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Abstract

Pointwise growth estimates for the n-dimensional (» > 2) half space Dirichlet and
Neumann Poisson integrals are given. They are shown to be the best estimates
possible within the class of functions for which the integrals converge. A modified
Poisson kernel can be formed by subtracting M terms from the Fourier expansion (in
Gegenbauer polynomials) of the Poisson kernel. With Dirichlet data, the resulting
modified Poisson integral satisfies u(z) = o(|z[M*'sec™ ! ) (z — oo, z, > 0) where
8 is the angle between z and the normal to the half space z, = 0. Here the data is
f:R™! 5 R and satisfies [y [F(y)|(ly/*™ + 1)"*dy < oo. Thus, a convergent
modified Poisson integral can be defined for any polynomial data. Similar estimates
are obtained for the half space Neumann problem and for A-harmonic functions in
a half space. The modified kernels of Finkelstein and Scheinberg (1975) are used to
write modified Poisson integrals that give a classical solution to the half space Dirichlet
problem for any continuous data. Growth estimates are obtained for these solutions.
When n = 2 the Neumann kernei is logarithmic and different estimates are obtained.
A key feature of all the above solutions is that they can have angular and radial blow-
up as z approaches the boundary at infinity. When [._, [f(¥)|(lyl* + 1)dy < oo for
some p > 0 a similar type of modified kernel is used to give the asymptotic expansion
of the Poisson integral as |z] — oo. Using the Henstock—Kurzweil integral, growth

estimates for conditionally convergent Poisson integrals are also given.

A Phragmén-Lindelof principle that takes into account the above angular blow-
up is proved. This is done by means of barriers on cusped sub-domains of the half
space. This gives an extension of the Phragmén-Lindelof principles of Wolf (1939)
and Yoshida (1981) and leads to a uniqueness theorem. Uniqueness is also proven
directly using a spherical harmonics expansion.
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Chapter 1

Introduction

1.1 Overview

It will first be necessary to introduce some notation. For z in the half space I, =

{z € R"z, > 0} (n > 2} let y € R*! be identified with the projection of z onto
the hyperplane z, = 0, which will be denoted as JIL;.. Let 8 be the angle between
z and ég,, i.e, z, = |z|cosd, |y| = |z|sinfd and 0 < 0 < 7/2 when z € II,. We

n-1

will write z = Eyiéi + Zné, where é; is the i*P unit coordinate vector and é, is
normal to OI1,. ifllnit vectors will be denoted with a caret, z = z/|z| for z # 0. Let
B,(a) be the open ball in R*~! with centre a € R™~! and radius r > 0. It’s surface
element is written d S,._;. When a = 0 we write B,. The volume of the unit n-ball is
wyp = /2 /T'(1+n/2). When integrating over regions in R™"! the integration variable
is written y’ and the angle between y’ and y (for fixed y) is . When n = 2, we take
¢’ = 0 or 7 according as y’ and z, are on the same or opposite side of the origin.

Equivalently, cos 8’ = sgn(x; y’).
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Of central importance will be the boundary value problem

v € C*(ILy) N C°(ILy) (L.1)
Au=0, zell, (1.2)
v=f, zedl, (1.3)

for Laplace’s equation (A = 8%/0z3 + --- + 8%/0z2). Here f is a given continuous
function on R™*. Such a function u is called a classical solution, i.e., u is twice
continuously differentiable in the open half space and continuous in its closure. The

Poisson kernel is

K(ey) = ==y —yf? + 23] ¢ (L9)

n

and defines the Dirichlet Poisson integral
Difie) = [ K(@v) fw)d. (15)
Rt

When the normal derivative of u is specified on the boundary we have the Neumann
problem, i.e., replace (1.3) with

Ju
‘3—3;—‘f, z eIl

and demand that v € C3(Il;) N C*(IL;).

This thesis arose from the following observation. There are various proofs in the
literature that if f is bounded and continnous then the Poisson integral of f is the
unique bounded solution to the half space problem (1.1)—(1.3) (see [7]). However, f
need not be bounded for the Poisson integral to exist. The Poisson integral exists on
I, if

|f ()| dy’
/R"-l —|y'|"—+1— < oo. (1.6)

See [23]. But then D[f] need not be bounded. This leads to the questions

(i) Under (1.6) what is the best estimate for the growth of the Poisson integral?
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(i) What condition will ensure uniqueness for the half space problem and be com-

patible with the Poisson integral?

(iii) What type of solutions does the half space problem admit when (1.6) fails?

In order for (1.1)-(1.3) to have a unique solution, some additional condition on u
is necessary. Otherwise, any harmonic function that vanishes when z, = 0 could be
added to u. For example, v(z) = z,, is harmonic and vanishes on 9Il,. So if uis a
solution of (1.1)—(1.3) then u + cv is as well, for any constant c. And, if f is an entire
function of the complex variable z = 2, 4 iz, with only real coefficients in its power
series, then v(z,,z3) = Im[f(2)] is harmonic in R? and is zero on z; = 0. Witness

f(z) = 2 exp(—22). Then
v(21,2;) = exp(z3 — z3)[(z3 — z}) sin(2z,25) — 22122 cos(2z:12;)]

and Av =0, v(z,,0) =0.

To ensure uniqueness, a growth condition is applied that will rule out examples like
the two functions v in the preceding paragraph, although it need not be so stringent as
to demand that u be bounded. A classical result is that if »(z) = o([z|) as |z| = oo,
i.e., u(z)/|z| = 0, then any solution to (1.1)-(1.3) is unique. See [55]. It is shown in
Proposition 2.2.1 that if f is bounded then D[f] is bounded and if f has compact sup-
port then D[f](z) = O(z.|z|™) (z € L}, |z| =& o), i.e., |z|*D[f](z)/zx is bounded.
However, under (1.6) the best estimate is in general D[f](z) = o(|z| sec™~! §) (Corol-
lary 2.2.1). The order relation is interpreted as u(r)/r — 0 as r — oo where u(r)
is the supremum of |D[f](z)|cos"' 8 over z € I, |z| = r, i.e., uniform in & as
|z] = oo. This growth estimate predicts that [z|~?D[f](z) — 0 uniformly in Z as
|z] = 00 if 0 < 0§ < 6y < ®/2 (z in a closed cone intersecting II, at {0}). But,
|z{"*D[f](z) can be unbounded if § — 7/2 as |z] & oo. It will be proven that the
growth condition is sharp, using the following new definition. A growth condition w
is said to be sharp if given any function ¥ = o(w) and any sequence {z¥} € IL, with
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|z6)] & oo, we can find data f so that the solution corresponding to f is not little oh
of ¥ on this sequence (see Definition 3.3.1 and Theorem 3.3.1 below). Much of the
literature on the half space problem deals with data f that is bounded, of compact
support or in an L? space (see [62]). We will drop these assumptions and be guided
by the integrability condition (1.6).

Uniqueness for the half space problem follows immediately from a Phragmén-
Lindelof Principle, see Corollary 7.3.1. A classical result is that if u is subharmonic
in Iy (Az>0),z<0on 6]1,.andu(z)=o([zl) (z € I, |z] = o©) then u < 0
in II;. In Chapter 7 we will prove a more general version of this Phragmén-Lindel6f
Principle that is compatible with the growth condition D[f](z) = o(|z|" ! sec™* §).
This will give a uniqueness theorem for (1.1)-(1.3) under a growth condition that
allows u to be the Poisson integral of any function for which (1.6) holds.

Another uniqueness theorem, also in accord with u(z) = o(|z|* ' sec” 1 4), is
proven in Chapter 6 by expanding a harmonic function in spherical harmonics.
The Poisson kernel has the expansion

K(z,y') = f::‘ > IJ,T,LﬂC,',‘,/z(sinacos é) (1.7)
m=0

where Cq/? is a Gegenbauer polynomial. The series converges for |y’| > |z|. Each
term in the series is a harmonic function of z. If (1.6) fails but fp._. [f(v)|(lv'M*"+
1)~! dy’ converges for a positive integer M then the Poisson integral can be modified
by subtracting the first M terms in (1.7) from K(z,y’). The new kernel, Kx(z,y’),
will be of order |y'|~(¥+") as |y’| = oo and can be used to define a solution to (1.1)-
(1.3) when f satisfies the weaker integral condition above. This new Poisson integral
has growth of|z|M*!sec™ ! 4). This is proven sharp in Theorem 3.3.1. The proof
is complicated because Kjs is no longer positive like K was. It is thus difficult to
obtain a lower bound on the modified Poisson integral. A crucial tool in the proof is

an integral representation of the modified kernel, see Lemma 3.3.1. A type of Riesz
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kernel,
=
K(zy) = [y -y +23] (18)

is used to write solutions to both the Dirichlet and Neumann problems. This kernel
is modified as above and estimates are obtained in Theorem 3.3.1.

In Chapter 4, various other results on modified kernels are collected.

The expansion

, 22" R Iim . ,
K(z,y) = m}; lJ:[’,,Lm(J,",,/’(sm&cos49) (1.9)

(valid for |z| > [y]) is used to define a modified kernel that gives asymptotic expan-
sions of D[f] as [z| — oo in the case that fp... |f(¥)|(¥'M " +1)dy’ < oo for a
positive integer M.

It is shown that if f >0 and [5., F(¥')(Jy'|* + 1)~ dy’ = +oo then there are no
positive solutions to (1.1)-(1.3). Note that the modified kernels that can be used to
solve (1.1)—(1.3) are not positive.

Modified Neumann integrals are represented as integrals over modified Dirichlet
integrals. A relation of this type is of particular importance in determining the growth

in the n = 2 Neumann case.

M. Finkelstein and S. Scheinberg have shown in [22] that for the modified Poisson
kernel with M terms removed, if M is allowed to be a function of the integration
variable y’ then for any continuous function f it is possible to construct a modified
Poisson integral for which [;._, Kary)(2,¥') f(v') dy’ is a classical solution of (1.1)-
(1.3). If M(y’) is a given function taking values in the natural numbers then this
defines an integral condition that determines a class of functions for which the mod-
ified Poisson integral with M(y’) is convergent. We establish a growth condition for
such solutions. And, if f is a given function, we give an algorithm for choosing M so
that the modified Poisson integral of f converges. See §4.3.
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When n = 2, a solution of the half plane Neumann problem is

we) =5 [ FE)log (€~ 2rcosd+1%) k. (1.10)

f=-c0
Here polar coordinates are used, z; = rcos¢ and z; = rsing, with 0 < ¢ < «.
The function u satisfies Ax = ¢ for z; > 0 and —9u/3z; = f when z; = 0. The
integrability condition is now

[ F(@)|log(€? +2) d¢ < oo.

€=~oo
Under this condition we have the surprising estimate u(z) = o(log(1—| cos ¢|}/log r),
Theorem 5.4.1. This is for an odd function. When f is not odd a term proportional
to log r must be added. In order to obtain this estimate, the Neumann solution is
written as an integral over a Dirichlet solution. Modified kernels are developed in this

case as well.

The Lebesgue integral has powerful advantages over the Riemann integral. It can
integrate unbounded, nowhere continnous functions over unbounded domains. And,
if each f, is a measurable function then so are limsup f, and liminf f, (and lim f, if
this exists). However, Lebesgue integrals must be absolutely convergent. This poses
a problem for the Poisson integral. For example, if » = 2 and f(£) = £ sin € then the
Poisson integral of | f| diverges but the Poisson integral of f exists as a conditionally
convergent improper Riemann integral (and is calculated in §8.2). If f is changed
to zero on the rational numbers then even this last integral fails to converge. These
problems are overcome by using the Henstock-Kurzweil integral (also called gauge or
generalised Riemann integral). This integral reduces to the Lebesgue integral in the
case of absolute convergence but allows conditional convergence. We can then handle
the Dirichlet problem with data for which the Riemann or Lebesgue integral does not
exist. Without absolute convergence, a replacement for the Dominated Convergence

Theorem must be found. This is done for the case at hand. A strengthened version
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of Abel’s test for uniform convergence is stated but not proved. The growth estimate
for the Poisson integral with conditional convergence turns out to be the same as the
estimate for the Lebesgue integral.

It is not clear when the first reference to the half space problem was. Certainly
such potential integrals were known to George Green by the 1820’s, [31]. The jus-
tification for studying such an ancient problem that has been tackled by so many
mathematicians is that, first of all, the half space Laplace equation is not fully under-
stood. We present new growth estimates for solutions given by the Poisson integral,
the modified Poisson integral and conditionally convergent integrals. In addition,
these estimates are proved to be the best possible in a strong sense. Second, this is
an important equation. Understanding Laplace’s equation and other equations with
constant coefficients is a crucial first step in understanding more general elliptic equa-
tions. A typical method in the study of such equations is to “freeze” the coefficients
at a point and study the corresponding constant coeflicient equation at that point.
Thus, for elliptic equations we must have a solid theory of coustant coefficient equa-
tions. As far as nonlinear equations go, consider the remarks of N. V. Krylov at the
1986 International Congress ([43], p.1103),

One can say that a good linear theory breeds a good nonlinear theory in
contradiction with the known claim that “linearity breeds contempt.”

Many of the results here are in the papers [61] and [64] but as these arose from
this thesis no particular reference will be made to them.
1.2 Mathematical preliminaries

All of the integrals appearing here are Lebesgue integrals, except in Chapter 8 where
the Henstock-Kurzweil integral is used. We will distinguish between measurable and
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integrable functions. If E C R™ is a (Lebesgue) measurable set and the function f
maps E to the extended real numbers then f is measurable if the set {z € E | f(z) >
a} is measurable for each a € R. The function f is integrable over E if [ |f| < oo.
And, f is locally integrable if [, |f| < oo for each compact set A C E. Thus, the
function z + z~! is measurable and locally integrable over the interval (0,1) but not
integrable over (0,1). Note that for a function to be integrable, it is required that the
positive and negative parts be separately integrable, i.e., the Lebesgue integral does
not admit conditional convergence.

When integrating functions that depend on a parameter, it will be important
to know when it is valid to interchange limit and integration operations. For the
Lebesgue integral the most useful convergence test is Lebesgue’s Dominated Conver-

gence Theorem.

Dominated Convergence Theorem Suppose {fn} is a sequence of measurable
functions on the measurable set E and g is integrable over E such that |fm(z)| < g(z)
on E. If fu(z) = f(z) almost everywhere on E then

im [ f.= / f (1.11)

m—»0o

E E

See, for example, [58].

For Laplace’s equation (and elliptic differential equations as a whole), the well-
posed problems are the boundary value problems, where some combination of the
function and its normal derivative are specified on the boundary. There are three
basic types of boundary. The theory of elliptic differential equations in bounded
domains is a mature field. For existence proofs within the space of Holder continuous
fanctions, see [27] or [42]. A second type of boundary is that of the exterior problem,
for which the domain has compact complement. Specifying the value of the solution
at infinity gives uniqueness. Integral equation methods can be used to reduce the
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problem to the finite boundary. In the case of Laplace’s equation for n > 3, it is
known that bounded harmonic functions defined in an exterior region have a limit at
infinity. Thus, assigning this limit gives uniqueness and letting the limit value run
through R gives all solutions satisfying the inner boundary condition ([53]). We will be
concerned with the case of an unbounded region whose boundary is also unbounded.

The archetype example is the half space, which we will study exclusively.

The following properties of Laplace’s equation will be important. Most of them
have some sort of analogue in the case of an elliptic equation. General references are
[7] and [27].

Mean value property If u is continuous in a domain 2 C R"™ then u is harmonic if
and only if u satisfies the mean value property,

1

O ]
r(z

udSn.l, (1.12)

for every ball Br(z) properly contained in €.

Schwarz reflection principle Suppose & C R" is symmetric about L. If u is
continuous on  NIL;, % is harmonic on R NII; and u = 0 on QN JIL,, then the odd

extension of u across OI1; is harmonic in Q.

Weak maximum principle Suppose Au > 0 in a bounded domain  and that
u € C¥(IL;) N C°(IL;). Then the maximum of u is achieved on 322,

sup 4 = supu. (1.13)
) an

If % is not assumed to be continuous in I then the conclusion is

supu = limsup u. (1.14)
n z€N, 280

This is also true for elliptic operators. See [27].
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Laplace’s equation admits the fundamental solution

et § 2-1;, > 2
E(z)={ T =", n (1.15)
=loglzl, n=2.

It satisfies AE(z — z’) = §(z — z') when z and z' are in R™ and § is the Dirac
distribution. A Green function can be defined for the half space Dirichlet problem by
taking an odd reflection across 9IL,, G(z,2’) = E(z,z') — E(z,z*), where z" is the
reflection of z across z, = 0. If z = y + z,.é, then z* =y — z,é, where y - é, = 0.
Write 2z’ = y’ + z,é, as above. The Poisson integral is now given by

8G(z, z') ,
D = )——— d 1.16
e = ] e I (1.16)
= 2 [ -yl ]y (117

For the Neumann problem with —3u/8z, = f on JIl,, take G(z,z') = E(z,z') +
E(z,z*) and then
Nifie) = - [ fw)GEY) (L18)

Rn~1
21:”

- / Y —yP+22] " Tray. (119)

(n — 2)nwy,

These formulas can also be derived by taking an (n — 1)-fold Fourier transform in
the variables orthogonal to é,.

Gamma function For the Gamma function we will need Stirling’s approximation

I(z) = \/;?; e*(los==1) [1 +0 G)] as z — co. (1.20)

For fixed a and b, this leads to

%1—_3 _ jab [1 +0 (i)] a8 Z — 0. (1.21)



Chapter 2

The half space Dirichlet problem

2.1 The Poisson integral

The classical half space Dirichlet problem is to find u satisfying

v € C*(I,) N C%(ILy) (2.1)
Au=0, zell, (2.2)
v=f, ze€dl (2.3)

where f is a given continuous function on R™ 1. The Dirichlet Poisson integral is
defined by

Difie) = [ K@) f4) (24)
where the Poisson kernel is
nN_ 2y 2 21~2
K(zy) == [y —yl +2] 72 (2.5)
The integral will exist if
|£(v")| dy’
-/R"--l P+ 1 < oo. (2.6)

11



CHAPTER 2. THE HALF SPACE DIRICHLET PROBLEM 12

Since the kernel satisfies the mean value property for harmonic functions, v = D[f]
will then define a harmonic fanction in II,. If f is continuous then v € C*(IL;) N
C°(IL,) and satisfies (2.3) ([7], Exexcise 16 of Chapter 7 and [23]).

It is a classical result that if © = o(|z|) then any solution to (2.1)—(2.3) is unique
([24]). However, we show below that the Poisson integral behaves as o(|z|sec™! )
when |z] = oo in II; (recall the notation z, = |z|cosf, |y] = sinf). It is thus
desirable to have a uniqueness theorem that allows this behaviour. Such a theorem

will be presented in Chapters 6 and 7.

2.2 Growth estimates

We first present some basic estimates for D[f].

Proposition 2.2.1 (i) If f is bounded and measurable then D[f] is bounded.
(i) If f € L' with compact support then D[f](z) = O(za|2|™) (2 € IL}, |2]| = ).

Proof. (i) It is shown in [7] (p. 128) that D[1](z) = 1. Therefore, if [f(y)| < M then
|D[fl(z)| < M D(1](z) = M. '

(it) Suppose the support of f is contained in Br. Let [z| > 2R. Then
220 |f(v')| dy’
D <
| [f](z)l = nw, /Bn (Iyl_y|2+zi)ﬂ/z

2Zn |f(v') dy'
5

<
T nw, =] = ly')

2Zn / |f(y") dy’
nwn Jgg (2| - R)

Ly T
< —— dy. 8
Skl UL

<

In what follows, we will be primarily concerned with data f satisfying (2.6), or

subsequent convergence conditions, with no assumption on the boundedness or sup-

port of f.
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When u is a solution of {2.2), (2.3), various estimates on the L” norm of u and of
%, (where u.,.(y) = u(z)) are given in [7] and [13]. However, as we are concerned with
pointwise behaviour of u we give the following estimate of [u|. (See {7] for estimates

when u is in a harmonic Hardy space.)

Theorem 2.2.1 Leta>1,0<b<a+n—lora=1,0 < b<n. If f is measurable
such that i [f(¥)P(ly'l® + 1)~ dy’ < co then (2.6) holds and u = D|[f] satisfies
u = of|z|b—"HN)/a gec(r-1)/a ) (z € I, [z] = o0).

Proof: Let 0 < a < n/2 and p, ¢ Holder conjugate exponents (p~* + ¢~ =1, p > 1).
The Poisson kernel, (2.5), may be written

K(z,y) = :—Zzu — sind cos#)—®

1 —sinfcosd
< 2a+1zn(1 + sin a)a
nw, cos?= §

-— 2 - n
x [ (lyl[ lzl) + 2Iyll Izl] [Iyl - ylz + (B:] '(?"’) (2.7)

(| +12) = [ly —yi* +22] 5.

(2.8)
Let |z] > 1. For p > 1, a < n/2, the Holder inequality gives
220-!-1 L1
[ K(z,9) |f()ldy’ < 2 |z[sec*1 0 IF I}, (2.9)
Rn-1 Ny,
where
[f(y')IP dy’
L, = / —_—— 2.10
U= fens W14 2D (210)
[f(y')IPdy’
< 2 2.11
<2 e @1
and

L= [ lw-sP+z] "y (2.12)
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To evalnate I3, introduce spherical coordinates centred on y, i.e., p = |3 — y|. Then

L = [ [p3+z'2‘]-q(¥-°) [ dSn-2dp
om0 aB,

a©
= (n—1wn / [p? + 22793 pn2dp
p=0

(v = Yunaiw-20) [ (g2 yeen-epnigp (213)
p=0

This integral converges whenever n — g(n —2a) <lor2ap <p+n—1.

1
When p =1 (a < n/2), (2.9) holds with I replaced by
sup [[y' _ ylz + 33;] =(3-a) _ z;(a-za).
eRn—1

And, if a = n/2, (2.9) holds with I, = 1.

Now, put ¢ = p, b = 2ap. Hence, (2.6) holds and v = D[f] exists on II,.
Furthermore, by dominated convergence and (2.11), I; — 0 as |z| — co. The theorem
follows by putting (2.11) and (2.13) into (2.9). B

Corollary 2.2.1 If (2.6) holds, then v = D[f](z) = o(|z|sec"! §).

Proof- Leta=1,b=n. &

Despite the crude appearance of the estimate in (2.8), it will be shown in Chapter 3
(Theorem 3.3.1) that for a = 1 this leads to the best estimate possible for v = D[f]
under (2.6).

Remark 2.2.1 (i) Corollary 2.2.1 with n = 2 was obtained by F. Wolf [65] and
D. Siegel [60].
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(i) f e > 1 and f € L* then the Holder inequality shows that (2.6) holds and
[u(z)| < cuallflleza™ . The above constant is given in terms of the beta function,

-1
Cho = ) [(n—l)w,..lB(n-l 2 +%~)] whena>1

Ny 2 2 '2(a-1)
and ¢, 1 = 2/(nwa). It is obtained by evaluating (2.13) in the case a = 0 ([19], 1.5.2).
In (7], Theorem 7.11, an inequality of the same form is derived by a different method.
(iii) The estimate in the above corollary may not hold if we allow principal value
integrals. For example, if f is odd and n = 2 then

Difffenes) = 2 ”f Earea (2.14)
f=—c0
N
= T / G = a(fl))fi = (2.15)
¢=—N
z, ] 1 1
i h.lgos/o o [(5 —z1)* +23 T EFz )P+ -'Bz] % (2.16)
= o F(6) € dt
= T _/ (€ —z1)? + 22)[(€ + 1) + 23] (2.17)

Use polar coordinates ; = rcos¢, 3 = rsing, where r = |z] and 0 < ¢ < 7 for
z € II;. This last integral will exist on ILy if [2, |f(€)I(€*> + 1)7'd€ < oo. Under
this integrability condition, the same method as in the proof of Theorem 2.2.1 gives
D[fl(z) = o(r? cos $csc ¢). Indeed, if f(£) = £ then the residue calculus applied to
(2.17) readily shows that D[f](z1,z2) = z1 # o(r csc ¢).

When f is majorised by a radial function a better estimate of |u| is possible.

Proposition 2.2.2 If |f(y)| < F(lyl) for F such that T F(p)(p* +1)'dp < o
then w(z) = D[f](z) = o(|z|sec¥). =
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Proof- From (2.7) and (2.8) (and the binomial theorem),

’ 27+ . -2 rin rin—2;12y~1
K(z,) < S za(1 ~ sind cos @) (g + Iy 12
We then have o
23z, F(p)dp
Iu(z)l ..<_ ne / pz i Izlz IS:
=0

where

IL=] (1—sind cos#) 7dS, .
B

The integral I3 is singular when § = n/2 (z, = 0). To determine the nature of
the singularity we use the method of spherical means [38] to write

Isy=(n—2)wn- f(l +sin @ cos )~ 7 sin™"3 $dg.
$=0
Using the substitution 1—2¢ = cos ¢, an integral representation of the hypergeometric
function and quadratic and linear transformations ([19], 2.12.1, 2.11.4, 2.9.2) we have

L= 2¢/% wo_o['(2) 2 Fi(a, b; ¢; sin® 6)
* ['(3 — 1) cos?4 ’

wherea=nf4—-1,b=n/4—1/2 and ¢ = n/2 — 1/2. The hypergeometric function,

2 Fy, (with these a, b, c) is bounded above (and below) by positive constants so that

Adlz| [ F(p)dp

=<0 | FrRE
p=0

where A, is a positive constant. As |z| — co we have u(z) = o(|z|secd). &

The radial term in o(|z| sec® ! 8) and o(|z| sec 8) of Proposition 2.2.2 and Corollary
2.2.1 cannot be replaced by any positive function that is little oh of |z|. This will be
proved with the help of the following lemma.

Lemma 2.2.1 Given a function ¢ that is bo_unded and positive on [0, 00) with limit
zero at infinity, there ezists ¥ € C*([0,00)) such that l_Lm ¥(r) =0, ¥ < 0 and
P(r) > ¥(r) forr > 0.
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Proof: Let ¥1(r) = sup ¥(t). Then ¥, is positive, decreasing, bounded and majorises
¥ e i) 2 90)).

Let ¥3(r) = ¥1(|r]) where [r] is the integer part of r. Then 9, is a decreasing
step function with steps only at the positive integers.

We can now find a C* majorant by using a cubic spline. For each n > 1, we
Tequire pa(z) = @az° + b, 2% + oz + d,, to satisfy

Pa(n) =¥2(n~1)  pa(n+1) = t;(n)

pn(n) =0=p,(n+1).

This gives the system

Pan—1) = an®+bn®+cn+d,
Yan) = aa(n+1)*+ba(n+1)> +cu(n+1)+d, |
0 = 3a,n®+2bn+c,

0 = 3an(n+1)%+2b.(n+1) +cpn.

For a solution, we need

3 2

n n 1
3n? 2n 1 0
(n+1)® (r+1)® n+l1 1
n+1)? 2n+1) 1 0

n

Let

A(zy,22,23,24) =
33 2:3 T3

- e

T, T, T4

= (z1 — 22)(21 — 23)(Z1 — T4) (22 — Z3)(Z2 — T4) (23 ~ 24)
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be a Vandermonde determinant. Then, with subscripts on A denoting partial differ-
entiation, Az4(s,s,t,t) = (s —¢)* and A = Az4(n,n,n + 1,n + 1) = 1. Hence, we
can solve for a,, bn, c,, d, uniquely. Since cubic polynomials have at most one point
of inflection we know that p,(t) < 0for n <t < n+ 1. We can now let ¥(r) = pn(r)
forl1<n <r<n+1and ¥(r) = ¢2(r) for 0 < r < 1. Thus, ¥ is the required

majorant. W

Proposition 2.2.3 Let v be a bounded positive function on [0, 00) that tends to zero
at infinity. For any fized 0 < 8y < 7 /2 there i3 a function f satisfying (2.6) such that
D[f}(z) = [zl$(|z]} for all z € TL; with 0 <8 < 6.

Proof: By Lemma 2.2.1 we can assume ¥ € C'([0,00)) and % is decreasing. Let
f(y) = —calyl*¥'(ly]) where ¢, = 2" seclpnw,/((n — 1)wn-1). Then (2.6) reduces

to
[ 0¥ (p)e™ 2 dp [
—/ o < —/¢(p)dp
p=0
= %(0)
< oo.
And,

[ ¥ (@)™ do
D) 2 =g [ dos F.[ G + =D

_2|z[cosfcn(n — L)waa 7 P*Y'(p)p" 2 dp
nwy (p + 2D

v

r=(z]|

v

—Je| [ ¥(p)dp
r=lz|

= [zl$(|=]). @
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Hence, in any closed cone in IL, with 0 < 8 < 6, < 7/2 we can have D[f](z) |z|™*
tend to zero arbitrarily slowly as [z] = oo. However, we cannot have 6y = /2 in

Proposition 2.2.3. For example,

|
9(y) = og(W T2 o(ly) aslyl— oo

but D[g](z) diverges. Since g is continuous, in order for there to be a function f such
that D[f](z) > g(z) for all z in I, we would need f(y) > g(y) for all y € R**. But
then the integral in (2.6) would diverge.

The following example will show that the estimate on the Poisson integral in
the above corollary is sharp in the sense that if we try to use the growth condition
D[f](z) = o(|z|® sec” 8) then this may fail to be true for some f satisfying the inte-
grability condition (2.6) if 8+ <n,v >0, or B+ 7 =n, v <0. Define continuous
data, f, to be zero except on a sequence of balls along the z,-axis,

f1= 7 ly—at), y€ Br(aiéy) CR™
fly)= '

0, otherwise,

where f;, a; and r; are sequences of positive real numbers such that a; = o0, 7; < 1
and the B, (a;:é,) are disjoint. If © = D[f] then (2.6) is equivalent to convergence of

the series

®© £ n-1
YA (2.18)
i=1 i

(/3

We can write u as the superposition of translates of the solution to the normalised

problem

Ai=0, =zell, (2.19)

1-ly|l, z€ B, CR™!
= o ! (2.20)

0; z,=0, z & B,.
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Thus, since ¥ >0,

u(z) = g fid (" "r""") (2.21)
> i (2222). (2.22)

Consider the sequence 2™} = a,é; +rné,. We now show that if B+ < n, v > 0,
or B+7 =mn, v <0, then u(z)|z|® cos”d 4 0 along this sequence. Put a; = €,

fi = €™, r; = i~%. Then the series (2.18) converges and yet

(@) u(z™) 1l fm W(én) (2.23)
[zBH = (a2, +r2,) 5402
_ mT7emi(e,)

= (™ +m)B+/2 224

A0 as m-— oo (2.25)

Taking ¥(y) = m in Proposition 2.2.3 shows that we need 8 > 1. However,
the above example does not rule out a growth condition such as o(|z|sec®~?6). In
the next chapter we will prove that the estimate in o(|z|sec™ ! 8) is indeed the best

possible.



Chapter 3

Modified kernels

3.1 Kernels fbr the half space

For A >0 (A € R) and ¢ € R™! define the kernel
—A
K(\z,y) = [y -yl +22] . (3.1)

The Poisson integrals for the half space problem Au = 0 (z € IL;) with Dirichlet and
Neumann data f: R™! — R on JIl, are, respectively,

D{f](z) = anzn / WK (2,2,y) dy (n>2) (3.2)
Rn-l
and
Nifie) =225 [ FOKERey) ' (0 23). (33
Rn—l

Here a,, = 2/(nw,) and w, = 7#™2/T(1 + n/2) is the volume of the unit n-ball .
When n =2, N has a logarithmic kernel. This case is dealt with in Chapter 5.

The functions defined by (3.2) and (3.3) will be harmonic in I, if

IHy)|dy’

ly'[** +1
Rn-1

< oo (3.4)

21



CHAPTER 3. MODIFIED KERNELS 22

with A = n/2 and (» — 2)/2, respectively ([23], Theorem 6). If f is continuous then
convergence of the appropriate integral in (3.4) is sufficient for (3.2) or (3.3) to be a
classical solution of the respective Dirichlet or Neumann problem on I, (cf. Corollary
3.3.1, 3.3.2). Notice that since I, is unbounded the integral of f over R™~! need not
vanish for N[f] to be a solution of the Neumann problem. If Q is a bounded region
with C? boundary and u is harmonic in £ with normal derivative equal to f on 99
then the Divergence Theorem gives [, f = 0. See, for example, [27]. However, the
Divergence Theorem does not apply to the unbounded region R"-1.
When the integral in (3.4) diverges but
|f ()| dy’

P+
Rn-~-1

< oo (3.9)

for a positive integer M we can use the modified kernel

M-1 | im
Ku(dz,y) = K(A2,y) — E I li':lﬁz;\ m(smg cos §) (3.6)
m=0

(defined for |y'| > 0) where 0 < # < 7 is the angle between y and ¢/, ie., y-y’ =
[v'| |zl sin@cos 8 and Ky = K. If y =0 or y’ = 0 we take 8 = v/2.
In (3.6) the first M terms of the asymptotic expansion of K in inverse powers of

|y’| are removed. The coeficients are in terms of Gegenbauer polynomials, C2, most

of whose properties used herein are derived in [63].

When n = 2, we take 8 = 0 or 7 according as y’ and z, are on the same or
opposite side of the origin. Equivalently, cos§’ = sgn(x;y’). Or, we may write
T, =rcosd, T3 = rsing, where r = [z| and 0 < ¢ < 7 for z € II. And then, using
CL,(cos ¢) = sin[(m + 1)4] csc 4,

KoelL,21,22,€) = [(€ = 22 + 23] Z ) @)

for the modified Dirichlet kernel. This formula follows by taking the imaginary part
of the geometric series Y ..., s™c™ (3,4 € R).
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When A = 1/2, as for n = 3 in the Neumann case, the expansion is in Legendre
polynomials via C,f./ 2(t) = Pn(t).

Let w: R*! — [0, 1] be continuous so that w(y) =0for0 < |y <land w(y) =1
for |y| > 2. Define modified Dirichlet and Neumann integrals

Dulf](z) = anza / f@) K (2z,v) dy (n22) (3.8)
Rn-1

Milfie) = 225 [ fKu (o) & m23. (9)
Rr-1

Then u(z) = Dufwf](z) + D[(1 - w)fl(z) and v(z) = Nar[wfl(z) + N[(1 - w)f](=)
are respective solutions of the classical half space Dirichlet and Neumann problems.
The Dirichlet version of Kps appears in (5], [61] and [67], with inspiration from [22].
The Neumann version is discussed by Gardiner ([25]) and Armitage ([6]). Modified
kernels with radial data are considered in [52]. When n = 2, we write

Dulfilenza) =2 [ £6) Kac(g, 20,22, k. (3.10)
f=-oo

In this chapter we give growth estimates for « and v under (3.5) and prove they
are sharp. This is done in Theorem 3.3.1 by first defining

Fadfie) = [ f6)Kudz,v)df (3.11)
[v'1>1
and proving that
Puulfl(z) = o(jz[¥ sec?* ) as |z] > o0 with z€Il,. (3.12)

The order relation is interpreted as u(r)/r — 0 as r — oo where p(r) is the supremum
of | Fa m[f](z)| cos?* § over z € IL,, |z| = r. A growth condition w is said to be sharp if
given any function ¥ = o(w) and any sequence {z;} € IL, with |z;| & oo, we can find
data f so that the solution corresponding to f is not little ok of ¥ on this sequence
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(see Definition 3.3.1 below). The sharpness proof is complicated by the fact that the
modified kernels are not of one sign. For each z;, regions in R™! are determined
where the kernel is of one sign. Data is then chosen so that the contribution from
integrating where the sign of the kernel is not known is cancelled out and the main
contribution comes from integrating over a neighbourhood of the singularity of the
kernel. This proof makes up a substantial portion of the thesis. Note that condition
(3.5) is necessary and sufficient for Fj p[f](z) to exist as a Lebesgue integral on IL,.
See Proposition 3.4.1 below.

3.2 First type of modified kernel

The expansion (3.6) arises from the generating fanction for Gegenbauer polynomials
([63], 4.7.23)

0

(1-2tz+2%)> =) z2"CA(t), A>0, (3.13)

m=0

where C)\(t) = m'-a'—:-(l -2tz + z’)_’\ . If -1 < ¢t < 1 the series converges
absolutely for |2| < 1 (the left side of (3. 13) is singular at z = t £¢v/1 —12). The

majorisation and derivative formulas

(2 +m-1\ _ T@\+m)
ceiscam= (Pl em gy
ZoA0) = 220X ) (3.15)

are proved in [63] (4.7.3, 7.33.1, 4.7.14). Hence, the series in (3.13) converges if
|z] < 1, uniformly for —1 < ¢ < 1 and the same can be said for all of its derivatives
with respect to z and ¢t. From the definition above and Fai di Bruno’s formula for
the m*® derivative of a composite function ([1], p. 823) it can be seen that C2(2) is
a polynomial in ¢ of degree m. And,

Cit)=1, CMt) =2t (3.16)
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A proof of the following lemma is hinted at in [5], [25] and [67] by reference to
a more general result on axial polynomials in {44] (Theorem 2). However, we give a
simple direct proof.

Lemma 3.2.1 Form =0,1,2,3,... the functions h) L1(z) = zalz|™ Q) (n > 2)
and hf,{)(z) = |z|"'C,(,? =2/ (@) (n > 3) are homogeneous harmonic polynomials of
degree m 4+ 1 and m, respectively, where © = sinfcosf’.

Proof: Using (3.13) we obtain the expansion of the fundamental solution of Laplace’s

equation

e — 2" = Z ;zlif.'ﬁ-, CL-(5-4), »23. (3.17)

If 2’ # 0 this series converges for |z| < |z'| and defines a harmonic function. Each
term is homogeneous in z of degree m and it is clear from (3.16) that the first two
terms are harmonic. Given z, take z’ such that |z'| > |z|. Differentiating termwise
in = gives

Ag—zP"=0= E 2|~ =D A ([zCED/3(2-2")) . (3-18)

m=2

Each term A (lz["‘C,(.'."z)’ 2(:?:-a";')) is homogeneous of degree m — 2, hence, by the
linear independence of homogeneous functions, I::["‘C,(.:' ~3/ *(2-2') is harmonic on
R" for each m > 0. Every harmonic function can be uniquely written as a sum of
homogeneous harmonic polynomials so |z|™ C{* N33z ) is a homogeneous harmonic
polynomial of degree m ([7], 1.26, 1.27).

-A,

Now set z, = 0, then £-2' = y-y'/(|z] |¥']) = sin8 §-§’ = ©. Hence, the Neumann
half space expansion is

oo
n—-2)/2 z -
[Iy —yP+ :!: ~(n-2)/ Z 'llm!lm—Z Cchn 2)/2(9) n>3, (3.19)
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and each term in the series is a homogeneous harmonic polynomial of degree m.

For the Dirichlet expansion differentiate (3.17) with respect to z, use (3.15) and
(3.16), and set z, =0. Then forn >3

zn [lv' —ol* + 23 “"‘”—-Z;':['ﬂ,, " 2(0), (3.20)

each term in the series is a homogeneous harmonic polynomial of degree m + 1.

When n = 2, use C} (cos ¢) sin[(m + 1)¢] csc¢. Then from (3.17) we recover

the trigonometric expansion
- -] m .
z2 ™ sin(me)
— 7 = a7 < 'Elv (3'21)
(6 —=z1)* +23 m2=1 {mtl

where we have written r = |z|, and ¢ = 7 /2 — 8 to conform with the usual polar
coordinates (z, = rcos ¢, z; = rsin ¢). Each r™ sin(m¢) is a homogeneous harmonic

polynomial of degreem. B

Remark 3.2.1 When z,, = 0, 2D and 8pY /8z, vanish. The spherical harmonics
of degree m are the restriction of the homogeneous harmonic polynomials to the unit
sphere. If we write Y;")(z) = hQ)(z) and Y;)(2) = h)(2) then A (z) = |2|"Y.O(2)
and h%)(z) = [z["Y.{"(2). The fanctions |z|~-™+*-2Y,0(2) and |z|-(m+-2Y; M (2)
are harmonic for |z| > 0 (interchange z and z’ in (3.17) and (3.18)).

3.3 A sharp growth estimate

In equation (2.8) of the proof of Theorem 2.2.1, the Poisson kernel was factored to
obtain a growth estimate for u(z) = D[f](z). This will be done again to derive a
growth estimate for F) as. As well, we will prove the estimate is sharp, i.e., the best
possible under (3.5). We will use a lemma and the following definition.

Definition 3.3.1 Let w: Iy — (0,00) then w is a sharp growth condition for Fy a
if
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(i) Faxlfl(z) = o(w(z)) (z € I, |2] = =), for all f satisfying (3.5)

(i5) If : I, — (0,00) and 9(z) = o(w(z)) then for any sequence {z} in I such
that |2)] = oo as i — oo there ezists a continuous function f satisfying (3.5)
with im F; p{f](2)/9(=9) # 0.

Note that it is essential that the limit condition on F) x[f]/¥ be checked on all paths
to infinity. For example, wy(z) = |z| and w;(z) = [z|secd agree on all radial paths
but allow very different behaviour on paths approaching JIL, .

Let

8.(0,() = MC(8) + (2A + M —1)Cl_,(8)¢ and © =sinfcos¥b".
(3.22)

Lemma 3.3.1 For M > 1, the modified kernel has the integral representation
l=l/1/1
Ku(X z,y') = K(A z,y) / (1 —20¢ + ¢3)*18_(0,¢) (M1 L.
=0 (3.23)

Proof. The Gegenbauer polynomials satisfy the recurrence relation

(m +2) Coya(2) = 2(A + m + 1)t Cpn i () + (2A +m) C(t) = 0.
(3.24)

Let Syr—1(z) = 1M1 zmCA(¢t). Following the method in [63] used to derive (3.13),
multiply (3.24) by z™*! and sum fromm =0tom =M - 1:

M+1 M M
0 = ) mzmTICA(t) —2Mt ) ZmCAt) — 2tz Y mz"ICa(t)
m=2 m=1 m=1
M-1 M-1
+2)z Z ZmCA(t) + 22 E mz™"1CA(t)

m=0 m=1

= (1-2tz+2%) Syy_1(2) = 2A(t ~ 2)Sn-1(2) + MzM71Cxe(2)
-+ M -1)Mcy, (1), (3.25)
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using (3.24), C)(t) = 1 and C}(t) = 2A¢t. Solving the above differential equation with
the initial condition Sps_;1(0) = 1, we obtain

Su-(z) = (1-2%z+25) { f (1-26¢+ ) [N+ M -1)¢MCYy_ (1)
¢=0

~M(H-1G4(0] & +1}. (3.26)

Letting z = |2|/|y’| and £ =sin 6 cos ¢, (3.22) gives (3.23). @

When A is an integer the integrand in (3.23) is a polynomial and the integral can
be evaluated (without integrating by parts M times!) to a polynomial in |z|/|y’|.
This polynomial is of degree 2\ + M — 1 with no terms of degree less than M. The
coefficients are functions of ©. And, when n = 2 and A = 1, (3.23) is the modified
Dirichlet kernel and is written

(M sin [(M + 1)¢] — (M + 1) sin(M¢)¢) (M1 d¢
Du(r.4:8) = £ —2r cos¢ +r2 / sin ¢

_ sin[(M +1)g] (r/e) — sin(M¢) (/)" (3.27)
- (62 —2frcosp +r?)sing ’
_ M (Esin [(M +1)g] ~ rsin(M9))

G (e —rcosg+17)sing

(3.28)

This appears in [60].

Use of (3.23) allows us to prove

Theorem 3.3.1 Let A > 0 and f be measurable so that (3.5) holds for integer M > 0.
Then Fum(f](z) = o (|z|™ sec®* 8) (z € IT*, |z| = oo) and the order relation is sharp

in the above sense.

The proof is based on the idea of using “spikey” data as in the example at the
end of the previous chapter. Now, however, things are more complicated since the

modified kernel is not of one sign as was the original Poisson kernel. Regions must
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be found where the modified kernel is of one sign. The proof is quite long but has
been broken down into digestible pieces as detailed below. Of crucial importance is
the integral form of the modified kernel, given in Lemma 3.3.1.

Step I It is shown that F m[f] = o(|z|™ sec** #) for any measurable function f sat-
isfying the integrability condition (3.5). In (3.23), the original kernel K is estimated
as was done in Theorem 2.2.1 (a = n/2). The function $(8, {) has a simple zero pre-
cisely where 1 —20( +(? vanishes, at © = { = 1. So the ratio §(8,()//1 — 20 + (2
is bounded and the integrand in (3.23) is continuous for A > 1/2 and unbounded but
integrable when 0 < A < 1/2. In either case, elementary approximations lead to an
upper bound for |Kjs| on which the Dominated Convergence Theorem can be used

to prove (3.12).

Step II The order estimate o(|z|™ sec?* §) is now proven to be sharp, first for given
sequences which have a subsequence () = a;é; + b;é, that stays bounded away from
the é; axis of JIL; by an angle 6y (0 < 6y < 7/2). On such a sequence the growth
condition reduces to o(|z|¥). A region @, C R™! is found on which #_ and hence
K are of one sign. Due to the parity of C) about zero (C) is even if m is even and
odd if m is odd) it follows that $_(6,() will be of one sign if |®[ is small enough.
Since © = sin @ cos ¢, this is accomplished by restricting ¢’ to lie near /2. And,
2, is taken as the region between two cones, both of which have an opening angle
of nearly 7/2 from the ¢, axis. For y’ € Q,, the combination (—1)//21&_(8,() is
strictly positive when ( > 0. (When z € R, the ceilingof z, [z],iszif z € Z
and is the next largest integer if z ¢ Z.) A lower bound on (—1)M/21Ky, is now
obtained, equation (3.43). Data is then chosen that has support in 2; and is large
on a sequence of unit half balls along the é; axis. (This is an axis orthogonal to é,.
Something slightly different is done when n = 2.) Sharpness of the growth estimate
for this special type of sequence now follows from an argument similar to that in the
example at the end of Chapter 2.
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Step III Now considered are sequences with a subsequence £(¥) = a;é; + b;é,, that
approaches the boundary at the é; axis. Again, a region is found where ®_ is of one
sign. On the sequence, we have sin § — 1 so taking 6’ near 0 makes © nearly equal to
1. In this case then, the kernel K(),z,y’) will be singular for |y’| = [z] and © — 1.
Hence, in (3.6) it will dominate the Gegenbauer terms subtracted from it. A region
Q; C R™1is defined to be the portion of a cone with |y’| > 1 and axis along é;.
This region is shown in Figure 3.1, drawn for n = 3 (so that y and y’ are in R?).
The opening angle ¢’ is taken small enough so that when y; > 0 and [y’| is near |z|,
|z]/A < |¢'| < A|z]| for a constant A > 1, we have K) > 0, i.e., near the singularity
of K. The modified kernel is also positive for large values of || in Q; but changes
sign when y; > 0 and 1 < [¢y']| < |z|/A (the region @ in Figure 3.1). And, due to
the parity of C2, the modified kernel is one sign when y’' € Q; with y} < 0. Data is
chosen to have support within {; on a sequence of balls along the &, axis. When y;
is positive, f(y’) is positive and when y; is negative, f K is positive. Contributions
to flv’l->l f(y)Kpm(A, z,y') dy’ are now known to be positive except when integrating
over 5. But f is chosen so that if the reflection of y’ across the y; = 0 hyperplane
is denoted y*, then if ¥y} > 0 we have f(y*) = (~1)MAsf(y'), where Ay > lis a
constant. The data is given a “super odd” or “super even” extemsion from y; > 0 to
yi < 0, according as M is even or odd. This allows the contribution from integrating
over )., where fK)s is not of one sign, to be balanced out by the contribution
from integrating over the reflection of Q. to y; < 0, where fKjs is positive. The
contribution to -ﬁu’l>1 f(W')Ku(A, z,9') dy’ from integrating near the singularity of
Ky, ie., over §3, produces a lower bound for F, a[f] from which it follows that
Fu[fl(z9)/9(z®) 4 0, where ¥ and z() are given in the theorem. Note that all
the  regions defined here depend on |z|.

Step IV The special case of sequences ¥ = a;é, + b;é,, considered in II and I1I is
shown to be applicable to general sequences in II,. Since 9B, is compact, for any

sequence r;#; in II,, the sequence {#;} has a limit point #o € B,. This direction is
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then rotated to correspond to y;.

Proof Wiite s = |z|/]y’|. Throughout the proof di, ds, ... ,d will be positive con-
stants (depending on A and M).
Step I First suppose M > 1.

In [63] (4.7.27) for M > 2 we have
MCY(t) = A+ M = 1)tCl_,(t) — 22 (1 — t*) C3FL (1) (3.29)

With reference to (3.22) and (3.14) we can write

18-(8,0) _ [(2A + M —1)(8 — )C3_,(8) — 2)\(1 — ©%)C3,(9)]
J1-20C+C V@ -CF+(-09 a0
<@A+M-1) (2’\;1'_‘1‘ 2) +22 2*;‘_‘ . 1)
=2\ 21;\4,-';314) (3.31)

for M > 2. If we define C*_, =0 for m = 1,2,3,... and use the fact that C3(0) =1
and C(©) = 2)O then (3.29) and (3.31) still hold when M = 1. Hence, (3.23) and

(3.31) give

|Kn (A, 2,9)| < dy K(A, 2,y) s / (1-26¢ + %3 (. (3.32)

¢=0

For M >0 and A > ; the integrand in (3.32) is continuous and |8] < 150 (1-26(¢ +
¢?) < (1 + s)2. Therefore,

|Kae(h2,8)| < dh KA, 2,5') o™ (1+ )1, (3.33)
The estimate

IK(A z,¥)| < 2% sec?* 0 (|z| + |v'])~ (3.34)
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is in (2.8) of the proof of Theorem 2.2.1. Hence,

|Kae(A,2,9')| < dy 8™ sec™ 8 [y/| "} (1 +5)7". (339)
< dy sM sec® Oy’ (3.36)

Multiply (3.35) by |f(v’)| and integrate 3y’ € R™%, |y/| > 1. Letting |z — oo, the
Dominated Convergence Theorem gives (3.12)

When 0 < A < 7 the integrand in (3.32) can be singular. In this case

[ (1-20¢ + (?Y-bde < / L= ¢t
¢=0

{=0

1 j1-(1-5)%, 0<s<1

2 1+(s—=1)%**, s2>1
< G—) min(s, s**). (3.37)
And,
|Kne(A, 2,¥)| < ds s™ sec™ 0 (Jz] + [y])~ (3.38)

50 (3.12) holds for 0 < A < } as well.

Step II We now prove sharpness. Given any sequence {z¥} in II, with [z?)] — oo
and any fanction ¥(z) = o (|z| sec** ) we find a continuous function f satisfying
(3.5) for which lim By m[f1(z®) /9(z®) # 0.

Note that (3.23) may be written

1
Ku(X2,y) = K(\ z,y) ¥ / (1—20s( +s°¢*)*1 2_(©, () (M d(.
<=0 (3.39)

Suppose first that {z(} has a subsequence £() = a;é, + bié,, ¢ > 1, where b; > 0
and 0 < a; < b;tané, for some 0 < 6y < 7/2. Then 0 < sinf = a;/y/a? + b <
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sinfy < 1. Since ¥(z) = of|z[™sec** ) and 1 < secd = {/a? + b2 /b; < secbp < oo
we also have ¥(z) = o(|z]M). We may assume that Z() have been chosen so that
$(E9) < OP4/2, i 1. |
Now find a region Q; C R*! in which &_(©, s{) is of one sign. Consider n > 3
and M > 1. Let $; be the smallest positive root of {C"\ ,Cj‘,_i}. And, CA(®)is a
polynomial in © of degree m with m simple zeroes in (—1,1). M =1, take 5, = 1.
So 0 < B, < 1. Now, C2 is even or odd about the origin according as m is even or odd
([63], 4.7.4) and (—1)"C32,(0) > 0 ([20], 10.9.19). Therefore, for any 0 < 8 < x/2,
Cis(sin 8 cos8') and C3y_, (sin 8 cos §) are each of one sign for arccos(f)) < & < 7/2
or 7/2 < ¢ < ® — arccos(f;). Write M = 2u + o where & is 0 or 1. From (3.15) we
see that if 0 <t < f3; then sgn(C3,,,(t)) = sgn(C;‘:"(t)) =(-1)and if -8B <t<0
then sgn(Cl1(t)) = —sgn(CAH(H)) = (~1#*1. Let
Qg = {y' € R"‘ll arccos($/2) < &' < arccos(f1/3) if M is even
and  arccos(By/3) < & < m — arccos(B;/2) if M is odd}. (3.40)

Then, since Cjy and Cj,_, have no common roots, there exists a positive constant d,
such that
(1) @_(8,s() > d, (3.41)
whenever 0 < 0 < 7n/2,y" € Q(y), 0 < (<1, s > 0. In (3.40), ¢ is restricted to
lie in a smaller region than arccosf; < &' < n/2 so that (—1)#**°&_ will be strictly
positive for y' € ;.
From (3.39) we will need the estimate,

(1-20s( + 2P > { (1+s)0-D, 0<A<1
((s¢ —sin 6p)® + cos®6p)*~t, A>1
> (14 )% cos?*-1lg,. (3.42)
These give
ds K(\, z,y') sM

(1) Kpn(r, z,9) 2 ) (3.43)

(1+s)?



CHAPTER 3. MODIFIED KERNELS 34

yvhenevet y € Q.
If M = 0 then (3.42) and (3.43) hold and we can take 2; = R""L.
Let
(e L - by — cidal] il o € Baleséa), (—1)5 2 0

0, otherwise, (3.44)

fy')=

where ¢; := |£#)] = {/a? + b? and the constants f; are defined in (3.46) below. Then
f: R™! 5 R, has support in a sequence of half balls along the é; axis and is
continuous. The factor [1 — |y’ — c;éz[][y;| makes f vanish on the perimeter of the i*®
half ball. Without loss of generality we may assume c; — co monotonically so that
the B;(c:é;) are disjoint, supp(f) C @, and ¢; > 2 (otherwise, take an appropriate

subsequence of {£%}).
Now, for any 3 > 1,
FadfiGN) 2 [ f6)Ku(0,3, ) dy'
Bi(c;é3)
When y' € By(c;é;) we have s = || /|y’| < ¢j/(c; —1) < 2 and
s> cif(e; +1) > 2/3. And,
-a
K(\,59,9) > [(y/] + ;) + 8]
-
> [(er+1+a5 +5]
> (7)™
Thus, using (3.43),

FradfiE) > 2555 f (1 1v'D v}y

=d*! ,-lz""l"*- (3.45)
Let

fi = dpp(29) |22, (3.46)
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Then f;/c}+** < (dri?)~! and f:ﬁc;(“*’” < oo 50 (3.5) holds. And, on {9} we
have Fau[fI(2) > $(59) for each j > 1 50 lim sup Fy,a(f](z0/4(z)) 2 1 and
Lim Fa af[f](z9)/9(=®) # 0.

When n = 2, write z; = rcos¢, z; = rsiné. Then in place of (3.23) we have
Fyulfl(z) = [2,F(§) Kae(A, 2, ) dE where

Ku(\z,8) = K(\, 2,€) (%)M /1 (1-2 ¢+"C2)A—1 ( s, ) M-1 de.
¢=0

If0<8<6,<m/2then 0 < ¢p < ¢ <™ — ¢o <« where ¢y = 7/2 — 5.

Let t;, 1 <i < ¢, be the roots of Cjocos and Cjy_, ocos in [¢o, 7 — ], ordered by
size. We then have the partition ¢y =ty < t; <tz <=~ =<1y <tz L ty41 =7 — o.
In each interval [t;,£;41], 0 <i < g, Cay 0 cos and Cjy_, © cos are each of one sign. If
do is a root, we omit the singleton {¢,}, similarly with = — ¢,.

For any sequence ¢; € [¢o, ™ — ], & > 1, there is a subsequence {#:} in one of the
above intervals [t;,¢j41]. If Ciy(cos i) and Cjy_,(cos &;) are of the same sign, take
Q = {€ € R|f{ < 0} and Q; = {£ € R[§ > 0} if they are of opposite sign. Then
(1) &_(cos g, rC/€) > 0fori > 1, £ € Ny, where (—1)# = sgn(Cly(cos &) (o =0
or 1). Since C3; and C},_, have no common zeroes there is a subsequence {4} of {¢:}
such that either C{,(cos ¢;) or Cir_,(cos ¢;) is bounded away from zero for all i > 1.
Hence, there is a positive constant ds such that (—1)*®_(cos &, 7l /€) > d's(i'.-c /€1
for i > 1. Here ) = #; cos ¢; é;+F; sin §; € is a sub-subsequence of the given sequence
{z®} and g, is 0 or 1. We now proceed in a similar manner to the case n > 3 given

above.

Step III In the previous argument 0 < 8y < 7/2 was arbitrary so now suppose that
given the sequence {z()} there is a subsequence ¥ = a;é; + b;é, such that sin 6y <
sinf = a;/4/a? + b < 1. Since 0 < b; < a; cot 6y we may assume 0 < b; < a;/2 and

that a; — co monotonically.
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Find a region Q; C R™! on which Ku is of one sign. Let M > 1 and let
z = 2181 + Tpé, € {£0}. Let
1os<a o<t (3.47)
A A
and take 1 < A < 2 close enough to 1 so that Kar(\,z,¥’), Ci(©) and Ciy_,(O)

are positive. From (3.1) and (3.6), Ka(A, z,¢) > lv/|* [(1 2472 4 A%)A - 7;3,],
M-1 -1/a

where A = (22"‘0,‘},(1)) (0 < M < o). Note that A > 1 implies
m=0

1-2A-2+A% > 0. Now, Ky > 0if A*+(1—7\ a)A%2—2 < 0. Let 7o > 1 be the largest
root of this quartic. Let 32 be the largest zero of C;}i"a"\). Then cos(x/(M + 1)) <
B2 < cos(n/(2M)) ([63], 6.21.7). Hence, if 1 < A < min(2, ro,sec(n/(2M)) and s and
O are as in (3.47) then Kar(A, z,y') > 0, C3(©) > 0 and C3,_,(©) > 0 ([63], 6.21.3).

To satisfy © > 1/A (3.47) we will restrict z and g’ so that sin > 1/v4 and
cos¢’ > 1/v/A. First, take 6o = arcsin (\/Z/‘(m) then sind > sinfy =
\/A/(T——l) > 1/v/A. And, since y = z,é;, we have cosé’' = (y-y')/(ly|ly')) =
é1-y' |y|™ for y' #0. Let

2(9) = {v eR™ly|> 1, 1/VA < cos# < 1}, (3.48)
a portion of a cone with axis along é;. If y’ € Q3 then cos 4’ > 1/ VA. I n =2, take
Q2 = {€ € R|¢ > 1}. See Figure 3.1.
Define f: R™! — R by
£ ( - sl_fly' - a,-éll) » Y € By,(aié;) forsome i2>1

f@) =1 (~)Af (1~ &Y +aiél) v’ € Bu(—aiéy) forsome 21
(3.49)

0, otherwise,
.

where A, > 1 is given in (3.51) and f; in (3.57). By taking an appropriate subse-
quence of {#()} we may assume the balls By, (a;€,) are disjoint (az+; > 3a; suffices).
The condition sinf; = /A/(2A — 1) ensures that each By,(a;é1) C Q2. Then f is
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Figure 3.1: The regions £, {25 and Q%

continuous, has support on a sequence of balls along the €, axis and is non-negative
for y; > 0.

With y’ € Q; such that y; > 0 and z as above (preceding (3.47)), A™1 < © =
sinfcosd < 1. So CY(O), Ca_1(©) > 0. As a function of s, with fixed © as in
(3.47), the integral in (3.23) is zero when s = 0, is an increasing function of s for
0 < s < MC3(©)/[(2A+ M -1)C},_,(©)] (where it has a maximum) and decreases for
larger values of s. And, we know from the analysis following (3.47) that this integral
is positive at s = A. Hence, Ky (A, z,y') > 0for 0 <s < A (with ¢’ € Q,, ] > 0).

Iy € Q; and y] < 0 then ©® < 0. Since CA(—t) = (—1)™CA(t) we have
$_(0,¢) = (—-1)¥®.(|6|,¢) and sgn(Knm(},x,y)) = (=1)%. From (3.49),
f(y’)KM('\s z, y,) 2 0.
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Define
Q:={y' €ly; 20, s> A} (3.50)

See Figure 3.1. If z € {2} then f(y')Kn (), z,y’) > 0 for y’ € Q; except possibly for

y € Q. By taking A, large enough we can ensure / fW)Ku(A z,9')dy’ > 0.
a,un.
Indeed, let y* be the reflection of y’ in the hyperplane y>{ =<0 and 6" the angle between

y* and y. Then y* € Q. if and only if ¢’ € Q2.
If A > 1 and y* € Q¢ then, as in (3.22), O* := sinfcos0* = —O. Then, using
(3.23) and (3.49),

- 1 M-1
£V Kelh 2,3) = Anf @) [ + 20 e+ o] ™ [ S
¢=0

> @)1+ 47 / (1+)124(0,0) ¢M dC.

¢=0
And,

-2 f M~1
F)Eu(M 2,y) = f(y) [ly'l2 - 20}y [=] + |”|z] ' (f._((zé)(() i gz)ic»\
¢=0

> —f(y)l=z"(1 - A7) / 1+ 1 8.(0,0) ¢ dC.
¢=0

Therefore,

[ F) KAz, ) dy 20 € Ax> (A+1)P(A-1)2.
Nculls

KFO0< A<1and y* € Q; then

Fly ) Enu(A z,9%) 2 Ax F(¥') (I2] + [y') 7> (1 + 8)2 / 8,(0,0)¢M 1 d¢

{=0
M—-1)Cy_,(9)
4M +1) ’

> Arf(y') |22 (1 + A1) 72 sMH2x-1 (2X +
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If 0 < A < 1/2 then, using (3.31) and (3.37),

+2A-1
F K 2.) 2 @)l - w2 (T Y ) S

And, if1/2< A <1,
M
£V K, 2.) 2 ~F el - WD 2 (3, ) L)t

Hence, for 0 <A <1,

£ Kaelh2,9) 2 ~2VEF ol (1 — 47 P s (20,

And, / F)Kn(Az, ') dyf > 0 if

Qcufls

A*)

8VZ(M+1) (22 + M\ [A+1\P] -1
T2+M-1 M—-1) ) L_;mggcu.l(t)] :

A-1

Hence, for A > 0, z € {9}, if we take
A+1\* 8v2 (M +1) 2A+M) . -
Az A—-l) max(l’ At M—1\M—1) [«FE, Cua)

then P plf}(z) > [ F@)Kne (A, 2, y') dy’, where
QU

(3.51)

QB={y ey >0, A" <s< A} (3.52)
See Figure 3.1. Note that if z = a;€, + b;é,, then By (a;é1) C Qs if a; — |z[/A > b; and
Alz| — a; 2> b;. Since a; = |z|sin8, b; = |z[cosd and 8y < 8§ < 7/2, these conditions
are satisfied if i[r — arcsin(1 — A~2)] < 6, < /2, i.e., by taking 8, close enough to
/2.
From (3.23),

1
Ku(hz,y) = K z,9) f (1 —20s¢ + 5°C)* &_(0, 5¢) (M- d(,
(=0 (3.53)
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which is strictly positive on Qs ((3.47) and following). And, K(\,z,y’) is positive
but singular at s = © = 1. Using (3.14), the integral (3.53) above reduces to

PRA+M) [ s
—P(2A)P(M)c=o(l-4)” CM-1dc >0

at s = © = 1. The integral in (3.53) is a strictly positive continuous function of s
and © when the conditions in (3.47) are satisfied. Hence, it must be bounded below
by a positive constant, say ds, i.e.,

Ku(M\z,y) > ds K(\, z,y)s™ for y' €Qs, sind > sin bo. (3.54)
If M = 0 we can dispense with the sets 2,, (s, . and Q. In (3.49), Ax =1 and
f is extended as an even function. Then (3.54) holds for z € II with ds = 1.
For M > 0 each element of the sequence () = a;é; + b;é, satisfies sin § > sin
so, using (3.49) and (3.54)

FufI(E9) > daf5 MM [ FW)KO D, ) | dy

1~y —a;é|b;)

> 2 2\M/2 ¢ ( 7 ] n-M 4.1+

= dg(a, + bj) f: / (ly, _ ajéllg +b§)A Iyl dy
B. (a,él)

do(aj + )RS B [a-wiayr+-a
B,

(a;j +b;)™ bf“

> dg f; 077 (3.55)
1

where dy = dg 2~M/3(n — 1)wn-1 /(1 ~p)(P2 +1)2p""2dp.
p=0
Note that (3.5) holds if and only if

‘bn-l
Z £ " o < (3.56)

Now suppose 3 : R™! — (0, oo) such that ¥(z) = o(|z|™ sec** §). On the sequence
20) = a;é; + bjén, |z[Msec?* § = [z|M+P 2 = (a2 + b})M/2+2p7 and Y(29)) =
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o(aM*225;2*) (since 0 < b; < a:/2). We may assume that {#(9} has been chosen so

that ¥(29) < a7 {2 for i > 1. Let
fi= a3 P(aéy + biga) B, i> 1 (3.57)

Then (3.56) is satisfied and Fi p[f](Z9) > ¥(219) so Lim Fy m[f](z¥)/9(z?) # 0
and Fy m[f](z) # o(|z|™ sec** ). Hence, the order relation Fy apr[f](z) = o(|z|¥ sec** §)
is sharp for z € I1, of form z = z,€; + Znén.

Step IV For n = 2 this completes the proof. For n > 3 we now remove this
restriction on z. For any sequence {z(*} in II,, we can write z()) = |[z()| 2) where
#0) € 8B} = {z € R"||z| =1, z, > 0}. Then {#()} must have a limit point, say 3,
in the compact set B_Bf Let 8, be the angle between 3o and é,,.

If0 < 6y < 7/2 then let 3; be in the direction of the projection of 3y onto JIL,
and let $; € OII, be any unit vector orthogonal to 3;. For any § > 0 there is a
subsequence i‘(;i) = £0) + §;¢; where 2% = a;5; + bién, ¢; = li(‘)[ — oo monotonically,
b; > 0, {31, én,t:} is orthonormal, each #; € JIL; and 0 < §; < §. We can now try to
repeat the first part of the sharpness proof, beginning with (3.39). Then 3; and 3,
play the roles €; and é; did before, except that we now have perturbations by é;.

Let z € {5‘(;.)}. Let n; be the angle between a;3, + 0;f; and 3,. Without loss of
generality a; > 1. We have 0 < n; = arctan (§;/a;) < §. Hence, we can replace (3.40)

with the narrower cone

%) = {v €R"|arccos(8:/2) +4 < < arccos(By/3) =& if M is even

and arccos(f1/3) + 6 < 8, < 7 — arccos(By/2) — & if M is odd} (3.58)

where 6] is the angle between y’ and a;3;. (Take 26 < arccos(8,;/3) — arccos (5,/2).)
For any z € {20}, if v € Q) then | cos#'| < $1/2 and (3.41) holds.

K 3¢ = éx (60 = 0) then take a; = 0. Let 5, = é; and §; = é;. For any
z € {5},"’} and y' € 2] we have 0 < 0 < d and so 0 < sinf < sind. Therefore,
|©] = |sin f cos '] < § < B;/2 for small enough 4. And, (3.41) holds.



CHAPTER 3. MODIFIED KERNELS 42

Now, for 0 < 8; < n/2, replace (3.44) with

(~te L~ Iy —ciéal|hs ¥ € Bulesti), 5 20
o, otherwise, (3.59)

) =

where y; = y'-((—1)™ cos § 5, — sin § 5;). We align the half balls of the support of f
along the unit vector é&s in the direction (~1)™ sin § 5, 4 cos § 3 so that B;(cié5) C ;.

The rest of the proof for this case follows without serious change, through (3.46).

If 5o € OIL; (8p = 7/2) then $; = 5, and a subsequence approaches the boundary.
As before, for any & > 0 there is a subsequence of form £ = £ + §,f; where
£ = a5, +bién, 0 < b; < a;,a: > 1,a; — co monotonically, b;/a; — 0, {31, én, £} is
orthonormal and 0 < §; < 4. Follow the second part of the sharpness proof, from
(3.47).

Let

A A
Bs=min|{ —————, A—-§, ———
’ "'"‘((HNZV 1+6A)
then Bs < A. And, Bs > 1 if
0 <46 < min((ﬂ—l)/ﬂ, A-1,(A— 1)/A)
= (VA-1)/VA.

Without loss of generality, take A satisfying the conditions following (3.47) and 0 <
i<(A-1)/A<1/2

For each j > 1, let & be the angle between y’ and a;3, and 6} the angle between
¥’ and a;3; + 6;t;. We have &' — § < 6; < 8’ + 4 so replace (3.48) with

Q(g) = {y' € R™1ly'| > 1, 0 < 8} < arccos(1/+/Bs) — 5} . (3.60)

For each j > 1, let 8 be the angle between ) and é,, and 6; the angle between )

and e,,. Then R
sing; = 108 0t a;—d
|2 + §;¢;] — |26} + &
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For large enough |£7)], we have sin 5 > a;/|29)| — § = sin 8 — 4. It follows from the
first component of the definition of Bjs that sin § > 1//Bj implies sin 8; > 1/VA.

Wiite s = [£9]/]y/], 55 = |£|/]y/|- Then for v/ € @, s — & < 85 < s + 4. From
the second and third components in the definition of Bs, 1/Bs; < s < Bj implies
1/A < ss < A. Hence, we can replace Q, with ); and carry out the sharpness proof
for a;3; + bjé, with the following changes. In (3.49), replace a;é, with a;3, + &;f;. In
(3.50) and (3.52), replace y; with y’-3;. The rest of the proof, through (3.57), follows

with minor changes. W

The growth estimate on F) u(f] gives estimates for the solutions of the half space
Dirichlet and Neumann problems. The modified kernel introduces a singularity at
the origin of the integration space. To avoid integrating f there, a continuous cutoff
function that vanishes in a neighbourhood of the origin is used.

Corollary 3.3.1 Let w : R — [0,1] be continuous such that w(y) = 0 when
ly] <1 and w(y) =1 when |y| > 2. Let f be continuous on R"™! and satisfy (3.5)
with A =n/2 (n > 2). The function u(z) = Dy[wfl(z) + D[(1 — w)fl(z) satisfies

v € C¥IL,) N C°(IL,) (3.61)

Au=0, zell, (3-62)

u=f, z€dl, (3.63)

u(z) = o(|z|M* sec”160); ze€ll,, [z] > oo (3.64)

Proof: That u is a classical solution, (3.61), (3.62), (3.63), is contained in Corollary 2
of [67]. To prove (3.64), note that Dp[wf](2) = anzaF2 m[wf](z) = o(|z[M*! sec™~ 6)
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by the Theorem. And,

ID[(1 - w)fl(z)] < xazn / F@)] (le] = 2)™ dy’
i<
< anPzalz™ i (2[4,

so (3.64) is satisfied. W

Corollary 3.3.2 Let f and w be as in Corollary 3.3.1 such that (3.5) holds with
A=(mn-2)/2 (n>3). Then v(z) = Nyfwf](z) + N[(1 — w)f](z) satisfies (3.62)

and

v € C¥(IL) N CH(,) (3.65)

v _ 5

5; = —fv z€E H+ (3’66)
v(z) = o ([z|Msec"20); zelly, |z|—+ oo. (3.67)

Proof The growth estimate (3.67) follows from the Theorem:

Nufwf](2) = == Faza p[wf](=)-

And,

N - )i < 725 [ 1) (=l - 2P dy
lv'I<2
< ap(n —2)71 2% 2P if || >4

Theorem 1 of [25] shows (3.62), (3.65) and (3.66) hold. W
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Remark 3.3.1 In Corollary 3.3.1, the solution to (3.61)—(3.64) is unique if M = 0
and if M > 1 it is unique to the addition of a harmonic polynomial of degree M
vanishing on JII, (see Theorem 6.4.1). Similarly, in Corollary 3.3.2, if M = 0 the
solution to (3.62), (3.65)—(3.67) is unique and if M > 1 it is unique to the addition of
a harmonic polynomial p(z) of degree M —1 that is even about z, = 0. See Theorem
6.4.2 below.

Remark 3.3.2 If f(y') |y'|*~?~™ is integrable at the origin then we can use u(z) =
Dpu[fl(z) and v(z) = Nag[f](z) in Corollaries 3.3.1 and 3.3.2, respectively.

Corollary 3.3.3 Ifw: I, — (0,00) then w is a sharp growth condition for F\ ar
if and only if there are constants 0 < S < T < oo eand N > 0 such that § <
|z|~M cos?* w(z) < T for all z € 11, with |z| > N.

Proof: Throughout the proof f will satisfy (3.5) and |z}, |z¥| > N.

Suppose S and T exist as above. Then
[Fam[fl(2)| /w(z) < |Fasa[fl(2)| S~ |2|™ cos®* 6 — 0

so Fy m[f] = o(w).

Let ¢ : IL, — (0,00) with ¢ = o(w) then ¥(z) = o(|z|™ sec** 8). Given {z?} in
IL, take f as in the proof of the Theorem. Then Fj a[f](z¥)/¥(z)) 4 0. Hence, w
is sharp.

Now suppose w is sharp. If x(z) := |z|~M cos** 8 w(z) is unbounded then there is
a sequence {z(} on which x(z®)) — oco. Let

|z{¥ sec®*@ on {z¥}

¥(z) =

w(z)/|z|, otherwise,
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then % = o{w) but for any f we have F, y[f](z®)/¥(2®?) — 0, since
P\ xlfl(z) = o(|z[™ sec?* ). This contradicts the assumption that w was sharp (Def-
inition 4.2.1, (ii)). Hence T exists as above.

I x = 0 on some sequence {z(¥)} then take f such that

limsap Fu[f)(z9)[zP]™ cos® 0; > 1 (cos; = [z)]|/zD).
=00

(3.68)
Then
. F u[f)(2®) e Fa [ f1(z®) |29]M sec?* ¢; _
h?_lff:p w(z®) -hﬁ?.lp |z [M sec?r §;  w(z®)

which contradicts the sharpness assumption (i) of Definition 4.2.1. Hence, S exists

as above. W

Remark 3.3.3 The angular blow up predicted for F) as as [z] — oo can be expected
to occur only as z approaches JII, within a thin or rarefied set. See [3], [21], [51] and

references therein.

3.4 The integrability condition

It is shown in [23] that condition (3.5) with M = 0 and A = n/2 is necessary and
sufficient for the Poisson integral to exist on IL,. Using the estimates in the proof of
Theorem 3.3.1 we now show that F) pf] exists on II, whenever (3.5) holds. Here
we are considering absolute integrability. Conditionally convergent integrals will be
discussed in Chapter 8.

Proposition 3.4.1 If f is measurable on R™"! then F, p{f] ezists on IL; if and only
if (3.5) holds.
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Proof Let z € I and |y’'| > max(1, 2|z|). Then using (3.6) and (3.13),
KuOoz) =1 Y () caee.
L\
Then from (3.14),

|Ku(M,2,9) < ™ “Z s™|CA u(9)|

=M i 2\ +m+M-1
lyl'M-(»zA m+M "

IA

Let A = [2A]. Then

2A\+m+M-~1
m+M

IA

A+m+M-1
m+M
{ (Atm+M-1)(A+m+M-2)(m+M+1) A >2

@A=1)t
1, A=1
A+m+ M —1)41
(A-1)

INA

holds for A > 0. Therefore,

M s

T Rt /(3

KA 2,9)| < ——-—-[y!'hl”u Y ™A +m+M-1)P
m=0

ko |2|™

S lyllM-i-Za\

where ko depends only on M and . It follows that
|Faself1(2)] < Kolz/™ /M| N a2
>

So (3.5) is sufficient to define F) ps[f] on IL;.

47

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

To prove the necessity of (3.5), suppose f is given and F) p[f] exists on II,. With

no loss of generality, f(y’) > 0. There is a finite sequence of points y(*),y(?), - .. |

y(L) €

R"™~1 such that Q,(y)UQ; (y®)U---UQ (y¥) = R"1. See (3.40) for the definition
of ;. Each set Q;(y(?) is the region between two cones of fixed angular opening.
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The intersection of Q;(y‘?) with the unit sphere of R*! is a zone, i.e., if é is the unit
vector y'/|y’| then ¥ is in the zone of ' if £1/3 < é-9 < /2. The number 0 < 8; <1
is given before (3.39). Let Q;(y’) be the interior of the intersection of Q,(y’) with
the unit sphere. Then Uy =8 (y’) = 0B, the unit sphere of R™!. Since 3B, is
compact this open covering has a finite subcovering as proclaimed above.

By taking unions and intersections, we have measurable sets E, C Q,(y(?), 1 <
¢ < L, that are disjoint and whose union is R*!\ B,. Let z, > 0 be fixed and let
) = y0 4 z,é,. Define 89 by sin 89 = [y(9|/|z(9{ then 0 < sin 8 < sin b, < 1 for
some fixed 6, as discussed following (3.39). With the above definitions, Kar(A, z19,y’)
is positive for each 1 < £ < [ and ¢’ € 4(y@) (and hence positive for all ¥’ € E,).
Since F) a[f] exists on II; we have

L
IBalf)=®) = 3| [ 161 Kuelr,20,v) | < . (3.17)
j=1 B;

So, ij FW)Knu(A,29,y')dy’ < oo for each 1 < £ < L. Then, from (3.41), (3.42)
and (3.43),

o [ F@)Ku() 29, y) dy
o > K B[ o (3.78)
> K0 f )y gy (3.19)
By
> & f )T+ dy, (3.80)
B,

where k{t} and kg‘) are positive and depend on n, A, M and z. And, k* = min;<scr kg‘).
Now, summing (3.80) over £ from 1 to L shows (3.5) holds. &

Other properties of modified kernels are dealt with in the next chapter.



Chapter 4

Further results on modified kernels

In this chapter we extend the definition of the modified kernel Kps by allowing M
to be an integer-valued function of y’. There are also results on the non-existence of
positive solutions to a Dirichlet problem and representations of Neumann solutions in
terms of Dirichlet solutions. Another type of modified kernel is introduced and used
to give asymptotic expansions of solutions to half space problems.

4.1 A Dirichlet problem without positive solutions

The modified kernels Ky, introduced in (3.6), are not of one sign. In the proof of
Theorem 3.3.1 we had sgn(Km(A,x,y’)) = —sgn(CL(sin 8 cos 8')), where m < M —
1 is the largest integer such that C)(sinfcos#’) # 0. As |y'| = oo, (3.22) and
(3.23) show that sgn(Km(A, x,y’)) = sgn(Chy(sin 8 cos 8')) if Chy(sin 6 cos¢') # 0 and
-sg'n.(C‘-h‘,_1 (sin 8 cos ')) otherwise. And, for small enough z,, if y’ is close enough to
y then [Jy’ — y|* + z2]~* will dominate all other terms in (3.6) and Kxr(}, z,y’) will

be positive.

We have the following result about solutions to the Dirichlet problem.

49
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Theorem 4.1.1 If f > 0 such that f,., f(¥') (lv'I" +1)7" dy’ = oo then there are
no positive solutions to (2.1)—(2.3).

Proof: Introduce a cutoff function, £y, such that

1, [2|<N
EN—._-
0, [z|>N+1,

0 < éwn <1 and £n is continuous.

Suppose u > 0 and satisfies (2.1)—(2.3). Let uy = D[fén]. Given € > 0, we claim
that © > uxy — € on 8B, NIL, for large enough p. Indeed, we have Auy = 0 in I,
uy = fén on JIL; and uy = O(z,|z|™!) as |z] = oo (since fEn has compact support,
Proposition 2.2.1). So, u > ux on OIl; and |uy| < € on @B, NI, for large enough
p. Therefore, v > uy — € on B} (9B} = {z € R"||z| = p, z, > 0}). Since ¢ is
arbitrary, v > uy on dB}. By the weak maximum principle, u > uy in B}. Bat,

wiz) > [ K@)

WI<N
—+ oo as N — oco.

Hence, there can benosuchu. W

The above theorem can also be deduced from the general representation of non-
negative harmonic functions on II;. The representation theorem states that all pos-
itive harmonic functions on II, are of the form u(z) = D[u)(z) + cz,. where u is a
positive Borel measure on R*~! and ¢ > 0 is a constant ([7], Theorem 7.24). Replacing
p by the continuous function f gives Theorem 4.1.1. See item (ii) in §9.1.

4.2 Representation of the Neumann solution

The modified kernel Kpy(A, z,y’) satisfies a differential-difference equation for the
derivative with respect to 8, |z!,y;, [y], Za, [V'], ¥} and &', relating the derivative to
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Ku(A+1,z,¥), Ky-1(A+1,z,y) and Kyy_2(A + 1,2,y’). The integration of these
equations give representations of the modified Neumann integral in terms of the mod-
ified Dirichlet integral.

Proposition 4.2.1 Letn >3, M >0, A > 0,z € II, and y € R*". Use the
convention that K,, = K if m < 0. Then

., 0K .
() —55-(\2) = 2420y Kaa(A +1,2,¥)

.., 0K, . e
(i) a—lfr(A’ z,y') =2A[sin8g-y Ky-1(A+1,2,¢') — 2| Kpp—2(A + 1, 2,9')]

(%) %‘-(,\, z,y") = 2\ [y} Kae—(A + 1,2, ) — yiKp-2(A + 1,2,¢)], 1 <i<n-—1
(i) FoE 2,4 = DAY Kaas(3 +1,2,) — ol Kaa-a00 + 1,2,9)

0K,
(v) 5\ =,y) = —2Aza Kuz(A +1,2,)

.. OK, . '
(vi) aﬁ('\a z,¥) =2\ [y-§ Km1(A + 1,2,¥) — [v'|Kp(X + 1, 2,9')]
.., OKum ’ ’ ! ’ .
(vi)) g X 2:¥) =224 Kner(A +1,2,¢) ~ 5 KA+ 1,2,9)], 1 Si < m 1

.., 0K .
(viti) -Eg—f‘-(x,z,g') = -2\ |y| |¢/| sin &' K1 (A + 1, 2,9').

The proofs rest on the identities

2 cAl) =2ACA(®) (4.1)
CA#)=0 for m<0, CMt)=1 (4.2)
mCpp(t) = 2AtCpti(2) — Cat5(8)] (4.3)

(m + 2A)CA (£) = 2A[CAY(¢) — £ CAHS (8)] (49)
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([63],4.7.28). In (iv) z, is fixed. If 0 is held constant for the differentiation then

l7)
_—I&'{'(Aa z, y’) =2A [ﬂ-y’ I{ll-l(A + 17 z, y') - Izl csch KM—Z(’\ + la z, y')] -

dly|
This leads to a similar change in (iv) of Proposition 4.2.2.

Proof of (i): From (3.1), (3.6), (4.1) and (4.2)

0Ky

—-53-()., z,y’) = 2\ |y'| || cos O cos ' K (A + 1, z,y')

M-1
—2) Z |2[™y’| ™+ At (8) cos 8 cos ¢’
m=1

=2z, [y |cosd' Ky 1(A+1,2,y). &

The other proofs follow in a similar manner from (4.1)-(4.4) or by differentiating
(3.23). Note that y and © = sin# cos§’ = sin 0 -’ are independent of |z| and that
tan 8 = |y|/zn so 86/8y; = y;zn/(|z|*|y|) and 88/8z, = —sin8/|z|.

Integrating (i) through (iv) above and setting A = (n — 2)/2 we obtain
Proposition 4.2.2 Let f be measurable with the origin not in the closure of its sup-

port and satisfy (3.5) with A = (n-2)/2 (n > 3). Let M >0, A >0,z € II,
and adopt the convention that D,, = D for m < 0. Then the following are equal to

Nu[fl(=)

)
(i) / Da1[£;)(z(t)) dt + Nag[f1(2(60)), 0< 6o < z
t=6o

| x
(i) tan / Du1[f5](t9) % — sect f Dus—3[f](t2) dt + Nug[f](ro2), 71020

(i) & [ Daalfe(B:(t)) dt — L / Dae_lf](3:(¢)) t dt

+Nu[fl(3(t))); t€R,1<i<n-1
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Il vl
() & [ Dac-slfil(ti + 2ute) d — & [ Dae-al ity + zatu) 1t
t=p t=p

+Nu[ﬂ(P§+ znén)’ P > 0

() = [ Dua-alfiEalt)) b + Madlflalta))s b 20.
t=tn

The following notation has been introduced. In (i)-(iv), if z; and z; are in R™!
then f;,(22) = z1-2, f(22). In (i), if 0 < s < /2 then z(s) indicates = with the
polar angle @ replaced by s, i.e., z(s) = y(s) + z,(s)én, where y(s) = |z[sins g,
z,(8) = |z{cos s, z(0) =z and y(0) = y. Note that |z| and § are independent of 4.
In (ifi) and (v), if z = Y _z;¢; then #;(¢) = ) _z;6; +té& (1 <i<n).

i=1 ¥

Proof- Integrate each of (i)-(v) in Proposition 4.2.1 with respect to the relevant
variable and set A = (n —2)/2. Multiply by ((n —2)/2)f(y’') and integrate y’ € R
Because of (3.5) the integrals Days_[|f|](z) and Das—4[|f;/](z) converge to continuous
functions on IL,. The same is true for each modified Dirichlet integral in (i)-(v).
Fubini’s Theorem now justifies the interchange of orders of integration. @

Remark 4.2.1 We can relax the condition that f be continuous if we refrain from
evaluating Ny([f] on OIL;. This requires taking 0 < 6y < 7/2, o > 0, p > 0 and
t, > 0. We can dispense with the restriction on the support of f if f(y') |y'|~(M—3+2)
is integrable at the origin. When M = 0 there is no restriction on the support of f.

We can use Proposition 4.2.2(i) to confirm the growth estimate (3.67). If f satisfies
(3.5) with A = (n—2)/2,n > 3, and if 0 < 6y < 7 /2 then (3.36) gives Np[f](z(6o)) =
o(|z|™). From Corollary 3.3.1, Dar—1[f;](z) = o(|z[™ sec™~1 §). Integrating over 8 and
using (i) of Proposition 4.2.2,

Nu[fl(z) = o(|z{* sec™* 8) + o(|z[™) = o]z sec™* 6),
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in agreement with Corollary 3.3.2.

4.3 Variable M

By taking M a fixed positive integer we were able to construct the modified kernel
K and this allowed us to write a modified Poisson integral that converged for data

[ satisfying

f 4 d 4
l—!lll—ll(ii_)"'l'\% < oo. (4.5)

Rn-1
In particular, this includes any polynomial data. In [22], Finkelstein and Scheinberg
prove that if M is allowed to be an integer-valued function on R™1,

M:R™ = {0,1,2,---}, (4.6)

then for any continuous function f on R™! there exists a function M of the above
type so that Dy[f] is a classical solution to the half space Dirichlet problem, (2.1)-
(2.3). The kernel Ky is defined as in (3.6) with M = M(y’), and Dy and F) pr as in
(3.9) and (3.11). It follows that if f is any measurable fanction on R*! then there
is an M as in (4.6) such that F) a[f] exists on II,. With this new type of kernel,
the number of terms subtracted from [ly — ¢’|> + z2]~* in (3.6) can vary with y’ to
compensate for growth of f(y’).

The previous estimate

22X gec?* 9
(vl + [=[)**

from (2.8) of Theorem 2.2.1 (with a = X in the first two terms of (2.7) and a = n/2

K\z,y)=[ly-vP+23* < (4.7)

in the third) can be used again to estimate Fy as. There are two approaches. First,
if M is a given function, determine an integral condition on f (analogous to (4.5))
under which F) [ f] exists on IL;. Also, find a growth estimate for Fx a[f] and prove
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it is sharp. The second approach is to assume f is a given function. The problem is
then to find the “smallest” M for which F) a{f] exists on II,.

Start off with a given fanction M as in (4.6). The modified kernel is

Mi/)-1 -
d - r
KM(!I’)(’\’ z, y,) = K(A: z, y') - Z ’Iy_![_,;l,'mci(sm 6 cos 6 ) (4'8)

m=0
= K(29) [(1-200+)18-0,0 M0 dg, (49)
¢=o0
where © = sin 0 cos &, s = |z|/|y’| and ®_ is given in (3.22). To estimate F) ar[f], we
need to prove an inequality like (3.35) but now taking into account the dependence
of M ony'.

Let

L= ja —20¢ + (P18_(8, () M dg (4.10)

¢=0

and estimate the integrand. As in (3.30),

88,0 _ [(2A+ M —1)(8 — ()Ci_1(8) — 2A(1 — ©*)C3F,(8))|
vi-20{+C VO-0?+(1-96?) @)
<A+ M -1)Ch_,(1) + max [2/\\/1' —9? IC:;:‘z(G)I]
N (4.12)
~D@ATM) | o) max [sinn Ciy(cosn)]. (4.13)

~ ['(2A\)L(M) 0<n<x/2
The maximum of Cj%,(cos 17) occurs at 5 = 0 which is where sin = 0. To determine
the maximum of this product we use the integral representation

_2'AT(2A +m) sinl-2A f cos[(A + m)t] dt

A
Crn(cosn) = Ir'?(A) m! J (cost — cosn)l-A’

(4.14)




CHAPTER 4. FURTHER RESULTS ON MODIFIED KERNELS 56

valid for A > 0 ([49], p.224). For M > 2 it follows from integration by parts that

ISinq Cas(cos 'l)l (4.15)
= 2f f‘z;(\,\‘:_)‘l[))psz{ 1) A+ M 1 / sin[(A + M —1)t](cost — cosn)*~'sin ¢ dt
['(2\ + M) 1—cosy
S PAEQFDIM-1)(A+M—1) \ sin’y ) (4.16)
T2\ + M) x
< sEpTDrM-—DorM-D) ©S753) (a17)
From (4.13), if M > 2 then for A > 0
12-(8, 0 . I@x+M) 21-A AT(2A + M) i1
T2t = Tenten TEgs Nt -DorM-1) *18)
1 21-2 )
[[‘(2» + T2() + 1)] M* (M — o). (4-19)

The last step is by Stirling’s approximation, (1.21). Therefore,

|2-(0,¢)| 22
e T < M (4.20)

where a, is a positive constant that depends only on \. When M = 1 this result still
holds since CA =0 for m <0 and C} =

Now, from (4.10),

L] < axM? / (1 —20¢ + (212 M1 4. (4.21)
¢=0
If A > 1/2 then
1L < axM?(1+ s)P1 / M-rde (4.22)
=0
= ay\M*7Y(1 + s)* 1M, (4.23)

Hence, (3.34) and the above results lead to the estimate
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ba s sec?*§ M1
ly'PA(1 +5)

[Klf('\a z, y')[ S

(bx depends only on )). Hence, |Faa[fl(2)] < oo if

@[ MP -ty

[P

0.

>

When 0 < X < 1/2, (4.9) becomes

where

If0<s<1, then

I, <

IKM(Aa Z, y’)l S K(’\a z, y’) ay M”‘Iz,

ho= [a-otenia

{=0

1
sM /Il _ 802,\-1 (M-l dC

¢{=0

3M (1 - C)ZA—I(M-I d(
/

sMT(2A) (M)
T(2A + M)

sMT(2))
M2

(M — oo, Stirling’s approximation).

If M =1 and s > 1 then from (3.37),

321
< —.
I, < X

If M >2and s >1+ M™! then write

57

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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1-M-? 1+M~1
= [a-o*teex [ p-grreerk
¢=0 (=1-M—1
[ -k
¢=1+M~1
- 14+M-t
S Ml-:a\ / CM-I dc+ (1 + M-I)M—“l / ,1 - Clzx‘-l d(
¢{=0 {=1-M-1
+ Ml-—!»\ / CM—I d(
{=1+M~-1
~1\M~1 pg—~21
= Moo py QM) T MO o [ (g p1y]
S g (es7 +A)
Cx JM
< A where c) depends only on A. (4.33)

And,if M >2and 1 <s <1+ M™, then write
1-M-t .

= [a-g*remia o [ op-gProei

(=0 (=1-M—1
1-AM-1 s

e Nl s [ I~ ¢ dg
¢=0 ¢=1-M~1

= MP-MY + I [ s—-1)"+ M""‘]

sM [As'” + (s — 1)3" M _}_]

AM2A e 2s + 2s
dx 8M

M>

AN

AN

where d, depends only on A. (4.34)

The four estimates (4.31)-(4.34) give

dy sM
M’*’

1Ll < 22 valid for s > 0 and M > 1. (4.35)
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From (3.34), (4.26) and (4.28),
ex |z|Msec®* 0

|Kae(A, 2, y)| < T+ 2D (4.36)
where ¢, depends only on A. Hence, |Fy m[fl(z)| < o0 if
[Fl) =™ dy’ coo (D<A< l)_ (437)

P
v'i>1

Theorem 4.3.1 In order for F) pm{f] to ezist on IL;, a necessery and sufficient con-
dition is

@)™ dy _

[y M+ o0. (4.38)

vI>1
for each a > 0.

Proof: Let a > 0 be given. Let g be 2A—1 or 2\, accordingas A > 1/20r0 < A < 1/2.
Then

[z]M M* > &M (4.39)
if |[z] > eM#M_ And, M~#/M < 1 s0 if |z] > e* then |z[¥M* > M and
convergence in (4.25) or (4.37) implies convergence in (4.38).

Now suppose z € IL; is given. Then

M > [o]M M (4.40)
if @ > log |z| + (ulog M)/M. Since (log M}/M < e~ if we take a = max(log |z| +
p/e,0) then e*™ > |z{M M* and convergence in (4.38) implies convergence in (4.25)

or (437). ®

Theorem 4.3.2 Given M:R"! = {0,1,2,-- -} and a measurable function f defined
on R"1, if (4.38) holds then Fy m[f](z) = o(G(|z|) sec®*) (z € I, |z]| = oo), where
Gl = [ 1wl Mely 145 gy (441

lv[>1
The parameter p is taken as 2A — 1 when A > 1/2 and 0 when 0 < A < 1/2.
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Proof Apply the Dominated Convergence Theorem to (4.24) and (4.36). W

Determining the behaviour of G(|z|) as [£] = oo is an interesting asymptotics
problem. Assuming something about M(y’) as |y’| & oo will probably be necessary.
This point will not be pursued further here.

Now consider the situation where f is a given function on R®~!. We wish to deter-
mine M(y’) so that F) p{f] converges on IL,. Hence, we want |f(y')|e*M|y’|~(M+22)
to be integrable over [y/| > 1 for each @ > 0. For any y’' € R"! \ B, such that
|f(¥')| < Aly’|® where A > 0 and B < Mp +2) — n + 1 are constants and M, > 0 is
an integer, we can take M(y’) = M. In particular, if |f(y’)| < 1 then let

, max(0,[n —2A—1]) if 20 ¢ Z
M(y)={ .
max(0,n — 2) if 2Ae€Z.

(4.42)

Hence, in choosing M(y’) we really only need to consider those y’ for which |f(y’)] > 1.

Let I > 0 be a measurable function such that fl yi>1 [(¥) 4y’ < co. Suppose
1f(¥)] = 1. Let |f(y)[e=W]y'|" M)+ < I(y), [y| > e* and solve for M:

log [fl + aM <log I + (M +2))log [v/| (4.43)
yields

(log [y'| — )M > log |f| —log I — 2Alog |y'|. (4.44)

Therefore,

_ _ /
M > log | f| lolgis y{I -2;\108 ly'l (4.45)
_ - ,

N [log . l;Jogglly'l el l] [1 * logaly’l * ] ' (4.45)

This says what M must be in order for (4.38) to hold.

Theorem 4.3.3 Given functions f, I and h locally integrable on R™'\ B, such that
I is positive and integrable over R™! \ B, and h(y') = oo as |[y’| & oo then (4.38)
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holds if M is defined as follows. For those y' € R™ !\ By such that [y'| < 2 or
If(y)] <1 et

M) = { max(0, [n — 2\ — 1]) .f NEZ
max(0,n — 2) if 2A€Z.

And, if |y’| > 2 so that |f(y’)| > 1 then let M(y') = max(0, [M;(y’)]) where

£ loglf()]-logly) _
Ml(y’) _ { c ’{v’ log‘|'|,”| y 2A S c
() \ (leslf(W)i-logI(y) rwis
(1 + Iogly’[) log iyl 2'\) » othe & (4-47)

Here ¢ > 0 is any constant.

Proof. By the preceding remarks we need only consider |y’| > 2 where |f(y')| > 1.

Let ¢ > 0 be a constant and let E; C R*!\ B; be the set where |f(y’)| > 1 and

lﬁi%’-l}'—‘;ﬂﬁ —2X < c. Let My(y') = con Ey4. For y € E; we have

|f(y')| exMat¥)

|l |M @) +22 <I(y)e* (4.48)
and
|f(y')] e=*a0) dy’
ly’[”l(”')‘“’\ < 00 for eaCh a> 0. (4.49)
B,
If |y'| > 2 so that |f(y')| > 1 and
log |f()| ~log Iv) _,, - s

log |y’|
then take

N h(y') \ (log|f(¥')| —log I(y')
M) = (1 *iog |y'|) ( tog ¥ n). (451)
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We now have

[f(y)| ex*a)

[yl IM]_ W)+2a

F@)lexp o (1 + 28)) (ESUGDLRei0) _ 5y ]

" Iy exp [(1+ 22 (log |)] — log I(v) — 2Alog )
, M) log [(y')] ~ log I(y)
= e {[a (1+ ) -] (LR - )}

< I(y') for large enough |¢]. (4.-52)

Hence, (4.38) holds with M = M,.

The function M + e*M|y’|~™ has derivative e®M|y'|"M(a — log|y']). It is a
decreasing function of M if |y’| > e*. Therefore, (4.38) still holds when we let
M(y) = max(0, [M;]). W

Erratic pointwise behaviour of f need not lead to erratic behaviour of M. The

function I can be chosen so that log |f(y’)| — log I(y’) is continuous. For example,

we could write [ = fg where g is continuous and chosen so that fg is integrable over
ly'[ > 1.

The condition h(y’) — oo cannot in general be omitted. For suppose 0 < k(y') <
hy where hy is a positive constant. Let a > 2hg. Then for [y’] > 1 it follows that

h(y’) ' _
a (14 230 ) - ) 2 2ho o = ho (4.53)
Let f(v') = e > 1 and I(y’) = |¢'|~". Then fy’l>l I(y’)dy’ < oo but
| eaMi1(V')
IJ;!(ISI’ILI.Z')HA > [y'|™exp [ho Iy[;ll,[ +n- 2A)] (4.54)

which is not integrable over [y’| > 1. So the integral in (4.38) diverges.

And, if I is not integrable over |y’| > 1 then (4.38) may fail to hold. Let ¢ > 0
be a constant. Given h(y’) — oo, let f(y) = explh(y")Iy’|/og ly'| + ly'|] and I(y’) =
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exp[h(y’)|y’|/log |y’']]. Then I(y’) > 1 for |y'| > 1 and [ is not integrable. And,

log [f@)| ~log 1) _,, _ Il _,,
Tog |9 2 = w2

> ¢ for large enough [¢'|.

But, with M, given by (4.47) we have
|f(')| ex*a)

|y1|m(v')+z,\

=exp{[’;£z_’?3"ll_l.+ly'|] + [“(I’Lfgg%)ﬁ) —h(y')] I;Ig—yll—,l—z,\)}

> exp (ly'| + 2Ah(y'))

— oo as |y'| = oco.

(4.55)

So (4.38) does not hold.

When f is a polynomial (or of polynomial order) M can be taken as a constant.

Corollary 4.3.1 When f is of polynomial order, |f(y')| < Aly'|N for large enough
ly'|, it suffices to take

max(0, N — [2A| +n —1) if 20 €Z
max(0, N — 2\ + n) if 2A € Z.

M(y) = { (4.56)

Proof: Let I(y') = |y'[*"log™ |y'| where B8 > 1 is a constant. Let h be as in the
theorem with h(y’) = o(log |y’[). Then for y’ such that [y’| > 1 and |f(y'| > 1, we

have .
, h(y' ! N —log I
mw) = (1+ ) (e - ) e
h(y') ) (1og,4+ﬂloglog vl _ )
< (1 i o — +N-22+n—-1) (4.58)

~ N-2X+n-1 as |y| > oo. (4.59)
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If 2) is not an integer then for large enough |y'| we have M;(y') < N - |2A| +n—1.
And, we can take

max(0, N — |2A| +n—1) if 2A ¢ Z
max(0, N — 2\ +n) if 2\e€Z

M(y') = { (4.60)

forally’ € R*!'\B,. N

Example. Suppose f;._ E,'—{%'yﬁ% < oo for a constant My > 0. Let I(y') =
|f(y)| ly'|~Mo+?Y). Then

log lf(sll'gél-y,lrg Iv) oy _ M. (4.61)
Take ¢ = My. Then M; = My and M = [M,] and the theorem gives the expected
value for M. Note that if h(y’) = o(log |y’]) then, when |f(¥')] > 1, Mi(¥') =
(1 + h(y’)/ log |y'[| Mo, which is asymptotic to Mp.

We conclude this section with an example of data with greater than polynomial
growth.

Example. If 5 and v are positive constants and f(y') = exp(8ly’'|"), let I(y’) = |y'|™".
Then for any positive constant c,

log If(y)| ~log Iy) _,, _ Blyl+nlogly| ,,
log |y'| log |y'|
v
= —-ﬁly’l, +n-—2A
log |y|
> ¢ for large enough |y’|.

Let h(y’) = o(log |y'[). Then,

) = (1+ i) (e +»=2)

Bly'l”
~ l-——--—og v as |y’| = oo.
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4.4 Second type of modified kernel

Using the generating function (3.13) with z = |y’|/|z], t = © = sinfcos#, we can
define a second type of modified kernel

7 n o _M.I [yllm A
Ku(\z,y) =K\ z,y) - Y 2 Cn(©): (4.62)

defined for [z| > 0 and M > 1. The convergence condition corresponding to (3.5) is

F)IUY'™M + 1) dy’ < oo. (4.63)
Rn-—l
If (4.63) is satisfied, define
Foplfl(z) = / F@) e\, 2, 9') dy (4.64)
R'I-l

Define Dy and Ny in terms of Fy ar as in (3.2) and (3.3). Each z,|z|~™+C2/*(©) in
the kernel Dy is harmonic in R™\{0} (3.2.1). Similarly with |z|-(™+"-2C{*~*/?) (@)
in the kernel Nys. Hence, Dp[f] and Nps[f] are harmonic in II,. Results similar to
Propositions 4.2.1 and 4.2.2 hold for I-(M, Das and ﬁu.

However, Dyg[f] is not continuous on I, . Since (4.63) implies (2.6) (with A = n/2)
the unmodified Poisson integral D[f] is continuous for z, > 0 if f is continuous.
Hence,

M-~-1
Dulfl(z) = Dlfi(=) - anza 3, o™ [ IyI"Fs)CHA (@) dy
m=0 Ro-1

and Dyg[f] is continuous for z,, > 0, z # 0. Similar remarks apply to the Neumann
case. We will work with Djs and Nas only in the limit |z| — oo.

Growth estimates for F), M are similar to those for F) .
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Theorem 4.4.1 If (4.63) holds for measurable f then
By ulfl(z) = of|z|" ¥+ N sec™*0) (2 € 1Ly, [2| + )

and this estimate is sharp in the sense of Definition 3.9.1.

Proof. Throughout the proof d; and d; will be positive constants (depending on A
and M). In (3.23) replace |z|/|y’| by |v'|/|z] and in the proof of Theorem 3.3.1 let
p=/l=l

If A > 1 then (3.32) and (3.34) give

~ , dy pM°1 sec?* § f(1 +p)2‘\ ~1]
|Km(A,2,9)] < (=] + D™

< di |y’ |M¥ ! sec? 6[(1 + p)** ~ 1]
[zM+¥5-1(1 + p)*> .

(4.65)

Since (1 + p)** —1 — 0 as p — 0, integrating (4.65) and noting (4.63), dominated

convergence gives

F@)Ku(\ z,y) dy’ = ofle|" M+ N sec?* ) (z € L, |z| — o).
Rn-1

If0 < A < 3 then (3.32), (3.34) and (3.37) give

p

'f{M(l\, z, y')l < ds K(z\, z, y’)pM—l / '1 — ([m\-l dc
(=0
dg pM1?*15ec®* 9
(I=] +iw'? °

from which B\ y[f](z) = o(jz|"M+22-1) gec? 9).

To prove this sharp, intexchange |z| and [y/| in the proof of Theorem 3.3.1 and

proceed in a similar manner. W

The modified kernel furnishes an asymptotic expansion of D[f] and N[f].
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Theorem 4.4.2 Let f be measurable such that (4.63) holds for a positive integer M.

Then, as z — oo in IL,

M-1
() D{fl(z) = Y_ [2[~+-UY(), (2) + of|2|~¥+~2) sec®~18) (n > 2)

M-1
(i) N[fl(z) = Y |z|-+*-DYL)(2) + of|z|-M+m-2) sec”~26) (n 2> 3)

where Y, is given by (4.66) below and is a spherical harmonic of degree m that
vanishes on AL, and YV is given by (4.67) below and is a spherical harmonic of
degree m whose normal derivative vanishes on OIl;. The date f can be chosen so
that simultaneously the leading order term (m = 0) does not vanish and the order
relation is sharp (in the sense of Definition 3.8.1).

Proof. To prove (i) use (4.62) with A =n/2, f as in the Theorem and |z| > 0,

M-1
D{fl(z) = aazn [ f(y')zl |,,,,,.c"/=(e)dy + Badlf](=).

Rn-1

Now (i) follows from Theorem 4.4.1 and the definition

Y%, (3) = an cosf / £&) '™ C/3(sin 6 §-5') dy. (4.66)
Rn—l

Clearly Y,ﬂl vanishes when # = 7 /2. It is a spherical harmonic of degree m + 1
by Remark 3.2.1.

Given ¥(z) = of|z|~(M+"2) sec™! @) take f as in Theorem 4.4.1 so that Dpg[f](z) =
o(|z|~™+7-2) gec™~! ) is sharp. In particular, f can be taken to be positive for y; > 0

with a super-even extension (M even) or super-odd extension (M odd) to y; < 0
(Ax > 1 in the proof of Theorem 3.3.1 (3.51)). The leading order term in (i) is with
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m =0, ¥(2) = ancos8 [ f(y')dy’. With f as above this spherical harmonic
Rn—l
does not vanish if 0 < ¢ < v/2. With the definition

@) =2 [ )i ce-re) dy, (4.67)
Rn-1

the proof of (ii) is similar. B

Remark 4.4.1 If j,., |f(y')| dy’ < oo and [, f(¥') dy’ = 0 then (4.63) holds with
M =1 and the leading behaviour is D[f](z) = o(|z|~~! sec®! §) and N[f](z) =

o(|z|~(*~?) sec™~29).

The addition formula for Gegenbauer polynomials can be used to separate the 6
dependence in (i) and (ii). First write

L2]
Cr(sinb5-§) = Y Yame(0)CE2 (59,
L.:O

where

(=2 (1) (2) (4 2m —U - )T (2 +m-2) T (2 +m—1{)
Yrmt(6) = I*(n/2) 8 (n +2m — 2 - 1) *

x sin™ % 9 C3/**™*(cos §)

([20] 10.9.34%, 10.9.19). Then (4.66) becomes

L2
Y1 (2) = @ cos 8 Y Yom,e(6) Sn.m,e(d),
£=0

where
bnma(F) = / @) W™ CERYG-5) dy'
R ) : L]
and is independent of |z| and 4.

tThe first term in the sum over m in this formula should read 22™.
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A similar separation of [z|, § and § dependence in (i1) is given by
L”‘J
V@) = 225 5 tasmsl0) bsmald) (2 29)

The fanction defined by Z(§1,52) = Cl *(§1-92) is known as a zonal harmonic of
degree m with pole §; € 8B, evaluated at §j, € 3B; (see [7], Chapter 5).

If the integral in (4.63) converges for all M > 1, letting M — oo in Theorem 4.4.2

will give asymptotic series for Dae[f] and Nys[f]. As the following example shows,
these series will not in general be convergent.

Example. Let f(y) = exp(—|y|) and let dw,_, be surface measure on the unit ball
of R*"1. Then for n > 3, (4.67) becomes

() = 2 / 2 dp [ CO-3(sin 053 dons
8By

=— 2(m+n 2)! (r — 2) w2 I (6),

where

10),0) = [ C/2(5in 9 cos ) sin™ $ d

and the surface integral was evaluated by spherical means [38]. The integral I, Ji m(0)
is known ([30] 7.323.2, together with [20] 10.9.19),

2"=3D(n/2 ~1) (=1)* (2k)! T (k+n/2 1) CS2~2 /2 (me)

I,(.f)..(0) = kT (3k4n=2) m = 2k
0, m odd.
And,
W)yen _ 2(n/2 — 1) (—1)* (2k)ID(k + n/2) Ce ™ (cos 6)
Yy (2) = =

k!
(szﬂ(z) 0). As k — oo,

2(n/2 + 2k — 2)! sin [n1/4 ~ (n/2 + 2k — 1) 6]

Ci " (cos ) ~ (/2 — 2)I (2K)! (Zsin )31
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({63] 8.4.13), so Stirling’s approximation shows that for fixed =z

M-1
Z [z] ™Y, ()(2) diverges as M — oco.
m=0

With the Dirichlet expansion we have from (4.66)

Y9, (8) = an(m + 1 — 2)! (n — 2) was I, (6),

where

1) (8) = cos / C?/3(sin 6 cos ) sin™> ¢ d§.
$=0

Ifn > 5 then (3.15) and integration by parts give

1 d
.0 = - =2)smb -J;Iv(:-)z.m-;-z(s)
and
M-1
3 [zl z) divergesas M — co. (4.68)
m=0
When n = 2, we use
L _ sin[(m + 1)¢]

and replace & by n/2 — ¢ (see the end of the proof of Lemma 3.2.1). With Dirichlet
data f(£) = exp(—|¢|) we have Y%, (£) = 2m! sin[(m +1)¢]/, if m is even and again

M-1 .
Z m! sin(m + 1)6] divergesas M — oo
m=0 L

for fixed £ = rcos@é, + rsinfé;.
When » = 3, Ig&(ﬂ) can be evaluated in terms of Legendre polynomials (since
L3(t) = P, (t)) and when n = 4, Iigl(a) can be evaluated in terms of trigonometric
functions. In both cases, the conclusion of (4.68) remains valid.



Chapter 5

The logarithmic kernel

5.1 Kernels for the half space Neumann problem

When n = 2, the half plane Neumann problem is

v € C¥(IL;) nCH(IL) (5.1)
Au=0, z,>0 (5.2)
v

%; = -fa T2 = 01 (5'3)

where f : R — R is a continuous function. Polar coordinates are z; = rcos ¢,
T, =rsing, and I, is theset z; > 0,z; ERorr > 0,0 < ¢ < 7. The angle ¢ is
measured from the positive z, axis on 9IL,, whereas 6 from chapters 3, 4 and 5 was

measured from the normal ( |7/2 — ¢| = ).

Provided
[ 1#©log(* +2)dt < oo, (5.4)
§=~c0
a solution to (5.1)-(5.3) is
1 @
Nifind) =5 [ FONr6,6) de (55)
f=-oc0

71
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where the Neumann kernel is

N(r,¢,6) = —log (& —2¢rcosg+r?) (5-6)
= —log[(¢—z1)*+23]. (5.7)

Since the domain II, is unbounded there is no further integrability condition on f.

As with K(\, z,¢) = [[v' —yI*+23]™*, (3.1), the Neumann kernel diverges to +oo
at its singularity £ = z,, z; = 0. Because the kernel in (5.6) is not of one sign and
also diverges as r — oo, it is more difficult to find the growth of (5.5) under (5.4).
This will be done by writing Neumann solutions as integrals of Dirichlet solutions,
along the lines of Proposition 4.2.2.

When the integral in (5.4) diverges but

Q& 5

€=—00
for a positive integer M the modified Neumann kernel is of use. This is defined as in
(3.6) from the generating function

log (1 ~2zcost +2%) = -2 :'.___co_s_g_rft_t_).; |z <1, teR. (5.9)

ma=l m

This formula may be obtained from the Taylor expansion

[ <]

zm
log(1 — 2) —-m;;n-, |zl <1, (5.10)
by writing
log(1 — 2z cos t + 2%) = log(1 — ze™) +log (1 — ze™¥) . (5.11)

See, for example, [18], p.27. In equation (5.9), put z = r/{ and t = ¢. The modified

kernel s

-103(6_-_2&_%) M=1
NM(’,¢,E)= 2_g e; ™ cos(ms)
..log(s__ez?_tﬁ 25_: ol M>2 (5.12)
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And A, is defined to be A. Let Ny[f] be defined by

Nulfied)= 5= [ FONutrbOde+5 [ FONG.4.6d
. [€i>1 lél<1 (5-13)

and let w be a continuous function as in Corollary 3.3.1. Then u(r, ¢) = Nyfwf](r, )+
Nu[(1 — w)f](r, ¢) is a solution of (5.1)—(5.3) for each M > 0. The major goal of
this chapter is to provide a sharp estimate (Definition 3.3.1) of (5.13) under (5.4)
(M =0)or (58) (M >1).

In Chapters 3 and 4 we had an expansion of K in Gegenbauer polynomials, C},
with A > 0, (3.6). Because of the limit ([63], 4.7.8)

Ali_{l; L CA(cost) = CQ(cost) (5-14)
2 t), >1
_ Zcos(mt), m> (5.15)
1, m=0,

N is in some sense the limit of Kps as A — 0. Many of the results in this chapter
will closely parallel those of Chapters 3 and 4.

5.2 Integral form of the modified kernel

To derive an integral representation of Ny, let

s _ Elgm cos(m¢)
a(s) = ) ———=, M22 (5.16)
m=1

Lemma 5.2.1 If M > 1 then

r/€
_, [ (cos(M) ~ ¢ cosl(M ~ 1)g]) ¢M~ d¢
M09 =2 #[ e . G
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Proof: First suppose M > 2. Multiply the identity
cos [(m +2)¢] — 2cos ¢ cos [(m + 1)¢] + cos(m¢) =0 (5.18)

by s™*! and sum from m =1 to M — 1. As in Lemma 3.3.1,
M+41 M-1

2 8™ cos(me) — 2s cos¢23""1 cos(me) + s* Z ™1 cos(me)

(1 —2scos ¢+ 5%) Spr_,(s) + a‘w = cos(M¢) — s cos [(M 1)¢] + s — cos ¢.

This differential equation is solved subject to Spr_;1(0) = 0. The solution is

/‘(cos(M¢)-ccos[(M-l)¢1))<"-1dc__ [ (¢ —cosd) d¢
1-2(cosd+(? Lo 1—2(cosd+(*

SM..1(8) =~

The second integral is —1 log(1 — 2s cos ¢ + s?). So (5.17) follows on putting s = /¢

in the above equation.

When M = 1, direct integration of (5.17) gives (5.12). W

5.3 Integral representations of Neumann solutions

In the present notation, the modified Dirichlet integral is

Dulflir ) =222 [ f(Durb.0)dt (5.19)

g=—oco

where (from (3.7) and (3.28))

Du(r8) = 5 ‘lm s Z %:‘% (5.20)

In order to work with both Cartesian and polar coordinates we will abuse notation by

writing Dpe[f](z1,22) = Du|f|(r,$) where z; = rcos¢ and z; = rsin¢é. Similarly
with Nag, Das and Nyg.

Each derivative of Nas with respect to z;, z3, r or ¢ is a linear combination of

Dy, Dag-y and Dyr-s.
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Proposition 5.3.1 Let M > 0. Use the convention that D, =D if m < 0. Then

) 2 (r,$,6) = ~2r s $Dnc-1(r,$:6)

() 2051, ,6) = 2r con 6D, 6,€) ~ 24 Das-o(r, 4,0

(iii) aaNz':‘ (zly z3, 6) = 2£DM-1(31: Z2, 6) - 2319”-2(31, zz, 6)

(31, z3, f) = —2320M-2(313 T2, 6) -

ONm
i)

Z2

(w)

Proof of (it): Differentiating (5.17) with respect to r gives

on, . 2(cos(49) = geoslt —1g]) ()"

- LS ¢7£ - 9.21
ar #8) g(l-zgcos¢+(§)=) 21
_ 2rM-1 (£ cos(M @) — r cos[(M — 1)¢)) (5.22)
(@~ 2freonp ) ’
Using the identity
cos(mg) = b con — snllm — 9 (5.23)
withm=Mand M -1,
ONua, 4 o _ 2 (Esin(M8) — rsnl(M — 1)g]) cos
or VT T EM-2(£2 — 2frcosp+r?)sing
EM=2(£2 —2%rcosd +12) '
= 2{cos¢Dp-1(r,4,{) — 2rDpy—(r. 4,£)- © (5.25)

The other proofs are done in a like manner by differentiating (5.17) or (5.12). Or,

let A = 0 in Proposition 4.1 ((iii) and (iv) there reduce to (iii) in the present case).

Integrating (i)—(iv) above gives
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Proposition 5.3.2 Let M > 0. Let f be a measurable function so that

/ [F(E)IE™ dE < co. (5.26)

é=-—o00
Use the convention that Dy, = D form < 0. Let £ = 216, + 2262 € I (z; =rcos g,

z3 =rsing). Then

%o
(i) NM[f](‘l‘,¢)=/DM.;[lvf](f,t)dt'{-NM[f](r,%), 0<dp<m
t=¢

() Nulfir.#) =cot 8 [ Duecslifl(t. )5 ~acé [ Daslfi(e, )

+Nu[fl(ro,$), 10 >0

(ii) Nu(fl(z1,z2) = 2 / DM-I[Lf](t,tz)dt‘;:l: / Dag—2[f](t, z2) tdt

+Nuy(fl(t1,22), t1€R

(iv) Nu[fl(z1,22) = — / Dag—3[f|(21,t) @t + Nae[fl(21,t2), £2>0.

t=ty

The function ¢: R — R is the identity and ¢f is interpreted as pointwise multipli-
cation of ¢ and f, i.e., (¢f)(t) = tf(t).

Proof: Integrate each of (i)~(iv) in Proposition 5.3.1 with respect to the relevant vari-
able. The condition (5.26) ensures all the Dirichlet integrals converge to continuous
functions on II,. Fubini’s Theorem allows interchange of orders of integration. @
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5.4 Growth estimates for the logarithmic kernel

It is difficult to estimate N(f] directly. But, (i) of Proposition 5.3.2 writes Nag[f] in
terms of Das—1[cf] and this Dirichlet integral can be estimated using Theorem 3.3.1.

First consider N[f] under

[ F(6)]log(€? +2) € < co. (5.27)

é=-ao

Part (i) of Proposition 5.3.2 gives

xf2

N{fl(r,4) = [ Dlef](r.£) dt + N{fl(r, x/2). (5.28)
t=¢
Each part above can be estimated separately.

Lemma 5.4.1 If f satisfies (5.27) then

_.125_". T f(€)dE +0(1) asT —+ 00, if f is not odd.
NIfl(r,7/2) = —
0 for all r, if f is odd

If f is not odd, then the term o(1) in the case of odd f is sharp in that given
any bounded positive function ¥ on [0,00), with ¥(r) — 0 as r — oo, there ezists a
function f satisfying (5.27) such that

N/ +ZL [ fQd 2 9r)  forat  r21
¢=-co (5.29)
Proof: First note that if (5.27) holds then
[ ir@na < . (5.30)

f=—oco
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We have
Nifitrn/2) =~ [ f@bg (€+r) de (5.31)
é=-cc
- e [ FlE & - o / fieyog (& +1) & (5:32
6——00
- ‘°g’ / FO)dE +o(1) (r— oo). (5.33)
g=—0c0

The last line above is by the Dominated Convergence Theorem.
And, N[fl(r,x/2) =0 for all r if f is odd.
To prove the sharpness of

Niflir,x/2) + 25

j £©)de =o(1) (r - ) (5.34)

f=—-0c0

when f is not odd, use the method in Proposition 2.2.3. Given a bounded function
¥ with ¥(r) = 0 as 7 — oo, Lemma 2.2.1 allows us to assume ¥ is decreasing,
¥ € C*([0,00)) and ¥’(0) = 0. Let
'(r), >0
f(r) = { mez ¥'07): 7 (5.35)

0, r<0.

Then

NIfl(r,x/2) + 25T f f(e)del = o= 7 feog (5 +1) & G30)

f=-cc

§=-cc

[ ¥(€)log (52 +1) d (5.7

log2
> lngnb(f)log( £+1) & (539
> - j w6 de (5.39)

= ¢(;). . (5.40)
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Note that convergence in (5.27) implies the existence of D[.f] in (5.28). The
growth estimate in Theorem 2.2.1 can be integrated over ¢. Put a=b=1and n =2

in Theorem 2.2.1. Since

/ ;1% = —[log(csct— cot t)];/i (5.41)
=6
= log(csc¢ — cot @) (5.42)
it fellows that
=[2
/ D[cf](r, t) dt = o(Jlog(csc ¢ — cot ¢)|) as r—oo. (5.43)
t=¢

The function |log(csc ¢ — cot ¢)| is symmetric about ¢ = /2 since

s, ¢—0t
cscp —cotp ~ 1, ¢—=% (5.44)
=5 ¢ 7

The estimate in (5.43) can be improved because it fails to take into account the
logarithm factor in (5.27).

To accurately determine the growth of D[cf] under (5.27), write

rsin ¢

- Dicf](r, ) = - (L+1L+ 1) (5.45)
where
L = [ p(6)F(6) dE (5.46)
f=-c
L = p1(6)F(€) de (5.47)
e<[é|<N
L = [ i (6)F(6) de (5.48)

[El>N
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and

_ §
nE) = E s d i (5.49)

The number N = N(r) > e will be determined in Lemma 5.4.4.

Lemma 5.4.2 If (5.27) holds then I; = O(r~2) asz — oo in IL,.

Proof Let r > e+ 1. Then from (5.46),

[ 1eF(6)lde
L] < J - (5.50)
1 e
< (7:—)—=[ l€£(@)Ide (5.51)
< &l / Ef(6)de. @ (5.52)
f=—c

Remark 5.4.1 A complete asymptotic expansion of I; as r — oo may be obtained
by expanding in Legendre polynomials (A = 1/2 in (3.13)).

Lemma 5.4.3 If (5.27) holds then I; = o(1/[(1 — | cos §|)rlogr]) as z — oo in II,.

Proof: Let
_ §
pZ(f) - logf(fz—ZfrcosqS-{»r’)’ (5-53)
F(o) = / F(#)logt dt (5.54)
=£
and

Fi(6) = / |F(®)|log tdt. (5.55)
t=¢§
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Then p2(€), F(£) and Fi(§) — 0 as £ — co. Let Iy = [2, f(£) log £ p2(€) d€ and
integrate by parts:

a

L = [ (&) log Epa(€) dE (5.56)
=N
= F(N)p(N) + [ F(€) py(E) dt. (5.57)
=N
And,
IL(6)] = Fi(N) pa(N) + Fu(N) / 123 (E)] . (5.58)
=N
The last integral above can be evaluated if the roots of p; are known. We have
1o (log € ~1)r? +26rcos ¢ — (log £ + 1)€2

) = log? € (€2 — 2£r cos ¢ + 72)?2 (5-59)
— (1‘2 —Ez)logE - (62 -26'. COS¢ +1‘2). (5.60)

log® £ (62 — 2r cos ¢ + r2)?
The transcendental equation p5(£) = 0 cannot be solved directly. However, the
quadratic in (5.59) can be factored for r = r(§, ¢), viz.

3 :

(& 4) =¢ (— cosd to‘g/?f f —sin” ¢) : (5.61)

the function £ — £/(log € —1) has derivative (log £ ~2)(log { —1)~! and is an increasing
function of £ for £ > e2. Consequently, (£, 4) is an increasing function of £ (§ > e?)
and (5.61) has a unique solution for £ in terms of r (for each fixed ¢). This equation

can be solved approximately by noting the asymptotic behaviour as §{ — oco:

. 2
f6#) = g {-eos+ioge[1- 2 +o (l«:g-‘e)]
[1+1lg™ ¢+ 0 (log~2¢)]} (5.62)
1-
= ¢ [1 + 10:’;'" +0 (log™* e)] (€ = o), (5.63)

ie., img oo (€, 8)/€ = 1. Hence, we can write

=1-E(r,¢) (5.64)

mi9
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where E(r,¢) = o(1) (z € II,r = o0) and 0 < E(r, ¢) < 1 for large enough r. Put
é/r =1— E(r,¢) in (5.60). Then

- 0 = (2E — E*)[log(l — E) +logr] —2(1 — cos ¢) + 2(1 — cos ) E — E?

= 2Elogr —2(1 —cos ¢) — E*logr + R(E) (5.65)

where
R(E) = (2E — E*)log(1 - E) +2(1 — cos $)E + E* (5.66)
~ 2(1—cosd)E—-3E* (zell,,r— o). (5.67)

Treating (5.65) as a quadratic in E,

E = 1—4/1-2(1—-cos¢)/logr+ R(E)/logr (5.68)
2(1 —cos¢)/logr — R(E)/logr (5.69)

T 1++/1—2(1—cosg)/logr + R(E)/log

Since R(E(r,®)) = o(1) as z — oo, we have E(r,¢) ~ (1 — cosp)/logr as £ — oo.

From (5.60),

>0 for N<€<r—rE(r,¢)

P:(€){ =0 for ¢=r—rE(r,¢) (5.70)
<0 for £>r—rE(r,¢)
and
[ @1 = B - @ en (5.71)
é=N

= 2py(r(1 - E)) — p2(N). (5.72)

Therefore, from (5.58),

Ll < 2pa(r(1 - E)) Fy(N) (5.73)
_ 2(r — rE) Fy(N) 570
~ (log(1—E) +logr) [2(1 —cos @) — 2(1 — cos @)E + EZ|r2"
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Asz -+ ooin I,
_ (-B)R@®) _
(1~ cosg)r logr [1+0(b‘,)] [1+0(®) +0 ()]

F(N) l—cos¢ 1
i 0 () o ()] o

And, Fi(N) =+ 0as N — oo, so given € > 0 there is N; > e such that N > N,

(5.75)

] <

implies Fl(N) < €. Therefore, Iy = o ((1°—°°'1W) asz —~ooin ;.

For the integral f F(€) log € p2(€) d€ we have the same results with ¢ — 7 —~¢.

The lemma now follows. W

Lemma 5.4.4 If (5.27) holds then I = o(1/(rlogr)) asz — oo in II,.

Proof. Let ps(£) = [£|/log [£] then

s k -
ps(€) = gn(E)l(OZE E[ ) (5.77)
{ >0 for £2>e
(5.78)
<0 for 0<é<e.
Therefore, ps(€) < ps(N) fore < [§| < N. Let r > N then
e« [ BOUGIEK (5.19)
e<|él<N
N
S vy | M@Ibeld (5.80)
e<[¢I<N

In Lemma 5.4.3 we had N > N; > e. Now, given ¢; > 0 we will show that
N/[(r — N)?log N] < €/(rlogr) for appropriately large » and N. We can take
€2 < min(1,25/(4N;)). Let r > 25¢;%. Then

€r _ 25 5
2> =
121, > max (Nl, ez) (5.81)
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and we can take

max (N, %) <N < . 582
Then
N €7
.83
(r—N)2logN = 4(1—5})2r310g(5355) (589
&2 .84
= 4(1-1)’rlog (v7) &89
_ 863
= oot (5.85)
. < rlzzgr' (5.86)
Now replace ¢; by
€2 (5.87)
max (1, [ (&)l log €] df)
e<[§|<N

then [I;| < €/(rlogr) for r > 25¢;2 and N given by (5.82). &

Lemmas (5.4.1)—(5.4.4) can now be combined for an estimate of N[f].

Theorem 5.4.1 Let (5.27) hold for a measurable function f. If f is odd then

N[f](r, $) = 0 (hg(ll;g':“ "")) as z - 0o in IL,. (5.88)

If f is not odd, write N[f]|(r,¢) = u(r,d) + v(r) where u(r,¢) = N[f]|(r,¢) —
N{f]l(r,x/2) and v(r) = N[f](r,x/2). Then

urid) = o (CELZL ) andoir) = BT [ fig)dg +o(1) as 2+ o0 in L.
—o (5.89)
The estimates o (E&Es;ﬁ'ﬂl) are sharp in the sense of Definition 3.13. And, the
estimate V(r) := v(r) + l—‘lfl JZ2 f = o(1) is sharp in that, for any positive function
¥(r) = o(r) asr — oo, there is a function f satisfying (5.27) so that |V (r)|/9(r) /A 0

as T — o0o.
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Note that o (Eiﬁi;-“ﬁ) and o(1) are not comparable. Let ¥(r, ) = log csc¢/logr
and suppose 0 < ¢ < ¢y < n/2. Then u = o(¥) if and only if u(r,$) = o(log(l —
| cos $[)/ log r), since log(1 — | cos #|) and log csc ¢ have essentially the same behaviour
except at ¢ = w/2 (Their ratio is bounded if ¢ is kept away from 7/2.). On the
curve r(¢) = cscd we have ¥(r,4) = 1. On the curve r(¢4) = logcscd we have
¥(r,d) = log csc$/loglog cscp — oo as r — oo. And, on the curve r(¢) = constant
we have ¥(r,¢) = O(1/log r). Hence, neither o ('2&[’:&&?.‘211) nor o(1) is dominant.

Proof: From Lemmas 5.4.2-5.4.4 and equations (5.46)-(5.48), 1 + L+ I, = o(1/[(1 -
| cos ¢|)rlogr]) as £ — oo. Now look at (5.28), (5.45) and Lemma 5.4.1. If f is odd
then ) :

- f/z -
Nifl(r,¢) =0 (lo;l ls:l?:l:tl) ' (5.90)

And,

®/2

sintdt
/ ToTeng| = ~loB(-leost). (5.91)
t=¢

This gives (5.88).
When f is not odd, the contribution from N[f](r,7/2) (Lemma 5.4.1) must be
added for (5.89).

To prove (5.88) is sharp a lower bound or N[f] is needed. Let f be an odd function
such that f > 0 on [0,00), f < 0 on (—00,0] and [Z__ [f(£)l1og(§? + 2) d€ < oo.

First suppose that 0 < ¢ < 7/6 so that cos ¢ > 0. Then £2r~2~26r~tcosp+1 > 1
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whenever £ > 2r cos ¢ or £ < 0. Now use the fact that f is odd to write

- 3 2

Nifed) = ~E= [ fox-5 [ fewe(S-2tems1)

§=—00 [€1>3rcosé

2
— / £(€)log (%—-2§cos¢+1 dg
[€l<2rcosé

o 2 ¢

1 / F6)log (S;+2,cos¢+1) &

2= —9¢&
A f’; 23cosdp+1

....2{.{.{ / +27“}f(£)log(—~—2-008¢+1)df

f==rcosd  £=0

2rcosd

[ reos (& ~2feospt1) &

£=0

]

1

>
= Tox

Since 0 < ¢ < n/6 if follows that 0 < cos¢ —sind < cos¢d +sin¢ < 2cos¢. Let
F(r, ) be the minimum of f(£) over r(cos ¢ —sin¢) < € < r(cos ¢ + sin ¢). Then

r(cos¢-+sin$)

MAe 2 Fe8) (=) [ ve [(§-cos¢)z+sin=¢] &

g=r(cosg—sing) (5.92)

With the change of variable ¢ = f — cos ¢ this becomes

siné
NiflCi#) 2 F(ri) (~Z) [ 1og (8 +sin ) at
0 e

= F(rné)(-2) [*Iog (¢ +sin’ §) — 2¢ + 2sin parctan (;IET;)]

t=0

= F(r9) ( ”"‘“) [21og (sin ¢) +log 2 — 2 + 7/2]..
Finally, since log(sin ¢) < log(1/2) <2 —n/2 —log 2 when 0 < ¢ < 7 /6, we have the
lower bound

Y
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Now, given any sequence {z(} in I and any function ¥: R — R with ¥(z) =
o(log(1 — [cos @])/logr) (2 = oo in IL;), to prove sharpness of (5.88) we have to
show that N[f]/¥ # 0 on some subsequence of {z(}. With no loss of generality,
it may be assumed that [z(] - oo monotonically (take a subsequence of {z¥} if
nec?ssuy).

First suppose there is a subsequence %) = r; cos§; &, + r; sin¢; &; with 0 < ¢; <
7 /6. Using (5.93), it suffices to show that

T

F(r;cos ¢;, rssin ¢;) > Froomgilogre (5.94)
Let
-y —f__ (|6 —ricosds| +1.57; sing;), mising; < |€ — ricos ;| < 1.57; sin ¢;
f§) = fi, [§ —ricos ;| < risingy;

0, otherwise.

Note that for 0 < ¢; < 7/6, we have r;i{cos ¢; + 1.5 sin ¢;) < r:(v/3 + 1.5)/2 and
Ti41(c08 Pie1 — 1.5 sin iry) > rigr(v/3 — 1.5)/2. The intervals (r; cos ¢;, r; sin ¢;) are
disjoint if ri41 > (V3 + 1.5)(v/3 — 1.5) "L ;. This can always be arranged by taking a
spaise enough subsequence.

From the definition of f, we have F(r;cos¢;,r;sin¢;) = f;. So if we define f; =
m(r; sin ¢; log r;12)~! then (5.94) is satisfied. It remains to show (5.27) holds. That

condition is equivalent to convergence of the series

Z firi sin ¢; log(r; cos ;). (5.95)
=1
And with f; as above, this series becomes
log(r. cos ¢;)
«g  logre <= Z (5.96)

This establishes sharpness in (5.88) when f is odd and there is a subsequence of {z(¥)}
in the sector 0 < ¢ < w/6.
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Now suppose that f is odd and that each element of {z("} is in the sector 7/6 <
¢ < 1/2. We have

£ — 26r; cos d; + r,? = (£ —ricos ¢)” +risin? ¢ (5.97)
r?

2 3 (5.98)

> 1 ifr; >2 (5.99)

We can assume that r; > 2 and {r;} is an increasing sequence. Then log({? —

2{r; cos ¢; +r2) > 0 for each £ € R. Let

£6) = { ~fi(l=f—-7), m-1<€<r+1lforsomei>1
0, otherwise
(5.100)
where f; > 0 is a sequence given below. We now have
oo ri+l
NMifiad) = ~Y5r [ F(Olos(e ~2rcondi+rH)de  (5.101)
i=1

=ri—1
ri+l

<L [ a-l-rogra (5.102)
=ri—1

filogr:. (5.103)

™

We can assume we have a subsequence () = r; cos ¢; €, + r; sin ¢; €; such that

p(59)| < LBl —cosda)| (5.104)

iz Iog s

Let f; = [(£®)|/log r;. Condition (5.4) is satisfied if and only if
Y filogr: < oo. (5.105)
=1

With f; as above we have

filogr; < ”Ibg(l;' cos )| (5.106)

_wlog(1 — v3/2)

12

< (5.107)



CHAPTER 5. THE LOGARITHMIC KERNEL 89

and (5.105) holds. Also, N[f](r:;¢:)/|¥ ()] > 1. Therefore, (5.88) is sharp when f
is odd. By symmetry this holds for 0 < ¢ < =.

When f is not odd, take f as above and add a positive function satis_fying (5.35)
in Lemma 5.4.1. The resulting function gives the desired sharpness. W

Since I, is unbounded, [”__ f(£) d§ need not vanish for N{f] to be a solution
of (5.1)- (5.3). However, as shown below, fe‘:_m F(€) log (&% +1?) d€ is zero (for all r)
precisely when f is odd. This means that v in (5.89) is not identically zero.

Lemma 5.4.5 If (5.27) holds for continuous f then N[f](r,n/2) =0 for allr > 0
if and only if f i3 an odd function.

Proof: If f is odd then N[f](r,n/2) = 0 since it has an even kernel.

If N[f](r,7/2) = 0 for all r > 0 let g(¢) = f(§) + f(—¢) if £ = 0 and g(§) =0 if
£ < 0. We have

aN
£y = -2 xp2) <o,
so g is continuous. And,
Nifltra/D =0=5- [ g@)log (€ +17) . (5.108)
£=0

Let u(r, ¢) = N{g](r, #) and consider u as a function in the left quarter plane r > 0,

/2 < ¢ < =. Since u(r,x/2) = 0, u can be extended across the y-axis to 0 < ¢ < 7/2
as an odd function (Schwarz Reflection Principle, see §1.2). Define

v(r,¢) = { unm=d), 0<ésnfz (5.109)
u(r7¢), 7r/2$¢<1f
Then
v € C*(IL4) N C°(1L) (5.110)
Av=0, z€ ]I+ (5_111)
‘g% =0, ze€dll, (5.112)

o(rcscd) (z €I, r — o). (5.113)

v
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Theorem 6.4.2 (with N = 0) now says v = N[0] = 0. But u and v agree on the left
quarter plane so u = 0 on II,. By the same theorem, g =0 and fisodd. @

Remark 5.4.2 If f is assumed only to be measurable so that (5.27) holds and
felo(f(f) + f(—€))€> df converges for some —1 < a < 0 (f being bounded at the
origin suffices) and if N[f](r,7/2) is only known to be zero for r in an open subset
of Ry, we can still obtain the conclusion that f is odd. Define g as above. The
fanction N[f] is real analytic on IL; ([7], page 21). It follows that N[f](r,®/2)is a
real analytic function of » for » > 0. Since it vanishes on an open set it vanishes for

all » € R. Differentiate under the integral sign and write

%N[y](rmﬂ) = ;’;— 2’% (5.114)

£=0

_ 1 [ glre)de

= 7] & (5.115)

- £=0
= 0 forr>0. (5.116)

The Mellin transform of g,

Mig)(s) = f 9(€)¢* " d¢ == G(s), (5.117)

£=0
is analytic in the strip 0 < Re(s) < 1+ a. Let h(f) = (2 + 1)~!. The Mellin

transform is

Hs) = [S-% (5.118)

I s/2-1
_ % £_£—+ 1"€ (5.119)

é=0
I'(s/2)T(L — 5/2)
. 2

([19],1.5.2) (5.120)

= TeteTD ([19],1.2.6) (5.121)
(5.122)
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and is analytic in the strip 0 < Re(s) < 2. The convolution of g and A is

g=h() = [ arOhO) dt (5.123)

13
and has Mellin transform

M(g * h](s) = G(s)H(1 — 3) (5.124)

(see, for example, [15]). The convolution is analytic in the common strip 1 + a <
Re(s) < 1. But from (5.115), g*h(r) = 0 for r > 0. Therefore, G(s) H(1 —s) vanishes
identically for 1 + @ < Re(s) < 1. And, H(1 — 8) = H(s) = wsec(nx3/2)/2 # 0 in
this strip. Hence, G vanishes identically there and so g vanishes almost everywhere
for » > 0. Therefore, f is odd (almost everywhere).

5.5 The modified kernel

The modified Neumann integral, Ny[f], can be estimated using the integral repre-
sentation of the kernel given in part (i) of Proposition 5.3.1.

Theorem 5.5.1 Let M > 1 be an integer. If (5.8) holds for a measurable function
f then

Nulfl(r#) = o (+Mlog(1 - [cos #])) +0 () (z €Iy, o] = oo).
(5.125)

The estimate is sharp in the sense of Theorem 5.4.1.

Proof: Use (i) of Proposition 5.3.2 to write

x/3

Nulfl(r,¢) = / Dags[ef](r £) dt + Naglf](r, 7/2). (5.126)
t=¢
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An upper bound on |{Dp[f]| was obtained in (3.35) of Theorem 3.23. And, [Das—[cf]]
will bave the same upper bound. It follows that Dy [cf](r,4) = o(r™ log(1l ~

| cos 4])).
The final term in (5.126) is

NM[f](T, n[2) =

We have

SO

And,

SO

Let

~1\M e M-1

14+¢2
Jéi>1 ¢=0

14¢ _,, =0

1+¢ 1+¢2”°

<2 for0<(<1

1+

re 7‘(1+c)c"-ldc_

Ifr/|é] <1 then

1] <

¢=0

 fea- )"

¢=0

(5.127)

(5.128)

(5.129)

(5.130)

(5.131)

(5.132)

(5.133)
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Ifr/|€| > 1 then
1 7[6[
I < 2 [ ¢MtdC+2 | M2 (5-134)
csfo ¢=1
M-
_ { Z s [eney 1], M22 (5.135)
2 + 2log(r/|€]), M=1
M~1
< /", M>2 (5.136)
2 +2log(r/[¢]), M =1

The preliminary results above will now lead to an estimate of Nay[f](r,7/2). Let
r > 1. From (5.133), we have

]" {3783
g=r

2,% £ 1£(8)]
< 5 e / o & (5.137)
= o™} (r— ). (5.138)
Let F(§) = f; [f(t)|t~™ dt. Then F(£) = o(1) as £ — co. And, given € > 0, there

is a number N > 1 depending on € so that F(v) <e/2forall v > N. Let r > N and
M > 2. Then, using (5.136),

r

f 9 M1
[ rere < 31— [I0LE (5.139)
=N =N
< ———Mz_lr“-lp(zv) (5.140)
< erM (5.141)
And,
[ 241 f 150l de
[ rora < 31— [k (5.142)
=1 é=1
< 2NrFM-1p(1) (5.143)
< erM  ifr>2NF(1)/e (5.144)
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Hence, Ny[f](r,7/2) = o(+™) for M > 2. (Using a similar construction for £ < —1.)

When M =1,
l [ rordg <n+n,
e=N
where
L = 2 lf (f)ldf
]
[ reen %
< 2 [ 5
=N
< 2rF(N)
< er.
And,
L= 2 [ if@logr/e) de
é=N
logt
< 2rF(N)sup ——
1 ¢t
< erfe.
As well,
N
[ forag <n+ 1.
€=1
where
N
I, = 2 [ [f(€)ld
]
< 2NF(1)
< er ifr>22Nf(1)/e

(5.145)

(5.146)

(5.147)

(5.148)
(5.149)

(5.150)

(5.151)
(5.152)

(5.153)

(5.154)

(5.155)
(5.156)



CHAPTER 5. THE LOGARITHMIC KERNEL 95
And,

N
L=2 [ |F(E) log(r/€) de. (5.157)

&=1

Since logr/r — 0 as r — oo, we can always find r (depending on ¢) such that
logr/r < e/(2NF(1)). With such an r,

N
/3
Iy < 2Nlogr [ |f()l+ (5-158)
Jrere
< 2NF(l)logr (5.159)
< e€r. (5.160)

(If F(1) =0 then (5.160) holds for any r > 1.) Hence, Ny [f](r,7/2) = o(r™) for all
M>1

To prove the estimate Na[f}(r,7/2) = o(r™) is sharp, suppose ¢ is any bounded
positive function that tends to zero at infinity. By Lemma 2.2.1 we can assume 1 is

continuously differentiable and decreasing. Let

2r M(—1)YM+1y/ M, >1
f6) { rM(—1)MHY(E) M, ¢ 5160
0, §<1.
From (5.129) and (5.132) we have I > M~(r/£)™ for £ > r. Thus,
Nulflr) = o [ fora (5.162)
é=-—0c0
el RGL (5.163)
é=r
= ™y(¢), (5.164)

giving sharpness as in Theorem 5.4.1.

The proof that f;‘: Du[f](r,t) dt = o(r™log(1 — | cos §|)) is sharp is similar to
the-previous sharpness proofs in Theorems 3.3.1and 5.4.1. @&



Chapter 6

Uniqueness and spherical

harmonics

6.1 Introduction

The classical Phragmén~—Lindelof Principle(see the next chapter) ensures uniqueness
to (2.1)- (2.3) under the growth condition © = o(|z|) as |z] = oo in II;. How-
ever, if f satisfies (2.6) then u = D[f] is a solution even though f(y) needn’t be
o(|y|) for the Poisson integral to exist. And, as we have seen above, existence of
the Poisson integral does not imply any a priori pointwise behaviour of u on 9IL,.
We now establish a theorem that guarantees a unique solution to (2.1)-(2.3) with a
growth condition compatible with any data f satisfying (2.6). It gives uniqueness to
a harmonic polynomial of degree N when f satisfies

NP,
/ I_____L-’:I(:r’_'_)'!fl < oo forsome N > 1. (6.1)
RN-1

96
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6.2 Spherical harmonics and homogeneous harmonic
polynomials

In this section we will list some relevant facts about homogeneous harmonic polyno-
mials and spherical harmonics. General references are [7], [14], [20] and [62]. The
basic properties of spherical harmonics are derived from first principles in [59]. Group
symmetry properties are discussed in [32].

Let P denote the set of homogeneous harmonic polynomials of degree k; h € P
if h..is a polynomial of degree k such that

h(tz) = t*h(z); z€R"™ t>0 (6.2)
Ah =0 in R™ (6.3)

It will be convenient to define P, = {0} for ¥ < 0. Due to (6.2), an element of Py is
determined by its values on the unit sphere (h(z) = k(|z|2) = |z| h(Z)).

The spherical harmonics of degree k are the restriction of elements of P;. to the
unit sphere. We write Y (Z) = h(2) for h € P; and define

Ye = {Y: 5.1 - R|Y(z) = h(2) for some h € P:}. (6.4)

There is a one-to-one correspondence between P, and Ji; h(z) = |z[*Y(2). The
elements of ), are analytic functions on the unit sphere S,_;. If we write r for |z|
then the Laplacian in R™ can be written

a=rm (i 2) + 3a

which defines A as a differential operator on fanctions twice differentiable on S,,_,.
We call A the Laplace-Beltrami operator. The spherical harmonics are eigenfunctions
of A,ie, AY +k(k+n—2)Y =0 for Y € )i.
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With the usual pointwise definitions of scalar multiplication and vector addition

Vi is a vector space of dimension

d(n,k):(n+k-1)-

n—1
When n = 2, d(2, k) = 2 and ), is the span of {sin(k@), cos(k¢)}. Equivalently, there
are two linearly independent homogeneous harmonic polynomials of each degree in
two variables. These are listed up to degree five in Table 6.1 below. For ease of

reading we have written z; =z =rcos¢ and z; =y = rsin ¢.

Po 1
P z Yy
P, 22—y 2zy
- Ps z3 — 3zy? 3z2y - ¢°
P, | =z*-62%y*+y* 4zy(z?® — y?)
Ps | z° — 1023y? + 5zy* | y® — 1023y + 52y

Table 6.1: Homogeneous harmonic polynomials in two variables

The elements of P have been chosen so that the corresponding elements of )

are cos(k¢) and sin(k¢). For example, z3 — 3zy? = r3(cos® ¢ — 3 cos ¢ sin? ¢) and

cos(3¢) = cos(2¢)cos ¢ —sin(24) sin ¢
= (cos? @ — sin? §) cos ¢ — 2 cos § sin’ ¢

= cos® ¢ — 3cos ¢ sin® .

When n = 3 we write z, = |z|sin 8 cos ¢, z; = |z|sin § sin$ and z3 = |z|cosb. A
basis for )i is usually taken as
Y (2) = P{™(cos§) ™,

where —k < m < k and P" is the associated Legendre fanction. Alternatively, the
set {1, P*(cos 6) cos(me), P™(cos 8) sin(mé)}% _, is a real basis for Y.
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Explicit formul= for spherical harmonics are given in [20]. For » > 3 they are
represented as products of Gegenbauer polynomials and trigonometric functions.

Let f and g be (real) L? functions on the unit sphere and dw,—; surface measure
on 9B,. Under the inner product

(f.9) = /8  faduny

the spaces ), are orthogonal, i.e., if f € Ji, g € Ve and k # £ then (f,g) = 0. Each
Yk is a vector subspace of the set of L? functions on the unit sphere S,,_; and for any
f € L?(Sa-1) we have the expansion f = Y fi where fi € Ji and convergence is in
the norm induced by the above inner product. Hence, the Hilbert space L?(S,-;) is
the direct sum of Yy, W1, Vs, -- and we write

L*(Sn-1) = P W (6.5)
k=0

There is a corresponding result for P;. A strengthened form of this expansion will be

used in the proof of the uniqueness theorem (Theorem 6.4.1).

6.3 Three lemmas

The following lemmas will be useful.

Lemma A: Fiz1 <1 < n. For each j > 0, if H; € P; then there ezists A\; € R such

that ﬁ,'.g.l(t) = zs-Hg(z) - ’\jlzlz %”f':’ is in Pjy1.

A proof is given in [14], p.534. It is based on Euler’s theorem for homogeneous
functions, namely, z -V H(z) = k H(z) where H is a homogenous function of degree
k.

Our uniqueness proof depends on the fact that, on the unit sphere, the product of
any polynomial and a spherical harmonic has a finite expansion in terms of spherical

harmonics. To prove this we use three lemmas.
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Lemma 6.3.1 Ifh € P, (k > 0) and p > 0 is an integer, then there are h; € P;
such that

2 h(z) = Y _ |2[* hesp-2(z), (6.6)

£=0

where i is a fized integer, 1 <t < n.

Proof: The proof is by induction on p.
If p = 0 the result is immediate.

If (6.6) holds for 0 < p < q then

o h(z) = 2: ) |2[*Herg-2(z)  (H; € P;). (6.7)
=0

Writing A; = [n+2(j —1)]~* for j > 1 and \; = 0 for j < 0, the fanction Hjy(z) :=

z; H;(z) — A\jlz|? %f-'!'— is in Pj41 (Lemma A). Since %f{ € Pj-1, (6.7) may be written

q LIk Sl
) OHure-
2 h(z) = Y |a|* (Hk-:»q-uu(z)‘*' Aetg-2e 2’ ;: 2‘)

=0

2 ~ = OHpq-2042
= X lel*Herg-2n(2) + D o Aesg-r2s2 — 5ot
=0 =1 *

g+1

z [z Hiyq2e11(z) (for some H i € Pj)
=0

I

and the result follows. WP
The case p = 1 is given in [62], p. 226, Lemma 3.4.

The spherical harmonics of degree k are the restriction of elements of Py to the
unit sphere. Lemma 6.3.1 with £ = n may be written

P
cos?8Yi(2) = ¥ Visp2(Z) whereY;, ¥; € V. (6.8)
=0
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Lemma 6.3.2 If h € P (k > 0) and r; > 0 are integers, then there are h; € P;
such that

P
iyt -2t = Y [2[* hayp-ae(), (6.9)
. £=0

n
where p = ) p;.
=1

Proof: The case when all the r; are zero except one is covered by Lemma 6.3.1. Use
the convention that for any m-tuple o, hﬁ’) € P (1 £ m < n). Hence, repeatedly

using Lemma 6.3.1,
P
o2l h(z) = -2l Y |2PA A, L, (@)

4L4=0

P2
(3
= or2B Y 24 Y PRl 2 (2)

4=0 £5,=0

M=

) f4 1 P2 Pn
= Yl jzfe--- Y 2P (2),  (6.10)
Ln=0

LH=0 L=0
where we have written £ = {4 + £, + -+ + £,. Collecting together homogeneous

polynomials of the same degree gives the combinatorial sum

P 2f h(z) = RO (z) + |e? (h&g:;m(z) + h&;f;""”(z) et h&;‘;ﬂ"’(z))
(2 8P 1165
) +--o 4 |2|?? h,(:':;--,m)(z)
DD M %
=0 b+l +-tHa=t
= i |Z(*# hiyp-2e(z), where h; € P;. B
£=0

Example. Let n = 2 and h(z,y) = z?> — y* € P;. Then

2
zy*h(z,y) = Z: ™ hs_2u(z,y)
=0

= hs(z,y) + (z* + ¥?) ha(z,y) + (z* + ¥°)* hu(2,¥).
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A calculation shows
1
hs(z,y) = -3 (zs —10z3y% + Szy‘)

1
ha(@y) = 3 (= - 3zp7)
hl(z7y) = 0.

Lemma 6.3.3 Let P be a polynomial of degree p and h € Pr. Then there areY; € Y;
such that

P(2) h(2) = ) | Yirg-2(£). (6.11)
=0

Proof First E.onsider zirzy--- 2], where r; > 0, 30, 7 = r < p. By Lemma
6.3.2, zir---z7 h(z) = Y 50 |21 hisp—-20(z), where h; € P;. Restricting z to the
unit sphere via the map z — & = z/|z| gives i --- 27 h(z) = Y 5_, Yitp—u(2),
where Y; € ); and Z; = =z;/|z|. Since P(z) is a linear combination of terms like
Zp ---Z7 the result follows. B

In the example above, when z is restricted to the unit sphere, we have z =

T cos ¢ — cos ¢ and y = r sin ¢ > sin ¢, and (6.11) expresses a trigonometric identity.

6.4 A uniqueness theorem

We are now in a position to prove the following uniqueness theorem.

Theorem 6.4.1 If N >0 (N € Z), P a polynomial of degree p and f a continuous

function on R™"! then any solution to

v € C*(IL) N C°(1L4) (6.12)
Au=0, zell, (6.13)
u=f, zedll; (6.14)

u=o(El) (zelL, |z| » ) (6.15)



CHAPTER 6. UNIQUENESS AND SPHERICAL HARMONICS 103

is unique to the addition of a harmonic polynomial of degree N that vanishes on 9I1,.

Proof- Let v be a solution of the corresponding homogeneous problem (f = 0). It
is equivalent to prove that v € Py and v = 0 on JII,. By the Schwarz reflection
principle any such v must be harmonic in R™. The spherical harmonics expansion

theorem ([14], p. 535) gives
v(z) = 2 lz[* i (2), (6.16)

where we will write Yn € Vi and Y( vanish on 9II; N 0B,.

Using Lemma 6.3.3 we have

P(2) () = ét,’,.u(z) (6.17)
and
P@E)v(z) =Y l=I* Y v & _,,(8). (6.18)
k=1 =0

Let j € Z; and 0 < m < p. The series in (6.16) converges uniformly on compact sets
and so may be integrated over the unit sphere term by term. With 4,; the Kronecker
delta, orthogonality of spherical harmonics gives

[ Y8 am(@)P@) o(1218) d50ns
8B,

P
I BT M /3 Y9 )Y (2)dSas.  (6.19)
=0

The notation v(|z{Z) indicates |z| remains fixed for the integration. The condition
J+p—2m = k+ p — 2L is satisfied by only a finite number of k € Z4, 0 < £ < p. The
right member of (6.19) is then a polynomial in |z| with no constant term. Integrating
theorder relation (6.15),

L, ¥ m@P@s(eld)dSes = olat [ ¥ sn()as.)
= o(!z[Nﬂ) (lz] = o0), (6.20)
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shows the coefficient of |z}/ in (6.19) vanishes when j > N, ie., | Y2, |’ = 0.
From (6.17), Y”) = 0 for k > N. Hence, by (6.16), v(z) =0if N =0 and if N > 1,
N
v(z) =Y |zF ¥ (&) € Pw.
il k=1
The theorem follows. W

Corollary 6.4.1 If (2.6) holds for continuous function f then u = D(f] gives the
unique solution to the Dirichlet problem (2.1)—(2.3) that satisfies the growth condition
u = of|z|sec” ! 8) (ze€ll,, |z|]— ).

Proof: Use Corollary 2.2.1 and put N =0, p=n — 1 in Theorem 6.4.1. W
There is a corresponding result for the Neumann problem.

Theorem 6.4.2 If N >0 (N € Z), P a polynomial of degree p and g a continuous
function on R*! then any solution to

v € C¥(IL) N CY(IL,) (6:21)
Au=0, zell, (6.22)
2=—g, ze€dll, (6.23)
u=o(Ey) (zelL,|z|~ ) (6.24)

is unique to the addition of a harmonic polynomial of degree N — 1 whose normal

derivative vanishes on OIL,.

Proof The proof is similar to that above. Let v bé a solution to the homogeneous
problem. Extend v to z, < 0 as an even function, v(z) = 30 [2|¢Y{%(2), where
now 8Y,"(2)/80 = 0 on 8L, N HB,. Proceeding as before, (6.20) becomes

[ Vo m@P@ et dses = ol [ ¥ a@r5s)
. = o(lzl)  (lz] = o). (6.25)
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It follows that Y{” = 0for k> N. Thus v(z) =0if N =0 and if N > 1,

N-1
v(z) =) |z*Y () €ePy. ®
k=0

If n > 2 then N[f] = o(sec™~20). Therefore, the Poisson integral u = N[f] gives
the unique solution to the Neumann problem under the growth condition %(z) =
o(se;c"'z 6), since in Theorem 6.4.2 we can take N = 0 and the degree of P at least
n—2. Ifn =2 and f is odd then N[f] = o(log(1 — | cos ¢|)/log r). And, since we can
take N = 0 we have uniqueness of u = N[f] under o(csc$). (The lowest degree odd
polynomial is g(§) = £, which fails this growth condition.) However, when f is not
odd then N[f] = O(log r) and we must take N = 1. In this case, the growth condition
u = o(r/sin ¢) does not give a unique solution. The solution will be v = N{f] +¢
where c is any constant. Growth estimates for the n = 2 Neumann case were given

in Theorem 5.4.1.

In the next chapter a uniqueness theorem will be derived using barrier functions.



Chapter 7

A Phragmén—Lindelof Principle

7.1 Phragmén—Lindelof Principles

The classical Phragmén-Lindelof Principle of complex analysis gives an estimate for
an analytic function in a sector based on its boundary behaviour and growth at

infinity.

Theorem A (Phragmén and Lindelof): Let 0 < a < 7 and let K, be the sector
0 < |arg z| < a. If f is analytic in K, such that

limsap [f(2)| <1 for each z, € OK,, (7.1)
z2€Ka,2—20
) ! r
limsup EAT) — 0 where pr) = sup_ [£(2)], (1.2)
r—+c0 ls|=r,z€Ka

then |f(z)| <1 for all z € K,.

See [54] for the original reference.

A similar result holds for subharmonic functions in cones of R™.

106
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Theorem B: Let 0 < a < w and let K, be the cone {z e R* [0 < 8 < a}. If
u € C*(K,) such that

Au>0 in K, (7.3)
limsup u(z) <0 for each zo € 8K, (74)
z2€Kq, 2929
. #(r) -
limsup —= <0 where p(r) = sup |u(z)|, (7.5)
r+cc T° le|=rz€Ka

then u <0 in K,.

Here p is the smallest positive root of p(p+n—2) = A\, where A; > 0 is the smallest
eigenvalue for the problem Av+ Av = 0 in K, with v =0 on K, N3B,. For the half
space, @ = /2 and p = 1. See [17]. The first theorem is a special case of the second
since if f is analytic then log|f(z)| is a subharmonic function of the two variables
T - Re(z) and z, = Im(z). There are many other types of Phragmén-Lindelof
Principles, for different differential equations, for different regions and with different
types of growth conditions. The works by M. R. Essen [21], W. K. Hayman and P. B.
Kenney [33], V. A. Kondrat’ev and E. M. Landis [40] and P. Koosis [41] survey the
literature. As will be seen below, a Phragmén-Lindelof Principle immediately leads

to a uniqueness theorem.

In Chapter 2 we had the growth estimate D[f](z) = o(|z|sec™™! 8) (Corollary 2.2.1)
and this was proven to be sharp in Chapter 3, Theorem 3.3.1. Hence, the sec™! §
term cannot be dropped and the Poisson integralwill not in general satisfy the premise
of the Phragmén-Lindelof Principle (@ = #/2 in this case). And yet we know from
the spherical harmonic expansion that the Poisson integralgives the unique solution
to the Dirichlet problem under a growth condition compatible with of|z]sec™! #).
See (6.15) and Corollary 6.4.1. Thus it is desirable to prove a Phragmén-Lindelof
Principle that allows divergence at the boundary. For the half plane, F. Wolf has the
following result, (66].

Theorem C: Let II, be the half plane z3 > 0 of R2. Let f be a non-negative
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measurable function on (0,x) with [ log* f(¢)d¢ < co. Ifu € C*(I;) such that

Au>0 mlIl, (7.6)
limsap u(z) <0 for anyzo € Jll, (7.7)

z€lly, z—4z0

tmsup 27 <0 wherep(r) = sup e T®u(z), (7.8)
r—$00 r lzl=r.z€ll;:

thenu <0 inll,.

The function log* ¢ is logt for ¢ > 1 and 0 for 0 < £ < 1. In this theorem the growth
condition allows the angular function to be singular for any value in [0, ¢] provided
its logarithm is still L!. This includes the growth condition in (6.15). The proof
of Wolf’s theorem depends on construction of a conformal map and so is specific to
n = 2. It will be the aim of this chapter to develop a Phragmén-Lindel6f Principle in
I, of R" that allows angular blow up compatible with the estimate on the Poisson
integral. This will be done using barriers.

7.2 Barriers in the plane
In order to prove a Phragmén-Lindelof Principle we will need two lemmas.

Lemma 7.2.1 For any decreasing, measurable function mg : (0,1] — (0,00) with
féomo(t) dt < oo and any positive number A there is a function m : (0,1] — (0, c0)
majorising mo such that
(i) m(t) 2> mo(t) ~ Alogt
(i) m is C? on (0,1)
(iii) m' <0

(iv) ~m'(8)t > A
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(v) jm(t)dt < oo

(vi) —t3>m/(t) is increasing

Proof: Start with (iii), (v) and (vi). Let t = /% then § = -2t~ 2. Write
my(€) = mo(t). Condition (iii) becomes m}(¢) > 0. And,

2 (£ mife) = 27> 7 (2mi(6)). (7.9)

So (vi) is equivalent to mj(£) < 0 or m; is concave.

Since 2dt = —£~%2 df we require [,2, m;(£)§™*/*df < oo in place of condition
(v). With mg as given in the lemma, the function m;:[1,00) — (0, 00) is increasing
and satisfies the above integral condition. Hence, m;(£) = o(+/€) as £ — oo. Let

V = {h:[1,00) = [0,00) | h € C?((1,0)),H'(£) > 0,h"(£) <0
and h(€) > my(£) for § > 1}. (7.10)

The map ¢ — a+ b/ is in V for large enough a and b so V is not empty. Let
maff) = ’{g.‘f, h(£). Then m3(£):[1,00) — [0, 00) and is a concave, increasing majorant
of m;. It is piecewise linear where it does not agree with m,. If 1 < §; < §; then for
all € > 0 there is a function A” in V (depending on € and §;) so that

0 < h*(£) — ma(6s) < €. (7.11)
We have
ma(&) < h*(&) S A°(&) < ma(és) + e (7.12)

And, € > 0 was arbitrary so m3(§;) < m3(§;). Therefore, m; is increasing (in the

wide sense) on [1,00). To prove m, is concave we have to show that

ma(As + (1 — A)E) > Amz(s) + (1 — A)m2(2)
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forall s,£>1and all 0 < A < 1. Suppose 1 < s < ¢ =§;. Using (7.11) we have

ma(As + (1= A)t) > A"(As+(1-A)t)—€ (7.13)
> AR(s)+ (1= A)h(t) — € (7.14)
> A(ma(s)—€) +(1—A)(ma(t) —€e)—e  (7.15)
= Amy(s) + (1 — A)ymg(t) — 2e. (7.16)

Since € > 0 is arbitrary it follows that m, is concave on [1, co).

Now show that Jeoim2(§)§73/7 d§ < oo Let {£.}22, be the set of points such
that {o = 1; & < L2nt1; ma(bon) = mi(§an) and m2(Eant1) = Mi(€2nsa); for all €
satisfying &3, < €& < &n41 We have ma(§) > my(€). Let @ C [1,00) be the set of
points w € {£,} such that ma(w) = m;(w). If a sequence of points in {,} has a finite
limit then it will be impossible to label £, such that &;, < £2,, whenever n < m.

Let V, be the semi-infinite strip
Vo= {(€&:1) €R*[€> Eant1sT2n <N <M2air} (7.17)

and A, the triangle with vertices ({2n,%2n), (§2n+1,720) and (€2n41,M2n4+1). We have
written e = my(&) fork =0,1,2,---. Theline containing (£é2n, 720) and (€2n41, M2n+1)

has equation

: — [ M2n+1 —M2n _
) 1 = §ans1 -Ezn) (€ —&an) (7.18)

or, 7 = anf + b, where

8n = (Mans1 — N2n)/(Eans1 — &2n) and by = 12, — @ron. (7.19)
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Let o be measure in the {n-plane with weight £-3/2. By comstruction, my(§) <

an + b, on (€2n, 2n+1)- Therefore,
£int1 Galdbn

oo = [ [ e

€=£3n T=MNn
&ang1

/ (@n€ + b —120) £/2 dE
£=6an
= [20n"% ~ 20— )

]

And,

oo &angr
[[ar= [ e [a
Va €=52n+1 "F"f?u
_ 2mze4r —M2m)

T Ve

Therefore,
véansr1~vGan

1

o (VB ~ V) = 20 = -

=)
Ven/)

)]

O'(An) B (ﬂ2n+1 _’TZn) [ Ginei—an + (E:Mrl:&n} (1/52-.-(»1 = Lo

o(Va) mﬁ&-&::"
Eant1 — 24/ Eanbansr + Ean

Eane1 — Ean

= V52n+ "\/32:
VEni1 + Vin
1.

Now,

Y o) < [ mi(e)e? de < co.
n=1

&=1

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)
(7.29)

(7.30)
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We_then have
ama) < 3 o()+o(n)+ [mule)e de (7.31)
n=1 h)
< 2o+ [mieer e (7.32)
n=1 )
< . (7.33)

In order to smooth out m; we will need to extend its domain to [0, 00). Suppose
£2m is not a limit point of @ (for some fixed m > 0). Then m; is a linear function
on [£am, am+1), i-e., ma(€) = amé + b where a,, and b, are given in (7.19). Since
mo(1) > 0 it follows that m3(1) > 0 and there is a number M > 0 such that if

M+anf+bm, 0<{<Gmn
ms(§) =
M +m,(€), £ 2 Eomi
then m3(§) > 0 for £ > 0. And, m3 is concave and increasing on [0, 00).
We can mollify ms with a convolution. Let ®:[0,1] — [0,1] be a C? function
with the properties $(t) = ®(1 —¢t) (even about ¢ = 1/2), & is increasing on (0, 1/2),
®(t) =0fort <Oort>1, #(0) = (1) =0 and f_ B(t)dt = 1. Let

13 u
me(§) = / / my(v) B(u — v) dvdu + m3(1) (7.34)
> mall). (7.35)

Since mg is increasing, mj exists almost everywhere and m, is C? on {1,00). And,

mj; > 0. Now,
£
mie) = [ me)aE-vdw (7.36)
v=t-1
(3
> me) [ #e-v)a (7.37)
v=¢-1

my(§)- (7.38)
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The last line follows from the change of variables § — v > v. Since mj may not exist
everywhere, we define

m3(£*) = lim mi(2). (7.39)
It now follows from (7.35) and (7.38) that m(§) = ms(£) for £ > 1.

And, mq is concave, for
3

mie) = [ mi)#E-o)d (7.40)
v=¢-1
- / mi (€ ~ 5) #(s) ds (7.41)
n:/)z 1/2
= [mie-9@@ds+ [mie-1+0Fa-0)ds  (142)
s = |
- / [ml(€ — 5) — mi(€ 1 + )] &'(s) ds. (7.43)

The last line follows from the fact that ® is even about 1/2 implies ¥’ is odd about
1/2. When 0 < s < 1/2 we have { — s > £ —14s. Since m; is concave and $’(s) > 0
(0 < 5 <1/2) (7.43) shows that mg(£) < 0.

The fanction m4 also has finite measure with respect to . We have
€

my€) < my(E-1)"*) / (€ - v) dv (1.44)
v=€-1

= m((€-1*) (7.45)

< my((€-1)- (7.46)

And, my(1) = m3(1) = m3(0)+(ms(1) —m3(0)) so my(§) < ma({—1)+m3(1)—m3(0).
Therefore,

oo

o(my) < / [ms(£) + ms(1) — ma(0)] £~*/2 d§ (7.47)
£=1
< oo. (7.48)
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If we now transform back to the interval (0, 1) via { = ¢~? and then define ms(t) =
m4(£) then ms majorises mg and satisfies (ii), (iii), (v) and (vi).

Finally, let mg(t) = ms(t) — Alogt. Then on (0,1), me(t) > ms(t) > mo(t) and
mg € C?((0,1)), so (i) and (ii) hold. We have m}(t) = mi(t) — A/t < mi(t) <0,
which gives (iii). As well, —mj(t)t = ~m{(t)t+ A > A, giving (iv). To demonstrate

(vi), write
1 1 1
mg(t)dt = me(t)dt — A [ logtdt (7.49)
Jruos < [roa-a]
= o(m)+A (7.50)
< oo. (7.51)
For (vi),
S (—Pmi(e) = 2 (-Emi(e) + 3 (347) (7.5
= —4t~3ml(£) +6At (7.53)
> 0. (7.54)

Hence, mg is the desired majorant. W

Lemma 7.2.2 Let mg be any decreasing measurable function, mg: (0,1) — [0, 00),
with f;o mq(t)dt < oo. For each p > 0 there is a barrier function ¥, : (—p,p) —
[0,00) and a set T, C IL; satisfying

v, € CHT,)NC%T,\S) (7.55)

Ay, < 0, zeT, (7.56)

Yo(z) > rem™ERé 79T, (7.57)

¥v, >0, zeT,\S (7.58)

plij:oxoxbp(zl, z3) < o0 for each (z1,22) € T),. (7.59)
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The boundary of T, is piecewise smooth. The set S is the intersection of T, and the

T1-GT1S,
S = {(z1,2:) ER* | —p <z, <p, z, =0} (7.60)

and 8*T, = T, N1L,.

Proof. The proof is partly based on the construction in Lemma II of [11]. Let m > m,
be the majorant in Lemma 7.2.1 with A = 3. We will be referring to the properties
(1)~(vi) of Lemma 7.2.1.

There is a number 0 < A < 2/3 such that — [} m/(t)dt = 2. Indeed, let I () =
— [, m'(t)dt. Then I(0) =0 and by (iv), I(2/3) > 2. Due to the continuity of I,

the number A exists as above.

Let

g(t) = gt-m (ﬁ)-) and g(-1)=A"1 (7.61)
define g on [~1,1). We have

e ()243)

so that
S Y R(C EE

=1 s=-1
= - j m'(u)u du. (7.64)
u=1/g(t)

The left side is an increasing function of ¢ which says that g is an increasing fanction
(recall m’ < 0).



CHAPTER 7. A PHRAGMEN-LINDELOF PRINCIPLE 116

The domain of g is [-1,1). If lim g(t) = +oco for some —1 < {; < 1 then as
t=bty

t — t; we have

A A
- / m'(u)udu - - / m'(u)udu =2 (7.65)
u=0

uw=1/g(t)

but lini(t-{- 1) =to +1 < 2. Therefore, £, = 1.

t=ity

Now, from (7.61),
= —-m’ (-) 1 g (7.66)

and 1/g(t) is a decreasing fanction of ¢ so (vi) shows ¢’ is an increasing function.

Therefore, g is a positive, increasing, convex function on [—1,1) with g(t) = +oco as

t -+ 1-.
Let
£(s) = exp ( / 9(t) dt) for —1<s<1. (7.67)
Then on (—1,1),
>0, (7.68)
= fg>0, (7.69)
' = fé¢+fd>0. (7.70)
Let
¥(z1,22) = f(21) (223 — 23 g%(z1)) . (7.71)

Then ¥(z1,z;) > 0 when —1 < z; <1and 0 < z; < v2/g(z,). And,

AY(21,22) = 2f"(z1)22 — (F(21)g%(21))" — 6£(z1)9* (21)z2. (7.72)
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Both f and g are increasing and convex so fg? is convex and, using (7.70) and (7.66),

Ay < [2f"(21) — 6f(z1)g*(z1)] 2 (7.73)
= 2f(z1)g*(z1) 1+ g'97% ~ 3] z2 (7.74)
_ 2y g(z1) —9l 2
= 2f(z1)g*(z1) [ (L/g(z1) 2] 2 (7.75)
< 0. (7.76)

The last inequality is from (iv) of Lemma 7.2.1.

For p > 0, let

Yo(21,22) = 5e"Wp [¢ (”7 fp—) +9 (--‘"’-,;‘- 2 ] . (1.17)

This will be the form of the desired barrier function. We have ¢, > 0 in the set

{Izsl < .0 <22 < pmin (119 (2) 110 (22) )} (7.78)

and 9, is C? in its interior. From (7.76), Ay, < 0. We have 0 < A < g(0) < oo and
f@®= lEl'!P(f,o:_1 g(t)dt) < oo so

pli_{l.}o‘:ﬁp(z;,zz) = 2f(0)z; < oo for each (z;,z;) in the above set.
(7.79)

Define T, to be a subset of the set in (7.78). Let
3 . zy —Z
T, = ,Z) ER?} |0 <z < (—-) (1 (—),1 (— )}
o= {enen R0 <z <p () min (119 (22) 170 (2
(7.80

(See Figure 7.1.) With these definitions, (7.55), (7.56), (7.58) and (7.59) are satisfied.
It remains to show that the choice of g in (7.66) will give us (7.57). Note that ¢,
is singular at (+p,0) and that in general T, will have a cusp at these points and at

(0,30/(v/59(0))).
The boundary of T, consists of the three smooth arcs {z; = 3p/ (vV59(lz1]/p)),
|z1] < p} (which make up §+T,) and the segment [—p, p] of the z;-axis. Consider one
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Figure 7.1: The cusped region T,

half of 3*T,. On, z; = 3p/(v/59(21/p)), 0 < z1 < p, we have

o =gt 3 ) . (7.81)

Since g is strictly increasing, it has an inverse function g~!. On the curve z; =

3p/(v539(z1/p)), (7.71) and (7.77) show that

Yo(z1,22) > 5e™Nf (%) (2-3) =z (7.82)
= ™M -1 3 z

f(y ( \/ﬁzz)) 2 (7.83)

> e™M(fog™)(cscg)rsing. (7.84)

The last line is entailed from the following observations. First, the functions f, g
and g! are all increasing. With polar coordinates z; = rcos¢, z; = rsing, if
(z1,22) € 8¥T, then r < \/1 + (3/(v/59(0)))? p. We have g(0) > A~* > 3/2 (second
paragraph of this proof) so that r < {/1+4/5p = 3p/v/5. Putting r < 3p/v/5 in
(7.69) gives (7.70). |
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Now, on z2 = 3p/(v/5 g(2:1/p)), (1.67), (7.84) and (7.61) give

g~ (cscé)
Yo(21,22) > exp | m(A)+ / g(t)dt | rsing (7.85)
e=-1
97 (cacé)
. |
= rsing exp | m(A) + ‘2[1 dm (Eft_)) (7.86)
= rsin explm(sing)]. (7:87)

But using (i) of Lemma 7.2.1, exp[m(sin ¢)] > exp(mq(sin ¢)) csc ¢ so (7.58) is satisfied

and 1, is the required barrieron 7,. &

7.3 Phragmén-Lindelof Principle

These lemmas allow us to prove the following Phragmén-Lindelof Principle in IT,.
The barrier in Lemma 7.2.2 is extended to n-dimensions and then the Weak Maximum

Principle is used.

Theorem 7.3.1 Let mg be any decreasing measurable function, mo:(0,1) — [0, 00),
with [ mo(t)dt < oo. If u € C*(IL;) such that

Au>0 inll, (7.88)
limsup u(z) <0 foranyzy € Il (7.89)

- z€lly, z—zp
u=o(|z]e™ =) qs|z| - 0o in I, (7.90)

thenu <0 inIl,.

Proof: 1t suffices to prove the theorem for a function that is larger than the given my.
In Lemma 7.2.1 let m > mg be the majorant with properties (i)-(vi). Let 1, be as
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in Lemma 7.2.2, (7.77), with f given in (7.67), g in (7.66) and 9 in (7.71). Extend
T, to be a subset of R™. Let

T,={zeRn|0<z,<p(\/is.) Klgp(i:t_l(l/g(’%‘l));[z.~|<p,1$i$n—1}.

When n = 2, this is the same as in Figure7.1. When n = 3, T, is a square-based
pyramid with base corners (+p, £p,0) and apex (0,0,3pA/+/5). The sides, however,
may be curved and join the base at a cusp. Write 8+T, = 8T, N IL; and

S={z€T,|za=0,|2z;| =p forsome 1 <i<n-1} (7.91)

Note that T, expands to become II; as p — oo. A barrier function is a solution
¥, € C¥T,)nC%T,\ S) of

A¥,<0, z€T, (7.92)
U,(z) > [zle™E=)), ze€I'T, (7.93)
¥,>0, zeT,\S (7.94)
(¥, is not defined on §).
Define ¥, by writing
n—-1
To(z) = ) Yo(%i Tn). (7.95)
=1

Since 1, was superharmonic as a function of two variables, ¥, is superharmonic as
a function of n variables in T,. And ¥, is singular only on S so it is a continuous
function in T, \ S. Each ¢, is non-negative in T, and although v, does not have a
limit as z — zo € S it is true that as z — zg in T}, liminf ¢,(z) > 0 for any zo € S.
Also, 1, vanishes when z, = 0, |2;] < p (1 < j < n —1). To show ¥, is a barrier
function we need only psove (7.93).

Let z € T, so that z, = 3p/(v59(z1/p)), i.e., on the face through z; = p.
Consider two right triangles, one with vertices at P = z = (21,-:- ,2,), @ =y =
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(z1,-+- yZp-1,0) and R = (0, z3,23,--* ,Zn-1,0), the second with vertices at O (the
origin), P and Q. It will be convenient to use n-tuple notation for elements of
R". Let r, = |[PR| and 6; be the angle PR and the normal to 3*+7, through R.
As usual, 8 will be the angle between OP and the normal at 0. We have angles
ZOPQ = LPQR = =n/2. Therefore, 2 = [OP|* — |0Q)® = |z|* — |y|* = |PR|* -
[QR]? = r} —z}. And, r? = z2 + z} > |z[*cos? 8 so that r; > |z|cos§. Also,
tanf = |y|/z, and tan8, = z,/z, so tanb, = z,tanf/[y|]. I z is on the face
though z;, = p then the minimum of z,/|y| occurs when z; = (p,0,--~,0) and
y = (p,p, - =,p,0) Therefore, tanb, > ptmﬂ/m = tan8/v/n — 1. And,
sec? 6 = 1+tan?6; > 1+tan?6/(n—1) > sec?/(n—1) so that cos8; < v/n — 1 cosé.
The maximum of z,/|y| is 1 so cos#, > cosé.

In f, g and ¢ let m +— m(t/vn —1). It is readily verified that m(t/vn —1)
satisfies (i)-(vi) of Lemma 7.2.1 (with mo — m). Take A = 3 in that lemma. Use

(7.87) and the bounds on r, and cos#, above to write

Vo(Z1,2a) > 1 cO80yem (b /VATT) (7.96)
> |z|cos? §e™(<040) (7.97)
> |zfemoleosd), (7.98)

Notice that sin g, = cos8;. By symmetry, ¥,(z:i,zs) > |z|e™(**%) when z € T, on
the face through z; = por z; = —p (1 < i < n—1). Therefore, if z € T, on the
face through z; = +p (for some 1 < j < n —1) then ¥,(z) > ¥, (z;, Za)|z|e™o (=8,
Hence, ¥, is a barrier.

Now, let € > 0. Since u = o(|z|e™(>*?) it follows that u < €¥, on 8T, for

sufficiently large p. Write w = u — e ¥,. With p as above,

Aw >0, zeT, (7.99)
w<0, z € 0*T, (7.100)
] limsup w <0 for any z € T, N 311, (7.101)

z€Tp, z4zo
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Note that (7.101) holds in particular when z, is in the singular set S (on an edge in
the z, = 0 hyperplane). For as z — zg in T,

lim sup w(z) < lim sup u(z) — € lim inf ¥,(z) (7.102)
<o. (7.103)

- The Weak Maximum Principle, §1.2, applied to w shows that w < 0 in 7,. Finally,
given z € IL;, let p be large enough so that z € T,. Then, using (7.71), (7.77) and
(7.79)

02 lim [u(z) - epy(z)] (7.104)

= u(z) — 20e™M(n - 1)z, € (7.105)

and € was arbitrary so u(z) < 0. Hence,u <O0inIl,. ®

Remark 7.3.1 Condition (7.90) may be replaced with the weaker condition

limsup { sup [u(z)|z| e mel=*] 3 <. (7.106)
=300 lzelil—_:

Also, ifu € C°(IL;) then (7.89) may be replaced by u < 6 on OIL,.
A Phragmén-Lindelof Principle leads to a uniqueness theorem.

Corollary 7.3.1 Let mq be as in the theorem and f:R™! — R be a continuous
function satisfying [pu: [F(¥')| (I¥'|* + 1) dy’ < co. Then any solution to

u € C*(I,) N C°(1L) (7.107)
Au=0 inll, (7.108)
u=f ondl, (7.109)
u = o (|z]e™o(=*®) (z €, |z| = o) (7.110)

is unique and is given by u = D[f].
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Proof By the remark above, (7.89) may be replaced with the condition ¥« < 0 on
7)1

If u; and u; satisfy (7.107)~(7.110) then v = u; — u; satisfies the premises of the
theorem. Hence, v < 0 in II,. The same is true for the function —v. Therefore, v = 0
and u, = u,, giving uniqueness.

Let mo(t) = (n — 1)log sect. Then (7.110) becomes u = o(|z|sec"! §). Corollary
2.2.1 now shows D[f] is the unique solution. &

7.4 Evolution of a barrier function

The definition of the barrier in Lemma 7.2.2 ((7.61), (7.67) and (7.71)) may seem
rather mystical but is the end result of a reasonable chain of thought. In this section

we endeavour to give some explanation for the choice of .

Barriers are often constructed on balls, for example, [26] and [55]. Suppose T,
in Lemma 7.2.2 was the semicircle {z € R? | |z] < p,0 < ¢ < 7}. Try to soulve
(7.56)—(7.58) with equality. The Poisson integral for a circle of radius p is

r
_p-r h(t)dt
ur,¢) = 2 / r2 —2rp cos(t — @) + p*’ (7.111)
=0

The function u is harmonic in the unit disc with boundary values u(p,$) = h(¢) (if

h is continuous). For the semicircle problem
Au = 0, r<p (7.112)

u(p,¢) = ph(4), O<é<r~ (7.113)
u(r,0) = u(r,x)=0 (7.114)
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take an odd reflection of h across the z,-axis, h(2r — ¢) = —h(¢). Then

u(r, )

_ @@= f 1 1
- 2n lh(t) (r’-—-ercos(t-rﬁ)-i-p’-r3~2rpcos(t+¢)+p’)dt

, s sint dt
2 =) otr m'{!., (" =2rp cos(t — §) +7%) (r* — 27 p cos(t + 4) + 7°)

is the solution to (7.112)—(7.114). If u is to be a barrier function for the upper
semicircle of radius p then h should be positive and singular at the points (z,,z,) =
(£p,0). Near ¢ = 0 the kernel for u behaves like
sint - sint
(r? —2rp cos(t — ¢) +p%) (r? — 27 p cos(t + 6) +p*)  (r2—27p cos(9) +p?)°
It is necessary that Jo_o h(t) sin t dt converge. This is a much more stringent condition

on h than (v) imposes on m in Lemma 7.2.1 If H(¢) = exp(m(sin ¢)) in (7.57) then
Ji—,log H(t) dt must converge, i.e., a much weaker condition than that on k above.
A similar result is obtained for the half ball in R™. In this case
pi—zl* [ h(y)dy
u(z) = 7.115
g (119

| 3

where h is a function on the unit ball of R"-1.

In the semicircle problem, the region T, meets the z;-axis at right angles. By
making this angle more acute it is possible to fabricate a barrier function with higher
growth. The functior

us(r, ) = i‘igﬂ (k> 0) (7.116)

is harmonic on R?\ {0}, singular at the origin and positive in the sector 0 < ¢ < «/k.
As k is increased the growth at the origin increases and the width of this sector
decreases. A barrier can be made by adding two translated versions of uz. Let

Zz
Ty = \/(P Fz1)’+23 and @y = arctan (p q:zl) .

(7.117)
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The function

) ¥o(21,22) = p*F* [ E_i¢+) sm(k¢..) (7.118)

is a barrier in the triangle with vertices (+p,0) and (0, pn/(2k)). The sides make
an angle /(2k) with the z;-axis. The angular growth fanction can now be taken
as h(¢) = csc* ¢, allowing arbitrary power growth in 1/$ as ¢ — 0%. Notice that
log h(¢) = klog csc ¢ is integrable over (0, r) in accordance with the condition on mg
in Lemma 7.2.2. Full details are in [61].

If T, is allowed to have a cusp at the z,-axis then a barrier can have growth
exceeding power growth at (+p,0). This can be achieved by summing the functions

ug. Let
Ue(r, ) = Zp ""‘(r ¢) (7.119)
= Im [;le (P :;"‘)‘] (7.120)
‘ Pl 1 Y T
= exp [p 608(k¢)] [p sul(k¢)] (7.122)

The fanction Uy is harmonic in R2?\ {0} and vanishes when ¢ = 0. It is positive for
2n < 279 s“‘( psinkd) riyr (ez). (7.123)

Let £ > 1 and ! = 0 then Ui (r, ¢) > 0 for r > p[sin(k¢)/n|'/* and 0 < ¢ < x/k. This

region has a cusp at the origin. Let v+ be the curves

. 1k
Ty = g [M*_)] (7.124)

™
where ry and ¢4 are defined in (7.117). we can define T, to be the region bounded
by 7-, v+ and the portion of the z;-axis between z; = —p and z; = p. There are

now cusps at (£p,0). And, letting

Yo(z1,22) = p [Ui(rs, 64) + Ui(r—, 4-)] (7.125)
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gives a barrier in T,. The boundary behaviour is
¥,(z1,22) > Ar exp (B csCHT ¢) on &'T,. (7.126)

Here A and B are positive constants.

We do not include all the details of this argument as Lemma 7.2.2 includes this

result. The purpose here is to motivate the choice of barrier in that lemma.

The function corresponding to my in (7.57) is csct-%l' &, which is integrable over
(0, 7). However, as k — oo this function approaches csc ¢ which fails this integrability
condition. This is an indication that [ m(t)dt < oo is the correct integrability
condition.

The final form of the barrier in Lemma 7.2.2 can now be derived. The barrier is
to be singular at (£p,0) and T, has a cusp at these points so ¢ must tend to zero as
one approaches the singularity. As ¢ — 0, we have z; ~ r and z; ~ r¢. In this same
limit,

up ~ e"'"°“‘sin(,;—zz-) (7.127)
1
k
Ue ~ e»"z:‘m(%f%). (7.128)
1

Both of these functions are of the form
exp ( / f(®) dt) sin (f(z1) z2) (7.129)
==
where c is a constant (U, has been scaled by p). For small z,, this is approximately
f 1
€xXp ( / f(t) dt) [f(zl) T2 — Efs(zl) 2; (7130)
=z

and this is similar to (7.71).
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7.5 Yoshida’s Phragmén-Lindelof Principle

H. Yoshida has a stronger version of the n-dimeusional Phragmén-Lindelof Principle
([69], Corollary 3) . It allows angular blow up as with Wolf’s result. To discuss the
theorem the following notation is needed. His results are for a cone but we simplify
to the case of a half space. If f > 0 is a measurable function on 8¥B; = 9B, NI,
then let

Sy(t) = {2 € 3*B, | £(3) > t}. (7.131)

For each ¢t > 0, Sy(t) is a subset of the upper unit ball 3+B,. Its surface area is
designated |Sy(t)|, which is a decreasing function of ¢ with |S¢(0)| = nw,/2. Denote
its inverse by T. If there is more than one ¢ giving the same value |Sy(¢)| then one of
them is chosen arbitrarily as the value of Ty(|Ss(¢)[). Also, if there is a value t = ¢g
such that the left and right limits of |S| are different at ¢, that is

lim |S¢(¢)] > lim 55(¢)], (7.132)
t-4tg tt

then define |Sy(to)| = Lim,_,,- |S¢(¢)| and T¢(s) = ¢ for every s satisfying [Sy(t)| >
8 2 lim, .+ |S¢(t)|. Then Ty is a decreasing function on the interval [0, nwn/2]. It
now follows that |Sy(t)| is the one-dimensional measure of the set {s € [0, nw,/2] |
Ty(s) > t}.

Theorem D (Yoshida’s Phragmén—Lindel6f Principle): Let v be subkarmonic
in I1, such that

limsup u(z) <0  for each zo € 0*T,. (7.133)

z2—zg z€IL¢
Let f:8%¥B, — [0,00) be measurable so that

Nwn /2
s~ =21 Jog+ Ty(s) ds < +oo (7.134)

=0
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and u(z) < €|z|f(2) for any € > 0 end z = |z|¢ € I, such that |z] > R(€), where
R(¢) is a constant depending only on e. Then u(z) <0 forallz €Il;.

The function log* s is defined to be log s if s > 1 and 0 if 0 < s < 1. Notice that
the theorem applies to subharmonic functions,i.e., % is less than its mean value. See

§1.2 in Chapter 1.

When n = 2, the term nw,/2 becomes =, the exponent on s in (7.134) vanishes

and condition (7.134) reduces to Wolf’s L' condition.

The Phragmén-Lindelof Principle is a corollary of a theorem that replaces a
growth condition in R" dependent on angle with a purely radial one.

Theorem E (Yoshida): Let u be subharmonic in R™ and let f > 0 be a measurable
function on 8B, such that

™/n
s~ =2/ (1) Jog+ Ty(s5) ds < +oo. (7.135)

=0
Given € > 0, if there are constants u > 0 and R,(€) such that u(z) < €|z{“f(Z) for
all z € R™ with |z| > R,(¢) then there constants A and Ry(€) such that

u(z) < Aelz)”, (7.136)

where R, and Ry depend on e only.

The proof of Theorem E depends, ultimately, on the Mean Value Theorem. The-
orem D then follows as a corollary on appeal to the angle-independent Phragmén—
Lindelof Principle of Deny and Lelong, [17].

Yoshida gives an example to show that Theorem D is sharp in the sense that if
the exponent (n — 2)/(n — 1) on s in (7.135) is replaced by any number greater than
(n—2)/(n—1) then there are functions f and u satisfying the premises of the theorem

and yet u(z) can be positive in II;. However, in the example given the function f is
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singular only in the é, direction, i.e., as § approaches 0. For the ball Br(0) we have
surface measure given by dS, = Rsin" 2 0 dS,; where dS,_, is surface measure on
the ball of radius R in R™! and is independent of §. Note that for n > 2, in the half
space, sin™"2 @ vanishes only as 6 approaches 0. Since sin""28 — 0 as f — oo this

aids the convergence of [Sy(t)| when integrating near § = 0.

Suppose f is not singular in the direction é,. In this scenario sin® 24 is bounded
away from 0 for # bounded away from 0. Thus we do not get this interplay between
sin"~2 6 and f at the singularity of f and sin"~2 8 is not a convergence factor in |S(t)|
as it was in Yoshida’s example. Similar remarks apply to the other angular variables
in é,. Our Theorem 7.3.1 applies only when u has a growth condition as in (7.89)
whose angular portion depends only on §. We state a result comparing Theorem 7.3.1

and Theorem D in this case.

Preposition 7.5.1 Suppose mq satisfies the conditions of Theorem 7.5.1. Let f =
exp{mo(cos 8)). Then the condition f¢1=o mo(t) dt < oo in Theorem 7.5.1 is less re-

strictive than the condition

nwn /2
/ ~=D/@=1) Jog+ T (5) ds < +o0 (7.137)

=0

in Theorem D ifn > 2. If n = 2 the conditions are the same.

Proof: Let m be a decreasing integrable function on (0,1]. For £ € 8+ By, let f(2) =
exp(m(cos8)). Then f is increasing for 8 € [0,7/2). For t > 0, the set S(t) is
{z € 8*B, | f(£) > t}. As usual, 0 is the azimuthal angle of £ € 3*B,. We
have Sg(t) = 8*B, if 0 < t < e™V. Ift > e™1) then 2 € Sy(t) if and only if
m(cos @) > logt, i.e.,

§ = arccos (m~*(logt)) (7.138)
= (mo cos) ™! (log ¢). (7.139)
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And, if 0 < 6; < 7/2 then

/2 x/2

/ dS, = / dSp-1 / sin"20df = (n — L)wn—1 / sin"~2 0 dd,
o =6,

atB: a+Bp~! =4, (7.140)

where B! is the unit ball in R™~!. These results give

Bt f0<t<em)
S¢(t)| = x/2
155(2) (n—1)wpy [ sin™20dl, ift>emW).
6=y (7.141)

We have written 6, = (m o cos)~*(log ). Now,
=/2
/sin“"0d0~§—00 as ao—%. (7.142)
o=,
So, |S¢(t)| ~ (R—1)wn—1[7r/2—(mocos)(logt)] as ¢ — oo (since (mocos)~2(s) = n/2
as s — 00). It now follows that

8

~ T 1)%-1] } as s > 0% (7.143)

7y6) ~ exp{(mocos)[3

- o fimesm ]
~ exp {m [F:_:)Ta:] } as s — 0%, (7.145)
Now,
nwn /2
s~ (== og+ Ty(s)ds < (7.146)
=0

if and only if s~(»-2)/("~1) ;m(s) is integrable at the origin. However, the condition on
m in Theorem 7.3.1 says that m(s) must be integrable at the origin. Since

n—2 1
1 = l-n—_l- (7.147)

> = forn >3, (7.148)




CHAPTER 7. A PHRAGMEN-LINDELOF PRINCIPLE 131

Theorem D puts a more stringent integrability condition on f than does Theorem
7.3.1. When n = 2 these two conditions are the same. @

Wolf’s proof (see below) shows a way to create a barrier 1, and region T, capable
of proving Theorem D in the case that f depends only on 8. A barrier could be
constructed by the method we employed in the proof of Theorem 7.3.1 (although Wolf
did not use a barrier in his proof). This barrier would be more complicated than the
one we have constructed. In proving Theorem 7.3.1, the planar barrier was used to
build an n-dimensional barrier and eventually prove the n-dimensional version of the
Phragmén-Lindelof Principle in the case of only # dependence in the growth condition.
It may be possible to use this technique with the more general barrier from the
Wolf proof and strengthen Yoshida’s Theorem D to the case where m is (essentially)
bounded at the origin and positive but otherwise need satisfy only f;o m(t)dt < co.
Equivalently, the function f in Theorem D would satisfy f:o"/z log* Ty(s) ds < +o0,
that is, the term s~™-2/("~1) can be dropped from the integrand. As seen above,
this allows the function f to be more singular so that the condition u(z) < €|z|f(Z)

is less constraining and yet we obtain the same conclusion.

7.6 Wolf’s Phragmén-Lindelof Principle

The proof of Theorem C is based on constructing a bounded region D in II; that has
a cusp at angles where m(sin ¢) is singular. An explicit conformal map is produced
that maps D to the unit disc and allows one to apply the Mean Value Theorem in
a disc. Our barrier approach is different from both the work of Yoshida and Wolf

because it depends on the Weak Maximum Principle.

Wolf’s set D is star-like from the origin and D intersects I, in a segment of the
z;-axis containing the origin. It can have a countable number of cusps, at angles
between 0 and x, whereas our set T, had at most three cusps and only the two on
the z;-axis were significant. The difference is that Wolf allows f(¢#) to be singular
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anywhere in [0, 7] so long as it is integrable and we allowed m(sin ¢) to be singular
only at 0 and 7. To extend our result to cover this more general case we would need
to construct a new region T, with attendant barrier function ¥, that could be singular
at any angle. A possible scheme is the following.

The fanction ¥,, (7.77), was an odd function of z, and vanished when z, = 0.
Suppose T, is extended to negative values of z; by a reflection across the z;-axis.
If ¢, were extended to negative values of z; as an even function then it would be
positive and continuous in the extended version of T,. However, it would not be C*
across the z;-axis as its z; derivative would have a jump discontinuity at z, = 0.
Consider the Green function for this new region. Write the upper boundary of 7, as
the curve z; = c,(z,). See (7.80) for the explicit formula. Our reflected version of T,
is defined by |z;| < ¢,(z4), for [z1] < p. Let (z1,Z3) be a point in this set. Write the
Green function with source point (£,n) in the above set as G(z,,z2;€,7). Then

co(21)
Ga(z1, z2;21,7) dn (7.149)

n=—cp(z1)
will also have a jump discontinuity at the point .(zl, 0). The subscript denotes partial
derivative. It may be possible to add this to ¥, and obtain a C? superharmonic
function. This idea is due to Beurling ([11]). We would then have an even function
with a cusp at (p,0). Rotation about the origin would lead to a region with a cusp
at any desired angle. Summing over such functions might produce a barrier able to
reproduce Wolf’s Theorem C. This could then be extended to n-dimensions as in

7.3.1.



Chapter 8

Conditional convergence

8.1 Conditionally convergent integrals

Al of the real integrals appearing so far have been Lebesgue integrals. For a Lebesgue
integral to exist it must be absolutely convergent. If a function f:R — R is oscillatory
it may happen that the integral of | f| over R diverges but [}, f exists as a conditionally
convergent integral. If f were continuous (or continuous except on a set of measure
zero) this would be the improper Riemann integral limp, 1,00 [i2 ;. f(£)dE. By
allowing conditionally convergent integrals we will extend the validity of the Poisson
integral to a wider class of functions than was allowed in Chapter 2.

A more general integral than that of Lebesgue or Riemann is the Henstock-
Kurzweil integral (also called gauge, generalised Riemann or Riemann complete).
This new integral arose from the following defect of the Lebesgue and Riemann inte-
grals. In the Fundamental Theorem of calculus, in order for L” f'(z)dz = f(a)— f(b),
it must be assumed that the derivative of f is integrable. In the Lebesgue case this
amounts to assuming f = F' almost everywhere on [a, b] for some absolutely contin-
uous function F. The search for a theory that included the “calculus integral” led
A. Denjoy (1912) and O. Perron (1914) to new formulations of the integral. (See [34]

133



CHAPTER 8. CONDITIONAL CONVERGENCE 134

for original references and a history of Henstock-Kurzweil integration.) Because every
differentiable function was the indefinite integral of its derivative, the new integral
has been called the Riemann complete integral. The integrals of Denjoy and Perron
are discussed in [58] and [29]. Unfortunately, the new definitions were rather unwieldy

and it required tremendous effort to develop even simple results like integration by
parts.

A major breakthrough came 40 years later when J. Kurzweil (1960, [45]) and
R. Henstock (1961, [36]) independently gave a powerful new formulation of the integral
in terms of Riemann sums. The definition is simple, requiring no measure theory. For

a function f : [a,8] = R, f is Henstock—Kurzweil integrable, f: f =1, if and only if

For all € > 0 there is a function § : [a,b] = (0,00) such that whenever a tagged

division {&, [Zi-1,21]}2, given by

a=20 <2<+ <ZTp=b and & € [Ti1,7i] foreach t=1,---.,n
(8-1)
satisfies
[Zi-1,2:] C (& —0(&). & +6(&))  for i=1,2,---,n (8-2)
we have
D f@)e—z)~ 1| <e (8:3)
i=1

The tag for [z;_;,z,] is & The division is said to be “d-fine” when (8.2) holds.
The definition is easily extended to R, without the need for “improper” integrals. If
b = +oo then we take §, = +oo and define f(+00) = 0 and f(&:.)(zn — Zn-1) = 0.
Similarly if @ = —oo. There is an extension to R™ as well. Usual properties such
as linearity, integration on sets other than intervals, integration by parts, change of
variable, etc. can be proven quite readily. Expository accounts of the Henstock-
Kurzweil integral are in [16], [46] and [50}.
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The integrals of Denjoy and Perron are in fact equivalent to the above definition.
The difference between the Henstock~Kurzweil and Riemann integral is that 4, the
gauge, can now be a function rather than a constant. If f oscillates wildly near z,
then 4 is taken to be small near z, and this forces the interval [z;_,,z;] containing
To to be small. A function is Riemann integrable if and only if 4 can be taken to be
a constant. It is remarkable that the class of Henstock—Kurzweil integrable functions
includes the Lebesgue integrable functions. In fact, the Henstock-Kurzweil integral
reduces to the Lebesgue integral whenever we have absolute integrability. Tlms,
we immediately have all the L? results. Henstock has since shown, [34], that the
Henstock-Kurzweil integral can encompass integration over more general sets than
R"™ (division spaces) and includes Feynman and Wiener integrals, etc. Because it
has wider applicability and is easier to define than the Lebesgue integral, there is a
movement to replace the Lebesgue integral with the Henstock-Kurzweil integral in
the undergraduate curriculum. In the recent article 8], Bartle presents this case.

One of the important properties of the Lebesgue integral is that integrals over
unbounded domains or with unbounded integrand are handled with no special proce-
dures such as must be done with the Riemann integral. Despite its apparent similarity
wit!; the Riemann definition, the Henstock-Kurzweil integral has this same property.
The function sin(z)/z is integrable over [1, o). And, if f(z) = z* cos(1/z?) for z > 0
and f(0) = 0 then j;l f' = f(1) for the Henstock-Kurzweil integral but f' is neither
Riemann nor Lebesgue integrable over [0, 1]. The Riemann integral of f’ fails to exist
since f’ is not bounded and the Lebesgue integral does not exist since |f'| is not
integrable over [0, 1]. Note that we have the improper Riemann integral

1
tim [ £(2)ds = lim [£(1) - (9] = £Q1). (8.4

e—0+
T=c

However, if f’ is changed to be zero on the rationals then this improper Riemann
integral no longer exists but the Henstock—Kurzweil integral is unchanged.

With conditionally convergent integrals, the Dominated Convergence Theorem
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no longer applies. In order to take a limit under the integral sign of an integral that
depends on a parameter, some condition other than dominated convergence is needed.
There has been considerable work in this direction and it remains an active area of
research. Recently, R. Bartle has given necessary and sufficient conditions under
which the limit and integration can be interchanged for Henstock—Kurzweil integrals.
(See [9] and, for an addendum, [28].) These are, unfortunately, not easy conditions
to use in practise. For the Poisson integral, we will develop an ad hoc proof of the
validity of taking limits under the integral sign. This will be done using the Second
Mean Value Theorem for Henstock-Kurzweil integrals.

Second Mean Value Theorem: Suppose f and g are real-valued functions defined
on [a,b], g is monotonic and f: f ezists. Then there ezists ¢ in [a,b] such that

fb fg=g(a) j f+ag(b) j f. (8.5)

Note that g is bounded since we are saying g(a) and g(b) are in R. The monotonicity
of g then implies g is of bounded variation which shows the existence of f: fg- A
proof for bounded intervals is given in [50]. In general, the theorem does not apply
on unbounded intervals. However, since g is bounded it has a limit at ¢ and b
(-0 € a < b < +0o0). The theorem then holds with g(a) and g(b) replaced by
their respective limiting values. This can be seen by using a change of variables, say
t — tant, which transforms [a, }] to a finite interval. See [50], p.64, for the change of
variables formula in Henstock-Kurzweil integration.

8.2 A conditionally convergent Poisson integral

A simple example will illustrate the importance of allowing conditionally convergent
integrals. Consider the function f(£) = £ cosé. Let n = 2. The Poisson integral of
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|f| diverges but D[f] converges conditionally. The same is true with g(£) = £sin €.
Both D[f] and D[g] can be evaluated using the residue calculus. Let w(z) = ze* =

u(2y,z3) + $v(21,2;) where

u(zy, 22) = Re [w(z)] = e (21 cos 2y — z2sin z;) (8-6)
v(zy,z;) = Im [w(z)] = e™**(zy sin 2, + z;3 cos z;) (8.7)
and z = z;+t z;. The function w is analytic so « and v are harmonic. For R > 0 let v

be the interval [~R, R] of the z,-axis and let 'z be the semicircle {Re* | 0 < ¢ < 7}.
Then Cr = yp Ul is a simple closed curve in II,. Let z € II,. We have

(C-—-zl)’-f-z';' 2 (-21~i32 C"'31+i22 i i
Thé Cauchy integral representation gives
o f_wQd 1 fwQde_ 1 fwl@d oo
) ((—z1)*+ 23 2ri) (~z 2m) (—% )
Cr Cp Cn
= w(z) (8.10)
= ze™ (8.11)

since z is inside Cp and % is not (or, %’g has residue w(z) inside Cg).

An easy estimate now shows
w(() d¢

((-z1)2+z§")038R—+°°' (8.12)
Cr

Letting R — oo in (8.11) and taking real and imaginary parts gives

C M= [ R Gemn st
{==oo (8.13)
2, [ _ Esinfdf

=e " (2y8inzy + Z3c0sTy).

Diglziz) =30 | T+ a
I (8.14)
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Note that u(z;,0) = D[fl(z1,0) = f(z1) = 2, cos z; and v(z,,0) = D[g)(z,,0) =
g(z1) = z;sinz;. Thus u and v are classical solutions to the half plane Dirichlet
problem with boundary data f and g, respectively.

To see what growth condition v satisfies use polar coordinates and write (abusing

notation again)

v(r,$) = e *r[cos psin(rcos §) + sin ¢ cos(r cos §)] (8.15)
= e "% rsin(b + rcosd). (8.16)

We have
”(_":ﬂ = e~"*n¢ |gin(¢ + rcos ¢)| < 1 (8.17)

so v(r,4) = O(r). And, v(r,4) # o(r). Let z{)) be a sequence with components
z? = n/2+2jx and z{? = j1. On this sequence v approaches [z)| so v(r, $) # o(r).

However, let h(¢) be any bounded positive function on (0,7) that tends to 0 as
¢ tends to 0 or 7. Then v(r,4) = o(r/h(4)) as z = oo in II;. To see this, let
M > 0 be a bound on h. Given 0 < € < M, we show that taking r large enough
gives|v(r, #)h(4)/r] < e. There is no loss of generality in assuming 0 < ¢ < 7/2.
Let H(r,¢) = e "*"®h(4). By (8.16) it suffices to show H(r,¢) — 0. For z € 1,
with r > log(M/¢), either rsin ¢ > log(M/¢€), in which case H(r,$) < ¢, or rsin¢g <
log(M/¢€). In this instance we have 0 < ¢ < (7/(2r))log(M/€). Because h has limit
0 as ¢ — 0, there is a function & : (0, M] — (0,7/2] such that 0 < h(¢) < € whenever
0 < ¢ < §(¢). To make H(r,d) < ¢, take r > (w/(24(€))) log(M/e).

The same order relation holds for « = D[g]. These functions exhibit the most
mild angular blow up possible. Note also that u and v have exponential decay along
every ray from the origin but are still not o(r). Of course, the exponential decay
is not uniform in ¢. This example can be extended to n-dimensions by writing
U(z) = u(z1,zn) = D[F](z) where now F(y) = f(z1). As above, the integral can be
evaluated explicitly.
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8.3 Growth estimates

Conditionally convergent Poisson integrals have many of the same properties as their
absolutely convergent counterparts. The growth estimates are the same and they are
classical solutions of the Dirichlet problem when the data is continuous. Proving the
growth estimate requires interchanging limits and integration. I f>__ |f(€)I(&* +
1)~'df < oo then f=__ f(€)(€* + %) df — 0 as r — oo. This depends on the
Dominated Convergence Theorem which is no longer applicable. Instead we have the
following lemma.

Lemma 8.3.1 If [>__ f(£)(§* +1)™ df converges then

v gi).ﬁ =0. (8.18)
§=~co
Proof: Write
gi)_ﬁ C{ (f_)ly(f) d, (8.19)
§=—00 =-—00

where g(§) = (6% +1)/(¢* +r*). We have ¢'(§) = 2§(r* —1)(£* +7%)"* 50 0 < g(¢) <1
and g is an increasing function of || for » > 1. By the remark above, the Second Mean

Value Theorem applies on any subinterval of [—co, 0] or [0, +co] with g(+o0) = 1.

From the hypothesis, the function f(£)(£2 +1)7! is integrable over any subinterval
of the real line and Limyo0 fo_y F(£)(6* + 1)~ d€ = 0. Hence, given € > 0 there is
N(e) > 0 such that | 7, f(§)(6* + 1) d§| < /3. Now apply the Second Mean
Value Theorem. There exist numbers ¢; and c; such that 0 < ¢ < N < ¢; < 400

and

f(f)g(E)dE 4(0) f(f)d6+ o(V) f(f)d£+ g(c0) [ fle)de

£+1 £ +1 £+1 e+l
£=0 £=0 &=y =3 (3_20)
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Let M be the supremum of | f:_:& FEN (2 + 1) dE| over 0 < & < &2 < +0o. Then

[ Q9@ dE| M  (N*+1 e
E+1 57+(N’+r=)M+5' ' (8:21)

Taking r > max(y/3M/e, |N? — 3(N? + 1) M/e|*/?) completes the proof. W

As in the absolutely convergent case, the conditionally convergeni Poisson integral

has the following properties.
Proposition 8.3.1 If D[f] ezists for one value of z in I then it ezists on all of

o,.

Proof Suppose (zo,y0) € I, and D{f](zo,yo) converges. Let (z;,z;) € IL; and write
h(€) = (€2 — 2€zo + 13)/(€* — 2621 +12?), where ro = (z} + y2)!/%. Then

Difiea) =2 [ L8 e (8:22)

§=—0c0
Also,

2[(zo — £1)€® — (1§ — r*)E + 2473 — ,,0,.2]'

h'(§) = (€2 — 26z, +r2)?

(8.23)

If A’ has no real roots then h is monotonic. Otherwise, let {_ < £, be the roots of A’

and write

0, £2¢-
h(€-), £€<¢-
ha(§) = § h(), €-<E<é
h(¢+), €&+

h()) = {"(f)-h(f.), £<E

hs(£)

{ 0, E<ts
h(¢) —h(€+), €&
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Each function hk; is bounded, continuous and monotonic. And, h = h; + k3 + hs.

D{fl(z1,23) = 3;1{ ]o Johy +j foha +—]° foh;}, (8.24)

the proposition follows since the product of an integrable fanction and one of bounded
variation is integrable. We have written fo for f(¢)/(62 ~26zo +7%). ®

Writing

Proposition 8.3.2 If f;_ o J(E)(€* + 1)1 dE converges for a continuous function f
then u = D[f] is a solution of

u € C}(IL4) N C°(IL,) (825)
Au=0, zell, (8.26)
u=f, ze€dl,. (8.27)

A proof is given for the Dirichlet problem in a disc in [10]. We skip the proof and
instead concentrate on proving a growth estimate for D[f].

Theorem 8.3.1 If [ f(£)(&* +1)"1d¢ converges then D[f](r,$) = o(r csc ¢) as

f{=—c0

z— oo inll.

Proof. Write
u(r.$) = Dfl(r,$) = 22 f . (63)
The.n o

6—-co

w2 () 2{rcos ¢
= sin®¢ / [ e-zfrcos¢+r=] ¢ (8.30)

€——ao

fQdl f(f) g(£) d¢
m ¢ / 63+r3 Ez+rz ? (8‘31)

é=—co §=—o00
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whére
_ 2§rcos¢ sin® ¢
9¢) = £ —2€rcosp+r®

The first integral in (8.31) goes to 0 as r — 0o by Lemma 8.3.1. Now show the second
integral in (8.31) is o(1).

With no loss of generality, take 0 < ¢ < x/2. When § > 0 we have
(1 —cosg)(1 +cos $)2{rcos ¢

(8.32)

0<g(€) < > (8.33)

(1 — cos g) [ {25 + 2¢r]

8ér
< Ct+r7 (8-34)
<2 (8.35)
And,
, _ 2rcosd sin? ¢ (r2 — £3)

g = (62 —2&rcosd +1r2)2 (8.36)
<0 for{ >r. (8.37)

Therefore, the maximum of g for £ > 0 occurs at £ = r and is g(r) = cos ¢ (1 + cos ¢).

Let

0, 0<€<r
p(e) = (8.38)
9(§) —cosp(l +cosg), {271

and

cos$(1+cosg), €.
The function p is continuous and decreasing and q is continuous and increasing. And,

p(€) + a(§) = 9(£). Now, write

/ Q& _ [ fO)pe & d . [ £©) a6 de (8.40)
o €7 e+ &+ - '

Applying the Second Mean Value Theorem as in Lemma 8.3.1 shows that all three
integrals in (8.40) tend to zero as r tends to infinity. The same holds true when

o6 { a(6), 0<E<T .39

integrating over the negative real line. The theorem follows. &
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8.4 Abel’s test

Several authors have investigated conditions under which the operations of limit
and integration can be interchanged when integrating sequences of functions, i.e.,
lim [ f, = [ f where lim f, = f. The criteria obtained so far are mostly based
on a special type of absolute continuity of the indefinite integral of f, and are not
easy to apply in practise. See [35], [46] and [48]. With the Riemann integral, we
can justify taking a limit under an integral sign by proving [ f, converges uniformly
in n. Useful sufficient tests for uniform convergence in the case of conditional con-
vergence are those of Dirichlet and Abel. The conjectured form of Abel’s test for
Henstock—Kurzweil functions is the following.

Abel’s test: Let {fi} and {gr} be sequences of Henstock—Kurzweil integrable func-
tions on [a,b] (—o0 < a < b < +00). If f:__a fi(t) dt converges uniformly for k > 1,
if gk is uniformly bounded on [a,b] and if gi(t) is @ monotonic function of t for each
fized k > 1, then f;a fr(t)ge(t) 4t converges uniformly for k > 1.

Dirichlet’s test is similar. Abel’s test is proved in [57] when all functions in the
sequences {fi} and {gi} are continuous. The proof does not carry over in an obvious
way to Henstock—-Kurzweil integrals. Note that we were able to employ the Second
Mean Value Theorem in Lemma 8.3.1 because g(£) = (§2+1)/(§*+r%) - las§ - o
for each value of r except r = co. Since there was only one point where we did not
have g(§) — 1 pointwise it was easy to isolate this one bad point by integrating
in a neighbourhood of infinity. The general case where we have almost everywhere
convergence requires more care. We will leave the proof of Abel’s test as a goal for

the fature.



Chapter 9

Further work and conclusions

9.1 Further work
There are several straightforward additions to the work included here.

(1) The method of Theorem 2.2.1 will certainly apply to derivatives of D[f] and we
can find estimates under the condition f; |f(¥')I*(ly'l’ + 1)  dy’ < oco. Similarly
with Fi ar[f] and its derivatives, once we use |[Kpr| < dy K sM (1 +3)*71, s = |2{/ly,
(3.33). This is for A > 1/2. There was a similar estimate on |Kas| when 0 < A < 1/2.

(ii) The estimates carry through unchanged if we replace the Lebesgue measurable

data f by a Borel measure.
(iii) The Poisson integral for the cone
Kio={zeR"|[0<0<a} 0<a<n) (9.1)

can be calculated using the Mellin transform ([15], p. 212). We can obtain estimates
as before. The function r~™*/* sin(mn@/a) is harmonic in R?\ {0} and vanishes on

the boundary of K,. It can take the place of r~™ sin(m#) in the derivation of a barrier

144
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(§7.4) and we can prove a Phragmén-Lindelof Principle in the cone. Yoshida states
his results in [69] for a cone.

(iv) Suppose g is a fanction on (0, 00). Thean for u(z) = g(2s) fgu-: F(¥') K (A, z,v') dy’

we have the sharp estimate u(z) = o(g(z.) sec** §) (under (3.4)). It may happen that
u is the solution of a half space boundary value problem. In Cartesian coordinates, the
differential operator for such a problem would have to have coefficients that depended
only on |y| and z,,. It should be possible to find all such linear operators. For example,
there are solutions of form z2|z|? (and hence of the above type) for the generalised

Weinstein equation

Aut B2 L2,y (9.2)
where p and q are parameters. Many references to this equation are given in [4] and
[47].
(v) With all of the results obtained for F p[f], there are analogues for the logarithmic

kernel (necessary and sufficient conditions for existence of the modified kernel, M a
function of y’, expansions at infinity, etc.).

(vi) In the Robin problem, a linear combination of f and its normal derivative are
specified on the boundary. There is a soluﬁon integral ([27]) and we can repeat the
calculations that were done for the Poisson integral.

(vii) The integral representation, (3.23),

l=i/1']

Ku(\2,v) = KO,2,) [ (1-200+CP-i8.(8,0 ¢ &

(=0 (9.3)
can be used to define the modified kernel Kjps. Then Kjs will be defined for any
complex number M and, in particular, for M ¢ Z. The Gegenbauer functions are
defined through hypergeometric functions when M ¢ Z. (They won’t be polynomials
anymore.) The following result is easy to prove.
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Proposition 9.1.1 Let Ky be defined for M > 0 by (9.3) end Ko = K. Then

M-1
Ku(M2z,¥) = Kn—1(A 2,y) — E—!%L—:;;—;Cﬁ.l(sine cos §') (9-4)

holds for M > 1.

An induction argument now shows that if M > 1 then

, =zt . '
Ku(\z,¥) = K\, 2,4) — > E,—Imcm+uo(sm0c030),
m=0

(9-5)
where 0 < My = M — |[M| < 1. So, for M > 0, K is determined by K. The
growth properties of F)a[f] will be the same as when M was an integer. These
integrals are harmonic but will not take on correct boundary values on OI1;. The

modified kernels are rather like the functions r**sin(a¢) and 7** cos(a¢) in R? when
a € R. They may be useful in cones. Further investigation is called for.

(viil)) When M is a function of y’ we had the growth estimate, Theorem 4.3.2,

P ulfl(z) = o(G(|z|) sec®* )  (z € IL, |z| = o0), (9.6)
where
Glel = [ 1)1l Mely -0+ dy (0.7
wi>1

and g =2A —1 when A > 1/2 and g = 0 when 0 < A < 1/2. It would be interesting
to determine the behaviour of G(z) as [z| = oco. Some further assumption on M

would almost certainly be necessary, such as M monotonic increasing.

(ix) Taking distributional data continues the theme of extending the validity of the
Poisson integral. For example, if 4 is the Dirac distribution then

2z,

D[¢)(z) = 6(K(=,y")) = K(=,0) = (9.8)

nw, |z
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This fanction is harmonic in R™\ {0} and vanishes on 911, (only tangentially at the
origin). In R?, taking data as derivatives of § gives the family of solutions r~™ sin(md¢)
for m = 0,1,2,---. Notice that each function satisfies the Poisson integral growth
condition o(r/sin ¢).

Suppose f is a continuous function on R and g is a monotonic differentiable

function on R with one real root. Then

f(g~*(0))
) = m— 9.9
This formula appears, for example, in [39]. Now, let g(¢t) = 1/t. Proceeding formally,
we have
1
Goan) = [4(3)s0a (0.10)
le[>1
f 1\ dt
- [eor(;) 5 (0.11)
t=—1
_ ymprg (L
= y_%t f(t). (9.12)
If we now let f be the Poisson kernel (with z, and z; as parameters) then
— b4 zz
= =2
= = (9.14)
Carrying out a similar calculation with the derivative of 4 gives
(¥ o g)(K) = 2222, (9.15)

In a similar manner we can generate the harmonic polynomials that vanish on JIL,.
Notice that neither of the above functions satisfies the Poisson integralgrowth condi-
tion. Consider s = dog as a measure. Then for each interval I; = [t,i+1)U[—(i+1), —¢]
we have p(L) =0 s0 Y2, (L) = 0. But, UZ,L; = R and p(R) = +oo. Therefore,

p is not countably additive. There is more to be done here!
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(x) The spherical harmonics expaunsion has an analogue for other equations and re-
gions. What made this expansion particularly appealing was that the Fourier series
(in Gegenbauer polynomials) was also in ascending powers of [z|. This will not be the

case for other operators or regions but uniqueness theorems may still be obtainable.

(xi} We can look at conditionally convergent integrals when » > 2 and also try to
prove Abel’s test.

More nebulous extensions are as follows.

(1) The barrier ;nethod of proving the Phragmén-Lindelof Principle has been extended
to uniformly elliptic operators by D. Gilbarg and E. Hopf in [26] and [37]. A barrier
for the Laplacian capable of proving the Phragmén-Lindelof Principle with growth
o(r) in the half plane (i.e., without angular blow up at the boundary) is

Po(z1,72) = -iﬁ [arctan( 2 ) +atctan( 2 )] : (9.16)

p—z2 p+z2
Compare with (7.118). Gilbarg and Hopf then defined a barrier for the elliptic equa-
tion by writing ¥ = h(y,). They were able to find a function A that would make
¥ the desired elliptic barrier by solving a differential inequality for k. Being able
to do this depended on the simple form of 3. It may now be possible to take the
barrier from Theorem 7.3.1 and repeat this procedure to prove a Phragmén-Lindelof
Principle for uniformly elliptic operators with blow up allowed at the boundary. It
was pointed out before that Wolf has a barrier for angular blow up but it seems too
complicated for this task. However, the barrier from Theorem 7.3.1 may be simple
enough to carry out the method of Gilbarg and Hopf. In fact, this was the original

motivation for the barrier constructions in Chapter 7.

(ii) We have considered only pointwise growth, both for our estimates of the Poisson
integraland in the Phragmén-Lindelof Principle. A next step would be to investigate
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some sort of mean growth for the Poisson integral. In [67], Yoshida has used the
Nevanlinna norm,

Nu|(|=z]) = / u(z|z|) cos 8 dw,,,, (9.17)
otB,

to obtain a Phragmén-Lindelof Principle. And, in [56], A.Yu. Rashkovskii also obtains
Phragmén-Lindelof Principles with an integral growth condition.

(iii) There are some very general representation formulas for solutions of elliptic prob-
lems. For example, [12] and [2]. The techniques used here might have some applica-
bility in determining growth for these elliptic problems.

9.2 Conclusions

The goals of this thesis were to obtain growth estimates for the Poisson integral,
to extend the validity of this integral and to consider uniqueness for the half space

problem.

By using the half space kernel K(A, z,y’), we were able to estimate the Dirichlet
and Neumann solutions under the most general convergence conditions for which these
integrals converge. The technique was application of the Dominated Convergence
Theorem after some algebraic manipulation of the kernel. An integral representation
of the modified kernels led to a growth estimate here as well. Also, for any given
continuous function it is possible to construct a convergent modified Poisson integral.
A growth estimate was found in this case. An important new definition of sharpness
for a growth condition was introduced. This allowed us to prove that our growth
estimates were the best possible. This portion of the thesis is largely independent
of existing theory, our pointwise estimates being under more general conditions than
considered by most authors. There is good reason to believe that techniques used
here will be applicable to other equations with explicitly known solutions.
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The construction of a barrier function proceeded by first considering the basic
singular solution u(r,$) = r~™sin(m¢) in the plane. The barrier was singular at
the boundary of the half space and gave a Phragmén-Lindelof Principle that allowed
angular blow up in accord with the growth estimate for the Poisson integral. An
outcome of this was a uniqueness theorem that showed the Poisson integralwas the
unique solution under a growth condition that was not unduly constraining. The
spherical harmonics expansion gave a similar result. Methods for extending these
results to other elliptic equations have been proposed.

The applicability of the Poisson integralwas further increased by considering it as
a Henstock-Kurzweil integral. The growth estimate was the same as for absolutely
convergent integrals.
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