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Abstract

This thesis is focused on using a pair of Unruh-DeWitt detectors, which interact locally
with a quantum field, to gain information about properties of the field and the underlying
spacetime.

First, we consider a massless scalar field with a bandlimit, a hard ultraviolet cutoff.
We show that that when UDW detectors interact with a bandlimited field, they are able
to become entangled over larger distances then would be expected in the case of no cutoff.
The bandlimit introduces some non locality into the interaction, which boosts the nonlocal
correlations between the detectors. This boost in entanglement could, in principle, be used
to put a lower bound .

Then we study the affect of a quantum controlled switch to the entanglement harvesting
protocol. This switch will control when the detectors interact with the quantum scalar field
and can allow for them to each couple to the field in a superposition of two times. We
show that when a detector interacts with a field at a superposition of times, its transition
probability is reduced compared to what it interacted at a mixture of times. This in turn
increases the entanglement harvested by a pair of detectors, which can even violate no-go
theorems.

Next, we turn our attention to (2+ 1)-dimensional AdS spacetime. We map out a large
amount of the parameter space, tuning both detector and spacetime properties. Most
interestingly, we find an “island of seprability” in the parameter space, which occurs at a
relatively small Ads length. When the detectors’ properties fall in the “island of seprablity”,
they cannot become entangled through local interactions with the field; however for a good
range of parameters around the island, they can.

We then apply the entanglement harvesting protocol to a black hole spacetime, specif-
ically the BTZ black hole. We find an entanglement “death zone” which marks the point
where entanglement harvesting is no longer possible as two detectors with fixed proper
separation approach the horizon.

Finally, we make a change to the detector model itself. We consider the the center of
mass degree of freedom of the detectors to be quantum, and so will it coherently delocalize
over the course of the interaction with the quantum field. We find that this delocalization
inhibits entanglement harvesting, and it is only in the limit of very heavy and very sharply
localized detectors that we recover the case of a pair of UDW detectors classical center
center of mass.
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Chapter 1

Introduction

Modern physics is made up of two main branches, general relativity and quantum eld
theory. On their own, each theory works incredibly well in its own regime, and have made
predictions that have been veri ed to incredible degrees of accuracy. But despite the e orts
of the best and the brightest over the past several decades, the two branches have not been
made fully compatible with each other.

Not all is lost, and there have been numerous advances on various approximations.
One of these advances is the theory of quantum elds in curved spacetime, that treats
both the quantum eld and gravitational e ects of equal physical signi cance. However, the
gravitational eld is treated classically and the elds do not back-react on the spacetime [10,

]. Despite that, this area of research has provided useful insights into black hole physics
and the early Universe. These insights provide clues as to what can be expected from a
bona de theory of quantum gravity.

Detector models, such as the Unruh-DeWitt detector [89, 20], provide an operational
approach to probing various properties of quantum elds including those that live on curved
spacetimes. For example, it has been known for the past 40 years that uniformly acceler-
ating particle detectors in at space, that are coupled to a scalar eld in the Minkowski
vacuum state, detect a thermal bath of particles [89]. These models can provide notions
of locality, since they are usually taken to be pointlike objects which following a classical
spacetime trajectory and their rst-quantized internal degrees of freedom interact with the
quantum eld at the position of the detector. After the interaction, the detector, or a pair
of such detectors, can be measured. The state of the detector(s) will depend on properties
of the quantum eld, which in turn will depend on properties of the underlying space-
time. This allows us to not only probe properties of the eld, such as local uctuations



or correlations between two spacetime regions, but can even reveal properties of spacetime
structure.

Entanglement is almost synonymous with quantum, making it an especially interesting
property of a quantum eld to study. It has a wide range of applications across various
areas of physics, such as in the description of non-classical states of light within the eld

of quantum optics [47, 96], in the study of critical phenomena in condensed matter sys-
tems [57, 93, 3], and most interestingly, o ering an explanation for the origin of black hole
entropy [11, 12, 80].

Field entanglement was rst discovered within the context of algebraic eld theory. It
was shown that the vacuum state of a free quantum eld is entangled as seen by local
observers in Minkowski space, even if the observers are in spacelike-separated regions [34,
, 85]. This suggests that a pair of observers can violate a Bell-like inequality just by
observing the local uctuations in a quantum vacuum. In other words, the vacuum is a
resource for entanglement.

It was later shown that this property of the electromagnetic vacuum can, in principle,
be used to generate entanglement between a pair of atoms [91]. More speci cally, if the two
atoms were prepared in a separable state and each localized to a region that is spacelike
separated from the other, and then interact with the eld while remaining spacelike sepa-
rated through the duration of the interaction, they will become entangled. Since the two
atoms never had a chance to directly interact with each other, any resulting entanglement
must have come from the quantum vacuum state. This was studied for pointlike localized
two-level detectors (or qubits) [89, 20] that interact with a scalar eld [65, 66] a number
of years later.

Since then, extensive research has been carried out on the process of localized detectors
extracting entanglement from the vacuum state of a quantum eld [92, 54, 55, 35, 51, 48,

, 61, 62, 43]. This process has been come to known as the entanglement harvesting
protocol [74]. We note that in cases where the detectors are timelike or lightlike separated,
the extracted entanglement is the result of both eld mediated interactions and being
swapped from the vacuum. However, regardless of the exact origin of the entanglement,
its properties will still depend on properties of the eld.

One interesting application of the entanglement harvesting protocol is to study how
vacuum entanglement is e ect by the underling spacetime structure, such as the expansion
rate of the Universe [92]. Recently, there has been a huge amount of work showing that
entanglement harvesting is sensitive to the number of spacetime dimensions [61], the cur-
vature [92, 41, 53, 29] and topology [51] of the spacetime, and boundary conditions [30, 19].



There has also been very recent studies done on entanglement harvesting in (1+1) dimen-
sional Schwarzschild/Vaidya [87] and rotating BTZ [67] spacetimes.

The goal of this thesis to use a pair of detectors initialized in a separable state which
interact locally with a quantum scalar eld, to gain information about various properties of
a the eld and/or the underlying spacetime. In particular we are interested in the resulting
entanglement of the two detectors, and under what circumstances they are able to become,
or cannot become entangled. A secondary question focuses on the detectors themselves,
and asks how can they be tuned to maximize the detection of a eld of spacetime property,
such as an ultraviolet cuto or the spacetime curvature.

In chapter 2, we present a brief review of quantum eld theory, the UDW model and
measures of entanglement, with the goal to provide the background and context of the
results presented in the rest of the thesis. The next four chapters apply the entangling
harvesting protocol to various scenarios in order to explore what can be knowledge can be
gained about the eld or background spacetime based on the the resulting entanglement
between the detectors, as well as their probability of becoming excited. In chapter 3, the
guantum scalar eld is bandlimited, so that modes with momentum higher than some
cuto are not allowed. In chapter 4, we condition the when the detectors interact with
the eld on the output of a quantum control qubit. Depending on the measurement of the
control qubit, the detectors can be put in a superposition of interacting with the eld at
di erent times. This has a signi cant a ect on entanglement harvesting. In chapter 5, we
consider a scalar eld in Ad3. Not only does this introduce curvature, but the detectors
no longer have the same proper time. We analyze a wide parameter space which includes
properties of both the spacetime and detectors. In chapter 6, we present results from the
rst application of the entanglement harvesting protocol in a black hole spacetime.

The nal results are presented in chapter 7 where we turn our attention to the UDW
detector itself, and upgrade its center of mass degree of freedom to a quantum variable. This
e ectively means that there is some uncertainty in the location of the particle. Not only
that, but the wavefunction that describes the position of the detector will evolve in time,
meaning that the detector will coherently delocalize over the coarse of the interaction with
the eld. We present the e ects of delocalization on the entanglement harvesting protocol
and show the speci c limits that recover the \classical" UDW detector case.

Finally, chapter 8 presents the overall conclusions and potential directions for future
work.



Chapter 2

Fields, Detectors and Entanglement

This chapter will briey review the background theory and formalism that provide the
building blocks of the entanglement harvesting protocol. First, we will discuss the basics
of quantum eld theory [39]. In the next section, we will discuss the Unruh-DeWitt detector
model in both the perturbative and non-perturbative regimes. In the nal section, we will
review three ways of quantifying the entanglement between a pair of qubits: the negativity,
the entanglement of formation and the concurrence.

2.1 Quantum eld theory

Starting from the Klein-Gordon equation for a massless scalar eld in natural unitsc(=
~= 1)
@
@1
we then promote (x;t) and it's canonically conjugate momentum (x;t) = (x;t) to
operators, which obey the equal time quantization conditions

=0; (2.1)

h
"inY. =i O X9

h i

"(x;1); "(x%t) =0

[A(x;1); A(xS1)] = 0: (2.2)



The Hamiltonian for the second quantization is
z

B=dx %"Z(x;t)+ %A(x;t) “(x:t): (2.3)

We can expand the eld operator in the particle basis in terms of mode functions
Uk (x;t)

Z
N 1 n . .
(x;t) = 2 )2 dk U (X; ) + u (x;t)a) (2.4)
where L
u(x;t) = Po=e it k) (2.5)
K

and ! ¢ = jkj is the dispersion relation. The mode functioruy(x;t) is a positive energy
solution of equation (2.1) with momentumk. The time independenta and & are the cre-
ation and annihilation operators respectively, and they inherent the canonical commutation
relations (2.2)

h [
acele = Mk k9
h [
[&; 8] = &;8&, =0: (2.6)
We can use the creation and annihilation operators to construct a Fock basis for the Hilbert
space, starting with de ning the vacuum state,j0i, as the state that is annihilated by all

operators
a.j0i = 0: (2.7)

From here, we can construct any state with successive applications of the creation operators
to the vacuum. For example

Y n
jng;ng; i = (—%knl—|j0i (2.8)

is a state with n; particles of momentumk, n, particles of momentumk,, and so on.



Substituting (2.4) into (2.3) gives

Z n
z
= Gy Tl Al 5@ ) 00 (2.9

which is divergent do to the (0) term. This is analogous to the zero point energy of
a quantum harmonic oscillator!= 2; however, we model the quantum eld as having an
oscillator at every point in space, so it diverges with the volume of the system. Since we
this energy is inaccessible, and we only ever care about energy di erences, we can safely
remove it. We have

Z

(Zdn)fzz! A (2.10)

Since KTk = ’a{ak is the number operator for modek, this set of modes diagonalizes the
Hamiltonian.

In curved spacetime, the Klein-Gordon equation is
!

—— — X;t)=0: 211
pﬁ @xg 19 @x (X 1) ( )
Again, we choose the ansatz
X
"o = uOG )+ UG8y (2.12)

k

where thed; and & are constant operators, and the functionsic(x;t) are assumed to be
a solution to (2.11).

Substituting (2.12) into the canonical commutation relations, (2.6) imposes the condi-
tion

_ X
pjgjg(x‘ﬁo? k uk(x;t)@—@Ru (x%1) uk(x;t)@—%uk(xa,t) =i MWx x9 (2.13)

on the f ux(x;t)g. If the spacetime is globally hyperbolic, that is it possesses a foliation by
Cauchy surfaces, then a set of mode functiohuy(x; t)g, that solves (2.11) and obey (2.13)



exits. However, they are not unique. Therefore, there are multiple mode expansions for
“(x; ), each with their own associated raising and lowering operators, and each with their
own vacuum. In general, we will need to choose which vacuum to build on.

2.2 Unruh-DeWitt detectors

The Unruh-DeWitt (UDW) detector [89, 83, 20] serves as a local probe of the eld. Not
only do they provide a concrete notion of locality, but detectors also provide an operational
de nition of particle: \a particle is what a particle detector detects" [388]. UDW detectors
are two level quantum systems, qubits, with ground and excited states given Bhyi,
and jei 5, respectively, and separated by an energy gap of,. A pair of detectors couple
locally to a quantum scalar eld “(x;t), with D 2 f A; Bg. The interaction of each detector
is described, in the interaction picture, by the Hamiltonian

Mo(p)= b o(p) €00 +e ' oorny  “(xp(t)t) (2.14)

where is the coupling strength of the interaction, p( p) is the switching function,
which controls the interaction time, /5 := j1i; H0j and ~, := jOi hlj are the SU(2) ladder
operators acting on the Hilbert space of detectdd, andxp ( p) is the detector's spacetime
trajectory parameterized by its proper time, p. This model captures most of the features
of the light-matter interaction when no angular momentum is exchanged [49, 2, 62].

The time evolution of the detector- eld system with respect to the timet is generated
by the unitary operator

z d d
O:=Texp i dt d—tAlilA[A(t)]+d—tB|48[B(t)] (2.15)

whereT is the time ordering operator.

Following the entanglement harvesting protocol, we consider the detectors to be initially
(t! 1 )inthe ground state and the eld initially in the vacuum, so the joint state of
the system is
j oi =j0i, j Oig j Oi (2.16)
and after the interaction (t!'1 ), the system is in the state

X
i 1i=0j o= OMj i (2.17)



where O™ is the n term in the Dyson expansion of the time evolution operator (2.15)
Z
Om=( jn dt; dt, H(t)  H(tn) (2.18)

th< <ti

P
and ()= pyapg 2ol o ().

We are only interested in the subsystem of the two detectors, so the Hilbert space of
the eld is traced out:

X
re =Tr josih ¢ = T 0™ gih o (O™ - (2.19)

m:n

It can be seen from equations (2.14) and (2.18) that in the expressiti™j i, the eld
operator “(x;t) will be applied to the vacuumn times, and so the only terms that survive
the partial trace and contribute to the partial state are terms wheran and n have the same
parity. Additionally, in the nal state, O™ | i, an evenn results in both detectors being
excited or both remaining in the ground state, and an odad results in only one detector
being excited. Sincen and n must be both even or both odd, the reduced density matrix
of the two detectors will be of the form

0 1
11 0 O 14
O 22 23 0 §
N = 2.20
AB % 0 23 33 0 ( )
1w 0 0 4w

in the basisfjOi, j Oig, jOi, j 1lig,jli, j Oig,jli, j ligo.
From here, there are generally two approaches to calculating the nal state of the two
detectors:

1. Use the Dyson series of the time evolution operator (2.18) to calculatgs”™to lowest
order in the interaction strength.

2. Couple the detectors to the eld using Dirac-delta switching and calculate the time
evolution operator (2.15) exactly[77, 76]



2.2.1 Expansion of the density matrix

Substituting the interaction Hamiltonian given by equation (2.14) into the equation (2.19)
and expanding to the lowest order in the interaction strength gives

h i h . h i
Me =Tt oih of +Tr 1 oih gjO@Y +Tr  OWj gih ojOWY
h i
+Tr 0@j 4ih oj1 +0O( %
= J0iA PO O FOj + ~g” + AP + 7Y + O( %)

(2.21)
where explicitly
Z1 d d
0W =i  dt —~HA[ AW+ —>HFele(®)]
1 dt dt
Z Z, d A d s
0@ = . dt . dt® W#‘A[ A(D] + Wﬁs[ g (D)]
d d
oAl a1+ 5Hs e ()] (2.22)

From equations (2.21) and (2.22), the reduced density matrix of the two detectors is

0 1
1 P, P 0 0 X
0 Ps C o§ 4
N =
B % 0 c PO +0( 4 (2.23)
X 0 0 O



Z, Z,

dpd i
Pp = 2D dt dto d_th_t[; D[ D(t)] D[ D(t(b]el plo(t) D(to)]W XD(t);XD(t%
1 1
] ; (2.24)
1 1 d d .
Ci= A& dt dt° d_;-\d_t% Al a()] sl B(t()]el[ Aat) B B(tO)]W XA(t);XB(t(b
1 1
" (2.25)
Z, Z, d.d
X:= g dt db d—:d—t% Al a)] s s(D)]el » A0 & 2w x, (1);xg (19
1 1
#
dgda [ & 8+ A (O] :
+ s sle(0] Al a]e W (1); Xa(t9) (2.26)
for D;D°2f A;Bg.
D E
W x(t);xt) = 0 " x(t);t " x(t9;t° 0 (2.27)

is the Wightman function, the two-point corrector of the eld between spacetime points
x(t) and x(t9.

We note that the 44 term in the density matrix (2.23) is non-zero when expanded to
higher orders in interaction strength. It is [79]

a2 = jXj2+ jCj?+ PaPg + O( ©): (2.28)

Tracing out either detector B or detector A gives the reduced density matrix for the
remaining detector

1 P O
"w=Tre[Mae] = OA P,
1 Pg O
N =Tral[Mae]= 0 5 Py (2.29)

respectively, so we can interprePp as the transition probability of detectorD. To leading
order, the term X is a coherence term and encodes the non-local correlations between the
two detectors, and the termC encodes the total correlations [72].

In general, the coupling strength could be di erent for each detector; however, we will

10



take Ao = g = in order to simplify the parameter space. This is a straightforward
simpli cation since to lowest order in the coupling strength, measures of entanglement,
such as negativity (2.42) and concurrence (2.53) are proportional to the produck 5.

2.2.2 Dirac-delta switching

An alternative approach to using perturbation theory to compute the reduced density
matrix of the two detectors is to implement -switching

p(t)= b (t Tp) (2.30)

which can be related to the switching chosen used in the previous section by de ning the
Dirac delta as the weak limit of a normalised Gaussian,

x2=(2a2)
(x) = I{ijlr!n0 —p?: (2.31)

Physically, we can interpret this as the time of of interaction being much smaller than any
other relevant scale in the problem.

For both implementations of a -switching function in this thesis, it is applied to of
a pair of stationary detectors located atx = x5 and x = xg respectively in Minkowski
space, and so we are able to simplify the interaction Hamiltonian to
z

Ho(t)= oo (t Tp) € oA +e [ otnl d"x Fp(x xp) (x;t)  (2.32)

where
1 z r\d” k

ey P

gkt kx)g¥ + H.c. (2.33)

and we introduce a spatial smearing pro lé=p (x) to avoid divergences in Ag .

The choice of a -switching function allows for the calculation of the time evolution
operator (eg. (2.15)) exactly. Following the notation of Simidzija and Martn-Martnez [77,
], we de ne detectorA to be the one that switches rst (Ta  Tg) and calculate the

11



time-evolution operator as

O = 1, 15 coshs)+ 1 "&(Ts) sinh(¥s)

1o 1g cosh@a) + 2 a(Ta) 1g sinh(¥a) (2.34)
where _ '
Ap(t)=el oAt e T oYAl (2.35)
and Z
Y= iopbo d"XFp(x Xp) (x;Tp): (2.36)

The detector- eld system is initially in the statej o = jgi, j gig j Oi and the nal
state of the two detector subsystem is

0 1
h i 11 0 0 14
0 5 3 O
1 O 0 44
where
11:% 1+f,+fgcos(2)+ fafg cosht) (2.38a)
= %e ' aTa* 8Te)fy jsin(2 )+ fasinh(!) (2.38b)
1
2= 3 1+1a focos(2) fafgcosh() (2.38¢)
03 = %e i( ATa BTB)fB |S|n(2 )+ fA Slnh(l ) (238d)
1
1= 1 fa+fgcos(2) fafgcosh() (2.38e)
= % 1 fa fgcos(2)+ fafgcosht) (2.38f)

12



and we have de ned

Z

5 o, d'k 2
fp = exp D D jkj |ED(k) (2.39&)
h i
= 9A;QB
i ‘ d"k
= 5 Palk)Ba (k)R Toe e xe) (2.39b)
z d"k . :
l''= ABaAsB i By (K)Eg (k)elkiTa Telg Tk (xa Xe) 4t H e (2.39c¢)

After substituting equations (2.39) into equation (2.37) and tracing out either detector
B or detector A gives the reduced density matrix for the remaining detector as

1 1+f, 0

N = N -

A—TrB[AB]_Z 0 1 fa
1 1+fgcos(2) 0

N, = N == .

B Tr A [ AB] 2 0 1 fB COS(Z) ’ (240)

so we have the transition probability of each detector
1 1
Pa = 5(1 fa); Pg = > 1 fgcos(?2) ; (2.41)

which are only equal when the eld commutator, vanishes. Since the time evolution oper-
ator in equation (2.34) is calculated exactly rather than through a Dyson series expansion,
this model allows for the back-reaction of the detectors on the eld. If detectoA is

in causal contact with detectorB, then B will be interacting with the eld, which was
modi ed by A. It is also worth noting that the transition probabilities are independent
of the energy gap of the detector, and so they can be interpreted as both excitation and
de-excitation probabilities.

Finally, we state the no-go theorem described in [77] states that:

A pair of UDW detectors with Dirac-delta switching functions and arbitrary
spatial proles and coupling strengths cannot harvest entanglement from a
coherent state of a massless scalar eld.

13



2.3 Quantifying entanglement

One advantage of considering the two level UDW detectors, is that the amount entangle-
ment between a pair of qubits is a relatively straight forward to quantify. We will focus on
two entanglement monotones, the negativity and the concurrence, which itself feeds into
the entanglement of formation.

2.3.1 The negativity

One commonly used measure of entanglement is the negativity [94]. The negativity for a
two qubit system (or a qubit-qutrit system) is an entanglement monotone that is only zero
for separable states and is de ned as

N (A Y 1 X i
(M) = == ] (2.42)
i<0

where , denotes the partial transpose with respect td\, jj is the trace norm and the
sum is over the negative eigenvalues ofg"

For a density matrix of the form of equation (2.20), the eigenvalues of,§ are

1 g 2 .2
1= 5 2% (22 33)°+4] 14
1 9 iy i2 4
=5 Pa + Ps (Pa Pg)2+4jXj" +0( %
1 q 5 .2
2=§ 2+ a3t (2 33)2+ 4] 14
1 a 2 4
=5 PatPst (Pa Pg)?+4jX|" +0O(7
1 g TN
325 1nt s (11 40)?+4] 23
=0+ 0( 9
1 o
4= 3 11t aat (11 a2)?+4] 2
=1 Pa Pg+0O(% (2.43)
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The only eigenvalue that can be zero to lowest order in the coupling strength, ig, so we
calculate the negativity of the reduced density matrix (eq. (2.23)) as

q
1 o
N ("ag)=max 0, 5 Pa+Ps  (Pa Pe)2+4jXj° (2.44)

which reduces to
N ("ag) = max[0;jXj Pp] (2.45)

when the transition probabilities of the two detectors are equalRy, = Pg = Pp).

2.3.2 The entanglement of formation and concurrence

Given a density matrix " of a pair of subsystem#\ and B, the entanglement of formation,
E¢ ("), is de ned as [9]

X
Ef("):==min  pE( ) (2.46)

i
where the minimization is over all pure-state decompositions of @nd E( ;) is the von
Neumann entropy of either of the two subsystem

E(i)= Tr("alog,”) = Tr("slog, ") (2.47)

and " and % are the partial traces of] jih ;j over subsystems®B and A respectively.
The entanglement of formation has the operational interpretation of the number of Bell
states required to prepare the state via local operations and classical communication.

For a pair of qubits, the solution to the minimization problem of the entanglement of
formation is

P —/\2!
E=h 17 120 ) (2.48)
whereh(x) := xlog,(x) (1 x)log,(1 x)and C( ) is the concurrence
C(M) ==max[O;w; Wy Wz Wyl (2.49)
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The w;'s are the square roots of the eigenvaluesr{ w, wsz w,) of the matrix
N (Ay /\y)/\ (Ay /\y) (250)

and %y is the Pauli y matrix. Since the entanglement of formation is a monotonically
increasing increasing function ofC and ranges from 0 to 1 a<C goes from O to 1, the
concurrence is also a measure of entanglement.

For a density matrix of the form of equation (2.20), the (unordered) square roots of
eigenvalues of equation (2.50) are

N O [N
Wy = 11 441 ] 14

Wy = D 2 33+ ] 23

W3 = 11 44 ] 14
Wy = 2 33 ] 23 (2.51)
so the concurrence is
C("ag) =2max 0;] 14 P 22 33, 23] P 11 44 ° (2.52)

If ag is calculated to lowest order in the interaction strength (2.23), then, using equa-
tion (2.28), the we have
h p___ p [
C("ag) =2max 0;jX]j PaPs;jC]j jCj2+ PaPg + jX ]2
h p i
=2max 0;jX]j PaPs (2.53)

which also uses the observation that

jCj P JCj2+ PaPg + jXj2< O (2.54)

Written in this form, we can see that the concurrence has a nice physical interpretation: the
detectors are entangled if the nonlocal coherence tefjXij dominates the local noise of the
detectorsP, and Pg respectively. Finally, we note, that when the transition probabilities
of the detectors are equaP, = Pg = Pp, the negativity is half the concurrence

N ("aa) = maxf0;iXj  Pol= e ): (255)
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Throughout this thesis, we will generally use concurrence as our choice of entanglement
measure. However in chapters 3 and 7, for reasons of convention, when the transition
probabilities of the detectors are equal and (2.55) holds, we will use negativity.

With the eld, the detectors and measures of entanglement laid out, we present our
results.
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Chapter 3

Bandlimited Entanglement
Harvesting

One of the most important open problems of modern physics is the question of what is
happening at the highest energy scales where quantum eld theory and general relativity
are expected to be incorporated into a larger theory of physics. These high energy scales
correspond to the shortest length scales, where it is widely thought that, due to quantum
uctuations of the metric, the notion of space and time break down [34]. Currently, there
are many approaches to consistent theories of quantum gravity that describe the physics at
these length scales, including string theory, loop quantum gravity and many others [68, 14].

It has been shown that if there is a nite, minimum-length uncertainty in a quantum
eld, the eld will obey the Shannon sampling theorem, meaning the continuous eld can be
reconstructed from a discrete set of sampling points [38]. This also implies the eld will be
bandlimited. The Shannon Sampling Theorem [75] is a theory in classical information that
provides an equivalence between a continuous and a discrete representation of information.
If a signal f (t) is bandlimited, so that it has no frequencies higher than some , then
knowing the value of the signaf (t,,) on a lattice of points ft,g is enough to reconstruct
the continuous signal for allt provided the average spacing of the lattice is less than or
equal to the Nyquist spacing,= . Unlike naively putting a QFT on a lattice, the resultant
bandlimited QFT preserves local Euclidean symmetries, but is still not Lorentz invariant.
However, the conventional momentum cuto generalizes to a covariant cuto , where modes
with a wavelength smaller than the cuto have very small bandwidth and are e ectively
frozen out [37, 15].

It has been previously shown [64] that applying a conventional bandlimit to a (1 + 1)-
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dimensional scalar QFT results in eld degrees of freedom that occupy an incompressible
spatial volume. As a result, the two-point correlations of the eld and entanglement entropy
are modi ed from the case of no cuto, with the least modi cation occurring at distances
of the Nyquist spacing.

However, questions of locality remain, specically in trying in understanding what
happens at volumes smaller than nite spatial volume of the discrete degrees of freedom.
Detectors, especially when they are pointlike, are local objects, and can be used as a tool
to explore this question. This is the purpose of this chapter and in doing so, we can also
consider a detection of this bandlimit.

3.1 Implementing the bandlimit

The bandlimit, , is a hard cuto and is implemented by expanding the eld operator in
plane-wave modes and cutting o momenta whergj > :

Z
A 1 d"k j(jkjt K
X)) = 5= p—— dUkit ka¥ + He, (3.1)
(2 )2 ki< 2jkj %
This implementation of the cuto is not covariant but is chosen this way for ease of calcu-
lation and to follow on from the framework of [64]. Reproducing these calculations with a
fully covariant cuto [37] is left to future work. That said, we we expect that similar result
will hold in the case of a covariant cuto , since our UDW detectors only couple to the eld
for a nite time due to the switching function, and modes with a small bandwidth would
be further suppressed.

3.2 The density matrix  "ap

With the eld operator (3.1), the interaction Hamiltonian for a single stationary detector
located atx = xp becomes

Z
Ho(t)=  p(t) € o'rf +e 1 otag d"x Fp(x xp) (x;t)
z d"k
= p(t) éroinf+e oAy P B, (k)elikit kxolgY + He,  (3.2)
jkj< K]
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where we have included a spatial smearing function for the detectbp (x) and

Z
1

Fo (k) = W

d"x Fp(x)ekX (3.3)

is the Fourier transform of that spatial pro le.

Mathematically, as was shown in [25], the hard momentum cuto in the interaction
Hamiltonian (3.2) can be absorbed into the de nition of the spatial pro le:

Z ak ki
Ho(t)=  p(t) € otar +e T otn po 12_1 B, (k)elikit kxola¥ 4 H.c,
7 2jk]
. . nk L
= op(t) € DtAS +e DtAD Pd2:k S, (k)e kit kXD]aﬁ +H.c. (3.4)
JK]
where the new spatial pro le is
Z
_ 1 n K ikx
G(x) = F(x) 22 d"k > e (3.5)
and ( k) is the rectangle function
8 . .
20, jkji>;
(k)= _1=2 jki=3 (3.6)
"L jkj< 3
In 3 dimensions, its inverse Fourier transform is
r_
1 Jﬁ _ g zjl JXJ
F > X (3.7)

wherej1(r) is the order-1 spherical Bessel function of the rst kind.

By writing the interaction Hamiltonian in this way, it is made clear that an alternative
interpretation of the hard bandlimit k < is the pair of detectors that interact with a non-
bandlimited ( !1 ) massless scalar eld have the spatial pro le given by equation (3.7).
Since the rectangle function is compact irk-space, the modi ed spatial prole in not
compact|even if the initial prole F(x) was compact or even point-like.

We will now consider (3 + 1)-dimensional Minkowski space and take the two UDW
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Figure 3.1: The transition probability Pp of a single point-like detector as a function of
is energy gap at various values of the bandlimit of the eld. A negative energy gap
corresponds to an initially excited detector. When the energy gap of the detector is larger
than the bandlimit, the transition probability of an initially excited detector rapidly falls

0 . When there is no bandlimit, the transition probability grows with energy gap.

detectors to be separated by a distanc® := jxa xg]. We will consider the detectors to
be point-like
Fo(x xp)= @(x xp) (3.8)

and have identical energy gaps, = g = , and we will take the switching function to
be a Gaussian with characteristic width :

p(t) =exp Zt_ : (3.9)
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With the eld (3.1), the Wightman function (2.27) becomes

D R N E
W x(t):xt) = 0 " x;t " x%t° 0
*
z d®k z d3k° . W
— p T P e 0 kit X)az + e Gkt ><)ak
jkj< JK] k< K7
+
Ukt KOxDay 4 (KU KX, @
‘ d*k z o’k i(jkjt k x) &(jk%t° kOx%) D y E
= N p: piejj gl 'ako Oé.kék()O
ZJkJ< 2jkj k< 2jk9
Bk . .
= — g kit gk (x x9 3.10
ki< 2JK] ( )

Now we can calculate the matrix elements in equations (2.24) and (2.26) as

2
Pn =Ps =Pp =4_922 e (") 2 P erf( ) erf (+)
(3.12)
2 2 2 2— 2 S S
— S=(2 ) -~ 4
X ZpTe e er > Re er > +i )
22 2 ZZ 212
+i e dke “cer( k)sin(Sk) (3.12)
2S 0
where the subscript is used as a reminder that the scalar eld is bandlimited,
2 Z x
erf(x) == p—  dte? (3.13)
1
is the error function , and er (x) := ierf(ix).
Using the largex expansion of
2 e 1
= — — + — .
er ( x) p—x O v (3.14)
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the imaginary part of X can be approximated as

Z Z
2 2 1 1 .
Im(X ) e 7 dke *Cer( k)sin(sk) p-  dk NS
2S 0 k
2 2 2 2
- e 82:(2 )2 + g . et
2 iS e 1 Si |S] (3.15)
where Sik) is the sine integral
. X sint
Si(x) = dt—
0 t
provided 1. We nd good agreement between this approximation and numeric

integration of (3.12) when > 5.

3.3 Transition probability

First we consider the dependence on the transition probably of a single detector on its
energy gap, , and the bandlimit of the quantum eld, , which is shown in gure 3.1.
When the detector is initially in the ground state, the transition probability falls o expo-
nentially with increasing energy gap. Additionally, as shown in the inset of gure 3.1(a), a
small bandlimit lowers the transition probably, and this e ect is strongest for small values
of the energy gap due to the exponential suppression. We also nd that for values of the
bandlimit larger than 2, the transition probability (from the ground to the excited
state) is nearly indistinguishable from the non-bandlimited case regardless of the energy
gap.

In order to better understand this behaviour, it is useful to write the transition probably
in terms of the non-bandlimited case as

2
Po, )= Poa() Poa(+)  gp=erfc (+) (3.16)

where erfck) = 1 erf(x). Since the bandlimit enters the expression like a modied
energy gap, it is easy to see that for large values, bofy.; ( + ) and erfc (+)
are exponentially suppressed anBp. () Pp:1 ().

If the detector was initially excited, which is mathematically equivalent to taking < O,
the transition probability increases linearly with increasing energy gap up to a maximum
value after which it exponentially falls o, which is seen in the negative- regions of
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gure 3.1. As the bandlimit is increased, we nd that the maximum value of de-excitation
probability occurs at larger (more-negative) values of energy gap and that the fallo after
is sharper.

We de ne i to be the value of energy gap associated with the maximum de-excitation
probability. Since the transition probability falls o so rapidly when j | < | ], this
energy gap can be interpreted as the largest energy gap for which exited detectors are
able to decay into the bandlimited eld (any larger and the de-excitation probability is
exponentially suppressed). This is not surprising, since bandlimiting the eld also puts
limits on the frequency of modes that exist in the theory, and since we have only calculated
the reduced density matrix to lowest order in the coupling constant, we only consider single-
mode de-excitations. In order to decay into the ground state, the detector must emit a
eld quanta of greater energy than is allowed by the eld theory.

The dependence of the .y and the bandlimit of the scalar eld is plotted in gure 3.2,
where the detector is assumed to be initially excited. i grows with nearly the same
rate as the bandlimit of the eld. The most discrepancy occurs at small values of
where there is a high degree of quantum uncertainty in the e ective energy gap of the
detector. At large values of . and , the relationship approaches the linear relationship

crit = 2= .
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Figure 3.2: The energy gap of the detector corresponding to the maximum de-excitation
probability as a function of the bandlimit (red solid line). The de-excitation probability
rapidly falls o for detectors with energy gaps greater than this critical value. The black
dotted line corresponds to a line of best t ¢4 = 2= .

3.4 Negativity

Now we consider the entanglement between two identical detectafs and B, which are
initialized in the ground state and separated by a distanc&. We have found that the
dependence of the negativity on the energy gap of the detectors is qualitatively the same
across a wide range of value of the bandlimit. The actual values of the negativity at given
value of are much lower than the non-bandlimited case for a small enough value of ,
and as increases, the negativity oscillates around the non-bandlimited value. For this
reason we only consider detectors with an energy gap of = 0:01 throughout this section.

In gure 3.3 we plot the dependence of the entanglement harvested on the bandlimit
and the separation of the detectors. When the detectors are held a xed separation of
S 1.5, marked by the third red line, there are striking oscillations in the contours.
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Figure 3.3: The negativity of the reduced density matrix for the detectors' internal states,
N (“ag )= 2, as a function of detector separatiors and the bandlimit of the eld when

the detectors have an energy gap of = 0:01. The darkest region corresponds to a value
of zero negativity when the two detectors remain in a separable state. The red dashed
lines mark the constant separation slices shown in gure 3.4.

These oscillations also exist for any values of xed detector, but are not visible due to the
scale of the plot.

To highlight these oscillations, we plot the negativity as a function of bandlimit, for
three values of xed detector separation, in gure 3.4. For values of separation where entan-
glement harvesting is possible in the non-bandlimited case ( gures 3.4(a) and 3.4(b)), we
nd the negativity increases with increasing values of the bandlimit up to some maximum
value. As the bandlimit increases further, the negativity will exhibit damped oscillations
around the non-bandlimited value. The frequency of these oscillations increases as the
detector separation is increased.

These oscillations can also be present when separation of the detectors is too large for
entanglement harvesting to be possible in the non-bandlimited case, which we show in
gure 3.4(c). In this case, the damped oscillations that are still present in the function
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Figure 3.4: Red solid line: The negativity of the reduced density matrix\l (*ag )= 2, as a
function of the bandlimit . Black dashed line: The value of the negativity when there is
no bandlimit ( !1 ). The detector energy gap is setto = 0:01.

jXj Pp are cuto for negative values, but remain wherjXj > P. This results in values
of the bandlimit where entanglement harvesting is possible, even if it not possible when
there is no bandlimit.

In gure 3.5, we plot the reduced density matrix as a function of detector separation
ata xed bandlimitof =50 and !1 . Similar to the plots in gure 3.4, we nd the
negativity exhibits damped oscillations around the non-bandlimited curve. Interestingly,
we also nd that these oscillations match up with the oscillations on the e ective spatial
pro le (equation (3.7)), which implies that the oscillations in negativity may be a result of
increased/decreased overlap of the detectors' e ective spatial pro les.

Since neither the transition probability of the detectors nor the real part of the ma-
trix element X depend signi cantly on the bandlimit when it is larger, the oscillatory
behaviour in both gures 3.4 and 3.5 must be due the imaginary part ok, and can be
approximated as resulting from the Si§ ) term in equation (3.15). Therefore, the oscil-
lations with respect to in the imaginary part of X can be shown to be upper bounded

by

2 2 2

R +Im( X1): (3.17)

Using this envelope, it is possible to tune the separation of a pair of detectors of xed
energy gap so that the entanglement between them is zero for all values of the bandlimit

greater than some chosen threshold and non-zero feome values of the bandlimit less
than that threshold. In other words, for a chosen value of yeshoig @nd a given value of
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(or S), nd a value of S (or ) so that
!

+1m( X1 ) (3.18)

2 2

2 e
2 3232 reshold

PD; threshold = Re(x threshold )+I

is satis ed. It is important to note that if only one pair is used, then there will be regions
of be zero negativity at some values of < eshoid- FOr example, consider a value of

=4 in gure 3.4(c); the negativity N = 0 for this particular choice of bandlimit, even
if it is possible for the detectors to become entangled if the bandlimit were higher.

However, it is possible to build up an array of such pairs of detectors, each with di erent
energy gaps and at di erent values of separation, so that that the frequency of oscillations
in negativity are di erent. This can be used to Il in the gaps of each individual curve
and in principle test if a quantum eld has a bandlimit < yeshoia- An example of
such an array is shown in gure 3.6. For all detector con gurations, the ;) pairs,
considered in this gure, entanglement harvesting is not possible for values of the bandlimit

> hreshold = 20= . However, for values of bandlimit < iyeshoid, there is at least one
detector con guration where the negativity is non-zero, indicating entanglement harvesting
is possible. If at least one of the detector con gurations is able to become entangled after
interacting with the eld, then it must be because < reshoid,» @and if none of the detector
con gurations become entangled, then it can be concluded that >  eshold -
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Figure 3.5: Red solid line: The negativity of the reduced density matrixN ("ag )= 2,

as a function of the detector separatiors when the bandlimit is set to = 50. Black
dashed line: The negativity as a function of detector separation when thcare_is no bandlimit
( !'1 ). Blue dashed line: A plot of the e ective spatial prole G = 2 211(3) for

= 50 scaled by a factor of 1/300 for ease of plotting. The energy gap is setto = 0:01.
The overall decay of the bandlimited plot matches the decay of the non-bandlimited one,
and oscillations in the bandlimited plot match up with the oscillations in the e ective
spatial pro le.
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Figure 3.6: An array of detectors with properly tuned energy gaps are set at di erent

separation distances so that equation (3.18) is satis ed atiyresnog = 20. If the negativity

of any one of the pairs of detectors (each corresponding to a di erent experiment) is non-
zero, then < reshoid» Since this will indicate entanglement harvesting is possible for

larger values of detector separation than predicted by a non-bandlimited theory.
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3.5 Going beyond perturbation: -switching

Now we consider -switching for a non-perturbative approach. This construction of the
time-evolution unitary (2.34) will allow for interactions involving more than one eld quan-
tum, and in particular allow for multi-mode de-excitations.

In order to compare to our perturbative results, we again consider (3 + 1)-dimensional
Minkowski space and take the UDW detectors to be identical (, = g = ), at rest in
a common reference frame, and separated by a distarf8e To avoid divergences in and
I in the non-bandlimited limit, we set the spatial pro le of the detectors to be Gaussian

X2

Fo(x) = 22

exp (3.19)

1
(2 )3=2a3
rather than point like. The construction of the density matrix “wg continues on from
section 2.2.2. With the dimensionality and spatial pro le speci ed, the matrix-element
functions (2.39) become

2 2
a2 2

fa=fg=1= 1 2
A B exp 52z e | (3.20a)
22 X S+( 1T ? S+( 1T .
= Zp%j—o( 1) exp o Im er 2—a+|a (3.20b)
- e
L xR o S+( 1T ? o SHC T
- s P 422 %a
j=0
_ #
+( DT .
Re er %ﬂa (3.20¢)

whereT = Tg  Ta.

3.5.1 One detector

First, we consider the delta-switching interaction of a single detector with a bandlimited
scalar eld. Since the bandlimit acts as an e ective spatial pro le, we can safely take the
the a! O limit of the equation (3.19) and again consider a point-like detector. In this
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Figure 3.7: The transition probability of a single detector interacting with a bandlimited
scalar eld with delta switching as a function of the bandlimit for various widths of the
spatial prole. As the bandlimit increases, the transition probability quickly asymptotes
to the non-bandlimited ( ! 1 ) value. The right hand gure details the asymptotic
behaviour of the narrow @=0:001 and a=0:2 ) detectors. The interaction strength is
setto =1.

limit, the transition probability is

1 2 2 2

5 1 exp 5 (3.21)

limPy =
a!OA’

We note that due to the exponential decay of with increasing the transition probability
of a single point-like detector interacting with a non-bandlimited eld limit of

.1 222 1
I!{n > 1 exp > =5 (3.22)
Additionally, this limit is well de ned; taking the limits in the other order ( rst i

thena! 0) produces the same result.

One does not need to take limits of equation (3.20a) to calculate the transition probabil-
ity of a point-like (F(k) = (2 ) "2) detector in a non-bandlimited eld, and can directly
consider equation (2.39a), which is

2 2 2% d"k
@)y ik

NI =

1
PA;]_ =-1 exp

5 (3.23)

32



provided n 2. In other words, if a two level detector is initialized in the ground (or
excited) state and is coupled to the eld at a single point in space and time, the result
would be the completely mixed state.

This is still consistent with the conventional idea that the transition probability of
point-like detector with delta switching will diverge [60] if one considers the perturbative
calculation, since to lowest order in the coupling strength

2 ZZZd”k'l
@)y ki

Pa:1 (3.24)
This divergence is solely a mathematical artefact of using perturbation theory, however.
The physical behaviour in this case (interaction at a single spacetime point) is in fact well
de ned, nite, and given by equation (3.23).

In gure 3.7, we plot the dependence of the transition probability of a single detector
with various widths of its Gaussian spatial pro le interacting with delta switching on the
bandlimited scalar eld. Since there is no dependence on the energy gap of the detector,
this can be interpreted as either the probability of excitation or de-excitation. Regardless
of the width of the detector, the transition probability increases with increasing value of
the bandlimit and asymptotes to the non-bandlimited value.

We make comparisons to section 3.3 by considering the smallimit where the unitless
energy gap  will also be close to zero. In this regime, the dependence of the transition
probability on the bandlimit can be best seen in the inset of gure 3.1(b). Here, the same
behaviour is seen: when the bandlimit is small, the transition probability of the detector
is increased when the bandlimit is increased. But larger values of the bandlimit transition
probability are indistinguishable from the non-bandlimited ( ! 1 ) case.

The width of the detector determines how quickly the transition probability approaches
its corresponding non-bandlimited values, which can be seenin gure 3.7. When the spatial
pro le of the detector is relatively wide and the width is increased, the transition probability
attens out and approaches its asymptotic value at lower values of the bandlimit. However,
when the spatial pro le is very narrow, as seen in gure 3.7(b), the transition probability
attens for the detector with a width of a = 0:001 at a smaller value of the bandlimit
than the detector with a width of a=0:2 .

This observation is made more precise in gure 3.8, where we plot the bandlimit,
denoted \ax, for which the absolute di erence between the transition probability and its
corresponding non-bandlimited value is equal to a chosen tolerance as a function of the
width of the spatial pro le. This quantity was chosen for two reasons. First, it provides a
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concrete measure of determining that the transition probability is \close" to its asymptotic
value. Second, from an operational perspective the tolerance can be interpreted as the
resolution of some experiment where UDW detectors are used to determine the bandlimit
of the eld.

We nd that for all three values of the chosen tolerance, the behaviour of the absolute
di erence is the same. When the spatial pro le is vary narrow, increasing the width of the
pro le actually increases the value of ,,x up to a maximum value that occurs ata 0.2 .
As the width is increased further, the value of . rapidly decreases.

The region where increasing width decreasegax is easily explained by naively looking
at equation (3.5). When the bandlimit is large enough such that  a, the e ective pro le,

n p #
ga' 2 x)=2a%) Re erf _pj _p_smc iXj 5 (3.25)

e @ %22

S oy
will be dominated by the spatial pro le of the detector, and the transition probability will

be nearly the same as the non-bandlimited case. However, when the width of the spatial
pro le is very small, the complicated relationship between the width and the bandlimit in
the e ective spatial pro le leads to the increase in sensitivity with increasing width. The
takeaway message is this: When comparing detectors with a Gaussian pro le and delta
switching, the detector most sensitive to the bandlimit is not the one with the narrowest
pro le, as one may naively think, but rather one with a width of approximatelya 0:2

3.5.2 Two detectors

The no-go theorem described in for entanglement harvesting [77, 76] described in sec-
tion 2.2.2 holds for any arbitrary spatial pro le. Therefore, the bandlimit|which is math-
ematically equivalent to a spatial pro le|will not make a di erence on the entanglement
harvested (none).

One can still look a the transition probability of the second detector, detectdd, which
depends on the e ective eld commutator through the parameter . In gure 3.9(a), it
is shown that , when plotted as a function of the bandlimit exhibits damped oscillates
with frequencies at § T). By studying the parameter space, we have found that when
the spatial pro le of the detector is made smaller, the oscillations decay more slowly, and
in the limit of point-like detectors, a! 0, the oscillations do not decay. In this limit,

reduces to
2 2

g!mo = S sinc (T+S) sinc (T S) (3.26)
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which is simply the di erence of the one-dimensional Fourier transforms of the rectangle
function ( k=(2)) evaluated at (T + S) and (T S).

The oscillations in are observable in the transition probability of the second detector
when the bandlimit is small, and as shown in the inset of gure 3.9(b), and these can
result in a transition probability greater than 1=2, the largest transition probability of
a single detector. However, when the bandlimit is increased, the transition probability
exponentially approaches its non-bandlimited quantity at the same rate as a single detector,
and the oscillations resulting from are exponentially suppressed. If the bandlimit is small,
then a second detector with instantaneous switching can be used to give some insight into
the commutator between the two detectors, but if the bandlimit is large, then a second
detector will not provide any advantage.
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Figure 3.8: The value of the maximum bandlimit y. such that the di erence between the
transition probability in the bandlimited eld and non-bandlimited eld  jPa. .. Pa1])

is equal to a speci ed (arbitrary) tolerance (0.02, 0.01, 0.005) as a function of the width of
the spatial pro le of the detector. When the bandlimit is larger than yax, the di erence
will be less than the tolerance. For all three values, a maximum occurs near at width
of a  0:2 , indicting the transition probability of a detector with this width is more
sensitive to the bandlimit than a wider or narrower detector. The interaction strength is

setto =1.
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Figure 3.9: A plot of (a) the parameter , which is proportional to the e ective eld
commutator between detectorsA and B, and (b) the transition probability of detector B
as a function of the bandlimit . The negative values in the parameter result in values of
Pg > % Although shows dependency on the bandlimit over a large range, we nd that
Pg. is only sensitive to the bandlimit when it is small ( < 7 ). The width of the spatial
prole is set to a = 0:01 , the detectors have a time delay ol = and a separation of
S =0:8 , and the interaction strength is setto = 1.
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3.6 Summary of results

We have studied the entanglement harvesting protocol and response of two UDW detectors
interacting with a conventionally bandlimited (3+1)-dimensional scalar eld, where modes
with jkj do not exist. We nd that the application of this cuto is equivalent to
modifying the spatial pro le of the UDW detector by convolving it with the dimensionally
appropriate Fourier transform of the rectangle function. This interpretation results in a
non-local detector interacting with a non-bandlimited scalar eld. On the other hand, if the
detectors were interpreted as local, then the degrees of freedom of the eld are non-local.
The two perspectives are entirely equivalent.

When a point-like detector couples to the bandlimited eld with Gaussian switching,
we nd to lowest order in the coupling strength that the probability of excitation is reduced
compared to the non-bandlimited value. The e ect only becomes pronounced, however,
when the bandlimit is very small. We nd, for all values of the bandlimit, when the
detector is prepared in the excited state, the de-excitation probability increases linearly
with increasing values of the energy gap of the detector, until the energy gap is slightly
smaller then the bandlimit of the eld. For larger energy gaps, the de-excitation probability
exponentially falls o to nearly zero. The interpretation of this is that, to lowest order,
the detector must emit a single phonon in order to decay, but if the energy gap is larger
than the bandlimit, the emitted photon cannot propagate in the eld.

We also note that it is possible for a pair of point-like UDW detectors, coupling with
Gaussian switching, to harvest entanglement from the vacuum of the bandlimited scalar
eld at larger separation distances than in the ordinary case of a eld without a bandlimit.
The enhancement results from oscillations in the imaginary part of the coherence term
of the two detectors, which can be interpreted as resulting from the overlap of the non-
local e ective spatial pro le of the detectors. By taking advantage of the enhancement
in entanglement harvesting, one can in principle take an array of pairs of detectors, with
speci ¢ energy gaps and separations, and put bounds on the bandlimit of a quantum eld.

Finally, we use a Dirac-delta switching function to couple two detectors with Gaussian
spatial pro les to the eld at a single instance in time, which allows for non-perturbative
solutions. Again, we nd that the transition probability of the rst detector is lower when
the eld is bandlimited, and the e ect is much more apparent when the bandlimit is small.
Surprisingly, the transition probability of a detector is most sensitive to the bandlimit
when the detector's width is small|but not too small. We also nd that the transition
probability of the second detector has a similar dependence on the bandlimit: any changes
are due to the e ective eld commutator between the two detectors.
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Chapter 4

Inde nite Temporal Ordering

The relationship between e ects and causes is foundational to our everyday experience and
is rooted in the basic laws of physics as we presently understand them. Both in classical
and quantum physics, events happen in a xed causal order.

One of the more intriguing proposals put forward in recent years, is that quantum
physics may admit nonclassical causal structures where the order of events is inde nite [28,

, 18, 56]. Apart from advantages a orded in computation [5, 16] and communication [23,

, 21, 73, 27], the incorporation of this idea into the foundations of physics may provide
new insights toward realizing a quantum theory of gravity [28, 98, 59]. This idea has
become known as \Inde nite Causal Order", or ICO.

Recently a scenario featuring an inde nite causal order of events has been experimen-
tally realized in the form of a quantum switch [63, 69, 24]. In this setting the order in
which two quantum operationsA and B are performed on some target is coherently con-
trolled by a quantum system, placing the order of operations in temporal superposition [1].
An ordinary quantum circuit using the same number of operations cannot reproduce the
e ects of the quantum switch [17, 5].

Little is known about how ICO a ects quantum entanglement, particularly entangle-
ment of quantum elds. The vacuum state of a free quantum eld has long been known
to contain correlations between timelike and spacelike separated regions [84, 83], and it is
of foundational interest to understand how such correlations are a ected by ICO. We will
use UDW detectors to explore whether ICO can provide an advantage to the amount of
entanglement generated by the detectors interacting locally with a quantum scalar eld.
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Figure 4.1: Left: scenario (i) in which the two detectors are in a superposition of being
active either both in the past or both in the future, controlled by the state of the control
qubit jOi or jli respectively. In this case the spacetime activation regions for the two
detectors are spacelike in both branches of the quantum superposition. Right: scenario (ii)
with inde nite causal order. In this case the two detectors are active when timelike related.
The quantum superposition between A beforeB" and \ B beforeA" is controlled by the
state of the control qubit jOi or j1i respectively. Note that in the main text, scenario (i)
also encompasses the case of space-like separated detectors whened B are placed at

di erent slices of constant time.
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4.1 Quantum control of two UDW detectors.

We consider a composite system formed by two pointlike UDW detectors, which are locally
coupled to a real scalar eld, whose Hamiltonian is
X X , ,
A (t) = oi ()(€ 'L + e ! piay) "(xpit) | i hj (4.1)
D=AB i=0;1

wherei = 0; 1 is determined by the computational basis state§ Oi ;j1lig of a control qubit
(system C henceforward) that governs the switching functions, p (t), of the detectorsA
and B. Placing the initial state of the qubit in a coherent superposition of the computa-
tional basis states will thus give rise to a superposition of di erent switching times of the
two detectors. We shall focus on two scenarios, depicted in Fig. 4.1, which allow us to
probe two distinct physical situations. Without loss of generality in all cases considered
we assume a xed but arbitrary foliation of at spacetime into space-like slices (hypersur-
faces), each associated with a di erent time coordinate. Furthermore, in all scenarios each
detector is switched on exactly once.

In the rst scenario (i) detectors A and B are switched on jointly on a common space-like
slice, but in a quantum-controlled superposition of two slices associated with di erent times.
We call this scenario gpast-future (PF) superposition. The terms “past' and “future' refer
to the relation between the superposed switching times. This case allows us to probe how
entanglement between space-like regions of the eld is a ected by quantum delocalization
of these regions in time.

In the second scenario (i) detectoA is switched on on the past slice and on the
future slice, in superposition withA and B interchanged. We call this scenario @ause-
e ect (CE) superposition, since for time-like separation between the involved regions the
relation betweenA and B is causally inde nite { we have a superposition oA in the past
causal cone oB and vice versa.

One might think that scenario (i) when A and B are space-like separated is equivalent
to scenario (i), whereA and B are switched on simultaneously { since for space-like sepa-
rated regions one can nd coordinates in which the switching is simultaneous. Despite this
fact, there is no equivalence between these scenarios: in (i) the switching is simultaneous
in each superposed amplitude (albeit at di erent times) whereas choosing coordinates in
scenario (ii) so that A and B are simultaneous for one amplitude will result inA being
before or afterB in the other amplitude, illustrated in gure 4.2, left panel. In other words,
A;B are simultaneous in superposition withA earlier than B (or B earlier than A). An
analogous di erence arises if we try to change coordinates in scenario (i) So as to map it
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Figure 4.2: It is not possible to map scenarios (ii) and (i) to each other. Left panel: when
trying to map scenario (i) to (i) we can make makeA and B simultaneous only in one of
the superposed amplitudes { rather than in each of them, as required in scenario (i). Right
panel: when trying to map scenario (i) to (i) we can make maké& from one amplitude
simultaneousB from the other amplitude, but we do not end up with a superposition of
A earlier than B and B than A { in each amplitude A will be switched on earlier thanB
(or in each amplitudeB will be earlier than A). In both panels, x coordinates (black solid
lines) make pastA and pastB simultaneous and futureA and future B simultaneous, the
x° coordinates (grey dashed lines) make pa# simultaneous with future B and the x°
coordinates (red dotted lines) make futureA simultaneous with pastB.

to scenario (ii). Using coordinates in whichA from one amplitude is simultaneous withB
from the other amplitude { as it is in case (ii) { actually yields a di erent scenario: where

in each amplitudeA is switched on beforeB (or B beforeA { depending which amplitude

is chosen to de ne simultaneity) { see also gure 4.2, right panel. In other words, we end
up with A beforeB in superposition with A before B but both switched on some time
later (or B beforeA in each superposed amplitude). Recall, however that in scenario (i)
we have a superposition oA switched on beforeB and B before A. Thus, even in case
of space-like separation between the relevant regions, the two scenarios (i) and (ii) are not
equivalent { there is no single coordinate transformation that allows one to map them onto
each other.
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We will take the background space time to be Minkowski and proceed following the
standard entanglement harvesting protocol. First we take the initial state oABC and
eld that we chose as

X
=3 ddiahe g § O 0] iiGhi; (4.2)
I}
that is, both detectors in the ground state, eld in its vacuum state, and the control qubit in
the j+i state. Next the system evolves through the time evolution operator given by (2.15)
which we expand in a Dyson series (2.18). The next step is to trace over the eld degrees
of freedom and obtain the reduced density matrix of the 3 qubit subsystem to lowest order
in interaction strength.
h [
"agc =Tr 0/\00y h

[ h
=Tr [Ao] +Tr "OO(Z)V +Tr g

i h i
0(1)/\00(1)y +Tre 0(2)/\0 + O( ‘5); (4.3)

which takes the form
0
X 1+Yi + Y, 0 0 X
1 % 0 Pgi C: O § L
N - ) ji 4
ABC 5 ) 0 Ci Paj 0 jiichj+ O( p) (4.4)
! X 0 0 o0
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where forD = A;B

Z Z Z
Y = 2X d"k ! dt ‘ dto Dii (t) Dii (t()e i pl(t to)e ijkj(t to)eik xp (t) xp (t9
' 2kj 1 2 )"
" | (4.5)
Z Z Z :
d"k 1 oi (1) o 1 oi (19 o o
Poi = 2 i dt i gt( p+iki)g ik xp (1) dt i gt o+iki)g ik xp (19
> Zki . Py . Py
" (4.6)
Z d"k Zl A () it iKi) o ik ()! Zl Bj(t() o iKi) o ik (0)! #
Ci = 2 i dt i gt atikg ikxal(t dt p ; elto B+iki)g ik xs (t
! 2kji @ )" 1 2)"
. . . 4.7)
X;= 2 X dnk ! dt t g0 D¢ (t) DO;i(t%e ki o) gk xo (W@t Aki* pog ik Xpot)
D6DO 2ikj 4 1 2 )n
(4.8)

inthe fj 0i, jOig ;jOi, jlig ;jli, jOig ;jli, jlig gbasis and theY; terms satisfy the identity
that Vi +Y; = (Paii + Pag.i)-

It is worth pointing out that even if the control qubit were measured in theji basis,
the matrix elementsX and Y will not contain cross terms as a consequence 0f? not
containing cross terms

0@ =

|
o
—

dt®H, ()H, (t%

= dt dt® Hpi(t) j iighj Hj;DO(tO) Jjich]

ppoij _1 1
X X £1 24y

= dt dtOHD;i (t)HDoi(t(ﬁ j iighj: (4.9)
DDO i 1 1
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Directly applying 0@ to #, and tracing out the eld gives

h i X X £1 Z
Tr 0(2)’\0 =Tr dt dt® HD;i(t)HDo;i(t() jiichj J oh o JjichKj
D:D0 ik 1 1 4
X x Z1 2y
= Tr dt  dt®Hpi (OHou(t9] oih of j i Hk]
ik oo 1 1
X ( X £1 2 #
= Tr dt dt®Hp;i ()Hpi (1Y oih o
ik WD 1 1 #)
x Z1 Z,
+Tr dt  dt®Hpi (OHpei (1) oih of i HK]
X pepo 1 1

Yi jOi,h0j j Oig hOj + Xj jli, h0j j 1ig HOj j iighkj (4.10)
ik
This seems to imply that non-local correlations are not a ected by the causal ordering to
lowest order in the interaction strength.

4.1.1 Measuring the control

The state of the control qubit (C) governs the choice of scenario. Consider rst scenario
(i) illustrated in the left panel in Fig. 4.1. We see that Supp(a.;) = Supp( g) for

I =0;1. Contrast this with the right panel of Fig. 4.1 depicting scenario (ii), where now
Supp( a:i) = Supp( s;) fori & j. We eliminate the control qubit by either tracing it out
or measuring it in the basisfj +i ;jig . Our notation applies to both scenario by just a
di erent labelling of the switching functions.

Tracing out the control qubit yields

0 1
1 PP+pPM 0 0 xM™
e =% 0 Pg cro 0 %; (4.11)
0 c™ Py 0
X (™ 0o 0 0
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where

1

PéTr) = E(PD;OO+ Pp:11) (4.12)
1

c™ = é(coo*‘ Cu) (4.13)
1

XM = é(x00+ X11): (4.14)

The results is a classical (probabilistic) mixture otwo detectors active only ongeeither
spacelike related (i), or timelike related (ii), since the reduced state in Eq. (4.11) is the
mixture (with equal weights) of the classical case in which both detectors are active only
once. This should have been expected. Indeed, borrowing some intuition from the process
matrix formalism [56], the situation is similar to the quantum switchin which an inde nite
causal order is present only if the control qubit is allowed to quantum interfere [18, 63, 69,

]. Tracing out the control qubit corresponds to losing the coherence of the superposition,
e ectively yielding "which-when' information about detector activation and thus remaining
with a classical mixture.

Conversely, measuring the control qubit in thdj +i ;jig basis and retaining, e.g., the
j+i results, allows the control qubit to interfere, yielding

0 1
1 P £\+) + P éﬂ 0 0 X(Tr)
(+) +
A9 = % 0 Ps c((:) 0 § (4.15)
0 c® pf 0
X (M 0 0 0
where now
+ 1
Pé ) = Z(PD;OO + PD;ol + I:)D;10 + PD;ll) (416)
1

We see that, while theX terms are the same whether we trace out the control qubit or
let it interfere, the other terms in the density matrix di er in the two cases. In particular,

in ~) there appear termsPp,¢; and Cig; that contain two-point correlation functions of
the eld between two di erent spacetime regions in which the same detector or both the
detectors are activated in superposition. These quantum interference terms are signatory
of the coherence of the superposition. It should be noted that, without the controlled
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superposition the eld correlations contained in the interference terms would not be ac-
cessible with a single use of each detector. By placing the detectors in quantum temporal
superposition, we read out correlations between space time regions which can be accessed
in the standard schemes with no superposition only if the detectors are used more than
once (in more than one space-time region).

This is our primary result: quantum controlled temporal superpositions allow UDW
detectors to access eld correlations between spacetime regions pertaining to the two dif-
ferent branches in a quantum superposition. As we show in the following, this has relevant
consequences for information-theoretic quantities, such as the extractable entanglement
from the quantum vacuum.

4.1.2 The double-switch scenario

Here we consider the case in which each detector is active twice and no quantum control
is present. This type of switching is chosen to contrast the quantum controlled switching
where the detectors switched once in each branch of the superposition.

The interaction Hamiltonian is given by

p;o(t) +  p;1(t)

B (t) = >

D=AB

(€ otat + e otaly Nxp;t); (4.18)

where the switching functions is a combination of the switching functions used in the
quantum superposition case (4.1). Once the eld is traced out, the density matrix &B
at the nal time is given by

0 . . 1
1 PP +p 0 0 X©s)
(+) +
e = % 0 P’ CO 0 % ; (4.19)
0 ct p 0
X (PS) 0 0 0
where
1
X(DS) = Z(XOO+ X11+ X01+ XlO) (420)

We see that (i) the density matrix contains the eld correlations between all the four
spacetime regions in which the detectors are active, analogously to the case in which the
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control qubit is measured inj+i. However, in this case this is due to the fact that the
detectors are actually active twice each, in contrast to the quantum case in which each
detector (in a quantum superposition) is used only once. (ii) The (#);(4;1) terms of
the density matrix are dierent from the corresponding ones in EqQ.(4.15). Thus, the
double-switch scenario is distinguishable from the quantum coherent one already at the
perturbative level.

If a particular case of superposition is chosen (say CE), then it can be shown that if
the (1;4); (4;1) terms in the quantum case are equal to X(oo + X 11) in the double-switch
scenario, then the remaining cross terms, ¢, + X1p), will be equal to the (1;4); (4;1)
terms in the other case of superposition (in this case PF) with the same time delay. Math-
ematically we have

ADS) = L Neer) L aGhce) (4.21)

AB 2 AB AB

indicating that the double-switch scenario can be decomposed into the two quantum cases
we considered.

4.2 Entanglement harvesting

Let us now look at instances in which the additional correlations in (4.15), stemming
from the quantum interference, have relevant e ects. From now on we consider (3 +
1)-dimensional Minkowski space and take the two UDW detectors to be separated by a
distance ofS := jxpo Xgj

4.2.1 Cosine switching

First, we consider a cosine switching function

(

cos 2(t Tp) : 2 t Tp

0; otherwise

A

p(t) = (4.22)

where characterizes the width of the function. We choose a function with compact
support so that we can easily determine when the detectors are in causal contact. With
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this choice of switching, the matrix elements become
z

2271 d(k+ o)(To; Toj)
Poij = 42— i dk k T (c2Pks o 5 COS 2K+ o)
Co= ol ATa BTB;J-)Z "k gk(Tas Tay )
o4 0 1 (=22(k+ )2 1 (=22(k+ g)?
,. S|ng<5) CcOS Z(k+ A) COS Z(k_,_ 5)
o Ak Mazij (1 Moy () (4.23)

0

Due to the time ordering, expression foMpg;j (k) depends on the time delay between
detector D and detectorE (for D = A;B andE = A;B andD 6 E). Explicit expressions
are provided in appendix A.1.

In Fig. 4.3, we plot the concurrence of the density matrix /s as a function of detector
separation and temporal separation for four di erent spacetime con gurations. We nd
that the detectors can harvest entanglement when they are spacelike separated in the case
of the quantum controlled CE superposition (upper left). The lower left plot in Fig. 4.3
corresponds to a classical mixture of a classical mixture éf beforeB and B before A,
and has non-zero concurrence over a much smaller range of the parameter space. This is a
striking demonstration of how quantum temporal interference e ects can a ect the ability
of UDW detectors to harvest entanglement.

SinceC= jXj P PaPg, and based on the form of the density matrices (4.11) and (4.15),
we conclude thatP (™ P® Indeed, this is always true regardless of the switching
function (see appendix A.2 for a proof). The interference termBp.; lower the transition
probability of the detector.

The upper right plot in Fig. 4.3 plots the concurrence for a pair of detectors in the case
of the quantum controlled PE superposition. This type of quantum control does not allow
for spacelike entanglement harvesting in the parameter space we have chosen. However,
there are regions where concurrence is higher than in the case of the CE superposition. The
detectors in these two cases have identical transition probabilities; therefore this di erence
is solely due to di erences in the coherence terfgxj.

The lower right plot in Fig. 4.3 plots the concurrence of a pair of detectors which couple
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to the eld through the double switching function

o= 5 oo+ o) (4.24)

where the p;(t) are the switching functions used in the quantum superposition case.
Spacelike entanglement harvesting is not possible for this choice of switching. We also
note based on the look of this plot as compared to the other three in the gure, that from

the perspective of entanglement harvesting, double switching is distinct from the quantum
controlled switching.
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Figure 4.3: The concurrence of the perturbative reduced density matrix of two point-
like detectors that couple to the eld with a cosine switching function in a @pper left)
quantum controlled CE superposition, gpper right) guantum controlled PE superposition,
(lower left) a classical mixture ofA beforeB and B before A and (lower right) a double
switching function (4.24) plotted as a function of the spatial separatios and the temporal
separationT = (T, Tg) of the detectors. The green lines mark the region of spacelike
separation of the detectors and the black dots represent the regions where no entanglement
can be harvested. For the chosen parameters, spacelike entanglement harvesting is possible
only when the detectors are in the CE superposition. The energy gaps of the detectors
are set equal o = g = 3. The elements of the reduced density matrix have been
numerically calculated to 15 signi cant gures.
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4.2.2 Cheating the no-go theorem

Now we consider a -switching function given by
pi ()= (t To;) (4.25)

which allows us to calculate the nal form of the detector-control system without the need
of a perturbative expansion by following the method of [77, 76] and brie y outlined in
section 2.2.2. Time ordering requires that the switching order between detectars both
branches of the superposition be xed for the calculation, so we must consider the PF case
separate from the CE case.

For convenience we de ne
Z

Hoi()=  oi(t)(€ o5 +e’ o))y % Fp(x  xp)"(x;t) (4.26)

so that

X X
R (1) = Hoi (t) j iichij (4.27)

D2f A:B gi2f 0;1g

Notice that a spatial smearing functionFp (x) has been added to avoid any divergences in

"aBC -

First, we consider the PF case under the assumption thala.o Ts.o Ta1 Ts:1-
The time evolution operator can be simpli ed to

O=exp iMea(Te) j lichl exp  iBa1(Taz) j dig hij
exp  iMeo(Teo) j Oich0j exp  iPao(Tao) j Oig HOj
= Uy j OighOj+ U; j 10, hij (4.28)
where
= 1a 1g coshg;)cosh®ai) + 1n "&(Tei) sinh(Xgi)coshKa;i)
+ M(Tai) 1g  coshig;)sinh(Xa;)
+ Ma(Tai)  "(Tei) sinh(Xg;)sinh(Xa;) (4.29)
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and
Z

Xbi d®x Fo(x  Xp) (X;Tp;)

()= (e P +e ot ):

(4.30)

(4.31)

We consider the same initial state as Eqgs.(4.2), and the nal state is again = 0~,0V.

Tracing out the eld degrees of freedom gives

(
APF)  _ 1 X X

ABC 32 ’

i) WiX3y,Z

gz Al DTai @ NTajlgz sl NTei (1 WTs; ]

fA;i fA;j f Bi f Bi X(1+ p)=2W(1+ q)=2y(1 r)=2X(l s)=2

p:airs

a5 Aj B 1 Aj B )@l (5 aj i+ Aj Bi ) @PS(5 Aj i ! aj Ai)
2 2

eqr(if Bj :Bi *!Bj :Bii )e qs(lj AiBj ! aiBg )e rs(ij Ai B VA B )

#
1 z 1 x 1 vy 1 w C o
2 . 2 >, 2 lch
wherei;j 2f0;1gand p;q;r;s;w;x;y;z2f+1; 1g.
Z
fos =exp 5 dkj o (K)j®
Z
DiiEj = | d’k Dii (k) g (k) p;i (K) E;j (k)
1Z

"piey = 2 o’k pi (K) g5 (K)+ p;i(k) Ei (k)
and

. Z
oi (K) = plﬁ dPx Fp(x)eX* e iikiTor kxo)
K]
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(4.33)

(4.34)

(4.35)

(4.36)



forD;E 2fA;Bg.

Next, we consider the CE scenario. The time evolution operator is constructed in a
similar way to the PF case, this time using the assumption thala.o Tg:1  Ta1 Ts:o-
The resulting detector-control density matrix for is

( "
Nee = %ZX X ez Al Iy @ DATa @ jw (1 ))Tay]
i5] WiX;y;z
e)'j( B[l (@ i)y iz)Tes (1 (@ j)w jx)Tgy fo fey frifoi
x (1 P)=2y,(1+ q)=2y(1 r=2,(1 s)=2
pasns

QOQ(% Ej :Dj ! EjDj )eor(iz Ej :Fi Y Ej R )eOS(ig( EjGi T EjGi)
eqr(ij Dj :Fi ! Dj :Fii )eqs(lj Dj :Gi t! Dj :Gii )ers(lj FiGi t! G )

1 iy (1 i)z 1 jw (1 j)x
2 A 2

# )
1 (1 )y iz 1 1 jw jx P ik (4.37)
2 B 2
The labelsD; E;F; G depend on the values of andj and are summarized in Eq. (4.38)
below.
( B; j=0 ( A; =0
p= 1~ e= )7
A =1 B; ] =1
( B; i=0 ( A; i=0
F= B = c= ™M '7 (4.38)
A i=1 B; i=1

Once the control qubit is measured (or traced out), the density matrices given in
Eqgs. (4.37) and (4.32) will take the form of Eq. (2.37) and are then used to compute
the entanglement between detectord and B shown in Fig. 4.4.

We nd that when the the detectors couple to the eld with a -switching in quantum
controlled superposition, they are able to become entangled, appearing to violate the no-go
theorem. This is shown in Fig. 4.4. Physically, this is likely in part due to reduced local
noise, similar to what was seen in section 4.2.1. Although the detectors only switch once
in each branch of the superposition, the two branches do interact, which likely plays a
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Figure 4.4: Apparent violation of the no-go theorem for-switched detectors with (eft) CE
superposition and (ight) PF superposition. The black dots represent the regions where no

—0g)2
entanglement can be harvested. The detectors have a spatial pro le B{x) = %&%Tg)]

identical energy gaps of o = g = 1 and couple to the eld with a strength of
= 1. The elements of the reduced density matrix have been numerically calculated to 15
signi cant gures.

role in boosting non-local correlations of the detectors . Mathematically, the interaction
between branches can be easily seen in the time ordering requirements of the time evolution
operator (4.28) which depends on the ordering across both branches of the superposition.
As a result, the unitary describing the detectors' interaction is complex enough to allow
for quantum controlled switching to get around the no-go theorem [64].

4.3 Summary of results

Inde nite casual order, or more generally, a quantum controlled superposition of detector
activation times, a ect the entanglement harvesting capabilities of UDW detectors locally
coupled to quantum elds. This happens under a variety of scenarios, producing the
striking result that spacelike entanglement harvesting becomes possible in situations not
possible for classical mixtures. We note that the additional entanglement does not come
directly from the control qubit. If there were no eld (i.e. ™ 1) in Eqg. (4.1), then after
the interaction, the detectors would remain separable.

It is crucial to note that, the same eld correlations entering Eq. (4.16) would also
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be present if both detectors were active at two distinct times (and in the same spacetime
regions as for the quantum superposition case), a scenario we call "double switching'.
However, the reduced state oAB would di er from "XE);. Perturbatively, the di erence
would be in the X terms, meaning that the entanglement harvesting would be signi cantly

di erent. Additionally, for double switching violations of the no-go theorem are trivially
possible, since the theorem requires each detector being active only once [76]. Quantum
temporal superposition is therefore in principle distinguishable from the case in which each
detector is twice activated (at least in certain parameter ranges), allowing for a clear way
to unambiguously state that the detectors in the superposition are activated only once.
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Chapter 5

Entangling Detectors in Anti-de
Sitter Apace

In this chapter we present a detailed study of entanglement harvesting in anti-de Sitter
(AdS) space. Quantum elds on AdS space are of particular interest because of the rapid
development of the anti-de Sitter/conformal eld theory correspondence which posits a
connection between conformal eld theories and the bulk geometry of AdS [46]. We note
that entanglement harvesting in the bulk may have implications for entanglement entropy
in the context of the AdS/CFT correspondence conjecture. If one considers quantum
corrections to the well-known Ryu-Takayanagi prescription [70] then the entanglement of
quantum elds in the bulk across the Ryu-Takayanagi surface contributes to the entan-
glement entropy of the boundary CFT [22]. Understanding the nature of entanglement
in the bulk is likely to be important for understanding the quantum corrections to the
entanglement in the boundary.

We shall investigate how entanglement harvesting depends on the AdS length and the
in uence of the boundary conditions satis ed by the eld at in nity, comparing our results
to the at spacetime counterpart. These results will also serve as a baseline for results
obtained for the BTZ black hole presented in chapter 6; it for this reason we shall consider
(2 + 1)-dimensional AdS spacetime. This lower-dimensional setting has the advantage of
yielding insight into the signi cant physical processes with relative computational ease and
e ciency.

Throughout this chapter we adopt the mostly positive convention for the metric sig-
nature ( 1;1;1) and use natural urB'ts~ = ¢c=8G = 1. We have also introduced the
dimensional coupling strength™ := ~ for plotting convenience.
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5.1 Entanglement harvesting in at spacetime

To facilitate comparison between the entanglement harvesting protocol for static detectors
in AdS; with the at space limit ~ ! 1 |, we evaluate both the transition probability of

a single detector and the matrix elemenX appearing in the joint state of two detectors
interacting with a real massless scalar eld in (2+1)-dimensional Minkowski space.

For static detectors and with Gaussian switching functions with no time delay,

2

> (5.1)

p(t) =exp

we can evaluate the transition probability of a single detector and matrix elemeit directly
from their de nition in Egs. (2.24) and (2.26), with the result

> P—
Pp = 7] 1 erf( ) ; (5.2)
2 SZ
X = =P 53 22 1,8%%82% Ky S?=8 ? (5.3)

whereS := jRg  Raj andKg and | are zeroth order modi ed Bessel functions of the rst
and second kind, respectively. These expressions were in producing the at space limits
depicted in Figs. 5.4 and 5.5.

5.2 The AdS 3 Wightman function

AdS space is a maximally symmetric spacetime of constant negative curvature that solves
Einstein's equations with negative cosmological constant:=  1="2. The (2+1)-dimensional
AdS (AdS;) geometry can be described by a 3-dimensional hyperboloid

X2+ X2 T2 T2= "% (5.4)
embedded in a at 4-dimensional geometry
dS? = dX2+ dX3 dTZ dT (5.5)

with coordinates (X 1; X»; T1; T) [13].
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Global coordinates (; %; ) covering AdS are obtained via the transformation

X1 = " sinh%sin ; X 5 = “sinh%cos;
T, = ~cosh%cos ; T, = "cosh¥sin ; (5.6)

in which the induced metric on AdS becomes

ds? =2 costf%d?+ d% +sinh?%d? ; (5.7)
where 2 R, %2 R*, and 2 [0;2 ). Under the coordinate transformationt := *° and
r := " sinh% the AdS; metric may be cast in the familiar form

_ r’ dr? 24 2.
ds® = 1+th+m+rd : (5.8)

It will be useful for what follows to introduce the functiond(R;; R,) denoting the proper
distance between the spacetime points; = (t;R1; ) and X, = (t;R32; ),
n p #

Ro+ RS+ 2

P—
2 N
Ri+ Ri+ 2

d(R1;Ry) := " In (5.9)

We shall consider a massless conformally coupled real scalar eld on AdSince its
vacuum Wightman function takes the particularly simple form [13]
I
1 1
W, L (x; X9 = p= P P ; 5.10
ads (6 X9) 273 P P ooz (5.10)

where
(x;x9 :=2f12 (X1 X9% (T T +(X, X9*° (. TY° (5.11)

is the squared geodesic distance betweéh and X ° in the embedding spaceR?? and
the parameter 2 f1;0; 1g species either Dirichlet ( = 1), transparent ( = 0),
or Neumann ( = 1) boundary conditions satis ed by the eld at spatial in nity [6].
Furthermore, it is the vacuum state described by this Wightman function from which the

LStrictly speaking, when obtained from this embedding picture, the time coordinate is periodic with
period 2 . By allowing to take on all real values we are implicitly moving to the universal cover of the
space. It is this universal cover that is customarily (and also in this work) referred to as AdS.
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Hartle-Hawking vacuum on the BTZ black hole may be constructed [42]; the BTZ black
hole being asymptotically AdS space.

Although the general method for computing Wightman functions is to carry out a
mode sum over basis functions, the structure of the Wightman function in AdSs simple
enough that a combination of analytic and numerical integration is possible. Our methods
are complementary to a study of entanglement harvesting in Adg53], in which mode
sums were carried out to evaluate the relevant quantities of interest.

5.3 The detectors

Suppose detectorg\ and B are kept at distinct xed positions R, and Rg, respectively,
along a common radial direction. The spacetime trajectories describing such detectors
parameterized by their proper time p is

Xp( p) = t=—D;r=RD; = o (5.12)

w)
1
~~
Py
w)
1
~
N
+
[EY

(5.13)

We take the switching functions of the detectors to be Gaussians described by
| |

(a+ ato=2)? (g Bto=2)" |
22 22 '

Al A)=exp s( B) =exp (5.14)

wherety > 0 corresponds to detectoA interacting with the eld before detector B and
vice versa fortg < 0, where the time delayty is de ned in the eld frame. The width,
quanti es the amount of time the detector e ectively interacts with the eld.

To compute the transition probability P, and coherence ternX we evaluate the Wight-
man function in Eq. (5.10) along the detectors' trajectories, substitute the resulting ex-
pression into Eqgs. (2.24) and (2.26), and express the result in a form that lends itself to
being evaluated numerically, all of which is done explicitly in Appendix B. The resulting
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expression for the transition probability is

Z
2 1 apy? qj X
Po = p— PV dyep_ _Sln(Dy)+p—_ ( 1)"cos(h p)e 4 *a
2 2 0 2sin(y=2) 2,5 |
X Z Dn+1 e aDyze i Dy-
Re ( 1) dy p—— (5.15)
n o Dn cosy+ p

where PV denotes that the principal value of the integral should be taken and we have
de ned

ap = %\2:4 2 D = D‘
5= (Ro=)*+1 =3
b, :=max 0; arccos  +(2n 1) (5.16)
The resulting expression for the matrix elemenk is
z 2 .
2 X Xns . € ™Y cosh (1410 x)y
X = p=Kx (1) dy P
n 0 Xn C08y+ X I
Z - 2 . )
Xn+ e &Y cosh + i
' d gosh ( r* 1 x)y (5.17)
Xn cosy+
where
r 2 2( 4 )2 2 22 2
t .t +
Ky 1= 2A Bzexp (A2 Bz) exp o2 2A BZ_I_I_O(A 2)(2 B)
A+ B 2 A+ B 2 A+ B 2 A+ B
i é 2 tO\ i é (5 18)
ay = — = = :
i+ g2e BN
_ asla B) _ 1 RaRs 1
X = 2y 2 X 7 D

x, -=max 0O;arccos y +(2n 1)

In what follows, both the transition probability and matrix element X given above were
evaluated numerically in Mathematica to a precision of 137 using the \double exponen-
tial" and \double exponential oscillatory" integration methods.
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(@) d(0O;Rp) =0 (b) d(O;Rp)=0:5 (c) d(O;Rp) =

Figure 5.1: The transition probability P, of a detector with energy gap = 1=100 is
plotted as a function of the AdS length'= for each of the three boundary conditions =
f1,0;, 1g. Plots (a), (b), and (c) correspond to detectors located at di erent proper
distancesd(0; Rp)= away from the origin.

5.4 The transition probability

We now evaluate the transition probability of a detector, given in Eq. (5.15), for a wide
range of scenarios. We begin by noting that the transition probability in Eq. (5.15) can be

evaluated perturbatively in =~ . We nd that the leading contributions take a very simple
form
p— 2 2 2 2 2 2 2 2 2 3
P—D:—(l erf( ) e e _ e 1r 229 _
2 4 4 24 16
2 2
+ + - + — : )
2880 120———+14 21 - O - (5.19)

The rstterm appearing above is simply the transition probability in (2+1)-dimensional
Minkowski space ( at space). The proper distancel(0; Rp) rst enters at order ( =" )* and
its appearance can be understood as the manifestation of redshift (time dilation) and
non-vanishing acceleration due to the detector being on a static trajectory.

The perturbative expression in Eq. (5.19) is particularly useful for understanding how
the transition probability in AdS ; deviates from the at space result. We see that the
leading order correction to the at space result is proportional to . This means that
the most important factor in the deviation from at spacetime is due to the boundary
conditions satis ed by the eld. A small amount of negative curvature will result in the
detector clicking more (less) than it would in at spacetime if the eld satis es Neumann
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(@ =0:5,d(0;Rp)=0 (b~ ,d(O;Rp)=0 (c) " =10 ,d(0;Rp)=0

(d) ~=0:5,d(O;Rp) = (e) = ,d(0;Rp)= (f) =10 ,d(0;Rp) =

Figure 5.2: The transition probability Py of a detector is plotted as a function of its energy
gap for all boundary conditions = f1;0; 1gand various values of the AdS length= .
In plots (a), (b), and (c) the detector is located at the origin, while in plots (d), (e), and
(f) the detector is located a proper distance&(0; Rp) = away from the origin. Negative
energy gaps < O correspond to a detector that is prepared in its excited statei , prior
to interacting with the eld.
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(Dirichlet) boundary conditions. If the eld satis es transparent boundary conditions then
there is no correction to the at space result at order="".

The next order correction is also quite interesting. It is independent of the boundary
conditions satis ed by the eld and so can be thought of as a \universal" contribution due
purely to negative curvature. Since this term in the perturbative expansion is always nega-
tive for detectors starting in their ground state, we can interpret this as the statement that
negative curvature tends to decrease the transition probability of a detector. Conversely,
since this correction will always be positive for detectors that are initially excited ( < 0),
this means excited detectors in negatively curved spaces are more likely to relax to their
ground state than they would in at spacetime.

The perturbative expansion, while insightful, cannot be used whers" is large, and
there are many interesting phenomena in this regime. To explore this regime we must
resort to a full numerical evaluation of the integral in Eq. (5.15) which is used in producing
Figs. 5.1-5.3.

As seen upon comparison of the plots in Fig. 5.1, for all boundary conditions, the
transition probability Pp is only sensitive to the proper distanced(0; Rp) the detector
is from the origin when the switching parameter is greater than or comparable to the
AdS length °. As "= grows, regardless of the boundary condition$}p approaches its
corresponding value in Minkowski space, indicated by the dashed line. Furthermore, for all
boundary conditions, the transition probability of a detector located at the origin vanishes
as = ! 0, whereas for a detector positioned some proper distance away from the origin,
the transition probability remains almost the same for any. The most notable property of
a detector located at the origin is that for a eld satisfying Dirichlet boundary conditions
( =1), its transition probability reaches a maximum near- 0:7 .

In Fig. 5.2 the transition probability is plotted as a function of the detector's energy
gap for xed AdS length * = 0:5 , where < 0 corresponds to the detector initially
prepared in its excited state. We observe that for > 0, the transition probability decays
to zero exponentially with increasing  without oscillation, regardless of the boundary
condition. Moreover, the decay is much faster for the Dirichlet condition (= 1) than for
the other boundary conditions. However for < 0, the transition probability oscillates
as a function of , this oscillation being suppressed by both the transparent boundary
condition and for detectors located at large distance¥0; Rp) from the origin. This feature
is evidently dependent on dimensionality, andhot on the general structure of AdS space-
time, since the analogous graph in (3 + 1)-dimensions exhibits a transition rate (modulo
oscillations) that is roughly proportional to j j for large negative energy gap [53]. It is
well-known that the detector response exhibits di erent dependence on as a function of
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Figure 5.3: The transition probability P, of a detector with energy gap = 1=100 is
plotted as function of its proper distance from the origin for an AdS length of (a) = 0:5
and (b) ~ = for all boundary conditions = f1;0; 1g.

spacetime dimension, and so this di erence is not surprising. The dimension dependence
arises due to the short distance behaviour of the Wightman function [32] or, equivalently,
due to the energy scaling of the density of states of the eld quanta sensed by the detector
which goes as ¢ 2 (see, e.g., [86]).

In Fig. 5.3, we illustrate the behaviour of the transition probability for a detector located
at di erent spatial positions in AdS3. The transition probability, regardless of the boundary
conditions, is hardly in uenced by the change of position if= is not vanishingly small.
This is to be expected: for large AdS lengths the detector is highly localized in spacetime
and so any change in the AdS curvature negligibly a ects the detector. It is only when the
AdS length is comparable to the width of the switching function that we see a dependence
of transition probability of detector B on its proper distance from the origin.

5.5 Entanglement harvesting

We now consider harvesting entanglement with detectoA at the origin and detector
B placed at various xed proper distances fromA, and for now we assume no relative
time delay in the detectors' switching functions {; = 0). The transition probabilities Pa
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and Pg and matrix elementX can be obtained numerically using Egs. (5.15) and (5.17),
after which the concurrence given in Eq. (2.53) can be easily evaluated as a measure of
the resulting entanglement between the detectors. We nd that the e ects of curvature,
spatial separation, and detector energy gap are notably more dramatic for entanglement
harvesting as compared to the transition probability, which we shall now demonstrate.

We rst consider how the concurrence depends on the AdS length . From Fig. 5.4 we
see that the concurrence vanishes for all boundary conditionsas ! 0. The concurrence
attains its maximum value in the interval 05. "= . 1, and this maximum is largest if
the eld satis es Dirichlet boundary conditions ( = 1). We also note that as™ grows, the
concurrence asymptotes to the at space value for all boundary conditions, as expected.

A similar behaviour occurs when the energy gap is changed for xed AdS length. In
Fig. 5.5 we observe a peak in concurrence for positive for each boundary condition,
the peak again being largest for the Dirichlet boundary condition for the value of
considered.

For initially excited detectors ( < 0) the decrease in concurrence with increasingj
is much more rapid than for detectors initially in their ground states. Hence, similar to
what we found for (2 + 1)-dimensional at space (see section 5.1), it is easier to perform
entanglement harvesting using detectors in their ground-state instead of their excited-state.

Next, we analyze the dependence of the concurrence on the proper distad{® Ra)
detector A is from the origin for a xed proper separationd(Ra; Rg) of the detectors.
Figure 5.6 shows that the larged(0; R5) behaviour changes depending on the proper sepa-
ration of the detectors. When the detectors are close together, the concurrence approaches
a constant value, but for larger separations, the concurrence rapidly falls to zero with in-
creasing distance from the origin. We also note that the concurrence is maximum when the
detectors are close to the origin. In this region they will experience a smaller acceleration
and a lower transition probability, which likely leads to the larger value of the concurrence
as seen from Eg. (2.53).

Finally, we consider the behaviour of the concurrence for di erent proper separations
d(Ra; Rg) between the two detectors. From the plots shown in Fig. 5.6 we see that that
the larger the value ofd(Ra; Rg), the less the concurrence, commensurate with analo-
gous results in at spacetime and consistent with ones expectations from the fall o of
the Wightman function in Eq. (5.10) as the spatial distance betweer and x° grows. For
Dirichlet boundary conditions ( = 1) the decay rate is slowest and the complete elimi-
nation of entanglement (sudden death) occurs at the largest proper separation, with the
opposite true for Neumann boundary conditions (= 1).

Clearly the concurrence exhibits interesting behaviour as a function of AdS length
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the detectors' energy gap , and their proper separatiord(Ra; Rg). To illustrate this more

fully, we provide density plots of the concurrence as a function of the detectors' energy gap
and proper separation for di erent boundary conditions in Fig. 5.7. The shaded areas in

each plot are regions in the parameter space where no entanglement harvesting is possible.

We do not plot values of > 20 as we have found no appreciable quantitative changes for

these large values of AdS length.

We see from Fig. 5.7 several common features for all boundary conditions over the range
of '= . Regions of large concurrence are always in the lower-left corner (smaller energy
gap and smaller detector separation), and regions of zero concurrence are in the lower-
right corner (smaller energy gap and larger separation). We note also that entanglement
harvesting is generally possible at any detector separation for su ciently large energy gap,
albeit in minuscule amounts compared to smaller energy gaps and detector separation.
We also note that the boundary of entanglement in thd d(Ra;Rg)=; g parameter
space is approximately a straight line for large enough a feature observed in (3 + 1)-
dimensions [53], and also in at space in all spatial dimensionalitidd 3, noted in [61],
and which we have observed in (2 + 1)-dimensions (though we have not displayed the
graph).

Distinct features arise when we consider the boundary of the zero-entanglement region
(shaded region in Fig. 5.7). The intersection point of the boundary of this region with
a horizontal line at = 0 slowly moves to smaller values ofd(Ra;Rg)= as = gets
larger. More interestingly is the behaviour of this boundary as a function o . We see
for intermediate values of'= that the shape of this region changes signi cantly for all
boundary conditions at large detector separations.

Most intriguingly is the emergence of an \island" of no entanglement harvesting for
intermediate values ofd(Ra;Rg)= and positive values of the detectors energy gap
for all boundary conditions (see plots (b), (e), and (h) in Fig. 5.7); we will refer to this
region as a separability island. In order to see this separability island clearly, we provide
a close-up view of this region for Dirichlet boundary conditions (= 1) in Fig. 5.8; other
boundary conditions yield qualitatively similar plots. We see that the island is in the region
34. . 3:85.

When the value of = is increased from= 1, we nd that for all boundary con-
ditions, a \peninsula" of separability forms. A further increase of the AdS length causes
the peninsula to stretch out and eventually break o, forming the island of separability.
This behaviour is qualitatively the same for all boundary conditions, and we illustrate this
behaviour for transparent boundary conditions ( = 0) in Fig. 5.9.

Mathematically, the formation of these islands and peninsulas of separability is due to
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the behaviour of the matrix elementX, which we have plotted along with concurrence
in Fig. 5.8b. Over the region of the island, we nd that asd(Ra;Rg) increases,X de-
creases to a minimum and then begins to increase again, wHig remains nearly constant
throughout. The local minimum is the result of two competing e ects. When the sepa-
ration of the detectors is small relative to the AdS length, then we nd that the redshift
factor g approaches 5 = 1 and the two detectors can be approximated to be in (2 + 1)
Minkowski space. In this regime, the coherence term fallo exponentially with increasing
detector separation. As the detector separation increases further ang > 1, the value of
the coherence term begin to increase again due to the t&haviourl@t, which, provided

j j> 1, has alocal maximum at a value ofg = 2 2+ 4 4 1. Of course, g can
equally well be expressed in terms of the detector separation. When considered from this
perspective, the detector separation corresponding to the local maximumkf increases
linearly with the AdS length. The combination of these e ects leads to the existence of the
island for moderate values of= . If the value of '= was too small, then the maximum

of Kx would occur when the detectors are very close together. The non-local correlations
would then still be much larger than the local noise, leading to a positive concurrence. If
the value of '= was too large, the increase i x could not dominate over the exponential
decay, andjX j remains smaller than the noise and the concurrence remains zero.

Summarizing, the shape of the separability island in thed(Ra;Rg)=; g parameter
space depends sensitively on the AdS length and vanishes for values ¢f = 2.5 & 1.
Outside this region entanglement harvesting is possible because of the in uenc&gf and
ay on the matrix elementX . We also note that a similar island has been observed in the
same general region of parameter space in (3 + 1)-dimensions [53]. It is clear that this
phenomenon merits further study.
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Figure 5.4: The concurrenc€="2 associated with the state Az describing two detectors is
plotted as a function of the AdS length'= for all boundary conditions = f1;0; 1g. The

proper separation of the detectors isl(Ra;Rg) = 0:1 , their energy gap is = 1=100,

and detectorA is located at the origin.
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Figure 5.5: The concurrenc&C="2 associated with the state Az describing two detectors
is plotted as a function of the detectors' energy gap for all boundary conditions =
f1,0; 1g. The AdS length is chosen to be = , the detectors are separated by a proper

distance ofd(Ra;Rg) =0:1 , and detectorA is located at the origin.
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(a) d(R/_\;RB):OZl (b) d(RA;RB):OZS (C) d(RA;RB):

Figure 5.6: The concurrenceC="2 associated with the state Az describing two detectors
is plotted as a function of the proper distancel(0; R5) detector A is from the origin, for
di erent proper separationsd(Rx; Rg) between the detectors; all boundary conditions =
f1;0; 1g are shown. The AdS length is chosen to be=0:2 and the energy gap of the
detectors is = 1=100.
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Figure 5.7: The concurrenc&C="2 associated with the state Az describing two detectors
is plotted as a function of their proper separatiord(Ra; Rg)= and energy gap for all
boundary conditions = f 1;0;1g and di erent values of the AdS length'= . Detector
A is located at the origin. The area lled with black dots represents the region where the
concurrence vanishes and thus no entanglement harvesting is possible.
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