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Abstract

Sequential Monte Carlo (SMC) methods (a.k.a particle filters) refer to a class of algo-
rithms used for filtering problems in non-linear state-space models (SSMs). SMC methods
approximate posterior distributions over latent states by propagating and resampling par-
ticles, where each particle is associated with a weight representing its relative importance
in approximating the posterior. Through iteratively updating particles and/or weights
SMC methods gradually refine the particle-based approximation to reflect true posterior
distribution. A key challenge in SMC methods arises when the likelihood, responsible for
guiding particle weighting, is intractable. In such cases, Approximate Bayesian Computa-
tion (ABC) methods can approximate the likelihood, bypassing the need for closed-form
expressions. The particle SMC method of interest in this thesis is Chopin’s SMC? frame-
work [ ] which uses a nested SMC approach. An “outer” operates on the
parameter space 0, and an “inner” particle filter estimates the likelihood for a fixed param-
eter 6, facilitating joint inference over the parameters and states. The framework proposed
by Chopin required closed-form likelihoods and was intended for offline learning. This
thesis proposes an ABC-SMC? algorithm for online-inference in SSMs with intractable
likelihoods. Our method uses Approximate Bayesian Computation (ABC) in the inner
particle filter to approximate likelihoods via an ABC kernel, thus enabling inference with-
out closed-form observation likelihoods. To address the challenges of online learning, we
introduce an adaptive e-scheduler for dynamically selecting the ABC kernel’s tolerance lev-
els and a likelihood recalibration mechanism that retroactively refines posterior estimates
using previously observed data. We validate our approach on three case studies using com-
partment models governed by an ODE system: a toy linear ODE system, the non-linear
Lotka—Volterra equations, and a high-dimensional SEIR model with real-world covariates.
In these experiments, ABC-SMC? outperforms fixed and adaptive e-schedulers in terms of
credible interval coverage, posterior accuracy, RMSE.

111



Acknowledgements

I would like to thank Dr. Jeffrey Negrea and Dr. Glen McGee for their time and for
serving on the Examining Committee. I would like to thank my supervisor Dr. Samuel
Wong for his inestimable mentorship over the years. Furthermore, I would like to thank the
faculty and staff of the Department of Statistics and Actuarial Sciences for their support
throughout my time here.

v



Table of Contents

Author’s Declaration ii
Abstract iii
Acknowledgements iv
List of Figures vii
List of Tables ix
1 Introduction 1
1.1 The Filtering Problem . . . . . . . . . ... .. ... ... ... ... 2
1.2 Approximate Bayesian Computation . . . . . .. .. ... ... ... ... 2
1.3 Joint Parameter and State Inference . . . . . .. . ... ... ... ... 3
1.4 SMC? . . . 3
1.5 ABC-SMC? for Online-Inference . . . . . . . . . .. ... ... ... .... 4

2 Methodology 5
2.1 Compartment Models . . . . . . . ... ... o )
2.1.1  Continuous-Time Compartment Models . . . . . . . . ... ... .. 6

2.1.2  Discrete-Time Compartment Models . . . . . ... ... ... ... 8

2.2 Markov State Space Models . . . . . . . ... 10



2.2.1 Markov State-Space Model Framework . . . . ... ... ... ...

2.2.2  Compartment Models as Markov State-Space Models . . . . . . ..
2.3 ABC-SMC? Algorithm . . . . . . . . ... ... ..
2.3.1 Approximate Bayesian Computation (ABC) . . ... ... ... ..
2.3.2  Sequential Monte Carlo (SMC) . . .. ... ... ... ... ....
2.3.3 ABC-SMC? Algorithm . . . . . . ... ... ... ... .......
2.4 Novel Contributions . . . . . . . . . . . . .. ...
2.4.1 Online Learning . . . . . . . . . . .. ...
2.4.2 Adaptive Epsilon Selection Strategy . . . . . . . . .. ... ... ..
2.4.3 Likelihood Recalibration . . . . . ... ... ... ... .......
Results
3.1 Toy Example . . . . . .. .
311 Setup . ...
3.1.2  Experiment Parameters . . . . ... ... ... ... ..
3.1.3 Results. . . . . . . .
3.2 Lotka—Volterra . . . . . . . . . . . . .
321 Setup . . ...
3.2.2  Experiment Parameters . . . . .. ... ... ...
3.2.3 Results. . . . . ..
3.3 SEIR Model . . . . . .. . .
3.3. 1 Setup . . ...
3.3.2 Experiment Parameters . . . . . .. .. ... ... ... ......
333 Results. . . . . .
Conclusion
4.1 Limitations . . . . . . . . .
4.2 Future Directions . . . . . . . . . . ..
References

vi

39
39
39
42
43
48
48
50
51
o4
54
57
58

63
63
64

66



List of Figures

3.1

3.2

3.3

3.4

3.5

Left: time-series of the covariates informing flow rates 7;;. Z;; is the ith
covariate at time ¢. Right: time-series of the compartments Xt(z) vs. time .

Simulated trajectories with 95% credible intervals compared to observed
data for four € scheduling methods: constant ¢ = 0.001 (top left), con-
stant € = 0.01 (top right), Del Moral scheduler (bottom left), and the Novel
method (bottom right). The dashed lines represent the true observed data
Dy.7, the shaded regions indicate the 95% credible intervals for the trajecto-
ries XV (blue) and Xt(2) (orange) generated from the posterior distribution
at time T . . . Lo

Posterior densities for each parameter across 20 simulation runs using the
novel adaptive method on the toy example. Each subplot corresponds to
one of the parameters, showing the density estimates from each individual
simulation run. The red dashed line represents the mean of the posterior
estimates across all runs, the black dashed line indicates the true parameter
value. . . ..

Left: time-series of the covariates informing flow rates 7;;. Z;; is the ith
covariate at time t. Right: time-series of the compartments Xt(z) vs. time t.
Simulated SEIR compartment observations for a single seed. The figure il-
lustrates the dynamics of the Susceptible (S;), Exposed (E;), Infected (1),

and Recovered (R;) compartments over time (¢) under the specified experi-
mental parameters. . . . ... Lo

vii

42

51



3.6

3.7

This figure displays the effective sample size (ESS) and compartment ob-
servations over time for the SMC sampler. The black lines represent the
ESS paths for different sampler attempts, with dots marking the points of
collapse where ESS reaches 1, signifying sampler failure. The coloured lines
on the right axis correspond to the compartment observations (S;, Ey, Iy,

R o

95% credible intervals for SEIR compartment trajectories under the ¢ =
0.01 and novel methods. Shaded regions reflect posterior uncertainty, with
narrower intervals observed for the novel method. . . . . . . ... ... ..

viil



List of Tables

3.1
3.2

3.3

3.4

3.5
3.6

3.7

3.8

Experimental Settings for ABC-SMC? Simulation . . . ... ........

Mean and RMSE (in parentheses) of parameter estimates for each € schedul-
ing method. Columns denote the different ¢ scheduling approaches: two
constant schedules (0.001 and 0.01), the Del Moral scheduler, and our Novel
method. Bolded RMSE values represent the smallest RMSE across all
methods. . . . ...

Comparison of SMC sampler performance for different € scheduling methods.
The collapse rate indicates the proportion of runs that failed, that is ESS; =
1 (all weight is concentrated on single particle and no new particles adding
in the subsequent PMH-step). . . . . . ... ... ... .. ...

Mean and credible intervals (in parentheses) of parameter estimates for the
Constant (0.01) and Novel ¢ scheduling methods. . . . . . ... ... ...

Experimental Settings for ABC-SMC? Simulation for the LV-Equations . .

Mean and RMSE (in parentheses) of parameter estimates for three e schedul-
ing methods: Constant (0.01), Del Moral, and Novel for the LV-equations.
Bolded RMSE values represent the smallest RMSE across all methods.

Mean and credible intervals [in square brackets| of parameter estimates for
three e scheduling methods: Constant (0.01), Del Moral, and Novel for the
LV-equations. . . . . . . ..

True Parameters for SEIR Model by Covariate and Transition . . . . . . .

X

53



3.9

3.10
3.11

This table outlines the true parameters used for simulating data in the SEIR
model. Each column corresponds to a transition between compartments,
while each row details a specific parameter and the covariate it is associated
with in time-varying transition rates (7). Parameters marked with a star (*)
are fixed and not learned, leaving a total of 20 parameters to be estimated.
The final column, “Start Time,” indicates when each parameter begins to
influence the simulation; before this time, the corresponding covariate is zero
(hence its coefficient §; will have no influence on 7). . . . . . ... .. ..

Experimental Settings for ABC-SMC? Simulation for the SEIR model. . . .

Mean, RMSE (in parentheses), and credible intervals [in brackets| of pa-
rameter estimates for the Constant (0.01) and Novel € scheduling methods.
Bolded RMSE values indicate the method-wise minimum RMSE achieved.
Due to the fixed intercepts (see Table 3.8) the second subscript f;;; does
not indicate the intercept as in the previous examples. . . . . . ... ...



Chapter 1

Introduction

State-Space Models (SSMs) provide a probabilistic framework for modelling dynamic sys-
tems. These models are defined by (1), a sequence of hidden states {X; : ¢t = 0,1,...}
representing latent dynamics of the system, and (2) observed data {D; : t = 1,2,...}
which, through an observation model, are conditionally independent of each other given
the hidden states [ , |. Typically, the hidden states are assumed to follow
a Markov process. The following three probabilities define the structure of a SSM

p(Xp) Initial distribution of the hidden states
p(Xyy1 | X4, 0)  State-transition model governing the evolution of X;, for ¢t > 0
p(D; | X4,0) Observation model relating hidden states to observed data, for t > 1

where 6 denotes model parameters that govern both transitions (X; — X;;1) and ob-
servations (D). This general framework allows SSMs to capture complex and uncertain
dynamics underlying real-world processes. SSMs are widely used in areas such as epi-

demiology | , |, where they are used to model infectious disease dynamics,
finance | , , , |, where they capture latent market trends, and
ecology | , |, where they model population dynamics in stochastic environments.

We now discuss an integral problem in SSMs: the filtering problem.



1.1 The Filtering Problem

The filtering problem consists of sequentially estimating p(X; | D14, ), the probability
distribution over the latent states at time ¢, given a parameter 6 and observed data Dy..
This distribution is often referred to as the filtering distribution. Sequential Monte Carlo
(SMC) methods, also known as particle filters, can approximate the filtering distribution
given the model parameter 6 | , , , ]. These meth-
ods achieve this by maintaining and updating a collection of weighted particles over time
through a sequence of propagation, weighting, and resampling steps. SMC methods are
versatile, requiring fewer assumptions about the underlying system than traditional ap-
proaches like the Kalman filter | , |. This versatility enables SMC methods to
handle systems with non-linear dynamics or non-Gaussian distributions. In many practi-
cal settings, such as epidemiological models with complex transmission mechanisms |

: |, the likelihood p(Dy | Xy, 0) or state-transition model p(X;,; | Xy, 0) may be
intractable, meaning they cannot be expressed or computed in closed form |

, , , ]. For example, when observations depend on

non-linear relationships with the states, the likelihood may be analytically or computa-
tionally intractable. In such cases, Approximate Bayesian Computation (ABC) methods,
also known as likelihood-free methods, can approximate the likelihood, bypassing the need
for closed-form expressions.

1.2 Approximate Bayesian Computation

Approximate Bayesian Computation (ABC) methods bypass the direct evaluation of a
likelihood by using a simulation model and comparing the observed data D; to simulated
data D$™ from the model given parameters 6. This comparison between observed and
simulated data is conducted via a distance metric p(-,-), a summary statistic S, and a
kernel function K.(-), where € > 0 is the kernel tolerance. The likelihood is approximated
through this comparison, which typically takes the form K. (p (S(D,), S(D;™))). Such an
approach can be adapted for acceptance-rejection sampling: if the distance is below ¢, the
proposed 6 is deemed plausible. While ABC is a powerful tool for likelihood-free inference,
particularly in genetics and epidemiology [ , |, combining ABC with sequential
state and parameter inference is non-trivial | : ]. For instance, selecting
the sequence of kernel tolerances €1 is challenging, as it requires balancing approximation
accuracy (achieved by taking e — 0) and computational efficiency. This trade-off has been
the focus of significant research [ , , , .



1.3 Joint Parameter and State Inference

Thus far, we have assumed the model parameter 6 to be known. In practice, however, this is
often not the case, and # must also be inferred from data alongside the latent states, intro-
ducing a joint parameter-state inference problem. Naively, one could treat 6 as part of the
latent state vector and run a single high-dimensional particle filter. However, this approach
often leads to particle degeneracy and computational intractability, as the dimensionality
of the latent space grows with both time ¢ and the number of parameters |

, |, exacerbating the curse of dimensionality.

Another potential solution to the joint parameter-state inference problem is to per-
form offline parameter inference via standard MCMC methods. This can be achieved by
constructing Markov chains that sample from the joint posterior p(6, X;.7 | D1.r) of param-
eters and latent states based on all available observations. In some practical settings, such
as online learning, recalibrating the entire MCMC process for a single new observation
is computationally infeasible, as MCMC must reprocess all past observations to ensure
accurate posterior sampling. One compromise is offered by particle MCMC (PMCMC)
techniques | , ], which combine MCMC moves in the parameter
space with SMC. PMCMC has theoretical guarantees of convergence to the correct poste-
rior, but in practice, it can struggle, particularly in high-dimensional settings | ,

) , 2019].

1.4 SMC?

To address the challenges outlined in the preceding sections, | , | proposed
the SMC? algorithm. The SMC? algorithm is a nested SMC approach that allows for joint
parameter 6 and state X; inference. It consists of two key components:

e An “outer” SMC that propagates and resamples particles in the parameter space,
approximating p(6 | Dy.).

e For ecach outer particle 8%, an “inner” particle filter approximates the latent state
posterior p(X; | D1, 8%) and estimates the likelihood increments p(D; | D11, 0%).

This approach disentangles the high-dimensional problem of joint inference into two
layers of SMC, mitigating the degeneracy that arises from naive state-space augmentation.



Moreover, by effectively recycling the likelihood estimates from the inner filters, SMC? up-
dates the parameter distribution in an online fashion, processing data sequentially without
resorting to re-running a full MCMC scheme at each step. However, SMC?, as proposed
in | , |, makes two assumptions that can restrict its applicability in practice.
Firstly, each inner filter requires repeated evaluation of p(D; | Xy, 8) or p(Xy1 | Xy, 60).
In the original framework, they assume there is a closed-form likelihood and transition
density. Secondly, while observations are processed sequentially by the SMC? algorithm,
it is not designed for online learning where the choice of algorithmic hyperparameters (i.e.,
resampling thresholds, MCMC kernel settings) may need to be adaptive.

1.5 ABC-SMC? for Online-Inference

In this thesis, we present a novel online-ABC-SMC? algorithm for Markov SSMs that inte-
grates Approximate Bayesian Computation within the “inner” SMC framework, enabling
online inference in SSMs with intractable likelihoods, building on the work in [Hou, ].
Our method processes time-series data sequentially, allowing for online updates to the pos-
terior approximation. By incorporating an ABC kernel K. (p (S (Dy), S (D?m))) into the
inner filters, we eliminate the need for closed-form observation density, making SMC? ap-
plicable to complex models. We introduce an adaptive ABC-kernel e-scheduler that tunes
the ABC tolerance €, as new data arrive, balancing particle diversity and convergence to
the true posterior. To mitigate the risk of posterior drift when tolerances change, our
method includes a recalibration step that retroactively refines particle weights based on
previously observed data. We benchmark our ABC-SMC? approach on three compartmen-
tal models governed by ordinary differential equations (ODEs): a toy linear system, the
classic Lotka-Volterra predator-prey model, and a high-dimensional SEIR model incorpo-
rating real-world covariates. Results demonstrate that our algorithm outperforms both

fixed and standard adaptive e-schedulers in terms of credible interval coverage, posterior
accuracy, and RMSE.



Chapter 2

Methodology

2.1 Compartment Models

In this section, we investigate a motivating example to which our ABC-SMC? method
can be applied: compartment models. Compartment models, initially introduced by
Ross | , , , , |, are widely used in the mathematical
modelling of infectious diseases to understand the spread and control of epidemics. How-
ever, they are not limited to this context; other examples include modelling biochemical

reactions | , ], pulmonary gas exchange | , |, the dy-
namics of opinion spread in social networks | : |, and traffic flow
analysis to model vehicle movements across road networks | , |. For instance,

the well-known SIR model | , , , ,

, , , | divides a population into compartments, such
as Susceptible (S), Infectious (I), and Recovered (R), with individuals progressing between
compartments over time.

There are two main classes of compartment models: continuous-time and discrete-time,
each with its own advantages and disadvantages. Continuous-time models are often repre-
sented with a system of ordinary differential equations (ODEs) and provide a deterministic
framework well-suited for analyzing the underlying structure of system dynamics (general
trends, average behaviour). In contrast, discrete-time models can capture stochastic ef-
fects, making them more realistic for modelling various phenomena but more complex to
implement and analyze. We consider the continuous-time case in Section 2.1.1 and discuss
the discrete-time model in Section 2.1.2.



2.1.1 Continuous-Time Compartment Models

Consider a compartmental model that describes the rates of change in a system of com-
partments representing different states or groups in a population. Let the N compartments
at time ¢ be denoted by

X, = (X X2 x™M) e rY,

where each Xt(i) represents the quantity in the ¢-th compartment at time ¢. The evolution
of each compartment is governed by a set of differential equations of the form:

ax?
dt

where [N] = {1,2,..., N} and f;(Xy,t,0) denotes the rate of change of compartment
Xt(l), depending on all other compartments in X, time ¢, and the model parameters § € R,

= f[i(Xy,t,0) i€ [N], (2.1)

We briefly remark on the structure of the f;-functions, as it will become relevant in
subsequent sections. The goal of these functions is to capture the general structure of
dependencies and transitions between compartments. To achieve this, we use the following
formulation:

Xtyt 9 Za]l t 9 ]2 Xt; Zazk t ‘9 'Lk Xt7 )+gz<Xt7t79)7 (22)
in;lgw Ou;ﬂrow
where:

e «;(t,0) > 0 is the rate of transition from compartment j to compartment ¢, which
can depend on time t and parameter(s) 6.

o h;i(Xy,t) is a function that captures the influence of compartment j on the rate of
change of compartment ¢. The function h;; allows for non-linear combinations of the
compartments, which could include products, ratios, or other complex dependencies
between compartments. For instance, one could have hj;(X;,t) = Xt(%) XV ),

e g;(Xy,t,0) captures additional factors affecting compartment Xt(i) at time t that
cannot be captured by the h;;’s, such as the impact of covariates.
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The ODE setup above provides a flexible framework for modelling various compart-
mental dynamics in systems such as epidemiological models, ecological models, and other
population-based models. The ODE system provides a continuous-time index for all com-
partments, which can be solved numerically (via an ODE solver) to obtain a deterministic
trajectory for each compartment. This procedure is generally performed as follows: let
the observed data be denoted by D = {D;, }H< | or Dy, at discrete times ¢, ...,tx. For
instance, in an epidemiological model, D,, can represent the count data of susceptible,
exposed, infected, and recovered individuals at time ;.

To connect the ODE system to these observed data, we utilize a likelihood function. At
each time t;, the ODE system produces a deterministic solution Xt(e), which represents
the predicted state of the compartments at time ¢, under model parameters 6. Ideally,
the predicted state Xt(Q) should agree with the observed data D, . However, due to
noisy measurements or unmodelled dynamics, there may be discrepancies, introducing
uncertainty. This uncertainty is taken into account by defining a likelihood function L(D|6)
given by:

K

L(D[9) = [ [ p(Dy| X, (6)). (2.3)

k=1

where p denotes the probability distribution of the observed data given the predicted
state. The specific form of p depends on the context. For instance, if Dy, represents count
data, a common choice | , , , | is:

D,, ~ NegBin (th(e), 02) .

Additionally, if D;, is continuous data | , , , , , |, one
could have:

Dy, ~ N (X0, (0)0%) .
where in both cases 02 is a dispersion parameter of the measurement noise.

Now that we've established how a continuous-time compartment model is typically
constructed and implemented, we remark on its two key drawbacks. The discussion here
focuses on traditional deterministic compartment models based on ODEs, which omit
stochastic components by design. Extensions to stochastic compartment models do exist
(i.e., stochastic differential equations (SDEs) or piecewise deterministic Markov processes),
but they are not considered in this context.



1. Lack of Stochasticity: The deterministic nature of the ODE solution limits its
ability to model systems where inherent randomness affects the transitions between
compartments | , , , ]. For example, in an
epidemiological model, the transition rate between compartments (i.e., susceptible
to infected) may depend on social behaviour, which can fluctuate due to events like
public gatherings. A purely deterministic model would miss the random spikes in
infection rates caused by these unpredictable gatherings, resulting in overly smooth
predictions | ) ].

2. Likelihood Over-reliance: Without explicitly modelled stochastic dynamics, the
likelihood function must account for all sources of uncertainty through the chosen
observation model. This can lead to biased estimates if the assumed distribution
does not effectively capture the underlying variability [ ,

|. Referring back to our previous example, suppose the measurement process
is assumed to follow a normal distribution centred around the predicted number
of infected individuals. If the actual measurement noise is heavy-tailed (i.e., due
to under-reporting or sudden outbreaks), the normal distribution assumption might
lead to an underestimation of uncertainties, causing biased parameter estimates.

2.1.2 Discrete-Time Compartment Models

A popular | , : : : , ] circumvention of the two
problems posed above is to discretize time by inducing difference equations from the ODE
system:

X(i)

tet+1

= X+ [i(Xyy, t, )AL+ ) Vi€ [N, (2.4)
where At =t — t; and z—:gi) are perturbation noise terms.

The role of stochasticity in enhancing compartment models has been investigated
in | , , , ]. The incorporation of the pertur-
bation term into the model effectively addresses this. Firstly, it allows for the modelling of
inherent randomness in transitions between compartments, addressing the first limitation
of the purely deterministic ODE approach. Secondly, with the stochastic perturbations be-
ing incorporated directly into the system, we no longer rely solely on the observation model
L(D|0) to capture all sources of variability. This alleviates the burden on the likelihood
function and reduces the risk of biased estimates arising from unmodelled dynamics.



The discretized compartmental model framework offers additional computational ben-
efits, especially when data arrives at uniform time intervals (i.e., At = 1), simplifying
difference equations into a recursive form:

X(i)

tht1

This recursive formulation is computationally advantageous as it eliminates the need
for solving complex systems of equations at each time step, allows for direct computation of
the system’s state at ;1 from ¢y, facilitates iterative algorithms (particle filters, MCMC,
and forward simulations), and supports efficient parallelization and memory management.
Various works have explored introducing stochasticity into compartmental models. For
instance, [ , | developed a stochastic compartmental model for
the transmission of Ebola, which effectively captured stochastic transmission dynamics.
However, their model did not incorporate external covariates to inform the transmission
process over time, limiting its ability to reflect real-world variability influenced by external
factors such as policy changes and mobility patterns.

Subsequent work in [ , ] incorporated covariates into discrete-time com-
partmental models for COVID-19. Let a time-series of covariates be written as Z =
{Z, Y| (or Zy,.4, ), where each Z;, € RP represents observed covariates at discrete time
points ty,ts, ..., tx. In | , |, these covariates included mobility patterns and
policy stringency, allowing the model to dynamically adapt to changing external conditions
by modelling the transition rates a;;(t,6) as functions of these covariates using log-normal
transitions:

aij(t7 Ztme) ~ LN (5£Ztk’ai2j) )

where 3;; € RP are the coefficients that determine the influence of the covariates on
the transition rates, and O'Z-Qj accounts for noise, ensuring non-negativity. However, this
incorporation introduces additional complexity. Specifically, achieving such integration
within a traditional ODE framework often necessitates assuming deterministic dependence
on covariates, which may not fully capture inherent variability. Extending the model to
incorporate covariate-dependent stochastic transitions addresses this limitation, creating
a more realistic and adaptive framework for modelling real-world systems. This approach
results in transition probabilities between compartments that depend on both the states
X (t) and the covariates Z(t), leading to a nonlinear and potentially non-Markovian system.

In this work, we adopt and build on this framework by incorporating the same type of
time-series covariates Z into our model «;;(t,0) = «;;(t, Z;,0). This extension allows for

9



a comprehensive representation of dynamic transitions, incorporating both covariates and
stochastic noise into the time-varying coefficients. By doing so, we effectively absorb both
the perturbation term from Equation 2.4 and the g;-term from Equation 2.2.

In their study, [ , | applied this discrete-time modelling approach over
short-term horizons and linked observations to a negative binomial likelihood (2.3), esti-
mating the posterior distribution of parameters 6 using adaptive Sequential Monte Carlo
(SMC) methods coupled with Hamiltonian Monte Carlo (HMC) kernels. While effective
for short-term applications, their methodology was tailored to specific settings and did not
fully address the complexities associated with longer time horizons or more generalised
scenarios. Motivated by this, we developed a sampling method incorporating SMC that is
adapted to a different modelling context.

2.2 Markov State Space Models

State-space models (SSMs) provide a probabilistic framework for systems evolving over
time, characterized by sequences of hidden states, latent variables, and their relationship
to observed data. In this section, we define the SSM framework used throughout this paper
and show how the discrete-time compartment models introduced earlier can be mapped
to this framework. This section will read slightly differently than the description given in
the introduction 1, as it will simultaneously set up the framework for our computational
methods.

2.2.1 Markov State-Space Model Framework

Consider a time series of observed data D = {D;}L_,, where D; € RM and a correspond-
ing time series of covariates Z = {Z,}1 !, where Z, € RP, representing external factors
influencing system dynamics. The time index ¢t = 0,1,...,7T spans the system’s evolution,

with T" denoting the terminal time; we assume 7' < co.

The system’s dynamics are governed by a sequence of hidden states Xo.r = {X;},,
where X, € RY, representing the hidden state configuration at each time step. When
the hidden states obey the Markov property, we may refer to the SSM as a Markov SSM.
The hidden states X; need not be directly observable but are linked to observed data
D, through an observation function G : RY — RM which maps the hidden state to an
observable output Y; = G(X;), allowing for comparisons between the modelled /simulated

10



and observed data. In addition, latent variables Vi.p, where V; € RE encode auxiliary
stochastic processes or intermediate variables influencing state transitions. The latent
variable is parameterized by the model parameters € R? and incorporates the covariates.
This combined structure of the hidden states and latent variables facilitates more flexible
modelling of systems. For clarity, we refer to the tuple (X, V;) as the augmented state of
the system at time ¢.

The transition between hidden states from X; to X;,; is determined by a transition
function F : RY x RX — R given by

Xt+1 = F(Xtavt)a

which maps the augmented state (X, V;) to the next hidden state X;;;. Note that the
function F is implicitly parameterized by 6 through V;. The corresponding probabilistic
transition density is given by

p(Xt+1 ‘ Xt7 Ztae) = /H{F(Xtavt) - Xt—l—l}p(vt | Zt78> th? (25)

where I is an indicator function enforcing the consistency of the state transition with the
model. The transition density may be intractable but can be approximated if we can
simulate from the density. Intractable state transition densities that can be simulated
from have been extensively investigated in | , , , , ,

, , , , |. The covariates Z; reflect the set of
information available at time t. This formulation naturally satisfies the Markov property
because the transition density p(X;;1 | Xy, Z4, 8) depends only on the current hidden state
X, the covariates Z;, and the parameters 6. Formally:

p(Xt+1 ’ Xy, Vi, Zne) = p(Xt-H ’ X4, Zt79)a

implying that the future state X;,; is conditionally independent of all past states Xg.;_1
given the present state X;, covariates Z;, and model parameters 6. The Markov property
ensures that the future state is conditionally independent of past states given the current
state and inputs. The theoretical properties of such processes in the context of SMC have
been discussed at length in | , , , ]. Lastly, errors
are conditionally independent given the latent variables, as the Markov property ensures
each state transition depends only on the current hidden state and latent variables, not
past states or errors. Furthermore, the observation model assumes that measurement noise
at each time step is independent, given the current hidden state, ensuring no dependencies
between errors across time steps.

11



The joint probability distribution over all variables in the SSM is factorized as:

S

T-1
p(XO:TavlzTaDlzT | ZO:T71,9 Xo | 9 HP Xit1 \ Xt,vt,Zt, Vt | Zy, 0 Hp Dt ’ Xt,
t=0

t=1

where:

) | 6): The prior distribution over the initial state.

(Xo

o p(Xyi1 | Xy, Vi, Z4,0): The state transition density.

e p(V, | Z;,0): The distribution of the latent variables.
(Dy

L) | X;,0): The observation likelihood, mapping hidden states to observed data.

The integral structure of p(X;1; | Xy, Z;, 0), due to marginalization over V,, often ren-
ders exact inference intractable, requiring approximate methods, such as Sequential Monte
Carlo (SMC), which we discuss in subsequent sections. The resulting model structure is
illustrated below:

(Xo, Vo) 22 (X, V) 22 o L (Xg, V)
D, Dy

This formulation is sufficiently general to encompass a wide range of systems, including
Hidden Markov Models, dynamic ecological systems, stochastic financial processes, and
non-linear biological systems. It provides a foundation for the Bayesian inference techniques
described in subsequent sections.

2.2.2 Compartment Models as Markov State-Space Models

Here we show how the state-space model framework 2.2.1 established above can be applied
to the discrete-time compartment model detailed in 2.1.2. We let At = 1 in Equation 2.4,
resulting in time-indexing t = 0,1,2,...,7. Assume we have access to time series of
observed data Dy, = {D;}L |, = Dy.p, where D, € RM and covariate data Z = {Z,}1 )} =
Zor_1, where Z, € RP. Let the state of the compartments at time ¢ be given by

X, = (X", xP . xM) eRrN.
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We write the transition rates from compartment ¢ to compartment j at time ¢ as oy (¢, Z¢, 0),
which are modelled using log-normal distributions as described in | , ]:

ai;(t, Zy,0) ~ ﬁN(ﬁ i, 0 )>

where f3;; € RP are the coefﬁcients in the multiplication BTZt, drawn from a prior distri-
bution f;; ~ N(0,1), and o7, are the variances modelled by o7y ~ I'(kp,0r) (shape-scale
parameterization). The full parameter set is denoted 6 = (3, ) The log-normal distribu-
tion ensures that the transition rates c;; remain non-negative, aligning with the physical
interpretation of compartment transitions. The choice of priors for 3;; helps to regular-
ize the model and reflect prior knowledge, while the gamma distribution for afj supports
modelling non-negative variances and potential heteroscedasticity.

As noted in 2.1.2, this approach embeds stochastic noise terms within the GLMs at
each time ¢, making the compartment transitions inherently stochastic. In the context of
our SSM framework above, the latent variable takes the form

Vi = (a1, a2, .., a1n, o1, - - 704N1)T
The stepping equations for the ODE system are expressed as:
X9 = x4 £,(X,,t,0) Vie[N],

Xtat 0 Zajz t Zt7 ]’L Xt7 Zazk t Zta hik(Xt7t)7

which are used to construct the state transition function F. The functions h;;(Xy,t) rep-
resent the state-dependent interactions that influence transitions between compartments.
Fix any time step ¢, and for shorthand write h;; = h;;(X;,t), representing the influence
of the current state X; on transitions from compartment ¢ — j at time ¢t. We define the
matrix M, to capture these transition effects:

0 —hig -+ —hun 0 hyy -+ hn
_p 0 .. —_h h 0 -.- h
M= S
—hn1 —hy2 -+ 0 hin hey -+ 0

This matrix reflects the state-dependent interactions that govern transitions between
compartments. We can write the state transition function F as follows:

Xt+1 — F(Xt, ‘/;5) — Xt + MtVt. (26)
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Hence, X, is a linear transformation of V; given X;.

Lastly, the compartment model adheres to the Markov property. Specifically, the la-
tent variable V,, which encapsulates the transition rates o;;(t, Z;, ), depends only on the
covariates Z; at time ¢ and the model parameters . The next state X;,; depends only
on the current state X; and the latent variable V,; through the state transition function
X1 = F(Xy, V). As a result, X;,; is conditionally independent of all past states Xg.;—1
given Xy, Z;, and 60, thereby satisfying the Markov property.

2.3 ABC-SMC? Algorithm

In this section, we will review approximate Bayesian computation (ABC) and sequential
Monte Carlo (SMC), after which we will outline how these can be used in tandem for
solving problems with intractable likelihoods, such as the one presented in 2.2.2. Finally,
we will outline the ABC-SMC? algorithm. Throughout this section, we will introduce
notation that will be used for the remainder of this paper.

2.3.1 Approximate Bayesian Computation (ABC)

Approximate Bayesian Computation (ABC) originated in the 1980s, first noted by Ru-
bin | , ], who proposed a sampling mechanism to draw from the posterior distri-
bution, aligning with the principles of the ABC-rejection scheme. This concept emphasized
computational methods for posterior estimation, enabling the analysis of models beyond
those with analytically tractable likelihoods | , |. Concurrently, Diggle
and Gratton | , | introduced a simulation-based approach for ap-
proximating the likelihood function. These early contributions highlight ABC’s utility in
bypassing direct likelihood evaluations, making it suitable for implicit models [
, |, such as the one described above.

The standard ABC approach goes as follows: suppose we wish to estimate the likelihood
L(0 | y), where y € R™ is some observed data and # € R? is the parameter. We sample
parameters from the prior § ~ 7(-) and simulate data x from some mechanism p(- | 6) that

depends on 6 | , . Now, we wish to measure how “close” the simulated
data x is to the observed data y. To do this, we define a summary statistic S : R" — R? and
choose a metric p : RPxRP — [0, 00) to measure p(S(z), S(y)) | ) ]. This
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“distance” determines whether a sample 6 is accepted or rejected via a “tolerance” level
denoted ¢, where we assume € > 0, and the accept-reject condition is p(S(x), S(y)) < e.

Under this framework, the ABC approximation of the likelihood L(f | y) can be ex-
pressed as follows:

Lasc(® ] y.e / K. (p(S(x), S())) plz | 0) dz, 2.7)

where p(z | ) denotes the data generation mechanism based on the parameter 6,
and K. is a kernel function | , |. A well-chosen prior is crucial for
ABC, focusing sampling on regions of parameter space plausible given the observed data.
ABC struggles in higher dimensions, where matching summary statistics becomes harder,
amplifying complexity and reducing efficiency. A critical challenge of ABC methods is the
arbitrary choice of the tolerance level €. Given the expression in 2.7 we observe there is a
trade-off, smaller values of ¢ lead to better approximations, at the cost of lower acceptance
rates, and vice versa, large e-values will yield higher acceptance rates but at the cost of
less accurate approximations which can introduce substantial bias in the estimate. This
trade-off has been the subject of extensive research |

, , ], we will revisit this in the context of our ABC SM02 algorlthm

in Section 2.3.

2.3.2 Sequential Monte Carlo (SMC)

Sequential Monte Carlo (SMC) methods, commonly known as particle filters, are a power-
ful set of algorithms used to approximate probability distributions, especially in contexts
where data arrives sequentially and distributions evolve over time |

, , ]. Originally coined by Del Moral in 1996, SMC methods emerged
to solve nonlinear filtering problems in dynamic systems by representing probability distri-
butions as a set of weighted samples, or “particles” | , ]. These methods
are particularly useful in state-space models, such as Hidden Markov Models (HMMs) and
nonlinear dynamical systems, where the goal is to estimate the internal states of a sys-
tem based on noisy or partial observations | , ]. Unlike linear filtering
techniques like the Kalman filter | , |, which assume Gaussian distributions,
particle filters can approximate distributions of arbitrary form, making them highly versa-
tile in real-world applications such as signal processing | , , ,

|, target tracking | , , , |, and computer vi-
sion | , ].
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The fundamental concept of Sequential Monte Carlo (SMC) is to maintain a collection
of N particles, where each particle corresponds to a parameter 6 and represents: (1) a pos-
sible state of the system X, and (2) an associated weight W which indicates the relative
importance of each particle in approximating the posterior distribution. For the remainder
of this paper we will adopt the standard SMC particle notation. In this notation, Xgl)
represents the ¢-th particle at “time” ¢, and Wt(i) denotes its associated weight. The super-
script ¢ identifies individual particles within the collection at each step t. The subscript ¢
indexes a sequential progression, which may correspond to time in dynamic systems or to
iterations in general inference problems. While SMC is often applied to sequential data, it
is not restricted to such settings. In cases where data is fully available, ¢ may instead index
artificial steps, such as data partitioning or tempering. We will refer to the “time”-index
colloquially but it should be noted that this is a contextual term. We write the collec-
tion of particle states at time ¢ as {Xgi)}f\;l, and the corresponding weights are {Wt(i) N
Lastly, the collection of parameters associated with each particle are written as {#@}Y
the lack of a subscript ¢ it due to the parameters being time-independent. In cases where
a combined representation is needed we may write { (6, Wt(i)) N, in general the context
will clarify the meaning of these collections and /or notations.

At each time step t, the particle weights Wt(f)l are updated based on the new obser-
vations D, using sequential importance sampling (SIS) | , , ,
, , , , , , |. We will provide a brief
overview of the procedure here, given new observation data D; we seek to adjusts the
weights to reflect the posterior distribution, denoted as Wt(z). This update process can be
expressed mathematically as:

Wt(z) x Wt(i)l i - -
gX{" | XV, Dy)

(2.8)

where p(D; | Xgi), 6@) is the likelihood of the new observation D, given the particle
state Xl(f) and parameter (), and q(Xgi) | Xl(i)l, Dy) is the proposal distribution used for
sampling the next state of the particles. The weights are subsequently normalized so that
Zﬁil W, ) = 1. Tt should be noted that while not the case in this paper, there are contexts
in which weights are not normalized | : ].

As the simulation progresses in ¢, a common issue known as weight degeneracy may
arise. As the simulation handles additional observations by updating weights, it may be the
case that a small subset of particles retain significant weights, while the remaining particles
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receive negligible weights, this phenomenon is know as particle/weight degeneracy. This
results in a poor representation of the target distribution.

A common measure of particle degeneracy is the effective sample size (ESS) |

|, which is defined as:

) Y ) Y Y

(5w’
S (W)

Note that under uniform weighting (maximal weight entropy), ESS; = N, in contrast, if
all but one particle has zero weight then ESS; = 1. For any collection of normalized weights
{Wt(l) N |, ESS; lies in the range [1, N], providing an intuitive and bounded measure of
weight degeneracy.

Bss, ({Wh) = (2.9)

The issue of particle degeneracy is often addressed through a resampling step | ,
| where particles with low weights are discarded, and particles with high weights are
duplicated. Often an additional propagation step is used to maintain diversity within the
resampled particle set. This process helps mitigate weight collapse and ensures that the set
of particles provides a better representation of the posterior distribution. It is important to
note that resampling alone may not fully resolve challenges associated with weight degen-
eracy | , ]. While resampling reduces the variance in particle weights it
can exacerbate the problem of sample impoverishment, where duplicated particles reduce
the diversity of the particle set. Further, the propagation step following resampling may
not always counterbalance this loss of diversity, particularly in high-dimensional parameter
spaces or settings with strongly peaked posterior distributions | , ,
, ]. To determine when resampling should be performed one needs
to measure the degree of weight degeneracy exhibited by the current collection of particles.
A common technique is to monitor the effective sample size (ESS) 2.9. When the ESS
falls below a specified threshold yN, with v € (0,1), resampling is triggered to prevent
degeneracy and maintain an accurate representation of the target distribution |

Y ]

In some SMC applications, the likelihood p(D, | X, 0) is intractable due to complex
or implicit model dynamics. Instead, we propagate particles through a deterministic tran-
sition function X; = F(X;_1,V;), and approximate the likelihood using an ABC kernel
K. (p(S(Dy), S(G(Xy)))). For notational brevity, for the remainder of this paper we will
write K., (Yt(i), D) or Ket(G(Xgi)), D) in place of the kernel expression in the preceding
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sentence, this notation adopt the metric’s (-, ) notation and removes the explicit depen-
dence on the summary statistic S and metric p. This substitution transforms the standard
SMC update equation 2.8 into the ABC-SMC form:

Wt(Z) S8 Wt(i)l ’ KEt <Y§Z)7 Dt)?

enabling inference in models with intractable likelihoods. This setup is generally referred
to as an ABC-SMC algorithm | , , , ,
, |, which operates as follows:

e Initialization: Sample {#)}Y | from the prior distribution 7(#) and assign uniform
initial weights WO(Z) = % for all particles.

e Importance Sampling: For each time step ¢, simulate Xgi) from the state transi-
tion model p(X; | X,_1,0®). Update the particle weights Wt(i) based on the ABC
criterion:

W o Wi - Ko (Y, Dy),

where K., is the ABC kernel with tolerance ¢; and Yzfi) = G(Xgi)) represents the
mapped observable state.

e Resampling: If ESS, < vN, resample particles {H(i),Xgi)}i based on the current
weights {W,”}, and reset the weights to W,” = +.4 € [N] for all resampled particles.

This approach flexibly approximates posterior distributions in intractable models. By
combining ABC for likelihood approximation with SMC for sequential updating and par-
ticle management, the ABC-SMC algorithm ensures that the particle set continues to rep-
resent the evolving posterior effectively. A formal description of this algorithm is provided
in Algorithm 1.

In the standard ABC-SMC algorithm, each particle at time t corresponds to a single
state Xgi) with weight Wt(i), determined by (1) the previous weight and (2) the fit of
X,@ to observations Dy, via the kernel K., (Yt(i),Dt). While efficient, this single-state-
per-particle approach can be problematic in high-dimensional or constrained state-space
models | , , , |. The transition model p(X; | X;_1,6),
incorporating latent variables, is inherently stochastic, meaning samples Xgi) may differ
significantly. Limiting each particle to a single sampled state discards other plausible
transitions, hindering the ability to represent the posterior. This issue is particularly acute
in ABC, where K., evaluates the fit of simulated outputs to the data, increasing variance,
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Algorithm 1 ABC-SMC Algorithm | : ]

Require: Prior distribution 7(0), state prior p(Xo|6), latent sampler p(V;|0, Z;), transition
function F, observation function G, ABC-kernel K., N number of particles, observations
Dq.7, covariates Zy.r_1, tolerance schedule 1.1
for each particle i =1,2,..., N do

Sample 0% ~ 7(6)
Sample X(()i) ~ p(Xo[0®)
Set Wy = &
end for
for each time t =1,2,...,7T do
for each particle i =1,2,..., N do
Sample V,") ~ p(V|09, Z,)
Propagate Xgl = F(Xgi)7 Vt(i))
Define observable state Yﬁzl =G (XEQI)
Update weight VVI,/(ZJF)1 x Wt(i) - K, (Yt(i)l, Dt+1>
end for
Normalize {Wt(i)l}fil such that SV, Wt(i)l =1
if a resampling criterion is satisfied then
Resample particles {00, X! }V | based on weights {W,”, }Y |

Reset weights Wt(i)l = %
end if
end for

Log-likelihood estimate:

T N
R 1 i
log (p (Dl:T | 97 ZO:T—l)) = g log <N E Wt( ))
t=1

=1
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bias, and particle degeneracy | , , , |. Allowing particles to
represent distributions over states could address these limitations.

To address these issues, we take inspiration from Chopin’s proposed SMC? method |

, ] and adopt an ABC-SMC? approach, where each parameter §() corresponds
to multiple simulated states {Xgi’j )} jV:ll Specifically, we employ an “outer-SMC” in which
"outer” particles represent parameters {H(i)}f-vz"l, and an “inner-SMC” where each param-
eter particle ) is associated with a collection of “inner” states {Xg” )}j-V:il. Here we use
doubly-indexed superscript (i,j) to denote the ith outer-particle’s jth inner-particle, we
let N,, N; € N denote the number of outer and inner particles, respectively. With respect
to notation we establish a few more conventions: we denote the weights of the outer-SMC
particles as upper-case VVt(i) and the weights of the inner-SMC particles as lower-case wﬁi’j ),
As above, when referring to a collection of particles or weights, we use {-}. For instance,

{wt(i’j )}jv, , represents the inner weights for the ith outer particle, and {Wt(i)}f\i’l represents

the set of all outer weights.

2.3.3 ABC-SMC? Algorithm

Originally proposed by | , ], the SMC? method for state-space models
utilizes an outer SMC for the estimation of unknown parameters and an inner SMC for the
propagation of hidden states, along with a Particle Markov Chain Monte Carlo (PMCMC)
kernel that stochastically updates parameters by incorporating the inner SMC |

, ]. In Chopin’s original formulation, the inner SMC involved a closed-form
likelihood L(6® | x). However, in the context of the compartment models discussed
above 2.1, as well as the broader proposed framework 2.2.1 where the transition density
p(Xip1 | Xy, Zy, 0) is intractable standard SMC? methods do not apply. As detailed above
in 2.3.2, we may bypass the intractable likelihood by constructing an inner ABC-SMC.
Additionally, a PMCMC kernel | , ] is used for stochastically
updating 6 by incorporating the results of the inner ABC-SMC, resulting in a hybrid
method ABC-PMCMC. The integration of the outer SMC for 6, the inner ABC-SMC, and
the ABC-PMCMC forms the full ABC-SMC? algorithm [Hou, | that is utilized in this

paper.

The concept of an ABC-SMC? method was discussed by | : |. Their
work explored the use of a decreasing sequence of tolerance levels (e,), where co > ¢, >
ent1 (following [ ) ]) in the ABC kernel, resulting in a sequence of dis-
tributions (m,), that approach the true target posterior over multiple iterations. Their
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work considered an offline setting and they did not fit to a time-series of observations (or
covariates) which underpins the novelties in our approach.

In contrast, we present our ABC-SMC? framework for online inference, which accom-
modates the general state space framework established in 2.2.1 This approach allows for
real-time parameter updates as new data becomes available, making it suitable for dy-
namic systems with sequentially arriving observations Dy.z = {D;}1, and covariates

Z=1{Z}>

We use an ABC-based bootstrap filter 2 for the inner SMC to estimate the marginal

propagation log-likelihood for a given fixed parameter 6 (drawn from the outer SMC pro-
cess). At each time ¢, we sample v ~ p(Vi | 0, X,S”) for each particle 7, then we generate
an updated state Xgl via the transition function, Xﬁl = F(Xgi), V;(i)). Now, to update
our marginal propagation likelihood estimate at time ¢ we compute the ABC kernel evalu-

ation K., (D; | G(Xg?l)) =D (Dt|X§i), 9), subject to a predefined tolerance ¢;, we update

the particle weights wﬁi) o wfl_) i) (Dt|X§i), (9) The randomness of the transitions intro-

duced by the latent variables V; ensures the particles remain diverse, even if the weights
{wt )} concentrate on a small subset of particles. After this has been completed for 1 : ¢
we compute the estimated marginal propagation log-likelihood for D;.; given 6 as

log (j (Du.r | 9)) Zlog (NZwﬁ)

A formal algorithm is written in Algorithm 2.

Following | , |, we implement a Particle Metropolis-Hastings (PMH)
kernel to stochastically update the parameters 6 to ensure that the parameter space is
explored effectively while preserving the correct posterior distribution.

The PMH kernel proposes a new candidate parameter 6,, from a proposal distribution
H(0, | 0.), where . denotes the current parameter. For each proposal, we compute
the associated log-likelihoods [,, and [. for the new and current parameters, respectively,
using the ABC-based marginal likelihood estimation (Algorithm 2). The error in the
likelihood estimates introduced by ABC can distort the accuracy of the Metropolis-Hastings
acceptance probability, particularly in higher-dimensional settings where the likelihood
becomes less informative, potentially leading to acceptance rates that deviate from the
true posterior dynamics. Afterwhich, we evaluate the log-prior probabilities p, and p. for
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Algorithm 2 ABC Bootstrap Filter
Require: parameter 6, state prior p(Xy|@), latent sampler p(V;|6, Z;), transition function
F, observation function G, ABC-kernel K., N number of particles, observations D;.7,
covariates Zy.r_1, tolerance schedule e4.7
for each particle i = 1,2,..., N do
Sample X((f) ~ p(Xo|0)
Sample Vi ~ p(Vo|0, Zo)
x{) =F (x{, ")
Set wf o< K, (G(X{"), Dy)
end for A
normalize {w!"};
for each timet=1,..., 7 — 1 do
Resample {X\"}; from {w("};
for each particle i =1,2,..., N do
Sample V,"”) ~ p (V;|6, Z,)
X =F (x{7,v")
Set wi}, o K-, <G<X§7—21)7 Dt+1>

end for .
normalize {wt(ﬁzl}z
end for

Log-likelihood estimate

T N
. 1 i
log (p (D111, Zor-1)) = g log (N g w,g )>
=1

=1
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0, and 0., as well as the log of the proposal densities s,, and s.. The Metropolis-Hastings
acceptance probability « is given by:

o = exp{<ln - lc) + (pn _pc) + (Sn - Sc)} :

A uniform random variable u ~ Uni(0, 1) is sampled, and the candidate 6, is accepted if
u < a; otherwise we reject and continue with 6. as the current parameter. This procedure
is formalized in Algorithm 3.

Algorithm 3 ABC Particle Metropolis-Hastings Kernel
Require: Propagation kernel H, current parameter 6., inputs to Algorithm 2.
Propagate new parameters 6,, ~ H(6 | 0..)
pn = log p(6,)
[, = run 2 with 6,
sp =log H(0. | 6,)
pe = log p(ec)
[, =run 2 with 6,
se =log H(0, | 6.)
@ = exp {(ln - lc) + (pn - pc) + (Sn - Sc)}
Sample u ~ Uni(0, 1)
if u < a then
=20,
. else
0=20.
: end if
: return 6

el e e e
AR > ouli e

The complete ABC-SMC? algorithm incorporates both the inner ABC-SMC and the
Particle Metropolis-Hastings (PMH) kernel to manage and update parameters 6 based
on sequential observations Di.7. The general procedure is as follows: define a set of Ny
initial parameter samples {1} drawn from the prior distribution p(#). Each parameter
sample is associated with a collection of N; inner particles, representing potential state
trajectories {X\" )}é\;l for each parameter ).

For each observation at time ¢t we propagate each outer particle §)’s inner state

{Xg” )}jV:l , and estimate the marginal propagation likelihood using the ¢ time-step of the
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inner ABC bootstrap filter algorithm (Algorithm 2) to compute the weighted marginal
likelihood estimate: N
R i i i N (]
(YL 1 Y00, 09) = >l
7j=1
where wlgi’j ) represents the weight of each inner particle at time ¢, calculated based on the
ABC kernel K, (Yt(w ), D;). We then update the weight of each outer particle §):

Wt(Z) X Wt(i)l ’ ﬁgt (Yt(Z) | Yt(l—)la 9(1))7
and update the log-likelihood for each particle:
(6 = 19, + 108 (5., (Y | ¥[,.00).

Next, we compute the effective sample size (ESS;) to check particle diversity, if ESS; <
vN,, we perform resampling of the outer particles {§®}N using the weights {Wt(i) Mo
The resampling threshold v is a common choice in the Sequential Monte Carlo (SMC)
literature, typically set as a constant proportion of the particle count (yN,). It is a hy-
perparameter that can be tuned based on the specific context to balance computational
cost and particle diversity. The resampled particles are then updated using the Particle
Metropolis-Hastings (PMH) kernel (Algorithm 3), which proposes new parameter values
6@ for each particle to ensure exploration of the parameter space. After resampling, the

weights are reset uniformly:
W = Vie{l,...,N,}.

This iterative process continues for each time step, t = 1, ..., T finalizing with approximate
posterior samples {#®1Y° and log-likelihoods {ng) No . The complete algorithm is given
in Algorithm 4.

We briefly remark on the theoretical structure of the target distribution, which we write
as m; of ABC-SMC? algorithm presented above. We adapt the structure given in |
, | (Proposition 1) into a suitable form.

To do so, we now introduce some additional notation following | : | for
writing out the target density m;. We consider a single parameter 6 with NV; inner states
X,gj ) at time ¢. Let agj ) ¢ [N;] denote the ancestor particle index of the jth inner particle
at time t. For instance, if N; = 3 and the inner particle indices (1,2,3) at time ¢t = 0 are
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Algorithm 4 ABC-SMC? Algorithm
Require: N, number of outer particles, N; number of inner particles, resampling criterion,
observations Di.r, covariates Zy.r_1, all inputs to Algorithms 3
for each outer particle i =1,2,..., N, do
Sample 0% ~ p(6)
Sample X7 ~ p (Xol0) for j € [V]
Sample Vo(i’j) ~ D <X/O(i)|6’, Z0> for j € [Ny
X{ = F (X{7, V") for j € [N
w(? o K, (G (XTP) D) for j € [N]
Normalize {wgi’j )}j
end for
fort=1,2,.... T —1do
for each outer particle : =1,2,..., N, do
Resample {X{"/}; from {w{"’};
Sample V. ~ p (vt(i)w? Zt> for j € [N]
X = (XE9,V09) for g € [N
wt(ijl) X KEt <G (ng—jl)) 7Dt+1> fOI'j € [Nl]
Normalize {w!"/ }
Set (X1 X[,0) = NS wi]
Wt(j-)l X Wt(Z) P <X£21|X§2)a 9)
00, = 62, +10gp (X2 1%, 0)
end for ‘
Normalize {Wt(i)l}i
if resampling criterion satisfied then
Resample {#} from {Wt(fr)l}i

for each outer particlei =1,2,..., N, do
Call Algorithm 3 with 8%, Dy i1, Zo., €1:4041
end for
W =1/N, for i € [N,]
end if
end for
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resampled at time ¢ = 1, yielding (2, 3,2) then agl) =1, a?’” =2, a§i’3) = 3 and furthermore

aéi’l) =2, aém) =3, agi’?’) = 2. Using the agj)’s we can construct an index history for each
X9 Let H,gj_) = (h?(1),..., AP (t)) denote the index history defined by A" (¢) = n and
() (g) = gl (s+D) _ i U) _ (x) (’)
hi’(s) = as for s € [t — 1]. Similarly, let X7/ = (X7 (1),..., X5 (t)) denote the
. . ()
state trajectory of the inner particle X defined by X7 = X" ,s € [t]. Finally, let

qt79<'|X£i_)1) be the transition density conditional on Xgi_)l and parameter . Chopin shows

in [ ) | (Proposition 1) that the probability density m; can be written as
follows
N;
N N i —(t—1
o (0, X5 ab¥s) =p(@ 1 Du)- [ Sop(¥D |0, Dr)] N7 €
j=1
. - YO @ i@ )
| TE || TTTE e (x5
k=1 s=1 k=1
kAH (1) kAH (s)

(2.10)

The first term is posterior in , note the marginal distribution of m, w.r.t. 6 is p(6|D1.).
The second term encodes the “mixture over genealogical paths,” acknowledging that each
trajectory ngz could be the actual realized path with probability 1/V;, and that each
time step’s ancestor is (theoretically) chosen uniformly from the previous generation, the
N;(tfl) appears due to the repeated resampling steps over times 1,2,...,¢ — 1. The third
term represents the initial proposal/transition probabilities for all particles that are not
on the chosen genealogical path. Lastly, the final term ensures that all particles (including
those not on the chosen genealogical path) are properly accounted for in the transition-
and-weight factors. The index k = Ht(j ) (s) is excluded because its contribution is already
accounted for in the second term.

Chopin | , ] (see also | , , ,

]) observes that SMC? remains valid even when one or more densities in the state-space

model (e.g. the transition or observation densities) are intractable. Sufficient conditions are

(1) one can simulate from the distribution in question, which facilitates the inner-particle

propagation is feasible and (2) an unbiased estimator of the corresponding likelihood (or

incremental weight) is available. Therefore, our ABC-SMC? methods may inherit the
theoretical guarantees outlined in | : | (Propositions 1 & 2).
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2.4 Novel Contributions

In this section, we will outline what we believe are novel contributions to the literature.

2.4.1 Online Learning

The time-series nature of our data D;.r and covariates Z;.7 introduces unique challenges
for traditional ABC-SMC? methods. Other implementations of ABC-SMC?-like algo-
rithms | : ] do not fit to a time-series in an online fashion. Rather, these
methods use a sequence of decreasing tolerance levels ¢, > g9 > -+ > ep (where ¢ does
not denote ‘time‘ but rather the iterations) to iteratively refine posterior approximations.
However, these are not designed for scenarios where data arrives incrementally.

In contrast, our proposed ABC-SMC? algorithm supports online inference, where obser-
vations arrive sequentially. This adaptation offers a significant computational advantage:
by updating particle weights (6@, W, Z)) incrementally via the inner-SMC, we avoid recom-
puting weights by considering the entire time series D;; at each step. Consequently, the
computational cost scales linearly with the outer-SMC process, allowing for more efficient
real-time analysis.

Moreover, the flexibility of the online-learning approach allows for the incorporation of
new covariates during the time period ¢t = 1,...,7. When new covariates are introduced,
the corresponding parameters can be sampled from the prior distribution 7(6) at time
t, while the remaining parameters retain their more informed positions in the posterior
distribution.

This online-learning framework introduces a subtle yet significant novelty in our al-
gorithm, which we explore further in the following subsections. Each particle (6@, W, ")

accumulates its log-likelihood estimate ﬁy) at each time step ¢ based on the inner ABC-SMC
kernel’s evaluation of the observed data D,. Specifically:

040 =02, 108 (Y| Y[, 09))), (2.11)
where ﬁ(Yt(i) | Yt(?l, 0@) is computed using the kernel K_,(-,-) at time ¢.

Notably, this introduces a dependency of the log-likelihood Egi) on the sequence of toler-
ance levels, denoted 1., = (€1, €9,...,&;). This dependency means that the log-likelihood
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at time t reflects not just the current tolerance £; but the entire history of tolerance lev-
els used up to that point. This dependency on the entire history is not present in the
outer-SMC weights, which are updated as follows:

Wt(Z) X Wt(i)l ']A)(Yy) | Yt(i)p 0(i)>7 (2.12)
where I/Vt(i)l is fixed at time ¢, and ﬁ(Yt(i) | Yt(i)l, 0™) depends only on &;.

These two observations; the log-likelihood dependence on the entire e-history and the
outer-SMC weights dependence only on the current e;.—form the basis for our additional
novelties detailed in the following subsections. Before we discuss these, we will explore
the underlying motivation by examining the behaviour of the ABC-SMC? algorithm in an
online-learning context.

When fitting a time series using our ABC-SMC? method, two features of time-series
data pose challenges for the particle system, potentially leading to weight degeneracy.

Firstly, time-series data can often exhibit regime changes, abrupt shifts in behaviour at
specific time points. A regime change occurs when the observed data D; at time t reflects
a significant shift in the underlying process (relative to D; 41 for some k > 1. Said
shifts effectively “push” the posterior distribution in a new direction, requiring parameter
values to adjust accordingly. As a result, potentially large subsets of the particles which
previously fit the data well may no longer align with the new behaviour, leading to many
particles receiving negligible weights.

Secondly, the data generating process for a time-series D;.; may depend on parameters
that only begin to influence the observations at certain time points ¢ > 7, where 7 > 0
is some time index. For example, consider a coefficient in a generalized linear model
(GLM) that is multiplied by a covariate Z; which is zero for the first 7 —1 time steps. Such
parameters do not contribute informatively to the posterior until their associated covariates
are non-zero or relevant data becomes available. To accommodate this, we allow for the
dynamic introduction of parameters into the model at the times they become relevant.
When a subset of “new” parameters Oy = (;,,...,0;)" is first introduced at time T,
its posterior w(6x | D;) initially resembles the prior m(fy) due to the lack of informative
observations. Meanwhile, sufficiently “learned” parameters 0, = (0,,...,6;,)", which have
been iteratively updated from earlier time steps will be more concentrated in regions of the
parameter space informed by the data, reflecting a tightened posterior distribution. As a
result, the introduction of new parameters can lead to situations where only particles with
favourable prior samples for ¢;,,...,0;, achieve a good fit to the observed data.
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The ramifications of both scenarios described above are similar: a small subset of par-
ticles fitting the data well cause the weights to concentrate on these particles while the
others receive negligible weights, hence resulting in particle degeneracy. Furthermore, in
the case of the dynamic introduction of parameters, the posterior of the learned parame-
ters w(6, | D;) will be reshaped by the performance of the prior samples 6,,, ..., 6;,, which
effectively “slice” through the posterior of previously well-learned parameters. This slicing
reduces particle diversity and biases the posterior toward regions dictated by the favourable
prior samples of the new parameters. This interplay tightens the posterior of 6, in a direc-
tion dominated by the new parameters, which can skew inference and hinder exploration.
In both scenarios, weight degeneracy undermines the particle set’s ability to effectively
represent the posterior distribution. This not only compromises the diversity of the parti-
cle system but also the overall quality of the inference, particularly in high-dimensional or
dynamically evolving models.

The consequences of weight degeneracy further exacerbate these challenges Firstly,
when particle degeneracy occurs, the ESS drops significantly, triggering the resampling
mechanism. Resampling is intended to redistribute weights effectively, allowing the par-
ticle system to recover diversity. However, in practice, if weights are overly concentrated,
resampling may disproportionately replicate these particles. This replication results in a
narrow parameter space dominated by a small subset of particles, further reducing diver-
sity. While various resampling strategies exist, such as multinomial, stratified, and residual
resampling, they all remain susceptible to particle replication when the particle diversity
is sufficiently low | , , , ]. A potential theoretical fix involves
using the subsequent PMCMC move to “spread out” the resampled particles. In practice,
however, this approach is often insufficient, particularly in high-dimensional settings where
PMCMC moves struggle to replenish particle diversity effectively [ ,

, , , , |. Without gradient information, as is
the case in ABC, the proposal distribution lacks an informed direction for exploration, fur-
ther limiting its ability to improve particle diversity. This limitation reflects an inherent
challenge in ABC-based methods, where the absence of posterior gradients restricts the
effectiveness of resampling and PMCMC updates.

Furthermore, resampling coupled with a propagation kernel relies on defining a proposal
distribution to propagate particles. Typically, said proposal distribution is parameterized
by an estimated mean ji and covariance matrix 32, which are often weighted (as is the
case in our method) to incorporate additional information regarding the quality of the
particles in terms of their fit to the data | , |. However, under particle
degeneracy, 3 is estimated from a small subset of particles, which can lead to negligible
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diagonal entries and an overly narrow covariance structure | , ]. This narrowing
confines the propagation kernel to a small region of the parameter space, inhibiting ex-
ploration and creating a feedback loop: newly generated particles remain clustered in the
same narrow region, leading to low acceptance rates and perpetuating low ESS despite
resampling [ , ].

One could consider alternative constructions of the propagation kernel, such as using
unweighted covariance estimates, a fixed covariance, or a random walk. However, these
approaches have significant drawbacks. Unweighted covariance estimates fail to leverage
particle quality, often resulting in less accurate proposals. Fixed covariance structures,
while theoretically able to prevent degeneracy, are highly rigid and poorly suited for dy-
namic models where the posterior evolves over time | ,

|. Additionally, in high-dimensional settings, fixed proposals tend to have abysmal
acceptance rates due to the inefficiency of exploring vast parameter spaces with limited
flexibility | , ]. Random walk proposals similarly struggle in high dimen-
sions, as they lack the ability to adapt to the posterior’s local geometry, leading to poor
exploration and low acceptance rates | : ].

Adaptive MCMC strategies could mitigate these issues by dynamically adjusting the
proposal structure based on particle performance | , ]. However, these
methods are computationally expensive and impractical within the framework of online
SMC, where efficiency is critical. For instance, running multiple iterations of MCMC for
each resampling step would dramatically increase computational overhead, undermining
the scalability of the method for large datasets or high-dimensional parameter spaces |

, 2010].

While alternatives, such as using pre-specified or independent proposal distributions,
could address some of these challenges, they also introduce their own limitations. A
pre-specified covariance matrix may fail to adapt to the evolving posterior, particularly
in dynamic time-series models, where the parameter space can shift significantly over
time | , ]. Similarly, independent proposals often falter in high dimensions
due to their inability to capture the complex structure of the posterior effectively | ,

, , ]. Empirical evidence supports the use of weighted covariance
estimates, which generally provide better performance despite their limitations, particu-
larly when compared to unweighted or fixed proposals | , ,

, |. These approaches strike a balance between flexibility and computational ef-
ficiency, making them a practical choice for many applications, though challenges remain
in ensuring robust particle diversity under degeneracy | , ).
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Both of the phenomena discussed above can lead to SMC sampler collapse, which, for
the remainder of this paper, we define as a scenario where (1) there is a single particle
with weight Wt(i) = 1, and (2) after the resampling and propagation steps, all particles are
identical, i.e., Vi, j € [N,], 0% = 00).

The occurrence of a regime change in an online learning setting or the introduction of
new parameters demands a more sophisticated approach to managing the effective sample
size (ESS). One counterintuitive yet effective strategy is to increase the tolerance param-
eter ¢; during periods of low ESS to prevent particle collapse. This approach contrasts
with existing methods | , , , ], as well as the primary ob-
jective of ABC-SMC?, which is to sequentially reduce &, to achieve a progressively better
approximation of the posterior distribution.

For example, the adaptive scheme in | , | restricts the search for the new
tolerance ¢; to the interval [0,e, 1], thereby enforcing the monotonicity of the sequence
(e¢)¢. However, if this upper bound &;_; is too restrictive in an online-learning context, it
may result in a poor ESS and could ultimately lead to particle degeneracy and algorithmic
collapse.

To address this, we propose relaxing the monotonicity constraint on &;, allowing it
to increase when necessary to maintain particle diversity. This adaptive adjustment of
the tolerance helps mitigate the risk of particle degeneracy, especially in scenarios with
abrupt regime changes or newly introduced parameters. Details of our adaptive strategy
for managing ¢; are outlined in Section 2.4.2.

However, this adjustment introduces the need for a recalibration step later in the sim-
ulation. Once the particles have settled into more stable regions of the parameter space,
recalibrating ¢; ensures that the tolerance parameter can be gradually reduced again to
refine the posterior approximation. This recalibration process is discussed in Section 2.4.3.

2.4.2 Adaptive Epsilon Selection Strategy

The selection of a sequence of ABC-kernel tolerances (¢;); has been explored extensively in
the ABC-SMC literature | , , , , , ]. As noted
in the preceding section, the outer-SMC weights at time ¢ functionally depend only on the
current ;. Since the effective sample size (ESS) is determined by these weights, we can

view the ESS as a function of &, illustratively written as ESSt({Wt(i)}i,st. This concept
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was first introduced by | , |, who sought to control the ESS by adjusting
the tolerance parameter by solving the following equation for &;:

ESS, <{Wt(i)}l-,5t> — aESS, <{Wt(f)1}i,et,1> , (2.13)

where a € (0, 1) is referred to as the “quality” index. Values of a close to 1 favour slower
but more accurate convergence, while values close to 0 result in faster but potentially
less accurate outcomes. At time ¢, the quantity ESS; ; is fixed, as it has already been
computed based on the weights and tolerance at the previous step. Therefore, we are
solving Equation (2.13) solely as a function of &;, without introducing dependencies on
earlier tolerances beyond those encapsulated in the fixed ESS; ;.

Since ESS; is monotone in ¢; a bisection search can be used to solve (2.13) numerically.
Since ESS; is not continuous (due to the finite sample size N, of the outer-MC particles)
this method can introduce small inaccuracies into the solution of (2.13). The method
in [ , | attempts to solve (2.13) at time ¢ within the interval & = [0, &;_4],
we will refer to £ as the “search space” in the context of solving 2.13 numerically. If
no solution exists, the algorithm sets ¢; = ;-1 which ensures the monotonicity of the
sequence (g;);. Given the online-learning context of our problem and the potential effects
on ESS;, we cannot apply this approach directly, as it may lead to particle degeneracy. To
mitigate this risk, we allow for increases in ¢; by extending the search space £ to increase
the likelihood of finding numerical solutions to 2.13 The remainder of this section details
our approach.

To ensure the selected ¢; remains “reasonable” we define an upper bound e, such
that ; < epax, VE. This removes the dependency on ;,_; and hence lifts the monotonicity
constraint. Ome could allow for a lower bound e,;, as well but this can generally be
set to 0. Given some initial ¢; value from a deterministic scheduler we can compute a

naive F/SS; estimate under £; and compare it to the target value o ESS; ({Wt@l}i, €11

to determine the search space £ The exact procedure for the adaptive epsilon selection
strategy is outlined in Algorithm 5.

The use of inf and sup in the adaptive epsilon scheduler addresses the monotonic
but non-continuous nature of ESS; <{Wt(l)}i,5t> due to the finite number of particles.

This approach accounts for potential discontinuities more robustly than solving (2.13) via
bisection alone. The characterization using inf and sup ensures that the chosen £} maintains
the correct directional relationship between the target ESS and the realized ESS,(e}).
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Algorithm 5 Adaptive Epsilon Scheduler for Online-Learning
Require: Initial ¢;, quality index factor «, maximum and minimum epsilon bounds
Emax; Emin (generally e, = 0)

1: Determine target ESS 7 = aESS;_; ({Wt(i)l}i,et,l).
2: Compute baseline ESS; ({VVt(i)}i, 5t>
3. if ESS, <{Wt(i)}i,5t> < 7 then

: Define € = (&, Emax)-
5: Find (via bisection) e} such that

g; = inf {5 c £ : ESS, ({Wt(i)}i,5t> > T} )

6: else ESS, <{Wt(i)}i,5t> >
Define € = [epin, &¢]-
Find (via bisection) &} such that

€7 = sup {5 € & : ESS, <{Wt(i)},-,5t> < 7'} :

9: end if
10: return &

33



We briefly comment on the computational cost of this approach. The ABC-kernel is
the first algorithmic component that requires selecting ¢;; everything prior to this step
can be pre-computed. In particular, the propagation of each outer-particle’s inner states
(X Xl(ffl ) which is the most computationally intensive does not depend on &;, hence
computing ESS; under a given ¢, amounts to the following operations, all of which can be
in parallel and/or vectorized excluding the final ESS;. Hence, each e;-evaluation of ESS;
scales linearly with N, in terms of computational cost:

Vie [N, p(Y® | YD 0 ZKQ Dy)

vie [N WP =w -y |Y§il,0i>
W”*
S W#
. No i 2 !
ESS, <{Wt(2)}i75t> = (Z (Wt(Z)> >

i=1

vie[N,] W=

The adaptive epsilon selection strategy is integral to the success of our online learning
framework. Without an adaptive approach, the algorithm would frequently collapse due
to particle degeneracy, especially when new parameters are introduced or the observed
data behaviour changes. Furthermore, the incremental nature of weight updates in our
framework, as described in 2.3, allows for efficient adaptive epsilon adjustments without
re-evaluating the likelihoods (which depend on the entire e-history).

However, this approach does introduce some potential issues. Suppose some new data
Dy, 4, being learned over time steps ¢y < --- < t;, does not fit the current parameters well.
Consequently, Algorithm 5 will increase tolerance levels ¢, , ..., &, to prevent particle col-
lapse and promote exploration of the parameter space. By Equation 2.11 the log-likelihoods
of the particles will be updated with these potentially large ¢ values. When temporarily
large ¢ values are introduced, particles gain wider distributions that may not necessarily
represent the best fit for the data specifically at Dy, ,,. Firstly, this results in less informa-
tive outer weights {Wt(i)}i, reducing the effectiveness of the resampling step, which relies
on these weights to prioritize higher-quality particles. Secondly, the log-likelihoods {é@},-
used in the propagation step will struggle to differentiate between particles, as the high
€ty - -, Et, values dampen the variance in their incremental contributions at each time step
t (Equation 2.11). Now consider time time-step t, ¢, < t, and suppose the particle parame-
ters {G(i)}i have “settled” into more stable regions of the parameter space. If the new data
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D, does not contain significant information with respect to the poorly fitting parameters
at times tq,...,{;, the parameter estimates may remain largely unchanged, perpetuating
a posterior that fails to adequately fit earlier observations. By allowing for increases in &
we accept temporarily less-informative weights that prevent weight degeneracy, however,
to avoid the issues outlined above additional information can be extracted from the data
by retroactively tightening &;,,...,¢&,.

To that end we propose a log—hkehhood recahbratlon step” that adjusts the outer
weights {W } and likelihood estimates {€ } at time ¢t by recomputing the particle
weights under a “new” epsilon history €7,. Intuitively this can be thought of as updating
ABC-approximation of the transition density under smaller kernel tolerance values gr, < ¢,

per, (Yij} YO, 9@')) = ey, (Yt(j) YO, 0@)) for p € [k]

The smaller e-values make the transition density approximations more informative, in-
creasing variance and decreasing entropy. Said “recalibration” will result in more infor-
mative outer weights {Wt(i)}i and likelihood estimates {e,ﬁ“’)}i at time t. Consequently, the
resampling step will prioritize higher-quality particles, while the PMH kernel will better
differentiate between “good” and “bad” parameter values, improving both the propagation
and resampling steps. We formalize this idea in the next section.

2.4.3 Likelihood Recalibration

The goal of the likelihood recalibration is to derive “new” weights and likelihoods under a
new (and “smaller”) epsilon history €7,. Suppose we are at time ¢ in our simulation and
we wish to replace € with a new ¢} < ¢, value where £ < t. Recall the structure of the
target distribution m; at time ¢ given in Equation 2.10, in particular note the dependence
on the inner-particle ancestry ajir’,. Now consider the case of our ABC-SMC? algorithm at
any time s we (1) resample inner particles {Xg” )}jy:"l at time s based on the inner particle
weights {w(w o ;= from the preceding iteration and (2) we assign new inner weights wi

K. (G(Xg 7 ), ),DS>. These inner-weights are then used to approximate the transition

density p <Y§i)|Yt(i)1> used to update the outer particle weights.

Now consider our goal of replacing ¢, with a new €} < ;. At time k£ we resample
the inner particles {X(”)}Ni based on weights {w,(;’] )}] 1 propagate via the transition

function, and induce new (denoted via superscript ) weights wk W K.: (G (X,(C 28 ) Dk.>

35



under the new ;. These new weights w,g,i’j )" will then be used for resampling at time £+ 1,
and hence the original inner-particle ancestry alr, is no longer valid, and hence we are
not longer targeting the correct target distribution ;. Therefore, to ensure a valid inner-
particle ancestry, and hence a correct target distribution m; at time ¢ we may change ¢

to €7 but we must simulate the inner particles from time k to time t to obtain a valid
inner-particle ancestry. This induces a new sequence wk 3) for the ith outer particle which

resulting induces a new sequence sz:t as its weight updates (Algorithm 2 line 20) depend
on new inner particles. Therefore, to obtain the correct target distribution we must run
lines 10-22 in Algorithm 4 from time k to time t which will yield a Vahd 1nner particle
ancestry for each outer-particle, and correctly defined outer-weights {VVt P 1

The argument above can be extended to any finite number p < ¢t ABC-tolerance values
€k — €, where {k1,..., ky} C [t —1],k; < kiy1,i=1,2,...,p— 1 by simulating particles
from time k; to time ¢t. Note that this “recalibration” of weights under the new epsilon
history €7, is at most as expensive as the potential PMCMC step at time ¢ during the
resampling procedure. The reason being, in the worst case the recalibration involves simu-
lating the N; inner particles from time k& = 1 to time ¢ for N, particles, which is equivalent
to computing the log-likelihoods for each of the N, proposal generated during the PMCMC
step. The additional outer-weight calculation in the recalibration adds minimal overhead
as it merely aggregates the particles inner-weights.

One consequence of simulating the inner and outer particles over long-time horizons
k : t is particle degeneracy as there are no resampling steps. Therefore, as t — T and
for k < t the outer particle weights {W; Z)} >, may exhibit significant particle degeneracy.
Allowing for resampling while recalibrating the weights would mitigate this issue but is
computationally infeasible as it would effectively result in new initialization of ABC-SMC?
algorithm with the current posterior as the prior. To circumvent this we propose a single
resampling step at time ¢ — 1 that allows for the outer-weights to be reset to uniform 1/N,
preventing the resulting outer-weights {Wt(i N o at time ¢ from exhibiting severe particle
degeneracy. This makes our recalibration step doubly as expensive as a simple PMH-step,
however, we can control the rate at which we perform the recalibration and hence the
overall computational cost is manageable. Note this resampling step does not compromise
the inner-particle ancestry and hence our target distribution 7; remains valid. We detail
the recalibration step in Algorithm 6.

Note the inner-most j-loop over the inner particles can be parallelized. The remaining
1-loop amounts to aggregating inner weights per outer particle, this operation, as well as
the subsequent reweighting can be vectorized allowing for efficient updates. Therefore,
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Algorithm 6 Epsilon History Recalibration

Require: Recalibration frequency f, dominating kernel tolerance schedule values 7(t),

current epsilon history €141

Ensure: Recalibrated epsilon history €}, ;, inner particles and weights

(XY {w™ )

1: if ¢ mod f =0 then

2: Construct €7,,_; according to
ep = min{n(k), ex }
3: Identify starting index 7 given by
T=1inf{k :ep > e}
4: foreach k=7,7+1,....,t—1do
5: for each outer particle i =1,..., N, do N
6: Resample inner particles {X{")}, based on weights {w\"/)},.
7 for each inner particle j = 1,..., N; do
8 Sample V" ~ p (Vi | 09, Z; ).
9: Propagate X,(f’j) =F (X,(CZ_JI), V}c(i’j)).
10: Define Y,(Ci’j) =G (Xg”)
11: Compute inner weight wl(j’j) x Kot <Y,(:’j), Dk>.
12: end for ‘ . N
13: Compute p.: (YO YW o0y = = Zjvzl wi™,
14: Update outer weight W" = W . . (Y | Y 90y,
15: end for
16: end for . ‘
17: Resample {6} from {(6%,, W)},
18: for each outer particlez=1,..., N, do .
19: Update 0% by running Algorithm 3 with 6% as input.
20: Reset outer weight W,\" = 1/N,,.
21: end for
22: end if

23: return ¢}, , {X{")}.;, {wi}i;
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this routine is not prohibitively expensive. Furthermore, note that the weights used for
resampling (line 17) are generally more informative than the outer-weights used in the
main ABC-SMC? routine as they will have accumulated notably more updates with no
resampling as t — T.

The choice of the dominating scheduler 7 is arbitrary, we used a log-linear scheduler
due to its slow convergence to its target value ny ast — T

€ t
Mog-linear () = €XP (log(so) + log (_T) . ?)

€0
where 19, 77 are hyperparameters.

The recalibration mechanism operates independently of the adaptive epsilon scheduler,
which evaluates only the current iteration’s ESS and weights. Retroactive adjustments to
past € values do not interfere with the adaptive scheduler’s functioning. This separation al-
lows the adaptive scheduler to optimize ; freely at each time step ¢, while the recalibration
mechanism refines the e-history for all previous steps up to t — 1.

The choice of the recalibration frequency f is largely arbitrary and has a direct impact
on the balance between computational efficiency and posterior refinement. A larger f re-
sults in less frequent updates, while a smaller f increases the computational cost due to
more frequent recalibrations. An f of 1 would reduce to offline learning by recalibrating
at every step which is not practical for an online-learning setting. Although the fixed
f used in this work yields effective results, this choice is heuristic and may not be opti-
mal. Future research could explore dynamic recalibration frequencies that adapt based on
convergence metrics or ESS, potentially inspired by principles underlying the Del Morat
scheduler. However, designing such an approach in an online learning context presents
significant computational challenges and remains an open area for further investigation
(see Section 4.2).
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Chapter 3

Results

We present three applications of our ABC-SMC? algorithm involving dynamic systems
governed by systems of ordinary differential equations (ODEs). The first application will
serve as our “toy example” which models a a simplified two-tank flow system, characterized
by a simple linear ODE system. Secondly, we apply our method to the Lotka—Volterra
equations | : |, a non-linear ODE system used to model
dynamics in blologlcal systems Lastly, we apply our methods to the SEIR model |

, | used in epidemiology to model the spread of disease throughout a population,
here we also incorporate real-world covariates to capture the dynamics of infectious disease
spread. Fach section will proceed as follows: first the ODE system will be presented
and mapped to the SSM model defined in 2.2.1, second the experimental settings will be
detailed, and lastly we will examine the results.

3.1 Toy Example

3.1.1 Setup

We begin Wlth a simple toy example involving a two-tank flow model. Consider two tanks
containing X ) and X @ units of water at time t. Water flows from tank 1 to tank 2
at a rate given by oqz(t) (transition 1 — 2), and from tank 2 to tank 1 at a rate am;(t)
(transition 2 — 1). Additionally, tank 2 has an outflow at rate into the abyss ca(t)
(transition 2 — 0) (preventing a trivial ODE solution as —dx\V = dXt(Q)). This system
can be described by the following system of ODEs:
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ClXt(l) = —alg(t)Xt(l) + Oégl(t)Xt(z)
dXt(Q) = 0612<t>Xt(1) — Oégl(t)Xt(Z) — @Qo(t)Xt(Q)

We discretize the system of ODEs with a uniform time step At = 1 (this could be any
unit of time, seconds, minutes, etc.), resulting in:

Xt(1) Xt(Q)
Tlg(t) Tgl(t)
1 2 2
@ _ @ xM B x? _ x?
t+1 — t +
Ti2(t)  Ta(t)  Tao(t)

X0 = x0 _

t+1 —

(3.1)

For notational consistency inline with the latter sections, we express the flow rates using
1/7, where a;;(t) = 1/7;;(t). The subscript ij in 7;; indicates flow from compartment i to
j, and 7o represents the outflow from tank 2 as there is no compartment 0. As described
in 2.1.2 we inform these flow rates using a time-series of covariates Zy.r_; € R?*3, with
each flow rate associated with one specific covariate.

We fix T' = 400 for the time-frame. The covariate time-series Zy.7_1 (let Zt(i) represent
the ith covariate at time t) was generated as follows:

S L t < 200
" 0.05sin(107t) + &, > 200
@ o t < 200
SR YA o
2L+ e t>200
@ O t < 200
Zt = . 107t
0.5sin (97) + ¢ ¢ > 200

where &4, ¢, ~ N (0,1) and ; ~ Uni(—0.05,0.05). Furthermore, we inject “shocks” into
the covariate {Zt@)}t for t = 200,225,250 by setting Z\> = 10. All covariates were min-
max normalized to lie in [0, 1] so that 7z e [0,1] (aside from the shocks for Z(5)). The
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covariate time-series were constructed specifically to ensure that the resulting observation
series exhibits significant changes in behaviour, namely after ¢ = 200 due to the coefficients’
[ interaction with the covariates. These shifts in the underlying observation trajectories are
designed to reflect real-world time series dynamics, where shocks or structural changes in
the system occur. Such changes often coincide with the introduction of new parameters into
the data-generating process, driven by the influence of “new” covariates. These scenarios
highlight the limitations of existing methods and static e-schedules, which we will show
can be ill-suited for online learning contexts and prone to sampler collapse under these
conditions.

Inline with the notation established in 2.1.2 7’s are time-varying parameters defined
as follows:

log(ﬁg(t)) ~ N (,B{QZt, 0'%2> s
log(21(t) ~ N (83121, 0%1) (3.2)
IOg(TZO(t)) ~ N (ﬁgoZt’ U%o) )

with priors §;;, ~ N (0, 1) on the mean-covariate coefficients and o;; ~ I'(k,, 0,,) (shape-
scale parameterization) for the variances. We write f;; 5 to mean the kth coefficient in the
coefficient vector B3;; corresponding to the transition from i — j and Ufj to mean the
variance parameter. We allow for an intercept term in the log-normal means, so there is

an augmented l-entry at the start of these covariate vectors Z; so this operation ,33; is
well-defined. Lastly, in this example Zt(l) interacts with transition 1 — 2, Zt@) interacts
with transition 2 — 1 and so on for Zt(g) and transition 2 — 0. In the true value vector we
write later we do not explicitly list the Os corresponding to “unused” covariate information
provided by Zt(l). The time-series of both the covariates Zy.r_; as well as the observations
generated from a single simulation are show in Figure 3.1.

Using the SSM notation in 2.2.1 we write the parameter ¢, and the augmented latent
state (X4, V;) as follows

0= (5127012,521,021,5207020)7
T
X, = (x(.x)".

V= (lel(t)’ 7211(15)’ TZOl(t))T‘
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Figure 3.1: Left: time-series of the covariates informing flow rates 7;;. Z;; is the ith

)

covariate at time ¢. Right: time-series of the compartments Xt(i vs. time t.

Lastly, using the discreteized version of the ODE system given in 3.1 we may write the
transition function F as follows

_1
_Xt(l) Xt(Q) 0 7121(75)
Xt(l) _Xt(Q) Xt(Q) 7'211(t)

T20 (t)

Xt+1_Xt+< =Xy + MV, =F (X, V)

3.1.2 Experiment Parameters

The settings for the numerical experiment are as follows: we run 20 independent seeds with
N, = 5,000 outer particles and N; = 100 inner particles over a time frame of T = 400 time
steps. The compartments are initialized as Xy = (1,0)7, and the true parameter vector 6
was chosen to be:
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0 = (3.0,-2.5,0.01,0.25,0.5,0.01,4.0,1.0,0.01)"

= (512,1> 512,2, 012, 521,1, 521,2, 021, 520,17 520,2, UQU)T

The log-normal mean coefficients follow standard normal priors, f;;, ~ N(0,1), and
the variances are drawn from a gamma distribution, ¢ ~ Gamma(0.2,0.5). Adding to

our note above, f29 is multiplied by the covariate Zt(l), we do not write would-be coeffi-

cients B123, B12,3 for Zt@), Zt(3) in 6. For the ABC-kernel, we use a Gaussian kernel defined as
K.(z,y) = ¢(||t—y||2) /e, where ¢ represents the density of A'(0,1) and ||-||5 is the L*-norm.
The observation function G is taken as the identity mapping, G(X;) = X;. The proposal
kernel for the coefficients is a multivariate normal distribution (8 ~ MVN (jig, %5)), while
a log-normal distribution is used for the variances (o4 ~ LN (fix, 8%)). Here both jig, 35 are
weighted estimates using the outer-particle weights following | , ]. Lastly,
each variance parameter is proposed independently based on estimates fi;, o; which are also
weighted estimates. Note that in dimensional spaces more complex means of estimation
may be required, particularly in the presence of weight degeneracy. No additional opera-
tions were done on the covariance matrix ﬁ]g to induce independence between coefficients
effecting different transitions. The resampling threshold for the effective sample size is set
at v = 0.95. The e-schedule varies between runs, and specific settings for comparison are
detailed later. A summary of the experimental configurations is provided in Table 3.1.

A single “run” or simulation constitutes generating observations D;.r based on a single
unique seed, and then running the SMC sampler on said observation data. Should the
SMC sampler collapse, which we define as the case that ESS; = 1 for some ¢ € [T and
there are no newly accepted particles in the PMH-step we restart the SMC sampler from
t = 1, on the same observations D;.r.

3.1.3 Results

We compare four methods: two constant e-schedules (e; = 0.01,, = 0.001) serving as
heuristic baselines, the Del Moral scheduler from | , |, and our novel adaptive
e-scheduler coupled with the likelihood recalibration mechanism detailed in Section 2.4.
Table 3.2 summarizes the mean and RMSE values of parameter estimates for each method.

Parameters 3121, 21,1, B20,1 correspond to the intercept terms of the coefficients mod-
elling the time-varying parameters 7’s mean which directly influencing the structure of the
data-generating process from ¢ = 0. Further, parameters S22, 21,2, 20,2 correspond to the
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Table 3.1: Experimental Settings for ABC-SMC? Simulation

Setting Value

Number of seeds (runs) 20

True parameter (0.2,0.85,0.01,0.2,0.15,0.01, 4.0, 2,0.01)
Priors Bijk ~ N(0,1), o) ~ Gamma(0.2,0.5)
Outer particles N, 5,000

Inner particles N; 100

Timeframe T 400

ABC-Kernel K. (z,y) = ¢(||lz —yll2) /¢

ESS threshold ~ 0.95

Proposal kernel B ~ MVN (jig,%5), 0 ~ LN (fir,, 6%)
Initial state X, (1,0)F

Quality Index 0.975

Recalibration Scheduler (19, nr) = (0.01,0.0005)
Recalibration Frequency 20

0 True Value Constant (0.001) Constant (0.01) Del Moral Novel

B2 3.000 3.009 (0.020) 2999 (0.012) 3.000 (0.023) 3.000 (0.007)
B2 22500 -2.507  (0.009) -2.498 (0.008) -2.504 (0.010) -2.500 (0.008)
019 0.025 0.030 (0.006) 0.001 (0.024) 0.026 (0.010) 0.009 (0.021)
Bo1,1 0.250 0.261  (0.022) 0.249 (0.014) 0.252 (0.022)  0.25 (0.007)
Bat2 0500 0.490  (0.012) 0.499  (0.009) 0.494 (0.014) 0.499 (0.007)
21 0.025 0.009 (0.018) 0.001 (0.024) 0.014 (0.016) 0.025 (0.012)
Bao.1 4000 4161  (0.331)  4.00 (0.005) 4.004 (0.006) 4.999 (0.002)
B2 1.000  0.930  (0.202) 1.001 (0.015) 1.011 (0.078) 1.002 (0.008)
20 0.025 0447  (0.813) 0.011 (0.014) 0.033 (0.065) 0.001  (0.024)

Table 3.2: Mean and RMSE (in parentheses) of parameter estimates for each ¢ scheduling
method. Columns denote the different ¢ scheduling approaches: two constant schedules
(0.001 and 0.01), the Del Moral scheduler, and our Novel method. Bolded RMSE values
represent the smallest RMSE across all methods.

coefficients on the covariate data in 7. Note from Figure 3.1 there is no information to
be learned regarding the shape of these parameters posterior until ¢ > 200, making these
parameters harder to learn than the intercepts Bia1, 8211, 8201. Therefore, these coeffi-
cients tend to have higher RMSE values due to the reduced observational data available to
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inform their posterior distributions, as well as potentially having negligible influence on the
7 values when their covariate values Zt(z) are small. Lastly, 019, 091, 099 govern the variance
of the time-varying parameters 7. These variance parameters are the most challenging to
estimate because their influence on the time-varying parameters is indirect.

Our method achieves the best overall performance in terms of estimation accuracy,
consistently attaining lowest RMSE values compared to other methods. The constant
¢ = 0.001 scheduler achieves some reasonable estimates for some parameters but suffers
from a high SMC sampler collapse rate of 53.4% (see Table 3.3). The small ABC-kernel
tolerance severely constrains particle diversity across all timesteps t, resulting in consis-
tently low effective sample size (ESS) and frequent SMC sampler collapse, particularly
during regime shifts in the data-generating process Di.p (i.e., starting at ¢ > 200). Sim-
ilarly, the Del Moral scheduler, despite being adaptive, also has a high collapse rate of
63.6% due to its monotone sequence of (e;); values. While this gradual refinement ensures
posterior accuracy in stable or low-variability data, it fails to accommodate regime shifts
in the underlying observations due to its monotonic constraint which inhibits particle di-
versity, causing ESS degeneration and sampler collapse. These issues are more pronounced
in higher-dimensional settings, where the rapid narrowing of the posterior distribution dis-
proportionately limits exploration, compounding inference errors for new parameters while
destabilizing estimates for previously learned ones.

Tag Total Initializations Collapse Rate
Constant (0.001) 43 0.534
Constant (0.01) 20 0.000
Del Moral 55 0.636
Novel 20 0.000

Table 3.3: Comparison of SMC sampler performance for different ¢ scheduling methods.
The collapse rate indicates the proportion of runs that failed, that is ESS; = 1 (all weight is
concentrated on single particle and no new particles adding in the subsequent PMH-step).

as shown in Table 3.4, this method generates significantly wider posterior credible inter-
vals compared to our approach. The broader ¢ threshold allows a larger range of particles
to pass the ABC kernel, inflating posterior uncertainty. While this can produce reasonable
point estimates for some parameters, it compromises the precision of the posterior dis-
tribution, reducing its utility for inference and decision-making. In contrast, our method
achieves tighter credible intervals while maintaining low RMSE values.

Figure 3.2 illustrates the fit of each method to the underlying data by plotting the true
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0; True Value Constant (0.01) Novel
Bi2,1 3.000  2.999 (2.965,3.033)  3.000 (2.994, 3.005)
B12,2 -2.500  -2.498 (-2.527,-2.469) -2.500 (-2.508, -2.491)
o12 0.025 0.001 (0.000, 0.008) 0.009 (0.006, 0.012)
Bo1,1 0250  0.249 (0.211,0.286)  0.250 (0.244, 0.256)
Bo1,2 0.500  0.499 (0.474,0.525)  0.499 (0.493, 0.504)
021 0.025 0.001 (0.000, 0.008) 0.025 (0.019, 0.034)
B20,1 4.000 4.000 (3.971, 4.027) 3.999 (3.995, 4.003)
20,2 1.000 1.001 (0.915, 1.093) 1.002 (0.989, 1.015)
020 0.025 0.011 (0.000, 0.071) 0.001 (0.000, 0.002)

Table 3.4:  Mean and credible intervals (in parentheses) of parameter estimates for the
Constant (0.01) and Novel ¢ scheduling methods.

trajectory for a single seed alongside the 95% credible intervals of trajectories generated
by the posterior particles at time T'. For consistency, the true trajectory shown here is the
same as that in Figure 3.1. The € = 0.01 scheduler produces the widest credible intervals,
reflecting the increased posterior variance associated with its less restrictive ABC-kernel
tolerance which weakens the alignment with the observed data. In contrast, the e = 0.001
scheduler generates narrower credible intervals due to its stringent tolerance, which enforces
stricter filtering, however due to its strict e-value the learned parameters at time 7" do not
reflect the true parameters well resulting in an inaccurate trajectory.

The Del Moral scheduler produces credible intervals that are comparable to those of
our method, due to its monotone decreasing (g;); sequence, which gradually tightens the
posterior fit over time. However, as noted before, this method exhibits frequent sampler
collapse, as shown in Table 3.3, compromising its reliability.

Our method achieves the tightest credible intervals, outperforming all other methods
in balancing posterior precision and fit to the observed data. By dynamically adjusting
gy, it maintains particle diversity during transitions and enforces a stricter posterior fit
when needed. The recalibration mechanism further ensures that earlier large ; values do
not inflate posterior variance, enabling precise and stable inference across all simulations
without any sampler collapse.

Figure 3.3 presents the posterior densities for each parameter across 20 simulation runs
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Simulated Trajectories with 95% Confidence Intervals vs Observed Data
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Figure 3.2: Simulated trajectories with 95% credible intervals compared to observed data
for four e scheduling methods: constant € = 0.001 (top left), constant € = 0.01 (top right),
Del Moral scheduler (bottom left), and the Novel method (bottom right). The dashed
lines represent the true observed data D;.7, the shaded regions indicate the 95% credible
intervals for the trajectories Xt(l) (blue) and Xt(2) (orange) generated from the posterior
distribution at time 7'.
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obtained using our novel adaptive method.
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Figure 3.3: Posterior densities for each parameter across 20 simulation runs using the
novel adaptive method on the toy example. Each subplot corresponds to one of the pa-
rameters, showing the density estimates from each individual simulation run. The red
dashed line represents the mean of the posterior estimates across all runs, the black dashed
line indicates the true parameter value.

3.2 Lotka—Volterra

3.2.1 Setup

The preceding Section 3.1.1 covered a simple linear ODE system, we now consider a more
complex system known as the Lotka-Volterra predator-prey equations [Brauer and Castillo-
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, , , , , ] commonly used to model predator-prey
dynamics in biological systems | , : , | market dynam-
ics | , , , |. For ease of interpretation, we will consider the
biological interpretation. Let X; and Y; denote the population densities of prey and preda-
tors at time ¢, the classical Lotka-Volterra system can be written as follows

dX
d—tt = a(t) X, — B(H)X,Y,
dy,

d_tt = ()Y + 0(t) X}Y;

where «(t) (y(t)) represents the prey (predator) per-capita birth rate absent predators
(prey), [(t) represents how strongly predators Y; reduce the prey population X;, and
0(t) represents how feeding on the prey population X; increases the predator population’s
growth. Each time-varying parameter listed above is assumed to be strictly positive. Note
the X,Y; interactions add a non-linearity to the system which can result in more complex
dynamics relative to a linear ODE system.

As in 3.1 in Section 3.1.1, we discretize over time steps At = 0.01. We again adopt the
1/7-representation of the time-varying parameters

The resulting discretized updates are then:

X X, Yi

(3.3)

- T3 (t) T4 (t)

Vi1 :Yt+< L+XtYf)At

As before we let the time-varying parameters 7;(t) represent the latent processes sam-
pled from log-normals defined with the covariates Zy.;_1

log(11(t)) ~ N(Bg 2y, o) log(ma(t)) ~ N (B8] Zt, o7)
log(73(t)) ~ N(B3 Zi, 03)  log(m(t)) ~ N (B3 Z, 03)

The same priors for the coefficients 5;; ~ N(0,1) and o; ~ Gamma(k,, ,) are used, here
we fix the variance parameters so no priors are required. A covariate time-series Zy.;_1 was
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generated to as follows, each observation Z; € R? corresponds to (1) food supply (Zt(l))
and (2) seasonal weather (Z\”)) which were generated as follows:

70 _ 0.5+0.05¢; + J; ¢t >200
o t < 200

7

_ J0.5¢0s (358) +0.05¢, ¢ > 500
~\o t < 500

where are L.I.D. g, ¢, ~ N(0,1) and J; is a jump occurring with probability p = 0.02 with
size S ~ Uni(—0.2,0.2). We let the food supply Zt(l) impact 71,73, 74, and the seasonal

weather Zt(z) impact 71, 79, 74. the covariate time-series, as well as a single simulated path

D1, can be seen in Figure 3.4. Using the SSM notation in 2.2.1 we write the parameter 6,
augmented latent state (X;, V;) and transition function F as follows

0 = (B1,01;ﬂ27027ﬂ3)0-3718470-4)
Xt = (Xh)/:f)T?

= (Tltt)’ 721@) 7 Tl?zt)’ T4t7f)>T

B X, XY, 0 0
Xt+1 - Xt + (O O _}/t Xt}/;f

) VAL = F (X, V)

3.2.2 Experiment Parameters
The settings are very similar to before, 20 independent seeds with N, = 5,000 outer

particles and N; = 100 inner particles over a time frame of T' = 1000 time steps with states
initialized as X = (10,5)7, and the true parameter vector  was chosen to be:

7

(—0.75,0.15,0.5,1.2, —0.15, —0.5,0.35, 1.7, 0.5, 0.1, 0.05*, 0.05%, 0.05*, 0.05*)”
= (/617 /627 /837 /647 01,02,03, 04)T

The parameters marked  are fixed, in this case time-varying parameters’ variances are fixed
parameters. The coefficients follow standard normal priors, 3;;x ~ N(0,1). The Gaussian

(3.4)
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Figure 3.4: Left: time-series of the covariates informing flow rates 7;;. Z;; is the ith
covariate at time ¢. Right: time-series of the compartments Xt(l) vs. time ¢.

kernel with bandwidth ¢ was used with an || - ||o-norm measuring the distance between
the observed and simulated data with an identity observation function GG. The proposal
kernel for the coefficients is a multivariate normal distribution (8 ~ MVN (jiz, 5)), the
estimators are as defined in 3.1. The resampling threshold used was v = 0.95. A summary
of the experimental configurations is provided in Table 3.5.

We note that the LV-equations do not lie in [0, 1] as our previous example, this means
we have to aaccommodatefor larger £ values.

3.2.3 Results

The results of three e-scheduling methods; Constant (¢ = 0.01), Del Moral, and our novel
method was assessed for parameter estimation in the context of high-magnitude and highly
variable Lotka—Volterra (LV) dynamics. We cannot access the performance of the e = 0.001
scheduler as it failed to complete a single simulation, exhibiting a 100% collapse rate
showing such a small initial tolerance cannot accommodate significant shifts in magnitude
in the observed data D;.p. Lastly, we do assess the performance of the Del Moral scheduler
here, but we note it exhibited a high 84% collapse rate.

Table 3.6 shows the performance of the remaining three methods listed above, showing
varying levels of estimation accuracy. The difficulties exhibited by all methods are primarily
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Table 3.5: Experimental Settings for ABC-SMC? Simulation for the LV-Equations

Setting Value

Number of seeds (runs) 20

True parameter 0 see 3.4

Priors Bijxk ~ N(0,1), o), ~ Gamma(0.2,0.5)
Outer particles N, 5,000

Inner particles N; 100

Timeframe T 1000

ABC-Kernel K. (z,y) = ¢(||lx —yl|2) /e

ESS threshold ~ 0.95

Proposal kernel B ~ MVN (jig,%5), 01 ~ LN (fur, 6%)
Initial state X, (10,5)"

Quality Index 0.975

Recalibration Scheduler (9, nr) = (0.1,0.01)
Recalibration Frequency 20

attributed to the large variability in the LV data (as seen in Figure 3.4), particularly in
magnitude, which inhibits accurate posterior estimation for all e-scheduling strategies.

We see that our approach consistently achieves the lowest RMSE across most param-
eters, outperforming the Constant (¢ = 0.01) and Del Moral schedulers. The adaptive &,
mechanism effectively balances particle diversity and posterior refinement. The Del Moral
scheduler, while occasionally producing credible intervals comparable to the Novel sched-
uler, suffers from a high collapse rate (84%) due to its monotonic (g;); sequence. The
Constant (¢ = 0.01) scheduler performs reasonably well for some parameters but fails for
those highly sensitive to covariate variability, such as (8,2 and f32. Table 3.7 shows the
average 95% for each parameter estimate credible intervals.

The Novel scheduler does yield narrower credible intervals, although said intervals do
not always include the true parameter values. This limitation is common to the other two
methods as well, again we attribute this to the variability in magnitude inherent in the LV
model. Overall, the wider credible intervals of the Constant (¢ = 0.01) scheduler indicate
weaker posterior fits relative to the narrower intervals resulting from the Novel scheduler.
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0 True Value Constant (0.01) Del Moral Novel

Bia -0.75 -0.669 (0.152) -0.600 (0.199) -0.711 (0.088)
B2 0.15 0.115 (0.072) 0.075 (0.096) 0.135 (0.034)
B3 0.50 0.435 (0.106) 0.395 (0.161) 0.460 (0.089)
B2 1.20 1273 (0.134) 1.329 (0.170) 1.237 (0.080)
B2 -0.15 -0.232 (0.144) -0.281 (0.170) -0.201 (0.102)
B3a -0.50 -0.368 (0.205) -0.429 (0.136) -0.468 (0.071)
Bs,2 0.35 0.248 (0.150) 0.414 (0.114) 0.339 (0.060)
Ba 1.70 1.833 (0.203) 1.761 (0.129) 1.738 (0.083)
B2 0.50 0.386 (0.160) 0.534 (0.075) 0.478 (0.068)
Ba3 0.10 0.107 (0.020) 0.120 (0.041) 0.105 (0.017)

Table 3.6: Mean and RMSE (in parentheses) of parameter estimates for three € scheduling
methods: Constant (0.01), Del Moral, and Novel for the LV-equations. Bolded RMSE
values represent the smallest RMSE across all methods.

0;  True Value Constant (0.01) Del Moral Novel

B1,1 -0.75 -0.669 [-0.683, -0.654] -0.600 [-0.602, -0.596] -0.711 [-0.735, -0.687]
B2 0.15 0.115 [0.095, 0.132] 0.075  [0.073, 0.076] 0.135  [0.111, 0.160]
B3 0.50 0.435 [0.403, 0.473] 0.395 [0.382, 0.401] 0.460  [0.417, 0.503]
B2, 1.20 1.273  [1.258,1.288] 1.329  [1.326, 1.333] 1.237  [1.214, 1.257]
B2 -0.15 -0.232 [-0.264,-0.200] -0.281 [-0.295,-0.272] -0.201 [-0.238, -0.163]
B3,1 -0.50 -0.368 [-0.389, -0.353] -0.429 [-0.432,-0.427] -0.468 [-0.499, -0.435]
B3.2 0.35 0.248  [0.200, 0.289] 0.414  [0.408, 0.426] 0.339  [0.275, 0.402]
Bia 170 1.833 [1.812, 1.850] 1.761  [1.760, 1.764] 1.738  [1.705, 1.773]
B2 0.50 0.386  [0.341, 0.422] 0.534  [0.527,0.538] 0.478  [0.418, 0.540]
Ba3 0.10 0.107  [0.085, 0.136] 0.120  [0.118, 0.125] 0.105  [0.077, 0.139]

Table 3.7:  Mean and credible intervals [in square brackets| of parameter estimates for

three e scheduling methods: Constant (0.01), Del Moral, and Novel for the LV-equations.
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3.3 SEIR Model

3.3.1 Setup

The COVID-19 pandemic, driven by the SARS-CoV-2 virus, has significantly influenced
public health and policy since its emergence in late 2019 | : ]. To manage
and mitigate the spread of the disease, public health measures such as mobility restrictions
and policy stringency were implemented, with their effectiveness supported by various
studies | , |. The evolution of the virus into different variants introduced
new complexities into policy making, as later variants had the capacity to infect previously
recovered individuals, contributing to the phenomenon of reinfections | , ,

Y ) ’ ] *

In this section, we apply our compartment model framework to the well-known SEIR-
model [ , , , , , ,
, | and a COVID-19 dataset spanning a 2.5 year time-period and incor-
porating a diverse set of covariates. We utilize daily infection data from Public Health
Ontario. Furthermore, we incorporate various covariate data, such as mobility [

, |, stringency of public policies [ , |, wastewater, vaccination
rates, and variant prevalence. This detailed dataset allows us to inform the transition rates
7,5(t) (modelled via GLMs) more accurately. This approach benefits from embedding these
diverse covariates directly into the stochastic framework, thereby capturing the dynamic

nature of disease transmission more realistically.

By incorporating these additional data points, our approach aims to enhance the pre-
cision and flexibility of compartmental models in capturing real-world dynamics. This
method strives to avoid simplistic assumptions often present in conventional epidemiolog-
ical modelling, supporting a more nuanced and robust representation of disease transmis-
sion | , , , , , .

The SEIR model assumes four compartments; those who are susceptible S who may be
infected after being exposed, those who have been exposed E but are not yet infected, those
who have been infected I, and those who have recovered R. If we assume the population
has a total of N individuals then S+ F + I + R = N, dividing each compartment by N
gives a more numerical tractable model where we consider the portion of the population
in each state, the model is governed by the following non-linear system of ODEs.
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dt TSE TRS
dEl S-1 E
dt N TSE TEI
dl E 1

dt - TEI TIR
dR 1 R

dt TIR TRS

The corresponding discretized system (with uniform time steps of At = 1 as we have
daily data), is given below:

Rt StIt
Sy =S, + _
L e S
StIt Et
B =E, + —
E, I
Li=1,+ —
I R
Ry = Ry + L~ d

T]R(t) TRs(t)

where the 7’s are the time-varying parameters. We set the initial condition of the system
tobeSoz%,E():O,Io:%,]%o:Oasper[ , , , ,

, |. Below we detail the covariate data utilized to inform the
transitions via the time-varying 7’s, no covariate data was generated so the underlying
covariate data is more reflective on real-world data.

e Mobility - changes in mobility patterns will affect contact rates in the population, in
turn increasing the number of interactions where the disease is transmitted, hence it
influences the S +— E transition.

e Stringency - policy affecting the degree to which the population may move and in-
teract will directly impact transmission rates as well, hence it influences the S — FE
transition.
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o Wastewater - an indicator of the prevalence and level of the virus in a given com-
munity, serves as a proxy for the prevailing infection rate so it influences the £ — [
transition.

e Variants - transmission dynamics and reinfection rates differ under different strains/variants,
therefore this covariate influences transitions £ +— I, I — R, R+~ S.

e Vaccination Rate - a direct form of immunity against the virus which influences the
E +— I transition. Vaccines are designed based on the known strains of the virus, but
may not be as effective against newer strains and therefore we account for vaccination
rate in the R — S transition as it may have an offsetting effect.

The time-varying transmission periods 7’s are assumed to follow a log-normals with

means determined by coefficients 3 and variances 0?’s as:

LogNormal(BL 5 Zsk., 025)
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where 3;;, ~ N (0, 0/23) and o ~ I'(kr, 0r) with kp for shape and 6r for scale, for all o;;’s
as the priors.

We formalize this model using the notation from section 2.2.1

0= (IBSE7 ose,BEer, Okr, Bir, 01r, Brs, URS)
Xt - (St) Et7 -[t’ Rt)T

v ( 1 1 1 1 )T
! rs5(t) TEr(t) TR(t) TRS(t)
-SI, 0 0 R
Sy —E; 0 0
0o E -I 0
0 0 I, —-R

Xt+1 = Xt + ‘/t =F (Xt7 ‘/;f)

o6



3.3.2 Experiment Parameters

The settings for the numerical experiment are as follows: 20 independent seeds with N, =
5,000 outer particles and N; = 100 inner particles over a time frame of T" = 884 time steps.
The compartments are initialized at Xy = (%, 0, %, O)T , N = 14,000,000 (approximate
population of Ontario during 2020-2023 timeframe), and the true parameter vector ¢ has
28 parameters, please see Table 3.8 for a complete listing.

Table 3.8: True Parameters for SEIR Model by Covariate and Transition

Covariate S—E E—-11—+R S— R Start Time
Intercept 0.0* 0.0* 0.0* 0.0* 0
Mobility 0.20 - - - 0
Stringency 0.10 - - - 0
Wastewater — 2.25 — — 266
Non-VOC — 1.50 1.00 1.00 0
Alpha — 1.20 0.70 0.60 323
Gamma — 0.90 0.60 0.40 354
Delta — 0.60 0.50 0.20 413
Omicron — 0.30 0.40 0.10 658
Vaccination Rate — -0.75 — 1.00 335
Variances 0.01* 0.01* 0.01* 0.01* 0

Table 3.9: This table outlines the true parameters used for simulating data in the SEIR
model. Each column corresponds to a transition between compartments, while each row
details a specific parameter and the covariate it is associated with in time-varying transition
rates (7). Parameters marked with a star (*) are fixed and not learned, leaving a total
of 20 parameters to be estimated. The final column, “Start Time,” indicates when each
parameter begins to influence the simulation; before this time, the corresponding covariate
is zero (hence its coefficient #; will have no influence on 7).

In this experiment, we fix the variances and intercepts. This assumption is reasonable as
the baseline effects for these transitions are largely absorbed by the dynamics of the non-
variant-of-concern (non-VOC) strain, capturing the natural infection and recovery rates
without significant influence from covariates. As before, the coefficients follow standard
normal priors, 5 ~ AN(0,1), and the variances are drawn from a gamma distribution,
o ~ Gamma(0.2,0.5). The same ABC-kernel, and PMH proposal kernel were used, as well
as the resampling threshold v = 0.95.
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Table 3.10: Experimental Settings for ABC-SMC? Simulation for the SEIR model.

Setting Value

Number of seeds (runs) 20

True parameter 6 See Table 3.8

Priors /B/L'ng ~ N(O, 1)

Outer particles N, 5,000

Inner particles N; 100

Timeframe T’ 884

ABC-Kernel K. (z,y) = ¢(||lx —yl|2) /e
ESS threshold ~ 0.95

Proposal kernel B ~ MVN (jig,%5)
Initial state X (21,0, +,0)7, N = 14,000, 000
Quality Index 0.975

Recalibration Scheduler  (ng,nr) = (0.01,0.001)
Recalibration Frequency 20

Figure 3.5 shows the a sample trajectory of SEIR compartments for a single seed,
providing a representative example of the observation data that the SMC sampler will
learn from. For consistency, all subsequent figures shown in this section involving a single-
simulation (single seed) are based on this seed.

3.3.3 Results

This experiment extends the our ABC-SMC? method to a higher dimensional setting com-
pared to the previous two sections as outlined in Table 3.8. The increased dimensionality
introduces additional complexity into the observation data dynamics and parameter learn-
ing process. Moreover, the influence of parameters on the transitions (the 7’s) begins at
varying times throughout the simulation (see column “Start Time” in Table 3.8) as some
parameters are unavailable early in the timeframe (e.g., due to data collection limitations,
such is the case for wasterwater), while others only become relevant at later stages (e.g.,
parameters associated with the emergence new variants, such as Omicron).

As in the earlier section, we fixed 20 unique seeds to generate 20 distinct observation
trajectories and ran the SMC sampler on each trajectory. As before, should an SMC
sampler collapse (as defined in 3.1), we restart the sampler from time ¢ = 1 on the same

o8



SEIR Observations vs. Time (t)
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Figure 3.5:  Simulated SEIR compartment observations for a single seed. The figure
illustrates the dynamics of the Susceptible (S;), Exposed (E;), Infected (I;), and Recovered
(R;) compartments over time (¢) under the specified experimental parameters.

observation path Di.r. To prevent infinite restarts, we imposed a maximum of 10 restart
attempts per seed. Both the ¢ = 0.001 method and the Del Moral scheduler failed to
complete a single simulation across all 20 seeds. For these methods, the sampler repeatedly
collapsed after 10 restart attempts, failing to progress to the end of the simulation.

The poor performance of the ¢ = 0.001 method and the Del Moral scheduler arises
from their inability to dynamically adjust to evolving data regimes. The observed data
D11 (see Figure 3.5) provides the best demonstration as two why these methods are not
suitable for time-series with regime changes. As in the figure, as ¢ — 100 the data under-
goes a significant behaviour change from being nearly constant to increasing/decreasing
dramatically. The Del Moral method’s monotonic decreasing (£;); schedule reduces € too
quickly during the early phases of the simulation, as the initial observations are relatively
stable and simple to fit, resulting in reductions in the € value. As new variability emerges
in the data, the small e-value causes the SMC sampler to struggle to maintain particle
diversity, leading to severe degeneration in the ESS resulting in frequent collapse.

Figure 3.6 illustrates the evolution of ESS values over time for a single seed, showing
multiple attempts of the SMC sampler under the Del Moral scheduler. Notably, the initial
stability of the compartment trajectories allows e to shrink rapidly, but this overly aggres-
sive reduction ultimately compromises the sampler’s robustness when the data dynamics
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Effective Sample Size (ESS;) and Compartment Observations vs. Time (t)
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Figure 3.6: This figure displays the effective sample size (ESS) and compartment observa-
tions over time for the SMC sampler. The black lines represent the ESS paths for different
sampler attempts, with dots marking the points of collapse where ESS reaches 1, signify-
ing sampler failure. The coloured lines on the right axis correspond to the compartment
observations (S;, Ey, I;, Ry).

become more complex.

In contrast, the ¢ = 0.01 method successfully completes all simulations due to its large
and constant e value, which prevents particle collapse. However, this large tolerance comes
at the cost of reduced posterior precision. As shown in Table 3.11, the ¢ = 0.01 method
produces reasonable point estimates for some parameters but exhibits significantly higher
RMSE values compared to our novel method. Furthermore, Table 3.11 demonstrates that
the posterior credible intervals for the € = 0.01 method are substantially wider, reflecting
inflated posterior uncertainty.

The performance differences between the ¢ = 0.01 method and our novel approach
are further illustrated in Figure 3.7. The figure compares the 95% credible intervals for
the simulated SEIR compartments across both methods. For all compartments, the novel
method exhibits narrower credible intervals, reflecting lower posterior uncertainty. This
is particularly evident in compartments governed by parameters introduced at later time
steps, where the novel method’s adaptive scheduling and recalibration provide a significant
advantage in estimating parameters that have less observational data to inform their pos-
teriors. Additionally, the variance in the trajectories appears to correlate with the number
of parameters influencing each compartment. For example, the susceptible compartment,
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0; True Value Constant (0.01) Novel

Estimate ~ RMSE 95% CI Estimate RMSE 95% CI
BsE 0.20 0.201 (0.005) [0.195, 0.208] 0.202 (0.005) [0.198, 0.206]
BsE,2 0.10 0.100 (0.006) [0.095, 0.105] 0.100 (0.006) [0.096, 0.103]
BEI1 2.25 2.241  (0.032) [2.184, 2.301] 2.251 (0.008) [2.238, 2.264]
BEI2 1.50 1.501  (0.005) [1.495, 1.507] 1.501 (0.004) [1.498, 1.503]
Bers 1.20 1.190  (0.048)  [1.115, 1.267] 1.196 (0.018)  [1.184, 1.209]
BEI 4 0.90 0.899  (0.069) [0.799, 0.998] 0.903 (0.016) [0.879, 0.928]
BEILS 0.60 0.610  (0.023) [0.576, 0.641] 0.600 (0.007) [0.593, 0.607]
BEL6 0.30 0.291  (0.053) [0.202, 0.387] 0.294 (0.021) [0.280, 0.309]
BEr7 -0.75 -0.731  (0.070) [-0.853, -0.619] -0.742  (0.027) [-0.760, -0.724]
BrRr,1 1.00 1.001 (0.005) [0.996, 1.004] 1.000 (0.005) [0.998, 1.003]
BIR,2 0.70 0.701 (0.005) [0.696, 0.706] 0.701 (0.005) [0.698, 0.705]
BIR,3 0.60 0.603  (0.016) [0.576, 0.629] 0.605 (0.014) [0.586, 0.623]
BIRr4 0.50 0.500 (0.006) [0.492, 0.509] 0.500 (0.007) [0.494, 0.507]
BIR,5 0.40 0.401 (0.003) [0.396, 0.405] 0.401 (0.003) [0.398, 0.404]
Bsr 1.00 1.001  (0.007) [0.992, 1.011] 1.000 (0.004) [0.998, 1.004]
BsR,2 0.60 0.644  (0.061) [0.574, 0.714] 0.604  (0.019) [0.589, 0.617]
Bsr.3 0.40 0.415  (0.070) [0.286, 0.538] 0.412 (0.017) [0.382, 0.440]
BSR4 0.20 0.202  (0.024) [0.161, 0.243] 0.199 (0.008) [0.191, 0.206]
BSR,5 0.10 0.153  (0.075) [0.068, 0.235] 0.103 (0.021) [0.088, 0.120]
Bsr.6 1.00 0.936  (0.091) [0.833, 1.041] 0.997 (0.026) [0.977, 1.016]

Table 3.11:  Mean, RMSE (in parentheses), and credible intervals [in brackets| of parameter
estimates for the Constant (0.01) and Novel € scheduling methods. Bolded RMSE values
indicate the method-wise minimum RMSE achieved. Due to the fixed intercepts (see
Table 3.8) the second subscript (;;; does not indicate the intercept as in the previous
examples.

which depends on fewer parameters than the others, shows smaller credible intervals for
both methods.
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Simulated Trajectories with 95% Confidence Intervals vs Observed Data
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Figure 3.7: 95% credible intervals for SEIR compartment trajectories under the e = 0.01
and novel methods. Shaded regions reflect posterior uncertainty, with narrower intervals
observed for the novel method.
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Chapter 4

Conclusion

In this thesis we proposed a novel online-ABC-SMC? algorithm for Markov state-space
models. We introduced an adaptive e-scheduler for time-series data that effectively man-
ages the particle diversity throughout the simulation while promoting convergence to the
target posterior. Lastly, we introduced a likelihood recalibration that allows for retroactive
adjustments to the ABC-kernel history e;.; to promote more accurate posterior convergence.
We briefly remark on some limitations of our approach as well as potential directions for
future research.

4.1 Limitations

Here we remark on some of the limitations of our approach. Firstly, in online learning
setting, achieving accurate parameter estimates during early iterations is difficult due to
limited (and potentially non-informative) observed data and iterations to approximate the
posterior, therefore, the resulting in posterior distribution will still resemble the prior.
A potential solution is to incorporate an initial offline phase where the ABC-SMC? can
sequentially approach the target distribution in an offline context. Upon running the offline
phase, the resulting parameter estimates can then be incorporated into a more informed
prior distributions for the online-learning phase to follow. This approach is computationally
feasible as well due to the small set of observations.

Furthermore, our proposed method introduces dependence on many additional hyper-
parameters; the search space for € (although e,,;, can be set to 0 in most cases), the quality
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index « and the recalibation frequency f, and the initial and target values for the domi-
nating scheduler 7, nr. Furthermore, the general ABC-SMC? algorithm also depends on
largely arbitrary choices for N;, N,,v as well. The choice of these hyperparameters can
significantly impact the performance and posterior convergence of the algorithm hence
suitable calibration strategies may be required, which are computationally expensive in
an SMC context. While some work has been done in an offline context | :

| making optimal choices for the hyperparameters could resulting in significantly more
efficient future implementations.

Furthermore, our method inherits the typical limitations of ABC, in particular the lack
of a gradient. The gradient-free nature of ABC methods in SMC algorithms can intro-
duce convergence challenges, particularly in high-dimensional parameter spaces. Without
gradient information, the algorithm cannot effectively leverage the local geometry of the
parameter space, resulting in a “blind” search process that can struggle when the pa-
rameter space includes ridges, valleys, or highly correlated parameters | , ,

, |. The absence of a curvature measure also limits the ability to make
adaptive step size adjustments and align with the posterior distribution, unlike gradient-
based approaches such as HMC | , , , , , ].
Recent works such as synthetic likelihoods and gradient-mimicking techniques have been
proposed to improve convergence and facilitate more efficient exploration of the parameter
space | , , , ]. Another consequence of using ABC to approximate
the likelihood is the dependence on arbitrarly chosen kernel functions.

4.2 Future Directions

Several potential areas for future work could enhance ABC-SMC? methods for both offline
and online learning contexts.

Investigating smooth likelihood approximations, such as Gaussian mixture models (GMMs),
could be beneficial. Fitting a GMM to particle weights or observed data could provide a
continuous representation of the likelihood, allowing for approximation of the gradient of
the posterior Vr(f|z). Gradient information could offer insights into the local geometry
of the parameter space, improving convergence, particularly in high-dimensional settings.

Another potential direction is the use of context-specific proposal propagation kernels.
For example, during exploration, removing off-diagonal dependencies from the covariance
matrix may encourage broader sampling, while in phases of exploitation, using weighted
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covariance matrices and means could guide particles more effectively. The choice of pro-
posal kernel could be adapted based on data behavior, likelihood characteristics, or particle
weight distributions.

Adapting distance metrics or kernel functions through machine learning techniques is
another area of interest. Adjusting these components in real time based on data character-
istics could enable more effective modeling of complex, multimodal posteriors. However,
this approach would likely introduce additional computational costs, requiring efficient
implementation strategies.

Recall from 2.4.3 that the choice of recalibration frequency f is largely heuristic and
could potentially be improved. Dynamic approaches to recalibration, for instance, inspired
by methods such as the Del Morat | , | epsilon scheduler, could adapt the
frequency in response to convergence metrics or other algorithmic indicators. Such an
approach might help balance computational efficiency with the benefits of recalibration,
particularly in an online learning context.
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