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Abstract

In this work, we investigate the quantum rotational dynamics and phase behavior of a
water-con�ned system characterized by an internal planar rotor model. Inelastic neutron
scattering (INS) experiments reveal distinct temperature and momentum transfer depen-
dencies inherent to quantum tunneling, with the tunneling margins delineating a prominent
quantum phase transition. To systematically model these phenomena, we implement a the-
oretical approach on linear chains of planar rotors, comprehensively mapping the system's
behavior by sweeping both the sixfold potential strength (V6) and the inter-rotor interac-
tion strength. Our simulations successfully demonstrate a 1D quantum phase transitions
between ordered and disordered phases, while e�ectively capturing the characteristics of
the associated quantum-critical regime. These �ndings provide crucial insights into the
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Chapter 1

Introduction

Spectral analysis indicates that, in con�ned environments, the properties of water are al-
tered by the embedded substrate, which reduces molecular degrees of freedom and causes
surprising quantum behavior.1�4 Among these phenomena, what most captivated us is
the ferroelectric phase observed in con�ned water molecules. The goal of this thesis is
to develop and test methods for chains of con�ned rotors and to learn their limitations.
Also in order to observe the nature of the symmetry breaking, we adapted Density Ma-
trix Renormalization Group (DMRG) for the coplanar and stacked rotor chains. Some of
the molecules can remain aligned in a certain orientation after the external electric �eld is
withdrawn. The collective structural, dynamical and entanglement behaviors are abnormal
compared with those in bulk states. For example, water con�ned within a single-walled
carbon nanotubes (SWCNTs) self-assembles into a unique tubular n-gon ice structure,
which is a highly correlated collective phase.5 Accordingly, properties such as the vi-
brational density of states and the optical conductivity of water trapped in beryl have
also been studied and exhibit distinct absorption peaks compared with liquid water.3,6, 7

This suggests that beryl can serve as a platform for modeling and studying various features
including dipole coupling, quantum tunneling and symmetry breaking. As a powerful com-
putational paradigm, Molecular Dynamics (MD) simulations are particularly well-suited
for analyzing the physical trajectories and statistical mechanics of molecular systems, such
as water molecules con�ned within carbon nanotube (CNT).5,8
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Previous classical MD simulations have shown that ice nanotubes with an odd number of
faces can exhibit spontaneous ferroelectric polarization along the tube axis under the geo-
metric constraints of the �ice rule�.9�14 Pure single-particle quantum eigenstates discovered
in embedded fullerenes15�22 serve as an ideal, hydrogen-bond-free physical counterpart to an
isolated rotor. Crucially, quantum nuclei a�ect the structure in a manner similar to that of
rising temperature, resulting from the restoration of the complete hydrogen-bond network
during the freezing process. However, nature is fundamentally quantum. When classical
methods fail, it becomes necessary to treat the nuclei quantum mechanically by including
Nuclear Quantum E�ects (NQEs).23,24 Recently, researchers have applied empirical force
�elds to �open-path� integral molecular dynamics methods to calculate the momentum
distributions of protons in ice and water.25,26 Although the calculated distributions agree
with the experimental results in many aspects�the faster decay in ice re�ects the redshift
of the OH stretching frequency�they fail to reproduce the shorter tails observed in ice,
suggesting that the empirical potential lacks transferability.27�29

Furthermore, how to use these properties to encode and decode qubits in rotor chains
of water con�ned in beryl is a more compelling question for us. Through our research
we know that the competition between quantum tunneling and dipolar coupling plays out
as a di�erent variation on the same fundamental theme: competition between the kinetic
and potential energy. Suppose there is a critical coupling gc that separates the tunneling-
dominated phase from the dipolar-coupling-dominated phase. When g < gc, quantum
tunneling dominates the system dynamics over the hexagonal hindrance, and water behaves
as a tunneling state (disordered phase) with a Z2 symmetry. In contrast, when g > gc,
the system enters an ordered phase: for the coplanar chain the broken symmetry is the
discrete Z2, while for the stacked chain the relevant symmetry is the continuous U(1).

This thesis systematically investigates the interactions between molecular rotation, NQE,
and con�ning geometries.9,18,29�38 Earlier Path Integral Ground State (PIGS) simulations
used continuous angles with Metropolis-Hastings (MH) sampling.31,32,39�42 In this the-
sis, we developed PIGS with the Discrete Variable Representation (DVR) grid and Gibbs
(rejection-free) sampling. By adapting and applying advanced computational methods
capable of explicitly handling the coupling of translational and rotational degrees of free-
dom, we provide a rigorous quantum mechanical foundation for ferroelectricity in one-
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dimensional nanotubes.6,10,43 In addition to thermodynamic characteristics, NQEs is also
of great signi�cance for explaining spectroscopy, tunneling e�ects, and collective phenom-
ena.28,29 In advanced modern ab initio simulations, the electronic structure of molecules is
calculated �in real time� using Density Functional Theory (DFT). To understand NQE, the
main existing methods include Exact Diagonalization (ED), DMRG, Path Integral Monte
Carlo (PIMC) and PIGS.

1.1 Quantum Mechanics for Planar Rotor

1.1.1 Hamiltonian and free rotor propagator

According to quantum chemistry,44 the Hamiltonian of a given system Ĥ contains trans-
lational, rotational and vibrational kinetic-energy operators and the potential.

Ĥ = T̂ trans + T̂ rot + T̂ vib + V̂ (1.1)

Neglecting T̂ trans and T̂ vib, only the rotational kinetic energy remains. When the radius
is �xed, the orientation is de�ned only by the angle of rotation ϕ, and the kinetic energy
operator takes the following form:

T̂ rot = −B ∂2

∂ϕ2
(1.2)

where B = ℏ2/(2I) is the rotational constant and I is the moment of inertia. We �rst
consider the free rotation of a single planar rotor, con�ned to the xy-plane and rotating
about the z-axis. The planar rotor is equivalent to a particle on a ring, whose normalized
eigenfunction is given by Eq.(1.3):

Ψm(ϕ) =
1√
2π
eimϕ (1.3)

A dipole in physics or chemistry refers to any system or object that has two opposite and
equal charges separated by a distance. When two dipoles are close together, the dipole-
dipole potential favours aligned con�gurations. If many dipoles align to the same direction,

3



Figure 1.1: A general schematic diagram of dipole-dipole interaction

they form a ferroelectric phase. We focus on only two dipoles as the simplest model. For
two rotors with the same dipole moment µ, with unit orientations ei and ej at angles θ1
and θ2 with respect to the x-axis, separated by rij, the potential energy of the two dipoles
has the following form:

V̂ij = (
µ2

4πϵ0
)
(cos θ12 − 3 cos(θ1) cos(θ2)

|ri − rj|3
)

(1.4)

where the θ12 is the angle di�erence of the two dipoles. From the de�nition of the dot
product, cos θ12 can be written as ei·ej

|ei||ej | . Since these are unit vectors, as Fig. 1.1 shows,
the dipolar interaction between dipoles ei and ej becomes:

V̂ij = (
µ2

4πϵ0
)
( e⃗i · e⃗j − 3(e⃗i · e⃗ij)(e⃗j · e⃗ij)

|ri − rj|3
)

(1.5)

In the above equation, eij denotes the unit vector along the line joining dipoles i and j.
The direction joining the dipoles is de�ned as:

êij =
(ri − rj)
|ri − rj|

(1.6)

In the geometry of the coplanar chain, the two dipoles lie in a common plane and the
separation vector points along the x-axis, so that êij = x̂. The projections onto the
separation direction are then simply the x-components of the unit orientation vectors,
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e⃗i·êij = xi and e⃗j·êij = xj, while the dot product of the two orientations is e⃗i·e⃗j = xixj+yiyj.
Substituting these into the general form above, the interaction simpli�es to:

V̂ij =
µ2

4πϵ0R3

(
e⃗i · e⃗j − 3xixj

)
=

µ2

4πϵ0R3

(
xixj + yiyj − 3xixj

)
=

µ2

4πϵ0R3

(
yiyj − 2xixj

)
(1.7)

where R = |ri−rj| is the distance between the two dipoles. With xi = cosϕi and yi = sinϕi,
the angular factor becomes sinϕi sinϕj − 2 cosϕi cosϕj, which is the coplanar form used
in Chapters 2 and 3; the prefactor µ2/(4πϵ0R

3) is absorbed there into the dimensionless
coupling g.

1.1.2 Angular-momentum and ladder operators

Before we dive into the details of the method, we propose some of the notation that may be
included in later Chapters. Firstly, we introduce the Orbital angular momentum (OAM)
operators in angular basis representation:

L̂i |m⟩ = mi |mi⟩ (1.8)

while the raising/Lowering operators:

Ê±
i |mi⟩ = |mi ± 1⟩ (1.9)

where in the above equation, the |m⟩ is the angular basis in Dirac notation. What we are
interested in here is the dipole-dipole interaction.

A ladder operator in quantum mechanics acts on a state and increases or decreases the
eigenvalue of another operator. Suppose that two operators X̂ and Ê have the commutation
relation:

[Ê, X̂] = ÊX̂ − X̂Ê = cX̂ (1.10)
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for some scalar c, if |n⟩ is an eigenstate of Ê with eigenvalue equation

Ê |n⟩ = n |n⟩ (1.11)

Then, the operator X̂ acts on |n⟩ such that the eigenvalue shifts by c.

ÊX̂ |n⟩ =
(
X̂Ê + [Ê, X̂]

)
|n⟩

= X̂Ê |n⟩+ [Ê, X̂] |n⟩
= X̂n |n⟩+ cX̂ |n⟩
= (n+ c)X̂ |n⟩

In other words, if |n⟩ is an eigenstate of Ê with eigenvalue n, then X̂ |n⟩ is also an eigenstate
of Ê with eigenvalue n + c, unless X̂ |n⟩ = 0. The operator X̂ is a raising operator for E
if c is real and positive, and X̂ is a lowering operator for E if c is real and negative. In
our case of Ê±, c = 1. Next, we can derive from our dipole-dipole interaction using the
property of ladder operator by substituting x = E++E−

2
and y = E+−E−

2i
in Vij:

V̂ij =
µ2

4πϵ0

[E+
i − E−

i

2i

E+
j − E−

j

2i
− 2

E+
i + E−

i

2

E+
j + E−

j

2

]
(1.12)

= − µ2

4πϵ0

(3E+
i E

+
j + E+

i E
−
j + E−

i E
+
j + 3E−

i E
−
j )

4
(1.13)

1.1.3 Six-fold potential

Having established the form and consequences of the dipole interaction, we now turn to
a separate ingredient of the model. As mentioned in the introduction, water molecules
naturally move within con�ned frameworks in nature, such as in beryl and cordierite. One
of their key characteristics is that the water molecules experience a sixfold potential �eld
resulting from sixfold symmetry of the crystal skeleton. Unlike the dipolar term, which
couples di�erent degrees of freedom through an interaction, this contribution is a local
anisotropy de�ned at each site individually. Its role is therefore conceptually distinct and
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is introduced separately through a cos function. We emphasize how it is derived from �rst
principles with Dirac notation. Recall the Euler's equation:

eiϕ = cos(ϕ) + i sin(ϕ) (1.14)

similarly, it is obvious that:
e−iϕ = cos(ϕ)− i sin(ϕ) (1.15)

And in |m⟩ basis, it turns to:

eimϕ = cos(mϕ) + i sin(mϕ) (1.16)

The above is the case of the free rotors. But the beryl channel presents a six-fold symmetric
potential to the water dipole.1,45 Therefore, we model it by an on-site potential hV that
applies a six-fold potential to each rotor. The expression of external potential in many-body
basis would be:

V (ϕ) = −A
2
(cos 6ϕ− 1) (1.17)

Then we act the on-site potential operator hV onto the angular momentum basis |m⟩,
where the local degree of freedom is described by a planar rotor in Eq.(1.3). We then use
the variations of Euler's formula introduced above:

cos(6ϕ) =
1

2
(ei6ϕ + e−i6ϕ) (1.18)

so the matrix elements are ⟨m′| cos(6ϕ)|m⟩ = 1
2
(δm′,m+6+δm′,m−6). So in this basis, the six-

fold potential is not diagonal; it couples angular momentum states di�ering by ∆m = ±6.
The dipole interaction is an inter-site coupling term, while the six-fold on-site potential
is local. So its matrix elements should be diagonal in angle basis, and o�-diagonal with
∆m = ±6 in angular momentum basis.∑

m,m′

|m⟩ ⟨m| cos 6ϕ |m′⟩ ⟨m′|

=
∑
m,m′

|m⟩ 1
2
(δm,m′+6 + δm,m′−6) ⟨m′|

=
∑
m

(
|m⟩ ⟨m− 6|+ |m⟩ ⟨m+ 6|

)
7



Note that in the last line the term |m⟩ ⟨m− 6|, which comes from δm,m′+6, acts as a raising
operator: it raises m by 6. The term |m⟩ ⟨m+ 6|, which comes from δm,m′−6, acts as a
lowering operator: it lowers m by 6. To see this, recall the de�nition of the Kronecker
delta:

δm,m′+6 =

1,m = m′ + 6

0,m ̸= m′ + 6
(1.19)

and

δm,m′−6 =

1,m = m′ − 6

0,m ̸= m′ − 6
(1.20)

1.2 Exact Diagonalization

ED is a powerful numerical technique used to obtain the exact eigenstates and energies
of a quantum system. In this approach, the Hamiltonian is expressed in matrix form and
diagonalized computationally, from which the exact ground energies and corresponding
eigenstates are directly obtained, allowing for the subsequent evaluation of various physical
properties.46,47 Since stationary states are energy eigenstates, the lowest-energy eigenstate
is by de�nition the ground state. For a given Schrödinger equation

Ĥ |Ψn⟩ = En |Ψn⟩ (1.21)

Where Ĥ is the Hamiltonian matrix, En are the eigenvalues with ascending order energy
E0 ≤ E1 ≤ E2 · · · ≤ En. Each energy En has a corresponding eigenstate |ψn⟩. Before the
calculation, a proper basis needs to be carefully selected. The basis needs to be a complete
basis for the Hilbert space. Then, we build a Hamiltonian matrix to compute all matrix
elements with a Hilbert space dimension of d:

Hij = ⟨i|Ĥ|j⟩ (1.22)

Next, for a small matrix of up to 12 water molecules, a full diagonalization is enough to get
the ground state and its corresponding eigenvector. However, because the dimension of the
Hilbert space grows exponentially with the size of the quantum system, full diagonalization
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is strictly limited to systems with few degrees of freedom. An iteratively sparse matrix
diagonalization is usually utilized to take the place of full diagonalization, for instance,
Lanczos48,49 or Arnoldi.50 For example, if Ô is an observable, its thermal expectation
value is expressed with eigenstates |n⟩ and energy En of a given Hamiltonian:

⟨O⟩ = 1

Z

∑
n

e−βEn ⟨n|O|n⟩ (1.23)

where Z =
∑

n e
−βEn is the canonical partition function. If the observable can be written

down in the initial basis for the problem, then this sum can be evaluated after transforming
to the basis of eigenstates. The results of many small clusters ED can be combined to obtain
more accurate information about systems in the thermodynamic limit using a numerical
linked-cluster expansion. Basis set methods based on ED can yield exact results and reduce
the requirements for the symmetry of the system being simulated. But for a many-body
system, the increases in system scale render the exponential computational complexity
prohibitive for extensive applications. Once diagonalization returns the eigenvalues En

and eigenvectors |ψn⟩, the lowest-energy eigenvector is selected as the ground state (taking
care with degeneracies).

1.3 Density Matrix Renormalization Group

DMRG is another numerical variational technique that allows the physical system to con-
verge to its ground state physical quantities when its size is slowly increased, while dis-
carding irrelevant information to keep the Hilbert space size manageable. It is also a
very powerful and successful numerical algorithm in modern condensed matter physics and
quantum chemistry.51,52 Proposed in 1992 by Steven R. White, it was initially developed
to address the failure of traditional renormalization groups when dealing with strongly-
correlated one-dimensional quantum lattice models(such as the Heisenberg and Hubbard
models). In quantum mechanics, the combined state space is the tensor product of the
individual spaces:

Htotal = H1 ⊗H2 (1.24)
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The main concern of quantum many body physics is the fact that the Hilbert space grows
exponentially with system size. In other words, suppose a one-dimensional chain of N
particles with local dimension d, whose dimension of Hilbert space is dN . Consider a
quantum system partitioned into two subsystems: a system block A and an environment
block B. The total pure state of the combined system |Ψ⟩ can be decomposed using the
Schmidt decomposition:

|Ψ⟩ =
χ∑

i=1

λi|ϕA
i ⟩ ⊗ |ϕB

i ⟩ (1.25)

where |ϕA
i ⟩ and |ϕB

i ⟩ form the orthonormal bases for blocks A and B, respectively, and
λi ≥ 0 are the Schmidt coe�cients satisfying the normalization factor

∑
i λ

2
i = 1. The

reduced density matrix for the system block A is obtained by tracing out the subsystem
B:

ρA = TrB(|Ψ⟩⟨Ψ|) =
χ∑

i=1

λ2i |ϕA
i ⟩⟨ϕA

i | (1.26)

The eigenvalues wi = λ2i represent the probability weights of the corresponding eigen-
states. In the truncation step, DMRG retains only the M eigenstates with the largest
eigenvalues. Taking the "system block + environment block" approach as an example of
intuitive basic steps of DMRG: Start with the left and right "blocks" respectively (usually
iterating from smaller systems). Then, add a small number of degrees of freedom (grow)
in the middle and obtain the target state for the synthesized system (usually using varia-
tional/diagonalization). Construct the reduced density matrix (ρblock) of the system block.
Next, calculate the eigenvalues of (ρ), sort them by size, and retain the largest eigenspace
(equivalent to retaining the main entanglement contribution). After that, update the block
with the retained truncated representation, and continue iterating until convergence.

1.3.1 Singular Value Decomposition(SVD)

One essential element is Singular Value Decomposition (SVD). We review here the essential
aspects of that method. In linear algebra, singular value decomposition is a mathematical
technique used to factorize a non-square matrix into three distinct matrices, uncovering
valuable properties into the properties of the original matrix. It is widely used in various
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�elds such as data science, signal processing, and statistics. While the spectral theorem
guarantees that any symmetric (or Hermitian) matrix can be diagonalized by an orthogonal
(or unitary) matrix, SVD extends this geometric intuition to any arbitrary matrix A ∈
Cm×n. The SVD allows any rectangular matrix A to be factorized into three matrices A =

UΣV †, where U and V † are semi-unitary matrices and Σ is a diagonal matrix containing the
non-negative singular values σi, whose squares σ2

i are the eigenvalues of A
†A. The columns

of V and U form orthonormal bases for the input and output spaces, respectively, and Σ

scales each input direction by its singular value. So for a reshaped bipartite wavefunction
σ2
i = wi are the Schmidt weights (eigenvalues of ρA).53

Proof: The vectors {v1,v2,· · · , vn} are the eigenvectors of A†A and form the columns
of the unitary matrix V . Then we examine the norm of the transformed vector Avi to
construct the left singular vectors:

||Avi||2 = σ2
i (1.27)

This implies that:

1. for 1 ≤ i ≤ r, where σi > 0, the length of Avi is σi.

2. for r + 1 ≤ i ≤ n, where σi = 0, we have Avi = 0.

For the non-zero singular values (1 ≤ i ≤ r), we can de�ne a set of normalized vectors
ui ∈ Cm in the co-domain:

ui =
1

σi
Avi ⇒ Avi = σiui (1.28)

we must verify that these newly de�ned vectors u1,u2,· · · ,ur are orthonormal. For any
1 ≤ i, j ≤ r we have :

u†iuj =
( 1
σi
Avi
)†( 1

σj
Avj
)
=

1

σiσj
v†iA

†Avj =
σ2
j

σiσj
v†i vj =

σj
σi
δij = δij (1.29)

where δij is the Kronecker delta. Thus, they form an orthonormal set. We can extend this
set to form a complete orthonormal basis for Cm, denoting the full set as u1,u2,· · · ,um,
which forms the columns of the unitary matrix U ∈ Cm×m. Following that we can express
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the relation Avi = σiui for all i = 1, 2, · · · , n simultaneously using matrix notation. Let
V be the matrix containing vi as columns, and U be the matrix containing ui as columns.
Then:

AV = A

 | | |
v1 v2 . . . vn

| | |

 =

 | | |
σ1u1 σ2u2 . . . 0

| | |

 (1.30)

This right-hand side of Eq.(1.3.1) can be factored into the matrix U multiplied by an
m× n pseudo-diagonal matrix Σ , where Σ ∈ Rm×n has the singular values σi on its main
diagonal and zeros elsewhere:

Σ =



σ1 0 . . . 0 . . . 0

0 σ2 . . . 0 . . . 0
...

...
. . .

...
...

0 0 . . . σr . . . 0
...

...
...

. . .
...

0 0 . . . 0 . . . 0


(1.31)

Since V is a unitary matrix(V V † = I), we can multiply both sides of AV = UΣ by V †

from the right, yielding the �nal SV D expression:

A = UΣV † (1.32)

This completes the formal proof and derivation of the SVD.54 Its primary function is not
to obtain the eigenvalues of the original matrix, but to perfectly decompose any com-
plex linear transformation(non-diagonal, or even non-square matrices) into three standard
steps:"rotation-diagonal stretching-rotation." It provides a metric for measuring the extent
to which a system extends along the principal axis, as well as a tool for calculating the
Schmidt coe�cient.
In DMRG, when we �atten the wavefunction into a matrix A, this A is usually not a
square matrix at all. The singular values σi obtained by performing SVD on A represent
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the square roots of the eigenvalues of the reduced density matrix ρA = AA† of subsystem
A (i.e., σ2

i = wi, where ωi is the probability of occupying a state). If we were to directly
compute the eigenvalues of A, it would not even match; only by obtaining the square roots
of the eigenvalues via SVD can we calculate the entanglement entropy and perform physical
truncation.

1.3.2 Matrix Product States (MPS) Formulation

In modern quantum information language, the success of DMRG is deeply understood
through the framework of Matrix Product State (MPS) and Tensor Networks. The re-
lationship between MPS and DMRG is as follows: DMRG controls the bond dimension
of MPS while sweeping through the MPS. This also explains why DMRG is particularly
suitable for one dimension�MPS is very e�cient for one-dimensional low-energy states. A
many-body wave function for a chain of N sites can be exactly expressed as:

|Ψ⟩ =
∑

σ1,...,σN

Mσ1
1 Mσ2

2 . . .MσN
N |σ1, . . . , σN⟩ (1.33)

where σi denotes the local physical state at site i, and Mσi
i are matrices of dimension

D ×D. The parameter D is known as the bond dimension, which controls the maximum
amount of entanglement that can be captured by the ansatz.

According to the area law for the entanglement entropy in one-dimensional (1D) gapped
systems, the entanglement entropy S between two halves of the chain remains bounded as
the system size increases. Since the required bond dimension scales as D ∼ eS, a �nite
and manageable bond dimension D is su�cient to approximate the ground state with
extraordinary precision. This makes the MPS representation exceptionally e�cient for 1D
systems.

1.3.3 The Sweep Algorithm and Application Scenarios

The standard �nite-system DMRG algorithm operates via an iterative sweeping procedure
of SVD over MPS:
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� Initialization: Construct a small chain and grow it using the in�nite-system DMRG
algorithm until the target size N is reached.

� Left-to-Right Sweep: Optimize the matrices site by site from the left boundary
to the right boundary. At each step, a local e�ective Hamiltonian is formed, and the
local tensors are updated using standard Lanczos or Davidson solvers.

� Right-to-Left Sweep: Reverse the direction and sweep back from right to left,
repeating the optimization to ensure global convergence of the ground-state energy.

This phase optimizes the energy of ground state on a lattice of �xed total length lattice L
by iteratively performing left-to-right and right-to-left sweeps.

While DMRG yields nearly exact results for 1D chains and quasi-1D ladders (such as
the Hubbard model, Heisenberg model, and quantum spin chains), its application to two-
dimensional (2D) systems is constrained by the area law. In 2D, the entanglement entropy
scales with the boundary width (S ∼ L), causing the required bond dimension to scale
exponentially as D ∼ eL. Despite this challenge, modern 2D DMRG remains highly com-
petitive for cylindrical geometries up to moderate widths, providing crucial benchmarks for
exploring frustrated magnets, topological orders, and high-temperature superconductivity
phase diagrams.

1.4 Path Integral Monte Carlo

Many enlightening simulation schemes have been developed for rotor-based Monte Carlo
simulations. In 1975, Anderson introduced the Di�usion Monte Carlo (DMC) method to
determine the ground-state energy of the H+

3 molecular ion via a random walk algorithm.55

Veri�ed by the variational method, this simulation successfully controlled the energy error
to within 0.013 Hartree with a computation time of approximately 30 minutes. Anderson
also noted that computational requirements could be further reduced through more e�cient
step selection procedures and intelligent code design. While standard DMC maps random
walks to the three-dimensional motions of all atoms, Gregory et al.56 introduced Rigid
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Algorithm 1 Sweeping Optimization Procedure for 1D Lattice
Require: Initial tensors of MPS, physical operator O
Ensure: Optimized matrix tensors Mσ

1: N ← Length of Chain ▷ Initialize the lattice size
2: Initialize left and right environment caches
3: for i = 1 to N − 1 do ▷ Rightward sweeping loop
4: Extract the local tensor for the i-th site
5: Solve the local e�ective Hamiltonian for the lowest eigenvalue problem
6: Update the tensor Mσi

7: Perform SVD on Mσi

8: Gauge-shift the residual weights to the (i+ 1)-th site
9: end for

10: t← 0

11: while t < Max_Iterations do
12: Perform backward (leftward) sweeping optimization
13: if energy change < tolerance criterion then
14: break ▷ Convergence reached, exit loop
15: end if

16: t← t+ 1

17: end while

18: return Mσ
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Body Di�usion Monte Carlo (rigid-body Di�usion Monte Carlo (RB-DMC)) in 1995 to
simulate water dimers and trimers, incorporating the sampling of energy splits between
di�erent symmetry states.

However, since the wave function of the system beyond the ground state has nodes, this
will make it di�cult for DMC to simulate non-ground state systems. Scientists have con-
sidered PIMC simulation a potent tool in studying many-body quantum systems at �nite
temperatures rather than only the ground state.57�78 One can also further extend the ap-
proach to solve for excited states and compute quantum entanglement properties.31,79�83

Furthermore, we plan to change the sampling of continuous angular variables to a discrete
simulation on grids. This will allow the use of histograms to store the density matrix in or-
der to reduce the computational complexity and further improve the e�ciency of simulation
calculations. A promising area of investigation is to use discretized angular coordinates on
grids for rotational Quantum Monte Carlo (QMC) sampling. This idea will be explored in
the later chapters. To systematically investigate how molecular rotation a�ects the phase
states of trapped dipole molecules in various environments (such as magneto-optical traps,
optical lattices, and low-temperature solid-state or plastic crystalline phases), we hereby
extend the PIMC method to simultaneously account for rotational degrees of freedom, al-
though the PIMC method has traditionally been limited to continuous systems involving
only translational motion. The essential elements of PIGS are presented here; the approach
is described in detail in Chapter 2.

We assume that the Hamiltonian takes the form Ĥ = T̂ + V (R), where T is the total
kinetic energy operator for N particles, and V is the potential energy between the N
particles, which depends on the coordinates R of all the degrees of freedom of the particles
in the system. In thermal equilibrium, the probability of a given state i being occupied
is e−βEi . Here, the β = 1

kBT
is the inverse temperature with Boltzmann constant kB.

The eigenvalues and eigenfunctions of this Hamiltonian are Ei and ψi. Therefore, the
approximations of expectation values can be expressed in terms of the operator Ô and the
trial state,

⟨Ô⟩ = ⟨ΨT |e−βĤ/2Ôe−βĤ/2|ΨT ⟩
⟨ΨT |e−βĤ |ΨT ⟩

(1.34)
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The density matrix in angular space is given by:

ρ(ϕ, ϕ′; β) = ⟨ϕ|e−βĤ |ϕ′⟩ =
∑
i

Ψi(ϕ)Ψ
∗
i (ϕ

′)e−βEi (1.35)

In general, the above density matrix ρ(ϕ, ϕ′; β) is a function of the rotation angles ϕ and ϕ′.
But in the angular basis representation, the partition function depends on the con�guration
Ω = (ϕ1, ϕ2, ϕ3, · · · , ϕN):

Z =

∫
dϕρ(ϕ, ϕ; β) (1.36)

and the expectation value of Ô is

⟨Ô⟩ =
∫
dϕdϕ′ρ(ϕ, ϕ′; β) ⟨ϕ|Ô|ϕ′⟩

Z
(1.37)

The ground state wavefunction is then obtained through the relationship (ignoring nor-
malization)

Ψ0(ϕ) =

∫
dϕ′G(ϕ, ϕ′; β/2)ΨT (ϕ

′), (1.38)

where the propagator, also known as the integration kernel, is:

G(ϕ, ϕ′; β/2) = ⟨ϕ|e−βĤ/2|ϕ′⟩ (1.39)

The free rotor imaginary time propagator for a single planar rotor for an imaginary time
interval τ , which forms a part of the short time propagator, is well known and is given by:

G
(1)
0 (ϕ, ϕ′; τ) = ⟨ϕ|e−τĤ |ϕ′⟩ = 1

2π

∞∑
m=−∞

eim(ϕ−ϕ′)e−τBm2

, (1.40)

where ϕ and ϕ′ are orientations of the rotor and B = ℏ2/(2I) is the rotational constant.

Writing the density operator as a product of P factors yields the path integral formula
for the many-body density matrix. This is the Trotter factorization, where the Trotter
number P is a positive integer.

e−βĤ = (e−τĤ)P (1.41)
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in above equation, each imaginary time step is τ = β
P
. Then, the density matrix with a

convolutional property in the position representation can be expressed as a path integral:

ρ(ϕ0, ϕ
′
P ; β) =

∫
· · ·
∫
dϕ1dϕ2 · · · dϕP−1ρ(ϕ0, ϕ1; τ)ρ(ϕ1, ϕ2; τ) · · · ρ(ϕP−1, ϕP ; τ) (1.42)

In the limit P → ∞, this factorization becomes exact. However, for a Hamiltonian that
contains both kinetic and potential terms, the factors cannot easily be obtained by multi-
plication because T̂ and V̂ do not commute [T̂ , V̂ ] ̸= 0 i.e.

e−τ(T̂+V̂ ) ̸= e−τT̂ e−τV̂ (1.43)

The Trotter formula holds if T̂ , V̂ and T̂ + V̂ , are self-adjoint and bounded from below.
The following formula is an example of symmetrized Trotter formula:

e−β(T̂+V̂ ) =
P∏
i=1

[e−τV̂ /2e−τT̂ e−τV̂ /2] +O(Pτ 3) (1.44)

where the potential between nearest neighbors is given in Eq.(1.7). Invoking the rigid-rotor
approximation, after freezing vibration and separating translation, the motion restricted
to a plane leaves a one-angle rotational problem governed entirely by ϕ. And the density
matrix ρ in terms of potential is given by the one step propagation as following:

ρβ+τ = ρβρτ (1.45)

Now in a bead picture we can specify the P as the number of time-slices. Then, inserting
P−1 resolutions of identity in position basis yields for the density operator matrix elements,

ρ(ϕ1, ϕP+1; β) =

∫
dϕ

P∏
i=1

ρ(ϕi, ϕi+1; τ) (1.46)

We can utilize the Trotter formula Eq.(1.44) and density matrix Eq.(1.42) to obtain the
�nite temperature partition function.

Z = lim
P→∞

∫
dϕ

P∏
i=1

ρiV (τ/2)ρ
i,i+1
T (τ)ρi+1

V (τ/2) (1.47)
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For a propagator of a chain of free rotors, a more detailed decomposition is given as:

ρT (ϕ
i, ϕi+1; τ) =

N∏
j=1

⟨ϕi
j|e−τTj |ϕi+1

j ⟩ (1.48)

We can similarly factor the potential energy operator since for adjacent rotors, the potential
is counted pairwise:

ρϕi

V (τ/2) =
N−1∏
j=1

e−τV (ϕi
j ,ϕ

i
j+1)/2 (1.49)

Now, with the path integral Monte Carlo, the partition function of this Hamiltonian can
be factorized into a product of density matrices with two indices. Note that superscripts
represent bead numbers and subscripts are used for representing particle numbers.

Z = lim
P→∞

∫
dϕ

P∏
i=1

N−1∏
j=1

ρV (ϕ
i
j, ϕ

i
j+1; τ/2)ρT (ϕ

i
j, ϕ

i+1
j ; τ)ρV (ϕ

i+1
j , ϕi+1

j+1; τ/2) (1.50)

1.4.1 Path Integral Ground States

Rotational PIMC can be adapted to ground state situations with some modi�cations of
the path topology to yield the PIGS method.84�95 The accuracy of PIGS simulations has
been veri�ed by the ED method for water molecule simulations.

Assume that ΨT (R) is the initial trial function and Ψ0(R) is the ground state wavefunc-
tion, with ground state energy E0 and excited-state energies Ej. For example, the energy
estimator under imaginary time τ = it/ℏ:

Eτ =
⟨Ψτ |Ĥ|Ψτ ⟩
⟨Ψτ |Ψτ ⟩

(1.51)

A PIGS can also be derived from the PIMC algorithm by expanding a trial wavefunction
ΨT (R)

ΨT (R) =
∞∑
j=0

cjϕj(R) (1.52)
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Provided the overlap c0 is non-zero, the propagated wavefunction at imaginary time τ is:

Ψτ (ϕ) = e−τĤΨT (ϕ) (1.53)

= e−τE0

[
c0Ψ0(ϕ) +

∞∑
j=1

cje
−τ(Ej−E0)Ψj(ϕ)

]
(1.54)

From this expansion it is obvious that the e�ciency of the PIGS algorithm convergence
depends on the overlap. The sum of the squared moduli of the cj is 1 because the wave-
functions are normalized. c0 = ⟨Ψ0|ΨT ⟩ controls the overlap between the ground state Ψ0

and the trial state ΨT . The gaps e−τ(Ej−E0) suppress the excited states in the second term
in the square bracket. The excited-state terms for j ≥ 1 decay, which yields better ground
state convergence. The excited states contained in ΨT (ϕ) decay out during the imaginary
time propagation.

In the τ → ∞ limit, ΨT (ϕ) gradually decays as it propagates through imaginary time.
For �nite τ , Eτ provides an upper bound to the exact eigenenergy. This implies that a
reliable estimate of E0 can be obtained by extrapolating Eτ to τ →∞.

1.4.2 Discrete Variable Representation

In the case of DVR, a continuous coordinate can be replaced by a periodic angular grid,
making the potential operator diagonal, while the kinetic operator becomes a matrix that
couples grid points. The conversion from the continuous basis to a discretized basis lies in
the choice of grid points.

|ϕα⟩ = |2πα/L⟩ with L = 2mmax + 1, (1.55)

where α is an integer grid index and the grid spacing is ∆ϕ = 2π/L. The potential energy
operator is therefore simpli�ed as:

V̂αα′ = V̂ (ϕα)δαα′ (1.56)
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In this case, the potential V̂αα′ can be stored in a diagonal matrix as:

V =



V1 0 . . . 0 . . . 0

0 V2 . . . 0 . . . 0
...

...
. . .

...
...

0 0 . . . Vi . . . 0
...

...
...

. . .
...

0 0 . . . 0 . . . VL


(1.57)

The one-body kinetic energy operator in the DVR representation is expressed as:

T̂ = B

[∑
α

mmax(mmax + 1)

3
|α⟩ ⟨α|+

∑
α ̸=α′

(−1)∆α cos(π∆α/L)

2 sin2(π∆α/L)
|α⟩ ⟨α′|

]
(1.58)

Therefore, the matrix format of kinetic energy operator has the form:

TDV R =


c0 c1 c2 . . . cL−1

c−1 c0 c1 . . . cL−2

c−2 c−1 c0 . . . cL−3

...
...

...
. . .

...
c−(L−1) c−(L−2) c−(L−3) . . . c0

 (1.59)

In this notation, α denotes the point indices in ϕ representation, ∆α = α − α′ is the
index di�erence, ∆ϕ = 2π/L is the spacing, mmax is the Fourier representation cuto�, and
L = 2mmax + 1 is the total number of grid points.

1.5 Outline of this thesis

Following the present introduction, Chapter 2 contains the description of a new ground
state PIMC approach to simulate chains of planar rotors using the DVR. The theoretical
formalism along with algorithmic details and illustrative simulations are presented. In
Chapter 3, the generalization to hindered rotors is presented. There, a one-body six-fold
potential inspired by recent experimental and theoretical work on water con�ned to beryl
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is added to the co-planar chain Hamiltonian. The DMRG method is used to assess the
dependence of the Quantum Phase Transition (QPT) on the barrier height. It is found
that the Z2 symmetry is broken by the transition and a larger barrier leads to earlier QPT
to a ferroelectric phase. In Chapter 4, the techniques presented in Chapter 3 are adapted
to the case of the stacked rotor chain. Without a hindering potential, the chain has U(1)
symmetry. It is found that the presence of a six-fold potential breaks this U(1) symmetry
leading to a ln 6 value of the entanglement entropy in the ordered phase. The order is
antiferroelectric. Conclusions and a perspective for future work are presented in Chapter
5.
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Chapter 2

Path integral Monte Carlo in a discrete

variable representation with Gibbs

sampling: dipolar planar rotor chain

This chapter has been reproduced from Wenxue Zhang, Muhammad Shaeer Moeed, An-
drew Bright, Tobias Serwatka, Estevao De Oliveira, Pierre-Nicholas Roy, �Path integral
Monte Carlo in a discrete variable representation with Gibbs sampling: Dipolar planar
rotor chain�, Journal of Chemical Physics 162, 014106 (2025), with the permission of AIP
Publishing.96
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2.1 Introduction

The simulation of correlated many-body quantum systems is both of great relevance and
also a challenging task. Of particular interest is the case of con�ned dipolar molecules,
where intermolecular interactions can lead to rich quantum phases. For example, water
molecules trapped in beryl3,45,97,98 or cordierite4 crystals exhibit intriguing features such
as ferroelectricity, quantum tunneling, and collective excitations. Ferroelectricity has also
been observed in water inside carbon nanotubes.5 Moreover, a quasi-phase transition has
been reported for the speci�c case of water trapped in (6, 5) carbon nanotubes.12

Simulations play a key role in our understanding of these systems, and the inclusion of
quantum e�ects is of prime importance. The treatment of rotational degrees of freedom
is required in order to model the above systems. It is possible to describe the many-body
states of correlated dipolar rotors using exact diagonalization (ED) techniques when a few
molecules are present.17,19 For large systems, the exponential growth of the Hilbert space
makes ED calculations impractical. For one-dimensional chain systems, tensor network
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techniques have successfully been used to compute the ground state of collections of dipolar
linear rotors,51,52 chains of rotating water molecules33 with ferroelectric9 and quantum
critical behavior,35,36 as well as entangled dipolar planar rotor chains.38,99 Beyond one-
dimensional chains, optimizing tensor networks of Matrix Product State (MPS) form100

using techniques such as the Density Matrix Renormalization Group (DMRG) method101

becomes prohibitively expensive.

In order to simulate higher dimensional systems such as 2-d molecular lattices or 3-d
crystals of con�ned molecular rotors, alternate approaches are needed. The Path Integral
Monte Carlo (PIMC) method57,102 is a very powerful tool that is amenable to the simula-
tion of general systems in arbitrary dimensions. The generalization of PIMC to molecular
rotations is well established103 and has been used to simulate the ground state of corre-
lated dipolar linear rotors in 1-d31,32,39,40 and 2-d41 lattices, and chains of rotating water
molecules.42 Path integral simulations of molecular systems are usually performed in the
continuous position representation. As an alternative, Xiao and Poirier have suggested the
use of a Discrete Variable Representation (DVR)104,105 for PIMC simulations.106,107 Makri
and co-workers have also used a DVR for real-time path integral calculations.108�114 When
using a DVR, the path integral becomes a path sum.

Here, we propose a PIMC approach for the simulation of dipolar rotor systems based
on rejection free Gibbs sampling.115,116 The approach is tested on linear chains of planar
rotors of varying sizes and interaction strengths to showcase the suitability of the approach
to simulate both ordered and disordered phases, as well as quantum critical regions. The
remainder of this paper is organized as follows: in Sec. 2.2, we present methodological
details such as the form of the Hamiltonian, the path integral ground state (PIGS) formu-
lation for rotors, the DVR representation, and the Gibbs sampling technique. We present
and discuss results in Sec. 2.3, followed by concluding remarks in Sec. 2.4.
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2.2 Methodology

2.2.1 Dipolar planar Rotor Chain

We consider a linear chain of N identical planar rotors with nearest neighbors dipole-dipole
interactions. For this model, the rotations are constrained to the xy-plane and the linear
chain has coplanar orientation along the x-axis as depicted in Fig. 2.1.

Figure 2.1: Schematic representation of a chain of equally spaced planar rotors.

The Hamiltonian for this system is,

Ĥ =
N∑
i=1

L̂2
z,i + g

N−1∑
i=1

[ŷiŷi+1 − 2x̂ix̂i+1] , (2.1)

The �rst term denotes the rotational kinetic energy, with L̂2
z,i being the angular momen-

tum corresponding to the i-th site. The second term represents the local dipole-dipole
interaction of strength g between rotors, and x̂i, ŷi are the Cartesian components of a unit
vector ê(ϕi) parametrized by the angle ϕi of the i-th dipole. We use units where ℏ = 1,
and B = 1 to keep the expression with reduced units. In the angular position basis, the
Hamiltonian becomes,

Ĥ = T̂ + gV̂ = −
N∑
i=1

∂2

∂ϕ2
i

+ g
N−1∑
i=1

V̂i,i+1 (2.2)

where the potential between neighboring rotors is given by,

V̂i,i+1 = sin(ϕ̂i) sin(ϕ̂i+1)− 2 cos(ϕ̂i) cos(ϕ̂i+1) . (2.3)
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Here, ϕ̂i represents angular position operators acting on the continuous basis set {|ϕi⟩}, for
ϕi ∈ {0, 2π}. It is important to notice that a further investigation of the system properties
involves the explicit calculation of the matrix elements of the Hamiltonian of Eq. (2.2).

2.2.2 Path Integrals For Rotors

Here, we brie�y review the PIGS117 framework to set the stage and �x our path integral
notation. To this end, consider the thermal density matrix for our many-body system given
by e−βĤ , where β = 1/kBT is the reciprocal temperature. We can compute the ground
state expectation value of an arbitrary operator Ô using a trial wavefunction |ψT ⟩ and
taking the limit as β →∞ as follows

⟨Ô⟩ = lim
β→∞

⟨ψT |e−βĤ/2Ôe−βĤ/2|ψT ⟩
Z0(β)

(2.4)

If the trial state has non-zero overlap with the ground state of the system, the estimator
de�ned by Eq. (2.4) converges to the ground state expectation value of Ô.

For simplicity, we �rst construct our path integral using the partition function and then
discuss the ground state energy PIGS estimator in a separate section. To this end, consider
the trace evaluated in the angular position basis {|ϕi⟩}1≤i≤N ,

Z(β) =

∫
dϕ ρ(ϕ,ϕ, β) (2.5)

where (S1)N is the direct product of N circles (S1) representing the N -body con�guration
space, ϕ = (ϕ1, ϕ2, ..., ϕN) is an arbitrary point in the N -body con�guration space, and
ρ(ϕ,ϕ, β) represents the diagonal elements of the density matrix in the position basis,

ρ(ϕ,ϕ, β) = ⟨ϕ1, ϕ2, ..., ϕN | e−βĤ |ϕ1, ϕ2, ..., ϕN⟩ (2.6)

To compute the above matrix elements of the density operator exactly, we would need to
exponentiate the Hamiltonian. This is intractable for large systems due to the exponential
scaling of the Hilbert space dimension with the number of rotors in the chain. However,
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note that we can express the low temperature density operator in terms of high temperature
density operators using the convolution property,

e−βĤ = (e−(β/P )Ĥ)P = (e−τĤ)P (2.7)

where P is some positive integer (representing the number of time-slices), and τ = β/P

is the imaginary time. Then, inserting P − 1 angular position basis resolutions of identity
yields for the density operator matrix elements,

ρ(ϕ1,ϕP+1, β) =

∫
dϕ⃗

P∏
i=1

ρ(ϕi,ϕi+1, τ) (2.8)

where ϕ⃗ = (ϕ1, ...,ϕP+1). Note that superscripts in our notation are reserved for bead
numbers whereas subscripts will be used to represent particle numbers. We can now
approximate the high-temperature density using the symmetrized Trotter formula which
gives

e−τĤ = e−τV̂ /2e−τT̂ e−τV̂ /2 +O(τ 3) (2.9)

Here, T̂ is the kinetic energy operator and V̂ is the potential energy operator. This par-
ticular symmetric splitting allows us to use the fact that the potential is diagonal in the
position basis to express the density matrix as follows,

ρ(ϕi,ϕi+1, τ) ≈ ρi,i+1
T (τ) ρiV (τ/2) ρ

i+1
V (τ/2) (2.10)

where

ρiV (τ/2) = ρV (ϕ
i, τ/2) = e−τV (ϕi)/2 (2.11)

ρi,i+1
T (τ) = ρT (ϕ

i,ϕi+1, τ) =
〈
ϕi
∣∣ e−τT̂

∣∣ϕi+1
〉

(2.12)

Using Eqs. (2.5), (2.8) and (2.10), we �nally get for the �nite temperature partition func-
tion,

Z = lim
P→∞

∫
dϕ⃗

P∏
i=1

ρiV (τ/2) ρ
i+1
V (τ/2) ρi,i+1

T (τ) (2.13)

where ϕ⃗ = (ϕ1, ...,ϕP ,ϕP+1). Here, we need to impose the constraint that the �rst and
last bead be the same (ϕ1 = ϕP+1) since we are evaluating the trace. Moreover, we need
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to take the limit as P → ∞ ⇐⇒ τ → 0 since the Trotter factorization in equation (2.9)
is only exact in this limit. Note that Z is still a function of β although we have omitted
this dependence in Eq. (2.13) for notational brevity.

We can further factor the kinetic energy (free) propagator since the kinetic energy oper-
ator is a sum of commuting operators T̂j = L̂z,j where j is the index corresponding to the
jth rotor in the chain. This yields,

ρi,i+1
T (τ) =

N∏
j=1

⟨ϕi
j|e−τT̂j |ϕi+1

j ⟩ (2.14)

Noting that the total potential is a sum over pair-wise terms, we can similarly factor the
potential energy propagator,

ρiV (τ/2) =
N−1∏
j=1

e−τV (ϕi
j ,ϕ

i
j+1)/2 (2.15)

where V in the exponent here denotes the 2-body potential as de�ned by Eq. (2.3). This
gives for Eq. (2.13),

Z = lim
P→∞

∫
dϕ⃗

P∏
i=1

N−1∏
j=1

ρT (ϕ
i
j, ϕ

i+1
j , τ)

× ρV (ϕi
j, ϕ

i
j+1, τ/2) ρV (ϕ

i+1
j , ϕi+1

j+1, τ/2) (2.16)

This �nal set of expressions shows that our path integral density is the product of two-
variable functions. Consequently, our planar rotor chain system is especially amenable
to Markov Chain Monte Carlo (MCMC) methods since the two-variable densities can be
easily pre-computed on a grid and stored prior to the simulation. Moreover, as we will show
below, the density enters our MCMC algorithms as a quotient. Consequently, for sequential
algorithms such as Gibbs sampling that rely on single variable moves, only those terms in
the full product that depend on the variable being perturbed need to be computed for each
move. This greatly reduces the density calculation overhead for each step.
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2.2.3 PIGS Estimators

Having developed our path integral formalism, we can now derive the PIGS ground state
energy estimator used for our analysis. To this end, consider again Eq. (2.4) with Ô = Ĥ.
Since the density operator commutes with the Hamiltonian, we get,

E0 = ⟨Ĥ⟩ = lim
β→∞

⟨ψT |e−βĤĤ|ψT ⟩
Z0(β)

(2.17)

Inserting angular position basis resolutions of identity as before, we get for the energy
estimator,

E0 =
1

Z0

∫
dϕ⃗ ψ∗

T (ϕ
1)ρ(ϕ1,ϕ2, β)ĤψT (ϕ

2) (2.18)

Here, ϕ⃗ = (ϕ1,ϕ2). For our simulations, we can pick ψT (ϕ) = 1/
√
2π to be our trial

wavefunction. Then, since the kinetic energy operator is a di�erential operator, we get,

E0 =
1

2πZ0

∫
dϕ⃗ ρ(ϕ1,ϕ2, β)V (ϕ2) (2.19)

Because the energy estimator depends on the density operator matrix elements in the
position basis, we can again use the convolution property and the Trotter expansion to
get,

E0(β, P ) =
1

2πZ0(β)

∫
dϕ⃗

P∏
i=1

N−1∏
j=1

ρT (ϕ
i
j, ϕ

i+1
j , τ)

× ρV (ϕi
j, ϕ

i
j+1, τ/2) ρV (ϕ

i+1
j , ϕi+1

j+1, τ/2) V (ϕP+1) (2.20)

where ϕ⃗ = (ϕ1, ...,ϕP ,ϕP+1) as before. The error in this estimator is O(τ 2) arising, as
with the partition function, from the Trotter expansion. In the limit of P → ∞ ⇐⇒
τ = β/P → 0, the estimator converges to the ground state energy. To evaluate the limit
computationally, we therefore construct an increasing sequence of time slices, P = {Pk},
and compute the above integral for each of those values of Pk. Then, we �t the sequence of
energy estimates E = {EP}P∈P using a quadratic model and extrapolate to estimate the
ground state energy.
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For structural properties (functions of position only), the operator Ô doesn't commute
with the propagator. Consequently, we must factorize Eq. (2.4) directly. In this work, we
also consider the orientational correlation of the system de�ned as,

Ĉ =
N−1∑
i=1

êi · êi+1 =
N−1∑
i=1

cos(ϕ̂i − ϕ̂i+1) (2.21)

where ei = (cos(ϕi), sin(ϕi)) is the electric dipole corresponding to the ith rotor in the
chain. Setting Ô = Ĉ in Eq. (2.4) and expanding in the position basis gives,

⟨Ĉ⟩ = 1

Z0

∫
dϕ⃗ ψ∗

T (ϕ
1)ρ(ϕ1,ϕ2, β/2)

×C(ϕ2,ϕ3)ρ(ϕ3,ϕ4, β/2)ψT (ϕ
4) (2.22)

where ϕ⃗ = (ϕ1,ϕ2,ϕ3,ϕ4). Since the correlation is diagonal in the position basis, we get,

C(ϕ2,ϕ3) = ⟨ϕ2|Ĉ|ϕ3⟩ = δ(ϕ2 − ϕ3)C(ϕ2) (2.23)

where C(ϕ2) is de�ned by Eq. (2.21). We can now evaluate the integral over ϕ2 using
the delta function and re-label the integration variables (1, 2, 3)→ (1, P/2 + 1, P + 1) for
convenience. This yields

⟨Ĉ⟩ = 1

2πZ0

∫
dϕ⃗ ρ(ϕ1,ϕP/2+1, β/2)

×ρ(ϕP/2+1,ϕP+1, β/2)C(ϕP/2+1) (2.24)

where we have used our trial function de�nition ψT (ϕ) = 1/
√
2π. Finally, Trotter expand-

ing both densities in the above equation P/2 times each gives the PIGS estimator for the
correlation,

C(β, P ) =
1

2πZ0(β)

∫
dϕ⃗

P∏
i=1

N−1∏
j=1

ρT (ϕ
i
j, ϕ

i+1
j , τ)

×ρV (ϕi
j, ϕ

i
j+1, τ/2) ρV (ϕ

i+1
j , ϕi+1

j+1, τ/2) C(ϕ
P/2+1) (2.25)

It is instructive to note here that P has to be even since we assumed that P/2 is an
integer during the time-slicing derivation above. Moreover, the density in the correlation
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estimator is exactly the same as that for energy and so the same MCMC simulation can be
used to estimate both. However, in the case of correlation (or any structural properties) the
corresponding position kernel must be evaluated at the middle bead only. This is a distinct
feature of PIGS in contrast to �nite temperature PIMC where all the beads are equivalent
and structural properties can be evaluated on any of the beads due to the existence of
closed paths.

2.2.4 Grid Representation: from Path Integrals to Path Sums

Our proposed approach for computing ground state properties relies on discretizing the
continuous angular position basis using the Colbert-Miller DVR.118 In this framework, the
discretized angular position basis takes the form,

{|ϕα⟩} = {|ϕ(α)⟩} = {|2πα/L⟩} = {|α⟩} (2.26)

where L = 2m+1 is the total number of grid points, d is the Fourier representation cuto�
and α is an integer such that 0 ≤ α ≤ 2d. Note that the index α here represents a point on
the ϕ grid as opposed to a particle or bead number. Greek subscripts on ϕ will henceforth
be reserved for grid indices. We will continue our convention of using Latin subscripts for
particle indices. The 1-body kinetic energy matrix elements in the DVR118 representation
take the form,

⟨α|T |α′⟩ =


d(d+1)

3
α = α′

(−1)∆α cos(π(∆α)/L)

2 sin2(π(∆α)/L)
α ̸= α′

(2.27)

where ∆α = α − α′. In the DVR basis, we can diagonalize the 1-body kinetic energy
operator numerically and compute its exponential. This allows us to pre-compute and
store the 1-body kinetic energy propagator as a matrix. The 2-body potential energy
operator is evaluated on the grid as follows,

⟨α1, α2|V |α′
1, α

′
2⟩ = V (ϕ(α1), ϕ(α2))δα1,α′

1
δα2,α′

2
(2.28)

The DVR basis also enables us to store the diagonal entries of the (2-body) potential
energy propagator as a matrix. The grid representation maps the N(P + 1)-dimensional
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integrals in Eqs. (2.16) and (2.20) to summations. Therefore, in this framework, the energy
estimator yields,

E0(β, P ) =
1

2πZ

∑
α⃗

P∏
i=1

N−1∏
j=1

ρT (α
i
j, α

i+1
j , τ)

× ρV (αi
j, α

i
j+1, τ/2) ρV (α

i+1
j , αi+1

j+1, τ/2) V (αP+1) (2.29)

where α⃗ is an N(P +1) dimensional vector. Each entry of α⃗ represents one variable in the
path sum and can take integer values between 0 and 2d. In this �vectorized� form, the p-th
bead and n-th rotor orientation is speci�ed by the component with index k = (p−1)N+n.
αP+1 is the sub-tuple of α⃗ corresponding to the last bead. Note that we have employed
the following abuse of notation in specifying Eq. (2.29),

ρV (α
i
j, α

i
j+1, τ/2) = ρV (ϕ(α

i
j), ϕ(α

i
j+1), τ/2) (2.30)

ρT (α
i
j, α

i+1
j , τ) = ρT (ϕ(α

i
j), ϕ(α

i+1
j ), τ) (2.31)

V (αP+1) = V (ϕ(αP+1
1 ), ..., ϕ(αP+1

N )) (2.32)

As discussed above, one bene�t of the DVR grid is that it enables us to pre-compute all
three of these components (ρT , ρV , V ) in the discretized angular position basis (Eq. (2.26))
and index them as required during the simulation. Not only does this discretization opti-
mize the e�ciency of the MCMC simulation but also enables us to use sampling approaches
adapted to discrete probability distribution such as Gibbs sampling.

2.2.5 Gibbs Sampling The Many Body Distribution

MCMC approaches approximate multi-dimensional integrals (such as equation (2.13))
stochastically, ∫

Ω

dx f(x)p(x) ≈ 1

M

∑
xi∈S

f(xi) (2.33)

where Ω is the multi-dimensional con�guration space, p(x) is some probability distribution,
and S is a set of M points in Ω statistically sampled according to p(x). We can also use
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this approach to estimate multi-dimensional sums such as Eq. (2.29). For the rotor chain
energy estimator in the DVR basis, the probability distribution is

p(α⃗) =
1

2πZ

P∏
i=1

N∏
j=1

ρT (α
i
j, α

i+1
j , τ)

×
N−1∏
j=1

ρV (α
i
j, α

i
j+1, τ/2) ρV (α

i+1
j , αi+1

j+1, τ/2) (2.34)

Owing to the exponential scaling of the number of variables with the number of particles,
this N -body distribution is di�cult to sample directly. However, we can leverage the
factorized form of the density by instead sampling a Markov chain that converges to the
desired distribution.

Conventional approaches in this domain involve using the sequential Metropolis-Hastings
(M-H) algorithm in which, at each step, a move is proposed and then either accepted or
rejected depending on the likelihood of the proposed con�guration compared to the previous
con�guration. This invariably leads to a set of samples with a high degree of redundancy
because a large set of proposed moves are rejected. In this work, we adapt the sequential
Gibbs sampling algorithm to the planar rotor problem which, by construction, is rejection
free and consequently, more e�cient than M-H. The algorithm, in steps, is described below:

1. Specify the initial con�guration of all the variables:

(α⃗)0 =
(
α0
1, ..., α

0
(P+1)N

)
(2.35)

2. To Sample (α⃗)k+1, given a con�guration for the current step (α⃗)k, loop over all
the (P + 1)N components, sampling each sequentially. To sample αk+1

j , we use the
conditional distribution,

p
(
α̃k+1
j |αk+1

1 , .., αk+1
j−1 , α

k
j+1, .., α

k
(P+1)N

)
=

1

ZG

p
(
αk+1
1 , .., αk+1

j−1 , α̃
k+1
j , αk

j+1, .., α
k
(P+1)N

)
(2.36)

where α̃k+1
j are indices 1, ..., N − 1 specifying angular position values on the DVR

grid and ZG is a normalization. The sampled value of α̃k+1
j is used as a parameter to

sample α̃k+1
j+1 .
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3. Repeat step 2 for each pass until the desired statistical accuracy is obtained. Finally,
compute the average potential energy over the sampled con�gurations to estimate
the ground state energy.

Note that we have reserved superscripts to denote the sample index and subscripts to
denote components of the sample. Therefore, αi

j denotes the jth component of the ith
sample. As shown in Eq. (2.36), the full probability density only enters the algorithm
as a quotient. Therefore, the factorized form of the density (Eq. (2.34)) simpli�es the
single-variable sampling greatly,

p
(
α̃k+1
j |αk+1

1 , .., αk+1
j−1 , α

k
j+1, .., α

k
(P+1)N

)
=

p
(
α̃k+1
jp,n
|αk

j(p+1),n
, αk+1

j(p−1),n
, αk

jp,(n+1)
, αk

jp,(n−1)

)
(2.37)

where the subindex jp,n represents now the "vectorized" index associated with bead p and
rotor n given by jp,n = (p − 1)N + n. Since there is a �nite set of values that α̃k+1

jp,n
can

take, we can sample this conditional via weighted uniform sampling.

It is also instructive to note that in the conditional distribution for the jth variable,
samples from step (k+1) are used for the �rst j− 1 variables and samples from step k are
used for the last N(P + 1) − j variables. Therefore, the conditional distribution changes
for each variable within each step. This implies that the associated Markov chain is not
reversible and the sampler does not satisfy detailed balance (similar to the sequential M-H
technique). However, the algorithm does satisfy the balance condition which implies that
the associated Markov chain still converges to the desired probability distribution.119,120

2.3 Results and Discussion

To assess the utility of the DVR grid as a viable discretization scheme for Gibbs sampling,
we �rst study the imaginary time convergence of the density for small numbers of particles
(N = 2 and N = 3). Then, we extend the approach to larger system sizes (N = 100)
and study their structural properties. In particular, we �nd that using the Gibbs-DVR ap-
proach results in faster Markov chain convergence due to lower correlations between steps.
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Moreover, this methodology is also simpler to optimize than rejection-based techniques
such as continuous M-H because it doesn't have a tunable acceptance ratio modulating the
e�ciency of the simulation.

We studied the convergence of ground state energy for N = 2 to determine the minimum
required frequency cuto� for ground state properties using the DVR grid. We �nd that
m = 5 (L = 11 grid points for each rotor) is su�cient. However, as discussed below, for
any given value of m, there exists a value of τ such that the density acquires a sign problem
due to the presence of positive o�-diagonal entries in the Hamiltonian in the position basis.
This renders the density unusable for sampling techniques. This issue can be remedied if
necessary by increasing the value of m. For our results, m = 5 is su�cient since we do not
require τ < 0.2 for any of our results to see convergence. The approach described in Ref.
38 is used for the DMRG benchmark calculations. Calculations are performed using the
iTensor package.121

2.3.1 Imaginary Time Step Convergence

To test convergence with τ , we compute the ground state energy using the DVR grid and
the Numerical Matrix Multiplication (NMM) method122 for N = 2 and N = 3 and compare
with ED results. The purpose of this NMM analysis is to highlight the convergence behavior
of the systematic factorization error. As shown in Figs. 2.2 and 2.3, �tting NMM results
corresponding to τ > 0.17 results in convergence to ED results. However, below a critical
τ value the NMM results diverge. This issue has been raised by Xiao and Poirier.106,107

We found that this divergent behavior at small τ values comes from the 1-body kinetic
energy only and therefore does not depend on system size N or interaction strength g.
The DVR representation of the kinetic energy (see Eq. (2.27)) contains positive entries
on the o�-diagonals due to the cosine function. This results in the DVR representation
of the Hamiltonian having non-negative o�-diagonal entries for m > 1. Consequently, the
Hamiltonian in the DVR basis is non-stoquastic. For small τ , e−τH ≈ 1− τH which means
that the o�-diagonal entries of the density matrix are given by: ⟨ϕ|e−τH |ϕ′⟩ ≈ −τ⟨ϕ|T |ϕ′⟩.
Therefore, these matrix entries are negative if ⟨ϕ|T |ϕ′⟩ > 0. Consequently, we can't inter-
pret the DVR basis representation of the density as a set of transition probabilities and use
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them in sampling paradigms such as PIMC when τ is small for this problem. Note that
this sign problem doesn't a�ect NMM. The divergence shown in Figs. 2.2 and 2.3 is due
to the fact that we use the absolute values of the propagator matrix entries since PIMC
requires a positive-de�nite density. Finally, it should also be noted that this critical value
of τ can be made smaller by increasing m in the DVR representation.

2.3.2 Reciprocal Temperature Convergence

As discussed above, our path integral simulations converge to the ground state operator
expectation values in the limit of β →∞. Therefore, we study the convergence of the PIGS
estimator as a function of β to determine a �nite value βc such that the associated error for
all β ≥ βc is negligible. To this end, we computed ground state energy estimates E0(τ, β)

using DVR-NMM for N = 2 corresponding to a decreasing sequence of τ values: {τ}k =

{0.24 − 0.01k} for integers 0 ≤ k ≤ 7. Fitting a quadratic model in τ with an additional
quartic term (E(τ, β) = E0(β)+a(β)τ

2+b(β)τ 4) for each β, we computed the τ -independent
DVR-NMM estimates of the ground state energy associated with logarithmically spaced
values of β in the interval (1.5, 15) as shown in Fig. 2.4. We �nd that at β ≈ 4.0, the error
is negligible which is not surprising given the exponential dependence of the propagator on
β. Since any value above 4.0 is su�cient, we pick β = 10.0 for our N -body simulations.

Finally, we also compute the ground state energies as a function of the coupling strength
g for N = 2 and N = 3 by extrapolating in τ as discussed above with β = 10.0. Comparing
this to ED results (see Fig. 2.5), we see that the error is negligible. This suggests that our
methodology should be robust to variations in the interaction strength g and the number
of rotors in the chain N . We further examine this point in the next section while using our
approach to study this system in the large N limit.

2.3.3 Many-Body Extension

To showcase the utility of this approach for studying the ground state properties of large
systems, we compute the ground state energy and the orientational correlation function.
Since we cannot diagonalize the Hamiltonian for large systems, we compare our results to
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DMRG instead. Figure 2.6 below shows the ground state energy for N = 100 and Fig
2.7 shows the correlation for N = 100. The solid lines show the DMRG results. For both
the energy and the correlation, the PIGS estimates converge to the DMRG results within
statistical error (estimated using the binning method). For both of these properties, we use
β = 10.0, P = 49 and 50000 steps for the PIGS estimates. The simulations for g < 0.5 were
started with randomly oriented rotors whereas for g ≥ 0.5, the simulations were started
with all the rotors pointing along the chain since we expect all the rotors to be aligned at
equilibrium when g is large.

Previous work has shown that there is a phase transition in this system at g ∼ 0.5 as
the ground state moves from the disordered state (g < 0.5) to an ordered state (g > 0.5).99

While typically, phase transitions are di�cult to study using Monte Carlo simulations due
to the critical slow down near the transition, the existence of these two phases in the large
N limit for our system can be resolved by our approach as can be seen from Fig. 2.7.

Angular distributions for N = 100 are shown in Fig. 2.8. We selected three interaction
strength values (g = 0.1, 0.5, 1.0). The distributions are uniform when g = 0.1, since g is
less than the critical value (gc = 0.5). At g = 0.5 some localization starts to appear and
the chain is polarized at π and 2π when g = 1.0.

2.3.4 Correlation analysis

As mentioned above, the Gibbs sampling algorithm yields faster Markov chain decorrela-
tion. Consequently, less Monte Carlo steps are required for a given simulation. To exhibit
this, we computed the chain autocorrelation for the M-H algorithm as well as the Gibbs
sampling algorithm (see Fig. 2.9) using the orientational correlation as the estimator for
g = 0.1, g = 0.5 and g = 1.0. All three simulations used N = 100, P = 48 and 50000

simulation steps. For g = 0.1, the starting con�guration is random for each rotor whereas
for g = 0.5 and g = 1.0, the simulation is initiated with all the rotors aligned (pointing
along the chain). Then, we computed the decorrelation time 1/Γ for each simulation:

1/Γ = inf{t | ⟨δC2⟩ < 1/e} (2.38)
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where t here corresponds to simulation steps, ⟨δC2⟩ is the autocorrelation of the orien-
tational correlation estimator and inf denotes the in�mum of the set in question. In all
cases, the Gibbs decorrelation time is less than the M-H decorrelation time which implies
that the Gibbs sampling algorithm outperforms the M-H algorithm for this system for all
phases (ordered as well as disordered).

In the critical region (g = 0.5), the decorrelation time for the M-H algorithm is much
larger than in the ordered and disordered phases as shown in Fig. 2.9. This is characteristic
of critical slowing down near phase transitions. However, it is interesting to note that the
Gibbs algorithm autocorrelation decays very fast here as well which allows us to accurately
estimate the orientational correlation in the critical region as shown in Fig. 2.7.

2.3.5 Beyond 1d lattices and Nearest Neighbor Interactions

The Gibbs-DVR approach for PIMC is readily applicable to higher dimensional lattices.
For such systems, consider the following Hamiltonian,

H =
N∑
i=1

Ti +
N∑
i<j

Vij (2.39)

where Ti is the on-site kinetic energy term and Vij is the interaction between any two
lattice sites (not necessarily nearest neighbors). Note here that the summations run over
the entire 2 or 3 dimensional lattice which implies that the coupling strength between any
two lattice sites depends on the distance between them. The derivation of the partition
function in Eq. (2.13) proceeds identically. Then to compute the high temperature density
matrix elements, we can again Trotter factorize to obtain,

ρ(ϕi,ϕi+1, τ) = ⟨ϕi|e−τT |ϕi+1⟩e−τ(V (ϕi)+V (ϕi+1))/2 (2.40)

The free propagator factors into a product of one-body terms,

⟨ϕi|e−τT |ϕi+1⟩ =
N∏
j=1

ρT (ϕ
i
j, ϕ

i+1
j , τ) (2.41)
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ρT is the one-body free propagator which can be computed before the simulation and
tabulated as done for the 1d chain. For the potential term, we have the following,

e−τV (ϕi)/2 =
N∏
j<k

ρV (ϕ
i
j, ϕ

i
k, Rjk, τ/2) (2.42)

ρV (ϕ
i
j, ϕ

i
k, Rjk, τ/2) = e−τVj,k(ϕ

i
j ,ϕ

i
k,Rjk)/2 (2.43)

where Vj,k(ϕi
j, ϕ

i
j, Rjk) is the 2-body potential for the pair determined by indices j and k,

and Rjk is the distance between the associated rotors in the lattice. The �nal probability
distribution that we need to sample in the DVR representation now becomes,

p(α⃗) =
1

2πZ

P∏
i=1

N∏
j=1

ρT (α
i
j, α

i+1
j , τ)

×
N∏
j<k

ρV (α
i
j, α

i
k, Rjk, τ/2) ρV (α

i+1
j , αi+1

k , Rjk, τ/2) (2.44)

To Gibbs sample this distribution, we need to compute the conditional probabilities,

p
(
α̃k+1
j |αk+1

1 , .., αk+1
j−1 , α

k
j+1, .., α

k
(P+1)N

)
, (2.45)

α̃k+1
j ∈ {0, ..., 2d} (2.46)

The contributions of ρT to this can be calculated identically to the 1d case. For ρV , since we
have relaxed the nearest neighbors restriction, we would need to compute the contributions
due to each of the N(N − 1)/2 pairs of interacting sites in the lattice which requires us
to loop over all such pairs. Practically, due to the small value of 2d a�orded by the DVR
basis, this can be done e�ciently.

We can also analyze the time-complexity of the higher dimensional lattice algorithm. If
the r-dimensional lattice is constructed by copying a single chain of N1 rotors N r−1

1 times,
the number of rotors in the higher dimensional lattice would be N r

1 . For a �xed number
of MC steps and given number of beads, we know that algorithm for the 1d chain with
nearest neighbor interactions is polynomial in N1. So, we can assume that it is O(N q

1 ) for
some integer q. Then, if we let the interaction run over all lattice sites of the 1d chain, the
algorithm would be O(N q+2

1 ) because of the additional iterative loop. Finally, the e�ect
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of increasing the lattice dimension is to map N1 → N r
1 following the construction out-

lined above. Therefore, the DVR-Gibbs algorithm complexity would become O (N rq
1 ) for

the higher-dimensional nearest neigbors case and O
(
N

r(q+2)
1

)
for the all pairs interaction,

higher lattice dimension case. This is at most a polynomial slowdown compared to the
1d nearest neighbors case. It is important to note here that this complexity analysis also
holds true for the continuous Metropolis-Hastings Monte Carlo approach used typically
for simulating rotational degrees of freedom. Since the DVR-Gibbs approach increases
e�ciency by eliminating rejected moves and by decreasing the auto-correlation times of
the Markov chain, we expect that the improvements exhibited in this work should be im-
pervious to the lattice dimension in comparison to continuous Metropolis-Hastings Monte
Carlo approaches.

As mentioned above, for this complexity analysis we have assumed that the number
of MC steps and the number of beads is constant. While we expect that the higher
dimensional lattice with longer range interactions will require larger numbers of beads and
MC steps, away from criticality, this should yield another polynomial slowdown factor in
the complexity scaling compared to the 1d nearest neighbors case. Again, this slowdown
would also impact the continuous Metropolis-Hastings approach and so we expect that
the DVR-Gibbs technique will retain its e�ciency improvements in this context as well in
comparison.

2.4 Concluding Remarks

We developed a path integral Monte Carlo simulation approach based on the discretization
of continuous degrees of freedom and Gibbs sampling. The method is general and tested
on a many-body problem, namely the dipolar planar rotor chain. The DVR is used as a
discretization scheme and allows the representation of individual kinetic energy contribu-
tions as 1-body o�-diagonal density matrices. The interaction potential is diagonal in the
DVR which leads to a great simpli�cation of its contribution to the path integral action.
One key advantage of the DVR is that the path integral becomes a path sum and each
state on the multidimensional grid has a �nite probability. One can therefore sample the
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con�guration space of the path integral by constructing conditional probability tables and
systematically sample all degrees of freedom without rejection using Gibbs sampling. The
approach was initially tested for small chains with N ≤ 3 where ED and NMM calcula-
tions are feasible. These calculations also allow one to determine the critical τ value above
which the 1-body kinetic density matrix remains positive de�nite. We suggest performing
such a test before embarking in many-body simulations with large N values. One can
then extrapolate to τ → 0 by performing a series of simulations with di�erent τ values
(numbers of beads) for a given β. The method is tested for a large many-body system
consisting of N = 100 interacting rotors. Grounds state energies and correlation functions
are in excellent agreement with benchmark DMRG calculations for a broad range of g
values. This system size is su�ciently large to exhibit a phase transition at a critical value
of gc ∼ 0.5. Both the disordered phase and the ordered phase are accurately captured by
our method. We observe that the use of Gibbs sampling allows for shorter decorrelation
times than usual rejection based M-H sampling. This makes the new sampling scheme very
advantageous for the simulation of complex materials. Indeed, the approach will be used
to study the nature of water molecules trapped in beryl3,45,97,98 and cordierite4 in future
work.
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Figure 2.2: Convergence of the DVR-NMM E0 with τ compared to ED results with max-
imum number of DVR grid points L = 11, β = 10.0 and g = 0.6 for N = 2 (top panel).
Fit of the τ > 0.17 results and extrapolation to τ = 0 (bottom panel).
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Figure 2.3: Same as Fig. 2.2 for N = 3 here.

44



Figure 2.4: Convergence of the DVR-NMM E0 with β compared to ED for N = 2 and
g = 1.0. The NMM results were computed by �tting a sequence of seven DVR-NMM
estimates corresponding to τt = 0.18+0.01t for 0 ≤ t ≤ 7, t ∈ Z using: Eτ = E0+aτ

2+bτ 4.
β = 4.0 appears to be su�cient for convergence. We use β = 10.0 for our analysis
(highlighted in the �gure).
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Figure 2.5: Ground state energy as a function of the coupling strength g computed using
NMM for N = 2 and N = 3. The solid lines indicate the ED results while the points
specify the NMM estimates (evaluated by extrapolating E0 NMM estimates for small τ to
0). In both cases, the τ -extrapolated DVR-NMM results converge to the ED results for all
g ∈ (0.1, 2.0).
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Figure 2.6: Ground state energy for N = 100, P = 49 computed using PIGS with DVR-
Gibbs sampling. DMRG results plotted for comparison.
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Figure 2.7: Correlation for N = 100, P = 49 computed using PIGS with DVR-Gibbs
sampling. DMRG results are plotted for comparison.
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Figure 2.8: Angular distributions of the middlde beads (top panel) and end beads (bottom
panel) for N = 100 with interactions strengths g = 0.1, 0.5, 1.0.
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Figure 2.9: Markov chain autocorrelation for the M-H and Gibbs sampling algorithms
computed using the orientational correlation for g = 0.1 (left panel), g = 0.5 (middle
panel) and g = 1.0 (right panel). All three simulations used N = 100, P = 48 and 50000

simulation steps.
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Chapter 3

Quantum critical behavior in chains of

hindered dipolar planar rotors

This chapter has been reproduced from Wenxue Zhang, Muhammad Shaeer Moeed,
Estevao De Oliveira, Hui Li, and Pierre-Nicholas Roy, �Quantum critical behavior of chains
of hindered dipolar rotor�, arXiv:submit/7974507. (submitted to J. Chem. Phys., MS
JCP26-AR-03750; arXiv:2608.20501).
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We study the ground-state properties of linear chains of dipolar planar rotors hindered by
a six-fold on-site potential, a model motivated by water molecules con�ned in the hexago-
nal cavities of beryl. Using density matrix renormalization group (DMRG) calculations, we
locate the quantum phase transition between the disordered and ferroelectrically ordered
phases using the von Neumann entanglement entropy and the Binder ratio of the polar-
ization. A sweep of the six-fold pinning strength shows that increasing hindrance shifts
the critical dipolar coupling gc to smaller values. These results suggest that crystal-�eld
hindrance can promote, rather than suppress, dipolar ordering. This work has implications
for ferroelectricity and quantum-device tuning in con�ned molecular rotors.

3.1 Introduction

Molecules con�ned in cavities of crystal structures such as beryl and cordierite can host
a number of interesting quantum phases,1�4,6, 45,97,98,123 owing to the guest molecules' ro-
tational degrees of freedom. For instance, previous work has suggested that con�ning
water molecules in beryl suppresses the hydrogen bonding typically observed between wa-
ter molecules. This suppression is caused by the small cavity size of the beryl struc-
ture.7,45,124�127 This can allow the lattice of pinned water molecules to exhibit ferroelectric
order, because of dipolar interactions between di�erent (occupied) sites in the crystal.3,11,128

The orientational ordering phenomena of con�ned molecules are well-described by a
lattice of rotors with dipolar interactions.34,39,46 In particular, for pinned molecules in
fullerenes, rotor lattices have proven to be a quantitatively accurate platform for exam-
ining the phase diagram in 1d chains.9,33,35,38,99 Several computational and theoretical
techniques have been developed in the past to study planar rotor assemblies.34,35,96,99 Rel-
evant examples include the Density Matrix Renormalization Group (DMRG)100,101 as well
as optimized path integral simulation techniques such as Gibbs sampling in a discrete
variable representation (DVR).96,106 DMRG was used to study the critical point of planar
dipolar rotor chains with a Z2 symmetry. It was shown that these exhibit a (1 + 1)d Ising
universality class transition at a critical coupling strength gc ≈ 0.5.99

In crystals such as beryl, the con�ning cavity has a hexagonal structure.123 Moreover,
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these cavities are typically only large enough to accommodate a single water molecule each.
Recent Inelastic Neutron Scattering (INS) experiments suggest that due to the hexagonal
structure of the con�ning cavity,45,124 the crystal structure cannot be entirely neglected.
Additionally, the distance between the con�ned molecules and the cage is relatively small.
The cavity geometry constrains the dipole along the six edges of the hexagonal cage. This
crystal-induced anisotropy can be e�ectively modeled using a six-fold on-site local potential.
This is consistent with the close alignment between the experimental and the six-fold poten-
tial model low-energy spectra.1,3, 4, 123 While DMRG is ideally suited to the e�ectively one-
dimensional chains considered here, we note that extensions to higher-dimensional lattices
will require alternative approaches such as path integral Monte Carlo.32,39�42,46,57,96,103,129

In the present work, we perform large-scale DMRG simulations to examine the e�ect
of this six-fold potential on the phase diagram of a coplanar chain of dipolar rotors (see
Fig. 3.1). We �nd that in the Z2 chain, the strength of the constraining six-fold potential
shifts the critical point in the dipolar coupling strength g. Increasing the strength of the
six-fold potential shifts the onset of ferroelectric order to smaller values of g. This implies
that a larger class of con�ned molecular species than previously considered has the potential
to exhibit spontaneous alignment of dipole moments. To study this quantitatively, we use
the Binder ratio35,130,131 of the polarization, as well as the entanglement entropy.132�134

These two measures exhibit a sharp transition from the disordered to the ordered phase
and are key quantities for the determination of critical points in (1+ 1)d Ising universality
class transitions.35,51,99,135

The remainder of this paper is organized as follows: in Sec. 3.2, we discuss the exact
form of the Hamiltonian and the behavior of the ground state in various limits. In Sec. 3.3,
we quantitatively characterize the e�ect of the six-fold potential on the critical point using
our DMRG calculations. Finally, in Sec. 3.4, we conclude and discuss future research
directions.
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Figure 3.1: Schematic of a coplanar chain of dipolar planar rotors, each subject to a six-fold
hindering potential.

3.2 Theory

3.2.1 System Hamiltonian

We consider a one-dimensional (1d) chain of N planar rotors with nearest-neighbor dipolar
interactions. Each rotor is hindered by a six-fold (hexagonal) on-site potential. This
potential models the anisotropy induced by the background crystal structure. The system
Hamiltonian is

H =
N∑
i=1

(
B

ℏ2
L̂2
z,i −

A′

2

(
cos(6ϕi)− 1

))

+
|µ|2

4πϵ0R3

N−1∑
i=1

V̂i,i+1, (3.1)

where L̂z,i = −iℏ∂ϕi
is the planar rotor angular momentum operator and ϕi is the angle

that parametrizes the orientation of rotor i. The parameter B is the rotational constant
of the rotor, A′ is the barrier height of the six-fold hindering potential, µ is the dipole
moment of a rotor, and R is the inter-rotor distance.
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The nearest-neighbor dipolar interaction, V̂i,i+1, is de�ned as

V̂i,i+1 = [ŷiŷi+1 − 2x̂ix̂i+1] , (3.2)

where the constrained Cartesian position operators (x̂i, ŷi) of each rotor are conveniently
expressed in polar coordinates as (cos(ϕi), sin(ϕi)). With this sign convention, head-to-
tail alignment of the dipoles along the chain axis is energetically favored. This alignment
determines the structure of the ordered phase discussed below. This representation of the
problem is depicted in Fig. 3.1, which shows a chain of rotors, each with its own six-fold
localization potential.

Note that the 1/R3 dipolar interaction is truncated at nearest neighbors. The neglected
next-nearest-neighbor coupling is suppressed by a factor of 23 = 8. We therefore expect
only a small quantitative error. Also note that the six-fold potential of Eq. (3.1) places
two of its six minima along the chain axis (ϕ = 0, π). These are the orientations favored
by the dipolar interaction. This alignment maximizes the cooperation between hindrance
and dipolar order. A relative misalignment between the crystal-�eld minima and the chain
axis would weaken this cooperation and may lead to di�erent order. A quantitative study
of this e�ect will be the subject of future work.

It is convenient to work in reduced units by dividing Eq. (3.1) by B. Since the six-fold
potential is a single-body operator, it can be absorbed into the monomer Hamiltonian

ĥ1Bi = − ∂2

∂ϕ2
i

−A
2

(
cos(6ϕi)− 1

)︸ ︷︷ ︸
V̂6,i

, (3.3)

where A = A′/B denotes the reduced barrier height. De�ning the dimensionless dipolar
coupling strength

g =
|µ|2

B 4πϵ0R3
, (3.4)

the reduced Hamiltonian takes the compact form

Ĥ

B
=

N∑
i=1

ĥ1Bi + g

N−1∑
i=1

V̂i,i+1. (3.5)
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Note that no separate de�nition of the six-fold potential is required, as the hindering term
is contained entirely in ĥ1Bi of Eq. (3.3).

For our DMRG calculations, we use the momentum basis, which diagonalizes the angular
momentum operator as follows

L̂2
z,i =

∞∑
m=−∞

m2|m⟩⟨m|. (3.6)

Previous work has examined ground-state properties of free planar rotor chains with a
dipole interaction.99 There, a symmetric momentum cuto� l = mmax = −mmin = 4 was
shown to yield quantitatively accurate results. For the chain of hindered rotors with the
same dipole interaction, we use a similar approach. However, since the spectrum behaves
di�erently in the presence of the six-fold potential, we anticipate that the value of l needed
for convergence will be di�erent. Based on the monomer convergence analysis of Sec. 3.3,
we adopt l = mmax = 16 in this work.

In this �nite momentum representation, the dipole interaction takes the form

V̂i,i+1 = −
1

4

∑
mi,mi+1

|mi + 1,mi+1 − 1⟩⟨mi,mi+1|

−3

4

∑
mi,mi+1

|mi + 1,mi+1 + 1⟩⟨mi,mi+1|+ h.c., (3.7)

where the sums over mi and mi+1 go from −l to l. In the same basis, the total six-fold
hindering potential, de�ned through V̂6,i of Eq. (3.3), is represented as

N∑
i=1

V̂6,i = −
A

4

N∑
i=1

(
l∑

mi=−l

|mi + 6⟩⟨mi|+ h.c.− 2

)
, (3.8)

while the kinetic term is diagonal with eigenvalues m2
i . Under the momentum cuto�,

matrix elements with |mi + 6| > l are discarded.

3.2.2 Estimators

In this work, we are interested in the ground-state phase diagram of the system de�ned
above. For the dipolar chain of free rotors (A = 0), previous work has shown that there
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is a (1 + 1)d Ising universality class Quantum Phase Transition (QPT) at g ≈ 0.5.35,46,51

This transition separates the disordered (g < 0.5) and ordered (g > 0.5) phases, in the
thermodynamic limit (N → ∞). Note that the dipolar interaction explicitly breaks the
U(1) symmetry of the free rotor system down to Z2. As g increases, this QPT results as a
consequence of the spontaneous breaking of this Z2 symmetry.

To study the phase diagram and the behavior of this transition in the presence of the
six-fold potential, we use the Binder ratio and the entanglement entropy. The former is
typically used in many-body physics for accurately estimating the critical point.35,130,131

It is de�ned as follows:

Ux = 1− ⟨M4
x⟩

3 ⟨M2
x⟩

2 , (3.9)

where Mx =
∑N

i=1 cos(ϕi)/N is the polarization of the rotors along the chain. In the
ordered phase, the Binder ratio approaches Ux = 2/3. It serves as a sharp diagnostic of
the QPT, for which the polarization Mx is the order parameter.

Note that deep in the disordered phase, as N → ∞, we expect the polarization to be
normally distributed since the ground state is well approximated by the limit:

|ψ0⟩ =
N⊗
i=1

|Ei
0⟩. (3.10)

Here, |Ei
0⟩ is the ground state of the ith rotor. This can be seen by taking the limit g → 0.

That limit yields a lattice of non-interacting rotors. In the absence of the six-fold potential,
this is simply the angular momentum eigenstate |m = 0⟩. Since the rotors in this limit
are decoupled, Mx is the average of N independent and identically distributed random
variables. Therefore, Mx tends to a normal distribution in the thermodynamic limit. The
Binder ratio is 0 by de�nition in that case.

Conversely, in the presence of Z2 order, the ground state for a �nite chain in the limit of
g →∞ is:

|ψ0⟩ =
1√
2

(
N⊗
i=1

|ϕi = 0⟩+
N⊗
i=1

|ϕi = π⟩

)
. (3.11)

To see this, note that the orientations associated with each state in the superposition
above correspond to the minima of the dipolar interaction term. That term dominates
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the Hamiltonian in the limit g → ∞. It is then clear that ⟨M4
x⟩ = ⟨M2

x⟩ = 1, which
corresponds to Ux = 2/3. It is instructive to note that while our discussion here refers
to a chain with �nite N , the QPT only exists in the limit of N → ∞. Moreover, the
spontaneous development of order implies that one of the two states in the superposition
in Eq. (3.11) then represents the ground state. This yields a non-zero order parameter
(polarization). However, the conclusions about the Binder ratio remain the same in this
case since it is an even function of the polarization. This is also why it is an e�ective probe
of the QPT and the ordered phase in �nite size systems with large N .

Another useful measure of critical phenomena in this system is the bipartite von Neumann
entanglement entropy de�ned as:

SvN = −TrA(ρA ln(ρA)), ρA = TrB(ρ). (3.12)

Here, ρA is the reduced density matrix corresponding to subsystem A, and TrA, TrB repre-
sent the partial trace over subsystems A and B, respectively. At T = 0, the density matrix
of the entire system is simply determined by the ground state |ψ0⟩ as: ρ = |ψ0⟩⟨ψ0|. For
our analysis, we will set subsystems A and B to be the �rst and second sets of consecutive
N/2 sites in the N rotor chain, respectively. In the disordered phase, since the ground
state (see Eq. (3.10)) is separable, the entanglement entropy is 0. In the ordered phase,
for �nite N , note that:

ρA =
1

2

N/2⊗
i=1

|0i⟩⟨0i|+
N/2⊗
i=1

|πi⟩⟨πi|

 , (3.13)

expressed in the position basis, which implies a von Neumann entropy of SvN = ln(2). Away
from the critical point the chain is gapped and the bipartite entanglement entropy obeys an
area law, saturating with subsystem size. At the critical point, however, the gap closes. The
entanglement entropy then grows logarithmically with subsystem size, SvN ∼ (c/6) lnN .
The central charge is c = 1/2 for the (1 + 1)d Ising universality class.99,132,134 This
logarithmic peak makes the entanglement entropy a powerful probe of the phase diagram
of the rotor chain. This is relevant both in the presence and in the absence of the six-fold
potential.
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3.3 Results and Discussion

3.3.1 Monomer

We �rst solve the monomer problem to establish the basis size required to converge the �rst
few eigenstates and determine where they lie with respect to the reduced barrier height A.
Neutron di�raction di�erence-Fourier maps of the proton density in beryl reveal a six-fold-
modulated, delocalized distribution.45 This observation motivates a quantitative analysis
of the monomer levels in a six-fold potential.

We compute the eigenvalues of the monomer Hamiltonian of Eq. (3.3) for barrier heights
up to A = 80, the largest value considered in the present work. We report the error in the
tunneling splitting, ∆ = E1 − E0, for mmax = 16 in Table 3.1.

Table 3.1: Convergence of the single-rotor tunneling splitting ∆ = E1 − E0 with respect
to the size of the angular-momentum basis. Values obtained at mmax = 16 are compared
with converged results (mmax = 90).

A ∆ (converged) ∆ (mmax = 16) |δ∆| Error (%)

20 0.8498913 0.8498941 2.86× 10−6 0.00034
40 0.5728426 0.5729498 1.07× 10−4 0.019
60 0.3525340 0.3531961 6.62× 10−4 0.188
80 0.2134483 0.2155106 2.06× 10−3 0.966

The distribution of energy levels (and their degeneracies) in the six-fold potential is
illustrated in Fig. 3.2 for A = 20. With this value, six states have an energy below the
barrier. As depicted in Fig. 3.3, nbb reaches 6 when A ≈ 18 and stays on this �rst plateau
until A ≈ 38. Upon further increase to A ≈ 70, nbb climbs to 12, forming a second plateau.
Each plateau corresponds to a �lled manifold of six (nearly degenerate) well-localized states,
one per minimum of the six-fold potential. When the six-fold potential is relatively small,
as shown in Fig. 3.3, only the ground state lies below the barrier of the cosine potential. To
enable the dipole rotor to tunnel from the current orientation to another local minimum, it
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Figure 3.2: Energy levels of a single rotor in a six-fold potential with the barrier height
A = 20; Ωi denotes the degeneracy of each level. Based on the convergence tests,mmax = 16

is used.
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Figure 3.3: Number of states below the barrier (nbb) as a function of the six-fold (reduced)
barrier height A.
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is su�cient to excite the dipole to the �rst excited state. Increasing A brings more excited
states below the barrier. Model calculations accompanying the INS experiments predict
tunneling transitions at 2.7, 10.1 and 16.7 meV, the �rst two doubly degenerate.45 Thus,
reorientation between wells proceeds either by tunneling within the below-barrier manifold
or by kinetic excitation above the barrier. The number of below-barrier states controls
which channel dominates.

3.3.2 Longer chains: N = 50

In order to optimize the MPS representation of the ground states, we employ a two-site
DMRG algorithm as implemented in ITensor.121 An SVD threshold of 10−8 and a rela-
tive energy cut-o� of 10−8 are used. Local Hilbert spaces are described by a plane wave
eigenbasis with mmax = 16. This basis size was established by converging the monomer
eigenstates in the preceding subsection. The maximum bond dimension retained during
the sweeps was 200, and 100 sweeps were su�cient to converge the ground-state energy
to the stated tolerance. We also veri�ed for representative points at the largest A and g
that increasing the momentum cuto� beyond mmax = 16 leaves the reported observables
unchanged. Deep in the ordered phase the ground state becomes nearly two-fold degen-
erate. The sweeps reported here converge to the symmetric superposition of Eq. (3.11).
This is consistent with the observed plateaus Ux → 2/3 and SvN → ln 2. The moments
⟨M2

x⟩ and ⟨M4
x⟩ were evaluated directly from the converged MPS as expectation values of

the corresponding operator sums.

Fig. 3.4 shows the von Neumann entropy SvN as a function of the dipolar coupling g for
several reduced barrier heights A at N = 50. As A increases, the transition shifts to smaller
g compared with free rotors (A = 0), for which gc ≈ 0.5.51,99 In particular, for larger A the
entropy reaches its plateau at smaller g. This demonstrates the tuning capability o�ered
by hindered dipolar rotors.

The Binder ratio Ux (Fig. 3.5) is computed for the same barrier heights (A = 0, 20, 40, 60, 80)
and the same DMRG parameters. It displays the analogous trend. The plateau at Ux = 2/3

is reached at smaller g as A increases. The critical couplings gc(A), extracted from the
maximum gradient of the Binder ratio, are collected in the phase diagram of Fig. 3.6.
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Figure 3.4: Von Neumann entropy SvN as a function of g for A = 0, 20, 40, 60, 80, and
N = 50.
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Figure 3.6: Critical coupling gc as a function of the reduced barrier height A. Symbols: gc
from the maximum gradient of the Binder ratio at N = 50 (Fig. 3.5). Solid line: the scaling
form gc = a∆(A) of Eq. (3.14) with a = 0.49, where ∆(A) = E1 − E0 is the tunneling
splitting of the monomer Hamiltonian of Eq. (3.3). The A = 0 point is not included in the
�t; the form nevertheless recovers the free-rotor value gc ≈ 1/2 there, since ∆(0) = 1. The
shaded band marks the beryl barrier range A ≈ 16�18 from inelastic neutron scattering,45

where the �t gives gc ≈ 0.44.
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The dependence of the critical coupling on the barrier height is captured by a simple
scaling relation. For each barrier height, gc is extracted from the maximum gradient of the
Binder ratio Ux(g) at N = 50 (Fig. 3.5). Independently, the monomer tunneling splitting
∆(A) = E1 − E0 is obtained by exact diagonalization of the monomer Hamiltonian of
Eq. (3.3). A converged momentum cuto� is used (mmax = 90, cf. Table 3.1). The ratio
gc/∆ is found to be constant over the entire range of barriers studied, so that

gc(A) ≃ a∆(A), a = 0.49, (3.14)

where a is the mean of gc/∆ over A = 20�80. This form interpolates the computed points
and �xes both asymptotes. In the free-rotor limit∆(0) = 1 one recovers gc = 1/2. For large
barriers∆ decays exponentially and the ordered phase extends to arbitrarily weak coupling.
The relation is analogous to the transverse-�eld-Ising case. The dipole operator couples
the monomer ground state to the �rst excited level (the dipole-active member of the lowest
sextet). At low energies, each hindered rotor therefore acts as a two-level system with
gap ∆(A). Criticality occurs when the dipolar coupling balances this quantum-�uctuation
scale at gc ≃ ∆(A)/2. The solid line in Fig. 3.7 is Eq. (3.14) evaluated on a dense grid of
barrier heights. At the beryl-relevant barrier, it yields gc ≈ 0.43, well below the estimated
physical coupling g ≈ 0.90.

Table 3.2: Reported values of the in-plane orientational barrier for type-I water in beryl.
The di�erent methods extract di�erent quantities (see text). For orientation, 1 meV ≈
8.07 cm−1 ≈ 11.6 K.

Method Quantity extracted Value (meV)

INS (tunneling)45 barrier between minima (static) ≈ 176

INS (tunneling)45 barrier between minima (vibration-lowered) 48�56
Two-level model123 six-fold barrier Vb (bounds adopted from Ref. 45) 56�176
THz spectroscopy3 six-well depth (�t) 1.41± 0.05

DFT3 six-well depth (DFT) ≈ 0.83

Dielectric relaxation124 reorientation activation energy 170± 1.5
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Figure 3.7: Critical coupling gc as a function of the inverse reduced barrier height 1/A.
Symbols: gc extracted from the maximum gradient of the Binder ratio at N = 50 (Fig. 3.5).
Solid line: the single-parameter form gc = a∆(A) with a = 0.49, where ∆(A) = E1 − E0

is the tunneling splitting of the monomer Hamiltonian of Eq. (3.3). The line extrapolates
the phase boundary at both ends: for A → ∞ (1/A → 0) the splitting, and with it gc,
vanishes exponentially, while for A → 0 (1/A → ∞) it approaches the free-rotor limit
gc = 1/2 (dashed line), since ∆(0) = 1 exactly. The shaded band marks the barrier range
A ≈ 16�18 inferred for water in beryl from inelastic neutron scattering,45 for which the
scaling form gives gc ≈ 0.43.
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3.3.3 Connection to beryl parameters

Earlier studies on the vibrational energy levels of con�ned water molecules in beryl demon-
strated that these water molecules form virtually negligible hydrogen bonds with the cage
wall.126 Subsequently, Raman spectroscopic analysis indicated that type-I water molecules
exhibit a certain degree of motion at a frequency that can be approximated by the �particle-
in-a-box� model. The corresponding frequencies suggest that the water molecules undergo
anisotropic rotation about at least two of the three possible rotational axes within the
cavity.127 Inelastic neutron scattering (INS) spectra were analyzed to extract the energies
and intensities of the excitations. In contrast to water in C60,136,137 the absence of transi-
tions between the para and the ortho states implies the water was trapped in a way that
the dipole is perpendicular to the c-axis.45 Such planar con�nement and the multi-well
potential energy landscape are further supported by recent investigations on structurally
related cordierite lattices. These studies revealed rich single-particle tunneling and collec-
tive dipolar excitations within the basal plane.4 The beryl nano-cage thus provides planar
con�nement with intrinsic six-fold symmetry. A chain of planar rotors with a six-fold (Z6)
on-site potential is therefore a promising framework to describe the tunneling dynamics of
the con�ned water molecules.

Beryl can accommodate coplanar chains with a distance of R = 9.2 Å between the
planar rotors.3,45,123,124 The distance of 9.2 Å corresponds to nearest cages in adjacent

channels, lying in a common plane perpendicular to the crystal c-axis. It is this in-plane
arrangement that realizes the coplanar chain of Fig. 3.1.3 Cages within a single channel are
closer (4.6 Å). For that stacking direction, however, the water dipoles are perpendicular
to the inter-rotor separation. In that case, antiparallel alignment is favored and is not
described by the coplanar chain model considered here. The chain studied in this work
is therefore an idealized subsystem of the full three-dimensional dipolar lattice of beryl.
Using a value of µ = 1.85 D for the dipole moment of water along with a rotational constant
of B = 3.04 meV,45 we obtain the following value for the interaction strength,

g =
|µ|2

B 4πϵ0R3
= 0.90. (3.15)

The value of the six-fold barrier itself is less settled, as the available estimates span
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two orders of magnitude. Table 3.2 collects the values reported in the literature. The
spread largely re�ects the fact that the di�erent techniques extract di�erent quantities,
all loosely referred to as the barrier. The INS tunneling analysis yields a static barrier
between minima of the orientational potential of ≈ 176 meV. That quantity is lowered
to 48�56 meV (≈ 390�450 cm−1, ≈ 560�650 K) when the coupling to cage vibrations is
taken into account.45 The lower and upper bounds of 56 and 176 meV used in a subsequent
theoretical study123 are not an independent measurement. They are obtained directly from
that INS analysis where the upper bound is the static barrier and the lower bound is the
vibration-lowered value. In that study the potential is written in a coupled two-level form
rather than as a plain cos(6ϕ) term. Conversely, the much smaller THz-derived value of
1.41±0.05meV (with≈ 0.83meV from DFT)3 is the depth parameter of the six-well surface
probed by the dipole-active transitions. This is a di�erent quantity from the barrier through
which the proton density tunnels. Broadband dielectric relaxation measurements124 yield
an Arrhenius activation energy for dipole reorientation of 16.4±0.14 kJ/mol (≈ 170 meV).
Again, this is a kinetic rather than a static quantity. Its value is quite close to the static
INS barrier.45 Reconciling these observables within a single six-fold potential remains an
open question.

Here, we adopt the INS-based barrier range of 48�56 meV.45,123 The corresponding (re-
duced) dimensionless barrier is A = A′/B ≃ 48/3.04 to 56/3.04 ≈ 16�18. We can extract
the critical coupling from the phase diagram shown in Fig. 3.6 at this barrier value. We
obtain gc ≃ 0.4. Since the physical coupling g ≈ 0.90 exceeds gc, this estimated value
places coplanar chains of water in beryl in the ordered (ferroelectric) phase. We note that
this conclusion is robust against the uncertainty in the barrier height. Even in the nearly-
free-rotor limit suggested by the THz analysis (A ≈ 1.41/3.04 ≈ 0.5), the critical coupling
is gc ≈ 0.5. The estimated g ≈ 0.90 still exceeds that number. Barriers larger than the
INS value only shift gc to smaller values. For instance, A ≈ 176/3.04 ≈ 58 for the upper
bound of Ref. 123, a value well within the range of Fig. 3.6. Coplanar water chains in beryl
are therefore predicted to lie in the ordered phase for the entire reported range of barrier
heights.
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3.4 Concluding Remarks

We have studied the energetic, structural, and entanglement properties of a chain of hin-
dered planar rotors with a six-fold potential of reduced barrier height A. The monomer
energy levels were �rst computed for A = 20. The number of states below the barrier (nbb)
exhibits a regular staircase structure as a function of the reduced barrier height A. The
rotor chain composed of these planar rotors undergoes a quantum phase transition from
the disordered to the ordered phase as the dipolar coupling increases. The transition was
characterized using the von Neumann entropy and the Binder cumulant. It re�ects the
competition between the dipolar interaction and the single-rotor kinetic energy. A clear
trend emerges: as A increases, the von Neumann entropy of Fig. 3.4 reaches its plateau near
ln 2 at weaker interaction strength g. The Binder cumulant Ux, shown in Fig. 3.5, exhibits
a similar trend. Indeed, Ux approaches its plateau of 2/3 at smaller g as A increases. Pre-
vious works using a number of these techniques suggest that the ground state of a dipolar
planar rotor chain admits an ordered phase as well as a disordered phase.99 Both phases
can be accessed by tuning the dipolar coupling strength. Increasing the reduced barrier
height from A = 0 to A = 80 lowers the critical coupling from gc ≈ 0.5 to substantially
smaller values. A central result of this work is the collapse of the hindered-chain phase
boundary onto the monomer tunneling splitting, gc ≃ ∆(A)/2. This relation is simple and
physically transparent, and it should prove useful beyond the beryl application considered
here. Our parameter estimates place a coplanar chain of water molecules in beryl in the
ordered (ferroelectric) phase. Whether the idealized coplanar chains can be found in beryl
samples remains an open question.

Experimentally, however, beryl shows only incipient ferroelectricity, with no long-range
order down to sub-kelvin temperatures.3,98 The absence of order may re�ect partial cage
occupancy or frustrating inter-chain couplings. The current results reveal a crossover
behavior at �nite N . Future work will include the required �nite-size-scaling studies in
order to obtain critical exponents. We also plan to perform �nite-temperature path integral
simulations for higher-dimensional lattices.46,96,129
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Chapter 4

Orientational ordering of stacked chains

of dipolar rotors in a hexagonal crystal

�eld

We study the ground state of a chain of dipolar planar rotors stacked along the channel
axis of a beryl-like host. Each rotor is hindered by a six-fold on-site potential. Because the

71



dipoles lie perpendicular to the line joining neighboring cages, the dipolar coupling reduces
to a function of the di�erence of the two orientations alone. The total angular momentum
is therefore conserved. The continuous U(1) symmetry of the chain is therefore broken
not by the interaction, as in the coplanar geometry, but by the crystal �eld alone. What
remains is the cyclic group Z6. The ordered phase is correspondingly six-fold degenerate
and antiferroelectric. The entanglement entropy saturates at ln 6 and the Binder ratio
of the staggered polarization at 1/2. We �rst solve the two-rotor problem exactly. To
study a ten-rotor chains, we use the density matrix renormalization group. We �nd that
orientational order is strongly cooperative. Indeed, the longer chain reaches the ordered
regime with a coupling that is around seven times smaller than in the case of 2 rotors.

4.1 Introduction

Molecules trapped in the nanometre-scale cavities of minerals such as beryl and cordierite
realize interacting quantum rotors in an unusually clean setting.1�4,6, 45,97,98,123 The chan-
nels of beryl accommodate one water molecule per cage. The cages are far enough apart
that the hydrogen bonding which dominates bulk water is largely suppressed.7,45,124�127

What remains between neighboring guests is essentially the electrostatic dipole�dipole
interaction. An array of pinned molecules can therefore develop electric order of its
own.3,11,128 Terahertz and dielectric measurements have reported precisely this predicted
incipient ferroelectric behavior.3,43,98

Lattices of dipolar rotors reproduce this physics quantitatively. In one dimension, it
possible to accurately predict the properties of systems of this kind.9,33�35,38,39,46,99,138

The density matrix renormalization group (DMRG)35,38,100,101 and path-integral tech-
niques57,96,106 have both been applied to these chains. For the unhindered chain, the
dipolar coupling reduces the continuous U(1) symmetry of an isolated planar rotor to
Z2. The ground state undergoes a transition belonging to the (1 + 1)d Ising universality
class.35,51,99

The beryl cage is not isotropic. It is hexagonal, and small enough that its walls con�ne
the molecular dipole towards the six edges. This anisotropy is captured by a six-fold on-
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site potential. The low-energy spectrum of a rotor place in this potential matches inelastic
neutron scattering data.1,3, 4, 45,123,124 In a companion study139 we added such a term to
a coplanar chain. In that geometry, the rotors are arranged along a line lying in their
own plane of rotation. It was found that raising the barrier moves the critical coupling to
smaller values. The rotor hindrance promotes orientational order rather than suppressing
it.

Beryl is a three-dimensional crystal. A coplanar chain is only one of the one-dimensional
cuts that can be taken through it. Our aim is to understand water in beryl one dimension
at a time. The present work takes the orthogonal cut where rotors stacked along the
channel axis. Each dipole i rotates in a plane perpendicular to the line joining it to its
neighbors (i ± 1). The change of geometry modi�es the interaction qualitatively. In the
coplanar arrangement, the separation vector lies in the plane of the dipoles. The dipolar
tensor gives ŷiŷi+1−2x̂ix̂i+1. In the stacked arrangement, sketched in Fig. 4.1, every dipole
is orthogonal to the separation vector. The terms involving µ · R̂ vanish identically, and
the coupling simpli�es to the dot product µi ·µi+1. More precisely, the interaction becomes

V̂i,i+1 ∝ x̂ix̂i+1 + ŷiŷi+1 = cos(ϕi − ϕi+1). (4.1)

The resulting symmetry is di�erent. This is the central point of the present work. The
coplanar interaction depends on the two angles separately and by itself breaks U(1) down
to Z2. The transition studied previously is the spontaneous breaking of that Z2.139 The
stacked interaction of Eq. (4.1) depends only on the di�erence of the two angles. It is
therefore invariant under a rigid rotation of the entire stack. The interaction therefore
conserves the total angular momentum exactly. It does not break U(1) at all. In this
geometry the symmetry breaking originates entirely in the crystal �eld. Because that
�eld is six-fold, the remaining symmetry is not Z2 but rather the cyclic group Z6. The
conserved quantum number is the total angular momentum modulo six. We are therefore
in the presence of a broken U(1) rather than a broken Z2. A clock symmetry is obtained
instead of an Ising one.140,141

The ordered state is now of di�erent nature compared to the coplanar arrangement. The
positive coupling of Eq. (4.1) is minimized when neighboring dipoles are antiparallel. The
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Figure 4.1: Schematic of the stacked chain, each panel showing one rotor of the stack
viewed along the channel axis. The dipole of rotor i is the in-plane unit vector (x̂i, ŷi) =
(cosϕi, sinϕi), drawn as an arrow. Left: the free chain, in which the rotor may point in
any direction and the dipolar coupling alone acts, leaving the continuous U(1) symmetry
unbroken. Right: the same chain with the six-fold crystal �eld superimposed, whose six
minima con�ne the dipole towards the edges of the hexagonal cage and reduce U(1) to Z6.
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order along a stack is antiferroelectric rather than the head-to-tail ferroelectric arrange-
ment of the coplanar chain. The ordered state is six-fold rather than two-fold degenerate.
The saturation values of the usual diagnostics shift correspondingly. The bipartite entan-
glement entropy132�134 goes to ln 6 instead of ln 2. The Binder ratio35,130,131 of the staggered
polarization approaches 1/2 instead of the 2/3 value of the coplanar arrangement.

That Z6 is abelian is useful in practice, because the corresponding quantum number
can be conserved explicitly in a DMRG simulation. Deep in the ordered phase, the six
states of the degenerate manifold are separated by splittings far below the resolution of the
calculation. An unconstrained optimization becomes unreliable and can favor symmetry-
broken solutions. The true �nite-size ground state is totally symmetric and the use of
quantum number conservation is a key aspect of the present work.

The remainder of this paper is organized as follows: Section 4.2 introduces the Hamil-
tonian of the stacked chain in reduced units and the residual Z6 symmetry is shown.
Section 4.3 contains the ground-state results, based on exact diagonalization for a the
N = 2 case. Chains of N = 10 rotors are studied using DMRG. Concluding remarks are
presented in Sec. 4.4.

4.2 The model and its symmetry

4.2.1 System Hamiltonian

We treat a one-dimensional chain of N planar rotors coupled to their nearest neighbors.
Each rotor is hindered by a six-fold on-site potential representing the anisotropy of the
surrounding crystal. We write L̂i = −i ∂ϕi

for the angular momentum of rotor i in units
of ℏ. The angle ϕi represents the orientation of the rotor. The eigenstate of L̂i are,

L̂i |mi⟩ = mi |mi⟩ . (4.2)

The ladder operators that step between these states are,

Ê±
i |mi⟩ = |mi ± 1⟩ . (4.3)
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The Hamiltonian is then de�ned as

H =
N∑
i=1

(
B L̂2

i −
A′

2

(
cos(6ϕi)− 1

))

+
|µ|2

4πϵ0R3

N−1∑
i=1

V̂i,i+1, (4.4)

in which B is the rotational constant, A′ the height of the six-fold barrier, µ the dipole
moment of a single rotor and R the separation between neighbors. The above is the same
Hamiltonian as the one introduced for the coplanar case.139

The two-body dipolar term now has the following form

V̂i,i+1 = x̂ix̂i+1 + ŷiŷi+1 = cos(ϕi − ϕi+1), (4.5)

where the constrained Cartesian operators of a rotor are (x̂i, ŷi) = (cosϕi, sinϕi). Because
the dipole interaction is of the dot product form, it is invariant under a rigid rotation of the
whole chain. The total angular momentum is therefore conserved by this two-body term.
This is the U(1)-symmetric interaction. The related coplanar chain has an unmodi�ed
dipole�dipole coupling of the form ŷiŷi+1 − 2x̂ix̂i+1.139 It therefore has a lower symmetry.

Dividing Eq. (4.4) by B puts the problem in reduced units. Since the hindering potential
acts on one rotor at a time it is absorbed into a monomer Hamiltonian,

ĥ1Bi = − ∂2

∂ϕ2
i

−A
2

(
cos(6ϕi)− 1

)︸ ︷︷ ︸
V̂6,i

, (4.6)

with A = A′/B the reduced barrier height and −∂2/∂ϕ2
i = L̂2

i by Eq. (4.2). Introducing
the dimensionless coupling

g =
|µ|2

B 4πϵ0R3
, (4.7)

the Hamiltonian becomes
Ĥ

B
=

N∑
i=1

ĥ1Bi + g

N−1∑
i=1

V̂i,i+1. (4.8)

No separate statement of the six-fold potential is needed, as it is carried entirely by ĥ1Bi .
Note that the constant in Eq. (4.6) �xes the zero of energy at the bottom of a well, and A
is the full height of the barrier separating neighboring minima.
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4.2.2 Momentum representation

The calculations are carried out in the momentum basis, in which the kinetic operator is
diagonal,

L̂2
i =

∞∑
m=−∞

m2 |m⟩ ⟨m| , (4.9)

truncated symmetrically at |m| ≤ l ≡ mmax. The ground state is obtained by the density-
matrix renormalization group101 in its matrix-product-state formulation.100 For the chain
of free rotors a cuto� of l = 4 is known to su�ce; the six-fold potential changes the
spectrum substantially, and the monomer convergence analysis reported separately leads
us to adopt l = 16.

Both terms of Eq. (4.8) are conveniently written with the ladder operators of Eq. (4.3).
Since x̂i = (Ê+

i + Ê−
i )/2 and ŷi = (Ê+

i − Ê−
i )/2i, the interaction reduces to a single pair

of terms,

V̂i,i+1 =
1

2

(
Ê+

i Ê
−
i+1 + Ê−

i Ê
+
i+1

)
, (4.10)

one rotor gaining the unit of momentum that its neighbor loses. The products Ê+
i Ê

+
i+1 and

Ê−
i Ê

−
i+1, which would move the total momentum by two units, cancel identically between

x̂ix̂i+1 and ŷiŷi+1.

The hindering potential is diagonal in ϕ and becomes a sixth power of the same operators.
Using cos 6ϕi = ((Ê+

i )
6 + (Ê−

i )
6)/2,

V̂6,i = −
A

4

(
(Ê+

i )
6 + (Ê−

i )
6 − 2

)
, (4.11)

so that the crystal �eld shifts the momentum of a single rotor by six units while the
interaction exchanges one unit between neighbors. Matrix elements that would leave the
retained range, |mi ± 6| > l or |mi ± 1| > l, are discarded, which is the only e�ect of the
truncation on these expressions.

4.2.3 Residual symmetry

Equation (4.10) makes the symmetry of the chain explicit. The interaction moves one unit
of momentum from a rotor to its neighbor and so leaves the total M =

∑
imi unchanged.
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In the case of crystal �eld potential, Eq. (4.11) changes M by ±6. The continuous U(1)
symmetry of the coupling is therefore reduced by the crystal �eld to the cyclic group Z6.
The conserved quantum number is

Q =
(∑

i

mi

)
mod 6. (4.12)

Equivalently, cos 6ϕ is invariant under a global rotation ϕi → ϕi + α only for α = 2πn/6.

Deep in the ordered phase the antiferromagnetic ground state is six-fold degenerate. The
six states are related by the Z6 rotations. The symmetry-adapted combinations are their
discrete Fourier transforms, labelled by Q = 0, . . . , 5. The ground state is the totally
symmetric combination and is the Q = 0 sector.

4.3 Results

We report ground-state properties of the stacked chain at reduced barrier heights A = 20,
40 and 60. Results are obtained with the momentum cuto� l = 16 established by the
monomer convergence analysis. Two chain lengths are considered. The two-rotor problem
is small enough to be solved exactly and is treated in Sec. 4.3.1. This N = 2 system serves
both as a physical limit and as a reference against which the variational calculations can
be assessed. Longer chains, for which exact diagonalization is intractable, are treated by
DMRG in Sec. 4.3.2.

4.3.1 Two rotors: exact diagonalization

ForN = 2 the Hilbert space is spanned by the product states |m1⟩⊗|m2⟩ with |mi| ≤ l. The
total dimension is (2l + 1)2 = 1089 for l = 16. A problem of this size can be diagonalized
explicitely. The Hamiltonian matrix is constructed in the product basis from Eqs. (4.10)
and (4.11),

Ĥ

B
= ĥ1B1 + ĥ1B2 +

g

2

(
Ê+

1 Ê
−
2 + Ê−

1 Ê
+
2

)
, (4.13)
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and is extremely sparse. The kinetic term is diagonal, the crystal �eld connects only m
to m ± 6, and the interaction only (m1,m2) to (m1 ± 1,m2 ∓ 1). We therefore obtain
the ground state by a Lanczos iteration rather than by full diagonalization. We seed each
coupling with the converged eigenvector of the preceding one. The two routes agree to
machine precision but the iterative one reduces the cost of a complete scan from tens of
minutes to under a minute.

From the ground-state vector ψm1m2 every quantity of interest can be obtained in closed
form. The ground state eigenvector ψ can be viewed as a matrix indexed by m1 and m2.
The singular value decomposition of that matrix is precisely the Schmidt decomposition
across the single bond. The Schmidt values λn are the squared singular values and the
entanglement entropy is SvN = −

∑
n λn lnλn. The Binder ratio is obtained from the

staggered polarization M̂x = −x̂1 + x̂2 as Ux = 1− ⟨M̂4
x⟩ /3 ⟨M̂2

x⟩
2
.

As a �rst check, at g → 0 the two rotors decouple and the ground-state energy must
be twice the monomer value. The computed energies at g = 0.01 are 17.30985, 30.07253
and 39.83142 for A = 20, 40 and 60, which are indeed twice the corresponding single-rotor
energies.

Table 4.1: Approach of the two-rotor ground state to the ordered limit. gS and gU are the
couplings at which the entanglement entropy and the Binder ratio �rst come within 1%

of ln 6 and 1/2. The last two columns give their values at the largest coupling computed,
gmax.

A gS gU gmax SvN(gmax) Ux(gmax)

20 65.9 11.1 70.0 1.7821 0.49938

40 49.0 7.4 55.0 1.7799 0.49960

60 28.0 4.5 35.0 1.7804 0.49970

The approach to the ordered limit is shown in Fig. 4.2 and summarized in Table 4.1.
Both diagnostics move towards the values expected of the six-fold symmetric state. The
entanglement entropy tends towards ln 6 and the Binder ratio towards 1/2. Both do so at
smaller coupling as the barrier is raised since the crystal �eld pre-localizes each rotor in
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Figure 4.2: Exact results for two rotors at barrier heights A = 20, 40 and 60: (a) ground-
state energy E0, (b) entanglement entropy SvN across the single bond, and (c) Binder ratio
Ux of the staggered polarization, against the dipolar coupling g. Dashed lines indicate the
ordered-phase values ln 6 and 1/2.
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Figure 4.3: The six largest Schmidt values λn across the bond of the two-rotor chain at
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its wells. This means that less interaction is required to correlate them. This mirrors the
trend found for the coplanar chain,139 where raising the barrier lowers the critical coupling.

We observe that the Binder ratio is within 1% of 1/2 by g ≈ 11, 7 and 5 for the three
barriers. But the entanglement entropy requires couplings �ve to six times larger. The
reason is that the Binder ratio depends only on the distribution of the order parameter.
The latter becomes six-fold as soon as each rotor is localized. The entanglement entropy,
however, also counts how sharply the six con�gurations are distinguished. This continues
to improve well beyond that point where the Binder has settled.

The mechanism behind the entropy is visible in the entanglement spectrum, Fig. 4.3. At
small g, a single Schmidt value carries all the probability and the two rotors are uncorre-
lated. As the coupling grows, �ve further weights rise and all six converge towards 1/6.
This is what produces SvN → ln 6 since the six equally weighted Schmidt states are the six
orientations of the ordered pair.

One point should be noted about the entropy at very large coupling. SvN does not
approach ln 6 from below and remain there. The entanglement entropy crosses ln 6 and
continues to rise, reaching 1.828 at g = 100 for A = 20 against ln 6 = 1.7918.

The excess is not a truncation artifact, as calculations at l = 24 agree to 4 × 10−5.
Its origin is that the interaction locks only the relative angle of the two rotors. Once
locked, each rotor within its well still has correlated �uctuations with the other rotor.
That contribution is additional to the six-fold one. For two rotors sharing a single bond
this excess is not negligible, and ln 6 should be viewed as the value at which the six-fold
structure is complete rather than as a strict upper bound. This is a �nite size e�ect.

4.3.2 Longer chains: DMRG

For chains beyond a few rotors the Hilbert space grows as (2l + 1)N and exact diagonal-
ization is no longer possible. We therefore turn to DMRG. The Z6 symmetry is imposed
directly on the tensors, using the quantum-number conserving block-sparse machinery of
the ITensor library.121,142 Each momentum state |m⟩ is labelled bym mod 6, the simulation
is started in the sector Q = 0, and the optimization is con�ned to that sector throughout.
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This requires the interaction to be written in the ladder form of Eq. (4.10) where one rotor
gains a unit of angular momentum its neighbor loses. With a product of dipole operators,
neither conserves Q on its own. The calculations use a two-site algorithm with an SVD
threshold of 10−7, a relative energy convergence criterion of 10−7, and a maximum bond
dimension of 200. That bond dimension is never reached in our calculations. The largest
bond dimension observed is well below that ceiling and the entanglement saturates at ln 6.
The entropy and Schmidt weights are taken at the central bond.

Figure 4.4 shows the same three quantities as for two rotors, and Table 4.2 contains the
couplings at which each reaches its ordered-phase value. The qualitative behavior is the
same as both diagnostics approach ln 6 and 1/2. They do so at smaller coupling as the
barrier is raised. The entanglement spectrum, Fig. 4.5, again shows six weights merging
on 1/6 with the 1�2�2�1 degeneracy of the Z6 irreducible representations. At the largest
coupling, the six weights are 0.174, 0.170, 0.170, 0.163, 0.163, 0.159 for A = 60. They are
similar for A = 40.

Table 4.2: Couplings at which the entanglement entropy and the Binder ratio of the
ten-rotor chain �rst come within 1% of ln 6 and 1/2, with their values at the largest
coupling computed. The corresponding two-rotor couplings from Table 4.1 are repeated
for comparison.

N = 10 N = 2

A gS gU SvN(gmax) Ux(gmax) gS gU

20 9.3 8.5 1.8015 0.4977 65.9 11.1
40 4.5 4.5 1.7953 0.4987 49.0 7.4
60 2.4 2.5 1.7943 0.4985 28.0 4.5

Compared to the two-rotor problem, the ten-rotor chain reaches the ordered limit at
a coupling roughly seven times smaller, gS falling from 65.9 to 9.3 at A = 20 and from
28.0 to 2.4 at A = 60. Each interior rotor is held by two neighbors rather than one, and
the alignment propagates along the chain. This means that far less coupling is needed
to establish the six-fold ordered manifold. Orientational order in these systems is thus
strongly cooperative. The two-rotor problem substantially overestimates the coupling at
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Figure 4.4: Ground-state energy E0, entanglement entropy SvN at the central bond, and
Binder ratio Ux of the staggered polarization, against the dipolar coupling g for A = 20,
40 and 60 at N = 10. Dashed lines mark ln 6 and 1/2.
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which it sets in because no site has 2 neighbors.

For two rotors the entanglement entropy lagged far behind the Binder ratio, requiring
�ve to six times the coupling. For ten rotors, the two nearly coincide, with gS and gU

agreeing to within the grid spacing at A = 40 and 60. With a single bond, the entropy
must resolve the six con�gurations sharply before it saturates, whereas at the central bond
of a longer chain the six-fold structure of the ordered manifold is already re�ected in the
reduced density matrix as soon as the chain orders. The entanglement entropy is therefore
a much more direct probe of the ordering transition in the longer chain than the two-rotor
results alone would suggest.

The exact two-rotor results of Sec. 4.3.1 also provide a check on the DMRG itself. Com-
paring the two for N = 2 over the couplings computed, the energies agree to 10−6 away
from the �rst point of the scan, which is seeded by the non-interacting warm-up rather
than by its neighbor and is the least converged point of any run. The entanglement en-
tropy agrees less closely, di�ering by up to 3 × 10−3 near the crossover. This ordering is
expected as the energy is variational and therefore second order in the error of the state.
The entropy on the other hand is �rst order. This makes it the more sensitive diagnostic
of convergence of a DMRG calculation.

4.3.3 Connection to beryl parameters

The geometry of the stacked chain yields a di�erent rotor-rotor distance compared to the
coplanar case. The nano-channels of beryl is aligned along the crystallographic c axis and
are arranged hexagonally with a separation of 9.2 Å between neighboring channels.45,123,124

Within a single channel the cages that host the water molecules are stacked at intervals of
4.6 Å. This corresponds to half the lattice constant c, as shown in Fig. 1a of Gorshunov
and coworkers.3 The two geometries therefore sample di�erent distances. The di�erence
is a simple factor of 2,

Rstacked = 1
2
Rcoplanar, 4.6 Å = 1

2

(
9.2 Å

)
. (4.14)

Using the dipole moment of water µ = 1.85D and the rotational constantB = 3.04meV,45
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the dimensionless coupling of Eq. (4.7) becomes

g =
|µ|2

B 4πϵ0R3
= 7.2 (4.15)

for the stacked chain. That number was g = 0.90 for the coplanar chain with the same µ
and B.139 Since g scales as R−3 and Eq. (4.14) halves R exactly, the stacked coupling is
larger by exactly a factor of 23 = 8. The same crystal, the same molecule and the same
rotational constant therefore yield couplings an order of magnitude apart depending on
the choice of chain axis. Water in beryl is far more strongly coupled along a channel than
between channels. This is what makes the stacked direction the one that favors order the
most.

Table 4.3: Critical coupling gc of the stacked chain at N = 10, taken from the steepest
gradient of the Binder ratio. Comparison is made with the coupling g = 7.2 estimated for
water in beryl.

A gc g/gc

20 0.81 8.9
40 0.51 14
60 0.31 23

To place this on the phase diagram we extract the critical coupling from the steepest
gradient of the Binder ratio, as was done for the coplanar chain.139 The resulting values,
Table 4.3, are gc = 0.81, 0.51 and 0.31 for A = 20, 40 and 60, and follow the same trend.
A higher barrier moves the transition to weaker coupling.

A barrier that corresponds to actual beryl can be obtained from the inelastic neutron
scattering estimate of 48�56 meV for the six-fold barrier.45 In reduced units, the value
is A = A′/B ≃ 16�18. This lies just below the smallest barrier computed here where
gc = 0.81. The critical coupling at A ≈ 17 is therefore of order unity. The estimated
physical coupling g ≈ 7.2 exceeds it by nearly an order of magnitude. The stacked water
chains in beryl are well inside the ordered phase based on this prediction. This conclusion
is not sensitive to the considerable uncertainty in the barrier height. Indeed, raising A
only lowers gc further, and even in the nearly free-rotor limit suggested by the terahertz
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analysis, the critical coupling remains of order one half. This value is still an order of
magnitude below 7.2.

Two limitations of this estimate should be stated. The couplings in Table 4.3 are ob-
tained at N = 10 and are therefore crossover values rather than critical points of the
thermodynamic limit. The results of Sec. 4.3.2 show that the onset of order moves to
smaller coupling as the chain lengthens. We also treat the stacked chain as isolated while
in the crystal, each channel is surrounded by others at 9.2 Å. The inter-channel coupling is
eight times weaker but not zero. We can view our simulated system as partially water-�lled
beryl crystal.

4.4 Concluding Remarks

We have studied the ground state of a chain of dipolar planar rotors stacked along the
channel axis of a beryl-like host. Each rotor is hindered by a six-fold on-site potential of
reduced barrier height A. Stacking places every dipole perpendicular to the line joining
neighboring cages. The dipolar coupling therefore reduces to a function of the di�erence
of the two orientations alone. The total angular momentum is therefore conserved exactly
by the dipolar interactions. The continuous U(1) symmetry of the chain is broken by the
crystal �eld alone rather than by the interaction. The remaining symmetry is Z6 instead
of the Z2 of the coplanar geometry. The ordered phase has six-fold degeneracy and is
antiferroelectric rather than head-to-tail ferroelectric.

The two-rotor problem was solved exactly by direct diagonalization in the momentum
basis. For N = 10 chains, we used DMRG with the Z6 quantum number conserved
explicitly. Both give the same picture of the approach to the ordered regime. The von
Neumann entropy rises towards ln 6 and the Binder ratio of the staggered polarization
towards 1/2. We observed that the six largest Schmidt values merge on 1/6 in the 1�
2�2�1 pattern. Raising the barrier from A = 20 to A = 60 moves the onset of order
to smaller coupling. The same trend was reported for the coplanar chain139 where the
crystal �eld pre-localizes each rotor in its wells. Less interaction is therefore required to
correlate neighbors. This reinforces the conclusion that hindrance promotes orientational
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order rather than suppressing it.

Comparing the two chain lengths shows the ordering to be strongly cooperative. Ten
rotors reach the ordered regime at roughly seven times smaller coupling than two, the
entropy criterion falling from g ≈ 66 to g ≈ 9 at A = 20 and from g ≈ 28 to g ≈ 2.4 at
A = 60. The relationship between the two diagnostics also changes with length: for two
rotors the entanglement entropy lags the Binder ratio by a factor of �ve to six, whereas
for ten they coincide to within the grid spacing, so the entropy is a much more direct
probe of the ordering in the longer chain. A two-rotor calculation, though exactly solvable,
therefore substantially overestimates the coupling at which order sets in.

Applying the model to beryl itself, the cages along a channel are stacked 4.6 Å apart,
half the 9.2 Å separating neighboring channels, so the coupling along a stack is larger by
a factor of eight: g ≈ 7.2 against 0.90 for the coplanar chain. Taking the critical coupling
from the steepest gradient of the Binder ratio gives gc = 0.81, 0.51 and 0.31 at A = 20,
40 and 60, and the barrier inferred from neutron scattering corresponds to A ≈ 16�18.
The physical coupling therefore exceeds the critical one by roughly an order of magnitude,
placing stacked water chains in beryl well inside the ordered phase, and considerably more
decisively than in the coplanar geometry.

Future work will involve the simulation of longer chains and a �nite-size scaling analysis
to locate the critical coupling and establish the universality class. For a Z6 clock symmetry,
the Ising class found in the coplanar case remains to be con�rmed.135,140,141 There is the
possibility of an intermediate critical phase observed for clock models with more than four
states. Answering this question is a natural extension for this geometry. Taken together
with the coplanar chain, the stacked geometry treated here provides the second of the
one-dimensional cuts through the beryl lattice. Combining the two is a promising route
towards the full three-dimensional problem of water con�ned in beryl.
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Chapter 5

Conclusions

The goal of this thesis is to develop and test methods for chains of con�ned rotors and
learn their limits. We also adapted DMRG for coplanar and stacked rotor chains to observe
the nature of the symmetry breaking. Earlier PIGS work used continuous angles with MH
sampling.39�41 A main contribution of this thesis is the replacement of MH sampling with
rejection-free Gibbs sampling, which is particularly e�ective in the region of the phase
transition. We systematically studied the properties of planar rotor chains and investigated
the critical behavior of water in both the presence and absence of a six-fold potential, using
a newly developed PIMC-DVR method designed for the system. A comprehensive set of
results shows that a higher potential barrier leads to a higher ground state energy and an
earlier phase transition.

Because electronic behavior depends critically on nuclear con�guration, contemporary
ab initio simulations integrate DFT to determine electronic properties. As a robust com-
putational strategy, MD is uniquely equipped to investigate both the spatial trajectories
and statistical mechanics of con�ned molecular systems, including CNT. The scaling and
improvement of MD methodologies have progressed rapidly with high-performance com-
puting (HPC) and parallelized software frameworks. This provides favorable conditions for
our research. When classical mechanics fails to describe microscopic systems adequately, a
quantum-mechanical treatment becomes essential. In systems containing light nuclei, these
deviations often manifest as pronounced nuclear quantum e�ects, such as zero-point mo-
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tion and tunneling. At low temperatures, within the Hilbert-space formulation of quantum
mechanics, the properties of a system are largely governed by its ground state and low-
lying excitations, making an accurate description of the ground-state manifold particularly
important. With the aid of high-throughput computations, one can e�ciently sample en-
ergies over a wide range of atomic con�gurations and thereby construct the corresponding
potential energy surfaces, providing a robust foundation for materials science.

In Chapter 2, we introduced a path integral Monte Carlo simulation framework which was
established by implementing a discrete variable representation. This algorithm improves
sampling e�ciency by generating conditional probability tables, thereby shortening the
Markov chain autocorrelation time. The ground state energy results at imaginary time for
a few rotors (N=2 and N=3) were shown to converge, after extrapolation, against exact ED
and Numerical Matrix Multiplication (NMM) results. The maximum discretized angular
momentum basismmax = 5 (L=11 grid points) is shown to be su�cient for the convergence.
In this case, DVR is seen to have a sign problem due to the positive o�-diagonal entries of
the Hamiltonian in the position basis for small time steps (τ < 0.2). A bigger mmax pushes
this limit down. Then the approach was extended to a longer chain with N=100 rotors.
The PIMC ground state energy at N = 100 was found to be in good agreement with the
DMRG benchmark. However, further study of the correlation function with PIMC was
hindered by critical slowing down near the transition. Gibbs sampling, on the contrary,
shortens the autocorrelation time. The key is that Gibbs sampling can systematically
update all degrees of freedom owing to its rejection-free character, in contrast to the MH
algorithm.

In Chapter 3, we focus on simulating the energy and entropy of a partial beryl system,
where a single cavity is simpli�ed using a planar rotor model under a six-fold potential
(V6). We �rst evaluated the monomer energy levels for a potential barrier of A = 20, which
established the required basis convergence (mmax = 16). The chain was then treated with
DMRG for a system of N = 50 rotors. This is a completely new attempt to solve the six-
fold crystal �eld for a coplanar rotor chain with DMRG. Statistical analysis of the number
of states below the barrier (nbb) reveals a regular staircase structure as a function of the
magnitude of V6. Furthermore, a rotor chain composed of these planar rotors can undergo a
quantum phase transition from a disordered to an ordered phase as g increases. According
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to the scaling law, gc(A) ≈ 0.49∆(A), and the coplanar chain in beryl displays an ordered
phase with g ≈ 0.9, which is far larger than the critical point. By studying longer chains
and conducting �nite-size scaling analysis, it should be possible in the future to pinpoint
the critical coupling more accurately and clarify its universality class. For systems with
Z6 clock symmetry, their universal behavior may not necessarily belong to the Ising class
observed in coplanar systems; furthermore, whether this geometric structure also supports
the intermediate critical phase commonly observed in clock models with more than four
states is another natural and important question. In addition to ground-state properties,
�nite-temperature path integral simulations, quantum bit mappings of rotor chains, and
predictions of observables from inelastic neutron scattering will all help to establish a more
direct correspondence between the results of this study and experimental observations.
Experiments, however, observe only incipient ferroelectricity. We speculate this may be
due to partial occupation of the cages or to inter-chain coupling.

In Chapter 4, we studied the features of the stacked rotor chain in terms of ground state
energy, Schmidt values and the Binder ratio. We obtained exact results at N = 2 and
benchmarked N = 10 with DMRG (the N=10 values are cross-over values, not the true
critical points). As in the coplanar chain, the critical coupling of the stacked chain also
decreases with the barrier height. For the interaction strength in the stacked chain in beryl,
g ≈ 7.2 is eight times the coplanar strength, with single cages 4.6 apart. The 10-rotor chain
orders at about 7 times smaller coupling (gS: 65.9→9.3 at A=20). While the underlying
interaction preserves the continuous U(1) symmetry, the presence of a crystal �eld explicitly
reduces this to the discrete Z6 subgroup; furthermore, at su�ciently large coupling g, the
dipolar interaction breaks the residual Z6 symmetry, ultimately driving the system into
an antiferroelectric ordered state. The Binder ratio Ux, computed from the staggered
polarization as a function of the dipolar coupling g, goes to 1/2 for stacked rotors, not 2/3.
The von Neumann entropy SvN as a function of g goes to ln 6. The relationship between
these two methods of diagnosis also di�ers with length: for N = 2, the entanglement
entropy saturates at a coupling 5-6 times larger than the Binder ratio; while for N = 10,
the two measures overlap within the g-scan grid spacing range; therefore, entropy is a more
straightforward indicator of order in longer chains. Furthermore, whether this geometry
supports the intermediate critical phase seen in clock models with more than four states
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is also a natural question. Combined with the results for coplanar chains, the stacked
geometric structure discussed in this thesis can be viewed as a second one-dimensional
cross-section through the beryl lattice; considering both together represents a natural path
toward a complete three-dimensional study of the �water trapped in beryl� problem. An
identical barrier trend emerges across both con�gurations, while geometry serves as the
primary determinant of the symmetry and order type of the system. The geometric layout
dictates the coupling strength (yielding 0.9 in the coplanar arrangement and 7.2 in the
stacked con�guration). Both one-dimensional cuts point toward a robust ordered phase in
beryl.

5.1 Future Work

In this section, we discuss various future research directions for the further study of planar
rotors. Chapters 2�4 span the research from the rotation of a water monomer to two typical
rotor chains - coplanar and stacked. However, this research still has limitations. The scope
of the study is limited to partial structures of beryl with �nite values of N. In Chapter
2, we studied 2, 3, up to 100 rotors. In Chapter 3 we studied 50 rotors, and in Chapter
4 we studied 2 and 10 rotors. They are su�cient to observe a cross-over behavior, but a
single system size is not enough to study criticality for a phase transition. Furthermore,
the actual study of bulk beryl remains to be solved in future work. For 3-dimensional
simulation (bulk beryl for example), the PIMC algorithm needs further development to
handle the computational cost growth during the simulation.46,129,143,144 The methodology
corresponding to �nite temperature is also an important question for future study.

5.1.1 Finite-size scaling

The transition point itself is characterized by diverging correlation lengths which cause the
many-body physics to become invariant under scale transformations. This allows one to
construct a macroscopic theory (via the so-called renormalization group �ow) to describe
the statistical mechanics of critical systems near the continuous phase transitions. The
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Figure 5.1: Periodically arranged water molecules in beryl of cross-section perpendicular
to the cavity channel.

Figure 5.2: Periodically arranged water molecules in beryl of cross-section horizontal to
the cavity channel.
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resulting e�ective �eld theories abstract away the microscopic details of the systems they
model and classify the large-scale behavior of a wide array of strikingly di�erent Hamilto-
nians into a handful of universality classes. A powerful example is the 3D XY universality
class, which can describe both the continuous super�uid phase transition of helium-4 and
the superconductor-insulator phase transition in the fermion Hubbard model. Towards the
latter objective, various computational techniques have been developed over the past �ve
decades to circumvent the exponential scaling of exact matrix diagonalization with system
size, such as the DMRG, coupled cluster approaches and PIMC methods. Since path in-
tegral techniques su�er from a slowdown in convergence near continuous phase transitions
while scaling polynomially with lattice dimensions, this system provides an excellent testing
ground for optimizing QMC techniques targeting molecular rotations restricted to a plane.
The phase diagram of this system has been investigated in the past both computationally
as well as theoretically using renormalization group analysis due to its rich structure. De-
pending on the order of discretization (d) and the existence of a chiral symmetry breaking
term, the model admits either 2 or 3 distinct phases. For large d, a gapless phase exists
between the two gapped phases: one that preserves the Zd symmetry and another that
breaks it. For small d, the phase diagram contains only the two gapped phases, with a
continuous phase transition separating them. Our future �nite-size-scaling study will de-
termine which scenario applies to our chains. This is interesting because the universality
class of the transition in the quantum clock model depends on d. It is this need to optimize
our simulation techniques for planar rotor lattices that motivated the work contained in
this thesis.

5.1.2 Finite-temperature simulations

The ground state under �nite-temperature simulation can be determined by inspection.
The potential energy is minimized by any linear combination of the states |ψ = (0, · · · , 0)⟩
and |ψ = (π, · · · , π)⟩. Therefore, the ground state is two-fold degenerate and the Z2 sym-
metry preserving state is given by:

|ψ⟩ = 1√
2
(|ψ = (0, · · · , 0)⟩+ |ψ = (π, · · · , π)⟩) (5.1)
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In the absence of perturbations, the exact ground state is speci�ed by the above equation.
The full Hamiltonian is given by:

H =
N∑
i=1

BL̂2
i + g

N−1∑
i=1

V̂i,i+1 − h
N∑
i=1

cos(ϕi) (5.2)

The symmetry is spontaneously broken in the thermodynamic limit (N → ∞) due to
external perturbations, which yields a non-zero net polarization. We can apply a small
external �eld as a mathematical device (|h| ≪ 1) to make it visible.

H ′ =
N−1∑
i=1

(sin(ϕi) sin(ϕi+1)− 2 cos(ϕi) cos(ϕi+1))− h
N∑
i=1

cos(ϕi) (5.3)

The calculation of the expectation value of the polarization in these cases yields the fol-
lowing:

⟨M⟩h>0 =
1

N

N∑
i=1

cos(0) = 1, ⟨M⟩h<0 =
1

N

N∑
i=1

cos(π) = −1 (5.4)

The symmetry broken ground states that result as a consequence of the external pertur-
bation have less symmetry than the Hamiltonian. This yields a non-zero polarization for
large interaction strength g. On the contrary, for the symmetry preserving state in the
two-fold degenerate ground state, the polarization is identically zero. In theoretical mod-
els, this spontaneous symmetry breaking presents as an order of limits phenomenon. One
way to see this is by analyzing the relative probability of the system being in a positive
polarization (⟨M⟩ = 1) in the presence of an external perturbation. To this end, let us �rst
introduce a �nite temperature canonical ensemble to compute the required probabilities
(similar to our construction of the imaginary-time path integral in an earlier Chapter).
In order to compute the relative probability in future work, we �rst consider canonical
ensemble probabilities:

P (M = −1) = 1

Z
e−βH′

=
1

Z
e−βhN

P (M = 1) =
1

Z
e−βH′

=
1

Z
eβhN

The expectation value operator ⟨·⟩ for M has been suppressed in the above equations.
Note that ⟨M⟩ = 1 implies ϕ = (0, · · · , 0) and ⟨M⟩ = −1 implies ϕ = (π, · · · , π). Since
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H ′
0[(0, · · · , 0)] = H ′

0[(π, · · · , π)], the relative probability only depends on the perturbation
term and is given by:

P =
P (M = −1)
P (M = 1)

=
e−βhN

eβhN
= e−2βhN (5.5)

In future analysis, the �rst thing that needs to be considered is taking the thermodynamic
limit (N → ∞), after which the h → 0 limit is adopted; spontaneous symmetry breaking
manifests only in this order of limits. Under this limit, the symmetry preserving ground
state is an unstable �xed point. Consequently, for a system in the thermodynamic limit,
whether increasing g drives the ground state from a disordered (symmetry preserving)
state to an ordered (symmetry breaking) state, as we predicted in earlier chapters, needs
to be con�rmed. It is the crossover between these two regimes that yields the (1+1)d Ising
universality class phase transition for this system. It is instructive to note that the above
non-rigorous analysis, provided to motivate the existence of a continuous phase transition,
can be formalized using DMRG calculations.

5.1.3 Extension toward a three-dimensional beryl model

In these con�ned molecular systems, at low temperatures, the vibrational degrees of free-
dom of each molecule are restricted to their respective ground states. The orientational
statistical mechanics of the many-body lattice is mostly determined by the rotational de-
grees of freedom of pinned molecules. Such e�ective Hamiltonians govern the properties of
crystals such as beryl and cordierite. The recent DMRG studies pertaining to 1d lattices
of planar rotors interacting with a nearest neighbor dipole-dipole coupling have shown
that the system admits a quantum phase transition when the interaction strength between
the rotors is approximately 0.5. PIMC techniques have been used to study rotational
motion because a pair-product approximation for the angular coordinates in the propa-
gation scheme inherently accounts for all two-body correlations exactly. Moreover, these
techniques have successfully been used for chains of planar rotors with a minimal compu-
tational cost. This method can be easily extended to higher dimensional lattices, enabling
the study of the ground state properties of real crystals such as beryl. This system has
been shown to exhibit ferroelectric behavior in experiments. The pure chains studied here
are unlikely in the real crystal, but they are the right starting point. The actual study of
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Figure 5.3: Schematic diagram of hexagonal beryl crystal cavity shows a cross-section along
the channel direction.

beryl belongs in future work. The limitation of DMRG is that it is only feasible for 1D
chains due to the area law. The only methods that can probably be deployed in three-
dimensional (3D) are PIGS and PIMC. Another promising future direction would be to
explore the phase diagram of such systems as a function of temperature as well as the inter-
action strength using Monte Carlo (MC) simulations. Since this would require simulating
a large number of rotors for a range of di�erent parameters, the pair approximation with
Gibbs sampling would be a promising candidate for calculating ground state properties ef-
�ciently. As our next step, DFT calculations will be performed with the CP2K package.145

CP2K is an atomistic simulation package with powerful features for simulating solid-state,
liquid, molecular, periodic, crystalline and biological systems. Preliminary results from
the calculation with CP2K show a doublet-of-triplets structure in the localized monomer
potential.

Figure 5.3 shows a model of the rotation of a water monomer in a single cavity of beryl
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Figure 5.4: The potential well inside a single cavity of beryl is calculated in CP2K with
the PBE functional and the 6-31(G) basis set.

with DFT. The pristine hexagonal crystal cells are cleaved and reconstructed using the
Atomic Simulation Environment (ASE) package.146 For the energy force calculation and
potential well scan, we use the CP2K program with the 6-31(G) basis set and the PBE

exchange-correlation (XC) functional. The relaxation and energy convergence behaviors of
the HexVacancy system can be monitored in real time via continuous output logs.

The energy pro�le landscape shown in Fig. 5.4 features non-equivalent periodic wells
separated by a primary global barrier (maximum barrier height around 16.1 cm−1) and a
secondary local barrier at about 10 cm−1. DFT calculations of water-beryl display a strong
�eld created by the beryllium and aluminum (the electrostatic interactions formed by the
silicon-oxygen framework were neglected). According to the Fourier transform, the Free
Induction Decay (FID) signal intensity (I(α)) of the entire doublet-of-triplets system can
be written as the superposition of the two signals.
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I(α) ∝ − cos(3α)− cos(α) + 2 (5.6)

In channels like those in beryl, α is the rotation angle of the water molecule within the
plane in which it lies. The con�ned molecule is not in a void of space, but rather conforms
to the host lattice constraint and the axial local-�eld anisotropy. As mentioned in previous
chapters, beryl exhibits Z6 (hexagonal) rotational symmetry. When a water molecule faces
the cross-section of a channel, if it were a perfectly symmetrical molecule (such as water
simpli�ed to a single dipole), it would experience a V6 (hexagonal) symmetry. However,
the water molecule is actually an asymmetric triangle (with C2v symmetry). When a C2v

water molecule is placed in a Z6 channel, because the two hydrogen atoms and one oxygen
atom of the water molecule alternately form hydrogen bonds (attraction) and electrostatic
repulsion with the oxygen atoms on the channel walls as they rotate, the periodicity of
its lowest energy state is often reduced from six-fold to three-fold symmetry. This is the
physical origin of the − cos(3α) term, the localized potential well imparted by the lattice.
In addition, cos(α) typically represents the anisotropic local �eld generated by neighboring
charges (or neighboring water dipole moments). Assume that a charge-balancing Na+

ion is located somewhere deep within the channel, or that water molecules on adjacent
lattice sites have spontaneously broken their symmetry to point in a speci�c direction.
It remains to be investigated how the long-range dipole �eld they generate will interact
with the water molecule at the current location, thereby forming a tilted onefold potential
�eld of − cos(α). The underlying cause of this symmetry breaking remains to be further
investigated, as well as the �nite size scaling in the bulk beryl crystal. For future work, we
want to apply the proposed grid method and more advanced algorithms to study con�ned
species such as water in nanotubes or in a C60 fullerene cage.147 Intermolecular forces should
be considered to simulate the motion and orientation of water molecules in a nanotube.
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