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Abstract

This thesis develops new decision models under ambiguity that accommodate arbitrary
reductions in the absence of ambiguity, that is, models not restricted to expected utility
(EU) under pure risk (no ambiguity). A central challenge is the identifiability problem:
from preferences alone, one cannot distinguish which features of the representation func-
tional reflect the decision maker’s evaluation of pure risk from those that reflect their
reaction to ambiguity. To resolve this, we exogenously specify a family of unambiguous
events and employ the property of partial law invariance: the DM is indifferent between
unambiguous acts with the same distribution. The resulting models developed across the
four chapters outlined below are relevant to decision theory, quantitative risk management,
mathematical finance, and operations research.

Chapter 2 studies partial law invariance in the context of risk measures. We fully
characterize partially law-invariant coherent risk measures via a novel representation for-
mula and extend the classical Kusuoka representation. Additionally, we propose new risk
measures, including partially law-invariant versions of Expected Shortfall and entropic risk
measures, along with tractable formulas for their calculation.

Chapter 3 axiomatizes the Choquet rank-dependent utility (CRDU) model, which
cleanly separates pure risk from ambiguity and reduces to rank-dependent utility in the
absence of ambiguity. We show that the coupling of ambiguity perception and ambiguity
attitude can be fully characterized by the matching probability, and that the supermodu-
larity of this matching probability gives CRDU a distributionally robust interpretation.

Chapter 4 distinguishes two conceptual frameworks for processing ambiguity: evaluate-
then-aggregate (ETA), which first evaluates an act under each plausible model and then
aggregates, and aggregate-then-evaluate (ATE), which first reduces ambiguity to a single
representative distribution before evaluation. As most existing ambiguity models fall within
the ETA framework, we develop and axiomatize the Choquet ATE model that generalizes
both Choquet expected utility and CRDU while accommodating arbitrary pure-risk evalu-
ations. Afterward, we provide a rich analysis of the interplay between ambiguity attitudes
and risk attitudes.

Chapter 5 develops a distributionally robust optimization model whose ambiguity set
is derived from a Bayesian second-order belief, providing a clear separation between pure
risk, ambiguity perception, and ambiguity attitude. This chapter is motivated by the
observation that the smooth ambiguity model does not satisfactorily generalize to arbitrary
pure-risk evaluations. A canonical construction based on distorted second-order beliefs
is introduced as a tractable instance of this model, with accompanying algorithms and
numerical illustrations in the context of portfolio optimization.
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Chapter 1

Introduction

Decision theory is concerned with preference relations, i.e., total preorders over objects
of choice, or acts, which express a decision maker’s (DM’s) personal ranking of those acts.
These relations are traditionally characterized by representation functionals: real-valued
functionals on the space of acts that translate the preference relation into the natural
ordering of the reals. A decision model is understood as a class of preference relations whose
representation functionals share a common structural form. A central aim of the field is
to axiomatize decision models, that is, to identify conditions on preference relations that
are normatively compelling and fully characterize representation functionals of the desired
form. We now describe some common settings used in decision theory, each distinguished
by its definition of the space of acts.

In the pure-risk setting, acts are probability distributions over an outcome space, and
a representation functional is called a statistic. The most prominent decision model here
is the expected utility (EU) model, axiomatized by von Neumann and Morgenstern [1947],
which has long served as a cornerstone of the field. Despite its central role, the pure-risk
setting is often too restrictive, as the space of probability distributions lacks the structure
needed to define certain relevant operations, e.g., the outcome-mixture operation used to
define diversified acts.

To move beyond the pure-risk setting, Savage [1954] reformulated acts as functions
from states of the world to consequences, a setting we refer to as the Savage setting. By
imposing normatively motivated axioms on a DM’s preferences over such acts, Savage [1954]
showed that (a) a subjective probability measure could be elicited for the DM, transforming
the preference relation into the pure-risk setting and (b) within this elicited pure-risk
setting, the DM’s preferences are consistent with the EU model. This decision model is
known as the subjective expected utility (SEU) model. The SEU model also motivates the



broader class of probabilistically sophisticated decision models, as described in Machina and
Schmeidler [1992]. In such models, a representation functional is given by the composition
of a probability measure and a statistic: the measure assigns a distribution to each act, and
the statistic evaluates that distribution. A representation functional of this form is said
to be law-invariant. Probabilistically sophisticated decision models arise across a range
of fields, including finance, economics, actuarial science, and operations research. Notable
examples include the mean-variance model of Markowitz [1952] in portfolio optimization,
the rank-dependent utility (RDU) model of Quiggin [1982] in behavioral economics, and
the coherent risk measures of Artzner et al. [1999] in financial risk management.

Though well-suited to many decision problems, the SEU model, and more broadly,
probabilistically sophisticated decision models, have important limitations. Most notably,
Ellsberg [1961] showed that when a DM possesses asymmetric information about event
likelihoods, Savage’s sure-thing principle, a key axiom of the SEU model, may fail to
capture plausible behavior. Ellsberg’s critique was pivotal in launching the formal study of
decision-making under ambiguity, also called Knightian uncertainty or model uncertainty.
In practice, ambiguity arises whenever the information available to a DM is insufficient to
pin down a single probability measure. Moreover, neglecting ambiguity can lead to poor
decisions with detrimental outcomes. The 2008 financial crisis serves as a compelling case
in point: widespread failure to recognize the ambiguity inherent in prevailing risk models
contributed to the catastrophic failure of the financial system (e.g., McNeil et al., 2015).

Several decision models have been developed to accommodate ambiguity. A non-
exhaustive list of these models is: the Choquet expected utility (CEU) model of Schmeidler
[1989], the maxmin expected utility (MEU) model of Gilboa and Schmeidler [1989], the
a-maxmin model of Ghirardato et al. [2004], the smooth ambiguity model of Klibanoff
et al. [2005], and the variational preferences model of Maccheroni et al. [2006]. While the
majority of these decision models were originally axiomatized in the Anscombe Aumann
(AA) setting (see Anscombe and Aumann, 1963), where acts are functions from states of
the world to probability distributions over consequences, they can be formulated in the
Savage setting, which is adopted throughout this thesis.

Each of the above models represents ambiguity through a specific component of the rep-
resentation functional. Given a preference relation in one of these models, this component
can be replaced with a new input representing the perception of no ambiguity. Crucially,
the resulting preference relation will be an instance of the SEU model and can, therefore,
be identified with a statistic consistent with the EU model. We refer to this statistic as
the pure-risk component, and say that the above decision models have EU pure-risk pro-
jections. The main goal of this thesis is to study and axiomatize decision models whose
pure-risk projections need not be consistent with EU.



1.1 Models with arbitrary pure-risk projections

Decision models under ambiguity with arbitrary pure-risk projections have appeared in
the literature. The most prominent among these, motivated by the MEU model, are the
distributionally robust optimization (DRO) models. To define a DRO model, one must first
fix a class of statistics. A preference relation in the model is then specified by a statistic
from that class and an ambiguity set, that is, a collection of probability measures. The
corresponding representation functional evaluates an act by applying the statistic to its
distribution under each measure in the ambiguity set and selecting the worst-case value.
The pure-risk projection of this DRO model is determined by the chosen class of statistics.
For instance, if this class is consistent with RDU, the resulting DRO model has an RDU
pure-risk projection. When this class is only consistent with EU, the DRO model coincides
with the MEU model. Axiomatizations of DRO models have been provided by Delage
et al. [2019] and Fadina et al. [2024], though both take the ambiguity set as given, albeit
in different ways. To my knowledge, the only existing axiomatizations that also elicit the
ambiguity set from preferences are for the MEU model (which is only a single example of

a DRO model).

While DRO models appear frequently in the chapters that follow, particularly in Chap-
ters 2 and 5, the broader focus of this thesis is on decision models with arbitrary pure-risk
projections that generalize, or provide alternatives to, the CEU and smooth models. A
central challenge in the axiomatic work is uniquely identifying the pure-risk component
from preferences. To see why, consider the representation functional p shown below in
Figure 1.1, which utilizes the Donsker—Varadhan variational formula. Here, A denotes the
set of probability measures, p € A, H(v|u) is the Kullback-Leibler divergence, and 8 > 0.

p(X) = —/ﬂog( / exp(—X/B)du) - Vnelg{ / XdV+6H(V!u)}

Risk-averse/ambiguity-neutral Risk-neutral /ambiguity-averse

Figure 1.1: The problem of identifiability

Assume we are only able to view the preference relation defined by the representation
functional p in Figure 1.1. This preference relation is consistent with two decision models:
the SEU model (in red) and the multiplier preferences model of Hansen and Sargent [2001]
(in blue). In the SEU model, the DM perceives no ambiguity (or is ambiguity neutral)



and has the utility function u(z) = — exp(—z/f3). In the multiplier preferences model, the
DM perceives ambiguity, is ambiguity averse, and has a linear utility function. Since the
utility function differs between the two interpretations, the pure-risk component cannot be
identified without first specifying which decision model the preference relation is from. This
identifiability issue is further complicated when the pure-risk component is not restricted to
EU. Consider, for instance, a probabilistically sophisticated preference relation constructed
from a statistic in the RDU model: from preferences alone, one cannot determine whether
the probability distortion is a feature of the pure-risk component, or a consequence of the
DM’s reaction to a ‘uniform’ perception of ambiguity.

To resolve the identifiability problem, I employ the concept of unambiguous events.
These are events equipped with a likelihood mapping: a function that behaves like a prob-
ability measure and assigns a unique likelihood to each unambiguous event. Acts that
are measurable with respect to the unambiguous events are called unambiguous acts, and
under appropriate assumptions, each unambiguous act can be associated with a unique
distribution over consequences (an act in the pure-risk setting). The key observation is
that, provided the unambiguous events are sufficiently rich, the unambiguous acts can be
used to identify the pure-risk component of the DM’s preferences.

To make use of unambiguous events, one must first determine how they are identified.
There are three natural approaches.

(1) Determine the unambiguous events directly from preferences.
(2) Assume the unambiguous events are specified exogenously.

(3) Assume the perception of ambiguity is specified exogenously, and then derive the un-
ambiguous events from it.

Approach (1) has a rich history in the literature. For instance, Ghirardato et al. [2004]
and Cerreia-Vioglio et al. [2011] provide a definition of unambiguous events for very general
classes of decision models. When restricted to the MEU model, their definition yields a
clean result: an event is unambiguous when all measures in the ambiguity set assign it the
same probability. However, this work was carried out in the AA setting. When translated
to the Savage setting using the ideas in Ghirardato et al. [2003], the resulting decision
models necessarily have EU pure-risk projections. Moreover, the mathematical machinery
employed does not readily extend to arbitrary pure-risk components, rendering a similar
approach infeasible.

Another direction taken for Approach (1) was Epstein and Zhang [2001], where the au-
thors worked in the Savage setting. A notable advantage of this work is that it allows for

4



decision models with arbitrary pure-risk projections. However, the main obstacle to adopt-
ing their definition is that any probabilistically sophisticated preference relation deems all
events unambiguous. To see why this is problematic, consider the multiplier preferences
model of Hansen and Sargent [2001] shown in blue in Figure 1.1. This definition would
classify every event as unambiguous, even though the DM faces a ‘uniform’ perception of
ambiguity and strict aversion to it. For these reasons, I do not use Approach (1) in this
thesis. For more on Approach (1), and the connections between Ghirardato et al. [2004]
and Epstein and Zhang [2001], see Nehring [1999], Amarante and Filiz [2007] and Klibanoff
et al. [2011].

In this thesis, I adopt Approach (2) for the axiomatic work. With the unambiguous
events specified exogenously, a key axiom linking preferences to the unambiguous acts is
partial law invariance, also called risk conformity.t Partial law invariance requires that the
DM be indifferent between unambiguous acts that share the same distribution under the
likelihood mapping, a natural condition reflecting that, in the absence of ambiguity, only
the distribution of an act should matter. The notion of partial law invariance is inspired
by, and closely related to, the work of Epstein [2004] and Baillon et al. [2025].

1.2 Structure of the thesis

The following four chapters are based on papers written during my PhD, where I served
as lead author on each. Each chapter is self-contained and may be read independently; all
notation introduced in a chapter is local to that chapter.

Chapter 2 presents a dedicated study of partial law invariance in the context of risk
measures. Here, partial law invariance is examined with greater emphasis on its operational
value. In the remaining chapters, by contrast, it serves as an idealized axiom used to
motivate decision models that remain applicable even when, in practice, a rich collection
of unambiguous events cannot be specified. As partial law invariance is a central axiom
used in the axiomatic work of the subsequent chapters, this chapter provides a natural
starting point for the thesis. Furthermore, this chapter provides interesting ambiguity sets
for DRO decision models that do not assume a ‘uniform’ perception of ambiguity, unlike
many ambiguity sets found in the literature. Beyond its role within the thesis, this chapter
presents mathematical results relevant to the literature on risk measures.

Chapter 3 axiomatizes the Choquet rank-dependent utility (CRDU) model, a concep-
tual generalization of the CEU model whose pure-risk projection is consistent with the

!Both terminologies are used in the following chapters.



RDU model. We show that, in this model, the coupling of ambiguity perception and
ambiguity attitude can be fully characterized by a matching probability, and that the su-
permodularity of this matching probability connects the CRDU model to a DRO model.
The clear separation between pure risk and ambiguity further enables a rich analysis of
the interplay between ambiguity attitudes and risk attitudes.

Chapter 4 describes two conceptual frameworks for decision models under ambiguity
with arbitrary pure-risk projections: evaluate-then-aggregate (ETA), which first evaluates
an act under each plausible model and then aggregates the results, and aggregate-then-
evaluate (ATE), which first reduces ambiguity to a single representative distribution before
evaluation. Since most existing decision models under ambiguity fall within the ETA
framework, we develop and axiomatize the Choquet ATE model, which generalizes both
the CEU and CRDU models and allows for arbitrary pure-risk projections. Similar to
Chapter 3, we provide a detailed analysis of the interplay between ambiguity attitudes and
risk attitudes within the Choquet ATE model.

Chapter 5 develops a DRO model with an arbitrary pure-risk projection, whose ambigu-
ity set is derived from a Bayesian second-order belief. This DRO model is motivated by the
observation that the smooth model does not generalize well to one that allows an arbitrary
pure-risk projection. After motivating the model, we introduce a canonical construction
based on distorted second-order beliefs, develop tractable algorithms, and illustrate them
with portfolio optimization examples. Final remarks and avenues for future research are
discussed in Chapter 6.



Chapter 2

Partial law invariance and risk
measures

2.1 Introduction

Risk measures are popular tools in financial regulation and decision making. In finance,
the usual interpretation of a risk measure is that it assigns a monetary amount to each
financial position, representing the capital that should be held alongside the position to
make it acceptable. In decision-theoretic terms, a risk measure is often interpreted as
the unique certainty equivalent representing a preference relation over random variables,
typically with some financially relevant properties. Risk measures such as the Value-
at-Risk (VaR) and the Expected Shortfall (ES, also known as CVaR) are implemented
in the financial regulatory framework of BCBS [2019], and they are also useful tools in
optimization; see Féllmer and Schied [2016] and McNeil et al. [2015] for general treatments
of risk measures in risk management and finance, and Shapiro et al. [2021] in the context
of optimization.

Law invariance is the fundamental property that makes risk measures, as well as many
decision models, applicable in practice. Once a reference probability model is specified, ei-
ther through statistical estimation or expert opinion, law-invariant risk measures evaluate
financial positions that share the same distribution under this probability model equally.
This connects the theory of risk measures to statistics, thus allowing for a description of
the probabilistic structure of financial positions, arguably a basic step in any quantita-
tive financial analysis. In decision theory, law invariance is often known as probabilistic
sophistication (Machina and Schmeidler [1992]).



Although law invariance is a fundamental concept, it may not be universally desirable
in all contexts. For instance, model misspecification, or model uncertainty, occurs when the
assumed probabilistic model for various financial positions does not accurately represent
the true, unknown, distribution of these positions. This can be problematic as the value of
a law-invariant risk measure may differ significantly between the assumed model and the
objective truth. For instance, during the 2008 financial crisis, the probability model used
for default rates of mortgages was questionable, and the loss distribution for mortgage-
backed securities was underestimated, leading to insufficient capital requirements for many
companies to remain solvent (e.g., McNeil et al. [2015]). Although we take a risk measure
perspective in this chapter, the problem of model uncertainty extends beyond this and can
affect any (usually statistical) process that relies on estimating a probabilistic model, fol-
lowed by computing a quantity based on that model. We will generally refer to uncertainty
in the probabilistic model as “model uncertainty”, which is also known as Knightian uncer-
tainty or ambiguity in the literature. There are many avenues of research that account for
model uncertainty in risk assessment in different ways. One area is distributionally robust
optimization, in which optimization with risk measures is performed against a worst-case
scenario; see e.g., El Ghaoui et al. [2003], Natarajan et al. [2008], and Zhu and Fukushima
[2009]. Another area is to study risk measures formulated from multiple scenarios; see e.g.,
Delage and Li [2018], Delage et al. [2019] and Wang and Ziegel [2021]. Model uncertainty
is deeply rooted in decision theory, often called ambiguity in that literature. The goal
there is to model preferences of decision makers who do not know the precise likelihood
of events that govern their outcomes. Ambiguity is the key ingredient in the influential
work of Choquet expected utility and maxmin expected utility pioneered by Schmeidler
[1989] and Gilboa and Schmeidler [1989], followed by, e.g., the smooth ambiguity model of
Klibanoff et al. [2005] and the variational preferences of Maccheroni et al. [2006].

Most of the literature, including the works cited above, addresses model uncertainty
through three interrelated approaches. The first approach models financial positions as
real-valued random variables (measurable functions), starting with a fixed reference prob-
ability model and a law-invariant risk measure, such as VaR, ES, or a function that repre-
sents expected utility preferences, that captures the risk preferences under full confidence
in the reference model (that is, pure risk). Model uncertainty is then incorporated by
aggregating the risk measure across a family of alternative probability models, often close
to the reference probability in some way. This aggregation is typically the worst-case ag-
gregation, as is common in distributionally robust optimization. The second approach, as
in Artzner et al. [1999] and Féllmer and Schied [2016], also models financial positions as
measurable functions, but it defines a risk measure directly on the space of these functions
without fixing a reference probability model. This method handles model uncertainty by
never supposing a reference probability model from the start, and it does not need a con-



cept of pure risk (or preferences over pure risks). The third approach, common in decision
theory, adopts the two-stage framework of Anscombe and Aumann [1963], by building
preferences over state-dependent monetary lotteries. It begins with a law-invariant risk
measure, typically one representing some expected utility preferences, but it is applied to
the monetary lotteries, instead of the mappings from states to lotteries. Values of the risk
measure over different states are aggregated in various ways such as in Schmeidler [1989],
Gilboa and Schmeidler [1989], and Maccheroni et al. [2006]. In this setting, pure risk refers
to constant mappings that map each state to the same lottery.

In this chapter, we take a novel approach. We model financial positions as measurable
functions and begin with a reference probability model but not a law-invariant risk measure.
To account for model uncertainty, risk measures are assumed to satisfy law invariance only
partially, that is, only with respect to random outcomes depending on events with no
model uncertainty. This approach to modeling risk measures can address situations where
some events are subject to more uncertainty than others. Traditional approaches, such
as distributionally robust optimization, cannot handle this setting, as these models of
uncertainty cannot directly incorporate sub-o-algebras.

The following example can motivate this idea. After estimating a probability model for
various loss factors, it is natural that different factors will have different levels of model
uncertainty. For example, this difference might result from a statistical inference procedure,
where the confidence regions for parameters tied to certain loss factors could be larger or
smaller than those for other loss factors, for instance, due to data scarcity. From this
point, we can typically divide the loss factors into two categories: the loss factors for which
we have no, or negligible, model uncertainty and those that have non-negligible model
uncertainty. We will call all the events related to the loss factors in the first category the
“model-certain source.” A financial position is said to depend on this source if its outcome
is determined by events within this source. The next step is to select a risk measure for
decision making. Requiring law invariance would not be able to distinguish factors in or
outside the model-certain source, which is not desirable. However, for financial positions
depending on the model-certain source, it is reasonable to measure their risk level solely
based on distributions given by the probability model, as these positions involve no model
uncertainty; thus, a partial form of law invariance is desirable. With this guiding principle
in mind, we introduce partial law invariance, based on a suitably chosen source, which is
mathematically modeled by a sub-c-algebra G of the whole model space. A risk measure is
partially law invariant (with respect to G) if it equates the risks of financial positions that
(a) both belong to this source (i.e., G-measurable) and (b) share identical distributions.
This property reflects the discussion above with G being the model-certain source, but it
is applicable beyond this interpretation.



The property of partial law invariance was inspired by, and closely related to, the recent
paper of Baillon et al. [2025], where the authors formalize the idea of sources. In that paper,
sources are defined as algebras of events, and the main idea is that uncertainty attitudes
may differ between sources. We take a fixed source, corresponding to the source of risk in
Baillon et al. [2025], allowing us to obtain mathematically tractable representation results.
Our setting is later generalized to incorporate multiple sources and Section 2.4 discusses
the connection between their setting and ours. A similar concept in decision theory involves
having a o-algebra with no ambiguity regarding the probability, as seen in the expected
uncertainty utility model of Gul and Pesendorfer [2014].

We summarize the main contributions of the chapter below. As the first contribution,
we introduce the concept of partial law invariance as a new and relevant property for
risk measures and preference relations in Section 2.2.1, with two substantive motivating
examples in Sections 2.2.2 and 2.2.3, and a connection to stochastic dominance in Section
2.3.1. As the second contribution, a main theoretical result is presented, Theorem 2.1 in
Section 2.3.2, which is a representation for coherent risk measures (Artzner et al. [1999])
satisfying partial law invariance. Third, generalizing the idea of a single source in Sections
2.2-2.3, the case of multiple sources is studied with a representation result Theorem 2.2
in Section 2.4, where we also explain the differences between the source theory of Baillon
et al. [2025] and our approach. Fourth, we offer several extensions of the above results.
A technical tool, called coherent adjustments, in Section 2.5.1 leads to an alternative
representation of coherent risk measures in Theorem 2.3. This enables us to derive Theorem
2.4, which extends the well-known Kusuoka’s representation (Kusuoka [2001] and Frittelli
and Rosazza Gianin [2005]) under a stronger notion of partial law invariance in Section
2.5.2.  With no surprise to specialists in risk measures, most results can be smoothly
generalized to the case of convex risk measures, and we present some of them in Section
2.5.3. Finally, we discuss some explicit classes of partially law-invariant risk measures.
Formulas to compute the partially law-invariant ES are studied in Section 2.6.1. To provide
some concrete example, two constructions of partially law-invariant coherent risk measures
are discussed in Section 2.6.2. An application with numerical examples is presented in
Section 2.6.3. Section 2.7 concludes the chapter. We will focus on an atomless probability
space in the main part of the chapter. The analysis in the case of a finite probability space
is presented in Section 2.14
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2.2 Partial law invariance: Definition and motivating
examples

2.2.1 Risk measures, preference relations, and partial law invari-
ance

We, throughout, fix a probability space (€2, F,P), where PP is our reference probability
model. We denote by L° the set of real-valued measurable functions, where functions
that agree P-almost surely (a.s.) are identified, and by L> and L' the subsets of random
variables that are essentially bounded and integrable, respectively. A generic set X C L°
is interpreted as the collection of financial positions of interest, and X € X represents
the loss of the financial position for various states of the world w € Q.! It will always
be assumed that X contains the constant random variables, identified with elements of R.
A risk measure is a mapping p : X — R, with the main interpretation of the amount of
capital needed to make a financial loss X acceptable.

For a decision-theoretic formulation, let 7~ be a total preorder over the set X', repre-
senting the preferences of a decision maker over the financial positions. We will also make
two regularity assumptions on 7.

(Cl) Forall X e X, {ce R: X ¢} and {c € R: ¢ X} are closed.
(C2) If a,b € R and a > b, then b > a. (Recall that elements of X' represent losses.)

These assumptions allow us to guarantee the existence of a unique certainty equivalent, as
described in the following standard result.

Proposition 2.1. Under (C1l) and (C2), there exists a unique certainty equivalent for
every X € X, that is, for every X € X, there exists a unique cx € R such that X ~ cx.

Proposition 2.1 implies that we can find a risk measure p : X — R to represent -
via X Z Y <= p(X) < p(Y) (eg., the certainty equivalent, but not necessarily).
The reason for the reversal is to stay consistent with our convention that risk measures
represent riskiness, thus the smaller the better. In what follows, we formulate properties
for p: X — R, unifying risk measures and preference relations.

LA positive value of X represents a loss, and negative value of X represents a profit; this is the standard
loss/profit convention in the risk measure literature.
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Now, we define our main concept of partial law invariance. Given a sub-o-algebra
G C F, we define X(G) = {X € X : X is G-measurable}. To establish technical results,
we will assume that (2, G, P) is atomless, that is, {P(A) : A C B; A € G} = [0,P(B)] for
all B € G, although this assumption is not needed for defining our main concept of partial
law invariance. For X,Y € X, we write X g[p Y if X and Y have the same distribution
under P, that is P(X < z) =P(Y < z) for all x € R. For p: X — R (resp. for 77 on X),
we consider the following property.

G-law invariance: p(X) = p(Y) (resp. X ~ Y) for all X, Y € X(G) that satisfy
d
X =pY.

When G is the largest o-algebra F, the obtained F-law invariance is the widely studied
law invariance of the risk measure literature (or, probabilistic sophistication in decision
theory). As far as we know, G-law invariance with G # F has not been studied in the
literature. It is easy to see that law invariance is stronger than G-law invariance. When
making a contrast, we will refer to G-law invariance as partial law invariance and to F-law
invariance as full law invariance, where the o-algebras should be clear from the context.
We also say that a set X C L° is G-law invariant if X € X N L°(G) and X <p YV € LY(G)
imply YV € X.

To get a better intuition for partial law invariance, let us consider monotonicity of
preferences and risk measures. For XY € X, we write X > YV if P(X < z) < P(Y < x)
for all = € R, which is the usual first-order stochastic dominance (FSD). We can formulate
two notions of monotonicity.

Monotonicity: X 7 Y for all X|Y € X with Y > X (in the sense of P-a.s. through-
out).

G-FSD monotonicity: X 2 Y for all XY € X(G) with Y >; X.

The following simple result clarifies the connection between G-FSD monotonicity and G-law
invariance.

Proposition 2.2. Suppose that the preference relation >~ is monotonic and X is G-law
invariant. Then 77, is G-FSD monotonic if and only if 7 is G-law invariant.

Therefore, partial law invariance can be equivalently interpreted as consistency with
respect to FSD over G-measurable random variables.

12



The main motivations for partial law invariance, in the absence of full law invariance,
are model uncertainty in risk evaluation, illustrated in Section 2.2.2, as well as ambiguity
in decision making, illustrated in Section 2.2.3. In the following examples, and for the rest
of the chapter, we write o(-) for the o-algebra generated by either a random variable, a
collection of random variables, or a collection of sets in F.

2.2.2 Partial law invariance and model uncertainty

In this section we elaborate on the role of partial law invariance in the context of model
uncertainty.

Suppose a firm’s portfolio manager is tasked with making investment decisions involving
the financial positions in X. Among the random variables in X, the manager knows
that the distribution of a financial position Z is accurate under the probability model
P; that is, there is no (or negligible) model uncertainty. For instance, Z may be the
losses from a regular property insurance portfolio, for which there are enough data to
confidently estimate its distribution. The distribution of the other random variables X
under the probability model may be subject to a considerable amount of model uncertainty;,
such as the losses of a stock without a sufficiently long history of data. The manager
needs to decide on a risk measure. In this context, law invariance naturally applies when
dealing with positions g(Z) that are functions of Z because the manager is confident about
their distributions. However, for random variables X that are not o(Z)-measurable, if

x <, g(Z), it is unreasonable to insist that X and g(Z) are equally risky due to the model
uncertainty associated with X; the same can be said for two general random variables
X and Y. In other words, it is natural to require o(Z)-law invariance but not (full) law
invariance.

Denote by M the set of probability measures on (2, F) that are absolutely continuous
with respect to P. The manager may choose a collection of probability measures @ C M;
to reflect model uncertainty. Because Z is the loss whose distribution the manager is
certain about, the set Q should satisfy that for all u € Q, F,, z = Fp 2z, where F), ; is the
cumulative distribution function (cdf) of Z under p. For example, the manager could take

Q:{MeMl | F,u,Z:FIP,Z and d(ﬂ,P) <€}, (21)

where € > 0 and d : M;xM; — [0, 00| is some measure of divergence, such as a Wasserstein
distance or the Kullback-Leibler divergence. For X € &', the manager needs to evaluate
the risk of X under each p € Q, and then aggregate these evaluations in some way. For
instance, if the manager uses the mean to quantify risk and the worst-case approach of
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Wald [1945, 1949] (axiomatized by Gilboa and Schmeidler [1989]) to aggregate the risk
evaluations, then the resulting risk measure is p : X + sup,co E#[X]. We can see that p
is o(Z)-law invariant because p(X) = EF[X] for X that is o(Z)-measurable.

Using the mean as a risk measure is overly simplistic. A risk measure common in
financial practice is the Expected Shortfall (ES also known as CVaR). ES serves as the
standard risk measure for market risk in the banking regulatory framework of BCBS [2019];
see Rockafellar and Uryasev [2002] for its optimization and Wang and Zitikis [2021] for an
axiomatization. For a given probability measure u € M;, the ES at level a € [0,1) is
given by

zeR —

ESE(X) = min (91: + 7 ! EX[(X — :c)*]) , XeL™.

The function ESA(X) can be defined as the average of the left-quantile function of X under
p from « to 1, and also on larger spaces in L°; see e.g., Rockafellar and Uryasev [2002]
and McNeil et al. [2015, Chapter 8]. For simplicity, we write ES, = ES.. Following the
guidelines of BCBS [2019], for each p € Q, suppose that the decision maker uses ES? at
level o = 0.975 to evaluate the risk of X € L*> under . The resulting risk measure is the
worst-case ES (see Zhu and Fukushima [2009]), given by

ES2(X) =supESH(X), X e L™ (2.2)
HEQ

The risk measure E_SS with Q in (2.1) is o(Z)-law invariant. Therefore, considering robust
risk optimization will naturally lead to partial law invariance.

Another common way to assess model uncertainty is through the use of multiple prior
probability measures. Law-invariant risk measures under multiple probability measures
are studied by Wang and Ziegel [2021] under the name of scenario-based risk measures,
which are formulated with the following property, for a set Q@ C M.

Q-basedness: p(X) = p(Y) for all X,Y € L™ satisfying F, x = F),y for all p € Q.

This property means that if two risks are identically distributed under all probability
measures of interest described by Q, then they are assessed as equally risky.

It is evident that law invariance is a particular case of both G-law invariance, by choosing
G = F, and Q-basedness, by choosing Q = {P}. Moreover, law invariance is stronger in
general than both G-law invariance and Q-basedness (if P € Q). What is not so obvious is
how G-law invariance and Q-basedness are connected, which we address next. For u € My,
let D, = du/dP € L', that is, its Radon—Nikodym derivative with respect to P.

14



Proposition 2.3. If p : L™ — R is Q-based, then it is G-law invariant for any G inde-
pendent of o (D, : p € Q).

This connection between O-basedness and G-law invariance reinforces the idea that
partial law invariance of a risk measure can serve as an indicator of sources without model
uncertainty. In this context, observe that Q can be viewed as a set of competing probability
models. The independence between D, and G for all ¢ € Q implies pu|lg = P|g for each
i € Q. This means that all the competing probabilities in O agree on G, which can be
directly interpreted as an absence of model uncertainty on G, as in our motivating example.

2.2.3 Partial law invariance in decision models

We will explore a connection between matching probabilities (defined below) and par-
tial law invariance. The idea of matching probability is used to analyze decisions under
ambiguity; see e.g., Dimmock et al. [2016] and Baillon et al. [2018]. Suppose an agent has
a preference relation - over a set of random variables X on (2, F,P) that includes the
indicator functions. The agent does not have access to P, so events in F can be associ-
ated with ambiguity to this agent. Some events, such as a coin toss or the simulation of
a random number, are not ambiguous to this agent, and we denote by G the o-algebra
generated by these unambiguous events. For a decision scientist to understand the ambi-
guity attitude of the agent, the common approach is to associate each event A € F with
a number py € [0, 1] that corresponds to the specified probability of an equally preferred
event from G, that is, pa = P(B) where B € G and 14 ~ 1. A questionnaire for the
agent would look like “would you prefer getting $1 if event A happens, or getting $1 with
probability p”. Assuming some regularity of the preference, a unique ps € [0, 1] exists.
This p, is called the matching probability of A. For this procedure to be sensible, an
implicit assumption is that all events A, B € G with P(A) = P(B) satisfy 14 ~ 15. Note
that p4 is a numerical representation of the preference of the agent on {14 : A € F},
and this numerical representation satisfies G-law invariance, but it should not, in general,
satisfy full law invariance, as discussed below.

We will now turn to some classical models in decision theory under ambiguity, such as
those of Gilboa and Schmeidler [1989], Klibanoff et al. [2005] and Maccheroni et al. [2006].
These models also naturally give rise to partially law-invariant functionals and preferences.
We first describe a general framework that allows these models to be translated into our
setting. Let (90, Fo,Pg) denote the probability space representing the potential future
states of the world. Suppose a decision-maker does not possess knowledge of Py but has
access to a lottery-generating device, modeled by ((0, 1], B((0, 1]), A), where A denotes the
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Lebesgue measure. Putting these two sources of uncertainty together, one arrives at the
probability space

(Q, F,P) = (0 x (0,1], Fo @ B((0,1]),Py x ),

where Fy ® B((0, 1]) is the product o-algebra. Elements of L are called the Savage acts,
and the decision maker has a preference relation - represented by p : L™ — R. Let
G = o(m), where 7 : Q — (0,1] is given by the projection onto the second coordinate.
We refer to the elements of L>°(G) as lotteries. This way of modeling lotteries with the
product space structure is used by Sarin and Wakker [1992, 1997] and Klibanoff et al.
[2005]. Denote by

A={ue M :puAxB)=puAx(0,1])\B) for all A€ Fyand B € B((0,1])},

which represent the potential probability measures the decision maker needs to consider;
note that the second marginal is always A since there is no ambiguity about the lotteries.
Many examples in decision theory can be formulated via the above setting, and we list
three below. In each model, £ : R — R is a loss function, with the corresponding function
u(z) = —f(—z) being a von Neumann-Morgenstern utility function. (a) The maxmin
expected utility of Gilboa and Schmeidler [1989], given by

p(X) = max /Q ((X) dji = — min /Q w(=X) dy,

RES RES

where § C A; (b) The smooth ambiguity model of Klibanoff et al. [2005], given by

o) = [, ¢( [ o) du) Q= [, &5( [ ut=x) du) Q(dn),

where ¢ is an increasing transformation, gg(x) = —¢(—x), and @ is a probability measure
over A; (c) The variational preferences model of Maccheroni et al. [2006], given by

plX) = max (/QE(X) dp — c(u)) = —min (/Q u(—=X) dp+ c(u)) :

where ¢ : A — [0, 0o] satisfies ¢(p) = 0 for some p € A. Because measures in A have the
same second marginal ), all of the above models satisfy p(Z) = EF[¢(Z)] for each lottery
7 € L*(G), and hence they are G-law invariant, but clearly not law invariant in general.

To connect back to matching probabilities, assume that the agent’s preference relation
>~ is given by the maxmin expected utility model and (€2, Fo, Po) is atomless. Standard ar-
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guments can justify that 77 is law invariant on {14 : A € F} (i.e., the matching probability
A+ P, is law invariant) if and only if S = {Py x A}, i.e., the agent has no ambiguity.

2.3 Coherent risk measures and the associated pref-
erences

We will study partial law invariance in the framework of coherent risk measures and
their relationship to preferences. We focus on coherent risk measures for three reasons:
First, they are prominent in financial regulation and portfolio optimization (e.g., McNeil
et al. [2015] and Follmer and Schied [2016]). Second, they give rise to tractable repre-
sentation results that provide insights into the structure and implications of partial law
invariance. Third, they can be translated into the max-min preferences of Gilboa and
Schmeidler [1989] with suitable interpretation. For the rest of the chapter, we will assume
that X = L*, as is common in the risk measure literature.

2.3.1 Preferences and risk measures

A coherent risk measure (Artzner et al. [1999]) is a mapping p : L> — R satisfying the
following properties.

Cash invariance: p(X +¢) = p(X) +c for all X € L™ and ¢ € R;

Monotonicity: p(X) < p(Y) for all X, Y € L* with X <Y

Convexity: pAX +(1=N)Y) < Ap(X)+(1=N)p(Y) forall X, Y € L* and X € [0,1];
Positive homogeneity: p(AX) = Ap(X) for all X € L> and A\ > 0.

Moreover, a convex risk measure is a mapping that satisfies the first three properties in the
above list, and a monetary risk measure is a mapping that satisfies the first two properties
in the above list; see Frittelli and Rosazza Gianin [2002] and Follmer and Schied [2002].
For background on risk measures, see Section 2.8.

A common continuity assumption in the risk measure literature is Fatou continuity.
For p : L™ — R, we say that p is Fatou (continuous) if for all uniformly bounded se-
quences (X, )nen in L% that converge P-a.s. to some X € L, it holds that p(X) <
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liminf, ., p(X,). Fatou continuity is essential because a risk measure p : L™ — R is
Fatou and coherent if and only if there exists & C M, such that

p(X) =supEF[X], X € L*; (2.3)
HES

see Proposition 2.10 in Section 2.8 for a rigorous statement of this result. This represen-
tation is significant for two reasons. First, it links coherent risk measures to the maxmin
expected utility model of Gilboa and Schmeidler [1989]. With a given loss function ¢, the
random variables /(X)) can be interpreted as a subjective loss; symmetrically, for a utility
function u and random wealth X, u(X) is known as the util of X. Applying coherent risk
measures to these subjective losses (or “dis-utils”) agrees with the maxmin expected utility
model of Gilboa and Schmeidler [1989]. Second, the worst-case expectation is evaluated
with respect to a set of probability measures instead of finitely additive probabilities (which
is the case without Fatou continuity). This distinction highlights the practical relevance of
Fatou coherent risk measures, as statistical procedures yield probability measures rather
than additive probabilities.

Preference relations that are represented by coherent risk measures will be called CRM
preference relations, and they are described by a few properties; see Drapeau and Kupper
[2013] and Proposition 2.12 in Section 2.10. For CRM preference relations, G-law invariance
is connected to second-order stochastic dominance (SSD), which we show below. For
X, Y € L™, we write X >, Y if E[{(X)] > E[{(Y)] for all increasing convex functions
¢ : R — R. In the literature, the common definition is that for two random variables Z
and W representing gains, Z dominates W in SSD if E[u(Z)] > E[u(W)] for all increasing
concave functions w. This is equivalent to —W >, —Z, via the connection ¢(z) = —u(—x),
where —W and —Z represent losses. Next, we define SSD consistency.

G-SSD monotonicity: X 2 Y for all X,Y € L*>*(G) with Y >, X.

In general, G-SSD monotonicity implies G-FSD monotonicity because > is stronger than
>9. These two notions of monotonicity are equivalent for CRM preferences, proved via
standard arguments in the literature.

Proposition 2.4. For a CRM preference relation 7, the following are equivalent: (i) G-law
invariance; (ii) G-FSD monotonicity; (i1i) G-SSD monotonicity.

In the rest of the chapter, we will focus on risk measures instead of preference relations.
Given a monetary risk measure p : L — R, we call A, = {X € L* | p(X) < 0} the
acceptance set of p. Acceptance sets are a standard way to describe monetary risk mea-
sures; for some classical results regarding acceptance sets, see Section 2.8. The following
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proposition relates partial law invariance and the acceptance set in the case of a monetary
risk measure.

Proposition 2.5. A monetary risk measure p is G-law invariant if and only if A, is G-law
mvariant.

2.3.2 Representation of partially law-invariant coherent risk mea-
sures

Our next task is to understand the structure of all G-law invariant coherent risk mea-
sures. First, we need some notation. We denote by M(G) (resp. M;(G)) the set of finite
signed measures (resp. probability measures) on (€2, G) that are absolutely continuous with
respect to Plg. We write M = M(F), and M; = M;(F) for simplicity and to stay con-
sistent with the notation from earlier. If u € M;(G), we will continue to use the notation
D,, to denote the Radon—-Nikodym derivative with respect to Plg, as du/dP|g € L'(G). For
S C M(G) or 8§ € M, we write S = {D,, : u € S}, which is contained in L(G) or L.
Furthermore, in both cases, S is said to be G-law invariant if the set S is G-law invariant
(defined in Section 2.2.1). For notational simplicity, when p € M;(G) we define E* on L™
by E*[X] = E[D,X]. For § C M, we write 89 = {ulg : p € S} C M(G). Similarly, for
B C L', we write BY = {E[X|G] : X € B} C L'(G). There is no ambiguity when we use
the notation RY because (R)9 = (72?) Given p € My(G), let E(u) = {v € My :v|g = pu}.
Clearly, £(u) depends on G, which will be implicitly fixed in all places. If u € M, we will
denote E(u|g) by E(u) for simplicity.

Let X and Q) be two vector spaces. Given a dual pairing (X,9), (, )) let w(X,%)) denote
the weak topology on X. This makes (X, w(X,92))) a locally convex (Hausdorff) topological
vector space. Given some R C X, let conv(R) denote the convex hull of R. It is well
known that (L>, M, (, )) is a dual pairing under (X, ) = E#[X] = E[D,X]. It is also
well known that (L, L', {, )) is a dual pairing under (X,Y) = E[XY]. Indeed, w (L>°, M)
and w (L>, L') coincide since (M, w (M, L>®)) = (L', w (L', L*®)) through the mapping
= D,

For a Fatou coherent risk measure p : L — R, its supporting set is defined as:

S, ={peM; :E'X] < p(X) for all X € L>=}.

Using the subjective loss interpretation for the random variables, we see that the supporting
set is the set of priors in the the maxmin expected utility model of Gilboa and Schmeidler

[1989).
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We are now ready to present a general representation for Fatou G-law-invariant coherent
risk measures reminiscent of representation (2.3).

Theorem 2.1. For a mapping p : L= — R, the following are equivalent.

(i) The risk measure p is Fatou continuous, G-law invariant, and coherent;

(ii) there exists a convex S C M such that the w(M(G), L=(G))-closure of SY is G-law
invariant and

p(X) =supE'[X], X e L= (2.4)
HES

(iii) the w(M(G), L>(G))-closure of (S,)9 is G-law invariant.

We say that S € M;(G) is almost G-law invariant if the w(M(G), L°(G))-closure of
S is G-law invariant as in parts (ii)—(iii) of Theorem 2.1. It is well-known that a Fatou
coherent risk measure p is law invariant if and only if its supporting set S, C M, is law
invariant; see Follmer and Schied [2016, Theorem 4.59]. Theorem 2.1 is reminiscent of this
result, but with some subtle differences; in particular, one needs to take the restriction
of elements of S, as well as a closure of the resulting set. The first operation is clearly
needed, and the second one seems essential. For a discussion of this condition and a proof
of Theorem 2.1, see Section 2.10.2.

Example 2.1. Let p be the mapping X +— E”[X]| where v € £(P). Clearly, p is G-law
invariant, and the only possible set S in (2.4) is given by {v}. We have 8¢ = {P|g}, which
is almost G-law invariant.

Example 2.2. Using the subjective loss interpretation for the random variables, we see the
preference relations related to the maxmin expected utility model of Gilboa and Schmeidler
[1989] are G-law invariant if and only if SY is almost G-law invariant, where S is the set
of priors. In the specific example given in Section 2.2.3, it is straightforward to show that
S9 = {\}, where A\(Q x B) = \(B) for all B € B((0,1]). Thus SY is almost G-law invariant.

Theorem 2.1 also gives a feasible way to construct G-law-invariant risk measures. We
can take any law-invariant coherent risk measure p on L*(G) (e.g., ES,), and for each
€ S; € Mi(G) we take any set S(p) C E(p). Setting

p(X) =supE’[X], X € L, where S = U S(u), (2.5)

vesS HES;

yields a G-law-invariant risk measure. Moreover, p coincides with pon L*(G). For instance,
the risk measure E_Sf in Section 2.2.2 coincides with ES, on L>*(G).
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2.4 Multiple sources

We first clarify the connection between partial law invariance and the source theory
of Baillon et al. [2025]. In the source theory, the decision maker is assumed to have a
specific form of preference relation, and on the source G of risk,? the decision maker is law
invariant with respect to an objective probability. Our concept of partial law invariance
assumes a probability P on the entire o-algebra F, which is interpreted as objective on G.
The requirement on G for the preference relation is the same in both frameworks.

The two frameworks differ on how random variables outside G are treated. In our
framework, losses outside L>°(G) are connected to those in L>(G) via financial properties
like monotonicity and convexity, but we do not directly specify how their distributions are
used in evaluating the risk. In the source theory, multiple sources are specified, and the
decision maker is law invariant with respect to a (possibly different) subjective probability
on each of them.?

Thus far, we have only considered one source (sub-o-algebra) on which the risk measure
is law invariant. In practical applications, there may be multiple sources of randomness on
which the risk measure is law invariant. Extending our framework to multiple sources, we
consider a similar idea as in Baillon et al. [2025], to let the decision maker be law invariant
on each of the sources, but with respect to the common probability P. This leads to the
following formal property. Let ¥(F) denote the set of all atomless sub-o-algebras of F
and & C 3(F). For a mapping p : L™ — R, we say that p is &-law invariant if it is
G-law invariant for each G € . When & = {G}, &-law invariance is the same as G-law
invariance.

A natural corollary of Theorem 2.1 characterizes all Fatou &-law invariant coherent
risk measures.

Theorem 2.2. Let & C X(F). A mapping p : L™ — R is a Fatou &-law-invariant
coherent risk measure if and only if

p(X)=supEt[X], X eL*=

HES

holds for some conver S C M, such that the SY is almost G-law invariant for each G € &.

2Baillon et al. [2025] used algebras instead of o-algebras, which is a technical point and does not affect
intuition.

3In source theory, the natural property of monotonicity (i.e., X = Y if X <Y pointwise, representing
losses) across different sources (i.e., X and Y may not be measurable to the same source) seems to be
difficult to embed.
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Section 2.11 contains an example of a -law-invariant coherent risk measure given by
p(X) = supgeg pg(E[X|G]), where each pg is law invariant and coherent, along with its
representation in the form of Theorem 2.2.

There are at least two stronger yet natural ways of specifying partial law invariance
across multiple sources, which we discuss below.

(a) We may further require that the same risk evaluation applies across different G € &,
leading to the condition that p(X) = p(Y) for all XY € (Jgeu L>°(G) that satisfy

X 2 Y. Note that Uges L(G) is not necessarily a space or even a convex set, making
the property potentially cumbersome to work with.

(b) To obtain a proper linear space, we can consider the sub-o-algebra o = o (Uge@ Q),
and work with og-law invariance.

It is clear that both (a) and (b) are stronger than &-law invariance, and moreover, (b)
is stronger than (a). In Example 2.3 below, we illustrate a situation in which (b) is not
desirable, whereas (a) may be reasonable.

Example 2.3. In the context of robust risk aggregation (see e.g., Embrechts et al. [2013,
2015], Bernard et al. [2014] and the references therein), the marginal distributions of d
random losses X7,..., Xy are known, but their joint distribution is subject to substan-
tial model uncertainty. In this case, it is natural to assume partial law invariance for
® = {o(X;) :i=1,...,d}, but not on the larger o-algebra o(X1,...,Xy), because the
distributions of X; and X, are certain, but the distribution of X; + X5 is not. A concrete
model is described below. Let (Q, F) = (R?, B (R?)) and P be the multivariate Gaussian
measure with mean m € R? and covariance matrix ¥ € R4, Let 3 € R%*4 be given by
f]ij = 1y—jy0,0;. For XA € [0,1], let uy € My be the multivariate Gaussian measure with
mean m and covariance matrix AX + (1 — \)2. Let X;,..., X, be the random variables
given by the projections and & = {o(X;):i=1,...,d}. For a € [0,1), define the risk
measure
p(X) = sup ES}}(X), X eL™.
A€(0,1]

For i € {1, ...,d}, let v; be the Gaussian measure on R with mean m; and variance o?. For
all A € [0,1] and B € B(R), ux (X; '(B)) = vi(B). Hence, p is a &-law invariant coherent
risk measure, and further it satisfies property (a) but not property (b).

Our current formulation of &-law invariance has an advantage over property (a), that
is, the flexibility for modeling the situation where different sources are associated with
different levels of model uncertainty (ambiguity), illustrated by Example 2.4 below.
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Example 2.4. Consider & = {Gy, Gy, ...,G,} with their pairwise intersection being gen-
erated by constants (an example would be that they are independent). Our interpretation
is that Gy has no model uncertainty and each G; is associated with different levels of model
uncertainty. Suppose that the decision maker uses the multiplier preferences of Hansen
and Sargent [2001] on each L>*(G;), i € {0,1,...,n}, represented by

p(X) = ﬂSelj\[/l) (E“[K(X)] — %R(M,FP’)> = eiilogIE [P0 X € L™(G)), (2.6)

where 0; > 0, £ is an increasing loss function and R(u,P) is the relative entropy of p with
respect to P. The second equality in (2.6) is known as the Donsker—Varadhan variational
formula; see e.g., Strzalecki [2011] for this formulation of the multiplier preferences via
l(x) = —u(—=x) as in Section 2.2.3. When 6; = 0, p(X) = E[¢(X)], which corresponds to
the limit as 6; | 0. The formulation (2.6) is well defined because the intersections of L>(G;)
and L>°(G;) for i # j only contain constants ¢ € R, for which p(c) = ¢(¢). In this model,
0; represents the magnitude of model uncertainty in G;, with a larger value representing
more severe model uncertainty; note that p in (2.6) is increasing in ;. We may assume
0o = 0 because Gy has no model uncertainty (but it is not necessary for the discussions
here). For X outside |J;_, L>(G;), we can take p arbitrarily. By (2.6), we can see that p
satisfies &-law invariance, and it further satisfies property (a) if g = 6; = -+ = 6,,. An
explicit convex risk measure on L™ satisfying (2.6) is presented in the next example, where
the sources are independent.

In Example 2.4, even if model uncertainty exists in each source Gy,...,G,, the risk
measure is law invariant on each subspace as a result of robustification, discussed by Hansen
and Sargent [2001].

Example 2.5. The risk measure p in (2.6) on L*(G;) can be written as an entropic
risk measure (Follmer and Schied [2002]) applied to ¢(X). The entropic risk measure
ERg : L™ — R with parameter § > 0 is defined by

1
ERg(X) = 3 logE [¢”*], for >0, and ER,=E.

The convex risk measures ER have unique properties among monetary risk measures,
characterized by Embrechts et al. [2021], and they play a fundamental role in the re-
cent characterization of monotone additive statistics by Mu et al. [2024]. Note that
(2.6) reads as p(X) = ERy, (¢(X)) on L>*(G;) for each i € {0,1,...,n}. Suppose that
& = {Go,G1,...,G,} C X(F) is a collection of pair-wise independent o-algebras. Define
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p:L>® —Rby
p(X) = _max ERg, (E[((X)|G]).
i€{0,1,...,n}
By Jensen’s inequality, ERy, (¢/(X)) > ERy,(E[((X)]) = E[((X)] for all X € L* and
i€{0,1,...,n}. Hence, p(X) = ERy, (¢(X)) for all X € L>(G;) and thus it satisfies (2.6).
If /(x) = z, then p is a convex risk measure because it is the maximum of several convex

risk measures of the form ERy, (E[X|G]).

2.5 Extensions

In this section, we present three extensions of partially law-invariant coherent risk mea-
sures. First, in Section 2.5.1, we introduce a technical tool called coherent adjustments,
which admit interesting mathematical properties. Coherent adjustments allow us to re-
formulate Theorem 2.1 and serve as the foundation for the subsequent two extensions.
Second, in Section 2.5.2, we strengthen partial law invariance to a property, which still
generalizes law invariance, that allows us to extend the representation of Kusuoka [2001].
Finally, in Section 2.5.3, we extend some of the results regarding partially law-invariant
coherent risk measures to partially law-invariant convex risk measures.

2.5.1 Coherent adjustments and an alternative representation

Next, we take a different route to introduce the concept of coherent adjustments, a use-
ful technical tool that helps us further understand G-law-invariant coherent risk measures.
In particular, coherent adjustments make precise how the risk measures with supporting
sets S(u) are built in (2.5).

Definition 2.1. Let u € My(G), a u-coherent adjustment is a mapping 7 : L™ — R
satisfying

G-invariance: 7(X +Y) =7(X) for all X € L>* and Y € L*(G);
p-monotonicity: E#[X] 4+ 7(X) < E[Y]+ 7(Y) for all X,Y € L*>® with X <Y
Convexity: TAX +(1=N)Y) < M (X)+(1=XN)7(Y) forall X, Y € L> and A € [0, 1];

Positive homogeneity: 7(AX) = A7(X) for all X € L*> and A > 0.
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Moreover, a p-convex adjustment is a mapping that satisfies the first three properties in
the above list, or 7 = —oo0 on L*. Given p € M;(G) we denote the set of all Fatou pu-
coherent adjustments by CA(u). Let R € M;(G), we say that (7,),er is a CA-assignment
if 7, € CA(p) for all p € R.

Let u € My(G). From the above properties, it is straightforward that the supremum
of p-coherent adjustments is again a u-coherent adjustment. A simple example of a Fatou
p-coherent adjustment is 7 = E¥ — E# for any v € £(u), which is easy to check. In Section
2.12.1, Proposition 2.15, shows that, indeed, the supremum of the form 7 = E¥ — E*
contains all possible Fatou p-coherent adjustments.

We also note that G-invariance of 7 is equivalent to 7(X) = 0 for all X € L*(G) in the
presence of subadditivity.

Remark 2.1. The properties of pu-coherent adjustment 7 appear similar to a generalized
deviation measure D of Rockafellar et al. [2006], which is defined by four properties: lo-
cation invariance (i.e., D(X + ¢) = D(X) for ¢ € R), subadditivity, positive homogeneity
and D(X) > 0 for all X with strict D(X) > 0 when X is not constant. Deviation mea-
sures naturally appear in a decomposition of insurance premiums; see Nendel et al. [2021].
Certainly, location invariance is not satisfied by any monetary risk measure because it
conflicts cash invariance. By choosing G = {&,Q} (in which case M;(G) = {u} and
D, =1=E[D,|G] for all v € M), G-invariance is the same as location invariance; in this
case, 7 and D share three properties. However, there is an important difference between
7 and D, as 7 may take negative values. For instance, 7 = E¥ — E* defines a u-coherent
adjustment, but not a generalized deviation measure.

The name “p-coherent adjustment” is explained by Proposition 2.6.

Proposition 2.6. Let p: L™ — R and p € M;(G). The following are equivalent.

(i) The mapping p is a Fatou coherent risk measure with p|regy = E*|pe(gy;

(i1) there exists T € CA(p) such that p =EF + 7.

If we assume additivity on L>°(G) and G-law invariance for a Fatou coherent risk mea-
sure p, then p has a form E¥ 4 7 for 7 € CA(PP|g) that is similar to Proposition 2.6 (ii); see
Section 2.12.2.

For some R C M;(G) and CA-assignment (7,),er, by Proposition 2.6, the following
risk measure

p(X) = 816171% (E*[X]+7.(X)), XelL™ (2.7)
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is coherent, as it is the supremum of coherent risk measures. Theorem 2.3 below shows
that this mapping is Fatou continuous and that all Fatou coherent risk measures have this
representation.

To explain why p-coherent adjustments help us extend a coherent risk measure on
L>(G) to L=, let p: L*(G) — R be a law-invariant coherent risk measure. For a convex
R C M;(G) that is w(M(G), L>(G))-dense in S; and a CA-assignment (7,,),er, let p be
given by (2.7). It is easy to see that p|pe(gy = p, meaning that it is G-law invariant.

The above ideas lead to the following alternative representation of partially law-invariant
and Fatou coherent risk measures.

Theorem 2.3. The mapping p : L= — R is a Fatou coherent risk measure if and only if
there exists a convexr set R C M;(G) and a CA-assignment (7,),er such that

p(X) = sup (E*[X]+7,(X)), X eL™. (2.8)

Moreover, in (2.8), p is G-law invariant if and only if R is almost G-law invariant.

Remark 2.2. There is a straightforward way to switch between representations (2.4) and
(2.8) for a Fatou and G-law-invariant coherent risk measure. Given a convex set S C M;(G)
that represents p in Theorem 2.1, define R = SY, which is almost G-law invariant. For each
p € R, define S(u) = E(p) NS and 7,(X) = sup,es,) (E'[X] — E#[X]). These can be used
in representation (2.8). Conversely, let an almost G-law invariant convex set R C M;(G)
and a CA-assignment (7,),cr representing p in Theorem 2.3 be given. For p € R, let
S;, be the w(M, L>)-closed and convex set in Proposition 2.15 (see Section 2.12.1) that
represents 7,. It is easy to show that § = J . S7, is convex and SY9 =R. We can use S
in representation (2.4). The above connection clarifies the construction in (2.5).

Uniqueness of representation (2.8) under a stronger notion of continuity is addressed in
Section 2.12.3. Representation (2.8) has little resemblance to the classical representation
result of Kusuoka [2001] for law-invariant coherent risk measures. The following section
addresses this gap by further imposing a necessary and sufficient condition for a similar
representation along that direction.

2.5.2 Strong partial law invariance and Kusuoka-type represen-
tation

Next, we introduce a new property, which is stronger than partial law invariance and is
necessary and sufficient to reduce (2.8) to a Kusuoka-type representation; see Proposition
2.11 in Section 2.8.
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Define ker(G) = {X € L* : E[X|G] = 0}. We say that p : L — R is strongly G-law
invariant if for all Z € ker(G) and X, Y € L*>°(G) with X 4. Y we have

p(Z+X)=p(Z+Y).

Taking Z = 0 € ker(G), we see that strong G-law invariance implies G-law invariance,
hence the name. Since ker(F) = {0}, the risk measure p is law invariant if and only if p
is strongly F-law invariant. Therefore, strong G-law invariance and G-law invariance are
both a generalization of law invariance. The following result gives an equivalent condition
to strong G-law invariance.

Lemma 2.1. The mapping p is strongly G-law invariant if and only if for all X € L* and
Y € L=(G) with Y L E[X|G], we have

p(X) = p(X - E[X[G] +Y).

An example of strongly G-law invariant risk measure p is p(X) = p(E[X|G]), where
p: L>*(G) — R is law invariant. Examples of functionals satisfying G-law invariance but
not strong G-law invariance will be provided in Section 2.12.5.

Before we give the main result of the section, we need some technical details. Given
X e L', pn € My and a € [0,1), define Fu_)lf(a) = inf{x € R | F,x(x) > a} and
qx(a) = Fpx(a). Given p € My(G), we can define Q € Mp (see Follmer and Schied
[2016, Theorem 4.62]) by

Q([0,1) = /[Ot)(l — ) dgp,(s), for te]0,1). (2.9)

For Q € Mg, define Mg = {u € M;(G) : (2.9) holds}, which is non-empty because
(Q,G,P) is atomless, and

sup EM[X] = / ES, (E[X]G]) Q(da): (2.10)
HEMg [0,1)

see Follmer and Schied [2016, Theorem 4.62]. Let CA(Q) = ﬂueMQ CA(p). This set is
non-empty since it contains the zero map. We present the following result, generalizing
the representation of Kusuoka [2001].

Theorem 2.4. Let p: L>* — R, the following are equivalent.

(i) The mapping p is a Fatou and strongly G-law-invariant coherent risk measure;
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(i1) there exist D C Mp and 19 € CA(Q) for each QQ € D such that

p(X) = sup ( /[ S (BIXIG) Qlda) + TQ<X>) . (2.11)

QeD

In the setting G = F, the representation (2.11) reduces to the Kusuoka representation,

p(X) = sup / ES.(X) Q(da), X € L™,
QeD J[0,1)

because in this case E[X|G] = X, 7(X) = 0, and strong G-law invariance is law invariance.
A simple example is to choose 79 = 0 for all ¢ € D, which yields the risk measure
p: X — p(E[X]|G]) studied in Proposition 2.8 below.

2.5.3 Convex risk measures

This section discusses convex risk measures and their relation to the variational pref-
erences model of Maccheroni et al. [2006]. We provide representations for partially law-
invariant convex risk measures akin to Theorem 2.3. A risk measure p : L™ — R is Fatou
and convex if and only if there exists « : M; — (—00, 00| such that

p(X) = sup (E*[X] = a(p), X €L

see Follmer and Schied [2016]. Using the subjective loss interpretation for the random
variables, we see that applying convex risk measures to subjective losses agrees with the
variational preferences model of Maccheroni et al. [2006] in the case that inf,caq, a(p) = 0.

Similar to CA-assignments, we say that (7,).cr, () is a CoA-assignment if for all
p € Mi(G), 7, is a Fatou p-convex adjustment and the mapping p — 7,(0) is concave.
The following result is the convex version of Theorem 2.3.

Theorem 2.5. The mapping p : L= — R is a Fatou convex risk measure if and only if
there exists a CoA-assignment (7,)uerm,(g) such that

p(X)= sup (E*[X]+7,(X)) XelL™.
HEM(G)

Moreover, p is G-law invariant if and only if for all ¢ > —p(0) the set
{ne Mi(G) | —7u(0) < c}
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18 almost G-law invariant.

The risk measures ER in Example 2.5 are the most common examples of convex risk
measures. We next discuss a few G-law-invariant versions of ER, which shed some light on
different ways to construct partially law-invariant convex risk measures. In the examples
below, partial law invariance is not necessarily associated with the interpretation of model
uncertainty.

We write the conditional version of ER (this is not a risk measure in our definition) as
1
ER3(X|G) = BlogE ["X|G], X eL™

There are many ways to generalize the family of ER to satisfy G-partial law-invariance,
and we list three simple choices. The first is to use the mean of the conditional ER, that
is,

1
ER{(X) = E[ER4(X|G)] = E [5 logE [Jﬂg]} , XeL™.
The second is to compute the ER of the conditional mean, that is,
~G 1 -
ER,(X) = ER4(E[X|G]) = 5 logE [¢"5X19]] | X e L.

Finally, we can also compute ER of the conditional ER, but this gives back the usual ER,
that is

ERs(ER4(X|9)) = %logE [exp (5%1@@ [eﬁXyg])l = ERs(X), X e L™

(This is time-consistency of ER as a dynamic risk measure; see Kupper and Schachermayer
[2009].) The last version is fully law invariant and not interesting to us. The first two
versions are G-law invariant and have intriguing and distinct properties. For instance, if
X is G-measurable, then

—~—G
ERZ(X) =E[X] and ER4(X)=ERg(X);
if Y is independent of G, then
—~—G
ER{(Y) =ERg(Y) and ER,(Y)=E[Y].
The above formulas show that ERg and EAIISL? are not fully law invariant, and none of
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them dominates the other. Moreover, if X and Y above are identically distributed and
—~ G —~ G
non-degenerate, then ERg(X) < ERg(Y) and ER5(X) > ER4(Y). In other words, ERg

penalizes risks independent of G, whereas E\fii penalizes risks measurable to G. This shows
different emphases of the two risk measures when assessing risks from different sources;
note that here we do not interpret events outside G as events with ambiguity; indeed, all
computations are carried with P that is known and fixed in this setting.

2.6 Explicit classes and applications

In this section, we propose a few explicit constructions of partially law-invariant risk
measures and illustrate with numerical examples. Recall our notation £(P) = {v € M, :
v|g = P}, which will be used frequently below.

2.6.1 Partially law-invariant ES

This section gives tractable formulas for an important class of partially law-invariant
risk measures, the G-law invariant ES introduced in Section 2.2.2, given by

ES2(X) =supESH(X), X € L™,

(0%
neQ

where @ C E£(P) and satisfies some regularity (to be made rigorous soon). Afterward,
we numerically implement the results of this section and see how decisions in a simple
investment vary as we change the parameters in the risk measure.

We focus on ES here for two reasons. First, ES is the standard regulatory risk measure
in the banking sector (BCBS [2019]), and hence the most relevant for financial applications.
Second, ES has special advantages in optimization (Rockafellar and Uryasev [2002]), and
the partially law-invariant version of ES admits tractable formulas (Proposition 2.7 below).

To prepare for the formula of sup,,co ES", we first define two technical terms.

Definition 2.2. Let X C L™, we call Y € L™ the essential supremum of X if

(i) Forall X € X, X <Y;

(ii) if Ze€ L>® and X < Z for all X € X, then Y < Z.
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We will denote Y by ess-sup X', as the essential supremum (if it exists) is P-a.s. unique.

Definition 2.3. We say that X C L' is G-convez if for all X,Y € X and X € L>(G) with
0<A<1,wehave A\ X +(1—-)\)Y € X. We say that R C M is G-convez if R is G-convex.

Given certain conditions on @ C &(P), the G-law invariant risk measure SUp,co ES*
mentioned in Section 2.2.2 can be determined via a minimization formula, similar to the
formulation of ES by Rockafellar and Uryasev [2002]. Below, a coherent conditional risk
measure is a mapping from L*™ to L*>°(G) satisfying the four axioms of coherence but with
constants replaced by elements of L>°(G); see Detlefsen and Scandolo [2005].

Proposition 2.7. Let Q C E(P) be w(M, L>)-compact and G-convex. For a € [0,1), we
have

1
sup ESY (X)) = min <:c +
neQ zER 1 -«

E [pg (X — :c)+)}) , XelLx,
where ng : L — L*(G) is the coherent conditional risk measure

pg(X) = esssupE*[X|G], X € L*™.

neQ

Moreover, the set Qs ={pu € E(P): D, <1/(1—p)} for g €[0,1) is w(M, L*>)-compact
and G-convez.

Denote by ESg(X|G) = ngB (X), X € L*, which is the conditional version of ES in
Detlefsen and Scandolo [2005]. The benefit of using Qg is that under tractable assumptions
of the conditional distribution of X given G, E[ESs((X — x)|G)] can be computed using
conditional distributions. Section 2.6.3 offers a numerical illustration of this idea.

2.6.2 Two constructions of partially law-invariant coherent risk
measures

We next present two approaches to constructing partially law-invariant coherent risk
measures. The first class arises from mappings analogous to conditional expectations.

Let ¢ : L™ — L*(G) be a mapping such that /(X)) = X for all X € L*°(G); an example
would be (X) = E[X]|G] or, more generally, the coherent conditional risk measures.
Consider risk measures p of the form

p(X) = p(¢(X)), X € L™, (2.12)
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where p : L>(G) — R is a law-invariant mapping. Clearly, p defined in (2.12) is G-law

invariant because p(X) = p(¥(X)) = p(X) = p(Y) = p(Y) for any X, Y € L*(G) with
d

X=pY.

Remark 2.3. There is a large literature on conditional and dynamic risk measures, which
also involve a fixed sub-c-algebra G; see Riedel [2004], Detlefsen and Scandolo [2005],
and Filipovi¢ et al. [2012]. Conditional risk measures take values in random variables,
different from our setting, and the motivation for partial law invariance is quite different
from the above literature. Nevertheless, it is possible, as shown above, to use the theory
of conditional coherent risk measures to construct G-law-invariant coherent risk measures.

Functionals of the form (2.12) can be found in the two-stage market evaluation of
Pelsser and Stadje [2014] and the market-consistent valuation of Dhaene et al. [2017].
Setting ¥(X) = E[X|G], equation (2.12) offers a straightforward method for constructing
partially law-invariant risk measures. Specifically,

p(X) = AEX|G)), X € L™, (2.13)
Coherent risk measures of the form (2.13) are characterized by the following result.

Proposition 2.8. For a Fatou coherent risk measure p : L — R, equivalent are:

(i) There exists a Fatou coherent risk measure p: L*(G) — R such that (2.13) holds;
(i) there exists p: L>°(G) — R such that (2.13) holds;
(iii) p(X) = p(E[X|G]) for all X € L>=;

(iv) S, LYG).

Moreover, if any of the above conditions are satisfied, p is G-law invariant if and only if p
18 law invariant.

Example 2.6. The idea of using conditional expectations can be generalized further to
incorporate different sub-c-algebras (see Section 2.4). Let H be a sub-o-algebra indepen-
dent of G. Let p; : L*(G) — R and ps : L>°(H) — R both be coherent risk measures, with
the former being law invariant. Define the following risk measure

p(X) = pr(E[X|G)) V po(B[X|H)), X € L™,

where a V b denotes the maximum between two real numbers a and b. To show that p
above is G-law invariant, we first notice that for X that is G-measurable, we have p(X) =
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p1(X) V E[X]. Coherence and law invariance of p; implies p1(X) > E[X] for X € L>(G);
for this result, see Theorem 4.3 of Béuerle and Miiller [2006]. Therefore p(X) = p1(X) for
all X € L*(G), which implies that p is G-law invariant.

The second class of partially law-invariant coherent risk measures arises from statistical
functions and tail risk measures, similar to the example of robust ES.

Let P.(R) denote the set of Borel probability measures on R with compact support.
A statistical function is a mapping v : P.(R) — R. We say that a statistical function is
coherent if the functional on L> given by X — (X 4P) is coherent, where X 4P € P.(R) is
the distribution of X under P. We say that a statistical function is Fatou if the functional
on L> given by X — v(X4P) is Fatou.

Proposition 2.9. Given a statistical function v and S C E(P), the risk measure p : L™ —
R given by
p(X) = sup V(Xyp), XeL™ (2.14)
pe

is Fatou, G-law invariant, and coherent.

Using Proposition 2.9, we can establish a connection between a “bottom-up” approach
to addressing model uncertainty and the current framework. Suppose that an agent begins
with a probability space (€2, G, Py), where they are certain about their probabilistic model
Py on G. The agent wishes to extend this model to a finer-o-algebra F 2 G, on which
they have model uncertainty. To start, she defines a reference probability P on F, such
that Plg = Py, to identify null sets. From here, the agent chooses a set of competing
probabilistic models & C £(Py). For financial positions in L>(G), the agent intends to use
the law-invariant risk measure p : L>(G) — R given by p(X) = y(XxPy), X € L>(G),
where 7y is a statistical function that is Fatou and coherent. The risk measure defined in
equation (2.14) would be a natural risk measure to use on L. According to Proposition
2.9, this risk measure is Fatou, G-law invariant, and coherent. For a similar approach in
the dynamical setting, see Epstein and Schneider [2003] and Hansen and Sargent [2022].

Example 2.7. For 8 € [0,1), define S = {u € &P) : D, < 1/(1 — f)} and let E :
P.(R) — R be the expectation statistical function (mapping a distribution to its mean).
Define p: L>* — R by

p(X) = supE(Xpup) =sup E*[X], X € L™.
HES HES

In this case, p is of the form in (2.4) and (2.14). As 89 = {P|g} is almost G-law invariant,
we can also verify that p is G-law invariant from Theorem 2.1. Take any o-algebra H
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independent of G, such that (Q2, H,P) is atomless (assumed to exist; this corresponds to a
notion of conditional atomless property; see Remark 2.4 in Section 2.9). We claim

p(X)=E[X], X €L®(G) and p(X)=ESs(X), Y € L®(H). (2.15)

Furthermore, these are the extreme values for random variables with a particular distribu-
tion. That is, if Q € P.(R) and X € L*> with X,P = @, we claim

E(Q) < p(X) < ESs(Q),

where ESj : Pe(R) — R is the ES statistical function. The o-algebras G and H are extreme
as p(X) = E(Q) if X € L*>°(G) and p(X) = ES(Q) if X € L>*(H). For proofs of the above
claims, see Section 2.13.2.

By allowing S to vary but maintaining the condition that 89 = {P|g}, we allow the
risk measure to behave “nicely” on L*°(G), while leaving flexibility outside this o-field.
Certainly, it is not necessary to require p € E(P) for all p € S (like S in Example 2.7);
according to Theorem 2.1, it is necessary and sufficient to take SY to be almost G-law
invariant. Indeed, generalizing Example 2.7, we can have p behave like a law-invariant risk
measure p on L>(G) and like a tail risk measure generated by p on L>*(#) in the sense of
Liu and Wang [2021], this is illustrated by Example 2.8.

Example 2.8. Given a Fatou law-invariant coherent risk measure p : L>® — R, there
exists a Fatou coherent statistical function v : P.(R) — R such that p(X) = y(XxP) for
all X € L*. For € [0,1), define S = {p € E(P): D, <1/(1—B)}. By Proposition 2.9,
the risk measure p given by (2.14) is Fatou, G-law invariant, and coherent. We claim that
the risk measure p satisfies

p(X) =p(X), XeL*(G) and p(X)=7p"(X), X e L®(H),
where p° is the S-tail risk measure generated by p. See Section 2.13.2 for a proof of this

claim.

2.6.3 Numerical illustrations

In this section, we numerically evaluate the formula from Proposition 2.7 to generate
plots and explore how model uncertainty shapes portfolio allocations.

Let (2,F) = (R? B(R?)) and P be multivariate Gaussian with mean m € R? and
covariance matrix ¥ € R**?, where X;; = (¢ + (1 — ¢)L=)oi0; for 4,5 € {1,2} (that is,
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an equicorrelation matrix). Let X, Xy be the random variables given by the projections,
representing the single-period percentage losses of two financial positions. We interpret P
as the initial estimated bivariate distribution of these losses. Assuming the distribution of
X is accurately specified (see Section 2.2.2), set G = o(X7). The objective is to evaluate
the risk of portfolios of the form m; Xy 4+ 7 Xy using the risk measure pg = SUPLeq, ESE,
where (71, ) lies in the unit simplex of R%. The parameter 3 € [0,1) represents the
decision maker’s confidence in P for the events outside G. When g = 0, the risk measure
po coincides with ES,, reflecting complete confidence in the reference probability model P.
As f increases, it signals a growing doubt in the model’s accuracy outside of G, leading to
more conservative risk evaluations.

In Section 2.13.3, for 5 € [0, 1), we derive an integral formula for
fﬁ(ﬂ'l,ﬂ'g,x> =K [ESg ((7T1X1 + 7T2X2 - .T)+|X1)] y (216)

which can be evaluated using numerical integration. By Proposition 2.7,

. 1
pp (M Xy + mXs) = min (SU + Efﬁ(ﬂ-l;ﬂ-%x)) ;

which can be computed numerically using a convex program.

Figures 2.1 and 2.2 display plots of the computed values of ps for various portfolio
weights, modeling assumptions, and values of 3. The horizontal axes in all panels are
given by 7, the weight allocated to X;. Since pg(X;) = ES,(X7) for all 5 € [0,1), the
lines agree when m; = 1.

Figure 2.1 illustrates how the risk-minimizing portfolio evolves as 3 increases. When
mo = 0 (left panel), an agent with § = 0 optimally selects an equal allocation between
X7 and X5. This is consistent with the preference for pure diversification as both X; and
Xy share the same correctly-specified distribution. As [ increases, the risk-minimizing
portfolio shifts monotonically toward a full allocation to X;. This shift reflects the agent’s
growing concern that the model may be misspecified outside the estimated distribution
for X;. The center and right panels (mg = —0.05 and —0.1) represent cases where X5 is
initially expected to yield a higher return. In these cases, the same shift towards a full
investment into X; persists, albeit with reduced intensity as the perceived downside of
model uncertainty is partially offset by the favorable mean of X5.

Figure 2.2 considers a fixed § = 0.95 and varying o5. As expected, when o5 is very small,
even the worst-case distributions within the “S-neighborhood” of the estimated distribution
for X5 are more favorable than the well-specified distribution of X;. Consequently, the
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Figure 2.1: Varying (3, while fixing m; =0, 0y = 0.1, 0o = 0.1, ¢ = 0.5, @ = 0.95; the red
dotted curve connects the optimizers for different 3
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agent continues to allocate fully to X5, despite the high level of model uncertainty. When
09 is large, the risk-minimizing portfolio has an increasing weight allocated to X;.

2.7 Conclusion

Our main purpose is to propose and study the concept of partial law invariance as
a generalization of law invariance for risk measures and preference relations. This new
property is appealing from a decision-theoretic perspective and interesting from a purely
mathematical perspective. To summarize the main motivation, different economic sources
have different levels of model uncertainty, and a law-invariant mapping or preference re-
lation does not take these differences into account, thus calling for the concept of partial
law invariance to capture this discrepancy.

The economic relevance of the new framework is illustrated throughout the chapter
with examples. In addition to conceptual development, the new framework also leads to
mathematical novelty in terms of new classes of risk measures and new representation re-
sults in forms not present in the literature. In particular, coherent and convex adjustments
play an important role in understanding the new property and its representation in both
the context of coherent and convex risk measures.

The possibility of characterizing partial law invariance to other classes of risk measures
may be worth discussing. The star-shaped risk measures, studied by Castagnoli et al.
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Figure 2.2: Varying o,, while fixing m; =0, o7 = 0.1, ¢ = 0.5, a = 0.95, 8 = 0.95; the red
dotted curve connects the optimizers for different o,
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[2022], are a natural generalization of convex risk measures, and they satisfy the following
property in addition to p(0) = 0.

Star-shapedness: p(AX) < A\p(X) for all X € L> and X € [0, 1].

Representations of law-invariant (quasi-)star-shaped risk measures have recently been stud-
ied by Han et al. [2025] and Laeven et al. [2024], which admit a quite different structure
than the Kusuoka-type. Another research question is how to incorporate different proba-
bilities, instead of projections of the same probability IP as in our setting, in the context of
multiple sources.

2.8 Review on risk measures

This section reviews risk measures in the framework of Artzner et al. [1999].
We say that a risk measure p is Lebesgue (continuous) if for all uniformly bounded

sequences (X, )nen in L™ that converge P-a.s. to some X € L, it holds that

lim p(X,.) = p(X).

n—o0

An example of a Lebesgue (thus Fatou) coherent risk measure is ESY for p € M; and
aecl0,1).
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Some well-known facts are collected below. A coherent risk measure p is Fatou if and
only if p is w(L>, M)-lower semicontinuous, a proof of which can be found in Féllmer and
Schied [2016, Theorem 4.33]. A coherent risk measure has a dual representation in the
following form; see, e.g., Féllmer and Schied [2016, Theorem 4.33]. Recall that for a Fatou
coherent risk measure p : L™ — R, it’s supporting set is given by

S, ={peM; :E'X] < p(X) for all X € L>}.

Proposition 2.10 (Delbaen [2002]). For p: L™ — R, the following are equivalent.

(i) The mapping p is a Fatou coherent risk measure;

(ii) there exists a w(M, L>)-closed and convex set S C M such that

p(X) =supEr[X], X e L™ (2.17)
HES

In case (i) holds, S is uniquely given by S, (the supporting set of p). Moreover, R C M,
gives representation (2.17) if and only if conv(R) is w(M, L™®)-dense in S,,.
Example 2.9. For u € M; and « € [0, 1), ESY admits the dual representation

ESE(X) = sup E"[X], X eL*=,

I/GSa,,u,

where S, ,, = {r € M, | (1 —«a)D, < D,}; see e.g., Follmer and Schied [2016, Theorem
4.52]. Since S, is w (M, L>)-closed and convex, Spgr = S, holds.

Law-invariant coherent risk measures also admit a representation of Kusuoka [2001],
and Fatou continuity is automatic for law-invariant convex risk measures, as shown by
Jouini et al. [2006] and Svindland [2010]. Let Mp denote the probability measures on
[0,1) equipped with the restricted Borel o-algebra.

Proposition 2.11 (Kusuoka [2001], Jouini et al. [2006], Svindland [2010]). For p : L™ —
R, the following are equivalent.

(i) The mapping p is a Fatou law-invariant coherent risk measure;

(ii) the mapping p is a law-invariant coherent risk measure;
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(iii) there exists some D C Mp such that

p(X) = sup/ ES,(X) Q(da), X € L.
QeD J[o,1)

It is well known that the monetary risk measure p : L> — R is convex if and only if
A, is convex, and coherent if and only if A, is a convex cone.

2.9 Additional results and proofs accompanying Sec-
tion 2.2

Proof. Proof of Proposition 2.1: We claim the set {¢c € R : X 77 ¢} must be of the form
[a,00) for some a € R. To see this, let v € {c e R: X 77 ¢} and y > z, then X Z x>y
and y € {c € R: X = ¢} by (C2), which proves {c € R : X = ¢} is an interval with no
right endpoint. Since {¢ € R : X 77 ¢} is closed by (C1), it must be of the form [a, c0) for
some a € R. Using the same argument, we can show that the set {c € R: ¢ 77 X} must
be of the form (oo, b] for some b € R. As 7 is a total ordering, it must hold that a < b
since if this were not true, there would be ¢ € R that was not comparable to X. Assume
that a < b, then X =~ a > b 2= X, which is clearly a contradiction. Thus, a = b and we can
define cx = a = b. Then, by the definition of @ and b, cx ~ X. O

Proof. Proof of Proposition 2.2: Assume that =~ is G-law invariant. Let XY € X(G)
with X >; Y. As (Q,G,P) is atomless, we can find a G-measurable U such that U has

a uniform distribution under P. Define X = F]PT)I((U) and Y = FHQ}(U), thus X <p X,

Y i]p Y, and X > Y. By G-law invariance and monotonicity, ¥ ~ Y = X ~ X, thus = is
G-FSD mononotonic. The converse is straightforward. O

Proof. Proof of Proposition 2.3: Let X,Y € L>*(G) and X ip Y. Forpe Qand x € R
we have
IU(X § 33) =K [Du]l{ng}} =K [DM] E []l{Xgm}] = ]P)(X S :L‘)

and similarly (Y < z) = P(Y < z). Hence, X and Y are identically distributed under
cach element of Q. Since p is Q-based, we have p(X) = p(Y'). This implies that p is G-law
invariant. [l

The next remark discusses how Proposition 2.3 is related to conditional non-atomicity
proposed by Shen et al. [2019].
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Remark 2.4. Let Q be a collection of probability measures on (£2, F) and M;(Q) be the set
of probability measures dominating (in the sense of absolute continuity) each element of
Q, and we assume it is non-empty (it is always non-empty if Q is finite or Q@ C M;). The
set Q is said to be conditionally atomless if there exist v € M;(Q) and random variable
X such that under v, X is continuously distributed and independent of o(D, : p € Q).
As discussed by Delbaen [2021], an equivalent statement for conditional non-atomicity of
Q is that there exists an atomless o-algebra G independent of o(D,, : p € Q) under some
v € M;(Q). Clearly, when (2, G,P) is atomless, the condition that G is independent of
(D, : p € Q) in Proposition 2.3 is sufficient for conditional non-atomicity of Q.

2.10 Additional results and proofs accompanying Sec-
tion 2.3

2.10.1 Additional results and proofs accompanying Section 2.3.1

For a preference relation 77, we define the following properties:

Translation invariance: X +c¢ 22 Y +c. for all X|Y € L*>® with X 7Y and ¢ € R;

Convexity: A X + (1 =AY = Zforall XY, Z € L™ with X =~ Z and Y Z Z and
A€ [0,1];

Positive homogeneity: AX = AY for all X, Y € L™ with X Y and A > 0;

Continuity from below: for all increasing sequences (X, )nen in L™ that converges to
X and Y € L* with X, Z Y for n € N, we have X 7 Y.

The next proposition clarifies the connection between CRM preferences and these prop-
erties, and we provide a simple self-contained proof.

Proposition 2.12. For a preference relation 7, the following are equivalent.

(i) The preference relation 72 satisfies monotonicity, translation invariance, converity,
and positive homogeneity;

(ii) The preference relation 7 is a CRM preference relation.
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Furthermore, if any of the above is true, 7= is continuous from below if and only if p is
Fatou continuous.

Proof. Proof: (i) = (ii): Define the mapping p : L> — R by p(X) = cx. We know that
p represents the preference relation 2Z. As 77 is monotonic, it is clear that p is monotonic.
Let X € L™, as X ~ p(X), by translation invariance, p(X +¢) ~ X + ¢ ~ p(X) + ¢ for
all ¢ € R. By assumption (C2), p(X +¢) = p(X) + ¢ for all c € R. Define A, = {X €
L>:p(X) <0} ={X € L*: X z 0}. It is easy to see that A, is a convex cone as the
preference relation 77 is convex and positively homogenous. Thus, by Follmer and Schied
[2016, Proposition 4.6], p is a coherent risk measure. (ii) = (i): This is straightforward.

To prove the last statement, let p : L — R be a coherent risk measure that represents
the preference relation 7.

We claim that the preference relation 77 is continuous from below if and only if for all
increasing sequences (X, )nen in L™ that converges to X, we have p(X,,) T p(X). For the
forward, assume that (X, ),ey in L™ is an increasing sequence that converges to X. Let
[ = limg 00 p(Xx), which exists as (p(X,,))52, is increasing. Since p(X,,) <[ for all n € N
and p(l) =1, X,, 7 [ for all n € N. Therefore, X = [ and

p(X) < 1= lim p(Xy) < p(X),
which implies p(X,,) T p(X). For the converse, assume that (X,,)nen in L™ is an increasing
sequence that converges to X and Y € L* with X,, =~ Y for n € N. Therefore, it holds
that p(X,) < p(Y) for all n € N and

p(X) = Tim p(X,) < p(¥),

n—o0

meaning that X 7 Y.

As p is monetary, it is a well-known fact that p is Fatou continuous if and only if for
all increasing sequences (X, )nen in L™ that converges to X, we have p(X,,) T p(X), which
proves the claim. O

Proof. Proof of Proposition 2.4: (i) < (ii): Follows from Proposition 2.2. (i) < (iii): The
functional p : L™ — R defined by p(X) = cx is coherent as the preference relation - is
a CRM preference relation. We say that p is G-SSD monotonic if p(X) > p(Y) for all
X,Y € L*(G) with X >, Y. It is well-known that a convex risk measure is law-invariant
if and only if it is F-SSD monotonic; see e.g., Mao and Wang [2020, Theorem 2.1 and
Proposition 3.2]. Restricting this to L>°(G), the preference relation 7~ is G-law invariant if
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and only if p is G-SSD monotonic. It is clear that p is G-SSD monotonic if and only if the
preference relation =~ is G-SSD monotonic. ]

Proof. Proof of Proposition 2.5: The forward is trivial. For the converse note that {X €
L> | p(X) < ¢} = A, + c. Therefore, the level sets of p are G-law invariant; the claim is
straightforward to prove after this observation. O

2.10.2 Discussion and proof of Theorem 2.1

A proof of Theorem 2.1 follows from an analysis of the supporting set of p, which will
be presented in a few separate results.

Proposition 2.13. Let p : L™ — R be a Fatou coherent risk measure and p = p|re(g)-
Then, p is a Fatou coherent risk measure. Furthermore, 8§ C S; and 8§ is w(M(G), L>(G))-
dense in S;.

Proof. Proof: The fact that p is a Fatou coherent risk measure is clear. Since Sg is convex
and for X € L>(G),

p(X) = p(X) = sup B*[X] = sup E[E[D,|G]X] = sup E*[X],

HES, LES, neSy
we have that S5 is w(M(G), L(G))-dense in S; by Proposition 2.10. O

It is natural to wonder when Spg = §; in Proposition 2.13. Proposition 2.14 offers
sufficient conditions for this equality.

Lemma 2.2. The mapping R : M — M(G) : p — plg is w(M, L®)/w(M(G), L>(G))-

continuous.

Proof. Proof: Let py, p € M with limy py = g in w(M, L>®). Fix some X € L*(G). We
have

ERMI[X] = B [X] — BAX] = ERW[X].
Therefore R(uy) — R(p) in w(M(G), L>®(G)). O

Proposition 2.14. Let p : L> — R be a Fatou coherent risk measure and p = p|re(g).
The following are sufficient conditions for Sg =S;.
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(i) Zhe risk measure p satisfies p(E[X|G]) < p(X) for all X € L (equivalently, gg -
S,).

(ii) The risk measure p is Lebesque continuous.

Proof. Proof: (i) For 1 € S5, we have
E*[X] = E[D,E[X|F]] < p(E[X]F]) < p(X),

for all X € L. Therefore, the extension of u to F, i.e., the measure g : F — [0, 1]
given by A +— E¢[1,], is in S,. Since filg = p, we have S; C S5. (ii) The restriction
po— pilg is w(M, L) /w(M(G), L=(G))-continuous by Lemma 2.2 and S, is w(M, L™)-
compact (see Follmer and Schied [2016, Corollary 4.38]), and hence we have that Sg is
w(M(G), L>*(G))-compact. Therefore, Spg is closed since w(L!, L*°) is Hausdorff, which
implies 8pg =S;. m

Remark 2.5. Although Proposition 2.14 only provides sufficient conditions for Sg =3S;
we did not find any counter-example in which Sg # S;, which seems to be a challenging
question. This relates to whether we can omit the operation of taking a closure in Theorem
2.1. If Sg = §; always holds, then that operation can be omitted.

We are ready to prove Theorem 2.1.

Proof. Proof of Theorem 2.1: (i) = (iii): Since p = p|re~(g) is law-invariant, we have that
S; is G-law invariant. By Proposition 2.13, S is almost G-law invariant. (iii) = (ii): By
Proposition 2.10, representation (2.4) holds with S,. (ii) = (i): It is clear that p is a Fatou
coherent risk measure. It is also clear that SY is convex and supports p = p|r=(g). Since
SY is almost G-law invariant, p is law invariant. This implies that p is G-law invariant. [

2.11 An additional example accompanying Section 2.4

Example 2.10. Let & C X(F) be a collection of pair-wise independent o-algebras. For
each G € &, let pg : L>°(G) — R be a Fatou law-invariant coherent risk measure. Define
the risk measure
p(X) = sup pg(E[X]|G]), X € L.
Geo
Using a similar argument as Example 2.6 in Section 2.3.2, one can show that p is a Fatou
B-law-invariant coherent risk measure. To see how this example relates to Theorem 2.2,
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for each G € &, let 1g : M1(G) — M; be the embedding given by [tgu](A) = EF[14],
A € F. Also, denote the supporting set of pg by Sg. Define S = conv (Ugeo5 Lg(Sg)) :
By Proposition 2.8, sup,c,.ss) EX[X] = pg(E[X|G]) for all X € L*>. Thus, p(X) =
sup,es E#[X], X € L. Since & is independent, for all G € &, we have SY = Sg, which is
w(M(G), L>=(G))-closed and G-law invariant. Therefore, the set S is a valid candidate for
the set found in Theorem 2.2.

2.12 Additional results and proofs accompanying Sec-
tion 2.5

2.12.1 Additional results and proofs accompanying Section 2.5.1

Proof. Proof of Proposition 2.6: (i)=(ii): For X € L* define 7(X) = p(X) — E[D,X].
The fact that 7 is a p-coherent adjustment is easily verified. To check that 7 is Fatou, let
(X,)22; be a uniformly bounded sequence in L which converges P-a.s. to some X € L.
By the Dominated Convergence Theorem (DCT) we have lim, . E[D,X,] = E[D,X].
Therefore,

liminf 7(X,,) = liminf(p(X,,) — E[D,X,]) > liminf p(X,,) — lim E[D,X,]
n—oo n—oo n—oo n—oo
> p(X) —~ E[D,X] = r(X),

The claim follows since p(X) = E[D,X]| + 7(X) for all X € L*.

(ii)=-(i): The facts that p is a coherent risk measure and that its restriction is E#* are
easily verified. Fatou continuity follows an argument similar to the one given above. [

We provide some facts regarding the representation of p-coherent adjustments.
Proposition 2.15. Let 7: L™ — R and p € My(G). The following are equivalent.
(i) The mapping T € CA(u);
(ii) there exists a w(M, L>)-closed and convex set S, C E(u) such that

7(X) = sup (E'[X] - E*[X]), X € L*; (2.18)

VGST
(i1i) there exists R C E(p) such that 7(X) = sup,x (E”[X] — E*[X]), X € L.
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In case (ii) holds, the closed and convex set S, is uniquely given by
{ve M :E'[X]| - E*[X] < 7(X) for all X € L*}.

Proof. Proof: (i) = (ii): Assume 7 € CA(u). By Proposition 2.6, the mapping p = E# 47
is a Fatou coherent risk measure. We have

E* [ X]+7(X) =sup E" [X], X € L™.

veS,

By Proposition 2.13, Spg must be contained in the supporting set of p|r~(g) = E*|p~(g),
and therefore Y = {1} (meaning S, € £(u)). Note that

E*[X] + 7(X) = E*[X] + sup (E"[X] — E*[X]), X € L™,
veS,
implying 7(X) = sup, s, (E"[X] — E#[X]), X € L*. Therefore (2.18) holds with S, = S,.
Furthermore,

S=S,={re M, |E"[X] <p(X) for all X € L™}
={ve M, |E[X]-E'X] <7(X) for all X € L>}.

The uniqueness follows directly from Proposition 2.10.

(ii) = (iii): Obvious. (iii) = (i): Let R C M, have the stated properties. Proving
T is a p-coherent adjustment is straightforward. Let (X)), be a bounded sequence
that converges P-a.s. to X. By the DCT, lim, .. E[(D, — D,) X,| = E[(D, — D,,) X].
Therefore,

7(X) =supE[(D, — D,) X] = supliminf E[(D, — D,) X,] <liminfsupE [(D, — D,,) X,,]

VER vER N0 n=oo yeR
= liminf 7(X,),
n—oo
proving the Fatou continuity of 7. O]

Corollary 2.1. Let p € My(G) and 7 : L — R be a p-coherent adjustment. The
following are equivalent.

(i) The mapping T € CA(u);

(i1) the mapping T is w(L>®, M)-lower semicontinuous;
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(iii) the mapping E* 4+ 7 is Fatou,

(iv) the mapping E* + 1 is w(L>®, M)-lower semicontinuous.

Proof. Proof: (i) = (ii): This follows from the representation given in Proposition 2.15 and
by the fact that the supremum of continuous functions is lower semicontinuous. (ii) = (iv):
The sum of lower semicontinuous functions is lower semicontinuous. (iv) = (iii): This
follows since E#4-7 is a coherent risk measure that is lower w(L>, M)-lower semicontinuous.
(iii) = (i): Since E* + 7 is Fatou, we can use a similar argument as Proposition 2.15 to
show that 7 has the representation (2.18). Thus by Proposition 2.15, the mapping 7 is
Fatou. O

Proof. Proof of Theorem 2.3: Let p be a Fatou coherent risk measure. For pu € Spg, we
define S(p) = £(n) N'S,, note that S, = Uuespg S(p). We have

p(X) = sup E[D, X] = sup (E[E[D,|G]X] + E[(D, — E[D,[G]) X])
= sup sup (E[D,X]+E[D,— D,)X])
s veS()
= sup (E*[X]+7.(X)), X e L=,

pesy

where 7,(X) = sup, g, (E"[X] - E#[X]), X € L>. The fact that 7, € CA(u) follows from
Proposition 2.15. It is straightforward to see that Spg is convex. For the converse, note that
(2.8) is the supremum of coherent risk measures (by Proposition 2.6; see (2.7)) and thus a
coherent risk measure. By Corollary 2.1, E* + 7, is w(L>, M)-lower semicontinuous for all
p € R. As the supremum of w(L>, M)-lower semicontinuous and coherent risk measures,
p is also one, and hence it is Fatou. Let p = p|r~(g). We have that R in (2.8) is dense
in §;, and the last claim now follows from the same argument in the proof of Theorem
2.1. 0

2.12.2 Additivity on the subspace

In this section, we discuss coherent risk measures that are not only subadditive but also
additive on L*°(G), which turn out to have a strong connection to coherent adjustments.
For p : L™ — R, we say that p is G-additive if p(X +Y) = p(X) + p(Y) for all
X,Y € L>*(G). Additivity has the interpretation as risk neutrality under a particular
probability, an idea that goes back to at least de Finetti [1931]; see Wakker [2010, p. 23]
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for discussions on this. Hence, G-additivity reflects that the risk measure is risk neutral on
the subset L>*(G) of L*™. In other words, such a risk measure is neutral for risks without
uncertainty; recall that in the context of Section 2.2.2, random losses in L>°(G) do not have
uncertainty in their distributions.

For X € L™ we say that p is linear along X if p(AX) = Ap(X) for all A € R; see
Bellini et al. [2021] and Liebrich and Munari [2022] for more discussions on this technical
property. The following proposition gives necessary and sufficient conditions for dropping
the supremum in representation (2.8) in the case of G-law invariance.

Proposition 2.16. Let p: L — R be a Fatou coherent risk measure. The following are
equivalent.

(i) The mapping p is G-additive and G-law invariant;
(ii) the mapping p is linear along a nonconstant X € L*>(G) and G-law invariant;
(111) there exists T € CA(P|g) such that

p(X)=E[X]+7(X), X € L*™.

Proof. Proof: (i)=(ii): Since p is G-additive and coherent, it is linear on L*>°(G). Since
L>*(G) contains non-constant random variables, (ii) holds. (ii)=-(iii): The fact that
plre@) = E|p=(g follows from Theorem 4.5 and Theorem 4.7 of Bellini et al. [2021].
Using Proposition 2.6, we prove the claim. (iii)=-(i): This is clear by definition. O

2.12.3 Uniqueness of the representation in Theorem 2.3

A natural question would be, under what conditions is representation (2.8) unique?
When the coherent risk measure is Lebesgue continuous, there is a definite answer to this.
We first need some results before we can state and prove the theorem regarding uniqueness.

Proposition 2.17. If X\ — X in w (L', L*) then E[X,|G] — E[X|G] in w (L', L*>).
Proof. Proof: Let X — X in w (L', L®) and Y € L>, we have

E[E[X)|G]Y] = E[X,\E[Y]G]] — E[XE[Y|G]] = E[E[X|F]Y].
Implying that E[X,|G] — E[X|F] in w (L', L*>). O

Corollary 2.2. The set L'(G) is w (L', L>)-closed in L'.
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Proof. Proof: Let X, € L'(G) and X, — X in w (L', L*>). This also implies that X —
E[X|G] in w (L', L>) by Proposition 2.17. Since w (L', L*°) is Hausdorff, X = E[X|G] =
X € LY(G). Therefore L*(G) is w (L', L>)-closed in L'. O

If (X,9,(,)) is a dual pairing, we say that R C X is w(X,%))-precompact if the
w(X,9Q)-closure of R is w(X,2))-compact.

The next proposition, parallel to Proposition 2.15, characterizes Lebesgue-continuous
p-coherent adjustments.

Proposition 2.18. Let 7: L>® — R and p € My(G). The following are equivalent.
(i) The mapping T is a Lebesque-continuous ji-coherent adjustment;

(ii) there exists a w(M, L>)-compact and convez set S, C E(u) such that

7(X) = sup (E'[X] - E*[X]), X € L*; (2.19)

I/GST

(i1i) there exists w(M, L>®)-precompact R C E(u) such that

7(X) =sup (E"[X] — E*[X]) X € L*™.

VER

In case (ii) holds, the set S, is uniquely given by
{veM;:E[X]-EX] <7(X) for all X € L™} .

Proof. Proof: Everything follows the same line of reasoning as Proposition 2.15, except for
proving Lebesgue continuity in (iii) = (i). Let (X,)2%, be a sequence in L> of uniformly
bounded random variables that converge P-a.s. to X € L>™. Since X — sup,cr E[D,X] is
a Lebesgue-continuous coherent risk measure, we have

lim 7(X,) = lim supE[(D, — D,) X,,] = lim supE [D,X,,] — lim E[D,X,)]

n—oo n—oo VER n—oo I/ER n—oo
=supE[D,X] - E[D,X] = 7(X).
VvER
This proves the Lebesgue continuity of 7. O]

Let R € M;y(G) be w(M(G), L>(G))-closed and convex, and assume that (7,),er is a
CA-assignment. We say that (7,),er is Lebesgue continuous if 7, is Lebesgue continuous
for all 4 € R. We say that (7,).er is regular if

48



(a) For any fixed X € L, concavity of y — 7,(X) holds; that is, for all y1, 4 € R and
A € (0,1) we have

)‘TM (X) + (1 - )‘)Tuz (X) < TAp1+(1=X) 2 (X)

See e.g., Wang et al. [2020] for concavity for distributional mixtures in the context of
Choquet integrals.

(b) A weak form of semicontinuity holds: If (1))xea is a net in R that converges to u € R
in w(M(G), L>(G)), then for all X € L*,

7,(X) > lim)\inf Ty (X).

See Bredon [1993] for background information on nets, subnets, and their convergence.

Proposition 2.19. Let p : L™ — R be a Lebesque-continuous coherent risk measure.
There exists a unique w(M(G), L>(G))-compact and convex set R C M;(G) and a unique
reqular Lebesgue-continuous CA-assignment (7,) er Such that p can be represented by equa-
tion (2.8).

Proof. Proof: Let p = p|r~(g), by Proposition 2.14, we have that Spg = §; is compact.
Let (7,) jess be the same as in the construction of representation (2.8) in the proof of

Theorem 2.3. We claim that for all 4 € 8, S(y) is w(M, L>)-compact and convex. Fix
some [ € Spg, convexity of S(u) follows from the convexity of S, and the convexity of
E(p). For compactness note that S(u) is w(M, L*)-precompact as S(u) C S,. Therefore,
compactness of S(u) would follow if we prove that S(u) is w(M, L*)-closed. This can be
seen from the fact that S, and £(u) are both w(M, L™)-closed. From the construction in
2.3, 7,(X) = sup,eg(,) (E"[X] — E#[X]), X € L, thus, by Proposition 2.18, 7, is Lebesgue
continuous.

We will now show that (7,),cs¢ is regular. First, to show concavity (a), let 1, p2 € SY,
v € S(p), e € S(p2), X € L™, and A € (0,1). Define v = Ay + (1 — A)pe. Since S, is
convex, we have Av; + (1 — M)y € S(v), and thus

E[(Dyy — Dyu) AX] + E[(D,, — D) (1 - NX] < 7, (X). (2.20)

Taking the supremum of the left side of (2.20) over (v1,v2) € S(u1) X S(p2) obtains the
result. To show semicontinuity (b), let (ux)aea be a net in 8§ and p € S5 such that
pn — poin w(M(G),L>(G)) and let X € L*. For each A choose v§ € S(uy) such that
Tun (X) = E[(Dy; — D,,,)X], which is possible since S(u) is w(M, L>°)-compact. Since
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the net (v})iea takes values in the w(M, L*>)-compact set S,, there exists a convergent
subnet (),er. Denote the limit of this subnet by v € S,. For Y € L*°(G), by using the
tower property and the convergence, we get

E[E[D,|G]Y] =E[D,Y] = imE [D,.Y] =lmE [D, Y] = E[D,Y].

Y Y

Thus v € S(p) and

7.(X) >E[(D, — D,)X] = lim E [(D: = D) X] = lim7,, (X)

= liminf 7, (X)> lim/\inf Ty (X).
2l

This shows that (7,,),,cs¢ is regular.

Now we prove the uniqueness of (7,,) pess by assuming that there exists another regular
Lebesgue-continuous CA-assignment (7,),, sg such that

p(X) = sup (E"[X]+7,(X)), XeL™

peSy

We will show that 7, = 7, for all u € Spg. For each u € Spg, let R(n) € M, be the
w(J\/l~, L>)-compact convex set that gives representation (2.19) in Proposition 2.18 for 7,,.
Let § = U,es¢ R(1) € My. Note that

sup E"[X] = sup ( sup ]E”[X]) = sup (E“[X] + sup (E"[X] —]E“[X]))

veS pesy \VER(n) pesy vER (1)
= sup (E*[X]+7.(X)) = p(X), X eL*=.

pesg

Therefore conv(S) is w(M, L>)-dense in S, by Proposition 2.10. We will show that regular-
ity of (7,),,es¢ implies that S is convex and w(M, L*)-closed. Let 11 € R(u1), v2 € R(pz),
and A € (0,1). We have, for X € L>,

E [()‘Dm + (1 - )‘>DV2 - /\Dul - (1 - )‘)DM)X]
= E[(DVl - Dul) )‘X] +E[<DV2 o Duz) (1 - )‘)X]
< Ty (AX) + 7, (1= A)X) < Tap,, +1-3)D,, (X).

Therefore, Avy + (1= A)vy € R(Ap1+ (1 —A)pz) € S by Proposition 2.18. This implies that
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S is convex. Let (Vx)aea be a net taking values in S and v € M, such that lim, vy = v
in w(M, L*>®), and define uy = vy|g and p = v|g. By Proposition 2.17, limy uy = p in
w(M(G),L>(G)). Since SF is w(M(G), L>(G))-closed, we have that p € S5. For X € L™,

E[(D, = D) X] = M E[(Dy, = D) X] < liminf 7, (X) < 7(X),

implying that v € R(u) € S and S is w(M, L>)-closed. Therefore S = S, which means
S(u) =R(p) for all u € Spg, implying 7, = 7, for all u € Sg. O

2.12.4 Additional results and proofs accompanying Section 2.5.2

Proof. Proof of Lemma 2.1: The only if is clear. Let Y;,Ys € L™(G) with Y} ip Y5 and
7 € ker(G). Define X = Z 4+ Y}, we have E[X|G] = Y] therefore

p(Z + Y1) = p(X) = p(X = E[X|G] +Y3) = p(Z + Y2).

Therefore p is strongly G-law invariant. O

The proof of Theorem 2.4 relies on several results we present below.

Lemma 2.3. Féllmer and Schied [2016, Lemma A.32] Let J C F be a sub-o-algebra such
that (Q, J,P) is atomless. For all X € L'(J) there exists a uniform (0,1) random variable
U e L*(J) such that X = F]PT;((U) P-a.s.

Lemma 2.4. Let X € L™ (resp. L'), Y € L' (resp. L>) and Z € L'(G) (resp. L=(G))

with Y Sp Z. Then there exists W € L>(G) (resp. L'(G)) such that X Lo W oand
E[XY] = E[WZ].

Proof. Proof:

Let X € L®, Y € L' and Z € L'(G) with Y <p Z. Since (€, G,P) is atomless,
by Lemma 2.3, there exists a uniform on (0,1) random variable Uz € L*°(G) such that
FP_’}/(UZ) = Z P-a.s. For all p € [0,1], define V, = (p — Uz)Lju,<py + Uzlju,>py. It is
easy to see that V), is a G-measurable uniform (0, 1) random variable. For p € [0, 1], define
W, = FP_)l((VZ,,) We have W, € L>(G) and W, 4. X. Given a sequence (pn)oe, with
Dn — D, it is clear that W), Z — W,Z P-a.s.
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For all n € N, W, ip X, implying that there exists an M > 0 such that

B(sup |W}, | < M) = 1.

neN

Thus, sup,cy |Wp, Z| < M|Z| € L}(G), and (W, Z)5, is uniformly integrable. All of this
combines to show that lim,,_,. E[W,, Z] = E[W,Z]. Therefore, the function

¢:[0,1] = R:p— E[W,Z]
is continuous. Note that

C(1) =E [Fp x(1 = Uz)Fpy (Uz)] < E[XY] <E[Fpx(Uz) Fpy (Uz)] = ¢(0).

Thus, by the intermediate value theorem, there exists a py € [0,1] such that E[W,,Z] =

E[XY]. Let X € L', Y € L® and Z € L®(G) with Y < Z. The only thing that has to
be checked is the uniform integrability condition. Let M = || Z|| + 1 and K > 0, we have

E[Wy, Z|;[Wy, 2] > K] < ME[[W,,[; W, | > K/M] = ME[|X]; | X| > K/M]
for all n € N. This shows that (W, Z)5°, is uniformly integrable. O

For a G-law invariant set R € M;(G), we say that the CA-assignment (7,,),er is G-law
invariant if for all p, v € R with D, gp D,, it holds that 7, = 7,.

Proposition 2.20. Let p be a Fatou coherent risk measure. The following are equivalent.

(i) The risk measure p is strongly G-law invariant;

(it) the set 8§ is G-law invariant and for all p € S, and Y € L*(G) with E[D,|G] v,
it holds that R
D, —E[D,G]+Y €3,

(iii) There exists a conver G-law invariant set R C My(G) and a G-law invariant CA-
assignment (7,)er such that

p(X) = sgg(E“[X] +7,(X)), XeL™.

Proof. Proof: (i) = (ii) : We will prove that S5 is G-law invariant after proving the latter
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claim. Let p € S, and let Y € L'(G) with E[D,,|G] 4. Y such that
D, —E[D,G]+Y ¢,
By the Hahn-Banach separation Theorem, there exists X € L° such that
p(X) <E[(Dy - E[D,|g] +Y)X].

By Lemma 2.4, find Z € L*(G) with E[X|G] 4, Z such that E[YE[X|G]] = E[E[D,|G]Z].
We have

E[(D, = E[D,|G] + Y)X] = E[(D, — E[D,|9])X] + E
E[(D, — E[D,[G])X] +
E[D,(X — E[X|G])] + E[E[D,|G]Z]
= E[D,(X - E[X[G])] + E[D,Z]
E[D,(X - E[X|G] + Z)]

E* X — E[X|G] + Z].

Y X]

[
EYE[X|]]]

Therefore, p(X) < E*[X —E[X|G]+Z] < p(X —E[X|G]+Z), implying that p is not strongly
G-law invariant. We will now prove that Sg is G-law invariant. Let p € S, and Y € Ll(g)

such that E[D,|G] <p Y. We have D, —E[D,]+Y € 8, and Y = E[D, —E[D,|G] +Y|G] €
Sg
(ii) = (iii) : Since p is a Fatou coherent risk measure, by Theorem 2.3, we have
p(X) = sup (B"[X] + 7,(X)), X € L%,
pesy
where 7,(X) = sup, s, (B’ [X] - E*[X]), X € L* and S(u) = £(p)NS,. The set S5 is G-

law invariant by assumption and is convex as S, is convex. Let i1, po € Spg with D, gp D,,
and v; € S(u1). By assumption, there exists v € S, with D, = D,, — D,, + D,,,. This
implies that v € £(p2) and thus v € S(uz). Yet we have D, — D, = D,, — D,,,, implying
that for all X € L,

Tuz(X) = Sup E[(DU - D,UQ)X] > sup E[(DU - DMI)X] = TNI(X)‘
vES(u2) vES(p1)

By symmetry, we get the reverse inequality.
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(iii) = (i) : Let p € R, X € L™ and Y € L>(G) such that E[X|G] 4: Y. Define
W = X — E[X|G] + Y. By Lemma 24, find Z € L'(G) such D, <3 Z and E[D,Y] =
E[ZE[X|G]]. Let v € M;(G) be such that D, = Z. Since R is G-law invariant, v € R. We

have

EY W]+ 7,(W) =E[D,Y] + 7,(X) =E[D,E[X|G]] + 7(X) = E[D, X] + 7,(X)
=E"[X] + 7, (X).

By Lemma 2.4, find Z € LY(G) such D, p Z and E[D,E[X|G]] = E[ZY]. Let v € M,(G)
be such that D, = Z. Since R is G-law invariant, v € R. We have

EY[X] + 7,(X) = E[D,E[X|G]] + 7,(W) = E[D,Y] + 7,(W) = E[D,W] + 7,(W)
=E'[W]+ 7,(W).

Therefore, {E#[X] 4+ 7,(X) : p € R} = {E¥[W] +7,(W) : p € R}, and p(X) = p(W). O

Proof. Proof of Theorem 2.4: (i) = (ii): By Proposition 2.20, we have that there exist
a G-law-invariant convex R C M;(G) and a G-law-invariant CA-assignment (7,,),er such
that

p(X) = Sup (E*[X]+71,(X)), X eL™.

By Follmer and Schied [2016, Theorem 4.62], for Q € Mp and p € Mg, we have
Mg = {y e My(G)| D, & DM}.

Define D = {Q € Mp | Mg NR # @}, and note that R = (Jyp Mg since R is G-
law invariant. Define 7o = 7, for some p € Mg (thus all p € Mg since (7,)er is law
invariant), therefore

p(X) = sup (E*[X] + 7u(X)) = sup sup (E*[X] + 7.(X))

(2.10)

2 s /[ | ES.(ELXIG)Q(d +ro(X)).

(ii) = (i): The fact that p is cash invariant, convex, and positively homogenous is clear.
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Let X,Y € L*™ with X <Y and ) € D. Then we have

/{0  ESa (BLX10]) Q(da) + ra(X) = sup (B [X] +7o(X)

neMq

< sup (B*[Y]+7o(Y))
HEMg

_ /[ ES, (E[Y]G]) Q(da) + 7 (Y).

Therefore p is monotonic as it is the supremum of monotonic functionals, so it is coherent.
Fix Q € D. The mapping from L* to R given by
X [ ES.(E[X|G)Q(da)
[0,1)

is Fatou continuous and coherent by Propositions 2.11 and 2.24 (see Section 2.13.2), and
therefore w(L>, M)-lower semicontinuous. Thus, the functional on L* given by

X — o ES.(E[X|G])Q(da) + 1o (X)

is w(L>*, M)-lower semicontinuous by Corollary 2.1, therefore p is w(L*, M)-lower semi-
continuous as it is the supremum of w(L>, M)-lower semicontinuous functionals. Since

p is coherent, it is Fatou. Let X € L*>® and Y € L*(G) such that E[X|J] 4o Y, let
7 =X —E[X|G]+Y. Forall Q € D,

/{0 ; ES.(E[Z|G)Q(da) + 70(Z) = / ESq(Y)Q(da) + 7o (X)

[0,1)

_ /{01) ES.(E[X|6))Q(da) + 7o (X),

where the last equality follows from the fact that ES, is law invariant. Therefore, p(Z) =
p(X). O

2.12.5 Examples

This section will give examples of partially law-invariant and strongly partially law-
invariant risk measures. We use the following lemma from Delbaen [2000, Section 4.3.i]
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frequently in this section.

Lemma 2.5. Let p; : L™ — R and py : L — R be Fatou coherent risk measures. Then
p1V p2 is a Fatou coherent risk measure with supporting set equal to conv(S,, US,,).

Let (Qu, Fr,Pr) = ([0,1],B([0,1]),A) for & = 1,2. For the rest of the section let
(Q,F,P) = (21 x Qo, F1 @ Fo,P; x Py) and G = o(m) where m(w,w) = w. Define the
set S; = {u e My | D, € L'(G),D,, < 2}. This set is w(M, L*)-closed and convex and
corresponds to the Fatou coherent risk measure p; = ES; »(E[X|G]).

The following example gives a Fatou G-law-invariant coherent risk measure that is not
strongly G-law invariant.

Example 2.11. Define v € M; by D, : Q@ — R : (w,®) — 4dww. We claim that the Fatou
coherent risk measure p : L>® — R : X — E[D,X]| V p;(X), which has supporting set
S, = conv(S; U{r}), is G-law invariant but not strongly G-law invariant. To see this, note
E[D,|G](w,&) = 2w. So the measure associated to E[D,|G] is in the set S;. Therefore,
conv(S; U {r})9 = conv(SY U {v}9) = S;, which is G-law invariant. Thus, p is G-law
invariant by Theorem 2.1. Define the following random variables

X(w,0)=w, Y(ww)=1—-w and Z(w,w)=w—1/2.

We have that Z € ker(G), E[D,Z] = 1/6, X,Y € L®(G) and X <p Y, ESy(X) =
ES,(Y) =3/4,E[D,X] =2/3 and E[D,Y] = 1/3. Thus, p(Z+X) = 5/6 while p(Z+Y) =
3/4, implying that p is not strongly G-law invariant by definition.

The following example gives a Fatou strongly G-law invariant coherent risk measure
that is not in the form of (2.13).

Example 2.12. Define v € M; by D, : Q@ - R: (w,®) — 20. We claim that the Fatou
coherent risk measure p: L® — R : X — E[D,X] V p;(X) is strongly G-law invariant. To

see this let Z € ker(G) and X,Y € L*>®(G) with X 4. Y. We have

p(Z+X)=p(Z+X)VED,(Z+ X)] =p1(X)V (E[D,Z] + E[X])
=m(Y)V (E[D,Z]+EY]) =p(Z+Y).

Note that §p is not contained in L'(G), thus p is not in the form of (2.13).
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2.12.6 Additional results and proofs accompanying Section 2.5.3

To do this, we will need some results from convex analysis. Let (X,9), (-,-)) be a dual
pairing and f : X — R U {oco} such that dom(f) = {z € X | f(z) < oo} # &, define

[ = RU{oo} :y = sup ((z,y) — f(2)),

zeX

X —=>RU{o0, -0}z 81615 ((x,y) — [*(y)).

The upper epigraph of f is given by Gy = {(x,¢) € X xR | f(z) < ¢} C X x R. Equip
X x R with the product topology w(X,2)) X Eg, where Eg is the standard Euclidean

topology.
Proposition 2.21. Let f : X — R U {oo} with dom(f) # @.

(i) The mapping f is convez if and only if Gy is convex;
(11) the mapping f is w(X,Q))-lower semicontinuous if and only if G is (w(X,Q) x Eg)-
closed;
(i1i) for all x € X,

™ (x) =sup(g(z) | g < f, g is w(X,)-lower semicontinuous and conver)

and Gy is equal to the (w(X,)) x Eg)-closure of conv(Gy);

(1v) the mapping [ is w(X,Q)-lower semicontinuous and convez if and only if f** = f.

See Zalinescu [2002] for a proof of Proposition 2.21.

First, we obtain a representation of p-convex adjustments, similar to Proposition 2.15.

Proposition 2.22. Let 7 : L — R, p € My(G), and p = E* + 7. The following are

equivalent.

(i) The mapping T is a Fatou p-convex adjustment;

(11) the mapping p is a w(L>®, LY)-lower semicontinuous convex risk measure with

dom(p") € E(n);
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(iii) T can be represented by

T(X) = ng)(E”[X] -BX]-p"(v)), X eL™ (2.21)

(iv) there exists a: E(u) — RU{oo} such that T can be represented by

7(X) = zlgl%i)) (E"[X] - E*[X] —a(v)), X eL™.

Proof. Proof: (i)=-(ii): It is clear that p is a convex risk measure and is Fatou (simple
application of DCT). This implies that p is w(L>, L')-lower semicontinuous. Note by
Follmer and Schied [2016, Theorem 4.33], dom(p*) € M. Let v € M;\E(p). There exists
A € G such that E[D,14] > E[D,14]. Thus, we have

p(v) = sup (BY[X] — B¥[X] - 7(X)) > sup (NE[14] — NE*[14] — 7(AL,))

XeLe PYSIN

= sup (A [La] — E#[14])) — 7(0) = oo

Hence, v ¢ dom(p). (ii)=-(iii): Since p is convex and w(L>, L')-lower semicontinuous. By
Proposition 2.5, we have for X € L,

T(X) = p(X) —E*[X] = sup (E"[X]—p*(v)) — E*[X]

vedom(p*)

= sup (E"[X] —p*(v)) — E"[X]
veE(p)

— sup (B’[X] - E*[X] - p*(v)).
veE(p)

(iii)=-(iv): This is trivial. (iv)=-(i): The fact that 7 is a p-convex adjustment is clear. Let
(X,)22, be a uniformly bounded sequence in L* which converges P-a.s. to some X € L.

We have
r(X) = sup (E[(D, ~ DX] ~a() = sup (lminf (E[(D, — D,)X,] —a(v)))
veE(p) ve&(p)

<liminf sup (E[(D, — D,)X] — a(v))
n—oo I/Gg(M)
= liminf 7(X,,).

n—oo

Thus proving the Fatou continuity of 7. O
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For f: X — RU {oo} let L?C: {reX|f(x)<c}, L7 ={z € X| f(z) <c}, and
Ly¢={z € X| f(x) = c}. We will also need the following two lemmas.

Lemma 2.6. Let (X,9),(-,-)) be a dual pairing and f : X — R U {oo} be conver with
dom(p) # @. Then L Ljff* for all ¢ > —f*(0) = inf,ex f(z) = infex (7).

Proof. Proof: Let ¢ > —f*(0). Since f**(z) < f(z) for all z € X, L<c C Lf**. We have

L?C C L]%f* since f** is w(X,9Q))-lower semicontinous as it is the supremum of w(X,%))-

continuous functions (meaning L?f* is w(X,92))-closed).

Let € > 0. We claim that Ljyf* ‘cC L— Clearly this is true if Ljyf* ¢ = @. Therefore
assume that L35 # @ and let x € L;f* ¢, which means (x,c — €) € Gy-+. There exists
(zx,c\) € Gy such that limy(zy,c\) = (z,¢ — €) since Gy = Gy+. Find )y such that for
all A > g, ¢x < ¢. Therefore for all A > A\g we have ) € L?c. Thus the tail net (z))a>,

is contained in L?c and converges to z, therefore x € LSC. This shows the claim that
L?f ‘C L— Since L—C ‘C L— for arbitrary e > 0, we have L7 C L<c

Clearly L3 C L f*, implying L<f* - L]ff* Take = € Lff* and y € L35, which is
possible because ¢ > —f*(0). Define

(=)
= 1—-— $+_y,
n n

which is clearly in Lf** by the convexity of f**. Since lim, 2z, = x, we have x € L?f*,
showing that L<C = L<C Therefore

which completes the proof. 0

Lemma 2.7. Let p: L — R be a Fatou convex risk measure. Then p is law invariant if
and only if Lff is law invariant for all ¢ > —p(0).

Proof. Proof: By Theorem 4.59 in Féllmer and Schied [2016], p is law invariant if and only if

p* is law invariant. Clearly, if p* is law invariant, Lff is law invariant for all ¢ > —p(0). Now
assume that Lff is law invariant for all ¢ > —p(0). Fix some ¢ > —p(0) = inf,,c 1, (g) p* (1),
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find N € N such that ¢ — & > —p(0). We have

=c __ SC SC_%
Le= () (L5/0)

n>N
is law invariant. Now let ¢ = —p(0), we have
=c <ct4
n>1
is law invariant (since for ¢ < —p(0), L,ff = ). This shows that p* is law invariant. [

Proof. Proof of Theorem 2.5: Let p be a Fatou convex risk measure. By Foéllmer and
Schied [2016, Theorem 4.18, Theorem 4.33], we have

p(X) = sup (B"[X]—p*(v)) = sup sup (E"[X]—p"(v))
vEM; HEM1(G) ve€(p)

. (E“[XH sup <E”[X]—E“[X}—p*(”))>

HEM1(G) vel(p)
— s (B[] +7(X), XeIx,
HEM1(G)

where 7,(X) = sup,eg(,) (E"[X] — E*[X] — p*(v)), X € L. Note that for all u € M,(G),
7, = —oo on L* or dom(7,) = L*. By Proposition 2.22, 7, is a Fatou p-convex adjustment.
Define N : M;(G) = RU {oo} : pp = —7,(0). We claim that N is convex. Let pq, s €
M1 (G) and X € [0,1]. Define v = Ay + (1 — M)z, we have

N (v)= inf p"(v) < inf (v + (1= M
(v) dnf (v) < et et (Avg + ( )v2)

<A inf p*(nn)+(1—X) inf p" (v
- uleé’(ul)p ( 1> ( )V2€g(ﬂ2)p ( 2>

= AN (1) + (1 = AN (p2),

where we are using the convexity of p*. This completes the forward direction. The re-
verse direction is a simple application of Proposition 2.22, where one expands the convex
adjustments by (2.21). To see the last claim, define p = p|r(g), note

p(X) = sup (E*[X]—N(p)=N"(X), XelL>(G).
HEM1(G)
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Thus N** = 5* and by Lemma 2.6, for all ¢ > —p(0), Ly = Lgf. Using Lemma 2.7,

p is G-law invariant < p is law invariant
& L%f is G-law invariant for all ¢ > —p(0)

& L_]S\,c is G-law invariant for all ¢ > —p(0)

& LY is almost G-law invariant for all ¢ > —p(0).

This completes the proof. O

2.13 Additional results and proofs accompanying Sec-
tion 2.6

2.13.1 Additional results and proofs accompanying Section 2.6.1

We call X upward-directed if for all X;, Xy € X', max{X;, Xp} € X.

Proposition 2.23 (Follmer and Schied [2016, Theorem A.11]). Let X C L*> be such that
supyex | X|loo s finite. Then ess-sup X exists. Moreover, if X is upward-directed, then it
holds that EE [ess-sup X| = supyr E[X].

Lemma 2.8. Let Q C E(P) be G-convex. For all X € L™,

sup E'[X] = E {ess—sup ]E“[X\g]] .

HEQ HERQ

Proof. Proof: Let X € L™, define I(X) = {E*[X|G] : p € Q}. We claim that I(X) is
upward-directed. Given pq, us € Q, let

A= {w: E"[X[G](w) > E[X|G](w)} -

Since {D,, : p € Q} is G-convex, 14D, +1 4D, € {D,, : p € Q}. Let v be the probability
measure associated with 14D, + 14.D,,. We have

E'[X|G] = I,E" [X|G] + [4E*[X|G] = max {E'[X]|G], E*2[X|G]} .
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Since EY[X|G] € I(X), I(X) is upward directed. By Proposition 2.23,

Eless-sup I(X)] = sup E[E*[X|G]] = sup E*[E*[X|G]] = sup E*[X].
HEQ HEQ pneQ

Since X € L was arbitrary, the proof is complete. O
Proof. Proof of Proposition 2.7: Fix some X € L*°, we have

E—SQ

ol

1
X] = sup ES¥[X] = sup min (x +
] te) a[ ] te) zeR l1—«

E* [(X — x)ﬂ) : (2.22)

Define f: Q X R = R: (u,2) — o + =E*[(X — 2)"]. Since Q is G-convex, it is convex.
Clearly, f(-,z) is w(M, L*)|g-continuous and affine for all x € R. Likewise, f(u,-) is
continuous and convex for all ;1 € Q. By the minimax Theorem from Mertens et al. [2015,
Theorem I.1.1], we are able to switch the minimum and supremum in (2.22), thus

ESo|

1
X] = minsup (as +
ze€R 0 1—«

E* [(X — a:)ﬂ)

i 1 +

S g 0 )

o 1 -

i (r g e (19
. 1

— g (14 2B [68 (X - )] ).

where the third equality follows from Lemma 2.8.

Let pu, p2 € Qp and A € L®(G) with 0 < A < 1, clearly

0<AD,, + (1= A)D,, < ﬁ
Let A€ g,
E[(ADy, + (1 = A) Dy )1a] = E[MAE[D,, |G] + (1 = M)14E[D,, |G]]
= E[M4 + (1 — A\)14] = P(A).
Therefore, AD,,, + (1= A)D,, € Op. 0
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2.13.2 Additional results and proofs accompanying Section 2.6.2

Proposition 2.24. Let p in (2.13) be monotonic (resp. coherent) and Fatou. Then, the
resulting risk measure p in (2.13) is also monotonic (resp. coherent) and Fatou.

Proof. Proof: It is straightforward that p is monotonic. Let (X,,),en be an increasing se-
quence in L™ that converges P-a.s. to some X € L. Since (X,,)nen is uniformly bounded,
it is uniformly integrable. Thus X,, converges to X in L'. Therefore, (E[X,|G])nen con-
verges in L' to E[X|G] by Jensen’s inequality. Thus, (E[X,|G]),en converges in probability
to E[X|G]. Since (E[X,|G])nen is also increasing, it converges P-a.s. to E[X|G]. Therefore,
by Fatou continuity of p,
lim p(X5) < p(X) = p(E[X[G]) < liminf p(E[X,[G]) = lim p(Xo).

Hence, p(X) = lim, o p(X,). This means that p is continuous from below. It is well-
known that continuity from below implies Fatou-continuity under the monotonicity as-
sumption. The fact that p is coherent is straightforward. O]

Proof. Proof of Proposition 2.8: (i) = (ii) and (ii) = (iii): These are clear. (iii) = (iv):
We have

p(X) = p(E[X|G]) = sup E[D,E[X|G]] = sup E[E[D,|G]X].

KES) HES)

Therefore the set {E[D,|G] : p € S,} C §p is w(L', L>)-dense by Proposition 2.10. Since
LY(G) is w(L!, L*)-closed by Corollary 2.2, we have S, C L*(G). (iv) = (i): Define the
map

p:L*G) = R: X — supE[D,X].

HeSy

The mapping p is clearly coherent and Fatou. By the tower property of conditional expec-
tation, we have

p(X) = sup E[D,X] = sup E[D,E[X|G]] = H(E[X|G)).

HES, HES)

The final statement of the proposition follows by definition. O

Proof. Proof of Proposition 2.9: Define p : L> — R by p(X) = y(XxP), X € L*>*. By
definition, p is coherent and Fatou. For p € S, define p* : L> — R by pH(X) = y(Xgp),
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X € L™. It is straightforward to see that for X,Y € L*®, p*(X) = p(Y) if F,x = Fpy.
We will first prove the coherence of p*. Translation invariance and positive homogeneity of
p* is apparent. Let X,Y € L*™ with X <Y, we have that F,y(z) < F,, x(z) forall z € R
or F;)l((u) < Fu’)l,(u) for all w € [0,1]. Since (92, F,P) is atomless, there exists a uniform
(0,1) random variable U. Define X, = F;)l((U) and Y, = F/;}l,(U) We have F, x = Fp x,,
F.y = Fpy, and X, <Y, Thus, p"(X) = p(X,) < p(Y,) = p*(Y). Therefore p* is
monontonic.

Let X,Y € L*. By Dudley [2002, Theorem 11.7.5], there exists a Borel-measurable f :
(0,1) — R? such that f4\ = (X, Y)xpu, where X is the Lebesgue measure. Since (2, F,P) is
atomless, there exists a uniform (0,1) random variable U € L*. Define (X,,,Y,) = fo U,
we have (X,Y)up = (X,,Y,)xP. Therefore F, x = Fpx,, F,y = Fpy, and F, x1y =
Fﬁxﬁ+zf Thu&

P Y) = X, 1Y) < X + () = p(X) + p(Y).

Therefore, p* is subadditive.

Let (X,)nen in L™ be uniformly bounded and converge P-a.s. to X € L. Therefore,
(X1n)nen converges p-a.s. to X. Thus,

lim Fy (q) = Flx(q)

for all the continuity points of F' );,1#. Since (€2, F,P) is atomless, there exists a uniform
(0,1) random variable U. Define X' = F, 5 (U), X,, = F, (U). We have F, x, = Fp xy,
F, x = Fpx,. Since the set of discontinuity points of F )}’L is countable, X} converges
P-a.s. to X,. Thus,

PH(X) = (X,.) < liminf (X

n
n—0o0 K

) = liminf p*(X,,),

n—0o0

proving Fatou continuity.

Finally, since

p(X) = supy(Xyp) = sup p*(X),
HES HES

it follows that p is the supremum of coherent and Fatou risk measures. Thus, p is coherent
and Fatou. The fact that p is G-law invariant is a straightforward consequence of the fact
that S C E(Py). O

Proof. Proof of the claims in Example 2.7: Claim 1: The first equality is straightforward.
To show the second equality, let X € L*°(H). From the dual representation of ES in
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Example 2.9, we get

p(X) = supEF[X] < sup EX[X] = ES5(X).
HeS neSa e

For the other direction, let A € F be an event independent of G satisfying E[X|A] =
ES(X) and P(A) = 1 — . The existence of such an event (called a [-tail event) is
justified by Wang and Ziegel [2021, Lemmas A.4 and A.7]. Let v € M; be given by
D, =14/(1 — ). Since 14 is independent of G, we have v € £(P), and therefore v € S,
and p(X) > E"[X] = E[X|A] = ESp(X). Claim 2: Take X; € L*(G), Xy, € L*(H),
X3 € L with X; 25 X, 2p X3. We have

p(X3) = sup B*[X3] > E[X3] = E[X}] = p(X));

RES
p(Xg) = SupE“[Xg] < sup EM[XQ,] = ESB[Xg] = ESB[XQ] = IO(XQ),
HES ,LLES@JP
as desired. ]

Proof. Proof of the claim in Example 2.8: This proof follows a very similar line of reasoning
as Liu et al. [2022, Proposition 2]; we reproduce the proof here as there are some nuances
in this setting that need to be considered.

The (-tail measure p? : L= — R generated by p is defined by
P(X) =p(Fpx (B+ (1= B)U)),

where U is a uniform (0,1) random variable. Since p is law-invariant, this mapping is
clearly well-defined. For p € M, define p* : L — R by pH(X) = y(Xpp), X € L>®. It
is straightforward to see that for X,Y € L*>, p"(X) = p(Y) if F,, x = Fpy. Recall that
Sgp={reM;|(1—-a)D, <1}. By Liu et al. [2022, Proposition 2], we have

p(X) < sup p(X) = p(X),

HESB P

for all X € L. When X € L*(H), by the fact that (2, H,P) is atomless and Lemma 2.3,
we can find a uniform (0,1) random variable Ux € L®(H) such that Fy,  (Ux) = X P-as.
Let 1 € M; have the Radon-Nikodym derivative

1
D, = mﬂ{Upﬁ}-
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Since D,, is independent of G, E[D,|G] =1 and p € S. Letting Z = FE?)I((B + (1 - 5)Ux)
and z € R, we have

u(X>x):,u(X>x,UX>6):LP(X>x,UX>,8):min (;IP’(X>$) 1),

Fuxt@) = (125(Fx) -9 = Foale).

As a consequence,
P7(X) = p(Z) = p(X) < p(X),
and p(X) = p?(X). Let X € L*>°(G) and u € S, since p € E(P), F, x = Fpx. Therefore,

p(X) = H(X) and p(X) = p(X). 0
2.13.3 Additional results and proofs accompanying Section 2.6.3

Proof. A computable formula for (2.16): Let ® (resp. ¢) denote the standard normal cdf
(resp. pdf). For X ~ N(r,0?), we have

VaRs (X —2)%) = (r—a+0071(8))",
8

o [rea oo v <t o®(H)
ESg ((X—JJ) ) (r—z)(1-o(2=") X d(*") )
= 0% T>Tr+to (8)

For [ € R, the conditional distribution
_ 02 2 2\ 2
7T1X1 + 7T2X2’X1 =[]~ N (71'1[ + oMo + CT('QO_—(Z — m1)77T2<1 — C )0'2) .
1

Define the functions M (7, 7o, 1) = m1l + mamy + cm %2 (l —my), o(m) = ma/(1 — %oy,
and

( ) x+0¢(¢) (6)) r<r+o03)
gﬁ r,o,r)= z—r
( )(11_4;( )) + U¢(1_”B) r>r+0d71(B).
We can now verify the following identity
ESs((m Xy + mXs — )| X1) = gs(M(m1, 72, X1), 0(m2), x). (2.23)



Therefore,

fﬁ(ﬂ-lvﬂ-%m) :/gﬂ(M<7T177T2’Z)70-(7T?)7x) iqﬁ <Z—m1) dz,

R 01 01

which is an integral formula for (2.16) that is easy to numerically compute. O

2.14 Analysis in a finite probability space

We will first show that law invariance is equivalent to permutation invariance in a finite
uniform probability space. Afterward, we will study partially law-invariant coherent risk
measures when our probability space has a natural structure.

2.14.1 Law-invariant coherent risk measures

In the literature, when proving results regarding law-invariant risk measures, one often
assumes that the underlying probability space is atomless. Since finite probability spaces
always have atoms, we instead will assume that the underlying probability measure is
uniform.

Let N € N, denote by [N] = {1,..., N}. Assume that Q = [N] and F = 2% and put
the uniform probability measure P on (2, F), that is P({k}) = 1/N for all k € [N]. We
can identify elements X € L* with RY. For the rest of the section, we will refer only to
RY, but this is to be regarded as L.

Let AN = {p e RY : E[u] =1}, it is easy to see that we can identify M; with A~
Since we are working in R, the w (RN, R") topology (w(L*, M) and w (M, L>)) is
the standard euclidean topology. Therefore, there will be no mention in this section as to
which topology we are dealing with. Note that any closed set R C A" is compact. Finally,
Fatou continuity is implied by any coherent risk measure p : R — R. Thus, there will be
no mention of continuity in this section.

To describe law invariance in this space define Sy = {0 : [N] — [N] | ¢ is a bijection}.
For o € Sy define the map T, : RN — R where (T,(X)),, = Xo()-

Definition 2.4. We say that a mapping p : RY — R is permutation invariant if p(T,(X)) =
p(X) for all ¢ € Sy and X € RY. We say a set R C RY is permutation invariant if
T,(R) C R for all ¢ € Sy.
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It is easy to see that a mapping is law invariant if and only if it is permutation invariant.
If R C RY is permutation invariant then 7,(R) 2 T,(T,-1(R)) = R, so we actually have
equality.

Proposition 2.25. Let p : RY — R be a coherent risk measure. Then p is law invariant
if and only if S, is permutation invariant.

Proof. Proof: Let S, be permutation invariant then we have

p(T,(X)) = sup BT, (X)] =  sup (- Tp(X))

LES, N es,
L sup(Ty-i(p) - X) = = sup (- X) = p(X)
= —sup(T,-1(p) - = —su . = ,
N ueg : N ue«% : ’

for all o € S,. Conversely, assume that S, is not permutation invariant. Find R € S,
and o € S, such that T,(R) ¢ S,. Since S, is compact and convex, by the Hahn Banach
separation theorem, we can find X € R" such that

1 1
X)=—su - X)< =X -T,(R).
p(X) N#&gp(u ) <N (R)

Therefore we have

1 1
pX) < X Ty (R) = T (X) - R < plTo (X)),
implying that p is not permutation invariant and thus not law invariant. ]

2.14.2 Partially law-invariant coherent risk measures

We write A x B = {(a,b):a € A, b€ B} for two sets A and B.

Let Q = [M] x [N] for some M, N € N, F = 2% G is generated by the projection map
onto the second coordinate, and P is positive (that is, P > 0 on F \ {@}) and uniform in
the second coordinate (that is, P([M] x {n}) = 1/N for all n € [N]).

We can identify elements X € L™ with RM*N_ For the rest of the section, we will refer
only to RM*N but this is to be regarded as L®. Let AM*N = {;; € RI>N © E[u] = 1}, it
is easy to see that M can be identified with AM*¥_ The same comments about topology
and Fatou continuity from the previous section also apply in this section.
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For k € [N] define E* € RM*N by EF = §;,, where 0y, is the Kronecker delta. Let
& ={E" : k€ [N]}, clearly & is a basis for L*(G). Define the map L : RN — RN :
X — [E[X]|G]Je. Civen some X € RN we will define X € RM*N by X =SV X, EF. A
set R C RM*V is G-law invariant if L(R) is permutation invariant.

The following proposition gives necessary and sufficient conditions for the supporting
set of an G-law invariant coherent risk measure.

Proposition 2.26. Let p : RM*N 5 R be a coherent risk measure. Then p is G-law
invariant if and only if S, is G-law invariant.

Proof. Proof: Define the mapping
p:RY 5 R: X = p(X).

It is easy to verify that this mapping is a coherent risk measure. Let S C AV be the
supporting set for p. It follows that p is G-law invariant if and only if p is law invariant.
For X € RY we have that

PX) = p(X) = sup E [uX] = sup B [E[u)g] X

HES, HES,

1 1
=—supL(p)-X=— sup p-X.
HES) REL(S))

Thus L(S,) € S; by Proposition 2.10. Since L(S,) is compact and convex (image of a
compact and convex set under a continuous linear map), the same theorem states that
L(S,) = S;. We then have

p is G-law invariant < p is law invariant < S; is permutation invariant
& L(S,) is permutation invariant

& S, is G-law invariant.

This completes the proof. O

2.14.3 Representation results

This section provides representation results similar to Theorem 2.1 and Theorem 2.3.
A natural corollary to Proposition 2.26 is the following Theorem.
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Theorem 2.6. The mapping p : RM*N — R is a G-law-invariant coherent risk measure if
and only if

p(X) =supE[puX], X € L™
HES

holds for some closed and convex S C My such that IL(S) is G-law invariant.

Define the set AN = AM*N 1 [>°(G), which can be identified with M;(G).

Theorem 2.7. The mapping p : RM*N — R is a coherent risk measure if and only if there
exists a unique compact and conver set R C Ag[XN and a CA-assignment (7,)uer such
that

p(X) = 21617[; (E[pX]+7.(X)), X € L™. (2.24)

Moreover, in (2.24), p is G-law invariant if and only if R is G-law invariant.

Proof. Proof: Let p be a coherent risk measure. Define the set R = {E[u|G] : p € S,} C
R C Ag *N_The set R is compact and convex since it is the image of a compact convex
set under a (continuous) linear map. For p € R, define S(p) = {v € S, : E[v|G] = p}. It
is clear that S, = {J,cr S(1). We have

p(X) = sup E[uX] = sup sup E[vX]=sup sup (E[uX]+E[(r — n)X])
veSy HER veS(u) HER veS(K)

= sup (E[pX] + 7,(X))

HER

for all X € L>, where 7,(X) = sup,¢gs(,) E[(¥ — 1) X]. The fact that 7, € CA(x) follows a
similar argument as the proof of Proposition 2.15. Since R supports p|r~(g) and is closed
and convex, it is unique from Proposition 2.10. For the converse, note that (2.8) is the
supremum of coherent risk measures (by Proposition 2.6; see (2.7)) and thus a coherent
risk measure.

To prove the last claim, let j: RN — R: X — p(X) and S; € AN. We have

i 1
pX) = p(X) = sup E[uX] = — sup pu-X
HER HEL(R)
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for all X € RY. Therefore L(R) = S;, and

p is G-law invariant < p is law invariant < S; is permutation invariant

& R is G-law invariant.

This completes the proof.
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Chapter 3

Choquet rank-dependent utility with
an exogenous unambiguous source

3.1 Introduction

The expected utility (EU) model, axiomatized by von Neumann and Morgenstern
[1947], serves as the theoretical foundation for much of today’s theory of decision-making.
The EU model has two well-known limitations. First, the EU model is formulated within
the pure-risk setting, where acts are given by lotteries over outcomes. This setting is
unrealistic in many situations, as a decision maker (DM) is often not fully aware of the
distributions of the acts they are comparing. Second, even in the pure-risk setting, the EU
model fails to account for both conceptual and empirical considerations. For example, the
EU model cannot account for the empirically observed Allais paradox [Allais, 1953].

To address concerns associated with the pure-risk setting, the seminal work of Savage
[1954] redefined acts as functions from states of the world to outcomes, rather than as
lotteries over outcomes. This setting, commonly referred to as the Savage setting, does
not assume that the likelihoods of events are well-specified a priori, and thus, there is no
objective way to view the acts as lotteries. By imposing a set of axioms on preferences
over these acts, Savage [1954] was able to elicit a subjective probability, thereby converting
from the Savage setting into the pure-risk setting. Furthermore, the Savage axioms yield
the EU model in the elicited pure-risk setting. This model is now known as the subjective
expected utility (SEU) model.

The SEU model remained the prevailing decision model in the Savage setting until
the critique of Ellsberg [1961], which showed that if the DM has asymmetric information
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regarding the likelihoods of the events, the sure-thing principle (an axiom used in Savage
[1954] to derive the SEU model) can fail to be behaviorally feasible. In fact, this critique
called into question the behavioral feasibility of probabilistically sophisticated [Machina
and Schmeidler, 1992] decision models: models that start by representing uncertainty with
a subjective probability and then evaluate acts solely based on the lotteries they induce
over outcomes.This foundational critique led to the development of what are now known
as ambiguity models. Some prominent ambiguity models include the Choquet expected
utility (CEU) model of Schmeidler [1989], the maxmin expected utility (MEU) model
of Gilboa and Schmeidler [1989], the smooth ambiguity model of Klibanoff et al. [2005],
and the variational preferences model of Maccheroni et al. [2006]. All of these models
share a common theme: in the absence of ambiguity, i.e., when a probability can describe
uncertainty and the DM can operate in the pure-risk setting, they return to the SEU model.

To address the empirical violations of the EU model within the pure-risk setting, the
work of Quiggin [1982] introduced the rank-dependent utility (RDU) model. This model
was a generalization of the EU model that could account for the Allais paradox. Further
advancements came with the prospect theory [Kahneman and Tversky, 1979] and the
cumulative prospect theory [Tversky and Kahneman, 1992], a generalization of the RDU
model. This model was more behaviorally realistic than the RDU model, as it accounted for
framing effects and asymmetries in the valuation of gains and losses. For a comprehensive
treatment of the prospect theory, see Wakker [2010].

We are now at the intersection of two research streams: ambiguity models, which reduce
to the SEU model in the case of pure risk, and rank-dependent models, which are in the
pure-risk setting and do not account for ambiguity. However, some work has been done
to bridge this gap. For example, the framework of distributionally robust optimization
extends the MEU model by allowing for the reduction to general pure-risk models in the
case of no ambiguity; see Delage et al. [2019] and Fadina et al. [2024] for approaches along
this line through the lens of risk measures. A different generalization, and the main focus
of this chapter, is a conceptual extension of the CEU model that reduces to the RDU model
under pure risk. This framework, originally introduced in Tversky and Fox [1995] as the
two-stage approach, retains the functional form of the CEU model but incorporates an
additional distortion outside the capacity to capture how the DM distorts probabilities in
the case of pure risk. In this chapter, we will refer to this as the Choquet rank-dependent
utility (CRDU) model.

As the CRDU model is an instance of the biseperable model (Ghirardato and Marinacci,
2001), we provide a biseperable axiomatization of the CRDU model. Afterwards, we
present a novel analysis of the ambiguity attitudes associated with this model. Recently,
Buchak [2025] proposed an axiomatization of the CRDU model. Our approach begins from
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a fundamentally different modeling assumption. The motivation for this choice comes from
the empirical literature validating the behavioral feasibility of the CRDU model; see, for
example, Abdellaoui et al. [2005], Dimmock et al. [2016], and Abdellaoui et al. [2021].
The empirical literature frequently employs the concept of a matching probability (Baillon
et al., 2018) to determine the value of the capacity under the distortion for different events.
To properly define matching probabilities, we need to have an objective notion of pure risk.
Furthermore, our axiomatization relies on regularity axioms that allow for the independent
verification of the existence of matching probabilities.

In this chapter, we adopt the Savage setting, where acts are viewed as mappings from
states of the world to real-valued outcomes.! To define matching probabilities, we will
assume the DM has an exogenous source of unambiguous events. This source will be
equipped with a probability measure identifying the likelihoods of these events. Our main
regularity axiom is that the decision maker is probabilistically sophisticated regarding acts
that depend on events from the exogenous source. Models following this axiom have been
studied recently by Baillon et al. [2025] in general decision models and by Shen et al. [2026]
in risk assessment.

We begin in Section 3.2.1 by defining notation and reviewing the mathematical tools
that will be used throughout the chapter. In Section 3.2.2, we will define the Savage set-
ting with pure risk and discuss how the CEU and CRDU models fit into this setting. In
Section 3.3, we present the axioms for our axiomatization of the CRDU model and derive
a representation in Theorem 3.1. To properly discuss how the ambiguity component of the
preferences is incorporated into this representation, we relate an aspect of the represen-
tation to the concept of matching probabilities. Section 3.4 focuses on analyzing various
ambiguity attitudes. We start in Section 3.4.1 by defining comparative ambiguity attitudes
and deriving their representation through matching probabilities. Afterwards, we compare
our definition to the comparative ambiguity attitudes of Epstein [2004]. We finish the
section by defining absolute ambiguity attitudes once a normalization for ambiguity neu-
trality is fixed. In Section 3.4.2, we discuss the propensity for diversification. We compare
the consequences of this preference in the CRDU model with those in the restricted CEU
model. Finally, in Section 3.4.3, we show how some of the ideas from Section 3.4.2 give rise
to a robust representation, analogous to the way that propensity for diversification con-
nects the CEU and MEU models. In Section 3.5, we adopt the setting of Shen et al. [2026]
and assume that the DM has a reference probability measure on the whole space whose
restriction agrees with the probability measure on the unambiguous source. This allows
us to define and characterize a natural form of ambiguity aversion that we call reference

!The setting of Savage [1954] is, in general, not limited to real-valued acts; see Abdellaoui and Wakker
[2020]. We take the perspective of real-valued acts in this chapter.
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ambiguity aversion. We finish the section by providing an alternative representation for
the CRDU model using act-dependent distortion functions in Theorem 3.6, offering a dif-
ferent view on decision-making under ambiguity: both pure risks and ambiguous acts are
distorted. We finish by characterizing an ambiguity model that reduces to the dual model
of Yaari [1987] for pure risks, which has a concise axiomatic formulation. We conclude the
chapter in Section 3.7.

3.2 Preliminaries

3.2.1 Definitions and notation

Throughout the chapter, we consider a measurable space (2, F) representing the future
states of the world. A capacity is a function v : F +— R that satisfies v(@) = 0, v(Q2) = 1,
and v(A) < v(B) for all A,B € F with A C B. In some literature (e.g., Marinacci and
Montrucchio, 2004), a capacity is not assumed to satisfy v(§2) = 1, but this difference is
not essential. A capacity v is said to be: upward continuous if for all increasing sequences
(Ay)nen € F it holds that lim, o v(A4,) = v(U,—, A), downward continuous if for all
decreasing sequences (A, )ney C F it holds that lim, . v(A,) = v (,—; 4n), and con-
tinuous if it is both upward continuous and downward continuous. A capacity is called a
probability measure if it is countably additive. We denote the set of probability measures

on (2, F) by M.

As in the Savage setting, an act is defined as a bounded real-valued measurable function.
We will denote the space of acts by X'. Constant acts in X are identified with constants
in R. Given X € X, we write || X|| = sup,cq | X (w)|. A set S C X is said to be bounded if
SUPycs || X|| < 0o and B-closed if, for any bounded (X, ),en € S that pointwise converges
to some X € X, it holds that X € S.

For X,V € X, X > Y means X(w) > Y(w) forallw € Q. Given p € M; and X,Y € X,
we say that X >V if u({X >Y}) =1, and X >3V if (X > z) > p(Y > z) for all
r €R. Clearly, X > Y = X2>PY = XZZdY.

For a continuous capacity v, the core of v, denoted by €(v), is defined as
Cv)={peM;:puA)>v(A) foral Ae F}.
The following are common properties of a continuous capacity v.
Supermodularity: For all A, B € F, v(A) +v(B) <v(AUB)+v(AN B).
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Submodularity: For all A,B € F, v(A)+v(B) >v(AUB)+v(ANB).
Balanced: €(v) # &.
Exactness: For all A € F, v(A) = ming,cen) 1(A).

For more on the core and the previous properties of capacities, see Denneberg [1994] and
Marinacci and Montrucchio [2004].

Given a capacity v, the Choquet integral with respect to v is given by

0 0
/Xdy:/ V(X>x)dx+/ (W(X >2)— 1) dz, XeX.
0 —00
We say that X,Y € X are comonotonic if for all w,w € Q, (X(w) —X(©))(Y(w)-Y(®)) >
0. As shown by Schmeidler [1986], a function V' : X — R can be represented as V(X) =
J, Xdv for some capacity v if and only if V' is monotone (V(X) > V(Y') whenever X >Y),
comonotonic additive (V(X +Y) = V(X) + V(Y) for comonotonic X,Y'), and normalized
(V(1) =1). An increasing (always in the non-strict sense) function ¢ : [0, 1] — [0, 1] with
g(0) = 0 and g(1) = 1 is called a distortion function. A von Neumann—Morgenstern (vNM)
utility function is a non-constant increasing function v : R — R.

3.2.2 The Savage setting with pure risk and the Choquet rank-
dependent utility model

We will work in a refined Savage setting, as described below. Fix a sub-o-algebra G,
which is to be interpreted as an exogenous source of unambiguous events. As the events
in G are unambiguous, the DM is able to assign likelihoods to them consistent with a
probability measure. Let P : G — [0, 1] denote the probability measure assigning these
likelihoods. As common in risk management, we will assume that P is an atomless; that
is, {P(B) : Be€ G, BC A} = [0,P(A)] for every A € G. We refer to this setting as the

Savage setting with pure risk. We call P the exogenous probability measure.

A preference relation 7 representing the DM’s preferences is a total preorder on X’;
that is, (i) forall XY € X, X Z Y or Y = X; (ii) for all X,Y,Z € X, if X =~ Y and
Y = Z then X 7 Z. We write X'(G) for the subspace of X’ consisting of G-measurable acts.
Under our setting, acts X € X(G) exhibit no distributional ambiguity, and the preference
relation = restricted to X(G) should be determined solely by the distributions of these
acts under the exogenous probability measure P. This brings us to our first axiom of risk
conformity.?

2Risk conformity was called differently by Shen et al. [2026] as partial law invariance.
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RC) Risk conformity: For all X,Y € X(G) satisfying X =Y, X ~ Y.
( y ying X =3

If the preference relation - satisfies Axiom (RC), then the restriction of 7~ to X'(G), called
the risk preferences of 7, corresponds to a preference relation over lotteries. To evaluate
general acts, i.e., acts not necessarily in X'(G), the DM must consider both their risk
preferences and their perception and attitudes regarding ambiguity. In the discussions later,
the risk component of > refers to the influence of the risk preferences on the evaluation of
general acts, and the ambiguity component of 7 refers to the influence of ambiguity on the

evaluation of general acts.

A capacity v is risk conforming if v|g = P. Risk conformity means that, for unam-
biguous events, the capacity behaves like the exogenous probability measure P. When v
describes the DM’s subjective evaluation regarding the likelihoods of events, risk confor-
mity is essential, as the DM believes that P correctly specifies the likelihood of unambiguous
events.

The CEU model (Schmeidler, 1989) was originally formulated in the setting of Anscombe
and Aumann [1963]. We now explain the relevant formulation of the CEU model in the
Savage setting with pure risk.®> The DM has a continuous strictly increasing vINM utility u
which describes their evaluation of outcomes. To describe the ambiguity component of the
preferences, the DM has a continuous risk-confirming capacity v that can be interpreted
as their subjective assessment of the likelihood of events. The preference relation - of the
DM in the CEU model is given by

Xry /u(X)du > /u(Y)du, X,V € X, (3.1)

It is well known that, given a preference relation 77 satisfying (3.1), u is unique up to
positive affine transformations and v is unique. Since v in (3.1) is risk conforming, it
is straightforward to show that a CEU preference relation - satisfies Axiom (RC) and
the risk preferences for =~ are given by the EU model. As noted in the introduction, the
majority of ambiguity models yield the EU model for risk preferences. A key conceptual
assumption of the CEU model is that if the DM believes a probability measure y € M,
uniquely describes their subjective assessment of the likelihood of events, i.e., they perceive
no ambiguity, then they take v = g in (3.1) and their preference relation Z is given by
the SEU model. The work of Sarin and Wakker [1992] provides an axiomatization of CEU

3The choice below to take u to be continuous and strictly increasing, as well as v to be continuous,
is not required in general, but this choice is adopted for reasons that will become apparent in the next
section.
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preference relations, but rather than assuming that P is given exogenously they incorporate
its derivation into the axiomatization.

A conceptual generalization of the CEU model is the CRDU model, first considered by
Tversky and Fox [1995]. We now explain the relevant formulation of the CRDU model in
the Savage setting with pure risk. Once again, the DM has a continuous strictly increasing
vNM utility © and a continuous risk-confirming capacity v, which serve the same purpose
as the CEU model. However, unlike the CEU model, the DM has an additional element
describing the risk component of her preferences. This element is given by a continuous
strictly increasing distortion function g, which describes how the DM distorts probabilities.
The preference relation 7 of the DM in the CRDU model is given by

Xry e /U(X)d(goy) > /u(Y)d(goy), X,V €. (3.2)

Since any preference relation satisfying (3.2) is biseparable (Ghirardato and Marinacci,
2001), and v must be risk conforming, it is straightforward to show that for any such
preference relation, the utility function u is unique up to positive affine transformations, g
is unique, and v is unique.

Given a CRDU preference relation =~ in (3.2), since v is risk conforming, we have
XZYV < /u(X)d(goP) > / u(Y)d(goP), X,Y € X(G).
Q Q

Therefore, 7 satisfies Axiom (RC) and the risk preferences are given by the RDU model
of Quiggin [1982]. This explains the terminology “Choquet rank-dependent utility”, as
the model has a similar form as the CEU model but allows for risk preferences given by
the RDU model. Furthermore, if there exists € [0, 1] such that g(z) # z, then the risk
preferences are not an instance of the EU model.

An axiomatization for the CRDU model was recently proposed by Buchak [2025] in
a setting similar to ours; however, they do not assume that P is given exogenously. In
the next section, we will provide an axiomatization of the CRDU model fundamentally
different from Buchak [2025]. This axiomatization will consist of the regularity Axiom
(RC), three additional regularity axioms that are also natural in the Savage setting with
pure risk, and two additional axioms for biseparable preferences. The primary motivation
for this axiomatization is that the regularity axioms enable us to show the existence of
matching probabilities (Buchak [2025] has this as an axiom) and define the necessary tools
for establishing the two axioms for biseparable preferences. This highlights the suitability
of the Savage setting with pure risk for deriving axiomatizations of non-traditional models
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of ambiguity within a Savage-like setting. The proofs of the main results, along with several
supplementary results, are provided in the Appendix.

3.3 Axioms and representation

We now state and discuss several additional axioms for preference relations 7. After-
wards, in Theorem 3.1, we will present the main representation.

(M) Monotonicity: For all X, Y € X satisfying X > Y, X =~ Y.

Axiom (M) is standard for preference relations in the Savage setting. If the act X pays
more than the act Y for every state of the world, then it is natural that the DM would
prefer X to Y.

(SRM) Strict risk monotonicity: For all XY € X(G) satisfying X > Y, X -~ Y.

Axiom (SRM) reflects the fact that the DM believes that the probability measure P is
well-specified on G. Thus, a stronger form of monotonicity, using distributions, holds for
acts in X(G).

(C) Continuity: Forall X e X, {Y e X : X Zm Y} and {Y € X : Y 2z X} are B-closed.

Axiom (C) appeared in Chew and Mao [1995] and Chateauneuf and Lakhnati [2007] in the
pure-risk setting. The use of this axiom in a Savage setting is common in the literature
on risk measures, where it is referred to as the Lebesgue property; see Follmer and Schied
[2016].

The axioms discussed thus far concern only certain notions of regularity and essentially
impose no specific functional forms on the preference relations. The axioms governing
specific forms of the risk preferences will be discussed later in the section. The following
proposition confirms that a CRDU preference relation satisfies the above regularity axioms.

Proposition 3.1. Let 7 be a CRDU preference relation. Then 7 satisfies Azioms (RC),
(M), (SRM), and (C).

An additional confirmation of the suitability of our regularity axioms is that they ensure
the existence of matching probabilities, an object we now recall. For notational simplicity,
we will write A - B for A, B € F to mean 1, =~ 1p, where 1, denotes the binary act
which yields 1 if w € A and 0 otherwise.
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Definition 3.1. Given a preference relation -, a function v : F — [0, 1] is a 75-matching

~J)

probability if for all A € F, there exists Ry € G such that v(A) =P(R,4) and A ~ R,.

Intuitively, a 7—-matching probability uses the restriction of the preference relation
=~ on JF to produce a description of ambiguity on the level of events. The definition
formalizes the idea that, for each event A € F, the preference relation - is used to identify
a unambiguous probability v(A) such that a bet paying $1 if A occurs (and $0 otherwise)
and a unambiguous bet that pays $1 with probability v(A) (and $0 otherwise) are equally
preferred. Our definition of a ZZ-matching probability only works in the Savage setting
with pure risk, as G needs to contain unambiguous events to have the aforementioned
interpretation.

Proposition 3.2. For every preference relation 7 satisfying Azioms (RC), (M), (SRM),
and (C), there exists a unique Z--matching probability v. Furthermore, v is a continuous
risk-conforming capacity, and

A= B < v(A)>v(B), A BEF. (3.3)

Let 7 satisfy Axioms (RC), (M), (SRM), and (C). By Proposition 3.2, the 7Z-matching
probability is risk conforming. Therefore, the ZZ-matching probability correctly identifies
the likelihood of unambiguous events specified by P. The following shows that the -
matching probability can be used to isolate the ambiguity component of a CRDU preference
relation, which is conceptually similar to Dimmock et al. [2016, Theorem 3.1].

Proposition 3.3. Let 7= be a CRDU preference relation in (3.2), then v is the unique
= -matching probability.

The remaining two axioms are motivated by the fact that a CRDU preference relation
is biseperable. These axioms make reference to certain constructions guaranteed to exist
from our regularity axioms. For example, both make reference to certainty equivalents. To
show existence, as well as a continuity property, we have the following proposition.

Proposition 3.4. Given a preference relation 77, satisfying Azioms (RC), (M), (SRM),
and (C), for each X € X, there exists a unique cx € R such that X ~ cx. Moreover, if
(Xn)nen C X is a bounded sequence converging pointwise to X € X, lim,,_, Cx, = Cx.

The following axiom, or variations of it, has often been used for the axiomatization of
the RDU model. In what follows, we use G to denote the set {R € G : P(R) = 1/2} of
“coin flip” events. Given A € F and x,y € R, Ay denotes the binary act which yields x
if w € A and y otherwise.
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(RS) Risk symmetry: For all R € G and z,y, z, 2’ € R satisfying x > y and z, 2’ € [y, z]

CmRchz’Ry = CmRz’RCzRy-

It is not hard to show that Axiom (RS) is a weaker version of the weak independence
axiom from Quiggin [1982]. The formulation of Axiom (RS) is similar to Axiom (A6) in
Ghirardato et al. [2001], where various interpretations of axioms of this type and their
historical development are discussed.

To define the final axiom, we need to define a binary operation on X that can be
viewed as a subjective mixture operation for acts. As a preliminary step, following the
approach of Ghirardato et al. [2003], we first introduce a subjective mixture for outcomes.
The following proposition demonstrates that, once a non-trivial risky event is fixed, our
regularity axioms guarantee both the existence and uniqueness of a subjective mixture for
outcomes associated with that event.

Proposition 3.5. Let 77 satisfy Azioms (RC), (M), (SRM), and (C). Given R € G sat-
isfying P(A) € (0,1) and x,y € R with x > y, there exists a unique z € [y, x| such that
TRy ~ cyr.Reapy.

If the preference relation - satisfies Axioms (RC), (M), (SRM), and (C), then, given
z,y € R,asx > yory > x, we define (1/2)z @ (1/2)y as the unique z given in Proposition
3.5 with R € G, following Ghirardato et al. [2003]. Clearly, by Axiom (RC), this binary
operation is independent of which specific set R € G we choose. For two acts X, Y € X,
we define the subjective mixture of acts (1/2)X @ (1/2)Y by

[(1/2)X @ (1/2)Y](w) = (1/2)X(w) © (1/2)Y (w).

Proposition 3.11 in Appendix 3.8 confirms that (1/2)X & (1/2)Y € X; that is, (1/2)X &
(1/2)Y is bounded and measurable.

We are now ready to present the final axiom, which is the comonotonic independence
axiom of Schmeidler [1989], but for the subjective mixture of acts. The following axiom
assumes that the preference relation 7~ already satisfies Axioms (RC), (M), (SRM), and
(C), since the existence of the subjective mixture operation for acts relies on these axioms.

(SCI) Subjective comonotonic independence: For all pairwise comonotonic X,Y, Z € X,

X~V = (1/2)X @ (1/2)Z ~ (1/2)Y @ (1/2)Z.
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The following result shows that the above axioms fully characterize CRDU preference
relations.

Theorem 3.1. The preference relation 77 satisfies Azioms (RC), (M), (SRM), (C), (RS),
and (SCI) if and only if 7 is a CRDU preference relation, that is, there exist a continu-
ous strictly increasing vINM utility function w, a strictly increasing continuous distortion
function g, and a continuous risk-conforming capacity v such that

XYV < /u(X)d(goy)Z/u(Y)d(gou), X, Y eX.

Given a CRDU preference relation -, as the strictly increasing continuous distortion
function g in (3.2) is uniquely determined, we will henceforth refer to g as the ~-distortion.
Likewise, the strictly increasing vNM utility function w in (3.2) is unique up to positive
affine transformations, and we will henceforth refer to the version of u satisfying «(0) =0

and u(1) = 1 as the Z-utility.

In the Savage setting with pure risk, Axiom (RC) ensures that the 7Z-distortion, which
represents an aspect of the risk component of >~, can be identified directly from the pref-
erence relation ~~. This, in turn, separates it from the 7—-matching probability, which
represents the ambiguity component of 7. In the general Savage setting, i.e., the setting
where G is not assumed to be an exogenously given unambiguous source, such a separation
of the risk and ambiguity components may not be possible. The next example illustrates

this point with a variational preference model. A similar example can be constructed for
RDU and omitted here.

Example 3.1. Consider the general Savage setting without specifying G. Suppose that
the DM’s preference relation =~ satisfies

xev = i { [ xansrgi) = o { [ vacsmeo}, 6

where Q € M; is a reference probability measure fixed by the DM, 8 > 0, and H(u|Q)
is the Kullback-Leibler divergence (relative entropy) of u from Q.* The model (3.4) is
a special case of both the multiplier preferences of Hansen and Sargent [2001] and the
variational preferences of Maccheroni et al. [2006]. Via the Donsker—Varadhan variational

4Tf p is absolutely continuous with respect to Q, then H(u|Q) = E#[log(dy/dQ)], where du/dQ is the
Radon-Nikodym derivative; otherwise H (u|Q) = oo.
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formula, (3.4) can be alternatively expressed by

XRY > —flog ( / exp(—X/ﬁ)d@> > Blog ( / —exp(—Y/ﬁ)dQ) . (35)
Q Q
The model (3.4)-(3.5) can be explained by two distinct behavioral considerations.

(a) The DM has the expected-value risk preferences, but she is unsure about the accuracy
of the reference probability measure Q. As alternative probability measures u € M
are plausible, the DM uses the relative entropy to penalize the deviation of p from Q
and then aggregates these evaluations.

(b) The DM is confident about the accuracy of the reference probability measure Q, and
she has EU risk preferences with an exponential utility function u : z — —exp(—z/0).

Since both cases lead to the same preference relation, the risk and ambiguity components
of 7~ cannot be uniquely identified from the DM’s choices over X'. In case (a), § is a
parameter of ambiguity aversion and in case (b), it is a parameter of risk aversion. With
the help of the set X'(G) in our Savage setting with pure risk, we are able to correctly
separate these two components.

3.4 Ambiguity attitudes

As discussed in the previous section, given a CRDU preference relation -, the ambiguity
component of 77 is described by the Z-matching probability. Therefore, in this section,
we study ambiguity attitudes of CRDU preferences through properties of the matching
probabilities.

3.4.1 Comparative and absolute ambiguity attitudes

We will first define comparative ambiguity attitudes for CRDU preference relations.
This will then allow us to define absolute ambiguity attitudes once a normalization for
ambiguity neutrality is provided. Many of the notions presented here will be similar to those
in Epstein [2004], but one key difference exists: Epstein’s (2004) definition of comparative
ambiguity attitudes between two preference relations -; and ,° implies the equivalence of
risk preferences between 77 and 7, whereas our notion is independent of risk preferences.

SEpstein [2004] used the term “uncertainty” in place of our term “ambiguity”.
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Given the CRDU preference relations 7~~; and 75, we say that =5 is more ambiguity
averse than 7 if
R A = R A, ReGand A e F.

The interpretation of this definition is quite natural: As events R € G have no ambiguity,
they can serve as the benchmark for comparing ambiguous events. This is similar to the
classic notion of comparative risk aversion (Pratt, 1964 and Yaari, 1969), where constant
acts serve as the benchmark.

We have the following proposition characterizing comparative ambiguity attitudes.

Theorem 3.2. Let =1 and -5 be CRDU preference relations with matching probabilities vy
and vy respectively. Then, 7o is more ambiguity averse than 71 if and only if v1(A) > vo(A)
forall A e F.

In Theorem 3.2, the 7-;-distortion and the Zs-distortion may not be the same, and
similarly, the two utility functions may not be the same. This is consistent with the fact
that the ambiguity component in the CRDU model is separated from the risk component.
To get a full comparative implication on all acts, instead of only binary ones, we need to
force the risk components of both preference relations to be identical, as shown in the next
result.

Proposition 3.6. Let 771 and -5 be CRDU preference relations. Then, the comparative
implication

X1 Y (X 1Y) = X0V (X =Y), foral X e X(G) andY € X (3.6)

holds if and only if the 71-utility is equal to the Zo-utility, the -1 -distortion is equal to the
=o-distortion, and o is more ambiguity averse than 1.

As Proposition 3.6 demonstrates, our notion of comparative ambiguity attitudes for
CRDU preference relations generalizes the comparative ambiguity attitudes of Epstein
[2004] given by (3.6).

Our next goal is to define a normalization for ambiguity neutrality. Similar to the
definition of comparative ambiguity attitudes, we define ambiguity neutrality as a property
of the preference relation restricted to events.

(AN) Ambiguity neutrality: For all A, B,C' € F satisfying (AU B)NC = &,
Az B < AuCzZ BUC. (3.7)
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We have the following theorem characterizing Property (AN). However, this character-
ization only requires the four regularity axioms, which, by Proposition 3.2, guarantee the
existence and uniqueness of a matching probability.

Theorem 3.3. Let 7 satisfy Azioms (RC), (M), (SRM), and (C). Then 7 satisfies Prop-
erty (AN) if and only if the 7 -matching probability v is a probability measure.

In Epstein [2004], the normalization for ambiguity neutrality was given by preference
relations consistent with respect to first-order stochastic dominance for some y € M;.
That is, there exists u € M; such that

X>NY = XZV, X,YeX. (3.8)

If = satisfies (3.8), then - is probabilistically sophisticated with respect to p, i.e., for all
X, Y € X satisfying X :zd Y, we have X ~ Y’; see Machina and Schmeidler [1992]. The
following proposition demonstrates that our normalization for ambiguity neutrality aligns
with the one presented in Epstein [2004].

Proposition 3.7. Let =~ be a CRDU preference relation. Then 7 satisfies Property (AN)
if and only if there exists u € My such that (3.8) holds.

Consistency with respect to first-order stochastic dominance, i.e., (3.8), does not rep-
resent ambiguity neutrality in the general Savage setting. For instance, in the MEU model
of Gilboa and Schmeidler [1989], there are preference relations that are consistent with re-
spect to first-order stochastic dominance, but do not have a prior set given by a singleton.
Consider, for example, when Q. = {p € My : H(u|Q) < €}, where Q € M, is a reference
probability measure and € > 0. The preference relation 77 given by

X2V min/u(X)duz min/u(Y)d,u, X, YeX
Q Q

ne Qe pne Qe

satisfies (3.8) with u = Q; see Shapiro [2013, Corollary 1]. As sets of multiple priors in the
MEU model represent both the perception of ambiguity and a strong form of ambiguity
aversion, as discussed by Ghirardato et al. [2004], consistency with respect to first-order
stochastic dominance is not sufficient to claim ambiguity neutrality. Example 3.1 gives a
similar example in the framework of variational preferences.

In our Savage setting with pure risk, Axiom (RC) enables us to pin down the DM’s risk
preferences. Furthermore, by Theorem 3.3, Property (AN) implies that the DM transforms
reduces all acts to lotteries via the matching probability in M, and then uses their risk
preferences on these lotteries to make decisions. This is why the example for the MEU
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model presented above does not capture ambiguity neutrality. In the MEU model, the
risk preferences are given by the EU model. Under the situation where the set of priors
is not a singleton, but the preferences are consistent with respect to first-order stochastic
dominance, the preference relation induced on lotteries is not EU. In the example above,
the induced preference relation on lotteries coincides with the so-called coherent entropic
risk measure (Follmer and Knispel, 2011 and Ahmadi-Javid, 2012) composed with the
utility transformation. Therefore, ambiguity neutrality, in general, should be equivalent
to consistency with respect to first-order stochastic dominance and the induced preference
relation on lotteries coinciding with the risk preferences. This definition is consistent with
Ghirardato and Marinacci [2002], where the authors’ normalization for ambiguity neutrality
corresponds to preference relations from the SEU model.

Finally, we say that a CRDU preference relation 77 is ambiguity averse (AA) if it is more
ambiguity averse than a CRDU preference relation satisfying Property (AN). A straight-
forward consequence of Theorem 3.2 and Theorem 3.3 is that given a CRDU preference
relation -, Property (AA) is equivalent to the Z—-matching probability being balanced.
The idea of using a balanced matching probability in the CEU model to capture a form of
ambiguity aversion was discussed in Chateauneuf and Tallon [2002]. For alternative forms
of ambiguity aversion in the CEU model and their connection to matching probabilities,
see Hartmann and Kauffeldt [2026].

3.4.2 Propensity for diversification

The idea of propensity for diversification in finance has appeared in the setting of risk
since the foundational work of Markowitz [1952]. For decision models that incorporate am-
biguity, such a property has been formalized in the classic papers by Gilboa and Schmeidler
[1989] and Schmeidler [1989].5 We present the definition of this property below, which is
also sometimes called the convexity of the preferences.

(DS) Diversification seeking: For all XY € X satisfying X ~ Y and A € [0, 1],

AX +(1-\)Y = X.

If the preference relation of the DM satisfies Property (DS), then the DM prefers mixtures of
equally preferred acts. This aligns with the intuitive idea of diversification. We immediately
get the following proposition based on the work of Wakker and Yang [2019].

In Gilboa and Schmeidler [1989] and Schmeidler [1989], diversification seeking is called uncertainty
aversion.
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Proposition 3.8. Let 77, be a CRDU preference relation in (3.2). Then = satisfies Property
(DS) if and only if the u is concave and the capacity g o v is supermodular.

By Proposition 3.8, for a CRDU preference relation -, Property (DS) depends on both
the risk component of 77, i.e., the ~—-utility and the >~-distortion, and the ambiguity compo-
nent of 77, i.e., the ZZ-matching probability. Furthermore, since the 7Z-matching probability
v is risk conforming and (92, G, P) is atomless, it follows from the supermodularity of go v,
where ¢ is the ZZ-distortion, that ¢ is convex, see Follmer and Schied [2016, Proposition
4.75]. Consequently, the Property (DS) implies a well-known risk attitude, which we now
recall.

Given p € M; and the acts X, Y € X, we say that X dominates Y in second-order
stochastic dominance (SSD) under p, written X >%4Y  if for all increasing concave func-
tions f : R — R, it holds that [, f(X)du > [, f(Y)du. SSD is closely related to strong
risk aversion as studied by Rothschild and Stiglitz [1970]. Note that the following property
is defined only for pure-risk acts, that is, acts in X' (G).

(SRA) Strong risk aversion: For all X,Y € X(G) satisfying X >34V, X 5 V.

A direct consequence of Schmidt and Zank [2008] is that a CRDU preference relation -
satisfies Property (SRA) if and only if the Z-utility is concave and the 7Z-distortion is
convex. Therefore, Property (DS) implies Property (SRA).

Property (SRA) is strictly weaker than Property (DS), as Property (DS) is a conse-
quence of both the risk and ambiguity components of the preferences, but Property (SRA)
is only a consequence of the risk component of the preferences. Ideally, one would like to
identify an ambiguity attitude that, together with Property (SRA), implies Property (DS).
The following example shows that this can be done for the specific class of CEU preference
relations.

Example 3.2. Let 7~ be a CEU preference relation; that is,
XYV < /u(X)dV > / uwY)drv, XY € X,
Q Q

where u is the Z-utility and v is the zZ-matching probability. By Proposition 3.8, we
know that = satisfies Property (DS) if and only if u is concave and v is supermodular.
Since the supermodularity of v implies that v is balanced, we have 77 satisfies Property
(AA). Therefore, the supermodularity of the ~-matching probability is a stronger form of
ambiguity aversion. Furthermore, this stronger form of ambiguity aversion, combined with
Property (SRA) guaranteeing the concavity of u, yields Property (DS).
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For general CRDU preferences, the forward direction of the equivalence established in
Example 3.2 for CEU preferences still holds, as shown in the following theorem.

Theorem 3.4. Let =~ be a CRDU preference relation. If 7 satisfies Property (SRA) and
the 7 -matching probability is supermodular, then 7~ satisfies Property (DS).

Therefore, a combination of both strong risk aversion (Property (SRA)) and a stronger
version of ambiguity aversion (Property (AA)) will ensure that the DM prefers diversifica-
tion (Property (DS)). However, the next example demonstrates that the reverse direction of
the equivalence established in Example 3.2 for CEU preferences does not generally extend
to CRDU preferences. In particular, we show the existence of a CRDU preference relation
> that satisfies Property (DS) but not Property (AA), which implies that the 7Z-matching
probability is not supermodular.

Example 3.3. Assume there exists a risk-conforming Q € M; and a sub-c-algebra H,
independent of G under Q,” such that there exists Ay € H satisfying Q(4y) € (0,1). Given
a strictly concave continuous distortion function h, we show in Appendix 3.9 the existence
of a continuous risk-conforming capacity v for which

h(Q(A)) > v(A) > Q(A) forall Ae F, v(A)=h(Q(A)) for all A € H,

and g o v is supermodular, where ¢ is the inverse distortion function of h. Fix the strictly
increasing concave vINM utility u and define the CRDU preference relation 2~ by

X2y e /Qu(X)d(goz/) Z/QU(Y)d(gou), X,V € X,

As g o v is supermodular and wu is concave, by Proposition 3.8, 7 satisfies Property (DS).
By the strict concavity of h, v(Ay) = h(Q(Ag)) > Q(Ap)h(1) + (1 — Q(Ap))h(0) = Q(Ay).
Similarly, as Q(Af) € (0,1), v(A5) > Q(Af5). Thus, v(A) + v(A°) > 1 and 77 does not
satisfy Property (AA).

The preference relation 77, constructed in Example 3.3 further illustrates the interplay
between the risk and ambiguity components of CRDU preferences. Suppose that we fix the
generalized probabilistic beliefs of 7~ from Example 3.3 (we fix the 7—-matching probability
v), but replace the risk preferences with the expected-value risk preferences, namely,

XXY /Xdyszdy, X,Y € X.
Q Q

"Independence between H and G means Q(AN B) = Q(A)Q(B) for all A€ G and B € H.
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Therefore, it holds that
XZY /Xd(ho@) Z/Yd(ho(@), X,Y € X(H).
Q Q

Since holP is submodular (Follmer and Schied, 2016, Proposition 4.75), for all X, Y € X (H),
if X ~ Y thenforall A € (0,1), X =/ AX+(1—\)Y. Therefore, for the preference relation
>’ there is an aversion to diversification locally on X'(H), contrasting the global propensity
for diversification of 77, although both preference relations satisfy Property (SRA).

3.4.3 The robust interpretation

A preference relation 77 is called a maxmin expected utility (MEU) preference relation
(Gilboa and Schmeidler, 1989) if there exists a collection of risk-conforming probability
measures S® and a vINM utility u such that

XzZYV = min/u(X)d,uZmin/u(Y)du, XY eX. (3.9)
MGS Q MES Q

Intuitively, a DM with an MEU preference relation chooses the set S to represent their

ambiguity perception and then aggregates their risk preferences, given by the EU model,

over this set. This form of aggregation is known as the robust aggregation of risk prefer-

ences, and it corresponds to a very strong form of ambiguity aversion; see Ghirardato et al.
[2004].

For the CRDU preference relation - in (3.2), the above idea of robust aggregation of
risk preferences means the following property:

XZY < min /u(X)d(goM) > min /u(Y)d(go,u), X, YeX, (3.10)
Q Q

ne(v) nee(v)
where the set of probability measures €(v) is understood as reflecting the DM’s ambi-
guity perception. As the following theorem demonstrates, the supermodularity of the

~-matching probability enables the robust aggregation of risk preferences in the case of
CRDU preference relations.

Theorem 3.5. Let 77, be a CRDU preference relation in (3.2). Then the robust aggregation
(3.10) holds if and only if v is supermodular.

8Here, we suppose each i € S is risk conforming to ensure we remain in the Savage setting with pure
risk. That is, since P is well specified on G, it should hold that u|g =P for all u € S.
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It is well-known that Property (DS) connects CEU preference relations to MEU prefer-
ence relations (Schmeidler, 1989). In the case of CRDU preference relations, Property (DS)
is not sufficient to guarantee the robust aggregation of risk preferences. To see this, let
be a CRDU preference relation in (3.2) satisfying Property (DS). Then, by Proposition 3.8
and Marinacci and Montrucchio [2004, Theorem 4.6], it holds that

XY < min /u(X)d,u> min /u(Y)d,u, X, Y eX. (3.11)
Q Q

ne€(gov) - pel(gov)

The expression in (3.11) represents an aggregation, but it does not correspond to the
robust aggregation of the DM’s risk preferences. This follows since (3.11) corresponds to
an aggregation of the EU risk preferences. However, as 2~ is a CRDU preference relation,
the risk preferences should be given by the RDU model with distortion g. Furthermore, the
set €(gowv) in (3.11) should not be interpreted as the DM’s ambiguity set as the capacity
gov does not represent the ambiguity component of 2~; rather, the 7—-matching probability
v represents the ambiguity component of .

3.5 An exogenous global probability measure

In this section, we will assume that the DM has, through some statistical procedure,
estimated a reference probability measure Q € M; to initially describe their uncertainty.
We will assume that the reference probability measure agrees with the likelihood evalu-
ations on the unambiguous events; that is, Q is risk conforming. There are two ways to
interpret the relationship between Q and P. The first is that the DM begins with the ex-
ogenous unambiguous events and the probability measure P. From here, when estimating
the model Q, the DM ensures that the statistical procedure produces a risk-conforming
Q. Example 3.4 below illustrates this interpretation in a setup used by Klibanoff et al.
[2005]. For the second way of interpreting this assumption, the DM can first estimate Q
and then, through introspection or some quantitative statistical procedure, designate G as
being unambiguous. Then, the DM takes P = Q|g. This modeling approach was discussed
in Shen et al. [2026].

Regardless of the interpretation, the key motivating takeaway is that the DM has a
global probability measure QQ, but a priori, only fully trusts the model on G.

Example 3.4. Let (€, F;) denote a measurable space where the DM lacks any prior
probabilistic information. Let (€22, F2,P) denote a probability space where the DM knows
that observations from this space happen according to P;. For example, the probability
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space (€2, Fa,[Py) could represent a lottery generating device. Define (2, F) = (91 X
Qo, F1 ® F3). Define G ={Qy x A: A€ F}and P: G — [0,1] by

P(Ql X A) = ]P)Q(A), Ae FQ.

Assume that the DM, through some statistical estimation procedure, has estimated the
probability measure P; for (1, ;). Additionally, assume the DM believes that these
two sources of randomness are independent of each other, which is consistent with the
interpretation that (g, F2,Py) represents a lottery generating device. Therefore, the DM
takes as their reference probability measure Q € M, the unique probability measure
satisfying

Q(A; x Ag) =P (A))Py(A2), Ay € Fi and Ay € Fo.

It is straightforward to verify that Q is risk conforming.

Consider the case where the DM estimated the model QQ to inform investment decisions
for their financial portfolio, which they plan to liquidate within a week. Under the reference
model QQ, assume that the weekly losses of a well-established equity X and the weekly losses
of a recently launched cryptocurrency Y share the same distribution. Because the equity
has been observed for an extended period, the DM perceives the events related to X as
unambiguous, i.e., X € X(G). When deciding between an investment in X versus an
investment in Y, the DM is automatically drawn to X because it has the same estimated
distribution as Y, without any ambiguity. Therefore, the assumption X >~ Y is reasonable.
This discussion motivates the following property.

(RAA) Reference ambiguity aversion: For all X € X(G) and Y € X satisfying X = Y,
Xy,

As Q is risk conforming, it is straightforward to verify that Property (RAA) is a stronger
condition than Axiom (RC). The terminology “reference ambiguity aversion” comes from
the following proposition.

Proposition 3.9. Let = be a CRDU preference. Then 77, satisfies Property (RAA) if
and only if the —-matching probability v is set-wise dominated by the reference probability
measure Q, i.e., Q € €(v).

If the CRDU preference relation 77 satisfies Property (RAA), then, by Proposition 3.9,
the ~-matching probability must be balanced. In general, we have

Property (RAA) = Property (AA) and Axiom (RC)
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To see that the converse implication does not hold, we can take v such that €(v) does not
contain Q but contains some risk conforming p € M; that differs from Q outside G.

We now derive an alternative representation for CRDU preference relations when the
following additional property is satisfied.

(NSC) Null set consistency: For all X,Y € & satisfying X =g Y, X =Y.

Property (NSC) encodes the idea that the DM is confident that the reference probability
measure Q correctly identifies sets of probability zero and is indifferent to acts that only
differ on a set of probability zero. Property (NSC) is not implied by Axiom (RC), which
does not restrict 77 outside G. For A, B € F, denote by AA B the symmetric set difference,
that is, AAB = (A\ B)U (B \ A). For a capacity v, we say that v is Q-consistent if for
all A, B € F with Q(AAB) =0, v(A) = v(B).

Proposition 3.10. Let 77 be a CRDU preference relation. Then - satisfies Property
(NSC) if and only if the =-matching probability is Q-consistent.

We now provide an alternative representation of CRDU when Property (NSC) is also
assumed. For this purpose, we need the following definitions of distortion families. In the
sequel, we write D(X) = {Q(X > z) : z € R} C [0, 1].

Definition 3.2. (i) An indexed family (gx)xex is called a distortion family if gx is
distortion function for all X € X and the following three properties are satisfied: (a)
For all A, B € F satistying A C B, gq1,(a) < g1,(a) for all o € [0,1]; (b) For all
X € X, gx is continuous when restricted to D(X); (¢) For all comonotonic X,Y € X,
gx(a) = gy(a) for all « € D(X)ND(Y).

(ii) For a distortion function g, a distortion family (gx)xex is called a g-distortion family
if for all X € X(G), gx(a) = g(«) for all &« € D(X), A g-distortion family (gx)xex
is ambiguity averse if for all X € X, gx(a) < g(«) for all @ € D(X).

Theorem 3.6. The CRDU preference 77 in (3.2) with Property (NSC) has the alternative
representation

XrY < /Qu(X)d(gX 0Q) > /Qu(Y)d(gy 0Q), X,Y €AX. (3.12)

where (gx)xex is a g-distortion family that is uniquely determined on D(X) for each X.
Furthermore, 7 satisfies (RAA) if and only if (gx)xex s ambiguity averse.
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The representation in Theorem 3.6 gives an alternative view on how the DM incorpo-
rates the ambiguity component of their preferences. Intuitively, the DM uses the reference
measure (Q to make decisions; however, to account for ambiguity, how the reference measure
is distorted depends on the act being evaluated. Since there is no distributional ambiguity
for the acts X(G), the distortion functions associated with acts in X'(G) coincide. The
common distortion function fixes how the DM distorts unambiguous probabilities and is
an aspect of the risk component of the preferences. Given some X € X \ X(G), how gx
differs from ¢ encodes the DM’s perception of and attitude toward the ambiguity in X.

Remark 3.1. We show in Appendix 3.10 that representation (3.12) is indeed a sufficient
condition for 7~ to be a CRDU preference relation. The representation (3.12) is primarily
intended to motivate an alternative view on how the DM incorporates the ambiguity com-
ponent of their preferences, rather than as a reference point for modeling such preference
relations.

Assume that - satisfies representation (3.12). Given some X € X\ X(G), if it holds
that gx = g, then the DM perceives no ambiguity in X or is neutral towards the ambiguity
perceived in X. For example, if gy = ¢ holds for every X € X, then 77 satisfies

XrYy < /Qu(X)d(go@) z/Qu(Y)d(go@), XY eX.

That is, the DM uses the RDU model globally under the reference probability measure Q
and, thereby, satisfies Property (AN). If = satisfies Property (RAA), then, by Theorem
3.6, for all X € X,

gx(a) < g(a), a€D(X)

Therefore, for all acts X € X\ X(G), the distortion gx will be more risk averse than the
DM’s risk distortion g, in the classic sense of Pratt [1964] and Yaari [1969].

3.6 Risk preferences given by the dual utility model

The dual utility model of Yaari [1987] is the special case of the RDU model when the
vNM utility is linear. The goal of this section is to axiomatize the subclass of CRDU
preferences that have risk preferences given by the dual utility model. For this purpose,
we introduce the following axiom, originally formulated by Yaari [1987] in the risk setting
and by Schmeidler [1989] in the setting of ambiguity.
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(CI) Comonotonic independence: For all pairwise comonotonic X,Y,Z € X,

X~V = (1/2)X + (1/2)Z ~ (1/2)Y + (1/2)Z.

Intuitively, the Axiom (CI) says that an act, mutually comonotonic to two indifferent
comonotonic acts, cannot be used as a way to hedge, i.e., as a way to change the indifference.
Axiom (CI) is structurally similar to Axiom (SCI) presented in Section 3.3. However,
Axiom (CI) is much simpler to define as it does not need the subjective mixture operation
for acts. It turns out that Axiom (CI), together with the earlier regularity axioms, suffices
to characterize all CRDU preference relations whose risk preferences are given by the dual
utility model.

Theorem 3.7. The preference relation 77, satisfies Azioms (RC), (M), (SRM), (C), and
(CI) if and only if there exists a strictly increasing continuous distortion function g and a
continuous risk-conforming capacity v such that

XrY /Xd(goy)z/Yd(goy), XY €X. (3.13)
Q Q

Moreover, in the representation (3.13), g is unique and v is unique and coincides with the
= -matching probability.

Any preference relation satisfying representation (3.13) is evidently a CRDU preference
relation. This consequence is further clarified by the following observation. If a preference
relation 77 satisfies the Axioms (RC), (M), (SRM), and (C), then, given z,y € R, we
can define the subjective mixture of these outcomes (1/2)z & (1/2)y; see Section 3.3. If
we further assume that - satisfies Axiom (CI), then it holds that (1/2)x & (1/2)y =
(1/2)x + (1/2)y, that is, the subjective mixture is given by the usual arithmetic average.
Therefore, Axiom (CI) implies Axiom (SCI).

3.7 Conclusion

We provided a new axiomatization of the Choquet rank-dependent utility model, an
ambiguity model that is structurally similar to the Choquet expected utility model, but
when confined to pure risks, it reduces to the rank-dependent utility model, rather than
to the expected utility model. Our model is formulated in the Savage setting, instead of
the Anscombe-Aumann setting.
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The main result, Theorem 3.1, axiomatizes this model in the Savage setting with pure
risk and, notably, requires only two axioms apart from some standard regularity axioms.
The ambiguity component of the preferences is fully captured by the notion of a match-
ing probability. To study ambiguity attitudes, we define comparative ambiguity attitudes,
which involve only preference comparisons between binary acts rather than all acts. Specif-
ically, Theorem 3.2 shows that, for CRDU preference relations, comparative ambiguity
attitudes are fully characterized by their matching probabilities. After fixing a normal-
ization for ambiguity neutrality, characterized in Theorem 3.3, we define and characterize
absolute ambiguity attitudes. On the interaction between risk and ambiguity attitudes
shapes the DM’s propensity for diversification, Theorem 3.4 shows that strong risk aver-
sion and the supermodularity of the matching probability are sufficient for propensity for
diversification. However, unlike the Choquet expected utility model, these conditions are
not necessary. This result allows a model to maintain the propensity for diversification
by adopting flexible risk and ambiguity attitudes. In addition, Theorem 3.5 shows that
the supermodularity of the matching probability is equivalent to the preference relation
admitting a robust aggregation interpretation of the risk preferences. To give a comple-
mentary perspective on the ambiguity component of CRDU preference relations, Theorem
3.6 provides a representation derived under an additional property. This representation
states that the DM distorts a reference probability measure, but allows this distortion to
depend on the act being evaluated. The extent to which the distortion function associated
with an act differs from the risk distortion determines the DM’s perception of and attitude
toward the ambiguity in that act. Finally, Theorem 3.7 provides an axiomatization for the
subclass of CRDU preference relations whose risk preferences are given by the dual utility
model. This axiomatization is concise as, apart from the regularity axioms from Theorem
3.1, only the single axiom of comonotonic independence is needed.

3.8 Results and proofs accompanying Section 3.3

Proof of Proposition 3.1. Since 7~ is a CRDU preference relation, there exists a continuous
strictly increasing vNM utility u, a continuous strictly increasing distortion function g,
and a continuous risk-conforming capacity v such that (3.2) holds true. Since v is risk
conforming, it is clear that - satisfies Axiom (RC). The fact that 77 satisfies Axiom (M)
follows from the monotonicity of the Choquet integral and the fact that u, by virtue of
being a vVINM utility, is increasing.

Let X,Y € X(G) satisfy X >% Y. Since u is strictly increasing, u(X) >& wu(Y).
Therefore, for all z € R, P(u(X) > x) > P(u(Y) > z), and there exists o € R such that
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P(u(X) > o) > P(u(Y) > x0). Since g is strictly increasing, for all z € R, g(P(u(X) >
x)) > g(P(u(Y) > x)), and g(P(u(X) > x0)) > g(P(u(Y) > xy)). By the right continuity
of the mappings

= g(P(u(X) >2z)) and z+— g(P(u(Y) > x)),

there exists € > 0 such that for all z € [z,z + €), g(P(uw(X) > z)) > g(P(u(Y) > x)).
Therefore,

/ﬂu(X)d(goy) :/QU(X)d(goIP’) > /Qu(Y)d(goIP’) :/u(Y)d(gol/),

Q
X =Y, and 7 satisfies Axiom (SRM).

Let Y € X and (X,,)neny € X be a bounded sequence converging pointwise to X € X
satisfying Y 7= X, for all n € N. Since u is continuous and increasing, (u(X,))nen is
bounded and converges pointwise to u(X). As the capacity g o v is continuous, by Wang
and Klir [2010, Theorem 11.9], we have

/QU(X)d(g ov)= lim [ u(X,)d(gov) < / u(Y)d(gov).

Therefore, Y 7 X. If we instead assumed that X,, 77 Y for all n € N, a similar argument

would show that X = Y. Therefore, 77 satisfies Axiom (C). O

Proof of Proposition 3.2. Given A € F, define L(A) = {P(R) : A Rand R € G} and
UA) = {P(R) : R z Aand R € G}. Since, by Axiom (M), Q = A 7 @, it holds that
0 € L(A) C[0,1] and 1 € U(A) C [0,1]. Thus, both L£L(A) and U(A) are non-empty.
Let ay = sup(L(A)) and by = inf(U(A)), we claim that ay € L(A). To see this, let
(Rn)neny C G with A 72 R, such that P(R,) T aa. If P(R,) = aa for some n € N, then
as € L(A). Therefore, we will assume that P(R,,) < a4 for all n € N. Since (Q2,G,P)
is atomless, there exists a G-measurable U : Q — (0,1) with P(U < z) = x for all
z € (0,1), i.e., U has a uniform distribution under P. Define R, = {U < P(R,)}. By
Axiom (RC), A zZ R;,. Since 1p, — Ly<q,y pointwise, by Axiom (C), A ZZ {U < aa}.
Therefore ay = P(U < ay) € L(A). Similarly, one can show that by € U(A). Therefore, as
(Q,G,P) is atomless, by Axiom (M), £(A) = [0,a4] and U(A) = [ba, 1]. Furthermore, as
U(A)UL(A) =[0,1], as > ba. For the sake of contradiction, assume that ay > by. We can
find Ry, Ry € G such that Ry C Ry and P(R;) = bs and P(Rs) = a4. By Axiom (SRM),
Ry = R;. On the other hand, by Axiom (RC), Ry 77 A 7~ R, a contradiction. Therefore

~Y

ay = by. Since A € F was general, we can define the set function v : F — [0, 1] by
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v(A) = ay = bs. By Axiom (RC) and the definition of £L(U) and U(A), given any R € G
with P(R) = v(A), A ~ R. Therefore, v is a ZZ-matching probability. The uniqueness of v
is a consequence of the fact that ay = b4 for all A € F. Furthermore, the uniqueness of v
forces v|g = P.

We will show that (3.3) is true. Let A, B € F satisfy A 7z B. Since v is a matching
probability, there exists R4, Rp € G satisfying A ~ Ry and B ~ Rp such that v(A) =
P(R4) and v(B) = P(Rp). Therefore, R4 ~ A = B ~ Rp. For the sake of contradiction,
assume that P(Rp) > P(R4). Under this assumption, as (2,G,P) is atomless, we can
find R’ such that R C Rp and P(RY) = P(R4). By Axioms (RC) and (SRM), Rp >
R ~ Ry, a contradiction. Thus, P(R4) > P(Rp) and v(A) > v(B). Let A, B € F satisfy
v(A) > v(B). Since v is a matching probability, there exists R4, Rp € G satisfying A ~ R4
and B ~ Rp such that v(A) = P(R4) and v(B) = P(Rg). As (Q,G,P) is atomless, we
can Ry such that R C Ry and P(R}) = P(Rp). Therefore, by Axioms (RC) and (M),
A~ Ry = Ry ~ R ~ B. Therefore, (3.3) holds and, by Axiom (M), v is a capacity.

We will show that v is upward continuous. Let (A,)nen € F be an increasing sequence
with A = (J, oy An. For each n € N, define R, = {U < v(A,)}. By Axiom (RC) and the
fact that v is a matching probability, R, ~ A, for alln € N. Let R = |,y R»- By Axiom
(M), Rz R, ~ A,. As 1,4, — 14 pointwise, by Axiom (C), R 7 A. By Axiom (M),
A A, ~R,. As 1p, — 1g pointwise, by Axiom (C), A 2 R. Thus A ~ R. Therefore,

v(A) =P(R) = lim P(R,) = lim v(A,).

n—oo n—oo
A similar argument will show that v is downward continuous. O]

Proof of Proposition 3.3. Let A € F and R4 € G such that v(A) = P(R,4), which is
guaranteed to exist since (£2,G,P) is atomless. As

/Q u(14)d(g o v) = u(D)g(v(A)) + u(0)(1 - g(v(4)))
— u(D)g(B(Ra)) + u(0)(1 - g(B(RA))) = / u(1r,)d(go ),

A ~ R,. Therefore, v is the 7Z-matching probability. ]
Proof of Proposition 3.4. Let X € X, find a,b € R such a > X > b. Therefore, by Axiom
(M), the sets Lx = {c € R: X Z ¢} and Ux = {¢ € R : ¢ 7 X} are non-empty. It

must hold that Ly C (—o0,al, because if X = ¢ for ¢ € R with ¢ > a, then by Axiom
(SRM), it would follow that X > a 2z X. Similarly, we have that Ux C [b,00). Let
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a* = sup(Lx) € R and b* = inf(UUx) € R. By Axioms (M) and (C), it is clear that
Lx = (—o00,a*] and Ux = [b*,00). As Lx UUx = R, b* < a*. Take cx € Lx NUx.
Uniqueness of cx follows from Axiom (SRM).

Let (X,)nen € X be a bounded sequence converging pointwise to X € X. For n € N,
define Z,, = sup,,~, Xm- The sequence (Z,)nen is decreasing and converges pointwise to
X. By Axiom (M), Z, = X,, for all n € N and m > n. Therefore, Z, > limsup,, ,.. cx,,
for all n € N. By Axiom (C), X zZ limsup,,_, ¢x,, and cx > limsup,, , ¢x,,. A similar

proof will show that liminf,, .. cx, > cx. Thus, lim, . cx, = cx. ]

Proof of Proposition 3.5. If x = y, this is true; therefore, we can assume that = > y. Since
R € G satisfies P(A) € (0,1), by Axiom (SRM), = = xRy > y. Therefore, © > c,r, > .
By Axiom (SRM),

CorsRCiry = TRCypy = TRY > curyRYy = curyReyry. (3.14)

By Proposition 3.4, the mappings ¢1,¢2 : [y, x] — [y, z] defined by ¢1(2) = c,g. and
¢2(2) = c.gry are continuous. Furthermore, by Axiom (SRM), ¢; and ¢, are strictly
increasing. Therefore, by Proposition 3.4 and Axiom (SRM), the mapping ¢ : [y, z] — [y, x]
defined by ¢(2) = c4,(2)res(z) 15 continuous and strictly increasing. By (3.14), ¢(z) >
cory > ¢(y). Therefore, by the intermediate value theorem, there exists 2’ € [z,y| such
that ¢(2') = cyry OF Curw Reyry >~ xRy. The uniqueness of 2’ follows from the fact that ¢
is strictly increasing. O

Proposition 3.11. Let 7 satisfy Azioms (RC), (M), (SRM), (C). Then for all X, Y € X,
(1/2)X & (1/2)Y € X.
Proof. Since there exists M > 0 such that —M < X, Y < M, we have that
-M < (1/2)X(w) @ (1/2)Y(w) < M, we.

Therefore, (1/2)X & (1/2)Y is bounded.

If the binary operation @ is measurable, then the (1/2)X @ (1/2)Y is measurable as it
is then the composition of measurable mappings. To show measurability, we will show that
the binary operation @ is continuous. Let (@, %n))nen € R? be a convergent sequence
converging to (z,y) € R% We claim that there exists a subsequence ((z,,,¥n, ))ren such
that (xn, ® Yn, )ken converges to = @ y.
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If x = y, we claim that we can take the original sequence ((zn,¥n))nen. Let € > 0,
there exists N € N such that foralln > N,z —e<z,<r+ecandx—e<y, <z +e
Therefore, © — € < z,, By, < x + € for all n € N, and lim,, o (x, D yp) =2 =2 D y.

If x # y, without loss of generality, we may assume x > y and x,, > y, for all n € N.
Since the sequence ((x,,yn))nen is convergent, it is bounded. Therefore, the sequence
(Zn, @ Yn)nen is bounded. By the Bolzano—Weierstrass theorem, there exists a subsequence
(Tn, B Yn, )rken that converges to some z € R. Fix R € G, to ease notation, for k € N, let
ay, bk, dip € R satisfy

ap = mnkRynk> bk: = $nkRan, and dk = anRynka

where z,, = x,, @ yp,. Furthermore, let b,d € R satisfy b ~ vRz and d ~ zRy. By
the definition of @&, we know that ap =~ byRdy for all k& € N. Since (x,, Ryn, )ken,
(@, Rzn, Jken, and (zn, Ryn, Jken are bounded, by Proposition 3.4, limy oo ar = Cyry,
limy_ o0 by = b, and limy,_,, dj, = d. Furthermore, as (by Rd},)ren is bounded, by Proposition
3.4, limy_,o Cp R, = Cora- Therefore,

TRy ~ cypy = kh_)m ar = k11_>m CbpRd, = CbRd = bRd = cyp.Rc.py.
oo oo

Thus, limy—se(Tn, ® Yn,) = D y.

Assume for the sake of contradiction that @& was not continuous. Then there would
exist a convergent sequence ((xp,Yn))nen € R? converging to (z,y) € R? and € > 0, such
that for all n € N, |(z, ® y,) — (x & y)| > e. By moving to a subsequence as described
above, we get a contradiction. Therefore & is continuous. O

In the following proof, & denotes the collection of simple acts.

Proof of Theorem 3.1. Assume that 77 satisfies Axioms (RC), (M), (SRM), (C), (RS), and
(SCI). Consider Axioms (A1)-(A6) and (A9) in Ghirardato et al. [2001]. It is clear that
7 satisfies Axioms (Al) and (A2). Fix R € Gg. By Axiom (SRM), for all z,y € R
satisfying * > y, it holds that x >~ zRy > y. Therefore, R is essential as defined in
Ghirardato et al. [2001], and 77 satisfies Axiom (A3). Furthermore, it is clear that Axiom
(SRM) also implies that - satisfies Axiom (A4). Let (a,)ver € R and (by)ver € R be
nets converging to a,b € R respectively. Assume that X € X satisfies a,Rb, 7= X for all
v € Y. It is straightforward to show that existence of a mapping ¢ : N — T such that
p(n) < ¢(n+ 1) for all n € N, lim, o ag(m) = @, and lim, o bg(m) = b. Therefore, as the
sequence (a¢(n)Rb¢(n))neN is bounded, by Axiom (C), it holds that aRb 77 X. A similar
argument will shows that X 7~ a, Rb, for all v € T implies X >~ aRb. Therefore >~ satisfies
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Axiom (A5). Let x,y,z,2" € R satisfy > y and z,2" € [y,x]. Then = satisfies Axiom
(A6) if, for all A, B € {R, R°,&,Q}, it holds that

chzBCz’Ay = Ca:Bz’ACsz~ (315)

It is straightforward to show that (3.15) holds true if A € {@,Q} or B € {@,Q}. If
A= B =Ror A= B = R then (3.15) is the same statement as Axiom (RS). By Axiom
(RC), we have c,r.Rcypy >~ coroRCony, Cory = Coper, and c;ry = Cipey. Therefore, by
Axiom (RS),

C vl o —
CachR Cz2'Ry = Ca:Rchz’Ry — Cach’RCzRy - C:ERCZ,RCZRC:L/‘

Thus, for A = R and B = R, (3.15) holds. The case of A = R and B = R is identical.
Therefore, 7~ satisfies Axiom (A6). Finally, the subjective mixture operation for acts &,
as defined in this chapter, coincides with the definition from Ghirardato et al. [2001].
Therefore, Axiom (SCI) is equivalent to Axiom (A9).

Since 77 satisfies Axioms (A1)-(A6) and (A9), by Ghirardato et al. [2001, Proposition
9], there exists a continuous vNM utility v and a capacity 7 such that

Xry /u(X)dﬁz /u(Y)dz?, XY € X,
Q Q

By Axiom (SRM), the function u must be strictly increasing. Therefore, we may assume
without loss of generality that u(0) = 0 and u(1) = 1. Fix the distortion function ¢ such
that o(u(z)) = u(e(x)) = x for all = € [0,1]. It is clear that ¢ is continuous, strictly
increasing, and that c4 = p(7(A)) for all A € F, where ¢4 = ¢1,. Let (A, )neny € F be an

increasing sequence and define A = |, .y An. By Proposition 3.4,

P(5(A)) = ca = lim cq, = lim @(7(A,)) = ¢ ( lim D(An)> .
n—oo n—oo n—o0
Therefore, o is upward continuous. A similar proof will show that  is downward continuous
and, therefore, v is continuous.

Let Ry, Ry € G satisfy P(R;) = P(Ry). By Axiom (RC), Ry ~ Ry and v(R;) =
P(Ry). Therefore, there exists a distortion function g such that for all R € G, P(R) =
g(P(R)). Since 7 is continuous, g is continuous. Furthermore, by Axiom (SRM), g is
strictly increasing. Denote by h the continuous and strictly increasing distortion function
satisfying g(h(x)) = h(g(z)) = « for all = € [0,1]. Define the capacity v = h o . Clearly
v is a continuous risk-conforming capacity. Therefore (3.2) holds for Xj.

Finally, we need to show that (3.2) holds for X'. Given X,Y € X satisfying X =~ Y, fix
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the bounded sequences (X, )nen € Xy and (Y,)nen C Ap satisfying X, > X for all n € N,
Y >Y, forall n € N, X,, = X pointwise, and Y,, — Y pointwise. Since X and Y are
bounded, the sequences (X, )neny and (Y, )nen exist. By Axiom (M), it holds that for all
n € N, X,, 7 Y,,. Therefore, for all n € N,

/Q w(X,)d(gov) > /Q (Y, )d(g o v).

Because u(X,) — u(X) pointwise, u(Y,) — wu(Y) pointwise, (u(X,))nren is bounded,
(u(Yn))nen is bounded, and g o v is continuous, by using Wang and Klir [2010, Theorem
11.9], we have

/QU(X)d(g ov)= lim [ u(X,)d(gov)> lim [ u(Y,)d(gov)= / u(Y)d(gov).

Given X,Y € X satisfying

[ uxiatgon) = [ uriatgon)

Q

fix the same bounded sequences (X,)nen € Xp and (Yy,)nen € Xy as before. By the
monotonicity of the Choquet integral, we have that for all m,n € N,

/Qu(Xm)d(goy) > /Qu(Yn)d(gou).

Therefore, for all m,n € N, X, 7 Y,,. Since (Y},),en is bounded and Y,, — Y pointwise, by
Axiom (C), X,, 77 Y for all m € N. Since (X,,)men is bounded and X,,, — X pointwise,
by Axiom (C), X 7 Y. Thus, (3.2) holds.

Conversely, assume that 77 is a CRDU preference relation. The fact that >~ satisfies
Axioms (RC), (M), (SRM), and (C) follows from Proposition 3.1.

Let R € G and z,y, z, 2" € R be chosen such that x > y and z, 2’ € [y, z]. We have

u(crr:) = u(2)g(1/2) +u(2)(1 - g(1/2)) = u(z")g(1/2) + u(y)(1 — g(1/2)) = ulcz ay).
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Therefore, cy4. > c.ay. Using a similar argument, one can show that cyr. > c,p,. Thus,

(CszRCz’Ry)d(g o V)

U(Csz)g(l/Q) +u(Cary) (1 —g(1/2))
= [u(z)g(1/2) + u(2)(1 — 9(1/2))] 9(1/2) + [u(z')g(1/2) + u(y)(1 — 9(1/2))] (1 — g(1/2))
= [u(x)g(1/2) + u(z')(1 — 9(1/2))] 9(1/2) + [u(2)g(1/2) + u(y)(1 — g(1/2))] (1 — g(1/2))
= w(Car)g(1/2) + ulcry)(1 = g(1/2)) = / u(Caprz Bezpy)d(g o v),

II\

that is, cyp. Rcypy =~ Cyro Resry, and hence 77 satisfies Axiom (RS).
Let R € G, x,y € R with 2 >y, and z = 2 @ y. It holds that

u(x)g(1/2) + u(2)(1 = g(1/2))] 9(1/2) + [u(2)g(1/2) + u(y)(1 — g(1/2))] (1 — g(1/2))
(C:L‘Rz)g(l/2) + u(czRy)(l - 9(1/2))
(CCsz Re.Rry )
(Czry) = u(x)g(1/2) + u(y)(1 - g(1/2)).

Therefore,

u(x)g(1/2)(1 = g(1/2)) + u(y)g(1/2)(1 = g(1/2)) = 2u(2)g(1/2)(1 — g(1/2)).

As 1> g(1/2) > 0, it holds that u(z) = (1/2)u(x) + (1/2)u(y). Therefore, u((1/2)X ®g
(1/2)Y) = (1/2)u(X) + (1/2)u(Y) for all X,Y € X. Using the comonotonic additivity of
the Choquet integral, it is clear that 77 satisfies Axiom (SCI). O

u
u
u

3.9 Proofs accompanying Section 3.4

Proof of Theorem 3.2. Assume that 775 is more ambiguity averse than 7=;. Let A € F
and Ry € G such that A ~; R;. By the definition of comparative ambiguity attitudes,
Ry 72 A. Find Ry € G such that A ~5 Ry. As Ry 2o Rs, it holds that P(R;) > P(Ry) and
v1(A) > v5(A). To show the converse, let R € G and A € F satisfy R 751 A. Furthermore,
let Ry,Ry € G satisfy A ~; Ry and A ~y Ry. Since v1(A) > 1n(A) and R =, A,
P(R) > P(R;) > P(Ry). Therefore, R 2o Ry ~ A. O

Proof of Proposition 3.6. Assume that the ~—;-utility is equal to the Zo-utility, the 77;-
distortion is equal to the 7—s-distortion, and 75 is more ambiguity averse than 2~;. Denote

102



the shared utility by u and the shared distortion by g. Denote the 77;-matching probability
by 11 and the Zs-matching probability by v5. By Theorem 3.2, for all A € F, g(11(A)) >
g(12(A)). Let X € X(G) and Y € X satisfy X ;Y (X =, Y). We have

/QU(X)d(gOVQ) :/QU(X)d(goIP’) :/Qu(X)d(goyl) ?/QYd(goyl) > /QYd(goyg).

Therefore, X 750 Y (X =2 Y).

For the converse, assume that (3.6) holds true. Since (3.6) is stronger than the definition
of comparative ambiguity aversion, -5 is more ambiguity averse than ;. Let X, Y € X(G).
If X 721 Y, then X 7o Y by (3.6). If X =5 Y, then X Z; Y or else there would be a
contradiction with (3.6). Thus,

XmY < XY, X,YeX(G).

Denote the ~—j-utility by wuy, the 2Z;-distortion by g1, the Z—s-utility by uo, and the Zo-
distortion by go. Therefore, the functions

L(X) = /Qul(X)d(gl oP) and I,(X) = /QuQ(X)d(ggoP), X € X(9),

both represent the preference relation on X (G). By Ghirardato and Marinacci [2001,
Theorem 11], as 77 is a biseperable preference relation, u; = aus 4 b for some a > 0 and
b€ R, and gy o P = gy o P. Clearly, this means that ¢; = go. As u;(0) = u2(0) = 0 and
u1(1) = uz(1) = 1, we have that u; = us. O

The next lemma is a variant of a well-known result; see Lemma 6 of Abdellaoui and
Wakker [2020]. Although their result assumes some additional properties, Property (AN)
is sufficient for the proof of their part (ii) to go through, which is what the following lemma
states.

Lemma 3.1. Let 77 satisfy Property (AN). Then for all Ay, Ay, By, By € F satisfying
Al N A2 = @, Bl N B2 == @, and A1 ,>\-) Bl, 1t holds that

A2 ?\: B (T@Sp. A2 >~ B2> - Al U A2 ?\: B U By (T@Sp. Al UA2 - B U BQ)

Proof of Theorem 3.3. Let v denote the ZZ-matching probability, whose existence is given
by Proposition 3.2. Assume that 7 satisfies Property (AN). Let A, B € F be disjoint. For
the sake of contradiction, assume that v(A) + v(B) > 1. Let R4 € G satisfy A ~ Ry.
Therefore, v(A) = P(R,4). Since v(B) > 1 —v(A) = P(RS), we have, by Proposition 3.2,
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B > RS. Therefore, by Lemma 3.1 and Axiom (MO), Q =2 AU B > R4 U RS = (), which
is a contradiction.

Since v(A)+v(B) < 1, we can find disjoint R4, Rp € G such that A ~ R4 and B ~ Rp.
Therefore, by Lemma 3.1, we have AU B ~ Ry U Rg. Thus,

V(AUB) = P(R4 U Rp) = P(R4) + P(Rp) = v(A) + v(B).

Since v is continuous (Proposition 3.2), we have that v € M;.

Conversely, assume that v € M;. Let A, B,C € F satisfy (AU B)NC = &. By
Proposition 3.2,

Az B < v(A) >v(B) «<— v(AUC)>v(BUC(C) < AUC Z BUC.
Thus, - satisfies (AN). O

In the following proof, X;(G) = Xy N X(G), where A} denotes the collection of simple
acts.

Proof of Proposition 3.7. Let v denote the 7—-matching probability. Assume that Property
(AN) holds. Therefore, by Theorem 3.3, v € M;. Let X,Y € X satisfy X >4 Y. We
have that

gw(u(X) > ) = g(w(u(Y) > z)), z€R,

where w is the Z-utility and g is the ZZ-distortion. Therefore, [, u(X)d(gov) > [, u(Y)d(go
v) and X 77 Y. Thus 7 satisfies (3.8) with u = v.

Assume that (3.8) holds with y € M;. We claim that
P(A)=0 < pu(A) =0, Aeg.

Define €, = inf {i(B) : B € G and B = @} . If B € G satisfies pu(B) > ¢,, then there exists
B’ € G such that u(B) > u(B') and B = @. As 7 satisfies Property (3.8), this implies
that B 77 B’ = @. Furthermore, if B € G satisfies B > &, then u(B) > ¢,. For the sake
of contradiction, assume that €, > 0 and fix n € N satisfying n > 1/¢,. Since (Q,G,P) is
atomless, we can find a partition of Q, {Ay,..., A,} C G, such that P(A;) = 1/n for each
ke {l,...,n}. By Axiom (SRM), Ay, = @ for all k € {1,...,n}. Therefore p(Ay) > ¢, for
all k € {1,...,n}. Thus

L= u(Q) = 3 j(A) = ne, > L.

k=1
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a contradiction. Therefore, €, = 0. For all A € G, by Axiom (SRM), we have
PA) =0 <= A~0 <= u(Ad)<e, <= pu(Ad)=0.
Since (2, G,P) is atomless, (2,3, u|g) is atomless. Define the function ¥ : Xy(G) — R
by
0(X) = [ u(X)aigo)

where u is the Z-utility and ¢ is the 7Z-distortion. For the sake of contradiction, assume
that P # p|g. Then, by [Liebrich, 2024, Theorem 6], ¢ must satisfy

P(X) =T (max{X(w) : w € Q}, min{X (w) : w € Q}),

where T : R? — R. Let {Ry, Ry, R3} C G be a partition of (2 satisfying P(R;) = P(Ry) =
P(R3) = 1/3 and w1, 9, x3, x4 € R satisfy 1 > x5 > x3 > 4. Therefore, we have

T(Il, JI4) = w(ZL’lRll’gRQ.?M) = / U($1R1$2R2$4)d(9 o P)
Q

> / u(x1R1w3R2x4)d(g o) ]P)) = w(ZBlRlQTng[Lq) = T(l‘l, 114),
Q
which is a contradiction. Thus, P = ulg. Let A € F and R4 € G such that pu(A) =P(Ra).
Since 7 satisfies (3.8), we have A ~ R,4. Therefore v(A) = P(R4) = p(A). Thus v = p
and v € M;. By Theorem 3.3, 77 satisfies Property (AN). O

Proof of Proposition 3.8. Assume that - satisfies Property (DS). Let X,Y € X satisfy
X Y. We claim that there exists ¢y > 0 such that X —cq ~ Y. Define ¢ : [0,00) — R by

6(c) = /Qu(x _ )d(gov).

By Wang and Klir [2010, Theorem 11.9], the function ¢ is continuous. Define the constant
c = || X+ ||Y|]- It holds that X —¢; < —[|Y|| < Y. By Axiom (M), Y 22 X — ¢; and

00) = [ ulX)dlgor) = [ ur)lgon) = [ u(X —a)dlgor) = ()

Q

Therefore, by the intermediate value theorem, there exists ¢y > 0 such that X — ¢y ~ Y.
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By Property (DS) and Axiom (M), for all A € [0, 1],
AX 4+ (1= MY ZAX —c) + (1 - NY =Y.

Therefore, 7 is convex as defined in Wakker and Yang [2019, Definition 1]. By Wakker and
Yang [2019, Corollary 7], as u is strictly increasing, u is concave and go v is supermodular.
The proof of the converse is straightforward. n

Proof of Theorem 3.J. This is a consequence of Proposition 3.13 in Appendix 3.12, Propo-
sition 3.8, and the remark regarding the work of Schmidt and Zank [2008]. O]

In the following proof, given A € F, we use Q(A|H) to denote the conditional proba-
bility of A given the sub-c-algebra H.

Proof of the claim in Example 3.3. Define the capacity

P(4) = / 9(QAIH))AQ, Ac F.

An application of both the monotone convergence theorem and the conditional monotone

convergence theorem will verify that 7 is continuous. As G and H are independent, it

is straightforward to show that for all A € G, 7(A) = g(Q(A)) = g(P(A)). Also, for all
AeH, v(A) =Q(A). Since g is convex (as g is the inverse of h), g(x) < z for all x € [0, 1].
Therefore, 7(A) < Q(A) for all A € F. Finally, by Jensen’s inequality, it holds that

7(A) = / G(Q(AH))AQ > g ( / @(Am)d@) — 4(Q(4)), A€ F.

Given A, B € F, as Laup + Lanp = 14 + 15, QAU B|H) + Q(AN B|H) =5 Q(A|H) +
Q(B|H). Using a similar argument as Follmer and Schied [2016, Proposition 4.75], it holds
that

9(Q(AU BIH)) + g(Q(AN BIH)) =7 9(Q(AIH)) + 9(Q(B|H)). (3.16)
Applying the Choquet integral with respect to Q to (3.16) shows that o is supermodular.

Define the capacity v by v(A) = h(p(A)) for all A € F. It is clear that v is risk
conforming, v(A) = h(Q(A)) for all A € H, h(Q(A)) > v(A) > Q(A) for all A € F. Since

gov =1, gov is supermodular. As h is continuous, v is continuous. O]

Proof of Theorem 3.5. Assume that v is supermodular. Let X € X, by Marinacci and
Montrucchio [2004, Theorem 4.7], as {u(X) > x},cr is a chain, there exists i € €(v) such
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that a(u(X) > z) = v(u(X) > z) < p(u(X) > ) for all z € R and p € €(v). Therefore,
as ¢ is increasing,

/Q u(X)d(g o i) = / wW(X)d(gov) < / W(X)d(gon), 1eew).

Q

Thus, min,ceq) [ou(X)d(gop) = [qu(X)d(gon) = [ou(X)d(g o v). Therefore, for all
XY € X,

XZY = /Qu(X)d(goz/) Z/QU(Y)d(goy)

<= min /QU(X)d(go,u) > min /QU(Y)d(go,u).

HEL(v) HEC(V)

Conversely, assume that (3.10) holds. Let X € X, we know that u(cx) = [, u(
v). Therefore, by (3.10),

/QU(X)d(g ov)= min /Qu(X)d(g o).

nee(v)

Let A, B € F satisfy A C B and ¢ € R satisfy u(c) = 2, by the above result, there exists
fi € €(v) such that

oA+ 908) = [udlgon) + [ ultayigor
_ / u(1a) + u(lp)d(g o v)
= /QU<C]1A +1pa)d(gov)
_ / u(el g+ 1 a)d(g o f3) = g(i(A) + g(i( B)).

As g(v(A)) < g(i(A)) and g(v(B)) < g(i(B)), g(v(A)) = g(fi(A)) and g(v(B)) = g(1(B)).
Since g is bijective, we have that v(A) = fi(A) and v(B) = i(B). Therefore, by Marinacci
and Montrucchio [2004, Theorem 4.7], v is supermodular. ]

107



3.10 Results and proofs accompanying Section 3.5

Proof of Proposition 3.9. Let v denote the 7~-matching probability. Assume that = satis-
fies Property (RAA). Let A € F and R4 € G such that A >~ R4. Therefore, v(A) = P(R4).
Furthermore, let R € G satisfy Q(R) = Q(A). By Property (RAA), R = A ~ R,4. There-
fore, by Proposition 3.2 and the fact that Q is risk conforming,

Q(A4) = Q(R) = P(R) = P(Ra) = v(A).

Since A € F was arbitrary, Q € €(v).

Conversely, assume that Q € €(v). Denote by u the 7 -utility and by ¢ the ~-distortion.
Let X € X(G) and Y € X satisfy X = Y. Since v and Q are risk conforming, for all
x € R, we have

g (u(X) > z)) = g(P(u(X) > z)) = g(Q(u(X) > z)) = g(Qu(Y) > x))

z g(v(u(Y) > x)).

Therefore, [, u(X)d(gov)> [u(Y)d(gov) and X Z Y. Therefore, 7 satisfies Property
(RAA). O

Proof of Proposition 3.10. Let v denote the ~-matching probability. Assume that - sat-
isfies Property (NSC). If A, B € F satisfy Q(AAB) = 0, then 14 =% 15. By Property
(NSC), A ~ B. Therefore, v(A) = v(B) and v is Q-consistent.

For the converse, assume that v is Q-consistent. Denote by u the ~-utility and by g
the ~-distortion. Fix X,Y € & satisfying X =% Y. As Q(u(X) # u(Y)) =0 and

{u(X) > 2} A{u(Y) > 2} € {u(X) # u(Y)},

we obtain Q({u(X) > z}A{u(Y) > z}) = 0. Therefore, since v is Q-consistent, we have
that g(v(u(X) > z)) = g(v(u(Y) > z)) for all x € R. Thus,

| uxiatgon) = [ utragon)

Q

and we can conclude X ~ Y. ]

To ease notation, given a distortion family (gx)xex and A € F, we use g4 to denote
Jly-
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Proof of Theorem 3.6. Assume that 2~ is a CRDU preference relation satisfying (3.2) and
Property (NSC). Denote by v the Z—-matching probability and by ¢ the ~-distortion. Fix
X € X and define gx : D(X) — [0, 1] by

gx(a) = g(v(X > x)), where x € R satisfies « = Q(X > x). (3.17)

To see that gy is well-defined, let z,y € R satisfy Q(X > z) = Q(X > y). It is straightfor-
ward to verify that Q({X > 2}A{X > y}) = 0. Therefore, by Proposition 3.10, we have
that v(X > x) = v(X > y) and gx is well-defined. Furthermore, if X € X(G), as v and Q
are risk conforming, it holds that

9x(QX > x)) = g(w(X > z)) = g(P(X > z)) = g(Q(X > x)), z€R. (3.18)

Thus, if X € X(G), gx(a) = g(«) for all « € D(X).

We claim that gx is increasing. Let a, 8 € D(X) with o < . By the definition of
D(X), there exists z,y € R such that « = Q(X > z) and = Q(X > y). As a < f3, it
must hold that y < x. Therefore, gx (o) = g(v(X > 2)) < g(v(X > y)) = gx(B).

Next, we claim that gy is continuous. Let (a,)nen € D(X) be a strictly increasing
sequence converging to a € D(X). There exists a strictly decreasing sequence (x,,)n,eny € R
such that o,, = Q(X > x,). Define x = lim,, o x,, = inf,eyz,. It is clear that o =
Q(X > z). We have that

lim gx (@) = lim g(v(X > 2,)) = (X > 2)) = g ().

n—oo n—oo

Let (an)nen € D(X) be a strictly decreasing sequence converging to o« € D(X). There
exists a strictly increasing sequence (2, )nen € R such that oy, = Q(X > z,,). As o € D(X),
there exists z € R such that Q(X > z) = a. Define x = lim,, o T, = SUP,,cy Tn, 88 2 > Ty,
forallmeN, z > z. As

a=lim QX >z,)=QX >2) > QX >1) >Q(X >2) =a,

n—oo

we have Q(X = z) = 0. Therefore, Q({X > z}A{X > x}) = 0. By Proposition 3.10, it
holds that v(X > z) = v(X > z). Since Q(X > x) = «, we have

lim gx(a,) = lim g(v(X > 2,)) = g(W(X > 7)) = g(W(X > 2)) = gx(a).

n—o0 n—o0

Therefore, gx is continuous.

If X =14 forsome A € F, define g4 : [0,1] — [0, 1] by ga(a) = ga(Q(A)) for a € (0, 1),
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ga(0) = 0, and ga(1) = 1. It is clear that g4 is a distortion function. Furthermore, as
D(14) = {0,Q(A), 1}, ga(a) = ga(a) for all a € D(14). If X # 14 for some A € F,
define gx : [0,1] — [0, 1] by

gx(a) =sup{gx(p) : f € D(X) and 8 < a}.

It is straightforward to verify that gx is a distortion function. Since gy is increasing,
gx(a) = gx(«) for all @ € D(X).

Since for all X € X, gx(a) = gx(a) for all o € D(X), (g9x)xexr satisfies (b). For
A, B € F satisfying A C B and « € (0, 1), we have

Therefore, (gx)xex is satisfies (a). Let X, Y € X be comonotonic and o € D(X) ND(Y).
By definition, there exists z,y € R such that « = Q(X > z) = Q(Y > y). As X and Y
are comonotonic, by Denneberg [1994, Proposition 4.5, either {X > z} C {Y > y} or
{Y >y} C{X > z}. Since Q(X > z) = Q(Y > y), it must hold that Q({Y > y}A{X >
x}) = 0. Therefore, by Proposition 3.10,

gx(@) = gx (@) = g(w(X > 2)) = g(W(Y > y)) = gv () = gy (a),

and (gx)xex satisfies (¢). Thus (gx)xex is a distortion family. Furthermore, since gx(a) =
gx () holds for all @ € D(X) and all X € X, it follows from (3.18) that for all X € X(G),
gx(a) = g(a) for all @« € D(X). Therefore, (gx)xer is a g-distortion family.

Denote by u the Z-utility. Let «' : u(R) — R be the inverse of u. Given X € X and
x € u(R), by the definition of gy,

9x (Q(u(X) > 7)) = gx (QX > u'(2))) = gx (QX > v/(2))) = g(W(X > ' (z)))
— g(v(u(X) > 1))
Therefore, [, u(X)d(gov) = [,u(X)d(gx o Q) and Z satisfies (3.12).

Let (gx)xex and (gx)xex be g—dlstortlon families satisfying (3.12). Fix X € X and
a € D(X). By definition, there exists z € R such that @« = Q(X > z). Denote by
A ={X > z}. Since X and 1, are comonotonic and o« € D(X) ND(14), gx(a) = ga(c)
and gx (o) = ga(a). Let cq € [0,1] satisfy A ~ cy4, by (3.12),

gal) = / w(L4)d(ga 0 Q) = ulea) = / w(12)d(G4 0 Q) = Gal).
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Therefore, g(a) = ga(a) and gx(a) = gx(a).
Assume that - satisfies Property (RAA). By Proposition 3.9, Q € €(v). Let X € X
and o € D(X). Find x € R such that « = Q(X > z). By (3.17), we have

gx (@) = gx(a) = gx(QX > 7)) = g(W(X > 1)) < g(QX > 7)) = g().

Therefore, (gx)xex is ambiguity averse.

For the converse, assume that (gy)yex is ambiguity averse. Let X € X(G) and Y € X
satisfy X =% Y, meaning, Q(X > z) = Q(Y > z) for all z € R. Since gx(a) = g(a) for
all « € D(X), and gy (a) < g(«) for all « € D(Y), we have, for x € u(R),

9x (Qu(X) > z)) = gx (QX > v/(x)))
= 9(Q(X > u'(x)))
= 9(QY > u/'(z)))
> gy (QY > '(z))) = gv (Qu(Y) > x)),

where ' : u(R) — R is the inverse of u. Thus, [, u(X)d(gxoQ) > [,u(Y)d(gx o Q), and
X 2 Y. Therefore, - satisfies (RAA). O

The following theorem confirms that (3.12) is also sufficient for 77 to be a CRDU
preference relation.

Theorem 3.8. Let 77 be a preference relation. Then 7 is a CRDU preference relation
satisfying Property (NSC) if and only if there exist a continuous strictly increasing vNM
utility function u, a continuous strictly increasing distortion function g, and a g-distortion
family (gx)xex such that

XrY < / d(gx 0 Q) > /Qu(Y)d(gy 0Q), X,YeX. (3.19)

Moreover, u is unique up to positive affine transformations and can be taken as the -
utility, g is unique and given by the =-risk distortion, and for each X € X, gx is uniquely
defined on D(X).

Proof. The forward direction follows from Theorem 3.6. Conversely, assume that there ex-
ist a continuous strictly increasing vNM utility u, a continuous strictly increasing distortion
function ¢, and a g-distortion family (gx)xex such that

XY <:>/ d(gx 0 Q) > /QU(Y)d(gon), X, Y eX.
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Given A € F, define 7(A) = ga(Q(A)). Clearly, 7(@) =0 and 7(Q2) = 1. Let A, B e F
satisfy A C B, as (gx)xex satisfies (a),

7(A) = 94(Q(A)) < 9a(Q(B)) < g5(Q(B)) = v(B).

Therefore, 7(A) < v(B). We claim that o is continuous. Let (An)nen € F be increasing
and define A =J>7, A, and Ay = @. Define X =5 Va4, ,, it is straightfor-
ward to show

An:{X>Z><2—<"—1>}, neN, and A={X >0}

Since X and 1,4, are comonotonic for all n € N, (gx) xex satisfies (¢), and Q(4,) € D(X)N
D(14,) for all n € N, it follows that gx(Q(A,)) = g4, (Q(A4,)) = P(A,) for all n € N.
A similar argument will show that gx(Q(A)) = v(A). Therefore, as (Q(A,))neny € D(X)
satisfies lim, . Q(4,) = Q(A) € D(X) and (gx)xex satisfies (b),

lim #(4,) = lim gx(Q(4,)) = gx (Q(A)) = #(A).

n—o0 n—oo

Therefore, 7 is upward continuous. A similar argument will show that 7 is downward
continuous. Therefore, 7 is continuous.

Since g is continuous and strictly increasing, there exists a continuous strictly increasing
distortion function h such that h(g(z)) = g(h(z)) = = for all z € [0, 1]. Define the capacity
v = hov. Clearly, v is a continuous capacity. For all A € G, ga(Q(A)) = g(Q(A)) as
Q(A) € D(14). Therefore, as Q is risk conforming, we have

v(A) = h(p(A)) = h(ga(Q(A))) = h(9(Q(A))) = Q(A) = P(4), Aeg.

Thus, v is risk conforming.

Let v’ : u(R) — R be the inverse of u. Given X € X and = € u(R), it holds that X
and 1{ x>/ (z)} are comonotonic and Q(X > u'(x)) € D(X) ND(L{x>w()}). Since (gx)xex
satisfies (c), we have

9x(Qu(X) > x)) = gx(QX > /(7)) = gpxow @) (QX > /(2)))
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Therefore,
XZYV = /u(X)d(goz/) z/u(Y)d(gou), X, Y eX.
Q Q

Thus, 7~ is a CRDU preference relation.

To show that - satisfies Property (NSC), fix A, B € F satisfying Q(AAB) = 0.
Therefore, Q(AN B) = Q(A). Furthermore, we have that 1,45 and 14 are comonotonic
and D(Lanp) = D(1a) = {0,,1}, where @« = Q(AN B) = Q(A). Therefore, since the
distortion family (gx)xex satisfies (c),

V(AN B) = gans(Q(AN B)) = ganp(@) = ga(a) = ga(Q(A4)) = v(A).

Similary, one can show that v(A N B) = v(B). Therefore, v is Q-consistent and, by
Proposition 3.10, 7 satisfies Property (NSC).

The uniqueness claims are straightforward to show. O]

It is not immediately clear why (3.19) implies that 7 satisfies Property (NSC). There-
fore, we have the following proposition to assist in the sanity check of Theorem 3.8.

Proposition 3.12. Assume that (9x)xex is a distortion family. For all X,Y € X satis-
fying X =8 Y, it holds that D(X) = D(Y) and gx(a) = gy(a) for all « € D(X).

Proof. 1t is clear that D(X) = D(Y). Let a € D(X), there exists € R such that
a = Q(X > z). Since X =§ Y, it holds that « = Q(Y > z). Let A = {X > z} and
B ={Y > z}. As AAB C {X # Y}, QAAB) = 0. Therefore, Q(A) = Q(B) =
QAN B) =a. As 145 and 14 are comonotonic and D(1anp) = D(14) = {0,a, 1}, by
(c), we have ganp(a) = ga(«). Similarly, one can show that ganp(a) = gp(a). As 14 and
X are comonotonic and @ € D(X)ND(14), by (c), we have g4(a) = gx(«). Similarly, one
can show that gg(a) = gy (a). Thus, by a chain of the above equalities, gx () = gy (a). O

3.11 Proofs accompanying Section 3.6

Proof of Theorem 3.7. Let - be a preference relation satisfying Axioms (RC), (M), (SRM),
(C), and (CI). By Proposition 3.4, for each X € X, there exists a unique cx € R satisfying
X ~cx. Define V: X - R by V(X) = cx. Therefore,

XrY « V(X)>V(Y), XY eX.
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Let X, Y € X be comonotonic. As X, Y, V(X) are pairwise comonotonic, Y,V (Y), V(X)
are pairwise comonotonic, X ~ V(X), and Y ~ V(Y), by Axiom (CI), we have

(1/2)X + (1/2)Y = (1/2)V(X) + (1/2)Y =~ (1/2)V(X) + (1/2)V(Y).

Therefore, V((1/2)X + (1/2)Y) = (1/2)V(X) + (1/2)V(Y). Taking X =27 (for Z € X))
and Y = 0, we see that V(27) = 2V (Z). Putting this all together, we get

V(IX+Y)=V((1/2)2X + (1/2)2Y) = (1/2)V(2X) + (1/2)V(2Y) = V(X) + V(Y).
Moreover, by Axiom (M), for all X,Y € X satisfying X > Y, V(X) > V(Y). As discussed
in Section 3.2.1, there exists a capacity v such that V(X) = [, Xdv for all X € X.

We claim that 7 is continuous. Let (A,,)neny € F be an increasing sequence and define
A= ,en An- Since 1,4, — 14 pointwise, by Proposition 3.4,

lim v(A,) = lim [ 14,d0= lim ¢q, =c¢q, =v(A).
n—00 n—oo [ n—00 n

Therefore, U is upward continuous. A similar argument will show that o is downward
continuous. Therefore 7 is continuous.

Since 77 satisfies Axiom (RC), if A, B € G satisfy P(A) = P(B), then
A~B = V(1,4)=V(1lp) = v(A) =v(B).

Thus, there exists a distortion function g such that 7(A) = g(IP(A)) for all A € G. Since
= satisfies Axiom (SRM), g is strictly increasing. Since 7 is continuous and (2, G,P) is
atomless, g is continuous. Let h be the strictly increasing continuous distortion function
that is the inverse of g. Define the capacity v = h o v. It is straightforward to show that
v is a continuous risk-conforming capacity satisfying gov = v.

The converse is straightforward, and the uniqueness claims follow from Theorem 3.1.
O

3.12 Modularity results for lattices

This section presents a technical result showing that on a general lattice, a distorted
supermodular function is supermodular when the distortion function is increasing and
convex. This result is used in the proof of Theorem 3.4.
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A lattice is a partially ordered set (X, <) in which every pair x,y € X admits a least
upper bound x V y and a greatest lower bound = A y. A function ¢ : X — R is called
supermodular if for all x,y € X, o(x Vy) + ¢(x Ay) > p(z) + ¢(y), submodular if for all
r,y € X, oz Vy) +plzAy) < plx)+ o(y), increasing if for all x,y € X with = > y,
o(x) > ¢(y), and decreasing if for all z,y € X with z >y, ¢(x) < ¢(y).

Proposition 3.13. Let (X, <) be a lattice, a,b € R with a < b, ¢ : X — [a, b] be monotonic
and supermodular (submodular), and f : [a,b] — R be increasing and convex (concave). It
holds that g o v is supermodular (submodular).

Proof. Assume that ¢ is supermodular and f is convex. For uw,v € X, define z = p(u A
v) 4+ p(u Vo) —pu) —p(v) > 0. Note that

oS | .
@ < o) + 2 = plu Av) + plu v v) —pu) < { AUV @I maeasng
o(u Av) if ¢ is decreasing
As ¢ is monotonic, there exists A € [0, 1] such that
o(u) = Ap(u Av) + (1 = N)p(u Vo).
Therefore,
fle(unv)) + flo(uV o) = f(Apunv) + (1= A)p(uV o))
+ (1= X)p(unv) + Ap(u Vo))
= fle(u) + f(e(v) + 2)
> f(e(u) + fle(v)).
A similar proof will show the claim when ¢ is submodular and f is concave. O]
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Chapter 4

Aggregate then evaluate

4.1 Introduction

The expected utility (EU) model, originally axiomatized by von Neumann and Mor-
genstern [1947], has long served as the cornerstone of modern decision theory. The EU
model is formulated in the pure-risk setting, where acts are represented by distributions
over outcomes with objectively specified probabilities. However, the pure-risk setting is
often unrealistic in many applications, as decision makers (DMs) rarely have complete
knowledge of the true distributions underlying the alternatives they face.

To move beyond the pure-risk setting, Savage [1954] reformulated acts as functions from
states of the world to consequences, rather than as distributions over consequences. This
framework is now referred to as the Savage setting. Additionally, by imposing reasonably
motivated axioms on a DM’s preferences over such acts, Savage showed that (a) a subjective
probabilistic model could be elicited for the DM, transforming the problem back into one
of the pure-risk setting and (b) within this elicited pure-risk setting, the DM’s preferences
are consistent with the EU model. This decision model is known as the subjective expected
utility (SEU) model.

The SEU model is particularly attractive because it grounds probability theory in be-
havioral principles. However, Ellsberg [1961] raised a critical challenge: when agents pos-
sess asymmetric information about the likelihoods of events, Savage’s sure-thing principle
can fail to describe plausible behavior. This insight undermined the behavioral appeal of
the SEU model and, more generally, probabilistically sophisticated models [Machina and
Schmeidler, 1992], which assume that uncertainty can be captured by a single subjective
probabilistic model and that acts are evaluated solely through their induced distributions
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over outcomes. Ellsberg’s critique was pivotal in launching the formal study of decision-
making under ambiguity. Among the most influential decision models under ambiguity
are the Choquet expected utility model of Schmeidler [1989], the maxmin expected utility
model of Gilboa and Schmeidler [1989], the a-maxmin model of Ghirardato et al. [2004], the
smooth ambiguity model of Klibanoff et al. [2005], and the variational preferences model
of Maccheroni et al. [2006]. These decision models under ambiguity share the important
feature that, when ambiguity is absent, i.e., when uncertainty can be described by a single
probabilistic model, they collapse back to the SEU model.

While reverting to the SEU model in the absence of ambiguity is consistent with the
historical development of decision theory, this restriction limits the scope of these decision
models. This follows because numerous alternative pure-risk decision models, which are
either empirically or normatively appealing in certain contexts, have been proposed and
widely adopted. Examples include the mean-variance model of Markowitz [1952], used in
finance; the rank-dependent utility model of Quiggin [1982], the prospect theory of Kah-
neman and Tversky [1979], and the cumulative prospect theory of Tversky and Kahneman
[1992], used in behavioral decision theory; the expected shortfall model of Acerbi and
Tasche [2002], used in quantitative risk management. The aim of this chapter is to ana-
lyze general decision models under ambiguity that reduce to probabilistically sophisticated
models in the absence of ambiguity, rather than relying solely on the SEU model. To do
this, we consider two frameworks that both provide a clear separation between pure risk
and ambiguity. A main difference between these two frameworks is that whether pure risk
or ambiguity is processed first.

The first framework we discuss is called evaluate-then-aggregate (ETA). In these de-
cision models, given an act, the DM first examines the distributions it produces under
various probabilistic models. For each distribution, the DM evaluates it using a statistic
consistent with their pure-risk preferences, e.g., the expected-utility statistic in the case of
the EU model. These model-specific evaluations are then aggregated across all the relevant
probabilistic models using some aggregator. This framework provides a clear separation
between a risk component (the evaluation at each probabilistic model) and an ambiguity
component (the aggregation across probabilistic models). This framework includes most
of the decision models under ambiguity discussed above.

The second framework is called aggregate-then-evaluate (ATE), which we introduce in
this chapter. In this framework, given an act, instead of evaluating each model separately
and then aggregating, the DM first aggregates their ambiguity regarding the act into
a single distribution. Afterwards, the DM evaluates this distribution using a statistic
consistent with their pure-risk preferences. This framework provides a clear separation
between an ambiguity component (the aggregation into a single distribution) and a risk
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component (the evaluation of this distribution). For example, the Choquet expected utility
model with respect to a continuous capacity v can be viewed as first mapping each act X
to a distribution (Qx whose survival function Sg, is given by

Sox () =v(X >1x), zeR, (4.1)

and then applying the expected-utility statistic to these distributions. Allowing for general
statistics in the second step is what we refer to as the Choquet ATE model.

We illustrate the conceptual differences between the two frameworks by an example
adapted from Ellsberg [1961]. An urn contains 90 balls; 30 are red, and the remaining 60
consist of blue and yellow balls in unknown proportions.! The possible distributions of the
outcome of randomly picking a ball from the urn are represented by p, for z € {0,1,...,60}
that represents the number of blue balls in the urn. The DM needs to rank four acts: R
pays $4 when a red ball is drawn, B pays $6 when a blue ball is drawn, Y pays $5 when
a yellow ball is drawn, and C pays $1 in all states. Suppose that the DM has a statistic
defined on distributions, which computes the (numerical) utility of pure risks (represented
by distributions). Note that R and C' have no ambiguity, and hence their distributions Qg
and Q¢ are known, and the utilities v(Qr) and v(Q¢) can be directly computed. On the
other hand, both B and Y have 61 possible distributions, one under each pu,, which are
denoted by Bupu, and Yxpu,. Below, we describe how the ETA and ATE approaches assess
B and Y.

1. The ETA approach first evaluates the utility of B, denoted by U, = vy(B4p,) under
e for every x € {0,1,...,60}, and then aggregates the 61 utilities by a mapping
p representing the DM’s ambiguity attitude into a utility p(Up, Uy, ...,Us). For
instance, the utilities may be aggregated using the worst-case method, a weighted
average, or a smooth ambiguity model. The same approach is taken to evaluate the
utility of Y. The resulting aggregate utilities will be compared with the utilities
v(Qr) and ¥(Q¢) to make a comparison.

2. The ATE approach begins by assigning distributions Q5 and @)y to the acts B and
Y, and then the utilities 7(Qp) and v(Qy) are computed and compared with v(Qr)
and v(Q¢). The distributions @p and @y can be summarized by the two numbers
g = Qp({6}) and gy = Qy({5}). This approach does not assume @)p and Qy are
consistent with a probabilistic model. For example, it may hold that gp + ¢y < 2/3
(e.g., when the DM is ambiguity averse) or ¢ + ¢y > 2/3 (e.g., when the DM is

'Ellsberg [1961] used black balls rather than blue ones, but we use blue for better visual clarity in
Figure 4.1.
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ambiguity seeking). The distributions Q) and @)y are constructed by aggregating
the beliefs and attitudes toward ambiguity.

Both approaches are conceptually feasible and may yield the same preferences over
{B,Y, R,C?} for some ~ and ambiguity attitudes. Nevertheless, the ETA approach requires
the (mental) computation of 61 models for each of B and Y, whereas the ATE approach
only requires determining the values g and ¢y. For instance, suppose gg = 0.25 and
gy = 0.28 in the ATE approach. If 7 is the expected value (i.e., risk neutral) then we have
B =Y = R > C; if v is the expected utility with the utility function x — 22 on R,
then we have C' = R = Y > B. In this example, the ATE approach seems conceptually
simpler and more natural, though we cannot assert with certainty which approach better
describes a real individual’s thought process.

Uo = v(Bgo) Aggregate
Evaluate Uy = y(Byp)

p(Uo, Uy, ..., Usp)

60 Blue/Yellow

Evaluate
Aggregate QB 1(@g)

Ellsberg urn

Figure 4.1: The ETA approach vs the ATE approach for the utility of act B

The aim of this chapter is to make explicit these two different frameworks in the Sav-
age setting, where acts are viewed as mappings from states of the world to real-valued
outcomes. Since the ATE framework is new, we will focus on it exclusively in the sec-
ond half of the chapter. The main axiomatic work of this chapter will be to characterize
the Choquet ATE model. To provide sufficient structure for this axiomatization, we will
work in a refined Savage setting with an exogenously given source of unambiguous events.
This setting is beneficial because it provides the proper conceptual structure for defining
matching probabilities; see Dimmock et al. [2016] and Baillon et al. [2018], which are a
major component of the axiomatization, and it allows us to explicitly study the interplay
between risk attitudes and ambiguity attitudes.
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We begin in Section 4.2.1 by reviewing the mathematical tools that will be used through-
out the chapter. In Section 4.2.2, we formally present the Savage setting. In Section 4.2.3,
we formulate the pure-risk setting and provide the mathematical tools for distributions that
will support all later discussions of the risk component of preferences. In Section 4.3.1,
we present the ETA model in the Savage setting. In Section 4.3.2, we do the same with
the ATE model. Furthermore, Theorem 4.1 provides a novel result characterizing when a
mapping assigning acts to distributions is given by (4.1). In Section 4.4, we introduce a re-
fined Savage setting and provide the axioms and the characterization of the Choquet ATE
model in Theorem 4.2. Notably, we find that the ambiguity component of the preferences
is fully determined by the matching probability. Section 4.5 analyzes various ambiguity
attitudes for the Choquet ATE model and their interplay with risk attitudes. We start in
Section 4.5.1 by studying various risk attitudes. In Theorem 4.3, we fully characterize the
propensity for risk diversification, which will help study its interplay with ambiguity. In
Section 4.5.2, we discuss comparative and absolute ambiguity attitudes and confirm that
we get a characterization of these properties through matching probabilities. In Section
4.5.3, we analyze the overall propensity for diversification. We first demonstrate that the
propensity for risk diversification alone does not necessarily imply the overall propensity
for diversification. Based on a comonotonic sum inequality, we establish a property for
mappings that assign acts to distributions, given in (4.17), that guarantees (in the case of
the ATE model) the propensity for risk diversification implies the overall propensity for
diversification. Finally, Theorem 4.5 establishes that the mapping defined in (4.1) satisfies
condition (4.17) if and only if v is supermodular. In Section 4.5.4, we show how some of the
ideas from Section 4.5.3 give rise to a distributionally robust representation in Theorem
4.6. We conclude the chapter in Section 4.6.

4.2 Preliminaries

4.2.1 Standard definitions and notation

For a given measurable space (0, &), a function v : £ — [0, 1] is a capacity if v(&) = 0,
v(©) =1, and v(A) < v(B) for all A,B € £ with A C B. A capacity v is said to be:
upward continuous if for all increasing sequences (A, )neny C £ it holds that lim,, . v(A,) =
v(U>—, A), downward continuous if for all decreasing sequences (A, ),en C € it holds that
lim,, o0 v(An) = v (o~ An), and continuous if it is upward and downward continuous. A
capacity is called a probability measure if for all pairwise disjoint sequences (A, )neny C &
it holds that v(J -, A,) = > ;o v(A,). We denote the set of probability measures as
M;(0,€).
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For a continuous capacity v , the core of v, denoted by €(v), is defined as
Cv)={p e Mi(0,&): n(A) >v(A) forall Ac E}.
The following are common properties of a continuous capacity v.

Supermodularity: For all A, B € £, v(A) +v(B) <v(AUB)+v(ANB).
Submodularity: For all A,B € £, v(A) +v(B) > v(AUB)+v(ANB).
Balanced: It holds that €(v) # @.

Exactness: For all A € £, v(A) = mingcen) p(A).

For more on the core and the previous properties of capacities, see Denneberg [1994] and
Marinacci and Montrucchio [2004].

Denote the set of real-valued bounded measurable functions on (0,&) by X(©,€).
Constant acts in X'(0, &) are identified with constants in R. For n,{ € X(0, ), we write
n > ¢ when n(s) > ((s) for all s € ©. Given a capacity v, the Choquet integral with
respect to v is given by

/ndyz/ooou(n>m)dx—|—/_io(u(n>m)—1)dx, neX(®F).

We say that n,{ € X are comonotonic if for all s,s" € ©, (n(s) —n(s"))(((s) — ¢(s')) >
0. As shown by Schmeidler [1986], a function I : X(0,£) — R can be represented as
I(n) = [,ndv for some capacity v if and only if I is monotone (I(n) > I(¢) whenever

n > (), comonotonic additive (I(n+¢) = I(n)+1(¢) for comonotonic 7, ¢), and normalized
(I(1) =1).

4.2.2 The Savage setting

Throughout the chapter, we consider a measurable space (€2, F) representing the set of
possible future states of the world. An element of the set X (€2, F) is called an act, and we
write X = X(Q, F) for brevity. Also, we will denote the set M;(Q2, F), also called the set
of models, by A. Given X € X, we write || X|| = sup,,cq |X(w)|. A set Y C X is said to
be bounded if supycy | X| < oo and B-closed if, for all bounded (X,,),eny C Y satisfying
X,, — X pointwise, it follows that X € ).

Given any set S, a preference relation on S is a total preorder 77; that is, (i) for all
CneS, Crmorn i (i) forall (€€ X,if ¢ nandn i & then ¢ = 7. The
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Savage setting concerns preference relations on X, where X represents the DM’s set of
choice objects, and the preference relation describes how the DM ranks them. Throughout
the chapter, when we mention the preference relation without mentioning the underlying
set S, it should be understood as S = X.

In what follows, we introduce an axiom that will later be used in the axiomatization
of a decision model under ambiguity in Section 4.4. We present it now because it will also
be referenced in Section 4.3.

(M) Forall XY € X, if X >Y then X Y.

Axiom (M) is standard for preference relations in the Savage setting. If the act X pays
more than the act Y for every state of the world, then it is natural that the DM would
prefer X to Y.

4.2.3 The pure-risk setting, distributions, and statistics

Given a Borel probability measure @) on R, the support of @), denoted by supp(Q), is the
smallest closed set C' C R satisfying Q(C') = 1. Denote by D the set of all Borel probability
measures on R with compact support. We will refer to D as the set of distributions. In
decision theory, the study of preference relations on distributions is known as the pure-risk
setting.

Many decision models in the Savage setting begin by reducing the problem to the
pure-risk setting, e.g., the SEU model. This reduction is carried out as follows. Suppose
the DM does not perceive any ambiguity and describes their uncertainty with the unique
probability measure g € A. Given any act X € X, the DM may represent this act with
the distribution given by the pushforward probability measure X4 defined by

Xyn(B) = w(X~'(B)), BeB(R),

where B(R) denotes the Borel-o-algebra on R and X! denote the preimage of X. This
process allows the DM to move from the Savage setting to the pure-risk setting. Further-
more, if the DM has a preference relation on distributions =4, the DM is able to induce a
preference relation 2~ by

XrZY &= XupuYuu, XY eEX. (4.2)

We call preference relations satisfying (4.2) probabilistically sophisticated, slightly relaxing
the original definition of Machina and Schmeidler [1992] via stochastic dominance.
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A collection C C D is said to have uniformly bounded support if there exists a compact
set that contains the support of each @) € C. Given ) € D, we define the survival function
of Q by So(z) = Q((x,00)) for all x € R and the quantile function of ) by

gola) =inf{z e R: Sy(z) <1—-a}, aec(0,1);

the mapping VaR, : @ — qg(«) is called the Value-at-Risk of @ at level « in finance.
Given an increasing (always in the non-strict sense) function f : R — R and @ € D, we
define the distribution f.@Q by

f4Q(B) = Q(f7(B)), Be€B(R),

where f~! denote the preimage of f. It holds that f4Q € D since f is increasing. Given
(Qn)nen € D and Q € D, we say Q, — Q in distribution if lim,,_, [ fdQ, = [ fdQ for
all continuous and bounded f : R — R.

For Q, P € D, we write Q >gq P if go(a) > gp(a) for all a € (0,1), Q >4a P if

/R £dQ > /R fdp (4.3)

for all increasing concave functions f: R — R, and @ >, P if (4.3) holds for all concave
functions f : R — R. Each of >¢q, >a, and >, defines a partial order on D. For a
partial order > on D, C C D, and ) € D, wesay C > @ if for all P € C, P > (). For
C C D, the first-order infimum of C, denoted by Ay, C, is defined as the distribution @
satisfying P >¢q Q >pq P for all P € C and P’ € D satisfying C >4 P’. Remark that
if @ exists, it is unique. If C C D has uniformly bounded support, then A, C exists (see
e.g., Mao et al., 2025).

In this chapter, a statistic is a mapping v : D — R such that for all Q), P € D,

Q >wa P = 7(Q) > ~(P),

and for all sequences (Q,)ney € D with uniformly bounded support converging in dis-
tribution to some @ € D, it holds that v(Q,) — 7(Q). A statistic v is said to be a
certainty-equivalent statistic if y(d.) = ¢ for all ¢ € R, where . denotes the Dirac mea-
sure at ¢. The two defining properties of a statistic are natural, being nothing more than
monotonicity and a mild continuity property, called compact continuity, studied by Chew
and Mao [1995]. Statistics can be used to represent preference relations over distributions.
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That is, given the statistic v, we can define a preference relation on distributions =4 by
QZ'P < 1(Q)>~(P), Q,PeD. (4.4)

Proposition 4.1. For a given =% in (4.4), the statistic 7 is ordinally unique, and there
exists a unique certainty-equivalent statistic vy satisfying (4.4).

The following are examples of statistics commonly used in decision theory. (a) The
expected value statistic

B(Q) = [ Qlar). QeP.

(b) The expected utility model of von Neumann and Morgenstern [1947] corresponds to
the statistic

E.(Q) = /R udQ = E(uyQ), Q€D

where u : R — R is a strictly increasing continuous function, which we call a von Neumann—
Morgenstern (vNM) utility function. (c) The dual utility model of Yaari [1987] corresponds
to the statistic

00 0
B(Q) = | g(So()ds+ [ (s(So() - iz, Q€ D,
0 —00
where g : [0,1] — [0,1] is a strictly increasing continuous function, which we call a distor-
tion function. (d) The rank-dependent utility model of Quiggin [1982] corresponds to the
statistic

EL(Q) = B (uy@), Q€ D, (4.5)

where u is a VNM utility function and ¢ is a distortion function. Note that for 4 € A and
X edX,

0

BL o) = [ o(u(ulX) > oo +

—0o0

(g(u(u(X) > 2)) — 1)da = / w(X)d(g o ),

which is how rank-dependent utility models are usually formulated.

Remark 4.1. Since, in general, the above statistics are not continuous with respect to
convergence in distribution, the weaker notion of compact continuity is essential to our
study.
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4.3 Two frameworks for separating pure risk and am-
biguity

Both the ATE and ETA frameworks provide preference relations that clearly distin-
guish between pure risk and ambiguity. In both frameworks, we will assume that the DM
represents the risk component of their preferences with a preference relation =% on D.
Additionally, we will assume that =% can be represented by a statistic as in (4.4). Where
the frameworks differ is how they define and incorporate the ambiguity component of the
preferences. We do not suggest that these two frameworks are the only ones from which am-
biguity models can be constructed. We nevertheless find their juxtaposition conceptually
compelling, which motivates the organization of this section.

4.3.1 The evaluate-then-aggregate framework

We equip the set of models A with the weak™ topology, defined as the coarsest topology
under which every map p +— p(A) is continuous for all A € F. It is common in decision
theory to equip the space of models with the weak™ topology, and no familiarity with this
topology is needed for the discussion that follows. We denote by X the corresponding Borel
o-algebra.

In this framework, to describe the ambiguity component of the preferences, we will use
the formulation proposed in Klibanoff et al. [2005] to axiomatize the smooth ambiguity
model. In this framework, the DM also has a preference relation 2™ on X'(A, 3), which is
hereby called a preference relation on model-based acts. We will assume that =™ satisfies
the following regularity properties.

(M1) For all n,¢ € X(A,Y), if n > ¢ then n 2™ (.
(M2) Foralln e X(A,X), {ceR:nz™c}and {c € R:c ™ n} are closed.

(M3) For a,b € R, if a > b then a =™ b.

Proposition 4.2. Under Properties (M1)-(M3), there exists p : X(A,X) — R with p(n) >
p(C) for all n,¢ € X(A,X) satisfying n > ¢, and p(a) > p(b) for all a,b € R satisfying
a > b, such that

nzZ" ¢ = pn) = pC), n,¢eX(AX) (4.6)
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Using the preference relation on distributions —¢, acts can be naturally transformed
into model-based acts, as described below. Start by fixing the unique certainty-equivalent
statistic v that represents =% (Proposition 4.1). Given X € X, consider the mapping
Ry : A — D defined by

Rx () = Xgp, p€A.

The mapping Ry allows us to define the model-based act v oRyx. We show in Section 4.9
that v o Rx € X(A,Y) for each X € X. Intuitively, given X € X and p € A, the value
v o Rx (i) can be seen as an evaluation, determined by =9, of the distribution X4 .

To couple the risk component ¢ and the ambiguity component =™ into a preference
relation -, we assume that the DM’s preference relation satisfies

XZY <= voRxy ZT"70Ry, X, Y el
Therefore, the representation functional p in (4.6) aggregates the evaluation maps as
XZVY < p(yoRx)>p(yoRy), X, Y eAX. (4.7)

We refer to any preference relation - satisfying (4.7) as an ETA preference relation. 1t is
clear that any ETA preference relation satisfies Axiom (M). Additionally, if we take

p(n) =n(p), ne X(A%),

for some p € A, then the ETA preference relation in (4.7) is probabilistically sophisticated.

Many standard decision models under ambiguity can be formulated as ETA preference
relations, and we list four below. Most of these models were first developed and axiomatized
in the setting of Anscombe and Aumann [1963]; here we translate them to the Savage
setting. In each example, we use the preference relation on distributions derived from
the statistic E, for some vNM utility u, which corresponds to the expected utility model
of von Neumann and Morgenstern [1947]. Remark that the certainty-equivalent statistic
associated with E, is the functional u~! o E,, where u™! : im(u) — R is the inverse of u.
(a) The maxmin expected utility model of Gilboa and Schmeidler [1989] corresponds to

p(n) = gggu(n(u)), ne€ XA, X),

where @ C A. (b) The smooth ambiguity model of Klibanoff et al. [2005] corresponds to

pl) = /A o(m)dr, 1€ X(A,T),
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where v is a vNM utility, and 7 € M;(A,X). (c) The variational preference model of
Maccheroni et al. [2006] corresponds to

p(n) = inf (u(n(p)) +c(p)), 1€ X(A,X%),

where ¢ : A — [0, 00] satisfies ¢(u) < oo for some p € A. (d) The c-maxmin model of
Ghirardato et al. [2004] corresponds to

p(n) = agggum(u)) +(1—a) igguw(ﬂ)), ne XA X)),

where @ C A and « € [0, 1].

In the following section, we propose an alternative to the ETA framework.

4.3.2 The aggregate-then-evaluate framework

In the ATE framework, to describe the ambiguity component of the preferences, the
DM fixes a mapping ® : X — D, which we call an act-to-distribution mapping. Intuitively,
the DM uses an act-to-distribution mapping to aggregate their ambiguity regarding an
act into a single distribution. Given u € A, the probabilistic act-to-distribution mapping,
denoted by ©,,, is defined by ©,,(X) = Xy pu for all X € X. Probabilistic act-to-distribution
mappings are used when the DM does not perceive ambiguity, or is indifferent to it. When
ambiguity is perceived by, and matters to, the DM, the chosen act-to-distribution mapping
should differ from all probabilistic ones. The following example clarifies this idea.

Example 4.1. Assume the DM believes the models Q@ C A are relevant to the decision-
making process. We can define the act-to-distribution mapping ®¢ by

Do(X)= \NX4Q Xex,
fsd

where X, Q = {Xup : p € Q}. To see this mapping is well-defined, given X € X,
find a,b € R such that @ > X > b. For all p € A, since pu(a > X > b) = 1, we
have supp(X4up) C [b,al. Therefore, the set Xy Q has uniformly bounded support and
Npog X2 Q exists. As long as Q is not a singleton, the act-to-distribution mapping D¢
does not coincide with any probabilistic one. As we will see later, ®¢ represents a form of
ambiguity aversion.

The following are natural properties for act-to-distribution mappings, and they are
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all satisfied by probabilistic act-to-distribution mappings. The first two properties are
straightforward and need no further motivation.

(R1) Forall X, Y € X, if X > Y then D(X) >4 D(Y).

(R2) For all bounded (X,)neny C &, if X,, — X pointwise then D(X,) — D(X) in
distribution.

To motivate the final property, suppose a DM has an act-to-distribution mapping ©,
and let f : R — R be strictly increasing and continuous, interpreted as the map that
transforms monetary units to f-units. For any act X € X, the DM can induce a dis-
tribution over f-units in two ways. First, they obtain the monetary distribution ®(X)
and then transform this distribution via f, yielding f4(®(X)). Alternatively, they may
first transform the act by applying f to obtain the f-unit-valued act f(X) and then apply
© to obtain the distribution ©(f(X)). The following property requires that these two
procedures yield the same distribution.

(R3) For all X € X, if f: R — R is strictly increasing and continuous, then D(f(X)) =
f#(D(X)).

To couple the risk component =% and the ambiguity component ® into a preference
relation =, the DM starts by fixing a statistic v that represents =¢. The preference relation
>~ of the DM can be represented by

X-Y & 70D(X)>v0D(Y), X,Y € X. (4.8)

We refer to any preference relation 77 given by (4.8) for any statistic v : D — R and any
act-to-distribution mapping ® : X — D as an ATE preference relation. It is clear that any
preference relation - satisfying (4.8), with © satisfying Property (R1), must also satisfy
Axiom (M). Additionally, if we take ® to be a probabilistic act-to-distribution mapping,
then the preference relation - is probabilistically sophisticated.

In what follows, we present a method for constructing act-to-distribution mappings
inspired by Sarin and Wakker [1994]. The key distinction is that our definition applies
to all acts, rather than being restricted to those with a finite range. Given a continuous
capacity v, the Choquet act-to-distribution mapping, denoted by ©,, is defined by

So,x)(x) =v(X > z) for all z € R.
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The mapping ®,, is well-defined because v is continuous and survival functions uniquely
characterize elements of D. It is straightforward to show that if v is a probability measure,
then ®, is a probabilistic act-to-distribution mapping. Also, by the well-known layer-cake
representation, we have

Eo @V(X) = /Ooo S@D(X)(a:)dx —l—/ (S@D(X)(ZU) — 1)d33

—0o0

:/OOOV(X>x)dx—|—/O (V(X>a:)—1):/QXd1/, Xex.

—0o0

Preference relations 7 satisfying (4.8) with © given by a Choquet act-to-distribution
mapping are said to be Choquet ATFE preference relations. We have the following theorem
characterizing all Choquet act-to-distribution mappings.

Theorem 4.1. Let ® be an act-to-distribution mapping. Then ® satisfies Properties
(R1)-(R3) if and only if ® is a Choquet act-to-distribution mapping.

Theorem 4.1 is related to Liu et al. [2021, Theorem 1], which characterizes transforma-
tions 1" : D — D satistying

ST(Q)ZQOSQ> QeD

for a distortion function g, with a property similar to (R3). The main difference between
the two results is that we consider mappings defined on acts, whereas Liu et al. [2021]
studied transformations defined on distributions.

Given a continuous capacity v and a vNM utility u, by Theorem 4.1, we have
. oD,(X) = By, (X)) =B D,(u(X)) = [ u(X)dv, X € .
Q

Therefore, preference relations given by the Choquet expected utility model of Schmeidler
[1989] with a continuous capacity are examples of Choquet ATE preference relations.

4.4 Axioms and representation for the Choquet ATE
model

We next state and discuss several additional axioms for preference relations -, which
lead to a main representation result in Theorem 4.2.

129



For the rest of this chapter, we will work in a Savage setting with an exogenously
given family G C F of unambiguous events. Intuitively, this assumption helps us identify
the influence of pure risk on preference relations and disentangle its effects from those of
ambiguity. The set of unambiguous events will form a A-system, as stated in the following
assumption.

Assumption 4.1. The set of unambiguous events G is a \-system. That is:

(i) Qeg;
(i) if A € G then A° € G;

(iii) if the sequence (A,)nen C G is pairwise disjoint then |J)~ | A, € G.

The use of A-systems for unambiguous events is common in the literature; see Zhang
[2002], Marinacci [2002], and Epstein [2004]. Note that a o-algebra is always a A-system,
but the converse is not true. Compared with g-algebras, a A-system lacks the closure
property under intersection. That is, the intersection of two unambiguous events may
be ambiguous. For instance, in a bivariate model, the marginal distributions may be
unambiguous but the joint distribution can still be ambiguous. Therefore, we deliberately
avoid the stronger assumption that G is a sub-o-algebra.

Intuitively, an event is unambiguous if the DM can assign it a unique likelihood; here
we use likelihood rather than probability because we do not have a o-algebra. Property
(i) reflects that the DM can always assess the likelihood of the whole space. Property (ii)
says that if A € F is unambiguous with the likelihood p4, then its complement A° is also
unambiguous with the assigned likelihood 1 — p4. Finally, Property (iii) is motivated by
the fact that the likelihood of the countable union of pairwise disjoint events should equal
the sum of their individual likelihoods.

Given the interpretations of G in Assumption 4.1, we can associate a likelihood mapping
to G, which acts like a probability measure.

Assumption 4.2. There exists a function P : G — [0, 1] such that P(£2) = 1 and for every
pairwise disjoint sequence (A, )nen C G,

(00) - S

We call P the exogenous likelthood mapping.
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When G is a g-algebra, the exogenous likelihood mapping P is a probability measure
on G. We will refer to this setting, consisting of Assumptions 4.1 and 4.2, as the Savage
setting with pure risk.

We write X (G) for the subset of X consisting of all acts X such that X~!(B) € G for
every B € B(R). By the definition of the exogenous likelihood mapping, each X € X(G)
induces a distribution X4P € D via

X4P(B)=P(X '(B)), BeB(R).

Although the exogenous likelihood mapping is not a probability measure in the usual sense,
as G is not a o-algebra, the induced object X4IP is a compactly supported Borel probability
measure on R for all X € X(G). Therefore, any partial order > on D induces a preorder
>F on X(G) by

X>'Y «—= XuP>VY,uP, X,Y € X(G).

Under the Savage setting with pure risk, since acts X € X(G) exhibit no distributional
ambiguity, the preference relation 7 restricted to X'(G) should be determined solely by the
distributions of these acts under the exogenous likelihood mapping. This brings us to our
second axiom of risk conformity:.

(RC) Risk conformity: For all X,Y € X(G), if X =}, Y then X ~Y.

Baillon et al. [2025] and Shen et al. [2026] studied Axiom (RC) for general decision
models and risk measures when G is further assumed to be a g-algebra; we only need G to
be a A-system. If the preference relation 77 satisfies Axiom (RC), then the restriction of
= to X(G), called the pure-risk preferences of ¥, corresponds to a preference relation over
distributions.

We say that an act-to-distribution mapping @ is risk conforming if for all X € X' (G), it
holds that ©(X) = X4P. Let 2Z be an ATE preference relation. In the Savage setting with
pure risk, to remain consistent with the interpretation of an act-to-distribution mapping,
® in (4.8) should be risk conforming. This follows as acts in X'(G) have no distributional
ambiguity. A capacity v is risk conforming if v|g = P. In this case, risk conformity
means that, for unambiguous events, the capacity coincides with the exogenous likelihood
mapping. When v describes the DM’s subjective non-additive evaluation regarding the
likelihoods of events, risk conformity is essential, as the DM believes that P specifies the
likelihood of unambiguous events. Let v be a continuous capacity. It is straightforward to
show that v is risk conforming if and only if the Choquet act-to-distribution mapping ©,,
is risk conforming. Finally, to allow for probabilistically sophisticated preference relations
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that are consistent with the exogenous likelihood mapping, we will make the following
minor structural assumption.

Assumption 4.3. There exists a risk-conforming p € A.

Assumption 4.3 means that one could find a probability model ;2 that rationalizes the
behavior of the DM on ¢. This allows for the existence of probabilistically sophisticated
preferences with a belief agreeing with P on X(G).

The next two axioms are regularity requirements.

(SRM) Strict risk monotonicity: For all X,Y € X(G), if X >L, Y then X =Y.
(C) Continuity: Forall X e X, {Y e X : X ZY}and{Y € X : Y 2z X} are B-closed.

Axiom (SRM) reflects the fact that the DM uses the exogenous likelihood mapping to
associate distributions with acts in X'(G). Thus, a stronger form of monotonicity holds
for these acts using these distributions. Axiom (C) is a reformulation of the compact
continuity in Chew and Mao [1995] for acts and is commonly used in the literature on risk
measures; see Follmer and Schied [2016].

The axioms discussed thus far concern only certain notions of regularity and essentially
impose no specific functional forms on the preference relations.

The final conceptual tool we will need is matching probabilities, as defined below. We
will write A =~ B for A, B € F to mean 14 77 1, where 1,4 denotes the binary act which
yields 1 if w € A and 0 otherwise.

Definition 4.1. Given a preference relation -, a function v : F — [0, 1] is a 2Z-matching

~J)

probability if for all A € F, there exists Ry € G such that v(A) =P(R,4) and A ~ R,.

Intuitively, a ~-matching probability uses the restriction of the preference relation -
on the set {14 : A € F} to describe ambiguity on the level of events. Specifically, it
assigns to each event a “pseudo-likelihood” by equating it, under the preference 77, to
an unambiguous event and adopting the likelihood of that event. This idea requires the
Savage setting with pure risk, since the definition is only conceptually meaningful when G
contains unambiguous events. Finally, to allow for arbitrary precision in the identification
of matching probabilities, we will, henceforth, assume the following.

Assumption 4.4. There exists a collection of events {S,},cj01] € G such that S,» 2 S,
whenever 7’ > r, and P(S,) = r for all » € [0, 1].
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Remark 4.2. If G is a o-algebra, the exogenous likelihood mapping P is a probability
measure, and Assumption 4.3 is equivalent to the non-atomicity of P. The assumption of
non-atomicity is common in risk management.

As the following proposition shows, our regularity axioms imply the existence and
uniqueness of matching probabilities.

Proposition 4.3. For every preference relation 7, satisfying Azioms (M), (RC), (SRM),
and (C), there exists a unique 2Z-matching probability v. Furthermore, v is a continuous
risk-conforming capacity, and

A~ B <= v(A)>v(B), A,BeT.

As we will see in Theorem 4.2, matching probabilities will fully determine the ambiguity
component of the preferences. To discuss the risk component of the preferences, we have
that these regularity axioms are sufficient to represent the pure-risk preferences via a
statistic.

Proposition 4.4. If the preference relation 7 satisfies Azioms (M), (RC), (SRM), and
(C), then there exists a statistic v such that

X =Y < y(X4P) > ~v(Y4P), XY € X(G). (4.9)

Moreover, the statistic v is ordinally unique, and there exists a unique certainty-equivalent
statistic y satisfying (4.9).

For any preference relation 7 satisfying Axioms (M), (RC), (SRM), and (C), we refer
to this unique certainty-equivalent statistic in Proposition 4.4 as the 7-CES.

The final axiom, adapted from Sarin and Wakker [1994], is used to couple the risk
component of preferences, represented by the ~-CES, with the ambiguity component, rep-
resented by the 7—-matching probability. Before introducing it, we require some preliminary
definitions. Given a preference relation 7~, we can define the relation 7—* given by

XZ'Y = {X>ztz{Y>z}forallzeR, XYV eX.

This allows us to define our final axiom.

(CD) Cumulative dominance: For all X,Y € X, if X ~*Y then X ~ Y.
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The following result shows that the above axioms fully characterize Choquet ATE
preference relations in the Savage setting with pure risk.

Theorem 4.2. The preference relation 7 satisfies Azioms (M), (RC), (SRM), (C), and
(CD) if and only if 7 is a Choquet ATE preference relation, that is, there exists a statistic
v and a risk-conforming capacity v such that

XrmY < 70D,(X)>7v0D,(Y). (4.10)

Moreover, in (4.10), the statistic v is ordinally unique, and the capacity v is unique and
coincides with the 7--matching probability.

Example 4.2. Let 77 be a Choquet ATE preference relation. Assume that ~ is equal to
the statistic E¢ from (4.5), corresponding to the rank-dependent utility model. We have

B} 0 D,(X) = E'(14D,(X) = B0, (u(X)) = [ ulX)d(gon). X €,

In this ambiguity model, the DM begins by assigning non-additive likelihoods to events,
captured by v, which incorporates their beliefs and attitudes toward ambiguity. Afterwards,
the pure-risk preferences, described by an RDU model, are incorporated by distorting this
capacity via g, as in the case of pure risk. Finally, the DM evaluates acts X € X via
the Choquet integral of u(X) with respect to the capacity g o v. This ambiguity model
was originally introduced in Tversky and Fox [1995]. Additional axiomatizations for this
specific model are given by Buchak [2025] and Van Oosten and Wang [2025a].

Example 4.3. Allowing for general statistics in Choquet ATE preference relations leads
to new decision models under ambiguity. For example, given a € R\{0}, let u, be the
vNM utility function defined by wu,(x) = e**. For a € R, define the certainty-equivalent
statistic v, by

1(Q) = 7108 (£, (Q)) if 0 € R\{0}, and 10(Q) =E(Q), Q€ D.

The statistic 7, is the entropic risk measure (see Follmer and Schied, 2002). Given a Borel
probability measure k on R, Mu et al. [2024] studied a statistic given by

7(Q) = / (Q)s(da), Q€D
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If =~ is a Choquet ATE preference relation with the ~-CES given by ~,, then

1 1
XYV < /—log (/ eaXdu> fi(da)Z/—log (/ eaydu) k(da), XY € X,
R @ Q R @ Q

(4.11)
where v is the ZZ-matching probability. The model (4.11) has a natural interpretation.
To account for ambiguity, the DM first evaluates each act using the certainty equivalent
under the Choquet expected utility model with utility function u,, for every a € R. These
values are then averaged with respect to the measure k. An axiomatization of this model
can be obtained by taking the axioms of Theorem 4.2 and adding the following axiom: for
all XY, Z € X(G) with Z independent of both X and Y under the exogenous likelihood
mapping, we have

XrnY <= X+ZZY+Z

This follows directly from Mu et al. [2024, Theorem 1], which characterizes the class of
statistics 7.

4.5 Risk and ambiguity attitudes

In this section, we study how attitudes toward pure risk and ambiguity can be separated
within the ATE framework. We begin by isolating the risk component of the preferences
and recalling several classical risk attitudes. We then introduce comparative and absolute
ambiguity attitudes and conclude by analyzing how risk and ambiguity attitudes can lead
to preferences for diversification.

4.5.1 Risk attitudes

In this section, we will call the Axioms (M), (RC), (SRM), and (C) the regularity
axioms. Let 77 be a preference relation satisfying the regularity axioms. Risk attitudes
for - correspond to properties of the pure-risk preferences associated with . Intuitively,
risk attitudes should be represented by properties of the 7-CES, which isolates the risk
component of ~. An independent study of risk attitudes is necessary because their in-
teraction with ambiguity attitudes (properties of the act-to-distribution mapping) plays a
crucial role in determining the properties of the overall preference relation, as we will see in
Section 4.5.3. This section also connects to and extends previous studies on the connection
between the propensity for diversification and strong risk aversion in the pure-risk setting;
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see Dekel [1989] and Chateauneuf and Lakhnati [2007]. We now recall several standard
risk attitudes commonly discussed in the literature.

The first risk attitude we will discuss is the strong risk aversion as studied by Rothschild
and Stiglitz [1970].

(SRA) Strong risk aversion: For all XY € X(G), if X >V then X = Y.

Given a preference relation - satisfying the regularity axioms, it is clear that 7 satisfies
Property (SRA) if and only if the >-CES + is monotonic with respect to >4, i.e., for all
Q, P € D satisfying Q >wa P, 7(Q) = v(P).

The next risk attitude we discuss is risk diversification, reformulated from the main
property in Dekel [1989].

(RD) Risk diversification: For all X,Y € X(G) and A € [0, 1] such that AX + (1 —\)Y €
X(9),
XY = AX +(1-\Y = X.

If the preference relation of the DM satisfies Property (RD), then the DM prefers
mixing the outcomes of equally preferred acts with unambiguous distributions. This is
consistent with the intuitive notion of diversification. We will discuss the overall preference
for diversification in Section 4.5.3. Note that, given X,Y € X(G) and A € [0, 1], it may
not hold that AX + (1 —\)Y € X(G), because the dependence structure between X and Y
may be ambiguous. To reflect on the risk attitude, we need to assume that the “diversified
act” AX 4 (1 — \)Y is also unambiguous for a proper comparison. In the special case that
X and Y are comonotonic and unambiguous, their diversified act is always unambiguous,
as shown in the next result.

Proposition 4.5. Given comonotonic X, Y € X(G) and X € [0,1], it holds that AX + (1 —
NY € X(9).

Proposition 4.5 is conceptually appealing, as it is consistent with the interpretation of
G: If the comonotonic acts X and Y have unambiguous distributions, that is, X, Y € X' (G),
then their joint distribution is also unambiguous. This follows because comonotonicity fixes
the dependency structure between X and Y. Consequently, the distribution of the random
variable AX + (1 — A\)Y should also be unambiguous for all A € [0,1]. This result is useful
in formulating Property (RDC) below.
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(RDC) Risk diversification for comonotonic acts: For all comonotonic X,Y € X(G) and
A€ [0,1],
X~Y = A+ (1-\Y = X.

Property (RDC) was studied by Chateauneuf and Tallon [2002]. It is clear that Property
(RDC) is weaker than Property (RD).

Given a preference relation - satisfying the regularity axioms, one goal is to characterize
Property (RD) through properties of the associated 7Z-CES. A compelling candidate is
a quasiconcavity property. Therefore, we must first introduce an appropriate mixture
operation on the set of distributions D.

Given @, P € D, denote by @ & P the element of D with a quantile function equal to
the sum of those of P and (), that is,

VaR,(Q & P) = VaR,(Q) + VaR,(P) for all a € (0,1).
Given ) € D and non-negative a € R denote by a ® ) the element of D satisfying
VaR,(a ® Q) = aVaR,(Q) for all « € (0,1).

As discussed in Liu et al. [2021, Proposition 3], the triplet (D, ®, ®) is a convex cone. We
say that a statistic 7 is comonotonic quasiconcave if for all Q, P € D and X € [0, 1],

TYA®Q & (1-X)®P)>min{y(Q),y(P)}?

The following proposition demonstrates that the above operations naturally appear when
considering Choquet act-to-distribution mappings.

Proposition 4.6. Let v be a continuous capacity. For comonotonic X,Y € X and \ €
[0,1], we have

D,(X+Y)=D,(X)@D,(Y) and D,(AX) = A®D,(X).

We are now ready to present the main theorem of the section.

Theorem 4.3. Let - be a preference relation satisfying the reqularity axioms. The follow-
ing are equivalent:

(i) The preference relation = satisfies Property (RD);

2Here ® takes precedence over @ in the order of operations.

137



(i1) the preference relation 7, satisfies Properties (SRA) and (RDC);

(#ii) the 7Z-CES is monotonic with respect to >gq and comonotonic quasiconcave.

For a preference relation = satisfying the regularity axioms, Theorem 4.3 implies that
= satisfies Property (RD) if and only if the 5-CES satisfies monotonicity with respect
to > q and comonotonic quasiconcavity. In Dekel [1989], probabilistic quasiconcavity
together with > 4-monotonicity was shown to be sufficient for Property (RD). However,
probabilistic quasiconcavity is not necessary for Property (RD); instead, we show that
comonotonic quasiconcavity is the relevant condition.

Example 4.4. Let E¢ be the statistic in (4.5) from the RDU model. A direct consequence
of Schmidt and Zank [2008, Corollary 3] is that E¢ is monotonic with respect to >gq if
and only if u is concave and ¢ is convex. Additionally, a consequence of Wakker and
Yang [2019, Theorem 3] is that E? in (4.5) is comonotonic quasiconcave if and only if u is
concave. Therefore, if 7~ is a preference relation satisfying the regularity axioms and the
~-CES is given by E¢, - satisfies Property (RD) if and only if 7 satisfies Property (SRA).
This helps explain why Property (RDC) has received limited attention in the literature,
since Property (SRA) often implies Property (RDC) for many statistics commonly used in

decision-making under pure risk.

We conclude this section by discussing when risk attitudes extend to properties of the
overall preference relation in the case of Choquet ATE preference relations. The first
example of this phenomenon is regarding Property (RDC).

Proposition 4.7. Let 7 be a Choquet ATE preference relation. If 77 satisfies Property
(RDC) then for all comonotonic X, Y € X and X € [0, 1],

X~Y = AX +(1-NY = X.

The remaining properties pertain to statistics 7. Nonetheless, it is easy to see that these
properties could just as well be formulated in terms of pure-risk preferences. We say that a
statistic v is constant additive if for all Q € D and a € R, 7(Q & d,) = (Q) + a; positively
homogeneous if for all @ € D and non-negative a € R, v(a ® Q) = avy(Q); biseparable if
there exists a vNM utility v and a statistic 7 satisfying constant additivity and positive
homogeneity such that

Q) =Y(uxQ), Q€ D. (4.12)

Constant additivity and positive homogeneity are common properties discussed in the lit-
erature of risk measures; see Follmer and Schied [2016]. Biseparability is a property of
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biseparable preference relations. Traditionally, they are considered one of the weakest
classes of preference relations, encompassing many famous decision models under ambigu-
ity. For more on biseparable preference relations, see Ghirardato and Marinacci [2001].

Proposition 4.8. Let 77 be a Choquet ATE preference relation.

(i) If the Z-CES satisfies constant additivity, then for all a € R we have

XzZY << X+azY+a X)Yedi.

(i1) If the 7--CES satisfies positive homogeneity, then for all positive a € R we have

XrY & aX=aY, X,Y € X.

(iii) If the 2Z-CES satisfies biseparability, then there exists a vNM function w and I : X —
R satisfying I(X) > I(Y) for all X, Y € X with X >Y and [(aX +b) =al(X)+b
for all X € X, non-negative a € R, and b € R, such that

XrY e I(wX)) > IuY)), X,Y¢eAX.

A key consequence of Proposition 4.8 is that, for a Choquet ATE preference relation
>, the 7Z-CES being biseparable implies that the preference relation - is biseparable in
the sense of Ghirardato and Marinacci [2001].

4.5.2 Comparative and absolute ambiguity attitudes

We next define comparative ambiguity attitudes for Choquet ATE preference relations.
This will then allow us to define absolute ambiguity attitudes once a normalization for
ambiguity neutrality is provided.

Given the Choquet ATE preference relations 771 and 7o, we say that 7= is more am-
biguity averse than -y if

Ri:lA:>R,>\:2A, RegandAGf.

The interpretation of this definition is quite natural: As events R € G have no ambiguity,
they can serve as the benchmark for comparing ambiguous events. This is similar to the
classic notion of comparative risk aversion (Pratt, 1964, Yaari, 1969), where constant acts
serve as the benchmark.
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We have the following theorem characterizing comparative ambiguity attitudes.

Theorem 4.4. Let =1 and 75 be Choquet ATE preference relations with matching prob-
abilities vy and vy respectively. Then, 75 is more ambiguity averse than =1 if and only if
v1(A) > 1s(A) for all A € F.

In Theorem 4.4, the 7Z;-CES and the 7Z5-CES may not be the same. This is consistent
with the fact that the ambiguity component in the Choquet ATE model is separated from
the risk component. To get a full comparative implication on all acts, instead of only binary
ones, we need to force the risk components of both preference relations to be identical, as
shown in the next result.

Proposition 4.9. Let 771 and =5 be Choquet ATE preference relations. Then, the com-
parative implication

XY (X =Y) = XV (X =Y), foral X e X(G) andY € X (4.13)

holds if and only if the 7-1-CES is equal to the 7o-CES and 7o is more ambiguity averse
than 1.

As Proposition 4.9 demonstrates, our notion of comparative ambiguity attitudes for
Choquet ATE preference relations generalizes the comparative ambiguity attitudes of Ep-
stein [2004] given by (4.13).

Theorem 4.4 suggests a natural way to define comparative ambiguity attitudes for gen-
eral act-to-distribution mappings. To see this, observe that for two continuous capacities
v1 and vy, the condition v (A) > v5(A) for all A € F is equivalent to the requirement that
D, (X) >pa D,,(X) for all X € X. Therefore, given two act-to-distribution mappings D1
and D4, we say that D, is more ambiguity averse than ©; if

QI(X) Zfsd QQ(X)a Xedk.
The next step is to define a normalization for ambiguity neutrality.

(AN) Ambiguity neutrality: For all A, B,C' € F satisfying (AU B)NC = &,

AZ B <— AUuCzZ BUC.

The following proposition characterizes Property (AN). The proof of this proposition
follows a similar argument as the proof of Van Oosten and Wang [2025a, Theorem 2.
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Proposition 4.10. Let 7= satisfy Azioms (RC), (M), (SRM), and (C). Then 7, satisfies
Property (AN) if and only if the ~-matching probability v is a probability measure.

Finally, we say that a Choquet ATE preference relation = is ambiguity averse if it is
more ambiguity averse than a Choquet ATE preference relation satisfying Property (AN).
A straightforward consequence of Theorem 4.4 and Proposition 4.10 is that given a Choquet
ATE preference relation ~~, ambiguity aversion is equivalent to the ~-matching probability
being balanced.

Once again, Proposition 4.10 suggests a natural way to define ambiguity aversion for
general act-to-distribution mappings. Given the act-to-distribution mapping ®, we say
that © is ambiguity neutral if there exists p € A such that ©(X) = Xup for all X €
X. That is, an act-to-distribution mapping is ambiguity neutral if and only if it is a
probabilistic act-to-distribution mapping. Additionally, we say that an act-to-distribution
mapping is ambiguity averse if it is more ambiguity averse than an ambiguity-neutral
act-to-distribution mapping.

4.5.3 Diversification seeking and aggregation concavity of act-
to-distribution mappings

We now extend the definition of Property (RD) to all acts. This notion was formalized
in the seminal contributions of Gilboa and Schmeidler [1989] and Schmeidler [1989],% and
is sometimes also described as the convexity of preferences.

(D) Diversification: For all X;Y € X and A € [0, 1],

XY = AX +(1-A)Y = X,

Clearly, Property (D) is stronger than Property (RD). However, there does not exist
an equivalent proposition to Proposition 4.7 in the case of Property (RD) extending to
Property (D). To substantiate this claim, we provide a counterexample in Section 4.11.
The following example motivates a property for act-to-distribution mappings that allows
Property (RD) to imply Property (D).

Given p € A and a partial order > on D, we can induce a preorder > on X’ by

X>FY = Xup>Yep, XY €X.

3In Gilboa and Schmeidler [1989] and Schmeidler [1989], this property is referred to as uncertainty
aversion.
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Example 4.5. Consider a DM that perceives no ambiguity and describes their uncertainty
with the unique p € A. Additionally, assume that, to aid in the decision-making, the DM
uses a statistic v that is monotonic with respect to >4 and comonotonic quasiconcave.
Therefore, the DM’s preference relation 77 is given by

XZY <= 709,(X)>709,(Y), X,Yei.

Establishing that - satisfies Property (D) follows by invoking the well-known comonotonic
sum inequality; see Dhaene et al. [2002, Theorem 7]|. This inequality states that, given
X,Y € X and comonotonic X.,Y, € X such that X =, X, Y ={, Y, and X +Y >#
X.+Y,. Using Proposition 4.6, we can rewrite this inequality in terms of the probabilistic
act-to-distribution mapping as follows:

DX +Y) >0 D,(Xe+Ye) =D,(Xe) @D,(Ye) =D,(X) @D,(Y). (4.14)
Given A € [0, 1], we can use (4.14) and Proposition 4.6 to obtain the inequality
D AX+(1=-NY) > D,AX) @D, (1 -NY)=A®9,(X)d(1-))@9,0Y).
Since ) >., P implies Q) >¢q P for all Q, P € D, we get
DA X+1=N)Y) >4 A@D,(X)d (1 -2 @D,(Y). (4.15)

Therefore, using (4.15) and the fact that ~ is monotonic with respect to >4 and comono-
tonic quasiconcave, for all X|Y € X satisfying X ~Y and A € [0, 1],

Y@ AX + (1 =A)Y)) 27 (AR D,(X) (1= A) @D,(Y))
> min {7(D,(X)), y(Du(Y))} = 7(Du(X)).

Thus, AX + (1 — A\)Y 2z X, which shows that - satisfies Property (D).

(4.16)

Therefore, motivated by (4.15) from Example 4.5, we introduce the following property
for act-to-distribution mappings ®©, which we call aggregation concavity:

DX+ (1= MNY) 2 A@D(X) @ (1— 1) @D(Y). (4.17)

Let - be an ATE preference relation represented by (4.8). If v is monotone with respect
to >4q and comonotonic quasiconcave, and if ® is aggregation concave, then - satisfies
Property (D). This follows by the same reasoning as in (4.16). A natural question, which
the following theorem answers, is the characterization of when Choquet act-to-distribution
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mappings are aggregation concave.

Theorem 4.5. Let v be a continuous capacity. Then D, is aggregation concave if and
only if v is supermodular.

Aggregation concavity of an act-to-distribution mapping reflects a form of ambiguity
aversion, since it implies that a strongly risk-averse DM views the distribution associated
with the mixture of ambiguous acts as more attractive than the comonotonic mixture of
the distributions associated with each act separately. This idea is highlighted by the fact
that a Choquet act-to-distribution mapping is ambiguity averse if it is aggregation concave.
This follows from Theorem 4.5 and the fact that supermodular capacities are balanced; see
Shapley [1971]. However, as the following example shows, this implication does not extend
to all act-to-distribution mappings.

Example 4.6. Given distinct pq, uo € A, let © be the act-to-distribution mapping given
by

VaRo (D (X)) = %VaRa(QM(X)) + %VaRa(i)m(X)) for all a € (0,1).

We show in Section 4.11 that ® is aggregation concave and not ambiguity averse.

Given a continuous capacity v, it is clear that the Choquet act-to-distribution mapping
D, is aggregation concave if and only if for all X;y,...,X,, € X and A,..., A\, € [0,1]
satisfying > ', Ay = 1, we have

9, (Z )\ka> >wd P M @D (Xy). (4.18)
k=1

k=1

By restricting the form of the acts ), Ay X} in (4.18), we can define weaker notions of
concavity for Choquet act-to-distribution mappings. Motivated by the work of Hartmann
and Kauffeldt [2026], we can use this idea to characterize the family of Choquet act-to-
distribution mappings presented in Example 4.1. Given A € F and z,y € R, x Ay denotes
the binary act which yields x if w € A and y otherwise.

Proposition 4.11. It holds that ©, = D¢, if and only if (4.18) holds for all Y ") _; Me Xy =
xAy where A € F and x,y € R.

Finally, using similar arguments as the proof for Proposition 4.11, one can show that
9, is ambiguity averse if and only if (4.18) holds for all > ;| Ay Xy = = where z € R.
This is consistent with the idea of sure diversification from Chateauneuf and Tallon [2002].
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4.5.4 The distributionally robust interpretation

The framework of distributionally robust optimization extends the maxmin expected
utility model of Gilboa and Schmeidler [1989] by allowing for general statistics; see Delage
et al. [2019] and Fadina et al. [2024] for approaches along this line in the context of risk
measures. A preference relation 7 is called a distributionally robust preference relation if
there exists a collection of risk-conforming probability measures Q* and a statistic v such
that

X ZY < miny(Xgp) > miny(Yyp), XY €X.
HEQ HEQ

Intuitively, a DM with a distributionally robust preference relation views the set Q as a
collection of equally plausible models describing their uncertainty, while the statistic
represents their pure-risk preferences. In this decision model, Q represents the ambiguity
component of >~ and 7 represents the risk component of 2~. Distributionally robust pref-
erence relations represent a strong form of ambiguity aversion, as discussed by Ghirardato
et al. [2004].

Theorem 4.6. Let - be a Choquet ATE preference relation. Then 7 is a distributionally
robust preference relation if and only if the =-matching probability is supermodular.

Since any distributionally robust preference relation is an example of an ETA prefer-
ence relation, Theorem 4.6 establishes that the ETA and ATE frameworks are capable of
generating a broad class of common preference relations.

4.6 Conclusion

The first conceptual contribution of this chapter is to show that the role of ambiguity
in a decision model can be determined by where ambiguity enters relative to the evaluation
of pure risk. By formalizing the ETA and ATE frameworks in the Savage setting, we show
that the classical ambiguity models can be seen as instantiations of two general thought
processes. This perspective clarifies that differences between existing models arise from
the structural choice of whether ambiguity is incorporated by model-specific evaluations or
in the distributional representation of acts themselves. In turn, this structural distinction
identifies the precise primitives that represent ambiguity (aggregators in the ETA case

4Here, we suppose each u € Q is risk conforming to ensure we remain in the Savage setting with
pure-risk.
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and act-to-distribution mappings in the ATE case) and shows how they interact with the
statistic associated with pure risk.

After introducing the two frameworks, we focused exclusively on the ATE framework.
A key benefit of the ATE perspective is that act-to-distribution mappings offer a richer,
more flexible way to incorporate ambiguity than the ETA perspective, thus expanding the
modeling domain of ambiguity attitudes by permitting them to reshape many important
distributional characteristics, e.g., tail behavior, variability, and asymmetry. Such flexibil-
ity is not immediately available in the ETA framework, where it is unclear—or considerably
more complicated to determine—how model-based aggregation can address these impor-
tant concerns. The new ATE framework allows us to construct new decision models and
opens new directions for future research. As the main ATE model analyzed in this chap-
ter, the Choquet ATE model offers great flexibility in modeling both the risk attitudes and
the ambiguity attitudes. This model is only a natural first step in modeling transforms
from an ambiguous act to a distribution, and there are many more possibilities for general
act-to-distribution mappings to explore, drawing on tools from statistical theory.

4.7 Distorted capacities

This section introduces distorted capacities, which are a generalization of distorted
probabilities, and presents several results that will be used in the proofs provided in sub-
sequent sections.

Given a distortion function g and a capacity v, we call go v a distorted capacity. If the
distortion function g is convex (resp. concave) and the capacity v is supermodular (resp.
submodular), then the distorted capacity g o v is supermodular (resp. submodular); see
Van Oosten and Wang [2025a, Proposition 13].

In the proofs in the following sections, we will make use of the two following families of
distortion functions. Given o € (0, 1), define the distortion functions g.(8) = Lj—a,1(53)
and ho(B) = (B/a — (1 —a)/a)" for all B € (0,1). Given a capacity v and a € (0,1),
we can define the following functionals given by the Choquet integral with respect to the
distorted capacity:

GZ(X):/Xd(gaoy) and HZ(X):/Xd(haoy), XeX.

Since h, is concave for every o € (0,1), h, o v is supermodular if v is supermodular.
Therefore, if v is supermodular, then HY is concave for every a € (0,1) by Marinacci and
Montrucchio [2004, Corollary 4.2].
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Proposition 4.12. Let v be a continuous capacity. For all o € (0,1), we have
1 (0%
G¥(X) = VaRo(D, (X)) and HI(X) = © / Qy(X)ds, X € X.
@ Jo

Proof. Fix X € X, let 29 = inf{z € R : v(X > x) < 1—a}. For € > 0, we know that
V(X >z94+¢€) <1l—aand v(X >x9—€) >1— a. Therefore, g,(v(X > x¢+¢€)) =0 and
ga(V(X > z9 —€)) = 1. Thus,

z € R.

| (Y if (X > >1-—
galV(X > a)) = o(@) (X >z)21-a
(—ooo) (@) V(X >m0) <1—a

By the definition of the Choquet integral, G%(X) = x¢. Since, by definition, Sp, (x)(z) =
v(X > x) for all z € R, we have G%(X) = VaR,(9D,(X)).

Let § € [0, 1], we have

= [ 9n008 =% [ tssn(3305 = /0~ (1= @)/a) = halo)

«

Since ¢ : X — R defined by ¢(X) = 1 [*G4(X)dp is monotone, comonotonic additive,

T«

and normalized, ¢(X) = [, Xdi for some capacity 7. For all A € F,

) =) = & [ Gy = 5 [ galv(A)d5 = halo()

Therefore, o(X) = H%(X) for all X € X O

4.8 Proof accompanying Section 4.2

Proof of Proposition 4.1. Let v and 7 define the same preference relation on distributions
~din (4.4). Define f:R — Rand f: R — R by

f(x) = ~(é:) and f(x) =7(d:), z€R.

Since v and 7 are statistics, both f and f are strictly increasing and continuous. We
claim that im(vy) = im(f). Clearly, im(f) C im(y). Let @ € D. Since () has compact
support, there exists z,y € R such that 6, > @ >ga 0. Therefore, f(x) > v(Q) > f(y).
As f is continuous, by the intermediate value theorem, there exists z € R such that
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f(z) =~(Q). Thus, im(y) € im(f) and im(y) = im(f). A similar argument will show that
im(%) = im(f). Define the statistics ¢ : D — R and ¢ : D — R by

D(Q) = [ o(Q) and $(Q) = [0 H(Q), QeD,

where f~!:im(f) — R and f~' : im(f) — R denote the inverses of f and f, respectively.
It is straightforward to show that 1 and ?ﬁ are certainty-equivalent statistics that satisfy
(4.4). Note that this additionally shows the existence of a certainty-equivalent statistic
representing 7%, Given Q € D, Q ~" §,g), which implies (Q) = 1/3(@) Thus, we have
5 = fo f~'o~. Additionally, if v and 4 were certainty-equivalent statistics, then v = 5
since f(z) = f(z) =« for all z € R. O

4.9 Proofs, discussions, and additional results accom-
panying Section 4.3

Proof of Proposition 4.2. Fix n € X(A,X). We claim the set Zy(n) = {c e R:n Z™ ¢}
must be of the form (—oo,ag(n)] for some ag(n) € R. Let a € Zy(n) and b € R satisfy
a > b, then, by Property (M3), n =™ a =™ b and b € Z;(n). Find a € R such that a > .
Therefore, by Property (M1), a =™ n. If b € R satisfies b > a, then, by Property (M3),
b>="a =™ nand b ¢ Zi(n). Therefore, sup(Z;(n)) exists. Denote by ag(n) = sup(Zi1(n)).
By Property (M2), ag(n) € Zi(n). Therefore, Z;(n) = (—o0, ag(n)]. Similarly, we can show
that Zy(n) = {c € R: ¢ =™ n} is of the form [by(n), 00) for some by(n) € R. It must hold
that ag(n) > bo(n) as 77 is a preference relation on X' (A, ¥). Therefore, n ~™ ag(n).

Define the functional p : X(A,3) — R by p(n) = ao(n). By Property (M3), it is clear
that

nZ" ¢ = pn) = p(Q), n,¢eX(AY).

By Property (M1), p(n) > p(¢) for all n,{ € X (A, X)) satisfying n > (. By property (M3),
p(a) > p(b) for all a,b € R satisfying a > b. O

Proposition 4.13. Let v be a statistic. Then for all X € X, yoRx € X(A,X).
Proof. Fix X € X. Find a,b € R such that a > X > b. Given u € A, we have

00 >tsd Rx (1) >gsa Op-

Therefore, since v is a statistic, we have v(d,) > vyoRx (1) > (). Since p was arbitrary,
Y(0a) > yoRx > (). Therefore, yoRx is bounded. To show that yoRx is Y-measurable,
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we will show that it is continuous. Let (uy)xea € A be a net weak™ converging to p € A.
Given the bounded and continuous f : R — R, we have

i [ FAso) =t [ (X = [ (X = [ aei)
Therefore, Rx (ux) — Rx (1) in distribution. Define Dy C D by

Do ={Q € D : supp(Q) < [7(d),7(da)]}-

Equipping D, with the topology consistent with convergence in distribution, we have that
v|p, is continuous as 7 is a statistic. Since im(Rx) C Dy, we have limy vy o Rx(uy) =
v oRx (). Therefore, v o Ry is X-measurable. O

Lemma 4.1. Let v be a continuous capacity. If XY € X satisfy X >Y, then ©,(X) >gq
D,(Y).

Proof. For all x € R, {X >z} D {Y > z}. Thus, for all x € R,
So,(x)(2) =v(X > ) 2 v(Y > z) = Sp,(v)(2).
Therefore, ©,(X) >gq D,(Y). O

Lemma 4.2. Let v be a continuous capacity. If (Zp)pen € X is a bounded sequence
pointwise converging to Z € X, then ©,(Z,) — ©,(Z) in distribution.

Proof. For n € N, define X, = sup,,,>,, Z,,,. It holds that (X»n)nen is a bounded sequence
such that X,, | Z pointwise. We claim that ©,(X,,) — ©,(Z) in distribution. Denote by
X C R the set of continuity points for Sp,(z). Given x € X, since

{Z>x}§ﬁ{Xn>x}§{ZZx},

n=1

it holds that v(Z > z) = v(Z > z) > v((,_{Xn > x}) > v(Z > z). Additionally, as v is
continuous, we have

So,2)(@) = UZ > 7) = v (ﬂ (X, > x}> = Jim v(X, > ) = lim So, x,)(x)

Therefore ©,(X,,) — ©,(Z) in distribution.
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For n € N, define Y,, = inf,,>, Z,,,. It holds that (Y,,)nen is a bounded sequence such
that Y,, 1 Z pointwise. Since v is continuous,

lim Sp,(v,)(z) = lim v(Y, > ) =v (U{Yn > x}) =v(Z >x)= S,z (x), ek
n—o0 n—oo ne1

Thus, ©,(Y,) = ©,(Z) in distribution.
Finally, since X,, > Z,, > Y, for all n € N, by Lemma 4.1, we have that

Qv(Xn) Zfsd @1/(Zn) Zfsd gu(Yn)
Therefore, if z € R is a continuity point of Sp,(z), by the above results, we have

So,(z)(x) = nll_{lolo So,(x,) () > limsup Sp, (2, ()

n—o0

> liminf Sp, (7,)(x) 2 lim Sp,(v,) () = So,(z)(2)-
Therefore, ©,(Z,) — ©,(Z) in distribution. O

Proof of Theorem 4.1. Assume that © satisfies Properties (R1)-(R3). Let f : R — R be
continuous and increasing. We will first show that

D(f(X)) = fx(d(X))*, X e (4.19)

For each n € N, define the function f,, : R = R by f,(z) = f(x)+exp(x—n). The following
are immediately clear. (1) For all x € R, lim,, o fu(z) = f(x). (2) For all n € N, f, is
a strictly increasing and continuous function. (3) For all X € X, (f,,(X))nen is bounded.
Let @ € D, we claim that (f,)xQ — fzQ in distribution. To see this, let g : R — R be
bounded and continuous. Then, by the dominated convergence theorem, we have

/R 9d((f)4Q) = /R g0 f2dQ - /R go fdQ = /R e

Therefore, (f,)xQ — fxQ in distribution. By Property (R2) and (R3), for all X € X, we
have

D(f(X)) = lim D(f,(X)) = lim (fn)4(D(X)) = f(D(X)).

n—oo n—oo

®Note that Property (R3) only guarantees this equality for continuous and strictly increasing functions.
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Next, we claim that
supp(D(X)) Cim(X), X € X, (4.20)

where im(X) denotes the closure of im(.X'). To see this claim, for the sake of contradiction,
assume that (4.20) is false. That is, assume there exists X € X and 2y € supp(D(X))
such that zo ¢ im(X). To ease notation, let Qx = ®(X). Therefore, we can find € > 0
such that for I = (zg—€,x9+¢€), we have Qx(I) > 0 and X '(I) = @. Fix § > 0 satisfying
0 < €. Define the function f: R — R by

To— € faxg—e<z<z9+0
flz) = 62_—65(30—1'0—5)—1-370—6 ifog+d<x<xzg+e
T ifex<xg—ecorx>uxo+e

Let g denote the identity function. We have that f(X) = ¢(X). Therefore, by (4.19),
J4+Qx = g4Qx. However, we have

[f4Qx]({zo — €}) = Qx([xo — €, 20 + )
= Qx({$0 — 6}) + Qx(($0 —€,Zy + 5))
> Qx({ro — €}) = [g4Qx]({xo0 — €}),
which is a contradiction. In the previous inequality, we use the fact that xo € supp(Qx),
implying that Qx((x¢ — €, 29+ 0)) > 0.

Let X,Y € X be comonotonic, by Denneberg [1994, Proposition 4.5], there exist in-
creasing and continuous f : R — Rand g : R — R such that f(X+Y) =X, g(X+Y) =Y,
and f(z)+ g(z) = x for all x € R. Therefore, by (4.19) and Liu et al. [2024, Theorem 1],
for all @ € (0,1),

VaRa(D(X) @ D(Y)) = VaRa(D(X)) + VaRa(D(Y))
= VaRa(f#(D(X +Y))) + VaRa(94(D(X +Y)))
— f(VaRa(D(X +Y))) + g(VaRo (D(X + Y)))
= VaR,(D(X +Y)).

Thus D(X +Y) =9(X) ®D(Y). For X € X and positive a € R, by Property (R3), we
have D(aX) =a®D(X). If a = 0, we have D(aX) = a ® D(X) by (4.20).

Given A € F, by (4.20), we know that there exists a unique a4 € [0, 1] such that

@(]IA) = CLA(Sl -+ (1 - aA)éo.
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Define the function v : F — [0,1] by v(A) = aa. By (4.20), v(@) = 0 and v(2) = 1. By
Property (R1), for all A, B € F satisfying A C B, v(A) < v(B). Therefore, v is a capacity.
Let (An)nen C F be an increasing sequence. Define A = J 7, A,. By Property (R2), we
have ©(14,) — ®(14) in distribution. Therefore, since E is a statistic,

lim v(A,) = lim E(D(14,)) =E(®(14)) =v(A).

n—oo n—oo

Thus, v is upwards continuous. A similar proof will show that v is downwards continuous.
Thus, v is continuous. Remark that for all A € F, ©(14) = D,(14).

We claim that for all non-negative simple X € X, ®(X) = 9,(X). Fix a non-negative
simple X € X. We can find N € N, (a,)"_;, C R satisfying 0 < a; < -+ < ay, and

(AN, C FsatisfyingQ = A; D Ay D -+ D Ay # @ such that X = ZnNzl(an—an_l)ﬂAn,
where ag = 0. For all a € (0,1),

VaR,(D(X)) = VaR, <@(an — A1) ® ©<1An)>

n=1

[
WE

(an — an—1)VaRo (D (14,))

i
I

[
WE

(an, — an—1)VaR4(®,(14,)) = VaR, (9D, (X)).

3
Il
_

Therefore, D(X) =D, (X).

We claim that for all non-negative X € X, ®(X) = D,(X). Fix a non-negative X € X.
Find a sequence (X, ),en € X of non-negative simple acts such that X,,.; > X,, > 0 for
all n € N and X,, — X pointwise. By Property (R2) and Lemma 4.2, we have

D(X) = lim D(X,,) = lim D,(X,,) = D,(X).

n—o0 n—oo

Therefore, D(X) =D, (X).

Finally, we claim that for general X € X, ©(X) = ©,(X). Fix X € X. We can find
a € R such that X +a > 0. Since X + a and —a are comonotonic, we have

DX)=D(X+a—a)=D(X +a)®(—a) =D,(X +a) ®(—a) =9,(X).

Therefore, ©(X) =9,(X).
Conversely, let v be a continuous capacity. The fact that O, satisfies Properties (R1)
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and (R2) follows from Lemma 4.1 and Lemma 4.2, respectively. Let u be a vNM utility
function. By Liu et al. [2024, Theorem 1] and Proposition 4.12, for all a € (0,1),

VaRa (D, (u(X))) = G5 (u(X)) = u(Ge (X)) = u(VaRa (D, (X)) = VaRa (ug (D, (X)))-

Therefore, ©,(u(X)) = ux(D,(X)). Thus ©, satisfies Property (R3). O

4.10 Proofs accompanying Section 4.4

The following Lemma is a variant of Van Oosten and Wang [2025a, Proposition 4]. The
same arguments in that proof can be used to prove the following lemma.

Lemma 4.3. Given a preference relation 7 satisfying Azioms (M), (SRM), and (C), for
each X € X, there exists a unique cx € R such that X ~ cx. Moreover, if (X;)neny C X
s a bounded sequence converging pointwise to X € X, lim,,_, o cx, = cx.

Let J denote the sub-o-algebra generated by the sets {5, },¢c[0,1] from Assumption 4.4,
and define
X(J)={Xe€X: X (B)ec Jforall BecB(R)}.

Lemma 4.4. It holds that J C G and (Q, J,P|7) is an atomless probability space.

Proof. Since the sets {S,},cp,1) forms a 7m-system, we have, by the 7-A theorem, J C G.
By the definition of the exogenous likelihood mapping P, (2, J,P|7) is a probability space.

For the sake of contradiction, assume there exists an atom A € J. That is, a := P(A) >
0 and for all B € J satisfying B C A, it holds that either P(B) = a or P(A\B) = a. Define
the function f : [0,1] — {0,a} by f(r) = P(ANS,). The function f is well-defined as A is
an atom. Let b = inf{r € [0,1] : f(r) = a}, which exists as f(1) = a.

We claim that b > 0. To see this, for the sake of contradiction, assume that b = 0.
Therefore, there exists a sequence (7, )nen C (0, 1] such that 7, | 0 and f(r,) = a. Find
m € N such that r,, < a. We get the contradiction

a=f(rm)=PANS,,,) <P(S,,)=rm<a.

Therefore, b > 0.

We claim that b < 1. To see this, for the sake of contradiction, assume that f(r) =0
for all » € [0,1). Therefore, for all r € [0,1), P(SN A) = a. However, taking ro = 1 —a/2,
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we get the contradiction
a=P(S;, NA) <P(S;)=1—19=a/2

Therefore, b < 1.

Find ¢y > 0 such that [b — €y, b+ ¢] € [0,1]. Fix € € (0,¢€), since f(b+ €) = a and
flb—e) =0,

a=f(b+e)— f(b—e)=PAN (Shre\Sh—c)) < P(Spre\Sp—e) = 2¢. (4.21)

As (4.21) holds for arbitrary € € (0, ¢€p), we have a < 0, which is a contradiction. Therefore
(Q,J,P|s) is atomless. O

The following corollary follows from Follmer and Schied [2016, Proposition A.31].
Corollary 4.1. There exists U : @ — (0,1) such that U € X(J) C X(G) and UxP is a

standard uniform distribution.
Proof of Proposition 4.3. Given A € F, define
Lai={ref0,1]: Az S} and Us={re[0,1]:S, 7 A}.

By Axioms (RC) and (M), we have that A 7~ @ ~ Sy and S; ~ Q 7= A. Therefore, both L4
and U, are non-empty. Define I4 = sup(L,) and us = inf(Uy,). We claim that I4 = ug.
If Iy = 1, then for all » € [0,1), there exists ' € (r,1) such that A = S,,. Therefore, by
Axiom (SRM), Az S, = S,, and r &€ Uu. Thus, uy = 1. If [4 = 0, then for all r € (0, 1],
Sy = A, and r € Uy. Thus, uy = 0. Finally, if [, € (0,1), for all r € [0,14), there exists
r" € (r,la) such that A 7 S,». By Axiom (SRM), A = S,» = S, and r ¢ Ua. Therefore,
ug > la. Additionally, as S, = A for all r € (I4, 1], we have that r € Uy. Therefore,
ug <ly. Define ry =14 = ug4.

Take (r,)nen C [0,74] such that A 77 S, for all n € N and r, 1 r4. Define S € J by
S =U.2,5,,. By Axiom (C), we have that A 77 S. Additionally,

n—oo n—oo

PS)="P (U SM) = lim P(S,,) = lim r, = ra.

n=1

Therefore, by axiom (RC), A7 S ~ S, ,. A similar argument will show that S, , = A.

Define v : F — [0,1] by v(A) = ra. Since, for all A € F, A ~ S,,, vis a -
matching probability. Let 7 : F — [0, 1] be a ZZ-matching probability. Given A € F, by
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definition, there exists R4 € G such that A ~ R4 and v(A) = P(R4). By Axiom (RC),
A~ Ry ~ Spa). By the definition of Ly and Ux, v(A) = ua < 0(A) <14 = v(A). Since
A € F was arbitrary, v = 0. Therefore, v is the unique Z—-matching probability.

By Axioms (M) and (SRM), we have
AZ B «<— S,,(A) = SV(B) <~ I/(A) > IJ(B), A BeF. (4.22)

Additionally, by Axiom (M), (4.22) implies that v is a capacity. Let A € G, by Axiom
(RC), A ~ Sp(a). By the definition of Ly and Uy, v(A) = usy < P(A) <1y = v(A). Since
A € G was arbitrary, v is risk conforming.

Finally, we need to show that v is continuous. Let (A,),en € F be an increasing
sequence and define A = (J7; A,. By (4.22), (v(An))nen is an increasing sequence. Let
r = lim, o v(A,). By Axiom (M), A = A, ~ Sy, for all n € N. By Axiom (C),

AU ", Suan- Since )~ Sy(a,) € J and

n—oo n—oo

F <U Sv(An)> = lim P (S,a,) = lim v(A,) =,
n=1

by Axiom (RC), A ZZ S,. Additionally, by Axiom (M), S, 7 Sy(a,) =~ Ay for all n € N.
Therefore, by Axiom (C), S, 72 A. By the definition of L4 and Ua, v(A) =us <71 <ly =
v(A). Thus, v(A) = r = lim,,_,o v(4,) and v is upward continuous. A similar proof will

show that v is downward continuous. Therefore, v is continuous. O

Proof of Proposition 4.4. Define the function I : X(G) — R by I(X) = cx, where cx is
the unique certainty equivalent from Lemma 4.3. Let U € X(J) be the act from Corollary
4.1. Given @ € D, it is routine to check that qo(U) € X(G) and (¢o(U))xP = Q. Define
the functional v : D — R by v(Q) = I(gg(U)). Since 7 satisfies Axiom (RC), we have that
I(X) = vy(X4P) for all X € X(G). Therefore,

XrY < I(X)> 1Y) < v(X4P) > ~(YuP), X,V € X(G).

We claim that v is a statistic.
Let Q, P € D satisfy ) >q P. By Axiom (SRM), we have qo(U) > gp(U). Therefore,

Q) = 1(gq(U)) > I(gp(U)) = 7(P).

Let (Qn)nen € D be a sequence with uniformly bounded support converging in dis-
tribution to @ € D. Let C' C (0,1) denote the points of discontinuity for gg. Since gq
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is increasing, C' is at most countable. Therefore, C' is Borel measurable. Define the set
A =UYC) € G, and the acts X,, = Lacqqg, (U) and X = L4cqo(U). For all B € B(R),
we have
X-1(B) { qué(B) NCYUUTC) f0e B
U™ (qq (B)NC°) if0¢ B

Since Ufl(qél(B) NC)NUYC) = @, we have that X~(B) € G. Therefore, X € X(G).
A similar argument will show that X,, € X(G) for all n € N. As UyP is a standard
uniform distribution, P(A) = P(U € C) = 0. Therefore, X,, =%, qg, (U) for all n € N and
X =£, qo(U). By Axiom (RC), we have that X,, ~ qq, (U) for all n € N and X =~ qo(U).
We claim that X,, — X pointwise. Let w € A¢ then, by the definition of A, U(w) is a
point of continuity of gg. Therefore,

lim X, (w) = lim gq, (U(®)) = a(U(w)) = X(w)

n—oo

as @, — @ in distribution. If w € A, for all n € N, X, (w) = X(w) = 0. Therefore,
X,, — X pointwise. Since (X, )nen € X(G) is a bounded sequence, by Lemma 4.3, we have

Tim (@) = Jim I(ag, () = lim I(X,) = 1(X) = I(10(V)) = 7(Q).

n—oo

Thus v is a statistic.

The proof of the uniqueness claim for « in (4.10) follows from Proposition 4.1. [

Proof of Theorem J.2. Define the function I : X — R by I(X) = c¢x, where cx is the
unique certainty equivalent from Lemma 4.3. Let v denote the ~-matching probability. By
Proposition 4.3, v is continuous risk-conforming capacity. We claim that for all XY € X,

D,(X)=0,(Y) = I(X)=I().

Fix X,Y € X satisfying ©,(X) = ©,(Y). Therefore, for all x € R, v(X > z) = v(Y > z).
By Proposition 4.3, {X >z} ~ {Y > z}. As « € R was general, by Axiom (CD), X ~Y
and I(X) = I(Y). Therefore, there exists v : D — R such that [(X) =y 09,(X) for all
X € X. Let U € X(J) be the act from Corollary 4.1. As v is risk conforming, we have
that

(@) = v((q0(U))#P) =70 D,(qq(U)) = I(qq(U)), Q €D.

As this is the same functional from the proof of Proposition 4.4, v is statistic. Thus,

XV = [(X)>IY) << 70D,(X)>709,(Y), X, Y eX.
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For the converse, assume that there exists a statistic v and a risk-conforming continuous
capacity v such that (4.10) holds. As + is a statistic, by Lemma 4.1, 77 satisfies Axiom
(M). Since v is risk conforming, it is clear that - satisfies Axiom (RC). Since v is risk
conforming and + is a statistic, it is clear that - satisfies Axiom (SRM). Fix X € X, and
let (Z,)nen CH{Y € X : X 2 Y} be a bounded sequence converging pointwise to Z € X.
Since 7y is a statistic, by Lemma 4.2,

y0D,(Z)=lim 709,(Z,) <7y0D,(X).

n—oo

Therefore, X = Z and {Y € X : X 7 Y} is B-closed. A similar proof will show that
{Y e X:Y = X} is B-closed. Therefore, 7~ satisfies Axiom (C).

Define the function ¢ : [0, 1] — R by ¢(x) = v(xd; + (1 —x)dp). As 7 is a statistic, ¢ is
strictly increasing and continuous. Let X,Y € X satisfy X ~* Y. Therefore, given z € R,

eW(X > ) =709, (Lixsa}) =709, (Liysay) = (WY > 2)).

Therefore, v(X > z) =v(Y > z) for all z € R, and ©,(X) =D,(Y). Thus, yoD,(X) =
vo0®,(Y), and X ~ Y. Therefore 7 satisfies Axiom (CD).

The proof of the uniqueness claim for v in (4.10) follows from Proposition 4.1. Finally,
we will show that v in (4.10) is the ZZ-matching probability. Let A € F and R4 € G with
P(R4) = v(A). Then, using the function ¢ defined above,

Yo QV(HA) = QD(V<A)) = SOOP(RA)) = 90<V(RA)) =7° QV(HRA)'

Therefore A ~ R, and v is the Z~-matching probability. m

4.11 Proofs and additional results accompanying Sec-
tion 4.5

Given a family of subsets G of some set, let 0(&) denote the smallest o-algebra con-
taining the family &.

Proof of Proposition 4.5. Let X, Y € X be comonotonic. Define By(R?) = {(x,00) x
(y,00) : z,y € R}. By Folland [1999, Proposition 1.4], o(By(R?)) = B(R?), where B(R?) de-
notes the Borel o-algebra on R?. Define the mapping 7 : Q — R? by 7(w) = (X (w), Y (w)).
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Define H = {77'(B) : B € By(R?)}. Fix z,y € R, we have that
7 ((,00) x (y,00)) = {X >z} n{Y > y}.

Since X and Y are comonotonic, by Denneberg [1994, Proposition 4.5], either {X > z} C
{Y > y} or {Y > y} C {X > x}. Therefore, 77'((z,00) X (y,00)) € G, and H C G.
Since By(R?) is a w-system, H is a m-system. Therefore, by the 7-\ theorem, o(H) C G.
However, we have

{r='(B) : BeB(R*)} = {7 '(B) : B € o(By(R?)}
=0 ({77'(B): Be By(R?*)}) =0(H)CG.
Define ¢ : R? — R by ¢(z,y) = x +y. Since ¢ ' (B) € B(R?) for all B € B(R), we have
that (X +Y)"Y(B) = 7' (o (B)) € G for all B € B(R). Thus, X + Y € X(G).

Let X, Y € X(G) be comonotonic and A € [0, 1]. Since AX and (1 — \)Y are comono-
tonic, AX + (1 — \)Y € X(G) by the previous result. O

Proof of Proposition 4.6. Let X, Y € X be comonotonic. Then, by Proposition 4.12, for
all a € (0,1) it holds that

VaRo (D, (X +Y)) = G4(X +Y) = G4(X) + GX(Y) = VaRa(D, (X)) + VaRa (D, (Y))
= VaRa (9, (X) ©9,(Y)),

as X and Y are comonotonic and G% is comonotonic additive. Given A € [0, 1], an identical
proof will show that ©,(AX) = A ® ©,(X) since G¥(aX) = aGY(X) for all X € X and
non-negative a € R. O]

We now introduce a property that strengthens Property (RD), originally proposed in
Chateauneuf and Lakhnati [2007], which will be utilized in the proof of Theorem 4.3.

(RDI) Risk diversification for identically distributed acts: For all X, Y € X(G) and
A € [0,1] such that AX + (1 = \)Y € X(G),

X=Y = X +(1-)YzX.

Clearly, for a preference relation satisfying Axiom (RC), Property (RDI) is implied by
Property (RD). The following proposition generalizes Chateauneuf and Lakhnati [2007,
Theorem 4.2].
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Proposition 4.14. Let 7~ be a preference relation satisfying the regularity azioms. Then
> satisfies Property (SRA) if and only if 7~ satisfies Property (RDI).

Before providing the proof of Proposition 4.14, we need the following lemma.

Lemma 4.5. Suppose that X, Y € X(G) and X € [0,1] satisfy AX + (1 — \)Y € X(G).
Then there exist X', Y' € X(J) such that X =4 X', Y =, Y', and \X + (1 = \)Y =,
AX +(1- MY

Proof. By Assumption 4.3, there exists a risk-conforming p € A. Since (2, 7,P|s) is
atomless (Lemma 4.4), by Delbaen [2002, Theorem 11.7.5], there exists X' Y' € X (J)
such that Xyp = XLP, Yy = Y,P, and (AX + (1 = A)Y)ppu = (AX'+ (1 = A)Y")xP. The
result follows since p is risk conforming. O]

Proof of Proposition /.14. Let v denote the ~-CES. By Proposition 4.4,

XY = 3(X4P) = 1(Y4P), XY € X(G).

Assume that - satisfies Property (RDI). Since the restriction of 77 to X'(J) satisfies the
conditions of the preference relations in Chateauneuf and Lakhnati [2007], it follows from
Chateauneuf and Lakhnati [2007, Theorem 4.2] that, for all X,Y € X(J), if X >F, Y
then X — Y. Let U € X(J) be the act from Corollary 4.1. Given @, P € D satisfying
Q >sa P, we have qo(U) >F , qp(U). Therefore, qo(U) = qp(U), and

1(Q) = 7((9Q(U))4P) = 7((¢p(U))4P) = ~(P).

Thus, 7 is monotonic with respect to >4, and - satisfies Property (SRA).

Conversely, assume that 2~ satisfies Property (SRA). Since the restriction of 77 to X' (J)
satisfies the conditions of the preference relations in Chateauneuf and Lakhnati [2007], it
follows from Chateauneuf and Lakhnati [2007, Theorem 4.2] that, for all X|Y € X(J)
and A € [0, 1],

X=,Y = A +(1-NY DX

Let X,Y € X(G) and A € [0, 1] satisfy AX + (1 = \)Y € X(G). Let X", Y’ € X(J) be the
acts from Lemma 4.5. Since X’ =f; Y, we have that AX’' + (1 — \)Y’ > X’. Therefore,

HAX + (1= NY)4B) = 1(AX + (1= NY)4P) = 1(X4P) = 7(X4P).

Therefore AX + (1 — \)Y = X, and 77 satisfies Property (RDI). O
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For a preference relation satisfying the regularity axioms, Property (RD) implies Prop-
erty (SRA). As shown by Dekel [1989], the two properties are not equivalent in general.
Therefore, we need the following results to help bridge this gap.

Lemma 4.6. Let X,Y € X(G) be comonotonic and X € [0,1]. Then
AX + (1= NY)P=2® XPd(1—\) @ YyP.

Proof. By Assumption 4.3, there exists a risk-conforming u € A. By Proposition 4.6, for
all comonotonic X,Y € X(G) and A € [0, 1], we have

AX + (1= NY)P=D,AX +(1-NY) =A@ D,(X)® (1 - 1) @D,(Y)
=A@ X4P & (1)) ® YyP.

Therefore, (AX + (1 — A)Y)4P = A® X4P & (1 — \) ® YuP. 0

Comonotonic quasiconcavity of the 72-CES characterizes Property (RDC).

Proposition 4.15. Let 7~ be a preference relation satisfying the regularity azioms. Then
= satisfies Property (RDC) if and only if the 72-CES is comonotonic quasiconcave.

Proof. Let v denote the 7—-CES. By Proposition 4.4,

XY = 7(X4P) > 1(Y4P), X,Y € X(G).

Assume that 7 satisfies Property (RDC). Fix @, P € D, without loss of generality,
we may assume that 7(Q) > v(P). Given A € [0, 1], we need to show that y(A ® Q &
(1-X)®P)>~(P). Let U € X(TJ) be the act from Corollary 4.1. Define X = go(U)
and Xp = ¢p(U), which are both elements of X(G). We have that (Xg)xP = @ and
(Xp)4P = P. Since y(Q) > ~(P), this implies that Xq = Xp.

We claim that there exists ¢ € [0, 00) such that Xg — ¢y > Xp. Define
co =sup{c € [0,00) : Xg —cZZ Xp}.

Let ¢ = || Xo| + || Xp|. We have that Xg — 1 < —||Xp|| < Xp. By Axioms (M) and
(SRM), for all ¢ > ¢, Xp = Xg —c. Thus {c € [0,00) : Xg — ¢ 5 Xp} C [0,¢4] and
¢ € [0,00). A simple consequence of Axiom (C) is that Xo — ¢ 22 Xp. Additionally, by
the definition of ¢y, Xp = X¢g — ¢ for all ¢ > ¢p. Thus, by Axiom (C), Xp 77 X¢g — co.
Therefore, Xp >~ Xg — c.
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It is clear that X and Xp are comonotonic. Therefore, Xg—cp and X p are comonotonic
and, by Axiom (M) and Property (RDC),

Thus, by Lemma 4.6, we have

TAQQ S (1-A)® P)=7((AXg+ (1 = A)Xp)4P) = 7((Xp)4P) =~(P).

Conversely, assume that « is comonotonic quasiconcave. Let X, Y € X(G) be comono-
tonic such that X ~ Y and A € [0,1]. As AX and (1 — A\)Y are comonotonic, by Lemma
4.6 and the fact that v is comonotonic quasiconcave,

> min {7(X4P), 7(Y4P)} = 1(X4P).

Therefore, AX + (1 — \)Y 7z X, and 7 satisfies Property (RDC). O
We are now ready to present the proof of Theorem 4.3.

Proof of Theorem 4.3. (i) = (ii): It is clear that 77 satisfies Property (RDC). Moreover,
it is clear that - satisfies Property (RDI). Therefore, by Proposition 4.14, - satisfies
Property (SRA).

(ii) = (iii): Follows from Proposition 4.15.

(i) = (i): Fix X,Y € X(G) satisfying X = Y and A € [0,1]. Let X" Y" € X(J)
be the acts given by Lemma 4.5. By the comonotonic sum inequality (see Dhaene et al.
[2002, Theorem 7]), there exists X/, Y, € X(J) such that X’ =f; X/, Y' =f, Y/, and

AX"+ (1= NY )P >a AX 4+ (1 = NY)uP =A@ (X)xP @ (1 = ) @ (Y))4P
=AR XuP o (1 - \) ® YuP.

Therefore, since the 7—-CES v is monotonic with respect to >¢q and comonotonic quasi-
concave, we have

HAX + (1= NY)4P) = 1(AX' + (1= VY)4P) > 7(A© X4P @ (1 - ) ® YyP)
> min{y(X4P), 1(Y4P)} = 1(X4P).

Therefore, by Proposition 4.4, AX + (1 — )Y 7 X. Thus, - satisfies Property (RD). O
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Proof of Proposition 4.7. This is a direct consequence of Proposition 4.6 and Proposition
4.15. 0

Proof of Proposition 4.8. Results (i) and (ii) follow directly from Proposition 4.6. To prove
(i), let y denote the Z-CES and v denote the ZZ-matching probability. Since - is bisepara-
ble, there exists a vNM utility u and a statistic 4 satisfying constant additivity and positive
homogeneity such that (4.12) holds. Define I : X — R by I(X) = 70 D,(X). It is clear
that I(X) > I(Y) forall X, Y € X with X > Y. By Proposition 4.6, I(aX +b) = al(X)+b
for all X € X, non-negative a € R, and b € R. By Theorem 4.1, we have

I{u(X)) = 70D, (u(X)) = (ug(Dy(X))) = 70D, (X), X e
Therefore,
XZY <= 709,(X)>709,(Y) < I(uw(X))>I(uY)), X,YeAX,
and the proof is complete. O

Proof of Theorem 4.4. Assume that 75 is more ambiguity averse than —;. Let A € F
and R; € G such that A ~; R;. By the definition of comparative ambiguity attitudes,
Ry 772 A. Find R, € G such that A ~y Ry. As Ry 722 Ry, it holds that P(R;) > P(R,) and
11(A) > 1»(A). To show the converse, let R € G and A € F satisfy R 77; A. Furthermore,
let Ry, Ry € G satisfy A ~; Ry and A ~5 Ry. Since 11(A) > 1n(A) and R 7 A,
P(R) > P(R;) > P(Rs). Therefore, R 7o Ry ~9 A. O

Proof of Proposition 4.9. Assume that the 7~;-CES is equal to the 7Z5-CES and 775 is more
ambiguity averse than 77;. Denote the shared certainty-equivalent statistic by . Denote
the ~;-matching probability by v; and the ~s-matching probability by 5. By Theorem
4.4, for all A € F, v1(A) > 15(A). Therefore, for all X € X, 1(X > ) > (X > x) for
all z € R. Thus, for all X € X, ©,,(X) >ga D,,(X). Since v is a statistic, for all X € X,
we have y0®,,(X) > v09,,(X).

Let X € X(G) and Y € X satisfy X 771 Y (X =1 Y). We have

>)
Y00, (X) =9(XuP) =70D,,(X) > 70D, (Y) > 70D,,(Y).

Therefore, X 750 Y (X =2 Y).

For the converse, assume that (4.13) holds true. Since (4.13) is stronger than the
definition of comparative ambiguity aversion, ~~5 is more ambiguity averse than 77;. Let
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X, Y e X(G). If X 1Y, then X 2o Y by (4.13). If X 725 Y, then X 77, Y or else there
would be a contradiction with (4.13). Thus,

XmY & XY, X,YeXG).

Therefore, the 77;-CES and the 7—5-CES both represent the Choquet ATE preference rela-
tion 2Z; on X(G). Therefore, by Proposition 4.1, the 77;-CES equals the 7Z,-CES. H

The following example shows that Property (RD) does not necessarily imply Property
(D). In the following example, given A € F and p € A, we use u(A|H) to denote the
conditional probability of A under p given the sub-c-algebra H. Additionally, in the
following example, we will assume that G is a sub-o-algebra.

Example 4.7. Assume there exists a risk-conforming p € A and a sub-c-algebra H,
independent of G under p, such that there exists Ay € H satisfying pu(Ag) = 1/2. Let g
be a concave distortion function satisfying g(1/2) > 1/2. Define the distortion function
f=§og Let g=g"'and f=f', itis clear that ¢ is convex. Also, g(f(1/2)) > 1/2.
Define the capacity

P(4) = / F(u(AH)d, Ac F.

An application of both the monotone convergence theorem and the conditional monotone

convergence theorem will verify that 7 is continuous. As G and H are independent, it is
straightforward to show that for all A € G, (A) = f(u(A)) = f(P(A)). Also, for all

A€ H, v(A) = u(A). Define the capacity v by v(A) = fo(A) for all A € F. It is clear
that v is risk conforming and v(A) = fo u(A) for all A € H. As f is continuous, v is
continuous. Define the Choquet ATE preference relation 77 by

XZYV <<= E'09,(X) < E'02,(Y).

Since g is convex, by Marinacci and Montrucchio [2004, Corollary 4.2], 7~ satisfies Property
(RD). It is clear that 14, ~ 14c. We have

Ef 0D, ((1/2)1a, + (1/2)L4c)
=E° (3a/2)
=1/2<g(F(1/2)) =B (F(u(40))01 + (1= F(u(A0)) ) o) =B 0D, (14,) .

Therefore, 14, = (1/2)14, + (1/2)14¢ and 2 does not satisfy Property (D).
Proof of Therorem /4.5. Assume that ©, is aggregation concave. Fix A, B € F. By Propo-
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sition 4.6, and the fact that 14,5 and 145 are comonotonic, we have

D,((1/2)14 + (1/2)15) = D,((1/2)Lanp + (1/2)Laus)
= (1/2) @D, (Laug) ® (1/2) @ D, (Lans)-

Furthermore, since ®,, is concave, it holds that
D,((1/2)14 + (1/2)1p) 254 (1/2) @ D, (14) ® (1/2) @ D, (1p).

The following two properties of E are immediately clear. (a) E is monotonic with respect to
>d- (b) For all @, P € D and non-negative a,b € R, it holds E(a® Q ®b® P) = aE(Q) +
bE(P). Let A € F, since ®,(14) = v(A)d + (1 —v(A))dy, we have that E(D,(14)) = v(A).
Therefore, we have

SV(ANB)+ So(AUB) =E[(1/2) © D(Laup) & (1/2) © D, (Lunp)]

E

E[D,((1/2)14+ (1/2)1p)]
> E[(1/2) @ 0,(14) & (1/2) © D, (15)]
1 1

Thus, v(AN B) +v(AU B) > v(A) + v(B) and v is supermodular.

For the converse, let X, Y € & and A € [0,1]. Since v is supermodular, HY is concave
for all « € (0,1); see Section 4.7. Therefore, by Proposition 4.12, we have

/a VaRg (D, (AX + (1 - A)Y))dg = /a G5 (AX + (1= \)Y)ds

— ol (AX + (1= \)Y)
> aAHY(X) + a1 — MHY(Y)

= /\/OQGE(X)dBJr(1—>\)/OQGZ(Y)d5
— /0 i AVaRg (D, (X)) + (1 — A\)VaRs (D,(Y)) dj
= /a VaRs (A @D, (X) @ (1 - A) ®D,(Y)) ds.

Thus, by Shaked and Shanthikumar [2007, Theorem 4.A.3|, ®, is aggregation concave. [J
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Proof of the claims in Example 4.6. Since iy and pe are supermodular, HA' and HX? are
concave for all a € (0,1); see Section 4.7. Let X,Y € X and X\ € [0, 1]. we have

/a VaRs (® (AX + (1= A)Y))dB

= %/ VaRs (D, (AX + (1= \)Y))dB + % / VaRg (D, (AX + (1= A)Y))dp
0 0
1 [° L[
— 5/0 Gh! ()\X+(1—)\)Y)d6+§/0 Gy’ AX + (1= A)Y)dp
- %Hgl X + (1 - \Y) + %H’gf (AX + (1= \)Y)
> %)\Hgl (X) + —O‘(l; Vs vy + %AH? (X) + MH’(? (Y)

)\ (€9 i 1_)\ « i )\ o , 1_)\ o i
:5/0 Gj (X)ow+—2 /0 Gj (Y)d6+§/0 G (X)dﬁ+T/0 Gl (V) dp

— % /0 ) VaRg (D, (X)) + VaRs (D,,(X))ds

+ ? ) VaRg (D, (Y)) + VaRg (D,,(Y))ds
0

= /0 i AVaRgs (D(X)) + (1 — A\)VaRs (D(Y)) dB
_ /a VaRs A ®D(X) @ (1 - \) @ D(Y)) db.

Thus, by Shaked and Shanthikumar [2007, Theorem 4.A.3], © is aggregation concave.

For the sake of contradiction, assume that ® is ambiguity averse, that is, assume
there exists a p € A such that ©,(X) >gq D(X) for all X € X. Find A € F satisfying
p1(A) > pa(A). We claim that p(A) > pi(A). If p(A) = 1, this is clear. If u(A) < 1, define
o' =1—pu(A). Given € € (0,a/), it is straightforward to show that VaR,_(®,(14)) = 0.
Therefore, 0 = VaRy (D (14)). Since for all a,

1 ifae[l—pu(A)1)
VaRo (D(14)) =< 1/2 if a € [1 — juy(A), 1 — pa(A))
0 ifae(0,1—m(A),

we have 1—pu1(A) > o —e. Since € was arbitrary, 1—pui(A) > . Therefore, u(A) > py(A).
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A similar argument will show that p(A¢) > ps(A°). Therefore,
1= pu(A) + p(A%) = pn(A) + pa(A%) > pa(A) + pa(A%) = 1,
a contradiction. Thus, by contradiction, ® is not ambiguity averse. [

Lemma 4.7. Let v be a continuous capacity. Then v is exact if and only if D, = D).

Proof. Assume that v is exact. Given X € X, by Mao et al. [2025, Proposition 1], we have

SDey () (T) = renci(n)u(X >z)=v(X >2)=5,x(x), R
ne€(v

Therefore, D, = Dg(,).
For the converse, let A € F. By Mao et al. [2025, Proposition 1], we have

v(A) = (14> 0) = Sp,(1,)(0) = So,,,1.(0) = Mréné(r;)u(h >0) = Mrgg(g) f(A).

Thus, v is exact. O

Proof of Proposition 4.11. Assume that ®, = D¢ Let Xp,..., X, € Xand A,..., A\, €
0, 1] with >~7'_, Ay = 1satisfy Y, X, = Ay for some A € F and z,y € R. By Lemma
4.7, v is exact. Therefore, there exists ' € €(v) satisfying p/'(A) = v(A). Without loss
of generality, we may assume x > y. It is clear that ©,(zAy) = D,/ (vAy). Also, by the
comonotonic sum inequality, we have

k=1

Dy (xAy) =Dy (Z Aka> >t EP M ® D (Xy).
k=1
Finally, since i/ € €(v), we have that ©,/(Xx) >4 D, (Xy) for all k. Therefore,

@ M @D (X)) > EB A @D, (Xg).

k=1 k=1

As >gyq is stronger than >4, we have that (4.18) is true.

For the converse, by Lemma 4.7, we only need to show that v is exact. Fix

A, AL AEF
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and non-negative cq,...,c,,c € R satisfying 14 > ZZ:1 cgly, —c Find A, 14,... A €F
and non-negative ¢,.1,...,¢, € R such that 14 = 27,?:1 cxla, — ¢, where m > n. Define
a =Y, ¢ Therefore, by (4.18),

(1/a) ® [(¥(A))der1 + (1 = v(A))d] = (1/a) @D, ((c + 1)Ac)

Zssd @(Ck/a) & Qu(]lAk)

é cr/a) @ [(V(Ag))or + (1 — v(Ag))do] -
Since
E((1/a) @ [(v(A)0er1 + (1 — v(A))dc]) = (1/a)(v(A)(c + 1) + (1 = v(A))c)
= (1/a)(v(A) + ¢),
E (é(%/a) ® [(1(Ar))or + (1 = V(Ak))%]) = i(ck/a)V(Ak%

and [E is monotone with respect to >4q4, we have

> Z cxv(Ag) —c > cxV(Ag) — c.
—1

k=1

3

i

Therefore, by Schmeidler [1972], v is exact. O

Proof of Theorem 4.6. Since 7~ is a Choquet ATE preference relation, we have that
XZV <= 709,(X)>709,(Y), X,YeAX, (4.23)

where 7 is the 7—-CES.

Assume that 77 is a distributionally robust preference relation. Therefore, by definition,
there exists a collection of risk-conforming probability measures Q and a statistic 4 such
that

XZY < mlnv(X#u) > mlnv(Y#u) X, Y eX. (4.24)

pneQ

Without loss of generality, we may assume that 7 is a certainty-equivalent statistic. Fix
Q) € D. Since (12, G,P) is atomless, we can find X € X(G) such that @ = X.P = 9,(X).
By (4.23), we have that X ~ ~(Q). Thus, by (4.24), we have v(Q) = 7(Q). Since Q) was
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arbitrary, we have that v =4. Given X € &, by (4.23), X ~y0®,(X). Thus, by (4.24),
we have

miny(Xyup) =v09,(X). (4.25)

neQ

Define ¢ : [0,1] — [0,1] by ¢(x) = v(xd; + (1 — x)dp). Since 7 is a certainty-equivalent
statistic, it is easy to show that ¢ is a distortion function. Let A € F, by (4.25) we have

@(v(A)) = y(v(A)do + (1 = v(A))dy) =70 D, (14)
= I/fleigv((h)#u)

= mgv(u(z‘l)& + (1 = 11(A))do)

ue

HEQ HEQ

— i (u( ) = ¢ (mig () )

Since ¢ is invertible, we have v(A) = min,co p(A). Additionally, we have p(A) > v(A)
for all 4 € Q and A € F. Thus Q@ C €(v). We claim that for each X € X, there
exists po € Q such that ©,(X) = Xupp. To see this note that for all u € Q, we have
u(X > x) > v(X > x) for all z € R. Therefore,

X#:u Zfsd CDI/(‘X)a we Q.

Additionally, by (4.25), there exists pg € Q such that v(Xupo) = 70D, (X). If Xupo >ga
9,(X), it would hold that y(Xgug) > v o ©,(X), which is a contradiction. Therefore,
D,(X) = Xyug. Given A, B € F satisfying A C B, we have that there exists a py € Q
such that

1(A)S + (u(B) — u(A))dy + (1 - u(B))o
= (]lA + ]lB)#,LLO = @V(]IA + ]lB) = V(A)52 + (V(B) - I/(A))51 + (1 - V(B))50

Therefore, v(A) = pu(A) and v(B) = u(B). Since p € €(v), by Marinacci and Montrucchio
[2004, Theorem 4.7, we have that v is supermodular.

Conversely, assume that v is supermodular. We claim that

v0®,(X)= min y(Xupn), X eX. (4.26)

HEE(v)

Since for all p € €(v), u is risk conforming, (4.26) shows that - is a distributionally robust
preference relation. To show (4.26), start by fixing X € X. As {X > x},cr is a chain, by
Marinacci and Montrucchio [2004, Theorem 4.7], there exists py € €(v) such that for all
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p € €(v), we have
WX >z)>v(X >z)=p(X >2), ek
Therefore, for all p € €(v), Xyp >tq D, (X) = Xypo. Thus,
V(Xpp) 2 70D (X) = y(Xypo), p e v).

Finally, as X was arbitrary, (4.26) holds.
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Chapter 5

Distributionally robust optimization
under Bayesian ambiguity sets

5.1 Introduction

Decision functionals are instrumental tools for decision-making under uncertainty prob-
lems found in economics, finance, insurance, and operations research. Put simply, decision
functionals are mappings from choice objects or acts (given by real-valued random vari-
ables in this chapter) to the real numbers. In practice, such functionals are constructed
statistically: a decision-maker (DM) fixes a statistic (a mapping defined on distributions)
and a first-order model (a probability measure), then evaluates an act by first comput-
ing its distribution under the first-order model and subsequently applying the statistic to
that distribution. For example, statistical decision functionals can be found in Markowitz
[1952] for portfolio selection, Savage [1954] for decision theory, and Artzner et al. [1999]
for financial risk management.

A critical shortcoming of the aforementioned statistical process is that it presupposes
a DM can fix a unique first-order model to describe their uncertainty. Following Knight
[1921], one distinguishes between pure risk, governed by a known first-order model, and
ambiguity (also called Knightian uncertainty or model uncertainty), which arises when
the first-order model cannot be uniquely identified. This distinction is not merely philo-
sophical: experimental evidence, beginning with the well-known Ellsberg [1961] paradox,
demonstrates that economic participants distinguish between pure risk and ambiguity. In
practical applications, ambiguity arises because the available data and background knowl-
edge are insufficient to uniquely determine the first-order model. Furthermore, a DM who
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ignores ambiguity may make decisions that are insufficiently robust. The 2008 financial
crisis provided a stark reminder that failing to account for the ambiguity in the underlying
first-order model can lead to catastrophic failures (e.g., McNeil et al. [2015]).

Two broad paradigms have emerged for constructing decision functionals that incorpo-
rate ambiguity. In both of these paradigms, we assume the DM fixes a statistic to describe
how they would make decisions in the absence of ambiguity.

The first one, known as distributionally robust optimization (DRO), addresses ambigu-
ity by constructing an ambiguity set, i.e., a collection of relevant first-order models. To
define the decision functional, the DM first applies the statistic to the distributions of
the act under each first-order model in the ambiguity set, and then selects the worst-case
value. This paradigm is motivated by the maxmin expected utility model of Gilboa and
Schmeidler [1989] and has subsequently found broad application in financial risk manage-
ment [El Ghaoui et al., 2003, Natarajan et al., 2008, Zhu and Fukushima, 2009], operations
research [Delage and Ye, 2010, Ben-Tal et al., 2013], and actuarial science [Blanchet et al.,
2019, Birghila and Pflug, 2019]. For axiomatizations of these decision functionals, see De-
lage et al. [2019] and Fadina et al. [2024]. A general limitation of DRO is that it may
not accommodate learning, that is, updating the perception of ambiguity (in this case, the
ambiguity set) as new information becomes available.

The second paradigm, rooted in the Bayesian statistical literature, quantifies ambiguity
with a second-order model, i.e., a probability measure over first-order models. To construct
decision functionals in this paradigm, the second-order model is averaged to yield the pre-
dictive (first-order) model, and the DM applies the statistic to the distribution of the act
under the predictive model. This idea has been used in financial risk management [Ardia,
2008, Ardia et al., 2017], actuarial science [Klugman, 1992, Cairns, 2000], and portfolio
allocation [Kandel and Stambaugh, 1996, Feng and He, 2022]. Unlike DRO, the Bayesian
paradigm has a natural way to incorporate learning. Such learning is accomplished through
Bayes’ theorem, which underpins the widespread adoption of Bayesian statistics. However,
a key limitation of this approach is that the predictive model reduces all ambiguity to
a single averaged first-order model. As a result, it cannot capture general attitudes to-
ward ambiguity, since decision-making based on a single first-order model is, by definition,
ambiguity-neutral.

A major contribution of the decision theory literature is the smooth ambiguity model
of Klibanoff et al. [2005]. In this model, as in the Bayesian paradigm, the DM represents
ambiguity through a second-order model. Unlike the general setting considered previously,
this model uses the expected utility statistic of von Neumann and Morgenstern [1947]. The
decision functional is then obtained by transforming the first-order model-specific expected
utilities through a function that captures the DM’s attitude toward ambiguity, and inte-
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grating the resulting values with respect to the second-order model. When the function
encoding ambiguity attitudes coincides with the utility function used in the expected utility
statistic, the resulting decision functional coincides with the expected utility statistic eval-
uated at the predictive distribution of the acts, thereby recovering the Bayesian paradigm.
These decision functionals have been used extensively in the literature (Gollier, 2011, Ju
and Miao, 2012, Maccheroni et al., 2013) because they provide a clear separation between
pure risk, ambiguity perception, and ambiguity attitude. However, as we will discuss in de-
tail later, the smooth model’s conceptual justification depends crucially on properties that
rely on the statistic being the expected utility statistic and do not generalize to arbitrary
statistics.

The goal of this chapter is to develop a framework for constructing ambiguity-sensitive
decision functionals that preserve the main conceptual strengths of the smooth ambigu-
ity model while allowing for general statistics. Our approach operates within the DRO
paradigm, in which we construct ambiguity sets based on second-order models. This pro-
cess is formalized with the notion of an ambiguity-reduction mapping, that is, a rule that
transforms a second-order model into an ambiguity set in a way that reflects both am-
biguity perception and ambiguity attitude. The resulting worst-case decision functionals
have an interpretable separation between pure-risk preferences, ambiguity perception, and
ambiguity attitude, return to the Bayesian paradigm under ambiguity neutrality, and can
be applied to statistics important in risk management, finance, and actuarial science. In
addition to the theoretical framework, we provide computational methods for evaluating
the resulting decision functionals and illustrate their implementation through numerical
examples in portfolio optimization. These examples show how the proposed framework
can be used in practice and how ambiguity can influence optimal decisions.

The remainder of the chapter is organized as follows. Section 5.2 introduces the setting,
notation, and basic objects used throughout the chapter. Section 5.3 reviews the smooth
ambiguity model, explains why its key properties fail to extend to general statistics, and in-
troduces ambiguity-reduction mappings together with our canonical construction. Section
5.4 develops tractable formulas and presents numerical examples in the context of portfolio
optimization. Section 5.5 connects these decision functionals to the existing literature.
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5.2 Preliminaries

5.2.1 General notation

Given measurable spaces (€2, F) and (F,E), a measurable mapping X : Q@ — FE, and
a probability measure p on (2, F), the pushforward probability measure X yp on (E,E) is
defined by
Xpu(A) = p(X(4)), Aee.

A Polish measurable space is a measurable space (E, ) where FE is a Polish topological
space and £ is its Borel o-algebra. We will sometimes denote the Borel-c-algebra by B(E).
Given a Polish measurable space (F, ) and a probability measure p on (E,E), the support
of u is the smallest closed set C' C FE such that u(E) = 1. Given a Polish measurable
space (F, &) and a sequence of probability measures (fi,)nen on (F, E) we say that (i, )nen
converges in distribution to some probability measure p on (F, ), denoted by p,, = pu, if
for all continuous and bounded f : F — R we have

lim fd,un:/fd,u.
E E

n—o0

5.2.2 Our setting

Throughout the chapter, we fix a Polish measurable space (€2, F), which is interpreted
as the set of future states of the world. An act is a real-valued measurable function on
(Q,F). In this chapter, an act is to be viewed in the loss-profit sense (positive values
correspond to losses or bad outcomes). We denote by X the set of all acts, by A}, the set
of all bounded acts, by C the set of all continuous acts, and by C, the set of all continuous
bounded acts. Let A denote the set of probability measures on (€, F), which we call
the first-order models. Given X € X and p € A, we use E#[X], to denote the Lebesgue
integral of X under u. Given X € X, define the function ¥x : A - R U {—00,00} by
Ux(p) = E*[X].! We equip A with the coarsest topology 7 where the maps {¢x }xec, are
continuous, i.e., the weak topology. Additionally, we equip A with the o-algebra generated
by 7, denoted by X. Since (2, F) is a Polish measurable space, we know that (A, X) is a
Polish measurable space; see Billingsley [2013, Theorem 6.8]. We will use II to denote the
set of probability measures on (A, Y), which we call the second-order models.

"When the 1 x (1) is undefined, set it equal to zero.
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For m € II, let L' () denote the set of acts X € X satisfying [, E[|X|]7(dv) < co. We
verify that ¢ x is Y-measurable for all X € X in Section 5.12. For 7w € II, we define the
predictive model p, € A by

pr(A) = / v(A)m(dv), AeF.
A
An application of the dominated-convergence theorem will verify that u, € A. We have

the following proposition regarding predictive models.

Proposition 5.1. For m € I and X € L'(r), we have
/ E'[X]mr(dv) = E*~[X].
A
We additionally equip IT with the binary relation >, defined by

ﬁZCXW<:>/fd7~r2/fd7r, m,m eIl
A A

whenever these integrals are well-defined, for all f : A — RU{oc} that are proper, convex,
and 7-lower semicontinuous.

Theorem 5.1. The binary relation > is a partial order.

The partial order >, can be interpreted as a way to quantify when one second-order
model exhibits greater perceived ambiguity than another, analogous to the classical con-
vex order used to compare pure risk; see Rothschild and Stiglitz [1970]. The following
proposition helps reinforce this interpretation.

Proposition 5.2. For all m € 11, m > 0,,, .

Given X,Y € X, we write X > Y if X(w) > Y(w) for all w € Q. Given Y C X
containing the constants, a decision functional is a mapping p : X — R U {oo} such that
for all X,Y € ),

X2V — p(X) = p(Y)

and p(c) = ¢ for all ¢ € R.

Denote by D the set of all Borel probability measures on R, and D; the subset of D with
finite first moment. We will refer to D as the set of distributions. For X € X, define the
mapping tx : A = D by tx(p) = Xgp. Given @ € D, we define the survival function of
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Q by Sg(z) = Q((z,00)) for all z € R. For Q, P € D, we write ) >¢q P if Sg(x) > Sp(x)
for all x € R. We have that >4 is a partial order on D.

In this chapter, a statistic is a mapping v : D; — R U {oo} such that for all Q, P € D,

Q2 P = 7(Q) 27(P)

and v(d.) = ¢ for all ¢ € R, where J. denotes the Dirac measure at c¢. Given a statistic v,
X € X, and p € A, we will use v(X|u) in place of y(Xxu). The following are examples of
statistics commonly found in the literature.

(a) The expected value statistic
E(Q) :/xQ(d:U), Q € D;.
R
(b) The expected loss statistic of von Neumann and Morgenstern [1947]

E(Q)=(" </R ﬁdQ) = ("1 (E((4Q)), Q€D

where ¢ : R — R is continuous, convex, and increasing, called a loss function. We use
the expected loss convention, as opposed to the usual expected utility, because we are
working with loss-profit acts.

(c) The dual statistic of Yaari [1987]

D,(Q) = / " g(Sola))dz + | (@lSo@) - vds, @Dy

— 00

where ¢ : [0,1] — [0, 1] is continuous, increasing and g(x) > x for all x € [0, 1], called
a distortion function.

Under the distortion g, (z) = % A 1, where o € [0, 1), the dual statistic D, coincides
with Fzpected Shortfall of Acerbi and Tasche [2002]; hereby denoted by ES,. Expected
Shortfall is widely used in financial practice and serves as the standard risk measure for
market risk within the banking regulatory framework of BCBS [2019]. Under the distortion
he = 1(1—q,1), where a € (0, 1), the dual statistic Dy, coincides with the Value-at-Risk;
hereby denoted by VaR,.
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5.3 Decision functionals incorporating second-order
models

In this section, we review the smooth ambiguity model of Klibanoff et al. [2005] and
discuss its failure to generalize to arbitrary statistics. Afterward, we define ambiguity-
reduction mappings that yield Bayesian ambiguity sets. We show that the worst-case
decision functionals induced by these Bayesian ambiguity sets satisfy the conceptually
appealing properties of the smooth model while allowing for general statistics. Finally,
we provide a class of ambiguity-reduction mappings that will be used in the numerical
implementation later in the chapter.

5.3.1 The smooth model of ambiguity

In this section, we review the decision functionals from the smooth model of ambiguity
introduced by Klibanoff et al. [2005]. Afterward, we will discuss the inability of these
functionals to accommodate general statistics while preserving the nice consequences of
the original model.

Consider a DM who fixes the expected loss statistic E;, for some loss function ¢. We
will interpret the statistic E;, as the functional the DM would use to make decisions in the
absence of ambiguity, that is, if they had a unique first-order model. Therefore, we will
say that [E, determines the pure-risk preferences of the DM. From here, we need notions
of ambiguity perceptions and ambiguity attitudes. Ambiguity perceptions will be modeled
by the set of second-order models II. Ambiguity attitudes will be modeled by the set

A={¢pol| ¢:R — Ris convex and strictly increasing} .
To allow for the comparison of these ambiguity attitudes, we equip A with the partial order
prp = p=9¢op

for some convex and strictly increasing ¢ : R — R. Clearly ¢ = ¢ for all ¢ € A. We will
see that the minimal element ¢ represents the attitude that is neutral to ambiguity. This
setup only allows for a discussion regarding ambiguity-averse attitudes, but the following
ideas can easily be generalized to include ambiguity-seeking attitudes.
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Given 7 € IT and ¢ € A, define the decision functional p(-; 7, ¢) : &, — R by

p(Xomp) = ! ( I <X|u>>w<du>>, Xex, (5.1)

The following observations of these decision functionals provide the theoretical justification
for their widespread use.

(1) Clear separation between pure risk and ambiguity: Separation between pure-
risk preferences (E;), ambiguity attitude (), and ambiguity perception (7).

(2) Law-invariance under epistemic certainty: for all x € A and ¢ € A,

P(X; 04, 0) = Eo(X|p), X € X

(3) Law-invariance at the minimal element: for all = € II,

p(X;m, l) =Eo(X|pr), X € X,

(4) Monotonicity in ambiguity attitudes: if ¢, ¢ € A satisfy ¢ > @, then for all
m e Il
p(X,ﬂ',gO) > p<X77795)7 X e Xb-

(5) Monotonicity in ambiguity perceptions: if w, 7 € II satisfy @ > 7, then for
every ¢ € A,
p(X;7,0) > p(X5m,0), X €A

The fact that Observations (1)—(4) are true is clear; however, Observation (5) needs
verification, which we do in Section 5.12.

The family of decision functionals given in (5.1) is conceptually appealing because of
Observations (1)—(5). However, a key limitation is that some of these observations rely on
the assumption that the pure-risk preferences are given by [E,. In many practical applica-
tions, this necessity can be restrictive. For example, under no ambiguity, a bank must cal-
culate capital reserves using Expected Shortfall ES, due to regulatory requirements. This
naturally raises the following question: can the functional form of the smooth ambiguity
model be adapted to construct an ‘ambiguity aware’ Expected Shortfall that incorporates
a Bayesian prior, preserves Observations (1)—(5) above, and reduces to Expected Shortfall
in the no-ambiguity or ambiguity neutral case?
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A natural first approach is to replace the expected loss statistic E, in (5.1) with Ex-
pected Shortfall ES,. Such a modification is appealing, as ambiguity models originating in
decision theory are often adapted to other areas through precisely this type of substitution;
see, for instance, how the maxmin expected utility model of Gilboa and Schmeidler [1989]
is used to motivate the DRO paradigm. However, this replacement causes Observations
(3) and (5) to no longer hold. This follows from the following proposition. We verify in
Section 5.12 that, given X € &}, ES, o tx is X-measurable.

Proposition 5.3. If 7,7 € Il satisfy ™ > m, then
/AESQ(X\I/)fr(dy) < /AESQ(X‘I/)’]T(dI/), X e,
Specifically, by Proposition 5.2 and Proposition 5.3, for all = € II,
/AESQ(X|V)7r(dV) < ES.(X|pr), X € X,

Consequently, if banks were permitted to incorporate a second-order model in the cal-
culation of capital reserves, they would have an incentive to adopt a highly dispersed
second-order model and compute the average Expected Shortfall under that second-order
model, rather than determine capital reserves based on the predictive model. Therefore,
the resulting decision functional may inadvertently incentivize ambiguity-seeking behavior.
From a regulatory perspective, this is highly problematic, as banks should exhibit ambigu-
ity aversion to enhance the resilience of the financial system during periods of heightened
ambiguity in the economy.

5.3.2 Ambiguity-reduction mappings

The goal of this section is to define and motivate ambiguity-reduction mappings. By
reduction, we mean transforming second-order models into a set of competing first-order
models or an ambiguity set. Afterward, we will construct decision functionals within the
DRO paradigm that return to the Bayesian paradigm under ambiguity neutrality. The
motivation for this work is two-fold. (I) These ambiguity-reduction mappings allow us
to construct decision functionals that have Observations (1)—(5) while also allowing for
general statistics. (II) Traditionally, DRO models have problems regarding updating, i.e.,
how to change your ambiguity set in the face of new information. However, constructing
ambiguity sets using second-order models enables updating via Bayesian updating.
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Let (A, >) be a partially ordered set with a minimal element Ag. Similar to the previous
section, the set A encodes different ambiguity-averse attitudes. The following properties
clarify this interpretation.

Definition 5.1. A map U : I x A — 22 is called an ambiguity-reduction mapping if it
satisfies:

(1) Degeneracy consistency: for every pp € A and A € A, U(6,, \) = {p}.
(2) Ambiguity neutrality at the least element: for every 7 € I, U(mw, A\o) = { iz}

(3) Monotonicity in ambiguity aversion: if A\,\ € A satisfy A = \, then for every
m e Il .
U(m, A) CTU(T, N).

(4) Monotonicity in ambiguity perception: if 7,7 € II satisfy & > 7, then for every
A €A,
U(m, A) CTU(T,N).

Property (1) says that if there is no epistemic uncertainty, i.e., the perception of no
ambiguity, then no robustification is necessary. Property (2) says that the minimal element
Ao corresponds to the reduction of the second-order model (7) to a single model (p), i.e.,
an ambiguity-neutral reduction. Property (3) is to remain consistent with the intuitive
idea that A parametrizes ambiguity-aversion attitudes. Property (4) says that the reduced
ambiguity sets should be larger if the perception of ambiguity increases, regardless of
ambiguity attitudes.

An important conceptual feature is that attitudes toward ambiguity are fully deter-
mined by the ambiguity-reduction mapping. As a result, the ambiguity set produced by
this mapping captures two distinct dimensions: ambiguity perception, reflected by the fact
that the second-order model is an input, and attitudes toward ambiguity. A related concept
appears in Gajdos et al. [2008], where the authors introduce selected probability-possibility
sets. Like our ambiguity-reduction mappings, their selected probability-possibility sets take
an object representing ambiguity perception as an input and output an ambiguity set. The
key distinction lies in how ambiguity perception is modeled: we use a second-order model
as an input, whereas they use the initial structured ambiguity set, i.e., the ambiguity set
consistent with the constraints of the decision problem. Additionally, they take the same
interpretation that this reduction encodes attitudes toward ambiguity.

Ambiguity sets constructed from a second-order probability have recently been dis-
cussed by Dellaporta et al. [2024] and Dellaporta et al. [2025]. In this work, they define
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the mappings, Upp and Upg, both with domain IT x [0, 0c), by
Upp(m,€) = {pn € A | KL(p|pr) < €}

Up () = {u €A ‘ /AKL(u|V)w(dy) < e} |

where KL denotes the Kullback—Leibler divergence. We verify in Section 5.12 that the
mapping v +— KL(u|v) is Y-measurable for all 4 € A. The mappings Upp and Upg
have a similar structure to our ambiguity-reduction mappings, but it is easy to see that
neither satisfies all the properties of an ambiguity-reduction mapping. For example, neither
satisfies Property (1). This failure follows from the fact that Upp and Upg were introduced
to address problems related to model misspecification; see Shapiro et al. [2023] and Cerreia-
Vioglio et al. [2025]. We will discuss model misspecification later in Section 5.5.3.

Given a statistic v, an ambiguity-reduction mapping U, m € II, and A € A, define the
decision functional p(; 7, A) : &, — R by

p(X;m,A) = sup y(X|v), X €A,. (5.2)
veU(m,\)

This model clearly separates pure-risk preferences (), ambiguity attitude (A), and ambi-
guity perception (7). Additionally, it is not hard to see that Observations (2)—(5) are also
satisfied by the decision functional in (5.2).

5.3.3 The canonical example

Let T denote the set of all concave distortion functions g such that there exists a € N
with
g(x) <azx, xe€]0,1]. (5.3)

Define the partial order > on T by pointwise dominance:
gr- g <= g(x)>g(x), xe€l0,1].

The least element is go(z) = « for all x € [0, 1].

Given 7 € Il and g € T, define the collection of second-order models
R(m, g) = {6 €| &B) < g(n(B)) for all B € ¥} .

Since ¢ is concave and continuous, the capacity g o w is submodular and continuous; see
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Marinacci and Montrucchio [2004]. Furthermore, this implies R(7,g) # @ and, whenever
the right-hand side is well-defined (i.e., at least one of the two integrals is finite),

max /f /Oog(ﬂ(f>x))dx+/_0 (G(n(f > 7)) = dz,  (54)

¢ER(m -

where f : A — R is ¥-measurable. The value on the right-hand side of (5.4) is known
as the Choquet integral (see Denneberg [1994]). Henceforth, we denote this value by

SA f(v)gom(dv).
Define the mapping S : IT x T — 24 by

S(m,g) ={pe | £ € R(m, g)}- (5.5)

Theorem 5.2. The mapping S from (5.5) is an ambiguity-reduction mapping.

We require the restriction given in (5.3) to have the following proposition.

Proposition 5.4. Given w € I, g € T, and X € L'(w), we have that Xyu € Dy for all
pe S, g).

5.4 Numerical examples

In this section, we turn from the theoretical development of Bayesian ambiguity sets to
their practical computation. Our goal is to show that the proposed decision functionals are
computationally tractable in applied settings. To do this, we first develop alternative for-
mulas to evaluate these decision functionals under different statistics within the canonical
class of ambiguity-reduction mappings introduced earlier. We then numerically illustrate
the resulting formulas through a portfolio optimization example.

5.4.1 Parametrization
To make these ideas more tractable, we will work with the Polish measurable space

(0, .A), which is interpreted as the parameter space. Additionally, we will have a mapping
P:O — A, called a parametrization. We will assume that

(1) P is A/E-measurable;
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(2) 0 =10 < PB(H) =P(0);
(3) A=P ().

It is well-known (see Bertsekas and Shreve [1996, Proposition 7.25]) that Condition (1) is
equivalent to requiring that, for all A € F, the mapping 0 — [J(6)](A) is A-measurable.
In other words, 8 can be viewed as a probability kernel. Condition (3) may be hard to
check in practice; however, by the Lusin-Souslin theorem (Kechris 2012, Theorem 15.1), if
B is continuous, Condition (3) holds.

We will use A(O) to denote the set of probability measures on (©,.4). Through the
parametrization, an element 7 € A(©) induces a second-order model Pm. Therefore, we
may view A(©) as a subset of second-order models. Conceptually, there are two different
ways to define ambiguity sets given 7 € A(©) and g € Y. The first is to take S(Pxm, g).
The second begins by defining

Ro(m,g) = {§ € A(O) | £(A) < g(w(A)) for all A € A},

and then defining the ambiguity set Sy(m, g) as the set of all first-order models given by

W@ZLMMWM%AEﬁ

for some £ € Ry(m, g), where pp = PB(0) for all § € ©. The following proposition confirms
that these methods produce the same ambiguity set.

Proposition 5.5. Let m € A(©) and g € Y. We have that
R(Bym,9) = Bu(Ro(m,g)) == {Px | £ € Ro(m,9)} and S(Pym,g) = So(, g).

Therefore, with a slight abuse of notation, given 7 € A(0) and g € T, we denote the
set Ro(m, g) by R(m,g) and the set Sy(m, g) by S(7,¢), in order to maintain consistency
with the notation used thus far.

5.4.2 Convergence result

Given g € T and 7 € A(O), in the following algorithms, we will need to numerically
approximate the decision functional

/@]E“G[X]gow(dé’): sup EM[X], X € L'(n).

HES(m,g)
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Many of the numerical schemes found in the literature can produce a stochastic process
(01 )nen with values in the parameter space © such that

1 n
lim — 0r) = T K-a.s. .
i 3 32500 = [ fan s, (56)
where f : © — R is measurable and satisfies [, |f|dm < oo, and k € A(OV) is the
probability measure induced by the stochastic process on path space. For example, many
of the schemes used to sample from the posterior probability measure in Bayesian statistics
satisfy this property; see Meyn and Tweedie [2012]. Additionally, if we are able to sample
7 directly, we may take x = 7", in which case, (5.6) follows directly from the law of
large numbers. For the numerical examples in the next sections, we assume that 7 can
be sampled directly. Nevertheless, we formulate the next theorem under the more general
condition (5.6) in order to motivate the use of MCMC-type algorithms in settings where
direct sampling from 7 is not available.

Theorem 5.3. Given a stochastic process (0,)nen satisfying (5.6) and X € Ly(m), define
Y, = Eton[X]. We have that

n o 1 o
(L) o (55 [ s
k=1 (S

where Yy, denotes the k'™ order statistic of the random vector (Yi,...,Y,).

5.4.3 Alternative formulas and numerical results

In this section, we derive numerically tractable formulas for (5.2) under the canonical
ambiguity-reduction mapping. We do so for three specific classes of statistics. After
presenting each formula, we implement it numerically using Theorem 5.3.

In all numerical implementations, we assume that (2, F) = (R?, B(R?)). The parameter
space is taken to be
0 =R? x (0,00)% x [0, 1],

with the parametrization

2
my o] o109
© > (my, Mo, 01,09,c) — MVN '
> (m1, ma, 01,09, ¢) 2(<m2>’<60102 o3 ))
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Let X; and X, denote the acts given by the marginal projections, representing the single-
period percentage losses of two financial positions. Our objective is to evaluate

sup  y(wX; + (1 —w)Xsv), (5.7)
veS(m,gs)

where w € [0, 1], 8 € [0,1), and gg(z) = 25 A1 for all z € [0, 1]. Since gs = gy <= B>
B, the parameter [ corresponds to ambiguity aversion attitudes, with larger values of (3
corresponding to greater ambiguity aversion. Finally, in each numerical implementation,
we consider the three second-order models listed in Table 5.1.

Note that the distributions of the acts X; and X5 under the predictive model are the
same for both m; and 7y in Table 5.1. Additionally, under 7, we perceive no ambiguity
for the act X;. Therefore, in the numerical implementations later, the decision functional
in (5.7) should assign the same value to X; (w = 1) and Xy (w = 0) under ambiguity
neutrality (f = 0). However, as we become more ambiguity averse (f increases), the
decision functional should assign a higher value to X, (w = 0) than to X; (w = 1).

Table 5.1: Second-order models used in the numerical implementations

ST 2 3

my | d_o.05 N(—-0.05,0.01) N(—0.05,0.01)
ms | N(—0.05,0.02) N(—0.05,0.02) N(—0.1,0.03)
01 50,01\/5 50.02 50.02

o2 | do.01 00.01 EXP(1/50)

c U(-0.5,0.5) U(-0.5,0.5) U(-0.5,0.5)

The first class of statistics we will provide an algorithm for is the optimized certainty
equivalents of Ben-Tal and Teboulle [2007]. Let A : R — R be convex, continuous, and
nondecreasing. Define the statistic

meR

95(@) = int {m+ [ blo - mpQ(an}, Qe

Expected Shortfall ES, provides a classic example of an optimized certainty equivalent.
It arises when h(z) = z, for all z € R. In this case, the optimized certainty equivalent
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representation coincides with the well-known Rockafellar and Uryasev [2002] formulation
of Expected Shortfall.

To provide an alternative formula for the worst-case optimized certainty equivalent, we
need the following definition.

Definition 5.2. Given 7 € A(O), we say that X € L(r) is m-almost uniformly integrable
if for all € > 0, there exists U € A with 7(U) > 1 — € such that

lim SupE“B [lX’]l{|X\>K}] = 0.

K—oo ocU

The following example provides sufficient conditions for m-almost uniform integrability.
Using this example, it is straightforward to check that wX; + (1 — w)Xy is m-almost
uniformly integrable for each w € [0,1] and 7 € {my, w2, 73}.

Example 5.1. Given 7 € A(O), assume that X € X" satisfies
/ B [ X2(d6) < oo. (5.8)
e

It is clear that X € L'(7). For each n € N, define U,, = {6 € © | E*[X?] < n}. Given
e > 0, find ny € N such that 7(U,,) > 1 — ¢; guaranteed to exist by (5.8). Therefore,

lim sup (B"[X1{x5x3])° < lim sup E*[X7]psg(|X]| > K)

K—00 geu,, 0 PeUny,

< lim sup (E*[X?))*/K? < lim nj/K” = 0.
— 00

T K—oo QGUnO

Therefore, X is m-almost uniformly integrable.

We have the following alternative formula for (5.2) under the canonical ambiguity-
reduction mapping when the statistic is given by an optimized certainty equivalent.

Theorem 5.4. Let m € A(©) and g € Y, X € C. If, for allm € R, h(X —m) is m-almost
uniformly integrable, then

sup YWE(X|v) = inf {m—i— /@E“g[h(X — m)]gow(d@)}.

veS(m,g) meR

Remark 5.1. When h(z) = x, for all x € R, the condition that h(X — m) is m-almost
uniformly integrable for each m € R is implied by X being m-almost uniformly integrable.
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Figure 5.1: Worst-case Expected Shortfall

Figure 5.1 presents the values of the decision functional (5.7) when v = ESj95. Under
the second-order model 7 (left panel), the ambiguity-neutral case (8 = 0) is minimized by
an equal allocation between X; and X,. This is consistent with the preference for equal
diversification, since X; and X5 have the same distribution under the predictive model. As
[ increases, however, the minimizing portfolio shifts monotonically toward a full allocation
in X7. This is consistent with interpreting S as a parameter of ambiguity aversion: under
1, ambiguity is perceived in the distribution of X5, but ambiguity is not perceived in the
distribution of Xj.

This story changes in the center and right panels, corresponding to the second-order
models 7 and 73 respectively. In both cases, ambiguity is perceived in the distributions
of X; and Xs. For my, increasing S produces little deviation from the fact that an equal
allocation between X; and X, minimizes the decision functional. This is because the
ambiguity associated with the two assets is roughly comparable. The case of 73 is markedly
different. There, the predictive distribution of X, is roughly as favorable as that of X7,
but 73 perceives greater ambiguity in X, than in X; (e.g., the standard deviation of X} is
ambiguous). As a result, when ambiguity aversion increases, the minimizer shifts toward
a larger allocation in X;.

Let £ : R — R be a loss function. Let 7 € A(©) and g € T, one readily obtains the
following equivalent formula.

sup Eo(X|v) = - ( /@ R [ﬁ(X)]gow(dG)) |

veS(m,g)
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This specific decision functional is an example of the decision functionals from the second-
order dual expected utility model of Giraud [2014]. In that work, the author also introduces
their model as an alternative to the smooth model, in which the second-order aggregation
of the expected loss is given by the dual model of Yaari [1987]. When the loss function ¢ is
given by £(x) = €’ for all z € R, where 6 > 0, the statistic E, coincides with the entropic
risk measure ERyp; see Follmer and Schied [2002].
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Figure 5.2: Worst-case entropic risk measure

Figure 5.2 presents the values of the decision functional (5.7) when v = ERjp. An
interesting contrast between the numerical results in Figure 5.1 and those in Figure 5.2
happens under the second-order model 73 (right panel). For low values of /3, the minimizing
portfolio consists of a full allocation in X5. As [ increases, however, the minimizing
portfolio shifts toward X;. Intuitively, this happens since the standard deviation of X5 is
ambiguous. This differs from the previous results, since the statistic ER1q evaluated on
the predictive distribution of X5 is much smaller than when evaluated on the predictive
distribution of Xj.

The last statistic we will provide an algorithm for is the value at risk. The worst-case
value at risk was recently rigorously studied in Liu et al. [2024].

Proposition 5.6. Let 7 € A(©), g € T, and a € (0,1). We have sup,cg(x 4 VaRa(X|v)
s finite, and

sup VaRa(X|V):inf{m€R‘ /,ug(X>x)go7r(d9)§1—oz}, Xedk.
Q)

ves(m,g)
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Figure 5.3 presents the values of the decision functional (5.7) when v = VaRg 5. As we

can see, the results for the Value-at-Risk are qualitatively similar to the Expected Shortfall
results presented in Figure 5.1.
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Figure 5.3: Worst-case Value-at-Risk

5.5 Connections to existing literature

In this section, we present several technical results that complement the chapter’s main
analysis. These results highlight the relevance of the decision functionals in (5.2) under the
canonical ambiguity-reduction mapping to broader questions and concerns in the literature.

5.5.1 Unambiguous events

Let mp denote the topology on D associated with convergence in distribution and let
Yp be the o-algebra generated by 7p. It follows that (D, ¥p) is a Polish measurable space.

Proposition 5.7. Given X € X, the mapping tx : A — D is X /Sp-measurable.

Given 7 € Il and X € X, the probability measure (tx)xm on (D, YXp) represents the
epistemic belief regarding the distribution of X. Given 7 € I, define

C(m) = {X € L'(n) | (1x)um = &g for some Q € D;}.
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Intuitively, €(m) represents the set of acts with an unambiguous distribution under the
second-order model 7 € II. Additionally, for 7 € II, define the set

Um)={AeF:1,4e&(n)}.
We can view () as the set of unambiguous events.

Proposition 5.8. Given w € I1, the set $(m) is a A-system, that is,

(1) Qe i(m);
(i) if A € () then A® € (),

(iii) if the sequence (Ap)nen C () is pairwise disjoint then |J -, A, € ().
Moreover, €(m) = {X € LY(r) | X YB) € U(n) for all B € B(R)}.

The use of a A-system for unambiguous events is common in the literature; see Zhang
[2002], Marinacci [2002], Epstein [2004], and Van Oosten and Wang [2025b]. Given 7 € II
and X € &(m), let Q% € D; denote the distribution satisfying (:x)gm = dgr. The
following proposition confirms that, when an act has an unambiguous distribution, the
decision functional given in (5.2) under the canonical ambiguity-reduction mapping reduces
to calculating the statistic on this unambiguous distribution.

Proposition 5.9. Let v be a statistic, m € I, and g € Y. We have that

sup Y(X[v) =7(Q%), X €(m).

veS(m,g)

Decision functionals in (5.2) under the canonical ambiguity-reduction mapping are in-
variant to epistemic distributional beliefs, as stated in the following proposition.

Proposition 5.10. Let m € Il be atomless, g € T, and v be a statistic. We have,

(tx)gm = (w)gm = sup y(X[p) = sup (Y|p), X,V € L(n).
RES(m.g) RES(m,g)

5.5.2 Bayesian consistency

In this section and the following one, we will assume that the parametrization B is
continuous. Denote by D, the set of all Borel probability measures on R with compact
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support. Additionally, in this section and the next, statistics will have domain D, rather
than D;. A collection @ C D, is said to have uniformly bounded support if there exists a
compact set that contains the support of each Q) € Q. We say that a statistic v is Lebesgue
continuous if for all sequences (@, )neny C D, with uniformly bounded support satisfying
Q. = Q for some @ € D,, we have that lim,, ., 7(Q,) = v(Q).

Proposition 5.11. Let v be a Lebesgue continuous statistic, m € A(©), and g € Y. Then,
for all X € X, there exists ux € S(m,g) such that

Y(X|px) = sup y(X|v).

veS(m,g)

In Bayesian statistics, consistency concerns the asymptotic behavior of the posterior
distribution (second-order model). For example, suppose we observe an IID sequence of
random variables ((x)ren taking values in 2. Assume that (; ~ pg, for some 6, € O.
Under certain regularity conditions, see Ghosal and van der Vaart [2017], we have that the
sequence of second-order models (7,,),en given by the posterior distribution (7, is obtained
after realizing ((x)7_,) satisfies

T = Ogy  fgy-2.S.

The following proposition verifies that, for acts in C,, the decision functional (5.2), under
the canonical ambiguity-reduction mapping, asymptotically agrees with the correct value.

Proposition 5.12. Let (7,)nen € A(O) be a sequence such that m, = g, for some 6y € O,
g €Y, and v be a Lebesque continuous statistic. Then, we have

lim max Y(X|v)=5(X|ug,), X € Cp.

n—00 veS(mn,g)

5.5.3 Model misspecification

Model misspecification refers to the case in which the parametric model (©,%B) fails
to contain the true first-order model that generates the random phenomenon. In the
Bayesian literature, there are results on the asymptotic behavior of the posterior distribu-
tion (second-order model). For example, as in the previous section, suppose we observe
an IID sequence of random variables ((x)ren taking values in 2. We now consider the
misspecified case, meaning that (, ~ pg, but, different from the previous section, there
does not exist a parameter 0y € © such that py = ug,. However, assume that the mapping

O — RU{oo} : 0 — KL(ua|10),
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admits a unique minimizer. We denote this minimizer by #,. Under certain regularity
conditions, see Berk [1966], we have that the sequence of second-order models (7,)nen
given by the posterior distribution (m,, is obtained after realizing ((;)}_,) satisfies

T = 0g, Mo -2.S.

Therefore, a natural way for a DM to address model misspecification is to first robustify
their statistic. The following proposition discusses how this can be done.

Proposition 5.13. Given a statistic v, atomless p € A, and € > 0, there exists a statistic
VKL satisfying
WM (X|p) = sup (X|y), X €,
veKL(p;e)
where KL(u;€) = {v € A | KL(v|u) < €}. Moreover, if v is Lebesgue continuous, then yXU
15 Lebesgque continuous.

Example 5.2. Given € > 0, the statistic EXY is known as the entropic Value-at-Risk, see
Follmer and Knispel [2011] and Ahmadi-Javid [2012].

Assuming the DM uses 7 to represent their pure-risk preferences, if they were worried
about model misspecification, given 7 € A(0), g € T, and € > 0, they could define the
decision functional

p(X;m g,€) = sup YEEH(X|v), X €A, (5.9)

vES(mg)
The parameter € in (5.9) represents the DM’s fear of model misspecification. For example,
if it holds that € > KL(ug,|10) and «y is Lebesgue continuous, then, by Proposition 5.12,

we have
lim p(X;m,, g, €) =78 (X oy) = V(Xpo), X € G (5.10)

Therefore, the DM does not asymptotically underestimate the true value of their statistic
under model misspecification.

Independent of the asymptotic result, the decision functional in (5.9) is interesting
from a conceptual point of view. This follows because the decision functional separates the
perception of ambiguity (7), the attitude toward ambiguity (g), and the attitude toward
model misspecification (€). The joint incorporation of attitudes toward ambiguity and
model misspecification into decision functionals was discussed in Cerreia-Vioglio et al.

[2025].

In Shapiro et al. [2023], the authors also study decision functionals in a Bayesian context
that address model misspecification. In that work, given 7 € A(©) and € > 0, the authors
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define the decision functional

(X7, €) :/@EEL(XW)W(M), X e X, (5.11)

It is not hard to show that for all X € Cp, a similar consistency result to (5.10) can be
shown to hold for the decision functional given in (5.11). However, there is no mechanism
in the decision functional (5.11) to account for attitudes toward ambiguity. Moreover, we
have the following proposition. We verify in Section 5.12 that, given X € X,, EXl o1y is
Y-measurable.

Proposition 5.14. If 7,7 € Il satisfy m > w, then
/ EXL(X 1) (dv) < / EXL(X[v)r(dv), X € &,
A A

Therefore, the decision functional in (5.11) reflects an ambiguity-seeking attitude, as
discussed in Section 5.3. Although the decision functionals in (5.9) and (5.11) exhibit
a similar asymptotic property, they can lead to substantially different decisions in finite
samples.

5.6 Conclusion

This chapter suggests that Bayesian and robust approaches to ambiguity may not be
seen as alternatives, but as complementary ingredients of a richer theory of decision-making
under ambiguity. The central message is that the role of second-order beliefs in ambiguity-
sensitive decision-making extends beyond the smooth model and can be generalized to
arbitrary statistics within a DRO framework. Seen this way, the key modeling question
is not only what a decision-maker believes, but also how those beliefs are converted into
ambiguity sets. This shift in perspective opens the door to more flexible constructions of
decision functionals under ambiguity, where ambiguity attitudes, statistical learning, and
model misspecification can be treated simultaneously. We hope it also helps motivate a
broader study of how second-order beliefs can be transformed into ambiguity sets.
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5.7 Additional results needed for the proofs

Given n € N, denote by X, the set of all X € &}, such that n > X > —n. Additionally,
denote by C, the set of all X € C, such that n > X > —n.

Lemma 5.1. Givenn € N and Y C X, if YV is closed under pointwise convergence and
Cn CY, then Y = X,.

Proof. Define Yy = {X € X : (X An)V (—n) € V}. Since Y is closed under pointwise
convergence, ) is closed under pointwise convergence. Since C,, C Y, C C ). Therefore,
by Kechris [2012, Theorem 11.6], }y = X. Therefore, Y = A,,. H

Denote by 7, the coarsest topology on A where the maps {1 x } xcx, are continuous.

Proposition 5.15. Let v be a Lebesgue continuous statistic. Given X € Cp, v 0 tx 1S
T-continuous. Given X € X, 7o Lx 1S Tp-continuous.

Proof. Given a,b € R satisfying a < b, denote the set of Borel measures on R with support
contained in the interval [a,b] by Dj,4). Denote by Tp,,, the subspace topology on D,y

from the topology 7p. As 7 is Lebesgue continuous, 7|D[a y 18 Tpy, ,-continuous.

Let X € Cp, we claim that vx is 7/7mp-continuous. To see this, let (ug)reny € A be a
sequence such that u; = p for some p € A. Let f: R — R be bounded and continuous,
we have

k—o00

i [ o) = Jim B (0] = ALACO) = [ fdux(i),

Therefore, tx(ur) = tx(n), and tx is 7/7p-continuous. Since tx(A) C Diayp), where
a < X < b, we have that v orx is 7-continuous. A similar argument will show that, for all
X € &, vox is Tp,-continuous. ]

Proposition 5.16. Let v be a Lebesque continuous statistic and X € X,. The mapping
vy oLy 1S 2-measurable.

Proof. Fix n € N and define
Y={X € X, | yotx is X-measurable} .

By Proposition 5.15, we have that C,, C Y. Let (Xi)ren € Y converge pointwise to some
X € AX,. Since 7 is Lebesgue continuous, n > X;, > —n for all k € N, and (Xy)zv = Xgv
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for all v € A, we have that
lim youx, (v) = klim Y Xklv) =v(X|v) =youx(v), veEA.
—00

k—o00

Since v o vy, is YX-measurable for all £ € N, v o 1x is Y-measurable. By Lemma 5.1, we
have that ) = A],. Since n € N was arbitrary, the proof is complete. O

Proposition 5.16 guarantees that the integrals in the following proposition are well-
defined.

Proposition 5.17. Let v be a Lebesque continuous statistic and ¢ : R — R be continuous.
Assume that for all 7,7 € 11 satisfying @ > ™ we have

t/M%XMﬁmmz/wWMWWMW,XGQ
A A

Then, for all 7,7 € 11 satisfying © > ™ we have

/wMﬂWWMZ/wMMWthXG%
A

A

Proof. Fix n € N and define

y:{XGXn

/ e(y(X|v))r(dv) > / e(y(X|v))r(dv) for all T,m € TI s.t. T >¢x W} )
A A

By assumption we have that C,, C ). Let (Xy)ren € Y converge pointwise to some X € X,,.
Since 7 is Lebesgue continuous, n > X > —n for all k € N, and (X)xv = Xzv for all
v € A, we have that

Jim y(Xi|v) = 7(X[v), veA.

Given 7, € 1I satisfying m > 7, by the dominated convergence theorem, we have

/Aw(v(XIV))ﬁ(dV) = Jm | eO(Xel))a(dv) 2 fim [ o(y(Xelv))m(dv)

= [ et
A

Since 7, ™ were arbitrary, we have that X € ). By Lemma 5.1, we have that Y = A&,.
Since n € N was arbitrary, the proof is complete. O
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Corollary 5.1. Given conver ¢ : R — R and 7,7 € Il satisfying T >« ™, we have

[ eE i) 2 [ o@D, Xex

Proof. Let X € C,. Since, by Proposition 5.15, E o tx is 7-continuous, we have that
v — p(EY[X]) is proper, convex, and 7-continuous. Therefore, by the definition >, for
all 7,7 € Il satisfying m > 7, we have

Awwwwmwz/wwwmmw

A

Since X € C, was arbitrary, by Proposition 5.17, the proof is complete. O]

5.8 Proofs accompanying Section 5.2

Proof of Proposition 5.1. It X =>"7_, a;14,, where {A;}}_, C F partitions 2 (i.e., X is
simple), then we have

/A E[X]n(dv) = / > ap(Agm(dv) =) appue(Ar) = E*[X].

A k=1
If X € X is non-negative, find an increasing sequence of simple acts (X, )nen € X that

converges pointwise to X. By three applications of the monotone convergence theorem, we
have

/A EY[X]r(dv) = / lim EY[X,]r(dv) = lim | EY[X,]r(dv) = lim EA[X,] = B [X].

A n—oo n—o0 A n—o0

If X € L'(m) is general, first note that

max{ [ BX (), [ BYX Jr(dn) b < [ (@[X.] + BV [X ) n(dv)
U, i b/,
:/AE”[\X\]w(du) < .

Therefore, E"[X ] < oo m-a.s., EY[X_] < oo m-a.s., and E’[X]| = E’[X,] — E’[X_] 7-a.s.
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Thus,

Awmmm:AM&ww—Amxwwzwwwwamem

and the proof is complete. O

Given a collection Z C F, we denote by o(Z) the o-algebra generated by Z. Given
a collection Y C X, we denote by o()) the coarsest o-algebra making each X € )
measurable.

Proof of Theorem 5.1. By Bertsekas and Shreve [1996, Proposition 7.25], we know that

Y =o({¥x}xex,)

Let w, 7 € Il satisfy m > 7 and © > w. Let I' C X denote the 7m-system consisting of
all finite intersections of sets of the form 3! (B), where X € X, and B € B(R). Clearly,

S = o({tx}xem) = o(D).
If we can show that m and 7 agree on I, then, by the 7w\ theorem, 7 = 7. To this end,

let {Xi}7_, € &, and {B}}_, € B(R). Let t € R and define Z(t) = > }_; tytVx,. By
Corollary 5.1, for all convex ¢ : R — R, we have

/A o (Z2(8)) dr = /A / (E” ithkD r(dv) = /A ¢<EV ithk]>7~r(dy)
- [ e(zwyax

Since ¢ was an arbitrary convex function, we have (Z(t)), 7 = (Z(t)), 7. Since t € R"
was arbitrary, (Vx,,...,¥x, )™ = (¥x,,...,¥x,)x7. Therefore,

m (ﬂ in(&c)) =7 (ﬂ wxi(Bk)> -
k=1 k=1
Thus, 7 and 7 agree on I', and the proof is complete. O

Proof of Proposition 5.2. We will use Vesely [2017, Theorem 2] to prove the claim. First
note that A can be embedded into the vector space of signed measures with finite total
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variation M. Additionally, we can equip M with the coarsest topology 7 making the
mappings
M—=R:ve=EX], X ei,

continuous. Clearly, 7|a = 7.

We claim that A C M is 7-closed. To prove the claim, let (s,),enr € A be a net
converging to some p € M in the topology 7. Clearly, p(2) = 1. Let d be a metric for €,
C € F be closed, and € > 0. Define, X¢ € C, by

XO(w) = (1—M) L weq,
€
+
where d(w, A) = inf{d(w, @) | © € A}. Since X > 0, we have that E*[X*] > 0. Therefore,

w(C) = lim E*[XC] > 0.

e—0t

For the sake of contradiction, assume there exists A € F such that u(A) < 0. By inner
regularity of p, there exists a closed C' € F such that u(C') < 0, which is a contradiction.
Therefore, u(A) > 0 for all A € F. Therefore, u € A and we have proven the earlier claim.

Since A is 7-closed, A is evenly convex, as defined in Vesely [2017]. A consequence of
Proposition 5.1 is that, for all 7 € TI, p, is the barycenter of m; see Vesely [2017] for the
definition of the barycenter. Let 7 € Il and f : A — R U {oo} be proper, convex, and
T-lower semicontinuous. Then, by Vesely [2017, Theorem 2], we have

/f m(dv) > fpx) = /f O (V).

Therefore, since f was arbitrary, m > 6, . m

5.9 Proofs accompanying Section 5.3

Proof of Proposition 5.3. Let X € C,. As ES, is Lebesgue continuous, by Proposition
5.15, ES, o tx is T-continuous. Therefore, —ES, o tx is proper, convex, and 7-continuous.
Therefore, by the definition >, for all 7, 7 € II satisfying @ >, 7, we have

/A—ESQ(X’V)ﬁ'(dV)E/A—ESQ(X’V>7T((1V).
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Since X € C, was arbitrary, by Proposition 5.17, we have

/A—ESQ(X]y)fr(du)Z/A—Esa(XW)W(dV)a X € Ay,

and the proof is complete. O

Lemma 5.2. Let 7 € Il and g € T, then S(7, g) is convex, T,-compact, and T-compact.

Proof. Convexity is clear, as R(m, g) is convex. Let (i,),enr € S(7, g) be a net. We claim
that there exists a subnet that converges in 7, to some p € S(7,g). Let (&,)pen € R(7, g)
be a net such that e, = pu, for all n € N. Since g o 7 is submodular and continuous, by
[Marinacci and Montrucchio, 2004, Theorem 4.2] and Bredon [1993, Theorem 7.14], there
exists a subnet ({,(5))sep and £ € R(m, g) such that

im [ fag, = [ rae

for all bounded ¥-measurable f : A — R. Define y = pe € S(m, g). We have that
i B0 [X] = lim [ B [X0 (@) = [ BX)g(dv) = E'[X), X €
A A

Therefore, ju,3) — p in 7. Since the original net (fi,),en was arbitrary, by Bredon [1993,
Theorem 7.14], S(m, g) is m,-compact. Since 7 C 1, S(7, g) is T-compact. O]

Proof of Theorem 5.2. The fact that S satisfies Properties (1)—(3) is clear. To show Prop-
erty (4), let m, 7 € II with T >, 7.

Fix X € &,. If o : R — R is convex, by Corollary 5.1, we have that

/R () (tox) 4 7(d) = /A o (x ()7(d) > /A o (x (v))m(dv) = / () () ().

Therefore, (¢x)xT >ex (¥x)gm, where >, denotes the traditional convex order; see Shaked
and Shanthikumar [2007, Section 3.A]. Therefore, we have

sup EY[X]= sup /EV[X]§<C1V):/]EV[X]gOﬁ'(dV)
veS(7,9) EeER(T,g) J A A

- /A Y (v)g o 7(dv)
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Dy((¥x)#7)
Dy((¢¥x)pm) = sup E[X],

veS(m,g)

v

where the inequality follows from the fact that D,(Q)) > Dy(P) whenever Q > P, since
g is concave; see Shaked and Shanthikumar [2007, Theorem 3.A.7].

Let p € S(m, g), we have that

Ef[X] < sup E’[X] < sup EY[X], X €A, (5.12)

VES(Wvg) VES(%LQ)

For the sake of contradiction, assume that pu ¢ S(7,¢g). As, by Lemma 5.2, S(7,g) is
convex and 7-compact, by the Hahn-Banach separation theorem, there exists Y € C, such
that

sup E"[Y] < E*[Y],

veS(7,9)
which is a contradiction of (5.12). Therefore, u € S(7,g), and S(7, g) C S(7, g). ]
Proof of Proposition 5.4. Let u € S(m,g). Therefore, we can find £ € R(m,g) such that

p = pie. Let a € N be given such that g(z) < ax for all z € [0,1]. Fix X € L'(r), by the
definition of R(m, g), it holds that

/A (| X [JE(dv) < /A E/[|Xlg o n(dv) < a /A EY[|X [l (dv) < 0.

Therefore X € L'(¢) and, by Proposition 5.1, E*[|X[] = [, E[|X[]¢(dv) < oo. Thus,
X#u € Dl. UJ

5.10 Proofs and additional results accompanying Sec-
tion 5.4

Proof of Proposition 5.5. It is clear that

P4 (Ro(m, 9)) € R(Py, 9).

Let £ € R(Pum, g). It is clear that £ < Pum. Let ¢ = dfgiﬁ. Define

¢:0 = [0,00) : 60— C(B(OB)),
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and £ € A(O) by £(A) = Ja (dm for all A € A. Let A € A, by Condition (3), there exists
B € X such that B! (B) = A. Therefore,

£(A) = / Cdr = / Cd(Ram) = £(B) < g(Ram(B)) = g(n(A)),

and € € R(m, g). Since P4 = £, we have that & € Pu(Ro(m, g)). Therefore,

(’B# (,R’O(Tﬁ g)) = ,R’(;‘B#ﬂ-7 g)

Given & € Ry(m, g), since

[ mtasean = |

v(A)Pyé(dv), AeF,
A

we have that S(m, g) = So(, g).

Proof of Theorem 5.3. Define the function s, : R x O — [0, 1] by

(2,0 = =3 L (),

and the function s : R — [0,1] by s(z) = ({0 € © | E*[X] > 2}). We have that

n

2 (o () o (5 et

= [ stsate et [ (glsnlaio) - v, ¢ 6"

—00

For each ¢ € Q, let A, € AN be a set with r(A,) = 1 and lim,, ., s,(g,¢) = s(q) for
all ¢ € Ay Define A =) o4 € AN, Clearly, k(A) = 1. We claim that for all ¢ € A,

Sn(+,¢) — s Lebesgue-a.e. To see this, let x € R be a continuity point of s. Find sequences
(g;)men € Q and (¢ )men € Q such that ¢, T = and ¢! | 2. We have that

5(4,) = lim s,(qy,, ¢) < liminf s, (z, () < limsup s,(z,¢) < lim $n(qh:C) = s(qr,)-

n—o0
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Therefore, by virtue of x be a continuity point of s, we have that

s(z) = liminf s, (x, () = limsup s,(z, ).
n—o0 n—00

Thus, lim,, 0 S5 (2, () = s(z). Since the set of discontinuity points is countable, the original
claim follows.

For ¢ € N, let B, € A" be a set with x(B,) =1 and

n

fim S O4(0) = ) = [ B[X] - q)n(@s), (B,

n—oo N
k=1 e

For g € N, let C, € A" be a set with x(C,) = 1 and

n

lim S (O — ) = [ (B Xn(ds), (G,

k=1

Define D = (e By) N (Nyen Co) N A € AY. Clearly, (D) = 1.
Fix ( € D, we claim that

i ([ gtou(a00r+ [ (outisc) ~ 1)

n—00 o

= [ atstands+ [ (atoataic) - s
Given € > 0, find M € N such that
/ (B [X] — M),m(d0) < ¢ and / (B [X] — M), 7(df) < c.
(S (C]

Find N € N such that for all n > N, we have

< €,

=S o0MO = M) = [ (B1X] = M)n(a0)

<e,

SN = M) = [ (LX) = 2 ()

< €,




<,

[ stse.cnae= [ gistenas

where the dominated convergence theorem is invoked to get the last two inequalities. Let
a € N such that g(z) < ax for all z € [0,1]. For all n > N, we have that

i(g <n :H) —g(nnk>)Yk;n(C)—/eE“G[X]QOW(dQ)

g(sa(r, )z + / u(2,0)) — 1)dz — /Ooog<s<m>>dx— /_Om<g<s<os>>—1>dx

g(sn(z,¢))dx — / (s(x))dx

¥ / ar = [ (otste) -
4 / Az, 0))dz — / (s(x))da
I ar— [ tgtotw) - e

/_(ng(s (2,¢))dx — /jw (s(x))d +/Moog(sn(x’g))dwr/Moog(s(x))dx
. /_OOM<1 = g(sn(z,()))dz + /_OOM<1 — g(s(x)))dz + ¢

<

< a/Moosn(:Jc,C)dana/Moos(m)d$+/;M(l—sn(m,C))dm+/;oM(1— (s(2))da + 2¢

_ %Z(Yk(f) — M), + a/ (E"0[X] — M) m(d6) + % Z(_Yk@) — M),

k=1 o k=1

< 03 ORO ~ M) D (V(Q) M)+ 3+ ae

k=1 k=1
< a/ (E*[X] — M), n(df) + / (—E*[X] — M), 7(df) + 4e + 2ae
S} S}

< 5e 4 3ae = (5 + 3a)e.
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Since ¢ € D was arbitrary, the proof is complete. m

Lemma 5.3. For 7 € A(©), g € T, and w-almost uniformly integrable X € L'(r), we
have that

lim sup E“[|X|1x>k]=0.
K_onES(W,g)

That is, the set of distributions {Xyv : v € S(m,g)} C Dy is uniformly integrable.

Proof. Let the sequence (Uy,)nen C A satisfy 7(U,) > 1 —1/n and

I B [|X]1 =
Jim_ sup B [|X|Lyxisa] = 0

for all n € N. Without loss of generality, we may assume that U, C U, for all n € N.
Since, for all n,n € N, the mappings

6 — B[ X[y (6) and v~ B*[|X |1y (6)

are comonotonic (see Marinacci and Montrucchio [2004]), by Marinacci and Montrucchio
[2004, Theorem 4.7], there exists £ € R(mw, g) such that

/UC E*[| X |]g o (d0) :/UCEWHX’K(dQ), nenN.

Therefore, by the dominated convergence theorem, we have

lim [ EP[|X[lgon(d6) = lim | E[X[)E(d6) = / B[ X€(d6) = o,

n—oo . (o) .
U U

where U = |, , U,,, and the last equality follows from the fact that 7(U) = 1.
Fix € > 0, and find N € N such that [, E*[|X|]g o 7(df) < e. We have that
N

sup  EY[| X1 x)> k]

veS(m,g)

= s [ (XL E(00)

¢eR(mg) JO

< sup / Ef | X |1 x>x]£(d0) +  sup / Er | X1 x> x]£(d6)
§6R(7r,g) UN feR(ﬂ',g) UICV

< sup B¥(|X[Lywoa] + | BP[|Xg 0 w(d6)
0eUn U%
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< sup E"[| X |1 x>k] + €.

60cUn
Therefore,
limsup sup E[|X|L|x>k] <€
K—oco veS(m,g)
Since € > 0 was arbitrary, the proof is complete. O

Proof of Theorem 5.4. Define the function R : S(m, g) x R — R by
R(v,m) =m+E"[h(X —m)].

The fact that R is well-defined follows from Proposition 5.4.

Given m € R, let R, : S(m, g) — R be given by R,,(v) = R(v,m). Clearly, R,, is affine
for all m € R. We claim that R,, is continuous for all m € R when we equip S(7, g) with
the subspace topology 7|s(x,q). To see this, let (v,)nen € S(, g) be a sequence converging
to some v € S(m,g). Note that we only need to check sequences since 7 is metrizable.

Fix m € R, and define Y™ = h(X —m) € L'(r), the sequence (Q;m))neN C D by

m = y(™y, and QU = Y?;m)y. Since X € C and h is continuous, it is clear that
Q'™ = Q. Since Y™ is m-almost uniformly integrable, by Lemma 5.3, {Qﬁlm)}neN is
uniformly integrable. Therefore,

lim R, (v,) = m+ lim B Y] =m + lim E(Q{™)

n—oo n—oo n—oo

=m+EQ™) =m+E'[Y™] = Ry (v).

Given v € §(m, g), let R, : R — R be given by R,(m) = R(v, m). Clearly, R, is convex
for all v € S(7, g). Since Y?;m)y € D, for all m € R and v € S(7, g), an application of the
dominated convergence theorem will confirm that R, is continuous.

As S(m, g) is convex and 7-compact (Lemma 5.2), by Sion’s minmax theorem (see
Mertens et al. [2015, Theorem 1.1.1]), it holds that

sup WE(X|v) = sup inf R(v,m)= inf sup R(v,m)
ves(mg) ves(mg) MR mER yeS(m,g)

— inf {m—i— sup E”[h(X—m)]}

meR veS(m,g)

— inf {m+/@Ew[h(x—m)]go7r(d9)}.

meR
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Therefore, the proof is complete. O]

Proof of Proposition 5.6. Let X € X, we have

lim sup v(X >z)= lim sup /,ug(X > x)&(d0)
Q)

T veS(m,g) L0 ceR(m,g)

= lim [ pp(X > x)gomn(dh)
o

T—00
1

=lim [ g(7({0 € © [ pe(X >z) > y}))dy.

T—r00 0

Since lim, oo g(7({0 € O | po(X > x) > y})) = 0 for all y € [0,1], by the dominated
convergence theorem, we have that

lim sup v(X >zx)=0.

T=00 yeS(m,g)

Find zp € R such that sup,cg(r g V(X > 20) < 1 — . Therefore, v(X > 2) < 1 —« for
all v € S(m, g), and VaR,(X|v) < z for all v € S(m,g). Thus, sup,cg(rq) VaRa(X|v) is
finite.

Define

ves(m,g)

ro = sup VaR,(X|v) and yy = inf {x eR| sup v(X >z)<1-— oc} .
veS(m,g)

Let € > 0. By definition, we have that

sup v(X >yo+e) <1—a.
veS(m,g)

Therefore, VaR,(X|v) < yo+ € for all v € S(7, g), zo < yo + €. Since € > 0 was arbitrary,
To < Yo-

Let € > 0. By definition, we have that
V(X >z04+¢€) <1—a, vedS8(myg).

Therefore, sup,es(r g ¥(X > 20 +€) <1 —a, and yg < 7 + €. Since € > 0 was arbitrary,
Yo < Zo-

204



Observing that

sup v(X >z)= sup /ug(X > x)é(df) = / po(X > x)gom(dd), = eR.
veS(m,g) EeR(m,g) JO C)

completes the proof. O

5.11 Proofs and additional results accompanying Sec-
tion 5.5

Proof of Proposition 5.7. Fix X € C. Let (fin)nen € A such that p, = p, and f : R - R
be continuous and bounded. We have that

fim [ () = Jim B (700] = BOO] = [ o)

n—o0

Therefore, tx(pn) = tx (1), and tx is continuous.

Define the set W = {X € X | 1x is ¥/Ep-measurable}. By the previous observation,

C CW. It is clear that W is closed under sequences that converge pointwise. Therefore,
by Kechris [2012, Theorem 11.6], X C W, and X = W. O

Proof of Proposition 5.8. It is clear that A € {(m) if and only if there exists c4 € [0, 1]
such that v(A) = ¢ m(v)-a.s. Therefore, it is straightforward to see that L(7) is a A-system.

Let X € €(m). Then, (tx)4m = dgr and
v(X7H(B)) = Xpv(B) = [ix(v)|(B) = Q%(B) n(v)-as., B€B(R).

Therefore, X *(B) € U(x) for all B € B(R).

Conversely, assume that X € L'(w) satisfies X~ 1(B) € U(r) for all B € B(R). Given
q € Q, let A, € ¥ satisfy 7(A,) =1 and, for all v € Ay, v(X < q) =c¢;. Let A=) oA
We have m(A) =1 and, for all v € A and ¢ € Q, v(X < q) = ¢,. Find the unique () € D,
such that Q((—o0,q]) = ¢, for all ¢ € Q. Therefore, for all v € A, Xuv = @. Thus,

(Lx)#ﬂ' = 5@ and X € Q:(ﬂ') ]

Proof of Proposition 5.9. Let X € €(m), we claim that X,pu = Q% for all 4 € S(7,g). Let
1€ S(m,g) and € € R(m, g) such that e = p. We know that 7(¢15' ({Q%}) = 1 and

(1 ({QFN)Y) < g (v ((i5 {QENH))) =0.
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Therefore, (1x)4§ = dgr and

Xpn(B) = [ x(B)e@) = [ Q)55 (1Q) = Qx(B). B € BR).
D
Therefore, Xypu = Q% and, since u € S(m, g) was arbitrary, the proof is complete. O

Proof of Proposition 5.10. We claim that {Xsv :v € S(m,g)} C{Ysv:v € S(m g)}. Let
p € S(m,g), and £ € R(m,g) such that p = pe. Since, 7 is atomless, and (D, Xp) is a
Polish measurable space, by Kallenberg [1997, Corollary 5.11], there exists T : A — A
that is X /Y-measurable such that Tym = 7 and tx = ty o T m-a.s. Define £ = Tx&, we
have

E(A) = (T Y(A)) < g(n(TH(A))) = g(x(A), Aec¥.
Therefore, ¢ € R(m,g). Given B € B(R), we have

Yiype (B) = /

[ wBg @) - / ix(D)(B)E(dY) = Xype(B) = Xyu(B).

A

Thus, Yape = Xgp. Since pg € S(m, g), we have shown the claim. The other set inclusion
follows from the same argument. O

Proposition 5.11 is a corollary of Lemma 5.2 and Proposition 5.18 (presented below).

Proposition 5.18. Let P C A be 1,-compact and v be a Lebesque continuous statistic.
Then, for all X € &, there exists px € P such that

Y(X|px) = supy(X|v).
vePpP

Proof. Let X € X,. By Proposition 5.15, vy o tx is m-continuous. Since P is m-compact,
by the extreme-value theorem, there exists ux € P such that

Y(X|px) =vouix(ux) =supyoix(v) =supy(X|v).
vePpP veP

Therefore, the proof is complete. O
Proof of Proposition 5.12. Fix X € Cy. For each n € N, let p,, € S(m,, g) be the first-order

model satisfying

max y(X|v) = v(X]u).
veS(mn,9)
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For each n € N, find &, € R(m,, g) satistying pe, = pn.
We claim that &, = dy,. For n € N| since &, € R(m,, g), we have

9 (ma(A)) < &u(A) < g(ma(A)), A€ A,

where g*(z) =1 — g(1 — z) for all z € [0,1]. Let h: © — R be bounded and continuous.
It is clear that hym, = hyd,,. Thus, for Lebesgue-a.e. z € R,

lim m,(h > 2) = lim hym,((z,00)) = hudu, ((2,00)) = (oo n(uo)) (T)-

n—o0 n—oo

By the dominated convergence theorem, for all distortion functions g, we have

lim [ hd(jor,) = lim (/Ooog(wnm > 2))de + /0 (i(mn(h > 2)) — 1)d:c)

n—oo Jg n—00 o

Z/Oooﬁ(]l(—oo,hmo»(x)) dl’+/ (9 (Voo (2)) — 1) dz

') 0
= /O L (oo n(puoy) (2)dx + / (L(—son(uoy) () — 1) dz = h(by).

—00

Since

/ hd(g* om,) < / hdg,, < / hd(g o ),
o o e
we have that lim,,_, f@ hdg¢, = h(6y). Thus, &, = dg,.

We claim that p,, = py,. Let Y € X, we have

lim B (Y] = lim | E“[Y]e,(df) = / B0 (Y15, (46) = Bra[Y],

where we are using the fact that the parametrization is continuous. Therefore, i, = pyg,.

Since X € Cp, Xypin = Xppig,. Since (Xufin)nen has uniformly bounded support and
v is Lebesgue continuous,

I X|v) = lim v(X|pn) = (X |pe,).
nLIEoVeI&if,gﬂ( V) = Tim y(X|pn) = 7(X|pa,)

Therefore, the proof is complete. n

Proposition 5.13 is a corollary of Proposition 5.19 and Proposition 5.20; presented and
proved below. Given p € A, we define A(u) = {v € A | v < p}. Given p € A and
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XY € X, we say X iu Y if Xyp =pq Yep. Given p € A, we say that the decision
functional p : A, — R is p-law invariant if p(X) = p(Y) for all X|Y € A, satisfying
X iu Y. Clearly, if 4 € A is atomless, a decision functional p is p-law invariant if and
only if there exists a statistic v such that p(X) = (X |u) for all X € X),. Given u € A and
v € A(u), define
~ dv 4 dv
T = {eai | £ 4, L.
Given € A and P C A(pu), we say that P is u-law invariant if for all v € P, T (v|u) C P.
Given u € A, we say that XY € A}, are u-comonotonic if there exists A € F with
p(A) =1 such that
(X(w) = X(@)Y(w) —Y(®), wweA.

Proposition 5.19. Let u € A be atomless and P C A(u) be p-law invariant. Then, for
all statistics vy, the decision functional

p(X) =supy(X[v), X €&,

vePpP

1S p-law tnvariant.

Proof. Given X € A}, define
dv .
P(X) = {1/ eP ‘ a1 and X are ,u-comonotomc} :
I

Since P is p-law invariant, T (v|u) C P for all v € P. Additionally, since p is atomless,
given v € P and X € X}, we have that T (v|u) NP(X) # &; see Follmer and Schied [2016,
Lemma A.25]. Let v € P, X € X}, and 7 € T (v|p) N P(X). By the Hardy-Littlewood
inequality, we have that

dv

kD
el i
dp

I/(X>9$):E“ |: )(X):| < E# |:d ]l(x,oo)(X):| :ﬁ(X>$), r € R.
I
Thus, Xyv <gq Xzv and v(X|v) < (X|7). Therefore, we have

p(X) = supy(X|v) =sup sup y(X|7)

veP vEP veT (v|p)
= sup sup v(X|P) = sup y(X|v), X € X
veP veT (v|p)NP(X) veP(X)
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Let X,Y € X, satisfy X iu Y. Let v € P(X) and 7 € T(v|p) NP(Y). Since
<X d”) gu <Y d—Z), we have that

» dp ' d

dv
dp

11(90,00)()()} o {d—”n(x Oo)(Y)] = (Y >12), z€R.

V(X>x):E“[ m

Thus, Xuv =gq Yyv and y(X|v) = y(Y|7). Since v € P(X) was arbitrary,

p(X) = sup y(X[r) < sup y(Y|v)=p(Y).
veP(X) veP(Y)

A similar argument will show that p(Y) < p(X). Therefore, p(X) = p(Y) and p is p-law
invaraint. [l

We say that the decision functional p : A, — R is Lebesgue continuous if for bounded
sequences (X, )nen € A, that converge pointwise to some X € X), we have that
lim p(Xn) = p(X).

Clearly, if 1 € A is atomless, then the decision functional p : A, — R defined by p(X) =
~v(X|p), for some statistic 7, is Lebesgue continuous if and only if «y is Lebesgue continuous.

Proposition 5.20. Let P C A be m,-compact and v be Lebesgue continuous statistic, then
the decision functional
p(X) =supy(X|v), X € X,

veP

15 Lebesgue continuous.

Proof. 1t is well-known that p is Lebesgue continuous if and only if for all pointwise-
increasing or pointwise-decreasing sequences (X, )n,eny C Aj, we have that lim,, . p(X,) =
p(lim,,_,, X,,). Clearly, since v is Lebesgue continuous, the above holds for all pointwise-
increasing sequences. The hard part is showing that it is true for all pointwise-decreasing
sequences. Therefore, let (X, ),eny be a pointwise-decreasing sequence and define X =
lim,,— oo X,

Let ®p1, denote the set of all Lipschitz continuous functions f : R — R that are bounded
by, and have Lipschitz constant less than, 1. It is well-known, see Dudley [2002, Theorem

11.3.3], that
dos : D2 — 0,00) : (Q, P) > sup / F(@)Q(dz) — / F()P(dz)

fedpL

209



is a metric and metrizes 7p. We claim that

lim sup dpr,((X,,)zv, Xpv) = 0.

n—oo vep

Since P is m-compact, by Marinacci and Montrucchio [2004, Lemma 4.1] and Dunford
and Schwartz [1988, Theorem I1V.9.2], there exists 1 € A such that for all € > 0, there
exists ¢ > 0 such that

w(A) <0 = supv(A) <e, AcF.

vepP

Let € > 0, by Egorov’s theorem, we can find A € F and N € N such that u(A) >1—4§
and for all n > N, we have | X, (w) — X (w)| < € for all w € A. Therefore, since pu(A°) < 4,
for all n > N,

sup dBL<<Xn)#V, X#V)

vePpP

<sup sup E"[|f(X,)— f(X)]]
I/GP f6<I>BL

<sup sup E[|f(Xn)— f(X)[1a] +sup sup E"[[f(X,) — f(X)[Lac]
veP fedpy veP fedbpL

<supE"[| X, — X|14] + 2supr(A°) < 3e.
veP vepP

Find a,b € R such that a < X,, < 0 for all n € N. Let Dj,; denote the set of
Borel measures on R with support contained in the interval [a,b]. Clearly, for all n € N,
(Xn)upt € Digy) for all p € A, Additionally, Xyupu € Diy for all 4 € A. By Prokhorov’s
theorem, the set D, is compact under 7p. Since, ’Y|D[a,b} is T7p-continuous (as vy is Lebesgue
continuous), for all € > 0, there exists 0 > 0 such that

dpL(Q, P) <0 = Q) —v(P)| <€ QP €Dy (5.13)
Given € > 0, find § > 0 such that (5.13) holds. Now find N € N such that

sup dBL((Xn)#I/, X#V) )
veP

for all n > N. For each n > N, let p,, € P satisfy sup,cp(X,|v) = 7(X|pn).

Therefore,
p(Xn) — p(X) < v(Xnlpn) — ¥(X]pn) <e.
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Thus lim,, . p(X,,) = p(X), and p is Lebesgue continuous. O
Proof of Proposition 5.14. Given u € A, by Ahmadi-Javid [2012, Theorem 3.3,
KL — w il X/z—e
EX(X|p) ir;(f) (zlog (E* [e 1)), Xeax.

Therefore, it is clear that, for all X € X,, EXF o 1y is concave.

Let X € C,. As EXU is Lebesgue continuous, by Proposition 5.15, EXE o 1y is 7-
continuous. Therefore, —EXY o 1x is proper, convex, and 7-continuous. Therefore, by the
definition >, for all 7,7 € II satisfying @ >, 7, we have

/ ~EF(X )7 (dv) > / —EF(X|v)m(dv).
A A

Since X € C, was arbitrary, by Proposition 5.17, we have
/ —EF(X|v)7(dv) > / ~EX(X|v)r(dv), X € X,
A A

and the proof is complete. n

5.12 Omitted verifications

Verification 5.1. The mapping V¥ x is X-measurable for all X € X.

Proof. If X € X has finite range, by Bertsekas and Shreve [1996, Proposition 7.25], the
mapping ¥ x is 2-measurable.

If X € X is non-negative, find an increasing sequence of simple acts (X, )nen € X that
converges pointwise to X. By the monotone convergence theorem, we have

lim ¢, (p) = lim BY[X,] = E¥[X] = ¢x(p), peA.

n—o0 n—oo

Since 1x,, is X-measurable for all n € N, ¢x is X-measurable.

If X € X is arbitrary, define
A ={peA:E'[X | =00} and Ay ={p e A:E'[X_]=o00}.
Taking A = A; N Ay, we have ¥x = (¢x, — ¢x_)1L4e, which is ¥-measurable. O
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Verification 5.2. If 7,7 € Il satisfy © > m, then for every p € A,
p(X,ﬁ',QO)Z,O(X,TF,QO), XGXIN
where p(-;m,¢) : Xy — R is the decision functional defined in (5.1).

Proof. This follows directly from Corollary 5.1. O]

Verification 5.3. For all X € &), the mapping ES, o tx is X-measurable.

Proof. Since ES,, is Lebesgue continuous, by Proposition 5.16, ES, o tx is >-measurable
for X € A, ]

Verification 5.4. The mapping v — KL(u|v) is X-measurable for all u € A.

Proof. Since (2, F) is a Polish measurable space, by Donsker and Varadhan [1983, Equa-
tion (2.1)], we know that for all u, v € A,

KL(plv) = sup (B*[X] —log (E [¢*])).

XeC,
Given p € A and X € Cy, since the mapping
A = R:v— EFX] —log (B [e*])

is 7-continuous, the mapping v — KL(u|v) is 7-lower semicontinuous. Since 7-lower semi-
continuity implies Y-measurability, we have shown the original claim. O

Verification 5.5. For all X € X, the mapping EXY o 1x is X-measurable.

Proof. Since EEL is Lebesgue continuous, by Proposition 5.16, EXF o 1 is ¥-measurable
for X € A,. m
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Chapter 6

Conclusion and future work

This thesis develops and analyzes new decision models under ambiguity that accom-
modate arbitrary pure-risk projections. Non-EU decision models (e.g., rank-dependent
utility, coherent and convex risk measures, and non-linear premium principles) are useful
in the pure-risk setting and important models in many fields (e.g., mathematical finance,
quantitative risk management, actuarial science, and operations research). However, the
dominant ambiguity models in the literature reduce to EU in the absence of ambiguity,
creating a disconnect between these models and the pure-risk models that practitioners
and regulators already use. This thesis presents new models that close that gap. By allow-
ing the pure-risk projection to be specified freely, the models developed here can be used
without compromising pure-risk evaluation.

Because the decision models developed in this thesis are general, the most natural di-
rection for future work is to study specific instances. In particular, the statistical literature
offers a wealth of tools for specifying the components of the representation functionals in
a way that integrates ambiguity with statistical learning. Such specifications would bring
these models into the applied settings where decision models are ultimately meant to be
used. For example, in the spirit of Chapter 5, one could study act-to-distribution mappings
(as developed in Chapter 4) that take a second-order model as input. This new process
would connect the ATE framework to a Bayesian setting and provide an alternative model
to the one presented in Chapter 5.

Finally, an important avenue for future work is applying these models to concrete
decision problems, such as portfolio allocation, insurance pricing, and risk sharing. As
these models allow for arbitrary pure-risk projections, one can take the pure-risk models
used in different applications and, in some sense, add ambiguity for free. This makes the
models attractive to practitioners seeking to incorporate ambiguity into their work.
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