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Abstract 

The nonlinear bilevel programming problem is a constrained optimization problem defined 

over two vectors of unknowns, i: and y. Feasibility constraints on ( z, y) include the 

requirement that y is a solution of another optimization problem, called the inner problem, 

which is parameterized by z. The bilevel problem is very difficult to solve, and few 

algorithms have been published for the nonlinear problem. Therefore, instead of solving 

the bilevel problem directly, a "simpler",. related problem is solved. This problem is 

defined by replacing the solution constraint in the bilevel problem with a set of conditions 

which must be satisfied at a minimum point of the inner problem. The resulting one 

level mathematical program is solved using an exact penalty function technique, which 

involves finding solutions to a series of unconstrained problems. These problems are 

usually nonconvex and nondilf'erentiable. Each problem is solved within a trust region 

framework, and specialized techniques are developed to overcome difficulties due to the 

nondifferentiabilities. A unique approach is developed to resolve degeneracy in the penalty 

function problems. The algorithm is proven to converge to a minimum point oC the penalty 

function. Testing results are presented and analyzed. 
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Chapter 1 

Introduction 

The bilevel programming problem is a constrained optimization problem defined over 

two vectors of unknowns, z and y. Among the constraints is a requirement that y is a 

solution of another optimization problem, called the inner or lower level problem. The 

inner problem, which is defined over both sets of unknowns, is parameterized by z and is 

optimized only with respect toy. Thus, the bilevel programming problem involves two 

connected hierarchical levels of optimization. 

Mathematically, the bilevel problem can be described as follows for z E m,n and 

y E JR.'''-, where n and mare positive integers. Define P = {l, • • ·,p} and T = {1, - • :; t} 

for nonnegative integers p and t. 

BP: min F(z,y) subject to Gi(z,y) ~ 0, i ET, and y E R(z), 
:t,11 

where 

R(z) - {y E JR.m: y solves LLP(z)}, 

and 

LLP(z): min /(z,y) 
II 

subject to 9i(z,y) ~ 0, i E P. 

1 
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Assume that all functions in z and y are continuous and twice differentiable over JR.n+m. 

A point (z, y) is feasible for BP if it satisfies Gi(z, y) ~ 0 for all i ET, a.swell as the 

solution constraint y E R( z). Note that feasibility of ( z, y) for BP implies the feasibility of 

y for LLP(z). No assumption is made regarding the existence or uniqueness of a solution 

of LLP(z). H LLP(z) has no solution for some z, then there exists no y such that (z, y) 

is feasible for BP. For a given z, R(z) is a multiple-valued function of z. The set may be 

empty, contain a single element, or contain more than one element. Thus, at a feasible 

point (z, y), y is an implicit (unction of z. 

A global solution of BP is a feasible point which mioirnizP.S the value of the objective 

function F(z, y) over the set of all feasible points of BP. The bilevel problem is usually 

nonconvex as a result of the solution constraint. Consequently, bilevel problems often 

have local solutions in addition to any global solutions. 

Most research to date has concentrated on the linear bilevel problem, in which all the 

functions are linear over JRn+m. Even in this restricted form, the problem is often very 

difficult to solve due to the solution constraint and the resulting nonconvex feasible region. 

Ben-Ayed and Blair [15] proved that the linear bilevel problem is NP-hard. Nonlinearity 

in the objective and constraint functions complicates matters significantly. While there 

exist algorithms for the nonlinear case of bilevel programming, to date all techniques 

for which extensive numerical results have been presented have assumed special forms 

for the bilevel problems being solved (including, for example, linear constraints, convex 

problems, or separable quadratic objective functions). This thesis describes a theoretical 

and practical algorithm for solving nonlinear bilevel problems, and presents extensive 

numerical results along with convergence results. 

Chapter 2 presents a more detailed description of the bilevel problem, including some 

applications and properties. It also includes a description of several approaches which 
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have been used to salve bilevel problems. 

Due to the difficulty in directly solving the nonlinear bilevel problem, the proposed 

algorithm instead solves a related problem. By replacing the solution constraint with 

a set of conditions that must be satisfied by a solution of LLP(z), a one level problem 

is defined. This related problem is actually equivalent to the bilevel problem under a 

stated set of conditions. However, these conditions are not usually satisfied. The related 

problem, like the bilevel problem, is generally nonconvex, and it may be difficult to find an 

initial feasible point. Therefore, an l 1 exact penalty function is used to solve the related 

problem. This technique involves solving a series of unconstrained optimization problems. 

Chapter 3 defines the related problem and describes the penalty function algorithm. It 

also includes a description of the trust region technique used to solve the unconstrained 

penalty function problems. Chapter 4 focuses on the resolution of several problems which 

arise when the theoretical algorithm of Chapter 3 is actually implemented. In Chapter 

5, the algorithm is proven to converge to a minimum point of the penalty function. 

As a. result of the structure of the related problem, standard degeneracy resolving 

techniques proved inappropriate. Chapter 6 describes the nature of degeneracy in the 

penalty function and details the method developed to recover from the difficulties it 

causes. The technique, which is one of the major contributions of this thesis, is also 

proven to work. 

The algorithm implementation was tested on a variety of bilevel problems found in 

the literature. In addition, it was tested on some larger bilevel problems which were 

generated by the technique of Calamai and Vicente [28}, and on some original nonlinear 

problems. The algorithm was quite successful in identifying local solutions of bath linear 

and nonlinear bilevel problems. Detailed results and analysis are presented in Chapter 7. 

A listing of the test problems is included in Appendix A. 
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This dissertation concludes with Chapter 8, which summarizes the major contributions 

of this research and discusses possible future work. Appendix B includes a listing of some 

of the notation used throughout this work. 



Chapter 2 

Bilevel Programming 

This chapter provides an overview of bilevel programming. Needed terminology is in­

troduced in Section 2.1, followed in the next two sections by descriptions of applications 

and of problems related to bilevel programming. Two example problems are discussed 

in Section 2.4, and some general characteristics of bilevel programming are presented 

in Section 2.5. The chapter concludes with a summary of existing methods for solving 

bilevel problems and a- brief overview of the proposed technique. 

2.1 Introduction 

The following definitions are required. Note that the notation of the introduction is 

continued. 

Definition 2.1 

1. The outer or upper level problem is 

ULP: min 
:e,y 

F(z, y) subject to 

5 
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2. The inner or lower level problem, parameterized by z, is 

LL.P(z): min /(z, y) subject to gi(:, y) ~ 0, i E P. 
'II 

3. R(z), the set of solutions of LLP(z), is called the rational reaction set of z. It 

contains both local and global solutions of the lower level problem1 . 

4. The solution constraint on y is the constraint y E R( z )-

5. The induced region is the set of feasible points of the bilevel problem. 

I= {(z, y) E m,n+m: Gi(:.c, y) ~ 0 for i ET, and y E R(z)}. 

6. The reduced or relaxed problem is 

RBP: min 
%,'IJ 

F(z,y) subject to 

9i( z, y) ~ 0, i E P. 

7. A solution of the bilevel problem is a solution of 

min F(:i:, y) subject to (z, y) E Z. 
z,y 

This definition includes both local and global solutions of the problem. 

2.2 Applications 

The earliest explicit use of the bilevel problem as denoted by BP in Chapter 1 dates 

&om 1977, in the work of Candler and Norton [30]. The authors use a linear bilevel 

problem to simulate the relationship between the actions of the government and farmers 
1 Some definitions of bilevel problems (for example, [7], [13), and [67)) include an as..-mmption that the 

inner problem LLP(2:) is convex and has a unique global solution for each feasiole value of:. We feel 

that the nonlinearity of LLP(z) warrants the inclusion of its local solutions in R(z). 
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in a Mexican agricultural system. The upper level variables model various decisions made 

by the government: for example, levels of subsidies on fertilizer, prices for diff'erent crops, 

and water taxes. The lower level variables correspond to the actions of the farmers, and 

include the amount of fertilizer and water used, and the amounts and types of crops 

planted. The government attempts to achieve some goal (for example, minimizing their 

expenditures or 1J1axiroizing production of various crops). At the same time, the farmers 

attempt to maximize their own profits. Candler and Norton note that problems of this 

type were traditionally solved using one level linear programs. However, such models do 

not truly reflect the dependencies within the relationship between the actions of the two 

parties, particularly when they have conflicting goals. 

Bilevel programming has since been used to solve other problems from the field of 

economics (see (29} and [43]). Many other sources have yielded applications as well. Two 

examples are noted below. 

• Network Design Problems. In (54}, LeBianc and Boyce use a. bilevel problem to 

model a network of roads, as an aid in deciding which roads should be upgraded 

in order to improve network performance. Some roads can be added or improved 

in an attempt to reduce network congestion, but the drivers who use the network 

will always attempt to achieve their goal (for example, to take the shortest route 

between two points). Proposed improvements of 'Various routes are reflected in the 

upper level variables, and the lower level variables correspond to the actual routes 

taken by the network users. 

Other authors (see [16] and (56]) have also considered this type of application. 

• Environmental Policy. Kolstad [52] describes how bilevel programming can be used 

to model environm.ental regulation. In order to achieve pollution concentration 

standards while minimizing social costs, the government sets emissions taxes on 
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polluters from industry. The tax levels are the upper level variables. Industry may 

react in many ways in order to maximize profits, and these reactions correspond 

to the lower level variables. Industry's level of emissions may increase or remain 

unchanged if the tax level is too low, or it may decrease if the tax is restrictive. 

However, if the tax is too high, industry cutbacks and a subsequent increase in 

unemployment may result. 

In [9], Bard describes another application of bilevel programming in evaluating 

environmental policy. 

The reader is referred to Anandalingham and Friesz [7], Kolstad (52], Nicholls (58], and 

Vicente and Calamai (66] for more examples of applications of bilevel prognroming. 

2.3 Related Problems 

While research into the bilevel problem BP is quite recent, there has been active research 

for many years into equivalent and related problems. 

The continuous max-min problem (for example, see (421) is a special case of BP, in 

which the upper and lower level objective functions satisfy /(z, y) = -F(z, y). This 

problem has been studied in many forms (linear and nonlinear, unconstrained and con­

strained). Techniques used to solve max-min problems will not generally be applicable 

to bilevel problems. However, an algorithm which solves BP can also solve max-min 

problems. 

Static constrained Stackelberg problems (defined as duopoly problems in [68]}, which 

model two person games as optimization problems, are actually bilevel problems. Much 

of the literature (for example, [2), [6J, and (591) on bilevel problems refers to the problems 

being studied as Stackelberg problems. 
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Large scale linear problems are sometimes solved using decomposition techniques ( see 

(271}. These techniques involve identifying sets of variables of the linear problem. which do 

not interact with each other. Subproblems are defined for each of these sets of variables. 

The objective functions of the subproblems are derived from the objective function of 

the original problem. These problems look very similar to bilevel problems: the reduced 

(lower level) problems are solved, and are then combined into a single solution by the 

original (upper level) problem. However, as noted in [29] and (52], there are several im­

portant distinctions between decomposition problems and true bilevel problems. All the 

variables are actually controlled by one entity in the decomposition problems, unlike the 

bilevel problems. Also, while the objective functions in BP may be conflicting or nonco­

operative, the objective functions in the decomposition problems are always cooperative 

since they are derived from the single objective function of the original problem. However, 

the relationship between the decomposition techniques and bilevel problems indicate that 

a general technique for bilevel progTamming might be useful in solving some large scale 

nonlinear optimization problems. Conversely, a decomposition technique could serve as 

motivation for a new algorithm for bilevel programming. In fact, in [5], Alexandrov and 

Dennis describe a decomposition technique for solving nonlinear programs, and in [ 4], 

they present a theoretical framework for solving unconstrained bilevel problems based on 

their earlier work. 

Another problem which is closely related to BP was posed in the early l970's, by 

Bracken and McGill ([23], (24], [25], and (26] ) and Geofrrion and Hogan [45]. These 

problems are called optimal value bilevel problems, and can be written as follows. 

OVBP : min F(z, v(z)) subject to Gi(:e, v(:e)) ~ 0, i ET, 
z: 

where 

v(:e} - min /(z,y) 
II 

subject to li(z,y) ~ 0, i E P. 
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Note that the optimal value of the lower level problem is referenced in the upper level 

functions, not the solution of the lower problem. As a result of this diff'erence, OVBP 

h~ one significant property that BP, in general, does not. Bracken and McGill (24] 

verified that if the upper and lower level problems are both convex, then OVBP is also 

convex. Consequently, optimal value bilevel problems are usually easier to solve than 

bilevel problems like BP. 

The generalized bilevel problem (see [7]) is an extension of the bilevel problem BP, in 

which LLP( ~) is replaced by a variational inequality (that is, an infinite set of constraints), 

as stated below. 

GBP: min F(z,y) 

s.t. z E X, y E Y 

and /(z, y)(y' - y) ~ 0, Vy' E Y. 

Under appropriate assumptions, the variational inequality is equivalent to a mathematical 

program. Therefore, any technique to solve GBP can also be used to solve BP. However, 

because not every variational inequality corresponds to a mathematical program, tech­

niques designed for solving BP may not be appropriate for solving GBP. 

2.4 Example Problems 

Two small bilevel problems are presented to illustrate some properties of bilevel programs. 

Consider the following bilevel problem. 

min 
:i:,s, 

(z + l)y subject to 

where 
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and 

y 

1 

-1 

Figure 2.1: p1(z) (shaded region), for z EB. 

LLP1(z) : min z - y subject to z + y $ 2 and - 1 $ y $ 1. 
11 

11 

To determine the induced region of BP 1, we must examine the lower level problem 

carefully. Let p1 ( z) be the feasible region of LLP 1 ( z), for any value of z. The set is 

illustrated in Figure 2.1 and is described mathematically as, 

Now, LLP1(z) is simply 

[-1, l] ifz~l 

P1(z) = [-1,2-z] ifl<z53 

0 if 3 < z. 

min -y subject to y E P1(z). 
fl 

The argmin solution of this problem., 

{l} if z 5 1 

. R1(z) = {2 - z} if 1 < z $ 3 

0 otherwise, 
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y 

Figure 2.2: R1(z) {connected line segments), for z E JR 

is the rational reaction set of the bilevel problem BP 1 , for z E JR, and is shown in Figure 

2.2. With this simplification, the feasible or induced region of the bilevel problem is 

I1 = {{z1 y) E B.2 : 0 $ z $ 2 and y E R1(z)}, 

as illustrated by the two connected line segments in Figure 2.3. Note that even with a 

univariate, convex linear problem as the lower level problem, the induced region of BP1 

is not convex. Therefore, BP1 , now stated, 

min (z + l)y subject to (z, y) E I1 
:,y 

is nonconvex and may have multiple local minima. Figure 2.4 displays several contour 

lines of the objective function along with 'I. From the diagram, it is clear that feasible 

descent is possible from any point along the line segments, except A= (0, 1) and B = 
(2, 0). Therefore, both A and Bare local solutions ofBP1. Because the objective function 

value is lower at B than A, the point B is the global solution of BP1. 

Note that rewriting BP1 by moving a lower level constraint to the upper level of 

the bilevel problem significantly changes the structure of the bilevel problem. Consider 
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y 

__ .... __________ .._ _ _.. _____ _.. _____ x 

-3 -2 ·1 1 2 3 

-1 

Figure 2.3: I 1 (connected line segments), Feasible region of BP1 

,Y 
\ ",~F=2 

\ 
' F=l A .... 
' -- F=O 

X 

-3 -2 -1 1 B 3 

-1 

Figure 2.4: Contours (dashed lines) of the Objective Function 
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y 

1 

___ x 

--1 

Figure 2.5: p2(z) (shaded region) and R1,(z) (y = 1), for z EB 

moving the lower level constraint z + y $ 2. 

where 

and 

min (z+ l)y 
:,11 

subject to z + y $ 2, 0 S z ~ 2, and y E R2( z), 

LLP2(z): min z -y subject to -1 $ y $ 1. 
11 

14 

Using similar analysis for BP2 as used above for BP1t P2(z), the feasible region of 

LLP2 (z) 1 and R2(z), the rational reaction set of LLP2(z) satisfy 

P2 ( z) - {y E B : -1 $ y S 1} 

R2(z) - {l}, 

for all z E JR. These sets are illustrated in Figure 2.5. The feasible region, I 2 , for BP2 

( as shown by the solid line segment in Figure 2.6) is significantly different from Xi. 



CHAPTER 2. BILEVEL PROGRAMMING 

y 

A~--

----tti---+---+---+---+----tti--_.,,___ X 

-2 -1 1 2 3 

-1 

Figure 2.6: I2 (solid line segment), Feasible Region of BP2 

I2 - {(z, y): 0 $ z S 2, z + y $ 2, y = l} 

- {(z, y) : 0 $ z S 1, y = l}. 

15 

The set I2 is convex and BP2 is a convex bilevel problem. Note that the global solution 

of BP1 , is not in the induced region of BP2, and therefore is not even feasible for BP2 • 

Recalling the contours of the objective function shown in Figure 2.4, the point A, a 

local solution of BP1, is the global solution of BP2• 

Even though the same functions define both BP1 and BP2 , the problems are signifi­

cantly different and have different solution sets. 

2.5 Characteristics of the Bilevel Problem 

Some of the properties exhibited by the example bilevel problems BP1 and BP2 are 

characteristic of bilevel problems in general, while others are not. 

# BP1 is not convex, despite the convexity of LLP1(z) for all feasible z. While BP2 

is a convex problem, most bilevel problems are not convex due to the solution 

constraint. 
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• The solutions ofBP1 and BP2 occur at vertices of the feasible region ofthe reduced 

problem. All linear bilevel problems have this property, and, as will be seen in 

Section 2.6.1, it is the basis for many algorithms designed to solve this special case 

of bilevel programming. However, this property is not usually present in nonlinear 

problems, for which there may be no vertices in the feasible region. 

• The rational reaction sets of LLP1 and LLP2 , for feasible values of a:, are singletons 

corresponding to unique global solutions of the lower level problems. This is not 

generally the case for a nonlinear lower level problem, which may have multiple 

global and local minima. Combining this fact with the first property above, local 

solutions are possible at both levels of the problem. 

Some definitions of the bilevel problem (for example, [62]) assume that the solution 

set of the lower level problem is a singleton for all feasible z. We consider that 

to be a very strong assumption, and it is not made here. Consequently, we must 

acknowledge the possibility of local solutions. 

• Although not evidenced by the problems BP1 and BP2 , another concern in solving 

any optimization problem is the possibility of degeneracy. As with the issue of 

local solutions, degeneracy may be present at both levels of the bilevel problem. 

Degeneracy is the focus of Chapter 6. 

2.6 Solution Techniques 

Many algorithms have been proposed for solving the bilevel programming problem. Most 

of these algorithms have been designed for special cases of the problem. While some of 

the techniques used are suitable for only the form of the problem being considered by the 

authors, others use principles that are applicable to more general bilevel problems. The 
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various algorithms can be classified%, according to the solution approach used, into one 

of the following groups: 

• Extreme point search or vertex enumeration algorithmsj 

• Descent direction algorithmsj 

• Linear complementarity algorithms; 

• Branch and bound algorithms; 

• Penalty function algorithms. 

The basic motivation and structure of the algorithms in each class are described in this 

section. 

This section is not meant to provide a complete review of all published algorithms for 

bilevel programming. Rather, it is intended as a brief introduction to existing approaches 

to the problem, so that our proposed algorithm can be viewed in context with other 

solution methods. 

2.6.1 Extreme Point Search Algorithms 

The family of algorithms referred to as extreme point search or vertex enumeration al­

gorithms are used to solve linear bilevel problems. They are motivated by a theoretical 

result of Bialas and Karwan (21}. We shall consider the linear problem ilr the following 

form: 
LBP: min 

Z,fl 

subject to y E R(z) = {:, E Rm : y solves LllP(z)}, 

2Tbe Alexandrov-Denms [4] algorithm, noted on page 9 of this text, doe. not fit into just one category. 
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where 

LUP(z) : min /(y) = ~ 11 
1' 

subject to 

Bialas and Karwan showed that a solution of LBP must be a vertex, or extreme point, 

of the feasible region {in terms of z ud y) of the lower level problem. Therefore, it must 

be a vertex of the simplex 

While a solution of LBP must be a vertex of p, not all vertices of p are feasible for LBP. 

The goal of extreme point search algorithms is to examine all vertices { z, y) of p to 

identify a vertex which is feasible for LBP {£or which y solves LllP(z)) and which mini­

mizes F(z, y) over all feasible points. However, as the region p may have an exponential 

number of vertices, simple enumeration of the vertices is too expensive. The various ex­

treme point search algorithms use dift"erent techniques to efficiently search the vertices. 

Some of the proposed search techniques (for example, (31], (39], and (59]) examine only 

vertices which are feasible for LBP. However, the method we shall examine, proposed by 

Bialas and Karwan (21] and described due to its simplicity, iterates over infeasible points 

and terminates as soon as a feasible point is identified. 

The algorithm begins by finding a global solution ( z1 , y1) to the reduced problem 

LP1 : min F(z1 y) subject to (z, y) E p. 
S,'fl 

If ( z1 , y1) is not in the induced region, iteration k, for le = 11 2, • • •, proceeds in the 

following manner. 

• Let V 1 be the vertices visited in iterations 1, 2, • • •, k -1, and let W 1 be the vertices 

of p which are neighbors of the points in v•. 
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• Define the new point ( zk+l, yk+1) by solving the linear problem 

• Update the iteration count le = le + L 

• Repeat until yk solves LLP( zk). 

This algorithm.1 which identifies the global solution of LBP, is called the Kth best algo­

rithm because it terminates after K iterations, where (zK, yl{) corresponds to the Kth 

lowest value of F over the simplex p. 

The theory behind extreme point search algorithms cannot be extended to more gen­

eral bilevel problems. Because nonlinear single level problems do not generally have 

solutions at vertices, the motivating theory is not applicable, in general1 to nonlinear 

problems. However, Nicholls [58] has developed a grid search algorithm (based on the ver­

tex enumeration technique) for a specific, two variable nonlinear bilevel problem. Because 

of the very specialized form of the problem, which was designed° to represent the complete 

operations of an aluminum smelter, the author was able to divide the constraints into 

different groups (linear, convex quadratic, concave quadratic and those involving inverses 

of the two variables). Each group of constraints was handled individually. Currently, it 

is not known whether this technique can be extended to the more general forms of bilevel 

problems considered here. 

2.6.2 Descent Direction Algorithms 

Descent direction algorithms view the bilevel programming problem BP solely in terms 

of the upper level variables z E Rn. The lower level variables y are considered only in 

relation to the upper level variables. Since y is constrained to be a solution of LLP(z) 
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at a feasible point ( z, y), y is an implicit function of z _ It is ~umed that the rational 

reaction set R{ z) contains a single entry for each feasible z. For convenience, we shall 

denote this solution y·(z) to emphasize the dependence of yon z. 

Starting from a feasible point z E /Rn, descent direction algorithms attempt to find a 

direction w E }Rn along which the objective function of the bilevel problem is decreased. 

A step a > 0 is calculated along the descent direction and a new point ( z + aw) is 

chosen which provides reasonable decrease in the objective and which is feasible for the 

bilevel problem. Feasibility requires calculating y· ( z +aw). The process continues until a 

descent direction cannot be defined and the current point is a local solution of the bilevel 

problem. 

The various descent direction algorithms which have been proposed have the basic 

structure outlined above, but diff'er in the way that the descent direction is calculated. 

One major concern facing researchers using descent algorithms is the availability of the 

gradient of the objective function V zF(z, y•(z)) at a feasible point. Using the chain rule 

for differentiation, 

While V zF(z, y) and V 11F(z, y) are assumed to exist, the gradient V zY•(z) may not exist, 

and even if it does, may be difficult to calculate. Assuming that the gradient exists, some 

descent direction algorithms (for example, the techniques cited in (52] and (53]) have 

concentrated on ways to approximate V ~,• { z). 

Savard and Gauvin [62] have proposed a different approach to the problem of defining 

a descent direction. Instead of calculating or estimating V ~y• ( z) and using this vector 

to define a descent direction, the authors propose calculating the actual steepest descent 

direction for the nonlinear bilevel problem. They describe a linear-quadratic bilevel prob­

lem (in which all functions are linear except for the lower level objective function which 



CHAPTER 2. BILEVEL PROGRAMMING 21 

is quadratic) whose solution is the steepest descent direction for BP. The structure of 

the linear-quadratic bilevel probleui can be exploited so that it is easier to solve than the 

nonlinear bilevel problem. 

Once a descent direction w has been defined for the bilevel problem, regardless of the 

manner in which it was defined, a positive step size a must be determined such that an 

acceptable decrease is obtained in the objective. At the same time, the new point must 

be feasible. The new point ( z( a), y( a)) must be calculated, where 

z(a) - z +at 

y(a) - y(z + at). 

Therefore, for each trial value of a considered, LLP(z(a)) must be solved. Solving these 

problems considerably raises the cost of performing the descent direction calculation in 

the upper level variable space. 

These algorithms have been described for nonlinear problems. Numerical results for a 

few large-scale nonlinear bilevel problems have been quoted in (53], but the other descent 

direction techniques have cited results for only a few small problems. 

2.6.3 Linear Complementarity Algorithms 

Because bilevel problems are so difficult to solve, many techniques for solving them at­

tempt to do so by solving a series of simpler, one level problems. Linear complementarity 

algorithms use this general approach to solve linear bilevel problems of the form 

LBP+: min 
z,11 

subject to y E R(z) = {y E Rm: y solves LllP+(z)} 

where 

LIIP +Cz) : subject to 
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The representative algorithm described here is due to Judice and Faustino [51], and is an 

improvement of the algorithm proposed by Bialas and Karwan [21]. 

The initial step in the Judice-Faustino algorithm involves defining an equivalent one 

level problem by replacing the solution constraint connecting the upper and lower level 

problems with conditions that must hold at solutions of the primal and dual forms of the 

lower level problem. 

1-LBP+: min F(z,y) 
-:e.11.).,a,fJ 

subject to (z, y, .\, a,J3) E KKT , 

where -: 

KKT - { 

-d+ATz+BTy - a 

c-Bl - /3 

zT{J = >..Ta - 0 

z, y, ,\, aJJ ~ 0 

}. 

Note that KKT includes points which satisfy the Karush-Kuhn-Tucker necessary opti­

mality conditions for the lower level problem. 

The vector ,\, the Lagrange multipliers for the lower level problem, is the solution 

of the dual of the lower level problem. The vectors a and {J are the slack variables 

for the primal and dual problems, respectively. Note that the complementary slackness 

conditions for the primal and dual problems are the third set of constraints listed in KKT. 

The problem 1-LBP + is not a linear problem. It is a nonconvex problem in which all but 

the complementary slackness conditions are linear. 

Linear complementarity algorithms have been used to identify solutions of linear and 

quadratic problems by finding points which satisfy a set of conditions which must hold at 
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a solution. To use linear complementarity techniques to solve 1-LBP + ( and therefore to 

solve LBP +), the authors introduce a variable wand convert the objective function into 

a constraint . 

a,T z + 1,T 1/ $ w. 

The bilevel problem is now a problem. in w: 

P..,: min w subject to (z, y, .X, ct,/3) E T(w), 

where 

Linear complementarity techniques are used by the authors to find a feasible point in 

"'f(w), for any value of r,,,1. 

If T(w) is empty, then w is a lower bound on the value of F(z, y) at a global solution 

of LBP +. Increasing the value of w and invoking a complementarity algorithm to find a 

feasible point of l'(w), for the new value of w, either finds a feasible point of LBP + or 

further increases the lower bound on the solution. If there is a feasible point in T(u1) for 

the cunent value of w, then w is an upper bound on the optimal objective functio~ value 

of LBP +· By decreasing w in this case, this upper bound can be reduced. Modifying w 

in the manner described here will reduce the gap between the upper and lower bounds 

on the solution of LBP +. This is the technique used by the authors to find an £-global 

solution of LBP + (see [51] for an explanation of this term). 

Unlike the extreme point search algorithms, the linear complementarity algorithms 

do not exploit the fact that the solution of the linear bilevel problem occurs at a. vertex of 

the feasible region of the lower level problem. Combined with the £act that the Karush­

Kuhn-Tucker (KKT) conditions ( excluding the complementary slackness conditions) are 

linear for a quadratic problem, this means that this approach can also be used to solve 
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bilevel problems whose upper level objective is linear and whose lower level problem is a 

convex quadratic problem. 

2.6.4 Branch and Bound Algorithms 

Like linear complementarity algorithms, branch and bound algorithms involve solving a 

series of "simpler" problems rather than solving the bilevel problem directly. Once again 

the KKT necessary conditions are used to define a one level optimization problem, 

where 

BPKKT: min F(:c, y) subject to Gi(z, y) ~ 0 
:i:,y.~ 

and V11 .C(z,y,..\) = 0, 

g;(z, 11) ~ 0, 

..\ig.(z, y) = 0, 

p 

.C(z, y, ..\) == /(z, y) - L Ai9i(z, y) 
i=l 

iET, 

iEP, 

iEP, 

iEP, 

is the Lagrangian function of the lower level problem defined at z, ..\ is the associated 

vector of Lagrange multipliers, and 

V 11 £(z, y, ..\) = (
8
8 

. .C(z, y, ..\)). 
Y, ,eM 

for M = { 1, - - -, m}, is its gradient with respect to the vector y. As mentioned previously, 

the complementary slackness conditions are generally nonlinear and nonconvex, and it 

follows that BPxKT is as well. 

Because the complementary slackness conditions are generally the most difficult con­

straints to satisfy in solving BPKKT, branch and bound algorithms attempt to defer 

introducing those conditions into the solution process £or as long as possible. This goal 
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is achieved by building a tree of problems derived from BPKKT· At the root, or initial 

node, of the tree is the problem 

V11 .C(z,y,A)=0, 

9i(z,y) ~ O, 

Ai~ 0, 

i ET, 

i E P, 

i EP, 

which is BP KKT without the complementary slackness conditions. This problem is solved 

and the solution is used to construct the subtree in the following manner. 

Assume that the problem at node k, denoted P1a has been solved. 

• If the complementary slackness condition Aj9j(z, y) = 0 is violated, then two chil­

dren of node k are defined. One of the children, node k1, contains problem P1: with 

the added constraint >.; = 0. The other child, at node k2, contains P1: plus the 

constraint 9i(z, y) = 0. Therefore, any solution of the problems at nodes k1 and k2 

satisfies the jth complementary slackness condition. 

• H there is no solution to the problem at node k, then the subtree rooted at node k 

is not expanded further because all problems in the subtree would be infeasible. 

• H the solution to the problem at node le satisfies all the complementary slackness 

conditions, then a solution of BP KKT has been identified. Its objective function 

value is compared to the best solution found so far. Because the solution just found 

is also a solution of the problems defined at the children of the current node, the 

tree is not expanded further. The subtree will not yield a better solution of BPxKT 

than the current point. 

The various branch and bound algorithms (as found in [3], (12], [13], (41], [43], [48], 

and [59]) use different search order rules for expanding the tree. Some use depth first 
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search procedures and others use breadth first procedures. No individual approach seems 

better in general, although some may be more suited to diff'erent problems or solution 

goals. 

Although the branch and bound technique is applicable to the nonlinear bilevel pro­

gramming problem, most of the algorithms have been designed for linear or quadratic 

problems. Only [3] and [41] consider the nonlinear problem, and both of them place 

restrictions on the nonlinear bilevel problem being solved. Without these restrictions, 

the amount of work required to solve one nonlinear problem in the search tree may over­

whelm the simplicity of the algorithm, and the technique may not be useful for a general 

nonlinear bilevel problem. 

2.6.5 Penalty Function Algorithms 

Many researchers have used penalty functions to define "simpler" problems in order to 

find a solution of BP. Unlike the other classes of algorithms described here, there is not 

a common general approach shared by all the penalty function algorithms. 

Several techniques exist in which the lower level problem is replaced by a series of 

unconstrained penalty function problems. In [l], the authors use the solution of the 

penalty function subproblem to define the gradient V :i:Y· ( 2:) ( see Section 2.6.2) to be 

used within a descent direction algorithm. In [2], the same authors instead replace the 

lower level problem with the stationarity condition of the unconstrained penalty function 

problem defined in their earlier work. In [50), the authors combine a weighted penalty 

function for the lower level problem with the upper level objective function to define a 

second penalty function which is minimizf!d to find a solution of BP. These techniques 

have been designed to solve nonlinear problems, and numerical results are presented are 

for several small problems. 
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In [6], Anandalingham and White introduce, for the linear bilevel problem, a penalty 

function which consists of the upper level objective function and a weighted penalty term 

for the solution constraint. The penalty term is the duality gap between the the primal 

and dual versions of the lower level problem. By varying the weight and minimfaing the 

penalty function, a solution of the linear bilevel problem can be found. The function is 

proven to be exact by showing that there exists a finite value of the penalty parameter for 

which some solution of the penalty function is also a solution of the linear bilevel problem. 

Marcotte and Zhu [57} propose a similar penalty function technique for the more general 

bilevel problem GBP described in Section 2.3. The constraint sets are cWiumed to be 

convex and some additional conditions are placed on the form of the problem. The new 

penalty function ( which again is based on the duality gap of the lower level problem) is 

proven to be exact. Theoretical results are illustrated with two small examples, but a 

complete algorithm is not presented. 

For the linear case, Bi, Calamai and Conn ([17] and [19]) convert the bilevel problem 

to a one level problem using the KKT necessary conditions, as done previously in defining 

BPKKT• An exact l 1 penalty function is defined based on the new one level problem. 

A minim1llll of the one level problem is found by modifying the penalty parameter and 

solving a series of unconstrained penalty function problems. Conditions are presented for 

which this minimttm is also a minimum of the bilevel problem. Since these solutions may 

be local minima, the authors also include a globalization step based on objective function 

cuts to complete their algorithm. Numerical results are presented for linear problems. 

In (55], Luo et al. describe a differentiable exact penalty function for the nonlinear 

bilevel problem whose lower level problem is a quadratic problem. While the technique 

seems promising, no numerical results are presented. 

In [63] and [64], Scholtes et al. analyze and solve mathematical programs with equilib-
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rium constraints. The authors present a series of optimality conditions for these problems, 

and present a trust region algorithm for solving them which uses exact, piecewise smooth 

penalty functions. The algorithm presented is theoretical and is incomplete with regard 

to the solution of the trust region subproblems. 

2.7 A New Algorithm 

In [20] 1 Bi, Calamai, and Conn introduce the idea of extending their linear technique to 

nonlinear problems. In this thesis, this concept is fully developed. Subsequent chapters , 

describe in detail the one level problem that is solved instead of the bilevel problem, along 

with the penalty function used, and the techniques used to solve the penalty function 

subproblems. Convergence and numerical results are presented. 



Chapter 3 

The Proposed Algorithm 

3.1 Introduction 

An algorithm is proposed which solves nonlinear bilevel problems by solving a "simpler" 

problem instead. The technique of Bi, Calamai and Conn for linear bilevel problems ( as 

outlined in the previous chapter) is extended to the nonlinear case. The bilevel problem 

BP is transformed into a related, one level problem. A solution of the one level problem 

is obtained using an exact penalty function algorithm.. 

This chapter includes the derivation of the related problem, along with a description 

of some of the advantages and disadvantages of solving this problem instead of the original 

bilevel problem. The choice of a penalty function technique, in general, and the l1 penalty 

function, specifically, is motivated. A top level view of the penalty function algorithm for 

solving the related problem is then presented. The remainder of this chapter discusses 

the trust region framework used to solve instances of the penalty function subproblem. 

29 
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3.2 On Solving BP 

The bilevel problem BP is a very difficult problem to solve. Consider the process involved 

in identifying a feasible point (z, y): 

L Find z E JR!' such that the feasible region of the lower level problem 

p(z) = {y E B.m : 9i{z, y) ~ 0, i E P} 

is not empty. 

2. Solve the lower level problem, 

LLP(z): min /(z,y) subject to y E p(z) 
'II 

to define the rational reaction set R( z). 

3. Ensure that z is feasible for BP by verifying that 

3y E R(z) such that Gi(z, y) ~ 0, i ET. 

Minimizing the objective function F(z, y) over a.ll feasible (z, y) requires significantly 

more work. 

Because of the difficulty in solving BP directly, we propose transforming it into a one 

level problem, and then solving the new problem using standard optimization techniques. 

Initially, for presentation purposes, assume that LLP(z), for all feasible z, is a con­

vex problem over R"', with a convex objective function /(z, y) and concave constraint 

functions g.(z, y), for i E P. With this assumption and under an appropriate constraint 

qualification 1 , the KKT optimality conditions for the lower level problem at z are both 

1For example, in this problem, Slater's condition requires that p(z), the feastole region of LLP(z), is 

nonempty for all feasi"ble %. 
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necessary and sufficient for identifying global solutions of LLP{z). In other words, R(z), 

the set of solutions of LLP(z), is equivalent to K(z), where 

and 

K(z) = {y E JR.m. : 3..\ E JRP such that (y, l) satisfy the KKT 

optimality conditions Kl-K4 for LLP(z)}, 

Kl. A solution y of LLP{:e) must be feasible: gi(z, y) ~ 0, for i E P. 

K2. The Lagrange multipliers .\ are nonnegative: Ai ~ O, for i E P. 

K3. The complementary slackness conditions are satisfied: AiDi(z, y) = 0, for i E P. 

K4. The pointy, with the multipliers..\, is a stationary point, with respect toy, of the 

Lagrangian function for LLP(z), that is, c(z, y, ,\) :=: 0, where 

for i EM== {1, •··,m}. 

f) 
- -a £(z, '!I,..\) 

Yi 

- G~i(F(z,y)-..\Tg(z,y)) 

!!_F(z, y) - L ~..!._Yi(z, y) 
8yi iEP {)yi. 

0, 

Therefore, under the stated assumptions, BP is equivalent to the problem 

BPKKT: min F(z, y) subject to G,(z, y) ~ 0, i ET, 
:t,y,.A 

g;(z, y) ~ 0, iEP, 

Ai~ 0, i E P, 

).,gi(Z, y) = 0, iE P, 

Ci(Z, Y, ..\) = 0, i EM. 
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Note that the equivalence will not hold unless the optimal point satisfies a constraint 

qualification for the lower level problem. It is possible that a lower level problem will fail 

to satisfy a constraint qualification for all z. 

Due to the relationship between BP and BP KKT, we can solve BP by solving BP KKT 

instead. Because BP KKT is a one-level problem, traditional techniques for solving non­

linear problems can be applied to find a solution of BP. 

To identify a feasible point of BPKKT (and therefore of BP), we just need to find 

(z, y, ..\) E JRR+m.+p which satisfies the constraints of BPKKT• However, this apparent 

simplification may be misleading. While BP KKT is a one level problem, it is still a difficult 

problem to solve. Consider that satisfying Ci(Z, y, .\) = 0 involves identifying a stationary 

point of the Lagrangian function of LLP{ :a:). Also, even if the upper level problem of BP 

is a convex problem, the complementary slackness conditions are generally nonconvex: 

and nonlinear. Therefore, BPKKT is usually a nonconvex problem. Finally, note that 

BP K KT is defined over n + m + p variables and has t + m + 3p constraints, which may 

be a significant increase over the number of variables and constraints in BP. 

We now remove the assumption that LLP( ~) is convex, and examine how the absence 

of this assumption aff'ects the relationship between BP and BP KKT. As stated previously, 

conditions Kl, K2, K3, and K4 identify a global solution of the convex problem LLP(z). 

Without the ~umption of convexity, these conditions must still be satisfied at any 

local solution of LLP(z). However, if a value (y, A) is identified which satisfies these 

conditions, the point may be either a local minimizer, maximizer or saddle point of 

LLP{~)- Therefore, the conditions are necessary at a solution of LLP(z), but are not 

sufficient to identify a solution of LLP(~}- Problems BP and BPKKT are not generally 

equivalent without the convexity assumption. 
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While not equivalent, BP and BP KKT are still closely related. Any solution of BP 

must be a solution of BP KKT, and .all feasible points of BP are feasible points of BP KKT. 

While the converse is not true, some solutions of BPKKT will be solutions of BP, and 

some feasible points of BPKKT will be feasible points of BP. Ho1Vever1 a feasible point of 

BPKKT for which (ti,.\) is a saddle or maximum point of LLP(z) is not feasible for BP. 

The follo\Ying result summarizes the relationship between BP and BP KKT· 

Observation 3.1 The following relationships hold between BP and BPKxr: 

# If LLP(z) is convez over R-, for all feasible z E R", then BP and BPKKT are 

equivalent. 

# If LLP( a:) is not convu over Rm for some feasible z E B."', then 

- Z, the induced region of BP, is contained in S, the feasible region of BPKKT, 

that is, X ~ S. 

- The solution set of BP is contained in the solution set of BPKKT• 

- If, for some feasible z E /Ir I LLP( z) has saddle points or local mazima, then 

the feasible region of BPKKT contains points which are not feasible for BP, 

tha.t is, s g z. 
- The solution set of BPKKT is not necessarily contained in the solution set of 

BP. 

Due to the strong relationship between BP and BP KKT, we solve BP by solving 

BPKKT instead. However, it is understood that solutions of BPKKT may be found which 

are not feasible for BP. 

As mentioned above, BP KKT is a nonlinear, nonconvex problem, which may itself be 

difficult to solve, and which may have many more variables and constraints than BP. In 
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order to reduce the number of constraints in the one level problem, we note the following 

equivalence. 

Lemma 3.2 The set 

{(z, y, A) E JRn+m+p: Kl, K2, and K3 are satisfied} 

is equivalent to the set 

{(z, y, .-\) E JRn+m+p : min(g,(z, y), ~) = 0, for i E P}. 

Proof: The result follows immediately. □ 

Using the relationship in Lemma 3.2, BPKKT can be written equivalently, but more 

compactly, as a problem with n + m + p variables and t + m + p constraints. 

BPc: min F(z, y) subject to Gi(z, y) ~ 0, 
z,s,,.\ 

iET, 

min(g.(z, y), ~) = 0, i E P, 

iE M. 

If, for some i E P, g.(z, y) = Ai, the min function is nondiff'erentiable at (z, y, A). The 

loss of differentiability is a direct result of reducing the number of constraints in BP K KT 

using the equivalence stated in Lemma 3.2. 

3.3 Solving the 'lransformed Problem 

As mentioned above, BP c is a difficult problem. to solve. In the most general case, it 

is nonlinear, nonconvex and nondiff'erentiable, and finding a feasible point is nontrivial. 

When solving BP c, the proposed algorithm avoids the difficulty of finding an initial fea­

sible point by allowing the iterates to be infe~ible. The algorithm attempts to minimize 
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the objective function and move towards feasibility at the same time. A penalty function 

framework, based on the ideas in Conn [36], is used to achieve this goal. 

A penalty function for BPc combines the objective function F(z, y) with a weighted, 

nonnegative penalty for infeasibility, 

r~(z, y, .-\) = F(z, y) + µ11(z, y, .-\), 

whereµ> 0 is called the penalty parameter, and v(z, y, .-\) is the unscaled, nonnegative, 

penalty associated with the current point. The parameterµ is used to balance the possibly 

conflicting goals of minimizing F(z, y) and obtaining feasibility (which is attained by 

reducing v(:c, y, .-\) to zero). 

In the l 1 penalty function for BP c, each constraint contributes one term to the penalty 

v(z, y, ~),~detailed in Table 3.1. The penalty terms are simply the magnitude of the 

Constraint Penalty Term 

iET, Gi(z, y) ~ 0 - min(Gi(z, y), 0) 

i~ P, min(g.(z, y), ~i) == 0 I min(g.(z, y), Ai)I 

iEM, c.(z, y, .-\) = 0 lc.(z, Y, ..\)I-

Table 3.1: Composition of the l 1 Penalty Term 

violation of the constraint. The larger the violation becomes, the larger the penalty term 

becomes. If any constraint is satisfied, then the corresponding penalty term is zero. 

These penalty terms may be nondifferentiable at some points ( z, y, l). If, for i E T, 

Gi(z, y) = O (i.e. an upper level constraint is exactly satisfied), then the corresponding 

penalty term is nondifferentiable with respect to (z, y, A). For the remaining constraints, 

if the argument of the absolute value function is zero, then the penalty term is again 
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nondifferentiable. Note that this type of nondiff'erentiability is in addition to the non­

dif£erentiability inherent in the constraints for i E P. However, the nondifferentiabilities 

introduced by the l 1 penalty terms are simil~ in nature to the constraint nondifferen­

tiabilities. This similarity is a major reason for the use o( the l1 penalty function to 

solve BPc. The traditional techniques for handling the l 1 nondifFerentiabilities (see, for 

example, [14]) can be generalized to handle the constraint nondiff'erentiabilities. 

Let 111 (z, y, .\) be the sum of all the l 1 penalty terms, 

rr1(z, y, A) = - L min(Gi(z, y), 0) + L ( min(gi(z, y), ~)I + E lc;(z, y, A)I, 
iET iEP iET 

and let P,lz, y, .\) be the l1 penalty function 

Consider the problem 

for different values ofµ,. 

• Ifµ, is relatively small compared with F / v1 , it may be possible to obtain unbounded 

descent in pµ because a decrease in F(z, y) dominates the infe~ibility penalty. 

Similarly, a local minimizer of pµ may be infeasible for BP c. Assuming a solution of 

BPc exists, increasing the value ofµ. decreases the possibility that Pµ is unbounded 

below or that a local minimi~er exists which is infeasible for BPc. 

• Ifµ. is relatively large compared with F/v1 , decreasing the value of F(z, y) is not 

as desirable when minimizing pµ as decreasing the penalty terms. Therefore, the 

observed decrease in F(z, y) may be very slow in relation to the rate at which a 

feasible point is approached. This may result in slow convergence of the algorithm 

to a solution of BP c, even when close to fe~ibility. 
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Also note that as µ becomes increasingly larger, the implementation of an algorithm 

to minimizf! P,-i may begin to experience numerical difficulties. Small changes in 

the penalty terms are magnified within pl£ and small changes in F(z, y) become 

numerically insignificant, resulting in a loss of precision. 

Ideally, the value ofµ balances the goal of minimizing F( z, y) with the goal of attaining 

feasibility. 

Results are now presented which motivate the penalty function algorithm. The theo­

rem presents a property of the diff'erentiable problem BP KKT. The corollary extends the 

property to BP c, the nondiff'erentiable problem being solved. 

Both results make a nondegeneracy usumption. Some additional terminology is re­

quired to fully define the meaning of nondegeneracy in this context, so the definition is 

delayed until Section 3.5.2. 

Theorem 3.3 Assuming that BPKKT is a nondegenerate problem, there exists a finite 

value ofµ• > 0 such that, for µ > µ•, there is a local minimizer of 

q1h:, y, ..\) = F(z, y) - µ L min(O, Gi(z, y)) - µ E min(O, 9i(a:, y)) 
iET ieP 

-µ L min(O, -\i) + I! E l-\igi(z, Y)I + µ E lt!i(z, y, A)I, 
iEP iEP iEM 

denoted (zi, ,:, Ai), which is also a local minimizer of BPKKT· 

Proof: This is a restatement of Theorem 1 in Pietrzkowski[60). Note that qµ is the l 1 

penalty function defined from BP KKT in the same way that p" is defined from BP c, with 

one penalty term for each constraint. □ 

Corollary 3.4 Assuming that BPc is a nondegenerate problem., there exists a finite value 

µ• > 0, such that for p > µ•, there is a local minimizer of p,_,., denoted (zµ, Yµ, .Xµ), which 

is also a local minimizer of BPc. 
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Proof: This result follows immediately from the above theorem, the equivalence of 

BPKKT and BPc, and the resulting equivalence of qµ and Pµ• □ 

This result must be interpreted correctly. First, note that the critical value of the 

penalty parameter, µ• 1 is a finite value. Therefore, the l 1 penalty function is an exact 

penalty function. Unfortunately, the actual value ofµ• depends on values at a solution of 

BPc, and are not known a priori. However, even ifµ· is known explicitly, solving PF(µ•) 

may not always identify a local solution of BPc- While there exists a local solution of 

pµ• which is also a local minimizP.,r of BP c I the penalty function may have other local 

solutions ( which may or may not be solutions of BP c) or may even be unbounded. 

Despite the limitations expressed above, Corollary 3.4 provides a very important re­

sult. Solving PF(µ), forµ > µ-, may provide a solution of BPc, and therefore, may 

provide a solution of BP. However, since µ· is unknown, this suggests solving several 

PF(µ) problems, for an increasing sequence of values ofµ, until a solution of BPc is 

identified. This proposal is presented more formally in the next section. 

3.4 Penalty Function Algorithm 

Algorithm 3.1 (Penalty Function hamework) 

1. Set #Jmax, an upper bound onµ. 

2. Choose initial values (z0 , y0
1 .-\

0) and µ.O E (0, l'max]- Set le= 0. 

3. If ,i' > l'max, then stop without identifying a solution of BPc. 

4- Solve PF(µ), forµ= P'', starting from (z'\ yk, .-\k). 

5. Evaluate the solution (zk+l, yk+l 1 ).k+l): 
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(a) If (zk+l, yk+i, ,Xk+l) is feasible for BPc, then stop with a solution of BPc, 

(b) If (zk+i, yk+i, ,Xk+l) is infeasible for BPc, then update 1i'=+1 > µI: and set 

le = le + 1. Repeat from Step 3. 

(c) If PF(µ) is unbounded, then (zl:+i, yk+l, ..\k+l) is the last point reached before 

the unboundedness was detected. Update µk+t > µ'~, and set k == k+ 1. Repeat 

from Step 3. 

Note the use of /J,rnu to preventµ, from becoming too large in the solution process. The 

value of JI.max is implementation dependent. 

The following outcomes of Algorithm 3.1 are possible: 

01. A local solution of PF(µk) is feasible for BPc-

02. A local solution of PF(µk-l) is infeasible for BP c and µ,k > l'mu-

03. The problem PF(µk-l) is unbounded below and µk > Pmax• 

It is possible that the feasible region of BPc is empty, or that BPc is unbounded below. 

These possibilities can account for the final two outcomes listed above. However, it is 

also possible that BP c has feasible, bounded, local solutions, but the algorithm termi­

nates with either outcome 02 or 03. The performance of the algorithm is influenced by 

the initial choices ( z 0 , y0
, ..\ 0 ) and µ,O. Different outcomes may be observed for different 

starting values. For this reason, whenever either of the final two outcomes are observed, 

new choices of ( a:0 , y0 , A 0 ) and µ0 are made, and the entire process is repeated from Step 

2 of the algorithm. 
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If the algorithm terminates with outcome 01, then (z,.0 '!/µ, ..\11) is a local solution of 

BPc. H (Yµ, Aµ) is a local solution of LLP(zi,;), then a local solution of BP has been 

identified. Otherwise, (1/µ, Aµ} is a saddle or maximum point of LLP(z,..), and the point 

( z,.., y11 , zµ) is not a solution of BP. In this case, a new starting point and penalty parameter 

value can be chosen, and the process repeated from Step 2. 

3.5 Solutions of the Penalty Function Subproblems 

Before describing the proposed algorithm for solving PF(µ)_, for a fixed value ofµ, the 

structure of the penalty function is investigated and necessary conditions at a local min­

imum of p,.. are developed. These conditions identify possible solutions of PF(µ.), and 

will be used to develop termination criteria for the PF{µ) algorithm. They are also used 

constructively in the algorithm, as described in the next chapter. 

The following definitions are required before proceeding further. 

Definition 3.1 

1. Let w E JR.n+m+P represent the vector (zT, yT, ..\T)T. 

2. The variable Ai can be written in terms of w as follows: 

where en+m+i, for i E P, is the ( n + m + i) th column of the identity matriz in 

JR.n+m+P. 

3. For any w E JRn+'m+P, 
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T'(to) - T\T°(w) 

P).(to) - {i E P: ls(111) < li(to}} 

]'f(tu) - {i E P,..(111): As(tu) = O} 

.Pl(to) - P~(to) \ Pf(w) 

P9 (to) - {i E P: 9i(w) < ~(to)} 

~(to) - {i E P9 (w): 9i(to) = 0} 

.Pg(to) - P11(tu) \ ~(10) 

P=(w) - {i E P: ~(w) =gi.(w)} 

~(w) - {i E P=(w): Ai(to) = 9i(to) = 0} 

~(w) - P=(w)\~(w) 

M 0 (w) - { i E M : c;( w) = 0} 

M'(tu) - M\M0 (w). 

4. For any 11 E JR, 

1 if V > 0 

sign[v] = -1 if v < 0 

0 otherwise 

Also, define pos[v] = neg(-11]. 

{ 
l i/11 < 0 } 

and neg[v] = . . . 
0 otherwise 

3.5.1 Examining the Structure of the Penalty Function 

41 

The following result is used to simplify the value of p,,,_( w + acl) for an arbitrary direction 

d E Rn+m+P. 

Lernma 3.5 For any d E JRn+m+v I there ezists a value a1 > 0 such that the following 

conditions are all satisfied for a E [O, a1]: 
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• For i E T'(w), neg[Gi(w +ad}]= neg(Gi(10)J. 

• For i E Pl.(w), Ai(111 + ad) < fi(W + ad). 

• For i E J'i(111), ,ign[Ai(to + ad)] = .sign(l.(111)). 

• For i E Pg(w), 9i(u, + ad) < .\i(v, + ad). 

• For i E J>;(w), sign[gi(w +ad)]= rign[gi(w)]. 

• For i E ~(w), sign(min(-\a(w + ad),gi(1D +ad))]= sign(,A.(10)]. 

• For i E M'(w), sign[Ci(w +ad}]= sign[Ci(to)]. 

Proof: We consider the first case in detail. 

For i E T'(w), consider the function Gi(w) :f: 0. The continuity of Gi ensures that 

either there exists «i > 0 such that 

or 

neg[Gi(w +ad)]= neg[Gi(w)] for all a> 0. 

Let af = a. in the first situation, and a.G = 001 in the second. The value of a 1 must 

satisfy a 1 < ~G for all i E T'(w). Because af is nonzero, an acceptable value of a 1 

always exists. 

By analyzing the remaining functions 

g,(w + ad) - .A.(10 + ctd} for i E PA(tu) U Pg(10) 1 

Ai(w + ad) for i E ~(w) U ~(w) 

.fi(W +ad) 

and c.(w + ad) 

for i E p;(w) U ~(w) 

for i E M'(w), 
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in a similar manner, further conditions are placed on a 1. 

Any a 1 which satisfies the required conditions is sufficient for the result to hold. O 

The following simplification is made throughout the rest of the thesis. 

Notation 3.1 For convenience, the argument w is omitted from the penalty term index 

sets. Unless ezplicitly stated othe'MITise, the point w is the intended tl7Yument. 

Using the above result, we can separate the function Pµ( w + ad) into two parts based 

on the diff'erentiability of penalty terms at a == 0. 

LelDJJla 3.6 For an arbitrary direction d E Rn+m+p, and a E [O, a 1], 

Pµ(w + ad) = S(w +ad)+ µ11(w + ad), 

where S(w + ad) is a differentiable function over the interval a E (0, a1], and 11(w + ll'.d) 

is not dijf erentiable at Q = 0. 

Proof: Using the result in Lemma 3.5, we can write, for a E [O, a 1], 

pµ(w+ad) = F(w+ll'.d)-µ L min(Gi(w+ad),O) 
iET' 

-µ L min(Gi(w + ad), 0) + µ L IAi(w + Qd)I 
iET0 iEP~ 

+µ E l9i(w+ad)(+µ L lmin(-\;(w+ad),gi(w+ad))I 
iEP, iEP: 

+µ E ICi(w+ad)I+µ L les(w+ad)j. 
iEM' iEM0 

For i E ~, note that 

min(Ai(w + ad) 1 gi(w + ad)) - Ai(w + ad} +min(O,g.(w + ad) - .\i(w +ad)). 

Now, continuing with £t E [O, a1], 
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where 

6(w + ctcl} - F(w + ad) - µ L neg[Gi(w}}Gi(w + ad) 
iET' 

+µ E sign(~(w)]Ai{w +ad}+µ L signfgi(w)]gi(w + ad) 

+µ L sign[~(w}]Ai(W +ad)+ p L sign[Ci(w)]Ci(w + ad) 
iEP~ iEM' 

is a continuous, differentiable function over the interval a E (0, a1], and 

q(w+ad) = - :Emm(Gi(w+ad),0)+ ~ ll.(w+ad)I+ L jg.(w+ad)I 
iET0 iEP1 iEP3 

+ L sign(l.(w)] min{O, 9i(w + ad) - Ai(w + ad)) 

+ L lmin(.\.(w+ctd),g,(w+ad))I+ L les(w+ad)j. 
iE~ iEM0 

While 71( w + ctd} is nondifferentiable at a = 0, some of the terms may be differentiable 

for a> 0, depending on how their values change along the direction d. □ 

The two functions J and 'I will be used to obtain further information about the penalty 

function along w + ad. 

3.5.2 First Order Necessary Optimality Conditions 

The following definitions are required in the proof of the next result. 

Definition 3.2 

1. The vector "Y(w) = V111J(w), 

+µ L sign[g,(w)]Vgi{w) + µ E sign[.X.(w)]V.Xi(w) 
. ieP; iEP~ 

+µ L sign[c.(w)]VCi(w), 
iEM' 
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is called the gradient of the dijfe:rentia.ble pa.rt, or simply the gradient, of the penalty 

function at tu. The matriz B{tu} = V;ti{tu) is the Hessian of the differentiable part 

ofp,_.. 

2. The function 'I is called the nondifferentiable pa.rt of the penalty function. 

3. The activity matriz A(w) consists of the gradients of the defining terms in the 

function 11 at tu, that is, A(w) contains of the following columns. 

V.\.(111), fori E f>'1u~ 
Vgi(w), for i E ~ U P'l: 
Vgi(w) - V..\i(w), /ori E £'; 

VG.(tu), Jori E T0 

a.nd VCi(tu), fori E M0 . 

4. If the columns of .A( w) are linearly independent, then the point w is a nondegenerate 

or regular point. If all points are nondegenera.te points, then the penalty function 

subproblem is a nondegenerate problem. 

5. The colun:,.ns of the matm Z( tu) form. an orthogonal basis for the space orthogonal 

to the space spanned by the gradients of the activities, that is, 

.A(wf Z(w) == 0 and Z(wf Z(w) = I. 

6. If Z(w) and -y(w) satisfy Z(wf "Y(w) = 0, then w is a stationary point for the 

penalty function Pw 

7. For any diff ere.ntiable function h : JR.n+m+p ➔ JR, point w E R.n+m+p, direction 

d E JR"'+m+p and step size a > 0, the Generalized Rayleigh Quotient is given by 
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This value is " measure of the cun.tatuN! of the function h at w for positi11e steps a 

along the direction d. 

Again, for convenience, the following notational simplification is introduced. 

Notation 3.2 The argument of the vector -y(w) a.nd the matrices B(tu), A{tu) and Z(w) 

will be omitted. Unless stated otherwise, the cum.mt point w is the intended argument. 

We next establish a set of conditions which must be satisfied by a minimum point of 

the penalty function. 

Lemma 3. 7 If w is not a stationary point of pp and P,s is bounded, then ford. = -Z zT -y, 

there ezists a.> 0 such that Pµ(w + ad,.) < P,s(w), for 0 <a< a •. 

Proof: The dift'erentiable and nondiff'erentiable parts of P,s( u, + ad} will be considered 

separately. 

We first examine, in greater detail, the c:litferentiable part of pp, for 0 ~ a $ a1. 

&(tu+ ad.) - o(w) + ad;V6{w) + ½a2 lld.1(~O(6, w, ad.) 

- Pµ(w) - rrrT zzT "Y + ½a2lld.ll!O(6, w, ad.) 

- p11(w) - al(ZT 7((; + ½a2lld.lliO(6, w, ad.). 

Next, consider the nondiff'erentiable part of p,,. Each set of terms in 'I can be consid­

ered separately. For i E T° 1 
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because Gi(w) = 0 (from i E T0) and J:VGi(10) = 0 (since df A= --,TzzT A= 0). It 

similarly follows that 

for i E Pf U ~, li(w +ad.) 

for i E ~ U ~, §i(w+ad.) 

for i E P::, 

for i E M0 , 

9i( w + ad.) - ~( w + ad.) 

e;(w+ad.) 

Therefore, for 0 $ a $ a1, we can write 

- 0 

- ½a2l(d.lliO(gi, w, ad.) 

- ½a21fd.flf O(g. - ..\., w, ad.) 

- ½a21!d.lllO(c., w, ad.). 

where we define, for the nondifferentiable function TJ, 

+ L lmin(0,O(g.,w,ad.))I+ E IO(c;,w,ad.). 
ie.Pg iEM8 

Let np"'{w, ad.)= 0(6, w, ad.)+ O71(w, ad.). Since P,s is assumed to be bounded, Op,. is 

bounded~ well. Now, it follows from Lemma 3.6, that, for 0 ~a~ a 1 , 

There exists a. E (0, a 1), such that, with respect to a above, the first order term domi­

nates the second order term for a < a.. Since the first order term is negative, it follows 

that Pµ(w + ad.) < P,i(w) for 0 <a< a •. □ 

Corollary 3.8 If w is a minimum point of P,s, then w is a stationary point of Pw 

Proof: Follows immediately from the above lemma, since descent in P,s is not possible 

from a minimwn point 10. □ 
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Detlnition 3.3 

1. At a stationary point. of p,.,,, the vector 'I' satisfying A'I' = ,- is called the vector 

of Lagrange multipliers. These multipliers will be re,fere.nced a.s illustrated in Table 

3.2. 

Multiplier Corresponding Column of .A. .~ 
' 

iET° VGi(w) .~ ... iePfu~ Vl.(w) 

yl! ... iE~U~ Vgi(w) 

,p~-.\ 
' 

i E P:: Vgi(w) - Vl.(w) 

\J'«: 
' 

iE M0 Vc_(w). 

Table 3 .2: Notation for Lagrange Multipliers 

2. Let ef E JRn+m+p, for i E T 0 , refer to the identity column corresponding to the 

location of VG.( 10) in .A.. Similarly define the identity columns et E JR.n+m+p {for 

i E Pf U ~J, ef E Rn+m+p (i E ~ U ~J, ef-l. E JRn+m+p (for i E J>::J, and 

ei E JEF+m+P (for i E M°}. 

3. The set P:: at w is further refined. 

Pt - {i E ~ : l.(w) > O} 

P; - {i E ~: ~(w) < O} = P:: \Pt. 
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4· A stationary point to of p" is called a first order point of p,. if the following conditions 

att all satisfied. 

0 < '.t9 
I s µ, Jorie T°, 

-µ < .. ~ 
I < µ, Jorie~. 

-µ s "' I < µ, Jorie P';, 
0 < ~-~ 

' 
< µ, JorieP~, 

0 ~ •t, IJ'f < I', Jorie P!, 
.~+'.t'! I I < I', Jorie P!, 

-µ < IJ'C: 
I < I', Jorie M°, 

~ - "· 
5. A multiplier '1i is said to be in kilter if it falls within the cotTesponding range 

required of a first order point. 

Lemma 3.9 If 10 is II nondegenerate stationary point of Pµ but is not a first order point 

and 1'µ is bounded, then there tt:ists a constant a.D > 0 and " direction do v,hich satisfies 

at least one of the following conditions 

• if 3j E T 0 : 'il'f ,t (0, µJ, then do satisfies AT dD = -sign['il'f]e,r, 

• if 3i E ~: •1 t [-µ, µ], then do satisfies AT dD = -sign['.t1Je.1, 

• if 3; E ~ : tr~ > -µ, then dD satisfies .AT 4D = -sign('.tj-~ + µ]e1-.>., 
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• if 3j E ~ : "+1 ,t [0, µ], then dD satisfies AT dD = -sign(~;)e1, 

• if 3j E M0 
: -.Pi 'I. [-µ, µ], then dn satisfies AT dD = -sign['11]e1, 

such that p1.i(w + adn) < p14(w) for O <a< aD. 

Proof: Note that the assumption of nondegeneracy ensures the existence of at least one 

such dropping direction dD. In all cases in which a single activity is being dropped, we can 

write that AT dD = u;e; for some tr;= ±1 and some cardinal unit vector e; E B.n+ni+P. 

We consider, in detail, the first c~e listed above, namely that G; is being dropped 

from the active set for some j E T 0 . For 0 :Sa :5 a 1 , from Lemma 3.5, we have that 

1 
- p11(w) + ad'£-r + 2a2lldnllI0(6, w, Cldn) 

1 
- Pµ(w) + adJ;A'1 + 2a 2lldDlfiO(J, w, <.rdD) 

1 
- Pµ(w) - al~r I+ 2a2lldnll;0(6, w, CldD), 

since d1;A'i' = -sign('1f]'1f. The terms in f/ must be examined individually. Note that 

1 
- G;(w) + o:dTVG;(w) + 2o:21fdDlli!l(G;, w, adD) 

- -ClSign['l'f] + ½a21JdDIJiO(G;, w, adn). 

Since Pµ is bounded, the O terms are bounded a.swell. Therefore, there exists a 2 E (0, a 1) 

such that for O :5 a $ a 2, the first order term dominates the value of G;, • 

neg[ G ;( w + ado)] = neg[-sign(.Pf]] = neg[-97]. 

For i E T0 \ {;}, 4;VGi(w) = 0 by the definition of dD. Similarly, first order change 

in the other activities is zero along dD. 
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Therefore, for 0 ~ ct ~ 02, 

where 

11( w + adD) - -a min( -sign['1f ], 0) + ½a2 lldD (l;O"( w, adD) 

1 
- o:(l - neg['1f1) + 2a 21fdDlli!li,(w, etdD), 

O"(w, adn) - -neg(G;(w + adn)]O(G;, w, adn) 

- E min(f!(Gi, w, adD), 0) + L IO(gi, w, adD)I 
i€T0\ {j} iEJ'3 

+ E sign[..\i(w)J min{0, O(gi - Ai, w, adD)) 

+ L lmin(O,O(gi,w,ado))f+ L IO(Ci,w,adn)I. 
iEP~ ieM0 

Using Lemma 3.6, for 0 S et :S a2, 

1 
P,.c(w + adD) = p11(w) + a{-(~71 + µ - µneg['P'f]) + 2a 21(dDlfiOp,.(w, adD), 

where Op,.(w, ado) = 0(6, w, adD) + µ~(w, ado)-

Consider1 if •r < 0, then 

Otherwise, for 'If > µ,, 

51 

In either case, the first order term is negative, and there exists an E (0, a2), such that, for 

0 :Sa< an, the first order term dominates in PJ£(w + adn). Therefore, for 0 <a< etD, 

pµ(w+adD} <P,.c(w). 

Dropping directions dD which satisfy any of the other conditions listed above are 

shown to be descent directions for p11 from w in a. similar manner. The details are 

omitted. D 
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Corollary 3.10 If u, is a nondegenerate minimum point of Pµ, then u, is a first order 

point of Pµ• 

Proof: Follows immediately from the above lemma since descent in pµ is not possible 

from a minimum point w. □ 

3.5.3 Second Order Necessary Optimality Conditions 

Definition 3.4 

1. The mat,u H, defined at u,, 

H = B - L '1fV2Gi(w) - ~ 'PfV2gi(w) - L '1f->.V2gi(w) 
ieT0 iEl'3 ieP:: 

- L '1fV2gi(w) - L '1iV2<=-t(w) 1 

ieP: iE.MO 

is called the Hessian of the Lagrangian function at w. 

2. If w is a first order point of the penalty function and zT HZ is positive semidefinite, 

then w is a second order point of Pw 

The material presented here is greatly influenced by the work of Coleman and Conn 

[35] in developing the necessary second order optimality conditions for the l 1 penalty 

function for nonlinear programming. 

Let w0 be a miuimlllll point of Pw To establish a set of second order conditions 

that must be satisfied at w0 , a new, differentiable nonlinear problem Po is defined. The 

objective function qo( 111) is defined using the activity sets at w0 . 

qo(w) = F(w) - µ ~ Gi(w) + µ L ~i(w) - µ. L .-\.(w) + µ E 9i(w) 
ieT- iePt iEP~ iEPt 
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where 

-µ E ,.cw>+"' E .-¼(w> - "' E ~<w> 
iEP, iEPt iEP= 

+µ L c.(w) -µ, E c.(w), 
ieM+ ieM-

T- - { i E T' : G.( w0) < O} 

T+ - { i E T' : G.:( w0
} > O} 

Pt - { i E ~ : ~( 10°) > O} 

P-; - { i E Pi : ~( 10°) < 0} 

Pl - { i E Pg : Ii( w0
) > O} 

p9- - {i EI',; :gi(w0) < O} 

I'; - {i E l'1::: ~(w0} = g.(10°) > O} 

P~ - {i E ~: .-¼(10°) = 9i(w0) < O} 

M+ - {i EM': c.(w0) > O} 

M- - {i EM': c.(w0) < O}. 

53 

(3.1) 

Next, we define a set of constraints, also using the activity sets corresponding to w0. 

Let 
Sa = { w E JR.n+m+p : Gi(w) ~ o for i E T+uT0 

Gi(W) $ 0 for i ET-}, 

S>. = {w E .Rn+m+p: N(w) 2!: o for i E Pt 

~(w) = 0 for i E Pf 

~i(w) $ 0 foriE P~ 

and ~(to) :S 9i(tD) for i E P,.}, 
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Sg = { u, E R"+m+p : g,(w) ~ 0 for i E pt 

g,(w) = 0 foriE~ 

g,(w) :S 0 foriEPi 

and 9i(w) :S l.(w) for i E Pg}, 

S= = { u, E /Rn.+m+p : Ai(w) ~ 0 foriE~ 

Ai(w) = 9i(w) = 0 for i E ~ 

9i(w) =0 for i E ~ 

Ai(to) :5 0 for i E P;; 

and 9i(w) ~ l.(w) for i E ~ UP;;}, 

Sc. = { W E R.n+m+p : C'i(to) ~ 0 foriE M+ 

C'i(tu) = 0 for i E M0 

c;(w) ~ 0 for i E M-}1 

and 

Lemma 3.11 There exists N(w0 ) 1 a small neighborhood of w0 , in which the sets So and 

S0 are equivalent, where 

So= { u, E JRn+m+p : 

Gi(w) ~ 0, Jori ET°, 

Ai(w) = 0, for i E Pf U .P';., 

9i(w) = 0, /oriE~U~, 

9i(w) - ~i(w) ~ 0, Jori E pt uP;, 

Ci(W) = 0, for i EM°}. 

Proof: Follows from the continuity of the functions and their values at w0 • □ 
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Next, consider the following differentiable nonlinear problem Po and its relationship 

to the penalty function. 

Po : min qo{w) s.t. u, E Sb. 
tu 

Lemma 3.12 The point w0 is a local minimizer of p,,. if a.nd only if it is also a local 

minimizer of Pa. 

Proof: For w E So and therefore for 10 E S0 nN(w0 ), q0(w) = p,.(w). From Lemma 3.11, 

it also follows that, for w ES~ n N(w0), q0 (w) = P,lw). If there exists a feasible point ., 

with a smaller value of q0 within S~ n N(w0), then this point also gives a lower value of 

p,,.. Similarly, if there exists a point with a lower value of p"' in this region, then it also 

gives a lower value of qo. Therefore, the local minima of the two problems in this region 

must coincide. □ 

The next result follows from the equivalence established above. 

Corollary 3.13 If w0 is a nondegenerate local minimum of Pµ, then 

1. the necessary first order conditions a.re satisfied, and 

2. for all d E No 

No = { d E .Rn+m+p : 

tfl'VG;,( w0) = 0 for i E T° 

tFV~(w0) = 0 for i E P'i U pg 
tfl'V g;.( w0) = 0 for i E ~ U pg 
tf1'(Vgi(w0

) -V~(w0)) = 0 for i E P:: 

fori E M 0 } 
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it follO'Uls that 

where . 

H(wo) - B(wo) - E '1fV2Gi(wo) - E ~rv2g,(u,O) - E '1fV2gi(wo) 
iET8 iE/'3 iE~ 

- E -.:->-v2gi( u,O) - E •iv2Ci( wo). 
iEP~ iEW 

Proof: The first result was established in Corollary 3.10 and the second result follows 

from the necessary optimality conditions for the nonlinear problem Po- Note that the 

definition of H(w0) diff'ers from Definition 3.4 in the use of P; rather than P::. This 

change is possible because P:: = ~ U P;;;. The set ~ is empty since w0 satisfies the 

first order necessary conditions. □ 

Therefore, if w0 is a nondegenerate local minim1un of P,u it is a second order point of 

pµ since 

• A(w0 )'t' = -y with the multipliers ,Pin kilter, and 

• zT H(w0)z is positive semidefinite. 

A stricter set of second order necessary optimality conditions is established ·by ex­

amining the value of pµ( w0 ) to determine when a second order descent direction can be 

defined. 

Lemma 3.14 Let w0 be a nondegenerate first order point of the penalty function. If 

there ezists a direction z in the reduced space which is a direction of negative curvature 

for the matm zT B(z)Z, then d = Zz is a descent direction for p,., where 

B(z) = B - µ E 9iV2 Gi(w0

) + µ. E 1'iV2 gi(w0

) - p E SiV2 gi(w0

) 

ieT0 iEJ1 iEP~ 

-µ E 8iV2 gi{w0

) + µ E- 1'iV2 Ci(w 0

) 

iEP,g iEMfl 
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and 

Proof: Assume that a is small enough so that the second order terms dominate the 

higher order terms. The differentiable and nondiff'erentiable parts of the penalty function 

at w0 + a.d can be expressed as follows. 

6( w0 + ad) - 6( w 0

) + adT "Y + ½a 2 dT Bd + o(II all 3

) 

1 
- Pµ( w0) + 2a 2dT Bd + o(lla)l3) 

q(w0 + ad} - ½a2 
(- Z: min(O, d1'V2Gs(w0)d) + L jdTV2gi(w0)dl 

iET0 iEP~ 

- E min(O, dTV 2 gi(w 0 }d) - E min(O, dTV2gi(w0)d) 
iEP~ iEP:! 

+ E ldTV 2 Ci(u,O)dl) + o(llall 3

) 

iEMO 

- ½a:2 (- L 8idTV2Gi(w0)d + L {J.,dTV2gi(w0)d 
ieT" iei,: 

- E 9idTV2gi(w0 )d - E BstP"V2 gi(w 0 )d 
iEP~ iEP! 

+ L 1'.dTV2c;(wo)d) + o(llall3). 
iEAI° 
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Therefore, 

P,l w0 + ad) - '5( w0 + ad) + µq( w0 + ad} 

- pµ(w0) + ½a2dTB(z)d+ o(l(al(3), 

where 

B(z) - H + E ('1?- µlh)V2Gi(w0
) + E (~f + µ1'i)V 2gi(w0

) 

iE7'° iE1' 

+ L c~i-~ - µ8i)V2gi(w0
) + L ('If - µ(h)V2gi(w0

) 

iEP: iEJ>! 

+ L (it;+ µ.1'i)V2Ci(1Uo). 
ieM0 

Note that the two definitions of B(z) are equivalent. A direction of negative curvature 

for zT B(z)Z provides descent in Pis· □ 

Corollary 3.15 lfw0 is a nondegenerate local minimum o/p,s, then the matrix zT .B(z)Z 

is positive semidefinite. 

The matrix B( z) defined above can have more than one value, since it is defined 

using the (h and {h values which depend on z. Note that each 8;, and ih can have two 

values, where, for simplicity we depart from· the definition of sign(0J on page 41 and let 

sign[0] = 1. Therefore, in theory, there are an exponential (though finite) number of 

values of B possible. It is also possible that some of these combinations of fJ and {J have 

no meaning. For example, if V2Gi( w0) = 0 for some i E T0 , then the value (}j = 1 will 

never be meaningful in the context in which it is used here. 

The second order optimality conditions proven so far are summarized below. 

1. Two sets of second order conditions which must be satisfied at a local minimum of 

p,, have been proven. The first one, that zT HZ is positive semidefinite, is easily 
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verified. The second one, that zT iJ Z is positive semidefinite for each meaningful 

matrix iJ is more difficult to establish. We can. check that each zr BZ is positive 

semidefinite, but it may be more difficult to determine if a particular B makes sense 

in terms 0£ the given situation. 

2. We have established a condition under which a descent direction can be defined Crom 

w0 , a nondegenerate first order point of the penalty function which is not a second 

order point. If we have identified a meaningful B for which zT BZ is indefinite, 

a direction of negative curvature can be calculated. However, that direction must 

correspond to the correct values of fJ and -8 to guarantee descent in the penalty 

function. 

The following relationships illustrate that the two sets of optimality conditions are 

not generally equivalent. 

Lemma 3.18 If zT HZ is positive semidefinite, then zT BZ is also positive semidefinite 

for all meaningful fJ. 

Proof: Assume that zT HZ is positive semidefinite for any direction z in the reduced 

space. Let d = Z z. Now, using the existing definitions of Bi and t'Ji, consider 

• for i E 7'°, recall that O $ 'If S µ 1 

- if Bi = 0, then 'l'f ~ O and JTV2Gid ~ 01 

- if (Ji = l, then 'l'f - p8i == ~f - p ~ O and PV2Gid < 0. 

# for i E ~, recall that -µ $ 'If $ p, 
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- if -lh = -1, then 'If+ µ.Ii= 'If - µ $ 0 and tPV2gitl $ 0, 

- if t'Ji = 1, then 't'f + p1'i = 'If + p ~ 0 and tPV2g;.d ~ 0. 

The sum of all these terms must be nonnegative, i.e . .B(z) is positive semidefinite. □ 

A corresponding result equating the definiteness for all meaningful zr B(z)Z with the 

definiteness of zT HZ cannot be establish~. However, a result relating the definiteness 

of all possible values of zT B Z to that of zT HZ can be proven. Let B be any possible 

value of iJ, 

8 = H + E ('If - p8,)V2Gi + L <•f + "'"'dV2Ji + E (iJ'f-). - p(J.)V2gi 
iETO ier. ieP: 

+ E ('If - µ9i)V2gi + E ('If+ ""'i)V2c. 
iEP~ iEM" 

where each 8;. E {0, 1} and each ii;.= ±1. Note that there are 2K possible values for 8 1 

where 

The set of meaningful values of iJ is a subset of the set of possible values of B. 

Lemma 3.11 If zTBZ is positive semidefinite far all 2K combinations of (J. a.nd {h, then 

zT HZ is positive semidefinite. 
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Proof: For any value of B and direction d = Zz, it follows that 

dT H d > L (8iµ - 11? )dTvzGid - E (.iiµ+ ~f)dTV2gid + L (lhµ - 9f}dT'12gid 
iETI' iEP3 iE.P! 

+ E (fJiµ - +f-A.}dTV2gid- L (ihµ + 9UdTV2Cid. 
iEP;; iEM8 

In particular, it must be true for the following choice of 8, and ii: 

For this choice of 6 and {J it is easy to determine that the right hand side above must 

be nonnegative, i.e. that <fT H d ~ 0. Thus, we have proven that zT HZ is positive 

semidefinite. D 

The requirement that zTBz is positive semidefinite for all values of Bis significantly 

stronger than the requirement that zT BZ is positive semidefinite for all meaningful values 

of B. For the latter, the definiteness is only over those z in the reduced space which 

correspond to meaningful values of B. Meanwhile, the former requires the definiteness 

over all z in the reduced space for each 8. However, the condition on Bis easier to check 

than the condition on B. 

If zr Hz is indefinite, and z I a direction of negative curvature for zT Hz' is also a 

direction of negative curvature for zT B(z)Z, then d = Zz is a descent direction for P,s 

from 10°. Such a condition is easily checked. If z does not correspond to a direction of 
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negative curvature for zr B( z )Z, then the algorithm may not be able to find a descent 

direction for Pµ• Problems of this nature, as described. by Coleman and Conn in [33] 

and (35], are ~sociated with penalty functions and other methods for solving nonlinear 

optimization problems. 

3.6 Motivating Theory for Solving the Subproblem 

Because of the complicated structure of the penalty function, it is preferable to deal with 

a simplified version of the function whenever possible. This simplified, or model, function 

should be easier to minimize than the penalty function. The model function should also 

be a good approximation of the penalty function, in a region about the current point, 

so that a direction which decreases the model function will also decrease the penalty 

function. 

The idea just described is the basic motivation of trust region algorithms. While 

originally used in unconstrained optimization, trust region algorithms (for example, see 

[40]) are being used increasingly for constrained optimization, and have been shown to 

have good convergence results (both in theory and practice)· for nonconvex pr~blems. 

The performance of these algorithms on nonconvex problems is the primary reason that 

a trust region algorithm is being proposed to solve PF(µ). 

Solving PF(µ) within a trust region framework involves modeling the change in the 

penalty function from the current point w along a direction d, using a "simpler" function 

¢>(cl). By restricting the norm of direction d when analyzing ¢,( d), the model function can 

be minimizP.Cl over a region in which the model function is believed to be a good estimate 

of pµ(w + cl). The trust region subproblem, centered at point w, is therefore 

TR(w, A): min tf,(d) 
d 

subject to lldll $ A, 
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where A is the cunent trust region radius. 

A solution ofTR(w, d), denoted dT, is then used to evaluate the performance of the 

model. The actual decrease in the penalty function along dT, 

is compared to the decrease predicted by the model, 

• If the actual and predicted decreases are in very close agreement, then the model 

function is assumed to provide a very good approximation of the penalty function 

over the current trust region. Therefore, the trial point w + dT is accepted as the 

new current point. Also, the performance of the model function over the current 

region indicates that the model function may be a good approximation over a larger 

region. The trust region radius at the new point is therefore increased from its 

current value. 

• If the actual and predicted decreases are in reasonably close agreement, then the 

model function is assumed to provide a reasonable approximation of the penalty 

function over the current trust region. Therefore, while w + dT is accepted as the 

new cunent point, the trust region radius at the new point is kept at its current 

value. The performance of the model, while acceptable, did not indicate that the 

model function would provide a good approximation for the penalty function over 

a larger region. 

• If the actual and predicted decreases are in poor agreement, then the model function 

does not provide a good approximation of the penalty function over the current trust 

region. The trial point w + dx is rejectedt and the current point is maintained. Due 
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to the poor performance of the model, the trust region radius is reduced from its 

current value. Because the model function should be a better estimate of the penalty 

function over a smaller region, the trust region subproblem is solved again from the 

current point with a reduced value of 6. This process is repeated until the model 

provides an acceptable approximation of the penalty function. 

By its definition, direction dx provides descent in the model function. Therefore, 

Xp(dT) > 0 is always satisfied. Note that if the direction dr provides no decrease in the 

penalty function ( that is, the actual decrease value is negative), the final situation listed 

above will be satisfied. Therefore, when the step dr is accepted, it always decreases the 

penalty function. 

3.7 Modeling the Penalty Function 

For an arbitrary direction d1 the model function 4> should be "simpler" than the penalty 

function, while reflecting, as much as possible, the value in the penalty function along d. 

Definition 3.S The model function tf, is defined by replacing each component function of 

the penalty function by its quadratic Taylor's ezpansion approzimation, and by retaining 

the penalty term structure of PP· 

1 
F(w) +adTVF(w) + 2'lTV2F(w)cl 

-µ E min(Gi(-w) + dTVG,(w) + -
2
1 

dTV2Gi(w)d, 0) 
iET 

+µLI min(Ai(w)+dTV~(w),g.(w)+dTVGi(tv)+-
2
1 

dTV2gi(u,)d)I 
iEP 

+µ E (Ci(w} + PVc_(w) + -
2
1 

cl7'V2c_(w)dl. 
ieM 
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Nate that </J is a piecewise quadratic function, which models the shape of the penalty 

function up to second order changes. 

This choice of model function has the desirable property that </J(O) === pJ£(w). Also, 

the gradient of the differentiable part of </J at zero is "'(, the gradient of the differentiable 

part of p~ at w. Similarly, the Hessian of the diff'erentiable part of (/)(0) is B, the Hessian 

of the differentiable part of PJ£ at w. Like the penalty function, the model function has 

points of nondiff'erentiability. 

To simplify the process used to solve the trust region subproblems TR{w, ~}, the 

l.00 norm is used in the distance constraint. With this choice of norm, the constraint, 

II dll 00 $ A, is equivalent to placing simple bounds on the components of the descent 

direction, that is, -A $<Ii$ A, for i = 1: n + m + p. Consequently, solving TR(w, d), 

for fixed values of w and .!1, involves minimizing a piecewise quadratic function over 

simple bounds. 

3.8 Terminating the Algorithm 

The trust region algorithm for solving PF(µ) can be terminated in one of two ways: 

1. A decision that the current point w is a possible solution of PF(µ). 

2. A decision that the problem PF(µ) is unbounded. 

As proven in Corollary 3.13, a local mioim,un of the penalty function must be a 

second order point of p~. Therefore, when the current point satisfies all the conditions of 

a second order point, the algorithm concludes that it is a possible solution of the problem, 

and terminates. If w is feasible for the one level problem BPc, as defined on page 34, 
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then Algorithm 3.1 is also terminated. Otherwise, the penalty parameter µ is increased 

and a new penalty function subproblem. is solved. 

Detecting the unboundedness of PF(,i) within a trust region framework is somewhat 

more complicated than within a step length based algorithm. In the latter, if a step of 

unbounded length continues to decrease the objective function, the problem is unbounded. 

However, in the trust region framework, the length of the step at each iteration is limited 

by the distance constraint of the subproblem TR( w, A). In addition, an upper bound 

dmax is often placed on the size of the trust region radius to avoid numerical difficulties 

associated with a very large value of~-

Within the proposed algorithm, a heuristic algorithm is used to determine unbound­

edness. It is concluded that the cunent penalty function subproblem PF(µ) is unbounded 

below if both of the following conditions are observed. 

L A sequence of bmax consecutive, very successful iterations are observed, for the 

algorithm parameter bmax· 

2. Over this sequence of iterations, the contribution of the penalty terms within the 

penalty function, 

(p,i(w) - F(w))/µ 

was not decreased. 

The conditions above detect a sequence of iterations over which the penalty function is 

decreased significantly without the penalty terms being decreased. This suggests that 

decreases in the function F are outweighing the penalty for infeasibility, and that the 

penalty function is becoming unbounded. In this case, the trust region algorithm should 

return a result of unboundedness, along with the last point w encountered before the 

sequence of iterations described above. 
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3.9 Trust Region Algorithm for the Subproblem 

Note that Step 6 in the following algorithm. will be discussed in the next chapter, along 

with other algorithmic refinements. 

Algorithm 3.2 (Trust Region Framework) 

1. Choose algorithm panimeters 

, trust region acceptance values 61 and b2 satisfying O ~ b1 < b2 ~ 1, 

, unboundness count bmu: > 0, 

• and the muimum trust region radius size Amax> O. 

2. For the starting point w0 provided by Algorithm 3.1, select ll.0 E (0, Amaxl-

3. Set k = 0 . 

.f. Identify activities at wk and form Ak, the activity matriz consisting of the gradients 

of the activities at wk. 

5. Check for temiination condition: If wk is a second order point of pµ, then terminate 

with wµ = wk. 

6. Find a "solution" 4 of 

7. Evaluate a direction 4: 

min q,k ( d) subject to lldlloc ~ ll. '=. 
d 

(a) Calcultite x! = p,.,(wk) - P,s(wk + d;,). 

(b) Calculate~= <P'=(0) - 'Pl:(4)-
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(c) lf X:/x; ~ 62, then set u,k+l =wit+ 4 and Air+l = min(2A', Amaz)­

(,JJ If 61 $ x!/x! < 62, then set u,k+l = v/i: + 4 and Al:+l = ~'-
(e) Otlierwise, set Ak = ~k/2. Repeat starting at Step 6. 

8. If PF(p.) appears to be unbounded 

• itenctions 6 - 6maz + 1, • • • , le 1De1"e 11e,-y successful, and 

• ot1er iterations 6- 6maz+ 1, -· •, k, (p,.(ui+l) -F(wi+l))/p is not reduced, 

then tenninate due to unboundedness, and set w" = u,l:--6wnu_ 

9. Set k = k + 1. Repeat from Step 4. 

68 



Chapter 4 

Implementation Concerns 

4.1 Introduction 

To develop an effective implementation of Algorithm 3 .2, the trust region algorithm re­

quires some modifications from the stated description. These modifications, the focus of 

this chapter, affect three areas of the algorithms: 

• Step 6: the calculation of the "solution" dT of the trust region subproblem TR( w, d), 

• Step 7: the evaluation of the direction dT within the trust region framework, and 

• Step 4: the identification of activities throughout the process. 

These changes and the reasons they were required are described in this chapter. 

69 
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4.2 Solving the Trust Region Subproblem 

Each iteration of Algorithm 3.2 requires the solution of at least one instance of the trust 

region subproblem 

TR(w,A): min 
rl 

tf,(d} subject to l1dll00 :$ oo, 

for the current point w. Finding dT, a local solution of TR, involves minimizuig a piece­

wise quadratic function subject to simple bounds on the unknowns. This solution process 

is, by far, the most time consuming step of the algorithm for solving PF(µ). 

Dennis and Schnabel (in Section 6.4 of [ 40]) have shown that it is not necessary to solve 

trust region subproblems exactly to get acceptable convergence results for trust region 

algorithms. In Chapter 51 we establish a similar result for our algorithm. The approximate 

solutions developed in this chapter satisfy the conditions required for convergence, as 

stated in the following chapter. 

The choice of an approximate solution at the current pain~ w depends on how w is 

classified relative to a minimum. point of Pf£• 

The following condition is assumed to be true throughout this work, and for the 

problems solved by the algorithm. Section 8:1 in [46] discusses issues relating to scaling. 

Assumption 4.1 The bilevel programming problem and its component functions are as­

sumed to be well.scaled. 

4.2.1 Classifying the Current Point 

The necessary optimality conditions for a minimum.point of PF(µ), as expressed in Corol­

lary 3.13, are used to classify the current point w. Before proceeding further, note that 

the following assumption applies to the entire chapter. 
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AssUJDption 4.2 The penalty function subproblem is nondegenera.te. 

Definition 4.1 The values of "Y, A, Z and H, as defined previously, are all calculated at 

the current point u,. 

1. A type one point is a point which is classified as being far from a stationary point 

of the penalty function. 

Recall that stationary points satisfy zT; = 0. Let A > 0 be the algorithm tolerance 

for determining closeness to a stationary point. The current point w is classified as 

a type one point if llzT ;ll2 > A. 

2. A type two point is a point which is classified as being close to a stationary point of 

the penalty function which is not also a first order point of Pw 

Recall that first order points are stationary points which, along with multipliers 't', 

satisfy the conditions stated in Definition 3.3.4. The cun-ent point w is classified 

as a type two point if llzT-rlt2 ~ A, and the multiplier estimates, .P, calculated 

at w violate some of the conditions for a first order point of the penalty function. 

The vector 'I', which approzimates the multipliers at the nearby stationary point, is 

obtained as a least squares solution to the system of equations A'\J' = -y. 

3. A type three point is a point which is classified as being close to a first order point 

of the penalty function which is not a second order point of Pw 

Recall that second order points are first order points at which the reduced Hessian 

matrix zT HZ is positive semidefinite. The current point w is classified as a type 

three point if l(zT "Yll2 ~ A and the multiplier estimates defined at w satisfy all the 

conditions necessary at a first order point, but the matriz zT HZ is not positive 

semidefinite. 
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,I. A type four point is a point which is classified as being close to a second order point 

of the penalty function. 

The current point w is classified as a type four point if IIZT "Yll2 $ A, the multiplier 

estimates defined at w satisfy all the conditions necessary at a first order point, and 

the matm zT HZ is positive semidefinite. 

Corollary 3.13 indicates that a type four point may be close to a minimum point of 

the penalty function. It is unlikely that any of the other types of points are dose to a 

minimum point of p111 if properly classified. 

The remainder of this section describes the desired properties of an approximate 

solution of the trust region subproblem at each of the four types of points. A technique 

is presented in each case to find a direction· with these properties. 

4.2.2 Approximating Solutions at Type One Points 

Because a type one point w appears to be far from a stationary point, an approximate 

trust region solution at w, denoted d1 , should decrease the model function and satisfy 

the trust region constraint, while trying to move towards a stationary point. In order to 

achieve the latter goal, the current activities at w should be maintained at w + d1 , with 

the possibility that additional activities are picked up at w + d1 . 

The activities at w are still active at w + d1 ( within the model) 1 if d1 E W1 ( w), where 

d E JRn+m+p : 

1 
dTVG,(w) + 2dTV2Gi(w)d = 0, 

cP'v~i(w) = 0, 
1 

dTVgi(w) + 2dTV2gi(w)d = 01 

iE T0
, 

i E J"l U ~' 

iE~U~, 
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1 
dT(Vgi(w) - V..\s(w)) + 2dTV2gi(w)d == 0, i E F:, 

dTVCi(w) + ½d7°V2Ci(tu)d = 0, i E M 0
}. 

Considering only directions d E W1 ( w), the model function ef,{ cl) can be rewritten. 

Defining 'Pi ( d) = ef>( d) for d E W1 ( u,), it follows that 

c,o1(d) = F(w) +dTVF(w) + ½drV2F(w)d 

-µ L min(Gi(1U) + d7°VG.(w) + ½dTV2Gi(w)d, 0) 
iET' 

+µ L lmin(Ai(w) +dTV~(w),9i(w) + d!";;gi(w) + ½cP'V2g.(w)d)J 
iEP1uP; 

-µ L min(O,g,(w) +cP'Vg.(111) + ½d7°V2gi(w)d) 
iEJ>% 

-p. L min(Ai(tu)+dTVli(w},0)+µ L ll.(w)+dTV.;\.(w)I 
iePS ieP:: 

+µ. L ICi{w) + drVCi(w) + -
2
1 
drv2Ci(w)d(. 

i€M' 

To maintain feasibility and provide descent, d1 E W1 should satisfy <p1 ( di) < 0 and 

fld1f100 :::; d. In addition, d1 should be relatively easy to calculate .. Unfortunately, the 

quadratic constraints in W1 ( w) are nontrivial to satisfy exactly and the set 

may be empty. Therefore, the linear approximation AT d1 == 0 of the constraint set is 

used instead, and the second order changes in the active penalty terms are ignored. 

Any direction d that satisfies AT d = 0 can be written as d = Zz where AT Z = 0, for 

some z E JR'l-n., where q = n + m + p and na is the number of active penalty terms at w 

( which is the number of columns in A). Therefore, we restrict our attention to directions 

in this reduced space. We wish to find z1 such that t;o1(Zzi) < 0 and IIZz:1 11 00 S 6. Note 
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that the trust region distance constraint is now in the form of general linear constraints 

which can always be satisfied. 

The following result assists in the calculation of an approximate solution d1 . 

Lemma 4.1 For any z E B,9-n., there ezists cr3 > 0 such that, for O S a 3 , 

Proof: Choose Q3 small enough so that all the following conditions are satisfied for 

# for i ET', 

• for i E P1 U Pg, 

sign[gi(w)- ~i(w) +azTzT(Vg.:(w) - V~(w}) + ½ct2zTzTV2gi(w)Zz] 

= sign[gt1 U}) - ..\t( W)] t 

• for i E Pi u P~, 

• for i E P!, 1 

• for i E Pf, 
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• for i E ~' 

• for i EM', 

The result follows immediately from the continuity of the inactive penalty terms over the 

interval, and from the definitions of "Y and B at w. □ 

We will now consider Zc = - zT 'Y, the direction of steepest descent for rp1 in the 

reduced space. 

Definition 4.2 The step de = -acZ zT "Y from w is called the generalized Ca.uchy step 

of the trust region model. The step ac is the first local minimum of <p1(aZzc) within the 

trust region, that is the first local solution of the univariate minimization problem 

min cp( aZ zc) subject to O < a ~ aA, 
a 

where a.:1 = A/IIZzclloo• The point to+ de is called the generalized Cauchy point. 

The value of ae can be calculated in a straightforward manner. The function 'Pl ( aZ ze) 

is a piecewise quadratic function over the interval a E (0, aA], where aA = A/flZzclloo• 

Let /31, • • ·f3t be the breakpoints, distinct values of a over (0, aA] at which the shape 

or differentiability of rp changes. Therefore, the /3i terms are positive values of a which 

satisfy one of the following equations: 

• for i ET', 
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• for i E Pl U J>; U J': U I'::, 

• for i E Pi U Pg, 

• for i EM', 

Without loss of generality, assume that the breakpoints satisfy 

0 = /3o < /31 < • • • < f3t < f3t+i = a~-

Due to the piecewise quadratic nature of 'Pl, we can write 

over the interval a E (f3i,/3i+1) for i = 0: t. From Lemma 4.1, it follows that 

The values of r}+l, for ; == 1, 2, 3 and i = 0 : t - l, can be calculated from r} by noting 

the changes in the penalty terms at /3i+1 • 

The generalized Cauchy step can be identified by analyzing 'Pl over each (/Ji, /3i+i) 

interval. If 
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then Zc is not a descent direction over the interval a E (/3i, Pi+1). Therefore, no further 

analysis is necessary, since ae = /3; corresponds to the first mioirotlDl along Zc. When Zc is 

a descent direction in the current interval, then further action is required. The roioiro,rm 

of the quadratic term 8i(a) occurs at amm = -r~/r~. If amin E (/3., /Ji+1), then etc= amin 

corresponds to a minimum of 'P along Zc- Otherwise, the next interval (/3i+1,Pi+2) is 

examined. If Zeis a descent direction over (Pti ctA), but the minimum of Bt(a) does not 

lie in the interval, then we set ac = aA. Note that, since ,.g is always negative, ac always 

has a positive value. 

While d1 = de is an acceptable trust region direction, it may be possible to find a 

direction that gives better descent. Let the matrix Ac be the activity matrix at w aug­

mented with the gradients ( already evaluated at w) of the activities picked up ( within the 

model) at w +de. The values of-ye and Be are defined from.-, and B using the derivatives 

evaluated at w for the new activities. Also, determine a matrix Zc corresponding to Ac. 

Motivated by the theory explained in Section 4.2.5, the trust region step will be improved, 

if the matrix z'[ BcZc is positive semidefinite, by using the quasi-Newton step d+ == Z z+, 

where z+ is a least squares solution of 

ff the direction de + d+ satisfies 

(that is, if d+ further decreases the model function and de+ d+ lies within the current 

trust region), then accept d1 = de+ d+ as the approximate trust region solution at the 

current type one point. Otherwise, d1 = de is viewed as the approximate trust region 

solution. 
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4.2.3 Approximating Solutions at Type Two Points 

The multiplier estimates at 111, a type two point, suggest that a nearby stationary point is 

not a first ordet point of the penalty function, and therefore, not a solution of PF(p). An 

approximate trust region solution at w, denoted d2, should decrease the model function 

and satisfy the trust region constraint, while moving away from this neighborhood. In 

order to achieve the latter goal, the activities whose multipliers are out of kilter ( that 

is, the multipliers that violate the conditions for a first order point) are examined. A 

subset of these activities, denoted 'D, will be dropped and the remaining activities will be 

maintained. Direction d2 should be defined accordingly. 

Let the set 'D s, for an activities index set S, denote the actiri.ties in S which are in 

'D. In particular, let 'Dpg, denote the indices i E ~ for which both ...\i(w) and gi(w) are 

being dropped along d2. Assume that both Ai and 9i are being dropped only if both itf 

and .Pf are in kilter, but their sum is not. Also, let 1'~ denote the indices i E ~ for 

which Ai(w) is being dropped and 9i(w) maintained along d2 . Similarly, define the set 

'D~o f'or the opposite situation. 
= 

Ideally, d2 E W2 ( w, "D), where 

W2(w, 1') = { d E ,Rn+m+p: 

cfTVG.(10) + ½tFV2Gi(w)d - 0, i E S0, 

PV~(w) - 0, • Q0 QO i E ~ U =• 
cfTVg,(w) + ½PV2gi(w)d - 0, • Qo qo , E fl U =• 
Jl"(Vgi(w) - VAi(w)) + ½tPV2gi(w)d - 0, • Q' ,e =• 
cfTVc.(w) + ½d7"V2c_(w)d - 0, iE N° }, 

and 
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Qi - (J1 \ 1'~) U'D~ ... = 
Q~ - (~ \ 1'p:) u'D;,g 

Q~ - (P; \ 1'p~) U'D~ 

Q~ - ~ \ (1'~ u I>~: u 1"1r:) 

N° - M° \ 1'140. 

The requirement for i E 'Dpo is not strictly necessary, but it reduces the number of = 

directions which will be considered as approximate trust region solutions. It forces the 

activity Di - .-\i to be maintained ( within the model) along the direction d2 when both Ai ., 

and 9i are being dropped. 

The model function can be written over fewer terms by considering only d E W2( w, 'D). 

We denote tf,(d) with d restricted to W2(w, 1') as cp2(d). 

~2(d) = F(w) +dTVF(w) + ~dTV2F(w)d 

where 

-µ, L min(Gi(w) + dTVGi(w) + -
2
1 

dTV2Gi(w)d, 0) 
iES' 

+µ E lmin(As(w) +dTVAi(w),gi(w) + dTVgi(w) + ½dTV2gi(w)d}I 
,eQ1 

-µ L min(O,gi(w) +dTVgi(w) + ½dTV2gi(w)d) 
iEQ~ 

-µ E min(..\,(w) + dTVAi(w), 0) + µ, L IAi(u,) + dTV~(w)I 
ieq: iEQ~ 

+µ. E (Ci(w) + drVc.(10) + !drV2c_(w)dl. 
iEN' 2 

Qi - J1 U P,_fl U'Dp, U'D~ U1'~ = • A 

N' - M' U 'Duo-
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Note that W2(w1 V) has the same form as W1 (w), defined for type one points, with S0 , 

Qt Q~, Q~, Q~ and N° replacing T°, ~, p;, J>::, ~ and M°, respectively. As well, 

<p2(d) ford E W2(1.11, 1'), and <p1(d) ford E W1(w), have similar forms, with S', Qi and 

N' replacing T', Pi U i>; and M', respectively. 

As was the case for type one points, even if {d E W2(10, 'D): lld1l00 $ A} is nonempty, 

satisfying d E W 2(w, TJ) can be time consuming. Again, a first order approximation is 

used, and higher order change in the maintained activities is ignored. 

Let A1' be the activity matrix A with the columns corresponding to the gradients of 

the activities in 1) removed. The matrix Zi,, satisfying AbZi, = 0 and ZJZr, = I can 

be defined from Z using Ai,. It will have nt, = q - nci + 11'1, or 11'1 more columns than 

Z, where na is again the number of columns in A. Linearizing the constraints defining 

d E W2(w, :D) yields 4d = 0, or equivalently, that there exists z E Rn.i, such that 

d = Zt,z. Thus, we are looking for z in the reduced space such that <p2(Zi,z) < 0 and 

IIZJzlloc $ a. 

The approximate solution to the trust region subproblem is defined using the condi­

tions stated in Lemma-3.9, which details how to define a descent direction for p,,. from a 

nondegenerate, stationary, non-first order point by dropping a single activity. This. result 

can be generalized to dropping multiple activities from a type two point to find a descent 

direction for <p2. 

First, we state formally some assumptions which are placed on the choice of 1). 

Assumption 4.3 Both ~ and Ii, for some i E ~' are in V only if "l'f and 'ff are in 

kilter, but 'It + 'If is not. In addition, while both may be dropped, the difference 9i - .\i 

will be maintained along the dropping direction. 

Before verifying that multiple activities can be dropped from the current type two 
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point, preliminary results and definitions are needed. 

Lemma 4.2 There ezists ~ > 0 small enough such that all the following conditions are 

satisfied for a E (0, a4] and any direction d,z,. 

• i ET': 

• i E Pr U _p;: 

• i E P{: 

• i E p;: 

• i E 'Dp::: 

and 

negfg,(w)-Al(w) + a4(Vgi(w) - VAi(w)) + ~a2clbV2gi(w)d1>] 

= neg(g,(w) - Ai(w)] 

sign[A.i(w) + adJ;VAi{w)] = sign[Ai(w)] 

sign[~(w) +a4VAi(w) + 

min(O, a4(Vg,(w)-VA.(w))+½a2,4;V2g,(w)cli,)] = sign[A.(w)] 
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and 

• iETJ~: • 

and 

• i EM': 

Proof: Follows immediately from the continuity of the functions. D 
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Definition 4.3 Direction d11 1 defined under Assumption 4.3, is the direction 

where Zi satisfies 

z[Zi=l, z'[Z=O andz[A(i} =0, 

for Aci}, the matriz A with the gradient Cli corresponding to activity i E 1) removed. The 

coefficients Ui satisfy 

where O'i = ±1 as indicated in the proof of Lemma 3. 9 for each activity i E 1) being 

dropped. 

Notation 4.1 For simplicity, the summation E.es, for a set S, will occasionally be 

written as Es when it is clear that the summation is over index i E S. 

Lemma 4.3 The direction d11 and the gradient -y defined at w satisfy 

- E l'l'f 1- l: 1•t1 - E c•t + ~n - E ('1'£1, 
'Dr: 1' P~ 1' P! 1' ,Vo 

where 

Proof: Since 9' is a least squares solution to the system A'I' = -y, there exists a vector e 
such that 
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By the definition of di,, it follows that 

4-r - E v;.zt <A• + ze> 
1' 

- E lliZl .A.'t' + L ViZ'f ze 
1' 'D 

- L,llizt.A.'1+0 
'D 

- L,(tr;./zt a.:)(z'f a.;)ef if 
1' 

- L,tri't'i 
'D 

- L, -sign[itf]'l'f + L -sign(ilt]'l't + L, -sign['lfi9f 
1' T4J tJA 1'• 

~ pg. 

+ E -sign[iff-l.l"f-" + E -signf \J'f-l.J"r" + E -1 • o 
'DP= 1'P._+ \1'o + i,o - - ~ ~ 

+ L -sign[iff]ilf + E -sign('lt]+t + E ( -'It - ilf} 
1'~ 1'~ 1'~ 

+ E -sign["n"i 
1'M9 

- - L ('1?1 - L liltl - L l'lf I - E f iff-"I - E 
'D-ro 'D~ 'D::, 1' P;; 'DP! \1>~;!° 

- E l'lf I - E f'l'tl - L (ilt + '11) - L 1'1,1. □ 
1'~ 1'~ 1'~ 1'M9 

Lemma 4.4 Direction di,, as defined in Definition 4 .3, provides descent for 'P2. 

Proof: Using Lemma 4.2, we have, for O S a S a 4 , 

cp2(adi,) = F(w) + a4V F(ta) + ½a24V2 F(w)d1> 
1 

-µ. E neg[G;.(w)](G,(w) + a4VGi(w) + 2ct2'4V2Gi{w)d1') 
T' 

-µ}: neg[4VG,(w)](a4VG,(w) + ½a24V2Gi(w)d1>) 
'D-ro 

+p Esign(.\i(w)J(~{to) + ac.4;Vl._(u,)) 
p;_ 

84 
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+µ. Esignfgi(u,)](9i(1D) + a4Vg,(u,) + ½Q
24V2gi(1U}d1>) 

P; 

+µ. E sign(l-Cw>Jl-Cw> 
'Dp:: 

+µ. L sign[l.(w)]neg(c4;(Vg,(w) - Vl_{w))] 
'Dp:: 

1 
(a4(Vg.(tu) - VA.i(to)) + 2Q

24;V2gi(w)d1>) 

+µ L sign[diV..\;(w)]ac4;VA.i(tv) 
'Dpt! 

A. 

+µ E sign[4Vgi(w}](a4;Vgi(w) + ½ai4v2gi(w)d1>) 
7'~ , • 

-µ L neg(4Vl.(w)]adTVA&(tu} 
1)A pg 

+µ E sign(4Vl.(w)]a4V.\.(w) 
1)~ 

+µ Esign(es(w)](Ci{W) + adbVt!i(tv) + ½a24;V2Ci(1U)d1>) 
M' 

+µ L sign[4VCi(w)](a4V«=t(111) + ½Q
2c4;V2Ci(tv)d1>) 

'DM8 

- c;,,2(0) + a4'Y + ½a2
4;B1Jd1> 

-µa L min{O, cfbVGi(w)) - µa L min(4.\i(w), 0) 
1)7"4) 7'.\ 

P! 

-µa L min(O, dJ;Vg.(w)) 
'D' r£ 

+pa E sign(..\;(w)] min(O, 4;(Vg.(w) - V;\;(w))) 
1>pf: 

85 
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+,u:t E f4Vgi(w)f + pa. E 14VAi(w)f 
1')~ 'DP'! 

• A 

+pa E f4V~(w)(+µa E f4Vc.(w)f, 
1')~ 'Da,o 

where 

Br, - B - µ E neg(4VGi(w)]V2Gi(w) - µ L neg[4Vgi(w)]V2gi(w) 
1'-re ,,,. pg 

+µ E sign(~{w)]neg[dJ;(Vgi(w) - V.,\.(w))]V2gi(w) 

Combining the above expression with Lemma 4.3, we have that 

) 1 2 T cp2( ad.,,) = cp2(0 + 2a: "1,B.,,d.,, 

-a: LCl'Pfl + µm.in(O, 4VGi(w))) 
1)1'9 

-a 1:(l'Pfl +µmin(0,4V..\.(w))) 

-a L (l'lfl + µmin(0,4(Vg,(w) - V.,\.(w)))) 
1' ,,;; 

-a L (f'lfl -µmin(O,c4;(Vgi(w) - VAi(w)))) 
1' pf \1'0 + 

- p= 

-a E(l'1fl - µ(c4;Vgi(w)D - a. E<l•tr - Pl4V~(w)D 
'Dpa 'DP'J 

• A . 

-a EC'Pt +"If - µ(dfVAi(w)I)- a E c1•rr -pl4Vc.(w)l)-
1)~ 1'~ 

Consider, for i E DTO, 

4VGi(w) . = E 11;zfVG.(w) = 11.zTVG,.(w) 
;e1> 

- (trdz[VGi(w)}z[VGi(w) = tTi = -sign['lf]. 

86 
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Similarly, for 

i ED~ : cq;v~(w) - -sign(Wt] 
=: 

iE~~: cq;vgi(w) - -sign[Wfi 

i E Dp:: 4(Vgi(w) - V~{w)) - • (wg-,\1 -stgn i 

i E 1'pt \ 'D~,t: 4(Vgi(w) - V..\i(w)) - • ['lg-,\] -sign i 

• 1)0 
1 E Pt: 4(Vgi(w) - V..\i(w)) - -1 

i E 1Jpo : 4Vgi(w) - -sign('lf] 
I 

i E 'Dpo : 4v~(10) - -sign['I}] 
A 

i E 1J~ : cq;v~;(w) - -sign[;J-t] = -1 

i E 'DMo : 4VCi(w) - -sign[.Pf]. 

Therefore, for a E [01 a.i]: 

where 

{) - L (I.Pf! - µpos[.Pf]) + L (1-.Ptl - µpos('i;]) + L (l'lf I - µpos(+f]) 
1'-ro i,A. 'D' 

~ ,.g, 

+ E (1'1f-.\l - µpos(1Jf-.\]) + L (l'lf-.\1 + µpos['lf-.\]) + L µ, 

1' Pt 1' P~ \'D~t 1)~t 

+ EO'Pfl -µ) + E(('P}I - µ;) + L('lt+ +f - µ,) + E (1-.Pil -µ) 
1' ~ 1) p~ 1' pg, 1' uG 

- E"i· 
iE1J 

By examining each -8i separately, and recalling that each multiplier being considered 

is out of kilter, it is easily shown that -8 > 0. There exists as E (0, a 4) such that 

<p2(adt,) < <p2(0) for a E (0, c:rs)- Therefore, the direction di, is a descent direction for 

the model function '1'2 at type two points. □ 
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The approximate trust region solution di is therefore defined to be d2 = ai,d-r, 1 where 

a1J > 0 is the first local minimum of the univariate problem 

mjn ~(ad2>) subject to 0 < ct :$ a/f(di,lloo-

The value of a,:, can be determined by the same method used to calculate ae for type 

one points. 

4.2.4 Approximating Solutions at Type Three Points 

By definition, a type three point appears to be close to a first order point which is not a 

second order point. The multiplier estimates lf indicate that the current activities may 

be active at a solution of PF(µ). Recall that W1 was defined for type one points as the set 

of directions along which the current activities are maintained. Therefore, if we require 

that da E W1 for the approximate trust region direction d3 , the activities are maintained 

and the trust region objective function reduces to <p3(d) = r.p1 (d). 

As with the previous classes of points, considering only d € -W1 ( 10) requires satisfying 

quadratic constraints exactly, which, if possible, can be very costly. Once again, we 

simply require that the linear approximation AT d = 0 be satisfied while reducing <p3 (d). 

Working in the reduced space associated with matrix Z, we wish to find a direction z 

which approximately solves 

min r.p3(Zz) subject to l(Zzl(00 $ a. 
% 

From Lemma 4.1, we can write, for any direction z in the reduced space, and for small 

steps a> 0, 
1 

<p3(a.Zz) = cp3(0) + azT zT -y + 2a2zT zT BZz. 

For type three points, the value of zT ,- satisfies uzr -YII $ A at u,. At a type one point, the 

Cauchy direction z = -zT -y provides reasonable descent for the model function. However, 
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this direction could be of negligible size at a type three point. Therefore, second order 

information about w must be used in defining the approximate trust region solution d3 • 

Motivated by the results of Corollary 3.13 and Lemmas 3.14, 3.16 and 3.17 for the 

penalty function, a direction Znc of negative curvature of the reduced Hessian of the 

Lagrangian zT HZ will be used to define d3. The direction d = ZZnc may provide second 

order descent in cp3, but may not provide first order descent. Define~= trncZZnc where 

trnc = ±1 is defined so that trncz~zT 'Y < 0 if zT "Y is nonzero. If#-, == 0, then either 

value of tTnc is acceptable. 

Defined3 = an.ccrncZZnc where anc > 0 is calculated as the minimnmo(the univariate 

problem 

min cp(aa-ncZZnc) subject to O < a ;5 A/JIZZnc:1[01:>. 
(t 

As explained on page 62 in Section 3.5.3, it is possible that zTHZ is indefinite and 

d.nc does not provide descent. In this event, the algorithm currently terminates at such a 

point. In theory, using the result presented in Lemma 3.14, it is possible to find a descent 

direction if one exists. Such a technique was not investigated further. 

4 .. 2.5 Approximating Solutions at Type Four Points 

As with type three points, the multiplier estimates at a type four point w indicate that 

a first order point appears to be nearby. However, unlike at a type three point, the 

curvature of the reduced Hessian of the Lagrangian at w, zT HZ, is positive semidefinite, 

which indicates that the nearby second order point may be a minimum point of the 

penalty function. 

ff the current point is really close to a second order point of p14 , then a full Newton 

step should be taken. When started close to a solution, Newton's method will converge 

quickly to that solution. 
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A Newton step is composed of two orthogonal parts, the horizontal and vertical steps. 

The horizontal step maintains the current activities, up to first order change, while step­

ping to the true minimum of a quadratic approximation of the differentiable part of the 

penalty function. This step, d1" satisfies dh = -Zzh., where Zh. is the solution of system 

The step can be written as 

Because of the nonlinearity of the functions comprising the penalty function, it is 

unlikely that the activities at w are still active at w +dh. We shall define a step cl,,, called 

the vertical step, which is designed so that the activities at w ( which the multipliers 

indicate may still be active at the nearby stationary point) are once again active at 

w + d1i. + <4. Let e(w) be a vector of the active penalty terms at w, ordered as in A. 

Therefore, ~(w+dh) and e(w+dh+d,,) are these terms evaluated at w+dh and w+dh+d,,, 

respectively. The Newton step solution to the system of equations e( w + dh + dv) = 0 is 

the step d satisfying 

Because of the cost of evaluating all the gradients at w + dh, the matrix is approximated 

by its value at w, A( w). Therefore, we define the vertical step dv as the solution of the 

system 

A(w)T d,, = -e(w + dh). 

This direction can be calculated as 

Therefore, at point 101 the steps dh, d,, and dN are calculated. The step dN is consid­

ered a successful trust region step if 
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1. it falls within the current trust region, and 

2. it decreases the penalty function from w. 

Note that the second conditions requires a decrease in the penalty function, rather than 

a decrease in the model function along with a strong correspondence between the model 

and penalty functions. If w is truly close to a solution, the quadratic model is a very 

good approximation of the penalty function, so an explicit comparison is not necessary. 

Another way of viewing this requirement is that, near a solution, the model function used 

is the actual penalty function. 

If the Newton step is unsuccessful (either because the step is too long or because it 

provides no decrease in the penalty function), then the algorithm concludes that 10 is not 

as close to a solution as originally thought, and the point w~ misclassified. In this case, 

the value of the closeness tolerance A is reduced, and the point is reclassified. H the step 

failed because the trust region radius was too small, the reduction of the tolerance will 

still allow the algorithm to approach a solution. 

4.2.6 Comments on the Approximate Solutions 

The approximate trust region solutions, as described in this section, are chosen so that 

they reduce the appropriate model function without too many expensive computations. 

Hopefully, at the same time, they will decrease the penalty function. 

The goals for the approximate solutions are basically as follows. 

• When far from a stationary point, the approximate solution is simply the generalized 

Cauchy point. The direction is defined using first order information, but the step 

size calculation involves first and second order information at the current point. 
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Using this simple direction, progress is likely to be made towards a stationary 

point. 

• Once the current point appears to be close to a stationary point, the multiplier 

estimates become important. They indicate whether the cunent active set matches 

the active set at some second order point of the penalty function. Ir the current set of 

activities is not such a set, then the approximate trust region solution is determined 

via a dropping direction that is chosen to move away from the subspace defined by 

the cunent activities. Again, first order information is used to define the dropping 

direction, and first and second order information is used in the calculation of the 

step size. Progress towards a different stationary point is likely to be observed. 

• When the current point appears to be close to a first order point, the approximate 

solution is chosen so that it stays within the subspace defined by the activities. By 

doing so, the linearization of the activities are maintained along the approximate 

solution. However, at type three points, while the active set seems to be conectly 

identified, the point w is not in a region of positive curvature. Therefore, the 

approximate trust region solution is based on a direction of negative curvature 

for the reduced Hessian of the Lagrangian at 10. While maintaining the current 

activities (to first order change), progress is likely to be made towards a region in 

which the reduced Hessian is positive semidefinite. 

• When the current point appears to be close to a second order point, a full Newton 

step is attempted. This direction attempts to move towards the minimtm1 of the 

diff'erentiable part of the penalty function and to maintain the current activities at 

the new point. If the Newton step fails, the algorithm concludes that the current 

point is not as close to a solution as thought, and w is reclassified. 
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4.3 Evaluating the Trust Region Direction 

In the previous chapter, it was stated that a. direction dr is an acceptable trust region 

direction if there is reasonable agreement between the actual decrease observed. along dT 

in the penalty function and the decrease predicted by the model. Stated ma.thematically, 

it is required that 

for an algorithm parameter ,c1 E (0, 1), where 

for the model function v, at points of type one, two, or three. Recall that with an 

appropriate updating of the activity index sets~ '(J2 for type two points is of the same 

form as tp1, and tp3. Therefore, tp is used to signify the model function for these types of 

points. 

The method used to define dT ensures that Xp(dT) > 0 is always satisfied. It follows 

that an acceptable trust region direction always reduces p,. since Xa ( dr) > 0 must also be 

satisfied by an acceptable direction. While any amount of decrease may seem reasonable, 

a certain level of decrease must be observed in practice to guarantee the convergence of 

the algorithm to even a stationary point. 

Therefore, dx must pass an additional test before it can be considered an acceptable 

direction. It must provide sufficient descent (as defined in [46), page 100) in the penalty 

function. 

Definition 4.4 Let r1 E (0, l] be an algorithm para.meter~ A direction d provides suffi­

cient descent in the penalty function if 
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Nate that the wlue of r1. determines how much "sufficient decrease" is required for the 

direction. If r 1 is very small, only a small amount of decrease is actually required. As r 1 

approaches one, more decrease is required for sufficient descent. 

If dT does not satisfy sufficient descent in the penalty £unction, then it is reclassified as 

an unacceptable trust region direction. In this case, the trust region radius ~ is reduced 

and the algorithmic process continues from the current point. 

4.4 Recognizing Activities 

The activities at a given point w correspond to the penalty terms which are nondifferen­

tiable at w. In practice, many problems can arise using this precise definition of activities. 

The following points should be considered. 

• Because the penalty terms are generally nonlinear, it may take many iterations 

before any of the terms are identically zero. 

• When the magnitude of a penalty term is very small but nonzero, the term is 

differentiable at the current point. However, due to the continuity of the functions 

defining the penalty terms, there is a small region about the current point which 

contains at least one point of nondifferentiability. 

• The approximate trust region direction dT was defined so that the activities would 

still be active at the new point. Unfortunately, due to the nonlinearity of the penalty 

terms, it is unlikely that this goal is achieved. 

Consider the following situation adapted from Conn (in (36]). For simplicity, assume 

that the penalty function has the form 

P,iw} ~ F(w) - µmin(G1(w), 0) - µmin(G:(10), 0). 
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Figure 4.1: Motivation for £-Activities 
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w2 

This objective function corresponds to a. bilevel problem with two upper level constraints 

and an empty lower level problem (i.e. a standard nonlinear optimization problem). 

The following comments make reference to Figure 4.1. Assume that w•, at which 
-

G1(w·) = G2(w"') = 0, is a global solution of the penalty funct~on. Note that the surface 

between AB and CD corresponds to the region in which G1(w) = 0, and the surface 

between AB and EF is the region in which G2(w) = 0. Consider minimizing pµ, using 

the algorithm described thus far, starting from the point w1 , at which neither of the 

penalty terms is active. Minimization leads to the Cauchy point w2 = w1 + a1~, where 

At w 2 , 0 2 (1112 ) = 0 is satisfied, so A= [VG2(tv2)]. Continuing the roinimizr\tion from w2 

leads to W3 = W2 + Oz~ I where ~ = -zzT "Y2 with zT A= 0 and 
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Now, while G1(tu3} = 0, G2 is no longer active, even though ti; was chosen orthogonal to 

VG2(tu2)-

The minimization process will continue to zigzag between the two constraint surfaces, 

with the magnitudes of both G1(w) and G 2(w) becoming smaller. However, we will not 

reach a point at which both functions are exactly satisfied at the same time. To reach 

w·, we need to project parallel to AB but a descent direction is never chosen in this 

direction. Therefore, we will never actually reach the solution w•, although it will be 

reached, theoretically, in the limit. 

The described behavior, which occurs in part because of the problems discussed above, 

illustrates the need for recognizing near activities as well as exact or true activities. 

Therefore, we introduce the concept of e-activities, for some E ~ 0. 

Definition 4.5 

1. For two values a and {3, we define the following equivalence: 

2. The constraint set P is divided into three sets, for any value of c 

P=(E) - {i E P: Ai(w} t: 9i(w)} 

P~(E) - {i E P \ P::(E) : li(w) < g.(w)} 

P9 (e) - {i E P \ P::(E) : 9i(tu) < ~.(w)}. 

3. The following index sets define the £-active penalty terms. 

T0 (e) - {i ET: Gi(w) ~ O} 

J1(e) - {i E P~(e) : ~i(w) !. O} 
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~(e) - {i E Pa(e) : 9i(tv) .!.. O} 

J>!(e) - {i E P=(e): -¾(tv} c O or 9i(w) ~ O} 

i":(e) - P=(1::) \~(e) 

M°(e) - {i EM: Ci(w) J: O}. 

4. The following inde.z sets define the £-inactive penalty terms. 

T'(E') - T \ T0 (£) 

.Pi(£) - P>.(E) \ Pf(e) 

F;(e) - Pg(e) \ J>!l(e) 

M'(e) - M\M°(e). 
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The use of e-activities, rather than exact activities, has several important benefits. 

It means that penalty terms will be treated as activities more quickly, e-inactive penalty 

terms are clearly diff'erentiable in a larger region about the current point than exact 

activities, and the current e-activities are much more likely to be e-active at a new point 

than exactly active. By addressing these concerns, the behavior demonstrated in Figure 

4.1 will be avoided. After a finite number of initial steps from w1 , the values of both G1 

and G2 will be small enough to be considered e-active. At that time, the correct active 

space would be identified and w• reached because of the horizontal and vertical steps. 

The existing trust region algorithm does not require many significant changes due to 

the introduction of e-activities. Most of the changes simply involve replacing the exact 

activity sets with the defined e-activity sets. However, note that the addition of the 

activity tolerance £ involves another parameter in the process of classifying points into 

the four groupings. This issue is dealt with in the next section. 

The vertical step, used in defining dr at type four points, is of added importance 

when e-activities are used. This step was previously described as a way of mitigating the 
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higher order change in the exact activities along the horizontal component of the Newton 

direction. As can now be seen, the step is also needed to bring the £-activities closer 

to exact activities. If a penalty term is truly active at a minimum point of the penalty 

function, then it must eventually be exactly active within the algorithm as well. Because 

this is only important when approaching a solution, we do not consider vertical steps at 

any other stage of the algorithm. 

4.5 Reclassifying the Current Point 

As mentioned above, the algorithm parameters A and f influence the classification of the 

current point w as a type one1 two, three or four point. The value of A is used directly 

in the classification process. The value of E determines which activities are considered 

active, and hence determines the values of A, Z and "'(. 

Let w5 be the nearest stationary point of the penalty function in relation to w. 

If llz1' "Y II 2 < A, then the algorithm uses the infonnation available at w to approxi­

mate the values of the Lagrange multipliers at w5 . These approximations may be very 

inaccurate because w is not close enough to w5 (if the value of A is too large). Alterna­

tively, the estimates could be poor because the set of £-activities at w does not correspond 

to the exact activities at w5. If some of the exact activities at w5 are not e-active at 

w because their values are too large, then subsequent iterations will likely reduce their 

values so they will be considered e-active at tu. A more dangerous situation is that terms 

are considered e-active at w when they are not active at w5 because the value of E is too 

large. The information at w may be so diff'erent from the information at w5 that the 

multiplier estimates reveal no useful information about the behavior of the activities at 

ws. 
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If 11.zT "Yll2 > A even though the information at w may be very useful in predicting 

the multiplier values at w5 , the algorithm will not attempt to calculate the multiplier 

estimates. The value of E or A may be too small to correctly classify w, but the generalized 

Cauchy direction will still provide descent in the model function. Therefore, the iterate 

will eventually be classified as close to stationary. 

Inaccurate information about w5 derived from u, when A or E is too large may cause 

some problems within the algorithm. It could mean that a dropping direction, a direction 

of negative curvature, or a Newton direction does not provide any descent in the model 

function. This behavior would be detected. by examining the solution of the univariate 

step length optimization problem. If a step of zero length is the solution at a type two, 

three, or four point, as described in the previous sections, then the algorithm concludes 

that A or E is too large, and reduces both values. 

If either E or A is too small, increasing its value may improve the speed of convergence, 

but it is unlikely to change the outcome. Therefore, the algorithm does not attempt to 

detect this situation. 

It is important to note that A and E are reduced and u, reclassified only when there 

is an indication that the current point is not classified correctly. In all other situations 

in which the approximate trust region direction is unacceptable, the radius is decreased 

and the algorithm continues from the current point. 

4.6 Restatement of the Algorithm 

The changes described in the previous sections are encorporated into the trust region 

algorithm stated below. A greater level of detail is included than in the previous statement 

of the algorithm. 
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Algorithm 4.1 (Revised Trust Region Framework) 

1. Choose algorithm parameters: 

• trust region acceptance values 61 and 62 satisfying O $ 61 < 62 $ 1, 

# unboundness count bmax > 0, 

• the ma.zimum trust region radius size Amax > 0, and 

• sufficient decrease constant r 1 E (0, lJ. 

2. Choose initial starting values for algorithm tolerances: 

• closeness tolerance AO > 0, and 

• activity tolerance t 0 > O. 

3. For starting point w0 provided by Algorithm 3.1, select A0 E (0, Amax}-

,I. Set k = 0. 
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5. Identify the £-activities at wk and form A:, the £-activity matrzz consisting of the 

gradients of the £-activities. 

6. Let ,!k be the vector of values of the £-activities, ordered as in ~. 

7. Calculate zk satisfying (Zk)Tzk = I and (A:fzk = 0. 

8. Calculate --,1: and B" at wk: 

'Y" = VF - µ L neg[Gi]VGi + µ E sign[.A.]V .A.+µ L sign(gi]V 9i 
T'{t:) Pl(t:) Pi(t:) 

+µ L sign[.A.]V..\i+ µ L sign[Ci]VCi 
P!: (e:) M'(t:) 

B" - V 2F - µ. L neg[G.]V2G. + µ L signfg.]V2gi + µ E sign[Ci]V2Ci. 
T'(e:) P;(e:) M'(t:) 
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9. Classify wit:: 

• If II ( zkf-rklh > A k I then wk is a Type One Point, 

• Else 

- Find a least squares solution to A!=•lt: = -yk. 

- If 3j such that '11 is out of kilter, then v,k is a Type Two Point. 

- Else 

* Calculate Bk at ui=: 

H1.: = Bk - E ~fv2Gi - Z: ~fV2gi - Z: "f-"V2gi 
TD(ot) P~(ot) P:O(ii!) 

- L "fvigi - L -+:v2Ci. 
P~(II!) M 0 (ot) 

* If (zkf Hkzk is indefinite, then wk is a Type Three Point, 

* Else ul is a Type Four Point. 

10. Check for termination conditions: 

If w'= is a ..Type Four Point at which (Zk)T-yk = 0 and Ek = 0, then 

terminate the algorithm: wk satisfies the necessary ·optimality conditions 

for a minimum point of p,.,.. Set w,.,. = w•. 

11. Calculate 4, an a.ppro~mate solution of the trust region subproblem 

• If wk is a 7ype Two Point, then 
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Choose a nonempty set 1) of i-activities to be dropped from among those 

whose mffltipliers are out of kilter. 



CHAPTER 4. IMPLEMENTATION CONCERNS 102 

- Update the constraint sets using the dropping set 'D. 

T'(e) - T'(e) U I>T• 

T0 (e) - T0(e) \ 1'T< 

Pl(e) - f1i(e) U'DpI U {i E 'D~~: 'lf > 0} 

p;(e) - Pg(e) u Dp:(<!) u {i E vi~(E) : ,Pf> O} 

l'f(e) - (Pf(e) \ 'DP!(E)) U {i E Z>1J,~{E) : ,Pf < O} 

~(e) - (Fg1(e) \ 'Dpac,,;)) u {i E vi~{E): 11; < O} 

P::,(e) - (P~(e) \ 1'p,:.(E)) U 1'~(,,;) 

~(e) - ~(e) \ (t>Pg(,,;) ut>}HE} uvi:c<!)) 

M'(e) - M'(e) U VMo(E) 

M 0 (e} - M0(e) \ I>Mo{,,;)• 

•• For type one, type two, and type three points, define the model function at wk, 

F + odTV F + !_t:l'.2dTV2 Fd 
2 

-µ. L min(Gi + adTVGi + ½a2dTV2G.d, O} 
T'(,,;) 

-µ. L min(Gi, 0) 
TOW 

+µ L I min(N + atP'VN,9i + adTVgi + ½a2dTV2gid)I 
PL(e:) 

+µ L lmin(~,9i+ad7'Vgi+ ½a2d7'V2gid)I 
~(•) 

+µ L lmin(Ai+adTVAi,gi)J 
'7(•) 

+µ L l.\i+adTVAi+min(gi-Ai,O)l+I' L lmin(Ai,9i)I 
~w ~w 



CHAPTER 4. IMPLEMENTATION CONCERNS 103 

• If 111k is a Type. On.e Point, then 

- d! = -zk(Z'=)T,.k and a!> 0 is the first local minimum of 

- Augment A: with the gNdien:ts (evaluated at vi') of the penalty terms 

which are e-active at u/c + a:~ but not at wk. Denote the augmented 

matriz by A!. 

- Define Z! satisfying ( z:)T z; = I and ( Z;)T ~ == O. 

- Define"'(: by re.moving from "Yk the components due to the new e:-activities. 

- Similarly define B! from B"=. 

- If ( Z!) TB! z: is positive semidefinite, then 

* Calculate 4, a least squares solution to (Z!f B;z:4 = -(Z!f 1!. 

* If a!d~ + Z!,4 lies within the trust region ·and further decreases v:,k, 

then ,11!_ - ~dk + zk zk -:z-- - a e c +• 

• Else 4 = a!d!~ 

- Else 4 = ~d!. 

• If u,k is ci Type Two Point, then 

- 4, = LJe1>(l/af Zi)D'iZi, where. D'i = ±1 from Lemma 3.9 depends on the 

type. of E•activity being dropped and CJi is the ith column of A,:. The vector 

zf satisfies (zf)T zf = 1, (Zk)T zf = 01 and (At)T zf = 0, where ~ is 

matriz ~ with CJi removed.. 

- Calculate c4, the first local minimum of T.Ra(4,). 

- If ct; > 0, then 4 == '4,4,. Othertaise, go to Step 15. 
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• If wl: is 4 7ype Three Point, then 

- Calculate Z:C, a direction of negative cunt11tvre of ( z1:)T Hie z1c. 

- Choose tt!c = ±1 such that ~((Zk)T z!ef-yk $ 0. 

- Calculate ~, the first local minimum of TRa( tr!cZ'= z!c). 

- If<.: > 0, then ,if = <:~Z'=~. Otherwise, go to Step 15. 

• If u1'= is a 7ype Four Point, then 

- Calculate Jt = -(Zk)((Zlc)T Hk(Z'=))-l(Z')T-yk. 

- Calculate~= -(~)((Al:)TAlc)-l~lc(u,k +tit). 

- Calculate dN = dh + du. 

- Evaluate dt: 

* Calculate Jc= r 1(~)T-yk. 

* I/p~(w'+~)-p1,i(wk) $ s1~ and 1141100 ~ Ale, thenwlc+1 = w'+dt,. 

Go to 14. 

* Else Go to 15. 

1a. Evaluate the direction 4: 

• Calculate x! = p14(vl= + tq.) - p"'(wk). 

• Calculate X: = ~1c('4) - ~'=(o). 

• Calculate Jc = '"l''YT '4. 
• Ifx!I~ ~ 62 and x! ~ ti', then update 

- v,'=+1 =101c+4. 

- I/1141100 ~ ½A", then Alc+l = min(2A'=, .6nwc), 

- Else Ak+l = A,1:. 

• If bi $ x!!X: < 62 and x! ~ s", then update 
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- wk+L =wk+4, 

- dk+l =Ak. 

• Otherwise, A k = ~ k /2 and repeat from Step 11. 

13. If PF(µ) appears to be unbounded, i.e. 

• iterations k - bmaz + 1, • • ·, k were very successful, and 

• over iterations k - bmax+ 1, -·•,le, Pµ(ui+l) - F(wi+l) is not reduced, 

then terminate due to unboundedness, and set Wµ = wk-b,,..,._ 

1./. Update Ek+l = ~, Ak+l = A k and le = k + l. Repeat from Step 5. 

15. Reduce ~ and A k. Repeat from Step 5. 

Convergence results for this algorithm are presented in the next chapter. 
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Chapter 5 

Convergence of the Algorithm 

5.1 Introduction 

In this chapter, common convergence analysis assumptions and several additional as­

sumptions specific to the bilevel penalty function are used to establish that Algorithm 

4.1 converges to a minimum point of the penalty function. 

For convenience, the following definitions are repeated from Chapter 4. 

• A type one point is classified as being far from a stationary point. 

• A type two point is classified as being close to a stationary, non-first order point. 

• A type three point is classified as being close to a first, non-second order point. 

• A type four point is classified as being close to a second order point. 

The convergence of the algorithm is established through a series of intermediate re­

sults, modeled after the convergence proofs presented in (34], (37] and [38]. 
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1. When started far from a stationary point, the iterates generated by the algorithm 

approach a stationary point after a finite number of iterations, and the current 

point is eventually classified as a type two, three, or four point. 

2. If the sequence of iterates is approaching a stationary, non-first order point, the 

current point is classified as a type two point after a finite number of iterations. 

The algorithm eventually identifies a successful dropping direction. 

3. If the sequence of iterates is approaching a first order point, the current point is 

classified as a type three or four point after a finite number of iterations. 

4. If the sequence of iterates is approaching a second order point, then the current 

point is classified as a type four point after a finite number of iterations. The 

algorithm eventually accepts a full Newton step. 

5. Eventually, all iterations take successful Newton steps and convergence to a second 

order point of the penalty function is assured. 

5.2 Assumptions and Terminology 

The following assumptions and terminology are needed throughout this chapter. 

Assumption 5.1 

1. The functions F(w), G.(w) for i ET, 9i(w) for i E P, and ei(w) for i E M, are 

twice continuously differentiable. 

2. The set 

J:'l = {tu E Rn+m+p :p#£(w) < p1&{-w0)}, 

for any starting value w0 E s.n+m+,,, is compact and has a nonempty interior. 
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It is necessary to introduce a measurement of the curvature, or second order change, 

of the penalty and model functions used in the algorithm. The measure used for differ­

entiable functions is extended to handle nondiff'erentiabilities. 

Definition 5.1 

1. The Generalized Rayleigh Quotient provides a measure of second and higher order 

change in a function f at a point w along a step as. It is given by 

O(f,w,a:s) = lla:!lli (f(w+as)-f(w)-a:sTVf(,v)). 

If / is twice continuously differentiable, then this expression can be rewritten as 

for some z E N( w, as) = { w' : l(w - -w'II ~ llw - asll}. If f is a quadratic function, 

then V 2 / is a constant. 

2. The measure of curvature of the penalty function pµ at w along the step ad is defined 

using the measures of cun,ature of its individual functions, 

where 

Op(w, ad) = Cl(F, w, ttd)- µ LPi(a)O(Gi, w, ad) 
iET 

+µ L a-i(a)pi(tt)O(gi, w, ad)+µ L a-i(a)O(Ci, w, ad), 
iEP iEM 

iET, Pi(a) - neg[Gi(w + ad)] 

iE P, a'i(a) - sign(min(-".(w + ad),gi(w + ad))] 

Pi(a) - negfgi(w + ad) - ..\i(w + ctd)] 

iEM, a';(a) - sign(c;(w + ad)]. 
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3. The measure of curvature for the piecewise quadrutic model function ({)k defined at 

wk along« step adk is defined using second order change in the penalty terms, 

where 

Ok( wk' act=) = ( dkf V2 F( wk)d' - µ E ei( actk)( d'=f V1Gi( wk)dk 
T'(e:) 

-µ ~ ei(act=)(dkfV2gi(ul)dk 
P: 

+µ ~ ~i(atr)iu(atr)(t.r=fV2gi(wk)cf 
P1(e:)uP;(e:) 

+µ L ~i(adk)(d"fV2Ci(ul)d', 
M'(e:) 

• for i ET'(£), 

• for i E 1'1., 

~i(adk) = sign(min(~(wk) + a(dk)TV.,\.(wk), 

1 
gi(wk) + a(dk)T'vgi(wk) + 2a2(J:fV2gi(wk)t.r=)] 

Qi(adk) - ne9[gi(ul) - .Xi(ul) + a(cf)T(Vgi(wk) - V..\i(wk)) 

1 + 2a2V2g,(wk)«r], 

- for i E M'(e:) 
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,l. Let 13} be the ~ distinct breakpoints of q:lt along d!. As in Section 4.2.2, assume 

that 

Define the second order change in 'Pit: along~ at ea.ch brealcpoint as 

In particular, note that 

5. Let J3} be the sk distinct breakpoints of v,k along the a.ppro:rimate trust region solution 

dk, as for /31 above. Similarly define the second order change in <pk along dk at each 

breakpoint as 

6. Define the following curvature measurements. 

{lk - max 1011 
j=l=-t+l 

(/t - max l(fl 
j=l:••+1 

T'k - 1 + ~ax(Oi, (i). 
1:::l:I: 

The following assumption is similar to Assumption ASA in [38]. 

Assumption 5.2 The curvatutt measurements satisfy the following condition over all 

iterations I:, 

Thus, there exists a finite value rnax > 1 such that -,.1: :S r11ax for all iterations k, i.e . .,.1:: 

is bounded above (by ,.mu:} and below (by one). 



CHAPTER 5. CONVERGENCE OF THE ALGORITHM 111 

5.3 Convergence to a Near Stationary Point 

The first stage of the convergence proof establishes that the algorithm converges to a near 

stationary point, as defined below. 

Definition 5.2 A near stationary point is a type two, three, or type four point, as defined 

at the beginning of this chapter. 

The result is proven in three distinct parts, as described below. 

1. A lower bound is established for the change in the penalty function from a type one 

point wk to a new point wk + di:, where dk is a successful trust region direction. 

2. By examjning the difference between the values of the model function and the 

penalty function at wk + die, and by establishing a lower bound on the size of the 

trust region radius over a sequence of type one points, the decrease in the penalty 

function is proven to be bounded away from zero. 

3. The algorithm is then proven to approach a. near stationary point. 

5.3.1 A Bound on the Penalty Function Decrease 

This section is modeled after Section 3 .1 ( "Obtaining a sufficient decrease in the model'') 

in (38]. To establish a lower bound on the decrease in the penalty function along the 

trust region direction d'i: defined from a type one point wk, it is first necessary to obtain 

a lower bound on the decrease in the model function rpk along dk. Because die: is chosen 

so that it provides at least as much decrease in <pk as the generalized Cauchy step a!d!, 
the bound can be obtained by analyzing the Cauchy step. 

For a direction d~ = -( zkf zk-yk, the step a! can be defined in one of three ways: 
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• a: = ~ E (0,/jt), where~ is the minimum point of the quadratic fonn 

qo(a) = 'Pk(ad!) for a E (0,Pt); 

• a:= Pf= oi, when there are no breakpoints along d! in the interval (0, ai); 

• ~ ~ Pf, when there is at lea.st one breakpoint Pi E (0, al). 

A lower bound is obtained for ~(O) - cp(~d:) by examining each way that ct~ can be 

defined. 

Lemma 5.1 Given Assumptions 5.1 and a type one point "!k, if a~ = agtin E (O,,Bf), 

then 

Proof: Recall from Lemma4.l and the definition ofOt that for a E (0,,Bt), 

- 'Pk(o) - ctll(Zk)T rklli + !a2(rkf zk(z'=f s1:.z1i:cz1c)T r" 
2 

- 'P'(o) - alf(Zk)T rklli + ~a21t(zkf r"11:ot. 

The mioimttm of qo occurs at agnn = 1/0t. Therefore, since agw1 E (o,,Bt), 

Therefore, 

since fOtf ~ r'= and Ot > 0. □ 

Lemma 5.2 Given Assumptions 5.1 and a type one point u,k, if a! = ,Bf = al, then 
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Proof: Since agiin ~ (0,-"f), then either agiin $ 0 or ogiin ~ tt1· 

• agiin $ 0 => nt $; 0 and ½<<)2ll(Zk)T'l'l:lliOt $; o. Therefore, 

'Pk(O) - i;,k(a!~) - a!ll(Zkf 'Ykll~ -½ca!)2ll(Zkf ,,'IIJnt 
~ a!ll(Z")T 'Yl:llf 

Akll(Zk)T-ykll} 
ll~llaa 

Since lld!llao $ ll<ellz = ll(Zkf 7•1!2, it follows that 

~k(o) - i;,k(a!d!) ~ ll(Zk)T'Ykll2Ak > ½11czk)T1•112A1:. 

• • _,.. k k 
• og11l1 ~ a-A => a~ 0 1 $ 1. Therefore, 

- a!ll(Zkf-rkll~ - ½ca!)2ll(Zkf 1klltnt 

- aill(Zkf-rklli - !.a111czk)T'Ylcll~(alOt) 
2 

~ alll(Zk)T 'Yklli - !.al ll(Zk)T 'Ykll2 
2 

- !a111czk)T 'Ykllf 
2 
Akll(Z"')T 'Yklli 

2lld:ll00 

> ½ncrf1"'ll2A•. a 

Lemma 5.3 GitJen Assumptions 5.1 and a type one point, wk, if a!~ -"f, then 

Consider the two cases for Gt. 
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• If ot ~ o, then (Pt)2ll(Z')T -yklllOt < 0, and 

cp1(0) - rpk{a!~) ~ Pfl((Zk)T "Ykll~ > ½nczkf-rklli'9t. 

The above three results are combined into a single observation and used to establish 

several other bounds. 

Lemma 5.4 Given Assumptions 5.1 and a type one point wk, 

Proof: The conditions of one of the Lemmas 5.1, 5.2, and 5.3 must be satisfied for any 

type one point and direction d!. Therefore. these three results can be combined. □ 

Corollary 5.5 Given Assumptions 5.1 and a type one point vi'=, the approzimate trust 

region direction dk defined at 101 satisfies 

'Pk(O) - ,l'(ti') ~ ½11czkf-ykll2 min ( uczkt-r"II:' A\ 1i(z6f-r"ll2.Bt) . 

Proof: The result follows immediately from the previous lemma and the fact that dk is 

accepted as the approximate trust region solution at wk only if cpk(dk) $ cpk(~d~). □ 

Corollary 5.6 Given Assumptions 5.1 and a type one point u,'=, if d1 is a successful trust 

region direction, then 
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Proof: The result follows immediately from Corollary 5.5 and the fact that dk is a 

successful descent direction only if 

5.3.2 Further on the Penalty Function Decrease 

In this section, the lower bound established in Corollary 5.6 is shown to be bounded 

away from zero. To prove this result, bounds are first established on /JI.:'. the smallest 

breakpoint along d!, on the absolute difference between the value of the model function 

at dk and the penalty function value at wk + dk, and, finally, on the size of the trust 

region radius over a sequence of type one points. 

A lower bound on .Bt is established first. 

Lemma 5. 7 Given Assumptions 5.1 and a type one point, the first breakpoint .Bf along 

the Cauchy direction d~ before the trust region boundary is encountered is bounded away 

from zero. 

Proof: Assume the contrary, that there exists a subsequence of iterations{~} such that 

lim inf pk;. = 0. 
i➔oc l 

(5.1) 

For each iteration~, .8~ is the point along di=. at which some £-inactive penalty term 

changes shape, that is1 there exist values uk., vki and z!c. such that 

where 

, uk. is the value of an E-inactive penalty term (i.e. luk.l > £), 
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• vi.ti is the rate of the first order change along the direction d~•, and 

, zlG is the rate of the second order change along the direction d!•. 
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Note that by Assumptions 5.1, there exists Mv > 0 such that lvk. I $ Mv and M: > 0 

such that l~I ~ M;;. 

Consider the following cases, on any iteration le;. 

• if vk; #= 0, zk. =f:. 0, and ,8~ is positive and real, if ( t1'~i)2 - 4uk; zk; = 0, then 

k. - - vi;. - lvkij - ✓4lukillzk'I - ~ > /I. 
131 - 2zk; - 2lz""I - 21:zk.l - ~ V J.l;.· 

When j3f' corresponds to any of the above cases, for specific indices le; or in the limit, then 

.B~• is bounded below by the constant min(1;/Mu, viEfM:). Because of our assumption, 

the iterations in the subsequence {ki} cannot belong to any of the cases above. Therefore, 

if J3f• is positive and real, then 

for all finite values of ~ and in the limit as i ➔ oo. 

Since 

1• inf !3"' un. 1 = 0, 
1➔00 
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it follows that 

Because jzkil 5 Mi&, it follows that 

Following along, we necessarily have that 

lim Jnf -vk• =fun.inf ±V(vki)2 - 4uk;zk; 
l-+00 i➔oo 

<=> lim.inf (vk•)2 = lim_inf ((vk•) 2 - 4uk.zk.) 
i➔oc 1➔00 

<=> lim inf 4uk• z'•• :: 0. 
i-+00 

Recall that luk.l > ~for all~- Since z'ti = ~ implies Pt' > €/M,,, this contradicts (5.1). 

Therefore, there exists a constant o~ such that 

on all iterations. D 

~k > 6, 
1-'l - (3 

Next, an upper bound on the absolute difference between the penalty function value 

at the point wk + dk, for a trust region direction dk, and the model function value cp"( d") 

is developed. 

Lemma 5.8 Given Assumptions 5.1 a.nd an approzimate trust region solution dk at a 

type one point wk, there ezists a constant q0 > 0 such that 

Proof: This result is inspired by Lemma 3.9 in (37]. Assume that lldkll is small enough 
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that the following conditions are all satisfied. 

for i E T'(e) : neg(Gi(wk + dk)J = neg[Gi(w
1

)] 

for i E P_{(e) U .Pf(e): Ai(wk + dk) < gi(wk + dk) 

for i E J>;(e) u P!1(e): gi(Wk + dk) <-'.(wk+ ak) 

for i E Fq(e): sign[gi(wk + dk)] = sign[gi(ul)] 

for i E P::(e): sign[min{,\(wk +d•),gi(wk +dk))J = sign(~(wk)J 

From Lemma 4.1, we can write 

Also, since dk maintains all the current e-activities up to first order, 

The following notation shall be used. 

• For i E J'i(e), tTi = sign[,\(wk)]. 

• For i E ~(E), 
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Using this notation, 

p~(wk + cf') :;: F(wk) + (dk)Tv F(wk) + ½ncrlli!l(F, wk, dk) 

-µ E Pi(Gi(wk) + («t=)TVGi(wk) + !nd"'lliO(Gi, wk, dk)) 
T'(e) 2 

-µ E Pt(Gi(wk) + ½n«r=lliO(Gi, w1\ J=)) 
TO(t:) 

+µ E (Ti(.\s(ul) + (d"fv~(wk)) + µ L l~(ul)I 
~w ~w 

+µ E O'i(Di(wk) + (cf'fVgi(ul) + illcflliO(gi, wk, dk)) 
P;M 

+µ E o-f(gi(ul) + ½lldklliO(gi, wk, ct=)) 
l';(t:) 

+µ E tri(As(u/) + (dk)TV.\i(ul) 
_ P~(e) 

+ Pt(Yi(wk) - Ai(ul) + ½11r11}a(gi, ul'=, dk))) 

+µ E I min(.\s(wk),gi(ul) + ½lldklliO(gi, wk, tf))I 
P:M 

1 • 
+µ E O'i(Ci(ul') + (d"fVc.(wk) + 211tflliO(Ci, wk, tr=)) 

M'(e) 

+µ E at(c.(ul) + ½lldkll;O(c_,ul,dk)) 
MO(e) 

- Pµ(w'=) + (d"')T-yk + ½Hd"llfOp(wk, dk) 

-µ E G,(wk)(pt - pi)+µ. L9i(wk)(at - CTi) 
Tc. P; . 

+µ E «Ti(9i(wk) - ~(wk))(pt-Pd 
P!,(e) 
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+µ E (Ai(ul)(o-t- o-;) + (gi(wk) -A.c(wk))(o-tpt - D"iPi)) 
J>g(E) 

+µ L Ci(wk)(trt - O"i). 
MO(e:) 

Therefore, it follows that 

where 

( k .Jk) "1 w '0, - ½lld"fl;(Op(wk, dk) - nk{dk)) 

- - E Gi( wk)(pt - Pi) + E 9i( w )( a-t - O"i) 
TO(«) J>3(e:) 

+ E a-;(gi(w1) - Ai(wk))(pt - Pi) 
P~(«) 

+ E (.\i(wk)(o,t- o-i) + (gi(wk) -Ai(wk))(crt Pt - D"iPd) 
P!(«) 

+ E Ci( vi=)( af - o-i). 
M0 (c) 

Applying the triangle inequality, 

Looking more closely at 1t1 , it follows that 

where Assumption 5.1 guarantees the existence of the constant L. 

The second expression 1t2 requires a more detailed analysis. 

l1t2(w, d)f S }: IG.:(wk)(lpt- Pil + E fg.:(w')llcrt- D"il 

TO(e:> r.c«> 

+ E lsi( wk) - Ai( w1 )11pt - Pil 
P:::(c) 

120 



CHAPTER 5. CONVERGENCE OF THE ALGORITHM 

+ E f(~i(u,k)(at - o-i) + (gi(wk) - ~(wk))(tTl Pi - triPi))I 
ie.P!(£) 

+ E ICi(u,k)lla-t - O"i(. 
M0 (c) 
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For i E T0(e), let Xi= IG.(u,k)IIPi - Pil- Each i E T0 (e) must satisfy at least one of 

the following conditions: 

1. Pt = Pi =} Xi = 0. 

2. Pt= 1 (or Gi(w + d) < 0) and Pi= 0 (or Gi(w) ~ 0). Since 

it follows that 

and, since the second order change is negative, 

3. Pt = 0 (or Gi(wk + dk) ~ 0) and Pi = 1 (or Gi(wk) < 0). Following a similar 

reasoning to that used above, 

Divide T0 (€) into three distinct sets, T1, T2 and T3 , corresponding to the cases described 

above. Then, 

- E IGi(w'=)I + E IG,(wk)I 
T2 Ts 

< ½ndkll~(E IO(G;, w", ~)I+ L l!2(Gi, w", dk)I) 
Ti T3 
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where t is the number of upper level constraints in the bilevel problem and LG is a 

constant bounding the maxim.um. curvature of all the functions Gi- The existence of LG 

is guaranteed by Assumptions 5.1. 

Using similar analysis, it can be shown that 

Exi s fldklJ~L9Size( ~ ( €)) 
P8(e:} 

E Xi s ½udl:lliLgSize(P:( €)) 
P!t(e:) 

L Xi < lltrll~LcSize(M°(t)) = Jlt.rl[;Lcm, 
M8(e:) 

where Lg and Le, giving the maximum curvature of all 9i for i E P, and c;, (or i EM, 

respectively, exist by Assumption 5.1. 

Next, examine the remaining sum, over ~ ( e), more closely. Let, for i E ~ ( e), 

Consider the following cases for i E ~(E). 

1. If tTt = tTi, then 

Xi - IAi(wk) • 0 + (gi(ul) - Ai(ul))tTi(Pt - Pi)( 

- lg,(wk) - A;(w")IIPi - Pil-

(a) If Pt= Pi, then Xi= 0. 

(b) If Pi :f:. Pi, then 

1 
Xi== fgi(w') - -X,(ul)I $ 2lld"ll~l"1(gi, w', cf)!, 

using the same analysis as above. 
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2. If trt = -o-i, then 

Xi - l2~(wk)a-t + (gi(w') - >..(wlt))trt(Pt- Pill 

- l2~(w) + (gi(w) - >..(w))(pt - pi)j. 

We now look further at the pOSS1oilities £or this case. 

(a) If Pt= 0 and Pi= 0, then it follows that 

min(~(wk+d1c),gi(wk+tf:}) - ,\.(wk+c:f') 

min(~(w'),gi(w')) - .\.(w'}, 
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and sign[..\.;(w' + d')] = -sign[>._(wk)]. However, since ,\i(wk + dfc) = ,\.(wk), 

this condition cannot be satisfied. Therefore, this case is empty. 

(b) If Pt = 0 and Pi = 1, then sign[~(u,k)J = -sign[g;,(wk)]. In this case, 

since 9i( wk) and >..( v,k) are of opposite signs. Since g;,( wk + r) - ~( vl~ + dk) 

and 9i( wk) - >..( w'=) are of different signs, it follows that 

and 

Xi ~ ½11.rll~IO(g;,, wk, ct=)l-

(c) If Pt= land Pi= 0, then sign[gi(wk.+ tr)]= -sign[>._(wk)]. Again, we have 

that 

Consider the two possibilities for sign[g;,{w')]. 
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ii. sign[gi(wk)] = -sign[g.(w' + d'=)] = sign(.\.(wk)]: since gi(wk) has a dif­

ferent sign than g,( wk + ,l'=), it follows that 

Therefore, 

Xi - I Ai( wk) - 9i( wk) + 2gi( wk}f 

< 1.-\i(wk) - g,(w1 )1 + 2lgi(u,l:)I 

~ ½11ct11;tO(gi, w'\ tr)I + l(trll;O(gi, w\ tr)f 
3 le 12) k * - 2(fd I 2 O(gi, w , a··)(. 

Combining all the cases above, we get that 

Therefore, it follows that 

E Xi ::; ;udklliLgSize(~(i)). 
p~ 

'"2(101\ tr)I :S ½11trlliLGt + tftrl(;LgSize{~(e)) + ½11..t=nlLgSize(~(e)) 

+il(rl(;L9Size(~(e)) + (ltrlliLcm 

$ f11fdl:lli, 
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where 

Combining this result with (5.2), and .,-k ~ l, we have 

where 

fpµ(wk + ti') - ~•ctr)( ~ l(dkll: (L + .,-k + Pfl) 

< {n+m+p)fltrll;, (L+Tk+µq1) 

< (n + m + p)(Akf1(LTk + ,,.i: + pq1Tk) 

- fo(Al:)2~, 
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A lower bound on A k can now be established, assuming that A satisfies the following 

assumption, which is similar to an assumption stated in equation (104) on page 446 in 

[38]. 

Assumption 5.3 The algorithm parameter A is small enough that the following condi­

tion is satisfied: 

Lemma 5.9 Given Assumptions 5.1 and 5.3, and a type one point wl:, for all iterations 

k, there ezists a constant J > 0 such that, 

Proof: This proof uses the technique of Lemma.1 (page 446) in (38]. Define 6 as 

; = _!:A • (i 1 -- 62 A(l - 62)) 
(1 2mm '2 I 2 • 'lo 'lo 

(5.3) 
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Assume that the lemma is not true, Le. that there exists an index J such that 

(5.4) 

The definition of 6 and Assumption 5.3 ensure that A 0r 0 ~ 6, so J ~ 1. Without loss 

of generality, assume that J is the smallest index satisfying (5.4), i.e. Ak-rk ~ 6 for 

k=O:J-1. 

Define {J-i as follows: 

e-1 - lj=: -ii 

I
P11(wJ-1 + dJ-1) - p,.(vl-1) 11 

- cpJ-l(dJ-1) _ ~J-l(O) -

l

p,.(wJ-1 + dJ-1) - cpJ-1(dJ-1) I 
- rpJ-l(dJ-1) _ cpJ-l(O) ' 

since Pµ(wJ-l) = rpJ-1 (0). Using the results of Corollary 5.5 and LemmaS.81 Assumption 

5.3, and the fact that wk is a type one point, it follows that 

Consider the following: 

TJ-lAJ-l < TJ aJ-l since r1-1 '.5 r1° 

< 2-rJ tJ..J since 11/-1 ~ 2AJ even if iteration is unsuccessful 

< 26 from (5.4) 

$ A since 6 $ A/2 Crom (5.3). 

Since A/-rJ-i > AJ-t - ' 
J-l 29o(AJ-1) 2rJ-l 4qoAJ-16 

e ~ Armn(11.J-1 ,A2) :5 Amm(11J-1 ,A2r 
Consider the two possibilities for the min term separately. 
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Therefore, in either case, eJ-i ~ 1-62 , or 

l
xJ-1 I x:-1 x!-1 
j_1 - 1 $ 1 - f>2 => J-l - 1 2: 62 - 1 => J-l 2: 62, 

Xp Xi> Xp 

i.e. iteration J - 1 is very successful and 4J-l :S AJ. So, 

which contradicts the fact that J is the smallest index satisfying (5.4). The result follows 

immediately from the contradiction. □ 

The results just established are now used to provide more information about the 

decrease in pµ from a type one point. 

Lemma 5.10 Given Assumptions 5.11 5.S, and 5.3, if, for all k, wk is a type one point, 

then for any successful trust region direction dk, there exists a positive constant 6p such 

that 

Proof: It follows from Corollary 5.5, Lemma 5.9, and wk, a type one point, that 
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By Lemma 5.7, 13t 2'.: 6fj, so 

From Assumption 5.2, ,,-II: is bounded above by a constant ,-mu, so 

If iteration I.: is a successful iteration from a. type one point wk, the decrease in the 

penalty function along the trust region direction is bounded away from zero. If all the 

iterations. correspond to type one points, only a finite number of successful iterations are 

possible. since, by Assumption 5.1, Pv, is bounded below. This result is proved formally 

in the next section. 

5.3.3 Approaching a Near Stationary Point 

Before proving that the iterates approach a near stationary point, further notation and 

intermediate results are required. We first show that there exists at least one subsequence 

of iterates which approaches a near stationary point. After two technical results are 

developed for the algorithm. it is established. that if there are only a finite number of 

successful iterations, the algorithm. must approach a near stationary point. A similar 

result is then established. for an in.finite number of successful iterations, providing the 

desired result. 

Definition 5.3 Define the following sets: 

S - { k : iteration k is successful} 

S - { k : iteration k is unsuccessful}. 
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Lemma 5.11 Given Assumptions 5.1, 5.2, and 5.3, if, for all le, wk is a type one point, 

then 

Proof: The proof uses the technique of Theorem 8 (page 447) in (38] and proceeds by 

contradiction. 

Assume that the result does not hold and llzf "Y1:ll2 > A for all iterations k. 

On a successful iteration k ES, we have, from Corollary 5.61 that 

where Wk+i =Wk+ d1:. From Assumption 5.1, pµ is bounded below, 

E (p"( wk) - pµ( wk+i)) < +oo. 
keS 

Therefore, using Assumption 5.3, Lemma 5.9, and -,J: ~ 1, we have 

i.e. 

E(pµ;(wk) - pµ(wk+l)) ~ 
kES 

1 " • ( / le k k) i'1 ~ A nun A r , ~ , A/31 
kES 

> ½61A L min{A/~, Jl.k,A2) 
keS 

> ½b1A L min(A/~, 6/rk,A2/rk) 
kES 

~ ½61Amin{A,6,A2) E l/r1:. 
kE8 

Let "Y2 E (0, 1) and 'Y3 ~ 1 be the modification constants for the trust region radius, 
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and let p, a positive integer, satisfy -y3~-l < 1. In Algorithm 4.1, 'Y2 = ½ and -y3 = 2, 

and any p ~ 3 is suitable. 

Let S1c = IS n {0, •·•,le - l}I be the number of successful iterations in the first k 

iterations. Define the following, mutually disjoint sets which span all the iteration indices, 

We will examine the sums L-ieJ 1/.,.._ for J = J1 and J = J2-

First, consider the sum UeJ1 1/f'J:, and define the two subsequences of indices: 

• K,1 , the indices of J1 in increasing order, 

• K,2 , the indices of S in increasing order, with each index repeated p times. 

Note that the jth components of the two sequences satisfy IC} ~ K:j and that .t2 has at 

least as many components as K,1. Therefore, T~} ~ 1"K:j. Looking at the sums, 

E 1/~ = E 1/~ ~ E 1/-rk = p E 1/-r/c < +oo. 
1ceJt 1=e~1 1ce~ 1ces 

Next, consider the sum E1ceJ2 1/T"k- First, for any k E J2, 

-yf'11e-2 

< -yj4Tc-2 

"Y2")'3A"-2 

S -r:-s•-yf • A 0 

ifk-lE~ 

ifk-lES 

if k - 11 k - 2 E S 

if k - 1, le - 2 E S 

otherwise 

S "Y:-k/p"Y:/p 40 

- ('y3-yf-1 )/c/p AO 1 
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since S1: < k/p, '12 < 1, and "Y3 ~ 1. Therefore, using Lemma 5.9, 

E 1/r'= ~ ~o E (">'3T2-lt/p < +00. 
kEJ2 l:EJ2 

Combining the information about the two sums, 

00 

E 1/Tk = E 1/Tlc + L 1/rk < +00, 
k=l ktUt kEJ2 

which contradicts Assumption 5.2. Therefore, the result is proven. □ 

We have just established that there exists a subsequence of the iterates which con­

verges to a near stationary point. To establish that all iterates will converge to such a 

point, it is necessary to introduce two other results. 

Lemma 5.12 Given Assumptions 5.1 and {q;} an infinite subsequence of the iterates, if 

there exists ti, nch that 

then 

where Z = Z(w), and t = -y(w). 

Jim wq; = w, 
1➔00 

Proof: Assume for convenience and without loss or generality that each e-active penalty 

term (with value Ui) satisfies IUil < e or IUil > f, that is, that none of the activities have 

magnitude or exactly E. Note that if there exists i such that IUil = £, then e can be slightly 

increased without affecting the division of the penalty terms into €-active and e-inactive 

terms. 
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By the continuity of the underlying functions comprising the penalty functiont we 

have that 

and _lim VGi(wqi) = VGi(w) for i ET 
1➔00 

Jim Ji( wqi) = 9i( w) 
1➔00 

and _Iim Vgi(w9i) = Vgi(w) for i E P 
1➔00 

Jim -'i(w9i) = -'i(w) 
1➔00 

and _lim V-'i( w9i) = V .-\.( 10) for i E P 
1➔00 

and _lim VCi(w9i) = VCi(w) for i EM. 
1➔00 

Therefore, it follows that there exists an integer J > 0 such that for all j > J, all the 

following conditions are satisfied. 

• For i E P>., .-\.(wqi) < gi(wqi). Then for i E J>f(E), f,\,(u,9i)f < E and for i E P>.(e), 

IA.(w9i)I > e. 

• For i E Pg, 9i(wqi) < .-\.(wqi). Then for i E ~(E), fg,(wqi)f < £ and for i E Pg(E), 

IDi(wqi)I > e. 

• For i E P=(e), fgi(wqi) - ~(wqi)I < e. Then, for i E ~(,:), f,\.(wqi)I < E or 

lgi(wqi)I < e, and for i E ~(e), l.i¼(w9i)I > e and fgi(wqi)f > E. 

Consequently, for j > J, the e-active and e-inactive sets of penalty terms are correctly 

identified as those at w. Combining this result with gradient limits defined above, it 

follows that 

_lim "Yq; = t-
.1➔00 

It similarly follows that 

lim Aq; =.A.and lim z9; = Z. 
i➔oo j➔oo 
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Combining these results, we get that 

and the result is proven. D 

Corollary 5.13 Given Assumptions 5.1, two infinite sequences {q;} and {r;}, and 

_lim l(w11i - w"ill = 0, 
1➔00 

then 

Proof: From the given information, there exists w such that 

lim wq; = w = lim w"i. 
i➔oo i➔oo 

Therefore, from the previous result, 

and the result follows immediately. □ 

Lemma S.14 Given Assumptions 5.1 and 5.2, if S is a finite set, then there e,:ists w 
such that 

and 11zr tll2 $ A. 

lim Wk= W, 
k➔oo 

Proof: Since S is finite, there exists an index K > 0 such that all iterations k ~ K must 

be unsuccessful, i.e. 



CHAPTER 5. CONVERGENCE OF THE ALGORITHM 134 

and 

Since A I: is reduced on unsuccessful iterations, it also follows that 

(5.5) 

Assume that u,K is a type one point, i.e. (((ZK)TyK((2 ~A.Therefore, from Lemma 

5 .9, we know that A 1c,.ic ~ S, f'or some constant S. Since .,-le. is bounded above and below, 

,Ak is bounded away from zero, which contradicts (5.5) above. Therefore, ti, is not a type 

one point, so IIZT tll2 $ A. D 

Finally, it is now shown that the sequence of iterates defined by Algorithm 4.1 converge 

to a near stationary point. 

Lemma S .. 15 Given Assumptions 5.1, s.a, and 5.3, if S is an infinite set, then 

Proof: This proof uses the technique of Lemma 3.15 {page 182) in (37], and proceeds 

by contradiction. Assume that the result is not true, i.e. there exists a subsequence of 

successful iterates, denoted { q;}, for which 

is satisfied by the entire subsequence. 

However, from Lemma 5.11. there exists a subsequence of iterates, denoted {r;}, for 

which 
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Therefore, for large enough values of j, 

l((Zk)7'-ykll2 > A k = q;, q; + 1, •• ·, ,.;- 1 

ll(Z"if "Y'"ill2 < A. 

Note that ,. ; is the smallest index greater than q; for which the above conditions are 

satisfied. 

Consider the set IC;= {I: ES: q; ~ k $ r; -1}. Since f; E /C,;, the set is nonempty. 

Recall, from Corollary 5.6, that for I: E IC.; with ; large enough and by Assumption 5.3, 

pµ{ul) - Pµ(ul+l) > ½b11f (Zk)T "Ykll2 min(fl(zk)7' "Ykll2f ,-k, A k, l((Zkf "Ykll2.Bt) 

> ½b1Amin(A/-r\ 6k,A2). 

Since p" is bounded below by Assumption ?·1, 

and, therefore, 

Since ~ is bounded above and A2 is a constant, for j and k large enough, A k must be 

the minimum term. Therefore, 

Now, 

_ Jlw9i _ 

r;-1 

r;-1 

L wk+ 
k=q1+l 

S E Uul - u,k+l If oo 

k=9; 

s E 11'1'=1100 
kE1'; 

.,.;-1 
}: u,k - u,,.i lleo 

k=q;+l 
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Since 

it follows that 

and from Corollary 5.13, 

Jim l(wq; - w,.il( = 0, 
J➔OO 

Therefore, for any positive value p, there exists j large enough such that 

Now, £or large enough j, 

H(Z"i)T 1'"11(2 _ ll(Z'lif ,y'li - (Z'if-y,.i + (.z'"if 1'"ill2 

:S [l(Z"i)T 7'li _ (Z'i)T ., .. ill2 + l((Z'i)2' ,y'"ill2 

:S p+A. 
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Since there are appropriately large (but finite) values of j for which the above condition 

holds for any positive value of p, it must necessarily be true that, for large enough j, 

which contradicts the initial assumption in the proof. Therefore, that assumption was 

invalid, and the result follows. a 

The next result finally establishes con\"ergence of the algorithm to a stationary point. 
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Lemma 5.18 Given Assumptions 5.1, 5.2, and 5.3, the iterates defined by Algorithm ,1.1 

satisfy 

If S is finite, the result follows from Lemma 5.14. Otherwise, wk, and therefore 

ll(Zk)T--ykll2, will only change values on successful iterations, and 

and the result follows from Lemma 5.15. □ 

5.4 Convergence to a First Order Point 

The goal of this section is to prove that the algorithm will eventually approach a first 

order point of the penalty function. This is established by examining how the algorithm 

handles type two points. Recall that a type two point appears to be dose to a stationary, 

non-first order point. 

The proof requires-several steps. 

1. If the algorithm is approaching a stationary, non-first order point, then the iterate 

will eventually be classified as a type two point. 

2. Given a type two point, there is a lower bound on the decrease in the model function 

along a dropping direction, and hence on the decrease in the penalty function for a 

successful trust region dropping step. 

3. Over a sequence of type two pointsf the trust region radius is bounded away from 

zero, so a successful iteration will eventually be performed. 

4. The penalty function decrease on successful iterations is bounded away from zero. 
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5. Dropping steps cannot be performed infinitely often. 

The results presented here are modeled after those in the previous section, and are inspired 

by Theorem 1 in [34]. 

5.4.1 Approaching a Type Two Point 

In this section, an earlier result, Lemma 5.12, is used to establish that, if the algorithm is 

approaching a stationary, non-first order point, then the algorithm will eventually classify 

the iterate as a type two point. 

In theory, a multiplier is out of kilter when it falls anywhere outside its optimal range. 

However, in practice, within the algorithm, a multiplier is considered out of kilter only 

when it is safely out of kilter. For the necessary optimality range (-p., p.J, the multiplier 

estimate is considered in kilter if it is in the range [-(l+,8-.)µ, (l+,8;e}µ], for an algorithm 

tolerance /3;e. Similarly, if the necessary optimality range is (0, µ] then the multiplier is 

considered in kilter if it lies in the range (-,89 1 (1 + .81.)µJ. This generalization is used in 

an attempt to avoid dropping an activity whose multiplier is near one of the endpoints of 

the optimality ranges and its estimate is slightly out of kilter simply because the iterate 

is not yet close enough to the stationary, non-first order point. 

Therefore, in order for a. iterate to be classified as a type two point, the out of kil­

ter multiplier must be safely out of kilter. This leads to the following definitions and 

a.ssumptioos before we restate the result. Note that the first assumption is also used in 

Theorem 1 in [34]. 

Assumption 5 .. 4 Assume that the number of stationary, non-first order points is finite. 

Definition 5.4 Let i refer to the multipliers at a. stationary, non-first order point ti,. 
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1. Let 69 be the smallest magnitude by which a multiplier i is out of kilter at a 

stationary, non-first order point. 

2. Let Omult, a finite value, be the minimum of 69 ouer all stationary, non-first order 

points. 

The following assumption on the tolerance ~• is required ~ well. 

Assumption S.5 Assume that the tolerance /39 satisfies P• < 6mult· 

Lemma 5.17 Given Assumptions 5.1 - 5.5, if there ezists a subsequence {q;} for which 

ll(zq;)T ,-q;f12 ~ A and lim;➔oo wq; = w, for a stationary, non-first order point w, then, 

wk, for some le, tDill be eventually classified as a type two point. 

Proof: From Lemma 5.12, it follows that the set of £-activities at wq; will eventually 

match the set of exact activities at tiJ. Therefore, it follows that 

A"i(£) ➔ A and ,-q; ➔ i', 

where .A. and i' are evaluated at ti,, and 

Since at least one of the multipliers at w is out of kilter, it must be true that, for j large 

enough, a component of •q; must be out of kilter as well. Now, since ,Jq; ➔ i, after a 

finite number of iterations, some multiplier estimate will be safely out of kilter, due to 

Assumption 5.5. Therefore, this iterate will be classified as a type two point. □ 

5.4.2 A Bound on the Model Function Decrease 

For convenience, superscript k indicating the iteration number is omitted because the 

results presented deal with a single iteration. 
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The model function decrease along dropping direction d-,, is examined, where dtJ is 

assumed to satisfy the following condition. 

Assumption 5.6 Dropping direction di, is defined to drop a single activity. It satisfies 

Ad-,,= -sign[lf;]e;, where multiplier if; is safely out of kilter. In particular, assume that 

d1J satisfies 

where Va; is the gradient of the £-activity being dropped, A; is A tuith Va; removed, and 

Z; satisfies Z; = [ZzJ and Af Z; = 0. 

The value of the model function along d.,, is examined next. The e-activity sets 

indicated below correspond to the current iterate, and have not been updated to reflect 

the change due to the dropped activity. This explains the need for the inclusion of the 

term Acpi,{a), which is defined below, on the last line, 

~(a"1,) = F(w) +a4VF(w) + ½a24V2F(w)di, 

-p, L min(G,(w) + a4VGi(w) + a 24V2G,(w)d, 0) 
iET'(«) 

-p, L min(Gi(w), 0) 
iETO(c) 

I min(Ai(w) + a'4V..\i(w), 

9i(w) + Q4Vgi(w) + a 2c!iV2g,(w)d,,)I 

+µ. L I min(At(w),g,(w) + aclJ;Vgi(w) + a 2"bV2gi(w)di,)I 
iEJ'.:(«) 

+µ L I min(Aa(w) +a4VAi(w),gi(w))I 
iEP3(«) 

+µ L I min(Aa(w),gi(w) + cr<ltVg.(111) + a 24V2g,(u,)di,)I 
iE~(e) 

+P L IAi(w) + dJ;VAi(w) + min(O,gi(w) - .-\,(w))f 
iEP!,(c) 
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+µ. E I min(l.(w),g.(u,))f 
•E~(«) 

+µ. E ICi(UJ) + a4;Vc;(w) + a24;V2c;(w)di,f 
iEM'(~) 

+µ E lCi(w)I + pA,pi,{a). 
iEJIO 
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The following assumption on the step size a is made so that the model function ( and 

later the penalty function) can be examined more easily. 

AssUJDption 5.7 We shall consider only a :S a 1, where a:1 is the first breakpoint along 

d'D associated with the inactitrities at u,. 

Under this assumption, which was inherent in part 1 of the proof of Theorem 1 in [34], 

the model function can be written more compactly. 

The term A'(JTJ is defined by removing the dropped activity from its active set and placing 

it in the appropriate inactivity set. Its specifics are listed below. 

Definition S.5 The value of the function A'{J'D depends on the type of activity that was 

dropped in defining d'D. 

• Ifie T°(t), then 

Acpi,(a) - tnin(G;(w), 0)- min(G;(w) + a,4;VG;(tu} + ½a2c4;V2G;(w)di,, 0) 

- (";(O) - ";{a))G;(w)- a";(a}4VG;(w) 

1 
-

2
a 2f;;(a)4V2G;(w)di,, 

where ~;(a:)= neg(G;(w) + a,,4;VG;(w) + ½a24V2GJ(w)di,]. 
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• If i E P'J.(e), then 

4cpi,{a} - -((,\;(w)l - l>-;(10) + aJ.I;V,\;(w)() 

- -(,\;(w)(e;(O) - e;(a)) - ae;(a)diVA;(w)), 

where e;(a) = sign(>.;(w} + a4V,\;(w)]. 

• If j E ~(e), then 

4n(a) - -(fg;(w)( - (g;(w) + a4Vg;(w) + ½a24V2g;(w)d1>1) 

1 
- -(g;(w)(e;(0) - e;(a:)) - ae;(a:)4Vg;(w) -

2
a 24V2g;(w)di,), 

An(a) = -e;(min(O,g;(w) - ,\;(w)) 

where 

- min(O,g;(w) - ,\;(w) + acJt(Vg;(w) - V.\;(w)) 

1 + 2a 2V2g;(w)d'D)) 

- -e;((g;(w) - ,\;(w))(,;(O) - ,;(a)) - ctt;;(a)4(Vg;(w) - V,\;(w)) 

1 
-

2
a2,;(a)4V2g;(w)d'D), 

e; - sign[.\;(w)]. 

• If j E ~(e) and >.;(w) is being dropped, then 

4'P1)(a) - -(I min(.\;(w), g;(w))I - I min(.\;+ Q4V .\;(w),g;(w))I) 

- -(.\;(w)(e;(O) - e;(a)) + (g;(w) - >.;(w))(e;(O)~;(O) - e;(a),;(a)} 

- a:e;(cr),;(a)4V>.;(w)), 
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where 

e;(a) - sign[min(A;(w) +adiVA;(u,).g;(w))] 

-;1(a) - ne9{g;(w) - A;(ur) - adJ;VA;(u,)]. 

• If j E ~(€) and g;(w) is being dropped, then 

a~(a) = -(I min(A;(m),g;{w))I 

- I min(Ai,g;(w) +a4Vg;(w} + ½a24V2g;(w)d'D)I) 
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- -(..\;(e;(O) - e;(a)} + (g;(w) - A;(w))(e;(0)~;{0) - ej(a)t;(a)) 

+ ae;(a)i;-;{a)dJ;Vg;(w) + ½a2e;(a)~;(a)4V2g;(w)d'D), 

where 

- sign[min(..\;(w),g;(w) + a,4;Vg;(w) + ½a24V2g;(w)d'D)] 

1 
- negfg;(w) - l;{w) + a~Vg;(tu) + 2a 2 4bV2g;(w)d'D] 

• If j E M0{e), then 

1 
- -(lc;(w)I- lc;(w} + cr4Vc;(w) + 

2
cr2,4;V2c;(w)d'DI) 

- -(c;(w)(e;(O) - e;{a)) - ae;(a)4Vc;(w) 

l - 2a 2e;(a)4V2g;(w)di,), 

where e;(a) = sign(ci(w) + aclJ;Vc;(w} + ½a24V2c;(w)di,]. 

Each case is investigated individually. The results presented in Lemmas 5.18 - 5.22 

are inspired by part l of the proof of Theorem 1 in (34]. 

Lemma 5.18 Given Assumptions 5.1 - 5.1, if di, = -sign['(lf]Z;ZjVG;(w) for some 

j E T0(E), then 
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where 

and 

Proof: From above, we have that 

cp(ad1>) - cp(O) = µG;(w)(~;(0) - ~J(a)) + ct(4,- - µc;-;(a)4VG;(w)) 

1 +2a 24Bi, ( ct)dt,. 

Note that, for some u in the reduced space, 

4,. - 4;(A'l+Zu) 

- 4A..P-+o 

- -sign( wf J'lf 
- -111;1 

and 4VG;{w) = -sign['ly]. Therefore, 

cp(ad1>) - cp(O) == µG;{w)(t;(0) - ~;(a:)) - a(['lfl - Pt;(a)sign['l'f]) 

+½a24B1>(a:)d-z,. 

Examining the first terms on the right hand side yields 

0 if (';(O) = t;(a) 

G;(w) if (;(0) = 1 

-G;(w) if (;(0) = 0 

144 
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and 

11171 - µ~;(a)sign['1f] 
{ 

(9f ( - pt;;( a) > 'ij-µ if 'If>µ 
-

(9f I +µ~;(a) > ('1;( if "t''f < 0. 

> 6.-g. 
J 

Therefore, 

The result follows immediately. □ 

Lemma 5.19 Given Assumptions 5.1 - 5. 7, if d1J = -sign('t"}]Z;ZjV g;( w) for some 

j E ~(£), then, 

where 

and 

Proof: From above, we have that 

<p(ad-z,) - cp(O) = -µg;(w)(e;{O) - e;(cr)) + a(~'"Y - µe;(a)4Vg;(w)) 

1 
+2ct

24B1>{a)d1>. 

Note that, for some u in the reduced space, 
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and 4 V g;( tu) = -sign(~J]. Therefore, 

cp(ad'D) - cp(0) = -µg;(w)(e;(0) - e;(a)) - a(l'l'fl - µe;(a)sign(i11) 

+½a2~B1>(a)d1>. 

Examining the terms on the right band side yields 

and 

Therefore, 

g;(w)(e;(0) - e;(a}) -

> 0, 

o if pj{O) = e;( a) 

2G;(w) if e;(0} = 1 

-2G;(w) if e;(0) = -1 
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Lemma 5.20 Given Assumptions 5.1 - 5. 7, if d1> == -sign[i17]z;zjVA;(w) for some 

j E ~(e), then, 

where 

and B-.p(a) = B(w). 

Proof: The result is proven using the same technique as for j E ~ ( e). □ 

Recall that P::(t:} = pt(e) U P;-(e) where the± indicates the common sign of .-\(ta) 

and g;(w). For our purposes here, the sets must be separated, just as they were in 

determining optimality conditions. 
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Lemma 5.21 Given Assumptions 5.1 • 5. 7, if d-r, = -sign['il1-A]Z;zf(Vg;(w) -

VA;(w)) for some j E P=(£) 1 then, 

where 

and 

<,o(O)- tp{ad:o) ~ a6+;-" -½a2c4;B-z,(a)di,, 

if,Jj-~ < 0 

it•r~ > "' 

Proof: The result is proven using the same technique as for i E T°( E). □ 

Lemma 5.22 Given Assumptions 5.1 - 5. 7, if d:o = -sign[_'.tiJZ;zJ'V c;( w) for some 

j E M0 (e), then, 

where 

and 

Proof: The result is proven using the same technique as for j E f':. □ 

Further assumptions specific to the bilevel penalty function are required for the anal­

ysis of the convergence of the algorithm. These assumptions do not apply to the imple­

mented algorithm. 

Assumption 5.8 At any type two point w, assume that 
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• the set ~(E) = 0, and 

• the set ~(E)::: 0. 

The first condition is a required condition at a nondegenerate minimum point of the 

penalty function. Essentially, we are usuming that this type of constraint is never violated 

at a stationary, non-first order point. Recall that if the set is not empty, there is a range 

of values for which a dropping direction can satisfy one of two conditions for descent. 

Requiring ~ ( E) = 0 removes an ambiguity from the proving process. 

The second condition is equivalent to requiring strict complementarity in the lower 

level problem of the original bilevel problem. This condition is required for many algo­

rithms for bilevel problems. 

Therefore, we can summarize our results as follows. 

Corollary 5.23 Given Assumptions 5.1 - 5.8, if w is a type two point, then dropping 

direction d'D must satisfy 

where 69. is the magnitude by which the multiplier carresponding to dz, is out of kilter. 
I 

Proo£: Follows immediately from the above results. □ 

For convenience, we introduce the function 8( o). 

Definition 5.6 For O $ a $ a 1 , 

Additional terminology is now required for second order information. Note the similarities 

between the following set of definitions and those in Definition 5.1. 
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Definition 5. T For any iteration le, the following terminology is introduced for second 

order change in (J. 

1. Let 

2. Define the mazimum 0t1er a as 

3. Define a mazimum term over all previous iterations as 

The next assumption on the curvature of the model function along a dropping direction 

is analogous to Assumption 5 .2 for curvature along the generalized Cauchy direction. 

Assumption 5.9 The following condition on the curvature measurements, over all iter­

ations, is assumed to be true: 

A consequence of this assumption is that ,r; is bounded abovet i.e. there exists ~ax > 0 

such that 11 :$ Tfaz for all k, in addition to being bounded below by one (by definition). 

Using these definitions, 

1 
~ ao9i - 2a 2~B1>(a)d1> 

l 
- ao•; - 2a 2Jld1>fl~O(I, adi,) 

1 
~ a69; - 2a 2lldi,JIJO,, 

> a69; - ~a2Jldi,fll-ri,. 
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Next, look at di, more closely. Let Va; denote the gradient of the e-activity that is 

dropped along d.,,. Note that Zf Z; = I. 

!(di, Iii - 4rli, 

- (-sign(l.t;]Z;ZjVa;f (-sign('1iJZ;ZfVa;) 

- (±lf1Vaf Z;ZjZ;ZjVa; 

- Vaf Z;ZfVa; 

- l(ZfVa;lli-

Recall that Z; = [Zz], where zTVa; = 0 and z.T z = 1. Therefore, 

lld1>1(; - [:Jv< 
[ 

zTva;] 
2 

-
zTVa· , 

:, 

[ zT:a;] 

2 

-
2 

- (zTVai)2 

s llzlf~ IIVa;lli 

- JIVa;ll~-

Because the individual functions comprising the penalty functions are assumed to be 

well-behaved and the penalty function is assumed to be bounded over the interval in 

Assumption 5.2, it is reasonable to further assume the following: 

Assumption S.10 The nonns of the g-radients of the individual functions are bounded 

above. 
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Definition 5.8 Let Am be large enough so that IJVa;l(2 :5 Am is true for all activities 

over all iterations. 

Lemma S.24 Given Assumptions 5.1 - 5.10, for a type two point w, it follows that 

where 

Proof: Follows immediately from the definitions of fJ, Am and r-r,. □ 

Next, to determine the step to take along the dropping direction, consider solving the 

following univariate problem, a simplified version of the trust region subproblem 

THI: minD-r,(a) s.t. 0 Sa S a1 and a~ ~/Jld1>ll00• 

Very small values of a provide a decrease in -8, so the minim•tm cannot occur at a= 0. 

Therefore, the minim•un will occur at Q{J, corresponding to one of the following situations: 

1. at the unconstrained mioim11m of t'J, i.e. at 

2. at the upper bound a 1 , or 

3. at the trust region upper bound a~ = ~/lld1>ll00 -

The following results echo results presented in the first stage of the convergence proof 

(in Lemmas 5.1, 5.2 and 5.3). 
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Lemma 5.25 Given Assumptions 5.1-5.10, if the solution of THl occurs at a,tJ = Qmin, 

then 

Proof: Follows directly from substituting a,a into -IJ. □ 

Lemma 5.26 Given Assumptions 5.1-5.10, if the solution of THJ occurs at ct,o = Q 1, 

then 

Proo£: Substituting ae into {) gives 

Since Ctmin (/, (0, Q1], it follows that amin > a1, 

Therefore, 

6-.. 2 
ct1 < Al ' => d+; > a1~Ti,. 

~T-r, 

Lemma 5.27 Given Assumptions 5.1-5.10, if the solution of THl occurs at ct,8 = ctA, 

then 

Proof: Follows immediately from substituting a,a into tJ and noting that crmin > etA. □ 

Combining the three previous results gives the following. 

Corollary 5.28 Gi11en Assumptions 5.1-5.10, 
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Proof: Follows immediately by noting that one of the conditions listed Lemma 5.25, 5.26 

and 5 .27 must be satisfied. □ 

Corollary 5.29 Given Assumptions 5.1-5.10, 

Proof: Follows immediately from Corollary 5.28 and Lemma 5.24. □ 

Now, let Q1> be the step along d'D taken to the minimum of ~(ad1>)-

Corollary 5.30 Given Assumptions 5.1-5.10, 

Proof: From the definition of ct1>, 'P(aDd11) $ <p(ct,9). The result follows immediately 

from Corollary 5 .29. D 

All the above results have been presented for the current iteration, so the superscript 

k indicating the iteration number has been omitted. For clarity, I will now restate the 

above result with the required superscript, 

Corollary 5.31 Given Assumptions 5.1 - 5.10, if le is a successful trust region iteration, 

then 

k Ii: le k ) 1 cJ" • ( cJi; k A le ) p11(w ) - p,.(w + a:1>~ ~ 2b1 +; mm A!i~, ct1, Am , 

where b1 is the algorithm parameter used to determine a successful trust region iteration. 
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5.4.3 A Bound on the Trust Region Radius 

This section will proceed very much like Section 5 .3.2 in the first stage of the convergence 

results. In fact, some or the results from that section apply directly to the current 

situation. 

Lemma 5.32 Given Assumptions 5.1 - 5.10, there ezists 6a > 0 such that for all itera­

tions from type two points, 

Proo£: The proof or Lemma 5.7 applies here as well. □ 

Lemma 5.33 Given Assumptions 5.1 - 5.10, for all type two points wk, there exists a 

constant q2 > 0 such that 

Proof: The reader is referred to the proof of Lemma 5.8. With the appropriate correc­

tions to the e-active and £-inactive sets to reflect the change in the dropped activity, the 

same proof is applicable to the current situation. D 

The next result is analogous to Lem.ma 5.9 for the. case of type one points. An 

additional assumption on P•, similar to Assumption 5.3. is required first. 

Assumption 5.11 The algorithm parameter /39 is small enough that the followi.ng con­

dition is satisfied: 

• (r o o 4Amq2r>A0 o o (2i.;:\ 
/j+ < IDU1 oa, 2Am 'T A , 1 _ 

62 
, 2A r V r::,;;} • 
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Lemma 5.34 GitJen Assumptions 5.1 ... 5.11, and. a sequence of type two points uli:, there 

ezists a constant 6i, > 0 suck that, 

Proo£: This proof uses the same technique used for Lemma 5.9. Define t5-,, as 

1 . ( 1 l-62 ~ 
½ = 213• mm Am. , 2Am.,, , V ~ J • (5.6) 

Assume that the lemma is not true, i.e. that there exists an index J such that 

(5.7) 

The definition of '1, and Assumption 5.11 ensure that /l.OT0 ~ t5-,,, so J ~ 1. Without 

loss of generality, assume that J is the smallest index satisfying (5.7), i.e. A,k_,.k ~ 01) for 

k=O:J-L 

Define eJ-l as follows: 

Consider the following: 

~-l4J-l < 1"J 4J-l since 1"J-t ~ 1"J 

< 21"J 4J since 4J-i $ 2aJ even if iteration is unsuccessful 

< 26:r, from (5.7} 

< 13-./Am from (5.6). 
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Consider the two possibilities for the min term separately. 

• 6a < AJ-i /Am.: 

eJ-1 < 4q24.J-1«f.J, < 4q2t1J-1rt-1
1i, < sq2&l, < 892 c1 - 62)/31 = 1 _,, . 

- /3+6a - /3+tia - Pi - /3i 892 
2 

Therefore, in either case, eJ-i S 1- 62 , or 

l·x:-1 I ~-1 x;-1 
---1 <l-62=>---l>b2-l::::>-4->b2 J-1 - J-1 - J-1 - t XP XP Xi, 

i.e. iteration J - 1 is very successful and A J-t S ,i..J. So, 

which contradicts the fact that J is the smallest index satisfying (5.7). The result follows 

immediately from the contradiction. □ 

5.4.4 A Bound on the Penalty Function Decrease 

We can now prove the following result. 

Lemma 5.35 Given Assumptions 5.1 - 5.11, for any S11,ccessful iteration from a. type two 

point, there ezists ~ > 0 such that 
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Proof: In Corollary 5.31, it was established that 

Now, from the definition of /3•, Assumption 5.9, and Lemmas 5.32 and 5.34, it follows 

that 

5.4.5 Approaching a First Order Point 

This section lays the groundwork for the final stage of the convergence proof, which is 

presented in the subsequent section. 

Lemma 5.36 Given Assumptions 5.1-5.11, only a finite number of dropping steps will 

be performed. 

Proof: Since p,. is assumed to be bounded below, and the decrease in the penalty function 

is bounded away from zero on a successful trust region step, there can only be a finite 

number of successful dropping steps. 

Since th~ trust region radius is reduced for unsuccessful trust region steps and it has 

been established that ~ is bounded away from zero, it follows that there can only be a. 

finite number of unsuccessful dropping steps. □ 

Lemma 5.37 Given Assumptions 5.1 - 5.11, the algorithm will wentually approach a 

first order point. 

Proof: There are only a finite number of stationary, non-first order points (by As­

sumption 5.4) and there can only be a finite number of dropping steps. Therefore, after 

some point, the algorithm will no longer approach a stationary, non-first order point. 
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By Lemma 5.16, the iterates will approach a diff'erent stationary point. Eventually, the 

stationary point will be a first order point. □ 

Lemma 5.38 Given Assumptions 5.1 - 5.11 and constant values of the algorithm pa­

rameters £ and A, all iterates will eventually be type three or type four points. 

Proof: From previous results, the algorithm will eventually approach a first order point. 

Using the same technique as in the proof o( Lemma 5.17, it follows that the multiplier 

estimates at the iterates will eventually approach the multipliers at the first order point. 

Initially, an out of kilter estimate may be obtained, but eventually the estimate will lie 

in the range to be considered in kilter, due to the use of the bound /J+. O 

5.5 Convergence to a Second Order Point 

To establish that the algorithm will eventually converge to a second order point of the 

penalty function, the following results must be proven. 

l. The algorithm will eventually attempt a Newton step. 

2. A Newton step will eventually be successful. 

3. The algorithm tolerances E and A, which are reduced when an iterates has been 

misclassified as close to a stationary point, will only be reduced a finite number of 

times. 

4. Eventually, all iterations are Newton steps. 
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5.5.1 Approaching a Type Four Point 

From Section 4.2.5, recall that the Newton step satisfies dN = d,., + d,,, where 

dh - -Z(ZTHz)-lzT,.,, 

and d,, - -A(ATA)-1~(w +dh)-

It has already been established that, for constant values of£ and A, the algorithm 

will eventually approach a first order point. This point may be a second order point ( a 

possible solution of the penalty function) or a saddle point. 

As in Coleman and Conn (34], the following definition and assumption are required. 

Definition 5.9 A second order point w is a strict second order point if none of the 

multipliers lie at their optimal boundary and if the reduced Hessian is positive definite. 

Assumption 5.12 Assume that all first order points of the penalty function are strict 

second order points. 

Note that this assumption is made for the purposes of theoretical analysis of the algorithm, 

and is not applied to the implemented algorithm. 

Corollary 5.39 Given Assumptions 5.1 - 5.12, when approaching a strict second order 

point, the algorithm will eventually attempt a full Newton step. 

Proof: From Assumption 5.12, when the current iterate is close to a first order point of 

Pµ, it is actually close to a strict second order point, and the reduced Hessian is positive 

definite. Therefore, type three points are assumed to be never encountered. Combining 

this observation with Lemma 5.38, the algorithm will eventually clauify an iterate as a 

type four point, and the Newton step will be attempted. □ 
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Due to the positive definiteness of the reduced Hessian near a strict second order 

point, an assumption on the size of the inverse of the reduced Hessian, as in Lemma 1 in 

(34], can be made. 

Assumption 5.13 Assume that there ezist strictly positive constants bf and bf such 

that for any direction h, 

And, in particular, assume that ll(zTHz)-1 112 S 6Hz for some constant dHz > 0. 

At a. type four point, the algorithm calculates the Newton step dN == dh + d,,. If it 

satisfies lldnll 00 ~ A and provide sufficient decrease in pµ, then it is accepted as the trust 

region direction and the new iterate is calculated. Otherwise, the tolerances E and A are 

reduced and the current iterate is reclassified because it is not as close to a second order 

point of Pµ as originally thought. 

5.5.2 Success of the Newton Step 

In this section, the value of p,.,,( w + dh + d,,) is analyzed to determine if a full Newton 

step will be successful when close to the strict second order point w. This derivation is 

patterned after the corresponding step in Coleman and Conn [34]. 

For simplicity, the following definition is formalized. 

Definition 5.10 The point tu is «close enough" to a minimum point w when the following 

conditions are satisfied. 

1. Assumption 5.13 is satisfied. 

2. The set of E-actitJities at w is composed of the set of ezact activities at w. 
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3. The step dh + cL,, is small enough so that no br£Gkpoints are passed from tu to 

w +dh + d..,,. 

Lemma S.40 Given Assumptions 5.1 - 5.13, when a type four point w is "close enough" 

tow, there etists a positive constant L such that 

Proof: This proof uses the technique of and terminology from the proof of Lemma 1 

in (34]. From Definition 5.10, we can write the following. Note that -, and B are the 

gradient and Hessian, respectively, of the differentiable part of p,,.( w). 

1 
p,,.(w) + (d1,. + "-,f-, + 2(dh + d,,f B(d1a. + d,,) + o(lldh + 4112) 

-p. E (min(O,Gi(w +dn +du)) -min(O,Gi(w))) 
T0 (c) 

+P. L (l~(w + dh + du)l - l.\,(w)() 
J>.:(c) 

+P. .E (lgi(w + dh + d.,,}I - fgi(w)I) 
r.ce) 

- -p. .E {min(O,gi(w + d1r. + d,,) - ~(~ + dh + du)) 
P,;'"(c) 

- min(O,g.(w) - A.E(w))) 

+µ }: (ICt{w + dh + d,,)( - ICi(w)I). 
M 0M 

We will need to consider the component parts of p,,_(u, + d1,. + d,,) in more detail. 

Consider the following: 

dfy - -..,.'f Hi1-rz 

d; -y - d; (A.'1 + Zu) 

- d;A'i+d;Zu 
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- d:° Alt+ -l(w + dn)T (AT .A.r1 AT Zu 

- d;A'i+O 

- -•(w+ dhf (AT .A.)-1.4.T A'I' 

- --1( w + d1i)T ,t 

- - E"i•i(W + dh.) 
1 

- - E'li(Cli(w) + d{Va.:(w) + 
2
d{V2tJi;d1a,) + o{lldhlf2

) 

1 
- - Elli(Cli(w) + 2d[V2a;d1,.) + o(lldhlf') 

1 - - L t'f(Gi(w) + 2dfV2Gi(w)d1a) - E '1-;~i(w) 
~w ~w 

1 - E 'if<gi(w) + 2dfV2gi(w)d1t) 
P3(&) 

- L 'if-.\((gi(w) - Ai(w)) + ½d[V2gi(w)dh) 
.P!(e:) 

1 - L 'lf(c_(w) + 
2
dfV2Ci(w)d1,.) + o(l(dhll2)r 

MO(«) 

lT d.'f 1 6 

2d,.,Bdn + ,.,B4 + 2a;Bd.,. 
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The above information, along with the definition of H, is now all combined in the 

following. 

Pµ(w +dh. +4) -p,.(111) - -'Y{Hi1-rz - E 'lfGi(w)- L '1tA.(w) 
TO(e:) P.:(e:) 

- L "11"<10> - E ,,r-,\<1i<w>- A.Cw» 
]1(e) P;"(c) 

- L 'lfc.(w) + ½dfHd1i 
MO(«) 

+ti£ Bd,, + ½d; Bd.,, + o(lld11ll2) + o(lldh. + 4112
) 

-µ L (min(O, G.(w + dh + 4)) - min(O, Gi(w))) 
TO(c) 
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+µ E (l~(w +dh +'4)1- IAi(w)I) 
~(f!) 

+µ L ((gi(w + d1a. + d,,)( - (gi(w)I) 
"=(1!) 

-µ E (min(0,gi(w+d1i+dv)-~(w+dh+dv)) 
P.;(!!) 

- min(O, 9i(w) - "-i(w))) 

+µ E (1Ci(w+d1a. +4)1- ICi(w)I) . 
.MO(tt) 
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Next, examine the changes in activities in more detail. Before looking at the individual 

cases, note the following. 

ATd,._ - -ATzczTz)-1zr-r = o 

AT dv - -AT A(AT A)-1~(w + d1i) 

- --t(w+d1i) 

- -~(w) - d[A- !4'v2-t(w)dh + o(lldhll2) 
2 

1 
- --t(w) - 2dfV2~(w)dh + o(l(dhll2). 

Gi(w + dh + d,,) - Gi(w) + (d1a. + ct,,fVGi(w) + ½(dn + "1,fV2Gi(w)(dh + d,,) 

+o(l(dh + d,,ll2
) 

1 
- Gi(w) +dfVGi(w) +drVGi(w) + 2dfV2G.(w)d1i 

+d[V2Gi(w)d,, + id;V2d,, + o(lld1a. + dvll2
) 

- Gi( 111) + 0 - Gi( w) - ½df V2G.( w )d1a. + idf V2Gi( w )d1a. 
1 +dfV2G,(w)dv + 2d;V2G,(w)d,, 

+o(lldh + d,,(1 2
) + o(lld1a.1(2

) 

1 
- dfV2G.(w)d,, + 2d;V2Gi(w)d,, + o(lldh + d,,1( 2

) + o(lldhll 2
). 
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Let~= neg[Gi(w)]. Now, we have that 

E min(O, Gi( w)) - min(O, G,( w + d,,, + d,,)) 
T0(1t} • 

1 
S L ~iGi(w) + I4°V1Gi{w)dv + 2d;V2Gi(w)d,,( + o(lld,,, + cL,,ll2

) + o{fldnlf2
) 

7'°(1!) 

S L ~Gi(w) + L ldfV2Gi(w)t4I + ½ E (d;V2Gi(w)d,,I + o(lldh + dvlf') 
row row ~w 
+o(l(d1ill2). 

Therefore, 

l.\.(w+d1t. +dv)I - l,\i(w) +d&V,\i(w) +d;V,\i(w) + O( 

- (Ai(W) +0-Ai(w)I 

- o. 

E J,\i(w+dn+dv)I-IAi(w)I 
~{t:) 

- E -l,\i(w)I 
~{c) 

- - E ei,\i(w), 
P!M 

where f!i = sign(,\.(w)]. 

L fgi(w+dh +cl,,)l -11.(w)f 
r.ce) 

1 
S L fdfV2g.(w)dvl + 2 L fd;V2gi(w)dvl - L t!ili(w) 

r.w r.w ~w 
+o(l(dh + d,,1(2

) + o(lldh.112
), 

where f!i = sign[g;.(w)]. 
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• i E P;;(E), let'-•= neg[gi(w) - ~(w)]. 

E min(O,gi(w) - "'1(10)) - min(O,gi(w + dh + dv)- Ai(w + dh + dv)) 
P,;-(e:} 

1 
< E ~.(g.(w) - Ai(w)) + fdfV2gi(w)4 + 2d;V2gi(w)dvl 

P;""(e:) 

+o(l(dh + "'1112
) + o(lld1all2

) 

1 < E ~i(Ui(w) - li(w)) + E ldfV2gi(tu)d,,( + 
2 

L ld;V2gi(w)d,,I 
~w ~w ~w 
+o(fldh + c41f1) + o(lldnl(2). 

E ICi(W + dh + dv)I - ICi(to)I 
MO(e:) 

$ E ldfV2Ci(w)41 + ½ L ld;V2Ci(w)41- L eiCi(w) + 
M(t(e:) M8 (e:) M9 (e:) 

+o(lldh + 4112
) + o(lld1r.ll2

), 

where ei = sign(es(w)]. 

Combining all the above information, and grouping similar terms we get the following 

result~ 

Pµ(w + dh + 4) - Pµ(w) - --,JH-1-yz - E (ilf - µ\i)G.(w) 
TO(e:) 

- E ('I;+ µei)~(w) - L ('If+ µei)g.(w) 
l'.:(e:) Pj(e:) 

- L ('If-A - µ,.-i)(g.(w) - Ai(w)) 
P;"(e:) 

- E <"i + µedc.< w > 
MG(e:) 

+df Bd,, + µ L JdfV2G.(w)41 + µ E ldfV2gi(w)d.,I 
TO(e:) _p;(,) 
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+µ L fdfV2gi(w)d.,( +µ L fdfV2t!i(w)dvl 
P;"(e:) M8(e) 

+½ (tl':B4+µ L fd;V2Gi(w)41 
Xo(c) 

+µ E Jd;V2gi(w)4( + µ, E ld;V2gi(w)d..,( 
JJ3(e) P;"{e} 

+µ L fd:°V2t!i(w)41) + o(lfdh. + 4112
) + o(lldhlf'). 

M"°(e:) 

For any of the activities «Ii, let ,,.f = JfV,.a;.(w)dh. Then, using this definition, we can 

write 

and 

d,, = -A(AT A)-1(• + ½r] + d(lld1,.1(2). 

Define H1 = BA.(AT A)-1 and H2 = (AT A.)-1 AT H1. Therefore, 

d~ Bel,, - (-.A(AT A)-1[+ + ½r]f B(-A(AT A)-1(+ + ½r]) + o(llclh.)12) 
1 1 - <r·T + +T)H2(9 + 2r) + o(lld11ll2) 

1 
- •T H2+ + +T H2r + 4rT H2r + o(l(d11ll 2

) 

- +T H2(+ + r} + ¼rT H2r·+ o(lldnlf'} 

1 
- +T t + 4rT H2r + o(lld1ilf'), 

where t = H2(+ + r). Since ,.r H2-r is o(lldh.(14 ), it can be included in the o(lldhlf2) tenn. 

Therefore, 

½Id! Bd,,I < l+T ti + o(lld,a,112) 
1 

$ 2 L («Ji(w)l • l~(w)I + o(lldh.112
), 

where the sums are over all the activities. 
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Therefore, 

tl(w) = H;[~(w) + ,-J, and Ui = E luf(w)f. 
j 

Using a similar technique, it can be verified that 

ldf Bclvl :S L (!fi(w)I • leJi(w)f + o(lfd1,.ll2) 
i 

i i 

So, we can now write 

p,,(w + d1r. + dv) - Pµ(w) 

:$ -;fH-1-rz - E (itf- P~i)Gi(w) - E ('1; + l'ei)..\i(w) 
TOM 11(e:) 

- E ('If+ µei)gi(w) - L ('If-.\ - l'ti)(gi(w) -Ai(w)) 
P3(e:) P;-(e:) 

- E (\Ji+ PtU)Ci(w) 
MO(e:) 

+ ~ (y,;(w)f • leJi(w)I + µ ~ leJi(w)f • lii(w)l ':f"- ½ ~ l<ii{w)f • lfi(w)( 
I I I 

+½µ ~ l<ii(w)( • IUi(w)I + o(lld1,. + dvll2) + o(l(d1r.112). 
I 

For each activity '-'i, define the function 

Now, 

167 
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P11 (w + dh + 4) - P11(w) - -"(jHz1-Yz 

+ E (ei(w)IGi{tU}I - (lff - µ,i)Gi(w)) 
TO(E) 

+ E (ei(w)l~(w)I - ("It+ l'lU)¾(w)) 
~(e) 

+ E (ei(w)lgi(w)I - ("If+ µ~)gi(w)) 
i>;(e) 

+ E (e,;(tv)lg,;(w) - ;\.(w)I -

('ilf-..\ - µ.~)(gi(w) - ¾(w))) 

+ E (~i(w)ICi(w)I - {1Pf + µe,;)Ci(w}) 
M 8 (e) 

+o(lldn + <4[12) + o(lldhll2). 

Returning to the activities, we get the following results. 

• For i E T0 (E:), if Gi(w) < 0, then 

If Gi(w) > 0, then 

Therefore, in either case, 

• For i E J'f(E:), as above, it can be shown that 

• For i E ~(E), 

168 
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• For i E M 0(E), 

Rewriting the difference in the penalty function, we get 

where 

pµ(w + dh + d,,) - P,iw) = --yzHz1-yz + ((w) 

o(lldh + d,,ll2) + o(lldhl[2), 

((w) - L ({i(w) - 1-.P-f - µ,;il)IGi(w)I 
TO(e:) 

+ E (fi(w) - l'Pf + µ1ul)l..\i(w)I 
11 (e:) 

+ E (ti(w) - l'Pf + µ1ul)lgi(w)I 
P3(e:} 

+ L (t,(w) - l'Pi-.\ - µ,;,l)[gi(w) - .,\i(w)I 
P,;"(e:) 

+ E ({i(w)- !'Pf+ µ,ul)lea(w)I. 
MO(e:) 
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Now, as w ➔ w, {,(w) ➔ 0. Also '1i - µ,;, # O and "ili + µei #- 0 because w is a strict •• 

second order point. Therefore, there exists cf+ > 0 such that when "close enough", 

Therefore, 
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When "close enough", the norm of Hz is bounded above and below by constants. 

From Assumption 5.13, 

Combining everything, we have that 

Examining the lengths of the horizontal and vertical steps, and using Assumption 5.13, 

and 

Now, there exists dr > 0 such that 

llciulli - (-1 + ½rf (AT A)-1(tl + ½r) + o(lld1ilr') 

< 11-1 + ~rll2IIAT Al(+ o(lldhll4) 

< 
1 

<f...tll•ll2 + 2rl(2 + o(l(dnll4) 

< 6.All•ll2 + o(lldhll3 ) 

< 6...tllcJll2 + 6rlld1ill2 

< 6.A!lcJll2 + 6rllZT "Yll2 • 

Therefore, o(lldh + d,,fl2) + o(lldh1J2) $ 6.-tlf•ll 2 + dr1 IIZT-yll2, for some positive constants 

dr1 , and ci.4. We can assume that 11•11 $ 11~1'1 because ct contains the :values of the 

£-activities. 

Therefore, when close enough, there exists positive constants L1 and L2 such that 

P,s(w + dh + d,,) - p,.(w) < -(L1IIZT-rll~ + L2lltll11) 

- - min(L1, L2)C11zT rll~ + ll•ll1)-
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Defining L = min( L1, £ 2) gives the desired result. D 

Corollary 5.41 Given Assumptions 5.1 - 5.13, if a type four point w is ''close enough" 

Proof: This follows immediately from the above lemma, and the fact that if w is not 

itself a strict second order point, then either 11•11 #= 0 or ll'Yzfl # O. □ 

Lemma 5.42 Given Assumptions 5.1 - 5.13, if the iterate tu is close enough to w, then 

dN = dh + d,, will eventually be accepted by the algorithm. 

Proof: To prove this result, we need to establish the following points. 

• The Newton step eventually provides sufficient decrease in the penalty function. 

From Corollary 5.41, dN eventually decreases the penalty function. Therefore, it 

remains to show that this decrease is sufficient, in the sense described in Section 

4.2. For sufficient decrease, it is required that 

Now, looking at the right hand side in the same way that the proof above was 

established, we have that 

d'f,7 - df "Y + d; "Y 

> -7'f Hz"Yz - L 'iftli(w) + ½df 7Z 

- -½iJHf"Yz - E -.i'Cli(w) 

1 H 2 
~ - 262 11-rzll:z - µlf~(w)ll1 

- -M(llzr "YH~ + ll•fh) 
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for a positive constant M. As long as L ~ r1M (which is reasonable since r1 is 

assigned a small value in our implementation), it follows that 

P,a(w + dN) - p,.(w) < -L(llzT rll~ + ll•ll1) 

~ -r1M(IIZT "Yllf + 1(~1(1) 

Therefore, dN will eventually provide sufficient decrease in the penalty function. 

• The Newton step eventually falls within the trust region. 

As the iterates are approaching a. second order point, the Newton direction is de­

creasing in size. Recall that near a solution, a quadratic model is a good predictor 

of the penalty function, and the trust region radius will not be reduced, although 

it may be increased. Therefore, eventually, lldNllcx, $ d will be satisfied. 

Therefore, a Newton step will be accepted by the algorithm. □ 

5.5.3 Decreases of the Algorithm Tolerances 

It will now be proven that the activity tolerance £ and the closeness tolerance A are only 

decreased within the algorithm a finite number of times. A similar result was presented 

in parts 5 and 6 of Theorem 1 in [34]. An alternate way of stating this result is that £ 

and A are bounded below by some positive constants, or that 

lim Jc -f+ 0 and lim Ak -f+ O. 
k➔oo k➔oo 

Lemma 5.43 Given Assumptions 5 .. 1 - 5.13, the sequence of iterations produced by the 

algorithm must satisfy 

lim ~ f+ 0 and lim Ale f+ 0. 
k-+00 k➔oo 
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Proof: The proof will proceed by contradiction. Assume that 

lim ~ ➔ o. 
k➔co 

Since A k is decreased whenever It: is decreased, it follows that 

Assume that 

i.e. that there exists some constant 6z > 0 such that ll(Zkf "Yklt > 6z. This implies that 

beyond some point, all the iterates are type one points. However, in this situation£ and 

A are not decreased. Therefore the usumption was incorrect, and 

Since l((Z'=)T "Ykll is approaching zero, the iterates are approaching a stationary point. 

Now, in stage two of the convergence proof, it was established that only a finite number 

of stationary, non•first order points exist. Therefore, it follows that in the limit, the 

iterates must approach a stationary point which is a first order point1 and hence a strict 

second order point. As well, the algorithm will identify the correct set of activities, and 

will attempt the full Newton step. It was just established above that such steps will be 

successful when close enough to the strict second order point 10. Therefore, t1= will not 

be repeatedly reduced, and the assumption that it tends to zero is incorrect. □ 

5.5.4 Behavior Near a Second Order Point 

Lemma S.44 Given Assumptions 5.1 - 5.13, if It: does not tend to zero, then eventually 

all the iterations are successful Newton steps .. 
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Proof: We have already established that only a finite number of successful steps can be 

taken &om type one or type two points, and that the algorithm will eventually approach 

a stationary point. From earlier discussions, it follows that the final stationary point 

approached must be a second order point. Since ~ is not repeatedly reduced, full Newton 

steps are taken until convergence. □ 

5.5.5 Convergence of the Algorithm 

Corollary 5.45 Given Assumptions 5.1 - 5.13, the algorithm will converge to a strict 

second order point of the penalty function. 

Proof: When very close to a second order point, the algorithm has correctly identified the 

active set, and is essentially Newton's algorithm applied to an unconstrained minimization 

problem. Therefore, convergence to a strict second order point will be observed. 0 



Chapter 6 

Degeneracy in the Penalty 

Function 

6.1 Introduction 

In previous chapters, we have assumed that all points encountered by the algorithm were 

nondegenerate. However, in practice, the use of E-activities may result in a large number 

of penalty terms being considered active. Consequently, there is an increased possibility 

of linear dependencies among the gradients of the active penalty terms, that is, that some 

points will be degenerate. Of course, even for exact activities, degeneracy is possible. 

In this chapter, we discuss some of the problems caused by degeneracy. Several 

traditional techniques for resolving degeneracy in one level mathematical programs are 

summarized, along with some difficulties encountered when applying those techniques to 

the bilevel problem penalty function. Finally, a new technique {or resolving degeneracy 

in our problem is described and proven to work for exact activities. An extended version 

of the technique for E-activities is used within the implemented version of the algorithm. 

175 
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6.2 Problems Caused by Degeneracy 
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Degeneracy refers to the situation in which the gradients of the active terms at the 

current point are not linearlf independent. When the current point appears to be far 

from a stationary point, the trust region direction is chosen to maintain all activities 

up to first order change. The presence of degeneracy does not alter this stage of the 

algorithm in any way. In. effect, the degeneracy is irrelevant. However, when the current 

point appears to be close to a stationary point, it is necessary to estimate the values of 

the Lagrangian multipliers by solving, in a least squares sense, the system of equations 

A9' = 'Y, 

where all terms are evaluated at the current point. At a degenerate point, .A. is not full 

column rank, so the system may not have a unique solution. Corresponding to each basic 

subset of the columns of .A., there is a unique set of multipliers. However, there may be 

an exponential number of choices of basic subsets. This nonuniqueness of the activities 

causes several problems in our algorithm. 

• The numerous choices of bases may lead to an incorrect clasmication of the status 

of the current point. For example, if a particular set of multipliers includes out 

of kilter values, then a dropping direction is indicated. However, there may exist 

a choice of basis whose multipliers are all in kilter, which suggests that all the 

activities should be maintained. 

• Even if the point is correctly classified as being near a stationary non-first order 

point, the nonuniqueness of the sets of multipliers may lead to attempting to drop 

some activities which are actually active at a solution. 

• Changes in the activities whose gradients are in the cunent basis may result in 

changes in some of the nonbasic activities as well. Therefore, a dropping direction 
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defined from the current basis may not be a descent direction for the entire penalty 

function. 

Note that it is possible to correctly classify a dropping situation in the presence of de­

generacy, and then to define a dropping direction which provides descent. However, the 

presence of degeneracy complicates the decision making process. 

6.3 Traditional Degeneracy Resolving Techniques 

Consider solving the linear optimization problem 

The necessary conditions at a nondegenerate solution of LP include the existence of a. 

unique set of multipliers ,\ ~ 0 satisfying A,\ = c, where A, the activity matrix at z, 

contains a subset of the columns of G. 

These necessary conditions can be extended to the case of degeneracy. The uniqueness 

requirement for ). is replaced by the requirement that there exists at lea.st one nonnegative 

solution ,\ to the underdetermined system A.\ = c. An obvious technique to resolve the 

uncertainties caused by degeneracy is to examine all basic subsets of A to determine 

optimality or a dropping direction. The following presents this algorithmic framework. 

Algorithm 6.1 (Traditional Degeneracy Resolving Algorithm.) 

• REPEAT 

1. Partition the columns of A to form two matrices As and AN which satisfy 

Range[As] = Range[AJ a.ml [As, AN]= A. 
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2. Solve As .\s = c for .\s. 

3. Set .\N = 0. 

• UNTIL .\T = (.\J;, .xi) is in kilter 

• OR UNTIL a feasible descent direction for LP is identified. 

Given the matrix A, there may be an exponential number of choices of As. Therefore, 

rather than enumerating all possible bases, most degeneracy resolving algorithms attempt 

to efficiently search the possibilities. Two different techniques for generating matrices As 

are described below. 

6.3.1 Perturbation 

The perturbation technique for resolving degeneracy in LP involves transforming, or 

perturbing, the degenerate problem LP into a closely related nondegenerate problem. 

LP(e), for some vector e having small positive components. For example, consider the 

constraints 

Cl: bf z -/1 > 0 

C2: bf z - /2 > 0 

C3: 6fz -/3 > 0 

C4: b'fz -/4 ~ 0, 

where the first three constraints are active at a common, degenerate point, denoted Dl 

in Figure 6.1. This feasible region is slightly _modified to 

Cl': bf z -Ii -e1 > 0 

C2': bfz -/2 -e2 ~ 0 

C3': bf z - '3 -e3 > 0 

C4': bfz -/4-e4 ~ 0, 
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where e1, e 2 , e3, and E4 are very small positive values, on the order or magnitude of ten 

times machine epsilon. The very small values are required so that the feasible regions of 

LP and LP(t) are closely related. 

Cl-0 

Figure 6.1: Original Feasible Region 

---....... --~---..._~--- C2'=0 

C4'=0 

C3'=0 

Figure 6.2: Perturbed Feasible Region 

The degenerate vertex Dl bas been transformed into three nondegenerate points Pl, 

P2, and P3, as shown in Figure 6.2. The activity matrices at these points correspond to 

the possible basis matrices at Dl in the original problem. If the linear program algorithm 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 180 

determines that the multipliers at either of the perturbed vertices satisfy the necessary 

optimality conditions for LP(e), then D1 satisfies the necessary conditions for a solution 

of LP. However, if any of the other vertices of the perturbed problem are reached, that 

is, if the fourth constraint is reached from Pl, P2, or P3, then degeneracy has been 

resolved, and the linear program algorithm can proceed from the corresponding point in 

the unperturbed problem. 

6.3.2 Ryan-Osborne Approach 

In (61], Ryan and Osborne study the issue of resolving degeneracy in linear programs of 

the form 

LPl: min" cT z subject to AT z == f and z 2: 0. 
ze/R . 

A point is optimal for this problem if there exists .\ ~ 0 and 'I' such that 

where :,0 is a submatrix of the identity matrix corresponding to elements of z which have 

value zero at the current point. Note that there is no restriction on the value of the .P 

multipliers because these constraints must remain active for feasibility. 

The matrix A is divided into a basic submatrix As and a nonbasic submatrix AN. 

Correspondingly, the variables are divided into a buic index set SB and a nonbasic index 

set SN. Let zs and z N denote the b~ic and nonbasic variables. Note that z N = 0 is 

al ways satisfied. Let 

The cunent point is degenerate if Sfi :/ 0. 

Ryan and Osborne define a subproblem of LPl which is used to resolve degeneracy at 

z. The inactive and nondegenerate part of the problem can be ignored because degeneracy 
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is a local issue. Therefore, the authors describe the subproblem SPl. 

If there exists a direction of recession, that is, a direction of unbounded feasible descent, 

for SPI from z, then this direction is also a feasible descent direction for LPl from :r:. 

Meanwhile, if the current point is optimal for SPl, then it is optimal for the original 

problem. However, the current point is a degenerate point for SPl as well as LPl. 

A direction d is a direction of recession for SPl from 2 if and only i£ it satisfies the 

following conditions: 

These conditions are independent of the vector b and the value of z. Therefore, the 

authors describe another problem similar to SPl, but using a set of random values. Let 

ifiESf, 

otherwise, 

where each r;. can take any positive value. Now, consider the problem 

SP2: min cT y subject to AT y = F and Yi~ 0, i E SN U Sf,, 
11eR" 

where r = / + ATr. Note that y == z..,. is a feasible point for SP2. 

Any direction d is a direction of recession for SP2 from y if and only i£ it is a direc­

tion of recession for SPl &om z, and therefore, a direction of feasible descent for LPl 

from z. Conversely, if no direction of recession exists for SP2 starting from 'I/, then an 

optimal solution, including an optimal set of multipliers, can be obtained for SP2. These 

multipliers correspond to a choice of basis for the original problem LPl at ~. 

When solving SP2 starting from y, at least one nondegenerate step can be taken. A 

further level of degeneracy may be encountered in the solution process, depending on the 
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random values used in defining SP2. If this situation arises, then the same process can 

he invoked recursively. Note that since an initial step is taken away from zP, any other 

degenerate points encountered will have fewer activities, and the recursion process will 

be finite. 

6.4 Examples of Degeneracy in the Penalty Function 

The techniques described above for resolving degeneracy are based on the premise that 

the uniqueness requirement for multipliers in the necessary conditions at a nondegenerate 

point can be replaced by the existence of such multipliers at a degenerate point. The 

examples in this section show that a similar correspondence between necessary conditions 

at nondegenerate and degenerate solutions of the bilevel penalty function does not exist. 

Consider example problem BP2 from Chapter 2. With the penalty parameter µ fixed 

at one, the unconstrained function 

p(z,y,..\) - 2z +y-min(O,z + 2y) + lz -11 +>.1 - >.2 -11 + 

I min(l - 2z - y, .\i)I + I min{z + 1/ -f- 1, .\i)I 

is minimized. It can be shown that p(z, 1/, ..\) ~ 1. Consider the following points. 

• At the point w1 = (0, 0, 1, 0), the activity matrix is 

VG1 Vc1 Va1 -V.\1 V>.2 

1 1 -2 0 

A - 2 -1 -1 0 

0 1 -1 0 

0 -1 0 1 
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where~ = {1} # 0. According to the nondegenerate necessary conditions, a drop­

ping direction can always be defined in this case. However, w1 is both degenerate 

(since rank[A] = 3) and optimal for p (since p(w1) = 1). Dropping 91 - ..\1 = 0 

increases some of the other active penalty terms so much that the penalty function 

is increased ( even for very small steps} due to the linear dependencies among the 

gradients in As. Therefore, the requirement that pt = 0 does not extend to the 

degenerate case. 

•• At the point w2 = (2/3, -1/3,0, 0), the activity matrix, 

VG1 Vc1 V91 V.\1 V.\2 

1 1 -2 a a 
A= 2 -1 -1 0 0 I 

0 l a 1 0 

0 -1 0 a 1 

has five columns, but is of rank four. Any choice of four of the columns forms a 

basis for the full activity matrix. Consider the following: 

- If V 91 is in the basis matrix ( as it is for four of the five choices for As), 

then the multipliers for that basis are 1Jf = -1 and zero {or all the other 

basic activities since V g1 = --y. The nondegenerate optimal range for '1{ is 

,Pf E [O, lJ, so these multipliers are not in kilter according to the rules derived 

assuming nondegeneracy. 

- H V g1 is not in the basis, the only choice of basis is 

The multipliers for this basis satisfy 

'1 =['If, 1Pi, "~· '1~] - (1, 1, -1, l]. 
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The multiplier .-t = -1 violates the nondegenerate necessary condition that 

~°t E (0, 1]. 

Therefore, any choice of As at tu2 results in a violation of the necessary optimality 

conditions derived for nondegenerate points. However, this degenerate point is a 

minimrun point of p(z, y, ..\) since p( w2) = L 

These two cases show that at a degenerate solution of the penalty function, 

• the set~ need not be empty. 

• there may not exist a basis of the activity matrix which defines a set of multi­

pliers which are in kilter according to the necessary conditions derived assuming 

nondegeneracy. 

6.5 Problems Applying the Traditional Techniques 

The two degeneracy resolving techniques described previously depend on the existence of 

a basis matrix for the activities which defines a set of multipliers satisfying the necessary 

conditions derived assuming nondegeneracy. Therefore, they will not be appropriate for 

resolving degeneracy in our penalty function. 

A problem which arises when applying the perturbation technique is that small 

changes to the constraints may significantly alter the set of necessary optimality con­

ditions at a nondegenerate point. Consider the unperturbed situation Ai( w) = 9i( 111) = 0. 

The nondegenerate necessary conditions require that O $ 'if :5 µ,, 0 $ itf ~ µ,, and 

-.Pt + .Pf ~ µ. H, as a result of some perturbation, Ai( w) is considered active and less 

than inactive 9i( w) in the perturbed space, the necessary nondegenerate condition for op­

timality is -µ $ itf $ p,. Clearly, there are values for the multipliers for which we would 
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conclude that the perturbed problem satisfies the necessary nondegenerate conditions, 

while the unperturbed problem does not. The multipliers obtained from the perturbed 

problem may neither satisfy the nondegenerate necessary conditions nor define a descent 

direction for the penalty function. 

When attempting to apply the Ryan-Osborne technique to resolving degeneracy in 

the penalty function, we were able to verify that a direction of recession for a linear 

problem defined at the degenerate point (perturbed. or not) was a. direction of descent for 

the penalty function at the degenerate point. However, it was not possible to equate the 

cases of finding a solution for the perturbed linear problem and the current point being 

a first order point of the penalty function. 

A new approach is required to resolve degeneracy in the penalty function pµ. 

6.6 Resolving Degeneracy in the Penalty Function 

To determine if descent from a degenerate point is possible, changes in the nonbasic 

activities must be considered in relation to changes in the basic activities. 

Algorithm 6.2 (Framework for Resolving Degeneracy in p,.) 

1. Construct a basic activity matriz As from the activity matm A: 

• Include VAi(w) for i E ~ U ~, Vg;(w) - VAs(w) for i EI":-

• Fill As from the remaining activities, until nink[.As] = ronk[A] and .As has 

rank[A] columns. 

2. Fill the corresponding nonbasic activity matria: AN with the gradients of the nonbasic 

activities. 
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3. Solve for 'I': Ast'= 'Y, where 'Tis the gradient of the differentiable part of pµ at 

the current point. 

4. Ezpress the gradients of the nonbasic activities in terms of the gradients of the basic 

activities by solving for the matriz K. in the system of equations As K. = AN. 

5. Ezpress first order change in the nonbasic activities in terms of the basic activities. 

6. E:q,ress first order change in the penalty function in terms of the change in the basic 

activities using '1' and "· 

7. Derive a set of necessary conditions on '1' and " to guarantee that the first order 

change in the penalty function is nonnegative along any direction d. 

These steps are now examined in greater detail. 

6.6.1 Building the Basic and Nonbasic Matrices 

Because the gradients V ..\i( w) are identity columns, the gradients of the activities listed 

in the first part of Step 1 above form a linearly independent set. Consequently, the 

suhmatrix of A consisting of these activities has full rank and this submatrix defines the 

initial columns of As. The basis is filled out by examining the remaining gradients in 

the following order: Vgi(w) for i E f>!, Vgi(w) for i E ~, VGi(w) for i E To, and 

V Ci( w) for i E Mo. A candidate gradient a is added to the current basis matrix As if 

it is judged that the addition of the vector increases the rank of As. If a; lies in the 

range of the current basis matrix, then the current nonbasic matrix gets augmented with 

a. Otherwise, a is placed in the current basic matrix. Algorithm 6.3 details the process. 
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Algorithm 6.3 (Building the Basic Activity Matrix) 

• REPEAT 

1. Ezamine candidate gradient a, which is not currently in either As or AN. 

2. Solve, in a least squares sense, As t/J = a, to determine the relationship between 

a and As. 

3. Calculate the residual vector r = AsT/J - a. 

,(. If r = 0, then AN= [AN, a), else As= [As, a]. 

• UNTIL Rank[As] = Rank[AJ. 

In practice, the test on r in Step 4 above is typically relaxed to account for roundoff error. 

The choice of As and AN may not be unique. However, as long as they are defined 

using the process described in Algorithm 6.2, the conditions developed in the rest of the 

chapter are applicable. 

Additional notation is required to specify the composition of the basic and nonbasic 

matrices. 

Definition 6.1 Given As and AN, the following sets are defined. 

• Let B(To) be the set of indices i E T0 for which VGi(w) is in As. 

• Let N(To) =To\ B(To) be the indices of the nonbasic activities in To. 

• Let B(~) be the set of indices i E Fg for which Vgi(w) is in As. 

• Let N(Fg) = ~ \ B(~) be the indices of the nonbasic activities in~. 

• Let B( ~) be the set of indices i E ~ for which V 9i( w) and V ~i( w) are in As. 
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# Let N(~) = ~ \B(~) be the indices i E J>! for which only V.li(w) is in As-

• Let B(M0 ) be the set of indices i E Mo for which Vc.(w) is in As. 

• Let N(M0 ) =Mo\ B(M0) be the indices of the nonbasic activities in Ma. 

6.6.2 Solving for the Multipliers 

Both sets of multipliers 9 and " can be efficiently computed using a single factomation of 

As. Let Q be an orthogonal matrix and R be an upper triangular matrix which satisfy 

As = QR. The vector 'i' is the solution of the triangular system R"lt = QT -y. The 

matrix ,;;, is the solution to the system R,;;, = QT AN, which is easily determined column 

by column by solving triangular system of equations. However, each column in K. can be 

computed in Step 2 of Algorithm 6.3 (when r = 0) by simply augmenting that solution 

with zeros. 

The vector 'i' and the matrix ,r. are unique for any given choice of As and AN. 

Definition 6.2 The c~mponents of the matriz ,;;, need to be accessed for basic and non­

basic activities. 

1. For the nonbasic activities, let 

• ,.//, for i E N(T°), refer to the column of,.. corresponding to the multipliers 

relating the dependence of VGi(w) on the basic activities, 

• Kff, for i E N(~) UN(~), refer to the column of ,c corresponding to the 

multipliers relating the dependence of V 9i( 111) on the ba.,ic activities, 

• "l, for i E N(M0), refer to the column of" con-esponding to the multipliers 

relating the dependence of V es( w) on the basic activities. 
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2. For the basic actitrities, let 

• ,r.(G;], for i E B(T°), refer to the row of" corresponding to the multipliers 

relating the dependence of the nonbasic activities on VG;( -w). 

• ,c.(.\;], for i E Pf U ~, refer to the row of ,r. corresponding to the multipliers 

relating the dependence of the nonbasic activities on V .\;( w). 

• ,r.[g; - .\;], for i E P::, refer to the row of" corresponding to the multipliers 

relating the dependence of the nonbasic activities on V g;( w) - V .\;( w). 

• ,r.[g;], for i E B(~) U B(~), refer to the row of" corresponding to the 

multipliers relating the dependence of the nonbasic activities on Vg;(w). 

• ,r.(c;], for i E B(M0), refer to the row of,;, corresponding to the multipliers 

relating the dependence of the nonbasic activities on V c;( w}. 

3. For a nonbasic activity fli and a basic activity b;, ,r.r(b;] is the multiplier relating 

the dependence of fli on b;. 

6.6.3 First Order Change in the Nonbasic Activities 

The first order change in any nonbasic activity can be expressed in terms of the first order 

change in the basic activities. For i E N(T0 ) and any direction d, 

dTVG,(w) - dTAs1tf 

L ,c;f[G;]dTVG;(w) + L"f[l;)dTV~;(w) 
B(T0 ) ~ 

+ ~,c;f[g; - .\;JdT(Vg;(tu) - Vl;(w)) + L "f[g;]dTVg;(w) 
P:: B(~) 

+ ~"f[l;)dTV..\;(w) + E 1tf[g;]dTVg;(w) 
~ B(~) 

+ L ,r.f[c;]cP'Vc;(w), 
B(M9) 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 190 

where each of the summations is over the index j. 

First order changes in the remaining nonbasic activities can be similarly expressed 

using"· 

6.6.4 First Order Change in the Penalty Function 

Recall from Lemma 3.6 that, for any direction cl and step O ~ er < a 1 • where a1 is the 

first breakpoint of an inactivity along d, 

pµ(w +ad)= 6(w + crd) + µ11(w + ad) 

where 6 is the differentiable part of pµ at w (which is differentiable over a E [0, a1)) and 

71 is the corresponding nondiff'erentiable part of P11-· At a degenerate stationary point w, 

we can write, using the measure of curvature introduced in Section 3.5.2, 

6(w + ad) - pµ(w) + acF-y + ½cr21(d(l~O(6, w, ad) 

- P11,(w) + adT Asll + ½a2lldlli0(6, w, crd), 

11(w + ad) - - Emm(Gi(w + crd), 0) + E IA.(w +ad)[+ E lgi(w + Qd)I 
~ ~ ~ 

+ Esign(.-\.(w)] min(0,gi(w + Qd) - ~(tu+ ad)) 
P:: 

+EI min(.-\.(111 + crd),~,(w + ad))I + L [ci(w + acl)f 
P! MO 

- -a Emm(dTVGi(w),O) +a :EldTVAi(w)( + Q EldTVgi(w){ 
T 0 P? i>: 

+a: Esign[.l-i(w)] min(0, dT(Vgi(w) - v~i(w))) 

+a LI min(d!V~(tu),tP'Vg;,(w))I + a E ftP"VCi(u,)I 
r. M8 

1 +2a 21fdll~O,,(w, ad) 

- -a I: min(~VG,(w),0)-c:t E min(d2'As1tf,o) 
B(TO) N(TO) 
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+a E lclTV.,\:(w)I +a E lclTVgi{w)( +a E fdT Asltfl 
~ B(.P;) N(J'3) 

+a }:sign(Ai(to)]min(O,F(Vgi(w)- VA.(w))) 
p, -

+a E I min(dTVAi(tu}, dTVgi(w))I 
B(P:) 

+a E I min(drVAi(w), dr As~)I 
N(P!) 

+Q E 1.:Fvt'i(w)I + a E (cP' AB"i' + ½a21(dl(~°',{w, ad), 
B(M0 ) N(M0 ) 

where the individual summations are over index i. 

So, for 0 $a< a1, 

pµ(w + ad) = p'-'(w) + atP' As'1 - aµ }: min(t.P'VG,{w), 0) 
B(T0 ) 

-Qµ E min(dr As"f, 0) + aµ E (d7°VA;(w)I 
N(T0 ) ~ 

+aµ L (cP'Vgi{w)I + aµ L lclT As~I 
B(P3) N(P:) 

+aµ Esign(..\i(w)] min(O, dT(Vgi(w) - V.,\:(w))) 
P:,, 

+aµ }: lmin(dTV.,\.(w),dTVgi(w))I 
B{.Pg) 

+aµ E I min(dTV.,\.(w), F As"f>I + aµ. E ldTVCi(w)I 
~~) B(W} 

191 

+aµ E ldT As",I + ½a2fldlf~O.,,,(w, ad). (6.1) 
N(M0 ) 

where 0,,,,(1111 ad)== 0(6, w, ad)+ µ{l,,(w, ad). 

6.6.5 Deriving First Order Optimality Conditions 

A set of first order optimality conditions which must be satisfied at a degenerate minimum 

of p'-' are derived using the above expression for p,,.( w + ad) 1 where 0 ~ a < a1 1 and are 

presented in three separate groupings. 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 192 

Deflnition 6.3 A direction d is a first order descent direction for the penalty function if 

the first order change in the differentiable part of P,s along d from the current point has 

a negative value. 

Group One 

In this section, a set 0£ necessary optimality conditions at a degenerate first order point 

of the penalty £unction are obtained by analyzing the effect on P,s of dropping a single 

basic activity. 

Deftnition 8.4 

• For j E B(T0), let 

,r - E l"f[G;]I + E l~[G;]I 
N(P3) N(AfO) 

u<! , - L max(~G[G;], 0) + L max(,4[G;], 0) + ,r 
N(T0 ) N(P£) 

.,,<! , - - E min(~G[G;], 0)- E min(,4[G;], 0) +C'/-
N(T0 ) N(P:) 

• For j E I": = ~ u P;;, let 

,,-,. - E l~[g; - .\;]I+ E '"f[g; - .\;11 
N(l1) N(JIIO) 

g-J. u- -, E max("f[g; - .\;], 0) + E max('4[g; - .\;], 0) + Cf_,. 
N(TD) N(.P!) 

~-,. 
:J - - E mmc"fras - .\;l, o> - E mmc'4r,; - .\;l, o> + ,;-" 

N(Xo) N(P:) 

• • For j E B(~), let 

,t = l: 1'4[.\;]I + E l~[.\;]I 
N(~) N(MD) 
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u~ 
J - E max{,cf[,\;], O} + E max(,4[l;], 0) + (f 

N(T') N(~) 

11~ , - - E mm(,cf(,\;J,o>- E mmC"1[.\;J,o>+,t 
N(T') N(~) ,, - E I'4L9;JI + E f ,cflf ;1I 

N{PJ) N(M") 

14 - E max("iGfa;), 0) + E max(,4[9;], 0) + q 
N(TO) N(.Pg) 

"1 - - E mm(,c;ffD;J, o> - E mmC-4fa;J. o) + q 
N(TO) N(Pg) 

• For j E J1, let 

,; - E l~(,\;]I + E l,q(,\;)I 
N(r,) N(MO) 

u~ 
J - E max(,cf(,\;), 0) + E max(,4(,\;), 0) + (} 

N(Xo) N(~) 

11~ , - - E mm(,cf[.\;J, o> - E mmC-4[.\;J, o) + ,; 
N(Xo) N(P:) 

• For j E B(~), let 

,1 - L I'4fa;]I + E l"il9;11 
N(p;) N(M8) 

"1 - E max(,c;ffa;J, o> + E maxCltffDil, o> + ,; 
N(TO) N(.P!) 

vi! - - E mm(,cff.9;1, o> - E mmc~r.,;J, o> + ,; , 
N(Xo) N(J'!) 

• • For j E B(M°), let 

cy - E I'4[c;]I + E f,cnc;]I 
N(r,} N(M8) 

ul: 
J - E max(,cf [c;], 0) + E max(,c;f[c;], O} + cy 

N(TO) N(P!) 

11'= , - - E min(,cf[c;],0)- E min(,c;f[c;],O)+Cj 
N(TO) N(.P!) 
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• For j EN(~), let 

,: - E IK.f[l;]I + E IK.Hl;]I 
N(J1) N(M0 ) -~ , - E max(K.f[l;],O) + E max{"1[l;),O} +ct 
N(TO) N(P!)\{j} 

v~ , - - L min(K.f[l;], 0) - L min{,r,f[l;], 0) + ,;. 
N(Xo) N(r:)\{;} 

Lemma 6.1 If w is a stationary, degenerate point of p,,., then any direction d satisfying 

Aid= rre'j, for some i E B(T°), is a first order descent direction for Pµ from w if and 

only if 

(:·) - < 0 d ,;r,G G • .., an ~ i - pu; > µ, 

or (ii) a-> 0 and 9f + p:,lj < 0. 

Proof: For O $ct< a1, from equation (6.1), 

Pµ(w+ad) = Pµ(w)+arr(eff'l-crµmin(a-,0)-ap L min(o-(ef)T"f,o) 
N(Xo) 

+aµ L lrr(ef)T ,tfl + a:µ L I min(O, a-(ef)T ~)I 
N(J>3} N{,P!) 

+aµ L la-(eff "ii+ ½a2 lldlliO,,,.(w, ad) 
- N(Uo) 

- Pµ(w) + arr'lf - apmin(o-, 0) - o:p E inin(rrK.f[G;], 0) 
N(7'°) 

+ap E la-llltf(G;]f - aµ L min(a-ltf[G;], 0) 
N(r.) N(P!) 

+aµ L l<rl(1ti[G;]I + ½ct2 lldlli0,,,.(w, ad). 
N(M8 ) 

Without loss of generality, assume that rr = ±1. Therefore, consider the two cases 

separately. 

1. O' = -1: 

p,.(w + adj - p,.(w) - cr'1J + a:p + ap L max{K.f[G;], 0) 
N{TO) 
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+aµ L lltf[G;]I + aµ E max(,tf[G;J, O} 
N(}1) N(J>!) 

1 
+a:µ L (1tf[G;]I + 2a2fldl(f!lp,.(10, ad) 

N(M9) 

- p,.(w)-alff +aµ+aµuf +½a2lldllJOpiwlad) 

- p"(w) - a(~'j - µu'j - p.) + }a2fldlf;Op,.(w, ad). 

Therefore, first order descent is possible if and only if lf'J - µuf > p.. 

2. tT = +1: 

p,,(w + ad) - p14(w) + ail.'f - aµ }: min{1tf[G;), 0) 
N(Xo) 

+aµ L fltf [G;]f - aµ L min(«-f[G;J, 0) 
N("3) N(J>!} 

1 
+aµ E l1tf[G;]I + -a2 lldll;Op11 (w, ad) 

N(MO) 2 

- p,.,(w) + o.(ilf + ,ivf) + ½o.2(1d(l;np,_(w, ad). 

Therefore, first order descent is possible if and only if il.'f + µvf < 0. □ 

195 

Lemma 6.2 If w is 4 stationary, degenerate point of pµ, then any direction d satisfying 

At d = u,P;-;l, for some j E P=., is a first order descent direction for p,.,. from w if and 

only if 
/.') _ < o d tT,g-). g-A 
, , v an "If i - µu; > µ 

or (ii) (T > a and 9.rl. + p,tl}-A < o. 

Proof: Analogous to the proof of Lemma 6.1. □ 

Lemma 6.3 If w is a stationary, degenerate point of p,.., then any direction d satisfying 

A~d = tref, for some j EB(~), is a. first order descent direction for P,s from w if and 
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only if 
/,;) tT < 0 d .T .. ..\ A , " an '3f; - p,u; > µ. 

or (ii) " > 0 and wj + p,vJ < O. 

Proof: Analogous to the proof of Lemma 6 .. 1. □ 

Lemma 6.4 If w is a stationary, degenerate point of p,,., then any direction d satisfying 

A~d = tTe'j, for some i EB{~}, is a first order descent direction for p,,. from w if and 

only if 
(i) a-< 0 

or {ii) tT > 0 

and 

and 

111- µu!J >,,. 
if~+ llv'J < 0. J ,- , 

Proof: Analogous to the proof of Lemma 6.L D 

Lemma 6.5 If w is a stationary, degenerate point of p,,., then any direction d satisfying 

Aid = t:re1, for some i E ~, is a first order descent direction for p,.,. from w if and only 

if 
(:l~) a- < 0 d .T,A A 'I an ~; - µu; > µ 

or (ii) tT > 0 and iif + µ:u; < -µ.. 

Proof: For O $; a < a1, 

p,,.(w + ad) :: p,,.(w) +aa-t'j- ap, E min(tT1tf[,\;], 0) + ap,Ja-J 
N(1'°) 

+aµ E jtTf1"1[.\;JI - aµ L min(O, a-1tf[.\;]) 
N(J>;) N(l'g) 

1 
+aµ L jtTIJ1ti(.\;]I + 2a 2 fldl(jO,,,.(w, ad). 

N(M8 ) 

Without loss of generality, assume that tT = ±1. 
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1. (T = -1: 

p,._(w + ad) - p"(w)- ailJ + aµ L max("f[..\;], 0) + aµ 
N(TO) 

+aµ E lltf[..\;]I + aµ E max(,tf[..\;], 0) 
N(11) N(,P!) 

+aµ }: l"f[..\;]I + !a21fdlliO,,,a{w, ad) 
N(MO) 2 

- Pµ(w) - ail}+ Ctµuj +aµ+ ½a2 lldll~O,,,Jw, ad) 

- Pµ(w) - a('IJ - µ.uj - µ) + ½a2 Jldll~Op,_(w, ad}. 

Therefore, first order descent is possible if and only if ilJ - µ.uj > µ.. 

2. "= +l: 

Pµ(w + ad) - Pµ(w) + a't"j- aµ L min(,cf(..\;], 0) + aµ 
N(T6 ) 

+ap L l1tf[..\;JI - aµ, L min(,tf(..\;], 0) 
N(I>;) N(P:J:) 

1 
+aµ L l1ti(..\;]I + 2a2lldll;O,,,.(w, ad) 

N(M6 ) 

- p,._(w) + a('t"} + µ,vj + µ) + ½a2 1fdll;Op,,(w, ad). 

Therefore, first order descent is possible if and only if ..PJ + µvj < -µ. □ 
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Lemma 6.6 If w is a stationary, degenerate point of p,._, then any direction d satisfying 

Aj;d = <Te1, for some j EB(~), is a first order descent direction for p,._ from w if and 

only if 

(i) u < 0 and '11 - µ'4 > I' 

or (ii} O' > 0 and '11 + P'1 < -µ. 

Proof: Analogous to the proof of Lemma 6.5. □ 
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LeDllllA 6. T If w is a stationary, degenerate point of P,s, then any direction d satisfying 

Aid= o-ei, for some i E B(M°), is a first order descent direction for Pµ. from w if and 

only if 

(i) o- < 0 and '411 - P'-'i > I' 
or (ii) o- > 0 and '411 + µvj < -µ. 

Proof: Analogous to the proof of Lemma 6.5. a 

Lemma 6.8 If w is a stationary, degenerate point of pµ., then any direction d satisfying 

Aid = a-e1-.\, for some j E ~, is a first order descent direction for P,s from w if and 

only if 

Proof: For O ~a< a1, 

P,i(w + ad) = pµ(w) + ao-'lj-.\ - ap. L min(o-1tf[g; - A;], 0) 
N(T0 ) 

+ap E (a(l,tffg;- ~;]I +aµmin(O,tr) 
N(JJI) 

-aµ E min(O, o-"ffg; - ~;])+aµ E luJl1ti[g; - A;]I 
N(P9=) N(M0 ) 

+½a2lldll~Op.,(w, ad). 

Without loss of generality, usu.me that tr = ±L 

1. (f = -1: 

P,s(w + ad) - pµ.(w) - a'l'j-.\ + aµ E max(1tf[g; - ~;], 0) 
N(T') 

+ap L lltf [g; - A;]I - aµ+ aµ L max(,tf[g; - A;]1 0) 
N(J>3) N(~) 
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1 
+aµ E l1tl[g; - A;JI + 2a2lldll~Op,.(w, ad) 

N(M8) 

- Pii(w) - aft'1-~ - µu'j-J.. + µ) + ½a21fdlfJO,.,,.(w, ad). 

Therefore, first order descent is possible only if and only if,,,-..\ - µu.1->. > -µ. 

2. fT = +1: 

Pii(w+ad) - Pii(w)+a'l1-J..-aµ L min{1tf[g;-l;],O) 
N(T0 } 

+aµ E [,tf[g;- A;JI - aµ E min(,tf[g;- A;], 0) 
N(P:) N(~) 

1 ., 
+ap L l1ti[g; - l;]I + 2a2JldllJO,.,,,(w, ad) 

N(Mfl) 

- Pµ(w) + a('1'1->. + 1''1-..\) + ½a21fdfliOp,.(w, ad). 

Therefore, first order descent is possible only if and only if '11-.\ + µ"1-J.. < 0. □ 

Lemma 6.9 If w is a stationary, degenerate point of Pii, then any direction d satisfying 

AJ;d = tTe1, for some j E N(~), is a first order descent direction for p14 from w if and 

only if 

{i) fT < 0 and '1J - µuj - µ max(l, wj(l;]) > 0 

or (ii} O' > 0 and llJ + µvf + µf min(l, wj[l;])I < 0. 

Proof: For O $ a < a1, 

p14(w + ad) = P,.i(w) + aa'ilf- aµ E min(o-1tf[l;], 0) 
N(7'°) 

+aµ L lo-ll"1[l;]I - aµ L min(0, o-1tf[l;]) 
N(J1) N(P!)\{i} 

+aµ( min(o-, o-1tj[l;]}( + aµ, E 10'll~(l;]I + ½a2lldll~Op,,(w, ad). 
N(M0 ) 

Without loss of generality, uswne that O' = ±1. 
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1. tr= -1: 

p1,;(w+ad) - pµ(w)-a'.tJ+aµ L max("f(.,\;],O} 
N(T0 ) 

+aµ E IKf[.,\;]I + aµ L max(O, "f(l;]} 
N(P3) N(J'!}\{j} 

+aµ( min( -1, -1'1(l;J)f + aµ L lltf(.,\;)I 
N(M8) 

1 2 2 d) +2a If dlf 2'1p,. ( w, a 

- pµ.(w)- a'l} + aµuJ + aµI - max(l, "1[l;])I 

+½a2 l(dlf~'1p,,(w, ad) 

- Pµ.(w) - a('.t1 - µ.u} - µmax(l, "'1(.,\;])) 

1 21 2 +2a (dlfiOp,,{w, ad). 

Therefore, first order descent is possible if and only if 

2. tr= +l: 

Pµ.(w + ad) - Pµ.(w) +a.Pf- aµ E min("f[l;], O) 
N(~) 

+aµ E 11'f[l;JI - ap L min(O, "f[l;]) 
N(P3) N(r:)\{;} 

+aµf min(l, ~(l;])I + aµ E 11'f(l;]I 
N(M8 ) 

1 2 2 ) +2a lldll2ll11,.(w, ad 

- Pµ(tu) + a('11 + µvj + µ( min(l, ~[l;])I) 

l 2 2 +2a If dll2ll,,,. ( u,, ad). 

Therefore, first order descent is possible if and only if 
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Group Two 

In this section, a set of necessary optimality conditions are derived by analyzing the 

effect on the penalty function p,,. of dropping both l;(w) = 0 and g;(w) = 0, for some 

j EB(~), when f(iTV.l;(w)( = jd'TVg;(w)(. 

The following definitions involving sums of generalized multipliers are required. 

Definition 8.5 For j EB(~), 

,~+g , - E IKf[l;] + ,r.f [g;]f + E f,r.ill;] + 1e,[g;J[ 
N(I':) N(M') 

E max(,r.f[l;] + "f[g;], O} + E max("1[..\;] + ,r.f[g;], 0) + c;+g u~+11 -, 
N(Xo) N(P!) 

- L min(,r.f[l;] + ,cf[g;], 0) - E min{~[l;] + 1t.ffg;], 0) + ,:+g t)~+g -:, 
N(TD) N(P!} 

,:-11 - E («.f[.:\;] - ,tffg;]I + L f,c;i[A;] - 1tf[g;]l 
N(P3) N(M0 ) 

L max(,c:f[A;] - ,cffg;J, 0) + E max(,tf(..\;J - ,d/[g;J, 0) + ,;-g >..-g 
U· -J 

N(T6 ) N{.P;g} 

- L min(1tf(l;J - ,r.ffg;], 0) - E min(,cf(.:\;] - ,c:f[g;], 0) + ,:-g. .\-g 
V; -

N(T0) N(.P;g} 

Lemm.a 6.10 If w is a stationary, degenerate point of Pµ., then any direction d satisfying 

A1:;d = O'(e1 + '1), for some j EB(~), is a first order descent direction for p" from w 

if and only if 
(i) a< 0 

or (ii) a> 0 

Proof: For O::;: a< a1, 

and 

and 

'f1 + ,t~ - uu~+9 > 1L J , ,- , ,-

't'J + '11 + µvf +g < -µ. 

p,.(w + ad) = p"(w) + aCT(ilJ + llJ) - aµ E min(a(itf[.:\;] + ,cf[g;]), 0) 
N(T1 ) 

+aµ, E lafl«.f[l;) + 1tffg;]I + aµfaf 
N(J>3) 
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-a:µ E min(a-C~CA;l + 4(9;]), o> 
N(r:) 

1 
+a:µ L (O'l(,ci(.,\;J + K.i[g;)I + 2a 2 lldlf~O,,,.(w, ad). 

N(M°) 

Without loss of generality, assume that o- = ±1. 

1. (T = -1: 

Pµ(w + ad) - P,i(w) - a('if7 + "11) + aµ E max:(,cf[l;J + 1tf[g;], O) 
N(T0 ) 

+aµ L lltf [l;] + ,cf[g;]I + oµ 
N{f1) 

+aµ E max(,r.f(.X;] + ,tf[g;], 0) 
N(~) 

1 
+aµ L l1tH..\;] + 1tf[g;]( + 2a 2 lldllJOp,,(w, ad) 

N(Uo} 

- p,,.(w) - it(ilJ + '11) + ap.ut+n +ctµ+ ½a211dl(~Op,.(w, ad) 

- p,,.(w) - it('17 + '11- µuJ+t1 - µ) + ½a2lldfr;Op,,(w, ad). 

Therefore, first order descent is possible if and only if 

2. tr= +l: 

p,,.(u, + ad) - p,,.(w) + a(t'7 + 'f'1) - aµ L min{,c;f[.X;] + ,c;f [g;], 0) 
N(T9 ) 

+a:µ L f1t:(..\;] + 1tffg;)I + aµ 
N(J>Z) 

-o.p. L min(ltf[l;] + ,tffg;], 0) 
N{P!) 

+aµ L l1tH.-\;J + ,qfg;]I + ½a21fdll~Op,.(w, ad) 
N(.MG) 

- p,,.(w) + a('ilf + 'ilj) + aµvf+11 +aµ+ ½a2lldll;Op,.(w, ad) 

- p,.,.(w) + a(lP1 + '11 + µvf+11 + µ) + ½a2lldlli0,,,.(w, ad}. 
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Therefore, first order descent is possible if and only if 

Lemma 6.11 If w is a stationary, degenerate point of p,_,., then any direction d satisfying 

Ahd = a-(ej- ej), for some; EB(~), is a first order descent direction for p,. from w 

if and only if 

{i) O" < 0 

or (ii) O" > 0 

and 

and 

Proof: For O $a< a1, 

p,,(w + ad) = Pµ(w) + cra-('iiJ - '11) - ctp. L min(a-(,cf(.-\;] - ,cf[g;]), 0) 
N(T0 ) 

+aµ L la-11,cf[A;] - ,cf[g;]I + aµjo-( 
N(P:) 

-erµ E mm(0"(1tf[.\;J - ~[g;D, o> 
N(P~) 

+aµ L (o-fl1tH.\;] - "i[g;]I + ½a2 1(dll~Op,.(w, ad}. 
N(M0 ) 

Without loss of generality, assume that tr = ±1. 

1. (T = -1: 

p,.(w + ad) - pµ(w) - a(~: - 'Pj) + aµ L max(1tf[.\;] - 1tf[g;], 0) 
N(Xo) 

+crp. L lltf[A;J - ~[g;]I + aµ 
N(I';) 

+crp. E max(K.f[.\;] - <[9;],0) 
N(~) 

1 
+ctp. }: )1tH.\;] - 1tl[g;]( + 

2
a 2 lldll~Op,a( w, ad) 

N(M0 ) 

- p,.(w) - a(,P~ - -.P1) + crµu:-g +aµ+ ½a2 lldll~O,,,.(w, ad) 

- p,.(w) - a('IJ - '11 - µuJ-g - µ) + ½a2 lldl1:n11,.(w, ad). 
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Therefore, first order descent is possible if and only if 

2. tr= +l: 

p,,(w + ad) - P,-i(w) + a{tl}- 'IJ) - aµ L min(1tf(A;) -1tf[g;], 0) 
N(7'°) 

+aµ E lltf [A;) - ~[g;]I + ap 
N(J1) 

-ap. E min(1tf[A;) - ,tf fg;], 0) 
N(?:) 

1 
+aµ E l1tf[A;] - ,c;i[g;]I + 2oc21fdll~Op,.(w, crcl) 

N(M0 ) 

- pµ(w) + a('I}- ~}) + aµvJ-g +aµ+ ½a2 lldll~O,,,.(w, ad) 

- pµ(w) + a('17 - 'l1 + µvf-g + µ) + ½oc2 lldlliO,,,.(w, ad). 

Therefore, first order descent is possible if and only if 

Group Three 
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In this section, consider the effect on the penalty function of dropping, for some j E 

B(~), both A;(w) = 0 and g;(w) = 0 when ld7'VA;(w)I # l~Vg;(10)j. Through 

analysis, a set of necessary conditions at a degenerate minimum point of p'"' will be 

derived. 

The following group of definitions are required. These definitions concern the shape 

of the penalty function along directions d as described above. The shape changes as the 

differentiability of the penalty terms changes. 
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Definition 6.6 For j EB(~): 

1. Define brealcpoints T 1[j] as follows: 

i E N(T0): Tf [j] { - "r r .\;JI ,cf [g;] if it lies in (0, 1) 
-

1 otheMJJise 

i EN(~): rf[j] {- ttf (.\;]/ 4[9;] if it lies in (0, 1) 
-

1 otherwise 

i EN(~}: rf[.11 {- 4[,\;]/ Kf [g;] if it lies in (0, 1) 
-

1 otherwise 

{ - ~ 

i E N(M0): rlfil 
1ti'(..\;]/ 1tffg;] if it lies in (0, 1) 

-
1 otherwise. 

2. Let kJ be the number of distinct breakpoints in the interval (0, 1), and let these 

distinct breakpoints, denoted tl [j] for l = 1, · -• ~ k} be indexed to satisfy 

0 < t~[j] < • • • < tt~ [i] < 1. 
I 

In addition, define the additional breakpoints tA[iJ = 0 and tl~+1[i] = 1. 
J 

3. For each l = 0 : kJ, define t!fiJ as follows: 

i E N(T°): eifi1 { 
pos["-iG[..\;]) if rf [il < tl[il 

-
pos["r[g;]]. otherwise 

iE N(~): effiJ { 
sign[,4[..\;]] if rf[j] < tf [i] 

-
sign['4[g;]] otherwise 

i EN(~): e!CiJ { 
pos[,tf[..\;J] if rf [i] < tt(j] 

-
pos[,tf[g;]) otheMJJise 

i E N(M°): eHil { 
sign["f[..\;]] if rf[j] < tf [j] -
sign[ "HU;]] othenoise. 
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4. For each l = 0: k}, define quantities sUi] and sf,[i] as follows: 

si[i] - "1 - " E ei[;],cf [l;] - µ E eH;]~(.-\;] - "' E e{[i],tf(.\;] 
N(Xo} N(J':) N(~) 

-p. E e!Cilatill;J - P 
N(M9) 

s~fil - 'I! - " E eU;J1ef [g;J - " E dCiJ~[g;J - µ E eH;Jltf [g;J 
N(TO) N(~) N(JJ!) 

-,s E eH;J,cHg;J. 
N(M8) 

These tenns are used to ttpf'f!ss the first order change in the penalty function, in 

terms of the first order change in the basic and nonbasic activities. 

5. For each l = 0 : kJ, define the intervals jz[i] and :,,,•[i] as follows: 

(-oo, -sUiJ/s~[iJ) if s~[i] < 0 

.1i[i] -
(-si[i]/S:,[i], oo) if s~[iJ > 0 

(-00 1 oo) if s~[j] = 0 and si[i] > 0 

0 othenuise, 

3t[i] = (tt[i], tt+1[i]} n Si[i]. 

The first inteMJal gives the f'f!gion in which first order de~ase in at.tained for a term. 

related to the penalty function. The second inteMJal, which intersects the first region 

with the breakpoint interval in which the term is equivalent to Pii, gives the ronge of 

values for which first order descent is actually possible in the penalty function. 

Lemma 6.12 1/w is a degenerate, stationary point, then there ezists a first-order descent 

direction d for p,_. from w satisfying Aid= tT>.eJ + <Tgef for tr:>.. < tr9 < 0 i/ and only if 

there exists l E {O : kJ} such that :Ttfi] =f= 0. 

Proof: Consider any direction d satisfying Aid= <T).e1+u,,e1 for <T>. < <Tg < 0. Without 

loss of generality, a.ssume that tr:>.. = -1 and tr9 = -T for some T E (0, 1). Then, for 
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p11(u, + ctd) - p,.(10) - a('lj + r'lj} + ctµ L max(1ef(;\;] +r1ef[g;], 0) 
N(T0 ) 

+aµ E lltf (;\;J + r,cffg;]I + ctµ 
N(~) 

+ap E max(,cf[l;J + r,cffg;J, 0) + aµ E (,en,\;]+ r1tf[g;]I 
N(.Pg} N(M0 ) 

1 21 ' +2a ldll20,,,.(w, ad). 

For any r E (tt(j], tf+1[i]), l = 0 : k}, 

and therefore 

i E N(T0 ) : pos(,cf[l;] + r,cf[g;]] 

i E N(~) : sign(,c;f(l;] + r,cf(g;]] 

i E N(~) : pos(,c;f [l;] + r,cf [g;]J 

i E N(M°) : sign(,c;f[l;] + r1ef[g;]] 

-
-
-
-

&[;] 

eH;J 
tf[i] 

eHil1 

207 

If r E :Tz[i] 1 then the coefficient of {-a) is positive. However, this value provides the first 

order rate of change in P1,1 only for r E (tf[i], tf+t[i]). 

Therefore, if .7,,· = 0 for all l, then first order descent in p,,_ is not possible for any 

O). < ,,.,, < 0. Howe9'er, if there exists some l E {O : i}} such that .r,•[i] -:/: 0, then for 

any r E :,,•, a direction d satisfying A)d = -(ej +re1) provides first order descent in p,,_ 

from 10. □ 

The meanings of the terms defined below, and in all similar definitions, are analogous 

to the meanings of the related terms in Definition 6.6. 

Definition 8.T For j EB(~): 

1. Define breakpoints r2[j] as follows: 
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i E N(T°): ,f[i] { ;fg;]/ ,cf[l;] if it lies in (0, 1) -
othenllise 

i EN(~): T[[j] { ;fg;]/ ,tf [l;] if it lies in (0, 1) 
-

othen.uise 

iEN(~): ,ffjJ { ;f,;]/itf[l;] if it lies in (0, l} 
-

otherwise 

i E N(M") : Tf[i] { ~f,;]M(l;] if it lies in (0, 1) 
-

othen.aise. 

2. Let Tcj be the number of distinct breakpoints in the interval (0, 1), and let these 

distinct breakpoints, denoted tf[;] for l = 1, • • ·, 1:j, be indezed to satisfy 

0 < tf [i] < • • • < ~ [:j] < 1. ., 

In addition, define ta[.i] = 0 and tt+1 f.i] = 0. , 

3. For each l = 0 : I:}, define ~ [i] as follows: 

i E N(T°): 1rH;J 
{ 

neg[1tf [g;J] if .,., [j] < tf [j] 
-

pos{1tf [ ..\;]] othenmse 

i EN(~): ,rj[jJ 
{ 

sign(~fg;]J if ,f [i] < t;[j] -
-sign[ ltf [ ..\;]] othen.uise 

i EN(~): ,rj[jJ 
{ 

neg(~fg;]] if Tf [i] < tr (j] -
pos[1tf[..\;]] othen.oise 

i E N(Uo): 1rf[i] 
{ 

rign(1tff,;J] if Tf [j] < tf fj] -
-sign[1tf[l;]J otherwise. 

4. For each l = 0 : le}, define the quantities r'i[i] and r~[j] as follows: 

ri(j] = •1- µ, L 1r{[j]1t?[l;] + /J, L ,rf[j]ltf[..\;J - P E ,rj[i]1tf[l;) 
N(TO) N(J>Z) N(,Pg_) 
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+" E 1r!fiJ1t,[.\;J - " 
N{JIO) 

r~[iJ - il1 - " E 1rHil1tf r,;1 +"' E 1r!r;J1tf[g;J - " E 1r!fiJitf(g;J 
N(T0) N(_p;) N(J>!) 

+µ E 1rifiJ1ti[g;J-
N(M0 > 

5. For each l = 0 : kj, define the intervals X:,[i] and K:i[i] as follo'Ws: 

K:z[j] -
(r~[j]/ri[i], oo) 

{-oo, oo) 

0 

K:i[j] = (tf[i], tf+i[jJ) n X:,[i]. 

if ri[;] > 0 

if ri[i] = 0 and ,.~[j] < 0 

otherwise, 
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Lemma 6.13 If w is a degenerate, stationary point, then there exists a first order descent 

direction d for Pµ from w satisfying Aid= tT>.e1 + tT9 e1 for tT>. < 0 < t:r9 and la->.I < lt:ral 

if and only if there e=sts l E {O: kj} such that Ki[i] # 0. 

Proof: Consider any direction d satisfying AI;d == tT).e1 + a-ge; for tr>.. < 0 < tTg and 

la->.! < lcr9 1- Without loss of generality, assume that D'g = l and a). = --r for some 

TE {O, 1). Then, for O $a< a1, 

p14(w + ad) = P,lm) + a(-r'lf + '11) - aµ E min(-r1tf[.\;] + "f[g;], 0) 
N{TO) 

+aµ E I - rltf[..\;] + ltf [gi]I + apr 
N(P:) 

-a,s L min(-r,tf(.\;] + ,tf[g;], 0) 
N(P!) 

1 
+ap L I - r1tn.\;] + 1tl[g;]I + 2a2lldlliOp,_(tu, acl). 

N(M8 ) 
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For any r E (t7[i], tf+ifi]), l = 0 : kj, 

and therefore 

i E N(T0
) : neg[-r1tf [..\;] + 1tf (g;Il 

i EN(~) : sign[-r"1(..\;] + ,tffg;]] 

i EN(~): neg[-r~(..\;] + ~fg;ll 

i E N(M°) : sign(-r1tH..\;] + 1tf[g;]] 

- ~[i] 

- 1r!(;] 

- 1rjfj] 

- 1rf[j], 
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If r E ICc[i], then the coefficient of a is negative. However, this value provides the first 

order rate of change in Pµ. only for TE (tl[i], tr+l[j]). 

Therefore, if IC; = 0 for all l, then first order descent in p,.,. is not possible for any 

<TJ.. < O < tTg where lo">.! < jo-g(- However, if there exists some l E {O : kj} such that 

K:i[i] =I= 0, then for any r E !Ci, a direction d satisfying Aid = ( -rej + ~) provides first 

order descent in pµ from w. □ 

Definition 6.8 For i E B(~): 

1. Define breakpoints r3[i] as follows: 

if it lies in (0, 1) 

otherwise 

if it lies in (0, I) 

otheMDise 

if it lies in {O, 1) 

otherwise 

if it lies in (0, 1) 

otherwise. 
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2. Let kj be the number of distinct breakpoints in the internal (0, 1), and let these 

distinct breakpoints, denoted tr[i] for l = 1, • • ·, Tcj, be indezed to satisfy 

0 < tf [i] < • • • < ti [i] < 1. , 

In addition, define the breakpoints t3fi] = 0 and t~ +l [j] = 1. , 

3. For each l = 0 : kj, define ~fj] as follows: 

i E N(T0): ~[;] 
{ 

pos[1ef[.\;]] if -rf [i] < tf[i] 
-

neg[ ,cf [g ;]] otherwise 
, 

i EN(~): ti7f[i] 
{ 

sign[ltf [.-\;]] if -rf [i] < tf [j] 
-

-sign[ltffgi]] otherwise 

iE N(~): ttrf[j] 
{ 

pos[ "-1[ ,\;]J if -rf [i] < tf [i] 
-

neg[ "-1 [g i ]] otherwise 

i E N(M0): ~[i] 
{ 

sign[ 1en l;]] if -rf [i] < tr(j] 
-

- sign[ ,ci[g; ]] otherwise. 

4. For each l = 0 : kj, define the quantities qifi] and q![i] as follows: 

qi_[j] = '11-,,. E Qi[;]"?[.\;] - " E it1Hj]ltf[.\;] - " E i:E7ifi]1tf[A;] 
N(T9) N{J>;) N(P!) 

-µ E rDf Ul"~[.,\;J - " 
N(MO) 

q!Ul - •1 - " E rDHil1tf[g;J - µ E QH.illtf[g;J - µ E ttr!r;J~fg;J 
N(T8 ) N(i,:) N(J»g) 

-µ E i:uf(jJ,c;i[g;J. 
N(M0 ) 



CHAPTER 6. DEGENERACY IN THE PENALTY FUNCTION 212 

5. For each l = 0: 1:.j, define the intervals .Ni[i] and .Ni9[i] as follows: 

< -00. qi[iJt t[iD if tul > o 

.Ni[i] -
<ii.ult ttn 00) if tul < o 
(-00,00) if ((g[i] = 0 and gi[i] > 0 

0 otherorise, 

.Ni*[i] == (tf[i], tf+ifi]) n .Ni[i]. 

Lemma 6.14 lfw is a degenerate, stationary point, then there. etists a first order descent 

direction d for p,,_ from w satisfying Aid= O),et + a-11e'J for tr>...< 0 < tTg and lrrl.l > ltrul 

if and only if there ezists l E {0 : kn such that N;-[;J f:. 0. 

Proof: Consider any direction d satisfying N'j d = tTl. e; + tT 11 ffJ for tr>.. < 0 < tr g and 

Irr.>.( > lcr9 I. Without loss of generality, assume that tr:,.. = -1 and tr1 = 1" for some 

1" E (0, 1). Then, for O :$ a< 01, 

p,,.(w + ad) = Pµ(w) - a('iif- T~j) + aµ L max(1tf[..\i] - T"f[g;], 0) 
N(X°) 

+aµ L l"'-f[..\;] - "'"ffg;]I + aµ 
N(p;) 

+aµ L max(,tf[..\;] - T,:,f[g;], 0) + aµ L l1tf[..\;] - TKHg;JI 
N(J>g) N(.MO) 

+½a2ffdlfiOp,.(w, t:td). 

For any TE (tf[i], tf+1r;n, l = 0 : Tc}, 

i E N(T0) : pos[1tf (..\;] - r1tf [g;]J - iz,!(j] 

i EN(~): sign[1tf[..\;) - r~fg;]] - mi[i] 
i E N(~) : pos[1tf(A;] - T1tf f,;]] - toi[i] 

i E N(M°) : sign[1tf[A;] - T"ffg;]] - i;,f[i], 
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and therefore 

If -r E .Ni[;}, then the coefficient of (-a) is positive. However, this value provides the first 

order rate of change in P,s only for r E {tf[;}, tf+l[i]). 

Therefore, if N,,• = 0 for all l, then first order descent in P,s is not possible for any 

a-,. < 0 < tTg and jtT.\I > jtTgl- However, if there exists some l E {O ; k}} such that 

A/i'"[;] # 0, then for any r EN,,•, a direction d satisfying A~d = -(e1-Te1) provides first 

order descent in Pµ from w. □ 

Definition 6.9 For j EB{~): 

1. Define breakpoints T 4 [i] as follows: 

i E N(T0): ,.llil { 11:f fa;J/ 1tf [.\j] if it lies in (0, 1) 
-

1 otherwise 

i EN(~): rf[i] { ,;;f [9;]/ ,;;f[..\;] if it lies in (0, 1) 
-

l otherwise 

i EN(~): r/[i] { - ,;;f [g;]/ ,;;f[..\;] if it lies in (0, 1) 
-

1 otherwise 

i E N(M°); rf[i] {- 1tt[g;]/ ,;;i[.\;] if it lies in (0, 1) -
1 otherwise. 

2. Let kJ be the number of distinct breakpoints in the interual (0, 1), and let these 

distinct breakpoints, denoted ttfi] for l = 1, ··- -, kJ[j], be indued to satisfy 

In addition, define the breakpoint& t![i] = 0 a.nd ttt+i[j] = 1. 
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3. For each l = 0: 1:1, define ,'[i] as follows: 

i E N(T°) : pffj] - { neg( 1tf fg;J) 
neg(1tf(l;J] 

i E N(~) : P!Li] ~'tt; • UI. - { 

si-r~r-,·]] 

sign[ ,r,f [l; ]l 

i E N(~) : pf[j] - { neg(,tf[g;]] 
neg[,tf [A;]J 

i E N(M0) : p{fj] = { sign(1tffg;]] 
sign[ 1tf[A;]J 

if Tf [iJ < t1[iJ 

othenuise 

if T![iJ < tf [iJ 

othen.oise 

if rtf.i] < tf [i] 

otherwise 

if rf[j] < t1[i] 

otheMDise. 

,I. For each l = 0: kJ, define the quantities Pi[i] and p~[j] as follows: 

i\[i] = 'lj - µ E Pi[iJ1tr[.\;] + µ E PHi]ltf[.,\;] - µ E Pifi],tf[A;] 
N(T8) N(J>3) N(J>g) 

+" E Piul1tHA;J +" 
N(M8) 

p~[j] - "1 - " E P!lJ]1tf [g;] + µ E P!Li]1tf[g;] - " 1: PHiJltffg;] 
N(T0 ) N(P:} N(P~} 

+,.,, E pfuJ1tf[g;J. 
N(.MO} 

5. For each l = 0 : k1, define the intervals Qi[j] and Q;[iJ as follows: 

(-oo, -1,,[i]/y.\[j]) if PlU] > 0 

(-p~(j]/PlU], 00) if Pi[i] < 0 

( -oo, oo) if PlCi] = 0 and p~[;] < 0 

0 otherwise, 

Qi[iJ = (tf[i], tf+1fj]) n Q,[iJ. 
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Lemma 6.15 If w is a degenerate, stationary point, then thett. ezists a first order descent 

direction d for p,,_ from u, satisfying Ald = aiej + o-9 e-1 for O < ti), < t1'1 if a.nd only if 

there ezists l E {O : k1} such that Qi[;]# 0. 
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Proof: Consider any direction d satisfying Al;d = tr>.e1+tT-,1 for O < C7'). < ag. Without 

loss of generality, assume that tTg = l and a:,,. = r (or some r E (0, 1). Then, for 

Pµ(w + ad) - p'-'(w} + a(r•; + 111) - aµ L min(r"sG[.-\;] + 1ef[g;], 0) 
N(l'°) 

+t:tµ E [r,cf [.-\;] + ,cf fg;]( + o:µr 
N(J'3) 

-t:tµ E min(T,tf[.\;] + ,tf[g;], 0) + o:p. E lr,c;fil;] + ,cf[g;]I 
N{P!) N(M') 

1 2 2 +2a l(dl(20,,.,(w,ad). 

For any r E (tf[j], t41[i]), l = 0 : kJ, 

and therefore 

i E N{T0) : neg[-r1tf[.\;] + 1tf(g;)J 

i EN(~) : sign(r1tf[>.;] + "1ID;]] 

i E N(~) : neg[r~[l;] + ,c;f fg;)] 

i E N(M°) : sign[-r1tf(.\;] + 1tffg;]) 

- p{[iJ 

- Pifi] 

- pi[jJ 

- PHi], 

If r E Q,(j], then the coefficient of a is negative. However, this value provides the first 

order rate of change in p,.,. only for TE (t1fi], tf+l(j]). 

Therefore, if Qi = 0 for all l, then first order descent in p,,. is not possible for any 

0 <ti'>.< trg. However, if there exists some l E {O: k1} such that '2if.iJ #: 0, then for any 

T E Qi, a direction d satisfying Aid = (-ref + ej) provides first order descent in p,.,. from 

w. □ 

Definition 8.10 For; E B(~): 

1. Define breakpoin'ts 1'5[j) as follows: 
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i E N(T0): r/[i] { - ,c;f [g;]/ ,c;f [A;] if it lies in (0, 1) 
= 

1 otherwise 

iE N(~): r/[i] { - ,c;f [g;]/ K.f[..\;] if it lies in (0, 1) 
-

1 othenJJise 

i EN(~): rf(j] {- ,c;f [g;]/ ,tf [A;] if it lies in (0, 1) 
-

1 otherwise 

i E N(M°): r/[j] { - ,c;ffg;]/ ,c;f[l;] if it lies in (0, 1) -
1 otherwise. 

2. Let l:j be the number of distinct bre.akpoints in the interval (0, 1), and let these 

distinct breakpoints, denoted tf be indezed to satisfy 

0 < t~[i] < • • • < t~ [j] < 1. 
I 

In addition, define the breakpoints tg[jJ = 0 and t~+1 [i] = 1. , 

3. For each l = 0 : l:j, define gl[j] as follows: 

iE N(T0): ei[i] 
{ 

pos(,c;ffg;)] if rf [i] < tf [i] -
pos(,c;f [l;]] othenJJise 

iE N(~): e{[i] 
{ 

sign[~[g;]] if ,f[j] < tf [i] -
sign[,c;f (l;]] otherwise 

i EN(~): eif:i] { 

pos[ ,c;f [g;J] if -rf[j] < tf [i] 
-

pos(,tf[A;]] othe"'1iJ;e 

iE N(M0): eH;J { 
sign[,c;f[g;]] if T[ [j] < ~ fj] -
sign[,c;i[..\;]] othenmse. 

4. For each l = 0: k}, de.fine the quantities nifi] and n~[i] as foll011Js: 

nifi] = +j - P E eiU]"iG[..\;] - P E eHiJ,c;f [l;] - " E ei[i],c;f (..\;] 
N(T°) N(J1) N(~) 
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-µ, E ei[iJ,ci(.\J] 
N{M0 ) 

n;[i] - "1 - P. L eifi]"f [g;] - µ, E ei[i],tf[g;] - P. E eHiJ,tf fg;] 
N(T0 ) N(~) N(P:!) 

-11- E eiu1"1[9;l - ,,.. 
N(M8) 

5. For each l = 0 : k}, define the intervals 'R.i[i] and Ri£i] as follows: 

(-oo, -n~[iJ/ni[i]) if nifiJ < 0 

( -n~ fj]/ ni[i], oo) 

(-oo, oo) 

0 

Ri[;J = (tUJl, tf+tr;D n 'Ri[iJ. 

if Rifil > 0 
if nl[j]-:; 0 and n~[i] > 0 

otherwise, 
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Lemma 6.16 If w is a degenerate, stationary point, then there e:r:ists a first order descent 

direction d for p11 from w satisfying A1;d = cr,.ef + trge-1 for r:r9 < tr). < 0 if and only if 

there exists l E {O : kj} such that 'R;f.i] ¥:, 0. 

Proof: Consider any direction d satisfying A)d:::: tTA.eJ+'1'ge1 for r:r9 < a). < 0. Without 

loss of generality, assume that o-9 = -1 and tT>,. = -r for some -r E (0, 1). Then, for 

0 Sa< a1, 

Pµ(w + ad) - pµ(w) - a(T.,1 + .Pj) + ap E max(r1tf(l;] + ,cf[g;], 0) 
N(TO) 

+aµ E IT,cf [:~;] + ,cf[g;]( + ap. 
N(P;) 

+aµ L ma:x:(Tnf[l;] + ,cf(g;], 0) + ap. E fT1ti(l;] + 1tHg;]I 
N(P:) N(MO) 

1 2 'n d) + 2a l(dfl2 ,,,.(w, a . 
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For any r E (tf[jJ. tf+i[j]), l = 0: kj, 

and therefore 

i E N(T°) : pos(r,cf (.,\;] + 1tf fg;]] 

i EN(~) : sign(r"1(.,\;J + <[g;]l 

i E N ( ~) : pos[rit1[.:\;] + "1[a;Il 

i E N(M°) : sign[r1ef(.,\;] + 1tf[g;]] 

- ef[j] 

- e~fj] 

- e{[j] 

- eUi1, 
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If -r E Rc[i], then the coefficient of (-a) is positive. However 1 this value provides the first 

order rate of change in p,. only for TE (tf[i], tf+l[il). 

Therefore, if 'R.i = 8 for all Z 1 then first order descent in p,,. is not possible for any 

tr~ < tr9 < 0. However, if there exists some l E {O : kj} such that 'R.i[iJ #= 0, then for 

any T E 'Rj, a direction d satisfying Aid = -( re1 + e1) provides first order descent in p,. 

from w. □ 

Definition 6.11 For j E B(~): 

1. Define brealcpoints -r6[i] as follows: 

if it lies in (0, 1) 

othe:noise 

if it lies in (01 1) 

otherwise 

if it lies in (0, 1) 

othervri&e 

if it lies in (0, 1) 

otherwise. 
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2. Let k} be the number of distinct breakpoints in the inten,al (0, 1), and let these 

distinct breakpoints, denoted tr[i] for l = 1, • • ·, kj, be indezed to satisfy 

0 < t½ [i] < • • • < t~ [i] < L 
I 

In addition, define the breakpoints t8[i] = 0 and t:~+l[i] = L 
I 

3. For each l = 0 : kj, define tr1[i] as follO'UJs: 

i E N(T0): ~[i] 
{ 

neg["f[.\;]] if rf [j] < tf [i] 
-

pos["f[g;]] othenoise 

iE N(~): o1[;] 
{ 

sign[ltf[.\;]] if Tf [i] < tf [j] 
-

-sign[,cf [g;J] otherwise 

i EN(~): ~[j] 
{ 

neg[~[.\;]] if rf [i] < tf Lf] -
pos[ ltf fg i J] otherwise 

i E N(M0): af[j] 
{ 

sign["i[.\;]] if rf[j] < tf [j] 
-

-sign[ "f [g;]] othenoise. 

4. For each l = 0 : kj, define the quantities ml(j] and m~[i] as follows: 

mi[il = 't'J - µ E 0JfiJ1tf[.\;J + µ, E (T!&Jltf[.\;J - µ E ~[jJ1tfr.\;J 
N(1'°) N(l2;) N(P::) 

+µ L o{[i]"H.\;] 
N(J40) 

m~r;J - ~1 - µ E (TH;J"f [g;J +" }: (TifiJ#tf[g;J - µ E (THilltf[g;J 
N(T8 ) N(r,) N(P~) 

+µ E aiul",C9;l - µ.. 
N(M8 ) 
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5. For each l == 0 : kJ, define the intervals Si[i] and Si[i] as follows: 

( -00, mi[i]/m~[i]) if m~[i] < 0 

(mifi]/m~[i],oo) ifm~[i] > 0 

(-00, 00) if m~[i] = 0 and mi[i] < 0 
s,[i] -

0 otherwise, 

Si[i] = (t1[i], tf+i[i]) n s,[i]. 

Le111111& 6.11 If w is a degenerate, stationary point, then there e:z:ists a first order descent 

direction d for p11 from w satisfying Ai;d = t:TAef + tr9 e1 for tTg < 0 < tr>.. a.nd ltr,,I < ltr.\.l 

if and only if there ezists l E {O : kJ} such that Si[i] f; 0. 

Proof: Consider any direction d satisfying AI;d = tri.e7 + tr9 ej for tTg < 0 < tr>,. and 

jcT,,I < lo-.AI• Without loss of generality, assume that tr,. = 1 and tr9 = -T for some 

r E (01 1). Then, for O :5 er< a 1 , 

P,s(tu + ad) = p1&{w) + a('l} - r.P1) - erµ L min(1tf[:.\;] - r1tf[g;], 0) 
N(TO) 

+aµ L I~[.-\;] - r,cf[g;]I + aµr 
N(~) 

-aµ L min(,<(.,\;] -:- r,4[g;], 0) + aµ E l1tH.,\;] - -r,cffg;]f 
N(~) N(.MO) 

+½a2lldll~Op,.(w, crd). 

For any r E (tf[i], tf+i[j]), l = 0: kj, 

i E N(T0) : neg(,cf [l;] - r1tf[g;]] 

i EN(~) : sign(,cf[l;] - r,tffg;]] 

i EN(~) : neg[ltf[l;] - r,tf[g;]] 

i E N(M°) : sign[,cf[-\;] - -r"ffg;]] 

-
-
-
-

~[i] 

~[i] 

~[i] 

o-f[i], 
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and therefore 

If r E Si(i], then the coefficient of o is negative. However, this value provides the first 

order rate of change in p"' only for r E (tf[i], tf+l(il). 

Therefore, if Sj = 0 for all l, then first order descent in p"' is not possible for any 

tr9 < 0 < tr>.. where la-91 < ju>,.[. However, if there exists some l E {O : k1} such that 

Si [i] # 0, then for any T E Si, a direction d satisfying A}; d = ( ej - re1} provides first 

order descent in Pµ from 10. O 

Definition 6.12 For i EB(~): 

1. Define b~akpoints r 1 [j] as follows: 

i E N(T0}: rl[iJ { ;rs;Jt .. f!-¼l if it lies in (0, 1) 
-

otheMJJise 

i EN(~): rlfil { ;rs;J/..f[.l.;J if it lies in (0, 1) 
-

othenDise 

iEN(.Pg): rlfil { ;rs;JMC¼l if it lies in (0, 1) -
otherurise 

i E N(M0): rlfil { 7rs;JM[.l.;J if it lies in (0, 1) 
-

otherwise. 

2. Let k] be the number of distinct breakpoints in the inter11al (0, 1), and let these 

distinct brea/cpoints, denoted tTfi] for l = l, •····, kJ, be indezed to satisfy 

o < tICiJ < • • • < tidil < 1. 
I 

In addition, define the breakpoints tZ[i] = 0 and trr +1 [jJ = 1. , 
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3. For each l = 0: kJ, define ~'[i] as follows: 

i E N(T°): ~u;1 
{ 

pos[1tf[g;J] if rlUJ < tlfil -
neg[1tf[..\;]] othenoise 

iE N(~): ("![i] 
{ 

sign(1'f fg;]) if rlr;J < tl[;J -
-sign(«.f[..\;]) otherwise 

i EN(~): q[i] 
{ 

pas[ ~[g;]J if r!Ul < tlUl -
neg(~[..\;]] otherwise 

i E N(M°): \f[i] 
{ 

sign(1tf[g;]J if r[[i] < t[[i] 
-

-sign[ "l(..\;]] otherwise. 

,I. For each l = 0 : kJ, define the quantities ti[i] and ~[i] as follows: 

litiJ = •t -" E ~Lil"f (..\;J - P. E \f [ilitf(..\;J - " E ~[illtf (..\;J 
N(TO) N(.P;) N(~) 

-p L «;J[j],cH..\;] 
N(M') 

~[j1 - •1-" E ~1u1"ffD;l - " E ,![iJ,cf[g;l - "' E .. JfiJ,cf[g;l 
N(T'} N(I>;) N(J'!) 

-p L '"![iJ,c;ifg;J - "· 
N(M9) 

5. For each l = 0 : kJ, define the intervals Ui[i] and Ut[i] as follotus: 

u,[i] -
(t!,[i]f ti[i], oo) 

(-00,00) 

0 
UtCil = (t7[i], tl+1CiD n u,[i]. 

if t1UJ < o 
if ti[i] = 0 and ~[i] > 0 

otherwise, 
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Lemma 6.18 If to is a degenerate., stationary point, then there e:r:ists a first order descent 

direction d for PP from tD satisfying Aid= '1').e~ + tr11ej for"• < 0 < tr>. and fo-91 > ftr,\I 
if and only if there ezists l E {O : kJ} such that Ut[i] :/: 9. 
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Proof: Consider any direction d satisfying Aid= o).e1 + tTge1 for a-9 < 0 < tr>.. and 

ltT«f > la->..I• Without loss of generality, assume that a-9 = -1 and O'J. = r for some 

TE (01 1). Then, for O 5 a < a1, 

p,.,.(w + ad) = Pµ(w) - Q(-1"~1 + -11) + aµ L max(-r1ef[~;] + "f[g;], 0) 
N(T°) 

+erµ L I - r~ [.-\;] + 1ef [g;]I + aµ 
N(i1) 

+aµ ~ max(-r"f[A;] + ~[g;], 0) + aµ E (,c;(..\;] - r1t;[g;]( 
N(~) N(M8 ) 

1 2 2 +2ct lldll2Op,_(w, ad). 

For any TE (t;fj], tl+ifi]), l = 0: 1:J, 

and therefore 

i E N(T0) : pos[-r1tf [..\;] + 1ef [g;]] 

i E N(~) : sign[-r1tf[..\;] + ,tf fg;]] 

i E N(~) : pos(-r,tf (.-\;] + ,tf fg;]J 

i E N(M°) : sign[-r1ti(A;] + 1tl[g;]] 

- ~[j] 

- ,![iJ 

- ,;J[j] 

- ,;j[;J, 

If r E Uc[i], then the coefficient of (-a) is positive. However, this value provides the first 

order rate of change in pµ only for r E ( t[[i], tl+l[i]). 

Therefore, if Ut = 0 for all l, then first order descent in Pµ is not possible for any 

cr_9 < 0 < D'>.. and la-9( > lo-Al- However, if there exists some l E {0 : 1:J} such that 

Ui[i] #= 0, then for any r E U,*, a direction d satisfying .A.J;d = -( -re; + ~) provides 

first order descent in p11 Crom to. □ 

Definition 6.13 For i EB(~): 

1. Define breakpoints T 8[j] as follows: 
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i E N(T°): ,-f[i] {- ,c;f (.\;}/ ,c;f[g;] if it lies in (0, 1) 
-

1 otherwise 

i EN(~): ,-f[i] {- ,r.f [.\;]/ ,r.ffg;] if it lies in (0, 1) -
1 otheru,ue 

iEN(~): Tf[i] {- ,cf(.\;)/ <fl;] if it lies in (0, 1) -
1 otherwise 

i e N(M0): Tf[i] {- ,c;t[..\;]/ "'-i[g;] if it lies in (01 1) -
1 othe.nmse. 

S. Let k) be the number of distinct lweakpoints in the interval (01 1), and let these 

distinct brealcpoints, denoted t1[i] for l = 1, -· •, k1, be indezed to satisfy 

0 < t11J] < ••• < ~ [i] < 1. 
J 

In addition, define the breakpoints tgfj] = 0 and ~+l[i] == 1. 
I 

3. For each l == 0: i:J, define x'[i] as follows: 

i e N(T°) : xH.il - { neg[,c;f [.\;Il 
neg(,c;ffg;]] 

i e N(~) : xU.il - { sign(<(.\;]] 
sign[ <f9;]1 

- { 
neg(<[.\;]] 

i E N(J'!) : i£i] 
neg[,r.ffg;J] 

i e N(M°) : ili] = { sign[,c;f(.\;]) 
sign[ "if,;]] 

if ,-f[i] < tf [i] 
otherwise 

othen»ise 

if -rf [i] < tf [i] 

if ,f [iJ < tf [i] 

-1- For each l = 0: ij, define the quantities t'~r,1 and ~[i] a.s foll01J1s: 

fi[j] = •: - P E i[i]~G(.\;] +" E i[i],c;f(.\;] - P E ~[;14(.\;] 
N(TG) N(.P;) N(P!) 
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+µ E xHi]1tH.-\;] 
N(MO) 

t~f.il - •1- µ E :tlfiJ,cffa;J + µ E xi[iJltf[gil - µ E xHtlltff9il 
N(7'9) N(pZ) N(P:,J 

+,, E xir;J"f[g;J + µ. 
N(.MO) 

5. For each l = 0 : k}, define the intervals V,[i] and Vi[i] as follows: 

Vr[i] -

( -00, -ti[iJ/ t~[jJ) 

(-t'>.[i]/t~[i], oo) 

(-00,00) 

0 

UiU] = (tf[i], t?+i[i]) n v,[i]. 

if t~fj] > 0 

if t!,[i] < 0 

if ~[i] = 0 and ti[i] < 0 

otherwise, 
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Lemma 6.19 Ifw is a degenerate, stationary point, then there ezists a first order descent 

direction d for p"' from 1U satisfying A1;d = 41'.\ ej + er 0 e1 for O < er O < tr>. if and only if 

there ezists l E {O : k1} such that Vt[i] #= 0. 

Proof: Consider any direction d satisfying Aid= tr>..eJ+tr9 e1 for O < tr9 < a,.. Without 

loss of generality, assume that tr~ = 1 and rr9 = T for some T E {O, 1). Then, for 

Pµ(w + ad) - Pµ(w) + a('lj + T'1"1) - aµ E min(1tf[.-\i] + r,c;f[g;], 0) 
N(T8 ) 

+aµ E litf[-\;] + r#tf[g;]I + atµr 
N(J1) 

-ap. E min(~[.-\;]+ -r,tf [g;], 0) + aµ L l1eH.-\;] + r,cH_g;]I 
N(J>!) N(.VO) 

1 2 12 ..n +2a lid 12Op,_(w, a.,,,,. 
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For any r E (t?fJ1, tf+1[.i]), l = 0 : kj, 

and therefore 

i E N{T0) : neg[,r;f(A;J + r,r;f [g;]] 

i EN(~) : sign[,r;f[A;] + r,r;ffg;]] 

i E N(~) : neg[,r.f[~;] + r,4[g;]] 

i E N(M°) : sign(1tHA;J + T1tUg;]] 

- xHiJ 

- xUi1 
- ,xi[i] 

- ifi], 
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If T E Vr[;], then the coefficient of ct is negativ4:. However, this value provides the first 

order rate of change in P,s only for -r E (tf[j], tf+1[i]). 

Therefore, if Vi == 0 for all l, then first order descent in p,,, is not possible for any 

0 < rr9 < O),. However, if there exists some l E {O: kf} such that Vi[;] -:f:. 0, then for any 

T E Vt, a direction d satisfying AJ;d = ( ej + Te,1) provides first order descent in P,s from 

w. □ 

6. 7 First Order Optimality Conditions 

Corollary 6.20 If w is a degenerate, first onler point of the penalty function P,s, then 

the following conditions must all be sati.!Jfied. 

; E B(T°): 9q_µu9<µ , , - and 99 + µ119 > O, , , -
i E Pf: .. ~ - µu<! < p. , , - and .~ +µ11~ > -µ , J - , 

j EB(~): l}'! - p.~ < /J, , , - and ii} +P.'1 ~ -p., 

jEP;: 
"

11-A ~-l < ; -JJ,; _p and .~-.\ + "'_,. > 0 , P, - , 

;e pt: .,.11-l ~-l • - µ . < -µ , J - and .,.g-A + g-A > O 
; P,Vj - , 
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j EB(~): 

and 

and 

and 

'9~ - ILU~ < IL , ,-,_,., 

if~-u~<u , ,...,_,-

.. ~ + 'f'! - 1-lU~+tl < IL , 1 ,.,, _,-

.~ - 't''! - llU~-g < IL J , ,- , - ,-

and 

and 

; E N(J>!): •; - µu; - µ max(l, ~[A;]) $ 0 

-.; + µvf + µI min(l, "'[A;])I ?. 0, 

j E B(M°): '11-µui ~ µ. 

and 

a.nd 

and for all j E B(.~), 

Jt[iJ - 0 for l = 0: 1:J, 

K:j[iJ - 0 for l -0-1:2 - • i• 

AJi•[iJ - 0 for l = 0: 1:j, 

Qifi] - 0 for l = 0: 1:1, 

'R.ifiJ - 0 for l = 0: 1:j, 

Si[i] - 0 for l = 0: kJ, 

Ut[i] - 0 for l = O: 1:J, 

V,*[iJ - 0 for l = D: 1:f. 

ifJ + µv;?. 0, 

.. ~ + 11.d! > 0, , ,- J -

..... .\ .. -r.6 >..-g 
,r. - ,r - + 1-l'U. > _,,. , , ,- J - ,-, 

Proof: Follows immediately from the results presented in the previous section. □ 
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Note that, in the absence of degeneracy, the matrix 1t is empty and the conditions listed 

above reduce to the first order necessary conditions previously defined in Corollary 3.10 

and Definition 3.3.4 for a nondegenerate mioim•un point of the penalty function. Also, 

if a set or multiplien '9 satisfying the nondegenerate necessary optimality conditions are 

defined at a degenerate point of p"', then the above conditions are automatically satisfied 

for some choice of .A.s. Therefore, the 1t multipliers need only be calculated when the 

multipliers • do not satisfy the nondegenerate necessary conditions and do not define a 

descent direction for the penalty function. 
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6.8 Implemented Version 

Our degeneracy resolving technique has been described for exact activities. With ap­

propriate modifications to the activity sets, this technique is implemented for £-activities 

exactly as it is described here. It has been verified that the technique will either find 

a descent direction or verify that the degenerate point satisfies the necessary optimality 

conditions. With the introduction of e-activities, an additional possibility arises. As de­

scribed in Section 4.5, it is now possible that the current point has been misclassified~ 

close to a. stationary point of the penalty function. As a result, the dropping direction 

returned by the degeneracy resolver may not be a descent direction for the model func­

tion. In this case, the algorithm will reduce the values o( E and A, and continue from the 

reclassified point. 

6.9 Conclusion 

In this chapter, the problems inherent in applying traditional techniques to resolving 

degeneracy in the penalty function pµ have been explained. In addition, we have derived 

a set of first order necessary conditions for a degenerate solution of Pµ• These conditions 

apply regardless of the actual choice of the activity basis matrix .A.a as long as the rules 

described in this chapter for constructing As are followed. 

The calculation of the vector 'I' and matrix 1t for any specific choice of As and AN 

and the checking of all the conditions listed above are finite processes. In any partic­

ular instance of degeneracy in the penalty function, the method of perturbation or the 

technique of Ryan and Osborne may resolve the problem more quickly than the multi­

plier method, or may fail completely. Unlike these techniques, the multiplier method will 

always resolve degeneracy in PP in a finite number of steps. 



Chapter 7 

Testing results 

7.1 Introduction 

The penalty function algorithm described in Chapters 3 and 4 for finding a solution 

of the one level problem BP c was implemented in Matlab. The degeneracy resolving 

technique described in Chapter 6 was also implemented. The code was tested on a set of 

bilevel programming problems found in the literature, as well as several original nonlinear 

problems. In this section, I will discuss the test problems and describe how the testing 

was performed. The remainder of the chapter is concerned with the presentation and 

analysis of the results. 

7.1.1 Test Problems 

The test problems are listed in Appendix A along with their sources and known solutions. 

The majority of the problems were found by examining the bilevel programming literature. 

These problems have generally been used to illustrate proposed algorithms for bilevel 

problems, and therefore, most are quite small, with only a few upper and lower level 
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variables and constraints. Also, since most of the literature to date is concerned with 

linear bilevel problems, the majority of the problems presented in the literature were 

linear problems. While several quadratic problems were found, only three nonquadratic 

nonlinear problems were located. Therefore, several new nonlinear problems, some with 

unknown global solutions, were developed. 

In [28], Calamai and Vicente described a method for generating random linear and 

quadratic bilevel problems with known global solutions. The problems are separable, 

but with a simple matrix transformation, nonseparable quadratic bilevel problems can 

be generated. Seven untransformed and five transformed problems, of varying sizes, are 

used in the testing process. 

For all but one of the test problems from the literature, at least one global solution 

is known. In addition, because most of the problems are small, it w~ usually possible 

to analyze them to determine other local and global solutions. The goal of our research 

was to develop an algorithm which could be used to find solutions of bilevel programming 

problems. Therefore, the implemented code was tested on problems with known solutions 

so that its performance could be evaluated with regard to this criteria. In addition, it was 

necessary to introduce new nonlinear problems so that more results could be obtained. 

7.1.2 Code and Algorithm Parameters 

The algorithms were implemented and tested using Matlab version 4.2c. Throughout the 

testing process, emphasis wa.s placed on ensuring that the code was performing correctly 

rather than on improving the speed of convergence. Therefore, little attempt was made 

to find the "best" initial values of the algorithm. variables or parameters. The values used 

for the starting point u,0 and the initial penalty parameter µ,0 are considered in the next 

section. The remaining algorithm variables and parameters used the same initial values 
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for all test problems, as indicated below. These values should perform reasonably well 

for well-scaled problems. 

The following initial values are used throughout the testing process. 

- Eo, the initial activity tolerance, has value 0.1. 

# AO, the initial closeness tolerance, has value 0.2. 

# A0 , the initial trust region radius, has value min{Amax,o.1 x ll'r0ll:i), where -,0 is 

the gradient of the differentiable part of the penalty function at w0. However, if 

ll-r0 ll2 < 1, then A0 = 1. 

The algorithm parameters, as specified in the statement of Algorithm 4.1, are as­

signed the following values. Some of the values are based on the numerical experience of 

other researchers, and the remaining values· (for example, bmax, Amax:, and ifmu) seem 

reasonable for the problems being solved. 

- b1 , the tolerance for a successful trust region direction, has value 10-4• 

• 62, the tolerance for a very successful trust region direction, bas value 0.75. 

- r 1 , the sufficient decrease tolerance, has value 10-4 . 

• bmax, the iteration count corresponding to unboundedness, has value 4. 

- Arnau, the maximum allowable trust region radius, has value 20. 

• /£max, the maximum allowable value of the penalty parameter, has value 106 . 

- itmax, the maximum allowable number of iterations before unsuccessful termination 

of the algorithm, has value 500 for nonlinear problems, and value 100 for the other 

problems. The larger value was used for the nonlinear problems because they are 

generally more difficult ta solve. 
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A point is accepted as a second order point of the penalty function if the following 

conditions are satisfied at the current point. 

• IIZ1° 'Yll2 :S 5 x 10-5 , 

• all activities have values a satisfying !al $ 5 X 10-5 , 

• the multipliers lie very close to the optimal ranges for second order points stated 

in Corollary 6.20. For example, if the optimal range is [p1, pz), where Pl::/; 0, then 

the actual multipliers must lie in the range [(1- e)P1, (l + e)p2] where e = 0.01. If 

Pl= 0, then the actual multiplier must lie in the range [-e1 (l + {)pz], and 

• the reduced Hessian zT HZ is positive semidefinite. 

A point is accepted as a second order point of the one level form of the bilevel problem if 

it satisfies the above conditions for a second order point of Pii and it is essentially feasible 

for BPc, i.e. if 

7 .1.3 Testing Process 

The test problems listed in Appendix A were each run for ten different combinations of 

starting point w0 and initial penalty parameter µ0• These values were chosen for all the 

test problems, and no attempt was made to find the best starting point for individual 

problems. The tested values, corresponding to the results presented later in the chapter, 

a.re listed in Table 7.1, where q == n + m + p is the number of variables in the penalty 

function. Recall that n is the number of upper level variables, m is the number of lower 

level variables, and p is the number of lower level constraints. 
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# u,O µ.o 

1 zeros(q) 1 

2 ones(q) 1 

3 -ones(q) 1 

4 5 x ones(q) 1 

5 -10 x ones(q) 1 

6 randn(q) 10 

7 5 x randn(q) 100 

8 -5 x randn(q). 1000 

9 10 x randn(q) 100 

10 -10 x randn(q) 10 

Table 7 .1: Starting Values 

Note that 

• zeros( q) is the zero vector in R", 

• ones(q) is the vector in JB!I consisting of all ones, and 

••randn(q) is a vector in lR!l consisting of q normally distributed random values. 

The term ''problem instance" will be used to refer to a test problem in combination with 

one of the above ( w0 , µ0) combinations. 

7 .2 Presentation of the Results 

The test problems listec! in Appendix A are divided into four groups: linear, quadratic, 

generated, and more general nonlinear bilevel problems. Accordingly, the results are 
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presented in four separate tables. In each of the result tables, the following information 

is presented. 

• The name of the problem, as listed in Appendix A, generally corresponds to the 

initials of the authors of the source paper. It is stated in the column titled "Prob". 

• The number of \'ariables in the one level form of the bilevel problem is indicated in 

the column titled "q" . 

• The average number of iterations until termination of the implemented algorithm 

is indicated in the column titled "#". This is the average over all ten instances, 

regardless of whether the algorithm actually converges or not. 

• The average number of times that the penalty parameter was increased for each of 

the ten problem instances is indicated in the column titled "µ+n. Recall that the 

parameter µ. is increased if the algorithm indicates that p" is becoming unbounded, 

or if the algorithm converges to a point satisfying the necessary conditions for a 

second order point of p" which is infeasible for the one level problem. Each time µ 

is increased, it is multiplied by the factor 10. 

• The average number of times that the degeneracy resolving routine was invoked for 

each of the ten problem instances is indicated in the column titled "«r'. The routine, 

as described in Chapter 61 is invoked if the algorithm encounters a degenerate point 

at which some of the multipliers 'I' are out of kilter but the calculated dropping 

direction is not a descent direction. 

• The algorithm can terminate in several different ways. 

- The final point satisfies the necessary conditions for a second order point of 

the one level form of the bilevel problem and the objective function value at 
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the point matches the objective function value of the known global solution 

of the bilevel problem. The number of times during the ten test trials that 

the algorithm. terminates at such a point, classified M a global solution, is 

indicated under the outcome column titled "G". 

- The final point satisfies the necessary conditions for a second order point of 

the one level form of the bilevel problem, but the objective function value at 

the point exceeds the objective function value of the known global solution of 

the bilevel problem. The number of times during the ten test trials that the 

algorithm. terminates at such a point, classified as a local solution, is indicated 

under the outcome column titled "L". 

- The final point satisfies the necessary conditions for a second order point of Pµ 

for µ = P-m,a., but is not feasible for the one level form of the bilevel problem. 

The number of times during the ten test trials that the algorithm terminates 

at such a point, classified as a truly infeasible solution, is indicated under the 

outcome column titled "I". 

- The algorithm fails to converge within itmax iterations. The number of times 

that this outcome was observed is indicated in the column titled "M". 

- The algorithm terminates because 1'1-1 appeared to be unbounded for µ = Jlmax. 

The number of times that this outcome was observed is indicated in the column 

titled "U" . 

7.3 Results and Comments 

Throughout the analysis of the results, the performance of our algorithm will not be com­

pared to existing bilevel problem algorithms. There are several reasons for this decision. 

Our algorithm has been designed to solve nonlinear bilevel problems, and therefore, is 
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not expected to perform as well for special forms of the problem as algorithms designed 

for those forms. For example, linear bilevel algorithms exploit the special properties of 

linear bilevel problems and include actions to find global, rather than local, solutions. 

Our algorithm does not include such special steps. In addition, at the time of testing, 

there are no other algorithms in the literature for which extensive test results have been 

presented for nonlinear bilevel problems. Finally, the performance of the algorithm is 

likely far from optimal because no analysis has been performed to determine the best 

starting values of the algorithm variables and parameters, as noted on page 231. 

1.3.1 Linear Problems 

The testing process for the linear bilevel test problems, as summarized in Table 7.2 1 

illustrated the following points. 

• The algorithm identified a global solution of the bilevel problem for 18 of the 23 

problems with known global solutions. More specifically, it found the global solution 

in 105 or 46% of the 230 associated problem instances. For the ten problem instances 

for BCC5, for which the global solution is not known, the algorithm terminated half 

of the time at the best local solution provided by the authors. 

• The algorithm identified a local or global solution of the bilevel problem for all 24 

problems, or 153 (64%) of the 240 problem instances. 

• A truly infeasible point of the penalty function was identified in 21 of the 24 prob­

lems or 107 (36%) of the problem instances. 

• The degeneracy resolving routine was invoked for 7 of the problems, or 15 (6%) of 

the 240 problems instances. In several cases, the routine was invoked multiple times 

for a single problem instance. 
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• A solution of the penalty function was successfully identified for all problem in­

stances. 

• The algorithm converged within 44 iterations for all problem instances. 

The algorithm performed extremely well in identifying local or global solutions of 

the linear bilevel test problems, as there were no problems for which a solution was not 

identified. Also, the penormance of the algorithm in identifying global solutions was quite 

good. The use of multiple starting points was a helpful tool in identifying global solutions 

for a large majority of the problems. Even without special action within the algorithm 

for specific starting points, global ·solutions were identified for one-third of all problem 

instances. This behavior is very encouraging. Of course, in general, such solutions are 

probably not globally convergent. 

Aside from their use in finding global solutions, multiple starting points must be used 

within the bilevel algorithm due to the possibility of identifying truly infeasible solutions. 

The number of problem instances which terminated at a truly infeasible point justifies 

their use. 

Although only a small percentage of problem instances encountered a point for which 

the degeneracy resolving routine was invoked, one-quarter of the problems did require 

its use. This illustrates the importance of the degeneracy resolving technique developed 

specifically for the bilevel penalty function. 

Although all the problems in this group have a small number of variables, the three 

highest average number of iterations to convergence correspond to the three largest prob­

lems, as indicated by the value of q. The problems with more than 10 variables are the 

only problems which, on average, required more than 20 iterations. This suggests that 

the number of iterations may increase with the problem size. 
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Prob q # µ+ 6 G L I 

AWl 8 13.3 0.5 0 1 3 6 

Bl 8 12.0 0.4 0 5 0 5 

B2 7 10.1 0.5 0.5 6 l 3 

B3 7 12.3 0.5 0 7 0 3 

BABl 6 8.8 0.2 0.2 5 0 5 

BAB2 7 13.1 0.5 0 4 0 6 

BCCl 8 9.8 0.2 0 6 0 4 

BCC2 7 9.2 0.3 0 0 5., 5 

BCC3 5 7.9 0 0 10 0 0 

BCC4 8 12.4 0.4 0.1 8 0 2 

BCC5 16 30.0 1.4 0 7 3 

BFl 8 12.4 1.2 0.3 6 0 4 

BF2 7 10.4 1.0 0.2 2 2 6 

BKl 8 10.2 0 0.1 0 7 3 

BK2 10 13.9 0.6 0.4 9 0 1 

CFl 5 11.0 0.5 0 9 0 1 

CTl 11 26.4 1.2 0 0 10 0 

Dl 8 12.2 0 0 10 0 0 

D2 6 7.9 0 0 4- 0 6 

Fl 6 7.8 0.4 0 2 5 3 

HJSl 11 24.7 1.2 0 0 6 4 

HJS2 7 11.5 0.5 0 0 1 9 

HSWl 6 11.2 0.5 0 3 1 6 

TMVl 7 14.6 0.8 0 8 0 2 

Table 7.2: Results for Linear Problems 
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7.3.2 Quadratic Problems 

The test results summarized in Table 7.3 illustrate the following points. 

• The algorithm identified a global solution for eleven of the twelve quadratic bilevel 

test problems, or 63 (53%} of the 120 problem instances. 

• A local or global solution is identified for all problems, or 97 (81%) of the 120 

problem instances. 

• A truly infeasible solution was located for 8 of the test problems, or 23 (19%) of 

the problem instances. 

• The degeneracy resolving routine was invoked for seven of the test problems, or 37 

(31%) of the problems instances. 

• A solution of the penalty function was successfully identified for all problem in­

stances. 

• The algorithm converged within 26 iterations for all problem instances. 

The algorithm performed exceptionally well in identifying the global and local solu­

tions of this set of quadratic bilevel problems. While this may, in part, be due to the 

simplicity of the test problems, it is still very encouraging to see for our general nonlinear 

bilevel problem algorithm. 

The number of truly infeasible points encountered by the algorithm even in these cases 

again justifies the use of multiple problem instances in the testing process. Similarly, 

the high number of degenerate points encountered show the necessity of the degeneracy 

resolving routine. The QVerall results also indicate the eff'ectiveness of the routine. 
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Prob 'l # µ+ 6 G L I 

ASl 5 7.8 0 0.4 3 0 7 

AS2 10 12.2 0.5 0 4 6 0 

B4 6 10.0 0.6 0 4 3 3 

BF3 8 14.7 0.9 0.5 9 1 0 

BF4 8 15.7 1.2 2.7 9 0 1 

GSl 5 7.8 0 0 9 0 1 

IAl 10 13.2 0.5 0 4 6 0 

SGl 10 15.4 0.5 0 5 4 1 

VSJl 5 7.1 0.4 0.4 5 2 3 

VSJ2 5 7.3 0.7 0.4 4 2 4 

YZl 4 4.5 0 0.6 7 0 3 

YZZ2 4 1.7 0.5 1.2 0 10 0 

Table 7.3: Results for Quadratic Problems 

Once again, the largest problems, as indicated by the value of q, generally require 

the highest average number of iterations to convergence. The five largest problems ( with 

q ~ 8) require more than 12 iterations on average, while none of the smaller problems 

require more than 10 iterations. However, since the problems are so small, this difference 

may not truly be significant. 

7 .3.3 Generated Problems 

The testing results for the set of generated problems are summarized in Table 7 .41 and 

illustrate the following points. 
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• A global solution of the bilevel problem is correctly identified for 10 of the 13 test 

problems, or 30 (23%) of the 130 problem instances. 

• A local solution of the bilevel problem is correctly identified for all 13 test problems, 

or 88 (68%) of the problem instances. 

• A truly infeasible solution of the penalty function was identified for 12 test problems, 

or 42 (32%) of the problem instances. 

• Seven of the problems, or 11 (8%) of the problem instances, required the use of the 

degeneracy resolving routine. 

• A solution of the penalty function was successfully identified for all problem in­

stances. 

• The algorithm converged within 63 iterations for all problem instances, and in less 

than 50 iterations for all but two. 

Again, the algorithm performed quite well in identifying global and local solutions of 

these test problems. These problems, by their nature, generally have more local solutions 

than the previous cases. So, while the high number of local solutions encountered was 

not surprising, the strong performance of t,ie algorithm in identifying global solutions 

was an encouraging result, and was supported by the performance of the algorithm on 

the previous set of quadratic problems. 

The number of iterations required for convergence is generally higher for this set of 

test problems than for the previous two sets of problems, reflecting the larger size of 

the problems and their increased complexity. Note that the larger untransformed and 

transformed problems do not always require a higher average number of iterations for 

convergence. While the largest problems seem to generally require more iterations for 

convergence, this is not necessarily true for specific problems. 
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Prob q # µ+ J G L I 

Ul 25 14.5 1.4 0.6 2 5 3 

U2 30 14.0 0.8 0 l 6 3 

U3 50 18.0 1.4 0.1 1 3 0 

U4 55 19.9 LO 0 5 3 2 

us 80 24.8 1.3 0.5 0 6 4 

U6 125 25.6 1.1 0.4 2 6 2 

U7 90 20.1 1.2 0 1 6 3 

us 100 15.8 2.2 0 1 3 6 

Tl 12 11.5 1.3 0 1 4 5 

T2 25 21.4 3.1 0.3 0 4 6 

T3 30 14.4 1.0 0 0 8 2 

T4 30 13.7 0.6 0.1 9 0 1 

TS 55 32.0 2.2 0.3 1 4 5 

Table 7.4: Results for Generated Problems 

7.3.4 Nonlinear Problems 

Only three nonlinear bilevel test problems were found in the literature. As this number 

was insufficient for our testing purposes, several new problems were designed. The global 

solutions of some of these problems, as indicated in Appendix A, are not known. Nate that 

the problems tested here are small, in terms of the number of variables in the penalty 

function. The time and space limitations imposed by Matlab and, in particular, the 

current implementation of the algorithm make solving much larger problems impractical. 

The results for the problems from the literature (problems B5, EBl and VZZl), along 

with the new problems, are summarized in Table 7 .5. The performance of our algorithm 
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in solving these nonlinear bilevel problems cannot be judged relative to any other solution 

techniques. A literature search found no comparable results for other methods. 

• For the thirteen problems with known global solutions, the algorithm identified 

a global solution in 27 (20%) of the 130 problem instances. Note that the algo­

rithm identified a global solution in a. similar percentage of cases for the generated 

probleJDS, which are the most complicated of the other problems tested here. 

• A global or local solution was identified for all the problems, and in 95 (63%) of the 

150 problem instances. Again, this compares very well with the observed results 

for both the linear and generated problems. 

• A truly infeasible solution was identified for 12 of the problems, and in 24 (16%) of 

the problem instances. 

• The degeneracy resolving technique was invoked for five of the test problems, or 19 

(13%) of the problem instances. 

• For 26 (17%) of the problem instances ( corresponding to 12 of the test problems), 

the algorithm failed to converga to a solution of the penalty function within itrnu 

iterations. For the nonlinear problems, the maximum iteration count allowed was 

itmax = 500. 

• The problem instance was found to be unbounded in 11 (7%) of the problem in­

stances, or for five of the problems. 

• Of the 124 problem instances which converged to a local or global solution, a truly 

infeasible point, or were judged to be unbounded, 20 (16%) required more that 100 

iterations. 

- One problem instance (B5) converged after 498 iterations. 



CHAPTER 7. TESTING RESULTS 244 

- Six problem instances (Ccl, Cc3, two of Cel, two of Ce3) required between 

300 and 399 iterations. 

- Six problem instances (two of Cb3, one of Ccl, Cc3, Cel and Cgl) required 

between 200 and 299 iterations. 

- Seven problem instances (two o(Cb3, one of Ccl, CC3, two of Ce3, and one 

of Cg3) required between 100 and 199 iterations. 

In the nonlinear results table, the two numbers i1 ( i2) under the column titled "#( #c)" 

indicate i 1 , the average number of iterations to termination over all ten problem instances, 

and i2, the average number of iterations to termination when the itmax instances are 

omitted. 

Two types of results were observed for the nonlinear problems which were not ob­

served for any of the previous test problems: unboundedness ( column "U") and failure to 

converge within itrnu iterations ( column "M"). In the original discussion of the penalty 

function technique in Chapter 3, unboundedness was discussed as a possible outcome of 

the penalty function technique, even if the problem being solved was not unbounded. 

The technique used to detect unboundedness is described in Section 3.8. It is likely that 

a more detailed check for unboundedness could be developed which would eliminate some 

of the unboundedness outcomes. However, this issue will not be investigated further here. 

As noted above, there were 26 instances in which t~e algorithm failed to converge 

or to reach an unboundedness decision within ifmax = 500 iterations. The behavior of 

the algorithm for these instances is discussed below. Two diff'erent patterns of behavior 

accounted for most of these outcomes. Note that these patterns of behavior were generally 

established within the first 100 to 200 iterations of the algorithm. 

1. The algorithm made steady, but very small progress towards a stationary point of 

the penalty function. Over these iterations, the iterates were all type one points, 
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Prob q #(#c) µ+ 6 G L I u M 

BS 8 120.1 (77.9) 0.6 0 7 2 0 0 l 

EBl 8 11.8 1.2 0.4 6 0 4 0 0 

YZZl 4 110.5 (13.1) 0.1 0 3 2 3 0 2 

Cal 3 8.9 0.5 0 3 7 0 0 0 

Ca3 9 13.0 0.5 0 2 8 0 0 0 

Cbl 4 135.3 (44.1) 2.3 0 4 1 3 2 

Cb3 12 235.0 (121.4) 3.0 0 2 1 4 3 

Ccl 5 135.3 (94.8) 1.4 4.6 2 5 1 l 1 

Cc3 15 238.8 (116.9) 1.9 9.4 0 5 1 1 3 

Cdl 3 109.3 (11.6) 0.2 0 1 6 1 0 2 

Cd3 9 211. 7 (19.5) 0.3 0 0 5 1 0 4 

Cel 4 212.5 {140.7) 0.6 0.5 1 5 2 0 2 

Ce3 12 197.9 (97.4) 2.1 16.2 2 3 3 0 2 

Cgl 4 139.0 ( 48.8) 0.8 0 0 6 2 0 2 

Cg3 12 149.7 (62.1) 2.4 0 0 2 4 2 2 

Table 7.5: Results for Nonlinear Problems 

and the generalized Cauchy direction provided acceptable (though usually relatively 

poor) trust region descent. In some cases, the direction provided very good descent. 

Generally, however, the trust region radius A was relatively small when the pattern 

was established, and was not increased or decreased very much over the subsequent 

iterations. 

This was the pattern of behavior observed for the i'tmax outcomes for problems YZZl 

(two instances), Cbl (two instances), Cb3 (three instances), Cc3 (one instance), Cdl 

(2 instances), Cd3 (one instance), Cel (two instances), Cgl (one instance) and Cg3 
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( one instance). 

2. After the trust region radius was reduced to a relatively small value, the iterate was 

classified as dose to a stationary, non-first order point. A dropping direction was 

calculated, and it provided a small, but acceptable descent in the penalty function. 

Because the step taken, while a reasonable trust region direction, was small, the 

dropped £-activities remained active. The next iteration again tried to drop the 

same set of activities, and the process was repeated. 

This pattern of behavior was observed £or Ccl (one instance), Cc3 (one instance), 

Cd3 (two instances), Ce3 (two instances) and Cgl {one instance). 

The remaining four cases fail for different, but related reasons. For all cases, after the 

preliminary stages of the algorithm, the iterates were close to a stationary point of the 

penalty function. However, the algorithm did not always recognize this property, as 

described below. 

• In problem B5, the algorithm actually approached a second order point of the 

penalty function relatively quickly. The iterate was correctly classified as a type 

four point, and the full Newton step was attempted. However, the step failed. 

Note that the step would have been accepted if the current value of the penalty 

parameter µ. had been significantly smaller. The algorithm tolerances E and A 

were reduced, and the iterate was then misclassified as far from stationarity. All 

subsequent descent directions were generalized Cauchy steps from type one points. 

Acceptable decrease was observed, but the decrease was actually quite small. 

• For the remaining instance of problem Cc3, the iterates were actually dose to 

stationarity, but because of previous decreases of E and A, some were classified 

as type one points, and some were classified as type two points. In the former 
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situations, the generalized Cauchy step provided good, but not very good, descent. 

In the latter situations, the dropping step was successful, but the dropped activities 

remained E-active. In essence, both patterns of behavior described above were 

observed here. 

• For the remaining case of Cd3, the iterates were close to a first, non-second order 

point, and were correctly classified as type three points. The calculated directions of 

negative curvature provided very small, but still acceptable descent in the penalty 

function. The trust region radius was near its minimum value. It is possible that 

a direction of negative curvature like those discussed in Section 3.5.3 would have 

been beneficial in this case. 

• For the remaining case, one instance of Cg3, an iterate was correctly classified as 

close to a second order point. A full Newton step was attempted and accepted. 

However, as a result of the step, one of the activities wa.s no longer considered 

active at the next iterate. This new point was incorrectly classified as far from a 

stationary point, and very small generalized Cauchy directions provided acceptable 

descent in the penalty function, as discussed above. 

The nonconvergent problem instances illustrate the need for multiple starting values when 

using our algorithm to solve bilevel problems. 

The number of iterations required for convergence to a solution or to detect unbound­

edness is greater for these nonlinear problems than it is for the linear, quadratic and 

generated problems. This is to be expected due to the difficulty inherent in the nonlinear 

problem when compared to the simpler forms of the problems. In some cases, the increase 

is quite large. 

Recall that the value of itawc was increased for the nonlinear problems to 500 from 

100. This action was beneficial since the algorithm converged for more problem instances 
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than it would have with the smaller value of the algorithm parameter. However, at the 

same time, it results in the average number of iterations required until termination of the 

algorithm to be skewed upwards by the instances which require more iterations. Table 

7.6 presents summarized information in the spirit of Table 7.5, and corresponds to the 

performance 0£ the algorithm when the value of ifma:c is reduced to 200. The number of 

instances which converged to a local or global solution are grouped together in the table 

under·the column "L". Note that the average number of iterations presented is calculated 

by ignoring the itmax outcomes. 

Prob #e L I u M 

B5 25.4 8 0 a 2 

EBl 11.8 6 4 0 0 

YZZl 13.1 5 3 0 2 

Cal 8.9 10 0 0 0 

Ca3 13.0 10 0 0 0 

Cbl 44.l 4 l 3 2 

Cb3 66.6 2 0 3 5 

Ccl 45.6 6 1 0 3 

Cc3 42.8 4 1 0 5 

Cdl 11.6 1 1 0 2 

Cd3 19.5 5 l 0 4 

Cel 12.6 5 0 0 5 

Ce3 82.7 4 2 0 4 

Cgl 22.4 5 2 0 3 

Cg3 62.1 2 4 2 2 

Table 7.6: Results for Nonlinear Problems when itma:c = 200 
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The new table illustrates the following points. 

• The algorithm locates a local or global solution for all the problems1 and for 83 

(55%) of the problem instances. This is compared to 63% for the larger value of 

itmaz. 

• The algorithm converges to a truly infeasible solution of the penalty function in 20 

(13 % ) of the instances1 compared to 16% previously. 

• The algorithm concludes that 8 (5%) of the problem instances are unbounded, do\VIl 

slightly from 7% previously. 

• The algorithm terminates unsuccessfully after iftnu = 200 iterations for 39 (26%) 

of the problem instances, compared tp 17% after itm- = 500 iterations. 

In addition to these points, note that the average number of iterations is, with a few 

exceptions, well within the range to be expected, based on the results presented for the 

linear, quadratic, a.nd generated test problems, combined with the increased difficulty 

of solving the nonlinear problems. Of course, this came at a cost of fewer convergent 

problem instances. However, in terms of the amount of computing work in the extra 300 

iterations, it may actually be preferable to use the smaller value of ifm"". An alternate 

approach to consider is to define another problem instance whenever the current instance 

fails to converge within the smaller value of i"tmax-

7.4 Overall Comments 

The algorithm performs quite well overall on the four sets of test problems. While the 

results of the nonlinear test problems may seem somewhat disappointing on first glance 

due to the number of nonconvergent instances, the algorithm actually performed very well 
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in achieving the stated goal of locating local and global solutions of both the nonlinear 

bilevel problems and the "simpler" forms of the bilevel problem. 

Consider the following points resulting from the analysis of the test results. 

• The use of multiple problem instances in solving a specific problem is justified by 

the results, due to the abundance of truly infeasible solutions and of local solutions. 

• Analyzing the individual problem to choose a starting point and initial penalty 

parameter may improve the performance of the algorithm in locating solutions, and 

may reduce the number of problem instances to consid~-

• The implemented version of the degeneracy resolving technique is very useful and 

necessary. 

• As expected, it appears that larger problems require more iterations before conver­

gence, and each iteration generally requires more work than for smaller problems. 

• The results presented for the linear, quadratic, and generated problems would not 

have been significantly dift'erent if the value of itmaz had been reduced to 50 from its 

tested value of 100, as just two instances would have failed to converge. The results 

presented in Table 7 .6 illustrate that, while the convergence results for the nonlinear 

problems are improved if itm- takes value 500 rather than 200, the improvement 

may not be significant enough to the user to justify the extra computational work 

involved. 

A "best" value for itm-, as with most other algorithm parameters, depends on 

the individual bilevel problem and the user's objectives. This indicates that fur­

ther study of these parameters may result in a better overall performance of the 

algorithm. 



Chapter 8 

Conclusion 

The thesis concludes with a list of contributions of the research along with an indication 

of possible further work in the field. 

8.1 Contributions 

We believe this work -provides several significant contributions to the field of bilevel pro­

gramming in the areas of algorithm development, algorithm convergence, and testing. 

• Algorithm Development. 

An algorithm has been designed for the nonlinear bilevel programming problem. As 

explained in Chapter 2, most algorithms in the literature have been described for 

simpler forms of the bilevel problem. Our algorithm, which implements an exact l 1 

penalty function technique within a trust region &amework, places few restrictions 

on the problem form. 

The combination of the penalty function and the trust region techniques is particu­

larly appropriate to the bilevel problem. The penalty function technique is designed 

251 
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to handle the nondifferentia.bilities of the compact form of the related problem, and 

assists in attaining both feasibility and optimality. The multiple starting points as­

sociated with the penalty function technique facilitates the discovery of both global 

and local solutions. At the same time, the trust region technique enables the algo­

rithm to concentrate on a localized, simplified version of the penalty function. This 

approach is beneficial in handling the nonconvexities of the bilevel problem, as well 

as assisting overall convergence. 

In addition, the algorithm includes a new technique, proven to work both in theory 

and in practice, for resolving degeneracy in the penalty function. This is particularly 

significant because traditional degeneracy resolving techniques were inappropriate 

for this problem. 

• Algorithm Convergence. 

Under a set of assumptions standard to convergence analysis and a few a.ssumptions 

specific to the bilevel problem, the proposed algorithm is proven to converge to a 

strict second order point of the penalty function for the compact form of the bilevel 

problem. These assumptions are stronger than would be applied to the problem in 

practice, but it is significant to note the strong theoretical nature underlying our 

technique. It provides a basis for its effectiveness for the more general problem. 

Note that, under an appropriate constraint qualification, as stated in Chapter 2, if 

the bilevel problem is convex, it is equivalent to its related compact form. In this 

case, the penalty function technique solves the bilevel problem directly. However, 

the convexity assumption on the bilevel problem is stronger than generally desired. 

For the more general case, the solution of the penalty function may still be a solution 

of the related compact problem, and hence of the bilevel problem itself. 
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• Testing. 

The numerical results presented here are the most extensive found to date for the 

nonlinear problem. They verify the effectiveness of the algorithm. in identifying local 

and global solutions of the bilevel problem, both in the simpler and more general 

forms. The collection of test problems can be used for comparison purposes for 

newer algorithms. 

8.2 Further Work 

For each of the areas of contributions to the study of bilevel programming, there are some 

issues of research which remain open. 

# Algorithm Development. 

There are two issues currently unresolved in the development of the algorithm. 

- It is possible, as described in Section 3.5.3, that the current iterate does not 

satisfy the necessary second order conditions for a solution because the reduced 

Hessian is indefinite. However, a direction of negative curvature may fail to 

provide descent in the model or ·penalty functions. As explained in the text, 

there are directions of descent at the point, but a practical technique for iden­

tifying such directions is required. While this situation wa.s not encountered 

much during the testing process and was therefore not investigated further, it 

would be useful to resolve this issue. 

- As described in Section 7.3.4, a more detailed technique for identifying when 

the penalty function is becoming unbounded within the trust region framework 

would likely improve the observed performance of the algorithm. 
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• Algorithm Convergence. 

As described. above, a set of assumptions, some stronger than others, are imposed 

on the problem to prove the theoretical convergence of the algorithm. It is of 

particular interest to determine if any of the assumptions specific to the bilevel 

problem (stated in Assumptions 5.8) can be removed and convergence still proven. 

This would match the theoretical results more closely with the practical convergence 

of the algorithm. 

• Testing. 

The testing results provided for this algorithm are more complete than for other 

techniques. However, it would be useful to have more results for larger nonlinear 

bilevel problems. It would also be interesting to solve some practical applications 

whose solutions are not known a priori. Due to time and space limitations, this 

would require a new implementation of the algorithm outside the Matlab environ­

ment. 

In addition, a thorough analysis of the algorithm tolerances and parameters, both 

for all problems in general and for individual problems, would likely result in im­

proved numerical performance. 



Appendix A 

Test Problems 

The following problems have been found µi the literature, or are originated here. The 

name attached to the problem signifies the original source. I have included any known 

solutions with the problem statement. In a few cases, the solutions given by the authors 

did not match those found by the algorithm. In case of conflict, the solution that could be 

verified (both by using the implemented algorithm and by analyzing the bilevel problem) 

is the one listed. If the authors gave a different solution which could not be verified, 

then it is not listed below. Included with the solution is F•, the value of the upper level 

objective function at the solution. 

We recognize that, with the exception of the problems generated by the technique of 

Calamai-Vicente as described below, the problems presented here are very small. This 

reflects the complexity of these classes of problems. 

255 
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A.1 Linear Problems 

1. Problem: AWi from [6}. 

min 
'Z,'1/ 

-(z + 3y) 

s.t. z?:: 0 and y solves 

LLP(z) : min 3y 
'II 

s.t. 10 $ z+2y 

-18 < z-2y 

Solutions: 

(a) Global: z· = 16, 11· = 11, F• == -49. 

(b) Local: z• . 0, y• = 5, F• = -15. 

2. Problem: Bl from [8]. 

min 

s.t. 

and 

Solutions: 

l 
-2z1 + z2 + 2Y1 

2z1 +z2 ~ 2 

Z1,z2 ~ 0 

y solves 

LLP(z): min 
ti 

s.t. 

2z ~ 11 

y 

-(4Y1 -112) 

2z1 -111 +112 

Z1 - 3z2 +112 

1l1,Y2 

(a) Global: z• = (1, 0), y• = (½, 1), F• = -lf. 

256 

< 38 

$ 6 

< 21 

> 0 

?:: 21 
2 

$ 2 

?:: 0 
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3. Problem: B2 from [10]. 

min z+y 
z,11 

s.t. z ~ 0 and 11 solves 

LLP(z) min 
'!I 

s.t. 

Solutions: 

(a) Global: z* = J, y• = 2f, , F* = 3½. 

(b) Local: z• = 7f, 11• = lf, P- = Sf. 

4. Problem: B3 from [10]. 

min -(5z +y) 
z,s, 

-, 
z+½r 

¼z-y 

z + iY 

z-2y 

y 

s.t. z ~ 0 and y solves 

LLP(z): min y 
11 

s.t. z+½r 

¼z-y 

z+½r 

z-2y 

y 

Solutions: 

(a) Global: z• == 7i, 11• =If, F* = -37¾-

257 

> 2 

2! -2 

s 8 

s 4 

~ 0 

> 2 

2:: -2 

s 8 

s 4 

~ 0 
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5. Problem: BABl from (15). 

min z+y 
%t'I/ 

s.t. z ~ 0 and y solves 

LLP(z) 

Solutions: 

(a) Global: z• == 1, y• = 5, F• = -6. 

6. Problem: BAB2 from (15]. 

min 
II 

s.t. 

y 

4z+3y 

z+2y 

3z+y 

y 

l 
min -(1 f~ + 6y1 + Y2) 

Zt'IJ 

s.t. 0 ~ z '.5 1 and y solves 

LLP(z): min -(Y1 +512) 
11 

> 

< 

s; 

> 

s.t. z +3Y1 +12 

2z +Y1 + 3lf2 

Solutions: 

(a) Global: z• = 1, y• = (0, 1), p• = -2½. 

7. Problem: BCCl from [18]. 

min -y s.t. y solves 
z,s, 

Y1,Y2 

258 

19 

11 

13 

0 

< 5 

s; 5 

> 0 
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LLP(z): 

Solutions: 

(a) Global: z"' = 1, y• = 4, F• = -4. 

(b) Local: z• = 6, y• = 3, F- = -3. 

8. Problem: BCC2 from (18]. 

min 
JI 

s.t. 

min -y s.t. 11 solves 
:c,s, 

LLP(z): min y 
11 

s.t. 10 

-18 

Solutions: 

(a) Global: z• = 16, y• = 11, P- = -11. 

(b) Local: z• = -4, y• = 7, F• = -1. 

9. Problem: BCC3 from (18] .. 

y 

2z+11 > 

z-2y ~ 

z+y < 

2z -11 < 

z+3y ~ 

11 < 

< z+2y 

$ z-2y 

2z-y 

min z + y s.t. y solves 
Ztlf 

259 

6 

-7 

9 

9 

8 

5 

< 38 

~ 6 

~ 21 
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LLP(z) : min -, 
t, 

s.t. u+3r > 

Solutions: 

(a) Global: z• = 4, y• = 1, F"' = 5. 

(b) Local: z• == 1, y• = 5, P- = 6. 

10. Problem: BCC4 from [18]. 

min 
:r:,u z+r1 

z+2y $ 

3z+y $ 

s.t. z 2: 0 and y solves 

LLP(z): min 
11 

s.t. 

Solutions: 

(a) Global: z• = 0, y· = (0, 0}, P- = 0. 

11. Problem: BCC5 from (18}. 

and y solves 

-(y1 -112) 

z - iY1 - ¼Y2 

z + 1211 + ¼112 

Yt, 112 

'!/2 

19 

11 

13 

> 

< 

> 

~ 

260 

0 

1 

0 

l 
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LLP(z): min -{3Y1 - y,. - 5y3) 
11· 

s.t. z1 + 4z2 + 423 - Z4 - Yt + Y2 + Y3 

Zt - Z3 - 1oz. + 2111 - 4Y2 + Y3 

3z1 - 5z2 + 4111 - 2y2 - !f3 

Solutions: 

( a) Global: Unknown. 

12. Problem: BFl from [12]. 

s.t. 

z1, z2 ~ 0 and y solves 

LLP(z): min -(4111 -Y2) 
fl 

s.t. 2z1 -Y1 + Y2 

Z1 - 3z2 + 1/2 

Y1,Y2 

Solutions: 

(a) Global: z* = (2,0), y* = (3/2,0), p• = -3¼. 

13. Problem: BF2 from [12]. 

Z1 +Y1 

Z2 + 1/2 

z3+Ya 

Y1, Y2, Ya 

~ 2! 
2 

< 2 

> 0 
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s.t. Z1 +z2 $ 2 

zi, z2 ~ 0 and 11 solves 

LLP(z): min 
St 

s.t. 

Solutions: 

(a) Global: z• = (1, 1), y• = 1, F• = 7. 

(b) Local: z* = (0, 0), 11• = 1, F• = 8. 

14. Problem: BKl [22]. 

min 
z,y 

-y 

s.t. z ?: 0 and y solves 

LLP(z): min 
'II 

s.t. 

-811 

z1 +z2+Y < 

Z1-Y < 

Z1 + ie2 -11 > 

11 > 

., 

y 

10 $ z+2y 

-18 $ z-2y 

Solutions: 

( a) Global: z• = 16, 11• = 11, F• = -11. 

(b) Local: z* = 0, 11• = 5, F* = -5. 

15. Problem: BK2 (22]. 

min 
:,y 

2z -11 

y 
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s.t. z ~ 0 and y solves 

LLP(z): min -12 
.,~o 

s.t. z+y1 +12 < 3 

z+yt -112 > 1 

Z - 111 - 112 > -1 

Z-Y1 +112 < 1 

111, Y2 > 0 

Y2 < 1 
2 

Solutions: 

(a) Global: z• = J, 11• = (1, ½ ), P- = -2. 

(b) Global: z• = a, 11• = {l, 2 - er) for any a E (f, 2)t P- = -2. 

(c) Global: z• = 2, y• = (1, 0), F* = -2. 

16. Problem: CFl from (32]. 

min z-4y s.t. y solves 
2:,11 

LLP(z): min 
'II 

s.t. 

Solutions: 

(a) Global: z• = 19, 11• = 14, P- = -37. 

17. Problem: CTl from (31). 

y 

2z+5y 

2z-3y 

z-11 

$ 108 

$ -4 

2'.: 0 
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s.t. z1, z2 ~ 0 and y solves 

LLP(z): min Yl + 1/2 +2y3 
y~O 

s.t. 4z1 - 2y1 + 4y2 - Y3 

422 + 4y1 - 2y2 - Y3 

Y1 -y2 -y3 

Y1,Y2,Y3 

Solutions: 

(a) Global: z"' = (0, 1~), y• = (0, !, f ), P- = -29½-

18. Problem: D1 [39]. 

min -z s.t. y solves 
~.y 

LLP(z): min 
'11 

< 

< 

> 

~ 

s.t. 3z + 2y1 - '!12 $ 5 

Solutions: 

3z + Yl - 2y2 ~ -2 

2y1 + 3y2 < 18 

Y1, 1/2 > 0 

(a) Global: z• = 3J, 11• = (0, 6), F• = -3J. 

19. Problem: D2 from [39]. 

min z + y s.t. y solves 
:i:,s, 

264 

2 

2 

-1 

0 



APPENDIX A. TEST PROBLEMS 

LLP(2): 

Solutions: 

(a) Global: z• = 6, y• = 1, P- = 7. 

(b) Global: 2• = 1, y• = 6, F• = 7. 

20. Problem: Fl from (42]. 

min -y 
2:,11 

min -11 
7/ 

s.t. 72+y > 

2+3y > 

52+3y $ 

5z+7y :S 

s.t. z ~ 0 and y solves 

LLP{z): 

Solutions: 

(a) Global: z* = 3, y• = 2, F* = -2. 

(b) Local: z• = 0, y• = 11 F* = -1. 

21. Problem: HJSl from (48]. 

min y 
fl 

s.t. z +y ~-1 

z-y$1 

0$y$2 

and z1, z2 ~ 0 and y solves 
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LLP(z): min 2y1 +112 +2y3 
JI 

s.t. 4z1 - 2y1 + 4:r,2 - '!/3 

4z2 + 4Y1 - 2y2 - Ya 

Y1-Y2-Ya 

Yt, Y2, Y3 

Solutions: 

(a) Global:· z* = (½, !), y• = (0, ½, J ),F· = -18f­

(b} Local: z• = (½, !), y• = (0,0,0), F• = -Sf. 

22. Problem: HJS2 from (47]. 

min z+5y 
z,y 

s.t. z ~ 0 and y solves 

LLP(z): min -y 
y 

< 

< 

> 

> 

s.t. 3z - 2:r, > -6 

z + 4:r, < 48 

z-5y < 9 

z+y > 8 

11 ~ 0 

Solutions: 

( a) Global: z• = 2, y• = 6, F* = 32. 

23. Problem: HSWl from (49]. 

min z + Sy s.t. y solves 
:i:,11 
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LLP(z): 

Solutions: 

(a) Global: z* = 121 y• = 3, F- = 27. 

(b) Local: z• = 2, 11• = 6, F* = 32. 

24. Problem: TMVl from (65]. 

and y solves 

min -11 
J/ 

s.t. 3z-2y 

3z+4y 

2z-5y 

z+y 

y 

LLP(z): min 4y1 +Y2 
II 

~ -6 

s 48 

s 9 

> 8 

~ 0 

s.t. 3z1 + 5z2 + 6y1 + 2y2 > 15 

Y1,Y2 > 0 

Solutions: 

(a) Global: z* = (0, 3), y• = (0, 0), F* = 6. 

A.2 Quadratic Problems 

1. Problem: ASl from [2]. 

min z 2 + (11 - 10)2 
:r:,11 
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Solutions: 

s.t. z ~ y 

and y solves 

LLP(z): 

(a) Global: z• = 10, y• === 10, F• = 100. 

2. Problem: AS2 from (2]. 

min 

s.t. 

and y solves 

LLP(z): min 
11 

min 
J/ 

(z +2y-30)2 

s.t. z +y ~ 20 

0 ~ y ~ 20 

s.t. -10 $ Y1, Y2 < 20 

Solutions: 

Z1 - 2Y1 > 10 

z2 - 2y2 > 10 

(a) Global: z• = (01 0) 1 11• = (-10, -10), F* = 0. 

(b) Local: z• = (25, 30), y• = (5, 10), F- = 5. 

3. Problem: B4 from (11]. 

min (z - 5)2 + (2y + 1)2 
Z,JI 
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s.t. z 2::: 0 and y solves 

LLP{z): min (y-1)2 - fzy 
y 

Solutions: 

(a) Global: z• = 1, y• = 0, p• = 17. 

(b) Local: z· = 5, y* = 2, F* = 25. 

4. Problem: BF3 from (12]. 

s.t 

z1, z2 2::: 0 and 11 solves 

LLP(z): min 
'll 

3:e -y 

:e-Jy 

z+y 

11 

s.t. 'Yl +Y2 - 1 

Y1,1l2 > 0 

Solutions: 

(a) Global: z* = (¼, f), 11• = (0, 1), F- = l½-

5. Problem: BF4 from (12]. 

min 

s.t. 

z1, z2 ~ 0 and y solves 

~ 3 

< 4 

< 7 

~ 0 
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LLP(z): 

Solutions: 

min r1(2z1 + 3~2) + Y2(4~1 + z2) 
'II 

s.t. Y1 +Y2 - l 

Y1,Y2 ~ 0 

6. Problem: GSl from (44]. 

min z2 + (y - 10)2 
:t,1/ 

s.t. 0 $ z $ 15 

and y solves 

LLP(z) 

Solutions: 

( a) Global: z• = 2, y· = 14, F· = 20. 

7. Problem: IAl from [50]. 

and y solves 

min (z + 2y - 30)2 
'.l:,'IJ 

s.t. z + y $ 20 

0$y~20 
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s.t. 20 

2111 - Z1 S 10 

2112 - Zz S 10 

Solutions: 

(a) Global: z* = (0, 0), y• = (-101 -10), p• = 0. 

(b) Global: z• = (0, 30), 11• = (-10, 10}, F• = 0. 

(c) Local: z• = (25, 30), y• = (5, 10), P- = 5. 

(d) Local: z• = (20, 0), y• == (0, -10), F• = 10. 

8. Problem: SGl &om (62]. 

min (z -1}2 +2yf -2z 
~,1J 

s.t. z ~ 0 and y solves 

LLP(z): min (2Y1 - 4)2 + {2112 - 1)2 + ZY1 
i,~O 

s.t. 4z + 5111 + 4y2 

-4z - 5111 + 4y2 

4z -4111 +512 

-4z + 4111 + 592 

Y1,Y2 

Solutions: 

(a) Global: z• = lf, y• = (f, 0), p• = -1~~­

(b) Local: z* = 0, ,• = {11 0), F• = 1. 

9. Problem: VSJl from (67]. 

s 
< 

< 

:S 

~ 

1 ( )2 l )2 1 ( )2 i:::: 2 Z1 - 0.8 + 2( Z2 - 0.2 + 2 Y - 1 

12 

-4 

4 

-4 

0 
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and y solves 

LLP(z): min ½Yi+ y- Z1!f + 2z2y 
'!I 

s.t. 0 S y :5 l 

Solutions: 

( ) • _ (4 1) • _ 0 p• _ 1 a z - 5, 5 , y - , - I· 

(b) Local: z• = (1, 0), y• = 0, F• = 0.54. 

10. Problem: VSJ2 from [67]. 

min !.(z1 - 1)2 + .!:cz2 - 0.4)2 + -21 
(y - 0.8)2 

~" 2 2 

s.t. 0 $ z1, z2 S 1 

and y solves 

LLP(z): min 
!I 

s.t. 0 Sy S 1 

Solutions: 

(a.) Global: z• = (1, !), y• = 01 P- = 2~­

(b) Local: z• = (1, 0), y• = 0, F• = f. 

11. Problem: VZl &om (69). 

min z+y 
z,JI 

s.t. -1 $ z $1 

and y solves 

LLP(z): 

Solutions: 

min 
" 

s.t. -1 :5 y S 1 
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(a) Global: z• = -1, y• = -1, F• = -2. 

12. Problem: YZZ2 from (70}. 

min 
z,v 

z 2 - 2y_ 

s.t. z ~ 0 and y solves 

LLP(z): 

Solutions: 

( a) Global: z• = 2, y• = 4, p• = -4. 

(b) Local: z• = 0, y• = 0, F• = 0 .. 

A.3 Generated Problems 

min 
11 

s.t. 2z -y ~ 0 

y~O 

273 

Because of the numerous global and local solutions to these problems, their solutions are 

not stated here. Rather 1 the reader is referred to [28] for details. 

A.3.1 Untransformed Problems 

1 (nz nv ) 
min - L(Zi -1)2 + E11l 
z,71 2 i=:l i=l 

s.t. y solves 

LLP(z): min 
JI 

i = 1, • • •, m 

1 $ Zi + !Ii $ Pi, i = 1, • • ·, m, 
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where 

nz - the number of upper level variables 

ny - the number of lower level variables 

m - min(nz, ny) 

p E 

and Pi ~ 1 for i = 1, • • • , m. 
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Each combination of values for nz, ny and p defines a cliff'erent bilevel problem. The 

following values define the test problems. 

1. Ul: nz = 5, ny = 5, and p = [1, 1, i, 2, 3]. 

3. U3: nz = 10, ny = 10, and p = [ones(7), 2, 2, 7J. 

4. U4: nz = 15, ny = 10, and p = [ones(4), If, 2 x ones(3), 5, 9]. 

5. U5: nz = 15, ny = 20, and p == [ones(3), lf x ones(6), 2 x ones(4), 3ones(2)J. 

6. U7: nz = 50, ny = 10, and p == ½(5 x ones(4), 7, 8, 9, 13, 18, 23]. 

7. US: nz = 10, ny = 60, and p == [8/5 x ones(5), 3 x ones(5)]. 

A.3.2 Transformed Problems 

The untransformed problem can also be written in matrix form, 

s.t. y solves 
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where 

LLP(z): min 
'II 

s.t. 

[ 
-ones( nz) ] 

c= eEt', 
ze"ros(ny) [ 

zeros(ne, nz) S~] 
S = E Rn.xn, 

s;;, s,,,, 

{ 

-1 
s:tll E JRflZXny satisfies ( Szy )ii = O 

otherwise, 

S1111 E R""x"" satisfies (S1111 ).; = { : 
otherwise, 

ones(m) 

p 

-ones(m) 

A= 

P., E IFx"'" and ( P11 );; = { : 

Py E JR3mx3(nz+ny) 
1 

ifl:Si=j$m 

otherwise~ 

iflSi=JS:m 

otherwise. 
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Using a matrix transformation, this separable quadratic bilevel problem can be trans­

formed into a nonseparable quadratic problem. 

Let V: E Rnz and v11 E B!''J be any two vectors satisfying v; v~ = 1 and v'; v11 = L 

Define Householder matrices H: and H.,, using these vectors, 
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and let 

[ 

Hz zeros(~, n.y) ] 
H= . 

zeros( ny, n:a:) H11 

Also, let D be a positive definite diagonal matrix, and define M = HD H. 

For convenience, we shall denote the variables in the transformed problem as f:,: and 

t11 , where 

Therefore, we can write the transformed problem as 

&, i [ ~ r MM [ ~ ] + cTM [ ~ ] +; 

s.t. tg solves 

LLP(f:): 

s.t. 

Different choices of n:a:, ny, p, Vz, 1111 , and D define distinct nonseparable quadratic 

bilevel problems. The five test problems are defined with the following values. In all 

cases, let 
Wz 

Vz = llw:(I 

where Wz and w11 are given below. 

and 

1. Tl: n:a: = 4, n.11 = 2, p = [l½, 3], diag(D) = 10 x ones(n.), and 

W:,: - (0.9, 0.41 0.4, 0.1] 

Ws, - (0.8, 0.6]. 
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2. T2: nz = 5, ny = 5, p = (1, 1¼, lf, 2, 3}, dia.g(D} = 10 x ones(n), and 

l 
Viz -

10
[9, 0, 3, 3, l] 

1 
wv - lO (0, 8, 6, O]. 

3. T3: nz = 5, ny = 101 p = [l, 1, lf, 2, 2], diag(D) = ones(n), and 

10:r: - (1, 2, -3, 0, OJ 

1011 - (2, l, 0, -2, -3, 0, 0, l, -1, 4]. 

4. T4: nz = 10, ny = 5, p = [ones(4), 2], diag(D) = ones(n, 1), and 

10: - (-5, 4, -3, -2, -1,0, 1, 2, 3,4] 

1011 - (0, 1, 0, -1, O]. 
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5. T5: nz = 10, ny = 15, p = (1, 1, 1, f, f, f, I, 3, 5, 7], diag(D) = 10 x ones(n), and 

Wz - ones( nz) 

Wy - (1, 0, o, 0, 1, 0, -1, -1, -1, 0, 0, 0, 2, 0, OJ. 

A.4 Nonlinear Problems 

L Problem: B5 from [10]. 

min -2Zi - 3z2 - 4111 + Yi 
:,11 

s.t. zf + 2zz $ 4 

z ?! 0 and y solves 

LLP(z): min 
'11 

s.t. zf - 2z1 + zj - 2s,1 + Y2 ~ -3 

z2 + 3y1 - 4y2 ~ 4 

11 ~ 0 



APPENDIX A. TEST PROBLEMS 

Solutions: 

(a) Global: z· = (2, 0), y• = (lf, ½}, F• = -14.36. 

(b) Local: z• = (0, 2), y* = (l{, :;), F* = -12.6787. 

2. Problem: EBl from (41]. 

min 
Z,'1/ 

s.t. 

and 

-z +Y1 +Y2 

-1$z$1 

y solves 

LLP(z): min 
J/ 

Y2 

s.t. Y2 - 1~ZY1 

0 

-1 

Solutions: 

(a) Global: z• = 1, y• = (0, 0), F• = -1. 

3. Problem: YZZl from (70]. 

s.t. -1 ~ z ~ 1 

and y solves 

LLP(z): min 
11 

< Y1 

< Y2 

~ 

< 

< 

s.t. -1 $ y :$ 1 

Solutions: 

(a) Global: z• = 1, 11• = -1, P- = O. 

(b) Local: z• = 0, y• = ct for -1 $ a $ 1, F• = 1. 
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4. Problem: Ca Series of Problems• Cal (n2 = 1) and Ca3 (nz = 3). 

min 
:r:,s, 

s.t. 

RS 

Er,(zi+ 1)2 

i=:1 

-2 ~ Zi, $ 1, i = 1 : nz 

and 11 solves 
~ 

LLP(z): min 
II 

E<,r -z.rd 
i=l 

S.t. 1/i ~ Zi, i= 1: nz 

Solutions: 

(a) Global: z; = -2, y; = -1 for i = l: nz, F• = -nz. 

(b) Local: (z; = -½, y;:::: -¼) or (z; = -2, 11; == -1) for i = 1: nz. 

5. Problem: Cb Series of Problems - Cbl ( nz = 1) and Cb3 ( nz = 3). 

nz 

min 
z,11 1)z: + z; Yi + ZiYl + ,n 

i:1 

s.t. -10 $ Zi S 10, i = 1 : nz 

i=l:nz 

and 11 solves 

LLP(z) : min 
11 

i= 1: nz. 

Solutions: 

(a) Global: Unknown. 

(b) Local: (z;,, yi) = (0, v'2) for i = l : nz, F• = 2,/2n2. 

6. Problem: Cc Series of Problems - Ccl ( nz = 1) and Cc3 ( nz = 3). 
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s.t. 

and y solves 

LLP(z): 

Solutions: 

min 
'II 

i= 1 :nz 

i = 1: nz. 

7. Problem: Cd Series of Problems - Cdl ( nz = 1) and Cd3 ( nz = 3). 

n: 
min 
z,y ·r;c zh; - zf Yi - 2zl + zi) 

i=l 

s.t. zf + y] $ 8, i = l : nz 

and y solves 
n.:w: 

LLP(z): min 
'11 

E<11, -zi)2 
i=l 

i = 1: nz. 

Solutions: 

(a) Global: Z;::::: 1.3527, y; = z;, for i = 1: nz, P- = -l.4337nz. 

8. Problem: Ce Series of Problems - Cel (nz = 1) and Ce3 (nz = 3). 

nz 

min 
z,s, E<-zfy;,-yi) 

i=l 

s.t. 9yi - zf Yi ~ 0, i=l:nz 

and y solves 
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LLP(z): min 
SI 

s.t. '!Ii ~ 0, 

Solutions: 

(a) Global: (zi, '!Ii)= (-3, 2), F• = -20nz. 

i=l:nz 

i == 1: nz. 

9. Problem: Cg Series of Problems - Cgl (nz = 1) and Cg3 (nz = 3). 

min 
:r:,y 

s.t. 

and 

Solutions: 

nz 

E(3zf - 46z~ + 255zf - 600zi) 
i=l 

0 < z ·(z • - 11-) < 12 i = 1 : nz _,. ~·-, 

y solves 
nz 

LLP(z): min 
y 

E<311l- 2011: + 12111 + 96yi) 
i=l 

s.t. (zi - 2)(yi - 1) ~ 0, 

(zi - 4)(Yi - 3) ~ 0, 

i = 1: nz 

i = 1: nz. 

(a) Global: z; = f, y; E {1, 3}, for i = 1 : nz, F• = -507~:nz. 
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Notation 

Commonly used expressions from the text are listed below, along with the section in 

which they are defined. Terms which are used only within the section in which they are 

defined are not included here. 

Expression Section Meaning 

One 

3.5.1 

4.2.2 

4.2.2 

4.2.3 

4.2.4 

4.2.5 

5.3.2 

4.2.2 

5.2 

3.5.2 

Step size for which conditions of Lemma 3.5 are satisfied. 

Step size for which conditions of Lemma 4.1 are satisfied. 

Step to first minimum of <p1 along de. 

Step to first minimum of <p2 along d-r,. 

Step to first minimum of <p3 along cl.nc-

Step to first minimum of <p, along dN. 

Algorithm tolerance for a multiplier to be considered in kilter. 

Positive breakpoints of 'Pl along de. 

Positive breakpoints of rp1 along trust region direction die. 

Gradient of diff'erentiable part of P,s at tu. 
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tf(w) 3.5.1 Difrerentiable part of p,,. at w 

A 3.6 Trust region radius. 

Amax 3.8 Algorithm constant: maximum value of ~-

e 4.4 Algorithm parameter: activity tolerance. 

,; 5.2 Generalized Rayleigh Quotient for cpt at P}Je. 

q(w) 3.5.1 Nondiff'erentiable part of p,,. at w 

lh(a) 4.2.2 cp( ad) for er E <Pi, /Ji+1). 

" 6.6 Multipliers relating gradients of nonbasic and basic activities. 

K.f[6;] 6.6.2 Multiplier relating nonbasic activity n,: and basic activity 6;. 

.\ 2.6.4 Lagrange multipliers associated with LLP( z) . 

A 4.2.1 Algorithm parameter: closeness tolerance. 

µ 3.3 Penalty parameter. 

~ 3.4 Algorithm constant: maximum value of µ,. 

,,.. 
" 

4.2.3 Coefficients (one for each dropped activity) used in defining d.,,. 

e(w) 4.2.5 Vector of values of the activities at w. 

p(z) 3.2 Feasible region of LLP(x). 

tr 3.5.2 ±1 value associated with dropping directions in Theorem 3.9. 

trnc:, 4.2.4 ±1 value used in d..nc- . 

~ 5.4.1 Maximum measure of curvature at type two point wk along 4,. 
1'k 5.2 Maximum measure of curvature at type one point wk along J,k. 

,.-mu: 5.2 Maximum value of -rl: over all iterations k. 

<I> 3.7 Piecewise quadratic model function of p,,. defined at w. 

<() 4.3 Modified version of ef, actually used in algorithm. 

<()1(111) 4.2.2 Model function at a. type one point for directions in 7i. 

<p2(w) 4.2.3 Model function at a type two point for directions in fi. 

<p3(w) 4.2.4 Model function at a type three point for directions in T,. 
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Xa(dT) 

Xp(dT) 

y 

't'C?-s 

O(h,w,ad) 

Op
11

(w, ad) 

011(tu,ctd} 

{lk 
1' 

{l~ 
1 

A(w) 

As 

AN 

61 

b2 

bmax 

B(~) 

B(S) 

B(w) 

B(z) 

BP 

BPc 

BPKKT 

c;(z, y, .,\) 

di 

d2 

d3 

3.6 

3.6 

3.5.2 

3.5.2 

3.5.2 

3.5.2 

3.5.2 

5.4.1 

5.2 

3.5.2 

6.3 

6.6.1 

3.9 

3.9 

3.8 

6.6.1 

6.6.1 

3.5.2 

3.5.3 

1 

3.2 

2.6.4 

3.2 

4.2.2 

4.2.3 

4.2.4 

Actual decrease in p,,, along dr from w. 

Predicted decrease in p,,,. along dT from tu. 

Vector of Lagrange multipliers. 

Lagrange multiplier auociated with activity lJi. 

Generalized Rayleigh Quotient for h &om w to w + ad. 

Measure of second order change in p,,, from ,u to tu + ad. 

Measure of second order change in q &om w to w + ad. 

Generalized Rayleigh quotient for ~! along 4,. 

Generalized Rayleigh quotient for ~fat w + /31d~. 

Activity matrix at w. 

Submatrix of A whose columns form a basis for A. 

Submatrix of A consisting of the columns not in As. 

Algorithm constant: used to evaluate a successful dT. 

Algorithm constant: used to evaluate a very successful dT. 

Algorithm constant: unboundedness check. 

Indices in ~ for which both V .\i and V 9i are in As. 

Indices of activities in set S whose gradients are in As. 

Hessian of differentiable part of p11 at w. 

Hessian of p11(w0 + ad) for first order point w0 and d = Zz. 

Bilevel problem. 

Compact form of BP KKT. 

One level problem related to BP. 

Partial derivative with respect to 'Iii of the Lagrangian function of LLP( z). 

Approximate trust region direction at a type one point. 

Approximate trust region direction at a type two point. 

Approximate trust region direction at a type three point. 
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de 4.2.2 Generalized Cauchy step. 

d1J 3.5.2 Dropping direction (see also Section 4.2.3). 

dh 4.2.5 Horizontal part of Newton step. 

~ 4.2.4 A direction of negative curvature for H. 

dN 4.2.5 Newton direction. 

dT 3.6 Trust region direction ( see also Section 4.2). 

d,, 4.2.5 Vertical part of Newton step. 

'Dp:, 4.2.3 Indices in .pg for which li and 9i are dropped along di,. 

'D}:, 4.2.3 Indices in ~ for which ~ (but not Ii) is dropped along d'D. 

'Dig 4.2.3 Indices in ~ for which 9i (but not ..\i) is dropped along dt,. 

'Ds 4.2.3 Indices of activities in set S which are dropped along d-x,. 

/(z,y) 2.1 Lower level objective function in BP. 

F(z,y) 2.1 Upper level objective function in BP. 

g(z,y) 2.1 Lower level constraint functions in BP. 

G(z,y) 2.1 Upper level constraint functions in BP. 

H 3.5.2 Hessian of Lagrangian function at w. 

GBP 2.3 Generalized Bilevel Problem 

I 2.1 Induced (feasible) region of BP. 

.1·&] 6.6.5 Intervals used in generalized necessary optimality conditions. 

X:*[j] 6.6.5 Intervals used in generalized necessary optimality conditions. 

.C(z, y,.\) 2.6.4 Lagrangian function of LLP( z). 

LBP 2.6.1 Linear bilevel problem. 

LLP(:e) 2.1 Lower level problem in BP, parameterized by z. 

m 2.1 Number of lower level variables in BP. 

M 2.6.4 {1, ··•,m}. 

M'(E) 4.4 M\M°(E). 
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M'(w) 3.5 M\M0 (w). 

M0(E) 4.4 {i EM: Ci(w) !. O}. 

M0{w) 3.5 { i E M : Ci( w) = O}. 

n 2.1 Number of upper level variables in BP. 

N(~) 6.6.2 Indices in P! for which only V "'- is in As. 

N(S) 6.6.2 Indices of activities in set S whose gradients are in AN. 

N''[i] 6.6.5 Intervals used in generalized necessary optimality conditions. 

p 2.1 Number of lower level constraints in BP. 

Pµ 3.3 l1 penalty function for BPc- ~ 

p 2.1 {1,···,P}. 

P=(E) 4.4 {i E P: ~(w) !. gi(w)}. 

P=(w) 3.5 {i E P: ~(w) = gi(w)}. 

P~(E) 4.4 P=(e) \ ~(e). 

P~(w) 3.5 P=( w) \ ~(w), 

P,t(w) 3.5.2 {i E ~(w): ~(w) > O}. 

P~(w) 3.5.2 {i E ~(w) : ~(w) < O}. 

~(€) 4.4 {i E P:(e) : ~(w) I! 0 or 9i(w) ~ O}. 

~(w) 3.5 {i E P: .\i(w) = gi(w) = O}. 

Pl.(e) 4.4 {i E P \ P=(e): .\s(w) < O}. 

Pl.(w) 3.5 · {i E P: ,\i(w) < gi(w)}. 

~(E) 4.4 P.\(E) \ ~(£). 

Pi(w) 3.5 {i E P.\(10) : ~(w) # O}. 

J>f(t) 4.4 {i E P.\(e) : Ai!. O}. 

Jlf(w) 3.5 {i E P.\(w): ~(w) = O}. 

Pg(e) 4.4 {i E P\ P::(t): 9i(w) < O}. 

P9 (w) 3.5 {i E P: 9i(w) < .\i(w)}. 
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Pg(€) 4.4 Pr,(e) \~(€). 

~(w) 3.5 {i E P9 (w): gi(w) =F O}. 

pg(€) <t.4 {i E P9 (t): 9i « O}. 

pg(10) 3.5 {i E P9 (w): li(10) = O}. 

PF(µ) 3.3 Penalty function subproblem. 

'I 4.2.2 Number of variables in BPc. 

Q·[jJ 6.6.5 Intervals used in generalized necessary optimality conditions. 

1'1 4.3 Algorithm parameter: sufficient decrease coefficient. 

R(z) 2.1 Rational reaction set of z. 

R.•[iJ 6.6.5 Intervals used in generalized necessary optimality conditions. 

t 2.1 Number of upper level constraints in BP. 

T 2.1 {l,••·,t}. 

T'(E) 4.4 T \ T0 (t:). 

T'(w) 3.5 {i ET: Gi(w)-:/; O}. 

TO(€) 4.4 {i ET: G.(w) !. O}. 

T°(w) 3.5 {ieT:Gi(w)=O}. 

TR(w,d) 3.6 Trust region subproblem at 10 with radius d. 

u~ , 6.6.5 Value used in developing necessary optimality conditions. 

U"'fi] 6.6.5 Intervals used in developing necessary optimality conditions. 

v~ , 6.6.5 Value used in developing necessary optimality conditions. 

v•[iJ 6.6.5 Intervals used in generalized necessary optimality conditions. 

UJ 3.5 (z, Y, l} E Jln+m+P. 

W1{tu) 4.2.2 Directions which maintain all the activities within the model. 

W2(w) 4.2.3 Directions which maintain the desired activities within the model. 

W3 (w) 4.2.4 Directions which maintain all the activities within the model. 

W4(w) 4.2.5 Directions which maintain all the activities within the model. 
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Znc 

Z(w) 
zTgz 

4.2.2 The steepest descent direction (in the reduced space). 

4.2.4 Direction of negative curvature for zT HZ at a type three point. 

3.5.2 Orthogonal matrix which satisfies zT .A.= 0 at 10. 

3.5.2 Reduced Hessian of the Lagrangian function. 
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