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Abstract

This thesis explores quasi one-dimensional (quasi-1D) quantum spin systems, specifi-
cally focusing on Kitaev ladders, Heisenberg ladders, and Motzkin chains. The research
employs a combination of analytical and numerical tools to systematically study the phase
diagrams of these low-dimensional spin lattices, developing a standardized pipeline for
analyzing future models of interest within the field of quantum physics.

At the core of this investigation is the deep interconnection between low-dimensional
quantum systems and their corresponding tensor network structures. Utilizing Matrix
Product States (MPS) and the Density Matrix Renormalization Group (DMRG) method-
ologies, the thesis provides detailed insights into the phase behaviors of these quasi-1D
systems. This includes examining novel phenomena such as quantum spin liquids, various
magnetic orderings, and symmetry-protected topological orders. These findings not only
enhance our understanding of quantum physics but also highlight the effectiveness and
adaptability of tensor network approaches in tackling complex theoretical problems.
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Chapter 1

Introduction

1.1 Background

Quantum spin systems have played a pivotal role in advancing condensed matter physics.
The study of these systems involves various Hamiltonians, such as the Ising model, where
spins interact in a way that confines them to two possible states (up or down) and the
Heisenberg model, which respects SU(2) symmetry, allowing the same spins as in Ising
model to rotate freely in any direction in spin space. These models, with their distinct
interaction rules, are fundamental in understanding the complex behavior of magnetic
systems and have been crucial in the theory of phase transitions [5, 93, .

In strongly correlated systems, given the lack of single-particle pictures, one of the
significant challenges is the exponential increase in computational complexity with the
system size, often referred to as the ’curse of dimensionality.” This has necessitated the
development of various numerical and theoretical tools. The Density Matrix Renormal-
ization Group (DMRG), introduced by S.R. White [39, 90, 72], was a groundbreaking
algorithm for studying one-dimensional and quasi-one-dimensional systems. DMRG works
by optimizing the density matrices instead of directly truncating the wavefunction, which
naturally captures the entanglement structure of 1D systems.

In the 21st century, the formalism of Matrix Product State (MPS) has been recognized
as a powerful state representation not just within DMRG, but also as a framework for
other tensor network methods [72, 85, 60]. MPS is a way to represent quantum states in a
one-dimensional lattice with high efficiency, particularly in systems with limited entangle-
ment, and it provides a more intuitive and compact representation of wavefunctions. The



evolution of tensor network methods, of which MPS is a cornerstone, has expanded the
toolbox for tackling strongly correlated systems, leading to enhanced precision, reduced
computational resources, and deeper insights into quantum many-body systems [35, 18, 86].

Moreover, advances in tensor networks have fostered significant cross-disciplinary ap-
plications, particularly in fields closely allied with physics. In quantum computing, ten-
sor networks have been instrumental in efficiently simulating quantum circuits, crucial
for developing quantum algorithms [66, 59, 67]. This has profound implications for un-
derstanding quantum entanglement and complexity. In the realm of scientific comput-
ing, tensor networks are pivotal for computational physics applications in other fields be-
yond quantum physics, facilitating complex calculations involving multi-particle interac-
tion potentials[60, 33, 59], essential in studying phenomena like electronic structures and
quantum phase transitions. Additionally, in high-performance computing, tensor networks
have contributed to optimizing tensor operations, particularly for deep learning and arti-
ficial intelligence algorithms, which are increasingly relevant in computational physics and
data analysis [01, 17, 3]. This wide range of applications highlights the versatility of tensor
networks for addressing complex problems across various physics-related domains.

In my capacity as a researcher in the field of quantum matter, I aim to concentrate
on uncovering ground states and low-lying excited states of emergent many-body systems.
This thesis will highlight some of the most recent and significant systems in this field. I
will demonstrate the application of tensor network algorithms to these systems and analyze
the intriguing results obtained through these techniques [18, 43, 36]. This approach not
only showcases the practical utility of tensor networks in cutting-edge quantum research
but also contributes to our understanding of complex quantum phenomena [32, 70, 28]

1.2 Research Problem and Objectives

The core of this thesis is an in-depth exploration of several distinct quantum many-
body systems. My approach throughout this work is to present it as an example-driven,
theoretical-numerical hybrid guide, designed to serve as a comprehensive reference for my-
self in the future as well as any other colleagues in the field. The utilization of tensor
network algorithms serves as a cornerstone in this investigation, complemented by aux-
iliary methodologies such as exact diagonalization and perturbation theory, which play
significant roles especially in the first example Kitaev ladders. In each case study, these
algorithms serve as tools that vividly represent the physical meaning inherent in the cor-
responding systems, all in the same essential mathematical form but varying according
to the physical quantities or phenomena of interests in different cases. This dual focus



ensures that the tensor network algorithms retain their mathematical essence, which is
fundamentally rooted in linear algebra, while also providing a tangible link to the physical
phenomena they are used to model.

My primary aim is to achieve an organic integration of quantum many-body physics
with straightforward numerical methods. This integration is intended to bridge the gap
between complex theoretical concepts and their practical numerical applications, thereby
enriching the understanding and utility of quantum many-body systems. Through this
work, I aspire to contribute to the field by providing a model for effectively combining
theoretical physics with computational techniques. This would not only advance the study
of quantum systems but also offer a valuable framework for future research endeavors in
similar domains.

1.3 Thesis Structure Overview

In this section, I outline the structure of this thesis, which is organized as follows:

Chapter 2 provides the theoretical foundation necessary to understand the systems
studied in this work. It begins with an introduction to quantum spin systems, phase
transitions, and the thermodynamic limit. It then offers a detailed explanation of ten-
sor networks, focusing on their role in efficiently representing low-dimensional quantum
many-body systems. The chapter also discusses the compression techniques and numerical
foundations that make tensor networks such a powerful tool in this field.

Chapter 3 describes the methodology employed in this thesis. It outlines the research
pipeline, from the design of numerical experiments to the analysis of results. The chapter
also provides an overview of the software packages used, such as tensor network libraries,
as well as the computational resources that were essential for carrying out large-scale
simulations. This chapter serves as a practical guide to the technical aspects of the research.

Chapter 4 focuses on the analysis of Spin-S Kitaev ladders, detailing both the model
definitions and the methods used to explore their phase diagrams. This chapter includes
a study of symmetries, perturbation theory, and ground-state configurations for these sys-
tems. The phase diagrams for higher-spin systems are presented, along with detailed
explanations of the transitions and critical points encountered.

Chapter 5 shifts the attention to Heisenberg ladders, covering both the ground-state
properties and dynamic behavior. The chapter explores gapless phases using central charge
analysis, as well as the correlation functions that reveal the underlying Luttinger Liquid



characteristics. Additionally, this chapter discusses the static and dynamic responses of
these systems to various perturbations.

Chapter 6 addresses the study of Motzkin chains, a unique class of quantum systems
with combinatorial and quantum error correction properties. The chapter covers the def-
inition of the model, its local interaction terms, and the physical meaning of the ground
state. Special emphasis is placed on the exact matrix product state (MPS) representations
and the connection to quantum error correction codes. The analysis of Motzkin numbers
and the relationship between the chains and orthogonal DMRG methods are also explored
in detail.

Chapter 7 concludes the thesis by summarizing the key findings across the three
different systems: Spin-S Kitaev ladders, Heisenberg ladders, and Motzkin chains. This
chapter also explores future research directions, with a special focus on extending tensor
network methods to other quantum mechanical problems and potential applications in
machine learning. The limitations and challenges faced during this research are discussed,
providing insights for future work in this rapidly evolving area of quantum many-body
physics.



Chapter 2

Preliminary

2.1 Theoretical Physics Background

The study of low-dimensional quantum systems has been a profound avenue for under-
standing the intricate behaviors of quantum materials and phenomena. These systems,
typically one- or two-dimensional, provide a simplified yet rich context for exploring quan-
tum mechanics, exhibiting a diverse array of physical properties and phases that both
challenge and enrich our theoretical comprehension.

2.1.1 Foundational Hilbert Space for Spin Systems

We initiate our discussion by defining the foundational Hilbert space for spin systems,
which are pivotal in the study of quantum many-body systems. For a spin system where
each spin has a local dimension d (e.g., d = 2 for qubits, d = 3 for qutrits and d = 4 for
ququarts), we can describe the composite space formed by N such spins as follows:

H=H)="H, (2.1)

Here, H represents the combined Hilbert space, with Hy; denoting the Hilbert space of
a single spin. The notation ® signifies the tensor product, which combines the Hilbert
spaces of the individual spins V.

The dimension of the resultant space is D = d", which is the main reason for the noto-
rious dimensional crisis in the numerical studies of any many-body strongly correlated sys-
tems. For a single spin, there are only 2 possible states, namely |0) or |1); for two spins, the

5



N spins

{0,1,..],d—1}

> HY
0,1,....dV — 1}

Tensor product of N spin Hilbert spaces forming the composite space H.

A

Figure 2.1: Formation of the foundational Hilbert space H for spin systems through the
tensor product of N local spaces H4, where each H, is spanned by the basis {0, 1,...,d—1}.

states are |00) , |01) , |10) ,|11); three spins then |000) , |001) , |010) ,]011),|100) ,|101),|110)
and |111). This specific illustration clearly shows that the basis set of the Hilbert space
consists of all length-/N binary numbers, not to mention that a general state should be a
linear combination with complex coefficients.

2.1.2 The Role of the Hamiltonian

Recall the foundational equation of quantum mechanics, the Schrodinger equation:
e, 3
S (0) = Al (D), (2.2

where the Hamiltonian H , a central element in any quantum theory, defines the interaction
rules among different sites and dictates the time evolution of the state |¢) as e ™. At

finite temperature, the probability distribution of the eigenstates is proportional to e ¥
where 5 =1/(kgT).

The Hamiltonian H is a linear operator that can, in principle, be represented by a
matrix of dimension D x D, where D = d” is the size of the Hilbert space for a system
with N sites and local dimension d. Without additional constraints, this matrix would have
D? = d*V independent parameters. However, various physical constraints, such as locality,
symmetry, and the Hermiticity of the Hamiltonian, drastically reduce the effective number
of independent parameters, confining the system to a much smaller parameter space that
corresponds to realistic physical systems.



The focus of many-body physics has traditionally been on ground states or low-lying
states, i.e., the eigenstates of the Hamiltonian with the lowest eigenvalues, and on deriving
subsequent physical quantities through the measurement of various operators.

Locality and Geometry

In spin systems, the locality of Hamiltonians is determined by the lattice structure and
geometry. By generalizing lattices as graphs, it becomes evident that the defining char-
acteristic is the neighborhood configuration. For instance, a nearest-neighboring 1D chain
restricts each site to two neighbors, whereas a 2D square lattice includes four neighboring
sites per site.

Hermiticity

Hermiticity, a property enforced axiomatically, ensures that the energy and the probability
distribution of evolving states remain real and conserved. This property is indispensable
for maintaining the physical realism and stability of the system dynamics.

2.1.3 Key Quantities in Quantum Many-Body Systems

In the study of quantum many-body systems, understanding the behavior and character-
istics hinges not just on the Hamiltonian, but on a series of interconnected key quantities
and concepts. These range from fundamental measures like energy to more complex phe-
nomena such as entanglement and symmetry breaking. Below, we present a progression of
these key quantities, emphasizing their mathematical definitions and significance in quan-
tum systems. Here we only sketch the overall logics; for further detailed discussions and
derivations, please see related textbooks [74, , 98, 4, 51, 30, 68].

Energy and Energy Gaps

The most immediate and fundamental quantity derived from the Hamiltonian H is the
energy, which is obtained from the eigenvalue equation:

Hibn) = En|thn),



where |1),,) are the eigenstates and F,, are the corresponding eigenvalues (energies) of the
system. The differences between these energy levels, known as the ’energy gaps’, are defined
as:

AE = E,.\ — E,.

Note that, in the context of condensed-matter physics, if no extra explanation, typically
energy gaps are specifically for the gaps between ground state(s) and the first excited
state(s). Energy gaps play a critical role in determining the system’s stability and its
phase transitions. For instance, in systems with a non-zero energy gap, the system is
typically in a gapped phase, often associated with insulating behavior in condensed matter
systems. Conversely, a gapless system, where AE = 0, often signals a critical phase, such
as in certain quantum phase transitions. Energy gaps also dictate how the system responds
to external perturbations, influencing the thermal and dynamic properties of the system.

Density Matrices and Entanglement Entropy

To describe the quantum state of a subsystem within a many-body system, we use the
density matrix p, which for a pure state is given by:

p =) l.

For mixed states or subsystems, the density matrix provides a statistical description of
the quantum state, p = >, p; [1;) (¢;] where ). p; = 1. If we partition a system into two
subsystems A and B, the reduced density matrix for subsystem A is obtained by tracing
out the degrees of freedom of B:

pa = Trg(p).

From this reduced density matrix, we can compute the von Neumann entanglement entropy
which measures the degree of quantum entanglement between the two subsystems:

SA = —Tl"(pA log pA).

This quantity is pivotal in understanding quantum correlations, particularly near quantum
critical points where entanglement entropy often exhibits scaling behavior. More detailed
relationship between entanglement entropy and other quantities e.g. central charges will
be revealed afterwards in our concrete research chapters.



Correlation Functions and Mutual Information

Correlation functions quantify how observables, such as spins or charges, are correlated
across different parts of the system. For a quantum spin system, the two-point spin-spin
correlation function is typically defined as:

C(r) = (S7S5,) — (S)(S7p),

where S’f is the spin operator along the z-axis at site i, and r is the distance between
spins. Correlation functions help reveal critical behavior in the system by showing how
correlations decay with distance. At a critical point, correlations often decay algebraically:

C(r)y~r

where 7 is a critical exponent. In non-critical, gapped phases, correlations typically decay

exponentially:
C(r) ~ e "8,

where ¢ is the correlation length.

Mutual information extends the concept of correlation by quantifying the total amount
of information shared between two subsystems A and B. It is defined as:

I(A:B)=Sa+ Sp— Saus,

where Sy, Sp, and S,up are the entanglement entropies of the respective subsystems and
their union. Mutual information provides a more global measure of correlations within the
system, including both classical and quantum contributions.

Symmetry and Symmetry Breaking

Symmetry considerations play a fundamental role in quantum many-body systems, pro-
viding insights into how systems behave under specific transformations. Mathematically,
a symmetry of a Hamiltonian H is a unitary or anti-unitary operator U such that:

UHU' = H.

This equation means that the Hamiltonian remains invariant under the transformation
defined by U. Symmetries can be classified into continuous symmetries, such as rotational
or gauge symmetries, and discrete symmetries, such as parity or time-reversal symmetry.



In many systems, symmetries may be spontaneously broken in the ground state. Spon-
taneous symmetry breaking (SSB) occurs when the ground state [1y) of a Hamiltonian
does not exhibit the same symmetry as the Hamiltonian itself, i.e.,

Ulo) # |tho),

even though UHU' = H still holds. This broken symmetry leads to the appearance of
order parameters which are non-zero in the symmetry-broken phase and can be used to
classify different phases of matter. A typical example is the magnetization M = (Sz) in
a ferromagnetic system, which serves as an order parameter and becomes non-zero when
rotational symmetry is broken.

In low-dimensional systems, the role of symmetry is particularly profound, influencing
stability, determining phase boundaries, and dictating the nature of quantum and thermal
fluctuations. For example, in 1D systems, the Mermin-Wagner theorem states that contin-
uous symmetries cannot be spontaneously broken at finite temperature, highlighting the
significance of dimensionality in symmetry-breaking phenomena. Symmetry considerations
also help in understanding quantum phase transitions where phases are distinguished by
different symmetry properties, often characterized by the closing of energy gaps and the
emergence of long-range order.

2.1.4 Phases and Phase Transitions

Low-dimensional quantum systems exhibit various phases characterized by their order and
symmetries, including gapped and gapless phases, SSB, symmetry-protected topological
(SPT) phases, and topologically ordered phases. Gapped phases have a finite energy differ-
ence between the ground state and the first excited state, often associated with long-range
order and SSB in the thermodynamic limit. In contrast, gapless phases feature a contin-
uous spectrum of low-energy excitations, indicative of critical systems or unconventional
ordered states like those in quantum spin liquids.

Phase transitions in these systems, such as quantum phase transitions occurring at
zero temperature driven by quantum fluctuations, provide insights into universality and
scaling behaviors. The study of SPT phases, which are distinguished by their edge states
and protected by global symmetries, and topological order, characterized by non-local
entanglement and exotic excitations (e.g., anyons), further enriches our understanding
of quantum matter. An important characteristic of phase transitions is whether they
are first or second order. First-order phase transitions are typically associated with a
discontinuity in the order parameter as a function of tunable parameter in Hamiltonians.
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Such discontinuity involves sudden change of orders or a ’cusp’ in energy. On the other
hand, second-order phase transitions are sometimes called continuous phase transition,
implying the fact that those changes in orders or energy happen in a milder way, but
in fact bring much more interesting novel phenomena such as universal scaling behaviors
along with their critical exponents; this is also one of the main drives for modern condensed-
matter research.

2.1.5 The Thermodynamic Limit and Finite Temperature

While the focus of this thesis is primarily on zero-temperature quantum systems, it is
essential to acknowledge the importance of the thermodynamic limit and finite temperature
effects, as they significantly influence the behavior of many-body quantum systems.

The thermodynamic limit, where the system size approaches infinity (N — o0), is
fundamental in defining phases and phase transitions in both classical and quantum sys-
tems. In finite-size systems, certain phase transitions, such as the spontaneous breaking
of symmetry, may not be well-defined, as thermal or quantum fluctuations can overwhelm
long-range order. In the thermodynamic limit, however, the system’s bulk properties
dominate, and phase transitions become sharp, characterized by non-analytic behavior in
thermodynamic quantities such as free energy or entropy.

Mathematically, this limit is often expressed as:

1
lim ———log Zn =
N, g 08N =1,
where Zy is the partition function for a system of size N, f is the free energy per particle,
and = 1/(kgT) is the inverse temperature. As N — oo, the bulk thermodynamic
properties are captured, and fluctuations around the mean behavior tend to vanish. This
limit is crucial for ensuring the extensivity of thermodynamic quantities.

At finite temperature, thermal fluctuations become significant, introducing a competi-
tion between thermal and quantum effects. The thermal partition function is given by:

Z(8) = T[],

which weights the system’s eigenstates according to the Boltzmann factor e #F» where E,,
are the eigenvalues of the Hamiltonian H. As temperature increases, thermal excitations
populate higher energy states, which can alter the system’s phase and response to external
perturbations.

11



At low temperatures, quantum fluctuations dominate, particularly in low-dimensional
systems, where quantum critical behavior is often observed near phase transition points. As
temperature increases, these quantum effects are gradually suppressed by thermal fluctua-
tions, leading to a rich interplay between quantum and thermal phenomena. This interplay
can be characterized by the thermal de Broglie wavelength, which provides a length scale
for comparing quantum and thermal effects.

This competition can give rise to finite-temperature phase transitions, which are driven
by thermal fluctuations and are generally described by classical statistical mechanics. How-
ever, in systems with strong quantum effects, finite-temperature phase diagrams may ex-
hibit exotic phases such as quantum spin liquids or fractionalized phases, where both
thermal and quantum effects play a role.

In summary, while the thermodynamic limit allows for the clear definition of phases and
phase transitions, finite-temperature effects introduce thermal fluctuations, which compete
with quantum fluctuations to produce complex phase diagrams. These effects are crucial for
understanding real-world systems, as actual experiments are often performed at non-zero
temperatures, where both quantum and thermal effects must be considered.’

2.2 Tensor Networks: A Practical Introduction

This section diverges from conventional pedagogical approaches to Tensor Networks (TN),
emphasizing the practical numerical implications rather than solely theoretical aspects.
Traditional discussions often neglect crucial aspects such as convergence, canonical forms,
and error estimation, vital for TN applications in computational physics and quantum
information science. Our aim is to demystify these numerical tools, providing an intuitive
and practical understanding.

2.2.1 Basic Definition

At its core, a tensor network does not inherently pertain to quantum physics. Conceptu-
ally, a tensor network involves a set of tensors, which are multidimensional arrays (similar
to the class ndarray in numpy). These tensors are vertices in a graph, with connections

IFrom the perspective of statistical mechanics, these concepts correspond to taking the parameter N for
particle number to the limit of infinity for extensive quantities in Hamiltonians, while intensive quantities
(like temperature) remain finite. The parameter T for temperature in partition functions is moved away
from the limit of zero.

12



(a) (b) |

Figure 2.2: Tensor Networks and Matrix Product States (MPS): (a) Generic Tensor Net-
work illustrates a network of five tensors connected by edges that represent tensor con-
tractions, critical for encoding complex quantum states and operations compactly. (b)
Mapping to MPS via singular value decomposition (SVD) transforms a high-dimensional
quantum state into a one-dimensional chain of tensors (T0 to T5), simplifying the state
representation while maintaining essential quantum correlations. This MPS framework is
particularly useful for efficient simulations of one-dimensional quantum systems, overcom-
ing challenges posed by the exponential growth of the state space.

between them defined as edges. See Figure 2.2 (a) for an illustration. This setup forms
a computational graph that can be contracted as long as each pair of connected tensors
has correspondingly compatible dimensions. In cases where a tensor lacks sufficient dimen-
sions for contraction, dummy spaces can be added to facilitate forced contraction. Such
a structure, based on fundamental principles of linear algebra, is what defines a tensor
network.

Reshaping

A key operation in tensor networks is reshaping, which allows us to view the same data in
different dimensional structures without changing the underlying information. Figure 2.3
illustrates this concept:

As shown in Figure 2.3, a tensor T can be represented in multiple ways:

e As a l-leg tensor (vector): T =[1,2,3,4,5,6,7,8] with a single index 1.
e As a 2-leg tensor (matrix): T = [[1, 2, 3,4], [5,6, 7, 8]] with indices j; and j.

e As a 3-leg tensor: T = [[[1, 2], [3,4]], [[5, 6], [7, 8]]] with indices ki, k2, and k.

13
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Figure 2.3: Reshaping a tensor T from a vector (1-leg tensor) to a matrix (2-leg tensor)
and further to a 3-leg tensor

In the context of tensor networks, reshaping operations play a crucial role in facilitat-
ing the contraction of tensors with compatible dimensions®>. When tensors lack sufficient
dimensions for contraction, we can reshape them or introduce dummy dimensions to make
the operation possible. A prime example of this occurs in Matrix Product States (MPS),
where tensors associated with individual sites are contracted with neighboring tensors to
obtain the full wavefunction.

Consider an MPS where each site is represented by a tensor 77" with three indices: a
physical index o; and two bond indices. To contract tensors on neighboring sites, say 7}
and T;)7", the bond dimensions must be compatible for summation over the shared index.
However, before contraction, it is often necessary to reshape the tensors into matrices by
combining certain indices. For instance, we can reshape 77" into a matrix by combining
the physical index o; and one bond index, thus allowing contraction with the adjacent

Ti+1
tensor T; 7.

This reshaping process is particularly vital when dealing with tensors that have multiple
indices, as it simplifies the tensor structure and enables efficient contraction. In practical
terms, we might start with a tensor of shape (d, D, D), where d is the physical dimension
and D is the bond dimension. We can reshape this tensor into a matrix of shape (d x
D, D), facilitating matrix multiplication with neighboring tensors. Once the contraction

2This reshaping process is fundamental in tensor network operations, enabling efficient contractions
and manipulations of high-dimensional data. The ability to view and operate on the same data in different
dimensional structures is a cornerstone of tensor network computations.
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is complete, the result can be reshaped back into a tensor to continue the tensor network
algorithm.

These reshaping operations are not merely theoretical constructs but are widely im-
plemented in numerical algorithms such as the Density Matrix Renormalization Group
(DMRG) and Tensor Network States (TNS). In these methods, reshaping allows for effi-
cient manipulations of tensors while preserving the necessary structure for contraction and
other operations.

The flexible structure afforded by reshaping operations, rooted in the principles of
linear algebra and multidimensional array manipulations, forms the foundation of tensor
networks. This flexibility makes tensor networks a powerful tool for handling complex data
structures and computations across various fields, including but not limited to quantum
physics, machine learning, and data compression.

Contraction of Tensors

In tensor algebra, contraction involves summing over the indices of tensor components
that appear in multiple tensors, following the rules of Einstein summation convention.
For example, contracting a two-leg tensor A with indices 7,7 and a three-leg tensor B
with indices j, k, [ involves computing Zj A;;Bj;. This operation reduces the number of
free indices by summing over the repeated indices, leading to a new tensor that combines
information from both A and B.

Computational Considerations The true significance of tensor contraction, however,
lies beyond the mathematical definition. In practical applications, especially in compu-
tational physics and numerical simulations, the order in which tensor contractions are
performed can drastically affect the computational complexity of the task. This is be-
cause:

e Efficiency: Different contraction sequences can lead to varying amounts of inter-
mediate data being generated. Some sequences minimize the size of intermediate
tensors, leading to significant reductions in computational time and resource usage.

e Optimization: Identifying the optimal order of contraction—often via algorithms
like those used in tensor network optimizations—can be crucial for managing the
exponential growth of tensor dimensions in many-body physics, quantum computing
simulations, and other fields.
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Therefore, understanding and optimizing tensor contraction sequences is not just a
matter of theoretical interest but a critical factor in the efficiency of algorithms that handle
large-scale tensor calculations. This makes the study of tensor contraction essential for
advancing computational techniques in various scientific domains. Fortunately in this thesis
we do not claim to make any contribution to the current tensor contraction algorithms?®.

2.2.2 Natural Representation of Low-Dimensional Many-Body
Ground/Low-lying States

The quantum states, especially those in the spin systems, are nothing but complex vector
arrays of exponentially high dimensions. However, given the predefined tensor-product
structure (the geometry of the physical lattices/graphs of the researchers’ interests), it is
natural to consider tensor networks as the representations of the corresponding statevec-
tors. Moreover, a class of algorithms from last century [90], density matrix renormalization
group (DMRG), was already shown to be able to improve drastically and sometimes opti-
mze the accuracy of such MPS representations of quantum states [72].

This approach is validated by numerous demonstrations in the field. MPS are recog-
nized as the state-of-the-art method for simulating low-lying states in one-dimensional or
quasi-one-dimensional quantum many-body systems [17]. This prominence is largely due
to the adherence of such states to the so-called "area law” of entanglement. This law
posits that the entanglement entropy of a subsystem scales with the boundary (or ”area”)
of the subsystem rather than its volume. According to this law, the bipartite entanglement
does not increase exponentially, which typically sustains the feasibility of tensor networks
for such applications. Meanwhile, many of the interesting many-body quantum systems
have hamiltonians that can be expressed as Matrix Product Operator, MPO, yet another
tensornetwork with very similar structures as MPS.

2.2.3 Compression Essence of Tensor Networks

Tensor Networks (TN) leverage the classical linear algebra technique of Singular Value
Decomposition (SVD) for data compression. This methodology, when adapted to quan-
tum physics, facilitates the efficient representation of quantum systems, such as two-qubit
systems. By controlling the compression through the manipulation of singular values, TN

3instead, we either already used pre-defined contraction package written by experts or reinvent wheels
for those new networks which happen to not yet be included in standard packages.
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x=64 x=32 x=16

Figure 2.4: Demonstration of Singular Value Decomposition (SVD) as a tunable method
for data compression. This example uses a photograph of the author, progressively com-
pressed at bond dimensions of 64, 32, and 16. The images illustrate the varying degrees
of compression and their impact on image quality, providing a clear visualization of the
trade-off between data reduction and fidelity.

allows for a precise yet compact expression of bipartite quantum states, exemplifying the
trade-off between compression and fidelity in the representation of quantum states.

To revisit the fundamentals of SVD: for any matrix M, say dimension m X n, it de-
composes as:

M =USV? (2.3)

where U is a unitary matrix in space of dimension m and V' is another one but in space of di-
mension n; S is a m by n matrix but only nonzero on the diagonal line. This decomposition
is guaranteed as MM and MTM are Hermitian, thus allowing for eigen-decomposition.
The resultant forms are*:

MM'=US*U', M'M =VS?VT. (2.4)

A noteworthy point is the preservation of information within M, including the sign or phase
of eigenvalues. In quantum applications of particular relevance here, the matrices involved
are typically reduced density matrices, which are semi-positive, thereby circumventing
potential issues related to eigenvalue sign or phase.

By discarding smaller singular values in the matrix S, significant data compression
can be achieved while maintaining essential information. This approach remains a widely
utilized technique for efficient data storage and processing. Figure 2.4 provides a practical
demonstration of this method, illustrating how SVD can be used to compress an image at
various levels of granularity, balancing data reduction with fidelity to the original image.

4Simutaneous validation of the two equations can be seen from MMt = US?’U" — MMM =
MUS?UT & MTMMU = MTUS? & (MTM)(MTU) = (MTU)S? i.e. the eigendecomposition of MTM.
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Figure 2.5: The singular values on a central bond of an MPS from the excited, highly-
entangled states of an exotic quantum spin model. The values after the 16th largest are
already much close to zero.

In quantum physics, state vectors and density matrices are typically more structured
and predictable than real-world data, such as images. As such, the data compression
requirements in condensed matter physics are usually more modest, leading to manageable
dataset sizes. This characteristic aligns with the middle-scale infrastructure generally used
for generating and analyzing quantum data. However, the critical challenges often lie not
just in managing data sizes but ensuring the data reliably corresponds to the underlying
Hamiltonian. Meanwhile, numerous physical measurements over the state data will be
involved, and sometimes it is necessary to evolve the data under certain conditions and
constraints, preserving physical accuracy and relevance.

2.2.4 Numerical Foundations of Tensor Networks

The effective application of TN is based on a deep understanding of its numerical founda-
tions that are highly related to the tasks of interests in quantum many-body systems:

e Canonical Forms: Canonical forms, such as those for Matrix Product States
(MPS), streamline computations and enhance algorithmic efficiency by providing
a standardized representation.

e Convergence: Identifying conditions for algorithmic convergence and understand-
ing factors affecting convergence rates are essential for reliable TN applications.
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e Error Estimation: Developing techniques to accurately quantify and mitigate er-

rors in TN algorithms ensures the precision of quantum simulations.

These elements are indispensable for bridging theoretical concepts with practical com-
putational strategies.

2.2.5 Selective Focus on Tensor Network Techniques

Among the family of TN techniques, we focus on those with significant practical utility
which were also used by our research:

DMRG

Density Matrix Renormalization Group (DMRG) stands out for its effectiveness in solving
one-dimensional and quasi-one-dimensional quantum systems.

In Figure 2.6, we outline the core procedural loop of the DMRG algorithm tailored
for finite spin chains. The diagram simplifies the process while avoiding overly technical
details, focusing on four crucial phases:

(a)

Initialization: Establishing the initial matrix product state (MPS) configuration for
the computation. As a typical optimization problem, the initialization process can
not be ignored and in fact a good choice of initial state greatly improve the overall
performance both in speed and quality.

Selection: Targeting specific tensors within the MPS for optimization, with other
segments acting as the environment or effective Hamiltonian. A common strategy in
this step is to select two consecutive sites to improve, and after the program revisit,
move to the next two consecutive ones.

Optimization: Refinement of selected tensors to improve the approximation of the
system’s ground state. Elegant and efficient contraction algorithms are required here
and this step will consume the majority of computing resources; also, well-organized
canonicalizations are typically required to optimize the performance of this step.

Restoration: Adjusting the MPS back to its canonical form and preparing for the
next iteration. This stage also decides whether to continue with additional optimiza-
tion cycles or to terminate the algorithm.
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Such algorithms seem quite complicated, but thanks to previous researchers effort cur-
rently people do not have to bother reinvent everything all by their own.

TEBD

Time-Evolving Block Decimation (TEBD) is a widely used algorithm for simulating the
time evolution of one-dimensional quantum systems represented by tensor networks [30].
It is particularly effective for systems whose Hamiltonians are local, meaning they can be
expressed as a sum of terms that each act on only a small number of neighboring sites.

In many quantum systems, the Hamiltonian H can be decomposed into two parts, typi-
cally referred to as the "even” and "odd” parts, each of which acts on separate neighboring
sites: R R X

H= Heven + Hodd; (25)

where I:Ieven contains terms acting on pairs of sites connected by even bonds, and ﬁodd
contains terms acting on pairs of sites connected by odd bonds. This structure allows for
the use of Trotter-Suzuki decomposition, which approximates the time evolution operator
e 1 by splitting it into separate exponentials that are easier to compute.

First-Order Trotter Decomposition Using the Baker-Campbell-Hausdorff formula,
the time evolution operator can be approximated by the first-order Trotter decomposition:

A

Ut) = e~ itH o p=itHeven p~itHoda _ UTEBDl(t% (2.6)

where U TEBD1(4) evolves the system by first applying the time evolution of ﬁeven, followed
by Hoqq- While this approximation is efficient and easy to implement, it introduces an
error of order O(t?), meaning that it becomes less accurate for larger time steps.

Second-Order Trotter Decomposition To reduce this error, the second-order Trotter-
Suzuki decomposition is often employed, which introduces a symmetrized form of the time-

evolution operator:
UTEBD2(t) _ efi(t/Q)HevenefitHOddefi(t/2)Heven’ (2.7)

where the even part is applied for half a time step before and after applying the odd
part. This reduces the error to order O(#), making the approximation significantly more
accurate for small time steps without introducing substantial additional computational
cost.
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TEBD Procedure and Its Importance The TEBD algorithm works by applying
these time-evolution operators to a Matrix Product State (MPS). Since MPS is an efficient
representation of low-entanglement states in one-dimensional quantum systems, TEBD is
capable of simulating the real-time dynamics of such systems efficiently. After each ap-
plication of the time-evolution operators, the resulting MPS tensors are updated, and a
truncation step is typically employed to ensure that the bond dimension remains manage-
able, limiting the growth of entanglement.

A typical TEBD algorithm proceeds as follows:

1. Initial State Preparation: The initial quantum state is represented as an MPS.

2. Application of Time Evolution: For each time step, the time-evolution operator
(using either the first- or second-order Trotter decomposition) is applied to the MPS,
updating the tensors.

3. Truncation: After the application of each operator, the bond dimension of the MPS
is truncated using singular value decomposition (SVD), ensuring that the computa-
tional cost remains under control.

4. Tteration: This process is repeated for each subsequent time step, generating the
time-evolved state.

TEBD is particularly important because it allows for the simulation of real-time dy-
namics in one-dimensional quantum systems, a task that is computationally prohibitive for
generic quantum systems due to the exponential growth of the Hilbert space. By leveraging
the low entanglement of many quantum systems under local interactions, TEBD efficiently
simulates the time evolution of states with only a polynomial increase in computational
resources.

Figure 2.7 illustrates the TEBD procedure, where the Hamiltonian is split into even
and odd parts, and time evolution is applied to alternating pairs of sites. This methodology
highlights the importance of TEBD in advancing the practical applications of tensor net-
works, particularly in simulating dynamics in quantum systems efficiently and accurately.

2.2.6 Summary

The shift towards a more intuitive and numerically informed discussion of Tensor Networks
represents an essential step in demystifying these powerful tools. By emphasizing practical
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Figure 2.7: Schematic representation of the TEBD procedure, where time evolution oper-
ators are applied to pairs of sites (even and odd) in alternating steps.
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considerations such as convergence error estimation, and focusing on key TN techniques,
we aim to equip readers with the knowledge needed to apply Tensor Networks effectively
in their research endeavors.
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Chapter 3

Methodology

This chapter outlines the theoretical and practical approaches adopted in this research
to redefine the methodology of computational physics. The aim is to establish a more
structured, engineering-like framework that transcends the traditional, often chaotic ap-
proaches prevalent in the field. This methodology emphasizes reproducibility, systematic
investigation, and the application of numerical techniques to address complex physical
phenomena.

3.1 Research Pipeline

Our research approach to studying quantum many-body systems is structured and compre-
hensive, combining fundamental quantum theory aspects with sophisticated computational
techniques. The process initiates with three key inputs: the State Space, which delineates
the possible configurations of local states; the Graph/Lattice Structure, which describes
the spatial arrangement and connectivity of local spins; and the Hamiltonian, which defines
the system’s energy and interactions, and also serves as the cost function when finding the
groundstates.

From these foundational elements, we derive essential information such as local state
mappings, spatial relationships within the system, and the dynamics of interactions. This
information is subsequently processed using a suite of advanced analytical tools, which
include:

e Matrix Product Operators (MPO) for efficient representation of operators,
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Figure 3.1: Quantum Many-Body Systems Research Pipeline

e Matrix Product States (MPS) for a compact description of states,

e Density Matrix Renormalization Group (DMRG) for precise ground state calcula-
tions,

e Time-Evolving Block Decimation (TEBD) for dynamic analysis.

Our methodology emphasizes rigorous validation through benchmarking against es-
tablished theories to ensure the reliability of our results. All findings are methodically
cataloged in a database, which supports ongoing analysis and enriches our cumulative
understanding.

This integrated approach equips us to tackle complex quantum systems across various
scales and configurations, providing a robust framework for advancing our understanding
of quantum many-body phenomena.
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3.2 Research Resources

Our research into quantum many-body systems demands a sophisticated array of computa-
tional tools and high-performance computing platforms. The complexity of these systems
requires not just powerful hardware, but also specialized software capable of handling the
intricate calculations involved in quantum simulations.

3.2.1 Software Ecosystem

At the heart of our computational approach lies a carefully curated suite of software pack-
ages, each playing a crucial role in our research pipeline:

e TeNPy: This Python library is our primary tool for implementing Density Ma-
trix Renormalization Group (DMRG) methods. TeNPy’s strength lies in its efficient
handling of tensor network algorithms, allowing us to study ground states of com-
plex quantum systems with high precision. We’ve found it particularly effective for
investigating one-dimensional systems with long-range interactions.

e ITensors.jl: Written in Julia, this library excels in constructing and manipulating
large tensor networks. Its performance in Time-Evolving Block Decimation (TEBD)
calculations has been instrumental in our studies of quantum dynamics. The flexibil-
ity of ITensors.jl has allowed us to explore novel tensor network structures tailored
to specific quantum geometries.

e NumPy: While not specific to quantum calculations, NumPy forms the backbone of
our data handling and basic numerical operations. Its efficient array operations are
crucial for preprocessing our quantum data and post-processing simulation results.

e Matplotlib: Visualization is key to understanding the complex results of our sim-
ulations. Matplotlib enables us to create both static and interactive representations
of quantum state evolution, entanglement growth, and other critical phenomena we
observe in our studies.

The synergy between these tools allows us to move seamlessly from raw quantum data to
sophisticated simulations and finally to insightful visualizations, forming a comprehensive
workflow that enhances our understanding of quantum many-body phenomena.
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3.2.2 High-Performance Computing Infrastructure

The computational demands of quantum many-body simulations are substantial, often
requiring days or weeks of processing time. To meet these challenges, we leverage several
high-performance computing (HPC) resources:

e ComputeCanada: This national platform has been invaluable for our long-running
simulations. Its vast array of computing nodes allows us to parallelize our calcula-
tions, significantly reducing the time required for large-scale quantum simulations.
We’ve successfully used ComputeCanada to perform extensive parameter sweeps in
our studies of quantum phase transitions.

e Symmetry (Perimeter Institute): As a cluster dedicated to theoretical physics,
Symmetry offers optimized hardware configurations that align perfectly with our
quantum simulation needs. Its high-speed interconnects have proven crucial for our
tensor network contractions, enabling us to study systems of unprecedented size and
complexity.

e GitHub: While not a computational resource per se, GitHub plays a critical role in
our research infrastructure. We use it not just for version control, but as a central
hub for our entire research workflow. It hosts our simulation scripts, data analysis
tools, and even this thesis document, enabling seamless collaboration and ensuring
reproducibility of our results.

By strategically distributing our workloads across these platforms, we're able to opti-
mize our resource usage and tackle a diverse range of quantum many-body problems. The
combination of TeNPy and ITensors.jl running on these HPC resources has allowed us to
push the boundaries of what’s computationally feasible in quantum many-body simula-
tions.

This integrated approach to our computational resources forms the foundation of our
research methodology, enabling us to explore quantum phenomena with unprecedented
depth and precision.
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Chapter 4

Spin-S Kitaev Ladders

The Kitaev model, a cornerstone in the study of quantum spin liquids, epitomizes the
forefront of quantum magnetism and topological physics[10, 82, 28 81, 5, , 70]. Tts in-
ception marked a significant leap in understanding entangled spin states, offering a window
into the exotic realm of fractionalized excitation and long-range entanglement without the
need for symmetry breaking—phenomena central to quantum computing prospects and
fault-tolerant quantum information processing [31, 93, 92, 32, 56, 75, 91, 83, 62, 38, 6, 37,

I ) ) ]‘

The spin-1/2 Kitaev model, renowned for its exact solvability [53], has illuminated the
theoretical landscape with its distinct phase characteristics, demonstrating the potential
for realizing a quantum spin liquid state. This state is pivotal for the development of
quantum computing technologies due to its robustness against local disturbances, making
it an ideal platform for error-resistant quantum computation.

However, the pursuit of extending the Kitaev model to higher spin values ventures into
uncharted territory, confronting the loss of exact solvability that underpins the spin-1/2
model’s elegance. This expansion is motivated by experimental advancements, revealing a
richer landscape of physical phenomena and potential material applications that resonate
beyond the confines of the original model [78, 77, 96, 95]. The adaptation of the model
to incorporate higher spins promises insights into new quantum states of matter, albeit
at the cost of increased computational complexity and the need for innovative numerical
methods [36, 42, 21, 34, , 19, 50].

Traditional numerical techniques such as exact diagonalization and Monte Carlo simu-
lations, while useful, fall short of capturing the full spectrum of ground state properties in
these higher-spin systems [9, 31, 11, 13].
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4.1 Definitions and Framework

Kitaev models represent a specific category within the broader class of quantum spin
systems known as compass models. These models are distinguished by their incorporation
of direction-dependent interactions between spins, with the nature of these interactions
being fundamentally tied to the geometric orientations of the bonds connecting them.
This directional dependence is a key feature that allows the Kitaev model to capture
exotic quantum phenomena, including topological quantum states and phases that are of
significant interest in quantum computing and condensed matter physics.

In the context of the Kitaev model, each spin on the lattic has exactly 3 neighbors,
and each pair of such neighbors has a unique bond represent the interaction between them.
The lattice is composed of bonds that are designated into 3 distinct directions. These
directions are not merely spatial orientations but are integral to defining the type of spin-
spin interaction along each bond, specified as Ising-like couplings that act with different
operators depending on the bond’s orientation. This anisotropic interaction scheme is
mathematically represented by the Hamiltonian:

H=> K88 (4.1)
(i5)

where H denotes the Hamiltonian of the system, the sum runs over nearest-neighbor
pairs (ij), K(;) represents the coupling strength between spins at sites ¢ and j, and S¢"
and S7 are Pauli matrices corresponding to the spins at sites ¢ and j, with « indicating
the interaction axis determined by the bond’s orientation. This formulation underlines
the Kitaev model’s foundation on the principle of three-directional-dependent interactions,

encapsulating the essence of compass models within a quantum spin lattice framework.

A noteworthy characteristic of Kitaev models is their inherent local symmetries, which
are a fundamental aspect across all variants. To better appreciate the complex behavior and
universal properties of these models, it is instructive to explore a phenomenon common
to all Kitaev models before examining the nuances specific to each variant. Consider a
closed loop C within the lattice structure of any Kitaev model. As one proceeds around
the loop, visiting each lattice site ¢, an operator e”Sf " s applied. Here, Sf * denotes
the spin component that has not yet been affected by the bonding interactions at site i.
Specifically, Sf " is selected from S7, SY, or S7, depending on which spin component remains
uninvolved by the bonds meeting at site 7. This exercise highlights the local symmetries
by demonstrating their preserved nature even as the system configuration varies along the

loop.
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It is not hard to manually check the commutivity bewteen any such loop operators and
the original Hamiltonian (4.1). Noting this feature, it is clear that for the original Kitaev
honeycomb lattice, each hexagon plaquette represents a local symmetries.

4.2 Higher Spin-S Kitaev Ladders

Exploring the complex domain of higher-spin Kitaev ladders extends beyond the realm of
traditional analytical methods due to the exponential growth in the complexity of their
Hamiltonians. Direct diagonalization, while effective for simpler systems, becomes imprac-
tical for ladders of arbitrary length and higher spin values. This necessitates a multifaceted
analytical and numerical approach to uncover the rich tapestry of quantum states that these
systems harbor.

To navigate this complexity, our investigation employs a trio of complementary meth-
ods, each tailored to leverage unique insights into the system’s behavior:

e Jordan-Wigner transformation offers a window into the fermionic characteristics of
spin-1/2 ladders, setting a foundational understanding that aids in contrasting the
nuances of higher-spin systems.

e Perturbation Theory becomes indispensable when tackling generic higher spin lad-
ders, especially within anisotropic limits. This method provides a rigorous framework
for approximating the system’s behavior by systematically breaking down the inter-
action complexities.

e DMRG simulations stand at the forefront of our numerical arsenal, allowing for the
detailed mapping of phase diagrams across a spectrum of higher spin Kitaev ladders.
This approach not only validates theoretical predictions but also uncovers new phases
and transitions specific to higher spins.

4.2.1 Symmetries of Spin-S Kitaev Ladders

In this section, we explore the symmetries of spin-S Kitaev ladders in detail, facilitating
a deeper understanding of their structural and dynamical properties. The symmetries of
these systems can be broadly categorized into global and local symmetries. Note that
for higher spin, the spin-1/2 anticommutation relations, {Sa, Sﬁ} = %8, do not directly

generalize. Instead, we have {Sa,emsﬁ} = 0,Va # B, and [S*,e™°] = 0; in other
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Figure 4.1: (a) Definition of Kitaev model on a honeycomb lattice and a two-leg ladder:
solid, double, and dashed lines indicate spin interactions as shown in the key, with respec-
tive strengths K., K, and K,. There is a local symmetry for each plaquette given by a
product of local operators X = e™" etc. along the interior of each plaquette. (b) Phase
diagram of half-integer spin Kitaev ladders; red lines indicate the critical points. (c¢) Phase
diagram of integer spin Kitaev ladders. Dashed lines indicate the first-order phase tran-
sition lines of spin-1 ladders. For higher spins, the unnecessary phase transition locations
may change.
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. . y xr . .
words, conjugation by, for example, ™" acts as a 7 rotation around z, thus transforming

ST ST SY i —SY and S* — —S% [7, 73, 8, 10]. It follows immediately that

|:€i7rS‘l ® ei7r50"56 ® S,B] =0

Global Symmetries

The global symmetry group for Kitaev ladders, particularly those consisting of 4N spins,
is composed of three fundamental operations: XX, XY, and ¥%, where each operation
acts simultaneously on all spins in the system. These operations collectively generate a
group described as Zy X Zy X Zy, reflecting the binary nature (two possible states) of each
symmetry operation.

The comprehensive global symmetry group, denoted as G, is explicitly given by:
G ={1d, 2%, 2", 27 27 27 25, 52} (42)

where XYY represents the operation of acting with ™" on all sites of the upper leg
and ™" on the lower leg, and vice versa for L;¥¥Y. These symmetries highlight the
intricate balance and interaction between different spin components across the two legs of
the ladder.

Local Symmetries

Local symmetries in Kitaev ladders are characterized by loop operators, denoted as D,
defined on the smallest square plaquettes within the lattice structure. For a periodic
ladder consisting of 4N spins, there exist 2N independent local symmetries. Each of these
symmetries, D,,, can assume eigenvalues of +1.

The presence of these local symmetries plays a crucial role in reducing the complexity
of the system’s Hilbert space. Specifically, fixing the value of each D,, effectively halves
the dimension of the Hilbert space, thereby reducing it by a factor of 22V, This significant
reduction aids in the analytical and computational study of these ladders, providing a
clearer understanding of their quantum mechanical behaviors.

Implications of Symmetries

Understanding both the global and local symmetries of Kitaev ladders is essential for
investigating their quantum phases and dynamics. These symmetries not only dictate

33



the possible states and excitations within these systems but also influence their responses
to external perturbations and interactions. As such, a thorough comprehension of these
symmetries enhances our ability to manipulate and utilize these ladders in various quantum
information and computational applications.

4.2.2 Spin-1/2 Ladder and Jordan-Wigner Transformation

Unlike its honeycomb counterpart, which can be exactly solved using the parton solution,
the spin-1/2 ladder system allows for a more straightforward and compact method suited
to one-dimensional (1D) spin systems: the Jordan-Wigner transformation. This method is
also commonly applied across various other systems.

Initially, we map the quasi-one-dimensional ladder into a linear chain, employing what
we term ”snake ordering”:

2N
H(K) = Z Kzagn—lagn + Kwo-gno-gn—l-l + Kyo-gn—lo-gn+2 (43)

n=1

Here, we denote the operators by ¢ to emphasize that this method is specifically tailored
for spin-1/2 particles and may not be suitable for higher spin systems.

Note that, in the mapped spin chain configuration, each unit cell comprises two spins.
Therefore, methods that typically treat each site independently require modifications to
accommodate two spins within the same unit cell. This adjustment ensures that the ana-
lytical and computational techniques used are correctly aligned with the physical structure
of the spin chain.

Jordan-Wigner Transformation

The Jordan-Wigner Transformation (JWT) is a well-established technique for analytically
solving certain one-dimensional spin-1/2 chains. It involves nonlocally mapping the Pauli
matrices to fermionic operators as detailed below:

a z
Nyn = Q2n-103,
b x
Non = Q2n7102n

a o x
Mont1 = Q2n02n+1

(4.4)
b o z
Mont1 = Q2n02n+1
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a — x
Non+1 = Q2n02n+1

b — zZ
N2n+1 = QanOon+1

O Y4
Nzn = Q2n-103n
b _ Q X
N2n = C2n-102n

a
_ b b
b Dy = iNzn—1 N2n+2

Figure 4.2: Jordan-Wigner transformation for spin-1/2 Kitaev Ladder. The upper panel
represents the original spin model with the definition of the JWT, and the lower panel
shows the Hamiltonian in the Majorana representation. Note that in this representation,
the specific transformation we chose makes the local symmetries D,, live only on the bonds
between K, pairs.

where the string operator @,, := [[}_, of, with Qo = 1, ensures proper fermionic anticom-
mutation relations:

{ng,nf} = 25985, (4.5)

The inclusion of these string-operator 'tails’ is crucial not only for maintaining Majorana
relations but also for facilitating the expression of two-body interactions:
O.gnagn+1 = ingnngrﬂrl
O-Sn—lagn = _ingn—lngn (46)
, b b
= (mSn_mgm) (mzn—1772n+2)

Following this transformation, the original bulk Hamiltonian of Kitaev ladders transforms
into:

) Yy
Oon—102n+2

2N 2N—-1 2N-1
H(K) = _KZ Z ingnflngn + KUU Z ingnngnJrl + Ky Z (ilr]gnflngnJrQ) (ingnflngnJrZ)
n=1 n=1 n=1

(4.7)
This mapping reveals the practical benefits of the initial pairing between (a,b) and (z,x),
where the Y-terms manifest as combinations of a and b terms. These b terms serve as local
symmetries within the original Hamiltonian:

_ (b b _ Yy oy T
D, = (“72n—1772n+2) = 09,-102,02,4102p12 (4.8)
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Each operator D,, consists of two Majorana fermions, indicating a subspace dimension
of 2. They may also be interpreted as Zs-fluxes over the fermionic chain.

JWT typically introduces many ’cluster’ terms in the Majorana representation for
generic spin chains. However, in our case, the two-body interactions within the origi-
nal model are fortunately still represented as two-body interactions in the transformed
Hamiltonian. The only exceptions are the o¥¢Y terms, but these also take a convenient
form: they are two-body interactions multiplied by local symmetries.

Since these local symmetries commute with the Hamiltonian and with each other, the
Hilbert space can be decomposed into a direct sum of subspaces. Each subspace is a
simultaneous eigenspace of all the D,,. Within each such subspace, characterized by the
set of eigenvalues (Dq, Do, -+, Doy), where D, € {£1}, each D, can be treated as a
constant. Therefore, the Hamiltonian within each block is effectively quadratic and can be
efficiently solved.

Infinite Spin-1/2 Kitaev Ladders, Exact

Assuming that the states of interest are confined within a subspace where the flux config-
uration is translationally invariant, i.e., D, = D = +1, the fermionic Hamiltonian can be
efficiently and analytically solved as a single-body problem through Fourier transformation.
The Hamiltonian expressed in momentum space is:

H=iY af] (K. + K,e" + (DK,)e™™") (4.9)
K
where 13, _; = >, e ay and 5, = >, i, with k taking values in
2 1
ke{%‘m:—N,—N+l,--~,N—l} (4.10)

The resulting spectrum is given by:

e(k; K, D) = \/(Kz + P, cosk)? + P2 sin®k
where Py = K, & DK,,. Integrating over the momentum space yields the energy per site:
2
E(K, D) —/ dke(k: K, D)
0

This energy function is utilized in Fig. 3 (d), where critical points are discerned from the
singularity in ?;T]f, with A being the linear parameter that controls the changes along a
specific curve in the parameter space for K.
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Finite Spin-1/2 Kitaev Ladders, Open Boundary Condition

For finite-size ladders, the analysis differs depending on whether Open Boundary Con-
ditions (OBC) or Periodic Boundary Conditions (PBC) are applied, though the method
of solution remains grounded in efficiently solving a quadratic (single-body) Hamiltonian
given a fixed choice of flux configurations {D,}.

General Procedure Let L = 2N denote the number of two-site unit cells, and conse-
quently, 2L = 4N represents the total number of spins. With the flux configuration set as

D = (D,), forn=1,--- L, the Hamiltonian can be reformulated as:
1
H= i5n Mn (4.11)
where 5t := (n%, -+ ,n%y) and M is a skew-symmetric matrix that depends on K, K, K,
and D. The Schur decomposition of M provides M = OTNO, where N = @5:1 €n _01 (1) ,

with €, < 0 representing the spectrum, and O being the orthogonal transformation matrix.
The Hamiltonian thus simplifies to:

L
H= %gwg = ; i€nCon—1Con (4.12)

Open Boundary Conditions (OBC) Under OBC, the ends of the spin chain are not
connected, which introduces edge effects that can significantly influence the physical prop-
erties of the system. These boundary conditions typically result in a non-cyclic structure
of the matrix M, affecting the orthogonality and the eigenvalue spectrum of O. The
edge states may manifest zero modes or localized states that decay exponentially from the
boundaries inward, affecting the overall spectrum and hence, the ground state energy.

Periodic Boundary Conditions (PBC) In contrast, PBC assume that the chain forms
a closed loop, thereby connecting the ends of the chain. This closure enforces a cyclic
symmetry in M, which often simplifies the mathematical treatment and leads to a more
uniform spectral distribution. The periodicity allows for the application of Fourier trans-
form techniques, enhancing the analytical tractability of the problem. However, it can
introduce additional complexities such as the emergence of topological modes depending
on the parity of L and the values of D,,.
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Transformation to Spin-1/2 System Both boundary conditions leverage the JWT
to transform the system into a new spin-1/2 system (denoted by p) consisting of only L

non-interacting dimers:
L

H = Z Enpgn—lpgn (413>
n=1
Here, the original number of spins has effectively halved from 2L to L due to the fixed
D,,. This transformation is beneficial for analyzing the system’s dynamics under different
boundary conditions, as it reduces the complexity of the Hamiltonian to a more tractable
form.

Ground State Energy Calculation Finally, the exact ground state energy of the finite
spin chains is calculated by summing over the simplified spectrum:

E=— ZL: e (4.14)

n=1

Furthermore, examining the appearance of zero modes ¢, = 0 as L. — oo helps reveal the
degeneracy of the original systems in the thermodynamic limit, offering insights into the
quantum characteristics dictated by the boundary conditions.

4.2.3 Spin-S Ladders and Perturbation Theory
Brief Review of Perturbation Theory

In perturbation theory, the Hamiltonian is divided into an unperturbed part, Hy, and a
perturbing Hamiltonian, H':
H=H,+ H'

Here, Hj is typically simple, with well-defined eigen-subspaces that are straightforward to
identify. This partitioning simplifies the full Hilbert space, H, into the ground subspace,
Has, and the excited subspace, Hgs, with no off-diagonal components of Hj linking the
two.

The ground subspace Hgg is often highly degenerate. In the case of N —spin—% Kitaev
ladders, for example, it is 2¥/?-dimensional in the anisotropic limits. The aim is to un-
derstand how H’ influences the degeneracy within Hgg to derive the effective Hamiltonian
projected onto Hgs.
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Z-limit X-limit

Figure 4.3: Dimer illustration in both anisotropic limits. Here we define |1) and |]) to
be the eigenstates of S* s.t. S*|1) = S1),5*|}) = =S||), and |£) the corresponding
eigenstates of S”.

Degeneracy is addressed through ’virtual’ processes where repeated applications of H’
transition states between Hag and Hgg. These processes enable H' to introduce non-trivial
matrix elements within Hgg, effectively lifting the degeneracy. The resulting effective
Hamiltonian is given by:

Hyg = Ey+ Z Pas(H'Pys)" ' H'Pag

n=1

where Pgg = ZT/JEHGS |w> <¢’ and 75ES = ZwEHEs E’0+Ew‘w><w|

Application to Kitaev Ladders

The spin—% Kitaev honeycomb model is renowned for its exact solvability, a trait that
extends to spin-% ladders as well. However, models with higher spins on both honeycomb
and ladder configurations cannot be exactly solved. In these cases, perturbation theory
provides a valuable tool for deriving simpler effective models, particularly in anisotropic
limits such as K, > K,, K, > 0 or K, > K,, K, > 0. The symmetry implies that the
case of large K, is analogous to large K.
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The Hamiltonian H is divided into H = Hy + H’, where H' is small. In the significant
limits of K, (the Z-limit) or K, (the X-limit), the dominant interaction term forms Hy,
and the lesser terms contribute to H':

Hoz = K.W*, Hp = K,h* + K, Y,
Hox = K,h*, Hy = K.h* + K,h?,

where h? = 3. ., S7S7.

(i.3)~
In these limits, Hy defines an effective spin—% chain with each dimer representing a strong
bond. The dimers each have two degenerate local ground states, creating an effective spin-
1 degree of freedom: [0), = |S* = +5)|S* = —S) and |1),, = |SF = —5)|SF = +5) for
k = x, z. The effective Hamiltonian is influenced by the powers of H' acting within Hgs.

Effective models in both X- and Z-limits differ between half-integer and integer spins.
We define Pauli operators for the effective model as 7, with 72|0) = |0),7%|1) = —|1).
These operators reduce the complexity of the original model from (25 + 1)? to 2, pre-
serving relationships with the symmetries of the original model. These relationships and
global/local symmetries are simplified in the effective model, summarized in Table II.

In the half-integer-spin case under the Z-limit, 7¥ anti-commutes with most global
symmetries, serving as an order parameter for spontaneous symmetry breaking (SSB). In
contrast, in the integer-spin scenario, where (S*SY) anti-commutes with global symmetries,
it is more suitable as an order parameter.

Effective Model for Half-Integer Spins

X-limit: When K, dominates, the ground subspace comprises dimers on the original X-
bonds as indicated in the right part of Fig. 2. The effective Hamiltonian is given by:

2N
HGH(K> = aS,I(K) Z Tz:ZTz'aii-sz:Z—i-Q?
i=1

where « is a coefficient dependent on S and K. This Hamiltonian characterizes the cluster
model, a typical model of symmetry protected topological (SPT) order, guarded by a
Zy % Ly symmetry. The protecting symmetries, Xeven = [ [; 75; and Xoaa = [ [; 75,1, mirror
the Zy x Zs subgroup symmetries of the original model’s Zs X Zy X Zy symmetry group.

Additional Zy x Z, subgroups that protect the SPT order include X2 x 37 where 2 and
ZlZ act as Xeven and Xoqq, respectively. XY operates as the global X symmetry, influencing
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how symmetries are mapped in the X- and Y-limits. Particularly, XX%Y and ©¥2Y also
form part of the protecting symmetries, showing the detailed interplay of symmetries in
the effective model.

In the Z-limit, when K, is predominant, the effective Hamiltonian is:

Heff( — aSz Z H—l

This Ising-type Hamiltonian, with 7¥ as the order parameter, corresponds to the operator
e™" @ ™" breaking the symmetries XX, XY Y2 and ¥Z in the original model. It
provides a profound insight into the symmetry transformations and the resultant SPT
orders in Kitaev ladders under extreme anisotropic conditions.

Effective Model for Integer Spins

X-limit: The ground subspace configuration remains consistent across different spin mag-
nitudes, consisting of dimers on the original X-bonds. However, the effective Hamiltonian
for integer spins differs from the half-integer case:

Heff( _aSw ZT

resulting in a trivial ground state linked to a product state of dimers.

Z-limit: In this scenario, the effective Hamiltonian is more complex:

2N
K) =) as:(K)7 + Bs(K)rrl,. (4.15)
=1

This model incorporates two distinct terms with separate coefficients, potentially allowing
for first-order phase transitions between different product states.

SSB Phase: For integer spins, both limits traditionally do not favor spontaneous sym-
metry breaking. However, numerical simulations indicate the presence of an SSB phase in
integer S away from the extreme anisotropic limits, a finding that will be further discussed
in subsequent sections.!

IThe detailed computation procedure of these coefficients in all the effective models will be published
in my GitHub along with another future work that has not yet been involved in this thesis.
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Local Symmetries in the Effective Models

The effective models derived for the Kitaev ladders, as seen from the first two rows of
Table II, are notably influenced by the summation of local symmetries. This observation
is not only theoretically intriguing but also practically beneficial. Specifically, by solving
a simple commuting Hamiltonian in the effective model, one can deduce the ground state
flux configuration in the original model. This approach is particularly advantageous in
higher-spin scenarios where Lieb’s theorem may not directly apply.

The uniqueness of the ground state derived through perturbation theory, by selecting
a specific flux configuration, implies a corresponding uniqueness in the ground subspace
of Hy, Hgs. For each flux configuration, Hgs intersects with the corresponding subspace
of H as a one-dimensional space, containing a single state. This holds true in the X-limit
for both integer and half-integer spins. Conversely, in the Z-limit, only even-numbered
D = +1 flux configurations are considered, leading to a two-dimensional intersection in
the half-integer spin case. This results in two potential ground states, indicative of Zs
spontaneous symmetry breaking (SSB). For integer spins, however, the additional 7% term
in the effective model uniquely determines the ground state within this two-dimensional
space.

Comparison with Honeycombs

Perturbation theory has been applied extensively to the Kitaev honeycomb model for both
spin—% and higher spins. This analysis provides a useful benchmark for comparing with the
Kitaev ladder models. In the honeycomb model, due to inherent symmetries, the scenarios
with large K, K,, and K, are equivalent, simplifying the analysis.

For half-integer spins on the honeycomb, perturbation theory reduces the model to the
toric code. This model is emblematic of topological quantum computing and exhibits non-
trivial topological phases. The toric code effectively captures the essence of topological
protection similar to what is observed in the cluster model of the ladder, which serves as
a one-dimensional analogue to the toric code.

In contrast, for integer spins, the honeycomb model simplifies to disconnected spins in
a magnetic field. This configuration leads to a trivial ground state without any interaction
between the spins, mirroring the trivial paramagnetic state found in the integer-spin ladder
models under the X-limit.

However, the Z-limit of the ladder model does not correspond directly with any of these
honeycomb model behaviors. This divergence highlights unique characteristics inherent to
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the ladder configuration.

4.2.4 Spin-S Phase Diagrams
Spin-1/2 Kitaev Ladders

For the case of spin- 1/2, we employ both analytical and numerical approaches to conclu-
sively determine the phase diagram. Our results are consistent with previous works[l1, 2,

, 97, 22]. However, we also go beyond them, providing a more detailed classification of
phases.

Analytical and Numerical Methods The spin-1/2 Kitaev ladder can be solved ana-
lytically via Jordan-Wigner transformation, which takes a 1D spin-1/2 system to a (Majo-
rana) fermionic system by a specific non-local transformation. A further Fourier analysis
gives the energy spectrum and predicts the energy gap to close at ||K,| — |K,|| = |K,|.
The gap closing corresponds to a second order phase transition as confirmed by computing
derivatives of the energy.

Phase Classification and Transitions Although the analytical solution for spin-1/2
ladders gives efficient access to the ground state energy, numerical simulations with DMRG
provide more efficient access to entanglement entropy, expectation values of operators such
as the order parameter (™" e™5") illustrated in Fig. 4.4(a), and the detection of SPT
order. Additionally, numerical simulations help us compare the spin-1/2 Kitaev ladder
with its higher-spin counterparts.

Phase classification The gap-closings found analytically suggest that there are just
three phases for K,,K,,K, > 0, each including one of the perturbative limits of large K~,
large K*, and large KY. Using DMRG simulations directly in the thermodynamic limit,
we confirm the presence of exactly three distinct phases, and we determine the nature of
the phases and the transitions between them. In particular, we look for an SSB phase
corresponding to the half-integer Z-limit perturbation theory by numerically evaluating
the order parameter (1Y) = <€i7rS“”€i7rSy> and for SPT order protected by Y7 x ¥Z using
both the method of Pollmann and Turner [6] (see also Appendix A) and string order
parameters (SOPs).
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Figure 4.4: Results for spin-1/2 Kitaev ladder. The phase diagrams are found using a
4-site iIMPS with x = 64. (a) Order parameter (¢™"e™") measured on the sites of a
Z-bond as shown in the inset, indicating SSB order. The axes show the parameter K =
(K., K,, K,) in spherical coordinates, i.e. K, = sinf, K, = cosfcos ¢, K, = cosfsin ¢.
(b) Pollmann-Turner order parameter of SPT order [64]. (¢) Correlation length on the line
K,+ K, =2,K, =1 to locate the critical point (d) Ground state energies and the 1st and
2nd derivatives, indicating second-order phase transitions.
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Measurements of the order parameter < show the existence of a large SSB
phase. This phase starts from the large-Z limit as we have predicted in the perturbation
theory, with the expectation value of the order parameter very close to 1 just like in the
Ising model. The computed value of the SSB order parameter throughout parameter space
is presented in Fig. 4.4(a).

eiﬁSx eiﬁSy >

The two SPT phases are found around the large-K, and large-K, limits, confirmed by
directly extracting the projective representation of symmetries from the MPS. The MPS
state is an SPT if the projective measurement is —1, and is a trivial symmetric state if
it is +1. The symmetries of interest are broken if it is 0. The results of the projective
representation measurement are presented in Fig. 4.4(Db).

This conventional technique to detect SPT order, however, fails to distinguish between
the two SPT phases in the half-integer spin Kitaev ladder, as it maps the two-leg ladders
into 1D chains, compressing some information and losing the distinction between SPT-x
and SPT-y. We now show that they are, in fact, distinct phases.

Considering just the effective cluster model derived in the X- and Y-limits using pertur-
bation theory, H o< 777777, the protecting symmetry group is Zs X Zs and the corresponding
SPT classification is Zy; in other words, there is one SPT phase and one trivial phase. [$/]
Then how can there be two different SPT phases, in addition to a trivial phase?

The answer lies in the mapping from the original spin ladder to the effective cluster
model, as discussed in the section for half-integer X-lim. Although the effective model
is the same in each case, the protecting Z, x Zs symmetry groups are not. Or, more
precisely, some pre-images of Zs X Zsy in the X-limit are different from some pre-images in
the Y-limit, and we can show using SOPs that these different symmetry groups do indeed
protect the respective SPT phases.

In particular, one candidate Zy X Zy symmetry group that could protect the SPT-z

phase is ©X%)Y x $Z, with a corresponding SOP O, = ¢™57 ([, e™in-2¢imin-1) ¢i™Sin
illustrated in the inset of Fig. 4.5. As shown in the figure, this SOP identifies SPT-x
as an SPT phase and SPT-y as trivial. On the other hand, a corresponding candidate

Zsy x Zs group that could protect SPT-y is ¥X %) X X7, with a corresponding SOP O, =
eS8 (TIN, €™Sin-s¢i™Sin ) ™Sin-1. As we again show in Fig. 4.5, this SOP identifies the
SPT-y phase as an SPT and the SPT-z phase as trivial. We provide further insights into

the construction process of such SOPs, in particular into ambiguity in defining them due
to the local symmetries of the Hamiltonian.

As an additional perspective, note that the local Hilbert space here is spin-1/2; which
is in the projective representation of any global symmetry; notably, on a single site the two
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Figure 4.5: (a) Distinction between two SPT orders along the line K, + K, = 2, K, = 1.
The z-axis labels the value of K* and KY =2 — K*. In the inset we depict the distinction
between the two SOPs for the two SPT phases. (b) Using finite-entanglement scaling to
estimate the central charge ¢ = 0.5 of the transition point at K = (1.5,0.5,1.0). (c¢) Using
finite-entanglement scaling to estimate the central charge ¢ = 1.0 of the transition point
at K = (1.0,1.0,0).
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generators of the protecting symmetry group ©X3Y x $Z anti-commute. To relate to the
physics of a known SPT phase, two spin-1/2 must be combined into a linear representation,
also guaranteeing that the symmetry group generators commute. Specifically, spins on the
z-bond (y-bond) can be combined into X-dimers (Y-dimers), transforming SPT-z (SPT-y)
into a topological phase while SPT-y (SPT-z) becomes topologically trivial.

In the phase diagram, there is a single point K, = 0, K, = K, where the two phases
meet, and two simultaneous phase transitions occur: X dimers transition from trivial to
SPT, and Y dimers transition from SPT to trivial. This could be interpreted as two co-
existing ¢ = 0.5 gapless phase transitions, together resulting in the observed ¢ = 1 gapless
phase transition [see Fig. 4.5].

Phase transitions The exact solvability of the spin-1/2 Kitaev ladder allows us to
determine the nature of the phase transitions by studying the ground state energy and
its derivatives as a function of K. We show the analytically computed first and second
derivatives across the SSB-SPT transition in Fig. 4.4 (d); we also show in the same figure
the energy derivatives computed from DMRG, which agree precisely with the exact results,
thus confirming the accuracy of our numerical simulations.

The SSB-SPT transition is evidently second-order, as we see both from the discontinuity
of second-order energy derivatives and from the diverging correlation length (Fig. 4.4(c)).
The nature of the transition can be determined more precisely by fitting the central charge
according to the finite-scaling formula S = £log& + a [63]. As shown in Fig. 4.5 (b) we
find ¢ = 0.5.

As discussed before, the transition between SPT-z and SPT-y is also continuous, but
¢ = 1 since it should be regarded as a superposition of two ¢ = 0.5 transition.

Spin-1 Kitaev Ladders

For spin-1 Kitaev ladders, we find a very different phase diagram. As shown in Fig. 4.6,
there are only SSB and trivial paramagnetic phases. These numerical results are consistent
with the prediction of perturbation theory, namely that there are only trivial phases in the
anisotropic limits.

Phase classification Recall from Eq. (4.15) we have concluded that the effective Hamil-
tonian in the large-Z limit is given by the combination of 7;* and 7’77, along with coef-
ficients o and (3, respectively; by explicit calculation of all contributions up to 4th order
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terms, we find that the coefficients for spin-1 are o = —(K} — BK2K? + K)/K? and
B = —5K;K}/K?. This predicts a first-order transition between different product states,

-EY o | 98N where |+), and |—), are the &1 eigenstates of 7%, respectively. The tran-

sition occurs when a(K) changes sign, at tan¢ = K, /K, = \/2(9 + 44/2) = 1.44 and 0.69.

Converting 7% back to the original model, we get the operator e ¢t or equivalently
—e™58¢i™5Y; we show the expectation value of the latter operator in Fig. 4.6(b), and the
first order transition is immediately apparent in the Z-limit, at 6 ~ 7. 2 Alternatively, we
can observe the transition by computing the overlap, fi = |(¢¥|d, +)|, of the MPS ground
state from DMRG with two dimer states

1
deis) = @5 (1450 1= 9),; £ =), 1+5),) (4.16)

which are precisely the product states |+)§N and |—)§N in the effective model from per-
turbation theory. The overlaps are shown in Fig. 4.6(d).

Unlike in the case of spin-1/2, for spin-1 we also find a phase that is not present in the
effective models from perturbation theory. As shown in Fig. 4.6(a), the order parameter
(S¥SY) reveals an SSB phase around the isotropic point. We note that, while this is the
same operator used to detect SSB in the spin-1/2 case, there it also corresponded to 7¢ in
the perturbative model in the Z-limit, whereas here it becomes the zero operator in any
anisotropic limit.

Phase transitions The unnecessary phase transition between trivial phases is first-
order, as verified by directly measuring the expectation value of 7* as in Fig. 4.6.

Spin-3/2 Kitaev Ladders

Phase classification As predicted in the perturbation theory for arbitrary half-integer
spin-S Kitaev ladder, the phase diagram for spin-3/2 is quite similar to that of spin-1/2:
we again have SSB, SPT-z, and SPT-y phases.

To detect the SSB order, we again use the order parameter (7). For spin-1/2 this order
operator happens to be the simple S*SY but for spin-3/2 it is ™" ¢™5”. Order parameter
measurements are summarized in Fig. 4.7 (a).

2Note that, although (%) = <—ei”35 eimSY > shows the unnecessary phase transition, it commutes with

all global symmetries and is thus not an order parameter.
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Figure 4.6: Phase Diagram of Spin-1 Kitaev Ladder. The phase diagrams are found using
a 4-site iIMPS with x = 64. (a) SSB phase indicated by the order parameter (S*SY). (b)
The value of (¢™"¢™") in the phase diagram. (c) Using finite-entanglement scaling to
estimate the central charge of the phase transition point near K = (1.4,1.4,1.0) between
the SSB and trivial phases. (d) Overlaps between GS and two different dimer product
states change suddenly at the first order phase transition around ¢ = 0.6 with tan ¢ = 0.69
as predicted while the value of 6 is close to /2.
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Figure 4.7: Phase diagram of spin-3/2 ladders. The phase diagrams are given by a 4-
site IMPS with y = 128. (a) Order parameter (e™*"¢™"). (b) Pollmann-Turner order
parameter for SPT order [01]. (c) Central charge estimation at a critical point 6 = 27, ¢ =
0.55, giving ¢ ~ 0.5. (d) Correlation length £ and second derivative of energy d*E/d*¢

along 6 = %w.

The SPT phases look the same in the perturbative limits for all half-integer spin-S cases.
Thus projective representations are detected by exactly the same technique on the same

set of symmetries as in the spin-1/2 case. SPT order measurement results are summarized
in Fig. 4.7 (b).

Phase transitions In comparison with the spin-1/2 phase diagram, now the critical lines
between SSB and SPT sit much closer to each other and the SSB phase is smaller when
approaching the point K* = 0, K* = KY. From Fig. 4.7 (d) we can see that the correlation
length peaks near the critical point, and that there is a discontinuity of the second-order
energy derivative as for spin-1/2. Together, these show that the transition is again second
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Figure 4.8: Phase Diagram of Spin-2 Kitaev Ladder. The phase diagrams are given by a
4-site iMPS with y = 128. (a) The phase diagram given by the order parameter (S*SY).
(b) The value of (¢™"e™5") in the phase diagram. (c) Central charge estimation at a
transition point. (d) Overlaps between GS and two different dimer product states change
suddenly at the first order phase transition points around ¢ = 0.53 and ¢ = 0.70 while the
value of 6 is close to /2

order. As shown in Fig. 4.7 (¢) both iDMRG and fDMRG give the same fitting of central
charge ¢ = 0.5.

Spin-2 Kitaev Ladders

Similarly to the case of spin-1, there are different trivial phases smoothly connected to
product states of dimers, again with first-order unnecessary phase transitions. Also, the
same SSB phase as in the spin-1 case exists in the central region, although the phase is
much smaller for spin-2. The computed SSB order parameter and observable indicating
the unnecessary phase transitions are shown in Figs. 4.8(a) and (b), respectively. The
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unnecessary phase transitions are also observable from the overlap with different dimer
product states, shown in Fig. 4.8(d).

Additionally, the transition between the trivial phases and the SSB phase again has
central charge ¢ = 0.5, as in the case of spin-1. The finite-entanglement scaling to determine
¢ is shown in Fig. 4.8(c).

We note the interesting fact that Fig. 4.7(a) and Fig. 4.8(b) are quite visually similar,
even though in the former the dividing line between red and white regions shows a distinct
phase transition between SSB and SPT order and in the latter it shows a smooth (albeit
steep) change in an expectation value within a single phase. The apparent correspondence
may be due to the expected convergence of integer and half-integer behavior in the classical
large-S limit.
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4.3 Summary

In this work, we have analyzed the general behaviors of higher-spin Kitaev ladders and
concluded that for half-integer spins they have phases with SSB and SPT order with an
I[sing-like transition between them, and that for integer spins there are SSB and trivial
phases in the phase diagram. The phases in the half-integer case can be understood
through perturbation theory, as can the trivial phase in the integer case. Numerical results
from analytical solutions and DMRG simulations on finite and infinite ladders confirm the
results of perturbation theory, find the SSB phase for integer spins, and identify further
detailed properties of the phase diagrams. With this combination of different theoretical
and numerical methods, we provide a thorough and conclusive analysis on general features
of spin-S Kitaev ladders.

For several values of .S, we investigate the transitions between different phases by finite-
entanglement scaling, and we identify both first-order and second-order phase transitions:
the transitions between trivial phases are first-order and the transitions between SSB and
SPT /trivial are second-order. Most of the second-order phase transition points are Ising-
like with central charge ¢ = 0.5. The exception is the transition between distinct SPT
phases, distinguished by SOPs, which has ¢ = 1.

Finally, we turn to the question of what our results imply for the full 2D Kitaev hon-
eycomb model with higher spin. We work by analogy: we relate the spin-1/2 ladder and
spin-1/2 honeycomb, and we hypothesize an analogous relationship between higher-spin
ladders and higher-spin honeycombs, allowing us to predict the behavior of the latter from
the former.

We first note that perturbation theory in the anisotropic limits of the spin-1/2 Kitaev
honeycomb gives the toric code model, as shown by Kitaev in the original paper [10], and
recently demonstrated on the spin-S honeycomb was given recently [53]. In fact, the toric
code is the 2D analogue of the cluster model we found in the half-integer-spin ladders in
the X-limit, thus suggesting that the behavior in the X-limit of our model carries over
to 2D while the Z-limit behavior does not. We find that on the ladder, the spin-3/2 case
exhibits the same cluster model SPT phases as in spin-1/2, and in fact they are stabilized
by the higher spin, covering a larger portion of the phase diagram. We thus surmize that
on the full honeycomb, phases with gapped Z, topological order will be present in the
anisotropic limits for higher half-integer spin just as for spin-1/2, and indeed they will
reach farther towards the isotropic point. On the other hand, since the SSB phase appears
in the spin-1/2 ladder but does not appear at all in the spin-1/2 honeycomb model, there
is no good reason to think it would appear in higher-spin honeycomb models either. We
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cannot make a clear prediction for the isotropic point itself, as there is no clear analogue
for the ladder.

For integer spin, if we again assume that the X-limit of the ladder is analogous to the
anisotropic limits of the honeycomb, we can predict trivial phases in all anisotropic limits,
smoothly connected to product states of dimers along the corresponding strongest bonds.
Unlike for half-integer spin, we find an SSB phase distinct from any anisotropic limit in
a small region around the isotropic point on both spin-1 and spin-2 ladders. We also
confirmed that the SSB at the isotropic point survives in the large-S limit by computing
up to spin-4 and observing convergence of the SSB order parameter with increasing spin. It
is not clear whether or not this SSB phase would carry over to the integer-spin honeycomb
models.
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Chapter 5

Heisenberg Ladder

Motivation

The Quantum Heisenberg model, pioneered by Werner Heisenberg in 1928, stands as a
fundamental paradigm in the theoretical investigation of magnetic systems within the
quantum mechanical framework. This model transcends the simplistic binary spin states
of its predecessor, the Ising model, by introducing quantum operators that act on spins in
a multi-dimensional Hilbert space. This sophisticated approach offers a more nuanced and
realistic representation of magnetic interactions at the quantum level.

A key strength of the Heisenberg model lies in its remarkable versatility. By incorporat-
ing variable coupling strengths across different spatial dimensions (X, Y, Z), it can capture
a wide array of magnetic behaviors and phenomena. This flexibility allows researchers to
explore systems ranging from isotropic interactions, where coupling strengths are uniform,
to highly anisotropic scenarios, where certain spatial directions dominate the magnetic
behavior.

The model’s adaptability extends to its applicability across various physical systems
and phenomena:

e Ferromagnetism and Antiferromagnetism: The model provides insights into
the fundamental mechanisms underlying these basic forms of magnetic ordering.

e Quantum Phase Transitions: It serves as a testbed for studying transitions be-
tween different quantum states at zero temperature, driven by quantum fluctuations
rather than thermal effects.

95



e Topological Phases: The model has been instrumental in exploring exotic states
of matter characterized by global properties rather than local order parameters.

e Spin Liquids: It offers a framework for investigating these enigmatic states where
magnetic moments refuse to order even at the lowest temperatures.

A particularly noteworthy aspect of the Quantum Heisenberg model is its exact solv-
ability in certain configurations. The one-dimensional spin-1/2 system, solvable via the
Bethe ansatz, stands as a prime example. This rare instance of exact solvability in a non-
trivial quantum many-body system provides profound insights into quantum criticality and
the behavior of magnetic systems at critical points. It serves as a valuable benchmark for
numerical techniques and approximation methods applied to more complex, non-integrable
systems.

The model’s significance extends beyond pure theoretical interest. It has practical
applications in various fields:

Condensed Matter Physics: For understanding and predicting the behavior of
real magnetic materials.

Quantum Computing: In the design and analysis of quantum bits (qubits) and
quantum gates.

Spintronics: For developing novel electronic devices that exploit electron spin.

Quantum Simulation: As a target model for quantum simulators, both analog and
digital.

Furthermore, the Heisenberg model serves as a fertile ground for developing and testing
advanced computational techniques in quantum many-body physics. Methods such as
Density Matrix Renormalization Group (DMRG), Quantum Monte Carlo, and various
tensor network approaches have been honed through their application to this model.

In conclusion, the Quantum Heisenberg model not only enriches our fundamental un-
derstanding of quantum magnetism but also serves as a cornerstone in modern physics for
exploring the intricate dynamics of spins and their entanglement properties in magnetic
systems. Its contributions are pivotal in bridging theoretical research with practical ap-
plications, spanning from fundamental quantum mechanics to cutting-edge technologies in
quantum information science. As we continue to push the boundaries of our understand-
ing of quantum systems, the Heisenberg model remains an indispensable tool, consistently
offering new insights and challenges to the scientific community.
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5.1 Definitions and Framework

In our model, we explore a specific configuration of a quantum ladder where each leg is akin
to a Heisenberg chain. The Hamiltonian for this system encapsulates various interactions
among the spins located on adjacent sites, including both intra-leg (along the same leg)
and inter-leg (between the legs) interactions. The Hamiltonian is defined as follows:

H= Z JarmS; - 5?3 — Z JemS; - 5] + Z JinterS; - 5_'; (5.1)

(ij)€intra-AFM (ij) €intra-FM (ij) €inter

In this expression:

e The first term sums over all antiferromagnetic (AFM) intra-leg interactions, where
Jarum is the coupling constant for antiferromagnetic coupling between spins on the
same leg.

e The second term accounts for all ferromagnetic (FM) intra-leg interactions, with Jpy
as the ferromagnetic coupling constant.

e The third term represents the ferromagnetic inter-leg interactions, also using the Jgy
coupling constant, but this time between spins on different legs.

This Hamiltonian structure allows us to dissect and analyze the magnetic properties
and phase behaviors exhibited by the ladder system under different coupling scenarios and
configurations.

5.2 Phase Diagram

To commence our detailed analysis, we leverage the Matrix Product Operator (MPO)
framework as depicted in Equation (5.1), which is central to our approach for model-
ing quantum spin systems. Utilizing the robust Density Matrix Renormalization Group
(DMRG) technique, we meticulously explore the multidimensional parameter space that
characterizes the Heisenberg spin ladder models. This methodology is aligned with estab-
lished practices in the study of Kitaev systems, ensuring that our results are both consistent
and comparable with prior research.
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Figure 5.1: Phase Diagram of Heisenberg Ladders: Panel (a) presents a schematic
representation of the Heisenberg ladder with various interaction parameters: Jgy for fer-
romagnetic, Japy for antiferromagnetic, and Jier for inter-chain interactions. Panel (b)
displays the resulting phase diagram obtained from our DMRG computations. The dia-
gram includes a color map illustrating the stability regions of different magnetic phases
as a function of interaction ratios; the parameter J on the x-axis represents the strength
Jinter and Jo for Japy. The accompanying graph quantitatively depicts the magnetization
curves across these phases, highlighting transitions such as from ferromagnetic to spin lig-
uid states.

magnetization
.

5.2.1 Ground State Configuration and Magnetic Properties

Upon accurately determining the ground state configurations via DMRG, our next objec-
tive is to comprehensively assess the magnetic properties across various phases of the spin
system. These assessments adhere to standard protocols used in prior research, facilitating
the benchmarking and validation of our results against historical data. This systematic
analysis helps in understanding the intricate magnetic behaviors exhibited by Heisenberg
ladders under different interaction strengths and geometrical configurations.

In Figure 5.1 (b), the analysis of the two-leg Heisenberg ladder system reveals a rich
family of magnetic behaviors across different regions of the phase diagram. For convenience,
fixing Jpy = 1, these behaviors are influenced by Jiyer and Japy. Three distinet phases
have been identified:

1. Ferromagnetic (FM) Order (yellow region, low Jiyter and Japm):
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e This phase is characterized by strong ferromagnetic alignment, especially pro-
nounced in one leg of the ladder.

e Both FM leg and AFM leg exhibit polarized magnetization.
2. Disordered Phase (dark purple region, high Jiyer):

e Both FM and AFM legs show a complete drop in magnetization, indicating a
quantum disordered state.

e This phase is likely a singlet state, driven by strong frustration and competing
dimer interactions at high inter-chain coupling.

3. Luttinger Liquid Phase (green region, intermediate Jiyer and Japm):

e This phase serves as a transitional state between the FM order and the non-
magnetic phase.

e It displays characteristics typical of Luttinger liquids in quasi-one-dimensional
systems, such as algebraically decaying correlations, which will be mentioned
afterwards.

e There is a gradual reduction in magnetization in the FM leg, hinting at the
presence of gapless excitations and potential spin-charge separation.

Transitions between these phases occur as the inter-chain coupling increases, with a
notable transition to the non-magnetic phase around Jiyer ~ 1.0, evidenced by a sharp
decline in magnetization. These observations underline the complex interplay between fer-
romagnetic and antiferromagnetic interactions within the ladder system, and how varying
the strength of inter-chain coupling dramatically alters the system’s magnetic properties.

5.2.2 Gapless Phases and Central Charge Analysis

The Luttinger liquid phases in this model are of particular interest due to their unique
quantum critical behavior. To characterize these gapless phases, we utilize our MPS results
to investigate universal properties, with a focus on the central charge—a key indicator of
the underlying conformal field theory.

Figure 5.2 illustrates the scaling of entanglement entropy (EE) against log&, with &
representing the correlation length or a comparable scale factor. Our analysis yields two
critical insights:
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Figure 5.2: Entanglement entropy scaling for various Jiier values at Jagpy = 1. The slopes
of these lines are used to extract the central charge c. For J = 0.1, we find ¢ ~ 1.18, while
for J > 0.5, the central charge much closer to ¢ ~ 1.0.

1. Luttinger Liquid Phase for J > 0.5: The observed central charge approximates
to ¢ & 1.02, closely aligning with the theoretical value of ¢ = 1 expected for a single-
component Luttinger liquid phase. This alignment strongly supports the presence of
gapless excitations and power-law decay of correlations typical of Luttinger liquids.
The slight deviation from ¢ = 1 is likely due to the finite-size effects inherent in MPS
simulations and the limited sample size used in our calculations.

2. Anomaly at J = 0.1: At this lower coupling strength, the central charge increases
to ¢ &~ 1.18, indicating a potentially more complex phase or a deviation from the
expected asymptotic behavior. This suggests a possible mixed phase or a regime
that has not yet stabilized, highlighting the need for further investigation into this
parameter region.
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5.3 Dynamics and Luttinger Liquid

As a well-studied theory and well-observed phenomenon in Heisenberg chains, Luttinger
liquids also have some key features to measure with fully-accessible wavefunctions.

5.3.1 Correlation Functions and Luttinger Parameter

In the study of Luttinger liquids, the decay of spin-spin correlation functions is a funda-
mental aspect used to characterize the phase and properties of the system. These functions
typically follow a power-law behavior, indicative of the critical nature of Luttinger liquids.
The mathematical expression for these correlation functions is as follows:

(S%(2,0)S7(0,0)) = clé b Cy(—1Y° (1) ,

X

2K+ 55 5
1 3K 1\ 2K
(ST(2,0)S7(0,0)) = Cs (—) + Cy(—=1)" (—) )
x x
Here, C, (5, C3, and C} are constants that depend on the specifics of the spin chain,
while K represents the Luttinger liquid parameter that describes the interaction strength
and anisotropy effects within the system. This parameter K fundamentally influences the
algebraic decay rates of the correlations, thus serving as a critical measure of the quantum
critical behavior of the system.

To validate these theoretical predictions, we performed density matrix renormalization
group (DMRG) simulations on a Heisenberg ladder with parameters (Japm, Jrm, Jinter) =
(1.0,1.0,1.0) and a bond dimension of y = 600. The results from these simulations are
illustrated below:

The numerical analysis highlights the influence of the Luttinger parameter on the mag-
netic behavior of the system and provides significant insights into the underlying quantum
phase transitions. Further investigations into different parameter regimes and higher bond
dimensions could yield additional insights into the complex dynamics and critical phenom-
ena inherent to low-dimensional quantum systems. Moreover, from the fit plotting, there
is a good match between numerics and the theoretical formula used in Eq. (5.2).
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Figure 5.3: Correlation functions for a Heisenberg ladder. Blue dots are the sampled data
points measured over the simulated MPS via DMRG; orange curves are fitted functions.
Left: (S*(x,0)S5%(0,0)). Right: (ST (x,0)S7(0,0)). The fitting results indicate a Luttinger
parameter K =~ 0.46.

5.3.2 From Static Correlations to Dynamic Responses

The analysis of static correlation functions provides significant insight into the equilibrium
properties of Luttinger liquids within the mixed spin ladder system. However, to gain a
comprehensive understanding of the system’s response dynamics under various excitations,
we employ Time-Evolving Block Decimation (TEBD) methods to study the dynamical
structure factor, S(k,w).

Dynamical Structure Factor

The dynamical structure factor is a fundamental measure in quantum many-body physics,
offering crucial insights into the excitation spectrum of a system. It is particularly effective
in revealing the nature of both collective excitations and individual quasiparticle dynam-
ics. In the context of our mixed antiferromagnetic-ferromagnetic (AFM-FM) spin ladder,
S(k,w) allows us to probe the intricate dynamics that arise from the unique coupling
configurations. The dynamical form structure S(k,w) is obtained from the correlation
function:

X9 (z,t) = i(GS|O"(2,1)0(0,0)|GS) = S°(k,w) = Imx° (k,w) (5.3)

Numerically, unlike the TEBD introduced in 2.2.5, we first apply operator O to the
groundstate wavefunction and then perform time evolution with the algorithm of fourth
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order time-evolving block decimation (TEBD4) to maximum time Tj,.,. Lastly, we com-
pute the inner product of groundstate, operator Of(x,¢) and the time-evolved excited
state to obtain x(x,t). The dynamical form structure can be computed following Fourier
transformation?:

SO(k,w) = / T eI\ (k,t) (5.4)
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Figure 5.4: Dynamical structure factor S;EM(k', w). The right panel is a zoomed-in version
of the left panel, enhancing details. The left panel is presented on a logl0 scale, while the
right panel uses a linear scale.

Figure 5.4 depicts the dynamical structure factor for spin-spin correlations on the FM
leg, characterized by the imaginary part of (STS™). Key observations from the analysis
include:

e The S?M(k, w) shows periodicity in momentum with a period of 27, confirming that
translation symmetry within one unit cell is preserved.

e Zero-energy excitations are evident at specific momentum points:

1. kK = 0: Features a magnon with quadratic dispersion, indicative of traditional
spin-wave theory.

2. k = m: Exhibits a distinct mode characteristic of Luttinger liquid behavior,
suggesting underlying complex interactions.

IThe error is on the order of one percent.
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3. k = m+£ 2kg: Marks another Luttinger liquid mode, significant for its implica-
tions on the spin structure. Here, 2kr = 27 M, mod 27, where M, denotes the
magnetization per unit cell.

e The dispersion relations do not extend across the entire Brillouin zone, highlighting
localized interactions.

Sapp(k,w): Correlation on the AFM Leg
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Figure 5.5: Dynamical structure factor ijFM(k:, w) displayed on a log10 scale, highlighting
the complex high-energy excitations distinct to the AFM leg.

Despite the richer high-energy excitations, the low-energy characteristics of ijFM(k:, w)
closely resemble those observed on the FM leg, as shown in Figure 5.5.

ik, w): 2-Component Correlation on the FM Leg

Figure 5.6 explores the dynamical structure factor for z-component correlations, where the
zero-energy modes at k = 0 and k£ = 2kp suggest the presence of a Luttinger liquid. The
quadratic mode observed at k = 7, alongside a linear mode between £ = 0 and k = 2kp,
points to complex, not yet fully understood dynamics.
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Figure 5.6: Dynamical structure factor Sg; (k,w) in loglO scale, emphasizing the low-
energy excitations and their dispersion characteristics.

S (k,w): 2-Component Correlation on the AFM Leg

Figure 5.7 complements the findings from the FM leg by highlighting a different aspect of
the Luttinger liquid continuum, with pronounced signals above the quadratic dispersion
at k= .

The computed dynamical structure factors elucidate the coexistence of magnons and
Luttinger liquid characteristics within the mixed spin ladder system, revealing a complex
interplay of excitations that extends beyond traditional magnon behavior. Particularly,
the continuum bound by a quadratic dispersion at k& = 7 introduces an unconventional
feature in the 5,5, correlation landscape, underscoring the need for further theoretical
and experimental investigation to fully understand these phenomena.

5.4 Summary

This chapter delves into the multifaceted properties of the Heisenberg ladder, an extended
model of the classic Heisenberg model which is known for its comprehensive portrayal of
quantum magnetic interactions. Our investigation employed advanced numerical methods,
particularly the Density Matrix Renormalization Group (DMRG) technique, to explore the
intricate phase diagram and dynamical properties of the ladder system.

We introduced the Heisenberg ladder by specifying its Hamiltonian, which incorporates
both intra-leg and inter-leg spin interactions. This model extends the conventional one-
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Figure 5.7: Dynamical structure factor S3%,(k,w), presented in logl0 scale. The zoomed-
in view reveals detailed features of the excitation spectrum.

dimensional Heisenberg chain into a more complex two-leg ladder configuration, enabling
the study of richer magnetic behaviors and interaction dynamics.

Our extensive computational analysis, supported by DMRG simulations, has revealed a
rich phase diagram with distinct magnetic phases characterized by the interaction param-
eters Jen, Jarm, and Jier. Key phases identified include Ferromagnetic Order, Luttinger
Liquid Phase, and a Disordered Phase. Each phase exhibits unique magnetic properties and
transitions that are sensitive to the interplay between ferromagnetic and antiferromagnetic
interactions.

The Luttinger Liquid phase, observed at intermediate interaction strengths, is partic-
ularly noteworthy for its critical properties and gapless excitations. We quantitatively
analyzed the entanglement entropy and central charge to confirm the Luttinger behav-
ior. The dynamical structure factor studies provided deeper insights into the excitation
spectrum, revealing how spin dynamics are modulated by quantum interactions within the

ladder.

The findings from this chapter not only enhance our understanding of quantum mag-
netic systems but also contribute to the broader field of condensed matter physics by
providing detailed insights into the effects of dimensional and interaction complexity on
magnetic properties. These results are pivotal for both theoretical explorations and the
design of experimental setups aimed at studying quantum magnetic phenomena in low-
dimensional systems.

Overall, this study underscores the versatility of the Heisenberg model in modern
physics and its potential in unlocking new avenues for research into quantum materials
and technologies even after so many years of exploitation.
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Chapter 6

Motzkin Chains

Motivation

Motzkin chains represent a sophisticated intersection of combinatorial mathematics and
quantum mechanics, embodying a specialized class of spin-one chains that captivate re-
searchers with their unique mathematical structure and intriguing physical properties.
These models, rooted in the concept of Motzkin walks from combinatorial theory, offer a
rich playground for exploring fundamental questions in quantum many-body physics.

Fundamental Characteristics

The construction of Motzkin chains is based on a one-to-one correspondence between steps
in a Motzkin walk and quantum states within the chain. This mapping results in a Hamil-
tonian that is:

e Local: Interactions occur only between neighboring sites, mirroring the step-by-step
nature of Motzkin walks.

e Translationally Invariant in the Bulk: Reflecting the uniform rules governing
Motzkin walks away from boundaries.

e Exactly Solvable: Allowing for precise analytical treatments, a rarity in quantum
many-body systems.
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These properties, as elucidated in seminal works by Bravyi et al. [10] and Movassagh
[57], position Motzkin chains at a unique vantage point in the landscape of quantum spin
systems.

Quantum Properties and Significance

The ground state of Motzkin chains exhibits several remarkable features:

1. Frustration-Free Nature: The ground state minimizes the energy of each local
term in the Hamiltonian simultaneously, a property that is both mathematically
elegant and physically significant.

2. Polynomially Closing Energy Gap: Unlike typical gapped systems where the
energy gap remains constant with system size, in Motzkin chains it diminishes poly-
nomially, hinting at rich scaling behavior.

3. Extensive Entanglement Entropy: The entanglement entropy scales logarithmi-
cally with the chain length, defying the area law typically observed in one-dimensional
gapped systems.

These properties collectively challenge conventional wisdom about one-dimensional
quantum systems and highlight the potential complexities hidden within seemingly simple,
frustration-free models.

Broader Implications and Future Directions

The significance of Motzkin chains extends far beyond their theoretical elegance:

e Long-Range Entanglement: They serve as a crucial platform for studying long-
range entanglement in quantum systems, a key resource in quantum information
processing.

e Quantum Criticality: The unusual scaling of the energy gap and entanglement
entropy positions Motzkin chains as potential models for studying novel forms of
quantum criticality.

¢ Quantum Simulation: Their exact solvability makes them ideal candidates for
benchmarking quantum simulators and exploring the limits of quantum advantage.
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¢ Quantum Error Correction: The unique entanglement properties of Motzkin
states may inspire new approaches to quantum error-correcting codes.

Moreover, the Motzkin chain model acts as a bridge between abstract quantum theory
and practical computational functionalities. Its rich entanglement features, combined with
a robust mathematical foundation, offer insights into the design of quantum algorithms
and the development of quantum memory devices.

As research in quantum technologies advances, Motzkin chains stand at the forefront,
promising to illuminate the path towards harnessing complex quantum states for practical
applications. Their study not only deepens our understanding of fundamental quantum
mechanics but also paves the way for novel quantum technologies that exploit long-range
entanglement and critical behavior.

69



6.1 Definitions and Framework

The Motzkin chain, in its mostly revised version, is defined as a spin-1 system with an
even number of sites N = 2n. The Hamiltonian governing the dynamics and interactions

within this chain is given by:
2n—1

H=> T+, (6.1)
j=1
where 11, ;1 represents the local interaction terms between adjacent spins, and Il encap-
sulates the boundary conditions at the ends of the chain.

6.1.1 Local Interaction Terms

The local term II; ;1 in the Hamiltonian is detailed as:
i1 5= D)1 (Dl + 10,51 (Ul + [¥)41 (| (6.2)

This expression consists of projectors onto three distinct types of states, each representing
a different interaction or transition between the spins at positions j and j + 1:

e |D) and |U) typically symbolize '"down’ and 'up’ steps in the corresponding Motzkin
walk representation.

e |¢)) represents a special state mixing both 'up’ and 'down’ characteristics.
The specific forms of these states are defined as follows:

D) = —(10d) — |d0))

-

U) = (IOU> [u0)) (6.3)

%I

¥) = E(IO(D = |ud))

Here, |0), |u), and |d) represent the zero, up, and down spin states, respectively. !

!Usually there will be yet another parameter ¢ as a tunable parameter that adjusts the amplitudes
within these superpositions, influencing the quantum interference effects in the system. Here we omitted
it due to the arrangement of future work in progress.
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lwy=[+1)=(0], [0)=| 1|, |[dd=|-1)=1] 0 (6.4)

6.1.2 Boundary Conditions

The boundary term Ily is defined to incorporate asymmetry at the two ends of the chain,
reflecting different physical conditions or constraints at these boundaries:

[y = [d)1(d] + [u)an (ul (6.5)

This term applies a ’down’ projector at the first site and an 'up’ projector at the last site,
effectively pinning the ends of the Motzkin walk to specific states, which is crucial for
defining the overall ground state properties and the system’s excitation spectrum.

6.1.3 Symmetry

Motzkin chain has a U(1) symmetry, the same as many other spin models

2n
S=>_5; (6.6)
i=1

Its commutation with Hamiltonian (6.1) can be revealed after converted to the usual spin
basis.

6.1.4 Physical Meaning

The Hamiltonian of the Motzkin chain, though primarily composed of specialized projectors
rather than the more commonly used spin operators, holds a clear and significant physical
interpretation, especially when the parameter ¢ is set to 1.

This model can be conceptualized as representing a restricted random walk. Imagine
an agent that starts at the origin (0, 0) on a Cartesian plane and is required to return to
the x-axis at (2n,0) without ever crossing below it. Such constraints model the physical
boundaries and behaviors dictated by the Hamiltonian:
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Figure 6.1: A Motzkin path in a Motzkin chain of length 2n = 4

e At the starting point, represented by the left boundary of the Hamiltonian, any
downward step is prohibited. This is reflected in the boundary term, which penalizes
the downward state |d) at the first site, making it energetically unfavorable.

e Similarly, at the ending point, or the right boundary, upward steps are discouraged,
leading to a boundary term that penalizes the upward state |u) at the last site.

Note that spin sites in our Hamiltonian do not correspond to the site positions in
the Cartesian plane; instead, they correspond to the choices of the agent between two
neighboring positions. In other words, spins live on the edges of the graph of this problem.

For the intermediate steps between these boundaries, the Hamiltonian captures the
equivalence of possible sequences of movements. For example, the projector |D) ensures
that there is no energetic preference between a sequence of a downward step followed by a
stationary step and vice versa. This symmetry is similarly enforced for other combinations
of moves through their respective projectors.

By establishing these projectors, the Hamiltonian effectively enforces the rules of the
Motzkin walk, where the transitions between different states (steps) are strictly regulated
to mimic the allowed movements of the agent on this hypothetical walk. Each projector
in the bulk Hamiltonian, therefore, does not merely serve a mathematical function but
illustrates a physical rule akin to the laws governing potential movements in a controlled
random walk scenario.

This conceptual framework not only simplifies the understanding of the Hamiltonian’s
structure but also aligns with the physical analogies used in theoretical physics to model
systems constrained by specific rules or boundaries. By interpreting the Motzkin chain in
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this manner, we gain insight into how quantum systems can embody classical constraints,
thereby bridging the connection between abstract quantum states and tangible physical
processes.

6.1.5 Ground State

As a frustration-free Hamiltonian, the Motzkin chain has been shown to own a unique
gapped ground-state. One may already expected that this state is immediately the super-
position of all the possible path configuration of the randomwalk problem, and the fact is
indeed as such.

Mapping the spin choices illustratively, the representation will be even more intuitive;
here below are two simplest example of the grounds states of Motzkin chains, of length 2
and 4 respectively.

1

| M) 5

(I ==)+1.7\0)- (6.7)

S5

M) = %(! R =
| N =) = N 2 N+ -
| NN | N ] ) (6:8)
| ==\
|7 7NND)-
It has been shown [10] that such states possess intricate entanglement properties. By

examining a half-chain of spins designated as block A, we quantify entanglement through
two principal metrics: the Schmidt rank and the entanglement entropy.

Schmidt Rank: The Schmidt rank, £(A), which denotes the count of nonzero eigenvalues
of the block’s reduced density matrix p,, exhibits a linear growth proportional to the
system size, given by 1+ é This growth stems from unmatched brackets in block A, which
correspond to their matching counterparts in the complementary block B. This aspect
highlights profound long-range entanglement across the chain.
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Figure 6.2: Increase of the entanglement entropy along a Motzkin chain, along with the
increase of system size. Meanwhile, though not able to describe with conformal theory,
Motzkin groundstate possess similar finite-size scaling behavior with a ’central charge’
being 3.

Entanglement Entropy: The entanglement entropy adheres to the relation S(A) =
%10g2 [+ ¢;. Here, ¢; approaches a constant as [ increases, indicating a logarithmic increase
in the state’s complexity with the chain’s length. Conceptually, this is analogous to the
trajectories of a particle on a semi-infinite one-dimensional lattice, resembling a Brownian
motion. The distribution of the particle’s position m after é steps explains the entropy’s
scaling. Further analysis reveals that the probability distribution p,, adjusts with size,

aligning with p,, ~ m?exp (—?’lﬁ> for large .
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6.2 Combinatorics, Exact MPS, and Orthogonal DMRG

Considering the inherent classical nature of the random walk model in the Motzkin chain,
a precise and efficient method for computing all possible configurations becomes indis-
pensable. In combinatorics and computer science, dynamic programming (DP) is a widely
utilized approach to tackle problems that can be broken down into interrelated subprob-
lems, allowing for a recursive solution. This method optimizes computation by reversing
the recursive solutions and storing intermediate results, thus saving both time and com-
putational resources.

For the Motzkin chain, we initially relax the constraint that the path must return to the
starting position. Instead, we consider all possible paths from (0, 0) to (¢, j), recording them
in DPi, j]. Recognizing that returning to (2n, 0) is merely an extension of the precomputed
DP array, we can effectively enumerate all possibilities within an open boundary condition
(OBC) Motzkin chain of length 2n by examining the values up to DPn,n].

6.2.1 Calculating Motzkin Numbers

Motzkin numbers, the total number of different paths connecting two given positions, are
a fundamental sequence in combinatorics, closely related to Catalan numbers and central
to the study of Motzkin paths. In our search for GS of Motzkin chains, these numbers
directly reflect the Schmidt values between each pair of spins. Below, we present a dynamic
programming algorithm to calculate Motzkin numbers efficiently, followed by a discussion
on their relevance to Matrix Product States (MPS) in the context of the Motzkin ground
state.

Dynamic Programming Algorithm

The following pseudocode outlines an efficient dynamic programming approach to calculate
the number of Motzkin paths for a given length (2n), where (n) represents half the length
of the Motzkin path.

This algorithm utilizes a 2D dynamic programming table to efficiently compute Motzkin
numbers. The table (DP[i][j]) represents the number of Motzkin paths of length (i) that
end at height (j). The algorithm considers three possible steps at each position: up, down,
and flat, accumulating the contributions from each valid step. The time complexity of this
algorithm is O(n?), which is a significant improvement over naive recursive approaches that
would have exponential time complexity.
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Algorithm 1 The Dynamicl Programming Algorithm for Motzkin Paths/Numbers

1: function MotzkinNumber(n)

2: Input: n - half the length of the Motzkin path

3: Output: Total number of Motzkin paths of length 2n

4: Initialize a 2D array DP with dimensions [2n + 1][n + 1] set to zero

5. DPI0][0] « 1 > Base case: one path of length 0
6: for 7 <— 1 to 2n do

7: for j < 0ton do

8: if 7 > 0 then

9: DPIli|[j] + DPIi][j] + DP[i — 1][j — 1] > Contribution from an up step
10: end if
11: if j+1<nandi—12>j+1 then
12: DPIli|[j] « DPJi][j] + DP[i — 1][j + 1] > Contribution from a down step
13: end if
14: DPIli)[j] « DPIi][j] + DP[i — 1][4] > Contribution from a flat step
15: end for
16: end for
17: return DP|[2n][0]

. end function

—
oo
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Application to Matrix Product States

The Motzkin numbers and their associated paths have a profound connection to quantum
many-body physics, particularly in the context of Matrix Product States (MPS). The MPS
representation of the Motzkin ground state can be constructed using the insights gained
from the Motzkin number calculation.

Schmidt Values in MPS Representation Using the dynamic programming algorithm
presented above, we can calculate the Schmidt values in the MPS representation of the
Motzkin ground state. This is achieved by computing the probability distribution of dif-
ferent feasible heights at each position in the Motzkin path. The Schmidt values provide
crucial information about the entanglement structure of the quantum state.

Tensor Initialization The tensors in the MPS representation can be initialized based
on the principles of random walks, which are closely related to Motzkin paths. The tensor
elements can be defined as:

T’Upz‘,vi+1 = 5(Ui+1 — U — p) (69)
where:

e TP isthe tensor element
Vi, Vi1

e v; and v;y; represent the heights at positions ¢ and 7 + 1, respectively
e p denotes the step type (-1 for down, 0 for flat, 1 for up)

e ) is the Kronecker delta function

It’s important to note that the feasible value range of v; should be adjusted according
to the corresponding maximum distance of the agent at position ¢, which has already
been predicted by the DP table. This ensures that the paths remain valid Motzkin paths
throughout the construction.

DMRG Solver and Ground State After constructing the initial MPS using the
method described above, we can employ a Density Matrix Renormalization Group (DMRG)
solver to obtain the final ground state in normalized canonical forms. Figure 6.3 illustrates
this agreement by showing the Schmidt values on each bond of a Motzkin ground state
MPS of length 2n = 60. The logarithmic plot of Schmidt values reveals important features
of the Motzkin ground state:
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Figure 6.3: Schmidt values (logarithmic plot) on each bond of a Motzkin ground state
MPS of length 2n = 60. The plot demonstrates the characteristic entanglement structure
of the Motzkin state, with higher Schmidt values near the center of the chain and lower
values towards the ends.
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e The Schmidt values exhibit a symmetric distribution, reflecting the symmetry of the
Motzkin paths.

e The largest Schmidt values are found near the center of the chain, indicating stronger
entanglement in this region.

e The Schmidt values decrease towards the ends of the chain, consistent with the
boundary conditions of Motzkin paths.

e The overall distribution of Schmidt values provides insights into the area law of
entanglement entropy in this system.

First Excited States

A noteworthy aspect of the Motzkin chain is its first excited states. While the ground state
of the system can be exactly described, the exact forms of low-lying eigenstates remain
challenging to determine. However, the Density Matrix Renormalization Group technique
offers a solution, albeit with certain requirements. By adjusting the bond dimension and
allocating sufficient computational resources, DMRG can be modified to effectively retrieve
these low-lying states. This adaptation underscores the potential of DMRG to explore com-
plex quantum states beyond the ground state, expanding our understanding of quantum
systems modeled by Motzkin chains.

Generating the First Excited State

The process of obtaining the first excited state builds upon the ground state calculation
and involves a technique called state-targeting or state-specific DMRG. Here’s a detailed
explanation followed by a pseudocode algorithm:

Explanation: Start with the ground state MPS obtained from the initial DMRG calcu-
lation. Implement orthogonality constraints to ensure the excited state is orthogonal to
the ground state. Modify the DMRG optimization procedure to minimize the energy while
maintaining orthogonality. Iterate the DMRG sweeps until convergence to obtain the first
excited state.

The key challenge is maintaining orthogonality to the ground state while optimizing
for the lowest energy state in the orthogonal subspace. This is typically achieved through
a projection technique.
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Algorithm 2 First Excited State Generation using Modified DMRG

Note: This algorithm uses the same MPS representation for both the ground state and the excited
state, ensuring they are in the same basis. The orthogonality to the ground state is enforced by
the projector P, which is an alternative to state-averaged decimation methods.

1: Input: Ground State MPS |[¢g), Hamiltonian H, max bond dimension x

2: Output: First Excited State MPS [1))

3: Initialize |¢);) as a random MPS with bond dimension x

4 Ey < (Yo|H|vo) > Ground state energy
5: while not converged do

6: for each site < do

7: |¢) < local tensor at site i of [i)y)

8: H_ g < effective local Hamiltonian around site ¢

9: P <« I — |vo)(to| > Projector orthogonal to GS
10: Hyyoj < PHegP > Projected Hamiltonian
11: Solve eigenvalue problem: H.;|¢') = E|¢’)

12: Update local tensor of |¢1) with |¢')

13: Perform SVD and truncate to bond dimension y

14: end for

150 By 4= (i H[y)

16: if |Ey — Epev] < € then

17: converged < true

18: end if

19: Epev < By

20: end while
21: return |1¢q)
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Key Points: The algorithm starts with a random MPS for the excited state and the
pre-computed ground state. The projector P = I — |1))(t)g| ensures orthogonality to
the ground state. The effective Hamiltonian is projected into the subspace orthogonal to
the ground state. The local optimization problem becomes an eigenvalue problem in the
projected subspace. SVD truncation maintains the desired bond dimension x. The process
continues until the energy converges within a specified tolerance e.

Implementation Considerations: Efficient implementation of the projection opera-
tion is crucial for performance. The choice of initial random state can affect convergence
speed. Higher bond dimensions may be necessary for accurate representation of excited
states. Multiple runs with different initial states can help ensure the true first excited state
is found.

Verification: After obtaining the first excited state, it’s important to verify:

Orthogonality to the ground state: (¢y[11) ~ 0 Energy gap: E;— Ey > 0 and consistent
with theoretical predictions Entanglement properties: Compare Schmidt values with those
of the ground state

This modified DMRG approach allows for the systematic exploration of low-lying ex-
cited states in the Motzkin chain, providing valuable insights into the spectral properties
and excitation dynamics of this intriguing quantum system. To get more than first excited
states, one needs to further modify the input |1)y) to generalize to include a subspace, and
then nest the whole procedure into another layer of decision loop.
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6.3 Motzkin and Quantum Error Correction

The Motzkin chain’s ground state, characterized by its high degree of entanglement, offers
a fertile ground for AQEC. This high entanglement suggests potential for error correction if
appropriately harnessed. The concept of subsystem variance emerges as a critical measure
in this context, quantifying the robustness of the chain’s encoded states against local
perturbations and errors.

Given a quantum code defined by the code space €, the subsystem variance ¢(€, d, G)
is defined as [99]:

“(€.d.G) = max [vs—Ts, (6.10)

where I' denotes the maximally mixed state over the code space €, and S represents a
subsystem of size at most d under the adjacency graph G. This metric essentially captures
the largest deviation of local reduced states from their average, offering a quantifiable
measure of how local errors affect the encoded information.

This parameter is crucial for assessing the AQEC properties of any quantum code. It
reflects the degree to which the code deviates from ideal quantum error-correcting condi-
tions under local noise, thereby providing a fundamental link to the code’s error-correcting
performance.

6.3.1 Calculating Subsystem Variance for the Motzkin Chain

The subsequent analysis will focus on the detailed computation of the subsystem variance
for the Motzkin chain. By employing numerical simulations and analytical techniques,
we will explore how the unique structure of the Motzkin chain’s ground state contributes
to its potential AQEC capabilities. The results from these investigations will not only
enhance our understanding of the Motzkin chain as a quantum error-correcting code but
also provide insights into the broader implications for error correction in highly entangled
quantum systems.

To start we can select the subspace as simple as only consisting of the GS and 1st ES.
Therefore, the problem can be simplified as the optimization problem over the problem
of how to find the mixture of |¢y) and |1);) such that the distance between this density
matrix and the maximally mixed state can be maximized.

Generalized Reduced Density Matrix (RDM) Calculation We compute the gen-
eralized RDM to capture the quantum correlations between the GS and ES, providing
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Figure 6.4: Power Law of the Subsystem Variance of Motzkin Chain with Scaling System
Sizes

insights into their interaction dynamics. Most importantly, this step can drastically sim-
plify the following-up procedures.

Mixed States Space Construction By generating mixed states as parametrized linear
combinations of the GS and ES, we explore the spectrum of possible quantum states
between these two extremes, enriching our understanding of the chain’s quantum landscape.

Distance Landscape With a given parametrized subspace, the whole problem turns into
optimization over the distance landscape to find the peak. If the number of parameters is
limited enough, one can simply sample over the whole space and bruteforcely extract the
maximum points and values.

Systematic Study Across System Sizes The aforementioned analyses are replicated
across various chain lengths, from L=20 to L=80, to observe how these quantum properties
evolve with system size, enhancing our understanding of scaling behaviors.

Analysis of Variance Scaling In Figure 6.4, we present the observed scaling relation-
ship between the subsystem variance and system sizes for the setup previously defined,
where the variance scales approximately as a power law with an exponent of —1/19. This
scaling, while indicative of a significant trend, does not perfectly align with theoretical
predictions. The deviation from an ideal fit can be attributed to several factors:
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e Quality of Excited States: The first excited states (ES) of the Motzkin chain,
especially at larger system sizes, exhibit intricate structural complexities not present
in the ground state (GS). These complexities can introduce anomalies in the observed
scaling behavior due to the ES’s sensitivity to boundary conditions and finite-size
effects.

e Theoretical Underpinnings: Currently, a comprehensive systematic theory that
fully explains the AQEC properties across various models remains undeveloped. Our
understanding is mostly confined to asymptotic behaviors rather than precise, quan-
tifiable predictions that are commonplace in more mature fields of study.

These observations underline the challenges in generalizing AQEC properties and stress
the need for further theoretical and empirical research to refine our understanding of quan-
tum error correction in complex quantum systems.
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6.4 Summary

The exploration of Motzkin chains within this study has illuminated several critical aspects
and innovative potentials of quantum spin chain models. The following insights summarize
the significant findings and their implications.

e Complexity of Local, Frustration-Free Hamiltonians: Despite being local and
frustration-free, the Hamiltonians, such as those governing Motzkin chains, exhibit
remarkable complexity and exotic properties, even when gapped. This breaks away
from the conventional expectation that local and frustration-free systems must in-
herently display trivial quantum behaviors. Instead, these systems can host a diverse
spectrum of quantum states with intricate entanglement patterns, highlighting a rich
area for deeper quantum mechanical explorations and theoretical advancements.

o Effectiveness of MPS Representations: Matrix Product States (MPS) continue
to prove effective in representing states within these complex systems. MPS, a pow-
erful tool in the study of quantum many-body systems, is particularly adept at
capturing the nuances of these exotic states without compromising computational
feasibility. This underscores the adaptability of MPS techniques in handling not
only simple but also highly entangled and complex quantum states, reaffirming their
utility in theoretical and computational quantum physics.

e Encoding Time-Series in Static Spin Chains: The study of Motzkin chains
suggests an intriguing potential for static, local spin chains to model time-series
data. This insight opens up a novel application of quantum spin chains beyond
traditional physics, venturing into the realms of data analysis and computational
finance. By mapping time progression onto spatial dimensions within the chain,
and utilizing the quantum mechanical properties of the system, we can potentially
develop new methods for forecasting and analyzing time-dependent data. This could
lead to breakthroughs in how we model economic, meteorological, or any sequential
data using quantum systems.

These findings not only advance our understanding of quantum spin chains like the
Motzkin model but also expand the potential applications of quantum mechanics in other
scientific domains. As we continue to unravel the capabilities of these models, we pave the
way for innovative interdisciplinary applications that harness the principles of quantum
mechanics to solve complex problems in science and technology.
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Chapter 7

Conclusion and Future Work

In this thesis, we have conducted a detailed exploration of three distinct quantum many-
body systems, utilizing the DMRG technique along with various analytical approaches to
uncover deep insights into their complex behaviors and characteristics. These systems—Spin-
S Kitaev ladders, Heisenberg mixed ladders, and Motzkin chains—exhibit not only funda-
mentally distinct quantum phases but also diverse areas of research interest.

Despite their differences, a common thread has emerged: the representation of quantum
states using tensor networks, particularly MPS. This methodological approach has, in
some sense, unified the superficial differences between these models, suggesting that tensor
network methods might serve as a universal framework for engaging with quantum many-
body systems in one-dimensional (1D) and quasi-one-dimensional settings, and potentially
extending to two-dimensional (2D) systems in the future.

This chapter aims to succinctly recapitulate the core content presented, outline ongoing
research, and highlight several promising directions for future exploration and potential
applications.
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7.1 Key Findings and Comparisons

7.1.1 Spin-S Kitaev Ladders

Our comprehensive investigation into Spin-S Kitaev ladders has unveiled a richly varied
phase diagram, marked by distinct phases such as symmetry-breaking (SSB), symmetry-
protected topological (SPT) phases, and trivial states. Notably, the integer-spin Kitaev
ladders exhibit both first-order and second-order phase transitions, showcasing the dynamic
interplay of quantum states. Furthermore, half-integer spin systems display a fascinating
gapless region where SPT phases converge, highlighting the complex interactions within
the Kitaev model. Additionally, an apparent even-odd oscillation effect in the phase char-
acteristics becomes more pronounced as the spin dimension increases, revealing deeper
quantum mechanical behaviors as the system scales from spin-% up to spin-4.

7.1.2 Heisenberg Mixed Ladders

Investigations into Heisenberg mixed ladders have illuminated their non-standard magneti-
zation profiles and dynamic properties, indicative of underlying Luttinger liquid behavior.
This deviation from simple magnon-based models points to a rich array of quantum phase
transitions driven by inherent fluctuations and microscopic interactions. The current nu-
merical results lay the groundwork for a more extensive theoretical exploration, with a
comprehensive theory still under development to fully describe the model’s complex be-
haviors and its extensions.

7.1.3 Motzkin Chains

Our studies of Motzkin chains have revealed extraordinary entanglement properties that
distinguish them from behaviors typically observed in other gapped one-dimensional sys-
tems. The unique entanglement features of Motzkin chains, particularly within their
ground states, challenge traditional notions of quantum entanglement in local gapped sys-
tems. These findings not only advance our understanding of quantum state complexity but
also underscore the potential of Motzkin chains in the context of approximate quantum
error correction (AQEC). Additionally, the integration of combinatorial structures within
the Motzkin chain Hamiltonian and its states offers insightful connections between clas-
sical combinatorial problems and quantum many-body systems, opening new avenues for
exploring quantum-classical analogies.
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7.2 Extending Tensor Networks: Prospects in Quan-
tum Mechanics and Machine Learning

This section outlines the promising intersection of Tensor Networks (TN), Quantum Me-
chanics (QM), and Machine Learning (ML), underscoring the significant potential for TN
methods in quantum research facilitated by their inherent linear algebra structure. This
integration is poised to revolutionize the efficiency and scalability of simulations and anal-
yses in quantum many-body systems, highlighting the role of TN in the future of quantum
science and technology.

7.2.1 Data Driven Standard Automatic Library

As evidenced through ongoing research, the attributes of straightforwardness, efficiency,
and accuracy inherent in tensor network techniques make them ideal for exploring quan-
tum many-body systems in one-dimensional or quasi-one-dimensional configurations. This
opens up the possibility for these systems to be modeled as part of a data-driven, extensive
project shared among quantum physicists and the general public alike.

Tensor Networks offer a novel ”white-box” framework for demystifying quantum states,
providing great interpretability and manageability. This approach not only simplifies the
understanding of complex quantum interactions but also enhances the transparency of
computational models.

Moreover, the integration of a well-defined and structured dataset in quantum physics
could pave the way for the seamless incorporation of modern toolkits, including AI, cloud
computing, or at least some continuously organized pipeline as suggested in Chapter 3.
This integration would not only allow for the application of advanced machine learning
algorithms to predict, analyze, and interpret quantum phenomena with unprecedented
precision and scalability, but also release extensive human resource that used to be put on
manually searching and tuning parameters in Hamiltonian kaleidoscope.
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Appendix A

SPT detection in MPS

The now standard technique for detecting SPT order in an MPS was given by Pollmann
and Turner [61]. We review their method, then explain how it can be modified for the
present case, where the SPT order occurs in the effective model in the reduced Hilbert
space Hgs.

For a given iMPS |¢) and corresponding symmetry group, e.g. a G = Zgy X Zg group and
g%, g° € G the Z, generators, we first apply the corresponding operators ¥¢, ¥2* onto |¢) to
get the generalized transfer matrices 7%, T?; then with 7% and T® we calculate their largest
eigenvalues 1%, n° and corresponding eigenvectors U?, U, If |n?| = |n°| = 1 the iMPS indeed
respects the symmetry G. Furthermore, if UU® = —UU?, then |¢) realizes a projective
representation of the symmetry group; in contrast, [i) realizes a linear representation if
U® commutes with U®. The method is summarized in Fig. A.1.

Note that the above description takes for granted that the local symmetry applies on the
system site by site. However, we are often interested in systems where such translational
symmetry is only partly respected. For example, in the cluster model H = ). 0707, 07,5,
the symmetry G = Zy x Zj is implemented by two generators Zoqq = [[, 05,1 and Zeyen =
[1; 5. We should therefore view each pair of neighboring sites together as a single unit
cell, then apply the method discussed before. Either of the two distinct groupings, 2k + 1
and 2k + 2 as a single unit cell or 2k and 2k 4 1 as a single unit cell, is equally valid. The
effect of a symmetry transformation on an iMPS in this more general case is illustrated in
Fig. A.2.

The case of the Kitaev ladder has further complications. We can order the sites so
that the Hamiltonian appears to be translation-invariant with a two site unit cell; let the
corresponding two-site translation symmetry be Ty. However, the global symmetries $2
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Figure A.1: Brief illustration of the detection of SPT order. (a) iMPS and its transfer
matrix 7. The corresponding leading eigenvector is the identity matrix, denoted by “1.”.
(b) iMPS transformed by a symmetry £ and the corresponding generalized transfer matrix
T, which is given in terms of the original transfer matrix by a unitary transformation U*
as shown. (c) The leading eigenvector of 7% is U®. For two different elements a and b in
the symmetry group G = Zy x Zsy, we can calculate UUU*TUT to determine whether the
iMPS belongs to an SPT phase.
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Figure A.2: Modification of symmetry action on iMPS for model with two-site symmetries.
(a) A usual translation-invariant iMPS under the transformation of its on-site group G =
{X}. (b) Action of symmetries on the ground state of the cluster model H = ) o%0%0”,
invariant under the translation by 2 sites.
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and X7 then act differently on even and odd unit cells. Explicitly, 32T, = To%7, or
intuitively Ty swaps 37 and 37. We conclude that, although the Hamiltonian appears to
have a two-site translation symmetry, in fact a four-site unit cell is needed when considering
the action of symmetries.

We then want to use the original iMPS, with a four-site unit cell, to detect the SPT
order of the effective cluster model from perturbation theory. In the X-limit or Y-limit
where the cluster model arises, it seems natural to pick a unit cell that does not cut the
dimers that form effective sites. Such a choice is illustrated in the Y-limit in Figs. A.3(a)

and A.3(b).

What goes wrong if we shift the unit cell by one site, as in Fig. A.4, so that the unit
cell boundary cuts across a dimer? This does not affect our measurement of the projective
representation of X7 x ¥7. However, if we perform the same measurement for the global
symmetries XX and XY, we also naively find a signal of a projective representation, even
though we know from perturbation theory that both symmetries map to the identity in
the effective model and thus do not act nontrivially in the SPT phase.
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Figure A.3: (a)(b)An intuitive choice of unit cell inspired by perturbation theory. (c)(d)
With this choice of unit cell, 37 and %7 act, respectively, on the first two sites and the
last two sites.
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Figure A.4: (a) An improperly selected translationally invariant block for the same iMPS
and (b) the corresponding local operators for the symmetry 37
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Appendix B

SOPs and SPT distinction

Here we explain the construction of the SOPs of Fig. 4.5, used to distinguish the SPT-z
and SPT-y phases of the Kitaev ladder.

In earlier explorations of string orders for distinguishing SPT phases and trivial phases |
|, researchers defined decorated SOPs for detecting SPT phases. The string bulk is given
by (a local portion of) one of the symmetry operators, while two decorating operators that
anticommute with the symmetry are added at the endpoints. For Kitaev ladders, the con-
struction of SOPs is more intricate because the local D,, symmetries constrain the allowed
SOPs that can be constructed.

To be more precise, following the same procedure of constructing SOPs for the cluster
model, where one puts operators on even/odd positions, for the Kitaev ladder we can put
e™” (see Table B.1) on either the upper leg or the lower leg [64, 55]. However, using
only €™ at the two ends of each string there emerges anticommutation with D,, which
enforces the pure Z-strings (on a single leg) to have zero expectation value. Therefore, it
is necessary to decorate the end points of such Z-strings with either e™* or ¢, The
SOPs from Fig. 4.5 are:

N
0, = el™St (H 6i”54n2€i”54n1) e™Sin (Bl)

n=1
N
Oy _ eiﬂ'Sg (H 6i7rSjn3€i7rSZn) 67L7rSXN_1 (BQ)
n=1
O has a bulk built from %7 := [[2_, ¢™in-2¢"5i-1 that commutes with all the sym-

N i Sy i S}

metries, while the endpoint operators anticommute with X7 := []_, e™in-3¢™5 and
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YXYY. O% can also be mapped by a two-site translation along the snake order to get an
equivalent SOP built from X7 and with endpoints anticommuting with 7 and 3;* 3} this
shifted SOP is shown in Fig. B.1). Likewise, O¥ has endpoints that anticommute with %7
and YX%Y (and has an equivalent two-site shifted version interchanging the roles of the
upper and lower legs of the ladder).

Xeven Xodd
repl rep2 repl rep2
X-limit »Z Ny »Z yXRY
Y -limit »Z Ny »Z yXRY

Table B.1:  Pre-images in the original model of the X ., and X,qq symmetries of the
effective cluster model from perturbation theory in the X- and Y-limits for half-integer
spin. “repl” and “rep2” columns give two different elements of the original Zs X Zy X Zo
symmetry group, each of which map to Xeen or Xoqq in the specified anisotropic limit.

Note that, by multiplying local symmetries Dy, Dy, - - - with such SOPs, we can get the
same X-strings or Y-strings as in [14]. For an illustration, see Fig. B.1.
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Figure B.1: Tllustration of the string order parameters and their equivalent definition after
multiplication with the local symmetries. Two SOPs in different limits map to effective
SOPs of cluster model in different ways, which highlights the phase distinction. Note that
the capitalized X and Z in the lower part indicate the operators in the effective models.
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