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Abstract

In this work, we study multi-class patient scheduling with stochastic daily patient
arrivals. Different classes of patients are characterized by different service times, waiting
cost parameters, and rejection cost parameters. Our primary objective is to infer the policy
used by the decision-makers, who schedule patients over a finite time horizon, based on their
historical decisions. To achieve this, we first develop a mathematical model that captures
the complexities of patient scheduling and is representative of the problem that decision-
makers may consider to scheduling patients. Then, we utilize the Riccati and Hamiltonian
approaches to estimate the cost parameters that have influenced the scheduling decisions
made by the decision-maker. The Riccati approach begins by estimating the expert’s
policy, which is then used to determine the cost parameters. Conversely, the Hamiltonian
approach derives the cost parameters through the optimality conditions of a path trajectory
without needing to estimate the expert’s policy. Using a simulation model, we demonstrate
the efficiency and robustness of the proposed methods. Furthermore, we apply Riccati and
Hamiltonian approaches to MRI data from two hospitals to estimate the cost parameters
used in their scheduling decisions. Utilizing the estimated cost parameters, we analyze
the root causes of the observed outcomes and examine the impact of these underlying
factors on the scheduling process. Finally, through counterfactual analysis, we propose
two alternative scheduling policies that reduce the total cost, even with the original cost

parameters used by the decision-makers.
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Chapter 1

Introduction

Due to the COVID-19 pandemic, more patients are experiencing extended waiting periods
for medical appointments. In Ontario, over 100,000 people are waiting longer than the
advised time for surgeries during the pandemic !. Additionally, Ontario is dealing with
a big backlog of around one million surgeries because of the pandemic 2. In response to
this situation, healthcare providers are required to optimize patient scheduling to improve
the system’s efficiency and reduce the wait time. Patient scheduling is a challenging task
considering the limited resources available and the unpredictable nature of daily patient
arrivals. The objective of this study is to develop a data-driven model based on historical
data to first understand how patients are currently being scheduled and then provide in-

sights into how the procedure of patient scheduling can be improved so that the throughput

of the system is increased.

Hospitals operate under constant pressure, striving to be as busy as possible without

1], https://globalnews.ca/news/9329715/ontario-long-waiters-pandemic-surgery/
2[16], https://bit.ly/ontario-surgery-health-care-backlog-medical-association


https://globalnews.ca/news/9329715/ontario-long-waiters-pandemic-surgery/
https://bit.ly/ontario-surgery-health-care-backlog-medical-association

wasting resources ®. The stochastic nature of patient arrivals adds a layer of unpredictabil-
ity to this challenge, further emphasizing the need for an efficient and responsive scheduling

system.

According to Section 2.2, numerous studies focus on patient scheduling in hospitals,
such as [1, 20] and [21]. Yet, there is a gap in understanding how decision-makers actually
schedule patients in real-world settings. These studies, while addressing advance schedul-
ing, often independently set optimization problems and assign some weights to different

factors concerning the utilization of the system.

Inverse Reinforcement Learning is suitable for scenarios where the reward or cost func-
tion is unknown, but decision-maker’s demonstrations are available. Analysis of decision-
maker behaviour can yield insights into their scheduling strategies. For instance, a decision-
maker might believe they prioritize certain patient groups, but the reality could be dif-
ferent. We can quantify the daily waiting cost parameters for different patient groups to

understand the level of prioritization for each group.

In this research, we study the problem of inverse advance scheduling, focusing on multi-
class patients. Each day, a stochastic number of patients request service, termed as the
daily demand. The service provider schedules these patients within a booking horizon,
which we assume is based on a specific cost function considered in a finite horizon setting.
While we can observe the decisions made by the service provider, the specific cost function
guiding these decisions remains unknown. Our goal is to identify this cost function utilized

by the decision maker, by analyzing their decisions and the corresponding daily demand.

In the first step, we carefully model the cost function that the decision-makers consider

when scheduling patients. We assume that the objective function of the problem consists

3[17], https://bit.ly/waiting-your-turn-wait-times-for-health-care-in-canada-2022


https://bit.ly/waiting-your-turn-wait-times-for-health-care-in-canada-2022

of three main cost components. The idle time cost rises quadratically in both unused
daily capacity and over-scheduled daily capacity. Waiting cost, on the other hand, grows
linearly with the number of days patients wait to receive the service, varying for each class
of patients. Lastly, rejection cost increases quadratically with the daily number of patients

rejected, with each class having its own rejection cost coefficient.

We analyze the proposed inverse problem using two approaches, namely the Riccati
approach and the Hamiltonian approach. The Riccati approach begins by estimating the
expert’s policy and then uses this policy to determine the cost parameters. In contrast,
the Hamiltonian approach employs a different strategy for solving the inverse problem. It
estimates the cost parameters based on the optimality conditions of a path trajectory. We
show that the Riccati and Hamiltonian approaches can be used in both noiseless and noisy
environments to estimate cost parameters. We prove the uniqueness of cost parameters
for a given set of actions and demands. Based on extensive numerical experiments, we
demonstrate the effectiveness of the proposed approaches under various conditions where
different parameters including the booking horizon, time horizon, and uncertainty in the
system dynamics vary. As the time horizon approaches infinity, we observe that our cost

parameter estimations approach the exact values.

Using patient-level data from two hospitals, we estimate the cost parameters utilized to
schedule patients and observe a correlation between waiting cost parameters and average
waiting day. Specifically, we observe that classes with fewer average waiting times typically
have higher waiting cost parameters, indicating an inverse proportionality. Additionally,
we analyze how the decision maker balances cost parameters, such as timely patient care
prioritization versus minimizing overtime capacity. We also examine the scheduling pri-
orities of the decision-makers and explore differences between the two hospitals’ policies.

Additionally, we provide constructive feedback to hospitals, helping them improve their



performance and decrease the average waiting time for different classes of patients.

Moreover, in the counterfactual analysis section, we introduce two alternative schedul-
ing policies, each showing cost advantages over the decision-maker’s policy. Under identical
demand arrivals, our proposed methods outperform the decision-maker’s choice in terms of
the total cost of the system. To calculate this total cost, we use the inferred cost parameters
that the decision-maker employed to schedule patients. One of the proposed alternative
scheduling policies is derived from the policy learned from the decision maker’s actions
via the Riccati approach, and the other is based on the cost parameters estimated using
the Hamiltonian approach. While the decision-maker occasionally deviates from the uti-
lized cost parameters and alters prioritization levels, our approaches maintain consistency
in these aspects, thereby reducing total costs. These proposed policies could replace the
decision maker’s role, generating improved actions based on the inferred cost parameters

of the decision maker, given the demand and the system’s state.



Chapter 2

Literature Review

In this study, with the aim of inverse reinforcement learning, we analyze the process of
patient scheduling in a setting with a central decision-maker who schedules patients over
a finite horizon. Thus, this work is related to the papers in the literature on Inverse
Reinforcement Learning and Advance Scheduling, which are explored in sections 2.1 and

2.2.

2.1 Inverse Reinforcement Learning

According to [5], imitation learning is defined as the process of learning from the example
set by an expert or a teacher. [5] describes Inverse Reinforcement Learning (IRL) as
a particular form of imitation learning, which focuses on estimating the cost or reward
function from the expert’s demonstrations. Inverse optimal control (IOC), and inverse
optimization are two related concepts to IRL. IOC and IRL have merged into one field,

previously having distinct focuses with IOC centred on system stability and IRL concerned



with the optimality of actions, as explained in [5].

Both IRL and IOC are parts of the Inverse Optimization framework. Based on observed
solutions or outcomes, Inverse Optimization addresses the task of inferring the parameters
or objectives of an optimization problem. Inverse Optimization techniques are useful when
the objective function or constraints of the problem are unknown, but its solutions or de-
cisions are observable. The goal here is to find the underlying optimization problem that

generates the observed solutions.

IRL is closely related to Reinforcement Learning (RL). According to [29], RL involves
an agent developing a policy to interact with its environment, given a reward function.
Specifying a reward function for an RL agent can be challenging. A solution to this is
IRL, which can be viewed as an extension of RL in this environment, focused on learning
a reward function from an expert’s demonstrations. [3| uses an external trainer to instruct

new agents through inferring reward function.

When inferring an agent’s cost function, it may be necessary to consider the format
of the function, which can vary from linear and quadratic to other types of functions. [3]
assumes that the cost function can be expressed as a linear function of known features and
focuses on finding the weights of each feature. [19] assumes a quadratic cost function and
adapts the recovery matrix approach to fit the observed trajectory, thereby successfully
recovering the cost function. [30] also models the cost function linearly but assumes the
expert’s actions are stochastic. They use an algorithm to uncover the underlying reward
via maximum entropy. Despite its usefulness for determining cost parameters, the method
does not guarantee the uniqueness or existence of these parameters. In contrast, our study
demonstrates that in the absence of noise, a unique solution up to a scalar ambiguity exists

for the advance scheduling problem and can be successfully obtained.



A commonly explored scenario in various papers involves the system dynamics being rep-
resented as a linear combination of states and actions, accompanied by a cost function that
is quadratic in nature. This framework is known as Linear Quadratic Regulators (LQR).
[28] consider quadratic regulators. They make a strong assumption that the quadratic
multiplier for expert actions is known. Under this assumption, they illustrate that cost pa-
rameters are unique and identifiable. Conversely, [27] extends the study of [28], relaxing the
necessity of knowing the expert’s action quadratic multiplier and successfully determining

a unique cost function up to a scalar ambiguity.

Our research problem is closely connected to the aforementioned papers; however, it
differs in terms of its specific focus. We aim to apply the IOC and IRL methods to infer
the cost parameters in an advance scheduling context. Using IOC approaches, we aim to
demonstrate that each policy is uniquely generated by a specific set of cost parameters
and estimate these parameters. In [15], another application of IRL is mentioned which
is intent prediction and trajectory forecasting. Specifically, they consider a setting where
they observe human behaviour and make predictions about their current and future actions.
They assume that the actor aims to minimize a quadratic cost function by selecting an

action from a predefined set, through which the actor’s intentions are identified.

[13] employs maximum entropy to address the problem of Inverse Optimal Control
(IOC). They also propose an optimality condition that involves a setting where the cost
function has zero gradients in terms of the action. We employ a comparable technique,
known as the Hamiltonian approach, to identify the underlying cost function, as detailed

in Section 5.

In Chapter 3 of [14], thorough research is presented on inverse optimal control, highlight-

ing optimization-based methods that solve the inverse problem. Within these approaches,

7



the Hamiltonian method is employed extensively, providing numerous references to various
studies that have applied the Hamiltonian approach in different contexts. These include
scenarios involving feedback-law-based approaches and truncated-sequence methods. |[2]
offers a comprehensive survey on inverse optimal control and inverse reinforcement learn-
ing, discussing the Hamiltonian approach as one of the primary methods for solving inverse

optimal control problems.

2.2 Advance Scheduling

Our study concentrates on inter-day scheduling, differing from intra-day scheduling. In
intra-day scheduling, patients receive appointments within the same day, with the primary
objective of minimizing service wait times, as detailed in |9, 12|, and [21]. In contrast, our

focus on inter-day scheduling involves dynamically scheduling patients for future days.

This study investigates the use of inverse reinforcement learning in advance scheduling.
The advance scheduling setting involves notifying patients of their appointments once they
request the service. It contrasts with the allocation scheduling setting, in which service
providers maintain a queue and add service requests to the queue as the requests for the

service arrive. Under the allocation policy, patients are notified of their appointments on

the scheduled day.

[25] is based on the advance scheduling setting with two main classes of patients, urgent
and regular. Regular patients can wait for their service, whereas urgent ones require
immediate service. Our study aligns with this categorization, classifying patients by service
type and urgency. However, in this study, decision-makers have the option to schedule
multiple classes of patients for future time periods. The literature on advance scheduling

generally assumes stochastic demand. [20] and [24] utilize Markov decision processes as an

8



analytical tool. Additionally, [!] explores an asymptotic regime and develops a diffusion-

optimal policy.

There are some applications of inverse reinforcement learning in different areas such as
economics e.g. [2, 18] and autonomous driving e.g. [22, 26]. However, in the context of
advance scheduling, to the best of our knowledge, no paper in the literature applies inverse
reinforcement learning to understand how patients are being scheduled as their requests

are received by the service provider.



Chapter 3

Problem Formulation

The main focus of this study is on advance multi-class patient scheduling. It begins with
the assumption that service providers do not make arbitrary choices; rather, they adhere
to some form of algorithmic thinking when allocating time slots to patients. This behavior
is carefully modeled in 3.2 and based on the proposed optimization model we estimate
the best weights that fit the decision-maker’s algorithms to schedule patients. Essentially,
our main objective is to infer the intentions of the decision-makers when they schedule
patients. This allows us to offer constructive feedback on patient scheduling. We will use
the decision maker, who schedules the patients, and the expert interchangeably since in
this problem it is assumed the decision maker is an expert who is minimizing some cost

function and our primary aim is to estimate the weights of their cost function.

10



3.1 Definitions of Variables

Our research aims to understand the decision-making behavior of service providers in a
patient scheduling setting. We model this behavior by introducing an objective function,
which decision-makers aim to minimize when making scheduling decisions. To estimate the
parameters of this cost function, we employ Inverse Reinforcement Learning (IRL), which

is an approach for inferring the underlying objective function based on observed decisions.

In the context of advance patient scheduling, applying IRL involves identifying the cost
parameters governing scheduling decisions. These decisions are defined as the actions taken
by the decision maker denoted by u. The variable 4" denotes the number of patients of
class i scheduled for day ¢ + n (receiving their service on day t + n), based on the action

taken on day t.

On day t, patients can be scheduled for consecutive days ¢, + 1,t+2,--- ,t + N — 1.
Here N defines the length of the booking window which is the time window within which
patients can be scheduled. This period ranges from day 0 to N — 1 following the day
of scheduling. This also imposes a constraint on the dimensions of the action vector w.
Patients are categorized into I distinct classes due to their service type (e.g., brain, heart,
and leg) and their emergency level (e.g., 1, 2, 3, and 4). The service providers are granted

the daily capacity of Cp., hours.

In the process of scheduling patients, decision-makers take into account the required
duration of service for each class of patient, commonly referred to as service time. The
service time vector is denoted by M where element M, represents the estimated service
duration for a patient belonging to class 7. A stochastic number of patients from class ¢
request services on the day ¢, indicated by D;,. We consider a finite horizon setting with

T periods.

11



3.2 Cost Function

The cost function is carefully designed to reflect the complexity of scheduling patients. As
previously stated, the goal is to provide service to patients as soon as possible. However, the
process is complicated due to different levels of urgency among distinct classes of patients.
Our approach involves breaking down the cost parameters associated with decision-makers

into three primary components: waiting cost, rejection cost, and idle time cost.

The waiting time refers to the delay between patient arrival and their scheduled ap-
pointment. Patients’ satisfaction and service quality will generally decline the longer they
wait for service. The cost function is constructed such that the longer a patient has to wait
for their service, the higher the incurred waiting cost is. We assume the system incurs a
daily waiting cost of W, for each patient of class ¢ waiting for service. These waiting cost
weights are distinct for each class, thereby allowing us to capture the different levels of
urgency among them. Specifically, W; > W, indicates that class i patients have a higher
level of urgency compared to class j patients. The vector representing the cost of waiting is
denoted as W. It is composed of elements W;, where i ranges from 1 to I, inclusive. Specif-
ically, for each ¢ € [1,I], W; specifies the waiting cost associated with the element. The

following equation represents the i-th class waiting cost on day t incurred by the system:
N—1

w; Z nuy". (3.1)
n=0

The cumulative waiting cost for class ¢ on day ¢ can be derived from (3.1). This is
calculated by multiplying n, the total days of waiting, with the number of patients required

to wait for n days until receiving service.

To calculate the total waiting cost over the time horizon, we need to sum this up for

different patient classes and across different days. Thus, the total waiting cost can be

12



expressed as follows:

I
Z W,y nul™, (3.2)

This waiting cost definition and its linear growth with the number of days waiting for

the services is aligned with the work of [10].

Rejection costs are incurred when the service provider declines patients rather than
scheduling them. The rejection cost vector, denoted as p, where each element p; corresponds
to the weight associated with class i. We assume that the rejection cost follows a quadratic
growth pattern with the daily number of rejected patients of a specific class. Each day, the
total number of rejected patients of class ¢ can be found by subtracting its daily demand
and the total number of scheduled patients of class ¢ on the same day within the booking

window. Thus, the total rejection cost accumulated over the time horizon is given by:

I N-1 2
Zpi (Di,t_ UT) : (3.3)

n=0
For the sake of simplifying future calculations, we define a I x I matrix, P, called the

rejection cost matrix, where The only non-zero values are found on its diagonal, P;; = p;.

Idle time cost penalizes inefficient scheduling, which can manifest in two ways. Firstly,
overscheduling which captures scheduling more patients than the maximum daily capacity
can accommodate. Secondly, the days when resources remain underutilized, creating idle
periods. We define S, as the idle time cost coefficient. The cost associated with idle time
on any given day exhibits a quadratic growth with the difference between the hospital’s
capacity and the total time already scheduled for that day. More specifically, the total idle

cost has the following form:

~
_

t 1
S(Crax — > Y Muid, ), (3.4)

J=Jmin =1

if
[e)

13



where,

Jmin = max(1,t — N +1). (3.5)

We next derive the total cost of the system as the sum of the total rejection, waiting,

and total idle time costs. Thus, it can be stated as follows:

T-1 1 N-1
I (xo:(7-1)s Do(r-1); Wo(7-1)) ZZPz = u")?
t=0 =1 n=0
T-1 1 ‘
+ Z Z WZ nui” (3.6)
t=0 =1 n=0
-1 t T 2
+).8 <cmax > Miu;’t_j> .
t=0 Jmin =1

Then, the instantaneous cost for each day can be defined as:
I N-1 t0 o
g(xy, Dy, uy) Z pi(Dir— Z uy —1—2 W; Z nu;’n—l—S(CmaX—Z Z Mu™7)2. (3.7)
1=1 n=0 jmin 1=1

Thus, the total cost of the system can be written as,

T-1

\7(1130:(T—1)7 DO:(T—1)> Uo:(T—l)) = Zg(xta Dy, Ut)- (3-8)

t=0
3.3 System Dynamics

In this section, we discuss the dynamics of the system. Let x; represent the state of the
system on day t. It is necessary to consider the effect of the action taken by the expert on
day t, as it alters the scheduled capacities of days ¢t,t +1,--- ,t+ N — 1. The state of the
system on any given day is a function of the previous day’s state and the actions taken on

that day:

Ti+1 = A.’Et + But, Vit € [O, T — 1], (39)

14



where A is an N x N upper shift matrix and B is

B & AllyoM"). (3.10)

The multiplication of B with u, illustrates the effect of the action at time ¢ (u;) on the
state at time ¢t + 1 (z441). In particular, z;,; includes the previously allocated time for the

days between t + 1 and t + N — 1.

Given the dynamics of the system in (3.9) and the cost function the expert is trying to

minimize defined in (3.8), the optimization problem faced by the expert is as follows:

!
-

J(xg, Do.r—1y) = min g(z¢, Dy, uy),
0Ly UT (3.11)

subject to w441 = Axy + Buy, VYVt e [0, T —1].

Il
=)

When the decision-maker is scheduling patients, the state x; and demand D, for future
dates are unknown. Therefore, every day, the decision-maker is confronted with a cost-
to-go function defined as J. The objective is not just to minimize the instantaneous cost,
g(x¢, Dy, uy), but also to consider the expected cost of the future dates. The cost-to-go

function can be written as follows:

j(l’t, D,) = min g(x, Dy, uy) + E [j($t+17 Dt)|33t] )
=0 (3.12)

st. x4y = Axy+ By, Vte[0,T—1].

It’s worth noting that the main focus of this study is not on how decision-makers
solve the optimization problem demonstrated in (3.12), as this aspect has been explored in
various advance scheduling studies, e.g., [1], [25], [20], and [2]. Rather, the focus is, given
the historical scheduling decisions made, to characterize the criteria considered to make

the decisions.

15



Ensuring that u; > 0 poses a significant challenge and makes solving the problem very
difficult. Thus, for inverse advance scheduling, we consider the unconstrained problem to
estimate the forward problem and refer to it as the unconstrained scheduling problem or
modified problem. Consequently, in the modified problem, the cost-to-go function becomes:

j@?t, D) =min  g(xy, Dy, uy) + E {j(Amt + Buy, Dt)|$t} )
Ut

(3.13)
s.t. L1 = Al't + BUt7 YVt € [O,T - 1]

On some days, a negative number of patients may be scheduled for a specific day in
(3.13). The solution to this issue is to redefine the cost function and add a new term that
prevents and penalizes such scenarios. This term is called the smoothness coefficient term
and is denoted by 0. Then, the cost-to-go function becomes:

j(l’t, Dt) :ming(xt, Dt, Ut) +E [j(A(L’t + But, Dt)|l’t] + 6U:ut, ( )
ut 3.14

st. w1 = Axy + By, Vte[0,T—1].

The term du; u; penalizes the objective when some decision variables get negative val-
ues, encouraging smoother actions during the booking window. If the value of § is set
too high, it forces actions to be nearly equal throughout the booking window, ensuring

non-negativity.

The cost function previously defined in (3.14) represents the forward problem. As a
next step, we will discuss the inverse problem. We assume that an expert has already
solved the cost-to-go function (3.14) and generated a sequence of actions, ug.(r—1), based
on daily demand, Dy.(r—1), and the state of that day, zo.(r—1). Our objective in this study is

to estimate the cost parameters they considered for generating this data. In mathematical

16



terms, the inverse problem is defined as follows:

min 0 (3.15a)

S, py W, dg.(r—1), $o:(T-1)

s.t.

arg_min (g(i‘t, Dt7 Q_Lt) + E [j(AQATt + Bﬂt, Dt)|jt] + (5@:1_1/15) = Ug, YVt € [0, T— ]_], (3].5b)

ut

jjt—i—l = Ai’t + Bﬁt, Vt € [0, T — 1], (315C)
i’t = T, \V/t S [O,T — ]_], (315d)
’LALt = Uy, YVt € [0, T — ]_] (3156)

The above optimization problem, (3.15), describes the inverse problem. We assume that
there is an expert who generated the set of states, zo,r—1) and actions, ug.(r—1). In the
absence of noise, the objective value may take some value such as 0 but the important part

is that our equations must hold and we state them as the constraints of the problem.

The first set of constraints in (3.15b) indicates that the expert selects optimal actions
that minimize the cost-to-go function. The second set ensures that the system dynamics
are maintained, consistent with the dynamics outlined in (3.3). The third and fourth sets
of constraints ensure that the states and actions derived from the inverse problem precisely
match the observed states and actions. In essence, this implies that there is no noise in

our observations of the system states or expert actions.

3.4 Advance Scheduling with Noise in Observations

Note that the expert’s actions might be suboptimal, causing actions to deviate from those

obtained based on solving an optimization problem using the cost parameters. In this case,
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the optimality constraint (3.15b) is violated. To cover such deviations, we include a noise

term, ¢;, in the optimal feedback:

w =V, + WpD; + Wg+¢, VYiel0,T—1]. (3.16)

Uncertainty in the system dynamics then results in violation of constraints (3.15¢).

Considering uncertainty in the system dynamics, we get,
Tip1 = Azy + Bug + G, VYVt €[0,T — 1], (3.17)

where (; accounts for the deviation from the ideal state transition, due to missing data or

other inconsistencies in the scheduling process.

Sometimes the expert makes optimal decisions but our observation of the system’s
dynamics is imprecise, e.g., certain patients’ service times deviate from the estimated
service times. This leads to inconsistencies in our observations of states, as described in
constraint (3.15d), and actions, as described in constraint (3.15¢). To account for this, we
introduce a noise term (; into the system state. The observed or estimated state can then

be expressed as:

Ty = Xy + ét- (318)

The same logic is applied to the actions u;. In an ideal scenario, these actions would
be optimal. However, due to the presence of noise, the observed actions may deviate from
the theoretically optimal or expected ones. Thus, we introduce a noise term ¢; to express

the observed or estimated action as follows:

U = Up + Et' (319)
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Chapter 4

Riccati Approach

The Riccati approach is beneficial in the analysis of systems with quadratic cost functions
in terms of state and action, especially when the system dynamics are linear. A notable
benefit of Riccati equations is to find a linear function where the action is linearly dependent
on the state. Riccati’s approach helps us in two ways. Initially, it helps us estimate the
parameters of the cost function in (3.15e) (the inverse problem). In addition, it solves the

unconstrained problem outlined in (3.14) (the forward problem).

Our model defined in (4.2) is different from the standard Riccati equation in the lit-
erature (see e.g. Chapter 4 of [7]). First, the cost function in (4.1) includes cross-term
multipliers between state and action denoted by matrix G, resulting from the idle time cost
in (3.4), which are not present in the cost function defined in Chapter 4 of [7]. Second, our
model includes stochastic demand term denoted by D;, which is absent in the standard
Riccati cost function. In Lemma 1 we show that the optimal action, u,, is a linear function
of the state, x;, and the daily demand, D, in 1. For detailed technical information on the

previously established aspects of the Riccati approach in the literature and our application
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of it, please refer to the appendix D.

In (4.1), we rewrite the instantaneous cost function as a quadratic function of state, ac-
tion, and demand. For detailed technical proof of this reformulation, refer to the appendix

in A.9.

T
9(%5, Dy, Ut> = LT(]IN ® WT)Ut + (Dt - <]IL & I[I>Ut> P(Dt - (12 ® HI)Ut) (4 1)

+ (Coax iy — 2y — (Iy @ M Nuy) " Sere] (Coaxdy — 20 — (Iy @ M " uy).

The instantaneous cost function can be rewritten in the matrix form, introducing new
variables to aid in calculations. We define H, as the linear cost action vector.Matrix F
is the linear cost state vector. Matrix G serves as the cost action-state matrix. The
quadratic cost state matrix is denoted by ),while R is the quadratic cost action matrix.
The instantaneous cost is represented as a scalar. The matrix form of the instantaneous

cost is given by:
g(xt, Dy, ut> =C,4+2Hu; + 2Fx; + ZxZGut + xtTth + utTRut, (4.2)

where,

C,= D/ PD,+ SC?,_, (4.3a)
H, = %LT(]IN QW) =D/ P15y ®@1;) — CraxSe] Iy @ MT), (4.3b)
F = —CpaxSe] , (4.3c)
G = (Sere] Iy M), (4.3d)
Q = Seje; , (4.3¢)
R=(1y@I)PAy 1)+ Iy M) Sere] Iy @ MT) + 6ly;. (4.3f)
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While both the matrix form and the normal form are equivalent, the matrix form tends
to be more suitable for mathematical calculations. Note that the only time-varying cost
matrix is the linear cost action matrix, H,;, and within the definition of this matrix stated in
(4.3b), the only time-varying component is the demand. Based on the matrix presentation

in (4.2), the following lemma is derived.

Lemma 1 If the system incurs the daily cost (instantaneous cost) described in (4.2), the
optimal action of the expert on the day t, u, is a linear function of the state, x;, and

demand, D,. Specifically,

U = V.ﬁEt + WDDt + WE, YVt € [O, T — 1], (44)
where,
V=—-(B'KB+R) " (A'TKB+G)', (4.5a)
1 T

Wg=a (BTET + <§LT(]IN QW) = CraxSe] (Iy ® MT)> ) : (4.5b)
Wp=—a(ly®I;) P, (4.5¢)
K=Q+A"KA—(ATKB+G)(B'TKB+R) " (ATKB+G)", (4.5d)
E=(F+E[H]V)(Iy—A—-BV)™", (4.5¢)
a=—(B'"KB+R)™". (4.5f)

Proof. A.1.

The significance of Lemma 1 lies in the ability to express the expert’s optimal actions as

a linear function of the state, with the multiplier denoted as V', and the demand, with the
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multiplier, denoted as Wp, along with a constant factor referred to as Wg. The matrices
V,Wp, and W are referred to as the action matrices. Starting from this point onward, we
shall refer to V' as the state-action weight matriz, Wp as the demand-action weight matriz,

and Wg as the time-invariant action component.

By estimating the values of V', Wp, and Wg, we can learn the expert’s policy. As a
result, given any state and demand, we can derive the optimal action of the expert. Note
that matrices V and Wp, as well as the vector Wy, are functions that depend on the cost

parameters and the service times.

4.1 Estimating Action Matrices

This section provides an estimation of the action matrices as the first step in estimating the
cost parameters. Using the provided data, we find the expert’s actions, states, and demands
throughout the time horizon, which are represented by the vectors ug.(7—1), Zo:(7—1), and
Dq.(r—1y. Note that action matrices are estimated using Lemma 1. Then. the closed-loop

equation given in (1) can be restated as follows:

Although we know all the states, xo.r—_1), actions, wug.(r—1), and demands, Dy.r_1), the
action matrices that the expert used are unknown. However, the matrices V and Wp, as
well as the vector Wg, can be estimated using Equations (4.6). We estimate the action
matrices by combining all equations in (4.6) and using the following theorem. Theorem

4.1.1 focuses on estimating the action matrices V, Wp, and Wg. In order to accomplish
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this, it is essential to introduce some new variables as detailed below:

W=V oW, Wi,

U:[ul u2 uT:|,
X

Y=1|D]|, (4.7)
1r

X: xl l‘Q xT:|7

p=[p, b - Di].

In (4.7), the matrices U, X, and D represent the concatenated sequences of expert
actions ug.(r—1), system states xo.(r—1), and daily demands Do.r_1).
The matrix Y is constructed by stacking X, D, and a row of ones (1r), facilitating the
representation of the system inputs in a compact form. The matrix W, is composed of

V., Wp, and Wg, the action matrices.

Proposition 4.1.1 Let {uo.r-1)}, {®o.r-1)} {Do:(r—1)} represent the sequences of expert
actions, states, and demands respectively, observed over a discrete time horizon T. If
the matrix Y has full column rank, the action matrices V,Wp, and Wg can be uniquely

determined by solving the subsequent optimization problem:

minimize ||U — WY ||g.
W

Proof. A.2.

In Theorem 4.1.1, the estimation of action matrices is enhanced by the length of path

trajectory. In other words, a longer path trajectory reduces the estimation error in W.
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The reason is that more equations lead to larger sizes for both U and Y, enhancing the
ability of least squares optimization to find more accurate values for the action matrices.
A reduction in the estimation error in W has a cascading effect on the estimation errors

in V, Wp, and Wpg, thanks to their interdependencies.

Once the action matrices are estimated, it is necessary to determine whether certain cost
parameters contributed to these matrices. In the following sections, using the recovered
action matrices, we estimate a unique set of cost parameters up to a scalar ambiguity under

some conditions.

4.2 Scalar Ambiguity in Cost Function

In Theorem 4.1.1, the action matrices are estimated. However, the cost parameters remain
unknown. These parameters include the rejection cost parameters (p), idle time cost (5),
and waiting cost parameters (W), all of which should be estimated. In matrix form stated
in (4.2), note that each matrix is unknown at the beginning. However, these matrices can
be found step by step and subsequently, the cost parameters can be estimated. To estimate

the cost parameters, the following lemma is crucial.

Lemma 2 The action matrices, V,Wp, and Wg, defined in Lemma 1 remain unchanged
when all cost parameters are multiplied by a specific non-zero number.

Proof. A.J.

Based on Lemma 2, we conclude that the multiplication of all cost parameters by %, does
not alter the action matrices. Therefore, without loss of generality, we assume that S = 1.

Furthermore, this ensures the uniqueness of the remaining cost parameters by resolving
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the scalar ambiguity. Note that, Matrices (), representing the state quadratic multiplier,
(G, the state-action cross multiplier, and F, the state linear multiplier, are independent of
both the rejection cost vector p and the waiting cost vector W. Consequently, assuming

S =1, they can be considered as known matrices.

4.3 Riccati Gain Matrix

Given the known matrices @), F', and G found in Section 4.2, along with the action matrices
V, Wp, and Wg estimated in Theorem 4.1.1, we aim to find matrix K. By applying Riccati
equations as detailed in Lemma 1, the matrix K can be estimated. As shown in (4.5d),
matrix K is uniquely identifiable. Notably, this solution lies within the class of positive
semi-definite symmetric matrices. We first revisit Lemma 1 that defines the matrix K, as

follows:

K=Q+A"KA—(ATKB+G)(B"TKB+R) " (ATKB+G)". (4.8)

Lemma 3 Consider the Riccati Gain Matriz K, which is defined in (4.8). Then, K can

be determined through the following vectorized formulation:
vee(K) = (Iywn — (AT @ AT) = (0T @ AT)) ™ (vee(Q) + vec(GV)), (4.9)
where, 0 is defined as:
0= BV, (4.10)

Proof. A.5.

Now, we can estimate K simply by converting vec(K') back to the matrix form K.
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4.4 Estimation of Rejection Cost Parameters

Rejection cost parameters can be estimated through action matrices using two distinct
ways. The first approach involves using the state-action weight matrix, denoted as V/,
which is further discussed in Section 4.4.1. In the second approach, the demand-action

weight matrix, denoted as Wp, is leveraged, as discussed in the subsequent Section 4.4.2.

4.4.1 State-Action Weight Matrix

In this section, rejection cost parameters are estimated using the equation that defines the

state-action weight matrix, V', as stated in Lemma 1:

V=—-(B'KB+R) (A'TKB+G)", (4.11a)
(B'TKB+R)V =—(A"KB+G)". (4.11D)

The two relations provided in (4.11a) and (4.11b) are equivalent. This equivalence is

achieved by multiplying both sides of (4.11a) by (BT'KB + R).

Utilizing (4.11b), our objective is to estimate the rejection cost parameters and the
smoothness coefficient term. In order to achieve this, we define variables ¢;;, c;j, C1, Ca,
and C5 as detailed below:

N
iy = ((PCI)V)Z-]- = piZVKI+i,j7 Vie [1,1],Vjel,N],

k=0

c; = (G Gy VY) Vi€ [1,1], Vj € [1,N],

i’
4.12
C1 2 (IyxI)), ( )

Cs 2 (0] C))7'of ¢y,
Co2 —(InoM)Tere] IN@ M)W -B'K@OH+A) -G,
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Note that P denotes the rejection cost matrix, M represents the service time vector, K
is the Riccati Gain Matrix as identified in Lemma 3, and G is the cost action-state matrix
defined in Lemma 1.

The variables defined in (4.12) are then employed in Theorem 4.4.1 to construct an opti-

mization problem for determining the cost parameters.

Proposition 4.4.1 By applying the Riccati approach and state-action weight matriz equa-
tions, the optimization problem defined below aims to minimize the error between the ob-
served and estimated values of the Riccati equations, leading to the estimation of the rejec-
tion cost parameters p1.; for each class and the smoothness coefficient term §.

I

al 2
Z (¢ij +0cy; — C3i,j)

min
PLP2:P3; P10 2 C—
= (4.13)
N
st ¢ij = Pz‘ZVKHz‘,j, vie[l,I], VjellN]
k=0

Proof. A.S.

Note that (4.13) can be used in situations where there is noise in the equations. However, in
the absence of noise, (4.13) transforms into the following equation, as detailed in Appendix

4.4.1:
¢ij + 6Cij = C3'L',j7 Vi € [1,]], VJ S [1,N} (414)

Equation (4.14) presents a set of N x [ equations with I 4+ 1 unknowns, including the
rejection cost parameters for each class and the smoothness coefficient term. In noise-free
scenarios, solving these equations enables the determination of pq, po, p3, ..., pr, and 9. No-

tably, (4.14) contains redundant equations, so in the presence of noisy data, Theorem 4.4.1
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recommends an optimization-based approach to estimate the rejection cost parameters.
Despite potential deviations in some equations due to noise, using all available equations

improves the estimation of these parameters.

4.4.2 Demand-Action Weight Matrix

This section explores an alternative method to estimate the rejection cost parameters and
the smoothness coefficient. Instead of employing the state-action weight matrix discussed
in 4.4.1, we utilize the definition of the demand-action weight matrix, Wp stated in (4.5¢).
To assess consistency and accuracy, we can compare the results of these two approaches

when dealing with noisy data. We restate the definition of Wp as follows:
Wp=—a(ly®I;) P (4.15)

By employing the definition of a stated in (4.5f), we obtain the following equation:

(BTKB+R)Wp =1y ®I;)"P". (4.16)

Utilizing (4.16), our objective is to estimate the rejection cost parameters and the smooth-
ness coefficient term. In order to achieve this, we define variables ©, ©, Cy, and v as detailed

below:

CE ((Cfcl)_lcf Wp),
021, —-C] Wp, 17
Ci £ (CTCy) 70,

yE& (B"TKB)Wp — (Iy @ M) Tere] (Iy @ MT))Wp.
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Proposition 4.4.2 By applying the Riccati approach and demand-action weight matriz
equations, the optimization problem defined below aims to minimize the error between the
observed and estimated values of the Riccati equations, leading to the estimation of the

rejection cost parameters py.; for each class and the smoothness coefficient term 9.

11

' i@i-+5@"—6’i~2, Vie[l,I], Vjell, I 4.18
B, 20 (8300 = Cun))’s Vi€ (LI, WiElLI). (s
Proof. A.6.

Similar to the previous section 4.4.1, we can argue that (4.18) can be used in situations
where there is noise in the equations. However, in the absence of noise, (4.18) transforms

into the following equation:

pi©ij +00ij = Cyyy, Vi€ (L, 1], Vje LI (4.19)

As detailed in Appendix 4.4.2, (4.19) is proven to hold in scenarios free of noise. Equa-
tion (4.19) presents a set of I x I equations with / + 1 unknowns, including the rejection
cost parameters for each class and the smoothness coefficient term. In noise-free scenarios,
solving these equations enables the determination of pi, po, p3, ..., pr, and 6. By utilizing
the minimization problem in (4.19), which aims to satisfy the demand-action weight ma-
trix equations, we can estimate the rejection cost parameters, p;, as well as the smoothness

coeflicient, 9.

4.5 Estimation of Waiting Cost Parameters

In Sections 4.4.1 and 4.4.2, we estimated the rejection cost parameters p and d, allowing

us to determine R, which depends on p, ¢, and service time vector, M, as defined in (4.3f).
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Below, we restate the equation defining R:
R=(1y@I)PAy@l)+ (Iy@ M) ee] (Iy @ M") + 6ly;. (4.20)

As a result of (4.20), R is determined and used to identify waiting cost parameters in

Section 4.5.1.

4.5.1 Time-Invariant Action Component

The time-invariant action component, Wg, defined in (4.5b), can be written as follows:
Wg=a(B'ET + (%LT(]IN QW) — Craxel In @ M 7)) 7). (4.21)
Multiplying both sides of (4.21) by a™!, given in (4.5f), we get:
—(B"KB+ RWg=B'E" + (%LT(]IN QW) = Craxe] Iy @ M) 7. (4.22)

Utilizing (4.22), our objective is to estimate the waiting cost parameters. In order to

achieve this, we define variables C5, Cg, C7, and Cy as detailed below:

Cr 2 G5 — (CoF T = CoVT(BID]]TP(1] ® L)

4 Coaxe Iy @ MT)T 4 (Crnaxel (Iy ® MT))T), (4.23a)

Cs 2 (CeV' +1np), (4.23b)

Cs2 B (Iy—A—-BV) ", (4.23¢)
1 T

Cs2B'ET + <§LT(]IN @WT) — Craxe (Iy ® MT)> : (4.23d)

Proposition 4.5.1 For each class i, let W; be the waiting cost parameter. By applying

the Riccati approach and its equations, the optimization problem defined below aims to
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minimize the error between the observed and estimated values of the Riccati equations,

leading to the estimation of the waiting cost parameters.

NI NI 2
W1,W21’,nmi/£lf'-,wj kZ (<C7)k a Z 5 (08)k7i WJ) ' (424)

where,

g =rem(i,I)+1, (4.25)

n=|-|. (4.26)
Proof. A.7.

In Theorem 4.5.1, we can see (4.24) can be used in situations where there is noise in the

equations. However, in the absence of noise, (4.24) transforms into the following equation:

NI
n
(Coe =) 5 (Co)ei Wy, Vk€[LIxN], (4.27)
i=1
where,
j=rem(i, I)+1,
(4.28)
In (4.27), we encounter a set of N x I equations with I unknowns, which include the

waiting cost parameters. Nonetheless, through (4.24), we can determine these waiting cost

parameters in both noisy and noiseless environments.

We can now evaluate the Riccati approach’s efficacy for our problem setting. Time

efficiency is one of the major advantages of this method. Solving the forward problem
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discussed in (3.14), requires daily calculations of optimal actions. The Riccati approach
can find the optimal actions quickly. The reason behind that is the optimal actions are

expressed as linear functions of the state and demand, as indicated in Lemma 1.

An additional benefit of the Riccati method is its capability to replicate the policy of
experts. This method finds action matrices, which capture the expert’s decision-making
process. This is especially useful if our objective is not estimating the cost parameters but
replicating the action matrices. For example, if we want to replicate how well-managed
hospitals schedule their resources, the Riccati method is effective. It allows us to not just

copy successful strategies, but also still gives us the option to estimate the cost parameters.

Note that, this approach has some limitations. While a greater time horizon, T', can
reduce the estimation error in V', Wp, and Wy in (4.1.1), this does not guarantee a straight-
forward, proportional reduction in the estimation error for the rejection costs and the wait-
ing cost parameters. Therefore, the relationship between the number of equations and the

accuracy of estimation is not direct.

Further, the Riccati approach requires extensive parameter learning. To put this into
perspective, our primary learning targets are the rejection and waiting cost parameters,
which include 2 x I parameters. However, the Riccati method requires us to learn N x I x
(N+1I+1) parameters for the action matrices. Additionally, we must also identify K, with
dimensions N x N. This complexity could make alternative methods more attractive when
the focus is to obtain cost parameters. In the following section, we will explore another
approach that aims to directly estimate the cost parameters, thereby potentially mitigating

some of these limitations.
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Chapter 5

Hamiltonian Approach

In this section, we aim to directly estimate the cost parameters defined in (3.15) without
finding the action matrices defined in Lemma 1. We explore one of the most traditional
methods in both optimal control theory and optimization algorithms, known as the Hamil-
tonian Approach. In contrast to the Riccati approach, which is tailored just for quadratic
cost functions, the Hamiltonian Approach is more versatile. Scalability is one of the most
notable characteristics of the Hamiltonian Approach. While both the Hamiltonian and
the Riccati approaches achieve reduced estimation errors with extended trajectories, the

Hamiltonian approach accomplishes this objective more efficiently.

In [27], the Hamiltonian approach is utilized with the cost function being a quadratic
function of the states and actions of the problem. A unique set of cost parameters can be
identified, subject to scalar ambiguity under certain assumptions. However, their model
excludes cross and linear terms as well as stochastic variables like daily demand in our
study in the cost function. Additionally, their model does not account for uncertainty in

the observations. For detailed technical information on the previously established aspects
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of the Hamiltonian approach in the literature and our application of it, please refer to the

appendix C.

We assume that the expert is addressing an optimization problem, referred to as the

forward problem, as previously discussed in (3.14):

T
min  J(zo, Do.(r-1y) = Zg(xt, Dy, wy), (5.1a)

Uo,u1, ", uT —1
s.t. @1 = Azy+ Buy, Vte[0: (T —1)]. (5.1b)

Equation (5.1b) defines the dynamic of the system. To estimate the cost parameters using
the inverse problem, we first relax the constraints described in (5.1b) using Lagrangian
relaxation. As a result, the forward problem becomes:

T-1 -1
LX)\ 2 minu Z g(xp, ug) + Z M (Azy, 4 Bug — 441). (5.2a)

UQ, UL,y
k=0 k=0

Here, g represents the per-stage weighting cost (instantaneous cost) in the objective func-
tion as defined in (4.2). The Lagrangian function, £(X, \), is defined to help us solve the
inverse problem by analyzing the forward problem. Using Pontryagin’s maximum princi-
ple, discussed in Section 3.3 in [1 1], they prove that a necessary condition for the sequences
To;(r—1) and ug.(r—1) to be a minimizer of the cost function is the existence of a sequence
of vectors A(_1),(r—2) called co-states. Given the presence of an expert who has minimized
the cost function by solving the optimization problem outlined in (3.14), we can conclude

that the sequences o, r—1) and ug.(r—1) are the optimal solutions.

Utilizing the definition of g(z, Dy, ux) stated in (4.2), the Hamiltonian function is
defined as follows:
H(zy, ue, Ai) = Hy 2 g(ap, ug) + A} (Azy, + Buy)
= Oy + 2Hyuy, + 2F 2y, + 22 Guy, + x Qg + u) Ruy, (5.3)

+ A} (Azy + Buy), VK €[0: (T —1))].
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Consequently, we can express the Lagrangian function in terms of the Hamiltonian function

and the Lagrangian multipliers, as follows:

T-1 T-1
LOX,N) =D glaw,w) + Y A (Azg + Buy — wp41)
k=0 k=0
T-1 T-1
= (9@, w) + A (Azg + Bup)) = Y M e (5.4)
k=0 k=0
T-1 T—1
== Hk — )\;xk—i-l'
k=0 k=0

To address the inverse problem, it is helpful to determine the values of the co-states,
which are derived from the Lagrangian function. In Section 3.3 of the study presented in
[11], using Pontryagin’s maximum principle, it is established that within the Hamiltonian
approach, a path trajectory’s optimality is assured when four specific conditions are met.
For the detailed mathematical formulations, please refer to A.10. Below, we provide a

summary of the outcomes associated with each condition:

1. System Dynamics: This condition guarantees that the state of the system on any
particular day depends on the state of the previous day and the actions taken on
that day. Our system meets this condition, as the system dynamics, detailed in (3.9),
are likewise a linear function of the previous day’s state and the actions executed on

that day.

2. Adjoint Equations: This represents the relationship between co-states and the Hamil-

tonian function, expressed as:

P
New =5, Vhe [0, (T~ 1)) (5.5)

3. Boundary Condition: This condition ensures that the length of the path trajectory

is finite.
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4. Hamiltonian Condition: This condition guarantees that the actions taken by the

expert are optimal.

Similar to what was discussed in Section 4.2 and based on Lemma 2, without loss of
generality, we assume that the idle time coefficient multiplier, S, is equal to 1. As a result,
@, G, and F can be considered as known matrices, as outlined in Section 2, since they are

only dependent on idle time coefficient multiplier.

Co-state variable A\;_; can be found by as discussed below. We can express Hj, as:

Hy = g(zx, Dy, ug) + A, (Azy + Buy) (5.:6)
= Cy + 2Huy, + 2Fx;, + ZxJGuk + x;Q:vk + u;Ruk + A,I(Axk + Buy).

Based on the definition of Hj and the adjoint equations, Condition 2, our objective is to

identify the co-state variables, A. This can be expressed as:

OH
Nt = 5o
_ O(Cy + 2Hygug, + 2F ), + 22, Gug, + x, Quy, + uj, Ruy, + A} (Azy + Buy)) (5.7)

oy,
= 2F" +2Guy, +2Qx, + AT\, VE€[0,T —1].
Only two variables are unknown in this equation: Ap_; and Ag. Thus, we can write \,_;
as a function of ;. Subsequently, we employ (5.7) and recursively determine the co-state

variables, As using the co-state terminal, Ay = 0, based on Condition 3.

In Proposition 77, we outline an optimization problem designed to estimate all the cost
parameters. To facilitate the estimation process using the Proposition 5.0.1, it is helpful

to define Ry, for simplification of calculations, as detailed below:
K = —QGTl’k — BT)\k —+ QCmaxeir(]IN X MT)

—2(Iy @ M) ere] (Iy @ M Ny, Vke[0,T—1]. (5.8)
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Proposition 5.0.1 We propose the optimization problem formulated below that estimates

the cost parameters Wi.r, p1.r and d:

T NI-1
min Z Z (Paz — Hz)
p1:1,W1.1,6 0 =0 (59)

s.t. Ky =nW; —2(D] —ul) +ou)™, Vke[0,T—1], Viel0,(NI—1)].
where,
g =rem(i, )+ 1, (5.10a)

n=|-]. (5.10b)
Proof. A.S.

By applying least squares, we estimate the best cost parameter that fits to (5.9). Ex-
tending the time horizon will introduce additional terms to (5.9). As each term represents
an individual equation, these extra terms are important for the estimation of cost param-
eters, particularly in scenarios with disturbances in certain equations. Specifically, in the

absence of noise in the system, (5.9) turns into the following set of equations:

Ri=rt Vke[0:T—1], Vie[0:(NI—1)] (5.11)
where,
Vi€ [0,(NT—1)], (5.12a)
j=rem(i, I) + 1, (5.12b)
n— L% I. (5.12)

In (5.11), we encounter a set of T x N X I equations and 21 4+ 1 unknowns, which include
the cost parameters. This system of linear equations can be solved to determine the cost

parameters.
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Chapter 6

Numerical Study

6.1 Performance of the Proposed Approaches

In this research, Propositions 4.4.1, 4.4.2, and 5.0.1 (Riccati and Hamiltonian approaches)
estimate rejection cost parameters and the smoothness coefficient term. Moreover, Propo-
sitions 4.5.1 and 5.9 can be used to estimate waiting cost parameters. However, the ro-
bustness and effectiveness of our methods under noisy environments have not yet been

tested.

We created a simulation model featuring an expert making decisions based on daily
demand. The simulator stores information about the expert’s actions, system states, and
daily demand while information about their cost function is discarded. The simulation
model consists of some input parameters, including service times (M), booking horizon (N),
maximum service provider’s capacity (Cpax), and time horizon (7°), which define the service
provider’s operating conditions. Simulation inputs also include cost parameters rejection

costs (p), waiting costs (W), and smoothness coefficient term, . Poisson distribution
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characterizes the daily demand as the final input.

Upon receiving these inputs, the simulation model generates the expert’s optimal ac-
tions over the time horizon, utilizing the Riccati approach discussed in Section 4. It also
generates the linear cost state vector, F', the linear cost action vector, H;, cost action-
state matrix, G, quadratic cost state matrix, ), and lastly quadratic cost action matrix,
R which are defined in (4.2). Based on these cost matrices, it then generates the action
matrices, namely the State-Action Weight Matrix V', the Demand-Action Weight Matrix
Wp, and the Action Offset Vector W defined in Lemma 1. With this sequence of op-
erations, the forward problem defined in (3.14) is solved, resulting in the generation of
the expert’s actions. Following the expert’s actions, states are generated according to the

system dynamics stated in (3.3).

The second part of the implementation covers the inverse problem defined in (3.15),
where given the states (zo.r—1)), actions (ug .(r—1)), demands (Dg .(r—1)), we estimate the
cost parameters used by the expert. The cost parameters are retrieved using the Riccati
approach and Hamiltonian approach discussed in Section 4 and 5. We will demonstrate
the robustness of these methods in the presence of observation noise and system dynamics
noise discussed in Section 3.4. Additionally, varying conditions such as changes in the time
horizon and booking horizon might affect the estimation error in cost parameters. The
results will illustrate the correlation between the estimation error and noise, time horizon

T, and booking horizon N which are discussed in the following sections.

6.1.1 Sensitivity Analysis on Time Horizon

One of the key strengths of the Riccati and the Hamiltonian approach lies in their scalability

and the capacity to minimize estimation errors as the dataset expands. In this context, the
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analysis demonstrates that extending the time horizon directly correlates with a reduction
in estimation errors. The proposed methods have a significant impact on reliability and
robustness, making them ideal for applications that require high accuracy and large data

collection.

Initially, we focus only on a noise-free environment. Specifically, we assume that there
is no noise either in the system dynamics or in the observations, and all executed actions
are optimal. We use this as a baseline test to validate the effectiveness of the proposed

methods.

In the Riccati approach, the estimation error in the optimization problem, given in
Proposition 4.1.1, decreases with the increase in data length. Consequently, we attain a
lower estimation error in action matrices- the State-Action Weight Matrix V', the Demand-
Action Weight Matrix Wp, and the Action Offset Vector Wg. This leads to a reduced
estimation error in the rejection cost parameters found in (4.13), (4.18), and the waiting

cost parameters found in (4.24).

In the Hamiltonian approach, the estimation error in the optimization problem pre-
sented in 5.9, diminishes with the extension of time horizon. As a result, the rejection and
waiting cost parameters are estimated with greater accuracy, due to the increased number
of equations in the optimization problem. In (5.11), the number of equations is equal to

T x N x I, meaning that an expansion of the time horizon directly leads to more equations.

In Figure 6.1, the findings provide estimation errors in the Hamiltonian approach.
Figure 6.1 illustrates the estimation errors involved in the Riccati approach as the time

horizon is extended.

These figures indicate that when the time horizon is small and is around 10 days up

to 40 days, the Riccati approach has less estimation error compared to the Hamiltonian
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Figure 6.1: Estimation Error and the Time Horizon
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approach. The reason is that the action matrices, estimated in Proposition 4.1.1, are
converging faster than the method of estimating cost parameters with the Hamiltonian
approach discussed in Proposition 5.0.1. This is one advantage of the Riccati approach
compared to the Hamiltonian approach. However, with an increasing time horizon, the
Hamiltonian approach demonstrates a greater reduction in estimation error compared to
the Riccati approach. Thus, from these two figures, we can infer that the Riccati approach
performs better in settings with shorter time horizons, whereas the Hamiltonian approach

is more suitable for longer time horizons.

6.1.2 Sensitivity Analysis on Time Horizon with Noisy Dynamics

In Figure 6.2, it is demonstrated that our methods are robust against noise in the system
dynamics, even when the noise has a standard deviation of 100, as the cost parameters
are accurately identified and the estimation error does not change significantly compared
to the Figure 6.1. This figure shows the estimation error in determining the rejection and
waiting cost parameters with the extension of the time horizon. Similar to Figure 6.1, the
estimation error in the Hamiltonian approach and the Riccati approach decreases with the

extension of the time horizon.
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Figure 6.2: Estimation Error and Time Horizon with Noisy Dynamics
6.1.3 Sensitivity Analysis on Booking Horizon

In this section, we examine the performance of the proposed approaches when there is
noise in the actions, states, or dynamics of the system. Figure 6.3 illustrates the relation-
ship between the estimation error and the booking horizon where there is no noise in the

equations.

In the Hamiltonian approach, the number of unknowns rises with an increase in the
booking horizon, which leads to larger estimation errors. All co-state values must be
determined before estimating the cost parameters. Based on the second condition of the

optimality of a path trajectory discussed in 2, the size of the co-state vectors equals N.
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Consequently, as shown in Figure 6.3, the estimation error in the Hamiltonian approach
increases with the rise in N. Additionally, in the Riccati approach, the number of unknowns
grows as the booking horizon extends, leading to a larger estimation error. The Riccati
approach is more suitable for scenarios with large booking horizons than the Hamiltonian

approach.

6.1.4 Sensitivity Analysis on Booking Horizon with Noisy Dynam-
ics

In Figure 6.4, it is demonstrated that our methods are robust against noise in the system
dynamics, even when the noise has a standard deviation of 100, as the cost parameters
are accurately identified. This figure also shows the estimation error in determining the
rejection and waiting cost parameters. Similar to Figure 6.3, the estimation error in the
Hamiltonian approach increases with the expansion of the booking horizon. As shown in
Figure 6.4, although the Riccati approach exhibits a similar effect, it is more effective for
longer booking horizons. For creating all the graphs in the sensitivity analysis, we utilized
Python along with the NumPy package. To solve the forward problem, we employed the
Riccati forward approach as a simulator. For addressing the inverse problem, we contin-
ued to use the least squares method from the NumPy package to solve the optimization

problems as defined in Propositions 4.4.1, 4.4.2, 4.5.1, and 5.0.1.
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6.2 Case Study

We have access to historical data of two hospitals over two years. For each patient, the

data specifies the arrival date, priority level, and service date.

Patients are grouped into 4 different classes based on their priority level. The priority
levels are assumed to play a significant role in patient scheduling, with priority 1 incurring
the highest cost, followed by priority 2, 3, and 4. Patients’ daily arrivals are stochastic.

Figure 6.5 indicates the demand percentages across priority levels for the two hospitals.

We can calculate the daily demand based on the patient’s arrival date. For each day,
the daily demand vector is constructed such that D! represents the number of patients of
class ¢ that arrived on day ¢. In Figure 6.6, the daily distribution of patient arrivals at

Hospitals 1 and 2 are illustrated.

46



3 9 .
1 3
1
66.6%
40.7%
4 4

A B

Figure 6.5: Demand Percentages of Priority Levels at Hospital 1 in (A) and Hospital 2 in

(B)

25 - 20 ]
20
15 4
10 4
5
54
0- 0
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70 80

Number of Patients Number of Patients

=
w

Frequency
Frequency

=
o

Hospital 1 Hospital 2

Figure 6.6: Daily Distribution of Patients Arrivals

47



The next step will be to determine the expert’s actions. The objective is to construct
uy over the time horizon based on the available data. For a specific day ¢, this involves
identifying patients of class ¢ who arrived on day ¢ and are scheduled for day t + n. This

subset is denoted as u;".

The vector M of size I is available, where the M; represents the estimated service time
for the i-th class of patients. Given M, we can find matrix B, as previously defined in (3.9)

to obtain the effect of the action taken on each day:
B2 Ay M"). (6.1)

Based on the expert’s actions, we can also find the system’s states. An initial state is

represented by the following equation:
T N
x0:[0,07o,...,0] e R, (6.2)

The expression for subsequent states is the same as previously stated in (3.9), which ac-

counts for the impact of both current and preceding actions, as follows:

Tir1 = Al’t + But, Vt € [O, T — 1] (63)

Using the data, we estimate C\,,., indicative of a hospital’s maximum capacity. Al-
though scheduled capacities vary across the time horizon, C),., is a constant, aligned with
the hospital’s service capacity. As previously discussed, we assume operating at levels
either below or above Cyay incurs system idle time costs, as described in (3.4). The hos-
pital’s maximum daily capacity is approximated as a value close to the average number of

operational hours.

The booking horizon is defined as the smallest number for which about 65% of the pa-
tients’ waiting days fall below. This number signifies the threshold beyond which patients
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are considered to be rejected. However, in a real-world scenario, these patients are not ac-
tually rejected since every patient must be allocated an appointment. Instead, we consider
a substantial delay in receiving the service to be perceived as a form of rejection. Since
some patients do not receive immediate service and are scheduled outside the window, we

label them non-urgent patients or rejected patients.

The selection of the thresholds is based on two considerations: firstly, the majority of
patients do not experience rejection; secondly, this threshold strikes a balance between the
costs associated with rejection and waiting. Furthermore, it distinguishes urgent patients
from the rest of the patients by setting a threshold. The time horizon, T, is 500 for both
hospitals, corresponding to the 500 days of patient arrivals observed in Hospitals 1 and 2.

Figure 6.8 illustrates the distribution of waiting times for patients at two hospitals.

By using the recovered states xo.(r—1), actions ug.(r_1), daily demands Dy.(r_1), service
times M, and maximum capacity Ch.x, the Hamiltonian approach is employed to estimate

the cost parameters associated with the expert’s behaviour. We utilize Proposition 5.0.1
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to identify cost parameters using the Hamiltonian approach. The minimization problem
defined in (5.9) allows us to derive values for rejection cost parameters, denoted as p,
waiting cost parameters represented as W, and the smoothness coefficient term, denoted

as o.

In our implementations, we calculate the average waiting days for different priority
levels, yielding Table 6.1. Table 6.1 indicates that patients with priority 1 generally expe-
rience shorter waiting times than those with other priorities. This implies that priority 1
patients are assigned higher cost parameters, leading to their prioritization in treatment.
Consequently, this prioritization results in a reduced average waiting time for priority 1

patients.

Table 6.2 shows the number of rejected patients. We anticipate that classes with a lower
percentage of rejected patients correlate with higher rejection cost parameters. Consider
a scenario where priority 1 has higher rejection costs than priority 2. Decision-makers

are more likely to schedule these patients within the booking horizon than to reject them
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Hospital Priority Level Average Waiting Days

1 1 0.5
1 2 0.9
1 3 4.5
1 4 31.3
2 1 0.7
2 2 1.9
2 3 15.9
2 4 43.0

Table 6.1: Average Waiting Days for Hospitals 1 and 2

because of the higher rejection cost parameter. However, in rare cases where the percentage
of rejected patients is exceptionally low, this statement may not be entirely accurate.
Overtime costs and increased patient arrivals might cause more rejections from class 1 on
certain days, so this anticipation is not mathematically precise. However, this approach

remains a useful tool for generally anticipating rejection cost parameters.

Based on Table 6.2, at Hospital 1, the rejected cost parameter for classes 1 and 2
cannot be precisely estimated and our implementation, utilizing the Python NumPy solver,
indicated a significantly high rejection cost for classes 1 and 2. This arises from the absence
of a significant number of patients being rejected from these two classes. In such cases,
we estimate this cost effectively towards infinity. Based on the results provided in Table
6.2, class 2 presented a large rejection cost parameter that resulted in no patient being
rejected. Similarly, the high rejection cost parameter in class 1 led to a minimal number

of rejections, i.e., only seven out of 1561 patients.
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Hospital Priority Level

Number of Rejected Patients

% of Rejected Patients

Total Number of Patients

1 1 2 0.1% 2215
1 2 0 0% 1958
1 3 35 1.9% 1801
1 4 6979 58.8% 11886
2 1 7 0.4% 1561
2 2 36 0.9% 4219
2 3 1746 25% 6936
2 4 6659 76% 8719

Total Patients in Hospital 1 17860

Total Patients in Hospital 2 21435

Table 6.2: Rejected Patients Based on Priorities in Hospital 1 and 2

Based on the data provided in Tables 6.2 and 6.3, the behaviour of the decision maker
at Hospital 2 aligns well with our model. The lower percentage of patient rejections from
priority 1 is a result of higher rejection costs for this class, as the inferred cost parame-
ters suggest. Notably, the rejection cost for class 1 is higher than those for other classes.
This trend continues with classes 2, 3, and 4, in the same order as the percentages of re-
jected patients, thereby validating our model’s accuracy in explaining the decision maker’s

intentions.

Turning to the waiting cost analysis, Table 6.1 presents the average waiting days, and
Table 6.3 illustrates the recovered cost parameters. In both Hospitals 1 and 2, we observe
that the average number of waiting days is inversely proportional to the class priority,
with higher priority classes experiencing fewer waiting days. This trend is consistent with
the recovered cost analysis, where higher priority classes indicate greater waiting cost

parameters, suggesting that delays in servicing these patients are more costly.

At Hospital 1, the negative waiting cost values for priorities 3 and 4 suggest a decision-
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Hospital  Priority Level Rejection Cost Waiting Cost

Hospital 1 1 +inf 0.04
Hospital 1 2 —+inf 0.02
Hospital 1 3 1.00 -0.08
Hospital 1 4 0.06 -0.62
Hospital 2 1 0.58 0.229
Hospital 2 2 0.51 0.209
Hospital 2 3 0.23 0.084
Hospital 2 4 -0.02 0.015

Table 6.3: Rejection and Waiting Costs in Hospitals 1 and 2

making preference to delay services for these classes. However, the positive rejection costs,
denoted as p5 and p,, imply an incentive in scheduling them beyond the booking horizon.
While a small positive waiting cost might be justifiable, especially when compared with
higher-priority patients, a negative value indicates a preference to schedule these classes
as late as possible. This is particularly evident for class 4, where the large negative value
suggests that patients are scheduled later even when capacity exists, potentially leading to

a backlog and reduced service quality.

In contrast, Hospital 2 exhibits a negative rejection cost parameter for class 4, py4, as
shown in Table 6.3. A negative value in the cost function can have detrimental effects on
the system. We recommend a small positive value instead. The positive waiting cost for
class 4, W,, suggests a preference to schedule non-rejected patients as soon as possible,
however with a lower priority than other classes. This implies that the average waiting days

for non-rejected patients from class 4 should not be excessively high, as this would result
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in substantial waiting costs for the system. Regarding class 4 patients who are rejected,
the negative value in the rejection cost suggests that the decision maker is inclined to
reject patients from this class as much as possible. Nevertheless, the idle time cost, with a
large coefficient of 1, forces the scheduling of some of the patients to avoid resource waste,
especially given that the rejection cost parameter for this class is -0.03. Our analysis
also reveals that non-rejected class 4 patients have an average waiting time of 10.4 days,
significantly lower than the 43-day average shown in 6.1. This aligns precisely with our
expectations based on the recovered cost parameters: a relatively small number of waiting
days for non-rejected patients and a significantly larger number for those who are rejected.
The decision-making policy for class 4 patients can be summarized as follows: the decision-
maker tends to reject them as often as feasible, scheduling them beyond the booking
window. However, in instances where there is available capacity in the upcoming days,
some class 4 patients are scheduled for these slots to prevent resource wastage. This
accounts for the significant difference between an average of 10.4 days for patient of class
4 scheduled within the booking window compared to the average of 43 days for class 4
patients. This finding underscores the effectiveness of our inverse method in interpreting

patient scheduling accurately.

Comparing Hospitals 1 and 2 based on Table 6.1, we find that Hospital 1 has a higher
percentage of patients of class 1. Hospital 2 demonstrates a clearer distinction between
classes based on priority, as indicated by the waiting cost parameters being comparable to
the idle time coefficient, which is equal to 1. This is further evidenced by more pronounced
differences in waiting times across classes. The policy of Hospital 2 suggests a preference
for adhering to schedules based on waiting and rejection costs rather than filling empty
appointment slots. At Hospital 1, as shown in Table 6.3, the waiting cost parameters

for classes 1 and 2 are relatively small positive, while for class 3 it is relatively small
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negative. Given the results from Section 4.2, the idle time coefficient is equal to 1, which
is substantially larger than the waiting cost parameters of classes 1, 2, and 3. It implies
that Hospital 1 places a higher emphasis on minimizing idle time rather than scheduling
based on class priority. This indicates that the decision maker is more focused on efficiently
utilizing resources to prevent both resource wastage and over-scheduling of patients. The
small waiting cost parameters for classes 1 and 2 imply a strategy of scheduling these classes
sooner rather than later while avoiding overscheduling. The large negative waiting cost
for class 4 reflects the longer average waiting times for the scheduled patients of this class.
Notably, the waiting cost for class 4 exhibits a negative value. This implies that experts
have an incentive to schedule these patients as late as possible. However, their rejection
costs remain positive. This suggests that experts are inclined towards scheduling rather
than rejecting class 4 patients but still aim to delay their scheduling as much as possible.
This strategic scheduling grants them flexibility on subsequent dates to accommodate more

urgent patients efficiently.

As evidence from Table 6.1 shows, the average waiting days for priority 4 patients
surpass the expected value of 28 days for class 4. This departure from expectations warrants

scrutiny and potential adjustments in the scheduling process.

6.3 Counterfactual Analysis

We have estimated the optimal cost parameters via the least squares method, accurately
reflecting the behaviour of experts in Hospitals 1 and 2 in Section 6.2. This leads to
questions about the consistency of experts in their decision-making across the time horizon,
and if their priorities and associated cost parameters remain unchanged over various days.

Although experts often prioritize patients from class 1 over class 4, the degree of this
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priority can fluctuate, varying at times or even shifting priorities throughout the time
horizon. Consistency in decision-making over the time horizon is vital to maximize the

efficiency of the system.

In this section, we examine the impact of inconsistency in scheduling decisions on the
performance of the system. We assume that the cost parameters estimated in Table 6.3
are the optimal ones used by the expert. An alternative method we employ is as follows:
With these optimal cost parameters, we use the Riccati forward approach to solve the
unconstrained forward problem detailed in (3.12). Under the same daily demand, we
analyze what might have happened if the experts strictly followed their cost functions. By
generating an alternative set of actions based on identical daily demands observed in the
data, we derive the alternative actions. This alternative trajectory is then compared with
the actual path taken by decision-makers in scheduling patients based on the total cost the

system incurred.

We consider the same Ci,.x (maximum capacity) and service times as those used by
the experts. Considering that we cannot predict future demands in the real world, our
alternative approach is based on the assumption that we know only the expected value of
demand, which can be determined with sufficient information. In this analysis, rejection
cost parameters, waiting cost parameters, and delta are similar to the expert’s recovered
cost parameters. Based on these values, we obtain action matrices and then get the optimal
actions. To determine the action matrices, we apply Lemma 1 to acquire the matrices V,
Wp, and the vector Wg, all of which are functions of the cost parameters. Additionally,
with these action matrices, along with the daily demands and states of the system, we

derive an alternative set of actions.

It is worth noting that our forward approach, rooted in the Riccati method, is un-

constrained, potentially resulting in negative values. In the alternative path trajectory,

o6



negative values are adjusted to zero, aligning it with practical real-world scheduling sce-
narios. Nevertheless, our approach has yielded significant improvements for both Hospitals
1 and 2, leading to a substantial reduction in total costs. The results are discussed in Table

6.4.

To develop an alternative policy, we employ the results of our inverse approaches.
Firstly, we apply the findings from the Hamiltonian approach, and secondly, we use the
outcomes of the Riccati approach. In assessing the Hamiltonian alternative policy, we com-
pare the total costs resulting from experts’ actions with those created from the alternative
actions. Table 6.4 indicates using the alternative approach led to a significant cost reduc-
tion: approximately 15% for Hospital 1 and 62% for Hospital 2, using the Hamiltonian
approach for the inverse problem and the Riccati forward approach. It is worth noting

that the total cost is found based on (3.6).

To derive an additional alternative policy, we use the results obtained from the Riccati
inverse approach. While we do not estimate the cost parameters using the Riccati inverse
approach, it is still feasible to apply it in estimating the action matrices V, Wp, and Wg
using Proposition 4.1.1. By learning the expert’s policy represented by these matrices,
even without directly determining the cost parameters, we can predict the expert’s optimal
actions based on the state and demand, as outlined in Lemma 1. Given that obtaining
the optimal action requires only the pair of matrices V, Wp, and Wg, we can employ the

following equation, as already stated in Lemma 1, to determine the optimal action:

We note that both alternative path trajectories are generated based on (6.4). In the
Hamiltonian approach, we utilize the estimated cost parameters to generate the action

matrices. Conversely, in the Riccati approach, we bypass learning the cost parameters
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and directly learn the action matrices using Proposition 4.1.1. Using these matrices, we
then derive the optimal action. Employing the Riccati inverse approach results in a 29%
reduction in total cost compared to the expert’s actions, and specifically for Hospital 1,

the Riccati inverse approach yields a 32% decrease in total cost.

The table below presents a comparison of the percentage improvement in total costs,
as computed based on (3.6), for Hospitals 1 and 2 using the Ricatti and Hamiltonian

approaches.

Hospital Ricatti Approach Hamiltonian Approach
Hospital 1 32 % 15%
Hospital 2 29% 62%

Table 6.4: Comparison of Percentage Improvement in Total Costs for Hospitals 1 and 2

Using Ricatti and Hamiltonian Approaches
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Chapter 7

Concluding Remarks

In recent years, advance scheduling has received increased attention, particularly post-
pandemic. With limited resources and an increasing patient load, scheduling efficiency is
more important than ever. Although many studies have proposed various scheduling pat-
terns and policies, there is a lack of investigation into the underlying costs that influence the
decision-making of service providers. Our study addresses this gap. Our approach enables
comprehensive analysis of current scheduling processes and offers constructive feedback for

efficiency enhancement.

Initially, we formulated a multi-class patient scheduling problem. Both the Hamiltonian
and Riccati approaches enable the estimation of a unique set of cost parameters utilized
by decision-makers, applicable in both noisy and noiseless environments as detailed in
Chapters 4 and 5. Utilizing the Riccati Approach, we create a simulation model mimicking
a decision-maker’s strategy for scheduling patients. This model serves to validate our
method’s robustness against common disturbances, variations in data size, and extensions

of the booking horizon, as detailed in Section 6. Following this, we apply our method to
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real-world data, estimating the cost parameters using both the Hamiltonian and Riccati
approaches in Section 6.2. Using these estimated parameters, we analyze the root causes
of the observed outcomes, assess their impact on scheduling, and suggest recommendations
for enhancing efficiency. Finally, through Counterfactual Analysis detailed in section 6.3,
we propose alternative scheduling policies that reduce total costs, even with the original

cost parameters used by the decision-makers.

Future research could involve applying our methodology to various hospitals to recover
their distinct cost parameters. Analyzing the characteristics and scheduling patterns of
different decision-makers will offer valuable insights and is likely to garner considerable
attention. Identifying the most effective decision-makers and replacing the ineffective ones
is one particularly exciting prospect. Additionally, forthcoming work in advance scheduling
will focus on bridging the gap between the forward and inverse approaches. We aim to
further enhance system efficiency by suggesting various alternative policies derived from
the recovered underlying cost function. Additionally, utilizing the Hamiltonian approach,
we plan to explore modifications to the cost function, experimenting with forms beyond

the quadratic cost function.
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Appendix A

Proofs

A.1 Proof of Lemma (1)

In this secttion, we prove Lemma (1) using the cost-to-go function (3.14) . Following are

the steps involved in deriving the optimal action for each stage:
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ut

u; = arg min (g(a:t, Dy, uz) + E[J(Ax, + Buy, Dt)]a:t]>
= arg min (Ct +2H,uy + 2Fx; + 2:UtTGut + x:Qajt + utTRut + E[J(Az; + Buy, Dt)|a:t])

= arg min (C’t +2Huy + 2Fx; + 2xtTGut + xtTth + utTRut + x:HK:z:tH +2Fx

ut

+Cipy — (EB+ Hyyy) (B'KB+ R)™(EB + Hypy)' )

= arg min (Ct +2H,u; + 2Fx, + 2xtTGut + :ctTth + utTRut

ut

+ (Axt + But)TK(A.I't + But> + 2E<A$t + But) + Ct+1

—(EB+ Hy1) (B"KB+ R) ™ (EB + Hy) ' )

(A1)

where,
K=Q+A"KA—(ATKB+G)(B"TKB+R) " (ATKB+G)T, (A.2a)
E=(F+E[H])V)(Iy—-A—-BV)". (A.2Db)

To find the optimal action, u}, we compute the derivative of g(xy, Dy, u;) + E[J(Ax,

+ Buy, Dy)|z] with respect to u; and set it to zero. The derivative result is as follows:

2H] +2G" x4+ 2Ru; +2B"KBu; + 2B KAz, +2B"E" =0, (A.3a)
—(R+B'KB)u; =G'2,+ B'"KAx, + B'E" + H] (A.3b)
uj =—(R+BTKB)™ ((BTKA + G+ (EB+ H)T) (A.3c)

The state-action weight matrix is defined and denoted as V' according to the following:
VE(R+B'KB) Y (ATKB+G)'". (A.4)
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Additionally, to simplify our analysis, the auxiliary variable « is defined as follows:
a2 —(B'TKB+R)™". (A.5)

Now, our objective is to simplify equation (A.3c¢) and express the optimal action, u}, in
terms of the state, x;, and demand, D;. We use the state-action weight matrix definition
from (A.4) and the definition of a as described in (A.5). The following presents the

reformulated form of (A.3c):

uf =V, — (R+BTKB) " <(EB + Ht)T> : (A.6)
By applying the definition of H, as specified in (4.3b), we can further simplify (A.6) as

follows:

uf =V, +a (EB + %LT(I[N @W'") =D/ P(1y®1I;) — CpaxSe; (Iy ® MT)) ' (A.7a)
uf =V, + (BTET + (%LT(HN @W") = CraxSe; (Iy ® MT)) T (A.7b)
(1y® HI)TPTDt)

uf =V, —a(ly®I;)"PTD

+ (BTET + (%LT(HN QW) = CnaxSe] (Iy ® MT)) T) (A.7c)

New variables can now be introduced. Firstly, the demand-action weight matrix is defined
as Wp in equation (A.8b). Secondly, the time-invariant action component is denoted as

Wy, containing all remaining variables, as detailed in equation (A.8a).

1 T
Wi =a (BTET + (§LT(HN @W") = CraxSe; (Iy ® MT)) ) : (A.8a)
Wp=—a(ly®I;)"PT, (A.8b)
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The dimensions of the matrices are as follows: V is NI x N, Wp is NI x I, and Wg is
NI x 1. Ultimately, the outcome of Lemma 1 is derived, presenting the optimal action as
a function of the current state and the daily demand, complemented by a constant action

component. The optimal action is expressed as follows:

w; =V, + WpD; + WE, Vi € [0, T — 1]. (A9)

A.2 Proof of Proposition 4.1.1

We define three matrices for the process of combining equations which include the output
matrix U, the matrix of multipliers W, and the input matrix Y. The input matrix consists
of the system inputs such as states and demands of the system. The output matrix consists
of the expert’s actions and represents the concatenated actions wug.(r—1). For defining matrix
Y, we first define matrices X and D representing the concatenated states xo.(r—1), and
concatenated daily demands Dg.7—1). Each column corresponds to actions, states, or

demands on a specific day. These matrices are defined as follows:

U2 [ wy uy - UT], (A.10a)
X2 [0y oy g - xT], (A.10D)
Dé_D1 Dy Ds --- DT]. (A.10c)

Now, we define the matrix Y, in which we stack the concatenated state, X, and the

concatenated demand, D, and an additional row of ones. This arrangement facilitates the
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rewriting of all the equations outlined in (4.6). Matrix Y is defined as follows:

Y=|D|. (A.11)

The matrix W is defined as the concatenation of the action matrices, as follows:
W = (v Wp WE) . (A.12)

Equations (4.6) can be reformulated using the definitions of Y in (A.11) and W in

(A.12), as follows:
X

U:WY:(VWDWE> D . (A.13)

1r
(A.13) is just the compact form of equations in (4.6). In the presence of noise in the optimal
action, as discussed in (3.19), we observe some disturbances in (A.13). Consequently, if

not all actions are optimal, (A.13) changes as follows:

U=WY + (. (A.14)

In (3.19), matrices Y and U are known. However, W is unknown and can be estimated
by the following equation:
min [V~ WY p. (A.15)

Assuming the Y is of full rank we can find the action matrices uniquely. This assumption
reflects the richness of the data. By applying the least-squares approach, we can solve

(A.15) and estimate the W.
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A.3 Proof of Proposition 4.4.1

By reorganizing (4.11b), we isolate RV, which represents the only unknown component of

(4.11b). We can then state the following equation:

B'KBV +RV = —(A"KB+G)"', (A.16a)
RV =-B'"KBV - B"KBA -G, (A.16b)
RV =—-B'K(BV +A)-GT, (A.16¢)
RV =-G" —B"K(0+ A). (A.16d)

In (A.16d), matrix K is known as given in Lemma 3. Consequently, all matrices V', K, G,
and 6, are known. However, R is a function of rejection cost parameters which is unknown.
As a next step, we use the specific structure of R defined in (4.3f) to rewrite (A.16d) as

follows:

(Iy RI)PAL 1) + Iy @ M) Tere] (Iy @ M) + 6,V (A.17a)
=-B'K(@O+A) -G,
(Iy @T)P(Iy @ 1)) + 0lny)V = (A.17b)

—(Iy@M") ere] Iy@ M)V —B'K@O+A) —-G". (A.17¢c)

In (A.17¢), the rejection cost matrix, P, and smoothness coefficient term § should be
estimated. Additionally, the vector M, which denotes service times, is known. Based on
(A.17¢), we find a unique solution for the rejection cost matrix, P, and 0. Hence, if there
is no noise in the observations of the expert’s actions or the system dynamics, the values of
P and ¢ will be recovered uniquely. In the presence of noise, we propose an optimization-

based approach to estimate these parameters by leveraging the redundancy of Equations
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(A.17c¢).
To simplify the process, we introduce auxiliary matrices C; and C5 for determining P and

din (A.17c):

Ol é (]lN & ]I]), (A18a)

Co2 —(InoMN)Tere] IN@ M)V —B 'K+ A) —G"). (A.18b)

In (A.17c), the right-hand side of the equation is equal to Cy and is known.

The vector (1) is a vector of ones, where N denotes the booking horizon. Additionally,

(I;) represents an I x I identity matrix.

The matrix C] is obtained through the Kronecker product of (1) and (I;) as indicated
in (A.18a). Now, we rewrite (A.17c) using the definition of Cy, and Co:

(Cl P C;r + 5 ]IN[)V - CQ,
(A.19)

(C1 P CV + 0V = Cy.

The matrix C; must have full column rank to simplify the equation and estimate matrix

P.

Matrix C; has full column rank. Thus, matrix CC] is invertible. We multiply both
sides of (A.19) with C|'. Subsequently, by multiplying both sides of (A.19) with (C] C;)™,
we can simplify the term (C; P C])V to (P C)V. The simplified version of (A.19) is as
follows:

(cfc)(pPe) v +6c] v =cf ¢, (A.20a)
(PC) V +o(Cyoy)te] v =(c]c)e) G, (A.20D)

To simplify the right-hand side of (A.20b), we introduce two new known auxiliary
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variables called C' and C}:
Cg £ (CICl)ilcir CQ, (A21a)

C = (/oo (A.21b)

where ¢;;, the elements of C, are given by:

c; = ((ClCy)~'Cl V)., Vie[l 1], Vje€[LN]. (A.22)

ij

Variable ¢ is defined to quantify the first term, (PC]") V, in (A.20b):

o2rpchHv=p|L LI - I vz{l’ P Dly (A.23)
N?i?nes N times
where ¢;;, the elements of ¢, are given by:
¢y = ((PCI) V)., Vie[l,1], Vjel[l,N] (A.24)

The visualized version of (A.23) can be found in (B.3c). The element ¢;; determined

using (A.23) can be expressed in the following form:

N
$ij=pi Y Vireij, Vi€[LT], Vje[l,N]. (A.25a)

k=0

Combining the auxiliary variables, (A.20b) transforms into the following equation:

(PC) V +6(CTC)CT V=¢+6C= Cs (A.26)

We know that (A.26) is valid for every element in the matrix C3. Therefore,

¢ij + 6Cij = C3i,ja VZ - [1, ]], VJ & [1, N], (AQ?&)
N

pi Y Vicryij+6ci; = Csiy, Vi€ L], Vj€[LN] (A.27h)
k=0
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For technical details and to view the visual representation of the matrices of (A.26), please
refer to the appendix, as detailed in (B.2).

In (A.27b), a set of equations is given consisting of N X I equations and I + 1 unknowns.
The unknowns include the rejection cost parameters for each class and the smoothness
coefficient term. In the absence of noise, by solving the set of equations, we can determine
the values of py, p2, p3, ..., pr, and §. Note that there are redundant equations in (4.14),
thus, in the presence of noisy data, an optimization-based approach can be employed to
estimate the cost parameters. Although not all equations may hold due to the noise,
utilizing all available equations allows for better estimation of rejection cost parameters.
We formulate a norm-2 optimization problem aimed at minimizing the disturbances in our
equations, ultimately reducing the difference between the obtained and expected values as

follows:

I N
PhPQ%{?,pI,é ZZI Zl (¢ J Cij 3 ’j)
o~ (A.28)
N
st @i = piZVKIJri,ja Vi e [1,1], Vj€][l,N].
k=0

The matrix form associated with the optimization problem (A.28) can be found in the
appendix, see (B.4). By utilizing this minimization problem, we can estimate the rejection
cost parameters, p; as well as the smoothness coefficient, § and assuming the V' is of full

rank we can find the rejection cost parameters uniquely.
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A.4 Proof of Lemma 2

Multiplying all cost parameters by a specific non-zero scalar, u, also scales the cost matrices
Q,F,H;, R, and G by p, as these matrices are linear functions of the cost parameters.
Multiplying these matrices by u results in the Riccati Gain matrix K and matrix F being
scaled by p as well. We then examine how this affects the action matrices V, Wp, and Wg.

To achieve this, we revisit the definition of these action matrices as stated in Lemma 1:

V=—-(B'KB+R) " (A'KB+G)", (A.29a)
1 T
Wg=-(B'"KB+R)™" (BTET + (§LT(]IN QW) = CrnaxSe] (In ® MT)) ) ,
(A.29b)

Wp=(B'"KB+R) 1y ®I;)"PT. (A.29¢)

For matrix V, the first term —(BT KB + R)™! is scaled by i, and the second term
(ATKB + G)" is scaled by p, as both matrices K and G are scaled by p. Consequently,

V' remains unchanged, since i x p=1.

For the vector Wg, a similar argument applies. The term —(BTKB + R)™! is scaled
by l% The second term, involving various parameters, each scaled by u, will have their
summation also scaled by p. Therefore, this second term is scaled by pu, resulting in vector

Wg remaining unchanged, as the multiplicative effect of I% X p equals 1.

Regarding the matrix Wp, the term —(BT KB + R)™! is scaled by ;lﬂ while the term
P is scaled by p. As a result, Wp also remains unchanged, since the scaling factors % X

cancel out to 1.
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A.5 Proof of Lemma 3

The term (B'KB + R) 1 (ATKB + G)" from Lemma 1 is equivalent to the state-action
weight matrix, V. This value has already been estimated using least-squares, as outlined
in (4.1.1). For simplicity, the auxiliary variable € is defined as a known matrix. Equation

(4.8) can be further simplified as a step to find K:

K=Q+A"KA+ (ATKB+Q)V, (A.30a)
02 B, (A.30b)
K=Q+A"KA+A"KO+GV. (A.30c)

In the aforementioned (A.30c), the only unknown matrix is K. Thus, K can be obtained

using this equation. By finding the vectorized value of both sides of (A.30c), we get:
vec (K) = vec(Q) + vec (AT K A) + vec (AT K6) + vec (GV). (A.31)
|?7] proves the following equation that reformulates vec(ABC):
vec(ABC) = (O @ A) vec(B). (A.32)
Utilizing (A.32) , in (A.31), we replace vec (AT KA) with (AT ® AT)vec(K), and apply a
similar transformation to vec (AT K0):
vec(K) = vec(Q) + (AT @ AT)vec(K) + (0T ® A") vec(K) + vec(GV), (A.33a)
(Inxny — (AT @ A7) — (07T @ A7) vec(K) = vec(Q) + vec(GV). (A.33b)
On the left-hand side of (A.33b), the only unknown vector is vec(K), while its multiplier,

(Inxny — (AT ® A7) — (0T ® AT)), is known as all terms inside it are known. Further

simplification of this equation allows us to solve for the matrix K:

vec(K) = (Iyxy — (AT @ AT) = (07 @ AT)) L (vec(Q) 4 vec(GV)). (A.34)
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The inverse of (I — ((A+O0)T ® AT)) exists, as evidenced by the presence of an expert. This
is because the existence of an expert implies a unique solution K for the Riccati equation

outlined in 1.

A.6 Proof of Proposition 4.4.2

By observing the visualization of P in (B.1), we can conclude that this matrix is symmetric
since only non-zero elements are on its diagonal. Hence, PT = P. Using the definition of

Cy in (4.12), (4.16) can be simplified by following:

(B'"KB +R)Wp =C, P, (A.35a)
—~ RWp+C, P=(B"KB)Wp. (A.35b)

Equation (4.3f) describes the special structure of R as follows:
R=(1yQI)PAL 1)+ Iy M) ere] Iy @ M) +6 Iy;. (A.36)
After using the special structure of R, we can derive the following result:

—(C, PO +(Ixy@aM)Teref Iy@M") +6 Iy)Wp+Cy P=(B"KB)Wp,
(A.37a)

—C,PC/Wp—Wp+C, P=(B"KBWp — (In®@M") ere] Iy @ M"))Wp.
(A.37b)

For the sake of simplicity, the auxiliary variable v covers all known terms on the right-hand

side of the (A.37b):

yE& (BTKB)Wp — (I @ M ") Tere] (Iy @ MT))Wp, (A.38a)
Cy P(I; — C/Wp) +6 Wp = 1. (A.38b)
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Next, by first multiplying both sides of (A.38b) by (C;)" and then by (C]C;)~!, we can
further simplify (A.38b) as follows:

P(I; = C Wp) +8(C{ C)~'CWp = (C] Cy) ' C . (A.39)

In (A.39), the unknown variables are P and §, while all other variables are known. Our

objective is to estimate these two unknown variables using (A.39).

We introduce a known auxiliary variable © that assists us in solving the equation (A.39):
e (/o) tof wp, (A.40)
where ©;;, the elements of ©, are given by:

0, = ((CC)~'Cf Wh) Vie[1,1], Ve[l (A.41)

ij

Now, we can proceed to rewrite the (A.39) as a step of determining the rejection cost

parameters and delta:
Cy2 P(I; - C] Wp)+o6(C]C)'C[Wp = (ClC) o] y. (A.42)
We define a new known matrix called © to simplify the calculations, as follows:
021, —-C] Wp. (A.43)

Utilizing the mathematical formulations presented in the appendix (see (B.4)), we refor-

mulate (A.43) as follows:
pi©ij +00ij = Cyyy, Vi€ [1,1], Vjel1]. (A.44)

In (A.44), a set of equations is given consisting of I x [ equations and I + 1 unknowns.

Using the set of equations, we can determine the values for the rejection cost parameters,
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p, and smoothness coefficient term, ¢ and assuming the Wp is of full rank we can find
the rejection cost parameters uniquely. Even in cases where there is noise present in
the dynamics of the system or in the observations from the expert, we can still employ
the optimization approach. Similar to Section 4.4.1, we construct a norm-2 optimization
problem to minimize disturbances in our equations. This approach is designed to reduce

the difference between the obtained and expected values as follows:

I I
min Y (00 +00ij — Cuyy)°,  Vie[LI], Vie[L]] . (A.45)
L £

p17p27p37"'7p176 .
% 7j=1

The matrix representation of the optimization problem referenced in (A.55) can be found

in the appendix, see (B.6a).

A.7 Proof Proposition 4.5.1

It is worth noting that the matrix K is estimated in (A.34), R is determined in (4.20),
and the time-invariant action component Wy is estimated in (4.1.1). Consequently, the
left-hand side of (4.22) can be estimated. To simplify the right-hand side of (4.22), we

introduce the auxiliary variable Cf:
1
Cs2 B'ET + (gLT(]IN QW) — Craxey Iy @ M )T, (A.46)

Next, we aim to find W using C; and the special structure of £ as given in (4.5b). Using
definition of C5 and E, we can rewrite (A.46) as follows:
Cs =BT (Iy— A— BV) " (F+E[H]V) +

(A.47)

1
(§LT(HN ® WT) - Cmaxeir(]IN ® MT))T‘
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To further simplify (A.47), we introduce variable Cj, determined by the state-action
weight matrix, V:

Ce2 B (Iy—A—-BV) ", (A.48)

In (A.47), E[H,] represents the expected value of H,, and the definition of H, is given in
(4.3b). As a result, E[H,] can be written as follows:

1
E[H,] =E 5LT(]IN QW) =D/ Py @1;) — Caxel Iy @ MT). (A.49)
All variables, with the exception of the demand D;, remain constant over time, thus their
expected values are equivalent to their actual values. By calculating the expected value of
the demand, denoted as E[D,], we obtain a vector representing the expected demand for
different classes of patients. We use the mean of the daily demand as an estimation of the

expected demand. As a result, E[H,] can be expressed as follows:

1
E[H,] = 5LT(JIN QW) —E[D, P11y ®1;) — Craxe] (In @ MT). (A.50)

In (A.50), our objective is to estimate W, the waiting cost vector, which is the only

unknown variable. Note that L is a vector containing values from 0,1,2,--- , N — 1.

To simplify (A.47), we use the expanded format E(H,) derived in (A.47):

1
Cs = CeF " + OgVT(ﬁLT(I[N QW) —E(D,)"P(1}, ®@1;) — Craxe; Iy @ M)+
1
(§LT(]IN QW) = Craxe] Iy @ M )T,
(A.51)

In the next step, we shift the known variables, to the left side of (A.51) and denote it as

072
Cr & C5 — (CoF ' = CsV' (E[D/]' P(1y ® 1) + Craxey (Iv @ M 1)) (A52)
52
+ (Cinaxey (Iv@ MT))T).
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To estimate the waiting cost parameters, we employ the definition of C; given in (A.52)

and reformulate equation (A.51) as follows:

Cr = C6VT(%LT(]IN QW) + (%LT(HN @WM)T, (A.53a)
1
Cr = (CeV'T + JIN[)(§LT(11N QW)NT, Cs2 (CsVT +1ng) (A.53b)
1
C. = Cy (§LT(]IN QW) (A.53c)

We can rewrite (A.53c) as follows:

j=rem(i,I)+1,

n=lk (A.54)
(Cr) = Zg (Ce)ei W, VEe[l,IxNJ.

In the absence of noise in our equations we can find the waiting cost parameters discussed
in (A.54). There are N x I equations and I of unknowns which include the waiting cost
parameters and assuming the Cy is of full rank we can find the waiting cost parameters
uniquely. However, in the presence of noise, we construct a norm-2 optimization problem
to minimize disturbances in our equations in (A.54). This approach is designed to reduce

the difference between the obtained and expected values as follows:

NI NI 2
Wl,Wzr,nwifrgl,w,Wz Z <(C7)k a Z 2 (Co)ri Wj) ' (4.55)

where,

j=rem(i, I)+1, (A.56)

n=|2]. (A.57)



A.8 Proof of Proposition 5.0.1

We apply the outcome of the Hamiltonian condition (see Condition 4) and compute the

derivatives of H, with respect to uy:

OH,
— =90
auk ’

8uk ’

=2H, +2G 2, +2Rur + B' A\ =0, Vke[0,T —1].

In the above equation, z; and u, are known since we observe the states and actions
of the expert. Only two variables are unknown: vector H; and matrix R. We aim to
find rejection cost parameters as well as the waiting cost parameters using vector Hj and

matrix R. (A.58) can be simplified in the following equations:

2H, +2Ruy = —2G 'z, — B')\,, Vke[0,T —1]. (A.59)

R, Hj, given by (4.3b) and (4.3f) are restated in the following equations:

1
H), = ELT(]IN QW) = DI Py @1;) — Craxe; Iy @ M), (A.60a)

R=(1y@I)PAy a0+ Iy M) ere] Iy @ M)+ 6ly;. (A.60b)

In Hj, there are three components. The initial two components are unknown as they
rely on the waiting cost vector W and the rejection cost matrix P. However, the final

component is known and relies on the known service time vector, denoted as M.

In R, we have three components. the first term depends on the rejection cost matrix
(P) and the third term depends on ¢ which is unknown. However, the second term is

known since it only depends on M for different classes of patients.
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For finding the cost parameters, P and W and 4, in (A.59), we shift the known parameters
to the right-hand side of (A.59) and the unknowns to the left-hand side. We introduce the
auxiliary variable &y to include all known parameters on the right-hand side of (A.59):

A

Fr 2 —2G 2, — BT M4+ 2Cmae; INOM ) —2(Iy@M ") Tere] (In@M Nuy, Yk € [0,T—1].
(A.61)

We also introduce the auxiliary variable xj to include all unknown parameters on the

left-hand side of (A.59):

ki 2 (In@W)L—2(1x@1;)PDy+2(1x@1;) P(LL @ I )u+ 20wy, Yk € [0, T—1], (A.62)

where,
j=rem(i,I)+1, (A.63a)
n— L% I, (A.63b)
Ky =nW; —2(D] —ul) +oul", Vke[0,T—1], Viel[0,(NI-1). (A.63c)

The process of obtaining ky involves several steps. Initially, we find the vector (Iy @ W)
in (B.7), followed by the computation of the vector 2(1y ® I;)PD), as shown in (B.9).
Subsequently, we determine the expression 2(1y ® I7)P(1} ® I1)uy, in (B.10). Finally, the
summation of these components, resulting in ky, is detailed in (B.12a), where a compre-

hensive visual representation and calculations are provided.

The variables denoted as ry in (A.62) are unknown. However, we have estimated
values, denoted as Ky, which are useful in dealing with disturbances in the system. Our
objective here is to estimate values for rejection and waiting costs that closely align with
our estimation k. To put it simply, we aim to minimize the difference between the actual
value k and our estimation k through mathematical optimization, as expressed by the

following equation:
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T NI-1

. i N2
p1;II,nVI1/I11:I,5kZ:O ; (/ik o /ik) . <A64)

Under the assumption that & is of full rank, we can uniquely determine the cost pa-

rameters, which indicates the richness of the data.

A.9 Detailed technical reformulation of the instanta-

neous cost function in (4.1)

We demonstrate the equivalence between the matrix representation of instantaneous cost
stated in (4.1) and its normal form as presented in (3.7). We know that the normal cost
form has three main parts, waiting cost, rejection cost, and idle time cost. We start with
reformulating the total waiting cost given in (3.2) and in the matrix form it is given by

the term LT (Iy ® W )u, in (4.1). We can see the visualized simplified version of the term
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LT(Ixy ® W) in (B.7). So the calculation is as follows:

LTIy @Whu, = (u] LTIxyo@W )N’ (A.65a)

— 1,0 _20 _ 3,0 10 11 21 11 1,N—-1 I,N—-1
—_— ut 7’L[/t 7ut ,--.’ut 7ut 7ut 7'..)ut ...’ut 7..-7/LLt w[
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As a result, in (A.65¢) we proved that in the matrix form the total waiting cost is covered
by the term LT (Iy @ W'). Now, we turn to the total rejection cost given in (3.3). For this

purpose, we rewrite the total rejection cost using matrices as follows:

(A.66)

The total idle time cost defined in (3.4) can be rewritten as follows:

t T
S(Cne— 32 3 M) =
J=Jmin =1 ' (A.67)
(Cmax]lN — Ty — (]IN ® MT)ut)Tseleir(Cmax]lN — Ty — (]IN ® MT)ut)-
As a result, we can rewrite the total cost as follows:

g(mt, Dy, ut> = O, + 2H,uy + 2F 2, 4 22 Guy + x:th + u, Ruy, (A.68)

where,

C,= D PD,+ SC?__, (A.69a)
H, = %LT(HN @W') =D/ P(1} ®1I;) — CrnaxSe (Iy @ M), (A.69b)
F = —ChpaxSe] , (A.69c)
G = (Sere] Iy @ M), (A.69d)
Q = Seqe], (A.69¢)
R=(1y@I)PAy@I) + Iy @ M") Sere] (Iy @ M) + 6ly;. (A.69f)
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A.10 Details on optimality of a path trajectory

In the study detailed in |1 1], they prove that in the Hamiltonian approach, the optimality

of a path trajectory is guaranteed if the following four conditions are satisfied:

1. System Dynamics (also known as state equations): these should be aligned with the

dynamics of the system:
Tpy1 = Axy, + Buk, Vk € [0, T— 1] <A70)

In the absence of disturbances in the equations, the first condition always holds
because the states of the system, which capture allocated capacities, follow the system

dynamics. This condition aligns with the system dynamics outlined in (3.15¢).

2. Adjoint Equations: The relationship between co-states and the Hamiltonian function
is as follows:
OH,,

Nt =55 Wk e [0,(7 - 1)), (A.T1)

This equation comes from the fact that in the presence of optimality of states and
actions, the derivative of the Lagrangian function with respect to both states and

actions should be zero.

In equations (A.77),(A.78), it is proved that this equation is precisely the same as

oL __

3. Boundary Condition: Since the total cost is calculated up to the day T, the derivative
of the total cost with respect to the state of the day ¢t + 1 must be zero, i.e.,

pu— (A.72)
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4. Hamiltonian Condition: As discussed, in the presence of optimality of states and
actions, the derivative of the Lagrangian function with respect to both states and
actions is equal to zero. The Hamiltonian condition is as follows:

% =0, Vkel0,(T—-1). (A.73)
Based on (5.4), the Lagrangian and Hamiltonian functions have similar terms involv-
ing the action of day k, and thus their derivatives with respect to the action on day
k are equal. Consequently, we can state the following:

oL _ OH

= = T—1)]. A4
S = k=0, ke [o,(T 1) (A74)

To determine the co-states, we refer to the adjoint equations, which are defined as the
second condition in (2). The adjoint equations are as follows:

Mool = —— k T —1]. A.
1= Gk ke 0.7 -1 (AT5)

Path trajectory optimality is guaranteed by these four conditions. Now, we demonstrate
the validity of condition 2. It is known that the derivative of the Lagrangian function with

respect to the state variable must equal zero. This is mathematically expressed as:

oL

— =0. A.76

. (A.76)
In (A.76), we decompose the term g—i by utilizing the relationship between the La-

grangian and Hamiltonian functions as detailed in (5.4):

oL  OH, ON_,up OH

k
= = — A1 = 0. A.T7
c%zk 8xk aZL’k 8xk ol 0 ( )
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This leads us to:

_ M,

In (A.78), %%: is the change in the Hamiltonian function to the change in the state of the

Aot (A.78)

system at time k, and A;_; signifies the Lagrangian multiplier at the (k—1)-th time instant.

Equation (A.78) is identical to the equation stated in the adjoint condition (condition 2).
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Appendix B

Matrix Representations

B.0.1 Section State-Action Weight Matrix

1. P, the rejection cost matrix is defined as follows:

pi 0 0---0
0 pp 0 -0
P£10 0 p; -0

000 - p;

2. The visualized version of equation (A.26)

(Pc )V +sc] c)Tre) v=¢ 450 =

P A0 VK411 +8c11  p1 Sheo VKi41,2 +8c12 p1 Zhoo VkI41,N +0cin
p2 SN Viryea +éear p2a N o Virtae +8caz - p2 XN Virio N +écon
P3N o Virgs,1 +6c31 p3n_o VkI4s,2 +0caz - p3 b Virysn +dcan| _ Cs.
N Vi 5 N oV 5 N oV s
PI Xk=0 VKI,1 +dcr1 PI Xk—0 VKI,2 t+0cr2 PI Xk=0 VKI,N +dcIN

90

(B.1)

(B.2a)



3. The visualized version of (A.23):

p2peHyv=p|l It - Lijy_|L_ P -~ Ply (B3a)

TV M
N times N times

(B.3b)
P1 fozo VKI+1,1 P1 Z;iv:o VKI+1,2 - P Z;]cvzo VKI+1,N
P2 ZLVZO VKI+2,1 P2 ZLVZO VKI+2,2 - P2 fozo VKI+2,N

P3 ZQVZO VKI+3,1 P3 ZQLO VKI+3,2 - P3 Zivzo VK[+3,N (B 3(:)

PI Zivzo Vkra pr ch\;g Vkra . .pr Zivzo Vkin

4. The matrix version of the optimization problem discussed in (4.13) is as follows:

p1 N Viryia +écir p1 SN o VkIrt1,2 +8ciz .. p1 XE o Vikrein +éan
P2 h_o VKI4+2,1 +0c21  p2 XA Vikrq2,2+0coa ... p2XnigVkit2,N +0can
N N N
min o5 — |P3 k=0 VKI+3,1 +6ea1 p3 Yo VKI+3,2 Fdes2 ... p33lk—o VKI+3,N TN ||| L. (B.4a)
P1:P2,P35--,PT 0
N N N
PI Xk—o VKI,1 +dcr1 PI Y=o VKI,2 +dcr2 PI > k—0 VKI,N +0cIN
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B.0.2 Section Demand-Action Weight Matrix

1. Here is the visualized version of variable © defined in (4.19)

6 2 P(I; — CF Wp) +6(C7Ch) "\ CTWp = (CFCy) 1T

pr 0 0 0
0 P2 0 0
0 0 p3 O
0 0 0

pra + 0P
pPaas1 + 0 Poy
psasy + 0 Psy

prap + 0Pp

0 ... ai] a1z a13...a1N
0 ... 921 29 A23...A2N
0 ... as31 3o A33...A3N +(5
0 pr| |an ap ag...amn

p1a12 + 0 Po
Paaos + O Poo
psass + 0 Psy

prars + 0P

prair + 0Py
paaor + O Por
psasy + 0 Psy

prarr + (5P11_

(B.5a)
Py Py Pis...Piy
Py Poy Pas.. Py
Py P3y Pss...P3n (B.5b)
_PH Pro PI3~--PIN_

—(CfCy)iCTy 2 ¢y (B.5e)

2. In this section, the matrix representation of the optimization approach, as elaborated

in (4.18), is presented.

pP1

min
,P27P37-~7P175

|Cy —

prai1 + 0Py
Paaoy + 0 Poy
p3az1 + 0P3;

pran + 0Pp

pra1s + 0 Pyo
P09 + O Poo

p3a32 + 0 Pso

prars + 0P
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..pra1r + 0P
. .p2aar + 0 Por
. .p3asr + 0 Psr

. pIarr + (SPH

I (B.6a)



B.0.3 Hamiltonian Approach

wy 00 0
wy, 0 0 0
ws 0 0 0
wry 0 0 0
0 w 0 0
0 wy, 0 0
UIn@W)L=10 wy 0 0

0 wr O 0
0 0 0 wy
0 0 0 ws
0 0 0 ws
0 0 0 wy
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w N = O

2U)3

2w1

(N — 1wy

(N — 1)11}]

GLTn© W) = (GIx e W)TL) = S(Ix e W)L

(B.8)



(Iy® I;)PDy =

P1

p2 0

o o o o
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PrI

PI

PI

NIxI

Dy,
Dj
D;

Ix1

pLD;
p2D}
psD;,

prDj,
p1Dy,
p2D;;

| prD;

4 NIx1

(B.9)



-
(1N®I]>P(1N®I])Uk
1,0 ]
Uy
2,0
Uy,
3,0
Uy,
1,0 [ 1]
Uy, Py
2
P2y,
[p1 0 = 0 p1r O « p1 O - 0] 1,1 3
0py - 0 0 pg - 0pg - O Uk P3Uk
u271
00 ~ pr 00—~ 00 0 p k (B.10)
_ . Lo . . 3,1 — I
R e T PR R R P Uy, - | PIYy
p1 0 « 0pr 0 « p1 0 - 0 )
0 . 0 0 .0 e 0 .
P2 P2 P2 : P1ug,
A P S S I1 9
LO O - pr 00 - 00 0 pr Uy, pauy
1(N-1) I
U U
k LPTUR] Ny
27(N71)
Uy,
37(N71)
Uy
I,(N—1
uk( )
L 4 NIx1

where, u} is the total number of scheduled patients from class i on day k.

5. This item shows the visualized version of k; as defined in (A.61). We use the result
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of previous equations in (B.7), (B.9), and (B.10).

1,0
Uy,
i T 2,0
0 ('
0
p1(Dy, — uy,) 0 uy”
p2(D} — uj) wq
p3(Dj — u3) () e
DI — ! W u?t
() [P11PE ) + SR I N (B.11b)
p1(Dy — uy) 2w,
/02(D13 - UZ) 2wy
) : I1
Uy,
211)[ :
I : 1,(N—1)
p1(Dy, — uy) | NIx1 - Up
(N — 1)101
W=D
(N — 1)w1_
I,(N—1)
L™k 4 Nrx1
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201(D} — ub) — 26u,”°
2p2(D} — i) — 200,
203(D} — u}) — 26u)°
2p1(D} — ub) — 26u;”

201(D} — uk) — 26u,t — W)

202(D3 — u3) — 26u,” — W,

_2pI(D,€ —ul) — 25u£’(N_1) - (N =)W ] Nini

Dj, — u}, represents the number of patients rejected from class i. Within this vec-
tor, each element is the result of multiplying the number of rejected patients by its

corresponding rejection cost and then multiplying it by -2.
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Appendix C

More Details on the Hamiltonian

Approach

The Hamiltonian approach, as utilized in [28] and [27], incorporates the definition of co-
states and Lagrangian multipliers. Based on concepts from [11]| section 3.3, these studies

relaxed system dynamics, which can be considered constraints. Our constraints, defined in

(3.3), align with those in [28] and [27], and can be represented as follows:
Tir1 = A:Et + But YVt € [1, T] (Cl)
[11], [28], and [27] assume system components are deterministic. The optimal action in

these studies can be identified using the equation:
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J(x;) =min  g(x, u) + T (Az, + Buy), (C.2a)

Ut

s.t. Tir1 = Axt + But, YVt € [0, T— ].] (CZb)

In (C.2a), the lack of stochastic terms allows for deterministic forecasting of future events.
However, the cost function we assume for the expert, as outlined in (3.14), incorporates

stochastic elements:

J(zy, Dy) =min g(x;, Dy, u) + E [j(Axt + Buy, Dt)|£Bt] + ou, uy, 3
ut C.3
s.t. Ti41 = Al’t + But7 Vit € [O, T — 1]

In (C.2a), there is an absence of stochastic terms, which allows for deterministic future
predictions. However, the cost function we assume for the expert, as detailed in (3.14),

includes stochastic elements:

J (¢, Dy) =min g(x¢, Dy, ue) + B [T (Azy + Buy, Dy)|xe] + S/ uy,
“ (C4)

st. @41 = Az, + Bu, Vtel0,T—1].
This cost function contrasts with the quadratic, deterministic cost functions used in
[28] and [27] (C.2a), primarily because it accounts for stochastic demand, a factor not

considered in their studies. Moreover, our cost function contains a smoothness coefficient

term (0), which is added to maintain non-negativity of actions, a concept not included in

[28] and [27].

Our methodology, inspired by section 3.3 of |7], defines the optimality conditions for
actions and states in a similar fashion. Further details on the optimality of path trajec-

tories are discussed in A.10. Although [7]| does not consider stochasticity or a smoothness

99



coefficient term, we adapt their methods to our unique cost function in (4.1) to obtain our

desired results.
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Appendix D

More Details on the Riccati Approach

The Riccati approach, as extensively discussed in |7], is also employed in [28] and [27] for
determining cost parameters in systems with linear dynamics and quadratic cost functions.
Our study shares these assumptions, including a quadratic state cost matrix (@) and
quadratic action cost matrix (R). However, unlike [28] and [27], our study includes a

stochastic demand in the cost function and cross-term multipliers.

In [7], the dynamics include noise, and they demonstrate that the optimal action is

linearly dependent on the state:

uj = Lay, Vte[l:T]. (D.1)

In our study, Lemma 1 establishes the optimal action as:
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If noise is considered in the system dynamics, we redefine the state as matrix Y in
Proposition 4.1.1, with each row representing the system state at a particular time and
matrix W as the action matrix. This allows our approach to align with the Riccati approach

in [7]. The optimal expert actions are as follows:

w=WY;, Vtell:T). (D.3)

In (D.3), the expert’s actions are reformulated as a linear function of the system state.

The system dynamics in (3.3) are modified to:

Y; = AY; + Buy +w, Vte[l:T]. (D.4)

In (D.4), daily demand is added as noise to the system. [7] assumes this noise has a
mean of zero, but in our case, we consider the expected demand as the mean for the noise

components related to daily demand.

By adapting this notation, our work connects to the Riccati approach in |7]. They dis-
cuss the linear relationship between state and action and the conditions ensuring a solution
to the Riccati equations. Our focus, however, is on solving the inverse problem rather than
verifying the existence of action matrices. We are primarily concerned with identifying the
expert’s cost parameters. The conditions regarding the positive semi-definiteness of the
quadratic state cost matrix (@) and the positive definiteness of the quadratic action cost
matrix (R) in [7] are insufficient for our purposes. Instead, we utilize the unique charac-
teristics of our proposed cost function. For instance, we express matrix @) as Q = Seje],

a specification not assumed in 7] as they address the forward problem in its general form.
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Our focus is specifically on advance scheduling, leveraging the distinct aspects of our cost

function.
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