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Abstract

The graphene/electrolyte interface plays a central role in applications such as super-
capacitors and biosensors. Traditionally modeled as two capacitors in series—the Debye
capacitance of the electrolyte and the quantum capacitance of graphene—the interface
is predominantly governed by the latter. While prior studies have focused on graphene’s
voltage-dependent capacitance, its frequency response remains underexplored theoretically.
This thesis develops a rigorous mathematical framework to model and analyze the fre-
quency response of the graphene/electrolyte interface under diverse conditions, including
finite-conductivity neutral graphene, charged graphene with infinite conductivity, and sys-
tems with room-temperature ionic liquids (RTILs).

We first examine a graphene electrode in a dilute electrolyte under small AC voltages.
By linearizing and normalizing the Poisson—Nernst—Planck (PNP) equations, we derive
analytical impedance expressions for graphene-metal and metal-metal systems, elucidating
the role of quantum capacitance across electrolyte concentrations. For finite-sized graphene
disk electrodes, we incorporate graphene’s intrinsic conductivity to obtain explicit quantum
impedance expressions. The results reveal a transition from Warburg-type behavior at high
frequencies to RC-circuit behavior at low frequencies, governed by quantum capacitance
and conductivity.

The analysis extends to charged graphene electrodes under DC bias, using matched
asymptotic expansions in the thin double-layer limit. We derive an analytical impedance
expression that highlights the dependence of frequency response on ion concentration and
bias voltage. Finally, we explore concentrated electrolytes with RTILs, introducing a new
length scale to capture electrostatic correlations and characterizing their impact on low-
frequency impedance.

v



Acknowledgements

“If I have seen further than others, it is by standing on the shoulders of giants” — Isaac
Newton in a letter to Robert Hooke, 1675.

I would like to borrow this timeless quote and say to my supervisors,
Dr. Zoran Miskovi¢ and Dr. Roderick Melnik:
“If I have seen further than others, it is by standing on YOUR shoulders.”
Thank you for guiding me through an enjoyable and memorable academic journey—one
that is truly beyond words to express.

I am sincerely grateful to my committee members, Dr. Brian Ingalls and Dr.
Matthew Scott, for generously taking time out of their busy schedules to support my
PhD program. I especially appreciate their thoughtful attention during my comprehensive
exam and their continued encouragement throughout the process. I would also like to
extend my special thanks to Dr. Brian Ingalls for kindly sharing his lecture notes during
my PhD lecturing.

I would also like to thank Dr. Bjorn Birnir and Dr. Michael Pope for kindly
agreeing to serve on my PhD committee and for taking the time to read this thesis given
their demanding schedules. In particular, I am grateful to Dr. Pope for his insightful
experimental perspectives, which helped shape this thesis into a stronger and more balanced
work. I am also deeply thankful to Dr. Birnir for the considerable time he invested in
carefully reviewing my thesis that improved its clarity and presentation.

My heartfelt thanks go to my family for their unwavering support, patience, and en-
couragement during my PhD journey. Their presence—even from afar—has meant the
world to me, and I am deeply grateful for the strength and reassurance they have always
provided. I am also thankful to my friends, whose companionship and encouragement
helped me navigate the most challenging phases of this journey. Their kindness, humor,
and presence brought balance and joy, and I feel fortunate to have shared this experience
with them.

[ am thankful to Canada for fostering an inspiring academic environment, where I have
had the privilege to pursue my research. I gratefully acknowledge the financial support
from the Natural Sciences and Engineering Research Council of Canada (NSERC), as well
as the continued support from the Department of Applied Mathematics at the University
of Waterloo through teaching assistantships and, most notably, the opportunity to engage
as a lecturer—an experience that was deeply played a pivotal role in shaping my academic
career.



Finally, I would like to express my deep appreciation to the broader research community
working at the intersection of mathematical physics and electrochemistry. Their insightful
contributions have shaped my understanding and guided the development of this thesis.
This work would not have been possible without the solid foundation they have laid.

vi



Dedication

To the lovers of mathematical physics, may your curiosity never wane

vii



Table of Contents

Examining Committee ii
Author’s Declaration iii
Abstract iv
Acknowledgements v
Dedication vii
List of Figures xi
List of Abbreviations xXvi
List of Symbols xvii
1 Introduction 1

1.1 Motivation . . . . . . ..o e 1

1.2 Outline of Thesis . . . . . . . . . . 3
2 Theoretical Background 4

2.1 Introduction . . . . . . . . L

2.2 Quantum Capacitance of Graphene . . . . . . . .. ... ... ... ..., 4

viil



2.3 Boundary Modeling of the Graphene/Electrolyte Interface . . . . ... ..
2.4 Poisson-Nernst-Planck (PNP) Systems . . . .. ... ... ... ......
2.4.1 PNP Model in Dilute Electrolytes . . . . . . .. ... .. ... ...
2.4.2 PNP Model in Ionic Liquids . . . . . .. ... ... ... ......
2.4.3 PNP Model in Linear Regime . . . . .. .. .. ... ... .....
2.5 Method of Matched Asymptotic Expansions . . . . .. ... ... .....
2.6 Fundamentals of the EIS . . . . .. .. .. ... .0 o

Neutral Graphene in Dilute Electrolytes
3.1 Introduction . . . . . . . ..
3.2 Graphene with an Infinite Conductivity® . . . . ... ... ... ... ...
321 PNP Model . . . .. ..
322 Impedance I . . . . . . . ..
3.3 Results and Discussion I . . . . . . ... ... o o oo
3.4 Graphene with a Finite Conductivity™ . . . .. ... ... ... ... ...
3.4.1 Model Description . . . . .. . ... o o
3.4.2 Graphene Disk Electrode . . . . . . ... ... ... ... ...
3.4.3 Electrolyte Region . . . .. .. ... ... ... . .
3.4.4  Graphene/Electrolyte Interface . . . . .. ... .. ...
3.4.5 Impedance IT . . ... ... ... ... . ... . ... ... .. ...
3.5 Results and Discussion IT. . . . . ... ... o 0 o
3.5.1 Frequency Response of the Graphene Disk Electrode . . . . .. ..
3.5.2  Frequency Response of the Graphene/Electrolyte Interface . . . . .
3.6 Concluding Remarks . . . . .. ... ...

Charged Graphene in Dilute Electrolytes*
4.1 Introduction . . . . . . . . . ..

4.2 Theory . . . . . o e

ix

© o0 N O

13
15
18

21
21
22
22
25
26
30
30
32
38
41
43
45
45
48
56



421 PNP Model . . . . .. .
4.2.2 Equilibrium Solution . . . . . ... ... o L oo
4.2.3 Linear dynamics . . . . . . . ...
4.2.4 TImpedance . . . . . . . . . .
4.3 Results and Discussion . . . . . .. ... oo
4.3.1 Equilibrium Analysis . . . . .. .. ... oo
4.3.2  Frequency Response Analysis . . . . ... ... ... ... .....
4.4 Concluding Remarks . . . . . ... ... o o

5 Neutral Graphene in Ionic Liquids*

5.1 Introduction . . . . . . . . . . e
5.2 Theory . . . . . o e
5.2.1 Asymptotic Matching . . . . . . .. ... oo
5.22 TImpedance . . . . . . . ..
5.3 Results and Discussion . . . . . . . ... Lo
54 Concluding Remarks . . . . . . . ...
6 Summary and Future Directions
6.1 Summary . . . . ... e
6.2 Future Directions . . . . . . . . . .
References

90
90
91
95
101
103
107

108
108
110

113



List of Figures

2.1

2.2

2.3

[lustration of Gauss’s regions for the graphene/electrolyte interface. The
EDL structure near the GE consists of the Stern layer and the diffuse layer,
with constant permittivities eg and ¢, respectively. Gaussian regions are
shown at two locations: a pillbox enclosing the interface of the graphene
electrode (GE) at X = 0, with electric field E,; and the other as a semi-
infinite column (or very long slab) extending from X = d into the bulk
region of the diffuse layer, where the electrolyte is neutral and the electric
field vanishes. . . . . .. ..o

Schematic illustration of an ionic liquid confined between two electrodes,
used to depict the concept of the packing parameter v. Red and blue spheres
represent anions and cations, respectively, while unoccupied sites indicate
voids in the lattice. In these 2D representations, the left panel corresponds
to a fully packed configuration with v = 1, whereas the right panel shows a
less densely packed state with v = 3/4. Picture adapted from [65]. . . . . .

11

Circuit equivalence of a typical electrochemical process at the electrode/electrolyte

interface. The faradiac reactions and heterogeneous effects are represented
by the circuit elements Zy and CPE. The bulk resistance is shown by R;. .

el

19



3.1

3.2

3.3

3.4

3.5

3.6

Schematic diagram depicting the electrostatic potential (X, 7) as a func-
tion of the spatial coordinate X, alongside electron energy levels and their
corresponding equivalent capacitors. The quantities ex(7) and ep(r) =
—e®(0,7) = —e®y(7) represent the time-dependent Fermi energy and the
Dirac point of graphene, respectively. Also illustrated are the potential dif-
ferences occurring within the graphene layer at X = 0, which are responsible
for its doping, expressed as V(1) = ®y(7) +cr(7)/e, as well as the potential
drop Vy(7) across the diffuse layers adjacent to both the graphene and metal
electrodes. The term C, denotes the quantum capacitance of graphene at
equilibrium located at X = 0, while Cp refers to the Debye capacitance. . .

Mlustration of the Nyquist Plot for different ion concentrations with the
electrolyte thickness of L = 1 um. The solid lines refer to the GM electrode
pair, and the dashed lines refer to the MM electrode pair. . . . . . . . . ..

Bode. (a) Illustration of the Bode phase plot for different concentrations
with the electrolyte thickness of L = 1 um. The solid lines refer to the GM
electrode pair, and the dashed lines refer to the MM electrode pair. (b)
[Mlustration of Bode magnitude plot for different concentrations with the
electrolyte thickness of L = 1 um. The solid lines refer to the GM electrode
pair, and the dashed lines refer to the MM electrode pair. . . . . . . . . ..

[lustration of the capacitive Nyquist Plot for different concentrations with
the electrolyte thickness of L = 1um. The solid lines refer to the GM
electrode pair, and the dashed lines refer to the MM electrode pair. The
inset magnifies the capacitive behavior in high-frequency regime. . . . . . .

A schematic diagram of the proposed electrochemical cell flanked by the GE
at X = 0 and the grounded ME at X = L. The dependence on the position
X of the surface average of the electrostatic potential in the electrolyte,
®(X,7), when the system is subject to a time-dependent voltage, V,(7), is
shown with V.(7) being the potential drop around the edge of the GE and
Vi(7) denoting the potential drop across the diffuse layer in the electrolyte.
The external circuitry is represented by the contact resistance, R., and the
contact current [.(7) passing through R... . . . . ... ... ... .. ..

Schematic of the graphene disk electrode. The Al wire provides electrical
contact, while an insulating film limits electrolyte access to a defined central
window. The exposed graphene (ungated area) serves as the electrochemi-
cally active surface. Picture adapted from [93]. . . . . .. ... ... .. ..

xii

23



3.7

3.8

3.9

3.10

Frequency response of the graphene disk electrode. (a) Impedance Nyquist
plot. The dashed curve corresponds to the low-frequency limit, represent-
ing capacitive (RC) behavior, while the dotted curve illustrates the high-
frequency Warburg response. (b) Phase angle of the graphene disk impedance
as a function of frequency. (c) Nyquist plot of the normalized complex
capacitance. The dashed semicircle denotes the RC-like response in the
low-frequency regime, as characterized by Bueno et al., while the dotted
line represents the high-frequency Warburg behavior. (d) Time-domain re-
sponse of the surface-averaged potential drop across graphene to a step-like
input. The dashed curve captures the long-time dynamics consistent with
low-frequency RC-circuit behavior, whereas the dotted curve depicts the
early-time response associated with high-frequency Warburg behavior. . . . 47

Effects of ion concentration on the frequency response of the GE/electrolyte
interface when a = 1 mm and R, = 0. Solid curves represent finite graphene
conductivity, while dashed curves indicate infinite conductivity. (a) Impedance
Nyquist plot. (b, ¢) Bode plots. (d) Capacitive Nyquist plot. The bullet
points in (a) and (d), together with the shaded areas in (b) and (c), indicate

the cut-off frequency @, below which EIS and ECS are applicable. . . . . . 51

Effects of electrode area on the frequency response of the GE/electrolyte
interface when ¢, = 1072 M and R. = 0. Solid curves represent finite
graphene conductivity, while dashed curves indicate infinite conductivity.
(a) Impedance Nyquist plot. (b, ¢) Bode plots. (d) Capacitive Nyquist plot.
The bullet points in (a) and (d) along with the shaded area in (b, ¢) refer
to the cut-off frequency w. below which the EIS and ECS are applicable. . 53

Effects of contact resistance on the frequency response of the GE/electrolyte
interface when ¢, = 1072 M and @ = 1 mm. Solid curves represent finite
graphene conductivity, while dashed curves indicate infinite conductivity.
(a) Impedance Nyquist plot. (b, ¢) Bode plots. (d) Capacitive Nyquist plot.
The bullet points in (a) and (d) along with the shaded area in (b, ¢) refer
to the cut-off frequency w. below which the EIS and ECS are applicable. . 55

xiii



4.1

4.2

4.3

4.4

Schematic representation of the electrochemical cell comprising the graphene
electrode (GE) and the metal electrode (ME), with the electrolyte confined
between two outer Helmholtz planes (OHPs) positioned near each electrode.
In response to a time-dependent applied voltage V (1), the resulting electro-
static potential distribution ®(X,7) is shown, including the internal po-
tential drop V,(7) associated with the doping of graphene. The potential
decreases linearly across the Stern layers, which extend from each electrode
surface to its respective OHP, producing the potential drops labeled as VE(7)
and VZ"(7) for the GE and ME sides, respectively. Beyond the Stern layers,
the potential continues to decay through the neighboring diffuse layers until
it reaches a uniform value in the bulk electrolyte. The potential drops across
these diffuse regions are denoted by V/(7) and V(7). . ... ... .. ..

The equilibrium behavior of the system’s total capacitance as a function of

60

voltage, for varying ion concentrations ¢, and scaled Stern layer thicknesses . 82

Frequency response of the graphene-based electrochemical cell. Left panels:
(a) magnitude and (b) phase angle as functions of frequency for various ion
concentrations ¢, and Stern layer thicknesses &, with the applied voltage
fixed at V' = 0.2 V. Right panels: (c) magnitude and (d) phase angle plotted
against frequency for different applied voltages and Stern layer thicknesses
&, with the ion concentration set to ¢, = 1073 M. . . . . . . . .. ... ...

The phase sensitivity of the proposed graphene-based electrochemical cell
vs ion concentration. (a) The variations of the phase sensitivity for different
values of the bias voltage and the Stern thickness when the reference ion
concentration and the operating frequency are set to ¢ = 1072 M and
@ = 1073. (b) The variations of the phase sensitivity for different values
of the reference ion concentration and the Stern thickness, when V' = 0.2V
and @ = 1073. (c¢) The variations of the phase sensitivity for different values
of the operating frequency and the Stern thickness when ¢, = 1072 M and

Xiv



5.1

2.2

Impact of the electrostatic correlation length d. on the structure of the
electric double layer (EDL). (a) Variations of the normalized leading-order
inner potential drop, \ig, as a function of the rescaled inner coordinate
¢ = (L+X)/Ap for the GM electrode pair. (b) Variations of the normalized
leading-order inner potential drop, \TJO, as a function of the rescaled inner
coordinate ( = (L + X)/Ap for the MM electrode pair. (c) Variations of
the total scaled capacitance, C(é.), and the scaled EDL capacitance, Cy(4..)
(inset), as functions of .. . . . . . ..o

Impact of the electrostatic correlation length . on the frequency response.
(a) Variations of the phase response for different values of d.. (b) Variations
of the magnitude response for different values of o.. . . . ... ... .. ..

XV



List of Abbreviations

AC
DC
EIS
ECS
EDL
PNP
GE
ME
GM
MM
CPE
IL
BSK
OHP
QRT

Alternating current

Direct current

electrochemical impedance spectroscopy
electrochemical capacitive spectroscopy
Electric double-layer
Poisson—Nernst—Planck

Graphene electrode

Metal electrode

Graphene—metal

Metal-metal

Constant phase element

Ionic liquid

Bazant-Storey-Kornyshev

Outer Helmholtz plane

Quantum rate theory

Xvi



List of Symbols

So v Some 0 TNy

S

Boltzmann constant

temperature

reduced Planck’s constant

Fermi velocity

concentration of positive and negative ions

bulk concentration

flux density

diffusion coefficient

diffusion coefficient of graphene

valency

electron charge

surface number density of graphene

characteristic density of graphene

characteristic density in a semi-infinite diffuse layer
chemical potential inside graphene

ion mobility

potential drop inside graphene

potential drop inside the diffuse layer

total applied potential

potential at the circumference of graphene

potential drop across the Stern layer adjacent to the GE
potential drop across the Stern layer adjacent to the ME
potential drop across the electrolyte region occupied by the ions
normalized potential drop inside graphene

normalized potential drop inside the diffuse layer
normalized total applied potential

normalized potential drop across the EDL adjacent to the GE

xXvil

J/K

K

J.sec

m/sec

M

M

mol cm~2 sec™?
cm? /sec

cm? /sec

none



normalized potential drop across the EDL adjacent to the ME
electrostatic potential

normalized electrostatic potential

normalized potential distribution across the GE
normalized potential distribution across the ME
normalized excess potential of the GE relative to the bulk
normalized excess potential of the ME relative to the bulk
quantum capacitance of graphene

Debye capacitance

double-layer capacitance

total quantum capacitance of a neutral GE
normalized quantum capacitance of graphene
normalized double-layer capacitance

Debye capacitance to quantum capacitance ratio
time

Debye time

diffusion time scale

charging time

quantum time scale

normalized time

angular frequency

cut-off frequency

normalized frequency
normalized cut-off frequency

dimensionless quantum frequency

frequency variable

Laplace frequency variable

bulk permittivity

vacuum permittivity

dielectric permittivity in the Stern layer

small parameter

electrolyte thickness

normalized electrolyte thickness

electrostatic correlation length

dimensionless electrostatic correlation length
electrostatic correlation length ratio

Debye length

Debye length at ¢, = 1M

XVviil

none

none
none
none
none
none
uF /cm?
uF /cm?
uF /cm?
uF
none
none
none
sec

sec

sec

sec

sec
none
sec”
sec
none
none
none
none
sec”
F/m
F/m
F/m
none
pm, mm
none
nm
none
none
nm



&

LS OFERARTNS

normalized Debye length

Bjerrum length

effective Stern thickness

normalized Stern thickness

scaled Stern thickness

charge density

normalized charge density

total surface current

surface conduction current

surface displacement current
diffusion-limiting current

diffusive current density of graphene
normalized total surface current
normalized surface conduction current
normalized surface displacement current
total current at the edge of the graphene disk
quantum impedance

quantum sheet resistance

contact resistance

bulk resistance

universal conductivity

dimensionless quantum impedance
characteristic frequency of surface impedance
response function

quantum complex capacitance

normalized quantum complex capacitance
Hankel variable

dimensionless Hankel variable

total charge on the GE

quantum time scale to Debye time scale ratio
angular phase sensitivity

Xix



Chapter 1

Introduction

1.1 Motivation

A central aspect of optimizing electrochemical systems lies in understanding the behavior of
electrode/electrolyte interfaces [1, 2]. While traditional metal electrodes have long served
as the default choice, their limitations in both biological and energy-related applications
have motivated the exploration of alternative materials. Among these, graphene-based
electrodes have garnered considerable attention due to their unique two-dimensional struc-
ture and exceptional electronic properties. Notably, the quantum capacitance of graphene
plays a pivotal role in determining the total interfacial capacitance [1, 3|, in sharp contrast
to metal electrodes, where the electronic contribution to capacitance is typically negligible
compared to the classical double-layer capacitance [3, 4].

Despite its growing prominence, the alternating current (AC) response of
graphene/electrolyte interfaces remains largely underexplored, even though such informa-
tion is vital for applications including biosensing and charge storage. To address this
gap, techniques such as electrochemical impedance spectroscopy (EIS) and electrochem-
ical capacitive spectroscopy (ECS) have become indispensable for analyzing interfacial
dynamics in the frequency domain across a wide range of electrochemical systems [5, 6].
These techniques serve as powerful tools for probing frequency-dependent behaviors at
interfaces [7, 8, 9, 10, 11].

By employing small-signal excitation [12, 13], EIS enables the decomposition of in-
terfacial processes—such as double-layer charging, charge transfer, mass transport, and
adsorption dynamics—across a broad frequency spectrum [5, 6]. This spectral resolution
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provides key insights into underlying mechanisms and serves as a foundation for the design
of high-performance sensors and diagnostic devices [5].

In biological applications, the need for minimally invasive and high-resolution probing
has further highlighted the drawbacks of conventional metal electrodes. Electrodes made
from materials like gold and platinum often exhibit poor impedance resolution, delayed
signal response, and reduced sensitivity in biosensing contexts [14, 15, 16, 17, 18, 19, 20].
In contrast, graphene-based impedimetric biosensors demonstrate significantly enhanced
signal strength. For instance, Wang et al. [21] reported a twofold improvement in signal
intensity for cancer cell detection, while Song et al. [22] observed a sixfold increase in

impedance sensitivity compared to gold electrodes.

Nevertheless, direct impedance measurements frequently suffer from low sensitivity and
poor signal-to-noise ratios, especially when detecting weak biochemical interactions such
as antigen—antibody binding. Efforts to improve sensitivity have focused on advanced
surface functionalization and the integration of nanostructured materials. Among these,
carbon-based materials—particularly graphene—have shown great promise due to their
large surface area, excellent electrical conductivity, and inherent biocompatibility [23, 24].
These attributes make graphene an ideal candidate for label-free biosensing platforms and
a valuable model system for studying capacitive electrochemical phenomena [2, 25].

Impedance characterization is also crucial in therapeutic and physiological modeling ap-
plications. In neural stimulation and electrophysiological monitoring, the impedance at the
electrode—tissue interface must be carefully regulated to avoid localized heating and tissue
damage. Conventional electrodes often suffer from high edge current densities, resulting in
undesirable physiological effects [26]. Graphene electrodes offer a compelling alternative,
thanks to their superior conductivity and effective current-spreading capabilities. Their
mechanical flexibility and chemical stability further support long-term bioelectronic inte-
gration [27, 28, 29].

Beyond dilute electrolytes, recent research has expanded into highly concentrated
systems such as ionic liquids (ILs), which possess distinctive properties including high
ionic strength, negligible volatility, and broad electrochemical stability windows. These
features make ILs promising for next-generation energy storage and sensing technolo-

gies [30, 31, 32, 33, 34, 35, 36]. The integration of ILs with carbon-based elec-
trodes—particularly graphene—has become a focal point in supercapacitor development
and ion-conductive membranes [37, 38, 39, 40]. However, charge transport at the

IL /electrode interface remains poorly understood due to the rich interplay of electrostatic
correlations, ion crowding, and structural ordering in these dense media [41].



EIS has again proven invaluable for probing such complexities, especially at the
graphene/IL interface [12, 43, 44]. Under static (DC) conditions, mean-field models de-
scribe the electric double layer in ILs via phenomena such as overscreening—arising from
electrostatic correlations—and crowding—due to finite ion sizes [45]. These models often
assume semi-infinite domains and thereby fail to account for essential finite-size effects in
practical devices [16, 47, 48, 19, 50]. A rigorous investigation of the dynamic charge re-
sponse in finite-length electrochemical cells containing ILs thus remains a pressing challenge
with significant theoretical and technological implications.

1.2 Outline of Thesis

The thesis is structured as follows:

Chapter 2 presents the theoretical background underlying the mathematical models
developed throughout the thesis. This includes the derivation of the quantum capacitance
of graphene with a brief discussion on how graphene/electrolyte interface is mathemati-
cally modeled. The chapter then discusses the Poisson—Nernst—Planck (PNP) systems for
both dilute electrolytes and ionic liquids, along with their linearized forms. The chapter
also introduces the method of matched asymptotic expansions, detailing the procedures
employed in subsequent analyses.

Chapter 3 focuses on the frequency response of neutral graphene in dilute electrolytes,
studied under two conditions: graphene with infinite conductivity and graphene with finite
conductivity. In both cases, the system is subjected to a small AC voltage, and the analysis
is based on the linearized PNP framework.

Chapter 4 investigates the frequency response of charged graphene in dilute electrolytes,
where the system is subjected to a DC voltage superimposed with a small AC perturbation.
The analysis is based on the full nonlinear PNP system and is approached using the method
of matched asymptotic expansions.

Chapter 5, explores the frequency response of neutral graphene interfaced with an ionic
liquid under a small AC voltage modulation. The governing equations are given by the
linearized PNP model for ionic liquids where the Poisson equation is generalized to the
Bazant, Storey and Kornyshev equation [45], and the analysis is carried out via matched
asymptotic expansions.

Chapter 6, provides the summary of the thesis together with the possible future direc-
tions.



Chapter 2

Theoretical Background

2.1 Introduction

The theoretical foundations of this thesis are structured as follows. In the first section,
the quantum capacitance of graphene, as one of its intrinsic electronic properties, is de-
rived. Then, as a common theoretical ingredient to all subsequent chapters, we discuss
how a graphene electrode is modeled when interfaced with an electrolyte through the ap-
plication of the Gauss’ law. Given that graphene is in contact with an electrolyte, the
charge transport within the electrolyte plays a pivotal role. This motivates to introduce
the Poisson—Nernst—Planck (PNP) model as the governing framework for ionic dynam-
ics. The chapter concludes with the motivation of the method of matched asymptotic
expansions—an essential asymptotic technique employed for analytical treatment of time-
dependent problems involving diffuse-charge dynamics in finite electrochemical systems.

2.2 Quantum Capacitance of Graphene

The number density of charge carriers in doped monolayer graphene is given by [51]

1 1
1+ eﬁ(gfﬂq) N 1+ 665

n(1tg) = /_OO ds D(e) { , (2.1)

o0

where € denotes the electron energy, D(¢) is the density of states (DOS) in the 7 electronic
bands of graphene, and i, = eV, represents the chemical potential across graphene which
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controls the number density n with V; being the potential drop inside graphene and e > 0
is the elementary charge. Also, § = 1/(kgT), with kg being the Boltzmann constant and
T the temperature. For typical doping levels encountered in graphene-based devices, the
chemical potential satisfies |p,| < 1 eV. In this regime, a linear approximation for the
DOS is valid, and we adopt D(e) ~ 2[e|/ [r (huF)Q} where up ~ 10° m/s is the Fermi
velocity in graphene and ¢ = 0 corresponds to the Dirac point in the 7-electron band
structure [51]. The surface charge density of graphene, o, is related to the carrier density

via 0, = —en(p,). The quantum capacitance is then defined by the differential relation
d dn

Cy = _d;“/g = eQd—. Alternatively, the quantum capacitance can be interpreted through
q Hq

the Thomas—Fermi screening length as C, = krr/2m where kry denotes the inverse Thomas—
Fermi length, characterizing the screening due to the polarizability of the electron—hole
system in graphene [52].

Introducing the Fermi-Dirac distribution, f (e, pq,8) = 1/ (1+e’¢7#)) and using

Of/0p, = —0f /0e, we can write the quantum capacitance as
o 0
C, = e2/ D(e) (—M) de. (2.2)
oo Oe
Integrating by parts, we obtain
o dD(e
Cq = 62/ f(gal’[’fh 5)#(&5, (23)
. 3
which, after substituting the linear DOS, evaluates to
C, = 2—62 [In(1+ e) +1In(1 + e Pre)] . (2.4)
T 1B(hurp)?
Substituting back 8 = 1/(kgT), the final expression becomes
4e’kgT eV,
= ———1In [2cosh 2 2.
Cq W(huF)Q t |: €08 <2I{ZBT>:| ’ ( 5>

which describes the quantum capacitance of a spatially homogeneous, monolayer graphene
sheet. It is worth mentioning that when V, = 0, Eq. (2.5) reduces to C, =
4e2kpTIn2/ [7T (hu F)Q} which is the quantum capacitance of the neutral graphene at finite

temperature. At room temperature, this capacitance takes the value C, ~ 0.8 uF/ cm” [51].

The above expressions are also applicable under quasi-equilibrium conditions, i.e., for
processes occurring at the time scales that are much slower than the electronic relaxation
time scale due to electron-electron interactions in graphene.
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2.3 Boundary Modeling of the Graphene/Electrolyte

Interface

When immersed in an electrolyte, the
graphene electrode is modeled by its sur-
face charge density, which is governed by its
intrinsic electronic properties. Given that
graphene is chemically inert and hydropho-
bic, we shall neglect any specific ion ad-
sorption on its surface' and thereby neglect
any electron transfer to/from graphene. In
that respect, graphene is described as an
ideally polarizable electrode that blocks any
Faradaic current on its surface. A fun-
damental component common to all subse-
quent chapters of this thesis is the relation-
ship between the surface charge density of
the graphene electrode and the electrostatic
potential within the electrolyte. This rela-
tion enables us to formulate the electrostatic
boundary condition imposed at the graphene
surface.

Figure 2.1 is a one-dimensional zoom-in
schematic view of the graphene/electrolyte
interface with graphene located at X =
0. Upon applying an external voltage, the
graphene electrode (GE) becomes charged.
This excess charge causes the counterions in

GE

Gaussian Pillbox\i\ 7d
R DB
| —> —>

i 1

! S

a, Stern Layer Diffuse Layer
€s i €p
C X

X=0 X=d

Figure 2.1: Illustration of Gauss’s regions for
the graphene/electrolyte interface. The EDL
structure near the GE consists of the Stern layer
and the diffuse layer, with constant permittiv-
ities €g and ¢, respectively. Gaussian regions
are shown at two locations: a pillbox enclosing
the interface of the graphene electrode (GE) at
X =0, with electric field Ey; and the other as a
semi-infinite column (or very long slab) extend-
ing from X = d into the bulk region of the dif-
fuse layer, where the electrolyte is neutral and
the electric field vanishes.

the electrolyte to migrate toward the surface of the GE to neutralize it. Upon approaching
the GE, the counterions are separated from the GE by a layer of solvent molecules and
are subsequently distributed into the region known as the diffuse layer, which extends far
enough from the GE where the electrostatic effects are negligible. The region closest to
the GE contains no net charge and is referred to as the Stern layer which, according to

In this model, we idealize graphene as pristine and defect-free, and consider a neutral equilibrium
system with only bulk properties included, while interfacial effects are neglected under the assumption of

small, weakly interacting ions.



Figure 2.1, is separated from the diffuse layer at X = d. Together, the Stern layer and the
diffuse layer constitute a layer of electrolyte called the electric double layer (EDL).

Referring to Fig. 2.1, let the dielectric permittivities of the Stern layer and diffuse layer
be denoted by eg and €, respectively. The electric field induced at the GE is represented
by E, and the electric field at X = d is shown by E;. Assuming no ion adsorption occurs
at X = d, Gauss’s law can be applied to a pillbox-shaped Gaussian surface around the GE
at X = 0 and the column of the electrolyte extending from X = d into the bulk, where
electrolyte is neutral and the electric field is zero, yielding the following relations

esky = oy, (2.6)

—EbEd = 0qg.

In Eq. (2.6), o, is the surface charge density of GE and oy is the effective surface charge

density in the diffuse layer. Recalling that the Stern layer is free of charge, so that electric

field is constant in the region X € (0,d) and invoking the continuity of the electric dis-

placement field across the interface at X = d, i.e., esFy = €,F;, we may add both sides of
equations in Eq. (2.6), which gives the charge neutrality adjacent to the GE as

gg+04=0. (2.7)

2.4 Poisson-Nernst-Planck (PNP) Systems

The general description of ion transport is based on the Nernst—Planck (NP) equation
describing the mass conservation of ionic species which incorporates the effects of both
concentration gradients and electric fields on ionic flux. For a symmetric monovalent
binary solution containing two ion species, the NP equation is [53]

—aCﬂ: + uVCi =—-V. Fi, (28)
or

where C4 is the concentration of positive and negative ions, F is the vector flux density
of ions, and w is the drift velocity in the convection term ©w VC.L. The ionic flux density,
assuming equal mobilities, M, = M_ = M, is given by [53]

Fi = —MCiVui, (29)

where 4 is the electrochemical potential of each ion species obtained by taking the func-
tional derivative of the free energy GG with respect to the ion concentrations, i.e., [53]

0G
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The mobility of ions assuming equal diffusion coefficients, D, = D_ = D, is obtained by
Einstein’s relation [53]

eD
= . 2.11
M= (2.11)
2.4.1 PNP Model in Dilute Electrolytes
The free energy functional for a dilute electrolyte is given by [54]
GICw®) = [ dr (9(C1,CL) + 0(Co, ) @ = SIVEP). (2.12)
v

where o(C,,C_) = e(Cy — C_) is the charge density, ® is the electrostatic potential, €, is
the permittivity of the electrolyte, and g(C’, C_) is the entropic contribution of the mobile
ions given by [54]

g(C+,C_) :kBT<C+1nC+_C++C_ lnc_ —C_) (213)

Taking the functional derivative of G with respect to C4, yields the electrochemical po-
tential for a dilute solution
dilute __ 5G

pette = o kgTInCy £+ ed. (2.14)

By taking the gradient from Eq. (2.14) and then substituting into Eq. (2.9), using
Eq. (2.11), gives the ionic flux in dilute solutions as

F.=-D (vci + o, vq>) . (2.15)
kgT

In Eq. (2.15), the first term represents the ion diffusion and the second term represents the

electromigration of the ions under the influence of the electrostatic field ®. Neglecting the

ionic drift by setting v = 0 in Eq. (2.8), substituting Eq. (2.15) into Eq. (2.8), we obtain

the NP equation for dilute solutions

00

———V-Fi—DV-<VOiiLCiV®). (2.16)
or T

ks

In Eq. (2.16), the number of equations and variables do not match owing to the presence
of the electric potential ® as an additional unknown. Hence, Eq. (2.16) does not form a
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closed system of equations. The additional equation is introduced by finding the extremum
of the free energy with respect to variations in the electrostatic potential, i.e., 6G /6P = 0.
This yields to the Poisson equation as

—e, V2® = o. (2.17)

By coupling Eq. (2.16) with Eq. (2.17), the Poisson—Nernst—Planck (PNP) system is con-
stituted as

8Ci (&
—=DV. + — P
= v (VCi P CeV )

—6, Vd =e(CL - C),

which provides a self-consistent description of charge transport in dilute electrolytes. How-
ever, to fully characterize the system, Eq. (2.18) must be supplemented with appropriate
boundary conditions, which govern both the ion fluxes and the electrostatic potential at
the system boundaries. These boundary conditions, which encode the electrochemical in-
teractions at the electrode/electrolyte interface, will be presented in the following chapters.

(2.18)

2.4.2 PNP Model in Ionic Liquids

Bazant, Storey, and Kornyshev (BSK) Theory

The PNP system described in Eq. (2.18) can satisfactorily describe ion transport in dilute
electrolyte solutions near weakly charged surfaces. However, it fails to capture key features
of electrochemical systems with concentrated electrolytes such as ionic liquids where the
finite size of ions and the electrostatic interaction (electrostatic correlations) become sig-
nificant. Speaking of electrostatic correlations, they can significantly affect the structure
and thermodynamic properties of the electrical double layer [55, 56], resulting in qualita-
tive differences from the standard PNP model in Eq. (2.18), such as like-charge attraction
[57, 58], or overscreening of surface charge [45]. Critical applications in biology, colloids,
separations, or electrochemistry rely on or operate in the regime where correlation effects
are critical. Numerous models have been proposed to capture electrostatic correlations,
typically with a complicated mathematical structure [59, 60, 61, 62]. A simpler mathemati-
cal structure could help with the application and interpretation of electrostatic correlations
to a wider class of problems in physics, including electrokinetics, colloidal interactions, and
electrochemical transport/reactions. Bazant, Storey, and Kornyshev (BSK) [63] proposed
a continuum framework to account for the nonlocal dielectric permittivity of ionic liquids
resulting from ion-ion correlations [415] with a simple mathematical structure. The model



captures correlations based on expansions in terms of electric field, rather than ion density,
in the free-energy functional which leads to a higher-order Poisson equation. In so doing,
the electrostatic correlations are included self-consistently in the definition of the electro-
static potential whose gradient determines the electrostatic force on an ion in the diffuse
layer. The BSK theory provides a simple framework to predict charge density oscillations
and overscreening phenomena in a variety of electrokinetic, electrochemical, biophysical,
and colloidal phenomena in electrolytes and ionic liquids. The equations require a similar
level of complexity to solve compared to the standard PNP model in Eq. (2.18) which
allows them to be applied to a broad group of applications.

The free energy functional for ionic liquids follows the same general structure as in
Eq. (2.12), but includes additional terms to capture ion—ion correlations and steric (crowd-
ing) effects. Specifically, the electrostatic energy density is augmented with higher-order
gradients of the potential, while the entropic contribution ¢g(C,,C_) is replaced by an ex-
cess free energy density derived from a lattice-gas model. The resulting functional, known
as the BSK model [63], takes the form

G[Cs, D) :/

s dr (g(C’+, C)+0(Cy,C)D — % [(V®)? + LAV?®)* + - - - ] ) (2.19)

where L. denotes the electrostatic correlation length. The additional term —E—bLg(V2<I>)2

represents the leading-order correction beyond the dilute limit, accounting for nonlocal
electrostatic interactions. For simplicity, the expansion is truncated at this term, although
higher-order corrections can be included in more refined models. The presence of higher-
order derivatives in the energy functional (e.g., (V2®)?) leads to field equations of higher
order, which in turn require additional boundary conditions.

In the context of ionic liquids, crowding (steric) effects are often incorporated using
a lattice-based formulation of the free energy. Following [46, 64], the excess free energy
density is given by

9= "2y Cen(rC) +9C_In(y C) + L= 7 (Cs + CL)] I 1 =7 (G +0_>]},
(2.20)
where 7 is defined as the minimum volume occupied by a single ion, also called the ion size,
or more precisely the effective molecular volume per lattice site. Therefore, yC represents
the volume fraction occupied by cations and anions so that 1 — v(C + C_) is the free
(unoccupied) volume fraction that can potentially accommodate extra ions. The term 1/~
can be interpreted as the maximum possible ion concentration C,,, in the system due to
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finite-size constraints, i.e., Cihax = 1/7. This formulation comes from lattice-gas models,
where each site of volume v can be occupied by one ion or left empty, thereby introducing
a crowding constraint that prevents concentrations from exceeding 1/ (see Fig. 2.2). The
value of v should vary for different room-temperature ILs, but for many of them is expected
to lie around or above 1/2; however, in the case of the room-temperature ILs with solvent
additives it can be substantially lower [65]. We also note that the entropic contribution of
the dilute electrolyte, Eq. (2.13), is recovered from Eq. (2.20) in the limit v — 0.

y <1

Figure 2.2: Schematic illustration of an ionic liquid confined between two electrodes, used to
depict the concept of the packing parameter «v. Red and blue spheres represent anions and cations,
respectively, while unoccupied sites indicate voids in the lattice. In these 2D representations, the
left panel corresponds to a fully packed configuration with v = 1, whereas the right panel shows
a less densely packed state with v = 3/4. Picture adapted from [65].

Taking the functional derivative of the free energy with respect to the ion concentra-
tions, 0G/6C4, gives the corresponding electrochemical potential [45]

oG
Ut = 5C¢

Cy
1 — ")/(C+ + C,>

— kT In [ } + e®. (2.21)

Note that by setting v = 0 in Eq. (2.21), the electrochemical potential in dilute solution,
i.e., Eq. (2.14), is recovered. Substituting Eq. (2.10) into the flux expression in Eq. (2.9)
using (2.11), the modified flux density is expressed as

—CLVO+ 70*

F,=-D [V(Ji + V(Ci +C- )}

e RO (2.22)

kT

We again note that by setting v = 0 in Eq. (2.22), the classical flux density, i.e., Eq. (2.15),
is recovered.
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The overscreening effects are evaluated by finding the extremum of the functional
(0G/0® = 0) to derive the modified Poisson equation as

& (L2V?—1) V2@ =, (2.23)

where ¢ = e(C, — C_). Equation (2.23) represents a modified form of Maxwell’s equation,
V - D = p, where the displacement field is defined as D = ¢ E. Here, the permittivity
operator ¢ = €,(L>V? — 1) introduces nonlocal electrostatic correlations, and the electric
field remains E = —V®, within a medium of constant permittivity ¢,. The classical PNP
model, given by Eq. (2.18), is recovered in the limit L, = 0. Importantly, the definition of
the electrostatic potential ® is now modified to incorporate higher-order correlation effects,
without violating the form of Maxwell’s equation. Specifically, the governing equation for
® becomes V - (€E) = p, rather than the classical V - (¢, E) = p. This reformulation
enables a self-consistent inclusion of electrostatic correlation energy directly within the
electrostatic framework, rather than as an external correction to the excess chemical po-
tential. One key advantage is that the electrostatic force per unit charge acting on an ion is
still captured directly by E, making the diffuse potential ® experimentally accessible—for
instance, through electrode measurements 2.

Together with the modified Poisson equation, Eq. (2.23), the modified PNP system in
ionic liquid is expressed as

oC. e yCLV(Cy + Co)
r _pv.|ve, - 0.V ,
ar T YT T e o) (2.24)

& (L2V?P—1) Ve =e(CL — C).

Compared to the PNP model in dilute electrolyte case, Eq. (2.18), the modified PNP sys-
tem in Eq. (2.24) requires additional and more sophisticated boundary conditions to fully
describe the charge dynamics at the electrode/electrolyte interface. In particular, the pres-
ence of higher-order spatial derivatives in the potential necessitates additional boundary

2A defining feature of the BSK model is its incorporation of electrostatic correlations directly into the
field equation, rather than through thermodynamic corrections. In many conventional approaches, such
as density functional theory [66, 61, 67, 68], correlation effects are introduced via modifications to the free
energy or chemical potential. As a result, the total force acting on ions includes both the electrostatic
component and an additional thermodynamic contribution. In such models, the electrostatic potential ®
still satisfies the classical Poisson equation, but the electric field E = —V® no longer fully captures the
actual force experienced by the ions. This weakens the physical interpretation of ® as the generator of
measurable electrostatic quantities like surface charge or impedance. The BSK model, on the other hand,
modifies the Poisson equation itself by introducing a nonlocal permittivity operator é = ¢,(L2V? — 1),
so that ® continues to determine the electric field while incorporating correlation effects directly, thereby
preserving consistency with measurable electrostatic forces.
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constraints which reflect microscopic interfacial physics such as electrostatic correlations
and structured charge layers. We will discuss the associated boundary conditions in Chap-
ter 5.

2.4.3 PNP Model in Linear Regime

In many time-dependent applications of dilute electrolytes, especially in EIS, the PNP
equations, Eq. (2.18), are linearized about the ground state where C, = C_ = ¢, and
® = 0 (neutral electrolyte). This is achieved by writing Cy. = ¢, + dCy and & = 6P and
treating 0C1 and 0P as the first-order perturbations. By subtracting Eq. (2.16) for C
and C_, noting that dp = e (60C — §C_), we obtain the Debye—Falkenhagen equation for
charge density

060 1
—=D(V’— )¢ 2.25
5= (v 5 ) o (2.25)
where
GkaT
\py — 2.26
b 2e2¢y, (2.26)
is recognized as the Debye screening length.
Eq. (2.25) can also be written as the continuity equation
o)
P8 L v.63, =0, (2.27)
or
where 0J. = e (6F; — 6F_) is the linearized conduction current obtained as
§Jo=-DV (59 + ;—;’ 5@) , (2.28)
D

where in Eq. (2.15), the ion fluxes are subtracted for positive and negative ions. Therefore,
the system of PNP equation in linear regime for dilute electrolytes is
06
P04 v.61. =0,
or
—e, V29® = 6p.

(2.29)

To complete the description of the above linear system, Eq. (2.29) requires suitable bound-
ary conditions that determine the behavior of ion fluxes and electrostatic potential at the
system’s boundaries, which will be introduced in the upcoming chapters.
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In the case of ionic liquids, following the same process of linearization, the total ion
concentration satisfies C'y + C_ = 2¢, in the linear regime, and its gradient becomes negli-
gible, i.e., V(Cy + C_) ~ 0. This renders the steric correction term involving V(Cy + C-)
in Eq. (2.22) negligible. As such, the linearized conduction current retains the same struc-
ture as in Eq. (2.28), while the electrostatic potential is governed by the modified Poisson
equation, Eq. (2.23), which in the linear regime takes the form ¢, (L? V? — 1) V2§® = §o.
Therefore, the linearized PNP system for ionic liquids becomes

or

e (L2V? —1) V36D = bp.

(2.30)

The linear PNP model in Eq. (2.30) reveals that the electrostatic correlation length L,
a signature of the overscreening phenomenon, plays the dominant role over the crowding
phenomenon in ionic liquids. Also, in this linearized system, the presence of higher-order
spatial derivatives in the potential necessitates the specification of additional boundary
conditions, which account for microscopic interfacial phenomena such as electrostatic cor-
relations and the formation of structured charge layers. These boundary conditions will
be discussed in Chapter 5.
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2.5 Method of Matched Asymptotic Expansions

Consider a one-dimensional (in the X direction) simple electrochemical cell containing a
dilute, symmetric, binary electrolyte confined between parallel-plate blocking electrodes
separated by 2L and driven by a time-dependent external voltage. In preparation for
analysis of the full, one-dimensional nonlinear PNP problem in Eq. (2.18), we cast it
in a dimensionless form® using L as the reference length scale and 7. = ApL/D as the
reference time scale. Time and space are then represented by t = 7/7. and = = X/L,
and the problem is reformulated through reduced variables: ¢ = (Cy + C_) /2¢, for the
local salt concentration, p = (C. — C_) /2¢, for the charge density, ¢ = e®/(kgT') for the

electrostatic potential. With these definitions, the dimensionless equations for the PNP

problem in Eq. (2.18) are
o0 (0, 0
ot~ “ox\ox  Tox)

ap o (0p [9J0)
O __0 (0p 09 2.31
ot~ “or (8:U+68w)’ (2:31)
20

Ox? ’

subjected to some appropriate boundary conditions at the electrode surfaces®. In
Eq. (2.31), the parameter ¢ = Ap/L, the ratio of Debye length to the system size, L,
can be viewed as the thickness of the electric double layer. Since the Debye length is much
smaller than the electrolyte thickness for most electrolytes, i.e., A\p < L, or equivalently
e < 1, the ¢ is a small parameter in Eq. (2.31).

In the limit € — 0, the Poisson equation in Eq. (2.31) simplifies to p = 0 suggesting
that the system tends toward electroneutrality in the bulk. This would seem to imply that
charge separation is negligible, and the electrostatic potential plays no role in the bulk
dynamics. Also, setting p = 0 eliminates one of the dependent variables from the system,
thereby reducing the number of independent degrees of freedom. While the independent
variables z (space) and ¢ (time) remain unchanged, the system loses one of its dynamic
fields, as the charge density no longer evolves according to its own differential equation

3The dimensionless formulation presented in this section is because of introducing the method of
matched asymptotic expansions and the motivation for adopting such normalizations will be discussed
in Chapter 4.

4For clarity and to maintain focus on the method of matched asymptotic expansions, boundary condi-
tions are not presented in this section. A complete formulation, including boundary conditions and their
role in the analysis, will be discussed in Chapter 4.
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but instead becomes a constraint. As a result, the mathematical structure of the problem
changes: there are fewer available dependent variables to satisfy the original set of governing
equations and physical conditions. In particular, the system becomes undetermined and
loses the ability to impose all boundary conditions consistently. This loss highlights the
singular nature of the limit ¢ — 0 and motivates the need for a more careful treatment.

It is also tempting to assume that the potential must satisfy Laplace’s equation,
0?¢/0z* = 0, in a neutral electrolyte. But this too is generally incorrect, especially when
the ion concentrations are nonuniform. The question then arises: how can the system be
globally electroneutral while still satisfying the Poisson equation? The resolution lies in
recognizing that electroneutrality holds only in the bulk, away from regions where rapid
variations occur. Near charged surfaces or narrow regions with large concentration gradi-
ents, the assumption of electroneutrality breaks down. In these thin regions (thin double
layers)—whose spatial extent is proportional to e—the full structure of the Poisson equa-
tion must be retained. Mathematically, this leads to a singular perturbation problem,
where the small parameter ¢ multiplies the highest-order derivative in the governing equa-
tions, and different physical balances emerge in different regions of the domain. To handle
such problems, we apply the method of matched asymptotic expansions, a hallmark of the
boundary-layer theory.

To implement the method of matched asymptotic expansions in electrochemical sys-
tems, the domain is conceptually divided into two distinct regions: an outer region, cor-
responding to the bulk of the electrolyte where ¢ — 0 provides a valid leading-order
approximation, and inner regions corresponding to the diffuse layers developed at each
electrode, where rapid variation of the fields occurs over a spatial scale of order €. The
solutions in each region can be constructed through the following step-by-step procedure:

1. Outer expansion. In the outer region, the coordinate x remains unchanged, and
the governing equations are expanded in powers of € to form a regular perturbation
series. Assuming the electrostatic potential is the quantity of interest, this means

g_b(x) ~ 50(55) + 551(37) + & 52(33) +-- (2.32)

where the bar sign denotes the outer solution and the subscript “0” refers to the
leading order term, “1” refers to the first correction term, “2” refers to the second
correction term, etc.
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2. Inner expansion. In the inner region, a rescaled, or stretched coordinate is in-
troduced to resolve steep gradients near the boundary. This is typically done by

defining”
T — X

y=1"2 (2.33)
E:CY

where xy denotes the location of the boundary layer (electrodes) and a > 0 represents
the scaling exponent that characterizes the thickness of the boundary layer (diffuse
layer). The governing equations are then reformulated in terms of the inner variable
y, and an independent asymptotic expansion is performed. For example, for the
electrostatic potential, this means

O(y) ~ do(y) + & 61(y) + ¥ daly) + - - (2.34)

where the tilde sign denotes the inner solution. The exponent [ in the inner expansion
depends on the structure of the rescaled equation. For the inner expansion to yield a
physically meaningful solution, the resulting fields must remain bounded as y — oco.
This condition ensures that the original solution does not diverge within a finite
distance in the physical variable x.

3. Matching. The inner and outer expansions are approximations of the same physical
quantity, valid in different regions. Therefore, in an intermediate region where both
expansions are valid, they must agree asymptotically. This requirement leads to the
Van Dyke matching condition®, expressed as

lim ¢(y) ~ lim @(x), (2.35)
Y—r00 T—x0

which states that “the limit of the inner solution in the outer limit must equal the
limit of the outer solution in the inner limit”.

4. Common part. To construct a uniformly valid approximation, a common part,
denoted by ¢.(x), is defined as the overlapping asymptotic behavior of both solutions

@@Zﬁ&&@Ngy%) (2.36)

This common part is subtracted to avoid double-counting in the composite solution.

5In general, the choice of stretched coordinate is not unique and constitutes one of the main challenges
in boundary-layer theory. However, for the asymptotic analysis presented in this thesis, the transformation
given in Eq. (2.33) is consistently applicable. A broader discussion of appropriate stretching transforma-
tions can be found in [69, 70, 71].

6While the van Dyke matching principle is widely used due to its simplicity and clarity, it has limitations
in more complex problems, where alternative or more sophisticated matching strategies may be required
[69, 70, 71].
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5. Composite solution. Finally, a composite solution is formed that is valid across
the entire domain. It is constructed by adding the inner and outer solutions and
subtracting their common part, i.e.,

b(x) ~ &) + Oly) — del), (2.37)

where y is given in Eq. (2.33). The composite approximation often provides excellent
accuracy, even when only leading-order terms are retained in the expansions.

2.6 Fundamentals of the EIS

In a real electrochemical system, measurement involves various electrical, electrochemical,
and physical processes taking place at the electrode/electrolyte interface. This task is
very challenging as all these different processes exhibit different (from very fast to very
slow) time behaviors. The resistance of a liquid electrolyte, the charging/discharging of
the EDL at the electrode/electrolyte interface, the dependence of the capacitive behav-
ior of the EDL on the morphology of the electrode surface and the composition of the
electrolyte, the kinetics of an electrode charge-transfer reaction, homogeneous reactions
and adsorption/desorption phenomena coupled with the electrode charge-transfer reac-
tion, mass transfer phenomena (diffusion of species to the electrode surface), etc., exhibit
different time constants as a measure of the time behavior of a process [72, 6]. These pro-
cesses are widely observed in corrosion studies, semiconductor science, energy conversion
and storage technologies, chemical sensing and biosensing, noninvasive diagnostics, etc.
Among the available electrochemical techniques such as cyclic voltammetry, chronoam-
perometry and chronopotentiometry, and scanning electrochemical microscopy, EIS proves
to be a promising measurement technique involving the complex processes just has been
addressed [72, 6].

EIS is based on the perturbation of an electrochemical system in equilibrium or in
steady-state, via the application of a sinusoidal signal (AC voltage or AC current) usually
superimposed on a DC signal (voltage or current) over a wide range of frequencies and
the monitoring of the sinusoidal response (current or voltage, respectively) of the system
toward the applied perturbation. Considering that the electrochemical system under study
is a linear time-invariant system (that is, the output signal is linearly related to the input
signal and the behavior of the system is not changed over time), EIS is a transfer function
technique that models the output signal (AC current or AC voltage) to the input signal
(AC voltage or AC current) over a wide range of frequencies. Therefore, if we assume

18



that an AC voltage V (t) with low amplitude Vj at a particular frequency w is applied as
V(t) = Vpsin(wt), the resulting AC current, I(t), with the amplitude [, and the same
frequency but at the different phase, ¢ is measured according to I(t) = Iy sin(wt + ¢). The
impedance of the electrochemical cell at this frequency Z(w), is then

Z(w) = |Z|e'® =|Z| (cos¢ +i sing) = Z, +1i Z;, (2.38)

where i = /=1 is the imaginary number and Z, and Z; are the real part and imaginary
part of the impedance which are linked to |Z]| = \/Z2 + Z? and ¢ = arctan (Z;/Z,) as the
magnitude and phase, respectively. Complementary to EIS, electrochemical capacitance
spectroscopy (ECS) has also been investigated to characterize the interfacial capacitive
properties of graphene electrodes, as highlighted in the recent works of Bueno [10, 73, 74,
75]. In ECS, the complex impedance is converted into a complex capacitance using the
relation C' = 1/ (iwZ) = C, + iC; which places greater emphasis on the low-frequency
regime, where the capacitive response of the graphene electrode becomes most significant.

The advantage of working in frequency
domain over the time domain as with one

CPE
of the commonly used voltammetric tech- I/
niques (cyclic voltammetry, a chrono tech- I\
nique, etc.), is that EIS simplifies a com- Ry
plex electrochemical system by deconvolut- 1 —"VW—
ing it in individual processes with different Zy
—___—

time constants, which then can be easily

analyzed such that (very) slow proces.ses Figure 2.3: Circuit equivalence of a typ-
can be probed in (very) low frequencies, jcal electrochemical process at the elec-
while (very) fast processes can be probed trode/electrolyte interface. The faradiac

in (very) high frequencies. Practically, the
frequency range is dictated by limitations
associated with the available instrumenta-

reactions and heterogeneous effects are repre-
sented by the circuit elements Zy and CPE. The
bulk resistance is shown by Ry.

tion, the wiring of the electrochemical sys-

tem with the instrument (high frequency limit), and the stability of the electrochemical
system itself over time (low frequency limit). The frequency range in most of the commer-
cially available electrochemical analyzers spans from 10 pHz to 1 MHz [72].

Notably, EIS measurements at an electrochemical system can be simulated to an equiv-
alent electrical circuit, which consists of common passive components (such as resistances,
capacitors) and others, more complicated elements referred to as constant phase element
(CPE), connected each other in different ways. In other words, each of electrochemical
processes mentioned above can consequently be deemed analog to an equivalent electrical
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circuit that is characterized by a different time constant. For example, the electric circuit
representation corresponding to the EIS study of a typical electrochemical process gov-
erned by three processes is shown in Fig. 2.3. The first process is the charging/discharging
of the electric double layer at the electrode/electrolyte interface represented by the CPE
arising from the heterogeneity of the electrode. The second process, shown as Z;, refers
to the kinetics of the faradaic reaction at the electrode/electrolyte interface and the third
process, diffusion of the redox species from the bulk solution to the electrode surface, is
modeled by the bulk resistance Rj.

In this thesis, the electrodes are assumed to be blocking and ideally polarizable, imply-
ing that no faradaic reactions occur at the electrode surfaces. Furthermore, the electrode
surfaces are considered smooth, thereby eliminating any CPE effects associated with sur-
face roughness or heterogeneity.
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Chapter 3

Neutral Graphene in Dilute
Electrolytes

3.1 Introduction

In this chapter, the frequency behavior of the graphene/electrolyte interface in simple (di-
lute) electrolytes is investigated for two cases; (1) graphene is modeled with an infinite
conductivity, and (2) graphene possesses a finite conductivity. In both cases, graphene
is taken nominally neutral at room temperature where it exhibits finite quantum capac-
itance, whereas the mathematical modeling of the electrolyte region is based on Debye-
Falkenhagen treatment (linearized PNP models). In the first case, we will show that
the graphene/electrolyte interface acts as a simple capacitor (quantum capacitor), while
in the second case, the modeling reveals an impedance behavior at the surface of the
graphene/electrolyte.
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3.2 Graphene with an Infinite Conductivity”

3.2.1 PNP Model

We study a one-dimensional electrochemical cell aligned along the X-axis, composed of
two planar, parallel, and dissimilar electrodes with large surface areas, separated by an
electrolyte layer of thickness L. The system is subjected to a time-varying, harmonically
oscillating electric potential, denoted by V(7). The metal electrode is positioned at X = L,
while the graphene electrode lies at X = 0. A mathematical model for this setup is devel-
oped based on the following set of assumptions: (1) the electrolyte is binary, containing
only two ionic species with equal and opposite valencies, zy = z_ = 1, and sharing iden-
tical diffusion coefficients Dy = D_ = D, mobilities p; = p— = p, and equilibrium bulk
concentrations cp; (2) the formation of the Stern layer, representing the outer Helmholtz
plane, is neglected at both electrode interfaces consistent with the classical Gouy—Chapman
description that applies in the limit of dilute electrolytes, where ion—electrode specific in-
teractions and finite-size effects are negligible; (3) ion adsorption or desorption phenomena
near the electrodes are not considered; (4) both electrodes act as blocking (non-Faradaic),
meaning that no charge transfer or Faradaic currents occur between the electrolyte and
the electrodes [76]; and (5) the cell remains in a globally neutral equilibrium state, which
is then slightly perturbed by the application of a small external potential V, (7).

A schematic representation illustrating the doping of graphene through the potential
drop across the electrochemical cell is presented in Fig. 3.1, along with its associated
equivalent circuit composed of capacitors [52]. In this figure, ep(7) denotes the Fermi
level of graphene at X = 0, V,(7) refers to the potential inside the graphene linked to its
doping level, and V,(7) represents the potential drop across the diffuse layer within the
electrolyte. The two cones correspond to the low-energy segments of the m-electron bands
of graphene, modeled under the rigid band approximation [77], where the Dirac point
is placed at the local electric potential at the graphene interface, leading to the relation
ep(T) = —e®Po(1), with $o(7) = ®(0,7). Since the electronic response in graphene to
electrical perturbations occurs on a timescale much shorter than that of ionic dynamics in
the electrolyte, it is reasonable to assume that ep(7), ep(7), and V,(7) = [ep(T) —ep(7)] /e
adjust instantaneously to changes in the applied potential. Furthermore, by taking the
potential at the metal electrode to be zero, i.e., (1) = ®(L,t) = 0, the potential drop
across the diffuse layer becomes Vy(7) = —®¢(7), as depicted in Fig. 3.1. The equivalent

2*The material presented in this section has been published in the Journal of Electroanalytical Chemistry
(M. Yavarian et al., 2023) [51].
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circuit also includes the quantum capacitance of graphene at equilibrium, labeled as Cg,
and the Debye capacitances Cp = €,/Ap associated with the diffuse layers adjacent to
both electrodes (definitions for these capacitances are provided below), where €, is the
permittivity of the electrolyte and A\p = v/epkpT/ (2€2¢;) is the Debye screening length.

(X, 7)
A
Graphene Electrode Metal Electrode
eVa(T)
—G(I)L(T) =0
> X

0 L

Cq CD CD
._| | | | |_‘
| I |
Figure 3.1: Schematic diagram depicting the electrostatic potential ®(X,7) as a function of
the spatial coordinate X, alongside electron energy levels and their corresponding equivalent
capacitors. The quantities ep(7) and ep(7) = —e®(0,7) = —e®Po(7) represent the time-dependent
Fermi energy and the Dirac point of graphene, respectively. Also illustrated are the potential
differences occurring within the graphene layer at X = 0, which are responsible for its doping,
expressed as V(1) = ®o(7) + ep(7)/e, as well as the potential drop Vy(7) across the diffuse
layers adjacent to both the graphene and metal electrodes. The term C, denotes the quantum
capacitance of graphene at equilibrium located at X = 0, while Cp refers to the Debye capacitance.

Introducing a small AC perturbation to the applied voltage, V,(7), allows us to model
the problem with the linearized form of the PNP equations derived in Chapter 2 (Eq. 2.29)
subject to appropriate boundary conditions. In the following, we drop the ¢ sign, as the
perturbed part, to simply the notations.
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To solve Eq. 2.29, we first introduce the set of boundary conditions stemming from the
assumption that the electrodes are blocking, meaning no Faradaic current is present at
their surfaces, i.e, J.(0,7) = J.(L,7) = 0, leading to

—0, (3.1)

X=0,L

Pe(X,7) 1 09(X,7)
0X? X2 0X

in which the Poisson equation, Eq. (2.17), is substituted into the expression of the con-
duction current in Eq. (2.28). Concerning the potential, we assume the metal electrode
is grounded, giving the boundary condition ®(L,7) = 0. Furthermore, applying both the
continuity of the electrostatic potential and Gauss’s law at the graphene surface leads to
the following conditions at X = 0"

O(0,7) = —Vy(1), (3.2)
—Eb'aq)é))((’ 2 o = (1), (3:3)

where ¢,(7) ~ —C, V,(7) denotes the linearized surface charge density of graphene with C,
being the quantum capacitance of neutral graphene introduced in Section 2.2. Knowing
the relation V,(7) = V4(7) + V,(7) from Fig. 3.1, we can substitute V;(7) and V,(7) into
Eq. (3.2) and Eq. (3.3) to arrive at a Robin-type inhomogeneous boundary condition for
the potential at X = 07

0P(X,T)

X —C,2(0,7) = C,Va(7). (3.4)

€y

X=0

This boundary condition, characterizing the graphene electrode, constitutes one of the
principal modeling contributions of this work.

Frequency Domain

Given that the governing equations have been linearized, we can now apply the Laplace
transform, which replaces the time dependence with a new variable s = i€)7p, where € is
the frequency of the applied voltage V,(7) and 7p = \3,/D is the Debye time. Time is
normalized according to t = 7/7p with the normalized frequency introduced as w = Qrp.

To proceed, we introduce normalized forms of the independent variables as follows: z =
X/Ap, £ =L/Ap, c = (Cy +C_) /2¢, p= (Cy — C_) [2¢p, and {p,v} = ¢e/(kgT){P,V}.
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The perturbed electric current density is normalized via j = J/Jjm, where the limiting
current is given by Ju, = 2eDc,/Ap [78].

With these scalings, by substituting the Poisson equation, Eq. (2.17), into the continuity
equation, Eq. (2.29), taking into account Eq. (2.28), we obtain a fourth-order ordinary
differential equation with constant coefficients for the potential

'(z, s) o(z, s)
(14 2 =0. 3.5
ox?t ( ) Ox? (3:5)
The above governing equation is associated the blocking electrode boundary conditions,
Eq. (3.1), being normalized as

P¢(z,s)  0d(z,s)
. =0
|: dx? Ox :| =0, 7 (36)
and the grounded metal electrode
oL, s) =0, (3.7)
along with the graphene boundary condition, Eq. (3.4), normalized as
p o) o009 = ule) (3.5)

where we introduce the dimensionless parameter I' = Cp/C,. This parameter is central to
assessing the influence of the graphene electrode on the overall impedance response of the
system across a wide range of equilibrium salt concentrations c¢,.

3.2.2 Impedance I

To determine the impedance of the system, we must first evaluate the total current lowing
through the electrochemical cell. The total current is spatially uniform and does not depend
on the coordinate X [79]. It can be expressed as the sum J(7) = J.(X, 7)+ Jy(X, 7), where

Po(X, 1) | . . . .
Jo(X,7) = —€y——=——" is the displacement current [30]. Given that the conductive
current vanishes at theT surface of the graphene due to the blocking electrode boundary
condition, i.e., j.(0,s) = 0, the total current can be evaluated using the displacement
current evaluated at © = 01 as

j(s) = —3% . (3.9)
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The impedance of the electrochemical cell is defined through the relation Z(s) = u(s)/j(s),
where u(s) = —v,(s) denotes the applied potential at the graphene with respect to the
grounded metal electrode (with current flowing in the positive z-direction), and j(s) is
obtained by solving the governing equation, Eq. (3.5), using the boundary conditions men-
tioned in Eqgs. (3.6) - (3.8). Consequently, the normalized impedance of the electrochemical
cell comprising a GM electrode configuration is given by

¢
P 2tanh (5 V1+ s) ’ (3.10)
s s(1+s)*? 145

To understand the role of graphene’s finite quantum capacitance, it is helpful to recall
that the quantum capacitance of an ideal metallic bulk electrode is commonly taken to be
infinite [81, 4, 82, 83, 84, 85]. This reflects the assumption that the density of states (DOS)
in a metal is so high that adding or removing charge from the surface does not significantly
alter its Fermi energy level. Referring to Fig. 3.1, this would imply V,(7) = 0, which is
clearly not suitable for graphene due to its low DOS near the Dirac point. Nonetheless, for
the purpose of a formal substitution of a graphene electrode with an ideal metal electrode
at X =0, it is sufficient to take the limit C, — oo, which enforces V,(7) = 0 and simplifies
Eq. (3.4) to ®(0,7) = —V,(7), thereby replacing Eq. (3.2). In this scenario, Eq. (3.3)
becomes unnecessary, as the electrode charge in an ideal metal is entirely governed by the
potential drop throughout the electrolyte. As a result, the impedance of a symmetric cell
with two ideal metal electrodes is recovered by taking I' = 0 in Eq. (3.10) [86]. Under
this limiting case, the boundary condition in Eq. (3.8) simply becomes ¢(0, s) = u(s), as
expected.

3.3 Results and Discussion 1

The parameters used in the calculations throughout this section are chosen to represent
an aqueous electrolyte solution at room temperature, characterized by a permittivity
e, = 80¢, where ¢y ~ 8.85 x 107! F/m denotes the vacuum permittivity. The equi-
librium ion concentration c¢,, corresponding to the neutral bulk region, is treated as a
variable parameter within the system. We express ¢, in units of moles per litre (M) [87],
representative of a monovalent ionic aqueous solution at room temperature. Under these
conditions, the inverse Debye screening length is given by Ap = 0.3/,/¢, nm, and the Debye
capacitance is estimated as Cp &~ 299,/¢, uF /cm?. For graphene, the quantum capacitance
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at room temperature is approximately C, ~ 0.8 pF /cm?) yielding a dimensionless ratio
I' =~ 287.5,/cy. In alignment with the experimental data referenced in [76, 88|, both the
impedance spectroscopy and capacitive spectroscopy presented in this work are evaluated
for a range of bulk ion concentrations, from ¢, = 107! M to ¢, = 10™° M, while the elec-
trolyte thickness is fixed at L = 1 pm. Our analysis will particularly emphasize behavior
in the low-frequency regime.

Fig. 3.2 illustrates how the ion concentration in-
fluences the impedance response, presented in the 20
form of a Nyquist plot. To isolate the effect of r=%
ion concentration alone, the impedance is further | | | ... r_o
normalized by the electrolyte thickness, resulting in
7 = 7/l = Z,+iZ;. Starting from the origin, which
corresponds to the high-frequency limit, the plot
shows no noticeable offset near the origin. This in-
dicates the absence of ohmic resistance, such as that
introduced by the solution, connectors, or wiring
[89, 90], for both electrode configurations (GM and
MM). In the mid-frequency range, a semicircular fea-
ture appears in the Nyquist plot for both types of oo
electrode pairs, reflecting the impact of electrolyte z,
thickness and the charging behavior within the bulk
electrolyte. This portion of the curve is associated
With electrolyte polarization, WhiCh involves ion mo- trations with the electrolyte thickness
tion through the electrolyte medium. As the fre- ., _ 4 um. The solid lines refer to
quency decreases further, entering the low-frequency 1o aM electrode pair, and the dashed
regime, Fig. 3.2 displays an upward deflection of the 1ipeg refer to the MM electrode pair.
curves with reduced curvature. In this regime, ions
begin to accumulate in the double-layer region, ini-
tiating the charging process. According to the figure, at very low frequencies, the Nyquist
curves for both electrode types and all ion concentrations exhibit nearly vertical slopes.
This behavior indicates that the charging dynamics are predominantly controlled by the
electric double layer and occur in the absence of Faradaic reactions. The sharp rise at low
frequencies stems from the assumption that both electrodes are blocking or ideally polar-
ized [90], meaning that only displacement (capacitive) current contributes at the electrode
surfaces.

—_=10""M

— =102 M

=107 M

'
\
H
H — o=10"M
' f
y o =10"M
~ '
ot
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»

L eedl

Figure 3.2: Illustration of the
Nyquist Plot for different ion concen-
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One of the limitations of Nyquist plots is their
inability to clearly illustrate how impedance varies
with frequency. To address this issue, the Bode
phase plot and Bode magnitude plot are commonly
employed and are shown in Fig. 3.3. The Bode phase
plot, Fig. 3.3(a), is defined as ¢ = arctan (71-/7r)
and is plotted against frequency for different ion con-
centrations, with the phase angle expressed in de-
grees. As frequency decreases, the phase angle for
both GM and MM systems approaches ¢ = —90°
across all concentration values, highlighting the ca-
pacitive behavior. At higher ion concentrations, the
impedance behavior of the MM electrode pair in the
low-frequency regime increasingly deviates from ca-
pacitive characteristics, eventually approaching re-
sistive behavior as indicated by ¢ — 0. Also notice-
able is the effect of ion concentration on the peak po-
sitions in the Bode phase plot. As seen in the figure,
the MM electrode pair exhibits a more pronounced
peak shift with increasing concentration than the
GM pair. The Bode magnitude plot which shows

|Z] = \/(Zn)2 + (71)2, is presented in Fig. 3.3(b).
According to the figure, the impedance decreases as
frequency increases. Furthermore, the slopes near -1
are characteristic of capacitive behavior, while those
with slopes close to 0 indicate resistive behavior [39].
From the figure, we observe that at low frequencies,
the slope of the GM electrode pair curves for all con-
centrations approaches -1, indicating predominantly
capacitive behavior. In comparison, the MM elec-
trode pair curves attain a slope of -1 only at much
lower frequencies, implying a more resistive nature at
intermediate frequencies. This observation is consis-
tent with the trends seen in the Bode phase plot. In
the intermediate frequency range, the slopes of both
types of electrode pairs flatten toward zero, demon-
strating resistive behavior.
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Figure 3.3: Bode. (a) Illustration of
the Bode phase plot for different con-
centrations with the electrolyte thick-
ness of L = 1pum. The solid lines
refer to the GM electrode pair, and
the dashed lines refer to the MM elec-
trode pair. (b) Ilustration of Bode
magnitude plot for different concentra-
tions with the electrolyte thickness of
L = 1pum. The solid lines refer to
the GM electrode pair, and the dashed
lines refer to the MM electrode pair.



As an alternative to EIS, in ECS, the com- . 002
plex impedance is transformed into a complex bflo,;w e
. ) . _ - G= ! 0.015 ree [
capacitance via the relation C' = 1/(sZ) = 05 o105 P - ]
C,+1iC;. In terms of dimensional quantities, the — =10 M oot
normalized complex capacitance C' is related to 04 ¢ =107 M 000511 ]
the physical capacitance C(s) through the ex- e ol \ ]
. © —_— F’(Tr; 0. 0005 0.01 0015 0.02 ]
pression C' = C(s)/Cp. e s ]
Fig. 3.4 presents the capacitive Nyquist plots JUELSSUEEEEELE T ]
for both GM and MM electrode pairs across ™[ .- By 1
various ion concentration levels. As illustrated, s Y ]
each Nyquist capacitive curve forms a semicir- “-1*," R \‘ 1
cle, where the intercepts of C, with the hor- ‘:' _(/ \ \
izontal axis provide key insights into the ca- 0. : : . : !
L. i 0. 0.1 0.2 0.3 0.4 0.5
pacitive structure of the system in both the Re[C]

high- and low-frequency regimes. In the low-
frequency limit (w < 1), under the assumption
that ¢ > 1—an approximation applicable to
most practical scenarios [91]—the capacitance
evaluates to C, (s = 0) = (I' + 2)~". Given that
I' = Cp/C,, this can be expressed in physical

Figure 3.4: Illustration of the capacitive
Nyquist Plot for different concentrations
with the electrolyte thickness of L = 1um.
The solid lines refer to the GM electrode
pair, and the dashed lines refer to the MM
o electrode pair. The inset magnifies the ca-
units as C, (2 =0) = (Cq_l + 2651) . This re- pacitive behavior in high-frequency regime.
sult corresponds to the equivalent circuit repre-

sentation illustrated in Fig. 3.1. A clearer un-

derstanding of the low-frequency behavior can be achieved by expanding the impedance
expression, Eq. (3.10), in a power series with respect to the normalized frequency w, as-
suming a finite value of £. The leading two terms in this expansion provide an approximate

form of the impedance given by Zirp ~ - c + R, where the first term represents the
W OULF

capacitive response in the low-frequency limit with Crp = [I' 4+ 2tanh (¢/2)]", and the
second term corresponds to a normalized resistance at low-frequency limit, expressed as
R =+ (£/2) sech® (¢£/2) — 3tanh (¢/2). In contrast, for large frequencies where £1/w > 1,

1

the impedance approximates to Zyp ~ [ + ¢). This reflects the high-frequency limit

!
of the real part of the capacitance as C, (s — ico) = (I'+¢)~", which translates to the
physical units as C, (2 — o0) = (Cq_l + C&l)_l, where Cg = €,/ L represents the geometric
capacitance of the cell. By introducing a characteristic graphene length scale A\, = €,/C,,
which evaluates to A\, ~ 89 nm at room temperature, we conclude that the high-frequency
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intercept of the capacitive Nyquist plot with the real axis satisfies C, (2 — o0) ~ Cg when
the condition L > A, holds true. This result is valid for both electrode types and is indepen-
dent of the ion concentration. This trend is observed in Fig. 3.4, including its inset which
highlights the behavior at higher ion concentrations. Consequently, we deduce that the
quantum capacitance of graphene is most effectively detected through the low-frequency
intercept of the capacitive Nyquist plot with the real axis. This is particularly evident
at low ion concentrations, where the condition C, < Cp leads to C, (2 =0) =~ C, ~ 0.8
pF/ecm?. In this section, we demonstrated the capacitive behavior of the graphene elec-
trode arising from its assumed infinite conductivity. In the next section, we will make the
model more realistic by accounting for the finite conductivity of graphene, which leads
to a generalized boundary condition in Eq. (3.4) and a corresponding modification of the
electrochemical impedance expression in Eq. (3.10). This generalization explicitly captures
the electrodynamic response of the graphene electrode, providing a more comprehensive
framework for modeling the graphene/electrolyte interface.

3.4 Graphene with a Finite Conductivity”*

3.4.1 Model Description

We examine an electrochemical cell with a cylindrical shape, having radius a and length L.
The spatial domain inside the cell is described by (R, X), where R = (R, 0) denotes the
polar coordinates and X is the axial coordinate. Graphene is electrostatically doped via
an ideal metallic contact shaped as a narrow ring electrode surrounding the GE [92, 93].
A time-dependent potential V,(7) is applied to this contact and assumed to be uniformly
distributed along the circumference of the GE, thereby ensuring axial symmetry of the
system and eliminating any dependence on the polar angle 6. The potential V,(7) is
considered to vary slowly enough in time to maintain a quasi-equilibrium electrochemical
potential (or Fermi level) e (7) across the graphene surface. Under the assumption that the
electrostatic potential throughout the cell, ®(R, X, 7), shifts the Dirac point of graphene’s
7 electronic bands to the energy level —e®(R,0, 1) relative to the grounded ME (where
e > 0 is the elementary charge), a spatially varying chemical potential develops along the
graphene, given by p,(R,7) = ep(7) + eP(R, 0, 7). This chemical potential determines the
local surface number density of electrons, n(R, 7).

2*The material presented in this section has been published in The Journal of Physical Chemistry C
(M. Yavarian et al., 2025).
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In Fig. 3.5, we schematically illustrate the potential drop within the doped graphene,
represented as Vi (R, 7) = u,(R, 7)/e, together with the externally applied potential V,(7)
and the average potential drop across the electrolyte resulting from the diffuse layers near
the two electrodes, denoted by Vy(7). To align with relevant experimental setups and
practical considerations [93], the model also incorporates the contact resistance R.., which
captures contributions from electrode connections, wiring, and the external measurement
circuitry.

y V(1)

(X, 7)
A

Figure 3.5: A schematic diagram of the proposed electrochemical cell flanked by the GE at
X = 0 and the grounded ME at X = L. The dependence on the position X of the surface
average of the electrostatic potential in the electrolyte, ®(X,7), when the system is subject to
a time-dependent voltage, V,(7), is shown with V,(7) being the potential drop around the edge
of the GE and Vy(7) denoting the potential drop across the diffuse layer in the electrolyte. The
external circuitry is represented by the contact resistance, R., and the contact current I.(7)
passing through R..
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3.4.2 Graphene Disk Electrode

The schematic view of the graphene disk elec-

trode is shown in Fig. 3.6. The central region ungated area
is graphene, which is the electrochemically ac-

tive material. Al wire contact: The graphene

needs to be electrically contacted so its potential

can be controlled and its current measured. An

Al (aluminum) wire is attached as the back-end

electrical lead. Insulating film: The graphene

electrode is partially covered with an insulat- \
ing material (often a polymer or oxide). This
prevents the electrolyte from wetting or short-
ing the contact area and ensures that only a
defined window of graphene is exposed to the Figure 3.6: Schematic of the graphene
electrolyte. Exposed graphene (ungated area): disk electrode. The Al wire provides electri-
The central region left uncovered by the insu- cal contact, while an insulating film limits
lator is the active electrode surface where the electrolyte access to a defined central win-
electrolyte interacts directly with graphene. dow. The exposed graphene (ungated area)

Al wire

electrode insulating film

configuration

serves as the electrochemically active sur-

04 O5] ;j
In Refs. [94, 95], it was demonstrated that face. Picture adapted from [97].

the relaxation of excess charge in graphene
is primarily controlled by its compressibility,
which originates from the quantum-mechanical properties of the resident two-dimensional
electron gas (2DEG) in equilibrium, as well as Coulombic interactions among the electrons.
These studies showed that in a regime near the charge-neutral state of graphene (i.e., for
undoped or intrinsic graphene), and under strong dielectric screening from the surround-
ing environment (as is the case when graphene is in contact with an aqueous solution),
Coulomb interactions can be neglected. As a result, the relaxation of charge carriers with
surface number density n(R, 7) follows a two-dimensional diffusion process,

on 9

7. = D,Vgn, (3.11)
where Vg denotes the gradient operator with respect to the in-plane coordinates R, and
n is positive in electron-doped regions and negative in hole-doped regions of graphene.
The diffusion coefficient D, for graphene satisfies a generalized Einstein relation for the

2DEG [95, 94],
o Opg
= —=—— 3.12
q 62 an ’ < )
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where ¢ is the in-plane DC electrical conductivity (more precisely, conductance, measured
in Siemens), and y, is the chemical potential of the graphene charge carriers. We focus on
the regime near intrinsic graphene, where 1,(n) can be approximated by a linear expansion

0
around the neutrality point n = 0 (also called the Dirac point), leading to p, ~ ﬂ‘()n.
n

This approximation remains accurate within a few percent as long as |p,| < kg1 (see
Section 2.2). Accordingly, the compressibility (or density of states) in Eq. (3.12) may be
(fmq‘ €
on'lo ¢,

At the same time, determining the electrical conductivity o of graphene near the neu-
trality point at finite temperature is considerably more challenging, primarily due to the
influence of disorder. This disorder gives rise to a landscape of electron-hole puddles,
which contributes to the well-known—though still not fully understood—concept of min-
imum conductivity in graphene at the Dirac point [96]. Experimental measurements of
this minimum conductivity vary widely, typically clustering around the so-called universal
conductivity, o9 = €?/(4h) ~ 61.2 uS. From a theoretical standpoint, different scattering
mechanisms responsible for disorder-induced momentum relaxation of thermally excited
carriers in nearly neutral graphene suggest a power-law temperature dependence of the
form o o< T, where « can take on values of 0, 1, or 2 [97]. Based on this, we take g as a
lower bound for the conductivity of neutral graphene, which is broadly supported by the
experimental data reported in Ref. [98] (see Fig. 4), Ref. [99] (see Fig. 3b), and Ref. [100]
(see Fig. 6a). This choice also enables us to estimate the diffusion constant in Eq. (3.12)

ot
as D, = C_O ~ T4.5 cm?/sec at room temperature. While a more refined treatment of o at

evaluated at n = 0, yielding

q
finite temperatures may yield a higher value for D,, it will nonetheless remain finite. This
confirms that graphene behaves quite differently from an idealized metallic electrode with
infinite conductivity (zero resistance) when operating in electrolyte environments.

Equation (3.11) can be reformulated as a diffusion equation for the potential drop

in graphene, V,(R, ), by applying the previously mentioned linear approximation of the
2

: . : : 0 e . :
chemical potential near the neutrality point, u, = eV, =~ %lon = C—n This expression
n q
can then be rewritten in the form of a continuity equation for the charge induced in
graphene,
Jse(R, T)
or

where ¢, = —en = —C,V, denotes the surface charge density. This allows us to identify the
corresponding diffusive current density as J, = eD,Vgrn ~ 0o VR V.

+ Vg J,(R,7) =0, (3.13)
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We may apply the Laplace transform to Eq. (3.13), thereby replacing /07 — S, and
further substituting S = i€) to address the steady-state regime under periodic excitation at
angular frequency 2. By rearranging Eq. (3.13) and carrying out the spatial derivatives, we
obtain the modified Bessel differential equation [101] governing the transformed potential
V,(R, ) in graphene,

a—2+li— 2| Vo(R,Q) =0 (3.14)
OR?  ROR e '

where the frequency-dependent parameter ((€2) is defined as

C(Q) = MQ%’ (3.15)

whose complex form plays a central role in modeling the surface impedance of the graphene
layer, as will be elaborated in the next sections.

Equation (3.14) must be solved over the interval 0 < R < a (see Fig. 3.6), subject
to the boundary conditions 0V, /0R = 0 at R = 0, and V,(a,Q) = V,(2), where V.(Q) is
the transformed potential at the circumference of graphene, set by the surrounding metal
ring electrode. It is assumed here that the radius of the GE is sufficiently large so that
edge effects related to graphene’s screening at the contact with the metal ring can be
neglected [102]. The general solution to the second-order differential equation (3.14) can
be written in terms of modified Bessel functions of the first and second kinds [101] as

Vy(R, Q) = Ay(Q) T[RC(Q)] + Ax(Q) Ko[RC(9)] (3.16)

where [)[R((2)] and Ko[R((€2)] are the zero-order modified Bessel functions of the first and
second kinds, respectively. The coefficients A; (€2) and A5(2) are determined by the bound-
ary conditions. To ensure that the potential drop inside graphene remains finite at the
center (R = 0), we invoke the known limiting behaviors of modified Bessel functions [101],
where To[R¢(Q2)] — 1 and Ko[R((2)] — oo as R — 0. Since K{[R((2)] diverges at the
origin, we must set A(€2) = 0 to maintain a physically acceptable solution. Applying the
boundary condition at the disk edge R = a, where the potential is fixed at V.(Q2), gives
Ay(Q) = V() /Ip[aC(€2)]. Therefore, the in-plane potential drop in graphene is given by

Io[R¢($2)]
Io[ag(€0)]
Next, we evaluate the total current at the graphene disk edge (R = a), flowing into the
surrounding metal ring electrode (via the Al wire in Fig. 3.6), expressed as a line integral,
oV, (R, 9)
OR

Vy(R, Q) = Vi(©) (3.17)

I.(Q) = fdl'ﬁ - J, (R, Q) = 2maoy (3.18)

R=a
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By considering Eq. (3.17), the result obtained in Eq. (3.18) leads to

1,() = 2ronVu(©)ag () s E)] (3.19)

Io[aC ()]
From this, we define the quantum impedance of the graphene disk electrode according to

VaQ) R, Lag(@)]
1(9) ™ 20¢(9) L[ ()

Z,(0) = (3.20)

where R, = 1/ (woy) is recognized as the quantum sheet resistance of the graphene disk
electrode. We can further write the variable appearing in Eq. (3.20) as a{(2) = \/iQR, Cy,
where C, = AC, is the total quantum capacitance of a neutral GE with A = 7a® being
its area. This prompts us to introduce the dimensionless frequency as w, = {17,, where we
define the characteristic quantum time scale of GE as

7y = Ry Co. (3.21)

For practical applications, it may be worthwhile mentioning that the value of the quantum
time scale per unit area of graphene is estimated as 7,/A = 1/(7D,) ~ 4.3 msec/cm? at
room temperature.

With the dimensionless frequency of graphene defined as w, = §l7,, the quantum
impedance obtained in Eq. (3.20) can be recast in normalized form as Z,(w,) = Z,(Q)/R,,

yielding
LT i
Zg(wg) = 3 L ol Z.wq}. (3.22)
iwq 11 [\/iwg]

This expression for graphene’s quantum impedance closely resembles the one derived
in Ref. [93] for a circular GE, which was based on the distributed circuit element ap-
proach originally developed for semiconductor field-effect transistor films [103]. While
such distributed models are typically phenomenological, our derivation offers an ab initio
framework grounded in the microscopically well-defined quantum-mechanical properties
of graphene. Additionally, it is worth noting that our description of charge relaxation in
graphene is strongly connected to the concept of quantum-mechanical rate spectroscopy
discussed in Ref. [74]. Notably, the inverse of the quantum time scale defined in Eq. (3.21)
corresponds exactly to the quantum rate introduced in that work, which also employed the
same physical interpretation for resistance and capacitance.

It is instructive to examine the limiting behaviors of Eq. (3.22) in the regimes of high
and low dimensionless frequency w,. The limit w, > 1 physically represents a regime of
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“fast” charging and/or graphene exhibiting low conductivity and/or having a large total
quantum capacitance. Using the asymptotic forms of the modified Bessel functions, we

find that in the limit w, — oo, Eq. (3.22) reduces to Z}" (w,) = 2;\/@
corresponds to a Warburg impedance [104], which describes one-dimensional diffusion along
a long channel of length a. This result may also be recovered by neglecting the middle term
in the left-hand side of Eq. (3.14) and proceeding with the same analytical steps outlined
above.

. This expression

In the opposite regime—corresponding to slow charging, and/or graphene possessing a
small total quantum capacitance, and/or high conductivity—we consider the asymptotic
behavior of the modified Bessel functions as w, — 0. From Eq. (3.22), this leads to

1 1
the expression ZJ(w,) = 3 + —. In physical units, Eq. (3.20) yields in this limit
iw,
R 1
ZReQ) = ?q + e indicating that the GE behaves as a series combination of a
telq

resistor with resistance R,/8 ~ 6502 and a capacitor with capacitance C,. This result
supports the perspective of graphene acting as a purely capacitive element, consistent with
earlier theoretical descriptions of graphene electrodes in the static regime, particularly
when interfaced with liquid electrolytes [105] and ionic liquids [106].

Finally, to further clarify the relaxation behavior of charge carriers in a finite-sized
graphene sheet—governed by the quantum time scale 7,—it is instructive to consider how
the spatial average of the potential drop on graphene, Vq(T) (or equivalently, the average
surface charge density), evolves in real time in response to an applied step-like voltage
from the surrounding ring electrode. Specifically, let V.(7) = Vo H(7), where V4 is the
(small) amplitude of the applied potential and H denotes the Heaviside unit step function.
This question is most effectively addressed by revisiting the solution in Eq. (3.17) and
transforming it into the Laplace domain via the substitution €2 — S. The area-averaged
transformed potential drop in graphene is then given by

— 1

Vi) = 5 [[ Vit s)aa
_2r [ (3.23)
_F/D V.(R, S)RdR

where the response function K,(S) is derived from Eq. (3.17) and takes the form

2 L[S
Kq(S)—\/S_TqIO[m. (3.24)
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It is important to note that this expression is essentially a normalized version of the so-
called complex capacitance [74, 107], which is typically obtained in the frequency domain
from the impedance in Eq. (3.20) as

_ 120, L[/iw]
/Cq(wq)zmzqm)_\/mlo[m}. (3.25)

By defining the normalized complex capacitance as K, = K,/C, and making the substitu-
tion iw, — ST,, we recover the result in Eq. (3.24).

By substituting the Laplace transform of the step input, V.(S) = V4/9, into Eq. (3.23),
the problem reduces to performing the inverse Laplace transform of V,(S) in order to
answer the previously posed question. While the general inversion with K,(S) from
Eq. (3.24) typically requires numerical techniques, analytical expressions for the average
potential in graphene, Vq(r), can be obtained in the limiting cases of high and low fre-
quencies—corresponding to the Warburg and RC-circuit regimes of the GE, respectively.
These results are discussed in more detail in Subsection 3.5.1.
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3.4.3 Electrolyte Region

Since working with a finite-sized GE is essential to capture its charge inhomogeneity and
dynamic behavior, determining the electrostatic potential ®(R, X, 7) throughout the cell
entails solving a fully 3D problem within a cylindrical domain—an effort simplified by the
axial symmetry inherent in the design of the GE [108, 109]. However, this task lies be-
yond the scope of the present study, as our primary focus is on investigating the coupling
between the GE’s charging dynamics and ion transport, under the assumption that the
electrode area A = wa? is sufficiently large such that the dominant variation of the potential
®(R, X, T) occurs along the axial direction X. This allows us to work with surface-averaged
quantities over the base area of the cylinder. Leveraging the fact that the Debye length
in the electrolyte, Ap, is much smaller than the cell radius (Ap < a), we may neglect
fringing fields near the lateral boundary of the cylinder as R — a, thereby approximating
the electrolyte as effectively one-dimensional. This approximation is supported by recent
theoretical results for a metallic disk electrode in an electrolyte, where a full 3D analysis
using the Hankel transform revealed that the electrostatic potential remains nearly uniform
in the radial direction—both near the electrode surface (up to its edge) and throughout the
bulk [108]. In this subsection, we employ the same theoretical framework as in Ref. [108]
to transition the analysis to a 1D electrolyte domain, starting from the linearized PNP
equations. Through appropriate non-dimensionalization, we identify key parameters that
simplify the system into a one-dimensional Debye—Falkenhagen equation, which we formu-
late in terms of the surface-averaged electrostatic potential in the electrolyte. Given that
the surface averages of both the potential drop and charge density in the GE have already
been established in the previous subsection, the approximations introduced here allow us
to extend the formalism previously developed in Section 3.2, where the GE was modeled
as a uniformly charged capacitor.

In the electrolyte domain defined by 0 < R < a and 0 < X < L, we begin with the
continuity equation,

Jo(R, X, T)
or
where o(R, X, 7) denotes the total ionic charge density, which is related to the electrostatic
potential through Poisson’s equation,

& V2®(R, X, 7) = —0o(R, X, T), (3.27)

+ V : JC<R7 X7 T) = 07 (326>

The linearized expression for the conduction current density is given by

J(R,X,7)=-DV |o(R, X, T)—l-;—%q)(R, X, 7). (3.28)
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Substituting Eq. (3.28) into Eq. (3.26) and applying Poisson’s equation, Eq. (3.27), leads
to the following governing equation for the electrostatic potential

[V4 - (%2 + % a%) VQ] ®(R,X,7) =0, (3.29)
D

where V* = (V2)” represents the biharmonic (or bilaplacian) operator. This equation is
subject to boundary conditions that reflect the assumption of blocking electrodes, meaning
the normal component of the conduction current must vanish at the electrode surfaces

X-J.(R,0,7)=0, 0<R<a,

) (3.30)
~X-J/(R,L,7)=0, 0<R<a.

where £X denotes the unit normal vector pointing into the electrolyte. In addition, the
metal disk electrode is grounded

®(R,L,7) =0, 0<R<a. (3.31)

We also assume that electrostatic influences outside the cylindrical region are negligible,
ie.,
(R, X,7)=0, R>a, 0<X <L (3.32)

To simplify the problem, we proceed by applying the zero-order Hankel transform,
defined as [110]

HO{CD(R, X, 7)} = O(K,X,7) =27 / ®(R, X, 7)Jo(2rRK)RdR,

0. (3.33)

7—[(}1{@([(, X, T)} =®(R,X,7)=2m / O(K,X,7)Jo(2rRK)K dK,
0

where Jo is the Bessel function of the first kind of order zero. Applying this trans-

form to Eq. (3.29) and using the identities Ho{V?} = —K? + 0%/0X? and Ho{V*} =
(=K% + 9%/0X?%)” [111], the governing equation in the Hankel domain becomes

92 \? 1 190 92\ 1~
e I R B —0. 3.34
[( K +ax2) (A%er%)( K —|—8X2)]<I>(K,X,T) 0 (3.34)

Next, we non-dimensionalize the variables by defining = X/Ap for the spatial coordi-
nate, which gives the dimensionless electrolyte thickness ¢ = L/Ap; k = aK for the Hankel
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variable; and t = 7/7p for time, where 7p = \%,/D is the Debye time scale. Applying the
Laplace transform then corresponds to the substitution 9/0t — s = iw, where we define
the dimensionless frequency in the electrolyte as w = Q7p. As a result, the governing
equation in Eq. (3.34) becomes, in terms of non-dimensional variables

21.2 0” ? 272 > N
=0+ o | = (L +s) (=K 4 o ) | B (k,2,5) = 0, (3.35)
T i

where 6 = Ap/a is introduced as a key parameter in the analysis.

In practical situations, the area of a GE can be on the order of 1 cm? [93], while the
Debye length in very dilute electrolytes is typically no more than ~ 1 um. Thus, the
condition A\p < a is well satisfied, allowing us to take the limit 6 < 1. In this regime,
the dependence on k becomes negligible, as the coefficients in Eq. (3.35) involve only the
product §°k* = (ApK)?. Neglecting these terms provides a very accurate approximation,
affecting the solution only at small radial distances R S Ap, which are negligible compared
to the cell radius a. Accordingly, the Hankel-transformed potential ®(k,z, s) can be ap-
proximated by solving Eq. (3.35) with £ = 0. This solution can then be used in Eq. (3.33),
along with the boundary condition in Eq. (3.32), to define the surface-averaged potential
in the electrolyte as R

Bla,s) = 2089 (3.36)
A
By setting k£ = 0 in Eq. (3.35) and dividing through by A, we obtain a fourth-order ordinary
differential equation with constant coefficients for the surface-averaged potential

O0(x5) (), FO@s) (3.37)

Ox? Ox?
The corresponding boundary conditions can be derived by applying the same reasoning to
the original ones. For the blocking electrodes (from Eq. (3.30)), we obtain:

[835(3:, s)  99(z, 3)} 0
o Or Il (3.38)

Pd(z,5)  9B(x,s) 0

O3 Ox —

and for the grounded metal electrode (from Eq. (3.31)), we have:
d(¢,s) = 0. (3.39)
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3.4.4 Graphene/Electrolyte Interface

In this subsection, we derive a boundary condition for the surface-averaged potential in
the electrolyte, ®(X, ), at the location of the graphene electrode (GE), i.e., at X = 0.
This additional condition, together with the boundary conditions given in Egs. (3.38)
and (3.39), are required to uniquely determine the solution of the one-dimensional gov-
erning equation in Eq. (3.37). The desired boundary condition is obtained by applying
Gauss’ law to a pillbox-shaped region that encloses the entire GE, thereby relating the
surface-averaged normal electric field in the electrolyte at X = 0 to the total charge on
the GE, which is regulated by the external circuit. This analysis leads to the derivation of
a non-homogeneous Robin-type boundary condition involving both the value of ®(X, <)
and its spatial derivative at X = 0.

We begin by applying the Hankel transform to Eq. (3.17) using the definition in
Eq. (3.33) and assuming that V, (R, ) = 0 for R > a, which is consistent with the boundary
condition in Eq. (3.32) at X = 0. This yields

V,(K,Q) =2n / V,(R,Q)JJ2rRK)RdR
0

V() 21a
- To[ag(Q)] ¢3(Q) + 4m2K?

(3.40)
X {C(Q)Il[ag(ﬂ)] Jo(2maK) + 2n K1g[al ()] J1(2maK) |,

with ((€2) defined in Eq. (3.15). Meanwhile, the total charge on the GE, Q4(€2), is obtained
by integrating the surface charge density ¢,(R, Q) ~ —C,V,(R, Q) over the disk

Q@) ~ ~26C, [ V()RR = €, 7,(0.9), (3.41)
0
where the second equality follows by evaluating Eq. (3.40) at K = 0. In parallel with

Eq. (3.36), we define the surface-averaged potential drop in graphene in terms of its Hankel
transform at K =0

V() = %(2{ ), (3.42)

Substituting the K — 0 limit of Eq. (3.40) into Eq. (3.42), we obtain the following relation
between the surface-averaged potential drop in graphene and the edge potential V,((2)

2 Ti[ag(©)]
¢(2) TolaC(Q2)]
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Vo(©) = Vil€) -



As expected, this expression is equivalent to the result obtained earlier in Egs. (3.23)
and (3.24), upon noting that a(§2) = /€7, from Egs. (3.15) and (3.21), and substituting
12— S.

Next, by dividing Eq. (3.41) by the electrode area A and using Eq. (3.42), we arrive
at an expression for the surface average charge density on graphene: 7,(€2) = Q4(Q2)/A =
—C, V,(£2). Substituting Eq. (3.43) into this relation yields

2C, Ti[a¢(9)]
a¢(2) Io[ac(€2)]
This expression can be coupled with Gauss’s law (in the frequency domain), which relates
the surface-averaged electric field at the GE interface to the average surface charge

T4(€) = =V(Q) (3.44)

I%(X, )
0X

—€p = Eg(Q>. (345)
X=0

This relation serves as the foundation for the required boundary condition at X = 0. By
substituting Eq. (3.44) into Eq. (3.45), one can eliminate 7,({2) and express the boundary

condition entirely in terms of V,(€2) and the derivative of ®(X, ).

In the final step of deriving the boundary condition, we express the edge potential
Vo(€Q) which governs the charging dynamics of graphene in the frequency domain—as (see
Fig. 3.5):

Ve(©) = Vo () — Va(9), (3.46)
where V,(Q2) = Er(Q2)/e, with Ep(£2) representing the electrochemical potential (Fermi
level) in graphene, assumed to be known and controlled by the external circuit. The
term Vy(Q) = —®(0,) denotes the surface-averaged total potential drop across the elec-
trolyte, measured from the ME to the Dirac point of graphene. Substituting Eq. (3.44)
into Eq. (3.45), and replacing V,(2) using Eq. (3.46) as V.(Q) = V,(Q) + ®(0,9), we re-
arrange the resulting expression and switch to non-dimensional variables using z = X/Ap
and s = iw, where w = Q7p. This yields a Robin-type boundary condition for the surface-
averaged electrolyte potential at x = 0

0P (z, s) —

[(s) — ®(0,5) = V,(s). (3.47)

Ox
=0
Here, I'(s) is introduced as a dimensionless function generalizing the parameter I' = Cp/C,

that was introduced in Eq. (3.8), and which is

(s) Ty (s)]
M) =96, LhG)
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where C, = C,/Cp is the normalized quantum capacitance of neutral graphene, and Cp =
v/ Ap is the Debye capacitance per unit area of the electrolyte. The dimensionless variable

v(s) is defined as
1(s) = aC() = /a7, (3.49)

where = 7,/7p is the ratio of the quantum and Debye time scales. Alternatively, the
function in Eq. (3.48) can be written as I'(s) = 1/ [C,K,(s)], where K (s) is defined in
Eq. (3.24) with the substitution S7, = sn.

We emphasize that Eq. (3.48) plays a central role in this study, as it characterizes the
surface impedance of the graphene/electrolyte interface by linking the graphene electrode
(GE) and the electrolyte subsystems through two distinct mechanisms: first, via the pa-
rameter C, = C,/Cp, which governs the amplitude of I'(s) by reflecting the ratio of their
respective capacitances; and second, via n = 7,/7p, which determines the frequency depen-
dence in v(s) by capturing the ratio of their characteristic time scales. In the absence of
external circuitry (V.(Q) = 0), it is also worth highlighting that the boundary condition in
Eq. (3.47), when expressed in physical units, represents a generalized form of the condition
previously derived as Eq. (3.4) which stems from involving of graphene’s finite conductivity
into the model—an effect that is captured through the functional dependence of I'(s) as
given in Eq. (3.48).

3.4.5 Impedance 11

To evaluate the total impedance of the coupled GE/electrolyte system, we first note that
the total current in the electrolyte is independent of the axial coordinate X. Since the
electrodes are blocking, the total current is effectively governed by the displacement current
at the electrode interfaces. This total current can be derived by integrating the local
displacement current density over the surface of the GE

“ 0 0P(R,X,T)
I(1)=-2 _— dR. .
(1) ey = 5 RdR (3.50)
X=0
In the frequency domain, the above expression becomes
D(X,
() = —iQAeb% =1QAG,(Q), (3.51)
X=0

where we have used Gauss’s law from Eq. (3.45) to relate the surface-averaged electric
field to the average surface charge. Substituting Eq. (3.44) and comparing with Eq. (3.19)

43



shows that I(Q2) = —1.(Q), indicating that current is conserved across the system. In
other words, the total displacement current I that flows out of the GE surface into the
electrolyte is equal in magnitude and opposite in direction to the current I, that flows from
the graphene sheet into the surrounding metal ring electrode.

From this point forward, we proceed exactly as in Section 3.2 to derive the total
impedance of the system, Z(2), with the only modification being the form of the total
externally applied potential (see Fig. 3.5):

Vo(T) = =R 1.(1) — Vy(1), (3.52)

where the term R.I.(7) represents the potential drop across the contact resistance, ac-
counting for contributions external to the GE/electrolyte system, while the second term,
Vy(1) = Vo(1) + V4(7), corresponds to the electrochemical potential of the GE relative to
the grounded metal electrode (ME), and governs the internal potential distribution within
the GE/electrolyte domain. We now non-dimensionlize the variables in the frequency do-
main using = X/Ap and s = iw = iQ27p. The governing equation (3.37) is solved subject
to the boundary conditions in Egs. (3.38), (3.39), and (3.47), where the right-hand side of
the latter is replaced by V,(s) = —V,(s) + R.I(s). Once ®(z, s) is determined, the current
is evaluated using Eq. (3.51), which in dimensionless variables becomes

s e 00(x,s)

x=0

We conclude by defining the total electrochemical impedance of the
graphene/electrolyte interface in the frequency domain as Z(s) = V,(s)/I(s). To
express this result in dimensionless form, we normalize Z by the bulk resistance of the
electrolyte, R, = L)%, /(e DA), introducing the scaled impedance Z = Z/R,;,. This yields
the final expression:

14
2tanh| =1+ s
1 [T(s) (2 ) 14 (3.54)
Z(S) = RC + = + 372 )

Cl s s(1+s) / I+s
where R. = R./R, denotes the contact resistance normalized by the bulk resistance. The
result encapsulates the combined dynamical response of the graphene electrode and the

electrolyte medium, with distinct contributions arising from quantum capacitance, finite
ionic relaxation, and circuit coupling.
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The impedance formulation presented in Eq. (3.54) extends the theoretical model de-
veloped in Section 3.2 as Eq. (3.10), which treated graphene as a perfect conductor. In
contrast, the present expression incorporates the finite conductivity of graphene via the
frequency-dependent function I'(s) defined in Eq. (3.48). This refinement enables the
model to more accurately capture the dynamic electrochemical behavior of the graphene
electrode, thereby providing a more complete and physically consistent description of the
GE/electrolyte interface.

3.5 Results and Discussion 11

In this section, we begin by presenting the results of the frequency-domain analysis for the
graphene disk electrode, as developed in Subsection 3.4.2. We then broaden the discussion
to include the full frequency response characteristics of the coupled graphene/electrolyte
interface.

3.5.1 Frequency Response of the Graphene Disk Electrode

Fig. 3.7 illustrates the frequency-dependent impedance characteristics of the graphene disk
electrode, as described by Eq. (3.22), where the normalized impedance is expressed as
Zy(wy) = Zyr(wy) +124:(wy), with Z,, and Z,,; denoting the real and imaginary parts,
respectively. The Nyquist plot in Fig. 3.7(a), shown with solid lines, depicts the impedance
response obtained from spectroscopy, while the corresponding phase angle, defined as ¢, =
arctan (Z,;/Z,,), is presented in Fig. 3.7(b).

In addition to the full impedance response Z,(w,), the plots in Fig. 3.7 also include the
two asymptotic forms corresponding to the limiting cases of the graphene electrode. Specif-

1
24/ 1wq
1 1
limit by ch(wq) =3 + —. The former exhibits characteristic Warburg behavior at high
1wy

frequencies and is indicated by the dotted curve in Fig. 3.7(a). As shown in the corre-
sponding phase plot in Fig. 3.7(b), the phase angle approaches ¢, — —45° in this regime,
consistent with the expected Warburg response. At low frequencies, the impedance be-
haves as that of a simple RC circuit—i.e., a resistor and capacitor in series—represented
by the dashed curve in Fig. 3.7(a). This interpretation is further supported by the phase
plot in Fig. 3.7(b), where the phase angle tends toward ¢, — —90°, indicating dominant
capacitive behavior.

ically, the high-frequency limit is represented by Z y/ (wy) = , and the low-frequency
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The quantum time scale 7, = R, C,, introduced in Eq. (3.21), serves as a key parame-
ter for analyzing time-dependent quantum electrodynamic effects within the framework of
quantum rate theory (QRT), as highlighted in recent studies by Bueno et al. [73, 75, 74].
Within this theoretical context, the resistive (R,) and capacitive (C,) components of
graphene, connected in series, effectively constitute a low-frequency RC circuit whose be-
havior is governed by quantum mechanical principles. To explore this further, we consider
the complex capacitance of the graphene electrode, K,(w,), expressed in dimensionless form
in Eq. (3.24), where the substitution S7, — iw, is made with w, = Q7,. Fig. 3.7(c) presents
the Nyquist plot for K,(w,) = K, ,(w,) + iK,:(w,), shown with solid lines. In addition to
the full expression for K, (w,), the figure also includes the asymptotic behaviors in the high-
and low-frequency regimes. The high-frequency limit, K ;’V (wg) =2/ \/@, is represented
by the dotted line in Fig. 3.7(c), which appears as a straight line with a 45° slope, indicative
of Warburg-type behavior. Conversely, the low-frequency limit, K (w,) = 1/(1 + iw,/8),
gives rise to a semicircular arc in the Nyquist plane, shown as a dashed line, reflecting the
classical RC response. This low-frequency signature corroborates the RC interpretation
emphasized by Bueno et al.

The time-dependent response of the surface-averaged potential drop across graphene,
V,(7), to a step-like voltage input V.(7) = VoH(7) is obtained by performing the in-
verse Laplace transform of Eq. (3.23), where V.(S) = V;/S. The results are shown in
Fig. 3.7(d) as a function of the dimensionless time variable ¢, = 7/7,. In this plot, the
solid curve represents the general solution computed using the full expression for K,(S)
from Eq. (3.24), and is compared to the asymptotic behaviors associated with the high- and
low-frequency limits of the GE response—mnamely, the Warburg and RC-circuit regimes.
In the Warburg limit, the normalized complex capacitance reduces to K ;V (S)=2/ \/S_Tq,

whose inverse Laplace transform yields the early-time response VZV(T) = 4Vy/ty/m. This
approximation effectively captures the short-time dynamics (¢, < 1), as indicated by
the dotted curve. In contrast, the RC-circuit regime corresponds to the low-frequency

limit where KF(S) = 1/(1 4 S7,/8), which transforms to the time-domain expression
V?C(T) = Vo [1 — exp (—8t,)]. This result describes the long-time behavior (¢, 2 1) with

good accuracy, as illustrated by the dashed curve.
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Figure 3.7: Frequency response of the graphene disk electrode. (a) Impedance Nyquist plot.
The dashed curve corresponds to the low-frequency limit, representing capacitive (RC) behavior,
while the dotted curve illustrates the high-frequency Warburg response. (b) Phase angle of the
graphene disk impedance as a function of frequency. (c¢) Nyquist plot of the normalized complex
capacitance. The dashed semicircle denotes the RC-like response in the low-frequency regime,
as characterized by Bueno et al., while the dotted line represents the high-frequency Warburg
behavior. (d) Time-domain response of the surface-averaged potential drop across graphene to a
step-like input. The dashed curve captures the long-time dynamics consistent with low-frequency
RC-circuit behavior, whereas the dotted curve depicts the early-time response associated with
high-frequency Warburg behavior.
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3.5.2 Frequency Response of the Graphene/Electrolyte
Interface

The parameters adopted for the calculations in this section correspond to an aqueous
electrolyte at room temperature. The dielectric constant of the bulk electrolyte is taken as
ey ~ 80 €y, where ¢y =~ 8.85 x 10712 F/m denotes the vacuum permittivity. The bulk ionic
concentration, ¢, is given in molarity (M = mol/L). To explicitly reveal the dependence
on concentration, the Debye length is defined as A\p = Aiw/y/Cp, Where Ay =~ 0.3 nm
denotes the Debye length at ¢, = 1M. The corresponding Debye capacitance is given
by Cp ~ 229,/¢, uF /em?, while the quantum capacitance of neutral graphene at room
temperature is approximated as C, ~ 0.8 uF /cm?, yielding C, !~ 287.5,/¢,. The length of
the electrochemical cell is set to L = 0.1 mm. For a representative aqueous solution, the
diffusion coefficient is taken as D = 107%cm?/sec. This leads to a scaled frequency w =
&/ cy, where @ = (M\2,;/D)Q and A\2;/D =~ 0.9 nsec defines the characteristic Debye time.
Consequently, the dimensionless frequency is expressed as s = i /c,. Additionally, the DC
resistance of the bulk electrolyte is given by R, = Rin/cp, with Ry = L A3,/ (e,DA).

Effects of the Ion Concentrations

Fig. 3.8 presents the frequency-dependent impedance behavior of the graphene disk elec-
trode across a range of ionic concentrations, spanning from 107> M to 10~ M. Two distinct
cases are examined: (1) graphene possessing finite conductivity, illustrated by solid lines,
and (2) the idealized case of infinite graphene conductivity, represented by dashed lines.
In the latter scenario, the impedance simplifies to Z,(Q2) = 1/ (iQC,), implying that the
complex capacitance function in Eq. (3.24) reduces to K,(S) = 1, and consequently, the
function I'(s) in Eq. (3.48) becomes a constant, I' = 1/C,,, consistent with the model used
in Section 3.2. To mitigate edge-related artifacts, the radius of the electrode is set to 1
mm for all calculations. Additionally, the contact resistance is neglected by setting R. = 0
in Eq. (3.54), since the impact of the external circuitry will be analyzed separately in the
subsequent discussion.

Fig. 3.8(a) displays the Nyquist plots for the specified range of ion concentrations. For
the case of infinite graphene conductivity (dashed curves shown in the inset), the impedance
response shows negligible sensitivity to changes in ion concentration. In contrast, when
finite conductivity is considered (solid curves), the impedance exhibits a marked depen-
dence on the ion concentration, particularly as it increases. In both scenarios, a capaci-
tive response is evident at low frequencies. However, in the high-frequency regime—mnear
the origin—the behavior diverges: while the infinite conductivity case remains essentially
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unchanged, the finite conductivity case shows noticeable variation with increasing ion con-
centration. To expose compatibility with experimental and practical observations, we also
adopt a cut-off frequency of €2./(27) = 1 MHz, below which EIS is applicable, giving the
corresponding scaled cut-off frequency of @, ~ 5.65 x 1073. The bullets on the Nyquist
curves in Fig. 3.8(a) indicate the values of the real and imaginary parts of the impedance
at the cut-off frequency, such that only the parts of those curves that lie to the right of the
bullets should be accessible in EIS. One sees in this figure a large spread of the bullets, in-
dicating that the range of the observable impedance values in EIS can be severely reduced
at high ion concentrations.

Fig. 3.8(b) and Fig. 3.8(c) present the phase angle ¢ = arctan (Z;/Z,) and magnitude
|Z| = \/Z2+ Z? of the impedance, respectively, for varying ion concentrations. In the
low-frequency regime, both conductivity scenarios exhibit a phase angle approaching ¢ —
—90°, consistent with dominant capacitive behavior. This observation is supported by
the magnitude plot in Fig. 3.8(c), where the slope tends toward unity, a characteristic
feature of capacitive impedance. At high frequencies, the cases diverge: for finite graphene
conductivity (solid curves), the phase transitions to ¢ — —45°, reflecting Warburg-like
behavior, which is further corroborated by the slope of —1/2 in the magnitude plot. In
contrast, assuming infinite conductivity (dashed curves), the phase flattens to ¢ — 0,
indicating a transition to resistive behavior that is largely insensitive to ion concentration.
Across both conductivity assumptions, the response consistently shifts toward capacitive
characteristics (i.e., ¢ — —90°) as the frequency and ion concentration decrease. The
shaded vertical bars in both figures indicate a region around the cut-off frequency below
which EIS is applicable.

The preceding analysis can be further elucidated by exploring asymptotic limits. In the
low-frequency regime, taking the limit s — 0, Eq. (3.48) simplifies to I'(s) — C, . Inserting
this into the impedance expression in Eq. (3.54) and expanding in powers of s yields the
low-frequency approximation Zpg ~ R+ 1/(s Cpr), which corresponds to the classical form
of a series RC circuit. Here, the effective resistance is given by R = ¢+ (£/2) sech? (£/2) —
3tanh (¢/2), while the low-frequency capacitance is Crp = [Co! 4 2 tanh((/2)] . In the
asymptotic limit ¢/ > 1, these expressions simplify to R ~ ¢ and Cpr =~ (C’; b 2)71.
When translated into dimensional units, the low-frequency capacitance becomes Crp =
(Cq_ T+ 2651)_1, reflecting the effective series combination of the quantum capacitance of
graphene, C,, with two Debye layers of capacitance Cp, one at each electrode interface.

In the high-frequency regime, taéiing the limit s — ioo, the expression in Eq. (3.48)

(s)

asymptotically approaches I'(s) — ETol Substituting this into Eq. (3.54) gives the leading-
q
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order impedance behavior as Zpr ~ 1/(s Cyr), where the effective high-frequency capaci-

-1
tance is Cur(s) = (g(é> - 6) . In the asymptotic limit s — ico or equivalently v(s) —
q

00, the high-frequency capacitance is approximated by Cyr(s) ~ 2C,/v(s). Expressed in
physical units, this corresponds to a high-frequency capacitance of Cyp(Q2) = 2C,/(a ((2)).

To complete the characterization, capacitance spectroscopy is examined using the com-
plex capacitance defined by C(s) = 1/ (sZ(s)) = C, + i C;, as depicted in Fig. 3.8(d). In
both conductivity scenarios, increasing the bulk ion concentration leads to a rise in the
real component of the capacitance, C,, and causes the overall spectrum to shift rightward
on the frequency axis. This trend highlights the enhanced charge storage capability at
higher electrolyte concentrations. The bullet points correspond to the cut-off frequency,
suggesting that the parts of the curves in Fig. 3.8(d) lying to the right of those points
should be accessible by ECS. Unlike Fig. 3.8(a), one can see in Fig. 3.8(d) that the bullets
are clustered close to the origin, indicating that the most part of the Nyquist curves for
the complex capacitance may be observed in ECS at all ion concentrations.
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Figure 3.8: Effects of ion concentration on the frequency response of the GE/electrolyte in-
terface when @ = 1 mm and R, = 0. Solid curves represent finite graphene conductivity, while
dashed curves indicate infinite conductivity. (a) Impedance Nyquist plot. (b, ¢) Bode plots. (d)
Capacitive Nyquist plot. The bullet points in (a) and (d), together with the shaded areas in (b)
and (c), indicate the cut-off frequency w. below which EIS and ECS are applicable.
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Effects of the Electrode Area

The influence of electrode area on the frequency response of the GE/electrolyte interface
is examined by varying the electrode radius while keeping the ion concentration fixed at
¢, = 1072 M, as shown in Fig. 3.9. The impact of the external circuitry is excluded by
setting R. = 0.

Fig. 3.9(a) presents the Nyquist plot, where notable shifts are observed in the impedance
spectra for the finite conductivity case (solid lines) as the electrode radius increases. In
contrast, the infinite conductivity scenario (dashed lines shown in the inset) shows minimal
sensitivity to changes in radius. The positions of the bullets in this figure, which correspond
to the cut-off frequency, suggest that the portions of the Nyquist curves for impedance that
are observable in EIS is not strongly influenced by the graphene electrode radius.

This trend is further highlighted in the Bode plots of Fig. 3.9(b) and Fig. 3.9(c), where
the finite conductivity case exhibits enhanced frequency sensitivity with increasing ra-
dius—particularly in the high-frequency regime. The infinite conductivity response, how-
ever, remains nearly invariant across the same range. Despite these differences, the overall
qualitative behavior is preserved in both cases: capacitive characteristics dominate at low
frequencies, while Warburg-type features emerge at high frequencies for finite conductiv-
ity, and purely capacitive behavior persists under infinite conductivity. The shaded bars
in both figures denote the cut-off frequency below which EIS is applicable.

The dependency on electrode area is also reflected in the capacitive Nyquist plots of
Fig. 3.9(d), where the finite conductivity case reveals moderate variation with radius,
whereas the infinite conductivity case remains largely unchanged. Similar to Fig. 3.8(d),
one sees in Fig. 3.9(d) that the bullets corresponding to the cut-off frequency are clustered
close to the origin, indicating that the most parts of the Nyquist curves for the complex
capacitance are observable in ECS for all electrode radii.
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Figure 3.9: Effects of electrode area on the frequency response of the GE/electrolyte interface

when ¢,

1072 M and R, = 0. Solid curves represent finite graphene conductivity, while

dashed curves indicate infinite conductivity. (a) Impedance Nyquist plot. (b, ¢c) Bode plots. (d)
Capacitive Nyquist plot. The bullet points in (a) and (d) along with the shaded area in (b, c)
refer to the cut-off frequency @, below which the EIS and ECS are applicable.



Effects of the Contact Resistance

We investigate the influence of contact resistance on the frequency response of the
GE/electrolyte interface by varying the contact resistance R.., while keeping the ion concen-
tration and electrode radius fixed at ¢, = 1072 M and a = 1 mm, respectively, as illustrated
in Fig. 3.10.

Fig. 3.10(a) presents the Nyquist plots for both finite and infinite graphene conductivity
under varying values of R.. At low frequencies, the impedance curves remain unaffected by
R. in both cases, consistently displaying capacitive behavior. In the high-frequency regime,
however, increasing R, leads to a noticeable increase in the real part of the impedance,
Z,, for both conductivity cases. This trend is further supported by the Bode plots in
Figs. 3.10(b) and 3.10(c). Specifically, Fig. 3.10(b) shows that at low frequencies, the
phase angle tends toward —90°, and Fig. 3.10(c) exhibits a log-log slope of unity, confirming
capacitive dominance independent of R.. At higher frequencies, increasing R, drives the
phase angle toward 0° in Fig. 3.10(b), indicating a transition to resistive behavior. This
is corroborated in Fig. 3.10(c), where the slope of the magnitude plot flattens, further
emphasizing resistive dominance. The applicability of EIS is also depicted in the Nyquist
plot in Fig. 3.10(a), where the cut-off frequencies for the finite and infinite conductivity
(inset) cases are marked by bullet points. In the Bode plots shown in Figs. 3.10(b) and
3.10(c), a range of the maximum frequencies accessible in the EIS is indicated by the
shaded bars surrounding the cut-off frequency.

The capacitive Nyquist plot in Fig. 3.10(d) completes the analysis. For both con-
ductivity cases, the real part of the capacitance, C,, remains relatively insensitive to R.,
demonstrating a robust capacitive response across all frequencies. The cut-off frequency,
indicated by bullet points, marks the regime below which ECS is applicable. As illustrated
in Fig. 3.10(d), the influence of contact resistance R, on the cut-off frequency is minimal.
For the given values of R, the bullet points for both finite and infinite conductivities
remain clustered at high frequencies.
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Figure 3.10: Effects of contact resistance on the frequency response of the GE/electrolyte
interface when ¢, = 1072 M and @ = 1 mm. Solid curves represent finite graphene conductivity,
while dashed curves indicate infinite conductivity. (a) Impedance Nyquist plot. (b, ¢) Bode plots.
(d) Capacitive Nyquist plot. The bullet points in (a) and (d) along with the shaded area in (b,
c) refer to the cut-off frequency @, below which the EIS and ECS are applicable.
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3.6 Concluding Remarks

In this chapter, we examined the frequency response of the graphene/electrolyte inter-
face in dilute electrolytes under two distinct scenarios: (1) neutral graphene with infinite
conductivity and (2) neutral graphene with finite conductivity.

In the first case, we derived an analytical expression for the impedance of an elec-
trochemical cell incorporating a graphene electrode. Starting from the linearized Pois-
son—Nernst—Planck (PNP) equations and appropriate boundary conditions at the graphene
interface, the system was nondimensionalized and solved using Laplace transform tech-
niques. A comparative analysis of the impedance behavior for graphene—metal (GM) and
metal-metal (MM) electrode configurations was performed across a wide range of frequen-
cies and ion concentrations. In terms of sensitivity to changes in ion concentration, the
MM configuration demonstrated greater responsiveness—particularly at low frequencies
and higher ionic strengths. Also, we confirmed that the quantum capacitance of graphene
can be reliably extracted from the zero-frequency intercept of the real axis in the Nyquist
plot of the equivalent cell capacitance. At low frequencies, this total capacitance is typically
dominated by the quantum capacitance of the graphene electrode.

In the second case, we explored the frequency-dependent behavior of a graphene disk
electrode (GE) in contact with an electrolyte within a three-dimensional geometry. Ini-
tially, the GE was modeled as an isolated circular interface. Departing from traditional
phenomenological models involving distributed circuit elements, we incorporated the finite
quantum conductivity of graphene based on its intrinsic quantum-mechanical properties.
This formulation allowed us to derive an analytical expression for the quantum surface
impedance of the GE. We then investigated charge relaxation dynamics under two regimes.
In the fast-charging regime—associated with low conductivity and/or large quantum capac-
itance—the system exhibited Warburg-type impedance, characteristic of one-dimensional
diffusion across a length scale a. In contrast, the slow-charging regime—associated with
high conductivity and /or small quantum capacitance—displayed a behavior consistent with
a classical RC circuit. This distinction connects our analysis to the framework of quantum
rate theory (QRT), particularly via the quantum time scale defined in Eq. (3.21). To fur-
ther elucidate relaxation dynamics, we analyzed the time evolution of the average potential
drop across graphene, Vq(r), and demonstrated that its early-time behavior aligns with
the Warburg regime, while its late-time behavior corresponds to the RC-circuit limit.
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To couple the GE with the surrounding electrolyte, we independently analyzed the
electrolyte domain. Assuming the Debye length is much smaller than the electrode radius,
we neglected fringing electric fields near the boundary, thereby justifying a reduction to a
one-dimensional model through surface averaging and Hankel transform techniques. With
the surface-averaged charge density and potential on graphene already established, this
approximation enabled a natural extension of the theory previously developed for the
infinite-conductivity case. We subsequently established the GE/electrolyte interface by
coupling the two domains and deriving a new boundary condition that complements those
from the electrolyte analysis, ensuring a well-posed formulation. This enabled us to obtain
a closed-form expression for the total electrochemical impedance of the GE/electrolyte
interface, which captures the influence of frequency, ion concentration, electrode area, and
contact resistance for both finite and infinite graphene conductivity.

The frequency response analysis under varying ion concentrations revealed that both
finite and infinite conductivity cases share capacitive behavior in the low-frequency regime.
However, in the high-frequency regime, only the finite conductivity case exhibited clear
Warburg characteristics, as evidenced by a phase angle tending toward —45°, a slope of
—1/2 in the impedance magnitude.

We then investigated the effect of electrode radius. In the low-frequency regime, we
confirmed dominant capacitive behavior regardless of radius. At higher frequencies, how-
ever, the finite conductivity case exhibited pronounced sensitivity to changes in electrode
size, with larger radii amplifying the deviations from ideal capacitive behavior, thereby
highlighting the role of spatial charge redistribution dynamics.

Lastly, we assessed the influence of contact resistance. In both conductivity scenarios,
the real component of the capacitance, C,., shows minimal dependence on R., indicating a
stable capacitive behavior over the entire frequency range.

We have also introduced the cut-off frequency below which EIS and ECS are applicable
to relevant experiments and applications. This cut-off frequency, indicated by bullet points
in the Nyquist plots and by shaded vertical bars in the Bode plots, corresponds to the scaled
frequency of @, ~ 5.65 x 1073, or equivalently, €2./2m ~ 1 MHz in physical units. We have
nevertheless also displayed our results at frequencies that exceed the cut-off frequency,
mostly for academic interest to expose possible effects of the Warburg-type behavior of the
graphene electrode at high frequencies.
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Chapter 4

Charged Graphene in Dilute
Electrolytes™

4.1 Introduction

To extend our previous chapter, which examined the frequency response of a neutral
graphene electrode at the Debye relaxation time scale—we now explore the behavior of
a charged graphene electrode in equilibrium, where the dynamics of diffuse-layer charging
are governed by the charging relaxation time scale. To this end, we carry out a leading-
order asymptotic analysis within the framework of matched asymptotic expansions, yield-
ing analytical expressions for both the static potential distribution and the time-dependent
diffuse-charge dynamics in the electric double layer (EDL), under the influence of a finite
DC bias and a small AC perturbation applied to the cell. Furthermore, the model incorpo-
rates more realistic boundary conditions by accounting for the Stern layers, which represent
the interaction between the diffuse and compact layers, and by incorporating the appro-
priate boundary condition for a single-layer graphene electrode. We note that for bilayer
or multilayer graphene electrodes, additional complexities arise in defining the quantum

capacitance [113], due to notable alterations in the density of states (DOS) [114, 115]
and layer-specific doping effects induced by metallic contacts (not by ion or solvent ad-
sorption) [3, 116, 117]. These effects would necessitate a more sophisticated boundary

condition than the one employed in our single-layer model and are therefore beyond the

*The material presented in this chapter has been published in the Journal of The Electrochemical
Society (M. Yavarian et al., 2024) [112].
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scope of this study.

4.2 Theory

The electrochemical cell considered in this chapter consists of a symmetric monovalent
binary electrolyte, comprising two ionic species with identical diffusion coefficients D, =
D_ = D, equal mobilities ;. = p— = p, and the same equilibrium bulk concentration
¢p. A schematic of this one-dimensional setup is presented in Fig. 4.1, which shows the
system along the X axis. In this configuration, the graphene electrode (GE) is placed
at X = —L and the metal electrode (ME) at X = L, with each electrode separated
from the electrolyte by a charge-free Stern layer of thickness h. We assume that both
electrodes behave as blocking, thereby excluding specific ion adsorption and neglecting
Faradaic reactions within the Stern layers. As a result, the region accessible to ions is
bounded by the outer Helmholtz planes (OHPs) located at X = +H = +L F h, where we
impose zero-flux boundary conditions for the ions. To emphasize the electrostatic role of
the graphene electrode, we deliberately idealize the model by treating the metal electrode
as having infinite quantum capacitance—effectively modeling it as an ideal metal—while
disregarding heterogeneity and atomic-scale features. This simplification is motivated by
the assumption that the density of electronic states (DOS) in a typical metal is sufficiently
high that any excess surface charge does not lead to a measurable shift in its Fermi level
[51]. Thus, the electronic contribution of the ME is considered negligible, and its charging
is entirely governed by the potential drop across the ionic electrolyte. Additionally, our
model neglects any potential offsets that may arise from differences in the work functions
or electron affinities between dissimilar materials, such as between graphene and the metal
contact used for charging the graphene electrode.

When a time-dependent external voltage V(7) is applied across the electrochemical
cell, it induces an electrostatic potential (X, 7) with a spatial profile depicted in Fig. 4.1,
which also highlights the individual potential drops across different regions. In this figure,
V,(7) represents the potential drop within the graphene, associated with its Fermi level
and responsible for modulating its doping. The quantities V(1) = ®(—H,7) — ®(—L,7)
and V§'(1) = ®(L,7) — P(H, 7) denote the potential drops across the Stern layers adjacent
to the graphene electrode (GE, superscript “¢g”) and the metal electrode (ME, superscript
“m”), respectively. Here, ®(FL,7) corresponds to the potential at the location of the
GE/ME, while ®(FH, 1) refers to the potential at the outer Helmholtz planes (OHPs),
i.e., the boundaries between the Stern layers and the electrolyte region. The potential drop
across the ionic region of the electrolyte is thus defined as V(1) = ®(H,7) — ®(—H, 7).
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Putting all contributions together, the total applied potential between the ME and GE is
given by V(7) = V(1) + V(1) + V& (1) + Vu(7) as also illustrated in Fig. 4.1.

O(X,7)

A
GE OHP OHP ME

Figure 4.1: Schematic representation of the electrochemical cell comprising the graphene elec-
trode (GE) and the metal electrode (ME), with the electrolyte confined between two outer
Helmholtz planes (OHPs) positioned near each electrode. In response to a time-dependent ap-
plied voltage V (1), the resulting electrostatic potential distribution ®(X,7) is shown, including
the internal potential drop V;(7) associated with the doping of graphene. The potential decreases
linearly across the Stern layers, which extend from each electrode surface to its respective OHP,
producing the potential drops labeled as V() and V' (7) for the GE and ME sides, respectively.
Beyond the Stern layers, the potential continues to decay through the neighboring diffuse layers
until it reaches a uniform value in the bulk electrolyte. The potential drops across these diffuse
regions are denoted by VY(7) and V(7).
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4.2.1 PNP Model

The PNP equations given in Eq. (2.18) are to be solved over the spatial domain —H <
X < H, subject to the relevant boundary conditions. In addition to the zero-flux boundary
conditions for the ionic concentrations at the outer Helmholtz planes (OHPs), expressed
as Fy(£H,7) = 0, two additional boundary conditions are needed for the electrostatic
potential, incorporating the effect of Stern layers. Within the Stern layer adjacent to the
graphene electrode (GE), the electric field remains constant

0P (X, 1) _0P(X,7) ’ (A1)
0X Ix=—1+ 090X Ix=—n"' '
while the normal component of the electric field remains continuous across the Stern plane
8(13(X, T) aq)(Xv 7_)
bl et BV —g—"" 4.2
STOX Ix——m- T ax ’X:—H+7 (42)

where €5 denotes the dielectric permittivity within the Stern layer. Since the electrostatic
potential (X, 7) is continuous throughout the domain, the electric field in the Stern layer
can alternatively be expressed in terms of the potential drop across the layer

0P(X, 1) O(—H,7)— d(—L,7)

OX Ix——m- h ’ (4.3)

which can be substituted into Eq. (4.2) to eliminate the electric field term at X = —H ™.
This leads to a non-homogeneous Robin-type boundary condition for the potential at X =
_H*t

0P(X, 1)

0X  Ix=—H+
which corresponds to the classical Stern boundary condition, where the parameter \g =
hey/es defines the effective thickness of the Stern layer.

O(—H,7) — As =do(—L,7), (4.4)

Applying the same procedure to the Stern layer adjacent to the metal electrode (ME),
an analogous boundary condition to Eq. (4.4) can be derived. This yields the following
Stern boundary condition for the potential at X = H~

9D (X, 7)

D(H, ™)+ s 1 ‘X:Hi

=d(L,7). (4.5)
To incorporate the effects of the graphene electrode (GE), we recognize that its surface

charge density (per unit area) is determined by the instantaneous potential V,(7) through
the Dirac cone approximation, which describes the m-electron bands of graphene:

o 1400 e [t (1o (50Y) g (1 (<)) (0
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2 (kgT\?
where n, = — (hi) ~ 9.2 x 107* nm~? is the characteristic density of graphene at
™ Ug

room temperature. The function dilog refers to the standard dilogarithm function [118].
By applying Gauss’s law to a pillbox volume enclosing the graphene electrode, we obtain
the following condition
0P(X, 1)

0X ‘X:—L+

Utilizing this relation, we can reformulate the Stern boundary condition at the GE interface
from Eq. (4.4) in one of two equivalent ways. First, as a non-homogeneous Neumann
boundary condition applied at X = —H™*:

—€s =0y [Vo(7)].- (4.7)

0d(X,T)
o A G (43)
or alternatively, as a non-homogeneous Dirichlet boundary condition at X = —H
V.
O(—H,7) = ®(~L,7) — M (4.9)
s

where Cg = €g/h represents the capacitance per unit area of the Stern layer. It is worth
noting that the pillbox approach described in Eqgs. (4.7) and (4.8) is based on the classical
Gouy-Chapman-Stern (GCS) theory, which links the electrostatic potential at the outer
Helmholtz plane (OHP) to the potential within the diffuse layer. For a refined version of
GCS theory that incorporates finite spillover of electron density resembling a jellium model
at the electrode/electrolyte interface, a comprehensive discussion is available in the work
by Kant et al. [119].

The boundary conditions outlined above do not, by themselves, guarantee uniqueness
of the solution unless overall charge conservation is enforced in the system. To ensure that
the present PNP model is well-posed and fully specified, an additional constraint must
be introduced. This can be achieved by taking the time derivative of the integrals on
both sides of Eq. (2.16) over the interval —H < X < H, applying the zero-flux boundary
conditions at the outer Helmholtz planes, F.(£H,7) = 0, and invoking the condition of
electroneutrality in the bulk electrolyte. As a result, we obtain the following constraint

H H
/ Cy(X,7)dX :/ C_(X,7)dX =2Hq,. (4.10)
_H —H

Furthermore, integrating the Poisson equation, Eq. (2.17), over the region from —H™ to
H~ yields a Gauss’s law condition for the electrolyte, expressing the continuity of the
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electric field across the OHPs

0P(X 0P(X
( Y T) — ( Y T) . (4 11)
0X  Ix=—m+ 0X |Ix=H-
Together, Eqgs. (4.10) and (4.11) confirm that charge is conserved within the system and
establish an important coupling between the electrodes. This relationship plays a crucial
role in understanding how the electrostatic potential connects the two electrode interfaces.

For simplicity, we will henceforth omit the 4+ superscripts indicating one-sided limits
in the boundary conditions, without loss of generality in the forthcoming analysis.

Dimensionless Formulation

To simplify the analysis, the problem is reformulated using nondimensional (reduced) vari-
ables as follows: the spatial coordinate is rescaled as x = X/H, and the electrode position
becomes ¢ = L/H. Time is normalized by defining ¢ = 7/7., where the charging time
scale is given by 7. = ApH/D, with Ap representing the Debye length. The normalized
salt concentration is defined as ¢ = (Cy + C_) /2¢,, and the reduced charge density is
p=(Cy —C_) /2¢,. The electrostatic potential and the applied voltage are also expressed
in reduced form as {¢,v} = e/(kgT){®P,V}. Surface charge densities are normalized via
¢ = o/(eng), where ng = (4rApAp)~ " is a characteristic concentration associated with a
semi-infinite diffuse layer with A\p = €%/ (4we,kpT) being the Bjerrum length. With this
normalization, all capacitances in the system (per unit area) are rendered dimensionless
by scaling with the Debye capacitance, Cp = e?nq/(kgT) = €,/ \p.

With the reduced variables introduced above, the dimensionless form of the PNP equa-
tions, corresponding to Eq. (2.18), becomes for —1 < z < 1:

b0 e 0]
apg, H_ 58%- [—apéxx’ ) + c(z,t) a(bg;’ t)] : (4.12b)
g2 62(25527 t) = plz,1). (4.12¢)

In the above formulation, the small dimensionless parameter ¢ = A\p/H < 1 characterizes
the relative thickness of the diffuse layer and forms the basis for the asymptotic analysis
employed in this chapter.
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The above equations are subject to the following nondimensionalized boundary condi-
tions, which include the zero-flux conditions at the outer Helmholtz planes and the Stern
boundary conditions

{% + plx, t)a¢éZ’ t)] =0 (4.13a)
[ap éﬁ; D} e, t)a¢éZ’ t) =0 (4.13b)
é(—1,1) — gaa‘béz’ ) _=el-t), (4.13¢)
6(1, 1) + mad)g; ) =6, (4.13d)

Here, « = As/A\p = Cp/Cs is the inverse of the normalized Stern capacitance, scaled by the
Debye capacitance. The Neumann and Dirichlet forms of the Stern boundary condition at
the GE, corresponding to Eq. (4.13c), follow directly from the reduced versions of Eq. (4.8)
and Eq. (4.9) as:

S ), (4.142)
d(—1,t) = d(—L,t) — ag, [vy(t)] - (4.14b)

The parameter o quantifies the thickness of the Stern layer in comparison to the dif-
fuse layer. It is important to note that the limiting case a — 0 corresponds to the
Gouy—Chapman model, where the Stern layer is neglected. Conversely, the limit a — oo
recovers the Helmholtz model, in which the diffuse layer is absent. In the present analy-
sis, we focus on scenarios involving finite values of a;, while consistently maintaining the
condition £ < 1 [120].

The dimensionless expression for the total current in the system is given by j(t) =
jc('ra t) + jd(‘ra t)? where

) )

jelw,t) = — % + c(x,t)% , (4.15a)
02¢(z,

oz, t) = —¢ —ggtt), (4.15b)

represent the conduction current and the displacement current, respectively, in dimen-

sionless form. Both components are scaled by the limiting diffusion current, defined as
Jlim = (26ch) /H
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The system is considered to be biased with a constant potential v, leading to an equi-
librium configuration. This equilibrium is then perturbed by a small time-dependent har-
monic voltage, denoted by dv(t), in which we assume that |dv(t)| < ¥ to justify a first-order
perturbation analysis. This assumption allows for the linearization of the PNP equations
and associated boundary conditions, enabling the evaluation of the impedance of the bi-
ased system. Accordingly, each relevant variable is expressed as a sum of its equilibrium
value—denoted with an overbar—and a small first-order perturbation. For instance, the
potential drop within the graphene electrode is approximated by v,(t) ~ T,+dv,(t), leading
to the following linearized expression for the surface charge density of the GE

So [Vg(t)] = 64 [Dg + dv,(1)] & Ty + 6y (1) (4.16)

Here, §, = ¢,(7,) represents the dimensionless surface charge of graphene in equilibrium,
while d¢,(t) = —C,(T,)0v,(t) denotes the first-order perturbation in surface charge. The
quantity C,(7,) is the normalized differential quantum capacitance of graphene,

Cq(ﬁq) = _dﬁ
q

(4.17)
Based on Eq. (4.6), the expression for C,(7,) is given by C,(7,) = 2yIn[2cosh (7,/2)]
where v = n,/ng is the ratio that encapsulates the coupling between graphene’s electronic
structure and the diffuse charge layer of the electrolyte [121]. It is also worth noting that
at the neutrality point (v, = 0), the quantum capacitance reaches its minimum, given in
reduced form as Cg =2vIn2.

Following the substitution of the linearized variables into the dimensionless PNP sys-
tem Eq. (4.12), we first solve for the equilibrium state and then analyze the first-order
perturbation. This perturbed solution is subsequently used to evaluate the impedance of
the system.

4.2.2 Equilibrium Solution
In Eq. (4.12), by setting 9/0t = 0, noting that the expression in the bracket of the first
equation represents the sum of the ion fluxes, while the bracketed term in the second equa-

tion corresponds to the conduction current (i.e., the difference of the ion fluxes)—both of
which vanish in equilibrium—we obtain a system of ordinary differential equations describ-
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ing the equilibrium state

% +ﬁ(x)d€2(x$) ~0, (4.18a)
% +E(:c)d§(;) 0, (4.18b)
2 di;i(j) = 7). (4.18¢)

where the barred quantities refer to the equilibrium part. By substituting Eq. (4.18¢) into
Eq. (4.18a) and integrating, we obtain an expression for the equilibrium ion concentration

e [da(:v)] 2 |

¢(r)=¢ + = I (4.19)

2

where ¢, is an integration constant determined by the integral constraint

/1 ¢(x)dr =2, (4.20)

1

which results from the normalization of Eq. (4.10). By applying Eq. (4.20) to Eq. (4.19),
the integration constant ¢, is found to be

Go=1-— 1—2/11 [%rdw (4.21)

Substituting Eq. (4.21) into Eq. (4.19) gives the concentration profile in equilibrium as
— \q2 — 172
1 [do(x)]” 1 [' [do(=)
—|—] —- dzx| . 4.22
2 { dx } 1 / e | (422)

Substituting both Eq. (4.22) and Eq. (4.18¢) into Eq. (4.18b), leads to the following
integro-differential equation that governs the equilibrium potential

E [@ 1 [@r+ 1 dj(x) /1 [dax)rdx] _dbla) _ (429

é(z)=1+¢

dx3 2| dx 4 dr J_,| dx dz

Due to the presence of singular perturbation terms involving e, both Eq. (4.22) and
Eq. (4.23) lack analytical solutions in terms of elementary functions and are also challenging
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to solve numerically. To address these difficulties, we apply singular perturbation theory
using the method of matched asymptotic expansions. This approach allows us to evaluate
the complete PNP model by dividing the domain into two separate regions: an “outer
region,” which corresponds to the quasineutral bulk electrolyte, and “inner regions” near
each electrode, where diffuse-charge dynamics dominate. By matching the solutions in
these two regions appropriately, we obtain a composite solution that is uniformly valid
across the entire domain in the asymptotic limit € — 0. This leads to a reduced model in
which the diffuse layers are treated as thin double layers compared to the system size—an
assumption that remains accurate well below the limiting current density [122, 123, 124].
For the asymptotic analysis at and above the classical limiting current, the reader is referred
to Ref.[125].

Outer Region

As discussed in Section 2.5, in the outer region, we look for regular asymptotic expansions
of the form f(z) = fo(z) + efi(x) + € fa(x) + - - -, which are organized by powers of e,
starting with the leading-order approximation at € = 0. By substituting such expansions
for ¢(z), ¢(x), and p(z) into Eq. (4.23), Eq. (4.22), and Eq. (4.18¢), and collecting terms
of like powers of ¢, we derive a sequence of differential equations governing the behavior of
potential, concentration, and charge density. At the leading order (i.e., when € = 0), we
obtain the following system:

dqb;i” —0, (4.24a)
G =1, (4.24b)
7,(z) = 0. (4.24c)

Here, the subscript “b” indicates that the solution pertains to the outer (bulk) region of
the electrolyte, distinguishing it from the inner diffuse layers near the electrodes. From
Eq. (4.24a), we infer that the electrostatic potential in the bulk remains spatially constant
in equilibrium, denoted by ¢, and form Eq. (4.24b), we conclude that the total salt concen-
tration is spatially uniform in equilibrium at the leading order. Additionally, Eq. (4.24c)
confirms that the outer region is electrically neutral at leading order.

Inner Region

In the inner regions near the electrodes, as discussed in Section 2.5, we resolve the thin
boundary layers by introducing stretched coordinates that magnify their width. Specif-
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ically, we define the potential near the GE and the ME as ¢ (y) = ¢(—1+ ey) and
¢, (2) = #(1 — £2) using the coordinate transformations

1
y=—2 (4.25a)
g
1 —
2= L (4.25b)

respectively. These stretched coordinates, defined in Eq. (4.25), effectively eliminate the
singular perturbation present in the Poisson equation, Eq. (4.18c). This transformation
enables us to perform regular asymptotic expansions within the inner layers and derive the
leading-order solutions near each electrode independently [126].

The leading-order equations governing the inner layer near the GE are derived by
transforming Eq. (4.23), Eq. (4.22), and Eq. (4.18¢) using the stretched coordinate from
Eq. (4.25a) to give

_dw w1 (d@( >>3+d%<y> .y (4.260)
Y3 dy ’ .

B % < ) | (4.26b)

5.(1) = w ( (4.26¢)

Here, Eg(y) = ag(y) — ¢, denotes the excess potential in the inner region with respect to the
outer region. The corresponding leading-order equations for the ME follow the same form
as those in Eq. (4.26), but are expressed in terms of the stretched coordinate z > 0 and
excess inner potential 1, (2) = @, (2) — ¢, with subscripts g replaced by m, and functions
¢m(z) and p,,(2) defined analogously.

By transforming Eq. (4.13c) and Eq. (4.13d) into the stretched inner coordinates using
Eq. (4.25), the governing equations for the inner regions, Eq. (4.26), are subject to the
following leading-order Stern boundary conditions

,(0) = dwd; v ‘yzo = —Uy, (4.27a)
Bn(0) — oL dz( )L o =TV (4.27h)
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Here, 7, = ¢, — ¢(—() and v,, = ¢({) — ¢, represent the equilibrium potential drops
across the EDLs adjacent to the graphene and metal electrodes, respectively. Each EDL
comprises both a Stern layer and a diffuse layer. Since the bulk potential ¢, remains
constant (Eq. (4.24a)), the total applied equilibrium voltage can be decomposed into con-
tributions from the internal potential drop across graphene and the two adjacent EDLs,
ie., U =714+ Uy + Uy, (see Fig. 4.1).

By integrating Eq. (4.26a) from 0 to oo and applying the leading-order matching con-

dition,
Jim (d—y ~e i (T ) =0 (428

and subsequently taking the second derivative d%g(y) /dy?> — 0 as y — oo, one can de-
rive—after some algebraic manipulation—the leading-order electric field within the diffuse
layer near the GE

diy(y)
dy

= 2csch(y + K,), 4.29
g

where K is an integration constant determined through the boundary condition at y = 0,
using Eq. (4.27a). The corresponding leading-order solution to Eq. (4.29) is

Eg(y) = 4tanh™! [e*(y”{g)} sign [1,(0)] . (4.30)

From the result in Eq. (4.30), we can deduce the identity [120]
csch(y + K,) = sinh (ng(y)> : (4.31)

which, when substituted into Eq. (4.29), leads to the following expression for the electric

field o o
d(y) [ Y,)
- 2sinh ( 5 > . (4.32)

Since the governing equations for the ME side are structurally identical to those in
Eq. (4.26), the same leading-order form of the electric field applies in the inner region

near the ME i B . )
Uin(2) o o (2
= 2sinh ( 5 ) : (4.33)

69



Furthermore, by integrating the Poisson equation, Eq. (4.26¢), over the interval 0 <
y < oo, and applying the matching condition given in Eq. (4.28) along with the expression
from Eq. (4.32), we obtain the surface charge density within the diffuse layer near the GE

= —2sinh (Egéo)) . (4.34)

Applying the same methodology and using Eq. (4.33), the surface charge density within
the diffuse layer on the ME side is given by

— —2sinh (@) : (4.35)

Now, transforming the coupling condition in Eq. (4.11) into the inner coordinate system,
we get

dipy(y)
dy

< =

2=0

dy y=0 dZ z2=0
which leads us to the relation B B
Y,(0) = =1, (0), (4.37)

and also implies that 9 + 3" = 0, confirming the leading-order charge neutrality of the
electrolyte in equilibrium. By comparing the Stern boundary conditions Eq. (4.27a) and
Eq. (4.27b) and using the identities in Eq. (4.37) and Eq. (4.36), we conclude

Ty = U, (4.38)

indicating that the total leading-order voltage drops across the electric double layers near
both the GE and ME are equal at equilibrium. Thus, the potential drop inside the graphene
can be written as

Uy =T — 20y, (4.39)

which reveals how the internal potential drop across graphene is related to both the total
applied voltage and the combined potential drops across the diffuse layers on either side of
the cell (see Fig. 4.1).

By transforming the normalized Neumann form of the Stern boundary condition from
Eq. (4.14a) into the inner coordinate y in Eq. (4.25a) and using Eq. (4.34) together with
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Eq. (4.39), we recover the expression for charge neutrality near the GE in equilibrium
S (U,) + <% = 0 which can be written explicitly as

v [dilog (1 + €”~*"n) — dilog (1 + e~ ®"*"))] = 2sinh (1%2(0)> , (4.40)

where the left-hand side represents the equilibrium surface charge on graphene, and the
right-hand side corresponds to the diffuse-layer charge near the GE. In addition, substi-
tuting Eq. (4.34) into the Stern boundary condition Eq. (4.27a) yields a direct relation
between the equilibrium potential drop across the diffuse layer near the GE, EQ(O), and
the voltage drop across the adjacent EDL, v,:

¥,(0) + 2asinh (ng(O)> = —T7,. (4.41)

The coupled system of equations given by Eq. (4.40) and Eq. (4.41) can be solved numeri-
cally for the unknowns 1,(0) and v, thereby fully characterizing the equilibrium response
of the system for any specified values of v and «.

4.2.3 Linear dynamics

Recalling that the barred quantities denote the equilibrium state, the linearized PNP
equations, Eq. (4.12), governing the perturbations in salt concentration, dc(x,t), charge
density, dp(z,t), and potential, d¢(x,t), take the following form

dsc(z, o [96c(x,t) _,  906(z, dp

—Cg b _ o [—ng ‘) + p(:c)—%(f £ + 0p(z, 1) Z(;)] ; (4.42a)

dop(x,t) 0 [Dop(x,t)  _,  0do(x,t) do(z)

o Cor [a— S P ‘W’”W] ’ (4.42b)
2 %  op(at). (4.42¢)
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The boundary conditions, Eq. (4.13), are linearized as

[850(3:, t) .

ox

[85p(:1:7 t) R

ox

with the currents, Eq. (4.1

0je(z,t) = —

(5jd(a:, t) = —

Dop(a,t) |

00z, t)

ox

950(,1) ,

ox
op(—1,t) —

dp(1,t) + e

5), being linearized as

e c(x)

0?0¢(x,t)

O0xot

95¢(x, 1)
ox

ox

:| r==+1
:| r==+1

86¢ 1)
aiL‘ r=—1

95 (x, 1)

+ 5c(x,t)d

(4.43a)

(4.43Db)

5(—0, 1), (4.43c)

(4.43d)

(4.44a)

(4.44b)

Transforming into the frequency domain using Laplace transform which is denoted by a
tilde, the system of Eq. (4.42) becomes

soc(x,s) =€ — aéigi’ ) + p(x)
sop(z,s) =& — %—i—c()
2 0%9¢(x,s) _ 53(z, s),

0x?

72

69(z, s) .

ox

969(x, s) s

ox

: (4.45a)

, (4.45b)

(4.45c¢)



where s = iwT, is the Laplace variable. The boundary conditions, (4.43), are also trans-
formed into the frequency domain as

06¢ 260 o dp() ]
[# + p(@# +6p(z, s) Q;(;) T 0, (4.46a)
06 260 _dp() ]
[% + E(QJ)% + dc(x, s) Q;E::) = 0, (4.46b)
5p(—1,s) — ea% = Sp(—L, s), (4.46¢)
5p(1,5) + 5(1% = 5(L, s), (4.46d)

with the currents, Eq. (4.44), being transformed into the frequency domain according to

5oz, s) = — [% + a(@% + 6w, s)dflf)] : (4.47a)
8ja(x,s) = —es %. (4.47h)

By substituting the Poisson equation, Eq. (4.45¢), into Eq. (4.45a) and Eq. (4.45b), we
obtain the following system

_ 028¢(x, 02 [ dg(z) 069(x,
350(1'78) =& gii S) - 63 812 gfi(l.x) gba(j S)] Y (4488')
825z, 460 (x, o | 96d(x, _d
—at gl C@)%”C(W%l' (4.48b)

Outer Region

Expanding Eq. (4.48a) asymptotically in powers of e, we find that the leading-order per-
turbation in concentration is identically zero

dcp(x,s) = 0. (4.49)

Given that ¢,(z) = 1 in the bulk according to Eq. (4.22) and that d¢(z,s) = 0 from
Eq. (4.45a) and dp(x,s) = 0 from Eq. (4.45¢), Eq. (4.48b) simplifies at leading order to
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82(55(55, s)/0z* = 0. Thus, the perturbation of the potential in the bulk (outer region) is
Sw(,s) = A(s)x + B(s), (4.50)

valid for —1 < x < 1, where A(s) and B(s) are constants to be determined. From
Eq. (4.47a), the leading-order conductive current density in the bulk is constant and given

by

 96¢y(x, 5)

P = —A(s) (4.51)

5}6’1,(@ s) =
while the leading-order displacement current density vanishes, as inferred from Eq. (4.47b)
53‘;[71,(%, S) =0. (452)

Together, Eq. (4.51) and Eq. (4.52) demonstrate that, at leading order in the linear regime,
the total current density within the bulk region is purely conductive. The constant A(s)
characterizes the frequency-dependent response and will be determined through the appro-
priate matching conditions explained in the following.

Conservation of Current

Transforming the linearized current densities in Eq. (4.47) to the inner region near the GE
via the transformation in Eq. (4.25a), we obtain

~ —1|86p, 8¢, _ do
3y, s) = ?1 %’S) + Eg(y)% + 6¢y(y, s) ¢§y(y) , (4.53a)
074y, 5) = —8&5%—;‘%5), (4.53b)

where we define 5$g(y, s) = 5%(—1 + €y, s), and similarly for other variables. It is known
that the total linearized current density remains independent of position [79] in the inner
region, and is fully specified by its value at the boundary d7,(0,s) = §52(0, s) 4+ 059(0, s).
From the zero-flux boundary condition at x = —1 in Eq. (4.46b) and using the coordinate
mapping in Eq. (4.25a), it follows from Eq. (4.53a) that 6}'69(0, s) = 0. Consequently, the
total linearized current density at the GE is solely due to the displacement current at the
Stern plane dj,4(0,s) = 079(0, s), which is obtained by evaluating Eq. (4.53b) at y = 0.
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We also note that Eq. (4.15a) and Eq. (4.12b) combine into a continuity equation

Opla,) | _Djle,t)
ot te ox

— 0, (4.54)

which, when linearized, Laplace transformed, and expressed in the inner coordinates using
Eq. (4.25a), becomes—with Poisson’s equation (Eq. (4.42¢)) substituted- as

85}3(%3) o 82559(?/? S)
o (4.55)

This equation is subject to the boundary condition 5}5 (0, s) = 0 and the matching condition
for the currents, 659(c0,s) = 0jep(—1,5) = —A(s), as given by Eq. (4.51). Integrating
Eq. (4.55) over y from 0 to co and using the matching condition

[ 968,(y, ) (980, 5) | _
ylgr;o ( o 59;2@1 5 =0, (4.56)
we arrive at N
A(s) = 5 2%aly: 9 (4.57)
oy o
y=

which can be interpreted as 8 je(z, s) = 079(0,s) considering Eq. (4.51). Equation (4.57)
reveals that, at leading order, the boundary layer behaves as a capacitor, with the total
current determined by the conduction current in the bulk, §j.,(z,s) = —A(s), and equal
to the displacement current at the surface of the graphene electrode. It is important to
emphasize that employing alternative time scales such as the diffusion time scale 7y =
H?/D or the Debye time scale Tp = \%,/D in place of the charging time scale 7, = A\p H/D
would not recover Eq. (4.57) at leading order. This is due to a mismatch in the balancing
of O(1) terms in the asymptotic limit ¢ — 0, potentially violating the physical requirement
of current continuity across the diffuse layer, which is inherently enforced in the matching
condition [122].

Inner Region

By transforming Eq. (4.48) into the inner coordinate system near the GE using the sub-
stitution from Eq. (4.25a), the resulting linearized governing equations in this inner region
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take the following form

se0¢y(y,s) = 62629?53’ ) — (98;2 [d¢j:y(y> a&%é‘y’ ) , (4.58a)
0200y (y,s)  D0U(y.5) 9 |, 00Uy(y,s) . diy(y)
—se (922 =— (924 + 8_y [Cg(y)—gy +0¢4(y, s) dy |’ (4.58b)
9%69), N
_% 55,1, 9). (4.58¢)

In this formulation, 51Zg(y, s) = 5(59(34, $)—0p(—1, 5) = dp(—1+ey, s)+A(s)—B(s) denotes
the linear perturbation of the excess potential within the diffuse layer on the GE side of
the inner region where we have used the expression for the bulk potential perturbation
from Eq. (4.50). At leading order, the linearized governing equations given in Eq. (4.58)
reduce to

25~ 2 | db i
a 6Cg<y7 8) _ a ¢Q(y) aéwg(ya S) — 07 (459&)
dy? Iy* | dy dy
PoUylys) 0 | O0U(y,s) o dby) |
SR e = T =0 (459h)
Doy, s)
- a“’yQ = 6p,(y, 5)- (4.59¢)
Integrating Eq. (4.59a) once and using the equilibrium matching condition from Eq. (4.28)
along with
, 06¢y(y, s) _ docy(z,s)\
ylirgo ( o exlggl 5 =0, (4.60)
we obtain the intermediate result
o~ d_ -~
06¢y(y,s) 0 [ dvy(y) 90yy(y,s) \ _ (4.61)
dy dy \ dy dy

Integrating once more, and applying the linearized matching conditions lim d¢,(y,s) ~
Y—00

lim1 dcp(x, s) = 0 along with Eq. (4.28) again, we find that the concentration perturbation

T——

in the diffuse layer near the GE is given by

_ A, (y) O61),(y,
¢y(y, s) = Kb;;y) wg;y 5)

(4.62)
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Substituting this result into Eq. (4.59b), integrating, and once more using the matching
condition for the electric field using Eq. (4.28) yields

0 (5122(3%8) = |2,(y) + (dwjgy)> aéwg<y%5>- (4.63)

Rewriting the above in terms of the electric field, 5Eg (y,s) = —a&Zg(y, s)/0y and using the
expressions for ¢,(y) from Eq. (4.26b) and di,(y)/dy from Eq. (4.29), the above equation
becomes
P0E,(y,s)
oy?
which is a second-order linear differential equation with variable coefficients whose linearly
independent eigenfunction U(y), vanishing as y — oo, is given by [127]

U(y) = 3csch (y + K,) coth (y + K,) . (4.65)

= [1 4+ 6csch?(y + Ky)] 0B, (y, ), (4.64)

Hence, the general solution for the electric field perturbation, Eq. (4.64), can be written as
SEy(y,s) = G(s)U(y), (4.66)

where G(s) is a constant to be determined. It is important to note that Eq. (4.66) satisfies
the asymptotic condition §E,(co, s) = 0, which is required by the matching condition for
the electric field at leading order, Eq. (4.56).

Utilizing Eq. (4.29) along with Eq. (4.31), we arrive at the following identity (as detailed
in [120])
d*)
2csch(y + Kjy) coth (y + K,)) = %(y)‘ (4.67)
Y
This result allows us to express the electric field given in Eq. (4.66) in terms of the equilib-
rium excess potential ¢, (y) in the diffuse layer near the GE. By making use of Eq. (4.32),
the electric field perturbation becomes
~ 3., dU,(y) 3 e
0E,(y,s) = =G(s) 92 = —G(s) sinh [@Z)g(y)] ) (4.68)
2 dy 2
To determine the perturbed excess potential in the inner region adjacent to the GE using
Eq. (4.66), we integrate

981y(y, s)

oy = G(s)U(y). (4.69)
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from 0 to oo where U(y) in Eq. (4.69) is defined in Eq. (4.65). Then, we apply the matching
condition 61),(00, s) = 0, arising from the requirement

lim 5$g(y, S) ~ lim1 Sn(, ), (4.70)
Yy—00 T——

to give the expression for the excess potential perturbation as

(4.71)

5@Zg(y, s) = 3G(s) esch(y + K,;) = 3G(s) sinh [Egéy)] .

We now define the linear perturbation of the excess potential in the diffuse layer of
the inner region adjacent to the metal ME as 0¢,,(z,s) = d¢n(2,5) — dp(1,s) = dp(1 —
ez,s) — A(s) — B(s), and observe that the governing equation for the associated linearized
clectric field, §E,,(z,5) = 06Un (2, s)/0z, is identical in form to the equation governing
the field near the GE. Hence, by analogy with Eq. (4.68), we can express the electric field
perturbation in the ME region as

5B (2, 8) = gM(s) sinh [¢,,(2)], (4.72)

where M(s) is another constant that needs to be determined. By integrating the above
expression from z to co and applying the boundary condition JE,,(co, s) = 0, we obtain

Stm(z,8) = —3M(s) csch(z + K,,) = —3M((s) sinh {wm;z)] : (4.73)

Evaluating Eq. (4.68) and Eq. (4.72) at y = 0 and z = 0, respectively, and applying the
linearized coupling condition 5Eg(0,s) = §E,,(0,s) together with Eq. (4.37), we deduce
that the integration constant M (s) appearing in Eq. (4.72) and Eq. (4.73) must satisfy
M(s) = —G(s). Additionally, applying Gauss’s law in the diffuse layers of both inner
regions, we obtain the linearized expressions for the perturbed surface charge densities
adjacent to the graphene and metal electrodes, respectively, as 0¢3(s) = —0E,(0,s) =

—gG(s) sinh [¢,(0)] and 6¢)'(s) = 5B (0,5) = —gG(s) sinh [¢,,(0)], which confirms that
the electrolyte remains charge-neutral to leading order in the linear approximation d<3(s) +
07 (s) = 0. Moreover, referring to the linearized Neumann boundary condition near the
GE in normalized form (see Eq. (4.8)), given by 559(0,8) = 6¢,(s), we conclude that

the linearized surface charge density on the graphene electrode is balanced by the nearby
diffuse layer at leading order 0¢,(s) + d53(s) = 0.
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Substituting y = 0 and z = 0 into Eq. (4.71) and Eq. (4.73), respectively, and using the
relation M(s) = —G(s) along with Eq. (4.37), gives 0, (0, s) = —3M (s) sinh [¢,,,(0)/2] =
—3G(s)sinh [¢,(0)/2] = —5{/;9(0, s). This identity can now be used in the linearized Stern
boundary conditions, given in Eq. (4.46¢) and Eq. (4.46d), which in the inner coordinates
adjacent to the GE and ME become

51y (0, 8) + a 0B, (0, 5) = —50,(s), (4.74a)
5 (0, 5) — a6 Em(0,5) = 6 (s). (4.74b)

Here, dv,4(s) = 5p(—1,s) — 6p(—L, s) represents the linearized potential drop across the
full EDL (Stern layer + diffuse layer) near the GE, and 0v,,(s) = 5p(C,s) — d(1, s) is
the corresponding quantity on the ME side. Adding the left-hand sides of Eq. (4.74a)
and Eq. (4.74b), and using the condition (5£~79(0,s) — 0E,(0,s), we conclude that the
linearized potential drops across the two EDLs are equal 6v,,(s) = 07,(s). To find G(s),

we revisit Eq. (4.74a) and note that 5Eg(0, s) = gG(s) sinh [1,(0)] = Cy 5129(0, s), where

the potential perturbation at the boundary is given by 5%(0, s) = 3G(s)sinh WQ(O) /2]
and Cy = cosh WQ(O) / 2] is the normalized diffuse layer capacitance at equilibrium near
the GE. Inserting these relations into Eq. (4.74a) leads to 61,4(0, s) = —dv,(s)/ (1 + aCy).

Also, since 5Eg(0, s) = —055(s), it follows from Eq. (4.74a) that the linearized surface
charge in the diffuse layer is 63 (s) = Cprdv,(s) where

Cpr Wg (O)] -

« + sech (Egé()))] = (C5' + Cc?l)_l : (4.75)

is the total normalized capacitance of the EDL near the GE, combining the Stern layer
capacitance C's = 1/« and the diffuse layer capacitance Cy in series.
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4.2.4 Impedance

To derive the impedance, we first observe that the total linearized potential difference
between the ME and the GE can be expressed as d¢(€, s) — dp(—{, s) = 00, () + 00,(s) +
0vp(s), where the potential drop across the outer (bulk) region in the linear regime is
determined from Eq. (4.50) as 60,(s) = d¢y(1, s) — ddy(—1,s) = 2A(s). Therefore, the full
linearized potential difference applied across the ME and GE becomes §v(s) = dv,(s) +
200,(s) + 0vy(s), where we recall that 0v,,(s) = dv,(s) = d55(s)/Cpr. Using Eq. (4.16),
the perturbation of the potential drop across graphene may be expressed in terms of the
surface charge variation as 0v,(s) = —d,(s)/Cy = 0535(s)/C,, where C; is the normalized
differential quantum capacitance of graphene, defined in Eq. (4.17).

To remain consistent with experimental measurement frameworks, we define the total
impedance of the system by noting that the potential is applied to the GE, while the ME
is held at ground. The impedance is then given by

Z(w) = _53(5) _ _6%(519—1— 2004(s) 76’17;,(5) | (4.76)
07 (s) 975(0, s) djen(—1,9)

where in the first term, 5}(5) is expressed as the displacement current at the GE surface,
given by Eq. (4.53b) as (5}5(0, s) = séEg(O,s) = —50¢7(s), and in the second term, 57 (s)
corresponds to the conductive current in the bulk, which from Eq. (4.51) is Eq. (4.51),
djen(—1,8) = —A(s), which directly cancels with A(s) in the expression for the bulk
potential drop, dv,(s) = 2A(s). Consequently, the total dimensionless impedance simplifies
to

1

Z(w) = Ry + m, (4.77)

where R, = 2 denotes the dimensionless bulk resistance, and

-1

C @) = |C " (Wy) +2C5p [¥,00)] | (4.78)

represents the dimensionless total capacitance of the system. Here, Cpy is defined in
Eq. (4.75) and depends on the equilibrium potential drop across the diffuse layer adjacent
to the GE, ,(0), while C, is a function of 5, = ¥ — 20,. The values of ¥,(0) and T,
are obtained by solving the coupled system described in Eq. (4.40) and Eq. (4.41) for any
prescribed equilibrium voltage v and ion concentration cy,.
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4.3 Results and Discussion

We analyze the impedance characteristics of the system as influenced by key external
parameters, namely ion concentration, the total applied potential, and the capacitance of
the Stern layers. Ion concentration ¢, is expressed in units of M (mol/L), representative of
an aqueous electrolyte containing monovalent ions at room temperature, with the Bjerrum
length given by Ag ~ 7.2 A, and the Debye length defined as Ap = A1ar//Cp, Where Ay =~
3.03 A is the Debye length corresponding to ¢, = 1 M, introduced for convenience. The
corresponding Debye capacitance is numerically approximated as Cp ~ 229./c, uF/ cm?.
To ensure consistency with experimental data, the concentrations employed in this analysis
include ¢, = 107' M, 1072 M, 1072 M, 10~* M, and 10~° M. The total potential difference
applied to the ME relative to the GE is taken as V =0, 0.1 V, 0.2 V, 0.3 V, 0.4 V, and
0.5 V. It is worth noting that while the GE appears nominally uncharged at V = 0, this
condition does not correspond to the actual potential of zero charge (PZC) in the system
due to the omission of interfacial potential offsets across different media (e.g., work function
mismatches) in our modeling, even though ion adsorption and chemical functionalization
are excluded. To incorporate both the influence of the Stern layer and its coupling to
ion concentration, we define the scaled Stern layer thickness via the relation a = &,/c,
where & = (€,/€s)(h/A1p). For numerical computations, we consider two representative
values, @ = 10 and & = 1, which reflect high and low estimates of the Stern layer effect,
respectively. Additionally, to represent the limit where the Stern layer is effectively absent,
we approximate & — 0 by assigning & = 10~* in our computations.

4.3.1 Equilibrium Analysis

Figure 4.2 illustrates the variation of the system’s total equilibrium capacitance as a func-
tion of externally applied potential, for various ion concentrations and scaled Stern layer
thicknesses &. As recently validated by experiments [3], in electrochemical systems in-
corporating a GE, the total capacitance is largely governed by the quantum capacitance
of graphene when ion concentrations are high. Consequently, the curve corresponding to
¢ = 0.1 M and & = 0 in Fig. 4.2 closely follows the voltage-dependent quantum capac-
itance profile, reaching a minimum value of 0.8 uF/cm? at V = 0. From the figure, all
the curves exhibit a concave profile at V' = 0, where each displays a minimum that be-
comes smaller as the ion concentration decreases. It can also be observed that for small
applied voltages, |[V| < 0.1 V, the influence of the Stern layer on the overall capacitance
is negligible. In contrast, for larger voltage magnitudes, |V| 2 0.1 V, an increase in Stern
thickness up to & = 10 leads to a noticeable flattening of the curves, effectively capping the
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total capacitance. These observations are in close agreement with previous theoretical and
experimental studies, further validating the present model and confirming its consistency
with [128].
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Figure 4.2: The equilibrium behavior of the system’s total capacitance as a function of voltage,
for varying ion concentrations ¢, and scaled Stern layer thicknesses .

In the remainder of the analysis, we restrict attention to the cases & = 10 and & = 0,
since the response for & = 1 is nearly identical to & = 0, indicating that the presence of a
thin Stern layer has little effect.
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4.3.2 Frequency Response Analysis

To examine the frequency-dependent response of the system, we rescale the impedance
given in equation (4.77) by defining Z(w) = Z/Ry, where Z denotes the impedance in
physical units (Q2), and Ry = H/(2epuAcy) = Rip/cp represents the resistance in €2 units.
Here, Riyy = H/(2epAcyyy) is the resistance of an electrolyte with ion concentration
civ ~ 0.602nm ™3 and electrode area A. Based on this, an alternative impedance scaling is
introduced as Z = Z /Rinr, which eliminates the dependence on ion concentration, yielding

. 2 1 . .
J="v =7 4il 4.79
Cp + i&),/ch (@, Cb) T ( )

where @ = wA1yH/D is the normalized frequency variable, and Z, and Z; are the real and
imaginary components of the scaled impedance 7 , respectively. A representative estimate
for the scaling factor in & can be made by choosing H = 1 pym and D = 107% c¢m?/sec,
leading to A\iprH/D =~ 3 pusec. Recalling the cut-off frequency of w./(27) = 1 MHz, below
which EIS is applicable, the scaled cut-off frequency corresponds to w. ~ 18.85. The
system’s frequency response is then characterized by the impedance magnitude, |Z | =

\/Z? + ZZZ, and the phase angle, ¢ = arctan(Zi/ZT). In the subsequent analysis, we
explore the impact of two external parameters—the ion concentration and the applied bias
voltage—on the frequency response of the system, both with (& = 10) and without (& = 0)
a Stern layer.

Fig. 4.3 presents the frequency response of the system, with panels (a) and (b) dis-
playing the magnitude and phase, respectively, for various ion concentrations under two
conditions: with a Stern layer thickness of & = 10 and without a Stern layer (& = 0).
The applied potential is fixed at V' = 0.2V. In Fig. 4.3(b), it is evident that the phase
response tends toward —90° at low frequencies, which corresponds to the slope of —1 in
the magnitude plot shown in Fig. 4.3(a), indicating a predominantly capacitive response
in this regime. Conversely, at higher frequencies, the phase approaches 0° and the mag-
nitude curves flatten, indicating that the system exhibits resistive behavior. Additionally,
both panels reveal that decreasing the ion concentration from ¢, = 107! M to ¢, = 107> M
shifts the transition to capacitive behavior toward lower frequencies. This trend highlights
the potential of the graphene-based electrochemical cell for (bio)sensing applications, where
sensitivity at low frequencies is particularly advantageous [129]. Furthermore, Fig. 4.3(a,b)
demonstrates that the inclusion or exclusion of the Stern layer has a negligible effect across
the range of concentrations considered.
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Ion concentrations in the millimolar (mM) range have been reported to offer an optimal
compromise between sensitivity and specificity for the detection of biological analytes and
the monitoring of cellular activity using ion-selective electrodes [130, 131, 132]. Motivated
by this, panels (c¢) and (d) of Fig. 4.3 examine the frequency response under varying applied
potentials while maintaining a fixed bulk concentration of ¢, = 1072 M, and considering
two values of the Stern layer thickness. As shown in Fig. 4.3(c) and Fig. 4.3(d), the system
continues to exhibit capacitive behavior at low frequencies and resistive behavior at high
frequencies. Across the voltage range from V' = 0to V' = 0.5V, the response curves remain
relatively close to one another. Similar to the trends in panels (a) and (b), increasing the
bias voltage shifts the impedance features toward lower frequencies, indicating an earlier
onset of capacitive behavior, with the phase angle approaching (/zAS — —90°. While the Stern
layer has little effect on the impedance response at lower voltages (V' < 0.2V), its influence
becomes more apparent at higher voltages. In these cases, the presence of the Stern layer
delays the capacitive transition, shifting the response to lower frequencies.

84



6 T
=107 M
521 —a=10
5 T _———a=0
V=02V
4.8}
S —a=10 —_— V0
~ _——=G=0 ~
< < e |/ —
3 S a4l V=01V
g g — V=02V
- o3l —_—=10""M - -
— | = ().C
— a=107M 4L V=03V ]
o= 10°° M — V=04V
—_—= }
2+ / = 4
—_—=10""M 3.6 V=051
— =10"M
1 3.2
0 0
~10 —10
—20 —20 4
—30 —-30
g —40 g —40 4
S 50 5 90
—60 —60 4
70 ~70
—80 —80 4
—-90 -90 L
-5 -5 2 3

log(&)

Figure 4.3: Frequency response of the graphene-based electrochemical cell. Left panels: (a)
magnitude and (b) phase angle as functions of frequency for various ion concentrations ¢, and
Stern layer thicknesses &, with the applied voltage fixed at V' = 0.2 V. Right panels: (¢) magnitude
and (d) phase angle plotted against frequency for different applied voltages and Stern layer
thicknesses &, with the ion concentration set to ¢, = 1073 M.
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Sensitivity

An important feature of the proposed graphene-based electrochemical system is its sensi-
tivity, which characterizes the electrode’s ability to detect small variations in analyte (ion)
concentrations through changes in impedance components such as phase and magnitude
[133]. In this work, we focus on the Bode phase response, ngS, as a measure of sensitivity,
rather than the magnitude response |Z |, due to its superior accuracy and robustness in cap-
turing analyte-induced changes in practical measurements. Phase-based impedance sensing
has been widely employed in diverse applications including bioimpedance diagnostics, food
quality monitoring, and chemical concentration detection [133, 134].

The angular phase sensitivity, denoted by Sj, is defined as the relative variation in
phase angle with respect to a reference phase value [133], given by
S, = 9~ Gret. (4.80)
¢ref
where qgref is the phase response corresponding to a reference ion concentration c.f. In
what follows, we examine the dependence of Sj on ion concentration for various values of

the applied DC voltage V', reference concentration c,.f, and normalized operating frequency
w, as shown in Fig. 4.4.

Fig. 4.4(a) illustrates the phase sensitivity of the system under varying bias voltages at
an operating frequency of @ = 1073, with the reference ion concentration set to ¢, = 1073
M. The results indicate that increasing the bias voltage enhances the sensitivity, although
this effect is diminished in the presence of a Stern layer. The influence of the Stern layer
becomes appreciable only at higher voltages (V' = 0.2 V to V = 0.5 V), while it remains
negligible at lower voltages (V' = 0 and V' = 0.1 V). Additionally, the choice of the reference
ion concentration plays a critical role. Specifically, for ¢, < 1072 M, the sensitivity increases
with decreasing ¢, whereas for ¢, > 1072 M, the system exhibits minimal sensitivity to
changes in ion concentration.

Fig. 4.4(b) presents the phase sensitivity of the system for various reference ion concen-
trations, with the applied voltage fixed at V' = 0.2 V and the operating frequency set to
@ = 1073. For reference concentrations ranging from c.f = 1071 M to ¢ = 1074 M, the
system exhibits positive sensitivity at low ion concentrations (¢, < 1072 M), while remain-
ing largely insensitive for ¢, > 1073 M, consistent with the trends observed in Fig. 4.4(a).
Within this range, the magnitude of sensitivity decreases as the reference concentration is
lowered, and no significant influence of the Stern layer is observed. However, a distinct
behavior emerges at the lowest reference concentration, ¢t = 107° M, where the system
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exhibits negative sensitivity in the range 107> M < ¢, < 1072 M, gradually approaching
zero as ¢, increases toward 1071 M. In this case, the presence of the Stern layer leads to a
notable suppression of sensitivity, particularly for ion concentrations between 10~ M and
1073 M.

In Fig. 4.4(c), the phase sensitivity is analyzed for a range of operating frequencies,
while holding the reference ion concentration and applied voltage fixed at c.f = 1072 M
and V = 0.2 V, respectively, and allowing for variations in the Stern layer thickness. The
results reveal two distinct regimes of sensitivity divided by ¢, = 1072 M. For 107> M
< ¢, < 1073 M, sensitivity remains positive and increases with frequency from @ = 1074
to @ = 107!, beyond which it saturates, showing no significant change up to @ = 1.
In contrast, for more concentrated electrolytes (1072 M < ¢, < 107! M), sensitivity is
negligible at low frequencies (& = 107* to @ = 1072), but becomes increasingly negative as
the frequency rises to @ = 107!, with a pronounced drop to large negative values at @ = 1.
Further increases in frequency (@ = 10, 102, 10*) do not significantly alter the sensitivity,
indicating a plateau consistent with the system’s transition to resistive behavior in the high-
frequency regime. Notably, the influence of the Stern layer is only evident at & = 1071,
where it slightly reduces the magnitude of the sensitivity in the concentration range 1073
M < ¢ <1071 M.
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Figure 4.4: The phase sensitivity of the proposed graphene-based electrochemical cell vs ion
concentration. (a) The variations of the phase sensitivity for different values of the bias voltage
and the Stern thickness when the reference ion concentration and the operating frequency are set
to crot = 1073 M and & = 1073. (b) The variations of the phase sensitivity for different values of
the reference ion concentration and the Stern thickness, when V' = 0.2V and @ = 1073. (c) The
variations of the phase sensitivity for different values of the operating frequency and the Stern
thickness when ¢y = 1073 M and V = 0.2 V.
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4.4 Concluding Remarks

In this chapter, we have investigated the AC response of a charged graphene interfaced
with a dilute electrolyte in electrochemical systems under the thin double-layer limit,
e = Ap/H — 0. This was achieved through the application of the matched asymptotic
expansions of the full PNP equations with appropriate boundary conditions for a 1:1 sym-
metric electrolyte, incorporating both the Stern and diffuse layers in the structure of the
electric double layer. The leading-order analysis was carried out in equilibrium conditions
under an arbitrary DC applied voltage combined with a small AC perturbations of the
quantities. We demonstrated that employing the proper charging time scale, 7. = A\p H/D,
produced consistent asymptotic results, leading to a physically meaningful expression for
the impedance of the electrochemical cell.

The total capacitance in DC analysis indicate that the Stern layer only significantly af-
fects the system under high bias voltages. Using a normalized frequency, w, independent of
ion concentration, our frequency-domain analysis showed that lowering ion concentration
or increasing the applied voltage enhances the capacitive response in the low-frequency
regime—an important feature for (bio)sensing applications. Conversely, increasing con-
centration or decreasing DC voltages promotes a transition toward resistive behavior at
higher frequencies.

Our study of phase sensitivity demonstrated that higher bias voltages enhance sensi-
tivity at low ion concentrations, but the Stern layer tends to suppress this improvement.
We also showed that the graphene-based electrode exhibits sensitivity at low operating
frequencies (@ = 1072 to 1071) when ¢, < ct. Furthermore, at @ = 107!, we observed an
increase in negative sensitivity for ¢, > c.f, with notable damping due to the Stern layer.
At frequencies beyond w = 1, a sudden drop to large negative sensitivity occurs, likely
corresponding to the transition to resistive behavior in the system.
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Chapter 5

Neutral Graphene in Ionic Liquids®

5.1 Introduction

In this chapter, we extend the previous chapters on impedance spectroscopy in simple elec-
trolyte systems interfaced with graphene electrodes [112, 51] to the context of ILs, utilizing
mean-field theories originally introduced by Bazant, Storey, and Kornyshev (BSK) [415]. In
this framework, we implement the boundary conditions formulated in [63], which account
for non-zero electrostatic correlations at the electrode surfaces, together with a modi-
fied boundary condition specific to graphene electrodes interfacing ILs [112, 51]. The
BSK model has been successfully applied to electrolyte systems, capturing complex ionic
correlation effects, including the reversal of electrophoretic mobility in colloids immersed
in multivalent electrolytes [130], and the enhanced ion transport in biological ion chan-
nels [137, 138, 139, 140]. Unlike our earlier investigations, we do not include DC analysis
in this study. Instead, we assume the system resides in a neutral equilibrium configura-
tion, thereby allowing us to concentrate solely on the AC behavior in ILs. Building upon
the methodology introduced by Zhao [141], a boundary-layer analysis of the modified Pois-
son—-Nernst—Planck (mPNP) equations is conducted at leading order in the thin EDL limit,
utilizing appropriate spatial and temporal scaling to enable asymptotic matching.

In this chapter, we initiate our analysis by linearizing the modified Pois-
son—-Nernst—Planck (mPNP) equations, which incorporate both electrostatic correlation
and steric effects, under the assumption that the surface potentials remain small relative

1*The material presented in this chapter has been published in Physical Review E (M. Yavarian et al.,
2025) [135].
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to the thermal voltage. This is carried out in conjunction with boundary conditions that
account for non-zero correlation effects at the electrode surfaces, the blocking character
of the electrodes, and an updated condition tailored to the graphene electrode interfaced
with ILs [121]. Upon nondimensionalizing the system, we proceed with a leading-order
asymptotic matching in the frequency domain, employing newly defined length scales for
the thin electric double layers (EDLs) and a suitable time scale characteristic of the IL
response. Utilizing the outer solution and leading-order inner region dynamics, we derive
a closed-form expression for the impedance in the low-frequency limit.

5.2 Theory

In linear regime, we adopt the system of equations derived in Section 2.4.3 as in Eq. (2.30).
By substituting the modified Poisson equation, Eq. (2.23), into the linearized conduction
current, Eq. (2.28), we obtain the expression of conduction current in terms of the electro-
static potential (X, 1) as

X3 )Y 9X ¢ X5 (5.1)

JC(X,T):%D[% 199X, 7) L285<I>(X,T)]’

where we dropped the § sign for the simplicity of equations. In systems involving ILs, the
displacement field is modified and given by D(X,7) = —€0®(X,7)/0X. Consequently,
the displacement current, defined as Jy(X,7) = —0D(X,7)/01, incorporates the effects
of electrostatic correlations through the operator é. By applying ¢ = ¢,(L?V? — 1) , the
displacement current takes the form

0 [09(X, 1) , PO(X,7)

Ja(X,7) = —e 7 | "o L x5 | (5.2)

which separates into two distinct components: the first term corresponds to the classical
displacement current, while the second captures the influence of the IL, specifically the
electrostatic correlations between ions.

To obtain an explicit solution to the governing equations, it is essential to impose
suitable boundary conditions. As shown by de Souza and Bazant [63], the appropriate
boundary condition for the higher-order Poisson equation arises from an interfacial stress
balance that accounts for both mechanical and electrochemical forces within the structured
ionic layers near the charged surface. By enforcing continuity in the normal component of
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the total stress tensor—which includes hydrostatic and electrostatic contributions—a nat-
ural boundary condition on the electrostatic potential emerges, where 93® (X, 7)/0X3 # 0
at the electrode surfaces. This non-zero third derivative reflects the discontinuity in the
normal component of the Maxwell stress tensor across the electrode—electrolyte interface.
Physically, it characterizes the electrostatic stress exerted by the correlated ionic environ-
ment on the surface and is associated with short-range repulsive forces and overscreening
phenomena typical of ILs. Such a comprehensive boundary condition corrects a limita-
tion in the original BSK formulation [15], where interfacial stresses were omitted and the
condition (X, 7)/0X? = 0 was assumed. To enhance both the mathematical rigor and
the physical fidelity of the model—particularly in capturing the layered ionic structure
and oscillatory screening evident in experiments and molecular simulations—we impose
non-negligible correlation effects at the electrode surfaces [63]

PP(X,7) 0P?P(X,7)

| P LKD) _ AT
©ox3 0X? ’ (5:3)

X=+L X=+L
along with the vanishing conduction current condition at the blocking electrodes

PO(X 1 0P(X PD(X

( 77_) - = ( 7T) _Lz ( 77—) = 0. (54)
0X3 AL 0X 0X? il

We emphasize that the appearance of a non-zero third derivative in the boundary condi-
tion Eq. (5.3) is consistent with the linear regime considered in this study, where surface
potentials remain small, i.e., |V (7)| < kgT'/e [63]. In contrast, for large surface potentials
|V (7)| > kpT/e, where the system is driven out of the equilibrium condition, the bound-
ary condition suggested by Gupta et al. [142], namely §°®(X,7)/0X? = 0, may be more
appropriate.

As demonstrated in Egs. (11) and (12) of our previous work [112], for a system consisting
of two distinct electrode materials (graphene and metal), one can apply zero-flux boundary
conditions at the electrodes and enforce global charge neutrality through Gauss’ law over
the entire IL cell. This leads to the conclusion that the system is antisymmetric, satisfying
O(—X,7)=—-P(X,7), o(—X,7) = —0(X,7), and CL(—X,7) = C1(X, 7). This symmetry
allows us to restrict our analysis to just one half of the cell.

To incorporate the interfacial characteristics of graphene, we define the total diffuse
surface charge density (per unit area) in the vicinity of the graphene electrode (GE) as [122]

() = /0 o(X,7)dX. (5.5)

—L
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The linearized expression for the surface charge density of graphene, denoted by ¢,(7), is
given by
sg(1) = —Cq Vq(7). (5.6)

The presence of multiple length scales with distinct orders of magnitude—mnamely the
Debye length (Ap), correlation length (L.), and the system size (L)—makes the dynamics
of the system sensitive to their relative magnitudes. This motivates the nondimensional-
ization of the equations to identify the relevant dimensionless groups. We introduce the
dimensionless parameters in accordance with Refs. [112, 141]. We use L as the character-
istic length scale and define the characteristic time scale as 7. = )\?l’)/zL / (DLi/ %). Accord-
ingly, time and space are nondimensionalized as ¢t = 7/7, and x = X/L. The governing
equations are then reformulated using the following reduced variables: the dimensionless
correlation length [, = L./L, the dimensionless Debye length Ip = Ap/L, the normalized
charge density p = o/(2ec,), and the rescaled potentials {¢,v} = (e/kgT){®,V}. The
current density per unit area is scaled as j = J/Jjm, where Jy, = 2eDc,/L represents
the diffusion-limited current density. Similarly, surface charge densities are nondimension-
alized via o = ¢/(2ec, L), and all capacitances are normalized with respect to the Debye
capacitance per unit area, Cp = €,/Ap. Finally, the equations are transformed into the
frequency domain using the Laplace transform by substituting 0/0t = s = i€Q)7,, where
(in rad/sec) is the angular frequency of the externally applied AC voltage V(7).

As a consequence of the above nondimensionalization and transformation to the fre-
quency domain, two additional characteristic length scales naturally emerge in the equa-
tions. To illustrate this, consider the normalized and Laplace-transformed form of the
continuity equation, Eq. (4.54), which becomes

€ 0je(z,s)

5.7
0. Ox (57)

sp(r, s) = —

Here, the dimensionless parameter . = [./lp = L./Ap is interpreted as the correlation
length ratio, which governs the degree to which the diffuse layer overcompensates the
electrode surface charge. Overcompensation arises, for instance, near a negatively charged
electrode when the diffuse layer accumulates an excess of positive ions—more than what is
required for local charge neutrality. To restore balance, negatively charged ions that were
previously repelled from the interface return from the bulk, giving rise to spatial oscillations
in charge density within the EDL. These oscillations, characterized by alternating layers
of excess positive and negative ions, are a hallmark of overscreening effects in ILs. The
second emerging length scale is ¢ = \/ApL./L, which characterizes the spatial extent or
thickness of the EDL. Unlike the traditional Debye length A\p commonly used in dilute
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aqueous solutions, this length scale reflects the interplay between screening and correlation
effects in ILs. In the following section, we will demonstrate that this parameter plays a
central role in the asymptotic matching procedure employed in our analysis.

Continuing with the normalization and transformation process, the conduction current
given in Eq. (5.1) becomes
et PBo(x,s)  Op(x,s) 4 Pd(x,s)

T2 01 Ox T o (5:8)

Je(z, 8)

and the displacement current from Eq. (5.2) is normalized and expressed as

3
Ja(z,s) = —¢s 8@25(82,3) — 2 0 gg%’8> : (5.9)

while the Poisson equation, Eq. (2.23), takes the dimensionless form

o(x,s) &t O*¢(x,s)
4 ) . 9
plr,s) =e oxt 2 0x2

c

(5.10)

The boundary conditions from Eqs. (5.3) and (5.4) are likewise transformed into their
dimensionless forms as follows

Bo(x, s) B 0?¢(x, s)
o —| (5.11)
r==+1 r==%1
et PBo(x,s)  I¢(z,s) ,o(x,s) B
= Ik e~ } - 0. (5.12)

The total surface charge density of the diffuse layer adjacent to the graphene electrode
(GE), originally defined in Eq. (5.5), takes the following normalized form

0
oq(s) = / p(x,s)dz, (5.13)
-1
and the normalized expression for the graphene surface charge density, as defined in
Eq. (5.6), becomes

—€
V.
where C;, = C,/Cp denotes the quantum capacitance of neutral graphene normalized by
the Debye capacitance per unit area. It is important to emphasize that the presence of the

o4(s) =

Cqg(s), (5.14)
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factor /9. in Eq. (5.14) is essential for the asymptotic analysis developed in the following
section. This factor naturally arises from the choice of the characteristic length scale
vV Ap L., which is fundamental for describing the structure of the electric double layer in
ILs.

5.2.1 Asymptotic Matching

In this chapter, we consider typical physical scales for the system: the Debye length is on
the order of A\p ~ 1 A, and the electrostatic correlation length is approximately L, ~ 1nm,
while the overall size of the electrochemical cell is L ~ 1 pum. These values lead to the
conclusion that € = \/Ap L./L < 1, indicating that the electric double layer (EDL) is thin,
justifying the use of asymptotic expansions in powers of € and permitting the application of
the method of matched asymptotic expansions in the singular limit ¢ < 1. In what follows,
we summarize the asymptotic matching procedure developed in [112, 122], focusing on the
leading-order behavior of the diffuse layer near the graphene electrode (GE), and ultimately
derive an analytic expression for the cell impedance.

Outer Region

We begin our analysis by introducing a regular asymptotic expansion—denoted using an
overbar—for the potential in the bulk or “outer” region as follows

5(177 8) ~ ao(wv‘S) + 851(:57 S) + 8252(3;7 3) T (515)

Analogous expansions are used for p(z, s), j.(,5s), j4(x,s), and other relevant quantities.
Substituting these expansions into the nondimensionalized equations introduced in the
previous subsection, namely Eqs. (5.7)—(5.14), we observe from Eq. (5.10) that py(z,s) =
0. This confirms that, at leading order in e, the outer region remains electroneutral:
ﬁ(‘ra S) ~ EO('I7 S) = 0.
At leading order, the conduction current from Eq. (5.8) reduces to
= 99y (z, s) (
' — YY) 5.16)
Foala,s) = — 22083
while the displacement current from Eq. (5.9) vanishes at this order, i.e., jzo(x,s) = 0.
Therefore, the total current at leading order, given by j4(s) = j.o(2, ) +7q0(x, s), simplifies

to

Tofs) = - 20k5) (5.17)
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indicating that it is solely governed by the conduction current in the outer region. Inte-
grating Eq. (5.17) yields the antisymmetric leading-order potential profile

Eo(w, s) = —30(3) Z, (5.18)

which directly results from the appropriate scaling of the time variable via 7. =
XZ/QL/ (DLi/ 2). Consequently, the total potential drop across the outer region at lead-
ing order is

Ub,0(5> = 50(17 s) — ﬁ_bo(_l’s) = _270(5)‘ (5.19)

Inner Region

To complete the matched asymptotic expansion, we now consider the “inner” region, which
captures the singular behavior near the boundary layers adjacent to the electrodes. Due to
the antisymmetric nature of the problem, where ¢(—z, s) = —¢(z, s), we limit our analysis
to the boundary layer near the graphene electrode (GE) located at + = —1. For this
purpose, we introduce the inner variable y = (z + 1)/ to resolve the fine structure within
the boundary layer. This transformation removes singularities in the governing equations,
enabling a regular asymptotic expansion in terms of ¢, represented using tilde notation

w(% S) ~ JO(y> S) + ngl(y> S) + 52 "ZZ(ya 8) e (520)

where J(y, s) = 5(@/, s) — ¢(—1, s) denotes the excess potential with respect to the outer
region. The continuity equation, Eq. (5.7), transforms into the inner region as

_ 1 0j.(y,
sply.s) = —3 A9, (5.21)

The conduction current from Eq. (5.8) becomes

N 3,7 o 5,7

The displacement current, Eq. (5.9), is transformed as

L |90.s) 5. Py, s)

5 " (5.23)

}d(yas) = -
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Similarly, the Poisson equation in the inner region becomes

4.0 2,7,
o) = ) g ) 520

The boundary conditions, originally given in Eqgs. (5.11) and (5.12), take the following
forms

*U(y, 0*(y,
Vly.s)| e P0s)) (5.25)
oy’ oc Oy
y=0 y=0
1 P0(y,s)  W(y,s) Uy,
1 PY(y,s)  W(y.s)  Ply,s) _o, (5.26)
0. Oy dy oy®
y=0
and we impose that the excess potential vanishes far into the bulk
Y(oo, s) = 0. (5.27)

The diffuse surface charge density near the GE, as expressed in Eq. (5.13), scales as g4(s) ~
€ 5d(8), with

oq(s) = /Ooo p(y,s)dy ~ Gao(s) +eG41(s) +e°Gaa(s) + -, (5.28)

Likewise, the graphene surface charge density, from Eq. (5.14), scales as 04(s) = €,(s),

with
- —1

ag(s) ~ 75

Cq 5q(8) ~ 5g’0(5) + 555],1 (S) + 525%2(8) + - (529)

Leading Order Dynamics

To study the linear behavior in the inner region, we begin by combining Eq. (5.21),
Eq. (5.22), and Eq. (5.24) to derive a single governing equation for the potential ¥ (y, s)

1 85(y, s) 1 My, s) 1 2y, s)
S 4 RN (el oo | — . 5.30
5. oy (53 +6s) ay + 5 (1+¢es) e 0 (5.30)

At leading order (i.e., when & = 0), the equation simplifies to

Py, s) 1 *o(y,s) N Pioly, s) _ 0. (5.31)
dyS oo Oyt Iy
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which governs the leading-order potential in the inner region. The bounded solution sat-
isfying Eq. (5.27) is given by

~ e~YM e~y
1/1()(:% 8) = Al(s) 2 + A2(8> 2 (532)
71 V2

where the parameters v; and 7, are defined as

\/1+\/1—453
M=\ >

29,

\/1—,/1—453
Yy = || —

29,

(5.33)

To determine the integration constants A;(s) and As(s), we impose the leading-order
boundary conditions. From Eq. (5.25), we obtain

83'{2;0(y7 S)

By =0, (5.34)

y=0

and from Eq. (5.26), we have

= 0. (5.35)

1 P(y,s) _ doy,s) _ Poly.s)
5.  Oy3 oy dy®

y=0

Combining these two conditions, by substituting Eq. (5.34) into Eq. (5.35), we arrive at a
simplified boundary condition

[az’z()(y, 5) | Py, s>]

3 5 = 0. (5.36)

y=0

It is worth noting that, at leading order, the correlation-influenced boundary condition
from Ref. [63] (Eq. (5.25)) effectively reduces to the condition proposed in the original
BSK formulation [45], which neglects such effects. This equivalence reflects the asymptotic
consistency of the simplified boundary layer theory at small .

An additional boundary condition can be derived by integrating the Poisson equation,
Eq. (5.24), over the semi-infinite inner region from 0 to oo, and applying the standard van
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Dyke matching conditions for the electric field and its higher-order derivatives

lim M ~ ¢ lim 09(z, s) — Oo(y, s) —0,
y—oo Oy a——1  Ox Dy
59(5,5) B | P 37
: a¢ya=5‘ 3 7. 8@51‘78 a¢0y73 B
ST TS T T T | Y
y—00

These conditions, together with Eq. (5.34), allow us to obtain the leading-order diffuse
layer surface charge density as

gao(s) = (5.38)

1

O dy

In parallel, the graphene surface charge density at leading order, from Eq. (5.29), is
~ -1
O'g’()(8> ~ ﬁ

where v,0(s) is the leading-order voltage drop inside graphene. This can be related to
the total voltage drop across the left half-cell, vy 0(s) = Ug0(s) + Vao(s), where v4(s) =

B(—1,5) — (0, 5) = —1(0,5) ~ —1h(0, s) —e 91 (0, 5) — - - - is the potential drop across the
diffuse layer adjacent to the GE in which when substituted into Eq. (5.39) gives

CyUg0(s), (5.39)

5g70(8) ~ ﬁ

Now, applying charge neutrality near the graphene electrode at leading order, i.e., o 0(s)+
dao(s) = 0, and substituting Eqgs. (5.38) and (5.40), we arrive at the following boundary
condition for graphene [51], at y =0

Cy [Tgo(s) + 10(0,5)| . (5.40)

Jo(O,s)—\/é—lC fw(g;/,s) = —g0(s). (5.41)
cYq y=0

We emphasize here that this charge neutrality condition, o,0(s)+740(s) = 0, is consistent
with the generalized Gauss’ law formulated for ILs by Schlumpberger and Bazant (see
Eq. (10) in Ref. [143]).

With the pair of boundary conditions derived in Eq. (5.36) and Eq. (5.41), the integra-
tion constants A;(s) and As(s) can be explicitly determined. Substituting their expressions
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into Eq. (5.32) yields the leading-order potential in the inner region near the graphene elec-
trode as
eV 2y (1417)

120(975) = _ag,0<3) 1

\/5—00(1 (711_’73)_{_’71 _’72_{"7?_73
(5.42)
eV yy (1+7;)

1
4 4 5 5
—— (-t e+t —
\/a Cq (71 72) T V2 71 V3

We emphasize that, to leading order, the frequency-dependent dynamics are encapsulated
solely within the amplitude v,(s), while the spatial variation is dictated by the square-
bracketed prefactor, which is purely a function of the inner coordinate y € [0,00) and
independent of s.

Using the result in Eq. (5.42), we now construct a uniformly valid composite approxima-
tion for the electric potential across the full spatial domain. This is achieved by combining
the outer solution, Eq. (5.18), with the inner expansions near each electrode, and subtract-
ing their common asymptotic limit to avoid overlap. Exploiting the antisymmetric nature
of the solution, the uniformly valid leading-order electrostatic potential becomes

o, 5) ~ To() & + Fo(A=E ) — (A=

). (5.43)

)
€
Conservation of Current

The appropriateness of the chosen charging time for ILs, 7, = )\?},/QL/ (DLip) [141], can be

confirmed by analyzing the governing equations. Specifically, by substituting the Poisson
equation, Eq. (5.24), into the continuity equation, Eq. (5.21), integrating over the semi-
infinite inner domain y € [0, 00), and applying the matching conditions from Eq. (5.37)
together with Eq. (5.34), one obtains the following leading-order relation

s aJO(Z/? S)

ay = jc,O(OO, S) - }C,O(Oa S)' (544)

y=0

Using the matching condition for the conduction current at leading order, lim 5070(y, ) ~
Y—00

lirn1 Jeo(w,s) and the fact that the conduction current vanishes at the electrode due to
T—— ’
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blocking conditions, i.e., 3‘/070(0,3) = 0 from Eq. (5.36), the right-hand side of Eq. (5.44)
becomes _
_ 8@/}0 (yv S)

ay :]0,0(_178)‘ (545)

y=0
Referring to Eq. (5.23) and recalling Eq. (5.34), the left-hand side of Eq. (5.45) can be
interpreted as the leading-order displacement current

s 8777;0 (yv S)

jd,0<07 8) - = ay

: (5.46)

y=0

so that substituting into Eq. (5.45) yields the current continuity condition

Ja0(0,8) = Jo(—1, ). (5.47)

The physical interpretation of Eq. (5.47) affirms that current is conserved to leading order
and remains continuous across the diffuse layer. This indicates that the boundary layer
behaves like a capacitor, wherein the charging process is governed by the displacement cur-
rent }Jd’o(o, s) at the electrode interface. This displacement current is driven and sustained
by the conduction current 3670( —1, s) flowing in from the bulk, which supplies the required
charge to build up the electrode potential.

5.2.2 Impedance

The dimensionless impedance of the electrochemical cell, normalized by the DC bulk re-
sistance per unit area R, = LM% /(€D), can be expressed as the sum of leading-order
contributions from the outer and inner regions

) = —v(s) _ —Tpo(s)  Ugo(s) + 20ap(s)
() J(s) Jco( 1,s) ;d,o((),s)

where v(s) = Tpo(s) + Uy0(s) + Vao(s) is the total applied potential. From the inner
region analysis, the leading-order voltage drop across the half-cell near the graphene elec-
trode (GE) is 1,0(s) = Ug0(s) + Va0(s). From the outer region analysis (see Eq. (5.19)),
the leading-order bulk voltage drop is Tyo(s) = @y(1,5) — ¢o(—1,5) = —2jy(s). In
Eq. (5.48), j(s) denotes the total current density. In the first term, this is given by
Jeo(—1,5) = jo(s)—the leading-order conduction current in the bulk. In the second term,

(5.48)

it is ;d,O(O, s)—the leading-order displacement current on the GE surface as obtained in
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Eq. (5.46). The structure of the impedance in Eq. (5.48) reveals that the system behaves
as a series RC circuit

Z(s) = R+ Z(s), (5.49)
where the resistive term from the bulk (outer) region is
—Tb(s)
R == =2, 5.50
RIS 520

and the capacitive contribution from the inner region is

Z(s) = — Tg0(8) + 20g0(s)

1
jd,o(()’ ) ok (5.51)
with C denoting the total dimensionless capacitance. Recalling that 6. = L./Ap, the
characteristic charging time becomes 7, = . V2 A p/D, so the Laplace variable s = i{)7,
scales with correlation length as s = iwd, /?, where w = (LAp/D) ) is a dimensionless
frequency independent of d.. Substituting this into Eq. (5.49) gives the frequency-domain
form of the impedance

1
Z(w,6:) =2+ -

where

C(6.) = (Cq_l + 2051 (4.) ) i (5.53)

is the total dimensionless capacitance. Here, Cy = C4/Cp is the diffuse layer capacitance
normalized by the Debye capacitance, and is given by [144]

Cu(5.) = 2V2x (5.54)

1+x)*? =1 —x)**

where x = /1 —462.
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5.3 Results and Discussion

To ensure consistency with available experimental and simulation studies, we adopt the
following physical parameters for the ionic liquid under consideration: a temperature of
T = 300 K, an ion concentration of ¢, = 5 M (where M denotes moles per liter), and a
bulk dielectric permittivity of €, = 10¢y, with ¢y &~ 8.85 x 1072 F/m representing the
permittivity of free space. This estimate is in good agreement with the values reported in
Ref. [145], validating the physical assumptions and scaling choices employed in this study.

At low voltages within the linear regime, the solutions are characterized by a single
free parameter: the normalized correlation length scale d.. To systematically investi-
gate the influence of ion—on correlations across different regimes—weak, intermediate,
and strong—we consider values of . ranging from 0 to 16, in alignment with findings
reported in the literature. To examine the structure of the electric double layer (EDL)
as influenced by the correlation length, we begin by renormalizing the leading-order po-
tential drop across the diffuse layer, as given in Eq. (5.42), through the transformation
To(y) = —oly, s$)/Ug0(s). The normalized potential Uo(y) defined in this manner is in-
dependent of the frequency variable s. To better visualize the impact of §. on the EDL
profile, we recall the expression € = v/ApL./L = \/d.lp and reformulate the inner coordi-
nate as y = (1+1x)/e = (/\/9.. Here, ( = (1+z)/lp = (L+X)/\p € [0,00) defines a new
inner coordinate scaling that is independent of J. and aligns with the framework used in
Ref. [144]. This reformulation enables a consistent comparison of the potential profile in
the diffuse layer across varying values of the correlation length. By substituting y = ¢/1/d,
into Wy(y), we obtain a rescaled potential Wo(¢) that reveals the influence of 4, on the EDL
structure. This behavior is illustrated for both electrode configurations in Fig. 5.1(a) and
Fig. 5.1(b) [146].

Based on the parameters defined in Eq. (5.33), two distinct regimes emerge at the crit-
ical value 6. = 0.5 for both electrode configurations. In the weak correlation regime, where
0. < 0.5, and particularly in the limiting case d. — 0, the influence of ionic liquid corre-
lations is negligible, and the potential profiles exhibit smooth and monotonic behavior for
both electrode systems, as illustrated in Fig. 5.1(a) and Fig. 5.1(b). In this regime, applying
Eq. (5.42) and noting that C, = C,/Cp =~ 0.005, the normalized potential drop for the GM
system tends toward Wo(y) — C,/(1+C,) =~ 0.005 as 6. — 0. This limiting value is visible
in Fig. 5.1(a). For the MM system, which corresponds to the limit C;; — oo [51], the nor-
malized potential drop reaches Wy(y) — 1 across all values of 4., as evident in Fig. 5.1(b).
In contrast, for d. > 0.5, the system enters the strong correlation regime, and the effects
of electrostatic correlations become significant for both electrode types. In the asymptotic
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limit §. — oo, the solution to Eq. (5.42) gives \Tfo(y) — eu/V2 [cos (y/\@) — sin (y/ﬁ)}
which reveals the emergence of charge oscillations within the diffuse layer. Moreover, since
the inner variable y o d. Y 2, the spatial extent of the EDL increases proportionally to
V0., a feature that becomes increasingly prominent in both Fig. 5.1(a) and Fig. 5.1(b)
as d. increases. It is worth noting that the observed behavior in Fig. 5.1(b) for the MM
system is in excellent agreement with the numerical simulations reported by Storey and
Bazant (see Fig. 1(a) in Ref. [144]), as well as the studies by Gupta et al. (see Fig. 12(a)
in Ref. [147] and Fig. 3 in Ref. [148]).

For the GM electrode configuration shown in Fig. 5.1(a), the magnitude of the potential
drop across the diffuse layer is notably smaller than that observed in the MM configuration
depicted in Fig. 5.1(b). This behavior suggests that graphene mitigates the effects of
electrostatic correlations, likely due to its distinctive electronic properties—most notably
its quantum capacitance. The presence of quantum capacitance in graphene appears to
facilitate more uniform charge distribution, improved screening capabilities, and a more
efficient ionic response at the electrode interface, thereby diminishing the spatial charge
oscillations that are otherwise prominent in conventional metal electrodes.

The dependence of the total capacitance of the GM system on the correlation pa-
rameter 0. is presented in Fig. 5.1(c). In general, for highly correlated ionic liquids, the
capacitive response becomes negligible, as electrostatic correlations tend to suppress the
capacitance [144]. This trend is confirmed analytically via Eqgs. (5.53) and (5.54), where
the limiting behavior as . — oo yields C' — 0 and Cy; — 0. This reduction is evident
in the plotted GM data in Fig. 5.1(c), and similarly in the inset for the MM system. In
contrast, in the weak correlation limit 6. — 0, the total capacitance for the GM system
approaches C' — C,/(1+ C,) ~ 0.005 as follows from Eq. (5.53) using C, ~ 0.005. For
the MM system, taking C, — oo leads to Cq — 1 via Eq. (5.54), a result that agrees well
with numerical predictions by Storey and Bazant (see Fig. 1(b) in Ref. [144]).

Although the total capacitance remains small—on the order of C' ~ 0.005—in the
regime of low ¢, this finding underscores the viability of using graphene electrodes in
ILs for low-frequency electrochemical impedance measurements. This aligns with similar
conclusions drawn in our previous study involving aqueous electrolytes [51].
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Figure 5.1: Impact of the electrostatic correlation length d. on the structure of the electric
double layer (EDL). (a) Variations of the normalized leading-order inner potential drop, ¥y, as

a function of the rescaled inner coordinate ¢ = (L + X)/Ap for the GM electrode pair. (b)
Variations of the normalized leading-order inner potential drop, ¥g, as a function of the rescaled

inner coordinate ( = (L + X)/Ap for the MM electrode pair. (c) Variations of the total scaled
capacitance, C(d.), and the scaled EDL capacitance, Cy(d.) (inset), as functions of é..
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The frequency response is characterized in terms of the
phase angle, ¢ = arctan (Z;/Z,), shown in Fig. 5.2(a), and
the magnitude of the impedance, |Z| = \/Z2 + Z2, shown
in Fig. 5.2(b), where Z, and Z; denote the real and imag-
inary parts, respectively, of the scaled impedance Z from
Eq. (5.52). Both quantities are plotted as functions of the
scaled frequency w = Q LAp/D, displayed on a logarith-
mic scale. For a representative room-temperature ionic
liquid with a diffusion coefficient of D = 107" c¢m?/sec
and a characteristic cell thickness of L = 1 um, the charg-
ing time scale is estimated as LAp/D & 11 usec. This
indicates that charging dynamics in IL systems are signif-
icantly slower than those in aqueous electrolytes, where
we previously reported a characteristic time of approxi-
mately 3pus [112]. Also, recalling the cut-off frequency
of Q./(2r) = 1 MHz, below which EIS is applicable, the
scaled cut-off frequency corresponds to w,. = 70.

Based on the phase response shown in Fig. 5.2(a),
the MM configuration exhibits phase transitions across
a broader frequency range in comparison to the GM con-
figuration for all values of d.. At high frequencies, as J,.
decreases, both systems asymptotically approach purely
resistive behavior, with ¢ — 0°. In the low-frequency
regime, while the MM system displays stronger capacitive
behavior as ¢, increases, the GM configuration appears
to offer greater tunability at low frequencies. Specifically,
the GM system reaches the fully capacitive phase response
¢ = —90° at slightly higher frequencies compared to MM,
suggesting enhanced responsiveness in the low-frequency
domain.

In terms of magnitude, as shown in Fig. 5.2(b), the
GM configuration demonstrates a higher impedance mag-
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— §.=16

logw

Figure 5.2: Impact of the elec-
trostatic correlation length §. on
the frequency response. (a) Vari-
ations of the phase response for
different values of d.. (b) Varia-
tions of the magnitude response
for different values of 6.

nitude at low frequencies than the MM configuration for the same ¢. value. This is ac-
companied by a slope close to —1 on the log-log plot, indicative of a dominant capacitive
response. At high frequencies, both configurations converge to similar log|Z| values with
a slope approaching zero, signaling a shared resistive character in this regime irrespective
of 6.. In the intermediate frequency range, however, the MM configuration consistently
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shows a lower log |Z| than GM, reflecting its superior conductive performance over that
band.

5.4 Concluding Remarks

In this work, we have analytically derived the impedance response of an electrochemical
cell containing a room-temperature ionic liquid in a neutral equilibrium state, bounded by
a graphene-metal (GM) electrode pair and subjected to an externally applied AC voltage.
The analysis was performed using the method of matched asymptotic expansions in the
limit of thin electric double layers, where the small parameter is defined as e = VApL./L <
1. This allowed us to systematically resolve the leading-order diffuse-charge dynamics
across a cell of finite thickness 2L, employing the characteristic charging time scale 7. =
)\:13)/2L/(DLi/2) as proposed by Zhao [141].

Within the linear regime, under the influence of the correlation length 6. = L./\p, we
investigated the structure of the EDL and the frequency-dependent impedance behavior.
Our numerical analysis of the potential drop across the diffuse layer and the total capaci-
tance yields results consistent with prior studies on metal-metal (MM) electrode configu-
rations [141, 144]. For the GM configuration, we observe a reduced potential drop across
the diffuse layer relative to MM systems. This behavior may be advantageous for appli-
cations where reduced energy storage, minimized ohmic losses, enhanced charge transport
rates, and greater electrochemical stability are desired. Furthermore, our analysis indi-
cates that the inclusion of graphene significantly lowers the total capacitance compared to
MM systems—an effect that may enhance sensitivity in low-frequency applications such
as biosensing, as discussed in our earlier study [51]. Finally, the impedance spectra reveal
that MM systems span a broader frequency range and exhibit stronger low-frequency ca-
pacitive characteristics. Nonetheless, the GM configuration offers greater tunability in the
low-frequency regime, presenting potential advantages for tailored electrochemical response
in graphene-based IL systems.
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Chapter 6

Summary and Future Directions

6.1 Summary

In Chapter 3, the frequency response of the graphene/electrolyte interface in dilute elec-
trolytes for neutral graphene with infinite conductivity and neutral graphene with finite
conductivity was studied. For the infinite conductivity case, beginning with the PNP
equations and appropriate boundary conditions at the graphene interface, we nondimen-
sionalized the system and solved it via the Laplace transform. A comparison between the
impedance behavior of graphene-metal (GM) and metal-metal (MM) electrode pairs was
conducted across a wide range of frequencies and ion concentrations. The frequency re-
sponse analysis observation revealed that MM electrodes demonstrated greater sensitivity
to ion concentration changes, especially at low frequencies and high ionic strengths. We
also confirmed that the quantum capacitance of graphene can be reliably inferred from the
zero-frequency intercept in the Nyquist plot of the equivalent cell capacitance, which is
typically dominated by the quantum contribution.

For the finite conductivity case, we investigated the frequency-dependent response of a
graphene disk electrode (GE) in a three-dimensional cylindrical geometry where we incorpo-
rated graphene’s intrinsic quantum-mechanical properties to derive its quantum impedance
analytically. Two charge relaxation regimes were identified: the Warburg-type response in
the rapid-charging regime (low conductivity or large capacitance) and RC-circuit behavior
in the slow-charging regime (high conductivity or small capacitance). The latter is found
to be aligned with the concept of quantum-mechanical rate spectroscopy defined by the
quantum time scale of the graphene sheet with a finite conductivity. The time-dependent
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evolution of the average potential drop inside graphene supported this distinction, cap-
turing early and late time dynamics in high- and low-frequency regimes, respectively. To
establish coupling with the electrolyte, we separately analyzed the electrolyte domain in
which the quantities were surface averaged, enabling us to reduce the three-dimensional
problem into a one-dimensional approximation via the Hankel transform. Coupling the
electrolyte region with the GE yielded a boundary condition at the GE/electrolyte in-
terface which finally led us to present a closed-form expression for the electrochemical
impedance at the GE/electrolyte interface. The frequency response analysis on the influ-
ence of ion concentrations showed that both finite and infinite conductivity cases exhibit
capacitive behavior in the low-frequency regime. At high frequencies, however, the finite
conductivity case demonstrated Warburg characteristics, evidenced by a —45° phase angle
and —1/2 slope in the Bode plots. We also examined the impact of electrode radius. At
low frequencies, both cases retained capacitive behavior. At high frequencies, increasing
the radius amplified deviations from ideal capacitive behavior in the finite conductivity
case. Similarly, contact resistance reflected a consistent capacitive response across the full
frequency spectrum in both models.

In Chapter 4, we explored the AC response of a charged graphene interfaced with a
dilute electrolyte using the matched asymptotic expansions of the full PNP equations in
the thin-double-layer limit. Using the appropriate charging time scale to ensure consis-
tency in asymptotic analysis, the nonlinear leading-order solutions under the DC voltage
plus the linear leading-order solutions under the small AC perturbations were combined
to produce the analytic expression for the low-frequency RC impedance. According to the
DC analysis, the Stern layer significantly influences capacitance only under high applied
DC voltages. Normalized frequency-domain analysis revealed that lower ion concentra-
tions and higher DC voltages enhance capacitive behavior at low frequencies, while the
converse conditions induce resistive behavior at high frequencies. A sharp drop in phase
sensitivity at intermediate frequencies marked the transition to resistive behavior. The
general impedance features—capacitive at low frequencies, resistive at high frequencies,
and governed by characteristic frequency—extend to broader systems such as asymmetric
cells [149], mixed ionic-electronic conductors [150], and ion-exchange membranes [151].
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In Chapter 5, we derived the impedance of a graphene-metal (GM) electrode sys-
tem containing a room-temperature ionic liquid under a small AC voltage in the linear
regime. Matched asymptotic expansions were used in the thin-double-layer limit to re-
solve the leading-order diffuse-charge dynamics, incorporating a suitable time scale from
Zhao [141] to ensure consistent asymptotic results. The observation of the frequency re-
sponse based on the electrostatic correlation length, revealed structural features of the
electric double layer and the corresponding impedance. Compared to metal-metal (MM)
systems, GM configurations exhibited smaller diffuse-layer potential drops and lower total
capacitance, beneficial for applications requiring reduced energy storage and enhanced sen-
sitivity. Impedance spectra showed broader frequency response and stronger low-frequency
capacitive behavior in MM systems. However, GM systems allowed greater tunability in
the low-frequency range, making them advantageous for bioelectronic applications with
tailored electrochemical response.

6.2 Future Directions

e Graphene with a Finite Conductivity

In Chapter 4, we extended our analysis to charged graphene with infinite conduc-
tivity under the assumption that the system is in a neutral state at equilibrium, aligning
with experimental findings reported in [93, 75, 74]. Building on this methodology, future
work could further extend the study in Chapter 3 by considering graphene with finite
conductivity when charged. In this scenario, the conductivity of graphene is no longer
constant but varies with the doping level (applied DC voltage). At high doping levels, the
conductivity becomes approximately linear in carrier density—a behavior also observed in
Fig. 4.2 for the quantum capacitance of graphene.

In Chapter 3, the finite conductivity of graphene was treated by approximating the
cylindrical region as an infinitely large area, thereby reducing the problem to a one-
dimensional (1D) formulation. As another possible extension of that chapter, this ap-
proximation could be relaxed to treat the system in full three dimensions (3D). Employing
numerical techniques such as those presented in [108, 152, 153] would enable a more com-
prehensive analysis of geometrical effects and provide deeper insights into the interplay
between finite conductivity and spatial confinement.
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e Boundary Conditions and Interfacial Models in Ionic Liquids

A comprehensive theory for ion dynamics in ionic liquids (ILs) remains elusive, pri-
marily due to unresolved issues concerning the appropriate boundary conditions and
modeling the electrode/IL interfaces.

The first pertains to the boundary conditions necessitated by the higher-order Poisson
equation used to capture electrostatic correlations. In Chapter 5, we incorporated non-
vanishing interfacial electrostatic correlations—derived from interfacial stress balance via
the Gibbs—Duhem relation [63]—as a refinement of the original BSK model [45]. While this
approach improves the linear theory near the interface, it breaks down in the nonlinear
regime where ion finite-size effects become prominent. To address this, Gupta et al. [142]
proposed a variational framework based on the grand potential formalism, which system-
atically accounts for electrostatic correlations, steric constraints, and large surface poten-
tials. Their model introduces self-consistent boundary conditions involving higher-order
derivatives of the electrostatic potential, thereby offering a more complete and physically
grounded description of the electrode/electrolyte interface.

The second challenge involves time-dependent modeling of ILs at electrode surfaces.
This difficulty arises from two unresolved issues: identifying the correct length scale that
governs charging dynamics in ILs and independently determining the compacity parameter,
7, as revealed by time-resolved X-ray reflectivity (XRR) techniques [154]. For instance, the
characteristic charging time proposed by Zhao [141], 7, = /\3D/2L / (DLi/ %), which we adopted
in Chapter 5, and the computationally-deduced by Lee et al. [155], 7. = (L2/D) (Ap/Lc)*?,
were shown to deviate from XRR measurements [156]. This discrepancy is partly due to
the interfacial electrical impedance, which, in the presence of ILs, often exhibits constant
phase element (CPE) behavior even on atomically smooth surfaces [65, 41, 154]. The CPE
response complicates measurements and introduces capacitance hysteresis, characterized
by a delayed response to applied potentials [154]. Such complexities have been examined
by Gore et al. [157], who compared EIS with linear AC voltammetry, and by Lucio and
Shaw using Fourier-transformed AC voltammetry (FT-ACV) [158, 159, 160].

To address these issues, a possible extension of Chapter 5 could involve developing a
microscopic model for the CPE impedance at the graphene/electrolyte interface in ILs.
Such a framework, based on anomalous diffusion and random walk theory [91], would pro-
vide insight into the physical origins of CPE behavior. Furthermore, the discussion could
be extended to nonlinear regimes under large applied voltages, where 7 is expected to play
a central role and the interfacial capacitance may exhibit additional voltage dependence.
This analysis could build on the methodology developed in Chapter 4.
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e Interfacial Low-Frequency Noise

Graphene has emerged as a promising platform for biochemical sensing applications,
particularly in ion-sensitive field-effect transistors (GFETSs), with diverse uses in chemistry
and biomedicine. The low-frequency response of GFETSs in liquid environments has been
widely studied [161, 162]. For instance, extracellular voltage fluctuations associated with
action potentials can induce measurable changes in the resistance of a GFET, making
these devices suitable for neural recording applications. Additionally, the binding of
charged biomolecules—such as proteins or DNA—can be detected by GFET biosensors,
positioning them as strong candidates for next-generation biomarker assays [161]. The
origin of low-frequency noise at the graphene/liquid interface is typically attributed to two
main mechanisms: (i) adsorption and desorption events at the graphene sensing surface
[163], which degrade sensor resolution, and/or (ii) trapping and de-trapping of charge
carriers in the transistor’s insulating layer [164], which impairs electrical conduction
[165].  Mechanism (i) is commonly modeled using the site-binding framework [163],
while mechanism (ii) is described by a stochastic process known as the random telegraph
signal (RTS) [162]. RTSs have been experimentally observed in carbon nanotubes and
theoretically predicted in graphene nanoribbons, due to their sensitivity to a small number
of fluctuators within a confined contact region [166, 167]. The dynamic interplay of these
noise sources in graphene-based devices can give rise to a characteristic low-frequency
noise known as 1/f noise [168].
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