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if m =2 and O(mn®) if m > 3.

Corollary 7.1.1 The problem 1Fm|s;, aptw| Y w;C; is solved in time O(n?) if m =

2 and O(mn®) if m > 3.

However, the time complexity for the case with m = 2 can further be improved.
Both 1F2|s;,fized sequence| ) w;C; and 102|s;,fized sequence| > w;C; can be solved

in O(n) time.
7.2.2 Two-Machine Flow Shop Case

In this section we shall consider the problem 1F2|s;, fized sequence|  w;C;. Recall

that for the case of two machines there exists an optimal schedule which is a batching

schedule. Also recall that we assume that the fixed sequence is 1, 2, ..., n and define
W, = EZ:]. Wy,
In every schedule each operation (1, j) precedes the completion of jobs j,...,n and

possibly some other jobs. Hence, the contribution n(1, j) of operation (1,7) satisfies
n(l,7) > ti;W;. Operation (2,j) is the last operation of job j and precedes the
completion of jobs (j +1),...,n. Hence, the contribution (2, j) of operation (2,7) is
n(2,7) = t2;W;. Let n°(1,7) = t1;W; and °(2,7) = to;W,;. We say that contribution
n° of the job-order is n° =Y n°(1,7) + Y. n%(2,5) = D_(t1; + taj)W;.

Suppose that a schedule has k batches. Each machine 7 has to be set up once

before each of the k batches starts processing on machine 7. Hence, we say that each
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batch requires one setup on machine 1 and another on machine 2.

Consider any batch [, j']. Each of the two setups of the batch, and all operations
(1,5"), 5 < 3" < ', precede completion of jobs j,...,n. Furthermore, each operation
(2,7"), 7 < j" <j', is the last operation of job j” and precedes completion of jobs j”
+1, ..., n. We say that contribution of batch [, '] is the total contribution of setups
and operations of the batch not included in the contribution of the job-order n°.

Hence, contribution of batch [7, '] is

3 3
77[]7]/] = (31 + s+ tlj”)Wj + Z t2j//Wj//

i'=i i"=i

j/ j/
. Z 770(17]-//) _ Z 770(27]-//)
Jj'=J Jj'"'=J

J J
= (s1+ s2)W; + W; Z i + Z baju Win

=i =i
i i
— Z tlj//Wj// — Z t2j//Wj//
=i =i
p
= (814 s2)W; + Y taju(W; — W), (7.2)
=i

Consider any batching schedule with batching policy g = (p1, ..., pr). Let po = 0.

It follows from Remark 7.1 that the total weighted completion time is

770 + Z U[Pu—l + 17pu]

1<u<k

For 1 <j < m,let g(j) = minimum total contribution of the batches when jobs j,



CHAPTER 7. WEIGHTED COMPLETION TIME 174

..., n are scheduled. For a dummy job (n + 1) set g(n +1) =0. We get V1 < j <,

() = min {nlj, 57+ g(5"+ 1} (7.3)

3<3'<n

The minimum total weighted completion time is g* = n° 4+ g(1). Observe that the
above equation can be used recursively to compute g(3) V1 < 5 < (n—1) from g(5+1),
.y g(n). A straightforward implementation of such a recursion requires O(n?) time.
However, as we show in the following, the array {n[j, 7’|} satisfies Monge properties.
Moreover, for any 1 < j < j' < n, n[j, j'+1] can be computed from 5[j, j'] in constant
time if all the W; values are precomputed.

First, we shall show that the array {n[j, ']} satisfies Monge property. For any
1<j<j <n, weget

= (s1+ s2)W; + S0 tin (W, — W)

(514 $2) Wit + S0yt (Wigs — Win)
— (814 s2)W; — E?j/:j tagn (W — Win)
—(s1+ 52) W1 — S t1jn (Wit — Win)

Lt (W = W) + st (Wiga — Win)
=g bWy = W) = S35 o (Wiga — W)
iy (Wi — Wiga) — by (Wiss — W)
tiiry Wi — by Wi

bi+1)W;

AV

Next, we shall show that for any 1 < 5 < j' < n, 5[j, 7'+ 1] can be computed from
N[, 7'] in constant time if all the W, values are precomputed. For any 1 < j < j' <

n,we get
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G, 3"+ 1 =0l = (s14 )W + S0 ty(Wy — Win)

i"=3
_(tsl + 32)Wj - Z;’”:j tlj“(Wj - Wj”)
S g (Wi — W) = S0 tajn (W — W)

i"=i

tian) (Wi — Wing).
Hence, the algorithms given by Galil and Park [40], Eppstein [37], or Wilber [122]

can be used to compute ¢* in O(n) time using Equation 7.3.

Theorem 7.2 The problem 1F2|s;, fixed sequence| > w;C; is solved in O(n) time.

7.2.3 Two-Machine Open Shop Case

In this section we shall consider the problem 102|s;, fized sequence| >’ w;C;. Recall
that for the case of two machines there exists an optimal schedule which is a batching
schedule . Also recall that we assume that the fixed sequence is 1, 2, ..., n and define
W, = EZ:]. w,. As in the case of flow shop, we define n°(1,j) = t1;W;, n°(2,7) =
t2;W; and the contribution n° of the job-order to be n° = > n°(1,7) +>.1%(2,J)
= 2 (t1j + ta5) W

Consider a schedule in which the first operation is processed on machine ;. Let
i3 be the other machine. Initially, machine #; is set up. Each odd batch is started on
machine 47, and before the batch starts operation on machine ¢5, machine 7, has to
be set up. Similarly, each even batch is started on machine 75, and before the batch
starts operation on machine ¢;, machine #; has to be set up. Hence, we say that each
batch starting on machine ¢; requires a setup on machine ¢, and each batch starting

on machine 25 requires a setup on machine 7;. Observe that a schedule with k batches
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requires k +1 setups, one in the beginning and one each for the other batches.
Consider any batch [j, 5] that starts on machine 4; and terminates on i5. The
setup on machine ¢, and all operations (i1, 5"), j < 5" < j', precede the completion of
jobs 7, ...,n. Furthermore, each operation (is, "), j < 3" < 7', is the last operation of
job j” and precedes the completion of jobs 77 +1,....,n. We say that the contribution
of batch [j,j'] is the total contribution of setups and operations of the batch not
included in the contribution of the job-order n°. Hence, the contribution of batch

[7,7'] starting on machine ¢; and terminating on machine i, is

U [.77.7 = 312 + Z t“]// W + Z tlQJ//W//

=3 3=y
- Z n°(1,5") Z n°(2,5")
=3 J"=j
= (si, + Z ti i)W + Z ti, i Win
=3 3=y
- Z tiy o Win — Z i i Win
"=j =3
= s;,W; + i tiy i (Wi — Win). (7.4)
i'=j

Counsider any batching schedule with batching policy g = (p1, ..., pr) and starting
on machine #;. Let 75 be the other machine. Let pg = 0. It follows from Remark 7.1

that the total weighted completion time is

770 + Silwl + Z iy [pu—l + 17pu] + Z 1is [pu—l + 17pu]'

u=1,3,... u=2,4,...
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For 1 < j < n, let ¢g(j,¢*) = minimum total contribution of the batches when
jobs j,...,n are scheduled and post-setup processing of operation (i*, j) starts at time

zero. For a dummy job (n+1) set g(n+1,1) = g(n+1,2) =0. Weget V1 < 5 <n,

9(5,1) = min {m[j,j'1+9(;'+1,2)} (7.5)
3<i'<n
and
9(j,2) = jgjl.,ign{nz[j,j’] +9(j'+1,1)}. (7.6)
The minimum total weighted completion time is ¢* = 1° +min{s; +g(1,1), s2

+9(1,2)}. Observe that the above equations can be recursively used to compute g(j,1)
V1<j<nfromg(y+12),..,9(n+12) and g(3,2) V1 <j <nfrom g(y + 1,1),
oty g(n 4+ 1,1). A straightforward implementation of such a recursion requires O(n?)
time. However, as in the flow shop case, we can show that each array {n;[j,j']} and
{n2[7,7']} satisfies the Monge property. Moreover, for any 1 < j < j' < n,n[j,7" + 1]
and 12[7, 7" + 1] can be obtained from 7,[j, 7] and 72[7, 7] in constant time if all the
values W; are precomputed.

First, we shall show that each array {n:[j,7']} and {n:[j, j']} satisfies the Monge
property. For any 1 < j < j' < mn, we get

nl[jvj/—l_ 1] ‘|‘771[J + 17j/] _nl[jvj/] _771[.7 + 17j/+ 1]
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— S2Wj + 441 tlj”(Wj — Wj”) + S2Wj+1 + E?':}j—l—l tlj”(Wj-I-l — Wj//)

j”Z.j -
— 53 Wy — St (Wi — Win) — saWiga — S0 1 (Wigs — Win)
. i
= Z;//J;lj bago (Wi = Win) + 25011 bgrWipa = W)

_ Z;”:j tlj”(Wj — Wj”) — E;”—I—:lj-l—l tlj”(Wj-I—l — Wj”)
=ty (Wi — Wiet) — iy (Wi — Wirga)
ti+n) (Wi — W)

tl(j/-l—l)wj

AV

Similarly, for any 1 < j < j' < n, we get malj, 5" + 1] +1aj + 1, 7] —alis 5 —mali +
1,7 +1] > 0.

Next we shall show that for any 1 < j < 5/ < n,m[y,7 4+ 1] and 527,57 + 1]
can be obtained from (7, 7’] and n2[j, '] in constant time if all the values W; are
precomputed. For any 1 < 5 < j' < n, we get

mls, 3" + 1 —mli, i1 = s:W;+ Ef;l] tijrn (W — Win)
—82Wj = 3 %ty (Wj = Win)
'/_l_l ot

= Dt (Wi = W) = D252ty (Wi — Win)

=t (Wi — Wing)
Hence, n1[j,j’ + 1] can be obtained from n;[j, j'] in constant time if all the values
W; are precomputed. Similarly, we can show that 7s[j, ' + 1] can be obtained from
n2[7,j'] in constant time if all the values W; are precomputed.

Thus, the algorithm given by Eppstein [37] can be used to compute ¢* in O(n)

time using Equations 7.5 and 7.6.

Theorem 7.3 The problem 102|s;, fixed sequence| > w;C; is solved in O(n) time.
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7.2.4 Network Representation for the Two-Machine Cases

Fixed-sequence cases with objectives Lax and Y w;C; can be given a similar network
representation. In fact, the network representation is more intuitive in the case of
objective Y w;C;. For example, in the case of objective Y w;C;, each arc is associated
with a single weight and the length of the path is obtained by summing up the weights
of all the arcs in the path. Consequently, we get a classical shortest path problem.

The graphs defined in Chapter 5 for problems 102|s;|Lyax and 1F2|s;|Lyax ap-
ply to problems 102|s;, fized sequence|>  w;C; and 1F2|s;, fized sequence| > w;C;
respectively. For ease of reading, we restate the definitions of the graphs here.

Counsider the open shop case first. Introduce a dummy job (n + 1). Define a
directed network G = (V,E) with node-set V. = {0} U V; UV, and arc-set E = E,
UE; UE,. For each operation (1, 7), there is a node a; in V. For each operation (2, j),
there is a node b; in V5. Arc-set Eq contains only two arcs (0,a;) and (0, b;) . For all
1 <j<j <(n+1) thereis an arc (a;,b;) in E; and an arc (b;, a;) in E,.

Each arc e is associated with a single weight r(e) which represents a contribution

" — 1] starting on

to Y w;C;. If e = (aj,b;/), e represents processing of batch [, j
machine 1. Hence, r(e) = ni[j,7" — 1]. If e = (bj, a;), e represents processing of
batch [j,5" — 1] starting on machine 2. Hence, r(e) = na[j,7’' — 1]. If e = (0,a1),

e represents the initial setup on machine 1. Hence, r(e) = s;Wi. If e = (0,b1), €

represents the initial setup on machine 2. Hence, r(e) = s3W;. The problem is to
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Figure 7.1: A network representation of the two-machine open shop problem

compute a shortest path from node 0 to node a1 or b,41. The quantities g(j,1) and
9(7,2) give the lengths of the shortest paths from nodes a; and b;, respectively.

For example, consider the data shown in Example 7.1 below.

Example 7.1 Consider the following problem involving n = 3 jobs with s; = 2 and

32:3.
j 12 3
ty;, 8 9 10
ty, 2 6 T
w; 4 2 1

There are three jobs 1, 2 and 3. Introduce a dummy job 4. The nodes are 0, ay,
.oy agq and by, ..., by. The corresponding graph and arc weights are shown in Figure
7.1. First, compute W3 = w3 = 1, Wy = wy +ws = 1 +2 = 3 and W; = w; +w,
+ws =1 42 +4 = 7. Arc weights are computable functions of ¢;;, s;, and W;. For

example,
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O NNG SR U,

35 20 5
60 25 5 0

Figure 7.2: A network representation of the two machine flow shop problem

r(al, b3) = 771[]_, 3 — ]_] = 771[]_, 2]
= soWi + t1a(W1 — Wi) + t12(W1 — W) from Equation 7.4
=3(7)+8(7T—7)+9(7—3) =57

The shortest paths are computed first from nodes as and b3, then from nodes a,

and by and so on. For example, the length of a shortest path from node a;,

9(17 1) = min{r(alv b2) + 9(27 2),7“(&1, b3) + 9(37 2),7“(&1, b4) + 9(47 2)}
min{21 + 9,57 + 2,117 + 0} = 30

A shortest path from node 0is ((0,b1) , (b1, a2) , (as, bs), (b3, as)) . Arc (0,b;) repre-
sents setting up of machine 2, arc (b, a2) represents batch [1, 1], arc (as, bs) represents
batch [2,2] and arc (bs, as) represents batch [3,3]. Hence, an optimal solution is to
start from machine 2 and use batching policy (1,2,3). The corresponding sequence
of operations is (2,1), (1,1), (1,2), (2,2), (2,3), (1,3).

Now, consider the flow shop case. Again, introduce a dummy job (n+1). Define a
directed network G = (V,E), where V is the node-set and E is the arc-set. For each

job j, there is a node j. For each pair of nodes j and j with 1 < j < j' < (n +1),
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there is an arc (7, j') which represents processing of batch [, 7' — 1] and is associated
with weight (7, j") = n[j,7" — 1]. The problem is to compute a shortest path from

node 1 to (n + 1). The quantity g(j) gives the length of the shortest path from node

Considering the data shown in Example 7.1, we illustrate the network represen-
tation in Figure 7.2. There are three jobs 1, 2 and 3. Introduce a dummy job 4. The
nodes are 1, 2, 3, and 4. As in the open shop case, W5 =1, W, =3, W; = 7 and arc
weights are computable functions of ¢;;, s;, and W;. For example,

7“(1,3) = 77[173 - 1] = 77[172]
= (81 + $2)W1 + t1a(W1 — W) + £12(W1 — W,)  from Equation 7.2
=243)N+8(7T-T)+9(7-3)=T1

The shortest paths are computed first from node 3, then from node 2 and so on.

For example, the length of a shortest path from node 1,

9(1) = min{r(172) + 9(2),7“(1,3) + 9(3)7r(174) + 9(4)}
= min{35 + 25,71 4+ 5,131 + 0} = 60

A shortest path from node 1 is ((1,2),(2,3),(3,4)). Arc (1,2) represents batch
[1,1], arc (2,3) represents batch [2,2] and arc (3,4) represents batch [3,3]. Hence,
an optimal solution is to use batching policy (1,2,3). The corresponding sequence of
operations is (1,1), (2,1), (1,2), (2,2), (1,3), (2,3).

The algorithms for problems 102|s;|Lyax and 1F2|s;|Lpyax presented in Chapter
5 are based on two crucial rules: the node elimination rule and the arc elimination
rule. The fact that the node elimination rule still applies to the cases with objective

> w;C; follows from the Monge property. However, the arc elimination rule does not



CHAPTER 7. WEIGHTED COMPLETION TIME 183

apply to the cases with objective > w;C;. We shall show this in the context of a flow
shop. The open shop case is similar.

First, consider the node elimination rule. Recall that g(j) is the minimum total
contribution of the batches when jobs j, ..., n are scheduled. As we have shown that
the Monge property applies, for any 1 < j < 3/ < n, we get n[j,7" +1] +n[j +1, ']

—n[7,7'1 =l + 1, j/ + 1] > 0. By rearranging terms,

nls,g" +1] > [,J] g+ 15 +1—nlj+1,5, or
r(j,7" +2) > r(g, )+ ) +r(G+ L7 +2)—r(G+ 1,5/ 4+1), or
(7' +2)+9(' +2) > v 3 +1) +g('+1)

+r(i+ 1,5 +2) +9(j' +2)

—r(j+ 1,7 +1) —g(j' +2)

Hence, r(j +1.5'+2) 19(j' 42) > 1 +1.5' +1) 19 +1) = r(ji. /' +2) 19 +2)

(5, 3/ +1) +g(5' +1). Thus, if we have r(j +1, j' +2) +g(5' +2) > r(j +1, j' +1)
+g(j" +1), then node (j* +2) can be eliminated from computation of a shortest path
from nodes 1, ..., j.

Now, consider the arc elimination rule. Consider the following example:

Example 7.2 Consider an instance of the problem 1F2|s;, fixed sequence| > w;C;

with s1 = s2 = 2, w; = 1 and the following processing times:

j 1.2 3
ty; 1 10 1
ty; 1 1 20

For various batching policies , the corresponding path and completion times are

summarized below:
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Batching policy, p  Corresponding path C; C» Cs; Y w;C;

(1,3) (1,2,4) 6 22 42 70
(2,3) (1,3,4) 16 17 42 75
(3) (1,4) 17 18 38 73

Consider the computation of a shortest path from node 1. A choice of arc (1,4)
gives a solution with > w;C; = 73. Arc (1,4) is a better choice than arc (1,3)
which gives a solution with Y w;C; = 75. However, arc (1,2) gives a solution with
> w;C; = 70 which turns out to be the unique optimum. This shows that the arc

elimination rule does not apply to cases with objective > w;Cj.
7.3 The Fixed Batching Policy Case

In this section we shall consider the cases with known and fixed batching policy.
We shall show that problems 1F2|s;,fized batching policy| >, w;C; and 1F2|s;,fized
batching policy| > w;C; are N'P-hard. However, both the flow shop and open shop

cases are solvable if w; = 1.

7.3.1 Weighted Completion Time

Theorem 7.4 Both 1F2[s; fixed batching policy| > w;C; and 1F2|s; fixed batching

policy| Y~ w;C; are N'P-hard.

Proof: Given an instance of the partition problem with set of integers A = {ay, ...,
ar}, Dqea @ = 2b we define an instance each of 1F2|s;,fized batching policy| ) w;C;

and 1F2|s;,fized batching policy| > w;C; as follows:
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n = 2k—2

[ = (k—1,2k—2)

51252 — 0

b e = a; for j=1,2,...k

AR A for j = (k+1),(k+2),...,(2k — 2)

Consider any schedule o with job-order 4. Let b; = t1; = t5; = w;. Let J; and J,

be the set of jobs in batches 1 and 2 respectively. Let © = EI;: by (p)- For any position

p < (k —1), completion time Cy,) = = + E ). Again, for any position p > (k
—1), completion time Cy @,y = 2b+ E (»)- Hence, the total weighted completion
time 1s

Yw;C; = Ek_l (x + Ei/:l b¢(p’))
+ Ef;’“,f byt (2b + 325, boian)
= Zp 1b¢ $+Zp 1b¢ E' 1b¢( g
+2b E2Iik2 b¢( + Zik k2 b¢ Ei =1 b¢(p’)
= 2’4 Ekil by(p) D1 D)
+2b Zp k b¢(p) + E;k k2 b¢ Zz =1 b¢( )
= 224+ 30T by) Sy by + 26(20 — ) + 325 by S0 by
= 224 2b(2b— ) + 22’112 by(p) > by
= 2% — 2o + 46 + 377, Ej,zl
z? — 2bx + 4 + 23:1 a; E;,:l aj

Setting d > w;C;/dx = 0, we get that > w;C; attains a minimum value of 3b
—I—Ele a; E;,:l a; if and only if # = b. Thus, the problem of checking whether
there exists a job-order with Y w;C; < 3b* + 2521 a; E;,:l a; 1s equivalent to the

partition problem. [ |

7.3.2 Flow Shop with Total Completion Time

Counsider the problem 1F2|s; fized batching policy| > C;. Suppose that the given

batching policy is 4 = (p1,...,pr). Let po = 0. For any p with p,—1 < p < py, if
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any job 7 is assigned to position p, then job j belongs to the u-th batch. Consider
any job-order 1. Each machine ¢ is set up before each operation (4, (py—1+1)), where
1 < u < k. Since such a setup precedes completion of (n —p,—_1) jobs ¥ (pu—_1 +1),
..y P(n), the contribution of the setup is s;(n —p,—1). Hence the contribution of all
setups is Eﬁzl(sl +32) (N —pu-1)-

Since the contribution of setups is a constant, the total weighted completion time
1s minimized by minimizing the total contribution of operations. Suppose that job
J 1is assigned to position p belonging to the u-th batch. We get p,_1 < p < py.
Operation (1, j) is processed before the completion of (n —p,_1) jobs ¥ (py—1 +1), ...,
¢ (n). Operation (2,7) is the last operation of job j and precedes completion of the
other (n — p) jobs ¥(p +1), ..., ¥(n). Hence, the contribution of assigning job j to

position p is n;, = t1;(n —pu—1) + t2;(n — p + 1). Hence, we get the following:

Theorem 7.5 The problem 1F2|s; fixed batching policy| > C; reduces to an assign-

ment problem.
For example, consider the data shown in Example 7.3 below.

Example 7.3 Consider the following problem involving n = 3 jobs with s; = 2 and

32:3.
j 123
t, 8 9 7
ty; 2 6 9
w;, 11 1
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Suppose that the given batching policy is (2, 3). Since the batching policy is (2,3),
we have p; = 2 and p; = 3. According to our above discussion, the problem of finding

an optimal job-order reduces to an assignment problem with the following cost matrix:

Position, p
1 2 3
2(3)=30 | 8(3)+2(2)=28 | 8(1)+2(1
6(3)=45 | 9(3)+6(2)=39 | 9(1)+6(1)=15
9(3)=48 | 7(3)+9(2)=39 | 7(1)+9(1

1[83)+
Job, i 2 [9(3)+
3 [7(3)+

For example, consider the contribution of assigning job 1 to position 2. Since position
2 belongs to the first batch, w = 1, and, therefore, p,_; = po = 0. The contribution
of assigning job 1 to position 2 is 112 = t11(n —pu—1) + tar(n — p+ 1) = 8(3 — 0)
+2(3 -2+ 1) =8(3) +2(2) = 28.

An optimal assignment is as follows: job 1 to position 1, job 2 to position 3
and job 3 to position 2. This corresponds to job-order (1,3,2) with the contribution
of operations = 30+15+39 = 84. The contribution of setups = (81 + s2)(n — po)
+(s1+82)(n—p1) = (2+3)(3—0) +(2+3)(3—2) = 20. Job-order (1,3,2) and batching
policy (2,3) gives the sequence of operations (1,1), (1,3), (2,1), (2,3), (1,2), (2,2)

with a total completion time 84+20=104.

7.3.3 Open Shop with Total Completion Time

Counsider the problem 102|s;,fized batching policy| > C;. Suppose that the given
batching policy is 4 = (p1,...,pr). Let po = 0. For any p with p,—1 < p < py, if

any job 7 is assigned to position p, then job j belongs to the u-th batch. Consider
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any job-order .

Suppose that machine ¢; is set up in the beginning. Let ¢ be the other machine.
The contribution of the first setup is ns;. Each machine ¢ is set up before each
operation (¢,%(py—1+ 1)), where 1 <u < k, wis odd if ¢ = i5 and u is even if ¢ = ;.
Since such a setup precedes completion of (n —p,_1) jobs ¢¥(py—1 +1), ..., P(n), the
contribution of the setup is s;(n —py—1). Hence, the contribution of all setups is ns;,
+ Eu:2,4,... 8iy (N —Pu-1) + Eu:1,3,... 8iy (N —Ppu-1)-

Since the contribution of setups is a constant, the total weighted completion time
1s minimized by minimizing the total contribution of operations. Suppose that job j
1s assigned to position p belonging to the u-th batch. We get p,_1 < p < py.

If u is odd, then operation (i1,j) precedes completion of (n —py—1) jobs ¥ (py_1
+1), ..., ¥(n). Operation (is,j) is the last operation of job j and precedes completion
of the other (n — p) jobs ¥(p +1), ..., (n). Hence, the contribution of assigning job
J to position p is nj,(41) = i j(n —pu—1) + ti;(n —p + 1).

If w is even, then operation (is,7) precedes completion of (n —py,—1) jobs ¥ (py_1
+1), ..., ¥(n). Operation (i, ) is the last operation of job j and precedes completion
of the other (n — p) jobs ¥(p +1), ..., (n). Hence, the contribution of assigning job
J to position p is nj,(41) = tij(n —pu—1) + ti;(n —p + 1).

Thus, the problem 102|s;,fized batching policy| > C; with the first setup on ma-

chine 7; is solved by solving an assignment problem. Hence, we get the following;:
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Theorem 7.6 The problem 102|s; fixed batching policy| Y C; is solved by solving

two assignment problems.

Considering the data shown in Example 7.3, we shall now illustrate the method.
Suppose that the given batching policy is (2, 3). As it is in the flow shop case, p; = 2,
p2 = 3. The problem of finding an optimal job-order reduces to two assignment
problems. One corresponds to starting on machine 1 and the other corresponds to
starting on machine 2.

If the operator starts on machine 1, the problem of finding an optimal job-order
reduces to an assignment problem with the cost matrix exactly same as what we ob-
tained in the flow shop case (such equivalence will not hold for all » and all batching
policies). Consequently, an optimal job-order is (1,3,2) with the contribution of oper-
ations = 30439415 = 84. The contribution of setups = ns;+s2(n—po)+s1(n—p1) =
3(2) +3(3 —0) + 2(3 — 2) = 17. Hence, the total completion time =84+417=101.

If the operator starts on machine 2, the problem of finding an optimal job-order

reduces to an assignment problem with the following cost matrix:

Position, p
1 2 3
1| 8(3)+2(3)=30 | 8(2)+2(3)=23 | 8(1)+2(1)=10
Job, 7 2| 9(3)+6(3)=45 | 9(2)+6(3)=36 | 9(1)+6(1)=15
31 7(3)49(3)=48 | 7(2)+9(3)=41 | 7(1)+9(1)=16

An optimal assignment is as follows: job 1 to position 1, job 2 to position 2 and job 3 to

position 3. This corresponds to job-order (1,2,3) with the contribution of operations
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= 30436416 = 82. The contribution of setups = nss +s1(n —po) +s2(n—p1) = 3(3)
+2(3 — 0) +3(3 — 2) = 18. Hence, the total completion time =82+18=100.

Thus, starting on machine 2 is better than starting on machine 1. The operator
starts on machine 2 and uses a job-order (1,2,3). Since the batching policy is (2, 3),
the sequence of operations is (2,1), (2,2), (1,1), (1,2), (1,3), (2,3). The resulting

total completion time is 100.
7.4 Summary

In this chapter we consider the problems with the total (weighted) completion time
objective. First, we revisit some fixed-sequence cases and improve the running time.
Fixed-sequence cases with objectives Lax and Y w;C; can be given a similar network
representation. In the case of objective Y w;C;, each arc is associated with a single
weight and the length of the path is obtained by summing up the weights of all the
arcs in the path. Consequently, we get a classical shortest path problem.

An obvious implementation of the shortest path algorithm requires O(n?) time.
We ask whether the O(n) time dynamic programming approach developed in Chapter
5 can be extended. The answer is negative because the arc elimination rule does not
apply although the node elimination rule applies and it is possible to compute arc
weights from the previously computed arc weights in constant time. Still, it is possible

to solve the resulting shortest path problem in O(n) time. Because the cost matrices
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satisfy what is called the Monge properties.

One motivation for analyzing the fixed-sequence cases is that it is sometimes
possible to obtain a job-order which dominates all the other job-orders. For example,
it follows from Theorem 4.2 that one such case is that of agreeable processing time and
weight. Another motivation is to eventually obtain an enumeration scheme. However,
as there are n! job-orders, we seek an alternate scheme.

Such an alternate scheme is to enumerate over all batching policies . There are
27! batching policies . Unfortunately, as we show in Theorem 7.4, both the flow
shop and open shop problems with the objective Y w;C; are N'P-hard even if the
batching policy is fixed. However, the cases with all w; = 1 are efficiently solvable.
The problem 1F2|s;.fized batching policy| Y C; is solved by solving an assignment
problem and the problem 102|s;,fized batching policy| >, C; is solved by solving two
assignment problems. Thus the cases with fixed bathing policy are solvable in O(n?)
time.

In the next chapter, we develop a branch and bound algorithm for the problem
1F2|s;| > C; using the results on the flow shop fixed-sequence and fixed batching
policy cases with the objective Y Cj.

In Table 7.1, we summarize the results on various cases of the total (weighted)

completion time objective.
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Problem Result Previously Known Re-
(Chapter 7) | sult

LFm|s;, fized sequence|d  w;C; O(mn®) —

LF2|s;,fized sequence| > w;C; O(n) O(n) (Albers and Brucker
[4], Coffman et al. [31])

102|s;,fized sequence| > w;C; O(n) O(n?) (Gerodimos et al. [45,
46], Julien and Magazine
[64], Sung and Park [111])

1F2|s;,fized batching policy| > w;C; | N'P-hard —

102|s;,fized batching policy| > w;C; | N'P-hard

LF2|s;,fized batching policy| > C; O(n?) —

102|s;,fized batching policy| >’ C; O(n?) —

Table 7.1: Summary of results on two-machine cases with the total (weighted) com-

pletion time objective




Chapter 8

Enumeration Schemes for

1E2|s;] > C;

In this chapter, we shall discuss a heuristic, a branch and bound scheme and an inte-
ger programming formulation. We shall discuss computational experience for various
implementations of the branch and bound scheme and the integer programming for-

mulation.
8.1 Definitions

Definition 8.1 If i = (0) or i = (p1, ..., pr) for some 1 < p; < ... < pr < n, then
f is a partial batching policy. If i = (p1, ..., pr) with pr = n, then fi is a complete

batching policy.

The partial batching policy i = (0) does not define the size of any batches.
However, a partial batching policy fi = (p1, ..., pr) with k > 1 defines the size of each

of the first & batches. Consider a partial batching policy & = (p1, ..., pr) with k& > 1.

193
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Let po = 0. For each 1 < u < k, the size of the u-th batch is (p, — pu—1).

Definition 8.2 A complete batching policy p is compatible with a partial batching
policy i = (p1, ..., pr) if the size of each of the first k batches is same in both fi and

w. Every complete batching policy is compatible with partial batching policy fi = (0).

Consider any schedule o with job-order ¢ and a complete batching policy p =
(1 .-y Pr). Let pg = 0.

The contribution of a batch [p,p] is nlp, p'] = (s1 +s2)W, —I—Eij,:p 1y (Wp
—W,pr). Since w; = 1 Yy, we have W, = (n —p +1) and W, - W,y = (n —p +1) —(n
" 1) =p" —p.

Hence, nlp, /] = (s1 +52)(n —p +1) + Zhu_, by (0" —p)

Define

p/
nlp. 0, 9] =Yt (" — p)-
p

"=p
The contribution of batch [p, p'] is np, p'] = (81 + s2)(n —p + 1) + nlp,p’, ¢].
The contribution of batching policy p is n(u) = Zﬁ:l(sl +32)(n —pu_l)—l-Zﬁ:l NPu—1
+1, pus 9.
The contribution of job-order ¢ is n(v) = Ezzl(n —p +1)(t1yp) Hlay(p))-

The total completion time is A(o) = n(¢) +n(p).
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8.2 A Heuristic

A good heuristic 1s important for a successful implementation of the branch and
bound scheme. We use our analysis of the fixed-sequence and fixed batching policy
cases to develop a heuristic. The basic idea is to arrange the jobs in the shortest
total processing time order, ¢b* and obtain a batching policy p* which is optimal for
job-order ¥*. We then obtain a job-order which is optimal for batching policy p* by
solving the problem 1F2ls;, fized batching policy| > C; with batching policy u*.

We recognize the fact that jobs within a batch are processed in the ascending
order of t,;. Thus, if jobs 7 and j' are processed in the same batch and 5; < ta,
then job j is processed before j'. Let 9* be a job-order such that p < p' = (f1y+(p)
Hage(p) < (f1yr(p) +tay=p)). In steps 1, 2 and 3 below, we compute p* by using a
slight modification of the algorithm for 1F2|s;, fized sequence| >’ C;.

Step 1: For all 1 < p < p' < n, compute §[p,p'] = (81 +52 —I—Zij,:p tyyrpn ) (1
—p+ 1) —I—Eij,:p taypry(n —p"” +1), where ¢ is an arrangement of jobs ¥*(p), ...,
P*(p') so that toyp) < ... <taypy)-

Step 2: Let g(n +1) = 0, g(n) = fn,n]. For p = (n — 1) downto 1 compute
succ(p) = arg miny<p <n{7p. 'l +9(p" +1)} and g(p) = ijp, succ(p)] +g(succ(p) +1).

Step 3: Let £ =0 and po = 0. While pp # n, set pry1 = suce(pr +1) and increase
k by 1.

Step 4: Solve the problem 1F2|s;, fized batching policy| > C; with batching policy
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= (p1, -5 Pr)-

In step 1, quantities #[p, p'] are computed such that for any complete batching
policy 4 = (p1, ..., pr) the total completion time is Eﬁzl Npu—1 + 1, p,] if the jobs
within a batch are processed in the ascending order of ¢,;. In step 2 a dynamic
programming recursion is applied to compute the total completion time given by a
batching policy p* which is optimal for job-order ¥*. In step 3 the batching policy
w* = (p1, ..., pr) is constructed. In step 4, the algorithm for the fixed batching policy

case 1s applied to obtain a job-order which is optimal for the complete batching policy

*

T

8.2.1 Running Time of the Heuristic

The jobs are sorted in time O(nlogn). In step 1, each 9[p,p’] is computed in time
O(nlog n) and, therefore, step 1 requires O(n?®log n) time. The dynamic programming
recursion in step 2 requires O(n?) time. An optimal batching policy is constructed in
step 3 in O(n) time. Step 4 requires solution of an assignment problem which runs

in O(n®) time. Overall, the heuristic runs in O(n®log n) time.
8.3 A Lower Bounding Procedure

Each node of the branch and bound tree represents a unique partial batching policy,

fi. In the following we shall discuss a lower bounding procedure which is used to

compute a lower bound, A(fi), on the total completion time of any schedule with a
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complete batching policy compatible with f.
The contribution of job-order is minimized if the jobs are processed in the shortest
total processing time order. Let ¢* be the job-order such that p < p’ = (tyy(p)

Htaygr(p) < (bryepr) Hayr(pn))- Then
Ao =n(¢7) =Y (= p+ D)(trgep) + tageip)
p=1

is a lower bound on the contribution (%) of any job-order .

Now, we shall discuss computation of a lower bound A;[p, p'] on nlp, p', 9] V1 <
p < p' < n. The quantity A;[p, p'] is used to compute a lower bound Ay [p, p'] on n[p, p'].
After computing As[p, p'] V1 < p < p’ < n, we compute a lower bound A(ji) on the
total completion time of any schedule with a complete batching policy compatible
with fi.

Computing A;[p, p'] reduces to a special type of assignment problem. For 1 < j

<m, p <p” <p, the contribution of assigning job j to position p” is

Nipr = t1;(p" — p)- (8.1)

Since jobs within a batch are processed in ascending order of t,;, the quantity A;[p,

p] is obtained by assigning (p’ — p + 1) jobs to positions p ..., p’ so that:

1. job j is assigned to position p and job j' is assigned to position with p > p, only

j/; and

if ty; <ty
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2. the total contribution > (n;,» : j is assigned to p”, p < p” < p') of assigning

jobs to positions p ,..., p’ is minimized.

Hence, computing A;[p, p'] reduces to a special type of assignment problem.
We shall now show that such a problem can be solved by a dynamic programming

recursion. We may assume, by relabelling if necessary, that 7 < 7' = to; < £4;. Let

fipr = minimum total contribution when jobs j, ...., n are considered and assignments
are made to positions p”, ..., p’. Observe that

frp = Ty

fjp’ = mm{’h‘p', fj(p’-l-l)} Vi<jy < (n - 1)

fnp” = o0 \V/p S p// S (p/ _ 1)

fjp” = min{njp” + f(j+1)(p"+1)777(j+1)p”} Vi<j < (n - 1) and p < p” < (P/ - 1)-

The lower bound is

)\1 [pvp/] = flp‘

After A[p, p'] is obtained, a lower bound A;[p, p'] on n[p,p’] is obtained from the

relation

Aa[p, p'] = (514 s2)(n — p+ 1) + Mi[p, pl.

The dynamic programming recursion discussed for the problem 1F2|s;,fized se-
quence| Y C; can now be used to obtain a lower bound on the contribution of a

sequence of batches.
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For 1 < p < n, let g(p) be a lower bound on the total contribution of the batches
when some (n — p + 1) jobs are assigned to positions p, ..., n. Initialize g(n) = 0, and

for each 1 < p < n, compute

g(p) = min {As]p, p'] +g(p" + 1)}

p<p'<n

Counsider any partial batching policy g = (p1, ..., pr). If pr < (n — 1), a lower
bound on n(y) is Eﬁ:l Aa[pu-1 + 1, pu] + g(pr +1), where p is any complete batching
policy compatible with fi. Hence, a lower bound A(f) on the total completion time of

any schedule with a complete batching policy compatible with f 1s

k
M) = Ao+ Y Aa[pucs + 1, pu] + g(pe + 1)
u=1
If pr, = (n—1) or pr, = n, the problem of minimizing total completion time reduces
to a problem 1F2|s; fized batching policy|>  C; with a complete batching policy g,
where p = (p1, ..., pp,n) if pr = (n — 1) and g = f if p, = n. Each leaf node in the

branch and bound tree corresponds to a complete batching policy.

8.3.1 Lowest and Highest Positions

For every job j we define the lowest position L(j) and the highest position H(j) such
that if job j is assigned to position p, then L(j) < p < H(j). If two jobs j and 3’ do
not have identical processing times on both machines, j is called a predecessor of j'

if t1; <ty and to; < top. If t1; = £15 and to; = £ arbitrarily define one of j or 5’
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to be a predecessor of the other. Job j' is a successor of job j if j is a predecessor
of j'. For each job j let vp.cqa(7) be the number of predecessors and vgy..(j) be the
number of successors of j. There exists an optimal schedule in which for each job j, all
predecessors of job j are completed before 7 and all successors of job 7 are completed
after j. Hence, L(j) > vprea(j) +1 and H(J) < n —Veuee(J)-

Let nj,(¢) be the minimum contribution of job-order ¢ given that ¢ (p) = j.
The quantity 7 (¢) is obtained by assigning job j to position p and processing the
remaining jobs in the shortest total processing time order. If 9*(p’) = j, then

b (= 1 )by + P
+ 30 (0= " 4 D)ty i) + tagersn))
+(t1; +t25)(n —p+1)
D iepir (= P+ Dty oy + tagem), i p>pf

prea(n ="+ ) (Erge ) + toge )
+(tj +s5)(n —p+1)
2 prmpia (0= P Dby Ftayer-n)
+ e (= P Dby +tayey) i p <9

We use the quantities 7} (¢) to obtain the lowest and highest position of a job
once we have an upper bound on the total completion time and a lower bound on the
contribution of the batching policy.

Suppose that we have a schedule ¢ and a lower bound X on the contribution
of the batching policy. In our search for a schedule better than ¢ we may assume
that job j is not assigned to position p if n; (¢) + X' > A(c). For the least p such

that 77 ,(¥)+ A < A(0”), we have L(j) > p. Hence, L(j) = max{vp.a(j) + 1,p}
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Similarly, for the largest p such that 7} (¢)+ X' < A(0”), we have H(j) < p. Hence,
H(j) = min{n — veu.(j),p}-

We can now modify Equation 8.1. Since we want that job j be assigned to position
p" only if L(j) < p” < H(y), we set nj,n = oo whenever p” < L(j) or p” > H(j).

Hence, Equation 8.1 is modified as follows:

00 otherwise

njp” — { tlj(p” _p) lf L(]) S p// S H(J) (82)

First, we compute L(j) and H(j) using the initial upper bound obtained from the
heuristic procedure and a lower bound A’ = 0 on the contribution of the batching
policy. Then, the lower bounding procedure is used to obtain a lower bound A(f),
where i = (0). A lower bound on the contribution of the batching policy is A =
A(ft) — Ao. Hence, we update L(j) and H(j) using the initial upper bound and the

updated lower bound XNon the contribution of the batching policy.

8.3.2 Running Time of the Lower Bounding Procedure

We compute all L(3), H(7), A[p,p'], A2lp,p'] and g(p) before processing any node in
the branch and bound tree.

It takes O(nlog n) time to sort the jobs in the shortest total processing time order
and compute Ao. Each 7} ,(¢) is computed in O(n) time. Hence, it requires O(n?)

time to compute all 77, (1). All vprea(j) and voee(s) are computed in O(n?) time.
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Each L(j) and H(j) is computed in O(n) time. Hence, it requires O(n?) time to
compute all L(j) and H(j). Overall, it takes O(n®) time to get the initial lowest and
highest positions. During the updating of the lowest and highest positions, quantities
1;p(1) are not computed again. Hence, the lowest and highest positions are updated
in time O(n?).

Each 5,/ is computed in constant time. For a given batch [p,p'] all ;,» is com-
puted in time O(n(p’ — p)) ~ O(n?). Each f;,» is computed in constant time. Hence,
for batch [p,p'] all f;,» is computed in time O(n(p’ — p)) ~ O(n?). Thus, A\[p, p/] is
computed in time O(n?). The lower bound A;[p, p'] is obtained from A;[p,p’] in con-
stant time. Since there are O(n?) batches, it takes O(n*) time to compute all A2[p, p'].
Given all \z[p, p'], we compute all g(p) in time O(n?). Hence, the above preprocessing
requires O(n?*) time.

An advantage of our lower bounding procedure is that most of the necessary
computation is actually done before processing any node in the branch and bound
tree. Each node in the branch and bound tree corresponds to a unique partial batching
policy i = (p1,...,pr). If pr < (n — 1), we compute a lower bound A(j). After the

above preprocessing, we compute such a lower bound A(f) in O(n) time.
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8.4 The Branch and Bound Scheme

Each node in the branch and bound tree represents a partial batching policy fi. The
root node represents the partial batching policy i = (0) and each of the other nodes
represents a partial batching policy of the type i = (p1, ..., pr). The root node has n
branches. The k-th branch is connected to a node that represents the partial batching
policy (k). Each node representing a partial batching policy g = (p1, ..., pr) with
pr < (n— 1) has (n — pi) branches k=1,.., (n — pi). The f-th branch is connected
to a node that represents the partial batching policy (pi1, ..., pr, pr + l%)

If a node represents a partial batching policy g = (pi1, ..., pr) with pr = (n — 1) or
pr = n, then the node is a leaf node and we solve the problem 1F2|s;,fized batching
policy| > C; with complete batching policy u, where pp = (p1, ..., pr) if pr = n and
= (p1; -y prsm) if p. = (n —1).

If a node is not a leaf node, we compute a lower bound. If the lower bound is less
than the best solution, we generate all the branches. If the lower bound is equal to
or greater than the best solution, we eliminate the node from further computation.

As we have discussed before, the heuristic requires O(n®logn) time and prepro-
cessing requires O(n*) time. If a node is not a leaf node, we compute a lower bound
in O(n) time and if a node is a leaf node we solve a problem 1F2|s;,fized batching
policy| Y, C; in O(n®) time. The number of leaf nodes is 2"~! and the number of

non-leaf nodes is O(2"?). Hence, the worst case time complexity of the above branch
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and bound scheme is O(n32"71).

8.5 Alternate Algorithms

In the above, we outline a branch and bound algorithm which we call Algorithm A.
An alternate algorithm, call it Algorithm B, is to generate a heuristic solution at
each node processed. In our implementation of Algorithm B, we adopt the following
heuristic at each node that represents a partial batching policy & = (p1, ..., pr) with
pr < (n —1): Let ¥ = k. While ppr # n, set prry1 = succ(py + 1) and increase k'
by 1. Solve the problem 1F2|s;,fized batching policy| >  C; with complete batching
policy g = (P1y vy Py -vy Pi/)-

Another alternate algorithm, call it Algorithm C, is to update all the lowest and
highest positions each time a different lower bound is computed. As Algorithm A
performs better than Algorithm B, a heuristic solution is not generated at each node

processed by Algorithm C.
8.6 An Example

Our heuristic and lower bounding procedure can be given network representations
similar to what we have discussed in Chapters 5 and 7. In this section we shall show
the network representation by an example. We shall illustrate Algorithm A with the

data shown in Example 7.3. For ease of reading we reproduce the example below.
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Example 8.1 Consider the following problem involving n = 3 jobs with s; = 2 and

32:3.
j 123
t, 8 9 7
ty; 2 6 9
w;, 11 1

An interpretation of Steps 1, 2 and 3 of the heuristic can be given by a network as
shown in Figure 8.1. There are three jobs 1, 2 and 3 to be assigned to three positions
1, 2 and 3. Introduce a dummy job 4 and assign it to a dummy position 4. Define
a directed network G = (V,E), where V is the node-set and E is the arc-set. For
each position p, there is a node p. For each pair of nodes p and p’ with 1 < p < p/
< (n +1), there is an arc (p,p’) which represents processing of batch [p,p’ — 1] and
is associated with weight r(p,p’) = 7[p,p’ — 1]. In Steps 1, 2 and 3 a shortest path is
computed from node 1 to (n + 1). The quantity g(p) gives the length of the shortest
path from node p. The arc weights and lengths of shortest paths from various nodes
are shown in Figure 8.1.

As we can see from Figure 8.1, an optimal shortest path is ((1,3),(3,4)). The
path corresponds to batching policy (2, 3) and the length 105 of the path is equal to
the total completion time that we get by arranging the jobs in the ascending order
of (t1; + t2;), using batching policy (2,3), and rearranging the jobs within batches in

the ascending order of t,;.
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3(26)+2(6)+1(9)=114

3(5+19)+2(6)=84  2(5+22)+1(9)=63

105 = 61 =40 21 =21 O

Figure 8.1: A network representation of heuristic steps 1,2,3

In Step 4 of the heuristic the problem 1F2|s;, fized batching policy| >, C; is solved
with a batching policy (2,3). In Section 7.3.2, the solution to Example 7.3 shows
that the problem 1F2ls;, fized batching policy| Y C; with the data shown in Example
8.1 and batching policy (2,3) has a solution with job-order (1,3,2) and the total
completion time equal to 104. Thus, Step 4 yields an improved schedule.

The lower bound is computed in two stages. First, a lower bound Ay on the
contribution of job-order is obtained as A\g = 3(t11 + t21) +2(t12 + ta2) +1(t13 + ta3)
= 76. The second stage can be given a network representation similar to what we have
seen in the case of Steps 1, 2 and 3 of the heuristic. The nodes and arcs are defined
in exactly the same way as we have done in the case of Steps 1, 2 and 3 of heuristic.
However, the arc weights are computed differently. For all 1 < p < p’ < (n +1), arc
(p,p’) is associated with weight r(p,p’) = Az[p,p’]. The arc weights and lengths of

shortest paths from various nodes are shown in Figure 8.2.
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3(5)+9+2(7)=38

3(5)+7=22 2(5)+7=17

Figure 8.2: A network representation of the second stage of the lower bounding
procedure

All the arc weights and shortest paths on the lower bounding graph (shown in
Figure 8.2) are computed only once, before the start of the branch and bounding
procedure. Given a partial or complete batching policy, fi, we can compute a lower
bound corresponding to i, using the lower bounding graph. An advantage of having
the lower bounding graph is that in each node of the branch and bound procedure,
we have a partial or complete batching policy and we can compute a lower bound
corresponding to the batching policy with a few steps of computation. This is shown

below.

Partial or Complete Batching Policy i First Arc Lower Bound
(0) — 27476 = 103
(1) 1,2) 15+ 154 76 = 106
(2) (1,3) 2245476 =103
(3) 1,4y 38+476=114
For example, consider i = (1). Only those schedules are compatible to & = (1) in
which the jobs in the first position constitute a batch. From the weight on the arc

(1,2) , we know that a lower bound on the contribution of a batch [1,1] is 15. From
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Lower bound = 103
Upper bound =104

ower bound Assignment Assignment
106, removed. solution = 104 solution = 114

Figure 8.3: A branch and bound tree

the length of the shortest path from node 2, we know that the contribution of the
remaining jobs and setups is 15. Now, adding the lower bound on the job-order, we
get a lower bound 15+154+76=106 corresponding to i = (1).

The above lower bounds are used in the branch and procedure. The branch
and bound tree is shown in Figure 8.3. Observe that the node corresponding to
f = (2) yields the unique optimal solution (which is actually the heuristic solution).
Hence, the optimal schedule is to use batching policy (2,3) and job-order (1,3,2) which
gives the sequence of operations (1,1), (1,3), (2,1), (2,3), (1,2), (2,2) with a total
completion time 104.

Note that in the above we do not use the concept of the high-low positions. If

we use the concept of the high-low positions, a revised lower bound shows that the
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heuristic solution is optimal and, therefore, the branch and bound procedure is not

required to solve the problem with the above data. We omit the discussion here.

8.7 An IP Formulation

If a job 7 1s assigned to position p as an [-th job within the batch, we say that the
rank of job j or position p is [. We can define the contribution of assigning job j to
position p as an [-th job within the batch so that the total completion time is obtained
by summing up contribution of all assignments. If job j is assigned to position p as
an [-th job within batch, operation (1,7) precedes completion of (n — p + 1) jobs and
operation (2, 7) is the last operation of job j and precedes completion of other (n — p)
jobs. Furthermore, if [ = 1, a setup on machine 1 and another setup on machine 2
precedes the completion of (n — p + 1) jobs. Hence, the contribution of assigning job
j to position p as an [-th job within a batch is
(= pH+1D)(tj+tyi+s1+s2) ifl=1
vt = { (m—p4+Dti;+(n—p+1)ty; ifl>1
Forall 1 <j<mnand1<I<p<nletax;y=1Iifjob jis assigned to position
p as an [-th job within batch and z;,; = 0 otherwise. The following integer program

solves the problem 1F2[s;| Y C;.
min Y5> > e, Tl

s.t. Zp lep L jipl =1 \V/]
; Elgp L jpl =1 Vp
DTl = D Tipr)1 — D Tiprnry < 0 Vi<p<n
D5 Tipl = D Ti(ph1)(14+1) > 0 Vi<p<n
Z jpl e {0,1} Vy,p,l
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The first constraint ensures that each job is assigned to exactly one position and
that each job has a unique rank. The second constraint ensures that each position
1s assigned to exactly one job and that each position has a unique rank. The third
constraint ensures that if the rank of position p is [, then the rank of position (p + 1)
is either 1 or (I + 1). The fourth constraint ensures that if the rank of position p is

not [, then the rank of position (p + 1) is not (I + 1).

8.8 Computational Experience

Algorithms A, B and C and the Integer Program (IP) are tested on a randomly
generated set of problems. For a discussion on generation of experimental data for
machine scheduling problems, see Hall and Posner [56]. We generate problems with
n =5, 10, 15, 20, 25, 30 and 40. For each n, 10 problems are generated. We consider
si ~ Ul[2,4] and t;; ~ U[1,10], where U denotes the uniform integer distribution.
Algorithms A, B and C are written in C and run on an AMD-K6-2/333 PC using
Polaris. The C code for solving the assignment problem is obtained from an World
Wide Web site maintained by MagicLogic Optimization Inc. [61]. The code is based
on the methods described in Jonker and Volgenant [62]. The IP is coded in GAMS
and solved using LAMPS run on an IBM RISC 6000 43P M140 using AIX.

For each of the Algorithms A, B and C we record number of nodes processed,

number of leaf nodes processed, initial heuristic solution, initial lower bound, optimal
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solution, and time in seconds. For the IP, time in seconds is recorded. The results
are summarized in table 8.1. Heuristic to optimal 1s the ratio of heuristic solution
to the optimal solution and LB to optimal is the ratio of initial lower bound to the
optimal solution. More precisely, heuristic to optimal is A(¢)/A(0*) and lower bound
to optimal is A(f1)/A(0™), where o is the schedule generated by the heuristic in the
first run, o* is an optimal schedule and i = (0).

As Algorithm B updates the upper bound at each node, Algorithm B processes
fewer nodes than Algorithm A. Similarly, as Algorithm C updates the lower bound
on the contribution of batches at each node, Algorithm C processes fewer nodes than
Algorithm A. However, in each case the advantage gained by eliminating nodes is
outweighed by the increased amount of time required to update the upper or lower
bounds. Algorithm A updates the lower bound at each node without updating the
lower bound on the contribution of batches. In all cases, Algorithm A requires the
least time. Between Algorithms B and C, Algorithm B requires less time.

The performance of the heuristic is encouraging. The average gap between the
heuristic solution and the optimal solution is between 0% and 0.3%. The average gap
between the initial lower bound and the optimal solution is 0% to 3.2%.

Algorithm A has been used to solve an instance of the problem with n = 40. The
number of nodes, leaf nodes and time in seconds are 20 337 175, 11 369 524 and 20

803 respectively.
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Number of Jobs, n
Algorithm | 5 10 15 20 25 30

Nodes A 1.2 | 67.6 | 561.9 | 6 252 | 88 176 | 714 117
processed B 1.2 1 66.8 | 560.4 | 6 217 | 87 710 | 711 351

C 1.2 | 53.7 | 467.2 | 5537 | 82161 | -
Leaf nodes A 0.3]24.6 |219.0 | 2865 |45 304 | 347 638
processed B 0.3 |23.8 |217.3 | 2846 |45 034 | 346 088

C 0.3]18.0 | 181.0 | 2364 | 41871 |-
Time in A 0.0 | 0.000 | 0.143 | 0.977 | 25.870 | 334.616
seconds B 0.0 | 0.000 | 0.275 | 1.719 | 42.727 | 538.083

C 0.0 | 0.000 | 0.824 | 35.673 | 1217.8 | -

IP 0.0 | 0.476 | 4.063 | 21.296 | 82.016 | -
Heuristic  to 1 1.003 | 1.001 | 1.001 | 1.002 | 1.001
optimal
Lower bound 1 0.978 | 0.975 | 0.973 | 0.972 | 0.972
to optimal

Table 8.1: Performance of algorithms for total completion time

8.9 Summary

In this chapter we consider the two-machine flow shop problem with the objective
>~ C;. The problem is open. However, we use our analysis on the fixed-sequence and
fixed batching policy cases. We develop a heuristic, a branch and bound scheme and
an integer programming formulation. We report computational experience for vari-
ous implementations of the branch and bound scheme and the integer programming
formulation.

The heuristic has four steps. In terms of the network representation of the problem
1E2|s;, fized sequence| . Cj, Steps 1, 2 and 3 of the heuristic solve a shortest path

problem. However, the computation of the arc weights is different from what is done
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in the case of the problem 1F2|s;, fited sequence|’ C;. Specifically, while we solve
the problem 1F2|s;, fized sequence| Y, C;, we do not use the fact that in an optimal
schedule jobs within a batch are processed in the ascending order of t5; (because,
we do not make any change to the given sequence). However, the fact is used in
Steps 1, 2 and 3 of the heuristic. Step 4 of the heuristic solves a problem of the type
LF2|s;,fized batching policy| > C; with the batching policy as obtained from Step 3
of the heuristic.

The lower bound is computed in two stages. First, a lower bound on the contribu-
tion of job-order is obtained by arranging the jobs in the ascending order of (¢1; + t2;)
and summing up the contribution of all jobs. The second stage can be given a net-
work representation similar to the one for Steps 1, 2 and 3 of the heuristic. However,
the arc weights are computed differently. Each arc represents a unique batch and
the arc weight represents a lower bound on the contribution of the batch represented
by the arc. The problem of computing each arc weight reduces to a special type
of assignment problem. We develop an O(n) time algorithm for this special type of
assignment problem.

The branch and bound scheme essentially enumerates over all batching policies.
Since there are at most 2"~! batching policies and the fixed batching policy case is
solved in O(n?®) time, the branch and bound scheme requires O(n*2"~!) time in the

worst case.
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We discuss three different implementations, A, B and C of the branch and bound
scheme. In algorithm A we compute all the arc weights of the lower bounding graph
only once, before the start of the branch and bound procedure. At each node of the
branch and bound tree, we compute a different lower bound using the lower bounding
graph. However, we do not revise the arc weights of the lower bounding procedure at
each node. Also, we do not generate a new heuristic solution at each node.

In algorithm B, we generate a new heuristic solution at each node of the branch and
bound tree. The performance of the algorithm is not better than that of Algorithm
A. Therefore, we reject the idea of finding a new heuristic solution at each node.
Algorithm C revises the arc weights of the lower bounding graph at each node. Neither
the performance of algorithm C is better than that of algorithm A.

The advantage of algorithm A is, clearly, minimal computational requirement at
each node. Algorithm A performs better than the integer program. Algorithm A has
been used to solve problems with a maximum of 40 jobs.

The performance of the heuristic is encouraging. The average gap between the
heuristic solution and the optimal solution is between 0% and 0.3%. The average gap

between the initial lower bound and the optimal solution is 0% to 3.2%.
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Conclusion

Jobs go through various stages of operations. In a classical machine scheduling prob-
lem such as a flow shop, open shop and job shop problem, it is assumed that no single
resource 1s used at two different stages. On the other hand, a flexible workforce or
a versatile machine may be employed to perform various types of operations. Such
resources may reduce the impact of uncertainties such as product mix changes and
demand changes. Often these resources are associated with some setups that are
required whenever a worker or machine switches from processing one type of oper-
ation to another, although several operations of the same type can be processed in
succession after a single setup.

The presence of setups gives rise to the problem of choosing batch sizes that are
neither too large nor too small. In the last one and a half decades, many researchers
have addressed the problem of scheduling with setups. A majority of articles assume

that there is only one type of scarce resource, which is typically a machine. Often
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there can be two scarce resources such as a worker and a machine or a machine and a
tool. The one-operator scheduling model considers a scheduling problem with setups
and two scarce resources.

Santos [106, Chapter 4], Baker [12], Coffman et al. [30] and Julien [63] have pio-
neered the development on the problem of scheduling products that require multiple
setups on a single facility. They have observed a number of dominance properties
that restrict the search for an optimal schedule.

In Chapter 3, we show that the dominance properties apply to our problem. In
the case of two machines, the properties imply that we can restrict the search for an
optimal schedule to batching schedules. We also show by example that if the number
of machines is greater than two, then we cannot restrict the search for an optimal
schedule to batching schedules.

Psaraftis [97], Ahn and Hyun [3] and Ghosh [47] use similar dynamic programming
recursions for various cases of the problem 1|s;| Y (w;)C;. Ghosh and Gupta [48]
extend the approach to the problem 1|s;;|Lyax. In Chapter 4 we further extend the
approach. We use the dominance properties discussed in Chapter 3 and show that

many fixed-sequence cases can be solved using a dynamic programming approach
similar to the ones used by Psaraftis [97], Ahn and Hyun [3] and Ghosh [47] and

Ghosh and Gupta [48].

Psaraftis [97] points out that his approach applies to the classical traveling sales-
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man problem. In the context of one-operator scheduling, the problem 10m/|s;; | with
a single job is equivalent to the m-city traveling salesman problem. The algorithm
developed in Chapter 4 has polynomial time complexity for fixed m. The running
time of the fixed-sequence cases with the objectives L.y and Y w;C; is O(n™) for
fixed m. Hence, the algorithm may perform satisfactorily for small values of m.

There exist some strong relationships among the objectives Crax, Lmax and > w;Cj.
One such relationship is that the optimal sequence for each objective C\ax, Linax and
> w;C; is independent of the start time of the schedule. This has been pointed
out in Chapter 4, and the relationship has been used to develop a common dynamic
programming scheme for the fixed-sequence cases with these objectives. Another re-
lationship is shown in Chapters 5 and 7. A similar network interpretation is provided
for two-machine fixed-sequence cases with objectives Lyay and > w;C;.

Recent development on the Monge-array algorithms by Aggarwal et al. [2], Wilber
[122], Eppstein [37] and Galil and Park [40] speeds up dynamic programming recur-
sions if Monge property is satisfied. In Chapter 7, we show that Monge-array algo-
rithms can be used to improve running times of 102|s;, fized sequence| > w;C; and
1E2|s;, fized sequence| Y, w;C}.

However, the Monge-array algorithms are not used in Chapter 5 to improve the
running time of problems 102|s;|Lyax and 1F2|s;|Lyay. Problems 1F2|s;| Ly and

102|8;| Lyax are interpreted as shortest path problems, where the lengths of arcs and
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paths are defined in a particular way. Two rules, the node elimination rule and the arc
elimination rule are developed to speed up the computation of the “shortest path”.
By applying the node elimination rule and the arc elimination rule, we obtain simple
O(n) time algorithms for problems 102|s;|Liax and 1F2|$;| Lyax.

The node elimination rule applies to problems 102|s;, fized sequence| ) w;C; and
1F2ls;, fized sequence|  w;C;. However, the arc elimination rule does not apply to
these problems. We remark here that if for some special structure of processing times
and weights, arc elimination rule applies to problems 102|s;, fized sequence| w;C;
and 1F2ls;, fized sequence|d  w;C;, then algorithms similar to the ones discussed in
Chapter 5 can be used to solve these problems.

As shown in Chapter 3, the problem 1|s;, F = 1|Lyax is a special case of the
problem 1F2|s;|Lyax. As in Chapter 5 we improve the running time of the problem
1F2|8;| Liax to O(n), hence we get an improvement of the running time of the problem
1]s1, F' = 1| Lipax to O(n).

In Chapter 6 we show that each of the problems 1F2|s;| Y w,;U;, 102|s;] Y w;U;,
1F2|s;| Y. U;, and 102|s;] 3" U; is N'P-hard. Lawler and Moore [77] and Sahni [104]
give two pseudo-polynomial algorithms for the single machine scheduling problems
with the objective > w;U;. A difference between these two algorithms is that Lawler
and Moore [77] use processing time as a state variable and Sahni [104] uses weighted

number of tardy jobs as a state variable. Hochbaum and Landy [58] and Brucker and
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Kovalyov [24] extend the algorithms to the problem 1|s;, F' = 1| w;U;. Hochbaum
and Landy [58] use processing time as a state variable and Brucker and Kovalyov [24]
use weighted number of tardy jobs as a state variable.

We further extend the algorithms to problems 1F2|s;| > w;U; and 102]|s;| Y w;U;.
Algorithms of Sahni [104] and Brucker and Kovalyov [24] give polynomial-time ap-
proximation schemes. It is not known whether polynomial-time approximation schemes
can be obtained for problems 1F2|s;| > w;U; and 102[s;| Y w;U;. Computational ex-
perience shows that it is better to consider weighted number of tardy jobs as a state
variable as opposed to considering processing time as a state variable.

In Chapter 7 we show that the problem 1Fm|s;, fized sequence| ) w;C; is solved
in O(mn®) time. However, it is not known whether the problem 10m/s;, fized se-
quence| > w;C; is solvable by an algorithm which is polynomial for variable m.

One motivation for analyzing the fixed-sequence cases is that in some cases, it is
possible to obtain a job-order which dominates all the other job-orders. It follows
from Theorem 4.1 that one such case is the problem with the objective L., for
which EDD order dominates the other job-orders. Theorem 4.2 points out another
case with the objective Y w;C; and agreeable processing time and weight. The order
1, 2, ..., n dominates the other job-orders. Another motivation is to eventually obtain
an enumeration scheme. However, there are n! job-orders. We show in Chapter 7

that for m = 2 and w; = 1 an alternate strategy is to enumerate over all batching
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policies. The number of batching policies is 2", The problem with a fixed batching
policy is solved in O(n®) time. However, such an enumeration scheme may not be
useful for objective Y w;C;. Both the problems 102|s;,fized batching policy| > w;C;
and 1F2[s;,fized batching policy| > w;C; are N'P-hard.

In Chapter 8 we consider the problem 1F2ls;|>" C;. This problem is open. We
discuss a heuristic and a lower bounding procedure which are used in a branch and
bound scheme based on an enumeration over all batching policies as suggested in
Chapter 7. We report performance of various implementations of the branch and
bound scheme and an integer programming formulation.

Performance of the heuristic is encouraging. The average gap between the heuristic
solution and the optimal solution is between 0% and 0.3%.. The average gap between
the initial lower bound and the optimal solution is 0% to 3.2%. The branch and
bound scheme generates an optimal solution within seconds for cases with up to 20
jobs. However, the required time grows very fast if n > 30. Problems with n as large
as 40 have been solved by the branch and bound algorithm. The integer programming
formulation has been used to solve problems with n as large as 28.

In Table 9.1 we summarize the running time of various solvable cases.



CHAPTER 9. CONCLUSION 221

Problem Running Time

10m|sii/|Cmax O( 22m)

10m|3;|Cnax O(1)

1Fm|sii/|Cmax 0(1)

10m|84ir| Lipax O(m?(n 4+ 1)™)

1LFm|s;| Liax O(m(n + 1)™)

10m|s;y . fized sequence| Y, w;C; | O(m*(n + 1)™)

LEm|s;,fized sequence| w;C; O(mn®

102]s;| Liax O(n)

1F2|8;| Liyax O(n)

102|s;| > w;U; O(nmin{max{> t1;, > t2;}, dmax}
i3> (¢ 4 1), e
Ol s (a3 1y, 35 s} ] 07

LF2]s;| > w;U; O(nmin{) t1;, dmax f min{> > (t;; + nsi),
Do)
Ol min {5 o, e S5 07

102|s;,fized sequence| > w;C; O(n)

LF2|s;,fized sequence| w;C; O(n)

102|s;,fized batching policy| > C; | O(n®)

1F2|s;,fized batching policy| > C; | O(n®)

Table 9.1: Summary of running times
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9.1 Future Research

There exist numerous possibilities for future research. As shown in Table 4.1, the
classification of problems is not complete. For example, it follows from a result of
Bruno and Downey [25] that the problem 10m|s;|Lyayx is N'P-hard. However, it is
not known whether this problem is strongly N'P-hard. Following are some other

problems which needs to be classified:

10m|s;,fized sequence| Y w;C;

LEm|s;, fized sequence| > w;C;

]-Fm|3ii’|Lmax

1LFm|s;| Liax

102|s;] Y w;C;

As discussed above, further research is required to resolve the issue whether there

exists a polynomial-time approximation scheme for problems 1F2|s;| > w;U; and

102|Sl| Z’ijj.
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We have shown that the arc elimination rule does not apply to problems 102|s;,
fized sequence| w;C; and 1F2|s;, fized sequence| ) w;C;. However, the arc elimi-
nation rule may be applicable for some special structure of the processing times and
weights. If the arc elimination rule applies for some special structure of the processing
times and weights, the running time may not be improved, but the algorithm may be
simplified.

The heuristic given in Chapter 8 performs very well. One way to show a good
performance of the heuristic is to find a worst case bound on the ratio of heuristic
solution to optimal solution. We do not have an example in which the ratio is high.
Hence, we conjecture that a good worst case bound on the ratio may be available
through further research.

Finally, the model can be applied to a wider context if some of the assumptions are
relaxed or modified. Here, we discuss only a few among a large number of possibilities.
The assumption that n;; > 1 can be relaxed. Sometimes a job may not require an
operation on some machine. A versatile machine may be used for a large number of
operations, and every job may require only a few types of operations.

Throughout we maintain an item availability assumption, which implies that com-
pletion time of a job is given by the completion time of the last operation of the job.
However, if the jobs are moved in batches, a batch availability assumption is more

appropriate. In such a case, the completion time of a job is the completion time of



CHAPTER 9. CONCLUSION 224

the batch of operations that contains the last operation of the job.

As discussed by Blazewicz et al. [18, Chapter 10], some Flexible Manufacturing
Systems (FMSs) are implemented using mainly one type of versatile machine. This
type of FMS design can be represented by considering operators in parallel.

The dominance properties discussed in Chapter 3 are quite versatile. The prop-
erties can be extended to many extensions of our model. One exception is that of
non-zero ready times. In presence of non-zero ready times, almost no property dis-
cussed in Chapter 3 holds. For example, suppose that a job 7 has two operations on
a machine %, and as soon as one of the two operations is completed, a very important
job arrives at the shop floor. It make sense to process the newly arrived job first (as
it is very important) and then process the remaining operation of job j on machine
¢ at some later time. Thus, the conclusion in Theorem 3.1 is violated, as the two
operations of job j on machine 7 are not processed contiguously. Similarly, in the
presence of non-zero ready times, job-orders may be different on various machines,
a machine with positive inventory may be set up, and a machine may be switched
before creating any inventory on the current machine.

Still, the properties discussed in Chapter 3 are versatile in the sense that the
properties may be applicable with little modification to various cases including n;; >
0, batch availability and parallel operators. One such modification required is in the

case of n;; > 0. We must change the condition stated in Theorem 3.5 that an inventory
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be created before switching. Intuition suggests that if the current machine has an
operation of a job that will leave the shop floor next, then it is wiser to complete the
operation (and thus create an inventory ) before switching to some other machine.
However, if the current machine does not have any operation of a job that will leave

the shop floor next, then an inventory may or may not be created before switching.
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