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Abstract

In this thesis we investigate two domains of control over the photonic emission from
NV centers. In the first part of the thesis, which focuses on emission control in the spatial
domain, we will be exploring the design of a nanophotonic structure that would be able to
control the directionality of photon emission from NV centers. We will be using the inverse
design methodology known as adjoint optimization to design the structure. Furthermore
we will present FDTD simulations to assess the performance of the designed structure
and compare its performance with existing structures. We then present some preliminary
experimental results from a confocal microscopy setup we built in our lab.

In the second part of the thesis, which focuses on emission control in the spectral do-
main, we investigate the potential of using single NV centers for photon conversion between
the microwave and optical regimes. The conversion between the microwave photons, that
couple to superconducting qubits, and optical photons, that are used in long range com-
munication and memories, is an important component in realizing an extended quantum
network. In our proposed scheme, we explore the use of Λ system in NV centers coupled
to optical and microwave cavities as a platform for efficient conversion between the mi-
crowave and optical regimes. We present analytical and numerical simulations to identify
the required characteristics of the system to achieve high conversion efficiencies.
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Chapter 1

Introduction

Max Planck's theoretical explanation of blackbody radiation formulated in 1900, together
with Albert Einstein's 1905 paper on the discrete quantized nature of light paved the way
to our current understanding of the fundamental theory in physics known as quantum
mechanics. Early demonstrations of the exotic properties of quantum mechanics such as
superposition and entanglement [10] raised the question of whether "quantum resources"
could be exploited for useful applications. This brought forth many exciting avenues of
research such as quantum information and computing, quantum metrology, and secure
quantum communications, all of which can be broadly categorized as quantum technologies.
When selecting potential systems to be used in quantum technology applications, there are
two criteria that need to be considered: control and scalability [11]. Control is achieved
in systems such as single atom/trapped ion experiments where the system is maximally
isolated from environmental e�ects [12]. Single atom platforms however are not particularly
scalable. In the aspect of scalability, solid state systems are superior due to the possibility
of on chip integration as well as the availability of established nanofabrication techniques
and tools from the semiconductor industries. One such solid state platform that has gained
traction in the past few years are Nitrogen Vacancy (NV) centers embedded in diamonds.
Due to atom like properties and attractive qualities such as long coherence times, whilst also
being embedded in a solid state material, NV centers have been used in several quantum
technology applications.

Having selected a viable system, which in our case are NV centers, an important subse-
quent avenue to explore would be the control over the photon emission from said system.
Indeed, control over the quantum state of light in systems lies central to the implementa-
tion of several useful quantum technology applications such as metrology, communication
and information processing [13]. In this thesis we will be exploring the potential of two
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photonic quantum technology applications involving the control over the photonic emis-
sion from NV centers. We begin the thesis with Chapter 2 with a brief introduction to NV
centers and review a few of their basic properties.

1.1 Design of Nanophotonic Structures for Directional
Control of NV Center Emission

In Part I of this thesis we investigate the design of nanophotonic structures to control
the directionality of photon emission from NV centers embedded near the surface in bulk
diamonds. The control over the emission directionality from NV centers is vital for sev-
eral applications such as on-demand single photon generation [14], nanoscale magnetometry
[15, 16], study of spin interactions and entanglement [17, 18, 19], and quantum information
processing [20]. Speci�cally, we use an inverse design tool known as adjoint optimization
to design the nanophotonic structure. In Chapter 3 we start by looking at the use of clas-
sical antenna formulations to describe the emission from quantum emitters. In Chapter 4
we look at the theory behind the inverse design methodology known as adjoint optimiza-
tion. We review how adjoint optimization can be used to design photonic structures with
user de�ned electromagnetic responses. Finally, in Chapter 5 we look at the design of a
nanophotonic structure using adjoint optimization to control the emission pro�le from NV
centers. We will perform simulations to quantitatively compare the performance of the
adjoint optimized structure to existing structures in controlling the emission directionality
from NV centers. Furthermore, we present some preliminary experimental results from a
confocal microscope setup to observe the 
uorescence from NV centers and conclude with
future directions of the project.

1.2 Microwave to Optical Domain Transducer with
Single NV Centers

In Part II of the thesis we investigate the potential of using a single NV center for e�cient
photon conversion between microwave and optical regimes. In this project we aim to
develop a quantum interface between microwave and optical photons. This is an essential
component in realising a hybrid quantum network where photons as information carriers
need to be converted between microwave domain, where they interact with superconducting
circuits [21], and optical domain, which allows long-distance communication, high-e�ciency
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detection, and storage in a quantum memory [22, 23]. We investigate the potential of micro-
fabricated devices with integrated optical and microwave cavities coupled to a single NV
centre { which we model as a three-level �-type quantum emitter { to e�ciently convert
microwave photons into optical photons. We present analytical and numerical simulation
results that explore the required characteristics of the microwave and optical cavities to
achieve high conversion e�ciency between the microwave and optical regimes. In Chapter
6, we �rst outline the framework with which we will investigate the conversion between
the microwave and optical regimes using NV centers. We present two de�nitions of the
conversion e�ciency which we will be exploring. In the �rst intrinsic de�nition of the
conversion e�ciency, we ask the question:If we can get a microwave photon into microwave
cavity, what cavity parameters would maximize the output optical photons?. In second,
extrinsic, de�nition of the conversion e�ciency we ask the question:For every microwave
photon incident on the microwave cavity, what cavity parameters would maximize the output
optical photons? . In Chapter 6 we use analytical and Monte-Carlo simulations of the
system to explore the �rst conversion e�ciency de�nition in di�erent cavity regimes and
identify the required parameters for the maximum conversion e�ciency. In Chapter 7
we continue the analysis from the previous chapter and explore the second conversion
e�ciency de�nition in di�erent cavity regimes and identify the required parameters for the
maximum conversion e�ciency. Finally we will conclude with a discussion on the system
limitations and discuss existing optical and microwave cavities that satisfy the required
system parameters to achieve maximal conversion e�ciency.
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Chapter 2

NV Centers

2.1 Introduction

A nitrogen vacancy (NV) center in diamond is a point defect in diamond lattice where a
carbon atom is replaced with a nitrogen atom, whilst the carbon atom adjacent to it is
vacant [24]. NV centers can either exist as NV0 or as NV� . In NV 0 the three adjacent
dangling carbon atoms contribute 3 bond electrons and the nitrogen atom contributes two
valence electrons. The addition of one extra electron to that results in the formation of the
negatively charged NV� with six electrons in total (Figure 2.1). Although the NV0 state
has been observed to be the preferred charge state formed at the surface (< 200nm) of the
pure diamonds through annealing [25], it is the negatively charged NV� that is formed
deeper within the diamonds that have been extensively studied due to it attractive spin
and optical properties [26]. Furthermore NV� is the preferred state that exists dominantly
in natural diamonds [27]. Due to the long electron spin coherence times in NV centers
[28, 29], the ease of microwave rotations[30], optical readout and manipulation [31], and
the ability control the geometric position via ion implantation [32, 33], NV centers o�er
an excellent platform for applications in quantum metrology [34, 35, 29, 36, 37], quantum
information [38, 39] and in quantum networks [40, 41, 18]. In this chapter we will look
at the basic properties of NV� centers, including how they can be used as a � system in
optical experiments. The � con�guration consists of one excited state and two ground state
sublevels. Furthermore, we will also brie
y discuss the theory behind confocal microscopy,
which is the primary way in which 
uorescence from NV centers is experimentally observed.
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Figure 2.1: In the diamond lattice, NV centers are formed by the substitution of a carbon
atom with a nitrogen atom and the vacancy of the adjacent atom. This results in the
contribution of the three dangling bond electrons from the neighbouring carbon atoms,
two from the nitrogen atom, and one additional electron. The total of six electrons results
in the formation of the NV� .

2.2 Basic Properties

The NV� center's electronic structure consists of a ground and excited spin triplet states,
2A3 and 3E, and the singlet states1A1 and 1E as seen in Figure 2.2. The ground triplet state
is well studied and documented thoroughly through electron spin resonance (ESR) [42, 43],
Raman heterodyne [44], and optically detected magnetic resonance (ODMR) experiments
[45]. The ground triplet state is split into the spin levelsms = 0 and the levelsms = � 1
levels by 2.87GHz. The dipole transition between the ground spin triplet and excited spin
triplet states corresponds to the 637nm Zero Phonon Line (ZPL) emission band. This
ZPL emission and the 2.87GHz ground spin triplet splitting is characteristic of a NV�

center and is typically used in identifying the presence of a defect. The excited state3E, is
associated with six excited sates corresponding to two states for thems = 0, and the four
levelsA1, A2, and E (2 levels) corresponding to the spin values ofms = � 1 [46]. External
strain and temperature may cause perturbations that shift or mix the excited triplet levels
even further [27].

At low temperatures (T =2K) the triplet and singlet dipole transitions correspond to
637nm and 1043nm respectively. These transitions between the distinct electronic states
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(a) (b)

Figure 2.2: a) The electronic structure of an NV center showing the ground and excited
triplet and singlet states, and the vibronic bands. The resonant decay from the excited
state results in the ZPL, whilst non resonant decay to the vibronic bands above the ground
triplet contribute to the phonon sidebands in the NV spectrum. b) The NV centers can
be excited with an above resonant energy pulse (green) to the vibronic bands from which
they decay to the excited triplet state3E by emitting phonons. From the excited triplet
state in spin statems = 0, the NV decays to the ground triplet state 3A2 via a transition
in the optical regime. If the excited state begins in them = � 1 spin state, infrared decay
through due to Inter-System Crossing (ISC) occurs with a probability of 1/3.

contribute to what is known as the Zero Phonon Line (ZPL) [47]. At room temperatures
however these transitions are broadened due to phonon-assisted processes as seen in Figure
2.3a. In addition to the electronic excited states, there exists a band of vibronic states above
the electronic triplet states. When the NV center is in the excited state3E, the NV center
can either decay resonantly through the ZPL, or it can decay to the vibronic bands above
the ground state3A2 from which it relaxes into the electronic ground triplet states through
phonon relaxations. These transitions involving the vibronic band result in the phononic
side bands (PSB) appearing at higher wavelengths (above the ZPL) due to emission, and
at lower wavelengths due to absorption [24, 27]. As can be seen in Figure 2.3a only� 3%
of the 
uorescence from an NV� is emitted into the ZPL. One of the main di�culties in
working with NV centers is the large spectral inhomogeneity that arises due to the phonon
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side bands. This is because only the ZPL emission is what is useful for most applications
as the emission from the non-ZPL spectrum dephases very quickly [48]. By coupling the
NV centers to a cavity however, it has been shown that the ZPL emission can be enhanced
by � 4 times [2, 49]. Similarly as can be seen in Figure 2.2b, the NV center can be excited
with an above resonant energy (wavelength of 532nm) into the vibronic bands above the
excited state, from which it relaxes into the excited states through phonon relaxations.

(a) (b)

Figure 2.3: a) Fluorescence spectrum of a NV� at room temperature (T=300K) and low
temperatures (T = 1.8K). As can be seen approximately only 3% of the spectrum is emitted
in the Zero Phonon Line(ZPL). Figure adapted from Reference [1]. b) Photoluminescence
excitation (PLE) measurements of a single NV center in a CVD diamond excited at ZPL
(632nm) while the photoluminescence is collected from the phonon sidebands repetaed
over many scans. The z-axis represents the photoluminescence intensity, the x axis is the
detuning from the excitation frequency, and the y-axis is the scan number. Figure adapted
from [2]

When in the excited state with spin levelms = 0, the NV center decays to the ground
state via a 
uorescence in the optical transition as seen in Figure 2.3a. However if the NV
center begins in the excited state with spin levelms = � 1, there is a 2/3 probability that
the system will decay with the 
uorescence in the optical transition and 1/3 probability
that the excited triplet state will decay to the excited singlet state via inter-system crossing
(ISC). The excited singlet state then decays to the ground singlet state emitting into the
infra-red regime. The lifetime of the singlet states is 300ns [24]. Furthermore, the NV
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axis (Figure 2.1), which lies perpendicular to the optical dipole axis, is aligned along the
h111i axis. Which means in (100) oriented diamonds the NV lies at angle of 54.7o with
respect to the surface normal. Thus in a (111)-oriented diamond the optical dipole lies
perpendicular to the surface normal [50].

2.3 Lambda System

In addition, NV centers can also form � con�gurations which can be used in applications
such as Stimulated Raman adiabatic passage (STIRAP) [51], or, in our case, as an interface
for microwave to optical photon conversion. Although the ground triplet of the NV center
is well studied and documented, due to the uncertainty surrounding the excited triplet level
structure, there doesn't exist one well de�ned � system that can be studied [4]. There exists
several � systems that can picked from for di�erent uses. One way to form a � system in
the NV center is by applying a magnetic �eld along the NV axis to lift the degeneracy in
the ground triplet states to split the spin statesms = � 1. For a magnetic �eld strength
of 117G at a cryogenic temperature of 8K, this splitting between thej+1 i and j� 1i state
is 655MHz. A � system can then be formed from the excited state3E and the pair from
the ground state triplet j+1gi , and j� 1gi [3], with spin preserving transitions between the
lower j+1gi , and j� 1gi levels and the excited levelj3Ei as seen in Figure 2.4a.

Alternatively due to factors such as strain, a � system exists in NV centers at zero
magnetic �eld as well due to the symmetry breaking in the excited statej3Ei [4, 46, 52].
This results in the formation of a closed � system with the excited statej3Ei and ground
states j0i and j� 1i as seen in Figure 2.4b [53, 4]. The ground triplet state is stable and
has a long lifetime of� 7:5ms [54, 55, 56, 57] and the excited state triplet of the NV center
has a lifetime of� 12ns at cryogenic temperatures. NV centers are also bene�cial in that
ground state NV center spins have a long transverse decay timeT2, approaching� 2:4ms
[15, 55, 57]. As can be noted from the photoluminiscence emission (PLE) measurement
from Figure 2.3b, the linewidth of thej3Ei $ j 0gi transition is broadened with a width of�
100MHz [2]. This spectral di�usion is due to a phonon assisted population decays between
the Ey and Ex sublevels in the excitedj3Ei state. This broadening scales asT5 with the
temperature till 100K. However at room temperatures and below room temperatures, this
population transfer is at a rapid pace that only an averagedj3Ei can be observed. Thus
for the purposes of our study we take into account this broadening as a transverse decay
of the excited state.

The j0gi $ j� 1gi in the � system can be addressed with a microwave �eld whilst the
remaining two transitions can be coupled with optical �elds. This � system in NV centers
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(a) (b)

Figure 2.4: The various � systems that can be formed in an NV center.a) � system formed
by lifting the degeneracy of� 1 states in the ground triplet. This results in a splitting
between the two ground states ofB jj � 5:6MHz [3]. b) Due to natural strains within an
NV center a � system can be formed in the presence of zero magnetic �eld with the ground
triplet states and the excited state [4].

can then be used for the conversion between optical and microwave photons as we will see
in Part II of the thesis.

2.4 Confocal Microscopy

The primary method used to experimentally observe 
uorescence from NV center is the use
of confocal microscopy. In this section we will brie
y go over the theory behind confocal
microscopy. Confocal microscopy, which was developed by Marvin Minsky in 1988 [58],
is based upon the principle of conjugate planes in ray optics. When an optical system
is used to image a point source, the plane at which the image is formed is said to be
conjugate with the plane on which the point source is located. In confocal microscopy the
image is constructed in a "point-by-point" manner wherein a single point on the sample
is illuminated with incident light, and only the light emerging from the point of interest is
captured, whilst the light that is scattered from unwanted sources on the sample is blocked.
To achieve this, a pinhole is placed on the image plane such that the light rays from the
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point of the interest on the source plane intersect at the pinhole. As such light that is
scattered from other locations are blocked by the barrier and not detected. The pinhole
is said to be on the conjugate plane to the point source plane, or the image isconfocal
with the point of interest. As can be seen in Figure 2.5, in a system that comprises of two
convex lenses, only rays from the red circle,the point of interest, intersect at the pinhole
on the image plane and forms an image that is in focus. Light emanating from the o� axis
sources (purple cross) have images that are formed on the image plane but are blocked by
the barrier and thus doesn't get through the pinhole. Light emanating from the sources
that are on the axis but not on the source plane (blue cross) have images that are formed
either before or after the image plane with the pinhole, thus the light that passes through
the pinhole has a low intensity.

Figure 2.5: The principle of confocal microscopy to image NV centers in diamonds with
two convex lenses. The source plane and the image plane are on conjugate planes. The
conjugate point of the point of interest (red circle) is imaged at the pinhole, while all other
conjugate points are blocked on the source plane. The dichroic mirror re
ects the NV
excitation green light whilst allows the 
uoresced red light from the NV centers to pass.

Either by moving the sample or using scanning optics, di�erentpoints of interest can
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be focused an imaged through the pinhole, thus reconstructing a complete image of the
sample. To study NV centers, the technique that used is known as 
uorescence confocal
microscopy, wherein the excitation and emission wavelength of light is di�erent [24, 27].
For NV centers speci�cally, as noted in Figure 2.2b, green light of wavelength 532nm is
used to excited the NV centers, and red light of wavelength 637nm in ZPL is emitted. The
microscope setup makes use of a dichroic mirror that re
ects the green light and transmits
the red light. The transmitted light is then collected to form an image of the NV center
on a camera or for spectral or photon statistics measurements.
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Part I

Design of Nanophotonic Structures
for Directional Control of NV Center

Emission
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Chapter 3

Optical Antennas

3.1 Introduction

In this chapter we will look at the quantum and classical formalism of an emitter, and
provide motivation as to why in certain contexts it would be bene�cial to treat a quan-
tum emitter as a classically radiating dipole antenna. The purpose of this is to provide
background for understanding the results presented in Chapter 5, wherein we shall explore
how we can control the photonic emission pattern from NV centers using sub-wavelength
nanophotonic structures. The control over the emission directionality of photons from
quantum emitters is an important challenge in experiments involving light-matter inter-
actions. One method of studying the emission directionality from quantum emitters is to
treat the emitters as classical dipole antennas. We can then adapt the formulations used
in classical antenna formulations to study the system. Such formulations o�er an advanta-
geous approach, as they have been extensively explored and have a well established toolbox
of design parameters such as directivity and front to back ratio. An optical antenna as
de�ned by Novotny [59], is any device that is able to control free propagating radiation
into localized �elds. Thus an antenna can either be a macroscopic device that is driven by
an electrical current, or a nanophotonic structure that is fed by a quantum emitter. In this
chapter we will start with the description of a two level quantum emitter and show that
by using the Local Density of States formalism, we can seamlessly describe the emitter
as a classical electric dipole. Once we can describe an emitter with a classical dipole, we
will show how we can use antenna formalism such as directivity and front to back ratio to
study the emission from a quantum emitter.
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3.2 QED Formalism Approach

Unlike typical antennas that are fed by electric currents, optical antennas are fed by the
radiation from localized emitters. Thus a formalism for the enhancement of electromagnetic
radiation due to an optical antenna is required. Although typically isolated single emitters
such as atoms are treated quantum mechanically, we show in the discussion below that the
spontaneous decay of a two level emitters can be simpli�ed to a purely classical picture of
Green's function via the local density of electromagnetic states (LDOS) formalism.

Figure 3.1: Transitions from the initial stateje;0i to the �nal states jg;1! k i , whereE i (E f )
is the energy of the initial (�nal) state. The states describe the emitter and �eld system
where jei (jgi ) is the excited (ground) state of the emitter whilej0i is the zero photon
state and j1! k i is the one photon state in the modek

Since spontaneous decay of atom is a quantum mechanical process we begin with a
fully quantum treatment of the system. We consider a system which consists of a two
level quantum emitter in the presence of a �eld, treating it in the Heisenberg picture. The
initial state and �nal states of the combined emitter and �eld system is given by:

ji i = je;0i

jf i = jg;1! k i
(3.1)

wherejei and jgi are the excited and ground state of the two level emitter respectively,
j0i is the zero photon state andj1! k i is the one photon state with modek. The �nal states
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have the same energy and only di�er by the modek. The modek does not refer to the
wavevector here, instead it denotes the speci�c mode of the radiating �eld which in itself
is described together by the wavevector and the polarization vector of the radiating �eld.

The decay rate of the total system from an initial state,ji i , to the �nal state, jf i , is
described by Fermi's golden rule [59]:


 =
2�
~2

X

f

j hf j Ĥ I ji i j 2� (E f � E i ) (3.2)

where the summation includes the possible �nal states and the delta function ensures
energy conservation. In the dipole approximation the interaction HamiltonianH I between
the emitter and the �eld is described as:

Ĥ I = � p̂ :Ê (3.3)

wherep̂ is the transition dipole moment of the two level emitter and̂E is the quantized
electric �eld operator. The transition dipole moment operator of the two level emitter,̂p ,
is represented as:

p̂ = p(jei hgj + jgi hej) (3.4)

where p is the transition dipole moment or the dipole matrix element. The electric
�eld operator Ê(r 0; t) at position r 0 is de�ned as:

Ê(r 0; t) =
X

k 0

(E+
k 0(r 0)âk 0(t) + E �

k 0(r0)ây
k 0(t))

=
X

k 0

(E+
k 0(r 0)âk 0(0)e� i! k 0t + E �

k 0(r0)ây
k 0(0)ei! k 0t )

(3.5)

where âk 0(0) and ây
k 0(0) are the �eld annihilation and creation operators respectively,

while the summation is done over all thek0 �eld modes. The complex �elds E+
k 0(r 0)

and E)�
k 0(r 0) are spatially dependant, and denote the positive and negative frequency

components of the complex electric �eld such thatE+
k 0(r 0) = ( E �

k 0(r0)) � . The action of the
operatorp̂ :Ê on the initial state ji i results in:

15



p̂ :Ê ji i = p:
X

k 0

E �
k 0(r 0)ei! k 0t jg;1! k 0i (3.6)

due to the action of the annihilation operatorâk 0(0) on the initial state. The action of
the state hf j on this results in:

hf j p̂ :Ê ji i = p:
X

k 0

E �
k 0(r 0)ei! k 0thg;1! k jg;1! k 0i (3.7)

In a similar fashion:

hi j p̂ :Ê jf i = p:
X

k 0

E+
k 0(r 0)e� i! k 0thg;1! k 0jg;1! k i (3.8)

Substituting these de�nitions of the Ê and p̂ into Eq: 3.2, and invoking the orthogo-
nality of the radiation modes, the decay rate of the system fromji i to jf i with the non
vanishing terms can be reduced to:


 =
2�
~2

X

k

(p:E+
k E �

k :p)� (! k � ! 0) (3.9)

where ! 0 = ( Ee � Eg)=~, with Ee and Eg being the energy of the excited and ground
states of the emitter. The complex electric �elds can then be expressed in terms of the
normal modesuk as:

E+
k (r 0) =

r
~! k

2� 0
uk (r 0)

E �
k (r 0) =

r
~! k

2� 0
uk (r 0)�

(3.10)

The spatially dependant normal modes,u(r 0)k , are eigenfunctions of the time indepen-
dent electric �eld wave equation:

r � r � uk (r 0) � (
! k

c
)2uk (r 0) = 0 (3.11)
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Furthermore, the normal modes are functions that are orthonormal to each other. Using
the expression of the electric �eld operator in terms of the normal modes, the decay rate
of the system fromji i to jf i can be expressed as:


 =
2! 0

~� 0
jpj2

X

k

(n̂ p � uk (r 0)u �
k (r 0) � n̂ p )� (! k � ! 0)

=
2! 0

3~� 0
jpj2� p(r 0; ! 0)

(3.12)

where the outer product of the normal modes is� p(r 0; ! 0), which is known as the partial
local density of states.

3.2.1 Local Density of States

The partial local density of states is expressed as:

� p(r 0; ! 0) = 3
X

k

(n̂ p � uk (r 0)u �
k (r 0) � n̂ p )� (! k � ! 0) (3.13)

where np is the unit vector in the direction of p. As can be noted the partial local
density of states is a function of the classical �eld normal modes,uk . Since the outer
product of the normal modesuk (r 0)u �

k (r 0) is a 3x3 matrix, if we average the partial local
density of states over over the three di�erent axis orientations ofnp , we arrive at the total
local density of states:

� (r 0; ! 0) =
X

k

juk (r 0)j2 � (! k � ! 0) (3.14)

The total local density of states is essentially the total number of electromagnetic modes
that are present in a unit volume at a given frequency! 0. However as shown earlier, in
practice thepartial LDOS has more signi�cance as it is directly related to the spontaneous
decay rate,
 , which is dependant on the orientation of the dipole of the emitter. In free
space thetotal LDOS and partial LDOS are equal to each other and take the value of:

� 0 =
! 2

0

� 2c3
(3.15)
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which refers to the density of states encountered in blackbody radiation, which leads
to the well known result of the spontaneous free space decay rate of an emitter:


 0 =
! 3jpj2

3�� 0~c3
(3.16)

3.2.2 Green's function

The outer product of the normal modes can also be represented by the system's dyadic
Green's function,

 !
G as [60, 59]:

� p(r 0; ! 0) =
6! 0

�c 2

h
n̂ p � Im

n !
G (r 0; r 0; ! 0)

o
� n̂ p

i
(3.17)

In classical electromagnetic theory the dyadic Green's function
 !
G (r ; r 0; ! 0), is a 3x3

matrix which essentially describes the �eld at locationr due to the emitter at r 0. The
electric �eld produced by a dipole can be described with the Green's functions as:

E(r ) =
! 2

0

c2� 0

 !
G (r ; r 0; ! 0) p (3.18)

where each column in the
 !
G matrix describes the electric �eld components of a dipole

aligned along that speci�c axis. The components of the dyadic Green's function is solved
by starting with the electric �eld wave equation:

r � r � E(r ) �
! 0

c2
E(r ) = i

! 0

c2� 0
j (r ) (3.19)

where j (r ) is the current density at position r . The current density due to a dipole
source located at locationr 0 is given by:

j (r ) = � i! 0� � (r � r 0) (3.20)

From the above two equations we can thus solve for the dyadic Green's function by
solving the wave equation:

r � r �
 !
G (r ; r 0; ! 0) �

!
c2

 !
G (r ; r 0; ! 0) =

 !
I � (r � r 0) (3.21)
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where
 !
I is the unit tensor (which is the 3x3 identity matrix). Now that we have a

general idea of the dyadic Green's function, we can return back to out discussion of the
partial LDOS. Once again averaging over the di�erent dipole orientations of the dipole,np

we arrive at the total local density of states expressed in the form of the Green's function
[60, 59] :

� (r 0; ! 0) = h� p(r 0; ! 0)i = hnp �
 !
G (r 0; r 0; ! 0) � npi =

2! 0

�c 2
Im

n
Tr[

 !
G (r 0; r 0; ! 0)]

o
(3.22)

where Tr is the trace of the Green's dyadic tensor function. The total LDOS,� , thus
refers to the total number of electromagnetic modes present in per unit volume per unit
frequency at a given point,r 0. If we look at it from the classical frame,

 !
G (r 0; r 0; ! 0) is

the �eld at r 0 previously emitted by the quantum emitter, that has been re
ected back
towards to the position of the emitter. This is an important result as we can see how the
emission of a two level quantum emitter can be essentially described purely in the classical
frame with classical electromagnetic �elds.

It can thus be seen how the surrounding medium in
uences the spontaneous emission
rate of an emitter by modifying the local density of states in which the emitter is located
in. This characteristic e�ect of the surrounding environment on the spontaneous emission
rate of emitters is captured in the ratio between the spontaneous decay rate,
 , and the
spontaneous decay rate of the emitter in vacuum,
 0, which is known as the Purcell factor
( 



 0
)[61]. The value of the Purcell factor thus is a measure of how much the environment or

structure in which the emitter is embedded in modi�es the emitter's radiative properties.
Now that we have a basic understanding of the quantum mechanical description of a two
level emitter interacting with a �eld, we will proceed to see how this can be equated to a
classical dipole description.

3.3 Classical Antenna Power Approach

We will now see how the quantum mechanical description of a two level emitter can be
described by classically radiating dipole antenna. This translation from the quantum
mechanical description of a two level emitter to a radiating dipole can be done with the
Green's function. As we saw above the Green's function Green's function

 !
G (r ; r 0; ! 0),

essentially describes the electric �eld at a pointr by a dipole � , located at some pointr 0,
oscillating harmonically at a frequency of! 0:
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E(r ) =
! 2

0

c2� 0

 !
G (r ; r 0; ! 0) � (3.23)

In electromagnetic theory the current density of an oscillating dipole� can be repre-
sented as:

j (r ) = � i! 0� � (r � r 0) (3.24)

The power dissipated by this classical dipole is de�ned by Poynting's theorem from
classical electromagnetic theory as [59]:

P = �
1
2

Z

V
Ref j � :EgdV (3.25)

where V is the volume occupied by the dipole,j is current density generated in the
regionV due to the oscillating dipole, andE is the electric �eld. Since the current density
of the dipole is a delta function at the positionr 0, the power integral above can be expressed
as:

P =
! 0

2
Imf � � :E(r 0)g (3.26)

where E(r 0), is the electric �eld at the position of the dipole r 0. By substituting the
expression for the electric �eld in terms of the Green's function from Equation 3.23, we
arrive at:

P =
! 3

0j� j2

2c2� 0
[n � � Imf

 !
G (r ; r 0; ! 0)g � n � ] (3.27)

where � = � n � , with n � being the unit vector in the direction of the dipole moment.
This allows us to directly represent the power emitted by a classical dipole as a function
of the LDOS from Equation 3.17 as:

P =
�! 2

0

12� 0
j� j2� p(r 0; ! ) (3.28)

Since the power emitted by a classical dipole oscillating harmonically can be represented
by the LDOS, this gives us a direct connection to the spontaneous emission rate of a two
level quantum emitter (Equation 3.12):

20



P



=
j� j2

j hgj p̂ jei j 2

~! 0

4
(3.29)

where the ratio between the power emitted by a classically radiating dipole and the
transition rate of a two level quantum emitter can be directly expressed as a ratio of the
classical dipole moment� , and the transition dipole momentp̂ . In other words, the �eld of
quantum emitter and a classically radiating dipole di�ers only by a factor. Thus by using
the LDOS formalism, we can connect the emission pattern of a two level quantum emitter
and a classical dipole antenna. Making this connection provides us with a supply of a wide
array of features from the toolbox of classical antenna formalism to study the emission
from quantum emitters by modelling them as classical dipole antennas. One example of
this includes the use of impedance matching by representing the resistance of quantum
emitters Z , as a function of the LDOS:

Ref Zg =
P
I 2

=
�� p

12� 0
(3.30)

This circuit formalism of describing quantum emitters has been extended by Krasnok,
et al, in Reference [62]. However for the purposes of this thesis we will restrict ourselves
to adopting the tools of directivity and front to back ratio from classical antenna theory
to study the emission pattern from quantum emitters.

3.4 Directivity

When discussing the control of emission of radiation from emitters, it is also important
to consider the angular distribution of the radiation. In classical antenna theory this is
characterized by the directivity, D, of the antenna. To derive this, we start by describing
the normalized angular power density,p(�; � ) of radiation as:

Z �

0

Z 2�

0
p(�; � )sin�d�d� = Prad (3.31)

wherePrad is the total power radiated by the emitter. The directivity, D, is a measure
of the ratio between angular power density of the antenna,p(�; � ), and the power density
of an isotropic radiator that radiates power evenly around a 4� solid angle:
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D(�; � ) =
4�

Prad
p(�; � ) (3.32)

Figure 3.2: Normalized directivity plot of a electric dipole aligned along the x axis. The
concentric circles refer to the power in dB. The angular coordinates are measured along the
� axis. The front and back lobes are associated with the forward and backward emissions
of the antenna at elevation angle� = 0o and � = 180o respectively. The angular axis in
the directivity plot denotes the elevation angle in a spherical coordinate system, and the
radial axis denotes the directivity value in decibels (dB). Inset: Spherical coordinates used
to the describe dipole emission.

The values of the directivity, D, is usually measured in decibels (dB). As we would see
in Chapter 5, in the simulation results, the directivity pattern allows one to gain better
knowledge of the angular emission pattern of a given structure. As an example, Figure 3.2
shows the directivity plot a dipole positioned along the x-axis, wherein the front and back
lobes are associated with the emission of the dipole are at� = 0o and � = 180o respectively.
The radial axis denote the directivity values at each angle and the angular axis denotes the
elevation angle� . Another measure of an antenna performance is the Front to Back ratio
(FBR). The front to back ratio is the ratio between the power gain of the antenna in the
forward propagating �elds and the backward propagating �elds from an antenna de�ned
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as:

FBR = D(� = 0) � D(� = 180o) (3.33)

A positive FBR indicates that the antenna is preferentially emitting in the intended
forward direction and a negative FBR indicates that it is preferentially emitting in the
backwards direction. Thus in designing a directional antenna, it would be ideal to design
an antenna wherein it has a large positive FBR value.
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Chapter 4

Inverse Design

4.1 Introduction

In this chapter, we will look at the theoretical framework for understanding the inverse de-
sign methodology used in Chapter 5. This methodology allows one to design nanophotonic
structures that produce a speci�ed electromagnetic response.

All of electromagnetic theory is condensed into the four succinct equations known
as Maxwell's equations. The electromagnetic response and the propagation of the �elds
through any structure can thus be fully de�ned by solving the Maxwell's equations with
the appropriate boundary conditions. This is the basis of theforward design methodology
used in most nanophotonic problems:for a given structure, what would be the expected
electromagnetic response?. In certain contexts however, it is much more bene�cial to ask
the inverse design question: for a user de�ned electromagnetic response, what would be
the required geometry?. Answering this question would allow one engineer designs that are
more e�ciently suited to solving the problem at hand.

However, one caveat in trying to solve the inverse problem is that, unlike the forward
problem, there doesn't exist one unique solution. Furthermore, sometimes for a given �eld
response, there might not even exist a geometry to produced the desired output due to
the demands of physical reality. These issues can be circumvented by instead framing the
inverse problem as an optimization problem, wherein we look for the geometry that would
most closely produce the desired electromagnetic response. Inverse design then becomes
an optimization problem where we try to optimize a certain�gure of merit (FOM) con-
strained to the Maxwell's equations. Or, in other words, what geometry, described by the
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spatially varying permitivity ( � ) and permeability (� ) of the structure, would maximize the
desired FOM. In recent years, the use of inverse design methodologies for photonic design
has become prevalent and has included the use of deep learning networks [63] and linear
regression models such as gradient descent [64, 65]. In our work, we focus on the use of a
gradient descent optimization model known as adjoint optimization that is used to calcu-
late the gradients of the FOM as a function of the design parameters. We will theoretically
show how the use of the adjoint optimization will greatly improve computational e�ciency
in solving the inverse design problem, as opposed to a brute force method.

For the purposes of gaining an intuitive understanding of the process of adjoint opti-
mization we will assume that the material of the structure is non-magnetic (� = � 0), and
we will also assume that the �elds are time harmonic. For a more comprehensive discussion
on the adjoint optimization technique please refer to Owen Miller's PhD thesis [66].

4.2 Adjoint Optimization

Figure 4.1: The initial setup of the design problem to intuitively understand the process
of adjoint optimization. We have a �eld that is incident on the design region, or the
region over which we intend to optimize a structure such that the�gure of merit (FOM)
is maximized at the pointx0. The background permitivity of the design region is assumed
to be � 1.

As discussed above, the inverse design problem can be re-framed as an optimization
problem that can be solved iteratively using linear regression models such as the gradient
ascent or descent methodology. The gradient ascent (descent) method is an optimization
algorithm in which the local maximum (minimum) of a function is reached by iteratively
moving in (away from) the direction of the steepest gradient at each point in the function
[67]. This can be understood in the electromagnetic design context with a simple two
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dimensional example as shown in Figure 4.1. The problem can be posed as follows:what
geometry within the design region, with a background permitivity of� 1, would maximize the
electric �eld intensity, jE(x0)j2, at the position x0[66]?. The FOM can then written as:

FOM = jE(x0)j2 (4.1)

Following from this, the gradient, or the change in the FOM, subject to a change in
the geometry in the design region can be expressed as:

� (FOM ) = jEnew (x0)j2 � j Eold(x0)j2 (4.2)

where jEnew (x0)j2 is the electric �eld intensity at x0 after a change in geometry in the
design region, andjEold(x0)j2 is the electric �eld intensity at x0 before the geometry change
was made. The change in geometry for simplicity can be modelled by splitting the design
region into a grid with N number of points, and placing small dielectric inclusions with a
permittivity � 2 and volumeV at di�erent points, xn , on the grid. The change in the FOM
due to the inclusion can be represented as:

� (FOM ) = jEold(x0) + �E (x0)j2 � j Eold(x0)j2 (4.3a)

= Eold(x0)� E(x0) + Eold(x0)�E (x0) + j�E (x0)j2 (4.3b)

� 2Re
n

Eold(x0)�E (x0)
o

(4.3c)

where in the the last step the higher order terms can be ignored in the limit that
the dielectric inclusion is small (V ! 0) which is also known aslinearization. Lineariza-
tion allows for complex non-linear electromagnetic design problems to be modelled and
solved with linear regression as long as the change in geometry in each iteration is small.
Furthermore taking the limit, V ! 0, allows for any arbitrary topology or shape to be
approximated. The naive straightforward approach to optimizing the FOM would be to
use a brute force method. As shown in Figure 4.2, this might done by placing a dielectric
inclusion at every possible point,xn , on the grid one-by-one. The geometry is updated by
keeping the geometry with the largest gradient,� (FOM ), and in the next iteration the
process is repeated by placing an inclusion in every possible point on the new geometry.
As can be seen right away this is a computational exhaustive process asN + 1 simulations
are required within each iteration.
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Figure 4.2: The setup for brute force optimization. The optimization begins with no
inclusions within the design region. Within iteration, a simulation is performed with an
inclusion at each possible position on the gridxn . The inclusion with the largest increase
in the FOM is kept and the second iteration is begun. The process is repeated until the
best solution is found wherein there is no longer an increase in the FOM.

As we shall see, by utilizing the reciprocity of Maxwell's equations of electromagnetism,
this process can be reduced to performing only two simulations in each iteration. For
any dielectric inclusion placed at a point,xn , on the grid, there is an induced dipole
moment, pind , on that inclusion due to the old electric �eld, Eold(x) (since for V ! 0,
Enew (xn ) = Eold(xn ))[68]:

pind � � (� 2; V)Eold(xn ) (4.4)

where � is the polarizability of the inclusion which is given by the Claussiu-Mosotti
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factor [68] according to the shape of the inclusion1. The polarizability of the inclusion
is a function of the volume,V, and the permitivity, � 2, of the inclusion. As we saw in
the previous chapter, the electric �eld due to a dipole can be expressed with the Green's
function (3.18). Using this formalism, the change in the electric �eld atx0 due to the
dielectric inclusion at x can then represented as:

�E (x0) = G(x0; xn )pind (xn ) (4.5)

where the Green's function,G(x0; xn ), is the �eld at point x0 due to a dipole with unit
amplitude at point xn [59] (where for simplicity we have dropped the normalization factor
seen in Equation 3.18). Furthermore, in this case we are referring to the scalar Green's
function as opposed to the dyadic Green's function we saw in the previous chapter. The
FOM gradient due to the dielectric inclusion at pointxn can then represented as:

� (FOM )xn = 2Re
n

Eold(x0)G(x0; xn )pind (xn )
o

= 2Re
n

Eold(x0)G(x0; xn )�E old(xn )
o (4.6)

From Equation 4.6, the termsEold(x0) and pind (xn ) can be determined from a single
forward simulation. By invoking the reciprocity of the Maxwell's equation, the Green's
function can be written as: G(x0; xn ) = G(xn ; x0). Or in the other words, the �eld at x0

due to a unit dipole at xn , is equal to the �eld at xn due to a unit dipole at x0. Using this
symmetry, the FOM gradient can now be written as:

� (FOM )xn = 2Re
n

G(xn ; x0)� Eold(x0)Eold(xn )
o

(4.7)

where the �rst three terms G(xn ; x0)� Eold(x0) can be interpreted as the �eld atxn due
to a dipole at x0 with amplitude � Eold(x0). We de�ne this �eld as the adjoint �eld:

Eadj (xn ) = G(xn ; x0)� Eold(x0) (4.8)

Using this de�nition of the adjoint �elds, Eadj , the FOM gradient can now be expressed
as:

1Before the optimization begins, the shape of the inclusion is selected and �xed. This shape is then
used throughout the optimization process
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� (FOM )xn = Eadj (xn )Eold(xn ) (4.9)

As we can see very quickly, this greatly reduces the computation required to determine
the FOM gradient. At each iteration to determine the FOM gradient due to an inclusion
with a polarizability � , a forward simulation is performed to calculate theEold(xn ) at all
possible potential points at which the dipole inclusion could be placed,xn . In a second
adjoint simulation, a dipole with amplitude � Eold(x0) (the value of which was determined
from the forward simulation) is driven from the position x0. From this second simulation
the adjoint �eld, Eadj (xn ), at all possible potential positions,xn , due to a dipole at x0

with amplitude � Eold(x0) can be calculated. Hence with this optimization technique, at
each iteration, the inclusion which results in the largest FOM gradient can be determined
simply from two simulations (forward and adjoint ) as opposed to theN + 1 simulations
required if a brute force method is used [66].

For the sake of intuitive understanding in the simple two dimensional problem above,
all the �elds were scalar and the FOM was only dependant on the electric �eld. The same
approach can be extended to three dimensions to include vector �elds with the FOM being
an arbitrary function of both electric and magnetic �elds. Although this extension is non
trivial, the general theory remains the same. The FOM gradient due to a change in the
geometry,G, at xn is represented as:

� (FOM )x n = 2Re
� Z

G
P ind (xn ):Eadj (xn )d3xn

�
(4.10)

whereP ind (xn ), is the induced polarization density due to a change in geometry,G, and
Eadj (xn ) is adjoint �eld 2. As was before, in the general case, the use of adjoint optimization
results in the requirement of only 2 simulations per iteration to identify the largest gradient
of the FOM [66]: oneforward simulation to identify all the possible induced polarization
densities,P ind (xn ), and oneadjoint simulation to identify the adjoint �eld, Eadj (xn ). The
induced polarization density,P ind (xn ), is calculated in a di�erent manner for a topological
and shape variation, which we will see in the next section.

4.3 Topology vs Shape Variation

The change in geometry of a design structure can be done through a shape variation or a
topological variation as seen in Figure 4.4. We will brie
y see what the di�erences between

2Here the adjoint �eld is in units of dipole moment as the polarizability � is absorbed intoPind
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Figure 4.3: Adjoint optimization setup wherein by representing each inclusion as a dipole,
the N +1 simulations in each iteration can be reduced to only two simulations per iteration
by using the reciprocity of electromagnetic theory. One forward simulation and one adjoint
simulation is required in each iteration to calculate the change in the FOM,� (FOM ).
From the forwad simulation, the Eold(xn ) at all possible points, xn , is calculated. From
the adjoint simulation, a dipole with amplitude � Eold is driven from x0 thus the Eadj (xn )
at possible pointsxn can be calculated.

them are.

4.3.1 Topology Variation

If the design region is split into a grid, and dielectric inclusion of an arbitrary permitivity
is included at speci�c points on the grid, then the topology of the design is said to be
changed as seen in Figure 4.4a. If the inclusion is a dielectric with a permitivity� 2, placed
in a region where the background permitivity is� 1, the induced polarization due to the
inclusion in Equation 4.10 is given by:
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(a) (b)

Figure 4.4: a) Topology variation wherein the change in the geometryG, is due to an
inclusion with an arbitrary permittivity included anywhere within the design region. b)
Shape variation wherein the change in the geometry,G, is due to a change in the boundary
of the initial structure. The permittivity of the structure within the boundary is �xed
throughout the optimization process.

P ind (x) = � E(x) (4.11)

where � is the polarizability which is de�ned by the Claussiu-Mosotti factor [68] ac-
cording to the shape of the inclusion. The change in the FOM at each iteration is expressed
by substituting this into Equation 4.10:

� (FOM )xn = 2Re
� Z

G
� E(xn ):Eadj (xn )d3xn

�
(4.12)

In the limit that the size of the inclusion goes to zero, the above integral can be
approximated as:

� (FOM )xn = 2VRef � E(xn ):Eadj (xn )g (4.13)

whereV is the volume of the inclusion. Hence with topology changes due to inclusion,
the adjoint optimization design process in each iteration would go as follows: i) Simulate
the forward �elds E(xn ) and adjoint �elds Eadj (xn ) over the design region. ii) Add an
inclusion at the point in the design region at which� (FOM ) is maximized.
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4.3.2 Shape Variation

With the shape variation the structure is de�ned with �xed boundaries with a speci�c
permitivity within the boundary, � in = � 2, and a di�erent permitivity outside the boundary,
� out = � 1. The boundary of the structure can be changed as shown in Figure 4.4b. Figure
4.4b shows the cross-sectional area of a three dimensional shape, where the shaded region
is the change in volume due to the changing boundary. The change in the FOM due to
this volumetric change can be written as:

� (FOM )xn = 2Re
� Z Z

P ind (xn ):Eadj (xn )dx? dA
�

(4.14)

wheredA is the di�erential area element on the surface anddx? is the the di�erential
length element normal to the surface area. In the limit that deformation size goes to zero,
the change in FOM can be written as:

� (FOM )xn = 2Re
� Z

P ind (xn ):Eadj (xn )� x? (xn )dA
�

(4.15)

where � x? is the size of the deformation in the normal direction at each point on the
grid, xn . The induced polarization,P ind (xn ), is given by:

P ind (xn ) = ( � 2 � � 1)Enew (xn ) (4.16)

whereEnew (xn ) is the electric �eld due to the new shaped with the deformed boundary
related to the electric �eld of the original shape non-trivially. For a full treatment on this
see Reference [66]. Equation 4.15, thus gives us a way to identify the change in FOM due
to a boundary change.

The change in the boundary of a structure is usually done by �rst de�ning the boundary
by de�ning it as a spline: a piecewise polynomial function. Incremental changes to the
structure can then be made by incrementally moving di�erent sectors in the spline. However
this is computationally costly and not e�ective. Instead a more e�cient way to perform
this would be to use something known as a level set function [69] where the boundary is
embedded into a signed function,LS , such that for all coordinates within the boundary
the function is negative and for all points on the boundary are zero. For instance, the level
set function of a two dimensional circle centered at (0; 0) with radius R can be represented
as:
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LS circle =
p

x2 + y2 � R (4.17)

Using a level set function allows for easier tracking and storing of the boundary condi-
tions and the permitivities associated with the shape. The level set function is initialized
with:

LS (x(t); t) = 0 (4.18)

wherex(t) are all the points on the initial boundary at time, t = 0. The boundary is
then changed continuously and the level set function is continuously updated according to
the time derivative:

� (LS )
�t

+
dx
dt

:OLS = 0 (4.19)

where dx
dt is velocity normal to the boundary of the shape. Keeping track of incremental

changes in the level set function is computationally more e�cient than keeping track of
individual boundary points and updating them constantly. Thus in the circle example,
the change in the shape boundary would be an incremental change de�ned by the velocity,
and the level set function is constantly updated. Using the level set technique is one
way in which computational e�ciency can be improved over using a spline to keep track
of boundary conditions when performing shape variation optimization. For an in depth
analysis of extending this to any arbitrary shape see Reference [69].
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Chapter 5

Directional Control of Photon
Emission from NV Centers with
Adjoint Optimization

5.1 Introduction

The control over the emission directionality of photons from quantum emitters is an im-
portant challenge in experiments involving light-matter interactions. E�cient collection
of photons from emitters is an important aspect that needs to be addressed for use in
applications such as single photon sources [14], sensing/metrology [15, 16] and quantum
information processing[20, 18].

For a given emitter to be used in any useful manner, extracting the spontaneously
emitted photons in an e�cient manner is vital for applications involving communication,
metrology, or information processing. For an emitter in positioned free space, the photon
emission from the emitter is isotropically emitted in the entire 4� solid angle. Theoretically,
to collect all the photons from this free space emitter, detectors would have to be placed
in the entire 4� solid angle around the emitter. As we can see very quickly that this is
not an e�cient approach at all. Thus we can see there is a need to be able to control the
emission directionality of the photon emission from free space emitters. If this emitter was
instead embedded in a solid state material, as is the case with quantum dots and colour
centers, there is an added constraint that needs to be addressed. This is because for solid
state emitters, majority of the photon emission is scattered back into the material due to
the large refractive index mismatch at the boundary between the material and free space.
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For instance, in diamonds, the photon extraction e�ciency from NV centers is greatly
hindered due to the total internal re
ection at the vacuum-diamond interface. This results
in a requirement for additional 'guiding' structures to allow for e�cient photon extraction
from the solid state emitter into free space for to be utilized in any useful manner.

Some of the structures that have been previously used to address this issue include
nano-pillars [70, 50, 71, 72], solid immersion lenses [73, 8, 74, 75] and bullseye gratings
[76, 77, 78]. Here in our work, we investigate the use of the inverse design methodology, seen
in Chapter 4, as a potential framework to design a structure for the e�cient control over
the directionality of radiation from an embedded solid state emitter. We will be speci�cally
looking at the control of 
uorescence from NV centers, the properties of which we looked
at in Chapter 2. In particular, by treating the emitter as an individual dipole antenna,
the system can be studied in the framework of antenna formulations. Such formulations
o�er an advantageous approach, as they have been extensively explored and have a well
established toolbox of design parameters such directivity and front to back ratio as seen in
Chapter 3. In this chapter we brie
y go over the need for photon emission control in NV
centers, existing design structures, and the use of inverse designed structure for NV center
emission control. This work was done together with Supratik Sarkar. The project was
in
uenced and guided by Dr. Behrooz Semnani and the experimental setup was possible
due to the tremendous help provided by Dr. Rubayet Al Maruf.

5.2 Emission Control

For all the advantages that NV centers present that was discussed, one important constraint
in collecting the 
uorescence/photo-luminescence out of NV centers is the total internal
re
ection of light at the diamond-air interface due to the large refractive index mismatch
(ndiamond � 2:4). The Fresnel re
ection coe�cient for normal incidence between diamond
and air is:

r =
ndiamond � nair

ndiamond + nair
= 0:41 (5.1)

Furthermore total internal re
ection occurs at any incidence angle above the critical
angle, � c = 23:6o. To understand quantitatively the emission from NV centers embedded
in a bare diamond slab we perform a Finite-Di�erence Time-Domain (FDTD) simulation.
As seen in Chapter 3 we can represent the NV center as a radiating electric dipole. Fur-
thermore as we saw in Chapter 2, the optical dipole axis of the NV center is perpendicular
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Slab log10(jE j2=jEmax j2) Directivity

Figure 5.1: Structure, simulated normalized electric �eld intensity (log scale), and direc-
tivity plots of bare slab with an embedded horizontal dipole. The angular axis in the
directivity plot denotes the elevation angle in a spherical coordinate system, and the radial
axis denotes the directivity value in decibels (dB).

to the NV axis (Figure 2.1) which lies along theh111i axis. This means in a (111) ori-
ented diamond crystal the NV center can be modelled as a horizontal dipole embedded in
a dielectric with a refractive index ofndiamond � 2:4. To model the emission from an NV
center it is important to select the best orientation of the dipole axis.

Even though the most commonly available diamond samples are (100) diamonds which
are cut along< 100> crystal axis, the NV centers formed in these samples are not e�cient
for use in photon extraction applications. This is because as we saw in Chapter 2, in (100)
oriented diamonds, the NV axis lies at an angle of 54.7o to the surface normal. It has been
reported that the photon collection e�ciency is maximized when the dipole axis is oriented
perpendicular to the surface normal [50] as is the case with (111) surface diamonds. The
reason for this can be understood by referring back to the directivity pattern of the dipole
emission in Figure 3.2. For a dipole oriented along the x-y plane, the �elds are maximized
along the z-axis, thus it becomes easier to control the photon emission from a horizontal
dipole. Furthermore, single NV centers formed in (111) diamonds have also shown to have
more attractive properties, such as longer spin coherence times, than single NV centers
formed in (100) diamonds [79, 80]. As such we proceed to understand the �eld emission
pattern from a horizontal dipole embedded in a (111) sample.

Figure 5.1 shows the FDTD simulation of the electric �eld and the far �eld directivity
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of a NV center, modelled as a horizontal dipole, embedded at a depth of 0:5� m below the
surface of a (111) diamond slab. The emission spectrum of the dipole is modelled like the
spectrum of an NV center at room temperature (Figure 2.3a) centered around a wavelength
of � 680nm. As can be seen in the simulation in Figure 5.1, majority of the emitted �eld
is scattered back into the diamond. The maximum upward directivity of the emission is
-6.74dB with a FBR of -1.32dB. This means that the emission is preferentially emitted
backwards. The upward scattered light into the air is not directional with most of the
upward emission into air scatted within the whole upwards half angle of 90o (Numerical
Aperture(NA) = 1 ).

Since majority of the emission from the NV center is re
ected back into the diamond
due to total internal re
ection, there exists a need to design structures to control the
emission. Some of the existing dielectric designs that are used to control the emission
pro�le of solid state emitters can be broadly categorized into three main design structures
which include vertical nano-pillars [70, 50, 71, 72], solid immersion lenses [73, 8, 74, 75],
and two dimensional bullseye structures [76, 77, 78]. To understand how each of these
structures perform we will brie
y look at the simulations of the existing structures.

Bullseye

Bullseye structures, as seen in Figure 5.2, are concentric circles of a �xed periodicity
etched around around the emitter. These high contrast bullseye gratings work on the basis
of Distributed Bragg Re
ectors (DBR) with the periodicity of the structure satisfying
the second order Bragg condition (a = �=n ) where � � 680nm. Light extraction with
circular Bragg gratings have been demonstrated in light emitting diodes [78], vertically
emitting lasers [81], and for out of plane coupling of waveguide modes [82]. The Bragg
gratings provide strong horizontal con�nement of light from the emitter due to partial
re
ections at each period of the grating. Preferential emission in the vertical direction is
then achieved by reducing the index contrast in the collection side interface compared to
backward interface. For instance in the structure used in Reference [76], photon emission
is preferentially emitted into a glass base due to the lower index contrast of the diamond-
glass interface as opposed to the diamond-air interface. However with just the bare bullseye
structure with no additional guiding elements, the �eld is not preferentially emitted into
the air layer with as the FBR of the structure -4.94dB as seen in Figure 5.2. However due
to the tight horizontal con�nement provided by the high contrast bullseye structure, there
is a greater horizontal �eld con�nement of the �elds compared to the directivity of the
slab in Figure 5.1. We can note from the directivity plot that majority of the upward and
backward radiation is con�ned within a half angle of 45o (NA = 0.7).
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Bullseye log10(jE j2=jEmax j2) Directivity

Figure 5.2: Structure, simulated normalized electric �eld intensity (log scale), and directiv-
ity plots of a 2D bullseye pattern with a horizontal dipole embedded at its focus point. The
angular axis in the directivity plot denotes the elevation angle in a spherical coordinate
system, and the radial axis denotes the directivity value in decibels (dB).

Solid Immersion Lenses

Solid Immersion Lenses (SILs) are semi-spherical structures with the radiating horizontal
dipole placed at the focus. Figure 5.3 shows the FDTD simulation results of a SIL with a
radius of 2.5�m [73]. SILs function by reducing total internal re
ection at the diamond-air
interface by providing a surface that is normal to all rays radiating spherically outward from
the dipole. This in e�ect reduces total internal re
ection thus maximizing the collection of
upward radiating �eld. As can bee seen in the directivity plot in Figure 5.3, the maximum
upward directivity is 4.71dB with a positive front to back ratio of 3.80dB. However as
can been seen the directivity plot, the SIL isn't not great at focusing the emission as the
upward propagating �eld is con�ned within the whole upward half angle of 90o (NA = 1).
This reduces the maximum achievable forward directivity as the SIL doesn't provide any
structural design that allows for speci�c focusing of upward propagating �elds.
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Solid Immersion Lens log10(jE j2=jEmax j2) Directivity

Figure 5.3: Structure, simulated normalized electric �eld intensity (log scale), and direc-
tivity plots of a solid immersion lens with a horizontal dipole embedded at its focus point.
The angular axis in the directivity plot denotes the elevation angle in a spherical coordinate
system, and the radial axis denotes the directivity value in decibels (dB).

Nanopillars

Nanopillars structures are cylindrical shaped extrusions on the surface of the diamond with
the horizontal dipole placed in the center of the cylinder. Nanopillars function as a waveg-
uide wherein the dipole couples to the fundamental mode of the waveguide (HE11)[70].
This waveguide mode guides the upward emitting �eld from the dipole and couples it the
radiating modes in the the air with minimal re
ection at the interface. Figure 5.4 shows
the FDTD simulation results of a dipole embedded within a nanopillar with a radius of
0:23�m . The �eld has a maximum upward directivity of 3.66dB, however the upward �eld
is scattered over the total upward half angle of 90o (NA = 1). The FBR of the nanopillar
is -3.19dB, which means that the dipole emits preferentially in the backwards direction.
Improvements on the nanopillar structures have been made by tapering the nanopillar to-
wards to the tip which ensures that all waveguide coupled �elds are maximally emitted at
the tip of the waveguide [71] however the control of the emission mode of the structure
cannot be achieved with the nanopillar structure.

Several other design structures of emission control from solid state emitters exist which
include di�erent permutations of the above described structures[8, 83], however arbitrary
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Nano-Pillars log10(jE j2=jEmax j2) Directivity

Figure 5.4: Structure, simulated normalized electric �eld intensity (log scale), and direc-
tivity plots of a nano-pillar structure with a horizontal dipole embedded at its focus point.
The angular axis in the directivity plot denotes the elevation angle in a spherical coordinate
system, and the radial axis denotes the directivity value in decibels (dB).

control of the �eld pattern is not attainable with any of the above described dielectric
structures.

5.3 Adjoint Optimized Structure

To have arbitrary control of the �eld pattern of NV centers, we can make use of inverse
design tool, known as adjoint optimization, that we discussed in Chapter 4. To do that let
us �rst look at the initial setup to the optimization problem that we intend to solve.

Intial Setup

We intend to design a two dimensional grating structure that would be able to e�ciently
couple light emitted by the NV center to free space with a large FBR and a narrow upward
half angle emission. In addition to that we would like to see if we can design a nanophotonic
structure that would be able to control the output propagating mode pro�le such that it
can directly couple to a �ber placed above the surface of the diamond. This would allow
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for the design of an integrated device that can be used to extract photons out of an NV
center without the need for additional bulky optics. As such the optimization problem can
be framed as follows:For a horizontal dipole, corresponding to a NV center embedded in
(111)-oriented diamond, positioned at a distance of0:5um below the surface of diamond,
what two dimensional pattern etched on the diamond surface would maximize the upwards
directional coupling to a �ber of radius, r=0.7� m, positioned 2� m above the surface of the
diamond)?

The initial setup is presented in Figure 5.5. Since we intend to work with two di-
mensional structures, due to the ease of fabrication, we begin with the two dimensional
bullseye grating as our initial guess. The optimization region is set to have a footprint of
3�m � 3�m , with a periodicity of 282nm corresponding to the second order Bragg condi-
tion, and an etch depth of 0:3�m [76]. A cylindrical silicon �ber (nsilicon � 1:44) of radius
0.7� m is placed at a distance of 2�m above the surface of the diamond, well beyond the
distance at which the �elds from a bare bullseye structure tends to zero. Now from this
setup, we set the�gure of merit (FOM) to be the overlap integral between the upward
propagating �elds from the structure and the fundamental mode of the �ber at the surface
of the �ber, S:

FOM =
j
R

(E � H m : + E � H m ):dSj2
R

Ref Em � H m g:dS
(5.2)

where E and H are the electric and magnetic �elds from the structure atS, and Em

and H m are the electric and magnetic �elds of the fundamental mode of the �ber.

Adjoint Optimization Tool

For the performing the inverse design operation we use the Python based adjoint optimiza-
tion package, LumOpt [65, 84], together with the electromagnetic simulation application
Lumerical FDTD Simulation. The Automation API is used to interface between Python
optimization process and the and Lumerical simulations. Since we are interested in an
arbitrarily shaped structure with no �xed boundaries, we use topology optimization (see
Figure 4.4). Figure 5.6a shows an overview of the optimization process. The initial geome-
try is �rst de�ned in Lumerical FDTD, and the optimization constraints and cuto� values
are de�ned in Python. Once the optimization process is begun, in each iteration a forward
simulation with the dipole source, and an adjoint simulation with the adjoint source (fun-
damental mode source) at the �ber tip is performed in Lumerical. The results are then
exported to Python wherein the max[� (FOM )] for each topological geometric inclusion is
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(a) (b)

Figure 5.5: The initial structure that is used to begin the optimization process. The
structure is initialized with a a bullseye structure with a periodicity corresponding to the
second order Bragg condition (p = �=n ), with a horizontal dipole embedded 500nm below
the surface of the diamond. A silicon �ber is placed 2�m above the and the �gure of merit
to be optimized is the overlap between the �elds of the structure and the fundamental
mode of the �ber.

calculated. If the change in the max[� (FOM )] between each iteration is below the de�ned
cuto� region, the optimization process is exited, otherwise the geometry is updated as a
function of the max[� (FOM )] according to the optimizer chosen, which in our case is the
L-BFGS method, to update the index pro�le of the structure.

Optimized structure

The FOM of the structure is calculated at each iteration and plotted in Figure 5.6b.
As can be observed, the optimization process is stopped when the change in the FOM,
� (FOM ), is relatively constant over a number of iterations. The �nal optimized structure,
which provides the maximum overlap between the output �elds from the structure and the
fundamental mode of the �ber placed above the structure, is shown in Figure 5.7.

With the adjoint optimized structure we then perform FDTD simulation to analyze
the performance of the structure. As can be seen in the FDTD forward �eld simulation in
Figure 5.8a, the optimized structure is able to direct the emission from the dipole source
in a highly directional manner. The far �eld directivity plot in Figure 5.8b shows that the
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(a)

(b)

Figure 5.6: a)The 
owchart representing the implementation of the inverse design process.
The forward and adjoint simulations are performed with the FDTD solver from the Lumeri-
cal suite, and the results are exported to Python using the Automation API. The derivative
of the �gure of merit, � (FOM ), is calculated in Python and if � (FOM ) > cuto� the ge-
ometry of the structure is updated and the process continues until the� (FOM ) < cuto�.
b)Normalized FOM plot as a function of the iteration number in the inverse design process.

structure has a maximum upward directivity of 7.323dB, which is� 3dB larger than the
�elds from a solid immersion lens. Thus we see that by optimizing the structure to have
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(a) (b)

Figure 5.7: a) Index pro�le of the structure designed with adjoint optimization with the
horizontal dipole, where the colored blue indicates the diamond and the white space indi-
cate the etched region. b) Isometric view of the adjoint optimized structure.

maximal overlap with a �ber, we were able to increase the forward directivity to� 14dB
larger than that of a rectangular slab. We note that with the adjoint optimized structure
we are able to collect� 8 more power within a NA of 0.7 compared to a an NV center
embedded in a rectangular slab. This signature can be used in a confocal microscopy
setup to validate the e�cacy of the fabricated structure. Furthermore all of the upward
emitting �elds from structure is con�ned within a upward half angle of 45o (NA = 0.7).
In addition to that the FBR of the optimized structure is 4.71dB which shows that the
dipole emission is preferentially upwards. This shows the the adjoint optimized structure
is able to control the emission from the embedded dipole in a highly directional manner
whilst providing a maximum upward directivity compared to the other structures that
were previously discussed. Figure 5.8c shows the far �eld emission pro�le of the structure,
showing that the optimized structure performs as intended by producing a emission �eld
pro�le that has a maximum overlap with the fundamental mode of a �ber of radius 0:7�m .
This means that the �eld emitted from the structure is able to maximally couple to a �ber
placed above the structure without any additional guiding structures. This, in principle,
means that the complexity of the experimental setup required to image the 
uorescence
and collect photons out of the NV centers embedded beneath the structure can be greatly
reduced. Howev . This design methodology o�ers a promising step forward in producing
a tightly integrated device which includes the fabricated structure packaged together with
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(b)

(c)

Figure 5.8: a) Simulated normalized electric �eld intensity (log scale) from the dipole within
the inverse designed structure. b) Directivity plot of the inverse designed structure. The
angular axis in the directivity plot denotes the elevation angle in a spherical coordinate
system, and the radial axis denotes the directivity value in decibels (dB). c) Simulated
normalized electric �eld intensity (log10(jE j2=jEmax j2)) of the far �eld emission pro�le from
the optimized structure.

a single mode �ber that can be used to excite the NV center and collect the 
uorescence
from the NV center without the need of any additional optical components.

5.4 Sensitivity Analysis

To understand how the emission performance of the structure is a�ected by the position
of the NV center relative to the structure, we perform two sensitivity analysis: emission
sensitivity and excitation sensitivity.

5.4.1 Emission Sensitivity

An emission sensitivity analysis was performed to calculate the sensitivity of the structure's
emission performance with respect to the spatial position of the embedded dipole or the
NV center. Using the reciprocity of electromagnetic �elds, the structure was illuminated
from above (at the location with the �ber 2� m above the surface of the structure) with the
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fundamental mode source of the �ber. Figure 5.9 shows the two dimensional normalized
�eld plots (second row) and the one dimensional normalized �eld plots across the horizontal
coordinates and the depth from the surface of the structure (third row). Due to reciprocity,
the �eld strength at each location indicates the relative overlap of the emission �eld with
the output fundamental mode, if the dipole was placed in that location. As can be noted,
the performance of the structure has a high sensitivity to the lateral position of the NV
center. The structure has an intended peak performance for a dipole placed atx = y = 0
at a depth of z = 0:5�m with a full-width half maximum of 200nm and 160nm across
the x and y dimensions respectively. For a diamond sample with a concentration of 5ppb
(1ppb = 180�m � 3), which is typically used in sensing applications, the average distance
between each NV center is� 103:4nm. Thus with a diamond of 5ppb concentration, this
would mean there is a reduction in the emission from the background emitters that are
not positioned directly in the intended position. With respect to the depth of the NV, the
performance of the structure peaks steeply at the intended depth of 0:5�m . With further
increase in the depth of the dipole, the structure's performance decreases more gradually
compared to the lateralx and y position of the dipole.

5.4.2 Excitation Sensitivity

To observe 
uorescence from the NV centers, the NV centers in a confocal microscopy
setup are excited with an above resonant energy source with a wavelength of 532nm as
seen in Figure 2.2. To observe the focusing capabilities of the structure at for excitation
light at a wavelength of � = 532nm, perform a simulation of the structure illuminated
from the above with a plane wave. Figure 5.10 shows the two dimensional normalized
�eld plots (�rst row) and the one dimensional normalized �eld plots across the horizontal
coordinates and the depth from the surface of the structure (second row). As seen inx
and y axis �eld plots from Figure 5.10, the structure successfully focuses the �elds at the
location of the NV center (x = y = z = 0) with a full-width half maximum of 160nm
and 140nm across thex and y dimensions respectively.. Thus with a diamond of 5ppb
concentration, with average NV center separation of� 103:4nm, this would mean there is
a reduction in the excitation from the background emitters that are not positioned directly
in the intended position. With regards to the depth of the illumination, although the
illumination intensity is not maximised at the dipole position at a depth of 0.5�m , the
illumination is large enough to excite an NV. Furthermore, even if an NV located at the
maximized depth of 0.65�m is excited, the 
uorescence from the emitted structure will be
suppressed as we saw previously in Figure 5.9.
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jE j2=jEmax j2

XZ plane (y = 0) YZ plane ( x = 0) XY plane ( z = 0)

X-axis (y = z = 0) Y-axis ( x = z = 0) Z-axis ( x = y = 0)

Figure 5.9: The simulated electric �eld intensity of the structure when illuminated from
above with the intended fundamental mode source corresponding to the spectrum of an
NV center at room temperature. Due to the reciprocity of electromagnetism, the strength
of the �elds in the structure correspond to the sensitivity of the output of the �elds to the
relative position of the dipole within the structure. First row: Fundamental mode source
used to illuminate the structure from 2� m above the surface of the structure. Second row:
Two dimensional normalized �eld plots. Third row: One dimensional normalized �eld plots
across the horizontal coordinates(x and y) and the depth within the structure.
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jE j2=jEmax j2

XZ plane (y = 0) YZ plane ( x = 0) XY plane ( z = 0)

X-axis (y = z = 0) Y-axis ( x = z = 0) Z-axis ( x = y = 0)

Figure 5.10: The simulated electric �eld intensity of the structure when illuminated from
above with a fundamental mode corresponding to a wavelength of 532nm. The electric
�eld strength within the structure correspond to the excitation strength of the NV centers
at that position. As can be seen the structure is able to focus the excitation light to
the intended NV center location thus reducing the contributions from background NV
centers. First row: Two dimensional normalized �eld plots. Second row: One dimensional
normalized �eld plots across the horizontal coordinates(x and y) and the depth within the
structure.

5.5 Confocal Microscopy Setup

To observe the 
uorescence out of the diamond structures we use a confocal microscopy
setup, the theory of which was covered in Chapter 2. As discussed, the confocal microscopy
setup allows us to observe images of the NV centers at speci�c depths of interest whilst
blocking out the images formed di�erent depths. Figure 5.11 shows the schematic of the
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experimental setup used in the lab to observe 
uorescence from NV centers. Although
we have optimized the structure for a �ber mode, as we noted above, with the adjoint
optimized structure we are able to collect� 8 more power within a NA of 0.7 compared to
a an NV center embedded in a rectangular slab. This signature can be used of the adjoint
optimized structure can be used to characterize the fabricated structure.

Figure 5.11: The confocal microscopy setup used to observe 
uorescence from the NV
centers in the diamond sample. The corresponding component names have been listed in
Table 5.1.
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Component Manufacturer Part Diagram
Laser Sprout Sprout-G LS
Fiber-coupled red LED Thorlabs M625F2 LED

Diamond sample Applied Diamond Inc
< 1ppm, < 5ppb,
(111) orientation

S

Translation stage
Thorlabs MBT616D TS1

Machi�t LD-60-LM TS2

Galvo mirror Thorlabs GVSM002-US G
Objective Mitutoyo MY 100X-806 O
CMOS camera Edmund Optics EO-5012M C
Dichroic mirror Semrock LM01-552-25 DM
Flip Mount Thorlabs TRF90 FM
Mirrors Newport 10D620ER.2 M

Lens Thorlabs

AC254-200-A L1

AC254-100-A L0
1

AC254-200-A L2

AC254-100-A L3

AC254-35-A L0
3

90-10 Beam splitter Thorlabs BSN10 BS
Iris Thorlabs ID25Z I
Single mode patch cable Thorlabs P1-630A-FC-2 SMF
Multi mode patch cable Thorlabs M76L02 MMF
Vertical Breadboard Thorlabs MB12 BB
Fiber Coupler Lens Thorlabs C220TMD-A CL

Table 5.1: Experimental components for confocal scanning microscopy of NV centers

Objective

The objective used in the confocal microscopy setup is a in�nity corrected Mitutoyo MY
100X-806 model. It is important that when working with NV centers the objective have
a magni�cation of > 80� [24]. The Mitutoyo MY 100X-806 is a dry objective with a
numerical aperture(NA) of 0.7 and a working distance of 6mm. Furthermore the objective
is also in�nity corrected, which means the light from the sample that exits through the
back aperture of the objective forms a collimated in�nity parallel beam before reaching
the tube lens (L1). This means that the magni�cation of the objective does not change
even if the distance between the objective lens and the tube lens is changed. Furthermore
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this also means placing optical elements such as mirrors or �lters between the objective
lens and the tube lens wouldn't shift the position of the image formed. From the objective
speci�cation, the magni�cation provided by the objective is thusm = 100 � f 1

200mm . The
e�ective focal length of the objective isf objective = f designtube

m = 200mm=100 = 2mm. To
produce a di�raction limited spot on the sample, the excitation light should �ll the back
aperture of the objective. The back aperture of the objectivedaperture = 2 � f objective � NA =
2 � 2mm� 0:7 = 2:8mm. The objective has a working distance of 6mm and the Field of
View(FOV) of the microscope in mm is given by,FOV = 24=mobjective .

The total linear magni�cation of the microscope is calculated as follows:

mtotal = mobjective � mtelescope

= (100 �
f 1

200mm
) �

f 3

f 2

(5.3)

wheref 1, f 2, and f 3 and the focal lengths of the lenses in L1, L2, and L3 respectively in
Figure 5.11. As can be noted from Figure 5.11, the lenses L1 (L0

1) and L3 (L0
3) are placed

on 
ip mounts(FM), and by switching between di�erent con�gurations of L 1 or L0
1, and L2

or L0
3, di�erent magni�cations of the microscope can be achieved as summarized in Table

5.2.

Magni�cation , mtotal f 1(mm) f 2(mm) f 3(mm)
50 200 200 25
100 200 200 50
100 100 200 100
100 50 200 200

Table 5.2: Summary of magni�cations for di�erent lens con�gurations.

Wave Propogation

To model the propagation of the 
uorescence from the NV center to the detector so as
to determine the positions of the lenses in relation to the iris and camera, we make use
of a Gaussian Wave propagation method used in Reference [24] with the ABCD matrix
approach. We employed the methodology introduced in Reference [85] wherein the beam
pro�le is evolved with two real rays using the ABCD ray matrix method.
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In ray optics the ABCD matrix method allows us to model the e�ect of various optical

elements on the path of a ray. The rays are represented as a column vector
�

x
�

�
wherex

is the distance of the ray from the optical axis and� is the angle between the ray and the
optical axis. The e�ect of the propagation through air and thin lenses are then modelled
with the ABCD matrices as:

M air =
�

1 d
0 1

�
(5.4a)

M lens =
�

1 0
� 1

f 1

�
(5.4b)

whered is the propagation distance through air, andf is the focal length of the lens.

Although a simple ray optics approach wouldn't su�ce to model Gaussian beam propa-
gation, the Arnaud method introduced in Reference [85] o�ers a bridge to model Gaussian
beams with the ABCD matrix approach. In general the intensity distribution of a Gaussian
or a TEM00 wave is de�ned as:

I (r; z) = I 0

�
w0

w(z)

� 2

exp
�

� 2r 2

w(z)2

�
(5.5)

with

I 0 =
2P
�w 2

0
(5.6)

wherew0 is the beam waist,P is the total power in the beam,r is the radial distance
orthogonal to the optical axis of the beam,z is the distance along the optical axis, andw(z)
is known as the beam radius or the distance from the optical axis at which the intensity
of the Gaussian beam reduces to1e2 . The beam radius can be expressed as:

w(z) = w0

s

1 +
�

�z
�w 2

0

� 2

(5.7)
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where � is the wavelength of the beam. The pro�le of the beam expressed byw(z) is
hyperbolic in nature as can be seen in Figure 5.12. The entire beam pro�le of the Gaussian
beam can be de�ned by two rays� and � at z = 0 where:

� =
�

0
�

�� 0

�
(5.8a)

� =
�

w0

0

�
(5.8b)

where the asymptotic angle� 0 = �
�w 0

. The beam radius can then be computed from the
x components of the column matrices� and � as w(z) =

p
� 2

x + � 2
x . The evolution of the

Gaussian beam radius through the optical components can now be computed by action of
the ABCD matrices corresponding to the optical elements on the two rays� and � .

Figure 5.12: The pro�le of a Gaussian beam.

Using the wave propagation ray tracing method listed above the, the beam radius of
the system is plotted to identify where the iris and the camera should be located. In Figure
5.13 we plot the Gaussian beam propogation through the system for the lenses with focal
lengths of f 1 = 100mm, f 2 = 200mm, and f 3 = 200mm.

Galvo Mirrors

To perform �ne scanning over the sample we use the two axis galvo GVSM002-US from
Thorlabs. We built a manual scan circuit (see Appendix C) to control the individual galvo
mirror angles with a resolution of 1V/o.
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(a)
(b)

Figure 5.13: a) The beam radius evolution of the 
uorescence collected by the objective as
it propagates from the back aperture of the objective to the camera. Focal lengths used in
this plot are f 1 = 100mm, f 2 = 200mm, and f 3 = 200mm. b) Close up of bream radius
plot at position of iris.

Dichroic Mirror

To perform spatial separation of the excitation laser light of 532nm and emission light from
the NV center of � 680nm, we use the dichroic mirror Semrock LM01-552-25. The �lter
has a re
ectance of 96� 99% for wavelengths< 552nm and has a transmittance of 94� 95%
for wavelengths> 552nm.

Diamond Sample

The sample of the diamond we use for the experiment are pure type IIa diamonds with NV
center concentration of 1ppm(1ppm = 1:80� 1017cm� 3 ) and < 5ppb (1ppb = 180�m � 3 ).
The diamonds were purchased from Applied Diamonds Inc. and are cut along the (111)
axis wherein the optical dipole axis is horizontal with respect to the surface of the diamond.

Camera and Fiber Coupler

The 
uorescence from the objective can be collected in the cameraC, for imaging purposes
or be coupled to the �ber couplerFC, for spectral and g(2) measurement purposes, by
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switching the mirror mounted on to the 
ip mount( M; FM ) to change the path of the
beam.

5.5.1 Microscope Results

Once the microscope was built we captured some preliminary images for calibration of
the image. We used a silicon wafer with a standard dose test design patterned on it with
Electron Beam Lithography. Some of the images taken for microscope calibration are
presented in Figure 5.14.

(a) (b)

Figure 5.14: a) Image of a standard JEOL EBL dose test wafer. The size of the individual
square in the checkerboard pattern is 2:5�m � 2:5�m . b) Image of a standard JEOL EBL
dose test wafer. The size of the individual square in the checkerboard pattern is 5:7�m �
6:4�m . 50x magni�cation was used in both images.(f 1 = 100mm; f 2 = 200mm; f 3 =
100mm)

We then tried to look for NV centers within a diamond sample from Element Six with a
concentration of< 200ppm using the confocal microscope setup. Figure 5.15 shows some of
the images that were produced. Figure 5.15a shows the image of the sample captured with
just a red LED for illumination. This shows us the image of the surface of the diamond
sample. When the green excitation laser (� = 532nm) with a power of 7� m, was turned
on a bright spot appears in the image as seen in Figure 5.15b. This bright spot with
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the radius of � 0:8� m is a suspected image of the NV center 
uorescence. Figure 5.15c
shows the image of the sample with the red illumination LED turned o�. The presence
of the NV center can be con�rmed by performing a spectral measurement of the emitted

uorescence.(f 1 = 100mm; f 2 = 200mm; f 3 = 100mm)

(a) (b) (c)

Figure 5.15: a) Image of diamond sample with red LED. Image shows re
ections o� of
the diamond surface b) Image of diamond sample with red LED and green excitation laser
turned on. The red circle indicates the suspected 
uorescence from NV center. c) Image
of diamond sample with only green excitation laser turned on.

5.6 Conclusion and Outlook

As we have seen in the simulations presented above, by using adjoint optimization we
can design subwavelength structures that are able to control the directionality of photo
emission from NV centers. We saw that with the adjoint optimized structure the maximum
forward directivity was 7.323dB whilst all forward emission was con�ned to a 45o (NA =
0.7) upward half angle. As discussed above this directivity was not achievable with any
of the other bare structures that currently exist. A further advantage of using the inverse
approach includes the possibility to shape the output mode of the NV center emission.
In our case above we were able to design a structure that produces an output mode that
overlaps with the fundamental mode of a �ber without the need of additional bulky optical
elements. This design approach is a promising step forward in designing an integrated
device with a single mode �ber that can be used to both excite the NV centers and collect

uorescence and single photons from the NV centers. We also have assembled a confocal
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microscopy setup capable of observing and collecting NV center emission and presented
some preliminary images that we observed with the microscope.

Although the structure proposed above is advantageous in several aspects, there are
still avenues for further improvements. As is the case with any optimization problem, since
there doesn't one unique solution, the output of the results is only as good as the initial
starting point and constraints placed on it. To further enhance the upward emission of the
from the NV center, the initial optimization structure could include mirror like structures
on the backward emitting face of the device. The addition of metallic mirror structures
could also be used to further improve the Purcell enhancement of the device. Furthermore
to optimize for the parameters of the structure including the depth of the NV center,
and thickness of the grating, a combination of particle swarm optimization and adjoint
optimization can be combined in a back and forth fashion wherein the depth/thickness is
optimized via particle swarm and the topology of the 2D grating is optimized via adjoint
optimization [86].

On the experimental side of things one of the �rst steps to be taken would be to fabricate
the proposed design above. There exists literature on the standard process to be followed
for the fabrication of the structure on diamond samples [70, 76, 50, 87, 88, 89]. One of the
main fabrication challenges to be overcome would be spin-coating of the small diamond
samples which would result in large edge bead. One approach to overcome this would be to
etch a recess of the appropriate size in a silicon wafer and attaching the sample to the recess
with vacuum bonding. With the sample 
ush with the surface of the silicon wafer, the edge
bead e�ects will be minimized. It is also important to note that once the diamond sample
is etched, the quality of the shallow NV centers are drastically reduced, but this can be
overcome by annealing the sample post etching. Another approach that could be considered
instead of randomized fabrication of the structures over a randomly distributed population
of NV centers, would be the deterministic implantation of the NV centers over fabricated
structures via ion implantation [32, 33]. In addition to the fabrication challenges in the
design of the experimental setup, the galvo and the camera could be integrated to a single
control and monitoring station to automate the scanning and imaging of over the samples.
This can be achieved by implementing the galvo on a DAQ (data acquisition) platform.
The results presented in this chapter opens up a whole avenue for designing structures with
arbitrary output �eld patterns that can be used in several di�erent applications.

While working on this project we became aware of two recent works that use inverse
design to design structures for photon extraction from NV centers [90, 91]. In both papers
the authors use adjoint optimization to control the extraction of photons from an NV center
embedded in diamond with a two dimensional grating structure designed with topology
optimization. The authors in Reference [91], proposed a design for a silicon grating placed
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above the surface of the diamond. The FOM used to design the structure, in this case,
was the photon extraction e�ciency at the surface of the diamond. This e�ciency was
de�ned as the ratio between the photon extraction with and without the grating structure.
Furthermore, this paper also performed a two dimensional optimization of the grating
thickness before a three dimensional optimization was performed to design the grating.
This resulted in a reported upward half angle con�nement of 30o. However this work
did not perform any mode shaping of the upward propagating emission from the NV
centers. In a similar manner in Reference [90], a gallium phosphide grating structure was
designed to control the emission from NV centers. Here, the authors used two di�erent
FOMs to test the photon collection enhancement. Total 
ux collection and local density
of states (LDOS) were used as the two di�erent �gures of merit. It was shown that
higher photon collection was achievable only by optimizing the 
ux collection, as Purcell
factor enhancement by optimizing the LDOS was not achievable with a purely dielectric
structure. This result validates the approach we took in optimizing the �eld collected above
the diamond. Furthermore, the authors of the paper also fabricated the structure and
used ion implantation to position the NV centers at precise locations below the structure.
However in this paper no mode shaping of the emission of the NV centers was performed.
Furthermore in both the papers, the enhancement was done with a NV center in a (100)
diamond. As shown in Reference [50], a larger enhancement of the output 
ux can be done
with a horizontal dipole embedded in a (111) diamond. The progress made in both the
papers give us con�dence and validates our approach that using adjoint optimized grating
structures for photon extraction is a step in the right direction.
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Part II

Microwave to Optical Domain
Transducer with Single NV Centers
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Chapter 6

Microwave to Optical Domain
Conversion I

6.1 Introduction

The development of superconducting qubits, that operate at gigahertz frequencies, for
quantum information processing applications have been rapidly evolving in recent years
[92, 93]. However microwave photons, that couple to superconducting qubits, are unus-
able in long range networks as microwave photons su�er from losses due to noise in the
environment. As can be seen from the spectral radiance plot of blackbody radiation in
Figure 6.1, for temperatures T� 300K, there is large component of background radiation
at microwave gigahertz frequencies. This interference with the background radiation is
the primary reason why microwave photons are unusable for long range communications.
Optical photons, that operate at hundreds of terahertz frequencies, on the other hand
have low transmission losses over long distances and have been used to make long lived
quantum memories [22, 23, 9]. Hence there is a need for a quantum interface between
microwave and optical photons. This component is essential in realising a scalable hybrid
quantum network where information needs to be e�ciently interfaced between supercon-
ducting microwave circuits, for quantum information processing, and optical photons, for
communication and memories. Currently there exists several theoretical and experimental
proposals for the microwave to optical frequency conversion. These include nanomechnical
oscillators [5, 94, 95, 96, 97], non-linear crystals modulators [98, 99, 100, 6], Rydberg gases,
and more recently the use of rare earth doped crystals [101, 102, 103, 104].

In the nanomehanical or optomechanical approach (Figure 6.2a) [5, 94, 95, 96, 97],
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Figure 6.1: Blackbody spectral radiance plot for di�erent temperatures against frequency.
The dotted black line shows the frequency band of visible light. The spectral radiance is
the emissive power per unit area, per solid angle for di�erent frequencies (W:sr � 1:m� 3).

a mechanical resonator, such as a membrane, that couples to both the microwave and
optical modes is used to interface between a optical cavity and a microwave cavity. The
mechanical resonator is positioned between the optical and microwave cavity in such a
way that it is coupled to both the microwave and optical cavities which results in e�ective
coupling between the microwave and optical domains via the vibrational modes. This
coupling is done via radiation pressure wherein there is an exchange of momentum between
the mechanical membrane and the electromagnetic �eld. These methods of frequency
conversion have shown to exhibit quantum conversion e�ciencies of� 0:1 [5]. However
one of the downsides of using the nanomechanical approach is achieving a low noise in
the output which requires the mechanical resonator to be cooled down to its ground state.
Cooling down of the resonator can be however quite challenging to reduce vibrational noise
at the single-quantum level.

In the second approach [98, 99, 100, 6], a microwave �eld is used to modulate the
refractive index of the optically transparent material non-linear materials (Figure 6.2b).
This results in the formation of symmetric sidebands produced around the optical carrier
frequency with one sideband at the microwave frequency. One of the symmetric sideband
can be removed by manipulation of the transmission spectrum of the resonator, however
quantum conversion has been demonstrated to� 0:01 [98]. The main challenge with this
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(a)
(b)

(c) (d)

Figure 6.2: a) In the optomechanical approach for frequency conversion, a mechanical
resonator such is coupled to both the optical and microwave cavities thus allowing allowing
for an e�ective coupling between both the microwave and optical cavities. Figure adapted
from Reference [5] b) In the nonlinear materials approach, a microwave pump is used to
modulate the refractive index of a non-linear material, such that symmetric sidebands
around the optical pump frequency is produced. The down-converted sideband can be
suppressed by detuning the optical carrier frequency from resonance. Figure adapted from
[6, 7]. c)Ensembles of Rubidium atoms, in the Rydberg state, are used in a six-wave
mixing scheme to convert photons in the microwave transition (M) to photons in the
optical transition (L). Figure adapted from Reference [8] d) In the rare-earth materials
approach, ensembles of � systems based on rare-earth ions doped into glass-like materials
are used as an interface between the optical and microwave photons. By coherently driving
the microwave transition (j1i $ j 2i ) and one optical transition (j2i $ j 3i ) and optical �eld
is produced in the other optical transition (j1i $ j 3i ). Figure adapted from Reference [9]
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approach is producing non-linearities that are high enough for the conversion between the
microwave and optical frequency domains, and also in ensuring that the conversion is single
sideband.

In the Rydberg gasses approach [105, 106], ensembles of cold trapped atoms, such as
rubidium, are used together with several pumps that coherently couple to the multiple
transitions, allowing for the conversion from microwave to optical regime. Figure 6.2c,
shows a one such scheme which uses a six wave mixing process to convert the the microwave
photons in theM transition to converted photons in theL transition. Frequency conversion
using Rydberg states in rubidium atoms was demonstrated to achieve maximum conversion
e�ciencies of � 0:05 [105].

The �nal more recent approach in microwave to optical domain conversion involves
the use of ensembles of �-system quantum emitters based on rare-earth ions doped into
glass-like materials [101, 102, 103, 104] as a medium that couples to both the optical and
microwave cavities (Figure 6.2d). Rare earth materials, such as Er3+ : Y2SiO5, are attrac-
tive due to narrow inhomogenous broadening of the microwave and optical transitions and
long coherence times. The approach involves the use of a � system which has a microwave
frequency transition and two optical frequency transitions. By coherently driving the mi-
crowave and one of the optical transition, an optical �eld is produced in the other optical
transition. Although no conclusive demonstrations have been reported some preliminary
results in proof-of-concept experiments have shown this methodology to produce conver-
sion e�ciencies of 10� 4 [101] with aims of achieving experimental conversion e�ciencies
of > 0:3 [104]. One of the main downsides in using spin ensembles for the conversion
between the microwave and optical domains are the losses in the system due to collective
spin decoherence.

Conversion Scheme Demonstrated Conver-
sion E�ciency

Optomechanical Resonator � 0:1 [5]
Nonlinear Materials � 0:01 [98]
Rydberg Gases � 0:05 [105]
Rare-Earth Ions � 10� 4 [101]

Table 6.1: Summary of conversion e�ciency schemes and the experimentally demonstrated
conversion e�ciencies

In this work, we investigate the potential of micro-fabricated devices with integrated
optical and microwave cavities that use individual three-level solid-state emitters. We will
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be exploring the potential of using the three level � con�guration in single NV centers
coupled to a microwave and optical cavity for e�cient conversion between the microwave
and optical regimes. The long spin-coherence times, and well de�ned transitions that
correspond to the microwave and optical frequency regimes make NV centers a viable
candidate to investigate in the conversion schemes. Furthermore, the solid-state nature
of NV centers make it more attractive due to the potential of scalability and on-chip
integration. We will explore a similar scheme for frequency conversion as used in the
rare-earth ion approach. We propose the use of the � system in single NV centers which
has a microwave frequency transition and two optical frequency transitions as an interface
between an optical and microwave cavity. By coherently driving the microwave cavity and
one optical transition, an output �eld is produced in the optical cavity. The goal of this
work is to identify the microwave and optical cavity parameters that would maximize the
conversion between the input microwave �eld and the output optical �eld.

In this chapter, we begin by brie
y looking at the cavity dynamics of a two level emitter
coupled to a cavity to get a basic understanding of the dynamics of an emitter coupled
to a cavity. In Section 6.3, we will introduce the proposed model which we intend to
study in which a �-system is coupled to a microwave and optical cavity. Based on the
proposed model, in Section 6.4 we then present two de�nitions for the conversion e�ciency
between the microwave and the optical regimes: A) an intrinsic de�nition and B) a extrinsic
de�nition for the conversion. The analysis in this chapter will be focused on understanding
the conversion e�ciency of the former kind. In Section 6.5, we perform analytical non-
Hermitian approximations of the ground state and �rst manifold of the system to get an
intuitive understanding of the system dynamics. In Section 6.6 we employ the Python
based QuTIP package [107, 108] to investigate via Monte-Carlo simulations the intrinsic
conversion e�ciency of the system with: a i) weak continuous drive microwave �eld and ii)
with a single microwave photon. The QuTIP package is an computational physics package
that is used to simulate the dynamics of open quantum systems.

The Python codes used to perform the simulations in this chapter have been attached
in Appendix E.

6.2 Two-Level Emitter in a Cavity

Before we begin looking into the three level � system coupled to two cavities, in this section
we will very brie
y go over the dynamics of a two level system resonantly coupled to a
cavity. Studying the dynamics of a two level emitter in a cavity will serve as a sanity check
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Figure 6.3: Two level emitter coupled to a cavity.

to understand the results we obtain from the three level � system. The dynamics of cavity
with a single atom emitter inside the cavity is described by the Hamiltonian:

H = Ho + H int (6.1)

where

Ho=~ = ! a jei hej + ! caya (6.2a)

H int = � d̂ � Ê (6.2b)

wherejei and jgi are the excited and ground states of the emitter respectively,a is the
annihilation operator of the cavity mode,! e is the jgi $ j ei transition frequency,! a is the
cavity mode frequency,Ê is the electric �eld operator, andd is the atomic dipole moment
operator. With the second �eld quantization, we can express the electric �eld in the cavity
in terms of the annihilation and creation operators in the Heisenberg picture as:

Ê = ~�E (~r)

s
~! c

2Vmodemaxf � (~r)jE(~r)j2g
(ae� i! c t + ayei! c t ) (6.3)

where E(~r) is the spatially dependent electric �eld within the cavity, ~� is the unit
polarization vector of the electric �eld, � (~r) is the permitivity at position ~r in the cavity,
Vmode is cavity mode volume, and! c is cavity resonance frequency. The mode volume of
the cavity Vmode is given as:
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Vmode =

RRR
V � (~r)jE(~r)j2dV

maxf � (~r)jE(~r)j2g
(6.4)

whereE(~r) is the electric �eld at position r within the cavity. The dipole operator in
the Heisenberg picture can be expressed as:

d̂ = � ~�d eg(jgi hej e� i! a t + jei hgj ei! a t ) (6.5)

where~� is the unit vector in the direction of the dipole orientation, anddeg is the atomic
dipole matrix element. With these above two de�nitions, we can write the interaction
Hamiltonian as:

H int = ~�d eg � ~�E ( ~rA )

s
~! c

2Vmodemaxf � (~r)jE(~r)j2g
(ae� i! c t + ayei! c t )( jgi hej e� i! a t + jei hgj ei! a t )

(6.6)

where ~rA is the position of the emitter. We can note that the interaction Hamiltonian
contains both fast oscillating termse� (! a + ! c )t , and slow oscillating termse� (! a � ! c )t . Here
we can invoke the rotating wave approximation (RWA) to ignore the fast oscillating terms
under the assumption that j! a � ! cj << ! a + ! c, which means that the fast oscillating
terms average to zero over long times where only the slowly varying dynamics of the system
is considered. Returning back to the time independent Schrodinger picture, the interaction
Hamiltonian can be written as:

H int =~ = g( ~rA )(a jei hgj + ay jgi hej) (6.7)

where we de�ne the position dependent �eld-atom coupling rateg( ~rA ) = g0	( ~rA )cos(� ),
with

g0 = deg

r
! c

2� M ~Vmode
(6.8a)

	( ~rA ) =
E( ~rA )

jE( ~rM )j
(6.8b)

cos(� ) = ~� � ~� (6.8c)
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whererM is the position within the cavity where the electric �eld intensity is maximum,
� M is the dielectric constant at that position, and� is the angle between the unit dipole
vector ~� and the unit polarization vector ~� . Unless otherwise stated, we focus on the
idealized case where 	(~rA ) = 1, and cos(� ) = 1 such that g = g0. This corresponds to the
emitter placed at the �eld maximum of the cavity mode and the emitter's dipole moment
aligned with the mode polarization. The coupling rateg refers to the rate at which the
cavity mode couples to the emitter, and the value 2g is known as the one photon Rabi
frequency, as we shall see below. It can be noted thatg is proportional to the dipole moment
of the emitter and inversely proportional to the mode volume of the cavity. Thus with a
large atomic dipole moment and low mode volumes of the cavity, there is strong coupling
between the emitter and the cavity. Putting the initial and interaction Hamiltonian terms
together, the Hamiltonian of the two-level emitter in a cavity, otherwise known as the
Jaynes-Cummings Hamiltonian, (Figure 6.3) in the rotating wave approximation can now
be written as:

H=~ = ! e jei hej + ! aaya + g(a jei hgj + ay jgi hej) (6.9)

In this study we assume that the cavity mode is on resonance with the two level emitter,
! e = ! a. The losses of the system include the cavity �eld decay rate,� , and the atomic
decay rate, �. The cavity �eld decay rate, � , refers to the rate at which photons are lost
from the cavity, whereas the atomic decay rate � refers to the spontaneous emission rate of
the atom which includes decay into non-cavity modes and non-radiative decay. Throughout
this thesis, to observe the open system dynamics of a given system, we use the Monte-Carlo
solver provided by the QuTIP package to perform the simulations.

6.2.1 Monte-Carlo Solver

Here we will very brie
y describe the Monte-Carlo solver from the QuTIP package, which
is used to simulate the di�erent systems in this thesis. In quantum optics, the open system
dynamics of a quantum state is described by the quantum master equation [109]:

d�
dt

= �
i
~

[H; � ] +
X

k

(Ĉk � Ĉy
k �

1
2

Ĉy
kĈk � �

1
2

� Ĉy
kĈk) (6.10)

where� is the time dependent density matrix of the state,H is the Hamiltonian of the
system, andĈk are the collapse operators describing the loss terms of the system. For the
case with the two level emitter coupled to a cavity, these collapse operators are:
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Ĉ1 =
p

� oa; (6.11a)

Ĉ2 =
p

� jgi hej ; (6.11b)

The collapse operatorĈ1 describes the decay of the cavity �eld modes with decay rate
� . The collapseĈ2 describes the spontaneous emission decay of the emitter from the
excited state jei to the ground state jgi with a decay rate �. The state evolution can
thus be derived by iteratively solving the quantum master equation. However, keeping
track of the state density matrix of the system for individual time steps requires a lot of
computational processing and memory. This is a very ine�cient way to solve the state
evolution, especially when the system is large consisting of several atomic states and with
multiple cavity modes. A more e�cient way to simulate the dynamics of the system is to
use the Monte-Carlo, or quantum trajectory, approach for the state evolution [110]. Here
the time evolution of the state is described by the Schrodinger equation with the e�ective
non-Hermitian Hamiltonian:

Hef f = H �
i~
2

X

k

Ĉy
kĈk (6.12)

In addition to the time evolution via the Schrodinger equation, the system is monitored
continuously at each time step�t , where a system collapse may take place with a certain
probability. For instance if the environmental measurements register a quantum jump via
the spontaneous emission of the emitter, the wave function undergoes a jump to the state
described by:

j (t + �t )i =
Ĉ2 j (t)i

q
h (t)j Ĉ2

y
Ĉ2 j (t)i

(6.13)

where the probability of collapse is:

P2(t) =
h (t)j Ĉ2

y
Ĉ2 j (t)i

�t
P

k Ĉy
kĈk

(6.14)

This is extended to all collapse operators included in the system̂Ck . This stochastic
process is repeated over a number of times, or trajectories, and the �nal state of the
system is averaged over the total number of quantum trajectories. Thus the Monte-Carlo
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approach is essentially a stochastic way of solving the master equation. In this thesis we
use the Monte-Carlo solver provided by the QuTIP package. As mentioned above, QuTIP
is a Python based computational physics package that has inbuilt functions that can be
used to simulate the dynamics of open quantum systems. The advantage of using the
Monte-Carlo approach over solving the master equation, is that only the state vector of
the system is required to be stored in the computers memory, as opposed to the entire
density matrix. As mentioned previously, this is especially advantageous for large systems.
For instance, for a system with a Hilbert space of sizen, the master equation solver requires
n2 computations, while the Monte-Carlo solver requires onlyn computations.

Although for the system consisting of a two-level emitter coupled to a cavity the over-
head cost of averaging over multiple stochastic trajectory calculations does not o�er any
speci�c advantage, since we will be working with larger systems in the subsequent sections,
we use the Monte-Carlo solver here as well for the sake of consistency and as a form of
sanity check. In QuTIP, we set up the simulation by �rst de�ning the Hilbert space of
the system. This Hilbert space is the tensor product of the Hilbert space of the two level
emitter and the Hilbert space of the cavity. In our case this results in a vector space of
dimension 2 +N , where N is the size of the cavity mode Hilbert space. Although ide-
ally in a physical systemN ! 1 , to perform numerical simulations we have to truncate
the Hilbert space. This truncation should be done such thatN is large enough to produce
physically meaningful results, whilst also being small enough that the simulation time isn't
too long. In the simulations in this thesis, we setN = 7, as for any manifold levelN < 7
the system evolution was not accurate, while forN > 7 the simulation time was long.

The atomic and annihilation operators of the system are then de�ned in the Hilbert
space as matrices. For instance the cavity mode annihilation operator, a, is de�ned as:

a = I 2 


0

B
B
B
B
B
@

0
p

1 0 � � � 0
0 0

p
2 � � � 0

� � � � � � � � �
. . . � � �

0 0 0 � � �
p

N
0 0 0 � � � 0

1

C
C
C
C
C
A

(6.15)

and the atomic operatorjei hej is de�ned as:

jei hej =
�

1 0
0 0

�

 I N (6.16)

whereI n is the n dimensional identity matrix, and 
 is the tensor product. We extend
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this methodology to de�ne the collapse operatorŝCk . These operators can then be used to
construct the Hamiltonian of the system (Equation 6.9). Furthermore we set the number
of trajectories to bentraj = 500. This value was chosen because the errors in the simulation
scale as 1=ntraj , and for ntraj = 500 we get good accuracy. The Hamiltonian and the initial
state vector are then fed to the Monte-Carlo solver (mcsolve) in QuTIP, along with the
collapse operators to simulate the time evolution of the of the system.

Now that we've introduced the solver we use, let us begin simulating the system. Before
we start introducing losses into the system, lets observe what happens in a perfectly lossless
system (� = 0; � = 0) by using the Monte-Carlo solver. In a perfectly lossless system, this
reduces to solving the Schrodinger equation:

d
dt

j (t)i =
1
i~

H j (t)i (6.17)

The system is initialized with the emitter in the excited state with no photons in the
cavity,  (0) = je;0i .

As can be noted from Figure 6.4, in a lossless system we observe oscillations known as
Rabi between the between the statesje;0i state and thejg;1i . The expectation valuehayai
is the probabilistic expected value of the photon number in the cavity, and the expectation
value hjei heji is the probabilistic expected value that the emitter is in the excited state
jei . In general for photon numbern, these oscillations occur at a frequency of 2g

p
n + 1,

between theje; ni and jg; n + 1i states. Now we see why 2g is known as the single photon
Rabi frequency.

From here we can introduce losses into the system to observe the dynamics of a lossy
system. Here we would like to explore two regimes of the system: namely the strong
coupling regime, whereg > �; �, and the weak coupling regime ,g < �; �.

6.2.2 Strong Coupling Regime

In the strong coupling regime, the coupling of the atom to the cavity modes is at a much
higher rate than the atomic and cavity decay rates. Since the rate of the coupling constant
is larger than the rate at which either the atom or the cavity modes can decay, Rabi
oscillations occur in the system. The condition for the strong coupling regime is given as:
g
� >> 1 and g

� >> 1. To observe the transient dynamics of the system, we initialize the
system in the je;0i state with the atom in the excited state and with no photons in the
cavity and we evolve the state with the Hamiltonian in Equation 6.9 together with the
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Figure 6.4: Transient response of a two level emitter coupled to a cavity with parameters
� = 0, and � = 0.

collapse operators de�ned in Equation 6.11. Figure 6.6a shows the transient response of a
strongly coupled cavity to an atom. As can be seen when the system is evolved, we observe
Rabi oscillations as we did before in the lossless system. In general for photon numbern,
these oscillations occur at a frequency of 2g

p
n + 1, between theje; ni and jg; n + 1i states.

However, in the system with losses we observe that the oscillations are damped at a rate
of � +�

2 .

Figure 6.5 shows the energy manifolds of the system on resonance! a = ! c. The states
jg; n + 1i and je; ni are known as the bare states and the statesj� ; n + 1i are known as the
dressed states. With atom is not coupled to the cavity, the bare states of the system are
the eigenstates of the Hamiltonian. When the interaction Hamiltonian is turned on and
the system is strongly coupled (g� >> 1 and g

� >> 1), the new eigenstates of the system
are the dressed states. The dressed states of the system are expressed as:

j� ; n + 1i =
je; ni � j g; n + 1i

p
2

(6.18)

As can be6.5, the energy splitting between the dressed states in thenth manifold is
2g

p
n + 1. This splitting between the dressed states is characteristic of the strong coupling

regime. The splitting between the dressed states in the �rst manifold can be observed by
looking at the transmission spectrum of the system by driving the cavity with a classical
�eld. We de�ne the cavity drive term of the Hamiltonian as:
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Figure 6.5: The left ladders represent the uncoupled states of the system with! c = ! a.
When the atom and the cavity are strongly coupled, the eigenstates of the system are the
dressed states shown in the right most ladder.

Hdrive =~ =
p

�"e � i! d tay +
p

�" � ei! d ta (6.19)

where! d is the frequency of drive and the drive term" is given by:

" =

r
P

~! d
(6.20)

whereP is the power of the laser used to drive the cavity. The addition of this term to
Equation 6.9 results in a time dependant Hamiltonian. We can however get rid of the time
dependence of the Hamiltonian by transforming from the static lab frame to a rotating
frame of the laser. This transformation can be done applying a time dependent unitary
operator, U, to the Hamiltonian such that the rotated Hamiltonian is given by:

H = UyHU + i
dUy

dt
U = H o + H int + H drive (6.21)

where
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U = ei! d t (aya+ jeihej) (6.22)

The transformed Hamiltonian is :

H=~ = � e jei hej + g(a jei hgj + ay jgi hej)� caya +
p

� ("ay + " � a) (6.23)

where the detunings � e = ! e � ! d and � c = ! c � ! f . We can now observe the splitting
between the dressed states with a weak drivej" j2 = 0:01g and plotting the steady state
transmission of the system. The steady state transmission,T, of the system is de�ned
de�ned as:

T =
hayai �

j" j2
(6.24)

wherehayai is the expectation value of photons in the cavity at steady state. The term
hayai � refers to the rate at which the photons are exiting the cavity, and the termj" j2

refers to the rate at which the photons are incident on the cavity laser powerP. Thus
the transmission T describes the ratio between the photons exiting the cavity and the
photons incident on the cavity. The steady state transmission of the system with weak
drive (j" j2 = 0:01g) is plotted in Figure 6.6b with the detuning � = ! d � ! a (! a = ! c).
These transmission peaks, also known as the polariton peaks, are split by 2jgj in the �rst
manifold [111] as can be seen in Figure 6.6b.

6.2.3 Weak Coupling Regime

In the weak coupling regime, the coupling of the atom to the cavity mode is at a much lower
rate than the atomic and cavity �eld decay rates. The condition for the weak coupling
regime is given as: g

� << 1 and g
� << 1. To observe the dynamics of the system we

simulate the non-Hermitian Hamiltonian described in Equation 6.12 in the weak coupling
regime. Figure 6.7a shows the transient response of a weakly coupled cavity to an atom.
The system is initialized in the je;0i state with the atom in the excited state and no
photons in the cavity. As can be noted in Figure 6.7a, when the system is evolved, we
don't observe any oscillations between in the system as the atom-cavity system doesn't
have enough time to couple coherently before the dissipation in the system occurs. We
once again plot the steady state transmission of the systemT by driving the system with a
weak drive (j" j2 = 0:01g). We observe that in the weak coupling regime the eigenstates, are
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(a) (b)

Figure 6.6: a) Transient response of a two level emitter coupled to a cavity with parameters
� = 0:1g, and � = 0 :1g. b) Transmission spectrum of the transmission through an empty
cavity and a strongly coupled atom loaded cavity when weakly excited. � is the detuning
between the excitation frequency and the cavity-atom system.

not split and transmission occurs mainly on resonance with � = 0. Figure 6.7b shows the
transmission spectrum of the a weakly coupled system. The transmission linewidth of the
loaded cavity is slightly larger than the transmission pro�le of an empty cavity, however
as with the empty cavity, maximum transmission through the cavity occurs at a detuning
of zero, or when the excitation frequency is resonant with the system.

A special case of the weakly coupled system, also known as the Purcell regime, occurs
when � > g >> �. In this regime, there exists no Rabi oscillations or transmission
spectrum splitting as we previously saw, but due to the presence of the cavity, the decay
rate of the atom is modi�ed. This can be observed by looking at the transient response of
the system in the Purcell regime as seen in Figure 6.7c. The atom decays at an enhanced
rate of 2jgj2=� due to the coupling between the cavity and the atom. This enhanced decay
rate of atoms coupled to cavities are used to increase the rate of spontaneous emission
rate of emitters. For instance the spontaneous emission rate of the ZPL transmission in
NV centers can be increased by coupling the NV center to a cavity resonant with the ZPL
[49]. Figure 6.7d shows the transmission spectrum of the system in the Purcell regime when
driven with a weak drive (j" j2 = 0:01g). We note that there exists a dip in the transmission
when the the detuning � = 0. This can be explained by observing the energy manifold
diagram in Figure 6.5. When� > g >> �, the eigenstates of the system are the bare
states seen on the left of the diagram in Figure 6.5. When the system is driven resonantly
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(a) (b)

(c) (d)

Figure 6.7: a) Transient response of a two level emitter coupled to a cavity with parameters
g = 2� ,� = 10g, and � = 10 g. b) Transmission spectrum of the transmission through an
empty cavity and a weakly coupled atom loaded cavity when weakly excited with excitation
rate j" j2 = 0:01g. � is the detuning between the excitation frequency and the cavity-atom
system. c) Transient response of a two level emitter coupled to a cavity with parameters
� = 2g, and � = 0 :1g. The decay rate of the atom is 2jgj2=� due to the presence of
the cavity. d) Transmission spectrum of the transmission through an empty cavity and a
weakly coupled atom loaded with parameters� = 10g, and � = 0 :1g when weakly excited
with excitation rate j" j2 = 0:01g. � is the detuning between the excitation frequency and
the cavity-atom system.
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with a weak drive such that only the bare states in the �rst manifold are accessed, a
transition occurs between the leveljg;0i and the level jg;1i . However this transition can
occur via two pathways: jg;0i ! j g;1i or jg;0i ! j g;1i ! j e;0i ! j g;1i . The probability
amplitudes of these two allowed transition pathways interference destructively resulting in
a transparency window at resonance. This phenomenon can be observed in a large number
of systems and is termed cavity induced transparency [112], or electromagnetically induced
transparency [113]. We can observe looking at the steady state transmission spectrum of
the system in Figure 6.7d. We note that there exists a dip in the transmission spectrum
at a detuning of � = 0.

6.3 Proposed System

(a)

(b)

Figure 6.8: a) Schematic of the proposed model consisting of a three level closed � system
coupled to a microwave cavity and an optical cavity. Thejgi $ j si transition is coupled to
the microwave cavity (g� ,� � ), and the jsi $ j ei transition is coupled to the optical cavity
(go,� o). The levels jsi and jei are coupled with a classical �eld with a frequency of! 


and a driving rate 
. In the case where the microwave �eld is due to a classical drive, the
microwave cavity is driven by a weak classical �eld at a frequency of! d and a driving rate
". b) Ground, �rst, and second manifold of the three � system coupled to a microwave
and optical cavity with coupling ratesg� and go respectively. The basis states represented
are the atomic state, optical photon and the microwave photon respectively.
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Now that we have a basic understanding of the cavity dynamics of a two-level emitter,
we turn out attention to the proposed system that we intend to study for inter-photon
conversion. The system consists of a three level � emitter that is coupled to two cavities
corresponding to the microwave (jgi $ j si ) and the optical frequency transitions (jgi $
jei ) respectively as seen in Figure 6.8a. An external monochromatic classical electric �eld
given by E(t) = E0e� �! 
 t + E �

0e�! 
 t is used to drive thejsi $ j ei transition. As was before
this interaction Hamiltonian in the dipole approximation is given by Equation 6.2b, where
the dipole operator in the Heisenberg picture is given by:

d = � dse(jei hsj e� i! se t + jsi hej ei! se t ) (6.25)

wheredse is dipole matrix element betweenjsi $ j ei transition, and ! se is the transition
frequency. Thus the interaction Hamiltonian between the classical drive and thejsi $ j ei
transition can be written as:

Hse = dse(jei hsj e� i! se t + jsi hej ei! se t )(E0e� �! 
 t + E �
0e�! 
 t ) (6.26)

Once again we notice that this Hamiltonian contains both fast oscillating termse� (! se + ! 
 )t ,
and slow oscillating termse� (! se � ! 
 )t . Here we can invoke the rotating wave approximation
(RWA) to ignore the fast oscillating terms under the assumption thatj! se� ! 
 j << ! se+ ! 
 ,
which means that the fast oscillating terms average to zero over long times where only the
slowly varying dynamics of the system is considered. This is also under the assumption
that the drive �eld is a weak probe such that, dse E0

~ << ! se. Thus Hamiltonian Hse in the
Schrodinger picture can be written as:

Hse = ~(
 e� i! 
 t jei hsj + 
 � ei! 
 t jsi hej) (6.27)

where the Rabi frequency 
 = dse E0
~ .

With this system, the proposed conversion e�ciency scheme is as follows: by introduc-
ing a microwave �eld into the microwave cavity, and by coherently driving thejsi $ j ei
transition with the Rabi drive 
, we expect an optical �eld to be produced in the optical
cavity. The optical photons decaying out of the optical cavity is then said to be the fre-
quency converted photons. We can now describe the dynamics of the the system depicted
in Figure 6.8a by the Hamiltonian:

H = Ho + H int (6.28)
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where in the rotating wave approximation,

Ho=~ = ! s jsi hsj + ! e jei hej + ! oaya + ! � byb; (6.29a)

H int =~ = g� (bjsi hgj + by jgi hsj) + go(a jei hgj + ay jgi hej)

+ (
 e� i! 
 t jei hsj + 
 � ei! 
 t jsi hej);
(6.29b)

wherea and bare the annihilation operators for the optical and microwave cavity modes
respectively, 
 is the Rabi frequency of the classical �eld coupling the levelsjsi and jei
without injecting any photons into the cavities. Furthermore! e (! s) is atomic frequency
of the jgi $ j ei (jgi $ j si ) transition while ! o (! � ) is the optical (microwave) cavity mode
frequencies. The �eld in the microwave cavity couples the levelsjgi and jsi with a rate of
g� , and the �eld in the optical cavity couples the levelsjgi and jei with a rate of go. In the
equations above! s and ! e are the atomic transition frequencies from the leveljgi to the
levelsjsi and jei respectively, while! � and ! o are the microwave and optical mode cavity
frequencies.

In this work we will explore three ways in which the microwave photons are input into
the system: i) classical drive, ii) cavity initial conditions and iii) with a feeder/source
cavity. With the classical drive, we drive the system with a continuous classical wave that
is de�ned the Hamiltonian term Hdrive :

Hdrive =~ =
p

� � "e� i! d tby +
p

� � " � ei! d tb (6.30)

where � � is the microwave cavity decay rate, and" is the rate at which the classical
�eld is injected at the microwave cavity with a frequency of! d. As we saw in the previous
section, the drive term" can be expressed as:

" =

r
P

~! d
(6.31)

whereP is the power of with which the microwave cavity is driven. The term
p

� � " is
thus a measure of the rate at which microwave photons enter the microwave cavity. The
second way in which the microwave photons can be input into the system is by initializing
the microwave cavity into a speci�c photon state (as we shall see in Section 7.2). The third
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way in which the microwave photons can enter the system by using a source cavity in a
cascaded cavity system [114], that is initialized with a speci�c photon state, which is then
used to feed the target system which consists of system described by the Hamiltonian 6.29
(we will explore this approach in Chapter 7).

If we looked at the case with the classical drive, the addition of theHdrive term results
in a time dependant Hamiltonian. As we did before in the previous section, we can get rid
of the time dependant terms by moving to a rotating frame of a time dependent unitary
U :

U = exp ( � it )[! d(byb+ jsi hsj) + ( ! d + ! 
 )( jei hej + aya)] (6.32)

the Hamiltonian is transformed according to:

H = UyHU + i
dUy

dt
U = H o + H int + H drive (6.33)

with

H o=~ = � s jsi hsj + � e jei hej + � oaya + � � byb; (6.34a)

H int =~ = g� (bjsi hgj + by jgi hsj) + go(a jei hgj + ay jgi hej)

+ (
 jei hsj + 
 � jsi hej);
(6.34b)

H drive =~ =
p

� � "by +
p

� � " � b (6.34c)

where the detunings � s = ! s � ! d, � e = ! e � ! d � ! 
 , � o = ! o � ! d � ! 
 , � � = ! � � ! d.

With the proposed system above, the goal of the problem now is to identify the optical
(go; � o) and microwave cavity (g� ; � � ) parameters that optimize the output of optical pho-
tons from the optical cavity for a given microwave drive rate". In other words we would
like to �nd the required quality factor Q and mode volumesVmode of the microwave and
optical that would maximize conversion e�ciency. The quality factor of the cavity deter-
mines the temporal con�nement of light whilst the mode volume determines the spatial
con�nement of light within the cavity. As we saw earlier the mode volume of the cavity is
related to the the coupling constantg. The quality factor of a cavity is calculated as:
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Q =
!
�

(6.35)

where! is the cavity resonance frequency and� is the cavity �eld decay rate.

Now would be a good time to introduce the characteristics of the three level � system
that we intend to study. We model our quantum emitter on the naturally occurring �
system in NV centers at zero magnetic �eld (see Chapter 2). As seen in Figure 6.9, the �
system is formed from thej0i , j� 1i , j3Ei subspace in the NV center corresponding to the
states jgi , jsi , and jei in Figure 6.8a. As can be seen from Figure 6.9, the frequencies! e

and ! s correspond to the operating regimes of optical terhertz and microwave gigahertz
frequencies respectively. Furthermore this � system is particularly attractive due to the
zero magnetic �eld operation, as it is reported that superconducting resonators which
have high quality factors at zero magnetic �elds su�er from losses at non-zero magnetic
�elds[115].

The population decay rate of the metastable statej� 1gi state is � s = 2� � 21:2Hz
[56, 57]. The population decay rate from the excitedj3Ei state is � e = 2� � 13:3MHz
which is the total spontaneous emission rate including the emission into the phonon side
bands. The branching ratio of the excited statej3Ei is:

� e = � ZP L + � P SB + � es (6.36)

where � ZP L is the decay into the ground state through the resonant zero phonon line
emission, �P SB is the non-resonant decay into the ground state via the phonon sidebands,
and � es is the decay into the metastablej� 1gi state. Here �ZP L = 2� � 0:35MHz, � P SB =
2� � 10:20MHz and � es = 2� � 2:66MHz [2]. To take into account the phonon sideband
(PSB) decay into the ground state from the excited state, this system can be modelled as
a "pseudo" three level system as shown in Figure 6.9. Here the excited state decays to the
ground statejgi via the ZPL decay, and to the virtual ground statejg0i via the PSB decay.
The virtual state jg0i represents the states in the vibronic bands above the ground triplet
through which PSB decay occurs. The virtual statejg0i then decays to the ground state
jgi via phonon decay at a rate of �p = 2� � 60 THz [116].

In addition to the population decays, the coherences of the states also damp at a
rate given by the transverse decay rate. The transverse decay rate of the system of the
metastable state and excited states are
 s? = 2� � 66:3Hz and 
 e? = 2� � 15:9MHz
respectively. The transverse decay rate,
 ? , is related to the population decay rate, �, of
the transition as [109]:
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Figure 6.9: The schematic of the pseudo three-level system showing the resonant ZPL and
PSB decay. The ground statejgi and the metastable statejsi corresponds to thej0i and
j� 1i state from the ground state triplet state3A2 in the NV center. The excited statejei
in the � system corresponds to the excited state3E in the NV center. The excited state
jei decays to the ground statejei at a rate of � ZP L = 2� � 0:35MHz and the virtual state
jg0i at a rate of � P SB = 2� � 12:95MHz. The ground statejgi is then populated from the
virtual state jg0i at a decay rate of �p which occurs at a faster rate than the timescales of
the other processes involved in the system (�p = 2� � 60THz)


 ? =
�
2

+ 
 c (6.37)

where
 c models additional coherence decay in the system due to e�ects such as dephas-
ing. These additional coherence decays in the metastable state
 s and the excited state
 s

of the system are:


 s = 
 s? �
� s

2
= 2� � 55:7Hz (6.38a)


 e = 
 e? �
� e

2
= 2� � 9:25MHz (6.38b)
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6.4 Conversion E�ciency De�nition

(a) (b)

Figure 6.10: a) Schematic of the intrinsic conversion e�ciencyTA
� ! o wherein the e�ciency

is de�ned as the ratio between the output optical photons (red circle) for every microwave
photon (blue circle) initialized within the cavity. b) Schematic of the extrinsic conversion
e�ciency TB

� ! o wherein the conversion e�ciency is de�ned as the ratio between the output
optical photons (red circle) for every microwave photon (blue circle) incident on the cavity.

Now that we have setup the initial system, based on the above model it is important to
de�ne the conversion e�ciency between the microwave and optical photons. We de�ne two
versions of the conversion e�ciencies in this work. One would be the conversion e�ciency
in the intrinsic case and the other is a conversion e�ciency in a extrinsic case.

In the intrinsic case of the de�nition, we ask the question:If we can get a microwave
photon into microwave cavity, what cavity parameters would maximize the output optical
photons?. The intrinsic conversion e�ciency is de�ned as:

TA
� ! o =

hayai out

hbybi cavity
(6.39)

wherehayai out is the expectation value of the optical photons decaying out of the optical
cavity, and hbybi cavity is the expectation value of the microwave photons in the microwave
cavity that is input into the cavity. In the continuous drive regime, hayai out would be the
rate at which optical photons decay out of the optical cavity, andhbybi cavity would be the
rate at which microwave photons enter the due to theHdrive term. When we instead input
microwave photons by initializing the microwave cavity with a a speci�c photon number
n, hayai out is the total number of optical photons that decay out of the optical cavity and
hbybi cavity would ben.
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In the second extrinsic de�nition of the conversion e�ciency we ask the question:For
every microwave photon incident on the microwave cavity, what cavity parameters would
maximize the output optical photons?. The extrinsic conversion e�ciency is de�ned as:

TB
� ! o =

hayai out

hbybi in
(6.40)

where hayai out is the expectation value of the optical photons decaying out of the
optical cavity, and hbybi in is the expectation value of the microwave photons incident on
the microwave cavity. In the continuous drive regime,hayai out would be the rate at which
optical photons decay out of the optical cavity andhbybi in would be the rate at which
microwave photons are incident on the cavity due to theHdrive term. When we instead
input microwave photons using a feeder cavity with a a speci�c photon numbern, hayai out

is the total number of optical photons that decay out of the optical cavity andhbybi in would
be n. In this chapter we analyze the conversion e�ciency of the intrinsic type,TA

� ! o , and
in the subsequent Chapter 7 we explore the conversion e�ciency of extrinsic type,TB

� ! o .
By observing the results from the ideal case, we would be able to understand the results
in the non-ideal case.

6.5 Approximate Analytical Solution

In order to understand an intuitive picture of the system we perform an analytical ap-
proximation. An estimate of the conversion from the injected microwave photon to the
optical photon output is obtained by analyzing the non-Hermitian Hamiltonian describ-
ing the transition of the system between the ground and �rst manifolds as seen in Figure
6.8b. In the analytical approximation we treat the system as purely three level � system
without the virtual state jg0i . We can absorb some of the loss terms from the collapse
operators from the the non-Hermitian Hamiltonian used in the Monte-Carlo simulations
(from Equation 6.12) and analytically solve the Hamiltonian:

�H (1) = �H (1)
o + H int + H drive (6.41)

where
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�H (1)
o =~ = � (i


 s?

2
� � s) jsi hsj � (i


 e?

2
� � e) jei hej

� (i
� o

2
� � a)aya � (i

� �

2
� � b)byb

(6.42)

where the complex termsi
 s?
2 jsi hsj, and i
 e?

2 jei hej describe the coherence decays of
the jsi and jei respectively, while the complex termsi � o

2 aya, and i � �

2 byb describe the cavity
�eld decay of the optical and microwave �elds respectively. Assuming the state is described
by:

j (1) i = c(1)
0 jg;0; 0i + c(1)

1 je;0; 0i + c(1)
2 js;0; 0i +

c(1)
3 jg;1; 0i + c(1)

4 jg;0; 1i
(6.43)

where the state vectorja; o; � i describes the atomic state, optical cavity photon number
and the microwave cavity photon number respectively (see Figure 6.8b). We apply the non-
Hermitian Hamiltonian to the wave function describing the ground and �rst manifolds and
�nd a steady state solution of the system in the limit of a weak microwave drive," [117]
and solve:

i~
d
dt

j (1) i = �H (1) j (1) i (6.44)

In the steady state solution, the we set the time derivatived
dt j (1) i to zero to �nd the

value of c(1)
3 . Thus the problem is reduced to solving a set of linear equations where we

solve for the coe�cients c(1)
n . In the limit that j

p
� � " j ! 0, we setc(1)

o � 1 and ignore the
transitions to higher manifolds such asjg;1; 0i ! j g;1; 1i , je;0; 1i ! j e;1; 1i , js;0; 0i !
js;1; 0i , js;0; 0i ! j s;0; 1i and jg;0; 1i ! j g;1; 1i couplings. By setting c(1)

o � 1, we
overcome the atom number conservation problem that arises from using the non-Hermitian
Hamiltonian. Otherwise all the other coe�cients c(1)

n will be zero in steady state. We use
the conversion e�ciency de�nition from Equation 6.39 to de�ne the conversion e�ciency
of the �rst microwave photon in the cavity to the output optical photon:

TA
� ! o =

hayai out

hbybi cavity
�

jc(1)
3 j2� o

j
p

� � " j
(6.45)

wherejc(1)
3 j2� o is the rate at which optical photons decay out of the optical cavity (c(1)

3 is
the expectation value of the statejg;1; 0i where there is one photon in the optical cavity),
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and j
p

� � " j is the rate at which microwave photons enter the cavity due to the classical
drive ". Thus the conversion e�ciency reads as the rate of output optical photons divided
by the rate of microwave photons entering the microwave cavity. As a sanity check of the
methodology we use, we �rst perform a similar analysis of the transmission of the �rst and
second photon through single mode cavity with a two level emitter the results of which
are plotted in Figure 6.11a and 6.11b. We observe the two polariton peaks in the strong
coupling regime due to the dressed states, and a single peak in the weak coupling regime as
expected. Furthermore in the strong coupling regime, for small values of� , the maximum
transmission of the �rst and second photons occur at a detuning of �=g= 1. However with
increasing� , the maximum transmission of the �rst and second photons broaden [117]. For
a a two level emitter weakly coupled to a cavity, the maximum transmission occurs at a
detuning of � = 0. With increasing � , the transmission peaks of the system broaden as
seen in Figure 6.11c and 6.11d. This is in agreement with the dynamics of a two level
emitter coupled to a cavity as we saw earlier.

6.5.1 Coupling Regimes

Returning to the � system coupled to the two cavities, we perform the analytical ap-
proximation for the conversion e�ciency of the �rst photon microwave photon to optical
photon. There are 4 limiting case regimes, two for each cavity, of the system that can be
explored. Namely the regimes:g� >> � s, g� << � s, go >> � e and go << � e (where
� e = 2� � 13:3MHz and � s = 2� � 21:2Hz). Due to the large di�erence in the values of
the of � e and � s, in the limiting case with g� << � s, the conversion e�ciency approaches
zero, TA

� ! o ! 0. The reason for this can be understood by looking at the Fermi's golden
rule and referring to Figure 6.8b. The transition probability between the statesjg;0; 1i
and js;0; 0i in the �rst photon manifold if given by [118]:

� jg;0;1i!j s;0;0i =
2�
~2

j hg;0; 1j �H int js;0; 0i j 2 / j g� j2 (6.46)

where �H int is the non-Hermitian interaction Hamiltonian of the �rst photon manifold
from Equation 6.41. As can be noted since the transition probability �jg;0;1i!j s;0;0i scales
with jg� j2, for g� << � s, the transition probability � jg;0;1i!j s;0;0i is much smaller than the
transition probabilities between the other bare states in the �rst photon manifold (Figure
7.1). This means that very few of the photons that are injected into the microwave cavity
are being coupled to the atomic transition and hence the conversion e�ciency of the system
goes to zero,TA

� ! o ! 0. Thus it is a necessary condition that the microwave coupling rate,
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Small Mode Volume

(a) (b)
Large Mode Volume

(c) (d)

Figure 6.11: a) and b) Analytical approximation of the transmission of the �rst and second
photons respectively through a cavity resonantly coupled with a two level emitter. The
detunings, � = � c = � eg and coupling strength,g = 100�, where � is the decay rate of
the two level emitter. c) and d) Analytical approximation of the transmission of the �rst
and second photons through a cavity resonantly coupled with a two level emitter. The
detunings, � = � c = � eg and with a coupling strength,g = 0:01�, where � is the decay
rate of the two level emitter.

g� >> � s, when working with the � system in an NV center. With g� >> � s we explore
the two regimes with optical cavity: go >> � e and go << � e.
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Small Optical Cavity Mode Volume Regime: go >> � e

With the cavity coupling rates g0 = 100� e and g� = 100� s (where � e = 2� � 13:3MHz and
� s = 2� � 21:2Hz), we perform the analytical approximation for constant cavity decay rates
� � = g� and � o = go, whilst sweeping over the the Rabi coupling rate, 
, and detunings,
� (= � s = � e = � o = � � ), and � o and � � respectively (see Figure 6.12 ).

TA
� ! o(� � = g� ) TA

� ! o(� o = go)

(a) (b)

Figure 6.12: Conversion e�ciency (log10 scale) for a constant� � = g� and � o = go sweeping
through three di�erent values of � o and � � respectively, forgo = 100� e and g� = 100� s

(where � e = 2� � 13:3MHz, � s = 2� � 21:2Hz and � = � s = � e = � o = � � ). a) The
conversion e�ciency (log10 scale) for a �xed � � sweeping through three di�erent values of
� o. As can be observed, as� o is increased, the 
 required to achieve maximum conversion
e�ciency decreases. b)The conversion e�ciency for a �xed� o sweeping through three
di�erent values of � � . With a weak optical cavity maximum conversion e�ciency occurs
mainly on resonance (�=g� = 0) but as � � decreases, additional peaks corresponding to
the polariton peaks start appearing at �=g� = � 1 (polariton peaks).

Some key characteristics of the system can be understood from the analytical plots in
Figure 6.12a and Figure 6.12b. It can be noted from Fig. 6.12a, for constant� � , as the value
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of � o is increased, the maximum achievable conversion e�ciency increases. Furthermore, as
� o is increased the value of 
 required to achieve maximum conversion e�ciency decreases.
These two responses of the system can be attributed to the fact that as the� o increases,
the optical cavity becomes more leaky allowing for more optical photons to be collected in
the output. Furthermore as the optical cavity becomes more leaky, a smaller value of 
 is
required for the converted photon to leave the optical cavity within each cycle.

From Fig. 6.12b it can be noted that for a �xed � o, as the microwave decay rate,� �

is decreased, that is as the microwave cavity gets stronger, the maximum value conversion
e�ciency occurs at detunings of, � =g� = � 1 (polariton peaks). As 
 is increased, the
peaks at which the maximum conversion e�ciency occurs start broadening, thus resulting
in a broadened detuning over which the conversion e�ciency occurs. This phenomenon is
known as power broadening and can be understood if we digress a little and look at a two
level emitter that is driven with a Rabi drive 
 as seen in Figure 6.13.

Figure 6.13: Two level emitter driven by a Rabi drive, 
 with decay rate �.

Digression: In a two level system with excited statejei and jgi , that is being driven
by a Rabi drive 
, and decay rate �, the excited state population of the system in steady
state derived from the Optical Bloch equations can be expressed as [109]:

� ee =

 2=� 2

1 + ( 2�
� )2 + 2( 


� )2
(6.47)

where � is the detuning. In the weak Rabi drive limit:

� ee =

 2=4

� 2 + ( �
2 )2

(6.48)
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This represents a Lorentizian with a Full Width Half Maximum(FWHM) of � with a
maximum value of (
� )2 << 1. In the strong Rabi drive limit, the excited state population
is:

� ee =

 2=4

� 2 + ( 
 2

2 )
(6.49)

In the strong drive limit, this also represents a Lorentzian but has a larger FWHM ofp
2
 with a maximum value of 0.5 as expected for a saturated transitions of a two level

system. The absorption line of a two level system for di�erent Rabi drive strengths is
plotted in Figure 6.14.

Figure 6.14: Steady state population of the excited state of a two level system with popu-
lation decay rate �, driven by a Rabi drive 
 with a detuning of �.

Now returning back to the � system, we now understand maximum conversion e�-
ciency can be achieved for the system on resonance for a su�ciently large 
 due to power
broadening and manifold mixing. Furthermore we also note from Figure 6.12b that with
increasing� � , the conversion e�ciency decreases, due to the increase in the leakage of the
microwave photons from the microwave cavity.

In order to understand the conversion e�ciency dependence on the the parameters� o,
� � and 
 simultaneously, we sweep over the the three parameters and plot the maximum
conversion e�ciency for each pair of� o and � � , and the corresponding Rabi drive rate,

, required to achieve the maximum conversion (Fig. 6.15) with the system on resonance
(� s = � e = � o = � � = 0).
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Maximum TA
� ! o 
 =go for Maximum TA

� ! o

(a) (b)

Figure 6.15: Maximum conversion e�ciency (log10 scale) and the corresponding 
 to
achieve maximum e�ciency for the system forgo = 100� e and g� = 100� s (where
� e = 2� � 13:3MHz, � s = 2� � 21:2Hz), for the system on resonance (�s = � e = � o = � �

= 0).

As can be noted from the plots in Figure 6.15, as the optical cavity decay rate� o

is increased the conversion e�ciency of the system increases, whilst the required 
 for
maximum conversion decreases. This is in agreement with what was observed in Figure
6.12a, wherein with a larger� o more photons that are in thejg;1; 0i are able to leave
the cavity before being coupled back into the emitter. Furthermore as the microwave
cavity decay rate,� � , is increased there exists a turnaround point at which the conversion
e�ciency starts decreasing. This is in agreement with what was observed in Figure 6.12b,
wherein with the increase in� � the lifetime of the microwave photons in the cavity decreases
resulting in fewer photons being converted to optical photons.

Large Optical Cavity Mode Volume Regime: go << � e

We perform a similar analysis as before for the system with the cavity coupling rates
g0 = 0:01� e and g� = 100� s (where � e = 2� � 13:3MHz and � s = 2� � 21:2Hz), for
constant cavity decay rates� � = g� and � o = go, whilst sweeping over the the Rabi
coupling rate, 
, and detunings, � (= � s = � e = � o = � � ), and � o and � � respectively
(see Figure 6.16 ).
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TA
� ! o(� � = g� ) TA

� ! o(� o = go)

(a) (b)

Figure 6.16: Conversion e�ciency (log10 scale) for a constant� � = g� and � o = go sweeping
through three di�erent values of � o and � � respectively, forgo = 0:01� e and g� = 100� s

(where � e = 2� � 13:3MHz, � s = 2� � 21:2Hz and � = � s = � e = � o = � � ). a)
The conversion e�ciency for a �xed � � sweeping through three di�erent values of� o.
b)The conversion e�ciency for a �xed � o sweeping through three di�erent values of� � .
For small � � , maximum conversion e�ciency occurs at detunings, �=g� = � 1 (polariton
peaks), whereas as� � is increased, maximum conversion e�ciency takes place at detunings,
� =g� = 0, or when the system is on resonance.

From Figure 6.16a for a constant� � , the conversion e�ciency increases with increasing
� o similar to the trend noted earlier in the previous case (see Figure 6.12a). However due
to the lower optical coupling strength, the detuning bandwidth over which maximum con-
version occurs is also much narrower and occurs mainly at resonance, � = 0. From Figure
6.16b we observe as before that as� � decreases the polariton peaks that are characteristic
of a strong cavity start appearing in addition to the single peak on resonance peak due to
the weak cavity coupling. However in this case the polariton peaks are much narrower due
to the lower go. It can also be noted that for a small� � , as 
 is increased the conversion
e�ciency increases, whilst for large� � the change in 
 results in little to no change in the
conversion e�ciency. This is due to the fact that as the microwave cavity gets stronger, the
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lifetime of the microwave photons in the cavity increases, thus as 
 is increased, more and
more microwave photons can be converted, whilst for a leaky microwave cavity, regardless
of how much 
 is increased, there isn't a change in the expectation value of the output
optical photons.

Maximum TA
� ! o 
 =go for Maximum TA

� ! o

(a) (b)

Figure 6.17: Maximum conversion e�ciency (log10 scale) and the corresponding 
 to
achieve maximum e�ciency for the system forgo = 0:01� e and g� = 100� s (where � e =
2� � 13:3MHz and � s = 2� � 21:2Hz), for the system on resonance (�s = � e = � o = � �

= 0).

We perform a similar simulation as before and sweep over the values of pair of� o,
� � and 
, and plot maximum conversion e�ciency for each pair of � o and � � , and the
corresponding Rabi drive rate, 
, required to achieve the maximum conversion is plotted
(Fig. 6.17) with the system on resonance (�s = � e = � o = � � = 0). As before with
increasing � o, the conversion e�ciency increases as more optical photons can leave the
cavity before being coupled back to the system. However when compared with Figure
6.15, the required� o before which unit conversion e�ciency occurs is increased by an order
of magnitude. As was noted before, as� � is decreased, the conversion e�ciency increases
and the required 
 to achieve maximum conversion increases due to the increased lifetime
of the microwave photons. However when compared with with Figure 6.15, the required
� � to achieve maximum conversion e�ciency is decreased by an order of magnitude. This
means in the weak optical coupling regime,� o is required to be larger and� � is required
to smaller than in the strong coupling regime to achieve unit conversion e�ciency.
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6.6 Monte-Carlo Simulations

6.6.1 Continuous Drive

Although the analytical simulations provide us with a intuitive understanding of the re-
quired cavity parameters to achieve maximum conversion, to understand the e�ects of
higher manifolds in the system, we perform Monte-Carlo simulations of the Hamiltonian
described in Equation 6.54. We employ the Monte-Carlo Solver from the Python pack-
age, QuTIP [107, 108] to perform the simulations. With the Monte-Carlo simulations
we also take into the account the fact that only the decay rate via the ZPL emission,
� ZP L = 2� � 0:35MHz, is coupled resonantly to the cavity while the PSB decay { which
results in photons emitted in the phonon sideband{ from the excited to the ground state is
� P SB = 2� � 10:2MHz [2]. Thus only a small percentage of the emission from the excited
state is resonantly coupled to the ground statejgi via the ZPL whilst the ground state is
populated via non resonant decay. We do this by simulating the pseudo three level system
that was described in Figure 6.9 using the QuTIP package we introduced in Section 6.2.
The e�ective non-Hermitian Hamiltonian describing the dynamics of the system in the
rotating frame is given by:

H = H o + H int + H drive �
i~
2

X

k

Ĉy
kĈk ; (6.50)

with the collapse operatorsĈk de�ned as:

Ĉ1 = aout =
p

� oa; (6.51a)

Ĉ2 = bout =
p

� � b; (6.51b)

Ĉ3 =
p

� ZP L jgi hej ; (6.51c)

Ĉ4 =
p

� P SB jg0i hej ; (6.51d)

Ĉ5 =
p

� p jgi hg0j ; (6.51e)

Ĉ6 =
p

� s jgi hsj ; (6.51f)

Ĉ7 =
p

� es jsi hej ; (6.51g)

Ĉ8 =
p


 e jei hej ; (6.51h)

Ĉ9 =
p


 s jsi hsj (6.51i)
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where� o (� � ) is the optical (microwave) cavity decay rate, �s is the population decay
rate of the jsi state in the � system, 
 e (
 s) is models additional coherence decays rate of
jei (jsi ) state, � ZP L is the ZPL decay rate, �P SB is the PSB decay rate, �es is the decay
rate from jsi to jgi , jsi to the � p is the decay rate from shelving statejg0i to jgi . The
operator Ĉ1 (Ĉ2) is the optical (microwave) photon decay,Ĉ3 describes the population
decay from the excited statejei to the ground state jgi , Ĉ4 describes the PSB decay from
the excited statejei to the virtual state jg0i , Ĉ5 describes the population decay from the
virtual state jg0i to the ground statejgi through phonon decay,Ĉ6 describes the population
decay from the metastable statejsi to the ground state jgi , Ĉ7 describes the population
decay fromjei to jsi , and Ĉ8 (Ĉ9) describes the additional coherence decay of the statejei
(jsi ) denoted in Equation 6.38.

The Hamiltonian terms in the rotating frame H o, H int , and H drive are de�ned in Equa-
tion 6.34. We de�ne the intrinsic conversion e�ciency together with the collapse operator,
aout =

p
� oa as:

TA
� ! o =

R
hay

out aout i dt
R

j
p

� � " jdt
(6.52)

in the limit that j
p

� � " j ! 0. The term hay
out aout i is the rate at which optical photons

decay out of the optical cavity. Thus the integral in the numerator denotes the total
optical photons exiting the optical cavity. The termj

p
� � " j is the rate at which microwave

photons enter the microwave cavity due to the drive". Thus the integral in the denominator
describes total microwave photons entering the cavity.

As we did before in Section 6.2.1, we �rst set up the operators in the Hilbert space of
the system. The Hilbert space of the system has a dimension of 4 +N + N corresponding
to the pseudo-three level emitter (Figure 6.9), and the two cavity modes respectively. The
Hilbert space for each cavity mode was truncated atN = 7, as for any manifold level
N < 7 the maximum conversion e�ciency saturated at values that were less than one.
Although for N > 7 we get a unit conversion e�ciency, using too large of a Hilbert space
results in longer simulation times. The system is initialized in (0) = jg;0; 0i with the
NV center in the ground state with no photons in both the optical and microwave cavities
respectively. As we did before in Section6.2.1, we simulate the system by feeding the
Hamiltonian and the initial state of the system to the Monte-Carlo solver. The Python
codes for this simulation are included in Appendix E.
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Small Optical Cavity Mode Volume Regime: go >> � e

We simulate the system with the cavity coupling ratesg0 = 100� e and g� = 100� s (where
� e = 2� � 13:3MHz and � s = 2� � 21:2Hz), with the system on resonance (�s = � e =
� o = � � = 0) by sweeping over the optical and microwave cavity decays rates,� o and � � ,
and the Rabi driving rate, 
. The maximum conversion e�ciency for each pair of � o and
� � , and the corresponding Rabi drive rate, 
, required to achieve the maximum conversion
is plotted.

Maximum TA
� ! o 
 =go for Maximum TA

� ! o

(a) (b)

Figure 6.18: a) Maximum conversion e�ciency (log10 scale) and the corresponding b) 

to achieve maximum conversion e�ciency for the system withg� = 100� s and go = 100� e

(where � e = 2� � 13:3MHz, � s = 2� � 21:2Hz). The system is initialized with the � system
in the ground state with no photons in the optical and microwave cavities ( (0) = jg;0; 0i ).

Some key characteristics that can be noted from Figure 6.18. Firstly, when higher
manifolds of the system are included, there exists a upper bound on the optical cavity decay
rate � o for maximum conversion e�ciency, as opposed to the analytical approximation of
the conversion e�ciency of the �rst photon seen in Figure 6.18. This can be attributed to
the fact that in the analytical approximation, only the �rst and ground manifolds of the
system was considered where all the optical cavity decay from the statejg;1; 0i resulted
in being reinitialized again in the ground statejg;0; 0i . However the inclusion of higher
manifolds in the simulation results in the increase of decay channels as well. Thus with
the higher manifolds, the conversion e�ciency starts decreasing as the optical decay rate
is increased beyond� o � 10go. We also note that with increasing� o the required 
 to
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