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Abstract

We formulate a trajectory matching problem in which a set of reference trajectories
for a plant is given, and a control law that causes the plant’s trajectories to be as close
as possible to the reference trajectories is desired. These trajectories might be generated
by an implicit controller such as a model predictive control (MPC) algorithm or manually
chosen by a user. This thesis presents a nonconvex optimization approach for solving the
trajectory matching problem that generates explicit polynomial controllers. The value
of this approach is that the explicit control laws it generates are simpler to implement,
and can be used for stability analysis. Additionally, the method presented in this thesis
guarantees local stability of the generated controller by ensuring local contractivity towards
the generated trajectories.

This thesis presents several theoretical results that justify the method described here.
Firstly, a proof that the local contractivity constraints used to ensure local stability can
be expressed as a set of matrix inequalities is presented, which turns an infinite set of
constraints into a finite one. Secondly, a theorem that describes how symmetries in the
trajectory matching problem correspond to symmetries in its solution is presented and
proven, which enables a reduction in the control design problem size and resulting solution.

Finally, this thesis demonstrates the method it describes on two example problems
motivated by real-world applications. The first of these is stabilization and disturbance
recovery for a single-machine infinite-bus (SMIB) power system, and the second is a lane
change manoeuvre for Dubin’s vehicle, a simple vehicle model. In each case, the reference
trajectories are generated by MPC.
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Chapter 1

Introduction

A discrete-time control system is an equation of the following form:

x[t+ 1] = f(x[t],u[t]), (1.1)

where x[t] ∈ Rn is the system’s state vector at time t, u[t] ∈ Rm is the control input vector
at time t, and f : Rn × Rm → Rn is the state transition function or state transition map.
The entire time series x[·] is called the state trajectory, and the time series u[·] is called the
control input trajectory. In the context of control engineering, an externally determined
control system, which a control engineer cannot change, is called a plant.

An interesting problem in control system design is the trajectory matching problem:
given one or more pairs of corresponding state and control input trajectories, called the
reference trajectories, how can a control law be found that causes the plant’s actual state
and control input trajectories to be as close as possible to the desired ones? Trajectory
matching has many real-world applications: for example, a high-level path-planning prob-
lem might generate a desired trajectory for a robotic manipulator or a mobile robot, and
then a controller must be found that causes the system to follow that trajectory.

The trajectory matching problem can be casted an optimal control problem, a problem
of finding a control scheme that optimizes some objective function, subject to dynamic
constraints and possibly constraints on the plant states and inputs. In the trajectory
matching problem, the objective function is a measure of the mismatch between the given
reference trajectory and the actual state trajectory achieved by the plant with a given
control input trajectory. The objective might also penalize high control input magnitudes
due to practical implementation concerns.
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The trajectory matching problem can be used to complement model predictive control
(MPC), which is discussed further in Section 2.1. In general, MPC finds the control input
trajectory that optimizes some given objective function, but it does not generate an explicit
control law. Once MPC has been used to find an optimal control input trajectory, and
therefore an optimal state trajectory, the trajectory matching problem can then be posed
to find an explicit control law that makes the actual state trajectory as close as possible
to the state trajectory found by MPC.

A key difference between this work and others is that this work poses the problem of
finding explicit control laws; that is, the goal of this work is to find an explicit equation
for the control inputs at time t as a function of the state trajectory up to time t and of
previous control inputs. This controller might be represented as a dynamical system itself.
There are several reasons why an explicit control law might be desired: for example, the
computational resources available to the controller might be insufficient to solve an online
optimization problem, or an explicit control law might be desired for stability or robustness
analysis.

The general trajectory matching problem is complicated by the fact that the space
of controllers has infinite dimension. Therefore, a special case of the problem, where the
allowable controllers are restricted to a finite-dimensional subspace parametrized by finitely
many coordinates, is preferred. The subspace chosen here is the space of polynomial
dynamical systems: that is, ones where the state transition function is a multivariable
polynomial function. There are several reasons for this choice. On one hand, the space
of polynomial functions has many desirable properties: for example, it is closed under
addition, subtraction, multiplication, composition, and differentiation. On the other hand,
polynomial functions are able to describe a wide range of behaviours: indeed, Taylor’s
theorem states that an extremely broad class of functions can be approximated arbitrarily
well by a polynomial of sufficient degree.

Another restriction is limiting the plant’s state transition function to control-affine
functions: that is, functions of the form

f(x,u) = a(x) +B(x)u, (1.2)

where the function f is decomposed into polynomial functions a : Rn → Rn and B : Rn →
Rn×m. A system with such a state transition function is called a control-affine system.
The name comes from the fact that for a fixed x, the state transition function is an affine
function of the control input vector u. This restriction might seem very limiting, but it
turns out to lose almost no generality, since any system can be turned into a control-affine
one by adding plant states.
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One advantage of explicit controllers is their greater simplicity of implementation com-
pared to approaches that do not generate explicit control laws such as MPC. Another
advantage is the greater ease of stability analysis. Finally, a significant advantage of ex-
plicit controllers is the ability to impose stability guarantees on the optimal control problem:
that is, adding constraints to the optimization problem that ensure the closed-loop system
is stable in some sense. The sense of stability used in this work is contractivity : given a
point in a neighbourhood of a reference trajectory, does the closed-loop trajectory starting
at this point converge towards that reference trajectory? Such a property is very desirable
for the trajectory matching problem, since it ensures asymptotic tracking: that is, that
the reference trajectories will still be approximately followed even if a disturbance causes
the actual plant state to deviate from the reference trajectory. One of the key results of
this work is expressing the contractivity requirement as a system of inequalities that can
be incorporated as constraints in an optimal control problem, ensuring that any solution
to that problem comes with contractivity guarantees.

This work is concerned only with discrete-time systems; there are two reasons for
this. Firstly, the vast majority of controllers are implemented digitally, which means that
any continuous-time control design will need to be discretized anyway before it can be
implemented in the real world. Secondly, working in discrete time allows the explicit
representation of arbitrary trajectories as time series in state space, since a discrete-time
trajectory with a finite time horizon is finite, and the optimization problems discussed in
this work rely very heavily on such representations.

1.1 Motivating Example

An example of a real-world trajectory matching problem is the disturbance recovery prob-
lem for a single-machine infinite-bus (SMIB) power system, a simple power system con-
sisting of a single synchronous generator connected to an infinite bus (that is, an ideal
voltage source) by a lossless transmission line. Suppose that this system, initially at an
equilibrium representing a desired operating point, is disturbed in some way: in the field
of power systems, this disturbance is often a step which almost instantaneously places the
system’s state in a new point known as a post-disturbance initial condition (PDIC). System
operators often maintain lists of credible worst-case contingencies to design for, such as
worst-case step changes in load or generation at various points in the network.

Suppose that a set of PDICs has been obtained by simulating each credible worst-case
contingency, and for each such PDIC, an engineer has selected a reference trajectory from
that PDIC back to the equilibrium point. Additionally, suppose that an explicit control law
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is desired for reliability or simplicity of implementation. The disturbance recovery problem
then becomes the problem of finding an explicit control law that causes the SMIB system’s
trajectory from each PDIC to follow the corresponding reference trajectory back to the
equilibrium point. The SMIB system is control-affine, so this problem exactly matches the
class of problems considered in this thesis. The SMIB system and this work’s application
to it will be discussed in more detail in Section 4.2.1.

1.2 Problem Statement

Throughout this thesis, we consider plants of the following form:

x[t+ 1] = a(x[t]) +B(x[t])u[t], (1.3)

where x[t] ∈ Rn is the plant state at time t, u[t] ∈ Rm is the control input at time t,
and a : Rn → Rn and B : Rn → Rn×m are polynomial functions. The class of allowable
controllers of the following form:

z[t+ 1] = f(z[t],x[t])

u[t] = h(z[t],x[t]),
(1.4)

where z[t] ∈ Rnc is the controller state at time t and f : Rnc×Rn → Rnc and h : Rnc×Rn →
Rm are polynomial functions. Throughout this thesis, unless otherwise stated, n refers to
the dimension of the plant state space, m refers to the number of control inputs of the
plant, and nc refers to the dimension of the controller state space. The value of nc is not
fixed a priori ; it is selected by the designer as a hyperparameter. The term closed-loop
system refers to the system formed by connecting systems (1.3) and (1.4) in feedback, as
shown in Figure 1.1:

x[t+ 1] = a(x[t]) +B(x[t])h(z[t],x[t])

z[t+ 1] = f(z[t],x[t]),
(1.5)

and the closed-loop state refers to the state of the closed-loop system: that is, the vector

xCL :=
[
xT zT

]T ∈ Rn+nc . The closed-loop state transition map, or simply the closed-loop
map, refers to the function that sends each xCL[t] to the corresponding xCL[t+ 1].

We are given a plant of the form in Equation (1.3), as well as N pairs of state and
control input trajectories (xj

ref[t],u
j
ref[t]), 1 ≤ j ≤ N, 0 ≤ t ≤ T , each of length T 1. We

1The requirement that each reference trajectory have the same length is purely for simplicity of imple-
mentation; the method described in this thesis generalizes to reference trajectories of different lengths.
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x+ = a(x) +B(x)u

z+ = f(z,x)
u = h(z,x)

u

x

Figure 1.1: A block diagram of the closed-loop system considered in this work.

refer to these given trajectories as the reference trajectories or the desired trajectories. For
each reference trajectory, the actual trajectory (xj[t],uj[t]) is the plant’s state trajectory
when its control inputs are generated by a candidate control law and the initial plant
state is the starting point of the corresponding reference trajectory. Suppose that we are
interested in controllers of the form in (1.4). We are also given a cost function of the
following form:

q(f ,h,xj, zj) =
N∑
j=1

T−1∑
t=0

∥xj[t]− xj
ref[t]∥

2
Q + ∥uj[t]− uj

ref[t]∥
2
R, (1.6)

where Q ∈ Sn and R ∈ Sm are positive definite. This cost function penalizes deviations
between the desired and actual trajectories, as well as differences between the desired and
actual control inputs. We seek to solve the following optimization problem:

min
f ,h,xj ,zj

N∑
j=1

T−1∑
t=0

∥xj[t]− xj
ref[t]∥

2
Q + ∥uj[t]− uj

ref[t]∥
2
R

subject to

f(zj[t],xj[t]) = zj[t+ 1], 1 ≤ j ≤ N, 0 ≤ t < T

a(xj[t]) +B(xj[t])h(zj[t],xj[t]) = xj[t+ 1], 1 ≤ j ≤ N, 0 ≤ t < T,

(1.7)

where Q ∈ Sn and R ∈ Sm are positive definite. Additionally, we seek to solve the above
problem with additional constraints that guarantee that the closed-loop map is contracting
towards the actual trajectories in the following sense: let x̂j[t] be the trajectory realized
by the closed-loop system with a candidate controller starting from an initial condition in
a neighbourhood of xj[0]. We seek to ensure that

∥x̂j
CL[t+1]−xj

CL[t+1]∥P [t]−∥x̂j
CL[t]x

j
CL[t]∥P [t] ≤ −∥x̂j

CL[t]x
j
CL[t]∥P ′ , 1 ≤ j ≤ N, 0 ≤ t < T

(1.8)
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for some P [t] ≻ 0, P ′ ≻ 0 ∈ Sn+nc , 0 ≤ t < T . In terms of x and z, the above becomes

[
x̂j[t+ 1]T − xj[t+ 1]T ẑj[t+ 1]T − zj[t+ 1]T

]
P [t]

[
x̂j[t+ 1]− xj[t+ 1]
ẑj[t+ 1]− zj[t+ 1]

]
−

[
x̂j[t]T − xj[t]T ẑj[t]T − zj[t]T

]
P [t]

[
x̂j[t]− xj[t]
ẑj[t]− zj[t]

]
≤ −

[
x̂j[t]T − xj[t]T ẑj[t]T − zj[t]T

]
P ′

[
x̂j[t]− xj[t]
ẑj[t]− zj[t]

]
, 1 ≤ j ≤ N, 0 ≤ t < T. (1.9)

1.3 Terminology and Notation

Throughout this work, scalar quantities are written in lowercase italics (e.g. a), vector
quantities are written in lowercase boldface (e.g. a), and matrix quantities are written in
uppercase italics (e.g. A). The symbol used for functions is based on their codomain: that
is, a function from Rn to Rn×m would be represented with an uppercase italic letter.

Much of this work is concerned with multivariate polynomials, so specific notation to
simplify working with these polynomials is introduced. For positive integers n and k, the
index set I(n, k) is defined as

I(n, k) := {α ∈ Zn
≥0 s.t. ∥α∥1 ≤ k}. (1.10)

That is, I(n, k) is the set of possible powers of each variable in a multivariate polynomial
over n variables of degree at most k. Elementary combinatorics shows that the number of
elements in I(n, k) is

|I(n, k)| =
(
n+ k
k

)
=

(n+ k)!

n! k!
. (1.11)

For convenience, if v ∈ Rn and α ∈ I(n, k), define:

vα :=
n∏

i=1

vαi
i , (1.12)

where vi is the ith component of v. This notation allows a multivariate polynomial, e.g.
p : Rn → R of degree at most k, to be written succinctly in terms of its coefficients:

p(x) =
∑

α∈I(n,k)

pαx
α. (1.13)
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This work uses square brackets (e.g. x[t]) to refer to time-varying quantities; the value
in the brackets is the number of timesteps since a given starting point. Any quantity
written with square brackets should be understood to be time-varying. When multiple
reference trajectories are considered, they are differentiated by superscripts: for example,
xj[t] is the value of the plant state at time t starting at the jth initial condition.

For a symmetric positive definite matrix P and a vector x ∈ Rn, the notation ∥x∥P
is defined as

√
xTPx. For a positive semidefinite matrix Q, the matrix

√
Q is the unique

positive semidefinite matrix R such that R2 = Q.

A trajectory (xj[t],uj[t]) is feasible for the plant (1.3) if

a(xj[t]) +B(xj[t])uj[t] = xj[t+ 1], 1 ≤ j ≤ N, 1 ≤ i < T. (1.14)

1.4 Outline and Contributions

Section 2 of this thesis presents a summary of the literature on topics related to the current
work, including model predictive control (MPC), system level synthesis (SLS), system
identification (system ID), and inverse optimal control (IOC). Section 3 contains the key
theoretical results of the current work. Section 4 describes some concrete demonstrations
of the approach described in this work on two example systems, including the specific
implementation details used for the numerical examples. Section 5 summarizes the thesis
and provides several directions for possible future work.

The key contributions of this thesis are the demonstration of a method for optimal tra-
jectory matching with explicit polynomial controllers, a proof that contractivity require-
ments for such a problem can be expressed as a set of matrix inequalities, and a proof that
if certain symmetries are present in the plant and reference trajectories for the trajectory
matching problem, there exists an optimal controller with those same symmetries.
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Chapter 2

Literature Review

There exist various methods for solving problems similar to the one considered in this
work: that is, identifying an explicit control law that makes the plant’s state trajectories
and control inputs from various initial points as close as possible to some given reference
trajectories. One approach is model predictive control (MPC), which is good for solving
the trajectory matching problem with nonlinear systems, and can handle constraints on
the states and control inputs well, but does not generate explicit control laws. Another
approach is system level synthesis (SLS), which generates explicit control laws based on
desired disturbance-to-state and disturbance-to-control-input maps. However, extending
SLS to nonlinear plants is difficult. A third approach is a creative application of system
identification (system ID) techniques, where the system whose model is to be determined
is the controller, and its input and output data are the reference state and control input
trajectories, respectively. Still another approach is inverse optimal control (IOP), which
takes one or more reference trajectories and finds parameters for the cost function for which
the reference trajectories are local optima.

2.1 Model Predictive Control

One control design technique related to the trajectory matching problem is model predictive
control (MPC), which finds the control input trajectory for a given plant that optimizes a
given objective function. If the objective function is a measure of the mismatch between
the reference and actual state and control input trajectories, as discussed above, then the
MPC problem becomes a trajectory matching problem. MPC is an “online” algorithm:
rather than generate an explicit control law ahead of time, at each timestep, it finds the
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optimal sequence of control inputs for the next few timesteps, performs some or all of those
control inputs, and repeats the cycle with a new optimization problem starting from the
new plant state. MPC thus circumvents the difficulty of finding explicit solutions to the
Hamilton–Jacobi–Bellman (HJB) equation, which describes the optimal control input to a
plant in terms of its current state and the objective function, in all but the simplest cases.
MPC lends itself particularly well to constrained control problems, since state and control
input constraints can be imposed directly on the optimization problem solved by MPC [1].
For a trajectory matching problem with the plant in Equation (1.3), the MPC problem
over T timesteps would take the form

min
x[1:T ],u[1:T ]

T−1∑
t=1

(
∥x[t]− xref[t]∥2Q + ∥u[t]− uref[t]∥2R

)
+ ∥x[T ]− xref[T ]∥2Qt

subject to

x[0] = x0

a(x[t]) +B(x[t])u[t] = x[t+ 1], 1 ≤ t < T

x[t] ∈ X, 1 ≤ t < T

u[t] ∈ U, 1 ≤ t < T

x[T ] ∈ Z,

(2.1)

where x0 ∈ Rn is the initial state, Qt ∈ Sn is the terminal cost matrix, X ⊆ Rn and U ⊆ Rm

are the admissible state and control input sets, respectively, and Z ⊆ Rn is the admissible
terminal state set.

Drawbacks of MPC, however, include the relatively high computational demands of
solving the optimization problem in real time. This is of particular concern for faster
plants, where the optimization problem needs to be solved more frequently, and for higher-
dimensional and nonlinear plants, where the optimization problems involved are more
complex [1]. Additionally, guaranteeing closed-loop stability or robustness with nonlinear
MPC can be challenging, and often comes at the cost of optimality [2] [3].

2.1.1 Explicit MPC

Explicit MPC is a variant of MPC where, instead of solving the MPC optimization problem
online, the problem is solved parametrically in advance: the optimal solution is computed
as a function of the current plant state, often using piecewise approximations [4]. A clear
advantage of this method is that it provides an explicit control law, which is simpler to
implement or to evaluate for stability and robustness. However, a downside of explicit MPC
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is the great complexity of parametric representations of solutions to the MPC problem,
which makes this method unsuitable for plants with high-dimensional state spaces [5].

2.2 System Level Synthesis

System level synthesis (SLS) is an approach to control design that works with explicit
closed-loop disturbance-to-state and disturbance-to-control maps; its key is a parametriza-
tion of the space of such maps. For a linear plant with state feedback, i.e. x[t + 1] =
Ax[t] + Bu[t] + δ[t], where δ[t] ∈ Rn is the value of an exogenous disturbance at time t,
suppose that the desired closed-loop transfer functions from δ[t] to x[t] and u[t] are R(z)
and M(z), respectively. Then the SLS equation has the form

[
zI − A −B

] [R(z)
M(z)

]
= I. (2.2)

The closed-loop maps R(z) and M(z) are feasible — that is, there exists a controller that
makes the closed-loop disturbance-to-state and disturbance-to-control transfer functions
equal to R(z) and M(z), respectively — if and only if Equation 2.2 holds. In that case, the
transfer function for the feedback controller that realizes these closed-loop maps is given
by K(z) = M(z)R(z)−1 [6].

SLS can be applied to the trajectory matching problem: the reference state and con-
trol signal trajectories can be converted to disturbance-to-state and disturbance-to-control
models, respectively, possibly by using an impulse disturbance as the input. This conver-
sion can be done using system identification, or a form of SLS that works with time-varying
systems, such as that in [7], can be used.

Work has been done on extending SLS to nonlinear systems, as well as proving robust-
ness and stability guarantees for controllers generated by SLS [7]. However, the method
in [7] still relies on linear approximations of the closed-loop maps. Therefore, that method
does not apply to more general nonlinear systems, such as the polynomial systems consid-
ered in this work.

2.3 System Identification

System identification (system ID) is the determination of a system’s dynamical equations
from a collection of input and output data [8]. The problem studied in this work is an
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interesting variation of the system ID problem where the system to be identified is not a
plant, but a controller : the explicit control law that replicates the reference trajectories as
well as possible. The input to this system is the reference plant state trajectory, and the
output is the control input trajectory.

A major part of the nonlinear system ID problem is selecting the structure for the
model [8]. In this thesis, this problem is simplified by considering only polynomial models.
However, there are still two “hyperparameters”: the maximal degree of the polynomial
functions in the model and the number of controller states. Optimal choices for these hy-
perparameters might not be obvious a priori, and their selection is an interesting problem.
Section 3.1 discusses the topic of selecting the controller degree in further detail.

2.4 Inverse Optimal Control

Inverse optimal control (IOC) is an approach that can be applied to the trajectory matching
problem. IOC takes several given trajectories, called demonstrations, and assumes they are
locally optimal trajectories for a cost function with unknown parameters; it then determines
the values of those parameters using the fact that the demonstrations are solutions to the
Karush–Kuhn–Tucker (KKT) conditions, first-order conditions necessary and sufficient for
local optimality under mild conditions, for the cost function [9] [10].

However, IOC does not actually generate control laws; it only generates objective func-
tions, which can then be used by a separate optimal control problem to generate control
laws. It is therefore a potentially helpful tool for the trajectory matching problem, but not
a solution on its own.
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Chapter 3

Theoretical Results

This section of the thesis presents several theoretical results, which are used to justify
the methods used in this work. Section 3.1 presents a simple case of the problem studied
in this work where only static controllers are considered. Section 3.2 shows that the
contractivity requirements for the closed-loop system can be written as a set of matrix
inequalities. Section 3.3 proves that certain symmetries present in the given plant and
reference trajectories will also be present in optimal controllers, which can be used to
reduce the dimension of the problem and design simpler controllers.

3.1 The Static Controller Case

Given the complexity of the problem in (1.7), it makes sense to begin with a simpler prob-
lem. The simplification of the problem discussed here is its restriction to static controllers:
namely, those of the form u[t] = h(x[t]), with no controller state z[t]. With these restric-
tions, the problem in (1.7) is still nonconvex. However, a slightly different formulation of
the problem can be used to obtain results:

argmin
h

N∑
j=1

T−1∑
t=0

∥a(xj
ref[t]) +Bh(xj

ref[t])− xj
ref[t+ 1]∥2Q. (3.1)

One simplification applied in this problem is that B is now a constant, rather than depend-
ing on x. The other simplification is that unlike the problem in (1.7), the above problem
does not “iterate” the closed-loop map; that is, it compose it with itself repeatedly to gen-
erate the actual trajectories. Instead, it simply penalizes the mismatch between the value
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of the closed-loop map applied at each point along each reference trajectory and the next
point in that reference trajectory. These objective functions are not equivalent, but each
is zero if and only if the other is zero, since either being zero implies that the controller
matches the reference trajectories perfectly.

Despite the similarity between the problems in (1.7) and (3.1), the latter is a far “nicer”
optimization problem: it is not only convex, but quadratic. This can be seen by expressing
h(xj

ref[t]) as the sum

hi(x) =
∑

α∈I(n,k)

hi,αx
α, 1 ≤ i ≤ m. (3.2)

This sum is linear in the coefficients of h. The problem can be rewritten further in terms
of a matrix Xj ∈ R(T−1)×|I(n,k)| and vector b ∈ Rn(T−1) for each reference trajectory j:

Xj
tα = xj[t]α, (3.3)

and
bj
(n−1)T+i = xj

ref,i[t+ 1]− ai(x
j
ref[t]), 1 ≤ i ≤ n, 1 ≤ j ≤ N, 0 ≤ t < T. (3.4)

Further, define X and b as the vertical concatenation of each Xj and bj, respectively. If
the coefficients of h are gathered into an m|I(n, k)|-dimensional vector, then the following
simplification can be applied:

Bh(xj[t]) = (B ⊗Xj
t:)h. (3.5)

With all these definitions, the problem in (3.1) can be written as

argmin
h

∥(
√
Q⊗ IN(T−1))((B ⊗X)h− b)∥22, (3.6)

and the quadratic nature of this problem becomes apparent.

Theorem 3.1. The optimal solution for h to the problem in (3.1) is given by

h =
(
(BTQB)−1BTQ⊗ (XTX)−1XT

)
b. (3.7)

Proof. As already shown, the problem can be rewritten as

argmin
h

∥(
√
Q⊗ IN(T−1))

(
(B ⊗X)h− b

)
∥22, (3.8)
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and further as

argmin
h

∥(
√

Q⊗ IN(T−1))(B ⊗X)h− (
√

Q⊗ IN(T−1))b∥22

=argmin
h

∥(
√
QB ⊗X)h− (

√
Q⊗ IN(T−1))b∥22

(by the mixed-product property of the Kronecker product)

=
(
(
√

QB ⊗X)T (
√

QB ⊗X)
)−1

(
√
QB ⊗X)T (

√
Q⊗ IN(T−1))b

=
(
(BT

√
Q⊗XT )(

√
QB ⊗X)

)−1

(BT
√

Q⊗XT )(
√
Q⊗ IN(T−1))b

(by the transpose property of the Kronecker product)

=
(
BTQB ⊗XTX

)−1
(BTQ⊗XT )b

=
(
(BTQB)−1 ⊗ (XTX)−1

)
(BTQ⊗XT )b

(by the inverse property of the Kronecker product)

=
(
(BTQB)−1BTQ⊗ (XTX)−1XT

)
b.

The problem in (3.1) might not seem like a faithful analogue to that in (1.7), since the
latter also penalizes differences between the reference and actual control signals. Is this
a problem? No; the following theorem shows that penalizing the control signal mismatch
does not increase the generality of the problem in (3.1).

Theorem 3.2. Consider the following optimization problem:

argmin
h

T−1∑
t=0

∥a(x[t]) +Bh(x[t])− x[t+ 1])∥2Q′ + ∥h(x[t])− u[t]∥2R, (3.9)

where (x[t],u[t]) is a given feasible trajectory. Suppose further that B has full column
rank. Then the above optimization problem is equivalent to that in (3.1) with Q = Q′ +
B(BTB)−1R(BTB)−1BT .

Proof. By assumption, a(x[t]) + Bu[t] = x[t + 1] for all t. Since B has full column rank,
there exist no other such u[t]. Let Q̃ = B(BTB)−1R(BTB)−1BT , so that BT Q̃B = R.
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This way, the problem can be rewritten as

argmin
h

T−1∑
t=0

∥a(x[t]) +Bh(x[t])− (a(x[t]) +Bu[t])∥2Q′ + ∥h(x[t])− u[t]∥2R

=argmin
h

T−1∑
t=0

∥a(x[t]) +Bh(x[t])− (a(x[t]) +Bu[t])∥2Q′ + ∥Bh(x[t])−Bu[t]∥2
Q̃

=argmin
h

T−1∑
t=0

∥a(x[t]) +Bh(x[t])− (a(x[t]) +Bu[t])∥2
Q′+Q̃

=argmin
h

T−1∑
t=0

∥a(x[t]) +Bh(x[t])− x[t+ 1]∥2
Q′+Q̃

.

The assumption that B has full column rank is a very mild assumption: in fact, it
can be guaranteed in practice by designing a controller that “ignores” redundant control
inputs.

A natural further question is the effect of the degree of the controller on its optimal cost.
It seems natural that increasing the controller degree decreases the mismatch between the
desired and reference trajectories, and it certainly cannot increase, but how rapidly does
it decrease, and until what point?

The following conjecture, if true, allows a stronger version of Theorem 3.4 to be proven.
The matrix in question is a multivariable generalization of a Vandermonde matrix; if n = 1,
this conjecture is already known to be true.

Conjecture 3.3. Let X ∈ R(T−1)×|I(n,k|) be defined as

Xt,α = x[t]α, 0 ≤ t < T, α ∈ I(n, k). (3.10)

If the vectors x[t] are not all multiples of one another, then X has full rank.

Theorem 3.4. For the optimization problem in (3.1), increasing the degree of the controller
cannot increase the optimal value of the objective function. Moreover, if Conjecture 3.3 is
true, the optimal cost of the optimization problem is∥∥∥((√QB(BTQB)−1BTQ−

√
Q
)
⊗ IN(T−1)

)
b
∥∥∥
2
, (3.11)

which is achieved when |I(n, k)| ≥ N(T − 1).
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Proof. The optimal cost of the optimization problem in (3.1) is∥∥∥(√QB ⊗X)
(
(BTQB)−1BTQ⊗ (XTX)−1XT

)
b− (

√
Q⊗ IN(T−1))b

∥∥∥2

2

=
∥∥∥(√QB(BTQB)−1BTQ⊗X(XTX)−1XT

)
b− (

√
Q⊗ IN(T−1))b

∥∥∥2

2

=∥(C − I)d∥22,

(3.12)

where C =
√
QB(BTQB)−1BT

√
Q ⊗ X(XTX)−1XT and d = (

√
Q ⊗ IT−1)b. Now, in-

creasing the controller degree increases the number of columns of X without changing any
columns already there, so the rank of X cannot decrease, and thus, neither can the rank of
X(XTX)−1XT . Further, the Kronecker product of two projection matrices is itself a pro-
jection matrix, since each of its eigenvalues is 0 or 1, and the eigenvalues of a Kronecker
product of two matrices are each pairwise product of the eigenvalues of each respective
matrix. Thus, increasing the rank of X necessarily increases the multiplicity of 1 as an
eigenvalue of C, and therefore increases the dimension of Ker(C−I). Further, if Conjecture
3.3 is true, increasing the controller degree increases the rank of X until it has full row
rank, which is true when |I(n, k)| ≥ N(T − 1), at which point X(XTX)−1XT = IN(T−1),
and

∥(C − I)d∥22 =
∥∥∥(√QB(BTQB)−1BTQ⊗ IN(T−1)

)
b− (

√
Q⊗ IN(T−1))b

∥∥∥2

2

=
∥∥∥((√QB(BTQB)−1BTQ−

√
Q
)
⊗ IN(T−1)

)
b
∥∥∥2

2
.

3.2 Stability Guarantees

A notion of stability for nonlinear systems is contractivity, which, informally, refers to a
property of a function that sends points “closer together” with respect to some metric.
Formally, if X is a metric space with metric d, a function f : X → X is γ-contracting on
Y ⊆ X for some γ ∈ [0, 1) if

d
(
f(x1), f(x2)

)
≤ γd(x1, x2) ∀x1, x2 ∈ Y. (3.13)

In this work, the metric space is typically the closed-loop state space equipped with the
metric induced by a quadratic norm.

Contractivity of a function on a set implies exponential stability of that function on that
set, which makes it a desirable property for a closed-loop state transition map. However,
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contractivity on a set is often difficult to verify or enforce. In the context of the trajectory
matching problem, a natural approach is instead to enforce contractivity at each point on
each closed-loop trajectory: that is,

d
(
xj
CL[t+ 1], x̂j

CL[t+ 1]
)
≤ γd

(
xj
CL[t], x̂

j
CL[t]

)
, 0 ≤ t < T, 1 ≤ j ≤ N, (3.14)

where x̂j
CL[t] is the closed-loop trajectory starting at an arbitrary point x̂j

CL[0] in a neigh-
bourhood of xj

CL[0]. If d is the metric induced by a quadratic norm ∥·∥2P , then the con-
tractivity requirement has the form

∥x̂j
CL[t+ 1]− xj

CL[t+ 1]∥2P ≤ γ∥x̂j
CL[t]− xj

CL[t]∥
2
P , 0 ≤ t < T, 1 ≤ j ≤ N. (3.15)

P is allowed to be time-varying to help the optimization problem converge; Theorem 3.5
does not require P to be the same at all timesteps. This requirement still cannot be
directly imposed as a constraint for the optimization problem, since there are infinitely
many possible values for x̂j

CL[0]. However, the properties of the nonlinear closed-loop map
can be related to the properties of its linearization in a neighbourhood of the point at
which the map is linearized. This approach is used in Theorem 3.5, which shows that the
following set of matrix inequalities is sufficient to guarantee contractivity:

J jT [t]P [t]J j[t]− P [t] ⪯ −γI, 0 ≤ t < T, 1 ≤ j ≤ N, (3.16)

where

J j[t] :=
∂xj

CL[t+ 1]

∂xj
CL[t]

. (3.17)

The proof of Theorem 3.5 relies on two key insights: firstly, that the difference between
the closed-loop map and its linearization can be bounded in a neighbourhood around the
point at which the closed-loop map is linearized, and secondly, that the continuity of the
closed-loop map ensures that the preimage of such a neighbourhood of each point in a
trajectory under the closed-loop map is itself a neighbourhood of the previous point.

Theorem 3.5. Let k : Rn → Rn be continuously differentiable, and let x[0],x[1], . . . ,x[T ] ∈
Rn be such that x[t+ 1] = k(x[t]) for all t, 1 ≤ t ≤ T . Let

J [t] :=
∂k

∂x

∣∣∣∣
x[t]

. (3.18)

Suppose there exist P [t] ∈ Sn, 0 ≤ t < T and γ ∈ (0, 1] such that P [t] ≻ 0 and
J [t]TP [t]J [t] − P [t] ⪯ −γI for all t. Then for any ϵ < γ, there exists a neighbourhood
N of x0 such that for all x̂[0] ∈ N and for all t, 1 ≤ t ≤ T ,

∥x̂[t+ 1]− x[t+ 1]∥2P [t] − ∥x̂[t]− x[t]∥2P [t] ≤ −ϵ∥x̂[t]− x[t]∥22, (3.19)

where x̂t+1 = k(x̂t) for all t.
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Proof. For all x ∈ Rn and all t, 1 ≤ t ≤ T , we have xTJ [t]TP [t]J [t]x−xTP [t]x ≤ −γ∥x[t]∥22.
In particular,(

x̂[t]T − x[t]T
)
J [t]TP [t]J [t] (x̂[t]− x[t])−

(
x̂[t]T − x[t]T

)
P [t] (x̂[t]− x[t])

≤ −γ∥x̂[t]− x[t]∥22. (3.20)

However, since k is continuously differentiable, for every ϵ < γ and for every t, 0 ≤ t < T ,
there exists a neighbourhood N [t] of x[t] such that for all x̂[t] ∈ N [t],

∥k(x̂[t])− k(x[t])− J [t](x̂[t]− x[t])∥2 ≤
1

2
λmax(P [t])−1(γ − ϵ)∥x̂[t]− x[t]∥2, (3.21)

or equivalently, x̂[t+1]−x[t+1] = J [t](x̂[t]−x[t])+v, where ∥P [t]v∥2 ≤ 1
2
(γ−ϵ)∥x̂[t]−x[t]∥2.

Substituting:(
x̂[t+ 1]T − x[t+ 1]T − vT

)
P [t] (x̂[t+ 1]− x[t+ 1]− v)

−
(
x̂[t]T − x[t]T

)
P [t] (x̂[t]− x[t]) ≤ −γ∥x̂[t]− x[t]∥22(

x̂[t+ 1]T − x[t+ 1]T
)
P (x̂[t+ 1]− x[t+ 1])

−2vTP [t] (x̂[t]− x[t]) + ∥v∥2P [t]

−
(
x̂[t]T − x[t]T

)
P (x̂[t]− x[t]) ≤ −γ∥x̂[t]− x[t]∥22

∥x̂[t+ 1]− x[t+ 1]∥2P [t] − ∥x̂[t]− x[t]∥2P [t] ≤ −γ∥x̂[t]− x[t]∥22
+ 2vTP [t] (x̂[t]− x[t]) .

(3.22)

By the Cauchy-Schwarz Inequality:

∥x̂[t+ 1]− x[t+ 1]∥2P [t] − ∥x̂[t]− x[t]∥2P [t]

≤− γ∥x̂[t]− x[t]∥22 + 2∥P [t]v∥2∥x̂[t]− x[t]∥2

≤− γ∥x̂[t]− x[t]∥22 + 2

(
1

2
(γ − ϵ)∥x̂[t]− x[t]∥2

)
∥x̂[t]− x[t]∥2

=− ϵ∥x̂[t]− x[t]∥22.

(3.23)

Therefore, ∥x̂[t+1]−x[t+1]∥2P [t]−∥x̂[t]−x[t]∥2P [t] ≤ −ϵ∥x̂[t]−x[t]∥22 for any x̂[t] ∈ N [t]. Now,

since k is continuous, the preimage of any N [t+1] contains a neighbourhood k−1(N [t+1])
of x[t]. Let N∗[T − 2] := N [T − 2] ∩ k−1(N [T − 1]), itself a neighbourhood of x[T − 2].
For any x̂[T − 2] ∈ N∗[T − 2], ∥x̂[T − 1]− x[T − 1]∥2P [T−2] −∥x̂[T − 2]− x[T − 2]∥2P [T−2] ≤
−ϵ∥x̂[T − 2]− x[T − 2]∥22, and since x̂[T − 1] ∈ N [T − 1], the corresponding property also
holds for x̂[T − 1]. For t < T − 2, let N∗[t] := N [t]∩ k−1(N∗[t+1]). By induction, for any
x̂[t] ∈ N∗[t], ∥x̂[t+1]−x[t+1]∥2P [t]−∥x̂[t]−x[t]∥2P [t] ≤ −ϵ∥x̂[t]−x[t]∥22 for all t, 1 ≤ i < T .

Setting N = N∗[0] completes the proof.
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3.2.1 Transverse Stability Guarantees

It may happen that a system cannot be made contractive in the sense of Equation (3.14).
An example of a system for which this happens is Dubin’s vehicle, which is discussed in
more detail in Section 4.2.2. The Jacobian of Dubin’s vehicle has an eigenvalue of 1 at each
point in state-space, meaning that no control law can make the system satisfy Equation
(3.14). This fixed eigenvalue comes from the vehicle’s fixed speed.

A solution to this problem is to stabilize the system in only some directions: that is,
to enforce

d
(
Aj[t]xj

CL[t+ 1], Aj[t]x̂j
CL[t+ 1]

)
≤ γd

(
Aj[t]xj

CL[t], A
j[t]x̂j

CL[t]
)
, 0 ≤ t < T, 1 ≤ j ≤ N,

(3.24)
where each Aj[t] ∈ Rn×ns has full row rank for each j and t, and where ns is the number
of directions to be stabilized. The above equation guarantees that the closed-loop map
sends the images of the points in question under Aj[t] closer together. Effectively, this
form of the contractivity requirement replaces the matrix norm x 7→ xTP j[t]x with a
matrix seminorm x 7→ xTAjT [t]P j[t]Aj[t]x. For example, in the case of Dubin’s vehicle,
the eigenvector corresponding to the eigenvalue of 1 is the vehicle’s current heading, so the
rows of Aj[t] could be a basis for the orthogonal complement of the span of the vehicle’s
heading at the point xj[t].

Just as before, the constraints in Equation (3.24) are impossible to impose directly,
since there are infinitely many possible values for each x̂j

CL[0]. However, just as before,
it is possible to guarantee that these constraints are satisfied by imposing finitely many
matrix inequality constraints.

Theorem 3.6. Let k and J [t] be defined as in the statement of Theorem 3.5, and for a
fixed ns < n, let A[t] ∈ Rn×ns have full row rank for each t. Suppose there exist P ∈ Sn

and γ ∈ (0, 1] such that P ≻ 0 and J [t]TA[t]TPA[t]J [t] − P ⪯ −γI for all t. Then for
any ϵ < γ, there exists a neighbourhood N of x0 such that for all x̂[0] ∈ N and for all t,
1 ≤ t ≤ T ,

∥A[t]x̂[t+ 1]− A[t]x[t+ 1]∥2P − ∥A[t]x̂[t]− A[t]x[t]∥2P ≤ −ϵ∥x̂[t]− x[t]∥22, (3.25)

where x̂t+1 = k(x̂t) for all t.

Proof. The proof is the same as that of Theorem 3.5, but replacing each occurrence of P [t]
with A[t]TP [t]A[t].
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3.3 Symmetries of Optimal Controllers

The optimization problem in (1.7) is very high-dimensional, which is partially due to the
large number of coefficients in high-order multivariate polynomials. For example, a third-
degree polynomial in four variables has 35 coefficients, while a fifth-degree polynomial
in ten variables has 3003. One way of reducing the number of decision variables in the
optimization problem is to use the symmetries of the plant to design simpler controllers. For
example, when the plant’s a and B functions are odd and the set of reference trajectories
includes the negative of each of its trajectories, it seems natural that the optimal controller
should be odd, or that there should be an odd controller in the set of optimal controllers.
Theorem 3.10 formalizes and generalizes this idea.

We describe the symmetries of dynamical systems in terms of the symmetry groups of
their state and control signal spaces, which are matrix groups. The following definitions
demonstrate this.

Definition 3.7. Let H be a subgroup of GLn(R)× GLm(R). The plant in (1.3) is defined
to be symmetric under H if for each (N,M) ∈ H,

a(Nx) +B(Nx)Mu = N
(
a(x) +B(x)u

)
. (3.26)

In other words, the plant is symmetric under H if the diagram in Figure 3.1 commutes
for each (N,M) ∈ H.

Rn × Rm Rn Rn

Rn × Rm Rn Rn

B(x)u

(N,M)

a

N N

B(x)u a

Figure 3.1: The commutative diagram for Definition 3.7.

For example, if the plant is “odd”, in the sense that a(x) is an odd function and B(x)
is an even function, H is the group {(In, Im), (−In,−Im)}.

Definition 3.8. Let H be a subgroup of GLn(R) × GLm(R). Writing each element of H
as (N,M), define its left action on a set of reference trajectories as

(N,M) · (xj
ref[t],u

j
ref[t]) = (Nxj

ref[t],Muj
ref[t]), 0 ≤ t ≤ T. (3.27)

20



The set of reference trajectories is defined to be closed under H if this group action is
well-defined: that is, if for every j, 1 ≤ j ≤ N and for every (N,M) ∈ H, there exists a

j′, 1 ≤ j ≤ N such that xj
ref[t] = xj′

ref[t] and uj
ref[t] = uj′

ref[t] for all t.

A natural informal question to ask is whether or not, given a set of points with certain
symmetries, it is possible to fit a polynomial to interpolate those points that has the same
symmetries. The following lemma formalizes this question and answers it in the positive.

Lemma 3.9. Let H be a finite subgroup of GLn(R)×GLm(R), and suppose that there exists
a set (xi,yi) ⊂ Rn×Rm of size A such that no two xi are equal, and for every (N,M) ∈ H
and for every i, 1 ≤ i ≤ A, there exists a j, 1 ≤ j ≤ A such that Nxi = xj and Myi = yj.
Then there exists a polynomial function f : Rn → Rm such that for every i, 1 ≤ i ≤ A,
f(xi) = yi, and for every x ∈ Rn, f(Nx) = M f(x).

Proof. Since no two xi are equal, there exists a polynomial function f̂ : Rn → Rm such
that for every i, 1 ≤ i ≤ A, f̂(xi) = yi [11]. Define f : Rn → Rm as

f(x) =
1

|H|
∑

(N,M)∈H

M−1f̂(Nx). (3.28)

To show that f(N ′x) = M ′f(x) for every (N ′,M ′) ∈ H, write

f(N ′x) =
1

|H|
∑

(N,M)∈H

M−1f̂(NN ′x)

=
1

|H|
∑

(N,M)∈H

M ′M ′−1M−1f̂(NN ′N ′−1N ′x)

= M ′ 1

|H|
∑

(N,M)∈H

M ′−1M−1f̂(NN ′x)

= M ′ 1

|H|
∑

(N,M)∈H

M−1f̂(Nx)

= M ′f(x).

(3.29)

The above is justified since {(NN ′,MM ′) | (N,M) ∈ H} = H for any (N ′,M ′) ∈ H.
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To show that f(xi) = yi for every i, 1 ≤ i ≤ A, write

f(xi) =
1

|H|
∑

(N,M)∈H

M−1f̂(Nxi)

=
1

|H|
∑

(N,M)∈H

M−1f̂
(
xj(N,M,i)

)
=

1

|H|
∑

(N,M)∈H

M−1yj(N,M,i)

=
1

|H|
∑

(N,M)∈H

yi

= yi,

(3.30)

where j(N,M, i) is such that Nxi = xj(N,M,i) and Myi = yj(N,M,i); such a j(N,M, i) is
guaranteed to exist by the assumptions.

The conditions of Lemma 3.9 effectively require the set (xi,yi) to be “closed” under
H, and informally, the lemma shows that the points (xi,yi) can be interpolated by a
polynomial function “symmetric” under H. The result of Lemma 3.9 is used in the proof
of Theorem 3.10.

Theorem 3.10, the main result of this section, states that if the plant and the set of
reference trajectories are symmetric under a group H, as defined above, and if there is any
globally optimal controller at all for the trajectory matching problem, then there exists
an optimal controller that is also symmetric under H in a similar way. The proof of 3.10
shows how any optimal controller can be turned into one symmetric under H. The key
insight of the proof is dividing the set of reference trajectories into its orbits under the
group action by H and picking the “best” reference trajectory from each orbit, that is,
the reference trajectory best matched by the corresponding actual trajectory. We can
then gather the set of points of each chosen trajectory and “stitch” them together through
polynomial interpolation in a symmetric way using Lemma 3.9; this interpolated controller
can be shown to do no worse than the original controller.

Theorem 3.10. Let H be a finite subgroup of GLn(R)×GLm(R), and let ϕ : H → GLnc(R)
be a group homomorphism. For the problem in Equation (1.7), suppose that the plant is
symmetric under H and the set of reference trajectories is closed under H. Suppose further
that NTQN = Q and MTRM = R for every (N,M) ∈ H. Additionally, suppose that
each point along each trajectory is distinct: that is, if there exist t, t′ and j, j′ such that
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Rnc Rnc × Rn Rm

Rn Rnc × Rn Rm

ϕ(N,M)

f

h

(
ϕ(N,M),N

)
M

h

f

Figure 3.2: The commutative diagram for Theorem 3.10

xj
ref[t] = xj′

ref[t
′], then t = t′ and j = j′. Then if any optimal solution to (1.7) exists, there

exists at least one optimal solution to (1.7) that satisfies the following conditions for every
x ∈ Rn, z ∈ Rnc, and (N,M) ∈ H:

f
(
ϕ(N,M)z, Nx

)
= ϕ(N,M)f(z,x)

h
(
ϕ(N,M)z, Nx

)
= Mh(z,x),

(3.31)

or, in other words, the diagram in Figure 3.2 commutes for every (N,M) ∈ H.

Proof. Let (f̂ , ĥ) be an optimal solution to (1.7), and let x̂j[t], ûj[t], and ẑj[t] be the
plant state, control signal, and controller state trajectories realized by that controller from
initial condition j. Partition the set of reference trajectories into its orbits under the
action of H; let there be A such orbits, and denote them as O1, O2, . . . , OA. From each
orbit Oi, 1 ≤ i ≤ A, select the reference trajectory ji that minimizes

T−1∑
t=0

∥xji [t]− xji
ref[t]∥

2
Q + ∥uji [t]− uji

ref[t]∥
2
R. (3.32)

Let f∗ : Rnc × Rn → Rnc be a polynomial function that satisfies (3.31) such that

f∗
(
ϕ(N,M)ẑji [t], N x̂ji [t]

)
= ϕ(N,M)ẑji [t+1], (N,M) ∈ H, 1 ≤ i ≤ A, 0 ≤ t < T, (3.33)

and let h∗ : Rnc × Rn → Rm be a polynomial function that satisfies (3.31) such that

h∗(ϕ(N,M)ẑji [t], N x̂ji [t]
)
= M ûji [t], (N,M) ∈ H, 1 ≤ i ≤ A, 0 ≤ t < T. (3.34)

Since each point along each trajectory is distinct, f∗ and h∗ are well-defined by Lemma 3.9:
for f∗, the role of H in Lemma 3.9 is played by ϕ(H)×{N}×ϕ(H), and for h∗, it is played
by ϕ(H)×{N}×{M}, where {N} := {N | (N,M) ∈ H} and {M} := {M | (N,M) ∈ H}.

Let x∗j[t], u∗j[t], and z∗j[t] be the plant state, control signal, and controller state
trajectories realized by (f∗,h∗) from initial condition j, respectively. We now show that
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(f∗,h∗,x∗j[t], z∗j[t]) is an optimal solution to (1.7); to do so, we first prove the following
claim.

Claim: For every i, 1 ≤ i ≤ A, for every t, 0 ≤ t < T , and for every (N,M) ∈ H, there
exists j′, 1 ≤ j′ ≤ N such that

ϕ(N,M)z∗ji [t] = z∗j
′
[t]

Nx∗ji [t] = x∗j′ [t].
(3.35)

The claim is shown by induction on t; the base case follows directly from the fact that the
set of (xj[0],uj[0]) is closed under H and that zj[0] = 0 ∀j. To show the inductive step,
write

ϕ(N,M)z∗ji [t+ 1] = ϕ(N,M)f∗(z∗ji [t],x∗ji [t])

= f∗
(
ϕ(N,M)z∗ji [t], Nx∗ji [t]

)
= f∗

(
z∗j

′
[t],x∗j′ [t]

)
= z∗j

′
[t+ 1],

(3.36)

and

Nx∗ji [t+ 1] = N
(
a(x∗ji [t]) +B(x∗ji [t])h∗(z∗ji [t],x∗ji [t])

)
= a(Nx∗ji [t]) +B(Nx∗ji [t])Mh∗(z∗ji [t],x∗ji [t]

)
= a(Nx∗ji [t]) +B(Nx∗ji [t])h∗(ϕ(N,M)z∗ji [t], Nx∗ji [t]

)
= a(x∗j′ [t]) +B(x∗j′ [t])h∗(z∗j

′
[t],x∗j′ [t])

= x∗j′ [t+ 1],

(3.37)

completing the proof of the claim.

To show that (f∗,h∗,x∗, z∗) is an optimal solution, observe that the value of the objec-
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tive function in (1.7) associated with f∗ and h∗ is

N∑
j=1

T−1∑
t=0

∥x∗j[t]− xj
ref[t]∥

2
Q + ∥u∗j[t]− uj

ref[t]∥
2
R

=
A∑
i=1

∑
j∈Oi

T−1∑
t=0

∥x∗j[t]− xj
ref[t]∥

2
Q + ∥u∗j[t]− uj

ref[t]∥
2
R

(since the orbits Oi partition the set of reference trajectories)

=
A∑
i=1

∑
(N,M)∈H

T−1∑
t=0

∥Nx∗ji [t]−Nxji
ref[t]∥

2
Q + ∥Mu∗ji [t]−Muji

ref[t]∥
2
R

(using the claim)

=
A∑
i=1

∑
(N,M)∈H

T−1∑
t=0

∥x∗ji [t]− xji
ref[t]∥

2
Q + ∥u∗ji [t]− uji

ref[t]∥
2
R

(since NTQN = Q and MTRM = R for every (N,M) ∈ H)

=
A∑
i=1

∑
j∈Oi

T−1∑
t=0

∥x̂ji [t]− xji
ref[t]∥

2
Q + ∥ûji [t]− uji

ref[t]∥
2
R

(since f∗ was chosen to “agree” with f̂ on each ji, and h∗ with ĥ)

≤
A∑
i=1

∑
j∈Oi

T−1∑
t=0

∥x̂j[t]− xj
ref[t]∥

2
Q + ∥ûj[t]− uj

ref[t]∥
2
R

(since the ji were selected from each Oi to minimize the above)

=
N∑
j=1

T−1∑
t=0

∥x̂j[t]− xj
ref[t]∥

2
Q + ∥ûj[t]− uj

ref[t]∥
2
R,

(3.38)

which is the value of the objective function associated with f̂ and ĥ. However, (f̂ , ĥ, x̂, ẑ) is
an optimal solution. Therefore, the above inequality must be an equality, and (f∗,h∗,x∗, z∗)
is an optimal solution as well.

Remark. The assumptions that NTQN = Q and MTRM = R are easy to satisfy. For
example, in the case where N and M are −In and −Im, respectively, the assumptions are
true for any Q and R.
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Chapter 4

Numerical Results

4.1 Solution Methods

The optimization problem in Equation (1.7) is very nonlinear and nonconvex, even without
the stability constraints; the nonconvexity comes from the products and powers of xj[t] and
zj[t] in the constraints. Due to this nonconvexity, all optimization problems were solved
using MATLAB’s fmincon function, which is sufficiently general to express the optimiza-
tion problems in this work and offers multiple optimization algorithms. Since fmincon

cannot work with matrix inequalities directly, positive semidefiniteness constraints were
first rewritten as positive definiteness constraints and then converted to simple inequalities
using Sylvester’s criterion, which states that a matrix is positive definite if and only if each
of its leading principal minors is positive.

The optimization problem was observed to be very sensitive to initial conditions; when
the initial point was infeasible, the optimization almost universally failed to converge to
a feasible point. To overcome this problem and find a good initial condition for the op-
timization problem, a “secondary” optimization problem was first solved, and its optimal
value was converted into an initial point for the full “primary” optimization problem. This
secondary optimization problem has the following form:

min
Fx,Fz ,Hx,Hz ,ẑ[t]

N∑
j=1

T∑
t=1

∥Hxx
j
ref[t] +Hzẑ

j[t]− uj
ref[t]∥

2
2

subject to

Fxx
j
ref[t] + Fzẑ

j[t]− ẑj[t+ 1] = 0, 1 ≤ j ≤ N, 0 ≤ t < T.

(4.1)
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This problem is similar to that in Equation (3.1), but with a linear dynamic controller
instead of a nonlinear static one: in fact, Fxx + Fzz can be viewed as a linearization of
f(x, z), and likewise for Hxx+Hzz.

Once a solution to this problem was found, it was converted to an initial condition for
the primary optimization problem by setting f(z,x) = Fzz+Fxx and h(z,x) = Hzz+Hxx.
The initial conditions for xj[t] and zj[t] were found by computing the closed-loop trajectory
achieved by this controller from the initial point of each given trajectory, and the initial
P j[t] were found by solving the discrete Lyapunov equation at each point of each trajectory
with the Jacobian of the closed-loop dynamic function at that point.

4.2 Examples

The approach described here was demonstrated on several example plants. In each case,
the continuous-time equations were first discretized using the forward Euler approach, and
then a four-term (cubic) Taylor series approximation was used to represent each plant as
a polynomial model.

4.2.1 Single-Machine Infinite-Bus Power System

The first example plant on which this method was demonstrated was the single-machine
infinite-bus (SMIB) power system, which models a single synchronous generator connected
to an infinite bus through a lossless transmission line. With a simplifying choice of coor-
dinates, the SMIB system can be described by the following differential equations:

ẋ1 = x2

ẋ2 = − sinx1 − cx2 + u,
(4.2)

where x ∈ R2 is the state vector, c ≥ 0 is a damping constant, and u is a term related
to the mechanical power supplied by the generator [12]. These equations are identical to
those describing a damped driven pendulum. This is a control-affine system which, after
replacing the sine term with a Taylor series approximation, is suitable for the approach
described here. The polynomial approximation used for the SMIB system’s dynamics is

ẋ1 = x2

ẋ2 = −x1 +
1

6
x3
1 − cx2 + u.

(4.3)
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A simple first test for this approach was to show that it could match trajectories
that approach the unstable equilibrium of the SMIB system while stabilizing this unstable
equilibrium. To accomplish this, MPC, using MATLAB’s nlmpc class, was used to generate
several trajectories that approach the unstable equilibrium; the cost function supplied to
MPC was a simple quadratic cost. These trajectories were then used as the reference
trajectories for the trajectory matching problem. The transition function for both the
original SMIB dynamics and their polynomial approximation are odd functions, so we
can apply Theorem 3.10 and consider only odd controllers. In this case, H is simply
{(In, Im), (−In,−Im)}, and ϕ sends the only non-identity element of H to −Inc . The
reason that we do not need the “inverses” of each trajectory — that is, the reason that the
set of reference trajectories does not need to be closed under H — is that the plant and
controller symmetries will ensure that the actual trajectories for the inverses of the initial
conditions are simply the inverses of the original actual trajectories.

The approach described in this thesis achieved excellent results on the SMIB system.
The performance of the nonlinear controller found by the new approach was evaluated by
comparing it against the optimal linear controller found by the secondary optimization
problem in Equation (4.1). The nonlinear controller found by the optimization achieved a
mismatch between the reference and actual trajectories approximately 11.6 times smaller
than of the linear controller, and the nonlinear controller satisfied the contractivity guar-
antees at each point along each trajectory. Figure 4.1 shows the squared errors between
the reference and actual trajectories over time for the linear and nonlinear controllers.

4.2.2 Dubin’s Vehicle

Another class of systems suitable for this approach is vehicle systems, which frequently
have very nonlinear dynamics. Contractivity guarantees are also very relevant to vehicles:
for instance, consider a mobile robot placed in a starting area by a human operator and
tasked to follow a predetermined path. The operator might not place the robot in exactly
the same location each time, so a contractivity guarantee ensures that even if the robot
starts a small distance from the starting location, its trajectory will still converge to the
reference path.

A simple representative of the class of vehicle systems is Dubin’s vehicle, which is
described by the following differential equations:

ẋ1 = v cosx3

ẋ2 = v sinx3

ẋ3 = u,

(4.4)
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where x1 and x2 are the vehicle’s position in two-dimensional space, x3 is its heading, v > 0
is the its speed, and u is the steering input [13]. Dubin’s vehicle is effectively a unicycle
with a fixed speed.

A problem arises when applying the contractivity constraints in Equation (3.16): the
Jacobian matrix for Dubin’s vehicle has an eigenvalue of 1 for all values of x, which means
that constraints of the form in (3.16) are impossible to satisfy. To avoid this, stability was
only enforced in the transverse directions: that is, those orthogonal to the vehicle’s current
heading. This works because the fixed eigenvalue of 1 arises from the vehicle’s fixed speed,

and its eigenvector is simply the heading of Dubin’s vehicle,
[
v cosx3 v sinx3 u

]T
. A

basis for the orthogonal complement of the corresponding eigenspace of the Jacobian can
be gathered into the following matrix:

A =

−v sinx3 u cosx3

v cosx3 u sinx3

0 −v

 . (4.5)

The stability constraints used for Dubin’s vehicle then take the modified form:

J jT [t]

[
A[t] 0
0 Inc

]
P

[
A[t]T 0
0 Inc

]
J j[t]− P ⪯ −γI, 1 ≤ j ≤ N, 1 ≤ t < T. (4.6)

Effectively, these constraints ensure that the closed-loop state transition function is con-
tracting in every direction except that parallel to the vehicle’s heading.

The test for Dubin’s vehicle was a lane change problem, which is directly motivated by
real-world autonomous vehicle applications. MPC, again using MATLAB’s nlmpc class,
was used to generate two reference trajectories starting from different initial conditions.
The objective function given to MPC was to maintain a Y coordinate of 0 units for the
first half of the timesteps, and a Y coordinate of 0.005 units for the second half. This
represents an autonomous vehicle performing a lane change manoeuvre. The approach
described in this thesis also achieved excellent results on Dubin’s vehicle, reducing the
mismatch between the reference and actual trajectories from the linear to the nonlinear
controller by a factor of roughly 130. Figure 4.2 shows the trajectories generated by the
initial linear controller and the full nonlinear controller for each starting point, as well as
the reference trajectories. Figure 4.3 shows the control inputs generated by ecah controller,
as well as the reference control input trajectory. Figure 4.4 shows the squared error between
the reference and actual positions over time for the linear and nonlinear controllers for each
trajectory. In each case, the comparison is the linear controller found by the secondary
optimization problem in Equation (4.1).
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Figure 4.1: The squared errors over time for each reference trajectory on the SMIB system.
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Figure 4.2: The trajectories generated by the linear and nonlinear controllers for the Du-
bin’s vehicle example for each reference trajectory.
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Figure 4.3: The control inputs generated by the linear and controllers versus time for the
Dubin’s vehicle example.
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Figure 4.4: The squared position errors for the linear and controllers versus time for the
Dubin’s vehicle example.
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Chapter 5

Conclusion

This thesis has described, justified, demonstrated, and evaluated a new approach for solv-
ing the trajectory-matching problem with explicit polynomial controllers in a way that
guarantees contractivity. Chapter 2 summarized the literature related to this problem and
identified a clear gap, which this thesis seeks to close. Chapter 3 presented two key theo-
retical results that support and justify the methods used here: Section 3.2 introduced and
proved a way to represent contractivity constraints as a set of matrix inequalities, while
Section 3.3 demonstrated an elegant way to take advantage of symmetries in the prob-
lem to reduce the dimensionality of the controller search space. Chapter 4 described the
demonstration of this approach on two example problems directly motivated by real-world
applications. Section 4.1 described the practical considerations and details involved in
using this method in practice, while Section 4.2 demonstrated its effectiveness on two dif-
ferent problems: control of a single-machine infinite-bus (SMIB) system and a lane change
manoeuvre for Dubin’s vehicle.

5.1 Future Work

A potential area for future work is the development of optimization algorithms tailored
to the optimization problem described here. All optimization problems in this work were
solved using an off-the-shelf general nonlinear optimization solver, which was slow and
frequently failed to converge. A custom optimization solver might help alleviate these
problems.

Another possible direction is the investigation of parametrized family of controllers
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other than polynomial controllers. While polynomial functions have many desirable prop-
erties, they have a significant drawback: all nonzero polynomial functions are unbounded.
This fact complicates stability analysis, and it means that global stability results are very
difficult to prove in general.

A further topic for future work is the extension of the methods described in this thesis
to plants without full state feedback. All the work in this thesis assumes that the controller
has full access to the plant state, which is often not true in practice. An observer used
in combination with the method described in this thesis might be sufficient to solve this
problem, but the proof of contractivity described in Section 3.2 would need to be extended
to observer-based controllers, and the proof of Theorem 3.5 would need revisions as well.
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