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Abstract

A compelling application of quantum computers with thousands of qubits is quantum
simulation. Simulating fermionic systems is both a problem with clear real-world applica-
tions and a computationally challenging task.

In order to simulate a system of fermions on a quantum computer, one has to first map
the fermionic Hamiltonian to a qubit Hamiltonian. The most popular such mapping is the
Jordan-Wigner encoding, which suffers from inefficiencies caused by the high weight of some
encoded operators. As a result, alternative local encodings have been proposed that solve
this problem at the expense of a constant factor increase in the number of qubits required.
Some such encodings possess local stabilizers, i.e., Pauli operators that act as the logical
identity on the encoded fermionic modes. A natural error mitigation approach in these cases
is to measure the stabilizers and discard any run where a measurement returns a -1 outcome.
Using a high-performance stabilizer simulator, we classically simulate the performance of
a local encoding known as the Derby-Klassen encoding and compare its performance with
the Jordan-Wigner encoding and the ternary tree encoding. Our simulations use more
complex error models and significantly larger system sizes (up to 18× 18) than in previous
work. We find that the high sampling requirements of postselection methods with the
Derby-Klassen encoding pose a limitation to its applicability in near-term devices and call
for more encoding-specific circuit optimizations.
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Chapter 1

Introduction

It is widely believed that chemical and materials simulations will be a high-impact applica-
tion of future quantum computers [19, 6, 73, 77, 28]. A commonly studied computational
task in this context is simulating the time evolution of many-electron systems. Math-
ematically, this involves solving the Schrödinger equation—a differential equation whose
unknown is a time-dependent complex vector representing the quantum state of the system
(e.g., the joint state of electrons in a molecule). The constraints and interactions of the
system are described by a Hamiltonian—a complex Hermitian matrix that encodes the
energy landscape of the system and dictates how its quantum state evolves over time.

There exist quantum algorithms that, in some sense, discretize this evolution to allow
qubits to approximate the continuous dynamics of quantum systems. However, applying
these algorithms to many-electron systems requires encoding electrons and their interac-
tions into qubit states and operations. These encodings are not unique—and this freedom
of representation creates opportunities to reduce the quantum resources required, much
like how choosing an appropriate data structure can improve the performance of a classical
algorithm.

The research studying these encodings adopts the language of fermions, which was orig-
inally developed in particle physics and is now widely used in condensed matter physics
and quantum chemistry. A fermion is a type of fundamental particle that makes up mat-
ter—electrons fall under this category. It was within condensed matter physics that the
first fermion-to-qubit encoding was developed: the Jordan-Wigner transform [63]. Ironi-
cally, its original purpose was to map qubit-like spin systems that were difficult to solve
into fermionic systems that were analytically tractable.

The Jordan-Wigner (JW) encoding is an elegant solution using n qubits to represent n
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fermionic modes (possible states any fermion in the system can take on). However, in the
JW encoding, local fermionic operators (operators that act on only a few fermionic modes)
are often represented by non-local qubit operators (qubit operators that, in the worst case,
act on all qubits), which can require many gates to implement on hardware.

A variety of other fermionic encodings have been proposed in more recent times [14,
100, 90, 52, 91, 60, 31], some of which map local fermionic operators to local qubit operators
at the cost of requiring more than one qubit per encoded fermion. Some of these encodings
have the property that the encoded states lie in a subspace of the full Hilbert space, which
allows us to detect errors by checking whether a state resides in the correct subspace. In
certain encodings, such as the Derby-Klassen (DK) or Compact encoding [30], local Pauli
operators stabilize the subspace similar to those of topological codes [65, 12], making it
possible to detect errors by measuring these local operators. The DK encoding achieves
these advantages by being specifically designed for the Fermi-Hubbard model—a widely
studied fermionic system in which particles are arranged on a lattice and interact only with
their nearest neighbors. Although this makes the DK encoding narrowly applicable—and
less relevant to broader quantum chemistry and materials science applications—studying
its performance serves as a testbed for the broader idea that model-specific encodings can
offer meaningful advantages for targeted quantum simulations.

Small-scale demonstrations of quantum chemistry have been carried out on quantum
computers with promising results [83, 54, 42, 93]. But achieving quantum advantage in
these tasks likely requires a larger number of qubits and deeper circuits than are possible
with today’s devices [26]. We could, therefore, assume that useful results will only be
achieved with large fault-tolerant quantum computers capable of running arbitrarily long
computations with arbitrarily low error rates. If such a machine was available, fermionic
encodings would likely provide only minor improvements in runtime.

Unfortunately, we are still far from having such a machine. On the other hand, better
and better pre-fault-tolerant devices are becoming available, with qubit counts approach-
ing several hundreds and error rates low enough for non-trivial demonstrations of quantum
error correction [3, 11]. It is possible that, with enough modest improvements—such as op-
timized fermionic encodings and encoding-enabled error mitigation—quantum simulation
could yield useful results without the substantial overheads required for full fault-tolerant
error correction.

How could we test the performance of such improvements? The most obvious answer
would be to run experiments. The DK encoding was recently compared to the JW en-
coding on an ion-trap device in [82]. Although this work demonstrated several interesting
encoding-based optimizations, current devices still fall short of reaching regimes where
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classical simulation becomes intractable.

Using classical simulation of circuits may seem counterintuitive at first, since our ulti-
mate goal is to use quantum computers for calculations inaccessible to classical computers.
However, certain sub-theories of quantum mechanics—such as stabilizer quantum mechan-
ics [45]—are classically simulable, while still exhibiting quantum phenomena such as en-
tanglement and superposition. Indeed, stabilizer simulations are widely used to benchmark
the performance of quantum error-correcting (QEC) codes under Pauli error models, and
are believed to provide reliable insight into performance.

Here, we use an efficient stabilizer circuit simulator [40] to benchmark the performance
of fermionic encodings at sizes beyond all previous simulations to the best of our knowl-
edge. We use the circuit error model, where every circuit element (state preparation, gate,
measurement) is followed by a stochastic Pauli error. This error model is commonly used
in QEC research, as it captures a broad range of noise present in today’s devices. Fur-
thermore, arbitrary Markovian noise (including coherent errors) can be transformed into
stochastic Pauli noise using randomized compiling [101, 51], often with little or no experi-
mental overhead [38]. This technique has also proven useful for error mitigation techniques
such as probabilistic error cancellation [98, 36].

We leverage the error-detecting properties of the DK encoding to design robust pro-
cedures for state preparation and measurement in the Fermi-Hubbard Hamiltonian. We
compare the performance of the DK encoding with the JW encoding and the ternary tree
(TT) encoding [60] for circuits implementing first-order Trotterized time evolution of the
2D Fermi-Hubbard Hamiltonian. We also study the performance of multiple error mitiga-
tion methods for the DK encoding using random logical operator circuits inspired by [22].

We find that, although promising in terms of potential accuracy improvements, DK-
enabled error mitigation suffers from high sampling costs, which limit its applicability to
very low physical error rates or small lattice sizes. Our results confirm the need for more
specialized circuit optimizations akin to those implemented in [82].

The remainder of this thesis is organized as follows. In Chapter 2, we provide the
necessary background, including a review of basic facts about qubits, an introduction to
quantum time evolution and its implementation on qubits, and a discussion about fermions
and fermionic encodings. In Chapter 3, we present techniques for constructing efficient and
error-resistant circuits by leveraging the structure of fermionic encodings. In Chapter 4, we
report the results of our numerical study comparing the performance of the DK, JW, and
TT encodings. Finally, in Chapter 5, we conclude with a discussion of possible extensions
to this work, including implementations on quantum hardware.
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Chapter 2

Background

The title of this thesis draws a parallel between fermionic encodings and classical data
structures. In classical computing, the choice of data structure can significantly impact
the efficiency of an algorithm by changing how information is organized and accessed.
Similarly, in quantum computing, fermionic encodings determine how fermionic systems
are mapped onto qubits, and different choices can lead to major differences in how various
subtasks of simulation are implemented and in their resource requirements.

We begin this chapter by introducing the medium of quantum computation—qubits
and their operations—in Section 2.1. In Section 2.2, we define the computational task
of simulating quantum time evolution, and in Section 2.3, we explain how this task can
be implemented on qubits using the Trotterization algorithm. Finally, in Section 2.4, we
introduce fermions and the Fermi-Hubbard model, and in Section 2.5, we discuss how these
systems can be encoded onto qubits through three fermionic encodings that we will later
compare numerically.

2.1 Qubits

The fundamental building blocks of quantum computing are qubits. They can be thought
of as quantum analogs of bits.

The state of one qubit is described by a unit vector in a two-dimensional complex
Hilbert space (a vector space equipped with an inner product).
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The canonical orthonormal basis for a single-qubit Hilbert space is:

|0⟩ =
[
1
0

]
, |1⟩ =

[
0
1

]
. (2.1)

The angle bracket notation is called Dirac bra-ket notation and has its origins in quan-
tum physics1.

An arbitrary pure state of a single qubit is a linear combination (called superposition)
of these basis states:

|ψ⟩ = α|0⟩+ β|1⟩, where α, β ∈ C, and |α|2 + |β|2 = 1. (2.2)

States of n qubits live in the 2n-dimensional Hilbert space:

H⊗n = H⊗ · · · ⊗ H︸ ︷︷ ︸
n times

. (2.3)

This means that single-qubit states can be combined into multi-qubit states using the
tensor product. For example, given single-qubit states |ψ⟩ and |ϕ⟩, their joint two-qubit
state is given by:

|ψ⟩ ⊗ |ϕ⟩. (2.4)

The basis states of this space are |x1x2 . . . xn⟩, where each xi ∈ {0, 1}. Any pure n-qubit
state is a normalized linear combination of these 2n basis vectors.

Quantum operations on qubits can be represented as matrices acting on these vectors.
For example, Pauli gates are commonly used:

X =

[
0 1
1 0

]
, Y =

[
0 −i
i 0

]
, Z =

[
1 0
0 −1

]
. (2.5)

Other common gates include the Hadamard (H), S and T gates:

H =
1√
2

[
1 1
1 −1

]
, S =

[
1 0
0 eiπ/2

]
, T =

[
1 0
0 eiπ/4

]
. (2.6)

The two-qubit gates used in this work are the controlled-X (CX), controlled-Z (CZ),
and controlled-Y (CY) gates, which are defined as follows:

1The notation ⟨ψ| is called a bra, representing a row vector, and |ϕ⟩ is called a ket, representing a
column vector. The inner product is written as ⟨ψ|ϕ⟩.
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CX =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , CZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 , CY =


1 0 0 0
0 1 0 0
0 0 0 −i
0 0 i 0

 . (2.7)

In this work, quantum circuit notation will be used. Fig. 2.1 demonstrates a simple
circuit. Circuits are read left to right.

|0⟩

|0⟩ H

Figure 2.1: Example quantum circuit preparing a Bell state. |0⟩ on the left represents the
initial state, then a Hadamard gate is applied on the second qubit, then a CNOT is applied
with the second qubit as control and the first qubit as target. The final box on the first
qubit is the measurement.

This circuit demonstrates preparation of a special state called a Bell state:

|Ψ+⟩ = 1√
2
(|00⟩+ |11⟩) (2.8)

This is an entangled state, i.e., it cannot be represented as a tensor product of any two
valid single-qubit states. When the first qubit is measured, we can fully determine the
state of the second qubit without measuring it. If the first qubit is measured as |0⟩ then
we know that the second qubit is in the |0⟩ state as well, same goes for |1⟩.

Finally, a special subset of quantum gates known as Clifford gates allows for efficient
classical simulation of quantum circuits. This is due to the Gottesman-Knill theorem[45],
which states that any quantum circuit composed exclusively of Clifford gates can be ef-
ficiently simulated in polynomial time using classical computers. The key property of
Clifford gates is that they map Pauli operators to Pauli operators under conjugation. The
set of all such operations forms the Clifford group Cn on n qubits, which is defined as:

Cn = {U ∈ U(2n) | UPU † ∈ Pn for all P ∈ Pn}, (2.9)

6



where Pn is the n-qubit Pauli group including phases,

Pn = {αP1 ⊗ · · · ⊗ Pn | Pj ∈ {I,X, Y, Z}, α ∈ {±1,±i}} , (2.10)

and U(2n) is the unitary group on n qubits.

The Clifford group is generated by the following three operations:

Cn = ⟨H,S,CNOT⟩ (2.11)

2.2 Quantum Time Dynamics

Quantum dynamics, i.e., the time evolution of quantum systems, is considered to be par-
ticularly well-suited for quantum computers. Time evolution of generic quantum systems
is governed by the Schrödinger equation:

iℏ
d

dt
|ψ(t)⟩ = H|ψ(t)⟩, (2.12)

where |ψ(t)⟩ is a normalized complex vector representing the state of a quantum system
within a Hilbert space, and H is a Hermitian matrix acting on this Hilbert space. In
this text, we assume that both |ψ(t)⟩ and H are finite dimensional. The Hamiltonian H
encodes both the energy and the interactions present in the system. When the Hamiltonian
is time-independent, the solution describing the evolution of the quantum state takes the
form:

|ψ(t)⟩ = e−iHt/ℏ|ψ(0)⟩. (2.13)

Therefore, the central task in simulating quantum dynamics is to implement the oper-
ator e−iHt/ℏ. This task, commonly referred to as Hamiltonian simulation, has also become
a fundamental subroutine in numerous quantum algorithms, both within and beyond the
scope of quantum simulation.

In quantum simulation, the goal is often not to reconstruct the full state vector, but
rather to extract specific physical quantities. This can typically be described by computing
the expectation value of an observable O:

⟨O⟩ = ⟨ψ(t)|O|ψ(t)⟩, (2.14)

where O is a Hermitian matrix corresponding to a measurable physical property.
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In practice, this involves preparing qubits in the state |ψ(t)⟩, performing measurements
corresponding to the observable O, and averaging the measurement results obtained from
repeating this process multiple times.

To summarize, what are the computational subroutines of quantum time dynamics
simulation? We can break it down into the following three subproblems:

• Preparation of |ψ(0)⟩

• Implementation of e−iHt/ℏ

• Measurement of observable O

In this chapter, we will primarily focus on the second subproblem of implementing the
time evolution, however, we will discuss preparation of certain states and measurement of
certain observables in the next chapter.

2.3 Time Dynamics Native to Qubits

To understand how to implement time evolution on a quantum computer, it is useful to
consider Hamiltonians that are, in a sense, native to qubits. These are known as spin
Hamiltonians.

Interestingly, long before the idea of a quantum computer was formalized, condensed
matter physicists were already working with qubits—except they called them spins. Spin
models have long been used to describe magnetic materials in quantum mechanics.

A widely studied example in the context of quantum simulation is the transverse-field
Ising model (TFIM), which is both physically relevant2 and computationally tractable. It
describes spins on a lattice with nearest-neighbor interactions in the Z direction and a
transverse magnetic field in the X direction:

H = −J
N−1∑
i=1

ZiZi+1 − h
N∑
i=1

Xi, (2.15)

where Zi and Xi are Pauli operators acting on qubit i, J is the interaction strength, and
h is the transverse field strength.

2It was initially developed as a mathematical model for ferromagnets.
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This Hamiltonian is expressed as a sum of local terms—Pauli operators acting on only
one or two qubits. More generally, we consider Hamiltonians of a similar form:

H =
∑
k

Hk, (2.16)

where each term Hk acts on a subset of qubits. In discussions of quantum simulation
algorithms, it is commonly assumed that each Hk acts on a constant number of qubits,
although this assumption is not strictly required for these algorithms to works.

A natural strategy for implementing the evolution operator e−iτH is to break it down
into exponentials of local terms e−iτHk . However, since the Hk generally do not commute,
this factorization is not exact:

e−iτ
∑

k Hk ̸=
∏
k

e−iτHk . (2.17)

To address this, we use the Trotter decomposition, also known as the product formula.
The first-order Trotter approximation expresses the full evolution as a repeated product of
exponentials of individual terms:

e−iHτ ≈
(∏

k

e−i τ
T
Hk

)T

, (2.18)

where T is the number of Trotter steps. The approximation becomes exact in the limit
T → ∞, and higher-order formulas can improve accuracy at the cost of additional gate
depth.

For the first-order Trotter formula, the approximation error in operator norm is [70]:

ϵ =

∥∥∥∥∥∥e−iτH −
(∏

k

e−i τ
T
Hk

)T
∥∥∥∥∥∥ = O

(
τ 2

T

)
, (2.19)

which implies that to achieve precision ϵ, it suffices to take

T = O(τ 2ϵ−1). (2.20)

This scaling can be made more precise in specific cases. For example, if the Hamiltonian
has only two non-commuting terms H = H1 +H2, it is shown in [70] that:∥∥e−i τ

T
H − e−i τ

T
H1e−i τ

T
H2
∥∥ ≤ (τ/T )2

2
∥[H1, H2]∥ . (2.21)
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This shows that the number of Trotter steps needed depends not only on τ and ϵ, but also
on the commutation relations among the Hamiltonian terms3. If all terms commute, then
the product formula is exact and a single step is enough.

Employing Trotter decomposition as an algorithmic tool is generally referred to as
Trotterization . Trotterization gives us a systematic way to approximate time evolution
by decomposing it into a sequence of local operations (as local as the terms of the Hamil-
tonian, of course). These local operations can be further compiled into circuits optimized
for specific hardware architectures. This is the approach commonly taken in near-term
experimental demonstrations of digital quantum simulation, e.g. in [64].

Here, we will describe a standard hardware-agnostic decomposition of local operations
e−iθPi , where Pi is a tensor product of Pauli matrices—for example, Pi = X1⊗X2⊗Y3—and
θ is a real parameter. Such unitaries can be compiled into short sequences of 1- and 2-qubit
gates. The decomposition typically involves a single arbitrary-angle gate—a gate whose
angle depends on the parameter θ—together with a sequence of Clifford gates. An example
is shown in Fig. 2.2.

1
√
Y Rz(θ)

√
Y

2
√
Y

√
Y

3
√
X

√
X

Figure 2.2: Example decomposition of the unitary e−iθ(X1⊗X2⊗Y3) into 1- and 2-qubit gates.
This decomposition was automatically generated with Cirq [32].

The Rz(θ) gate is the only arbitrary-angle component; all other gates in the circuit are
Clifford operations. The weight of the Pauli operator, i.e., the number of qubits it acts
on non-trivially, determines the number of Clifford gates required. Thus, minimizing the
weight of Pauli terms in the Hamiltonian can reduce circuit depth.

This is especially important for near-term hardware, where gate fidelities and/or qubit
connectivity are limited. As a rule of thumb, two-qubit gates are more noisy and more
difficult to implement than single-qubit gates in various different architectures.

3The commutator of two operators A and B is defined as [A,B] = AB−BA, while the anticommutator
is {A,B} = AB +BA.
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2.4 Fermions

In the previous section, we outlined how qubits could be used to study quantum dynamics
governed by Hamiltonians that are “native” to qubit systems. However, these spin Hamil-
tonians have limited applicability to many physical systems of real-world interest. For this
reason, we now turn our attention to fermionic systems.

Fermions are ubiquitous in nature. They include all fundamental matter particles —
electrons, protons, and neutrons are all fermions. Interestingly, even certain atoms (e.g.,
Lithium-6 [85]) behave as fermions. This means that these particles and atoms obey the
same fundamental set of rules and can be modeled by Hamiltonians and states with similar
mathematical structures. Although we can abstractly discuss simulating generic fermionic
particles representing any of the aforementioned matter particles, it is useful to remember
that fermionic models are most commonly intended to represent electrons.

Whereas qubits are quantum analogs of bits, fermions are better thought of as quantum
analogs of balls and bins. The “balls” are indistinguishable fermionic particles, and the
“bins” are the single-particle quantum states—referred to as modes—that these particles
can occupy. For electrons in atoms, for example, the modes correspond to spin-orbitals: the
atomic energy levels and sublevels (such as the 1s, 2p orbitals one might recall from high
school chemistry). Electrons occupy these states in an atom, and the outermost partially
filled states determine how the atom interacts and forms bonds with others. Consequently,
simulating electron interactions during a chemical reaction could provide valuable insights
into the potential outcomes of such reactions.

Because fermions are indistinguishable, we cannot track individual particles, only the
occupancy of each mode—that is, how many “balls” are in each “bin”. Let us attempt to
represent fermions with a Hilbert space and contrast them to qubits. Let the binary values
(0 or 1) encode whether the mode is unoccupied or occupied with a fermion. For example,
the state |010⟩ corresponds to a configuration where only the second mode is occupied by a
fermion. We are limited to binary values due to the Pauli exclusion principle: from theory,
experiments, and observations we know that at most one fermion will occupy each mode.

Now, let us consider a simple fermionic model: the spinless Fermi-Hubbard model.
This model describes fermions that can hop (or tunnel) between spatially adjacent modes
and experience mutual repulsion when occupying neighboring modes. Thus, it incorpo-
rates two fundamental interactions: hopping, which allows fermions to move between ad-
jacent modes, and the Coulomb interaction, which imposes an energy penalty whenever
two fermions simultaneously occupy adjacent modes—discouraging (though not forbid-
ding) such configurations. We note that this Hamiltonian does not change the number of
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fermions in the system which means it represents a closed system.

To illustrate these interactions, we start with a system of two fermionic modes. The
Hilbert space in this case is four-dimensional, with computational basis states

|00⟩ , |01⟩ , |10⟩ , |11⟩ , (2.22)

where, for example, |10⟩ corresponds to one fermion in mode 1 and none in mode 2.

The hopping interaction between modes 1 and 2, which we denote by a Hamiltonian
H12, swaps a fermion between these two modes. Its action on basis states is:

H12 |00⟩ = 0,

H12 |01⟩ = |10⟩ ,
H12 |10⟩ = |01⟩ ,
H12 |11⟩ = 0.

(2.23)

In matrix form, written in the ordered basis {|00⟩ , |01⟩ , |10⟩ , |11⟩}, this operator is:

H12 =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (2.24)

The Coulomb interaction between modes 1 and 2, which we denote by a Hamiltonian
C12, contributes energy only when both modes are occupied. In some sense, it “selects”
states with two fermions in neighboring modes. Its action is:

C12 |00⟩ = 0,

C12 |01⟩ = 0,

C12 |10⟩ = 0,

C12 |11⟩ = |11⟩ ,

(2.25)

with the corresponding matrix:

C12 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 . (2.26)
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A spinless Fermi-Hubbard Hamiltonian on an arbitrary graph can be written as:

H = −t
∑
⟨u,v⟩

Huv + U
∑
⟨u,v⟩

Cuv, (2.27)

where t is the hopping amplitude and U is the interaction strength. As before, Huv ex-
changes a fermion between modes u and v, and Cuv assigns energy to configurations in
which both modes are occupied. The angled brackets ⟨u, v⟩ indicate that u and v are
neighbors on the graph. Hence, Huv and Cuv are local: like local qubit operators, they act
non-trivially only on the involved modes. That is,

Huv = I ⊗ · · · ⊗H ⊗ · · · ⊗ I. (2.28)

In order to demonstrate the effects of these interactions on the total energy of the
system, let us consider a simple example: a system with three fermionic modes and two
fermions. The allowed basis states are |110⟩, |101⟩, and |011⟩. Suppose we are interested
in a 1D Fermi-Hubbard Hamiltonian on this three-mode system:

H = C12 + C23 −H12 −H23, (2.29)

We now compute the expectation values of each term in H on each of the basis states:

⟨110|C12|110⟩ = 1, ⟨110|C23|110⟩ = 0,

⟨110|H12|110⟩ = 0, ⟨110|H23|110⟩ = 0,

⟨101|C12|101⟩ = 0, ⟨101|C23|101⟩ = 0,

⟨101|H12|101⟩ = 0, ⟨101|H23|101⟩ = 0,

⟨011|C12|011⟩ = 0, ⟨011|C23|011⟩ = 1,

⟨011|H12|011⟩ = 0, ⟨011|H23|011⟩ = 0.

(2.30)

We observe that the Coulomb terms contribute +1 energy to |110⟩ and |011⟩, while all
hopping terms give zero expectation value since they map each basis state to an orthogonal
one. Therefore, the basis state with the lowest energy is |101⟩, which avoids both Coulomb
“penalties”.
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However, if one were to search for the Fermi-Hubbard Hamiltonian online, they would
not find it expressed in terms of operators like Huv and Cuv. Just as qubit (spin) Hamilto-
nians are built from Pauli matrices, fermionic Hamiltonians are built from a different set
of operator primitives. In this work, we adopt the second quantization formalism, where
the fundamental building blocks are the creation and annihilation operators, denoted a†

and a.

Figure 2.3: Summary of fermions in sec-
ond quantization.

The simplest fermionic state is the vacuum
state, in which no mode is occupied:

|vac⟩ = |00 . . . 0⟩︸ ︷︷ ︸
K modes

. (2.31)

In this work we will assume that there is
some finite number of modes K.

We define the creation operator a†i , which
adds a fermion to mode i (for i ≤ K). Acting
on the vacuum state, it produces a state with a
single fermion in mode i:

a†i |vac⟩ = |0 . . . 1 . . . 0⟩ . (2.32)

The annihilation operator ai is the Hermitian
conjugate of a†i , and removes a fermion from
mode i:

ai |. . . 1 . . .⟩ = |. . . 0 . . .⟩ . (2.33)

Due to the Pauli exclusion principle, fermionic creation and annihilation operators
satisfy:

a†ia
†
i = 0, aiai = 0. (2.34)

Beyond the Pauli exclusion principle, fermionic systems are believed to possess another
fundamental property – antisymmetricity4:

a†ia
†
j|vac⟩ = −a†ja†i |vac⟩. (2.35)

4The antisymmetricity of fermionic states is widely accepted across various areas of physics and is often
treated as synonymous with the Pauli exclusion principle. Strictly speaking, however, antisymmetric-
ity imposes additional constraints on the fermionic state space beyond those captured by the exclusion
principle alone—constraints which are yet to be verified experimentally [67, 47].
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The second quantization operators can be summarized using their anticommutation
relations:

{ai, a†j} = aia
†
j + a†jai = δijI, {ai, aj} = {a†i , a†j} = 0 (2.36)

Using these operators, the local hopping and interaction terms can now be written in
their standard second-quantized form. The hopping term between modes u and v is:

Huv = a†uav + a†vau, (2.37)

and the interaction term is:
Cuv = a†uaua

†
vav. (2.38)

Now, the Fermi-Hubbard Hamiltonian from Eq. (2.27) can be written as:

HFH = −t
∑
⟨u,v⟩

(
a†uav + a†vau

)
+ U

∑
⟨u,v⟩

a†uaua
†
vav, (2.39)

How could we use the techniques described in Section 2.3 to implement time evolu-
tion under this Hamiltonian? Turns out we can map this Hamiltonian (or any fermionic
Hamiltonian) to a qubit Hamiltonian, and this mapping is not unique. The freedom to
choose a mapping allows for optimizing various implementation details, and, as we will see
in Chapter 3, even creates an opportunity for mapping-specific error mitigation protocols.
These mappings are commonly referred to as fermionic encodings and they are the topic
of the next section.

2.5 Fermionic Encodings

In this section, we will discuss three fermionic encodings that will be compared numerically
in Chapter 4. Jordan-Wigner (JW) encoding is the first, most simple and, therefore, most
popular encoding. Ternary Tree (TT) encoding is the one-to-one (one fermionic mode per
qubit) encoding that maps fermionic operators to qubit operators of optimal Pauli weight.
Finally, Derby-Klassen (DK) encoding, also referred to as Compact encoding, is the encod-
ing tailor-made for the 2D Fermi-Hubbard Hamiltonian. This encoding has smaller Pauli
weight of the encoded Fermi-Hubbard operators than the optimal Ternary Tree encoding
at the cost of constant factor of additional qubits. Additionally, its special structure allows
for additional error mitigation opportunities unavailable for other encodings.
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2.5.1 Jordan-Wigner Encoding

Let us begin by directly representing second-quantized fermionic basis states as computa-
tional basis states of qubits. The simplest approach is to represent each fermionic mode
occupation (0 or 1) with a single qubit, thus directly encoding the occupation number basis
into qubit basis states.

In this case, what would be the Pauli operators representing the creation and annihila-
tion operators? Consider the following operators: 1

2
(Xj + iYj) and

1
2
(Xj − iYj). If we only

consider single qubits, they behave exactly as aj, a
†
j:

1

2
(Xj+iYj)|0⟩j = 0;

1

2
(Xj+iYj)|1⟩j = |0⟩j;

1

2
(Xj−Yj)|0⟩j = |1⟩j;

1

2
(Xj−iYj)|1⟩j = 0;

(2.40)

However, if we consider the action of these operators on multi-qubit states, we realize
that this is not sufficient. The creation and annihilation operators anticommute even when
acting on different modes, while qubit operations with non-overlapping support always
commute.

Therefore, the Jordan-Wigner encoding [63] maps the creation and annihilation opera-
tors to the following Pauli matrices:

a†j =

(
j−1∏
k=1

Zk

)
Xj − iYj

2
(2.41)

aj =

(
j−1∏
k=1

Zk

)
Xj + iYj

2
(2.42)

where Xj, Yj, and Zj are the Pauli operators acting on the j-th qubit.

If Jordan-Wigner encoding is applied to the 2D spinless Fermi-Hubbard, the operators
are mapped as following (without loss of generality, assume that i < j):

a†iaj + a†jai →
1

2

(
j−1∏

k=i+1

Zk

)
(XiXj + YiYj) , (2.43)

a†iaia
†
jaj →

1

4
(I + ZiZj − Zi − Zj). (2.44)
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Figure 2.4: Ternary Tree Encoding operators are defined by assigning qubit indices to tree
nodes that are not leaves and Pauli operators to the edges. This example tree creates 9
anticommuting Pauli operators on 4 qubits, with any subset of 8 of them giving a set of 8
encoded Majorana operators for 4 fermionic modes.

2.5.2 Ternary Tree encodings

If we focus on implementing operators following correct anticommutation relations without
worrying about how fermionic states are represented, we can achieve the optimal weight
of operators when using K qubits.

It is helpful to use the Majorana operators, which for a given fermionic mode j are
defined as:

γ2j = aj + a†j, γ2j+1 = −i(aj − a†j). (2.45)

Majorana operators are an equivalent representation of fermionic systems that satisfy sim-
pler anticommutation relations:

{γu, γv} = 2δuv, for u, v ∈ [2n], (2.46)

where we use the shorthand [2n] to denote {1, 2, . . . , 2n}.
Any set of 2n Pauli operators that satisfy Eq. (2.46) defines a valid encoding. Ternary

trees have been used to find optimal encodings in terms of the weight of encoded Majorana
operators. To demonstrate this, consider a small example in Fig. 2.4. Each numbered
node corresponds to a qubit with nmodes = nqubits = 4. Now, all paths from root to leaf
correspond to mutually anticommuting Pauli strings by construction. Since we need 8
encoded Majorana operators for nmodes = 4, we can select any 8 Pauli operators from the
tree. In [60] it was proved that the average weight w of a one-to-one encoding must satisfy
w ≥ log3 2n, with ternary tree encodings saturating the bound.

The encoding from [60] can create entangled qubit states implementing simple fermionic
basis states. However, in the numerical portion of our work, we will use pruned Sierpinski
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tree encoding from [50], which is a modified ternary tree encoding where the fermionic
basis states are encoded with the qubit computational basis states.

There is no simple way to summarize the exact definition of the encoded Fermi-Hubbard
operators as they depend on the lattice size non-trivially. In our numerical results we used
code associated with [50] to generate the encoded operators programmatically.

2.5.3 Derby-Klassen Encoding

The Derby-Klassen (DK) or Compact Encoding [31] is an encoding optimized for the 2D
square lattice spinless Fermi-Hubbard model.

Let L be a square lattice of length L × L with periodic boundary conditions. We use
Lv, Le, and Lf to refer to the vertices, edges, and faces of L, respectively. Recall that the
faces of the square lattice are two-colourable, i.e., each face can be assigned a colour such
that faces sharing an edge have different colours. We call these two sets of faces red and
blue, and we denote them by Lr

f and Lb
f , respectively. In the DK encoding, we place a

qubit on each vertex and each blue face of L. Each edge is also assigned an orientation as
shown in Fig. 2.5.

Z Z
Z Z

Y

Y

X X

Z

Y
XYX

Y
X

Figure 2.5: DK encoding lattice of size 4× 4 with periodic boundaries. Each hollow vertex
is identified with the corresponding filled vertex on the opposite boundary. We highlight
a stabilizer in red, a vertex operator in blue, and two edge operators in green.

The DK encoding has an encoded fermionic mode for every vertex of Lv and is custom-
arily defined in terms of a convenient Majorana operator basis:

Vj = −iγ2jγ2j+1 j ∈ Lv,

Eij = −iγ2iγ2j (i, j) ∈ Le,
(2.47)
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where γ2j and γ2j+1 are Majorana operators at vertex j, and we refer to Vj and Eij as
vertex and edge operators, respectively. The DK encoding maps these operators to the
following Pauli operators:

Ṽj = Zj, (2.48)

Ẽij =


XiYjXf(i,j) (i, j) oriented downwards,

−XiYjXf(i,j) (i, j) oriented upwards,

XiYjYf(i,j) (i, j) horizontal,

Ẽji = −Ẽij

(2.49)

where indices i, j correspond to vertex qubits, and Pf(i,j) denotes a Pauli operator P acting
on the qubit located at the face containing edge (i, j). We will use the Vj, Eij for the
fermionic versions of these operators and Ṽj,Ẽij for the encoded qubit operators. In this
work, we only consider encodings defined on lattices with even L, as this ensures that there
are no undetectable Majorana errors [30].

This encoding maps the hopping terms of the Fermi-Hubbard Hamlitonian as follows:

a†iaj + a†jai →



1
2

(
XiXjYf(i,j) + YiYjYf(i,j)

)
,

(i, j) horizontal,

1
2
(−1)g(i,j)

(
XiXjXf(i,j) + YiYjXf(i,j)

)
,

(i, j) vertical,

(2.50)

where g(i, j) allows for a factor of (−1) when appropriate due to the definition of vertical
edge operators in Eq. (2.49). The encoding for the Coulomb terms is the same as Eq. (2.44).

The compact encoded operators are not the only benefit provided by the DK encoding.
The extra qubits introduced in this encoding create redundancy, causing all valid encoded
states to reside in a subspace of the full qubit Hilbert space. This subspace is stabilized
by a set of operators known as stabilizers, which correspond to closed loops of Majorana
operators [31, 61]. Consequently, encoded states under the DK encoding have the structure
of a stabilizer code, the most widely studied type of quantum error correcting (QEC) code.

However, because the encoded operators (known as logical operators in QEC) are low-
weight, the code can only detect errors of even lower weight. For instance, because the
vertex operator is encoded as a single-qubit Z, single-qubit Z errors are undetectable. As
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a result, this stabilizer code has a code distance of one, making it unsuitable for fault
tolerance5. Thus, the desirable feature of low-weight encoded operators is directly at odds
with robust error-correction performance. Nevertheless, certain errors can still be detected.
It is therefore natural to ask whether this stabilizer structure can be leveraged for error
mitigation—either for near-term applications or in conjunction with “proper” quantum
error-correcting codes.

In the next chapter, we will explore how this stabilizer structure can be utilized for error
mitigation in the context of quantum simulation. We will borrow concepts from quantum
error correction and fault tolerance, adapting them to accommodate the constraints of the
encoding and the limitations of near-term hardware.

5Fault tolerance, in the most general sense, refers to the capability of performing computations of
arbitrary length through repeated rounds of error correction.
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Chapter 3

Constructing Circuits with Fermionic
Encodings

Now that we have established the computational problem (time evolution), the algorithm
(Trotterization), and our choice between three “data structures” (the JW, TT, and DK
encodings), we can discuss how this choice affects the practical implementation of Trot-
terization. As suggested at the end of the previous chapter, viewing the DK encoding as
a stabilizer code provides useful insight. Therefore, we begin this chapter by reviewing
some key concepts and techniques from quantum error correction. We will then proceed
to discuss circuit constructions for state preparation, time evolution, and measurement.

3.1 Stabilizer Codes Essentials

In this section, we will outline properties and definitions of the stabilizer error correcting
codes relevant to this work, drawn from Chapter 3 in [43]. We will illustrate some of the
properties with the structures from the DK encoding.

3.1.1 Stabilizer Codes

A stabilizer code is a subclass of quantum error correction codes in which the set of encoded
states (codespace) is specified by a set of stabilizers which form an abelian group1 S called

1A group is defined as a set of elements equipped with a group operation. The group operation for the
stabilizer group is multiplication. When a group operation is applied to two elements, the result is also a
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the stabilizer group. This means that the codespace (the set of encoded operators) is the
mutual +1 eigenspace of the stabilizers:

Cf = {|ψ⟩ : S|ψ⟩ = |ψ⟩, ∀S ∈ S} (3.1)

Note that −I /∈ S since −I does not have any +1 eigenstates.

A group will have a set of generators : a minimal set of elements from which any element
in the group can be generated with the group operation. Let us denote this set of stabilizer
generators as {Sk} where k indexes the stabilizer generators.

As mentioned before, in the DK encoding, the set of stabilizers corresponds to closed
loops of Majorana operators (encoded operators corresponding to a sequence of Majo-
rana operators on a closed loop multiplied together). Remember that we defined the
two-colourable lattice L, where faces with qubits colored as blue and faces without qubits
colored as red. We consider a generating set of the stabilizers comprising operators asso-
ciated with the red faces of L. Let k ∈ [L2/2] index the red faces. For each k we have a
stabilizer generator Sk formed by taking the product of all edge operators surrounding face
k. Each of these operators is weight eight and acts on the vertex qubits surrounding the
face as Z, on horizontally neighbouring face qubits as X, and on vertically neighbouring
face qubits as Y .

The explicit form of such a stabilizer generator with the vertex qubits surrounding face
k indexed as i, j, l,m in clockwise direction starting from upper left corner:

Sk = ZiZjZlZmYf(i,j)Yf(l,m)
Xf(j,l)Xf(m,i)

(3.2)

See Fig. 2.5 for an example.

It is not generally required in quantum error correction codes that the stabilizer group
and the encoded operations are Pauli operators. However, it is convenient that is the case
for the DK encoding, because Pauli operators will only have two eigenvalues (+1 and −1)
and they will either commute or anticommute with each other.

From these definitions, it is also clear that all encoded operators will commute with
all stabilizers, since the encoded operators are designed to map encoded states to encoded
states2:

member of the group. In abelian groups, elements of the group commute with each other.
2In quantum error correction literature, these are called logical operations and logical states, but we

will use the term encoded operators and encoded states as the primary goal of our stabilizer code is to
encode a fermionic system onto qubits.
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[Eij, Sk] = 0, [Vj, Sk] = 0, ∀i, j, k (3.3)

On the other hand, operators that anticommute with the stabilizers are the detectable
errors. For example, it is easy to see that a single Xi or Yi on a vertex qubit i will
anticommute with a stabilizer generators that include this vertex qubit.

3.1.2 Error Syndrome and Stabilizer Measurement

Let us now define the concept of error syndrome. Let |ψ⟩ be an eigenstate of all the
stabilizers, not necessarily with the eigenvalue +1. Let g be the total number of stabilizer
generators. Then the error syndrome σ ∈ {+1,−1}g of the state |ψ⟩ has +1 at position k
if |ψ⟩ is the +1 eigenstate of Sk and −1 otherwise. Let us denote the value corresponding
to a stabilizer generator Sk as σ(k).

Conveniently, we can “read out” the error syndrome without measuring and, therefore,
destroying the state |ψ⟩. For this, we will employ the standard Hadamard test circuit
in Fig. 3.1.

Y

Y

|+⟩a H

Figure 3.1: Circuit for measuring a stabilizer generator of the DK encoding. The top eight
qubits are data qubits. The ancilla qubit |+⟩a is measured to extract the eigenvalue of the
stabilizer.

In order to demonstrate why this circuit works, let us analyze a simpler circuit (Fig. 3.2).
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|ψ⟩

|+⟩ H

Figure 3.2: Simple demonstration of stabilizer measurement. |ψ⟩ is a single-qubit initial
state. This qubit is referred to as the data qubit. The second qubit, initialized in |+⟩ =
|0⟩+|1⟩√

2
, is called the ancilla qubit.

Right before measurement, the joint state of the two qubits in this circuit is:

1

2
(|ψ⟩ ⊗ (|0⟩+ |1⟩) + Z|ψ⟩ ⊗ (|0⟩ − |1⟩)) = 1

2
((|ψ⟩+ Z|ψ⟩)⊗ |0⟩+ (|ψ⟩ − Z|ψ⟩)⊗ |1⟩)

(3.4)

In general, we can write |ψ⟩ = α|0⟩+ β|1⟩. Then, with some algebra, the joint state of
the data and ancilla qubits before the measurement becomes:

α|0⟩ ⊗ |0⟩+ β|1⟩ ⊗ |1⟩ (3.5)

This tells us that when we measure |0⟩ on the ancilla qubit, we know that the data
qubit is in the state |0⟩, and if we measure |1⟩ on the ancilla qubit, we know the data qubit
is in |1⟩. The probability of measuring |0⟩ on the ancilla qubit is |α|2, and the probability
of measuring |1⟩ is |β|2.

If we replace the CZ gate with a CX gate and represent |ψ⟩ = α′|+⟩ + β′|−⟩, we can
measure the ancilla to determine if the qubit is in the state |+⟩ or |−⟩. Importantly, the
states |0⟩, |1⟩ are the eigenstates of Z, while the states |+⟩, |−⟩ are the eigenstates of X.
So, we notice that this type of a circuit will project the data qubit into the eigenspace of
the controlled gate, and the measurement of the ancilla determines which eigenstate the
data qubit is in.

We can also use the same ancilla qubit to project onto and “read out” the eigenstates
of two data qubits at once, as shown in Fig. 3.3.

In this case, the measurement output will be m = e1 + e2 mod 2, where e1 = 0 if |ψ1⟩
is in the +1 eigenstate of Z, and e1 = 1 if it is in the −1 eigenstate. The same holds for
e2, but with respect to X and |ψ2⟩. At the same time, we could think of this circuit as
putting both data qubits into an eigenstate of the Z ⊗X operator and the ancilla telling
us which eigenvalue it corresponds to.

This can be generalized to any multi-qubit Pauli operator as shown in (Fig. 3.4).
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|ψ1⟩
|ψ2⟩

|+⟩ H

Figure 3.3: Measuring the eigenstates of two data qubits non-destructively with one ancilla.

|ψ⟩ P

|+⟩ H

Figure 3.4: Stabilizer measurement of an arbitrary Pauli P . |ψ⟩ is a multi-qubit initial

state of data qubits. The ancilla qubit is still initialized in |+⟩ = |0⟩+|1⟩√
2

3.1.3 Binary Symplectic Representation of Paulis

The last concept introduced in this section will be binary symplectic representation of Pauli
operators. This is the foundational idea of stabilizer simulation techniques we use in our
numerics but it will also be useful for the state preparation procedure we will discuss in
the next section.

The main idea is to represent a Pauli operator as a binary vector in Zn
2 × Zn

2 , where n
is the total number of qubits in support of this operator. We will use a stabilizer generator
Z1Z2Z3Z4Y5Y6X7X8 of the DK encoding as an example with specific indexes assigned to
each qubit without worrying about the bigger lattice it may be a part of for convenience
(the general definition of the stabilizers can be found in Eq. (3.2)). A Pauli operator P will
be represented with a vector of length 2n with the structure (xP |zP ). The ith component
of xP will be 1 if P acts on qubit i with X or Y , and 0 otherwise. Similarly, the ith
component of zP will be 1 if P acts on qubit i with Z or Y , and 0 otherwise. Our example
stabilizer generator will map to the following:

Z1Z2Z3Z4Y5Y6X7X8 ←→ (00001111 | 11111100) (3.6)

Now, the Pauli operators will anticommute when different single-qubit Paulis (e.g.
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{Z1Z2, X1Z2} = 0) act on an odd number of qubits, and they will commute otherwise (e.g.
[Z1Z2, X1X2] = 0). This fact makes it intuitive to see that the so-called binary symplectic
product is equivalent to checking whether two Paulis commute or anticommute:

(x | z)⊙ (x′ | z′) := x · z′ + z · x′ mod 2, (3.7)

where the dot products are over F2, and the result is 0 if the corresponding Paulis
commute and 1 if they anticommute.

For example, consider P = Z1Z2 and Q = X1Z2, which correspond to binary symplectic
forms

(xP | zP ) = (00 | 11), (xQ | zQ) = (10 | 01).
Then their symplectic product is

(00 | 11)⊙ (10 | 01) = 00 · 01 + 11 · 10 = 0 + 1 = 1 mod 2,

so P and Q anticommute.

We are now fully equipped for discussing how to prepare fermionic basis states in the
DK encoding via non-destructive stabilizer measurement.

3.2 Preparing Fermionic Basis States

Recall that fermionic basis states take the form |x1x2x3 . . .⟩, where the binary value xi
represents the occupation of mode i—that is, xi = 1 if there is a fermion in mode i, and
xi = 0 otherwise.

In the Jordan–Wigner (JW) encoding, these map directly to the corresponding qubit
basis states: a fermionic state |f⟩ is represented by the identical qubit state |f⟩, where f is
a binary vector indicating the occupation of modes. The variant of the ternary-tree (TT)
encoding used in this work similarly maps fermionic basis states to qubit basis states, but
does so via a binary linear transformation G, such that the fermionic state |f⟩ is mapped
to the qubit state |Gf⟩.

In the Derby–Klassen (DK) encoding, the fermionic basis states are also mapped di-
rectly to the vertex qubits: the fermionic state |f⟩ is mapped to the vertex qubit state |f⟩.
However, a key distinction is the presence of additional face qubits. These enlarge the qubit
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Hilbert space beyond the dimension of the target fermionic state space, requiring us to im-
pose constraints on the physical qubit states to ensure a valid fermionic representation.
For now, we assume perfect operations with no noise.

The following constraints are given in [55]:

Vj|ψf⟩ = (−1)fj |ψf⟩, j ∈ [L2], (3.8)

Sk|ψf⟩ = |ψf⟩, k ∈ [L2/2], (3.9)

where f ∈ F|Lv |
2 , and Sk and Vj are the stabilizer generators and logical operators of the

DK encoding, respectively.

The second constraint ensures the state lies in the +1 eigenspace of the stabilizer group
as required by definition of a stabilizer code. The first enforces the correct fermionic
occupations on the vertex qubits. More explicitly, from the definition of Vj in Eq. (2.47),

we have a†jaj =
I−Vj

2
. Thus, while a†jaj| . . . 1 . . .⟩ = | . . . 1 . . .⟩ the operator Vj acts as:

Vj| . . . 1 . . .⟩ = −| . . . 1 . . .⟩. (3.10)

As noted in [55], DK-encoded fermionic basis states factorize as

|ψf⟩ = |v⟩ ⊗ |ϕ⟩, (3.11)

with |v⟩ ∈ (C2)⊗|Lv | and |ϕ⟩ ∈ (C2)⊗|Lr
f |.

Let Rk and Tk denote the restrictions of Sk to the vertex and face qubits, respectively.
Then,

Rk|v⟩ = rk|v⟩,
Tk|ϕ⟩ = tk|ϕ⟩,

rk = tk, k ∈ [L2/2].

(3.12)

Consider first the case f = 0 (the vacuum). Preparing the vertex qubits in the |0⟩ state
satisfies the Vj constraint and the Rk part of the stabilizer constraint. If the face qubits
are also initialized in |0⟩, then measuring Tk projects the state onto the +1 eigenspace with
50% probability. A näıve strategy is to postselect on all +1 outcomes, but this becomes
exponentially unlikely as the system size grows.

Instead, the total Hilbert space is partitioned into equivalent subspaces—called cospaces—
indexed by the syndrome σ ∈ {±1}|Lr

f |. Each syndrome defines a cospace with stabilizers
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S ′
k = σ(k)Sk, and logical operators may need to be modified accordingly (e.g., by flipping

signs of Eij operators).

Given σ, we can construct a recovery operator Dσ that maps the state back to the
canonical codespace Cf , or alternatively, is used to conjugate all logical operators:

Eij 7→ DσEijDσ. (3.13)

Since all operators involved are Pauli operators, we have Dσ = D†
σ.

We seek a recovery operator Dσ such that it anticommutes with each Sk for which
σ(k) = −1, commutes with the remaining Sk, and commutes with all logical operators
Vj. This ensures fermion number is preserved. The binary symplectic formalism (see Sec-
tion 3.1.3) allows us to translate these into linear constraints over F2.

Let nq be the number of total qubits, nv the number of vertex qubits, and ns = |Lr
f |

the number of stabilizer-generator faces. Let σb be the binary representation of σ, where
σ(k)b = 0 if σ(k) = +1 and σ(k)b = 1 if σ(k) = −1. Define the constraint vector e as:

e = (σ(1)b, σ(2)b, . . . , σ(ns)b | 0, 0, . . . , 0︸ ︷︷ ︸
nv

) (3.14)

Let the recovery operator D be represented by the binary symplectic vector

pD = (x1, x2, . . . , xnq | z1, z2, . . . , znq) (3.15)

Let S be the 2nq × nq matrix whose columns are the symplectic binary representations
of the Sk and Vj:

S =

 | | | | | |
S1 S2 · · · Sns V1 V2 · · · Vnv

| | | | | |

 (3.16)

Let Λ be the 2nq × 2nq matrix defining the symplectic product:

Λ =

(
0 Inq

Inq 0

)
(3.17)

where Inq is the nq × nq identity matrix.

The recovery condition is then expressed as:

pDΛS = e mod 2 (3.18)
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Solving this system over F2 gives the recovery operator D. We can do this efficiently
with Gaussian elimination. Alternatively, we could pre-compute recovery operators for
each one stabilizer generator separately and multiply those based on the syndrome.

The case f ̸= 0 is only slightly more complicated. First, compute the eigenvalues rk
such that Rk|f⟩ = rk|f⟩. After measuring Tk and obtaining outcomes tk, the syndrome is
recovered as σk = rktk.

An additional simplification can be made by preparing face qubits differently. Suppose
face qubits on even rows are initialized in |+⟩ and those on odd rows in |+i⟩. This prepares
the state in known ±1 eigenstates of stabilizers centered on even rows, so only the Tk on
odd rows need to be measured.

More encoded states can be prepared similarly. Consider a set of edge operators {Eℓm}
with disjoint support. For each Eℓm, prepare its support qubits in a +1 eigenstate of Eℓm—
e.g., if Eℓm = XℓYmXf(ℓ,m), then prepare |+⟩| + i⟩|+⟩. Measure the stabilizers, record the
syndrome, and update the edge operators as before. Note that in this case, the full set
{Sk} (not just {Tk}) must be measured. This method also generalizes to preparing −1
eigenstates of edge operators.

3.3 Trotterization Circuits

How do different encodings affect the Trotterized evolution implementation?

As hinted in Section 2.3, the Pauli weights produced by different encodings directly
affect the depth and gate counts of quantum circuits. For each term e−iτPi in the Trotterized
evolution, where Pi is a Pauli operator of weight wPi

, the standard decomposition uses:

• 1 arbitrary single-qubit rotation gate,

• 2wPi
single-qubit Clifford gates, and

• 2(wPi
− 1) two-qubit Clifford gates.

Let NH be the number of terms in the Hamiltonian and let w̄ denote the average Pauli
weight across all terms. In the Fermi-Hubbard model on an L× L square lattice, we have
NH ∼ L2. Then, the total gate count for the Trotterized evolution with T steps scales as

Gate count = O
(
TL2w̄

)
. (3.19)
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Lower-weight encodings yield smaller values of w̄, resulting in shallower and more efficient
circuits.

How many Trotter steps are needed for a useful simulation? There is no simple answer.
As discussed in Section 2.3, a rough error bound tells us that to simulate Fermi-Hubbard
evolution for time t = 1 with error ϵ = 0.01, one would need approximately T = 100 steps.
Alternatively, the same number of steps would give a precision of ϵ = 10−4 for a shorter
time t = 0.1. We note that tighter and more model-specific error bounds for the Fermi-
Hubbard model can be derived based on the structure and magnitudes of the Hamiltonian
coefficients [88].

Naively, implementing Trotterization for Fermi-Hubbard with JW results in the deepest
circuits since the encoded weights scale linearly with the size of the lattice. TT encoding’s
weights scale logarithmically, while the DK encoding’s weights are constant. However,
there is a known technique that dramatically improves the depth of JW circuits called
fermionic SWAP (FSWAP) network.

3.3.1 FSWAP Networks for Improved Jordan-Wigner Encoding

The key idea is to dynamically “move” qubits so that operators are applied only between
neighboring qubits, where the JW-encoded terms have minimal weight. The Fermi–Hubbard
model on a 2D square lattice is particularly amenable to this optimization due to its regular
structure. In fact, the optimal FSWAP protocol for an M ×N lattice is known to require
only 2M − 1 swap layers [48].

The FSWAP operation is simply the regular SWAP but with fermionic asymmetricity
taken into account:

FSWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 (3.20)

The FSWAP can be decomposed into the Clifford CZ and SWAP:

FSWAP = CZ · SWAP (3.21)

In Fig. 3.5, we show non-optimal but simple swap ordering we used in our numerical
results. This allows us to apply hopping terms between vertical neighbors without long
chains of Z that we would have to include otherwise.
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Figure 3.5: FSWAP network on a 3×4 lattice for implementing hopping terms between all
vertical neighbors. In panel 1, we start with qubits numbered 1 through 12 and a snake-like
JW ordering identified with gray lines. In this initial configuration, we can apply low-weight
hopping terms between pairs (4,5) and (8,9), identified with purple highlighting. Finally,
the two orange arrows show which columns will be swapped (via FSWAP application) to
achieve the configuration in panel 2. Then in panel 2, we are able to apply hopping terms
between (3,6) and (7,10). We identify pairs of qubits that have already been “coupled”
previously with blue highlighting. Last configuration is different from the original ordering
which could be mitigated by applying three more layers of swaps or postprocessing results
based on the permuted ordering.

3.4 Observable Readout and Error Mitigation

3.4.1 Observables

Recall from Section 2.2 that we often would like to calculate a particular physical quantity
from the evolved state ψ(t). In order to do so, we would compute expectation values of a
certain observable O by repeating the evolution and measurement circuit many times and
averaging the results.

In the context of the Fermi-Hubbard model, measuring the occupation of modes, i.e.
the operators a†jaj for all indices of modes j is a common objective. In all three encod-
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ings, this amounts to measuring the qubits in the computational (Z) basis (notably, in
the DK encoding, we would only require measurement results from the vertex qubits).
However, it can also be useful to measure the total energy of the state which implies us-
ing the total Hamiltonian as the observable of interest. Luckily, we can estimate such a
complicated observable by measuring the terms separately. This means we would repeat
the same evolution circuit with different measurements at the end, and add the results at
postprocessing.

This means we would like to find a measurement procedure that allows us to estimate
the measurement results of as many of the operators a†iaia

†
jaj (Coulomb) and a†iaj + a†jai

(hopping) as possible with running as few different circuits as possible. In this work, we will
focus on how a low-weight encoding such as the DK encoding, can allow for simultaneous
measurement of many of the qubit observables due to their qubit-wise commutativity3.

Recall that JW encoding maps the hopping term to 1
2

(∏j−1
k=i+1 Zk

)
(XiXj + YiYj) and

the Coulomb term to 1
4
(I + ZiZj − Zi − Zj). The Coulomb term can be estimated by

the occupation measurement, i.e. measuring all qubits in the computational basis. The
hopping term measurement is a bit more complicated. Measuring high-weight encoded op-
erators naively quickly becomes impractical. One way to overcome this would be to apply
the same FSWAP network technique described in Section 3.3.1. However, more efficient
methods can be created. In a square-lattice Fermi-Hubbard Hamiltonian encoded with the
JW encoding, it is known how to extract the energy with 5 measurements using the proce-
dure outlined by [16]. This procedure employs a simple, but non-Clifford, diagonalization
circuit for the two parts of the hopping term. To the best of our knowledge, no efficient
measurement procedure is known for ternary tree encoding.

The low weight of the Hamiltonian terms in the DK encoding simplifies the hopping
term measurement. In order to measure all the operators in the Fermi-Hubbard Hamilto-
nian, we need to measure in nine different measurement bases. First, we can simultaneously
extract the local occupation number operators a†iai and the Coulomb operators a†iaia

†
jaj

by measuring the vertex qubits in the Z basis. After that, we can simultaneously measure
the non-overlapping parts of the hopping operators using eight sets of measurements as
shown in Fig. 3.6.

3Qubit-wise commutativity implies Pauli operators that commute with each other for each qubit in
their support (e.g. X1X2 and X2X3). Pauli’s could commute without qubit-wise commutation, e.g. Z1Z2

and X1X2. In this case, one could create a unitary that would put qubits into a simultaneous eigenbasis
of these two Pauli operators. If such a unitary is applied before measurement, these two operators would
be measured simultaneously as well. However, finding such unitaries is not a trivial task in general.
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Figure 3.6: Efficient DK measurement schedule. For each stabilizer in the lattice, we
can measure the hopping term operators corresponding to the same color simultaneously.
Each highlighted edge corresponds to two operators in the hopping term: a†iaj and a†jai;
see Eq. (2.50).

3.4.2 Global Parity Postselection

As discussed in Section 2.4, evolution under the Fermi–Hubbard Hamiltonian conserves the
total number of fermions. Therefore, for all encoding schemes considered in this work, we
can perform a simple form of error mitigation that we refer to as global parity postselection.4

When measuring the qubits in the computational (Z) basis, we are effectively mea-
suring the occupation numbers of the fermionic modes. Hence, we can postselect on the
measurement outcomes by discarding any runs in which the total fermion number differs
from that of the initial state.

3.4.3 Error Detection with Stabilizer Measurement

The most general error detection method available for the DK encoding is to measure the
stabilizer generators non-destructively at the end of the circuit as described in Section 3.1.2.
We can then compare the error syndrome to the one measured at the state preparation,
and discard any measurement results where the two syndromes differ. This strict posts-
election will ultimately result in discarding all results with increasing error rates/lattice

4More generally, fermionic systems are parity-conserving: no physical fermionic Hamiltonian can change
the total fermion number from even to odd or vice versa. Even in exotic models where fermions may be
created or annihilated, this can only occur in pairs. Thus, this form of error mitigation remains valid
beyond the Fermi–Hubbard model. This is why we refer to it as parity postselection rather than number
postselection.
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sizes. Assessing if any useful results can be obtained before reaching that point is one of the
questions we address in our numerical study. In [82], a method was proposed for recovering
information from measurement results with non-trivial syndrome outcomes—that is, runs
in which errors were detected. However, it remains unclear how well this approach would
scale to circuits of greater depth. Although we did not test this method in our setup, it is
in principle possible to apply it to the output of stabilizer simulations.

We can also use a flag qubit [20] to detect when high-weight errors propagate to the
data qubit; see Fig. 3.7.

The flag qubit detects all weight ≥ 2 data qubit errors except for the stabilizer itself
and errors that are stabilizer equivalent to weight 1 errors. However, a single fault on the
auxiliary measurement qubit after all of the control gates can give an incorrect measurement
result. Assessing effectiveness of flag qubits was another objective of our numerical study.

Y

Y

|+⟩a H

|+⟩f H

Figure 3.7: Circuit for measuring a stabilizer generator of the DK encoding with flags.
The top eight qubits are the data qubits. The auxiliary qubit |+⟩a is read out to give
the measurement result and the auxiliary qubit |+⟩f is a flag qubit that is used to detect
high-weight errors.

3.4.4 Stabilizer Reconstruction

Last but not least, we describe a cost-effective technique for detecting errors in the readout
of occupation number and Coulomb interaction terms using the DK encoding.
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Consider a subset of vertex and edge operators with non-overlapping support. Any
subset with this property can be measured simply by measuring the relevant qubits in the
appropriate Pauli bases. For example, to measure all of the vertex operators we simply
measure all of the vertex qubits in the Z basis. For this measurement in particular, we
can also extract a subset of the stabilizer eigenvalues. Suppose we additionally measure
the face qubits in even (odd) rows of the lattice in the X (Y ) basis. Then by combining
the relevant measurement outcomes, we can reconstruct the eigenvalues of the stabilizer
generators associated with faces in even rows of the lattice. We can then discard any runs
with stabilizer measurement outcomes that do not match the outcomes observed in state
preparation. We call this readout technique stabilizer reconstruction (SR).

When using SR, we can reduce the number of stabilizer generators measured at the
end, since we are essentially reading out half of the syndrome from a necessary destructive
measurement. Then in order to obtain the second half of the syndrome, we can measure
the operators Tk (from Section 3.2) that are not included in the additional destructive
measurement of face qubits in the end.
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Chapter 4

Stabilizer Simulation for Testing
Fermionic Encodings’ Performance

In this chapter, we will present numerical results comparing JW, TT and DK encodings’
performance in noisy implementation of Trotterization algorithm. In order to study the
performance of these methods in regimes potentially inaccessible to classical computation,
we utilize stabilizer simulation—a common and extremely powerful numerical tool in QEC
research.

4.1 Stabilizer Simulation

Stabilizer simulations are routinely used to benchmark the performance of quantum error-
correcting codes with thousands of qubits, see e.g. [37, 46, 99, 15]. Stabilizer simulations
can simulate logical operations as long as they are Clifford, and capture limited form of
noise, namely stochastic Pauli channels.

When using stabilizer simulations to benchmark the performance of fermionic encodings
we also have the above limitations. However, we argue that simulations in this restricted
model can nevertheless serve as a reasonable proxy for performance. First, note that the
state preparation and readout circuits we discussed fall within the stabilizer formalism.
Requiring the logical operator circuits to be Clifford restricts the possible rotation angles
we can choose in Fig. 4.1 but we emphasize that the only part of these circuits that changes
for different choices of rotation angle is one single-qubit gate, and therefore we would expect
the Clifford circuits to accurately capture the error propagation in the generic circuits. We
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also numerically confirm that the performance of such Clifford and non-Clifford circuits is
identical in the stochastic Pauli error model via calculating process fidelities for varying
error rates; see Fig. 4.2.
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(a) Example decomposition of the DK encoding

(half) hopping operator e−iθXiXjYfi,j into 1- and 2-
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(b) Clifford version of (a) corresponding to

e−i 3π
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Figure 4.1: The DK hopping operator and its Clifford version we use in our stabilizer
simulation.

The restriction to stochastic Pauli noise is perhaps the biggest limitation of our simu-
lation, as this does not capture important device noise such as leakage [103, 9], amplitude
damping [80, 97, 24], or coherent errors. Coherent errors in particular are damaging in deep
circuits as they accumulate adversarially with increasing circuit depth. However, we note
that arbitrary Markovian errors (including coherent errors) can be tailored to stochastic
Pauli errors using randomized compiling [101, 51], and we expect our simulations to be
especially predictive for circuits compiled in this way.

Our numerical results are enabled by stim [40], a commonly used and powerful tool
for testing QEC codes by constructing noisy Clifford circuits and sampling their outcomes
under varying circuit-level error models. The advantages of using stim compared to prior
approaches assessing noise resistance of fermionic encodings [22, 49] are: 1) the ability to
simulate much larger sizes; 2) the flexibility to define hardware-inspired error models; and
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Figure 4.2: Comparison of the process fidelity of Clifford and non-Clifford logical rotations,
calculated using Qiskit’s process tomography functionality [59]. Each data point is the
average value of five runs with 1000 shots each (the error bars are too small to be visible).

3) the requirement to construct explicit noisy Clifford circuits resembling circuits that one
would run on a device.

The code is available at https://github.com/edyrenkova/FermiStabilizers.

4.2 Error models

We consider two error models: Standard Depolarizing (SD) and Superconducting Inspired
(SI), which are described in Table 4.1. Variants of the SD model are often used as a
benchmark in QEC research, while SI is meant to represent the errors that are common in
superconducting devices and was itself inspired by [41]. We do not consider idling errors
in this work as adding idling errors would disadvantage encodings with high-weight logical
operators, which are mostly applied sequentially in our simulations.
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Noise type Definition
p2 A 2-qubit depolarizing channel with rate p2 is added after each 2-qubit

Clifford gate.
p1 A single-qubit depolarizing channel with rate p1 is added after each 1-

qubit Clifford gate.
ps Initialization to |0⟩ is followed by a bitflip channel with rate ps.
pm All measurements are done in the Z basis and their results are flipped at

a rate pm.

(a) Definitions of error types

Name Standard Depolarizing Superconducting Inspired
Noisy Gateset p2 = p p2 = p

p1 = p p1 = p/10
ps = p ps = 2p
pm = p pm = 5p

(b) Comparison of noisy gatesets in SD and SI

Error Regime Definition
Aspirational p = 0.0001, or 0.01%
Intermediate p = 0.0005, or 0.05%
Near future p = 0.001, or 0.1%

(c) Error regimes that we simulated

Table 4.1: Error models
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|0⟩⊗n Eigenstate
prep

Codespace
state prep

Logical circuit
Fig. 4.1

Syndrome
extraction

Logical
measurement

Error is detected
when syndrome is non-trivial

Obs. error
when different
from |0⟩⊗n

Undetected errors:
triv. syndrome
with obs. error

Figure 4.3: Simulated Circuit Structure. Dashed elements are only present in some
circuits. Codespace state preparation is only present in DK circuits. Syndrome extrac-
tion is only present in the DK circuits where non-destructive syndrome measurement is
performed. Logical measurements contain information used for postselection in JW global
parity postselection and stabilizer eigenvalue readout in DK described in Section 3.4.4.
Purple boxes indicate postselection steps from classical data.

4.3 Simulated Circuits

The overview of the structure of our circuits can be found Fig. 4.3. The main idea is to
create a noisy version of the circuit that implements

UU †|ψinit⟩ = |ψinit⟩. (4.1)

Applying the mirror circuit UU † instead of just U is the simplest way to make sure that
the final logical measurement is deterministic without noise, which is a requirement for
stim simulations. Therefore, |ψinit⟩ is chosen to be an eigenstate of the final measurement
basis. For simplicity, in our simulations |ψinit⟩ is always the +1 eigenstate of the measured
basis, but that is not a requirement and does not affect the outcomes.

Eigenstate preparation in Fig. 4.3 refers to single qubit rotations that put physical
qubits into the +1 eigenstate of the final logical measurement. Codespace state preparation
refers to the methods described in Section 3.2. Syndrome extraction is achieved through
non-destructive stabilizer measurement circuit Fig. 3.7. Depending on the error mitigation
method, the syndrome could be a combination of measurement results from codespace
state preparation, syndrome extraction and logical measurement. The logical circuit block
in Fig. 4.3 refers to UU † in Eq. (4.1), where U represents a logical computation performed
with an encoding (U † is automatically generated with stim and is always counted towards
the total depth of the circuit). In our simulations, we consider two example logical compu-
tations, which we refer to as random logical circuits and full Trotter circuits. For random
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logical circuits we apply some number of rotations of Hamiltonian terms (generated auto-
matically using Cirq [32]) in random order by drawing terms uniformly at random from
the Hamiltonian without replacement [22]. For full Trotter circuits, we apply all Hamilto-
nian terms some number of times. In this case, there is an optimized circuit for the JW
encoding utilizing fermionic swap networks [66, 93, 48], which we can simulate using stim
as the fermionic swap operation is a Clifford operator.

For completeness, we provide tables of one- and two-qubit gate counts for all cases in
Appendix A.

4.4 Sampling

For each quantum circuit, a sample is represented by two binary vectors: the syndrome
vector s and the observables vector o. The syndrome vector s = (s1, s2, . . . , sn), where
si ∈ {0, 1}, encodes the detection of errors in the system. The error detection rate is
defined as

Rdet =
ndiscard

nsamp

, (4.2)

where nsamp is the total number of samples in the simulation and ndiscard is the number of
samples where s has at least one nonzero entry.

After postselection, the total number of samples used for calculating observable error
rates is denoted as nsamp,post:

nsamp,post = nsamp − ndiscard. (4.3)

The observables vector o = (o1, o2, . . . , om), where oj ∈ {0, 1}, tracks the outcomes of
measured observables. A sample is counted toward the Robs,any if o contains at least one
non-zero entry, and this rate is calculated as

Robs,any =
Number of samples with any oj = 1

nsamp,post

. (4.4)

Additionally, the worst local observable rate Robs,worst is determined as the maximum local
observable rate, where the local observable rate for observable j is defined as

R
[j]
obs,local =

Number of samples with oj = 1

nsamp,post

(4.5)
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and
Robs,worst = max

j
(R

[j]
obs,local). (4.6)

In all simulations, nsamp = 100,000. Error bars are computed using bootstrap resam-
pling with 1000 resamples [34]. The error bars represent variance of error rates for the
same circuit. However, since each circuit is also generated by randomly selecting the order
Hamiltonian terms applied and an automatic optimization by Cirq is applied, there is vari-
ation in the effective depth (i.e. gate counts) of circuits that is not captured by the error
bars calculation. The random order of Hamiltonian terms is consistent between encodings
to ensure a fair comparison.

4.5 Results

First, we consider the performance of the JW, DK, and TT encodings with full Trot-
ter circuits and occupation number measurements. This means that the observable vector
o = (o1, o2, . . . , om) (see Section 4.4) records the outcomes of computational basis (Z-basis)
measurements on each qubit (for DK, this includes only vertex qubits). For JW, we imple-
ment fermionic swap network circuits (Section 3.3.1) and global parity postselection (Sec-
tion 3.4.2). For DK, we implement stabilizer reconstruction as described in Section 3.4.4.
We compare these to unoptimized, unmitigated TT encoding, which is an asymptotically
optimal one-to-one encoding. From Fig. 4.4, it is evident that the optimized JW and DK
circuits produce less noisy results than TT. The winner between JW and DK is less clear.
While DK with stabilizer reconstruction (SR) shows a clear accuracy improvement, this
method quickly exhausts the sample budget nsamp = 100,000 with increasing circuit depth
and physical error rate. This is reflected in the incompleteness of DK curves, as we in-
clude only data points calculated from at least 500 samples. The most promising results
obtained with our naive DK circuit construction were 10 Trotter steps for a 12× 12 lattice
or 6 Trotter steps for a 16× 16 lattice at the lowest physical error rate of p = 0.01%. But
in that regime, the accuracy returns compared to JW are diminishing.

Next, we analyze the performance of various postselection methods for the DK encod-
ing in Fig. 4.5. We simulate random logical circuits and both occupation number and
hopping term measurements. For the hopping term measurements, the observable vector
o corresponds to measurement results of a multi-qubit observable XiXjXf(i,j) , arbitrarily
chosen from the four possible encoded hopping operators listed in Eq. (2.50). Since we
estimate the hopping term expectation by measuring all four separately, stabilizers must
be measured non-destructively to obtain the syndrome vector s (see Section 3.4.3). We
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Figure 4.4: Performance of fermionic encodings in the standard depolarizing
error model. We consider the DK, JW, and TT encodings, with no error mitigation (no
EM), stabilizer reconstruction (SR) and global parity postselection (GP). One Trotter step
corresponds to an application of all the Hamiltonian terms, and we measure the occupation
number at the end of the circuit. Robs,worst is the maximum local observable error rate and
data points with error detection rate Rdet ≥ 0.995 are excluded. Error bars are computed
using bootstrap resampling with 1000 resamples [34]. (a) compares encoding performance
across error rates. (b) zooms in on the lowest error rate, p = 0.01%: the left plot magnifies
DK and JW data from (a), the center compares deeper circuits for DK and JW, and the
right includes all three encodings (note the y-axis scale change).
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Figure 4.5: Performance of various postselection methods in the DK encoding
(SI error model). Each circuit applies a random sequence of logical operators, with
operator count given as a fraction of Hamiltonian terms. Error bars are computed using
bootstrap resampling with 1000 resamples. (a) and (b) showcase improvements in accu-
racy enabled by global parity postselection (GP) and stabilizer reconstruction (SR) for
occupation number measurements, as well as stabilizer measurement (SM) and stabilizer
measurement with flag qubits (SM+flags) for hopping term measurements, compared with
no error mitigation (no EM). Data points with error detection rate Rdet ≥ 0.995 are ex-
cluded. The legend in (b) is shared by (a) and (b).
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Figure 4.6: Error detection rates at different physical error rates (standard depolarizing
error model).

choose an error rate of p = 0.05% in Figs. 4.5a and 4.5b to illustrate the tradeoff between
accuracy and sampling requirements for different methods. The two plots in Fig. 4.5a
highlight the advantage of stabilizer reconstruction over global parity postselection in the
DK encoding. Accuracy is improved due to the finer-grained error detection enabled by
SR. This is also evident in Section 4.5, where GP saturates at Rdet = 0.5 because a fully
random occupation number measurement yields even global parity half of the time and odd
global parity the other half. The two plots in Fig. 4.5b compare stabilizer measurement
postselection with and without flag qubits in the hopping term measurement basis. We
observe little difference between flagged and non-flagged stabilizer measurements in both
observable error rates and error detection rates (see Section 4.5).

In Appendix B, we provide additional results for the superconducting inspired error
model, hopping term measurements, and GP with the JW encoding.
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Chapter 5

Conclusion

In this work we used modern stabilizer simulation tools to estimate the performance of
fermionic encodings on near-term devices. We were able to assess the performance of
encodings in regimes that are potentially impractical for classical computation [4, 84],
reaching lattice sizes of up to 18× 18 and up to 40 Trotter steps. To achieve this our error
model was necessarily restricted to stochastic Pauli noise, but realistic noise in devices can
be tailored to this form at little or no experimental cost.

The limitations in our simulations arose from the performance of the encodings them-
selves, not from computational resource constraints. The maximum circuit depths and
system sizes we report are determined by the error mitigation capacity of the encodings,
rather than by any inability to carry out stabilizer simulations. The most computation-
ally demanding aspect of our simulations was circuit generation, which could be further
optimized. We utilized high-performance computing resources to test various combina-
tions of encodings, circuits, and error models. However, we emphasize that results for a
single set of simulation parameters can be efficiently obtained on a standard laptop. The
code and setup instructions are publicly available at https://github.com/edyrenkova/
FermiStabilizers.

In our simulations, we observed that the optimal average operator weight of the TT
encoding cannot compete with depth reductions provided with specialized methods such as
the JW encoding with fermionic swap netwoks and the DK encoding with error mitigation.
We also observed that although the DK encoding with error detection provides an accuracy
improvement, the returns are diminishing due to the high sampling requirements. The most
promising regime for the DK encoding is the aspirational regime (p = 0.01%). However,
even in this case the DK encoding exceeds our sample budget of 100,000 shots at 10 Trotter
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steps for the 12× 12 lattice or 6 Trotter steps for the 16× 16 lattice. Furthermore, in the
aspirational regime, the JW encoding with fermionic swap networks and global parity
postselection also provides relatively low-error results.

Overall, our results indicate that reductions in operator locality and error mitigation
enabled by the DK encoding are not enough to enable significant improvements in near-
term condensed matter simulation involving Trotterization. However, recent work [82]
gives more optimized circuits and improved error detection techniques for the DK encoding,
which we would expect to improve our results. Considering the superior performance of the
DK encoding in the aspirational regime, we could consider concatenating the DK encoding
with a quantum error-correcting code such as the surface code. The surface code layer could
be used to reduce the logical error rate sufficiently so that the DK encoding postselection
would be effective. This combination could have superior resource requirements to either
encoding on its own, and is compatible with stabilizer simulation.

Another next step for our work could be to test the validity of our simulations by im-
plementing our circuits on quantum hardware, where the correct choice of encoding for a
particular device will depend both on the characteristics of the device and the nature of
the application. For example, our circuits assume auxiliary qubits that can couple to eight
data qubits, which is not possible on, e.g., IBM’s devices with heavy hex connectivity. We
may therefore need to consider compact encodings defined on other lattices [30] in this
case. But our simulation tools are flexible and could be used to estimate the performance
of other encodings with minor modifications. After selecting a device and application, it
would be interesting to compare stabilizer simulations with device performance, both with
and without randomized compiling. We expect randomized compiling to improve agree-
ment between simulations and experiments, as well as enhance the performance of fermionic
encodings with error detection. While achieving quantum advantage with fermionic encod-
ings in the near term is uncertain, stabilizer simulations will remain crucial for assessing
quantum circuit performance at the scale where quantum advantage is possible.
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Appendix A

Depth tables

We provide one-qubit (1Q) and two-qubit (2Q) gate counts in circuits that were used in
our plots in Tables A.1 to A.5. This provides a rough prediction for how many noisy
gates a simulation with different encodings can tolerate according to our results. In some
sense, this is an upper bound on the number of gates that can be performed in similar
implementations; if the Clifford simulation shows failure to extract information after a
certain number of gates, then it is unlikely that the same circuit would perform better in
a real device.

Fraction of Hamiltonian terms Lattice size 4× 4 Lattice size 8× 8 Lattice size 12× 12 Lattice size 16× 16
2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total

0.2 96 192 288 296 622 918 664 1450 2114 1226 2698 3924
0.6 218 390 608 710 1420 2130 1792 3762 5554 3154 6542 9696
1.0 334 624 958 1216 2330 3546 2510 5304 7814 4562 9392 13954
1.6 430 782 1212 1596 3100 4696 3396 6724 10120 5962 12084 18046
2.0 466 830 1296 1604 3180 4784 3566 7096 10662 6310 12592 18902

Table A.1: DK Encoding, occupation number measurement, stabilizer reconstruction error
detection, random logical circuits.
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Fraction of Hamiltonian terms Lattice size 4× 4 Lattice size 8× 8 Lattice size 12× 12 Lattice size 16× 16
2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total

0.2 208 232 440 746 792 1538 1704 1972 3676 2868 3142 6010
0.6 330 446 776 1186 1658 2844 2752 4130 6882 4790 7002 11792
1.0 446 662 1108 1602 2528 4130 3634 5720 9354 6374 10154 16528
1.6 540 846 1386 2044 3292 5336 4414 7138 11552 7696 12674 20370
2.0 566 854 1420 2054 3358 5412 4652 7612 12264 8178 13406 21584

Table A.2: DK Encoding, hopping term measurement, stabilizer measurement error detec-
tion, random logical circuits.

Trotter steps Lattice size 4× 4 Lattice size 8× 8 Lattice size 12× 12 Lattice size 16× 16 Lattice size 18× 18
2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total

2 242 385 627 778 1439 2217 1610 3089 4699 2730 5313 8043 3398 6641 10039
4 470 753 1223 1490 2787 4277 3064 5941 9005 5188 10181 15369 6450 12711 19161
6 698 1121 1819 2202 4135 6337 4518 8793 13311 7632 15029 22661 9498 18765 28263
8 926 1489 2415 2914 5483 8397 5972 11645 17617 10086 19887 29973 12546 24825 37371
10 1154 1857 3011 3626 6831 10457 7426 14497 21923 12530 24735 37265 15594 30879 46473
20 2294 3697 5991 7186 13571 20757 14696 28757 43453 24780 49005 73785 30834 61167 92001
40 4574 7377 11951 14306 27051 41357 29236 57277 86513 49270 97535 146805 61314 121737 183051

Table A.3: DK Encoding, occupation number measurement, stabilizer reconstruction and
full Trotter circuits.

Trotter steps Lattice size 4× 4 Lattice size 8× 8 Lattice size 12× 12 Lattice size 16× 16 Lattice size 18× 18
2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total

2 140 117 257 642 419 1061 1436 919 2355 2562 1611 4173 3272 2029 5301
4 282 241 523 1478 977 2455 3258 2275 5533 5780 4071 9851 7364 5155 12519
6 424 365 789 2318 1541 3859 5086 3639 8725 9006 6545 15551 11464 8299 19763
8 566 489 1055 3158 2105 5263 6914 5003 11917 12232 9019 21251 15564 11443 27007
10 708 613 1321 3998 2669 6667 8742 6367 15109 15458 11493 26951 19664 14587 34251
20 1418 1233 2651 8198 5489 13687 17882 13187 31069 31588 23863 55451 40164 30307 70471
40 2838 2473 5311 16598 11129 27727 36162 26827 62989 63848 48603 112451 81164 61747 142911

Table A.4: JW Encoding, occupation number measurement, global parity postselection,
full Trotter circuits.

Trotter steps Lattice size 4× 4 Lattice size 8× 8 Lattice size 12× 12 Lattice size 16× 16 Lattice size 18× 18
2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total 2Q 1Q Total

2 872 664 1536 4658 3740 8398 12060 9152 21212 23210 17676 40886 31158 23656 54814
4 1704 1384 3088 8510 7450 15960 22396 18314 40710 41376 35300 76676 53798 46970 100768
6 2536 2072 4608 12294 11194 23488 32726 27468 60194 59670 53164 112834 76672 70856 147528
8 3396 2728 6124 16146 14854 31000 42846 36480 79326 77848 70890 148738 99166 93942 193108
10 4240 3410 7650 19914 18688 38602 53244 45726 98970 95898 87952 183850 121712 117366 239078
20 8484 6654 15138 38652 37450 76102 104464 91002 195466 186002 177196 363198 234404 234538 468942
40 16944 13314 30258 76432 74850 151282 207134 182432 389566 369880 354218 724098 460258 470880 931138

Table A.5: TT Encoding, occupation number measurement, full Trotter circuits.
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Appendix B

Additional Simulation Data

Superconducting inspired error model. Figs. B.1 and B.2 are the same as the figures
as in main text but with the SI error model. This model, with its reduced single-qubit
error rate, provides a slight advantage for DK encoding with 20 Trotter steps potentially
accessible for a 12 × 12 lattice at the lowest physical error rate of p = 0.01% (central
plot of Fig. B.1b). We see no significant differences in the performance of various error
mitigation methods for the DK encoding in Fig. B.2. The performance of JW and TT
encodings are almost identical to the SD error model case.

Hopping term measurements. Fig. B.4 provides a similar comparison of JW and
DK to Figs. 4.4 and B.1 but with measurements extracting hopping term observables.
For DK circuits we measure all hopping terms colored in red in Fig. 3.6 with stabilizer
measurement for postselection (no flag qubits). For JW, we measure XiXi+1 observables,
which is the most efficient (in terms of the number of Hamiltonian terms extracted) naive
hopping term measurement. We do not include results for TT here because we do not
have a comparable measurement strategy available for it. We observe that this kind of
measurement significantly disadvantages the JW encoding (with fermionic swap networks)
compared with the occupation number measurement. Hence, the difference in performance
between DK and JW is much more pronounced, with the potential to extract relatively
low-error observables using the DK encoding that are impossible using the JW encoding.
However, the DK encoding suffers from high postselection costs in this setting as well, with
most promising results being 10 Trotter steps for the 16 × 16 lattice and 8 Trotter steps
for the 18× 18 lattice.

DK comparison for more error rates (both error models). Figs. 4.5 and B.2
compare the DK encoding in the intermediate error regime of p = 0.05% of SD and SI error
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models respectively. As mentioned in the main text, we highlight this error regime as it best
demonstrates the tradeoff between shot counts and accuracy in the DK encoding. Figs. B.5
to B.8 demonstrate the performance of the DK encoding in the aspirational (p = 0.01%)
and near future (p = 0.1%) regimes for both the SD and SI error models. We again see no
notable differences between SD and SI error models. Results in both regimes show little to
no advantage from GP compared to no error mitigation, with some improvements present
only in smaller lattices and low error rates. Meanwhile, when there are enough samples to
discard in the aspirational regime, stabilizer reconstruction and stabilizer measurements
provide an improvement in accuracy for all lattice sizes. However, we see that the sampling
requirements are impractical for the near future error regime.

JW with GP vs. no GP. Figure B.9 demonstrates no significant improvement in
accuracy resulting from GP in JW circuits except for the smallest lattice sizes and lowest
error rates.
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2 4 6 8 10

0

0.01

0.02

0.03

0.04

0.05

0.06

Trotter steps

O
b
se
rv
ab

le
E
rr
or

R
at
e
R

ob
s,
w
or
st

JW, DK: 2-10 Trotter steps

10 20 40

0

0.05

0.1

0.15

0.2

Trotter steps

JW, DK: 10-40 Trotter steps

10 20 40

0

0.1

0.2

0.3

0.4

0.5

Trotter steps

JW, DK, and TT: 10-40 Trotter steps

JW+GP, 4× 4 DK+SR, 4× 4 TT+noEM, 4× 4
JW+GP, 8× 8 DK+SR, 8× 8 TT+noEM, 8× 8
JW+GP, 12× 12 DK+SR, 12× 12 TT+noEM, 12× 12
JW+GP, 16× 16 DK+SR, 16× 16 TT+noEM, 16× 16
JW+GP, 18× 18 DK+SR, 18× 18 TT+noEM, 18× 18

(b) Superconducting inspired error model at p=0.01%

Figure B.1: Performance of fermionic encodings in the superconducting inspired
error model. We consider the DK, JW, and TT encodings, with no error mitigation (no
EM), stabilizer reconstruction (SR) and global parity postselection (GP). One Trotter step
corresponds to an application of all the Hamiltonian terms, and we measure the occupation
number at the end of the circuit. Robs,worst is the maximum local observable error rate and
data points with error detection rate Rdet ≥ 0.995 are excluded. Error bars are computed
using bootstrap resampling with 1000 resamples. (a) compares encoding performance
across error rates. (b) zooms in on the lowest error rate, p = 0.01%: the left plot magnifies
DK and JW data from (a), the center compares deeper circuits for DK and JW, and the
right includes all three encodings (note the y-axis scale change).

65



0.2 0.6 1 1.6 2

0.01

0.01

0.02

0.02

0.03

0.03

Fraction of Hamiltonian terms

O
b
se
rv
a
b
le

E
rr
o
r
R
at
e
R

o
b
s,
w
o
rs
t

No EM vs GP

0.2 0.6 1 1.6 2

0

0.01

0.02

0.03

Fraction of Hamiltonian terms

No EM vs SR

(a) Observable errors for occupation number measurements at p = 0.05% (supercon-
ducting inspired error model)

0.2 0.6 1 1.6 2
0

0.01

0.02

0.03

0.04

0.05

0.06

Fraction of Hamiltonian terms

O
b
se
rv
ab

le
E
rr
or

R
at
e
R

o
b
s,
w
o
rs
t

No EM vs SM

0.2 0.6 1 1.6 2

0

0.01

0.02

0.03

0.04

0.05

0.06

Fraction of Hamiltonian terms

No EM vs SM+flags

DK+no EM, 4× 4 DK+GP, 4× 4 DK+SR, 4× 4 DK+SM+flags, 4× 4 DK+SM, 4× 4
DK+no EM, 8× 8 DK+GP, 8× 8 DK+SR, 8× 8 DK+SM+flags, 8× 8 DK+SM, 8× 8
DK+no EM, 12× 12 DK+GP, 12× 12 DK+SR, 12× 12 DK+SM+flags, 12× 12 DK+SM, 12× 12
DK+no EM, 16× 16 DK+GP, 16× 16 DK+SR, 16× 16 DK+SM+flags, 16× 16 DK+SM, 16× 16

(b) Observable errors for hopping term measurements at p = 0.05% (superconducting
inspired error model)

Figure B.2: Performance of various postselection methods in the DK encoding
(SD error model). Each circuit applies a random sequence of logical operators, with
operator count given as a fraction of Hamiltonian terms. Error bars are computed using
bootstrap resampling with 1000 resamples. (a) and (b) showcase improvements in accu-
racy enabled by global parity postselection (GP) and stabilizer reconstruction (SR) for
occupation number measurements, as well as stabilizer measurement (SM) and stabilizer
measurement with flag qubits (SM+flags) for hopping term measurements, compared with
no error mitigation (no EM). Data points with error detection rate Rdet ≥ 0.995 are ex-
cluded. The legend in (b) is shared by (a) and (b).
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Figure B.3: Error detection rates at different physical error rates (superconducting inspired
error model).
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(a) Standard depolarizing error model at different error rates p
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(b) Superconducting inspired error model at different error rates p

Figure B.4: Comparison of hopping term measurement performance at different
error rates. (a) We consider the DK encoding with stabilizer measurement (DK+SM)
and the JW encoding (with no error mitigation) on fermionic lattice sizes from 4 × 4 to
18×18. One Trotter step corresponds to an application of all the terms in the Hamiltonian
and the we measure in the hopping operator basis at the end of each circuit. Robs,worst

is the maximum local observable error rate and data points with error detection rate
Rdet ≥ 0.995 are excluded. Error bars are computed using bootstrap resampling with 1000
resamples. We simulate the standard depolarizing error model with strength p = 0.01%
(left), p = 0.05% (middle), and p = 0.1% (right). (b) Identical to (a) except with the
superconducting inspired error model.
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(b) Hopping term measurement

Figure B.5: Performance of the DK encoding in the aspirational error regime
(p = 0.01%) for the standard depolarizing error model. We consider fermionic lat-
tice sizes of 4×4 up to 16×16. Each circuit applies a random sequence of logical operators,
with operator count given as a fraction of Hamiltonian terms. Robs,worst is the maximum
local observable error rate and data points with error detection rate Rdet ≥ 0.995 are ex-
cluded. Error bars are computed using bootstrap resampling with 1000 resamples. (a)
Performance comparison of global parity postselection (GP) and stabilizer reconstruction
(SR) with no error mitigation (no EM) for occupation number measurements. (b) Perfor-
mance comparison of stabilizer measurement (SM) and flag qubits with no error mitigation
for hopping term measurements.
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(b) Hopping term measurement

Figure B.6: Performance of the DK encoding in the near future error regime
(p = 0.1%) for the standard depolarizing error model. We consider fermionic lattice
sizes of 4 × 4 up to 16 × 16. Each circuit applies a random sequence of logical operators,
with operator count given as a fraction of Hamiltonian terms. Robs,worst is the maximum
local observable error rate and data points with error detection rate Rdet ≥ 0.995 are ex-
cluded. Error bars are computed using bootstrap resampling with 1000 resamples. (a)
Performance comparison of global parity postselection (GP) and stabilizer reconstruction
(SR) with no error mitigation (no EM) for occupation number measurements. (b) Perfor-
mance comparison of stabilizer measurement (SM) and flag qubits with no error mitigation
for hopping term measurements.
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(b) Hopping term measurement

Figure B.7: Performance of the DK encoding in the aspirational error regime
(p = 0.01%) for the superconducting inspired error model. We consider fermionic
lattice sizes of 4 × 4 up to 16 × 16. Each circuit applies a random sequence of logical
operators, with operator count given as a fraction of Hamiltonian terms. Robs,worst is the
maximum local observable error rate and data points with error detection rate Rdet ≥ 0.995
are excluded. Error bars are computed using bootstrap resampling with 1000 resamples.
(a) Performance comparison of global parity postselection (GP) and stabilizer reconstruc-
tion (SR) with no error mitigation (no EM) for occupation number measurements. (b)
Performance comparison of stabilizer measurement (SM) and flag qubits with no error
mitigation for hopping term measurements.
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(b) Hopping term measurement

Figure B.8: Performance of the DK encoding in the near future error regime
(p = 0.1%) for the superconducting inspired error model. We consider fermionic
lattice sizes of 4 × 4 up to 16 × 16. Each circuit applies a random sequence of logical
operators, with operator count given as a fraction of Hamiltonian terms. Robs,worst is the
maximum local observable error rate and data points with error detection rate Rdet ≥ 0.995
are excluded. Error bars are computed using bootstrap resampling with 1000 resamples.
(a) Performance comparison of global parity postselection (GP) and stabilizer reconstruc-
tion (SR) with no error mitigation (no EM) for occupation number measurements. (b)
Performance comparison of stabilizer measurement (SM) and flag qubits with no error
mitigation for hopping term measurements.
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Figure B.9: Effect of global parity postselection (GP) in the JW encoding for
the standard depolarizing error model. We consider fermionic lattice sizes of 4 × 4
up to 16 × 16 and occupation number measurements. One Trotter step consists of an
application of all terms in the Hamiltonian and Robs,worst is the maximum local observable
error rate. Error bars are computed using bootstrap resampling with 1000 resamples.

73


	Author's Declaration
	Statement of Contributions
	Abstract
	Acknowledgements
	Dedication
	List of Figures
	List of Tables
	Introduction
	Background
	Qubits
	Quantum Time Dynamics
	Time Dynamics Native to Qubits
	Fermions
	Fermionic Encodings
	Jordan-Wigner Encoding
	Ternary Tree encodings
	Derby-Klassen Encoding


	Constructing Circuits with Fermionic Encodings
	Stabilizer Codes Essentials
	Stabilizer Codes
	Error Syndrome and Stabilizer Measurement
	Binary Symplectic Representation of Paulis

	Preparing Fermionic Basis States
	Trotterization Circuits
	FSWAP Networks for Improved Jordan-Wigner Encoding

	Observable Readout and Error Mitigation
	Observables
	Global Parity Postselection
	Error Detection with Stabilizer Measurement
	Stabilizer Reconstruction


	Stabilizer Simulation for Testing Fermionic Encodings' Performance
	Stabilizer Simulation
	Error models
	Simulated Circuits
	Sampling
	Results

	Conclusion
	References
	Appendices
	Depth tables
	Additional Simulation Data

