
Finite Automata Models: Algorithm,
Application, and Semigroup Study

by

Hanna Derets

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Master of Mathematics
in

Applied Mathematics

Waterloo, Ontario, Canada, 2024

© Hanna Derets 2024



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

ii



Statement of Contributions

Hanna Derets is the sole author of this thesis written under the supervision of Professor
Chrystopher L. Nehaniv and none of the thesis was written for publication, except for
parts of Chapter 4 as described below on this page.

This thesis includes first-authored peer-reviewed material accepted for publication in an
edited conference proceedings volume, published by Springer Nature.

Research presented in Chapter 4 sections 4.3 and 4.4 (excluding 4.3.3):

Hanna Derets formulated the problems, carried out the research and drafted the manuscript.
Chrystopher L. Nehaniv reviewed and edited the manuscript, and also supervised the work.

Citation:

H. Derets and C. L. Nehaniv, The study of the transformation semigroup of
the abelian and directed non-abelian sandpiles. In Recent Developments in
Mathematical, Statistical and Computational Sciences (AMMCS 2023), D. M.
Kilgour, H. Kunze, R. Makarov, R. Melnik, and X. Wang, Eds., Springer Pro-
ceedings in Mathematics & Statistics, Springer Nature, (in press).

iii



Abstract

A finite automaton consists of states and state transitions labeled by letters of a finite
alphabet. Every letter describes a transformation of the automaton’s state space, gener-
ating a corresponding transformation semigroup. A stochastic version of automata has a
probability distribution over the alphabet at every state, that allows assigning the likeli-
hoods to generated sequences of letters. In this thesis, we explore two models: deterministic
probabilistic finite automaton (DPFA) considered from the practical side, and the sandpile
model considered from the theoretical side.

For the first model, the presented study describes an algorithm for reconstructing DPFA
from sequences of discrete observations using an n-gram merging method, including the
practical implementation of the method, its experimental evaluation on case studies, and
the application of this automata-based technique to the neurobiological data. For con-
sidered examples the performance is compared to the causal state splitting reconstruction
(CSSR) technique: both methods achieve high quality in approximating the probability
distribution over strings. Considering if transformation semigroups of reconstructed au-
tomata contain subgroups corresponding to those in examples, CSSR shows a good result
for preserving cyclic permutation groups, but not the n-gram merging method, whose
transformation semigroup is generally aperiodic. The application considered in this study
uses electroencephalographic (EEG) microstate sequences and considers the question of
distinguishing the participant groups (meditators and controls) and cognitive modes (mind-
wandering, verbalization, visualization) by separating DPFA machines inferred from EEG
data in a metric space. The separation between participant groups is achieved for many
parameter settings with linear criterion (requiring non-overlapping clusters) and for a few
instances with strict criterion (requiring dense distant clusters). Both criteria show great
reliability when validated using permuted data. The separation of cognitive modes only
demonstrated partial success with noticeably better performance within the group of con-
trols and more instances of separation corresponding to the visualization condition.

For the second, sandpile model, the presented study concentrates on the properties of
their transformation semigroups for the standard Abelian sandpiles on circle graphs and
the modified model, non-Abelian sandpiles on rooted trees. The exploration addresses the
structure of recurrent configurations, the wreath product decomposition of semigroups,
and the decomposition-based complexity measure. The identity and generator configura-
tions of the recurrent group of Abelian sandpiles on circles are described, giving an explicit
alternative way of understanding their well-known cyclic structure. The complexity of
arbitrary finite Abelian semigroup is shown to be at most one. The embedding of the
sandpile semigroup into the wreath product of flip-flop semigroups is constructed for non-
Abelian sandpiles on rooted trees, implying its aperiodic complexity is the depth of the tree.
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Chapter 1

Introduction

The dynamical systems with discrete state space and event-driven state transition mech-
anisms often exhibit stochastic behavior. Modeling such systems effectively requires tools
that can handle not only sequence generation and state transitions but also uncertainty
and randomness. Among the variety of mathematical models, the probabilistic finite au-
tomaton provides a good framework for understanding the complex structure and behavior
of such systems. The probabilistic nature of state-based structure allows us to estimate the
likelihoods of systems trajectories, and the labeled representation of local state transitions
allows us to capture the global emergent behavior through the analysis of the correspond-
ing transformation semigroup. Although the probabilistic finite automata are associated
with stochastic regular languages, within this work they are considered in the most general
sense as a model of a stochastic event-driven system, without concentrating on their gram-
matical properties. In a practical setting, the automaton structure is not predefined but
inferred from the available observations of the system processed by some algorithm. Then
analysis of statistics and transformations of the machines would be performed in a compu-
tational manner by comparing probability distributions in a metric space and scanning for
the presence of permutation structures. Additionally, the algorithm itself can be analyzed
for efficiency, accuracy, or its power to recognize certain system’s properties. However, for
a more detailed theoretical analysis of the transformation semigroup of an automaton, one
should operate with its well-defined algebraic representation. Therefore to explore finite
automata from both theoretical and practical sides two different models are considered in
this thesis, with an emphasis on the different aspects.

The first model is a deterministic probabilistic finite automaton (DPFA) considered
through two chapters. Chapter 2 describes the algorithm for reconstructing the automaton
from the sequences of discrete observations. The presented study does not concentrate on
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the performance optimization or theoretical guarantees of the algorithm, but includes a
practical implementation of the method and its experimental evaluation on three case
studies, considering both the quality of reconstructing the probability distribution over
strings and the ability to reconstruct the permutations of system’s states from the data.
Chapter 3 develops the framework for applying the described finite automata model to
the analysis of EEG microstate sequences, offering insights into the potential of automata-
based techniques in neuroscience. The studied question is distinguishing the participant
groups and cognitive modes by comparing inferred from EEG data machines in a metric
space.

The second model is an abstract sandpile model on finite directed graphs considered
through Chapter 4 from a theoretical perspective. In its original formulation, the model
was proposed by physicists as a dynamical system on a cellular automaton displaying a self-
organized criticality phenomenon; later it was mainly studied in the field of algebraic graph
theory. Although this model comes from different applications and has a deterministic
nature, it shares structural parallels with automata through its transformation semigroup.
The study of the usual Abelian version of the model is considered for a simple circle graph
and includes the exploration of the identity and generator configurations and semigroup
complexity. The study of the non-Abelian modification of the model for the rooted trees
includes exploration of the semigroup by constructing its wreath product decomposition
and understanding its aperiodic complexity.

Chapter 5 concludes the presented study of practical and theoretical aspects of finite
automata models by summarizing the contributions and outlining the possible further
direction of the study.
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Chapter 2

Deterministic-Probabilistic Finite
Automaton: Algorithm and
Examples

A finite-state machine is the simplest model to describe the states and transitions of
the system or the process, that can help to understand its structure and behavior. A
deterministic-probabilistic automaton can be learned from the sequences of discrete ob-
servations, approximating the probability distribution over the observed/generated strings
and giving the understanding of the system’s structure, i.e., absorbing/terminal states,
permutations or reversibility of transitions, etc. As the original system is unknown, both
the structure and the underlying transition distribution have to be learned from the data.
This chapter describes the details of automaton structure, a new reconstruction algorithm,
and its implementation, as well as experimentally considers several examples.

2.1 Introduction

A finite state automaton is an abstract machine that consists of a finite set of states
and labeled directed edges denoting transitions for every input symbol. Considering the
output produced during the transition process there are two main types of machines:
acceptors, returning a binary result, and transducers, returning the output sequence. In
acceptors, every state has a binary type (accepting or not), and for every input string, a
binary verdict on its acceptance is the type of the resulting state. A set of all accepted
strings is called the regular language recognized by the automaton. The transducers at
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every transition emit the symbol from the output alphabet, which is determined by the
visited state (Moore machines) or by the pair of visited state and received input (Mealy
machines). Another classification of machines is whether the successor state for every
pair of current state and input symbol is uniquely defined (deterministic), or not (non-
deterministic). A deterministic probabilistic (or stochastic) finite automaton (DPFA),
is a generalization of finite state machine, where for every state, there is a probability
distribution over transitions from that state. The probability distribution over the input
alphabet describes the likelihood of every letter to be received at the current state, but once
it is determined, the successor state is unique, that is, a machine is deterministic in the sense
of transitions. The letters of the input alphabet can be understood as events happening in
the system and driving the transitions, thus it is an event (input)-driven system. The DPFA
can be seen as a generalization of a Markov chain, where transitions are also probabilistic
but there is no input and the process is state-driven. While Markov chains are generally
used to model stochastic processes, random walks, or time series, the main application of
the DPFA can be seen in stochastic language recognition and sequence likelihoods. If an
automaton has a designated start and a set of accepting states, then all words accepted by it
describe a stochastic regular language, where every word is assigned a non-zero probability
of being accepted. Another (equivalent) terminology for transition labels would be to,
instead of input, perceive them as output that the system emits transitioning between the
states, available as the observations of the system’s dynamics. Then such a DPFA can be
interpreted as a generative model of a discrete event stochastic dynamical system.

The problem of reconstructing the DPFA from observation sequences can be formulated
as learning the stochastic regular language or approximating the probability distribution
over strings, and it was considered in the framework of probably approximately correct
(PAC) learning. The goal is to construct an efficient algorithm (e.g., polynomial complex-
ity) that with high probability returns a hypothesis with low error for any or a certain
class of models. As the observed frequencies of strings would correspond to a perfect es-
timate, such conditions can be added as a limit on the number of states and the ability
of generalization (being capable of generating strings that were not observed in data).
Learning the automaton ‘in the limit’ assumes bounded growth of hypothesis size, i.e.,
adding more data can only result in a finite number of changes to the learned model. For
example, [19] show that DPFA cannot be learned in the limit with probability one from
only data of polynomial size, and they become PAC-learnable for L∞ norm; [54] suggested
the polynomial time algorithm for PAC-learning the distributions with acyclic DPFA for
Kullback-Leibler divergence as the error measure, later [14] for general DPFA, and [49]
for variation distance. The comparison between some methods for learning probabilistic
automata was performed in a competitive manner during the PAUTOMAC competition
[67]. For example, the team Shibata and Yoshinaka [59] compared three techniques: the
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modification of ALERGIA [11] baseline method, a variable-length gram method, and a
collapsed Gibbs sampling (CGS) method to estimate the DPFA, empirically showing that
CGS performs the best, and is the overall winner of the competition.

There are also other models of stochastic systems that have a lot of similarities in struc-
ture and functionality with the described DPFA. Two examples are partially observable
Markov decision processes (POMDP) [30] and Hidden Markov Models (HMM) [51]. The
POMDP are associated with online learning problems in artificial intelligence, where the
agent has no prior knowledge about the environment or its states but receives the obser-
vations and rewards after performing some actions and aims to learn the optimal response
strategy. The POMDP are used to model responses of stochastic environment and sim-
ilarly to DPFA, the agent’s actions are the input and both the probabilistic transitions
and the output (consisting of reward and probabilistic observations) depend on current
(unobserved) system’s state and received input. Then the agent, who only has access to
observations and rewards, updates its belief about the environment and best response pol-
icy. To account for histories, alternatively, to such methods as recurrent neural networks,
learning of finite automaton model that classifies histories into causal states can be utilized.
Another commonly used structure to model observed stochastic processes is HMM, used
in many applications, for example, signal processing [15] and pattern recognition [39]. In
this model, every system’s state has two probability distributions: over states and over
alphabet symbols. As in the Markov chain, the probabilistic transitions are not input-
driven by depend only on states, however, the states are hidden and emit the observable
symbols. The emission of output depends on the current state’s distribution over symbols
but is independent of the triggered transitions. The algorithms to work with HMMs, for
example, the Baum–Welch algorithm [6] to estimate probabilities of linear chain HMM
or the Viterbi algorithm [68] to find the most likely path of hidden states, both consider
the system’s structure predetermined but not inferred from data. While there are various
methods available for modeling stochastic dynamical systems, the presented study only
focuses on one specific DPFA reconstruction technique.

In this chapter, the state-merging algorithm for learning the DPFA model from the
observation sequences based on n-grams is described and also implemented for further
assessment and application.1 However, there is another method, the causal state splitting
reconstruction (CSSR) [57] technique, that is also based on n-grams and was presented as
a powerful tool for inferring the causal structure of the observed system, the motivation for
the method introduced and utilized here was to consider the simplest opposite (based on
merging rather than splitting) technique. For experimental performance evaluation within

1It is not suggested as a new design for performance improvement and such properties as efficiency or
error bounds are not analyzed, also it is not compared to other models mentioned above.

5



the scope of this study three case studies are considered and compared to CSSR in such
aspects as reconstructing the probability distribution over strings and permutation groups.
In Chapter 3 it is evaluated for neuroscience applications.

2.2 Concept and context of terminology

Considering such an automaton as the computational model of a physical system [17],
Crutchfield emphasized the connection of the inferred system to the measuring instruments
used to obtain the sequences of discrete observations. The exact states of the original
system are unknown, and the parameterized partition of the observed state-space visited
over time is constructed to describe the observations. Every letter of the alphabet denotes
a partition element, which is parameterized by the particle size ϵ and the time interval
τ . The influence of the measuring instruments on the produced sequences further impacts
the inferred deterministic-probabilistic finite automaton. Therefore, Crutchfield proposed
to call the reconstructed approximate automaton ϵ-machine to highlight this influence.
Although the stages of collecting the observations and constructing the automaton are
usually independent, and the reconstruction algorithms generally do not directly take into
account the measuring instrument and such parameters as ϵ, the above terminology was
adopted in this work. Such expressions as ‘deterministic-probabilistic finite automaton’,
‘ϵ-automaton’, and ‘ϵ-machine’ further in the manuscript are equivalent and refer to the
same notion throughout the text.

Let w denote the sequence of observations ai ∈ A of the dynamical system, and for any
specific moment of time t, denote the history up to that moment t as ←−wt, that is:

w = . . . , at−2, at−1, at, at+1, at+2, . . . ,
←−wt = . . . at−2, at−1, at.

Denote by
←−
W the set of all possible histories, and by

−→
W the set of all possible futures

−→wt = at+1at+2 . . . over the input alphabet A.

Definition 2.2.1. [58] Consider the partition of histories ←−w ∈
←−
W into classes

←−
W/≡,

such that two histories belong to the same class if and only if the corresponding conditional
probability distributions over future trajectories of the system are the same:

←−w1,
←−w2 ∈ [←−w ] ∈

←−
W/≡ ⇔ ∀

−→
w∗ ∈

−→
W P [

−→
w∗|←−w1] = P [

−→
w∗|←−w2].

This is the minimal homogeneous partition of histories, and its classes are called causal
states of the process.
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The above definition theoretically considers the infinite histories and futures. However,
the idea of such formulation is that the corresponding partition function that sends the
histories to equivalence classes ←−w 7→ [←−w ], ideally should not be limited to any finite
memory, but capture the causal effects in the observational sequence.

So far it was mentioned that the procedure of the DPFA reconstruction concentrates on
(i) inferring the structure (states and transitions) and statistics (transition probabilities)
of the deterministic finite automaton, when also (ii) approximating the probability distri-
bution over the generated strings. The introduced concept of causal states when utilized
in the context of DPFA reconstruction also highlights the aspect of recognizing the tem-
poral patterns in the data (what histories form the causal states) that capture non-limited
memory causal effects in the system. Following the preferred terminology, the states of the
reconstructed automaton are referred to as causal states in the manuscript.

2.2.1 CSSR algorithm

The causal state splitting reconstruction algorithm (CSSR) [57, 58] for inferring the struc-
ture of ϵ-machine from the observations of the system was introduced as a new algorithm
for pattern discovery in time series that converges in a number of states and complex-
ity ‘from below’. The state-merging algorithms, converging to the model ‘from above’,
start from the maximal number of states that are the best fit to the data and proceed by
combining them based on similarities. As opposed to it, CSSR starts by assuming the min-
imal complexity - only one causal state with the self-looped transitions, independent and
identically distributed over the alphabet. After the system is initialized, the next stage of
homogenization starts. Iteratively increasing the currently considered length of the history,
it proceeds by splitting the histories into different causal states when the corresponding
distribution over the alphabet has a significant statistical difference from the current esti-
mate of transition probabilities from the causal state. The initialization corresponds to the
zero history (empty suffix) and homogenization ends when the histories of maximum length
n are considered, where n is a parameter. Thus in the resulting construction, the causal
states are actually the classes of length-n substrings (contiguous blocks of n letters), later
called n-grams. The next and last stage of the algorithm is determinization, which removes
all transient states from the system and does further partition of states until transition
determinism is achieved. The resulting causal states of the inferred system are claimed to
be the minimal states that have a homogeneous distribution for the next symbol and are
deterministic.

The resulting automaton is Markovian with respect to causal states, but not with
respect to the observation sequences. The algorithm was analyzed in more detail in [58],

7



considering its time complexity, the convergence of the empirical conditional probabilities,
and the kinds of statistical errors it can produce. The original implementation of the CSSR
by K. Klinkner, C. Shalizi, and J. Crutchfield is available open-source on GitHub [56].

2.2.2 Proposed n-gram-merging algorithm

When the CSSR algorithm was introduced it was claimed that it should do better than
other approaches in terms of reconstruction accuracy and rate of convergence, also captur-
ing the unbounded temporal dependencies in data. However, it was not explicitly placed
within the framework of all other existing DPFA reconstruction techniques by comparing
their properties, but in some sense stayed aside because of being proposed from the physics
rather than computer science perspective. Although the CSSR method and its application
to the EEG data were the main starting point and reference prior to this study, the scope
of this thesis does not include the improvement of its performance or explicit comparison
of it to other approaches.

The approach considered in this thesis falls into a different category of state-merging
algorithms. Similarly to CSSR, it is based on classifying the n-grams to the equivalence
classes based on the empirical transition probabilities, but differently (i) it starts with every
n-gram in a separate state and merges them, instead of starting with all n-grams in one
state and splitting them, and (ii) to decide on a similarity of two probability distributions
it requires the distance between them to be bounded by threshold ∆ instead of using a
statistical test, and (iii) the determinization stage of CSSR does the further splitting of
the states, while considered method proceeds by the further merging of states.

Among the other DPFA reconstruction methods, for example, the well-known baseline
state-merging algorithm ALERGIA [11] starts by building the prefix-tree acceptor of the
sample data and uses a statistical test (as CSSR does) to decide on similarity of nodes. In
the n-gram language modeling the smoothing techniques that adjust empirical probability
estimates are often used to improve the performance [13]. Another n-gram-based method
that classifies words into classes based on conditional transition probabilities of future
trajectories, is called topological merging [50]. Although mentioning the notion of ∆-close
transition probabilities they considered a simplified approach ∆ = 1 requiring equality of
the distribution support regardless of the probabilities. As it is missing the determination
stage (by either merging or splitting), it was suggested to recover causal states, but not
the complete DPFA.

The algorithm considered in the thesis does not explicitly follow the exact description
of any encountered methods; however, all of the algorithm’s decisions occur in some form
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in the works referred to above. Thus, it is not positioned as a novel, previously unutilized
technique, but just one of the possible DPFA reconstruction methods. The rest of this
chapter describes the algorithm and considers some of its properties, and the next chapter
conducts its application to distinguishing EEG microstate sequences.

2.3 Constructing the n-gram machine

The deterministic-probabilistic automaton (ϵ-machine) to be constructed is described by a
4-tuple E = (S,A, δ, p) where the components are:

• a finite set of states S,

• a finite alphabet A denoting events occurring in the system,

• a transition function δ : S ×A→ S mapping pairs of the current state and occurred
event to the successor state,

• a probability function p : S × A → [0, 1], ∀s ∈ S,
∑

a∈A p(s, a) = 1, describing
for every state the probability distribution over the events’ alphabet, which maps
state-event pairs to the conditional probability P (a|s).

Additionally, a probability distribution S0 : S → [0, 1] for the start state can be defined.
The input (event) alphabet is defined by all letters occurring in the sequences of observa-
tions. The set S of states is the set of causal states of the system (equivalence classes of
histories having the same probability distribution over all possible futures) extracted from
observations. In practical settings, instead of dealing with infinite histories and futures,
the n-grams are used.

The first stage of the construction process is to build a n-gram machine E∗, where n is
a parameter. Assume that every history leads the system to a different state, that is, the
state space S = An consists of all possible n-grams over the alphabet A.

The transition function from the state w = w1 . . . wn ∈ S with the input letter a ∈ A
is defined as

∀w = w1 . . . wn ∈ S, wi ∈ A, ∀a ∈ A, δ(w, a) = w2 . . . wna ∈ S,

that is, the successor n-gram after observing new event a is defined by appending the new
observation to the current state w and forgetting the oldest letter w1 that was remembered
in w.
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The probabilities of corresponding transitions are defined as their empirical frequencies
in the observation sequence:

∀w ∈ S, a ∈ A, p(w, a) =
# of occurrences of wa∑

x∈A (# of occurrences of wx)
,

taking into account only occurrences of the n-gram w followed by a letter.

Note that there are n-grams that never occur in the data or that only occur at the
end of the observation sequence. In the latter case, the information about the future after
such states are absent for unknown reasons, as it may indicate that a special terminal state
of the system was visited, the presence of noise, or just the termination of the recording.
Therefore, when constructing the n-gram machine, consider the following types of states
(n-grams):

• Impossible, I—states that do not occur in the data,

• Real, R—states that occur in the data at least once,

• Dead, D—states that only occur at the end of lines,

• Unknown, U—the state into which all transitions from every dead state lead—an
additional state to describe the uncertainty that follows after reaching dead states.

For the states from R \ D, the transition and probability functions were already de-
fined above. For the states of types I,D, U , the following modifications are introduced to
complete the automaton’s description:

1. All non-occurring n-grams are combined into one state I since they are all equivalent
and we do not need to store any transition information about them separately.

2. For all events, the transitions from the state I lead to I (are self-loops) with equal
nonzero probabilities. Their values do not matter since all edges entering I have zero
probability.

3. All transitions from state D lead to state U with equal probability.

4. All transitions from state U are self-loops with probabilities equal to the frequencies
of corresponding letter in the input data.
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Additionally, for all w = w1 . . . wn and for all a ∈ A if w2 . . . wna occurs in the data,
but w1w2 . . . wna does not, then the corresponding transition δ(w, a) connects two states of
type R, but will have zero probability p(w, a) = 0. When considering the transformations
that events A describe on the states S, such impossible transitions will influence the corre-
sponding transformation semigroup distorting the actually observed information about the
system’s transformations. Therefore all zero probability edges from states of type R are
reset to state I. This completes the construction of the n-gram automaton, also mentioned
later as a pre-epsilon machine.

2.4 Minimization procedure

The constructed n-gram machine reflects all transitions observed in data and approximates
the probability distribution over the strings. Generally, the size of this model grows expo-
nentially in n, the structure only depends on the occurrence of words in data, which in the
worst case is the ‘full-automaton’, and there is a high possibility that two distinct n-grams
representing different states are actually almost indistinguishable in terms of predicted
future trajectories of the system.

The minimization procedure aims to reduce the size of the automaton, reducing redun-
dancy in the number of states, but preserving the distribution over generated sequences;
to detect what n-grams are similar in statistical/causal sense and potentially reveal the
aspect of the underlying system’s structure.

2.4.1 Equivalence of states

The description given in Section 2.2 of the causal states theoretically requires the equal-
ity of probability distributions for all possible trajectories of the system. Relaxing this
requirement to finite futures the following definition implies

Definition 2.4.1. Two states X, Y ∈ S of epsilon automaton E = (S,A, δ, p) are consid-
ered equivalent if any future trajectory of up to N steps is equally probable for them. That
is,

X ≡ Y ⇐⇒ ∀f ∈ A+ with 1 ≤ |f | ≤ N, P (f |X) = P (f |Y ).

The following Lemma shows that for such an equivalence condition, it is enough to
consider only trajectories of the maximal length N .
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Lemma 2.4.2. For two states X, Y ∈ S of the epsilon machine E = (S,A, δ, p), let PL
X and

PL
Y denote the probability distributions over futures f ∈ AL of length L over the alphabet
A, respectively. Then the following holds

PL+1
X = PL+1

Y =⇒ P l
X = P l

Y , for all 1 ≤ l ≤ L.

Proof. For any future f ∈ AL and a ∈ A the recursive probability definition gives

PL+1
X = PL+1

Y =⇒ P (f |X) · P (a|X · f) = P (f |Y ) · P (a|Y · f),

where X · f and Y · f denote the state reached from X and Y after applying transitions of
f respectively. Considering the sum over all events in the alphabet, we obtain∑

a∈A

P (f |X) · P (a|X · f) =
∑
a∈A

P (f |Y ) · P (a|Y · f) =⇒ P (f |X) = P (f |Y ),

due to the following property of epsilon-machines∑
a∈A

P (a|s) = 1,∀s ∈ S.

Recursively repeating the above reasoning for arbitrary f ∈ AL, we obtain the equality of
probability distributions P l

X = P l
Y , for all 1 ≤ l ≤ L.

In practical settings, the requirement on the exact equality of probabilities has to be
relaxed, especially given that transition probabilities are estimated from the data and such
a definition is sensitive to slight changes in the data stream. The two commonly used
approaches are to use the statistical test for equality of two distributions, or to consider
equality within the allowed deviation threshold. Both choices introduce an additional
minimization parameter. In this study the second approach is considered, which requires
the following definitions.

Definition 2.4.3. Two states X, Y ∈ S of the ϵ-machine E = (S,A, δ, p) are ∆-close if
the distance between them does not exceed the allowed threshold: X ∼∆ Y ⇔ d(X, Y ) ≤ ∆.

Definition 2.4.4. The distance d(X, Y ) between the states X, Y ∈ S of the ϵ-machine
E = (S,A, δ, p), constructed for the n-gram length N is defined based on the probabilities
of future trajectories of length N from states X and Y in several ways:
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1. as the maximum absolute difference between the distributions over futures f ∈ AN :

d(X, Y ) = max
f∈AN

|P (f |X)− P (f |Y )|,

2. as the cumulative absolute difference between the distributions over futures f ∈ AN :

d(X, Y ) =
∑
f∈AN

|P (f |X)− P (f |Y )|,

3. as the maximum absolute difference between one-step transition probabilities over the
trajectories f = f1, . . . , fN ∈ AN of transitions:

d(X, Y ) = max
f∈AN , 1≤i≤N

|P (fi|Xi)−P (fi|Yi)|, Z1 = Z,Zi = δ(Zi−1, fi−1), Z ∈ {X, Y }.

The above ∼∆ relation is not transitive, so it does not define a partition of states into
equivalence classes. Therefore we define the ∆-equivalent relation ≡∆ as the transitive
closure of the ∼∆ relation:

Definition 2.4.5. Two states X, Y ∈ S of the ϵ-machine E = (S,A, δ, p) are ∆-equivalent
X ≡∆ Y if and only if there exists a chain of ∆-close (∼∆) states between X and Y :

∀X, Y ∈ S, X ≡∆ Y ⇔ ∃ {X = Z1, Z2, . . . , Zm = Y } ⊆ S, s.t. Zi ∼∆ Zi+1, 1 ≤ i < m.

The above relation is reflexive, symmetric, and transitive and is the simplest algorithmic
decision that defines a partition of a machine’s states into disjoint classes. However, it
deviates from the original definition significantly and can result in very different states
being associated with the same class along the chain, such that the maximum distance
between the members of the same class cannot be estimated and is not bounded in the
general case.

2.4.2 Determinism of transitions

The equivalence relation above does not guarantee the uniqueness of the successor state of
the transition function:

∀X, Y ∈ S X ≡∆ Y ≠⇒ δ(X, a) ≡∆ δ(Y, a), ∀a ∈ A.

13



The further recursive merging of the descendants of the ∆-equivalent states can be
applied to achieve the transitions’ determinism. However, while all of the Real descendants
have to be merged into one class, the Impossible and Unknown states have to remain
separated from all the Real states. Thus, it is necessary to abort the corresponding merge
branches in the implementation, while also ensuring that the merge remains an order-
independent function. Then, the transition from the classes is set to the child state of
the highest priority in the order: (1)Real, (2)Unknown, (3) Impossible. As not every
member of the class can give information about the successor state, the merge function
has to guarantee the assignment of the proper representatives of the classes. Also, as the
transition information is used for recursive calls, the transition table has to be updated
simultaneously with the class labels. The pseudocode of the corresponding function is
given as Algorithm 1.

Algorithm 1 Function Merge(X, Y )

Input: States X, Y ∈ S, labeling function [] : S → representatives S ′ ⊆ S, X 7→ [X],
transition function δ : S × A→ S
Updates: labeling function, transition function
Ensures: determinism of highest priority transitions from X and Y for all real futures

1: if X, Y have same label [X] = [Y ] then return
2: end if
3: Remember representatives rX = [X], rY = [Y ]
4: Assign same label [X] = [Y ]
5: for all events a ∈ A do
6: if both transitions are real δ(rX, a), δ(rY, a) ∈ R then
7: Merge(δ(rX, a), δ(rY, a))
8: else
9: Set transition δ([X], a) to higher priority among δ(rX, a) and δ(rY, a)
10: end if
11: end for

The recursion ensures that the merge function will not exit until all finite future trajec-
tories are considered and the function will be called non-trivially at most |S| times. After
two classes have received one label, they cease to be distinguishable for this function, since
it always looks only at the representative of the class to which the element belongs. The
proper information about the transition from classes will be stored for the representatives
of the class, and the other entries of the transition table will be cleaned afterward, such
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that the resulting transition function is

δ([X], a) =


[δ(X, a)] δ(X, a) ∈ R,
U δ(X, a) = U and ∄ Y ∈ [X] : δ(Y, a) ∈ R,
I ∀Y ∈ [X] δ(Y, a) = I,

for all X ∈ R ⊂ S and for all a ∈ A.
Additionally, the consecutive calls of Merge(X, Y ) and Merge(Y, Z) guarantees that

all trajectories for X and Z are also merged, thus giving the order independence property.

2.4.3 Minimization procedure

From the above description, two states X and Y of an ϵ-machine will be assigned the same
equivalence class if they are ∆-equivalent, i.e., there is a chain of ∆-close states between
them, or they are descendants of two ∆-equivalent states along a real future trajectory.

Algorithm 2 Minimization procedure

Input: the n-gram machine E∗ = (S,A, δ, p), n ≥ 1, threshold ∆
Output: minimized ϵ-machine E = (S,A, δ, p)

1: repeat
2: for all pairs of states X, Y ∈ S do
3: if states X and Y are ∆-close then
4: Merge(X,Y) ▷ recursively assigns X&Y and δ(X, a) & δ(Y, a) to
5: ▷ the same class and defines deterministic transitions
6: end if
7: end for
8: Identify states S with classes [X] of partition S/ ≡
9: for all states X ∈ S do
10: Update probabilities of states and transitions
11: end for
12: until there is no pair of ∆-close states in S

The Algorithm 2 gives a pseudocode of the minimization procedure and shows the main
stages of partitioning the states into classes based on their similarities, recursively merging
classes to guarantee the determinism of transition function for a given input letter, and
updating transition probabilities between the resulting states. The resulting ϵ-machine is
properly defined and follows the definition:
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Definition. The ϵ-machine E = (S,A, δ, p), is considered minimized for the minimiza-
tion threshold ∆ if no pair of its states are ∆-close.

The transition probabilities for equivalence classes are defined as previously, but ac-
counting for the occurrence of all n-gram members of the class. Given the allowed distance
∆ between the states, which also possibly accumulates along the chain of the merged
states, the distribution over transitions from the class can differ a lot from the initial tran-
sition distribution of its n-gram member. While this averaging gives a more generalized
model than over-fitted to data n-gram machine, it can also lead to undesired distortions of
the reconstruction. Following the earlier defined terminology, the states of the minimized
ϵ-machine are referred to as causal states later in the text.

2.5 Distance metrics

For the pairwise comparison of the epsilon machines E1, E2 with the same construction
parameters two types of distance metrics are used: epsilon distance and Jaccard distance
variation. Note that even if two epsilon machines with history length n have the same
vocabulary, the partitions of n-grams into causal states are generally different. Therefore
we extend the notation for the causal state of the history w∗ ∈ An above to [w∗]i to indicate
that it refers to the epsilon machine Ei.

Definition 2.5.1. The epsilon distance dE(E1, E2) ∈ R is defined as follows:

dE(E1, E2) =
1

|A|n
∑
w∈An

∑
ai∈A

|p1([w]1, ai)− p2([w]2, ai)|,

where n is history length, [w]i is the causal state to which the n-gram w is classified in Ei,
and pi([w]i, aj) denotes the empirical probability of observing event aj after the causal state
[w]i of the epsilon machine Ei.

Definition 2.5.2. The Jaccard distance variation dJ(E1, E2) ∈ R is defined as follows:

dJ(E1, E2) =
1

|A|n
∑
w∈An

(
1−

∑
ai∈A min(n1([w]1, ai), n2([w]2, ai))∑
ai∈A max(n1([w]1, ai), n2([w]2, ai))

)
,

where ni([w]i, aj) denotes the number of occurrences of the event ai after all of the n-grams
w in the state [w]i in the epsilon machine Ei.
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Although all n-grams non-occurring in the data used for ϵ-machine construction are
assigned to the ‘impossible’ state in machine Ej, in the above expression for distances the
corresponding counts and probabilities nj([w

∗]j, ai) = 0, pj([w
∗]j, ai) = 0 are set to zero,

to not reduce the noticeable differences.

By definition of epsilon and Jaccard distances, they consist of differences in the prob-
abilities of the corresponding transitions (epsilon) and differences in the number of occur-
rences of these transitions (Jaccard) accumulated over all states and events. The Jaccard
distance is introduced to add sensitivity to how this transition is inherent in each machine.
For example, suppose that for some n-gram w ∈ An its equivalent histories [w]1 in E1 occur
100 times, and the transition from this state occurs in 50 cases with event a ∈ A, that is
n1([w]1, a) = 50, which means that the transition probability is p1([w]1, a) = 1/2. While in
the second epsilon machine E2, histories [w]2 equivalent to w occur 1000 times where 500
times they are followed by even a, that is n2([w]2, a) = 500 which implies that transition
probability is also p2([w]2, a) = 1/2. However, this transition in the first machine occurs
much less frequently, which will be taken into account in the Jaccard distance through the
difference in the number of occurrences of these transitions: (500 − 5 = 495) instead of
(1/2− 1/2 = 0) for the epsilon distance type.

2.6 Existence of permutation subgroups

The transitions between the states of ϵ-machine E = (S,A, δ, p) are defined for all input
events a ∈ A, each representing a transformation of the state space S. As every ϵ-machine
is a deterministic finite automaton, without taking into account locally defined transition
probabilities, one can consider a corresponding transformation semigroup, the algebraic
structure that describes how the states of the automaton transition under the action of
the input alphabet. The algebraic approach to analyzing an event-driven dynamical sys-
tem concentrates on studying its transformation semigroup and involves understanding its
structure by decomposing it into building blocks such as permutation subgroups. To do
that we need a semigroup description of an unknown system as the only thing we can do
is to observe it and collect measurements. Therefore, such an approach requires a stage of
deriving the semigroup description from observations. This is what the automaton model
does, but it will be especially interesting and useful if we can detect subgroups and this is
why we raise this question in this chapter.

Definition 2.6.1. The transformation semigroup T of a deterministic finite automa-
ton E = (S,A, δ) is a set of functions f : S → S generated by the m = |A| transformations
a ∈ A denoted by the input letters and defined in the transition table. The transformations
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are closed under multiplication and associative. Every transformation t ∈ T acts on the
states X ∈ S on the right, denoted as X · t ∈ S and can be defined as a finite non-empty
word w ∈ A+ over the alphabet A.

Definition 2.6.2. The transformation semigroup is called aperiodic if it does not have
any non-trivial subgroups.

Lemma 2.6.3. The transformation semigroup T (E) of the n-gram machine E = (S,A, δ, p)
does not have any nontrivial permutation group.

Proof. Suppose that there is a subset of states X ⊆ S which is permuted by nontrivial
group G ⊆ T (E). Each permutation g ∈ G is represented by the non-empty word g =
w ∈ A+, w ̸= λ. The subset of states X ⊈ {I, U} cannot consist only of impossible and
unknown states because I · g = I and U · g = U, ∀g ∈ G, but G is the nontrivial group.
Hence X contains at least one real state.

Each real state x ∈ X has real image x · g. Because if ∃ g ∈ G : x · g ∈ {I, U}, then
∃ g−1 ∈ G : x = x ·(g ·g−1) = (x ·g) ·g−1 ∈ {I ·g−1, U ·g−1} = {I, U} gives a contradiction.
Consider the n-th power gn ∈ G of the permutation g = w ∈ G, |w| ≥ 1 applied to the
real state x ∈ X. As the successor state is real, by the transition function in the n-gram
machine it will be defined as the suffix of the word gn = wn, |wn| = m ≥ n of the last n
letters of the word gn = wn = w1 · · ·wm:

∀x = x1 · · ·xn ∈ S, ∀a ∈ A, δ(x, a) = x2 · · ·xna ∈ S =⇒ x · gn = wm−n+1 · · ·wm ∈ S.

That is, gn ∈ G is a permutation of X that acts as a constant mapping on all real states
of X. Hence X contains at most one real state, say x0. That is, X ⊆ {x, I, U}, and
∀g ∈ G, ∀x ∈ X : x · g = x, therefore G is a trivial group.

Lemma 2.6.4. In the transformation semigroup of the minimized ϵ-machine E = (S,A, δ, p),
constructed from the n-grams of length n, the transformation t ∈ T (E) represented by the
word t = w = w1 · · ·wm,m ≥ n maps two real states X, Y ∈ R ⊂ S, X ̸= Y to two differ-
ent real successor states X 7→ X · t and Y 7→ Y · t, if the future trajectory w is impossible
for all n-gram members of at least one of the states X or Y , but is possible for both causal
states X and Y .

Proof. For the n-gram member x of the state X acted upon by the transformation t =
w = w1 · · ·wm, consider the transition chain in the n-gram machine prior to minimization:

x0 = x, xm = x · w, xi = δ(xi−1, wi),
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if all transition probabilities along this chain are non-zero, every visited state is real and
for m ≥ n the resulting state xm = x · w is the n-gram wm−n+1 . . . wm. As minimization
guarantees that all descendants along the real trajectories are merged, the successor state
for transformation t in the minimized machine is X · t = [wm−n+1 · · ·wm] the class of the
corresponding n-gram. Similarly, Y · t = [wm−n+1 · · ·wm], contradicting X · t ̸= Y · t. Thus,
for X · t and Y · t to be distinct it is required that at least for one of the states X, Y the
trajectory t = w is impossible for all its n-gram members.

However, in the minimized machine the transition probability is zero if and only if the
transition leads to the impossible state I, all transitions from which are the self-loops. This
means that for the successor state X · t to be real, all states in the transition chain from
X have to be real as well, giving the second requirement.

X0 = X, Xm = X · w, Xi = δ(Xi−1, wi), X,X · w ∈ R =⇒ Xi ∈ R, 1 ≤ i ≤ m.

For the two above requirements to hold simultaneously, the following situation must
occur. Without loss of generality, suppose that for the word w1w2 of length two, there
is an n-gram x = v1 · · · vn ∈ X0 that gives transition to X1, that is X1 = [v2 · · · vnw1].
But for all n-gram members of state X0 the transition with word w1w2 is not possible,
that is ∀x = u1 · · ·un ∈ X0 there is no occurrence of u1 . . . unw1w2 in the data. Then
for the transition to X2 = δ(X1, w2) to have non-zero probability, there must be an n-
gram in X1 that is not a successor of X0’s members, for which w2 occurs afterward, i.e.,
∃ v1 · · · vn ∈ X1\{u2 · · ·unw1|u1 · · ·un ∈ X0}, such that the word v1 · · · vnw2 occurs in data
and X2 = [v2 · · · vnw2].

The conditions of Lemma 2.6.4 are necessary for the transformation t to not act as a
constant map on the subset of states. This implies that, for the existence of the non-trivial
permutation group in the reconstructed (and minimized) ϵ-machine, many substrings must
not occur in the observation sequences. From the definition of causal states, it follows that
for two states to be recovered in reconstruction, their influence on the distribution of the
generated strings has to be significantly different. The above observation suggests that for
such structural properties of the system, as permutations of the states to be recovered from
the generated sequences, the vocabulary generated from those states must also be different.
In situations where the size of the input alphabet is very small and almost all words occur
with non-zero probability, the above procedure for ϵ-machine reconstruction would only
allow for recovery of the distribution over strings, but not the complex structural properties
of the system.
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2.7 Examples of automaton reconstruction

In the general case, the reconstruction of the automaton from the data is performed where
no information on the original system is known. However, when the automaton that
generated the data is available, it is possible to evaluate if the specific system’s properties
are preserved in the reconstruction. In the following example, we will consider how well
the probability distribution over the generated strings is approximated and whether the
automaton’s transformation semigroup contains the permutation of the system’s states.

2.7.1 Experiment setup

For every example |S| observation sequences are generated from the reference automaton
A = (S,A, δ, p), giving a total length of N = 30000 symbols. Every state si ∈ S of the
automaton serves as a start state for the ith sequence, each containing N/|S| symbols.
Once the start state is selected, the generating process keeps sampling the alphabet letters
according to the distribution of the current state, and performing transitions according to
the sampled symbols. The number that every state is visited during the simulation implies
the probability distribution over states QA for reference automaton A.

The hypothesis machine B = (S,A, δ, p) is reconstructed from such data using two
techniques: the n-gram-merging method described above and the CSSR algorithm [58],
available open-source at GitHub [56]. Both algorithms also return the distribution over
states QB, which is calculated based on the occurrence of the n-gram members of the causal
states in the observations.

Let PAk and P Bk be the two probability distributions that automata A and B generate
over all possible words of length k over the alphabet A, denoted as Ak, where k is the inde-
pendent parameter. The corresponding distributions are calculated using the expectation
of each word to be generated by the machine:

∀w = w1 · · ·wk ∈ Ak, E = (S,A, δ, p) P Ek [w] =
∑
s∈S

QE [s] · P [w|s],

where P [w|s] is the probability of observing the trajectory w from the state s:

P [w|s] =
k∏

i=1

P [wi|si−1], where s0 = s, si = δ(si−1, wi),

Then the goodness of the hypothesis B with respect to A is measured by the dis-
tance between the distributions D(PAk , P

B
k ), where D can denote any distance metric or

divergence. In later examples, the Hellinger distance DH(P,Q) will be used.
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Definition 2.7.1. The Hellinger distance between two discrete probability distributions
P = (p1, . . . , pn) and Q = (q1, . . . , qn) is defined as

DH(P,Q) =
1√
2

√√√√ n∑
i=1

(
√
pi −
√
qi)

2.

It is a bounded metric, the minimum distance zero is achieved if two distributions agree
at every point of the domain, and the maximum distance 1 is achieved when P assigns
probability zero to every set to which Q assigns a positive probability, and vice versa.

The above metric is also related to the total variation distance

DTV (P,Q) =
1

2

n∑
i=1

|pi − qi| ≤
√
2DH(P,Q).

To illustrate the quality of the reconstruction for the considered examples, the distance
DH(P

A
k , P

B
k ) for the fixed value of parameter k = 4 is demonstrated in the percentage

value, where the higher percentage denotes the smaller distance.

The transformation semigroup of every considered example contains a subgroup that
permutes some states of the automaton. A second considered measure of the reconstruction
quality is whether the corresponding permutation group is preserved in the reconstructed
machine. To verify the above the Semigroup Decomposition (SgpDec) package [24, 23]
of Groups, Algorithms, and Programming (GAP) [27] software was used. The semigroup
of the automaton is described by the action of all generators (alphabet letters) on the
states, and the verification returns one of the following verdicts for the transformation
semigroup: (i) it is trivial, or (ii) it is non-trivial, but aperiodic (does not contain non-
trivial subgroups), or (iii) it contains at least one non-trivial subgroup, specifying which
exactly.

To assess the algorithms’ performance the above measures were evaluated for the set of
reconstructed machines for the fixed parameter range, same for all examples. The history
length was varied from n = 2 to n = 8 with step one. The second parameter, significance
level α for CSSR algorithm was considered from α = 0.003 to α = 0.102 with step 0.003;
and minimization threshold ∆ for n-gram merging method was considered from ∆ = 0.005
to ∆ = 0.31 with step 0.005. Two different parameter ranges were considered for the second
parameter, as its nature and the role it plays are very different for considered algorithms.
While it makes the comparison more reasonable, there is still some ambiguity in comparing
their overall performance.
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2.7.2 The even process

The dynamical system with two states and two transitions labeled with A and B, shown
in Figure 2.1, describes the so-called even-process.

1 2

A, 0.5

A, 1
B, 0.5

Figure 2.1: The even process.

Both events are equally likely to be observed from the state 1, but only event A is
possible from state 2, thus after A occurs once it is guaranteed it will be observed even
number of times in a row.

Although the system is a first-order Markov process with respect to states, it is not
Markovian with respect to generated sequences for any finite memory size. Despite being so
simple to describe, it is sometimes called the infinite memory process, which becomes harder
to reconstruct using finite memory when longer substrings are likely to occur (increasing
the probability of A from state 1). Additionally, the transformation A in this process
permutes the states of the system, generating the cyclic C2 (counter) group.

The quality of reconstructing the probability distribution is shown in Figure 2.2a for the
CSSR on the left and for the n-gram merging method on the right. For the CSSR algorithm,
the lowest reconstruction quality of 93.7% was achieved for history length n = 2, with only
a slight difference in decimals when varying the significance level α. For the rest of the
parameter range, it exceeds 99%, also without varying a lot with parameter change. For
the n-gram merging method, the reconstruction accuracy shows the same result when the
minimization threshold ∆ ≤ 0.24. However, for ∆ ≥ 0.24 there is a sensitivity to the parity
of history length, showing a drop in accuracy to 70% for the odd values of n. Considering
the transformation semigroup of the corresponding automaton, obtain that the drop in
accuracy corresponds to the trivial semigroup. For the rest of the parameters of n-gram
merging method, the semigroup corresponding to machines is non-trivial but aperiodic.
However, the C2 counter group was preserved in the reconstruction by the CSSR method
for n ≥ 3, as shown in Figure 2.3a. In some of the cases, a bigger cyclic group of C4 or
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(a) The even process.

(b) The C3 cycle.

(c) The alternating group.

Figure 2.2: Reconstruction of the probability distribution over strings of length k = 4
measured by Hellinger distance. The quality is shown in percentages, where the highest
value reflects zero distance between distributions. The left column corresponds to the
CSSR algorithm and the right to the n-gram merging method. Every cell of the table
corresponds to the algorithm’s parameter configuration: the row denotes the history length
(from 2 to 8) and the column denotes the significance level(for CSSR) multiplied by 102 or
the minimization threshold ∆ (n-gram merging).

C6 (that still contains C2 as a subgroup) was found, showing that excess in splitting the
states starts occurring for the higher significance level α.
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(a) The C2 counter. (b) The C3 counter.

Figure 2.3: The result of the group reconstruction by CSSR algorithm over the considered
parameter range: row denotes the history length (from 2 to 8) and column denotes signifi-
cance level multiplied by 102. The color reflects the presence of subgroups in automaton’s
transformation semigroup: red - aperiodic (no non-trivial subgroups), light green - C2,
yellow green - C3, dark green - C4, aqua green - C6.

2.7.3 The length three cycle

The next example, shown in Figure 2.4, is chosen to consider if the algorithm can recognize
the bigger but still cyclic group C3 counter. It is just one of the possible constructions
where the three states 1, 2, and 3 are permuted by the event A with high probability. The
rest of the states and transitions are added to make sure that probability distributions
over events are different for all states and no more permutations (like C2) arise in the
transformation semigroup. In this construction, the length of the substrings of consequent
A’s is a multiple of three with high probability, but not always. This makes reconstruction
harder than in the previous case, as C3 counter has less clear impact on vocabulary and
has to be recognized from statistics of observations. On the other side, there are some
non-occurring words (substrings with neighboring B and C), which is one of the required
(but not sufficient) conditions for group reconstruction by the n-gram merging method.

The quality of probability distribution reconstruction is shown in Figure 2.2b. Both
algorithms show the same trend as for the even process, with a slight decrease in quality.
For CSSR the quality for n ≥ 3 is between 97.9% and the maximum of 99.05%, with almost
no change when varying α. The n-gram merging method also achieves above 98% for n ≥ 3
and ∆ ≤ 0.17, with a maximum of 98.9%. However, with higher values of ∆ ≥ 0.17 there
is a noticeably bigger accuracy drop of quality to 88% for n ≤ 6, 50% for n = 7, or even
to the lowest 28% for n = 8.

The results of reconstructing C3 group by CSSR are shown in Figure 2.3b. The number
of successful instances is a bit smaller than for an even process, however, a clear and wide
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A, 1 A, 0.7

A, 0.8

B, 0.2

A, 0.1

C, 0.3

A, 0.1
B, 0.9 C, 0.9

Figure 2.4: The C3 cycle.

range of successful parameters demonstrates a great ability to recognize C3 permutation
group from the observation sequences in a non-random manner. The n-gram merging
method had only three instances of group reconstruction which, however, contained C2,
but not C3 group: for n = 6 and both ∆ = 0.065, ∆ = 0.075 and for n = 7 and ∆ = 0.095.
The above is probably a consequence of non-occurring B and C substrings, that allow the
method to differentiate states 2 and 3, but not to recognize C3 permutation by event A.

2.7.4 The alternating group

The previous examples demonstrated the ability of CSSR to recognize the cyclic groups.
In a last considered example, shown in Figure 2.5, the reconstruction of a more complex
group, non-cyclic group will be considered. It has two generators that act on five states: A
permutes two pairs of states (1, 2) and (3, 4) and B is a cyclic permutation of states (1, 3, 5),
that give a total of 60 elements. It is called the alternating group A5 and is the small-
est nonabelian simple group. No additional states or transformations were added to the
automaton only the transition probabilities were selected to keep the states’ distributions
different.

The quality of reconstructing the probability distribution by CSSR is above 99% for
n ≥ 3, with the highest of 99.6%, and by the n-gram merging method it also reaches 99.5%
for a range of parameters. However, reconstruction quality drops to 64.9% for 5 ≤ n ≤ 6
with ∆ ≥ 0.25 and for 7 ≤ n ≤ 8 with ∆ ≥ 0.12, showing a threshold of collapse of states
in merging.

The transformation semigroup of the reconstructed machines is always aperiodic for
the n-gram merging method, and almost always for the CSSR method. The two cyclic
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A, 0.15

A, 0.9 A, 0.25

A, 1
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Figure 2.5: The alternating group.

groups C2 and C3 were both recognized only by parameters n = 8 and 0.084 ≤ α ≤ 0.102,
but neither of these cases recognized A5. It is worth saying that failure to recognize the
group might be explained by the low effect of the permutation groups on the statistics
or vocabulary of the sequences. That can be emphasized by adding more states and
transformations to the system but it is not obvious what type of graph modification will
still keep the experiment unbiased and not incorporate too many ‘hints’ for the algorithm.

2.8 Conclusion

This section describes one of the possible algorithms for DPFA reconstruction based on
merging the n-gram machine corresponding to the input data. The details of the algorithm
are described and its software implementation is created, the similarities of the method
with some other reconstruction techniques are briefly mentioned. The two distance metrics,
epsilon and Jaccard, are defined to compare the constructed machines. The transformation
semigroup of the reconstructed automaton is considered, revealing that it is aperiodic unless
the permuted states contain both the n-grams from which permuting transitions are not
possible and n-grams from which they are. This condition shows that group reconstruction
is more likely the consequence of the imperfect merging, than the property of the method,
and suggests that similar state-merging techniques might also have a low potential for
group reconstruction.

The examples of the even process, the cyclic group C3 and the alternating group A5 were
considered for both, the described n-gram merging algorithm (using own implementation)
and CSSR method (using the available open source code). For the considered parameters,
both methods achieve a high-quality reconstruction of the probability distribution over
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strings of length k = 4 over a certain parameter range. For CSSR such a great result
is obtained with all instances of n ≥ 3, showing almost no sensitivity to history length
or significance level. However, for the n-gram merging method, with the increase of the
minimization threshold, the quality eventually drops due to the excessive merging of states,
and sometimes it appears at pretty small values, e.g., ∆ = 0.17. The ability of the CSSR
method to recognize the permutation of states was demonstrated for cycles of small lengths
C2 and C3, while a more complicated alternating group was not preserved (for the selected
transition probabilities of the automaton).

The presented study does not concentrate on performance improvement or such the-
oretical analysis as time complexity or error bounds. This would certainly be a goal if
the algorithm were considered as a primary independent subject of study, however in this
work the algorithm is mainly meant to be the core instrument of the second part of the
thesis on using finite automata for analysis of neuroscientific data. This is why we prefer
a simpler model, our own implementation, and why we limit analysis of the algorithm to
experimental evaluation.

The next chapter considers the application of the finite automaton reconstruction
method to distinguish the sequences of EEG microstates. While for both measures, the
statistics and permutation structures, better performance was obtained for CSSR (within
the considered parameter range), only the n-gram merging method is used further. In
the considered application, for example, when two groups are compared, some microstate
transition sequences (n grams) are inherent for one but not possible to occur in the other
group. As the data is filtered from noise, such words are unlikely to be an error but are
probably the markers of the corresponding groups. However, they may be rare in data
and represent a transient state, so they will be removed from the automaton by the CSSR
method, but will remain as some causal state member in the n-gram merging method.
The detection of such patterns is more relevant in terms of considered application than
the reconstruction of probability distribution over strings, which however still does serve
as a general accuracy measure. Also, CSSR showed low sensitivity to both parameters,
history length n and significance level α. While this is good evidence of the stability of the
algorithm and the resilience of the reconstructed machine, it suggests the method will be
also insensitive to the rare n-gram markers. Additionally, some previous attempts on the
CSSR application showed that it may encounter some implementation errors, for example,
in the presence of dead states that only occur at the end of lines. The above comments
explain some reasoning for using the n-gram merging method in the next chapter. While
the utilization of the CSSR method in the same analysis remains a natural future step,
that can potentially even demonstrate stronger distinguishability power, it is not conducted
within the scope of this thesis.
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Chapter 3

Application of Finite Automaton to
Distinguish Sequences of EEG
Microstates

3.1 Introduction

Electroencephalography (EEG) microstates are topographic maps of the momentary distri-
butions in electric potential that remain quasi-stable in a millisecond time range (approx.
80–150 ms on average) and are separated by rapid spatial configuration changes. They
can be obtained from event-related or resting-state data and further analyzed into topo-
logical classes and their parameters. The parameters include duration (the average length
of time a microstate remains stable), occurrence (the average number of times per second
the microstate is dominant during the total recording time), coverage (the fraction of total
recording time that the microstate is dominant), and the transition probabilities between
microstates. Most resting-state EEG studies (e.g., [36, 33, 40]) reveal four topographic mi-
crostate classes, labeled by A,B,C,D and referred to as ‘canonical’ EEG microstates in the
literature. These classes account for 70–80% of the variance in topographic structure. The
analysis of the standard parameters allows differentiation between sequences of different
conditions or tasks e.g., different age groups [37], sleep stages [10], clinical symptoms e.g.,
schizophrenia [60, 33], or functional significance [1].

Moreover, regularities and patterning in the temporal sequence of EEG microstates, i.e.,
syntax, have been of growing interest. Particular patterns in microstate syntax may also
serve as markers for the important aspects of brain activity. First, [40] showed there is a dif-
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ference in the predominance of transitions between certain microstate pairs and sequences
of transitions forming a cycle (i.e., A→D→C→A) in healthy controls and schizophrenia
patients. Further studies involving analysis of the microstate syntax considered differences
in transitions in relation to mental disorders, such as schizophrenia and Alzheimer’s dis-
ease [48, 41], personality differences [55] or mental processes, e.g., shifting from self-related
to self-unrelated task [9], etc. These studies found that the differences in the frequencies
of particular transition pairs, in conditional transition probabilities, or in the predomi-
nance of a longer transition sequence over its reverse are significant in differentiating the
corresponding conditions.

The efficacy of pairwise microstate transitions in reflecting differences between condi-
tions (i.e., for distinguishing them) gave rise to the question of whether they carry enough
information to characterize the dynamics of EEG microstate sequence data. Gärtner et al.
in [26] showed that a reduced first-order Markov chain1 describes the microstate transitions
for resting state EEG in wakefulness and sleep with high accuracy (with only about 2%
of mass difference between distributions). Based on this representation, they propose the
sampled marked intervals (SMI) model that explains the sequence of EEG microstate at
global field power (GFP) peaks as produced by the sparse sampling2 from an unobserved
background process3. The observation that state duration inferred by SMI is shorter than
the known in literature microstate duration was commented in [35] as being due to inap-
propriate model assumptions (i.e., independence of GFP peak occurrence and topographic
change). In addition, [28] pointed out that such a model does not account for observed
long-range dependencies in microstate sequences. They demonstrated that self-similarity
and long-memory properties are evidently the properties of EEG microstate sequences,
which are absent in sequences generated according to estimated Markov transition proba-
bilities. Other evidence showing the need to go beyond pairwise transitions was given in
[45]. They considered the length 4 cycles (e.g., ADCA) which were significant for detect-
ing schizophrenic patients in [40] study, and showed the discrepancy between empirically
observed and analytically estimated (using pairwise transition model) percentages of these
words.

Given the evidence of such longer temporal dependencies, approaches using pairwise
transition probabilities may be not sufficient to capture properties of EEG microstate dy-

1In their model P [Xi = a] depends on whether there was a change of microstate, i.e., Xi−1 ̸= Xi, but
not on the value of Xi−1 itself. While in zero-order model, the probability P [Xi = a] has no dependence
on Xj , ∀ j < i and in the first-order model P [Xi = a] depends on the value of Xi−1. Thus, it is the
reduction of the first order but more than a zero-order model.

2Where the sampling process is a stationary renewal process with Gamma distributed intervals.
3Assuming the background process can be described as a Poisson process with independent and expo-

nentially distributed intervals, which are marked independently with fixed probability of every mark.
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namics, thus a number of studies test for the Markov properties and periodicity of the
microstate sequences, adding to the argument for looking beyond first-order microstate
transitions. The oscillatory behavior of EEG microstates appears to be inherited from pe-
riodicities of global field power (evidently related to the underlying EEG signal frequency),
as shown by information-theoretic analysis in [69] and frequency analysis in [70]. In ad-
dition, none of the studied resting state EEG microstate sequences fulfills the zero, first,
or second-order Markov property in [69], meaning that the memory effect in the sequences
extends more than two time steps into the past. However, they show that microstate
sequences are short-range correlated for large time lags, meaning that the majority of tem-
poral dependencies in the long run have finite memory. Similarly to [69], the zero and
first-order Markov property was rejected for all subjects for EEG sequences in wakefulness
and non-rapid eye movement sleep stages in [70], also showing that the memory effect
extends for least two sampling intervals. However, in the deeper sleep stage the dynamics
was simplified, and for 50% of subjects could be described already by the second-order
Markov process, giving evidence of the finiteness of the memory (bounded dependencies).
Assessing stationarity of the sequences, [69] found that for the time windows of 10s, 20s and
40s stationarity hypotheses were rejected for 80%, 60% and 44% of subjects, respectively.
That demonstrates that empirical microstate transition matrices may frequently lack sta-
tionarity, which however appears to increase when evaluated over longer time windows.

There are methods that go beyond pairwise transitions, such as [62] and [3], and analyze
transition behavior without relying on Markov properties or stationarity of microstate se-
quences, as those properties are often not encountered in data. In [62] Tait et al. suggested
a classification model based on complexity measure and theta relative power combined in
a support vector machine classifier. The complexity measure is based on counts of the
number of unique sub-sequences within a sequence, which is lower when a small number
of patterns are frequently repeated. For the prediction of Alzheimer’s disease (AD), the
model had a classification rate of 90.9%, revealing the lower complexity in AD. Artoni and
colleagues [3] introduced the Microsynt method for microstate sequence analysis: it creates
the representation of words occurring in sequences as a dictionary4, where the word length
is fixed and is inferred from current data size and complexity5. The words from the dic-
tionary are then classified into classes based on their entropy (higher entropy means more
“randomness”, lower—more repeated patterns) and the statistical significance (against
surrogates) of recurring words in the sequence over time is analyzed. They suggest that
Microsynt can be used to reliably differentiate two or more cognitive conditions, showing

4The dictionary consists of all occurring n-grams and its representation contains the number of occur-
rences of each word in data.

5The optimal word’s length is the maximum value for which the size of the random and real dictionaries
are the same.
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experimental study for ‘fully awake’ and ‘fully unconscious’ conditions, and observing the
entropy change when progressing between them. The vocabulary extracted by ‘syntax sig-
nature’6 can provide further insights on transitions, most different in differentiated groups,
e.g., revealing different microstate loops in sequences.

In this chapter, we explore using epsilon-machine models to characterize EEG mi-
crostate sequence syntax dynamically, i.e., using generative models that go beyond pair-
wise transition and word structure. The application of this model to microstate sequences
allows (i) to account for temporal dependencies longer than pairwise transitions, and (ii)
to extract classes of histories based on their transition similarities for further investigation
of microstate syntax within causal states. Moreover, (iii) it yields the dynamical system,
represented by the probabilistic automaton that allows analysis of its structural and sta-
tistical properties, as well as has predictive power, i.e., allows generation of sequences with
similar structure and assignment of likelihoods to the sequences. Therefore, this framework
rigorously combines the approach of estimating the transition probabilities with the idea of
identifying words into classes in a way that extends the framework of data representation
into the inference of a dynamical structure accounting for the system’s behavior, allowing
the application of additional analysis techniques such as entropy rate, probabilistic gram-
mar, system’s complexity, etc. The idea of using epsilon-machine reconstruction for analysis
of EEG microstate sequences was first introduced in [45], demonstrating the reliability of
the method and its power in revealing the differences in the underlying system’s structure
that are not reflected in the matrix of conditional transition probabilities. In this study,
epsilon-machines reconstructed by the algorithm, described in the previous chapter, are
applied to distinguish between participant groups (meditators and controls) and cognitive
modes (verbalization, visualization, and mind-wandering).

3.2 Methods

The data used in this study was collected as part of another research project at Institute
of Psychiatry, Psychology and Neuroscience, King’s College London, supported by the
BIAL foundation and a USAFOSR grant with the corresponding scientific reports [2] and
[46]. Thus all the stages of cleaning recordings from noise, extracting the microstate maps
from the data, and converting the continuous EEG recordings into discrete sequences of
EEG microstates were completed at the data collection stage by others, prior to the study
conducted within the scope of this thesis. The experimental paradigm, participants, and

6The words that best differentiate two conditions are those, which account for 10% of absolute differences
in sequence representations.
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EEG data processing are described in detail in [1, 2] and briefly outlined in Sections 3.2.1
and 3.2.2. For the provided EEG microstate sequences, the study presented in this thesis
addresses the question of distinguishing them by applying the finite automaton model.
Thus, for this application, Section 3.2.3 on the new methodology describes the developed
analysis framework.

3.2.1 Participants and experimental paradigm

The data used in the study was collected from twenty meditators (Age: mean=48.4,
SD=11.1, range: 32-68; Male/Female=13/7) and twenty meditation-naive healthy con-
trols (Age: mean age=40.2, SD=14.63, range: 21-62); Male/Female=12/8). The inclusion
criteria for meditators was a regular mindfulness meditation practice (regular practice was
defined as at least 40 minutes of formal meditation practice a day at least 5 days a week
for at least 2 years). The inclusion criteria for all participants were English fluency and age
between 18 and 65 years. The exclusion criteria were a history of i) mental health prob-
lems; ii) drug and/or alcohol abuse; and iii) neurodevelopmental and/or neurodegenerative
disorders. The study received ethics approval from King’s College London Ethics Approval
Board (Ref: HR-16/17-4092) and informed consent was gained from the participants prior
to participation.

The experimental paradigm consisted of two repetitions of the same condition sequence:
mind-wandering→ verbalization→ visualization, denoted as MW1, Ver1, Vis1 and MW2,
Ver2, Vis2. For the mind-wandering condition, the participants were instructed to relax
and allow their minds to wander naturally. For the verbalization and visualization con-
ditions, the participants were asked to repeat silently the word ‘square’ or to visualize a
square, respectively, at a self-paced rate of approximately 2 sec (without silent counting).
Each condition was 3 minutes long, with a total duration of 18 minutes for each run. Par-
ticipants had their eyes closed throughout the run. All participants were given a practice
run of a full condition sequence lasting 1 minute.

3.2.2 EEG microstate computation

EEG data were recorded using a 40-channel Neuroscan Quikcap system (Compumedics,
USA): a total of 36 channels were recorded including 4 electrodes for the EOG signal and
two references. The data for each participant were segmented into siz ∼3-min epochs (i.e.,
2 repetitions x 3 conditions = 12 epochs), filtered removing the noise and artifacts, and
finally, down-sampled to 250 Hz.
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Figure 3.1: The schematic rep-
resentation of computation of
EEG microstate sequences [31].

The general EEG microstate computation procedure,
as described in [31] starts by calculating the global field
power GFP from the instantaneous potentials Vi across
k electrodes as follows:

GFP =

√√√√(
K∑
i

(Vi(t)− Vmean(t))2)/K.

The GFP signal represents the strength of the electric
field over the brain at each instant and is used to describe
global brain activity.

The topographic maps at the peaks of the GFP signal
are processed by the clustering algorithm, from which a
small set of topographic pictures (clusters’ centers) are
extracted, as schematically shown in Figure 3.1. Re-
markably, above 70% of the total topographic variance
of EEG recording can be explained by such a small set
as four clusters. After extracting the main topographic
maps, each of the GFP peaks is assigned the label of
the corresponding cluster based on topographic similar-
ity. This results in the discrete sequence of microstate
labels. Each of the microstate maps is found to be quasi-
stable as it remains dominant for about 80–120 ms before
rapidly transitioning to a different map.

For the data used in this study the EEG microstate computation was performed using
the EEG Analysis Toolbox KeyPy [42, 43], using the pre-defined microstate classes [43]—
four canonical maps labeled by A, B, C, and D shown in Figure 3.2.

The procedure described above gives a microstate sequence calculated from the topogra-
phies at the global field power (GFP) peaks, which corresponds to approximately one label
for every ≈ 50 millisecond of the recording. This is referred to as a peak-based time scale.
Additionally, from each of the recordings for this study, two other microstate sequences
were computed, as described above, however for different time scales: clock-based, where
the labels describe a sequence of the topographic maps observed approximately every 4
ms, and the event-based time scale, where the microstate labels only denote the change of
the dominant microstate, which gives the sequence of distinct microstates corresponding
to approximately one letter every ≈ 80− 120 ms [45].
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Figure 3.2: The topographical maps for canonical EEG microstate classes A,B,C, and D
[43] maps from the KeyPy template library (reduced from 64 to 30 channels and rendered
with the EEGLAB topoplot function).

3.2.3 Distinguishing EEG microstates sequences with ϵ-machines

Figure ?? outlines a high-level representation of the methodology of the study. Rather
than directly analyzing the EEG microstate sequences this work aims to gain insight on the
differences and similarities of the recordings by analyzing the epsilon machines constructed
from them. As reflected in Figure ??A instead of using the individual recording, the EEG
sequences from all participants in a group are first combined and only then used to derive
the automaton. Only recordings that correspond to the same participant’s group (M or
C), cognitive mode (MW , V er, V is), and repetition (#1 or #2) are combined together,
which results in twelve group-level data files for each of the three temporal scales (clock,
peak, event). The combination of the individual data here means the concatenation of the
corresponding EEG microstate sequences, preserving the line breaks. As data is available
in three time resolutions and ϵ-machines have two construction parameters: n-gram length
and minimization threshold ∆, the search of the optimal model is performed over the range
of parameters: n ∈ {1, 2, . . . , 7}, ∆ ∈ {0, 0.05, 0.1, . . . , 0.95, 1} for all three temporal scales.
Figure ??A gives an illustrative example of the epsilon machine: every node of the graph
corresponds to the set of equivalent n-grams of EEG microstates (causal states) and every
labeled edge represents a transition with the corresponding event (one of the microstates).
Each of the possible transitions from the node has a certain probability of being observed
in the model. The color of every node is supposed to reflect the presence of each of the
microstates in the n-grams that make up a given vertex of the graph. The complexity of
the ϵ-machines derived from the given EEG microstate sequences varies in the considered
parameter range from a single-node graph to a graph with over a thousand vertices.

The main method used to address the question of finding similarities and differences
in the given EEG microstate sequences is separability of the corresponding group-level ϵ-
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machines Figure ??B. Both separation between- and withing- the groups refer to checking
certain separability criteria for two sets of the ϵ-machines. Naturally, in the setting called
between the groups two sets being separated are the set of all ϵ-machines of the Controls’
group and the set of all ϵ-machines of the Meditators’ group. In the setting called within
the groups the separation of ϵ-machines of a particular cognitive mode (MW , V er or V is)
from the rest of the machines of the same participant’s group (M or C) is considered.

The above concept puts the question of differentiating the given EEG microstate se-
quences into the framework of checking separability in one of the seven possible settings.
Both of the two types of separation criteria are based on the distance metrics defined on
ϵ-machines - Section 2.5. Conceptual differences between these two criteria is that they
capture different type of layout of ϵ-machines in metric space: linear separability Fig-
ure ??B-I allows the clusters of machines to be sparse and close to each other, requiring
only no overlap, while strict separability Figure ??B-II requires the clusters of the machines
to be at least as far from each other as their diameters. Another difference is that strict
criterion is applied without dimensional reduction and in the same metric space which is
originally defined for ϵ-machines, while linear separability criterion requires the embedding
of the original metric space into Euclidean space and then dimensional reduction, as this
criterion is applied to a two-dimensional projection of corresponding machines. Euclidean
embedding doesn’t always preserve all the information, however, the selected projection
necessarily captures two dimensions that explain the most variance. For more details about
the separation criteria address Sections 3.2.4 and 3.2.5.

The epsilon machines of corresponding EEG microstate sequences are considered over
the range of parameters, and the primal question that is answered by those methods is
the separability of groups and cognitive modes according to both criteria by assigning
the ‘yes/no’ separability status for every configuration of parameters. Before making any
further conclusions about such results the natural question of its reliability arises. It is
addressed by the method of detecting false positives over the same parameter range -
Sections 3.2.6.

If a relatively small percentage of parameters receives positive separability status, then
assessing the percentage of those where the separation criterion holds for the incorrectly
partitioned machines, allows us to get an insight into the degree of randomness in the
observed separability phenomena.

Potentially, the strict separability criterion captures the stronger differences in the tem-
poral patterns in the EEG microstate sequences than linear criteria. The best cases where
the strict separation criterion holds, i.e., those, corresponding to the highest separation
ratio, are considered in more detail, as is shown in Figure ??C.
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Combine Individual EEG
recordings

  Construct group-level epsilon machines for      
  range of parameters:
  Time modes:                     clock, peak, event;
  n-gram length:                  n = {1, ..., 7};
  Minimization threshold: d = [0,1], dt = 0.05.

Embed epsilon machine metric
space into Euclidean space*

Calculating pairwise distances between the machines (epsilon, jaccard metrics)

Criterion: distance within
the group < distance
between the groups

AC BC
DCCC
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CA CB DA DB

AC BC
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AD BD
CD DD

AD BD
CD DD

Criterion: 2D projections
are linearly separable

C)   Zoom-in to successful separation parameters

Find n-grams with the biggest contribution to successful separation between machines
(example: separation of mind-wandering for meditators)

 EEG microstate sequences
A)  Constructing epsilon machines

Linear separability 
(after dimensional reduction)

B)  Between- and within- group separation 

I II
Strict separability 

(without dimensional reduction)

IV. n-grams having the biggest contribution
to the differences between machines

III. Mind-wandering epsilon machine
II. Verbalization epsilon machine

I.  Distances between machines in metric space:
verbalization is furthest  from mind-wandering

 Participants groups: 
Controls and Meditators

 Mind modes: mind-wandering,
verbalization, visualization 

within controls within meditators

Figure 3.3: Work pipeline, explaining how EEG microstate sequences of two participant groups and three
mind modes are analyzed and compared. A) - Group-level ϵ-machines are constructed from combined indi-
vidual recordings for a range of parameters. B)- For a set of ϵ-machines the question of the group separability
and mind-mode separability within the groups is addressed, using two types of criteria: B-I) Linear sepa-
rability in 2D projection of the Euclidean embedding of the distance metrics; and B-II) strict separability
criteria applied to original distance metrics. These criteria capture different types of group-level machine
layouts relative to each other in metric space. C) - Successful separations of groups and mind modes for
different parameter configurations are explained with the sets of n-grams having the biggest contribution to
distance between sets.
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The main idea of zooming in on cases of successful separation is to detect the n-grams,
that have the biggest contribution to the distances between sets of separated machines,
and therefore are distinguishable in particular settings. For the method of detecting such
n-grams see Section 3.2.7. Those n-grams are assumed to represent the special temporal
patterns in the EEG microstate sequences, that account for the bigger weight in the found
separations than other n-grams, and they are further analyzed to explain similarities or
differences of corresponding recordings.

The illustration of the above step is given in Figure ??C and corresponds to the within-
group separation setting for separating the cognitive mode of mind-wandering from visual-
ization and verbalization in the Meditators’ group. The corresponding parameter settings
are peak-based temporal scale and n = 2,∆ = 0.15 machine construction parameters.
Figure ??C gives a schematic picture of how ϵ-machines are located in a metric space,
highlighting the distances from both mind-wandering machines to four other machines of
the Meditators’ group from which they are being separated. The distance between the pair
of ϵ-machines of mind-wandering MW1 and verbalization V er1 is highlighted with a red
line because this is a pairwise distance from which the block I∗ = {AD,BD,CD,DD}
comes - the block of n-grams with the biggest contribution to separating sets of ϵ-machines.
Figure ??C-II, III shows graphs of corresponding epsilon machines. The block I∗ is the
intersection of causal states and it makes the only difference in the partition of n-grams
in the set of causal states for these two machines. It creates a separate causal state in
mind-wandering but is part of the bigger causal state in the verbalization machine. The
way the block I∗ is detected is by comparing the transition probabilities from causal states
which are omitted in the figure.

3.2.4 Linear separability of sets of epsilon machines after dimen-
sional reduction

The concept of linear separability of the sets of machines relies on the defined epsilon and
Jaccard distances, however, it is not directly applied to ϵ-machines in the corresponding
metric space, but to the corresponding real vectors in the Euclidean space. Although
separability can be potentially verified in any dimension Rn, this study focuses on the
embedded vectors after dimensional reduction to R2. For two sets of ϵ-machines A and B
the criterion of linear separability requires the sets of corresponding real vectors XA ∈ R2

and XB ∈ R2 to be linearly separable. The sets of points XA and XB in R2 are two-
dimensional projections of the embedding of sets of ϵ-machines A and B into Euclidean
space.
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Embedding the Metric Space in Euclidean Space

Let A be a set of ϵ-machines and D ∈ Rn×n denote the distance matrix in one of the
defined metrics d : A × A → R (epsilon or Jaccard), i.e., Dij is the distance between
epsilon machines Ei ∈ A and Ej ∈ A . The algorithm in [71] suggests the following. Define
matrix M as

Mij =
D2

1j +D2
i1 −D2

ij

2
, M = V ΛV −1,

where Λ, V denotes eigenvalue decomposition of matrixM : Λ - diagonal matrix of eigenval-
ues, V - normalized matrix of eigenvectors. Then Euclidean embedding f : (A , d)→ Rn×n

can be computed as
f(A , d) = X = Re(V

√
Λ),

where
√
Λ denotes the matrix with singular values in the diagonal. Every i-th row of the

resulting matrix X describes the coordinate of the i-th embedded ϵ-machine, columns cor-
respond to the dimensions of Euclidean space. If there exists an embedding that preserves
all information into the lower-dimensional space k < n then all columns corresponding
to the extra dimensions will be zero in X. The final step of constructing XA , XB is to
select the two dimensions that explain the most variance, for the above procedure they
correspond to the two biggest eigenvalues of M . Corresponding columns of X give the
projections the separation criterion focuses on:

∀Ei ∈ A , XA
i = [Xi,1, Xi,2] where X = f(A , d), Λ1,1 ≥ · · · ≥ Λn,n − eigenvalues of M,

To assess the quality of displaying real distances between ϵ-machines in R2, the follow-
ing numerical characteristics are calculated: maximum local distortion, maximum global
distortion, variance, maximum Euclidean embedding error.

3.2.5 Strict separability of sets of epsilon machines without di-
mensional reduction

For the set of ϵ-machines A to be separable from set B according to the strict separation
criteria the distance between any two pairs of machines A1, A2 ∈ A from set A is required
to be less than the distance from any machine A ∈ A from set A to any machine B ∈ B
from set B:

max
A1, A2

(d(A1,A2)) ≤ min
A,B

(d(A,B)),
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where d(E1, E2) denotes the distance between two epsilon machines E1 and E2. The
alternative formulation is that set A is strictly separable from set B or the strict separation
criteria holds for the set A compared to set B. The above criterion can be applied to both
epsilon and Jaccard distance metrics, indicating the separability of the sets of machines
in the corresponding metric space. Conceptually such a criterion requires the set of ϵ-
machines to be at least as far from any machine of the other set as its diameter. The above
may hold for either both or only one of the compared sets of machines, which implies two
types of separability.

Comparing two sets A and B of ϵ-machines one is said to have no strict separation
between A and B if strict separation criterion doesn’t hold for any of the compared sets,
one-sided separation of set A from set B if the criterion holds for set A , but not for the
set B, and two-sided separation of A and B if the criterion holds for both sets. One-sided
separation is particularly preferred in the within-group separation setting, as separating
the set A of one mind mode from the set B of the rest in this participant’s group, the set
B can have a big diameter as other modes may be far from each other as well.

In the presence of such a separation, a numerical measure of it is introduced as follows.
The separation ratio RS(A ,B) for two sets of machines A and B is defined as the ratio of
the minimum distance between machines from different sets and the diameter of the union
of these sets:

RS(A ,B) =
minA,B(D(A,B))
maxC,C′(D(C, C ′)) , A ∈ A , B ∈ B, C, C ′ ∈ C = A ∪B.

The idea that motivates such a measure can be explained as follows. Suppose one con-
siders two sets of points in R2 that are linearly separable with strong decision boundaries.
The ratio of the separation margin to the diameter of the union of two sets can approx-
imately explain what fraction of the area of the convex hull of those points falls within
the separation margin. Therefore higher value of the separation ratio RS indicates better
clustering of the separated sets of machines.

Since the separation criterion requires inequality between maximum and minimum dis-
tances, meeting this criterion guarantees that inequality holds for all pairs of distances:
any distance between machines from the same set does not exceed the distance between
machines of different sets. Although in case the criterion is not satisfied, it doesn’t tell how
many pairs of distances violate the desired inequality. Suppose we are comparing two sets
of machines: A , which has n machines, and B, which hasm machines. There are

(
n
2

)
+
(
m
2

)
pair of distances that correspond to machines from the same set and n ·m corresponding
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to machines from different sets. Denote the total number of required inequalities as T :

T =

[(
n

2

)
+

(
m

2

)]
· n ·m.

For every pair of machines A1,A2 ∈ A from the set A define the set V (A1,A2) of all
pairs of machines from different sets that are at least as far from each other as A1,A2 are:

∀A1,A2 ∈ A denote V (A1,A2) = {(A,B) ∈ A ×B | d(A,B) ≥ d(A1,A2)}.

Define the percentage of separation PS(A ,B) of two sets of ϵ-machines A and B
as the percentage of pairs of distances within these machines that satisfy the inequality
corresponding to the strict separation criteria:

PS(A ,B) =

 ∑
A1,A2∈A

|V (A1,A2)|+
∑

B1,B2∈B

|V (B1,B2)|

 · 100%
T

.

This measure indicates how close are two compared sets of ϵ-machines to satisfy the
separation criterion. The averaged over the range of parameters separation percentage tells
how likely it is for these sets of ϵ-machines to be separated with a strict criterion.

3.2.6 Methods validation using permuted data

For every configuration of parameters, both separation criteria give a boolean verdict on
separability, to assess the reliability of this verdict perform the validation with the permuted
data. There are 12 group-level machines in total, 6 in every group. Consider every possible
way of dividing epsilon machines into two groups of equal size, excluding the partition
based on the real data. Calculating the proportion β ∈ [0, 1] of the permutations that are
separable, obtain the probability of random permutation to satisfy the separation criterion.

To assess the reliability of results with the separation percentage PS compare distribu-
tions and statistics (mean, median, mode, standard deviation) for the separation percentage
of observed data with those permuted over the range of parameters.

3.2.7 Identifying n-grams with the biggest contribution to sepa-
ration of sets of epsilon machines

For every fixed pair of machines E1 = (S1, A, δ1, p1) and E2 = (S2, A, δ2, p2) constructed
for history length n every n-gram is associated with a certain state and every causal state
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is a set of n-grams. Consider partitioning all n-gram that occur in at least one machine
into the set of blocks - the intersections of causal states denoted as {IE1,E2}. Both epsilon
and Jaccard metrics consist of the summation of the terms over all possible n-grams in the
alphabet A, such that all n-grams that come from the intersection of the causal states of two
machines have the same corresponding terms and contribute to the distances with equal
quantities. Define the functions for epsilon and Jaccard metrics that for every intersection
of the causal states of epsilon machines E1, E2 assigns its weighted contribution to distance
between those machines:

∀E1, E2 CE, CJ : {IE1,E2} → R, ∀I ∈ {IE1,E2}, such that I = s1∩s2, for s1 ∈ S1, s2 ∈ S2,

CE(I) = |I| ·

[∑
a∈A

|p1(s1, a)− p2(s2, a)|

]
,

CJ(I) = |I| ·
[
1−

∑
ai∈Amin(n1([w]1s1, ai), n2(s2, ai))∑

ai∈A max(n1(s1, ai), n2(s2, ai))

]
.

Selecting key n-grams for distinguishing between the machines or the sets of machines

For the fixed pair of machines E1 and E2 consider the total ordering ≥E (and similarly
ordering ≥J) of the blocks of n-grams {IE1,E2} to be defined as:

∀I1, I2 ∈ {IE1,E2} I1 ≥ I2 ⇔ CE(I1) ≥ CE(I2),

meaning that the blocks of n-grams are listed in decreasing order of their importance in
distinguishing between E1 and E2. Denote the ordered set of blocks as {IE1,E2}≥E

and note
that the sum of their contributions equals the distance between machines dE(E1, E2). Then
for every fixed threshold γ ∈ (0, 1) one can select the most important n-grams that account
for γ fraction of the distance between machines I∗E1,E2 as the union of the heaviest blocks:

I∗E1,E2 =
k⋃

i=1

Ii, Ii ∈ {IE1,E2}≥E
, k = argmin

j

{
j∑

i=1

CE(Ii) ≥ γ · dE(E1, E2)
}
.

Alternatively, only the first block I1 from the ordered set {IE1,E2}≥E
can be considered

to explain the differences in distinguishing between corresponding machines. This gives us
two ways of selecting the key n-grams when comparing epsilon machines.
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Consider the sets of ϵ-machines A and B. Denote the disjoint union of the causal state
intersections for all pairs of machines from considered sets:

{IA ,B} =
⊔

A∈A , B∈B

{IA,B}.

Applying the total ordering ≥E (or ≥J) and two methods of identifying distinguishing
n-grams for the set {IA ,B} naturally generalizes the above concept from comparing pair of
machines E1, E2 to comparing two sets of machines A and B. Note that the above union
is disjoint as even in the case when the intersection of causal states for different pairs of
machines are the same, their weighted contribution to the distances may be different, as it
relies on the transition probabilities in the corresponding machines.

3.3 Results

The standard way of comparing sequences by analyzing such microstate parameters as
duration, occurrence, and coverage, was conducted for the provided data [2] outside the
scope of this work. However, it did not reveal any significant differences between groups
or conditions enough to differentiate them or to be recognized as markers of correspond-
ing brain activity. The detailed results of differentiating the EEG sequences achieved by
separating epsilon-machines are reported below.

3.3.1 Separating participant groups: meditators and cotrols

Linear separability

Figure 3.4 shows the successful separation cases over the considered range of parameters,
using epsilon and Jaccard distance matrices respectively. In 827 out of 882 cases considered
configurations (93.8%) participant groups are separable with linear criterion. A similar test
for n-gram machines gives a positive verdict in 41 out of 42 cases (93.7%).

Figure 3.5 illustrates ϵ-machines embedded into the Euclidean space in the 2D projec-
tion for three configurations of parameters. The upper panel corresponds to the n-gram
machines, and the lower one shows how the projections change after minimization. The
selected parameters of minimized machines correspond to cases where participant groups
are separated with both criteria, and strict criterion gives the highest separation ratio:
0.935, 0.940, and 0.887. Comparing 2D projections of ϵ-machines embedded into Euclidean
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Figure 3.4: The result of differentiating participant groups: meditators and non-meditators,
using linear separation criteria using epsilon (left) and Jaccard (right) distance metrics for
three temporal scales (clock, peak event). The green and red colors reflect the success and
failure of separating group-level epsilon machines respectively.

space, observe that the points corresponding to minimized machines are grouped better,
decision boundaries are stronger and the separation bandwidth is closer to the diameter
of the set of points. The variance of the selected dimensions for every panel of Figure 3.5
is at least 82%− 96% for n-gram machines and 91%− 98% for minimized machines. The
average variance of the selected dimensions over all configurations of the parameters equals
V = 85.14% with standard deviation σV = 7.59, which shows that in general selected dis-
play dimensions represent a high percentage of information, but have high dispersion as
well. The lowest and highest variance are Vmin = 59.28% and Vmax = 99.95%.
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Figure 3.5: 2D projection of Eucledian embedding for n-gram machines (first line of figures) and minimized machines (second line) for selected
cases of two-sided separation by strict criterion. The first and second columns represent the case of clock time mode, using epsilon distance type,
where minimization is done with δ = 0.05, history length L = 4 (first column), and history length L = 5 (second column). The third column
represents the case of peak time mode, using jaccard distance variation, history length L = 3, where minimization is done with δ = 0.15.
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Strict separability

Table 3.1 lists the parameters for which the strict separation criterion is met and provides
corresponding separation ratio RS values. The largest separation ratio for two-sided sep-
aration equals RS = 0.940372 and was observed for the following parameters: clock time
mode, history length n = 5, minimization threshold ∆ = 0.05, and epsilon distance metric.
For one-sided separation of controls the largest separation ratio equals RS = 0.44061, of
meditators RS = 0.97323.

Table 3.1: Successful cases of strict separation between meditators and non-meditators.

Type Time scale n ∆ Metric RS

4
5

epsilon 0.94

4
clock

5

0.05
0.68

two-sided C ↔M

peak 3 0.15
Jaccard

0.88
3 0.15 epsilon 0.44

one-sided C →M peak
1 0.2 Jaccard 0.14

0.15 0.89
6

0.2
epsilon

0.87
0.0
0.05
0.1

one-sided C ←M peak
7

0.2

Jaccard 0.97

The above information shows that the group of controls is clustered and separable more
often than the one of meditators and, for parameters corresponding to separation cases,
has more than twice higher separation ratio.

Validation using permuted data

To validate the separations between the groups of meditators and non-meditators as de-
scribed in Section 3.2.6 consider 462 possible partitions of twelve group-level ϵ-machines in
two groups, one of which is correct for each of the 882 parameter configurations.

Linear separation criterion. The probability of having a linear separation for randomly
permuted data is at most β = 0.02 for any of the 882 parameter configurations. Observed
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data are separable with linear criterion in 93.88% of parameter configurations, while for all
possible permutations of data, the percentage of parameters that gives linear separation
has mean µ = 1.35, range [0; 42.97] and standard deviation σ = 4.97. Those conclude that
cases of successful separations with linear criterion shown in Figure3.4 are reliable.

Strict separation criterion. For each of the 882 parameter configurations, the result of
the permutation test shows that β = 0 i.e., none of the 461 incorrect partitions of the set
of machines into groups have a two-sided separation with strict separation criterion, which
allows the conclusion that cases of successful two-sided separation in Table 3.1 are reliable.

Separation percentage. The separation percentage PS defined in Section 3.2.5 measures
how close the sets of epsilon machines are to be separated with a strict criterion. That it,
PS shows how well two sets are clustered as opposed to be being widespread and close or
even having the overlap.

Figure 3.6 demonstrates the distribution of two-sided separation percentage between
two participants’ groups for observed and permuted data over the considered range of
parameters. The clear difference is that distribution of observed data is stick to the right,
most of the time giving values above 70 − 75%, while distribution of the permuted data
stick to the left, falling between 40− 50% for most of the parameters. The permuted data
behaves noticeably the same in all time scales, however performances of observed data are
almost indistinguishable in clock- and peak- based time scales, while event clearly doesn’t
reach high values of 90− 100% in a single case.

Figure 3.6: The distribution of separation percentage between meditators and non-
meditators comparing observed and permuted data.

Table 3.2 summaries statistical information on two-sided separation percentage illus-
trated in Figure 3.6. As can be seen, the separation of observed data outperforms the
permuted in every presented measure. The clear difference is that permuted data has an
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average percentage just below 50%, as well as the median and mode in all three time scales.
At contrast separation percentage for observed data is above 83% on average in clock and
peak time scales and slightly below 80% for event. Similarly, median and mode, being
close to the mean follow the same trends.

Table 3.2: Statistical measures for two-sided separation percentage between groups.

Type Time scale Mean St. dev. Median Mode Range
clock 83.12 9.79 85.93 85 [ 54.8 , 100.0 ]
peak 84.07 9.90 84.03 85 [ 46.1 , 100.0 ]Observed
event 78.21 8.99 77.59 75 [ 47.9 , 89.10 ]
clock 49.92 5.78 48.89 45 [ 36.5 , 90.0 ]
peak 49.92 5.81 48.80 45 [ 32.0 , 90.3 ]Permuted
event 49.93 5.79 48.61 45 [ 33.7 , 97.7 ]

Figure 3.7 outlines how the separation percentages of the observed data discussed
above are located in the grid of considered parameter configurations. In common, there
is the range of fluctuations around the minimization threshold ∆ ∈ [0.05, 0.3] and overall
difference in performance of epsilon (on the left) and Jaccard (on the right) distance metrics:
epsilon distance outperforms Jaccard in clock-based time scale, but the opposite is true
for event- and peak- based time scales. For ∆ > 0.4, the separation percentage between
groups reaches a stable plateau, which is the same for all n-gram lengths and does not
change with further minimization. This stability does not necessarily imply an absence
of changes in machines and distances; it could be that the separation percentage is not
sensitive enough to detect these changes. Further method development is required for an
insight into the structure of causal states in order to make the method more sensitive to
subtle changes in ϵ-machines.

n-grams with the biggest contribution to separation

Focusing on the two-sided separation cases enumerated in Table 3.1 select the ones with
the highest separation ratio RS for each of the time scales. Following the procedure de-
scribed in Section 3.2.7 the ϵ-machines of separated sets are compared to extract the sets
of n-grams, coming from the ϵ-machines’ causal state intersections, that have higher con-
tribution to the distance and account for some percent of the observed separability. The
details about the parameters of the selected separation cases and the extracted sets of
n-grams is summarized in Table 3.3. In all selected separation cases between and within
both groups, the intersection happens to be equal to one of the causal states, however it
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Figure 3.7: The separation percentage between meditators and non-meditators over pa-
rameter range.

is not necessarily the case in general. A regular expression describing all n-gram in the
intersection I1 is marked by the ⋆ symbol next to the corresponding causal state. The
three last columns of Table 3.3 give information about the union of the heaviest blocks I∗

that sums to at least 10% of the distance for the two selected separation cases: number of
blocks in the union, the total number of n-grams there and regular expression describing
I∗ for the cases where the compact representation was found 7.

For clock mode I∗ = (A+|B+|C+)DD+ ∩ (A|B|C|D)5 is the union of the 15 blocks
containing 9 distinct n-grams coming from different pairs of the ϵ-machines. The union I∗

accounts for 10.02% of the distance and consists of the five grams ending with at least two
D microstates, but not starting with D. The n-grams with the longer suffix of D’ have a
bigger contribution to the distance between groups. The first block I1 comes from the pair
of machines C-Vis1 and M-Vis2, and the rest of the blocks in the union I∗ come from the
controls’ visualization machine in pair with meditators’ machines of different modes.

For peak mode I∗ = I1 = (A|B|C|D)2(A|B|C) is the union of 6 blocks containing 48
distinct n-grams that account for 10.0% of the distance between groups. These are all
three-grams not ending with D. The first block I1 comes from the pair of machines C-Ver2

7The regular expressions given in the table were found with the help of undergraduate research assistant
Valerie Fernandez.
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Table 3.3: Selected cases of strict separation with highest separation ratio (i) between control (C) and meditator (M) groups,
(ii) between a cognitive mode (mind-wandering (MW), verbalization (Ver), visualization (Vis) ) and the other two modes
within groups. Parameters are abbreviated for time scale: clock c, peak p and event e; values following ‘n’ and ‘d’ correspond to the n-gram
length and minimization threshold ∆; distance metric: last letter j stands for Jaccard and e for epsilon. I1 denotes the block of n-grams
(intersection of causal states) having largest contribution to distance between separated sets of ϵ-machines; its regular expression is marked
by ⋆ in the ‘Causal State’ column (in the selected cases, this intersection always coincides with one of the causal states). I∗ denotes the union
of the blocks with largest contributions to distance accounting for at least 10% of distance. A dot ‘.’ denotes any letter, successive dots can
be different letters. † can never have two of the same letters appear consecutively. A dash ‘-’ replaces regular expressions that are too long.

Type Parameters Separation
Ratio RS

Distance %
due to I1 (I

∗)
ϵ-machines
of block I1

Causal States (Regular Expression,
restricted to words of length n) for I1

Blocks
in I∗

n-grams in
I∗ (distinct)

Union I∗ (≥ 10% distance)
(Regular Expression)

C-Vis1 (A∗|B∗|C∗|D∗)D+

c-n5d0.05-e 0.94 0.67 (10.02)
M-Vis2 ⋆(A|B|C)DDDD

15 45 (9) (A+|B+|C+)DD+

M-Vis2 (A|B|C|D)3
C-M

p-n3d0.15-j 0.89 1.74 (10.00)
C-Ver2 ⋆(A|B|C|D)2(A|B|C)

6 288 (48) (A|B|C|D)2(A|B|C)

M-Ver1 (A|B|C|D)(A|B|D)
p-n2d0.10-j 0.29 8.99(17.78)

M-MW1 ⋆(A|B|C|D)(A|B)
2 16 (8) (A|B|C|D)(A|B)

M-Vis2 -
M-MW

e-n7d0.30-j 0.80 0.27(10.02)
M-MW1 ⋆(A|B|C|D)3(A|B)DAD − .CBA...†

56 2056 (1084) -

M-Ver1 (A|B|C|D)(A|B|D)
p-n2d0.10-e 0.74 8.8(16.78)

M-Vis2 ⋆(A|B|C|D)(A|B)
2 16 (8) (A|B|C|D)(A|B)

M-Ver2 (A|B|C|D)(A|C)DAD†M-Ver
e-n5d0.05-j 0.87 0.17(10.0)

M-Vis2 ⋆ (A|B|D)CDAD
115 172 (91) -

M-Ver2 (A∗|B∗|C∗|D∗)(A+|B+)
c-n6d0.90-e 0.19 14.6(14.6)

M-Vis2 ⋆ (A∗|B∗|C∗|D∗)(A+|B+)
1 32 (32) (A∗|B∗|C∗|D∗)(A+|B+)

M-MW1 (A|B|C|D)DA (A|B|C|D)DA|(A|B|D)BC|
p-n3d0.05-j 0.75 0.73(10.46)

M-Vis2 ⋆ ADA|BDA
19 25 (12) |(A|B)(AD|CB)|ABD

M-Ver1 BDCBACB

M-Vis

e-n7d0.05-e 0.94 0.018(10.0)
M-Vis2 ⋆ BDCBACB

902 908 (605) -

C-Vis2 AC|BC
C-MW e-n2d0.05-j 0.54 3.7(10.91)

C-MW1 ⋆ AC
3 3 (2) AC|BC

C-MW1 (A∗|B∗|C∗|D∗)(A+|B+)|ACCCCA
c-n6d0.90-e 0.15 11.76(11.76)

C-Ver1 ⋆ (A∗|B∗|C∗|D∗)(A+|B+)
1 32 (32) (A∗|B∗|C∗|D∗)(A+|B+)

C-Ver2 (A|B|C)CA
p-n3d0.05-e 0.77 0.73(10.22)

C-Vis2 ⋆ ACA|BCA
19 38 (22) -

C-Ver1 (A|B|C|D)2(A|B|C)DCDC−.AB....†

C-Ver

e-n7d0.20-j 0.98 0.056(10.0)
C-Vis2 ⋆ (A|B|C|D)(B|C|D)ADCDC† 600 2132 (864) -

C-Ver2 AB
c-n2d0.00-j 0.42 2.48(11.15)

C-Vis2 ⋆ AB
5 5 (3) AB|BA|BC

C-Vis2 (A|B|C|D)(A|C|D)DDDDD
p-n7d0.15-j 0.99 0.003(10.0)

C-Ver1 ⋆ (A|B|C|D)ADDDDD
9089 10124 (3481) -

C-Ver2 (A|B|C|D)(B|C)DCDCD†

C-Vis

e-n7d0.10-j 0.97 0.02(10.0)
C-Vis2 ⋆ (A|C|D)BDCDCD

1318 1570 (939) -
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and M-Vis2, and the rest of the blocks in the union I∗ come from machines of controls’
mind-wandering and verbalization in pair with meditators’ machines of different modes.

3.3.2 Separating cognitive modes in meditators

Linear separability

The linear separation criterion is satisfied for only one cognitive mode, but not two other
in 0.79% of parameter configurations for mind-wandering (MW), 4.64% - for verbalization
(Ver) and 15.5% - for visualization (Vis). Two of the mind modes are linearly separable with
the third one located between separation lines in the 2D projection in 0.45% of parameter
configurations for MW and Ver, 1.02% - for MW and Vis and 1.24% - for Ver and Vis. All
three cognitive modes are linearly separable in 1.24% of parameter configurations.

Figure 3.8A illustrates for which parameter configurations the linear separation in
meditators group is observed. It can be clearly seen in the table, that linear separation
of visualization is prevalent in the region corresponding to the epsilon distance metric and
clock time scale for n ∈ [1, 5] and ∆ ∈ [0, 0.9], and is noticeably present for event time
scale, n ∈ [1, 3] and ∆ ∈ [0.1, 0.25]. As opposed to epsilon distance metric, Jaccard one
seems to be completely unsuccessful in separating any of the modes within meditators in
clock time scale. The linear separation of verbalization and mind-wandering appears to
be rare phenomenon, indicating the substantial overlap between these two mind modes,
preventing the separation. To have non-zero chances of linear separability of at least one
mind mode it is suggested to prioritize the choices of parameters corresponding to lower
left corner of the table, namely n ∈ [3, 7],∆ ∈ [0, 0.3].

Strict separability

Table 3.4 lists all cases where one-sided separation of epsilon machines is found for cognitive
condition within meditators group. Out of 882 parameter settings there are only 2 (0.23%)
separations of mind-wandering, 3 (0.34%) of verbalization and 6 (0.68%) of visualization.
The largest separation ratio RS = 0.94 corresponds to the separation of visualization in
event time scale, n = 7 and ∆ = 0.05, using epsilon distance metric. Generally, the sepa-
ration ratio is higher for longer n-gram length, however, for the listed separation cases the
event time scale gives noticeably higher values of separation ratio RS than clock and peak.
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Figure 3.8: The success of linear separation of cognitive modes within meditators - panel A,
and non-meditators - panel B, using 6 group-level machines over parameter range. Colors
within each cell denote linear separability of mind mode: purple - mind-wandering, green-
verbalization, yellow-visualization.
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Table 3.4: One-sided separation of cognitive conditions within the meditators group.

Mode Time n ∆ Metric RS

peak 2 0.10 0.29
MW

event 7 0.30
Jaccard

0.80
epsilon 0.74

peak 2 0.10
0.70Ver

event 5 0.05
Jaccard

0.87
clock 6 0.90 0.19

0.05 0.94
event 7

0.15
epsilon

0.93
2 0.55
3

0.05
0.75

Vis

peak
4 0.10

Jaccard
0.61

Separation percentage

Consider the separation percentage which is the measure of clustering that indicates
how close the ϵ-machines’ sets are to be separable with a strict criterion. Figure 3.9
demonstrates the distribution of one-sided separation percentage of cognitive modes within
meditators’ groups for observed and permuted data over the considered range of parame-
ters. The clear difference is that the distribution of permuted data seems to be uniform,
while the one of observed data is primarily located in the lower half of the range, most of
the time giving values between 20% and 40%.

The average separation percentage values for mind-wandering, verbalization, and vi-
sualization respectively are 15.64%, 25.46%, and 49.10% using clock time scale; 16.07%,
33.37%, and 37.58% for peak time scale; 20.40%, 36.13% and 43.06% for event time scale.
That is separability (clustering) improves from mind-wandering to verbalization to visu-
alization using either of the time scales. The mode values of separation percentage for
each cognitive mode fall in the same range for clock, peak, and event time scales: within
[10− 20]% for mind-wandering, which is much lower than for verbalization and visualiza-
tion which are within [30 − 40]%. None of the cognitive modes has a higher average of
the separation percentage than randomly permuted data, which reaches a 55% in all time
scales.
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Figure 3.9: The distribution of separation percentage of cognitive modes within meditators
- panel A, and within non-meditators - panel B, comparing observed and permuted data.

n-grams with biggest contribution to separation

The details about the extracted sets of n-grams having higher importance for observed
separations are given in Table 3.3. In the separation of mind-wandering and verbalization
in peak the first two blocks I1 and I2 are the same and consist of the 8 two-grams ending
with A or B that give 17.18% of the distance from mind-wandering to other modes and
16.78% of distance from verbalization to the other modes. For the event time scale, again in
both separation of mind-wandering and verbalization, the seven-grams or five-grams with
suffix DAD appear to be in the first block I1, however, its weight in the distance between
separated sets of ϵ-machines is considerably small - much less than one percent, which does
not allow to conclude on their importance/significance in the separation of corresponding
mind modes. The union I∗ of the heaviest blocks needed to accumulate 10% of the distance
includes 56 blocks with 1084 distinct n-grams for mind-wandering and 115 blocks with 91
distinct n-grams for verbalization, where each of the blocks has almost indistinguishable
equal contribution to the distance.

The only cognitive mode separated in meditators using a clock time scale is visual-
ization. The first block I1 consists of the 34 six-grams ending with at least one A or B
accounting for 14.6% of the distance between visualization and other modes. In contrast,
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separating visualization in peak and event time scales the weight of the first block in the
distance is much less than one percent, and 19 blocks with 12 distinct 3-grams are needed
to account for 10% distance in peak, and 902 blocks with 605 distinct 7-grams for event
mode. The regular expression describing the union of blocks for visualization in peak is
(A|B|C|D)DA|(A|B|D)BC|(A|B)(AD|CB)|ABD that describes 12 out of 64 possible 3-
grams. However, for the other cases where the union of many blocks was needed to account
for 10% of distance, the structure of the n-grams does not have many syntactical similari-
ties to allow description by the short regular expression.

3.3.3 Separating cognitive modes in non-meditators

Linear separability

The linear separation criterion is satisfied for only one cognitive mode, but not two other
in 0.79% of parameter configurations for mind-wandering (MW), 14.7% - for verbalization
(Ver) and 6.46.5% - for visualization (Vis). Two of the mind modes are linearly separable
with the third one located between separation lines in the 2D projection in 4.53% of
parameter configurations for MW and Ver, 6.23% - for MW and Vis and 65.3% - for Ver and
Vis. All three cognitive modes are linearly separable in 1.13% of parameter configurations.

Figure 3.8B illustrates for which parameter configurations the linear separation in non-
meditators group is observed. An evident conclusion is that linear separation of both visu-
alization and verbalization with mind-wandering between them is a common phenomenon
for n < 6, except using peak time scale and jaccard distance metric, where separability of
verbalization is still prevalent, but not visualization, which for these parameters appears to
be too close to mind-wandering. The mind-wandering itself is rarely separable with linear
criterion, however the observed cases suggest a clear trend in parameter settings: n = 7
in clock time scale with almost no difference with ∆ values, and n ∈ [5, 7], ∆ ∈ [0, 0.3] in
peak and event time scale, which corresponds to lower left corner of the table. There is
almost no difference in the performance of distance metrics when separating this mode.

The performance of mind-wandering within both groups is around the same, except that
clock time scale doesn’t give separations in meditators, but does in controls, specifically for
a high length n = 7. The performance of verbalization and visualization is substantially
different for two groups of participants, with the key feature being in the impact of mini-
mization. If you select the higher values of ∆ which causes a lot of n-grams to be merged
into each causal state, the mind modes within meditators become indistinguishable, while
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the differences between them within the group of controls still can be captured with linear
separation criterion.

Strict separability

Figure 3.10 outlines all successful cases of strict separations of cognitive modes within
non-meditators. Out of 882 parameter settings there is only one (0.11%) separation of
mind-wandering, 21 (2.38%) of verbalization and 192 (21.77%) of visualization, which is
considerably higher than the two other modes. Most of the separation instances of visual-
ization correspond to high degrees of minimization ∆ > 0.3 with n = 7 in peak time scale
and for any n in event time scale.

Separation percentage

Consider the separability measure relaxed from binary separation criteria to real-valued
in [0 − 100]% separation percentage. Figure 3.9B demonstrates the distribution of one-
sided separation percentage of cognitive modes within the group of non-meditators over
the considered range of parameters. Comparing the two participants’ groups, notice that
while for cognitive modes within meditators, most of the separation percentage values are
in the lower half of the range, but within non-meditators, separation percentage values
are higher, and most of them are located in the higher half of the range. However, the
distribution of permuted data appears to behave the same as within meditators having
uniform distribution.

The average separation percentage values for mind-wandering, verbalization, and vi-
sualization respectively are 43.83%, 52.55%, and 62.5% using clock time scale; 17.60%,
53.44%, and 80.22% for peak time scale; 43.66%, 63.86% and 89.15% for event time scale.
As for meditators, the separability (clustering) improves from mind-wandering to verbaliza-
tion to visualization using either of the time scales. For visualization cognitive mode over
90% of parameter configurations give very high values of separation percentage: 70−100%
in event time scale and 80− 100% in peak time scale. The separation percentage average
for randomly permuted data reaches a bit above 49% for clock and peak and 46% for event
time scales, which is lower than averages corresponding to verbalization and visualization
cognitive modes but higher than the ones corresponding to mind-wandering.
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n-grams with biggest contribution to separation

For the selected separation cases (with the highest separation ratio values) the details
of the n-grams most contributing to the separation cases are given in Table 3.3. The
highest considered n-gram length n = 7 gives almost the maximum possible value of RS

for separation of verbalization in the event (0.98) and visualization machines in peak (0.99)
and event (0.97) time scales.

The only observed case of the separation of mind-wandering corresponds to the event
time scale using n = 2. The first block I1 = {AC} consists of the single two-gram and
the union of three blocks that account for 10.99% of the distance between mind wandering
and other modes consists of {AC,BC}. A key role in separation verbalization in non-
meditators using a clock time scale is to play the six grams ending with at least one A or
B. The first block contains 32 six-grams and accounts for 11.76% of the distance. For the
separation of visualization in clock time scale the three two-grams {AB,BA,BC} are the
union of the first three blocks and account for the 11.15% of the separation distance.

In the rest of the separation cases of Table 3.3 can observe the following patterns:
transition DC occurs in the heaviest block I1 in the event time scale, n = 7, when sep-
arating verbalization - suffix ADCDC, and visualization - suffix DCDCD; for the peak
scale separating visualization, I1 consists of four 7-grams ending with A followed by five
Ds. However, all of the above cases have the very light weight of the first block in the
overall distance between separated sets, and the union of many blocks is needed to explain
10% of the separation distance. For verbalization, 19 blocks with 22 3-grams are needed
in peak and 600 blocks with 864 7-grams are needed for event time scale. Considerably
more n-grams are needed to account for 10% of the distance for separating visualization
cognitive: the union of 9089 blocks with 3481 7-grams in peak and the union of 1318 blocks
with 939 7-grams needed in event time scales.

3.4 Discussion

The application of finite state automata – epsilon-machines (ϵ-machines) for distinguishing
the EEG microstate sequences was studied, considering the data of two groups: meditators
and meditation-naive healthy individuals, as well as three cognitive conditions within each
group: mind-wandering, verbalization and visualization. The methodology incorporated
the separation of sets of ϵ-machines based on the distance in the metric space. The separa-
bility was achieved by applying two (binary) criteria: linear and strict, with the degree to
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Figure 3.10: The success of strict separation of cognitive modes within non-meditators, us-
ing 6 group-level machines over parameter range. Colors within each cell denote linear sep-
arability of mind mode: purple - mind-wandering, green-verbalization, yellow-visualization.

which the strict criterion was satisfied indexed by separation percentage (numerical). The
methods were also validated using permuted data.

When separating the groups using the observed data, the two groups’ ϵ-machines were
separable with the linear criterion for 93.88% of considered parameter configurations, as
compared with the permuted data, where, on average, only 1.35% of all considered parame-
ter configurations separated the ϵ-machines with permuted group labels (out of all possible
461 permutations). For the strict criterion, there were much fewer cases of separation as
compared with the linear criterion (13 and 827, respectively, out of 882 parameter configu-
rations); however, for the strict criterion there were no cases of successful separation using
the permuted data. Using the separation percentage as an index of separability (instead
of a strict binary ‘yes/no’ approach) for the observed data, 80% of parameter configura-
tions resulted in separation percentage values above 70%, as opposed to the permuted data
where 60% of the parameter configurations resulted in the separation percentage values
below 50%.

The separation of ϵ-machines of the two groups (meditators vs. non-meditators) was
considerably more robust than for the three cognitive conditions (mind-wandering, ver-
balization, and visualization) within the groups. The separability of ϵ-machines for the
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three conditions was considerably more successful in the non-meditator group than in the
meditator group using both the binary separation criteria (linear and strict) and sepa-
ration percentage, with superior performance for separating ϵ-machines for verbalization
and visualization conditions than for mind-wandering in both groups. For the linear cri-
terion, the percentages of parameter configurations that separate a given cognitive condi-
tion from the other two for non-meditators and meditators are, respectively: 12.6% and
3.51% for mind-wandering, 85.7% and 7.59% for verbalization, 79.1% and 19.0% for vi-
sualization. For the strict criterion, corresponding percentages are: 0.11% and 0.23% for
mind-wandering, 2.38% and 0.34% for verbalization, and 21.77% and 0.68% for visual-
ization for non-meditators and meditators, respectively. Overall, the ϵ-machines for the
visualization condition in non-meditators were 8.3 times more separable than the other
two modes within this group, as well as 17.45 times more separable than the ϵ-machines
of the three conditions from each other in meditators. When relaxing the strict criterion
to assess separation percentage, consistent separation was only achieved for visualization
in non-meditators, with values above 70% in most considered parameter configurations.

In relation to the n-gram lengths, using n = 1 for ϵ-machine construction (corresponding
to comparing pairwise transition probabilities when using epsilon distance or a number
of occurrences of transitions when using Jaccard distance) is as successful as other n-
gram lengths for the linear criterion for separating the groups and for verbalization and
visualization conditions within the non-meditators. However, for the strict criterion, which
requires machines to be clustered, n = 1 is not sufficient for successful separation, requiring
longer n-gram lengths, particularly 3 ≤ n ≤ 5 for two-sided group separation and 2 ≤ n ≤ 7
for separating cognitive conditions within the groups. This is a significant finding from
applying our method, since the investigation of the EEG microstate sequences of lengths
longer than one is beyond the capacity of the traditionally studied transition-probability
between EEG microstates (e.g., [43, 1]). This suggests that ϵ-machines are able to capture
differentiating aspects of EEG microstate dynamics that are not detectable by the standard
EEG microstate parameters (duration, coverage, and occurrence) and pairwise transitions.
Indeed, we do not observe significant group differences using these microstate parameters
or pairwise transition probabilities for the data in this study.

We have also explored different degrees of minimization (∆) of the ϵ-machines. With
higher degree of minimization, more n-grams are combined into causal states and treated as
equivalent in ϵ-machines, rather than being treated separately in terms of their contribution
to predicting the next causal state. Moving from coarse to fine-grained, the two extremes
are ∆ = 0, where transitions from every occurring n-gram matter, and ∆ = 1, where only
frequencies of transitions for each microstate matter (but not n-grams matter). For the
linear criterion, the degree of minimization is not crucial in separating the groups, meaning
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they are distinguishable at both extremes and in-between the extremes. However, less
minimization seems to be more advantageous when separating cognitive conditions, most
likely due to higher minimization resulting in the loss of necessary granularity (detail) to
distinguish between the conditions. The strict criterion appears to be even more sensitive
to minimization, with threshold 0.05 ≤ ∆ ≤ 0.3 being most optimal for separating both
groups and conditions. This conclusion on the preferred parameter range for this study
is based on the success of the strict criterion, which captures pronounced changes in ϵ-
machines’ separability.

The (binary) linear separability of the two groups’ ϵ-machines constructed using three
times scales (clock, peak and event) was comparable; however, the separation percentage (a
measure of clustering) was somewhat higher for temporal scales clock and peak (80−100%)
than for event (70 − 80%) for most parameter configurations. When distinguishing cog-
nitive conditions within the groups, peak (80.22%) and event (89.15%) performed better
than clock (62.5%), on average (across all parameter configurations), for separating vi-
sualization from the other two conditions in non-meditators. However, the differences in
the average percentage separation for the three timescales were relatively small, suggesting
that all three timescales were effective for the current data. The relative advantage of
using clock rather than event when separating the groups and vice versa when separating
the conditions within the groups is likely to be related to the factors (information) that
each timescale allows to ‘encode’ within the ϵ-machines. Thus, clock timescale contains
the highest granularity of information on the EEG microstate duration in the ‘raw’ EEG
microstate sequence, less so for peak, and none at all for event. This granularity, however,
cannot be retained for ϵ-machine construction using clock timescale, since capturing the
total duration of a microstate within one n-gram would typically require n > 30, which is
computationally infeasible with the current methods. For the short n-gram lengths (n < 8)
considered in this study, many repetitions of the same ’letter’ lead to degeneracy of the
captured ’vocabulary’ (n-grams occurring in data), which is more severe for clock than
either peak or event timescales. Consequently, one of these two factors, information on du-
ration vs. vocabulary richness, has more impact on the structure of ϵ-machines, most likely
accounting for the relative differences in separability: duration information in the case of
clock time scale, and vocabulary richness in the case of the event timescale. However, for
the ϵ-machine constructed using peak timescale, both factors appear to be more balanced.
Another observation that can be made is of the relative advantage of epsilon distance over
Jaccard distance in clock time scale and vice versa in event time scale. Following the
interpretation above, it could be that epsilon distance may be more effective in capturing
the impact of duration on distinguishability, while Jaccard could be more suitable where
vocabulary richness holds greater significance for distinguishability.
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The cases of strict separations between and within the groups corresponding to the
highest separation ratio values were considered in more detail to extract the n-grams that
can be highlighted in the observed separations of ϵ-machines’ sets. Structurally, highlighted
n-grams are members of the union of causal states’ intersections for ϵ-machine pairs, which
account for at least 10% of the distance between separated sets. Comparing ϵ-machines
between the groups of meditators and non-meditators in clock time scale the highlighted
set of n-grams consists of all five-grams (n = 5) ending with at least two D microstates, but
not starting with D; here n-grams with the longer suffix of D’s have a bigger contribution
to the distance between the groups. Complementarily, using the peak-based time scale
to separate the groups the highlighted set of n-grams consists of all three-grams (n = 3)
not ending with D. Separating the cognitive modes within the meditator group, the set
of all n-grams ending with either A or B microstate is highlighted for all three cognitive
modes: as two-grams (n = 2) using peak time scale when separating mind-wandering
(accounting for 17.78% of distance) and verbalization (16.78% of distance); and as six-
grams (n = 6) using clock time scale when separating visualization (accounting for 14.6%
of the distance). For cognitive modes within non-meditators, six-grams (n = 6) ending with
A or B are also highlighted using a clock time scale, but when separating verbalization
(11.6% of distance). The shorter length n = 2 in selected separation cases within non-
meditators highlights the specific words for separation of mind-wandering: AC, BC in
event scale, accounting for 10.91% of the distance; and for separation of verbalization:
AB, BA, BC in clock scale, accounting for 11.15% of the distance. Recall that n = 2 in ϵ-
machines differs from traditionally considered pairwise transitions, by corresponding to the
distribution of third letter transitions after two-grams. However, for cognitive modes within
both groups in around half of the selected separation cases the weight of the causal states
intersections in the distance between ϵ-machines was considerably small (much less than
1%). Therefore the set of n-grams accounting for at least 10% of the distance required
the union of many causal state intersections (from 19 to 9098 intersections, not having
many syntactical similarities), which all have almost indistinguishable contributions to
the distance. These separation cases correspond to higher lengths n = 5 or n = 7 using
the event time scale in meditators and event or peak time scale in non-meditators. The
above demonstrates that where the separation of cognitive modes within the groups can be
detected with ϵ-machines, looking at the transitions from the specific subset of the n-grams
is often not enough to account for the differences. Instead, the distinguishable differences
between cognitive modes lie in the transition probabilities accumulated among all causal
states. In this way, using ϵ-machines allows detecting more separations of cognitive modes
than does using traditional parameters or even n-gram frequencies.

The separability of ϵ-machines, both between and within the groups, in future studies
might possibly be improved by increasing the length of the EEG microstate sequence. It
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was previously reported low short-term test-retest reliability of EEG microstate parameters
[1] when comparing four repetitions of the same condition over two successive runs in
healthy individuals (with some sample overlap with the present study) and suggested that
future studies should collect EEG data by repeating the same conditions in shorter runs
(e.g., a break after each repletion), which might potentially improve test-retest reliability
across the repetitions of the same condition by reducing participant’s fatigue that results
in the alpha power drop affecting the overall reliability of EEG microstates. Therefore, the
recommendation for applying the methods reported here is to increase the EEG microstate
sequence data used for epsilon-machine construction by concatenating the EEG microstate
sequences from multiple repetitions of the same condition presented to the participants
with a break in between each repetition to improve the discriminant ability and reliability
of the method. Future research should also determine optimal EEG recording lengths
(EEG microstate sequence length) required for separability of the ϵ-machines in different
contexts (e.g., clinical groups, cognitive processes, etc.) for different sets of parameters.

Although the test-retest reliability of EEG microstates in the current sample was not
investigated, it is possible that the lack of significant differences in the standard EEG
parameters (duration, occurrence, coverage, and transition probabilities) of the three cog-
nitive conditions between- and within- groups is due to the within-subject parameter vari-
ations between the two repetitions of each condition. Nevertheless, the differences are
detectable using ϵ-machines modeling the syntax at the ‘vocabulary’-level dynamics of
EEG microstate sequences with a broad range of parameter settings (n-gram length, mini-
mization threshold ∆) and all temporal resolutions (clock, peak, event). It was previously
demonstrated that the spatiotemporal neurodynamics characterized by EEG microstate
sequences require a richer model to capture its complex syntax [45], with the results of the
present investigation yielding further support for using methods sensitive to higher-level
grammatical structure. Epsilon-machines yield new insight and allow for exploration of
the syntactic structure of dynamic systems generating EEG microstate sequences arising
in different cognitive states and in different populations.

In order to combine data from multiple participants it is necessary to give labels to
momentary maps to classify each pattern of electrical activation as a standard microstate
following a well-defined method. Here, the closest Milz maps with standard ”alphabet”
A,B,C,D [43] was used. Although the explained variance of microstate topography is lower
than for data-driven maps, by skipping the step of finding group-level maps, this approach
provides a computationally quick approach to EEG sequence generation that could be
readily applied to construct epsilon-machines in close to real-time for future applications.
The standard maps used in this study already showed separability of machines, however
future research should compare the template map labelling with data-driven microstates in
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the same sample in terms of separation success using epsilon-machines, which should only
get better with additional tuning and customization, but this was outside of the scope of
the current study.

Similarly to [3], the proposed method includes the classification of the occurring words
of the fixed length into classes, however, the classification procedure as well as further
methodology is different in our work. Instead of classifying the words based on the amount
of randomness in them, our merging criterion for n-grams is based on similarities in prob-
abilities of n future transitions. Therefore, instead of inferring syntactical classes, our
approach infers not only classes of statistically similar words but also connections between
them, i.e., dynamics in the form of an generative automaton, allowing further syntacti-
cal analysis of the grouped words and probabilistic transitions between them. While for
epsilon-machine construction, n-gram length is pre-defined, in Microsynt the optimal word
size is inferred from data. The automatic inference of model’s parameters could potentially
become further modification, although the optimality condition for the proposed method
is non-obvious and non-trivial to define.

The epsilon-machine method assumes the time stationarity of the given sequences,
therefore for the sequences of shorter duration, it is recommended to explicitly test their
stationarity prior to model construction. In our experimental study, stationarity was as-
sumed for the 3-minute recordings within a cognitive mode at a group level, which was not
tested, but is likely to hold due to the tendency towards increase in stationarity at longer
time scales [69].

The presented epsilon-machine reconstruction method is based on the words of length
n occurring in data and empirical transition probabilities, conditioned on the last n mi-
crostates. It is thus guaranteed to capture temporal dependencies of the sequences that
are of size n or shorter (by merging the corresponding n-grams with different prefixes into
one causal state such that prefixes become irrelevant). This already aligns with the finding
of [69] that the EEG microstate sequences description generally requires longer memory
than just the two most recent microstates, but only finite memory in the long run. In
the experimental study the word size up to 7 was used and was found to be sufficient
for distinguishing sequences from different sources, however, the question of how well the
model with n < 8 captures the temporal dependencies of the data was not studied. This
can be the direction of further research, assessed by methods similar to [69] and [28], and
can potentially help in establishing the optimal history length size. However, whether
the presented model or similar DPFA reconstruction techniques are capable of capturing
temporal dependencies of the sequences of size longer than n remains a question. Intu-
itively it is possible with the epsilon-machine inference methods that do not directly rely
on finite words occurring in data, e.g., topological reconstruction [61], but not possible for
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the methods that do. However, there is evidence [58], also recreated in Chapter 2, that an
epsilon-machine built based on n-grams by CSSR method is capable of reconstructing (the
exact structure of) even a non-Markovian process with infinite memory, such as the so-
called even process with unbounded dependencies. This is possible since epsilon-machines
do not encode memory of the past in the last n-observations, but rather in causal states.
Theoretically, given an infinite amount of data and using infinite histories, the epsilon-
machine method can accurately infer a correct model of the underlying process generating
the sequence of observations [16]. However, in practical settings, data set size is always
limited, as well as the history length, and therefore every reconstructed epsilon-machine
is only the approximation of the target minimal generative dynamical system. Moreover,
using histories of length n, the state space grows exponentially in the n-gram length, so
even for the large datasets the maximal computationally feasible n-gram length may con-
strain the accuracy of the reconstructed model. The above comprises a limitation of the
suggested approach, however, the success in differentiating conditions and groups obtained
in our study demonstrates that essential differences in dynamical features can be captured
with the proposed method (i.e., are sufficiently approximated), even when using relatively
small dataset sizes and short word lengths n < 8.

In conclusion, the conducted study demonstrates the potential of applying the dynami-
cal model ϵ-machine (based on both complex EEG microstate syntax and n-gram transition
probabilities) for distinguishing EEG microstate sequences of different groups and cognitive
conditions. Accomplishing the primary objective, the presented analysis found evidence for
a strong separability between groups, while making partial progress toward the secondary
objective of separating cognitive modes, as evidenced by considerably high separability of
these modes within non-meditators.
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Chapter 4

The Study of the Transformation
Semigroup of the Abelian and
Directed Non-Abelian Sandpiles

The sandpile model is a discrete event dynamical system always considered on a fixed graph
with certain toppling rules for the stabilization of the configurations of the graph. In this
chapter we first consider the Abelian sandpile on a 2-regular graph: show the structure
of the recurrent configurations, idempotent, and generators of the recurrent group, and
conclude it is cyclic; additionally, we consider the complexity of the arbitrary finite Abelian
semigroup. Second, we consider the non-Abelian aperiodic sandpile semigroup on directed
rooted trees: show the aperiodic complexity of the semigroup and construct the emulation
of the sandpile semigroup by a minimum length wreath product of irreducible blocks.1

4.1 Introduction

The sandpile is a dynamical system defined on a fixed graph, where every vertex is a
reservoir that has the capacity to contain up to a certain amount of sand grains, and every
edge is a path along which the grains can move between the vertices. The dynamics arise
from the process of adding the grains to randomly selected vertices until some vertex of the
graph becomes overfilled, i.e., exceeds its capacity, and then topples its sand grains to its

1The results described in this chapter, except Section 4.3.3, were presented at the VI AMMCS Interna-
tional Conference on Addressing Modern Challenges in the Mathematical, Statistical, and Computational
Sciences and accepted for publication in the conference proceedings book [20].
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neighbors. After enough time, when many vertices of the graph are close to being full, one
added grain can cause a long sequence of firings before stabilizing the graph. Such wave
of topplings is referred to by physicists as avalanches, and this property of the nonlinear
dynamical system - to gradually approach a critical point where a minor change causes
a drastic transition - is called self-organized criticality. Examples of such critical-point
phenomena from nature can be the phase transition, earthquakes, or the fluctuations in
economic systems such as financial markets, while the sandpile is the simple abstract model
that demonstrates it, and is a good example of how the natural complexity emerges from
the simple local interactions. The sandpile model was first introduced on two-dimensional
infinite square grids by Bak, Tang, and Wiesenfeld [5], expressing this physical phenomenon
with a cellular automaton. The early theoretical work showed that such a process obeys
power-law distributions (in terms of how many vertices topple in avalanches) and can
be linked to fractal geometry and pink (1/f) noise. The other physical properties of the
system, such as the conservation of energy, were also investigated.

If such a model is considered on the finite graph with a sink vertex, every unstable
(overfilled) configuration can be stabilized in a finite number of steps. It was shown that
the order in which the vertices are toppled does not matter and the resulting stable config-
uration is unique. It appeared in the literature under the names of dollar game [7, 8] and
chip-firing [34], and was studied from algorithmic perspective [63, 44, 66], for example, on
finite graphs without a sink considering whether an avalanche terminates and what is a
bound on its length.

Another view on the sandpile model considers only the resulting configuration as a
subject of interest, disregarding all the intermediate steps of the stabilization process, i.e.,
it studies the so-called sandpile semigroup. The stable configurations of sand grains in
the graph can be considered as the state space acted upon by the operations of adding a
grain at any vertex and stabilizing the graph, giving the transformation semigroup. Al-
ternatively, the stable configurations with the associative binary operation of addition, are
themselves considered a semigroup. It was shown that such a model is Abelian [21] and
that every sandpile semigroup has a subgroup formed by recurrent graph configurations.
The Abelian sandpile group was the subject of many different studies, particularly the con-
nection between the graph and the group size was established through the graph Laplacian
and the structure of the recurrent group has been completely determined for some families
of graphs, for instance, [18, 29]. There are also more general studies about the sandpile
semigroup, for example, [65], considering the directed graphs and connection between the
lattice of idempotents and strongly connected components of the graph. There are also
several other variations of the model, such as stochastic sandpiles [32, 12] or non-Abelian
sandpiles on directed graphs [4], that, for example, consider the rate of convergence to
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stationarity.

In this chapter, some properties of the transformation semigroup of the sandpile model
will be considered. In section 4.3, we consider Abelian sandpiles for the simplest graph:
a cycle. We first prove several stabilization properties and then describe the structure of
the identity element and a generating configuration of the recurrent group. This yields an
explicit alternative way of understanding the well-known cyclic structure of the recurrent
group of this 2-regular graph. In section 4.4 we consider non-Abelian sandpile on rooted
trees defined in [4]. We construct a minimal embedding of a sandpile monoid in a wreath
product of Cartesian products of flip-flop semigroups and conclude that the aperiodic
complexity [47] of the sandpile semigroup is the depth of the tree.

4.2 Preliminaries

The background on the transformation semigroups and wreath products can be found in
[22], while the main definitions are given below.

Definition 4.2.1. Let S and T be the transformation semigroups acting on the sets of
states X and Y respectively, denoted as (X,S) and (Y, T ). The wreath product of two
transformation semigroups (Y, T ) and (X,S) denoted as (Y, T ) ≀ (X,S) is a transformation
semigroup (Y × X,W ) that acts on the direct product Y × X of the state sets by the
transformations w ∈ W composed of two components satisfying the following:

∀w ∈ W, w = (f(x), s), such that s ∈ S, and f : X → T,

where for every element w ∈ W both the function f : X → T and the transformation
s ∈ S are uniquely determined and depend only on w. The semigroup W consists of all
such possible transformations. Then for every state, the wreath product transformation
acts component-wise:

∀(y, x) ∈ Y ×X, (y, x) · w = (y · f(x), x · s) ∈ Y ×X.

The above definition naturally extends to the wreath product of n transformation semi-
groups (Xi, Si), where every component fi of the transformation w ∈ W is a function of
the suffix (xi−1, . . . , x1) of the state (xn, . . . , x1) ∈ Xn × · · · ×X1 that w is acting on:

(Xn, Sn) ≀ · · · ≀ (X1, S1) = (Xn × · · · ×X1,W ), ∀w ∈ W, w = (fn, . . . f2, f1),

where the components fi act component-wise on xi ∈ Xi and are defined as follows:

f1 ∈ S1, f2 : X1 → S2, fi : Xi−1 × · · · ×X1 → Si, 1 < i ≤ n.
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Definition 4.2.2. The transformation semigroup (X,S) divides the transformation semi-
group (X ′, S ′), denoted as (X,S) ⪯ (X ′, S ′), if there exist Y ⊆ X ′, T ⊆ S ′, a surjective
mapping of states α2 : Y → X and a homomorphism of semigroups α1 : T → S such that

∀y ∈ Y, t ∈ T, α2(y · t) = α2(y) · α1(t).

For the above, it is equivalent to say that (X ′, S ′) emulates (X,S). If the mapping of
states α2 is bijective and α1 is a semigroup isomorphism, it is said that (X,S) embeds in
(X ′, S ′), denoted as (X,S) ↪→ (X ′, S ′).

Definition 4.2.3. The flip-flop transformation semigroup denoted as FF = (X,S)
consists of three transformations S = {1, Ca, Cb} - identity map and two constant maps,
acting on two states X = {a, b} as follows:

a b

Cb

Ca

1, Ca 1, Cb

(a) Semigroup structure

· 1 Ca Cb

1 1 Ca Cb

Ca Ca Ca Cb

Cb Cb Ca Cb

(b) Multiplication table

Figure 4.1: The structure and multiplication table of flip-flop transformation semigroup.

To illustrate the notion of the wreath product given above consider the following
example. The wreath product of two flip-flops FF ≀ FF = (Y,W ) acts on the states
y = (y1, y0) ∈ Y = {a, b} × {a, b} by the cascade transformations w ∈ W, w = (w1, w0)
where w0 ∈ {1, Ca, Cb} and w1 : {a, b} → {1, Ca, Cb} as y · w = (y1 · w1(y0), y0 · w0).

Every transformation of this wreath product FF ≀ FF can be represented as a cascade
as shown in Figure 4.2a, where nodes describe the transformations of the corresponding
level and edges describe the dependencies on states. Consider the lexicographic ordering
of states in Y , i.e., y1 = (a, a), y2 = (a, b), etc. Then the transformation t = (w1, w0) ∈ W ,
illustrated in Figure 4.2b, where w0 = Cb, w1(a) = 1, w1(b) = Ca acts on the first state
y1 = (a, a) as follows:

y1 · t = (a, a) · (w1, w0) = (a · w1(a), a · w0) = (a · 1, a · Cb) = (a, b) = y2, i.e. y1 7→t y2,

i.e., mapping the first state y1 to the second state y2. In list transformation notation t can
be described as a list where ti = j means yi 7→t yj for fixed ordering of states. Thus, for
the illustrated transformation t the list notation gives t = [2, 2, 4, 2].
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w0

w1(a) w1(b)

a b

(a) Transformation structure

Cb

1 Ca

a b

(b) Example: t = [2, 2, 4, 2]

Figure 4.2: The general structure of cascade transformations w = (w1, w0) ∈ W of the
wreath product FF ≀ FF = (Y,W ) of two flip-flop semigroups FF = (X,S), where Y =
X ×X. The example of such transformation t ∈ W is given in cascade representation and
list transformation notation, where ti = t(yi) for lexicographically ordered states yi ∈ Y .

The concepts of wreath product and emulation/division defined for transformation
semigroups (X,S) can also be considered in general for any semigroup S, assuming it
acts on itself (S, S). Every finite semigroup can be emulated by a wreath product of some
building blocks (smaller semigroups and groups), called a wreath product decomposition of
S. For instance, the flip-flop semigroup defined above is the simplest non-trivial aperiodic
building block that can be used in such decomposition. As decomposition allows us to
understand what simple components can represent the system’s structure, a complexity
measure that maps finite transformation semigroups to natural numbers arises from it.

Definition 4.2.4. [64] Consider a wreath product decomposition of finite semigroup S:

S ⪯ An ≀Gn ≀ · · · ≀G1 ≀ A0,

where Gi are groups and Ai are aperiodic semigroups (i.e., do not contain any non-trivial
subgroups). The Krohn-Rhodes complexity of semigroup S, denoted as cpx(S) is the
smallest number n of non-trivial groups required to emulate the semigroup S.

The complexity measure cpx is the unique point-wise maximal function that satisfies
the following axioms:

1. cpx(G) = 1 for any group G,

2. cpx(FF ) = 0 for flip-flop FF ,

3. cpx(S ≀ T ) ≤ cpx(S) + cpx(T ),

4. cpx(S × T ) ≤ max(cpx(S), cpx(T )),

5. S ⪯ T =⇒ cpx(S) ≤ cpx(T ) .

Every aperiodic semigroup can be emulated by the wreath product of flip-flops, which
gives complexity zero by the above definition. To study finite aperiodic semigroups, con-
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sider the modified definition of complexity function: define the complexity of flip-flop
semigroup as one, denote the direct product of k flip-flops as Uk, then the definition is:

Definition 4.2.5. [47] For a finite aperiodic semigroup S, the aperiodic complexity
function, denoted as C(S), is defined as the minimum number of levels n in the wreath
product necessary to emulate the system:

S ⪯ An ≀ · · · ≀ A1, where Ai = FF or Ai = Uk = FF × · · · × FF︸ ︷︷ ︸
k

, for some k.

The function C is the unique maximal function on aperiodic semigroups that satisfies
C(FF ) = 1 and axioms 3,4,5 for Krohn-Rhodes complexity.

The additional facts from the semigroup theory that will be used later are given below.2

Definition 4.2.6. The semigroup morphism ϕ : S → T is called aperiodic if for all
idempotents e ∈ T the inverse image ϕ−1(e) is an aperiodic semigroup.

Statement 4.2.7. For any homomorphism ϕ : S → T between semigroups S and T the fol-
lowing properties are equivalent (proposition in [25], p.334): (i) ϕ is aperiodic, (ii) if G is
a group in S and Gϕ is a singleton, then G is a singleton, (iii) ϕ is injective on groups in S.

Statement 4.2.8. Let S be a finite semigroup. For an idempotent e ∈ S, e2 = e denote
maximum size subgroup of S containing the idempotent e as Ge. The following holds [53]3:

a) every element s ∈ S has a unique idempotent power sv, i.e., svsv = sv, and there is
the integer ω ≥ 1 such that sωsω = sω is the idempotent for all elements s ∈ S,

b) the identity element of the cyclic group C = ⟨s⟩ generated by any element s ∈ S is
the idempotent power sω, and sω+k ∈ C for every integer k ≥ 0,

c) every group G ⊆ S whose identity is e ∈ G, e2 = e is contained in a maximal
group G ⊆ Ge of this idempotent and for two idempotents e1 ̸= e2 the corresponding
maximal groups are disjoint Ge1 ∩Ge2 = ∅.

Lemma 4.2.9 (Fundamental Lemma of Complexity [64]). If ϕ : S → T is an aperiodic
homomorphism of semigroups from S to T , then cpx(S) ≤ cpx(T ).

2These are known facts not the results of this thesis (statements 4.2.7, 4.2.8, lemma 4.2.9). The rest of
the stated lemmas and theorems are all derived/reproved within the scope of this study.

3For a list of general facts the book with corresponding background on semigroups is given as a reference.
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4.3 Abelian sandpiles

A detailed description of the Abelian sandpile model and its properties can be found in
[21]. Here we list several key features, needed for understanding the work in this thesis.

4.3.1 Model description

In an arbitrary finite non-directed graph G = (V,E) fix one vertex, reachable from all
other vertices4, to be the sink—a dissipative vertex. The capacity ci of every non-sink
vertex equals its degree (the number of edges it is connected to). The sink vertex is always
empty and absorbs all grains that fall into it. For a fixed order of vertices, a configuration
of the sandpile graph can be described by the vector (a0, a1, . . . , aN) where |V | = N + 1,
and ai denotes the number of grains in the vertex vi. A configuration is called unstable if
the number of grains in at least one of the vertices contains at least as many grains as its
capacity, i.e., ∃ 1 ≤ i ≤ N such that ai ≥ ci, otherwise it is called stable. Stabilization is
a finite iterative process of toppling all unstable vertices simultaneously, which eventually
leads to a unique stable configuration. Here the toppling of an unstable vertex refers to
the operation of passing one grain to each of its neighbors.

Definition 4.3.1. The stable sandpile configuration is called recurrent if it is reachable
from every other stable configuration by adding several sand grains to some vertices and
stabilizing the graph. Otherwise, it is called transient.

Thus all stable configurations are divided into these two disjoint types. The example of
a recurrent configuration is one where every vertex contains the maximum amount of sand
grains, i.e., ai = ci − 1. Actually, for every stable configuration (b0, . . . , bN), bi ≤ ci − 1
there exists a complement configuration (f0, . . . , fN) such that fi = ai − bi for 1 ≤ i ≤ N
that is also stable as 0 ≤ fi ≤ ci − 1, and it gives maximal configuration, when added
to (b0, . . . , bN). Thus, showing that the maximal configuration ai = ci − 1 is recurrent
according to the above definition.

Definition 4.3.2. The set of all stable sandpile configurations with the binary operation
of adding configurations vertex by vertex and stabilizing the result, is associative and closed
under composition, therefore forming the sandpile semigroup. The subset of all recur-
rent configurations is a minimal ideal of the sandpile semigroup that forms the sandpile
group, sometimes called the recurrent group.

4Thus here and later graphs are assumed to be connected.
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Definition 4.3.3. A non-empty subset I of a commutative semigroup S is called an ideal
if SI ⊆ I, i.e., i ∈ I, s ∈ S implies si ∈ I. An ideal M of S is minimal if every ideal I
of S included in M coincides with M , i.e., I ⊆ M =⇒ I = M . The minimal ideal of a
commutative semigroup, when it exists, is a group.

As shown above, every sandpile has at least one recurrent configuration, thus it also
has at least the trivial sandpile group.

4.3.2 One-dimensional case: 2-regular non-directed graph

Consider a two-regular graph G = (V,E) which has |V | = N +1 vertices and v0 is the only
sink vertex. Such graph has circle structure, and in a stable configuration, each vertex
can contain at most one sand grain. The sandpile semigroup defined by such a graph is
mentioned in [52] as a one-dimensional model. They give an intuitive formulation of the
stabilization rule by mirroring unstable vertex. This rule is given without proof, so first
we formalize and prove this statement and then use it to describe the sandpile group of a
circle graph.

Lemma 4.3.4. Consider the Abelian sandpile model on a 2-regular graph G = (V,E),
|V | = N + 1 with a sink vertex v0. Let the vector a = (a0, a1, ..., aN , aN+1) describe a
configuration of grains with a0 = aN+1 = 0 corresponding to the sink vertex. Consider
adding a grain into the vertex vs such that 0 < s < N + 1, as = 1. Let i < s and j > s
be the indices of the two closest empty vertices, that is 0 ≤ i < s < j ≤ N + 1, ai = aj =
0, ak = 1 for all i < k < j. Then, in the result of stabilization of the configuration a with
as = 2 obtain the configuration a = (a0, a1, . . . , aN , aN+1) constructed as follows:

1. set as = 1 and ai = aj = 1, then ai+j−s = 0,

2. set ak = ak for the rest of the vertices, i.e., ∀k such that k /∈ {i, j, s, i+ j − s},

3. set a0 = aN+1 = 0 for the sink vertex.

Proof. Consider induction for (j − i). Ensure that in two base cases statement holds:

(j − i = 2) : ...020...→ ...101..., (j − i = 3) : ...0210...→ ...1020...→ ...1101...,

where a is stabilized in one or two updates. Assume it is true for all j−i ≤M and consider
j − i =M + 1. W.l.o.g. i < s− 1, after the first toppling as = 0, as−1 = 2.
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• if s + 1 < j, then as+1 = 2. Using induction hypothesis, first stabilize segment
ai, . . . , as - get ai+1 = 0, then stabilize segment ai+1, . . . , aj - get ai+j−s = 0:

a = (...0
i
1...120

s
21...10

j
...) −→ (...1

i
01...11

s
21...10

j
...) −→ (...1

i
1...1 0

i+j−s
1...11

j
...),

• otherwise s+ 1 = j, aj = 1 and stabilization of ai . . . as results in a stable configura-
tion, with ai+1 = 0, where i+ 1 = i+ j − (j − 1) = i+ j − s as expected.

The third step in the lemma ensures that grains are discarded in the new configuration, if
fall into the sink, i.e., if i = 0 and/or j = N + 1.

The structure of the sandpile group

For convenience, let’s denote the configuration containing the maximum possible number
of grains (maximal configuration) by A, and for every 1 ≤ i ≤ N the configurations where
exactly only the i-th vertex is filled by Ci and where exactly only the i-th vertex is empty
by Bi. Describing them by binary vectors a = (a0, a1, ..., aN , aN+1) with a0 = aN+1 = 0
corresponding to the sink vertex, we get the following:

A = (0
0
1....1 0

N+1
), Bi = (0

0
1...10

i
1...1 0

N+1
), Ci = (0

0
0...01

i
0...0 0

N+1
), i ∈ {1, ..., N}.

Because of the circle structure of the 2-regular graph extend this notion for the negative
indices: Bi−k = B(i−k+N+1). Also, notice the equality B0 = BN+1 = A as both a0 and aN+1

correspond to the sink. Using the stabilization rule described in Lemma 4.3.4, and the
defined above notation for configurations, the following addition rules can be derived for
the sandpile on the circle graph.

Lemma 4.3.5. For any indices 1 ≤ m, k ≤ N the following holds:

Bm + Ck = Bm−k = BN+1+m−k.

Proof. To stabilize addition using Lemma 4.3.4 have to establish the closest empty vertices
i and j. Consider cases:

1. k < m, then i = 0, j = m, and Bm + Ck = Bm−k,
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2. k = m, then Bm + Ck = Bm + Cm = A = B0 = BN+1 or equivalently A = Bm−k =
BN+1+m−k,

3. k > m, then i = m, j = N + 1, and Bm + Ck = BN+1+m−k.

Lemma 4.3.6. The addition of two grains of sand to the vertices equidistant from the sink
acts as identity transformation on the type A and type B configurations:

∀k < N − k + 1 : A+ Ck + CN−k+1 = A, Bm + Ck + CN−k+1 = Bm 1 ≤ m ≤ N.

Proof. By Lemma 4.3.4 have: (A + Ck) + CN−k+1 = BN−k+1 + CN−k+1 = A. By Lemma
4.3.5 have: Bm + Ck + CN−k+1 = Bm−k + CN−k+1 = BN+1+m−k−(N+1−k) = Bm .

The above rules for configuration addition help to understand the structure of the
sandpile group and, as stated in the following Theorem 4.3.7, show which configurations
are generators and which act as identity.

Theorem 4.3.7. For the Abelian sandpile on a 2-regular graph G = (V,E) with |V | = N+1
vertices where the only sink is the vertex v0 ∈ V the following hold:

1. The elements of the sandpile group G = G(G ) are the configurations that have at
most one empty vertex:

G = {A,B1, . . . , BN}.

2. The identity element I = I(G ) of the sandpile group G = G(G ) has the following
structure:

I =


A, if N is even,

Bq, q =
N+1
2
, otherwise.

3. A generator G̃ = G̃(G ) of the group can be defined as follows:

G̃ =

{
B2 - if N = 4k + 1 for some k,

B1 - otherwise.

4. The sandpile group G = G(G ) is a cyclic group of size N + 1.
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Proof. 1. Graph G has N+1 spanning trees, so there are N+1 recurrent configurations
[21]. The maximal configuration A is reachable from any other configuration, so is
recurrent by definition. Moreover, by Lemma 4.3.4 we have Bi = A+ CN+1−i, so Bi

is recurrent as well. So, A and Bi are all elements of the sandpile group G = G(G ).

2. For N = 2m identity is I = A =
∑m

k=1(Ck +CN−k+1). Also, for N = 2m+1 we have
I = Bm+1 =

∑m
k=1(Ck+CN−k+1), so Lemma 4.3.6 implies that A+I = A, Bi+I =

Bi =⇒ I is the identity element.

3. First, consider N = 2m and show that G̃ = B1:

As B1 = C2 + ...+CN =
∑m

k=2(Ck +CN−k+1) +CN =⇒ Bi +B1 = Bi +CN using
Lemma 4.3.6. Then conclude Bi + B1 = Bi+1, 1 ≤ i ≤ N using Lemma 4.3.4. So,
B1 generates all elements of the group < B1 >= {B1, B2, ..., BN , BN+1 = A} = G.

Second, consider N = 4m+ 1 and show that G̃ = B2:

B2 =
2m∑

k=1,k ̸=2

(Ck + CN−k+1) + CN−1 + C2m+1 =⇒ Bi +B2 = Bi + C4m + C2m+1,

for any i ∈ {1, ..., N}, using Lemma 4.3.6. Then we conclude that Bi + B2 =
Bi−4m+N+1 + C2m+1 = Bi+2 + C2m+1 = Bi−(2m−1) using Lemma 4.3.5. In other
words, by adding a configuration B2 to configuration Bi we move the position of the
empty vertex i by 2m− 1 positions backward in a circle. Repeating additions of B2

and considering the intermediate moment Bi + k1 · B2, then ∃ k2 : Bi + k1 · B2 =
Bi+(k1+k2) ·B2 as we have a finite number of type B configurations. Suppose that
the configuration repeats after t full turn around the circle, then

(2m− 1)k1 = (2m− 1)(k1 + k2)− t(N + 1) =⇒ k2(2m− 1) = 2t(2m+ 1).

As 2m− 1 and 2m+ 1 are coprime =⇒ k2|(4m+ 2) =⇒ k2 ≥ N + 1 =⇒ at least
N + 1 different elements occur, before the sequence Bi +B2 + · · ·+B2 has repeated
element. So, < B2 >= G(G ).

The case where N = 4m+ 3 is analogous, so omitted.

4. As G has N + 1 elements and one generator, it is cyclic group G = CN+1.

To illustrate the pattern that the identity and generators follow, consider Figure 4.3
where the structure of sand configurations described by Theorem 4.3.7 is represented by
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(b) Generators

Figure 4.3: The illustration of the structure of the identity elements and generators for a
circle graph with N ∈ {2, 3, 4, 5} non-sink vertices. The color indicates the number of sand
grains in the corresponding vertex, and the number in the vertex denotes the ordering.
The blue color denotes an empty vertex, the green denotes one containing a single sand
grain, and the gray vertex is a sink.

colors on the circle graph (narrowed graphs for compactness) with fixed vertex ordering.
With the increase in the number of vertices, the identity element follows the alternating
pattern, while the generator has a period of four steps. It is worth noting, that while the
cyclic group Cn is generated by one element, the generator configuration is not unique. The
one shown in the example and described in the theorem is the lexicographically smallest.

4.3.3 Complexity of Abelian semigroups

The following fact about the complexity of Abelian semigroups was briefly stated, for ex-
ample in [53] and [38] without giving the formal proof. Although it is a known fact and was
probably considered by the authors as the natural implication of the described theory, this
question arose during the study of Abelian sandpiles, and two versions of proof were derived.

Theorem 4.3.8. The Krohn-Rhodes complexity cpx(S) of any Abelian semigroup S is at
most one, cpx(S) ≤ 1.

Proof. Let E ⊆ S, |E| = m be the set of all idempotents of S with a fixed numbering of
elements E = {e1, e2, . . . , em} and Gk denote the maximal subgroup of S containing the
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idempotent ek (some of the Gk may be trivial groups). Due to Statement 4.2.8(c) all Gk

are disjoint. Denote the union T = G1 ⊔ · · · ⊔Gm.

Due to Statement 4.2.8(a) there is an integer ω such that ∀s ∈ S, sω is the idempotent.
Consider a semigroup morphism ϕ : S → Im(ϕ) ⊆ S defined as ϕ(s) = sωs, ∀s ∈
S. As multiplication in S commutes, ϕ is a structure preserving mapping: ∀s1, s2 ∈
S, ϕ(s1)ϕ(s2) = sω1 s1s

ω
2 s2 = sω1 s

ω
2 s1s2 = (s1s2)

ωs1s2 = ϕ(s1s2). For any element s ∈
S, suppose sω = ek, then its image ϕ(s) = sωs = sω+1 ∈ ⟨s⟩ ⊆ Gk belongs to the
corresponding group Gk, due to Statement 4.2.8(b),(c), meaning Im(ϕ) ⊆ T . Moreover,
every group element s ∈ Gk is mapped to itself ϕ(s) = sωs = eks = s ∈ Gk, meaning
that T ⊆ Im(ϕ) and ϕ is injective on groups. The mutual inclusion implies Im(ϕ) = T ,
and T is a subsemigroup of S. Thus we conclude that ϕ is a semigroup homomorphism
ϕ : S → T that is injective on groups in S, therefore aperiodic due to Statement 4.2.7.
The Fundamental Lemma of Complexity 4.2.9 implies cpx(S) ≤ cpx(T ).

Consider a new element I acting as identity on S, that is ∀s ∈ S∪{I}, sI = Is = s. Let
Y = GI

1×· · ·×GI
m with component-wise multiplication denoted by ∗, where GI

i = Gi∪{I}.
For the generator g of group Gk ⊆ T there is the element y⃗g = (y1, . . . , ym) ∈ Y such that
yi = g for i = k and yi = I for i ̸= k. Let Y

′
be the semigroup Y

′ ⊆ Y generated
by elements y⃗g for all generators g ∈ Gk and all groups 1 ≤ k ≤ m. Consider the
mapping ψ : Y

′ → T defined for all y⃗ = (y1, . . . , ym) ∈ Y
′
as ψ(y⃗) =

∏m
j=1 yj with

multiplication in S. As S is Abelian, for all a⃗ = (a1, . . . , am), b⃗ = (b1, . . . , bm) ∈ Y
′
we have

ψ(⃗a)ψ(⃗b) =
∏m

j=1 aj
∏m

j=1 bj =
∏m

j=1(ajbj) = ψ(⃗a∗ b⃗). Therefore, ψ : Y
′ → T is a surjective

homomorphism that implies division T ⪯ Y .

By the Definition 4.2.4 of Krohn-Rhodes complexity, cpx(T ) ≤ cpx(Y ) (axiom 5) and
cpx(Y ) = 1 (axiom 1). Thus, cpx(S) ≤ cpx(T ) ≤ cpx(Y ) = 1 completes the proof.

The above proof gives an understanding of the semigroup’s structure by using groups Gi

as building ‘blocks’ for mappings. If the homomorphism ψ could be constructed, that is not
only surjective but injective (for a modified Y ), that would correspond to the embedding of
blocks. As this embedding was not achieved in this study, an alternative shorter proof that
shows a ‘rougher’ emulation, but does not use the Fundamental Lemma of Complexity 4.2.9
was derived and is given below.

Proof for Theorem 4.3.8. Let m be the semigroup size |S| = m and fix the ordering of
elements. Consider the semigroup Y = SI

1 × · · · × SI
m with component-wise multiplication

denoted by ∗, where SI
j = ⟨sj⟩∪ {I} is the monogenic semigroup generated by the element

si ∈ S and I is the element acting as identity on S, i.e., ∀s ∈ S ∪ {I}, sI = Is = s.
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Consider the mapping ψ : Y → S defined for all y⃗ = (y1, . . . , ym) ∈ Y as ψ(y⃗) =
∏m

j=1 yj

with multiplication in S. As S is Abelian, for all a⃗ = (a1, . . . , am), b⃗ = (b1, . . . , bm) ∈ Y
′
we

have ψ(⃗a)ψ(⃗b) =
∏m

j=1 aj
∏m

j=1 bj =
∏m

j=1(ajbj) = ψ(⃗a ∗ b⃗). Also, for every element si ∈ S
there is the element y⃗ = (I, . . . , si, . . . , I) ∈ Y that is mapped to it ψ(y⃗) = I i−1siI

m−i = si.
Therefore, ψ : Y → S is a surjective homomorphism that implies division S ⪯ Y .

Therefore, cpx(S) ≤ cpx(Y ) ≤ maxi cpx(S
I
j ) by axioms 5 and 4 of the Definition 4.2.4.

As every monogenic semigroup has complexity at most one and adding an identity element
does not increase it, have that cpx(SI

j ) ≤ 1. Thus, we conclude cpx(S) ≤ 1.

4.4 Non-Abelian sandpiles on the rooted trees

The majority of the sandpile models, even for the directed graphs where the movement
of grains is restricted in direction, result in Abelian sandpile semigroups. In this part, we
consider the variation of the model where not only the addition of grains and stabilization
of vertices is possible, but also the operation of shifting the sand gains along the edges.
This modification makes the generated sandpile semigroup non-Abelian, and the rest of
this chapter concentrates on the structure of this type of semigroup.

4.4.1 Model description

The non-Abelian sandpile model is defined in [4] on a rooted tree G = (V,E), |V | = N +1
with the root vertex v0 ∈ V being the only sink vertex and the edges directed towards the
root - the only direction in which the sand grains can move. Denote the set of leaves as
L ⊂ V of the size |L| = m. The capacity of every vertex vi ∈ V is now not related to the
out-degree but can be set to any non-negative integer ci ≥ 0 and c0 = 0 for the sink, that
only absorbs the grains. The operations allowed on the graph are of two types and they
constitute the m+N generators of the sandpile semigroup:

• fvi - add a sand grain to the vertex vi and stabilize the graph; it is defined for all
leaves vi ∈ L, but not other vertices.

• gvi - lift a sand grain from the vertex vi (if it has any) to its parent vertex (towards
the root) and stabilize the graph; it is defined for all vi ∈ V, vi ̸= v0 non-root vertices.
If vi is empty, this operation does not affect the configuration.

77



Three features make this model different from the previously considered. First, the op-
eration of adding the grain is restricted to the leaves only, making them the only reservoirs
through which the grains can be added to the graph. Second, the additional operation
of lifting a sand grain to the parent vertex is introduced. Third, the capacity of every
non-sink vertex is an arbitrary non-negative integer. When considering all edges to be
directed towards the root, the stabilization process is the same as before. The first two
changes result in the semigroup being non-Abelian, as the operations of adding and lifting
a grain do not commute. Actually, for an empty leaf, adding a grain and then lifting it up
results in an empty leaf, but switching the order of operations results in the leaf containing
a grain.

4.4.2 Embedding of the sandpile with equal to one capacity

For the rooted tree G = (V,E), |V | = N+1 we denote the depth of the tree by D = D(G ).
For each level i ∈ {1, .., D} of the tree we denote the number of the vertices in the tree
which are located on the depth i by mi, so M = {m1,m2, ...,mD},

∑D
i=1mi = N . The

constructive proof of the following theorem derived in this work is described throughout
this section.

Theorem 4.4.1. The aperiodic complexity of the sandpile semigroup S = S(G ) acting
on the configurations X = X(G ) of the rooted tree G = (V,E) with equal to one capacity
ci = 1, i ∈ {1, ..., N}, equals the depth D = D(G ) of the tree G . Also, (X,S) can be
embedded into the wreath product of D blocks of flip-flops, where each ith block is a direct
product of mi flip-flops:

(X,S) ↪→ (FF × ... × FF )︸ ︷︷ ︸
mD

≀ ... ≀ (FF × ... × FF )︸ ︷︷ ︸
m1

= (Y,W ), (4.1)

where, D is the minimal number of blocks in the wreath product needed for the embedding
(ϕstate, ϕtrans) : (X,S) ↪→ (Y,W ) to exist.

Base case: sandpile of the path graph

Consider the path graph G = (V,E), |V | = N + 1 shown in Figure 4.4 with equal to one
capacity :

where the vertices are labeled as above, and we refer to the vertex labeled with i as vi.
The sandpile semigroup S = S(G ) acts on the state space X = X(G ) of the size |X| = 2N .
Each state x ∈ X is a binary vector, where xi ∈ {0, 1} is the number of grains in the vertex
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− N . . . 1

Figure 4.4: The sandpile on the path graph G = (V,E) with |V | = N + 1 labeled vertices.
The root vertex drawn in black is the sink, every vertex can contain up to 1 sand grain.

vi and let’s agree on the following order of the coordinates x = (xN , xN−1, . . . , x2, x1). The
semigroup has N+1 generators S = ⟨Sg⟩, Sg = {f, g1, ... , gN}, where we denote f = fvN ,
gi = gvi for convenience.

The wreath product of N flip-flops (FF ≀ ... ≀ FF ) = (Y,W ) acts on the state space Y
with the transformations w ∈ W , where each component wi = wi(yi−1, ..., y1) is a function
of the suffix yi−1, ..., y1 of the state y that w is acting on:

∀y = (yN , . . . , y1) ∈ Y yi ∈ {a, b}, |Y | = 2N , ∀w = (wN , ..., w1) ∈ W, wi ∈ {1, Ca, Cb}.

Both configurations of the graph x ∈ X and states of the wreath product y ∈ Y have
binary coordinates, so there is a natural bijection ϕstate : X → Y via binary strings, where
∀x ∈ X, ϕstate(x)i = a if xi = 0 and ϕstate(x)i = 1 otherwise. Note that ith component of
both x ∈ X and ϕstate(x) ∈ Y correspond to the vertex vi ∈ V .

Denote the mapping ϕtrans for every generator q ∈ Sg:

ϕtrans : Sg −→ W, ϕtrans(q) = wq(yN , ..., y1) = (wq
N , ..., w

q
1) ∈ W.

Consider the components wf
i of ϕtrans(f) to be defined as follows:

wf
i (yi−1, ..., y1) =

{
Cb, if i = 1 or ∀k ∈ {1, ..., i− 1} yk = b,

1, otherwise.
(4.2)

That is, it acts on the state space in the following way:

∀y = (. ... .︸ ︷︷ ︸
q

, a, b ... b︸︷︷︸
k

) ∈ Y, w(y) = (1 ... 1︸ ︷︷ ︸
q

, Cb, Cb ... Cb︸ ︷︷ ︸
k

),

y · ϕtrans(f) = (. ... .︸ ︷︷ ︸
q

, b, b ... b︸︷︷︸
k

),

where the prefix of the state y ∈ Y of length q remains unchanged.
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Similarly, consider ϕtrans(gj), j ∈ {1, .., N} to have the following components:

w
gj
i (yi−1, ..., y1) =


1, if i ≤ N − j,
Ca, if i = N − j + 1,

Cb, if i > N − j + 1 and yk = b, i− 1 ≤ k ≤ N − j + 1,

1, otherwise.

(4.3)

Then, any state y = (yN , ..., y1) ∈ Y with yi = a acted upon by transformation
ϕtrans(gi) = wgi(y) remains unchanged, but for the states y = (yN , ..., y1) ∈ Y with yi = b
the result of action ϕtrans(gi) = wgi(y) is defined as follows:

∀y = (. ... .︸ ︷︷ ︸
q

, a, b ... b︸︷︷︸
p

. ... .︸ ︷︷ ︸
N − i

) ∈ Y, p+ q + 1 = i,

wgi(y) = (1 ... 1︸ ︷︷ ︸
q

, Cb, Cb, ... Cb, Ca︸ ︷︷ ︸
p

, 1 ... 1︸ ︷︷ ︸
N − i

), y · ϕtrans(gi) = (. ... .︸ ︷︷ ︸
q

, b, b ... b, a︸ ︷︷ ︸
p

. ... .︸ ︷︷ ︸
N − i

).

From such a description of transformations and their action on the states, conclude
that ϕtrans(f) and ϕtrans(gi) act on the state space of the wreath product in the same way
as f and gi act on the configurations of the tree G = (V,E), so they generate a semigroup
isomorphic to the sandpile semigroup S.

Corollary 4.4.2. Consider the rooted tree G = (V,E), which consists of m path graphs,
glued in a root. Each ith path has ni vertices. There is the following embedding of the
sandpile semigroup:

(βstate, βtrans) : (X,S) ↪→ (FF ≀ ... ≀ FF︸ ︷︷ ︸
n1

)× ... × (FF ≀ ... ≀ FF )︸ ︷︷ ︸
nm

= (Y,W ).

As the model only allows the grains to move towards the root, action on one path
doesn’t affect others. The above corollary naturally follows from the independence of the
root branches but is not a minimal embedding.

Generalization for an arbitrary tree

Consider the arbitrary rooted tree G = (V,E) of the depth D = D(G ) with the capacity
of each vertex equal to one. Denote the depth of the vertex v ∈ V as d(v), and its parent
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as p(v). As G is a rooted tree, the parent of any vertex is unique and we can consider a
chain of parents of v on the way to the root vertex:

P (v) = (ud(v), . . . , u2, u1), u1 = v, ud(v) − root, ui+1 = p(ui), 1 ≤ i < d(v).

Suppose that all non-sink vertices are labeled with integers from 1 to N , and we refer
to the vertex labeled as i with vi. Assume for all labels holds that if vj = p(vi), then
j > i. This implies that indices of the vertices in the parent chain are monotonically
decreasing. For every state y ∈ Y define a vector y(v) of size d(v), which consists only
of the components of the vector y = (yN , . . . , y1) ∈ Y corresponding to the parent chain
P (v) of the vertex v : y(v) = (yPd(v)

, . . . , yP1) where Pj = P (v)j is the jth ancestor of
v. Every transformation - fvi or gvi is applied to some vertex vi and the important thing
to notice is that it doesn’t affect the vertices other than the chain of parents P (vi) of
this vertex. Denote wf (yi−1...y1) = wf

i (yi−1...y1) and wgj(yi−1...y1) = w
gj
i (yi−1...y1) the

mapping defined by equations (4.2 - 4.3) for the case of a path graph.

Consider the following mapping ϕtrans : Sg −→ W for generators of S. For adding a

grain into leaf v, the ith component of the transformation ϕtrans(fv) = (wfv
N , . . . , w

fv
1 ) define

as

wfv
i = wfv(yi−1...y1) =

{
wf

i (y(v)j−1...y(v)1), if vi = P (v)j for some j,

1, otherwise.

For lifting a grain up from the vertex v, the ith component of the transformation
ϕtrans(gv) = (wgv

N , . . . , w
gv
1 ) define as

wgv
i = wgv(yi−1...y1) =

{
wg

j (y(v)j−1...y(v)1), if vi = P (v)j for some j,

1, otherwise.

On this, the existence of embedding (4.4.1) can be considered proven.

4.4.3 Generalization for a rooted tree with arbitrary capacity

Similarly one can construct the emulation of the sandpile semigroup in the case of arbitrary
capacity of the vertices. We omit the formal description of the ϕtrans and ϕstate mappings
and only give the sketch of the construction.
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For the graph G = (V,E) consider the operation of replacing all vertices with ci > 1
with a chain of ci vertices of capacity c

′
i = 1, as shown in Figure 4.5. Let’s call it extended

tree G ∗, which now has the depth D∗ = D(G ∗) equal to the maximum sum of capacities
on the parent chain among all leaves. As each colored block actually corresponds to one
vertex, all permutations of the grains within the block are equivalent, and only the number
of grains matters. For this reason, ϕstate is no longer bijective, i.e., equation (4.1) denotes
emulation, where every configuration of the graph has several lifts - corresponding states
in the wreath product.

For the transformation ϕtrans(fv) of adding the grain to the leaf, construction is exactly
the same as for an arbitrary tree with capacity one, when applied to the deepest vertex of
the block corresponding to this leaf.

For the transformation ϕtrans(gv) of lifting the grain to the parent vertex the only change
will be to skip all vertices of the extended tree that correspond to the same vertex of the
original graph when lifting a grain. Then, Theorem 4.3.7 is generalized for the tree of any
capacity by applying it to the extended tree.

Figure 4.5: Example of the extended tree. Labels on the vertices refer to their capacities.
Segments of the binary vector, corresponding to the extended vertices match the colors.
The example shows the equivalence of the permutations within the blocks.

4.4.4 Aperiodic complexity of sandpile semigroups

According to [47], the aperiodic complexity C(S) of the aperiodic semigroup S is the mini-
mum number of levels in the wreath product of blocks from flip-flops necessary to emulate
the system. A lower bound for aperiodic complexity is the exponent of the semigroup Sϵ:

Sϵ = least n : sn = sn+1 ∀s ∈ S.
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Clearly, the non-Abelian sandpile semigroup S is aperiodic. The existence of the embedding
(4.1) implies the upper bound on its complexity:

Sϵ ≤ C(S) ≤ D.

Consider an arbitrary tree G of capacity one and depth D = D(G ). Let v be a leaf vertex,
such that d(v) = D, and fv be the transformation of adding a grain to the leaf v. The
exponent of fv is D, as starting from the empty configuration we can apply it exactly D
times before all vertices in the parent chain of v are full and further addition becomes a
constant transformation. Then Sϵ ≥ D and

D ≤ Sϵ ≤ C(S) ≤ D,

which implies their equality C(S) = Sϵ = D. So, the aperiodic complexity of the sandpile
semigroup S = S(G ) is the depth of the tree D = D(G ) for the tree G of capacity one, or
the depth D∗ = D(G ∗) of the extended tree G ∗ in general.

4.5 Conclusion

In this chapter, two sandpile models were considered. For the classical Abelian model,
the study was restricted to the sandpile on a graph having a circle structure (the so-called
one-dimensional case). First, the non-iterative ‘mirroring’ stabilization rule was proved,
resulting in the rules of adding the configurations of the sandpile. Then the structure of the
identity and the generator elements of the sandpile group were described in terms of the
sand configurations of the graph, providing an explicit alternative way of understanding
the well-known cyclic structure of the recurrent group. Also, the two ways of showing that
the Krohn-Rhodes complexity of an arbitrary finite Abelian semigroup is at most one were
described: with and without the fundamental lemma of complexity.

For the non-Abelian model on rooted trees, the semigroup structure was considered by
relating it to the product of elementary building blocks of the semigroups. The constructive
description was found to show the emulation (and embedding) of generators of the sandpile
semigroup in a wreath product of flip-flops, which, moreover, is the one that contains the
fewest levels in the wreath product. The existence of such an embedding (and emulation)
shown by construction, allowed us to conclude on the aperiodic complexity of the sandpile
transformation semigroup, which particularly equals the depth of the rooted tree.
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Chapter 5

The Summary of Contributions and
Further Work

Within the framework of this thesis, two automata models were considered: the deterministic-
probabilistic finite automata (DPFA) and the finite automata that arise from the sandpile
model. The study of the first one (DPFA), includes the formulation and implementa-
tion of the algorithm for its reconstruction from the sequences of discrete observations,
the consideration of the corresponding transformation semigroup, and the application of
the automaton for distinguishing EEG microstate sequences of two participant groups
(meditators and controls) and three cognitive modes (mind-wandering, verbalization, and
visualization). The study of the second model, sandpile automata, concentrates on the
properties of the transformation semigroups only.

Chapter 2 describes an n-gram merging method targeting the reconstruction of DPFA.
The contribution of this part is the design of the software that implements a variation of the
automaton reconstruction method and examination of the question of the reconstructabil-
ity of the permutation structures of the system from observations. The presence of the
permutation subgroups in the transformation semigroup of the system is an important
property, particularly for understanding the complexity of the system. To our knowledge,
previous studies of automaton reconstruction have primarily been interested in learning
a system that approximates the probability distribution over the generated strings well,
and they do not consider the recovery of the permutation groups in practice. However, it
remains an open question whether an algorithm that achieves this objective can be con-
structed, and the presented study takes a small step towards addressing this question. A
logical next step that would complement the results presented in Chapter 2 would be to
conduct a theoretical and experimental comparison of the considered algorithm and other
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well-known techniques for DPFA reconstruction. The comparison could include general
properties such as convergence and error bounds, as well as the group-reconstruction ques-
tion raised here. A more detailed consideration could lead to understanding the novel
algorithm decisions for performance improvement.

The contribution of Chapter 3 is that it develops the framework of the novel approach
for using reconstructed DPFA to distinguish the EEG microstates sequences and applies
the method to the data of meditators and meditation-naive healthy controls. The pre-
sented results show reliable separation of participant groups and partial achievement of
the separation of cognitive modes, thus demonstrating the potential of the proposed ap-
proach. As the designed analysis framework is suitable for CSSR, it is the natural next step
to compare their success in distinguishing the available EEG sequences. Similarly, other
DPFA reconstruction algorithms could be utilized in such a study, with the only change
being to develop and apply suitable distance metrics. Such extension of the experimental
study could assist in giving other criteria to compare the reconstruction techniques and
comprise a deeper development of the automata approach in the area of EEG studies.
In the context of EEG microstate sequences, the important properties that the inferred
model should preserve are the periodicities and long-range dependencies that are inherent
in the data [69, 28]. Thus, the empirical evaluation of the reconstruction quality can be
extended to assess these properties, in addition to closeness in distribution over strings and
recognition of groups considered in Chapter 2.

Chapter 4 considers the transformation semigroup of the classical Abelian sandpile
model on the circle graph and the modified sandpile on the arbitrary rooted trees, result-
ing in the non-Abelian semigroup. The presented study makes the connections between
the graph and the properties of the generated sandpile semigroup. Particularly, the con-
tribution consists of (i) for Abelian sandpile, in theoretically showing the structure of the
sand grain configurations of the circle graphs which act as an identity and a generator of
the recurrent sandpile group, and a new proof showing that complexity of an arbitrary
finite Abelian semigroup has complexity at most one, also (ii) for a non-Abelian sand-
pile, in constructively showing the existence of the emulation of the sandpile semigroup by
the wreath-product of direct products of flip-flops and concluding that its aperiodic com-
plexity equals the depth of the tree. Continuing work in the same direction, a next step
could be determining the structure of the identity and generators of the recurrent group
for more complex graph structures. This, however, would require another approach, as
due to complex and hard-to-forecast sandpile dynamics, the derivation of the non-iterative
stabilization rule would be only possible in very special cases and/or simple graphs.

This concludes the summary of the results, key contributions, and suggested further
direction building on the work presented in this thesis.

85



References

[1] Elena Antonova, Martin Holding, Ho Chak Suen, Alex Sumich, Reinoud Maex, and
Chrystopher Nehaniv. EEG microstates: Functional significance and short-term test-
retest reliability. NeuroImage: Reports, 2(2):100089, 2022.

[2] Elena Antonova and Chrystopher L. Nehaniv. Decoding the language of ‘now’: EEG
microstates in experienced meditators, from letters to grammar. Final Scientific Re-
port to the BIAL Foundation (Grant number: 183/16), 2023.

[3] Fiorenzo Artoni, Julien Maillard, Juliane Britz, Denis Brunet, Christopher
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