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Proof: In Corollary 5.31, it was established that
1 [ %, A*
2u(o) - pulu + o) > sk, min iz o 5 ).

Now, from the definition of Ay, Assumption 5.9, and Lemmas 5.32 and 5.34, it follows

that

3 1 .
Pu(wl) ___p“(wk + C!%d%) > Eblﬂ‘lm (A'znﬂ:g:uv 5‘11 Z) = 6% a

5.4.5 Approaching a First Order Point

This section lays the groundwork for the final stage of the convergence proof, which is

presented in the subsequent section.

Lemma 5.36 Given Assumptions 5.1-5.11, only a finite number of dropping steps will

be performed.

Proof: Since p,, is assumed to be bounded below, and the decrease in the penalty function
is bounded away from zero on a successful trust region step, there can only be a finite

number of successful dropping steps.

Since the trust region radius is reduced for unsuccessful trust region steps and it has
been established that A is bounded away &;)m zero, it follows that there can only be a

finite number of unsuccessful dropping steps. O

Lemma 5.37 Given Assumptions 5.1 - 5.11, the algorithm will eventually approach a

first order point.

Proof: There are only a finite number of stationary, non-first order points (by As-
sumption 5.4) and there can only be a finite number of dropping steps. Therefore, after

' some point, the algorithm will no longer approach a stationary, non-first order point.
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By Lemma 5.16, the iterates will approach a different stationary point. Eventually, the

stationary point will be a first order point. O

Lemma 5.38 Given Assumptions 5.1 - 5.11 and constant values of the algorithm pa-

rameters € and A, all iterates will eventually be type three or type four points.

Proof: From previous results, the algorithm will eventually approach a first order point.
Using the same technique as in the proof of Lemma 5.17, it follows that the multiplier
estimates at the iterates will eventually approach the multipliers at the first order point.
Initially, an out of kilter estimate may be obtained, but eventually the estimate will lie

in the range to be considered in kilter, due to the use of the bound 8¢. O

5.5 Convergence to a Second Order Point

To establish that the algorithm will eventually converge to a second order point of the

penalty function, the following results must be proven.

1. The algorithm will eventually attempt a Newton step.
2. A Newton step will eventually be successful.

3. The algorithm tolerances ¢ and A, which are reduced when an iterates has been
misclassified as close to a stationary point, will only be reduced a finite number of

times.

4. Eventually, all iterations are Newton steps.
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5.5.1 Approaching a Type Four Point

From Section 4.2.5, recall that the Newton step satisfies dy = dj, + d,,, where

dy = -2(Z°HZ)'2%y
and d, = —A(ATA)'®(w +dn)-

It has already been established that, for constant values of ¢ and A, the algorithm
will eventually approach a first order point. This point may be a second order point (a

possible solution of the penalty function) or a saddle point.

As in Coleman and Conn [34], the following definition and assumption are required.

Definition 5.9 A second order point w is a strict second order point if none of the

maultipliers lie at their optimal boundary and if the reduced Hessian is positive definite.

Assumption 5.12 Assume that all first order points of the penalty function are strict

second order points.

Note that this assumption is made for the purposes of theoretical analysis of the algorithm,

and is not applied to the implemented algorithm.

Corollary 5.39 Given Assumptions 5.1 - 5.12, when approaching a strict second order

point, the algorithm will eventually attempt a full Newton step.

Proof: From Assumption 5.12, when the current iterate is close to a first order point of
Py, it is actually close to a strict second order point, and the reduced Hessian is positive
definite. Therefore, type three points are assumed to be never encountered. Combining
this observation with Lemma 5.38, the algorithm will eventually classify an iterate as a

type four point, and the Newton step will be attempted. O
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Due to the positive definiteness of the reduced Hessian near a strict second order
point, an assumption on the size of the inverse of the reduced Hessian, as in Lemma 1 in

[34], can be made.

Assumption 5.13 Assume that there ezist strictly positive constants bil and b such

that for any direction h,
skl < RT(ZTHZ) 'k < b7 |[AI]3-

And, in particular, assume thet [[(ZTHZ) ||z < iz for some constant égz > 0.

4

At a type four point, the algorithm calculates the Newton step dy = d, + d,. If it
satisfies [|dy||c < A and provide sufficient decrease in p,,, then it is accepted as the trust
region direction and the new iterate is calculated. Otherwise, the tolerances € and A are
reduced and the current iterate is reclassified because it is not as close to a second order

point of p, as originally thought.

5.5.2 Success of the Newton Step

In this section, the value of p,(w + dn + d,) is analyzed to determine if a full Newton
step will be successful when close to the strict second order point w. This derivation is

patterned after the corresponding step in Coleman and Conn (34].

For simplicity, the following definition is formalized.

Definition 5.10 The point w is “close enough” to a minimum point w when the following

conditions are satisfied.

1. Assumption 5.13 is satisfied.

2. The set of e-activities at w is composed of the set of ezact activities at .
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3. The step dj, + d, is small enough so that no breakpoints are passed from w to
w+dp +dy.

Lemma 5.40 Given Assumptions 5.1 - 5.13, when a type four point w is “close enough”

to W, there ezists a positive constant L such that

pu(w +di+dy) —pu(w) < —L(1Z7]} +18l)-

Proof: This proof uses the technique of and terminology from the proof of Lemma 1
in [34]. From Definition 5.10, we can write the following. Note that v and B are the

gradient and Hessian, respectively, of the differentiable part of p,(w).

Pulw+dn+d) = pu(w)+(dn+d) Ty + 3(dn+ o) B(dn+ du) + olld + )

—p Z (min(0, Gi(w + di + dy)) — min(0, Gi(w)))
Te)

+# Y (1A + di + du)] = [Ai(w)))
P3(e)
+# Y (l9:(w + di + dy)| ~ |gs(w)])
Pi(e)
T —p Y (min(0, g;(w + di + dv) ~ Ai(w + di + du))
PZ(e)
— min(0, g:(w) — Mi(w)))

+# Y (lei(w + dn + dy)| — |es(w)]).
MO(e)

We will need to consider the component parts of p,(w + d, + d,) in more detail.

Consider the following:

diy = -1zHz'vz
d¥y = dT(AY + Zu)

= dTA¥ +dTZu
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i

dT A¥ + &(w + dp) T (ATA) AT Zu

= dTA¥+0

= —®(w+dy)T(ATA)TATAY

= —&(w+dy)TE

= =Y UB:(w+dy)

= ~ Y ®(ailw) + df Vas(w) + 5 Vaidh) + olldall?)
~ 3 ¥ilai(w) + A Vasdh) + oflldnll®)

1
= X ¥€(Gilw) + A V?Gi(w)dn) — 3 ¥ Ni(w)
Te) P2(e)

1
- ) ¥ (gi(w) + Edfvzgi(w)dh)
0
PEGe)

- 3 (as(w) - Ai(w)) + 3aE VP (w)d)
P(e)

]

]

- Y (e(w) + 2dEVPe(w)d) + oldkl),
MO(e)

(@ +4)TB(Un+d) = ;dEBdi+dLBd, + ;B4

The above information, along with the definition of H, is now all combined in the

following.
pu(w +dh+dy) —pu(w) = —vEHz'vz - ) ¥7Gi(w)- 3 ¥ hi(w)
To(e) Pe)
- Y Wgi(w) - Y ¥ (g:(w) ~ A(w))
Pg(e) P= ()
- Y ¥c(w)+ %d}:ﬂdh

M0(e)
+4E B, + 347 Bd, + o{lldnl?) + o ldn + du %)

—p Y (min(0, Gi(w + dy, + dy)) — min(0, Gi(w)))
To(¢)
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+# Y (A(w + dn + dy)| = [A(w)])

P(e)

+8 Y (lg:(w + dn + )| — |gi(w)])
PY(e)

~p Y (min(0, g:(w + di + dy) — \i(w + dp +d,))
P=(¢)

~ min(0, gi(w) — Ai(w)))

o Y (lei(w + dp + dy)] — [ex(w)]).
M%)

Next, examine the changes in activities in more detail. Before looking at the individual

cases, note the following.

o i€ T%e)

ATdy, = -ATZ2(2T2)7'2Ty = 0
ATd, = -ATAATA)'$(w +dp)
= —®(w+dp)

i

~8(w) - dF A - 2dEV*8(w)dn + o(ldhll)

1
= —&(w) - 5[ V’B(w)dn + of[|dn|*)-

Gi(w+dn+d) = Gi(w)+ (dy + do)TVGi(w) + %(dh +d,)TV2G(w)(dn + du)

+o(|ldn + dull?)
Gi(w) + dEVGi(w) + dTVGi{w) + 5] VGi(u)d
+aEV3Giw)d, + 3dT9%d, + o(lldn + il
= Gi(w) +0 - Gifw) - 3dFV3Gi(w)dn + zdEV*Gi(w)d
+dl V2G;i(w)d, + %df V2G;i(w)dy
+o(lldr + dull®) + o([|dnl*)
= dVGi(w)ds + 2T VPGilu)dy + old + dulI?) + o).

i
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Let ¢; = neg[G;(w)]. Now, we have that

Y min(0, Gi(w)) — min(0, Gi(w + ds + d.))

To(¢)
< Y .-(w)+td£vzca(w)du+§ TV2Gi(w)d,| + oflldn + du[?) + o(lldnll?)
T%(e)
< ¥ «Giw)+ Y [dV3Gi(w)d,| +§ Y 1dTV2Gi(w)dy| + o(lldn + dul|?)
T%(e) T%(e) T9(e)
+o(|[dall?).
e i€ Pf(e)
Mi(w+dn+d)| = [As(w) +df VAi(w) +dT VAi(w) + 0|
= [Ai(w) + 0 — Ay(w)]
= 0.
Therefore,

Y M(wtdi+d)l - ()] = 3 ~[A(w)]

Pie) P3(e)

- Z eidi(w),

Pl(e)

i

where o; = sign[\;(w)].

e ic P(e),
3 lgi(w + di + dy)| - |gi(w)]
P(e)
< T Vsl +5 3 Vgl - T eigilw)
Pi(e) Py(e) P2(e)

+o(lldn + dull*) + o(lldall*),

where g; = sign[g;(w)].
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e i€ PZ(e), let ¢ = neglgi(w) - As(w)]-

2 min0.ae) = h(w) = min0.9(0 + dh t ) = Mo 4+ )
> slostw) ~ 2(w) + 1V g(w)d, + 5dT Vigi(w)d

o+ 4P+ o1l

3 slow) - M)+ T 1V aw)dl+ 5 T 14V (w)d]
fa((ef)ldh +du|?) + 0("4&";“: ; -

{TA)

A

e ic M%)
3 lei(w+ di + dy)| — Jes(w)
MO(e)
< T Vel + s 3 V@)l - Y ec(w) +
M9 (e) MO(e) M°(e)

+o(lldn + du}i*) + o(lldnlf?),

where p; = sign[c;(w)].

Combining all the above information, and grouping similar terms we get the following

result.
Pu(w+dn +dy) ~pu(w) = —vFH vz - Y (¥F ~ psi)Gi(w)
T9(¢)

- Y (B +pea)hi(w) — Y (¥ + ped)gi(w)
Pl(e) Pg(e)

- ¥ (7 - ) (gi(w) ~ Mi(w))
P= (e}

~ 3 (¥ + pes)ei(w)
M)

+diBdy +p Y | VEGi(w)do| + 1 Y |0 VPgi(w)d,|
T(e) Fge)
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41 Y [V g(w)d] +p Y |df Vie(w)d,|
Pz (e) Mi(e)

1
. (ds'ad,,+p S 1 V?Gi(w)d,|
Te)

+1 Y [dIVPgi(w)dy| +p Y |dTV3gi(w)d,|
F2(e) PZ(€)

+p Yy T V’c;(w)d,,() + o(|[dn + duli?) + o(lldnll?)-
M?%(e)

For any of the activities a;, let #? = df V2a;(w)dy. Then, using this definition, we can
write
B(w -+ du) = &(w) + 7 + o |dhll?)
and
dy = ~ACATAY V[ + 5r] + d(ldnll)-

Define H; = BA(ATA)"l and Hy = (ATA)"'IATHI- Therefore,

B, = (~AATA)E + 3r)TB(-AAT A+ 3r]) + o(ldnl?)
= (37 + ET)Ha(® + 37) + ()
= @T‘HzQ + QTH:" + é”rﬁz" + o(lldnll®)

1 .
= $THy(® +r) + ;o7 Hor + of|ldal*)

i

1
$Tt 4+ ZrTng + o(||dnl|?),

where ¢t = Hy(® + r). Since rT Hyr is o(}|dn|[*), it can be included in the o(||dh|{?) term.
Therefore,

—

< 5 lai(w)l - 16:(w)] + o(lldnl),

%ldfad.,l < 1878+ o(lldull®)

 where the sums are over all the activities.



CHAPTER 5. CONVERGENCE OF THE ALGORITHM
Define H; = V2a; A(ATA)~! and H; = (AT.A)"LAH; for each activity. Let
w(w) = B;[®(w) + ], and & = [ui(w)].
J

Therefore,
3 Tl VPacd| < 5 3 lastw)] -5 + o(ldnl)-

Using a similar technique, it can be verified that
[diBdy| < 3 l:w)l - las(w)| + o(lldal®)
Z ld7vd,| < Z lai(w)[ - [S:(w)] + o(lldnl[?)
where y7 = df H,, s (w) = & H; and 5;(w) = 5; |s}(w)|.
So, we can now write

pu(w + dp + dy) — pu(w)
< v H vz - 30 (¥F - ps)Gi(w) — 3 (B2 + pes)Ai(w)

T%e) P{(e)
= 3 (¥ +pe)gi(w) — 3 (¥ ~ ) (gi(w) — Mi(w))
Fi(e) P=(e)
- ¥ (¥ + pes)ei(w)

M°(e)

+ X lw)l - las(w)] + 6 3 las(w)] - [5:(w)] + 5 3 lai(w)] - [t:o0)]
30 3 las(w)] - 15:()| + ollldn + dull®) + o(lda)-
£
For each activity a;, define the function
§ = Il + sl + 1t + Zulal.

Now,

167
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Pu(w+dn+dy) —pu(w) = ““Y%'HEI‘YZ
+ Y (&(w)IGi(w)] — (¥F - ps:)Gi(w))

T(e)

+ Y (E(w)iM(w)] — (B + pe) Mi(w))
PR(e)

+ Y (&(w)lge(w)l — (¥ + psi)ge(w))
PY(e)

+ Y (&(w)lgi(w) — Xi(w)| ~

P= ()
(T2 - pi)(gi(w) — Ai(w)))

+ Y (&(w)lei(w)] - (¥ + pes)ei(w))

Mo(e)
+o(lldn + du[I?) + o(lldnlf?).

Returning to the activities, we get the following results.
o For i € T%(¢), if Gi(w) <0, then
—(¥F ~ ps)Gi(w) = (s - ¥7)Gi(w) = ~[u - ¥7| - |Gi(w)].
If Gi(w) > 0, then
—(¥F - p%)Gi(w) = —¥FGi(w) = —[¥| - |Gi(w)|-
Therefore, in either case,
~(¥f - ps)Gi(w) = —|¥F — psil - [Gi(w)].
e For i € P)(¢), as above, it can be shown that
—(¥ + pei)di = — ¥} + pail - [Mi(w)].

e For i € P{(e),
—(¥! + pei)g: = —1¥] + peil - |gi(w).

168
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@ For i € PZ(e),
—(T7* ~ p6i)(gi(w) — Ai(w)) = —[¥™> — pgi| - [gi(w) — Mi(w)].

¢ For i € M%(¢),
—(¥{ + pei)A = —|¥5 + peil - |ei(w)]-

Rewriting the difference in the penalty function, we get

pu(w+dn+dy) —pu(w) = -vzHz'yz +((w)
o(lldx + dy||?) + o(lidnlI?),

where

C(w) = Y (&(w) - ¥ - psi])|G(w)l

T%e)

+ 3 (lw) - [¥2 + podl)|As(w)|
P} (e)

+ )7 (&:(w) ~ %] + ped)lgi(w)]

P3(e)

+ 3 (&(w) — 1977 — pei])lgi(w) ~ As(w)]

P=(e)

+ ) (&i(w) — %5 + poil)le(w)).

MO(e)
Now, as w — W, &(w) — 0. Also ¥; — us; # 0 and ¥; + pup; # 0 because @ is a strict ~

second order point. Therefore, there exists 3 > 0 such that when “close enough”,
¢(w) < ~d8[I1®(w)l)1.
Therefore,

Pu(w +dn +dy) = pu(w) < —vZHz'vz — d8l|B(w)llx + o(lldn + dulI*) + o(l[d][?).
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When “close enough”, the norm of Hz is bounded above and below by constants.
From Assumption 5.13,
Yz Hz vz 2 bl |lvzII® = b1 2 ¥1I".
Combining everything, we have that
pu(w+dn +dy) — pu(w) < 7 IZT7IIF - SallB(w)lir + o(lldn + du||?) + o(jldnll?)-
Examining the lengths of the horizontal and vertical steps, and using Assumption 5.13,
ldnll3 = didn = YZ(Hz") T (Hz Y1z < IvzIBHHZ I < 5211277115

and
lldn + dull3 = lIdnll3 + lldoll3 < 8520l ZT¥I13 + |13

Now, there exists 4, > 0 such that

il

I} = @+ 3r)T(ATA) (S + 57) + oflldnll)

IN

18+ SrIFILAT Al + o(lldalle)
SAlBIR + i + o(ldnll*)
S| + o)

AL AT A

s8I + 8,127y

inIN A

1A

Therefore, o(||dy + dul|?) + o(||dkl[?) < S.4|B||? + &, ||ZTv|[?, for some positive constants
4:,, and d4. We can assume that ||®|| < ||®||; because & contains the values of the

e-activities.
Therefore, when close enough, there exists positive constants L, and L, such that

Pu(w+dn+ ) ~pu(w) < —(LallZTlif + Lall®ll)
= - min(L1, L) (127713 + [&]h)-
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Defining L = min(Ly, Lz) gives the desired result. O

Corollary 5.41 Given Assumptions 5.1 - 5.13, if a type four point w is “close enough”
to w, then p,(w +dp + dy) < p,(w).

Proof: This follows immediately from the above lemma, and the fact that if w is not

itself a strict second order point, then either ||®|| # 0 or |lyz|| #0. O

Lemma 5.42 Given Assumptions 5.1 - 5.13, if the iterate w is close enough to w, then

dy = dp + d,, will eventually be accepted by the algorithm.

Proof: To prove this result, we need to establish the following points.

e The Newton step eventually provides sufficient decrease in the penalty function.

From Corollary 5.41, dy eventually decreases the penalty function. Therefore, it
remains to show that this decrease is sufficient, in the sense described in Section

4.2. For sufficient decrease, it is required that

Pu(w + dy) — pu(w) < rdfy.

Now, looking at the right hand side in the same way that the proof above was

established, we have that

& = dly+dly
> ~fHzvz ~ Y ¥ailw) + 5dbvz
= —313Hfrz~ 3 %aw)
> ~56¥llvzl} - wliE (o)l

= ~M(|ZTv|? + 18],
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for a positive constant M. As long as L > r M (which is reasonable since r; is

assigned a small value in our implementation), it follows that

Pul(w +dy) —pu(w) < ~L(I1Z%I3 + |®8ll1)
< —r M| 2793 + [[8l11)
S —fldg‘y.

Therefore, dy will eventually provide sufficient decrease in the penalty function.

e The Newton step eventually falls within the trust region.

As the iterates are approaching a second order point, the Newton direction is de-
creasing in size. Recall that near a solution, a quadratic model is a good predictor
of the penalty function, and the trust region radius will not be reduced, although
it may be increased. Therefore, eventually, |[dy|lcc < A will be satisfied.

Therefore, a Newton step will be accepted by the algorithm. O

5.5.3 Decreases of the Algorithm Tolerances

It will now be proven that the activity tolerance € and the closeness tolerance A are only
decreased within the algorithm a finite number of times. A similar result was presented
in parts 5 and 6 of Theorem 1 in [34]. An alternate way of stating this result is that €

and A are bounded below by some positive constants, or that
. . k
klggge"%)Oand Jlim A* A4 0.

Lemma 5.43 Given Assumptions 5.1 - 5.13, the sequence of iterations produced by the
algorithm must satisfy

lim & 4 0 and Jim AF Ao

k~+o0
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Proof: The proof will proceed by contradiction. Assume that
lim & — 0.
k~ro0

Since A* is decreased whenever ¢* is decreased, it follows that

lim A* — 0.

k—oc

Assume that
. T,k
Jim {[(Z7)" 7 A0,
i.e. that there exists some constant §z > 0 such that [|(Z*)T+*|| > §z. This implies that
beyond some point, all the iterates are type one points. However, in this situation € and

A are not decreased. Therefore the assumption was incorrect, and
. T,k
lim [I(Z4)744]| > .

Since [[(Z*)Tv*|| is approaching zero, the iterates are approaching a stationary point.
Now, in stage two of the convergence proof, it was established that only a finite number
of stationary, non-first order points exist. Therefore, it follows that in the limit, the
iterates must approach a stationary point which is a first order point, and hence a strict
second order point. As well, the algorithm will identify the correct set of activities, and
will attempt the full Newton step. It was just established above that such steps will be
successful when close enough to the strict second order point w. Therefore, ¢ will not

be repeatedly reduced, and the assumption that it tends to zero is incorrect. O

5.5.4 Behavior Near a Second Order Point

Lemma 5.44 Given Assumptions 5.1 - 5.13, if €& does not tend to zero, then eventually

all the iterations are successful Newton steps.
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Proof: We have already established that only a finite number of successful steps can be
taken from type one or type two points, and that the algorithm will eventually approach
a stationary point. From earlier discussions, it follows that the final stationary point
approached must be a second order point. Since €* is not repeatedly reduced, full Newton

steps are taken until convergence. O

5.5.5 Convergence of the Algorithm

Corollary 5.45 Given Assumptions 5.1 - 5.13, the algorithm will converge to a strict

second order point of the penalty function.

Proof: When very close to a second order point, the algorithm has correctly identified the
active set, and is essentially Newton’s algorit‘hm applied to an unconstrained minimization

problem. Therefore, convergence to a strict second order point will be observed. O



Chapter 6

Degeneracy in the Penalty

Function

6.1 Introduction

In previous chapters, we have assumed that all points encountered by the algorithm were
nondegenerate. However, in practice, the use of e-activities may result in a large number
of penalty terms being considered active. Consequently, there is an increased possibility
of linear dependencies among the gradients of the active penalty terms, that is, that some

points will be degenerate. Of course, even for exact activities, degeneracy is possible.

In this chapter, we discuss some of the problems caused by degeneracy. Several
traditional techniques for resolving degeneracy in one level mathematical programs are
summarized, along with some difficulties encountered when applying those techniques to
the bilevel problem penalty function. Finally, a new technique for resolving degeneracy
in our problem is described and proven to work for exact activities. An extended version

of the technique for e-activities is used within the implemented version of the algorithm.

175
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6.2 Problems Caused by Degeneracy

Degeneracy refers to the situation in which the gradients of the active terms at the
current point ;xre not linearly independent. When the current point appears to be far
from a stationary point, the trust region direction is chosen to maintain all activities
up to first order change. The presence of degeneracy does not alter this stage of the
algorithm in any way. In effect, the degeneracy is irrelevant. However, when the current
poiﬁt appears to be close to a stationary point, it is necessary to estimate the values of

the Lagrangian multipliers by solving, in a least squares sense, the system of equations
AY =4,

where all terms are evaluated at the current point. At a degenerate point, 4 is not full
column rank, so the system may not have a unique solution. Corresponding to each basic
subset of the columns of A, there is a unique set of multipliers. However, there may be
an exponential number of choices of basic subsets. This nonuniqueness of the activities

causes several problems in our algorithm.

» The numerous choices of bases may lead to an incorrect classification of the status
of the current point. For example, if a particular set of multipliers includes out
of kilter values, then a dropping direction is indicated. However, there may exist
a choice of basis whose multipliers are all in kilter, which suggests that all the

activities should be maintained.

e Even if the point is correctly classified as being near a stationary non-first order
point, the nonuniqueness of the sets of multipliers may lead to attempting to drop

some activities which are actually active at a solution.

e Changes in the activities whose gradients are in the current basis may result in

changes in some of the nonbasic activities as well. Therefore, a dropping direction
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defined from the current basis may not be a descent direction for the entire penalty

function.

Note that it is possible to correctly classify a dropping situation in the presence of de-
generacy, and then to define a dropping direction which provides descent. However, the

presence of degeneracy complicates the decision making process.

6.3 Traditional Degeneracy Resolving Techniques

Consider solving the linear optimization problem
LP: min Tz st.GTe > f.
zER"
The necessary conditions at a nondegenerate solution of LP include the existence of a
unique set of multipliers A > 0 satisfying A\ = ¢, where A, the activity matrix at z,

contains a subset of the columns of G.

These necessary conditions can be extended to the case of degeneracy. The uniqueness
requirement for X is replaced by the requirement that there exists at least one nonnegative
solution A to the underdetermined system A\ = c. An obvious technique to resolve the
uncertainties caused by degeneracy is to examine all basic subsets of A to determine

optimality or a dropping direction. The following presents this algorithmic framework.

Algorithm 6.1 (Traditional Degeneracy Resolving Algorithm)

e REPEAT

1. Partition the columns of A to form two matrices Ag and Ay which satisfy

Range[Ap] = Range[A] and [Ap, An] = A.
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2. Solve AgAp = ¢ for \p.
3. Set Ay =0.
e UNTIL XT = (A}, AL) is in kilter
e OR UNTIL a feasible descent direction for LP is identified.
Given the matrix A, there may be an exponential number of choices of Ag. Therefore,
rather than enumerating all possible bases, most degeneracy resolving algorithms attempt

to efficiently search the possibilities. Two different techniques for generating matrices Ag

are described below.

6.3.1 Perturbation

The perturbation technique for resolving degeneracy in LP involves transforming, or
perturbing, the degenerate problem LP into a closely related nondegenerate problem

LP(e), for some vector £ having small positive components. For example, consider the

constraints
Cl: lz—f, > 0
Cc2: bg'z-tfz >0
C3: blz2—-f5 > 0
Ca: bfz2-f, 2> 0,

where the first three constraints are active at a common, degenerate point, denoted D1

in Figure 6.1. This feasible region is slightly modified to

Cl: bfze—fi—, > 0
C¥: blz—fr—es > 0
C3: blz-fa—e3 > 0
Cq: blz—fi—e¢ > 0,
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where €1, £, €3, and &4 are very small positive values, on the order or magnitude of ten
times machine epsilon. The very small values are required so that the feasible regions of

LP and LP(€) are closely related.
Cl=0

AN

C2=0
DI \ )

Cé=0

C3=0

Figure 6.1: Original Feasible Region

Cl'=0

P3
Cc2'=0

Pl \
Cd4'=0

C3'=0

Figure 6.2: Perturbed Feasible Region

The degenerate vertex D1 has been transformed into three nondegenerate points P1,
P2, and P3, as shown in Figure 6.2. The activity matrices at these points correspond to

the possible basis matrices at D1 in the original problem. If the linear program algorithm
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determines that the multipliers at either of the perturbed vertices satisfy the necessary
optimality conditions for LP(¢g), then D1 satisfies the necessary conditions for a solution
of LP. However, if any of the other vertices of the perturbed problem are reached, that
is, if the fourth constraint is reached from P1, P2, or P3, then degeneracy has been
resolved, and the linear program algorithm can proceed from the corresponding point in

the unperturbed problem.

6.3.2 Ryan-Osborne Approach

In [61], Ryan and Osborne study the issue of resolving degeneracy in linear programs of

the form

LP1: min cTz subject to ATz = fand z> 0.
zclR -

A point is optimal for this problem if there exists A > 0 and ¥ such that
AY + T =,

where J° is a submatrix of the identity matrix corresponding to elements of z which have
value zero at the current point. Note that there is no restriction on the value of the ¥

multipliers because these constraints must remain active for feasibility.

The matrix A is divided into a basic submatrix Az and a nonbasic submatrix Ay.
Correspondingly, the variables are divided into a basic index set S and a nonbasic index
set Sy. Let zp and z) denote the basic and nonbasic variables. Note that z) = 0 is
always satisfied. Let

Sg={ieSp:2:=0}.

The current point is degenerate if S§ # 0.

Ryan and Osborne define a subproblem of LP1 which is used to resolve degeneracy at

z. The inactive and nondegenerate part of the problem can be ignored because degeneracy
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is a local issue. Therefore, the authors describe the subproblem SP1.

SP1: m%n Tz subjectto ATz = fandz; >0,i€ SNUSH.
z€

If there exists a direction of recession, that is, a direction of unbounded feasible descent,
for SP1 from 2, then this direction is also a feasible descent direction for LP1 from z.
Meanwhile, if the current point is optimal for SP1, then it is optimal for the original

problem. However, the current point is a degenerate point for SP1 as well as LP1.

A direction d is a direction of recession for SP1 from z if and only if it satisfies the

following conditions:

-

cTd <0, ATd =0, and d; > 0 for i € Sy U SJ.

These conditions are independent of the vector & and the value of z. Therefore, the

authors describe another problem similar to SP1, but using a set of random values. Let

r ifte Sg
zi ==
2; otherwise,

where each r; can take any positive value. Now, consider the problem

SP2: min c¢Ty subjectto ATy=frandy; >0,ic SyUSY,
vE

where f* = f + ATr. Note that y = 27 is a feasible point for SP2.

Any direction d is a direction of recession for SP2 from y if and only if it is a direc-
tion of recession for SP1 from z, and therefore, a direction of feasible descent for LP1
from z. Conversely, if no direction of recession exists for SP2 starting from y, then an
optimal solution, including an optimal set of multipliers, can be obtained for SP2. These

multipliers correspond to a choice of basis for the original problem LP1 at =.

When solving SP2 starting from y, at least one nondegenerate step can be taken. A

further level of degeneracy may be encountered in the solution process, depending on the
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random values used in defining SP2. If this situation arises, then the same process can
be invoked recursively. Note that since an initial step is taken away from z", any other
degenerate points encountered will have fewer activities, and the recursion process will

be finite.

6.4 Examples of Degeneracy in the Penalty Function

The techniques described above for resolving degeneracy are based on the premise that
the uniqueness requirement for multipliers in the necessary conditions at a nondegenerate
point can be replaced by the existence of such multipliers at a degenerate point. The
examples in this section show that a similar correspondence between necessary conditions

at nondegenerate and degenerate solutions of the bilevel penalty function does not exist.

Consider example problem BP; from Chapter 2. With the penalty parameter yx fixed

at one, the unconstrained function

p(z,y,A) = 2z2+4+y~min(0,z2+2y)+|z—y+A - A~ 1|+

[ min(1 — 22 ~ y, A;}| + | min(z + y + 1, Az)]

is minimized. It can be shown that p(z,y,A) > 1. Consider the following points.

e At the point w; = (0,0, 1,0), the activity matrix is

VGI VC]_ Vg1 - VA1 VXz
1 1 -2 0

A = 2 -1 -1 0],
0 1 -1 0
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where P¥ = {1} # 0. According to the nondegenerate necessary conditions, a drop-
ping direction can always be defined in this case. However, w; is both degenerate
(since rank[A] = 3) and optimal for p (since p(w;) = 1). Dropping g; — A; = 0
increases some of the other active penalty terms so much that the penalty function
is increased (even for very small steps) due to the linear dependencies among the
gradients in Ap. Therefore, the requirement that P¥ = () does not extend to the
degenerate case.

o® At the point w,; = (2/3, —-1/3,0,0), the activity matrix,

- -

VGl VCI Vg1 VA[ VA;

1 1 -2 0 o
A= 2 -1 -1 ¢ 0],
0o 1 o0 1 0
| 0 -1 0 0 1]

has five columns, but is of rank four. Any choice of four of the columns forms a

basis for the full activity matrix. Consider the following:

— If Vg, is in the basis matrix (as it is for four of the five choices for Ag),
then the multipliers for that basis are ¥§ = —1 and zero for all the other
basic activities since Vg; = —v. The nondegenerate optimal range for ¥{ is
¥¢ € [0, 1], so these multipliers are not in kilter according to the rules derived

assuming nondegeneracy.

— If Vg, is not in the basis, the only choice of basis is
AB = [VGl, VC]_, VA1, VX;].
The multipliers for this basis satisfy

¥=[vC ¥, ¥}, ¥} =[1,1, -1, 1).



i
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The multiplier ¥} = —1 violates the nondegenerate necessary condition that

¥ € [0,1].

Therefore, any choice of Ap at w; results in a violation of the necessary optimality
conditions derived for nondegenerate points. However, this degenerate point is a

minimum point of p(z, y, A) since p(w;z) = 1.
These two cases show that at a degenerate solution of the penalty function,

¢ the set P¥ need not be empty.

e there may not exist a basis of the activity matrix which defines a set of multi-
pliers which are in kilter according to the necessary conditions derived assuming

nondegeneracy.

6.5 Problems Applying the Traditional Techniques

The two degeneracy resolving techniques described previously depend on the existence of
a basis matrix for the activities which defines a set of multipliers satisfying the necessary
conditions derived assuming nondegeneracy. Therefore, they will not be appropriate for

resolving degeneracy in our penalty function.

A problem which arises when applying the perturbation technique is that small
changes to the constraints may significantly alter the set of necessary optimality con-
ditions at a nondegenerate point. Consider the unperturbed situation A;(w) = gi(w) = 0.
The nondegenerate necessary conditions require that 0 < ¥ < u, 0 < ¥ < u, and
¥} + ¥¢ < p. I, as a result of some perturbation, \;(w) is considered active and less
than inactive g;(w) in the perturbed space, the necessary nondegenerate condition for op-

timality is —u < ¥2 < p. Clearly, there are values for the multipliers for which we would
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conclude that the perturbed problem satisfies the necessary nondegenerate conditions,
while the unperturbed problem does not. The multipliers obtained from the perturbed
problem may neither satisfy the nondegenerate necessary conditions nor define a descent

direction for the penalty function.

When attempting to apply the Ryan-Osborne technique to resolving degeneracy in
the penalty function, we were able to verify that a direction of recession for a linear
problem defined at the degenerate point (perturbed or not) was a direction of descent for
the penalty function at the degenerate point. However, it was not possible to equate the
cases of finding a solution for the perturbed linear problem and the current point being

a first order point of the penalty function.

A new approach is required to resolve degeneracy in the penalty function p,.

6.6 Resolving Degeneracy in the Penalty Function

To determine if descent from a degenerate point is possible, changes in the nonbasic

activities must be considered in relation to changes in the basic activities.

Algorithm 6.2 (Framework for Resolving Degeneracy in p,)

1. Construct a basic activity matriz Ag from the activity matriz A:

e Include V;(w) for i € P{ U P2, Vgi(w) — VAi(w) forie PL.
e Fill Ag from the remaining activities, until rank[Ag] = rank{A] and Ap has

rank{A] columns.

2. Fill the corresponding nonbasic activity matriz Ax with the gradients of the nonbasic

activities.
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3. Solve for ¥: Ap¥ = v, where v is the gradient of the differentiable part of p, at

the current point.

4. Ezpress the gradients of the nonbasic activities in terms of the gradients of the basic

activities by solving for the matriz k in the system of equations Apk = An.
5. Ezpress first order change in the nonbasic activities in terms of the basic activities.

6. Ezxpress first order change in the penalty function in terms of the change in the basic

activities using ¥ and x.

7. Derive a set of necessary conditions on ¥ and k to guarantee that the first order

change in the penalty function ts nonnegative along any direction d.

These steps are now examined in greater detail.

6.6.1 Building the Basic and Nonbasic Matrices

Because the gradients V;(w) are identity columns, the gradients of the activities listed
in the first part of Step 1 above form a linearly independent set. Consequently, the
submatrix of A consisting of these activities has full rank and this submatrix defines the
initial columns of Ap. The basis is filled out by examining the remaining gradients in
the following order: Vg;(w) for i € P2, Vgi(w) for i € P2, VG;(w) for i € T, and
Vei(w) for i € My. A candidate gradient a is added to the current basis matrix Ag if
it is judged that the addition of the vector increases the rank of Ag. If a; lies in the
range of the current basis matrix, then the current nonbasic matrix gets augmented with

a. Otherwise, a is placed in the current basic matrix. Algorithm 6.3 details the process.
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Algorithm 6.3 (Building the Basic Activity Matrix)

® REPEAT

1. Ezamine cendidate gradient a, which is not currently in either Ap or An.

2. Solve, in a least squares sense, Agy = a, to determine the relationship between

a and Ap.
3. Calculate the restdual vector r = Agy —a.

4. Ifr=0, then Ay = [An, a], else Ap =[Ap, a].

@ UNTIL RankAp] = RankA].

In practice, the test on r in Step 4 above is typically relaxed to account for roundoff error.

The choice of Ag and AN may not be unique. However, as long as they are defined
using the process described in Algorithm 6.2, the conditions developed in the rest of the

chapter are applicable.

Additional notation is required to specify the composition of the basic and nonbasic

matrices.
Definition 6.1 Given Ag and Ay, the following sets are defined.

e Let B(To) be the st of indices i € Ty for which VGi(w) is in Ag.

e Let N(To) = To \ B(To) be the indices of the nonbasic activities in To.
o Let B(P?) be the set of indices i € P for which Vgi(w) is in Ap.

@ Let N(P2) = PJ\ B(P{) be the indices of the nonbasic activities in P,.

o Let B(P2) be the set of indices i € P2 for which Vgi(w) and V;(w) are in Ap.
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@ Let N(P2) = P2\ B(P2) be the indices i € P2 for which only VA (w) is in Ap.
e Let B(M,) be the set of indices i € My for which Ve;(w) is in Ap.

e Let N(My) = Mo \ B(M)) be the indices of the nonbasic activities in My.

6.6.2 Solving for the Multipliers

Both sets of multipliers ¥ and & can be efficiently computed using a single factorization of
Apg. Let Q be an orthogonal matrix and R be an upper triangular matrix which satisfy
Ap = QR. The vector ¥ is the solution of the triangular system R¥ = QTv. The
matrix & is the solution to the system Rx = QT Ay, which is easily determined column
by column by solving triangular system of equations. However, each column in x can be
computed in Step 2 of Algorithm 6.3 (when r = 0) by simply augmenting that solution

with zeros.

The vector ¥ and the matrix x are unique for any given choice of Az and Ay.

Definition 6.2 The components of the matriz K need to be accessed for basic and non-

basic activities.

1. For the nonbasic activities, let

o k¢, for i € N(T®), refer to the column of k corresponding to the multipliers
relating the dependence of VG;(w) on the basic activities,

e xf, for i € N(P?)u N(PL), refer to the column of k corresponding to the
multipliers relating the dependence of Vg;(w) on the basic activities,

o x5, for i € N(MP), refer to the column of k corresponding to the multipliers
relating the dépendence of Veci(w) on the basic activities.
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2. For the basic activities, let
e k[Gj], for j € B(T"), refer to the row of k corresponding to the multipliers
relating the dependence of the nonbasic activities on VG;(w).

o x[A;], for j € PQU P_P;, refer to the row of Kk corresponding to the multipliers

relating the dependence of the nonbesic activities on VA j(w).

o klg; — Aj], for j € PL, refer to the row of k corresponding to the multipliers
relating the dependence of the nonbasic activities on Vg;i(w) — VAj(w).

o x[g;], for j € B(P?)U B(P2), refer to the row of k corresponding to the

multipliers relating the dependence of the nonbasic activities on Vg;(w).

e &[c;], for j € B(MP), refer to the row of K corresponding to the multipliers

relating the dependence of the nonbasic activities on Ve;(w).

3. For a nonbasic activity n; and a basic activity b;, x7[bj] is the multiplier relating

the dependence of n; on b;.

6.6.3 First Order Change in the Nonbasic Activities

The first order change in any nonbasic activity can be expressed in terms of the first order

change in the basic activities. For i € N(T°) and any direction d,

dTVGi(w) = dTApxf

> KEGITVG;(w) + 3 kf(\]dTV A (w)
PO

il

B(T?) £

+ Y kg ~ AT (Vgi(w) - VA(w) + Y #f[g;1dTVg;(w)
PL B(Pg)

+ Y kfA1dTOA(w) + Y «F(g;1dT Vgi(w)
pe B(P2)

+ Y wfled Vesw),

B(M®)



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 190

where each of the summations is over the index j.

First order changes in the remaining nonbasic activities can be similarly expressed

using x.

6.6.4 First Order Change in the Penalty Function

Recall from Lemma 3.6 that, for any direction d and step 0 < a < a;, where ay is the

first breakpoint of an inactivity along d,

Pu(w + ad) = é(w + ad) + pn(w + ad)

where 4§ is the differentiable part of p, at w (which is differentiable over a € [0, a;)) and
7 is the corresponding nondifferentiable part of p,. At a degenerate stationary point w,

we can write, using the measure of curvature introduced in Section 3.5.2,

Swtad) = pu(w)+ad’r+ a?d30(, w, ad)
= pu(w)+adTAp¥ + éazlld[ﬁﬂ(& w, ad),
Nw+ad) = - Zmin(G.-(w + ad),0) + Z [Ai(w + ad)| + Z [g:(w + ad)|

X !

+ angn{&(w ] min(0, g:(w + ad) ~ Ai(w + ad))
+ Z | min(A(w + ad), gi(w + ad))| + Z lei(w + ad)]

= -—az:mm(dTVG‘(w) 0) +az ldTV&(w)l + a}j [dT Vg (w)|

+a stgn [Ai(w)] min(0, dT(Vyi(w) = Vi(w)))
P

+a Yy | min(d?Vi(w), dTVg:(w))| + a Y |dT Vei(w)|
P Mo

1
+502(d302(w, od)

= —a Z min(d""VG,-(w),O)~az z mm(dTAgx +0)
B(TY) N(T9)
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+a 3 [ TVAw) +a ¥ [dTVg(w) +a Y [dTApxf]|
P BP9 N(FP)

+a Y sign[Ai(w)] min(0, d* (Vgi(w) — VAi(w)))
Pl

+a ¥ |min(d™VA(w), dTVgi(w))|
B(P2)

+a Y |min(d"V(w),d Agx])|
N(F2)

ta ¥ V() +a 3 (4 s+ Satld]i0(w, ad),
B(M?°) N(M?®)

where the individual summations are over index 3.

So,for0 < a < o,

Pu(w+ad) = pu(w)+adTAp¥ —ap 3 min(d? VGi(w),0)
B(TY)

~ap Y min(dTApxf,0) + ap Y |[dT VI (w)]
N(T0) P

+ap Y |dTVg(w)|+ap Y |dTApx|
B(FY) N(P2)

+ap Y sign[Ai(w)] min(0, dT(Vg;(w) — VAi(w)))
FL

+ap Y |min(dTVi(w), dTVg(w))|
B(P2)

+ap Y |min(dTVa(w),dTAgsd)|+ap 3 |dTVe(w)|
N(P2) B(M®)

o 1
tau 3 (4T ApkE] + 5oP A0, (v, ad). (6.1)
N(M?)

where Q,,,(w, ad) = Q(4, w, ad) + pQ,(w, ad).

6.6.5 Deriving First Order Optimality Conditions

A set of first order optimality conditions which must be satisfied at a degenerate minimum
of p,, are derived using the above expression for p,(w + ad), where 0 < a < a;, and are

presented in three separate groupings.
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Definition 6.3 A direction d is a first order descent direction for the penalty function if
the first order change in the differentiable part of p, along d from the current point has
a negative value.

Group One

In this section, a set of necessary optimality conditions at a degenerate first order point
of the penalty function are obtained by analyzing the effect on p, of dropping a single

basic activity.
Definition 6.4

e For j € B(T°), let

o4 Y. IKGil+ Y kGl

"

N(P?) N(M?)
uf = Y max(xf[Gj], 0) + Z max(x{[G;], 0) + ¢§
N(T?) N(P2)
u,.G = - Z min(x&[G;], 0) - 2 nﬁn(nf[G,-],O)+C,g-
N(T) N(P2)

e Forje PL=PXUPZ, let

¢ = X Islg - M+ Y Iniles— Al

N(FQ) N(M°)
“r = Y max(xflg; - 2,00+ Y max(xf[g; — A;],0)+ ¢
N(T®) N(P2)
¥ = ~ Y min(xfg; - 1,00~ Y min(sZ[g; - A;],0) + C:?W\
N(T?) N(P2)

o }'orj € B(P2), let

G o= X NI+ Y Ikl

N(F3) N(M®)
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]

]

il

193

Y max(xF[A;],0) + Z max(x{[A;], 0) + ¢}

M) N(P2)

- ¥ min(ef(1,0) = 3 min(ef(3],0)+ ¢}
st N(P2)

Y gl + 3 Inglasll

N(FPY) N(M?®)

Y max(xf[g;],0)+ D max(x?[g;],0) +¢?

weE) N(P2)

= 3 min(xflg},0)~ 3 min(xfle;],0) +¢f
N N(P2)

> 1=+ 30 Isrll

N(F3) N(M®)

Z max(x&[\;],0) + Z max(x{[A;],0) + ¢}
N(T?) N(P2)

= ¥ min(xf[A;),0)— Y min(xZ[A;],0) + ¢}
N(T?) N(P2)

Y Ieflgll+ X Inflgsll

N(F7) N(M?®)

Y max(xf(g;],0)+ ¥ max(x?[g;],0) +¢?

N(T?) N(P2)

- 2 min(x?[g;],ﬂ)- z min("g[g:i]»o)"'(g

N(T?) N(P2)

Y Isflell+ 3 Iagles)

N(P}) N(M°)
> max(xf[e;),0)+ Y max(xf[c;], 00+
N(T) N(P2)

= Y min(xf[c;],0) - 3 min(xf[c;],0) + ¢

N(T?) N(P2)
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e For j € N(P2), let

G = Y DI+ X Il

' N(P9) N(M?®)
o = ¥ max(sfAL0)+ Y max(xfDA],00+¢
N(T) NP\ (G}
v o= - Z min(«F[);],0) — Z min(ng[o\,‘].ﬂ)-f-‘:}\-
N(TY) N(PN{}

Lemma 6.1 If w ts a stationary, degenerate point of p,, then any direction d satisfying
ALd = a'ef-;, for some j € B(T°), is a first order descent direction for p,, from w if and

only if
(i) o<0 and ‘F?a-yu? >p

or (ii) >0 and ¥§ +pv_? <0.
Proof: For 0 < a < ay, from equation (6.1),

Pulw+ad) = pu(w)+ao(ef)TE - apmin(e,0) - ap Y min(e(e§)7xE,0)

N(T%)
+ap Y lo(ef)Txl +ap Y |min(0, o(ef)Tx?)|
N(FPQ} N(PL)
1
+ap Y lo(ef )T“§l+§azlldll§9pg(w'ad)
- N(MY)
= p,.(w)+aa\1'?~apmin(a, 0) —ap Z inin(an?[(}j],ﬁ)
N(T?)
+ap Y |o|Ix¥[Gj]l ~ ap Y_ min(ox?[G;],0)
N(P?) N(F2)
e 1
+ap 3 lolIniIGll + o i, (w, ad).
N(M®)

Without loss of generality, assume that ¢ = +1. Therefore, consider the two cases

separately.

1. o=-1:

Pul(w + Dzdj = pu(w) - C!‘r,g +ap+ap E max(x{ (G;],0)
N(T9)
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+ap Y |K[Gj]l+ap Y max(<[G;],0)

N(P?) N(P2)
1
+tap Y, lﬂ?[Gle—z-a’!ldlI%ﬂp,.(wa ad)
N(M®)

1
= pu(w) - a¥f +ap+apuf + 3°° 14139, (w, ad)

1
= pu(w) — a(¥F ~ pu§ — p) + 3 ?d)|3p, (w, od).
Therefore, first order descent is possible if and only if 'Iff" - ;m_? > .

2. o =+1:

pu(w+ad) = pu(w)+a¥f -ap Y min(xF[G;],0)
N(T9)

+ap Y [K{[Gi]l—ap Y min(<{[G]],0)
N(F2) N(F2)

+au 3 IKEIGll+ 5?lldii0, (w, ad)
N{(M?®)

1
= Pu(w)+a(¥5 +pf) + 52 dI3,, (w, ad).

Therefore, first order descent is possible if and only if ¥F + pvf < 0. O

Lemma 6.2 If w is g stationary, degenerate point of p,, then any direction d satisfying
ALd = o’e?""\, for some j € PZ, is a first order descent direction for p, from w if and

only if
(i) ¢<0 and 'I'g"\ - pug"'\ >p

or (i) >0 and ‘I’?"" +1,w§'"‘\ <.

Proof: Analogous to the proof of Lemma 6.1. O

Lemma 8.3 If w is a stationary, degenerate point of p,,, then any direction d satisfying

ALd = a'e:,'-‘, for some j € B(P2), is a first order descent direction for p, from w if and
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only if
(i) <0 and ¥} —pu}>p

or (i) ¢>0 and ¥}+pv} <.

Proof: Analogous to the proof of Lemma 6.1. O

Lemma 6.4 If w is a stationary, degenerate point of p,, then any direction d satisfying
ALd = ae?, for some j € B(P2), is a first order descent direction for p, from w if and

only if
(i) ¢<0 and ¥ —pul>p

or (i) >0 and ¥+um?<0.

Proof: Analogous to the proof of Lemma 6.1. O

Lemma 6.5 If w is a stationary, degenerate point of p,, then any direction d satisfying
ALd= o'e?, for some j € P}, is a first order descent direction for p, from w if and only
if : .
(i) <0 and ¥} -pu}>p
or (i) ¢>0 and ¥} +pv} < —p.

Proof: For 0 < a < ay,

Pulw+ad) = pu(w)+ac¥} —ap 3 min(exf([A;],0) + aplo|
N(TY)

+ap Y lolxfAj]l —ap Y min(0, ox?[2j])
N(P?) N(P2)

tap Y lolixiDll + 02 ldI30, (w, od).
N(M9)

Without loss of generality, assume that o = +1.
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1. o= -1:

pu(wtad) = pu(w)- a\F,"-‘ +ap Z max(&? (A1, 0) +ap
N(T?)

+ap Y |2l +ep Y max(xi[A;],0)

N(P}) N(P2)

top T |l + 30 dI30, (0, ad)

N(M®)
1
= pu(w) — a¥} +apu} + ap + gazlldlliﬂp‘.m ad)

i
= pu(w) — (¥} ~ pu} — ) + 7?|dI30,, (w, ad).
Thefefore, first order descent is possible if and only if ‘I’;‘ - pu;? > p.

2. o = +1:

pu(w+ad) = pu(w)+a¥}-ap Y min(x[A;],0)+ap
N(T?)

+ap 3 |6\l —ap Y min(s?[Aj], 0)
N(PS) N(FP2)

o T Il + 5?lldIERy, (w, ad)
N(M®)

1
= Pulw) + (¥} + v} + ) + 5 [[dI3%,, (w, ad).

Therefore, first order descent is possible if and only if 'I';‘ + y.v? < —-p. QO

Lemma 6.6 If w is a stationary, degenerate point of p,, then any direction d satisfying
ALd = oel, for some j € B(P}), is a first order descent direction for p, from w if and

only if
(i) 6<0 and ¥ —pul>p

or (i) ¢>0 and ¥I4pvd <—p.

Proof: Analogous to the proof of Lemma 6.5. O
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Lemma 6.7 If w is a stationary, degenerate point of p,, then any direction d satisfying
ALd = o¢5, for some j € B(MP), is a first order descent direction for p, from w if and

only if
(i) o<0 and ¥ -—pui>p

or (i) >0 and Wi4pvi< —p.

Proof: Analogous to the proof of Lemma 6.5. O

Lemma 6.8 If w is a stationary, degenerate point of p,, then any direction d satisfying
ALd = a'eg")‘, for some j € PX, is a first order descent direction for p, from w if and
only if
(i) <0 and ¥I—pud™> —p
or (i) ¢>0 and ‘F?“A +;w§"‘\ <0.

Proof: For 0 < a < ay,

pu(w+ad) = p,(w)+ aa’T‘}-'\ —ap Y min{exf[g; — A;), 0)
N(T%)

+ap Y |ollxflg; ~ A;]l + apmin(0, o)
N(PY)

—ap Y min(0,0xf[g; — A} +ar Y. lollsflg; — Ajl
N(P2) N(M®)

1
+39° 1430y, (w, ad).

Without loss of generality, assume that o = +1.

1. o = -1:

-A
pu(w+ad) = pu(w) - ¥l " +ap 2 . max(xF{g; ~ A;],0)
N(TY)

+ap Y [xf[g; ~Aj]l —ap+ap Y. max(sZg; — A;],0)
N(F?) N(P2)
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. 1
+ap Y. |&flg; — Al + Eazlldlléﬂm("’, ad)
N(M®)

- - 1
= pu(w) — a(¥§* ~ pul™ + ) + Sa?|| |30y, (w, ad).
Therefore, first order descent is possible only if and only if 'Ilg"“ —pu?™ > —p.

]

2. o= +1:

Pu(w+ad) = p,(w)+ a\Fg“‘\ —ap Z min(x&{g; ~ A;],0)

N(T9)
+ap Y [fg;— Ajll—ap Y min(xf[g; - A;],0)
N(P}) N(P2)
1 i
+ap Y |xlgi — Al + Ea‘”dllin,,,,(w, ad)

N(M?)
- - 1
= pu(w) + (¥ + pf ™) + 20|30, (w, ad).

Therefore, first order descent is possible only if and only if \I’?-'\ + ;w;'-"\ <0.0

Lemma 6.9 If w is a stationary, degenerate point of p,, then any direction d satisfying
ALd = ae;}, for some j € N(P2), ts a first order descent direction for p,, from w if and
only if
(i) ¢<0 and ¥} - pu} - pmax(l,wiA;]) >0
or (i) >0 and ¥}+ pv}+ plmin(l, wilrj])] <0.

Proof: For 0 < a < oy,

Pu(w+ad) = pu(w)+ac¥}-ap Y min(axf[};],0)
N(T9)

+ap Y loflciAJl—ap Y min(0, oxf[2;])
N(P?) NP2\ {5}

) 1
+ap|min(e, oI\ +ap Y lﬂllﬂ?['\:']l-!“Eazlldlﬁnp..(w,ad)-
N(M®)

Without loss of generality, assume that o = +1.
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1. o= -1:

Pu(w + ad)

I

Pu(w) — a¥} +ap Y max(xf[);],0)
N(T°)

tap Y |\l +ap Y. max(0,<F[A)])
N(P?) N(PI\G}

+op|min(-1, —xI]) +ap Y [=Z0A]
N(MO)

302130, (w,ad)

pu(w) — a¥} + apu + ap| — max(1, s{[A])]
+502d[30,, (w, ad)

Pul(w) — (¥} — pu} ~ pmax(1, k%[A;]))

1
+3a%lldI30,, (v, ad).

Therefore, first order descent is possible if and only if

2. o =+1:

pu(w +'ad)

I

\Il;‘ - pu;f ~ pmax(1, '6‘,’['\:}) > 0.

Pu(w) +a‘ﬁ"} - ap z min(x&[A;], 0)
N(T9) .

tap Y KAl —ep Y min(0,xF[2;])
NF?) NP\

+aplmin(1, 2D +ap Y [
N (M)

1

430?302, (w, ad)

Pu(w) + (¥} + pv} + p| min(1, x2[A;])])
1

+50% 130, (1w, ad).

Therefore, first order descent is possible if and only if

¥} + pv} + plmin(1, cfA])] <0. O

200
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Group Two

In this section, a set of necessary optimality conditions are derived by analyzing the
effect on the penalty function p, of dropping both A;(w) = 0 and g;(w) = 0, for some
i € B(P2), when [dTV;(w)| = |dTVg;(w)|.

The following definitions involving sums of generalized multipliers are required.

Definition 6.5 For j € B(FP2),

o= Y I ALl YD IkEA ]+ wles]l

N(PY) N(M?)
it = 3 max(sf[\]+ «fg;], 00+ Y max(kZ[A;] + «¥(g;],0) + ¢} FO
N(T9) N(F2)
-u;‘"’ = — E min(x?[)\,'] + m?[g,'], 0) - 2 min(xf[X;] + x{{g;], 0) + CJ)’H'Q
N(T®) N(F2)
¢ = Yo = - Rfgll+ D ke - élgill
N(P}) N(M?)
u;““’ = Y max(xf[A;] - x&gi1,0) + z max(<f[A;] — x%[g;],0) + C; -
N(T9) N(P2)
570 = = 3 min(efA] - wfl0;1,0)- 3 min(ef[A;] - sflos],0)+ G
N{(T") N(P2)

Lemma 6.10 If w is g stationary, degenerate point of p,,, then any direction d satisfying
ALd = a(e} + %), for some j € B(P2), is a first order descent direction for p, from w

if and only if
(i) 0<0 and W +¥ —p}*t >y

or (i) >0 and W} +¥¢4puu}t? < —p
Proof: For0 < a < a;,

pu(w+ad) = pu(w)+ao(¥;+¥)—ap Y min(e(xf{A;] +xFlg;),0)
N(T0)

+ap Y |ollxfA\] + #{[g;]l + aple]
N(Pg)
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~ap Y min(o(x2A] + ~lg]), 0)
N(FPL)

van Y lolissh] +wtlosll + 3oPldIER,, (0, ad).
N(M?®)

Without loss of generality, assume that o = +1.

1. o= -1:
Pu(w+ad) = pu(w)—a(¥}+¥%) +ap Y max(xf[A;] + «F(g;],0)
N(T?)

+ap Y KA1+ wllg;)l + ap
N(PJ)

+ap Y max(x?[A;] + ~¥[g;], 0)
N(PR)

1
+ap Y l~?[f\j]+ﬁ§[95]l+§a2lldlliﬂp,.(w, ad)
N(M?)

= pu(w) - a(¥} + ¥9) + o} + ap + 2o d0, (w, ad)
= pu(w) - (¥} + ¥ — 7 — ) + 2o d30, (w, od).
Therefore, first order descent is possible if and only if
)+ - pu;-‘*" > p.
2. o =+1:
Puw+ad) = pu(w)+a(¥}+¥)—ap Y min(kf{] +xElg),0)

N(T0)

+ap Y [KI[A]+ Kllgi]l + ap
N(P3)

—ap ) min(x{[A;] + «{[g;],0)
N(P2)

< -4 1
rap T I+ aslosll + 5o?lldN, (w, ad)
N(Me©)

]

1
Pu(w) +a(¥] +¥9) + apu™ + ap + sa?||d|30,, (v, ad)

]

1
Pu(w) + ol ¥} + ¥ + ;™7 + p) + 50?30y, (w, ad).
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Therefore, first order descent is possible if and only if
A g A+g
Lemma 6.11 If w is a stationary, degenerate point of p,,, then any direction d satisfying

ALd = a’(e? — e9), for some j € B(PL), is a first order descent direction for p, from w

if and only if
(i) ¢<0 and ‘If;\ ——\I"} —p.u:»‘" >u

or (i) 0>0 and ¥} - +;w;" < —p.
Proof: For 0 < a < ay,

pu(w+ad) = p,(w)+ac(¥} —¥) —ap Y min(a(xF[A;] - xF[g;]), 0)

N(T°)
+ap Y lofixf[A;] - wflg;ll + aulo]
N(P])
—ap Y min(o(xf[A;] - x{[g;]), 0)
N(P2)
tau Y lolinti] ~ silaill + 02 lld3y, (w, ad).
N(M?°)

Without loss of generality, assume that o = £1.

1. o= -1:

pu(w+ad) = p,(w)~ a(‘I‘} -¥)+ap z max(«S[)\;] - x€[g;], 0)

+ap Y |- kgl + ap
N(P?)
+ap Y max(x?[A;] - xZ[g;],0)
N(PR)
1
+ap Y [sE[N] - wlgill + iazlldlliﬂ,,,(w, ad)
N

- 1
= pu(w) ~ (¥} - ¥) + apu™0 + ap + 5’ ||d|y, (v, ad)

- 1
= pu(w) - "‘("I'? - ‘1'5 - [m; S —p)+ Eazlldlliﬂp..(w, ad).
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Therefore, first order descent is possible if and only if
‘FJ‘ ~ ¥ - ;m‘;‘" > u.
2. o= +1:

pu(w+ad) = pu(w)+ a(‘I';‘ - 'I‘f.') —ap Z min(":’;[‘\f] = "iG{gi]s 0)

N(T?)
+ap 3 1A~ Kllgill + ap
N(PQ)
~ap 3 min(<{[);] - rf[g;],0)
N(PZ)
1
vap Y IsE] = wilgsll + 3o?lld]3Dp, (w, ad)
N(MO°)

- 1
= pu(w) + (¥} — ¥) + ap; ¥ + ap + a||d|3Qy, (w, ad)

-~ 1
= pu(w) + a(¥} — ¥ +pv; ™ + p) + 50||d][30, (w, ad).
Therefore, first order descent is possible if and only if

¥ - +;w;§°’ <-p. O

Group Three

In this section, consider the effect on the penalty function of dropping, for some j €
B(P?), both Aj(w) = 0 and g;j(w) = 0 when [dTV);(w)| # |d¥Vgj(w)|- Through
analysis, a set of necessary conditions at a degenerate minimum point of p, will be

derived.

The following group of definitions are required. These definitions concern the shape
of the penalty function along directions d as described above. The shape changes as the
differentiability of the penalty terms changes.



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 205
Definition 6.6 For j € B(P2):
1. Define breakpoints T'[j] as follows:

i€ N(T°): 7i{j]

i

1 otherwise

{- CI\)/xSlg;] i it lies in (0,1)

ieN(P): 7] = {* 2[A;]/xd[g;] if it lies in (0,1)
1 atherwise

ie N(P%): ti[f] = {— x2[A;1/k2[g5]  if it lies in (0,1)
1 otherwise

ie N(M°%): 7i[j] = {- k[\;)/xelg;]  if it lies in (0,1)
1 otherwise.

2. Let k} be the number of distinct breakpoints in the interval (0,1), and let these
distinct breakpoints, denoted t}[j] for I =1,---; k} be indezed to satisfy

0<tifil<---<thlfl<1.
7
In addition, define the additional breakpoints t5[j] = 0 and t;,  [7]=1.
J

3. For each l =0 : k}, define €![j] as follows:

ie N(T%: &)

t

{ posle€INT] i L] < 1]

pos[&[g;]]. otherwise
sign[sl[N;]] i 7Hi] < (4]
sign[c?[g;]] otherwise

i€ N(P): €] = {
o {poswn,n i 2051 < il

ie N(P):
pos[xl[gj]] otherwise

sign[kiM]] i 7ila] < (4]

sign[xi[g;]] otherwise.

i€ N(M°): €] =
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4. For eachl =0 : k}, define quantities s}[j] and s,[j] as follows:

il = B -p Y NI -e Y LRI - Y &I

N(T?) N(FP}) N(P2)
-1 Y &N~ p
N(M®)
sl = ¥-p Y &lkflgl-n Y, Elleel-n Y &lilee;]
N(T9) N(P?) N(P2)
-n Y Elilsilgs]-
N(M?)

These terms are used to ezpress the first order change in the penalty function, in

terms of the first order change in the basic and nonbasic activities.
5. For each I =0 : k}, define the intervals Ji[j] and J;’[j] as follows:

[ (~o0,—skil/sfi]) ifshli] <0
(~shlil/stlil00) i skfi]> 0

Jl] = ¢
(—o00,00) if L[] =0 and s}[j] > 0

L 0 otherunse,
TGl = @l e i) 0 Al

The first interval gives the region in which first order decrease in attained for a term
related to the penalty function. The second interval, which intersects the first region
with the breakpoint interval in which the term is equivalent to p,, gives the range of

values for which first order descent is actually possible in the penalty function.

Lemma 6.12 Ifw is a degenerate, stationary point, then there ezists a first-order descent
direction d for p, from w satisfying Agd = a"\e; + ageg for o < 0, < 0 if and only if
there ezists | € {0 : k}} such that J;°[j] # 0.

Proof: Consider any direction d satisfying ALd = oxe} +0,¢] for ox < o, < 0. Without

loss of generality, assume that oy = —1 and g, = —7 for some 7 € (0,1). Then, for
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0<a<a,

pu(wtad) = pu(w)- (¥} +r¥) +ap Y max(xfr;]+7xfg;],0)

N(T9)
+ap 3 IsEN]+ellgi]l + ap
N(P?)
+ap Z max(x?[A;] + 74%[9;],0) + ap z =[] + Trglg;ll
N(P2) N(M)
1,

+31dIEQy, (w, ad).

For any 7 € (¢}(i]. tfy,[i]). L =0: &},
i€ N(T°%: posf[Aj]+ meflgil] = &l
i€ N(P)): sign[si[A;] + rxf[g;]] &7l
ie N(P2): pos[e{[\] +7flgil]l = &l
i€ N(MO) : sign[sg\;]+7xilgs]]l = &l

]

il

and therefore

. o, 1
Pulw+ad) = pu(w) - a(si[j] +rspli]) + 50’NldlIERy, (w, od).
If 7 € Ji[7], then the coefficient of (—a) is positive. However, this value provides the first
order rate of change in p, only for = € (¢{[4], tf,,[5])-

Therefore, if J;* = @ for all [, then first order descent in p, is not possible for any
ox < 05 < 0. However, if there exists some ! € {0 : k}} such that J;7[j] # 0, then for
any 7 € J;", a direction d satisfying Agd = -—(e} + reg) provides first order descent in p,,
from w. O

The meanings of the terms defined below, and in all similar definitions, are analogous

to the meanings of the related terms in Definition 6.6.
Definition 6.7 For j € B(FP2):

1. Define breakpoints r2[j] as follows:
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eN@): ] { wClo)/xFTN;]  if it lies in (0,1)

1 otherwise

ie NPY): 72[j] = {xf[.vfl/ni-'[«\j] if it lies in (0,1)

1 otherwise

ie N(PY): 2[j] = { w[g;1/x2[Aj]  if it lies in (0,1)
1 otherwise

ie N(M%: #3[j] = { xi[g;]/x5[A5]  if it lies in (0, 1)
1 otherwise.

2. Let k% be the number of distinct breakpoints in the interval (0,1), and let these
distinct breakpoints, denoted t7[j] forl =1,---, k3, be indezed to satisfy

0<egfil<---<th[fl<L
7
In addition, define t3[j] =0 and t?,  [j]=0.
4
3. For each I = 0 : k2, define #![j] as follows:

{ neglx&lg;ll i r2[i] < £ [4]

pos(€{A;]] otherwise

I

ie N(T%: =i[j]

(NG ] = {.sfgn[xgmn if 20 < fls]

—sign[f[A;]]  otheruise
_ {neg[ni-’fg,-]] if 7204] < 1]

i€ N(P2): iff]
pos[k?[A;]]  otherwise

e NQO): ] = {,, silol] if T2l < U]

—~sign[k[Aj]] otherwise.
4. For eachl =0 : k?, define the quantities ri[5] and ri[5] as follows:

il = ¥ - Y wlllfN] e 3wl —p Y wilielA)

N(T9) N(PY) N(P2)
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+u Y wilsih] ~ o

N(M®)
rll = ¥W—u Y #lllefloil+n Y wililelle] - p Y willslgi]
N(TY) N(F?) N(P2)
+p Y, wililnig;]-
N(M°)

5. For each I = 0 : k2, define the intervals Ki[j] and K[[j] as follows:

[ (—oo,lil/AlD) il <0
(reldl/rilil o) ifrili]>0
(—o0, 00) ifrili]=0andri[j]< 0

0 otherwise,

Kij] =

\

Kl = (#0801 nKlj).

Lemma 6.13 Ifw is a degenerate, stationary point, then there erists a first order descent
direction d for p, from w satisfying .Agd = a:\e_:} + dge? for oy < 0 < o, and |o)| < |o,]
if and only if there ezists | € {0 : k2} such that Kj[j] # 0.

Proof: Consider any direction d satisfying Agd = a',‘e.:} + crye? for oy < 0 < g4 and
leal < |og|. Without loss of generality, assume that o, = 1 and o) = -7 for some

7 € (0,1). Then, for 0 < a < m,

pu(w+ad) = pu(w)+o(~1¥)}+¥9) ~ap 3 min(~rxf[A;] + xFg;], 0)

N(T?)
+ap Y |- vxI[A;] + &llgi)l + apr
N(Pg)
—ap Y min(—ref[);] + &¥[g;], 0)
N(P2)

1
tap 3 |- aiAi]+ &ilgill + 5a®|ld]EQ, (w, ad).
N()
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For any 7 € (§[j], f,1[7]), I =0 : k2,

i€ N(T° : neg[-mxf[A;] +f[g;]] i)
i€ N(P)): sign[-rxl[N] +r2[95]] = =[]
i€ N(P2): neg[~rxllM]+rllg]] = nij]
i€ N(M®): sign[-7xg[A;] + <glg]] =i[3],

]

and therefore
. . 1
Pu(w+ad) = pu(w)+ a(~rri[j] + ri[i]) + 502”4"391»,.("’, ad).

If T € Ki[j], then the coefficient of « is negative. However, this value provides the first

order rate of change in p, only for = € (¢#[j], £2,,[4])-

Therefore, if Xj = 0 for all I, then first order descent in p,, is not possible for any
o) < 0 < g, where [0a] < |o,]. However, if there exists some ! € {0 : k2} such that
K;[j] # 0, then for any 7 € K, a direction d satisfying ALd = (~re} + €7) provides first

order descent in p, from w. O

Definition 6.8 For j € B(F2):

1. Define breakpoints 73[j] as follows:

ie N(T%: 73[4] kG[A;)/xElg;]  if it lies in (0,1)
1 otherwise
ie N(P%): 73] x¥[N;)/xllg;]  if it lies in (0,1)

W 1
P e I N

1 otherwise

ie N(PY): 5] K2[\j)/R%lg;)  if it lies in (0,1)
1 otherwise
ki[Aj)/kilg;]  if it lies in (0,1)

1 otherwise.

i€ N(M°): 77[j] =
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2. Let k? be the number of distinct breakpoints in the interval (0,1), and let these

distinct breakpoints, denoted t}[j] forl =1,---,k2, be indezed to satisfy

3’
0<t"{[j]<---<t{_}[j]<1.
In addition, define the breakpoints t3[j] = 0 and £, [j] = 1.
J

3. For eachl=0: k2, define ¢'[j] as follows:

ieN(T%: =] =

{ posln@DT]  if 72[] < 8]
neginGle;]l  otherwise
sign(fl) i 720 < 614
~sign[xf[g;]] otherwise
posZIN]]  if 7814] < ]
negx?[g;]] otherwise
sign[sS[A;]) o T20] < §[4]

—sign(«S(g;]] otherwise.

ie N(P)): wij]

ie N(M°): =ifj] =

i€ N(FY): wifj] = {

4. For each 1 =0: k3, define the quantities ¢\[j] and qg[j] as follows:

Al = ¥ -p Y =GN ~p Y @l -8 Y =iHxA]
N(T®) N(P?) N(P2)
~u Y wiliA] - p
N (30) |
¢l = ¥-u Y ol[sfll-n Y @lilsle]l—p Y =iilxdle]
N(T) N(F?) N(F2)

3 wifilxclesl

N(M°)
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5. For each 1 =0 : k2, define the intervals Ni[j] and N"[j] as follows:

[ (~o0,dilil/aili]) bl >0
@B/ glil o)  ifqlil<o
(—o0, 00) ifqg[j] =0 and ¢}[j] > 0
0 otherwise,

NGl = (@) 8l M-

]

Ml

Lemma 6.14 Ifw is a degenerate, stationary point, then there ezists a first order descent
direction d for p, from w satisfying ALd = a,\e;} + ogel for ox < 0 < gy and |aa| > ||

if and only if there ezists | € {0 : k3} such that N'[j] # 0.

Proof: Consider any direction d satisfying Ng d= zne]"-‘ + ageg for ex < 0 < 0, and
loa| > |og|l. Without loss of generality, assume that oy = —1 and o, =  for some

7 €(0,1). Then,for 0 < a < ay,

pe(w+ad) = pu(w)—a(¥}~r¥) +ap Y max(sF[;] - r5f(g;],0)

N(TY)
+Yap Y |&{A] - 7ellgs)l +ap
N(P?) .
+ap Y max(sf[Aj] - rellgi],0) +an Y |xi(A;] - Tx5lgs]l
N(P2) N(M®)

+30?d]0%, (w, ad).

For any 7 € ({1, 6,,[3]), I =0: &},

i€ N(T°: pos[rf[A;] - rafg;]] = wifj]
i€ N(F]): sign[e?[A] - 7xllgj]] = wiff]
i€ N(P2): posli[Aj] - 7xllg;]] = wilf]
ie N(M): signlssDh] - rosloi]]l = wifi],
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and therefore
" . 1
pu(w+ad) = p,(w) - a(gili] - rgli]) + Ea’lldlliﬂp, (w, ad).
If r € M[j], then the coefficient of (~a) is positive. However, this value provides the first

order rate of change in p,, only for T € (¢](j], ¢}, ,[i])-

Therefore, if N;” = @ for all I, then first order descent in p, is not possible for any
ox» < 0 < 0, and |oa| > |og|. However, if there exists some [ € {0 : k} such that
N;[i] # 0, then for any T € AJ", a direction d satisfying AL d = —(e ~ Te?) provides first

order descent in p, from w. O
Definition 6.9 For j € B(P2):
1. Define breakpoints T4[5] as follows:

ieN(T%: 1] =
1 otherwise

{ ~ Gl l/REIN]  if it lies in (0,1)

ie N(P): =il =

1 otherwise

{ — k[g;1/-2[A;] if it lies in (0,1)

i€ N(PY): 7]

1 otherwise

{_ w2[g;1/x2[A;]  if it lies in (0, 1)

ie N(M%: &[] = {" xilg;]/x5[A;]  if it lies in (0,1)

1 otherwise.

2. Let k} be the number of distinct breakpoints in the interval (0,1), and let these
distinct breakpoints, denoted t{[j] forl =1, ---, k3[j], be indezed to satisfy

0<t§[j]<~--<t:;[j]<1.

In addition, define the breakpoints t§[j] = 0 and t,‘:', abl=1



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 214

3. For each 1 =0 : k}, define p'[j] as follows:
neg(sflol]  if (3] < t[i]
neg(xC[A\;]] otherwise
sign[sflg;l] i T[] < £tld]
signx?[);]] otherwise
neg(w?le;]l i 7¥{i] < ¢4
neg[kf[A;]] otherwise
{ signiuslasl]  if 407] < U]

sign[xf[Aj]] otherwise.

iEN(T): Pl =

]

i€ N(PJ): pili]

]

i€EN(PY): pili]
ie N(M%): flfj] =

4. For each l =0 : k}, define the quantities pil7] and pf,[j] as follows:

il = ¥ - Y AN+ Y AU —p Y PHAIRIA]

N(T) N(F?) N(F2)
+p Y AR+ p
pilil = ¥—p Y AlIsflel+u Y Alilslle]l — o Y Ail<dls]
N(T) ) . NER)
+u Y, pililscle;]-

5. For each I =0 : k}, define the intervals Qifj] and Q7 [j] as follows:

[ (~c0, g Lil/AAJ) ¥ £hl4]> 0

} Cralil/phlile) i RAli] <0

(—o0,00) if p[7] = 0 and pij] < 0
0 otherwise,

(¢ 0], e[ 0 LT

Qfj] =

]

Q]
Lemma 6.15 If w is a degenerate, stationary point, then there ezists a first order descent

direction d for p, from w satisfying Afd = gre} + a,¢? for 0 < o) < 0, if and only if
 there ezists | € {0 : k}} such that Qp[j] # 0.
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Proof: Consider any direction d satisfying ALd = oxe} -{»a*,eg for 0 < ox < 0,. Without
loss of generality, assume that ¢, = 1 and o), = 7 for some 7 € (0,1). Then, for

0<a< o,

Pulw+ad) = p(w)+a(r¥} +¥9) —ap Y min(rsf[A;] + «F[g;],0)

N(T)
tap Y [raflAd+ gl + awr
N(FD)
—ap Y min(rxf[};] + x[g;], 0) + ap 3 IrxiA] + wElesll
N(PL) N(M0)

1

+322di30, (w, ad).
For any r € (tf[4],t},,[i]), L =0 : k%,

i€ N(T%) : neglraf\]+afg]] = pili]

i€ N(F]): sign[rel\]+wllgi]] = pili]

i€ N(PY): neglre{[A]+xflg]] = pllj]

i€ N(M) : sign[raf[Aj]+glgs]l = pllil,
and therefore

. . 1
pu(w+ad) = pu(w)+ alrpili] + plil) + 5e7Mldl12p, (v, ed).

If 7 € Qij], then the coefficient of a is negative. However, this value provides the first
order rate of change in p, only for = € (¢{[7], ¢, (7])-

Therefore, if Qf = 0 for all I, then first order descent in p,, is not possible for any
0 < o < 0. However, if there exists some [ € {0 : k}} such that Q;[j] # 0, then for any
T € Q7, a direction d satisfying ALd = (ra_‘} + e‘}) provides first order descent in p, from

w. O
Definition 6.10 For j € B(P2):

1. Define breakpoints 5[j] as follows:
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iGN(TO): 1"5[)] = " )
otherunse

{ ~ «&C[g;1/xC[A;] if it lies in (0,1)

~ & [g, 1/&I[A;]  if it lies in (0,1)

ie N(P)): 77[j]

otherwise

ie N(PY): 1flj] = { "9[9:]/‘-’[/\,] if it lies in (0,1)

otherwise
°[g,]/n°[4\,] if it lies in (0,1)

otherwise.

i€ N(M®): 73[j] =

2. Let k} be the number of distinct breakpoints in the interval (0,1), and let these
distinct breakpoints, denoted t] be indezed to satisfy

0<tilil<---<tslil<t
L]
In addition, define the breakpoints t3[j] = 0 and tk, all=1
3. For each I =0 : k%, define o'[j] as follows:

) {pos[n o) if 7301 < L)

i€ N(T°: eili]
pos[k&[A;]] otherwise

(N ol = { signiedlosll o 1] < £]1]

sign[k¥[A;]] otherwise
{pos['c?[y:']] if 73031 < 4]
poslaf[A]]  otherwise
{swsra,-n if 7517) < 5141

sign[ki[A;]] otherwise.

iEN(PY): gfi] =
i€ N(M%: olfi] =
4- For each l = 0 : k3, define the guantities n}[j] and n}[j] as follows:

nilil = - Y D)6 Y N -8 Y. ellilefA]

N(T®) N(F}) N(P2)
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~p Y eililssAs]

N(MY)
nG] = ¥ —p Y dilkflol-u Y dlllleil~n Y oilils?les]
N(T?) N(P?) N(P2)
—p Y. eililxilei]l ~ b
N(M®)

5. For each 1 =0 : k¥, define the intervals R[j] and R}[j] as follows:

[ (o0, —nLlsl/mls]) i nils] < O
(~nb[il/nllil o)  ifni[i]>0
{—00, ) if nl[j] = 0 and nl[j] >0

N

R[]

| 0 otherwise,

Rili] = (@] &) N R

Lemma 6.16 Ifw is a degenerate, stationary point, then there ezists a first order descent
direction d for p, from w satisfying ALd = o1} + o€ for o, < 0a < 0 if and only if
there ezists | € {0 : k3} such that Rj[j] # 0.

Proof: Consider any direction d satisfying ALd = oxe} + e for o, < 0y < 0. Without
loss of generality, assume that 0, = —1 and o), = —7 for some 7 € (0,1). Then, for

0 <a<ay,

pu(wtad) = pu(w)~a(r¥} +%%) +ap E max(rx[A;] + £F[g;],0)

N(T°)
+ap 3 el + Algill + ap
N(P?)
+ap Y max(ref[A]+af[g;],0)+ap Y [rai]+ «Eg;]l
N(PS) N(M°)

1
+_2_a2 “d”gnl’u (wa dd).
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For any 7 € (5, 4], 1= 0+ &5,

i€ N(T%: pos[raf[\]+fg]] = eili]

i€ N(F)): sign[raf[A]+x{lg;]] = elfi]

i€ N(PY): posre{[M] +flgi]l = ellf]

i€ N(M°): sign[rai[\] +xflg;]l = ollil,
and therefore

. . 1
puwtad) = pu(w) - a(ralli] + i) + sePldIi0, (w, ad).

If 7 € Ry[j], then the coefficient of (—a) is positive. However, this value provides the first
order rate of change in p, only for r € (£[j], t{,,[7])-

Therefore, if R} = @ for all [, then first order descent in p, is not possible for any
ox < 04 < 0. However, if there exists some I € {0 : k¥} such that Rj[j] # 0, then for
any T € R}, a direction d satisfying ASd = ~(re;‘»‘ + eg } provides first order descent in p,

from w. O
Definition 6.11 For j € B(P2):

1. Define breakpoints 5[] as follows:

x81N)/xflaj])  if it lies in (0,1)

i

I

i€ N(T%): 8]

1 otherwise

ieN(PY): 1Sl] = 9[A;1/x%lg;i]  if it lies in (0,1?

otheruise

Kl

1
ie N(PY: 78[j] wIX\jl/xilg;] if it lies in (0,1)
1 otherwise
s[\;1/xla;s]  if it lies in (0,1)

1 otherwise.

ie N(MO): ffj] =
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2. Let k? be the number of distinct breakpoints in the interval (0,1), and let these

distinct breakpoints, denoted t{[j] for L =1,--- k%, be indezed to satisfy

0<tgff]<---<tlfil<1.
7
In addition, define the breakpoints t3[j] = 0 and tfs_, [j] = 1.
7

3. For each1=0:k¢, define o'[j] as follows:

CeNEY): o] < {neg{xﬂx,-u if 7507] < €]

posixfl;]]  otherwise
sign(sfA;]]  if 705] < £9(4]
{—sign{nsfg,—n otherwise
{neginfu,-u if 780] < £614]
pos(r{[g;]] otherwise
{sign[n,e[x,-]] if (5] < ¢[4)

—sign[x[g;]] otherwise.

ieN(F): aifj] =

ieN(PY): olfj]

]

i€eN(M): oifj] =

4. For each 1 =0:kS, define the quantities m[j] and m![j] as follows:

mili] = ¥ —p Y ollilkf1+u Y el —p Y ollilniAj]

N(T%) N(F?) N(P2)
+u Y oli]ssiAj]
N(MP)
mylj] = ¥-p Y ollilcflol+e 3 oililllgl-n Y olliixle;]
N(T?) N(FY) N(PL)

+r Y ollilxles] - p

N(MP®)
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5. For each | =0 : k%, define the intervals Si[j] and S;[j] as follows:

[ (o0, mi[i)/mij]) ifmifil<0
(mi[j]/mifil,00) i mili]> 0

Silj] =
(—o0, ) if ml[j] =0 and mi[j] <0

0 otherwise,

Sil = (&l 8.l NSl

Lemma 6.17 Ifw is a degenerate, stationary point, then there ezists a first order descent
direction d for p, from w satisfying Agd = cuez;s + trgeg for o, <0< oy and |oy| < |aa]

if and only if there ezists I € {0 : k3} such that S;[j] # 0.

Proof: Consider any direction d satisfying Agd = d,\e? + a'geg for oy < 0 < o) and
logl < |oa|. Without loss of generality, assume that oy = 1 and ¢, = —7 for some

7 € (0,1). Then, for 0 < a < oy,

pu(w+ad) = pu(w)+a(¥} ~ ¥ —ap Y min(xf[A;] - 79,1, 0)

vap 3 1KI0] — radlall + apr
N(P3)

~ap 3 min(ef\] - Toflal,0) + e Y Insih] — meslasl
N(F) NG

32 dIER,, (w, ad).

For any 7 € (tﬂj]’t?u[j]): I=0: kJe"

i€ N(T° : neg[sf[A;]-7xfg;]]l = ol[i]
i€ N(P)): sign[sl[)\j]-7rllgi]] = oifs]
i€ N(P2): neg[ef[7;] - 7xi[g;]] = oilj]

i€ N(M®): sign[cf[)\;] - relgj]] = oiil,
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and therefore
Pu(w +ad) = pu(w) +a(mh[j] - rmbli]) + 5a?IldI3y, (v, ad).

If 7 € Sifj], then the coefficient of a is negative. However, this value provides the first

order rate of change in p, only for 7 € (t7[j], ¢f,,(s])-

Therefore, if S; = 0 for all /, then first order descent in p, is not possible for any
o, < 0 < o) where |oy] < |oA|. However, if there exists some I € {0 : k¢} such that
S;[il # 0, then for any 7 € S;, a direction d satisfying AL d = (e} — re?) provides first

order descent in p, from w. O
Definition 6.12 For j € B(P2):

1. Define breakpoints 7[j] as follows:

G1o1/xCINT  iF it lies i
ieNT): G = 4 971/ 5] zf;t zets in (0,1)
otherwise

1
Kg;l/REA]  if it lies in (0,1)

i€ N(F): ][d]

-‘

otherwise

1
i NP ] «{lo;)/x¥A;]  if it lies in (0,1)

i

Il
PR  NS— ——

1 otherwise
ie N(MO): T[] = xilgil/x5[N;]  if it lies in (0,1)
1 otherwise.

2. Let k] be the number of distinct breakpoints in the interval (0,1), and let these
distinct breakpoints, denoted t][j] for I =1, -+ kI, be indezed to satisfy

0<tifjl<---<thh[f] <1
J

In addition, define the breakpoints tg[j] =0 and t], abl=1
3
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3. For each l =0 : kI, define ¢![j] as follows:
pos[flg;l]l  if T[] < ¢][4]
neg(xC[A;]] otherwise
Irs signlxf[g;]l i (5] < ¢][4]
sili] =
—sign{[A;]] otherwise

ie N(T%: <3

I

i€ N(Fj):

ie N(PY): i)

]

neg(rf[A;]] otherwise
sign{wlg;]l i 77l < t]li]
~sign(ki[A;]] otherwise.

4. For eachl =0 : k], define the quantities £,[j] and £ [j] as follows:

Gl = ¥ —p Y silfPil-p Y AN -6 Y <RI

{ poslefg;l]  if 704) < £715]

ie N(M%: [ =

N(T®) N(P?) N(P2)
—p Y. ihleEA;)
il = ¥—p Y €l —p Y <llslel—n D «ililxlles]
N(T) N(F2) N(P2)
~u Y sililssles] - m.
N(M)

5. For each I =0 : kI, define the intervals U[j] and U;[j] as follows:

[ (~o0, &)/ L] >0
*(tzmmm,w) if&fi] <0

Ulj]
(—o0, 00) if 4[] =0 and l'g[j] >0

i

0 otherwise,

wlil = @00 nl)

Lemma 6.18 Ifw is a degenerate, stationary point, then there ezists a first order descent
direction d for p, from w satisfying ALd = oae} + 0g¢f for a5 < 0 < o) and |o,| > |o}\|
if and only if there ezists | € {0 : k1} such that U [j] # 0.
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Proof: Consider any direction d satisfying ALd = oae} + o ¢ for 0, < 0 < 03 and
logl > |oal. Without loss of generality, assume that o, = ~1 and o) = 7 for some

T € (0,1). Then, for 0 < a < a,

pulw+ad) = pu(w)—a(—7¥} +¥) +ap Yy max(~-raF[A;]+~F(g;],0)

N(T9)
+ap Y | - rel\]+afle]l + ap
N(P?)
+au Z max(—7x[A;] + «2(g;],0) + ap z [x5[A;] — xilgs]l
N(P2) N(M?)

1

+§azlldlliﬂp.. (w, ad).
For any T € (¢][5],¢],,0i]), I =0 : kI,

i€ N(T%: pos[~maf[\]+xflgs]] = <i[j]

i€ N(Fp): sign[~mx{[\] +flgj]] = silf]

ie N(P2): pos[-ral\]+flg;]] = sf[f]

i€ N(M°) : sign[-rsi[\]+wglos]] = <ild],
and therefore

. _—
Puw+ad) = pu(w) - al~r8[i]+E[1]) + 30*d|Ep, (w, ad).

If 7 € Uy[j], then the coefficient of (—a) is positive. However, this value provides the first
order rate of change in p, only for = € (¢][j], ¢/, ,[5])-

Therefore, if Lj° = @ for all [, then first order descent in p, is not possible for any
0g < 0 < o) and |oy| > [oa]. However, if there exists some ! € {0 : k7} such that
Ui [j] # 0, then for any T € U, a direction d satisfying ALd = —(—7e} + €7) provides

first order descent in p, from w. O

Definition 6.13 For j € B(P2):

1. Define breakpoints 8[j] as follows:
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~ &f1/xflg;]  if it lies in (0,1)

1 otherwise

ieNTY): 7f] = {

i-e NP : 8] = { —~ &I[A5]/R2[9;]  if it lies in (0, 1)

1 otherwise

ie N(P2): =[]

1 otherwise

{ — wsl\/xles]  if it lies in (0,1)
ie N(M%: 8] = { — &§[Aj1/Kgg;]  if it lies in (0, 1)
1

otherwise.

2. Let k¥ be the number of distinct breakpoints in the interval (0,1), and let these
distinct breakpoints, denoted t}[j] for L =1, -- -, k}, be indezed to satisfy

0 < #§[j] < ~~-<t§;[j] <1

In addition, define the breakpoints t3[j] =0 and ti, [j] = 1.

3. For each l =0 :k}, define x'[j] as follows:
neg(sF\;]] i Pl5] < £}4]
neg(xlg;]] otherwise

i = { signlef\])  if 817] < 041

sign[x?(g;]] otherwise

neg(xf[A]] i T[] < ¢fl4]
neg(xl[g;]] otherwise

{ signlsg\ll if 7] < #05]

teN(TY): xili] =

te N(P)):

ieN(PY): Xl =

ie N(M®) : x[j]

sign{r[g;]] otherwise.
4. For each I =0:k}, define the quantities t)[j] and t}[j] as follows:

Al = B -u ¥ dUEDI+s 3 KGRI -n 3 IR

N(T9) N(Fg) N(F2)
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+u Y xidlsSA]

N(M®)
tli] = ¥W-p Y Ll +n Y AUlslel - s Y xlxe;]
N(TV) N(P) N(P2)
+u Y, Xlilxiles] + b
N(M®)

5. For eachl =0 : k}, define the intervals Vi[j] and V;[j] as follows:

[ (~o0, —ti[i/4[5]) FL[i]>0
(-4[i1/EGl o) Al <0
(=00, o) fe[j]=0and ti[j1< 0

il

Vi[j]

| 0 otherwise,

Uil = (0] il nVili)-

Lemma 6.19 Ifw is a degenerate, stationary point, then there ezists a first order descent
direction d for p, from w satisfying ARd = o,\e? + a,e? for 0 < a, < o if and only if
there ezists [ € {0 : k} such that Vi[j] # 0.

Proof: Consider any direction d satisfying ALd = ore} +0,ef for 0 < 0y < ox. Without
loss of generality, assume that ¢y = 1 and o, = 7 for some r € (0,1). Then, for

0S0<d1,

pu(w+ad) = pu(v)+a(¥} + 1Y) —ap Z min(xF[M;] + 7xF[g;1, 0)

N(T°)

+ap Y [62[A;]) + Tallg;]| + apr
N(P?)

—ap Y min(sf[A;] +7a2[;],0) +ap Y. [xE[Aj]+ TS[g;]l
N(F2) N(M?®)

1
+30|dI}, (w, ad).
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For any r € (tls[j]! tla-i-l[ﬂ): l=0: k;v

i€ N(T°: neg[afA]+7xflos]] = xild]
i€ N(F)): signls{\] +7aflg;l] = xild]
i€ N(P2): negle![M]+7xllgs]] = xili]
i€ N(M°): signlri(Aj]+7egles]l = xild],

and therefore
. 1
Puw+ad) = pu(w)+a(ll+ iG]+ aldId, (v, ad).
If + € Vi[j], then the coefficient of « is negative. However, this value provides the first
order rate of change in p,, only for r € (¢[5], £, ,[i])-

Therefore, if V' = @ for all I, then first order descent in p, is not possible for any
0 < g, < o5. However, if there exists some l € {0 : k}} such that V;[j] # @, then for any
T € V[, a direction d satisfying ALd = (e? + reg) provides first order descent in p, from

w. O

6.7 First Order Optimality Conditions

Corollary 6.20 If w is a degenerate, first order point of the penalty function p,, then

the following conditions must all be satisfied.

FEB(T%: ¥§ ~puf <p and ¥§ + pof > 0,
jePy: ¥} -pf<y and ¥} + pv} > —p,
j€EB(F): ¥ —pul<p and ¥} +pvf 2 —p,
jePz: ‘I'?"\ ~pd?<p  ond \]’!f;f“"x +p?™* >0,

jeprP:: ‘Ifg‘)‘ - pug"‘ <-p and 'Ig"‘\ -{-,m:f"A >0,
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JieEB(PY): ¥} -pud<y and ¥} +pv} >0,
and ¥ —pul <y and ¥+ pv? >0,
and W+ gt <y and ¥} + % +uv}t? >
and 2 S ;m;" <p and ¥} - ¥7+ Iw;}"a > —n,

FEN(PS): ¥}~ pu} - pmax(L,k¥A]) <O and
¥} + po} + p| min(L, £IA))] 2 0,
i € B(M®%): W —pui<p and ¥+ pv
and for all j € B(P2),

o

2 —p,

L)

T 5] 0 for 1=0:k},
Kili] = 0 for 1=0:k2,
N7l o= 0 for 1=0:8,
Olil = 0 for I=0:k,
Rili] = 0 fjor l=0:k,
Siil = 0 for 1=0:k%,
Uil = 0 for 1=0:k],
Vilil = 0 for 1=0:k}

Proof: Follows immediately from the results presented in the previous section. O

Note that, in the absence of degeneracy, the matrix « is empty and the conditions listed
above reduce to the first order necessary conditions previously defined in Corollary 3.10
and Definition 3.3.4 for a nondegenerate minimum point of the penalty function. Also,
if a set of multipliers ¥ satisfying the nondegenerate necessary optimality conditions are
defined at a degenerate point of p,, then the above conditions are automatically satisfied
for some choice of Ag. Therefore, the £ multipliers need only be calculated when the
multipliers ¥ do not satisfy the nondegenerate necessary conditions and do not define a

descent direction for the penalty function.
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6.8 Implemented Version

Our degeneracy resolving technique has been described for exact activities. With ap-
propriate modifications to the activity sets, this technique is implemented for e-activities
exactly as it is described here. It has been verified that the technique will either find
a descent direction or verify that the degenerate point satisfies the necessary optimality
conditions. With the introduction of e-activities, an additional possibility arises. As de-
scribed in Section 4.5, it is now possible that the current point has been misclassified as
close to a stationary point of the penalty function. As a result, the dropping direction
returned by the degeneracy resolver may not be a descent direction for the model func-
tion. In this case, the algorithm will reduce the values of € and A, and continue from the

reclassified point.

6.9 Conclusion

In this chapter, the problems inherent in applying traditional techniques to resolving
degeneracy in the penalty function p, have been explained. In addition, we have derived
a set of first order necessary conditions for a degenerate solution of p,,. These conditions
apply regardless of the actual choice of the activity basis matrix Ag as long as the rules

described in this chapter for constructing .Ap are followed.

The calculation of the vector ¥ and matrix x for any specific choice of A and Ay
and the checking of all the conditions listed above are finite processes. In any partic-
ular instance of degeneracy in the penalty function, the method of perturbation or the
technique of Ryan and Osborne may resolve the problem more quickly than the multi-
plier method, or may fail completely. Unlike these techniques, the multiplier method will

always resolve degeneracy in p, in a finite number of steps.
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Testing results

7.1 Introduction

The penalty function algorithm described in Chapters 3 and 4 for finding a solution
of the one level problem BPc was implemented in Matlab. The degeneracy resolving
technique described in Chapter 6 was also implemented. The cc;de was tested on a set of
bilevel programming problems found in the literature, as well as several original nonlinear
problems. In this section, I will discuss the test problems and describe how the testing

was performed. The remainder of the chap-ter is concerned with the presentation and

analysis of the results.

7.1.1 Test Problems

The test problems are listed in Appendix A along with their sources and known solutions.
The majority of the problems were found by examining the bilevel programming literature.
These problems have generally been used to illustrate proposed algorithms for bilevel

problems, and therefore, most are quite small, with only a few upper and lower level

229
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variables and constraints. Also, since most of the literature to date is concerned with
linear bilevel problems, the majority of the problems presented in the literature were
linear problems. While several quadratic problems were found, only three nonquadratic
nonlinear problems were located. Therefore, several new nonlinear problems, some with

unknown global solutions, were developed.

In [28], Calamai and Vicente described a method for generating random linear and
quadratic bilevel problems with known global solutions. The prablems are separable,
but with a simple matrix transformation, nonseparable quadratic bilevel problems can
be generated. Seven untransformed and five transformed problems, of varying sizes, are

used in the testing process.

For all but one of the test problems from the literature, at least one global solution
is known. In addition, because most of the problems are small, it was usually possible
to analyze them to determine other local and global solutions. The goal of our research
was to develop an algorithm which could be used to find solutions of bilevel programming
problems. Therefore, the implemented code was tested on problems with known solutions
so that its performance could be evaluated with regard to this criteria. In addition, it was

necessary to introduce new nonlinear problems so that more results could be obtained.

7.1.2 Code and Algorithm Parameters

The algorithms were implemented and tested using Matlab version 4.2c. Throughout the
testing process, emphasis was placed on ensuring that the code was performing correctly
rather than on improving the speed of convergence. Therefore, little attempt was made
to find the “best” initial values of the algorithm variables or parameters. The values used
for the starting point w® and the initial penalty parameter u° are considered in the next

section. The remaining algorithm variables and parameters used the same initial values
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for all test problems, as indicated below. These values should perform reasonably well
for well-scaled problems.

The following initial values are used throughout the testing process.
@ O, the initial activity tolerance, has value 0.1.
® AY, the initial closeness tolerance, has value 0.2.

@ A®, the initial trust region radius, has value min(A™**, 0.1 x [[v°]|2), where v° is
the gradient of the differentiable part of the penalty function at w®. However, if
17°ll2 < 1, then A% =1.

The algorithm parameters, as specified in the statement of Algorithm 4.1, are as-
signed the following values. Some of the values are based on the numerical experience of
other researchers, and the remaining values (for example, byax, Amax; and #max) seem

reasonable for the problems being solved.

@ b, the tolerance for a successful trust region direction, has value 10~4.

e b, the tolerance for a very successful trust region direction, has value 0.75.
@ r,, the sufficient decrease tolerance, has value 10~4.

e b.x, the iteration count corresponding to unboundedness, has value 4.

@ A ax, the maximum allowable trust region radius, has value 20.

® fimax, the maximum allowable value of the penalty parameter, has value 106.

@ it .., the maximum allowable number of iterations before unsuccessful termination
of the algorithm, has value 500 for nonlinear problems, and value 100 for the other
problems. The larger value was used for the nonlinear problems because they are

generally more difficult to solve.



CHAPTER 7. TESTING RESULTS 232

A point is accepted as a second order point of the penalty function if the following

conditions are satisfied at the current point.

e ||ZTy|l2 <5 x 1075,
e all activities have values « satisfying [af < 5 x 1075,

e the multipliers lie very close to the optimal ranges for second order points stated
in Corollary 6.20. For example, if the optimal range is [p;, p2], where p; # 0, then
the actual multipliers must lie in the range [(1 - §)py, (1 + £)p2] where § = 0.01. If
p1 =0, then the actual multiplier must lie in the range [, (1 + §)p2], and

e the reduced Hessian ZTHZ is positive semidefinite.

A point is accepted as a second order point of the one level form of the bilevel problem if
it satisfies the above conditions for a second order point of p, and it is essentially feasible
for BPg, i.e. if

[pu(w) ~ F(w)| < 5 x 107%.

7.1.3 Testing Process

The test problems listed in Appendix A were each run for ten different combinations of
starting point w® and initial penalty parameter u°. These values were chosen for all the
test problems, and no attempt was made to find the best starting point for individual
problems. The tested values, corresponding to the results presented later in the chapter,
are listed in Table 7.1, where ¢ = n + m + p is the number of variables in the penalty
function. Recall that n is the number of upper level variables, m is the number of lower

level variables, and p is the number of lower level constraints.



CHAPTER 7. TESTING RESULTS 233

# w? K
1 zeros(g) 1
2 ones(q) 1
3 —ones(q) 1
4 5 x ones(q) 1
5 | —10 x ones(q) 1
6 randn(q) 10
7 | 5 x randn(q) 100
8 | —5 x randn(gq)- | 1000
9 | 10 x randn(g) | 100
10 | —10 x randn(q) { 10

Table 7.1: Starting Values

Note that

e zeros(q) is the zero vector in IR?,
e ones(q) is the vector in IR? consisting of all ones, and

e®randn(q) is a vector in JR? consisting of ¢ normally distributed random values.

The term “problem instance” will be used to refer to a test problem in combination with

one of the above (w®, u%) combinations.

7.2 Presentation of the Results

The test problems listed in Appendix A are divided into four groups: linear, quadratic,

generated, and more general nonlinear bilevel problems. Accordingly, the results are
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presented in four separate tables. In each of the result tables, the following information

is presented.

o The name of the problem, as listed in Appendix A, generally corresponds to the

initials of the authors of the source paper. It is stated in the column titled “Prob”.

o The number of variables in the one level form of the bilevel problem is indicated in

the column titled “g".

e The average number of iterations until termination of the implemented algorithm
is indicated in the column titled “#”. This is the average over all ten instances,

regardless of whether the algorithm actually converges or not.

e The average number of times that the penalty parameter was increased for each of
the ten problem instances is indicated in the column titled “us*”. Recall that the
parameter g is increased if the algorithm indicates that p, is becoming unbounded,
or if the algorithm converges to a point satisfying the necessary conditions for a
second order point of p, which is infeasible for the one level problem. Each time 4

is increased, it is multiplied by the factor 10.

e The average number of times that the degeneracy resolving routine was invoked for
each of the ten problem instances is indicated in the column titled “6”. The routine,
as described in Chapter 6, is invoked if the algorithm encounters a degenerate point
at which some of the multipliers ¥ are out of kilter but the calculated dropping

direction is not a descent direction.
® The algorithm can terminate in several different ways.

— The final point satisfies the necessary conditions for a second order point of

the one level form of the bilevel problem and the objective function value at
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the point matches the objective function value of the known global solution
of the bilevel problem. The number of times during the ten test trials that
the algorithm terminates at such a point, classified as a global solution, is

indicated under the outcome column titled “G”.

— The final point satisfies the necessary conditions for a second order point of
the one level form of the bilevel problem, but the objective function value at
the point exceeds the objective function value of the known global solution of
the bilevel problem. The number of times during the ten test trials that the
algorithm terminates at such a point, classified as a local solution, is indicated
under the outcome column titled “L”.

— The final point satisfies the necessary conditions for a second order point of p,
for t = fmayx, but is not feasible for the one level form of the bilevel problem.
The number of times during the ten test trials that the algorithm terminates
at such a point, classified as a truly infeasible solution, is indicated under the

outcome column titled “I”.

— The algorithm fails to converge within i, iterations. The number of times

that this outcome was observed is indicated in the column titled “M”.

— The algorithm terminates because p,, appeared to be unbounded for p = gy
The number of times that this outcome was observed is indicated in the column

titled “U”.

7.3 Results and Comments

Throughout the analysis of the results, the performance of our algorithm will not be com-

pared to existing bilevel problem algorithms. There are several reasons for this decision.

* Qur algorithm has been designed to solve nonlinear bilevel problems, and therefore, is
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not expected to perform as well for special forms of the problem as algorithms designed
for those forms. For example, linear bilevel algorithms exploit the special properties of
linear bilevel problems and include actions to find global, rather than local, solutions.
Qur algorithm does not include such special steps. In addition, at the time of testing,
there are no other algorithms in the literature for which extensive test results have been
presented for nonlinear bilevel problems. Finally, the performance of the algorithm is
likely far from optimal because no analysis has been performed to determine the best

starting values of the algorithm variables and parameters, as noted on page 231.

7.3.1 Linear Problems

The testing process for the linear bilevel test problems, as summarized in Table 7.2,

illustrated the following points.

e The algorithm identified a global solution of the bilevel problem for 18 of the 23
problems with known global solutions. More specifically, it found the global solution
in 105 or 46% of the 230 associated problem instances. For the ten problem instances
for BCCS5, for which the global solution is not known, the algorithm terminated half
of the time at the best local solution provided by the authors.

o The algorithm identified a local or global solution of the bilevel problem for all 24
problems, or 153 (64%) of the 240 problem instances.

® A truly infeasible point of the penalty function was identified in 21 of the 24 prob-

lems or 107 (36%) of the problem instances.

o The degeneracy resolving routine was invoked for 7 of the problems, or 15 (6%) of
the 240 problems instances. In several cases, the routine was invoked multiple times

for a single problem instance.
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e A solution of the penalty function was successfully identified for all problem in-

stances.

e The algorithm converged within 44 iterations for all problem instances.

The algorithm performed extremely well in identifying local or global solutions of
the linear bilevel test problems, as there were no problems for which a solution was not
identified. Also, the performance of the algorithm in identifying global solutions was quite
good. The use of multiple starting points was a helpful tool in identifying global solutions
for a large majority of the problems. Even without special action within the algorithm
for specific starting points, global solutions were identified for one-third of all problem
instances. This behavior is very encouraging. Of course, in general, such solutions are

probably not globally convergent.

Aside from their use in finding global solutions, multiple starting points must be used
within the bilevel algorithm due to the possibility of identifying truly infeasible solutions.
The number of problem instances which terminated at a truly infeasible point justifies

their use.

Although only a small percentage of problem instances encountered a point for which
the degeneracy resolving routine was invoked, one-quarter of the problems did require
its use. This illustrates the importance of the degeneracy resolving technique developed
specifically for the bilevel penalty function.

Although all the problems in this group have a small number of variables, the three
highest average number of iterations to convergence correspond to the three largest prob-
lems, as indicated by the value of g. The problems with more than 10 variables are the
only problems which, on average, required more than 20 iterations. This suggests that

the number of iterations may increase with the problem size.
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Prob | ¢ | # |ut| 6§ {|G|L|I
AW1 | 8 {13.3({05! O 1 {3 (6
Bl 8 (12004 0 [ 5 {0 {5
B2 7/101/05|05({6 {113
B3 7 1123|105 0 71013
BAB1 | 6 | 88 102025 |05
BAB2 | 7 |131({05} 0 4 | 0|6
BCC1| 8|98 (02{ 0 61014
Bcc2 |7 |92 (03] 0055
BCC3 |5 |79 | 0 0 |10 0 |0
BCC4| 8 1124104 (0.1 8 | 0 |2
BCC5 [{16{300)14]| O 713
BF1 8 (1241203 6 [ 0 |4
BF2 7(104(10]021 2| 216
BKI |8 |102| 0 |0.1| 0 (7 (3
BK2 |10)139(06)04)] 9 (0|1
CFl | 510(05] 0 |9 |0|1
CTl |11}|264|12] O 0j]10}0
D1 8 [122 | 0 0 {1010 |0
D2 6 | 7.9 0 0 4.1 016
Fi 6 | 78 04| 0 2 15§51(3
HIJS1 j11]24712] 0 0|6 (4
HJS2 | 7111505} 0 0| 119
HSW1{6 (112|105} 0 31146
TMV1,7 {146 (08| 0 8§ {02

Table 7.2: Results for Linear Problems
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7.3.2 Quadratic Problems

The test results summarized in Table 7.3 illustrate the following points.

e The algorithm identified a global solution for eleven of the twelve quadratic bilevel

test problems, or 63 (53%) of the 120 problem instances.

e A local or global solution is identified for all problems, or 97 (81%) of the 120

problem instances.

® A truly infeasible solution was located for 8 of the test problems, or 23 (19%) of

the problem instances.

e The degeneracy resolving routine was invoked for seven of the test problems, or 37

(31%) of the problems instances.

® A solution of the penalty function was successfully identified for all problem in-

stances.

® The algorithm converged within 26 iterations for all problem instances.

The algorithm performed exceptionally well in identifying the global and local solu-
tions of this set of quadratic bilevel problems. While this may, in part, be due to the
simplicity of the test problems, it is still very encouraging to see for our general nonlinear

bilevel problem algorithm.

The number of truly infeasible points encountered by the algorithm even in these cases
again justifies the use of multiple problem instances in the testing process. Similarly,
the high number of degenerate points encountered show the necessity of the degeneracy

resolving routine. The overall results also indicate the effectiveness of the routine.
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Prob [ g | # |pt| 6§ |G| L |I
AS1 {5780 (04|30 |7
AS2 |10|122]|05| 0 {4} 6 {0
B4 6 {100|06| 0 | 413 |3
BF3 | 8 114709|05|9 |10
BF4 | 8 |15.7(12 (2719 |01
GS1 (5|78 0 0 190 ;1
[IA1 |10}132|05]| 0 |4 | 6 (0
SG1 |10 154 (05)] 0 |5 4 |1
VS8J1| 5|71 (0404523
VSJ2 |51 73107|0414 |2 (4
YZ1 | 4145 {0 |06]7 {0 {3
YZZ2 | 4| 77 (05|12 0}10}|0

Table 7.3: Results for Quadratic Problems

Once again, the largest problems, as indicated by the value of ¢, generally require
the highest average number of iterations to convergence. The five largest problems (with
g > 8) require more than 12 iterations on average, while none of the smaller problems
require more than 10 iterations. However, since the problems are so small, this difference

may not truly be significant.

7.3.3 Generated Problems

The testing results for the set of generated problems are summarized in Table 7.4, and

illustrate the following points.
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e A global solution of the bilevel problem is correctly identified for 10 of the 13 test
problems, or 30 (23%) of the 130 problem instances.

o A local solution of the bilevel problem is correctly identified for all 13 test problems,

or 88 (68%) of the problem instances.

e A truly infeasible solution of the penalty function was identified for 12 test problems,

or 42 (32%) of the problem instances.

e Seven of the problems, or 11 (8%) of the problem instances, required the use of the

degeneracy resolving routine.

e A solution of the penalty function was successfully identified for all problem in-

stances.

e The algorithm converged within 63 iterations for all problem instances, and in less

than 50 iterations for all but two.

Again, the algorithm performed quite well in identifying global and local solutions of
these test problems. These problems, by their nature, generally have more local solutions
than the previous cases. So, while the high number of local solutions encountered was
not surprising, the strong performance of the algorithm in identifying global solutions
was an encouraging result, and was supported by the performance of the algorithm on

the previous set of quadratic problems.

The number of iterations required for convergence is generally higher for this set of
test problems than for the previous two sets of problems, reflecting the larger size of
the problems and their increased complexity. Note that the larger untransformed and
transformed problems do not always require a higher average number of iterations for
convergence. While the largest problems seem to generally require more iterations for

convergence, this is not necessarily true for specific problems.
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Prob | ¢ # tput]| 6 |G|L|I
Ul | 25 |145]14(06 (2|53
U2 30 |140(08| 0 [ 1}!6[3
U3 50 | 18014017 (3]0
U4 | 55 (19910} 0 (5 (3|2
U5 | 80 [248({13{05|01}6]|4
U6 [125(256 (1.1 (04| 2 |62
U7 90 (201|112} O 1163
U8 |100{158 22| 0 {1|3]|6
TL | 12 {115}13) 0 |1]|4]|5
T2 25 1214131103 0}4(6
T3 30 |144110| 0 0|82
T4 30 |13.7|06}019 (0|1
T5 55 (32.0}22(03]|1 4|5

Table 7.4: Results for Generated Problems

7.3.4 Nonlinear Problems

Only three nonlinear bilevel test problems were found in the literature. As this number
was insufficient for our testing purposes, several new problems were designed. The global
solutions of some of these problems, as indicated in Appendix A, are not known. Note that
the problems tested here are small, in terms of the number of variables in the penalty
function. The time and space limitations imposed by Matlab and, in particular, the

current implementation of the algorithm make solving much larger problems impractical.

The results for the problems from the literature (problems B5, EB1 and YZZ1), along

with the new problems, are summarized in Table 7.5. The performance of our algorithm
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in solving these nonlinear bilevel problems cannot be judged relative to any other solution

techniques. A literature search found no comparable results for other methods.

e For the thirteen problems with known global solutions, the algorithm identified
a global solution in 27 (20%) of the 130 problem instances. Note that the algo-
rithm identified a global solution in a similar percentage of cases for the generated

problems, which are the most complicated of the other problems tested here.

® A global or local solution was identified for all the problems, and in 95 (63%) of the
150 problem instances. Again, this compares very well with the observed results

for both the linear and generated problems.

@ A truly infeasible solution was identified for 12 of the problems, and in 24 (16%) of

the problem instances.

@ The degeneracy resolving technique was invoked for five of the test problems, or 19

(13%) of the problem instances.

@ For 26 (17%) of the problem instances (corresponding to 12 of the test problems),
the algorithm failed to converge to a solution of the penalty function within it,,a,
iterations. For the nonlinear problems, the maximum iteration count allowed was

ttmax = 500.

e The problem instance was found to be unbounded in 11 (7%) of the problem in-

stances, or for five of the problems.

o Of the 124 problem instances which converged to a local or global solution, a truly

infeasible point, or were judged to be unbounded, 20 (16%) required more that 100

iterations.

— One problem instance (B5) converged after 498 iterations.
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— Six problem instances (Ccl, Cc3, two of Cel, two of Ce3) required between
300 and 399 iterations.

— Six problem instances (two of Cb3, one of Ccl, Cc3, Cel and Cgl) required
between 200 and 299 iterations.

— Seven problem instances (two of Cb3, one of Cel, CC3, two of Ce3, and one

of Cg3) required between 100 and 199 iterations.

In the nonlinear results table, the two numbers 4, (#;) under the column titled “#(#.)"”
indicate i1, the average number of iterations to termination over all ten problem instances,
and i, the average number of iterations to termination when the it;,,, instances are

omitted.

Two types of results were observed for the nonlinear problems which were not ob-
served for any of the previous test problems: unboundedness (column “U”) and failure to
converge within it,,,, iterations (column “M”). In the original discussion of the penalty
function technique in Chapter 3, unboundedness was discussed as a possible outcome of
the penalty function technique, even if the problem being solved was not unbounded.
The technique used to detect unboundedness is described in Section 3.8. It is likely that
a more detailed check for unboundedness could be developed which would eliminate some

of the unboundedness outcomes. However, this issue will not be investigated further here.

As noted above, there were 26 instances in which the algorithm failed to converge
or to reach an unboundedness decision within ity.x = 500 iterations. The behavior of
the algorithm for these instances is discussed below. Two different patterns of behavior
accounted for most of these outcomes. Note that these patterns of behavior were generally

established within the first 100 to 200 iterations of the algorithm.

1. The algorithm made steady, but very small progress towards a stationary point of

the penalty function. Over these iterations, the iterates were all type one points,
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Prob | ¢ #(#<) gt 6 |GIL|I|UIM
B5 8 | 120.1(779) {06 O 7121001
EB1 | 8 11.8 1.2{ 04 6 |0(4|0] O
YZZ1| 4 | 1105(13.1) {01 O |3 (2|30 2
Cal | 3 8.9 05| 0 (3710|000
Ca3 | 9 13.0 05) 0 2i8j0]j]0;0
Cbl | 4 | 1353 (44.1) {23]| O 41113 ] 2
Cb3 | 12| 235.0 (1214) {30} O 2111 4] 3
Ccl 5| 1353(948) |14) 46 |2 |5]|1(1]1
Ce3 | 152388 (116.9) (19| 94 [0 [5[1]1|3
Cd1 | 3 | 109.3(116) |02]| O 1L|6|1]0] 2
Cd3 | 9 | 211.7 (19.5) | 0.3 0 o(5{1(0| 4
Cel | 4 {2125(140.7)}(06} 05 | 15|20 2
Ce3 |12 1979(974) |21 (162 | 2 (3|3 |0 2
Cgl | 4| 139.0(488) (08| 0 |0}|6}2{0]2
Cg3 (12| 149.7(621) |24] 0 |0 |2]|4a|2]|2

Table 7.5: Results for Nonlinear Problems

and the generalized Cauchy direction provided acceptable (though usually relatively
poor) trust region descent. In some cases, the direction provided very good descent.
Generally, however, the trust region radius A was relatively small when the pattern
was established, and was not increased or decreased very much over the subsequent
iterations.

This was the pattern of behavior observed for the #tyax outcomes for problems YZZ1
(two instances), C_bl (two instances), Cb3 (three instances), Cc3 (one instance), Cd1

(2 instances), Cd3 (one instance), Cel (two instances), Cgl (one instance) and Cg3
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(one instance).

2. After the trust region radius was reduced to a relatively small value, the iterate was
classified as close to a stationary, non-first order point. A dropping direction was
calculated, and it provided a small, but acceptable descent in the penalty function.
Because the step taken, while a reasonable trust region direction, was small, the
dropped e-activities remained active. The next iteration again tried to drop the

same set of activities, and the process was repeated.

This pattern of behavior was observed for Ccl (one instance), Cc3 (one instance),

Cd3 (two instances), Ce3 (two instances) and Cgl (one instance).

The remaining four cases fail for different, but related reasons. For all cases, after the
preliminary stages of the algorithm, the iterates were close to a stationary point of the
penalty function. However, the algorithm did not always recognize this property, as

described below.

e In problem B5, the algorithm actually approached a second order point of the
penalty function relatively quickly. The iterate was correctly classified as a type
four point, and the full Newton step was attempted. However, the step failed.
Note that the step would have been accepted if the current value of the penalty
parameter x had been significantly smaller. The algorithm tolerances € and A
were reduced, and the iterate was then misclassified as far from stationarity. All
subsequent descent directions were generalized Cauchy steps from type one points.

Acceptable decrease was observed, but the decrease was actually quite small.

e For the remaining instance of problem Cc3, the iterates were actually close to
stationarity, but because of previous decreases of ¢ and A, some were classified

as type one points, and some were classified as type two points. In the former
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situations, the generalized Cauchy step provided good, but not very good, descent.
In the latter situations, the dropping step was successful, but the dropped activities
remained e-active. In essence, both patterns of behavior described above were

observed here.

@ For the remaining case of Cd3, the iterates were close to a first, non-second order
point, and were correctly classified as type three points. The calculated directions of
negative curvature provided very small, but still acceptable descent in the penalty
function. The trust region radius was near its minimum value. It is possible that
a direction of negative curvature like those discussed in Section 3.5.3 would have

been beneficial in this case.

e For the remaining case, one instance of Cg3, an iterate was correctly classified as
close to a second order point. A full Newton step was attempted and accepted.
However, as a result of the step, one of the activities was no longer considered
active at the next iterate. This new point was incorrectly classified as far from a
stationary point, and very small generalized Cauchy directions provided acceptable

descent in the penalty function, as discussed above.

The nonconvergent problem instances illustrate the need for multiple starting values when
using our algorithm to solve bilevel ptoblen;s.

The number of iterations required for convergence to a solution or to detect unbound-
edness is greater for these nonlinear problems than it is for the linear, quadratic and
generated problems. This is to be expected due to the difficulty inherent in the nonlinear
problem when compared to the simpler forms of the problems. In some cases, the increase
is quite large.

Recall that the value of it;,, Was increased for the nonlinear problems to 500 from

© 100. This action was beneficial since the algorithm converged for more problem instances
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than it would have with the smaller value of the algorithm parameter. However, at the
same time, it results in the average number of iterations required until termination of the
algorithm to be skewed upwards by the instances which require more iterations. Table
7.6 presents summarized information in the spirit of Table 7.5, and corresponds to the
performance of the algorithm when the value of itpya, is reduced to 200. The number of
instances which converged to a local or global solution are grouped together in the table
under the column “L”. Note that the average number of iterations presented is calculated

by ignoring the it,;,, outcomes.

Prob | #. | L|({I|UM
B5 (254) 8 |0)0) 2
EB1 |118| 6 |40 0
YZZ1 11315 (3|0} 2
Cal {89 |10({0|0 1|0
Cad |130)/10(0[ 0} O
Cbl [441| 4 |1{3 {2
Cbh3 |666| 2 |0| 3|5
Cel {456 | 6 {11013
Cc3 {428 4|10 5
Cdl (116 7 (1|02
Cd3 [195| 5 |10} 4
Cel {126 5 010} 5
Ce3 {827 4|20 4
Cgl (22415 12|03
Cgd [621| 2 (4|2 2

Table 7.6: Results for Nonlinear Problems when it,,,, = 200
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The new table illustrates the following points.

e The algorithm locates a local or global solution for all the problems, and for 83
(55%) of the problem instances. This is compared to 63% for the larger value of
itw.

e The algorithm converges to a truly infeasible solution of the penalty function in 20

(13 %) of the instances, compared to 16% previously.

o The algorithm concludes that 8 (5%) of the problem instances are unbounded, down

slightly from 7% previously.

o The algorithm terminates unsuccessfully after ity,,x = 200 iterations for 39 (26%)

of the problem instances, compared to 17% after #t,;,, = 500 iterations.

In addition to these points, note that the average number of iterations is, with a few
exceptions, well within the range to be expected, based on the results presented for the
linear, quadratic, and generated test problems, combined with the increased difficulty
of solving the nonlinear problems. Of course, this came at a cost of fewer convergent
problem instances. However, in terms of the amount of computing work in the extra 300
iterations, it may actually be preferable to use the smaller value of it,,,.. An alternate
approach to consider is to define another problem instance whenever the current instance

fails to converge within the smaller value of #¢,,,.

7.4 Overall Comments

The algorithm performs quite well overall on the four sets of test problems. While the
results of the nonlinear test problems may seem somewhat disappointing on first glance

due to the number of nonconvergent instances, the algorithm actually performed very well
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in achieving the stated goal of locating local and global solutions of both the nonlinear
bilevel problems and the “simpler” forms of the bilevel problem.

Consider the following points resulting from the analysis of the test results.

® The use of multiple problem instances in solving a specific problem is justified by

the results, due to the abundance of truly infeasible solutions and of local solutions.

® Analyzing the individual problem to choose a starting point and initial penalty
parameter may improve the performance of the algorithm in locating solutions, and

may reduce the number of problem instances to consider.

e The implemented version of the degeneracy resolving technique is very useful and

necessary.

® As expected, it appears that larger problems require more iterations before conver-

gence, and each iteration generally requires more work than for smaller problems.

e The results presented for the linear, quadratic, and generated problems would not
have been significantly different if the value of i¢y,ax had been reduced to 50 from its
tested value of 100, as just two instances would have failed to converge. The results
presented in Table 7.6 illustrate that, while the convergence results for the nonlinear
problems are improved if it,,, takes value 500 rather than 200, the improvement
may not be significant enough to the user to justify the extra computational work

involved.

A “best” value for it,.x, as with most other algorithm parameters, depends on
the individual bilevel problem and the user’s objectives. This indicates that fur-
ther study of these parameters may result in a better overall performance of the

algorithm.



Chapter 8

Conclusion

The thesis concludes with a list of contributions of the research along with an indication

of possible further work in the field.

8.1 Contributions

We believe this work provides several significant contributions to the field of bilevel pro-

gramming in the areas of algorithm development, algorithm cbnvetgence, and testing.

e Algorithm Development.
An algorithm has been designed for the nonlinear bilevel programming problem. As
explained in Chapter 2, most algorithms in the literature have been described for
simpler forms of the bilevel problem. Our algorithm, which implemex;ts an exact £,
penalty function technique within a trust region framework, places few restrictions

on the problem form.

The combination of the penalty function and the trust region techniques is particu-

larly appropriate to the bilevel problem. The penalty function technique is designed

251
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to handle the nondifferentiabilities of the compact form of the related problem, and
assists in attaining both feasibility and optimality. The multiple starting points as-
sociated with the penalty function technique facilitates the discovery of both global
and local solutions. At the same time, the trust region technique enables the algo-
rithm to concentrate on a localized, simplified version of the penalty function. This
approach is beneficial in handling the nonconvexities of the bilevel problem, as well

as assisting overall convergence.

In addition, the algorithm includes a new technique, proven to work both in theory
and in practice, for resolving degeneracy in the penalty function. This is particularly
significant because traditional degeneracy resolving techniques were inappropriate

for this problem.

® Algorithm Convergence.

Under a set of assumptions standard to convergence analysis and a few assumptions
specific to the bilevel problem, the proposed algorithm is proven to converge to a
strict second order point of the penalty function for the compact form of the bilevel
problem. These assumptions are stronger than would be applied to the problem in
practice, but it is significant to note the strong theoretical nature underlying our

technique. It provides a basis for its effectiveness for the more general problem.

Note that, under an appropriate constraint qualification, as stated in Chapter 2, if
the bilevel problem is convex, it is equivalent to its related compact form. In this
case, the penalty function technique solves the bilevel problem directly. However,
the convexity assumption on the bilevel problem is stronger than generally desired.
For the more general case, the solution of the penalty function may still be a solution

of the related compact problem, and hence of the bilevel problem itself.
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o Testing.

The numerical results presented here are the most extensive found to date for the
nonlinear problem. They verify the effectiveness of the algorithm in identifying local
and global solutions of the bilevel problem, both in the simpler and more general
forms. The collection of test problems can be used for comparison purposes for

newer algorithms.

8.2 Further Work

For each of the areas of contributions to the study of bilevel programming, there are some

issues of research which remain open.

@ Algorithm Development.

There are two issues currently unresolved in the development of the algorithm.

— It is possible, as described in Section 3.5.3, that the current iterate does not
satisfy the necessary second order conditions for a solution because the reduced
Hessian is indefinite. However, a direction of negative curvature may fail to
provide descent in the model or penalty functions. As explained in the text,
there are directions of descent at the point, but a practical technique for iden-
tifying such directions is required. While this situation was not encountered
much during the testing process and was therefore not investigated further, it

would be useful to resolve this issue.

—~ As described in Section 7.3.4, a more detailed technique for identifying when
the penalty function is becoming unbounded within the trust region framework
would likely improve the observed performance of the algorithm.
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e Algorithm Convergence.

As described above, a set of assumptions, some stronger than others, are imposed
on the problem to prove the theoretical convergence of the algorithm. It is of
particular interest to determine if any of the assumptions specific to the bilevel
problem (stated in Assumptions 5.8) can be removed and convergence still proven.
This would match the theoretical results more closely with the practical convergence
of the algorithm.

e Testing.

The testing results provided for this algorithm are more complete than for other
techniques. However, it would be useful to have more results for larger nonlinear
bilevel problems. It would also be interesting to solve some practical applications
whose solutions are not known a priori. Due to time and space limitations, this
would require a new implementation of the algorithm outside the Matlab environ-

ment.

In addition, a thorough analysis of the algorithm tolerances and parameters, both
for all problems in general and for individual problems, would likely result in im-

proved numerical performance.



Appendix A

Test Problems

The following problems have been found in the literature, or are originated here. The
name attached to the problem signifies the original source. I have included any known
solutions with the problem statement. In a few cases, the solutions given by the authors
did not match those found by the algorithm. In case of conflict, the solution that could be
verified (both by using the implemented algorithm and by analyzing the bilevel problem)
is the one listed. If the authors gave a different solution which could not be verified,
then it is not listed below. Included with the solution is F'*, the value of the upper level

objective function at the solution.

We recognize that, with the exception of the problems generated by the technique of
Calamai-Vicente as described below, the problems presented here are very small. This

reflects the complexity of these classes of problems.
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A.1 Linear Problems

1. Problem: AW1 from [6].

l‘;l'rlgl —(z +3y)
st. z >0 and y solves
LLP(z) : myin 3y

st. 10 < z+2y < 38

~-18 < z-2y < 6
2z-y < 21
y 2 0
Solutions:
(a) Global: 2= =16, y* =11, F* = —49.
(b) Local: 2= =0, y* =5, F* = -15.
2. Problem: B1 from [8].
min -2z, + 2z + -]:.'h
z,y 2
s.t. 22, +22 <2
2,220
and y solves .
LLP(s) : min (401 — 32)
st. 2z -y +y > 23
2 -3z;+y; < 2
yy2 2 0

Solutions:

(a) Global: 2* =(1,0), y" = (3,1), F* = -13.
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3. Problem: B2 from [10].

min 24y

zu

s.t. z >0 and y solves

LLP(z) mym -y
st. z+4+ %y > 2
%z -y > =2
z+iy < 8
z~2y < 4
y 2 0

Solutions:
(a) Global: z* = §, y" =22, , F~ = 3}.
(b) Local: z==17%, y" =12, Fr =8%.
4. Problem: B3 from {10].
_ min  —(5z2+y)
s.t. z 2> 0 and y solves

LLP(z) : u;in y
st. 243y > 2
%z -y > =2
z+3y < 8
z2-2y < 4
y 2 0

Solutions:

(a) Global: z*= =71, y* =13, F~ = -372,
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5. Problem: BAB1 from [15].

min z+4y
z.y

s.t. z >0 and y solves

LLP(z) nﬂn y
st. 42+3y > 19
z+2y < 11
3z+y < 13
y 2 0
Solutions:
(a) Global: z* =1, y* =5, F* = —6.
6. Problem: BAB2 from [15].
min -(llz + 631 + ¥2)
zy 2
st. 0<z <1 andysolves
LLP(z) : min ~(y: +592)
st. z4+3yu+y2 < 5
22+ym+3y: < 5
v.y2 2 0

Solutions:
(a) Global: z* =1, y* =(0,1), F* = -2}.
7. Problem: BCC1 from [18].

min -y  s.t. y solves
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LLP(z) : m!}n

s.t.

Solutions:

(a) Global: z*-=1,y" =4, F* = —4.

(b) Local: 2z =6,y =3, F- = -3.
8. Problem: BCC2 from [18].

min -y s.t. y solves

LLP(z) : n::lm y

s.t.

~18

Solutions:

(a) Global: 2" =16,y" =11, F* = ~11.

(b) Local: 2°=—4,y* =7, F" = -T.

9. Problem: BCC3 from [18].

y

22 4+ y
z -2y
z+y
2z -y
z+3y

y

< z+2

22—y

min =2+y s.t. ysolves

=y

vV IN A WV IV

IA

< z-29

9 oo W W

A

A

38

21
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LLP(z) : mrm -y

st. 4dz+3y 2>
z+2y <
dz+y <
Solutions:
(a) Global: 2z~ =4,y* =1, F*=5.
(b) Local: 2" =1, y* =5, F" = 6.
10. Problem: BCC4 from [18].
min - z+y
s.t. z 20 and y solves

LLP(z) : n},in —(y1 ~ ¥2)
st.  z-ly-i%
z+ 12y + e
YL Y2

Y2

Solutions:
(a) Global: 2* =0, y~ = (0,0), F* =0.
11. Problem: BCC5 from [18].

min ~92y ~ 3z2 + 523 ~ 224 — Ty; — 30y, — 13y

=y

s.t. 21,22, 23,24 2 0

and y solves

19
11
13

v in IV

IA

- o =~ O
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LLP(z) : min —(3y; —y2 - 5y3)

st. Zytdzat+4z3 -4~y +y2+ys <1
z1—23~10z24+2y1 —4y2+ys > -2

3z; - 5z2+4y1 —2y2~y3 < 2

zity 2 -1

22+y2 2 -1

z3+ya 2> -4

vynys 2 0

Solutions:

(a) Global: Unknown.

(b) Local: z* = (0, %,0,0), ¥~ = (33, 33,0), F- = -49.5263.
12. Problem: BF1 from [12].

. 1
Jnin —(22, —z2 - '2'3!1)

s.t. 2142252

z;,z2 > 0 and y solves

LLP(z) : mym —(4n - ¥2)

st. 2z -wi+y: > 2%
21 ~323+y2 < 2
v,y2 2 0

Solutions:
(a) Global: z* = (2,0), y* = (3/2,0), F- = -3%.
13. Problem: BF2 from [12].

lg}gl —(22; ~z; — 8y)
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s.t. 21 +2,<2

21,22 > 0 and y solves
LLP(z) : mym —8y

s.t. zy+224+y < 3

z1i-y < 0
z1tz-y > -1
y 2 0
Solutions:
(a) Global: 2* =(1,1),y" =1, F* =T. ’
(b) Local: 2= =(0,0),y"=1, F*=8.
14. Problem: BK1 [22].
min  ~y
s.t. 2 >0 and y solves
LLP(z) : u:lin ¥
s.t. 10 < =2z+2y < 38
-18 < z-2y < 6
2z2-y < 21
y 2 0

Solutions:

(a) Global: z* =16, y* =11, F* = —11.

(b} Local: 2* =0, y* =5, F* = ~5.
15. Problem: BK2 [22].

xg.igl —(z + y2)
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s.t. 22> 0 and y solves
LLP(z) : I;gg -¥2

st. z4+y+y2 < 3

z2+y-y2 2
z-n—y2 2 -1
z-yp+y2 < 1
viuy2 2 0
2 < 3

Solutions:
(a) Global: " = 3, y" =(1,}), F~ = -2.
(b) Global: z* =a, y*=(1,2-a) forany a € (3,2), F~ = -2.
(c) Global: z* =2, y* =(1,0), F* = -2.

16. Problem: CF1 from [32].

min  z-— 4y  s.t. y solves

LLP(z) : nzin y

st. 2z+4+5y < 108
2t -3y < -4
z—-y > 0

Solutions:
(a) Global: z* =19, y" =14, F* = -37.

17. Problem: CT1 from [31].

min 8z - 422+ 4¥1 ~ 4032 — 4y
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s.t. z;,22 > 0 and y solves

LLP(z): min y +y2+2ys
y>0

st. 4z2; -2y +4y2—ys < 2
422 +4y1-2y2-y3 < 2
n-y2-ys 2 -1
y.9,¥3 2 0
Solutions:
(a) Global: z* = (0,53), ¥ = (0,3, 3), F = -29L.
(b} Loecal: z= = (3,0), y* =(1,0,2),, F* = —16.
18. Problem: D1 [39].
121;1 —z s.t. y solves
LLP(z) : myin -y
st. 3242y -y < 5
Iz+y -2y 2> -2
2y1 +3y. < 18
yy2 2 0

Solutions:
(a) Global: z* = 3%, y~ = (0,6), F* = —-32.
19. Problem: D2 from [39)].

uzl;\} z+y s.t. ysolves
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LLP(z): m}n -y

s.t. Tz +y

v

z+ 3y

v

5z + 3y

IA

5z + Ty

Ta

Solutions:

(a) Global: z*-=6,y" =1, F*=T7.

(b) Global: z* =1,y =6, F~=T.
20. Problem: F1 from {42].

min -
zy y

s.t. z >0 and y solves
LLP(z): n;vin y

st. z24+y>1

z—-y<l1

0<y<2

Solutions:
(a) Global: z* =3,y =2, F* = -2.
(b) Local: 2= =0,y" =1, F* = -1.

21. Problem: HJS1 from [48].

min *(821 + 4z, - 43’1 +40y: + 4y3)

Yy

st. z1+22,-ya<1l3

and z;,z2 > 0 and y solves

13

33
47
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LLP(z) : min 2y +3 +2ys

st. 4z -2y +4ya~y3 < 2

422 +4y1 —~2y2~ya < 2
n-v2-ys 2 -1
yynys 2 0
Solutions:
(a) Global:'z* = (},8), v"=(0,,8),F~ = -18%
(b). Local: z= = (1, ), y* =(0,0,0), F* = —5%.
22. Problem: HJS2 from [47].
rg,igx z + 5y
s.t. z >0 and y solves
LLP(z): ngn -y
st. 3z2-2y > -6
z+4y < 48
z-5y < 9
z+y > 8
y 2 0

Solutions:

(a) Global: z* =2, y* =6, F* = 32.

(b) Local: z* = 303, y" = 41, F* =52},
23. Problem: HSW1 from [49].

min z+ 5y s.t. y solves
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LLP(z) : utm -y

s.t. 32-2y > 6
Jz+4y < 48
2z2-5y < 9

z+y > 8
y 2 0

Solutions:

(a) Global: z* =12, y* =3, F* =27.
(b) Local: 2* =2, y* =6, F* =32.

24. Problem: TMV1 from [65].

min 321 + 222 +y1~:1~yz

=20,y

s.t. 21tz tzat2e<4
21,22,Z3,24 ?_ 0

and  y solves

LLP(z) : min 4y +y;

st. 3zy+05z, 46y +2y2 > 15

A

.y =2 0

Solutions:

(a) Global: z* = (0,3), y" = (0,0), F* = 6.
A.2 Quadratic Problems
1. Problem: AS1 from [2].

min z? + (y — 10)?

Y



APPENDIX A. TEST PROBLEMS 268

s.t. 2>y
0<z<15
and y solves
LLP(z) : mvm (z + 2y - 30)?
st. z4+y<20
0<y<20

Solutions:
(a) Global: z* =10, y* = 10, F* = 100.
2. Problem: AS2 from [2].

min 2z + 232 - 3y1 - 3y2 — 60
s, i+ za4+y —2y, <40
0< 2,2, <50

and y solves

LLP(z) : min (31— 21 +20)* + (y2 — 22 +20)

A

st. -10 < Y1, Y2 20

31'-'23[1 2 10
22-23[2 Z 10

Solutions:

(a) Global: z* = (0,0), y* = (-10, -10), F* =0.

(b) Local: z* = (25,30), ¥~ = (5,10), F* =5.
3. Problem: B4 from [11].

min (2~ 52+ (2y+1)?
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st. z> 0 and y solves
LLP(z) : min (y-1 -3y

st 3z-y > 3

z-3y < 4

t+y < 7

y 2 0

Solutions:

(a) Global: z* =1, y* =0, F*=17.

(b) Local: 2* =5, y* =2, F* = 25.
4. Problem: BF3 from [12].

lgi;l z1(2y1 +3y2) + 22(4y1 + v2)
s.t. 21+ 2= 1

z;,z2 > 0 and y solves

LLP(z) : min  — (y,(z; + 3z;) + y2(421 + 223))

st. yi+y2 = 1
vy 2 0

Solutions:
(a) Global: 2= = (4,3),y"=(0,1), F* =11.

5. Problem: BF4 from [12].

‘,?,,‘,i,? —(z1(y1 + 3y2) + z2(4y1 + 2v2))

s.t. zy+22=1

z;,22 >0and y solves
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LLP(z): m”m v1(221 + 32;) + y2(421 + 25)
st. nn+y: = 1

vy 2 0

Solutions:
(a) Global: z*-=(3,3), y=(7,1-7) (for 0 <y < 1), F~ = -2L.
6. Problem: GS1 from [44].

: 2 2
min =z +(y - 10)

st. 0<z<15
and  y solves
LLP(z) xggl (z + 2y - 30)°

st. z+y<20

0<y<20
Solutions:
(a) Global: 2" =2, y~ =14, F* =20.
7. Problem: IA1 from [50].

rgiyn 2z + 2z — 3y, — 3y, — 60

s.t. zitz2+y -2y <40
0<z, <50
0<2;<50

and y solves
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LLP(z): miny (y — 21+ 20)% + (y2 — z2 + 20)?

st. ~-10 < wy,y2 < 20
2y -2 < 10
2y —22 < 10

Solutions:

(a) Global: z* = (0,0), y* = (-10, -10), F* =0.
(b) Global: z* = (0, 30), y* = (-—10,10), F* = 0.
(c¢) Local: 2* = (25,30), y* = (5,10), F~ =5.
(d) Local: 2* = (20,0), y~ = (0, —10), F* =10.

8. Problem: SG1 from [62].

min (z-1)*+2yf -2z

Y

s.t. 2 >0 and y solves

LLP(z) : min 2y -4+ 2y - 1)’ +zn

s.t. 4z + 5y +4y; < 12
~4z - 5y; +4y, < ~4

4z -4 +5y2 < 4

’ ~4z+4y1 +5y2 < -4
yL,¥%2 2 0

Solutions:

(a) Global: z* = lg.‘ v = (g_,o), P = _1%.

(b) Local: 2* =0,y"=(1,0), F- = 1.
9. Problem: VSJ1 from [67].

. 1 1 1
min 5(::1 -08)%+ 5(22 -0.2)%*+ '2;(.'1 -1)?

=y
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s.t. 0<2y,2,<1
and  y solves
LLP(2): mym W +y—ny+ 22y
st. 0<y<1

Solutions:

(a) z==($,1),y"=0, F =1

(b) Local: z= =(1,0), y* =0, F* =0.54.

10. Problem: VS8J2 from [67].

&y

. 1 1 1
min (21 ~ 1)+ =(z2 - 04)> + —(y — 0.8)2
2 2 2
st. 0<zy,z<1
and  y solves
LLP(z): min W +y-ziy+ 32y
st. 0<y<1

Solutions:

(a) Global: 2z~ =(1,3), y" =0, F- = £.

(b) Local: 2* = (1,0),y" =0, F* = 3.
11. Problem: YZ1 from [69).

oty
s.t. -1<=z<1
and  y solves
LLP(z) : min y? - 2zy
st. -1<y<l1

Solutions:



APPENDIX A. TEST PROBLEMS 273

(a) Global: 2 = -1, y* = —-1, F* = ~2.
12. Problem: YZZ2 from [70].

S
T P

s.t. z2> 0 and y solves
LLP(=z): n:'m y? - 2zy
st. 22~y<0

y=>0
Solutions:
(a) Global: 2" =2, y" =4, F* = —4.

(b) Local: 2*~=0,y*=0, F~=0. -

A.3 Generated Problems

Because of the numerous global and local solutions to these problems, their solutions are

not stated here. Rather, the reader is referred to (28] for details.

A.3.1 Untransformed Problems

min 3 (;(zi ~-1) +§yf)
s.t. y solves
LLP(z) : min YT, (337 — wizi)
st. 2;-y <1, i=1,---,m

1$¢i+ﬂi$ﬁi, i=1|"’1mv
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where

and p; >1fori=1,---,m.

nz
ny
m

P

the number of upper level variables
the number of lower level variables

min(nz, ny)

R™,

274

Each combination of values for nz, ny and p defines a different bilevel problem. The

following values define the test problems.

1.

Ul

U2:

. Us:

. U4:

. Us:

. Ur:

. US8:

ne =5, ny =5, and p=[1,1,§,2,3].

nz =5, ny =10, and p=[1},12 2,33 51].

nz = 10, ny = 10, and p = [ones(7), 2,2, 7].

nz = 15, ny = 10, and p = [ones(4), 1%, 2 x ones(3), 5,9].

nz = 15, ny = 20, and p = [ones(3), 1} x ones(6), 2 x ones(4), 3ones(2)].
nz =50, ny = 10, and p = 1[5 x ones(4), 7, 8,9,13,18,23].

nz = 10, ny = 60, and p = [8/5 X ones(5), 3 x ones(5)].

A.3.2 Transformed Problems

The untransformed problem can also be written in matrix form,

T

+cf

y

]
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T
z z
LLP(z) : n'zm % S
y y
z
st. A <b
y
where
—ones(nz zeros(nz,nz) S.
c= (n2) € R", S = ( ) Sz € R™*",

zeros(ny) s;*'; Swy

-1 ifl<i=j<m
Szy € IR™*™ satisfies (Szy)ij =
0 otherwise,

1 fl<i=j<m
SW € IR™*™ satisfies (SW)"J' =
0

otherwise,
b= : o € R*™, A= P. P, |E€ R3mx3(nztny)
—ones(m) -P, -F,

- 1 ifi<i=)<m
P, € R™"* and (P.);; =
0 otherwise,
1 fl1<i=5j<m
P, € B™™ and (P,)i; = =PRI
0 otherwise.

Using a matrix transformation, this separable quadratic bilevel problem can be trans-
formed into a nonseparable quadratic problem.

Let v, € R™ and v, € R™ be any two vectors satisfying vITv, =1 and vg' v, =1
Define Householder matrices H, and H,, using these vectors,

H, = I—2v0T

= T
Hy = Iny—2uy,
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and let

H, ,
. [ zeros(nz, ny) } ‘

zeros(ny, nz) H,

Also, let D be a positive definite diagonal matrix, and define M = HDH.

For convenience, we shall denote the variables in the transformed problem as £, and

MR

Therefore, we can write the transformed problem as

T
- ty ty ty

s.t. t, solves

T
LLP(t;) : min l[t’} MSM[“]
Y L ty

t,, where

"
o |
+

|3

i

Different choices of nz, ny, p, vz, vy, and D define distinct nonseparable quadratic
bilevel problems. The five test problems are defined with the following values. In all

cases, let
vVp=—— and v,=—",
* l|well y llwyll

where w, and w,, are given below.

1. TL: nz =4, ny =2, p = (1}, 3], diag(D) = 10 x ones(n), and

w, = [0.9,0.4,0.4,0.1]

w, = [08,0.6].
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2. T2: nz2 =5, ny =5, p=[1,1},12, 2, 3], diag(D) = 10 x ones(n), and

4* -4
w, = -1%[9,0,3,3,1]
w, = -1-1-6[0,8,6,0].

3. T3: nz =5, ny =10, p = 1,1, 1%, 2, 2], diag(D) = ones(n), and
w: = [1, 2, "'3' 0, 0}

w, [2,1,0,~2,-3,0,0,1,-1,4].

]

4. T4: nz = 10, ny = 5, p = [ones(4), 2], diag(D) = ones(n, 1), and

w, = [~5,4,-3,-2,-1,0,1,2,3,4]

H

w, = [0,1,0,-1,0].

5. T5: ne =10, ny =15, p=[1,1, 1,%, %, %, %, 3,5,7], diag(D) = 10 x ones(n), and

wy = ones(nz)

w, = [1,0,0,0,1,0,-1,-1,-1,0,0,0,2,0,0].

A.4 Nonlinear Problems

1. Problem: B5 from [10].

rlejgt —2z% — 32, -4y + 43

st. z}+2z;<4

z > 0 and y solves

LLP(z) : min v} -5y

st. 23-22,+2i-2y1+y2 > -3
z22+3y1~4y2 > 4
y 2 0
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Solutions:

(a) Global: z* = (2,0), y* = (1, 1), F- = -14.36.

(b) Local: z* = (0,2), y* = (1, 2), F* = -12.6787.
2. Problem: EB1 from [41].

min ~z+y1+ Y2

Z.¥

s.t. ~1<z<1

and y solves

LLP(z) : m;n Y2

st. w-—kzy > 0
0 <unn <1
-1 <y <1

Solutions:
(a) Global: 2= =1, y~ = (0,0), F* = ~1.
3. Problem: YZZ1 from [70].

min (z-1)2+2*(y+1)
2,y
st. -1<z<1

and y solves
LLP(z) : m"n ysin(5F)

st. -1<y<1

Solutions:

(a) Global: 2 =1,y"=~1, FF=0.

(b) Local: 2* =0,y =afor-1<a<l, FF=1
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4. Problem: Ca Series of Problems - Cal (nz =1) and Ca3 (nz = 3).

e -

min Y w(zi+1)
=1

s.t. -2<2z;<1, t=1l:n=2

and  y solves
ne
LLP(z) : min Y (¥ - zi%)
o=
st. y; 22, t=1l:nz
Solutions:

(a) Global: 2} = -2, yf = ~1fori=1:n2, F* = -nz.

(b) Local: (z; =-%, y7 =~} or(z;=-2, 9y =-1) fori=1:nz.
5. Problem: Cb Series of Problems - Cb1 (nz = 1) and Cb3 (nz = 3).

ne
min 3 (2} + zfy + 23 + )

i=1

st.  —10<z; <10, i=1:nz
2 .y 2 i =1 -
zitoiyi+yl 22, t=1l:nz

and 1y solves

ne
LLP(z) : min gz;m

sit. 0<zy?+2z:+y? <10, i=1:n2.

Solutions:

(a) Global: Unknown.
(b) Local: (2, %) = (0, v2) for i = 1 : nz, F* = 2v/2n2.

6. Problem: Cc Series of Problems - Ccl (nz =1} and Cc3 (nz = 3).

ne
: E : 2
min ;Y
=y s
=1
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s.t. <z,
z;siny; 2> 0,

and  y solves
2
LLP(z) : min .S.-lz;y‘-

st. —x<wy <,

-,
I
-
ve

yicosz; > 0, i=1:nz.

Solutions:
(a) Global: (z;,¥%) = (-r,-n), F* = ~n*nz.
7. Problem: Cd Series of Problems - Cdl (nz = 1) and Cd3 (nz = 3).

ne
: 2,2 2, 2 R
Iggl igl(zi Y5 Y 221 + zt)

st. z¥4y?<s, i=1l:nz
and  y solves
S 2
LLP(z) : min gl(yi - z;)

st yi+2z: 20,

Solutions:

(a) Global: 27 = 1.3527, y; = 2}, for i =1 : nz, F* = -1.4337nz.

8. Problem: Ce Series of Problems - Cel (nz = 1) and Ce3 (nz = 3).

ne

i 2ty
min g(-c; Y%~ %)
st. 9y —-ziy >0, i=1l:n2z

and y solves

i=1:nz.
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n
LLP(z): min Y z:d
v o=
st. % >0, i=1l:nz
i=1:n=2.

Yy -2~y +220,

Solutions:
(a) Global: (z;, %) =(-3,2), F* = —20nz.

9. Problem: Cg Series of Problems - Cgl (nz = 1) and Cg3 (nz = 3).

ne
min ;ng — 4622 + 25522 — 6002;)

s.t. 0<ziz: —y) <12 i=1:nz
and y solves
ne
LLP(z) : min Y " (3uf — 2097 + 1247 + 96y;)

i=1

st. (z:—2)(w:i—1) 20, i=1:nz
(zi —4)(v;: —3) >0, i=1:nz.

Solutions:

(a) Global: z7 =, y; € {1,3}, for i = 1 : nz, F* = —5073nz.
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Notation

Commonly used expressions from the text are listed below, along with the section in

which they are defined. Terms which are used only within the section in which they are
defined are not included here.

Expression
ay
az
ac
ap
Ane
anN
Be
Bi

Bs
7(w)

Section Meaning

3.5.1
4.2.2
4.2.2
4.2.3
424
4.2.5
5.3.2
4.2.2
5.2

35.2

Step size for which conditions of Lemma 3.5 are satisfied.
Step size for which conditions of Lemma 4.1 are satisfied.
Step to first minimum of ¢; along d..

Step to first minimum of ¢, along dp.

Step to first minimum of ¢; along dy..

Step to first minimum of ¢4 along dy.

Algorithm tolerance for a multiplier to be considered in kilter.
Positive breakpoints of ¢; along d..

Positive breakpoints of ¢, along trust region direction d*.
Gradient of differentiable part of p, at w.

282
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é(w) 3.5.1 Differentiable part of p, at w

A 3.6 Trust region radius.

Anmax 3.8 Algorithm constant: maximum value of A.

€ 44 Algorithm parameter: activity tolerance.

e 52  Generalized Rayleigh Quotient for ¢} at A¥d*.

(w) 3.5.1 Nondifferentiable part of p, at w

0; () 42.2 ¢(ad) for a € (B;, Bit1)-

K 6.6 Multipliers relating gradients of nonbasic and basic activities.
<7[b;] 6.6.2 Multiplier relating nonbasic activity n; and basic activity b;.

A 2.6.4 Lagrange multipliers associated with LLP(z).

A 4.2.1 Algorithm parameter: closeness tolerance.

7 3.3 Penalty parameter.

Emax 34 Algorithm constant: maximum value of x.

v; 42.3 Coeflicients (one for each dropped activity) used in defining dp.
§(w) 425 Vector of values of the activities at w.

p(z) 3.2 Feasible region of LLP(x).

o 3.5.2 =1 value associated with dropping directions in Theorem 3.9.
Onc 424 +1 value used in d,..

e 5.4.1 Maximum measure of curvature at type two point w* along d%.
rk 5.2 Maximum measure of curvature at type one point w* along d*.
rmex 5.2  Maximum value of v* over all iterations k.

¢ 3.7 Piecewise quadratic model function of p, defined at w.

7] 4.3 Modified version of ¢ actually used in algorithm.

o1 (w) 4.2.2 Madel function at a type one point for directions in 7;.

w2(w) 4.2.3 Model function at a type two point for directions in 7.

- a(w) 424 Moadel function at a type three point for directions in 73.
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Xa(d7)
xp(dT)

¥

L 53

Q(h, w, ad)
Qp, (w, ad)
Qn(w, ad)
Q3

ot

A(w)

Asp

AN

BP¢
BPkkT
ci(z,9,4)
d;

d;

d3

3.6
3.6
352
3.5.2
352
3.5.2
352
54.1
5.2
3.5.2
6.3
6.6.1
3.9
3.9
3.8
6.6.1
6.6.1
3.5.2
3.5.3

3.2
264
3.2
4.2.2
423
4.24

284

Actual decrease in p, along dr from w.

Predicted decrease in p, along dr from w.

Vector of Lagrange multipliers.

Lagrange multiplier associated with activity a;.
Generalized Rayleigh Quotient for h from w to w + ad.
Measure of second order change in p, from w to w + ad.
Measure of second order change in 7 from w to w + ad.
Generalized Rayleigh quotient for ¢% along d%.
Generalized Rayleigh quotient for ¢¥ at w + ﬂ;’d’;.
Activity matrix at w.

Submatrix of A whose columns form a basis for A.
Submatrix of A consisting of the columns not in Ap.
Algorithm constant: used to evaluate a successful dr.
Algorithm constant: used to evaluate a very successful dr.
Algorithm constant: unboundedness check.

Indices in P2 for which both V); and Vg; are in Ap.
Indices of activities in set S whose gradients are in Ap.
Hessian of differentiable part of p,, at w.

Hessian of p,, (w® + ad) for first order point w® and d = Z=.
Bilevel problem.

Compact form of BPgxr.

One level problem related to BP.

Partial derivative with respect to y; of the Lagrangian function of LLP(z).

Approximate trust region direction at a type one point.
Approximate trust region direction at a type two point.

Approximate trust region direction at a type three point.
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d. 422 Generalized _Cauchy step.

dp 3.5.2 Dropping direction (see also Section 4.2.3).

dp 4.2.5 Horizontal part of Newton step.

dne 4.24 A direction of negative curvature for H.

dn 42.5 Newton direction.

dr 3.6 Trust region direction (see also Section 4.2).

d, 425 Vertical part of Newton step.

Dpo 423 Indices in P2 for which \; and g; are dropped along dp.
Djo 4.2.3 Indices in P2 for which A; (but not g;) is dropped along dp.
Do 423 Indices in P2 for which g; (but not J;) is dropped along dp.
Ds 4.2.3 Indices of activities in set S which are dropped along dp.
f(z,v) 2.1 Lower level objective function in BP.

F(z,y) 2.1 Upper level objective function in BP.

(=, y) 21 Lower level constraint functions in BP.

G(z,y) 2.1 Upper level constraint functions in BP.

H 3.5.2 Hessian of Lagrangian function at w.

GBP 23 Generalized Bilevel Problem

A 2.1 Induced (feasible) region of BP.

J*[7] 6.6.5 Intervals used in generalized necessary optimality conditions.
K=[j] 6.6.5 Intervals used in generalized necessary optimality conditions.
L(z,y,A) 2.6.4 Lagrangian function of LLP(z).

LBP 2.6.1 Linear bilevel problem.

LLP(z) 21 Lower level problem in BP, parameterized by z.

m 2.1 Number of lower level variables in BP.

M 264 {1,---,m}.

M(e) 44 M\ MOe).
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M'(w) 35 M\ M%(w).

M°(e) 44 {ie M:c(w)=0}.

M°(w) 35 {ieM:c(w)=0}.

n 2.1 Number of upper level variables in BP.
N(P2) 6.6.2 Indices in P2 for which only V); isin Ap.
N(S) 6.6.2 Indices of activities in set S whose gradients are in Ay.
N*[5] 6.6.5 Intervals used in generalized necessary optimality conditions.
P 2.1 Number of lower level constraints in BP.
Pu 3.3 ¢, penalty function for BP¢.

P 2.1 {1,---,p}.

P_(¢) 44 (i€ P:)(w) £ g(w))

P_(w) 35 (i€ P:Mw)=g(w)}

PL(e) 44 P(\P(e).

P_(w) 35  P-(w)\P2(w)-

P (w) 35.2 {ie PL(w): ) (w) >0}

Pz (w) 352 {i€e PL(w):A(w)<0}.

Pl(e) 1.4 {i € P=(¢) : \i(w) = 0 or g;(w) = 0}.
Pw) 35  {ieP:\(w)=g(w) =0}

Py(¢) 44  {ie P\ P=(¢): Mi(w) < 0}.

Py(w) 35 {ieP:A(w) < gi(w)}.

Pj(e) 44 Py(e) \ PY(e).

P{(v) 35 {i€ P(w): A(w) £ 0}

PY(e) 44 {ieRA@:xt0}

P (w) 35  {ie P\(w): \(w)=0}.

Py(€) 44 {i € P\ P=(¢) : gi(w) < 0}.

Py(w) 35 {i € P: gi(w) < Xi(w)}.
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Fy(e)
Fy(w)
P(e)
P} (w)
PF(u)
q
Q[4]
T
R(z)
R[4

44
35
44
3.5
33
4.2.2
6.6.5
43
2.1
6.6.5
2.1
2.1
4.4
35
4.4
3.5
3.6
6.6.5
6.6.5
6.6.5
6.6.5
35
4.2.2
4.23
42.4
425

P,()\ P2(e).

{i € Py(w): gs(w) # 0}

(i€ Pyfe) : 9 20}

{i € Py(w) : gi(w) =0}

Penalty function subproblem.

Number of variables in BP¢.

Intervals used in generalized necessary optimality conditions.
Algorithm parameter: sufficient decrease coefficient.

Rational reaction set of z.

Intervals used in generalized necessary optimality conditions.
Number of upper level constraints in BP.

{1,---,¢}.

T\ T%e).

{i € T : G;(w) # 0}.

{i € T : Giy(w) = 0}.

{i €T :Gi(w) =0}

Trust region subproblem at w with radius A.

Value used in developing necessary optimality conditions.
Intervals used in developing necessary optimality conditions.
Value used in developing necessary optimality conditions.
Intervals used in generalized necessary optimality conditions.
(2,9, )) € R+™+P, .
Directions which maintain all the activities within the model.
Directions which maintain the desired activities within the model.
Directions which maintain all the activities within the model.

Directions which maintain all the activities within the model.
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Zc

Z(w)
Z2THZ

4.2.2
4.24
3.5.2
35.2

The steepest descent direction (in the reduced space).

Direction of negative curvature for ZTHZ at a type three point.
Orthogonal matrix which satisfies ZTA = 0 at w.

Reduced Hessian of the Lagrangian function.
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