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Abstract

Motion estimation is considered essential for many applications such as
robotics, automation, and augmented reality to name a few. All cheap and
low cost sensors which are commonly used for motion estimation have many
shortcomings. Recently, event cameras are a new stream in imaging sensor
technology characterized by low latency, high dynamic range, low power and
high resilience to motion blur. These advantages allow them to have the
potential to fill some of the gaps of other low cost motion sensors, offering
alternatives to motion estimation that are worth exploring.

All current event-based approaches estimate motion by considering that
events in a neighborhood encode the local structure of the imaged scene,
then track the evolution of this structure over time which is problematic
since events are only an approximation of the local structure that can be very
sparse in some cases. In this thesis, we tackle the problem in a fundamentally
different way by considering that events generated by the motion of the
same scene point relative to the camera constitute an event track. We show
that consistency with a single camera motion is sufficient for correct data
association of events and their previous firings along event tracks resulting
in more accurate and robust motion estimation.

Towards that, we present new voting based solutions which consider all
potential data association candidates that are consistent with a single camera
motion for candidates evaluation by handling each event individually with-
out assuming any relationship to its neighbors beyond the camera motion.
We first exploit this in a particle filtering framework for the simple case of a
camera undergoing a planar motion, and show that our approach can yield
motion estimates that are an order of magnitude more accurate than opti-
cal flow based approaches. Furthermore, we show that the consensus based
approach can be extended to work even in the case of arbitrary camera mo-
tion and unknown scene depth. Our general motion framework significantly

outperforms other approaches in terms of accuracy and robustness.
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Chapter 1

Introduction

1.1 Motivation

Motion estimation is considered indispensable for various tasks including
robotics, automation, surveillance, and augmented reality to name a few.
Cheap and low cost sensors are commonly used for motion estimation, from
Inertial Measurement Unit (IMU), to encoders, to cameras, to optical track-
ers, etc. All low cost motion sensors are not perfect and have many short-
comings when it comes to estimating motion such as accuracy, robustness,
failure mode, power consumption, need for calibration, bias, environmental
conditions e ect, operational temperature, and so on.

Recently, there has been notable progress in imaging sensor technology,
which can o er alternative solutions to motion estimation. In particular,
neuromorphic imaging devices, called event cameras (also known as Address
Event Sensors (AES)) [22, 94, ], are asynchronous, cheap, and low cost
sensors that mimic the human visual system by responding to changes in il-
lumination based on the scene's dynamics. They do not record image frames,
but a stream of asynchronous events at microsecond resolution, each of which
is immediately generated when a given pixel detects a change in log intensity.
This enables the event cameras teee the motionin the scene, which makes



them attractive to motion estimation. Their main advantages come from
their low latency, high dynamic range, and resiliency to motion blur, while
consuming small amount of power.

The advantages of event cameras allow them to have the potential to |I
some of the gaps of other low cost motion sensors, o ering alternatives to
motion estimation that are worth exploring. However, current event-based
motion estimation approaches still have ample of room for improvements. In
this thesis, we believe that we can exploit event cameras in a di erent way
to achieve better motion estimation.

1.2 Premise

Event cameras have characteristics that, in some situations, would make
them a better alternative for motion estimation than traditional frame-based
cameras.

1.2.1 Low Latency

Event cameras measure brightness changes with a very high temporal resolu-
tion, which are reported with a very low latency in the order of microseconds.
This is four orders of magnitude higher compared to the 30-60Hz xed rate
achieved by traditional cameras of comparable price and power consumption.
Therefore, event cameras can perceive the scene dynamics with much ner
temporal details, which allows them to capture very fast motions that can
be used for high speed tracking applications for instance. In order to achieve
similar adaption to situations with rapid motion, traditional cameras need

to capture thousands of frames every second, which results in a large amount
of data to be transmitted and processed, where such cameras will no longer
fall in the category of cheap and low cost sensors.



1.2.2 High Dynamic Range

In frame-based cameras, the dynamic range is typically around 60dB which
leads to the issue of over or under exposure, where correct exposure for one
part of an image can be considered too low or high for another. This leads to
loss of information in situations with strong lighting changes. This is common

in robotics for instance, where a robot moving in the sun, or transitioning
between low and high lightning scenes. In such situations, event cameras
can be a better alternative since every pixel is independent, and track of
the log intensity changes (smaller change in the absolute magnitude), they
can respond better to wide range of lighting, by reaching very high dynamic
ranges of the order of 140db. Frame-based cameras can be tuned to reach
higher dynamic ranges by using di erent exposure time but at the expense
of an increased latency, which would result in blurred images in dark scenes
for example.

1.2.3 Resiliency to Motion Blur

Traditional cameras have a global shutter speed which exposes all their pixels
simultaneously by collecting light during a given exposure time. This can
result in motion blur in situations with fast motion, or when large intensity

di erence are present (bright or dark scenes). In these situations, event
cameras are more robust since all their pixels are independent, eliminating
the need for a global exposure time. The exposure of traditional cameras can
be increased by using a faster shutter speed to reduce motion blur, but there
is always a limit on the shutter speed increase. Additionally, this results
in an increase in the latency, and if the scene is not bright enough, higher
shutter speeds can result in underexposed images that are bad for motion
estimation.



1.2.4 Low Power

Event cameras have signi cantly lower power consumption than traditional
cameras. Since only changes in brightness are streamed in their output, they
only transmit non-redundant data instead of full frames, thus, reducing the
power necessary for acquisition and transmission. This can be bene cial for
situations with fast and robust motion where resources are constrained such
as embedded devices or some robotics applications.

1.3 Objectives & Contributions

A common factor in all previous event-based motion estimation approaches
is the view that events in a neighborhood encode the local structure of the
imaged scene. Then, motion estimation is performed by tracking the evolu-
tion of this structure over time. The problem with this view is that events
are only an approximation of the local structure that can be very sparse in
some cases.

This thesis aims at taking a radically di erent view of the problem: events
generated by the motion of the same scene point relative to the camera con-
stitute an event track These event tracks provide more accurate constraints
on the camera motion than the evolution of the local structure as they are not
subjected to any approximation other than image quantization and bright-
ness constancy. The challenge however is in matching events to their previous

ring locations.

We make the hypothesis that, in the case of a dominant motion between
the camera and the scene, consistency with the dominant motion is su cient
for correct data association of events and their previous rings along event
tracks.

This thesis explores using voting based approaches with an exhaustive
search over all possible data associate candidates to select the ones that are
consistent with a single camera motion. We show that this can successfully

4



identify the correct motion in almost all situations and we characterize cases

where it could fail. We exploit this in a particle Itering framework that,

for the simple case of a camera undergoing a single translation parallel to a
planar wall, can yield motion estimates that are an order of magnitude more

accurate than optical ow based approaches.

Furthermore, we show that the consensus based approach can be extended
to work even in the case of an arbitrary camera motion and an arbitrary scene
depth in which a single data association can vote for multiple motions. We
showcase this in a particle Iter based motion estimation system that signif-
icantly outperforms other approaches in terms of accuracy and robustness.



Chapter 2
Event Cameras

In this chapter, we present a brief overview on how event cameras work. For
a deeper understanding about these sensors, we refer the reader to the recent
survey [59].

2.1 Overview

Event cameras[94, 22, ], also known as Address Event Sensors (AES), are
bio-inspired neuromorphic sensors. They closely mimic the human eye where
the human ganglion cell res independently as soon as a light is detected by
they eye's retina in response to a brightness changes. Similarly, the AES
res events at individual pixels as soon as a brightness change is detected.
In contrast, traditional or frame-based cameras generate images resembling
the nal output we see with our eyes bypassing many layers of the human
eye way of operation.

Table 2.1 compares an expensive high frequency camera (Photron), tradi-
tional camera (Bluefox), and an event camera (DVS). Contrary to a regular
camera which output frames at xed time rate of 90 Hz, the event camera
generate asynchronous events at low latency of 1 MHz ordl It also enjoys
a much lower storage transmission bandwidth and lower power consumption



Table 2.1: Comparison between the main types of cameras.

than the other two cameras. Using expensive motion sensors such as high
frequency cameras can achieve similar latency as the event cameras, how-
ever, it comes at more then 10 folds the price and requires a very high power
consumption, data transmission and memory requirements, and processing
time.

Figure 2.1 visualizes the output of AES versus the output of standard
frame-based cameras, when looking at a black dot on a rotating disk. The
asynchronous output is clearly visible for the AES while the disk rotates,
whereas we can clearly see that when the disk stops rotating, no events are
generated from the AES while the regular camera keeps sending redundant
images. The main disadvantages of the AES are their low spatial resolution
and lack of intensity levels. However, the intensity levels could be recovered
by spatial and temporal processing.



Figure 2.1: Output visualization from AES compared to standard frame-
based cameras when looking at a black dot on a rotating disk [119].

2.2 Principle of Operation

The asynchronous transmission of an event at the time it occurs is done
using digital circuitry. The simpli ed diagram of the circuitry illustrated

in the left panel of Fig. 2.2 shows that an event camera has independent
pixels that triggers whenever their “log intensity (photocurrent)’, referred to
as "brightness' change. Each pixel memorizes the log intensity value each
time it res an event. It continuously monitors the brightness level of the
current pixel location x at time t until it exceeds a certain threshold  with
respect to the memorized value at a previously referenced tinhgs :

oG = 101 T(XGtet) e (2.1)

at which the camera res an evente transmitted by the chip in a quadruple
data format e = hx;t; pi, wherex = (x;y) are the 2D pixel coordinatest

is the corresponding microsecond timestamp, angl2 f 1, 1g corresponds
to the polarity of the brightness change (1 denotes an increasing brightness
(ON") from dark to light and -1 denotes a decreasing brightness (‘OFF')

8



Figure 2.2: Simpli ed circuit diagram and operation of an AES [94].

from light to dark). This event ring is illustrated in the right panel of
Fig. 2.2. All events are outputted from the camera's pixel array via a shared
digital output bus [175, ]. This bus can in some situations cause some
bandwidth limitations which perturbs the the times at which events are sent
(See Appendix A).

2.3 Conclusion

Event cameras are cheap and low cost motion sensors with precise timing,
high sampling frequency, high dynamic range and low power consumption.
These characteristics o er the potential to achieve accurate and robust mo-

tion estimation.



Chapter 3
Problem Formulation

This thesis aims to estimate the relative motion (output) between a scene
and an event camera (AES) given events (input) captured by this camera.

3.1 Preliminaries

Throughout this thesis the following notation will be adopted:

" The pixel location is denoted:

and its velocity is denoted:

whereu and v are its horizontal and vertical components also known
as the Optical Flow (OF).

A

Let I (x;t) denote the log intensity "brightness' at positiorx and time
t.

10



" e(x;t;p) denotes an event at positionx and time t with a polarity

de ned by
8

Sp=1; It It t)> .

Sp= 1 (gt It t)< g

where t is the sampling period and . denote the brightness threshold
required to trigger an event.

" The function j; :
5 = x+(4 U (3.1)

projects a pixel from timet; to time t;.

3.2 Event Formation

The motion of an event camera relative to a static 3D scene (known as
egomotion) induces a 2D velocity eld of the intensities in the image plane.
Each pointP = (X;Y;Z) in the scene moves along a 3D path, with a relative
velocity with respect the camera. The egomotion of the event camera is
composed of the translational velocity
2 3
TX
T=81f2R
T,

and the angular velocity

2|3

=9iy§250(3)

|
tz

The equations governing the velocity eldU = (u;v) are derived by
projecting the 3D relative velocities of the scene points onto the image

11



plane [103]. The equations of the 2D velocity eld are derived using the
pin hole camera projection model as:

x? Xy T T
u= fl y y!2+ f_ly f—|x+ffx X?Z (32)
YA, XY T, T,
=x!, by =lyy+ =1, +f= — .
V=X f : y f > yZ (3.3)

where f is the focal length of the camera and Z is the depth of the scene (each
pixel having its own depth).

The camera records an event when the brightness of a point in the 3D
scene projected onto the image plane changes frdgto |, such the con-
straint (2.1) is satised. The egomotion of the camera causes instanta-
neous displacements of a set of poinfP, 2 R3g¥, and their projections
fpc 2 R?gM, onto the event camera's array. This results in events ring
due to motion. Additionally, changes inillumination conditions also lead
to events ring at pixels where brightness changes such thatl > e . This
results in astream of eventsE = fegll, that is generated at di erent times-
tamps ty;::;; ty, due to motion and illumination.

3.3 Event-based Motion Estimation

Problem.  Given an event streamE generated by the projection of motion
and illumination changes onto the event camera's plane, estimate the relative
motion between the scene and the camera over time.

The velocity eld equations (3.2) and (3.3) relate the optical owU to
the relative motion of the event cameraT; ), the pixel depth Z, and its
location x:

U=1(T; ;Zx) (3.4)

When the camera moves, a stream of everiisis generated. To solve (3.4) we
need to establish a relationship between those measurements and the camera

12



motion. An event e ring due motion is related to a previously red event
& at location (Xp;yp) and timet m t by

h(U;e;g)=0

On the other hand, spurious events, triggered by uncorrelated illumination

changes, have no priors. We can de ne a function for any event as:

8

< Car - .

U;e;e;dl)=0; if dl <

| g(U;e;g:dl) e (3.5)

* f(e;dl) =0; otherwise;
where g associates the stream of events and their priors, note thatdfi =0
then g = h. The function f has no bearing on motion estimation.

The event-based motion estimation problem is mathematically formulated
by Eq. (3.4) and (3.5). The optical ow U is estimated through Eq. (3.5) by
comparing a current evente to its prior e,. It is then used to estimate the
camera motion T; ) through Eq. (3.4).

3.3.1 [lllumination Change dlI

Estimating dl is virtually impossible without making assumptions about
the light sources and surface properties. It is frequently circumvented by
adopting the Brightness Constancy Equation (BCE) which setsdl = 0.

3.3.2 Motion Model

Additionally, we do not have a clear model of the functiorg. A common
assumption adopted is a constant velocity model as the motion functiog
and set

Xp = X+(t t)U

to project an event from ;t;) to (Xp;t;). Assuming the BCE and the
constant velocity model, Eq (3.5) reduces to:

13



g=h=0=) &= (Ue (3.6)

3.3.3 Data Association Problem

Solving Eq. (3.6) requires solving for thelata associationbetween an evene
and its previous ring €,. Existing solutions of thedata associationproblem
assume that events approximate the local image structure around the cur-
rent event. This allows them to employ standard image matching or track-
ing techniques. However, events in many situations provide only a sparse
approximation of the local structure that might not be enough for matching
or tracking.

3.3.4 Undetermined Problem

The reduced problem in Egs. (3.4) and (3.6) is ill-posed (undetermined)
as it has more unknowns than equations. Current solutions overcome this
challenge by assuming smoothness with neighboring events having similar
velocities. On the other hand, event cameras are meant to be used in sparse
natural scenes where events are generated along object boundaries or edges.
In these situations, the spatial smoothness assumption can be easily violated,
thereby deteriorating the accuracy of the motion estimation.

3.4 Problem Statement

This thesis hypothesizes that avoiding the assumptions discussed in 3.3.3
and 3.3.4 will result in more robust and accurate motion estimation. To-
wards that, it proposes solving Egs. (3.4) and (3.6) by handling each event
individually without assuming any relationship to its neighbors beyond the
common camera motion. To resolve the data association and the ill-posedness
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problems, we explore new voting-based solutions that rely on considering all
potential data association candidates that are consistent with a single camera
motion for candidates evaluation.
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Chapter 4
Literature Review

In this chapter, we review the related work to event-based motion estima-
tion. The rst part reviews Event-based Optical Flow (EV-OF) to compute
image velocities from a stream of events, then egomotion estimation using
event cameras. The second part focuses on reviewing the objective functions
functions to highlight their e ect in tackling the data association and ill-
posedness challenges for event-based motion estimation. Further, we present
a review on how ltering techniques are used in event-based motion estima-
tion. Finally, we present a summary of the major limitations for motion
estimation.

4.1 Event-based Optical Flow

Optical ow is the problem of computing the velocity or motion of objects on
the image plane. event cameras are attractive for OF estimation since events
represent edges in natural scenes where OF estimation is less ambiguous,
and due to their precise timing which allow to measure high speed ow. The
main optical ow approaches can be divided into three categories:

" Classical approaches that are based directly adopting frame-based al-
gorithms.
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~ Variational approaches (the dominant stream) that consider a local
smooth distribution of events inx-y-t space.

" Deep learning approaches that rely on recent successful machine-learning
approaches from frame-based optical ow.

4.1.1 Classical Approaches

Early motion estimation from event cameras followed the classical approaches
used in frame-based techniques. Similarly, it uses the gradient constraint
equation based on the brightness constancy assumption. In event-based vi-
sion there are no intensity information, therefore a formulation of intensity
from event cameras was the major focus of these approaches.

Benosman et al. [19] introduced the rst BCE-based approach. This
method adapts the Lucas and Kanade local smoothness assumption to esti-
mate the temporal derivative of the brightness over the local image structure.
Brosch et al. [23] added a second order term to the temporal gradient esti-
mate in Eq. (4.1) and (4.2) , to make the derivative estimation more stable.
Although other classical approaches emerged such as [77, 14, 15, 62], which
some targeted the issue of OF in textured regions [14, 15], and others [4]
fused it with intensity-images, these method were inconclusive and ine ec-
tive in computing the EV-OF due to two major limitations: 1) they can only
compute the temporal derivative of the brightness, therefore more assump-
tions are needed to estimate the spatial derivative, 2) however due to the
small amount of events red as an edge crosses on it, it is hard to recover
the spatial gradients which is assumed locally smooth.

Some EV-OF methods [43, 12] considered the intensity as an extra un-
known in the gradient constraint equation, therefore proposed to jointly solve
for the OF and intensity. They modi ed the global BCE formulation by
adding smoothness on the intensity and a data term to account for the time
input coming from AE data. The latter is solved as a minimization problem
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over a Discretised local image structure as an event frame in a xed time
window. Nagata et.al [122] corrected the OF from [12] by using the 2D mo-
tion eld equations to solve for the focus of expansion (FOE) to correct the
OF estimation along the radial direction, which the smoothness loss does
not account for. This approach requires the estimation of the yaw rate from
event frames (angular velocity perpendicular to the image plane) prior for
solving the FOE. Pan et al. [135] presented a more robust way to jointly
estimate the OF with a single blurred imaged and its corresponding accumu-
lated events. They improve the brightness Constancy equation to encode the
real intensity, and added a blurness equation. Their approach handled rapid
motion and blur batter then some existing EV-OF. These methods require
handcrafted spatial and temporal regularizers (in the form of smoothness
assumptions), which limited the quality of the OF estimation them sensi-
tive to the smoothness assumption where they needed many events to re to
accurately estimate the OF.

4.1.2 Variational Approaches

Variational approaches that consider the local distribution of events ix-y-

t space, are more robust and preferred over the classical approaches. This
stream was initially introduced by Benosman et al. [18]. This category is
more general then the BCE-based one, since it relies on the local distribution
of events spatially in the image, in terms of time surfaces(see Eq. (4.3)).
The original algorithm introduced what is known by surface of active events
(SAE), which describes the movement of an edge ring events along it that
ts points on spatio-temporal surface. The OF is estimated by tting a plane
within an accumulated time window on the structured image, where they
prove that the slope of the surface in the plane encodes the edge motion.
The accuracy of the OF depends on the accumulated time window of the
tted plane and how it evolves with time. Further, it only estimates the OF
perpendicular to the edge. Later on Akolkar et.al [1] addressed the limitation
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the aperture problem in this plane tting approach, by using the tted OF

to correct for the true OF along the direction of the edge. Almatra et
al. [3] addressed the lack of robustness to rapid motion from the plane tting
approach, by deriving an exact OF without Taylor series approximation,
from a distance encoded event frames. Fei Low et al. [104] simplied the
mathematical formulation of the plane tting approach and added a greedy
algorithm to optimize the accumulation of events. This aimed at speeding
up the plane tting approach at the expense of losing some OF estimation
accuracy. These approaches showed that they are capable of outperforming
the classical frame-based approaches. However, they all su ered from the
goodness of the spatial window t in the encoded image structure, which
violates the spatial smoothness assumption if the window is too large or too
small.

Mueggler et.al [116] went a step further by improving the plane tting in
the encoded image structure, predicting the time when future events will re
using in a regularization scheme. The results on EV-OF outperformed the
original plane tting method that relies on a constant event-accumulation in-
terval. Sto regen and Kleeman [157] used the lifetime estimation to create
a di erent plane tting technique: all events belonging to the same object
have an estimated ow plane based on the structure of that object, therefore
each event is segmented to create a new ow plane if it does not match to an
already existing structure, otherwise, it is assigned its OF is computed based
on the existing plane. The established planes are updated dynamically using
the lifetime estimation . Gallego etl.al [60] estimate EV-OF by producing
motion compensated event frames. They accumulated events into an event
frame structure, then applying frame-based image warping techniques in or-
der to maximize the sharpness of the event frame. They pass an adaptive
Iter on the event frame in the spatio-temporal direction which gives the best
Iter response. Along the same criteria, Zhu et.al [179] used motion com-
pensation by accumulating an event frame over an optimized time window
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using [116], to compute an average OF between the accumulated EF dictated
by the lifetime of events. Reinbacher et al. c[144] tackled the the issue im-
posed by spatial window by doing spatial smoothness regularly at periodic
times, which was was found to deteriorate the motion estimation accuracy
resulting in blurred over smoothed or under smoothed reconstructed images
when compared to spatially free approach [150]. Khoei et.al [85] created
a 4 stage model to simulate a lateral geniculate nucleus (LGN) ltering to
estimate OF. It consists rst of denoising the output of an event camera,
then they track the activity of event via a layer grid to model a simple LGN.
the layers grids are encoded in a 140ms which is 4 times the actual frame-
based rate. None of these approaches addressed the impact of the spatial
smoothness window.

The variational stream show more accuracy and robustness over the clas-
sical approaches [148]. They also showed that they are capable of outper-
forming the classical frame-based approaches [18, ], However, their OF
estimation is highly a ected by the spatial distribution of events within
their accumulated frames, where too small or too large windows violate the
smoothness assumption, which deteriorate the OF accuracy since events are
meant to re along object boundaries.

4.1.3 Deep Learning Techniques

Recently, deep learning approaches started to emerge. They rely on the
availability of large amounts of event data to be accumulate them into event
frames in order to apply frame-based ANN. The unsupervised learning ap-
proaches from frame-based cameras, namely Back-to-basics [81] and Un-
Flow [111], oered a new paradigm of OF learning to overcome the lack
of labeling in datasets. Such methods were motivational for learning event-
based motion estimation, where labeled datasets are rare.

These methods, were used as the base of the rst EV-OF learning ap-
proach, called EV-Flow-Net [180]. Their main reasoning behind the lack of
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success of deep learning for event cameras in general, was that these sensors
do not output an image. Therefore, they based their idea on encoding events
into an image structure to feed it directly to a CNN. They transformed events
into a 4-channels encode event frame accumulated over a window of time.
The rst two channels count the number of positive and negative events re-
spectively, while the last two channels encodes the timestamps by storing the
last positive and negative timestamps respectively. The input event frame is
fed into a CNN to estimate the optical ow as seen in Fig 4.1. They used

a type of event cameras called DAVIS [22]. DAVIS outputs grayscale image
synchronized with event data, at the standard regular camera frame rate.
EvFlow-Net used a pair of grayscale images occurring before and after the
encoded frame, i.e. the encoded frame consists of accumulating the events
that occurred between those two frames. Its input also consists of the pair
of grayscale images, to compute a self-supervised loss. The architecture is a
similar encoder-decoder from [81] while relying on the classical photometric
loss. When compared to the frame-based approach UnFlow [111], the re-
sults seemed to be in favor of UnFlow. Their encoded event frame method,
besides only operating at low frame rate, fails in the presence of dense and
large movements. Later on, they improved EV-Flow-Net [181] by using a
contrast maximization loss measuring the consistency of the OF estimation
across voxel-grids, where their results were on par with [1L11]. An impor-
tant observation in [181] was that the spatial smoothness constraint used to
combat data sparsity needed for creating event frames, tends to blur object
boundaries due to the deterioration of accuracy in estimating the motion at
object boundaries.

Evenly-Cascaded neural Network (ECN) [178] is another existing ap-
proach for learning EV-OF. It replaces the last 2 channels in the EvFlow-Net
event frame generation, by one channel that take the average timestamp of
all the events red on that pixel during the xed time window. The main
aspect of their approach is jointly estimating optical and camera's egomo-
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Figure 4.1. EvFlow-Net architecture. Figure taken from [180].

tion. Their ECN, illustrated in Fig. 4.2, consists of 2 networks: a camera
velocity network, and a depth network. The input to the ECN is a set of
three consecutive encoded frames. The camera pose network consists of an
encoder that will predict the relative velocity pose vectors with respect to the
middle event image. The depth network uses only the middle event frame
as its sole input, to predict the depth. Given the predicted depth and the
camera velocity vectors for neighboring frames, the OF is estimated. ECN
uses the spatial smoothness loss. Therefore, ECN is also an unsupervised
EV-OF network.

Kepple et al [84] proposed a CNN that jointly learn the camera pan and
tilt rates and the OF. They proposed 2 CNNs, a visual motion network which
predicts the camera motion from 4 event frames accumulated over millisec-
onds window. To overcome the aperture problem posed by this estimation
they proposed a joint second CNN that measures the con dence of the pre-
dictions. They achieved faster computational speeds then EV-Flow-Net but
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Figure 4.2: ECN architecture. Figure taken from [178].

less accuracy. Paredes-Valles and de Croon [136] proposed to encode events
into voxel-grids structure, which are then fed to two separate networks. The

rst is FlowNet [51] and the second one is ReconNet. The approach is self
supervised, Their main contribution was integrating the contrast maximisa-
tion loss from [181] to train and compare the resultant event frame from both
networks with the warped event frame from the OF estimated.

Gehrig et al. [65] presented another synchronous approach which was a
combination of three main events representation. Their major nding was
in comparing their results against other ways of accumulated grid-like rep-
resentations, and showed that even within the main representations used to
process events in accumulated grid-based methods the accuracy of the OF
estimation was very sensitive to the type of grouping used.

In the frame-based eld, CNN-based OF approaches FlowNet3.0 [79]
and PWC-Net [161] have largely outperformed hand-crafted OF approaches.
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Such a success is yet to materialize in motion estimation from event cameras.
Furthermore, these approaches are not clearing showing tangible bene ts
from using address event data over regular images. The reason behind that
is due to the use of Event Frames to extend frame-based objective functions
to work on the generated event frames, which e ectively eliminate most of
the potential advantages of event cameras.

4.2 Event-based Egomotion Estimation

Egomotion is the process of estimating the motion of a camera in 3D scenes.
Solving the egomotion problem with event cameras in its most general set-
ting i.e. 6-DOF in natural 3D scenes, is a challenging problem due to the
data association and ill-posedness challenges. For this reason, event-based
egomotion approaches addressed it step by step with increasing complexity
such as the type of motion (2D pure rotational motion or planar motion, 3D
general motion in natural scenes), depth consideration, or additional require-
ments (external sensors, requirements on scene types). Table 4.1 classies
the main related work using these complexity groups, and highlights how our
approach will be fundamentally di erent. We now review the relevant work.

The early egomotion approach from event cameras was presented by
Weikersdorfer etal. [171, ]. They designed a likelihood function for a par-
ticle Iter that quanti es the observed events given a map of the scene and
some information about the camera pose. It only works on planar scenes par-
allel to motion plane generated from arti cial line patterns. They extended
their approach in [170] to 3D camera pose estimation in general scenes, how-
ever they required a depth map from RGB-D sensors [127], forcing the ap-
proach to become synchronized with xed frame rate, by encoding events
into an event frame to track the evolution of its local structure.

Later approaches increased the complexity of the problem, by either us-
ing generic handcrafted approaches, or relying on additional sensors. Cook et
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Table 4.1: Event-based methods for egomotion estimation. The type of mo-
tion is labeled "2D" (3-DOF motions, e.g., planar or rational) and "3D"
(6-DOF motion in 3D scenes). Columns indicate whether the method con-
siders depth in the scene ("Depth"), are free from Local Image Structure
("LIS free"), are free from Spatial Smoothness (SS) assumption ("SS free"),
and any additional requirements. Note that the work of this thesis will be
fundamentally di erent.

References Dim Depth LIS free SS free Additional requirements

Cook [43] 2D 7 7 7 rotational motion only
Censi [34] 3D 7 7 7 attached depth sensor
Kim [87] 2D 7 7 7 rotational motion only
Kueng [90] 3D 3 7 7 intensity images
Rebecq [143] 3D 3 7 7 -
Reinbacher [144] 3D 3 7 7 intensity images
Gallego [62] 2D 3 7 7 rotational motion only
Liu [99] 2D 3 7 7 rotational motion only
Reverter [147] 3D 3 7 7 -
Peng [138] 3D 3 7 7 -
Wang [168] 3D 3 7 7 -
This work 3D 3 3 3 -

al. [43] presented a handcrafted synchronous approach that jointly estimate
the egomotion, optical ow, and intensity. This method is very generic en-
forcing a rotational constraint motion only. The handcrafted work in [34, 90]
estimated the camera translational displacement synchronously for planar
scenes. Their approach required the fusion of a frame-based camera to the
event cameras to estimate small translational displacements between event
frame and regular frame. Handcrafted spatial smoothness was used, while
this system was restricted to operate at the frame rate of the frame-based
cameras. Their results were slightly worse then frame-based approaches.
Muggler et al. [119, ] tracked the camera pose for very rapid motion by
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a hand-crafted approach requiring synthetic 3D black and white maps. At
rst, they brute forced the method by tracking events ring synthetically one

by one next to each other on the map, by using PnP frame-based methods.
They further extended their approach to estimated the camera trajectory
instead of the camera pose, using a reprojection frame-based loss. Gallego et
al. [61] used a probabilistic Bayesian lIter to track the 6-DOF of the camera.
The lter requires an existing 3D map of the scene to compute a likelihood
function based on mixture of densities. Bryner et al. [28] also presented a
synchronous approach given a 3D map of the scene, by applying non-linear
optimized frame-based reprojection loss between an event frame, and inten-
sity and depth images from traditional camera derived from the given 3D
map. Similarly, Reinbacher et al. [144] used a mapping and tracking algo-
rithm to estimated the camera 3D rotation via a frame-based photometric
loss restricted to rotational motion. Chamorro et al. [37] used a Lie-EKF
Iter to perform fast event to line matching using event frames, grayscale
images, and prebuilt 3D map to track the camera pose. These methods have
inconclusive results compared to image-based approaches, although they out-
performed them specially in challenging scenes. They do not exploit the event
cameras' advantages at all since they require additional external information,
and they were sensitive to the smoothness constraints assumed to track the
evolution of their local event frame structure.

Approaches that narrowed down the motion estimation to 3D pure rota-
tion gained success by showing materialized results against the frame-based
approaches. Kim et al [86] used a particle lter to estimate the 3D camera
rotation state for high dynamic range 3D image reconstruction. They assume
spatial smoothness to estimate a brightness gradient map of the scene from
the 3D rotation of the camera. The lter requires a 3D (panoramic) map of
the scene to estimate the camera rotation, only works for rotational motion,
and the accuracy of the Iter to estimate the rotational state is not reported.
They extended this approach in [87] to jointly estimate the camera pose,
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depth of the scene, and the intensity image. They replaced their particle
lter with an EKF that is joint with 2 other probabilistic Iters. Similarly

to [86], their Itering requires intensity images and GPU to reconstruct depth
maps, which make it only suitable for o ine applications. Rebecq et al. [143]
further extended the work in [86, 87] by replacing the depth estimation in [37]
with a 3D simultaneous mapping through 3D reconstruction and map align-
ment assuming smoothness constraint around the encoded image structure.
Their results were on par with regular images. However, these approaches
have limited robustness due to the simple assumptions made on the camera
pose to track the evolution of the local structure for data association. They
also require additional information which are typically provided by frame-
based sensors, 3D map of the scene, or intensity images to solve the data
association.

Recently, contrast Maximisation (CM) approaches have been seeing ma-
jor success in event-based egomotion. The idea behind using a contrast max-
imization technique was to associate events that produce sharp edges in the
encoded local structure when warped using locally smooth velocity, solving
for the data association by minimizing the evolution of the local image struc-
ture. 3D rotational approaches are currently providing direct comparison
against each other for egomotion estimation using event cameras. Gallego
et al. [63, 62] estimated the camera angular velocity [63] and heading [62]
by warping each event based using a constant angular velocity model, then
encoding the warped events into an event frame. Their original approach
in [63] was a synchronous 3D rotational speed that relies on maximizing a
frame-based contrast objective function applied onto their generated event
frames to track the evolution of the local structure. They extended their
approach in [62] to estimate depth using a frame-based multi view stereo
planar homography approach, before applying their maximization of con-
trast to estimate the depth. Xu et al. [176] used the method in [63] to
apply frame-based image maximization energy with smoothness constraint

27



on event frames, in order to track the camera’'s pose. Similarly, Nunes et
al [132] improved the method in [62] by replacing the maximization contrast
by a frame-based entropy minimization framework, for 3D rotation and cam-
era heading estimation in planar scenes. Another improved extensions were
presented by Liu et al [99] where they proposed to add a branch-and-bound
(BnB) to perform a global optimization on the contrast maximization ap-
proach in [99] to estimate the camera's angular velocities. They latter added
a simple spatiotemporal registration (STR) approach in [100] assuming rota-
tional motion only. This approach is currently one of the best 3D rotational
estimation approaches outperforming [62, 63, 1.

Finally, the general motion estimation from event cameras was consid-
ered. The contrast maximization on event frames was expanded to deal
with general motion estimation via Branch and Bound [138, . An-
other major stream of general motion estimation from event frames, re-
lied on camera's pose estimation techniques such as standalone traditional
keyframes methods [147], or aided by external sensors (IMU or grasycale
cameras) [117, , 91]. These approaches seem to be working better then
frame-based techniques, in situation where there was rapid motion, motion
blur, and high illumination changes. However, CM and pose estimation tech-
niques for event-based egomotion are sensitive to the event frames structure,
where the tracked evolution of those structure violates the local smoothness
assumption in many situations, and some assume pure rotation in scenes
where signi cant translation motion is present.

4.3 Event-based Objective Functions

We saw in the previous sections how motion estimation approaches with
event cameras are performing, and identi ed key gaps that could help de-
velop more improved motion estimation approaches. This section goes into
some of specics of the objective functions of the main approaches to pro-
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vide a better understanding of those approaches and their limitations on
event-based motion estimation. They can be classi ed into the following two
categories:

" Classical objective functions that rely on frame-based formulation.

" Time Surface (TS) or variational-based objective functions.

4.3.1 Classical Objective Functions

In event-based vision there are no intensity information, therefore a formula-
tion of intensity from event cameras was the major focus of these approaches.
Therefore, the classical stream adapts objective functions from frame-based
cameras. Benosman et al. [19] introduced a BCE-based approach. This
method adapts the Lucas and Kanade local smoothness assumption. Their
original derivation which is asynchronous by de nition, inspired the later
work in this category. It consists of de ning a neighboring window around a
local structure in the image, to compute the spatial and temporal derivatives,
therefore the gradient constraint equation is written as:

Xt
(e(xi;yirt)  e(X; 1;yi;t))u=it e(Xi; virt); (4.1)

Xt 1 X
(exi;yi ) eXiy nt)v = — e(Xi; vi;t); (4.2)

t

Brosch et al. [23] added a second order term to the temporal gradient
estimate in Eq. (4.1) and (4.2), to make the derivative estimation more sta-

ble. Bardow et al. [12] considered the intensity as an extra unknown in the
gradient constraint equation, therefore proposed to jointly solve for the OF

and intensity. They added spatial smoothness on the intensity and a data
term to account for the time input coming from AE data over accumulating
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them over a voxel grid. The latter is solved as a minimization problem over
a Discretised event frame in a xed time window. Barranco et al. [14, 15]
argued that in the case of textured edges (or contours) the smoothness as-
sumption will fail. Therefore, they o ered an alternative by slicing the event
frame accumulated over a time window, then used cross-correlation between
the slices assuming spatial smoothness. Along the same line, Cook et al. [43]
presented a simpler non-traditional algorithm to jointly estimate the inten-
sity and OF, within in an interacting model, for only rotational movement.
Weikersdorfer et al. [171, ] proposed simple asynchronous objective func-
tions that computes the reprojection error (assuming spatial smoothness)
between the event's location and the closest edge in a map of a scene. It
only works for 2D translational scene with constant depth given the 3D map
of the scene. Nagata et al. [122] introduced FOE-based regularization loss
that works by intersecting of the translational velocity vector and the image
plane. They used this loss to correct the spatial smoothness regularization
loss in estimating the radial component of the optical ow. It requires the es-
timated yaw angular motion computed by accumulating events to reconstruct
event frames using the loss from [12], applying frame-based loss to estimate
the angular motion, then using it as an input to their FOE to regularize
the OF estimation. It is inconclusive to say if these approaches outperform
frame-based techniques given the easier instances of motion considered.

On the other hand, more successful frame-based objective functions started
to nd more success in event-based motion estimation. Contrast Maximiza-
tion(CM) techniques [62, 99, , , ] proposed to warp accumulated
events into an image structure, which produces motion patches representing
the brightness increment of the evolution of that structure(proportional to
the gradient constraint) while imposing local smoothness, that corrects the
motion estimation. Almatra et al. [4] used the BCE formulation to interpo-
lation objective function assuming local smoothness, and nd the gradient of
grayscale images intensity, which then they use to correct the intensity com-
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puted from intensity images with the intensity recovered from events frames
accumulated at a xed frame rate. Pan et al. [135] used the BCE equation for
events in log space to encode the motion and events relationship, conserving
the original absolute intensity. They also added a blur objective function to
the smoothness terms. These approaches showed successful motion estima-
tion even in very fast motion scenarios. However, their CM formulation is
sensitive to the evolution of the local structure of the event frame, where low
rate of events ring (sparse scenes only on object boundaries) violate their
local smoothness assumptions which dictates their CM formulation.

Gallego et al. [60] aimed at studying the alignment of events in the local
image structure for motion compensation. Towards that they tested about
20 frame-based objective functions (used in unsupervised learning) on an
motion-compensated event frame. The event frames are warped using image
warping techniques, and then the 20 objective functions were applied over
the optimized event frames. Their results showed that most of the frame-
based objective functions can be applied to AES applications such as OF and
egomotion. However, they highlighted that the stream of objective functions
that focus on adapting frame-based objective functions eliminate most of the
advantages the event cameras o er.

Recently, deep learning techniques adopted classical unsupervised losses
from the successful learning approaches in regular cameras. The main ap-
proaches [180, , ] used the photometric loss and smoothness loss, ex-
actly as de ned in [81], which has been enjoying a great success in frame-
based learning approaches. The initial approach [180] had an objective func-
tion which computes the error between grayscale images occurring before and
after the event frame structure, i.e. the event frame consists of accumulating
the events that occurred between those two frames. They apply their loss by
backwarping (photometric loss based on the BCE) the event frames to track
their evolution over time, then applying the smoothness loss. Sto regen and
Kleeman [158] used the contrast maximisation formulation from [181] to con-
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duct an analysis using many frame-based objective functions in order to try
and de ne a proper number of events to be accumulated within the voxel-
grid. Their results showed the processing of events in accumulating them
into grid-based groups play the biggest role in the performance of objective
objective functions used. These approaches fail to generalize to di erent en-
vironments not seen at training time. The reason behind that is due to the
use of event frames to extend frame-based objective functions based on the
evolution of local those image structures over time (relying on the smooth-
ness loss) to work on the generated event frames, which e ectively eliminate
most of the potential advantages of event cameras.

4.3.2 \Variational-based objective functions

TS-based or variational-objective functions approaches that consider the lo-
cal distribution of events in the local image structure in thex-y-t space have
been showing more robustness then the classical approaches when it comes
to engineered techniques for optical ow estimation in particular [148]. The
variational objective functions stream rely on spatial and temporal smooth-
ness assumptions, while requiring accumulating events into some sort of an
image strcuture in order to capture the local spatio-temporal relationship
between events.

The original formulation was introduced by Benosman et al. [18] and is
now know as the surface of active events (SAE)e(X;y) de ned as ¢(X;y) =
t, where ;y;t; p) are event data. (x;y) is a function which maps to each
event position (X;y), a time t. Dierentiating (X;y) results in predicting
the mapping at p + dp as function of the gradient. The velocities on the
image plane are related to the gradient of the SAE by:

roe(xy) = (uly) Hvixy) H: (4.3)

Eq. (4.3) assumes a local velocity constancy in the form of spatial smooth-
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ness. For each event, it ts a local plane by accumulating the neighboring
events in a time window and study the evolution of this local structure over
time. It uses LSM [64] to estimate a plane and loop over all events to make
sure they take the ones only belonging to the plan. Finally, the plane's normal
vector is used to compute the velocity of each event. This objective function
have became of most commonly used methods in event cameras specially for
motion estimation. The goodness of this method depends on the accumu-
lated time window of the tted plane to ensure that the velocity constancy
is not violated: if the window is too large over tting occurs, if the window
is too small accuracy is lost. They typically accumulate events within 10ms
(thousand times the event cameras latency). The accumulation of events idea
to study the evolution of the local structure around these events started to
evolve to become one of the major framework to event-based vision, and its
major bottleneck at the same time. The original algorithm did outperform
frame-based approaches for motion estimation.

Till this day, many event-based motion estimation approaches rely on this
SAE objective function. Clady et al. [40] used the local plane tting function
to compute the time of contact between a robot holding an event camera and
an object. The method expanded the local plane tting by adding a prob-
ability map of the visual eld. Akolkar et al. [1] addressed the limitation
the aperture problem in this plane tting approach, by adding an additional
objective function that minimizes the normal velocity component estimated
by the plane tting function with respect to orientation of the edge and the
true motion direction. They further extended the original plane tting loss
to work with complex object shapes [2] , by using the magnitude of the
normal velocity component of the estimated plane, which is directly related
to the orientation of the object's edge, and linearize it using multiple small
edges to complete the object shape. Almatra et al. [3] presented a distance
surface loss based on TS where they accumulate event into distance frames:
each event frame encodes the spatial distance as the intensity value. Then
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they use this distance frame to derive the OF as spatio-temporal gradient
of the distance function, exactly like the plane tting loss [40]. They claim
their derivation is exact in contrast to the plane tting one which rely on
Taylor series approximation, which makes it more robust to fast motion.
Eventually they use the classical frame-based photometric objective func-
tion. Their results were not better then the original approach. Fei Low et
al. [104] improved the SAE by simplifying its mathematical formulation with
the addition of a collinearity constraint. These approaches continued to have
the same success as their parent objective function approach against frame-
based approaches specially in situations where motion was fast, illumination
changes were large, and motion blurness. However, they inherent the good-
ness of the accumulated window limitation due to the spatial smoothness
assumption of this stream of functions.

Another main variant of the SAE was introduced by Mueggler et al. [116].
They went a step further by estimating the maximum time it would take for
the brightness gradient at the current event location to trigger a new event
in a neighboring pixel, in the vicinity of 1 pixel radius (see Fig. 4.3). The
latter is called lifetime, , of an event and is de ned by Eq. (4.4):

T 1
(Gy) = ke o(xy)k= 5+ 5 (4.4)
They can optimize the accumulation time window of events based dd ,
where S is the desired displacement within this time window. Their results
outperformed the original TS approach [18] and image approaches.

Sto regen and Kleeman [157] used the lifetime estimation in Eqg. (4.3)
to create a di erent plane tting algorithm, where all events belonging to
the same object have an estimated ow plane based on the structure of that
object, therefore each event is segmented to create a new ow plane if it
does not match to an already existing structure, otherwise, it is assigned
its OF is computed based on the existing plane. The established planes are

updated dynamically using the lifetime estimation . Zhu et al. [179] used
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Figure 4.3: Life time of event visualization as the planar approximation of
the SAE. Figure taken from [18].

Eq. (4.4) to accumulate event frames based on the lifetime depicted by the
length of the OF. They created a spatio-temporal OF sparsity constraint
loss assuming that a constant average velocity withing the accumulated time
window. The loss minimizes the data association between the events within
the event frames if the average OF withing the accumulated time window is
correct (similar to backward image warping). These methods are sensitive to
the estimated lifetime of events which dictates the milliseconds window over
which the constant average velocity is not violated. Although they improved
the goodness of the t of the accumulation window, it continues to be violated
at object boundaries due to the spatial smoothness [150].

Zhu et al [181] replaced their photometric loss in [180] by a TS loss based
on a voxel grid image structure which is minimized by summing across event
polarities that projects that local structure back into a single average time
window where the average OF is consistent. This function, inspired by the
contrast maximization objective function, is very similar to the plane tting
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loss [18], in assuming that the ow is inversely proportional to the gradient
of a grid-representation of the events within a spatio-temporal accumulated
time window. Kepple et al [84] proposed a TS objective function which
takes 4 event frames voxel-grids to minimize the camera tilt and pan rates
with respect to the OF. This supervised loss requires prior information to
aid that joint estimation. They handcrafted it to t their 2 proposed CNNs
with precise ground truth for the camera motion to recover the OF. These
approaches fail to generalize to di erent environments not seen at training
time. Although they are showing better motion estimation compared to
frame-based techniques, they are susceptible to the accumulation of events
as noted in the study of [65]. Furthermore, the work of [181] noted that their
approach tends to blur object boundaries due to the spatial smoothness con-
straint, which can signi cantly deteriorate the motion estimation accuracy
at object boundaries.

4.4  Filtering In Event Cameras

The previous sections show that most of the event-based motion estimation
approaches tend to aggregate events into frames, and as shown in the anal-
ysis work [65] it is not trivial what is the best way to bundle events into
frames, and concluded that to exploit event cameras to their full potential,
asynchronous processing is the way to go. Furthermore, one of the main
premises of this thesis is to solve the motions estimation from event cam-
erasasynchronously In this section, we review the related work on Itering
techniques in event cameras as they have the capability of processing event-
by-event.

In general, asynchronous processing with event cameras is commonly done
through either the use of lters or the use of neuromorphic methods. It is
worth noting, that the latter rely on a new class of neuromorphic hardware
processors such as the IBM TrueNorth [112], which are asynchronous by
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design. A number of successful work was based on the use of Spiking Neu-
ral Networks (SNN) [134, , , /1], which are biologically inspired net-
works, and take the temporal information from spikes making it useful for the
event cameras. However, these hardware processors are not yet well estab-
lished, which means that the processors must overcome the same entrenched
competitor practicality problem that the event cameras are facing with the
frame-based cameras. Additionally, SNN's major drawback of having their
objective function not di erentiable, makes back-propagation inapplicable.
Therefore, until neuromorphic methods become a mainstream, event cam-
eras algorithms continue to make use of the advantages o ered by parallel
computing similarly to frame-based camera. Thus, neuromorphic methods
are not studied in this thesis.

There are two main types of lItering techniques used in event cameras:

~ Deterministic Filters.

~ Probabilistic Filters.

4.4.1 Deterministic Filters

Brosch et al. [23] applies a set of state-of-the-art deterministic-selective Iters
(equivalent to spatio-temporal correlations lters in frame-based approaches)
or spatio-temporal Iters on accumulated event streams. The Iters are hand
crafted to select di erent motion speeds and directions. Smoothing temporal
deterministic lters such as [150, ] presented a temporal Iter to smooth
events for image reconstructions and fusing events into frames for 3D im-
age reconstruction. The lIter can update each pixel intensity every time an
event re lead to reduced noise on the reconstructed event frames. Scheer-
linck et al. [152] presented a brightness deterministic Iter for spatial image
convolution from events, for better 3D image reconstruction. Such methods
have weak or no motion assumptions therefore do not adapt well to motion
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estimation. They rely on spatial smoothness assumption, which is sensitive
to di erentiation leading to inconclusive results.

4.4.2 Probabilistic Filters

Probabilistic Filters [163] are the dominant stream for asynchronous pro-
cessing with event cameras. These Iters naturally t the motion estimation,
since they rely on motion assumptions, therefore can be used to design like-
lihood functions that adapt to AE data. All the previous work that use
probabilistic Iters, focus on designing likelihood functiothased on the event
generation process.

Censi and Scaramuzza [34] used a Bayesian lIter with a simple likeli-
hood function which fuses an event frame with a regular intensity frame (a
requirement for this lter). Gallego et al. [61] use a probabilistic Bayesian
Iter to track the 6-DOF of the camera. The lter requires an existing 3D
map of the scene to compute a likelihood function based on mixture of den-
sities. Chamorro et al. [37] present a Lie-EKF Iter to handle the derivatives
and covariances better then a standard EKF. However, it processes event via
event frames, and requires the use of grayscale images for initialization given
a prede ned 3D map.

Simple Gaussian lters approaches [96, 46, 42, 53, , , 44] were ini-
tially used to detect blobs of events, where they associated red events with
their nearest blob for tracking. Weikersdorfer et.al [171, ] used the rst

particle Iter in event cameras. Their lter was restricted to either only

work on 2D planar scenes with constant depth, or required a depth map
through external RGB-D sensors [127]. Similarly, approaches that track sim-

ple generic shapes such as circular shapes. [67, 69, ] used simple Bayesian
Iters to track circular shapes in scenes by accumulating events into frames.
Kim et al [86] used a particle lIter to estimate the 3D camera rotation state

for high dynamic range 3D image reconstruction. Its likelihood function relies

on the BCE assumption to estimate a brightness gradient map of the scene
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from the 3D rotation of the camera. The lter requires a 3D (panoramic)
map of the scene to estimate the camera rotation, only works for rotational
motion, and the accuracy of the lter to estimate the rotational state is not
reported. They extended this approach in [87] to jointly estimate the camera
pose, depth of the scene, and the intensity image. They replaced their parti-
cle Iter with an EKF that is joint with 2 other probabilistic Iters. Similarly

to [86], their Itering requires an intensity image. Zhu et al. [182] used an
EKF fused with an IMU to estimated the correct for the camera motion by
designing a new likelihood projection function. However, these approaches
have limited robustness due to the assumptions made on the camera pose,
and require additional information.

Recently, asynchronous particle Itering approaches [5, 6] for feature
tracking using multi-hypotheses state estimation. This latter stream of work
show the importance of asynchronous processing in exploiting event cameras
to their full advantages, when compared to accumulating events into grid-like
representations.

4.5 Conclusion

All event-based motion estimation approaches rely on the fact that events en-
code the local structure of the imaged scene. Then, they estimate motion by
tracking the evolution of the image structure over time, which is commonly
achieved through developing motion-based objective functions addressing the
data association challenge. The major problem in this way of estimation is
that events are only an approximation of the local structure that can be very
sparse in some cases. Furthermore, spatial smoothness is commonly assumed
to solve for the ill-posedness nature of the problem, which is easily violated
along object boundaries or edges specially in the dominant stream that fo-
Cus on aggregating events to synchronously track its evolution of the image
structure. In this thesis, we want to avoid these assumptions, therefore, we
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approach the problem in fundamentally di erent way, by developing new

voting based-method that handle each event individually without assuming

any relationship to its neighbors beyond the common camera motion. In the
following chapters, we validate that such methods are su cient for correct

data association of events and their previous rings along the correspond-
ing event tracks, resulting in more accurate and robust event-based motion
estimation.
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Chapter 5

Asynchronous Planar Motion
Estimation

5.1 Introduction

In this chapter, we show that consistency with a single camera motion, where
events constitute a single event track, can be used to solve the data associ-
ation problem Eq. (3.6), then provide a framework for motion estimation
based on that. We validate this hypothesis mathematically, then experimen-
tally on a simpli ed motion case as a rst step in solving the general form of
the motion estimation problem Eg. (3.4).

Towards that, we create a new voting based method to handle each event
individually. It relies on an exhaustive search over all possible event candi-
dates to select those consistent with a single camera motion. We rst provide
a mathematical analysis to prove the sanity of this method. Furthermore,
we exploit the voting method as the likelihood function in a particle Iter
framework for a simple planar motion case where a camera is translating
parallel to a wall.
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Figure 5.1: Graphical outline of the method. For an input eveng, given a
certain velocity U, predict its previous ring &, by backward projection. A
spatiotemporal search is performed over all possible events candidates around
&, to select the ones that are consistent with the camera motion.

5.2 Method

Assuming the BCE and the constant velocity model, and in the presence
of spatial discretization, noise, and uncertainty in the estimation otJ, the
backward projection of an incoming evene can be de ned as:

&= (U9 (5.1)

This event is predicted to occur attime m t and location (X; ¥). Note that
predicted events occur over a smooth (continuous) spatiotemporal domain,
while measured events occur over a discretized spatiotemporal domain. We
will dub predicted events with hats.

Let E,(&;n;m) 2 E (see Fig. 5.1) represent the set of measured events
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within an n n spatial window centered arounces; and a temporal window
m t. Further, we de ne a generalized distance metri® encompassing the

spatial, time, and polarity "distance' between events, and g as follows:
8

D(a:e)= S MGt G XX dna); P = P s
* Omax; otherwise
wherer, is a time penalty that addresses the ambiguity caused by uncorre-
lated events spatially close to the predicted everd,’but temporally far away
from it and dnax iS the maximum spatiotemporal distance parameter. It is
also assigned to penalize events with di erent polaritiesp( 6 p;) or those
that project outside the image boundaries.

A search of all candidate events within the spatiotemporal window is
carried out to select those consistent with camera motion. To de ne an
objective function, we use a voting method based on the minimum generalized
distance betweergfand the candidate elements oE,(€,; n; m) as:

L(e;U)=  min ) D(&; &) ; (5.3)

€ 2Ep(€p;n;m

Hence, EqQ. (5.3) minimizes the BCE over all the previous events in a neigh-
bourhood to solve the data association problem Eq. (3.6).

5.3 Framework

The aim is to exploit the voting objective function to estimate motion asyn-
chronously from Eq. (3.4). We employ a particle Iter as a straightforward
sequential Bayesian way to estimate a simple planar motion. A particle I-
ter suits our distance-based objective function since it involves a discrete
search. The basic idea is, as soon as a new event is red, to use our method
as the likelihood that votes the velocity which is most consistent with the
camera motion along the associated event track. The framework is described
schematically in Figure 5.2 and procedurally in Algorithm 1.
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Figure 5.2: Schematic outline of the framework. It runs on an event-by-event
basis as soon as an event is red. Our distance-based method is integrated
as the likelihood in a particle Iter framework to vote the velocity which is
most consistent with the camera’'s planar motion.

For planar motion scenes wherd, = 0 and = 0, the equations of
motion (3.4) reduce to:

Tx
u=f—= 5.4
v (5.4)
z
v=1f2 5.5
> (5.5)
For an evente, the lIter is represented by a set of particlesP ) = fPl(t); Pz(t); :::P,E,t)g.
Each particle consists of the current stateJ " and its weight w, where
1 i N. Note that estimating the OF U" is equivalent to estimating the

camera's 2D translation velocityT i(t).
We use the constant motion model to propagate the states of the particles:

u® = U D+ m Uy, (5.6)

where Ui(t ) is the previous state of particle at t , M (Ui(t)) is sampled
from a Gaussian distribution in the x and y directions independently such
that M (U”) N(0; 2),and is the standard deviation.
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In the measurement update step, we use the measured evett calculate
the likelihood P (e]j Ui(t)) for each patrticle in the form of an exponential decay
function:

Plej Uy =exp( pL{"(e;u{")); (5.7)

where | is a decay scaling parameter andi(t) is our distance-based func-
tion Eg.5.3. We update the weightw; of every perturbed particle by applying
the standard Bayes rule:

w = P(ej UM ; (5.8)
where Wi(t ) is the weight at the previous timestept . The weights are
normalized according to

Wl
W_(t) - i
T PN,

Systematic resampling [52] is carried out when the e ective number of par-

ticles
1
Nett = PN—(t)z
drops below a threshold such thaiN e+ Nf The OF U is estimated as the

weighted average over all the particles.
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Algorithm 1:  Asynchronous Planar Motion Estimation

10

11

12

13

14

15

16

17

18

19

20

Input: Current Event
Output: Optical Flow

Initialize N 2 patrticles (velocities) with uniform weights;
if p> 0then

‘ Add and update the positive polarity history;
else

‘ Add and update the negative polarity history;
end

if enough eventghen
for each particle in N do

Motion prediction step using Eqg. 5.6;

Predict the previous eventey by backward projection Eqg. 5.1;
Search for the closest events aroung;®
Compute the distance cost for the closest events using Eq. 5.2;
Evaluate the cost using Eqg. 5.3;

Use the returned cost to compute the likelihood using Eq. 5.7;
Update the particle's weight using Eq. 5.8;

end

Normalize the weights of all particles;
Resample ifNetr 3

Output the mean OF of all particles;

end
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5.4 Mathematical Validation

In this section, we validate mathematically that minimizing the BCE over
all previous events in a neighbourhood can be used for data association and
motion estimation.

5.4.1 Notations

Given a point x; moving at a constant velocityv along a line on the camera
projection plane. Its position at timet is given by:

Xi(t) = vt+ d;
whered; is the position ofx; at time 0. We assume that:

" The camera plane is in nite and discretized into pixels.

" The point represents the center of an object covering an area equivalent
to the size of a pixel.

" An event is generated at a pixel wher; reaches the edge of that pixel,
such that half of the pixel would be covered by the point.

With the above assumptions, events are generated at time t for all points
satisfying:
C(i;t)=vt+d floor(vt+d)=0 (5.9)
It follows that events will be generated with a periodicity ofp = % For

example for pointi and assumingd; = 0, we can predict a previous event at
time t = np wherenp is a period multiple andn is an integer such that:

. n, n n
C(i;t V)_V(t V) floor (v (t V))

vt n floor(vt n) (5.10)

vt n floor(vt)+ n

vt floor (vt)
=0
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5.4.2 Single Point Tracking

Given a velocity estimatevand an observed eveng at position x;(t), we can
predict a past evente triggered by that point at x;(t) n and time

n
f=t np=t -
p p ¢

wherep = % In contrast, the true position of the event atf‘p:

)= vt np=ve TlExam

Sincef‘p is not necessarily equal to an integer multiple of the sampling period,
the past evente, would have been observed at time

t,=t np+
and location:
nv
Xi(t np+ )= vt T+V
nv
= Xq(t) o + vV (5.11)

Substituting this location into the trigger condition (5.9) yields:
xa(t) % +v  floor (xy(t) % +v)=0

Comparing the result to Eq. (5.10) we conclude thaty” v is an integer

which is equivalent to requiring that:
vV = round(ﬂ) (5.12)

Substituting this result into Eq. (5.11), we nd that the previously observed
evente, is located at:

X1t np+ )= xq(t) round(nTV)
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The euclidean distance betwees, and &, is:

De(&; &)

X1(t) n  (xg(t) round nTv)

round(%) n (5.13)

To account for deviation in the past everis position due to the discrete
sampling time , we use Eg. (5.12) to add a time penalty:

nv nv
Pty fp)=v = - round(T)

to the euclidean distance between the events and de ne a generalized spa-
tiotemporal distance betweere, and &, as:

D (e &) = Del@i &) + P(tify) = o= (5.14)

We propose to use the generalized distance as an objective function. Fig-
ure 5.3 shows an example of the objective function behaviour as a function

of velocity for an event moving with a ground truth optical ow of
n #
19
0

U=

The function reaches a minimum of zero at the ground truth velocity indi-
cating its plausibility.

5.4.3 Multiple Points Tracking

In this section we generalize the results of the previous section to the case
where the scene involves k point§x;gk,. Given an observed eveng, a
predicted past eventep, and a stream of past event& = fegl,, each point
fx;g<, will provide a candidate event located at:

nv
Xi(t np+ )=vt+d o TV

x1(t) + d % v (5.15)
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Figure 5.3: Behaviour of the objective function for an event generated by a
point moving horizontally with a ground truth velocity of u=1:9.

Substituting into the trigger condition (5.9):

x1(t) + %wi floor xa(t) + d %wi =0
Comparing the result to Eq. (5.10) we conclude thaty" v ; d; is an
integer. This is equivalent to requiring that:
nv nv
vV = T di round T di (5.16)

Substituting this result into Eq. (5.15), we nd that the candidate event g
are located at:

Xi(t np+ )= xq(t) round no_v di
The euclidean distance betwees and &, is:
De(@:6)= Xa() N xyt) round =X d

= round nTv di n (5.17)

50



Using Eq. (5.16) the time penalty can be written as:
nv nv
P(ti ; f\p) = T di round T di
Therefore, the generalized spatiotemporal distance becomes:
nv
D(e;&) = De(e; &)+ P(ti; ) = - " d
and e, corresponds to the candidate eveng that satis es a minimum dis-
tance condition with respect toej such that:

Ld(e;v):fmirk1 D(e;&) = min nv n d (5.18)
eg

e fegl, %
First, we consider the case of a camera moving with a ground truth optical
ow of " #
1.9
0
with respect to a scene containing multiple points (for example 3 points) and
evaluate the objective function for a single event as a function of velocity
u. Figure 5.4 shows the appearance of two spurious minima, marked by red
dots, in addition to the minimum, marked by a blue dot, corresponding to
the ground truth u =1:9.
Next, we consider the case of processing multiple events fe‘gj"":1 simul-

U=

taneously. In this case, we de ne another objective function for processing
M events simultaneously as the sum of the individual generalized distances
for each of those events:

X _ X nv
La(;9)= mikn D(e;&,) = mn —-— n d (5.19)

= fegk, i=1 fege, W

For an example forM = 3 and k = 3, Figure 5.5(a) shows that the
spurious minima, marked with red dots, are larger than the minimum corre-
sponding to the ground truth velocity, marked with a blue dot. The spurious
minima only become equal to the ground truth minimum when the initial
distancesd;, are equal as seen Figure 5.5(b). This case corresponds to a scene
with periodic or repetitive patterns.

51



Figure 5.4: Behaviour of the objective function for an observed event in a
scene containing 3 points and moving with a ground truth velocity af = 1:9.

5.4.4 Discussion

The mathematical validation showed that an event track belonging to a single
camera motion can be used to solve the data association problem and mo-
tion estimation. For the special case of a single point moving in 1D motion,
We evaluated the e ect of the spatial and temporal discretization (quanti-
zation) on the prediction of past events. It was then used to suggest an
objective function that minimizes a generalized spatiotemporal distance in
order to evaluate the optical ow. Test examples showed that scenes contain-
ing multiple points and simultaneous processing of events created ambiguity
(multiple minima). However, the objective function was able to maintain the
minimum corresponding the ground truth even in the presence of spurious
minima. We hypothesise that tuning the weight of the time penalty will
resolve this ambiguity.
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(a) Unequal initial distances (b) Equal initial distances

Figure 5.5: Behaviour of an objective function de ned to process 3 events
simultaneously in a scene containing 3 points and moving with a ground
truth velocity of u=1:9.

5.5 Experimental Analysis

In this section, we validate experimentally the hypothesis that the consensus
of multiple event tracks, where events are processed individually, can be used
to solve the data association problem and estimate planar camera motion.

5.5.1 Experimental Setup

We test our hypothesis by varying the time penalty experimentally on a
synthetic dataset and an AES generated dataset by tuning the weight of
the time penalty in the range of 0 to 25000 pixels/s. In our experiments, we
use a spatial window o = 3 and a temporal window made of 50 sampling
periods such thatm = 50 s. The maximum generalized distanc€ax IS
varied between 3 and 5.
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5.5.1.1 Synthetic Dataset

We created an event-based data generator that emulates an idealized AES
ring. The simulation provides at each timestept; the optical ow of a

32 32 event camera facing a reference image at a known constant depth
Z. The ground truth motion is simulated to be constant, to vary linearly,

or to vary sinusoidally over time. Grids of 32 32 pixels are sampled from
the reference image as the camera moves following the simulated ground
truth motion. The events are warped as the camera moves with respect to
the reference image. The synthetic data generator is described in details in
Appendix B.

55.1.2 AES Dataset

We use the state-of-the-art Event-Camera Dataset and Simulator [120] which
contains a series of planar scenes collected via the Davis AES [22]. The spatial
resolution of this AES is 240 180 pixels, its sampling period ist =1 s,
and its dynamic range is (130 dB).

We use all planar motion sequences available in the dataset, namsligler
close slider far, slider hdr close and slider hdr far. They were recorded by
mounting the AES to an automated linear slider moving parallel to a wall
at a constant depth. Each sequence lasts about 5 seconds and contains 4{10
million events. The rst of the rst and third sequences is small whereas
that of the second and fourth sequences is large. The latter two sequences
feature a high-dynamic-range (HDR) created using spotlights.

55.1.3 Metrics

To evaluate the performance of our approach, we compute the average end-
point error (AEE ) of the optical ow. It measures the “distance' between the
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endpoints of the predicted and ground truth translational camera motions:

1 Xe ; ;
AEE = N_ (ui;pred Ui;g) +(Vi;pred Vi;g) (5-20)

€ =1

where N; is the number of events evaluated. We also calculate the relative
AEE which normalizes the AEE with respect to the ground truth to obtain
the relative AEE:

P
1 Xe (Ui'pred ui'g)2 + (Vi'pred Vi'g)2
AEE o = — ’ ’ : ’ 5.21
7 Ne _ kU gk (5:21)
i=1 ’
wherekU 4k is the norm of the ground truth motion at timestept;
" #

Uj:
U g — "9
Viig

5.5.2 Demonstration of the Objective Function

First, we examine the feasibility of tuning the time penalty to eliminate
ambiguities in the objective function. Speci cally, we evaluate the objective
function for a simple case (Case |) representing a camera moving with a
ground truth optical ow of

0:8
0

U=

In each experiment, we consider a set of camera motions distributed uni-
formly to cover the two dimensional OF space ranging from 0 to 10 pix-
els/timestep in both directions. We evaluate the objective function for each
value of OF using di erent values ofr,. The results for 4 selected values of
ry are shown in Fig. 5.6.

We found that setting the time penalty weight to smaller values, such
asry = 0 in Fig. 5.6(a) or ry = 2000 in Fig. 5.6(b), results in the function
reaching an incorrect minimum away from the ground truth motion, multiple
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Objective function
Objective function

OF OF
@ry=0 (b) ry = 2000

Objective function
Objective function

OF OF
(c) r{ = 10000 (d) r = 20000

Figure 5.6: E ect of time penalty term r; on the objective function for a
ground truth velocity u = 0:8.

ambiguous minima or both. On the other hand, setting, to larger values,
such asr; = 10000 in Fig. 5.6(c) orry = 20000 in Fig. 5.6(d), results in
the function reaching a global minimum at the ground truth velocity. This
shows that ablating ¢; = 0) or undertuning the time penalty results in
an erroneous data association due to the ambiguity caused by uncorrelated
events. Varying the ground truth velocity or maximum distanced,,sx did
not change these results.

To showcase the e ect of undertuning the time penalty, we consider a
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camera moving with a sinusoidal ground truth velocity varying from 1 to 2
pixel/timestep over a period of 100 timesteps (frames). For each experiment,
we evaluate the objective function following the procedure described above.
Inspecting the resulting objective function, the predicted ORJ;eq is found
as that satisfying the criterion 5.3 and used to evaluate AEE.

Figs. 5.7(a) and (b) compare the AEE obtained for two values of the time
penalty weight for ry = 20000 andr, = 2000, respectively. The largermr;
value results in a 4 fold increase in accuracy for planar motion estimation.
This highlights the importance of the time penalty weight.

(@) ry = 20000 (b) ry =2000

Figure 5.7: Comparison of the AEE over a sequence of 200 synthetic frames
for the same sinusoidal ground truth velocity and acceleration and two values
of the time penalty weightr,.

Next, we use the synthetic dataset to demonstrate the feasibility of the
distance-based method on a more (I:Iomplt?e#x camera motion such as (Case Il):

0:8
0:6

and evaluate the generalized distance as a function of OF over the two dimen-
sional grid described above. For a time penalty weight = 10000, Fig. 5.8
shows that the global minimum, marked by a red dot, corresponds to the
ground truth motion.

57



Objective function

Figure 5.8: The objective function evaluated over an OF range for a ground

truth OF of (u;v) = (0:8;0:6).

5.5.3 Results

In this section, we demonstrate the ability of our approach to estimate planar
motion. We use our distance-based method to solve the data association
problem. Instead of the brute force uniform discretization approach employed
above, we exploit our particle Iter framework to search the optical ow space
for estimating planar motion.

Initially, all particles are uniformly initialized to cover an OF space rang-
ing from 0O to 10 pixels/timestep in both directions, and the number of par-
ticles N is varied between 100 and 400. Particles inconsistent with the mea-
sured evente receive a generalized distance af,,x and, therefore, a low

likelihood score that updates its weight via Eq. (5.7).

5.5.3.1 Synthetic Dataset

We consider a camera moving with 3 di erent types of ground truth mo-
tions, namely constant, linearly varying, and sinusoidally varying velocities.
For every 100th incoming event, we show in Figs. 5.9(a), (c) and (e) the
ground truth velocity (green dots), the predicted OF (red dots), and the
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particle distribution (black dots). The results show qualitatively that our
approach can accurately track the ground truth motion in all 3 cases. The
corresponding relative AEE, shown in Figs. 5.9(b), (d) and (f), con rm this
conclusion quantitatively. Our method accurately estimates various types of
planar camera motion with average errors less than 1%.
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Events

(a) Sinusoidal velocity (b) Sinusoidal velocity error

Events

(c) Linear velocity (d) Linear velocity error

Events

(e) Constant velocity (f) Constant velocity error

Figure 5.9: Comparison of (a) sinusoidal, (c) linear and (e) constant ground
truth motions (green), our predictions (red), particle distributions (black),
and (b), (d) and (e) their corresponding relative AEE, respectively.
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55.3.2 AES Dataset

As a sample case, we show in Fig. 5.10(a) the ground truth velocity (blue
dots), the predicted OF (red dots), and the particle distribution (black dots)
for a sample of 200000 events from theslider far sequence. The results
show qualitatively that our approach can accurately track the ground truth
motion on an AES sequence. Figure 5.10(b) shows the corresponding End-
point Error (EE) per event. It con rms our conclusion quantitatively. Our
method accurately estimates the planar camera motion with an average er-
ror less than 0.6% over the sample. Similar results were obtained for all
four motion sequences. This performance is attributed to our asynchronous
distance-based method capability to correctly associate events and their pre-
vious rings along event tracks.

EE [%]

Events Events

(a) Slider far velocities (b) Slider far error

Figure 5.10: Sample performance of our approach on tekder far sequence.
(a) It accurately tracks the planar OF vs a sample of 2 10° events. (b)
Relative Endpoint Error (EE) vs a sample of 2 1 events for theslider far
sequence.

We compare in Table 5.1 the performance of our approach to those of
the event-based SAE approach [18] and the MATLAB implementation of the
frame-based LK approach [106]. The latter approach was implemented on
the companion grayscale images provided in the dataset. We used the code
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provided by Benosman et.al [18] to evaluate the camera motions. The SAE
approach [18] accumulates event within a few millisecond windows into an
image frame to track the camera motion. We used windows of 10 ms in our
implementation of SAE. Eq. (5.21) was used to evaluate thAEE ¢ in all
sequences.

Table 5.1: Comparison among the asynchronous planar motion approach, the
event-based SAE [18], and the frame-based LK [106] in terms of the Relative
Average Endpoint Errors AEE ().

Approaches slider far  slider close slider hdr far slider hdr close

AEEreI [%] AEEreI [%] AEEreI [%] AEEreI [%]

This Approach 0.95 11 0.97 1.08
SAE [18] 3.9 3.7 4.9 4.6
Frame-based LK [106] 14.7 13.9 - -

Our approach clearly outperforms both the SAE and LK approaches on all
4 sequences. In particular, while LK approach fails on the high dynamic range
(hdr) sequences, due to the degradation in the quality of the grayscale images
a ected by the large intensity di erences in those scenes. Our approach
maintains the same accuracy level. This shows the advantages of events
cameras in hdr situations.

5.5.4 Discussion
5.5.4.1 Initialization of the Particle Filter

Carrying out an e ective search for precedents of an event requires a history
of previous events. As a result, starting the particle Iter search algorithm
requires an initialization period during which this history is generated. We
show an example of this initialization period by reporting the EE for every
100th incoming event over the rst 10000 events of thelider far sequence
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in Fig. 5.11. The gure shows high errors during the rst few thousands
events which diminishes reaching less than 2.5% EE beyond 3000 events as
the history of events acquires the necessary amount. This behaviour was
observed for all other sequences as the synthetic dataset, Appendix C. We
recommend that the initialization period be omitted from the motion tracking
results.

Figure 5.11: Relative Endpoint Error (EE) per 100th event for the rst 10,000
events of theslider far sequence.

5.5.4.2 Rapid Motion Limitations

In this section, we test the limits at which the velocity constancy assump-
tion starts to undermine the accuracy of our motion estimation approach.
Towards that, we consider a synthetic dataset generated by our simulator
described above where the camera is moving with a ground truth horizontal
velocity that varies sinusoidally around a mean of 1.5 pixel/timestep over a

period of 100 timesteps (frames)
" #
1:5 + pcos(Est)

0

U=

As the amplitude of the velocity variation p is increased, we evaluate the
objective function for an OF range from O to 10 pixels/timestep, determine
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the predicted OF U;,eq as that satisfying the criterion 5.3 and used it to
evaluate AEE.

Fig. 5.12 shows samples of the AEE for four values of the sinusoidal peak
to peak velocity variations and their corresponding accelerations. Comparing
the error pro les shown in Fig. 5.12, we found that unlike the velocity, which
varies periodically, the AEE was not periodic. In other words, the errors
encountered are not directly proportional to the magnitude of velocity. This
is expected since even where velocity variation is periodic the scene features,
and therefore event tracks, are not necessarily periodic. However, similar
velocity magnitudes had similar levels of AEE regardless of the terminal
peak to peak velocities. As the peak-to-peak velocity variation increased the
AEE increased monotonically signaling a loss in accuracy in Figs. 5.12(c)
and (d). However, the error was in all cases bounded and diminished as the
velocity approached its mean value.

To examine more closely the dependence of the AEE on the magnitude
of velocity, and the limits of our approach's accuracy, we consider another

synthetic dataset with a constant ground truth velocity of
n #

u
U =

For each value ofu, we evaluated the AEE over 200 timesteps of the camera
motion. Five trials were conducted starting from ve dierent points in
the reference image. The average AEE was calculated over all trials. This
procedure was repeated for the velocity range from 0.1 to 12 pixels/timestep
in steps of 0.1 pixels/timestep. The results are shown in Fig. 5.13. The error
sensitive to velocity increases signi cantly beyond 3 pixels/timestep.

5.5.4.3 Texture Limitations

Textured scenes trigger event cameras to produce denser event streams (more
events per second). To visualize this e ect, we show in Fig 5.14 50 event
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(a) p=0.1 (b) p=0.5

(c) p=0.75 (d) p=1

Figure 5.12: Samples of the AEE for a camera moving with 4 selected sinu-
soidally varying velocities as a function of the timestep (frame).

frames in a sparse scene (top) obtained by setting the data simulator to low
sensitivity and a dense scene (bottom) obtained by increasing the simula-
tor's sensitivity over the same area of the reference image. The dense scene
guadruple the number events compared to the sparse scene, lling on aver-
age more than 70% of the image area (70% of all available 3232 pixels)
compared to 20% of the area in the sparse scene.

To quantify the impact of textured scenes on our approach, we consider
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Figure 5.13: The mean AEE as a function of a constant ground truth velocity.

a camera moving with a ground truth velocity of
" #
0:8
U=

0

We vary the sensitivity of our synthetic data generator to increase the ob-
served texture of the reference image. For each value of the sensitivity, we
evaluate the AEE as the camera moves for 1 second with respect to the ref-
erence image and calculate the mean AEE for all events. We repeat this
evaluation as the scene texture is varied in 30 steps and show in Fig. 5.15
the mean AEE as a function of the texture expressed in terms of the total
number of events generated during the motion. The results show that the
accuracy of the motion estimation decreases signi cantly with higher tex-
ture. For instance, the AEE for more textured scene that red about 35,000
events/s (lling 70% of the area) is six times more than that of the sparse
scene generating 10,000 events/s ( lling 20% of the area). This behaviour is
explained by the fact that events in textured scenes re very closely in space
and time, making the problem of data association harder to resolve.
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Figure 5.14: Generated event frames for a true ground truth velocity = 0:8,
Left: 20% of area is lled with events, and right: 70% of area is lled with
events

5.6 Conclusion

In this chapter, we have validated the thesis hypothesis by showing that our
proposed method which handles each event individually without assuming
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Figure 5.15: The mean AEE as a function of scene texture for a camera
moving with a ground truth motion u = 0:8.

any relationship to its neighbors beyond the consistency with the camera
motion, is su cient for correct data association of events and their previous
ring along corresponding tracks. Our results show that this can successfully
identify the correct motion in situations of high speed, high dynamic range
and strong illumination changes. We characterized cases that limit its accu-
racy, mainly in highly textured environments and very fast motion. Further,
our results on real data are an order of magnitude more accurate than optical
ow based approaches.
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Chapter 6

Asynchronous General Motion
Estimation

6.1 Introduction

In this chapter, we extend the voting based approach presented in the previ-
ous chapter to solve the general form of the event-based motion estimation
problem Egs. (3.4) and (3.6). In fact, our extended approach is also valid for
the case of general camera motion and arbitrary scene depth.

In the case where the camera is undergoing an arbitrary motion, each pixel
may have its own depth. To address that, we create a new asynchronous vot-
ing based method, which predicts forward a set of candidate image velocities
from the data association, then perform a search over all those candidates to
vote for the one that is most consistent with the camera motion. This allows
us to formulate a new depth-less objective function.
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6.2 Method

The general motion equation, Eq. (3.4), relates the image velocities (Optical
ow) U (x) and the camera translational and angular velocities (; T) by:

1
U(X) = mA(X)T + B(X) (61)
where
) # " Xy f +x2 #
f Xy _T+Xx2
A(X) = 0 x . B(x) = f+f , f y
0 fy i X

Given a camera velocity ( ; T) and an image velocityU, we want to quantify
the consistency of the image velocity, obtained from the data association
(Eq. (3.6)), with the camera velocity. While it is possible to solve for the
unknown depthZ (x) based on smoothness, by assuming that pixels that re
within a close spatiotemporal distance represent areas that have the same
depth. However, as per our problem formulation we want to avoid the use of
smoothness assumptions. We, therefore, present a new voting-based method
to estimate general motion by solving for the unknown depth.

The distance-based method outlined in Section 5.2 involved a backward
projection &, of an evente(x; t; p) to associate it to its previous ring e,. We
now propose a di erent way to solve the data association problem, (Eq. (3.6)),
by searching for all previously red eventsk. in a spatiotemporal window
aroundx, evaluating candidate image velocitiedl ¢ that forward project them
into e then minimizing an objective function to determine the candidate ow
consistent with the camera motion.

Let E.(x;n;m) 2 E, colored dots in Fig. 6.1, represent the set of can-
didate events within ann n spatial window centered around the current
event locationx, and a temporal window m t centered aroundt q t the
previous ring time at x wherem g Using Eq. (3.6) we project each
candidate evente. forward to obtain a candidate image velocity:

Ue= xx 6.2)

t tc
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Figure 6.1: Graphical outline of the forward prediction method. For an input
event e, look back at this pixel x just before this event red and search for
previous event candidates in a spatiotemporal window arounxl. Project

each candidate forward to predict the image velocityJ ¢ corresponding to
the correcte, that red e (red in this example).

Only the correct ow candidate U € that is consistent with the camera motion
(T, ) will associate the correct prior event, to e.

Given U€, three groups of unknowns are left in Eq. (6.1): the camera
translational and angular velocitiesT and and the depthZ(x). Bruss and
Horn [27] derived a constraint that eliminates the depth from Eq. (6.1) by
resetting it in the form:

T (x U)+(T x)' (x )=0 (6.3)
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which reduces to:
0O 1:0 1 0 1 Ol 1

Ty fv (f2+y? Xy fx Iy
%Tyg (%b fu & Xy (f 2+ x?) fy & ?@! yﬁ) =0
T, yu xv fx fy (x2+y3) 1,
| —{z—1}
LI}
(6.4)

where the matrix [l ] is a function of the image velocity. We used Kanatani's [33]

normalized translational form:
0 h i1
AX)T
1 @h '’ vA (6.5)

D% AeTK T Taggr

where V] and [V], are the x and y components of a 2D vectdv , to rewrite
the bilinear constraint in the form:

(U B )YKA Tk =0 (6.6)
F(U;T; )=0 (6.7)

where F is the bilinear constraint.

The scale ambiguity [©], imposed by the appearance of the translational
velocity and depth as a ratio% in Eq. (6.1), means that we can only infer
the direction of translation (the unit vector 1) known as the translational
heading, but not its magnitude. Expressing the translational heading in
spherical coordinates, it can be written as:

0 1
SN COS

£(; )= Bsin sin X (6.8)

Cos

where is the polar angle between the x-axis and the polar axis, andis
the azimuthal angle between the z-axis and the translationd! unit vector.
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Given a set of candidates image velocities, = fU¢g<, for a current
evente, we de ne a gseneralized motion function as:
< -
min(F(UST; )+ P(te;0); Vinax); P =
GUST: tead = (U )+ PladiVnad: P =P (6.9)
" Vinax; otherwise

The function P (t) is a time penalty function:

P(te;q) = rijte (t qt)j (6.10)

wherer, is the time penalty weight andVpyax IS @ maximum motion penalty.

In case of pure rotational motion, the translational velocity isT 0
rendering the bilinear constraint singular. Under this condition, the motion
equation Eq. (6.1) reduces to:

2
usfly, yl+ o1, );—y!X
2 Xy (6.11)

and we replace the functior by a rotational function F,; derived directly
from the above equation:
Fot(US )= jjuU® Ujj=(u° Urot)2+(VC Vrot)2 =0 (6.12)

Using the generalized motion function, we de ne an objective function
for general motion that votes the minimum camera motion over all image
velocity candidates:

M(e;T; )= min (GULT: ;tiq) (6.13)

6.3 Framework

We extend our planar motion particle lter, Section 5.3, to use the objective

function de ned above as the likelihood that votes the image velocity consis-
tent with the camera motion. The framework is described schematically in
Figure 6.2 and procedurally in Algorithm 2.
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Figure 6.2: A schematic of the framework. For a current ever, our forward
prediction method serves as the likelihood in a particle Iter framework to
vote the ow candidate which is most consistent with the camera motion.

For a current evente, we identify a set of forward ow candidatesk;.
The lter is represented by a set particles,P® = ij(t)ngzl for each ow
candidate Uf. Each particle consists of the current state j(t); j(t)) and its
weight wj(t). We update the state of every particle via the motion prediction

step such that:

FO=F8 Ve mdFY) (6.14)
t - @t ) (t)
= Lm0 (6.15)
where ' ’; ' ))is the previous state of particlg att , M (") and

M ( j(t)) are sampled from a Gaussian distribution independently for each
vector such thatM (") and M ( V) N(0; ?), and is the standard
deviation.

In the measurement update step, we modify Eqg. (5.7) to calculate the
likelihood P(ej T{; ") for each particle given the measured ever as:

Pej Tl M) =exp( M (e) (6.16)
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where , is a scaling decay parameter. After assigning a likelihood to each
particle, we normalize the distribution, and resample as described in Sec-
tion 5.3. The camera egomotion{"; ) is estimated as the weighted
average over all the particles.

As shown in Fig. 6.2 and algorithm 2, for a current eveng, a single pre-
dicted ow candidate votes multiple camera motions (particles), in order to
nd the best set of image and camera velocities that minimizes the objective
function Eq. (6.13). This is a more e cient approach than that adopted in
the planar motion framework.
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Algorithm 2:  Asynchronous General Motion Estimation

[N

N

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

Input:  Current Event

Output: Camera Egomotion (Heading and Angular Velocities)
Initialize N 5 particles (camera velocities) with uniform weights;
if p> 0then

‘ Add and update the positive polarity history;

else

‘ Add and update the negative polarity history;

end

if enough eventghen

Motion prediction step using Eq. 6.15;

Search for the closest events within a spatiotemporal window ef
Predict forward ow candidates using Eq. 6.2;

for each particle in N do

if T Othen

‘ Evaluate F for each candidate using Eq. 6.12;

else

‘ Evaluate F for each candidate using Eq. 6.7;

end

Compute each candidate's motion cost using Eq. 6.9;
Evaluate the total cost using EqQ. 6.13;

Compute the likelihood from the returned cost using Eq. 6.15;
Update the particle's weight using Eq. 5.8;

end

Normalize the weights of all particles;

Resample ifNerr 55

Output the mean camera heading and angular velocities of all
particles;

end
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6.4 Experimental Setup

To experimentally validate our hypothesis that multiple event tracks can be
used to solve the data association problem, we use a real dataset and process
each event individually. The weightr; of the time penalty is varied in the
range of O to 25000 pixels/s. In our experiments, we use a spatial window
of n = 4 and a temporal window made ofm = 50 resulting in a temporal
window of 50 s. The maximum motion costVy,.y IS varied between 2 and
3. All particles are uniformly initialized to cover angular velocities ranging
from -20 to 20 rad/s and all 360 degrees translational headings. The number
of particles N is varied between 500 and 1500. Particles inconsistent with
the measured evene receive a maximum motion cost o¥.x and, therefore,

a low likelihood score that updates its weight via Eq. (6.16)

6.4.1 Egomotion Dataset

We use a state-of-the-art Event-Camera Dataset and Simulator [120] which
contains scenes collected via the Davis [22] AES with a spatial resolution
of 240 180 pixels, a sampling period oft = 1 s, and a dynamic range
130 dB. The Davis also has a built in Inertial Measurement Unit (IMU),
which measures the rates of the tilt (pitch), pan (yaw) and roll (optical axis
rotation) around the X, Y, and Z axes of the camera, Figure 6.3.

The dataset includes the 2D translation sequences described in Section 5.5.1.2
as well as general motion sequences that we will use in this section. Specif-
ically, we use two rotational sequences, namebkhapes rotationand boxes
rotation, where the latter features a highly textured scene, and four general
motion sequences, namelghapes translation shapes 6dgfposter 6dof and
hdr poster, where the latter sequence features a high-dynamic-range (HDR)
created using spotlights. These sequences contain ground truth velocities
from the IMU collected at 1KHz, and ground truth camera pose from a mo-
tion capture system (mocap) collected at 200 Hz. Each sequence is about 1
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minute long and contains 100{200 million events.

Figure 6.3: De nition of the Davis IMU reference frame and axes de ni-
tion [47].

6.4.2 Ground Truth

We recover the ground truth linear velocity and angular velocity of the cam-

era. Let [P] be the 4 4 camera pose at time t:
n #
R X
P = (6.17)
0 1

where X is a 1 3 translation vector and R] is a 3 3 rotation matrix

such that [R] 2 SO(3). Given [P4] and [P,], the camera poses at; and t,

respectively, the transformation matrix M ,;] from t; to t; is:

#

R, X
My = PP, = 021 121 (6.18)

where R»;] is the resulting 3 3 relative rotation matrix and X ; is the
resulting relative translation vector.
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Assuming constant acceleration, the ground truth translational velocity
T4 and angular velocity ¢ of the camera can be obtained by numerical
di erentiation as:

X1
t, 44
logm(R 21)

= = 2 2 2
S— (6.20)

Ty= (6.19)

wherelogm is the logarithmic map fromSO(3) to so(3). It converts the rate
of [R;] into the corresponding skew symmetric matrix:
2 3

o I,
=81, o 1.4 (6.21)
I, 1y O

Since we can only infer the camera headiri not the actual translational
velocities T, we normalize the ground truth translation velocity vector to
obtain T\g and recover the ground truth heading and using the spherical
coordinates equations (6.8).

6.4.3 Performance Metrics

To evaluate the performance of our approach, we compute the Axis (orien-
tation) Error for the translational heading (AE+) and the angular velocity
(AE ). For a timestep t;, they measure the distance between the sampled
ground truth of the camera motion and that predicted using the closest event
to it. They are de ned as:

AE+(ti)) =cos Y(Tped Ty) (6.22)
AE (t;) =cos *( pred  g) (6.23)
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We also compute their Averages for ensemble of events:

1 Xe

€i=1

1 Xe
e

whereNg is the number of events. Further, We evaluate the angular velocity's
Magnitude Error ME at timestep t; as:

and its average as:
1 Xe .
e

i=1

Finally, we normalize the AME with respect to the ground truth angular
velocity to obtain the relative AME :

AMEreI — i Jk i;pred k2 k |,gk2J (6.28)

6.5 Results

First, we show that our framework can accurately estimate the camera head-
ing for the same planar motion sequences analysed in Section 5.5.3.2. Note

that for these sequences " #
fo= O

o]0

and 2 3
OO

=30k

OO
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Our predicted heading and angular velocity are shown in solid lines whereas
the corresponding ground truth motions are shown in dashed lines in Figs. 6.4(a)
and (b) for the slider far sequence. The di erence between the predicted and
ground truth heading are small, Fig. 6.4(a), as quanti ed in Fig. 5.10(c). The

AE approaches zero over time. The predicted angular velocity, Fig. 6.4(b),
settles down to the ground truth within 1 second. The results show that our
approach can accurately track the ground truth motion on an AES sequence.

(a) Heading (b) Angular Velocities

Axis Error[deg]

Time[s]

(c) Heading error

Figure 6.4: The predicted (solid lines) and ground truth (dashed lines) (a)
heading and (b) angular velocity for theslider far sequence and (c) the
corresponding heading AE.
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Next, we test our approach's ability to accurately estimate motion in
general motion sequences. We show in Fig. 6.5 the AE and relative ME
evaluated over time forshapes 6dofand hdr poster sequences. The results
show, Figs. 6.5(a) and (b), that our approach can accurately track the camera
heading with an AAE < 2deg and angular velocity with anAME ¢ < 1%
for shapes 6dofsequence. It also shows that our approach performance on
par for the high dynamic range sequenchkdr poster, Figs. 6.5(c) and (d),
with an AAE < 1:.5deg and anAME ¢ < 1%. Similar results were obtained
for the other four general motion sequences.

(a) shapes 6dofAE (b) shapes 6dofME

(c) hdr poster AE (d) hdr poster ME

Figure 6.5: Samples of the heading axis error, and relative angular velocities
error over time for the shapes 6dofand hdr poster sequences.
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