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Abstract

The goal of this thesis is to develop new robust methods for the estimation of the
causal effect and propose a model selection algorithm when the exposure variable is not
fully observed. We mainly discuss the methods using propensity score (PS) and imputa-
tion approaches to address both missingness and confounding issues in the observational
dataset.

How to deal with missing data in observational studies is a common concern for causal
inference. However, if the exposure is missing at random (MAR), few approaches are
available, and careful adjustments on both missingness and confounding issues are required
to ensure a consistent estimate of the true causal effect on the response. In Chapter 2, a
new inverse probability weighting (IPW) estimator based on weighted estimating equations
(WEE) is proposed to incorporate weights from both the missingness and PS models,
which can reduce the joint effect of extreme weights in finite samples. Additionally, we
develop a triply robust (TR) estimator via WEE to protect against the misspecification
of the missingness model. The asymptotic properties of WEE estimators are shown using
properties of estimating equations. Based on simulation studies, WEE methods outperform
others, including imputation-based approaches, in terms of bias and variability.

Additionally, properly selecting the PS model is a popular topic and has been widely
investigated in observational studies. However, there are very few studies investigating
the model selection issue for estimating the causal effect when the exposure is MAR. In
Chapter 3, we discuss how to select both imputation and PS models, which can result in
the smallest root mean squared error (RMSE) of the estimated causal effect. Then, we
provide a new criterion, called the “rank score”, for evaluating the overall performance
of both models. The simulation studies show that the full imputation plus the outcome-
related PS models leads to the smallest RMSE, and the newly proposed criterion is also
able to pick the best models.

Compared to the MAR assumption, the missing not at random (MNAR) assumption
allows for the association between the missingness and the exposure variable, which is a
weaker assumption and more reasonable in some application studies. Even though many
researchers have discussed how to deal with the missing outcome or confounders in obser-
vational studies, very little discussion focuses on the missing exposure under the MNAR
assumption. In Chapter 4, we propose the IPW estimators using joint modelling, called
“IPW-Joint”, to estimate the causal effect when the exposure is MNAR, which combines
estimated weights from the missingness and PS models. Furthermore, to address the prob-
lem of model selection in the high-dimensional setting, we apply outcome-adaptive LASSO



with weighted absolute mean difference (OAL-WAMD) as a new algorithm to select the
outcome-related covariates when the exposure is MNAR. The simulation studies show that
IPW-Joint contains more robust properties and smaller variance than the traditional IPW
approach. In addition, OAL-WAMD outperforms the traditional LASSO in terms of higher
true positive rates (TPR) and smaller variance in both low and high-dimensional settings.

In Chapter 5, we summarize the major findings and discuss the potential extensions.
The proposed methodology can be applied to several areas, including new drug devel-
opment, complex missing data problems and finding real-world evidence in observational
data.
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Chapter 1

Introduction

1.1 Background

In biostatistical or epidemiological studies, it is often important for researchers to estimate
the causal effect of an exposure of interest on the primary outcome. However, when the
exposure variable is missing, estimating the causal effect becomes challenging, and little
literature discusses how to deal with this problem.

There are three types of missingness problems in the literature, including missing
completely at random (MCAR), missing at random (MAR), and missing not at random
(MNAR) (Rubin, 1976). It is very straightforward to deal with the missing exposure prob-
lem under MCAR assumption. In such a case, we can directly remove the missing values
because we assume the missingness does not depend on any other covariates, which is a
strong assumption in application studies (Little and Schenker, 1995). In contrast, when
the exposure is MAR, the missingness is assumed to be conditionally independent of the
exposure given other covariates (Bennett, 2001). In a more complex missing data problem,
the missingness can depend on the exposure variable itself, so we need to consider MNAR
assumption (Eekhout et al, 2012).

In this thesis, we mainly investigate the estimation of the causal effect when the ex-
posure is MAR and MNAR. In the following sections, we will review the literature in the
fields of missing data, causal inference, causal inference on missing exposure, and model
selection on causal inference, respectively.



1.2 Missing Data

In real application studies, missing data can happen in multiple ways. In many cases,
either the exposure of interest or the outcome may not be fully observed. For example,
patients’ exposure status may not be entirely recorded when they suddenly drop out of
the clinical study, or individuals can decline to answer a sensitive question in the survey
questionnaire. If researchers do not carefully adjust for the missingness problem, using a
regression model only with complete data can lead to biased results (Rubin, 1976).

One of the common approaches to dealing with missing data is via imputation. The
single imputation (SI) approach is a process to predict the unobserved values through a
regression model built on the complete cases (Seaman and White, 2013). Even though
Sl is easy to conduct based on the observed data, researchers have suggested that con-
ducting the imputation only once is not always reliable, and conducting the imputation
multiple times can reduce the bias and the variance of the estimators (van Buuren et al,
1999). van Buuren and Groothuis-Oudshoorn (2011) propose the multiple imputations
chained equations (MICE) approach, and a well-known R package “mice” is available to
implement this method (van Buuren and Groothuis-Oudshoorn, 2011). This package uti-
lizes a Gibbs sampler for random sampling, and Rubin’s rules can be utilized to combine
results from all imputed datasets (Rubin, 2004a). However, parametric imputation-based
methods must rely on a correctly specified imputation model. If researchers misspecify the
imputation model, even though both PS and outcome models are correct, the estimation
of causal effects will be biased. Moreover, Seaman and White (2013) also state that, for
imputation-based methods, there may exist the extrapolation issue from the observed data
to the missing data, which means unreliable or inaccurate predictions when attempting to
estimate values beyond the range of data (Bartley et al, 2019), and there is little scope to
assess whether the explicit extrapolation can be justified.

On the other hand, the inverse-probability weighting (IPW) approach creates pseudo
samples by weighting the observed individuals through the estimated probability of the
missingness, which is defined as the probability of being observed given the covariates (Ru-
bin, 1976). Although the IPW approach does not involve extrapolation issues, extreme
weights can occur when the estimated probability of the missingness is too close to zero,
which largely affects the variation and yields biased results (Robins et al, 1995). Combining
both imputation and IPW approaches, Robins et al (1994) develop a class of estimators
called “augmented inverse probability weighting” (AIPW) to estimate the population av-
erage of the coefficients from the incomplete data. Subsequently, Scharfstein et al (1999)
proved that AIPW estimators exhibit the double robust (DR) property, which protects
against the misspecification of either the missingness or the outcome model. Later, Cao



et al (2009) propose alternative DR estimators to improve the efficiency and robustness.
However, DR estimators may not always result in better performance than the imputation
or IPW approaches. For example, when both models are slightly misspecified in their
simulation studies, Kang and Schafer (2007) claim that “two wrong models are not better
than one”.

1.3 Causal Inference

In the past two decades, causal inference has become a popular topic and many researchers
have investigated different methods in non-randomized studies, in which researchers cannot
easily manipulate the treatment assignment for the patients. Therefore, some covariates
can affect both the outcome and the treatment assignments, as the so-called “confounders”
(Rubin, 1974). The main interest is to estimate the average causal effect (ACE) for the
continuous response, which is defined as the difference between the expectations of two
potential outcomes (Rubin, 2004b).

In the counterfactual causal framework, due to the confounding issues, a strongly ignor-
able treatment assignment assumption (SITA) is required, which assumes that the potential
outcomes are conditionally independent of the exposure given all pre-measured confounders
(Rosenbaum and Rubin, 1983a). SITA assumption is also known as the assumption of no
unmeasured confounders, which cannot be tested in application studies. However, Ding
and VanderWeele (2016) have discussed how to measure the change of the causal effect by
the unmeasured confounders using the so-called “E-value” in the sensitivity analysis.

When the treatment is not randomized in the observational data, many methods have
been proposed to deal with the causal inference problem. Two of the main approaches are
the regression-based approach and the propensity score (PS)-based approach (Ding and
Li, 2018). Basically, the regression method is to fit the outcome model with the treatment
and covariates using the observed data. If SITA assumption holds, we can use the fitted
outcome model to predict the potential outcomes for the individuals if the individual were
assigned to the other treatment group contrary to the observed one (Pearl, 2010). However,
the regression model can yield biased results if we cannot correctly specify the outcome
model (Austin, 2007). Additionally, the PS-based approach is to utilize PS values to
adjust for confounding issues. For instance, after applying weighting on the observed data,
the IPW approach creates pseudo-samples, which can balance the confounders across the
exposure and non-exposure groups (Herndn and Robins, 2006). However, if PS model is
not correct, the estimated causal effect will be biased.



To combine ideas from IPW and regression approaches, the DR method is proposed
with more robust properties, which means that it can protect against the misspecification
of either PS or the outcome model (Bang and Robins, 2005). In addition, DR estimators
are the most efficient estimators when both PS and outcome models are correct based
on the semiparametric efficiency theories (Tsiatis, 2007). Many researchers also discuss
different approaches to reduce the variance of DR estimators when PS or the outcome
model is misspecified (Tan, 2008, 2010; Vermeulen and Vansteelandt, 2015)

Besides that, researchers also propose alternative approaches using PS values. For
example, we can match the individuals for the exposure group with the non-exposure group
if their PS values are close enough (Rosenbaum and Rubin, 1983a). Then, we can estimate
the average causal effect (ACE) through the mean difference between these matched pairs.
Another approach is to conduct stratification on subgroups using PS values (Lunceford
and Davidian, 2004). These methods do not directly apply inverse weighting to create
pseudo samples, which partially avoids the issue of the extreme weights compared with
IPW method (Imbens and Rubin, 2015).

1.4 Causal Inference on Missing Exposure

Although many articles discuss the approach to deal with the missing data problem, es-
timation of the causal effect is challenging when the exposure status is MAR. The main
reason is that MAR on exposure significantly differs from MAR on the outcome. When
the outcome is missing, only the outcome model is influenced by the missing data, but PS
model does not involve the missing outcome at all (Williamson et al, 2012). In contrast,
in cases where the exposure is missing, all four models — missingness, imputation, PS,
and outcome models— are largely affected (Zhang et al, 2016). Consequently, although
PS-based methods have been discussed when the outcome is MAR, their direct application
to cases where the exposure is missing is not straightforward.

As a motivating example, during the COVID-19 pandemic, researchers were able to
observe the patients’ mortality status as the major outcome, but may have lost records of
chronic diseases such as cardiovascular disease (CVD) as the exposure variable. In such
a case, not only is the outcome model influenced, but the PS model will also be affected
by the missing exposure. In other words, we can also view this problem as a “two-layer”
missing data problem: (1) the exposure variable is missing, and (2) half of the potential
outcomes that can be defined are not observed.

In recent literature, Williamson et al (2012) propose a two-layer double robust estimator
to deal with the problem of the missing exposure when one aims to estimate the causal
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effect. They argue that as long as one of the missingness or the imputation model plus
one of PS or the outcome model is correct, consistency and asymptotic normality will
be achieved. Subsequently, Zhang et al (2016) provide a triply robust (named as TR-
ATPW) estimator and claim that as long as two out of three models are correct, TR-AIPW
estimator will be consistent with the true causal effect. However, TR-AIPW restricts the
candidate models to only include the missingness, PS, and outcome models without the
imputation model. In addition, Kennedy (2020) also proposes nonparametric estimators
with efficiency bounds using the efficient influence function, which requires PS model to
be correct.

In addition to MAR assumption, many researchers have also investigated how to iden-
tify the problem of MNAR on the confounders in the previous literature (Miao et al, 2024;
Ding and Geng, 2014). Yang et al (2019) discuss how to identify the causal effect based on
a nonparametric two-stage least square estimator when the confounders are MNAR, and
propose the outcome-independent assumption (OIA), which assumes the missingness indi-
cator is conditionally independent of the outcome given the exposure and covariates. Later,
Sun and Liu (2021) develop a DR estimator to protect against the misspecification of the
PS or the outcome model, but the selection bias model is required to be correctly specified,
which may be restrictive in some real applications. Sun et al (2024) also investigate the
estimation of the network treatment effects using the semiparametric framework when the
confounders are MNAR. In addition, Shan and Yan (2024) discuss the statistical inference
for the nonparametric estimator using a weak pseudo-metric and influence function.

However, we notice that OIA assumption may be restrictive and not suitable to deal
with MNAR on the exposure. As we discussed above, MNAR on the exposure is a differ-
ent scenario compared with MNAR on confounders or the outcome because the missing
mechanism is different, and the missing exposure can directly cause a biased estimation
for the missingness, imputation, PS; or the outcome model (Williamson et al, 2012).

1.5 Model Selection in Causal Inference

In addition to the construction of robust estimators, model selection is also an important
topic for causal inference. In many studies, simply including all variables in PS and outcome
models will obtain larger variance (Ali et al, 2015). For instance, patients’ systolic and
diastolic blood pressure are often highly correlated, which can result in collinearity issues
in the fitted model.

In the previous literature, researchers have shown that improper selection of variables
in PS model can result in higher bias and variance (Rubin, 2004b). For example, if we
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include variables that are only related to the exposure in the PS model, the variance of
estimated causal effects will become larger because these exposure-related variables are
redundant to be selected into PS model, which may generate some extreme PS values to
affect the results. On the other hand, if we only include outcome-related variables in the
PS model, the estimated causal effects will have smaller variance (Brookhart et al, 2006).

Directed acyclic graphs (DAG) have been proposed as the causal diagram to study the
causal relationship without the requirement of a specific model form (Pearl, 2009a). Some
researchers also discuss how to use the causal diagram to analyze the missing data problem
when the outcome is not fully observed (Daniel et al, 2012; Tu et al, 2019). However,
drawing the correct DAG requires enough background knowledge and is not easy to assess
in a high-dimensional setting. Besides that, traditional metrics for model performance,
such as c-statistics to evaluate the predictive accuracy of a model, can be utilized, but
the goal of PS model is to balance the confounding issue instead of predicting unknown
values (Westreich et al, 2011). Therefore, directly using the traditional criterion is not
appropriate to select the PS model.

Besides that, PS model selection using the outcome-adapted LASSO (OAL) has also
been proposed to incorporate the weights from the outcome model (Shortreed and Ertefaie,
2017) as a direct extension of adaptive LASSO (Zou, 2006), so that we can select outcome-
related variables in a high-dimensional setting. Later, Zou and Zhang (2009) also propose
adaptive elastic net to combine L; and L, penalties in the objective function to address the
collinearity problem among the covariates. Araveeporn (2021) also compare the higher-
order of adaptive LASSO with the elastic net for the classification problem in the high-
dimensional setting. Researchers have shown that the adaptive LASSO, OAL, or adaptive
elastic net will contain oracle properties, which means the consistency on selection and
asymptotic normality will hold under some regularity conditions (Zou and Zhang, 2009).

1.6 Objectives

In this thesis, we will mainly discuss how to estimate the causal effect with robust estima-
tors and model selection problems when the exposure is MAR or, sometimes MNAR.

From the previous literature, Williamson et al (2012) do not provide any solution when
both the missing and imputation models are wrong because of the lack of the imputation
model as the candidate model. There is also little discussion about the effect of extreme
weights on the estimated causal effect when the exposure is MAR and at least one of the
models is not correctly specified. Additionally, the simulation studies from Williamson



et al (2012) have shown overestimated coverage rates of CI when the outcome model is
wrong.

These limitations motivate us to improve both IPW and TR estimators’ performance
by using the weighted estimating equation (WEE) method. In Chapter 2, we will discuss
how to reduce the joint effect of the extreme weights from the missingness and PS models.
In addition, we can prove that TR-WEE estimator contains more robust properties, which
means that as long as “two out of three groups of models are correct”, TR-WEE will achieve
consistency and asymptotic normality. Compared with the previous DR or TR estimators,
we provide an alternative Bayesian method to protect against the misspecification of both
missingness and imputation models when both PS and outcome models are correct. Finally,
simulation studies are conducted to compare TR-WEE with imputation-based methods,
which show that the coverage rates of IPW-WEE and TR-WEE are close to 95%

In addition to the IPW approach, when the exposure is not fully observed, we can try
to impute the missing exposure as an alternative way. However, there is little discussion
about how to conduct model selection on both imputation and PS models. That motivates
us to investigate which combination of imputation and PS models can lead to the smallest
bias and variance of the estimated causal effect among other candidate models. In Chapter
3, we conduct simulation studies to show that the full imputation plus the outcome-related
PS models result in the smallest bias and variance among other candidate models when the
exposure is MAR. Besides that, since we do not know the true causal effect in application
studies, evaluating the selected models will be difficult, so we propose a new criterion
called “rank score” to combine the performance of both imputation and PS models. The
rank score successfully selects the best imputation and PS models, which show a higher
correlation with RMSE in the simulation studies.

In the previous MAR case, we discussed the imputation-based approach to impute
the missing values, but we cannot rely on the imputation model to address the issue
under MNAR scenario, because the missing indicator will directly depend on the exposure
status itself (Seaman and White, 2013). Moreover, the previous OIA assumption may
be strong and not suitable when the exposure is MNAR (Yang et al, 2019), so we want
to relax this assumption. In Chapter 4, we discuss how to develop a new IPW-based
approach to combine the estimated weights from the missingness and PS models, called
the “joint modelling” approach. Besides that, there is little discussion in the literature
about how to properly select outcome-related covariates when the exposure is MNAR.
That also motivates us to apply OAL to deal with the model selection problem under
MNAR scenario based on the weighted absolute mean difference (WAMD) to select the
outcome-related covariates in a high-dimensional setting.



The remainder of this thesis is organized as follows: in Chapter 2, we describe the
robust estimation for the causal effect on the missing exposure under MAR assumption.
Chapter 3 provides the results of model selection and a new criterion for the imputation
and PS models through a simulation study when the exposure is MAR. In Chapter 4, we
propose the joint modelling approach for the causal effect under MNAR scenario and the
different selection algorithms using LASSO in the high-dimensional setting. The thesis
ends with a discussion in Chapter 5.



Chapter 2

Causal Inference on Missing
Exposure via Robust Estimation

2.1 Background

It is challenging to estimate the causal effect when the missing data problem exists. Various
methodologies have been proposed for handling cases where the outcome is missing (Kang
and Schafer, 2007; Robins et al, 2007; Seaman and White, 2013). However, when the
exposure status is missing, few approaches have been provided in the literature to deal
with this issue.

As we discussed in Chapter 1, Williamson et al (2012) propose a two-layer double
robust (DR) estimator, which requires a “one of two models” condition, i.e. one correct
model from either the missingness or the imputation model and another correct model from
either PS or the outcome model. Later on, Zhang et al (2016) propose triply robust (TR)
estimators and claim that TR estimators can achieve consistency if at least two models
are correct for the missingness, PS, and outcome models. Besides that, nonparametric
estimators using the efficient influence function have been developed by Kennedy (2020),
which requires PS model to be correct and either the imputation or the missingness model
to be also correct.

However, some limitations may exist in previous studies. First, Williamson et al (2012)
and Zhang et al (2016) do not describe the effect of extreme weights when at least one of the
models is wrongly specified. Based on our simulation studies (see Section 2.5), we observe
that either IPW or the two-layer DR estimator may result in larger bias and standard



errors when some extreme weights occur in finite samples. Next, the simulation studies
from Williamson et al (2012) show a very high coverage rate of CI when the outcome
model is wrong, so further investigation is needed. Finally, Williamson et al (2012) do
not mention how to solve the problem when both missingness and imputation models are
wrong. In comparison, since Zhang et al (2016) remove the imputation model from the
candidate of models, both PS and outcome models are required to be correct when the
missingness model is wrong, which may be restrictive in some applications.

In this chapter, we aim to improve the robustness of previous TR estimators and propose
a new method to reduce the effect of extreme weights on the estimated causal effect in
finite samples. We also investigate statistical inference using a bootstrap approach in the
simulation studies.

2.2 Notations and Models

2.2.1 Notations and Causal Framework

In this section, we present the notations and the models for our proposed methods. The
counterfactual causal framework (Rubin, 1974) denotes (Y;',Y}?),i = 1,...,n, as the po-
tential outcomes if individual ¢ were exposed or unexposed (or equivalently, the treated or
untreated), respectively. Let X; = (1, Xjy, ..., X; ;)7 denote a (p+ 1) x 1 vector of an inter-
cept term and p covariates for individual 7. We further denote X = (X3, X3, ..., X,,)T as
the n x (p+ 1) design matrix. Let A; denote the exposure of interest, Y; denote the binary
outcome, and R; = I{A4; is observed} denote the indicator of whether the exposure value
is observed or not for individual . In this study, we only consider the exposure variable
to be missing, so all other variables are assumed to be completely observed. However, the
idea of reducing the joint effect of extreme weights through WEE can be extended to more
complex situations, such as MNAR on the exposure.

Notice that for each individual 4, Y¥;! and Y;° cannot be observed at the same time;
instead, we observe the actual exposure A; and corresponding outcome Y;. The relationship
between the observed outcome and the potential outcomes is Y; = A;Y;! + (1 — A4;)Y°. The
observed dataset is (X, A;,Y;) given R; = 1, and (X;,Y;) given R; = 0,5 = 1,...,n.
The true propensity score (PS) is defined as Pa,(X;) = P(A; = 1|X;) for individual
i =1,...,n. Notice that PS is a balancing score, i.e. X 1 A|P4(X), where X is denoted
as generic covariate variables, so all measured confounders between the exposure and non-

exposure groups are balanced given PS values (Rubin, 1974). This is the key reason why
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we can apply the inverse weights of the propensity scores to estimate the causal effect in
the next section.

Our main interest is to identify the causal effect of the exposure on the outcome when
the exposure is MAR. Motivated by our application study, we focus on a binary outcome
and denote 7, = E(Y!) = P(Y! = 1) and 7y = E(Y?) = P(Y® = 1), so the true causal
effect 7 is defined in this chapter as the causal odds ratio (OR) of the potential outcomes
if exposed versus not exposed:

S /(1 —1) _ PY'=1)/P(Y! =0)
0/(1—7) PY9=1)/P(Y°=0)

(2.1)

Even though the study focuses on the estimation of the causal odds ratio for a binary
outcome, other estimands such as the average causal effect or risk ratio can be considered.
Since the theories are developed in general scenarios, the application can be easily expanded
to other cases, such as a continuous or count outcome. The major component that needs to
be changed is the form of the outcome model in the estimating equation, shown in Section
2.3.1.

To identify 7 in observational studies, three main assumptions are required in this
study, described as follows:

1. Strongly ignorable treatment assignment assumption (SITA): (Y1, YY) LA|X.

2. Positivity assumption: 0 < P(A=1|X =) <1, and 0 < P(R=1X =a,Y =
y) < 1 for all possible x, y.

3. MAR assumption on the exposure: RLA|(X,Y).

SITA is also known as the assumption of no unmeasured confounders, which cannot be
tested using the observed data. The positivity assumption guarantees that the propensity
score and the missingness probability are non-zero, which can be checked on observed data
when other covariates are fully observed. The MAR assumption describes the missingness
mechanism for the exposure variable, which assumes the missing indicator is conditionally
independent of the exposure variable given all other observed covariates in the dataset.
However, MAR assumption cannot be tested because we do not know the true missing
values. The basic causal framework can be described in Figure 2.1.
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Figure 2.1: Causal diagram before and after the confounders are adjusted for. The black
solid arrows refer to the causal relationship among confounders, exposure, and outcome.
The double-sided dash arrows refer to the associational relationship among the missing
indicator, the outcome, and the covariates. Due to the MAR assumption, the dashed
short line refers to no association between the missing indicator and the exposure given
covariates and the outcome.

2.2.2 Identification

As we have previously mentioned, estimating 7 requires us to account for both missing and
confounding issues, which can be viewed as a “two-layer” missing data problem. Assump-
tions (1)-(3) ensures the identification for 7 on the observed data, written as

R AY [ R AY
s vyacol :E{E x| Ea }
[ Ay .
L[ EAXY]
- | Sy~ EO

where the first equality is due to the property of the double expectation on (X,Y’) and
MAR assumption. The second equality holds due to the double expectation on (X, Y!).
The third equality holds because of SITA and the definition of Y = AY!' 4 (1— A)Y?. The
last equality holds because we know EF(A|X) = P(A = 1|X). Similarly, we know that 7,

R (1-A)Y
E(RIX,Y) I-E(A[X)

as a function of (R, A, X,Y’), so the identification for 7 can be guaranteed.

can also be identified as E [ = E(Y?). Here, both 79, 71 can be expressed

2.2.3 Models

In this thesis, we mainly consider the parametric framework with four regression models,
which are classified into three groups:
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e (1) the missing/imputing group includes the missingness model: Pg(7)
11X,Y;~) = expit(X T4 + Y+~,), and the imputation model: P(A = 1|
expit(X7Td +Y9,);

e (2) the PS model as the second group: P4(a) = P(A = 1|X;a) = expit(X T a);

e (3) the outcome model as the third group, and its model form depends on the type of
response. Following the motivated example, we mainly consider the binary outcome,
so the outcome model is written as: Py(8) = E(Y|X, A; B) = expit( XT38 + AB4).

Here, (7,9, a, 8,7y, 0y, Ba) refers to the unknown parameters that need to be estimated.
For simplicity, we will just use (v, 4d,a, 3) to denote all unknown parameters and their
true values are denoted as (v*, 8%, a*, B*). We define 87 and 3§ as the true coefficients of
the outcome model for the exposure and non-exposure group, respectively. If the model is
wrongly specified, we denote the incorrect values of the coefficients as (v, &, 3, 9).

Notice that the coefficients for the outcome models, i.e. 3's, are the nuisance parame-
ters, which are not considered as the main interest, and they just refer to the associational
instead of the causal relationship between the exposure and the outcome. However, ,3 is
used as the plugged-in values for the estimating equation of IPW or TR estimators. In
addition, all proposed methods in the following sections are discussed under the general
semiparametric framework (van der Vaart, 2000).

2.3 IPW Estimators

2.3.1 Review of Two Estimators for Model Parameters

Before we introduce estimators for 7, we first talk about how to estimate the coefficients
in the PS model by adjusting for the missing exposure under MAR assumption. More
specifically, we aim to apply an [PW-based method to estimate « after adjusting for the
missingness in PS model. We call it the weighted likelihood approach (WLA) and denote
the estimated value of a as &™), such that &™) solves the following estimating
equation:
S(aWENY =N (A4, X ) = 0. 2.3
2P (23)
Here, U;(A;, Xi; o) = X;[A; — E(4;| X;; )] is (p + 1) x 1 vector of the original score
function from PS model for individual i, and 4 is an estimate of «. If the missingness
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and PS models are correct, we know aMWEA) By % and its asymptotic normality holds as

n — oo based on the proof for &F® in Section A.1.1 of Appendix.

Similarly, we also need to adjust for the missingness on the outcome model to consis-
tently estimate the coefficients 3. We assume the missingness model is correct, and apply
WLA to obtain BWIA) | which solves the following estimating equation:

BIVEN) Z PR Vi(Y;, As, X5 8) = (2.4)

where V;(Y;, A;, Xi; 8) = XiY; — E(Yi|A;, X;; 8)] is the (p+ 2) x 1 vector of the original
score function from the binary outcome model with the covariates and the exposure. If
some researchers aim to study for a continuous outcome, the score function can be changed
into V;(Y;, Ay, Xi;: B) = X;(Y;—XT3). If both missingness and outcome models are correct,
we know B(WLA) 2y B8* and its asymptotic normality holds as n — oo based on Equation
(2.2). Notice that (&WEA) BWLA)) are not considered as the main interest, instead, they
are just plugged-in values for unknown (e, 3) in the IPW estimators in the next subsection.

2.3.2 Review of Two IPW Estimators

In this subsection, we will review two estimators for 7 using IPW method, including IPW-
IPW and IPW-DR, where the first part of the name refers to the method used for missing
data and the second part means the method used for the confounding issue (Zhang et al,
2016). In the following discussion, for all IPW estimators, we require the missingness
model to be correct, otherwise, the estimated causal effect is biased. We will loosen this
requirement when we develop TR estimators in Section 2.4. We will mainly discuss the
estimator for 7y, because the estimator for 7 is straightforward to develop after replacing
A; by 1 — A; for the non-exposure group.

The idea of IPW-IPW is to directly apply two inverse weights on the observed data
to adjust for the missingness and confounding issues, which requires both missingness and

PS models to be correct. Based on the identification formula of Equation (2.2), IPW-IPW

IPW-IPW -
estimator for 7y, denoted as 7'1( ) , can be written as:

A (IPW-TPW) AY;
N ZPR ) Py, (6(WLA)) (2.5)

where 4 is estimated via the missingness model defined in Section 2.2. P4 (&W4) is fitted
PS value after plugging in &™), When both missingness and PS models are correct, we
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. (IPW IPW) P,

know that 7 — 71 and its asymptotic normality holds as n — oo. Then, we can
obtain T(IPW IPW) as:
A(IPW IPW) /(1 - A(IPW- IPW))
~(IPW-IPW) __ 5\ P
T A(IPW PW) ~(IPW-IPW) - T (2:6)
7o /(=7 )

Since IPW-IPW estimator requires both models to be correct, which is too restrictive,
the second IPW-DR estimator is developed to protect against the misspecification of either
PS or the outcome model, written as:

A

IPWDR i (WLA) _ A(WLA)

ZPR {PAZ}WVLA))D(YZ,XZ,B1 )+ B Vil =1, X:: B ]}
2.7)

where 4 are estimated via the missingness model and Dz'(Yz',Xi;Bﬂ =Y, — E(Y|A =
1, X;; 1) is denoted as the residual term in Equation (2.7). If the missingness model
is required to be correct and either PS or the outcome model is also correct, we know
%fIPW'DR) 2 7 and its asymptotic normality holds as n — oo (Zhang et al, 2016). In

addition, we can obtain an estimator for 7y after replacing the exposure group with the

(IPW-DR) _ (IPVV DR)/(l (IPVV DR)
(IPW DR)/(l (IPW DR)) — T asn — 0.

non-exposure group, and 7

2.3.3 IPW-WEE Estimator

The drawback of both IPW-IPW and IPW-DR estimators is that they involve the product
of the estimated missingness probability and the propensity score in the denominator, and
the weights may become extremely large when the estimated probability is close to one.
That motivates us to develop a so-called weighted estimating equation (WEE) approach
for IPW-based estimators, which is expected to be more resistant to extreme weights.

IPW-WEE estimator is proposed in two steps to separate the joint effect of extreme
weights on 77 from the missingness and PS models. In the first step, we revise Equation

(2.4) to apply both inverse weights of the missingness and PS values to estimate 3, denoting

the new estimate of the outcome coefficients as BQPWWEE)

5(IPW-WEE
A )

(where the subscript “1” refers

to the exposure group). We obtain by solving the following equation:

(IPW- ) R A;
§(BPNWER)) Z Xip = (a(WLA))[Y E(Yi]Ai=1,X;8)] =0,  (28)
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where F(Y;|A; = 1, X;; 81) = expit(X]B;) is the outcome model for the exposure group
with unknown (p + 1) x 1 vector of B; to be solved. Here, X; includes one intercept and
p covariates. Since the Fisher information matrix is positive definite, Equation (2.8) leads
to a unique solution for 3.

If both missingness and outcome models are correct, we prove that B?PW‘WEE) 2 By

and the asymptotic normality holds as n — oo. The detailed proof of the asymptotic
properties for ,B?PW'WEE) is provided in Section A.2 of the Appendix. If researchers consider
a continuous outcome, we can simply modify Equation (2.8) with the linear regression

model, i.e. B(Y;|A; =1,X;;81) = X! 3.

In the second step, we estimate 7, by:

A =1, X,; BIVVERN (2.9)

apwwer)  1x~ R [
T =— —F Y,
! n ; P R; (’7)
where F [Y;|A,- =1, X;; ,BAEPW'WEE)] = expit(X7] B%IPW_WEE)) is the predicted response for

each individual in the exposure group after plugging in B%IPW_WEE). Notice that %fIPW'WEE)

in Equation (2.9) can be viewed as the weighted average on fitted responses for the exposure
group, which only involves inverse weights of the missingness without any weights from PS
model.

If the missingness model is correct and either PS or the outcome model is correct, we
~(IPW-WEE) p

prove that 7; — 71 and its asymptotic normality holds as n — oo in Section A.2
of the Appendix. Similarly, %O(IPW'WEE) is a [IPW-WEE estimator for 7y after we replace A;

with 1 — A; and we can also prove %(EIPW_WEE) . Then, IPW-WEE estimate for 7 will

be consistent to the true causal effect as n — oo, written as:

IPW-WEE) /(1 IPW—WEE))

5 (2.10)

%(IPW-WEE) _ 7A'1( Al(
~(IPW-WEE ~(IPW-WEE
A )

Detailed proofs for the connection between IPW-WEE and IPW-DR are also provided in
Section A.2.2 of the Appendix. In addition, we also prove the asymptotic normality for
7 in Section A.4 of the Appendix based on the properties of estimating equations, Taylor
expansion, and the delta method.

In summary, we provide an algorithm to conduct IPW-WEE estimator in four stages:

1. Fit the missingness model and obtain 4 via R ~ X + Y as the plugged-in values in
Step 3 (a).
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2. Solve &W) from Equation (2.3), which contains PS model via A ~ X, as the

plugged-in values in Step 3 (a).
3. Conduct the “two-step procedure” on 77:

(a) Solve B"VWEE) from Equation (2.8), which contains the outcome model via

Y ~A+ X.
(b) Estimate fl(IPW_WEE) from Equation (2.9).
4. Repeat the “two-step procedure” to estimate TO(IPW'WEE) and finally obtain 7(PW-WEE)

as the main goal.

Although TPW-DR is more robust than IPW-IPW, both IPW-IPW and IPW-DR es-
timators involve a joint effect of inverse weights on 7; from missingness and PS models.
When the outcome model is wrong, and either estimated PS values are close to zero or
missingness probabilities are close to 1, the extreme weights can directly enlarge the resid-
ual term Di(E,Xi;ﬁl) =Y, - E(Y}|A;, = 1,Xi;,31), which leads to the large bias and
variance of estimated causal effects in finite samples.

In contrast, the major advantage of IPW-WEE estimator is to reduce the joint effect

of extreme weights. After applying WEE techniques, we find that even though B§IPW_WEE)
involves both inverse weights of the missingness and PS values, %fIPW'WEE) only involves

inverse weights of the missingness without the weights from PS model. In other words,
IPW-WEE will not be directly affected by the extreme PS values by solving S( %IPW_WEE)).
Another benefit of IPW-WEE is that it can be directly applied using weighted regression
models based on Equation (2.8), by specifying the “weights” argument of the “svyglm”
function in R (Oberski, 2014).

We also provide simulation results for IPW-IPW, IPW-DR, and IPW-WEE estimators
with the standardization of the weights to reduce the joint effect of the extreme weights in
the finite samples. The simulation results with the standardization are provided in Section
A.7 of the Appendix, which still shows that IPW-WEE can better handle the issue of
the extreme weights compared with others in the finite samples. In summary, IPW-WEE
keeps the same robust properties as IPW-DR, but becomes more resistant to the extreme
weights in finite samples.
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2.4 TR Estimators

In the previous section, we discussed the restriction of IPW estimators, which requires
the missingness model to be correct. In this section, we develop TR robust estimators to
protect against the misspecification of the missingness model. One is called “TR-AIPW?”,
extended from Williamson et al (2012) and Zhang et al (2016), and another one is a newly
developed TR-WEE method to reduce the effect of the extreme weights in finite samples.

2.4.1 Two Robust Estimators for Model Parameters

To improve the robust properties of TR estimators, we need to obtain more robust estima-
tors for (e, 3). One of the ways to protect against the misspecification of the missingness
model is to add an imputation model into the estimators of (a, 3). We denote the estimator
as &P®) which solves,

- R Ri — Pr,(%)
(&™) ; Pr. (%) ( ) Pr, (%) ( ) (2.11)
where U;(A;, Xi; o) = X;[A; — E(A;| Xi;a)] is (p+ 1) x 1 vector of the original score

function from PS model for individual i, and ma(X;,Y;) = E[Ui(As, Xi; )| X, Y 6] is
the conditional expectation taken w.r.t (A|X,Y). Here, (4,8) can be estimated by the
missingness and imputation models, respectively, defined in Section 2.2. After we fit the
imputation model, we can substitute 5 for 8, so ma(X;,Y;) is the fitted value for the
conditional expectation. If PS model is correct and either the missingness or the imputation
model is correct, we prove & ®F) B o* and its asymptotic normality holds as n — co. The

details of the proof are provided in Section A.1.1 of the Appendix.

Similarly, we apply inverse weights of the missingness into the outcome model to adjust
for the missingness, and the estimator of 3 is denoted as BFF) which solves,

ey S B yyoa xog o B Pr(®)
S = 32 g, Gy e X8) - S5

where V;(Y;, A;, X;; 8) = X;[Y: — E(Y;|A;, X5 8)] is the (p+2) x 1 vector of the score func-
tion for the outcome model with unknown 3. Here, my (X;,Y;) = E[V;(Y;, Ai, Xi; 8)| X, Y; 5}
is also taken w.r.t (A|X,Y). After we fit the imputation model, we substitute & for 8.
If the outcome model is correctly specified and either the missingness or the imputation
model is also correct, we prove that B(EE) 2, B* and its asymptotic normality holds as
n — oo in Section A.1.2 of Appendix. Notice that both (&FF), B(EE)) are just plugged-in
values for IPW or TR estimators, instead of our main interest.

18



2.4.2 TR-AIPW Estimator

The “TR-AIPW?” estimator is constructed as a combination of two DR estimators to adjust
for both missingness and confounding issues. The key differences between proposed TR-
ATPW and previous DR estimators (Williamson et al, 2012; Zhang et al, 2016) are that we
improve the robust properties using Bayes’ theorem in Equation (2.14) to solve the issue

w(hen bot)h missingness and imputation models are wrong. We denote TR estimator as
~(TR-ATPW

T , written as:
7A_l(TR_AIPVV) P Qll Y7A17Xz;&(EE)?lé:(I_EE))
(2.13)
Z B |Qa(Yi, Ai, Xi36"P, 3" X v 6| |
-1
~ o &(EE)
where Q;1(Y;, A;, Xi3 &FF), gEE)) = Ay, — A Pal )E(Y;|A 1 Xz,ﬁ(EE ),

PAi(a(EE)) [ PAi(d(EE))
and the subscript “1” refers to the exposure group. Here, Py, (&) is the fitted PS value
and E(Y;|A; = 1, X;; 3,) is the predicted response for each individual. (¥, 8) are estimated
via the missingness and the imputation models, defined in Section 2.2, respectively. Here,

E[Qi(Y;, Ai, X3 &FP) ,B (EE) )|X Y, 8] is taken w.r.t A/ XY after plugging in 4. a(EE)

are estimated from Equation (2.11) and ﬁl ) are estimated values on the exposure group
from Equation (2.12).

If the missingness model is correct, we know that the expectation for the last term

R;—Pg,(¥)
Pg, (%)

Qi (Y;, Ay, X560, 8IF) X v §

is zero, due to MAR assumption. No-

tice that % Yo Qau(Y, A X & Bl) is a DR estimator, which only requires either PS or
the outcome model to be correct (Robins et al, 1994; Bang and Robins, 2005; Funk et al,
2011). Therefore, we know E[7; (TR AIPW)] E[Y''] if the missingness model is correct and
either PS or the outcome model is also correct.

If the missingness model is wrong, but the imputation model is correct and either PS
or the outcome model is correct, we can rearrange the terms in Equation (2.13) and know
that {E[Qu (Y, A, Xi3 &%, B™)| X, Y] — ElQu (Y, A Xi3 a9, B™)| X,V 8]} +
E[Y' =0+ E[Y!].

In the third case, if both missingness and imputation models are wrong, but PS and
outcome models are correct, Bayes’ theorem can be used to estimate P(A = 1|X,Y) in
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the imputation model. In this case, we can directly transfer the imputation model into
functions of PS and the outcome models as:

P(Y =ylA=1,X)P(A=1|X)

PA=1X.Y =y) = P - g% ,

(2.14)

where P(Y = y|X) can be simplified into two parts. When y = 1, we know P(Y = 1|X) =
E[EY|AX)|X]=PY =1A=1,X)PA=1X)+PY =1A=0,X)P(A =0|X).
When y = 0, we know P(Y = 0|X) = 1— P(Y = 1|X). When both PS and outcome
models are correct, applying the Bayesian approach helps us consistently estimate P(A =
11X,Y = y), i.e. the imputation model w.r.t §. Therefore, we can transform this third
case back to the previously solved problem, the same as the second scenario, when the
imputation model is correct and either PS or the outcome model is also correct.

In summary, as long as “two out of three groups of models are correct” (defined in
Section 2.2), called “TR group properties”, TR-AIPW estimator for 7 will be consistent
and its asymptotic normality holds as n — co. The detailed proofs for the consistency and
asymptotic properties of “TR-AIPW” are shown in Section A.3 of the Appendix.

2.4.3 TR-WEE Estimator

Although we provide 7(TR-APW) with a more robust property, TR-AIPW may still be
affected by the joint effect of extreme weights in finite samples. In this subsection, we
propose another TR estimator based on WEE, which is expected to be more stable after
diminishing the joint effect of some extreme weights. Similar to the idea of IPW-WEE,
we construct TR-WEE in two steps. In the first step, we denote WEE estimator for the
coefficients of the outcome model as BFR‘WEE), found by solving the following equation:

} (2.15)

where Di(Y:ia-Xi;Bl) =Y, — E(Y;|A; = 1,X;;8) is the residual term and E(Y;|A; =
1, X;; 81) = expit(X]'B;) is the outcome model for the exposure group with X; including

S(8 ETR-WEE))

n

R; X,
= ( i A;D;(Y;, X;; _E
;PRz‘(ﬁ’) PAi(@(EE)) { ( ) aﬁl)

Y

=1

AiDz'(Yi,XﬁlégEE)) X>Y;(§

Qi1 (Y, Ai, X356 39 X v: 8| =0,
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one intercept and p covariates. Here, (d(EE), B(EE)) are still estimated values from Equa-
~ L d(EE)
tions (2.11)-(2.12) and Qs (Y, Ay, Xi3 &9, BIFP)) = Ay, A-Palec D poyy) g =

1, Xi; B§EE)) is DR estimator for individual ¢ = 1,2,... n.

If the outcome model is correct and either the missingness or the imputation model is
correct, similar to the properties of BFPW‘WEE), we can also know that B§TR‘WEE) LN B
and its asymptotic normality holds as n — oo. Alternatively, if both missingness and
imputation models are wrong, but PS and outcome models are correct, we can apply the
Bayesian approach in Equation (2.14) to consistently estimate P(A = 1|X,Y).

In the second step, we denote fl(TR_WEE) as TR-WEE estimator for 7, written as:

n

(TR-WEE) 1 R; ~(TR-WEE ~(EE
AT Y By (B = 1 X BT Byl = 1 X )
= R

Lo (2.16)
—NTE(A =1, X;; 8PP
+ n; ( ’ ) 7/61 )7

where F [Y;\Ai =1,X, BgTR_WEE)] = expit(XT B§TR‘WEE)) is the predicted response for

each individual after plugging in B%TR'WEE).

In summary, as long as “two out of three groups of models are correct”, 7(TR-WEE) —
%(TR—WEE)/(l_%(TR—WEE)
1 1

ATRWER) (| (TR WER)) — 7 and its asymptotic normality holds as n — oo. The detailed
0

proof for the connection between two TR estimators and the asymptotic properties for 7
is also shown in Section A.3 of the Appendix.

We revise the previous algorithm for IPW-WEE and provide a new algorithm to conduct
the proposed TR-WEE estimator in five stages:

1. Fit the missingness model and obtain 4 via R ~ X + Y as the plugged-in values in
Step 4 (a).

2. Fit the imputation model and obtain o via A~ X +Y as the plugged-in values in
Step 4 (a).

3. Solve &®® BEE) from Equation (2.11) and Equation (2.12), respectively, as the
plugged-in values.

4. Conduct the “two-step procedure” to avoid joint effects of the extreme weights.
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(a) Solve B§TR'WEE) from Equation (2.15), which contains the outcome model via
Y ~A+X.

(b) Estimate fl(TR'WEE) from Equation (2.16).

5. Repeat the “two-step procedure” to estimate TéTR_WEE) and finally obtain 7(TR-WEE)
as the main goal.

Comparing TR with IPW estimators, two TR estimators allow more flexible condi-
tions to achieve consistency and asymptotic normality, which further protect against the
misspecification of the missingness or the imputation model. The key reasons are that
the estimating equations are revised and more robust plugged-in values are used, i.e.
(aFP) B(EE)). The comparison among different estimators is summarized in Table 2.1.

Table 2.1: Comparison of different IPW, DR, and TR estimators

Method Used Models Type of Analysis Requirement of Consistency
a(FP) MS, Imp, PS Associational (MS/Imp + PS ); Bayes: (PS + OR)
B(EE) MS, Imp, OR Associational (MS/Imp + OR); Bayes: (PS + OR)
7{IPW-IPW) MS, PS Causal MS + PS . No Imp model.
FIPW-WEE) gapq 7(IPW-DR) MS, PS, OR Causal MS + PS/OR . No Imp model.
FIR-WEE) and #(TR-AIPW) M| Tmp, PS, OR Causal (MS/Imp + PS/OR ); Bayes: (PS + OR)

MS, Imp, PS, and OR refer to the missingness, imputation, PS, and outcome models, respectively. “/”
means one of the models needs to be correct for consistency. “4” means at least two models should be
correct. Bayes: an alternative Bayesian approach when MS and Imp models are wrong, but PS and OR
models are correct.

If we compare two TR estimators, TR-AIPW estimator involves both inverse weights
of the missingness and PS values in Equation (2.13), but TR-WEE estimator only involves
weights of the missingness without any weights from PS model in Equation (2.16). There-
fore, TR-WEE not only keeps the same robust properties as TR-AIPW, but also reduces
the joint effect of extreme weights on the bias and variance compared with TR-AIPW.

2.5 Simulation Study

2.5.1 Model Setting

A simulation study is conducted to investigate the finite sample performance of the pro-
posed methods. The number of simulation replications is N = 500, the number of boot-
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strap replications for obtaining the confidence intervals is B = 2000, and the sample size is
n = 1000 in each data generation. Three covariates X1, X, X3 are generated from N(0,1)
independently. The binary exposure A, outcome Y, and missing indicator R are generated
by the following three models, respectively:

e For PS model: logit{ P(A=1|X)} = —-0.2+4 0.9X; + X5 + 0.8Xj5,
e For the outcome model: logit{ P(Y = 1|4, X)} =0.7+ A+ 0.5X; +0.9X5 + 0.7X3,

e For the missingness model: logit{ P(R =1|X,Y)} = —0.5+0.6X; +0.7X5+0.8 X3+
0.5Y.

The missing rate is about 47.5%, and due to the non-linear link, the true causal effect can
be found numerically as 7 = 2.201. The numerical method to obtain the true causal effect
is provided in Section A.5 of the Appendix. Single imputation (SI), multiple imputation
chained equations (MICE), and the proposed IPW and TR estimators are compared to
estimate the causal odds ratio when the exposure is MAR. In MICE, M = 10 imputations
are chosen for imputing the missing data. Then, DR estimators for 7 can be constructed
on each imputed dataset, and Rubin’s Rules are applied to obtain the estimated causal
effect (Rubin, 2004a), called “DR-MICE”.

2.5.2 Simulation Results for IPW Method

To evaluate the performance of different estimators, the description of measurements is
listed below: (1) Bias = z;vzl 7; — 7, where 7; is the point estimate in the j replica-
tion, j = 1,2,...,N; (2) The bias rate is of main interest, defined as bias rate = bias/T;
(3) The empirical standard error (ESE): \/ T Z;V:l(fj —7)2, which is also the sam-
pling standard error; (4) The RMSE is the square root of mean squared error, written

as \/ YT Z;yzl(%j —7)2. (4) Median BSE: the median values of bootstrap standard errors
(5) CI Coverage: the coverage rate of 95% bootstrap percentile confidence intervals.

Since we do not need to specify the imputation model for IPW strategy, we first com-
pare IPW methods with eight different model specifications of the missingness, PS, and
outcome models. We will intentionally specify the wrong model by disregarding X3 if PS
or outcome model is incorrectly specified. If the missingness or the imputation model is
wrong, researchers may ignore the effect of the outcome, so we will disregard Y from the
model following the setup of the simulation studies from Zhang et al (2016).
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Figure 2.2 is the boxplot of the inverse weights of the missingness and PS values when
all models are correct, which shows that most estimated weights are close to the true
weights. In the simulation studies, we find that some weights from the missingness model
are larger than 60 due to the high missing rates. Meanwhile, some true weights of PS
values are also larger than 25, which may also largely affect the estimation of the causal
effect. That motivates us to consider IPW-WEE or TR-WEE approach to reduce the joint
effect of extreme weights from both missingness and PS models.
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Figure 2.2: Boxplot of inverse weights in one simulation study when all models are correct.

The weights of the missingness and PS are provided on the first and second rows, respec-
tively.

The main results for IPW strategies are presented in Table 2.2, which shows IPW-WEE
method has smaller variance than IPW-IPW and IPW-DR estimators in finite samples.
The boxplot of point estimation is displayed in Figure A.1 of the Appendix to describe the
distribution of 7. Figure A.1 clearly shows that both IPW-IPW and IPW-DR generate
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more outliers and larger variance of estimated results than IPW-WEE. To be more specific,
from Table 2.2, we find that IPW-WEE generates the smallest ESE and RMSE in different
cases among other estimators. As we have mentioned before, the joint effect of the extreme
weights from the missingness and PS models can largely increase the variation from Figure
2.2, but IPW-WEE can be resistant to those extreme weights, which shows more stable
results in terms of bias and ESE than others.

For robustness, both IPW-DR and IPW-WEE can protect against the misspecification
of either PS or OR model. For example, when the PS model is wrong, but both the
missingness and outcome models are correct, IPW-IPW creates a huge bias, compared
with both IPW-DR and IPW-WEE with relatively small bias. In that case, IPW-IPW
cannot properly estimate the true causal effect because IPW-IPW estimator requires both
missingness and PS models to be correct. Even though all models are correct, both IPW-
DR and IPW-WEE lead to smaller bias rates than IPW-IPW because IPW-IPW estimator
can be easily affected by the extreme weights.

In terms of standard errors, we provide median BSE because the extreme values can
largely affect the mean values of BSE. From Table 2.2, we find that the median BSE
is closer to ESE using IPW-WEE method. In comparison, IPW-IPW and IPW-DR can
generate a larger gap between ESE and median BSE because their estimated values are
largely affected by extreme weights. When all models are correct, all IPW estimators
lead to the coverage rates of CI close to 95%. If either the missingness or PS model is
wrong, IPW-WEE can still generate coverage rates close to 95%, but IPW-IPW generates
much smaller coverage rates, and IPW-DR slightly overestimates the coverage rates. When
both PS and the outcome models are wrong, or even all models are wrong, all estimators
will yield huge bias and very low coverage rates because the requirement of the model
specification is not satisfied.
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Table 2.2: Performance of IPW estimators in different model specifications

Bias Bias Rate(%) ESE Median BSE RMSE CI Coverage(%)

All Truev’
IPW-IPW 0.264 12.007 12.311 1.843 12.314 95.0
IPW-DR 0.112 5.076 1.388 0.673 1.392 96.0
IPW-WEE 0.086 3.894 0.600 0.601 0.607 95.6
"MSPS/ORX
IPW-IPW 0.264 12.007 12.311 1.843 12.314 95.0
IPW-DR 0.160 7.270 1.666 0.703 1.674 97.0
IPW-WEE 0.132 5.990 0.635 0.662 0.648 96.6
"MSORVPSX
IPW-IPW 1.904 86.483 4.003 2.127 4.433 67.2
IPW-DR 0.061 2.763 0.836 0.598 0.838 96.0
IPW-WEE 0.071 3.243 0.558 0.583 0.563 95.8
"PSORVMSX
IPW-IPW 0.815 37.007 4.245 1.939 4.323 93.6
IPW-DR 0.167 7.597 1.314 0.746 1.324 97.0
IPW-WEE 0.157 7.155 0.658 0.650 0.676 96.2
"MS/PSORX
IPW-IPW 1.904 86.483 4.003 2.127 4.433 67.2
IPW-DR 1.391 63.218 1.204 1.169 1.840 60.0
IPW-WEE 1.393 63.301 1.017 1.075 1.725 57.0
"PSYMSORX
IPW-IPW 0.815 37.007 4.245 1.939 4.323 93.6
IPW-DR 0.246 11.183 2.033 0.750 2.048 97.2
IPW-WEE 0.204 9.264 0.695 0.702 0.724 96.2
"ORV/MSPSX
IPW-IPW 1.833 83.255 2.718 2.143 3.278 68.8
IPW-DR 0.137 6.217 0.844 0.654 0.855 95.8
IPW-WEE 0.142 6.467 0.608 0.628 0.625 96.0
CAllFalsex
IPW-IPW 1.833 83.255 2.718 2.143 3.278 68.8
IPW-DR 1.378 62.599 1.245 1.219 1.857 65.2
IPW-WEE 1.384 62.898 1.072 1.113 1.751 61.4

The first column lists which model is correct (v') or wrong (X). MS, PS, and
OR, refer to the missingness, PS, and the outcome model, respectively. Bias
Rate: bias/true value. ESE: empirical SE. CI Coverage: the coverage rate of
95% bootstrap percentile CI.

To investigate the effect of the extreme weights on the estimation of s, we provide
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another boxplot of the estimated outcome coefficient of X; to compare IPW-WEE vs.
IPW-DR in Figure 2.3 using Equation (2.7) for IPW-DR method and Equation (2.8) for
IPW-WEE method in the same simulation setup. When all models are correct, we find that
[PW-WEE can still lead to a small bias with the joint weights from the missingness and PS
models, even though the extreme weights occur. When the outcome model is wrong, we
also find that the bias rates of IPW-WEE are smaller than IPW-DR. In contrast, IPW-DR
can also generate small bias and variance when all models are correct, but the joint extreme
weights will still dominate the final IPW-DR estimator, so IPW-DR leads to larger bias
rates and variance than IPW-WEE in finite samples.

In other words, IPW-WEE produces a larger variance to account for the joint weights
and to absorb the effect of extreme weights in the intermediate step, but IPW-WEE is
still consistent to the true coefficient of the outcome model when all models are correct.
Consequently, the estimated causal effect using IPW-WEE will not be largely affected by
the joint extreme weights in the final step, so IPW-WEE is preferred over IPW-DR.

Estimated outcome coefficient when all models are correct Estimated outcome coefficient when OR model is wrong
to 0
« 19 ftrue value = true value
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Methods Methods

Figure 2.3: Boxplot of estimated outcome coefficient of X; when all models are correct in
the left panel or when the outcome model is wrong in the right panel.
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In addition, we also find that when the missingness model is correct, but both PS and
OR models are wrong, the bias rates and coverage rates are slightly worse than the case
when all models are wrong, using all [IPW-based approaches. The main reason is that when
the missingness model is correct, the estimated weights of missingness will generate more
extreme values, which will enlarge the effect of wrong PS and OR models shown in Figure
2.2. In contrast, when the missingness model is wrong, we obtain less extreme weights
to affect the estimated causal effect, so the estimated results will become slightly better.
If we change the simulation setting, the findings may also lead to the opposite direction.
For example, Kang and Schafer (2007) have mentioned that “two wrong models are not
necessarily better than one”, which means when two models are moderately misspecified,
DR estimators may not perform better than IPW estimator, but Robins et al (2007)
disagree with that argument using a different simulation setting with less extreme weights.

Besides that, the simulation results to compare IPW-IPW, IPW-DR, and IPW-WEE
with the standardization are also provided in Section A.7 of Appendix. We find that the
standardization can help IPW-based estimators reduce the variance to a certain extent, but
it cannot completely handle the joint effect of the extreme weights, so both IPW-IPW and
IPW-DR still lead to larger bias rates compared with results using the original [IPW-WEE
estimator without the standardization.

In summary, our proposed IPW-WEE estimator contains robust properties to protect
against the misspecification of PS or the outcome model, and when some extreme weights
occur, IPW-WEE method can also help us reduce the joint effect of those extreme weights
in finite samples.

2.5.3 Simulation Results for DR and TR Methods

In the next simulation study, we compare the performance of DR with TR estimators.
Similar to the setup of IPW estimator, if PS or outcome model is wrong, we will disregard
X3 from the model. If the missingness or imputation model is wrongly specified, we will
remove Y from that model. The main results with n = 1000 are shown as Tables 2.3 and
Table 2.4 in two parts with the sixteen different model specifications of the imputation, the
missingness, PS, and the outcome models. We also provide Figure A.2 in the Appendix as
the boxplot of point estimation using DR and TR methods.

From Table 2.3, when all models are correct, we find that both SI and MICE lead
to higher ESE and RMSE than TR-WEE estimators. Both imputation-based approaches
also overestimate the coverage rates of CIs compared with the two TR estimators. If the
imputation model is wrong, but the missingness, PS, and outcome models are correct, both
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DR-SI and DR-MICE generate larger than 20% bias and low coverage rates of CI because
of wrongly imputed data. Notice that imputation-based methods essentially require the
imputation model to be correct, plus either PS or the outcome model to be correct, which is
more restrictive than TR estimators. Compared with the two imputation methods, MICE
performs better than SI because its coverage rates are closer to 95%.

To compare TR-WEE in Tables 2.3-2.4 versus IPW-WEE in Table 2.2, we find that
when all models are correct, there is not much difference in bias rates, ESE, and BSE
between IPW-WEE and TR-WEE. When the missingness model is correct, and either the
PS or the outcome is correct, IPW-WEE and TR-WEE also have very similar results.
However, when the missingness model is wrong, we find that TR-WEE can still lead to a
smaller bias as long as the imputation model is correct and one of PS or outcome models
is correct. In contrast, IPW-WEE leads to larger bias rates and ESE due to the wrong
missingness model. We also find that when both missingness and imputation models are

wrong, but PS and the outcome models are correct, TR-WEE can still generate smaller
bias rates compared with IPW-WEE.

These findings support the statement that the proposed TR-WEE will be consistent to
the true causal odds ratio 7 if “two out of three groups of models are correct”, which is more
robust than IPW-based methods and the two-layer DR estimators in the previous paper,
proposed by Williamson et al (2012) and Zhang et al (2016). To be more specific, when
one model is correctly specified from either the missingness or the imputation model, and
another model is correctly specified from either PS or the outcome model, TR-WEE esti-
mators can generate small bias rates around 5%. When both imputation and missingness
models are wrong, but PS and outcome models are correct, we can apply the alternative
Bayesian approach to correctly estimate the imputation model, so that TR-WEE estimator
still can generate about 5% bias. On the other hand, when both PS and outcome models
are wrong or all models are wrong, the bias rates dramatically increase using all estimators
because the requirement of the model specification is not satisfied.

In terms of the standard errors, when all models are correctly specified, the median
BSE is closer to ESE using TR-WEE method than the imputation-based approach or TR-
AIPW, which will result in a much larger gap between ESE and median BSE. In most
scenarios, TR-WEE results in a smaller RMSE compared with other approaches.

To compare two TR estimators, even though TR-AIPW contains the same robust prop-
erties as TR-WEE, TR-WEE shows smaller variance results in different cases. Figure A.2
shows that TR-WEE method contains a narrower interquartile range, which results in a
smaller variance than TR-AIPW. Additionally, the coverage rates of CI using TR-WEE
are closer to 95% than CI using TR-AIPW when PS model is correct.
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Table 2.3: Performance of DR and TR estimators in different model specifications [part 1]

Bias Bias Rate(%) ESE Median BSE RMSE CI Coverage(%)

All Truev/
DR-SI 0.085 3.846 0.706 0.633 0.711 98.4
DR-MICE 0.103 4.692 1.762 0.577 1.765 97.2
TR-AIPW 0.153 6.956 1.176 0.657 1.186 96.8
TR-WEE 0.084 3.836 0.588 0.614 0.594 96.2
"MSPSORVImpX
DR-SI -0.491 -22.300 0.432 0.329 0.654 69.8
DR-MICE -0.495 -22.503 0.469 0.289 0.682 64.6
TR-AIPW 0.162 7.376 1.066 0.660 1.078 97.8
TR-WEE 0.108 4.892 0.595 0.643 0.605 95.8
"MSPSImp/ORX
DR-SI 0.089 4.046 0.749 0.673 0.754 98.8
DR-MICE 0.070 3.180 0.704 0.618 0.707 97.6
TR-AIPW 0.093 4.242 0.790 0.678 0.796 96.6
TR-WEE 0.129 5.855 0.616 0.676 0.630 95.6
"MSORImpv/PSX
DR-SI 0.038 1.746 0.974 0.673 0.975 98.4
DR-MICE 0.025 1.142 0.856 0.618 0.856 96.4
TR-AIPW 0.050 2.255 0.698 0.678 0.700 96.0
TR-WEE 0.066 2.996 0.541 0.676 0.545 96.6
"PSORImp/MSX
DR-SI 0.085 3.855 0.708 0.630 0.713 98.4
DR-MICE 0.103 4.680 1.772 0.577 1.775 97.2
TR-AIPW 0.161 7.294 1.320 0.675 1.330 96.6
TR-WEE 0.079 3.611 0.616 0.633 0.621 95.7
"MSPS/ImpORX
DR-SI -0.504 -22.910 0.424 0.350 0.659 73.0
DR-MICE -0.511 -23.206 0.487 0.311 0.706 68.0
TR-AIPW 0.087 3.961 0.778 0.662 0.783 97.2
TR-WEE 0.117 5.331 0.603 0.651 0.614 96.8
"MSORV/ImpPSX
DR-SI -0.561 -25.500 0.499 0.285 0.751 60.4
DR-MICE -0.565 -25.676 0.533 0.238 0.777 49.0
TR-AIPW 0.044 2.018 0.666 0.562 0.668 96.6
TR-WEE 0.060 2.736 0.533 0.560 0.537 97.2
"MSImp/PSORX
DR-SI 1.316 59.779 1.150 1.007 1.747 57.0
DR-MICE 1.285 58.366 0.992 0.915 1.623 49.8
TR-AIPW 1.337 60.750 1.009 0.971 1.675 53.6
TR-WEE 1.361 61.846 0.896 0.947 1.630 51.0

The first column lists which model is correct (V) or wrong (X). MS, Imp, PS,
and OR refer to the missingness, the imputation, PS, and the outcome model,
respectively. Bias Rate: bias/true value. ESE: empirical SE. CI Coverage: the
coverage rate of 95% bootstrap percentile CI.

30



Table 2.4: Performance of DR and TR estimators in different model specifications [part 2]

Bias Bias Rate(%) ESE Median BSE RMSE CI Coverage(%)

PS ORVMS Imp X

DR-SI 0491 22315 0433 0.329 0.655 69.7
DR-MICE 0495 22505 0470 0.290 0.683 64.5
TR-AIPW 0.157 7.132 1064 0.682 1.075 96.8
TR-WEE 0.108 4.928 0.630  0.658 0.639 95.6
"PSImp/MSORX
DR-SI 0.088 4013 0.750  0.671 0.755 98.8
DR-MICE 0.069 3.138 0.704 0618 0.708 97.4
TR-AIPW 0.090 4.082 0832 0699 0.837 96.2
TR-WEE 0.117 5.313 0653 0688 0.664 95.8
"ORImp/MSPSX
DR-SI 0.038 1.746 0.974  0.605 0.975 98.4
DR-MICE 0.025 1.142 0856 0.543 0.856 96.4
TR-AIPW 0.053 2.422 0703 0.593 0.705 94.8
TR-WEE 0.062 2.808 0557 0577 0.560 96.0
"MS/ImpPSORX
DR-SI 0.383 17412 0642 0521 0.747 93.6
DR-MICE 0.257 11692 3137 0444 3.147 88.0
TR-AIPW 1328 60.320 0990  0.968 1.656 54.0
TR-WEE 1347 61219 0881  0.935 1.610 51.6
PSYMSImpORX
DR-SI 0504 22910 0424 0.350 0.659 732
DR-MICE 0511 -23206 0487 0311 0.706 68.2
TR-AIPW 0.256 11641 0921 0801 0.956 97.0
TR-WEE 0.292 13282 0739 0.782 0.795 94.6
CORVMSImpPSX
DR-SI -0.561 25500 0499 0.283 0.751 60.6
DR-MICE -0.565  -25.676  0.533  0.237 0.777 484
TR-AIPW 0.261 11.862 0779 0.727 0.821 96.0
TR-WEE 0.226 10264 0.644  0.671 0.683 95.4
‘Imp/MSPSORX
DR-SI 1316 59.779 1150  1.007 1.747 572
DR-MICE 1285 58366 0992 0915 1.623 49.8
TR-AIPW 1343 61013 1033  1.008 1.694 56.4
TR-WEE 1371 62272 0933 0.984 1.658 52.6
Al False X
DR-SI 0.383 17412 0642 0520 0.747 93.6
DR-MICE 0257 11692 3137 0444 3.147 88.2
TR-AIPW 1.641 74574 1189 1244 2.027 51.0
TR-WEE 1664 75576 1.099 1195 1.994 474

The first column lists which model is correct (v') or wrong (X). MS, Imp, PS,
and OR refer to the missingness, the imputation, PS, and the outcome model,
respectively. Bias Rate: bias/true value. ESE: empirical SE. CI Coverage: the
coverage rate of 95% bootstrap percentile CI.
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In summary, the two TR estimators become more robust than the previous two-layer
DR estimator and the imputation-based method. Compared with the properties of IPW
estimators, TR method only requires “two out of three groups of models are correct”,
which can further protect against the misspecification of either the missingness or the
imputation model. As TR group properties hold, the inference results are also valid with
nearly 95% coverage rates of CI. If we compare the two types of TR estimators, TR-WEE
estimator shows smaller variance results and becomes more resistant to extreme weights

than TR-AIPW in finite samples.

2.6 Application

2.6.1 Background

In this section, we conduct an application analysis on a COVID-19 dataset to study the
causal effect of cardiovascular disease (CVD) on the mortality of COVID-19 patients from
Brazil, using different methods and comparing their performance. COVID-19 is a con-
tagious disease that emerged in Wuhan, China, in December 2019 and spread rapidly
worldwide. As reported by Bansal (2020), it has been shown that the presence of CVD is
associated with significantly worse mortality in COVID-19 patients. However, an analysis
based on European data finds no significant association between CVD and higher mortality
rates for COVID-19 patients (Di Castelnuovo et al, 2020).

In this chapter, the data that we analyze was collected from September 20th to De-
cember 1st, 2020, in Brazil. The total sample size is 927, and of these, 222 patients died
from COVID-19. All patients in this dataset were exposed to COVID-19 disease, but 162
patients were missing information about CVD, so the missing rate is 17.5%. Other de-
mographic and clinical variables were collected, including age, sex, and diabetes as major
confounders with no missing data (Leon and Maddox, 2015). The summary statistics are
provided in Table 2.5. The tests of independence between mortality and covariates are
based on Y? test for categorical variables and the Mann-Whitney test for continuous vari-
ables, respectively. Based on Table 2.5, we only find the statistical association between
mortality and age, which is a well-known risk factor of mortality.

In such observational studies, we cannot manipulate the exposure status for patients,
so confounding issues may exist. When the CVD status is missing, estimating the causal
effect of CVD (as a binary exposure) on mortality (as a binary outcome) is challenging.
That motivates us to apply the proposed IPW and TR estimators to adjust for both missing
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Table 2.5: Summary table of COVID-19 data stratified by mortality

Covariate Full Sample (n=927) Alive (n=705) Died (n=222) p-value
CVD 0.25
No 284 (37) 224 (38) 60 (33)
Yes 481 (63) 361 (62) 120 (67)
Missing 162 120 42
Cage <0.001
Mean (sd) 67 (17.1) 64.7 (17.3)  74.3 (14.3)
Median (Min,Max) 70 (0,107) 67 (0,99) 76 (20,107)
Tsex 0.44
female 464 (50) 358 (51) 106 (48)
male 463 (50) 347 (49) 116 (52)
“diabetes 0.18
No 382 (41) 282 (40) 100 (45)
Yes 545 (59) 423 (60) 122 (55)

For the continuous variable, it shows the mean, SE, min, max, and median. The frequency
and percentage of total samples for the categorical variable are provided in brackets.

and confounding issues. In addition, we also compare the performance of IPW and TR
estimators with imputation-based methods in the application. From the simulation study,
since SI does not perform better than MICE, and IPW-IPW is easily affected by some
extreme weights, we do not present them in application studies.

Before we construct the estimators, we will assume MAR and SITA assumptions are
true based on the background knowledge in application studies. Typically, older COVID-
19 patients with diabetes may be more likely to report whether they have CVD at the
same time. Moreover, deceased patients are also more likely to be recorded on their health
status before their death than others who survive. That means assuming MCAR in this
study is not reasonable because the missing mechanism may be affected by other covariates
and the outcome, so we adopt MAR assumption in this case, i.e. assuming the missing
indicator for CVD is independent of CVD itself given age, sex, diabetes, and mortality.

Additionally, previous clinical papers show that age is an important risk factor for CVD
and death (Blagosklonny, 2020; Lakatta, 2002; Wei, 1992). For COVID-19 death and coro-
nary heart disease, sex hormones may also explain the increased risk in men vs women
(Dana et al, 2020; Bots et al, 2017). Moreover, severe diabetes is considered one of the
reasons for death, and researchers also find the diabetes difference for patients with CVD vs
those without CVD, which can be treated as a risk factor for CVD (Abdi et al, 2020; Sowers
and Lester, 1999). We will assume SITA assumption (Y, Y?) LCVD|(age, sex, diabetes),
which includes age, sex, and diabetes as major confounders. Based on MAR, SITA as-
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sumptions, and background knowledge from clinical papers, we assume a causal diagram
for COVID-19 data, as shown in Figure 2.4.

.- —*I Confounders: Age, Sex, Diabetes

Exposure: CVD Outcome: Death

Figure 2.4: Causal diagram for COVID-19 data. The black solid arrows refer to the causal
relationship among confounders, the exposure, and the outcome. The double-sided dash
arrows refer to the associational relationship among R, the outcome, and the covariates.
The dashed short line refers to no association between the missing indicator and the ex-
posure given covariates and the outcome, due to MAR assumption.

2.6.2 Estimation of the Causal Effect

Researchers may often think that CVD status causes a higher risk of death based on com-
mon sense, but our analysis does not support this opinion. From Table 2.6, after adjusting
for both missing and confounding issues, using IPW, DR-MICE, and TR methods, their
results are close to each other with an estimated causal odds ratio of around 0.95. Mean-
while, we do not find a statistically significant impact of CVD on mortality because the
estimated Cls for the causal odds ratio will cover 1.

One possible reason is that higher age is not only associated with a larger risk of
having CVD status but also related to a higher risk of death among COVID-19 patients.
Therefore, after balancing age and other confounders, CVD will not be the major factor
causing death in this study. These results are also consistent with a recent clinical paper
from Vasbinder et al (2022), which states that “CVD risk factors, rather than CVD itself,
were the major contributors to outcomes”.

In conclusion, the causal odds ratio of CVD on mortality of COVID-19 via TR-WEE
estimator is 0.951 with 95% CI [0.666,1.420] based on the bootstrap percentile approach.

2.7 Discussion

When missing exposure exists, it is challenging to identify the causes of disease in epi-
demiological studies. In Chapter 2, we propose IPW-WEE method to reduce the bias and
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Table 2.6: Estimated causal odds ratio of CVD on mortality in COVID-19 data

Method Estimate 95% CI
IPW-DR 0.943  (0.654,1.416)
IPW-WEE  0.949  (0.661,1.418)
DR-MICE 0.989 (0.706,1.480)
( )
( )

TR-AIPW 0.956 0.666,1.446
TR-WEE 0.951 0.666,1.420

variance of the estimated causal effect affected by the joint effect of extreme weights in
finite samples. To further protect against the misspecification of models, TR-WEE is pro-
vided with more robust properties, which only require “two out of three groups of models
to be correct”. We also investigate the statistical inference for IPW and TR methods based
on bootstrap approaches, which provide a valid confidence interval and robust results.

In contrast, the imputation-based approaches have to require the imputation model to
be correct, and the variance of the estimated causal effect is usually larger than TR-WEE.
Besides that, we also provide the computational runtime for different methods in Section
A8 of the Appendix, which shows that MICE takes a much longer runtime than IPW-WEE
and TR-WEE methods due to the multiple replications.

In practice, even though both IPW-WEE and TR-WEE are resistant to extreme weights,
we would prefer TR-WEE because of its more robust properties to protect against the pos-
sible misspecification of the models. In some cases, if we are very confident in correctly
specifying the missingness model based on the background knowledge, then we can try to
utilize IPW-WEE to reduce the complexity and simplify the estimation process. However,

if we are not sure about the model specification due to the lack of background knowledge
in application studies, TR-WEE will be preferred over IPW-WEE.

Even though the study focuses on the estimation of the odds ratio for a binary outcome,
other estimands such as the average causal effect or causal risk ratio can be considered.
Since the theories are developed in general scenarios, the application can be easily expanded
to other cases, such as a continuous or count outcome. The major component that needs
to be changed is the form of the outcome model in the estimating equation. For example,
if the outcome of interest is continuous, the score function for the outcome model can be
changed into V;(Y;, A;, X;; 8) = Xi(Y; — X[ 3). Then, we can still apply the same IPW,
DR, or TR approaches to estimate the average causal effect (ACE).

In this chapter, we have discussed two main assumptions, including SITA and MAR for
confounding and missingness issues, but sometimes the assumptions may not be valid in a
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real application. If SITA is violated due to the unmeasured confounders, we would suggest
conducting a sensitivity analysis to check the degree of the impact of the unmeasured
confounders (Ding and VanderWeele, 2016). If the unmeasured confounders largely change
the estimated results, we may need to consider applying the instrumental variable (IV)
approach to deal with this issue if we can find a reasonable instrumental variable in the
dataset (Angrist et al, 1996). When MAR assumption fails, we cannot simply assume
the exposure and the missing indicator are conditionally independent, instead, we need to
consider MNAR assumption, which means the missingness depends on the exposure value
itself. If the missingness largely depends on the exposure values and the missing rate is
quite large, we cannot use the imputation-based approach anymore, but we can still apply
[PW-based approach to adjust for the missingness. In such a case, we need to assume
the missingness is conditionally independent of the outcome status given the exposure and
covariates, called “outcome-independent assumption” (OIA) (Yang et al, 2019).

In the application study, we do not consider the interactions between CVD and age,
which may be possible in the real application. In order to address the heterogeneity prob-
lem, we may need to apply matching or weighting using a subgroup analysis. However,
Dong et al (2020) show that the subgroup analysis will enlarge the variance when we in-
crease the complexity of the propensity score model, so they propose a subgroup balancing
propensity score, which ensures good subgroup balance and controls the variance inflation.

To make results available for other users, we also developed an R package for both IPW
and TR estimators to solve the problem of the missing exposure, called “trme” uploaded
on GitHub website. The package can provide reliable point estimation of the causal effect
and statistical inference to deal with the missing exposure and confounding issues under
MAR assumption in real applications.

For further research, we can expand IPW-WEE and TR-WEE estimators into multiple
areas, such as MAR on both the exposure of interest and covariates. In such a case, we
would suggest researchers impute those missing covariates, and then the proposed WEE
method can be easily applied to deal with missing and confounding issues. Additionally, we
can also investigate the heterogeneity problem, which means the interaction term may exist
between the exposure and covariates. It may be interesting for researchers to investigate the
time effect in other types of data, such as longitudinal, survival, or functional data, in future
studies. Tchetgen Tchetgen et al (2010) also propose a DR estimator in a semiparametric
conditional odds ratio model, which may also be considered in our study when the exposure
is MAR. To extend the IPW-based approach to more complex situations, we also consider
the more difficult MNAR missingness scenario in Chapter 4.
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Chapter 3

Model Selection for Causal Inference
in Missing Exposure Problems

3.1 Background

In the last chapter, we investigated the robust estimation of the causal effect of the missing
exposure problem. We mentioned that the multiple imputation method is one of the most
popular approaches to deal with missing data (van Buuren and Groothuis-Oudshoorn,
2011).

In this chapter, we focus on the same missing exposure problem. However, instead of
using more sophisticated methods discussed in the previous chapter, we employ the more
intuitive and straightforward approach: we impute the missing exposure values first via
MICE and employ propensity score-based methods, such as IPW or DR, to estimate causal
effects based on the imputed datasets. Therefore, we face the model selection issue for both
the imputation model and the PS model (Brookhart et al, 2006; Ali et al, 2015; Shortreed
and Ertefaie, 2017). However, little attention has been given to addressing situations when
both PS and imputation models need to be selected.

That motivates us to conduct studies to investigate which variables should be included
in the imputation and PS models so that the smallest bias and variance of the causal
estimates can be achieved among candidate models. Furthermore, since we do not know the
true causal effect, evaluating those selected models through some model selection criteria
is also essential in the application. The traditional criterion for a single model is not very
appropriate for selecting both imputation and propensity score models. Therefore, in this
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chapter, we also propose a new rank-based criterion to combine the performance of the
two models together.

3.2 Notation and Methods

3.2.1 Framework and Assumptions

To keep the same notation as in Section 2.2.1, we denote (V;},Y%),i = 1,...,n, as the
potential outcomes if individual i was exposed or unexposed (or equivalently, treated or
untreated), respectively. Let X; denote the covariates, A; denote the exposure of interest,
Y; denote the binary outcome, and R; = I{A; is observed} denote the indicator of whether
the exposure value is observed or not for individual « = 1,...,n. The true propensity
score (PS) is defined as w(X;) = P(A; = 1|X;) (Rubin, 1974). In this study, we focus on
the exposure variable being missing, so all other variables are assumed to be completely
observed. In addition, we study the model selection problem on a finite set of covariates
instead of the high-dimensional setting.

We denote 71 = E(Y1) and 79 = E(Y") as the average potential outcomes if exposed or
unexposed, respectively. For the binary outcome in our application studies, we define the
causal estimand of interest as the causal risk ratio: 7 = 7 /7 in this chapter. Even though
the study focuses on the binary outcome, the theory is developed in general scenarios, and
the key ideas presented in this thesis will not be largely changed by the different formats
of the causal quantities, so the application can be easily expanded to other cases, such as
for a continuous or count outcome.

The objective of this study is twofold. Firstly, since different components of X can
have distinct roles, as shown in Figure 3.1, our primary goal is to find the best selection
on both imputation and PS models when the exposure is MAR. Secondly, we aim to find
a suitable criterion to evaluate the performance of the two models in application studies
when a DAG is not known.

3.2.2 An Illustrative Example

To study the different roles of covariates in model selection, we consider a simplified scenario
with three covariates, which have different effects on the exposure or the outcome. Asshown
in Figure 3.1, X; is the main confounder, X, is the exposure-related covariate, and X3 is
the covariate related only to the outcome. We denote the 4 x 1 vector of covariates with
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Exposure-related X, Confounder X4 Outcome-related X3

Outcome Y

A 4

Missing R ---X--- Exposure A

Figure 3.1: An illustrative causal diagram for simulation studies. The black arrows refer to
the causal relationship among confounders, the exposure, and the outcome. The double-
sided dash arrows refer to the associational relationship among the missing indicator, the
outcome, and the covariates. The red arrow is the causal effect of primary interest. The
dashed short line refers to no association between the missing indicator and the exposure
given covariates and the outcome due to MAR assumption.

the intercept for subject i as X; = (1, Xj1, Xio, Xig)T. In terms of assumptions described
in the general scenario in Section 2.2.1, we can rewrite three main assumptions based on
Figure 3.1 as follows:

1. Strongly ignorable treatment assignment assumption (SITA): (Y1, Y9) L A|X;.
2. Positivity assumption: 0 < P(A =1|X = x) < 1, for all possible «.

3. MAR assumption on the exposure: RLA|X;, Xs.

Since X is the “sufficient set” for confounding adjustment in this specific case (Tanner-
Smith and Lipsey, 2014), SITA assumption only requires conditioning on the main con-
founder X; instead of all covariates. In addition, we do not include the association between
R and Y as shown in Figure 3.1 since we aim to investigate whether adding X3 and Y will
increase the accuracy of the imputation model for the missing exposure. In that way, we
only need to condition on X, X5 for MAR assumption based on Figure 3.1.

To investigate the role of each variable in the imputation model, one of the approaches
is to rely on the theories of directed acyclic graph (DAG), which is a common tool using
“d-separation” (Pearl, 2009a) to check conditional independence among variables without
specifying the form of the models. In our specific example in Figure 3.1, we know that
X1, X5 should be included in the imputation model because they affect A and R directly.
The main question is whether Y should be included in the imputation model or not. Even
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though we do not include the outcome in the true missingness model in Figure 3.1, Y is
directly correlated with the exposure variable, so adding Y may help improve the prediction
of the missing exposure values.

Next, we aim to study the role of X3 in the imputation model. In the absence of missing
data, we know X3 1 A. If given (X;, X5), we know R is correlated with Y because X3 will
affect both R and Y as shown in Figure 3.1. In addition, if we condition on Y, then Y
will be the collider in the path of A — Y <« X3, so X3V A|(Y, X1, X2). In other words,
including the outcome and outcome-related variables in the imputation model is expected
to improve the predictive ability of the imputation model. In summary, we should include
all (X1, Xo, X3,Y) into the imputation model, which will be verified later in simulation
studies.

3.2.3 Estimation Method

Before we discuss the model selection strategy, we first discuss how to estimate 7. As we
have previously mentioned, estimating 7 requires us to account for both missingness and
confounding issues. For the missing data problem, we will impute the exposure status via
MICE based on MAR assumption (van Buuren et al, 1999; van Buuren and Groothuis-
Oudshoorn, 2011). After the missing exposures are imputed, 7 can be estimated using
inverse-probability weighting or the double robust method to account for the confounding
issues. In summary, we present an algorithm with three key steps as follows:

1. Fit imputation (Imp) model based on MAR assumption using MICE: fit logistic
regression model for A ~ X 4+ Y to obtain A™ as the exposure on the imputed
dataset, which includes the original exposure for individuals without missing values
and imputed exposure for individuals with missing values.

2. Fit PS model using the logistic model on the imputed dataset: A™P ~ X to obtain
fitted PS values, denoted as 7;(X).

3. Apply inverse weighting to adjust for the confounding issue, and the IPW estimators
can be written as (Horvitz and Thompson, 1952):

apw) L ATPY, apwy 1o (- A"PYY;
g - P s

=1
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where mi; (A, X;) is the fitted response for the exposure group, i.e., m; (A", X;) =
E[Y;| A — 1, X;; Bu; (A, X;) is the fitted response for the non-exposure
group, ie., mo(A™, X;) = E[Y;|A™ = 0,X;;:30]. Here, (81,3) are estimated
parameters for the exposure or non-exposure group from the outcome model, written
as Y ~ A+ X. Then, a DR estimator for 7 is: 7(PR) = #(PR) /2(DR),

When we conduct imputation using MICE, we choose m = 20 as the number of impu-
tations in this chapter. Then, IPW and DR estimators for 7 can be constructed on each
imputed dataset, and Rubin’s Rules are applied to obtain final estimated values based on
the algorithm described in Section 3.2.3 (Rubin, 2004a). Due to the complexity of post-
inference after MICE, we do not discuss the theoretical standard errors in this chapter.
Alternatively, we will provide sampling standard errors in the simulation studies, and we
suggest using bootstrap standard errors in application studies.

If the imputation model is correctly specified, based on MAR assumption, we can ap-
proximate P(A = 1|X,Y) by P(A™ = 1|X,Y). Furthermore, if PS model is also correct,
due to SITA assumption, 70PW) 2 7 and its asymptotic normality holds as n — oo
(Horvitz and Thompson, 1952). For the DR estimator, 7(®®) can protect against misspec-
ification of either PS or the outcome model (Robins et al, 1994; Scharfstein et al, 1999).
In other words, if the imputation model is correct and either PS or the outcome model
is correct, we know 7(°®) 2 7 and its asymptotic normality holds as n — oo (Bang and
Robins, 2005).

3.3 Model Selection Criteria

In application studies, since the true causal effect is unknown, we are not able to find which
combination of imputation and PS models leads to the best performance in terms of some
performance metrics, such as RMSE. In such a case, we need some model selection criteria
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to choose the best combination of imputation and PS models. In this section, we discuss
some traditional criteria for model selection and propose a new criterion that takes into
consideration both models.

3.3.1 Weighted Accuracy (Accuracy(w))

We first discuss a way to evaluate the performance of the imputation model via weighted
accuracy based on the observed data. Due to the missing exposure, even though we
can impute the missing data, we do not know the true missing values, which makes it
challenging to estimate the accuracy only based on the observed data. If the estimated
accuracy is not precise enough to describe the performance of the imputation model, we
may wrongly miss some key variables in the imputation model, which may increase the
bias and variance of the estimated causal effect.

A naive approach is to fit the imputation model based on the observed data and compare
the imputed exposure with the observed values. However, since the accuracy is a function
of (X,Y) and the distribution of (X,Y") on observed data is different from the whole data
in general, this approach to estimate accuracy from the observed data is no longer valid.

One approach to deal with this issue is to apply inverse probability weighting on the
accuracy when we consider w; = P(R; = 1|X;,Y;) as the propensity for the missingness.
Obtaining the weighted accuracy can be described in the following four steps:

1. First, we randomly split the individuals into either the training or the testing data
according to a ratio ¢, where ¢ = Z“Obt Here, ngps, Niest is the sample size for the whole
observed data and for the testing data, respectively. Certainly, ¢ can be arbitrarily
chosen by the user to decide the sample size for the testing data.

2. Next, we fit the imputation model on the training data and impute the exposure on
the testing data using MICE to compare with the known exposure status.

3. Then, we fit the full missingness model on the whole dataset, written as logit(w;) =
XT~ +,Y, where ~ is the vector of coefficients including the intercept to be es-
timated and -y, is the coefficient for the outcome so that we can obtain w; as the
estimated propensity of missingness for individual 1 =1,2,...,n.

4. For each imputation model j, we calculate the weighted accuracy based on the ob-

served data, called “Accuracy(@)”:

. nofis1(A = A
Accuracy ™) (A™P) = izt - >(< p ), (3.3)
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where 0; = 1(individual 7 is chosen in the testing set from the observed data) and
1(A; = A™P) is an indicator for whether the imputed value equals to the observed
value. Here, w; is estimated from the full missingness model, including all covariates
and the outcome.

5. Finally, we repeat steps 2 to 4 with M = 20 imputation runs and compute the average
values of weighted accuracy over M multiple imputation models: Accuracy(w) =
LS Accuracy!™ (AP,

M £aj=1 J
The overall algorithm will be repeated ten times, from randomly splitting data to
the calculation of weighted accuracy in application studies, which is similar to the cross-
validation technique, so we can obtain more precise values of weighted accuracy. The
weighted accuracy is consistent with the true accuracy when the full missingness model is
correctly specified, and the detailed proof is attached in Section B.1 of the Appendix.

3.3.2 ASMD, KS, and BIC

To evaluate the PS model, the traditional approaches are based on the balance statistic
calculated from the confounders and in our setting, these criteria should be calculated from
the imputed dataset. For example, one can calculate absolute standardized mean difference
(ASMD) and Kolmogorov-Smirnov (KS) statistics in the covariates after propensity score
adjustment (Lilliefors, 1967; Massey Jr, 1951; Franklin et al, 2014).

Another approach to evaluate the PS model is using the Bayesian information criterion
(BIC) to select the best model, adjusting for both the goodness of fit and the number
of parameters in the model (Neath and Cavanaugh, 2012). Since in PS model selection,
it is recommended to select the outcome-related variables instead of the exposure-related
variables (Brookhart et al, 2006; Zhu et al, 2015), we suggest using BIC of the outcome
model, i.e., Y ~ A+ X, as the selection criterion. For example, in the absence of the missing
data, we know X5 1 Y|A = a from Figure 3.1. Therefore, we expect to see a smaller BIC to
indicate that we have included the exposure variable and the outcome-related variables but
excluded the exposure-related variables. Meanwhile, if we include interaction or higher-
order terms in the outcome model, BIC can also help us select whether we need those
complex terms or not.

In contrast, we do not recommend using the c-statistics or accuracy of PS model to
select variables because we aim to balance the confounders across the exposure and non-
exposure group instead of maximizing the predictability in PS analysis (Rubin, 2004b;
Westreich et al, 2011; Patrick et al, 2011).
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We should also notice that only using one traditional criterion may not be appropriate to
select both imputation and PS models, such as either Accuracy™, ASMD, or KS statistics,
because they just focus on the performance of a single model. That motivates us to combine
the evaluation of Accuracy™ and BIC into an integrated criterion, called “rank score”,
proposed in the next section.

3.3.3 Rank Score

The idea of this new criterion, called “rank score” is to take into account the performance
of both imputation and PS models. We first obtain the values of Accuracy® and BIC for
all possible combinations of the candidate models. Then, for a given model, we calculate
its rank score value by:

Rank(1-Accuracy™)+Rank(BIC)

5 )
where “Rank(1 — Accuracy™)” is the rank of the model based on the value of 1 —
Accuracy™ if we order 1 — Accuracy™ from the largest to the smallest. “Rank(BIC)”
is the rank for a given model based on the value of BIC for regressing Y on A and the
covariates selected in the given model. We can calculate the rank score for every possible
combination of the imputation and PS models. Then, we select the smallest rank score,
which leads to the highest Accuracy™ and the smallest BIC, so the best imputation and
PS models can be successfully chosen.

Rank Score =

(3.4)

In summary, the main advantage of the rank score is to combine the performance of
both imputation and PS models and directly find the best model based on this rank-based
criterion. In addition, the rank score is a unit-free score, which is not affected by the
different magnitudes of the accuracy and BIC. The evaluation of those criteria is shown in
Table 3.3 and 3.4 in simulation studies.

3.3.4 Other Criteria

Another possible criterion to combine accuracy and BIC is to rescale both terms into the

range of [0,1]. Then, we average two rescaled terms and call the following criterion as
“ABIC”:

- Accuracy™ — min(Accuracy™) BIC — min(BIC)
max(BIC) — min(BIC) |’
(3.5)

max(Accuracy ™) — min(Accuracy™)
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where “min” means the smallest value and “max” means the largest value among all
candidates of models. Notice that we cannot directly average over the accuracy and BIC
values because of the different magnitude issues. Therefore, ABIC is considered to solve
that problem after we rescale the accuracy and BIC between 0 and 1. We aim to choose
the candidate model with a smaller ABIC value, which usually means that its accuracy
will be larger and BIC will become smaller. However, the min and max values of ABIC
can still be affected by the extreme values of either BIC or Accuracy™). As a result, the
ABIC values among the candidate models may be largely shrunk to a quite small value,
which makes it hard for us to distinguish the model performance.

3.4 The Simulation Studies

3.4.1 Simulation Setup

To investigate which covariates should be included in the imputation and PS models, a
simulation study is conducted based on the causal diagram in Figure 3.1. The number of
replications is N = 1000, and the sample size is n = 500 in each data generation. Three
covariates X7, X, X3 are generated from N(0, 1) independently. Y, A, and the missing
indicator R are generated by the following three models, respectively:

e missingness model: logit{ P(R =1|X)} = —0.34 0.4X; + 0.6X, + 1.8X3;
e PS model: logit{P(A=1|X)} = —0.24 0.3X; + 1X5;

e outcome model: logit{P(Y = 1|A, X )} = —0.2 +2A4 — 0.3X; + 2.5X5.

The missing rate is about 48% in this scenario, and the true causal effect 7 = 1.523.
Notice that the true missingness model does not include the outcome Y, but one of our
aims is to investigate whether adding the outcome to the imputation model will improve
the performance of the estimated causal effect in the simulation studies.

For each simulated data set, we investigate five different imputation models and four
different PS models, which we have specified and named in Tables 3.1, respectively. In
total, twenty possible combinations of the imputation and PS models are investigated. We
provide some rationale behind the specification of these imputations and PS models. When
selecting the imputation model, we start with an exposure-related model, which includes
only X; and X, as they directly affect A. To increase the predictive ability, we gradually
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Table 3.1: Imputation and PS models in the simulation studies

Model Name (shortened form) Model Form
Five imputation models
exposure-related model (Exp) A~ X+ X,
outcome-related model (Out) A~ X+ X5
all-covariates-included model (Covs) A~ X+ X0+ X5
response-included model (Res) A~ X+ Xo+Y
full model (Full) A~ X1+ Xo+X5+Y
7777777777777777 Four PS models
naive model (Naive) AP~ X
exposure-relate model (Exp) AP~ X+ X,
outcome-relate model (Out) AP~ X+ X,

all-covariates-included model (Covs)  A™P ~ X + X, + X3

modify the imputation model by adding X3 and Y in a step-by-step process until the full
imputation model is obtained.

In contrast, the goal of fitting PS model is not to increase the predictive ability, but
to adjust for the confounding issue. Therefore, we start with a naive PS model with only
X; as the main confounder. Then, we gradually add exposure-related or outcome-related
variables until PS model includes all covariates.

3.4.2 Simulation Results for Imputation and PS Selection

In this subsection, we investigate which combination of imputation and PS models can
lead to the smallest RMSE of 7. Table 3.2 shows simulation results for IPW estimator
when n = 500, and Figure 3.2 is provided to visualize these results. We also provide
the simulation results for the continuous outcome with the goal of estimating the average
causal effect in Section B.3 of the Appendix.

To evaluate the performance of different models, we present the bias rate as the quantity
of main interest: (7 — 7)/7, where 7 = Zjvzl 7j, and 7; is the point estimate in the j
replication, 7 = 1,2,..., N. The empirical standard error (ESE), which is also called the

sampling standard error, is written as ESE = \/ = ijzl(fj — 7)2. The square root of

mean squared error (RMSE) is defined as RMSE = \/ﬁ SV (7 —1)2

j=1

Since (Xi, X3) are both directly correlated with the exposure from Figure 3.1, some
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researchers may argue that we only need to include (X;, Xs) without (X3,Y) into the
imputation and PS models as the best results. However, Table 3.2 shows that the exposure-
related imputation model plus the exposure-related PS model leads to higher bias and
variance than the full imputation model or the outcome-related PS model. That motivates
us to compare the performance among different candidates of imputation and PS models
in the following sections.

Table 3.2: Performance of different models using IPW method when n = 500

Imp, PS Models  Bias Bias Rate(%) ESE RMSE

Exp, naive -0.186 -12.187 0.085 0.204
Exp, exp -0.217 -14.283 0.092  0.236
Exp, out -0.188 -12.324 0.067 0.199
Exp, covs -0.219 -14.384 0.080 0.233
Out, naive -0.290  -19.069  0.109 0.310
Out, exp -0.333 -21.858 0.103  0.348
Out, out -0.230 -15.074 0.059 0.237
Out, covs -0.263 -17.301 0.059  0.270
“Covs, naive 0181 -11.920  0.123 0219
Covs, exp -0.211 -13.883 0.138  0.252
Covs, out -0.188 -12.335 0.067  0.199
Covs, covs -0.218 -14.295 0.080 0.232
"Res, naive 0102 ¢ 6.679  0.176 0.204
Res, exp 0.137 9.026 0.217  0.257
Res, out -0.046 -2.996 0.107 0.116
Res, covs -0.038 -2.523 0.137 0.143
~Full, naive -0.017  -1.096  0.160 0.161
Full, exp -0.011 -0.710 0.194 0.194
Full, out 0.010 0.640 0.110 0.111
Full, covs 0.023 1.498 0.137  0.139

Here, Exp, Out, Res, and Covs refer to the exposure-related, outcome-related, response-
included, and all-covariates-included models, respectively.
Comparison of Imputation Models

Based on Table 3.2 and Figure 3.2, if we focus on the same PS model and compare different
imputation models, we find that the full imputation model has resulted in the smallest bias
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of 7 compared to other imputation models. In contrast, the exposure-related, outcome-
related, and all-covariates-included imputation models generate huge bias rates.

Furthermore, our simulation results indicate that adding (X3,Y") into the imputation
model is necessary to reduce the bias of the estimated causal effect. For example, comparing
the exposure-related model with the response-included imputation model, Table 3.2 shows
that adding Y into the imputation model reduces about 10% of the bias. To study the
effect of X3, if we compare the exposure-related model versus the all-covariates-included
imputation model, adding X3 into the imputation model does not reduce the large bias if we
do not condition on Y. In contrast, when we condition on Y, compared with the response-
included imputation versus the full imputation model, Figure 3.2 shows that adding X3
leads to a reduction of bias. These findings are consistent with the discussion of DAG in
Section 3.2, which indicate that even though the true missing model does not include Y
and A is not directly correlated with X3, adding both X3 and Y into the imputation model
can improve the predictive ability.

In summary, even though the true missingness model does not include Y, all exposure-
related, outcome-related covariates, and the outcome itself should be included in the im-
putation model, as the full imputation model results in the smallest bias among others.

Comparison of PS Models

Based on the above discussion, we next focus on the full imputation model and compare
the performance of different PS models in Table 3.2 and Figure 3.2. We find that all PS
models that incorporate the main confounder X; can lead to very small bias, as we have
previously discussed that X is the “sufficient set” in this case (Tanner-Smith and Lipsey,
2014). Even though X, directly causes A, adding X, does not reduce the bias because it
only causes the change of the exposure and has no direct impact on the outcome Y, so Xs
is not considered as the main confounder.

In terms of standard errors, the outcome-related PS model with X3 can generate the
smallest ESE when we fit the full imputation model. In contrast, both exposure-related
and all-covariates PS models lead to an increase in ESE because adding exposure-related
variable X, is redundant, which may generate more extreme PS values to enlarge the
variation in finite samples (Brookhart et al, 2006). Therefore, we recommend choosing the
outcome-related PS model over the exposure-related PS model.

The results using DR estimator are presented in Table B.1 and visualized in Figure B.1
in Section B.2 of the Appendix. Notice that we do not discuss the model selection on the
outcome model because we mainly focus on the selection problem on imputation and PS
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models. Overall, we observe a similar trend of model selection using DR estimator as IPW
estimator, suggesting that full imputation plus outcome-based PS models can effectively
reduce RMSE of 7 compared to other candidate models.

In conclusion, the best model selection is to choose the full imputation plus outcome-
related PS models for either IPW or DR estimators, which results in the smallest RMSE
of 7. In contrast, using outcome-related imputation plus exposure-related PS models leads
to the largest RMSE, so it is not recommended.

3.4.3 Simulation Results of Selection Criteria

To evaluate the performance of different criteria discussed in Section 3.3, we calculate the
correlation between RMSE and the value of each criterion in Table 3.4. More specifically,
after N = 1000 replications, we have obtained RMSE for all candidate models. Within
each replication of simulation studies, we can evaluate each candidate model with different
criteria. Then, in the j* replication, we can calculate the Spearman correlation between
the proposed criterion and RMSE of 7 (Spearman, 1910). In other words, we are interested
in the relative rank of RMSE to combine the performance of bias and ESE instead of the
specific RMSE values, which may be changed by the sample sizes. Table 3.4 shows the
average of the Spearman correlations over 1000 replications.

From Table 3.4, we find that adding more variables to the imputation model increases
the accuracy values, so the full imputation model is preferred over other candidate models.
In addition, if we fit the same imputation model, the naive and exposure-related PS models
generally have larger BIC than outcome-related and all-covariates-included PS models.
However, using a single criterion to select both models leads to some limitations. For
example, if we just adopt Accuracy™ to select imputation and PS models, we cannot
distinguish between different PS models because the same imputation model will lead to
the same Accuracy™ value. Similarly, if we only employ BIC to select two models and we
choose the same exposure-related PS model, we cannot easily distinguish the performance
of the exposure-related vs all-covariates-included imputation models.

Compared with other criteria, the rank score shows a stronger correlation (close to
0.85) with the RMSE of 7 using either IPW method, which indicates that a smaller value
of the rank score is more likely to result in a smaller RMSE. In other words, even though
we do not know the true causal effect and RMSE in the application, the rank score is valid
for researchers to evaluate the performance of imputation and PS models together. In
addition, from Table 3.3 using IPW method and Table B.2 using DR method in Appendix
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B.2, we can confirm that full imputation plus outcome-related PS models have a higher
chance to be selected via the “rank score” criterion.

In summary, the full imputation plus outcome-related PS models will result in the
smallest rank score as the best choice, consistent with the smallest RMSE. Our proposed
rank score combines the performance of both imputation and PS models. As a rank-
based criterion, the rank score shows a stronger correlation with the RMSE of 7 compared
with other traditional criteria. Based on our simulation results, the rank score can also
successfully select the full imputation plus the outcome-related PS models with the smallest
RMSE as the best choice. In comparison, if we choose the outcome-related imputation plus
exposure-related model, the rank score has the largest value, which is also consistent with

the highest RMSE.

Table 3.3: Criterion values for different models using IPW method when n = 500

Imp, PS Models Accuracy™ Out BIC ASMD KS ABIC Rank Score Rank(RMSE)

Exp, naive 0.586 677.561  0.161 0.130 0.608 11.789 10
Exp, exp 0.586 720.437  0.022 0.130 0.675 14.272 14
Exp, out 0.586 430.074  0.149 0.130 0.225 7.849 7
Exp, covs 0.586 433.966  0.014 0.130 0.231 8.959 13
Out, naive 0.507  683.862 0.103 0.148 0.930  15.947 9
Out, exp 0.507 724.226  0.031 0.148 0.993 18.306 20
Out, out 0.507 434.737  0.075 0.148 0.545 12.460 15
Out, covs 0.507 435.659  0.008 0.148 0.546 12.918 18
" Covs, naive 0.585 676.668 0.170 0.136 0.612  11.875 n
Covs, exp 0.585 719.239  0.033 0.136 0.678 14.354 16
Covs, out 0.585 430.103  0.148 0.136  0.231 8.043 8
Covs, covs 0.585 433.958  0.014 0.136 0.237 9.136 12
‘Res, naive 0.609 652.471  0.182 0.124 0484 8103 9
Res, exp 0.609 694.546  0.040 0.124 0.549 10.450 17
Res, out 0.609 411.095 0.154 0.124 0.110 3.993 2
Res, covs 0.609 415906 0.015 0.124 0.118 4.580 4
Full, naive 0.622 662.369 0.172 0.138 0.430 7463 5
Full, exp 0.622 705.051  0.034 0.138 0.497 9.941 6
Full, out 0.622 401.525  0.149 0.138 0.027 1.989 1
Full, covs 0.622 406.367  0.014 0.138 0.034 2.574 3

Accuracy™): weighted accuracy on the observed data; Out BIC: BIC of the outcome model;
ASMD: absolute standardized mean difference for (X, X2, X3); KS: Kolmogorov-Smirnov
distance for (X7, Xs, X3); ABIC: rescaled product of Accuracy and BIC; Rank Score: average
ranks of (1 — Accuracy™)) and BIC.
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Table 3.4: Spearman correlation between criterion considered and RMSE when n = 500

Criterion IPW Method DR Method

1-Accuracy™ 0.678 0.655

ASMD -0.306 -0.337

KS 0.212 0.191

Out BIC 0.682 0.702
“ABIC 0793 0785

Rank Score 0.841 0.837

Accuracy™:  weighted accuracy on the observed data; Out BIC: BIC of the out-
come model; ASMD: absolute standardized mean difference for (Xi, X, X3); KS:
Kolmogorov-Smirnov distance for (Xi, X3, X3); ABIC: rescaled product of Accuracy
and BIC; Rank Score: average ranks of (1 — Accuracy™) and BIC.

3.5 Application Study

3.5.1 Background

COVID-19 is a highly contagious disease that can lead to severe clinical manifestations and
long-term complications for patients. Some researchers have shown that the presence of
cardiovascular disease (CVD) is associated with significantly worse mortality in COVID-19
patients (Kassir, 2020). However, the associational analysis cannot answer the question
of whether CVD directly causes higher mortality or whether other risk factors that lead
to CVD are also a common cause of COVID-19 death. In this section, we present an
application study on a COVID-19 dataset to investigate the causal effect of CVD (as the
exposure) on the mortality of COVID-19 patients (as the outcome) when CVD status is
not fully observed. We aim to select both imputation and PS models using the proposed
methods and compare their performance.

In this chapter, the COVID-19 dataset was collected during the second wave of the
pandemic in Brazil from June 25th to December 31st, 2020. The dataset contains 2878
COVID-19 patients, of whom 1253 died from COVID-19. Although all patients were ex-
posed to COVID-19, 548 patients had missing information on CVD, resulting in a missing
rate of 19%. Demographic and clinical variables were also collected, including age, sex,
and diabetes, without missing data. A summary of the dataset is provided in Tables 3.5
and 3.6, stratified by the mortality or the missingness, respectively. The independence
between mortality and covariates was tested using the Fisher test for categorical variables
and the Mann-Whitney test for continuous variables. From Table 3.5, we find a significant

ol



association between age and mortality, which is a well-known risk factor. There are also
significant associations between CVD and mortality, which may be influenced by both con-
founders and missingness in the exposure. However, no significant association is identified
between either diabetes or sex with mortality.

Table 3.5: Summary table of COVID-19 data stratified by mortality

Covariate Full Sample (n=2878) Alive (n=1625) Died (n=1253) p-value
CVD 0.022
No 802 (34) 478 (36) 324 (32)
Yes 1528 (66) 835 (64) 693 (68)
Missing 548 312 236
Cage <0.001
Mean (sd) 68.9 (16.3) 65.4 (16.6) 73.3 (14.7)
Median (Min,Max) 72 (0,107) 67 (0,104) 76 (0,107)
sex 0.054
Male 1551 (54) 850 (52) 701 (56)
Female 1327 (46) 775 (48) 552 (44)
diabetes 03
No 1117 (39) 617 (38) 500 (40)
Yes 1761 (61) 1008 (62) 753 (60)

CVD: cardiovascular disease. For the continuous variable, it shows the mean, SE, min, max,
and median. The frequency and percentage of total samples for the categorical variable are
provided in brackets.

In this application, we aim to estimate the causal risk ratio of mortality for patients with
CVD versus those without CVD, as our main interest in the application study. However, in
such observational studies, we cannot simply randomize the exposure status for patients,
making it challenging to estimate the causal effect of CVD on COVID-19 mortality in the
presence of confounding issues. Meanwhile, since CVD status is not fully observed, we also
have to deal with the missing exposure problem, so we need to make assumptions about the
missing exposure and confounding issues. From Table 3.6, we find a significant association
between missingness and diabetes. Older COVID-19 patients with chronic diseases, such
as diabetes, may be more likely to report whether they have CVD or not, so assuming
MCAR in this study is not reasonable. Instead, we adopt the MAR assumption, which
assumes that the missing indicator for CVD is conditionally independent of CVD status
itself, given other observed variables. In addition, we assume SITA assumption holds, i.e.
the potential outcomes are conditionally independent of the CVD given all pre-measured
covariates. After that, we intend to apply MICE to impute the missing values and IPW-
based estimators to account for confounding issues.
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Table 3.6: Summary table of COVID-19 data stratified by the missing indicator

Covariate Full Sample (n=2878) Observed (n=2330) Missing (n=548) p-value
age 0.099
Mean (sd) 68.9 (16.3) 69 (16.6) 68.3 (14.8)
Median (Min,Max) 72 (0,107) 72 (0,104) 71 (1,107)
sex 037
Male 1551 (54) 1246 (53) 305 (56)
Female 1327 (46) 1084 (47) 243 (44)
“diabetes <0.001
No 1117 (39) 1111 (48) 6 (1)
Yes 1761 (61) 1219 (52) 542 (99)

3.5.2 Model Selection

Since the effect of each clinical variable on CVD status or the outcome may be different,
properly selecting imputation and PS models is essential to obtain a valid estimation of
the causal effect. However, a DAG in this case is not readily available if we lack sufficient
background information in the application. Previous clinical papers show that age and
sex are important risk factors for death (Dana et al, 2020; Abdi et al, 2020). In addition,
many clinical studies find that diabetes and age can affect the risk of CVD (Bertoluci and
Rocha, 2017). Based on the prior knowledge, we can draw a hypothetical causal diagram
in Figure 3.3.

-7 Confounders: age Outcome-related: sex

1
1
1
1
1
1
1
1
1
|
|
|
1
1
1
1

Wt
Missing R ----- ¥----1 Exposure: CVD

Outcome: death

v

Figure 3.3: A hypothetical causal diagram for an application study. The black arrows refer
to the causal relationship among confounders, the exposure, and the outcome. The double-
sided dash arrows refer to the associational relationship among the missing indicator, the
outcome, and the covariates. The red arrow is the effect of primary interest. The dashed
short line refers to no association between the missing indicator and the exposure given
covariates and the outcome due to MAR assumption.
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For simplicity, we rename the age variable as X, diabetes as X5, sex as X3, CVD as
the exposure variable A, and death as the outcome variable Y. Then, following the same
model setup in the simulation studies described in Section 3.4, we consider five different
imputations and four different PS models as candidate models.

Table 3.7: Results of model selection for COVID-19 data using IPW and DR methods

Imp Model PS Model IPW Estimate DR Estimate Accuracy™ Out BIC ASMD KS  Rank Score

A~ X1+ Xy AP~ X 0.945 0.986 0.607 3790.876  0.050  0.292 7.5

A~ X+ X, AP X4 X 0.961 0.988 0.607 3796.287  0.006  0.290 12.0

A~ X+ X, AP X+ X 0.950 0.991 0.607 3780.885  0.048 0.292 5.0

A~ X1+ X, AP X7+ Xy + X 0.963 0.989 0.607 3795.815  0.008  0.290 9.5
ANX Xy A X 0946 098 0.581  3790.743 0.042 0267 120

A~ X+ X AP X+ X 0.960 0.984 0.581 3796.138  0.006 0.264 16.5

A~ X+ X, AP X+ X 0.951 0.988 0.581 3780.763  0.040 0.267 9.5

A~ X+ X, AP X+ X+ X 0.962 0.986 0.581 3795.679  0.007 0.264 145
AN X+ X, AW X 0942 0984 0.606  3790.866 0.050 0.294 1.0

A~ X+ X0+ X5 AmP o X+ X, 0.958 0.985 0.606 3796.309  0.006 0.291 16.5

A~vXi+ X0+ X5 AP X+ X 0.947 0.990 0.606 3780.882  0.049 0.294 8.5

A~Xi+ X+ X5 AP X+ X+ X 0.960 0.986 0.606 3795.837  0.008 0.291 14.0
AN+ X +Y A X 0942 098 0.606  3790.846 0.050 0.293 85

A~ X1+ X+Y AmP s X+ X, 0.959 0.986 0.606 3796.272  0.006  0.291 135

A~ X1+ X04Y AP X+ X 0.947 0.990 0.606 3789.852  0.049  0.293 6.0

A~ X1+ X04Y AP X+ X+ X 0.961 0.987 0.606 3795.797  0.008 0.291 11.0
AN+ X+ X5 +Y AW X 0946 0986 0.608  3790.742 0048 0289 35

A~ X1+ X+ X5+Y AP X4 X, 0.960 0.987 0.608 3796.144  0.006  0.287 9.0

A X1+ X0+ X34Y AP X 4 X 0.950 0.991 0.608 3789.735  0.048  0.289 1.0

A Xi+Xo+ X3 +Y AW~ X+ X+ X 0.962 0.988 0.608 3795.661  0.008 0.287 6.0

Without assuming the hypothetical DAG is correct, we apply the rank score to select
the best imputation and PS models among the candidates. Table 3.7 reports the estimated
causal effects and the values of each criterion. Based on the proposed rank score, the best
imputation model includes “age”, “sex”, “diabetes”, and “death” as the predictors, and
the best PS model selects “age” and “sex” as the predictors to achieve the smallest rank
score values. This is consistent with the simulation results, i.e., the proposed criterion can
still help us select the full imputation model plus the outcome-related PS model as the
best choice following the hypothetical DAG we draw in Figure 3.3.

The model selection results also seem to be consistent with the clinical literature: many
clinical papers have shown that age, sex, and diabetes are considered as the risk factors for
CVD status, so these variables should be added to the imputation model (Blagosklonny,
2020; Wei, 1992; Sowers and Lester, 1999). Since there may be some relationship between
CVD and death, adding the outcome variable will also improve the performance of the
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imputation model (Lakatta, 2002; Foley et al, 2010). Furthermore, we do not need to
include all exposure-related variables in PS model as we discussed before, so we only need
to add age and sex as outcome-related variables into PS model, which are well-known risk
factors for COVID-19 death (Dana et al, 2020; Bots et al, 2017).

3.5.3 Estimation Results

After the model selection, we obtain the estimated causal effect of CVD on mortality
using IPW and DR estimators. We also provide confidence intervals (CI) after running
B = 2000 bootstrap replications, as shown in Table 3.8. We compare two different types of
CI, including a CI based on bootstrap standard error (BSE) with a normal approximation,
called “CI Normal”, and another CI based on bootstrap percentiles (between 2.5% and
97.5% percentiles of bootstrap point estimates), called “CI Percentile” (Tibshirani and
Efron, 1993).

The estimated causal risk ratio of CVD on the mortality for COVID-19 patients is 0.95
using IPW method with a 95% CI of [0.867, 1.052] using CI Percentile. For DR method,
we also obtain a similar result to IPW method. Although some researchers may presume
that patients with CVD status increase the risk of death, our analysis does not support this
assumption. Since CI covers the value of 1, we would expect that the statistical test for
whether the ratio of patients with CVD is higher than those without CVD is not significant
after adjusting for missing data and confounding factors. One possible explanation for this
finding is due to the confounding issue, i.e. age is strongly associated with both CVD status
and death. Additionally, researchers may have ignored the effect of missing exposure on
the estimated results. These results align with recent clinical research (Di Castelnuovo
et al, 2020; Vasbinder et al, 2022), which suggests that those CVD risk factors, such as
age, rather than CVD status itself, are the primary contributors to mortality.

One of the limitations of the application study is that we only include four clinical
variables. Since we lack enough observations of other variables in the dataset, we may miss
some relevant confounders in the analysis. In addition, the model selection and estimated
results are only based on the data in Brazil instead of a broader world population.

3.6 Discussion

Model selection on both imputation and PS models when the exposure is missing at ran-
dom (MAR) is a challenging problem, and few studies discuss the appropriate criterion
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Table 3.8: Estimated results using IPW and DR estimators for COVID-19 data

Method Selected Imputation, PS Models Estimate (risk ratio) BSE  CI Normal  CI Percentile
IPW A X1+ Xo+ X3+ Y, A ~ X + X5 0.950 0.048 (0.856,1.044) (0.867,1.052)
DR A~v X 4+ Xo+ X3 +Y, A™ ~ X 4+ X5 0.991 0.050 (0.897,1.085) (0.905,1.098)

Estimate: causal effect (as the risk ratio) of CVD on mortality. BSE: bootstrap standard
errors. CI Normal: 95% bootstrap normal confidence interval using BSE. CI Percentile: 95%
bootstrap percentile confidence interval.

for selecting these models in practice. In this chapter, the simulation studies investigate
whether the different imputation and PS models can affect the estimated causal effect.
Unexpectedly, we find that even though the true missingness model does not depend on
the outcome in our simulation setup, selecting the full imputation and outcome-related
PS models can improve the accuracy of the imputed exposure and reduce the bias of the
estimated causal effect.

In addition, “rank score” is proposed as a rank-based and unit-free criterion, which
shows the highest correlation with RMSE in simulation studies to evaluate the performance
of both imputation and PS models. In contrast, the traditional criteria, such as accuracy
or BIC, only measure the performance of one model, which cannot help us properly select
imputation and PS models simultaneously.

Further research can extend the proposed model selection criterion into multiple areas,
such as MAR on both exposure and outcome. Additionally, it may be interesting for re-
searchers to incorporate missing exposure into other complex settings, such as longitudinal
or survival data, in future studies. To extend the model selection problem into more com-
plex settings, such as MNAR for exposure in high-dimensional settings, we propose a new
algorithm using the outcome-adaptive LASSO to select the missingness and PS models in
Chapter 4.
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Chapter 4

Joint Modelling and Selection on
Causal Inference under Missing Not
at Random Assumption

4.1 Background

In the previous chapter, we discussed how to construct robust estimation when the expo-
sure is MAR. We also discussed the model selection problem for both imputation and PS
models. However, both studies only covered approaches to deal with the MAR case. In
real application studies, the missing mechanism may be more complicated than the MAR
scenario.

As a motivating example, in a COVID-19 study, we aim to estimate the causal effect of
CVD status on the mortality rates, and we have observed some clinical covariates as the
baseline information for those COVID-19 patients. However, patients with CVD status
may be more likely to be hospitalized and recorded than those patients without CVD
status, so whether the missingness occurs can depend on CVD status itself, which leads to
the missing not at random (MNAR) scenario. If we simply remove those missing values
and analyze data only using the observed data, the estimated causal effect will be biased
due to MNAR. In such a case, we need to develop more advanced methods to deal with
the problem of MNAR.

In the previous literature, Miao et al (2024) develop the shadow variable approach to
deal with the problem of MNAR for the confounders with doubly robust local efficiency
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and the shadow variable is assumed to be independent of the missingness given the out-
come and fully observed covariates. Ding and Geng (2014) discuss the challenges of the
subgroup causal effects under MNAR of confounders in the randomized trial, and they
provide the joint distributions for interpretable missing data mechanisms. Later, Yang
et al (2019) propose a nonparametric two-stage least square estimator to deal with MNAR
on the confounders under an outcome-independence assumption (OIA), which assumes
the missingness indicator of the confounders is conditionally independent of the outcome
given the exposure and covariates. They also propose a likelihood-based estimation with
a Bayesian inference method. After that, Sun and Liu (2021) propose IPW, regression,
and DR estimators for average causal effect (ACE) based on the semiparametric frame-
work. However, they require the selection bias model to be correctly specified, which may
be restrictive in a real application. Shan and Yan (2024) also discuss how to conduct
nonparametric inference using a weak pseudo-metric and influence function.

It is important to note that most of the previous research articles focus on the problem
of MNAR on the confounders, and there is little discussion in the literature on how to
estimate the causal effect when the exposure is MNAR. We should notice that MNAR
on the confounders or outcome is a different situation versus MNAR on the exposure
because the missing mechanism will be different (Zhang et al, 2016). In this chapter, we
develop a new missing mechanism on the exposure variable, which is shown to be a weaker
assumption compared to OIA. In addition, MNAR on the exposure will largely affect the
estimation of the missingness, imputation, PS, and outcome models, which is the key
difference compared with the problem of missing confounders or the outcome (Williamson
et al, 2012).

In this chapter, we propose a joint modelling approach based on IPW to deal with
both MNAR and confounding issues, which combines the weights from the missingness
and PS models. In addition, we also discuss how to conduct the outcome-adaptive LASSO
based on the weighted absolute mean difference (WAMD) criterion to deal with the model
selection problem under MNAR scenario compared with the traditional LASSO in a high-
dimensional setting.

4.2 Notation and Models

4.2.1 Framework and Assumptions

To be consistent, we keep the same notation as in Chapters 2 and 3. We will consider
different roles of covariates in model selection, but we extend it into the MNAR case
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and high-dimensional setting. As shown in Figure 4.1, X;, X5 are the main confounders,
X3, Xy are the outcome-related covariates, and X5, Xg are the covariates only related to
the exposure. Let A; be the exposure or treatment, and Y; be the continuous outcome. We
denote R; = I(whether A; is observed) as the missing indicator, and U; as an unmeasured
covariate, such as a person’s genetic data, which can affect both R; and A;. In other
words, there is still an association between R; and A; even if we take the condition on
(X1, Xo, X3, X4, X5, Xg), so we cannot simply adopt MAR assumption in this case. Besides
that, we denote p x 1 vector of covariates with the baseline as X; = (1, X1, X2, ..., Xip)
for subject i and the sample size is n. The observed dataset is (X, 4;,Y;) given R; = 1,
and (X;,Y;) given R; =0,i=1,...,n.

We consider a simplified scenario with only the first six covariates related to either
R, A, or Y, but the rest of (p — 6) covariates are not related to any of them, so those
covariates ideally should be removed after the model selection process. Except for the
exposure variable, all other variables are assumed to be completely observed.

_.-7 Confounder X1, X Outcome-related X3, X,

Missing R {¢------- s Exposure A » Outcome Y

\/’

Unmeasured U

Figure 4.1: Causal diagram for MNAR case. The black arrows refer to the causal relation-
ship among confounders, the exposure, and the outcome. The double-sided dash arrows
refer to the associational relationship between the missing indicator and the covariates.
The red arrow is the effect of primary interest. U is an unmeasured confounder between R
and A. The dashed short line refers to the association between the missing indicator and
the exposure due to MNAR scenario.

Our goal is twofold. First, we aim to estimate the average causal effect (ACE), defined
as T = 1, — 19, where 7, = E(Y!) and 7y = E(Y?). We need to adjust both missingness
and confounding issues based on our observed data. Notice that, even though we focus on
the continuous outcome, we can also consider other causal estimands, such as the causal
risk ratio or odds ratio, depending on the primary interest. However, the key idea of the
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algorithm and model selection procedure will not be largely changed by the different causal
quantities, and we only need to modify the model form.

Next, we also aim to discuss which covariates are necessary to be included in the
missingness and PS models, so that we can reduce the bias and variance of the estimated
causal effect. Even though we only consider six covariates to affect (R, A,Y"), for simplicity
in this chapter, we can increase the number of covariates when we aim to consider a more
complex setting. This chapter is discussed under the semi-parametric framework for IPW
approach and supervised learning technique for outcome-adaptive LASSO.

Under MNAR scenario, we will consider RA and R(1—A) as joint indicators to represent
the observed exposure group or non-exposure group, respectively. The identification for 7
is provided in Section 4.3 with more details to discuss the joint indicator. To identify T,
there are two main assumptions required as follows:

e Positivity assumption: 0 < P(RA=1|X =2)<1,0< P(R1-A)=1X =2) <
1 for all possible .

e Joint independence assumption (JIA) on the exposure: RALY!| X R(1—A)1Y"X.

The first assumption is to assume the probability of being observed exposure or non-
exposure is between 0 and 1 given measured covariates, which can be verified if we fit the
logistic regression model. The second assumption is to assume that the observed exposed
or unexposed are conditionally independent of potential outcomes given covariates.

Even though we consider MNAR case, we still need to assume some conditional in-
dependence between RA and Y!. The role of JIA is similar to SITA, which assumes no
unmeasured confounders, but now we need to consider RA or R(1 — A) as the joint indi-
cator as the extension to the MNAR case. JIA may be appropriate for prospective studies
when we observe the exposure and covariates long before the outcome. As long as JIA
holds, we do not need to assume SITA to identify the causal effect, and we provide the
proof in Section 4.2.2. Neither JIA nor SITA can be easily verified in application studies
due to the confounding issue. However, we may be able to check how much the causal
effect may be changed by some unmeasured confounders based on a sensitivity analysis,
such as “E-value” proposed by Ding and VanderWeele (2016).
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4.2.2 Comparison between JIA, SITA and Outcome Indepen-
dence Assumptions

In the previous literature, researchers have discussed alternative assumptions for MNAR

case. For example, Yang et al (2019) assume a set of assumptions when some confounders
are MNAR, including:

e Outcome independence assumption (OIA): R1Y|A, X. Equivalently, we can also
write it as R1LY'|A=1,X and RLY°|A =0, X.

o SITA: (YO, Y1) LAIX.

Here, OIA assumes that the missing indicator is conditionally independent of the out-
come given the exposure and covariates, which seems to be a reasonable assumption for
prospective studies, such as cohort studies. Both SITA and OIA are required to identify
the causal effect when the missing data problem and confounding issues exist. However, if
we consider SITA and OIA as a group of assumptions, we can show that they are stronger
than our proposed JIA using Bayes’ rule. More specifically, one can show that:

P(RA=1|X,Y')=P(R=1/A=1,X,Y") x P(A=1|X,Y")
P(R=1]A=1,X) x P(A=1]|X) (4.1)

— P(RA = 1|X).

The first equality is due to Bayes’ rule, which means we can separate the joint probability
into two different probabilities. The second equality is due to OIA and SITA assumptions,
which allow us to remove the condition of Y''. The last equality is due to Bayes’ rule again,

so we have implied JIA based on OIA and SITA.

However, if we know JIA, we cannot ensure whether OIA and SITA will always hold.
The main reason is that even though RA is assumed to be conditionally independent of Y,
we cannot know whether R is conditionally independent of Y or whether A is conditionally
independent of Y1 given X. In other words, JIA is a weaker assumption than SITA and
OIA as a group of assumptions. As another example to illustrate this point, we also know
MCAR is a stronger assumption than MAR or MNAR, so in practice, we generally prefer
to adopt the weaker assumption because it is more appropriate for the complex missing
mechanism in application studies.

Furthermore, if we adopt SITA and OIA, we have to estimate P(R = 1|A =1, X) and
P(A = 1]X) to adjust for the missingness and confounding issues, respectively, but both
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probabilities contain missing exposure in the missingness and PS models. If we do not
impute the missing exposure, we cannot take conditions on the unknown missing exposure
group to fit the missingness model. In comparison, if we adopt JIA, we can directly estimate
P(RA = 1|X) and evaluate the model based on the observed exposure and covariates, such
as using the traditional logistic regression or trinomial regression model. This is another
advantage of using JIA versus SITA and OIA in practice, so we will adopt JIA to identify
the true causal effect in the following study.

4.3 Identification

In this section, we aim to identify 77 using the observed dataset based on JIA. To adjust for
both missing and confounding issues, we can apply the inverse weighting-based approach
under MNAR situation, written as:

RAY RAY
B P < PlA= TR = 1,X)] =k [P(RA = 1\X)]
RAY
=F {E P(RA = 1|X) ‘X } (4.2)
E[RA|X] )
:E{P(RA: Tk E[Y |X]}

= E{E[Y'|X]} = E[Y'"].

Here, the first equality is to apply Bayes’ rule to combine two separate probabilities into one
joint probability. Based on the double expectation condition on X, the second equality will
hold. The third equality is due to JIA, so we have the conditional independence between
RA and Y! given X. The fourth equality holds because E(RA|X) can be canceled by
the joint probability P(RA = 1|X). Finally, we take the double expectation again to
get E(Y!). Therefore, we have identified 7; based on the observed dataset without any
unknown value.

Notice that we do not need to take condition on the unmeasured covariate U because it
does not affect the identification based on JIA. If we adopt OIA as a stronger assumption,
we will still lead to the same conclusion to identify 71. Similarly, 7y can also be identified
using the same approach after we replace A with 1 — A as the non-exposure group.

In addition, since we do not know the true values of P(R =1|X)xP(A=1|R=1,X),
we will estimate those two probabilities separately based on parametric models, such as
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logistic regression models. Certainly, researchers can also consider other approaches to
estimate those two probabilities in future studies, such as using a machine learning (ML)
method, but we mainly consider the semiparametric framework for IPW-based approach, so
those ML approaches are beyond the scope of this study. Notice that PS values have been
changed into P(A = 1|R = 1, X)) in Equation (4.2), instead of the traditional probability
P(A = 1|X) with unknown missing exposure, so that we can directly estimate it using the
logistic regression model on the observed dataset discussed in the next section.

4.4 Estimation Method

In the last section, we identified the causal problem based on the observed data. In this
section, we will first propose the traditional IPW estimator under MNAR scenario, which
requires both the missingness and the PS models to be correct, because of fitting both
models for two separate weights. Later, we propose three different estimators to improve
the robustness, including IPW-Joint, outcome method, and DR-Joint based on the joint
modelling approach.

4.4.1 Traditional IPW-IPW Method

As we have discussed in Section 4.3, we can identify the causal effect using the observed
dataset. However, in reality, we do not know the true weights, so we need to estimate both
P(R; = 1|X;) and P(A4; = 1|R; = 1, X;) using the logistic regression model. We propose
the “TIPW-IPW” estimator with the standardization on the weights, which can be written
as:

n IPW-IPW
A(IPW-IPW) _ D e Wl(z )Yi

1 - n IPW-IPW) °
Zi:l Wl( )

7

(4.3)

(IPW-IPW) RiA;
Here, Wy; ~ P(R=1X:A) x P(Ai=1[Ri=1,X:;&)

to address the missing exposure problem under MNAR situation: P(R; = 1|X;;v) =
exbit(XTv) and & is estimated from PS model given observed data to adjust for the
confounding issue: P(4; = 1|R; = 1, X;; ) = exbit(XTav).

. 7 is obtained from the missingness model

Similarly, we can also obtain %éIPW_IPW) for untreated after replacing A; with 1 — A;.
Then, we can obtain 7IPW-APW) — 7A'1(IPW'IPW) — %éIPW'IPW) as the main goal for ACE.

Certainly, if we consider the binary outcome or count outcome, the estimand of interest

64



will be changed to something else, such as the causal odds ratio, then we can still estimate

FUIPW-IPW) in Equation (4.3) and we will only need to change the corresponding format of
~ (IPW-IPW) ~ (IPW-IPW) FIPWAPW) /(1 {IPWIPW)y
T as T = AI(IPW—IPW) AI(IPW—IPW) .

75 /(=7 )

FIPWIPW) By and its

In summary, if both missingness and PS models are correct,
asymptotic normality holds as n — oo based on JIA.

4.4.2 IPW-Joint Modelling Method

Based on Equation (4.2), we have combined two separate probabilities P(R; = 1|X;) and
P(A; = 1|R; = 1, X;) as one joint probability P(RA = 1/X) based on Bayes’ rule. We
notice that estimating two separate weights based on the missingness and PS models is
equivalent to directly estimating one joint probability in this case. That motivates us
to develop a new IPW approach based on the joint modelling, named as “IPW-Joint”
estimator, shown in three steps below:

1. Define the joint indicator Ay; = R;A;, so Ay; = 1 is equivalent to R; = 1, A; = 1 for
i=1,2,....n.

2. Fit the joint model via P(Ay; = 1| X;;0) = m1(X; 8) = expit(X ] d) to obtain 8 and
joint probabilities 71;(X;; ) for individual i = 1,2,... n.

3. Estimate 7 with inverse weights of 71;(X; 5) and standardization from the joint

model: (PW-Joint)
T Ty g (PWeJoint) :
> iz Wi
where WSPW'JOint) = 81 _ ig the joint indicator divided by the joint weights, and

71(X4;0)
the subscript “1” refers to the observed exposure group.

4. Finally, let Ag; = R; x (1 — A;) for the observed unexposed individual i = 1,2,... n,

so we can repeat the steps 2 and 3 to obtain 7, éIPW_JOint) and 7IPW-Joint) — %fIPW_JOint) -
féIPW'Jomt) as the estimator for ACE.

Compared with IPW-IPW, the main advantage of IPW-Joint approach is that IPW-
Joint is a more robust estimator than IPW-IPW, which has been discussed in Section
4.2.2 and 4.3. As long as the joint model is correct, 7PW-Joint) 2y 7 and jts asymptotic
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normality holds as n — oo. In contrast, IPW-IPW approach requires both missingness and
PS models to be correct, which is more restrictive in application studies. In other words,
as we have shown in Equation (4.1), if two separate models are correct, we can imply that
the joint model should also be correct. However, if the joint model is correct, missingness
and PS models may not always be correct.

Besides that, we also find other benefits of using IPW-Joint versus IPW-IPW. The
main results to compare two IPW approaches in the simulation studies are provided in
Section 4.5, which shows that IPW-Joint method can lead to a smaller variation of the
estimated causal effect than IPW-IPW in all different model specifications because we only
need to fit the joint model instead of two separate weights from missingness and PS models.
Furthermore, for the model selection problem, IPW-Joint is also more flexible than TPW-
IPW approach. For example, if some covariates are only related to Y instead of Y, i.e.
there may be heterogeneity issues, IPW-Joint can select different covariates either related
to Y! or Y into the joint model.

Besides that, we also prove that the joint probabilities have the balancing property,
which means RALX|m(X) and R(1 — A)LX|mo(X) in Section C.1 of Appendix. In
other words, given the joint probabilities, the joint indicator will be conditionally inde-
pendent of the covariates. The balancing property can motivate us to develop another
criterion, called “weighted absolute mean difference” (WAMD), to measure the distance
of covariates between the observed exposure and non-exposure for the outcome-adaptive
LASSO algorithm proposed in Section 4.6.

Moreover, even though we focus on IPW approaches to address the missingness and
confounding issues in this chapter, we also develop the outcome and DR approach based
on the joint modelling, discussed in Section C.2 of the Appendix. DR-Joint estimator can
protect against the misspecification of either the joint or the outcome model, which is more
robust than IPW-Joint, shown in the simulation studies in Section C.2.3 of Appendix.

4.5 Simulation Results for IPW-Joint vs IPW-IPW
under MNAR Scenario

In this section, we provide simulation results to compare IPW-Joint vs IPW-IPW in the
low-dimensional setting and high missing rates. The causal diagram is shown in Figure
4.3, and we aim to know which approach can lead to smaller bias and variance in different
model specifications under MNAR scenario.
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Figure 4.2: Causal diagram for simulation studies to compare IPW-Joint vs IPW-IPW
under MNAR cases in the low-dimensional setting.

4.5.1 Simulation Setup in Low-dimensional Settings

In this low-dimensional setting, the number of replications is N = 1000, and the sample
size is fixed as n = 500 in each data generation. Based on Figure 4.3, we reduce the number
of covariates, which only includes X, X5, X3 generated independently from N(0,1). U is
generated from N (0, 1) as an unmeasured covariate to affect R and A for MNAR scenario.
We generate R, A,Y from Figure 4.1 by the following three models, respectively:

e the missingness model: logit{ P(R =1|X,U)} = 0.1+0.3X; +0.7X5+1.2X3+0.8U;
e PS model: logit{P(A=1|X,U)} =0.5+0.6X; +1.2X, + 0.8U;
e the outcome model: E(Y =1|A, X) =03+ A+ 0.6X; + 1.2X;.

The missing rate is increased to around 51.7% in this case, and the true ACE is 1. Even
though we include U into the missingness and PS models under MNAR scenarios, we do
not really observe U in the real-world data, and we do not need to select U into the joint
model to consistently estimate ACE based on Equation (4.2). We try four different models
in Tables 4.1 to compare the performance with our proposed IPW-Joint vs traditional
[PW-IPW estimators.

Here, A is defined as the general expression for A; = RA or Ay = R(1 — A). We
next explain the rationale behind those four different models. The first confounder model
only includes the main confounder. Then, we add exposure-related covariates and outcome-
related covariates into the joint model step by step to compare their effect on the estimated
ACE. In this simulation study, we do not consider any interaction or higher-order terms
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Table 4.1: Four different joint models in the simulation studies for the low-dimensional
setting

Model Name (shortened form) Model Form
Naive model (Naive) A~ X

exposure-related model (Exp) A~ X+ Xy

outcome-related model (Out) A~X)+ X3

all covariates-included model (All) A ~ X; + Xy + X3

among covariates, but the main idea of the model selection process will be very similar if
we aim to increase the model complexity in future studies.

To evaluate the performance of the estimated results, similar to Chapters 2-3, we present
the bias rate as the performance quantity of the interest: (7 —7)/7, where 7 = + Zjvzl 75,
and 7; is the point estimate in the j* replication, j = 1,2,..., N. The empirical standard
error (ESE), which is also called the sampling standard error, is expressed as ESE =

\/ T S (7, = 7)2. The squared root of MSE (RMSE) to combine the performance of

J=1

bias and ESE, is expressed as: RMSE = \/ﬁ z;.vzl(%j —7)%

4.5.2 Simulation Results for IPW-Joint vs IPW-IPW

In Section 4.3, we have introduced two IPW estimators to adjust for both missingness
and confounding issues. In this subsection, we provide the results to show the estimation
results for IPW-Joint and IPW-IPW in four different model specifications.

Figure 4.3 clearly shows that IPW-Joint generates a smaller variance than IPW-IPW
in all model specifications. Moreover, we also find IPW-Joint generates fewer outliers than
[PW-IPW based on Figure 4.3, which also shows IPW-Joint contains more stable results.

When we fit the model with outcome-related covariates, both IPW-IPW and IPW-Joint
approaches lead to small biases because of JIA. Even though we include all covariates in
the joint model, we find that the variance becomes larger and does not reduce bias too
much, so overall RMSE will become larger for both IPW approaches. In other words,
adding X5 as the exposure-related variable is redundant, which increases the variation but
does not reduce much bias.

In contrast, if we only fit the naive model or exposure-related models, both IPW ap-
proaches lead to a very large bias because they do not include X3 as the outcome-related
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variable. In such cases, IPW-Joint still performs better than IPW-IPW in terms of smaller
bias and variance.

In summary, we suggest fitting the joint model with the outcome-related covariates
and applying the IPW-Joint method to achieve more robust properties with smaller ESE
and RMSE compared with IPW-IPW. We will discuss more details about the role of the
outcome-related covariates in Section 4.6.

Boxplot of Simulation Studies for IPW-IPW vs IPW-Joint
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Figure 4.3: Boxplot to compare estimates from IPW-Joint vs IPW-IPW approaches under
MNAR in the low-dimensional setting.
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4.6 Outcome-adaptive LASSO for Model Selection

In the previous sections, we discussed how to estimate the causal effect using IPW, OR,
or DR with joint modelling compared with traditional IPW-IPW approaches. For the
last simulation studies described in Section 4.5, we only consider three covariates that are
related to at least one of the R, A,Y variables.

However, in real applications, there may exist a large number of candidate covariates.
Based on Figure 4.1, if p becomes very large, such as p > n in the high-dimensional setting,
including all covariates in the model will induce too much noise, which leads to overfitting
and a larger variance of 7, and the traditional likelihood approach will even fail.

Moreover, traditional model selection approaches, such as AIC or BIC, and c-statistics
cannot work well in a high-dimensional setting. That motivates us to propose outcome-
adaptive LASSO to properly select key covariates into the joint model under MNAR sce-
nario.

4.6.1 Outcome-related Covariates

In this subsection, we aim to clearly understand the key covariates that can largely affect
our joint model. Even though six covariates are used to generate the dataset in Figure 4.1,
we actually do not need to include all six variables for either IPW or OR-Joint method.
The main reason is due to JIA, which actually just requires us to take conditions on the
necessary outcome-related covariates for the conditional independence between RA and
Yt

To explain why other covariates are not needed to add into the joint model, we find that
RA or R(1 — A) is a function of (X1, X, X3, Xy, X5, X¢,U), but Y° or Y! is only related
with (X7, X, X3, X4). Therefore, as long as we take the condition on those outcome-related
covariates, RA will be conditionally independent of Y!. We can also visualize the simplified
causal diagram after we utilize the joint indicator from Figure 4.4, so we can also know
that only (X7, Xo, X3, Xy) should be controlled for in the back-door path between RA and
Y.

In summary, only (X7, Xo, X3, X,) are considered as the “sufficient covariates set” and
we should include them in the joint model. In this case, we do not need to select the
baseline or the exposure, but we can fit the joint model with them. We rewrite JIA to only
include the outcome-related covariates as:

RALYYX,,, and R(1 — A) LY X,,, (4.5)
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where we define X, = (X1, X5, X3, X) as the subset which only includes outcome-related
covariates without exposure-related covariates, the unmeasured covariate, and other re-
dundant covariates.

As long as the joint model includes X, and the joint model is correct, IPW-Joint
estimator is consistent and has asymptotic normality. We have similar findings for OR-
Joint and DR-Joint, which only need to include the outcome-related covariates for the
consistency and asymptotic normality, shown in Section C.2.2 of Appendix.

Certainly, using the original JIA, we can still fit the joint model with all covariates in
a naive way, but we have discussed that selecting the key covariates into the joint model
is very important to reduce the variation, so we will discuss how to select X, when we do
not know the true causal diagram under MNAR and even high-dimensional setting in the
next section.

Exposure-related X5, X | | Outcome-related X3, X, X3, X,

| Exposure-related Xs, X¢ {

as Joint

W Joint A » Outcome Y

‘.
ot

e
| Missing R FMNAR{ Exposure A

Figure 4.4: Simplified causal diagram with the joint indicator for MNAR, scenario. Here,
A = RA or R(1 — A) is the general form of the joint indicator. The red line is the main
goal.

4.6.2 Algorithm for Outcome-Adaptive LASSO Using Weighted
Absolute Mean Difference

We have discussed why we need to select outcome-related covariates in the joint model in
the last section. However, we do not know the true causal diagram in application studies,
so we do not really know which covariates should be treated as outcome-related covariates
in the joint model. Moreover, if we only select the joint model using AIC or traditional
LASSO, it is very likely for us to include all six covariates into the joint model, because
RA is a function of (Xi, Xy, X3, X4, X5, X, U) based on Figure 4.4.

That motivates us to propose a new algorithm using outcome-adaptive LASSO (OAL-
WAMD) to incorporate the necessary outcome-relevant information into the joint model
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selection process (Shortreed and Ertefaie, 2017). The algorithm of OAL-WAMD can be
written as:

1. Obtain 3 as a naive estimate from the full outcome model given observed data with
all covariates: E[Y;| X, A;, Ri = 1; 8] = naA + X3, where 14 is the coefficient for
the exposure.

2. Apply OAL with the naive estimates ,é for two joint models to select outcome-related

covariates:
(%OAL_WAMD) — arggmin Z(A11|XZ, (51) —|— )\1 Z |Bj|_1|51j| s
- o - (4.6)
5(()OAL_WAMD) = arg(smin Z(A01|Xz; 50) + )\0 Z |Bj|_1|60j| s
0 L Jj=1 i

where [(Ay] X5 81) = D0 {—Au(X]T81) + log[1 +exp(X]8;)]} is the log-likelihood
function for the joint model with p unknown parameters &; described in Section
4.4.2. Here, (A1, \g) are tuning parameters for the exposure and non-exposure groups,
respectively.

3. Find the proper value of (A1, Ag) separately by minimizing weighted absolute mean
difference (WAMD) between the observed exposure and non-exposure groups, written

as:
n WQPW_JOint)X M (IPW- Jomt)Xi‘
WAMD(A;) = Z ’BJ' ! ZF:L = (IPW-Joint) Zz " (IPW-Joint) ot
Zi:l le‘ Zz 1 M (4 7)
n W(;Pw-Joint) X M (IPW-Joint) X, ’
WAMD(\) = Z 1817 Zl::z - (IPW-Joint) Zl . (IPW-Joint) it
Zi:l Wi Zz 1 M
where Wl(iIPW—Joint) _ ﬁ7 WéiIPW—Joint) _ ﬁ, MSPW_JOint) _ 171}:3;15)7 and
Mé;PW_JOint) _ 1—_1};82%), respectively. Here, 1 (X; 8), 7o (X5; 8) are estimated from

the joint model for observed exposure group and non-exposure group in the second
step, respectively. After we find (A, \g) with the smallest values of WAMD, we
can select the corresponding covariates set X(,) and X, for the exposure and
non-exposure groups, respectively.
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4. Fit two joint models using X, and Xy, selected from OAL-WAMD so that we
can obtain the joint probabilities 71 (X (x,); d*)) and 7o (X (20); 6*0)), following the
algorithm of the joint model in Section 4.4.2.

5. Estimate 7 based on IPW-Joint method after OAL-WAMD selection:

n (IPW-Joint) n (IPW-Joint)
(IPW-Joint) __ Ei:1 Wy, Y; . Zi:l Woi Y;
- n (IPW-Joint) n (IPW-Joint)
Zi:l Wy, Zi:l W

7”;

: (4.8)

IPW-Joint . IPW-Joint . o
where WIPW-omt) — ___Au___ (51' oint) Doi refers to the joint indicators

divided by the joint weights after OAL-WAMD selection for the observed exposure and

non-exposure groups, respectively.

We can interpret the rationale behind each step for OAL-WAMD. In the first step, we
need to obtain the basic outcome-related information for all coefficients, and we do not need
to include 74 as the naive weights into the second step. If p < n, we will simply apply the
least squares estimation (LSE). However, if p > n, LSE will not have a unique solution in
the high-dimensional settings, so we will employ the elastic net to obtain the naive weights
from the outcome model and apply OAL-WAMD shown in Equation (4.6). Following
the suggestions from Zou and Zhang (2009), we have also tried two ways to address the
sparsity issue when some estimated coefficients are shrunk to zero using the elastic net in
the outcome model, including either (1) defining [—3]_1 — oo or (2) (B;+ L)~1. The estimates
are similar for the two approaches and selection performance from the simulation studies
(the results are omitted). Therefore, we will simply use the elastic net to fit the outcome
model in the high-dimensional setting and let B;l = oo when some estimated coefficients
are zero in the outcome model. Then, OAL-WAMD will still have the oracle properties,
including the consistency in selection and asymptotic normality (Zou, 2006; Zou and Zhang,
2009; Shortreed and Ertefaie, 2017).

In the second step, we will directly apply OAL technique on two joint models with
| 5j|_1 as the naive weights from the outcome model. We choose 100 candidate values of
(A1, Ao) as the default number from “glmnet” package in R (Friedman et al, 2010). Ideally,
we aim to choose a proper value of (A1, \g) such that we can select the key outcome-related
covariates set X,, and remove other redundant covariates.

In the third step, we evaluate which values of (A1, Ag) can achieve the smallest WAMD,
which is a selection criterion for the tuning parameter developed under this MNAR scenario.
We have proved the balancing property of the joint probabilities in Section C.2 of Appendix,
which means the joint indicators are conditionally independent of the covariates given the
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joint probabilities, i.e. RALX|m(X) and R(1 — A) L X |mo(X). The balancing property
supports the idea of WAMD to measure the distance of covariates between the observed
exposure versus the non-exposure group after applying the joint weights. In contrast, using
the traditional MSE with the cross-validation technique to select (A1, Ag) will enlarge the
predictive ability of the joint models, but we aim to achieve balancing properties among
those covariates instead of larger predictive ability in this case.

In the last two steps, after choosing the proper value for (Ai, Ag), we can fit the joint
models with the selected covariates set following the previous algorithm described in Section
4.4.2. Finally, IPW-Joint estimators are constructed with selected covariates set after OAL-
WAMD selection process. If the outcome and joint models are correct, IPW-Joint after
OAL-WAMD selection process will contain consistency and asymptotic normality. Notice
that the algorithm of OAL-WAMD focuses on how to pick up the major covariates related
to the outcome, so we still require the outcome and joint models to be correct. This is a
common limitation of OAL, instead of a unique drawback of the proposed OAL-WAMD
algorithm under MNAR scenario.

The major advantages of OAL-WAMD are that we incorporate the outcome-relevant
information into the objective function to select the joint model, so the covariates related
to the outcome and joint indicators are expected to be properly selected in both low and
high-dimensional settings. In addition, we will also select the regularization term (A1, Ag)
to achieve the smallest WAMD between the observed exposure vs non-exposure group, as
we expected. In contrast, the traditional LASSO based on cross-validation with the mean
squared error (MSE) will simply enlarge the predictive ability of the joint model, so we may
include more redundant variables and enlarge the variation of the estimated causal effect.
Finally, the application of OAL-WAMD can be easily conducted with short computation
time using the “glmnet” package in R (Friedman et al, 2010).

4.7 Simulation Studies for Model Selection using OAL

In this section, we conduct simulation studies to compare the performance of different
model selection algorithms with distinct model specifications. We also investigate which
covariates should be included in the joint models to achieve the smallest bias and variance
of the estimated causal effect.
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4.7.1 Simulation Setup

In the simulation studies, the number of replications is N = 1000, and the sample size
is fixed as n = 500 in each data generation. Based on Figure 4.1, X are generated from
MVN(0,I), where I is the identity matrix. U is generated from N (0, 1) as an unmeasured
covariate to affect R and A for MNAR scenario.

For the value of p, we consider three different situations, including p = 50 as the
low-dimensional case, p = 200 as the medium-dimensional case, and p = 600 as the high-
dimensional case. However, notice that only the first six covariates are used to generate
(R, A,Y) from Figure 4.1 by the following three models, respectively:

e the missingness model: logit{ P(R = 1|X,U)} = 1.2+ 0.6X; +0.6Xs + X3+ X4+ U;
o PS model: logit{ P(A = 1|X,U)} = 0.3 + 0.6X; + 0.6Xs + X5 + X¢ + U;

e the outcome model: E(Y = 1|4, X) = A+ 0.6X; +0.6Xs + X3 + Xy;

The missing rate is about 33.0% in this scenario and the true 7 = 1. As we discussed
before in Section 4.6, we only need to select outcome-related covariates into the model
based on JIA.

Similarly, we still consider four different models in Tables 4.2. These models can be
used to compare the performance with our proposed OAL-WAMD or other algorithms,
and the outcome-related model is considered as the benchmark model.

Table 4.2: Four different joint models in the simulation studies for the high-dimensional
setting

Model Name (shortened form) Model Form
Confounder model (Conf) A~ X+ Xy

exposure-related model (Exp) A~ X+ Xo+ X5+ X

outcome-related model (Out) A~Xi+ X+ X+ Xy

all covariates-included model (All) A ~ X; + Xy + X3+ X4+ X5 + X¢

We have discussed that there are only four outcome-related covariates considered as
“sufficient covariates set” in Section 4.6, so the other p — 4 covariates are considered as
“False” in the 2 x 2 confusion matrix for model selection results. We will mainly discuss two
performance metrics for the model selection, including the true positive rate (TPR or the
power): (number of covariates correctly selected among X; — X4)/4, and false positive rate
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(FPR or the type I error): (number of covariates wrongly selected among X5 — X)) /(p—4).
Ideally, we hope that the proposed approaches can select all outcome-related covariates and
remove other covariates as redundant noise from the joint model. In other words, we hope
the values of TPR to be close to 1 and FPR to be close to 0. However, there is a trade-off
between TPR and FPR, so even though we may include some redundant covariates in the
joint model, we aim to mainly focus on whether TPR is close to 1 because outcome-related
covariates have to be selected in order to consistently estimate 7.

4.7.2 Other LASSO-based Algorithms for Comparison

In Section 4.6, we have discussed OAL-WAMD algorithm under MNAR scenario. Be-
sides that, there are other possible approaches, which apply LASSO or OAL to deal with
the model selection problems, and we will introduce them to compare with OAL in the
simulation study.

First, we can consider a naive way to directly select the joint model using LASSO,
called “Naive-LASSO”, which is supposed to select all related covariates X; — Xg because
it does not include any weights from the outcome model. As a consequence, the variance
of the estimated causal effect may become larger using Naive-LASSO.

Next, we can also investigate OAL using another selection criterion for (A1, Ag), such as
MSE with the default cross-validation technique, and we call it “OAL-MSE”. However, the
main purpose of selecting the joint model is to adjust for the confounding and missingness
issues, instead of enlarging the predictive ability with the smallest MSE, so using WAMD
is preferable, which can show how much difference in unbalanced covariates exists between
the two groups after applying the joint weights.

Third, we can also directly fit the outcome model and select outcome-related covari-
ates using LASSO, called the “Outcome-LASSO (OL)” method, based on the “OR-Joint”
approach introduced in Section C.2.1 of Appendix. After that, we fit the joint model with
the covariates selected from the outcome model and apply IPW-Joint approach, which has
been discussed in Section 4.4.2. In this way, we no longer need to obtain naive weights
from the full outcome model. Certainly, we can also directly utilize the outcome model
with those selected covariates from OL to estimate 7, but we mainly focus on IPW-Joint
approach in this chapter.

The major advantage of OL is that it can easily handle high-dimensional scenarios.
However, OL may select more variables than OAL-WAMD because OL will select all vari-
ables related to the outcome without considering the relationship with the joint indicator
RA or R(1—A). For example, some variables may only relate to the outcome without any
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strong relationship with the joint indicator, but OL will still include all redundant “noise”
into the joint model, which may increase FPR and also lead to a larger variation of the
estimated causal effect than OAL-WAMD.

4.7.3 Simulation Results for Model Selection

The main results for the estimated causal effect are included in Table 4.3. Figure C.4, C.5,
and Figure C.6 are provided to visualize the estimated results from low to high-dimensional
settings in Section C.3 of Appendix.

From Table 4.3, we first compare the last four specified models described in Table 4.2
to show which model is the best as the benchmark model to achieve the smallest bias and
ESE. For example, if we focus on the low-dimensional case, only adding confounders into
the joint models leads to more than 24% bias and large RMSE, which means the results
are not consistent with the true 7. Even though we include exposure-related covariates
in the joint model, it shows the bias rates remain around 10% and ESE becomes larger,
which means adding exposure-related covariates induces more variation but still becomes
far away from the true 7.

In comparison, we find that adding outcome-related covariates into the joint model
can achieve the smallest bias, ESE, and RMSE, which is consistent with the discussion
in Section 4.6.1. Moreover, even though we add all X; — Xg into the joint model, both
bias rates and ESE become larger than the outcome-related model. In other words, adding
those exposure-related covariates is redundant for the joint model, and we should remove
them from the selection process, which also supports the idea of OAL-WAMD algorithm we
have proposed in Section 4.6. In addition, Figures C.4 to C.6 also show that the outcome-
related model leads to smaller variation and is closer to the true 7 compared with others
in different dimensional settings. Moreover, from low to high-dimensional settings, the
dimensional difference has very little effect on the estimated results using those specified
models because other p — 6 covariates are considered as “noise”, which will not affect the
data generation.

Now, we know that the outcome-related model is our benchmark model as the best
choice, but in reality, we do not know which covariates are strongly related to the outcome
when we do not know the true causal diagram or have limited background knowledge.
Therefore, we compare four different model selection approaches, and we aim to know
which model selection approach can lead to smaller bias and ESE, closer to the results
using the outcome-related model.

7



From Table 4.3, we find that Naive-LASSO always leads to higher bias and larger ESE
than others, but OAL-WAMD and OL can result in smaller bias and ESE. For example, if
we look at the low-dimensional case, Naive-LASSO generates around 9% bias with higher
ESE, because it does not include any weight from the outcome model. In other words,
since Naive-LASSO only directly applies LASSO to select covariates related to the joint
indicator RA or R(1 — A), those exposure-related covariates may be included as noise to
enlarge the bias and variation. In comparison, OAL-MSE will utilize MSE as a criterion and
cross-validation to select outcome-related variables, so the bias and ESE become smaller,
but its ESE does not reduce too much. One of the reasons may be that we aim to balance
the observed confounding effects between the exposure and non-exposure groups instead
of using MSE to improve the predictive ability in the validation sets. That motivates us
to think about WAMD as an alternative criterion for selecting joint models.

In addition, we find that OAL-WAMD can lead to a smaller bias and ESE compared
with OAL-MSE in the low-dimensional setting based on Table 4.3. Especially, when we
move to the medium-dimensional case, ESE becomes much smaller using WAMD than
MSE. However, when we consider a high-dimensional case, OAL-MSE and OAL-WAMD
have a larger bias, and their difference is small because we have changed to the elastic
net to estimate weights from the outcome model instead of using LSE. In such a case,

the elastic net will lead to biased weights in the outcome model, which may cause slightly
higher bias rates for OAL-MSE and OAL-WAMD.

In contrast, we find that OL still contains the lowest bias rate regardless of the low
or high-dimensional setting because OL directly applies LASSO in the outcome model to
select key variables. In other words, OL does not utilize any weights to adjust the selection
process like OAL-WAMD or OAL-MSE. Even though the bias rates remain small using
OL, its ESE and RMSE are much higher than OAL-WAMD in all the different dimension
settings that we have considered, which can be viewed as the trade-off between bias and
ESE using OL method.

In addition, we also find that the estimated results using OAL-WAMD and OL lead to
a smaller bias than the benchmark model. OAL-WAMD and OL will select more covariates
with additional information, which may help us reduce the bias rates. Also, the variance
of the estimated causal effect using LASSO-based approaches is slightly larger than the
benchmark model to represent the additional variation of the model selection process.

In summary, OAL-WAMD outperforms OAL-MSE and Naive-LASSO in terms of smaller
bias and ESE. Even though OL leads to the smallest bias rates, its ESE and RMSE are
larger than OAL-WAMD because OL does not utilize any weight related to the outcome
in the model selection process.
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Table 4.3: Performance of IPW estimators under MNAR in different dimensions with
n = 500

Bias Bias Rate (%) ESE RMSE

p =50
Naive-LASSO 0.091 9.124 0.265 0.281
OAL-MSE 0.041 4.103 0.250 0.254
OAL-WAMD  0.028 2.786 0.191 0.193
OL 0.005 0.491 0.200  0.200
“Conf — -0.241  -24.130  0.198 0.312
Exp -0.103 -10.325 0.229 0.251
Out -0.047 -4.743 0.163 0.170
All 0.071 7.143 0.217 0.228
p =200
Naive-LASSO  0.096 9.556 0.415 0.425
OAL-MSE 0.006 0.640 0.317 0.317
OAL-WAMD  -0.006 -0.560 0.196 0.196
OL -0.012 -1.168 0.223  0.223
“Conf  -0.243  -24275  0.196 0.312
Exp -0.106 -10.624 0.228 0.252
Out -0.047 -4.707 0.159 0.166
All 0.073 7.252 0.218 0.229
p = 600
Naive-LASSO  0.106 10.557 0.549  0.559
OAL-MSE -0.049 -4.938 0.175  0.182
OAL-WAMD  -0.066 -6.602 0.172  0.184
OL -0.016 -1.630 0.245 0.246
“Conf ~ -0238  -23.780  0.191 0.305
Exp -0.102 -10.213 0.229 0.251
Out -0.044 -4.432 0.161 0.167
All 0.072 7.163 0.225 0.236

4.7.4 Evaluation of Selected Covariates
In addition to the point estimation, we also provide the evaluation of the model performance

for different approaches. From Table 4.4, we find that Naive-LASSO has very small TPR
and large FPR in all dimensional settings, so Naive-LASSO cannot properly select those
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outcome-related covariates as we expected, which also reflects why Naive-LASSO will lead
to higher bias and variation in Table 4.3. In comparison, OAL-MSE and OAL-WAMD
contain higher TPR and lower FPR after we apply naive weights from the outcome model,
which is not surprising. However, TPR using OAL-MSE drops down to 90% when we have
a high-dimensional setting.

As we discussed before, MSE is not a proper criterion in this case because MSE does not
measure the balancing properties between the observed exposure and non-exposure groups.
In contrast, OAL-WAMD can generate higher TPR than MSE, which also supports that
bias rates and ESE using OAL-WAMD are usually smaller than OAL-MSE. Moreover, we
also observe that the smallest value of WAMD is close to 0 using OAL-WAMD method,
which means that the two groups achieve balancing after applying the joint weights.

Since OL directly selects variables in the outcome model, we find that OL generates
TPR very close to 1 from Table 4.4. In other words, OL can always select the key variables
related to the outcome, which explains why OL can result in a very small bias regardless
of the low or high dimension in Table 4.3. However, its FPR is also higher than OAL-MSE
or OAL-WAMD, which can be viewed as a trade-off between TPR and FPR. In other
words, OL will select more redundant variables than OAL-WAMD, because OL selects
all variables related to the outcome without incorporating the information from the joint
indicator RA or R(1 — A), as we described before in Section 4.7.2.

Table 4.4: Evaluation of different LASSO-based methods under MNAR with n = 500

Metric Method p=>50 p=200 p=600
TPR  Naive-LASSO 0.839 0.770 0.716
TPR OAL-MSE 0.959 0.913 0.908
TPR OAL-WAMD  0.983 0.949 0.965

FPR  Naive-LASSO 0.259 0.096 0.042
FPR OAL-MSE 0.243 0.073 0.002
FPR OAL-WAMD  0.283 0.077 0.007
FPR OL 0.231 0.099 0.047

In conclusion, we recommend researchers select outcome-related covariates using OAL-
WAMD and apply IPW-Joint to deal with this MNAR problem because of smaller RMSE,
higher TPR and lower FPR. Neither Naive-LASSO nor OAL-MSE is suggested because
of higher bias, larger ESE, and lower TPR. If researchers are more interested in selecting
the outcome model and they know the outcome model is correct, we can also consider OL
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approach, which will generate smaller bias rates and higher TPR, but its ESE and FPR are
also larger. Since OL is simpler to apply, it can also be viewed as an alternative sensitivity
analysis to compare with other approaches in application studies.

4.8 Discussion

When the exposure is MNAR, there is very little literature that discusses how to estimate
the causal effect after adjusting for the confounding and missingness issues. Meanwhile,
properly selecting outcome-related covariates into the model is also important to achieve
smaller bias and variance, especially in the high-dimensional setting or when we do not
know the true causal diagram in application studies.

In this chapter, we propose IPW-Joint method to address both confounding and miss-
ingness problems when the exposure is MNAR. Compared with the traditional IPW-IPW,
IPW-Joint is more robust and has a smaller variance of estimated causal effect compared
with IPW-IPW in the finite samples shown from the simulation studies. We also propose
DR-Joint to protect against the misspecification of the joint or outcome model.

Besides that, we also propose the outcome-adaptive LASSO based on weighted absolute
mean difference to select key covariates related to the outcome in the high-dimensional
setting. Compared with Naive-LASSO and OAL-MSE, OAL-WAMD shows smaller bias
and variance because OAL-WAMD can minimize the balancing difference between the
observed exposure vs non-exposure groups. OL is an alternative approach to selecting the
outcome-related variables, but it may lead to a larger variance with higher FPR.

Once again, in this chapter, we mainly investigate the continuous outcome, but the
main approach and framework will not have a large difference if we need to consider a
different type of outcome, such as a binary or count outcome. In such cases, we only need
to change the model form for the outcome model and corresponding causal estimands, such
as causal odds ratio or causal risk ratio, depending on the research interests. In addition, we
can also consider the matching or stratification methods using joint probabilities based on
the balancing property. Moreover, although we mainly investigate the problem of MNAR
on exposure in this chapter, the idea of joint modelling can also be extended into the
missing outcome problem, in which we need to modify MNAR assumption and reconstruct
IPW-Joint estimators depending on research questions.
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Chapter 5

Discussion and Future Work

5.1 Overview

Identifying the causes of disease using the PS-based approach is very popular in epidemi-
ological and biomedical studies. However, little literature discusses the problem when the
exposure is missing and confounding issues exist. The major innovation of this thesis lies
in two aspects: developing robust estimation and investigating model selection problems

when the exposure is MAR or MNAR.

In Chapter 2, IPW-WEE method is proposed to reduce the bias and variability due to
the joint effect of extreme weights on the estimated causal effect in finite samples. Addi-
tionally, TR-WEE estimator is developed to further protect against the misspecification
of the missingness or the imputation model, which only requires “two out of three groups
of models to be correct”. Compared with the previous two-layer double robust estimators
(Williamson et al, 2012; Zhang et al, 2016), TR-WEE is more robust and also resistant
to the extreme weights in the simulation studies. Based on the bootstrap approach, we
obtain a valid inference result for IPW-WEE or TR-WEE.

In Chapter 3, in addition to the construction of robust estimation, we also investigate
the model selection problem on both imputation and PS models when the exposure is
MAR, and we also discuss the appropriate criterion for model evaluation in practice. Our
findings show that even though the true missingness model does not include the outcome
in the simulation setup, the outcome and outcome-related variables play a key role in
imputation and PS model selection in terms of improving the accuracy of imputed exposure
and reducing the variation of the estimated causal effect. Besides that, the “rank score” is
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also proposed as a rank-based and unit-free criterion to combine the performance of both
imputation and PS models without the requirement of drawing a correct DAG.

In Chapter 4, we propose IPW-Joint approach to deal with MNAR and confounding
issues as an extension of MAR problem in Chapter 2 and 3. Compared with the traditional
[PW-IPW method, IPW-Joint combines both weights from the missingness and PS models
together with a more robust property, which only requires the joint model to be correct for
consistency and asymptotic normality. IPW-Joint also leads to a smaller variance compared
with the traditional [IPW-IPW method based on the simulation studies in finite samples.
Since we may not know the true causal diagram in the application, we also propose OAL-
WAMD and OL as the model selection algorithms to select those outcome-related variables
in both low and high-dimensional settings, which show smaller bias and variance compared
with Naive-LASSO and OAL-MSE. Especially, OAL-WAMD utilizes the weighted absolute
mean difference to select the proper regularization term, which measures the distance of the
covariates between the observed exposure and non-exposure groups, based on the balancing
property of the joint probabilities.

5.2 Future Work

In this section, we outline several topics for future research. In Chapter 2, when both
missingness and imputation models are wrong, we require both PS and outcome models
to be correct. Otherwise, applying the Bayesian approach cannot correctly estimate the
probability from the imputation model. However, researchers do not always know which
model is correctly specified if the background information is limited in application studies.
In such cases, we suggest researchers conduct a sensitivity analysis to compare the results
using the Bayesian approach versus the results using the imputation model. If their dif-
ference is very large, we will know that at least one of the imputation, PS, or outcome
models might be wrong. In addition, the simulation studies show that the inference results
for IPW-WEE or TR-WEE using bootstrap are more stable and robust than the IPW-DR
or TR-AIPW. However, some extreme weights may still affect the estimated results on the
finite samples. In such a case, we would recommend using the bootstrap percentile or Bias
Corrected and Accelerated (BCa) bootstrap confidence interval approach (Efron, 1981).

As we discussed in Section 2.7 of Chapter 2, SITA and MAR assumptions cannot be
tested due to the missing values. However, we can make a sensitivity analysis for SITA to
check how much difference it will make if we have some unmeasured confounders based on
E-values (Ding and VanderWeele, 2016). If we want to assess the goodness of fit for various
models, we can apply the likelihood ratio test or Hosmer-Lemeshow Test (Hosmer et al,
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1997). We can evaluate the model’s discrimination using the area under the ROC curve,
as well as evaluating the model’s calibration, for example, using the Integrated Calibration
Index (Austin and Steyerberg, 2019). In addition, we can also try a binned residual plot
to assess the heteroskedasticity or a link test to check the model specification in future
studies (Pregibon, 1980).

In Chapter 3, one of the limitations of the rank score is that it requires ranking both
Accuracy™ and BIC among candidate models, which may be affected by the pool of
candidate models. If the number of covariates in the dataset is small, we recommend fitting
all possible combinations of models. However, averaging all candidate models becomes
time-consuming when the number of candidate models is very large. To address this
issue, one can perform variable selection sequentially, i.e., use the accuracy to select the
imputation model, and then use BIC to select the PS model. However, such a sequential
strategy is not always ideal because the selection of PS model is only conditioned on the
selected imputation model from the first step, which may not lead to the overall best
models with the smallest RMSE. On the other hand, the rank score is similar to the “best
subset” strategy because both accuracy and BIC contribute equally to the rank score,
ensuring a balance between the rankings of imputation and PS models. When we apply
the rank score to select different candidate models, instead of assigning equal weights to
the accuracy and BIC, we can consider assigning more weights to either accuracy or BIC,
such as using cross-validation to determine the proper weights, which may lead to better
selection results with a smaller RMSE of the estimated causal effect.

In Chapter 4, we mainly consider the logistic regression model to fit the joint model,
which may lead to slight bias because the logistic model may not always be close enough
to the true model in some cases. In such cases, we can also try a trinomial regression
model if we classify the individuals into three different groups, including the observed
treatment group, the observed control group, and the missing data group, depending on
the values of RA and R(1 — A). However, the trinomial model can be fitted only with the
same set of covariates, instead of two joint models, which can be fitted with a different
set of covariates depending on the relationship with the potential outcomes. We can also
consider some machine learning approaches to allow more flexibility and accuracy for the
joint model.

Moreover, when we select the outcome-related covariates for the model, we need to
assume both the full outcome and joint models are correctly specified using OAL-WAMD
for consistency and asymptotic normality, which may be restrictive in application studies.
Alternatively, using OL method will simplify the selection process if the outcome model
is correct, but the variance of the estimated causal effect and its FPR will become larger.
We also simply assume there are no interaction terms between the exposure and other
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covariates, but we may need to consider the heterogeneity problem in future studies. Ad-
ditionally, OL or OAL-WAMD may fail when there are collinearity issues among covariates,
so in such a case, we may need to consider adding L, penalty into the objective function
for the joint model, named as “outcome-adaptive elastic net” (Zou and Zhang, 2009).

Besides that, further research can expand TR estimators and model selection algorithms
into multiple areas, such as MAR or MNAR, on both the exposure of interest and covariates
in observational studies. We can also investigate matching or stratification methods to
deal with MNAR problem using joint probabilities based on the balancing property in
future studies. In addition, it may be interesting for researchers to incorporate TR or joint
modelling methods into other complex settings, such as longitudinal, survival, or functional
data, in future studies. Finally, we mainly focus on binary exposure in this thesis, but we
may also investigate the potential approaches in the scenario of continuous exposure, such
as the doses of new drugs or PM 2.5 as the measure of air pollution under either MAR or
MNAR in observational studies.
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Appendix A

Appendix to Chapter 2

A.1 Asymptotic Properties of &F¥) and B(EE) in Chap-
ter 2

In this section, we prove properties of aPP) as an example. Notice that estimating both
A and BEFE) are not our main interest because they are just used as plugged-in values
for IPW or TR estimators. Our main interest is to estimate the causal effect of the exposure

on the outcome, defined as 7 = ZLU=")
70/(1—70)

A.1.1 Robust Estimator for PS Model

To adjust for missingness, &®®) is constructed by the missingness and PS models, which
can be written as:

whete Uj(4, X i) = AX{t Sl

function for PS model and m4(X;,Y;) = E[U;(A;, Xi; )| X, Y 8] is the conditional ex-
pectation taken w.r.t (A|X,Y’). Here, we define the indicator R; = I(A; is observed).

is (p + 1) x 1 vector of the original score

To prove the property of &™), let us discuss the situation in three cases. First, if both
the missingness and PS models are correct (v*, a* will be true values), but the imputation
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model is wrong (gwill be wrong value), we have F(R;| X,Y) = P(R; = 1| X,Y) = Pg,(v*).
Then, under the value of (v*, a*,d), Equation (A.1) will be simplified as:

E[S(« {ZE[

1
E(R|X,Y) x E[U(A;, Xi;0%)| X, Y] = 0
;PRi('Y*) (Bi| X, Y) x EUi( )X, Y]

=F {E
(A.2)

The first equality is due to the double conditional expectation on both (X,Y;). The second
and third equalities are due to the MAR assumption and the correct missingness model.
The fourth equality is applying double expectation conditioning again. The final equality
is due to the correct PS model with the zero expectation of score function, so we will have
E  Ui(Ai, Xi; )] = 0. Therefore, based on the properties of estimating equations
under the regularity condition (Robins et al, 1995; Tsiatis, 2007), we know that &% 2 o*
and its asymptotically normality holds as n — oo.

(AZ,XZ,a )|X Y ZE(RJX’Y)A_ PRz(’?)mA(X“}/“g)
Pr, (%)

=F

ZUi(AhXi;a*)’XaY

i=1

=0.

=1

Next, if the missingness model is wrong (7 will be the wrong value), but the imputation
model and PS model are correct (a*,0* will be true values), we know E(R;|X,Y) #
Pr.(v*), but E[U(A|X;,a®)|X,Y] = ma(X;,Y;;0%). Following the similar technique,
under the values of (a*,d*,7), the equation will be rewritten as:

E[S(a®E)]
_ gl [RUiAn Xisa®)  Rima(X, Yi; 6%) " A (X, Vi 67
_E{; |: PRz(:/) PRZ('A)?) :|}+E ; A(Xu}/z,(s )

:E{ZE{W[Ui(Ai,Xi;a ) —ma(X;,Y;6 )]‘X,Y}}—FE ZE (A, X a")| X, Y56%)]

=B {i PULIX.Y) {EUi(Ai, Xi5a7)| X, Y] — E[Ui(AiaXi;a*ﬂX,Y;(S*]}}

+FE z": Ui(A;, X5 )

i=1

=0,

(A.3)
where the first equality is due to rearranging the equation into two parts. The second
equality is because we take double expectation on the first part, conditioning on (X,Y;),
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and we plug in the form of ma(X;,Y;;6*). The third equality is due to MAR assump-
tion. For the last equality, when PS and imputation models are correct, we will have
0. Since we have proved E[S(a'®®))] = 0, based on the properties of estimating equations,

(EE) P

under the common regularity condition (Robins et al, 1995; Tsiatis, 2007), & — a*

and its asymptotic normality holds as n — oo.

We continue the proof in this subsection. In the third case, when missing models and
imputation models are wrong, but PS and outcome models are correct, to consistently
estimate P(A = 1|X,Y), we can choose an alternative way to transform A|X,Y into A| X
and YA, X via Bayes’ rule:

PY=yA=1,X) PY=yA=1X)P(A=1X)

PA=1IX,Y =y) = =i == = P =g . (A4)

Here, Equation (A.4) clearly connects PS, imputation, and outcome models together.
If PS and outcome models are correct, but the imputation and missingness models are
wrong, we can consistently estimate P(A = 1|X,Y). Then, we transform the third case
back to the previously solved second case.

In conclusion, for &®¥) if PS model is correct, and we can correctly specify either the
missingness or the imputation, or the outcome model is correct, we know &®®) 2 a* and
its asymptotic normality holds as n — 0o, based on the properties of estimating equations.

A.1.2 Robust Estimator for Outcome Model

Similarly, we can construct the estimator B(EE) based on the missingness model and the
outcome model, written as:

o RiVi(Yi A; Xz/B) R; — PR'('?) A
s(pemy = > (BB BB v f -0 s
207 Pt Pr (%) (8.5)
where V;(Y;, A;, X 8) = YiXi75;1/;)();;?4&?;?‘){&5“) is the (p + 2) x 1 vector of the origi-

nal score function from the outcome model. my (X;,Y;) = l:?[VZ-(Yi,AZ-,XZ-;B)\X,Y;g] is
conditional expectation taken w.r.t A|X,Y after we plug in J.

Following similar steps from Equation (A.2-A.4), we can easily prove that if the outcome
model requires to be correct and either the missingness, PS or the imputation model is
also correct, we know B(EE) 2y B*, and its asymptotic normality holds as n — co. Again,
estimating the coefficients of the outcome model is just used as plugged-in values, which
is not our main interest.
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A.2 Proof for IPW Methods in Chapter 2

Our main goal is to estimate the true causal effect 7 after adjusting for both missing and
confounding issues. This section discusses the newly developed IPW-WEE estimator and
reviews the two types of IPW estimators from Zhang et al (2016).

A.2.1 Asymptotic Properties of IPW-WEE Estimator

Both IPW estimators may be affected by extreme weights in finite samples. In comparison,
IPW-WEE is developed to be more resistant to extreme weights in finite samples. In this
subsection, we want to prove the asymptotic properties of IPW-WEE and clarify the
connection with IPW-DR estimator.

In Section 2.3.3 of the thesis, we have described the two steps to obtain IPW-WEE
estimator. First, we revise Equation (A.5), and denote the new estimate of outcome

A(IPW-WEE
G

coefficients as , solving the equation for the exposure group:

S(BPVER), ZPR {%[Y E(Yi|A; = 1,Xi;ﬁ1)]}=o, (A.6)

where the subscript “1”7 refers to the exposure group and “0” refers to the non-exposure
group. Here, X is required to contain p covariates and one intercept. F(Y;|A; =1, X;;61) =
expit(X!3;) is the outcome model, which contains unknown 3 to be solved.

Second, we estimate 71 by a IPW estimator using WEE, denoted as 7 IPW WEE),

HIPW-WEE) P [Y;]Ai — 1, X;; BgIPW-WEE)] 7 (A7)

Similarly, for the non-exposure group, we simply rewrite the equations as:

n

(IPW-WEE)\ R; 1— 4 — } =
S = 30 %o g Y~ B0 =0 Xl =0

~(IPW-WEE) _ l - R; [Y Ai=0X (IPW-WEE)
Ty n Z P (ﬁ/) ‘ 17/80 .

(A.8)
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In the next part, we want to prove B%IPW_WEE) N B7 and its asymptotic normality

holds as n — oo. When the missingness and outcome models are correct, under the true
value of (a*,37), we take the expectation on the estimating equations:

E[S( gIPW-WEE) )
- ZE{E{PRZ.@)X% Bt EOIA = 180 |X’Y}}

E {Xi [PA%[Y; — E(Yi|A; = 17Xi§/81)]:| ‘X>Y}}

A (%)
A,X}}

- ZE {PA?;*)Xi {EilA; = 1, X] = E(YVi|A; = 1>Xi;/81)]}} =0,

XY

?

_ zn:E{ Ai X,|Y; — E(Yi|A; = 17Xi;/61)]}

a*)

- ZE {E {PAi(a*)Xi[Yi — E(Y;|A; =1, X5, 61)]

7

(A.9)
where the first equality takes double expectation condition on (X,Y;). The second and
third equalities are due to MAR assumption and the correct missingness model. The fourth
equality is due to the double expectation conditioning on (A, X). In the fifth equality, we
know that F[A;Y;|A, X] = E[A;Y'A, X]| = A E[YVHA =1, X] = AE[Y|A; =1, X] due
to the definition of Y; = A;Y;'+(1—A;)Y,? and SITA assumption. The last equality is due to
the correct outcome model, so we know E[Y;|A; = 1, X]— E(Y;|A; = 1, X;; 81) = 0. Based
on the properties of estimating equations, since E[S (,B%IPW'WEE))] = 0, under the common
regularity conditions (Robins et al, 1995; Tsiatis, 2007), we know B?PW‘WEE’ 2 Bt and
its asymptotic normality holds as n — oco. Applying the same steps, the same properties
will also hold for B{""VWEE),

A.2.2 Connection between IPW-WEE and IPW-DR Estimators

In this part, we will prove that IPW-WEE estimator can be exactly transformed into an-
other IPW-DR estimator after plugging in ﬁ%IPW'WEE), which is denoted as %fIPW'DR) (BgIPW'WEE))
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and written as:

~(IPW-DR) / 4(IPW-WEE
R I

1~ R Aj Aj — Py, (& (WLA)) A (IPW-WEE)
- Y, - VA = 1,X;
w2 P ) { prratvmy s~ vy EC SO

1 R; A,
= ﬁz_: Pr, (%) {PA (G(WLA)) Y; — E(Y;|A; =1 Xuﬁllpw WEE))}}

I R A (IPW-WEE)
- E[YiAizl,Xi; ( ]
+ - E ) \ B
i=1 i 7

1 > (IPW-WEE . (IPW-WEE
= 550(55 )) + 7'1( )

044 IPW WEE)7

(A.10)
where SO(BIIPW-WEE)) is the first equation from Equation (A.6) when X; uses an intercept.

IPW-WEE) into the IPW-DR estimator. The sec-
( ,3 (IPW- WEE)) and +UEW-WEE)
1 1 '

The first equality is to simply plug ,31

ond and third equalities is to rearrange terms as Sy Since

(IPW-WEE
X, contains an intercept and ,81 )

is the solution of Equation (A.6), we know
Sy(BIPW-WER))
1

= 0. Therefore, we know that two IPW estimators will be exactly same,

written as: 7A_l(IPW—WEE) _ 7A_l(IPW—DR) (ﬂfgIPW—WEE))'

Therefore, if the missingness model is
correct and either PS or outcome model is correct, we know %fIPW'DR)( ?PW_WEE))
achieve asymptotic consistency and normality.

Because IPW-WEE is exactly same as IPW-DR after plugging in ,BIIPW WEE) , we know
~(IPW-WEE) p

can

71 — 71 and its asymptotic normality holds as n — oo. Similarly, 7, (IPW-WEE) is
denoted as IPW-WEE estimator for 7y after replacing A; with 1 — A;. Then, we know
A(IPW WEE) ~(IPW-WEE)
+(IPW-WEE) _ /(- ) P
A(IPW WEE)/( (IPW WEE)) .
(IPW-WEE) .

The major advantage of 7 7'1 is to reduce the effect of extreme weights in finite

samples, compared with the previous IPW-DR estimator from Zhang et al (2016) because

A(IPW'WEE) absorbs the joint effect of extreme weights of the missingness and PS models.

After that, A(IPW WEE) il only involve inverse weights of missingness without weights
of PS Values. Therefore, the new IPW-WEE outperforms other IPW estimators in the

simulation study.
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A.3 Theory of TR Properties in Chapter 2

A.3.1 Consistency for TR-AIPW Estimator

In this section, we want to prove that TR estimator using AIPW method contains TR group
properties, i.e. it only requires “two out of three groups of models to be correct” to achieve
consistency. To construct TR estimators, we require more robust estimators as plugged-in
values in Equation (A.1) because now the missingness model may not always be correct.
Therefore, for all TR estimators, we will use (d(EE),B(EE)) instead of (&MWL ,B(WLA))

compared with [IPW estimators.

TR-~AIPW estimator for 7; will be the combination of two DR estimators to adjust for
both missing and confounding issues, and we denote the TR estimator using augmented
inverse probability weighting (AIPW) as %I(TR'AIPW):

) 1< R;
FTRAIPW) _ Z Qir (Y, Ay, X3 &PP, 3R

Pr, (%)
(A.11)
ZR B | Qu (i, Ay Xi3 &™), 30| X, v 6
=1
~ 3 . A;,—P
where Qua(Y;, A, X3 609, B) = oAy - AL p(v)A, = 1, X, B).

Here, (%, 5) are estimated from the missingness and the imputation models, which are de-

fined in Section 2.2 of the thesis, respectively. (&%) ﬁiEE)) are plug-in values for PS values

and fitted response for the exposure group, respectively. Both are estimated values after ad-

justing for the missingness from Equation (A.1-A.5). Notice that E[Q;1 (Y, A;, X5 &FF), B§EE)) | X, Y]
is taken w.r.t A|X,Y after substituting 4 into unknown 4.

Similarly, TR-AIPW estimator for 7y will be written as:

o) = Z PR P (37 Qiol¥is Ais X3 677, BF)

(A.12)
R; — P q N «
——Z NG " E |Qio(Y:, A, X33 652, BEP)| XY 6
~ - _A Py (&(EE)
where Qio(Y;, Ay, X3 &), B9 — iy - 1@; = gm) E(Y;|A; = 0, X;; 8.
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Now we will prove the consistency of 77 AFW)

in three different scenarios. First, if
the missingness model is correct (y* is true value), the imputation model is wrong (9 is

wrong value), and either PS or outcome model is correct (a* or 57 is true value), under

*

the value of (a* or B7,~*, ), we can simplify the expectation of Equation (A.11) as:

E[r{TRAPW) _ E{ZE[PRQH(K’A“X”O‘ or B7)|X, Y]}

R (V")

1 [R ’X Y] Pr (7*) . A e v ¥ * L8

nE{; Pr, (%) EQ:(Y;, Ai, X5 orﬁl)|X7Y,5]}
iE{E o | B |2 @A Xisector BDIX, ¥ ‘0}

i=1 i=1
:LE{E ZQ’LI YZ7AZJX’L’a or ﬂl)‘X Y }
7E ZQ’LI Y;,AZ,X“OL or Bl)]
=1
= E[Y).

(A.13)
The first equality is due to the double expectation conditioning on (X, Y;). The second and
third equalities are due to the MAR assumption and the correct missingness model. Since
Qi1 (Y, Ay, X5 a* or B7)| X, Y is a function of A| XY, it will be conditionally independent
of R; due to MAR assumption. The fourth equality holds due to the double expectation.
The final equality holds because £+ Y% | Q41(V;, A;, X33 a* or 37) is a DR estimator, which
only requires either PS or the outcome model to be correct.

In the second case, if the missingness model is wrong (7 is wrong value), but the
imputation model is correct (6* are true values) and either PS or the outcome model is
correct (a* or B is the true value). Then, under the values of (7, d*, a* or 37), we can
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rewrite Equation (A.11) as

Bl (TR- AIPW)]

)

% {Z P {Qzl }/Z’A%X'L?a or 161) [Qzl(}/;aAle'L;a* or ,3{)|X,Y,6*]}}
1

+ EE {z_; EQ:i1(Yi, Ay, Xi50™ or BI)\X,Y;&*]}

1~ [ER|X,)Y S, . g .
=23 {E T (BlQa (v A Xisa or BDIX.Y] - B[Qu (YA Xisa or BD)|X. Y67}
i=1 g

I .
~E ZQH(Yi,Ai,Xi;a or 51)]

=0+ E[Y'].

(A.14)
The first equation rearranges the equation into two parts. The second equality is due to
the double expectation condition on (X,Y;) and MAR assumption. In the third equality,
E[Qi1(Y;, A;, X3 or B7)| X, Y] is taken w.r.t A|X,Y. If the imputation model is cor-
rect, we know E[Q;1(Y;, Ai, Xy a* or B7)| X, Y|—FE Qi (Yi, A, X5 or B7)| X, Y ;6% =
0 because both are a function of A|X,Y. In addition, if either PS or outcome model is
correct, we know E 3" Qi1 (Y, A;, X3 0% or 31)] = E[Y'] due to DR property.

In the third case, when both missingness and imputation models are wrong, but both
PS and outcome models are correct, we can still consistently estimate P(A = 1|X,Y") based
on Bayes’ rule from Equation (A.4). In other words, the imputation model can be correctly
specified because §* can be consistently estimated as a function of (&, B) Then, the third
case can be transformed back to the previously solved case. Following the same proof of
Equation (A.14), under the true values of (5, 8*, a*, 37), we know E[r, (TR-AIPW) ] E[Y1].
Certainly, for 7 = E[Y°], we also prove that E[r\" ™) = E[Y9] after replace A; with

Finally, TR-AIPW estimator for 7 will also be consistent with the true value, written

as:
. (TR-ATPW ~(TR-ATPW
A(TR-AIPW) _ 7'1( )/(1 — ( )) P (A.15)
~ L(TR-AIPW) A(TR AIPW) : ’
To /(11— )

In summary, we prove TR robust properties as “tvvo out of three groups of models are
correct”, which means if we classify the missingness and imputation models as miss-
ing/imputing model group, PS model as the second group, and the outcome model as the

third group, as long as any two groups can be correctly specified, we know 7(TR-AIPW) By
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A.3.2 Connection between Two TR Estimators

(TR-WEE)

We can obtain Bl as WEE estimators by solving the following equation:

n

(TR-WEE)\ Rz X
S( 1 >_Zl PRZ(’Y) PA (a(EE)) {A D (K7X17ﬁ1>

Yy

=1

X,Y;S

E |A,D;(Y;, X;; BEEE)>

}

Qir(Yi, A, Xi5679, 3)| X Y 6

(A.16)
is the outcome model with unknown (p + 1) x 1 vector of B; when individuals are in the
exposure group. Here, (&™) 3FP)) are estimated values from Equations (A.1)-(A.5).
Here, X; includes one intercept and p covariates.

To study the connection between TR-AIPW and TR-WEE, we rewrite TR-AIPW as:
. (TR—AIPW) ( B(TR—WEE) 2 (EE) )

A; A — PA~(&(EE)) 5(TR-WEE)
E Y, — . Yi|A; =1, X
PR {PA (a®R) " Py, (&(ER) B e )

- —ZPR E{Qur (i, Ai, X3 &™), B™) X v 8

LS B { Qv A X 6, ) X, :5)
=1

n

- = = = A(TR-WEE)
E ”leR (%) Pa, (&(EE))[Y E(YilAi =1, X;; 8 N

1< R o5 )
-y E Y, - E(Y)|A4, =1,X X V-
n < Pr,(¥) {PA (d(EE))[ (i 5 ANX, ,5}

(A.17)

i

1o .
WZE{Qum,Ai,X &), ) x v 6
=1

—Zp B(Y|A; =1, X 8" ) - B(Y[A; = 1. X5 8)
R

(TR-WEE ~(TR-WEE
-S0lB )> A

044 (TR WEE)’
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where the first equality is to plug in ,@§TR'WEE), AﬁEE) into TR-AIPW and the second equal-
ity is to rearrange four terms and connect TR-AIPW with TR-WEE. Here, Sy( §TR‘WEE))
is the first equation from the set of estimating equations (A.16) when the first element of
X is an intercept. For the third and last equality, similar as IPW-WEE estimator, because
5(TR-WEE) . . . 5(TR-WEE)

1 is the solution of Equation (A.16), we know Sy(3; ) = 0 and TR-WEE

will be exactly same as TR-AIPW after plugging into B§TR'WEE).

The key difference between TR-WEE and IPW-WEE is that we replace the estimated
coefficients with B\"WEE %E[Qﬂ(n,/xi,X,.;a<EE>,5§EE))|X,Y; 8] as
the augmented term because we want to construct more robust estimators to protect
against the misspecifications of either the missingness or the imputation model.

) and keep

A.4 Asymptotic Variance and Distribution for 7 in
Chapter 2

The previous sections have discussed the point estimate for 7. However, to obtain valid
statistical inference, we also need the asymptotic variance and distribution of 7. This
section discusses how to obtain the asymptotic distribution of 7 based on the Taylor ex-
pansion, the delta method, and Slutsky’s theorem. In this section, we do not distinguish
the different methods to estimate 7 (i.e. regardless of either IPW or TR method).

In Section A.2 and A.3, we have shown that E[7;| = 7, E[7y] = 7o and they follow
asymptotically normal under some “conditions” depending on which method we use. For
example, if we apply IPW-IPW method, we require both the missingness and PS models
to be correct. If we use IPW-DR or IPW-WEE, we require the missingness model to be
correct and another correct model from either PS or the outcome model. If we utilize
TR-AIPW or TR-WEE, we require “two out of three groups of models to be correct”.

In the first step, we need to obtain the joint distribution and covariance matrix for
(71,70). Since the expectations of joint estimating equations for (71,7y) are zero, based on
the properties of estimating equations, the joint distribution of (7, 7) will approximately
follow a multivariate normal distribution (MVN), written as:

7A'1 . T1
(fo) < MVN ((m) ,z(m)) | (A.18)

where ¥ is 2 x 2 covariance matrix of (71,7y). The estimated covariance matrix Y include
the variance and covariance of (71, 7), denoted as Var(7y), Var(7y), cov(71, 79), which can
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be obtained based on the sandwich formula (Huber, 2004; Freedman, 2006) or bootstrap
approach (Davison and Hinkley, 1997).

In the second step, we want to show that log(7) = log(lf—lﬁ) - log(%) follows ap-
proximately normal distribution. The reason to make a log transformation is because of
the non-linear form within 7 as the odds ratio. We denote f = f(79,7) = log(7) and we
conduct two-dimension Taylor expansion for log(7) at true values (7, 71), written as

. of . of .
log(7) = f + —87]_1 (7 — 1) + _87{; (To — 7o)
1[0%f . ) 02f R ’f . 5
5 _87'12 (T — )" + 287'187'0 (11 — 1) (7o — 70) + _(97'02 (To—70)°| + .-
_ Ty 7o 1 1 A
= log(1 — 71) log(1 — To) + T (Th — ) + = TO)(TO 1) + R,
(A.19)

where R refers to the remaining terms, including the second and higher orders of Taylor
expansion. R can usually be ignored because we know /n (71 —71) 4N (0, Var(7)), which
is Op(l),s0 7y — 1 = Op(\/iﬁ). Similarly, we know 7o — 79 = Op(\/iﬁ). Then, the remaining
terms are not larger than Op(%), which does not affect the variance as n — oo.

Due to the joint distribution of (7, 7y) follows MVN from Equation (A.18), we know

that the linear combination of (71, 79) from Equation (A.19) will also approximately follow
the normal distribution, written as:

log(7) ~ N(log(1), Var(log(7))). (A.20)

To estimate the asymptotic variance, after taking the variance on both sides of Equation
(A.19) and plugging in estimated values of (71, 7y), we will have:

— . — 1 — . 1 1
Var(log(T)) = VCLT(Tl)m + VCLT(T())M + COV(Tl, 7'0) %1(1 — 7A_1) %0((%A_ 73)),
21

where @’(ﬁ), ‘7(;’(%0), éov(71,7p) are estimated variance and covariance from 3 in Equa-
tion (A.18), respectively.

In the last step, using the delta method, we can transfer log(7) back to 7. Since
7 = exp(log(7)), based on results in Equation (A.20-A.21), the asymptotic distribution
and variance for 7 will be:

7 & N(1,7*Var(log(7))). (A.22)
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The estimated asymptotic variance is @(%) = %2@(10,2;(%)) and the 95% confidence

interval can be approximated by 7 + 1.96 @‘(f'). Based on the sandwich formula, we

know that Var(71), Var(),cov(#1, 7) can be obtained (Huber, 2004; Freedman, 2006),
but the explicit form is very complex because the joint estimating equations contains many
equations and unknown parameters (v,d, «, 5,79, 71, 7). Instead, in both simulation and
application studies, we can directly apply the bootstrap approach to estimate the standard

error \/ Var(7).
As an alternative example, if we consider the continuous outcome and define 7 = 7 — 7

as the main interest, the asymptotic normality for 7 will be straightforward without using
the logarithm transformation and Taylor expansion, due to the simple linear form.

A.5 True Causal Effect for the Simulation Study in
Chapter 2

After the model is specified, the true causal effect needs to be found to calculate the bias.
In this study, the true causal effect is defined as the odds ratio:

PY'=1)/PY'=0

T = ( A ) (A.23)

PY0=1)/P(Y?=0)
We want to find the connection between the potential outcome and the model. Since the
distribution of three covariates follows N(0, 1) independently in the simulation studies,
P(Y! =1) can be simplified as:

exp(XT B+ Ba)
1+exp(XTB+ Ba)

:/m /m /m {Lrexp [_ﬁ T x_?)} LB+ 0a) o
oo S S V2 22 2] 1+exp(axfB+Pa)

(A.24)
The first equality is due to double expectation conditioning on (A, X;). The second equality
is due to SITA. The third equality is due to the outcome model, and the final equality is

because of the independence among the three covariates in the simulation study.

PY'=1)=E[EY'A, X)) =EPY =1A=1,X,)]=E {

Similarly, P(Y? = 1) can also be written as:
+o00 +o00 +o00 ZE2 1,2 132 eXp(mT,B)
0_1) L S G L § G S R
/ / / { zﬂl eXp{ 2 2 21 1+ exp(aT @) 1R
(A.25)
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After that, the true causal effect can also be found numerically as 7 = 2.201.

A.6 Boxplot for IPW-WEE and TR-WEE Method in
Chapter 2

The boxplot of point estimation using TR method is provided in Figure A.2, which shows
that TR-WEE has a smaller variation and narrower interquartile range (IQR) than TR-
ATPW. Moreover, both DR-SI and DR-MICE generate huge biases compared with the two
TR estimators when the imputation model is wrongly specified.

Panel 1: all models are right

Panel 2: MS+PS models are right
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Figure A.1: Boxplot of point estimation using IPW methods with 40% missing rate. The
true causal effect 7 = 2.247.
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Panel 1: MS+Imp+PS models are right Panel 2: MS+PS models are right

27 < —=—  trife value ig —=— tr@e value
< . 2 = mean 8 = mean
< o f=] f=i
g 8 g g
< 2 by = & < < &
5 :N I o & - _° —
L=}
L=}
Ll [=]
@ e | © e 8
® ® g
£ = 8 8
w w
o o> =] = | o <
o+ o+
[ | | |
[ . . ]
ESE=0.749 ESE=0.704 ESE=0.79 ESE=0.616 ESE=0.424 ESE=0.487 ESE=0.778 ESE=0.603
DR SI DR MICE TRAIPW TR WEE DR SI DR MICE TR AIPW TR WEE
Methods Methods
Panel 3: PS+Imp models are right Panel 4: PS+OR models are right
i o —=— true value i < —=— true value
g o o o mean o © g < mean
% f=] 8 fe) o o <
<~ 4 & < 8 < 4 =3
L=}
Lol
@ oD o @ o §
£ E 2 2
& & =
o ® o o ! < o
o o o 4
[ o | | |
[ | |
ESE=0.75 ESE=0.704 ESE=0.832 ESE=0.653 ESE=0.433 ESE=0.47 ESE=1.064 ESE=0.63
DR SI DR MICE TRAIPW TR WEE DR SI DR MICE TRAIPW TR WEE

Methods Methods

Figure A.2: Boxplot of point estimation using DR and TR methods with 40% missing
rates. The true causal effect 7 = 2.247. The outliers are points below Q; — 1.5IQR or
above Q3 + 1.5IQR, where Q;, Q3, IQR refer to the first quantile, the third quantile, and

the interquartile range, respectively.

A.7 TIPW-based Methods with Standardized Weights
in Chapter 2

We have reviewed IPW-IPW in Section 2.3.1 of the main thesis. In this section, we will
modify the previous Equation (2.5) and the standardization is conducted by replacing one

with the marginal probability of getting the exposure in the numerator of the weights,
which will be simplified as “IPW-IPW-SD” in Equation (A.26), written as:

113



n Ri Ai .
A(IPW-IPW-SD) _ 2int Pr; (%) PAi(d(WLA”Y; (A.26)
1 - n R; A; ’
2im1 Pr, (%) Pa, (a(WLA))

Here, we can also utilize the standardized weights for the non-exposure group to obtain

(IPW-IPW-SD) A(IPW—IPWfSD)/(1_+1(IPW—IPWfSD)

~ ~(IPW-IPW-SD) __ 7 P .
70 . Then, we know 7 ) = f(mwmwsn)/(1_%<1pw,1pwfsn)) — 1, if both
0

missingness and PS models are correct. Similarl}of, we can apply the standardization on
the previous IPW-DR and IPW-WEE estimators to reduce the joint effect of the extreme

weights, but their asymptotic properties will not be changed.

We conducted the simulation studies to compare different IPW methods with standard-
ization in the same simulation setting described in Section 2.5 of the main thesis. From
Table A.1 and Figure A.3, after the standardization, all IPW-based approaches can reduce
the variance in all different model specifications compared with previous results without
standardization, shown in Table 2.2. IPW-IPW and IPW-WEE also reduce the bias rates
after the standardization, but both IPW-IPW and IPW-DR still generate larger bias rates
and variance, even though we compare with the previous IPW-WEE without the stan-
dardization. The reason is that IPW-WEE will absorb some effect of extreme weights in
the intermediate step when we estimate the coefficients from the outcome model. How-
ever, both IPW-IPW and IPW-DR estimators involve the joint extreme weights, which
will directly affect the estimated causal effect.

In summary, standardized weights cannot completely solve the issues of the extreme
weights, because the extreme weights may still dominate the estimated causal effect in the
finite samples for IPW-IPW and IPW-DR estimators. Therefore, IPW-WEE is preferred
to handle the problem of extreme weights and protect against the misspecification of either
PS or the outcome model.
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Table A.1: Performance of IPW estimators with standardized weights when n = 1000

Bias Bias Rate ESE Median BSE RMSE CI Coverage

All True v
IPW-IPW 0.162 7.377 0.707 0.773 0.725 94.6
IPW-DR -0.116  -5.287  0.891 1.730 0.898 90.6
IPW-WEE 0.064 2.922 0.572 0.618 0.575 96.8
"MSPSV/ORX
IPW-IPW 0.162 7.377 0.707 0.773 0.725 94.6
IPW-DR -0.035  -1.575  1.085 2.319 1.086 91.8
IPW-WEE 0.109 4.956 0.596 0.671 0.606 97.0
"MSORvPSX
IPW-IPW 1428  64.868  1.001 1.087 1.744 51.1
IPW-DR 0.046 2.081 0.692 1.075 0.694 95.4
IPW-WEE 0.055 2.493 0.533 0.592 0.536 97.6
"PSORVMSX
IPW-IPW 0.204 9.272 0.734 0.789 0.762 94.6
IPW-DR -0.119 -5.401 0.863 1.082 0.872 91.2
IPW-WEE 0.107 4.857 0.601 0.640 0.610 96.8
"MSYPSORX
IPW-IPW 1428  64.868  1.001 1.087 1.744 51.1
IPW-DR 1.360  61.773  1.272 2.448 1.862 72.1
IPW-WEE 1.339  60.816  0.915 1.005 1.622 53.1
"PSYMSORX
IPW-IPW 0.208 9.472 0.740 0.796 0.769 94.4
IPW-DR -0.055  -2486  1.007 2.122 1.009 91.8
IPW-WEE 0.151 6.848 0.625 0.691 0.643 96.2
"ORVMSPSX
IPW-IPW 1.340  60.894  0.999 1.076 1.672 57.1
IPW-DR 0.061 2.755 0.703 0.876 0.706 95.4
IPW-WEE 0.097 4.427 0.558 0.613 0.566 97.4
CAll Falsex
IPW-IPW 1.340  60.894  0.999 1.076 1.672 57.1
IPW-DR 1.221 55.484  1.182 1.809 1.700 75.8
IPW-WEE 1.266 57.501  0.916 0.997 1.562 58.1

The first column lists which model is correct (v') or wrong (X). MS, PS, and
OR refer to the missingness, PS, and the outcome model, respectively. Bias
Rate: bias/true value. ESE: empirical SE. CI Coverage: the coverage rate of
95% bootstrap percentile CI.
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Panel 1: all models are right

Panel 2;: MS+PS models are right
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Figure A.3: Boxplot of estimated causal effects with standardized weights in different
model specifications when n = 1000.
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A.8 Computational Runtime for Different Methods
for the Simulation Studies in Chapter 2

We also provide the computational runtime for different methods in Table A.2 for one
replication of the simulation study using 500 and 5000 samples with the same setting as
in the main paper. The simulation study is conducted using Mac Air M2 chip with 8
CPU cores and 16 GB of memory on R version 4.4.1. From Table A.2, we find that IPW-
based methods are generally faster than TR or imputation-based approaches, which is not
surprising. Comparing IPW-DR vs. IPW-WEE, their computational runtime does not
have much difference, but IPW-WEE can simplify the estimation process with the same
robust properties and become more resistant to extreme weights, so IPW-WEE is preferred
over [IPW-DR.

To compare TR-AIPW vs. TR-WEE, TR-AIPW is slightly faster because it does not
need to take additional steps to reduce the effect of the extreme weights. However, TR-
WEE only takes a small amount of additional runtime to estimate the causal effect, so
TR-WEE is still preferred over TR-AIPW. The runtime of DR-SI has no large difference
from IPW estimators, but SI is not reliable because it only imputes data once. If we
perform MICE;, it will take a much longer time to impute the missing exposure multiple
times, especially when we increase the sample size. Compared with MICE, TR estimators
spend less computational time with more robust properties because TR estimators do not
require multiple replications of imputation. Even though we increase the sample size to
5000, we find IPW and TR methods result in very little additional computational time.

Table A.2: Computational runtime for one replication in the simulation study

Sample Sizes IPW-IPW | IPW-DR | IPW-WEE | TR-AIPW | TR-WEE | DR-SI | DR-MICE
n = 500 (seconds) 0.022 0.027 0.028 0.178 0.181 0.021 0.350
n = 5000 (seconds) 0.046 0.047 0.053 0.183 0.251 0.044 0.864

If the missing rates are very low and we are confident to correctly specify the missingness
model, then using IPW-WEE can be considered as a simpler way to estimate the causal
effect, and its computational runtime will not be longer than the traditional IPW-IPW or

IPW-DR.

If the missing rates are quite high and we want to conduct the imputation method, we
need to increase the multiple imputation times, but in such a case, the computation runtime
will largely increase using DR-MICE approach for the large dataset and the imputed data
will be close to the true values if the imputation model is correct.

117



If the missingness or imputation model is not correct, IPW-WEE and the imputation-
based approach will not be reliable with biased results. When extreme weights occur due
to the large missing rates or imbalance between the exposure and non-exposure groups,
we recommend using TR-WEE to protect against the misspecification of the model and
reduce the effect of the extreme weights. The computational time of TR-WEE will be
slightly longer than IPW-based approaches, but much shorter than DR-MICE.

In terms of variance, there is no large difference between IPW-WEE and TR-WEE when
all models are correct, as shown in the simulation studies of the main thesis. However,
when the missingness model is wrong, IPW-WEE will lead to larger bias and variance, so
IPW-WEE requires the missingness model to be correct. In contrast, TR-WEE not only
generates a small bias but also does not largely increase the variation of the estimated
causal effect.

In practice, we would recommend using TR-WEE versus IPW or imputation-based
approaches because TR-WEE just spends slightly longer computational time as the trade-
off to achieve more robust properties and resistance to extreme weights than IPW-WEE
based on Table A.2. In contrast, IPW-WEE requires the missingness model to be cor-
rect. DR-MICE not only largely increases the computational runtime but also requires the
imputation model to be correct, which is more restrictive in application studies.
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Appendix B

Appendix to Chapter 3

B.1 Consistency of Weighted Accuracy in Chapter 3

The key idea of weighted accuracy is to create a pseudo sample after weighting on those
observed individuals so that the weighted accuracy on the observed dataset can represent
the original accuracy on the whole dataset. Based on MAR assumption, if the missingness
model is correct, under the true value of w;, we can prove that,

Accuracy™ (A™P) B E [&IL(AZ = Aimp)} @, as mn — oo
E[R|X.Y .
- p{HEE g —amix v} )
= E{E[1(4, = A™)|X,Y]}
= P(A; = A™P),

Here ¢ = "< and the first equality holds because ¢; is an indicator of whether the individual
is randomly selected into the testing data from the observed data, which is free of (X,Y).
Its expectation is an arbitrarily chosen ratio to describe the size of testing data divided by
the whole observed data, which can be cancelled by g. The second equality holds because
after taking the double expectation with the condition of (X,Y"), we know A; LR;| XY
based on the MAR assumption. The third equality holds because the full missingness model
is correctly specified, so we know FE(R;|X,Y) = w;. After taking the double expectation
again, we know Accuracy™ will converge to the true accuracy on the original data as
n — oo.
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Notice that Equation B.1 also describes why we cannot only use the naive approach to
estimate the accuracy on the observed data, written as Naive-Accuracy = Y | R;1(A; =
A™P) Tn such a way, the missing indicator will largely affect the naive estimator, which
cannot be cancelled without the weights w;. Therefore, to properly evaluate the perfor-
mance of the imputation model, we need to adopt the inverse weights of the missingness
on the estimated accuracy of the observed data.

In the simulation studies, since we know the true missing values, we can also impute all
missing values on the whole data via MICE and calculate the standard accuracy, called the
“Benchmark-Accuracy” on the original data. In such a way, the bias between Accuracy
and Benchmark-Accuracy is close to 0.008 (the results are omitted in the simulation sec-
tion), which supports the statement that the weighted accuracy will converge to the true
accuracy as n — oo. However, we will not know the true accuracy in application studies
due to the unknown missing data, so Accuracy™ will be a useful tool for researchers to
evaluate the selected imputation model.
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B.2 Estimation of Causal Risk Ratio for Binary Out-
come using DR method in Chapter 3

In this section, we provide the additional simulation results using DR method in Chapter
3. We have very similar findings to IPW estimator, which shows that we need to select
the full imputation plus the outcome-related PS models to achieve the smallest RMSE.

Table B.1: Performance of different models using DR method when n = 500 for binary
outcome to estimate causal risk ratio

Imp, PS Models Bias Bias Rate(%) ESE RMSE

Exp, naive -0.186 -12.198 0.084 0.204
Exp, exp -0.222 -14.553 0.085 0.237
Exp, out -0.188 -12.374 0.065 0.199
Exp, covs -0.225 -14.804 0.066 0.235
Out, naive -0.291  -19.087  0.109 0.310
Out, exp -0.321 -21.056 0.103  0.337
Out, out -0.226 -14.859 0.058  0.233
Out, covs -0.264 -17.354 0.057  0.270
Covs, naive -0.182  -11.933  0.123 0.219
Covs, exp -0.215 -14.105 0.134 0.253
Covs, out -0.189 -12.392 0.065 0.200
Covs, covs -0.225 -14.786 0.067 0.235
" Res, naive 0.102 ¢ 6.679  0.176  0.204
Res, exp 0.133 8.763 0.211  0.250
Res, out -0.056 -3.654 0.100 0.114
Res, covs -0.066 -4.350 0.115 0.132
“Full, naive -0.017  -1.102  0.160 0.161
Full, exp -0.015 -0.977 0.189 0.189
Full, out -0.010 -0.660 0.104 0.104
Full, covs -0.011 -0.691 0.120 0.120

Here, Exp, Out, Res, and Covs refer to the exposure-related, outcome-related, response-
included, and all-covariates-included models, respectively.
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Table B.2: Criterion values of different models using DR method when n = 500 for binary
outcome to estimate causal risk ratio

Imp, PS Models Accuracy®™ Out BIC ASMD KS ABIC Rank Score Rank(RMSE)

Exp, naive 0.586 677.561  0.161 0.130 0.608  11.789 10
Exp, exp 0.586 720437 0.022 0.130 0.675  14.272 15
Exp, out 0.586 430.074  0.149 0.130 0.225 7.849 7
Exp, covs 0.586 433.966  0.014 0.130 0.231 8.959 14
Out, naive 0,507  683.862 0.103 0.148 0930 15947 9
Out, exp 0.507 724.226  0.031 0.148 0.993  18.306 20
Out, out 0.507 434.737  0.075 0.148 0.545  12.460 12
Out, covs 0.507 435.659  0.008 0.148 0.546  12.918 18
“Covs, naive 0.585 676.668 0.170 0.136 0.612  11.875 m
Covs, exp 0.585 719.239  0.033 0.136 0.678  14.354 17
Covs, out 0.585 430.103  0.148 0.136 0.231 8.043 8
Covs, covs 0.585 433.958  0.014 0.136 0.237 9.136 13
“Res, naive 0.609 652.471  0.182 0.124 0484 8103 9
Res, exp 0.609 694.546  0.040 0.124 0549  10.450 16
Res, out 0.609 411.095  0.154 0.124 0.110 3.993 2
Res, covs 0.609 415.906  0.015 0.124 0.118 4.580 4
“Full, naive 0.622 662.369 0.172 0.138 0430 7463 5
Full, exp 0.622 705.051  0.034 0.138 0.497 9.941 6
Full, out 0.622 401.525  0.149 0.138 0.027  1.989 1
Full, covs 0.622 406.367  0.014 0.138 0.034 2.574 3

Accuracy™): weighted accuracy on the observed data; Out BIC: BIC of the outcome model;
ASMD: absolute standardized mean difference for (X, X2, X3); KS: Kolmogorov-Smirnov
distance for (X1, X2, X3); ABIC: rescaled product of Accuracy and BIC; Rank Score: average
ranks of 1 — Accuracy(®) and BIC.
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B.3 Estimation of ACE for a Continuous Outcome in
Chapter 3

In this section, we provide the selection and estimation results when we intend to estimate
the average causal effect (ACE), defined as 7 = 1, — 79 for a continuous outcome Y. Except
for the changes in the outcome model, the setup for other models is the same as before.
More specifically, Y, A, and the missing indicator R are generated by the following three
models, respectively:

e missingness model: logit{ P(R = 1|X)} = —0.3 + 0.4X; + 0.6 X, + 1.8X3,
o PS model: logit{P(A = 1|X)} = 0.2+ 0.3X; + 1.Xs,

e outcome model: E(Y|A, X)=—-0.2+2A —0.3X; + 2.5X;.

The true causal effect 7 = 2 in this setup. Tables B.3 and B.4 display the simulation
results for estimating ACE using IPW and DR methods, respectively, while Figures B.2
and B.2 visualize the results. Similar to the binary outcome case, B.2 and B.3 show that
the full imputation model plus the outcome-related PS model leads to the smallest RMSE
among other candidate models. In contrast, the outcome-related imputation model plus
the exposure-related PS model leads to the largest RMSE, which is the worst model.

Additionally, Tables B.5 and B.6 show the value of different criteria for each combina-
tion of the imputation and PS models, while Table B.7 displays the correlation of different
model selection criteria with RMSE. The correlation of the rank score with RMSE is higher
than 0.8, and the rank score is the smallest value for the full imputation plus the outcome-
related PS model. Even though the correlation between weighted accuracy and RMSE
is also higher than 0.8 in this case, we cannot select the best PS model if we only use
weighted accuracy. Compared with other traditional criteria, the rank score combines the
performance of both imputation and PS models, so the rank score can help us successfully
pick up the best models simultaneously.
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Table B.3: Performance of different models using IPW method when n = 500 for continuous
outcome to estimate ACE

Imp, PS Models Bias Bias Rate(%) ESE RMSE

Exp, naive -0.754 -37.708 0.186 0.777
Exp, exp -0.895 -44.766 0.203 0.918
Exp, out -0.757 -37.865 0.088 0.762
Exp, covs -0.898 -44.885 0.122  0.906
Out, naive -1.163  -58.158  0.366 1.219
Out, exp -1.277 -63.846 0.366  1.328
Out, out -0.910 -45.479 0.082 0.913
Out, covs -1.005 -50.270 0.090 1.009
Covs, naive -0.752  -37.589  0.358 0.833
Covs, exp -0.889 -44.452 0.419 0.983
Covs, out -0.758 -37.915 0.088 0.763
Covs, covs -0.897 -44.874 0.123  0.906
‘Res, naive 0.428  21.390  0.299 0.522
Res, exp 0.548 27.392 0.362  0.656
Res, out -0.466 -23.292 0.113 0.479
Res, covs -0.538 -26.893 0.195 0.572
~Full, naive -0.001  -0.033 0298 0.298
Full, exp 0.000 0.012 0.361  0.361
Full, out -0.018 -0.922 0.101  0.103
Full, covs -0.019 -0.935 0.141 0.143

Here, Exp, Out, Res, and Covs refer to the exposure-related, outcome-related, response-
included, and all-covariates-included models, respectively.
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Table B.4: Performance of different models using DR method to estimate ACE for contin-
uous outcome when n = 500

Imp, PS Models Bias Bias Rate(%) ESE RMSE

Exp, naive -0.754 -37.718 0.186 0.777
Exp, exp -0.897 -44.845 0.204 0.920
Exp, out -0.757 -37.831 0.088 0.762
Exp, covs -0.901 -45.051 0.097  0.906
Out, naive -1.163  -58.174  0.366 1.220
Out, exp -1.271 -63.529 0.367 1.323
Out, out -0.903 -45.130 0.082  0.906
Out, covs -1.043 -52.127 0.087 1.046
Covs, naive -0.752  -37.599  0.358 0.833
Covs, exp -0.890 -44.476 0.422 0.984
Covs, out -0.756 -37.817 0.088 0.761
Covs, covs -0.901 -45.043 0.098  0.906
‘Res, naive 0.428  21.389  0.299 0.522
Res, exp 0.551 27.542 0.363  0.660
Res, out -0.492 -24.621 0.103  0.503
Res, covs -0.569 -28.453 0.133  0.584
~Full, naive -0.001  -0.036 0297 0.297
Full, exp 0.003 0.130 0.363  0.363
Full, out -0.018 -0.878 0.101  0.102
Full, covs -0.019 -0.932 0.117 0.119

Here, Exp, Out, Res, and Covs refer to the exposure-related, outcome-related, response-
included, and all-covariates-included models, respectively.
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Table B.5: Criterion values for different models using IPW method to estimate ACE for
continuous outcome when n = 500

Imp, PS Models  Accuracy™ Out BIC ASMD KS  ABIC Rank Score Rank(RMSE)

Exp, naive 0.592 2470.074  0.161 0.130 1.7032  13.364 11
Exp, exp 0.592 2473.226  0.022 0.130 1.7062  13.946 16
Exp, out 0.592 1680.469 0.149 0.130 0.9350  8.879 9
Exp, covs 0.592 1676.146  0.014 0.130 0.9308  8.284 14
Out, naive 0512  2481.170 0.102 0.148 1.9921  18.033 9
Out, exp 0.512 2479.270  0.031  0.148 1.9903  17.950 20
Out, out 0.512 1707.195  0.075 0.148 12392  13.368 15
Out, covs 0.512 1684.670  0.008 0.148 1.2172  12.552 18
Covs, naive 0591  2467.830 0.170 0.136 1.7068  13.376 12
Covs, exp 0.591 2470.496  0.033  0.136 1.7094  13.835 17
Covs, out 0.591 1680.727 0.148 0.136 0.9410  9.018 10
Covs, covs 0.591 1676.198  0.014 0.136 0.9366 8403 13
‘Res, naive 0.639  2396.528 0.219 0.153 1.4664 8541 6
Res, exp 0.639 2400.459  0.077 0.153 1.4703  8.949 8
Res, out 0.639 1627.598  0.156 0.152 0.7184  4.648 5
Res, covs 0.639 1628.720  0.018 0.152 0.7195  4.836 7
~Full, naive 0.794  2429.053 0.167 0.130 0.9480  7.019 3
Full, exp 0.794 2433.731  0.028 0.130 0.9526  7.489 4
Full, out 0.794 1454.705  0.149  0.130 0.0004  1.024 1
Full, covs 0.794 1459.247  0.014  0.130 0.0049  1.488 2

Accuracy™): weighted accuracy on the observed data; Out BIC: BIC of the outcome model;
ASMD: absolute standardized mean difference for (X, X2, X3); KS: Kolmogorov-Smirnov
distance for (X1, Xs, X3); ABIC: rescaled product of Accuracy and BIC; Rank Score: average
ranks of (1 — Accuracy™)) and BIC.
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Table B.6: Criterion values for different models using DR method to estimate ACE when
n = 500

Imp, PS Models  Accuracy™ Out BIC ASMD KS  ABIC Rank Score Rank(RMSE)

Exp, naive 0.592 2470.074  0.161 0.130 1.7032  13.364 11
Exp, exp 0.592 2473.226  0.022 0.130 1.7062  13.946 16
Exp, out 0.592 1680.469 0.149 0.130 0.9350  8.879 10
Exp, covs 0.592 1676.146  0.014 0.130 0.9308  8.284 14
Out, naive 0512  2481.170 0.102 0.148 1.9921  18.033 9
Out, exp 0.512 2479.270  0.031  0.148 1.9903  17.950 20
Out, out 0.512 1707.195  0.075 0.148 12392  13.368 15
Out, covs 0.512 1684.670  0.008 0.148 1.2172  12.552 18
~Covs, naive 0.591  2467.830 0.170 0.136 1.7068  13.376 12
Covs, exp 0.591 2470.496  0.033 0.136 1.7094  13.835 17
Covs, out 0.591 1680.727  0.148 0.136 0.9410  9.018 9
Covs, covs 0.591 1676.198  0.014 0.136 0.9366 8403 13
‘Res, naive 0.639  2396.528 0.219 0.153 1.4664 8541 6
Res, exp 0.639 2400.459  0.077 0.153 1.4703  8.949 8
Res, out 0.639 1627.598  0.156 0.152 0.7184  4.648 5
Res, covs 0.639 1628.720  0.018 0.152 0.7195  4.836 7
~Full, naive 0.794  2429.053 0.167 0.130 0.9480  7.019 3
Full, exp 0.794 2433.731  0.028 0.130 0.9526  7.489 4
Full, out 0.794 1454.705  0.149  0.130 0.0004  1.024 1
Full, covs 0.794 1459.247  0.014 0.130 0.0049  1.488 2

Accuracy™): weighted accuracy on the observed data; Out BIC: BIC of the out-
come model; ASMD: absolute standardized mean difference for (X7, Xs, X3); KS:
Kolmogorov-Smirnov distance for (Xj, X3, X3); ABIC: rescaled product of Accuracy
and BIC; Rank Score: average ranks of (1 — Accuracy™) and BIC.
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Table B.7: Spearman correlation between criteria and RMSE for continuous outcome when
n = 500

Criterion IPW Method DR Method

1-Accuracy™) 0.867 0.867

ASMD -0.339 -0.339

KS 0.203 0.201

Out BIC 0.583 0.583
“ABIC 0730 0730

Rank Score 0.854 0.854

Here, ASMD: absolute standardized mean difference for (X7, X5, X3). KS: Kolmogorov-
Smirnov distance for (X, X5, X3). ABIC is the rescaled product of Accuracy and BIC.
Rank Score: averaged ranks of (1 — Accuracy™)) and BIC.
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Appendix C

Appendix connected to Chapter 4

C.1 Balancing Property of Joint Probabilities in Chap-
ter 4

In this section, we want to prove that the joint probabilities also contain the balancing
properties, which means RAL X |m (X)), where m(X) = P(RA = 1|X). In other words,
we want to show:

P(RA=1|X,m(X)) = P(RA = 1|m(X)). (C.1)
We can first rewrite the left side as:
P(RA=1|X,m(X)) = P(RA=1|X) =m(X). (C.2)
Here, the first equality holds because m1(X) is a function of X and the second equality
holds because of the definition of 7 (X).
Then, we will rewrite the right side of P(RA = 1|m X) as:
P(RA = 1|m (X)) = E[E(RA|m (X)), X)|m: (X)]
= E[E(RA|X)|m (X)]
= Elm (X)]m (X)] (C.3)
= m(X)
= P(RA=1|X,m (X)),

where the first equality holds because of the iterated expectation property (Rao and Swift,
2006). The second equality holds because m1(X) is a function of X. The third equality
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holds due to the definition of 7 (X'). The fourth equality holds because we are given m; (X).
The last equality is due to Equation (C.2), so we can prove RAL X |m(X). Similarly, we
can follow the same steps to prove that P(R(1 — A) = 1| X, m(X)) = P(R(1 — A) =
1|mo(X)), so the balancing property also holds in the non-exposure group, i.e. R(1 —
A)L X |mo(X), where mo(X) = P(R(1 — A) = 1| X).

In summary, the joint probabilities also contain balancing properties similar to the
propensity score (Rosenbaum and Rubin, 1983b). The balancing property is very important
to support us in proposing the weighted absolute mean difference to select the proper
regularization terms for OAL-WAMD in Section 4.6 of the main thesis. Meanwhile, even
though we focus on IPW-based approaches to address the missingness and confounding
issues in this article, we can also consider the matching or stratification methods using
joint probabilities based on the balancing property in future studies.

C.2 Outcome and DR Methods for MNAR Case in
Chapter 4

C.2.1 G-formula and Outcome Methods

In addition to IPW-based methods, we can also apply the “G-formula” using the outcome
model to estimate 7 under MNAR scenario. The key idea is to fit the outcome regression
(OR) model given observed exposure or non-exposure group, and we call it the “OR-Joint”
method, which can be written as:

OR Jomt) Z E Y‘R 17 X“ Bl]) (04)

where Bl is estimated from the outcome model given the observed exposure group: E[Y|R; =
1,A;, = 1,X;;8] = X8, using linear regression model for the continuous outcome.
%I(OR'JOM) will simply be the average values of the fitted response after plugging in the
estimated Bl. Similarly, we can also construct the G-formula for the non-exposure group
after we replace A; with 1 — A;, and plug in the ,30 from the outcome model given the

. A (ORJoi _(OR-Joint)  ~(OR-Joint
observed non-exposure group, so we can obtain 7(OR-Joint) — 7(OR-Join ) Té oint)

Certainly, if we change the type of outcome, such as binary response or count variable,
the outcome model should be changed, but Equation (C.4) is still valid as the general
G-formula for MNAR scenario. In such cases, we will need to fit the outcome model using
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either the logistic regression model or the Poisson model, depending on the different types
of outcome.

In summary, if the outcome model is correct, 7(OR-Jont) 2y 7 anq its asymptotic normal-
ity holds as n — oo based on JIA. Compared with IPW-Joint method, OR-Joint method
is an alternative way to adjust for confounding and missingness problems, which avoids
the potential issues of extreme weights in finite samples.

C.2.2 DR estimator using Joint Modelling Method

Notice that IPW-Joint requires the joint model to be correct, and OR-Joint requires the
outcome model to be correct, which are all restrictive in application studies because we
do not know the true model. To combine the idea of IPW and OR methods, we provide
a new DR estimator with standardized weights to protect against the misspecification of
either the joint or the outcome model, and we call it “DR-Joint” written as:

n Aq; - A (X3d) R, — - e
%(DR—Joint) B Zi:l {frl(_Xll,S)YZ ﬁl(Xi;S) E[}/Z|Rz — ].7141 — 1;X2761]}

1 o n Ay ’
Ei:l #1( X 73)

(C.5)

where 7 (X; 5) is estimated from the joint model described in Section 4.4.2. Here, we first
fit the outcome model given the observed exposure group: E[Y|R;, = 1,4; = 1, X;;81] =
X!B;. Then we can obtain E[Y;|R; = 1, A; = LXi;Bl] as the fitted response for all
individuals, which is a similar process as G-formula described in Section C.2.1. Similarly,

we can also obtain %fDR'JOint) after replacing A; with 1 — A; for non-exposed. Then, we

obtain %(DR—Joint) — 7A_l(DR—JOin‘E) . f_éDR—Joint).

For DR-Joint estimator, we combine IPW-Joint with OR-Joint using an augmented

Alﬂ%(};)é) If the joint model is correct and the outcome model is wrong, DR-Joint

will be degraded into a similar role as IPW-Joint, which will be consistent to the true 7.
If the joint model is wrong, but the outcome model is correct, DR-Joint will become a
similar idea as OR-Joint, which is also consistent to 7 based on JIA.

term

Similar to the idea of IPW-Joint, we combine two separate weights from the missingness
and PS models into one joint weight in Equation (C.5). Notice that we cannot only use
m as weights from PS model here, because our joint indicator Ay; = A; R; combines
information from both missingness and exposure status, so we need the joint weights to
adjust for the issues. On the other hand, if we aim to split the joint weights up into two
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separate weights, the traditional DR estimator can be written in a similar form as Equation
(C.5), but 71 (X;; ) will be replaced by P(R; = 1|X;;4) x P(4; = 1|R; = 1, X;; &), as the
product of two separate weights estimated by the missingness and PS models, respectively.

Certainly, we can also consider other types of causal estimands, such as the causal
odds ratio for the binary outcome. In such case, Equation (C.5) is still valid as a general
form, so we will only need to modify the outcome model as E[Y|R; = 1,A; =1, X;; 81] =

exbit(X73;) and 7(PR-Jeint) —

F?_l(DR—Joint) /(177A_1(DR-J0int))

7A_(()DR—.]oint) /(l—f'éDR-JOint)) .

In summary, compared with IPW-Joint and OR-Joint methods, DR-Joint is a more ro-
bust estimator, i.e. as long as one of the joint or the outcome model is correct, 7(PR-Joint) 2
7 and its asymptotic normality holds as n — oo.

C.2.3 Simulation Results for DR-Joint vs IPW-Joint in Chapter
4

In the previous section, we mentioned that IPW-Joint estimators require the joint model
to be correct, which may be restrictive in application studies, so we propose DR-Joint
estimators to be a more robust estimator introduced in Section C.2.2.

In this section, we provide the simulation results to compare DR vs IPW approaches
using the joint model based on Figure 4.2 in the low-dimensional setting, described in
Section 4.5 of the main thesis. The setup and performance measurement for the simulation
study have been described in Section 4.5 of the main thesis.

From Figure C.1, we find that when the outcome model is correct, but the joint model
is wrong (which means both missingness and PS models are wrong), both IPW approaches
lead to very large bias and variance because of the wrong model specifications. In com-
parison, the outcome method and DR-Joint approaches lead to a smaller bias and similar
results. However, the traditional DR method generates a larger bias in this case, which
may be due to the effect of the extreme weights estimated from wrong missingness and PS
models.

When the joint model is correct, but the outcome model is wrong in Figure C.2, we
find that the two IPW approaches become close to the true values, but IPW-Joint has a
smaller variance than IPW-IPW. However, OR method leads to a larger bias in this case,
because of the wrong outcome model. In contrast, two DR estimators still lead to a very
small bias, but we find that DR-Joint results in a smaller variance than traditional DR
and IPW-IPW in this case.
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If we compare two different DR estimators, traditional DR generates a larger bias when
we fit the naive missingness and PS models, plus the outcome-related outcome model.
Moreover, when we fit the outcome-related joint model, we find that DR-~Joint can lead
to a smaller variance than traditional DR. From Figure C.3, even though we include all
covariates in the joint model plus a naive outcome model, the bias rates do not change too
much using two DR estimators, but traditional DR leads to much higher variance than
DR-Joint. Therefore, we recommend applying for DR-Joint method because of its smaller
bias and variance than traditional DR in the finite samples from the simulation studies.

In conclusion, as long as one of the joint models or the outcome model is correct,
DR-Joint can lead to consistent results and valid inference, which is more robust than
[PW-based approaches and has smaller variance than the traditional DR method.

C.3 Boxplot of Simulation Results using OAL-WAMD
in the Low and High-Dimensional Settings in Chap-
ter 4

In this section, we provide Figure C.4, C.5, and Figure C.6 to clearly visualize the es-
timation results using IPW-Joint after applying OAL-WAMD in the low, medium, and
high-dimensional settings. We find that both OAL-WAMD and OL generate closer results
to the true 7, but OAL-WAMD contains smaller variation than OL. In contrast, OAL-MSE
will generate some bias with larger variation in the low-dimensional case, and Naive-LASSO
will generally lead to very large bias and variation regardless of low or high-dimensional
settings.

The benchmark model is to include outcome-related covariates because it will result in
smaller bias and variance compared with other candidate models. In contrast, if we only
include main confounders or exposure-related covariates in the joint model, the bias rates
and variance of the estimated causal effect will become larger.
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Boxplot of Different Methods for Naive Joint+Outcome-related OR Model
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Figure C.1: Boxplot for simulation studies to compare DR-Joint vs IPW estimators using
naive joint model plus outcome-related outcome model under MNAR cases in the low-
dimensional setting.
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Boxplot of Different Methods for Outcome-related Joint+Naive OR Model

0| B PW o
Sl@m  Pw_Joint
E OR
| DR
B DR_Joint
~— true value 8
24 X mean estimate
o % 0
o 8
8
3 o : 8
9 | g é i — g
o
go
=<
[0}
o0 | | )
o : . |
i 0 3 @
8 5 ‘
0 8 6
(o]
o
=
n
3
IPW IPW_Joint OR DR DR_Joint
Methods

Figure C.2: Boxplot for simulation studies to compare DR-Joint vs IPW estimators using
outcome-related joint model plus naive outcome model under MNAR cases in the low-
dimensional setting.

138



Boxplot of Different Methods for All Joint+Naive OR Model
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Figure C.3: Boxplot for simulation studies to compare DR-Joint vs IPW estimators us-
ing all-covariates joint model plus naive outcome model under MNAR cases in the low-
dimensional setting.
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Boxplot of estimated causal effect after model selection
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Figure C.4: Boxplot of estimated results under MNAR when n = 500,p = 50. Our
proposed method is OAL-WAMD. “Conf” means we only add confounders X, X, into
the joint model. “Exp” means we add exposure-related covariates. “Out” means we add
outcome-related covariates. “All” means we add all X7, Xs, ..., X into the joint model.
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Boxplot of estimated causal effect after model selection
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Figure C.5: Boxplot of estimated results under MNAR when n = 500,p = 200. Our
proposed method is OAL-WAMD. “Conf” means we only add confounders X, X, into
the joint model. “Exp” means we add exposure-related covariates. “Out” means we add
outcome-related covariates. “All” means we add all X7, Xs, ..., X into the joint model.
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Boxplot of estimated causal effect after model selection
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Figure C.6: Boxplot of estimated results under MNAR when n = 500,p = 600. Our
proposed method is OAL-WAMD. “Conf” means we only add confounders X, X, into
the joint model. “Exp” means we add exposure-related covariates. “Out” means we add
outcome-related covariates. “All” means we add all X7, Xs, ..., X into the joint model.
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