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Abstract

Detailed chemical kinetics are required to accurately model pollutant formation in tur-
bulent combustion simulations. However, existing methods for representing detailed tur-
bulent combustion chemistry can have prohibitive computational cost. Machine learning
(ML) methods are gaining attention for representing detailed chemistry in a computation-
ally efficient manner, however the difficulties in preparing these models limit their applica-
tion. In this work, artificial neural networks (ANNs) are used to represent non-premixed
turbulent combustion chemistry in the Conditional Source-term Estimation (CSE) model,
which accounts for detailed kinetics and turbulence-chemistry interactions (TCI). This
work represents the first application of ML to CSE.

The objectives of the present study are to (i) develop a methodology for representing
any chemistry dataset with ANNs in the context of the CSE combustion model, and (ii)
apply ANN-CSE to the simulation of two turbulent non-premixed methane jet flames in a
Reynolds-Averaged Navier-Stokes (RANS) framework.

The ANNs are developed using the MATLAB Deep Learning Toolbox. Two tabu-
lated chemistry datasets are considered for ANN development: Trajectory-Generated Low-
Dimensional Manifolds (TGLDM) and samples from direct integration (DI). In addition,
pure and diluted methane fuels are considered. Detailed chemistry via GRI-Mech 3.0 and
reduced chemistry via Smooke’s mechanism is used. A data preparation procedure for
ANN development is outlined. The sensitivity of various ANN parameters are also investi-
gated to optimize the ANNs to each dataset. It is found that the ANNs can predict species
mass fractions, reaction rates, temperature and heat release rate with good accuracy for
each case. The storage requirement is also reduced by over 50% for each case.

ANN-CSE is applied to turbulent non-premixed jet flames with both sets of data and
either pure or diluted methane. The predictions of conditional and Favre averages of
temperature, species mass fractions and source terms from ANN-CSE are compared to
those from CSE with tabulated chemistry (TGLDM-CSE) or direct chemistry (DI-CSE)
to verify ANN-CSE. Identical computational settings for each flame are used to verify the
influence of the chemistry implementation on the flame structure. For each case, ANN-CSE
is generally able to capture the trends of each conditional and Favre-averaged quantity at

various locations. In addition, ANN-CSE requires less memory and is faster than regular
CSE for each case.

This study shows that CSE can be effectively coupled with ANNs for chemistry repre-
sentation of different mechanisms and sources of data. This will enable CSE for simulating
more detailed cases. Future work may involve more complex fuels, more sophisticated
ANNs and data preparation, or the Large Eddy Simulation (LES) framework.
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Chapter 1

Introduction

1.1 Overview

Combustion is a phenomenon involving the reaction of a fuel and an oxidizer with su cient
energy. Combustion of fossil fuels remains relevant for energy usage, accounting for about
80% of the global energy supply [1]. In addition, the global use of energy has increased
from about 250 EJ (=10 J) to about 600 EJ in the past ve decades [1]. Turbulent
combustion in particular is used in various engineering applications, such as engines, gas
turbines, furnaces, boilers, and stoves.

Devices that use turbulent combustion must be designed to provide the intended func-
tion while being safe and reducing emissions as much as possible. Prototypes can be used to
aid in the design process, however prototyping can be expensive and is not always feasible.
A general approach is to use turbulent combustion modelling, often with computational
uid dynamics (CFD) software, in tandem with experimental designs. CFD has the abil-
ity to iterate through many designs while being much cheaper than experimentation, and
it serves to verify results from experimental ndings and provide insights on underlying
physics or new designs. The accuracy of CFD is therefore important, as it will impact the
design and performance of engineered devices.

Turbulent combustion modelling is important for the design and understanding of com-
bustion systems. However, turbulent combustion modelling remains challenging due to
the presence of turbulence-chemistry interactions (TCI), where the turbulent uctuations
impact the mixing of reactants while the chemical reaction produces a change in uid
properties. With the presence of TCI, the mean species reaction rates cannot be evaluated



directly from the mean quantities, and must be approximated with a turbulent combus-
tion model. Di erent approaches exist [2{5], characterized by the assumptions made about
TCI. Among these methods is the Conditional Source-term Estimation (CSE) model [9, 10],
which is used in this work.

Turbulent combustion models must contain detailed chemistry in order to predict emis-
sions and model the combustion properly. This is di cult however, considering that de-
tailed mechanisms of hydrocarbon fuels may contain hundreds of species and thousands of
reactions. It is extremely challenging to solve transport equations for each species due to
the numerical sti ness of the reaction rates and the need to model unclosed terms arising
from turbulent uctuations. In practice, the number of species is reduced while retaining
information about the entire mechanism. The most common approach is to pre-tabulate
the detailed chemical mechanism based on the solution of a canonical combustion problem,
and access the chemical quantities during the simulation. Various tabulated chemistry
methods exist [11{16] for this purpose. While these methods reduce the computational
cost of turbulent combustion CFD, the resulting tables require large amounts of computer
(CPU) storage, often on the order of gigabytes (GB). The storage requirement becomes
prohibitive with a large number of species or re nement in the data. Turbulent combustion
CFD with tabulated chemistry is often modelled with reduced species.

It is desired to have a methodology than can represent the detailed chemistry of any
fuel or mechanism while having a minimal impact on the computational performance and
storage. Machine learning (ML) has been gaining recent attention [17, 18] in the eld of
turbulent combustion for this purpose. ML is a subset of arti cial intelligence (Al) where
models are trained to learn underlying patterns in a given dataset and be applied to inde-
pendent problems. ML models can be used to perform classi cation or regression, among
other tasks. What makes ML attractive is that the models are computationally simple and
require minimal CPU storage. This allows for the opportunity to represent fuels that were
previously not possible with either direct or tabulated chemistry. However, ML models are
not routinely implemented in practical turbulent combustion CFD applications for various
reasons. First, su cient amounts and quality of training data are needed to properly tune
the ML model for a given turbulent combustion problem. ML models are often specic
to a given con guration for this reason. Second, the design and optimization of the ML
model structure is non-trivial and requires thorough testing. ML chemistry representation
is thus a time-consuming process. Despite these setbacks, various studies of ML chemistry
representation in di erent combustion models have been completed [17, 18]. The bene ts
of pairing ML with CSE, however, are unclear and require further investigation.

CSE is a turbulent combustion model that is computationally e cient and accounts
for both TCI and detailed chemistry. CSE has previously been applied successfully to

2



various ames, including premixed [19{24] and non-premixed combustion [25{33], lifted
ames [34, 35], spray ames [36{40], MILD (Moderate or Intense Low-Oxygen Dilution)
combustion [41{43], and pool res [44{46]. These studies also involve various treatments
for ame extinction, heat losses, radiation, and soot formation. However, the majority
of these studies rely on tabulated chemistry. CSE with direct chemistry was recently
applied successfully to Sandia ame D [33], however this required a reduced mechanism
to be computationally feasible. Although the ame structure is captured in each case, the
use of either tabulated or direct chemistry has restricted previous CSE studies to simple
hydrocarbon fuels. The current work expands on the capabilities of the CSE combustion
model by incorporating chemistry representation with ML methods for the rst time. ML

is promising for chemistry representation in CSE, as it is computationally e cient and can
incorporate information from detailed chemical kinetics. This method has the potential
to represent fuels with complex chemistry, such as alternative fuels, that were previously
not possible with CSE, in addition to reducing the storage requirement and improving the
speed of CSE. The use of ML in CSE will enable the further application and adoption of
the CSE combustion model.

1.2 Objectives

The motivation of the current work is to expand the applicability of CSE to di erent fuels

by addressing the chemistry limitations. This is achieved by using ML methods, speci -
cally the arti cial neural network (ANN), to represent combustion chemistry in the CSE
model. This work focuses on non-premixed combustion, which is an industrially-relevant
combustion condition that has been previously simulated successfully with CSE. Methane
is selected as the fuel of study to validate the current approach with previous CSE ap-
proaches using either direct or tabulated chemistry. ANNs are selected in this context to
represent conditional species mass fractions, source terms, and thermal quantities at a given
mixture fraction. The ANN-CSE approach should be adaptable not only to di erent fuels,
but to di erent sources of data, to enable development and application to di erent cases.
In this work, two methane mechanisms and two sources of data are considered to meet
this requirement, with the ANNs being developed speci cally for each case. It is impor-
tant to stress that ANN design is a non-trivial process, in which many parameters must be
optimized to t the problem that the ANNs are applied to. The ANN-CSE approach is val-
idated by simulating various turbulent non-premixed methane jet ames [47{49] that have
been previously simulated using CSE with either tabulated chemistry or direct integration
(DI). These simulations are carried out using a Reynolds-Averaged Navier-Stokes (RANS)



framework. Results for the predicted quantities are analyzed with both CSE formulations
at various locations to assess the accuracy and in uence of chemistry representation in
CSE. Experimental data is included when available. The computational speed and mem-
ory are also compared between both CSE formulations. The successful implementation
of ANN-CSE is indicated by the relative accuracy of the predicted quantities from the
ANNSs, as well as the computational data from each ame simulation, to those from either
TGLDM-CSE or DI-CSE. The resulting ANN framework is independent of CSE itself and
could be easily extended to premixed ames or Large Eddy Simulation (LES).

The objectives of this study are summarized as follows:

" Develop a methodology for representing any chemistry dataset with ANNs in the
context of the CSE combustion model.

" Apply ANN-CSE to the simulation of two turbulent non-premixed methane jet ames
in a Reynolds-Averaged Navier-Stokes (RANS) framework.

1.3 Thesis Outline

Chapter 2 presents the foundations of turbulent non-premixed combustion modelling with
CSE. This includes the governing equations, turbulence and averaging methods, turbu-
lence models and a detailed description of CSE. A review of previous ML applications for
turbulent combustion chemistry is presented in Chapter 3. The role of the current work

in the literature is highlighted. Chapter 4 then examines the ANN development and op-
timization. This includes the ANN architecture, data preparation, and the training and
testing process, Measures of accuracy for each case under study are also presented. In
Chapter 5, ANN-CSE is evaluated against TGLDM-CSE in two separate non-premixed
jet ames: one with pure methane, and one with diluted methane (Sandia ame D). This
chapter includes results for the mixing eld, conditional and Favre averaged pro les of
reactive scalars (composition, temperature, source terms), and computational statistics of
both ames. In Chapter 6, ANN-CSE is developed using training data from either TGLDM

or DI, and is applied to Sandia ame D. Note that a separate mechanism is used for this
chapter. The same set of results in Chapter 5 are used to compare the various approaches.
Finally, conclusions and recommendations for future work are made in Chapter 7.
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Chapter 2

Background

This chapter presents the background related to turbulent combustion modelling with Con-
ditional Source-term Estimation (CSE). The chapter starts with governing equations for
turbulent combustion. Turbulent ow and turbulence models are then discussed, with a
focus on Reynolds-Averaged Navier-Stokes equations. An overview of turbulent combus-
tion parameters and models is presented, followed by a detailed presentation of CSE for
non-premixed combustion.

2.1 Governing Equations

All uid ows are governed by the conservation of mass, momentum, and energy. The
transport of species is also crucial in the case of reacting ows. The uid ow properties
can be obtained by solving these equations.

2.1.1 Conservation of Mass

The conservation of mass (or continuity) describes the spatial and temporal evolution of
the uid in a given control volume. The following equation represents continuity in tensor

notation [50]: @ @
@t-'- @((Ui)zo; (2.1)

where is the uid density and u; is the uid velocity in the i-direction. In this context,
there is no creation or destruction of mass.
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2.1.2 Conservation of Linear Momentum

The conservation of linear momentum relates surface and body forces to the motion and de-
formation of the uid. The following equation represents conservation of linear momentum
in tensor notation [50]:

Gun+ 2uy= 20, G g
@ @x @x @x
wherepis the uid pressure and ;; is the viscous stress tensor. The terms on the left-hand
side of Equation 2.2 represent local rate of change and convective transfer of momentum,
respectively. The terms on the right-hand side of Equation 2.2 represent forces acting on
the uid, where the rst term represents pressure force while the middle term represents
forces due to viscous deformation. ThE, term represents external body forces, which in
this study is solely gravitational force. This term can be recast as follows, wheggis the
standard gravity:

(2.2)

Fq = 0j: (23)
The viscous stress tensor,;; , describes uid deformation via shearing. It can be recast in
terms of the strain rate tensor,S;; , assuming a Newtonian and isotropic uid:

2 Qu .
3 1) @x ]
where is the dynamic viscosity of the uid and j is the Kronecker delta, which is a

tensor whose components equal 1 whers j or zero wheni 6 j. The strain rate tensor
can be rewritten in terms of the rate of shear, as shown below:

= 2S; (2.4)

1 @u, @y
Si = = . 2.5
Using this information, the momentum equation can be rewritten as follows:
@ @ @p, @ @u, @ 2 @
@{Uj)’f@((uiuj): @(p+@( @x @i 3 ' @x +t 95 (2.6)

2.1.3 Conservation of Energy

The conservation of energy relates work and heat to the internal energy of the uid. The
following equation represents conservation of internal energy in tensor notation [50]:
@ @ @q

SO ud= SN Lt Qu S0 ) @)



wheree is the internal energy. In combustion applications, however, it is more convenient
to express the conservation of energy in terms of enthaldy, as follows:

h=e+ P (2.8)

Using Equation 2.8, an equation for the conservation of enthalpy can be derived [50]:

S+ guuh = G L+ Qu v S8 2w 29)

In Equation 2.9, the left-hand side describes enthalpy rate of change and convective en-
thalpy transport, respectively. The right-hand side describes work and heat uxes to the
system.! 1 and Q,oq represent heat additions to the uid due to the combustion reaction
and radiation, respectively. The last two terms on the right-hand side represent work due
to pressure and viscosity, respectively. The rst term on the right-hand side represents
energy dissipation, wherey is the energy ux and is de ned as follows [50]:

_ T X
g = @Dx4-k=l(huk), (2.10)

where is the thermal conductivity and j is the di usive species ux. The right hand
side represents energy uxes due to heat conduction (using Fourier's Law) and molecular
di usion, respectively. jx can be rewritten by applying Fick's rst law, as shown below:

v
@x’
where Dy is the molecular di usivity and Yy is the mass fraction of speciek. Using this

information and the de nitions of the Prandtl and Schmidt numbers, as well as assuming

a Lewis number of unity, leads to the following expression for the energy ux, whereis
the kinematic viscosity andPr is the Prandtl number:

jk= D« (2.11)

_ @h
g = Prax (2.12)
Equation 2.9 can then be rewritten as follows:
@ @ ... @  @h @p @
@{ h)+ @(( uih) = @x Pr @x + 17+ Qad + @t+ @?((U| i ) (2.13)



2.1.4 Species Transport

The transport of species is important in the context of combustion, as it describes how the
reaction proceeds and how products form. Considering mass fractions, each spédciess
governed by the following transport equation in tensor notation [50]:

@ @ @4;

—(Y)+ —(uiYy)= ——+ 1 2.14

@{ k) @X( i Yk) ax (2.14)
wherejy.; is the di usive species ux for each direction as de ned by Equation 2.11, and
I ¢ Is the reaction rate of speciek. In addition, the mass fractions of all species must sum
to unity as shown below, whereN is the number of species:

X
Ye=1 (2.15)

k=1

2.2 Turbulent Flows

Equations 2.1, 2.6, 2.13 and 2.14 above describe the reacting uid ow at any ow regime
in theory. However, these equations are di cult to solve numerically due to the chaotic
nature of turbulent ow. Turbulent ows are often solved by modelling part of the turbulent
behaviour. This section describes turbulence and how it can be modelled in CFD using
di erent frameworks.

2.2.1 Description of Turbulence

The ow regime of a uid is often dictated by the Reynolds number,Re, which is the
ratio of inertial forces to viscous forces in a uid. All uid ows can be classi ed as either
laminar, transitional or turbulent. Laminar ow is dictated by smooth motion of uid with
little to no mixing; it occurs at relatively low Re and depends on the geometry. Transitional
ow is an intermediate stage that occurs when small instabilities develop in laminar ows
and impact the ow structure, creating mixing. Turbulent ow is characterized by the
chaotic motion of uid particles and the mixing of uid layers; it occurs at relatively large
Re and depends on the geometry. Pressure and velocity vary at each point in time due to
the chaotic motion of the ow, which makes turbulent ows di cult to solve. However,
turbulent ow is prevalent in nature and in many engineering applications. This includes



combustion, where turbulent ow is desired for mixing the fuel and oxidizer to facilitate
reactions. Thus, it is important to understand and capture turbulence in combustion CFD.

Turbulence can be thought of as uctuations superimposed on a mean ow. The uc-
tuations in the ow lead to the formation of eddies, which are ow structures characterized
by swirling and reverse ow in the mean ow current. Turbulent kinetic energy (TKE) is
generated by the velocity uctuations, and TKE generation is associated with the largest
eddies. However, these eddies are unstable and subsequently break up into smaller eddies
until stability is achieved [51]. This leads to the formation of eddies of various sizes, which
can be categorized into di erent length scales based on the wavenumber. Eddies are gen-
erally described by the integral length scale, the Taylor microscale, and the Kolmogorov
length scale. The integral length scale is the largest length scale and the eddies in this
scale contain the most TKE. It is categorized by the velocity uctuations and is limited
by geometry. TKE is transferred via an energy cascade to the Taylor microscale, which
is smaller in size. Viscous e ects are more prominent in the Taylor microscale, however
dissipation of TKE does not occur. TKE is further transferred to the Kolmogorov scale,
which is the smallest scale of energy. Viscous dissipation of TKE occurs at this scale due
to the signi cance of molecular di usion. Turbulent ow can therefore be thought of as an
spectrum of eddies with varying length scales, where TKE is transferred from the largest
to the smallest eddies before dissipation [51]. Note that turbulent ows also have a range
of time scales, which are associated with the length scale ranges.

Di erent frameworks exist for representing turbulent ows in CFD. These frameworks
can be classi ed based on the range of length scales that are modelled. Direct numerical
simulation (DNS) is a framework in which the entire range of spatial and temporal tur-
bulent scales are resolved. DNS is the most true relative to the applied formulas since it
does not involve turbulence models. However, extremely ne spatial and temporal grids
are needed to resolve the Kolmogorov scales and chemical time scales, making DNS com-
putationally prohibitive for high Re ows. LES is a framework in which the small scales
are modelled while the large scales are resolved directly. Various methods exist for Itering
the scales and modelling the unclosed terms that arise from the lItering operation. LES
has lower computational cost than DNS, but is nonetheless computationally expensive for
most industrial applications. The Reynolds-Averaged Navier-Stokes (RANS) framework is
used in this study, and is described in the following subsection.

2.2.2 Reynolds-Averaged Navier-Stokes

Reynolds-Averaged Navier-Stokes (RANS) is a framework in which all turbulent scales
are modelled. This is achieved by applying decomposition to the instantaneous quantities
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in the governing equations, in which these quantities are represented by a mean and a
uctuating component. The transport equations are then averaged to obtain expressions
for the mean quantities. Turbulence models are required to close the Reynolds stresses,
which arise from the decomposition and represent the turbulence.

The computational grid spacing in RANS is not explicitly related to the turbulence
scales, although it is useful to re ne the grid to capture wall e ects and other combustion
phenomena and obtain grid-independent results. This means that RANS is less computa-
tionally expensive than LES or DNS. RANS is also more straightforward to use than LES
or DNS, as there is less user-input for aspects such as calculating the Iter width or grid
spacing. For these reasons, RANS is widely used for combustion CFD in industry and in
some areas of research. RANS is selected for the current study, as it can provide reasonable
accuracy of non-premixed turbulent jet ames [26{33]. The following subsection compares
averaging methods for RANS.

2.2.3 Averaged Transport Equations

In the RANS framework, decomposition is applied to the governing equations to obtain
transport equations for the mean quantities. This subsection describes and compares two
commonly-used averaging techniques: Reynolds and Favre averaging.

For Reynolds averaging (or Reynolds decomposition), each transported quantityis
split into a mean and a uctuating component, as shown below:

(xi;t) = (x)+ Axist); (2.16)

where (x;;t) is an instantaneous quantity, (x;) is the time-averaged quantity, and qx;;t)
is the uctuation of the quantity about the mean. This decomposition is applied to the
ow variables (i.e., uj, h, Yy and! ) in the governing equations. The RANS equations are
obtained by taking the mean of each term (not shown for brevity).

The decomposition process leads to the Reynolds stress te@%(r'ujo), which is un-
closed and must be modelled. Reynolds averaging is more useful for cases with small
density variations, such as incompressible ows. However, the density varies signi cantly
in combustion due to the nature of the ow and the di erent types of species involved.
The inclusion of density uctuations would lead to many additional unclosed terms in all
four governing equations, all of which require models or correlations [50]. For this reason,
Reynolds averaging is not used in the current study.
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An alternative approach to decomposition is Favre averaging [52], which splits an in-
stantaneous quantity into mean and uctuating components based on a density-weighted
average, as shown below:

(xi;t) = €xi)+ %xiit): (2.17)

In this equation, °x;;t) is the uctuation of a given quantity about the Favre average,
€(x;), which is de ned below:

_i(xi):

€(xi) =

(2.18)

The governing equations are decomposed using Equation 2.17. The following identities are
used for simpli cation:

Bxi) = €x):fofxi;t) =05 %xi;t) = 0: (2.19)

This results in the following equations for conservation of mass, linear momentum, enthalpy,
and species transport, respectively [50]:

%ﬁ @@x( @)=0; (2.20)
Q @ - @, @, [ @ 1000
@{ &)+ @x( &) @?(+ @?(+ 9 Gx Lovoy; (2.21)
@ @ I @ @u @ .
ol M+ gl em= gy e+ @ + o "@x @x Liomoy; (2.22)
@ @ _ @ @Y o @ joyoy.
@{ ¥) + @x( & %) @x D cax +E @x( 0%, %9 (2.23)

The use of Favre averaging removes unclosed terms associated with density uctuations.
There are also fewer unclosed terms for the Reynolds stresses when expanded. For these
reasons, Favre averaging is preferred in turbulent combustion CFD and is used in the
current study. Models are required to close the three uctuating terms (last term on
Equations 2.21 to 2.23) and the reaction rate terms€{ in Equation 2.23, and€; and

&ad in Equation 2.22). There are multiple ways to close each term. The following section
discusses and compares turbulence models for closing the Reynolds stress @f(n h-oi’.ljo :
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2.3 Eddy Viscosity Turbulence Models

There are various ways to close the Reynolds stresses arising from RANS using a turbulence
model. This section describes and compares four common turbulence models, with an
emphasis on thek- model. These models rely on the eddy viscosity hypothesis proposed
by Boussinesq, where the eddy viscosity models the energy cascade through the range
of eddies. This hypothesis relates the Reynolds stresses to the mean uid deformations,
resulting in the following expression for the Reynolds stress:

00,00— @ @ g
oy S0 G gk (2.24)

wherek in this context is the TKE and ; represents the kinematic eddy viscosityk is
commonly represented in terms of velocity uctuations, as shown below:

1%
k=3 (LO0S: (2.25)
n=1
Note that is divided for convenience in Equation 2.24, resulting iny = -+, where

is the dynamic eddy viscosity. The predominant focus of turbulence models is to provide
relations for ; to close the Reynolds stresses.

2.3.1 Mixing Length Model

One of the rst turbulence models is the mixing length model, which was proposed by
Prandtl in 1925 [53]. This model was derived from wall-bounded ows (and ties in with
boundary layer theory), where it assumes that the eddy viscosity varies with distance from
the wall. The eddy viscosity is modelled as the product of a velocity scale and a length
scale. It is assumed that the only signi cant velocity gradient is the streamwise component
proportional to the wall (i.e., @L;‘). The kinematic eddy viscosity is then represented with
the following relation, wherel,, is the mixing length. Note that the absolute value of the
velocity gradient is taken to produce a positive viscosity.

bu

t — |m @—?( . (226)

The mixing length model is computationally inexpensive since it does not require additional
transport equations. It is also straightforward to use sincé, is the only free parameter.
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However, the model does not capture complex turbulence phenomena due to the assump-
tion that the rates of production and dissipation of TKE are equal. The accuracy also
depends on the selection df,, which depends on prior knowledge [51]. For these reasons,
the mixing length model is not used in the current study.

2.3.2 k- Model

The k- model [54] is one of the most common turbulence models in CFD. It was origi-
nally developed as an improvement to the mixing length model by incorporating physical
mechanisms that a ect the TKE and avoiding the need to specify a mixing length [51].

It is a two-equation model, which indicates that transport equations are solved for TKE

(k) and the dissipation rate of TKE (); this makes it more computationally expensive
than the mixing length model. The eddy viscosity is modelled as a product of velocity and
length scales as in the mixing length model, however these scales are represented in terms
of k and in the k- model. This results in the following expression for,, whereC is a
dimensionless constant:

(= C —: (2.27)

Using this identity, the transport equations fork and can be represented with the following
semi-empirical equations, respectively:

@k @ @ t @k
= 4+ = ky= — + - — 4+ P ; 2.28
et @ ax . @x (2.28)
@ @ @ t @ 2
~ + — = — + - — +C,-P. C,—: 2.29
et @®)” @x @x T kK Tk (2.29)
In these equations Py represents the production of TKE, as shown below:
_ o
Pe= U (2.:30)
Equations 2.27, 2.28 and 2.29 contain dimensionless constas, ¢, , C, andC,

that are adjustable. However, the following standard values have been determined from
extensive testing:

C =009 (=10, =1:30C,=192C,=1:44 (2.31)

The standard k- model (as formulated above) is one of the simplest two-equation tur-
bulence models. The standardk- model speci cally performs well for free-shear ows,
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including mixing layers, plane jets and boundary layers. It does not perform well in cases
with large pressure gradients, and wall functions are required to capture the production
of TKE. One well-known anomaly is the spreading rate of round jets [51], which can be
addressed by adjusting the constants in Equation 2.31. Despite these limitations, the stan-
dard k- model is commonly used since it is relatively robust for various industrial and

environmental ows.

The standard k- model with modi ed coe cients is selected in this study, following
previous work [26{33]. However, alternative formulations of th&- model exist in an e ort
to address the limitations of the standarck- model. Two common alternatives include the
RNG k- model [55] and the realizablé&- model [56]. The RNG (re-normalization group)
k- model is derived from statistics and includes an additional term in the transport
equation to account for strain. The de nition of each constant is modi ed, with analytical
expressions being provided fory, and . The RNG k- model performs better than the
standardk- model for high-strain ows, and can account for swirl with some modi cations
to . The realizablek- model imposes mathematical constraints on the Reynolds stresses
to match physical expectations. In this model, ; is limited such that the normal stress
(u%) remains positive. In addition,C becomes a variable quantity, which is determined
from the strain rate, and the transport equation is derived from an exact equation rather
than being posed from empirical reasoning. The realizabke model addresses the round
jet anomaly and has been shown to give improved results with large pressure gradients.

2.3.3 k-! Model

The k-!I' model is a two-equation turbulence model proposed by Wilcox in 1988 [57]. The
k-1 model considers the turbulent frequency, which is de ned as = ¥, rather than
itself. The eddy viscosity is modi ed from thek- formulation to contain ! , as shown

below. Note that ; does not contain an adjustable constant.

(= IE: (2.32)

The transport equations fork and! are formulated as follows:

%‘tﬁ, @@xmk): @@; v k)%‘ Pkl (2.33)
@, @gy= @ @ @ e (2.34)

o) =o t — i o
@x @x t = @x
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Equations 2.33 and 2.34 contain dimensionless constanis :, «, :,and thatare ad-
justable. The following values are taken from the origindt-! paper, however the constants
can be speci ed using the strain rate tensor [58]:

3 - 5-
40’ 9
The k-! model does not require wall functions and is more accurate near walls than the
standard k- model, however a ner computational grid is needed with th&-! model since

I is sensitive near walls. Thek-! model is reasonable for a variety of turbulent ows,
however it is sensitive to ; in the free stream.

k=05 , =05 (=0:09 , =

(2.35)

2.3.4 Shear Stress Transport Model

The Shear Stress Transport (SST) turbulence model was proposed by Menter in 1994 [59].
The SST model is a combination of the standaré- model and thek-! model, wherek-!

is used within the boundary layer andk- is used in the free stream. The eddy viscosity
is modelled with a blending function in the SST model. Transport equations fd« and

I' can be derived by combining the individual transport equations from th&- and k-!
models. The SST model combines the bene ts of tHe and k-! models and is better at
predicting separation. However, the SST model contains more constants than both of the
k- or k- models, which makes the SST model more di cult to use.

2.4  Turbulent Non-premixed Combustion Modelling

The chemical source terms in Equations 2.22 and 2.23 are highly non-linear and require a
turbulent combustion model for closure. This section rst brie y describes and compares
various combustion models. Important parameters for non-premixed turbulent combustion
are also introduced here.

2.4.1 Turbulent Combustion Models

Various turbulent combustion models exist, which may be classi ed into groups based on
the underlying assumptions. Models that assume in nitely-fast chemistry include the Eddy
Break-up Model (EBU) [2, 3], Eddy Dissipation Model (EDM) [4] and Eddy Dissipation
Concept (EDC) [5]. These models assume that the chemical scales are fast enough such that
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they are decoupled from the turbulence scales, thus the reaction rate is mixing controlled.
These models are commonly used due to their simplicity and small computational cost.
However, these models cannot account for detailed chemical kinetics, and the ignition is
di cult to control.

Flamelet models assume that chemical time scales are short enough such that reac-
tions take place in thin reactive-di usive layers known as " amelets', which are smaller
than the smallest turbulent scales. With this assumption, the amelets are not a ected by
turbulence and can thus be considered laminar [15]. For non-premixed combustion, this
allows for a coordinate transform of the scalar transport equations, where mixture frac-
tion Z becomes the independent variable. The amelet solution can be pre-tabulated by
parameterizingZ and scalar dissipation rate and assuming xed boundary conditions.
This constitutes the basis of the non-premixed steady laminar amelet model (SLFM).
The main advantage of amelet models is the inclusion of detailed chemistry with rela-
tively small computational cost due to the pre-tabulation. However, they are limited by
the small chemical time scale assumption, which is often not veri ed. This implicates the
assumption of laminar ow on the model and hence the formulation it relies on.

Another set of models are constructed on probability density function (PDF) corre-
lations between ow variables. The transported PDF approach [6, 60, 61] involves the
solution of a joint-PDF that describes the state of the reacting medium. The velocity
components, species mass fractions and enthalpy are often considered in the joint-PDF. A
transport equation for the joint-PDF is then solved. This model directly resolves the chem-
ical source terms at the expense of creating additional unclosed terms that are di cult to
model. Transported PDF is computationally expensive due to the high-dimensionality of
the joint PDF, often requiring stochastic simulations. To reduce computational cost, the
shape of the joint-PDF is often presumed, leading to the following presumed-PDF meth-
ods. Conditional Source-term Estimation (CSE) [9, 10] and Conditional Moment Closure
(CMC) [7] use conditional averages of reactive scalars to close the chemical source terms.
The Favre averages are related to the conditional averages through the PDF. Both CSE
and CMC rely on the rst-order closure assumption (described in Section 2.5.1 below), but
di er in the determination of the conditional averages. Multiple Mapping Conditioning [3]
is e ectively a combination of the CMC and transported PDF approaches, in which the
CMC rst-order closure assumption is applied to limit the dimensionality of the joint-PDF
by correlating certain variables together. CSE for non-premixed combustion is described
thoroughly in Section 2.5.
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2.4.2 Mixture Fraction

The current work involves non-premixed combustion, which is indicated by separate fuel
and oxidizer streams. Non-premixed combustion is a mixing-controlled process since the
mixing time scale is larger than the chemical time scale. For this reason, it is useful and
reasonable to use a scalar that describes the state of mixing to indicate where combustion
occurs. This is referred to as the mixture fractionZ, which is de ned to have a value of
zero for pure oxidizer and a value of unity for pure fuel. The formal de nition oZ from
Bilger [62] is adopted, as shown below:

Yi Yi;O .

Z= —
Yi;F Yi;O

(2.36)

In this equation, Y; is the mass fraction of element, while Y;r and Yo refer to the
mass fractions of element in the fuel and oxidizer streams, respectively. The elements
considered inZ depend on the fuel, however it is common to consider carbon, hydrogen
and oxygen inZ. The mixture fraction is a conserved scalar, meaning that it cannot be
produced or destroyed unless a phase change is present.

The mixture fraction is used for constructing the PDF in the PDF-based combustion
models. The mean Z) mixture fraction is often used to describe the PDF, howeveE by

itself is not su cient to represent the chemical source terms. Thus, the varianceg(?) of

the mixture fraction is also required to construct the PDF.Z and 292 are represented by
Favre-averaged transport equations, as shown below:

@ @ _ @ L0Z @ 0
ot D el P ax Pax @y WZY (2.37)
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whereD is the mixture fraction di usivity and e is the scalar dissipation rate. The terms
containing u®are unclosed and require modelling. The gradient di usion hypothesis is
used as shown below, wheiB; is the turbulent di usivity:

@
@x
The scalar dissipation rate is another unclosed term that requires modelling. Assuming
the production rate of scalar variance equals the dissipation rate, can be represented in

oy 0= D, (2.39)
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terms of 892, as shown below:

@OG.
@x’
whereD is the scalar di usivity. is an important parameter in non-premixed combus-
tion, as it relates molecular di usion to the state of turbulent mixing [63] and describes
how the combustion occurs. A small value of implies that the turbulent mixing rate is
slow, resulting in the reaction rates approaching the in nitely-fast chemistry assumption.
A large value of implies that the turbulent mixing rate is fast, resulting in small reaction
rates due to heat loss and possible extinction. A value of unity for at the stoichiometric
mixture fraction indicates that combustion occurs at equilibrium.

e=2D

(2.40)

It should be noted that in premixed combustion, which occurs when fuel and oxidizer
are mixed before ignition, the state of reaction is described by the progress variableA
value of zero indicates fresh reactants, while a value of unity indicates burnt gases. The
progress variable can be de ned multiple ways, often being constructed from the mass
fractions of one or more characteristic species.

2.4.3 Beta Probability Density Function (PDF)

In methods such as CSE, CMC and MMC, the shape of the PDF describing the reacting
medium is presumed rather than solved. It is common to assume adistribution for
non-premixed combustion [64]. The -distribution of a quantity is represented by the
following equation:

N G ) 2 1.
P() 00 2 ( 1) 2 = (2.412)
The gamma function is de ned as the following for a given :
Z 1
( )= x le *dx; (2.42)

0

while the beta-function parameters ; and , are determined as follows:
!

_p E1 2% .
A TR (2.43)
!
- ZQ1 %) .
2=(1 %) —ge L (2.44)
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2.5 Conditional Source-term Estimation for Turbu-
lent Non-premixed Combustion

This section describes the Conditional Source-term Estimation (CSE) combustion model in
the context of turbulent non-premixed combustion. The basic principles and formulation
of CSE is rst discussed, followed by integral inversion techniques. Methods for chemistry
representation in CSE are then presented and compared. The implementation of CSE in
the CFD code is then described.

2.5.1 CSE Principles

The principles of the CSE model are identical to those in the CMC model, from which
CSE is derived. The following analysis considers non-premixed combustion in the RANS
framework, however the extensions to both premixed combustion and the LES framework
are straightforward.

The Conditional Source-term Estimation (CSE) model was rst developed by Bushe
and Steiner in 1999 [9] for LES of non-premixed ames. CSE relies on the rst-order
closure assumption, which states that spatial and temporal uctuations of the reactive
scalars are correlated to the uctuations of one or more characteristic variables, which are
used for conditioning, and that the conditional uctuations of the reactive scalars are much
smaller than the unconditional uctuations. The rst-order closure assumption has been
shown to be reasonable for attached ames without ignition or extinction [7]. Using the
rst-order closure assumption, the conditional source terms are evaluated directly from the
conditional species mass fractions, temperature and density, as shown below:

CARENICIER SRS VRS IR (2.45)

where!9,j is the conditional source term of speciels, is the sample space variable for
Z, N is the number of species,j is the conditional Reynolds average of density, and
% and ¥j are the conditional Favre averages of temperature and species mass fractions,
respectively. Note that the mixture fractionZ is selected as the conditioning variable, since

it has been found to satisfy the rst-order closure assumption for previous non-premixed
combustion cases with CSE [25{33]. One conditioning variable is su cient for most cases,
however multiple conditioning variables can be included to capture additional physics [10].

The CSE model involves both Favre averaged and conditionally averaged variables.
The Favre average of a given quantity can be determined from the respective conditional
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average as follows: zZ,
eity= i (iR(it)d; (2.46)

0
where €(i; ) is a reactive scalar (i.e.f x or ¥) at a given celli and a given timet. B( ;i:t)
is the PDF as described by Equation 2.41 for a given discretized mixture fraction cell i
and time t.

In CSE, transport equations are solved for the Favre averages of species mass fractions
(refer to Equation 2.23). To determine the unclosed chemical source terms, rst the con-
ditional species mass fractions must be determined. This is done by inverting Equation
2.46 to solve for each conditional species mass fraction, using the known Favre-averaged
species mass fractions. Equation 2.45 is then applied to determine the conditional source
terms from the conditional species mass fractions. The Favre-averaged source terms can
then be determined from the conditional source terms by applying Equation 2.46 directly.
This is in contrast to CMC, which solves additional transport equations for the conditional
averages on a separate grid. Integral inversion in CSE results in reduced computational
cost and avoids the need to solve for additional unclosed terms as in CMC. The following
section described the integral inversion process.

2.5.2 Integral Inversion and Regularization

Integral inversion is applied in CSE to determine the conditional reactive scalars for closing
the conditional source terms. Instead of de ning a coarse grid as in CMC, a number

of ensembles composed of CFD cells are de ned in CSE, in which integral inversion is
performed in each ensemble. The conditional averages are assumed to be homogeneous
within a given ensemble, and are thus assumed to have no spatial dependence. This is a
valid assumption due to the observation that conditional averages have low spatial variance

[7, 65]. Using this assumption, Equation 2.46 can be modi ed to the following expression:

YA 1
ity= T @e.Git)d; (2.47)
0
where in this context speci cally refers to the species mass fractions, temperature and

density. Note that the spatial dependence in the conditional average§j((t)) has been

removed in this form. Equation 2.47 is a Fredholm integral equation of the rst kind
with B( ;i;t) as the kernel. B( ;i;t) can be discretized into a set number of bins in the
conditioning variable space ( in this context), allowing for Equation 2.47 to be converted
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into matrix form, as shown below:
Pij i ="' i (248)

where ; is the discrete form offj in the jth bin in conditional space, P; is the dis-

crete form of B( ;i;t) and ' ; = €(i;t), i.e., the Favre averages obtained from transport
equations. P; is determined from the following expression:

it 1
Pp=  CB(;it)d: (2.49)

i3
P is aNceis by Nyins matrix containing the integrated PDF over a interval, where Ngys
is the number of CFD cells in a given ensemble and,s is the number of bins in the

space. The interval is de ned by the upper and lower bin limits ofj + % and j %
respectively, which are placed at the midpoints of the discretized space.

Knowing P; and 1:j , it is required to solve for~;. However, Equation 2.48 is ill-posed,

I.e., it is sensitive to small perturbations inP; and fj .[66]; this is because there are more
knowns (i.e., unconditional mass fractions of a given species in a CSE ensemble) than
unknowns (i.e., conditional mass fractions of the same species in the same CSE ensemble)
in Equation 2.48. This means that direct solution methods cannot be used. Instead, a
regularization method is required to obtain a unique solution of ; that is smooth and
stable. Several regularization methods exist, including Tikhonov regularization [67] and
truncated singular value decomposition (SVD) [68]. Zeroth-order Tikhonov regularization

is adopted in the current study due to previous successful implementations in CSE [10].
Equation 2.48 can then be transformed into the following:

~ = argmin EI ~ —5 ; (2.50)
where “argmin' is the argument of the minimum of the function] is the identity matrix
with dimensions ofNyi,s by Npins, ~ is the argument of the function, and~° is a priori
knowledge of the solution to the system. In this work:~° is obtained from the previous
time step, however it is possible to use an unstrained one-dimensional laminar ame [19]
The regularization parameter, , is calculated as follows [27], where "Tr' is the trace of the

matrix:
O Tr( PTP)

= ——=: 2.51

Tr(1) ( )
Note that another option is rst-order Tikhonov regularization, which has been successfully
applied to CSE [32, 33]. First-order Tikhonov regularization follows the same form, but
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the discrete derivative operatorD is used in Equation 2.50 instead of the identity matrix
I. First-order Tikhonov regularization provides smoother results and relies less arpriori
information [27, 69], however it is much more complex than zeroth-order Tikhonov regu-
larization, which has been shown to work in CSE for various cases [10]. Thus, rst-order
Tikhonov regularization is not considered.

2.5.3 Chemistry Representation

CSE allows for the inclusion of detailed chemical kinetics, which can be done using various
methods. Thus, it is useful to compare the bene ts and implications of these methods.
This section describes tabulated chemistry and direct chemistry brie y. Chemistry repre-
sentation with ML methods, which is the main focus of this study, is described in Chapter
4. Note that methane fuel is considered, but the conclusions extend to other fuels.

In the direct chemistry approach, transport equations are solved for the Favre averages
of each species. Integral inversion as described in Section 2.5.2 is then performed to obtain
the conditional averages of each species. Each conditional source term is obtained based
on all of the conditional species mass fractions. The Favre averaged source terms are then
obtained directly using Equation 2.47.

For a given chemical mechanism, direct chemistry is the most accurate approach in
theory. However, the computational cost of direct chemistry is prohibitive in many cases.
Consider that the number of species is on the order of 10 to 100 for detailed mechanisms;
GRI-Mech 3.0 [70], for example, contains 53 species. This means that 53 species transport
equations and integral inversions must be solved at each time step. This is not feasible
on a standard computer, considering that the time step is very small. In addition, each
inversion imposes a small numerical error on the conditional conservation of mass, which
can accumulate with a large number of inversions. However, conditional conservation of
mass can be enforced using a variety of techniques [33, 69]. Reduced mechanisms can be
applied in direct chemistry to solve for fewer species (on the order of 10), however this can
compromise the accuracy of the combustion model. Sandia ame D has been successfully
simulated using RANS-CSE with reduced mechanism direct chemistry [33], however the
majority of CSE studies have relied on tabulated chemistry, which is discussed below.

The motivation of the tabulated chemistry approach is to include the e ects of de-
tailed chemistry with reduced computational cost. This is achieved by solving a canonical
combustion problem and pre-tabulated the solution, which is then looked-up during the
simulation. The majority of these approaches involve mapping a high-dimensional space
onto a low-dimensional manifold. Existing methods include Intrinsic Low-Dimensional
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Manifolds (ILDM) [11, 12], Trajectory-Generated Low-Dimensional Manifolds (TGLDM)
[13], Flamelet Generated Manifolds [16] and In-Situ Adaptive Tabulation (ISAT) [14].
TGLDM is examined in detail since it has been used successfully in previous CSE studies
[10], however the other three tabulation methods will be described briey.

Di erent amelet data generation techniques are available, leading to di erent types of
data sets such as Flamelet Generated Manifolds (FGM) and non-premixed amelet data
in SLFM. These techniques have been used successfully in some previous CSE studies
[19, 22, 27, 37], but they are not the predominant methods in CSE. In-Situ Adaptive
Tabulation (ISAT) [14] is an alternative approach that operates on the accessed region of
the combustion space and tabulates information as it appears. One advantage of ISAT
is that the discretization in non-linear regions can be re ned, whereas manifold methods
have a set re nement. However, the computational cost is increased since the tables are
constructed in real time, and the storage can be on the same order as other tabulation
methods.

The most common chemistry tabulation method in CSE is Trajectory-Generated Low-
Dimensional Manifolds (TGLDM) [13]. TGLDM is an extension of the Intrinsic Low-
Dimensional Manifolds (ILDM) method [11, 12] that aims to improve convergence and
simplify the manifolds. The motivation of TGLDM is to develop a general procedure for
simplifying chemical kinetics that does not rely on the partial equilibrium and steady state
assumptions, which limit the applicable combustion range, and instead can be speci ed
from a mechanism and the desired number of degrees-of-freedom [11, 12]. The number of
parameters can be set by the user; in the current work, the discretizedspace is selected as
one parameter, while the conditional carbon dioxide (C&) and water (H,O) mass fractions

(?Cozj and \?Hzoj ) are selected as the other two parameters due to their relatively long
formation times compared to other species [25]. In order to tabulate quantities as functions
of these parameters, it is assumed that the fast chemical time scales are decoupled from
the turbulence scales and can therefore be removed [13].

In the TGLDM approach, a manifold is generated for each discretizedbin value. The

parameterized?cozj and \?Hzoj variables are used as the solution space. The manifold
boundaries are determined based on the conservation of chemical elements for a given
Initial points for the trajectories are seeded along the boundaries, while the initial
conditions are supplied from a mass balance of the composition. The spacing of initial
points ensures complete coverage of the realizable composition space. The trajectories are
solved from the initial point to the chemical equilibrium point using the following ordinary
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di erential equation for each speciek, where! , is determined from the mechanism:

dYi
— =1,
= L (2.52)

Note that Equation 2.52 is derived from a constant-pressure reactor and can be solved
using a sti ODE solver. An illustration of a TGLDM manifold is provided in Figure 2.1.

Figure 2.1: lllustration of a TGLDM manifold for methane-air combustion at the stoichio-
metric mixture fraction (= 0.055)

Once Equation 2.52 is solved, redundant points are removed to obtain unique values.
The reactive scalars can then be tabulated based on the parameterize,d?cozj and

\?Hzoj . Delaunay triangulation [71] is used to easily interpolate between tabulated values
during the look-up process in a simulation. The same TGLDM manifold after the trian-
gulation is shown in Figure 2.2. An example of a complete TGLDM manifold for the CO
reaction rate is shown in Figure 2.3.

The advantage of chemistry tabulation is that conditional source terms are no longer

functions of each species mass fraction, instead being functions of oﬁty;zj and ?Hzoj .
Equation 2.45 can therefore be reduced to the following:

i (Yo, ; Yhsoi ): (2.53)
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Figure 2.2: lllustration of a TGLDM manifold with Delaunay triangulation for pure
methane-air combustion at the stoichiometric mixture fraction ( = 0.055)

The Favre averaged source terms can then be calculated directly using Equation 2.47. An-
other advantage of chemistry tabulation is that integral inversion and transport equations
are only required for the parameterized species (i.e., G@nd H,O); the remaining Favre
averaged species mass fractions can be determined using Equation 2.47 directly. Thus,
tabulated chemistry approaches reduce computational cost and impose minimal errors on
the conditional conservation of mass, since fewer integral inversions are performed.

The tabulated chemistry approach allows for the inclusion of detailed chemical kinetics
in a computationally e cient manner. However, tabulated chemistry methods are generally
limited by three factors: applicability, convergence and storage requirements. Methods
such as ILDM, TGLDM and FGM rely on dimensionality reduction, which is imposed
using various assumptions and simpli ed models. In addition, complex physics, such as
radiative heat loss and diusive e ects, are not included in the base formulations and
require modi cations for data generation [31, 40, 44{46]. Tabulated chemistry methods
are therefore limited to cases where the underlying assumptions are valid.

There is also no guaranteed convergence for the tabulated chemistry methods. This
can occur if the trajectories either do not progress, or form outside of the realizable region,
due to reaction rate estimates. Complex reaction mechanisms are more di cult to solve
due to the coupling of various reactions. TGLDM, in particular, relies on conservation of
species to set boundary conditions for the trajectories, which are more di cult to de ne
with multi-fuel blends or a signi cant number of species [30]. The underlying equations are
also more di cult to solve with the inclusion of complex physical e ects. While tabulated
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Figure 2.3: lllustration of the carbon dioxide reaction rate mapped onto the TGLDM
manifold

chemistry methods work in theory for any fuel, they have only been applied to simple fuels
due to these limitations.

The storage requirement is the main practical limitation of the tabulated chemistry
approach. The table size increases exponentially with each reactive scalar and the amount
of precision (i.e., number of trajectories, amount of points within trajectories) required.
The storage size of these tables can reach the order of gigabytes (GB), which often exceeds
the RAM (Random Access Memory) on a given computer. Consequently, the table size
must be reduced to a tractable amount, either by removing species or reducing precision. In
a given mechanism, the number of tabulated species can be reduced to the order of 10 with
reasonable storage size. Generally, the major species involved in the combustion, along
with a set number of minor species, are kept in the tabulation. This results in a simulation
including only the reduced number of tabulated species plus the parameterized species.
Although the mass fractions and reaction rates of each tabulated species are determined
using the entire mechanism, the species that are excluded are non-trivial and will impact
the combustion. The alternative approach to table size reduction is to keep each species
but reduce the level of precision in the table. However, this makes it more dicult to
interpolate non-linear quantities, such as reaction rates, and hence the combustion may
not be captured accurately. It should be noted that these limitations extend to ISAT,
which may create large tables, and not just manifold methods.
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2.5.4 CSE Implementation

The CSE routine is performed only when there is a su cient number of “active' CFD cells in
a pre-de ned CSE ensemble. Here, a CFD cell is considered to be "active€if = 0:0015;
this is to avoid extra computation in areas with minimal combustion. The number of
active cells in a given CSE ensemble must exceed the number of discretizdains in order

to apply Equation 2.50 and perform CSE. The CSE routine is called once and applied to
all active CSE ensembles simultaneously in a given time step, rather than being called
sequentially.

In CSE, the computational domain is divided into a number of CSE ensembles composed
of CFD cells, and the integral inversions are performed in each CSE ensemble. There must
be a sucient number of CFD cells in each CSE ensemble to accurately represent the
mixing eld. However, dierent features of the ame will not be captured well if the
ensembles are too large. In general, CSE ensembles contain hundreds or thousands of CFD
cells, and 20-30 CSE ensembles are de ned for a given ame. The CSE ensemble size can
be made smaller to capture non-linear e ects, such as ignition, however the ensembles must
contain enough CFD cells to reduce numerical errors from integral inversion. Thus, the
CSE ensemble size must balance between inversion accuracy and chemistry precision.

The CSE ensembles can be de ned in various ways. It is possible to de ne the nsembles
using various algorithms [72, 73], in which the CSE ensembles are dynamic and may contain
di erent CFD cells based on the value of a given parameter, for example The resulting
CSE ensemble distribution can resemble the ame structure and be discontinuous. How-
ever, it is simpler to de ne static CSE ensembles that contain a xed number of CFD cells.
This results in a geometric distribution of CSE ensembles. In the current study, the CSE
ensembles are de ned as planes in the axial direction, making use of the observation that
radial uctuations of conditional averages are low [65]. This ensemble arrangement has
worked successfully in previous CSE simulations of axisymmetric ames [27, 28, 30, 35].
In addition, the CSE ensembles may be composed of either equal or uneven sizes, and may
contain overlap with other CSE ensembles. The purpose of overlapping CSE ensembles is
to reduce possible sharp changes in the conditional averages near the ensemble boundaries.
Static CSE ensemble distributions are often designed using a grid convergence study.

The CSE combustion model is coupled with the OpenFOAM v7 [74] CFD solver. Gov-
erning equations for mass, linear momentum and energy are solved using OpenFOAM.
along with transport equations for the Favre averaged C£) H,O, methane (CH,;) and
oxygen () mass fractions. Additional transport equations for2 and 2% are de ned
and solved using OpenFOAM. The -PDF is constructed at each CFD cell usingg and
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Figure 2.4: Flowchart of CSE implementation with reduced chemistry in the CFD Module

902 When the CSE routine is activated, rst the conditional ?cozj and \?Hzoj values
are determined from integral inversion using Equation 2.50. The conditional values of the
other reactive scalars are then interpolated from the pre-tabulated TGLDM tables based

on the values of , ?Cozj and ﬁzoj , as described in Section 2.5.3. Finally, the Favre
averages of the other reactive scalars are obtained by solving Equation 2.47 above, and
are exported back to the CFD solver. Note that the remaining species mass fractions are
obtained from the tables and integrated, rather than solving transport equations. This fol-
lows the approach of Wang et al. [25], where the mass fractions obtained from tabulation
were shown to be reasonable to those obtained from transport equations.

The entire process is summarized in Figure 2.4. The focus of this work is to replace
the chemistry representation in CSE with ANN calculations rather than searching and
interpolating the pre-tabulated TGLDM solutions; this is highlighted in Figure 2.4.

2.6 Summary

In this chapter, the information required to provide a solution for turbulent reacting ows
with CSE is presented. The governing equations for uid ow are presented. The phe-
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nomenon of turbulence is described, and the modelling frameworks for turbulence (DNS,
LES and RANS) are discussed with an emphasis on RANS, as it is used in the current study
and in many previous works. Averaging methods for representing turbulent ow with the
governing equations are also presented. These processes result in unclosed turbulence and
chemical terms, which must be modelled in the RANS framework. An overview of com-
monly used turbulence and combustion models in the context of non-premixed combustion

is presented. The Conditional Source-term Estimation combustion model for non-premixed
combustion is also presented here, with a focus on the chemistry representation. The fol-
lowing chapter presents ML models and an overview of the current state-of-the-art of ML
chemistry representation for turbulent combustion.
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Chapter 3

Machine Learning Methods for
Turbulent Combustion

This chapter contains an introduction and review of previous ML applications to turbulent
combustion chemistry. A description of two commonly-used ML models is provided rst,
followed by a review of previous ML studies involving various sources of training data.
The review is mainly limited to non-premixed ames, however there have been many
applications of ML for di erent turbulent combustion problems [17, 18].

3.1 Machine Learning Models

This section describes two commonly-used machine learning models for chemistry tabula-
tion: arti cial neural networks and decision trees. The related sub-models are also pre-
sented. Note that both models are considered “supervised learning' approaches, in which
the ML model aims to map labelled input variables to output variables. This is in contrast

to “unsupervised learning', in which the data are not explicitly labelled and the ML model
often aims to generate outputs.

3.1.1 Decision Trees
The decision tree (DT) is a ML model that mimics the structure of a tree diagram or

owchart, where outputs are determined from the input information by continuously split-
ting the data based on sets of criteria. Each node or 'leaf' represents a conditional ar-
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gument, while each connection or "branch' represents an outcome from the conditional
argument. Each leaf has a sole branch to a leaf in the previous layer, and may have two or
more branches to leaves in the subsequent layer. There is a sole branch between any two
leaves in the DT. In addition, the branches only split and do not converge at the leaves.

DTs can be used for classi cation or regression tasks. The purpose of classi cation DTs
is to determine a set outcome based on information about the data. The leaves represent
speci ¢ labels, and the branches represent the possible values of those labels. The output
of a classi cation DT is a speci ¢ category in which the input data belongs. Although DTs
are commonly used for classi cation, it is more useful to consider regression DTs in the
context of chemistry representation. The purpose of a regression DT is to predict outputs
from input data based on prior knowledge. In this context, data is passed to the branches
based on the values of the inputs at a given leaf. The conditional arguments in which the
leaves represent are determined from a training process. The outputs of a regression DT
are mapped to speci ¢ variables and may take continuous values.

Various extensions of the DT model exist. The random forest (RF) model is essentially
an ensemble of DTs, in which similar DTs are trained on subsets of the training data and
the results are aggregated. For classi cation, the output is taken as the most selected
outcome from the individual DTs. For regression, the output is taken as the average of
the individual DT outputs. The training data is sorted to each DT with replacement,
meaning that duplicate data can appear in each DT. The RF model was introduced to
reduce over tting in base DTs via aggregation; this results in lower variance, but increased
bias in the outputs. RF can provide better accuracy than DT but the resulting structure is
more complicated, resulting in larger computational cost and less interpretability. Another
extension is the gradient boosted tree (GBT), which aims to construct a strong DT as
an ensemble of weaker DTs. At each step, a weak DT is trained using the training error
from the strong model rather than the training dataset itself. The resulting weak model
output is then added to the strong model to improve predictions. Various algorithms exist,
including XGBoost [75]. GBT models aim to reduce over tting by minimizing the bias
(and hence increasing the variance). They have been shown to outperform RF [76, 77],
but GBT has the same disadvantages as RF stemming from the complexity of the model.

The main bene t of the DT model is the ease of use. DTs are analogous to graphical
tree models and owcharts, which are commonly used for planning and education. DTs
are considered a ‘white-box' model since the explanation for a given output can be easily
deduced by analyzing the logic in the internal structure (i.e., constructing a path and
analyzing the node and connection values/operations in the tree). This also allows for
easy modi cation of the DT. In addition, DTs require little data preparation and can be
used with large datasets. The main disadvantages of DTs, however, are the DT sti ness
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and the tendency to over t to the training data. Over tting occurs when the output data
follows too closely to the training data; this may occur with any ML model. Over tting
results in more sensitivity to noise and di culties in extrapolating to unseen data. The
DT structure is also sensitive to the training data; small changes result in vastly di erent
trees due to dierent splitting criteria. The size of the DT increases signi cantly with
many input variables, therefore DTs are more suited to cases with a small number of input
variables to limit the number of nodes and connections. It will be shown in Section 3.2.5
that DT and related models are easier to train and faster to run than ANNs, however DTs
require more memory than ANNs while the relative accuracy to ANNs depends on the
application. It is desired to have a ML model that is compact and can generalize to unseen
data; thus, DTs are not selected in the current study.

3.1.2 Articial Neural Networks

Arti cial neural networks (ANN) are a class of ML models that mimic the structure and
function of the human brain. For ANNSs, outputs are determined by passing input infor-
mation through multiple connections and transforming the values at each node. ANNs
can also be used for classi cation or regression problems. For classi cation, ANNs aim to
identify patterns in the dataset and assign the outputs to a given category based on the
inputs. For regression, ANNs aim to construct a function relating the output variables to
the input variables. There are also multiple types of ANNs, which may be characterized
by how the nodes are organized and connected, and how the nodes transform data. The
speci ¢ model used in this study is the multi-layer perceptron (MLP) for regression. The
MLP is one of the simplest ANN models and has been used successfully in previous ML
applications for combustion chemistry [17, 18].

ANNSs consist of ‘neurons' (or nodes), which transform data (i.e., signals) based on a
prescribed function, and "connections’, which allow for data to pass through the network.
"Weights' and “biases' are assigned to each connection and neuron, respectively, to adjust
the strength of a given signal. Each weight and bias is unique and the values are adjusted
during the training process. In addition, each neuron has an "activation function', which
transforms the output of that neuron based on a prescribed function. Neurons are typically
organized into “layers’, in which each layer performs a speci c transformation on the data.
ANNSs consist of one input layer and one output layer, and may contain one or more "hidden'
layers between the input and output layers. The neurons in the input and output layers
correspond to variables in the system under study. The transfer of data is “feedforward' in
an MLP, meaning that data travels from the input layer to the output layer while passing
through the hidden layers. The neurons are “fully connected' in an MLP, meaning that the
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value of a neuron in a given layer depends on the values from all neurons in the previous
layer, but not the other neurons in the same layer. The output of a given neuronis as
follows, wheref is the activation function of that neuron, b is the bias of that neuron,x;
is an output of a neuroni in the previous layer,w; is the weight for the corresponding
connection, andn is the number of neurons in a given layer:
|
" !
y=f b+ (xiw) : (3.1)

i=1

ANNSs are selected to represent turbulent combustion chemistry in the current study.
The main advantage of ANNs is the ability to accurately represent non-linear data in a
compact manner. Since ANNSs involve the optimization of a series of functions, the ANNs
can represent non-linear relationships by tuning these functions to the dataset. ANNs
can also generalize easily since new quantities can be computed easily with the ANN
functions. The compact structure makes ANNs easier to use and store versus other ML
models. These characteristics are useful for turbulent combustion chemistry, which is highly
non-linear and requires an intractable amount of storage space for tabulation. However,
the main disadvantage of ANNs is the complexity and the amount of tuning needed. A
su cient number of training samples is needed to accurately represent the dataset. The
samples must also be representative of the underlying system, otherwise the ANNs will be
tuned to incorrect data. Data transformation is often required to aid the training process.
In addition, the ANN architecture and hyperparameter selection is non-trivial and must
be "optimized' to the dataset; di erent settings will signi cantly impact the prediction
accuracy (i.e., dierences between ANN predictions and the outputs from the training
dataset). The ANN training process is signi cantly longer than that of the DT due to
the additional amount of training data and parameters. Finally, ANNs are considered a
“black-box' model, in which the internal relationships between nodes are complicated and
often unknown. This makes ANNSs less intuitive and more di cult to debug. Despite these
shortcomings, ANNs are commonly used for ML applications [17, 18]. Chapter 4 contains
a detailed presentation of the ANN development for the cases under study.

3.2 Literature Review

The following section contains a literature review of previous ML applications for turbulent
combustion chemistry representation. These studies are organized primarily on the source
of training data or the role of the study in the literature.
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3.2.1 Early ML Studies

Christo et al. [78] were one of the rst groups to investigate ANN chemistry representation,
where one ANN is applied to represent a three-step,HCO, mechanism. They use the
mixture fraction and major species molar fractions to predict changes in major species
molar fractions. Following trial-and-error, the ANN consists of two hidden layers with
even neurons, uses the hyperbolic tangent (‘tanh') activation function, and is trained using
randomized samples from a representative chemistry dataset. The learning rate is adaptive,
while the momentum term is constant. The optimization of the ANN structure is found to
heavily rely on the training samples. The ANN is applied to a transported PDF simulation
of a turbulent jet H,-CO, ame and compared to simulations with direct integration (DI)
and a look-up table (LUT). The species and temperature from the ANN simulation are
found to be accurate to the other two approaches. For this case, the CPU time was found
to be similar between ANN and DI, but not as quick as the LUT approach. The memory
was found to be lowest with DI and largest with LUT, with the ANN approach in the
middle. The bene ts of the ANN approach were more clear with larger mechanisms.

The work is extended in [79], where they compare the use of ANN and repro-modelling
(RM) for representing the same ame. Both methods are found to accurately represent the
chemical source term while requiring less memory than the look-up table approach and less
time than direct integration. The ANN approach had ve times greater computational cost
than RM, but was more accurate by one order of magnitude and had better generalizability.
Both models experienced issues when data outside of the model range was used. The work
was extended again in [80] to use training samples from small-scale PDF Monte-Carlo
simulations. The same ANN architecture is used, however it is applied to an arbitrary
one-step chemical mechanism. The sampling method is shown to be feasible for the ANN
training and the PDF simulation.

Blasco et al. [81] use three ANNSs to predict species evolution at xed time steps, and
one ANN for temperature and density, in the context of methane-air combustion. A 4-
step mechanism with seven species is considered. 4000 samples are generated from an ODE
solver with CHEMKIN used for thermodynamic properties; 50% of the samples are used for
training. The data is standardized using Z-score normalization (zero mean, unity variance)
and mapped to a (-1,1) range. Training is completed using a second-order scaled conjugate
gradient method instead of backpropagation, which is the common approach. Following
trial-and-error, the architecture is either one or two hidden layers with 20 neurons each,
using the sigmoid activation function. The ANN prediction errors are found to be on the
order of 1-10% for each quantity. The ANN method is compared o ine to DI and LUT.
The ANN RAM requirement is somewhat lower than DI and much lower than LUT, while
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the ANN CPU time is much lower than DI but slightly larger than LUT. The work was
extended in [82] to account for arbitrary time steps. This work introduces partitioning,
where ANNs are assigned for either set values, set and molar CH, values, or set
intervals. The ANN structure is retained for the interval case, however the time step
is an additional input. 80% of the 2500 samples are used for training. The ANNs are
validated using a plug- ow reactor. It is observed that intervals provide better accuracy
while being less restrictive than the other two partitioning methods. The accuracy, speed
and memory improved relative to the previous paper. The work was extended further in
[83] by introducing the self-organizing map (SOM) to cluster points based on chemical
similarity, and assigning an ANN to each subdomain. This avoids the need for assuming a
characteristic variable for partitioning, such as . The SOM uses initial composition and
time step for classi cation. Temperature is now calculated with the species evolution in
the ANN. Various topologies are tested and applied to a partially-stirred reactor (PaSR)
simulation. It is observed that relatively simple ANNs (single layer, 5-10 neurons) with
moderate partitions (100) provide the most accurate results. Mean absolute errors for the
species were reported in the range of 10to 10 5. The accuracy is on a similar order
to the previous work, however the memory has increased slightly due to the additional
networks.

A similar work by Chen et al. [84] considers tting ISAT results to ANNs rather than
using SOM. Two mechanisms (4-step and 9 scalars, 12-step and 17 scalars) are considered.
Each ANN consists of one hidden layer with a matching number of neurons to the number
of scalars. Training and testing data is split into 8000 to 4000 samples, respectively.
The approach is also evaluated using a methane-air PaSR. It is observed that the more
detailed ANN (12-step) has higher accuracy relative to ISAT, with average errors up to
0.5%, whereas the less detailed ANN (4-step) has average errors up to 3.5%. Signi cant
memory savings are achieved with both sets of ANNSs relative to ISAT, however the memory
requirements are much larger than those in the previous papers. The ANN CPU time is
similar to the ISAT CPU time.

The details of these studies are summarized in Table 3.1. In these studies, simple fuels
with signi cantly reduced mechanisms are used. The ANNs often have a small structure
and a small amount of training data. The ANNs are evaluated against a similar case to
the training data. ANN predictions of thermochemical quantities are often accurate, with
improvements being made by partitioning the solution space in some manner. Partitioning
via intervals [82] in particular will be useful for combining ANNs with CSE. Computa-
tional performance gains depend on the size of the mechanism. In these studies, ANNs do
not always outperform DI or LUT in terms of memory or time.

36



Table 3.1: Summary of early ML studies for turbulent combustion chemistry

Authors Year | Flame Fuel Data Mechanism | Framework
Source
Christo et al. | 1995| Jet ame | H,-CO, | DI calcu- | 3-step Stochastic
[79] lations PDF
Christo et al. | 1996| Piloted H,-CO, | DI calcu- | 3-step Stochastic
[78] jet lations PDF
Christo et al. | 1996| Piloted | Arbitrary | PDF 1-step Stochastic
[20] jet samples PDF
Blasco et al.| 1998| N/A Methane | DI sam- | 4-step DI
[81] ples
Blasco et al.| 1999| Plug- Methane | DI sam- | 4-step Plug- ow
[82] ow ples calcula-
reactor tions
Chen et al.| 2000/ PaSR Methane | ISAT 4- and 12-| Stochastic
[84] step PDF
Blasco et al.| 2000| PaSR Methane | PaSR GRI 2.11 (re- | Stochastic
[83] samples | duced to 5-| PDF
step)

3.2.2 ML Chemistry with Flamelet Training Data

Many applications of ML chemistry involve the use of amelet solutions for training data.
These studies are reviewed in this section. Note that the three previous studies of ML
chemistry for Sandia ame D involve either traditional or augmented amelet training
data and are applied to LES.

The work by Kempf et al. [85] was one of the rst applications of non-premixed amelet
data (NFD) for ANN training. One ANN each is prescribed for density, viscosity and each
species mass fraction. Inputs are mean and variance of the mixture fraction, and the
mean scalar dissipation rate. Each ANN consists of two hidden layers. The ANNs are
applied to an LES of Sandia ame D. The experimental trends were captured, however the
mass fractions of minor species were overpredicted in the fuel-rich region. The storage size
relative to NFD reduced by a factor of 3, while the computational time was similar. The
interpolations were observed to be smoother with ANN than NFD.

Chatzopoulos and Rigopoulos [86] apply ANNs with SOM to non-premixed methane-
hydrogen ames DLR-A and DLR-B. A 415-step mechanism is reduced from 63 species to
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17 species using rate-controlled constrained equilibrium (RCCE), which provides a system
of di erential-algebraic equations to obtain the reduced mechanism. The ANNSs replace
the integration in the RCCE model by determining composition at the next time step from
the current composition and time. An SOM is used to partition the composition space
into 400 subdomains, with one ANN per subdomain. The training data is obtained from
non-premixed amelet solutions with two arti cial pilots introduced to represent ignition.
Following trial-and-error, the ANN structure is (18,18), denoting two hidden layers of 18
neurons each. The ANN approach is then applied to RANS-PDF simulations of the two
ames and compared with the RCCE approach. Both formulations are able to capture the
experimental trends of each ame. The ANNs generally align with the RCCE solutions,
however there are deviations in the minor species. The computational time is reduced by
a factor of about 500 relative to RCCE. The methodology is extended by Franke et al.
[87] and applied to an LES-PDF simulation of Sydney ame L, which is a non-premixed
methane ame with local extinction and ignition. The mechanism is GRI-Mech 1.2 reduced
to 16 species. Following testing, the same SOM topology as the previous study is used.
Both ANN hidden layers now contain 30 neurons each, and the tanh activation function
is used. 60% of the data is used for training, with the remainder for cross-validation. An
additional 1.2 million samples are used for testing, with an average root mean squared
error (RMSE) on the order of 107 for the species. Both formulations of LES are found
to capture most of the experimental trends for temperature, mixture fraction and species.
The ANN and RCCE approaches are often in agreement, especially towards the centerline.
The CPU time was reduced by two orders of magnitude relative to RCCE.

Readshaw et al. [38] introduce a data generation procedure based on NFD to generalize
the ANN approach. In this procedure, data is randomly augmented from amelet solutions
using molar ratios and the mixture fraction as constraints. The full GRI-Mech 1.2 mecha-
nism with 31 species is used. The amelet data are combined, resulting in 500,000 samples
for training. Each ANN predicts a change in a single species from the current composition
of all species. The ANNs contain a single hidden layer of 30 neurons and are trained using
the Levenberg-Marquardt (LM) algorithm, which is a second-order algorithm. The tanh
activation function is used. Various architectures (including with and without SOM) are
tested using data extracted from LES-PDF of Sydney ame L. It is shown that the new
approach provides the lowest average RMSE of 0.059%, which is about a factor of 3.5
lower than the RMSE of the architecture from [87]. The increase in computational cost
is deemed to be acceptable. After a validation with laminar amelets, the ANN approach
is then used to simulate Sydney ame L. The ANN and DI solutions are in agreement for
most quantities across various locations, with some deviations in the minor species. The
experimental trends are generally captured by both formulations. The results are generally
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improved from those in [87]. The computational speed is reported to increase by a factor
of 18 with the ANN approach, while the relative cost of the reaction in LES-PDF reduced
from 71% to 12% with ANN instead of DI.

This methodology is extended by Ding et al. [89] by introducing sequential ANNs for
a given species. Data is passed to subsequent ANNSs if predictions within a set range have
large residual errors. This results in 3-5 ANNs for each species, or 97 ANNs with a storage
requirement of 11 MB. The multiple ANN methodology is shown to reduce training errors
by one order of magnitude. Each ANN consists of two hidden layers with 40 neurons each
and the tanh activation function. Training is completed with 200,000 sets of data (out
of 960,000) normalized to (-1,1). The LM algorithm is used and training is completed
for 1500 epochs. In this work, the amelet data is discarded and only the randomly
generated data is used. The new methodology is validated with 1D laminar amelets and
premixed ames (di erent from the non-premixed training data), and is applied to LES-
PDF of Sandia ames D, E and F. The ANN approach is able to capture the species mass
fractions in each ame across all locations, with more prominent deviations from DI further
downstream. The experimental trends are captured for each species in each ame. The
ANN approach results in a speed increase of a factor of 12, whereas the relative cost of
the reaction is reduced from 74% to 20%. The methodology is extended to non-premixed
methane-hydrogen fuel blends in [90] and applied to LES-PDF of Sandia ame D (diluted
methane) and the Sydney blu -body swirl ame SMH1 (methane-hydrogen blend). The
ANN structure and training settings are mostly identical to [89] There are 2-3 ANNs
per species, resulting in 71 total ANNs and a storage requirement of 5.5 MB. Training is
completed with 100,000 samples (out of 950,000) and is ran for 1500 epochs. The ANNs are
validated with the same ames as [89] and the absolute and relative errors are found to be
similar to the previous case, being on the order of 19to 10 2. Additional validation cases
are performed on 1D ames with fuel blends, and are found to have reasonable agreement.
Species and temperature in Sandia ame D are predicted well by the ANN approach and
follow experimental trends. Deviations in the minor species are observed downstream.
The computational speed is reported to increase by a factor of 17 with ANNs, while the
fraction of time devoted to the reaction is reduced from 78% to 14%. Similar trends are
observed in Sydney ame SMH1, although there are more prominent deviations in the
minor species near the base of the ame. The speed-up ratio with ANNs is reported to
be 14, whereas the fraction of reaction time in the simulation is reduced from 84% to
27%. Readshaw et al. [91] extended the work to premixed methane ames. The ANN
procedure is similar to the previous works, but considers premixed amelet data (PFD)
rather than NFD. Three ANNSs are used for each species, for a total of 90 ANNs and 1.4 MB
of storage. Contrary to the previous works, the outputs ranges for the subsequent ANNs
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are determined automatically instead of manually, and data is passed from the ANN with
the nest data range to the ANN with the largest data range (i.e., the reverse process of
[89, 90]). After a validation with 1D premixed ames, the ANN approach is used to simulate
two cases of the Cambridge/Sandia swirl burner with LES-PDF. Excellent agreement is
achieved between ANN and DI for most quantities in both ames. The experimental
trends are generally captured by both formulations. The speed-up with ANNS is reported
to be a factor of 14, while the CPU time is reduced by about a factor of 3.5 with ANNs
instead of DI. The RMSE of the species in the ames is reported to be on the order of
10 ° to 10 °. Liu et al. [92] extend the work to non-premixed combustion of dimethyl
ether (DME), using a 290-step mechanism with 55 species. The ANN implementation is
retained, however the number of hidden layer neurons is increased to 50 and training uses
three instances of 100,000 samples for 500 epochs, or 300,000 samples (out of 830,000 total
samples) and 1500 epochs total. Validation with 1D laminar ames results in RMSE on
the order of 10 % to 10 ! for each species. The ANNSs are then applied to the Sandia DME
series of ames, resulting in excellent agreement with the DI solutions of most quantities
in both ames. The speed-up ratio with ANNSs is reported to 16, whereas the fraction of
CPU time associated with the reaction is reduced from 96% to 59% with ANNSs.

Bhalla et al. [93] focus on developing a training procedure for ANNs with NFD. The
ANNSs predict one of composition, temperature, heat release rate and chemical source term
from pressure, mixture fraction and progress variable. Each ANN has 6-7 hidden layers
with increasing neurons. The composition ANN features separate fully-connected networks
in the nal hidden layer for each species. The leaky recti ed linear-unit (ReLU) activation
function is used for each ANN. The inputs are normalized with Z-score and augmented
using a function generator, which outputs a trigonometric or exponential function. The
dataset consists of non-premixed amelet solutions of hydrogen combustion at various
pressures. Training is completed using the Adam solver with a xed learning rate. 80%
of the dataset is used for training, however "hard' samples (with larger training errors)
are shu ed into the training dataset such that 75% of the training dataset consists of
samples with larger errors. The loss function is also weighted based on "hard' samples.
The standard error range is reported to be on the order of 1®to 10 2 for the species
and 10 for temperature. 15-60% of these points are reported to be within the standard
error range for composition and temperature. The Rvalue for temperature relative to
NFD is reported to be 0.94. The ANN is shown to capture the trends in temperature
at pressures excluded from the training set, however there are notable deviations in the
high-pressure curve. The memory is reduced by a factor of 8 compared to LUT. A piloted
ame simulation is shown brie y, with the temperature predictions being similar between
ANN and LUT.
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Table 3.2 summarizes the details of these studies. The typical ANN structure has
evolved to contain more hidden layers and neurons, and has generally improved in both
accuracy and performance relative to DI and LUT. More complex fuels have been repre-
sented with ML models using this approach. Many of the works in this area involve the
generalization of the training data by using non-premixed amelet solutions as a starting
point, or the correlation of variables to improve training performance.

3.2.3 ML Chemistry with Sampled Training Data

ML models have also been trained using sampled chemistry data from various sources,
mainly DNS or micro-mixing solutions. These studies are summarized in Table 3.3. Many
of the same trends in ML chemistry representation are present here. These works intro-
duce di erent methods for clustering data and adjusting the loss function to improve the
performance of ML methods.

Sen and Menon [94] were one of the rst groups to consider the use of independent
problems for generating ANN data. Their rst work considers samples from DNS of un-
steady laminar ames with varying amounts of ame-vortex interactions, in which the
ANNSs are used to predict source terms from temperature and composition. The training
process incorporates individual learning rate and momentum terms for the connections.
The tanh activation function is used. Various ANN architectures are tested and applied to
LES of turbulent premixed syngas-air ames with a 10-step mechanism. ANN structures of
(10,5) and (10,5,4) are found to provide the most accurate results with similar and modest
computational time, with the (10,5,4) structure following the DI results more closely.

Wan et al. [95] consider stochastic micro-mixing with heat loss e ects as a general
database for ANN training. Two separate ANNs are used for data with large and small
burning rates (de ned by Yo, > 0.9). Each ANN predicts all chemical source terms from the
temperature and composition. Each ANN has a structure of (512,256,128,64,12) and uses
the ReLU activation function. Separate ANNs for each output were tested but found to be
less e cient. 17.5 million samples are generated, with 80% used for training. Adam is used
as the training optimizer, with training taking place over 500 epochs with a decaying learn
rate. The test dataset MSE is reported to be on the order of 10. The ANN approach is
evaluated in a DNS of a non-premixed syngas ame with side wall e ects, and is compared
to 2D and 3D DNS of the same ame with full and reduced chemical mechanisms. The
ANNSs are able to capture the scalar eld and mass fractions against the full and reduced
mechanisms in both simulations. More prominent deviations are observed in the centerline
pro les than the radial pro les, especially for temperature and minor species. For the 2D
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Table 3.2: Summary of ML turbulent combustion chemistry studies involving amelet

training data

Authors Year | Flame Fuel Data Mechanism| Framework
Source
Kempf et al. | 2005| Sandia Methane | Steady GRI-Mech | LES
[85] ame D NFD 3.0
Chatzopoulos| 2013| DLR A | CH4-H,- | Unsteady | 415-step | RANS-
and Rigopou- and B N> NFD with | (reduced | PDF
los [86] arti cial to 17
pilot species)
Franke et al.| 2017| Sydney Methane | Unsteady | GRI-Mech | LES-PDF
[87] ame L NFD with | 1.2 (re-
arti cial duced to
pilot 16 species
Bhalla et al. | 2019| Piloted jet | Hydrogen| Flamelet 19-step RANS
[93]
Readshaw et| 2021| Sydney Methane | Augmented | GRI-Mech | LES-PDF
al. [88] ame L NFD 1.2
Ding et al. | 2021| Sandia Methane | Randomized GRI-Mech | LES-PDF
[89] ames D, NFD 1.2
E and F
Ding et al. | 2022| Sandia Methane | Randomized GRI-Mech | LES-PDF
[90] ame D, |and NFD 1.2
Sydney CH4-H2
SMH1
Readshaw et| 2023| Cambridge| Methane | Augmented | GRI-Mech | LES-PDF
al. [91] Sandia PFD 1.2
swirl
Liu et al. [92] | 2024| Sandia DME Randomized 290-step | LES-PDF
DME NFD
ames D
and F
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case, the wall-clock time is reduced in the ANN approach by factors of 25 and 3 relative
to the full and reduced mechanisms, respectively. The work is extended by Nguyen et al.
[96] by introducing the “k-means' algorithm for decomposing the thermochemical space
into clusters, then applying principal component analysis (PCA) to create uncorrelated
ANN input variables in the PC space. The ANN structure is retained from [95], however
each ANN is assigned to a cluster instead of the reaction rates. The training process is
also similar, however the number of total samples is reduced to about 7 million, and the
number of epochs is reduced to 200. The ANN approach is evaluated using micro-mixing
calculations involving the same ame conditions in [95] without the wall, in which excellent
accuracy is achieved for temperature and species relative to the reduced mechanism. It
is shown that pre-treatment of the data (via k-means and PCA) is necessary to capture
the predictions after ignition. The speed-up of ANNs in the micro-mixing calculations is
a factor of 10 relative to the reduced mechanism.

Chi et al. [97] consider a physics-based loss function for ANN training of premixed
combustion data. Separate cases are used for 1D FGM with unity Lewis number, and
2D DNS samples with mixture-averaged di usion. Three ANNs are used per case, with
each being assigned for reaction rates, mass fractions and temperature, respectively. The
FGM case considers progress variable and nitrogen mass fraction as inputs, whereas the
DNS case considers progress variable and elemental mass fractions as inputs. The ANNs
have 2-4 hidden layers with 12-200 neurons each, with the DNS set of ANNs being larger
than the FGM set. The tanh function and standard min-max normalization are used. The
new loss function is based on MSE and accounts for mass and atom conservation. Data
in the ame front is weighted to account for sharp gradients. Training is completed using
Stochastic Gradient Descent with momentum (SGDM) with 90% of the samples and a
constant learning rate. Good training accuracy is achieved with both sets of ANNs, with
absolute deviations on the order of 10 to 10° for temperature and species. It is shown
that the physics-based loss function leads to lower training losses than the traditional MSE
loss function. The FGM-ANN set is evaluated on a 2D DNS of a premixed planar ame.
Excellent accuracy is achieved relative to full chemistry, with a minimum Rof 0.98 and
absolute errors less than 1% for the species. The DNS-ANN set is evaluated on a 3D
DNS of an unsteady jet ame with di erential di usion. Predictions across the ame front
are quite good, with some deviations in temperature and minor species relative to both
full chemistry and LUT. The R? for temperature is reported to be 0.976. Both sets of
ANNSs are found to provide signi cant memory savings and are 4 to 6 times faster than
full chemistry. It is shown that the ANN retrieval and CPU times are slightly slower than
LUT for both cases, however the chemistry is reported to be 6% of the computational cost
in the 3D case.
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Table 3.3: Summary of previous ANN thermochemistry studies involving samples for train-

ing data
Authors Year | Flame Fuel Data Mechanism | Framework
Source
Sen and| 2009| Premixed| Syngas | DNS 10-step LES
Menon [94] samples
Wan et al. | 2020| Wall- Syngas | Micro- GRI-Mech DNS
[95] bounded mixing 3.0 (reduced
ame samples | to 23 steps)
Nguyen et al.| 2021| Wall- Syngas | Micro- GRI-Mech Stochastic
[96] bounded mixing 3.0 (reduced| micro-
ame samples | to 23 steps) | mixing
Chietal. [97]| 2022| Premixed| Methane | FGM GRI-Mech DNS
planar and 3.0 (Lull)
and jet DNS
ames samples

3.2.4 ML Chemistry with Alternative Source of Tabulated Train-
ing Data

ML models for turbulent combustion chemistry have also been trained using sources
of tabulated chemistry. These studies mainly use other amelet models such as the
Flamelet/Progress Variable (FPV) approach or FGM, as well as the Linear Eddy Model
(LEM) approach. The details of these studies are summarized in Table 3.4, with similar
trends to the previous ML studies.

Ihme et al. [98] apply a custom optimization algorithm for ANN design towards an
LES of the Sydney ame SMH1, which burns a fuel blend of methane and hydrogen.
Flamelet/progress variable (FPV) data is considered for ANN training, where FPV re-
places the scalar dissipation rate with a progress variable de ned by the mass fractions of
characteristic species. Each ANN predicts one species mass fraction (G H,O) and
one uid property, and uses the sigmoid activation function. The optimization consists of
a generalized pattern search algorithm to determine the ANN structure with the lowest
errors. This resulted in networks of 3-4 hidden layers with 3-8 neurons each. For the LES,
it is observed that the ANN approach provides a similar level of accuracy to FPV tables
with moderate discretization, while requiring a fraction of the memory. The data retrieval
time increased by a factor of 5 with the ANN approach, however the increase was justi ed
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since the chemistry retrieval amounted to 3% of the LES computational demand.

Sen and Menon extended their previous work (see Section 3.2.3) to use the linear eddy
model (LEM) for data generation of both premixed and non-premixed ames [99]. LEM
solves a one-dimensional unsteady reaction-di usion equation along the line of the strongest
scalar gradient, which is across the ame front in the context of ANN training. Five million
points are generated, 85% of which are used for training, and data are normalized to at
least (-0.8,0.8). The ANNSs are separated into temperature bins and predict all source terms
from temperature and composition. Various premixed and non-premixed cases with either
methane or syngas combustion are presented. The LEM-based ANN performance is found
to be similar to the previous work for the premixed syngas ame. The following considers
the non-premixed syngas case with LEM testing. The optimal ANN architecture (from
trial-and-error) is reported to be (5,3,2), providing low errors with reasonable training
time. The species mass fractions are found to have excellent agreement between DI and
ANN. The CPU time decreased by a factor of up to 5 for the non-premixed case versus 11
for the premixed case, due to the use of a sti er mechanism for the premixed case. In [100],
the non-premixed case is simulated with LES, where ANNSs replace LEM as the sub-grid
combustion model. Results from ANN-LES are compared to a DNS of the same ame. It
is found that ANN-LES is able to capture the extinction and reignition events in the ame,
while being 5.5 times as quick as the DNS. Slight di erences in the conditional pro les of
mass fractions and the PDF of the scalar dissipation rate are observed.

Sinaei and Tabejamaat [101] use ANNs in an LES of a non-premixed planar diluted
methane jet ame, with a focus on the velocity eld. The ANNSs predict reaction rates
from composition and time. For ANN training, 4 million points are generated from LEM
calculations with various Reynolds numbers. A skeletal (25-step) and reduced (2-step)
mechanism are considered. The optimal ANN architecture (for the 25-step mechanism) is
selected to be (10,8,6). The ANN approach is compared to LES with DI and LUT, as well
as DNS results of the same ame. ANN-LES is able to capture the trends of temperature
and species, with some discrepancies at the peaks. Small di erences in the proles are
observed relative to both DI and LUT for both mechanisms. Species mass fraction errors
are reported to be up to 5%. For the skeletal mechanism, the CPU time is reported to
decrease by a factor of ve relative to DI-LES, and the storage requirement is several orders
of magnitude lower than DI and LUT. The reduced mechanism captures the trends but is
less accurate than the skeletal mechanism.

Zhang et al. [102] trained a series of ANNs on FGM data and applied ANNs with
less than 5% relative error to RANS and LES of n-heptane spray combustion. A 283-step
mechanism with 68 species is used. Each ANN predicts a species mass fraction from mixture
fraction and progress variable. The ANNs consist of ve hidden layers with symmetric
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neurons (from trial-and-error). The ReLU activation function is used. The Adam solver
with scheduled learn rate decrease is used. The maximum number of epochs is sebt@0,000.
The ANNs are able to predict the species well, with a minimum Pearson coe cient (= R?)

of about 0.9945. The ANN approach is rst validated with RANS of Engine Combustion
Network (ECH) spray ame H, and is found to capture the ignition delay and lift-o length
relative to FGM at various temperatures. An LES of the same ame is performed with
ANN, and it is found that the ignition delay time is captured while the lift-o length
approaches the experimental value after some time. The ANN approach is reported to
reduce memory by a factor of eight, although retrieval time is increased by a factor of
three relative to FGM.

Owoyele et al. [103]introduce a framework to group ANN target variables by similarity.
The validation case is RANS and LES of ECN spray ame A, which uses n-dodecane fuel
and a mechanism consisting of 24 species. The ANNs are trained using data from an
unsteady multi- amelet model. The ANNSs predict compositions from the mixture fraction,
scalar dissipation rate and time. The tanh activation function is used. The LM algorithm
is used for training. Various output con gurations (single target, multi-target and grouped
targets) are tested. The single target case is quite accurateqR 0.999) but is slower than
the LUT approach, whereas the multi-target case is faster than LUT but has an %Rof
about 0.997 with scatter. The grouped target approach aims to assign one ANN to predict
a number of species that are correlated to each other. In ECH spray ame A, the grouped
target approach is shown to predict most species more accurately than the multi-target
approach. The grouped target approach is also able to capture the ignition delay, lift-o
length and heat release. The test case is LES of a compression-ignition (Cl) engine with
methyl decanoate, consisting of 3299 species. The ANNs are similar, however pressure
is an additional ANN input. The ANN-LES is found to capture the experimental trends
for pressure, heat release and lift-o length. A reduction in memory compared to LUT is
observed for both cases. Speed increases of 8% and 37% are reported for the validation
and test cases, respectively.

Hansinger et al. [104] consider a novel ML network for partially-premixed combustion.
The network predicts composition, temperature and the progress variable source term
from the mixture fraction, progress variable and the previous temperature. The network
consists of blocks of traditional ANNs with two hidden layers each. Outputs of a given
block are fed as inputs to the subsequent block. The “skip connection' is also introduced,
where the inputs are directly fed to both the rst and second hidden layers in a given
block. The second hidden layer is thus fully connected to the input and rst hidden
layers. The ReLU activation function is used. Training data consists of 95% of 2.5 million
samples from a FPV table, and are normalized using both cubic root transformation and
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Z-score normalization. Training is completed over 2046 epochs using the Adam optimizer.
Following trial-and-error, a network consisting of 12 blocks of (300,300) ANNs is considered
based on the MSE of 10°. The R? is reported to be 0.999 for each quantity, with relative
errors up to 4%. Most of the prediction errors in temperature and progress variables
source term are observed in high-gradient regions. Following a brief validation with a 2D
laminar premixed methane ame, the methodology is evaluated against FPV for a 3D LES
of the Sydney/Sandia piloted methane ame with inhomogeneous inlets. Results for the
species, temperature, mixture fraction and velocity are similar between ANN and FPV,
and generally follow the experimental trends at each location. The storage size is reported
to reduce by a factor of 55 from 485 MB (FPV table) to 8.7 MB with the ANN.

Abdelwahid et al. [105] apply PCA to ANNSs for high-pressure non-premixed ammo-
nia/hydrogen combustion. Training data is obtained from 1D amelets with a 236-step
mechanism. PCA is then applied on the training dataset to obtain two PCs. The ANN
predicts temperature, composition and chemical source terms using the PCs as inputs.
Following testing, the ANN consists of 5 hidden layers with 500 neurons each. The RelLU
activation function is used, and batch normalization is included per hidden layer. The loss
function incorporates both MSE and R. The ANN is validated on a 1D counter ow ame
with unity Lewis number, and is found to replicate the DI results. The ANN approach
is then implemented in LES of two non-premixed ammonia/hydrogen jet ames with dif-
ferent ammonia concentrations. The conditional averages of temperature and species are
captured by the ANN in both ames relative to FPV. With the unity Lewis number as-
sumption, the conditional predictions become less accurate downstream relative to the
experimental data, especially for ammonia and hydrogen. The use of mixture-averaged
di usion in the ANN training results in better predictions of the conditional species, how-
ever the conditional temperature predictions are observed to be less accurate than the
unity Lewis number ANN. The physical NO mass fraction is provided, and the trends are
found to be captured with the ANN. The computational cost is reported to be reduced by
14% relative to FPV.

3.2.5 Studies Involving Comparisons of ML Methods

Certain studies have involved the comparison of two or more ML models for representing
turbulent combustion chemistry. These studies often compare the use of ANNs and DTs,
or similar models, for the same problem. Table 3.5 presents the details of these studies.

Mousemi et al. [106] compared a set of four ANNs and one decision tree (DT) in the
prediction of four unclosed terms from the Uniform Conditional State (UCS) model, which
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Table 3.4: Summary of previous ANN thermochemistry studies involving alternative
sources of training data

Authors Year | Flame Fuel Data Mechanism | Framework
Source

Ihme et al.| 2008| Sydney | CH4-H, | Steady | GRI-Mech LES
[98] SMH1 FPV 2.11
Sen and| 2010, Non- Syngas | LEM 21-step LEM
Menon [99] premixed

plane jet
Sen and| 2010, Non- Syngas | LEM 21-step LES
Menon [100] premixed

plane jet
Sinaei and| 2017| Planar Methane | LEM 2- and 25-| LES
Tabejamaat jet step
[101]
Zhang et al.| 2020| ECH n- Unsteady| 283-step RANS and
[102] spray H | heptane | FGM LES
Owoyele et| 2020| ECH n- Unsteady| 24 species RANS and
al. [103] spray A | dodecang Multi- and 3299| LES

and CI|and amelet | species

engine methyl

de-
canoate

Hansinger et| 2022| Sydney- | Methane | FPV GRI-Mech LES
al. [104] Sandia 3.0 (Lul3)

piloted

ame
Abdelwahid | 2023| High- NH3-H, | FPV 236-step LES
et al. [105] pressure

jet
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Table 3.5: Summary of previous ML method comparison studies for thermochemistry

Authors Year | Flame Fuel Data Mechanism | Framework
Source
Mousemi | 2023| BRS pre-| Methane | UCS cal-| GRI-Mech Unsteady
et al. [106] mixed culations | 3.0 RANS
burner
Li et al. | 2023| Counter ow | n- Unsteady| 269-step FGM
[107] ame dodecane FGM

is based on the CMC model. The inputs are mean and segregation of mixture fraction
and progress variable. 18.75 million samples are generated from UCS calculations, with
80% allocated for training. A single DT with all four outputs is used, whereas one ANN
for each output variable is considered. The DT has a maximum depth of 25 and did not
require scaling. Following optimization with a grid search method, each ANN has 4 hidden
layers of 10-30 neurons and uses the RelLU activation function. The Adam solver is used
for training, with the number of epochs set to 200, the learning rate set to 0.001, and the
L2 regularization term set to 0.0001. For the test dataset, both techniques achieved good
accuracy for most quantities (R between 0.975 and 0.998), with the DT providing more
accurate results. The MSE of each quantity is on the same order of magnitude between
both methods, but tends to be lower with the DT. The DT took minutes to train, which

is signi cantly lower than the ANN training time. Both ML methods are evaluated in

an unsteady RANS (URANS) simulation of a premixed methane burner and compared
to UCS. It is found that both DT and ANN capture the axial velocity and the general
distribution of temperature and progress variable. The nitric oxide mass fractionY(o)
trends are captured with both DT and ANN, however DT tends to predict slightly lower
Yno, Whereas ANN tends to predict somewhat largeYyo. The DT simulation is found to

be 10% quicker than URANS while saving 0.9 GB of memory, whereas the ANN simulation
saves 1.9 GB of memory despite being 8% slower than URANS. It is concluded that the
ANNs would have greater bene ts over DT if the dataset was expanded, despite the DT
having slight advantages in accuracy and speed versus the ANNs.

Li et al. [107] compared two separate ANNs with one RF and GBT for predicting the
progress variable source term from the mixture fraction and the progress variable itself.
150,000 samples are generated from FGM, with 70% of this data allocated for training
the DT-based models. Data are preprocessed using logarithm scaling. The optimal RF
architecture is found to be 25 trees with a minimum leaf size of 2. The optimal GBT
architecture is found to be 2200 trees with a minimum leaf size of 4 and a learning rate
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of 0.5. Both the RF and GBT occupy about 2.56 MB each. A shallow and deep ANN
are developed and compared. The shallow ANN consists of nine hidden layers with 30
neurons each and uses the tanh activation function. Training is conducted with the LM
algorithm over 100 epochs. The storage requirement is reported to be 3.6 MB. The deep
ANN consists of 13 hidden layers with exponentially decreasing neurons and uses the leaky
ReLU activation function. Training is conducted with the Adam solver over 600 epochs,
including L2 regularization and scheduled learn rate drop. From training, each model is
shown to predict the progress variable source term well, with the Pearson R coe cient
exceeding 0.998 in each case. Both ANN models are found to provide slightly better
predictions than the ensemble models (RF and GBT), with the shallow ANN being more
accurate. However, the shallow ANN took the most time to train (11 hours), whereas the
ensemble models took minutes to train. For the validation case of a n-dodecane counter ow
di usion ame, each model captures the temporal evolution of temperature and species
relative to FGM, with the ANN models generally being more accurate than the ensemble
models. It is concluded that the shallow ANN performs the best with the given data
pre-processing, despite the substantial increase in training time.

3.3 Summary

In this chapter, the current state-of-the-art of ML chemistry representation is examined for
turbulent combustion. An overview of ANN and DT-based models is presented, followed
by a literature review of previous studies on turbulent combustion with ML methods. With
each of these studies, ANNs are often implemented to reduce computational costs related
to chemical source term evaluation, either by avoiding the integration step in DI itself or
alleviating the storage limitations of LUT. With this in mind, ANNs are designed to predict
the chemical source term or changes in composition, however they can be used to predict
other variables. The ANN approach has been evaluated in a variety of premixed and non-
premixed ames, often against the LUT approach or DI in some cases. Excellent accuracy
can be achieved for the ow eld and compositions. Storage reductions are obtained
with the ANN approach relative to both DI and LUT. The relative computational cost

of the ANN approach depends on the complexity of the ame and mechanism. Speed-up
is generally achieved relative to DI, while the computational e ort is often on the same
order as LUT. Other ML approaches have been compared with ANN in some studies.
ANN is generally shown to provide reasonable accuracy with the most scalable memory
requirement relative to DT and ensemble models, at the expense of signi cantly longer
training time.
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Much of the e ort is focused on improving the ANN training accuracy. This is a
di cult task due to the non-linearity of turbulent combustion and the di culty to capture
high-gradient regions. The ANN architecture and training settings are often determined
from trial-and-error, and can in uence the ANN training accuracy. Another signi cant
factor is the quality of training data, which is often from a canonical combustion solution
relevant to the problem at hand. Various e orts have been made to improve the quality
of training data and the training process, using techniques such as data augmentation
and scaling, applying ANNs to select quantities or to select thermochemical subdomains
only, and by adjusting the loss function. Although e orts have been made to generalize
the ANN approach and extend it to complex fuels, ML methods in turbulent combustion
remain uncommon. Chapter 4 presents a proposed ANN framework for handling di erent
fuels and sources of data.
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Chapter 4

Machine Learning Methods for
Chemistry Representation

This chapter presents and validates a methodology for chemistry representation using ML
methods, speci cally ANN. This methodology can be extended to any fuel, however the
focus of the study is non-premixed methane-air combustion in the RANS framework. First,
the development of the ANN architecture in the context of the CSE combustion model is
presented in detail. The data preparation procedure is then described for data sourced from
both tabulated chemistry and samples of conditional averages DI-CSE. The ANN training
and testing process is then presented, followed by training results for the ANNs under
study. The in uence of ANN settings on the ANN performance is analyzed throughout the
chapter. Finally, a brief description of the ANN implementation in CSE is provided.

A total of four sets of ANNs are developed for the works in this study. Four dis-
tint sets of training data are used: TGLDM solutions for pure methane with GRI-Mech
3.0, TGLDM solutions for diluted methane with GRI-Mech 3.0, TGLDM solutions for di-
luted methane with Smooke's mechanism, and DI-CSE samples for diluted methane with
Smooke's mechanism.

4.1 ANN Architecture

This section describes the speci ¢ ANN architecture used in the current study and how it
is derived. The selection of the input and output variables, number of neurons and hidden
layers, and type of activation function are discussed here.
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The main motivation of ANN chemistry representation in this work is to replace the
TGLDM tabulated chemistry representation in the CSE combustion model. In CSE, vari-
ables are discretized by the mixture fraction for non-premixed combustion. The TGLDM
data are organized following this structure, such that there is one table for each discretized

. Thus, for the ML approach, it is wise to construct ANNs for each discretized. Con-
sidering that conditional averages are strong functions of, training individual ANNs on
data from one allows for more accurate chemistry representation than training a single
ANN on the entire range. The individual ANNs can then be assigned to data from each
discretized in CSE.

ANNSs can work with any combination of input and output nodes. To replace TGLDM,
the ANN input and output nodes are matched to the quantities used in TGLDM. The

ANN inputs are set to the parameterized variables in TGLDM, being?cozj and ?Hzoj ,

with  being accounted for by the ANN itself. For outputs, TGLDM contains species
mass fractions and source terms for all species in a given mechanism, however only certain
species are considered in CSE due to storage limitations for the TGLDM tables. Currently,

the conditional mass fractions of carbon monoxide, hydrogen and hydroxid%cej , \}’sz
and Yonj ), CH4, O, CO, and H,O reaction rates {'cr,j , Uo,j , Vco,i and ,oj ),
temperature (#j ) and heat release rate !8;j ) are extracted from TGLDM. Thus, it is

logical to have these nine quantities as the outputs from the ANNs. Note tha¥j refers

to the enthalpy ;source term as calculated below, wherle is the standard enthalpy of

formation in kJ—g , and N is the number of species:

X
9j = hSj (4.1)

k=1

Optimization algorithms exist for designing the ANN architecture [98, ], however
it is more common to test various ANN architectures due to the large number of tunable
parameters [78, 81, 86{88, 97, 99, , , ]. Various test cases are shown here to jus-
tify various aspects of the ANN design process. Note that the augmented TGLDM dataset
(described in Section 4.2.1) for diluted methane-air combustion with GRI-Mech 3.0 [70]
chemistry representation is considered for all test cases, either using stoichiometric condi-
tions or the entire range. However, the conclusions extend to other mixture fractions,
mechanisms, and sources of data. One set of cases is provided for each example, however
multiple cases were tested before arriving to the present settings. It should be noted that
testing all possible combinations of settings is prohibitive due to the number of tunable
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parameters and the amount of data available; the aim is instead to show the general in-
uence of these parameters for non-premixed methane-air combustion chemistry. It is also
assumed that the optimized ANN architecture for GRI-Mech 3.0 TGLDM s feasible for
all four cases.

Mean squared error (MSE) and coe cient of determination (R) are used to evaluate
ANN performance. MSE is de ned below, wher®\ in this context represents the number

of data points:

1 XX )

MSE = _=- v »= (4.2)
ON
i=1 j=1

MSE measures the average squared di erence between an ANN predictign ahd the
target y; from the dataset. R> measures how well the predicted data " ts' the target data
by comparing the average di erences in normalized predicted and target quantities. The

equation for R? is shown below:

XX )2
R?=1 2l A2 4.3
i=1 j=1 9 9)° (“2)

where the numerator indicates the sum of residuals between the predictions and targets,
and the denominator indicates the total sum of squares between the predictions and their
mean values.

The rst step in designing the ANN is to determine the number of neurons and hidden
layers needed. Although hidden layers are not a requirement, it is bene cial to have hidden
layers in ANNs to improve prediction accuracy. Including more hidden layers helps to
di erentiate non-linear data [108], which is relevant for combustion problems. The number
of neurons in the hidden layers also plays an important role in the ANN prediction accuracy.
Including more neurons per hidden layer increases the precision of the ANN, however this
results in more weights and biases that must be tuned in the training process. Thus, the
training time and the storage size increase with the number of neurons. The distribution
of neurons also impacts the ow of information; it is possible to create a bottleneck if there
are too few neurons in a hidden layer. Often, the neuron distribution in the hidden layers
is equal or descending to aid in the ow of information.

The following example shows the in uence of the neurons on the ANN performance, i.e.,
evaluating MSE, R, training time and storage size. The ANN has two inputsfcozj and

Viz0j ) and nine outputs (Ycoj , Yu,i , Youi , Venai  Uosi , Ceoni » Thioi » ¥i 19 ).
The ReLU activation function is selected for the single hidden layer. The stoichiometric
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mixture fraction is considered since it is the most relevant case. Data are split 80/20 into
training and testing datasets, and Z-score normalization is applied. Note that the datasets
are consistent for each case. The SGDM solver with default hyperparameters is used. A
mini-batch size (i.e., number of samples used to update weights and biases) of 250 samples
is selected, the validation frequency is set to 250 iterations, and the number of epochs (i.e
how many times to go through the entire training dataset) is chosen to be 100. Results
for the test dataset MSE and coe cient of R? for each quantity, along with total ANN
training time and storage size, are presented in Figure 4.1 for ANNs with an increasing
number of neurons. The ANN accuracy (i.e., lower MSE, Rapproaching unity) generally
increases with additional neurons, however these changes are less signi cant with more
neurons. The training time increases gradually, while the storage size increases linearly
with the number of neurons. The cost-accuracy trade o occurs around 50 neurons, thus
50 neurons are selected.

a) b)

Figure 4.1: a) MSE (blue) and R (red), and b) training time (green) and storage size
(black) for single-layer ANNs with increasing number of neurons. Training data is aug-
mented TGLDM for diluted methane-air with GRI-Mech 3.0 at =0.353. The vertical
dashed line indicates 50 neurons

The next test case considers the use of multiple hidden layers to improve the ANN
accuracy. The number of neurons per hidden layer is set to 50. All other settings are
identical to the previous case. Results for the same quantities are presented in Figure 4.2
for ANNs with an increasing number of hidden layers. The number of hidden layers has
a more signi cant impact on training time and storage size than the number of neurons.
The inclusion of hidden layers also allows for greater accuracy than adding more neurons
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to a single-layer ANN. The training time and storage size increase linearly with additional
hidden layers, however there are minimal changes in MSE and Rfter ve hidden layers.
Thus, ANNs with ve hidden layers are selected for the current study. It should be noted
that the current architecture is consistent with other chemistry tabulation studies [36, 87,

{92, 97, , ], where the amount of hidden layers is typically 2-5 and the number of
hidden layer neurons is typically 10-50.

a) b)

Figure 4.2: a) MSE (blue) and R (red), and b) training time (green) and storage size
(black) for 50-neuron ANNs with increasing number of hidden layers. Training data is
augmented TGLDM for diluted methane-air with GRI-Mech 3.0 at =0.353. The vertical
dashed line indicates 5 hidden layers

Additional tests are performed to study the in uence of the neuron distribution in the
hidden layers. First, ANNs consisting of ve hidden layers of either 25, 50 or 100 neurons
each are compared with identical settings to validate the chosen architecture. The accuracy
and training time increase marginally with more neurons while the storage size increases
exponentially, as expected. The results are summarized in Table 4.1.

Next, two ANNs with ve hidden layers are considered; the rst ANN consists of 50
neurons in each hidden layer, while the second ANN consists of a decreasing number of
neurons (128,64,32,16,10) for the same total of 250 neurons. All other settings are identical
to the previous cases. Results for the same quantities are presented in Table 4.2 for these
two ANNSs. It can be seen that the training time is reduced with a decreasing number
of neurons, however the storage size increases slightly. MSE antlde nearly identical
between the two cases, with a slight advantage for the even neuron distribution. The even
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Table 4.1: MSE, R, training time and storage size for ANNs with various even neuron
distributions. Training data is augmented TGLDM for diluted methane-air with GRI-Mech
3.0 at =0.353. The 5x50 distribution is selected
\ 5x25 5x50 5x100
Mean squared error (MSE) 8.0827E-3 7.0150E-3 6.4028E-3
Coe cient of determination (R?) | 0.9919 0.9930 0.9936
Training time [s] 281.8 320.0 338.5
ANN storage requirement [kB] 315 120.0 473.6

architecture is selected due to better accuracy and lower storage size.

Table 4.2: MSE, R, training time and storage size for ANNs with even and decreasing
neuron distributions. Training data is augmented TGLDM for diluted methane-air with
GRI-Mech 3.0 at =0.353. The even distribution is selected

\ Even neurons (5x50) Decreasing neurons

Mean squared error (MSE) 7.0150E-3 7.0185E-3
Coe cient of determination (R ?) 0.992992 0.992990
Training time [s] 320.0 300.2
ANN storage requirement [kB] 120.0 129.6

Representing the outputs with ANNs is open-ended. It is possible to predict all nine
outputs from a single ANN for each discretized, or assign one ANN to each output, re-
sulting in nine ANNSs for each discretized . The following example illustrates the in uence
of the ANN output arrangement on the training accuracy and the storage size. The rst

arrangement consists of 50 ANNs (one per) with two inputs (?Cozj and ?Hzoj ) and

nine outputs (Yeoj , Yizi » Youi » Venad + Nosi s Veoui  Uhooi » ¥i L 19 ). The second
arrangement consists of 450 ANNSs (nine pen with the same inputs but each ANN has a
single output corresponding to a given quantity above. The ANNs in the rst arrangement
consist of ve hidden layers with 50 neurons each, while the ANNs in the second arrange-
ment consist of two hidden layers with 14 neurons each. This results in a similar total
number of neurons; there are a total of 12,500 hidden neurons in the rst arrangement and
12,600 hidden neurons in the second arrangement. All other settings are identical to the
previous test cases, however the entire range is used here. Note that the training and
testing datasets are identical for each arrangement. Results for MSE? Bnd training time
(full  range and zoomed-in range) are presented in Figure 4.3 for both arrangements.
Note that the averages of MSE and Rhave been taken with the 450x1 ANN case, however
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the quoted training time is a sum of the individual ANN training times (which were similar
for each quantity at a given ). The accuracy of both arrangements are similar for a given
quantity, with the 50x9 ANN case performing slightly better in general. One advantage
of the 450x1 ANN case is the reduced storage size of 1.2 MB compared to 6.0 MB for the
50x9 ANN case, despite having three times as many les. However, the training time is
signi cantly larger with 450 ANNs. The 50x9 ANN case is selected for better accuracy
and lower training time.

a) b) €)

Figure 4.3: a) MSE, b) R, and c) training time for ANNs with multiple outputs (50x9,
blue) or single outputs (450x1, red). The bottom row is a reproduction of the top row
in a reduced range. Training data is augmented TGLDM for diluted methane-air with
GRI-Mech 3.0 across all . The vertical dashed line indicates the stoichiometric of 0.353

The activation function is the nal component of the ANN architecture. The activation
function turns neurons "0 and on' by transforming the output of a given neuron based
on a prescribed function. Various activation functions exist, including ReLU [109], leaky
ReLU, hyperbolic tangent (tanh), exponential linear unit (ELU), Gaussian error linear unit
(GELU), sigmoid/swish, and many others. RelLU is a piecewise function that transforms
negative outputs to zero, while positive outputs remain unchanged. RelLU is an e cient
function and has been applied successfully to previous ML combustion chemistry cases
[95, : {106], However, training with ReLU can be di cult since it is unbounded
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and non-di erentiable at zero. It is also possible to end up with neurons that are inactive

(i.e., the neuron output is consistently zero) if the learning rate is large; this is known as
the "dying ReLU' problem [110]. Functions such as leaky RelLU address the dying RelLU
problem, at the potential cost of performance [110]. Continuous functions, such as the
other examples provided above, are derived from the ReLU function and aim to improve
smoothness. Note that the activation function is applied to the hidden layers only; the

output layer uses a linear function to capture negative values.

The next test case considers the choice of activation function. The same ANN archi-
tecture is used for each case: ve hidden layers with 50 neurons each. Each ANN has nine
outputs described above. All other settings are identical to previous cases. Results for
the same quantities are presented in Table 4.3, however the storage size was found to be
consistent and is removed from this table. The training accuracy is fairly consistent (aside
from the sigmoid function), however the training time is reduced signi cantly with both
the ReLU and leaky RelLU activation functions. In addition, the ReLU activation function
is the most simple to code, which is expected to aid the computational performance. Thus,
the ReLU activation function is selected.

Table 4.3: MSE, R, and training time for ANNs with various activation functions. Training
data is augmented TGLDM for diluted methane-air with GRI-Mech 3.0 at =0.353. The
"ReLU’ activation function is selected
RelLU Leaky ELU GELU tanh swish sigmoid
MSE | 7.015E-3 7.147E-3 8.021E-3 7.456E-3 7.464E-3 7.976E-3 1.466E-2
R? 0.99299 0.99286 0.99199 0.99255 0.99254 0.99203 0.98535
Time [s]| 320.0 331.5 464.6 371.9 438.5 434.6 433.2

4.2 ANN Data Pre-processing

The data preparation procedure for ANN development is described in this section. Two
sources of data are considered: tabulated chemistry via TGLDM, and direct chemistry via
sampling of conditional averages from CSE. The pre-processing procedure is similar for
both sources of data and is analogous to any fuel type or mechanism.
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4.2.1 Tabulated Chemistry Data Preparation

The TGLDM dataset described in Section 2.5.3 is used to train and test each ANN for the
applications in Chapter 5 and parts of Chapter 6. However, it was found from preliminary
testing that using the TGLDM data itself for ANN training led to instabilities when paired
with CSE. It was thus required to re ne and prepare the TGLDM dataset for ANN training.
First, non-unique data points are removed from the TGLDM tables. These occur in fuel-
rich manifolds where the trajectories may intersect near the chemical equilibrium point,
which creates unrealistically large values for conditional minor species mass fractions. Sim-
ilar observations have occurred in di erent tabulation methods [111, ]. Next, additional
points are added outside of the TGLDM data range to account for cases in which the ANN

reaction rate predictions lead to new estimates in?cozj and ?Hzoj that fall outside of the
standard range. It was assumed thaﬂ’HZj and %Hj were zero in the outside range due
to these quantities being zero at the TGLDM boundaries?coj , however, is non-zero at

the TGLDM boundaries, thus the%oj value in the outside range was calculated from the
balance of CQ, H,O, CH,; and O, conditional mass fractions. It should be stressed that
elemental conservation is satis ed in the outside border and TGLDM itself. The condi-
tional temperature is then calculated using the standard enthalpy of formation and speci ¢
heat capacity for each species. The four reaction rates and the enthalpy source term are
assigned a value of zero. Finally, Delaunay triangulation [71] is applied three times to gen-
erate additional points via interpolation. This results in greater coverage of the input space,
especially in the regions with large output gradients, as shown in Figure 4.4. This process
is completed for pure and diluted methane-air combustion mechanisms, which in Chapter 5
are both represented by GRI-Mech 3.0 [70] containing 53 species and 325 reactions, and in
Chapter 6 for diluted methane with Smooke's mechanism [113] containing 16 species and
35 reactions. The number of input-output pairs increases by a factor of about 130 from
the base TGLDM dataset to the augmented TGLDM datasets for each case. The number
of total samples is about 17.6 million and 11.7 million for pure and diluted methane with
GRI-Mech 3.0, and 8.5 million for diluted methane with Smooke's mechanism; this is on
the order of other training datasets in similar ANN applications [95, 96, 98, : , ]
The distribution is logarithmic for GRI-Mech 3.0 and linear for Smooke's mechanism.
Note that most of the data are concentrated near the stoichiometric mixture fraction for
each case.
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c) d)

Figure 4.4: lllustration of TGLDM data augmentation for ANN training, considering pure
methane-air combustion at = 0:2: a) base TGLDM data, b) overlapping trajectory is
removed, c) additional points are added near the boundaries as constraints, d) Delaunay

triangulation is used to generate additional points
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4.2.2 Direct Chemistry Data Preparation

A dataset constructed from samples of CSE with direct chemistry (DI-CSE) is used to
train and test one set of ANNs for the application in Chapter 6. Results from [33] for
Sandia ame D are used as the starting point. The chemistry is represented by Smooke's
mechanism [113]. To generate a su cient range of conditional averages, the main fuel
jet velocity is prescribed as a cosine function with a set amplitude and frequency. The
function is de ned such that the minimum velocity is equivalent to the Sandia ame D
jet velocity of 49.6 T . Various amplitudes and frequencies are tested, in addition to
the sampling rate (i.e., how often data are saved). Following various tests, an amplitude
of 40 T , a frequency of 100Hz] and a sampling rate of 250 time steps over a period
of 8 cycles are selected. This results in conditional averages that are representative of
Sandia ames D to F. An illustrative example of the in uence of these parameters on the
conditional averages is shown in Figure 4.5, considering a sample range of 10 seconds from

steady-state conditions.

Sandia ame D with the speci ed periodic velocity boundary condition is simulated
using DI-CSE from the steady-state solution, which arises from the set velocity boundary
condition. Conditional averages in each ensemble are extracted from the simulation at the
speci ed sample rate, restructured into tables for each discretized mixture fraction, and

saved as text les. Samples exceeding the maximu¥iao,j andYi,oj (from TGLDM) are
removed. Delaunay triangulation [71] is then applied three times consecutively, as above.
Note that no additional points are manually set with the DI data. The number of raw
input-output pairs is 76,799, however this increases by a factor of 44 for a total of about
3.4 million input-output pairs; this is on the order of other training datasets in similar
ANN applications [98, {104, ]. Note that in this approach, the mixture fraction
distribution is linear and the number of base samples for each discretized mixture fraction
is identical.

4.3 ANN Training and Testing Process

This section describes the ANN training and testing process and the speci c ANN train-
ing/testing settings used in the current study. This includes the selection of the loss
function and the iterative method to optimize the prescribed loss function, and the de-
termination of the training settings (i.e., mini-batch size, epochs, hyperparameters). The
MATLAB Deep Learning Toolbox is used for training and testing the ANNSs. All cases are
ran on a CPU with a 5 GHz processor.
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