slide, and a one whose t; is in O a filling multi-slide. A token on vertex v € V(G)
blocks a multi-slide m; = (s;,t;) for some i if v lies on every path from s; to ¢; (excluding
s and t themselves). In this case, m; is blocked by v.

Problem Definitions

We define four reconfiguration problems based on whether tokens are labeled and whether
the graph is directed.

UNLABELED UNDIRECTED TOKEN MovING (UUTM)

Input: An undirected graph G, configurations S C V(G) and T' C V(G) with
|S| = |T'| = k, and a budget b.
Output: YES if there exists a transformation sequence of size at most b that trans-
forms S into 7. NO otherwise.

UNLABELED DIRECTED TOKEN MovING (UDTM)

Input: A directed graph D, configurations S C V(D) and T" C V(D) with
|S| = |T'| = k, and a budget b.
Output: YES if there exists a transformation sequence of size at most b that trans-
forms S into T'. NO otherwise.
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LABELED UNDIRECTED TOKEN MoviNG (LUTM)

Input: An undirected graph G, labeled configurations S = (s1,...,s;) and T =
(t1,...,tx) where s;,t; € V(G), and a budget b.

Output: YES if there exists a transformation sequence of size at most b that trans-
forms S into T' (where token ¢ moves from s; to ¢;). NO otherwise.

LABELED DIRECTED TOKEN MoVING (LDTM)

Input: A directed graph D, labeled configurations S = (s1,...,s;) and T =
(t1,...,t;) where s;,t; € V(D), and a budget b.

Output: YES if there exists a transformation sequence of size at most b that trans-
forms S into T' (where token i moves from s; to t;). NO otherwise.

3.6 Structural Graph Parameters

Under parameterized complexity, one can choose any “measurable” characteristic of the
input to play the role of the parameter . For example, for a problem that encodes a graph
G in its input, we can let x be the maximum degree. Another characteristic can be one or
more of various structural graph parameters. Of these, we present the ones relevant for our

results.

Treewidth, Pathwidth and Their Decompositions

A tree decomposition of a graph G is a pair (T, B) where T'is atreeand B = {B; : 1 € V(T')}
is a collection of subsets of V(G) (called bags) such that (see Figure 3.12):

L. Uievr) Bi = V(G) (every vertex appears in some bag),

2. for every edge uv € E(G), there exists ¢ € V(T') with {u,v} C B; (every edge appears
in some bag), and

3. for every vertex v € V(G), the set {i € V(T') : v € B;} induces a connected subgraph

of T.
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Figure 3.12: A graph G and its tree decomposition of width max(|B;|) — 1 = 2.

The width of a tree decomposition is max;cy () |B;| — 1. The treewidth of G, denoted
tw(G), is the minimum width over all tree decompositions of G. Treewidth measures
how “tree-like” a graph is. Trees have treewidth one, while clique graphs of size n have
treewidth n — 1. Computing a graph’s treewidth and its associated tree decomposition can
be done in fixed-parameter tractable time when the parameter is tw(G) [25].

A path decomposition of a graph G is a tree decomposition (7', B) where T is a path.
The pathwidth of G, denoted pw(G), is the smallest width of any path decomposition of
G. A nice path decomposition of G is one that begins and ends with nodes corresponding
to empty bags and such that each other node in the decomposition corresponds to a bag
that either introduces a vertex v € V(G) (B; = B;—1 U {v} for v € B;) or forgets one
(B; = Bi—1 \ {v} for v € B;). Since any path decomposition is also a tree decomposition
(given that a path is also a tree), we have that tw(G) < pw(G) for any graph G.

Additional Structural Graph Parameters

Two vertices u,v € V(G) are twins if N(u) = N(v) or N[u] = N[v]. The neighborhood
diversity of a graph G, denoted by nd(G), is the number of subsets in the unique partition
of V(G) into maximal sets of twin vertices called twin classes. See Figure 3.13a. It is
known that the neighborhood diversity and the corresponding partition of a graph can
be computed in linear time [144, ]. Neighborhood diversity as a parameter provides
a powerful tool for parameterized algorithmic design (as was demonstrated by Gima et
al. [99]), since vertices within the same twin class behave identically with respect to the
rest of the graph.

A twin cover of a graph G is a set M C V(G) whose deletion leaves a disjoint union
of cliques such that the vertices of each clique are twins in G. The twin cover number of
G, denoted by tc(G), is the minimum size of a twin cover of G and can be computed in
fixed-parameter tractable time when tc(G) is the parameter [91]. See Figure 3.13b.

A modulator to paths is a set of vertices X C V(G) such that G — X is a disjoint
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(a) Neighborhood diversity = 3 (three twin
classes {v1,v2}, {vs, vg, v5}, {vs}).

(c) Modulator to paths: removing the red
vertex yields disjoint paths.

(b) Twin cover: removing the red vertex
yields disjoint cliques.
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(d) Bandwidth = 2 (maximum difference in
vertex labels).

Figure 3.13: Additional structural graph parameters.

union of paths. The size of a minimum such modulator, denoted by mp(G), is called
modulator to paths number. See Figure 3.13c. Similarly, a modulator to stars is a set of
vertices X C V(G) such that G — X is a disjoint union of stars. The size of a minimum
such modulator, denoted by ms(G), is referred to as modulator to stars number. It has
been shown that one can compute a size-k modulator to paths or stars (if it exists) in
fixed-parameter tractable time when k is the parameter [151].

The bandwidth of a graph G is the minimum integer bw(G) such that there exists
a bijection f : V(G) — {1,...,|V(G)|} satisfying that for every edge {u,v} € E(G),
|f(u) = f(v)| < bw(G). See Figure 3.13d. Computing bandwidth of a graph is NP-hard
and W[1]-hard when parameterized by bw(G) [32].

3.7 Algorithmic Techniques

Our algorithms rely on several key techniques to achieve efficiency. While color coding and
derandomization have already been discussed, we present one additional technique here.

To obtain polynomial kernels for MATCHING-DISCOVERY and INDEPENDENT SET-
DiscovERY when parameterized by the number of tokens k, we employ the celebrated

o2



Sunflower Lemma of Erd6s and Rado [79], which has become a fundamental tool in pa-
rameterized complexity. The key insight is that, when dealing with large families of sets,
redundancy will emerge in the form of a sunflower structure that will allow us to safely
remove some of its elements.

Definition 11 (Sunflower). A sunflower with p petals is a collection of sets Sy, Sa,...,S,
such that the intersection of any pair of sets is the same, i.e., S; NS; = C for all distinct
i,7 € [p]. The set C is called the core of the sunflower, and the sets S; \ C are called the
petals.

Figure 3.14: An example of a sunflower (with pink, blue and green petals) and a common
core (the shaded intersection area). The black vertices represent elements that belong to
individual petals but not to the core, while the green vertices represent the elements in the
core that are shared by all three sets.

Lemma 12 (Sunflower Lemma [l]). Let A be a family of sets (without duplicates) over
a universe U, such that each set in A has cardinality at most d. If |A| > d!(p — 1)¢,
then A contains a sunflower with p petals and such a sunflower can be computed in time
polynomial in |A|, |U|, and p.

In the context of transformation problems, the Sunflower Lemma provides a powerful
algorithmic tool. For example, when we encounter a large family of sets (e.g., a large
family of edges at a fixed token sliding distance from a token), the lemma guarantees the
existence of a sunflower, which we can exploit in some way.
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Chapter 4

Multi-Sliding

In this chapter, we focus on the results of the reconfiguration problems. In particular, we
study the parameterized complexity of UNLABELED UNDIRECTED TOKEN MOVING and
UNLABELED DIRECTED TOKEN MOVING with respect to the parameters k& (the number
of tokens) and b (the size of the transformation sequence). In addition, we focus on
the parameterized complexity of LABELED UNDIRECTED TOKEN MOVING and LABELED
DIRECTED TOKEN MOVING with respect to parameter b or b + f where f represents
the number of token-free vertices. The results presented in this chapter appear in the
paper titled “Parameterized Complexity of Reconfiguration of Atoms”, in proceedings of
WALCOM: Algorithms and Computation 2022, and co-authored with Alexander Cooper,
Amer E. Mouawad, and Naomi Nishimura [52].

We start with the positive results achievable when the tokens are unlabeled. Thus,
we first establish that UNLABELED UNDIRECTED TOKEN MOVING and UNLABELED DI-
RECTED TOKEN MOVING when parameterized by k are fixed-parameter tractable by show-
ing that tokens move at most once in any minimum size transformation sequence. This
enables us to construct kernels of size at most 2k, and thus show fixed-parameter tractabil-
ity. We then prove that UNLABELED UNDIRECTED TOKEN MOVING and UNLABELED
DIRECTED TOKEN MOVING are also fixed-parameter tractable when parameterized by
the budget b. For the undirected case, we characterize one optimal solution as a forest of
minimum special trees which can be found in an input graph with existing efficient fixed-
parameter tractable techniques. We follow a similar approach for the directed case; we first
prove that the transformation sequence of one optimal solution induces a directed forest
in the input graph and then employ color-coding techniques to find this forest structure in
yes-instances.
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In contrast to the unlabeled problems, we demonstrate that LABELED UNDIRECTED
TOKEN MOVING and LABELED DIRECTED TOKEN MOVING are W[1]-hard when param-
eterized by b or b+ f through reductions from the MULTICOLORED SUBGRAPH [SOMOR-
PHISM which we define in Section 4.3.

4.1 Fixed-Parameter Tractability of Unlabeled
Directed /Undirected Token Moving for Parame-
ter k

In this section, we prove the following theorem.

Theorem 13. UNLABELED UNDIRECTED TOKEN MOVING and UNLABELED DIRECTED
TOKEN MOVING are fixed-parameter tractable when parameterized by k.

We start by noting some observations that follow directly from the problem definitions.
In the observations, we fix an instance of UNLABELED UNDIRECTED TOKEN MOVING or
UNLABELED DIRECTED TOKEN MOVING and a corresponding transformation sequence
M of multi-slides.

Observation 14. Let ¢ = |[M|. If a vertez v € V(G) (v € V(D), respectively) blocks a
multi-slide m; = (s;,t;) in G (D, respectively) for some i € [€], then there exists a path
(directed path, respectively) from v to t;.

Observation 15. Let ¢ = |M|. Suppose that my = (s¢,t;) is the last multi-slide in a
transformation sequence M from S toT'. The sequence M’ formed from M by removing
my 1$ a transformation sequence from S to a configuration T', where T" differs from T by
having a token on sy instead of on t,.

Claim 16. Let { = |M|. Suppose that my, = (s¢,t,) is the last multi-slide in a transforma-
tion sequence M from S to T and let M’ be formed from M by removing my and T be the
configuration formed by applying M’ starting from S in G (D, respectively). Suppose that
there exists a transformation sequence M" from S to a configuration T", where T" differs
from T" by a single token, where T" has a token on a vertex uw and T’ has a token on a
verter v # sg. Then if my is blocked after the execution of M" on S in G (D, respectively),
there must be a token-free (directed, if in D) path from u to t,.
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Proof of Clatm 16. We know that m, is valid in M and hence my is valid after the execution
of M’ starting from S in G (D, respectively). The only difference between M” and M’
is the presence of a token on u instead of v, so the only vertex that can block my is u.
The fact that u is the only reason that there are no free paths from s to ¢, combined with
Observation 14, implies that there is a token-free (directed, respectively) path from u to
to. m

Lemma 17. For any instance (G, S,T,b) of UNLABELED UNDIRECTED TOKEN MOVING
or instance (D, S,T,b) of UNLABELED DIRECTED TOKEN MOVING, there exists a shortest
transformation sequence in which there is no token that multi-slides more than once.

Proof of Lemma 17. We provide the proof for the directed case, which implies the undi-
rected case. We assume to the contrary that there exists an instance for which any shortest
transformation sequence requires the multi-slide of at least one token a second time. We
minimize the length of the subsequence of multi-slides in M starting at the first multi-slide
of a token and ending at the second multi-slide of the same token. We can represent M as
my, Ma, ..., My_1, My, where the multi-slide m; = (s;,¢;). Since the first and last move are
of the same token, t; = s,.

To prove the lemma, it suffices to show that we can form a shorter transformation
sequence of multi-slides, M’ , such that M and M’ result in the same target configuration T’
and M’ is shorter than M. We will refer to multi-slides of the form (s;, t;) as matching multi-
slides and multi-slides of the form (s;,%;11) as offset multi-slides; a sequence of matching
(offset) multi-slides consists of matching (offset) multi-slides for consecutive values of i.

We construct M’ as a sequence of segments, where each segment is formed by adding
zero or more valid offset multi-slides until a blocked offset multi-slide (s;,;41) is reached
or tj41 = ty, adding all valid matching multi-slides starting at (s;41,%;41) until a blocked
matching multi-slide (s;/,¢;/) is reached, and then adding the linking multi-slide (s;,t;).
See Figure 4.1. For the next segment, we start by attempting to add the offset move
(sj,ty+1). Note that M’ cannot end with a matching multi-slide as that implies we can
remove multi-slide (s;,%;) of the last segment (since the token on s; does not block any
multi-slide in M ) and obtain a smaller subsequence than M.

To prove that the multi-slides in the segments are all valid, we first show that (s, ts),
the first multi-slide in the first segment, is valid. We know that in M , My is valid after my
is executed, but since M is of minimum length, ms cannot be executed before m;. Since
(s1,t1) results in a token-free path between sy and ty, we know that s; must contain the
only token on an intermediate vertex on the path for the multi-slide ms from s, to to, and
hence there are token-free directed paths from s; to each of sy and t,.
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Figure 4.1: Formation of a segment in M'; sources and target vertices for consecutive values
of 7 are depicted by rows of circles, offset multi-slide by dashed green lines, matching multi-
slides by solid black lines, and the linking multi-slide by a dashed blue line.

To show that all the multi-slides in M’ are valid, we prove the following statements by
induction on the number of segments of M’ executed so far.

1. The first matching multi-slide in any segment is valid.

2. The linking multi-slide in any segment is valid.

To show that (1) holds, we suppose instead that the matching multi-slide (s;11,%;41)
is blocked after the execution of (s;_1,t;). By the definition of the construction of M’, we
are attempting to add multi-slide (s;41,%;+1) because (s;,t;41) is not valid. Because the
matching move (s;41,%;41) is valid in M, by Claim 16 (where (Sj+1,tj41) is my and s; is
u), we can then conclude that s; blocks the move, and that there is a token-free directed
path from s; to ¢;41, contradicting the assumption that (s;,t;11) is not valid.

For part (2), we consider the placement of tokens after applying M and M’ up to before
(sjr,t;) and (s;,t;). By Claim 16 (where (sj,t;/) is my and s; is u), the fact that the multi-
slide (sj,t;) is valid in M but not in M’ implies that there is a token-free directed path
from s; to t;, and hence the multi-slide (s;,;/) is a valid multi-slide.

Finally, we complete the proof by showing that applying M and M’ results in the same
target configuration. By the end of the first £ — 1 multi-slides in M’ , the only difference
with the configuration obtained by the end of applying the first £ — 1 multi-slides in M
starting from S, is that there is no token on t; = s, and a token on t,. Thus, no further
multi-slides are required in M’ to achieve the configuration reached in M by the final
multi-slide, (sg, tr). O

We use Lemma 17 to show that we can find in polynomial time a polynomial kernel for
each instance of UNLABELED UNDIRECTED TOKEN MOVING and UNLABELED DIRECTED
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TOKEN MOVING whose vertices are from S U T (at most 2k). We use those polynomial
kernels to form fixed-parameter tractable algorithms with respect to k.

Lemma 18. Given an instance (G,S,T,b) of UNLABELED UNDIRECTED TOKEN MOV-
ING (an instance (D,S,T,b) of UNLABELED DIRECTED TOKEN MOVING, respectively),
we can, in polynomial time, find a kernel (G',S,T,b) (D', S,T,b), respectively) of size at
most 2k.

Proof of Lemma 18. From Lemma 17, we know that there exists a shortest transformation
sequence in which no token moves more than once. Thus, a vertex v ¢ S UT is never the
source vertex nor the target vertex of a multi-slide in such a sequence, the only role it can
play is to connect its neighbors. We form G’ from G by adding an edge between each pair
of neighbors of each such vertex v and deleting v. To form D’ from D, we instead add an
arc from each in-neighbor of v to each out-neighbor of v, where v ¢ SUT and delete v. [

Corollary 19. UNLABELED UNDIRECTED TOKEN MOVING and UNLABELED DIRECTED
TOKEN MOVING are fixed-parameter tractable when parameterized by k.

Proof of Lemma 19. To form the algorithm, we observe by Lemma 17 that it suffices to
determine the set of obstacles O that are sources of multi-slides, the pairing of source
vertices and target vertices into multi-slides, and the order of multi-slides. By Lemma 17
also, the number of multi-slides b will be at most |S\ 7|+ 0|, allowing us to try all possible
choices of vertices in O, pairings, and orders in fixed-parameter tractable time with respect
to parameter k (namely O(2Fgk) . n00), O

4.2 Fixed-Parameter Tractability of Unlabeled
Directed /Undirected Token Moving for Parame-
ter b

In this section, we show that UNLABELED UNDIRECTED TOKEN MOVING and UNLA-
BELED DIRECTED TOKEN MOVING are fixed-parameter tractable when parameterized by
the number of allowed multi-slides b. Note that the case where b € Q(k) is already covered
by our polynomial kernel result for k£ in Section 4.1.

Recall from Section 3.5 of the preliminaries that the graph G ; represents the induced
subgraph G[X], where X is an edge set that contains all the edges of the paths for the

—

multi-slides in M. Our algorithm for UNLABELED UNDIRECTED TOKEN MOVING is based
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on the characterization of the graph G j; of a transformation sequence M of minimum size,
where G is the graph of a kernel of maximum size 2k built according to the procedure in
Lemma 18. In Lemmas 20 and 21, we show that there exists a transformation sequence M
such that G; is a forest of minimum-size Steiner trees with terminals in (SUT)\ (SNT).

Given a graph G, a Steiner tree for a set of vertices ' C V(G) (called terminals) is a
tree induced by a set of edges in G that includes all the vertices in T'. The tree may include
additional vertices from V(G)\ T (called Steiner vertices). A minimum Steiner tree is one
with the minimum number of edges (or minimum total weight in weighted graphs). The
STEINER TREE problem takes as input a graph G, a set of terminals in G, and an integer
r and asks if G has a Steiner tree with at most x edges. The problem has an algorithm
that runs in 37 - n®Y time where ¢ is the number of terminals [72].

To prove Lemma 20, we require the efficient (polynomial time algorithm) of Calinescu et
al. [50] that allows us to obtain, given an undirected tree and configurations S,T C V(G),
a shortest transforming sequence from S to T

By considering all possible ways of partitioning vertices in (SUT')\ (SNT) into Steiner
trees, and counting the number of multi-slides required by each choice, in Theorem 22 we
are able to obtain a fixed-parameter tractable algorithm for UNLABELED UNDIRECTED
TOKEN MOVING when parameterized by b.

Hereafter, for an instance (G, S, T,b) of UNLABELED UNDIRECTED TOKEN MOVING,
we refer to the kernel (G', S, T, b) built as per the procedure described in Lemma 18 as its
contracted instance.

Lemma 20. Let (G,S,T,b) be an instance of UNLABELED UNDIRECTED TOKEN MOV-
ING and let (G',S,T,b) be its contracted instance. There exists a transformation sequence
M that is a solution to (G, S,T,b) of minimum size such that G’M is a forest.

Proof of Lemma 20. Suppose to the contrary that each transformation sequence of mini-
mum size induces (through the edges of the paths for its multi-slides) a subgraph containing
a cycle. Of these, we consider the minimum size subsequence M’ of a transformation se-
quence M consisting of multi-slides bracketing the formation of the first cycle in G’M: for
the first cycle C' formed, M’ starts with the first multi-slide such that the path for the
multi-slide contains a vertex in C, and ends with the first multi-slide that completes C'.
We use M” to refer to the sequence formed by removing the last multi-slide from M’ , and
m; = (s;,t;) to refer to the last multi-slide in M.

In the graph G;\Z" we use Sy to denote the configuration before M’ is executed, Sy, to

denote the configuration after M" is executed, and S;, to denote the configuration after
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Figure 4.2: Sequences and G ;.
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M'" is executed. See Figure 4.2a. By definition, Sy;, and Sy, differ only in the placement
of a single token, which can be found on s; € S;;, and on t; € S3,.

Since m; completes the cycle C, we can decompose C' into two paths between a pair of
vertices u and v, where u and v are both on the path for the multi-slide m;. We use P” to
denote the path between u and v that is part of GIM" and P’ to denote the path between
u and v that is part of the path for the multi-slide m;. See Figure 4.2b.

Our goal is to form an alternative sequence of valid multi-slides such that P” can be
used instead of P’ to reach configuration S;;,. To make this possible, we identify the token
on a vertex w on P” that is in Sy, and is closest to s; in G, We will show that we can

find a sequence of multi-slides Mé’ that, when executed on G’ starting from configuration
Sp, results in a configuration S iy that differs from Sy;, only in the placement of a single
token, where S;, has the vertex ¢; and Sjy;, has the vertex w. We can then execute the
multi-slide (s;, ) to reach the configuration S, from S iy

To obtain a contradiction and complete the proof, we need to show that ]\7[5 does not
use internal vertices of P’ and that the size of M/ is no greater than that of M"”. We form
a tree T” that we initialize to be G/M and for each of s; and ¢; that is not in G'- . we

M//7
add to T" a subpath of the path for the multi-slide m; with one endpoint in G;w and

e

Y&l

the other endpoint the vertex s; or t;. See Figure 4.2b. The fact that m; closes the cycle
C guarantees that if s; and ¢; are not in G;m, such paths exist and that they contain no
internal vertices of P'.

To compare the sizes of M" and Mé/ , we first observe that, by construction and the
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definition of a multi-slide, every token in V(G’M,,) NSy must be moved in order to transform
So into Sy, Since 1" is a tree, we can invoke the polynomial-time algorithm of Calinescu et

al. [50] on (", V/(G'7,)NSo, Syiy ), allowing us to obtain a shortest transformation sequence

of valid multi-slides from Sp to Sy, in T’ to form M. By Lemma 17, the number of multi-
slides in Mg cannot be greater than the number of tokens in V(G’M”) N Sp and hence not

greater than the number of multi-slides in M", as required to complete the proof. H

Lemma 21. For a contracted instance (G', S, T,b) of UNLABELED UNDIRECTED TOKEN
MOVING with a transformation sequence M of minimum size such that G;\Z s a forest,
each tree in the forest is a minimum Steiner tree with terminals in (SUT)\ (SNT) and
Steiner vertices in the set of obstacles O, and such that each Steiner vertex in O is the
source vertex of a multi-slide.

Proof of Lemma 21. The fact that the terminals of the tree are in (SUT)\ (SNT) follows
from the minimality of the size of M. Because each token in G’M must be moved in a
contracted instance, a minimum Steiner tree will contain the minimum number of vertices,
and hence the minimum number of multi-slides. O

Theorem 22. UNLABELED UNDIRECTED TOKEN MOVING is fized-parameter tractable
when parameterized by b.

Proof of Theorem 22. Given an instance (G, S, T,b) of UNLABELED UNDIRECTED TOKEN
MOVING, we first form in polynomial time a contracted instance (G’,S,T,b) according to
the procedure described in Lemma 18. Then we produce all possible partitions of vertices
in (SUT)\ (SNT) into at most b Steiner trees, starting first with a single tree, then two,
and so on.

When considering the use of t trees, we first consider all possible ways of partitioning
the vertices of (SUT) \ (SNT) into ¢ groups, where each group has an equal number of
vertices in S\ 7" and 7"\ S, and then run the Dreyfus—Wagner Steiner tree algorithm [72]
on each such group of vertices. Because in each Steiner tree, each token must multi-slide
and does so exactly once according to Lemma 17, the number of multi-slides associated
with each Steiner tree Tyeiner Will be [(S\ T) NV (Tsieiner)| + 10 NV (Tsteiner)| where O is
the set of obstacles. If the total number of multi-slides in a forest is at most b, we return
YES. If we have not returned YES using ¢ trees, we consider ¢ + 1 trees. If the procedure
does not return YES after considering all values of ¢, we return NO.

The correctness of the algorithm follows from Lemmas 18, 20, and 21. Let r = |(S U
T)\ (SNT)| =|SAT|. Any solution using at most b multi-slides must move all tokens in
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S\ T, hence |S\ T| < b and therefore r = 2|S\ T'| < 2b. For each ¢t € {1,..., min{b,r}}
we enumerate all partitions of the r terminals into ¢ (balanced) groups and, for each group
of ¢ terminals, compute a minimum Steiner tree using the Dreyfus—Wagner algorithm in
time O(37 - n®M). Summed over a fixed partition, the time to compute the Steiner trees
is O(3" - n®W). The number of partitions is at most 2°("°¢") Hence, the overall running
time is 200108 . nO0) which is fixed-parameter tractable with respect to b. O

Like in the case of undirected graphs, our algorithm for the directed case relies on
the characterization of the graph D,; of a transformation sequence M of minimum size,
where D is the graph of a kernel of maximum size 2k built according to the procedure in
Lemma 18. Recall from Section 3.5 of the preliminaries that the digraph D; represents
the induced subgraph D[X] where X is an arc set that contains all the arcs of the directed
paths for the multi-slides in M. Furthermore, a clearing multi-slide is one whose source
vertex is an obstacle vertex in O and a filling multi-slide is one whose target vertex is
an obstacle vertex in O. We show, in Lemma 27, that for any yes-instance there exists
a transformation sequence M such that D,; is a directed forest. As a replacement for
the Steiner tree approach, the fact that we can bound the size of D; suggests the use of
color coding machinery to determine whether D contains a labeled subgraph of the correct
form to be D,;. Unfortunately, this machinery (particularly, Theorem 23) cannot be used
directly; in Theorem 28 we make small modifications to use it.

Theorem 23 ([7]). Let H be a directed forest on h vertices. Let D be a directed graph. A
copy of H in D, if it exists, can be found in 2°") - n? . logn worst-case time. Moreover,
if a weight function w : A(D) — R is defined on the arcs of D, then the algorithm can be
adapted to find the copy of H in D with the maximum total weight.

After removing extraneous vertices from D in Lemma 24, we demonstrate that D
forms a directed forest in Lemma 27; to show that we can ignore cycles, we focus on a
minimal digraph whose underlying undirected graph contains a cycle as a counterexample.
Formally, we call a digraph D a circle digraph if D is connected and the vertices in V(D)
can be partitioned into cycle vertices, forming a cycle C' in the underlying undirected graph
of D and forest vertices, forming a directed forest of directed trees such that each tree has
its root vertex adjacent to a cycle vertex and all its arcs are directed toward the root or all
arcs are directed away from the root.

Hereafter, for an instance (D, S, T,b) of UNLABELED DIRECTED TOKEN MOVING, we
refer to the kernel (D', S,T,b) built as per the procedure described in Lemma 18 as its
contracted instance. An instance (D, S,T,b) of UNLABELED DIRECTED TOKEN MOVING
is said to be a contracted circle instance whenever D is a circle digraph and SUT = V(D).
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Lemma 24. Let (D,S,T,b) be an instance of UNLABELED DIRECTED TOKEN MOVING,
(D', S,T,b) be its contracted instance and v € SNT. (D', S,T,b) is a yes-instance if and
only if (D' —{v}, S\ {v}, T\ {v},b) is a yes-instance when any of the following conditions
hold:

e There is no directed path from any vertex in S\'T to v.
e There is no directed path from v to any vertex in T\ S.

e FEvery directed path from any vertex in S\ T to v contains at least b+ 1 obstacles,
and every directed path from v to any vertex in T'\ S contains at least b+ 1 obstacles.

Proof of Lemma 24. By Lemma 17, in any shortest transformation sequence, v is the source
of a clearing multi-slide and the target of a filling multi-slide, or its token blocks the multi-
slide of another token. Because each pair of clearing and filling multi-slides forms a directed
path from a vertex in S\ T to a vertex in 7'\ S (as does any multi-slide whose source
vertex is in S\ T and target vertex is in 7"\ §), under the first two conditions v can neither
be part of such a multi-slide nor block such a multi-slide.

For the third condition, we observe that b multi-slides are not sufficient either to move
enough other tokens initially on obstacle vertices for there to be a clear directed path
between v and a vertex in T\ S, nor for the token initially on v to be the only token
blocking a directed path. ]

Lemma 25. If there exist instances (D, S,T,b) of UNLABELED DIRECTED TOKEN MoOV-

ING for which every transformation sequence M of minimum size yields a Dy; that is not
a directed forest, then at least one of those instances must be a contracted circle instance.

Proof of Lemma 25. Of all those instances, let us consider an instance (D, S, T,b) where
|V(D)| is minimized, |A(D)| is minimized, and the size of a shortest transformation se-
quence M is minimized (in that order). We call such an instance a minimal instance.

First, note that we can assume that each vertex in V(D) is in S or T, since applying the
procedure described in the proof of Lemma 18 would contradict the minimality of |V (D)].

We show that in a minimal instance, the last multi-slide in the shortest transformation
sequence M is the one that forms one or more cycles in the underlying undirected graph
of D ;. Suppose in contrast that the first cycle is formed by a multi-slide m; that is not
the last in the sequence. We then define S,,, to be the configuration after m, is executed.
The instance (Dy;, S, S, , b) satisfies the statement of the lemma and has a minimum size
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transformation sequence consisting of at least one fewer multi-slides, contradicting the
minimality of the minimal instance.

We now show that D ; cannot contain more than one connected component nor have
an underlying undirected graph that contains more than one cycle. If instead D,; contains
more than one connected component, since the multi-slides in each component are indepen-
dent of each other, the multi-slides that form the components that do not form the cycle
could have taken place after the last multi-slide in M, contradicting the minimality of the
size of M. If the last multi-slide m, = (S, ) closes more than one cycle in the underlying
undirected graph, then we let M’ be the sequence obtained by removing m, from M and
P,,, be the path for the multi-slide m,. We let vy, v1, and v, be the first, second, and
third intersections of P, with D such that (vo,v1) € A(Dy;) and (vi,v2) € A(D;),
respectively. Such vertices must exist since my is assumed to close more than one cycle in
the underlying undirected graph. We note that we could have longer directed paths from
vg to vy or from vy to vy but the same argument still applies. We create a new instance
by deleting all arcs added by my, from vy to vy and all arcs added by m, from v; to v, and
instead adding an arc from vg to v; since the directed path from vy to v, has at least three
arcs, we have found a smaller instance that uses fewer arcs, contradicting the minimality
of |A(D)|. Hence, D,; consists of a single component whose underlying undirected graph
contains a single cycle.

Finally, due to the minimality of the instance, we can assume that each vertex is a
source or a target vertex for a multi-slide. Moreover, due to the minimality of M , M
cannot contain any multi-slide that does not pass through C. Consequently, we conclude
that any vertex outside of C' must be connected by one directed path to a vertex in C' or
connected by one directed path from a vertex in C, forming a contracted circle instance
(see Figure 4.3). O

We use Lemma 25 in the proof of Lemma 27, where we use the structure of a circle
digraph to form a transformation sequence that does not form a cycle. We number the

cycle vertices of the circle digraph as vy, v, ..., v, in clockwise order, and observe that for
each i, either (v;,v;41) or (v;11,v;) is an arc in the contracted circle instance graph. We
say that a subsequence of vertices vy, vgi1,...,0 18 a forward cycle segment if (v;, v;41)

is an arc for each a < i < b and a backward cycle segment if (v;y1,v;) is an arc for each
a < i < b. Since the paths for multi-slides are directed paths, no multi-slide can use arcs
in more than one cycle segment.

Of particular interest are the junction vertices shared by two consecutive cycle segments,
where each is a source or a sink in both cycle segments. We refer to the in-pool of a source
junction vertex v as the set containing v and any tree vertex that can reach v by a directed
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path, and the out-pool of a sink junction vertex v as the set containing v and any tree
vertex that can be reached by a directed path from v. Since each cycle segment starts and
ends with a junction vertex, we can refer without ambiguity to the in-pool and out-pool of
a cycle segment. By partitioning the multi-slides by cycle segments, we form a sequence
of directed trees, thereby allowing us to apply Lemma 26.

Figure 4.3: Example circle graph with cycle segments highlighted, in-pools marked in
brown, and out-pools marked in yellow, and sources and sinks of linking moves shown.

Lemma 26. Given a directed tree D, two configurations S and T of D such that every
leaf of D isin (SUT)\ (SNT), and a one-to-one mapping p from S to T such that there
is a directed path from each s € S to u(s) € T (and s # u(s) for all s), there exists a
transformation sequence from S to T in D.

Proof of Lemma 26. We proceed by induction on the size of the directed tree D, observing
that if |V (D)| = 2 then the statement clearly holds.

If there exists a leaf v € T'\ S, we let u = p~'(v) and let P,, be the unique directed
path from u to v. We let w be the closest vertex to v on P,, such that w € S. Note that
w could be equal to u. Moreover, all the vertices in P,, are in 7'\ S. Then, we form a
smaller instance D" and configurations S” and T as follows. If w # u then we delete v from
D (and T'), remove w from S, and set u(u) = p(w); since we have a directed path from
u to w and a directed path from w to p(w), we have a directed path from u to p(w). If
w = u then we simply delete v from S and if w becomes a leaf, we also delete w. When w
does not become a leaf, it becomes a free vertex (not in SUT'). To form a transformation
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sequence from S to T in D, we start with the move (w, v) and then add the transformation
sequence for the smaller instance.

Now we consider the situation in which all the leaves of D are in S\ T. For a leaf
ue S\T, welet v = p(u) and, again, we let P,, be the unique directed path from u to v.
We find the closest vertex w to v on P,, such that w € T. All the vertices in P,,, are in S\T.
We let u(w) = z (assuming w € SNT) and p~(w) = y. We can form a smaller instance
by removing u, and form a transformation sequence from the transformation sequence of
the smaller instance followed by the move (u,w). To do so, we set u(y) = = and p(w) = v;
by construction, there is a directed path from w to v, from w to z, and from y to w. If
w € T\ S then we let p~'(w) = y and form the smaller instance in a similar manner but
setting u(y) = v. O

Lemma 27. If a contracted instance (D,S,T,b) is a yes-instance of UNLABELED DI-
RECTED TOKEN MOVING, then there exists a transformation sequence M of minimum
size such that D; is a directed forest.

Proof of Lemma 27. For the sake of contradiction, we assume that (D,S,T,/¢) is an in-
stance for which every transformation sequence M of minimum size yields a digraph D ;
that contains a cycle in the underlying undirected graph. By Lemma 25, we can assume
that (D,S,T, /) is a contracted circle instance, m; = (sy, ;) is the last multi-slide in M,
D,; contains a single cycle in the underlying undirected graph, M’ is formed by removing
my from M , and D, is a directed forest.

As in the proof of Lemma 20, we decompose the cycle into two undirected paths P and
P’ in the underlying undirected graph, both between vertices u and v, where u and v are
both on the path for the multi-slide m,. We focus on Dy; — E(P’) where P’ is the path
added by the multi-slide my.

We construct a sequence M, of the same size as M that achieves the same transforma-
tion, but does not use P’. By Lemma 26, it suffices to construct a mapping p : S — T
such that there exists a directed path from each s € S to u(s) € T'.

We break P into cycle segments. Starting at the cycle segment containing v and sy,
we can set ((sy) to be a target vertex w in T in the out-pool of the same segment and
whose source vertex is a vertex of another segment or another segment pool. We keep all
other multi-slides of the same segment intact. Note that since there is an arc that goes in
the opposite direction and is incoming into the junction out-pool vertex of the segment,
w must exist. In the next cycle segment, we start by mapping the source vertex s,, whose
target is w to the target vertex of any multi-slide whose path passes through s,,, and
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do so for every source vertex whose target is mapped until we get to one source vertex
in the segment’s in-pool with no multi-slide whose path passes through the vertex. We
map this source vertex to a target vertex w’ in T in the out-pool of the next unconsidered
segment and whose source vertex is a vertex of yet another segment or yet another segment
pool. Repeating this until the last cycle segment of P produces the required mapping of
Lemma 26. O

To check if a contracted instance (D, S,T,b) is a yes-instance, it suffices to determine
whether a labeled version of D contains a subgraph of the correct form to be D ; for some
M of minimum size. When we assign labels to the vertices of D such that the vertices of
S\ T = j are labeled from s; to s;, the vertices of 7'\ S = j are labeled from ¢; to t;, and
all other vertices are assigned the label j, we say that D is (2|S \ T'| + 1)-labeled. We use
lab(v) to denote the label of vertex v € V(D) and we have 2|.S \ T'| + 1 distinct labels.

When (D, S, T,b) is a contracted yes-instance with M being a transformation sequence
of minimum size, D,; is a directed forest and has at most b + [S \ T| < 2b vertices, as
otherwise b+ 1 multi-slides are required. Thus, we can enumerate all possible (2|S\T'|+1)-
labeled directed forests of size at most 2b and check whether any one of them implies a
yes-instance and can be found as a subgraph of D.

For a (2|S \ T'| + 1)-labeled directed forest H, we let S = {v € V(H) | lab(v) €
{s1,...,85,j}} and T" = {v € V(H) | lab(v) € {t1,...,t;,5}}. Then H is said to be a
witness for (D, S,T,b) if (H,S',T",b) is a yes-instance and there is a copy of H in D such
that the labeling of the vertices in (SUT) \ (SNT) is respected.

Theorem 28. UNLABELED DIRECTED TOKEN MOVING is fized-parameter tractable when
parameterized by b.

Proof of Lemma 28. For any instance of UNLABELED DIRECTED TOKEN MOVING, we can
transform the instance using Lemmas 18 and 24 into a contracted instance (D, S, T, b) such
that for every vertex v € SUT (that is, every vertex v in D), v is on a directed path from
a vertex in S\ T to a vertex in 7'\ S.

By Lemma 27, we know that if (D, S,T,b) is a yes-instance, then there exists a trans-
formation sequence M of minimum size such that D,; is a directed forest. Additionally,
at most b — S\ 7’| multi-slides can be of tokens on vertices not in S\ 7. Hence, the total
number of vertices in Dy is at least 2|5\ T'| and at most b+ |S '\ 7.

To check if (D, S, T, b) is a yes-instance, we make D (2|S\ T'|+1)-labeled and search for
a witness by enumerating all (2|5 \ T'| + 1)-labeled directed forests on k vertices, for each
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value greater than or equal to 2|S\ T'| and smaller than or equal to b+ |S\T'|. We observe
that the total number of such forests is bounded by a function of b. For each directed
forest H, we determine whether H is a witness by determining whether (H,S’,7",b) is a
yes-instance (which can be achieved in fixed-parameter tractable running time with respect
to parameter b by brute force) and whether there is a subgraph of D that is a copy of H
and that respects the labels.

For the latter, we create edge-weighted digraphs D’ and H' with vertices that correspond
to those in D and H. We assign all edges in D’ weight one. Each vertex in D’ or H’
corresponding to a vertex with label s; is given i degree-one in-neighbors, connected by
arcs with weight ig, and each vertex in D" or H’ corresponding to a vertex with label ¢; is
given |S'\ T'| + j degree-one out-neighbors, connected by arcs with weight (|S\ 7| + j)q.

We can now invoke Theorem 23 on D" and H’'. If H has a copy in D, then the copy of
H' in D" with the maximum total weight on its arcs will include all arcs of weight greater
than one, and thus we must find a label-preserving copy. If we find a witness, we return
YES. Otherwise, we return NO.

The algorithm enumerates all (2|S\ T| + 1)-labeled directed forests of size at most 2b.
The number of such labeled forests is at most 29188 For each forest H in this collec-
tion, the algorithm verifies whether (H,S’, T",b) is feasible (in time 2°®) and then checks
whether H occurs as a label-respecting subgraph of D using the color-coding algorithm of
Alon et al. [7], which runs in 2°® n2logn time. Thus, the total running time of the algo-
rithm is 20(¢1et) O Thus, UNLABELED DIRECTED TOKEN MOVING is fixed-parameter
tractable with respect to b. O

4.3 W]/1]-hardness of Labeled Undirected/Directed
Token Moving for parameter b

In this section, we show that unlike their counterparts where the tokens are unlabeled,
LABELED UNDIRECTED TOKEN MOVING and LABELED DIRECTED TOKEN MOVING are
WI[1]-hard when parameterized by b or even b+ f on general graphs where f denotes the
number of token-less vertices outside SUT. We give reductions from the MULTICOLORED
SUBGRAPH ISOMORPHISM problem.

We say that two graphs G and H are isomorphic if there exists a bijection u : V(G) —
V(H) such that {u,v} € E(G) if and only if {u(u),u(v)} € E(H). When dealing with
vertex-colored graphs (G,Cq) and (K, Ck), we additionally require that the isomorphism
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preserves colors: Cg(u) = Cy(p(u)) for all u € V(G). The MULTICOLORED SUBGRAPH
ISOMORPHISM problem asks whether a given vertex-colored graph (G, Cg) where each ver-
tex has one color contains a subgraph that is isomorphic to another given vertex-colored
graph (K,Cg) in which every vertex has one distinct color, while preserving color con-
straints. See Figure 4.4. This problem is W[1]-hard when parameterized by |V (K)| [112],
even when K is restricted to being a connected bipartite graph in which every vertex is of
degree three.

For clarity, we refer to nodes in the reduced instance and vertices in the MULTICOLORED
SUBGRAPH ISOMORPHISM instance. Both of our reductions create a vertex node for w for
each w € V(@) (of color present in Cf ) and then use the structure of K to group these nodes
by color to form supernodes. By judicious assignment of labels to tokens that must multi-
slide between supernodes and the tight budget, we ensure that reconfiguration can occur
only if we can clear tokens on a set of vertex nodes that form a subgraph of GG isomorphic
to K. We start with the directed case and then explain the necessary modifications for the
undirected case.

Labeled Directed Token Moving

We explain the reduction in three steps: forming a directed acyclic graph (DAG) K’ from
K that provides the structure of D (the digraph of the LABELED DIRECTED TOKEN
MOVING instance), creating and connecting supernodes, and adding gadgets to restrict
token movement.

Step 1. To form a directed acyclic graph K’, we create a vertex k; € V(K') for each
vertex ¢ € V(K), making use of breadth-first search to assign each vertex to a level based
on the distance from an arbitrary vertex indexed 1 that is at level 0. Note that each
remaining vertex k; is assigned to the minimum level ¢ such that there is a path of £ — 1
vertices from 1 to i in K. We form a directed acyclic graph (Figure 4.4c), by adding an
arc in K’ between a vertex in level £ and another in level ¢ + 1 when their corresponding
vertices are adjacent in K. Note that these arcs represent all edges in K.

Step 2. We can safely ignore any edge in G between vertices of the same color or between
colors not connected by an edge in K, since no such edge can be part of a subgraph of
G isomorphic to K. For each color C; (for i € V(K)), supernode D; consists of all vertex
nodes for vertices in C; in GG; we consider the supernode D; to be at the same level as k;
in K’. To form D, we add an arc between any vertex node in D; and a vertex node in
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D; when (k;, k;) is an arc in K’ and the vertices represented by those vertex nodes are
adjacent in GG. See Figure 4.5a. When there exists an arc from a vertex in D; to a vertex
in D;, we say that D; is a super-in-neighbor of D; and that D; is a super-out-neighbor of
D;.

Step 3. To ensure that each edge of K is present, we associate a token with each arc in
K'. For arc (k;, k;), in S, the associated token is placed on a node in the source gadget of
D;, and in T', the associated token is placed on a node in the target gadget of D;, where
the source and target gadgets will be defined shortly. Accordingly, for each supernode,
there is one node in its source gadget for each super-out-neighbor, and there is one node
in its target gadget for each super-in-neighbor. For each token in S\ 7', its source node
and target node are in the source gadget and the target gadget of consecutive levels.

For LABELED DIRECTED TOKEN MOVING, the source gadget of a supernode consists
of a set of nodes with tokens connected by arcs into each vertex node in the supernode and
the target gadget consists of a set of nodes without tokens connected by arcs from each
vertex node in the supernode. See Figure 4.5b. In addition, associated with each supernode
is a storage gadget consisting of a single node that is the in-neighbor and out-neighbor of
every vertex node in the supernode. As their names suggest, the union of nodes in the
source gadgets equals S\ 7" and the union of nodes in the target gadgets equals 7'\ S. We
also set SN T to all the vertex nodes. By construction, |[S\ T| = |E(K)| and f = |V(K)|;
we set b = |E(K)|+2|V(K)|. The latter and the fact that the reduction runs in polynomial
time ensures that we obtain a valid FPT-reduction.
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Figure 4.5: (a) Supernodes of D with vertex nodes corresponding to a subgraph isomorphic
to K’ shown as unfilled circles. (b) Source, target, and storage gadgets for Dg with edges
shown using solid, dashed, and dotted arcs, respectively. Two tokens are initially present
in the source gadget for Dy (labeled d and e), and one node is in the target gadget and must
receive the token with label a. (¢) A schematic diagram showing supernodes as rectangles
and source gadgets and target gadgets as labeled incoming and outgoing black arrows. For
example, the source gadget attached to Dg has two source gadget nodes whose tokens have
target nodes in out-neighbors Dy and D3, and the target gadget attached to Dg has one
node, the target node of a token in in-neighbor D;.

Lemma 29. If ((G,Cq), (K,Ck)) is a yes-instance of MULTICOLORED SUBGRAPH ISO-
MORPHISM, then (D, S,T,b) is a yes-instance of LABELED DIRECTED TOKEN MOVING.

Proof of Lemma 29. We will specify a sequence of b multi-slides, consisting of ¢ clearing
multi-slides, S\ 7" multi-slides of tokens on nodes in S\ 7" to nodes in 7"\ S, and finally ¢
filling multi-slides.

We define VK as the set of vertices of G in the subgraph isomorphic to K. For our
clearing multi-slides, we multi-slide the tokens on the vertex node for w for each w € VK
to adjacent storage gadgets. Since each vertex w € VK has a different color, each vertex
node for w is in a different supernode, and hence the storage gadgets are all distinct.
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Moreover, for each arc (k;, k;) in K’, we have cleared the endpoints of an arc from D; to
D; in D, allowing all the multi-slides from S\ 7 to 7'\ S to take place. Finally, the ¢ tokens
that we moved in the clearing multi-slides can be returned to their original nodes. O]

Lemma 30. If (D,S,T,b) is a yes-instance of LABELED DIRECTED TOKEN MOVING,
then ((G,Cq), (K,Ck)) is a yes-instance of MULTICOLORED SUBGRAPH ISOMORPHISM.

Proof of Lemma 30. Due to the sizes of S\T and b, the transformation sequence consists of
¢ clearing multi-slides, b — 2¢ multi-slides of tokens on nodes in S\ 7" to nodes in 7'\ S, and
c filling multi-slides, although the order among them is unconstrained. As a consequence
of the construction, we observe that before the multi-slide of a token from a source gadget
of D; to a target gadget of D;, there must be two clearing multi-slides, one of a vertex
node for w in D; and one of a vertex node for v in D, such that (u,v) € E(G).

To be able to clear enough nodes to allow all S\ 7" multi-slides of tokens from source
gadgets to target gadgets, we must be able to select ¢ vertex nodes to move such that for
every edge (k;, k;) in K', there is an edge (u,v) € E(G) such that u € C; and v € C}, and
the vertex nodes for u and v have both been cleared. By definition, the selected vertex
nodes correspond to the vertices in a subgraph of GG isomorphic to K’, and hence to K,
and that preserves color constraints. This proves that ((G,Cq), (K,Ck)) is a yes-instance
of the MULTICOLORED SUBGRAPH ISOMORPHISM problem. O]

Combining Lemmas 29 and 30 with the fact that b+ f = O(|V(K)|+ |E(K)|) = O(c),
we obtain the following theorem.

Theorem 31. LABELED DIRECTED TOKEN MOVING is W/1]-hard when parameterized
by b+ f.

Labeled Undirected Token Moving

We use the same basic structure as in the previous reduction, but need extra machinery
to ensure that if a token multi-slides from D; to D; in the undirected graph D constructed
by the reduction, it cannot find a route that avoids all edges corresponding to edges in
G with endpoints of colors C; and C;. To this end, we introduce superedges and a clock
gadget, defined below, and for each arc (k;, k;) € E(K’), specify the numbers of tokens to
move from D; to D; and D; to D; based on the levels of k; and k;. Source gadgets, target
gadgets, and storage gadgets all consist of nodes connected by a single undirected edge to
all vertex nodes in a supernode.
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To construct GG for LABELED UNDIRECTED TOKEN MOVING, we construct supernodes
in the same way as in D, and although H is undirected, use the terms level, super-in-
neighbor, and super-out-neighbor based on the structure of K’. In addition, we form an
edge path p{z,y} of length @ (to be defined later) for each edge xy € E(G), and for each
arc (k;, k;) in K', the superedge D; ; consisting of all edge-paths p{z,y} such that x € C;
and y € C;. We consider the level of D; ; to be the same as the level of D;. To connect the
vertex nodes and edge paths in H, for each superedge D; ; and each edge path p(z,y) in
D, ;, we add an edge from the vertex node for x to one endpoint of the edge path p(z,y)
and an edge from the other endpoint of p(z,y) to the vertex node for y.

D

—0
([ ]
—O0

vertex
node
for y

Qs Qs Q7 Qs Qo
R4 Rs Rg R7 Rs

Figure 4.6: Edge-paths for superedge Dgo connected to Q)3 in the clock gadget (dashed
lines represent long paths). Red nodes represent the left and right end of a roping path and
the blue nodes represent the top and bottom ends of a storage path. Regions highlighted
in yellow, green, brown, and blue show where tokens currently are. The first two clock
segments have moved their tokens to target vertices, thus the clock is at position 3.

For convenience, we refer to the tokens in the source gadget attached to D; destined for
the target gadget attached to D; as the D;-D; tokens. Our proofs hinge on showing that
the D;-D; multi-slides (for the D;-D; tokens) pass through superedge D; ;. To do so, for
each superedge D; ; at level ¢, we create r, D;-D; tokens (on nodes in the source gadget
of D; and whose targets are nodes in the target gadget of D;) and r, D;-D; tokens, where
for the last level z, 7, = L = 3¢?/2 and for any other level £, ry = L -7, ;.

The clock gadget is designed to allow the freeing of one edge path (all of which are
full of tokens) per superedge at a time in increasing order of level, which we call the clock
numbering of the superedges (that is, the superedges in one level are numbered in order
before the superedges of the next level). See Figure 4.6. For large values () and R to be
defined later, the clock gadget comsists of |E(K)| storage paths Q1, ..., Q) each of
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length @, and |E(K)| — 1 roping paths Ry, ..., Rjgk)-1, each of length R. Referring to
the two endpoints of each storage path as the top end and the bottom end of the storage
path and the two endpoints of each roping path as the left end and the right end of the
roping path, for each 7, we add edges connecting the bottom end of (); to the right end of
R;_y (if it exists) and to the left end of R; (if it exists).

We view tokens initially on the clock gadget as being grouped into |F(K)| — 1 clock
segments (where clock segment 7 is formed of R; and Q;41), each containing @) + R tokens,
such that ), is token-free before the multi-slides of the tokens in the first clock segment
from source to target nodes, ()5 is token-free between the multi-slides of the tokens in the
first and second clock segments, and Q|g(x) is token-free only after the multi-slides of all
tokens in all clock segments. All nodes in @y are in 7'\ S, all nodes in Q|g k)| are in S\ 7,
and for a clock segment ¢, the tokens are on R; and Q);11, in order from left to right and
bottom to top, and must end up on the nodes of (); and R;, in order from top to bottom
and from left to right. We say that the clock is at position p whenever the top end of @),
does not have a token. Finally, we connect the top end of each @); to the middle node in
each edge path in the superedge clock numbered .

To complete the construction, we set S to consist of nodes in the source gadgets, source
nodes in the clock gadget, and all vertex nodes and edge paths nodes, and 7' to consist
of nodes in the target gadgets, target nodes in the clock gadget, and all vertex nodes and
edge paths nodes. The number of free nodes in H is then the total size of the storage
gadgets, or f = |V(K)].

We now choose sufficiently large values of () and R to control token movement. We set
Q =2L*+|V(K)| + 1, where L* is the total number of nodes in the source gadgets of all
supernodes. For the number of multi-slides b, we sum (|E(K)| — 1)(Q + R) multi-slides
for the |E(K)| — 1 clock segments, L* multi-slides of tokens from source to target gadgets,
2¢ clearing and filling multi-slides for ¢ vertex nodes, and 2Q|FE(K)| clearing and filling
multi-slides for one edge path per superedge. Thus, we set b = (|F(K)|—1)(Q+ R)+ L* +
2|lV(K)|+2Q|E(K)|. Welet R=(|E(K)|—1)Q+ L*+2|V(K)| +2Q|E(K)| + 1, so that,
written in a more convenient form, we have b = |E(K)|R — 1. The latter and the fact that
the reduction runs in polynomial time ensures that we obtain a valid FPT-reduction.

Lemma 32. If ((G,Cq), (K,Ck)) is a yes-instance of MULTICOLORED SUBGRAPH IsO-
MORPHISM, then (H,S,T,b) is a yes-instance of LABELED UNDIRECTED TOKEN MoOV-
ING.

Proof of Lemma 32. We specify a sequence of multi-slides that clears one vertex node in
each supernode, completes all the multi-slides between S\ 7" and 7"\ S, and then fills the
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cleared vertex nodes. As in the proof of Lemma 29, we define VK as the set of nodes of
G in the subgraph isomorphic to K, and to clear vertex nodes, we move the tokens on the
vertex node for w for each w € VK to adjacent storage gadgets.

Clearing vertex nodes is not sufficient; the D;-D; and the D;-D; multi-slides are still
blocked by tokens in superedge D; ;. For each superedge D; ; clock numbered p, we clear
the edge path corresponding to the edge in VK between the vertices of colors C; and C}
by moving its tokens into @), executing the D;-D; and the D;-D; multi-slides, returning
the tokens from (), to the edge path, and then moving the tokens in the clock segment p
to their target nodes (except when p = |E(K)|).

Using the vertex nodes corresponding to the subgraph of GG isomorphic to K, we can
accomplish the transformation by |V(K)| clearing multi-slides of tokens on vertex nodes,
2Q multi-slides for each superedge, (|E(K)| — 1)(Q + R) multi-slides for the clock gadget
tokens, L* multi-slides between source and target gadgets of supernodes, and finally |V (K)|
multi-slides to fill the vertex nodes. The total number of multi-slides will be b = (|E(K)| —
1)(Q + R) + L* + 2|V(K)| + 2Q|E(K)|. O

Before we prove the backward direction, we first show that for a yes-instance of LA-
BELED UNDIRECTED TOKEN MOVING, the clock gadget behaves as required: the clock can
be in only one position at a time (Lemma 33), “time” cannot go backwards (Lemma 34),
and at any point in the transformation, we can have at most one superedge with an edge
path free of tokens (Lemma 35).

Lemma 33. If (H,S,T,b) is a yes-instance of LABELED UNDIRECTED TOKEN MOVING,
then we cannot have a transformation during which Q, and Q,y for integers p,p’ € [|E(K)]]
are such that the top ends of both are token-free.

Proof of Lemma 33. If there exist K, and K, such that the top ends of both are free of
tokens, then this implies that the tokens of at least one clock segment must multi-slide

twice. Hence, the number of multi-slides required in the clock gadget will be at least
|IE(K)|(Q+ R) > |E(K)|R—1=hb. O

Lemma 34. If (H,S,T,b) is a yes-instance of LABELED UNDIRECTED TOKEN MOVING,
then after the clock reaches position p for some p € [|[E(K)|] in a transformation it can
never go back to position p — 1 (or any earlier position).

Proof of Lemma 34. Assume that the clock reaches position p and goes back to position
p—1. This implies that the clock would have to alternate from position p, to p—1, and back
to p. Hence, the total number of multi-slides to transform the tokens on the clock to their
target positions would be (|E(K)|+1)(Q + R) > |E(K)|R — 1 = b, a contradiction. [
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Lemma 35. If (G, S,T,b) is a yes-instance of LABELED UNDIRECTED TOKEN MOVING,
then at any point in the transformation we can have at most one superedge with an edge
path whose nodes are free of tokens. Moreover, whenever a superedge clock numbered p has
a token-free edge path, then the clock must be at position p.

Proof of Lemma 35. By construction, each edge path in a superedge contains @) = 2L* +
|[V(K)|+ 1 tokens. Since the total number of nodes in source gadgets, target gadgets, and
storage gadgets is 2L* + |V (K)|, at least one token of the token-free edge path must have
moved to the clock gadget. Since the top of K, is the only vertex in the clock gadget
connected to the edge path, the top of K, must have been token-free at the time of the
multi-slide. O

Lemma 36. If (H,S,T,b) is a yes-instance of LABELED UNDIRECTED TOKEN MOVING,
then ((G,Cq), (K,Ck)) is a yes-instance of MULTICOLORED SUBGRAPH ISOMORPHISM.

Proof of Lemma 36. In counting the total number of multi-slides in any transformation
sequence, we need to allot at least (|E(K)| — 1)(Q + R) multi-slides for transforming the
clock gadget and at least L* multi-slides of tokens from source gadgets to target gadgets.
Moreover, since each vertex node blocks the multi-slides from source gadgets to target
gadgets, at least 2¢ multi-slides are required to clear and then fill ¢ node vertices. Of the
b multi-slides in total, at most 2Q|E(K)| multi-slides remain. If we can show that all of
these multi-slides are used to clear and fill an edge path in each of the superedges, then
we can conclude that there must be a subgraph of G isomorphic to K. Hence, to complete
the proof, it suffices to show that each superedge is used for a multi-slide, namely, that for
all C; and C}, at least one D;-D; or D;-D; token passes through superedge D; ;.

Suppose to the contrary that there exists a superedge D;; that is not used for any
multi-slide, and consider the first such superedge with the smallest clock number, say for
D; at level z and D; at level x + 1. To determine the possible sequence of superedges in
the paths for the multi-slides of the D;-D; tokens from D; to D; and the D;-D; tokens
from D; to D;, we observe that Lemmas 33, 34, and 35 imply the following: the clock
starts at position 1 and advances one position at a time; at any point in time, we can have
at most one superedge with an edge-path free of tokens; and whenever superedge clock
numbered p has a free edge-path, then the clock must be at position p. Due to the clock
numbering of the superedges, we can view each superedge as opening and then closing;
before opening and after closing, a superedge cannot be used for the movement of tokens.
Furthermore, since the superedges open and close in order by level, we can refer to the
level x opening period as the sequence of clock multi-slides during which each superedge of
level x is opened and closed.
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Since tokens can move only between supernodes at levels x and x + 1 during the level x
opening period, a D;-D; token must move to level x + 1 by the end of the level x opening
period, and then use at least one level x+2 supernode (and possibly an alternating sequence
of level x 4+ 1 and = + 2 supernodes) during the level x 4+ 1 opening period to reach D;.
As for any D;-D; token, it must move to its target position, i.e., D;, using an alternating
sequence of level x and level x 4+ 1 supernodes. This also needs to happen by the end of
the level x opening period.

We first show that D; must have exactly two super-out-neighbors at level x + 1. Since
no edge path in a superedge at level x — 1 or earlier can be opened in the future, the first
edge in the path used by the D;-D; tokens is from D; to a super-out-neighbor D, # D;
at level z + 1. As a consequence, D; must have at least two super-out-neighbors at level
x + 1. The supernode D; cannot be the supernode at level 0, since there does not exist an
alternating path of superedges at level 0 to be used to move the D;-D; tokens; this implies
that D; cannot have three super-out-neighbors.

During the level x opening period, the D;-D; tokens must move through a sequence
of level x superedges, alternating between level x and z 4+ 1 supernodes, until reaching
D; from super-out-neighbor D, # D; at level z + 1. In order for the tokens to reach D,
from D;, they must pass through a super-in-neighbor D, # D, of D, at level x (possibly
after a long sequence of superedges). This implies that the superedge D, opens before
the superedge D, allowing the tokens to move from D, to D to D;.

We now consider two cases, depending on whether D, has two or three super-in-
neighbors at level x.

Case 1: D, has two super-in-neighbors. First, we show that it is impossible for both
the D;-D; tokens to reach D; and the D;-D; tokens to reach D; during the level x opening
period. Assume D; has two super-in-neighbors at level z. Let D, be the other neighbor of
D; at level z. Then, for the D;-D; tokens to move from D; to D; during the level  opening
period, the superedge D;; must open before the superedge D. ;. For the D;-D; tokens to
move from D; to D; during the level  opening period, the superedge D. ; must open before
the superedge D, ;, a contradiction. Since D; has exactly two super-out-neighbors at level
x + 1, the same argument applies when D; has three super-in-neighbors at level 2. We can
then conclude that the D;-D; tokens arrive at a level x + 1 supernode, in particular the Dy
supernode (since superedge D, ;, opens before the superedge D, ), at the end of the level
opening period, and then multi-slide from D, to D; during the level z 4- 1 opening period.

Since the D;-D; tokens need to be able to move out of D; and into D, during the level
x + 1 opening period, and since both D; and D, have two super-in-neighbors at level z,
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then both have one super-out-neighbor at level z+2. We denote these super-out-neighbors
by Dj and Dy, respectively. To multi-slide the D;-D; tokens to D; at the opening of D; j,
all r, tokens must be stored in D;. However, Dj has at most 10r,4; + 1 nodes in its
source, target, and storage gadgets (one node for storage, at most 6r,,1 source and target
nodes of tokens coming from or going to at most three super-in-neighbors, and at most
4r,.1 source and target nodes of tokens coming from or going to at most two super-out-
neighbors), which is insufficient as r, = L - 7,41 > 107,41 + 1. Thus, it is not possible to
multi-slide the D;-D; tokens in this case, as needed.

Case 2: D, has three super-in-neighbors. Asin the case with two super-in-neighbors,
we first show that it is impossible for both the D;-D; tokens to reach D; and the D;-D;
tokens to reach D; during the level z opening period. Recall that when clock numbering
the superedges within a level, we are free to number them in any order. Hence, we assume
that all superedges corresponding to a supernode at level x+1 (with its super-in-neighbors)
must happen consecutively (for each supernode). This implies that all superedges incident
to D; will open after or before the D;-D; tokens have left D;, a contradiction.

When D, has three super-in-neighbors, we know that D, has zero super-out-neighbors
at level z 4+ 2 (K is such that each vertex has degree three). For the D;-D; tokens to
move from D; to D, (w.lo.g.) to D, and finally to D; during the level x opening, the
superedge D;, must open after the superedge D,;. This implies that by the end of the
level x opening period, all the D;-D; tokens will be at supernode Dy or will have moved
to other supernodes at level x + 1. However, since D, has no neighbors at level z + 2,
none of these tokens can remain at D, by the end of the level x opening period. Let us
denote by Dy, Do, up to D,, the at most ¢ supernodes at level x + 1 that will contain the
D;-D; tokens by the end of the level x opening period. The number of D;-D; tokens is
ry = L -ry41. We note that all of these tokens must move to Dj; prior to the edge Dj j:
opening. However, D has at most 10r,; + 1 nodes in its source, target, and storage
gadgets, which is insufficient as r, = L - r,1 > 1071 + 1. Thus, it is again not possible
to move the D;-D; tokens in this case.

This completes the proof. O

Combining Lemmas 32 and 36 with the fact that b = O(|V(K)|IVUFD) and f =
O(|V(K)]), we obtain the following theorem.

Theorem 37. LABELED UNDIRECTED TOKEN MOVING is W/[1/-hard when parameterized
by b+ f.
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Chapter 5

Solution Discovery for Problems in P

In this chapter, we focus on all of MATCHING-DISCOVERY (Section 5.1), VERTEX/EDGE
CuUT-DISCOVERY (Section 5.2), and SHORTEST PATH-DISCOVERY (Section 5.3). That is,
solution discovery problems where the properties are defined with well-studied polynomial-
time solvable problems.

We study these problems under classical and parameterized complexity assumptions.
In the latter case, we focus on the parameters k (that is, the number of tokens) and b
(that is, the budget). For each problem that we prove to be fixed-parameter tractable with
respect to some parameter, we show whether it admits a polynomial kernel with respect to
the same parameter or whether such a kernel is unlikely under the assumption that NPZ
coNP/P. The results presented in this chapter appear in the papers titled:

— Solution Discovery via Reconfiguration for Problems in P, in proceedings of ICALP
202/, and co-authored with Mario Grobler, Nicole Megow, Amer E. Mouawad, Vija-
yaragunathan Ramamoorthi, Daniel Schmand, and Sebastian Siebertz, and in

— Kernelization Complexity of Solution Discovery Problems, in proceedings of ISAAC 202/,
and co-authored with Mario Grobler, Amer E. Mouawad, Naomi Nishimura, Vijayara-
gunathan Ramamoorthi, and Sebastian Siebertz.

Under classical complexity, we show that all three problems are NP-hard. We note
that VERTEX CUT-DISCOVERY was already shown to be NP-hard but our proof is si-
multaneously a parameterized hardness proof. Similarly, SHORTEST PATH-DISCOVERY
was shown to be NP-hard, but our proof holds for more restrictive graph classes. In
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contrast to the results obtained by Fellows et al. [33] for VERTEX COVER-DISCOVERY,
INDEPENDENT SET-DISCOVERY, and DOMINATING SET-DISCOVERY, our parameterized
complexity results suggest that the parameter k consistently enables tractability across all
three problems, suggesting that solution discovery becomes manageable when we bound
the number of resources for these problems. The parameter b presents a different story:
while limiting the number of allowed moves makes SHORTEST PATH-DISCOVERY tractable,
it leaves MATCHING-DISCOVERY and VERTEX/EDGE CuUT-DISCOVERY intractable. This
asymmetry stems from the fact that SHORTEST PATH-DISCOVERY benefits from some
distance-based structure that can be constructed between the two vertices of the input. In
this structure, most tokens (assuming b is much smaller than k) must already be at their
approximately correct distances within the structure, which implies only local adjustments
with respect to b are required. In contrast, MATCHING-DISCOVERY and VERTEX/EDGE
CuT-DI1SCOVERY lack this distance-based structure and demand more global reorganiza-
tion, making the budget parameter insufficient to capture the problem’s complexity.

The kernelization landscape provides another lens into the structures of these prob-
lems. Particularly, there exists a polynomial kernel for MATCHING-DISCOVERY but not
for VERTEX/EDGE CUT-DISCOVERY or SHORTEST PATH-DISCOVERY (even with com-
bined parameters). The polynomial kernel for MATCHING-DISCOVERY benefits from the
local nature of matching constraints, which can be checked and reduced independently
within bounded neighborhoods—an advantage not shared by the more global connectivity
requirements of cuts and paths.

Finally, recall that, under solution discovery, we denote a transformation sequence by T
and use T for the final configuration. Additionally, the transformation sequence is formed
of token slides.

5.1 Matching-Discovery

In this section, we focus on MATCHING-DISCOVERY. We show in Section 5.1.1 that the
problem is NP-hard via a reduction from the RAINBOW MATCHING problem (which we
also define in that section). In Section 5.1.2, we construct token-specific layer graphs that
partition the vertices based on their distance from the token and show that the problem is
fixed-parameter tractable when parameterized by k by proving that we can limit the search
space for the destination edge of each token to the layers that are a bounded distance away
from the token and that these layers can also be of a bounded size. It is important for this
algorithm that we show that for this problem, b can always be set to at most 2(k* + k). In
Section 5.1.3, we take a different approach toward kernelization and show how using the
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Sunflower Lemma, we can prove that the problem admits a polynomial kernel with respect
to the same parameter. Finally, in Section 5.1.4, we show that MATCHING-DISCOVERY is
WI[1]-hard when parameterized by b through a reduction from the MULTICOLORED CLIQUE
problem (which we define in the same section).

5.1.1 NP-hardness of Matching-Discovery

In this section, we show that MATCHING-DISCOVERY is NP-hard even on bipartite graphs.
Thus, we prove the following theorem.

Theorem 38. MATCHING-DISCOVERY is NP-hard on bipartite graphs.

For this result, we reduce from the RAINBOW MATCHING problem. Let (G,C) be an
edge-colored graph where each edge has one color. A matching M C E(G) is said to
be a rainbow matching if all edges in M have pairwise distinct colors. In the RAINBOW
MATCHING problem, we are given a graph (G,C) and an integer . The goal is to decide
whether there exists a rainbow matching of size  in (G, C). An edge coloring of E(G) is said
to be proper if every pair of adjacent edges have distinct colors. The RAINBOW MATCHING
problem is NP-complete, even when restricted to properly edge-colored paths [137].

Let (G,C, k) be an instance of RAINBOW MATCHING where G is a path, and let r =
|C| — k. For clarity, we refer to vertices in the instance of RAINBOW MATCHING and nodes
in our construction. To construct H as a bipartite graph, we first partition the vertices of
G into two partite sets A and B. Note that for a path, this means the vertices in order
alternate between being placed in A or B. The construction creates three types of gadgets.

For each edge e = uwv € E(G), we will have an edge path for uv consisting of two nodes,
a u-node for e and a v-node for e, connected by an edge.

For each degree-2 vertex v € V(G), we will have a vertez path for v consisting of three
nodes such that the bottom node for v (that is, one endpoint of the vertex path for v that
belongs to the bottom edge for v) is adjacent to the u-nodes for both edges incident to u.

For each color C € C, we will have a color path for C consisting of four nodes (that is,
three edges) such that the top node for C' (that is, one endpoint of the color path for C)
is adjacent to the u-node for each edge e = uv where u € A and e has the color C' or the
v-node for each edge e = uv where v € A and e has the color C'. We refer to the other
endpoint of the color path for C' as the bottom node for C. We refer to each edge of the
color path for C' that has one of the top or bottom nodes for C' as an endpoint edge for C'.
See Figure 5.1.
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Initially, tokens are placed on all edges of all vertex and color paths, thus each creating
an edge set that does not form a matching, which we will call a “broken” matching that
must be repaired. We will say we “fix” the vertex or color path to mean we fix its broken
matching by leaving tokens only on some edge subset of the path edges that forms a
matching.

Uy U2 us Uy Us Up

O

(a) Input properly edge-colored path (G,C). |C| = 3. A rainbow matching is marked with thick
edges. The vertices u1, us, and us form the partite set A.

vertex vertex vertex vertex
path path path path
for uo for ug for us
bottom
bottom edge bottom bottom
node for uz  pode node node
for usg for ug for ugy
us-node uz-node us-node ug-node
for usus for ugug for uqus for usug Ofor usug
u1-node us-node ug-node
edge path
for uius for uius for ugug
for usug
e}
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- one pair
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&)
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node for node for
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(b) The reduced graph H for (G,C) with r = 1 and x = 2. Initial placement of tokens (edges in
S) is shown in red.

Figure 5.1: Reduction from RAINBOW MATCHING to MATCHING-DISCOVERY.

Note that each color path can be fixed by either losing the token on its middle edge
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or both tokens on its endpoint edges. We couple this fact with a tight budget in order
to encode the choice of which edges of (G,C) are in the rainbow matching. For that we
first add r pairs of absorbing nodes (each pair having a top and a bottom absorbing node)
adjacent to the top and bottom nodes for every C' in C. Each such pair of nodes can
“absorb” two tokens from the endpoint edges of the color paths in one token slide per
token, and thus can fix r color paths using at most 2r token slides.

vertex vertex vertex vertex
path path path path
for ug for ug for ug for us
bottom
bottom edgebottom bottom bottom
node for uznode node node
for us for ug for uy for us
ug-node usz-node ugq-node us-node  ug-node
for usus for uguy for uqus for usug Ofor U5UG
u1-node uz-node - u4-node usnode
for ujug for uiusg for ugug FOr uquy

]

o}

— (@)

5 =
A £ one pair
fg < of absorbing

. <

2 9 endpoint a nodes
= =
i) 8

8 or red 8

bottom bottom

node for node for

red blue

Figure 5.2: The reduced graph H. The red edges show the final matching configuration
after all token movements. The filled and unfilled nodes show that the graph is bipartite.
The vertices uq, usz, and us form the partite set A.

Second, the reduction employs a tight budget constraint as we set b = 3k + 2r +n — 2
which forces a specific movement pattern: each vertex path for a vertex u € V(D) requires
exactly one token slide to fix (moving the token on the bottom edge for u to one of the
edge paths representing edges incident to u in G) (see Figure 5.2), while each color path
requires either:

e the 2-slides option: that is, sliding each of the two tokens on its endpoint edges onto
an edge incident to an unsaturated absorbing node, or
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e the 3-slides option: that is, moving the token on its middle edge to an edge path
whose endpoints are not already saturated by a token from a vertex path. This
requires three token slides.

The budget allows exactly x color paths to use the 3-slides option and go to edge paths
representing edges of their color, and each token sliding from a vertex path ensures that
only one of two edge paths representing adjacent edges in GG can receive a token as it
saturates an endpoint of one of the edge paths. Thus, the edge paths having tokens at the
end will form a rainbow matching in (G, C) of size k.

It is clear that the reduction runs in polynomial time with respect to |V (G)|. Next, we
present in greater detail the forward and backward directions of the proof of Theorem 38.
Before that, we start by showing that H is a bipartite graph.

Lemma 39. The graph H is a bipartite graph.

Proof of Lemma 39. Let (A, B) be a bipartition of the path G. We construct a bipartition
(L, R) of V(H) as follows.

e For each edge path for uv we have u € A and v € B, and thus we place the u-node
for uv in L and the v-node for uv in R.

e For each vertex path for w € V(G), we place the bottom node and the top node for
w in a different partition than the one the w-nodes for edges incident to w are in,
and we do the opposite for the middle node of the vertex path for w.

e For each color path for ¢ € C, we place the top node for C' in R and we alternate the
partition assignment along the color path, placing the bottom node for C' in L.

e We place all top absorbing nodes in L and all bottom absorbing nodes in R.

Since G is a bipartite path, and our construction preserves this bipartition structure,
H is bipartite. O

Lemma 40. If (G,C,k) is a yes-instance of RAINBOW MATCHING, then (H,S,b) is a
yes-instance of MATCHING-DISCOVERY.

Proof of Lemma 40. Let R C E(G) be a rainbow matching of size x in (G,C). We show
how to move tokens to create a valid matching in H within budget b = 3k + 2r +n — 2.
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For each degree-2 vertex v in GG, take the token on the bottom edge of the vertex path
for v and slide it to one of the edge paths representing an edge incident to v that is not in
R. Since R is a matching, at least one such edge path exists. This costs one token slide
per vertex path, totaling n — 2 token slides.

For each edge e € R with color (', take the token on the middle edge of the color path
for C' and slide it to the edge path for e (that is, the 3-slides option). This costs three
token slides per color, totaling 3« token slides.

There are exactly r = |C| — k remaining color paths with three tokens. For each such
color path, take the token on the top endpoint edge and slide it toward any unsaturated top
absorbing node (that is, the 2-slides option), and take the token on the bottom endpoint
edge and slide it to any unsaturated bottom absorbing node (that is, the 2-slides option).
This costs two token slides per color path, totaling 2r token slides.

It is easy to verify that the resulting set of tokens constitutes a matching in H. The
total cost to get to this matching is (n — 2) + 3k 4+ 2r = b. Therefore, (H,S,b) is a
yes-instance of MATCHING-DISCOVERY. O

Lemma 41. If (H,S,b) is a yes-instance of MATCHING-DISCOVERY, then (G,C,k) is a
yes-instance of RAINBOW MATCHING.

Proof of Lemma 41. Let T be a matching in H obtainable from S using at most b =
3k + 2r +n — 2 token slides.

First, we show that any feasible solution uses exactly b token slides as follows. Each
vertex path requires at least one token slide to fix (sliding a token from the bottom edge).
Each color path requires at least two token slides to fix. Since there are n — 2 vertex paths
and |C| = k + r color paths, we need at least (n — 2) + 2(x + r) token slides. However, at
most r color paths can be fixed using exactly two token slides (by moving both endpoint
tokens to absorbing nodes), as there are only r pairs of absorbing nodes. The remaining x
color paths require at least three token slides each. Therefore, any feasible solution needs
at least (n — 2) + 2r + 3k = b slides, which corresponds to the budget.

Now we analyze how the tokens move. For each vertex v with degq(v) = 2, the token
from the bottom edge of the vertex path for v must slide to an edge connecting the bottom
node for v to a v-node for some edge incident to v. This uses exactly one slide per vertex
path. Since each bottom node for v can only have one token on an incident edge, at most
one edge path for edges incident to v can have a token on it.

Since we use exactly b slides, exactly r color paths use the 2-slides option (moving
tokens on endpoint edges to edges incident to two absorbing nodes), and the remaining
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k color paths use three token slides each. For a color path to use three token slides, its
middle token must slide to an edge path (as bottom nodes of vertex paths are all saturated
and cannot slide with zero token slides remaining in the budget). The only way to reach
an edge path in exactly three token slides from the middle edge of a color path for color
C is: from middle edge of the color path for C' to top edge for C' and then to edge path
for e where the color of e is C.

Let R = {e € E(G) | the edge path for e receives a token from a color path}. Since
tokens from vertex paths ensure that at most one edge path representing an edge incident
to a vertex can receive a token, R forms a matching in G. Moreover, each of the &k
color paths using the 3-slides option sends its token to an edge path for an edge of its
corresponding color, and since these x colors are all distinct, the edges in R have distinct
colors. Therefore, R is a rainbow matching of size x in (G, C). O]

5.1.2 Fixed-parameter tractability of Matching-Discovery for Pa-
rameter £

In this section, we show that MATCHING-DISCOVERY is fixed-parameter tractable for pa-
rameter k. We do so by proving first that MATCHING-DISCOVERY is fixed-parameter
tractable when parameterized by k+b. Then, we show that for any instance of the problem
one can bound b by a (quadratic) function of k£ which implies fixed-parameter tractability
of the problem when parameterized by k alone. We start with some relevant definitions
and lemmas.

In what follows, for a token ¢ on an edge e € S and a vertex v € V(G), b(e, v) denotes
the minimum number of token slides that the token initially on e € S must slide in order
to become incident to the vertex v.

Definition 42. For an integer i € {1,...,b} and an edge e € S, we let Y denote the set
{w e V(Q) | ble,w) =1i— 1} and let Z! denote the set {w € V(G) | b(e,w) =i}. Let G*
denote the graph G[Y! U Z!] — E(G[Z]).

Informally, the sets Y and Z! partition vertices by their distance from edge e: those
reachable in 7 — 1 token slides versus 7 token slides. The layer graph or graph G* preserves
all the edges between the vertices of layer Y" and each edge between a vertex from Y, and
a vertex from Z'.

The following lemma establishes a key property for bounding our search space for a
solution: if a token ends up in the final configuration on an edge in a layer graph with
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one endpoint having many incident edges in the layer graph (at least 2k — 1), then we can
always find an alternative edge in the layer graph incident to that high-degree vertex that
yields an equally valid solution with the same number of token slides. The intuition is
that if we know that some token will go to an edge in a specific layer graph, then for each
vertex in that layer graph, we need to consider at most 2k — 1 incident edges as potential
destinations for that token in the solution.

Lemma 43. Let (G, S,b) be a yes-instance of MATCHING-DISCOVERY and (T,T) be a
feasible solution that uses the minimum number of token slides. Let b’ < b be the number
of token slides in T used by some token t on an edge e € S to reach an edge uv in T. Note
that both u and v as well as the edge wv are contained in G¥ . If u or v has at least 2k — 1
neighbors in G¥ , then there exists at least one neighbor, say w, such that sliding t to uvw or
wo (and leaving the final positions of all other tokens unchanged) produces another feasible
solution that requires the same number of token slides.

Proof of Lemma 43. Assume, without loss of generality, that € Y. We know that after
applying the token slides in f, t becomes incident to v and v in GZ’. We also know that
a single token can saturate at most two vertices. Thus, £ — 1 tokens can saturate at most
2k — 2 vertices. This implies that if all tokens initially on the edges in S\ {e} end up on
edges in T that are incident to some vertices in Ng(u) N (VY U ZY), they can saturate at
most 2k — 2 of those vertices.

If u has more than 2k — 2 (at least 2k — 1) neighbors in G¥, there must exist one
unsaturated vertex w that is a neighbor of v and that is not an endpoint of an edge in 7.
Thus, we can form a new transformation sequence that slides ¢ to uw and slides all tokens
initially on the edges of S\ {e} to the edges for which they are originally destined in (7, f)
This produces a valid matching in G as w is not an endpoint of an edge in 7. Notice that
since u € Yeb/, the number of token slides needed to slide ¢ to uv is equal to the number of
token slides needed to slide ¢ to uw. Thus, the transformation sequence requires the same
number of token slides in 7.

A similar argument holds if v has more than 2k — 2 neighbors in GY, as all of these
neighbors must belong to Y.* (recall that we delete the edges between the vertices in Z¥
when building GY), which completes the proof. ]

The next lemma provides another crucial bound on our search space. It shows that
when a layer graph contains a large matching (of size at least 2k), we can restrict our
attention to just 2k edges from this matching as potential destinations for any token in
the solution.

87



Lemma 44. Let (G, S,b) be a yes-instance of MATCHING-DISCOVERY and (T, f) be a
feasible solution that uses the minimum number of token slides. Let b’ < b be the number
of slides in T used by some token t on an edge in e € S to reach an edge € in T. If there
is a matching M of size at least 2k in G¥, then there exists an edge ¢’ # ¢’ € M such that
sliding t to € while sliding all other tokens initially on edges in S\ {e} to the edges for
which they are originally destined in (T, f) produces another feasible solution.

Proof of Lemma 44. Given that in the original solution, ¢ slides b steps, we know that ¢
ends up on one of the edges in G¥. In fact, the edge ¢’ has both endpoints in Y* or one
endpoint in Y” and the other in Z¥. We also know that a single token can saturate at
most two vertices, thus k& — 1 tokens can saturate at most 2k — 2 vertices. This implies
that if all tokens initially on edges in S\ {e} end up on edges in T incident to vertices
in GZ’, they can saturate at most 2k — 2 vertices in that subgraph. Each of those 2k — 2
vertices can appear as an endpoint of one matching edge in M. Thus, since M has size at
least 2k, there must exist at least one edge €¢” # ¢’ in M that is not incident to any of the
vertices that are saturated after all tokens on edges in S\ {e} move to the edge for which
they are originally destined in (7, f) Thus, we slide t to €’ and slide all tokens initially
on the edges of S\ {e} to the edges for which they are originally destined in (7', 7). This
produces a valid matching in G as €” is not incident to any of the other vertices saturated
by the tokens on the edges in S\ {e}. Since it also requires the same number of token
slides to move t to €” or to ¢/, the new transformation sequence requires the same number
of token slides in 7. O]

We now present the main algorithm that exploits the structural properties established
in the previous lemmas.

Theorem 45. MATCHING-DISCOVERY parameterized by k+0b is fized-parameter tractable.

Proof of Theorem /5. Let (G, S,b) be an instance of MATCHING-DISCOVERY. The algo-
rithm proceeds as follows. We first guess a set WS C S of edges whose tokens will slide
from their original positions. If such a guess leaves any vertices incident to more than
one edge having a token, we can ignore it and proceed to the next guess. Note that this
guessing procedure requires O(2%) time in the worst case. Next, for each &' € {0,1,...,b}
and for a fixed WS, we guess a partition of &/ over the tokens on the edges of WS. In other
words, we try all possible ways of distributing the budget ¢’ over the tokens in WS.

Now, for a fixed subset WS, a fixed ¥, and a fixed distribution D of b’ over the tokens
on the edges of WS, we let b be the budget allocated to a token ¢; (initially on an edge
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e; € WS) under D. The algorithm computes the sets Yel? and ng for each token t;. The
next step is to produce a set of candidate edges for each t;, which we denote by T;. A
candidate edge is one possible edge that t; might be destined for in our solution. To
produce T;, we run a maximum matching algorithm in the graph Ggi — (S'\ WS). There
are two cases to consider:

o If for t;, the algorithm finds a maximum matching M in GZ/ — (S'\ WS) such that
|M| > 2k, then we set T; to any 2k edges of M.

o If |M| < 2k, then |V(M)| < 4k — 2 and Ggl — (S'\ WS) has a vertex cover V(M) of
size at most 4k — 2. This is true because if there is an edge in Gl: —(S'\ WS) that is
not incident to any of the 4k — 2 vertices of M, then M is not a maximum matching.
When |E(GZ§ —(S\WS))| < (4k—2)(2k — 1), we simply set T; = E(Gﬁi —(S\ WS)).
Otherwise, we let T; include M as well as, for each vertex of the vertex cover, at most
2k — 1 incident and distinct edges of Ggi — (S\ WS).

Once the candidate sets have been constructed, the algorithm exhaustively checks (by
guessing for each token ¢; on an edge in WS the edge in T; it is destined for in the solution).
whether it can reach a valid matching in the graph G, and if so, terminates with a YES.
The algorithm terminates with a no if no valid matching is reached during this search.

The correctness of the algorithm follows from Lemmas 43 and 44 and the fact that
we exhaustively try candidate edges for each token. In particular, if a solution exists, the
algorithm must find a subset WS C S of tokens that move, and the values b, for each
t; on an edge e; € WS that represent the number of slides performed by each token ¢;.
Given Lemma 44, we know that for a certain e;, if the size of a maximum matching M
is at least 2k, then we can find an edge ¢’ € M to slide ¢; to no matter which edges the
other tokens that slide in the solution are destined for. If for a certain e; the maximum
matching algorithm returns a matching M of size less than 2k, then, by the definition of a
maximum matching, we know that each edge in GZ — (S'\ WS) is incident to at least one
of the endpoints of the edges in M. There are at most 4k — 2 endpoints and we know that
the token ¢; will slide in the solution to an edge incident to one of them. By Lemma 43, if
such an endpoint (which we denote by u) has at least 2k — 1 neighbors in Gzlz —(S'\ W),
then we know that we can find an edge e = uw to slide ¢; to no matter which edges the
other tokens that slide in the solution are destined for.

It is not hard to see that this algorithm runs in fixed-parameter tractable time. It loops
b+ 1 times and in each iteration, it chooses one of 2* subsets of the k tokens to move. It
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also distributes the budget & < b on this subset, thus far having (bZEl) choices in total per

iteration. For each such choice, the algorithm runs, up to £ times, the maximum matching
procedure in O(y/n - m) time (using the algorithm of Vazirani [170]). Additionally, for
each such choice, it encounters up to O(k)? candidate edges per moving token. Checking
whether the constructed solution is valid can be performed in time O(k?). The whole
algorithm thus runs in fixed-parameter tractable time with respect to k& and b (namely,

o((zm + k)" n0(1)>). 0

We now show that the same algorithm is also a fixed-parameter tractable algorithm for
the parameter k alone by proving that k is an upper bound on the parameter b. For that,
we first recall Theorem 8 from the preliminaries. The theorem states that a matching M
in a graph G is a maximum matching if and only if G has no M-augmenting path, that is,
a path that starts and ends on free (unsaturated) vertices and alternates between edges in
M and edges not in M.

Lemma 46. In any yes-instance (G,S,b) of MATCHING-DISCOVERY, b can be bounded
from above by 2(k* + k).

Proof of Theorem 46. We prove this lemma by induction on the number of tokens in an
instance (G, S,b) of MATCHING DISCOVERY with n = |V(G)| and m = |E(G)|. Let P(3)
be the proposition that if (G, S, b) is a yes-instance of MATCHING-DISCOVERY with |S| < 4,
|V(G)| = n, and |E(G)| = m, then there exists a solution to (G, S, b) using at most 2(i*+1)
token slides. The statement holds trivially for ¢ = 1. Hence, assume P(i) is true for an
arbitrary integer i > 1. We show that this implies that P(i + 1) is also true.

Given a yes-instance (G, S,b) with |V(G)| = n, |E(G)| = m and |S| =i+ 1, we form an
instance (G, S\ {e}, b) by deleting an arbitrary edge e from S. By the induction hypothesis,
(G, S\ {e},b) is clearly a yes-instance and has a solution with at most 2(i*+14) token slides.

Given that (G, S,b) is also a yes-instance, we know that the matching in (G, S\ {e}, b)
is not maximum and, by Theorem 8, an augmenting path P of at most ¢ = 2i + 1 edges
exists in G after solving (G, S \ {e},b). P is formed by at most i tokens in (G, S\ {e},b).
Let T~ be the transformation sequence of a feasible solution to (G, S\ {e},b). The edge e
of (G, S,b) is either an edge of P or not. After applying the token slides in T~ on (G, 8,b),
if e is an edge of P, at most i + 1 token slides are needed in addition to the 2(i% + ) token
slides in 7 to get to a valid matching in (G, S, b); thus b < 2(i% + ) + 4 + 1. This is true
because if e contains only one token, then we need to slide each of the other tokens on P
once and if it contains two, then we need to slide one token on e to an incident edge and
then slide each other token on P once. If e is not an edge of P, the token can be at most
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2i + 1 edges away from the path P (since otherwise, we can find an augmenting path on
the path that connects the token to P) and in that case, at most 3i + 3 other token slides
(2 + 2 to get the token to an edge of P) are needed to get to a valid matching in (G, S, b);
thus b < 2(i* + ) + 3i + 2. In both cases, we form a solution to (G, S, b) that uses at most
2((1+1)*+ (i+1)) token slides. Since the choice of n and m was arbitrary, the statement
holds for all yes-instances for any n and m. n

Combining Theorem 45 with Lemma 46 we get the following result.

Corollary 47. MATCHING-DISCOVERY 1is fized-parameter tractable when parameterized
by k.

5.1.3 Polynomial Kernel for Matching-Discovery with Parame-
ter k

In this section, we show that MATCHING-DISCOVERY admits a polynomial kernel when
the parameter is k.

First, recall from Section 3.4 of the preliminaries that, for an instance with a given
budget b, we call an edge e € E(G) irrelevant with respect to an edge € € S, if given a
solution (7, f) where the token on €’ slides and stays on the edge e € T', we can construct
a solution that uses the same number of token slides and where e is not in the final
configuration.

Hereafter, for edges e, ¢’ € E(G), we denote by ts(e,€’) the minimum number of token
slides needed to get a token on edge e to slide to the edge €. For an edge e € E(G), we
denote by E(e,i) = {¢ € E(G) | ts(e,e’) =i} (that is, E(G") from the previous section).
Before presenting the kernelization, we note that the following holds.

Claim 48. In any solution (T, T) to (G, S,b), if a token on an edge e € S is destined for
an edge ¢ € T such that ts(e,e’) > 3k, it can instead be destined for an edge " € E(QG)
such that ts(e,e”) < 3k, while each other token on an edge in S\ {e} remains destined for
the same edge it was destined for in (T, f), while maintaining feasibility.

Proof of Claim /8. The edges in T \ {€'} can appear in at most k& — 1 of the 3k sets of
edges E(e,1) for i € [3k] and every edge that appears in a set F(e, i) can only be incident
to edges in F(e,i— 1) and E(e,7+ 1). This implies that the token initially on e cannot be
destined for any edge in as many as 3k — 3 of the 3k sets E(e, i) for ¢ € [3k] (since these
could result in incident tokens in the final configuration). Thus three of the 3k sets E(e, )
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for i € [3k] are token-free and are such that their adjacent edges are token-free, and there
exists an edge €’ which the token on e can be destined for while each other token on an
edge in S\ {e} remains destined for the same edge it was destined for in (T, T). Note that
the new transformation sequence uses fewer token slides. O

2k + 1 edges in F(e,1)

77777777777777777777

Each edge e; = {core,v;} is a “set” in the sunflower
The core is the common vertex core

Figure 5.3: Sunflower structure in Theorem 49: The “sets” are edges (shown in green) that
all share a common vertex that is the sunflower core. Each edge has one unique vertex v;
(the petals). The proof shows that if we have 2k + 1 such edges, at least one can be used
to replace €’ in the matching.

Theorem 49. MATCHING-DISCOVERY parameterized by k admits a polynomial kernel
with reduced instances of size O(k®).

Proof of Theorem 49. Let (G,S,b) be an instance of MATCHING-DISCOVERY. Without
loss of generality, we assume that the graph G is connected. For each edge e € S, and
integer i € [3k], we compute F(e,i) in polynomial time. We maintain the invariant that
we remove from E(e, i), for each e € S and ¢ € [3k], irrelevant edges with respect to e.

While |E(e, )| > 8k? for an edge e € S and an integer i € [3k], we remove an irrelevant
edge with respect to e as follows. From the Sunflower Lemma (Lemma 12), if |E(e, )| >
8k?2, then it has a sunflower with 2k+1 sets (edges) that can be computed in time polynomial
in k. See Figure 5.3. We arbitrarily choose one edge ¢’ corresponding to one set of the
sunflower and remove it from E(e, ).

To see why €’ is irrelevant with respect to e, assume that the token on e is destined
for €. The 2k — 2 vertices of the edges in 7"\ {e’} can be incident to at most 2k — 2 of
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the edges corresponding to the sets of the sunflower. Additionally, none of these 2k — 2
vertices is in the core of the sunflower. This leaves at least one set €” that can replace €
in the matching 7" in G. Since all edges in E(e, ) are at the same token sliding distance
i from e, replacing €’ by €¢” will not increase the number of token slides needed to achieve
T\{e'y u{e"}.

We form the kernel (G’,S,V’) of the original instance (G, S,b) as follows. Given the
above and Claim 48, we set E(G") = U, cgc E(€;1) U S and for each edge €' € E(e, 1),
for e € S and i € [3k], we add to E(G’) at most i edges that are on the shortest path from
e to ¢ (if such edges are not already in F(G’)). G’ is the subgraph of G induced by the
edges in E(G"). We set V' to the minimum of b and k& - |V(G")].

By the end of this process, |E(G')| < k + 24k* + 24k* - (3k — 1), as for each ¢ € S and
i € [3k], |E(e,i)| < 8k?%, and for each edge of these 3k? sets of edges, we added to F(G’) at
most 3k — 1 edges that are on a shortest path from that edge to the edge e. Additionally,
constructing the new instance requires only time polynomial in n. Finally, (G', S,V') is a
kernel since only edges that are irrelevant with respect to every token in .S might not be
in F(G") and all edges needed to move tokens from edges in S toward a matching using at
most b token slides are present in E(G”). Additionally, by Claim 10, the budget we need
in G’ is at most ¥'. O

5.1.4 WI][1]-hardness of Matching-Discovery for Parameter b

In this section, we show that MATCHING-DISCOVERY is W[1]-hard when parameterized by
b even on 3-degenerate graphs. Thus, we prove the following theorem.

Theorem 50. MATCHING-DISCOVERY is W/1]-hard on 3-degenerate graphs when param-
eterized by b.

For this result, we reduce from the MULTICOLORED CLIQUE problem, which is W[1]-
hard when parameterized by the solution size x [58]. In the MULTICOLORED CLIQUE
problem, we are given a graph G and an integer x, where V(G) is partitioned into s color
classes {Vi,...,V,}. The goal is to decide whether there exists a clique that contains one
vertex from each color class. Without loss of generality, we will assume, throughout our
reductions, that for each ¢ € [x], |[Vi|] = n (we can add isolated vertices as needed). In
an instance (G, k) of the MULTICOLORED CLIQUE problem, the edge set E(G) can be
partitioned into (%) sets E;; = {uv |u € V;,v € V;,uwv € E(G)} for 1 <i < j < k.

Let (G, k) be an instance of MULTICOLORED CLIQUE. At a high level, the instance
(H,S,b) of MATCHING-DISCOVERY encodes both vertex selection and clique verification
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through carefully controlled token movements with an extremely tight budget. For clar-
ity, we refer to wertices in the instance of MULTICOLORED CLIQUE and nodes in our
construction.

The construction creates a vertez-block for each color class and an edge-block for each
unordered pair of color classes.

Vertex-block. For a color class V;, a vertex-block for ¢ consists of a length-2 vertex
decider path having one endpoint designated as the vertex decider node, and one vertex-
gadget for each vertex in V.

The vertex decider path initially contains two tokens (one on each of its edges) and
must evacuate one of them. Inside the vertex-block, this evacuation can happen in two
ways (detailed below), with budget constraints making the efficient option necessary.

A wvertex-gadget for v consists of a vertex-gadget path formed by concatenating x — 1
switch-gadgets, one for each j # ¢ where Vj is a color class and v € V;.

switch node

leftmost o ., rightmost
node  Jeftmost rightmost ~ node T
edge edge 5 5
(a) A single switch-gadget in the standard (b) Alternative token configuration for a
token configuration. switch-gadget with two tokens.

Figure 5.4: Switch-gadget structure and token configurations.

A switch-gadget for (v, j) is a subgraph with a path segment of three edges connecting
four nodes and a pendant node, called the switch node (v, j), attached to the third node
of this path segment. We refer to the endpoints of a path segment as the leftmost node for
(v,7) and rightmost node for (v, 7). We let the edge of the path segment incident to the
rightmost node for (v, j) be the rightmost edge for (v, j) and that incident to the leftmost
node for (v, ) be the leftmost edge for (v, j). See Figure 5.4a. Each switch-gadget starts
with a specific token placement called the standard token configuration that places a token
on the edge incident to the switch node and another token on its leftmost edge. If required
to have two tokens, a switch-gadget can undergo only a controlled state change to the
alternative token configuration (see Figure 5.4b).
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The vertex-gadget for v is constructed by connecting the x — 1 switch-gadgets end-to-
end. Specifically, for consecutive switch-gadgets, we add an edge between the rightmost
node of one switch-gadget and the leftmost node of the next switch-gadget. After connect-
ing all k — 1 switch-gadgets, we add a final edge incident to the rightmost node of the last
switch-gadget, with its other endpoint being a fresh degree-1 node called the vertex select
node for v. The leftmost node of the first switch-gadget in the vertex-gadget for v is called
the vertex node for v. The vertex decider node of the vertex-block for 7 is incident to the
vertex node for each v € V;. See Figure 5.5.

switch node switch node switch node
(/Uajl) (/Ua.jQ) (qunfl)
T T T vertex
vertex node L oselect
for jy for js for j.—1 node
vertex
decider

switch-gadget
path sace

vertex
decider
node

Figure 5.5: Vertex-gadget for v formed by concatenating x—1 switch-gadgets and connected
to the vertex decider path. Each switch-gadget corresponds to an index j # ¢ € [k]. The
vertex node is the leftmost node of the gadget and the vertex select node is the rightmost
node. Red edges highlight the initial placement of tokens.

The vertex decider path can evacuate its token in two ways within the vertex-block:

1. Cascade evacuation I (expensive): A vertex decider path token slides to the
edge between the vertex decider node and the vertex node of a vertex-gadget, then
triggers a cascade where each token in the gadget not on an edge incident to a switch
node shifts three edges rightward along the path for a total of 3(k — 1) token slides.
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vertex T T T vertex
node oselect

\
7 node

vertex
decider
node

Figure 5.6: When all switch-gadgets are in the alternative configuration, an augmenting
path (shown using the arrow) exists between the vertex decider node and the vertex select
node.

2. Cascade evacuation II (efficient): If each switch-gadget of some vertex-gadget
in the vertex-block is in the alternative token configuration, we have an augmenting
path between the vertex decider node and the vertex select node of the vertex-gadget
(see Figure 5.6). The token can slide once to the edge incident to the vertex node of
this vertex-gadget, and trigger a cascade where each token in the gadget not on an
edge incident to a switch node shifts one position right. This uses x — 1 fewer slides
than Cascade evacuation I.

Budget constraints will make the second option necessary.

Edge-block. For a pair of color classes V; and Vj, an edge-block for {i,j} consists of
three length-2 edge decider paths for {i,j}: a top, a middle, and a bottom edge decider
path (initially full of tokens), and an edge-gadget for each edge between V; and V;.

An edge-gadget for uv consists of a central cone for uv (a triangle) with an apex node
for uv and two base nodes for uv (one base node (u,uv) and one base node (v,uv)), a hat
edge for wv incident to the apex node (initially containing a token), and two length-2 leg
paths for uv: one leg path (u,uv) incident to base node (u,uv) and one leg path (v, uv)
incident to base node (v, uv). The edge between the base nodes is called the base edge for
uv and initially contains a token.

For a vertex u of an edge uv € F(G), the endpoint of the leg path (u,uv) that is not
base node (u,uwv) is called the foot node (u,uv) and the edge of the leg path (u,wv) that
is incident to foot node (u, uv) is the calf edge (u,uv) while the other edge of the same leg
path is the thigh edge (u,uv). The calf edges of each edge-gadget initially contain tokens.
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edge decider paths

top edge 5
decider path top edge
decider node

leg path (u,w
O
igh edge

O foot node (u, uv)

middle edge 5
decider path

base edge

calf edge
o foot node (v, uv)

O O
leg path (v, w

bottom edgeO
decider path

edge-gadget

(a) An edge-gadget for uv (showing the initial placement of tokens) with the three edge decider
paths on the left. The middle decider connects to the apex node, while top and bottom deciders
connect to foot node (u,uv) and foot node (v, uwv). Initial token placement is shown in red.

leg path

0
hat edge

(b) Possible token configuration after receiving three tokens from edge decider paths, minimizing
token slides.

Figure 5.7: Edge-gadget structure and token flow.

The middle edge decider path connects from one of its endpoints (the middle edge
decider node for {i,j}) via an edge to the apex node of every edge-gadget in the edge-
block. The top edge decider path connects from one of its endpoints (the top edge decider
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node for {i,j}) via an edge to foot node (u, uv) for every edge uv between V; and V; where
u € V;. The bottom edge decider path connects from one of its endpoints (the bottom edge
decider node for {i,j}) via an edge to foot node (v,uv) for every edge uv between V; and
V; where v € V;. See Figure 5.7a.

When receiving a token from each of the edge decider paths, an edge-gadget in a solution
that minimizes token slides can either (i) send all three tokens out, or (ii) keep the one from
the middle edge decider path on one of its thigh edges, place the token initially on its base
edge on another one of its thigh edges, and send out only two tokens from its calf edges
(see Figure 5.7b). If the edge decider paths distribute their three tokens across multiple
edge-gadgets within an edge-block (rather than concentrating them in one), then at least
three tokens must be sent out from the edge-block, since each edge-gadget is already at
maximum token capacity and cannot accommodate additional tokens (if it must accept
one additional token, it must send out two of the tokens initially on its edges).

Chains and connections. The edge-gadgets and vertex-gadgets are connected via
chains, which are paths of r = 8x? chain nodes each adjacent to a pendant node (through
an edge initially containing a token). These chains function as “toll roads”: sending a token
to a chain requires sliding the token through all its edges, which is extremely expensive.

The edge-gadget for each edge uv € E;; (where u € V;, v € V) connects to its
corresponding vertex-gadgets via two dedicated chains:

e foot node (u,uv) connects via a chain (u,uv) to switch node (u,7) in the vertex-
gadget for u.

e foot node (v, uv) connects via a chain (v, uv) to switch node (v, 7) in the vertex-gadget
for v.

We refer to the edge of chain (u, uv) for an edge uv € E(G) that is incident to a switch
node by destination edge (u,uv). See Figure 5.8.

The restricted budget and the length of the chains will force each edge-block to send
exactly two tokens to the chains, which is the minimum number of tokens that must be sent
out of an edge-gadget. The budget will also prevent any other token movement through
chains. The reduction exploits a delicate balance: edge-blocks have at least two excess
tokens that must evacuate to vertex-blocks, while vertex-blocks need incoming tokens to
arrive at the chain destination edges incident to the switch nodes of exactly one vertex-
gadget to create the augmenting paths required for efficient internal token movement inside
a vertex-block.
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vertex—gadge§ U1

v pathifor V1 switch node for (ua, Va)
ot node AN : :
. (u1,u1v1) \
top edge decider path for {1, 2} \ ,f/, vertex-gadget, for us
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middle edge decider path for {1,2} YO
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V2, U202)

vertex-gadgeé for vy

switch node (vg, 1)

foot node vertex—gadget:; for vo

edge-gadget for ugvy (uz, uzvs) USRS

Figure 5.8: Overview of the connections between an edge-block for {1, 2} and vertex-blocks
for 1 and 2. Color class V; has vertices u; and us and color class V5 has vertices v; and
vo. The graph G has edges ujv; and usvy. Chains are shown as dashed lines for simplicity,
with the destination edge of each chain connecting to the corresponding switch node.

Thus, the construction ensures that tokens can only flow efficiently if the selected
edge-gadgets in each edge-block correspond to edges forming a multicolored clique. The
chains’ adjacency patterns create this verification mechanism: tokens from an edge-gadget
representing edge uv can only reach (by sliding once through the chains) the switch-gadgets
corresponding to the color classes of u and v in the respective vertex-gadgets of v and wu.
Thus, the required augmenting paths in all vertex-blocks can be simultaneously created if
and only if the selected edges form a multicolored clique.

We recall that S consists of:

all edges of vertex and edge decider paths,

all hat and base edges,

the calf edge of each leg path,

in each switch-gadget: the leftmost edge and the edge incident to the switch node,
all edges incident to pendant nodes of the chains.

The budget is set to:

b= (;)-(2r+12)+ﬁ-(2(m—1)+1)
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This precisely allows each edge-block to send two tokens through chains (costing 2(r+2)
slides per block) and each vertex-block to perform cascade evacuation II (costing 2(k—1)+1
slides), with a minimal remaining budget of 8(’;) for the necessary intermediate movements
inside edge- and vertex-blocks.

The budget and the fact that the reduction runs in polynomial time with respect to
|V (G)| ensures that we obtain a valid FPT-reduction. We start by showing that H is
3-degenerate, then provide the forward direction of the proof of Theorem 50.

Claim 51. The graph H is 3-degenerate.

Proof of Claim 51. We prove that H is 3-degenerate by showing that every induced sub-
graph H' of H contains a vertex of degree at most three.

Consider any non-empty induced subgraph H' of H. First, if H' contains any pendant
nodes from the chains, these have degree one in H and thus degree at most one in H'.
Similarly, if H' contains any vertex select nodes or degree-1 nodes of hat edges, edge decider
paths, or vertex decider paths, these have degree one in H, thus degree at most one in H'.

If H' contains no degree-1 nodes, consider the non-pendant chain nodes; these have
degree at most three in H (connected to two chain neighbors and one pendant). In H’,
they have degree at most two. The nodes in edge decider paths and vertex decider paths
(except paths and vertex decider nodes) have degree two in H, and degree at most one in
H'. The other nodes in vertex-gadgets (except switch nodes) and edge-gadgets have degree
at most three in H'.

If H' contains none of the considered nodes, then it can contain only switch nodes, high-
degree edge decider paths nodes, and high-degree vertex decider paths nodes. However,
these nodes have degree at most 0 in H'.

Therefore, every induced subgraph H’ contains a vertex of degree at most three, making
H 3-degenerate. O

Lemma 52. If (G,k) is a yes-instance of MULTICOLORED CLIQUE, then (H,S,b) is a
yes-instance of MATCHING-DISCOVERY.

Proof of Lemma 52. Let K C V(G) be a (multicolored) clique in G of size k. Let us now
provide a transformation from the initial set of tokens S to a valid final configuration in
b token sliding steps. We repeat the following procedure for each unordered pair of color
classes V; and V.
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For V; and V}, let u be the vertex in K NV; and v be the vertex in K N'V;. We know
that the edge uv exists since K is a clique. We perform the following three phases of token
movements.

In the first phase, we fix the edge-block for {i,j} by moving tokens from the edge
decider paths for {i,j}. We do so as follows:

e we slide the token incident to the top edge decider node for {4, j} to the edge incident
to foot node (u,uv), using one token slide,

e we slide the token incident to the bottom edge decider node for {i,j} to the edge
incident to foot node (v, uv), using one token slide,

e we slide the token incident to the middle edge decider node for {i,j} to thigh edge
(u,uv) and the token on the base edge for uv to thigh edge (v, uv), using four token
slides, and

e we slide the token on calf edge (u, uv) to the adjacent edge belonging to chain (u, uv)
and the token on calf edge (v,uv) to the adjacent edge belonging to chain (v, uv),
using two token slides.

This phase uses eight token slides per edge-block, totaling 8(’;) token slides.

In the second phase, tokens traverse the chains to reach the vertex-blocks. It requires
r + 1 token slides to traverse a chain starting at an edge inside the chain incident to a
foot node and ending at a destination edge incident to a switch node. Since we have 2(;)
tokens already on the chains, we use (5)(2r + 2) token slides.

The third phase involves adjusting the switch-gadgets to create augmenting paths. We
slide the token initially on the edge incident to switch node (u,j) to rightmost edge for
(u,j) and the token initially on the edge incident to switch node (v,4) to rightmost edge
for (v,1), using two token slides (that is, we form the alternative configuration inside the
switch gadget). After performing this phase, for each unordered pair of color classes, the
vertex-gadget for a vertex w € K has an augmenting path between the vertex select node
for w and the vertex decider node for ¢ where w € V;. This phase needs 2(’;) token slides.

Finally, for each color class V;, we evacuate a token from the vertex decider path for i.
Let v be a vertex in K NV;. The augmenting path created by the alternative configurations
in the vertex-gadget for v allows us to slide the token on the edge incident to the decider
node for 7 to the edge between the vertex decider node for + and the vertex node for v, using
one token slide. This triggers cascade evacuation II, where each token in the vertex-gadget
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for v shifts one position right along the augmenting path, requiring 2(x — 1) token slides.
This phase uses k- (2(k — 1) 4+ 1) token slides in total.

The total number of slides is therefore: 8(%5) +2(r + 1)(5) + 2(5) + k(2(k — 1) + 1) =
(5)2r+12) + k(2(k — 1) + 1) = b. O

Before we present the proof for the backward direction, we state some useful properties
of a canonical solution (T,T) for the MATCHING-DISCOVERY instance (H, S, b) that uses
the minimum number of token slides.

Claim 53. In (T, f), all the edges incident to the pendant nodes of the chains remain in
T.

Proof. Each pendant node has degree one and is initially matched via its unique edge. This
edge should be removed from the matching if and only if one of the edges adjacent to it
is in the matching. However, any such alternative matching decreases the total number of
matched edges in the chains. Moreover, since the chain endpoints are already unsaturated,
changing the chain configuration does not provide any benefit to the rest of the graph and
only sends tokens out of the chains. O]

Claim 54. The number of times we can move tokens between blocks through chains is at
most 2(';)

Proof. 1f a token moves from one block to another through a chain, it must slide at least
r + 1 steps since, by Claim 53, the chain has r nodes incident to tokens that remain
fixed. If 2(%) + 1 tokens traverse chains, then they will cost at least (2(5) + 1)(r + 1) >
(5)(2r +12) + K(2(k — 1) + 1) = b since r = 8k™. O

We continue by providing an exact characterization of token movement in T from edge-
blocks.

Claim 55. In T, exactly two tokens must leave the edge-block for {i,j} (where V; and V;
are an unordered pair of color classes) through chains. Each of those tokens slides toward
an edge incident to a node in the vertex-block for i or the vertex-block for j.

Proof. The edge-block for {7, j} contains 948|E; ;| nodes (nine nodes from the edge decider
paths, and eight nodes inside each edge-gadget) and 6 + 4|E; ;| tokens in S (six tokens on
the edge decider paths, and four on edges of each edge-gadget). Since the block can
accommodate a matching of size at most [(9+8|E; ;|)/2] = 4+4|E; |, at least two tokens
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must leave through chains. A token from an edge-block reaches a corresponding vertex-
block by traversing one chain, but reaches another edge-block by traversing at least two
chains. Since there are (’;) edge-blocks and we can traverse chains at most 2(;) times
by Claim 54, exactly two tokens leave each edge-block and each of those tokens traverses
once exactly one chain. Moreover, since each chain from an edge-gadget for uv (where
u € Vi, v € V;) connects to the vertex-block for i or the vertex-block for j, the tokens that
leave the edge-block for {7, j} slide each toward an edge incident to a node in one of these
vertex-blocks. O

Next, we establish the minimum cost for reconfiguring tokens within each edge-block.

Claim 56. In f, there are at least eight token slides whose source edges are inside the
edge-block for {i,j} (where V; and V; are an unordered pair of color classes). Additionally,
the two tokens that leave the edge-block for {i, j} leave from the same edge-gadget (say, the
edge-gadget for uv).

Finally, if only eight token slides whose source edges are inside the edge-block for {i, 7}
are in f, then of the two tokens that leave the edge-block for {i, j}, one slides through chain
(u,uv) towards an edge incident to switch node (u,j) and the other slides through chain
(v, uv) towards an edge incident to switch node (v,1).

Proof of Claim 56. From Claim 55, the edge-block for {i,j} must accommodate exactly
4 4 4|E; ;| tokens in T. Additionally, it must slide one token from each of the three edge
decider paths for {7, j} at least once.

If these three tokens slide in the direction of multiple edge-gadgets in the edge-block
for {7,7}, at least three tokens must leave these edge-gadgets (since no edge-gadget can
accommodate an extra token). Given Claim 55, exactly two tokens leave each edge-block.
Thus, the three tokens must slide toward a single edge-gadget (w.l.o.g. the edge-gadget for
uv) in the edge-block for {7, j} which can send out exactly two tokens.

This is achievable in a canonical solution only if the edge-gadget uv (where u € V;, v €
V;) changes its configuration, while all other edge-gadgets in the edge-block for {1, j} retain
their initial configurations. Specifically, the edge-gadget for uv and its connections to the
edge decider paths for {4, j} must have the following configuration in T' (see Figure 5.7b):

e the edge {top edge decider node for {i,j}, foot node (u,uv)} has a token,

e the edge {bottom edge decider node for {3, j}, foot node (v,uv)} has a token,
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the edge {middle edge decider node for {i,j}, apex node for uv} does not have a
token,

the hat edge for uv maintains its token,

all edges of the central cone for uv do not have tokens, and

the thigh edges have tokens but the calf edges do not.

The only sequence that achieves this configuration in the minimum number of token
slides requires:

e one token slide to slide the token incident to the top decider node for {i,j} to the
edge this node shares with foot node (u, uv),

e one token slide to slide the token incident to the bottom decider node for {i,j} to
the edge this node shares with foot node (v, uv),

e three token slides to slide the token incident to the middle decider node for {i, 5} to
one of thigh edge (u,uv) or thigh edge (v, uv),

e one token slide to slide the token on the base edge for uv to the token-free thigh edge
in the same gadget,

e two token slides to slide each of the tokens on the calf edges in the gadget one token
sliding step toward the corresponding chain.

This totals at least eight token slides within the edge-block. Additionally, since T is
the sequence of a canonical solution that uses the minimum number of token slides and
from Claim 55, we know that of the two tokens that leave the edge-block for {i, j} towards
the chains, one slides through chain (u, uv) towards the destination edge incident to switch
node (u, j) and the other slides through chain (v, uv) towards the destination edge incident
to switch node (v, 1). O

We are now ready to present the backward direction.

Lemma 57. If (H,S,b) is a yes-instance of MATCHING-DISCOVERY, then (G,k) is a
yes-instance of MULTICOLORED CLIQUE.
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Proof of Lemma 57. Let (T, T ) be a canonical solution for the instance (H, S, b) of MATCH-
ING-DISCOVERY.

First, we analyze the token movements in vertex-blocks. A vertex decider path for ¢
has two tokens and at least one must slide in 7. The token cannot slide through a chain,
since by Claim 55, for each edge-block, exactly two tokens must slide through chains, and
the number of times we can move tokens between blocks through chains is at most 2(;)

by Claim 54. Thus, in f, the token slides within the vertex-block for i.

With an augmenting path in some vertex-gadget of the vertex-block for i (created when
all switch-gadgets in the vertex-gadget are in alternative configuration), cascade evacuation
IT uses a total of 2(k — 1) + 1 token slides. Without an augmenting path in some vertex-
gadget of the vertex-block for ¢, we will need more token slides.

Given that we need at least 8(%) token slides inside edge-blocks (by Claim 56), (5)2(r+
1) token slides to move tokens through chains (by Claim 55), and at least 2(%) token
slides for the tokens that arrive at destination edges (we have 2(’;) tokens that arrive at
destination edges), we have only - (2(k — 1) + 1) token slides remaining for vertex-blocks.
Note that the tokens that arrive at destination edges can in a canonical solution only either
slide toward the adjacent edge incident to a switch node or trigger the token on that edge
to slide toward the vertex-gadget it initially belongs to, but not slide back to an edge in a
chain.

Thus, from the remaining budget, we know that each vertex-block must use cascade
evacuation II. This requires at least one vertex-gadget per vertex-block to have all its
switch-gadgets in the alternative configuration. To achieve this without extra token slides,
each such vertex-gadget must receive exactly one token at each of the destination edges
incident to its switch nodes, forcing the token initially on an edge incident to a switch node
in a switch-gadget of the gadget to slide toward the rightmost edge of the same switch-
gadget. Notice that if the received token at the destination edge slides instead, it will
require more than one token slide, which is impossible. The number of described token
slides is equal to b, thus exactly one vertex-gadget per vertex-block has all its switch-gadgets
in the alternative configuration.

From Claim 56, an edge-block for {i,j} sends exactly two tokens through the chains
from a single edge-gadget. Let uv be the edge whose edge-gadget sends out tokens in the
edge-block for {7, j}. From Claim 56, of the tokens that the edge-gadget for uv sends out
through the chains, one of these tokens slides through chain (u,uv) towards destination
edge (u,7) and the other slides through chain (v, uv) towards destination edge (v,4). For
the vertex-gadget for u to receive a token on each destination edge incident to one of its
k — 1 switch nodes, it must be that each such edge is a destination of a chain-traversing
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token initially on an edge-block for j # i. The same holds for the vertex-gadget for v.
Since this holds for every single edge-gadget selected in an edge-block and consequently
for every single vertex-gadget selected in a vertex-block, the vertices represented by the
selected vertex-gadgets and the edges represented by the selected edge-gadgets must form
a multicolored clique in G. O]

5.2 Vertex/Edge Cut-Discovery

In this section, we focus on VERTEX/EDGE CuT-DISCOVERY. We show in Section 5.2.1
that the problems are NP-hard and W[1]-hard with respect to parameter b through a
reduction from CLIQUE (which we define in the same section).

In Section 5.2.2, we show that the problems are fixed-parameter tractable when parame-
terized by k by reducing them to weighted rainbow variants of the classical VERTEX/EDGE
CuTt problems through color-coding, where colors encode token-to-vertices assignments
and weights capture token sliding costs. The algorithm combines this reduction with a
treewidth reduction theorem from Marx et al. [113] and Courcelle’s theorem on bounded
treewidth graphs, enabling us to find minimum-weight cuts satisfying rainbow constraints
in fixed-parameter tractable time.

In Section 5.2.3, we show that the problems do not admit polynomial kernels with
respect to the same parameter unless NPC coNP/P through an or-cross-composition from
RAINBOW MATCHING (which we define in the same section).

5.2.1 Hardness of Vertex/Edge Cut-Discovery

In this section, we show that VERTEX/EDGE CUT-DISCOVERY is NP-hard and W([1]-hard
when parameterized by b even on 2-degenerate bipartite graphs and we start by proving
the following theorem.

Theorem 58. VERTEX CUT-DISCOVERY is NP-hard and W/[1]-hard when parameterized
by b on 2-degenerate bipartite graphs.

Recall from Section 3.3 of the preliminaries, in a graph G, a vertex cut between two
vertices s and t (equivalently, an s-t vertex cut) is a set of vertices C' C V(G) such that
every path from s to ¢ in G contains a vertex in C'. Likewise, an edge cut in a graph G
between two of its vertices s and ¢ (equivalently, an s-t edge cut) is a set of edges C' C E(G)
such that every path from s to t in G contains an edge of C.
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To prove Theorem 58, we reduce from the CLIQUE problem. In the CLIQUE problem,
we are given a graph G and an integer x, and the goal is to decide whether GG contains a
clique of size k. The CLIQUE problem is NP-hard [120] and W[1]-hard when parameterized

by  [67].
Let (G, k) be an instance of CLIQUE. We may assume that £ > 4, hence (';) > k. For
clarity, we refer to vertices in the instance of CLIQUE and nodes in our construction.

We construct a graph H with special nodes s and ¢ that we want to separate. See
Figure 5.9. We make s adjacent to x pendant reservoir nodes (nodes of degree one).

For each vertex u € V(G), we create a vertexr node for u adjacent to s. For each edge
wv € E(G), we create an edge node for uv adjacent to t. For each vertex u and edge uv
in GG, we connect the vertex node for u and the edge node for uv by a new path of length
four (with three internal nodes).

Finally, we add (';) other verifier paths of length two between s and t. Each such path
has an internal verifier node that must have a token to separate s from t.

Initially, we place tokens on all the reservoir and edge nodes and set the budget to
b=2k+ 2(’2") The budget and the fact that the reduction runs in polynomial time with
respect to |V(G)| ensures that we obtain a valid FPT-reduction. The key insight is that to
separate s and ¢, we must block all (g) verifier paths (by placing tokens on their verifier
nodes) and all then unblocked paths (between s and t) that go through vertex and edge
nodes. Since only tokens from reservoir nodes can reach the vertex nodes in two token
slides (via s) and tokens from edge nodes can reach the verifier nodes in two token slides
(via t), the budget and the construction will force us to use exactly these movements.
Additionally, since (’;) tokens must move from edge nodes to verifier nodes, (';) edge nodes
will be without tokens in T. The unblocked paths (between s and t) through these token-
free edge nodes must be blocked by tokens on vertex nodes. Since we can only move
tokens from reservoir to vertex nodes, these x vertex nodes must correspond to vertices
that form a clique in G to ensure that all paths (between s and ¢) are blocked.

Lemma 59. H s a 2-degenerate bipartite graph.

Proof. First, we show that H is bipartite. To do that, we need to show that we can
partition the vertices in V(H) into two sets such that no two vertices of a set are adjacent
in H. We construct a bipartition (L, R) of V(H) as follows. Place in L the nodes s and ¢,
and the first and last internal nodes of each path connecting vertex nodes to edge nodes.
Place in R all the vertex nodes and the edge nodes, all the reservoir and verifier nodes, and
the remaining internal nodes of the paths connecting vertex nodes to edge nodes. Since all
edges in GG go between L and R, the graph H is bipartite.
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(a) A part of a CLIQUE instance showing vertices i, ug, ug and edges e; = ujug, €a = ujus.

(5) verifier paths

—O
verifier node

veftex node

edge node
for eo

reservoir nodes

vertex node
for ug

(more vertex nodes) (more edge nodes)

(b) The reduced graph H. Blue paths of length four connect vertex nodes to edge nodes when the
corresponding vertex is incident to the edge in G. For example, since e; = ujue, there are paths
from both the vertex node for u; and the vertex node for ug to the edge node for e;. Initially,
tokens (red) are placed on all reservoir nodes and all edge nodes.

Figure 5.9: Reduction from CLIQUE to VERTEX CUT DISCOVERY.

To show that H is 2-degenerate, we prove that every non-empty subgraph of H contains
a vertex of degree at most two. Consider any non-empty subgraph H' C H.

If H' contains any reservoir node, such a node has degree one in H, thus degree at
most one in H'. If H' contains any internal node from the paths connecting vertex nodes
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to edge nodes, such a node has degree exactly two in H, thus degree at most two in H'.
If H' contains any verifier node, such a node has degree exactly two in H, thus degree at
most two in H'. If H' contains none of the above, then H’ either contains a vertex or an
edge node that has degree at most one in H’ or only the vertices s and ¢, that then have
degree 0 in H'.

Therefore, every non-empty subgraph of H contains a vertex of degree at most two,
proving that H is 2-degenerate. O

Lemma 60. If (G, k) is a yes-instance of CLIQUE, then (H,s,t,S,b) is a yes-instance of
VERTEX CUT-DISCOVERY.

Proof of Lemma 60. Let K C V(G) be a clique of size k in G. We show how to slide
tokens to create a vertex cut that separates s and t using b = 2k + 2(;) token slides.

Take the s tokens on the reservoir nodes and slide them through s to the vertex nodes
for vertices in K. This costs two token slides per token, totaling 2k slides.

Since K is a clique, there are exactly (g) edges in GG with both endpoints in K. For
each such edge e, the corresponding edge node is now “freed” because (both) its paths to
s are blocked by tokens on vertex nodes. We take the tokens on these (’;) edge nodes and
slide them through ¢ to the verifier nodes. This costs two token slides per token, totaling

2 (g) slides.

The resulting configuration has tokens on all vertex nodes for vertices in K, all edge
nodes for edges with at least one endpoint not in K, and all verifier nodes. This forms a
vertex cut that separates s and ¢ and only 2x + 2(’;) = b token slides were used to achieve
this cut. O

Lemma 61. If (H,s,t,5,b) is a yes-instance of VERTEX CUT DISCOVERY, then (G, k)
is a yes-instance of CLIQUE.

Proof. Let T be a vertex cut in H separating s and ¢, obtainable from S using at most
b =2k +2(%) token slides.

First, observe that any vertex cut must contain all (;) verifier nodes of the verifier
paths, since each such path must be blocked. Since moving a token to a verifier node
requires at least two token slides, we need at least 2(;) token slides just for blocking these
paths.

With the remaining budget of 2k token slides, we can move at most x tokens from
the reservoir nodes. Let r be the number of tokens moved from the reservoir nodes to
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the verifier nodes, and * = k — r be the number of tokens moved from the reservoir
nodes to vertex nodes. The x tokens on vertex nodes can block paths to at most (g) edge
nodes (those corresponding to edges between the selected vertices). Since all paths must
be blocked, we need (92”) > (’2") —r. For k > 4, this inequality only holds when r = 0.
Therefore, all k tokens from reservoir nodes move to vertex nodes, and all (g) tokens that

move to verifier nodes come from edge nodes.

An edge node for edge uv can have its token moved only if (both) paths from it to s
are already blocked, which happens only if both the vertex node for u and the vertex node
for v have tokens. Thus, with only x tokens on vertex nodes, the (;) edge nodes that give
up their tokens correspond to edges in GG that form a clique of size k. O

The proof for EDGE CuT-DISCOVERY follows naturally from our construction for VER-
TEX CUT-DISCOVERY. Since in our construction, filling nodes is equivalent to filling the
unique edge they share with s or ¢, we can adapt the same construction by placing tokens
on edges instead of vertices.

Corollary 62. EDGE CUT-DISCOVERY is NP-hard and W/[1]-hard when parameterized by
b on 2-degenerate bipartite graphs.

Proof of Corollary 62. We use the same graph H but place tokens on the edges instead of
on the nodes. Specifically, we place tokens on the edges between the reservoir nodes and
s, and on the edges between the edge nodes and ¢. We set the budget to b = k + (’;) The
reduction works similarly, with tokens sliding along edges instead of nodes.

5.2.2 Fixed-Parameter Tractability of Vertex/Edge Cut-Discove-
ry for Parameter k

In this section, we establish that VERTEX CUT-DISCOVERY and EDGE CuUT-DISCOVERY
are fixed-parameter tractable when parameterized by the number of tokens k. Our ap-
proach unfolds in three key steps. First, we introduce weighted rainbow variants of the
cut problems (that is, VERTEX CUT and EDGE CuUT), where we seek cuts whose elements
have distinct colors and whose total weight is bounded. Then, we show that the rainbow
constraint, combined with bounded treewidth techniques from Marx [143], allows us to ap-
ply powerful algorithmic machinery (specifically, Courcelle’s theorem on graphs of bounded
treewidth), which gives us fixed-parameter tractable algorithms for the weighted rainbow
variants.
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Finally, we show that, using the color-coding technique of Alon et al. [7], any instance of
a CUT DISCOVERY problem can be transformed into a weighted rainbow variant instance
where the colors encode which tokens should move where and the weights capture the
sliding costs. When coloring is done correctly (which happens with probability at least e %),
a solution to the weighted rainbow variant instance directly translates into a solution for the
original discovery problem instance. Repeating the randomized process sufficiently many
times gives us a fixed-parameter tractable algorithm for the original discovery problem.

We begin by introducing the weighted rainbow variants of each of the VERTEX CUT and
EDGE CuT problems, which will serve as the key intermediate problems in our algorithm.

WEIGHTED RAINBOW VERTEX CUT

Input: A vertex-colored graph (G,C) where every vertex has one color, two vertices
s,t € V(Q), vertex weights w : V(G) — R, and integers x and ¢.

Output: YES if there exists a C' C V(G)\ {s, t} such that every path from s to ¢t in G
has a vertex in C, |C| < &, all vertices in C have different colors, and ), - w(v) < £
NO otherwise.

WEIGHTED RAINBOW EDGE CuT

Input: An edge-colored graph (G,C) where every vertex has one color, two vertices
s,t € V(G), edge weights w : E(G) — R, and integers x and /.

Output: YES if there exists C' C E(G) such that removing C' disconnects s from ¢,
|C| < &, all edges in C' have different colors, and ) .- w(e) < £. NO otherwise.

The key insight is that the discovery problem can be reduced to the weighted rainbow
problem using the color-coding technique of Alon et al. [7]. We illustrate this connection
for vertex cuts (the edge cut case is analogous).

For (G, S, s,t,b), an instance of VERTEX CUT-DISCOVERY, we construct a WEIGHTED
RAINBOW VERTEX CuUT instance (H,C, s, t,w, k, () as follows.

First, we let H = GG and x = k. For clarity, we refer to vertices in the instance of
VERTEX CUT-DISCOVERY and nodes in our construction. For each vertex u € V(G), we
let u be the node representing the vertex v in H. We define U as the set of nodes in
H corresponding to the vertices in S. Let 7 : [k] — U be a bijection. We fix k colors
{C1,...,C}, assign to each node outside U a color chosen uniformly at random from these
colors, and the color Cr(, to each node v € U, thus producing a coloring C. We give each
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node v in H a weight w(v) that represents the minimum number of token slides required
to move a token from a node in U having the same color as v to v. Note that the nodes in
U have zero weight. Finally, we set ¢ = b.

Lemma 63. If (H,C,s,t,w,k, () is a yes-instance of WEIGHTED RAINBOW VERTEX
Cur, then (G, S, s,t,b) is a yes-instance of VERTEX CUT-DISCOVERY.

Proof. Suppose C'is a vertex cut of weight at most ¢ whose nodes having different colors
in the colored instance. Since C' forms a valid vertex cut and is formed of nodes having
different colors, we can slide tokens to vertices represented by the nodes in C' by matching
colors: for each node v € C, we move the token from the vertex m(i) where i the index
of the color assigned to the node v in H, to the vertex v. The total number of token
slides needed equals ) w(v) < €. This makes the cut in (G, S, s,t,b) achievable within
budget. O

Lemma 64. If (G,S,s,t,b) is a yes-instance of VERTEX CUT-DISCOVERY, then the
probability that (G,C, s, t,w, k, () is a yes-instance of WEIGHTED RAINBOW VERTEX CUT
is at least e F.

Proof. Let (T, f) be a solution to the (G, S, s,t,b) instance, and let C' be the nodes that
represent the vertices in 1. For C to be a valid solution for the WEIGHTED RAINBOW
VERTEX CUT instance, the vertices of C' must receive distinct colors. Since U uses all k
colors uniquely and the nodes outside U are colored randomly, the probability that the
nodes of C' have distinct colors is at least k!/kF > e~ O

These lemmas establish that solving the weighted rainbow problem yields solutions to
the discovery problem with some success probability. Repeating the random coloring e*
times increases the success probability to a constant.

Furthermore, we can eliminate randomization using (n, k, k)-perfect hash families, which
were defined in Section 2.1. We recall that an (n, k, k)-perfect hash family is a collection
F of functions from [n] to [k] such that for every k-element subset S C [n], there exists
a function f € F that is injective on S. Modern constructions achieve families of size
e#kOUogk) Jogn that can be generated in polynomial time (for a fixed k) [149)].

Rather than random coloring, we can construct a (n, k, k)-perfect hash family F, which
guarantees that for any k-subset outside U, at least one function f € F is such that every
element of this subset is hashed to a distinct value in [k]. This gives us a deterministic
fixed-parameter tractable algorithm reduction.
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Theorem 65. VERTEX/EDGE CUT-DISCOVERY admits a fized-parameter tractable algo-
rithm when parameterized by k if and only if WEIGHTED RAINBOW VERTEX/EDGE CUT
admits a fixed-parameter tractable algorithm when parameterized by k.

To establish the tractability of the weighted rainbow problems, we need the following
key result that will reduce G to a graph of treewidth bounded by some function of x and
allow us to apply Courcelle’s Theorem (Theorem 67) to find a minimum weight cut.

Theorem 66 (Theorem 2.15 of [113]). Given a graph G, a set D C V(G), and a non-
negative integer k, let K be the set of all vertices of G participating in a minimal cut of
size at most k between some s,t € D. There exists a linear-time algorithm that computes
a graph H with the following properties:

e KUDCV(H),

o for all s,t € D, a set C C V(H) with |C| < k is a minimal cut between s and t in
H if and only if C C KU D and C is a minimal cut between s and t in G, and

e the treewidth of H is at most h(k,|D|) for some function h; and H[K U D] is iso-
morphic to G[K U D].

Theorem 67 ([10, 55]). Let ¢ be an MSO-formula and wy,...,w, be weight functions
on the vertices or edges of a graph. For every fixed tw and m, there exists a linear-time
algorithm that, given a graph G of treewidth at most tw, computes an optimal solution to
the problem of finding a set O satisfying ¢ that minimizesy ., ¢;-w;(O) for given constants
Cly...y,Cmpy.

We are now ready to prove the fixed-parameter tractability of WEIGHTED RAINBOW
VERTEX/EDGE CUT when parameterized by .

Theorem 68. WEIGHTED RAINBOW VERTEX/EDGE CUT is fized-parameter tractable
when parameterized by k.

Proof. We present a fixed-parameter tractable algorithm for the WEIGHTED RAINBOW
VERTEX CUT problem. Let (G,C,s,t,w,k,f) be an instance of WEIGHTED RAINBOW
VERTEX CUT.

As argued in Section 3.3, the tractability of WEIGHTED RAINBOW EDGE CuUT follows
by considering the vertex cut version in the line graph of (G,C) (colors inherited from
edges to their representative vertices) between the vertices u, which is a new vertex added
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to the line graph and made adjacent to all vertices representing edges incident to s in G,
and v, which is a new vertex added to the line graph and made adjacent to all vertices
representing edges incident to ¢ in G.

We apply Theorem 66 to G with D = {s,t} to obtain a subgraph H of G. The colors
and weights are inherited from G to H. Since all minimal cuts of size at most x between
s and t are preserved in H (by Property 2 of the theorem), it suffices to search in H for
a minimum weight cut between s and t of size at most x whose vertices having distinct
colors.

Since H has treewidth at most h(k,2) (by Property 3), we can apply Courcelle’s The-
orem (Theorem 67). We formulate the existence of such a minimal cut using an MSO-
formula ¢(X) such that ¢(C') is true for a set C' of vertices if and only if:

e there is no path from s to t in G[V(H) — C]| which we can write as 3U C V(H) :
[U(s) A\=U@t) AVu € V(H) : [U(u) = =X (u)] AVu,v € V(H) : ([U(u) A=U(v) A
—X(v)] = —E(u,v))] where U simply the set of all vertices reachable from s in
GIV(H) - (],

e |C| < k which we can write as 3z,...,2, € V(H) : [Vy € X : (\/[_,y = z;)], and

e for all distinct u,v € C, the color of v and the color of v are different, which we can
write as Vu,v € X : [u# v — (A, [(Ci(u) A Ci(v)])].

All three conditions can be expressed in MSO (with a formula size that depends on
k). We can apply Theorem 67 with the weight function w to find a minimum weight set
C' that satisfies ¢ in time f(k) - n, where f is a computable function depending only on
K. O

Combining our reductions with the fixed-parameter tractable algorithms for weighted
rainbow cuts, we obtain our main result.

Theorem 69. VERTEX CUT-DISCOVERY and EDGE CUT-DISCOVERY are fized-parameter
tractable when parameterized by k.

5.2.3 No Polynomial Kernel for Vertex/Edge Cut-Discovery with
Parameter k&

In this section, we show that VERTEX CUT-DISCOVERY when parameterized by k does
not admit a polynomial kernel unless NP C coNP/P. We do so by providing an or-cross-
composition from RAINBOW MATCHING. Thus, we prove the following theorem.
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Theorem 70. There exists an or-cross-composition from RAINBOW MATCHING to VER-
TEX CUT-DISCOVERY parameterized by k. Consequently, VERTEX CUT-DISCOVERY does
not admit a polynomial kernel with respect to k, unless NP C coNP/P.

Let (G,C) be an edge-colored graph where each edge has one color. Recall from Sec-
tion 5.1.1, we say that an edge coloring of E(G) is proper if no two adjacent edges have
the same color. A matching M C E(G) is said to be a rainbow matching if all edges in
M have pairwise distinct colors. In the RAINBOW MATCHING problem, we are given an
edge-colored graph (G,C) where each edge has one color and an integer x. The goal is
to decide whether there exists a rainbow matching of size x in (G,C). The problem is
NP-complete even on properly colored paths where every color appears exactly twice [137].

Also recall, from the preliminaries, that a problem A or-cross-composes into a problem
B if there is a polynomial equivalence relation R on the set of instances of A and an
algorithm that, given ¢ instances belonging to the same equivalence class of R computes
in time polynomial in the input, an instance of B that is a yes-instance of B if and only
if one of the ¢ instances of A is a yes-instance of A and such that the parameter for the
instance of B is bounded above by a polynomial in the size of the maximum size instance
of the ¢ instances and logq.

Let R be the polynomial equivalence relation where two instances of RAINBOW MATCH-
ING are equivalent if they have the same number of vertices (which we denote by n), the
same number of edges (which we denote by m), and where the value « is the same. This
relation can be decided in polynomial time and partitions RAINBOW MATCHING instances
into classes based on their numbers of vertices, edges, and value of k. For clarity, we refer
to wvertices in any instance of RAINBOW MATCHING and nodes in our construction. Ad-
ditionally, we assume that the number of instances ¢ of RAINBOW MATCHING is a power
of two, that is, ¢ = 2" for some integer r (if not, we can duplicate instances as needed,
adding at most ¢ additional instances), and that the ¢ instances have the same number of
vertices (which we denote by n), the same number of edges (which we denote by m), and
the value k is the same. Moreover, we denote instance j € [q] of RAINBOW MATCHING
by ((G7,C7), k7). The high-level idea of our construction is to create a graph H where
disconnecting two special nodes requires selecting exactly one input instance to disconnect
and, within that instance, choosing edges that form a rainbow matching. We achieve this
through a careful design, where the final configuration encodes both the instance selection
and the edge choices, with connectivity patterns that enforce the matching and rainbow
constraints.

The key insight for instance selection is to exploit a limited token budget with a binary
tree structure. First, for each j € [¢], we will have one instance component in H, which
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we refer to as the instance component for j or H? for short. The instance component for j
will have two local special nodes for j (namely, the local special s node for j and the local
special t node for j), and will be such that none of its vertices are adjacent to any of the
vertices of other components for other instances. These instance components, specifically
their respective local special s nodes, will become the leaves of a binary tree structure (with
very long m? + log g-length paths between its levels, to discourage traversal) rooted at a
global special s node, and will connect, specifically through their respective local special ¢
nodes, to a global special t node. See Figure 5.10.

global special node s

', local special node s for 8

_ -~ " local special node t for 8

local special node s for 1 ,

O
O

local special node ¢ for 1 S~ T~a \ / e

global special node t

Figure 5.10: The instance selection mechanism via a binary tree structure. Eight instance
components (shown as rectangles) have their local special s nodes form the leaves of a
binary tree structure rooted at the global special s node. Three selector nodes, one at
each depth of the tree, are each adjacent to all nodes at their respective depth level (green
edges show these adjacencies). Each selector node can block one branch at its depth. With
these log, 8 = 3 tokens making binary choices, exactly seven paths can be blocked, selecting
precisely one instance. Each component’s local special ¢t node connects to the global special
t node. Dashed lines represent paths of length m?3 + log t.

In H, we must disconnect the global special s node from the global special ¢t node,
and to do so with a limited budget, we must block all paths through this binary tree
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structure leading to all but one component. We provide exactly log g tokens on selector
nodes, each adjacent to all nodes at a depth level of the binary tree structure. Crucially,
these tokens cannot traverse the long paths between the binary tree structure levels within
our budget, so each token must make a local binary decision at its assigned depth. At
depth one, the token can block one of two branches, effectively eliminating half of the
paths remaining to instance components, and thus to the global special ¢ node. After
log q such binary decisions, exactly ¢ — 1 paths are blocked, leaving exactly one instance
component reachable from the global special s node. We call an instance component that
remains reachable from the global special s node after the tokens on selector nodes have
moved to their destinations in 1" a selected instance component. This use of a binary tree
with depth-restricted tokens ensures that we select precisely one instance while using a
minimal number of tokens.

We are now ready to describe the construction of an instance component whose final
configuration, if containing any tokens, must encode a rainbow matching through careful
token placement that cuts the connectivity patterns that we create.

For each j € [t], we construct the instance component for j as follows. The component
contains the two local special nodes for j that serve as entry and exit points for all subpaths
of the paths in H going from the global special s node to the global special t node through
the instance component for j. To disconnect the global special nodes, we must disconnect
these local special nodes within the selected instance component. However, within our
budget, no token can reach these local special nodes of instance components.

In fact, disconnecting the two local special nodes for j will occur only when, for each
layer ¢ € [k — 1] within the instance component for j, we disconnect the special s node for
layer € of component j from the special t node for layer ¢ of component j. See Figure 5.11.
Just like the local special nodes of instance components, the special nodes of each layer
will each be unreachable by a token within our budget, so disconnecting these nodes must
be accomplished by other means.

We first describe what each layer of an instance component for j consists of. In each
layer ¢ € [k — 1], we create a set of 2m + 2 nodes. Two of these are the special nodes for
layer ¢ in component j. The remaining 2m edge nodes represent the edges of G/, with each
edge represented twice. We call these the first copy node of edge e in layer £ of component
J (first copy (e, £, 7), for short) and the second copy node, (second copy (e, ?, j), for short).
We also call the set of nodes containing for each e € E(G), the first copy node of edge e in
layer ¢ of component j, the first copy nodes in layer £ of component j, and the set of nodes
containing for each e € F(G), the second copy node of edge e in layer ¢ of component j,
the second copy nodes in layer ¢ of component j.
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Reservoir edges for copy 2 in layer 2

Figure 5.11: Internal structure of component H’ showing two layers. Edge nodes are col-
ored with the color of the edges they represent. Dashed or dotted edges are paths of length
m? + logt. Blue ones show some connections between nodes representing same-colored
edges. Orange ones show some connections between nodes representing incident edges.
Black ones illustrate the between-layer connections that force copying the selection made
at the second copy nodes of the previous layer. Black dotted edges show the connectivity
of special nodes. Reservoir edges for copy 2 in layer 2 connect to all second copy nodes in
layer 2 of this instance component and all other instance components. Only one pool of
reservoir edges is drawn for clarity but four exist.

Since no token will be able to reach the special nodes of a layer (or the local special
nodes of the instance component) within our budget, the special nodes of each layer (and
eventually the local special nodes of the instance component for j) will only be disconnected
by filling edge nodes of the layer with tokens. For that, a set (which we refer to as a pool
for copy 1 in layer ¢) of m — 1 reservoir edges for copy 1 in layer ¢ and another pool for
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copy 2 in layer £ of m — 1 reservoir edges for copy 2 in layer ¢ are created with tokens on
all their nodes. In each reservoir edge, we identify one endpoint of the edge as a reservoir
node. The m — 1 reservoir nodes for copy 1 in layer ¢ will be made adjacent to the first
copy nodes in layer ¢ of each instance component. The m — 1 reservoir nodes for copy
2 in layer ¢ will be made adjacent to the second copy nodes in layer ¢ of each instance
component.

Additionally, each reservoir node will connect through m? + log ¢-length paths to all
local special s and ¢ nodes in all instance components. This will ensure that these reservoir
nodes are included in any vertex cut (since the local special s and ¢ nodes of at least one
instance component will always be token-free and reachable from the global special s and
t nodes).

The fact that all reservoir nodes must be in 7" will make it so that only m — 1 tokens on
the reservoir nodes for copy 1 in layer ¢ can leave their reservoir edges and go to fill m — 1
of the first copy nodes in layer ¢ of the selected instance component. Similarly, only m — 1
tokens on the reservoir nodes for copy 2 in layer ¢ can leave their reservoir edges and go
to fill m — 1 of the second copy nodes in layer ¢ of the selected instance component. The
other m — 1 tokens of any pool will only be used to refill the empty reservoir nodes, using
one token slide per token.

Note that the tokens on selector nodes and those in the pools will be the only tokens
available, and the budget will be set so that given the construction, only the described
token slides can occur. However, this will mean that in each layer of the selected instance
component, at most m — 1 first copy nodes and at most m — 1 second copy nodes can
be filled with tokens. This implies that in each layer of the selected instance component,
at least two nodes, one being a first copy node of an edge and the other being a second
copy node of a certain other edge, remain token-free in the final configuration. We exploit
this fact when forming the connections inside an instance component so that each layer
encodes the selection of one edge to be part of the rainbow matching (except for the first
layer, which encodes the selection of two edges) by leaving one of the nodes representing
it token-free.

Connections inside an instance component must ensure three properties: first, that
its local special s and t nodes need to be disconnected; second, that the special s and t
nodes of each layer within the instance component need to be disconnected; and third, that
the token-free non-special nodes remaining in the layers encode a valid rainbow matching.
However, these connections must not allow for any pattern of token sliding that is different
from the one we described already (where m — 1 tokens from each pool slide to adjacent
edge nodes). For this reason, each such connection inside an instance component will be a
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path of length m? + log ¢ (exceeding our budget, and thus preventing any token traversal).

In an instance component for j, we connect the local special s node for j to the special
s nodes for each layer of component j, and the local special t node for j to the special ¢
nodes for each layer of the same component. Additionally, we connect the special s node
for a layer of component j to all first copy nodes in the same layer, and the special t node
for a layer of component j to all second copy nodes in the same layer. See Figure 5.11.
The critical connections that enforce our rainbow matching constraints are as follows.

e For edges e, ¢ € FE(GY) of the same color, we connect the first copy (e,i,7) to the
second copy (€/,4',7) for each ¢/ > i (note that this means that first copy (e,1,j)
and second copy (¢’,4’,j) cannot remain both token-free in the final configuration;
otherwise, we would have a token-free path between the special s node for layer ¢
of component 7 and the special ¢ node for layer i’ of component j. This is exactly
what we need so that the edge nodes that remain token-free in the selected instance
component encode edges of a rainbow matching as these nodes represent same color
edges that must not be selected together.),

e For adjacent edges e, e’ € E(G7), we also connect the first copy (e, i, 5) to the second
copy (€,7,j) for each ¢ > i (note that this similarly means that first copy (e, i, j) and
second copy (€/,7,j) cannot remain both token-free in the final configuration, which
is what we need to encode a rainbow matching using the edge nodes that remain
token-free in the selected instance component),

e In all but the first layer, the set of first copy nodes will only copy the edge selection
that occurred at the set of second copy nodes of the previous layer. To do so,
between consecutive layers i and 7 4+ 1, we connect the second copy (e,i,j) to the
first copy (€¢/,i+ 1,7) for all €’ # e (note that this implies if the second copy (e, 1, j)
remains token-free in the final configuration, then leaving anything but the first copy
(e,i+1,7) in layer i + 1 token-free will leave an uncut path between the local special
s and t nodes for j).

Recall that we place tokens on all selector nodes for the tree structure (exactly loggq
tokens) and on all nodes of the reservoir edges (exactly 4(k — 1)(m — 1) tokens). The
budget is set precisely to b = logq + 4(k — 1)(m — 1), which allows each of the tokens one
token slide as we have described and is less than the length of our long connecting paths.

The budget and the fact that this construction runs in polynomial time with respect
to the total size of all ¢ instances ensures that we obtain a valid or-cross-composition. We
now present the forward and backward directions of the proof of Theorem 70.
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Claim 71. If for some j € [q], ((G7,C?),K?) is a yes-instance of RAINBOW MATCHING,
then the constructed instance (H,S,b, global special s node, global special t node) is a yes-
instance of VERTEX CUT-DISCOVERY.

Proof of Claim 71. Let RM = {ey,es,...,e.} be a solution to the instance ((G’,C?), x7).
Thus, RM forms a matching in G7 where all edges have distinct colors. We apply the
following token slides to disconnect the global special s node from the global special ¢
node.

First, we use the log ¢ selector tokens in the binary tree to “select” instance component
H’. Each selector token at depth d slides to block one branch, collectively leaving only
the paths from the global special s node to the global special ¢t node that pass through
component H’ unblocked. This uses exactly log ¢ token slides.

Next, we disconnect the local special nodes for j by disconnecting the special nodes of
each layer of that component. For the first layer (layer 1), which encodes two edges, we slide
the m — 1 tokens from the reservoir nodes for copy 1 in layer 1 onto all first copy nodes in
layer 1 of component j except the first copy (eq, 1, 7). Also, we slide the m — 1 tokens from
the reservoir nodes for copy 2 in layer 1 onto all second copy nodes in layer 1 of component
j except the second copy (es, 1,7). For each subsequent layer ¢ € {2,3,...,x — 1}, which
each encode one edge:

e We slide the m — 1 tokens from the reservoir nodes for copy 1 in layer ¢ onto all first
copy nodes in layer ¢ of component j except the first copy (esy1,4, 7).

e We slide the m — 1 tokens from the reservoir nodes for copy 2 in layer ¢ onto all
second copy nodes in layer ¢ of component j except the second copy (epi1,4, 7).

This uses 2(m — 1) token slides per layer, totaling 2(k — 1)(m — 1) token slides.

As each reservoir node is vacated, the token on the other endpoint of its reservoir edge
slides onto it, maintaining these nodes in the vertex cut. This is necessary as no tokens
will be on the local special s and t nodes for j in T', which means that if a reservoir node
does not have a token, there will be a path between the global special s and ¢ nodes that
passes through it. This uses 2(k — 1)(m — 1) token slides in total.

Following these steps, we have executed exactly b = logqg+4(k —1)(m —1) token slides.

To see that the global special nodes are now disconnected, observe that after the tree
selection, all paths must go through the local special nodes for j. Any such path must
traverse at least one layer (from a special s node for a layer in component j to a first copy
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node in one layer of component j to a second copy node in the same or another layer of
component j), or a reservoir node. All reservoir nodes have tokens. Between layers ¢ and
¢ — 1 the unfilled first copy node in layer ¢ of component j and the unfilled second copy
node in layer £/ —1 of component j represent the same edge by our choice of token slides and
thus have no m?+log g-length connection between them by our construction. Additionally,
by our construction there exists no m? + log g-length connection from a first copy node to
a second copy node representing edges that are of different colors, or non-adjacent.

Since we cannot find a path from the local special s node for j to the local special ¢
node for j, the final configuration cuts the local special s and ¢ for j, and thus the global
special nodes. O

Claim 72. If (H, S, b, global special s node, global special t node) is a yes-instance of VER-
TEX CUT-DISCOVERY, then there exists an integer j € [q], such that ((G7,C7),K7) is a
yes-instance of RAINBOW MATCHING.

Proof of Claim 72. Let (T, f) be a solution whose final configuration 7' disconnects the
global special nodes using exactly b = logq + 4(k — 1)(m — 1) token slides. Since all
connections use paths of length m3 + logt > b, we know that each token on a selector
node that slides does so at most once. Consider the log g selector tokens in the binary tree
structure. Each selector token at depth d can block at most one of the two branches at
its depth. With log ¢ tokens across all depths, they can collectively block at most ¢ — 1 of
the ¢ paths from the global special s node through the tree to the instance components.
Therefore, at least one instance component must remain unblocked. Let H’ be an instance
component whose path from the global special s node remains unblocked by the selector
tokens.

After this selection phase, there remain paths from the global special s node to the
global special t node that pass through the local special s node and the local special ¢ node
for j. Since the distance from any token’s initial position to any special node in H? (local
or layer-specific) exceeds the budget b, no token can reach these special nodes directly.
Therefore, disconnection must occur by placing tokens on the edge nodes in the layers of
the instance component H7.

Consider the reservoir nodes. FEach reservoir node is connected via paths of length
m? + log ¢ to all local special nodes in all instance components. Since the local special
nodes in at least one instance component H’ remain token-free and reachable from the
global special nodes, every reservoir node must be included in any vertex cut 7.

For each layer ¢ € [k — 1], there are two pools of m — 1 reservoir edges (one for copy
1, one for copy 2). Initially, all 2(m — 1) nodes of these reservoir edges contain tokens.
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When a reservoir node slides its token into instance component H”, at least one additional
token slide is required to fill this reservoir node and maintain it in the cut. In a solution
that requires the minimum number of token slides, we can safely assume that this reservoir
node is filled by the token on the other endpoint of its reservoir edge in one token slide,
and we do assume as such.

Since the connections inside each instance component are of length m3 +logt, which is
greater than the budget, each token sliding from a reservoir node of a pool to an adjacent
edge node in H’ will have to end up in T on one of the edge nodes adjacent to the reservoir
nodes of the same pool (notice that using even one token slide to slide a token into an
m? + log ¢g-length connection path is redundant as we cannot traverse this path and thus,
from the perspective of creating a cut, it is enough to remain at the edge node). Given
that we have only m — 1 reservoir edges per pool, we can only have m — 1 tokens on m — 1
first copy nodes and m — 1 tokens on m — 1 second copy nodes in each layer of component
7 in T'. Therefore, since we have m first copy nodes and m second copy nodes in each layer
of component 7, at least two nodes must remain unfilled in each layer of component j in
T': one first copy node and one second copy node.

We claim that the set of edges represented by the unfilled first and second copy nodes in
layer 1 of component j and the unfilled second copy nodes in all other layers of component
j forms a rainbow matching. Suppose for contradiction that these unfilled nodes violate
the rainbow matching constraints. First, consider the case where the unfilled first copy of
edge e in layer 1 of component j and the unfilled second copy of edge ¢’ in layer £ > 1
of component j are such that e = ¢/, or e is adjacent to ¢/, or ¢ and ¢ have the same
color. Then by construction, there exists an uncut path from the global special s node to
the global special ¢t node that passes through these two nodes and their m? + log ¢-length
connection path, contradicting that 7" is a cut.

Second, consider the case where the unfilled second copy of edge e in layer ¢ of compo-
nent j and the unfilled second copy of edge €’ in layer ¢’ > ¢ of component j are such that
e =€, or e is adjacent to €/, or e and €’ have the same color. Then, the unfilled first copy
in layer ¢ 4+ 1 of component j must represent edge e. Otherwise, by construction, there
would exist an uncut path through the local special s node for j, the special s node for
layer £+ 1 in component j, the unfilled first copy in layer £+ 1 of component j, the unfilled
second copy of edge e in layer ¢ of component j, the special ¢t node for layer ¢ in component
j, and finally the local special ¢ node for j, contradicting that 7" is a cut. However, this
case would also imply, by construction, that there exists an uncut path from the global
special s node to the global special t node that goes through the unfilled first copy of edge
e in layer ¢ + 1 and the unfilled second copy of edge ¢’ in layer ¢’ (since ¢’ > /), again
contradicting that 7" is a cut.

123



Thus, we have k unfilled nodes representing pairwise non-adjacent edges of different
colors, yielding a rainbow matching of size x in GY. n

5.3 Shortest Path-Discovery

In this section, we shift our focus to SHORTEST PATH-DISCOVERY, completing with this
our study of solution discovery variants of fundamental polynomial-time solvable problems.
We show in Section 5.3.1 that the problem is NP-hard on a sparse graph class through a re-
duction from HAMILTONIAN PATH (which we define in the same section). In Section 5.3.2,
we show that the problem does not admit a polynomial kernel with respect to k£ + b, un-
less NPC coNP/P, through an or-cross-composition that handles multiple HAMILTONIAN
PATH instances and builds upon the reduction of the preceding section. In Section 5.3.3,
we present a short proof that the problem is fixed-parameter tractable when parameterized
by k by reducing it to finding shortest paths in weighted directed acyclic graphs, where
edge weights encode token sliding costs. This happens after the algorithm considers all k!
orderings of tokens to vertices at increasing distances from the source, exploiting that any
discoverable shortest path contains exactly k£ vertices. Finally, in Section 5.3.4, we show
that the problem is also fixed-parameter tractable using similarly a distance-based struc-
ture and noticing that in a yes-instance and assuming b is much smaller than £, most tokens
must already be at distinct distances from the input vertices, forming path sub-segments,
and need not slide.

5.3.1 NP-hardness of Shortest Path-Discovery

In this section, we show that SHORTEST PATH-DISCOVERY is NP-hard even on 2-degenerate
bipartite graphs. In particular, we show the following.

Theorem 73. SHORTEST PATH-DISCOVERY is NP-hard on 2-degenerate bipartite graphs.

To prove Theorem 73, we reduce from the HAMILTONIAN PATH problem. In the HAMIL-
TONIAN PATH problem, we are given a graph G and the goal is to decide whether GG contains
a Hamiltonian path, which is a path that visits every vertex exactly once. The problem is
NP-complete [93].

Let G be an instance of HAMILTONIAN PATH with vertices V(G) = {v1,...,v,}. For
clarity, we refer to wvertices in the instance of HAMILTONIAN PATH and nodes in our
construction.
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We construct a graph H with special nodes s and ¢ between which we seek a shortest
path. For each v € V(G), we add a starting path for v consisting of three nodes, where
the first node is adjacent to s. Similarly, for each v € V(G), we add an ending path for v
consisting of three nodes, where the third node is adjacent to t. These paths ensure that
one vertex is selected to be the starting vertex and one vertex is selected to be the ending
vertex of the Hamiltonian path.

We create a starting edge verifier path consisting of three nodes, where the middle node
is adjacent to the middle nodes of all starting paths. We create an ending edge verifier
path consisting of three nodes, where the middle node is adjacent to the middle nodes of
all ending paths. See Figure 5.12.

For each i € [n], we create a layer i consisting of n select nodes. In each layer, each
select node corresponds to one vertex in G. The select node of layer i with a token in
the solution will indicate the ith vertex of the Hamiltonian path. For each v € V(G), we
make the third node of the starting edge verifier path for v adjacent to the select node
corresponding to v in layer 1 and the first node of the ending edge verifier path for v
adjacent to the select node corresponding to v in layer n.

For each i < n and each edge uv € E(G), we create a transition path consisting
of three nodes connecting the select node corresponding to « in layer 7 to the select node
corresponding to v in layer ¢+ 1. Similarly, we create another transition path of three nodes
connecting the select node corresponding to v in layer ¢ to the select node corresponding
to u in layer ¢ + 1.

For each i < n, we create an edge verifier path for layer i consisting of three nodes
with tokens, where the middle node is adjacent to the middle node of all transition paths
between layer 7 and layer ¢ + 1.

For each v € V(G), we create an index decider node for v (corresponding to v) connected
to all select nodes corresponding to vertex v via paths of 2n + 1 internal nodes.

Initially, we place tokens on the n index decider nodes, all nodes in all edge verifier paths
(three nodes per path for n+1 paths), s, and ¢, and set the budget to b = n(2n+2)+7(n+1).

The key insight is that the tokens on the index decider nodes select the position of
their corresponding vertices in the Hamiltonian path (an index decider node for v selects
position ¢ by sliding its token to the select node for v in layer 7, thus requiring 2n + 2 token
slides). Tokens on each edge verifier path verify that a valid transition path exists between
two consecutive layers by sliding their tokens to the transition path.

It is easy to see that the reduction takes polynomial time with respect to [V (G)].
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starting edge verifier path edge verifier for layer 1 ending edge verifier path
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index decider node for vq index decider node for vy index decider node for vy,

Figure 5.12: The reduced graph H for a HAMILTONIAN PATH instance on graph G with
n vertices. Green edges show how transition paths connect: if G contains edge v,vs, then
a transition path of three nodes connects to the select node for v; in layer ¢ and the select
node for vy in layer ¢+ 1, and another transition path of three nodes connects to the select
node for v, in layer ¢ and the select node for v; in layer ¢ + 1. Starting and ending paths
also consist of three nodes each. Edge verifier paths have three nodes with tokens, where
the middle node is adjacent to the middle nodes of all relevant paths. Red nodes initially
have tokens. Dashed lines represent paths with 2n 4+ 1 internal nodes.

Lemma 74. H s a 2-degenerate bipartite graph.

Proof of Lemma 7. First, we show that H is bipartite. Recall that a graph is bipartite
if we can partition its vertices into two partite sets such that no two vertices that belong
to the same set are adjacent. We construct the bipartition (L, R) of V(H) as follows. We
place in L nodes s, t, all select nodes, all index decider nodes, the middle node of each
transition, starting, and ending path and the endpoints of each edge verifier path. We
place in R the middle node of each edge verifier path, and the first and third node of each
transition, starting, and ending path. For each path connecting an index decider node to
a select node, we place internal nodes alternately in L and R starting by placing the node
adjacent to the select node in R. Since all edges go between L and R, the graph H is
bipartite.

To show that H is 2-degenerate, we prove that every non-empty subgraph of H contains
a vertex of degree at most two. Consider any non-empty subgraph H' C H. If H' contains
any non-middle node from a transition path, starting path, or ending path, such nodes
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have degree exactly two in H, thus also in H'. If H' contains any internal node of a path
that connects an index decider node to a select node, such nodes have degree exactly two
in H, thus also in H'. Otherwise, H' is a forest and contains at least one vertex of degree
at most one. Therefore, every non-empty subgraph of H contains a vertex of degree at
most two, proving that H is 2-degenerate. O

Lemma 75. If G has a Hamiltonian path, then (H, s,t,S,b) is a yes-instance of SHORTEST
PATH-DISCOVERY.

Proof of Lemma 75. Let v;,v;,,...,v;, be a Hamiltonian path in G. We show how to
move tokens to form a shortest path from s to t.

We move the tokens from the first, middle and third nodes of the starting edge verifier
path to the first, middle, and third nodes, respectively, of the starting path for v;,. We
move the tokens from the first, middle and third nodes of the ending edge verifier path to
the first, middle, and third nodes, respectively, of the ending path for v; . This costs 14
token slides.

For each j € [n], we move the token from the index decider node for v;; to the select
node corresponding to v;; in layer j. This costs n(2n 4+ 2) token slides.

For each j < n, since v;,v;,,, is an edge in G, there exists a transition path connecting
the select node corresponding to v;; in layer j to the select node corresponding to v;,, in
layer j + 1. We move the tokens from the first, middle and third nodes of the edge verifier
path for layer j to the first, middle and third nodes of this transition path. This costs
7(n — 1) token slides.

Any shortest path must pass through one starting path (three nodes), exactly one select
node from each layer connected through transition paths (each of three nodes), and one
ending path (three nodes). Thus, the path formed of the vertices with tokens is a shortest
path between s and ¢ and the number of token slides needed is 144n(2n+2)+7(n—1) = b
and (H,s,t,S,b) is a yes-instance of SHORTEST PATH-DISCOVERY. O

Lemma 76. If (H,s,t,5,b) is a yes-instance of SHORTEST PATH-DISCOVERY, then GG
has a Hamiltonian path.

Proof of Lemma 76. Let T be a shortest path between s and ¢ discoverable from S with a
budget b. Any shortest path must pass through one starting path (three nodes), exactly
one select node from each layer connected through transition paths (each of three nodes),
and one ending path (three nodes). The number of vertices in a minimum path length is
therefore 1 +34+n+3(n—1)+3+1=4n+5.
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Each of the n tokens on the index decider nodes moves at least to a select node (cost:
n(2n+2)). Each edge verifier path must move its three tokens at least to the middle node
of a closest transition, starting, or ending path (cost: 5(n + 1)). The first and third nodes
of each such starting, transition, and ending path remain token-free, while the middle node
contains two extra tokens. Thus, with a remaining budget of only 2(n + 1) token slides,
the first and third nodes of each starting, transition, and ending path are filled using one
token slide each, with the tokens on the middle node of the same path.

Given the construction, the shortest path induced by the vertices in T" must be formed
of a sequence of vertices v;,,v;,,...,v;, corresponding to the select nodes with tokens in
layers 1 through n, where each two consecutive vertices share an edge in G. Additionally,
given that each index decider node can slide its token to a select node representing a
distinct vertex in G, this sequence forms a Hamiltonian path in G. O

5.3.2 No Polynomial Kernel for Shortest Path-Discovery with
Parameter k£ + b

In this section, we show that SHORTEST PATH-DISCOVERY when parameterized by k + b
does not admit a polynomial kernel unless NP C coNP/P. We do so by providing an or-
cross-composition from the HAMILTONIAN PATH problem. Thus, we prove the following
theorem.

Theorem 77. There exists an or-cross-composition from HAMILTONIAN PATH to SHORT-
EST PATH-DISCOVERY parameterized by k+b. Consequently, SHORTEST PATH-DISCOVERY
does not admit a polynomial kernel with respect to k + b, unless NP C coNP/P.

The designed or-cross-composition builds upon the reduction given for the NP-hardness
proof of SHORTEST PATH-DISCOVERY to handle multiple instances simultaneously while
ensuring that exactly one instance can be solved.

Let R be the polynomial equivalence relation where two graphs G and H are equivalent
if and only if |V(G)| = |V(H)|. This relation can be decided in polynomial time and
partitions HAMILTONIAN PATH instances into classes based on their numbers of vertices.

Let G', ..., GY be instances of HAMILTONIAN PATH that belong to the same equivalence
class, where each GV has vertex set V(GY) = {v],...,vJ}. We construct an instance
(H,s,t,S,b) of SHORTEST PATH-DISCOVERY such that it is a yes-instance if and only if
at least one G’ admits a Hamiltonian path. We adapt the construction from Theorem 73
to accommodate multiple instances while sharing the critical resources.
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In H, we let the following be global components shared among all instances: the special
nodes s and t, the index decider node for v; for each i € [n], the starting edge verifier path
consisting of three nodes with tokens, the ending edge verifier path consisting of three nodes
with tokens, and the edge verifier path for layer i for each i € [n — 1] consisting of three
nodes with tokens. See Figure 5.13. Here, v; denotes the ¢th vertex on the Hamiltonian
path of the solution.

For each instance G7, for j € [q], we will have the following: for each i € [n], a layer
(j,1) consisting of n select nodes, each one corresponding to a distinct vertex in V(G7). We
denote the select node in layer (j,) corresponding to vertex v] for some k € [n] as the select
node (4,1, k). Then, for each v} € V(G), we will have a starting path for (j, k) consisting
of three nodes, where the first node is adjacent to s and the third node is adjacent to the
select node (7,1, k). Similarly, for each vi € V(GY), we will have an ending path for (j, k)
consisting of three nodes, where the first node is adjacent to the select node (j,n, k) and
the third node is adjacent to t. Finally, for each i € [n — 1] and each edge vjv], € E(GY),
we will have two transition paths: one consisting of three nodes from select node (7,1, k)
to (j,i+ 1,k), and another from (5,4, k") to (j,i + 1, k).

Lastly, we add the following connections to H. We make the middle node of the starting
edge verifier path adjacent to the middle node of every starting path across all instances.
Similarly, we make the middle node of the ending edge verifier path adjacent to the middle
node of every ending path across all instances. For each i € [n — 1], we make the middle
node of the edge verifier path for layer i adjacent to the middle node of every transition path
between layer (j,4) and layer (j,7+ 1) for all j € [¢]. In the end, for each v; € {vy,...,v,}
and each instance j € [¢], we make the index decider node for v; connected to all select
nodes (j,¢,1) for ¢ € [n] via paths of the internal nodes 2n + 1.

As in the reduction, the tokens are initially placed on s, t, all n index decider nodes,
and all 3(n 4+ 1) nodes in the edge verifier paths. Thus, |S|=2+n+3(n+1) = 4n + 5.
We set the budget to b=n(2n+2)+7(n+1) =2n*+9In + 7.

Note that k+b = 2n?+13n+ 12, thus the parameter is bounded above by a polynomial
in the size of the maximum size instance. The size of H is O(gn?): we have ¢ instances,
each contributing n? + 6n + 3m(n — 1) nodes for layers (n layers of n nodes each) and
paths (2n starting and ending paths of three nodes each and m(n — 1) transition paths of
three nodes each), plus n%(2n + 1) nodes for connections from index decider nodes (each
of the n index decider nodes connects to n select nodes via paths of 2n 4+ 1 nodes). Since
each input instance has a size of at least n, the total size of H and the running time of the
or-cross-composition is polynomial in y74_, |G7.

Moreover, note that H remains 2-degenerate and bipartite.
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Lemma 78. H s 2-degenerate and bipartite.

Proof of Lemma 78. We construct a bipartition (L, R) of V/(H) as follows. We place the
following in L: nodes s and t, all select nodes, all index decider nodes, the middle node
of each transition/starting/ending path, and the endpoints of each edge verifier path. We
place the following in R: the middle node of each edge verifier path, and the first and
third nodes of each transition/starting/ending path. For paths connecting index deciders
to select nodes, we place internal nodes alternately in L and R, starting with the node
adjacent to the select node in R. Since all edges connect nodes between L and R, the
graph H is bipartite.

To prove H is 2-degenerate, we show that every non-empty subgraph H' C H contains
a vertex of degree at most two. Consider any non-empty subgraph H’. If H’ contains
any non-middle node from a transition, starting, or ending path, such nodes have degree
exactly two in H (and thus at most two in H'). If H' contains any internal node from
a path connecting an index decider node to a select node, such nodes also have degree
exactly two. Otherwise, H' contains only nodes that induce a forest, thus H' must contain
a node of degree at most one. Therefore, H is 2-degenerate. O]

We now prove that (H,s,t,S,b) is a yes-instance of SHORTEST PATH-DISCOVERY if
and only if at least one G’ has a Hamiltonian path.

Lemma 79. If G’ for some j € [q] has a Hamiltonian path, then (H,s,t,S,b) is a yes-
instance of SHORTEST PATH-DISCOVERY.

I vl

Proof of Lemma 79. Suppose G’ has a Hamiltonian path (A ,Ugn. We show how to

discover a shortest s-t path using exactly the budget b.

First, we move the tokens from the starting edge verifier path to the starting path for
(7, vfl): the three tokens slide to the corresponding three nodes of this path. Similarly, we
move the tokens from the ending edge verifier path to the ending path for (7, vfn) This
requires 7 - 2 = 14 token slides.

For each ¢ € [n], we move the token from the index decider node for v;, to the select

node (4, ¢,1,) in layer (4, ¢). Since each such token traverses a path of 2n+ 1 internal nodes,
this requires n(2n + 2) token slides in total.
For each ¢ € [n — 1], since vfevgeﬂ € E(GY), there exists a transition path connecting
select node (j, ¢, i) to select node (7, ¢+ 1,4411). We move the three tokens from the edge
verifier path for layer ¢ to the three nodes of this transition path. This requires 7(n — 1)
token slides.
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index decider node for vq index decider node for vy

Figure 5.13: Or-cross-composition of two instances (G; and GG5. Red nodes have initial
tokens. Green edges show how transition paths connect select nodes between consecutive
layers: if Gy contains edge vjvq, then a transition path connects the select node (1,1, 1)
to the select node (1,2,2) and another transition path connects the select node (1,1,2)
to the select node (1,2,1). Dashed lines represent edges that connect edge verifier paths
to all relevant paths across both instances. Dash-dotted lines represent paths with 2n + 1
internal nodes.

The discovered path traverses s, the starting path for (j,v] ) (three nodes), the select
nodes (j,1,41), (4,2,12),...,(J,n,i,) connected by transition paths (each of three nodes),
the ending path for (7, vfn) (three nodes), and finally ¢. This gives a path of 1 +3 +n +
3(n—1)43+1 = 4n+>5 nodes, which is indeed a shortest s-t path in H. The total number
of token slides is 14 +n(2n+2) +7(n —1) =2n> +9n+7=10. O

Lemma 80. If (H,s,t,S,b) is a yes-instance of SHORTEST PATH-DISCOVERY, then there
exists j € [q| such that G7 has a Hamiltonian path.
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Proof of Lemma 80. Suppose (H,s,t,S,b) is a yes-instance. We show that some G’ must
have a Hamiltonian path.

Any shortest s-t path must traverse exactly one starting path, one select node from
each of n layers (all from the same instance) connected by transition paths, and one ending
path, giving a path of a total of 1 +3+n+3(n — 1) +3 + 1 = 4n + 5 nodes.

Each of the n index decider nodes must move its token to a select node (cost: n(2n+2)).
Each edge verifier path must move its three tokens to the middle node of a closest transition,
starting, or ending path (cost: 5(n + 1)).

Crucially, the first and third nodes of each such starting, transition, or ending path
remain token-free, while the middle node contains two extra tokens. Thus, with a remaining
budget of only 2(n + 1) token slides, the first and third nodes of each starting, transition,
and ending path are filled using one token slide each, with the tokens on the middle node
of the same path.

~ Given the construction, the discovered shortest path determines a sequence of vertices

v , vfn belonging to the same instance G’ and corresponding to the select nodes with

Vi Uiy

7 and v  share an edge
y) To41

in G’ (otherwise no transition path would exist between the corresponding select nodes).
Additionally, since each index decider node slides its token to a select node representing
a distinct vertex in V(G7), all vertices in the sequence are distinct. Thus, vgl,vé, e ,vgn
forms a Hamiltonian path in G7. O]

tokens in layers (j, 1) through (j,n), where consecutive vertices v

5.3.3 Fixed-Parameter Tractability of Shortest Path-Discovery
for Parameter &

In this section, we prove the following theorem.

Theorem 81. SHORTEST PATH-DISCOVERY is fized-parameter tractable with respect to
parameter k.

To prove Theorem 81, we present an algorithm that reduces SHORTEST PATH-DISCOVERY
to finding a shortest path in a weighted acyclic digraph.

Proof of Theorem 81. Let (G, s,t,S,b) be an instance of SHORTEST PATH-DISCOVERY.
The algorithm proceeds as follows.
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We first calculate the distance from s to every vertex v € V(G) (using breadth-first
search). Since any discoverable shortest path between s and ¢ has at most k vertices, we
delete each vertex whose distance from s exceeds k — 1.

We consider the k! ways to order the vertices in S such that if sgs; ... s,_1 is the order,
then the token on s; will be moved to a vertex at distance exactly ¢ from s (from the
problem definition, we have that the token on sy will be moved to s and the token on s;_;
will be moved to t).

For each such ordering, we construct a weighted acyclic digraph H as follows. For each
edge uv € E(G) where u is at distance ¢ from s and v is at distance i + 1, we orient the
edge as (u,v), place it in H, and assign the distance between s;,; and v (which represents
the number of token slides needed to move the token at the vertex s;,; to the vertex v) as
its weight.

Since H only contains arcs from distance i vertices to distance ¢ + 1 vertices for each
i €{0,...,k—2}, it forms an acyclic digraph where every path from s to ¢ in H corresponds
to a shortest path between s and t in the original graph G. Moreover, the weight of a path
in H equals the total cost of moving tokens to the vertices of the path, minus the initial
cost of sliding the token on sy to s.

We compute a shortest weighted path P from s to ¢ in H using Djikstra’s algorithm
in O((n 4+ m)logn) time. The instance (G, s,t, 5, b) has a solution if and only if the total
weight of P plus the initial cost of sliding the token on sg to s is at most b. The algorithm
initially does a breadth-first search which has polynomial running time. Then, it considers
k! orderings. For each ordering, it constructs a graph H and finds a shortest weighted path
in polynomial time as well.

The correctness follows from two key observations: first, any discoverable shortest path
from s to t has at most k vertices since we have only k tokens to place on the path,
and second, the construction of H ensures that every path from s to ¢ in H corresponds
to a shortest path in G while the edge weights correctly capture the minimum token
movement costs. By considering all k! possible orderings of tokens, we guarantee that we
find the optimal assignment of tokens to vertices that minimizes the total token sliding cost.
Therefore, SHORTEST PATH-DISCOVERY is fixed-parameter tractable when parameterized
by k, with a total running time of O(k(n + m) + kl(n 4+ m)logn), where O(k(n + m))
accounts for the breadth-first searches used to compute distances from each token. O
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5.3.4 Fixed-Parameter Tractability of Shortest Path-Discovery
for Parameter b

This section is dedicated to the proof of the following theorem.

Theorem 82. SHORTEST PATH-DISCOVERY is fized-parameter tractable when parameter-
ized by b.

Proof. Let (G, s,t,S,b) be an instance of SHORTEST PATH-DISCOVERY. Using breadth-
first search, we partition the vertices of GG into levels based on their distance from s, where
level i contains all vertices at distance exactly ¢ from s. The key intuition behind the
algorithm is that if a shortest path can be discovered within a budget of b, then, if b is
much smaller than k£, most tokens must already be in or near their correct positions.

We say that a level is very bad if it contains no tokens or more than one token. Since
sliding tokens to or out of very bad levels cannot cost more than the budget, there can be
at most b very bad levels, each containing at most b + 1 tokens.

For levels containing exactly one token each, we define a level ¢ with token on vertex v
to be bad if either:

e level ¢ — 1 exists, contains exactly one token on vertex u, and uv ¢ E(G); or

e level 7 + 1 exists, contains exactly one token on vertex w, and vw ¢ E(G).

Since correcting three consecutive bad levels requires at least one unit of budget, we
can have at most 30 bad levels.

Levels that are neither bad nor very bad are called good. Additionally, each bad or very
bad level can contain at most b + 1 tokens and at most b tokens can initially not belong
to a level between s and t. The vertices with tokens in consecutive good levels form paths
in GG, which we call good paths. Note that we have at most 4b + 1 such good paths as we
have at most 4b bad or very bad levels that act as separators between good levels.

For any such path vivy...v, with £ > 2b + 1, consider a vertex v, where b+ 1 < z <
¢ — (b+1). We claim that in any solution, the token on v, does not move. If it must
move, then either all tokens on vertices vy,...,v,_1 or all tokens on vertices v,y1,...,vy
must also move to maintain path connectivity. Since there are at least b tokens in either
direction, this would exceed the budget. Therefore, tokens on nodes that are more than b
positions away from the endpoints of good paths are fixzed and never move.
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Therefore, the tokens that can potentially move are at most b(b + 1) tokens from very
bad levels, at most 3b(b + 1) tokens from bad levels, at most b tokens not on any level
between s and ¢, and at most 2b tokens from each boundary of the at most 4b + 1 good
paths. This gives at most 4b* + 5b + 2b(4b + 1) = 12b* + 7b tokens that can potentially
move.

We proceed by guessing which subset of these potentially movable tokens actually move
and to which level each moving token is assigned. For each such guess, we construct a
weighted acyclic digraph as in the proof of Theorem 81 and in polynomial time compute the
minimum number of token slides needed to discover a shortest path. Since we consider at
most Y0_, (121)21.”{’) subsets (choosing i tokens for each i € {0,1,...,b}) and for each subset
of size i, we have (b+ 1)’ level assignments, the algorithm runs in time O(f(b) - n®M) for
some computable function f depending only on b. Since we consider at most Zi‘):o (12b2i+7b)
subsets (choosing i tokens for each ¢ € {0,1,...,b}) and for each subset of size i, we have
(b+1)" level assignments, the algorithm runs in time O((12b?+7b)"- (b+1)"- (n+m)logn)
which is O(Qo(blog Y. (n+m)log n) and therefore fixed-parameter tractable with respect
to b. O
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Chapter 6

Solution Discovery for NP-hard
Problems

In this chapter, we focus on the solution discovery variants of three fundamental NP-hard
problems that have shaped the landscape of theoretical computer science: INDEPENDENT
SET, VERTEX COVER, and DOMINATING SET.

These classical problems are particularly compelling for several reasons. First, they rep-
resent different facets of graph structure, that is, independence, coverage, and domination.
With that, they each capture a real-world phenomenon from conflict-free resource alloca-
tion to sensor placement and influence propagation. Second, Fellows et al. [33] established
that while these problems exhibit varying behaviors under standard parameterizations (for
parameters k and b), they left a crucial question unanswered: what happens when we
parameterize by structural parameters?

Previous work showed only that these problems lie in XP when parameterized by
treewidth, leaving a significant gap in our understanding. This chapter bridges some of
the gap by establishing that all three problems (INDEPENDENT SET-DISCOVERY, VERTEX
COVER-DISCOVERY, and DOMINATING SET-DISCOVERY) are XNLP-hard when parame-
terized by pathwidth, even when given a path decomposition realizing the pathwidth.
These hardness results immediately extend to treewidth, as pathwidth is an upper-bound
on treewidth for any graph and they imply that no fixed-parameter tractable algorithm
exists for any of these three problems with respect to any of these parameters. The choice
to prove hardness for pathwidth is strategic: it yields to a stronger result, as any prob-
lem hard for the more restrictive parameter (pathwidth) is necessarily hard for the less
restrictive one (treewidth). Our approach employs a unified reduction framework from the
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MiniMUM MAXIMUM OUTDEGREE problem, which we define in Section 6.1.

Beyond settling the parameterized complexity with respect to pathwidth and treewidth,
we investigate the kernelization complexity of these problems. In Section 6.2, we prove that
none of these problems admits a polynomial kernel when parameterized by b+pathwidth,
unless NP C coNP/P. This parameter choice is motivated by the goal of identifying the
minimal form of structural information that, when combined with the budget parame-
ter b, could allow polynomial kernelization where fixed-parameter tractability exists. Fi-
nally, while Fellows et al. showed that INDEPENDENT SET-DISCOVERY and DOMINATING
SET-DISCOVERY admit fixed-parameter tractable algorithms when parameterized by k on
specific sparse graph classes (nowhere dense and biclique-free, respectively), we provide
polynomial kernels for the same in Sections 6.3 and 6.4.

The results presented in this chapter appeared in the paper titled “Kernelization
Complezity of Solution Discovery Problems” [104] and co-authored with Mario Grobler,
Amer E. Mouawad, Naomi Nishimura, Vijayaragunathan Ramamoorthi, and Sebastian
Siebertz [52].

6.1 XNLP-hardness of Independent Set-Discovery,
Vertex Cover-Discovery, and Dominating Set-Dis-
covery for Parameter pathwidth

In this section, we show that all of INDEPENDENT SET-DISCOVERY, VERTEX COVER-
DiscoveRy, and DOMINATING SET-DISCOVERY are XNLP-hard when parameterized by
pathwidth, even when given a path decomposition that realizes the pathwidth.

6.1.1 The reduction framework

Our reductions are from the MINIMUM MAXIMUM OUTDEGREE (MMO) problem. We
begin by noting that an orientation of an undirected graph H is an assignment of directions
to its edges, transforming each undirected edge {u, v} into a directed edge (u,v) or (v, u).
In the MiINIMUM MAXIMUM OUTDEGREE (MMO) problem, we are given a weighted graph
G, an edge weight function w : E(G) — N, and a positive integer r (r and the weights are
encoded in unary). The goal is to determine whether there exists an orientation of G' such
that for each vertex v € V(G), the total weight of arcs directed away from v is at most 7.
Bodlaender et al. [29] proved that MMO is XNLP-hard when parameterized by pathwidth
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even when given a path decomposition realizing the pathwidth. Thus, from here on, we
assume we are given as part of the input to MMO a path decomposition Pg of G of width

pw.

For an instance (G, Pg,w,r) of MMO, we denote by X the total weight of all edges,
n the number of vertices, and m the number of edges. Our reductions will construct a
graph H that encodes the orientation problem as a token movement problem, where the
movement of tokens from their initial positions to a valid final configuration corresponds
to choosing an orientation of G.

Core gadget construction

The constructed graph G consists of two main types of gadgets that encode the constraints
of the MMO instance. For each edge e € E(G), we build an edge-gadget for e containing
a constraint gadget that enforces the requirement that e is oriented away from exactly one
its endpoints. For each vertex v € V(G), we build a vertex-gadget that controls how many
edges v orients away from itself.

Edge-gadgets. For each edge e = uv € E(H), the edge-gadget for e is made of one
constraint gadget and w(e) reservoir paths that will each supply one token to vertex-gadgets
of incident vertices which will (for VERTEX COVER-DISCOVERY and DOMINATING SET-
DI1sCcOVERY with the help of the tightness of the budget) have a limited capacity to receive
tokens.

We denote the ith of the w(e) reservoir paths by the ith reservoir path for e, and
identify one endpoint of the path as the ith reservoir node for e. The constraint gadget
for e also consists of a path, called the constraint path for e, with one endpoint adjacent
to two adjacent facilitator nodes: one facilitator node (e,u) and one facilitator node (e, v),
whose roles are to facilitate that tokens on the reservoir nodes for e are supplied from the
edge-gadget for e to the vertex-gadgets for u and v.

The connections between an edge-gadget for an edge e € F(G) and the vertex-gadgets
for vertices incident to e will ensure tokens flow from the edge-gadget to only one of the
vertex-gadgets corresponding to one endpoint of e. This selection of one vertex per edge
will encode the orientation in G. Figure 6.1 shows a sketch of how the gadget appears in
all reductions.
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Figure 6.1: An edge-gadget for edge e = wv with weight w(e). The constraint gadget
ensures that the edge is oriented away from exactly one of its endpoints, while the w(e)
reservoir paths each provide one token to be distributed. The facilitator nodes (e, u) and
(e,v) control token flow to the vertex-gadgets of u and v, respectively. Gray arrows show
connections to both vertex-gadgets.

Vertex-gadgets. For each vertex v € V(G), the vertez-gadget for v encodes through the
final configuration of tokens how the edges incident to v are oriented in G. The gadget
consists of a central node for v, which is the endpoint of one control path for v (since it will
have a fixed token configuration throughout the transformation sequence), and adjacent
to r receiving paths for v that will each receive at most one token, thus encoding that the
vertex v can orient at most r units of edge weight away from itself.

For each edge e € E(G) incident to v, the vertex-gadget contains w(e) relay paths from
v to e. We denote the ith of the w(e) relay paths from v to e by the ith relay path from v to
e. The role of the ith relay path from v to e is to receive one token from the ith reservoir
path for e through its first checkpoint (one endpoint of the relay path) and send another
of its tokens through the second checkpoint (the other endpoint of the relay path) to the
central node for v and eventually to one of the r receiving paths. The second checkpoint
of each of the relay paths in the gadget is adjacent to the central node of the gadget. We
call the node on the 7th relay path from v to e adjacent to checkpoint 1 of the path, the
ith guard (v,e). See Figure 6.2.

In the final configuration, there are at most r relay paths in the vertex-gadget for a vertex
v € V(G) with a final configuration that is different from the starting configuration and
these relay paths are exactly those from edges which we orient away from v in G.

The edge- and vertex-gadgets are connected in a way such that for each edge e = uv €
E(G), the ith relay path from u to e and the ith relay path from v to e can receive a token
from the ith reservoir path for e through their first checkpoints, and the guards of the
relay paths from v (or u, respectively) to e can communicate (whether they have a token
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or not) to the facilitator node (e, v) ((e, u), respectively) which in turn can “instruct” them
to move their tokens out of the corresponding checkpoint 2 nodes.

1st relay path
from v to e control path for v
1st

1st guard(v,e) 2nd
checkpoint’

1st receiving path
o

2nd receiving path

from edge-gadget e(  w(e)th relay path:
. —o

' from v to e
1st rela); i;)z'lth
from v to e’

/E

/
from edge-gadget ¢/ ( w(e’)th relay path:

' from v to €

‘rth receiving path
o

Figure 6.2: A vertex-gadget for vertex v. The central node connects to a control path and
r receiving paths that can each receive at most one token. For each incident edge e with
weight w(e), there are w(e) relay paths. Each relay path has a first checkpoint (receiving
tokens from edge-gadgets) and a second checkpoint (adjacent to the central node, sending
tokens to receiving paths). Gray arrows show incoming connections from edge-gadgets.

Thus, for each edge e = uv € E(G), the ith reservoir node for e is connected via
edges to checkpoint 1 of the ith relay path from u to e and the ¢th relay path from v to
e. Additionally, the facilitator node (e,u) is connected via communication paths to the
guards (u, e), for each vertex u € V(G) and incident edge e. See Figure 6.3.

In each of the reductions, for each edge e = uv € E(G), using their paths, the two
facilitator nodes will communicate whether the guards can move their tokens out of the
corresponding checkpoint 2 nodes to the receiving paths. In each such edge-gadget, only
one facilitator node will be able to instruct its guards to send their tokens, and this is made
possible by either the constraint gadget or the budget. This also encodes the fact that each
edge can be oriented toward one of its endpoints. It will also be the case that all guards
communicating with one facilitator node will send their tokens. In each vertex-gadget, at
most r guards can send their tokens to the gadget’s receiving paths, encoding that each
vertex can orient at most r units of edge away from itself.

In the INDEPENDENT SET-DISCOVERY reduction, the receiving paths for a vertex v €
V(G) will simply be each made of one node which we call a receiving node for v, and will
collectively be able to receive r tokens in total, but can also receive less. This perfectly
encodes the problem statement that asks for an orientation in which the edges oriented
out of a vertex have a total weight of at most r, and not equal to 7.
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Figure 6.3: Sketch of the graph H constructed by the reduction for an MMO instance with
graph G having vertices u, v, w and edges e; = uv (weight 3), eo = uw (weight 1), with
r = 3. The supplier gadget with five donor paths (rn—2> = 5) is shown at the bottom, with
the supplier node adjacent to all backdoor nodes of the receiving paths (through orange

edges).
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In the other two reductions, the receiving paths for a vertex v € V(G) will either be
edges that need to be covered or paths with some nodes that need to be dominated. Since
the instance solution may have some vertices where the total weight of their out-neighbors
is less than r, some receiving paths will still need to be “supplied” with a token each to
be able to “cover” their edges or “dominate” all their nodes. For this, in those reductions,
we will have in H a supplier gadget.

The supplier gadget contains a central supplier node which connects to rn — X donor
paths that can each send one token to the receiving paths. The supplier node connects (via
edges) to all receiving paths across all vertex-gadgets through the backdoor nodes of their
receiving paths. These backdoor nodes are the endpoints of the receiving paths that are not
adjacent to the central node, allowing tokens from the donor paths to enter the receiving
paths without interfering with the token flow from the relay paths. See Figure 6.3.

Pathwidth of H. Recall that to show that a problem is XNLP-hard, we must perform
a parameterized log-space reduction (pl-reduction, for short). In such reductions, it is
important not only to show that the parameter in the reduced instance remains a function
of the parameter in the original instance but also to show that we can perform the reduction
using at most O(h(pw) + log |x|) working space, for an input instance of size |z| and
parameter pw, where h is a computable function. In this case, we say that the reduction
can be performed by a log-space transducer, which can be thought of as an algorithm.

We show that this holds in the following lemma and corollaries.

Lemma 83. Let (G, Pg,w,r) be an instance of MMO. There exists a log-space transducer
that transforms a path decomposition of G to one of H (the graph constructed by the
reduction) with width at most pw + 6.

Proof. We build a log-space transducer that, given a path decomposition of G, outputs
a path decomposition for the graph H of width at most pw + 7. For that, we need the
following claim.

Claim 84. Given a path P = (v1,vs,...,vs) where £ is a constant, a nice path decomposi-
tion of P can be constructed with bags where we maintain at most two consecutive vertices
at any time:

.Blz®

o By ={uv} (introduce v, )
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o Fori=2,...,(:
— Boi 1 ={vi_1, v} (introduce v;)
— By = {v;} (forget v;_1)

e By 1 =0 (forget v,)

This decomposition has width 1 and can be output by a log-space transducer that only needs
to track the current position in the path.

Recall that the pathwidth of a graph is equal to the size of the largest bag in the corre-
sponding path decomposition minus 1. Now, given the path decomposition of G, we first
ensure that it is a nice path decomposition. A nice path decomposition has the property
that it begins and ends with empty bags, and each intermediate bag either introduces or
forgets exactly one node. Note that this can be done by a log-space transducer [34].

We then process the bags from left to right. We first output a bag that introduces
the supplier node. Then, for each i € [rn — X] (where the pointer i needs only O(logn)
space), we output bags that represent the nice path decomposition of a distinct donor path
following the procedure described in Claim 84 and where the supplier node is added to
each bag.

For a forget bag in the path decomposition of GG, we output a bag containing the central
nodes of the vertex-gadgets for the vertices in the forget bag (where the supplier node is
also added to each bag). For a bag that introduces a vertex v € V(G), we output the
following bags in order:

1. for j € [r+ 1], we output bags that represent the nice path decomposition of the jth
receiving path following the procedure described in Claim 84 and where the supplier
node is also added to each bag (these bags have a size larger than the pathwidth of
G by only four; one since pathwidth is equal to largest bag size minus one, one from
the supplier node, and two from the receiving path decomposition),

2. we output bags that represent the nice path decomposition of the control path for
v following the procedure described in Claim 84 and where the supplier node is also
added to each bag (these bags have a size larger than the pathwidth of G by only
four; one since pathwidth is equal to largest bag size minus one, one from the supplier
node, and two from the control path decomposition),

3. for each edge e € E(G) incident to v with the other endpoint u in the current bag,
we do the following in order.
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(a) We output bags that represent the nice path decomposition of the constraint
path for e following the procedure described in Claim 84, where the supplier
node is also added to each bag, and where we do not forget the node adjacent
to the facilitator nodes (e,u) and (e,v), which we introduce in two following
bags. After introducing the facilitator nodes, we forget the node adjacent to
them on the constraint path for e. Bags of this step have a size larger than the
pathwidth of G by only five (one since pathwidth is equal to largest bag size
minus one, one from the supplier node, and three from the facilitator nodes and
the node adjacent to them on the constraint path for e).

(b) For j € [w(e)], we output bags that represent the nice path decomposition of
the jth reservoir path following the procedure described in Claim 84, where
the supplier node and the facilitator nodes (e,u) and (e,v) are also added to
each bag, and where we do not forget the reservoir node. We then output bags
that represent the nice path decompositions of the paths that connect the jth
reservoir node for e to the checkpoints 2 of the jth relay paths from both u to
e and v to e, following the procedure described in Claim 84, where the supplier
node and the facilitator nodes (e, u) and (e, v) are also added to each bag. Bags
of this step have a size larger than the pathwidth of G by only seven (one since
pathwidth is equal to largest bag size minus one, one from the supplier node,
and two from the facilitator nodes, one from the reservoir node, and two from
the reservoir path decomposition).

(c) We output bags that forget the facilitator nodes (e, u) and (e, v).

At the end, we output a bag that forgets the supplier node. The result is a nice path
decomposition of the graph H. The width has increased by at most six (since the pathwdith
is the largest bag size minus one). O

Note that adding a constant number of nodes ¢ to H cannot increase its pathwidth by
more than ¢ or change the fact that we can build it using a log-space transducer. We state
this in the following corollary.

Corollary 85. Let (G, Pg,w,r) be an instance of MMO. Let H' be a graph obtained from
H (the graph constructed by the reduction) by adding a constant number of nodes c. There
exists a log-space transducer that transforms a path decomposition of G to one of H' with
width at most pw + 6 + c.

In all the reductions, the lengths of the constraint, reservoir, relay, control, receiving,
and communication paths will be constants that are independent of the input size. Fur-
thermore, b will be bounded by a function that is linear in the input size. This means that
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a log-space transducer that outputs H (or H'), along with its path decomposition, the set
S and the budget b, need to run only for polynomial time, which combined with the bound
on the budget ensures that we obtain a valid pl-reduction.

Corollary 86. Let (G, Pg,w,r) be an instance of MMO. There exists a log-space transducer
that outputs in polynomial time H (or H'), along with its path decomposition of width at
most pw + 6 + ¢ for some constant c, the set S and the budget b.

6.1.2 XNLP-hardness of Independent Set-Discovery for Parame-
ter pathwidth

In this section, we show the following theorem.

Theorem 87. INDEPENDENT SET-DISCOVERY is XNLP-hard when parameterized by path-
width.

We prove the above the theorem by a reduction from MMO. Given an instance (G, Pg, w,
r) of MMO, we construct an instance (H,Pg,S,b) of INDEPENDENT SET-DISCOVERY.
The construction follows the framework from Section 6.1.1 with these modifications. Each
receiving path becomes a single receiving node and similarly, each control path becomes a
single control node. Each reservoir path becomes a single reservoir edge with a reservoir
node and an adjacent pump node as endpoints. Each relay path becomes a single relay
edge between its checkpoint 1 and checkpoint 2. Each constraint path becomes a single
constraint edge with nodes that we call the constraint node and the decision node, where
the decision node is adjacent to both facilitator nodes. Finally, each communication path
between a guard (v,e) (now a checkpoint 2 node) and its corresponding facilitator node
(e,v) becomes a single edge that connects them directly. See Figure 6.4.

We place tokens initially on the reservoir and pump nodes of all reservoir paths, on
both nodes of the constraint edges, on checkpoint 2 of each relay path, and finally on
the control nodes. See Figure 6.4. No supplier gadget is needed since receiving nodes
in INDEPENDENT SET-DISCOVERY can remain empty without penalty—the independent
set does not require all receiving nodes to contain tokens (they are there to receive extra
tokens that cannot be placed elsewhere within the budget).

The high-level idea here is that each token on a reservoir node must slide towards an
adjacent checkpoint 1 node, which will trigger the token on the adjacent checkpoint 2 node
to slide toward a token-free receiving node. This requires 3% token slides in total, where
3} is the total weight of all edges in the MMO instance.
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Figure 6.4: The graph H for INDEPENDENT SET-DISCOVERY constructed from an MMO
instance with vertices u, v, w and edges e; = wv (weight 3), e = uw (weight 1), with
r = 3. Red nodes initially contain tokens. Each edge-gadget has reservoir edges (with
reservoir and pump nodes) and a constraint edge. Each vertex-gadget has a central node,
control node, receiving nodes, and relay edges connecting from their checkpoint 1 and 2
nodes to the edge-gadgets through edges.

Additionally, each token on a decision node for edge e = wv € E(G) must slide to one of
the adjacent facilitator nodes (e, u) or (e, v), using one token slide per edge. Our budget b
is set to 3X + m, which allows exactly these moves. The key constraint is that facilitator
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(e,v) is adjacent to all checkpoint 2 nodes of the relay paths from v to e. If the token
on the decision node for edge e slides to facilitator (e, v), these checkpoint 2 nodes must
be token-free in the final configuration. This occurs precisely when the tokens on these
checkpoint 2 nodes slide to receiving nodes in vertex-gadget v, which in turn happens when
tokens on the reservoir nodes for e slide to the relay paths from v to e, thereby encoding
that edge e is oriented away from vertex v. We present below the forward and backward
directions of the proof of Theorem 87.

Lemma 88. If (G, Pg,w,r) is a yes-instance of MMO, then (H, Py, S,b) is a yes-instance
of INDEPENDENT SET-DISCOVERY.

Proof of Lemma 88. Let 0 : E(G) — V(G) x V(G) be an orientation of G such that for
each v € V(G), the total weight of edges directed away from v is at most 7.

For each edge e = uwv € E(G) with 6(e) = (v,u), we do the following.

1. For each i € [w(e)], we slide the token from the reservoir node for the ith reservoir
path for e to checkpoint 1 of the ith relay path from v to e (this uses w(e) token
slides).

2. For each i € [w(e)], we slide the token from checkpoint 2 on the ith relay path from
v to e to the central node for v, then to a free receiving node for v (this uses 2w(e)
token slides).

3. We slide the token from the constraint path for e to the facilitator node (e, v) (this
uses one token slide).

This totals m + 3% token slides. Step 2 is possible since # ensures that each vertex
v orients at most weight r away from itself, so at most r tokens need receiving nodes in
the vertex-gadget for v. Step 3 is possible since in Step 2 all tokens are removed from the
checkpoint 2 nodes of the relay paths from v to e. O

To prove the backward direction, we begin with a simple observation about a solution
to areduced (H, Py, S, b) instance that requires the minimum number of token slides. Note
that in H, it is better to have a token on the control node than on its adjacent central
node.

Observation 89. In a solution to a reduced (H, Py, S,b) instance that requires the mini-
mum number of token slides, the token on the control node does not slide.
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Lemma 90. If (H,Pg,S,b) is a yes-instance of INDEPENDENT SET-DISCOVERY, then
(G, Pg,w,r) is a yes-instance of MMO.

Proof of Lemma 90. The minimum number of token slides used inside any constraint gad-
get for edge e € F(G) is one, and can be achieved by sliding the token on the decision node
to one of the adjacent facilitator nodes. Thus, at least m token slides are required inside
the edge-gadgets and the remaining budget is 3%. Additionally, the minimum number of
token slides required to fix a reservoir edge for edge e = uv € E(G) and i € [w(e)] is one,
and can be achieved by sliding the token on the reservoir node to either checkpoint 1 of the
1th relay edge from u to e or checkpoint 1 of the ith relay edge from v to e. This requires
. token slides. Since a solution that moves the token on the constraint node but not the
token on the decision node, or moves the token on the pump node but not the token on
the reservoir node, is not minimal, we can safely assume that the described m + > token
slides are executed in any solution that uses the minimum number of token slides.

In these same solutions that use the minimum number of token slides, a token that
slides to checkpoint 1 of the ith relay edge from u to e for an edge e = wv € F(G) and
i € [w(e)] requires the token on checkpoint 2 of the same relay edge to slide to either an
adjacent facilitator node or the central node for u. This token would thus force one other
token slide and in total the ¥ tokens that slide to checkpoint 1 nodes thus force ¥ other
token slides.

A token that slides from a checkpoint 2 node in the vertex-gadget for u to the central
node for v must slide again at least once more, since any independent set achieved through
the minimal number of slides would never require sliding tokens on control nodes (by
Observation 89). Since each constraint gadget contains exactly one facilitator node with a
token, a token on a checkpoint 2 node in the vertex-gadget for u that slides to a facilitator
node must force at least two more token slides (since the token itself or another token in
the constraint gadget must slide to checkpoint 2 nodes that are either already containing
tokens, which forces one more token slide, or are token-free because one of their adjacent
nodes does, thus also forcing one more token slide).

Given that at most ¥ token slides remain in any minimal solution, and that each of the
3} tokens initially on checkpoint 2 nodes that must move uses at least one additional token
slide, each such token uses exactly one additional token slide. Thus, the token initially on
the checkpoint 2 node of the ith relay edge from u to e that slides to the central node for u,
must in exactly one more token slide move to a free receiving node for u. This is possible
only if there exists a free receiving node in the vertex-gadget for w.

For any edge e = uv € E(G), if the facilitator node (e, v) (resp. (e,u)) contains a token
in the final configuration, then no checkpoint 2 node of a relay edge from v to e (resp. from
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u to e) contains a token in the final configuration, and the tokens on these checkpoint 2
nodes have been moved to receiving nodes for v (resp. for u). Given this, we produce an
orientation 6 of G, where 6(e) = (v,u) (resp. 6(e) = (u,v)) if the facilitator node (e, v)
(resp. (e,u)) contains a token in the final configuration. Since each vertex-gadget for v
has exactly r receiving nodes, 6 is such that the total weight directed out of any vertex
v € V(G) is at most r. O

6.1.3 XNLP-hardness of Vertex Cover-Discovery for Parameter
pathwidth

In this section, we show the following theorem.

Theorem 91. VERTEX COVER-DISCOVERY is XNLP-hard when parameterized by path-
width.

We prove the above theorem by a reduction from MMO. Given an instance (G, Pg,w, 1)
of MMO, we construct an instance (H,Ppy,S,b) of VERTEX COVER-DISCOVERY. The
construction follows the framework from Section 6.1.1 with these modifications. Each
receiving path becomes a single receiving edge with a frontdoor node and a backdoor node.
The frontdoor node is the endpoint adjacent to the central node of the vertex-gadget,
while the backdoor node is adjacent to the supplier node. Each control path becomes a
single control node. Each reservoir path becomes a path of two edges: an auziliary node
is adjacent to a pump node which in turn is adjacent to a reservoir node. Each relay path
becomes a single relay edge between its checkpoint 1 and checkpoint 2. Each constraint
path becomes a single constraint edge with nodes that we call the constraint node and
the decision node, where the decision node is adjacent to both facilitator nodes. Each
communication path becomes a single edge connecting a checkpoint 2 node directly to its
corresponding facilitator node. Each donor path in the supplier gadget becomes a path of
two edges. To facilitate the proof for this theorem, we add one node to H and make it
adjacent to the supplier node. See Figure 6.5.

We initially place tokens on the pump and reservoir nodes of all reservoir paths, on both
nodes of the constraint edges, on checkpoint 2 of each relay edge, on the central nodes, on
the supplier node, and on the endpoints of each donor path. We set b = 3X+m+3(rn—X) =
m + 3rn, where 3(rn — X) token slides will allow one token to slide from each donor path
to a distinct receiving edge.
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Figure 6.5: The graph H for VERTEX COVER-DISCOVERY constructed from an MMO
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pump node, and a reservoir node. Each receiving edge has one frontdoor node and one

backdoor node. The supplier gadget with five donor paths (rn — X = 5) is adjacent to all
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Unlike in INDEPENDENT SET-DISCOVERY, a supplier gadget is needed because VERTEX
COVER-DISCOVERY requires that all edges are covered, including all the receiving edges.
Since the instance solution may orient some edges away from vertices with a total weight
less than r, some receiving edges will not be covered by tokens from relay edges and must
be covered by tokens from donor paths.

The high-level idea is that tokens slide from reservoir nodes to checkpoint 1 nodes, thus
allowing the tokens on the adjacent checkpoint 2 nodes to each slide towards a frontdoor
node and thus cover one receiving edge. This requires 3% token slides. However, note that
a token on a checkpoint 2 node can only slide when its adjacent facilitator node contains a
token. This forces the choice of one endpoint per edge to orient the edge away from. The
construction will force ¥ tokens to slide in the described manner to frontdoor nodes. The
remaining rn — 3 receiving edges will each have to receive a token from a donor path to
its backdoor node. We present in the following the forward and backward directions of the
proof of Theorem 91.

Lemma 92. If (G, Pg,w,r) is a yes-instance of MMO, then (H, Py, S,b) is a yes-instance
of VERTEX COVER-DISCOVERY.

Proof. Let 0 : E(G) — V(G) x V(G) be an orientation of G such that for each v € V(G),
the total weight of edges directed away from v is at most 7.

For each edge e = uwv € E(G) with 6(e) = (v,u), we do the following.

1. For each i € [w(e)], we slide the token from the reservoir node of the ith reservoir
path for e to checkpoint 1 of the ith relay edge from v to e (this uses w(e) token
slides).

2. For each i € [w(e)], we slide the token from checkpoint 2 on the ith relay edge from
v to e to the central node for v, then to the frontdoor node of a token-free receiving
edge for v (this uses 2w(e) token slides).

3. We sslide the token from the decision node on the constraint edge for e to the facilitator
node (e, v) (this uses one token slide).

For each vertex v € V(G), let w, denote the total weight of edges oriented away from
v under 6. Since w, < r, exactly r — w, receiving edges for v are not covered. For each
such receiving edge, we slide a token from the closest endpoint of a donor path through
the supplier node to the backdoor node of that receiving edge (this uses two token slides
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per donor path). We slide the token on the other endpoint of the path to the middle node
of the path (this uses one token slide per donor path).

This totals m+3X+3(rn—X) = m+3rn token slides and all edges in H are covered. [

To prove the backward direction, we begin with a simple observation about a solution
to a reduced (H, Py, S, b) instance that requires the minimum number of token slides.

Observation 93. In a solution to a reduced (H, Py, S,b) instance that requires the mini-
mum number of token slides, it is safe to assume that the tokens on the central nodes and
on the supplier node do not slide.

Lemma 94. If (H, Py, S,b) is a yes-instance of VERTEX COVER-DISCOVERY, then (G, Pg,
w,r) is a yes-instance of MMO.

Proof. First, each receiving edge must be covered by at least one token, and a token can
only reach a receiving edge from the central node or the supplier node. This means that
we need at least rn token slides to move tokens from either the supplier node or the central
nodes and cover the receiving edges.

For a token that is not the token originally on the central node for v to reach this central
node, one token slide is need to slide the token on a checkpoint 2 node in the vertex-gadget
for v toward the central node and at least one other token slide is needed to cover the relay
edge to which the checkpoint 2 belongs. For a token that is not originally on the supplier
node to reach the supplier node, one token slide is needed to slide a token from a donor
path and at least one other token slide is needed to cover all edges of this donor path.

Thus, in any case, each receiving edge requires at least three token slides to be covered.
Note also that each edge between a pair of adjacent facilitator nodes is not covered and
thus at least one additional token slide is required to cover this edge. One token slide can
be achieved by sliding the token on the decision node to one of the facilitator nodes and
as it is safe to assume that this token slide happens, we do assume as such.

The minimum total number of token slides is thus b = m + 3rn, implying that each
token that slides to a central node or the supplier node (before sliding to a receiving path)
must use or force exactly two token slides.

For a token that is not originally on the supplier node to reach the supplier node, one
token slide is needed to slide a token from a donor path and each edge of this donor path
can be covered using only one token slide, by sliding the token remaining in the path to
the middle node. For a token that moved from a checkpoint 2 node to an adjacent central
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node to force at most one more token slide, it can only be the case the adjacent checkpoint
2 node received a token from its adjacent reservoir node. This is true because, if we slide
a token from a facilitator node to a checkpoint 2 node instead, we will need at least one
more token slide to cover the edge shared between the facilitator node and its adjacent
facilitator node.

Using donor paths, we can cover at most rn — X receiving paths. For each of the X
other paths, the tokens have to slide from central nodes into frontdoor ones. Note that
Y] is exactly equal to the number of reservoir nodes; thus all tokens on all reservoir nodes
slide to checkpoint 1 nodes. Now, for edge e = uv € E(G), only if facilitator (e, v) contains
a token, then checkpoint 2 nodes of relay edges from v to e can move their tokens to the
central node for v. For each edge e = uwv € E(G), only one facilitator node contains a
token, and the tokens on reservoir nodes must all have moved (in one token slide each) to
checkpoint 1 nodes of the vertex-gadget for the vertex the facilitator node corresponds to.

We define the orientation 6(e) = (v, u) if facilitator (e,v) contains a token. Since each
vertex v has exactly r receiving edges, and at most r of those edges collectively received
one token from each of the relay paths corresponding to edges in G oriented out of v, the
weight of edges oriented away from v is at most 7. O

6.1.4 XNLP-hardness of Dominating Set-Discovery for Parame-
ter pathwidth

In this section, we show the following theorem.

Theorem 95. DOMINATING SET-DISCOVERY is XNLP-hard when parameterized by path-
width.

We prove the above theorem by a reduction from MMO. Given an instance (G, Pg,w, 1)
of MMO, we construct an instance (H, Py, S,b) of DOMINATING SET-DISCOVERY. The
construction follows the framework from Section 6.1.1 with these modifications. Each
receiving path has two edges that connect a frontdoor node to a middle node and the
middle node to a backdoor node. The backdoor nodes are adjacent to the supplier node.
Each control path becomes a control node adjacent to the central node. Each reservoir path
for edge e becomes a reservoir path of four nodes: the auziliary node 1, the pump node,
the auziliary node 2, and the reservoir node. Each relay path has two edges connecting
checkpoint 1 node to the guard node, and the guard node to checkpoint 2 node. Each
constraint path has two edges connecting three nodes. Each communication path has two
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edges with one police node in the middle. Each donor path is a path with seven nodes.
To facilitate the proof of the theorem, we add one node to H and make it adjacent to the
supplier node. Additionally, we add to H an edge with a dominator node which is made
adjacent to all the checkpoint 2 nodes. See Figure 6.6.

We initially place tokens on the pump and reservoir nodes of all reservoir paths, on
both facilitator nodes, on the guard nodes of each relay edge, on the central nodes, on the
supplier node, on the dominator node, and on the endpoints and the middle node of each
donor path. We set b = 4X + 2m + 4(rn — X) = m + 4rn, where 4(rn — X) token slides
will allow tokens to slide from donor paths to receiving edges.

Unlike in INDEPENDENT SET-DISCOVERY, a supplier gadget is needed because DOMI-
NATING SET-DISCOVERY requires that all nodes be dominated, including all the nodes of
the receiving paths. Since the instance solution may orient some edges away from vertices
with a total weight less than r, some nodes on the receiving paths will not be dominated
by tokens from relay edges and must be dominated by tokens from donor paths.

The high-level idea is that () tokens slide from reservoir nodes to checkpoint 1 nodes,
thus allowing the tokens on the adjacent guard nodes to slide (using three token slides
each) toward a frontdoor node and thus dominate the middle node of a receiving path.
This requires 4% token slides. However, note that tokens on guard nodes can only slide
when their adjacent police nodes are dominated by a token on a facilitator node. The
constraint path requires that one token on one of the facilitator nodes slide towards it. This
forces the choice of one endpoint per edge to orient the edge away from. The construction
will force ¥ tokens to slide in the described manner to frontdoor nodes. The remaining
rn — 2 receiving paths will each have to receive a token from a donor path to its backdoor
node. We present in the following the forward and backward directions of the proof of
Theorem 95.

Lemma 96. If (G, Pg,w,r) is a yes-instance of MMO, then (H, Py, S,b) is a yes-instance
of DOMINATING SET-DISCOVERY.

Proof. Let 0 : E(G) — V(G) x V(G) be an orientation of G such that for each v € V(G),
the total weight of edges directed away from v is at most 7.

For each edge e = uwv € E(G) with 6(e) = (v,u), we do the following.

1. For each i € [w(e)], we slide the token from the reservoir node of the ith reservoir
path for e to checkpoint 1 of the ith relay edge from v to e (this uses w(e) token
slides).
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2. For each i € [w(e)], we slide the token from the guard node on the ith relay path from
v to e to the central node for v through a checkpoint 2 node, then to the frontdoor
node of a token-free receiving path for v (this uses 3w(e) token slides).

3. We slide the token from facilitator node (e,u) to the middle node of the constraint
path for e (this uses two token slides).

For each vertex v € V(G), let w, denote the total weight of edges oriented away from
v under . Since w, < r, exactly r — w, receiving paths for v have middle nodes that are
not dominated. For each such receiving path, we slide a token from the closest endpoint of
a donor path through the supplier node to the backdoor node of that receiving path (this
uses two token slides per donor path) and dominate all nodes of the receiving path (front
door nodes are dominated by the token on the central node). We slide each of the other
tokens of the donor path one token slide in the direction of the supplier node to fix the
path (this uses two token slides per donor path).

This totals 2m+4¥X+4(rn—X) = m+4rn slides and all nodes in H are dominated. [

To prove the backward direction, we begin with a simple observation about a solution
to a reduced (H, Py, S, b) instance that requires the minimum number of token slides.

Observation 97. In a solution to a reduced (H, Py, S,b) instance that requires the mini-
mum number of token slides, it is safe to assume that the tokens on the central nodes and
on the supplier node do not slide.

Lemma 98. If (H,Py,S,b) is a yes-instance of DOMINATING SET-DISCOVERY, then
(G, Pg,w,r) is a yes-instance of MMO.

Proof. First, each receiving path must receive at least one token, and tokens can only reach
a receiving path after passing through the central node or the supplier node. This means
that we need at least three token slides to move a token through a central node, and at
least two token slides to move a token through a supplier node.

For a token to slide through the central node from a guard node, it must be the case
that in a valid final configuration 7" either the guard node or the adjacent checkpoint 1
node contains a token. This implies that for each such token that slides through the central
node from a guard node, we need at least one additional token slide and exactly one token
slide is only possible by sliding the token on the reservoir node adjacent to the checkpoint
1 node to the checkpoint 1 node. For a token to slide through a supplier node from the
closest endpoint of a donor path, it must be the case that we need at least two additional
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token slides to fix the donor path and exactly two token slides can only be achieved by
sliding each other token on the same donor path one token sliding step in the direction of
the supplier node.

Thus, in any case, each receiving path requires at least four token slides (from the
analysis above) to dominate its middle nodes. Note also that each constraint path requires
at least two token slides to be dominated by sliding a token from one of the facilitator nodes
(in the same constraint gadget) to its middle node. The minimum total number of token
slides is thus b = 2m + 4rn, implying that for each edge-gadget, exactly one facilitator
node is in 7', and each of the receiving paths forces exactly four token slides.

Using donor paths with at most four token slides per receiving path, we can dominate
at most rn — X middle nodes of rn — X such paths; for each of the ¥ other paths, the
tokens have to slide from central nodes into frontdoor ones. Note that this is exactly equal
to the number of reservoir nodes, thus all tokens on all reservoir nodes slide to checkpoint
1 nodes. Now, for edge e = wv € E(G), only if facilitator (e,v) contains a token, then
guard nodes of relay paths from v to e can move their tokens to the central node for v,
otherwise, the adjacent police node will not be dominated. For each edge e = uv € E(G),
only one facilitator node contains a token, and the tokens on the reservoir nodes of the
edge-gadget for e must all have moved (in one token slide each) to checkpoint 1 nodes
of the vertex-gadget for the vertex the facilitator node corresponds to (u if the facilitator
node is facilitator (e, ), v otherwise).

We define the orientation 6(e) = (v, u) if facilitator (e,v) contains a token. Since each
vertex v has exactly r receiving paths, and at most r of those paths received tokens from
each of the relay paths corresponding to edges in GG oriented out of v, the weight of edges
oriented away from v is at most r. O

6.2 No Polynomial Kernel for Independent Set-Disco-
very, Vertex Cover-Discovery, and Dominating
Set-Discovery with Parameter b+pathwidth

In this section, we show that all of INDEPENDENT SET-DISCOVERY, VERTEX COVER-
DiscovERy, and DOMINATING SET-DISCOVERY parameterized by b + pathwidth do not
admit polynomial kernels unless NP C coNP/P. We achieve this by providing an or-cross-
composition for each problem from the MiNIMUM MAXIMUM OUTDEGREE (MMO) prob-
lem. Our or-cross-composition builds upon the reductions used to establish XNLP-hardness,
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extending them to handle multiple instances simultaneously while ensuring that the or-
cross-composed instance has a solution if and only if at least one of the input instances
does. We provide, as before, a framework section that describes the common features of
all or-cross-compositions.

6.2.1 The or-cross-composition framework

Let R be the polynomial equivalence relation over instances of MMO where two instances
are equivalent if and only if their graphs have the same number of vertices n, the same
number of edges m, the same total weight on the edges (which we denote by ¥) and the
same threshold value r. This relation can be decided in polynomial time and partitions
MMO instances into classes based on their number of vertices, number of edges, total
weight on the edges, and thresholds.

Given t equivalent MMO instances (G, Pgs,07,77) for j € [t], each with n vertices, m
edges, total weight 3 on the edges and a threshold r/ = r, we construct a graph H* that
encodes all instances while enforcing that exactly one can be selected and solved.

The graph H* will encode each of the t MMO instances in a subgraph H” that is built as
we built the graph H in Section 6.1.1, and will have the following additional components of
an instance selector that enforces that exactly one of the t instances is selected for solving.

The instance selector contains for each instance j € [t], a selection edge for j with a
select node for 7 and an unselect node for j as endpoints. The placement of tokens on these
edges will determine which instance is active. The instance selector also contains a weights-
hub component formed of a weights-hub node adjacent to X weight edges. For each weight
edge, we call the endpoint adjacent to the weights-hub node a weight node. Finally, the
instance selector contains an orientations-hub component with an orientations-hub node
adjacent to m orientation edges. For each orientation edge, we call the endpoint adjacent
to the orientations-hub node an orientation node. These edges will encode the orientation
decisions for the m edges in the selected instance.

The instance selector will enforce the OR behavior through careful budget constraints
and structural design. It will be attached to each subgraph H? for j € [t] only through its
weights-hub and orientations-hub nodes. Additionally, each selection edge for j will connect
to subgraph H7. It is easy to see that the graph H* can be formed in time polynomial
in the size of all ¢ input instances. Additionally, b will be set in each or-cross-composition
so that it is bounded above by a function linear in m and . In addition to correctness
and the fact that this or-cross-composition runs in polynomial time with respect to the
total size of all ¢ instances of MMO, it remains to show that the pathwidth of H* is also
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bounded above by a function polynomial in the size of the maximum size instance plus
logt.

Claim 99. The pathwidth of H* is at most pw + 10+ ¢ for some constant ¢ and where pw
is the pathwidth of the mazximum pathwidth instance.

Proof of Claim 99. If we remove the weights-hub and the orientations-hub nodes from
H*, we are left with the following maximal connected components: Y weight edges (of
pathwidth at most two each) and m orientation edges (of pathwidth at most two each) as
well as t subgraphs (each representing an instance) of pathwidth at most pw + 8 + ¢ for
some constant ¢ (an extra two to account for the selection edge connected to the subgraph
of its corresponding instance). Then an algorithm that outputs a path decomposition
for H* can simply output the path decomposition for each of the connected components
following the procedures described in Claim 84 and Lemma 83, except without empty
bags, and where each bag in the decomposition is augmented by the weights-hub and the
orientations-hub nodes. The decomposition starts by introducing these nodes and ends by
forgetting them. m

Note that adding a polynomial (with respect to m and ) number of degree-1 nodes
to HT (which we would need to do in some or-cross-compositions) cannot increase its
pathwidth by more than one. We state this in the following corollary.

Corollary 100. Let H*' be a graph obtained from H™ by adding a polynomial (with respect
to m and X)) number of degree-1 nodes. Then its pathwidth is at most pw+ 11+ ¢ for some
constant ¢ and where pw is the pathwidth of the mazximum pathwidth instance.

6.2.2 No Polynomial Kernel for Independent Set-Discovery with
Parameter b+pathwidth

In this section, we show that INDEPENDENT SET-DISCOVERY when parameterized by
b+pathwidth does not admit a polynomial kernel unless NP C coNP/P. Thus, we prove
the following theorem.

Theorem 101. There exists an or-cross-composition from MINIMUM MAXIMUM OUT-
DEGREE to INDEPENDENT SET-DISCOVERY parameterized by b+pathwidth. Consequently,
INDEPENDENT SET-DISCOVERY does not admit a polynomial kernel with respect to b+path-
width, unless NP C coNP/P.
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We prove the above theorem by or-cross-composing MMO into INDEPENDENT SET-
DI1SCOVERY. Given ¢ equivalent MMO instances (G7, Pgs, 07, r7) for j € [t], each with n
vertices, m edges, ¥ total weight on the edges, and a threshold 7/ = r, we construct a
graph H™T following the framework of Section 6.2.1, where the subgraph H’ representing
instance (G’,Pgi,07,77) is as described in Section 6.1.2, and where we add two degree-1
nodes. In particular,

e cach receiving path becomes a single receiving node, and each control path becomes
a single control node,

e cach reservoir path becomes a single reservoir edge with a reservoir node and an
adjacent pump node as endpoints,

e cach relay path becomes a single relay edge between its checkpoint 1 and checkpoint
2 endpoints,

e cach constraint path becomes a single constraint edge with nodes that we call the
constraint node and the decision node, where the decision node is adjacent to both
facilitator nodes, and

e cach communication path between a guard (v,e) (now a checkpoint 2 node) and
its corresponding facilitator node (e,v) becomes a single edge that connects them
directly.

Additionally, we make the orientations-hub node adjacent to every constraint node in
every subgraph H’ for j € [t] and to one degree-1 first extra node. We make the weights-
hub node adjacent to every pump node in every subgraph H’ for j € [t] and to one degree-1
second extra node. Finally, for each j € [t], we make the unselect node for j adjacent to all
the reservoir and central nodes of H’s. See Figure 6.7.

We place tokens on all reservoir, control, decision, and checkpoint 2 nodes. Additionally,
we place a token on each of unselect node for j for each j € [t], the first and second extra
nodes, and all the nodes of the weight and orientation edges.

The high-level idea is that now the tokens that were initially on the pump and constraint
nodes of a reduced instance and that forced the tokens on reservoir and decision nodes to
slide are outside of the instance on orientation and weight nodes. We set the budget tightly
so that in addition to the m + 3% token slides needed inside some subgraph H” for j € [t]
and the 2m + 2% token slides needed to slide the tokens on the orientation and weight
nodes toward the constraint and pump nodes, respectively, only one additional token slide
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is allowed. This token slide can only be used to slide the token on the unselect node for j
so that subgraph H’ can receive additional tokens. Thus, we set b = 3m + 5% + 1.
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Figure 6.7: Part of the instance selector of the graph H™ of INDEPENDENT SET-
DISCOVERY (yellow-shaded area) and its connections to one subgraph HY for j € [t
(gray-shaded area). Red nodes contain tokens. The orientations-hub node is adjacent
to all constraint nodes (black dashed edges), the weights-hub node is adjacent to all pump
nodes (green dashed edges), and the unselect node for j is adjacent to all the reservoir and
central nodes in H’ (orange dotted edges).

We now show the forward and backward directions of the proof of Theorem 101.
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Lemma 102. If, for some j € [t|, (G, Pgs,07,17) is a yes-instance of MMO, then
(H",S,b) is a yes-instance of INDEPENDENT SET-DISCOVERY.

Proof of Lemma 102. Let (G?, Pgs,07,77) be a yes-instance of MMO and let 0 : E(G7) —
V(G7) x V(G’) be an orientation of G’ such that for each v € V(G), the total weight
of edges directed away from v is at most /. In H™, one token needs to leave each of
the orientation nodes and the weight nodes. Thus, we slide the token on each orientation
node toward a distinct constraint node in H’ and the token on each weight node toward
a distinct pump node in H? using 2m + 2 token slides. Additionally, we slide the token
on the unselect node for j toward the select node for j in one token slide. This leaves a
budget v’ = m + 3% and achieves a configuration of tokens inside H7 that is equal to that
of the tokens on the graph H of the reduction of Theorem 87. From Lemma 88, given 6,
we can achieve a configuration of the tokens that constitutes an independent set in H7 in
m + 3% token slides. Applying these token slides in H' also achieves a configuration of
tokens that is an independent set. O

Before showing the backward direction, we note the following two observations.

Observation 103. In a solution to an instance (H*,S,b) of INDEPENDENT-SET-DISCO-
VERY that requires the minimum number of token slides, it is safe to assume that the tokens
on the control nodes and on the first and second extra nodes do not slide.

Observation 104. In a solution to an instance (H*,S,b) of INDEPENDENT-SET-DISCO-
VERY that requires the minimum number of token slides, no token can slide into a subgraph
HI for some j € [t] without sliding the token on its corresponding unselect node for j.

Lemma 105. If (H",S,b) is a yes-instance of INDEPENDENT SET-DISCOVERY, then for
some j € [t], (GI, Pgi,a?,17) is a yes-instance of MMO.

Proof of Lemma 105. First, from Observation 103 we can conclude that one token has to
slide from each orientation edge two token slides towards some constraint node. We also
conclude that one token has to slide from each weight edge two token slides towards some
pump node. Furthermore, from Observation 104, we also conclude that at least one token
slide is needed to slide the token on the unselect node for j for some j € [t]. Note that we
can safely assume that for some solution that uses the minimum number of token slides,
this token goes to the select node for j.

This implies that at most m + 3% token slides are left. Fach token on a constraint
node in an edge-gadget for some edge e in some subgraph H’ for some j € [¢] (and many
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tokens can be on this node) will force at least one additional token slide and a token to
slide towards one of the facilitator nodes in the same gadget. Additionally, each token on a
pump node (and many tokens can be on this node) will force at least one additional token
slide and a token to slide from the adjacent reservoir node one token sliding step toward
a checkpoint 1 node. This leaves at most 2X token slides and ¥ tokens at checkpoint 1
nodes.

Each of those ¥ tokens will require at least two token slides. This is true because a
token sliding from an adjacent checkpoint 2 node cannot be destined to a central node by
Observation 103, and if it slides into a facilitator, then it requires at least one additional
token slide, since each triangle formed by a decision and two facilitator nodes contains at
least one token. Thus, each of these X tokens can use exactly two token slides. Given that
this consumes the budget and thus we can afford to move only one token on one unselect
node, all tokens moving from orientation and weight edges must go to the same subgraph
HY for some j € [t].

In fact, in a solution that requires the minimum number of token slides, each token
that slides from a checkpoint 2 node into a facilitator node requires at least two additional
token slides as it must be the case that it or some other token leaves toward some other
checkpoint 2 node that either contains a token or has an adjacent checkpoint 1 node that
does. Thus, each token that leaves a checkpoint 2 node goes to a central node and then a
receiving node.

Given that this consumes all of the budget, it must be the case that the tokens that
come from the orientation edges slide into distinct constraint nodes of H’ and from the
weight edges into distinct pump nodes of H’ and then they force the tokens on adjacent
nodes to slide (otherwise, we would need more token slides to slide at least one token along
a constraint or a reservoir edge). Additionally, each token that slides into a checkpoint 1
node will make the token on the adjacent checkpoint 2 node slide two token slides toward
a receiving node and each token that slides into a constraint node will make the token on
the decision node slide toward an adjacent facilitator node.

For any edge e = uv € E(GY), if the facilitator node (e,v) (resp. (e,u)) contains a
token in the final configuration, then no checkpoint 2 node of relay edges from v to e (resp.
from u to e) contains a token in the final configuration, and the tokens on these checkpoint
2 nodes have been moved to receiving nodes for v (resp. for u). Given this, we produce an
orientation 6 of G7, where 6(e) = (v,u) (resp. 0(e) = (u,v)) if the facilitator node (e, v)
(resp. (e,u)) contains a token in the final configuration. Since each vertex-gadget for v
has exactly r receiving nodes, 6 is such that the total weight directed out of any vertex
v € V(G) is at most . O
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6.2.3 No Polynomial Kernel for Vertex Cover-Discovery with Pa-
rameter b+pathwidth

In this section, we show that VERTEX COVER-DISCOVERY when parameterized by b+path-
width does not admit a polynomial kernel unless NP C coNP/P. Thus, we prove the
following theorem.

Theorem 106. There exists an or-cross-composition from MINIMUM MAXIMUM OUT-
DEGREE to VERTEX COVER-DISCOVERY parameterized by b+pathwidth. Consequently,
VERTEX COVER-DISCOVERY does not admit a polynomial kernel with respect to b+path-
width, unless NP C coNP/P.

We prove the above theorem by or-cross-composing MMO into VERTEX COVER- Dis-
COVERY. Given t equivalent MMO instances (G7,Pgs,07,17) for j € [t], each with n
vertices, m edges, ¥ total weight on the edges, and a threshold 7/ = r, we construct a
graph H' following the framework of Section 6.2.1, where the subgraph H’ representing
instance (G’, Pgj,07,77) is as described in Section 6.1.3 except without the supplier gad-
get, and where we add a polynomial (with respect to m and ) number of degree-1 nodes.
In particular,

e cach receiving path becomes a single receiving edge with a frontdoor node and back-
door node as endpoints (the frontdoor node is the endpoint adjacent to the central
node of the vertex-gadget),

e cach control path becomes a single control node,

e each reservoir path becomes a path of two edges: an auziliary node is adjacent to a
pump node which in turn is adjacent to a reservoir node,

e cach relay path becomes a single relay edge between its checkpoint 1 and checkpoint
2 endpoints,

e cach constraint path becomes a single constraint edge with nodes that we call the
constraint node and the decision node, where the decision node is adjacent to both
facilitator nodes, and

e cach communication path between a guard (v,e) (now a checkpoint 2 node) and
its corresponding facilitator node (e,v) becomes a single edge that connects them
directly.
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Figure 6.8: Part of the instance selector of the graph H* of VERTEX COVER-DISCOVERY
(yellow-shaded area) and its connections to one subgraph H? for j € [t] (gray-shaded
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orientations-hub node is adjacent to all facilitator nodes (black dashed edges), the weights-
hub node is adjacent to all backdoor nodes of receiving edges (green dashed edges), and
the select node for j is adjacent to all facilitator and checkpoint 2 nodes in H? (orange
dotted edges).
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Additionally, we make the orientations-hub node adjacent to every facilitator node and
the weights-hub node adjacent to every backdoor node in every subgraph H’ for j € [t].
Finally, for each j € [t], we make the select node for j adjacent to all the facilitator and
checkpoint 2 nodes of H’s. See Figure 6.8.

We place tokens on all reservoir, pump, central, decision, facilitator, backdoor, and
checkpoint 2 nodes. Additionally, we place a token on each unselect for j for each j € [t],
and the weights-hub and orientations-hub nodes.

The high-level idea is that now each weight edge needs at least one token to cover its
edge and will have to take this token from a backdoor node. Additionally, each orientation
edge needs at least one token to cover its edge and will have to take this token from a
facilitator node. This will consume 2+ 2m token slides. We tighten the budget so that in
addition to these token slides, only 3¥ 4 1 token slides are allowed. One token slide can be
used to slide the token on the unselect node for j toward the select node for j which covers
edges this node shares with the subgraph that loses tokens. The other 3% token slides
can be used to fill frontdoor nodes adjacent to now empty backdoor nodes, thus ensuring
that we move tokens from distinct backdoor nodes and from the same subgraph H’. Thus,
b=2m 45X + 1.

We now show the forward and backward directions of the proof of Theorem 106.

Lemma 107. If, for some j € [t], (G, Pgi,0?,r7) is a yes-instance of MMO, then
(H*,S,b) is a yes-instance of VERTEX COVER-DISCOVERY.

Proof of Lemma 107. Let (G?,Pgi,07,17) be a yes-instance of MMO and let 6 : E(G7) —
V(G7) x V(G’) be an orientation of G’ such that for each v € V(G), the total weight
of edges directed away from v is at most /. In HT, for each edge e € G’ such that
O(e) = (v,u), we slide the token on facilitator (e,u) into a token-free orientation node.
This consume 2m token slides. We slide the tokens on the reservoir nodes in the edge-
gadget for e into their adjacent checkpoint 1 nodes in the vertex-gadget for v. This requires
>’ token slides.

Now, we slide each token on a checkpoint 2 node adjacent to a checkpoint 1 node
containing a token into a token-free frontdoor node in the same gadget. Since this is a
feasible orientation, each vertex-gadget receives at most r tokens on its checkpoint 1 nodes,
thus r tokens can slide from checkpoint 2 nodes of a vertex-gadget. This requires 23 token
slides.

Since the number of tokens now on distinct frontdoor nodes is ¥, we slide each token on
a backdoor node adjacent to a frontdoor node containing a token to a distinct token-free
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weight node. This requires 23 token slides. Finally, we slide the token on the unselect node
for 7 into the select node for j using one token slide. Performing these b = 2m + 5% + 1
token slides results in a vertex cover in H™. O

Before showing the backward direction, we note the following two observations.

Observation 108. In a solution to an instance (H*,S,b) of VERTEX COVER-DISCOVERY
that requires the minimum number of token slides, it is safe to assume that the tokens on
the central nodes and on the orientations-hub and weights-hub nodes do not slide.

Observation 109. In a solution to an instance (H*,S,b) of VERTEX COVER-DISCOVERY
that requires the minimum number of token slides, no token can slide from a subgraph H’
for some j € [t] without sliding a token into its corresponding select node for j.

Lemma 110. If (H",S,b) is a yes-instance of VERTEX COVER-DISCOVERY, then for
some j € [t], (GI, Pgi,o?,17) is a yes-instance of MMO.

Proof of Lemma 110. First, from Observation 108 we can conclude that Y tokens have
to slide from backdoor nodes into weight nodes. We also conclude that m tokens have
to slide from facilitator nodes to orientation nodes. This requires 2m + 2X token slides.
Furthermore, from Observation 109, we also conclude that at least one token slide is needed
to slide a token into the select node for j for some j € [t]. Note that we can safely assume
that for some solution that uses the minimum number of token slides, this token comes
from the select node for j.

This implies that at most 3 token slides are left. Each token that slides from a
backdoor node requires at least two token slides to get a token to an adjacent frontdoor
node, since by Observation 108 the token cannot come from a central node. Also, when a
token moves from a checkpoint 2 node, it requires at least one token slide to slide a token
into either the same node or an adjacent checkpoint 1 node. Note that this consumes
the entire budget, thus when a token slides from a checkpoint 2 node it can force exactly
one token slide. Additionally, given the tightness of the budget, it must be the case that
tokens move into orientation and weight nodes from the same subgraph H? for some j € [t].
Moreover, it must be the case that these tokens come from distinct facilitator nodes in m
distinct edge-gadgets of H7 into the orientation nodes. Otherwise, we would need at least
one additional token slide to cover the edge shared by two adjacent facilitator nodes or to
get a token into a facilitator node.

Note that since every constraint gadget in H; is missing a token on one of its facilitator
nodes, when a token moves from a checkpoint 2 node ¢p, it must be the case that a token
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slides from a reservoir node into the checkpoint 1 node adjacent to c¢p. Otherwise, we would
require at least one additional token slide. Since Y tokens slide into the weight nodes from
backdoor nodes, ¥ tokens slide from the reservoir nodes. Thus, each edge-gadget slides all
the tokens on its reservoir nodes.

For any edge e = uv € E(GY), only if the facilitator node (e, v) (resp. (e, u)) contains
a token in the final configuration, then a checkpoint 2 node of relay edges from v to e
(resp. from u to e) can not contain a token in the final configuration. Thus, so that ¥
tokens slide from reservoir nodes, all tokens on the reservoir nodes in the edge-gadget for
e slide to the checkpoint 1 nodes of the vertex-gadget for v. However, since each vertex-
gadget should receive at most r such tokens and consequently send at most r tokens to the
weight edges, we can produce a feasible orientation @ of G’ as follows. We set 6(e) = (v, u)
(resp. 6(e) = (u,v)) if the facilitator node (e,v) (resp. (e,u)) contains a token in the
final configuration. Since each vertex-gadget for v can send at most r tokens into weight
nodes, and thus receive at most r tokens into its checkpoint 1 nodes, 6 is such that the
total weight directed out of any vertex v € V(G) is at most 7. ]

6.2.4 No Polynomial Kernel for Dominating Set-Discovery with
Parameter b+pathwidth

In this section, we show that DOMINATING SET-DISCOVERY when parameterized by
b+pathwidth does not admit a polynomial kernel unless NP C coNP/P. Thus, we prove
the following theorem.

Theorem 111. There exists an or-cross-composition from MINIMUM MAXIMUM OUT-
DEGREE to DOMINATING SET-DISCOVERY parameterized by b+pathwidth. Consequently,
DOMINATING SET-DISCOVERY does not admit a polynomial kernel with respect to b+path-
width, unless NP C coNP/P.

We prove the above theorem by or-cross-composing MMO into DOMINATING SET-
DI1SCOVERY. Given t equivalent MMO instances (G7, Pgs, 0%, 1r7) for j € [t], each with n
vertices, m edges, ¥ total weight on the edges, and a threshold 7/ = r, we construct a
graph HT following the framework of Section 6.2.1, where the subgraph H’ representing
instance (G7, Pgi, 07, 17) is as described in Section 6.1.4 except without the supplier gadget
and the dominator node. In particular,

e cach receiving path has two edges that connect a frontdoor node to a middle node
and the middle node to a backdoor node (the frontdoor node is the endpoint adjacent
to the central node of the vertex-gadget),
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Figure 6.9: Part of the instance selector of the graph H™ of DOMINATING SET-DISCOVERY
(yellow-shaded area) and its connections to one subgraph H? for j € [t] (gray-shaded area).
Red nodes contain tokens. The orientations-hub node is adjacent to all facilitator nodes
(black dashed edges), the weights-hub node is adjacent to all backdoor nodes (green dashed
edges), and the select node for j is adjacent to all facilitator and guard nodes in H’ through
paths of length two (orange dotted edges).

169



e cach control path becomes a single control node,

e cach reservoir path becomes a reservoir path of four nodes: the auziliary 1 node, the
pump node, the auxiliary 2 node, and the reservoir node,

e cach relay path has two edges connecting checkpoint 1 node to the guard, and the
guard to checkpoint 2 node,

e cach constraint path has two edges connecting three nodes, and

e cach communication path between a guard (v,e) and its corresponding facilitator
node (e, v) has two edges with one police node in the middle.

Additionally, we make the orientations-hub node adjacent to every facilitator node and
the weights-hub node adjacent to every backdoor node in every subgraph H’ for j € [t].
Finally, for each j € [t], we make the select node for j adjacent to all the facilitator and
guard nodes of H7s. See Figure 6.9.

We place tokens at all the reservoir, pump, central, facilitator, backdoor, guard, and
degree-1 constraint path nodes. Additionally, we place a token on unselect for j for each
J € [t].

The high-level idea is that now each weight edge needs at least one token to dominate
its vertices, and it will have to take this token from a backdoor node. Additionally, each
orientation edge needs at least one token to dominate its vertices, and it will have to take
this token from a facilitator node. This will consume 2% + 2m token slides. We tighten
the budget so that in addition to these token slides, only 4% + 1 token slides are allowed.
One token slide can be used to slide the token on the unselect node for j toward the select
node for j which then dominates vertices adjacent to the select node for 7 with no other
adjacent tokens. The other 43 token slides can be used to fill each frontdoor node on
the same receiving path as a now empty backdoor node (X of those to slide tokens from
reservoir nodes), thus ensuring that we move tokens from distinct backdoor nodes and from
the same subgraph H7. Thus, b = 2m + 6% + 1.

We now show the forward and backward directions of the proof of Theorem 111.

Lemma 112. If, for some j € [t], (G, Pgs,0?,r7) is a yes-instance of MMO, then
(H*,S,b) is a yes-instance of DOMINATING SET-DISCOVERY.

Proof of Lemma 112. Let (G?, Pgs,07,77) be a yes-instance of MMO and let 0 : E(G7) —
V(G7) x V(G7) be an orientation of G’ such that for each v € V(GY), the total weight
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of edges directed away from v is at most r/. In HT, for each edge e € G’ such that
O(e) = (v,u), we slide the token on facilitator (e,u) into a token-free orientation node.
This consumes 2m token slides. We slide the tokens on the reservoir nodes in the edge-
gadget for e into their adjacent checkpoint 1 nodes in the vertex-gadget for v. This requires
. token slides.

Now, we slide each token on a guard node adjacent to a checkpoint 1 node containing a
token to a token-free frontdoor node in the same gadget. Since this is a feasible orientation,
each vertex-gadget receives at most r tokens on its checkpoint 1 nodes. This requires 3%
token slides.

Since the number of tokens now on distinct frontdoor nodes is 32, we slide each token
on a backdoor node of a receiving path with a frontdoor node containing a token to a
distinct token-free weight node. This requires 23 token slides. Finally, we slide the token
on the unselect node for j into the select node for 5 using one token slide. Performing these
b=2m+ 6X + 1 token slides results in a dominating set in H*. O]

Before showing the backward direction, we note the following two observations.

Observation 113. In a solution to an instance (H*,S,b) of DOMINATING-SET-DICOVE-
RY that requires the minimum number of token slides, it is safe to assume that the tokens
on the central nodes do not slide.

Observation 114. In a solution to an instance (H",S,b) of DOMINATING-SET-DICOVE-
RY that requires the minimum number of token slides, no token can slide from a subgraph
H7 for some j € [t] into a weight or orientation node without sliding a token to the select
node for j.

Lemma 115. If (H*,S,b) is a yes-instance of DOMINATING SET-DISCOVERY, then for
some j € [t], (G7, Pgs, o’ r?) is a yes-instance of MMO.

Proof of Lemma 115. First, ¥ tokens have to slide from backdoor nodes into weight nodes.
Additionally, m tokens have to slide from facilitator nodes to orientation nodes. This
requires 2m + 2% token slides. Furthermore, from Observation 114, we also conclude that
at least one token slide is needed to slide a token into the select node for j for some j € [t].
Note that we can safely assume that for some solution that uses the minimum number of
token slides, this token comes from the unselect node for j.

This implies that at most 4% token slides are left. From Observation 113, each token
that slides from a backdoor node of a certain receiving path requires at least three token
slides to slide a token into a frontdoor node of the same path from a guard node. Also, when
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a token moves from a guard node, it requires at least one token slide to slide a token into
either the same node or an adjacent node. Note that this consumes the entire budget, thus
when a token slides from a guard node it can force exactly one token slide. Additionally,
given the tightness of the budget, it must be the case that tokens move into orientation
and weight nodes from the same subgraph H’ for some j € [t]. Moreover, it must be the
case that these tokens come from distinct facilitator nodes in m distinct edge-gadgets of
H into the orientation nodes. Otherwise, we would need at least one additional token
slide to dominate all the tokens of a constraint path or to get a token into a facilitator
node.

Note that every constraint gadget in H; can be missing a token on exactly one of its
facilitator nodes. When a token moves from a guard node, it must be the case that a
token slides from a reservoir node into the checkpoint 1 node adjacent to the guard node.
Otherwise, we would require at least one additional token slide. Since ¥ tokens slide into
the weight nodes from backdoor nodes, and consequently X tokens slide into frontdoor
nodes, Y tokens slide from the reservoir nodes. Thus, all the tokens on the reservoir nodes
of every edge-gadget slide.

For any edge ¢ = uv € F(GY), only if the facilitator node (e, v) (resp. (e, u)) contains a
token in the final configuration, then a guard node of relay paths from v to e (resp. from
u to e) cannot contain a token in the final configuration. Thus, so that ¥ tokens slide
from reservoir nodes, all tokens on the reservoir nodes in the edge-gadget for e slide to
the checkpoint 1 nodes of the vertex-gadget for v (resp. w). However, since each vertex-
gadget should receive at most r such tokens and consequently send at most r tokens to the
weight edges, we can produce a feasible orientation § of G’ as follows. We set 0(e) = (v, u)
(resp. 6(e) = (u,v)) if the facilitator node (e,v) (resp. (e,u)) contains a token in the
final configuration. Since each vertex-gadget for v can send at most r tokens into weight
nodes, and thus receive at most r tokens into its checkpoint 1 nodes, 6 is such that the
total weight directed out of any vertex v € V(G) is at most 7. O

6.3 Polynomial Kernel for Independent Set-Discovery
with Parameter k& on every nowhere dense class of
graphs

In this section, we show that INDEPENDENT SET-DISCOVERY has a polynomial kernel
when the parameter is k on every class of nowhere dense graphs (refer to Definition 2).
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First, recall from Section 3.4 of the preliminaries that, for an instance of a solution
discovery problem with a given budget b, we call a vertex u € V(G) irrelevant with respect
to a vertex v € S, if given a solution (7 f) where the token on v slides and stays on v € T,
we can construct a solution that requires the same number of token slides and where u is
not in the final configuration. Note that in the latter definition it is possible for the vertex
u to be used for traversing. Additionally, recall from Section 3.1 of the preliminaries, for
vertices u,v € V(G), we denote by d(u,v) the length of a shortest path between u and v,
equivalently, the minimum number of token slides needed to get a token on u to slide to
v. For a vertex u € V(G), we set V(u,i) = {v € V(G) | d(u,v) = i}.

Before presenting the algorithm, we argue that as in the MATCHING-DISCOVERY ker-
nelization with respect to parameter k (Section 5.1.3), there is always a solution that slides
any token at most 3k token slides.

Claim 116. Let (G, S,b) be an instance of INDEPENDENT SET-DISCOVERY and let G’ be
the subgraph of G induced by the vertices of ,cg ez V(u,i) U S. Then (G',S,b) is a
yes-instance of INDEPENDENT SET-DISCOVERY if and only if (G,S,b) is.

Proof of Claim 116. We show that in any solution (7, T) to (G, S,b), if a token on a vertex
u € S slides to a vertex v € T such that d(u,v) > 3k, it can instead slide towards a vertex
v € V(G) such that d(u,v’") < 3k, while keeping the rest of the solution unchanged. First,
the vertices in 7'\ {v} can appear in at most k — 1 of the 3k sets V'(u, ) for i € [3k] and
every such vertex that appears in a set V'(u,i) can be a neighbor of only the vertices in
V(u,i—1) and V' (u,i+1). This implies that the token on u cannot slide toward any vertex
of at most 3k — 3 of the 3k sets V' (u, i) for i € [3k| (as these could result in adjacent tokens)
and thus there exists a vertex v’ to which the token on u can slide while maintaining an
independent set in 7"\ {v} U {v'}. O

Next, we show that for each vertex u € S, we can decrease the size of each large set
V(u, ) for ¢ € [3k] to a function of k by removing irrelevant vertices with respect to w.

Claim 117. Let (G,S,b) be an instance of INDEPENDENT SET-DISCOVERY and let
{v1,v9,..., 0.} be a set of vertices of G\ S such that for a given vertex v € S, d(u,v;) =
d(u,v;) fori # j e [t]. If A= {N[w],...,N[v]} contains a sunflower with k + 1 sets,
then any vertex whose closed neighborhood corresponds to one of those sets is irrelevant
with respect to u.

Proof of Claim 117. Let vgy be one such vertex Wlllose closed neighborhood corresponds to
one of the k + 1 sets, and consider a solution (T',7T) to (G, .S,b) in which the token on u is
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on the vertex vg; in T'. First, note that no vertex of T\ {vge } is in the core of the sunflower
since that would contradict the fact that vgy € T as vge is a neighbor of every vertex in
the core. Second, since the sunflower has k£ remaining sets besides the one corresponding
to the closed neighborhood of vge and |T'\ {v4e}| = k — 1, there must remain one vertex
(denoted v,.,) whose closed neighborhood corresponds to one of the remaining k sets and
such that v,., is not in the closed neighborhood of any of the vertices in 17"\ {vge}. If
it was in the closed neighborhood of a vertex v” € T'\ {vge}, then v € NJv,,|. Thus,
T\ {vger} U {vrep} forms an independent set. Additionally, since d(u,vge) = d(u, vyep),
the number of slides required in the new transformation sequence remains the same as the
one required for T (the transformation sequence corresponding to 7). As a result, vge is
irrelevant with respect to u. 0

To present the kernelization, we will finally need the following result for nowhere dense
classes of graphs, which will allow us to create the sunflower needed to apply Claim 117.

Theorem 118 ([133, 159]). Let C be a nowhere dense class of graphs. There is a polynomial
Ny : N — N and a constant x5 € N such that following holds. Let G € C and let A C V(G)
be a vertex subset of size at least Na(m), for a given m € N. Then there exists a set
X CV(G) of size | X| < x9 and a set B C A\ X of size at least m such that no pair of
vertices in B have a common neighbor in G — X. Moreover, given G and A, such sets X
and B can be built in time that is polynomial in n (the size of G).

Theorem 119. Let C be a class of nowhere dense graphs. INDEPENDENT SET-DISCOVERY
parameterized by k admits a polynomial kernel.

Proof. Let (G, S,b) be an instance of INDEPENDENT SET-DISCOVERY where G € C. With-
out loss of generality, we assume the graph G to be connected. For each vertex u € S and
integer ¢ € [3k], we compute V(u,i). We maintain the invariant that we remove from
V(u, i), for each u € S and i € [3k], irrelevant vertices with respect to w.

We remove an irrelevant vertex with respect to a vertex u € S from V(u,i) for an
integer ¢ € [3k| as follows. If |V(u,i)| > No(2%2 - (k + 1)), where Ny and x5 are as in
Theorem 118 (here V'(u, ) plays the role of the set A), we can compute sets X, B C V' (u, 1)
such that | X| < xq, |B| > 272+ (k+1) and no pair of vertices in B have a common neighbor
in G— X. Let B' = {Bj, B, ...} be a family of sets that partitions the vertices in B such
that for any two vertices u,v € B, u,v € B} if and only if N[u]N X = N[N X (i.e., u
and v have the same closed neighborhood in X). Since |B| > 2*2- (k+1) and |X| < x4, at
least one set B; € B contains at least k£ + 1 vertices of B. All vertices in B; have the same
neighborhood in X and no vertex from outside of X can be in the closed neighborhood of
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two vertices in Bj;; thus their closed neighborhoods form a sunflower with at least k£ + 1
sets and a core that is contained in X (Figure 6.10). By Claim 117, one vertex of B, is
irrelevant with respect to w and can be removed from V' (u,i). We can repeatedly apply
Theorem 118 on the set V(u,7) until |V (u,)| < Na(2%2 - (k + 1)).

We form the kernel (G',S,V’) of the original instance (G, S,b) as follows. Given the
above and Claim 116, we set V(G') = U,egiepn V(v i) U S, and for each vertex v’ €
V(u,i), for u € S and ¢ € [3k], we add to V(G’) at most i vertices that are on the shortest

path from u to «/, if such vertices are not already present in V(G’). G’ is the subgraph of
G induced by the vertices in V(G’). We set V' to the minimum of b and & - |V(G")|.

Figure 6.10: An example of a sunflower (with pink, blue and green petals) and a common
core (the shaded intersection area). This sunflower is formed by the closed neighborhoods
of the vertices in B; of Theorem 119. This holds because no vertex from outside of X can
be in the closed neighborhood of two vertices in B; and the vertices of B; have the same
closed neighborhood in X (the green colored vertices).

By the end of this process, |V(G")| < k+ [3k% - No(272 - (k+1))] - (1 + (3k — 1)), as for
each u € S and i € [3k], V(u,i) < No(272 - (k + 1)) and for each vertex in those sets, we
added to V(G’) at most 3k — 1 vertices that are on a shortest path from that vertex to the
vertex u. Additionally, constructing the new instance requires only time polynomial in n.
(G',S,V) is a kernel as only vertices that are irrelevant with respect to every token in S
might not be in V(G’) and all vertices needed to move tokens from vertices in S towards
an independent set using at most b token slides are present in V' (G’). Also, by Claim 10,
the budget we need in G’ is at most 0. ]
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6.4 Polynomial Kernel for Dominating Set-Discovery
with Parameter £ on every biclique-free class of
graphs

In this section, we show that DOMINATING SET-DISCOVERY admits a polynomial kernel
when the parameter is k on every class of biclique-free graphs (refer to Definition 1).

For the proof, we use the concept of k-domination cores. For k > 1, a set C C V(G)
is a k-domination core if every set of size at most k that dominates C' also dominates G.
For our kernelization, it is important that, given a class C of biclique-free graphs, one can
decide whether a biclique-free graph G € C has a k-domination core and if so, compute
one of size that is polynomial in k, in polynomial time. The following theorem states that
this is possible. Note that the notion of cores does not appear explicitly in [158], however,
it is easily observed that the set of black vertices in the auxiliary RWB-dominating set
problem considered in that work yields a k-domination core.

Lemma 120 (follows from [158]). Let C be a class of biclique-free graphs. There exists
a polynomial-time algorithm that, given G € C and k € N decides that V(G) cannot be
dominated by k vertices or computes a k-domination core C C V(G) of polynomial size in
k.

Additionally, for the proof, we require that given a class of biclique-free graphs, a graph
G in that class, and a k-domination core C' for GG, the number of distinct neighborhoods
of vertices in V(G) \ C' in C is polynomially bounded in |C|. This holds, as stated in
Corollary 123. To show the corollary, we need the concept of the VC-dimension of a
graph. The VC-dimension of a graph G is the maximum size of a vertex subset S C V(G)
that can be shattered, which means that for every subset S’ C S, there exists a vertex
v € V(G) such that N(v) NS = S’. In a d-biclique-free graph, the VC-dimension is at
most 2d, as stated in the following theorem. The theorem is trivial since if S is a set of
size at least 2d that can be shattered in G, then it suffices to look for the d vertices in
V(G) that have in their neighborhood in S the same d vertices and only one additional
distinct vertex for d distinct vertices. By definition, we can find these d vertices that are
all neighbors of the same d vertices in S, and thus G cannot be d-biclique-free.

Theorem 121 ([167]). If a graph G is d-biclique-free, then the VC-dimension of G is at
most 2d.

The bounded VC-dimension of biclique-free graphs combined with the following theo-
rem leads to Corollary 123.
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Theorem 122 (Sauer-Shelah Lemma [164, 166)). Let F be a set system on a ground set
X with VC-dimension at most d. Then |F| < E;;i:o ('f') < cq- | X|? where cq is a constant
that depends on d.

Corollary 123. Let G be a d-biclique-free graph, and C C V(G). The number of distinct
sets in {N(v)NC :v € V(G)} is at most cg-|C|¢ where cq is a constant that depends on d.

This upper bound on the number of distinct neighborhood patterns, as opposed to the
2/¢1 possible in general graphs, will be key to the efficiency of the algorithm presented in
the proof of Theorem 124.

Theorem 124. Let C be a class of biclique-free graphs. DOMINATING SET-DISCOVERY
parameterized by k admits a polynomial kernel.

Proof of Theorem 124. Let (G,S,b) be an instance of DOMINATING SET-DISCOVERY,
where G € C. We first compute a k-domination core C' C V(G) of polynomial size in
k, which is possible by Lemma 120. We then partition in polynomial time the vertices
in V(G) \ C into equivalence classes where two vertices u,v € V(G) \ C are equivalent
if and only if N(u) N C = N(v) N C. By Corollary 123, the number of such equivalence
classes is polynomially bounded in |C|. For a set M C V(G) and a vertex v € V(G)
we let d(v, M) = ming,ep d(v,w). For every equivalence class X we now fix a minimal
set M X of representative vertices such that for each vertex v € S the set M X contains
a vertex u such that d(v,u) = d(v, X ). Note that M X contains at most k vertices and
that such a set can be computed in polynomial time by a simple breadth-first search. We
define U C V(@) as the union of the vertices of C', the vertices of S, and the vertices of
a shortest path between v and its corresponding representative vertex u for each v € S
and equivalence class X. We let G’ be the graph induced by the vertices in U. We define
the kernel as (G, S, V') where we set O’ to be the minimum of b and % - |V(G’)|. Clearly,
constructing the new instance requires only time polynomial in n.

First we prove that (G’,S,V') is a valid kernel. First assume that (G,S,b) is a yes-
instance and let (7, T ) be a solution that uses the minimum number of token slides. As
T is a dominating set, it dominates in particular the core C. Assume that a token ¢t on a
vertex v € S is destined for a vertex in the equivalence class X. Then we obtain a solution
by making the token ¢ destined for the representative vertex u corresponding to v and the
equivalence class X instead while maintaining the destinations of all other tokens. This
transformation sequence exists in G’ and ends in a set of size at most k that dominates
C'. Hence, it also dominates G’. Additionally, by Claim 10, the budget we need in G’ is at
most b'. This shows that (G', S, V') is a yes-instance. Conversely, a transformation sequence
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in G’ to a dominating set of G’ leads to a dominating set of C' in G’. By definition of a
k-domination core, we also discover a dominating set in G by applying the transformation
sequence of G’ which has at most b token slides.

Finally, it remains to show that (G’,S,b’) has size bounded by a polynomial in k. As
we argued already, we have a polynomial-size core C' and at most polynomially many
equivalence classes. From each class, we keep at most k representative vertices and at
most some polynomial in k vertices of shortest paths. Additionally, this implies that &' is
a function of k. ]
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Chapter 7

Investigating Meta-Theorems for
Solution Discovery

In this chapter, we move beyond analyzing individual problems to understand entire fam-
ilies of solution discovery problems at once through the lens of descriptive complexity.
Rather than repeatedly proving similar results for each graph property (such as analyzing
the complexity of each of INDEPENDENT SET-DISCOVERY, VERTEX COVER-DISCOVERY,
and DOMINATING SET-DISCOVERY with respect to parameter pathwidth), we investigate
theorems that simultaneously capture the tractability of all solution discovery problems
definable in certain logical languages. In particular, we work towards answering “When
the final configuration must satisfy a property expressible in MSO or FO, which structural
graph parameters enable efficient algorithms?”

On the positive side, we show in Section 7.1 that MSO-DISCOVERY is fixed-parameter
tractable when parameterized by neighborhood diversity. This positive result generalizes
many problem-specific results (such as INDEPENDENT SET-DISCOVERY, VERTEX CUT-
DISCOVERY, and others).

On the other hand, in Sections 7.2 and 7.3, we show that even FO-DISCOVERY, de-
spite its weaker expressiveness, is W[1]-hard when parameterized by modulator to stars,
modulator to paths and twin cover numbers. We note that FO-DISCOVERY includes
all of VERTEX COVER-DISCOVERY, INDEPENDENT SET-DISCOVERY, DOMINATING SET-
D1sCcOVERY, and SHORTEST PATH-DISCOVERY, but not VERTEX CUT-DISCOVERY, which
is included in MSO-DISCOVERY since quantification over a set is necessary to represent
the property of a vertex cut. Additionally, we note that showing that FO-DISCOVERY
(MSO-DI1SCOVERY, respectively) is W[1]-hard means that there exists at least one prop-

179



twinwidth

cliquewidth

A

treewidth

pathwidth

[ modular width]

neighborhood 4
twin cover diversity modulator
to stars

feedback

vertex set
modulator
to paths

[ cluster deletion]
A

bandwidth

i

[maximum leaf number]

vertex cover

Figure 7.1: A subset of possible structural parameters. An arrow between two boxes indi-
cates the existence of a function in the parameter above that lower-bounds the parameter
below.

erty II definable in FO (MSO, respectively) for which II-DisSCOVERY is W[1]-hard. The
W/(1]-hardness results of Sections 7.2 and 7.3 demonstrate that the dynamic nature of so-
lution discovery fundamentally changes the computational landscape compared to static
MoDEL CHECKING. This is true because for parameters like modulator to stars, paths
and twin cover numbers where MODEL CHECKING can be efficient, FO-DISCOVERY is
WI[1]-hard.

In Section 7.4, we show that MSO-Di1SCOVERY is W[1]-hard when parameterized by
bandwidth through a reduction from the PLANAR ARC SUPPLY problem (which we define
in the same section). With these findings, we cover most of the structural parameters
in Figure 2.1 (reproduced in Figure 7.1 for convenience). Note that prior to the results
presented in this section, the only known results with respect to any of the parameters in
Figure 7.1 are that VERTEX COVER-DISCOVERY, INDEPENDENT SET-DISCOVERY, and
DOMINATING SET-DISCOVERY are XNLP-hard when parameterized by pathwidth (these
results were presented in Section 6.1), thus we cannot expect to obtain a meta fixed-
parameter tractability theorem for this parameter.

Finally, we remind the reader that when we work with FO and MSO, we consider
vertex-colored graphs where each vertex can have more than one color.

The results of this chapter appear in the manuscript titled “Surveying Graph Parame-
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ters for Algorithmic Meta-Theorems for Solution Discovery” and co-authored with Nicolas
Bousquet, Amer E. Mouawad, Naomi Nishimura, and Sebastian Siebertz.

7.1 Fixed-Parameter Tractability of MSO-Discovery
for Neighborhood Diversity

In this section, we show that MSO-DISCOVERY is fixed-parameter tractable when param-
eterized by the neighborhood diversity.

Recall from Section 3.6 of the preliminaries that we say that two vertices u,v € V(G)
are twins if N(u) = N(v) or N[u] = N[v]. The neighborhood diversity of a graph G,
denoted by nd(G), is the number of subsets in the unique partition of V(G) into maximal
sets of twin vertices called twin classes. It is known that the neighborhood diversity and
the corresponding partition of a graph can be computed in linear time [144, .

For a vertex-colored graph G, let Vi, ...,V be the partition of V() into sets of vertices
such that any two vertices u and v in V; for ¢ € [¢] are twins and have the same colors (that
is, C(u) = C(v)). We refer to each V; as a vertez-type and say that two vertices u,v € V;
are of the same vertex-type. This partition can be computed in polynomial time and the
number ¢ depends only on nd(G) and on the number of colors in C.

For this fixed-parameter tractable algorithm, we will require the concept of shapes of
vertex subsets [129]. The key insight is that, when dealing with logical formulas, many
different vertex subsets behave identically from the formula’s perspective. Intuitively, the
shape records how many vertices a vertex subset contains from each vertex-type, but with
a crucial optimization. When the subset R contains a “medium” number of vertices from
a vertex-type V; (not too few, not too many relative to some number), the exact count
becomes irrelevant for the truth value of the formula. The shape abstracts this by marking
such counts as L.

Definition 125 (Shape). Let ¢(X) be an MSO-formula with a free set variable X, and
let qs and q, be the numbers of set and vertex quantifiers in ¢, respectively. Let G be a
graph with ¢ vertex-types Vi,...,Vy, and define q(¢) = 2% - q,. Let R C V(G) and let
or(i) = |[RNV;|. The shape of R is defined as follows:

Fali) = {L if 4(6) < or(i) < Vil = a(0),

or(i) otherwise,
The following result of Gima et al. [99] is central to our algorithm.
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Lemma 126. If two size-k sets R, R' C V(G) have the same shape, then G |= ¢(R) if and
only if G = ¢(R').

This abstraction dramatically reduces the search space when searching for a set that
satisfies the formula. Instead of considering all (Z) possible vertex subsets of size k, we
only need to examine one subset of each distinct shape, and the number of shapes depends
on the formula size and the graph structure, rather than the graph size. This technique is
particularly powerful when combined with neighborhood diversity as a parameter, leading
to a bounded (with respect to the parameter) number of possible shapes.

Additionally, we will require a fixed-parameter tractable algorithm (with respect to
neighborhood diversity and |¢|) for the MINIMUM-COST FLOW WITH INTERVAL DEMAND
AND SUPPLY problem (MINMCF) and a fixed-parameter tractable algorithm (with respect
to neighborhood diversity and |¢|) for checking, given a formula ¢(X) and a set S C V(G)
whether G |= ¢(5). The latter exists for parameter neighborhood diversity and |¢| by a
corollary from Lampis [130].

MINMCF is solvable in polynomial time [119] and is defined on a digraph D as follows.
Each arc a in D has a maximum capacity ¢(a) and a unit of flow cost p(a). Each vertex v
in D is assigned an interval [I™" [™a] A flow is the assignment of a value f(a) to each
arc such that:

e 0 < f(a) < c(a) for all a € A(D), and
e the net balance at each vertex v € V(D), denoted by b(v) := >_, , yea f(u,v) —

> w(wayea S (U, w), is in the interval [[min Jmax] (3 positive net balance creates a
sink, a negative net balance creates a source).

The objective of the problem is to answer whether there exists a flow with a total cost
ZaeA(D)p(a)f(a) at most /.

We are now ready to present the fixed-parameter tractable algorithm.

Theorem 127. MSO-DISCOVERY is in FPT when parameterized by neighborhood diver-
sity.

Proof of Theorem 127. Let ((G,C),S,b,¢) be an instance of MSO-DI1SCOVERY where C
is the set of colors, S is the initial set, b is the budget, and ¢ is the formula (which is
assumed to be of constant size or part of the parameter). Let ¢ be the number of vertex-
types in (G,C); then £ < nd(G) - 21 < nd(G) - 21¥l. We enumerate every admissible
shape ap : [{] = {0,...,q(¢) — 1, L,|Vi| — q(¢) + 1,|V;| — q(¢) + 2,...,|Vi|]} of the final
configuration 7' (of size k). There are only ¢ vertex-types and ¢(¢) is a parameter, so
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this yields a bounded number ((2¢(¢) + 1)¢) of shapes, which we call guesses. Using a
flow argument, we will now prove that, for each guess, we can compute in fixed-parameter
tractable (in fact polynomial) time the minimum budget needed for a configuration of that
shape (if any exists).

Let o7 be a guess. Let us first give an algorithm simulating the token sliding process
using a flow in a digraph. For each vertex-type V; of (G,C), we create a vertex v; in the
digraph D and connect the vertices v;,v; (in both directions) if and only if all vertices in
V; are adjacent to all vertices in V; (recall that vertices of the same type are twins in the
graph). Arcs of D have infinite capacity and a unit of flow cost of one. Each vertex v; in
D has:

e an interval equal to [—(|V; N S| — or(i))], = (|Vi N S| — o7(d))] if o7(i) # L and
[Vin S| > or(i);

e an interval equal to [or(i) — |V;N S|, o0(i) — |V;NS|| if 77(i) # L and |V;NS| < o7(i);
e an interval equal to [g(¢)—|ViNS|, |Vi|—q(¢)—|ViNS|| if 7 (i) = L and |V;NS]| < ¢(¢);

e an interval equal to [—(|V; N S| — |Vi| + q(¢)), ([Vi N S| — q(¢))] if o7(i) = L and
Vi S| > |Vi| — q(¢); and

e an interval equal to [0, 0], otherwise.

We now ask whether there exists a flow in D with a total cost of at most b. This can
be done in fixed-parameter tractable time (using the algorithm for MINMCEF [119]) since
the number of vertex-types, thus vertices in D, is bounded. Then, for each guess ar with
a flow of total cost at most b, we construct a k-size set of vertices T C V(G) of shape & in
linear time. We check whether G' = ¢(T"), which can be done in fixed-parameter tractable
time with respect to nd(G) and |¢|, and return YES only when G = ¢(T'). If we have
exhausted all enumerated shapes and did not return YES, we return NO.

Since all steps involve a bounded number of guesses (equal to (2q(¢) + 1) with ¢ <
nd(G) - 2I°1 < nd(G) - 214! since we are forming every possible mapping of [¢] to (2q(¢) +
1) numbers), and for each guess we incur fixed-parameter tractable running time with
respect to nd(G) and |¢| (in particular 20@md(@)1él+léllog ) the overall algorithm is
fixed-parameter tractable with respect to (nd(G), |¢|).

The algorithm is correct since, if for a fixed MSO-formula ¢, a set S, and a budget
b, a final configuration T™* exists along with a transformation sequence 7™ of at most b
token slides that realizes T from S, then for at least one guess T" we will have o7 = G7+«.
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Given that the sequence T* encounters at most b token slides between vertex-types, and
achieves the set T™* of shape o+, routing one unit of flow for every inter-vertex-type slide
in T+ yields a flow of cost at most b. In the final checking phase, the algorithm will be
able to construct a set of shape 7 = G+, and since T™* is a valid final configuration, the
set constructed by the algorithm will also be a valid final configuration by Lemma 126 and
therefore, the algorithm will return YES.

Conversely, if the algorithm accepts, then there exists a flow that satisfies the interval
and cost constraints imposed by some guessed fixed shape o and the budget . A unit of
flow sent along an arc in D represents sliding one token across an edge of G that joins the
two corresponding vertex-types; since each arc in D between vertices representing vertex-
types has a unit of flow cost of one, a flow of total cost at most b encodes b token slides
between vertex-types. The intervals guarantee that, after performing those slides imposed
by the flow, every type V; contains exactly or(7) tokens if 77(i) # L and between g(¢)
and |V;| — q(¢) tokens otherwise. Thus, the set T*, resulting from performing those slides
imposed by the flow on GG, has the guessed shape o and is a valid final configuration as
is any other set of the shape 1 which has lead to acceptance (Lemma 126). O]

7.2 Hardness of FO-Discovery for Modulator to Stars
and Modulator to Paths Numbers

In this section, we show that FO-DI1SCOVERY is W[1]-hard when parameterized by the
parameters modulator to stars and modulator to paths numbers.

Recall from Section 3.6 of the preliminaries that a modulator to paths is a set of ver-
tices X C V(@) such that G — X is a disjoint union of paths. The size of a minimum
such modulator, denoted by mp(G), is called the modulator to paths number. Similarly,
a modulator to stars is a set of vertices X C V(G) such that G — X is a disjoint union
of stars. The size of a minimum such modulator, denoted by ms(G), is referred to as the
modulator to stars number.

Before giving the proofs for this section’s results, we explain the different gadgets we
use in each of the reductions.

For both results, we reduce from the MULTICOLORED CLIQUE problem, which we
defined in Section 5.1.4, and we recall here. In the MULTICOLORED CLIQUE problem,
we are given a graph G where V(G) is partitioned into k color classes, which we denote
by {Vi,...,Vi} (to avoid confusion with the color classes in our construction). The goal
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is to decide whether there exists a clique that contains a vertex from each color class.
The problem is W[1]-hard when parameterized by the solution size s [58]. Without loss
of generality, we will assume, throughout our reductions, that for each i € [s|, |Vi|] = n
(we can add vertices of degree zerorxc as needed). For each i € [k], we assign a distinct
index in [n] to each vertex in V; and we refer to this index for each v € V as «(v). In
an instance (G, k) of the MULTICOLORED CLIQUE problem, the edge set E(G) can be
partitioned into (%) sets E;; = {uv | u € Vi,v € Vj,uww € E(G)} for 1 <i < j < k.

Let (G, k) be an instance of MULTICOLORED CLIQUE. At a high level, token movements
in the instance ((H,C),S,b,¢) of FO-DISCOVERY will encode both the selection of one
vertex from each color class and one edge between each unordered pair of color classes, and
the budget will force edge verification (that is, that the selected vertices form a clique).
For clarity, we refer to vertices in MULTICOLORED CLIQUE and nodes in our construction.

The construction creates a wvertex-block for each color class V; and an edge-block for
each unordered pair of color classes. A vertex-block for color class V;, denoted vertex-block
for i, contains n vertez-gadgets (one for each vertex in V;), plus a special block node b; that
connects all vertex-gadgets in the block. Similarly, an edge-block for an unordered pair of
color classes V; and V;, denoted edge-block for {i,j}, contains edge-gadgets (one for each
edge between V; and V}), plus a special block node b; ;. The gadgets themselves have the
appropriate structure. That is, they are stars in the modulator to stars reduction, and
paths in the modulator to paths reduction, which ensures that they are not included in the
modulator. All vertex-blocks are identical, all edge-blocks are identical, all vertex-gadgets
are identical, and all edge-gadgets are identical; information is encoded entirely in how
gadgets are connected to connector nodes. Initially, the leaves of the stars and the paths
constituting vertex-gadgets are filled with tokens, and nodes constituting edge-gadgets are
empty.

The FO-formula specifies that for each vertex-block, exactly one vertex-gadget releases
its tokens (encoding vertex selection) and for each edge-block exactly one edge-gadget, or
all its leaves in the case of the modulator to stars reduction, is filled with tokens (encoding
edge presence between selected vertices).

The reduction employs connector nodes that act as controlled gateways between vertex-
blocks and edge-blocks. For each unordered pair of color classes V; and V;, we introduce
four connector nodes for {i,j}. Equivalently, we introduce two pairs of connector nodes,
connector nodes from color i to {i,j} and connector nodes from color j to {i, j};

1. the index connector node from color i to {i, j} which we call for brevity index(i,{, j}),
2. the remainder connector node from color i to {i,j} which we call for brevity
remainder(i,{i, j}),
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3. the index connector node from color j to {i, j} which we call for brevity indez(j,{i,7}),
and
4. the remainder connector node from color j to (i, 7) which we call for brevity remaind-

er(j.{i,7}),
with carefully designed adjacencies. A connector node from color ¢ to {7, j} indicates that

the vertex-block for ¢ will serve as the origin of the tokens and the edge-block for {i,j}
will serve as the destination of the tokens that will traverse this connector.

The connections from a vertex-gadget representing v in V; to the connector nodes for
{i,j} encode the index of v by having ¢(v) (non-block) nodes of the gadget adjacent only
to index(7,{4,j}) among all connector nodes and n — ¢(v) other (non-block) nodes of the
gadget adjacent only to remainder(i,{7, j}) among all connector nodes. Connections from
an edge-gadget representing edge uv between V; and V; to the connector nodes for {i,j}
encode both indices ¢(u) and ¢(v), by having ¢(u) (non-block) nodes of the gadget adjacent
only to index(i,{7, j7}) among all connector nodes, n — ¢(u) other (non-block) nodes of the
gadget adjacent only to remainder(,{7, j}) among all connector nodes, ¢(v) other (non-
block) nodes of the gadget adjacent only to index(j,{7, j}) among all connector nodes, and
n — t(v) other (non-block) nodes of the gadget adjacent only to remainder(j,{7, j}) among
all connector nodes. This creates a “lock-and-key” mechanism: only the vertex-gadget
representing u can send tokens from its nodes connected to the connector nodes from color
i to {i,j} to the edge-gadget representing edge uv using only two token slides per token,
and only the vertex-gadget representing v can send tokens from its nodes connected to
the connector nodes from color j to {i,7} to the edge-gadget representing edge uv using
only two token slides per token. In other words, tokens can only flow efficiently (using two
token slides per token, which is imposed by the budget) from any two vertex-gadgets to
an edge-gadget (through connectors) if the indices match (that is, an edge exists between
these two vertices in G). Thus, a valid token movement pattern exists if and only if the
selected vertices form a multicolored clique.

The modulator consists of all the block nodes and connector nodes, which total at most
£+ (5) +4(5), and removing it leaves a disjoint union of stars (or paths), ensuring that
the parameters are bounded by a function of .

We now present in greater detail the gadgets, blocks, and budget. In the subsequent
subsections, we give the formula and proofs specific to each parameter.

As mentioned earlier, the construction consists of identical vertex-blocks (made of iden-
tical vertex-gadgets) and identical edge-blocks (made of identical edge-gadgets) which are
joined together by connector vertices.
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To form the colored graph (H,C), we first create r vertex-blocks, one for each color
class V; in the instance (G, k) of MULTICOLORED CLIQUE.

Star vertex-block. A star vertex-block for i consists of a vertex block node b; that
has as children the roots of n stars (that is, star vertex-gadgets), one for each vertex v in
V;. The star vertex-gadget for v is a star with a vertex root node for v, and k — 1 groups
of n leaves, where each group corresponds to one of the k — 1 color classes that differ from
the color class V;. See Figure 7.2.

We assign the following colors to the nodes in a star vertex-block:

e purple (C}) to all vertex root nodes, and
e teal (C) to all vertex block nodes.

group of n nodes group of n nodes group of n nodes
corresponding to color class V1 corresponding to color class V2 corresponding to color class V4
vertex root node for u vertex root. nedefor v vertex root node for w
bs

Figure 7.2: A star vertex-gadget for vertex v € V3 with «(v) = z, for an instance with
k = 4, the vertex root nodes for u,w € V3, and the vertex block node bs.

K

2) edge-blocks, one for each unordered pair of color classes V; and V.

We also create (

Star edge-block. A star edge-block for {i, j} consists of an edge block node b; ; that
has as children the roots of multiple stars (that is, star edge-gadgets), one for each edge
between V; and V;. The star edge-gadget for e is a star with a edge root node for e, and
two groups of n leaves, each corresponding to one endpoint of e. See Figure 7.3.

We assign the following colors to the nodes in a star edge-block:

e black (C3) to all edge root nodes, and
e gray (C}) to all edge block nodes.
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group of n nodes group of n nodes
corresponding to u corresponding to v

edge root node for uw edge root node for ab

bs

Figure 7.3: A star edge-gadget representing e = uv where u € V; and v € V; with «(u) =z
and ¢(v) = y, the edge block nodes for uw and ab (edges between V; and V;), and the edge
block node b;;. The edge-gadget for wv is formed of 2n nodes, n corresponding to u and n
corresponding to v.

In the case of the modulator to paths reduction, the vertex-blocks and edge-blocks are
constructed as follows.

Path vertex-block. A path vertex-block for i consists of a vertexr block node b; ad-
jacent to the nodes of n paths (that is, path vertex-gadgets), one for each vertex v in V;.
The path vertex-gadget for v is a path with n(k — 1) nodes, divided into k — 1 groups of
n consecutive nodes, where each group corresponds to one of the xk — 1 colors that differ
from the color class V;. See Figure 7.4.

We assign teal (Cy) to all vertex block nodes in a path vertex-block.

group of n nodes group of n nodes group of n nodes
corresponding to color class Vi corresponding to color class Vo corresponding to color class Vj

Q++* O—0O *** O—O **+ O O+ O QO +++ O O +++ O

Figure 7.4: A path vertex-gadget for vertex v € V3 with «(v) = x, for an instance with
k = 4. The vertex block node b3 is adjacent to all nodes of path vertex-gadgets for all
vertices in V3, but it is omitted from the figure for clarity.

Path edge-block. A path edge-block for {i,j} consists of an edge block node b; ;
adjacent to the nodes of multiple paths (that is, path edge-gadgets), one for each edge
between V; and V. The path edge-gadget for e is a path with 2n nodes, with the first group
of n nodes corresponding to one endpoint of e and the last group of n nodes corresponding
to the other endpoint. See Figure 7.5.
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We assign gray (C4) to all edge block nodes in a path edge-block.

first group of n nodes last group of n nodes
corresponding to u corresponding to v
o DY O—O . .. O—O DY O—O . .. O

Figure 7.5: A path edge-gadget for edge e = uv where v € V; and v € V; with «(u) = = and
t(v) = y. It is formed of 2n nodes, n corresponding to u and n corresponding to v. The
edge block node b;; is adjacent to all nodes of path vertex-gadgets for all edges between V;
and Vj}, but it is omitted from the figure for clarity.

Then, for each unordered pair of color classes V; and V;, we create four connector nodes;
index connector node from color i to {4, j} which we call for brevity index(i,{7, j}), remain-
der connector node from color i to {7, j} which we call for brevity remainder(¢,{7, j}), index
connector node from color j to {4, j} which we call for brevity index(j,{4,j}), remainder
connector node from color j to {i,j} which we call for brevity remainder(j,{7,5}). See
Figure 7.6. We assign green (C5) to all connector nodes.

We connect vertex-blocks and edge-blocks to green connector nodes as follows.

e For the vertex-gadget for the vertex v € V; with «(v) = z, the n nodes corresponding
to the color class V; are split as follows: the first x are adjacent to index(i,{,j}),
and the last n — x are adjacent to remainder(i,{i,j}).

e For the edge-gadget for the edge e with endpoints u € V; and v € V; with «(u) = z and
t(v) =y, the n nodes corresponding to z are split as follows: the first = are adjacent
to index(i,{i,7}), and the last n — = are adjacent to remainder(i,{, 7}). The n nodes
corresponding to y are split as follows: the first y are adjacent to index(j,{7, j}), and
the last n — y are adjacent to remainder(j,{7, j}).

As described before, initially, the leaves of the stars and the paths constituting vertex-
gadgets are filled with tokens.

So that tokens can travel from vertex-gadgets to fill the nodes of one edge-gadget for
each edge-block using exactly two token slides per token (that is, while checking that the
indices match between the vertices and the edges), we set b = 2n(k — 1)k. We are now
ready to give the formula and proofs specific to each parameter.
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bi;
edge root node for e

group of n_nedes group_of n nodes
correspending +6 u corresponding to v

n — g’nodes y nodes nodes

g e e} O ¢ O

index(¢,{, j } D® remainder(:,{¢, j} @ index(j,{7,j}) &femainder(j,{z,j})

group ofn nodes corresponding group of n nodes carresponding
to color class V; to color clas§ V;
x Nodes n —/x node y nodygs . — y nydes
d Q 0 O Q Q O O
vertex root node for u vertex root node for v
b; b,

Figure 7.6: Part of the colored graph (H,C) formed by the reduction corresponding to the
modulator to stars number. It shows the star edge-gadget of an edge e = uv where u € V;
and v € V; with «(u) = x and «(v) = y, and relevant parts of the two star vertex-gadgets for
u and v. Additionally, the block nodes b;, b;, and b; ; are shown connecting to their respec-
tive root nodes. For u, the first  nodes of the group corresponding to V; are adjacent to
index(i,{, 7}) and the remaining n — x nodes are adjacent to remainder(é,{7, j}). Similarly,
for v, the first y nodes of the group corresponding to V; are adjacent to index(j,{7,j}) and
the remaining n — y nodes are adjacent to remainder(j,{7,j}).

7.2.1 Hardness of FO-Discovery for Modulator to Stars Number

We start with the parameter modulator to stars number. More formally, the goal of this
section is to prove the following:

Theorem 128. FO-DISCOVERY is W/1/-hard when parameterized by modulator to stars
number.

The rest of this subsection is devoted to the proof of Theorem 128. Let (G, k) be an
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instance of the MULTICOLORED CLIQUE problem. We consider the graph (H,C) described
at the start of Section 7.2 where the edge- and vertex-blocks of H are star edge-blocks
and star vertex-blocks, the set S consisting of all leaves of all star vertex-gadgets, and the
budget b = 2n(k — 1)k. We complete ((H,C),S,b) with an FO-formula ¢ to create an
instance of FO-D1SCOVERY. We form the FO-formula ¢(X) to express that the set X
satisfies the following conditions:

S1. No colored node contains a token. (That is, the block nodes, the root nodes, and
the connector nodes do not contain tokens.)

S2. For each teal (vertex block) node, there exists exactly one adjacent purple (vertex
root) node such that all the uncolored neighbors (leaves) of this purple node do not contain
tokens. Moreover, all the other purple (vertex root) nodes adjacent to this teal node have
tokens on all the uncolored nodes (leaves) in their neighborhoods. (That is, in a vertex-
block, exactly one vertex-gadget has released all the tokens on its leaves, while all other
vertex-gadgets retain tokens on all their leaves.)

S3. For each gray (edge block) node, there exists exactly one adjacent black (edge
root) node such that all the uncolored neighbors (leaves) of this black node contain tokens.
Moreover, all the other black (edge root) nodes adjacent to this gray node are such that
all the uncolored nodes (leaves) in their neighborhoods are token-free. (That is, in an
edge-block, all but one edge-gadget have no tokens on their leaves and one edge-gadget has
tokens on all its leaves.)

The construction of these expressions in FO is presented in Appendix A.1.1. Before
diving into the proof, let us reiterate some of the intuition. Each vertex-gadget initially
contains n - (k — 1) tokens. This corresponds to n tokens for each of the other color classes
that the vertex does not belong to. To transform the current set of tokens into a valid
final configuration, we proceed as follows. For every ¢ € [k], we must empty exactly one
vertex-gadget in the vertex-block for ¢ ((S1)+(S2)). We must also fill the leaves of exactly
one edge-gadget in each edge-block ((S1)4(S3)). The transformation works by sliding
tokens through green connector nodes. To consume at most 2n - k(k — 1) token slides
(equivalently, two token slides per token), we must for each pair {4, j}, slide n tokens from
the selected vertex-gadget in the vertex-block for i to the selected edge-gadget in edge-
block for {i,j} through adjacent green connector nodes. Similarly, we must slide n tokens
from the selected vertex-gadget in the vertex-block for j to the same edge-gadget through
adjacent green connector nodes. This completely fills the 2n leaves of that edge-gadget
and empties the selected vertex- and edge-gadgets.

It is easy to see that the reduction runs in polynomial time with respect to the number
of vertices in G. We now present the lemmas necessary to complete the proof and start by
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showing that the modulator to stars number is a function of k.

Lemma 129. ms(H) < 5(5) + k.
Proof of Lemma 129. Let M be the set containing:

e for each unordered pair of color classes V; and Vj, the green connector nodes index(i, {4, j }),
remainder(i, {7, 5}), index(j, {7, j}), remainder(j, {i,7}), and the gray edge block
node bi,j;

e for each color class Vj, the teal vertex block node b;.

Then G — M is a disjoint union of stars, since removing M from G leaves only the vertex-
gadgets and edge-gadgets, each of which forms a star. O]

We then prove correctness via the following lemmas.

Lemma 130. If (G, k) is a yes-instance of MULTICOLORED CLIQUE, then ((H,C), S, b, ¢)
is a yes-instance of FO-DISCOVERY.

Proof of Lemma 130. Let K C V(G) be a multicolored clique in G of size k. Let us now
provide a transformation from the initial set of tokens S to a valid final configuration in
b token sliding steps. We repeat the following procedure for each unordered pair of color
classes V; and V.

For V; and V}, let «(u) = x € [n] (index of u is z) be such that u is the vertex in K NV,
and ((v) =y € [n] (index of v is y) be such that v is the vertex in K NV;. We know that
the edge uv exists since K is a clique. We slide tokens as follows.

e From the vertex-gadget for u in the vertex-block for i:

— we slide x tokens from the first x leaves in the group corresponding to color
class V; to index(7, {7, j}) and then to the first x leaves of the edge-gadget for
uv in the edge-block for {4, j},

— we slide n — x tokens from the remaining n — x leaves in the same group to
remainder(, {i, 7}) and then to the next n — x leaves of the edge-gadget for uwv.

e From the vertex-gadget for v in vertex-block for j:

192



— we slide y tokens from the first y leaves in the group corresponding to color class
V; to index(7, {4, 7}) and then to the next y leaves of the edge-gadget for uv in
the edge-block for {i, j};

— we slide n — y tokens from the remaining n — y leaves in the same group to
remainder(J, {7, 7}) and then to the final n — y leaves of the edge-gadget for uwv.

Let T be the final configuration. Then it is easy to see that T satisfies conditions (S1),
(S2), and (S3), since in each vertex-block, exactly one vertex-gadget loses all its tokens
(n(k — 1) tokens in total), in each edge-block exactly one edge-gadget gains tokens on all
its leaves (2n tokens), all tokens are on star leaves, and the total number of token slides
used during the transformation is 2n(k — 1)k (for each i < j € [k], 2n tokens slide exactly
twice). Hence, ((H,C),S,b, ®) is a yes-instance of FO-DISCOVERY. O

To prove the backward direction, we will need the following lemma.

Lemma 131. If ((H,C), S,b, ¢) is a yes-instance of FO-DISCOVERY, then

1. each token that moves is moved exactly two token sliding steps and passes through a
green connector node,

1. for each edge-block, the final configuration T contains 2n leaves of exactly one edge-
gadget in the edge-block, and

iti. ezxactly n(k — 1) tokens slide from exactly one vertez-gadget in each vertez-block.

Proof of Lemma 131. Since T is a valid final configuration and satisfies Condition S3, each
edge-block must contain 2n tokens on the leaves of exactly one edge-gadget, which proves
(ii). Since the leaves of each edge-gadget are not adjacent to any node in S, each token
that ends up on a leaf of this edge-gadget requires at least two token slides. So, at least 4n
token slides are needed for each edge-block. Since b = 2nk(k — 1) = 4n (’;) and the above
argument holds for all (g) edge-blocks, if there is a solution, every token that moves slides
exactly twice. Since green connector nodes are the only nodes adjacent to both leaves of
vertex-gadgets and leaves of edge-gadgets, the intermediate positions of all moved tokens
must be green connector nodes, which proves (i). From Condition S2, for each vertex-block,
exactly one vertex-gadget releases all its tokens (which are n(k — 1) tokens), which proves

(iii). 0

Lemma 132. If ((H,C),S,b,¢) is a yes-instance of FO-DISCOVERY, then (G,k) is a
yes-instance of MULTICOLORED CLIQUE.
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Proof of Lemma 132. Let (T, f) be a solution to ((H,C),S,b,¢). From (S1) no block,
root, or connector node contains a token. From Lemma 131, for each edge-block, exactly
2n leaves of one edge-gadget must contain tokens in the final configuration 7. FEach of
these tokens slides through one of the green connector nodes and uses exactly two token
slides. So each of the 2n tokens that end up in the edge-block for {i,j} must come
from one of the green connector nodes index(i, {7, j}), remainder(s, {7, j}), index(j, {7, 5}),
or remainder(7, {7, j}) after leaving one of the vertex-blocks for i or j (since these green
connectors are not adjacent to leaves from other vertex-blocks).

By Lemma 131, there exist vertices u € V; and v € Vj such that the vertex-gadget for u
and the vertex-gadget for v are completely emptied of tokens (and all other vertex-gadgets
in the vertex-blocks for i or j retain all their tokens). Similarly, there exists an edge u'v’
with v’ € V; and v € V; such that all leaves of the edge-gadget for e are in 7' (and no other
edge-gadget in the edge-block for {7, j} gets a token).

We show that u = ' and v = ¢'. Let «(u) = = and «(v) = y. Recall from the
construction that the vertex-gadget for v has exactly n leaves in the group corresponding
to color class V;, where the first = leaves are adjacent only to index(i, {i, j}) among all green
connector nodes, and the remaining n — x leaves are adjacent only to remainder(s, {7, j})
among all green connector nodes. Similarly, the vertex-gadget for v has exactly n leaves
in the group corresponding to color class V;, where the first y leaves are adjacent only
to index(j, {7, 7}) among all green connector nodes, and the remaining n — y leaves are
adjacent only to remainder(j, {7, j}) among all green connector nodes.

Since 2n tokens must reach the edge-gadget for «’v’ through the green connector nodes
from the vertex-gadgets for u and v using exactly two token slides each, each token from
these vertex-gadgets moves to its unique adjacent green connector node during the first
token slide. Thus, during the transformation, x tokens from the vertex-gadget for w slide
to index(7, {7, j}) and n—x tokens slide to remainder(7, {7, j}). Similarly, y tokens from the
vertex-gadget for v slide to index(j, {7,7}) and n — y tokens slide to remainder(j, {7, j}).

All these tokens must next slide to the same edge-gadget for w'v'. Let «(u') = 2’ and
t(v") = 1/. The edge-gadget for «'v' has 2’ leaves adjacent to index(i, {7, j}), n — 2’ leaves
adjacent to remainder(7, {7, j}), ¥’ leaves adjacent to index(j,{7,7j}), and n — 3/ leaves
adjacent to remainder(j,{i,j}). For all 2n tokens to successfully slide from the green
connector nodes to fill all leaves of this edge-gadget using only one additional token slide
per token, we must have x = 2’ and y = 3/. Thus u = ¢/ and v = v/, which means the edge
uv exists in G.

This equality holds for every unordered pair of color classes. Thus, for each i < j € [k],
the vertices whose vertex-gadgets are emptied in the vertex-block for 7 and the vertex-block
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for j are adjacent in G, which establishes a multicolored clique in (G, k). n

7.2.2 Hardness of FO-Discovery for Modulator to Paths Number

We now present the hardness for the parameter modulator to paths number. More formally,
the goal of this section is to prove the following:

Theorem 133. FO-DISCOVERY is W/[1/-hard when parameterized by modulator to paths
number.

The rest of this subsection is devoted to the proof of Theorem 133. Let (G, k) be an
instance of the MULTICOLORED CLIQUE problem. We consider the graph (H,C) described
at the beginning of Section 7.2 where the vertex-blocks and edge-blocks of H are path
vertex-blocks and path edge-blocks, the set S consisting of all nodes of all path vertex-
gadgets, and the budget b = 2n(x — 1)x. We complete ((H,C), S,b) with an FO-formula ¢
to create an instance of FO-DiSCOVERY. We form the FO-formula ¢(X) to express that
the set X satisfies the following conditions (different from those in the modulator to stars
reduction):

P1. No colored node contains a token. (That is, the block nodes and the connector
nodes do not contain tokens.)

P2. For each teal (vertex block) node, there exists at least one adjacent uncolored node
(in a path vertex-gadget) that is token-free.

P3. For each gray (edge block) node, there exists at least one adjacent uncolored node
(in a path edge-gadget) that contains a token.

P4. Every uncolored node v (in a gadget) contains a token if and only if all uncolored
nodes (in a gadget) at distance at most two from v in H[V \ (C2 U Cy U C5)] also contain
tokens. (That is, a node of a gadget contains a token if and only if the gadget nodes
at distance two from it in the subgraph excluding all block and connector nodes contain
tokens.)

The construction of these expressions in FO is presented in Appendix A.1.2.

Before proving the theorem, let us explain some of the intuition behind the conditions.
Condition P4 ensures that in each path gadget, either all nodes contain tokens or all nodes
are token-free. Combined with conditions (P2) and (P3), this means that in each vertex-
block, exactly one path vertex-gadget becomes token-free, while in each edge-block, exactly
one path edge-gadget becomes filled with tokens.
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It is easy to see that the reduction runs in polynomial time with respect to the number
of vertices in G. We now show that the modulator to paths number is bounded.

Lemma 134. mp(H) <5(5) + &.

Proof of Lemma 134. Let M be the set containing:

e for each unordered pair of color classes V; and Vj, the green connector nodes index(i, {4, j }),
remainder(i, {7, 7}), index(j, {7, j}), remainder(j, {i,7}), and the gray edge block
node biﬂ';

e for each color class Vj, the teal vertex block node b;.

Then G — M is a disjoint union of paths, since removing M from G leaves only the vertex-
gadgets and edge-gadgets, each of which forms a path. O]

Lemma 135. If (G, k) is a yes-instance of MULTICOLORED CLIQUE, then ((H,C), S, b, ¢)
15 a yes-instance of FO-DISCOVERY.

Proof of Lemma 135. The proof follows the same transformation as in Lemma 130. The
token movements use only edges between the gadgets nodes and the green connector nodes,
which are identical in both constructions. The final configuration 7' satisfies conditions
(P1)-(P4): no colored nodes contain tokens, each vertex-block has one empty path vertex-
gadget, each edge-block has one full path edge-gadget, and Condition P4 is satisfied since
tokens fill or empty entire paths. O]

To prove the backward direction, we need the following lemma.

Lemma 136. If ((H,C),S,b,®) is a yes-instance of FO-DISCOVERY, then

1. each token that moves is moved exactly two token sliding steps and passes through a
green connector node,

1. for each edge-block, the final configuration T contains tokens on all 2n nodes of exactly
one edge-gadget in the edge-block, and

iii. exactly n(k — 1) tokens slide from exactly one vertex-gadget in each vertez-block.

Proof of Lemma 136. By Condition P4, one node in a path contains a token if and only if
all nodes in that path contain tokens. From conditions (P3) and (P4), for each edge-block,
at least one path edge-gadget must be completely filled with tokens. Thus, exactly 2n
tokens must be placed on one path edge-gadget.
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Since the nodes of edge-gadgets are not adjacent to any nodes in S, each token that
ends up on an edge-gadget requires at least two token slides. So, at least 4n token slides are
needed for each edge-block. Since b = 2n(k—1)x = 4n(}) and 4n token slides are needed for
all (’;) edge-blocks, every token that moves slides exactly twice and every edge-block gets
to fill exactly one of its path edge-gadgets, which proves (ii). Since green connector nodes
are the only nodes adjacent to both nodes of vertex-gadgets and nodes of edge-gadgets, all
moved tokens must pass through green connector nodes, which proves (i).

From conditions (P2) and (P4), for each vertex-block, at least one path vertex-gadget
must be completely token-free. Since each path vertex-gadget initially contains n(x — 1)
tokens, exactly this many tokens must slide from one vertex-gadget, which proves (iii). O

Lemma 137. If ((H,C),S,b,¢) is a yes-instance of FO-DISCOVERY, then (G,k) is a
yes-instance of MULTICOLORED CLIQUE.

Proof of Lemma 137. The proof follows the same argument as in Lemma 132, using Lemma 136
instead of Lemma 131. The key observation is that Condition P4 ensures that entire paths
are either filled or emptied, maintaining the same token movement pattern as in the star
case. O

This completes the proof of Theorem 133.

7.3 Hardness of FO-Discovery for Twin Cover Num-
ber

This section presents the proof of the following theorem.

Theorem 138. FO-DISCOVERY is W/[1]-hard when parameterized by twin cover number.

Recall from Section 3.6 of the preliminaries that a twin cover of a graph G is a set
M C V(G) whose deletion leaves a disjoint union of cliques such that the vertices of each
clique are twins. Two vertices u,v € V(G) are twins if N(u) = N(v) or N[u] = N[v]. The
twin cover number is the size of a minimum size twin cover.

To prove Theorem 138, we reduce from the PLANAR ARC SUPPLY problem. In this
problem, we are given a (planar') digraph D with |V(D)| + |A(D)| = &, no loops, and

IThe graph class is not relevant for the proof.
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no double arcs. Each node u € V(D) has a demand §(u) and each arc uv € A(D) has
a list Ly, = {(x1,,yL), (x2,,v2,), ..., (2, 9y,)} of integer pairs, called the supply pairs
of uv. We let L represent the supply lists of all arcs and A : A(D) — L be a function
that maps each arc in D to a list in £. Informally, we are asked to pick from the list of
each arc uv € A(D) a supply pair (z!,,v’,) and send a supply of =, to u and a supply
of 3 to v such that for every vertex v, the sum of the supplies from the arcs incident
to v satisfies exactly its demand. More formally, the task is to decide whether there is a
function p, : A(D) — N and a function p, : A(D) — N such that for every arc uv € A(D)

we have (p,(uv), py(uv)) € Ly, and for every vertex u € V(D) we have:

Su) =Y pelw) + > pylouw).

vENT(u) vEN~(u)

The problem is W[1]-hard when parameterized by x [30, Section 3.2] even when the
integers are given in unary, and vertices have either degree two or degree four.

Let (D,6,\) be an instance of PLANAR ARC SUPPLY. At a high level, the instance
((H,C),S,b,¢) of FO-DISCOVERY will have a demand clique for each vertex (initially with
no tokens), a reservoir clique for each arc (initially full of tokens), and two supply cliques
for each tuple in each arc’s supply list in D (see Figure 7.7a). The key insight of the
reduction is that token movements in H will encode the selection of supply pairs from the
lists in £. For clarity, we also refer to vertices in PLANAR ARC SUPPLY and nodes in our
construction.

The twin cover structure acts as a “control skeleton” that connects the different cliques:
we create a twin cover node for each original vertex and two twin cover nodes for each arc
in D, ensuring that the resulting graph has a bounded twin cover number. Each vertex
u € V(D) gets a corresponding twin cover vertex node connected to its demand clique of
size d(u), while each arc uv € A(D) gets two twin cover arc nodes, one u-arc node for uv
and one v-arc node for uv. The u-arc node for uv is connected to supply cliques, each
encoding the first component of a distinct supply pair (the values of z) in L,,. These
supply cliques are also connected to the vertex node for u and we refer to them as the u-
supply cliques for uv. The v-arc node for uv is connected to supply cliques, each encoding
the second component of a distinct supply pair (the values of y) in L,,. These supply
cliques are also connected to the vertex node for v and we refer to them as the v-supply
cliques for uv. Both arc nodes for uv are connected to the reservoir clique for uw.

Each supply clique contains two types of nodes: supply nodes that initially contain
tokens (whose number equals the corresponding component value in the supply pair) and
empty indez nodes (whose number encodes the index of the tuple within the supply list).
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The FO-formula ensures that for each arc, we must “activate” exactly one supply pair by
expressing that for each arc node, exactly one of the adjacent supply cliques empties its
supply nodes and fills its index nodes with tokens. The FO-formula additionally specifies
that the reservoir cliques are emptied of tokens and the demand cliques are full of tokens.

The crux of our reduction lies in a numerical encoding scheme (see Figure 7.7b). Each
reservoir clique for an arc uv € A(D) contains 32 tokens (where ¥ is larger than the sum of
all demand and supply values), while the number of index nodes in the supply cliques for
uv and u and the number of index nodes in the supply cliques for uv and v uses a base-
representation: for the ith supply pair of the arc uv, the corresponding supply clique for
uv and v has ¥? — X - (i — 1) index nodes and the corresponding supply clique for uv and v
has 2 - (i — 1) index nodes. This creates a useful mathematical property: if forced to split
between only two supply cliques, one connected to the arc node for u and one connected
to the arc node for v, the Y2 tokens from a reservoir clique can only fill the index nodes
of a matching pair of supply cliques (corresponding to a tuple in L,,) whose index node
counts sum up to exactly X2

This numerical constraint, combined with our tight budget of only two token slides per
displaced token, creates a forced choreography of token movements. Tokens must flow into
a demand clique for a vertex u € V(D) from at most one u-supply clique for each incident
arc to u. These token slides will amount to two times the sum of all demands in the
instance. Additionally, with this budget constraint, tokens in a reservoir clique must first
fill the index nodes of exactly one pair of supply cliques that correspond to a tuple in L,,,.
Once the index nodes are filled, the tokens on the supply nodes of these activated cliques
can be displaced and must move to their corresponding demand cliques. Any deviation
from this pattern either violates the formula or exceeds the budget. Thus, valid token
movements exist if and only if we can select supply pairs whose values exactly satisfy all
vertex demands and (D, d, \) is a yes-instance of PLANAR ARC SUPPLY.

In the following description of an instance ((H,C),S,b,¢) of FO-DISCOVERY, we use
specific colors both for greater clarity and for use in the FO-formula.

As described above, we set ¥ to be twice the sum of all integers in the input (that is,
the sum of all demands and all integers appearing inside the tuples for all tuples). We form
the instance ((H,C), S, b, ¢) of FO-DISCOVERY as follows. See Figure 3.13b for a sketch
of the construction.

Twin cover. For each u € V(D) we create a vertexr node and for each arc uv € A(D)
we create two arc nodes, one u-arc node for uv and one v-arc node for uv.

We assign the following colors to the nodes in the twin cover:
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e purple (C}) to all vertex nodes, and

e black (C3) to all arc nodes.

Demand cliques. For each u € V (D), we form a demand clique for u of size 6(u),
whose nodes are adjacent to the vertex node for w.

We assign yellow (C5) to all nodes in the demand cliques.

Supply cliques. For each arc uv such that L,, has ¢ pairs, we create, for each i € [/],
a u-supply clique for uwv with z!, supply nodes and ¥* — X - (i — 1) index nodes. We also
create, for each i € [(], a v-supply clique for uv with y’  supply nodes and ¥ - (i — 1) index
nodes.

We assign the following colors to the nodes in the supply cliques:

e orange (Cy) to all supply nodes, and

e teal (C5) to all index nodes.

Reservoir cliques. For each arc uv € A(D), we form a reservoir clique for uv that
contains ¥.2 nodes and malke its nodes adjacent to the arc node for u and the arc node for
v.

We assign brown (Cg) to all nodes in the reservoir cliques.

Orange supply nodes and brown nodes of reservoir cliques contain tokens. Let A be the
sum of the demands of all the vertices in D (equivalently, the total size of all the demand
cliques in H). We set the budget to 2A + |A(D)|-2%2. The first component (2A) accounts
for moving tokens from supply nodes to demand cliques (each token making two token
slides: from its initial supply clique to a twin cover arc node, then to a demand clique).
The second component (|A(D)| - 2%?) accounts for the ¥? tokens in each reservoir clique,
where each token also makes two token slides to go from the reservoir clique to fill the
index nodes in the selected supply cliques pair.

Our twin cover is made up of one vertex node for each vertex u € V(D) and two arc
nodes for each arc uv € A(D). Deleting the nodes in the twin cover leaves a graph with
only disjoint cliques. Additionally, each of the nodes in the twin cover is adjacent to all or
none of the nodes in each clique. Thus, the twin cover number is at most x + 2(';)

To complete the construction of the FO-DI1SCOVERY instance ((H, (), S, b, ¢), we form
the FO-formula ¢(X) to express that X satisfies the following conditions:
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supply nodes

vertex node for u u-arc node for uv v-arc node for uv vertex node for v

demand clique demand clique
for u for v

u-supply cliqueg\for uv v-supply cliques for uv

index nodes
(a)

vertex node for u u-arc node for uv v-arc node for uv vertex node for v

u-supply clique for uv
corresponding to the 2nd supply pair

(b)

Figure 7.7: Part of the colored graph (H,C) formed by the reduction corresponding to the
twin cover number. It shows the part of the twin cover and the cliques that correspond to
two vertices u,v € V(D) and the edge uv € A(D) with |L,,| = 3. A line from a vertex or
arc node to a clique means that the node is adjacent to all nodes of the clique. The nodes of
the demand clique are yellow and those of the reservoir clique are brown. Supply nodes are
orange, index nodes are teal, vertex nodes are purple, and arc nodes are black. (a) Since
|L.,| = 3, we have three u-supply cliques for uv and three v-supply cliques for uv. (b) Each
u-supply clique for uv corresponding to the ith supply pair contains X2 —3- (i —1) teal (Cj)
index nodes and z¢,, orange (C;) supply nodes. Each v-supply clique for uv corresponding
to the ith supply pair contains ¥ - (i — 1) teal index nodes and %’  orange supply nodes.
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T1. Each yellow (demand clique) node contains a token.
T2. The brown (reservoir clique) nodes do not contain tokens.

T3. For each pair of purple (vertex) and black (arc) nodes, exactly one adjacent (supply)
clique containing at least one orange (supply) node must be such that all its teal (index)
nodes contain tokens and all its orange (supply) nodes do not. For all other adjacent
(supply) cliques of this type, their orange (supply) nodes contain tokens, and their teal
(index) nodes do not. (That is, for every arc uv € A(D) there exists a unique u-supply
clique for uv and a unique v-supply clique for uv that are modified: all tokens are removed
from the supply nodes, and every index node is filled with a token.)

T4. The purple (vertex) and black (arc) nodes do not contain tokens.

The construction of these expressions in FO is given in Appendix A.2 to not disrupt
the flow of the thesis. The fact that the twin cover number is at most x + 2(’;) and that
the construction runs in polynomial time ensures that we obtain a valid FPT-reduction.
We start by presenting the forward direction of the proof of Theorem 138.

Lemma 139. If (D, 6, \) is a yes-instance of PLANAR ARC SUPPLY, then ((H,C), S, b, ¢)
is a yes-instance of FO-DISCOVERY.

Proof of Lemma 139. Let p, and p, be a solution of (D, d, \). For each arc uv € A(D), let
(2, y.,) be such that p,(uv) =z, and p,(uv) = y.,.

Let us now describe a solution of ((H,C),S,b,¢). We slide the 2!, tokens from the
orange supply nodes of the u-supply clique for uv corresponding to the ith supply pair for
uv toward the yellow nodes of the demand clique for u and the ¥’ tokens from the orange
supply nodes of the v-supply clique for uv corresponding to the ith supply pair for uw
toward the yellow nodes of the demand clique for v. In total, for all arcs uv, this consumes
2A token slides. We then slide X% — - (i — 1) tokens from the reservoir clique for uv to the
teal index nodes of the u-supply clique for uv corresponding to the ¢th supply pair for uv
and X - (i — 1) tokens to the teal index nodes of the v-supply clique for uv corresponding
to the ith supply pair for uv. This consumes |A(D)] - 22% token slides.

Given that p, and p, are a solution, Condition T1 is satisfied. Since X% — % - (i — 1) +
Y- (i — 1) = X% Condition T2 is also satisfied. Condition T3 is satisfied since we chose
the supply cliques for uv to correspond to one supply tuple in the supply list for uv and
moved the tokens at the nodes of the reservoir clique for uv to fill the teal index nodes of
the chosen supply cliques and moved the tokens at the orange supply nodes out of those
chosen supply cliques. Finally, no purple vertex or black arc node is in 7" and Condition
T4 is satisfied. Thus, we find that ((H,C), S, b, ¢) is a yes-instance, as needed. ]
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The following lemma shows the backward direction of the proof of Theorem 138.

Lemma 140. If ((H,(C),S,b,¢) is a yes-instance of FO-DISCOVERY, then (D,§,\) is a
yes-instance of PLANAR ARC SUPPLY.

Proof of Lemma 140. Assume ((H,C), S, b, ¢) is a yes-instance of FO-DISCOVERY, and let
T be a transformation from the initial set of tokens to a valid final configuration. Then, at
least |A(D)|-2%? token slides are needed to empty the brown nodes of the reservoir cliques
and satisfy conditions (T2) and (T4). Since the order of the moves of different tokens does
not impact the validity of a solution, we can assume that these moves are performed first
in the transformation and let us call S’ the resulting configuration of tokens. Note that all
nodes in S are in supply cliques.

Since the total budget is 2A + |A(D)] - 222, there exists a transformation from S’ to a
valid final configuration in at most 2A token slides. Since no token of S’ is incident to a
demand clique, at least 2A token slides are needed in order to fill the A yellow nodes of
demand cliques and satisfy Condition T1. Thus, from S’, exactly A tokens have to move
and require exactly two token slides each to fill the demand cliques and these are the only
token slides that remain.

The final configuration satisfies conditions (T3) and (T4). Let us consider the supply
cliques to which the tokens initially in the reservoir cliques went. By Condition T3, the
final configuration is modified compared to the initial configuration only on one u-supply
clique for uv and one v-supply clique for uv for every arc uv € A(D). Thus, for every arc
uv € A(D), there exist one chosen u-supply clique for wv (say, corresponding to the ith
supply pair for uv) and one chosen v-supply clique for uv (say, corresponding to the jth
supply pair for uv) such that more than A tokens of the reservoir clique for uv slide and
stay on (as at most A of ¥? tokens can slide toward the demand cliques for u and v).

Moreover, since tokens of a valid final configuration lie on different nodes, there are
at most A tokens that can move from the chosen u-supply clique for uv and the chosen
v-supply clique for uv to demand cliques. Since all teal index nodes in the chosen wu-
supply clique for uv and the chosen v-supply clique for uv have to contain tokens in the
final configuration and since all those tokens must come from the reservoir clique for uv,
2 —%-(i—1) of those tokens move to the chosen u-supply clique for uv and X-(j —1) move
to the chosen v-supply clique for uv. So we should have X2 > Y2 — 3. (i — 1)+ 3 (j — 1)
and thus ¢ > j. Moreover, the total number of tokens that can move after S’ is bounded
by A, and the number of tokens that move from the reservoir clique for uv to the chosen
supply cliques is X2 — (22 -2 - i —1D)+2-(j—-1)=2-(i—1)—2-(j —1) <A. For
> to be smaller than or equal to A, ¢ < j. Thus, ¢ = j and all the tokens that move from
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the reservoir clique for uv go to teal index nodes of the chosen u-supply clique for uv and
the chosen v-supply clique for uw.

Condition T3 ensures that the tokens initially on the orange supply nodes of the chosen
u-supply clique for uv and the chosen v-supply clique for uv have to move. Since every
token that moves after S’ can move exactly twice to go to the unique demand clique at
distance two from it, all the tokens on the orange supply nodes of the chosen u-supply
clique for uv have to go to the nodes of the demand clique for v and all the tokens on the
orange supply nodes of the chosen v-supply clique for uv have to go to the nodes of the
demand clique for v. This argument holds for every arc in the instance.

Since tokens lie on different nodes of the final configuration, for every u € A(D), the
sum of the tokens going to the demand clique of u from the u-supply cliques for the arcs
incident to u cannot be larger than d(u). To conclude, let us prove that the sum has to be
equal to 0(u). Assume by contradiction that some demand is not satisfied, i.e., (T1) is not
satisfied for a vertex u after moving the tokens on the orange supply nodes. To transform
the current set into a valid final configuration, additional tokens from a u-supply clique for
some arc incident to u should go to the demand clique for u. By Condition T3, such tokens
cannot be initially on an orange supply node of another u-supply clique. Additionally, as
argued before such tokens cannot be tokens initially on a brown node in a reservoir clique
as these tokens fill the teal index nodes and cannot slide further. So the demand of each
vertex u € V(D) has to be exactly satisfied from the orange supply nodes of the chosen
u-supply cliques for incident arcs, which completes the proof. O

7.4 Hardness of MSO-Discovery for Bandwidth

The focus of this section is the proof of the following theorem.

Theorem 141. MSO-DISCOVERY is W[1/-hard when parameterized by bandwidth.

Recall from Section 3.6 of the preliminaries that the bandwidth of a graph G is the
minimum integer bw(G) such that there exists a bijection f : V(G) — {1,...,|V(G)|}
satisfying that for every edge {u,v} € E(G), |f(u) — f(v)| < bw(G).

We use a reduction from the PLANAR ARC SUPPLY problem, starting with a slight
modification to form the instance (D,d, ). To ensure that all lists are of equal length,
while maintaining the validity of the supply constraints, if a list is not of the maximum
length t, we add as many copies of the first tuple as needed to increase the length to t.
We then create for each vertex u € V(D) a vertex-gadget H,, and for each arc uv € A(D)
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an arc-gadget H,,. For clarity, we also refer to vertices in the instance of PLANAR ARC
SUPPLY and modes in our construction.

At a high level, we can view each arc-gadget and each vertex-gadget as a “ladder”, with
two long paths forming the side rails and shorter paths forming the rungs that connect
the side rails. We will refer to the “top” and “bottom” of a side rail, consistent with how
one might draw an image of a ladder. The two side rails of an arc-gadget H,, correspond
to the two endpoints u and v of the arc uv. In a vertex-gadget, the isolated side rail has
no connections outside the vertex-gadget, whereas the connected side rail has connections
to side rails of arc-gadgets associated with (at most four) incident arcs. When two nodes
in a vertex-gadget are joined by a rung (that is, one on the isolated side rail and one on
the connected side rail), we call them rail neighbors.

To represent the supply pairs, an arc-gadget H,, contains one sub-ladder for every
supply tuple (z,y) in L,,, for a total of ¢ sub-ladders. At the bottom of each sub-ladder is
a rung. Above the rung, the side rail corresponding to u will contain x tokens, and the side
rail corresponding to v will contain y tokens. All the tokens will be located on token-bearing
nodes. The MSO-formula ensures that each arc-gadget empties exactly one sub-ladder.
It also specifies that for each vertex u, a token be moved to each of the §(u) demand
nodes located at the top of the vertex-gadget (on the connected side rail), achievable in a
yes-instance of PLANAR ARC SUPPLY by moving tokens from the arc-gadget sub-ladders
associated with the chosen supply pairs. The tokens first move from the side rails of the
arc-gadgets into the corresponding vertex-gadgets, and from there up to the demand nodes.

Also specified in the MSO-formula, the rail neighbor condition requires that for any
node ¢ on the connected side rail that is the neighbor of a token-bearing node h, there must
be a token either on h or on the rail neighbor of g (located on the isolated side rail), which
we call the mirror of h. Each vertex-gadget will contain a total of ¢t 4+ 1 sub-ladders, one
for each supply pair, as well as one at the bottom of the ladder, containing d(u) reservoir
nodes that each hold a token. Thus, when the tokens on a side rail of a sub-ladder of an
arc-gadget are emptied into the vertex-gadget and moved up to the demand nodes, the
rail neighbor condition is satisfied by moving tokens to the mirrors of those token-bearing
nodes from the reservoir nodes.

Crucially, no matter which sub-ladder we pick in an arc-gadget, we incur the costs of
moving its tokens upward to the demand nodes in the vertex-gadgets and moving tokens
from the reservoirs in the vertex-gadgets to the mirrors of now-empty token-bearing nodes.
Since the two costs, per shifted token, sum up to the length of a vertex-gadget side rail,
the total cost, per shifted token, will be the same regardless of which sub-ladder of the
arc-gadget we choose. The budget is chosen so that tokens can only slide in the described
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manner, implying that each vertex-gadget for a vertex u € V(D) receives exactly o(u)
tokens and does so by taking in the appropriate tokens (i.e. supplies) of the selected
sub-ladders (i.e. selected supply pairs) of connected arc-gadgets.

In order to restrict the ways tokens can slide, we introduce spacer nodes, designed to
increase the lengths of certain subpaths within gadgets. There are spacer nodes along
the side rails of arc-gadgets in order for them to “match” the lengths of the side rails of
vertex-gadgets, and there are also spacer nodes along rungs.

The length of side rails is chosen to ensure that the side rail of each sub-ladder has
enough space to hold and receive tokens. We set ¥ to be three times the sum of all integers
in the input (that is, the sum of all demands and, for all tuples, all integers appearing
inside the tuples), and to account for there being as many as four neighbors of a vertex,
we set the length of a side rail of a sub-ladder to be 43.

In the following description of an instance ((H,C), S, b, ¢) of MSO-DISCOVERY, we use
specific colors both for greater clarity and for use in the MSO-formula.

Vertex-gadget. FEach vertex-gadget H, consists of two paths of length 43(¢+1) (the
isolated side rail and the connected side rail, or collectively, the side rails), connected by
4%(t + 1) paths of length four (the rungs); the three intermediate nodes in each rung are
all spacer nodes. We use the term sub-ladder to refer to each of the ¢+ 1 subgraphs formed
by splitting each side rail into subpaths of length 4>. We number the sub-ladders, with
sub-ladder 1 at the top and sub-ladder £ + 1 at the bottom.

The 6(u) nodes at the top of the connected side rail are demand nodes and the 6 (u)
nodes at the bottom of the isolated side rail are reservoir nodes. The bottom-most sub-
ladder of the vertex-gadget, namely the sub-ladder ¢ 4 1, contains the reservoir nodes and
has no connections outside the vertex-gadget. The MSO-formula implies that all nodes of
the sub-ladder ¢ + 1 of each vertex-gadget do not contain tokens. Thus, we show later that
tokens must leave sub-ladder t 41 of a vertex-gadget for vertex u through the bottom-most
isolated side rail node of sub-ladder ¢ of H,, which we therefore refer to as the transit node
for u.

Since a vertex u € V(D) has degree at most four, a vertex-gadget will be connected to
at most four arc-gadgets. To distinguish among the nodes involved in the four connections,
we assign each a type (a, b, ¢, or d). We can view the 43 nodes in the side rail of a sub-
ladder as being the interleaving of four paths of length 3, one of each type. Starting at
the bottom and moving to the top, each side rail consists of nodes of types a, b, ¢, d, a, b,
¢, d, and so on.
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demand nodes ——————— > {7 ____________

node type d

sub-ladder 1
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> sub-ladder ¢t + 1

reservoir nodes

____________ _——L e

node type a

Figure 7.8: A sketch of the isolated and connected side rails for some vertex u € V(D) as
discussed in Theorem 141. Demand nodes at the top of the connected side rail are colored
yellow; reservoir nodes at the bottom of the isolated side rail are brown. Reservoir nodes
contain tokens. The thin dotted lines indicate additional nodes that are omitted for clarity.

Initially, there is a token on each reservoir node, for a total of (u) tokens for H,.
We assign the following colors to the nodes in the vertex-gadgets:

e yellow (C}) to all demand nodes (including the topmost node in the connected side
rail when 6(u) # 0),
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e purple (Cy) to all remaining connected side rail nodes,

e brown (C5) to all reservoir nodes (including the bottom-most node in the connected
side rail when 6(u) # 0),

e teal (C,) to all remaining isolated side rail nodes, and

e gray (C5) to all spacer nodes.

Figure 7.8 illustrates a vertex-gadget, depicting sub-ladders, demand nodes, and reser-
voir nodes.

Arc-gadget. The arc-gadget H,, for uv will contain one side rail for « and one for v.
To represent the supply pairs, an arc-gadget H,, contains one sub-ladder for each supply
tuple (x,y) in Ly, (for a total of ¢ sub-ladders since unlike in vertex-gadgets, here there are
no reservoir nodes). The sub-ladders are formed by splitting each side rail into subpaths
of length 4X. As in the vertex-gadgets, we number the sub-ladders, with sub-ladder 1 at
the top and sub-ladder ¢ at the bottom. Sub-ladder i corresponds to the supply pair ¢ in
the instance of PLANAR ARC SUPPLY.

In each sub-ladder, the bottom-most node in each side rail is a rung node. The rung
connecting two rung nodes is a path of length six, with five intermediate spacer nodes.

To match the lengths of the paths between nodes of each type in the vertex-gadget, in
a side rail of a sub-ladder, there are three spacer nodes between the rung node and the first
token-bearing node, and three spacer nodes between each consecutive pair of token-bearing
nodes. The total number of token-bearing nodes in a side rail of a sub-ladder will equal
the number in the corresponding supply pair for that endpoint. All remaining nodes in the
side rails of the sub-ladder will be spacer nodes.

Tokens are initially placed on all token-bearing nodes.
We assign the following colors for the nodes in the arc-gadgets:

e black () to all rung nodes,
e orange (C7) to all token-bearing nodes, and
e gray (C5) to all spacer nodes.

Figure 7.9 shows several sub-ladders in an arc-gadget.

We complete our construction of (H,C) by connecting vertex-gadgets and arc-gadgets.
For each vertex u € V(D), we assign a distinct type (a, b, ¢, or d) to each neighbor of w.
Assuming, without loss of generality, that neighbor v of u is assigned type a, then there
are edges only between (some) nodes of type a in H, and nodes in H,,. For each pair of
sub-ladders with the same number, one in H, and one in H,,, we add an edge between
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the rung node on the side rail for v in H,, and the bottom-most node of type a in the
sub-ladder on the connected side rail in H,. Then, working up from the bottom upward in
both sub-ladders, we connect the token-bearing nodes in H,, one by one to distinct nodes
of type a in the sub-ladder on the connected side rail in H,.

> sub-ladder 1

rung node for

sub-ladder 1

rung node for
sub-ladder t — 2

> sub-ladder ¢t — 1
third token-bearing node —»j

first token-bearing node —j

——m -

rung node for
sub-ladder ¢ — 1

> sub-ladder ¢

rung node for
sub-ladder ¢

Figure 7.9: A sketch of the arc-gadget for some edge uv € A(D). Only the orange token-
bearing nodes contain tokens. Here, the x and y values for the first supply tuple for uv are
2 and 4, respectively. The values for the supply tuple ¢t — 1 for uv are 3 and 1, respectively,
and those for the supply tuple ¢ for uv are 1 and 2, respectively.
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ring node :for sub-ladder ¢t — 2

rung node for sub-ladderit — 2

sub-ladder t — 1 <

¥4ng no or sub-ladder t — 1

<

node of type a ' rung node for sti;b—ladderét -1

sub-ladder t <

rung méde for sub-ladder ¢

node of typc a rung node for sub—laddcrét

sub-ladder ¢t + 1 <

Figure 7.10: A sketch of how the connected side rail for some vertex u € V(D) and
the connected side rail for some vertex v € V(D) connect to an arc-gadget for arc uv €
A(D). Here v is assigned type d in the neighborhood of u, and w is assigned type ¢ in the
neighborhood of v. The thin dotted lines indicate additional nodes that are omitted for
clarity.

Figure 7.10 presents a sketch of the attachments between edge-gadget H,, and vertex-
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gadgets H, and H,. Here v is assigned type d in the neighborhood of u, and u is assigned
type ¢ in the neighborhood of v.

We let A be the sum of all demands and thenset b = A+37 () 0(u)-(45(t+1)—d(u)),
sufficient for sliding A tokens from orange token-bearing nodes onto and then up the
corresponding vertex-gadgets and then sliding tokens from the brown reservoir nodes to
the teal mirrors of now empty orange token-bearing nodes. Each token that slides from an
orange token-bearing node h onto a purple connected side rail node g in a vertex-gadget
H,, requires 43(t 4+ 1) — 6(u) token slides to slide the token towards a yellow demand node
and slide a token from the brown reservoir nodes to the teal mirror of h.

We complete ((H,C),S,b) with an MSO-formula ¢(X) to create an instance of MSO-
DiscoveRy. The formula ¢(X) indicates that the set X satisfies the following conditions:

B1l. The gray (spacer), the purple (non-demand connected side rail), and the brown
(reservoir) nodes do not contain tokens.

B2. Each yellow (demand) node contains a token.

B3. A teal (isolated side rail) node contains a token if and only if an orange (token-
bearing) node is at distance five from it and does not contain a token. (That is, the rail
neighbor condition is satisfied.)

B4. If an orange (token-bearing) node contains a token, then the orange (token-bearing)
nodes at distance four from it also do. Otherwise, they do not. (That is, for each sub-
ladder, token-bearing nodes on one side rail either all contain tokens or none do.)

B5. For each connected component formed of (spacer, rung, and token-bearing) nodes
of color gray, black, and orange, there exist exactly two orange (token-bearing) nodes
not containing tokens, each at distance four from a black (rung) node, such that the black
(rung) nodes are at a distance six from each other. No other black (rung) nodes at distance
four from an orange (token-bearing) node not containing a token exist in the component.
(That is, for each arc-gadget, we empty the orange token-bearing nodes each at distance
four from the black rung nodes of exactly one sub-ladder. Combined with (B4), this
condition implies that for each arc-gadget, we empty exactly one sub-ladder.)

The construction of these expressions in MSO is given in Appendix A.3. The formula
cannot be expressed in FO since Condition B5 requires the quantification over a set thar
represents the connected component.

It is easy to see that the construction of the reduced instance can be carried out in
polynomial time with respect to the number of vertices of D. We now show that the
bandwidth of H is bounded above by a computable function of x, the number of vertices
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and edges in D, and then present the forward and backward directions of the proof of
Theorem 141.

Lemma 142. bw(H) < 66k.

Proof of Lemma 142. We describe a linear ordering of the vertices of H that achieves a
bandwidth that is at most 66x. First, we use the term segment to refer to the X(t + 1)
subgraphs formed by splitting each side rail for each vertex-gadget and each arc-gadget
into subpaths of length four. We number the subpaths, with segment 1 at the top and
segment Y(t + 1) (Xt for an arc-gadget) at the bottom. In an arc-gadget, each segment
containing rung nodes also contains the rung connecting them. Other segments of the
arc-gadget do not contain rungs.

For index i € [¥t], we add to the ordering the nodes of the segment i for every vertex-
gadget H, for every vertex u € V(D) and every arc-gadget H,, for every arc uv € A(D).
Then, for each i € [X(t + 1)] — [Xt], we add to the ordering the nodes of the segment ¢ for
every vertex-gadget H,,.

It is easy to verify that every node in V' (H) is inserted exactly once. Moreover, each
index ¢ € [X(t+1)] adds at most 33k nodes to the ordering (for each vertex-gadget, it adds
four rungs made up of three gray nodes each, as well as four purple connected and four
teal isolated side rail nodes, and for each arc-gadget, it adds at most eight side rail nodes
and five nodes of a rung). Also, every node inserted at index i is adjacent only to the
nodes inserted at indices ¢+ — 1 or 7 4 1, thus every node in the ordering is only adjacent to
nodes at distance at most 66x away from it in the ordering. This means by the definition
of bandwidth that we have bw(H) < 66k. O

Lemma 143. If (D, 0, \) is a yes-instance of PLANAR ARC SUPPLY, then ((H,C), S, b, ¢)
is a yes-instance of MSO-DISCOVERY.

Proof of Lemma 143. Let p, and p, be a solution for the instance. For an arc uv € A(D),
let 7 be the index of the supply tuple in L,, that sends its supply to the vertices u and v
in D. We perform the following token slides:

1. We slide the tokens at the orange token-bearing nodes of sub-ladder ¢ onto their
purple neighboring nodes in vertex-gadgets H, and H,. Applying these token slides
for every arc consumes A token slides.

2. For each vertex-gadget and for each purple connected side rail node g belonging to
the gadget and now having a token, we slide the closest available token from the

212



brown reservoir nodes of the gadget towards the teal rail neighbor of g and slide the
token on g toward the farthest empty yellow demand node. Since in Step 1 a vertex-
gadget for vertex u € V(D) receives d(u) tokens, we perform this step d(u) times and
require 4% (¢t 4+ 1) — 0(u) token slides each time. Thus, applying these token slides for
every vertex u € A(D) requires »_, v p) 6(u) - (45(t + 1) — 6(u)) token slides.

After performing the described token slides, for each vertex u € V(D), the yellow
demand nodes contain tokens and the brown reservoir nodes do not, as each vertex-gadget,
say for vertex u, receives exactly d(u) tokens from the incident arc-gadgets onto its purple
connected side rail nodes, satisfying Condition B2. Condition Bl is satisfied as no token
is moved throughout the process to a gray spacer, purple connected side rail, or brown
reservoir node. Condition B3 is satisfied by the token slides from Step 2 and since a token
was placed on a teal isolated side rail node only when the teal isolated side rail node has an
orange token-bearing node at distance five from it and this orange token-bearing node does
not contain a token. Conditions (B4) and (B5) are satisfied since for every arc-gadget, we
slide the tokens on all orange token-bearing nodes of exactly one sub-ladder of the gadget
toward the vertex-gadgets. In total, the token slides we made require exactly the budget
b= A+Zu€V(D) d(u)-(43(t+1)—4d(u)). Thus, we find that ((H,C), S, b, ¢) is a yes-instance
of MSO-DISCOVERY. O

To prove the backward direction, we first use the construction and the constraints on
the formula to show that any solution can be transformed into a solution of a restricted
form. We then make use of the restrictions on the solution to demonstrate that a solution
to a yes-instance ((H,C),S,b,¢) of MSO-DISCOVERY can be used to form a solution to
(D,6,)\).

We start by defining a minimal solution as one that has the minimum number of token
slides and of all solutions that have the minimum number of token slides, one with the
minimum number of tokens that slide. Since any solution must satisfy conditions (B1)
through (B5), tokens are moved from selected orange token-bearing nodes and all brown
reservoir nodes to selected teal isolated side rail nodes and all yellow demand nodes. When
we eliminate any unneeded token slides, we obtain the following observation.

Observation 144. In a minimal solution, each token that slides does so from an orange
or brown node to a teal or yellow node.

To better describe the movement of tokens, we define the supernode for a vertex u €
V(D) to consist of the union of the following four sets of nodes:
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the orange nodes of the supernode, that is, each orange token-bearing node that is
token-free in T" and adjacent to a node of H,;

the teal nodes of the supernode, that is, each teal isolated side rail node that is the
mirror of an orange node of the supernode;

the yellow nodes of the supernode, that is, all yellow demand nodes of H,; and

the brown nodes of the supernode, that is, all brown reservoir nodes of H,,.

We can view the movement of a token from one node to another as either an external
arc between supernodes (if the nodes are in different supernodes) or an internal arc within
a supernode (if the nodes are in the same supernode). Our proof consists of showing first
that there cannot be any external arcs (Lemma 150), and then that the movements within
supernodes are restricted by the budget to follow certain types of paths (Lemma 151). The
restricted types of paths can then be used form a solution to (D, d, \).

We observe that the number of tokens in each supernode must remain unchanged, as
the conditions ensure that the numbers of tokens removed from the brown and orange
nodes of the supernode are equal to the numbers of tokens added to the yellow and teal
nodes of the same supernode. Thus, if a supernode “loses” a token through an outgoing
external arc, it must also “gain” a token through an incoming external arc, which leads to
the following observation.

Observation 145. In any supernode, the number of arcs leaving orange nodes is equal to
the number of arcs arriving at teal nodes, and the number of arcs leaving brown nodes is
equal to the number of arcs arriving at yellow nodes.

We make use of Observation 145 to form sequences of arcs. An orange-teal arc where
the orange and teal nodes are of the same supernode but not mirrors is called a bad internal
arc. The arc succeeding a brown-teal or an orange-teal arc (where the orange and teal nodes
are not mirrors) is the arc leaving from the teal node’s mirror. An arc succeeding a brown-
yellow or orange-yellow arc is any external arc leaving from the supernode containing the
yellow node.

Before proving Lemma 150, we further transform a minimal solution to obtain a few
useful properties. In transforming a solution, we make use of simple modifications that
change neither the validity of a solution nor the total number of required token slides. We
will call a path traversed by a token between an orange node and a node of another color in
the same supernode friendly if it first passes through the orange node’s purple connected
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side rail neighbor. Similarly, we call a path traversed by a token to a teal node friendly if
it last passes through the teal node’s purple connected side rail neighbor and connecting
rung.

Observation 146. None of the following modifications changes the validity of a solution:

1. reordering token slides;

2. making a path traversed by a token between an orange node and a node of another
color in the same supernode friendly;

3. making a path traversed by a token to a teal node after passing through an arc-gadget
friendly; or

4. swapping the destinations of two tokens that pass through the same node.

We define a canonical solution to be a minimal solution (7', T) for the instance ((H,C), S,
b, ») of MSO-DISCOVERY such that:

1. for each vertex u € V(D), exactly d(u) tokens slide from the brown reservoir nodes
of the vertex-gadget for u to the transit node for u, with these token slides appearing
first in T,

2. if there is an external arc to a teal node and an orange-teal arc leaving from its
mirror, that arc is an external arc,

3. there is no external arc to a teal node and an internal orange-yellow arc leaving from
its mirror, and

4. if we have an internal orange-teal arc, the teal mirror (call it ¢m) of this arc’s orange
node participates in an internal brown-teal arc.

Lemma 147. If ((H,C),S,b,¢) is a yes-instance of MSO-DISCOVERY, then it has a
canonical solution (T, T).

Proof of Lemma 147. Given conditions (B1) and (B3), we know that the tokens on the
brown reservoir nodes of the vertex-gadget for u for a vertex u € V(D) do not end up
on any node of the sub-ladder ¢ 4+ 1 for the vertex-gadget for u. Thus, these tokens will
slide (or can be rerouted to slide without increasing the number of token slides) at least
towards the transit node for u. It also follows from Observation 146, Point 1, that the
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token slides that appear first in T are the token slides of the § (u) tokens from the brown
reservoir nodes of the vertex-gadget for u to the transit node for u, for each u € V(D). We
have now satisfied Condition 1 of the canonical solution.

To see that we can satisfy Condition 2, suppose that we have an external arc to a
teal node and a bad orange-teal internal arc leaving from its mirror. By Observation 146,
points (2) and (3), we can make the paths traversed by the corresponding tokens friendly.
Since both friendly paths traverse the same purple connected side rail node (that is the
rail neighbor of the teal node), by Observation 146, Point 4, we can swap the destinations
of the two tokens. We keep repeating the argument until we have a resulting external arc
to a teal node with no bad orange-teal internal arc leaving from its mirror or we get a
resulting external arc to a yellow node. Thus, Condition 2 now holds.

Now, suppose there is an external arc to a teal node and an internal orange-yellow
arc leaving from its mirror. By Observation 146, points (2) and (3), we can make the
paths traversed by the corresponding tokens friendly. Since both friendly paths traverse
the same purple connected side rail node (that is the rail neighbor of the teal node), by
Observation 146, Point 4, we can swap the destinations of the two tokens. The result is
that Condition 3 is satisfied.

Finally, suppose we have an internal orange-teal arc and the teal mirror (call it tm)
of this arc’s orange node participates in an external arc, then this violates Condition 2.
If tm participates in an internal orange-teal arc, by Observation 146, points (2) and (3),
we can make the paths traversed by the tokens of both internal orange-teal arcs friendly.
Since both friendly paths traverse the same purple connected side rail node (that is the
rail neighbor of ¢m), by Observation 146, Point 4, we can swap the destinations of the
two tokens. We keep repeating the argument until we have a that the teal node of the
resulting internal orange-teal arc participates in an internal brown-teal arc, and thus satisfy
Condition 4. O

We show in Lemma 150 that any cycle of external arcs can be removed, resulting in
a smaller number of token slides, and hence contradicting the minimality of a canonical
solution. We do so by starting with an external arc and using it to build a cycle. The
following observation is a direct consequence of Observation 145.

Observation 148. If there is a single external arc in a canonical solution, there must be
a cycle with one or more external arcs.

We capture the movement of tokens between supernodes using an auxiliary graph D
containing supernodes and the external arcs between them. We show that no external
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arcs are possible by demonstrating that any cycle in D* can be transformed into a smaller
solution, violating the minimality of a canonical solution.

We construct cycles in DF by considering the colors of the nodes (of supernodes) from
and to which the token is moving; by Observation 144 each arc is orange-teal, orange-
yellow, brown-teal, or brown-yellow. Using a proof by contradiction, we show that if a
canonical solution contains an external arc, we can find in D* a cycle consisting entirely
of orange-teal external arcs or a cycle built out of smaller pieces. Specifically, we call a
sequence of external arcs a brown-yellow segment if the first arc in the sequence starts
at (i) a brown node or (ii) an orange node whose teal mirror participates in an internal
brown-teal arc, or (iii) an orange node whose teal mirror participates in an internal orange-
teal arc whose teal node participates in an internal brown-teal arc, and the last arc in the
sequence ends at a yellow node; in the sequence, each arc is followed by a succeeding arc.

Observation 149. If we can find a single brown-yellow segment in D*, by Observation 148
we must find a cycle formed of one or more brown-yellow segments.

For both types of cycles, we demonstrate that we can modify the token slides to produce
a solution with a smaller number of slides, contradicting the assumption that the solution
is canonical.

We are now ready to prove the following lemma:

Lemma 150. No canonical solution contains an external arc.

Proof of Lemma 150. Suppose to the contrary that a canonical solution contains an exter-
nal arc. We consider two possible cases:

Case 1: There is a cycle in D* formed entirely of orange-teal arcs.

Since the arc succeeding an external orange-teal arc starts at the teal node’s orange
mirror and is external, the cycle contains matched pairs of mirrors. We create a new
solution in which, for each pair, the token slides from the orange node to its mirror. Since
we no longer require tokens to move along rungs of an arc-gadget (as was required in the
solution that forms the cycle in D*), we have reduced the number of token slides while
preserving the number of tokens that slide. Doing so violates the assumption that the
solution was canonical, as it was not minimal.

Case 2: There is no cycle in D* formed entirely of orange-teal arcs.

It suffices to demonstrate that we can use any of the other types of external arcs (brown-
yellow, brown-teal, or orange-yellow) to form a brown-yellow segment. By Observation 149
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we can then conclude that we have a cycle formed of brown-yellow segments (the cycle gives
us matched pairs where each pair consists of a brown and a yellow node of a supernode in
the cycle). Since in the cycle, each external arc to a teal node is followed by an external
arc leaving from its mirror, the cycle also only contains matched pairs of mirrors. We can
then form a solution using a smaller number of token slides by, for each brown-yellow pair,
sending the token on the brown node to the matched yellow node in the same supernode,
and for each pair of matched mirrors, send the token on the orange node to its matched
teal mirror. Since we have decreased the number of token slides (by avoiding the traversal
of rungs of at least one arc-gadget), the solution was not canonical.

To complete the proof, we show that in each of the following cases we can obtain a
brown-yellow segment.

Case 2a: There is a brown-yellow arc in D*.
In this case, the single arc is a brown-yellow segment.
Case 2b: There is a brown-teal arc in D*.

If there is a brown-teal arc in DF, then the succeeding arc starts at the orange mirror of
the teal node. If the succeeding arc is an orange-yellow arc, we either have a brown-yellow
segment (if the brown and yellow nodes are in different supernodes) or have completed a
cycle (if the brown and yellow nodes are in the same supernode). Otherwise, we add the
orange-teal arc, and continue adding succeeding orange-teal arcs until we eventually reach
an arc with a yellow node (and hence form either a brown-yellow segment or a cycle).

Case 2c: There is an orange-yellow arc in D*.

If there is an orange-yellow arc in D¥, it is the succeeding arc of either a brown-teal
arc or an orange-teal arc. These arcs can be internal as well. As the case where we have
a brown-teal external arc was covered in Case 2b, we consider the others. Consider an
orange-teal external arc, and observe that it too is the succeeding arc of either a brown-
teal arc or an orange-teal arc, which can be internal. We continue with the process of
moving backward through external arcs until we find an internal orange-teal arc or an
internal brown-teal arc. If we have an internal brown-teal arc, we form either a brown-
yellow segment or a cycle. If we have an internal orange-teal arc, by definition of the
canonical solution, the teal mirror of its orange node participates in an internal brown-teal
arc. Thus, we also form either a brown-yellow segment or a cycle. O]

We are now ready to complete our proof of the backward direction.

Lemma 151. If ((H,C),S,b, ¢) is a yes-instance of MSO-DISCOVERY, then (D,d,\) is
a yes-instance of PLANAR ARC SUPPLY.
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Proof of Lemma 151. Let (T, 7:) be a canonical solution. From Lemma 150, we know that
each token on an orange or brown node of a supernode is destined for a teal or yellow node
of the same supernode. Also by Observation 144, no other token slides in T. Thus, for
cach vertex u € V(D) the tokens on the orange nodes of supernode u must first slide to a
purple connected side rail node (as all the nodes in 7" are inside the vertex-gadgets). From
Observation 146, we can assume that the tokens on these orange nodes slide first to their
purple rail neighbors using one token slide each.

For each vertex u € V(D), we analyze the token slides needed to fill the yellow nodes
of supernode u. Consider a single token on a brown node of supernode u that is closest to
the transit node for u. If this token is destined for the yellow node of supernode u that is
token-free and farthest from the bottom-most purple connected side rail node of sub-ladder
1 of H,, then this single token will require 4%(¢ + 1) — §(u) + 4 token slides.

Alternatively, consider the following token movement pattern to fill a yellow node of
supernode u. A token on a brown node of supernode u that contains a token and is closest
to the transit node for u is destined for one teal node y of supernode u that does not contain
a token. The token on the purple connected side rail node = (with y as a rail neighbor),
which came from the orange node of supernode u adjacent to x, is destined for the yellow
node of supernode u that is token-free and is farthest from the bottom-most purple-colored
node of sub-ladder 1 of H,. This movement pattern requires 43(¢ + 1) — 6(u) + 1 token
slides to get one token to a yellow node. Note that this is the minimum number of token
slides possible to get a token to a yellow node of supernode u from one of the other (orange
or brown) nodes of supernode u (and these are the only nodes from which a token can
slide into a yellow node of supernode u as noted above as a consequence of Lemma 150
and Observation 144), and this minimum can only be achieved in this manner.

Given that b= A+3" () 0(u)-(4X(t+1)—d(u)) and for each u € V(D), d(u) tokens
must slide into the yellow nodes of supernode u incurring each at minimum 43(t + 1) —
0(u)+1 token slides, we see that tokens that end up on the yellow nodes must slide using the
described token movement pattern. Consequently, for each vertex u € V(D), the number
of orange nodes of supernode w is §(u). Additionally, since T satisfies conditions (B4) and
(B5), for each arc-gadget H,, corresponding to an arc uv € A(D) incident to u and v, the
orange token-bearing nodes of exactly one sub-ladder are token-free in I". Thus, the orange
nodes of a supernode are made up of the appropriate token-bearing nodes corresponding
to exactly one selected integer ¢ € [t] for each arc-gadget representing an arc incident to w.
Hence, for each arc, exactly one index i € [t] is selected and its tuple supplies exactly its
first value to the tail vertex and its second value to the head vertex, and this supply equals
the demand of the vertices. Thus, (D, J, ) is a yes-instance of PLANAR ARC SuppLY. [J
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Chapter 8

Conclusion and Directions For
Future Work

This thesis has explored the classical and parameterized complexity landscape of combi-
natorial transformation problems, with a particular focus on solution discovery and recon-
figuration problems.

Investigation of the parameterized complexity of our reconfiguration problems high-
lighted a dichotomy between labeled and unlabeled variants of the problem, rather than
between directed and undirected ones, when the parameter is the budget b. Specifically, we
demonstrate that the problems become fixed-parameter tractable with unlabeled tokens
but remain intractable for labeled ones (that is, those that represent distinguishable objects
we wish to slide). This mirrors the behavior of the same problem with a transformation
step that is a single token slide; this problem is polynomial-time solvable with unlabeled
tokens even with graph orientation but becomes NP-hard with labeled tokens on undirected
graphs [101], which therefore implies intractability for the directed case. For the param-
eter number of tokens, we obtain fixed-parameter tractability results only for the case of
unlabeled tokens; the status for labeled tokens, on both undirected and directed graphs,
remains open. Likewise, while we proved parameterized hardness for the parameter b in
the labeled setting, a natural next step is to sharpen this hardness by asking whether these
variants, starting from the directed one, are hard for higher levels of the W-hierarchy. On
preprocessing, not all our current tractability results give kernel guarantees. It is worth
testing whether parameter b admits different preprocessing behavior with unlabeled to-
kens on directed versus undirected graphs, for example by establishing polynomial kernels
or ruling them out. Any such strengthening could potentially clarify whether there is a
directed-undirected complexity gap.
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For solution discovery problems which are a relatively new area, several interesting
questions remain unanswered. Combining the results of our work and that of previous
work, we first notice that movement rather than the property’s computational complexity
is what drives classical hardness. Namely, MATCHING-DISCOVERY, VERTEX/EDGE CUT-
DiscovERy, and SHORTEST PATH-DISCOVERY, with properties that are polynomial-time
solvable, are NP-hard. However, there also exist solution discovery problems that are in
P. In particular, Grobler et al. [103] have shown that when the property is to form a
spanning tree in the graph, then the solution discovery variant, named SPANNING TREE
DISCOVERY is polynomial-time solvable through a similar technique to the one we adapt
for VERTEX CuUT-DISCOVERY when parameterized by k. Second, the budget parameter
b alone has proven too weak for all solution discovery problems on general graphs, where
the algorithm leverages the problem’s inherent distance-based structure (that is, the prop-
erty that there must exist exactly one token per level in this structure that exists between
the vertices s and t). In fact, unlike VERTEX COVER-DISCOVERY, each of INDEPEN-
DENT SET-DISCOVERY and DOMINATING SET-DISCOVERY remain hard even when we
combine the budget b and the number of tokens k in a parameter. Third, when parameter-
ized by k, our and previous work results on solution discovery problems with polynomial-
time solvable properties indicate tractability for MATCHING-DISCOVERY, VERTEX/EDGE
CuT-DISCOVERY, and SHORTEST PATH-DISCOVERY, but intractability when the tokens
must simply form a grid [63]. These observations collectively raise fundamental questions:
“What structural properties determine whether a polynomial-time solvable problem yields
a tractable discovery variant?”, “Can we characterize conditions under which parameter b
suffices for fixed-parameter tractability even on dense graphs?”, “Can we completely char-
acterize when the parameter k guarantees tractability for discovery variants of polynomial-
time solvable properties?”. Answering these questions would provide a unified theory of
solution discovery complexity.

On the topic of unified theories, our results reveal striking complexity thresholds.
For properties expressible in first-order logic (FO), solution discovery encounters meta-
hardness barriers at surprisingly large structural parameters such as twin cover, modula-
tors to stars, and modulators to paths numbers. This directly implies meta-hardness for
the more expressive monadic second-order logic (MSO) with the same parameters. When
we consider properties expressible in MSO, then neighborhood diversity suffices for fixed-
parameter meta-tractability, but bandwidth does not. Combining these results first sug-
gests a fundamental tension between logical expressivity and discovery complexity. While
deciding whether a graph satisfies such logical properties can be done efficiently given these
structural parameters, the setting in discovery problems appears to interact with logical
quantification in ways that rapidly escalate complexity. Second, it highlights the gaps that
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remain in our investigation of the meta-tractability of these problems with respect to struc-
tural parameters. Thus we ask “Do solution discovery variants of properties expressible in
FO become tractable under bandwidth or the even smaller parameter bisection width?”,
“Do solution discovery variants of properties expressible in FO become tractable under
the parameter maximum leaf number?”. We also observe that the properties for which we
establish hardness tend to exhibit a numeric-constraint—checking character, even when the
source problem in the reduction does not, such as the MULTICOLORED CLIQUE problem
in the FPT-reductions for the modulator to stars and modulator to paths parameters. This
observation can point toward a deeper characterization: “Do solution discovery problems
of properties defined by numeric constraints resist fixed-parameter tractability?”. More
generally, “Can a precise characterization of the properties that give rise to W[1]-hard
solution discovery problems be established?”.

As a further point, while our kernelization results vary across problems, they signal
that preprocessing success depends heavily on both the specific problem formulation and,
naturally, the graph class. For example, MATCHING-DISCOVERY admits a polynomial
kernel with respect to the parameter k with a preprocessing algorithm that takes advan-
tage of the locality of the matching constraint, whereas VERTEX/EDGE CUT-DISCOVERY
and SHORTEST PATH-DISCOVERY with no such local constraints do not (under stan-
dard assumptions). This raises fundamental questions about which problem character-
istics, such as local checkability, enable effective preprocessing with parameter k. Our
results also prove lower bounds excluding polynomial kernels for parameter b+pathwidth
for each of INDEPENDENT SET-DISCOVERY, VERTEX COVER-DISCOVERY, and DOMI-
NATING SET-DISCOVERY, naturally prompting investigation of larger parameters: “Does
b+treedepth or b+vertex cover number, which dominate pathwidth, restore kernelization?”.
Moreover, fine-grained kernelization complexity remains unexplored. For instance, “While
MATCHING-DISCOVERY admits a polynomial kernel, can we achieve compressed instances
of smaller size than O(k%), or is the latter proven bound optimal?”. Beyond that, our
kernelization lower bound for SHORTEST PATH-DISCOVERY extends naturally from the
classical hardness reduction, suggesting that it would be worthwhile to develop a general
framework characterizing when such extensions are possible and under what conditions
they can be systematically applied.

Lastly, we note that several intriguing questions arise from our case-by-case analysis of
solution discovery problems whose underlying properties are polynomial-time solvable. In
nearly all such hardness results, we were able to establish (or could plausibly establish) that
the reductions hold even under bounded degeneracy. This recurring phenomenon motivates
the question of whether a general framework can be developed that systematically extends
hardness results for solution discovery problems to classes of graphs of bounded degeneracy.
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Additionally, since the fixed-parameter tractable algorithm for VERTEX-CUT DISCOVERY
operates in polynomial time for every fixed k, it is natural to only ask whether a simpler
or more direct algorithm can be designed for the special case k = 1, corresponding to
identifying the nearest bridge cut.
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Appendix A

Formulas for Solution Discovery
Hardness Meta Theorems

A.1 Formulas for FO-Discovery for Modulator to Stars
and Modulator to Paths Numbers

A.1.1 Formulas for FO-Discovery for Modulator to Stars Num-
ber

We write here a formula ¢(X) for the conditions of the proof of Theorem 128. We assume
the following predicate, Col(z) := V;¢[5Ci(x), which holds if x is a colored node in (H,C)
of Section 7.2.1 is available. Given this, we write

S1. No colored node contains a token.

Vo € V(H) : (Col(z) — —X(x)),

S2. For each teal (Cy) (vertex block) node, there exists exactly one adjacent (purple) (C})
(vertex root) node such that all the uncolored neighbors (leaves) of this (purple)
node do not contain tokens. Moreover, all the other (purple) (vertex root) nodes
adjacent to this teal node have tokens on all the uncolored nodes (leaves) in their
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neighborhoods.
Vo € V(H) (02@) = [37« e V(H): (E(x,r) Az € V(H) : [(E(r, 2)A
~Col(2)) = =X (2)] ) AVg € V(H) : ((B(z,9) A g # 1)) =
[¥2 € VI s (B0, A~Colla) - X)) ),

S3. For each gray (Cy) (edge block) node, there exists exactly one adjacent (black) (Cj5)
(edge root) node such that all the uncolored neighbors (leaves) of this (black) node
contain tokens. Moreover, all the other (edge root) nodes adjacent to this gray node
are such that all the uncolored nodes (leaves) in their neighborhoods are token-free.

VeeV(H): (C’4(x) — [EIT eV(H): <E(x,r) AVz € V(H) : [(E(r,z)A

~Col(2)) = X(2)] ) AVg € V(H) : ((B(z,9) A g # 1)) =

V2 e V(H): (E(q,2) A—Col(z)) — =X (2 ) )
and finally set ¢(X) = S1(X) A S2(X) A S3(X).
A.1.2 Formulas for FO-Discovery for Modulator to Paths Num-

ber

We write here a formula ¢(X) for the conditions of the proof of Theorem 133. We assume
that the following predicates are available:

e 1 is a colored node in (H,C) of Section 7.2.2 if and only if this holds:
Col(z) := Vg5 Ci().

e 2 is a node in the distance-2 neighborhood of = and is reachable from x through a
node that is not a teal (Cy) edge block node, or a gray (Cy) edge block node, or a
green (C5) connector node, if and only if this holds:

Dist2NoC245(x, z) := Jy : Edge(z, y) A Edge(y, 2) A ~Cs(y) A =Cy(y) A =C5(y).
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Given this, we write

P1. No colored node contains a token.

Ve e V(H) : (Col(a:) — ﬁX(ﬂf))>

P2. For each teal (Cy) (vertex block) node, there exists at least one adjacent uncolored
node (in a path vertex-gadget) that is token-free.
Vo € V(H): [Co(x) — Ip € V(H) : (E(z,p) A =Col(p) A X (p))],

P3. For each gray (Cy) (edge block) node, there exists at least one adjacent uncolored
node (in a path edge-gadget) that contains a token.

Vo € V(H) : [Cu(z) = Tp € V(H) : (E(z,p) A =Col(p) A X(p))],

P4. Every uncolored node v (in a gadget) contains a token if and only if all uncolored
nodes (in a gadget) at distance at most two from v in H[V \ (Cy U Cy U C5)] also
contain tokens.

Ve e V(H) : <—|C01(:E) — [X(2) - Vz € V(H) : (Dist2NoC245(z, z) —
X ()] A [-X(z) = Vz € V(H) : (Dist2NoC245(z, z) —
=X (2)]),

and set ¢(X) = P1(X) A P2(X) A P3(X) A P4(X).

A.2 Formulas for FO-Discovery for Twin Cover Num-
ber

We write here a formula ¢(X) for the conditions of the proof of Theorem 138. We assume
the following predicate, Col(z) := V;c[qC;(x), which holds if x is a colored node in (H,C)
of Section 7.3 is available. Given this, we write

T1. Each yellow (C3) (demand clique) node contains a token.
Ve e V(H): (Cs5(z) — X(x)),
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T2. The brown (Cg) (reservoir clique) nodes do not contain tokens.

Ve e V(H) : (06(1’) — ﬁX(x)),

T3. For each pair of purple (C) (vertex) and black (C5) (arc) nodes, exactly one adjacent
(supply) clique containing at least one orange (Cy) (supply) node must be such that
all its teal (C5) (index) nodes contain tokens and all its orange (Cy) (supply) nodes
do not. For all other adjacent (supply) cliques of this type, their orange (Cy) (supply)
nodes contain tokens, and their teal (C5) (index) nodes do not.

Ve,y e V(H) :

(Ci(z) A Ca(y)) — (Elp e V(H): [04(]7) A E(z,p)A

Vz e V(H) ([(04(2) NE(p,2)) = =X (2)] A [(C5(2) A E(p, 2))
= X(2)])| Ava € V(H) : [Calg) A B(x.q) A =E(p,q) A (4 # )

Yz e V(H) : ([(04(2) NE(g,2)) = X(2)] A [(Cs(2) A E(g, 2))

+xta)]) |
T4. The purple (C}) (vertex) and black (C2) (arc) nodes do not contain tokens.
Ve € V(H) : ((Ci(z)V Co(z)) — —X(z)),

and set ¢(X) = T1(X) A T2(X) A T3(X) A T4(X).

A.3 Formulas for MSO-Discovery for Bandwidth

We write here a formula ¢(X) for the conditions of the proof of Theorem 141. We assume
that the following predicates are available:

e 1 is a node of color gray (Cs) or black (Cs) or orange (C7) if and only if this holds:

001576’7(1') = O5(Jf) V Oﬁ(l‘) V 07(1’)
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e 1z and y are nodes at distance k € [5] if and only if this holds:

Distg(z,y) := 321, .., 2k-1 (E(x, 21) N E(z1,22) Ao N E(2—2, 2k-1) A E(zk_l,y)).

e z and y lie in the same connected component formed of nodes of colors gray (Cj),
black (C§), and orange (C7) only if and only if this holds:

Cons g 7(x,y) :=Colsg7(z) A Cols67(y) A—3S CV(H): (S(m) A =S(y)
AVz e V(H) : (S(z) = Colsg7(2)) AVu,v e V(H): [(S(u)A
Cols 6.7(u) A B, v) A Cols 6.7(v)) — S(U)}).

(Intuitively, this formula states that = and y are connected if there is no subset S of
nodes colored gray (Cj5), black (Cg), or orange (C7) that contains x but not y and
forms a closed component under the edge relation. In other words, any path from x
using only nodes of these three colors must be able to reach y.)

e r is a token-free orange (C7) node that is at distance four to a black (Cg) node
denoted y if and only if this holds:

CTFC6(z,y) := C7(x) A =X (x) A Cs(y) A Disty(z,y).
Given this, we write

B1. The gray (Cs) (spacer), the purple (Cs) (non-demand connected side rail), and the
brown (Cj5) (reservoir) nodes do not contain tokens.

Vo € V(H): [(Cs(x) v Caa) V C3(2)) — —X(2)],

B2. Each yellow (C}) (demand) node contains a token.

Vz e V(H): (Ci(z) — X(z)),

B3. A teal (C,) (isolated side rail) node contains a token if and only if an orange (C7)
(token-bearing) node is at distance five from it and does not contain a token.

Vee V(H): (04(35) — [X(x) ~ JyeV(H): (Distg,(x,y) A Cqr(y) A —nX(y))D,
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B4. If an orange (C) (token-bearing) node contains a token, then the orange (C7) (token-
bearing) nodes at distance four from it also do. Otherwise, they do not:

Ve e V(H): (07(35) — Yy eV(H): [(Dist4(3:,y)/\07(y)) — (X(x) < X(y))}),

B5. For each connected component formed of (spacer, rung, and token-bearing) nodes
of color gray, black, and orange (Cj, Cg, and C), there exist exactly two orange
(C7) (token-bearing) nodes not containing tokens, each at distance four from a black
(Cs) (rung) node, such that the black (Cg) (rung) nodes are at a distance six from
each other. No other black (Cs) (rung) nodes at distance four from an orange (C5)
(token-bearing) node not containing a token exist in the component:

Vee V(H): [(6’6(37) Vv 07(:1:)) — Jy1, Y2, ur,up € V(H) : (yl # Y3 A
Consg7(z,y1) A Consgr(z,y2) A Conser(z,u1) A Consgr(z,us)

A (75} §£ U9 N CTFCG(yl,Ul) A\ CTFC6(y2,U2) A DiStﬁ(ul,UQ)

A YveV(H): [(Consgr(z,v) A Cs(v) A Jwe V(H): CTFC6(w,v))

— (v=u Vo= UZ)D]
(Here, y; and y, are the orange (token-bearing nodes) and u; and uy are the black
(rung) nodes at distance four from y; and ys, respectively. The variable = represents
any black or orange node and yq, 2, u1, us must exist in the same component as .
Intuitively, B5 ensures that within each connected component of nodes colored gray
(C5), black (Cg), or orange (C7), there are exactly two black (Cg) nodes that have
token-free orange (C7) nodes at distance four from them, with these two rung nodes

separated by distance six. The formula guarantees that no other black (Cg) rung
node in the component has a token-free orange (C7) node at distance four from it.),

and set ¢(X) = B1(X) A B2(X) A B3(X) A B4(X) A B5(X).
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