
















































































































































































































































































































































CHAPTER 5. CONVERGENCE OF THE ALGORITHM 156 

Consider the two possibilities for the min term separately. 

• 6a < AJ-i /Am.: 

eJ-1 < 4q24.J-1«f.J, < 4q2t1J-1rt-1
1i, < sq2&l, < 892 c1 - 62)/31 = 1 _,, . 

- /3+6a - /3+tia - Pi - /3i 892 
2 

Therefore, in either case, eJ-i S 1- 62 , or 

l·x:-1 I ~-1 x;-1 
---1 <l-62=>---l>b2-l::::>-4->b2 J-1 - J-1 - J-1 - t XP XP Xi, 

i.e. iteration J - 1 is very successful and A J-t S ,i..J. So, 

which contradicts the fact that J is the smallest index satisfying (5.7). The result follows 

immediately from the contradiction. 

5.4.4 A Bound on the Penalty Function Decrease 

We can now prove the following result. 

Lemma 5.35 Given Assumptions 5.1 - 5.11, for any S11,ccessful iteration from a. type two 

point, there ezists > 0 such that 
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Proof: In Corollary 5.31, it was established that 

Now, from the definition of /3•, Assumption 5.9, and Lemmas 5.32 and 5.34, it follows 

that 

5.4.5 Approaching a First Order Point 

This section lays the groundwork for the final stage of the convergence proof, which is 

presented in the subsequent section. 

Lemma 5.36 Given Assumptions 5.1-5.11, only a finite number of dropping steps will 

be performed. 

Proof: Since p,. is assumed to be bounded below, and the decrease in the penalty function 

is bounded away from zero on a successful trust region step, there can only be a finite 

number of successful dropping steps. 

Since th~ trust region radius is reduced for unsuccessful trust region steps and it has 

been established that ~ is bounded away from zero, it follows that there can only be a. 

finite number of unsuccessful dropping steps. □ 

Lemma 5.37 Given Assumptions 5.1 - 5.11, the algorithm will wentually approach a 

first order point. 

Proof: There are only a finite number of stationary, non-first order points (by As­

sumption 5.4) and there can only be a finite number of dropping steps. Therefore, after 

some point, the algorithm will no longer approach a stationary, non-first order point. 
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By Lemma 5.16, the iterates will approach a diff'erent stationary point. Eventually, the 

stationary point will be a first order point. □ 

Lemma 5.38 Given Assumptions 5.1 - 5.11 and constant values of the algorithm pa­

rameters £ and A, all iterates will eventually be type three or type four points. 

Proof: From previous results, the algorithm will eventually approach a first order point. 

Using the same technique as in the proof o( Lemma 5.17, it follows that the multiplier 

estimates at the iterates will eventually approach the multipliers at the first order point. 

Initially, an out of kilter estimate may be obtained, but eventually the estimate will lie 

in the range to be considered in kilter, due to the use of the bound /J+. O 

5.5 Convergence to a Second Order Point 

To establish that the algorithm will eventually converge to a second order point of the 

penalty function, the following results must be proven. 

l. The algorithm will eventually attempt a Newton step. 

2. A Newton step will eventually be successful. 

3. The algorithm tolerances E and A, which are reduced when an iterates has been 

misclassified as close to a stationary point, will only be reduced a finite number of 

times. 

4. Eventually, all iterations are Newton steps. 
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5.5.1 Approaching a Type Four Point 

From Section 4.2.5, recall that the Newton step satisfies dN = d,., + d,,, where 

dh - -Z(ZTHz)-lzT,.,, 

and d,, - -A(ATA)-1~(w +dh)-

It has already been established that, for constant values of£ and A, the algorithm 

will eventually approach a first order point. This point may be a second order point ( a 

possible solution of the penalty function) or a saddle point. 

As in Coleman and Conn (34], the following definition and assumption are required. 

Definition 5.9 A second order point w is a strict second order point if none of the 

multipliers lie at their optimal boundary and if the reduced Hessian is positive definite. 

Assumption 5.12 Assume that all first order points of the penalty function are strict 

second order points. 

Note that this assumption is made for the purposes of theoretical analysis of the algorithm, 

and is not applied to the implemented algorithm. 

Corollary 5.39 Given Assumptions 5.1 - 5.12, when approaching a strict second order 

point, the algorithm will eventually attempt a full Newton step. 

Proof: From Assumption 5.12, when the current iterate is close to a first order point of 

Pµ, it is actually close to a strict second order point, and the reduced Hessian is positive 

definite. Therefore, type three points are assumed to be never encountered. Combining 

this observation with Lemma 5.38, the algorithm will eventually clauify an iterate as a 

type four point, and the Newton step will be attempted. □ 
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Due to the positive definiteness of the reduced Hessian near a strict second order 

point, an assumption on the size of the inverse of the reduced Hessian, as in Lemma 1 in 

(34], can be made. 

Assumption 5.13 Assume that there ezist strictly positive constants bf and bf such 

that for any direction h, 

And, in particular, assume that ll(zTHz)-1 112 S 6Hz for some constant dHz > 0. 

At a. type four point, the algorithm calculates the Newton step dN == dh + d,,. If it 

satisfies lldnll 00 ~ A and provide sufficient decrease in pµ, then it is accepted as the trust 

region direction and the new iterate is calculated. Otherwise, the tolerances E and A are 

reduced and the current iterate is reclassified because it is not as close to a second order 

point of Pµ as originally thought. 

5.5.2 Success of the Newton Step 

In this section, the value of p,.,,( w + dh + d,,) is analyzed to determine if a full Newton 

step will be successful when close to the strict second order point w. This derivation is 

patterned after the corresponding step in Coleman and Conn [34]. 

For simplicity, the following definition is formalized. 

Definition 5.10 The point tu is «close enough" to a minimum point w when the following 

conditions are satisfied. 

1. Assumption 5.13 is satisfied. 

2. The set of E-actitJities at w is composed of the set of ezact activities at w. 
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3. The step dh + cL,, is small enough so that no br£Gkpoints are passed from tu to 

w +dh + d..,,. 

Lemma S.40 Given Assumptions 5.1 - 5.13, when a type four point w is "close enough" 

tow, there etists a positive constant L such that 

Proof: This proof uses the technique of and terminology from the proof of Lemma 1 

in (34]. From Definition 5.10, we can write the following. Note that -, and B are the 

gradient and Hessian, respectively, of the differentiable part of p,,.( w). 

1 
p,,.(w) + (d1,. + "-,f-, + 2(dh + d,,f B(d1a. + d,,) + o(lldh + 4112) 

-p. E (min(O,Gi(w +dn +du)) -min(O,Gi(w))) 
T0 (c) 

+P. L (l~(w + dh + du)l - l.\,(w)() 
J>.:(c) 

+P. .E (lgi(w + dh + d.,,}I - fgi(w)I) 
r.ce) 

- -p. .E {min(O,gi(w + d1r. + d,,) - ~(~ + dh + du)) 
P,;'"(c) 

- min(O,g.(w) - A.E(w))) 

+µ }: (ICt{w + dh + d,,)( - ICi(w)I). 
M 0M 

We will need to consider the component parts of p,,_(u, + d1,. + d,,) in more detail. 

Consider the following: 

dfy - -..,.'f Hi1-rz 

d; -y - d; (A.'1 + Zu) 

- d;A'i+d;Zu 
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- d:° Alt+ -l(w + dn)T (AT .A.r1 AT Zu 

- d;A'i+O 

- -•(w+ dhf (AT .A.)-1.4.T A'I' 

- --1( w + d1i)T ,t 

- - E"i•i(W + dh.) 
1 

- - E'li(Cli(w) + d{Va.:(w) + 
2
d{V2tJi;d1a,) + o{lldhlf2

) 

1 
- - Elli(Cli(w) + 2d[V2a;d1,.) + o(lldhlf') 

1 - - L t'f(Gi(w) + 2dfV2Gi(w)d1a) - E '1-;~i(w) 
~w ~w 

1 - E 'if<gi(w) + 2dfV2gi(w)d1t) 
P3(&) 

- L 'if-.\((gi(w) - Ai(w)) + ½d[V2gi(w)dh) 
.P!(e:) 

1 - L 'lf(c_(w) + 
2
dfV2Ci(w)d1,.) + o(l(dhll2)r 

MO(«) 

lT d.'f 1 6 

2d,.,Bdn + ,.,B4 + 2a;Bd.,. 

162 

The above information, along with the definition of H, is now all combined in the 

following. 

Pµ(w +dh. +4) -p,.(111) - -'Y{Hi1-rz - E 'lfGi(w)- L '1tA.(w) 
TO(e:) P.:(e:) 

- L "11"<10> - E ,,r-,\<1i<w>- A.Cw» 
]1(e) P;"(c) 

- L 'lfc.(w) + ½dfHd1i 
MO(«) 

+ti£ Bd,, + ½d; Bd.,, + o(lld11ll2) + o(lldh. + 4112
) 

-µ L (min(O, G.(w + dh + 4)) - min(O, Gi(w))) 
TO(c) 
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+µ E (l~(w +dh +'4)1- IAi(w)I) 
~(f!) 

+µ L ((gi(w + d1a. + d,,)( - (gi(w)I) 
"=(1!) 

-µ E (min(0,gi(w+d1i+dv)-~(w+dh+dv)) 
P.;(!!) 

- min(O, 9i(w) - "-i(w))) 

+µ E (1Ci(w+d1a. +4)1- ICi(w)I) . 
.MO(tt) 
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Next, examine the changes in activities in more detail. Before looking at the individual 

cases, note the following. 

ATd,._ - -ATzczTz)-1zr-r = o 

AT dv - -AT A(AT A)-1~(w + d1i) 

- --t(w+d1i) 

- -~(w) - d[A- !4'v2-t(w)dh + o(lldhll2) 
2 

1 
- --t(w) - 2dfV2~(w)dh + o(l(dhll2). 

Gi(w + dh + d,,) - Gi(w) + (d1a. + ct,,fVGi(w) + ½(dn + "1,fV2Gi(w)(dh + d,,) 

+o(l(dh + d,,ll2
) 

1 
- Gi(w) +dfVGi(w) +drVGi(w) + 2dfV2G.(w)d1i 

+d[V2Gi(w)d,, + id;V2d,, + o(lld1a. + dvll2
) 

- Gi( 111) + 0 - Gi( w) - ½df V2G.( w )d1a. + idf V2Gi( w )d1a. 
1 +dfV2G,(w)dv + 2d;V2G,(w)d,, 

+o(lldh + d,,(1 2
) + o(lld1a.1(2

) 

1 
- dfV2G.(w)d,, + 2d;V2Gi(w)d,, + o(lldh + d,,1( 2

) + o(lldhll 2
). 
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Let~= neg[Gi(w)]. Now, we have that 

E min(O, Gi( w)) - min(O, G,( w + d,,, + d,,)) 
T0(1t} • 

1 
S L ~iGi(w) + I4°V1Gi{w)dv + 2d;V2Gi(w)d,,( + o(lld,,, + cL,,ll2

) + o{fldnlf2
) 

7'°(1!) 

S L ~Gi(w) + L ldfV2Gi(w)t4I + ½ E (d;V2Gi(w)d,,I + o(lldh + dvlf') 
row row ~w 
+o(l(d1ill2). 

Therefore, 

l.\.(w+d1t. +dv)I - l,\i(w) +d&V,\i(w) +d;V,\i(w) + O( 

- (Ai(W) +0-Ai(w)I 

- o. 

E J,\i(w+dn+dv)I-IAi(w)I 
~{t:) 

- E -l,\i(w)I 
~{c) 

- - E ei,\i(w), 
P!M 

where f!i = sign(,\.(w)]. 

L fgi(w+dh +cl,,)l -11.(w)f 
r.ce) 

1 
S L fdfV2g.(w)dvl + 2 L fd;V2gi(w)dvl - L t!ili(w) 

r.w r.w ~w 
+o(l(dh + d,,1(2

) + o(lldh.112
), 

where f!i = sign[g;.(w)]. 
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• i E P;;(E), let'-•= neg[gi(w) - ~(w)]. 

E min(O,gi(w) - "'1(10)) - min(O,gi(w + dh + dv)- Ai(w + dh + dv)) 
P,;-(e:} 

1 
< E ~.(g.(w) - Ai(w)) + fdfV2gi(w)4 + 2d;V2gi(w)dvl 

P;""(e:) 

+o(l(dh + "'1112
) + o(lld1all2

) 

1 < E ~i(Ui(w) - li(w)) + E ldfV2gi(tu)d,,( + 
2 

L ld;V2gi(w)d,,I 
~w ~w ~w 
+o(fldh + c41f1) + o(lldnl(2). 

E ICi(W + dh + dv)I - ICi(to)I 
MO(e:) 

$ E ldfV2Ci(w)41 + ½ L ld;V2Ci(w)41- L eiCi(w) + 
M(t(e:) M8 (e:) M9 (e:) 

+o(lldh + 4112
) + o(lld1r.ll2

), 

where ei = sign(es(w)]. 

Combining all the above information, and grouping similar terms we get the following 

result~ 

Pµ(w + dh + 4) - Pµ(w) - --,JH-1-yz - E (ilf - µ\i)G.(w) 
TO(e:) 

- E ('I;+ µei)~(w) - L ('If+ µei)g.(w) 
l'.:(e:) Pj(e:) 

- L ('If-A - µ,.-i)(g.(w) - Ai(w)) 
P;"(e:) 

- E <"i + µedc.< w > 
MG(e:) 

+df Bd,, + µ L JdfV2G.(w)41 + µ E ldfV2gi(w)d.,I 
TO(e:) _p;(,) 
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+µ L fdfV2gi(w)d.,( +µ L fdfV2t!i(w)dvl 
P;"(e:) M8(e) 

+½ (tl':B4+µ L fd;V2Gi(w)41 
Xo(c) 

+µ E Jd;V2gi(w)4( + µ, E ld;V2gi(w)d..,( 
JJ3(e) P;"{e} 

+µ L fd:°V2t!i(w)41) + o(lfdh. + 4112
) + o(lldhlf'). 

M"°(e:) 

For any of the activities «Ii, let ,,.f = JfV,.a;.(w)dh. Then, using this definition, we can 

write 

and 

d,, = -A(AT A)-1(• + ½r] + d(lld1,.1(2). 

Define H1 = BA.(AT A)-1 and H2 = (AT A.)-1 AT H1. Therefore, 

d~ Bel,, - (-.A(AT A)-1[+ + ½r]f B(-A(AT A)-1(+ + ½r]) + o(llclh.)12) 
1 1 - <r·T + +T)H2(9 + 2r) + o(lld11ll2) 

1 
- •T H2+ + +T H2r + 4rT H2r + o(l(d11ll 2

) 

- +T H2(+ + r} + ¼rT H2r·+ o(lldnlf'} 

1 
- +T t + 4rT H2r + o(lld1ilf'), 

where t = H2(+ + r). Since ,.r H2-r is o(lldh.(14 ), it can be included in the o(lldhlf2) tenn. 

Therefore, 

½Id! Bd,,I < l+T ti + o(lld,a,112) 
1 

$ 2 L («Ji(w)l • l~(w)I + o(lldh.112
), 

where the sums are over all the activities. 
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Therefore, 

tl(w) = H;[~(w) + ,-J, and Ui = E luf(w)f. 
j 

Using a similar technique, it can be verified that 

ldf Bclvl :S L (!fi(w)I • leJi(w)f + o(lfd1,.ll2) 
i 

i i 

So, we can now write 

p,,(w + d1r. + dv) - Pµ(w) 

:$ -;fH-1-rz - E (itf- P~i)Gi(w) - E ('1; + l'ei)..\i(w) 
TOM 11(e:) 

- E ('If+ µei)gi(w) - L ('If-.\ - l'ti)(gi(w) -Ai(w)) 
P3(e:) P;-(e:) 

- E (\Ji+ PtU)Ci(w) 
MO(e:) 

+ ~ (y,;(w)f • leJi(w)I + µ ~ leJi(w)f • lii(w)l ':f"- ½ ~ l<ii{w)f • lfi(w)( 
I I I 

+½µ ~ l<ii(w)( • IUi(w)I + o(lld1,. + dvll2) + o(l(d1r.112). 
I 

For each activity '-'i, define the function 

Now, 

167 
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P11 (w + dh + 4) - P11(w) - -"(jHz1-Yz 

+ E (ei(w)IGi{tU}I - (lff - µ,i)Gi(w)) 
TO(E) 

+ E (ei(w)l~(w)I - ("It+ l'lU)¾(w)) 
~(e) 

+ E (ei(w)lgi(w)I - ("If+ µ~)gi(w)) 
i>;(e) 

+ E (e,;(tv)lg,;(w) - ;\.(w)I -

('ilf-..\ - µ.~)(gi(w) - ¾(w))) 

+ E (~i(w)ICi(w)I - {1Pf + µe,;)Ci(w}) 
M 8 (e) 

+o(lldn + <4[12) + o(lldhll2). 

Returning to the activities, we get the following results. 

• For i E T0 (E:), if Gi(w) < 0, then 

If Gi(w) > 0, then 

Therefore, in either case, 

• For i E J'f(E:), as above, it can be shown that 

• For i E ~(E), 

168 
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• For i E M 0(E), 

Rewriting the difference in the penalty function, we get 

where 

pµ(w + dh + d,,) - P,iw) = --yzHz1-yz + ((w) 

o(lldh + d,,ll2) + o(lldhl[2), 

((w) - L ({i(w) - 1-.P-f - µ,;il)IGi(w)I 
TO(e:) 

+ E (fi(w) - l'Pf + µ1ul)l..\i(w)I 
11 (e:) 

+ E (ti(w) - l'Pf + µ1ul)lgi(w)I 
P3(e:} 

+ L (t,(w) - l'Pi-.\ - µ,;,l)[gi(w) - .,\i(w)I 
P,;"(e:) 

+ E ({i(w)- !'Pf+ µ,ul)lea(w)I. 
MO(e:) 

169 

Now, as w ➔ w, {,(w) ➔ 0. Also '1i - µ,;, # O and "ili + µei #- 0 because w is a strict •• 

second order point. Therefore, there exists cf+ > 0 such that when "close enough", 

Therefore, 
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When "close enough", the norm of Hz is bounded above and below by constants. 

From Assumption 5.13, 

Combining everything, we have that 

Examining the lengths of the horizontal and vertical steps, and using Assumption 5.13, 

and 

Now, there exists dr > 0 such that 

llciulli - (-1 + ½rf (AT A)-1(tl + ½r) + o(lld1ilr') 

< 11-1 + ~rll2IIAT Al(+ o(lldhll4) 

< 
1 

<f...tll•ll2 + 2rl(2 + o(l(dnll4) 

< 6.All•ll2 + o(lldhll3 ) 

< 6...tllcJll2 + 6rlld1ill2 

< 6.A!lcJll2 + 6rllZT "Yll2 • 

Therefore, o(lldh + d,,fl2) + o(lldh1J2) $ 6.-tlf•ll 2 + dr1 IIZT-yll2, for some positive constants 

dr1 , and ci.4. We can assume that 11•11 $ 11~1'1 because ct contains the :values of the 

£-activities. 

Therefore, when close enough, there exists positive constants L1 and L2 such that 

P,s(w + dh + d,,) - p,.(w) < -(L1IIZT-rll~ + L2lltll11) 

- - min(L1, L2)C11zT rll~ + ll•ll1)-
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Defining L = min( L1, £ 2) gives the desired result. D 

Corollary 5.41 Given Assumptions 5.1 - 5.13, if a type four point w is ''close enough" 

Proof: This follows immediately from the above lemma, and the fact that if w is not 

itself a strict second order point, then either 11•11 #= 0 or ll'Yzfl # O. □ 

Lemma 5.42 Given Assumptions 5.1 - 5.13, if the iterate tu is close enough to w, then 

dN = dh + d,, will eventually be accepted by the algorithm. 

Proof: To prove this result, we need to establish the following points. 

• The Newton step eventually provides sufficient decrease in the penalty function. 

From Corollary 5.41, dN eventually decreases the penalty function. Therefore, it 

remains to show that this decrease is sufficient, in the sense described in Section 

4.2. For sufficient decrease, it is required that 

Now, looking at the right hand side in the same way that the proof above was 

established, we have that 

d'f,7 - df "Y + d; "Y 

> -7'f Hz"Yz - L 'iftli(w) + ½df 7Z 

- -½iJHf"Yz - E -.i'Cli(w) 

1 H 2 
~ - 262 11-rzll:z - µlf~(w)ll1 

- -M(llzr "YH~ + ll•fh) 
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for a positive constant M. As long as L ~ r1M (which is reasonable since r1 is 

assigned a small value in our implementation), it follows that 

P,a(w + dN) - p,.(w) < -L(llzT rll~ + ll•ll1) 

~ -r1M(IIZT "Yllf + 1(~1(1) 

Therefore, dN will eventually provide sufficient decrease in the penalty function. 

• The Newton step eventually falls within the trust region. 

As the iterates are approaching a. second order point, the Newton direction is de­

creasing in size. Recall that near a solution, a quadratic model is a good predictor 

of the penalty function, and the trust region radius will not be reduced, although 

it may be increased. Therefore, eventually, lldNllcx, $ d will be satisfied. 

Therefore, a Newton step will be accepted by the algorithm. □ 

5.5.3 Decreases of the Algorithm Tolerances 

It will now be proven that the activity tolerance £ and the closeness tolerance A are only 

decreased within the algorithm a finite number of times. A similar result was presented 

in parts 5 and 6 of Theorem 1 in [34]. An alternate way of stating this result is that £ 

and A are bounded below by some positive constants, or that 

lim Jc -f+ 0 and lim Ak -f+ O. 
k➔oo k➔oo 

Lemma 5.43 Given Assumptions 5 .. 1 - 5.13, the sequence of iterations produced by the 

algorithm must satisfy 

lim ~ f+ 0 and lim Ale f+ 0. 
k-+00 k➔oo 
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Proof: The proof will proceed by contradiction. Assume that 

lim ~ ➔ o. 
k➔co 

Since A k is decreased whenever It: is decreased, it follows that 

Assume that 

i.e. that there exists some constant 6z > 0 such that ll(Zkf "Yklt > 6z. This implies that 

beyond some point, all the iterates are type one points. However, in this situation£ and 

A are not decreased. Therefore the usumption was incorrect, and 

Since l((Z'=)T "Ykll is approaching zero, the iterates are approaching a stationary point. 

Now, in stage two of the convergence proof, it was established that only a finite number 

of stationary, non•first order points exist. Therefore, it follows that in the limit, the 

iterates must approach a stationary point which is a first order point1 and hence a strict 

second order point. As well, the algorithm will identify the correct set of activities, and 

will attempt the full Newton step. It was just established above that such steps will be 

successful when close enough to the strict second order point 10. Therefore, t1= will not 

be repeatedly reduced, and the assumption that it tends to zero is incorrect. □ 

5.5.4 Behavior Near a Second Order Point 

Lemma S.44 Given Assumptions 5.1 - 5.13, if It: does not tend to zero, then eventually 

all the iterations are successful Newton steps .. 
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Proof: We have already established that only a finite number of successful steps can be 

taken &om type one or type two points, and that the algorithm will eventually approach 

a stationary point. From earlier discussions, it follows that the final stationary point 

approached must be a second order point. Since ~ is not repeatedly reduced, full Newton 

steps are taken until convergence. □ 

5.5.5 Convergence of the Algorithm 

Corollary 5.45 Given Assumptions 5.1 - 5.13, the algorithm will converge to a strict 

second order point of the penalty function. 

Proof: When very close to a second order point, the algorithm has correctly identified the 

active set, and is essentially Newton's algorithm applied to an unconstrained minimization 

problem. Therefore, convergence to a strict second order point will be observed. 0 



Chapter 6 

Degeneracy in the Penalty 

Function 

6.1 Introduction 

In previous chapters, we have assumed that all points encountered by the algorithm were 

nondegenerate. However, in practice, the use of E-activities may result in a large number 

of penalty terms being considered active. Consequently, there is an increased possibility 

of linear dependencies among the gradients of the active penalty terms, that is, that some 

points will be degenerate. Of course, even for exact activities, degeneracy is possible. 

In this chapter, we discuss some of the problems caused by degeneracy. Several 

traditional techniques for resolving degeneracy in one level mathematical programs are 

summarized, along with some difficulties encountered when applying those techniques to 

the bilevel problem penalty function. Finally, a new technique {or resolving degeneracy 

in our problem is described and proven to work for exact activities. An extended version 

of the technique for E-activities is used within the implemented version of the algorithm. 

175 
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6.2 Problems Caused by Degeneracy 
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Degeneracy refers to the situation in which the gradients of the active terms at the 

current point are not linearlf independent. When the current point appears to be far 

from a stationary point, the trust region direction is chosen to maintain all activities 

up to first order change. The presence of degeneracy does not alter this stage of the 

algorithm in any way. In. effect, the degeneracy is irrelevant. However, when the current 

point appears to be close to a stationary point, it is necessary to estimate the values of 

the Lagrangian multipliers by solving, in a least squares sense, the system of equations 

A9' = 'Y, 

where all terms are evaluated at the current point. At a degenerate point, .A. is not full 

column rank, so the system may not have a unique solution. Corresponding to each basic 

subset of the columns of .A., there is a unique set of multipliers. However, there may be 

an exponential number of choices of basic subsets. This nonuniqueness of the activities 

causes several problems in our algorithm. 

• The numerous choices of bases may lead to an incorrect clasmication of the status 

of the current point. For example, if a particular set of multipliers includes out 

of kilter values, then a dropping direction is indicated. However, there may exist 

a choice of basis whose multipliers are all in kilter, which suggests that all the 

activities should be maintained. 

• Even if the point is correctly classified as being near a stationary non-first order 

point, the nonuniqueness of the sets of multipliers may lead to attempting to drop 

some activities which are actually active at a solution. 

• Changes in the activities whose gradients are in the cunent basis may result in 

changes in some of the nonbasic activities as well. Therefore, a dropping direction 
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defined from the current basis may not be a descent direction for the entire penalty 

function. 

Note that it is possible to correctly classify a dropping situation in the presence of de­

generacy, and then to define a dropping direction which provides descent. However, the 

presence of degeneracy complicates the decision making process. 

6.3 Traditional Degeneracy Resolving Techniques 

Consider solving the linear optimization problem 

The necessary conditions at a nondegenerate solution of LP include the existence of a. 

unique set of multipliers ,\ ~ 0 satisfying A,\ = c, where A, the activity matrix at z, 

contains a subset of the columns of G. 

These necessary conditions can be extended to the case of degeneracy. The uniqueness 

requirement for ). is replaced by the requirement that there exists at lea.st one nonnegative 

solution ,\ to the underdetermined system A.\ = c. An obvious technique to resolve the 

uncertainties caused by degeneracy is to examine all basic subsets of A to determine 

optimality or a dropping direction. The following presents this algorithmic framework. 

Algorithm 6.1 (Traditional Degeneracy Resolving Algorithm.) 

• REPEAT 

1. Partition the columns of A to form two matrices As and AN which satisfy 

Range[As] = Range[AJ a.ml [As, AN]= A. 
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2. Solve As .\s = c for .\s. 

3. Set .\N = 0. 

• UNTIL .\T = (.\J;, .xi) is in kilter 

• OR UNTIL a feasible descent direction for LP is identified. 

Given the matrix A, there may be an exponential number of choices of As. Therefore, 

rather than enumerating all possible bases, most degeneracy resolving algorithms attempt 

to efficiently search the possibilities. Two different techniques for generating matrices As 

are described below. 

6.3.1 Perturbation 

The perturbation technique for resolving degeneracy in LP involves transforming, or 

perturbing, the degenerate problem LP into a closely related nondegenerate problem. 

LP(e), for some vector e having small positive components. For example, consider the 

constraints 

Cl: bf z -/1 > 0 

C2: bf z - /2 > 0 

C3: 6fz -/3 > 0 

C4: b'fz -/4 ~ 0, 

where the first three constraints are active at a common, degenerate point, denoted Dl 

in Figure 6.1. This feasible region is slightly _modified to 

Cl': bf z -Ii -e1 > 0 

C2': bfz -/2 -e2 ~ 0 

C3': bf z - '3 -e3 > 0 

C4': bfz -/4-e4 ~ 0, 
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where e1, e 2 , e3, and E4 are very small positive values, on the order or magnitude of ten 

times machine epsilon. The very small values are required so that the feasible regions of 

LP and LP(t) are closely related. 

Cl-0 

Figure 6.1: Original Feasible Region 

---....... --~---..._~--- C2'=0 

C4'=0 

C3'=0 

Figure 6.2: Perturbed Feasible Region 

The degenerate vertex Dl bas been transformed into three nondegenerate points Pl, 

P2, and P3, as shown in Figure 6.2. The activity matrices at these points correspond to 

the possible basis matrices at Dl in the original problem. If the linear program algorithm 
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determines that the multipliers at either of the perturbed vertices satisfy the necessary 

optimality conditions for LP(e), then D1 satisfies the necessary conditions for a solution 

of LP. However, if any of the other vertices of the perturbed problem are reached, that 

is, if the fourth constraint is reached from Pl, P2, or P3, then degeneracy has been 

resolved, and the linear program algorithm can proceed from the corresponding point in 

the unperturbed problem. 

6.3.2 Ryan-Osborne Approach 

In (61], Ryan and Osborne study the issue of resolving degeneracy in linear programs of 

the form 

LPl: min" cT z subject to AT z == f and z 2: 0. 
ze/R . 

A point is optimal for this problem if there exists .\ ~ 0 and 'I' such that 

where :,0 is a submatrix of the identity matrix corresponding to elements of z which have 

value zero at the current point. Note that there is no restriction on the value of the .P 

multipliers because these constraints must remain active for feasibility. 

The matrix A is divided into a basic submatrix As and a nonbasic submatrix AN. 

Correspondingly, the variables are divided into a buic index set SB and a nonbasic index 

set SN. Let zs and z N denote the b~ic and nonbasic variables. Note that z N = 0 is 

al ways satisfied. Let 

The cunent point is degenerate if Sfi :/ 0. 

Ryan and Osborne define a subproblem of LPl which is used to resolve degeneracy at 

z. The inactive and nondegenerate part of the problem can be ignored because degeneracy 
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is a local issue. Therefore, the authors describe the subproblem SPl. 

If there exists a direction of recession, that is, a direction of unbounded feasible descent, 

for SPI from z, then this direction is also a feasible descent direction for LPl from :r:. 

Meanwhile, if the current point is optimal for SPl, then it is optimal for the original 

problem. However, the current point is a degenerate point for SPl as well as LPl. 

A direction d is a direction of recession for SPl from 2 if and only i£ it satisfies the 

following conditions: 

These conditions are independent of the vector b and the value of z. Therefore, the 

authors describe another problem similar to SPl, but using a set of random values. Let 

ifiESf, 

otherwise, 

where each r;. can take any positive value. Now, consider the problem 

SP2: min cT y subject to AT y = F and Yi~ 0, i E SN U Sf,, 
11eR" 

where r = / + ATr. Note that y == z..,. is a feasible point for SP2. 

Any direction d is a direction of recession for SP2 from y if and only i£ it is a direc­

tion of recession for SPl &om z, and therefore, a direction of feasible descent for LPl 

from z. Conversely, if no direction of recession exists for SP2 starting from 'I/, then an 

optimal solution, including an optimal set of multipliers, can be obtained for SP2. These 

multipliers correspond to a choice of basis for the original problem LPl at ~. 

When solving SP2 starting from y, at least one nondegenerate step can be taken. A 

further level of degeneracy may be encountered in the solution process, depending on the 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 182 

random values used in defining SP2. If this situation arises, then the same process can 

he invoked recursively. Note that since an initial step is taken away from zP, any other 

degenerate points encountered will have fewer activities, and the recursion process will 

be finite. 

6.4 Examples of Degeneracy in the Penalty Function 

The techniques described above for resolving degeneracy are based on the premise that 

the uniqueness requirement for multipliers in the necessary conditions at a nondegenerate 

point can be replaced by the existence of such multipliers at a degenerate point. The 

examples in this section show that a similar correspondence between necessary conditions 

at nondegenerate and degenerate solutions of the bilevel penalty function does not exist. 

Consider example problem BP2 from Chapter 2. With the penalty parameter µ fixed 

at one, the unconstrained function 

p(z,y,..\) - 2z +y-min(O,z + 2y) + lz -11 +>.1 - >.2 -11 + 

I min(l - 2z - y, .\i)I + I min{z + 1/ -f- 1, .\i)I 

is minimized. It can be shown that p(z, 1/, ..\) ~ 1. Consider the following points. 

• At the point w1 = (0, 0, 1, 0), the activity matrix is 

VG1 Vc1 Va1 -V.\1 V>.2 

1 1 -2 0 

A - 2 -1 -1 0 

0 1 -1 0 

0 -1 0 1 
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where~ = {1} # 0. According to the nondegenerate necessary conditions, a drop­

ping direction can always be defined in this case. However, w1 is both degenerate 

(since rank[A] = 3) and optimal for p (since p(w1) = 1). Dropping 91 - ..\1 = 0 

increases some of the other active penalty terms so much that the penalty function 

is increased ( even for very small steps} due to the linear dependencies among the 

gradients in As. Therefore, the requirement that pt = 0 does not extend to the 

degenerate case. 

•• At the point w2 = (2/3, -1/3,0, 0), the activity matrix, 

VG1 Vc1 V91 V.\1 V.\2 

1 1 -2 a a 
A= 2 -1 -1 0 0 I 

0 l a 1 0 

0 -1 0 a 1 

has five columns, but is of rank four. Any choice of four of the columns forms a 

basis for the full activity matrix. Consider the following: 

- If V 91 is in the basis matrix ( as it is for four of the five choices for As), 

then the multipliers for that basis are 1Jf = -1 and zero {or all the other 

basic activities since V g1 = --y. The nondegenerate optimal range for '1{ is 

,Pf E [O, lJ, so these multipliers are not in kilter according to the rules derived 

assuming nondegeneracy. 

- H V g1 is not in the basis, the only choice of basis is 

The multipliers for this basis satisfy 

'1 =['If, 1Pi, "~· '1~] - (1, 1, -1, l]. 
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The multiplier .-t = -1 violates the nondegenerate necessary condition that 

~°t E (0, 1]. 

Therefore, any choice of As at tu2 results in a violation of the necessary optimality 

conditions derived for nondegenerate points. However, this degenerate point is a 

minimrun point of p(z, y, ..\) since p( w2) = L 

These two cases show that at a degenerate solution of the penalty function, 

• the set~ need not be empty. 

• there may not exist a basis of the activity matrix which defines a set of multi­

pliers which are in kilter according to the necessary conditions derived assuming 

nondegeneracy. 

6.5 Problems Applying the Traditional Techniques 

The two degeneracy resolving techniques described previously depend on the existence of 

a basis matrix for the activities which defines a set of multipliers satisfying the necessary 

conditions derived assuming nondegeneracy. Therefore, they will not be appropriate for 

resolving degeneracy in our penalty function. 

A problem which arises when applying the perturbation technique is that small 

changes to the constraints may significantly alter the set of necessary optimality con­

ditions at a nondegenerate point. Consider the unperturbed situation Ai( w) = 9i( 111) = 0. 

The nondegenerate necessary conditions require that O $ 'if :5 µ,, 0 $ itf ~ µ,, and 

-.Pt + .Pf ~ µ. H, as a result of some perturbation, Ai( w) is considered active and less 

than inactive 9i( w) in the perturbed space, the necessary nondegenerate condition for op­

timality is -µ $ itf $ p,. Clearly, there are values for the multipliers for which we would 
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conclude that the perturbed problem satisfies the necessary nondegenerate conditions, 

while the unperturbed problem does not. The multipliers obtained from the perturbed 

problem may neither satisfy the nondegenerate necessary conditions nor define a descent 

direction for the penalty function. 

When attempting to apply the Ryan-Osborne technique to resolving degeneracy in 

the penalty function, we were able to verify that a direction of recession for a linear 

problem defined at the degenerate point (perturbed. or not) was a. direction of descent for 

the penalty function at the degenerate point. However, it was not possible to equate the 

cases of finding a solution for the perturbed linear problem and the current point being 

a first order point of the penalty function. 

A new approach is required to resolve degeneracy in the penalty function pµ. 

6.6 Resolving Degeneracy in the Penalty Function 

To determine if descent from a degenerate point is possible, changes in the nonbasic 

activities must be considered in relation to changes in the basic activities. 

Algorithm 6.2 (Framework for Resolving Degeneracy in p,.) 

1. Construct a basic activity matriz As from the activity matm A: 

• Include VAi(w) for i E ~ U ~, Vg;(w) - VAs(w) for i EI":-

• Fill As from the remaining activities, until nink[.As] = ronk[A] and .As has 

rank[A] columns. 

2. Fill the corresponding nonbasic activity matria: AN with the gradients of the nonbasic 

activities. 
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3. Solve for 'I': Ast'= 'Y, where 'Tis the gradient of the differentiable part of pµ at 

the current point. 

4. Ezpress the gradients of the nonbasic activities in terms of the gradients of the basic 

activities by solving for the matriz K. in the system of equations As K. = AN. 

5. Ezpress first order change in the nonbasic activities in terms of the basic activities. 

6. E:q,ress first order change in the penalty function in terms of the change in the basic 

activities using '1' and "· 

7. Derive a set of necessary conditions on '1' and " to guarantee that the first order 

change in the penalty function is nonnegative along any direction d. 

These steps are now examined in greater detail. 

6.6.1 Building the Basic and Nonbasic Matrices 

Because the gradients V ..\i( w) are identity columns, the gradients of the activities listed 

in the first part of Step 1 above form a linearly independent set. Consequently, the 

suhmatrix of A consisting of these activities has full rank and this submatrix defines the 

initial columns of As. The basis is filled out by examining the remaining gradients in 

the following order: Vgi(w) for i E f>!, Vgi(w) for i E ~, VGi(w) for i E To, and 

V Ci( w) for i E Mo. A candidate gradient a is added to the current basis matrix As if 

it is judged that the addition of the vector increases the rank of As. If a; lies in the 

range of the current basis matrix, then the current nonbasic matrix gets augmented with 

a. Otherwise, a is placed in the current basic matrix. Algorithm 6.3 details the process. 
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Algorithm 6.3 (Building the Basic Activity Matrix) 

• REPEAT 

1. Ezamine candidate gradient a, which is not currently in either As or AN. 

2. Solve, in a least squares sense, As t/J = a, to determine the relationship between 

a and As. 

3. Calculate the residual vector r = AsT/J - a. 

,(. If r = 0, then AN= [AN, a), else As= [As, a]. 

• UNTIL Rank[As] = Rank[AJ. 

In practice, the test on r in Step 4 above is typically relaxed to account for roundoff error. 

The choice of As and AN may not be unique. However, as long as they are defined 

using the process described in Algorithm 6.2, the conditions developed in the rest of the 

chapter are applicable. 

Additional notation is required to specify the composition of the basic and nonbasic 

matrices. 

Definition 6.1 Given As and AN, the following sets are defined. 

• Let B(To) be the set of indices i E T0 for which VGi(w) is in As. 

• Let N(To) =To\ B(To) be the indices of the nonbasic activities in To. 

• Let B(~) be the set of indices i E Fg for which Vgi(w) is in As. 

• Let N(Fg) = ~ \ B(~) be the indices of the nonbasic activities in~. 

• Let B( ~) be the set of indices i E ~ for which V 9i( w) and V ~i( w) are in As. 
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# Let N(~) = ~ \B(~) be the indices i E J>! for which only V.li(w) is in As-

• Let B(M0 ) be the set of indices i E Mo for which Vc.(w) is in As. 

• Let N(M0 ) =Mo\ B(M0) be the indices of the nonbasic activities in Ma. 

6.6.2 Solving for the Multipliers 

Both sets of multipliers 9 and " can be efficiently computed using a single factomation of 

As. Let Q be an orthogonal matrix and R be an upper triangular matrix which satisfy 

As = QR. The vector 'i' is the solution of the triangular system R"lt = QT -y. The 

matrix ,;;, is the solution to the system R,;;, = QT AN, which is easily determined column 

by column by solving triangular system of equations. However, each column in K. can be 

computed in Step 2 of Algorithm 6.3 (when r = 0) by simply augmenting that solution 

with zeros. 

The vector 'i' and the matrix ,r. are unique for any given choice of As and AN. 

Definition 6.2 The c~mponents of the matriz ,;;, need to be accessed for basic and non­

basic activities. 

1. For the nonbasic activities, let 

• ,.//, for i E N(T°), refer to the column of,.. corresponding to the multipliers 

relating the dependence of VGi(w) on the basic activities, 

• Kff, for i E N(~) UN(~), refer to the column of ,c corresponding to the 

multipliers relating the dependence of V 9i( 111) on the ba.,ic activities, 

• "l, for i E N(M0), refer to the column of" con-esponding to the multipliers 

relating the dependence of V es( w) on the basic activities. 
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2. For the basic actitrities, let 

• ,r.(G;], for i E B(T°), refer to the row of" corresponding to the multipliers 

relating the dependence of the nonbasic activities on VG;( -w). 

• ,c.(.\;], for i E Pf U ~, refer to the row of ,r. corresponding to the multipliers 

relating the dependence of the nonbasic activities on V .\;( w). 

• ,r.[g; - .\;], for i E P::, refer to the row of" corresponding to the multipliers 

relating the dependence of the nonbasic activities on V g;( w) - V .\;( w). 

• ,r.[g;], for i E B(~) U B(~), refer to the row of" corresponding to the 

multipliers relating the dependence of the nonbasic activities on Vg;(w). 

• ,r.(c;], for i E B(M0), refer to the row of,;, corresponding to the multipliers 

relating the dependence of the nonbasic activities on V c;( w}. 

3. For a nonbasic activity fli and a basic activity b;, ,r.r(b;] is the multiplier relating 

the dependence of fli on b;. 

6.6.3 First Order Change in the Nonbasic Activities 

The first order change in any nonbasic activity can be expressed in terms of the first order 

change in the basic activities. For i E N(T0 ) and any direction d, 

dTVG,(w) - dTAs1tf 

L ,c;f[G;]dTVG;(w) + L"f[l;)dTV~;(w) 
B(T0 ) ~ 

+ ~,c;f[g; - .\;JdT(Vg;(tu) - Vl;(w)) + L "f[g;]dTVg;(w) 
P:: B(~) 

+ ~"f[l;)dTV..\;(w) + E 1tf[g;]dTVg;(w) 
~ B(~) 

+ L ,r.f[c;]cP'Vc;(w), 
B(M9) 
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where each of the summations is over the index j. 

First order changes in the remaining nonbasic activities can be similarly expressed 

using"· 

6.6.4 First Order Change in the Penalty Function 

Recall from Lemma 3.6 that, for any direction cl and step O ~ er < a 1 • where a1 is the 

first breakpoint of an inactivity along d, 

pµ(w +ad)= 6(w + crd) + µ11(w + ad) 

where 6 is the differentiable part of pµ at w (which is differentiable over a E [0, a1)) and 

71 is the corresponding nondiff'erentiable part of P11-· At a degenerate stationary point w, 

we can write, using the measure of curvature introduced in Section 3.5.2, 

6(w + ad) - pµ(w) + acF-y + ½cr21(d(l~O(6, w, ad) 

- P11,(w) + adT Asll + ½a2lldlli0(6, w, crd), 

11(w + ad) - - Emm(Gi(w + crd), 0) + E IA.(w +ad)[+ E lgi(w + Qd)I 
~ ~ ~ 

+ Esign(.-\.(w)] min(0,gi(w + Qd) - ~(tu+ ad)) 
P:: 

+EI min(.-\.(111 + crd),~,(w + ad))I + L [ci(w + acl)f 
P! MO 

- -a Emm(dTVGi(w),O) +a :EldTVAi(w)( + Q EldTVgi(w){ 
T 0 P? i>: 

+a: Esign[.l-i(w)] min(0, dT(Vgi(w) - v~i(w))) 

+a LI min(d!V~(tu),tP'Vg;,(w))I + a E ftP"VCi(u,)I 
r. M8 

1 +2a 21fdll~O,,(w, ad) 

- -a I: min(~VG,(w),0)-c:t E min(d2'As1tf,o) 
B(TO) N(TO) 
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+a E lclTV.,\:(w)I +a E lclTVgi{w)( +a E fdT Asltfl 
~ B(.P;) N(J'3) 

+a }:sign(Ai(to)]min(O,F(Vgi(w)- VA.(w))) 
p, -

+a E I min(dTVAi(tu}, dTVgi(w))I 
B(P:) 

+a E I min(drVAi(w), dr As~)I 
N(P!) 

+Q E 1.:Fvt'i(w)I + a E (cP' AB"i' + ½a21(dl(~°',{w, ad), 
B(M0 ) N(M0 ) 

where the individual summations are over index i. 

So, for 0 $a< a1, 

pµ(w + ad) = p'-'(w) + atP' As'1 - aµ }: min(t.P'VG,{w), 0) 
B(T0 ) 

-Qµ E min(dr As"f, 0) + aµ E (d7°VA;(w)I 
N(T0 ) ~ 

+aµ L (cP'Vgi{w)I + aµ L lclT As~I 
B(P3) N(P:) 

+aµ Esign(..\i(w)] min(O, dT(Vgi(w) - V.,\:(w))) 
P:,, 

+aµ }: lmin(dTV.,\.(w),dTVgi(w))I 
B{.Pg) 

+aµ E I min(dTV.,\.(w), F As"f>I + aµ. E ldTVCi(w)I 
~~) B(W} 

191 

+aµ E ldT As",I + ½a2fldlf~O.,,,(w, ad). (6.1) 
N(M0 ) 

where 0,,,,(1111 ad)== 0(6, w, ad)+ µ{l,,(w, ad). 

6.6.5 Deriving First Order Optimality Conditions 

A set of first order optimality conditions which must be satisfied at a degenerate minimum 

of p'-' are derived using the above expression for p,,.( w + ad) 1 where 0 ~ a < a1 1 and are 

presented in three separate groupings. 
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Deflnition 6.3 A direction d is a first order descent direction for the penalty function if 

the first order change in the differentiable part of P,s along d from the current point has 

a negative value. 

Group One 

In this section, a set 0£ necessary optimality conditions at a degenerate first order point 

of the penalty £unction are obtained by analyzing the effect on P,s of dropping a single 

basic activity. 

Deftnition 8.4 

• For j E B(T0), let 

,r - E l"f[G;]I + E l~[G;]I 
N(P3) N(AfO) 

u<! , - L max(~G[G;], 0) + L max(,4[G;], 0) + ,r 
N(T0 ) N(P£) 

.,,<! , - - E min(~G[G;], 0)- E min(,4[G;], 0) +C'/-
N(T0 ) N(P:) 

• For j E I": = ~ u P;;, let 

,,-,. - E l~[g; - .\;]I+ E '"f[g; - .\;11 
N(l1) N(JIIO) 

g-J. u- -, E max("f[g; - .\;], 0) + E max('4[g; - .\;], 0) + Cf_,. 
N(TD) N(.P!) 

~-,. 
:J - - E mmc"fras - .\;l, o> - E mmc'4r,; - .\;l, o> + ,;-" 

N(Xo) N(P:) 

• • For j E B(~), let 

,t = l: 1'4[.\;]I + E l~[.\;]I 
N(~) N(MD) 
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u~ 
J - E max{,cf[,\;], O} + E max(,4[l;], 0) + (f 

N(T') N(~) 

11~ , - - E mm(,cf(,\;J,o>- E mmC"1[.\;J,o>+,t 
N(T') N(~) ,, - E I'4L9;JI + E f ,cflf ;1I 

N{PJ) N(M") 

14 - E max("iGfa;), 0) + E max(,4[9;], 0) + q 
N(TO) N(.Pg) 

"1 - - E mm(,c;ffD;J, o> - E mmC-4fa;J. o) + q 
N(TO) N(Pg) 

• For j E J1, let 

,; - E l~(,\;]I + E l,q(,\;)I 
N(r,) N(MO) 

u~ 
J - E max(,cf(,\;), 0) + E max(,4(,\;), 0) + (} 

N(Xo) N(~) 

11~ , - - E mm(,cf[.\;J, o> - E mmC-4[.\;J, o) + ,; 
N(Xo) N(P:) 

• For j E B(~), let 

,1 - L I'4fa;]I + E l"il9;11 
N(p;) N(M8) 

"1 - E max(,c;ffa;J, o> + E maxCltffDil, o> + ,; 
N(TO) N(.P!) 

vi! - - E mm(,cff.9;1, o> - E mmc~r.,;J, o> + ,; , 
N(Xo) N(J'!) 

• • For j E B(M°), let 

cy - E I'4[c;]I + E f,cnc;]I 
N(r,} N(M8) 

ul: 
J - E max(,cf [c;], 0) + E max(,c;f[c;], O} + cy 

N(TO) N(P!) 

11'= , - - E min(,cf[c;],0)- E min(,c;f[c;],O)+Cj 
N(TO) N(.P!) 
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• For j EN(~), let 

,: - E IK.f[l;]I + E IK.Hl;]I 
N(J1) N(M0 ) -~ , - E max(K.f[l;],O) + E max{"1[l;),O} +ct 
N(TO) N(P!)\{j} 

v~ , - - L min(K.f[l;], 0) - L min{,r,f[l;], 0) + ,;. 
N(Xo) N(r:)\{;} 

Lemma 6.1 If w is a stationary, degenerate point of p,,., then any direction d satisfying 

Aid= rre'j, for some i E B(T°), is a first order descent direction for Pµ from w if and 

only if 

(:·) - < 0 d ,;r,G G • .., an ~ i - pu; > µ, 

or (ii) a-> 0 and 9f + p:,lj < 0. 

Proof: For O $ct< a1, from equation (6.1), 

Pµ(w+ad) = Pµ(w)+arr(eff'l-crµmin(a-,0)-ap L min(o-(ef)T"f,o) 
N(Xo) 

+aµ L lrr(ef)T ,tfl + a:µ L I min(O, a-(ef)T ~)I 
N(J>3} N{,P!) 

+aµ L la-(eff "ii+ ½a2 lldlliO,,,.(w, ad) 
- N(Uo) 

- Pµ(w) + arr'lf - apmin(o-, 0) - o:p E inin(rrK.f[G;], 0) 
N(7'°) 

+ap E la-llltf(G;]f - aµ L min(a-ltf[G;], 0) 
N(r.) N(P!) 

+aµ L l<rl(1ti[G;]I + ½ct2 lldlli0,,,.(w, ad). 
N(M8 ) 

Without loss of generality, assume that rr = ±1. Therefore, consider the two cases 

separately. 

1. O' = -1: 

p,.(w + adj - p,.(w) - cr'1J + a:p + ap L max{K.f[G;], 0) 
N{TO) 
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+aµ L lltf[G;]I + aµ E max(,tf[G;J, O} 
N(}1) N(J>!) 

1 
+a:µ L (1tf[G;]I + 2a2fldl(f!lp,.(10, ad) 

N(M9) 

- p,.(w)-alff +aµ+aµuf +½a2lldllJOpiwlad) 

- p"(w) - a(~'j - µu'j - p.) + }a2fldlf;Op,.(w, ad). 

Therefore, first order descent is possible if and only if lf'J - µuf > p.. 

2. tT = +1: 

p,,(w + ad) - p14(w) + ail.'f - aµ }: min{1tf[G;), 0) 
N(Xo) 

+aµ L fltf [G;]f - aµ L min(«-f[G;J, 0) 
N("3) N(J>!} 

1 
+aµ E l1tf[G;]I + -a2 lldll;Op11 (w, ad) 

N(MO) 2 

- p,.,(w) + o.(ilf + ,ivf) + ½o.2(1d(l;np,_(w, ad). 

Therefore, first order descent is possible if and only if il.'f + µvf < 0. □ 
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Lemma 6.2 If w is 4 stationary, degenerate point of pµ, then any direction d satisfying 

At d = u,P;-;l, for some j E P=., is a first order descent direction for p,.,. from w if and 

only if 
/.') _ < o d tT,g-). g-A 
, , v an "If i - µu; > µ 

or (ii) (T > a and 9.rl. + p,tl}-A < o. 

Proof: Analogous to the proof of Lemma 6.1. □ 

Lemma 6.3 If w is a stationary, degenerate point of p,.., then any direction d satisfying 

A~d = tref, for some j EB(~), is a. first order descent direction for P,s from w if and 
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only if 
/,;) tT < 0 d .T .. ..\ A , " an '3f; - p,u; > µ. 

or (ii) " > 0 and wj + p,vJ < O. 

Proof: Analogous to the proof of Lemma 6 .. 1. □ 

Lemma 6.4 If w is a stationary, degenerate point of p,,., then any direction d satisfying 

A~d = tTe'j, for some i EB{~}, is a first order descent direction for p,,. from w if and 

only if 
(i) a-< 0 

or {ii) tT > 0 

and 

and 

111- µu!J >,,. 
if~+ llv'J < 0. J ,- , 

Proof: Analogous to the proof of Lemma 6.L D 

Lemma 6.5 If w is a stationary, degenerate point of p,,., then any direction d satisfying 

Aid = t:re1, for some i E ~, is a first order descent direction for p,.,. from w if and only 

if 
(:l~) a- < 0 d .T,A A 'I an ~; - µu; > µ 

or (ii) tT > 0 and iif + µ:u; < -µ.. 

Proof: For O $; a < a1, 

p,,.(w + ad) :: p,,.(w) +aa-t'j- ap, E min(tT1tf[,\;], 0) + ap,Ja-J 
N(1'°) 

+aµ E jtTf1"1[.\;JI - aµ L min(O, a-1tf[.\;]) 
N(J>;) N(l'g) 

1 
+aµ L jtTIJ1ti(.\;]I + 2a 2 fldl(jO,,,.(w, ad). 

N(M8 ) 

Without loss of generality, assume that tT = ±1. 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 

1. (T = -1: 

p,._(w + ad) - p"(w)- ailJ + aµ L max("f[..\;], 0) + aµ 
N(TO) 

+aµ E lltf[..\;]I + aµ E max(,tf[..\;], 0) 
N(11) N(,P!) 

+aµ }: l"f[..\;]I + !a21fdlliO,,,a{w, ad) 
N(MO) 2 

- Pµ(w) - ail}+ Ctµuj +aµ+ ½a2 lldll~O,,,Jw, ad) 

- Pµ(w) - a('IJ - µ.uj - µ) + ½a2 Jldll~Op,_(w, ad}. 

Therefore, first order descent is possible if and only if ilJ - µ.uj > µ.. 

2. "= +l: 

Pµ(w + ad) - Pµ(w) + a't"j- aµ L min(,cf(..\;], 0) + aµ 
N(T6 ) 

+ap L l1tf[..\;JI - aµ, L min(,tf(..\;], 0) 
N(I>;) N(P:J:) 

1 
+aµ L l1ti(..\;]I + 2a2lldll;O,,,.(w, ad) 

N(M6 ) 

- p,._(w) + a('t"} + µ,vj + µ) + ½a2 1fdll;Op,,(w, ad). 

Therefore, first order descent is possible if and only if ..PJ + µvj < -µ. □ 
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Lemma 6.6 If w is a stationary, degenerate point of p,._, then any direction d satisfying 

Aj;d = <Te1, for some j EB(~), is a first order descent direction for p,._ from w if and 

only if 

(i) u < 0 and '11 - µ'4 > I' 

or (ii} O' > 0 and '11 + P'1 < -µ. 

Proof: Analogous to the proof of Lemma 6.5. □ 
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LeDllllA 6. T If w is a stationary, degenerate point of P,s, then any direction d satisfying 

Aid= o-ei, for some i E B(M°), is a first order descent direction for Pµ. from w if and 

only if 

(i) o- < 0 and '411 - P'-'i > I' 
or (ii) o- > 0 and '411 + µvj < -µ. 

Proof: Analogous to the proof of Lemma 6.5. a 

Lemma 6.8 If w is a stationary, degenerate point of pµ., then any direction d satisfying 

Aid = a-e1-.\, for some j E ~, is a first order descent direction for P,s from w if and 

only if 

Proof: For O ~a< a1, 

P,i(w + ad) = pµ(w) + ao-'lj-.\ - ap. L min(o-1tf[g; - A;], 0) 
N(T0 ) 

+ap E (a(l,tffg;- ~;]I +aµmin(O,tr) 
N(JJI) 

-aµ E min(O, o-"ffg; - ~;])+aµ E luJl1ti[g; - A;]I 
N(P9=) N(M0 ) 

+½a2lldll~Op.,(w, ad). 

Without loss of generality, usu.me that tr = ±L 

1. (f = -1: 

P,s(w + ad) - pµ.(w) - a'l'j-.\ + aµ E max(1tf[g; - ~;], 0) 
N(T') 

+ap L lltf [g; - A;]I - aµ+ aµ L max(,tf[g; - A;]1 0) 
N(J>3) N(~) 
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1 
+aµ E l1tl[g; - A;JI + 2a2lldll~Op,.(w, ad) 

N(M8) 

- Pii(w) - aft'1-~ - µu'j-J.. + µ) + ½a21fdlfJO,.,,.(w, ad). 

Therefore, first order descent is possible only if and only if,,,-..\ - µu.1->. > -µ. 

2. fT = +1: 

Pii(w+ad) - Pii(w)+a'l1-J..-aµ L min{1tf[g;-l;],O) 
N(T0 } 

+aµ E [,tf[g;- A;JI - aµ E min(,tf[g;- A;], 0) 
N(P:) N(~) 

1 ., 
+ap L l1ti[g; - l;]I + 2a2JldllJO,.,,,(w, ad) 

N(Mfl) 

- Pµ(w) + a('1'1->. + 1''1-..\) + ½a21fdfliOp,.(w, ad). 

Therefore, first order descent is possible only if and only if '11-.\ + µ"1-J.. < 0. □ 

Lemma 6.9 If w is a stationary, degenerate point of Pii, then any direction d satisfying 

AJ;d = tTe1, for some j E N(~), is a first order descent direction for p14 from w if and 

only if 

{i) fT < 0 and '1J - µuj - µ max(l, wj(l;]) > 0 

or (ii} O' > 0 and llJ + µvf + µf min(l, wj[l;])I < 0. 

Proof: For O $ a < a1, 

p14(w + ad) = P,.i(w) + aa'ilf- aµ E min(o-1tf[l;], 0) 
N(7'°) 

+aµ L lo-ll"1[l;]I - aµ L min(0, o-1tf[l;]) 
N(J1) N(P!)\{i} 

+aµ( min(o-, o-1tj[l;]}( + aµ, E 10'll~(l;]I + ½a2lldll~Op,,(w, ad). 
N(M0 ) 

Without loss of generality, uswne that O' = ±1. 
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1. tr= -1: 

p1,;(w+ad) - pµ(w)-a'.tJ+aµ L max("f(.,\;],O} 
N(T0 ) 

+aµ E IKf[.,\;]I + aµ L max(O, "f(l;]} 
N(P3) N(J'!}\{j} 

+aµ( min( -1, -1'1(l;J)f + aµ L lltf(.,\;)I 
N(M8) 

1 2 2 d) +2a If dlf 2'1p,. ( w, a 

- pµ.(w)- a'l} + aµuJ + aµI - max(l, "1[l;])I 

+½a2 l(dlf~'1p,,(w, ad) 

- Pµ.(w) - a('.t1 - µ.u} - µmax(l, "'1(.,\;])) 

1 21 2 +2a (dlfiOp,,{w, ad). 

Therefore, first order descent is possible if and only if 

2. tr= +l: 

Pµ.(w + ad) - Pµ.(w) +a.Pf- aµ E min("f[l;], O) 
N(~) 

+aµ E 11'f[l;JI - ap L min(O, "f[l;]) 
N(P3) N(r:)\{;} 

+aµf min(l, ~(l;])I + aµ E 11'f(l;]I 
N(M8 ) 

1 2 2 ) +2a lldll2ll11,.(w, ad 

- Pµ(tu) + a('11 + µvj + µ( min(l, ~[l;])I) 

l 2 2 +2a If dll2ll,,,. ( u,, ad). 

Therefore, first order descent is possible if and only if 
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Group Two 

In this section, a set of necessary optimality conditions are derived by analyzing the 

effect on the penalty function p,,. of dropping both l;(w) = 0 and g;(w) = 0, for some 

j EB(~), when f(iTV.l;(w)( = jd'TVg;(w)(. 

The following definitions involving sums of generalized multipliers are required. 

Definition 8.5 For j EB(~), 

,~+g , - E IKf[l;] + ,r.f [g;]f + E f,r.ill;] + 1e,[g;J[ 
N(I':) N(M') 

E max(,r.f[l;] + "f[g;], O} + E max("1[..\;] + ,r.f[g;], 0) + c;+g u~+11 -, 
N(Xo) N(P!) 

- L min(,r.f[l;] + ,cf[g;], 0) - E min{~[l;] + 1t.ffg;], 0) + ,:+g t)~+g -:, 
N(TD) N(P!} 

,:-11 - E («.f[.:\;] - ,tffg;]I + L f,c;i[A;] - 1tf[g;]l 
N(P3) N(M0 ) 

L max(,c:f[A;] - ,cffg;J, 0) + E max(,tf(..\;J - ,d/[g;J, 0) + ,;-g >..-g 
U· -J 

N(T6 ) N{.P;g} 

- L min(1tf(l;J - ,r.ffg;], 0) - E min(,cf(.:\;] - ,c:f[g;], 0) + ,:-g. .\-g 
V; -

N(T0) N(.P;g} 

Lemm.a 6.10 If w is a stationary, degenerate point of Pµ., then any direction d satisfying 

A1:;d = O'(e1 + '1), for some j EB(~), is a first order descent direction for p" from w 

if and only if 
(i) a< 0 

or (ii) a> 0 

Proof: For O::;: a< a1, 

and 

and 

'f1 + ,t~ - uu~+9 > 1L J , ,- , ,-

't'J + '11 + µvf +g < -µ. 

p,.(w + ad) = p"(w) + aCT(ilJ + llJ) - aµ E min(a(itf[.:\;] + ,cf[g;]), 0) 
N(T1 ) 

+aµ, E lafl«.f[l;) + 1tffg;]I + aµfaf 
N(J>3) 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 

-a:µ E min(a-C~CA;l + 4(9;]), o> 
N(r:) 

1 
+a:µ L (O'l(,ci(.,\;J + K.i[g;)I + 2a 2 lldlf~O,,,.(w, ad). 

N(M°) 

Without loss of generality, assume that o- = ±1. 

1. (T = -1: 

Pµ(w + ad) - P,i(w) - a('if7 + "11) + aµ E max:(,cf[l;J + 1tf[g;], O) 
N(T0 ) 

+aµ L lltf [l;] + ,cf[g;]I + oµ 
N{f1) 

+aµ E max(,r.f(.X;] + ,tf[g;], 0) 
N(~) 

1 
+aµ L l1tH..\;] + 1tf[g;]( + 2a 2 lldllJOp,,(w, ad) 

N(Uo} 

- p,,.(w) - it(ilJ + '11) + ap.ut+n +ctµ+ ½a211dl(~Op,.(w, ad) 

- p,,.(w) - it('17 + '11- µuJ+t1 - µ) + ½a2lldfr;Op,,(w, ad). 

Therefore, first order descent is possible if and only if 

2. tr= +l: 

p,,.(u, + ad) - p,,.(w) + a(t'7 + 'f'1) - aµ L min{,c;f[.X;] + ,c;f [g;], 0) 
N(T9 ) 

+a:µ L f1t:(..\;] + 1tffg;)I + aµ 
N(J>Z) 

-o.p. L min(ltf[l;] + ,tffg;], 0) 
N{P!) 

+aµ L l1tH.-\;J + ,qfg;]I + ½a21fdll~Op,.(w, ad) 
N(.MG) 

- p,,.(w) + a('ilf + 'ilj) + aµvf+11 +aµ+ ½a2lldll;Op,.(w, ad) 

- p,.,.(w) + a(lP1 + '11 + µvf+11 + µ) + ½a2lldlli0,,,.(w, ad}. 
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Therefore, first order descent is possible if and only if 

Lemma 6.11 If w is a stationary, degenerate point of p,_,., then any direction d satisfying 

Ahd = a-(ej- ej), for some; EB(~), is a first order descent direction for p,. from w 

if and only if 

{i) O" < 0 

or (ii) O" > 0 

and 

and 

Proof: For O $a< a1, 

p,,(w + ad) = Pµ(w) + cra-('iiJ - '11) - ctp. L min(a-(,cf(.-\;] - ,cf[g;]), 0) 
N(T0 ) 

+aµ L la-11,cf[A;] - ,cf[g;]I + aµjo-( 
N(P:) 

-erµ E mm(0"(1tf[.\;J - ~[g;D, o> 
N(P~) 

+aµ L (o-fl1tH.\;] - "i[g;]I + ½a2 1(dll~Op,.(w, ad}. 
N(M0 ) 

Without loss of generality, assume that tr = ±1. 

1. (T = -1: 

p,.(w + ad) - pµ(w) - a(~: - 'Pj) + aµ L max(1tf[.\;] - 1tf[g;], 0) 
N(Xo) 

+crp. L lltf[A;J - ~[g;]I + aµ 
N(I';) 

+crp. E max(K.f[.\;] - <[9;],0) 
N(~) 

1 
+ctp. }: )1tH.\;] - 1tl[g;]( + 

2
a 2 lldll~Op,a( w, ad) 

N(M0 ) 

- p,.(w) - a(,P~ - -.P1) + crµu:-g +aµ+ ½a2 lldll~O,,,.(w, ad) 

- p,.(w) - a('IJ - '11 - µuJ-g - µ) + ½a2 lldl1:n11,.(w, ad). 
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Therefore, first order descent is possible if and only if 

2. tr= +l: 

p,,(w + ad) - P,-i(w) + a{tl}- 'IJ) - aµ L min(1tf(A;) -1tf[g;], 0) 
N(7'°) 

+aµ E lltf [A;) - ~[g;]I + ap 
N(J1) 

-ap. E min(1tf[A;) - ,tf fg;], 0) 
N(?:) 

1 
+aµ E l1tf[A;] - ,c;i[g;]I + 2oc21fdll~Op,.(w, crcl) 

N(M0 ) 

- pµ(w) + a('I}- ~}) + aµvJ-g +aµ+ ½a2 lldll~O,,,.(w, ad) 

- pµ(w) + a('17 - 'l1 + µvf-g + µ) + ½oc2 lldlliO,,,.(w, ad). 

Therefore, first order descent is possible if and only if 

Group Three 
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In this section, consider the effect on the penalty function of dropping, for some j E 

B(~), both A;(w) = 0 and g;(w) = 0 when ld7'VA;(w)I # l~Vg;(10)j. Through 

analysis, a set of necessary conditions at a degenerate minimum point of p'"' will be 

derived. 

The following group of definitions are required. These definitions concern the shape 

of the penalty function along directions d as described above. The shape changes as the 

differentiability of the penalty terms changes. 
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Definition 6.6 For j EB(~): 

1. Define brealcpoints T 1[j] as follows: 

i E N(T0): Tf [j] { - "r r .\;JI ,cf [g;] if it lies in (0, 1) 
-

1 otheMJJise 

i EN(~): rf[j] {- ttf (.\;]/ 4[9;] if it lies in (0, 1) 
-

1 otherwise 

i EN(~}: rf[.11 {- 4[,\;]/ Kf [g;] if it lies in (0, 1) 
-

1 otherwise 

{ - ~ 

i E N(M0): rlfil 
1ti'(..\;]/ 1tffg;] if it lies in (0, 1) 

-
1 otherwise. 

2. Let kJ be the number of distinct breakpoints in the interval (0, 1), and let these 

distinct breakpoints, denoted tl [j] for l = 1, · -• ~ k} be indexed to satisfy 

0 < t~[j] < • • • < tt~ [i] < 1. 
I 

In addition, define the additional breakpoints tA[iJ = 0 and tl~+1[i] = 1. 
J 

3. For each l = 0 : kJ, define t!fiJ as follows: 

i E N(T°): eifi1 { 
pos["-iG[..\;]) if rf [il < tl[il 

-
pos["r[g;]]. otherwise 

iE N(~): effiJ { 
sign[,4[..\;]] if rf[j] < tf [i] 

-
sign['4[g;]] otherwise 

i EN(~): e!CiJ { 
pos[,tf[..\;J] if rf [i] < tt(j] 

-
pos[,tf[g;]) otheMJJise 

i E N(M°): eHil { 
sign["f[..\;]] if rf[j] < tf [j] -
sign[ "HU;]] othenoise. 
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4. For each l = 0: k}, define quantities sUi] and sf,[i] as follows: 

si[i] - "1 - " E ei[;],cf [l;] - µ E eH;]~(.-\;] - "' E e{[i],tf(.\;] 
N(Xo} N(J':) N(~) 

-p. E e!Cilatill;J - P 
N(M9) 

s~fil - 'I! - " E eU;J1ef [g;J - " E dCiJ~[g;J - µ E eH;Jltf [g;J 
N(TO) N(~) N(JJ!) 

-,s E eH;J,cHg;J. 
N(M8) 

These tenns are used to ttpf'f!ss the first order change in the penalty function, in 

terms of the first order change in the basic and nonbasic activities. 

5. For each l = 0 : kJ, define the intervals jz[i] and :,,,•[i] as follows: 

(-oo, -sUiJ/s~[iJ) if s~[i] < 0 

.1i[i] -
(-si[i]/S:,[i], oo) if s~[iJ > 0 

(-00 1 oo) if s~[j] = 0 and si[i] > 0 

0 othenuise, 

3t[i] = (tt[i], tt+1[i]} n Si[i]. 

The first inteMJal gives the f'f!gion in which first order de~ase in at.tained for a term. 

related to the penalty function. The second inteMJal, which intersects the first region 

with the breakpoint interval in which the term is equivalent to Pii, gives the ronge of 

values for which first order descent is actually possible in the penalty function. 

Lemma 6.12 1/w is a degenerate, stationary point, then there ezists a first-order descent 

direction d for p,_. from w satisfying Aid= tT>.eJ + <Tgef for tr:>.. < tr9 < 0 i/ and only if 

there exists l E {O : kJ} such that :Ttfi] =f= 0. 

Proof: Consider any direction d satisfying Aid= <T).e1+u,,e1 for <T>. < <Tg < 0. Without 

loss of generality, a.ssume that tr:>.. = -1 and tr9 = -T for some T E (0, 1). Then, for 
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p11(u, + ctd) - p,.(10) - a('lj + r'lj} + ctµ L max(1ef(;\;] +r1ef[g;], 0) 
N(T0 ) 

+aµ E lltf (;\;J + r,cffg;]I + ctµ 
N(~) 

+ap E max(,cf[l;J + r,cffg;J, 0) + aµ E (,en,\;]+ r1tf[g;]I 
N(.Pg} N(M0 ) 

1 21 ' +2a ldll20,,,.(w, ad). 

For any r E (tt(j], tf+1[i]), l = 0 : k}, 

and therefore 

i E N(T0 ) : pos(,cf[l;] + r,cf[g;]] 

i E N(~) : sign(,c;f(l;] + r,cf(g;]] 

i E N(~) : pos(,c;f [l;] + r,cf [g;]J 

i E N(M°) : sign(,c;f[l;] + r1ef[g;]] 

-
-
-
-

&[;] 

eH;J 
tf[i] 

eHil1 
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If r E :Tz[i] 1 then the coefficient of {-a) is positive. However, this value provides the first 

order rate of change in P1,1 only for r E (tf[i], tf+t[i]). 

Therefore, if .7,,· = 0 for all l, then first order descent in p,,_ is not possible for any 

O). < ,,.,, < 0. Howe9'er, if there exists some l E {O : i}} such that .r,•[i] -:/: 0, then for 

any r E :,,•, a direction d satisfying A)d = -(ej +re1) provides first order descent in p,,_ 

from 10. □ 

The meanings of the terms defined below, and in all similar definitions, are analogous 

to the meanings of the related terms in Definition 6.6. 

Definition 8.T For j EB(~): 

1. Define breakpoints r2[j] as follows: 
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i E N(T°): ,f[i] { ;fg;]/ ,cf[l;] if it lies in (0, 1) -
othenllise 

i EN(~): T[[j] { ;fg;]/ ,tf [l;] if it lies in (0, 1) 
-

othen.uise 

iEN(~): ,ffjJ { ;f,;]/itf[l;] if it lies in (0, l} 
-

otherwise 

i E N(M") : Tf[i] { ~f,;]M(l;] if it lies in (0, 1) 
-

othen.aise. 

2. Let Tcj be the number of distinct breakpoints in the interval (0, 1), and let these 

distinct breakpoints, denoted tf[;] for l = 1, • • ·, 1:j, be indezed to satisfy 

0 < tf [i] < • • • < ~ [:j] < 1. ., 

In addition, define ta[.i] = 0 and tt+1 f.i] = 0. , 

3. For each l = 0 : I:}, define ~ [i] as follows: 

i E N(T°): 1rH;J 
{ 

neg[1tf [g;J] if .,., [j] < tf [j] 
-

pos{1tf [ ..\;]] othenmse 

i EN(~): ,rj[jJ 
{ 

sign(~fg;]J if ,f [i] < t;[j] -
-sign[ ltf [ ..\;]] othen.uise 

i EN(~): ,rj[jJ 
{ 

neg(~fg;]] if Tf [i] < tr (j] -
pos[1tf[..\;]] othen.oise 

i E N(Uo): 1rf[i] 
{ 

rign(1tff,;J] if Tf [j] < tf fj] -
-sign[1tf[l;]J otherwise. 

4. For each l = 0 : le}, define the quantities r'i[i] and r~[j] as follows: 

ri(j] = •1- µ, L 1r{[j]1t?[l;] + /J, L ,rf[j]ltf[..\;J - P E ,rj[i]1tf[l;) 
N(TO) N(J>Z) N(,Pg_) 
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+" E 1r!fiJ1t,[.\;J - " 
N{JIO) 

r~[iJ - il1 - " E 1rHil1tf r,;1 +"' E 1r!r;J1tf[g;J - " E 1r!fiJitf(g;J 
N(T0) N(_p;) N(J>!) 

+µ E 1rifiJ1ti[g;J-
N(M0 > 

5. For each l = 0 : kj, define the intervals X:,[i] and K:i[i] as follo'Ws: 

K:z[j] -
(r~[j]/ri[i], oo) 

{-oo, oo) 

0 

K:i[j] = (tf[i], tf+i[jJ) n X:,[i]. 

if ri[;] > 0 

if ri[i] = 0 and ,.~[j] < 0 

otherwise, 
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Lemma 6.13 If w is a degenerate, stationary point, then there exists a first order descent 

direction d for Pµ from w satisfying Aid= tT>.e1 + tT9 e1 for tT>. < 0 < t:r9 and la->.I < lt:ral 

if and only if there e=sts l E {O: kj} such that Ki[i] # 0. 

Proof: Consider any direction d satisfying AI;d == tT).e1 + a-ge; for tr>.. < 0 < tTg and 

la->.! < lcr9 1- Without loss of generality, assume that D'g = l and a). = --r for some 

TE {O, 1). Then, for O $a< a1, 

p14(w + ad) = P,lm) + a(-r'lf + '11) - aµ E min(-r1tf[.\;] + "f[g;], 0) 
N{TO) 

+aµ E I - rltf[..\;] + ltf [gi]I + apr 
N(P:) 

-a,s L min(-r,tf(.\;] + ,tf[g;], 0) 
N(P!) 

1 
+ap L I - r1tn.\;] + 1tl[g;]I + 2a2lldlliOp,_(tu, acl). 

N(M8 ) 
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For any r E (t7[i], tf+ifi]), l = 0 : kj, 

and therefore 

i E N(T0
) : neg[-r1tf [..\;] + 1tf (g;Il 

i EN(~) : sign[-r"1(..\;] + ,tffg;]] 

i EN(~): neg[-r~(..\;] + ~fg;ll 

i E N(M°) : sign(-r1tH..\;] + 1tf[g;]] 

- ~[i] 

- 1r!(;] 

- 1rjfj] 

- 1rf[j], 
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If r E ICc[i], then the coefficient of a is negative. However, this value provides the first 

order rate of change in Pµ. only for TE (tl[i], tr+l[j]). 

Therefore, if IC; = 0 for all l, then first order descent in p,.,. is not possible for any 

<TJ.. < O < tTg where lo">.! < jo-g(- However, if there exists some l E {O : kj} such that 

K:i[i] =I= 0, then for any r E !Ci, a direction d satisfying Aid = ( -rej + ~) provides first 

order descent in pµ from w. □ 

Definition 6.8 For i E B(~): 

1. Define breakpoints r3[i] as follows: 

if it lies in (0, 1) 

otherwise 

if it lies in (0, I) 

otheMDise 

if it lies in {O, 1) 

otherwise 

if it lies in (0, 1) 

otherwise. 
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2. Let kj be the number of distinct breakpoints in the internal (0, 1), and let these 

distinct breakpoints, denoted tr[i] for l = 1, • • ·, Tcj, be indezed to satisfy 

0 < tf [i] < • • • < ti [i] < 1. , 

In addition, define the breakpoints t3fi] = 0 and t~ +l [j] = 1. , 

3. For each l = 0 : kj, define ~fj] as follows: 

i E N(T0): ~[;] 
{ 

pos[1ef[.\;]] if -rf [i] < tf[i] 
-

neg[ ,cf [g ;]] otherwise 
, 

i EN(~): ti7f[i] 
{ 

sign[ltf [.-\;]] if -rf [i] < tf [j] 
-

-sign[ltffgi]] otherwise 

iE N(~): ttrf[j] 
{ 

pos[ "-1[ ,\;]J if -rf [i] < tf [i] 
-

neg[ "-1 [g i ]] otherwise 

i E N(M0): ~[i] 
{ 

sign[ 1en l;]] if -rf [i] < tr(j] 
-

- sign[ ,ci[g; ]] otherwise. 

4. For each l = 0 : kj, define the quantities qifi] and q![i] as follows: 

qi_[j] = '11-,,. E Qi[;]"?[.\;] - " E it1Hj]ltf[.\;] - " E i:E7ifi]1tf[A;] 
N(T9) N{J>;) N(P!) 

-µ E rDf Ul"~[.,\;J - " 
N(MO) 

q!Ul - •1 - " E rDHil1tf[g;J - µ E QH.illtf[g;J - µ E ttr!r;J~fg;J 
N(T8 ) N(i,:) N(J»g) 

-µ E i:uf(jJ,c;i[g;J. 
N(M0 ) 
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5. For each l = 0: 1:.j, define the intervals .Ni[i] and .Ni9[i] as follows: 

< -00. qi[iJt t[iD if tul > o 

.Ni[i] -
<ii.ult ttn 00) if tul < o 
(-00,00) if ((g[i] = 0 and gi[i] > 0 

0 otherorise, 

.Ni*[i] == (tf[i], tf+ifi]) n .Ni[i]. 

Lemma 6.14 lfw is a degenerate, stationary point, then there. etists a first order descent 

direction d for p,,_ from w satisfying Aid= O),et + a-11e'J for tr>...< 0 < tTg and lrrl.l > ltrul 

if and only if there ezists l E {0 : kn such that N;-[;J f:. 0. 

Proof: Consider any direction d satisfying N'j d = tTl. e; + tT 11 ffJ for tr>.. < 0 < tr g and 

Irr.>.( > lcr9 I. Without loss of generality, assume that tr:,.. = -1 and tr1 = 1" for some 

1" E (0, 1). Then, for O :$ a< 01, 

p,,.(w + ad) = Pµ(w) - a('iif- T~j) + aµ L max(1tf[..\i] - T"f[g;], 0) 
N(X°) 

+aµ L l"'-f[..\;] - "'"ffg;]I + aµ 
N(p;) 

+aµ L max(,tf[..\;] - T,:,f[g;], 0) + aµ L l1tf[..\;] - TKHg;JI 
N(J>g) N(.MO) 

+½a2ffdlfiOp,.(w, t:td). 

For any TE (tf[i], tf+1r;n, l = 0 : Tc}, 

i E N(T0) : pos[1tf (..\;] - r1tf [g;]J - iz,!(j] 

i EN(~): sign[1tf[..\;) - r~fg;]] - mi[i] 
i E N(~) : pos[1tf(A;] - T1tf f,;]] - toi[i] 

i E N(M°) : sign[1tf[A;] - T"ffg;]] - i;,f[i], 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 213 

and therefore 

If -r E .Ni[;}, then the coefficient of (-a) is positive. However, this value provides the first 

order rate of change in P,s only for r E {tf[;}, tf+l[i]). 

Therefore, if N,,• = 0 for all l, then first order descent in P,s is not possible for any 

a-,. < 0 < tTg and jtT.\I > jtTgl- However, if there exists some l E {O ; k}} such that 

A/i'"[;] # 0, then for any r EN,,•, a direction d satisfying A~d = -(e1-Te1) provides first 

order descent in Pµ from w. □ 

Definition 6.9 For j EB{~): 

1. Define breakpoints T 4 [i] as follows: 

i E N(T0): ,.llil { 11:f fa;J/ 1tf [.\j] if it lies in (0, 1) 
-

1 otherwise 

i EN(~): rf[i] { ,;;f [9;]/ ,;;f[..\;] if it lies in (0, 1) 
-

l otherwise 

i EN(~): r/[i] { - ,;;f [g;]/ ,;;f[..\;] if it lies in (0, 1) 
-

1 otherwise 

i E N(M°); rf[i] {- 1tt[g;]/ ,;;i[.\;] if it lies in (0, 1) -
1 otherwise. 

2. Let kJ be the number of distinct breakpoints in the interual (0, 1), and let these 

distinct breakpoints, denoted ttfi] for l = 1, ··- -, kJ[j], be indued to satisfy 

In addition, define the breakpoint& t![i] = 0 a.nd ttt+i[j] = 1. 
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3. For each l = 0: 1:1, define ,'[i] as follows: 

i E N(T°) : pffj] - { neg( 1tf fg;J) 
neg(1tf(l;J] 

i E N(~) : P!Li] ~'tt; • UI. - { 

si-r~r-,·]] 

sign[ ,r,f [l; ]l 

i E N(~) : pf[j] - { neg(,tf[g;]] 
neg[,tf [A;]J 

i E N(M0) : p{fj] = { sign(1tffg;]] 
sign[ 1tf[A;]J 

if Tf [iJ < t1[iJ 

othenuise 

if T![iJ < tf [iJ 

othen.oise 

if rtf.i] < tf [i] 

otherwise 

if rf[j] < t1[i] 

otheMDise. 

,I. For each l = 0: kJ, define the quantities Pi[i] and p~[j] as follows: 

i\[i] = 'lj - µ E Pi[iJ1tr[.\;] + µ E PHi]ltf[.,\;] - µ E Pifi],tf[A;] 
N(T8) N(J>3) N(J>g) 

+" E Piul1tHA;J +" 
N(M8) 

p~[j] - "1 - " E P!lJ]1tf [g;] + µ E P!Li]1tf[g;] - " 1: PHiJltffg;] 
N(T0 ) N(P:} N(P~} 

+,.,, E pfuJ1tf[g;J. 
N(.MO} 

5. For each l = 0 : k1, define the intervals Qi[j] and Q;[iJ as follows: 

(-oo, -1,,[i]/y.\[j]) if PlU] > 0 

(-p~(j]/PlU], 00) if Pi[i] < 0 

( -oo, oo) if PlCi] = 0 and p~[;] < 0 

0 otherwise, 

Qi[iJ = (tf[i], tf+1fj]) n Q,[iJ. 
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Lemma 6.15 If w is a degenerate, stationary point, then thett. ezists a first order descent 

direction d for p,,_ from u, satisfying Ald = aiej + o-9 e-1 for O < ti), < t1'1 if a.nd only if 

there ezists l E {O : k1} such that Qi[;]# 0. 
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Proof: Consider any direction d satisfying Al;d = tr>.e1+tT-,1 for O < C7'). < ag. Without 

loss of generality, assume that tTg = l and a:,,. = r (or some r E (0, 1). Then, for 

Pµ(w + ad) - p'-'(w} + a(r•; + 111) - aµ L min(r"sG[.-\;] + 1ef[g;], 0) 
N(l'°) 

+t:tµ E [r,cf [.-\;] + ,cf fg;]( + o:µr 
N(J'3) 

-t:tµ E min(T,tf[.\;] + ,tf[g;], 0) + o:p. E lr,c;fil;] + ,cf[g;]I 
N{P!) N(M') 

1 2 2 +2a l(dl(20,,.,(w,ad). 

For any r E (tf[j], t41[i]), l = 0 : kJ, 

and therefore 

i E N{T0) : neg[-r1tf[.\;] + 1tf(g;)J 

i EN(~) : sign(r1tf[>.;] + "1ID;]] 

i E N(~) : neg[r~[l;] + ,c;f fg;)] 

i E N(M°) : sign[-r1tf(.\;] + 1tffg;]) 

- p{[iJ 

- Pifi] 

- pi[jJ 

- PHi], 

If r E Q,(j], then the coefficient of a is negative. However, this value provides the first 

order rate of change in p,.,. only for TE (t1fi], tf+l(j]). 

Therefore, if Qi = 0 for all l, then first order descent in p,,. is not possible for any 

0 <ti'>.< trg. However, if there exists some l E {O: k1} such that '2if.iJ #: 0, then for any 

T E Qi, a direction d satisfying Aid = (-ref + ej) provides first order descent in p,.,. from 

w. □ 

Definition 8.10 For; E B(~): 

1. Define breakpoin'ts 1'5[j) as follows: 
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i E N(T0): r/[i] { - ,c;f [g;]/ ,c;f [A;] if it lies in (0, 1) 
= 

1 otherwise 

iE N(~): r/[i] { - ,c;f [g;]/ K.f[..\;] if it lies in (0, 1) 
-

1 othenJJise 

i EN(~): rf(j] {- ,c;f [g;]/ ,tf [A;] if it lies in (0, 1) 
-

1 otherwise 

i E N(M°): r/[j] { - ,c;ffg;]/ ,c;f[l;] if it lies in (0, 1) -
1 otherwise. 

2. Let l:j be the number of distinct bre.akpoints in the interval (0, 1), and let these 

distinct breakpoints, denoted tf be indezed to satisfy 

0 < t~[i] < • • • < t~ [j] < 1. 
I 

In addition, define the breakpoints tg[jJ = 0 and t~+1 [i] = 1. , 

3. For each l = 0 : l:j, define gl[j] as follows: 

iE N(T0): ei[i] 
{ 

pos(,c;ffg;)] if rf [i] < tf [i] -
pos(,c;f [l;]] othenJJise 

iE N(~): e{[i] 
{ 

sign[~[g;]] if ,f[j] < tf [i] -
sign[,c;f (l;]] otherwise 

i EN(~): eif:i] { 

pos[ ,c;f [g;J] if -rf[j] < tf [i] 
-

pos(,tf[A;]] othe"'1iJ;e 

iE N(M0): eH;J { 
sign[,c;f[g;]] if T[ [j] < ~ fj] -
sign[,c;i[..\;]] othenmse. 

4. For each l = 0: k}, de.fine the quantities nifi] and n~[i] as foll011Js: 

nifi] = +j - P E eiU]"iG[..\;] - P E eHiJ,c;f [l;] - " E ei[i],c;f (..\;] 
N(T°) N(J1) N(~) 
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-µ, E ei[iJ,ci(.\J] 
N{M0 ) 

n;[i] - "1 - P. L eifi]"f [g;] - µ, E ei[i],tf[g;] - P. E eHiJ,tf fg;] 
N(T0 ) N(~) N(P:!) 

-11- E eiu1"1[9;l - ,,.. 
N(M8) 

5. For each l = 0 : k}, define the intervals 'R.i[i] and Ri£i] as follows: 

(-oo, -n~[iJ/ni[i]) if nifiJ < 0 

( -n~ fj]/ ni[i], oo) 

(-oo, oo) 

0 

Ri[;J = (tUJl, tf+tr;D n 'Ri[iJ. 

if Rifil > 0 
if nl[j]-:; 0 and n~[i] > 0 

otherwise, 
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Lemma 6.16 If w is a degenerate, stationary point, then there e:r:ists a first order descent 

direction d for p11 from w satisfying A1;d = cr,.ef + trge-1 for r:r9 < tr). < 0 if and only if 

there exists l E {O : kj} such that 'R;f.i] ¥:, 0. 

Proof: Consider any direction d satisfying A)d:::: tTA.eJ+'1'ge1 for r:r9 < a). < 0. Without 

loss of generality, assume that o-9 = -1 and tT>,. = -r for some -r E (0, 1). Then, for 

0 Sa< a1, 

Pµ(w + ad) - pµ(w) - a(T.,1 + .Pj) + ap E max(r1tf(l;] + ,cf[g;], 0) 
N(TO) 

+aµ E IT,cf [:~;] + ,cf[g;]( + ap. 
N(P;) 

+aµ L ma:x:(Tnf[l;] + ,cf(g;], 0) + ap. E fT1ti(l;] + 1tHg;]I 
N(P:) N(MO) 

1 2 'n d) + 2a l(dfl2 ,,,.(w, a . 
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For any r E (tf[jJ. tf+i[j]), l = 0: kj, 

and therefore 

i E N(T°) : pos(r,cf (.,\;] + 1tf fg;]] 

i EN(~) : sign(r"1(.,\;J + <[g;]l 

i E N ( ~) : pos[rit1[.:\;] + "1[a;Il 

i E N(M°) : sign[r1ef(.,\;] + 1tf[g;]] 

- ef[j] 

- e~fj] 

- e{[j] 

- eUi1, 
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If -r E Rc[i], then the coefficient of (-a) is positive. However 1 this value provides the first 

order rate of change in p,. only for TE (tf[i], tf+l[il). 

Therefore, if 'R.i = 8 for all Z 1 then first order descent in p,,. is not possible for any 

tr~ < tr9 < 0. However, if there exists some l E {O : kj} such that 'R.i[iJ #= 0, then for 

any T E 'Rj, a direction d satisfying Aid = -( re1 + e1) provides first order descent in p,. 

from w. □ 

Definition 6.11 For j E B(~): 

1. Define brealcpoints -r6[i] as follows: 

if it lies in (0, 1) 

othe:noise 

if it lies in (01 1) 

otherwise 

if it lies in (0, 1) 

othervri&e 

if it lies in (0, 1) 

otherwise. 
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2. Let k} be the number of distinct breakpoints in the inten,al (0, 1), and let these 

distinct breakpoints, denoted tr[i] for l = 1, • • ·, kj, be indezed to satisfy 

0 < t½ [i] < • • • < t~ [i] < L 
I 

In addition, define the breakpoints t8[i] = 0 and t:~+l[i] = L 
I 

3. For each l = 0 : kj, define tr1[i] as follO'UJs: 

i E N(T0): ~[i] 
{ 

neg["f[.\;]] if rf [j] < tf [i] 
-

pos["f[g;]] othenoise 

iE N(~): o1[;] 
{ 

sign[ltf[.\;]] if Tf [i] < tf [j] 
-

-sign[,cf [g;J] otherwise 

i EN(~): ~[j] 
{ 

neg[~[.\;]] if rf [i] < tf Lf] -
pos[ ltf fg i J] otherwise 

i E N(M0): af[j] 
{ 

sign["i[.\;]] if rf[j] < tf [j] 
-

-sign[ "f [g;]] othenoise. 

4. For each l = 0 : kj, define the quantities ml(j] and m~[i] as follows: 

mi[il = 't'J - µ E 0JfiJ1tf[.\;J + µ, E (T!&Jltf[.\;J - µ E ~[jJ1tfr.\;J 
N(1'°) N(l2;) N(P::) 

+µ L o{[i]"H.\;] 
N(J40) 

m~r;J - ~1 - µ E (TH;J"f [g;J +" }: (TifiJ#tf[g;J - µ E (THilltf[g;J 
N(T8 ) N(r,) N(P~) 

+µ E aiul",C9;l - µ.. 
N(M8 ) 
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5. For each l == 0 : kJ, define the intervals Si[i] and Si[i] as follows: 

( -00, mi[i]/m~[i]) if m~[i] < 0 

(mifi]/m~[i],oo) ifm~[i] > 0 

(-00, 00) if m~[i] = 0 and mi[i] < 0 
s,[i] -

0 otherwise, 

Si[i] = (t1[i], tf+i[i]) n s,[i]. 

Le111111& 6.11 If w is a degenerate, stationary point, then there e:z:ists a first order descent 

direction d for p11 from w satisfying Ai;d = t:TAef + tr9 e1 for tTg < 0 < tr>.. a.nd ltr,,I < ltr.\.l 

if and only if there ezists l E {O : kJ} such that Si[i] f; 0. 

Proof: Consider any direction d satisfying AI;d = tri.e7 + tr9 ej for tTg < 0 < tr>,. and 

jcT,,I < lo-.AI• Without loss of generality, assume that tr,. = 1 and tr9 = -T for some 

r E (01 1). Then, for O :5 er< a 1 , 

P,s(tu + ad) = p1&{w) + a('l} - r.P1) - erµ L min(1tf[:.\;] - r1tf[g;], 0) 
N(TO) 

+aµ L I~[.-\;] - r,cf[g;]I + aµr 
N(~) 

-aµ L min(,<(.,\;] -:- r,4[g;], 0) + aµ E l1tH.,\;] - -r,cffg;]f 
N(~) N(.MO) 

+½a2lldll~Op,.(w, crd). 

For any r E (tf[i], tf+i[j]), l = 0: kj, 

i E N(T0) : neg(,cf [l;] - r1tf[g;]] 

i EN(~) : sign(,cf[l;] - r,tffg;]] 

i EN(~) : neg[ltf[l;] - r,tf[g;]] 

i E N(M°) : sign[,cf[-\;] - -r"ffg;]] 

-
-
-
-

~[i] 

~[i] 

~[i] 

o-f[i], 
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and therefore 

If r E Si(i], then the coefficient of o is negative. However, this value provides the first 

order rate of change in p"' only for r E (tf[i], tf+l(il). 

Therefore, if Sj = 0 for all l, then first order descent in p"' is not possible for any 

tr9 < 0 < tr>.. where la-91 < ju>,.[. However, if there exists some l E {O : k1} such that 

Si [i] # 0, then for any T E Si, a direction d satisfying A}; d = ( ej - re1} provides first 

order descent in Pµ from 10. O 

Definition 6.12 For i EB(~): 

1. Define b~akpoints r 1 [j] as follows: 

i E N(T0}: rl[iJ { ;rs;Jt .. f!-¼l if it lies in (0, 1) 
-

otheMJJise 

i EN(~): rlfil { ;rs;J/..f[.l.;J if it lies in (0, 1) 
-

othenDise 

iEN(.Pg): rlfil { ;rs;JMC¼l if it lies in (0, 1) -
otherurise 

i E N(M0): rlfil { 7rs;JM[.l.;J if it lies in (0, 1) 
-

otherwise. 

2. Let k] be the number of distinct breakpoints in the inter11al (0, 1), and let these 

distinct brea/cpoints, denoted tTfi] for l = l, •····, kJ, be indezed to satisfy 

o < tICiJ < • • • < tidil < 1. 
I 

In addition, define the breakpoints tZ[i] = 0 and trr +1 [jJ = 1. , 
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3. For each l = 0: kJ, define ~'[i] as follows: 

i E N(T°): ~u;1 
{ 

pos[1tf[g;J] if rlUJ < tlfil -
neg[1tf[..\;]] othenoise 

iE N(~): ("![i] 
{ 

sign(1'f fg;]) if rlr;J < tl[;J -
-sign(«.f[..\;]) otherwise 

i EN(~): q[i] 
{ 

pas[ ~[g;]J if r!Ul < tlUl -
neg(~[..\;]] otherwise 

i E N(M°): \f[i] 
{ 

sign(1tf[g;]J if r[[i] < t[[i] 
-

-sign[ "l(..\;]] otherwise. 

,I. For each l = 0 : kJ, define the quantities ti[i] and ~[i] as follows: 

litiJ = •t -" E ~Lil"f (..\;J - P. E \f [ilitf(..\;J - " E ~[illtf (..\;J 
N(TO) N(.P;) N(~) 

-p L «;J[j],cH..\;] 
N(M') 

~[j1 - •1-" E ~1u1"ffD;l - " E ,![iJ,cf[g;l - "' E .. JfiJ,cf[g;l 
N(T'} N(I>;) N(J'!) 

-p L '"![iJ,c;ifg;J - "· 
N(M9) 

5. For each l = 0 : kJ, define the intervals Ui[i] and Ut[i] as follotus: 

u,[i] -
(t!,[i]f ti[i], oo) 

(-00,00) 

0 
UtCil = (t7[i], tl+1CiD n u,[i]. 

if t1UJ < o 
if ti[i] = 0 and ~[i] > 0 

otherwise, 
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Lemma 6.18 If to is a degenerate., stationary point, then there e:r:ists a first order descent 

direction d for PP from tD satisfying Aid= '1').e~ + tr11ej for"• < 0 < tr>. and fo-91 > ftr,\I 
if and only if there ezists l E {O : kJ} such that Ut[i] :/: 9. 
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Proof: Consider any direction d satisfying Aid= o).e1 + tTge1 for a-9 < 0 < tr>.. and 

ltT«f > la->..I• Without loss of generality, assume that a-9 = -1 and O'J. = r for some 

TE (01 1). Then, for O 5 a < a1, 

p,.,.(w + ad) = Pµ(w) - Q(-1"~1 + -11) + aµ L max(-r1ef[~;] + "f[g;], 0) 
N(T°) 

+erµ L I - r~ [.-\;] + 1ef [g;]I + aµ 
N(i1) 

+aµ ~ max(-r"f[A;] + ~[g;], 0) + aµ E (,c;(..\;] - r1t;[g;]( 
N(~) N(M8 ) 

1 2 2 +2ct lldll2Op,_(w, ad). 

For any TE (t;fj], tl+ifi]), l = 0: 1:J, 

and therefore 

i E N(T0) : pos[-r1tf [..\;] + 1ef [g;]] 

i E N(~) : sign[-r1tf[..\;] + ,tf fg;]] 

i E N(~) : pos(-r,tf (.-\;] + ,tf fg;]J 

i E N(M°) : sign[-r1ti(A;] + 1tl[g;]] 

- ~[j] 

- ,![iJ 

- ,;J[j] 

- ,;j[;J, 

If r E Uc[i], then the coefficient of (-a) is positive. However, this value provides the first 

order rate of change in pµ only for r E ( t[[i], tl+l[i]). 

Therefore, if Ut = 0 for all l, then first order descent in Pµ is not possible for any 

cr_9 < 0 < D'>.. and la-9( > lo-Al- However, if there exists some l E {0 : 1:J} such that 

Ui[i] #= 0, then for any r E U,*, a direction d satisfying .A.J;d = -( -re; + ~) provides 

first order descent in p11 Crom to. □ 

Definition 6.13 For i EB(~): 

1. Define breakpoints T 8[j] as follows: 
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i E N(T°): ,-f[i] {- ,c;f (.\;}/ ,c;f[g;] if it lies in (0, 1) 
-

1 otherwise 

i EN(~): ,-f[i] {- ,r.f [.\;]/ ,r.ffg;] if it lies in (0, 1) -
1 otheru,ue 

iEN(~): Tf[i] {- ,cf(.\;)/ <fl;] if it lies in (0, 1) -
1 otherwise 

i e N(M0): Tf[i] {- ,c;t[..\;]/ "'-i[g;] if it lies in (01 1) -
1 othe.nmse. 

S. Let k) be the number of distinct lweakpoints in the interval (01 1), and let these 

distinct brealcpoints, denoted t1[i] for l = 1, -· •, k1, be indezed to satisfy 

0 < t11J] < ••• < ~ [i] < 1. 
J 

In addition, define the breakpoints tgfj] = 0 and ~+l[i] == 1. 
I 

3. For each l == 0: i:J, define x'[i] as follows: 

i e N(T°) : xH.il - { neg[,c;f [.\;Il 
neg(,c;ffg;]] 

i e N(~) : xU.il - { sign(<(.\;]] 
sign[ <f9;]1 

- { 
neg(<[.\;]] 

i E N(J'!) : i£i] 
neg[,r.ffg;J] 

i e N(M°) : ili] = { sign[,c;f(.\;]) 
sign[ "if,;]] 

if ,-f[i] < tf [i] 
otherwise 

othen»ise 

if -rf [i] < tf [i] 

if ,f [iJ < tf [i] 

-1- For each l = 0: ij, define the quantities t'~r,1 and ~[i] a.s foll01J1s: 

fi[j] = •: - P E i[i]~G(.\;] +" E i[i],c;f(.\;] - P E ~[;14(.\;] 
N(TG) N(.P;) N(P!) 
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+µ E xHi]1tH.-\;] 
N(MO) 

t~f.il - •1- µ E :tlfiJ,cffa;J + µ E xi[iJltf[gil - µ E xHtlltff9il 
N(7'9) N(pZ) N(P:,J 

+,, E xir;J"f[g;J + µ. 
N(.MO) 

5. For each l = 0 : k}, define the intervals V,[i] and Vi[i] as follows: 

Vr[i] -

( -00, -ti[iJ/ t~[jJ) 

(-t'>.[i]/t~[i], oo) 

(-00,00) 

0 

UiU] = (tf[i], t?+i[i]) n v,[i]. 

if t~fj] > 0 

if t!,[i] < 0 

if ~[i] = 0 and ti[i] < 0 

otherwise, 
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Lemma 6.19 Ifw is a degenerate, stationary point, then there ezists a first order descent 

direction d for p"' from 1U satisfying A1;d = 41'.\ ej + er 0 e1 for O < er O < tr>. if and only if 

there ezists l E {O : k1} such that Vt[i] #= 0. 

Proof: Consider any direction d satisfying Aid= tr>..eJ+tr9 e1 for O < tr9 < a,.. Without 

loss of generality, assume that tr~ = 1 and rr9 = T for some T E {O, 1). Then, for 

Pµ(w + ad) - Pµ(w) + a('lj + T'1"1) - aµ E min(1tf[.-\i] + r,c;f[g;], 0) 
N(T8 ) 

+aµ E litf[-\;] + r#tf[g;]I + atµr 
N(J1) 

-ap. E min(~[.-\;]+ -r,tf [g;], 0) + aµ L l1eH.-\;] + r,cH_g;]I 
N(J>!) N(.VO) 

1 2 12 ..n +2a lid 12Op,_(w, a.,,,,. 
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For any r E (t?fJ1, tf+1[.i]), l = 0 : kj, 

and therefore 

i E N{T0) : neg[,r;f(A;J + r,r;f [g;]] 

i EN(~) : sign[,r;f[A;] + r,r;ffg;]] 

i E N(~) : neg[,r.f[~;] + r,4[g;]] 

i E N(M°) : sign(1tHA;J + T1tUg;]] 

- xHiJ 

- xUi1 
- ,xi[i] 

- ifi], 
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If T E Vr[;], then the coefficient of ct is negativ4:. However, this value provides the first 

order rate of change in P,s only for -r E (tf[j], tf+1[i]). 

Therefore, if Vi == 0 for all l, then first order descent in p,,, is not possible for any 

0 < rr9 < O),. However, if there exists some l E {O: kf} such that Vi[;] -:f:. 0, then for any 

T E Vt, a direction d satisfying AJ;d = ( ej + Te,1) provides first order descent in P,s from 

w. □ 

6. 7 First Order Optimality Conditions 

Corollary 6.20 If w is a degenerate, first onler point of the penalty function P,s, then 

the following conditions must all be sati.!Jfied. 

; E B(T°): 9q_µu9<µ , , - and 99 + µ119 > O, , , -
i E Pf: .. ~ - µu<! < p. , , - and .~ +µ11~ > -µ , J - , 

j EB(~): l}'! - p.~ < /J, , , - and ii} +P.'1 ~ -p., 

jEP;: 
"

11-A ~-l < ; -JJ,; _p and .~-.\ + "'_,. > 0 , P, - , 

;e pt: .,.11-l ~-l • - µ . < -µ , J - and .,.g-A + g-A > O 
; P,Vj - , 
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j EB(~): 

and 

and 

and 

'9~ - ILU~ < IL , ,-,_,., 

if~-u~<u , ,...,_,-

.. ~ + 'f'! - 1-lU~+tl < IL , 1 ,.,, _,-

.~ - 't''! - llU~-g < IL J , ,- , - ,-

and 

and 

; E N(J>!): •; - µu; - µ max(l, ~[A;]) $ 0 

-.; + µvf + µI min(l, "'[A;])I ?. 0, 

j E B(M°): '11-µui ~ µ. 

and 

a.nd 

and for all j E B(.~), 

Jt[iJ - 0 for l = 0: 1:J, 

K:j[iJ - 0 for l -0-1:2 - • i• 

AJi•[iJ - 0 for l = 0: 1:j, 

Qifi] - 0 for l = 0: 1:1, 

'R.ifiJ - 0 for l = 0: 1:j, 

Si[i] - 0 for l = 0: kJ, 

Ut[i] - 0 for l = O: 1:J, 

V,*[iJ - 0 for l = D: 1:f. 

ifJ + µv;?. 0, 

.. ~ + 11.d! > 0, , ,- J -

..... .\ .. -r.6 >..-g 
,r. - ,r - + 1-l'U. > _,,. , , ,- J - ,-, 

Proof: Follows immediately from the results presented in the previous section. □ 
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Note that, in the absence of degeneracy, the matrix 1t is empty and the conditions listed 

above reduce to the first order necessary conditions previously defined in Corollary 3.10 

and Definition 3.3.4 for a nondegenerate mioim•un point of the penalty function. Also, 

if a set or multiplien '9 satisfying the nondegenerate necessary optimality conditions are 

defined at a degenerate point of p"', then the above conditions are automatically satisfied 

for some choice of .A.s. Therefore, the 1t multipliers need only be calculated when the 

multipliers • do not satisfy the nondegenerate necessary conditions and do not define a 

descent direction for the penalty function. 
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6.8 Implemented Version 

Our degeneracy resolving technique has been described for exact activities. With ap­

propriate modifications to the activity sets, this technique is implemented for £-activities 

exactly as it is described here. It has been verified that the technique will either find 

a descent direction or verify that the degenerate point satisfies the necessary optimality 

conditions. With the introduction of e-activities, an additional possibility arises. As de­

scribed in Section 4.5, it is now possible that the current point has been misclassified~ 

close to a. stationary point of the penalty function. As a result, the dropping direction 

returned by the degeneracy resolver may not be a descent direction for the model func­

tion. In this case, the algorithm will reduce the values o( E and A, and continue from the 

reclassified point. 

6.9 Conclusion 

In this chapter, the problems inherent in applying traditional techniques to resolving 

degeneracy in the penalty function pµ have been explained. In addition, we have derived 

a set of first order necessary conditions for a degenerate solution of Pµ• These conditions 

apply regardless of the actual choice of the activity basis matrix .A.a as long as the rules 

described in this chapter for constructing As are followed. 

The calculation of the vector 'I' and matrix 1t for any specific choice of As and AN 

and the checking of all the conditions listed above are finite processes. In any partic­

ular instance of degeneracy in the penalty function, the method of perturbation or the 

technique of Ryan and Osborne may resolve the problem more quickly than the multi­

plier method, or may fail completely. Unlike these techniques, the multiplier method will 

always resolve degeneracy in PP in a finite number of steps. 



Chapter 7 

Testing results 

7.1 Introduction 

The penalty function algorithm described in Chapters 3 and 4 for finding a solution 

of the one level problem BP c was implemented in Matlab. The degeneracy resolving 

technique described in Chapter 6 was also implemented. The code was tested on a set of 

bilevel programming problems found in the literature, as well as several original nonlinear 

problems. In this section, I will discuss the test problems and describe how the testing 

was performed. The remainder of the chapter is concerned with the presentation and 

analysis of the results. 

7.1.1 Test Problems 

The test problems are listed in Appendix A along with their sources and known solutions. 

The majority of the problems were found by examining the bilevel programming literature. 

These problems have generally been used to illustrate proposed algorithms for bilevel 

problems, and therefore, most are quite small, with only a few upper and lower level 
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CHAPTER 7. TESTING RESULTS 230 

variables and constraints. Also, since most of the literature to date is concerned with 

linear bilevel problems, the majority of the problems presented in the literature were 

linear problems. While several quadratic problems were found, only three nonquadratic 

nonlinear problems were located. Therefore, several new nonlinear problems, some with 

unknown global solutions, were developed. 

In [28], Calamai and Vicente described a method for generating random linear and 

quadratic bilevel problems with known global solutions. The problems are separable, 

but with a simple matrix transformation, nonseparable quadratic bilevel problems can 

be generated. Seven untransformed and five transformed problems, of varying sizes, are 

used in the testing process. 

For all but one of the test problems from the literature, at least one global solution 

is known. In addition, because most of the problems are small, it w~ usually possible 

to analyze them to determine other local and global solutions. The goal of our research 

was to develop an algorithm which could be used to find solutions of bilevel programming 

problems. Therefore, the implemented code was tested on problems with known solutions 

so that its performance could be evaluated with regard to this criteria. In addition, it was 

necessary to introduce new nonlinear problems so that more results could be obtained. 

7.1.2 Code and Algorithm Parameters 

The algorithms were implemented and tested using Matlab version 4.2c. Throughout the 

testing process, emphasis wa.s placed on ensuring that the code was performing correctly 

rather than on improving the speed of convergence. Therefore, little attempt was made 

to find the "best" initial values of the algorithm. variables or parameters. The values used 

for the starting point u,0 and the initial penalty parameter µ,0 are considered in the next 

section. The remaining algorithm variables and parameters used the same initial values 
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for all test problems, as indicated below. These values should perform reasonably well 

for well-scaled problems. 

The following initial values are used throughout the testing process. 

- Eo, the initial activity tolerance, has value 0.1. 

# AO, the initial closeness tolerance, has value 0.2. 

# A0 , the initial trust region radius, has value min{Amax,o.1 x ll'r0ll:i), where -,0 is 

the gradient of the differentiable part of the penalty function at w0. However, if 

ll-r0 ll2 < 1, then A0 = 1. 

The algorithm parameters, as specified in the statement of Algorithm 4.1, are as­

signed the following values. Some of the values are based on the numerical experience of 

other researchers, and the remaining values· (for example, bmax, Amax:, and ifmu) seem 

reasonable for the problems being solved. 

- b1 , the tolerance for a successful trust region direction, has value 10-4• 

• 62, the tolerance for a very successful trust region direction, bas value 0.75. 

- r 1 , the sufficient decrease tolerance, has value 10-4 . 

• bmax, the iteration count corresponding to unboundedness, has value 4. 

- Arnau, the maximum allowable trust region radius, has value 20. 

• /£max, the maximum allowable value of the penalty parameter, has value 106 . 

- itmax, the maximum allowable number of iterations before unsuccessful termination 

of the algorithm, has value 500 for nonlinear problems, and value 100 for the other 

problems. The larger value was used for the nonlinear problems because they are 

generally more difficult ta solve. 
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A point is accepted as a second order point of the penalty function if the following 

conditions are satisfied at the current point. 

• IIZ1° 'Yll2 :S 5 x 10-5 , 

• all activities have values a satisfying !al $ 5 X 10-5 , 

• the multipliers lie very close to the optimal ranges for second order points stated 

in Corollary 6.20. For example, if the optimal range is [p1, pz), where Pl::/; 0, then 

the actual multipliers must lie in the range [(1- e)P1, (l + e)p2] where e = 0.01. If 

Pl= 0, then the actual multiplier must lie in the range [-e1 (l + {)pz], and 

• the reduced Hessian zT HZ is positive semidefinite. 

A point is accepted as a second order point of the one level form of the bilevel problem if 

it satisfies the above conditions for a second order point of Pii and it is essentially feasible 

for BPc, i.e. if 

7 .1.3 Testing Process 

The test problems listed in Appendix A were each run for ten different combinations of 

starting point w0 and initial penalty parameter µ0• These values were chosen for all the 

test problems, and no attempt was made to find the best starting point for individual 

problems. The tested values, corresponding to the results presented later in the chapter, 

a.re listed in Table 7.1, where q == n + m + p is the number of variables in the penalty 

function. Recall that n is the number of upper level variables, m is the number of lower 

level variables, and p is the number of lower level constraints. 
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# u,O µ.o 

1 zeros(q) 1 

2 ones(q) 1 

3 -ones(q) 1 

4 5 x ones(q) 1 

5 -10 x ones(q) 1 

6 randn(q) 10 

7 5 x randn(q) 100 

8 -5 x randn(q). 1000 

9 10 x randn(q) 100 

10 -10 x randn(q) 10 

Table 7 .1: Starting Values 

Note that 

• zeros( q) is the zero vector in R", 

• ones(q) is the vector in JB!I consisting of all ones, and 

••randn(q) is a vector in lR!l consisting of q normally distributed random values. 

The term ''problem instance" will be used to refer to a test problem in combination with 

one of the above ( w0 , µ0) combinations. 

7 .2 Presentation of the Results 

The test problems listec! in Appendix A are divided into four groups: linear, quadratic, 

generated, and more general nonlinear bilevel problems. Accordingly, the results are 
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presented in four separate tables. In each of the result tables, the following information 

is presented. 

• The name of the problem, as listed in Appendix A, generally corresponds to the 

initials of the authors of the source paper. It is stated in the column titled "Prob". 

• The number of \'ariables in the one level form of the bilevel problem is indicated in 

the column titled "q" . 

• The average number of iterations until termination of the implemented algorithm 

is indicated in the column titled "#". This is the average over all ten instances, 

regardless of whether the algorithm actually converges or not. 

• The average number of times that the penalty parameter was increased for each of 

the ten problem instances is indicated in the column titled "µ+n. Recall that the 

parameter µ. is increased if the algorithm indicates that p" is becoming unbounded, 

or if the algorithm converges to a point satisfying the necessary conditions for a 

second order point of p" which is infeasible for the one level problem. Each time µ 

is increased, it is multiplied by the factor 10. 

• The average number of times that the degeneracy resolving routine was invoked for 

each of the ten problem instances is indicated in the column titled "«r'. The routine, 

as described in Chapter 61 is invoked if the algorithm encounters a degenerate point 

at which some of the multipliers 'I' are out of kilter but the calculated dropping 

direction is not a descent direction. 

• The algorithm can terminate in several different ways. 

- The final point satisfies the necessary conditions for a second order point of 

the one level form of the bilevel problem and the objective function value at 
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the point matches the objective function value of the known global solution 

of the bilevel problem. The number of times during the ten test trials that 

the algorithm. terminates at such a point, classified M a global solution, is 

indicated under the outcome column titled "G". 

- The final point satisfies the necessary conditions for a second order point of 

the one level form of the bilevel problem, but the objective function value at 

the point exceeds the objective function value of the known global solution of 

the bilevel problem. The number of times during the ten test trials that the 

algorithm. terminates at such a point, classified as a local solution, is indicated 

under the outcome column titled "L". 

- The final point satisfies the necessary conditions for a second order point of Pµ 

for µ = P-m,a., but is not feasible for the one level form of the bilevel problem. 

The number of times during the ten test trials that the algorithm terminates 

at such a point, classified as a truly infeasible solution, is indicated under the 

outcome column titled "I". 

- The algorithm fails to converge within itmax iterations. The number of times 

that this outcome was observed is indicated in the column titled "M". 

- The algorithm terminates because 1'1-1 appeared to be unbounded for µ = Jlmax. 

The number of times that this outcome was observed is indicated in the column 

titled "U" . 

7.3 Results and Comments 

Throughout the analysis of the results, the performance of our algorithm will not be com­

pared to existing bilevel problem algorithms. There are several reasons for this decision. 

Our algorithm has been designed to solve nonlinear bilevel problems, and therefore, is 
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not expected to perform as well for special forms of the problem as algorithms designed 

for those forms. For example, linear bilevel algorithms exploit the special properties of 

linear bilevel problems and include actions to find global, rather than local, solutions. 

Our algorithm does not include such special steps. In addition, at the time of testing, 

there are no other algorithms in the literature for which extensive test results have been 

presented for nonlinear bilevel problems. Finally, the performance of the algorithm is 

likely far from optimal because no analysis has been performed to determine the best 

starting values of the algorithm variables and parameters, as noted on page 231. 

1.3.1 Linear Problems 

The testing process for the linear bilevel test problems, as summarized in Table 7.2 1 

illustrated the following points. 

• The algorithm identified a global solution of the bilevel problem for 18 of the 23 

problems with known global solutions. More specifically, it found the global solution 

in 105 or 46% of the 230 associated problem instances. For the ten problem instances 

for BCC5, for which the global solution is not known, the algorithm terminated half 

of the time at the best local solution provided by the authors. 

• The algorithm identified a local or global solution of the bilevel problem for all 24 

problems, or 153 (64%) of the 240 problem instances. 

• A truly infeasible point of the penalty function was identified in 21 of the 24 prob­

lems or 107 (36%) of the problem instances. 

• The degeneracy resolving routine was invoked for 7 of the problems, or 15 (6%) of 

the 240 problems instances. In several cases, the routine was invoked multiple times 

for a single problem instance. 
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• A solution of the penalty function was successfully identified for all problem in­

stances. 

• The algorithm converged within 44 iterations for all problem instances. 

The algorithm performed extremely well in identifying local or global solutions of 

the linear bilevel test problems, as there were no problems for which a solution was not 

identified. Also, the penormance of the algorithm in identifying global solutions was quite 

good. The use of multiple starting points was a helpful tool in identifying global solutions 

for a large majority of the problems. Even without special action within the algorithm 

for specific starting points, global ·solutions were identified for one-third of all problem 

instances. This behavior is very encouraging. Of course, in general, such solutions are 

probably not globally convergent. 

Aside from their use in finding global solutions, multiple starting points must be used 

within the bilevel algorithm due to the possibility of identifying truly infeasible solutions. 

The number of problem instances which terminated at a truly infeasible point justifies 

their use. 

Although only a small percentage of problem instances encountered a point for which 

the degeneracy resolving routine was invoked, one-quarter of the problems did require 

its use. This illustrates the importance of the degeneracy resolving technique developed 

specifically for the bilevel penalty function. 

Although all the problems in this group have a small number of variables, the three 

highest average number of iterations to convergence correspond to the three largest prob­

lems, as indicated by the value of q. The problems with more than 10 variables are the 

only problems which, on average, required more than 20 iterations. This suggests that 

the number of iterations may increase with the problem size. 
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Prob q # µ+ 6 G L I 

AWl 8 13.3 0.5 0 1 3 6 

Bl 8 12.0 0.4 0 5 0 5 

B2 7 10.1 0.5 0.5 6 l 3 

B3 7 12.3 0.5 0 7 0 3 

BABl 6 8.8 0.2 0.2 5 0 5 

BAB2 7 13.1 0.5 0 4 0 6 

BCCl 8 9.8 0.2 0 6 0 4 

BCC2 7 9.2 0.3 0 0 5., 5 

BCC3 5 7.9 0 0 10 0 0 

BCC4 8 12.4 0.4 0.1 8 0 2 

BCC5 16 30.0 1.4 0 7 3 

BFl 8 12.4 1.2 0.3 6 0 4 

BF2 7 10.4 1.0 0.2 2 2 6 

BKl 8 10.2 0 0.1 0 7 3 

BK2 10 13.9 0.6 0.4 9 0 1 

CFl 5 11.0 0.5 0 9 0 1 

CTl 11 26.4 1.2 0 0 10 0 

Dl 8 12.2 0 0 10 0 0 

D2 6 7.9 0 0 4- 0 6 

Fl 6 7.8 0.4 0 2 5 3 

HJSl 11 24.7 1.2 0 0 6 4 

HJS2 7 11.5 0.5 0 0 1 9 

HSWl 6 11.2 0.5 0 3 1 6 

TMVl 7 14.6 0.8 0 8 0 2 

Table 7.2: Results for Linear Problems 
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7.3.2 Quadratic Problems 

The test results summarized in Table 7.3 illustrate the following points. 

• The algorithm identified a global solution for eleven of the twelve quadratic bilevel 

test problems, or 63 (53%} of the 120 problem instances. 

• A local or global solution is identified for all problems, or 97 (81%) of the 120 

problem instances. 

• A truly infeasible solution was located for 8 of the test problems, or 23 (19%) of 

the problem instances. 

• The degeneracy resolving routine was invoked for seven of the test problems, or 37 

(31%) of the problems instances. 

• A solution of the penalty function was successfully identified for all problem in­

stances. 

• The algorithm converged within 26 iterations for all problem instances. 

The algorithm performed exceptionally well in identifying the global and local solu­

tions of this set of quadratic bilevel problems. While this may, in part, be due to the 

simplicity of the test problems, it is still very encouraging to see for our general nonlinear 

bilevel problem algorithm. 

The number of truly infeasible points encountered by the algorithm even in these cases 

again justifies the use of multiple problem instances in the testing process. Similarly, 

the high number of degenerate points encountered show the necessity of the degeneracy 

resolving routine. The QVerall results also indicate the eff'ectiveness of the routine. 
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Prob 'l # µ+ 6 G L I 

ASl 5 7.8 0 0.4 3 0 7 

AS2 10 12.2 0.5 0 4 6 0 

B4 6 10.0 0.6 0 4 3 3 

BF3 8 14.7 0.9 0.5 9 1 0 

BF4 8 15.7 1.2 2.7 9 0 1 

GSl 5 7.8 0 0 9 0 1 

IAl 10 13.2 0.5 0 4 6 0 

SGl 10 15.4 0.5 0 5 4 1 

VSJl 5 7.1 0.4 0.4 5 2 3 

VSJ2 5 7.3 0.7 0.4 4 2 4 

YZl 4 4.5 0 0.6 7 0 3 

YZZ2 4 1.7 0.5 1.2 0 10 0 

Table 7.3: Results for Quadratic Problems 

Once again, the largest problems, as indicated by the value of q, generally require 

the highest average number of iterations to convergence. The five largest problems ( with 

q ~ 8) require more than 12 iterations on average, while none of the smaller problems 

require more than 10 iterations. However, since the problems are so small, this difference 

may not truly be significant. 

7 .3.3 Generated Problems 

The testing results for the set of generated problems are summarized in Table 7 .41 and 

illustrate the following points. 
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• A global solution of the bilevel problem is correctly identified for 10 of the 13 test 

problems, or 30 (23%) of the 130 problem instances. 

• A local solution of the bilevel problem is correctly identified for all 13 test problems, 

or 88 (68%) of the problem instances. 

• A truly infeasible solution of the penalty function was identified for 12 test problems, 

or 42 (32%) of the problem instances. 

• Seven of the problems, or 11 (8%) of the problem instances, required the use of the 

degeneracy resolving routine. 

• A solution of the penalty function was successfully identified for all problem in­

stances. 

• The algorithm converged within 63 iterations for all problem instances, and in less 

than 50 iterations for all but two. 

Again, the algorithm performed quite well in identifying global and local solutions of 

these test problems. These problems, by their nature, generally have more local solutions 

than the previous cases. So, while the high number of local solutions encountered was 

not surprising, the strong performance of t,ie algorithm in identifying global solutions 

was an encouraging result, and was supported by the performance of the algorithm on 

the previous set of quadratic problems. 

The number of iterations required for convergence is generally higher for this set of 

test problems than for the previous two sets of problems, reflecting the larger size of 

the problems and their increased complexity. Note that the larger untransformed and 

transformed problems do not always require a higher average number of iterations for 

convergence. While the largest problems seem to generally require more iterations for 

convergence, this is not necessarily true for specific problems. 
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Prob q # µ+ J G L I 

Ul 25 14.5 1.4 0.6 2 5 3 

U2 30 14.0 0.8 0 l 6 3 

U3 50 18.0 1.4 0.1 1 3 0 

U4 55 19.9 LO 0 5 3 2 

us 80 24.8 1.3 0.5 0 6 4 

U6 125 25.6 1.1 0.4 2 6 2 

U7 90 20.1 1.2 0 1 6 3 

us 100 15.8 2.2 0 1 3 6 

Tl 12 11.5 1.3 0 1 4 5 

T2 25 21.4 3.1 0.3 0 4 6 

T3 30 14.4 1.0 0 0 8 2 

T4 30 13.7 0.6 0.1 9 0 1 

TS 55 32.0 2.2 0.3 1 4 5 

Table 7.4: Results for Generated Problems 

7.3.4 Nonlinear Problems 

Only three nonlinear bilevel test problems were found in the literature. As this number 

was insufficient for our testing purposes, several new problems were designed. The global 

solutions of some of these problems, as indicated in Appendix A, are not known. Nate that 

the problems tested here are small, in terms of the number of variables in the penalty 

function. The time and space limitations imposed by Matlab and, in particular, the 

current implementation of the algorithm make solving much larger problems impractical. 

The results for the problems from the literature (problems B5, EBl and VZZl), along 

with the new problems, are summarized in Table 7 .5. The performance of our algorithm 
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in solving these nonlinear bilevel problems cannot be judged relative to any other solution 

techniques. A literature search found no comparable results for other methods. 

• For the thirteen problems with known global solutions, the algorithm identified 

a global solution in 27 (20%) of the 130 problem instances. Note that the algo­

rithm identified a global solution in a. similar percentage of cases for the generated 

probleJDS, which are the most complicated of the other problems tested here. 

• A global or local solution was identified for all the problems, and in 95 (63%) of the 

150 problem instances. Again, this compares very well with the observed results 

for both the linear and generated problems. 

• A truly infeasible solution was identified for 12 of the problems, and in 24 (16%) of 

the problem instances. 

• The degeneracy resolving technique was invoked for five of the test problems, or 19 

(13%) of the problem instances. 

• For 26 (17%) of the problem instances ( corresponding to 12 of the test problems), 

the algorithm failed to converga to a solution of the penalty function within itrnu 

iterations. For the nonlinear problems, the maximum iteration count allowed was 

itmax = 500. 

• The problem instance was found to be unbounded in 11 (7%) of the problem in­

stances, or for five of the problems. 

• Of the 124 problem instances which converged to a local or global solution, a truly 

infeasible point, or were judged to be unbounded, 20 (16%) required more that 100 

iterations. 

- One problem instance (B5) converged after 498 iterations. 
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- Six problem instances (Ccl, Cc3, two of Cel, two of Ce3) required between 

300 and 399 iterations. 

- Six problem instances (two of Cb3, one of Ccl, Cc3, Cel and Cgl) required 

between 200 and 299 iterations. 

- Seven problem instances (two o(Cb3, one of Ccl, CC3, two of Ce3, and one 

of Cg3) required between 100 and 199 iterations. 

In the nonlinear results table, the two numbers i1 ( i2) under the column titled "#( #c)" 

indicate i 1 , the average number of iterations to termination over all ten problem instances, 

and i2, the average number of iterations to termination when the itmax instances are 

omitted. 

Two types of results were observed for the nonlinear problems which were not ob­

served for any of the previous test problems: unboundedness ( column "U") and failure to 

converge within itrnu iterations ( column "M"). In the original discussion of the penalty 

function technique in Chapter 3, unboundedness was discussed as a possible outcome of 

the penalty function technique, even if the problem being solved was not unbounded. 

The technique used to detect unboundedness is described in Section 3.8. It is likely that 

a more detailed check for unboundedness could be developed which would eliminate some 

of the unboundedness outcomes. However, this issue will not be investigated further here. 

As noted above, there were 26 instances in which t~e algorithm failed to converge 

or to reach an unboundedness decision within ifmax = 500 iterations. The behavior of 

the algorithm for these instances is discussed below. Two diff'erent patterns of behavior 

accounted for most of these outcomes. Note that these patterns of behavior were generally 

established within the first 100 to 200 iterations of the algorithm. 

1. The algorithm made steady, but very small progress towards a stationary point of 

the penalty function. Over these iterations, the iterates were all type one points, 



CHAPTER 7. TESTING RESULTS 245 

Prob q #(#c) µ+ 6 G L I u M 

BS 8 120.1 (77.9) 0.6 0 7 2 0 0 l 

EBl 8 11.8 1.2 0.4 6 0 4 0 0 

YZZl 4 110.5 (13.1) 0.1 0 3 2 3 0 2 

Cal 3 8.9 0.5 0 3 7 0 0 0 

Ca3 9 13.0 0.5 0 2 8 0 0 0 

Cbl 4 135.3 (44.1) 2.3 0 4 1 3 2 

Cb3 12 235.0 (121.4) 3.0 0 2 1 4 3 

Ccl 5 135.3 (94.8) 1.4 4.6 2 5 1 l 1 

Cc3 15 238.8 (116.9) 1.9 9.4 0 5 1 1 3 

Cdl 3 109.3 (11.6) 0.2 0 1 6 1 0 2 

Cd3 9 211. 7 (19.5) 0.3 0 0 5 1 0 4 

Cel 4 212.5 {140.7) 0.6 0.5 1 5 2 0 2 

Ce3 12 197.9 (97.4) 2.1 16.2 2 3 3 0 2 

Cgl 4 139.0 ( 48.8) 0.8 0 0 6 2 0 2 

Cg3 12 149.7 (62.1) 2.4 0 0 2 4 2 2 

Table 7.5: Results for Nonlinear Problems 

and the generalized Cauchy direction provided acceptable (though usually relatively 

poor) trust region descent. In some cases, the direction provided very good descent. 

Generally, however, the trust region radius A was relatively small when the pattern 

was established, and was not increased or decreased very much over the subsequent 

iterations. 

This was the pattern of behavior observed for the i'tmax outcomes for problems YZZl 

(two instances), Cbl (two instances), Cb3 (three instances), Cc3 (one instance), Cdl 

(2 instances), Cd3 (one instance), Cel (two instances), Cgl (one instance) and Cg3 
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( one instance). 

2. After the trust region radius was reduced to a relatively small value, the iterate was 

classified as dose to a stationary, non-first order point. A dropping direction was 

calculated, and it provided a small, but acceptable descent in the penalty function. 

Because the step taken, while a reasonable trust region direction, was small, the 

dropped £-activities remained active. The next iteration again tried to drop the 

same set of activities, and the process was repeated. 

This pattern of behavior was observed £or Ccl (one instance), Cc3 (one instance), 

Cd3 (two instances), Ce3 (two instances) and Cgl {one instance). 

The remaining four cases fail for different, but related reasons. For all cases, after the 

preliminary stages of the algorithm, the iterates were close to a stationary point of the 

penalty function. However, the algorithm did not always recognize this property, as 

described below. 

• In problem B5, the algorithm actually approached a second order point of the 

penalty function relatively quickly. The iterate was correctly classified as a type 

four point, and the full Newton step was attempted. However, the step failed. 

Note that the step would have been accepted if the current value of the penalty 

parameter µ. had been significantly smaller. The algorithm tolerances E and A 

were reduced, and the iterate was then misclassified as far from stationarity. All 

subsequent descent directions were generalized Cauchy steps from type one points. 

Acceptable decrease was observed, but the decrease was actually quite small. 

• For the remaining instance of problem Cc3, the iterates were actually dose to 

stationarity, but because of previous decreases of E and A, some were classified 

as type one points, and some were classified as type two points. In the former 
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situations, the generalized Cauchy step provided good, but not very good, descent. 

In the latter situations, the dropping step was successful, but the dropped activities 

remained E-active. In essence, both patterns of behavior described above were 

observed here. 

• For the remaining case of Cd3, the iterates were close to a first, non-second order 

point, and were correctly classified as type three points. The calculated directions of 

negative curvature provided very small, but still acceptable descent in the penalty 

function. The trust region radius was near its minimum value. It is possible that 

a direction of negative curvature like those discussed in Section 3.5.3 would have 

been beneficial in this case. 

• For the remaining case, one instance of Cg3, an iterate was correctly classified as 

close to a second order point. A full Newton step was attempted and accepted. 

However, as a result of the step, one of the activities wa.s no longer considered 

active at the next iterate. This new point was incorrectly classified as far from a 

stationary point, and very small generalized Cauchy directions provided acceptable 

descent in the penalty function, as discussed above. 

The nonconvergent problem instances illustrate the need for multiple starting values when 

using our algorithm to solve bilevel problems. 

The number of iterations required for convergence to a solution or to detect unbound­

edness is greater for these nonlinear problems than it is for the linear, quadratic and 

generated problems. This is to be expected due to the difficulty inherent in the nonlinear 

problem when compared to the simpler forms of the problems. In some cases, the increase 

is quite large. 

Recall that the value of itawc was increased for the nonlinear problems to 500 from 

100. This action was beneficial since the algorithm converged for more problem instances 
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than it would have with the smaller value of the algorithm parameter. However, at the 

same time, it results in the average number of iterations required until termination of the 

algorithm to be skewed upwards by the instances which require more iterations. Table 

7.6 presents summarized information in the spirit of Table 7.5, and corresponds to the 

performance 0£ the algorithm when the value of ifma:c is reduced to 200. The number of 

instances which converged to a local or global solution are grouped together in the table 

under·the column "L". Note that the average number of iterations presented is calculated 

by ignoring the itmax outcomes. 

Prob #e L I u M 

B5 25.4 8 0 a 2 

EBl 11.8 6 4 0 0 

YZZl 13.1 5 3 0 2 

Cal 8.9 10 0 0 0 

Ca3 13.0 10 0 0 0 

Cbl 44.l 4 l 3 2 

Cb3 66.6 2 0 3 5 

Ccl 45.6 6 1 0 3 

Cc3 42.8 4 1 0 5 

Cdl 11.6 1 1 0 2 

Cd3 19.5 5 l 0 4 

Cel 12.6 5 0 0 5 

Ce3 82.7 4 2 0 4 

Cgl 22.4 5 2 0 3 

Cg3 62.1 2 4 2 2 

Table 7.6: Results for Nonlinear Problems when itma:c = 200 
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The new table illustrates the following points. 

• The algorithm locates a local or global solution for all the problems1 and for 83 

(55%) of the problem instances. This is compared to 63% for the larger value of 

itmaz. 

• The algorithm converges to a truly infeasible solution of the penalty function in 20 

(13 % ) of the instances1 compared to 16% previously. 

• The algorithm concludes that 8 (5%) of the problem instances are unbounded, do\VIl 

slightly from 7% previously. 

• The algorithm terminates unsuccessfully after iftnu = 200 iterations for 39 (26%) 

of the problem instances, compared tp 17% after itm- = 500 iterations. 

In addition to these points, note that the average number of iterations is, with a few 

exceptions, well within the range to be expected, based on the results presented for the 

linear, quadratic, a.nd generated test problems, combined with the increased difficulty 

of solving the nonlinear problems. Of course, this came at a cost of fewer convergent 

problem instances. However, in terms of the amount of computing work in the extra 300 

iterations, it may actually be preferable to use the smaller value of ifm"". An alternate 

approach to consider is to define another problem instance whenever the current instance 

fails to converge within the smaller value of i"tmax-

7.4 Overall Comments 

The algorithm performs quite well overall on the four sets of test problems. While the 

results of the nonlinear test problems may seem somewhat disappointing on first glance 

due to the number of nonconvergent instances, the algorithm actually performed very well 



CHAPTER 7. TESTING RESULTS 250 

in achieving the stated goal of locating local and global solutions of both the nonlinear 

bilevel problems and the "simpler" forms of the bilevel problem. 

Consider the following points resulting from the analysis of the test results. 

• The use of multiple problem instances in solving a specific problem is justified by 

the results, due to the abundance of truly infeasible solutions and of local solutions. 

• Analyzing the individual problem to choose a starting point and initial penalty 

parameter may improve the performance of the algorithm in locating solutions, and 

may reduce the number of problem instances to consid~-

• The implemented version of the degeneracy resolving technique is very useful and 

necessary. 

• As expected, it appears that larger problems require more iterations before conver­

gence, and each iteration generally requires more work than for smaller problems. 

• The results presented for the linear, quadratic, and generated problems would not 

have been significantly dift'erent if the value of itmaz had been reduced to 50 from its 

tested value of 100, as just two instances would have failed to converge. The results 

presented in Table 7 .6 illustrate that, while the convergence results for the nonlinear 

problems are improved if itm- takes value 500 rather than 200, the improvement 

may not be significant enough to the user to justify the extra computational work 

involved. 

A "best" value for itm-, as with most other algorithm parameters, depends on 

the individual bilevel problem and the user's objectives. This indicates that fur­

ther study of these parameters may result in a better overall performance of the 

algorithm. 



Chapter 8 

Conclusion 

The thesis concludes with a list of contributions of the research along with an indication 

of possible further work in the field. 

8.1 Contributions 

We believe this work -provides several significant contributions to the field of bilevel pro­

gramming in the areas of algorithm development, algorithm convergence, and testing. 

• Algorithm Development. 

An algorithm has been designed for the nonlinear bilevel programming problem. As 

explained in Chapter 2, most algorithms in the literature have been described for 

simpler forms of the bilevel problem. Our algorithm, which implements an exact l 1 

penalty function technique within a trust region &amework, places few restrictions 

on the problem form. 

The combination of the penalty function and the trust region techniques is particu­

larly appropriate to the bilevel problem. The penalty function technique is designed 

251 



CHAPTER 8. CONCLUSION 252 

to handle the nondifferentia.bilities of the compact form of the related problem, and 

assists in attaining both feasibility and optimality. The multiple starting points as­

sociated with the penalty function technique facilitates the discovery of both global 

and local solutions. At the same time, the trust region technique enables the algo­

rithm to concentrate on a localized, simplified version of the penalty function. This 

approach is beneficial in handling the nonconvexities of the bilevel problem, as well 

as assisting overall convergence. 

In addition, the algorithm includes a new technique, proven to work both in theory 

and in practice, for resolving degeneracy in the penalty function. This is particularly 

significant because traditional degeneracy resolving techniques were inappropriate 

for this problem. 

• Algorithm Convergence. 

Under a set of assumptions standard to convergence analysis and a few a.ssumptions 

specific to the bilevel problem, the proposed algorithm is proven to converge to a 

strict second order point of the penalty function for the compact form of the bilevel 

problem. These assumptions are stronger than would be applied to the problem in 

practice, but it is significant to note the strong theoretical nature underlying our 

technique. It provides a basis for its effectiveness for the more general problem. 

Note that, under an appropriate constraint qualification, as stated in Chapter 2, if 

the bilevel problem is convex, it is equivalent to its related compact form. In this 

case, the penalty function technique solves the bilevel problem directly. However, 

the convexity assumption on the bilevel problem is stronger than generally desired. 

For the more general case, the solution of the penalty function may still be a solution 

of the related compact problem, and hence of the bilevel problem itself. 
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• Testing. 

The numerical results presented here are the most extensive found to date for the 

nonlinear problem. They verify the effectiveness of the algorithm. in identifying local 

and global solutions of the bilevel problem, both in the simpler and more general 

forms. The collection of test problems can be used for comparison purposes for 

newer algorithms. 

8.2 Further Work 

For each of the areas of contributions to the study of bilevel programming, there are some 

issues of research which remain open. 

# Algorithm Development. 

There are two issues currently unresolved in the development of the algorithm. 

- It is possible, as described in Section 3.5.3, that the current iterate does not 

satisfy the necessary second order conditions for a solution because the reduced 

Hessian is indefinite. However, a direction of negative curvature may fail to 

provide descent in the model or ·penalty functions. As explained in the text, 

there are directions of descent at the point, but a practical technique for iden­

tifying such directions is required. While this situation wa.s not encountered 

much during the testing process and was therefore not investigated further, it 

would be useful to resolve this issue. 

- As described in Section 7.3.4, a more detailed technique for identifying when 

the penalty function is becoming unbounded within the trust region framework 

would likely improve the observed performance of the algorithm. 
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• Algorithm Convergence. 

As described. above, a set of assumptions, some stronger than others, are imposed 

on the problem to prove the theoretical convergence of the algorithm. It is of 

particular interest to determine if any of the assumptions specific to the bilevel 

problem (stated in Assumptions 5.8) can be removed and convergence still proven. 

This would match the theoretical results more closely with the practical convergence 

of the algorithm. 

• Testing. 

The testing results provided for this algorithm are more complete than for other 

techniques. However, it would be useful to have more results for larger nonlinear 

bilevel problems. It would also be interesting to solve some practical applications 

whose solutions are not known a priori. Due to time and space limitations, this 

would require a new implementation of the algorithm outside the Matlab environ­

ment. 

In addition, a thorough analysis of the algorithm tolerances and parameters, both 

for all problems in general and for individual problems, would likely result in im­

proved numerical performance. 



Appendix A 

Test Problems 

The following problems have been found µi the literature, or are originated here. The 

name attached to the problem signifies the original source. I have included any known 

solutions with the problem statement. In a few cases, the solutions given by the authors 

did not match those found by the algorithm. In case of conflict, the solution that could be 

verified (both by using the implemented algorithm and by analyzing the bilevel problem) 

is the one listed. If the authors gave a different solution which could not be verified, 

then it is not listed below. Included with the solution is F•, the value of the upper level 

objective function at the solution. 

We recognize that, with the exception of the problems generated by the technique of 

Calamai-Vicente as described below, the problems presented here are very small. This 

reflects the complexity of these classes of problems. 

255 



APPENDIX A. TEST PROBLEMS 

A.1 Linear Problems 

1. Problem: AWi from [6}. 

min 
'Z,'1/ 

-(z + 3y) 

s.t. z?:: 0 and y solves 

LLP(z) : min 3y 
'II 

s.t. 10 $ z+2y 

-18 < z-2y 

Solutions: 

(a) Global: z· = 16, 11· = 11, F• == -49. 

(b) Local: z• . 0, y• = 5, F• = -15. 

2. Problem: Bl from [8]. 

min 

s.t. 

and 

Solutions: 

l 
-2z1 + z2 + 2Y1 

2z1 +z2 ~ 2 

Z1,z2 ~ 0 

y solves 

LLP(z): min 
ti 

s.t. 

2z ~ 11 

y 

-(4Y1 -112) 

2z1 -111 +112 

Z1 - 3z2 +112 

1l1,Y2 

(a) Global: z• = (1, 0), y• = (½, 1), F• = -lf. 

256 

< 38 

$ 6 

< 21 

> 0 

?:: 21 
2 

$ 2 

?:: 0 
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3. Problem: B2 from [10]. 

min z+y 
z,11 

s.t. z ~ 0 and 11 solves 

LLP(z) min 
'!I 

s.t. 

Solutions: 

(a) Global: z* = J, y• = 2f, , F* = 3½. 

(b) Local: z• = 7f, 11• = lf, P- = Sf. 

4. Problem: B3 from [10]. 

min -(5z +y) 
z,s, 

-, 
z+½r 

¼z-y 

z + iY 

z-2y 

y 

s.t. z ~ 0 and y solves 

LLP(z): min y 
11 

s.t. z+½r 

¼z-y 

z+½r 

z-2y 

y 

Solutions: 

(a) Global: z• == 7i, 11• =If, F* = -37¾-

257 

> 2 

2! -2 

s 8 

s 4 

~ 0 

> 2 

2:: -2 

s 8 

s 4 

~ 0 
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5. Problem: BABl from (15). 

min z+y 
%t'I/ 

s.t. z ~ 0 and y solves 

LLP(z) 

Solutions: 

(a) Global: z• == 1, y• = 5, F• = -6. 

6. Problem: BAB2 from (15]. 

min 
II 

s.t. 

y 

4z+3y 

z+2y 

3z+y 

y 

l 
min -(1 f~ + 6y1 + Y2) 

Zt'IJ 

s.t. 0 ~ z '.5 1 and y solves 

LLP(z): min -(Y1 +512) 
11 

> 

< 

s; 

> 

s.t. z +3Y1 +12 

2z +Y1 + 3lf2 

Solutions: 

(a) Global: z• = 1, y• = (0, 1), p• = -2½. 

7. Problem: BCCl from [18]. 

min -y s.t. y solves 
z,s, 

Y1,Y2 

258 

19 

11 

13 

0 

< 5 

s; 5 

> 0 
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LLP(z): 

Solutions: 

(a) Global: z"' = 1, y• = 4, F• = -4. 

(b) Local: z• = 6, y• = 3, F- = -3. 

8. Problem: BCC2 from (18]. 

min 
JI 

s.t. 

min -y s.t. 11 solves 
:c,s, 

LLP(z): min y 
11 

s.t. 10 

-18 

Solutions: 

(a) Global: z• = 16, y• = 11, P- = -11. 

(b) Local: z• = -4, y• = 7, F• = -1. 

9. Problem: BCC3 from (18] .. 

y 

2z+11 > 

z-2y ~ 

z+y < 

2z -11 < 

z+3y ~ 

11 < 

< z+2y 

$ z-2y 

2z-y 

min z + y s.t. y solves 
Ztlf 

259 

6 

-7 

9 

9 

8 

5 

< 38 

~ 6 

~ 21 
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LLP(z) : min -, 
t, 

s.t. u+3r > 

Solutions: 

(a) Global: z• = 4, y• = 1, F"' = 5. 

(b) Local: z• == 1, y• = 5, P- = 6. 

10. Problem: BCC4 from [18]. 

min 
:r:,u z+r1 

z+2y $ 

3z+y $ 

s.t. z 2: 0 and y solves 

LLP(z): min 
11 

s.t. 

Solutions: 

(a) Global: z• = 0, y· = (0, 0}, P- = 0. 

11. Problem: BCC5 from (18}. 

and y solves 

-(y1 -112) 

z - iY1 - ¼Y2 

z + 1211 + ¼112 

Yt, 112 

'!/2 

19 

11 

13 

> 

< 

> 

~ 

260 

0 

1 

0 

l 
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LLP(z): min -{3Y1 - y,. - 5y3) 
11· 

s.t. z1 + 4z2 + 423 - Z4 - Yt + Y2 + Y3 

Zt - Z3 - 1oz. + 2111 - 4Y2 + Y3 

3z1 - 5z2 + 4111 - 2y2 - !f3 

Solutions: 

( a) Global: Unknown. 

12. Problem: BFl from [12]. 

s.t. 

z1, z2 ~ 0 and y solves 

LLP(z): min -(4111 -Y2) 
fl 

s.t. 2z1 -Y1 + Y2 

Z1 - 3z2 + 1/2 

Y1,Y2 

Solutions: 

(a) Global: z* = (2,0), y* = (3/2,0), p• = -3¼. 

13. Problem: BF2 from [12]. 

Z1 +Y1 

Z2 + 1/2 

z3+Ya 

Y1, Y2, Ya 

~ 2! 
2 

< 2 

> 0 

261 

< l 

> -2 

$ 2 

> -1 

> -1 

> -4 

> 0 
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s.t. Z1 +z2 $ 2 

zi, z2 ~ 0 and 11 solves 

LLP(z): min 
St 

s.t. 

Solutions: 

(a) Global: z• = (1, 1), y• = 1, F• = 7. 

(b) Local: z* = (0, 0), 11• = 1, F• = 8. 

14. Problem: BKl [22]. 

min 
z,y 

-y 

s.t. z ?: 0 and y solves 

LLP(z): min 
'II 

s.t. 

-811 

z1 +z2+Y < 

Z1-Y < 

Z1 + ie2 -11 > 

11 > 

., 

y 

10 $ z+2y 

-18 $ z-2y 

Solutions: 

( a) Global: z• = 16, 11• = 11, F• = -11. 

(b) Local: z* = 0, 11• = 5, F* = -5. 

15. Problem: BK2 (22]. 

min 
:,y 

2z -11 

y 
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s.t. z ~ 0 and y solves 

LLP(z): min -12 
.,~o 

s.t. z+y1 +12 < 3 

z+yt -112 > 1 

Z - 111 - 112 > -1 

Z-Y1 +112 < 1 

111, Y2 > 0 

Y2 < 1 
2 

Solutions: 

(a) Global: z• = J, 11• = (1, ½ ), P- = -2. 

(b) Global: z• = a, 11• = {l, 2 - er) for any a E (f, 2)t P- = -2. 

(c) Global: z• = 2, y• = (1, 0), F* = -2. 

16. Problem: CFl from (32]. 

min z-4y s.t. y solves 
2:,11 

LLP(z): min 
'II 

s.t. 

Solutions: 

(a) Global: z• = 19, 11• = 14, P- = -37. 

17. Problem: CTl from (31). 

y 

2z+5y 

2z-3y 

z-11 

$ 108 

$ -4 

2'.: 0 
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s.t. z1, z2 ~ 0 and y solves 

LLP(z): min Yl + 1/2 +2y3 
y~O 

s.t. 4z1 - 2y1 + 4y2 - Y3 

422 + 4y1 - 2y2 - Y3 

Y1 -y2 -y3 

Y1,Y2,Y3 

Solutions: 

(a) Global: z"' = (0, 1~), y• = (0, !, f ), P- = -29½-

18. Problem: D1 [39]. 

min -z s.t. y solves 
~.y 

LLP(z): min 
'11 

< 

< 

> 

~ 

s.t. 3z + 2y1 - '!12 $ 5 

Solutions: 

3z + Yl - 2y2 ~ -2 

2y1 + 3y2 < 18 

Y1, 1/2 > 0 

(a) Global: z• = 3J, 11• = (0, 6), F• = -3J. 

19. Problem: D2 from [39]. 

min z + y s.t. y solves 
:i:,s, 
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LLP(2): 

Solutions: 

(a) Global: z• = 6, y• = 1, P- = 7. 

(b) Global: 2• = 1, y• = 6, F• = 7. 

20. Problem: Fl from (42]. 

min -y 
2:,11 

min -11 
7/ 

s.t. 72+y > 

2+3y > 

52+3y $ 

5z+7y :S 

s.t. z ~ 0 and y solves 

LLP{z): 

Solutions: 

(a) Global: z* = 3, y• = 2, F* = -2. 

(b) Local: z• = 0, y• = 11 F* = -1. 

21. Problem: HJSl from (48]. 

min y 
fl 

s.t. z +y ~-1 

z-y$1 

0$y$2 

and z1, z2 ~ 0 and y solves 
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LLP(z): min 2y1 +112 +2y3 
JI 

s.t. 4z1 - 2y1 + 4:r,2 - '!/3 

4z2 + 4Y1 - 2y2 - Ya 

Y1-Y2-Ya 

Yt, Y2, Y3 

Solutions: 

(a) Global:· z* = (½, !), y• = (0, ½, J ),F· = -18f­

(b} Local: z• = (½, !), y• = (0,0,0), F• = -Sf. 

22. Problem: HJS2 from (47]. 

min z+5y 
z,y 

s.t. z ~ 0 and y solves 

LLP(z): min -y 
y 

< 

< 

> 

> 

s.t. 3z - 2:r, > -6 

z + 4:r, < 48 

z-5y < 9 

z+y > 8 

11 ~ 0 

Solutions: 

( a) Global: z• = 2, y• = 6, F* = 32. 

23. Problem: HSWl from (49]. 

min z + Sy s.t. y solves 
:i:,11 
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LLP(z): 

Solutions: 

(a) Global: z* = 121 y• = 3, F- = 27. 

(b) Local: z• = 2, 11• = 6, F* = 32. 

24. Problem: TMVl from (65]. 

and y solves 

min -11 
J/ 

s.t. 3z-2y 

3z+4y 

2z-5y 

z+y 

y 

LLP(z): min 4y1 +Y2 
II 

~ -6 

s 48 

s 9 

> 8 

~ 0 

s.t. 3z1 + 5z2 + 6y1 + 2y2 > 15 

Y1,Y2 > 0 

Solutions: 

(a) Global: z* = (0, 3), y• = (0, 0), F* = 6. 

A.2 Quadratic Problems 

1. Problem: ASl from [2]. 

min z 2 + (11 - 10)2 
:r:,11 
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Solutions: 

s.t. z ~ y 

and y solves 

LLP(z): 

(a) Global: z• = 10, y• === 10, F• = 100. 

2. Problem: AS2 from (2]. 

min 

s.t. 

and y solves 

LLP(z): min 
11 

min 
J/ 

(z +2y-30)2 

s.t. z +y ~ 20 

0 ~ y ~ 20 

s.t. -10 $ Y1, Y2 < 20 

Solutions: 

Z1 - 2Y1 > 10 

z2 - 2y2 > 10 

(a) Global: z• = (01 0) 1 11• = (-10, -10), F* = 0. 

(b) Local: z• = (25, 30), y• = (5, 10), F- = 5. 

3. Problem: B4 from (11]. 

min (z - 5)2 + (2y + 1)2 
Z,JI 
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s.t. z 2::: 0 and y solves 

LLP{z): min (y-1)2 - fzy 
y 

Solutions: 

(a) Global: z• = 1, y• = 0, p• = 17. 

(b) Local: z· = 5, y* = 2, F* = 25. 

4. Problem: BF3 from (12]. 

s.t 

z1, z2 2::: 0 and 11 solves 

LLP(z): min 
'll 

3:e -y 

:e-Jy 

z+y 

11 

s.t. 'Yl +Y2 - 1 

Y1,1l2 > 0 

Solutions: 

(a) Global: z* = (¼, f), 11• = (0, 1), F- = l½-

5. Problem: BF4 from (12]. 

min 

s.t. 

z1, z2 ~ 0 and y solves 

~ 3 

< 4 

< 7 

~ 0 
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LLP(z): 

Solutions: 

min r1(2z1 + 3~2) + Y2(4~1 + z2) 
'II 

s.t. Y1 +Y2 - l 

Y1,Y2 ~ 0 

6. Problem: GSl from (44]. 

min z2 + (y - 10)2 
:t,1/ 

s.t. 0 $ z $ 15 

and y solves 

LLP(z) 

Solutions: 

( a) Global: z• = 2, y· = 14, F· = 20. 

7. Problem: IAl from [50]. 

and y solves 

min (z + 2y - 30)2 
'.l:,'IJ 

s.t. z + y $ 20 

0$y~20 
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s.t. 20 

2111 - Z1 S 10 

2112 - Zz S 10 

Solutions: 

(a) Global: z* = (0, 0), y• = (-101 -10), p• = 0. 

(b) Global: z• = (0, 30), 11• = (-10, 10}, F• = 0. 

(c) Local: z• = (25, 30), y• = (5, 10), P- = 5. 

(d) Local: z• = (20, 0), y• == (0, -10), F• = 10. 

8. Problem: SGl &om (62]. 

min (z -1}2 +2yf -2z 
~,1J 

s.t. z ~ 0 and y solves 

LLP(z): min (2Y1 - 4)2 + {2112 - 1)2 + ZY1 
i,~O 

s.t. 4z + 5111 + 4y2 

-4z - 5111 + 4y2 

4z -4111 +512 

-4z + 4111 + 592 

Y1,Y2 

Solutions: 

(a) Global: z• = lf, y• = (f, 0), p• = -1~~­

(b) Local: z* = 0, ,• = {11 0), F• = 1. 

9. Problem: VSJl from (67]. 

s 
< 

< 

:S 

~ 

1 ( )2 l )2 1 ( )2 i:::: 2 Z1 - 0.8 + 2( Z2 - 0.2 + 2 Y - 1 

12 

-4 

4 

-4 

0 
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and y solves 

LLP(z): min ½Yi+ y- Z1!f + 2z2y 
'!I 

s.t. 0 S y :5 l 

Solutions: 

( ) • _ (4 1) • _ 0 p• _ 1 a z - 5, 5 , y - , - I· 

(b) Local: z• = (1, 0), y• = 0, F• = 0.54. 

10. Problem: VSJ2 from [67]. 

min !.(z1 - 1)2 + .!:cz2 - 0.4)2 + -21 
(y - 0.8)2 

~" 2 2 

s.t. 0 $ z1, z2 S 1 

and y solves 

LLP(z): min 
!I 

s.t. 0 Sy S 1 

Solutions: 

(a.) Global: z• = (1, !), y• = 01 P- = 2~­

(b) Local: z• = (1, 0), y• = 0, F• = f. 

11. Problem: VZl &om (69). 

min z+y 
z,JI 

s.t. -1 $ z $1 

and y solves 

LLP(z): 

Solutions: 

min 
" 

s.t. -1 :5 y S 1 
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(a) Global: z• = -1, y• = -1, F• = -2. 

12. Problem: YZZ2 from (70}. 

min 
z,v 

z 2 - 2y_ 

s.t. z ~ 0 and y solves 

LLP(z): 

Solutions: 

( a) Global: z• = 2, y• = 4, p• = -4. 

(b) Local: z• = 0, y• = 0, F• = 0 .. 

A.3 Generated Problems 

min 
11 

s.t. 2z -y ~ 0 

y~O 
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Because of the numerous global and local solutions to these problems, their solutions are 

not stated here. Rather 1 the reader is referred to [28] for details. 

A.3.1 Untransformed Problems 

1 (nz nv ) 
min - L(Zi -1)2 + E11l 
z,71 2 i=:l i=l 

s.t. y solves 

LLP(z): min 
JI 

i = 1, • • •, m 

1 $ Zi + !Ii $ Pi, i = 1, • • ·, m, 
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where 

nz - the number of upper level variables 

ny - the number of lower level variables 

m - min(nz, ny) 

p E 

and Pi ~ 1 for i = 1, • • • , m. 
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Each combination of values for nz, ny and p defines a cliff'erent bilevel problem. The 

following values define the test problems. 

1. Ul: nz = 5, ny = 5, and p = [1, 1, i, 2, 3]. 

3. U3: nz = 10, ny = 10, and p = [ones(7), 2, 2, 7J. 

4. U4: nz = 15, ny = 10, and p = [ones(4), If, 2 x ones(3), 5, 9]. 

5. U5: nz = 15, ny = 20, and p == [ones(3), lf x ones(6), 2 x ones(4), 3ones(2)J. 

6. U7: nz = 50, ny = 10, and p == ½(5 x ones(4), 7, 8, 9, 13, 18, 23]. 

7. US: nz = 10, ny = 60, and p == [8/5 x ones(5), 3 x ones(5)]. 

A.3.2 Transformed Problems 

The untransformed problem can also be written in matrix form, 

s.t. y solves 
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where 

LLP(z): min 
'II 

s.t. 

[ 
-ones( nz) ] 

c= eEt', 
ze"ros(ny) [ 

zeros(ne, nz) S~] 
S = E Rn.xn, 

s;;, s,,,, 

{ 

-1 
s:tll E JRflZXny satisfies ( Szy )ii = O 

otherwise, 

S1111 E R""x"" satisfies (S1111 ).; = { : 
otherwise, 

ones(m) 

p 

-ones(m) 

A= 

P., E IFx"'" and ( P11 );; = { : 

Py E JR3mx3(nz+ny) 
1 

ifl:Si=j$m 

otherwise~ 

iflSi=JS:m 

otherwise. 
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Using a matrix transformation, this separable quadratic bilevel problem can be trans­

formed into a nonseparable quadratic problem. 

Let V: E Rnz and v11 E B!''J be any two vectors satisfying v; v~ = 1 and v'; v11 = L 

Define Householder matrices H: and H.,, using these vectors, 
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and let 

[ 

Hz zeros(~, n.y) ] 
H= . 

zeros( ny, n:a:) H11 

Also, let D be a positive definite diagonal matrix, and define M = HD H. 

For convenience, we shall denote the variables in the transformed problem as f:,: and 

t11 , where 

Therefore, we can write the transformed problem as 

&, i [ ~ r MM [ ~ ] + cTM [ ~ ] +; 

s.t. tg solves 

LLP(f:): 

s.t. 

Different choices of n:a:, ny, p, Vz, 1111 , and D define distinct nonseparable quadratic 

bilevel problems. The five test problems are defined with the following values. In all 

cases, let 
Wz 

Vz = llw:(I 

where Wz and w11 are given below. 

and 

1. Tl: n:a: = 4, n.11 = 2, p = [l½, 3], diag(D) = 10 x ones(n.), and 

W:,: - (0.9, 0.41 0.4, 0.1] 

Ws, - (0.8, 0.6]. 
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2. T2: nz = 5, ny = 5, p = (1, 1¼, lf, 2, 3}, dia.g(D} = 10 x ones(n), and 

l 
Viz -

10
[9, 0, 3, 3, l] 

1 
wv - lO (0, 8, 6, O]. 

3. T3: nz = 5, ny = 101 p = [l, 1, lf, 2, 2], diag(D) = ones(n), and 

10:r: - (1, 2, -3, 0, OJ 

1011 - (2, l, 0, -2, -3, 0, 0, l, -1, 4]. 

4. T4: nz = 10, ny = 5, p = [ones(4), 2], diag(D) = ones(n, 1), and 

10: - (-5, 4, -3, -2, -1,0, 1, 2, 3,4] 

1011 - (0, 1, 0, -1, O]. 
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5. T5: nz = 10, ny = 15, p = (1, 1, 1, f, f, f, I, 3, 5, 7], diag(D) = 10 x ones(n), and 

Wz - ones( nz) 

Wy - (1, 0, o, 0, 1, 0, -1, -1, -1, 0, 0, 0, 2, 0, OJ. 

A.4 Nonlinear Problems 

L Problem: B5 from [10]. 

min -2Zi - 3z2 - 4111 + Yi 
:,11 

s.t. zf + 2zz $ 4 

z ?! 0 and y solves 

LLP(z): min 
'11 

s.t. zf - 2z1 + zj - 2s,1 + Y2 ~ -3 

z2 + 3y1 - 4y2 ~ 4 

11 ~ 0 
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Solutions: 

(a) Global: z· = (2, 0), y• = (lf, ½}, F• = -14.36. 

(b) Local: z• = (0, 2), y* = (l{, :;), F* = -12.6787. 

2. Problem: EBl from (41]. 

min 
Z,'1/ 

s.t. 

and 

-z +Y1 +Y2 

-1$z$1 

y solves 

LLP(z): min 
J/ 

Y2 

s.t. Y2 - 1~ZY1 

0 

-1 

Solutions: 

(a) Global: z• = 1, y• = (0, 0), F• = -1. 

3. Problem: YZZl from (70]. 

s.t. -1 ~ z ~ 1 

and y solves 

LLP(z): min 
11 

< Y1 

< Y2 

~ 

< 

< 

s.t. -1 $ y :$ 1 

Solutions: 

(a) Global: z• = 1, 11• = -1, P- = O. 

(b) Local: z• = 0, y• = ct for -1 $ a $ 1, F• = 1. 
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4. Problem: Ca Series of Problems• Cal (n2 = 1) and Ca3 (nz = 3). 

min 
:r:,s, 

s.t. 

RS 

Er,(zi+ 1)2 

i=:1 

-2 ~ Zi, $ 1, i = 1 : nz 

and 11 solves 
~ 

LLP(z): min 
II 

E<,r -z.rd 
i=l 

S.t. 1/i ~ Zi, i= 1: nz 

Solutions: 

(a) Global: z; = -2, y; = -1 for i = l: nz, F• = -nz. 

(b) Local: (z; = -½, y;:::: -¼) or (z; = -2, 11; == -1) for i = 1: nz. 

5. Problem: Cb Series of Problems - Cbl ( nz = 1) and Cb3 ( nz = 3). 

nz 

min 
z,11 1)z: + z; Yi + ZiYl + ,n 

i:1 

s.t. -10 $ Zi S 10, i = 1 : nz 

i=l:nz 

and 11 solves 

LLP(z) : min 
11 

i= 1: nz. 

Solutions: 

(a) Global: Unknown. 

(b) Local: (z;,, yi) = (0, v'2) for i = l : nz, F• = 2,/2n2. 

6. Problem: Cc Series of Problems - Ccl ( nz = 1) and Cc3 ( nz = 3). 
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s.t. 

and y solves 

LLP(z): 

Solutions: 

min 
'II 

i= 1 :nz 

i = 1: nz. 

7. Problem: Cd Series of Problems - Cdl ( nz = 1) and Cd3 ( nz = 3). 

n: 
min 
z,y ·r;c zh; - zf Yi - 2zl + zi) 

i=l 

s.t. zf + y] $ 8, i = l : nz 

and y solves 
n.:w: 

LLP(z): min 
'11 

E<11, -zi)2 
i=l 

i = 1: nz. 

Solutions: 

(a) Global: Z;::::: 1.3527, y; = z;, for i = 1: nz, P- = -l.4337nz. 

8. Problem: Ce Series of Problems - Cel (nz = 1) and Ce3 (nz = 3). 

nz 

min 
z,s, E<-zfy;,-yi) 

i=l 

s.t. 9yi - zf Yi ~ 0, i=l:nz 

and y solves 
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LLP(z): min 
SI 

s.t. '!Ii ~ 0, 

Solutions: 

(a) Global: (zi, '!Ii)= (-3, 2), F• = -20nz. 

i=l:nz 

i == 1: nz. 

9. Problem: Cg Series of Problems - Cgl (nz = 1) and Cg3 (nz = 3). 

min 
:r:,y 

s.t. 

and 

Solutions: 

nz 

E(3zf - 46z~ + 255zf - 600zi) 
i=l 

0 < z ·(z • - 11-) < 12 i = 1 : nz _,. ~·-, 

y solves 
nz 

LLP(z): min 
y 

E<311l- 2011: + 12111 + 96yi) 
i=l 

s.t. (zi - 2)(yi - 1) ~ 0, 

(zi - 4)(Yi - 3) ~ 0, 

i = 1: nz 

i = 1: nz. 

(a) Global: z; = f, y; E {1, 3}, for i = 1 : nz, F• = -507~:nz. 

281 



Appendix B 

Notation 

Commonly used expressions from the text are listed below, along with the section in 

which they are defined. Terms which are used only within the section in which they are 

defined are not included here. 

Expression Section Meaning 

One 

3.5.1 

4.2.2 

4.2.2 

4.2.3 

4.2.4 

4.2.5 

5.3.2 

4.2.2 

5.2 

3.5.2 

Step size for which conditions of Lemma 3.5 are satisfied. 

Step size for which conditions of Lemma 4.1 are satisfied. 

Step to first minimum of <p1 along de. 

Step to first minimum of <p2 along d-r,. 

Step to first minimum of <p3 along cl.nc-

Step to first minimum of <p, along dN. 

Algorithm tolerance for a multiplier to be considered in kilter. 

Positive breakpoints of 'Pl along de. 

Positive breakpoints of rp1 along trust region direction die. 

Gradient of diff'erentiable part of P,s at tu. 
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tf(w) 3.5.1 Difrerentiable part of p,,. at w 

A 3.6 Trust region radius. 

Amax 3.8 Algorithm constant: maximum value of ~-

e 4.4 Algorithm parameter: activity tolerance. 

,; 5.2 Generalized Rayleigh Quotient for cpt at P}Je. 

q(w) 3.5.1 Nondiff'erentiable part of p,,. at w 

lh(a) 4.2.2 cp( ad) for er E <Pi, /Ji+1). 

" 6.6 Multipliers relating gradients of nonbasic and basic activities. 

K.f[6;] 6.6.2 Multiplier relating nonbasic activity n,: and basic activity 6;. 

.\ 2.6.4 Lagrange multipliers associated with LLP( z) . 

A 4.2.1 Algorithm parameter: closeness tolerance. 

µ 3.3 Penalty parameter. 

~ 3.4 Algorithm constant: maximum value of µ,. 

,,.. 
" 

4.2.3 Coefficients (one for each dropped activity) used in defining d.,,. 

e(w) 4.2.5 Vector of values of the activities at w. 

p(z) 3.2 Feasible region of LLP(x). 

tr 3.5.2 ±1 value associated with dropping directions in Theorem 3.9. 

trnc:, 4.2.4 ±1 value used in d..nc- . 

~ 5.4.1 Maximum measure of curvature at type two point wk along 4,. 
1'k 5.2 Maximum measure of curvature at type one point wk along J,k. 

,.-mu: 5.2 Maximum value of -rl: over all iterations k. 

<I> 3.7 Piecewise quadratic model function of p,,. defined at w. 

<() 4.3 Modified version of ef, actually used in algorithm. 

<()1(111) 4.2.2 Model function at a. type one point for directions in 7i. 

<p2(w) 4.2.3 Model function at a type two point for directions in fi. 

<p3(w) 4.2.4 Model function at a type three point for directions in T,. 
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Xa(dT) 

Xp(dT) 

y 

't'C?-s 

O(h,w,ad) 

Op
11

(w, ad) 

011(tu,ctd} 

{lk 
1' 

{l~ 
1 

A(w) 

As 

AN 

61 

b2 

bmax 

B(~) 

B(S) 

B(w) 

B(z) 

BP 

BPc 

BPKKT 

c;(z, y, .,\) 

di 

d2 

d3 

3.6 

3.6 

3.5.2 

3.5.2 

3.5.2 

3.5.2 

3.5.2 

5.4.1 

5.2 

3.5.2 

6.3 

6.6.1 

3.9 

3.9 

3.8 

6.6.1 

6.6.1 

3.5.2 

3.5.3 

1 

3.2 

2.6.4 

3.2 

4.2.2 

4.2.3 

4.2.4 

Actual decrease in p,,, along dr from w. 

Predicted decrease in p,,,. along dT from tu. 

Vector of Lagrange multipliers. 

Lagrange multiplier auociated with activity lJi. 

Generalized Rayleigh Quotient for h &om w to w + ad. 

Measure of second order change in p,,, from ,u to tu + ad. 

Measure of second order change in q &om w to w + ad. 

Generalized Rayleigh quotient for ~! along 4,. 

Generalized Rayleigh quotient for ~fat w + /31d~. 

Activity matrix at w. 

Submatrix of A whose columns form a basis for A. 

Submatrix of A consisting of the columns not in As. 

Algorithm constant: used to evaluate a successful dT. 

Algorithm constant: used to evaluate a very successful dT. 

Algorithm constant: unboundedness check. 

Indices in ~ for which both V .\i and V 9i are in As. 

Indices of activities in set S whose gradients are in As. 

Hessian of differentiable part of p11 at w. 

Hessian of p11(w0 + ad) for first order point w0 and d = Zz. 

Bilevel problem. 

Compact form of BP KKT. 

One level problem related to BP. 

Partial derivative with respect to 'Iii of the Lagrangian function of LLP( z). 

Approximate trust region direction at a type one point. 

Approximate trust region direction at a type two point. 

Approximate trust region direction at a type three point. 
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de 4.2.2 Generalized Cauchy step. 

d1J 3.5.2 Dropping direction (see also Section 4.2.3). 

dh 4.2.5 Horizontal part of Newton step. 

~ 4.2.4 A direction of negative curvature for H. 

dN 4.2.5 Newton direction. 

dT 3.6 Trust region direction ( see also Section 4.2). 

d,, 4.2.5 Vertical part of Newton step. 

'Dp:, 4.2.3 Indices in .pg for which li and 9i are dropped along di,. 

'D}:, 4.2.3 Indices in ~ for which ~ (but not Ii) is dropped along d'D. 

'Dig 4.2.3 Indices in ~ for which 9i (but not ..\i) is dropped along dt,. 

'Ds 4.2.3 Indices of activities in set S which are dropped along d-x,. 

/(z,y) 2.1 Lower level objective function in BP. 

F(z,y) 2.1 Upper level objective function in BP. 

g(z,y) 2.1 Lower level constraint functions in BP. 

G(z,y) 2.1 Upper level constraint functions in BP. 

H 3.5.2 Hessian of Lagrangian function at w. 

GBP 2.3 Generalized Bilevel Problem 

I 2.1 Induced (feasible) region of BP. 

.1·&] 6.6.5 Intervals used in generalized necessary optimality conditions. 

X:*[j] 6.6.5 Intervals used in generalized necessary optimality conditions. 

.C(z, y,.\) 2.6.4 Lagrangian function of LLP( z). 

LBP 2.6.1 Linear bilevel problem. 

LLP(:e) 2.1 Lower level problem in BP, parameterized by z. 

m 2.1 Number of lower level variables in BP. 

M 2.6.4 {1, ··•,m}. 

M'(E) 4.4 M\M°(E). 
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M'(w) 3.5 M\M0 (w). 

M0(E) 4.4 {i EM: Ci(w) !. O}. 

M0{w) 3.5 { i E M : Ci( w) = O}. 

n 2.1 Number of upper level variables in BP. 

N(~) 6.6.2 Indices in P! for which only V "'- is in As. 

N(S) 6.6.2 Indices of activities in set S whose gradients are in AN. 

N''[i] 6.6.5 Intervals used in generalized necessary optimality conditions. 

p 2.1 Number of lower level constraints in BP. 

Pµ 3.3 l1 penalty function for BPc- ~ 

p 2.1 {1,···,P}. 

P=(E) 4.4 {i E P: ~(w) !. gi(w)}. 

P=(w) 3.5 {i E P: ~(w) = gi(w)}. 

P~(E) 4.4 P=(e) \ ~(e). 

P~(w) 3.5 P=( w) \ ~(w), 

P,t(w) 3.5.2 {i E ~(w): ~(w) > O}. 

P~(w) 3.5.2 {i E ~(w) : ~(w) < O}. 

~(€) 4.4 {i E P:(e) : ~(w) I! 0 or 9i(w) ~ O}. 

~(w) 3.5 {i E P: .\i(w) = gi(w) = O}. 

Pl.(e) 4.4 {i E P \ P=(e): .\s(w) < O}. 

Pl.(w) 3.5 · {i E P: ,\i(w) < gi(w)}. 

~(E) 4.4 P.\(E) \ ~(£). 

Pi(w) 3.5 {i E P.\(10) : ~(w) # O}. 

J>f(t) 4.4 {i E P.\(e) : Ai!. O}. 

Jlf(w) 3.5 {i E P.\(w): ~(w) = O}. 

Pg(e) 4.4 {i E P\ P::(t): 9i(w) < O}. 

P9 (w) 3.5 {i E P: 9i(w) < .\i(w)}. 



APPENDIX B. NOTATION 287 

Pg(€) 4.4 Pr,(e) \~(€). 

~(w) 3.5 {i E P9 (w): gi(w) =F O}. 

pg(€) <t.4 {i E P9 (t): 9i « O}. 

pg(10) 3.5 {i E P9 (w): li(10) = O}. 

PF(µ) 3.3 Penalty function subproblem. 

'I 4.2.2 Number of variables in BPc. 

Q·[jJ 6.6.5 Intervals used in generalized necessary optimality conditions. 

1'1 4.3 Algorithm parameter: sufficient decrease coefficient. 

R(z) 2.1 Rational reaction set of z. 

R.•[iJ 6.6.5 Intervals used in generalized necessary optimality conditions. 

t 2.1 Number of upper level constraints in BP. 

T 2.1 {l,••·,t}. 

T'(E) 4.4 T \ T0 (t:). 

T'(w) 3.5 {i ET: Gi(w)-:/; O}. 

TO(€) 4.4 {i ET: G.(w) !. O}. 

T°(w) 3.5 {ieT:Gi(w)=O}. 

TR(w,d) 3.6 Trust region subproblem at 10 with radius d. 

u~ , 6.6.5 Value used in developing necessary optimality conditions. 

U"'fi] 6.6.5 Intervals used in developing necessary optimality conditions. 

v~ , 6.6.5 Value used in developing necessary optimality conditions. 

v•[iJ 6.6.5 Intervals used in generalized necessary optimality conditions. 

UJ 3.5 (z, Y, l} E Jln+m+P. 

W1{tu) 4.2.2 Directions which maintain all the activities within the model. 

W2(w) 4.2.3 Directions which maintain the desired activities within the model. 

W3 (w) 4.2.4 Directions which maintain all the activities within the model. 

W4(w) 4.2.5 Directions which maintain all the activities within the model. 
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Znc 

Z(w) 
zTgz 

4.2.2 The steepest descent direction (in the reduced space). 

4.2.4 Direction of negative curvature for zT HZ at a type three point. 

3.5.2 Orthogonal matrix which satisfies zT .A.= 0 at 10. 

3.5.2 Reduced Hessian of the Lagrangian function. 
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