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ABSTRACT. In his monograph on Infinite Abelian Groups, I. Kaplansky raised three “test
problems” concerning their structure and multiplicity. As noted by Azoff, these problems
make sense for any category admitting a direct sum operation. Here, we are interested in
the operator theoretic version of Kaplansky’s second problem which asks: if A and B are
operators on an infinite-dimensional, separable Hilbert space and A & A is equivalent to
B @ B in some (precise) sense, is A equivalent to B? We examine this problem under a
strengthening of the hypothesis, where a “primitive” square root J2(A) of A® A is assumed
to be equivalent to the corresponding square root J2(B) of B @ B. When “equivalence”
refers to similarity of operators and A is a compact operator, we deduce from this stronger
hypothesis that A and B are similar. We exhibit a counterexample (due to J. Bell) of
this phenomenon in the setting of unital rings. Also, we exhibit an uncountable family
{Ua}acq of unitary operators, no two of which are unitarily equivalent, such that each U,
is unitarily equivalent to J,(Us,), a “primitive” n'* root of Uy @ Uy ® - - - ® Us.

1. INTRODUCTION

1.1. A standard problem in mathematics is to classify objects in a category up to isomor-
phism. For example, the work of Feit and Thompson [17], Aschbacher and Smith [4], and
a host of others led to a classification of all finite, simple groups up to (group) isomor-
phism, and Perelman’s solution [30, 31, 32] to the Poincaré Conjecture shows that every
simply-connected three-manifold is homeomorphic to the three-sphere, providing a con-
firmation of Thurston’s Geometrisation Conjecture, a framework for classifying compact
three-manifolds. K-theory has proven instrumental in the classification of (certain) nuclear
C*-algebras up to isometric *-isomorphism [15, 24, 8]. A common thread in the various
classification results is to reduce the problem to the classification of a specific class of “ir-
reducible components” or “building blocks” from which general elements are composed.
Hence the study of simple (finite) groups, the study of simply connected three-manifolds
for the Poincaré conjecture, and the emphasis on nuclear C*-algebras in the classification
theory alluded to above.

In his treatise “Infinite Abelian Groups”, 1. Kaplansky considered the question of classi-
fying all abelian groups up to group isomorphism — that is, of establishing a list of invariants
which would serve as a necessary and sufficient condition for two such groups to be isomor-
phic. In this generality, the problem remains open to this day, although classification for
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specific classes of abelian groups (e.g. divisible groups) have been obtained (see, e.g. [18]).
In considering the general case, Kaplansky proposed three “test problems” to help deter-
mine whether such a “reasonable” list of invariants could be found. The second of these
three test problems is: “if G and H are abelian groups and G ® G is isomorphic to H ® H, is
G isomorphic to H?” In essence, the question asks whether infinite abelian groups admit a
workable notion of “multiplicity”. The question is very natural, and as noted by Kaplansky
himself, analogues of this problem “can be formulated for very general mathematical sys-
tems”. Indeed, E. Azoff noted [5] that Kaplansky’s questions make sense for any category
admitting a direct sum operation, and he adapted the second of Kaplansky’s Test Problems
to the setting of bounded, linear operators acting on a Hilbert space as follows: “if A and
B are bounded linear operators acting on an (infinite-dimensional) separable Hilbert space
H, and if A @ A is equivalent (in a precise sense to be described below) to B @ B, is A
equivalent to B?”

In the finite-dimensional setting, the most important notions of equivalence of operators
are unitary equivalence and similarity. As we shall soon see, the answer to Azoff’s question
is “yes” in both cases. We denote by B(#) the set of all bounded linear operators acting
on a complex Hilbert space H.

1.2. Definition. Let H be a complex, separable Hilbert space and A,B € B(H). We say
that A and B are unitarily equivalent if there exists a unitary operator U € B(H) such
that B = U*AU, in which case we write A ~ B. We say that A and B are approxi-
mately unitarily equivalent if there exists a sequence (Uy,)y of unitary operators such
that lim,, || B — U} AU, || = 0, in which case we write A ~, B. Finally, we say that A and B
are stmilar, and we write A ~ B, if there exists an invertible operator S € B(H) such that
B=S5"1A8.

It is (very) well-known that these define equivalence relations on B(#). Note that A and
B are approximately unitarily equivalent if and only if each belongs to the closure of the
unitary orbit of the other. (We can also define a relation on B(#) by asking that A belong
to the closure of the similarity orbit of B, but this relation is not symmetric and we do not
discuss it here.)

1.3. When H is finite-dimensional, the unitary group of B(#) is compact, and therefore
the relations of unitary equivalence and of approximate unitary equivalence coincide. Fur-
thermore, in this setting, both unitary equivalence and similarity admit a notion of “mul-
tiplicity”, and so we can “recover” the operator A from A @& A. For example, if A ® A is
unitarily equivalent to B @ B, then it is routine to verify the trace condition

tr(w((A@ A),(Ad A)Y)) = tr(w((B® B),(B® B)"))

holds for all words w(x,y) in two non-commuting variables x and y. But then
1 1
tr(w(4, A7) = Jtr(w((48 A), (A® A)")) = Su(w((B & B), (B& B)")) = r(w(B, B"))

for all words w(z,y) as above, and thus a theorem of Specht [36] implies that A is unitarily
equivalent to B. If A& A is similar to B @& B, then these two operators share a common
Jordan form, and thus so do A and B (as the Jordan form of A admits the same Jordan
blocks as that of A® A, only with half the multiplicities, and an analogous statement holds
regarding B @ B and B). It follows that A is similar to B.

When H is infinite-dimensional and separable, the answer to Azoff’s question is still “yes”
for unitary equivalence (Kadison and Singer [22]) and for approximate unitary equivalence
(c.f. Proposition 4.4 below). It is not known, however, whether the same conclusion holds
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when the equivalence relation under consideration is similarity. That is, it is not known in
general whether the existence of an invertible operator S € B(H @ H) for which S™1(A @
A)S = (B®B) implies the existence of an invertible operator R € B(#) such that R"'AR =
B, even in the case where A (and therefore B) is compact - i.e. the limit of finite-rank
operators.

There exist two special instances where a positive answer to this question is known.
Firstly, when A and B are normal, it is a standard result that similarity of A® A and B& B
implies unitary equivalence of A & A and B & B, and thus the aforementioned result of
Kadison and Singer applies. Secondly, we find an interesting example due to C. Jiang [21,
Theorem 4.6], who showed that if A and B are both strongly irreducible Cowen-Douglas
operators, then A and B are similar if and only if for some n > 1, A" is similar to B™.
We direct the reader to that paper for the precise definitions of strong irreducibility and of
the Cowen-Douglas class of operators.

In the present article, we examine Azoff’s reformulation of Kaplansky’s second Test Prob-
lem for a specific class of operators which we refer to as “primitive square roots” of oper-
ators of the form A @ A, where A € B(H). More specifically, given A € B(H), let us
define Jo(A) = L?l é] € B(H & H). Observe that Ja2(A) is a square root of A ¢ A, as
Jo(A)? = A® A. Tt follows that if B € B(H) and Jo(A) is similar to Jo(B), then clearly
A @ A is similar to B @ B. Whereas Azoff’s question remains open for compact operators
A and B, as we shall see below, when A is compact, the special structure of Jo(A) as a
“primitive” square root of A @ A will allow us to prove that if A is compact and Jo(A) is
similar to J2(B), then A is similar to B (Theorem 4.10 below).

1.4. Our interest in operators of the form Jy(A) stems from earlier work on the character-
isation of the closure of the set €¢ of commutators of idempotent operators in B(H). To
describe that result and its relevance to the class of operators of the form J;(A) as described
above, we require some definitions and notations which will also be required in the sequel.

We have already defined the set B(#) of bounded linear operators acting on the complex,
separable Hilbert space ‘H. By K(H) we denote the closed, two-sided ideal of compact
operators in B(H). The spectrum of an element 7' € B(H) is denoted by o(T") := {A € C:
T — A is not invertible}, and the spectral radius of T is spr(7) := max{|\| : A € o(T)}.

The Beurling-Gelfand Spectral Radius Formula is the statement that spr(7’) = lim,, HT”H%
An operator T' € B(H) is said to be Fredholm if its range is closed, and if ker 7" and
ker T™ are both finite-dimensional, in which case the Fredholm index of T is defined as
ind7T := nulT—nul T*. (Equivalently, T is Fredholm if its image 7(7T") in the Calkin algebra
B(H)/K(H) under the canonical map 7 : B(H) — B(H)/K(H) defined by 7(T") := T+IC(H)
is invertible.) We say that T' € B(#) is biquasitriangular provided that whenever A € C is
such that the range of T'— [ is closed and at least one of nul 7" and nul T* is finite, then both
are finite and ind 7" = 0. (Although this is not the original definition of biquasitriangularity,
it is equivalent to it by a deep result of Apostol, Foiag and Voiculescu [1].).

We adopt the standard notation: D :={z € C: |z| <1}, T:={z € C: |z| = 1}, and for
AcB(H)and 1 <n < oo, we write AW := AP A®--- D A (n times).

An operator E € B(H) is said to be idempotent if F? = E, and the commutator
of A,B € B(H) is the operator [A, B] := AB — BA. In a recent article [26], the first,
second and fourth authors characterised the biquasitriangular operators which lie in the
closure CcLOS (€¢) of the set €¢ := {EF — FE : E,F € B(H),E = E* F = F?} of
commutators of idempotent operators in B(H). While investigating the question of which
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non-biquasitriangular operators lie in CLOS (€¢), it was demonstrated that if S € B(H) is
the unilateral forward shift (i.e. if there exists an orthonormal basis {ey}nen for H with
respect to which Se, = ep41 for all n > 1) and p € C, then uS € cLos(C¢) if and only if
lul < % A key step in the proof of this result is the fact that the unilateral shift operator
o1
1S 0
becomes: which other operators A € B(H) have the property that A ~ Jo(A)?

S is unitarily equivalent to the operator J(.5) € B(H ® H). A natural question

Given A € B(H), we may generalise the notion of the square root J2(A) of A® A as
follows.

1.5. Definition. Let 2 <n € N. Given T € B(H), we define

0 I 0 0 -+ 0 0]
001 0 -~ 00
000 . Co
Jn(T) = | | e BH™),
000 0 0 I
T 0 0 0 0 0]

and we refer to this as the primitive n'™ root of T™. We then say that T € B(H) is

o 1 stable if T ~ J,(T);
2] _gtable if T ~g Jo(T);

o J,

o 1B stable if T ~ J,(T);

The choice of the adjective “primitive” is a nod to the fact that if I denotes the identity
operator in B(H), then o(I) = {1}, whereas J,,(I) ~ @7_,w"I, and thus o(J,(I)) = {w* :
1<k <n}, wherew = e n is a primitive n root of 1. We also direct the reader’s attention
to Lemma 2.17 for further justification of this terminology.

In Section T'wo below, we investigate the basic spectral properties of J,-stable operators,
and we show that if 7' € B(H) is J,-stable (in any of the above three ways), then o(T") is
either T or D. In Section Three, we exhibit a host of examples of non-unitarily equivalent,

star-cyclic unitary operators, each of which is JE I_stable. To do so, we must embark on
a detailed analysis of the corresponding spectral measures of these unitary operators. In
Section Four, we study our variant of the Kaplansky/Azoff problem, obtaining the result
mentioned above that if A, B € B(H) and A is compact, then Js(A) similar to Jo(B) implies
that A is similar to B. Finally, in Section Five, we show that this last result cannot be
generalised in a purely algebraic way. More specifically, we reproduce an example given
to us by our colleague Jason Bell of a unital ring R and two elements x,y € R such that

Jao(z) = [2 é} is conjugate in My (R) to Jao(y) = [2 (1)], yet x is not conjugate to y.

Some results we shall mention below apply equally well to all notions of J,-stability. To
avoid repetition, when proving such results we shall write that T is Jg( ]—stable, meaning that

[(x] € {[u], [aU], [s]}-
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1.6. Remark. The study of J,-stability of operators extends the work — initiated by
Conway, Prajitura and Rodriguez-Martinez [13] — of those operators T' € B(H) such that
T? is similar (or unitarily equivalent) to T?). Since J,(T)* = T™), it follows that if T

is J%J ]—stable, then 7" ~ T and analogous statements hold regarding J7[f U]—stabﬂity and

Jq[f]—stability.
Moreover, it is clear that if T is Jg]—stable, then T is both J%U}—Stable and JE]—stable. In

general, neither Jgf U}—stability nor JE]—stability implies Jgj }—stability, as we shall see.

1.7. Example. Having defined various notions of “stability” of operators, it is worthwhile
verifying that the various sets of J,-stable operators are non-empty.
[av]

If U € B(H) is any unitary operator satisfying o(U) = T, then U is J;, '-stable for all
n > 2. This is because J,(U) is again a unitary operator with o(J,(U)) = T, and any two
unitary operators with spectrum equal to T are approximately unitarily equivalent by the
Weyl-von Neumann-Berg Theorem [14, Theorem 11.4.4].

To see that o(J,(U)) = T, note that if A ~, B, then a routine calculation shows that
Jn(A) ~4 Jp(B) for any n > 2. As such, using the Weyl-von Neumann-Berg Theorem, we
may assume without loss of generality that U = DIAG (U, )m, Where {um }rm, is dense in T.
With U diagonal as above,

0 10 O 0 0
0 01 0 0 0
0 0 O

Jn(U) ~ @y,
o oo 0 --- 01
4 00 0 - 0 0]

Clearly J,(U) is unitary, and o(.J,,(U)) contains all n** roots of u,, for each m > 1. More-
over, the set of all such n'* roots of {tuy, }, is dense in T, since {uy, }, itself is. Thus J,,(U)
is a unitary operator whose spectrum is the circle, whence J,(U) ~, U.

1.8. Example. It is routine to verify that the unilateral forward shift operator S is J,[f I

stable (and thus both JL? U]—stable and J[Tf]-stable) for all n > 2. The computation is omitted.

1.9. Example. There exists an operator 7' € B(H) such that 7" is JE]—stable for all n € 2N,

but T is not Jg]-stable for any n € 2N.
Let {ex}32, be an orthonormal basis of #, and S be the unilateral forward shift operator
with respect to {e}r (i.e. Sep = eg41 for all k£ > 1). Define an invertible diagonal operator

D € B(H) by
Dey, = %ek if k is odd
2er, if k is even.
Set T := D~'S8D. 1t is straightforward to check that T? ~ S @ S is an isometry. Since
S is s stable and Jom(T) = (D=1 15, (S)DE™) for all m > 1, it follows that T is
JLS]—stable for all n € 2N.



If T ~ Jo,(T) for some n € N, then 72" ~ T2 This is impossible as T%" is an isometry,

whereas T(") is not. Hence, T is not J%J |_stable for any n € 2N.

2. J,-STABILITY

2.1. We begin with an examination of the spectral properties shared by J,,-stable operators.
It is worth noting that these properties may often be derived by observing that if n € N and
T € B(H) is 3 stable (resp. J%U]—stable, JE]—stable), then 7" ~ T (resp. T" ~, T™),
T" ~ T). This last property (for unitary equivalence and similarity) was originally
investigated for the case where n = 2 in the paper [13] by Conway, Prajitura and Rodriguez-
Martinez, who referred to these as PROPERTY U and PROPERTY S respectively. Amongst
(many) other things, they proved that the only compact operator K € IC(H) which satisfies
K? ~ K® is the zero operator.

2.2. Proposition. Let T € B(H) and 2 <n € N. If T" = T™ (where = denotes one of
~, ~, or ~), then T"" = TM™) for all m > 1. Consequently,

o(T) =o(T)""  for allm> 1.

In particular, if T is JE(] -stable, then o(T) = o(T)"" for all m > 1.

Proof. We argue the case where = denotes approximate unitary equivalence. The proof is
an easy adaptation of Proposition 2.7 of [13], as are the corresponding proofs for the other
two cases.

In this case we see that

T = (T")" = (T0)" = (1) = (1) =70,
and by an easy induction argument,
7" ~, T for all m > 1.
From this it follows that for all m > 1,
(1) =o(T™") = o(T")) = o(T).
That the last statement of the proposition holds is clear from Paragraph 2.1.

2.3. Proposition. Let T € B(H) and 2 < n € N, and suppose that T™ = T™ (where =
denotes one of ~,~, or ~). Then

(a) spr(T) € {0,1}; and
(b) if T is invertible, then o(T) C T.

In particular, these properties hold if T is i -stable, where [X] € {[u], [AU], [S]}.
Proof.
(a) Using Proposition 2.2, we find that

0 < spr(T) = spr(T") = spr(T)",

from which the result clearly follows.
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(b) By part (a) above, o(T) C D. Suppose that a € o(T) and that 0 < |a| < 1. By
Proposition 2.2,
™" e o(T)"" = o(T),
and since lim,, @ = 0 and o(T) is closed, we have that 0 € ¢(T). Thus the
invertibility of T', combined with the hypothesis that 7" = T, implies that ¢(7") N
D = @. Hence o(T) C T.
O

2.4. Lemma. Let A,B € B(H) and n € N.

(a) If A~ B, then Jy(A) ~ Ju(B).

(b) If A ~, B, then J,(A) ~, J,(B).

(c) If A~ B, then J,(A) ~ J,(B).
Proof. Since all three proofs are essentially the same, we shall only prove (c).

If A~ B, say B= R AR for some R € B(H) invertible, we set S = R("™ and note that
S is invertible in B(H™). A simple computation then shows that
Ju(B) = S71J,(A)S,

whence J,,(B) ~ Jp(A).

We next prove the analogue of Proposition 2.2 for J,-stable operators.

2.5. Proposition. Let R, T € B(H), and let [xX] € {[u], [aU], [3]}.

(a) Let m,n > 1. Then Ju(Jn(R)) = Jpmn(R).

(b) If T is J,[iq -stable for some n > 2, then T is JE‘L -stable for all m > 1.
Proof.

(a) This is a routine computation which is omitted.
(b) We argue by induction on m. Let [X] = [s]. By hypothesis, the result holds for
m = 1. Suppose that it holds for m = k > 1. Then by part (a) and Lemma 2.4 (c),

T~ i (T) ~ Jppe(Jn(T)) = Jprea (T).
That is, the result holds for m = k+ 1. By induction, the result holds for all m > 1.

The cases where [X] = [U] or [x] = [AU] are handled in a similar manner.
a

[aU]

2.6. Proposition. Let 2 < n € N and suppose that T' € B(H) is Jp, '-stable. Then

(@) [|[T™ = IT|l, for all m € N.

(b) The spectral radius of T is spr(T) = 1.
Proof.

(a) First observe that ||J,(T)|| > 1 for any T' € B(#H) and any n > 2. Thus if T is
[AU}—stable, then ||T|| > 1.

Jn

We shall argue by induction on m. For each m € N, let P(m) be the statement
that ||77| = ||T'||. Obviously P(1) is true. Now fix 2 < m € N, and suppose that
P(j) is true, 1 < j <m — 1.

Choose k € N such that (kK —1)n < m < kn. A routine calculation shows that
(Ju(T))™ admits an operator-matrix form [X;;] € B(H(™), each of whose rows and



columns contains exactly one non-zero entry, and that entry is either of the form
TF=1 or T* with T* appearing m — (k — 1)n times amongst the non-zero entries.

Hence, whether T is J%J ]—stable or JLA U]—stauble7

7™ | = max(| T I, | 7).

If k=1, then |TF Y = |[I|| =1 < ||T|| = |T*|, so ||T™| = ||T||. If & > 1, then we
note that k& < m, and thus by our induction step, | T™| = max(||T*Y, |T*|) =
7.
This completes the induction and the proof of (a).
(b) By part (a), ||T|| > 1, and so ||T'|| # 0. Applying Beurling’s Spectral Radius
Formula, we find that

spr(T) = lim |77 = Tim ||| = 1.

O

2.7. Remark. It is worth noting that the full hypothesis of JLF ]—stability (or JL? U]—stability)

was required to prove the above Proposition. Indeed, suppose that T' = {101 201'] eB (7—[(2)).
2

I 0
0 I

whence T3 = T~ T3 Nevertheless, |T|| = 2 # ||T?|| = 1.

It is straightforward to check that T2 = [ ] and thus 7% = T. Furthermore, T ~ T(®),

2.8. Proposition. Let 2 < n € N and suppose that T € B(H). Let [X] € {[v], [aU],[s]},
and set 0, = einm for each m > 1.
d set 6
(a) If T is Jq[f}-stable, then T ~ anT for eachm>1 and 1 <k <n™.
(b) If T is 3% stable, then o(T) has circular symmetry.
¢ 18 Jn -stable and invertible, then o =T.
If T is 35 stable and ble, then o(T) = T

Proof.

(a) Since T is JE]—stable, for each m > 1, T is unitarily equivalent to J,m (T") by Propo-
sition 2.5. Let m € N and consider 6, as in the statement of the Proposition.
Let

Vi == DIAG(, 0, 1,62, 1,...,0%" ~1 1) € B(H™™).
Then V is clearly unitary and

T~ Jym(T) =V Jym(T)Viy = O Jpym (T') =~ 0, T
Of course, T' ~ 6, T implies that T ~ 0, T =~ 0,,, (0,, T) = 02, T, and by a simple
induction argument, 7' ~ 6% T for all k > 1. But 0%, = 5+ for all k > 1, so that
this reduces to the statement that T ~ Hf“'n T,1<k<n™

(b) e It is routine to verify that by replacing each instance of ~ by ~, in the proof of

(a) above, we arrive at the conclusion that if 7" is sl U]—stable, then T ~, 6k T

for all k,m > 1.
But the set {#% : k,m > 1} is dense in T, and thus

T ~, AT for all A € T.

From this it easily follows that if T is J% U]—stable, then

o(T)=0AT)=Ao(T) for all A € T.



[v]

In particular, if T' is J;,"-stable, then ¢(T") has circular symmetry.
o If T is JE]—stable, then T' ~ J,m(T) for all m > 1, again by Proposition 2.5.
Let V,,, denote the unitary operator from (a). Then

T ~ Jnm (T) ~ V;L.Jnm (t)Vm = emJnm (T) ~ emT,

whence T ~ 0, ~ 0,,(0,,T) = 62,T, and as before, by a simple induction
argument, T ~ 6 T for all k > 1. Thus ¢(T) is invariant under rotation by
0k for all m,k > 1, and since this set is dense in T, it follows that o(7T') has
circular symmetry.
(c) This follows from (b), together with Proposition 2.3.
O

2.9. Proposition. Let T € B(H) and n > 2 be an integer. Suppose that T is 3B stable.
Then

(a) o(T) =T, if T is invertible; and

(b) o(T) =D, if T is not invertible.
Proof.
(a) This is Proposition 2.8 (c).
(b) Since T ~ J,,(T), there exists an invertible operator R, such that T = RJ,(T)R™!.

STEP ONE. Since 0 € o(T), it follows that either T is not bounded below, or
that the range of 7" is not dense. In the latter case, observe that 7™ is not bounded
below. Since T' ~ J,(T) if and only if T* ~ J,,(T%), and since o(T*) = o(T)* = {\:
A € o(T)}, it suffices to consider the case where T is not bounded below, which we
now do.

Fix 0 < A < 1. For each m > 1, we can find x,, € H such that ||z,,|| = 1 but
| T2 < A"™. Noting that T ~ J,,(T) implies that T ~ J,m (T) for all m > 1, we
set

Ym = Ay, N2, -+ A Ly, NV 2,)t € (’H)("m).
Then

Z A2k _ (1 - (/\2) m“).

Jmll? = .

Note that lim,, ||ym||? =
Moreover,

(Jnm (T) - Al)ym = (Oa 07 T 707 A(Txm - )\nmxm))t’
implying that
(T (T) = My || < A" 4 A™") = 247" FL < 2\n™,

= /\2, which is obviously independent of m.

STEP Two. Next, observe that as J,(T) = R™'TR, for each m > 1, there exists
an invertible operator R,, such that
Jum(T) = RMT R,
and || Rl < | R|™, [|RH] < [|1R7H|™
It follows that
| Ry M (T — M) Ry || < 20"
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Now R is bounded below by ﬁ, and thus R,, is bounded below by W,
implying that if z,, := R, ym, then
1

[ W”ymﬂ-

Similarly, R~! is bounded below by H—}%H, and thus R;.! is bounded below by W.
Thus (for some m sufficiently large),
2" > || Ry, (T = M) Ry |
1

> (T = M)z |
IR[™
1 1 A2 Zm
> (T = AD[—]ll-
[RI™ [[R=H™ | 2(1 =A%) [[2m|
In other words, (for m sufficiently large),
Zm m —1m 2(1 — A ) nm
(T — /\I)[W]H <IRIMIRTH™ () === 2

But
lim||RHmHR*1Hm A =0.

This proves that T — I is not bounded below, so A € o(T). Thus, o(T) = D, since
o(T) has circular symmetry and spr(7') = 1 (by Proposition 2.3).
d

Since J,[f ]—stability obviously implies JE}—stability, the next result is immediate.

2.10. Corollary. Let 2 <n € N, and suppose that T' € B(H) is J%ﬂ -stable. Fither
(a) T is invertible and o(T) = T; or
(b) T is not invertible and o(T) = D.

The proof that if T € B(H) is JkU}—stable, then o(T) = T or o(T) = D is an adaptation
of that of Proposition 2.9.
2.11. Proposition. Let T € B(H) and n > 2 be an integer. Suppose that T is JEU} -stable.
Then
(a) o(T) =T, if T is invertible; and
(b) o(T) =D, if T is not invertible.
Proof.

(a) Once again, this is Proposition 2.8 (c).

(b) STEP ONE. The argument of Step One of the proof of Proposition 2.9 carries over
mutatis mutandis to our setting by replacing every occurrence of ~ in that proof
with the current equivalence relation ~,. Thus, the problem reduces to showing that
if T is not bounded below, then (7' — AI) is not bounded below for any 0 < A < 1.
Choosing such a A\, we construct the vectors (y,,)m, as in that proof, and recall

that limy, |lym|* = % > 0. Choose mg > 1 such that m > mg implies that

[yml[? > 1255, We still have that for all m > 1,

| (T (T) = Ayl < A" 4+ A7) < 207",
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STEP Two. By Proposition 2.5(b), the fact that T is 3 stable implies that

T is Jkg]—s‘cable for all m > 1. Thus, for each m > mg, we may choose a unitary

operator Vj,, such that ||J,m (T) — VT V| <A™ - Hyinll'

From this we see that
[V (T = AVt | < NV TV = T (D] [Ym || + | (T (T) = ALy || < 3A™.
With 2y, := Viym, for all m > mg we have that ||z, /% > %
(T = AL zm| = V(T = M) Vingml| < 33"

This proves that T'— AI is not bounded below, so A € o(T"). Since 0 < A < 1 was
arbitrary, and since o(T') has circular symmetry and is contained in D, we conclude

that in fact o(7") = D.

T fiQ and that

a

2.12. Proposition. Suppose that 2 < n € N, and that (T},)72, is a sequence of operators
in B(H), each of which is W stable. Then for allm € NU {oc0},

Sy

18 JLU]—stable.

Proof. We omit the proof of the case where m € N, as it is an easy adaptation of the
following proof. Let T := @72 ,T;. By hypothesis, for each k > 1, there exists a unitary
operator Uy, such that J,(T}) = U;TUy, for all k > 1. Thus, by identifying EBZozl'H(”) with
(@32, H)™ and defining the unitary operator U := @ Uy, we find that

Jn(T) = Jn(GBZilTk) ~ @zozlJn(Tk) = @Zile;TkUk =U*TU.

Thus, T is JEJ]—stable.
O

2.13. Remark. It is not hard to see that if (T} )y is a sequence of operators in B(#), each
[av] [av]

of which is J;, '-stable, then T := @} T}, is J;, "-stable for all m € NU {oco}. The proof is
a routine adaptation of that of Proposition 2.12.

When each Ty is JE]—Stable, replacing each Uy by the appropriate invertible operator Ry,

k > 1 shows that if m € N, then @&}, T}, is also J@—stable. There is a problem when m = oo,
however, as there is no reason why R := ®7°, R}, should be invertible.

2.14. Example. The converse of Proposition 2.12 also fails.
Let H be an infinite-dimensional, separable, complex Hilbert space and suppose that
{en}nez is an orthonormal basis for H. Let B € B(H) be the bilateral shift operator

satisfying Be, = ep+1, n € Z. An easy computation shows that B is J[; I_stable for all
n > 2.

Let Q4 :={z€ T:Im(z) >0} and Q_ :={z € T : Im(z) < 0}. Obviously T = Q; U Qs.
Since B is unitary and o(B) = T, we see that {2 and Q_ are Borel subsets of ¢(B). By
the Borel functional calculus, we may write B ~ By @& B_, where By, B_ are unitary,
O'(B+) = QJ,_ and O'(B_) =Q0_.

By Proposition 2.8 (b), neither B nor B_ are J
has circular symmetry.

%] ]—stable, as neither operator’s spectrum
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2.15. We now prove a couple of results which will be useful in analysing the examples of
the next section.

Our first Lemma is well-known; we include its proof for the convenience of the reader.
Recall that if Hy, Ho are complex Hilbert spaces, X € B(Hz), Y € B(H1), then the asso-
ciated Rosenblum operator is the operator 7xy € B(B(Hz, H1)) defined by 7xy(Z) :=
ZX -YZ,Z € B(Ha,H1). If, furthermore, o(X) No(Y) = &, then 7xy is invertible. We
shall refer to this result as Rosenblum’s Theorem [20, Corollary 3.2].

2.16. Lemma. Let Hy and Ha be two complex Hilbert spaces. Let A1, By € B(H1) and
A9, By € B(Hz). Suppose that Q1 and Qo are two non-empty, disjoint, compact subsets of
C and that 0(A1) = Q1 = o(B1), while 0(A2) = Qo = o(Ba).

If Ay @ Ay is similar to By @ Ba, then Aj is similar to B, j = 1,2.

Proof. Suppose that T = [T};] is invertible and T'(A; @ Az) = (B1 & B2)T. Then

TiA, TrA5 B _Tl T [A1 O
T3A;7 TiAs o _Tg T 0 A
B 0] [N Ty
“lo BB T
BTy BTy
o _BQTg BoTy|

From this it follows that T2A2 = B1T2 and that T3A1 = B2T3. But
0(A2)No(B1) =@ =0(A1) No(By),

so by Rosenblum’s theorem, T = T5 = 0. This implies that both 77 and T}, are invertible.
But then 71 A1 = B111 and Ty As = BoT, implies that A; is similar to By and As is similar
to BQ.

a

2.17. Lemma. Let 2 < n € N and let U be a unitary operator. Let V be any n'" root of
U. Then U is Jgj] -stable if and only if

U ~ diag(V,wV, - ,w" V),

where w is a primitive n-th root of unity in C.
Proof. Let W := diag(V,V?2,---, V"), and note that

0V 0 - 0
00 V - 0
WALOW = |: © . . o
00 - 0 V
vV 0 - 0 0

But the right-hand side is P ® V, where P is a cyclic permutation matrix of order n.
Since P ~ diag(1,w, -+ ,w" 1), the claim follows.

a
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2.18. Remark. If n € N and R € B(#) is invertible and admits an n-th root Y, then an

analogous argument to that above shows that R is J[Tf]—stable if and only if

R ~ diag(Y,wY,w?Y, ..., w" 1Y),

where w is a primitive n-th root of unity in C.

3. EXAMPLES

3.1. We now turn our attention to the question of determining which normal operators are
Jn-stable.

Suppose that N € B(H) is normal and 3 stable for some 2 < n € N. Then Jn(N) is
normal, and thus

I YD @ NN* = J,(N)Jo(N)* = Jo(N)*J(N) = N*N @ 1",

This shows that NN* = N*N = I, implying that N is in fact a unitary operator.

Unitary operators, and more generally normal operators, are described up to unitary
equivalence by their spectrum and their spectral measures, and we shall investigate JHJ N
stability of unitary operators in terms of these. A key observation lies in the fact that any
Jgj |_stable operator T' € B(H) satisfies T ~ T () which imposes a great deal of structure
on the spectral measure of 7" when T is unitary.

We first concentrate on the case where the spectral measure is atomic; in other words,
where the unitary operator is diagonalisable with respect to some orthonormal basis. The

answer here is quite satisfactory.

3.2. Notation. Let 2 < n € N. Given a € T, we define

Sp(a):={weT: w" = o for some k € Z}.

Observe that &,(1) denotes all possible nF-th roots of 1, and in general, &, () contains
all n?-th powers and n/-th roots of o, j > 1. Moreover, if a, 8 € T, then S, (a) = &,(B) if
and only if &, (a) N 6,(5) # @.

3.3. Example. It is now easy to verify the following “minimal” examples of unitary
operators satisfying the condition 7" ~ T™ for some n > 2 (resp. for all n € N).

Given a sequence 0 := (6,,), of complex numbers of absolute value 1, define the diagonal
unitary operator Uy := DIAG(6,), € B(f2). It is well-known that the point spectrum
op(Up) (i-e. the set of eigenvalues of 8) is just the set {6, },. This last statement also holds
for the infinite ampliation U := Ue(oo) of Uy.

Let « € T and m € N. Let us denote by am the m-th root of a with the smallest
argument in [0, 27).

(a) Fix 2 < n. The set {a”k : k € Z} is clearly countable, and so we can find a sequence
(6)n such that {6}, = {a™" : k € Z}. Let U := U™, Then U" ~ U™,

(b) The set {amil :m € N} is also countable, and so we can find a sequence (6,,), such
that {0, }, = {ozmjEl :m € N}. Let U := Ue(oo). Then U™ ~ U™ for all n > 1.
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3.4. Lemma. If U is a diagonal unitary and J%J]—stable for a fired n > 2, then every
a € 0p(U) has infinite multiplicity, and all its n*-th powers and all its n*-th roots belong to
op(U) for k € N.

Proof. Since U ~ J,(U) implies that U" ~ U™, we need only verify the last statement
about the roots. To do this, it suffices (by induction) to show that if & € 0,(U), then all
n-th roots of « are in o, (U).

Let V be any n' root of U. Then 7,(V) contains at least one n-th root 3 of a. It follows
from Lemma 2.17 that w’3 € 0,(U) for all j, where w is a primitive n-th root of 1.

|

3.5. Proposition. Let « € T and U be the diagonal unitary whose point spectrum is &y (a)
with uniform infinite multiplicity. Then U ~ J,(U).

Proof. By Lemma 2.17, we must show that
U ~ diag(V,wV, - ,w" V),

where V' is an n-th root of U. This follows from the structure of &, (a) and the fact that
every eigenvalue of V' has infinite multiplicity.

a

The diagonal unitary given in Proposition 3.5 turns out to be the building block for all

i

-stable diagonal unitaries U. Let us denote it by U, («).
3.6. Proposition. Let 2 < n € N, and let U be any JE]—stable diagonal unitary operator.
Then there exists a (finite or countably infinite) set {a;}; C T such that U is a direct sum

@jUn(Oéj).

The direct summands are unique (up to permutation of the terms).

Proof. For any a € 0,(U), it follows from Lemma 3.4 that &,,(a) C 0,(U). Thus U, («) is
a summand of U.

If 0,(U) = &,(a), we are done. Otherwise, pick a 8 € 0,(U) \ &,(a). We have seen
that &, (o) N &,(8) = @, and U,(B) is another summand of U. Now it is easy to take
a maximal subset {a1, a9, } of 0,(U) such that the sets &,(c; ) are disjoint and their
union is o,(U). Since every member a of o,(U) uniquely determines &,,(a), we obtain the
desired decomposition.

a

3.7. We now consider a stronger assumption on a diagonal unitary operator U, namely:
when is U Jgj I_stable for all n € N? To answer this question, we need only a slight modi-
fication of our notation. If « is in 0,(U) for such a diagonal unitary, then all n-th powers
and all n-th roots of a are in 0,(U). Furthermore if w is any primitive n-th root of 1,
wa € op(U). So, for o € T, let us denote by &(«) the set of all wA, where w is any n-th
root of 1, and A is any m-th power or any j-th root of a.

With a reasoning similar to what we used in the case of fixed n, we can verify that
S(a) = () if and only if S(a) and &() intersect. Now the following proposition is easy

to prove.
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3.8. Proposition. Let U be a diagonal unitary operator and suppose that U s J[T?] -stable for
alln > 2. Then U is a (finite or infinite) direct sum &;U;, where for each j, 0,(U;) = &(ay)
for some o; € T with uniform infinite multiplicity.

3.9. Example. As a corollary to Proposition 3.6, we have the following: there exist
U € B(H) unitary and 6 € T such that U is J[QU]—Stable, but QU is not J[QU]—Stable.
Let U = I ® D, where D = DIAG(d,, ), and where {d,}, consists of all 2¥-roots of unity

repeated with infinite multiplicity. By Proposition 3.6, U is J[2U]—stable. Let 0 = 2™/3 50
that 6 is a third root of unity.

Then V := 0U = 01 & 0D is diagonal, and V has 0 as an eigenvalue. As such, for V to
273 /6

be J[QU]—stable we require that 02 = e should also be an eigenvalue of V. But then

. . . k .
e2mi/6 — wieQm/Q e2™/3 for some k> 1 and 1 < j < 2k,

where wy, is a primitive 2¥-th root of unity.
Raising both terms to the power 2%, we see that

62’“(27”')/6 _ e2k(2’”)/3,

so that 2" (2)/6 = 1 whence 2¥(27i)/6 € 2mi Z.
Thus 2% /6 € Z, or equivalently 2¥ € 6Z, which is clearly impossible.

vl

3.10. Having described which diagonal unitary operators U are J; '-stable for some 2 <

n € N, we now investigate the JEJ ]—stability of unitary operators whose spectral measures

are non-atomic.

A normal operator T' € B(H) is said to be star-cyclic if there exists 0 # x € H such that
H = span{T* Tz : k,1 > 0}, where 70 := I. If U € B(H) is a star-cyclic unitary operator,
then — by the Spectral Theorem for unitary operators — there exists a Borel probability
measure v with support o(U) such that U is unitarily equivalent to the multiplication
operator M, , on L?(o(U),v), where

Mz,uf(z) =zf(z), z€T, f € L2(U(U)7V)'

[v]

If, furthermore, U is J;,'-stable for some n > 2, then by Proposition 2.9, o(U) is equal to

T={zeC:|z|=1}.

3.11. Theorem. Let U be a star-cyclic unitary operator with o(U) =T and v be the Borel
probability measure corresponding to U as above. Suppose that v is a non-atomic measure.

Let 2 <n € N. Set Ty := {*™ : 0 € [0, %]}, and for 1<k <n-—1, set Ty, = 627”%']1‘0.
Given a Borel set X C Ty, define vp(X) := I/(sz% - X)),k =0,1,---,n — 1, where
a- X ={az:xz e X}
Then U is J%J] -stable if and only if v satisfies the following conditions.

(a) The Borel measures vy, v1,...,Vn—1 on Ty are mutually absolutely continuous with
each other.

(b) The measure vy is mutually absolutely continuous with ¢, where ¢ is a continuous
measure with supp ¢ = To such that for any Borel set Y C Ty,

p(Y) = v(Y"),
where Y™ :={y" :y € Y'}.
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Proof. Since JLU ]—stability is clearly invariant under unitary equivalence, we may assume
1

without loss of generality that U = M, , acting on L?(T,v). Let us denote by an the

n-th root of a with the smallest argument in [0,27). Then V := M 1 is a n'* root of U.

zm v
Consider the map W : L?(T,v) — L?(Ty, ) which sends g(z) to g(z™). It is straightforward
to check that W is a unitary operator which implements the unitary equivalence of V' and
M. ,, where M, , is the multiplication operator on L?(Ty, ¢).

By Lemma 2.17, U is J%J]—stable if and only if

U ~ diag(V,wV, - ,w" V),

27

where w = e™n is a primitive n-th root of 1. Note that Tj := w*To, k = 0,1,--- ,n —
1. Let ¢ be the Borel measure on T defined by (V) = @(w™* - (Y N Ty)), where
Y C T is a Borel set, and define n = ZZ;I . Then 7 is a Borel measure on T. Note
that diag(V,wV,--- ,w" V) is unitarily equivalent to the multiplication operator M. 2 on
L?(T,n), where z € T. So U is JHJ]—stable if and only if M, , is unitarily equivalent to M ,;

that is, if and only if v is mutually absolutely continuous with .

a

3.12. A measure-theoretic interlude. The above shows that the problem of char-

acterising JEJ |_stable star-cyclic non-atomic unitary operators is purely a measure-theoretic
one. Clearly, normalised Lebesgue measure on T satisfies the measure-theoretic assumptions
of Theorem 3.11 (and this, incidentally, yields an alternative way of showing that the bilat-
eral shift operator is JEJ ]—Stable, n > 2). Our next goal is to show that Lebesgue measure
is far from being unique in this respect. We next describe a construction of a continuum
of mutually singular such measures based on self-similar measure theory (c.f. Theorem

3.14). As a consequence, we conclude that there exists a continuum of unitary operators,

no two of which are unitarily equivalent, yet each of which is JEJ |_stable.

We first need to recall some measure-theoretic notions. Let X (resp. Y) be a metric
space, and denote by Bor(X) (resp. Bor(Y)) the o-algebra of Borel sets of X (resp. of V).
Given two Borel measures p1 and v, we write p < v to indicate that p and v are mutually
absolutely continuous with respect to each other. Let f be a Borel measurable map from
X to Y. The pushforward f,u of a Borel measure p on X under the map f is the Borel
measure on Y defined by (fiu)(B) = u(f~1(B)) for all B € Bor(Y).

We also bring to the attention of the reader the fact that in measure-theory parlance,
one says that a sequence (p,), of Borel measures on a metric space X is said to converge
weakly to the Borel measure p on X if

lirrln,un(f) :—li7rln/deun—/de/l—5 u(f)

for all f € Cy(X,C) :={f : X — C | f is continuous and bounded}. (We mention this
because if X is compact, this is what functional analysts normally refer to as weak™*-
convergence.)

The following result is known as the Portmanteau Theorem.
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3.13. Theorem.[7, Theorem 2.2.5, Corollary 2.2.6, Theorem 2.4.1] Suppose that we are
given a sequence of finite Borel measures (fin)n and a finite Borel measure u on a metric
space X. The following conditions are equivalent:

(i) the sequence (pin)n converges weakly to p;

(ii) for every closed set F in X, one has

lim sup i (F) < pu(F),

n—oo
and Tim jin(X) = u(X);
n—oo
(iii) for every open set U, one has

lim infy, (U) = p(U),

n—
and ILm pn (X)) = p(X);

(iv) for every bounded, upper semicontinuous function f: X — R, one has

limsup/ fdunﬁ/ fdu,
n—o00 X X
and Jim j(X) = p(X);

(v) for every Borel set E of X satisfying u(E \ (int E)) = 0, one has
Jim g1, (E) = p(E).

Our next goal is to obtain a continuum of non-atomic measures on T which fulfill the
assumptions of Theorem 3.14, no two of which are mutually absolutely continuous with

respect to one another. In so doing, we obtain a continuum of J%]—stable star-cyclic non-
atomic unitary operators. In fact, there is no loss of generality in replacing the circle T by
the interval [0, 1], since one then simply considers the associated family of pushforwards of
the measures on [0, 1] by the continuous function g : [0,1] — T defined by g(t) = e?™.

3.14. Theorem. Let N > 3. There exist an uncountable set Q and a continuum of non-
atomic Borel probability measures (la)acq, each with support equal to [0,1], such that
(i) pa(A+ %) = pa(A) for all A€ B([0,%]) and 1 <i < N —1.
(ii) ,ua|[0 1 is mutually absolutely continuous to fifia, where f(z) = .
N

(ili) If a # B € Q, then po and pg are mutually singular.

The proof is constructive and we will exhibit a method for constructing a measure satisfy-
ing conditions (i) and (ii) of the above theorem as the weak limit of a sequence of specifically
defined measures. First, we shall require a number of lemmas, definitions and notations.

3.15. Fix N > 3. We start by constructing a probability measure v on [0, 1] as follows.

Given 0 < K € Z, we write i = (i142 --- ig) to denote a word of length K over
{0,1,..., N — 1}, with & being the unique (empty) word of length zero. Write X =
{0,1,...,N — 1} for the set of all words of length equal to K and X, = J¥_,Zk for
all words of finite length over {0,1,..., N — 1}. Given i, we denote by |i| the length of
i; that is, |i| = K precisely when i € Y. If i = (i1d2 --- ix) and j = (J1j2 -+~ jr)
for some K, L > 0, we write ij to denote the concatenation of these two words, namely:
ij = (i1d2 - - ix j1J2 - - jr) € Xx+r. If j = (j) is a word of length one, we may also write
ij instead of ij. Let b € X, and suppose that we may write b = ij, where i, j € ¥,. We



18

shall refer to i (resp. to j) as a prefix (resp. as a suffix) of b. A subword of b is any
k € 3, for which there exist i, j € X, (possibly of length zero) such that b = ikj.

If i = (i1i2--ig) € g and 0 < n < K, we denote by i|, = (i1i2 -+ i) € Xy, the
truncation of i to the first n coordinates. If n = K — 1, we also concisely write i~ in place
of i|K,1.

To each i € 3, we may associate an N-ary rational number via the natural projection

e hIN — [0, 1]

i=(iig - ig) P o k.
Note that
mo K

consists of all rational numbers in [0, 1) with denominator N¥.
The projection 7 : 3, — [0,1] has a natural extension to infinite sequences i € X, =
{0,1,...,N — 1} by setting
oo

W((ZIZQ...ZR...)): W
k=1
This extension is a surjection from Y, to [0,1] that fails to be injective. However, there
are only countably many x € [0, 1] such that 7—!(x) is not a singleton. These points are of

the form (i1 ... 0p—1in (N —1)(N—=1)(N—=1)...)and (i1 ... ip—1 (in +1)00 ...).
4 times
. ——
For i € N, define b? = (100 ---02) € %49, and let By := {b',b%,b3,...}, so that
By :={(102),(1002),(10002),...} C ,.

The following key properties’ of By will be of use to us below:
e 3 < b < bt foralli > 1.
e The first digit of each b’ is 1, the last digit of each b is 2, and every other digit of
each b’ is 0.
e Given 1 < i # j, no non-trivial prefix of b’ is a suffix of bJ.
e Given 1 < i, no non-trivial proper prefix of b’ is a suffix of b’.

We shall refer to elements of By as “forbidden” words, and we note that no word b’ is a
subword of b/ (unless i = 7).

Of course, if B C By, and if we order the elements of B by length, then the same four
properties hold for the elements of B.

We now consider an arbitrary but fixed subset B C By. Our goal is to construct a
non-atomic probability measure v (which is uniquely determined by B) with support [0, 1],
and to associate to v a push-forward measure pg := f, v under the function f(z) = z/N,
x € [0, 1]. The measure pg is then used to construct a measure satisfying conditions (i) and
(ii) of Theorem 3.14. The dependence of this construction upon the initial choice of B C By
is what will guarantee that condition (iii) of Theorem 3.14 is met.

LWe note that the arguments that follow on the next pages can be generalised to any B that satisfies
these four criteria with little effort, though substantially more notation. The argument can also be extend
to much more general sets of words B, but we will not give details here. The interested reader may peruse
texts on sub-self-similar sets and their measures, e.g. [16].
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The construction of v is, alas, somewhat elaborate. It will be defined as a weak limit of
convex combinations of certain non-atomic probability measures L (;)) defined on subin-
tervals of [0, 1]. However, in order to define the probability measures L)), we shall first
construct a non-atomic measure v whose support is a Cantor-like subset C (also uniquely
determined by B) of [0, 1] which avoids the forbidden words appearing in B. As we shall
soon see, this measure v is itself a weak limit of a sequence of weighted combinations of non-
atomic probability measures Eﬁ(m) defined on subintervals of [0,1]. In fact, the measures

L (s)) are nothing more than the usual Lebesgue measure L restricted to the subinterval
7([i]) and then normalised. We will then define L ;) = Fi,v as the push-forward measure
of ¥ under the linear mapping F; (z) = N~z 4+ 7 (d).

In order to improve the readability of the arguments below, we shall omit the subscript
B from our sets, functions and measures until the proof of Theorem 3.14.

We begin by describing the weights that will appear in the linear combinations of prob-
ability measures we shall require to obtain 7 and subsequently v.

Given i = (i1 42 - -~ i) € Xy, we define

B(1) {{(m@ - ig2)}  if some b € B is a suffix of (i1ds -+ i 2)

1%} otherwise.

Observe that B(i~) = {i} precisely if b is a suffix of i for some b € B. A necessary (but
very insufficient) condition to have B(i™) = {i} is that ix = 2.

Given a set Z, let #7 denote the cardinality of Z. We define weight functions p,p : X, —
R :={t:0 <t € R} (which again depends upon B) inductively by

p(i7)27 1 if B(i™) = {i}
p(i )% otherwise.

p(@)=p@)=1, p(i)—{

and
. 0 if B(i7) = {i}
p(i) = p(i7)w—s= otherwise
p N—#B(@-) '
Writing
(4l = 9—n if B(iln—1) = {iln}
Pn\1in) = % otherwise,
we obtain

l]
p(i) = [ pe(ilr)-
k=1

A similar formula holds for p(i), replacing 27" with 0.

The weight functions are defined in such a way to allow for the following consistency
relation. Let i € Y. If no element of B is a suffix of i2, then B((ij)”) = B(i) = @ for
all 0 < j < N — 1, whence

N-1 N-1 1
(1) p(ij) = Zp(i)ﬁ =p(i),

Jj=0 Jj=0
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whereas if there exists b € B which is a suffix of 12, then

N-1 1 — 9—(K+1)
2) SpEN = Y s +p()2 D = (i),

7=0 jexi\{2}

A similar consistency relation can be derived for p. Heuristically, the weights p(i) an p(i)
of any word i € X, get split amongst its successor words 1ij.
Let [i] be the set of (infinite) codings with initial sequence i followed by arbitrary codings,

[i] = {j € Soo : ik = jx for all k < [i[}.

The set [i] is clearly independent of B and it is useful to keep in mind that 7 ([i]) is a closed
subinterval of [0, 1].

3.16. Suppose that we are given non-atomic probability measures A;((;)) on the the interval
7([i]) := [7(i), (1) + N~1H], i € ¥,. Then for each K > 1, one may define the probability
measures

VK= Z p(i)/\w([i]) and gK,A = Z ﬁ(l))\’ﬂ'([l])

ie¥g ie¥k

Heuristically, these measures split the measure at coding i € Y into its “children” ij
(j € 1) evenly, giving any forbidden word (of which there is at most one) exponentially
small weight (in the case of v y) or zero weight (in the case of Uk y). Since vy and Vg \
are non-atomic and 7([1i]) N w([j]) contains at most one point if i, j € X are distinct, we
have v \(m([i])) = p(i) and vk (7 ([i])) = p(i) for all K > |i], independent of our choice
of Ar(11))- Perhaps surprisingly, the weak limit of (v \)x and of (Vx x) i not only exist, but
can be shown to be independent of the actual choice of Ay ((;)) (even without the assumption
that each Ar(3)) is non-atomic). We shall not require this, however, and so the proof is
omitted.

The following estimates on the size of p(i) and p(i) will prove useful below.

3.17. Lemma. Leti € X, and let p(i) and p(i) be as above. Then, there erists a constant
Cn only depending on N such that

p(i) <Cn - (N=1)"F and p(i) < (N—1)"H.
In particular, p(i) — 0 and p(i) — 0 as |i] — oo.
Proof. By definition, p(i) = Hlki‘:lpk(ﬂk) and for 1 < k < |i| we have pg(ilx) <

max (Z*k,ﬁ) Notice that 27% < ﬁ for k > logy(N — 1) and 27% > ﬁ for

k <logy(N —1). Now 2% < % and so 27k < %ﬁ Thus,

i

|1 .

o - 11 lo - |1
I |pk(1‘k) S (N2—1)l g2 (N —1) N£1 — ( ; 1)1 go(IN—1) ( £1> )
k=1

k
The conclusion for p follows as pi (i) < (N —1)~! for all k.
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3.18. Keeping B C By and the family {)\ﬂ([i]) ;i € 3, } fixed as above, our next goal is
to show that the sequences (v,,\)n and (U )n of probability measures converge weakly to
non-atomic probability measures vy and vy, respectively.

The Kantorovich-Rubinstein metric (also known as the Wasserstein metric) Wi(-,-) is a
metric on the set of probability measures on a metric space [38]. We shall not need the
general definition of this metric. For our purposes, we only need to know the following two
things.

e Convergence of the sequence (v,), with respect to the Kantorovich-Rubinstein dis-
tance implies weak convergence of that sequence (see e.g. [37, Theorem 7.12]).

e If ;4 and v are probability measures, there is the following equivalent formulation
of the Kantorovich-Rubinstein metric in terms of Lipschitz functions Lip, ([0, 1], R)
with constant 1 (see [37, Equation (7.1)]):

Wi = s ([t - [ @),

hELipl([OJLR)
In the next few results, we shall require the Cantor-like set:

C :={i € ¥ : there does not exist b € B such that b is a subword of i},

3.19. Lemma. Let B C By. Given non-atomic probability measures Ar((z]) on the interval
m([1]) := [r(1),7(1) + N7, i € B, let (1,,0)52, and (9, 0)32, denote the corresponding
sequences of probability measures constructed as above. Then the weak limits vy = lim,, v, )
and vy = lim, v, ) exist and are non-atomic probability measures. Further, vy is fully
supported on [0,1], whereas vy is fully supported on w(C) C [0, 1].

Proof. The convergence proofs for vy and vy are identical and we will only show the former.
To aid the exposition, for the remainder of this Lemma we shall abbreviate the notation
Upx to vp, m > 1.

Recall that the space of probability measures on [0, 1] is itself compact with respect to
the weak-* topology it inherits as a subset of the dual space (C(]0,1],C))* of the space
C([0,1],C) of continuous, complex-valued functions on [0,1]. In particular, it is complete
in that topology. Furthermore, since [0, 1] is compact, measure-theoretic weak convergence
of these measures (as defined in paragraph 3.12) coincides with weak-* convergence in the
functional-analytic sense.

Thus to prove that (v,), converges weakly to some measure vy(= vp ) on [0,1], we
see from above that it suffices to show that it is Cauchy with respect to the Kantorovich-
Rubinstein metric. To that end, we first calculate Wi (v, vp41), n > 1.

Fix K > 1 and consider the two measures vi,vi4+1. Let h € Lip;(]0,1],R). The
Kantorovich-Rubinstein distance between vx and vi 1 becomes

Wilvie,vier) = sup )( / h(w)dvi () — / h(x)duK+1(m)>

heLip ([0,1],R

= sup Z /ﬂ([l]) h(x)d)\ﬂ.(m)(m') — Z /ﬂ([l]) h(a:)d)\ﬂ([l})(m)

he&Lip, ([0,1],R) ieX i ie¥ g

= sup Z /ﬂ([ﬂ) h(z)dA () () — Z /7r([ij]) h(x)dAz((13)) (%)

hGLipl([O,l],R) iEEK jezl
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< Z sup /W(M) h(x)d)\w([l})(l‘) - Z / h(x)d)\ﬂ'([lj])(x)

ieay heLipy ([0,1]R) jex, /(i)
N-1

<Y swp{h@@)pE) — D b (E5)p(E)
ieY g heLipq ([0,1],R) jexy

for some z(i) € 7([i]) and 2/(ij) € 7 ([1]])-

Since ,ep, p(13) = p(1),
Wi(vk, vk +1) Z Z p(ij)|e(i) — 2'(i3)]

ieXk 3621

<> Y sup p@Ej)le -yl

i€EX K jEX, w,y€7r([ij])

<33 pagNE
ieX¥ i jeda

< Y pWNE =N K
ieXg

Thus, for m > K, we have
Wl(I/K, Vm) < Wl(l/Ka VK—H)“" -+Wh (meb Vm) < N_K+N_(K+1)+' S NTT < N_(K_l)a

and so (v,)y is a Cauchy sequence with respect to Wi. As argued above, (v,), converges
weakly to some measure v, in the space of probability measures on [0, 1]. As noted above,
the argument for v is identical.

We proceed to show that vy and 7y are non-atomic. Fix x € [0,1] and n > 1. As
remarked above, there are at most two i, j € ¥ with 7(i) = 7(j) = . Note also that for
all k > n, we have vy (int(7([i|,]))) = vk(7([i]n])) = p(i]n). By Theorem 3.13 and Lemma
3.17,

n({z}) < Y waint(r((ila]))
i€ 00
m(i)=z
< lim . .
< lim inf > wilint(r([ila])))
i€¥ 0
w(i)==z
= > pliln) <208(N—1)™"
i€¥ 0!
m(i)=z
The claim now follows for vy. The case for vy is similar and left to the reader.

Let O C [0,1] be open. Since m(Xs) = [0, 1], there exists an infinite word i € ¥ such
that m(i) € O. Since 7([i],]) is an interval of length N~", we must have 7([i|,]) C O for
large enough n. Hence, by Theorem 3.13,

vA(0) 2 v(r([ilu])) = lim sup vy (r([i]u])) = p(il) > 0.

k—o0

Thus, v, must have support [0, 1].
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By considering open sets O that intersect 7(C), it can similarly shown that the support
of 7y must contain 7w (C). Details are left to the reader. To see that the support is exactly
7(C), consider the countable decomposition

H@C)) <Y Y D (b)) <D DY Baypw(ib) = 0.

n=0i€e¥, beB n=0ieX, beB
Hence our claim follows.

a

We now move from the abstract non-atomic measures Ar((3)) above to the specific mea-

sures Ly 3]y and Ly 3]y that we require. We begin by considering the measures

= X (®)
i) = L ([a]))

where £ denotes Lebesgue measure on [0,1]. By Lemma 3.19, we find that the sequence
(v, 1)y converges to a weak limit 77 which is defined on 7(C), the Cantor-like set avoiding

~dL(x), 1€X,,

forbidden words from B. Since we have now fixed E, let us abbreviate v; to v, and v,  to
Un, n > 1. Note that by Lemma 3.19, v is a non-atomic probability measure. ’

Next, we set L)) := FisV, where Fj(r) = N~z 4+ 7(i) is the linear mapping that
maps [0, 1] into w([i]). A second application of Lemma 3.19 yields a non-atomic probability
measure vy, with support [0,1] as the weak limit of the corresponding sequence (vp,r)n.
Again, since L is now fixed (since we fixed L and thus v), we abbreviate v, to v, and v, 1,
to vp, n > 1. We then define ug := f.v on [0, %] as the push-forward measure of v under
f(x) =x/N, that is:

wo(E) =v(N - E) for all measurable E.

(As always, we should keep in mind that v and thus that 1o depend upon our original choice
of B.)

Now p is a non-atomic probability measure supported on [0, %] It will be convenient to
think of uo as a measure defined on R, taking the value 0 for sets contained in R\ [0, %] We
construct u (= pp) satisfying the translational invariance in condition (i) of Theorem 3.14
by setting

N-1 N-1 N-1
pi=Y giko = gis(fir) = (gi0 v,
i=0 i=0 i=0
where g;(x) = x + ﬁ', 1=0,1,--- N — 1. Observe that u is by construction a non-atomic

Borel measure, supported on [0, 1].

Next we set up some additional notation. For finite sequences i € 3., we write
(1) :={j € Boo : i = jy for all k < |i]
and if j = kbl for some b € B,k € ¥,,1 € Yo then |kb| < [i]}.

Thus if j € (i), then j admits i as a prefix, and any element b € B which appears as a
subword of j appears only as a subword of the prefix i. To conform to this new notation,
we may also write (.) = C for all codings not containing any subword b € B.
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We write A for the set of codings that contain only finitely many forbidden words from

B. That is,
g (@ U U<ib>)-

k=0i€%) beB
We note here that the union above is disjoint by our careful choice of B.
For k € Ng := NU{0} and b € B, define
Epp = {ibj € Soo 11 € Tp,j € T} = | J [ib].
iedy

Clearly the boundary of m(Ejy) is a finite set for each k¥ € N and b € B as n([ib]) is an
interval.
We claim that lim vy, (7(Ejp)) < 27 FFPD. To see this, let i € X, and consider [ib]. For
n—oo

n > k + |b|, we obtain from the definition of v, that

|1]+/p] k+b]
vn(m([ib])) H pu(ibly) = <sz 1b|z)> 11 »(ivl)

I=k+1

However, from paragraph 3.15, we see that
o for 1 <1 <k=I|i], pi(ibl)) = pi(i]1);
o for k+1<I1I<k+|p|—1, p(ib|;) < 1; and
o for [ = k 4 |b|, since b € B, p;(ib|;) = 2~ *+PD,
Therefore, by the definition of p,
k

vp(m([ib])) < (le(ih)) 9= (kte) — p(3)2-(k+el),

=1
for n > k + |b| and thus v(7(F 1)) < p(i)2~*+PD. Consequently,

v(n(Epp)) < > v(n(Bigp)) < | Y p(a) | 27FHED = o= (k+h),

ieyy, ie¥y

Next, note that Y 7° (>, - pv(7(Ekp)) < 00, and so by the Borel-Contelli Lemma,

y(m(A)) = y<7r({1 € Yoot #{(k,D) 11 € Ejp} = oo})> ~0.

Consequently, 110([0, +) N 7(A°)) = v(r(A)) = 0.

3.20. Lemma. For j € %, the sequence (Vn|r((3)))n converges weakly to v| ()
Proof. Let j € ¥, and K = |j|. The set

o={J |J U intr(ji)
n=0i€e¥, beB

is a countable union of open sets and thus itself open. Hence O¢ is closed in [0, 1], and we
further have 7((j)) € O°. This implies that xr(;)) < Xoenr([3))- Note that

m([3]) = U U U (e

n=0ie3, beB
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Hence
@ nr@\=(GH=0n(lJ U UnGie) = U U @3ae) \int 7([jib])).
n=01i€%, beB n=01i€%, beB
Therefore, (O°N7([j])) \ 7((j)) is countable. Recalling that v is non-atomic, we have
Xﬂ.(<J>)(w) = X@cmﬂ.(m)(w) v-a.e. x € [0, 1].

Observe that we can partition [j] as a disjoint union of (j) and a countable union of
intervals (that are not necessarily disjoint) as follows:

Hl=Gul U Ul

n=0i€X¥, beB

Since 7([j]) is a closed interval and hence the boundary of 7([j]) consists of two points, by
Theorem 3.13, v(7([j])) = limg_ o0 vk (7([j])). Thus, to show that v(7((j))) = limg_,e0 & (7({3))),
it suffices to show that

vie(J U Ul = tim (| U UG,
n=0ie3, beB o n=0ie3,, beB
Fix a word i € ¥,, and a forbidden word b € B. We then have
U (m([31b])) = Vi pny ol (T([31D])),

for m > K +n+|b|. Assume now that K +1 < m < K +n+ |b|. Write oj for the left-shift
map j = (j1j2---Jjk) — (J2Js -+ jkx). We get

v (m([ji = j10|m) Lz ([51b|m
(=([jib])) / g PO s
= p(§iblm) - P(r (o™ (b))

= p(J ib|m—1) ’ pm(J ib|m) ’ g(w([am(.] 1b>]))
> p(3bln 1) Flr(lo™ (31)])
> p(jiblm-1) - P(n([o™ " (jib)])
= V1 (w([3ib])).
We may apply Theorem 3.13 to conclude that

[+ (-(Qu uss)))

m

is an (eventually) increasing sequence which converges to

vir(J U UG,

n=01ie3, beB

Finally, we note that Xoenx((3)) is upper semi-continuous as (O°N 7 ([j])) is closed. Let h
be any bounded upper semi-continuous functions on [0,1]. Let ¢ > 0 be s.t. h(z) +t > 0.
Then (h(z) +t) - Xoerr([5]) is upper semi-continuous. By Theorem 3.13, we have

limsup/h An|x((5)) = 1imsup/h><w(<j>) dp

n—oo n—oo
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= lim sup < / (h+)Xn((3)) AVn — tvn(w(<j>)))

n—oo

— tiwsup [ (h+ 1)xornm(s) dvn — t0(n((3)

n—oo

< / (h+ )xoerm((s) A — tr(m((3))

= /(h + ) Xr((5)) AV —tr(m((3)))

= /h dvlz((s)

By one last application of Theorem 3.13, we conclude that (Vn],r(<j>))n converges weakly to
Vlr((3))
O

3.21. Lemma. The measures V|[0 1 and pg are mutually absolutely continuous; in other
"N
words, V|[0,%] = .

Proof. Note that

(3) [0,4) = (U U U =(05m) ) ([0, £) Nnw(A%))

k=0 jEX, bEB

and observe that
o([0, ) N w(A%)) = v([0, &) N w(A) = 0.

Further, note that the unions in (3) are disjoint symbolically, i.e. all distinct (0), (0jb) have
empty intersection. While this is no longer true for the images under m, the images of any
distinct cylinders still only have countably many intersections. Hence, it suffices to show
that ,u0|7r(<j>) = I/’ﬂ(<j>), Vj € X, with j; = 0.

For n € N, define p,, = fivpn, where f(z) = &, x € [0,1]. Clearly (j,)n converges weakly
to po. Fix j € 3, with j; = 0. Set K := |j|. Consider arbitrary M € N and i € ¥j; such
that if b € B is not a subword of j then it is also not a subword of ji. Let Aj; be such that
int w([ji]) € Aj; € m([ji]). That is, Aj; is either the closed interval 7([ji]), its interior, or
one of the two half—open subintervals.

For n > |ji| = K + M,

K+M
Varile(ay (A55) = T pe(3ils)

and, as j; =0,
K+M—1
alr(3)) (Asi) = Vnlrgy (N - Aj1) = H Pe(o(3i)lx)

Note that no forbidden word gets completed in jilg for £ > K. Therefore

pk(U(ji)!k):{lf_Vz;lk if #B(0(31)lk-1)

1
* if #B(0(ji)lk-1) =0
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and et
1-2- : .
B _ T if #B(jilx) =1
for k > K. Further observe that #B(jilx) = #B(c(ji)|k—1). Hence
K+M-1 .
=1 pr(e(Gi)l)
(i3 (Ag2) = == Vntle((s) (A1)

K+M .
Hk:ﬁ Pr(3ile)

_ IS me@l) Y (oGOl ,.
COOSmGl) k <pk+1<ji|k+l>> el (4ga)

1 pe(e(3)e) 1—9°k
= . )., s AVi
Hf:lpk(j’k) K<k<11—([+M1 1_o k1) ) +1lm((3)) (As1)
#B(jilk)=1

Ry Tji

Note that R depends only on j and that rj; is bounded independently of i:

o0

1 1—27Fk 1—27F
9 - H 1 — 2—(k+1) < H (1 _ 2—(k+1)> =75 < L
k=1 K<k<K+M-1

#B(jilr)=1
By Lemma 3.20, (vn|r((4)))n converges weakly to v[(()), and similarly (sn|r((5)))n converges
weakly to fio|r((3))- Since int w([ji]) € Aj; C int7w([ji]) we may apply Theorem 3.13 to

conclude that v|;()) and polr(()) are constant on all Aj; for fixed j and i, respectively.
We obtain

polx(s) (m([311) = polr((3)) (A31) = By - 35 - vl (A1) = By - 751 - Vi) (([31]))-
Write
M; ={i € X, : b€ B not asubword of j implies that b is not a subword of ji}

and .
Ry = {UAi : nENandAiERg}
which are the finite unions of elemze:nlts in
R = {4;: : 1 € My and int 7([ji]) € Aj; C 7([ji])} -

Note that Rj, and so Rj, generates the Borel o-algebra Bor([0, %))\ﬂ“j)) and that Ry is
stable under intersections (in fact, it is a ring of sets). By Carathéodory’s extension theorem,
see [6, Theorem 5.4, the finite measures v|(()) and po|x((jy) are uniquely determined by
their values of elements in R. In particular, for all E € Bor([0, 1)) they can be expressed
as the outer measures

(4) Vlr((3y) (E) = inf {Z Ve (Ei) : B; € Ryand E C | Ez}
i1 i=1

o0

(5) tolx((5)) (£) = inf {ZMOM(@))(EU : B;eRyand EC El} :

=1 =1
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Without loss of generality we may replace Rj by R’J in (4) and (5) since we are taking
infimums over countable unions. We may further assume that the F; € RS are of the form
7([ji]) for some i € M as int 7([ji]) € E; C 7([ji]) and the measures fio|x((5)) and v|x((;))
of those sets agree, respectively. That is, we may write

Vln(())(E) = inf {Z Ve (@([31#]) :+ i® e M; and E C [ W([J’i(k)])}
k=1 k=1

with an analogous expression holding for jio[r(())-
Thus, for any E € Bor([0, %)),

tolx((3y) (&) = inf {Z polr(n (r((3i™)) « 1P € My and E C [ F([ji(k)])}
k=1

= inf {Z Ry 131 - vln(yy (@([31%]) © i®) € My and E C [ W([ji(k)])}
k=1

k=1

< Ry sup rj; - inf {Z Ve (®([317))) : i® e My and E C [ W([ji(k)])}

iEM,; P k=1
< Ry - vpy)(E).

Similarly, for any E € Bor([0, %)),

M0|7" ({3 = inf {ZMO|7F( _]) ])) : l(k) S MJ and F C U ﬂ([Jl(k)])}

> Ry inf 751 - vlr(5))(B) = 3Ry - Vs (B)-

ieM;

Thus v[r((5)) < tolx(()) as required.

3.22. Lemma. We have I/‘ﬂ.([l]) = gl*V‘ﬂ.([o]) and I/‘ﬂ.([z]) = gi*’/‘ﬂ([o]) fOT’ all1 <4 < N —1.

Proof. For k > 0 an integer, let us write 0% to denote the word (000 --- 0) € ;. The
measure V],r(m) decomposes into countably many cylinder measures

Ve = D Vlnaoray D D Vle(uor) + Va2
k=1 i#2 k=0
- Hk+12pj(00k2’1) - k+12p] Ooki’j)
:Z ) 91V ([00%2)) +ZZ k D) 91*V|7r([00kz‘})
k=1 ]+1 3(10k2|J) 1#2 k=0 ]+1 J 10k |J)
15— p;(02]))
+ I g o)

Hj 10 (12]5)

> Pry2(00F2)
= 1 ooz + S rehoons) + 1oty
el pkz+2(10 2) i£2 k=0



29

Noting that gl*u\w([o}) decomposes as

91:V|x((0]) Zgl*l/|7r( 00%2]) +Zzgl*’/\ (j00k)) T 91V |(j02)
1£2 k=0

gives vl (1)) X g1V |r(o))-

Hf? J<zok2m = 1 for

The second conclusion follows similarly, with equality achieved as

i 1.

Proof (of Theorem 3.14). Condition (ii) of Theorem 3.14 holds, since

po = fuv = Zf*”!w([i])
=0

N-1
(i © £)V|x((0)) (Lemma 3.22)

)
<
Tl

(9i o [0 (Lemma 3.21)

)
1

Il
(g
¥

*

Finally, to complete the proof of Theorem 3.14, we need only show that condition (iii) of
that Theorem holds.

Let us write the power set of By as P(By) = {By : @ € Q}, and note that the cardinality
of Q is 2%, For each o € Q we have constructed a measure p, with support equal to
[0,1] (arising from a measure v, with support [0, 1]) satisfying conditions (i) and (ii) of
Theorem 3.14. There remains to show that if a # 5 € €, then the associated measures
fo and pg are mutually singular. Thus (iii) will be satisfied, completing the proof of the
theorem. (We remark in passing that the measure py associated to the empty set By := @&
is just N times Lebesgue measure.)

To this end, let us fix a # 5 € 2. Without loss of generality, we may assume that B, is not
contained in Bg. Let b € B,\Bg and write A, = {1 € ¥ : b occurs finitely many times in i}.
First, we show that v, (7(Ay)) = 1. Note that Af € ;2 U;ey, [1b] for all & € N. But then

T(A) <D D valn(lib ZT > valn([d]) =27

n=k i€, ieXy

and as k was arbitrary, v, (m(Af)) = 0 and vo(7(Ap)) =1
Next, we show that vg(m(Ap)) = 0, proving that v, and vz are not mutually absolutely
continuous. For this we introduce the sets:

Apn = {i € X : there are no forbidden words b in i after digit n}
and

Ao = {ij1j2...jk1 1€ %, e (Bp \ {b}) forall 1 <m < k1€ zoo}.
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Clearly, Ay = UnENo Ap,n and Ay € Ay, for all & € N. Now,

s =

n+|blk

va(m(Momi) < D Y I »ii3*-- 3%

i€¥n jme(Xp \{p}) =1

1<m<k
n k
= Z ( pz(l‘z)> ’ H <1 _pn+m|b|(ij1"'jk’n+m|b|)>
ie¥, \i=l1 m=1
k —_ k
1 — 9—(n+mb]) 1
< - | < - — .
T2 < (- 5)
m=1

Thus vg(m(Abn)) < (1 — 1/(2N))* for all k and hence vg(m(Ap,)) = 0. Since Ap =

Upen, Ab,n is a countable union, we necessarily have vg(m(Ap)) = 0, proving that the two

measures v, and vg are in fact singular to one another. Correspondingly, 1, and pg are
also mutually singular.

By rescaling p, by % for all a € €2, we can ensure that each p,, is a probability measure.

O

3.23. Theorem. Let n > 3. There exists a continuum {U, : o € Q} of JLU} -stable, star-
cyclic, non-atomic unitary operators on H, no two of which are unitarily equivalent.

Proof. Set N :=n, and let {po : @ € Q} be the continuum of non-atomic measures on [0, 1]
satisfying the conditions of Theorem 3.14. For each o € €2, let M, denote the multiplication
operator on L?([0, 1], 1) defined by (M, (f))(x) = xf(z) a.e.-jiq on [0, 1].

Let g : [0,1] — T be the continuous function g(t) = >, and let U, := g(M,), a € .
Then U, is a star-cyclic unitary on (T, g,), where g, = g.1tq Was specifically designed to

satisfy the conditions of Theorem 3.11. In particular, each U, is JEJ ]—Stable, and the fact
that p, and pg are not mutually absolutely continuous if a # 3 € 2 is easily seen to imply
that o, is not mutually absolutely continuous with gg unless o = f3.

a

The situation surrounding the J,[f U]—Stability of normal operators is “infinitely” simpler.

3.24. Proposition. Let N € B(H) be a normal operator. Then the following are equiva-

lent:

(i) N is approximately J%U]—stable for alln > 2;
(ii) N is approximately Jq[fU]—stable for some n > 2;

(i) o(N) = T.

Proof. That (i) implies (ii) is trivial. Suppose that (ii) holds. Note that by paragraph 3.1,
given T' € B(H), the operator J,(T") is normal if and only if 7" is unitary. This, combined
with Proposition 2.8(c), implies that we must have o(N) = T.

To see that (iii) implies (i), observe that if ¢(N) = T, then N ~, D(*), where D =
DIAG(dy,)n and {d, : n > 1} consists of all m'”" roots of unity, m > 1. By Proposition 3.8,
D) ~ J. (D)), n > 2, implying that D(>) (and therefore N) is approximately .J,-stable
for all n > 2.

a
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We next consider J,,-stability properties for isometries and for weighted shifts. Isometries
acting on a Hilbert space admit a very well-defined structure, thanks to the Wold Decom-
position Theorem. Indeed, by the Wold decomposition theorem [14, Theorem V.2.1], there
is a cardinal number « and a unitary U such that W = S(® @& U, where S is the unilateral
shift operator.

3.25. Proposition. Let W € B(H) be an isometry and let W = S @ U denote its Wold
decomposition. Let n > 2. Then W is JEJ] -stable if and only if U JE]-stable.

Proof. Recall that S is J[ﬁj |_stable. Indeed, if {e}};2, is an orthonormal basis for H relative
to which Sey = ey for all k& > 1, then writing H,, := span{emiin}iy, 1 < m < n we
that the operator matrix for S relative to H = @} _; H, is nothing more than J,,(.S). Since
S is J,[f]—stable, by Proposition 2.12, W is JEJ]—stable if U is Jg]—stable.
On the other hand, if W is J[ﬁj ]—stable, it follows that
SOOU =W ~ J,(W) = Jo(5 @ U) = J,(S) @ J,(U) = § @ J,(U).
By [11, Theorem 2.1], U ~ J,,(U).

a

Next we examine which weighted shifts are either JLU]—stable or JLA U]—stable. A standard

result [35, Corollary 1] states that a weighted shift with weights (wy,)neq (where € is one of
N, —N or Z) is unitarily equivalent to a shift with weights (|wy|)n, n € . As such, it suffices
to consider only those weighted shifts whose weight sequences consist of non-negative real
numbers.

3.26. Lemma. Let n > 2, and W € B(H) be a bilateral weighted shift with non-negative

weights (wg)rez; that is, Wer = wyegy1, where {eg}trez is an orthonormal basis of H.

Under a suitable choice of orthonormal basis of H™, Jn(W) is a bilateral weighted shift
-1

with positive weights {- -+, Lp—1,w;, Lp—1, wit1, Ln—1, Wiy, -}, where 1,1 :=1,--- 1.

Proof. For x =}, ; a;e; € H, define Uz = x,, @ --- @ 1, where x; = Y7 apiy1-1)6i;

1 <1< n. Clearly U is a unitary which maps H onto H(. Thus, U* = U~!. Then

U T W)Uz =U"J,(W)[xy, @ -+ D x1]

=U(zn-1® - D a1) ® (Way)]
= [(Z ani+(n—2)€ni+(n—1)) 4+ (Z ani+1€ni+2)} + (Z wiani—l—(n—l)eniJrn)-

i€z i€z i€z
Hence, it is easy to see that U*.J, (W)U is a bilateral weighted shift with weight sequence
{' Ty ]]-n—la Wy, ]]-n—la Wi+41, ]]-n—la Wi42y - }
O

Let W € B(H) be a bilateral weighted shift with positive weights {w;}icz. Set Qu :=
{i € Z:w; # 1}, and d(W) = min{|i — j| : ¢ # j,i,5 € Qw} if |Qw| > 2. By Lemma 3.26,
it is easy to check that d(J,(W)) =n -d(W). This observation will be used in the proof of
Proposition 3.28.

For each k > 1, the k-spectrum of W (denoted by ), W) is defined to be the closure (in
the usual topology on RF) of the set

{(wig1,wiye, - ,wiyg) 1 € L},
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The following Lemma is a result of O’Donovan [27] (also see Proposition 2.2.14 of [25])
under the assumption that A, B are invertible. The general case can be found in [19,
Theorem 4.10].

3.27. Lemma. Let V.W € B(H) be injective bilateral weighted shifts with positive weights.
Then W ~, V if and only if >, V =3, W for all k > 1.

3.28. Proposition. Letn > 2, and W € B(H) be an injective bilateral weighted shift with
positive weights {- -+, w;, w;y1,wit2,--}. Then the following are equivalent:

(i) [Qw]| <1, where Qw :=={i € Z : w; # 1}.
(ii) W s 39 stable.
(iii) W s 32 stable.
Proof.
(i) implies (ii). This is from Lemma 3.26 and [35, Theorem 1(a)].

(ii) implies (iii). This is obvious.

(iii) implies (i). Suppose to the contrary that |Qu| > 2. Pick s,t € Qu, such that
L:=t—s=d(W) > 1. Obviously, for s+1 <i <t—1, w; = 1. Since wg # 1 # wy,
we could find a sufficient small positive number § < 1, such that

1¢ (ws —0,ws +6) U (wy — 0, wy + 0).
Denote the weight sequence of J,,(W) as {v; }icz. Then d(J,(W)) =nd(W) =nL.
Since W ~, J, (W), by Lemma 3.27, there exists i* € N, such that

L-1
(visy o+ vegr) — (wey 1, -+, 1wy |2 < 4.

In particular, |vi+ — ws| < 0 and |vi=4n — wy| < 0. Hence, vi= # 1, and v« # 1.
Thus, from the definition of d(J,(W)).

nL =d(J,(W)) < |i*+ L —i"| = L.

This contradiction implies that |Qy/| < 1.
d

3.29. Proposition. Let H be a complex, separable, infinite-dimensional Hilbert space with
orthonormal basis {e;}32,. Letn > 2, and W € B(H) be a unilateral weighted shift satisfying
We; = wieiqr, © > 0. Suppose that w; > 0 for allt > 0. Then W is Jgﬂ -stable if and only
ifw; =1 for all i > 0.
Proof. For x = Y 7 ae; € H, define Uz = x, ® --- ® w1, where 11 = > 72 apiq 1€,
1 <1 < n. Clearly U is a unitary which maps H onto (™. Then by using the similar
argument in the proof of Lemma 3.26, U*.J,, (W)U is a unilateral weighted shift with weight
sequence {1,,—1,wg, L—1, w1, - }.

By [35, Theorem 1(b)], U*J, (W)U is unitarily equivalent to W if and only if the two
sequences agree, i.e.

(wo, wi, wa, w3, -+ ) = (Lp—1,wo, Lp—1,wy, ).

So W is JV-stable if and only if w; = 1 for all i > 0.
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Despite these results regarding weighted shifts, the set of JEJ |_stable operators is surpris-
ingly large. As we shall now see, given any operator A € B(H), we may associate to A an

operator-shift W which is JEJ |_stable for all n > 2.

3.30. Proposition. Let H be a complex Hilbert space, and A € B(H). Consider the tensor
product space K = 12(Z) @ H consisting of all sequences © = (--- ,x_9,2_1, [20], T1, 22 )
which are square-summable in the norm, where [-] denotes the “zero”-th coordinate. Clearly
K is a Hilbert space with the inner product

() = 3 {wn ).

keZ

Let W4 € B(K) be the operator-shift which acts on K by the equation Wax = &, where
r = ( o, X—2,T—1, [I‘O], L1, T2, )) T = ( o, T2, [$—1]7Ax07$17 XLyt )

Then Wy is JLE] -stable for all n > 2.

Proof. The proof is a variant of that of Lemma 3.26. We prove the case where n = 3. The
general case is a routine adaptation of this one. Given x = (- ,x_9,x_1, [To], 1,22, -+ ) €
IC, define Ux = s @ y & z, where

s = ( ,$_3,[$0],$3,"'),y: ( 71'—47[-7;—1]7-7;27"')72: ( ax—5a[$—2]awla"')'
Clearly U is a unitary which maps K onto K®). Thus, U* = U~'. Note that

U J3(Wa)Uz
= U*Js(WA[(-+ 23, [zo], 23, ) & (-, 2ea, w1, @2y ) B (-, 25, [2_a], 21, )]
=U*(-- 2 4, [ 1], 20, - ) B (- 2 5, [v_2], 21, ) B Wal(--- ,2_3,[0], 73, -+))]
=U*(- ,z_a, [z 1], 22, ) D (- x5, [z o], 21, ) D (- ,x_g, [x_3], Axg, - )]
= (- ,x_9,[r_1], Axo, 1,22, )
= Wax.

Hence, U*J3(W4)U = Wy.

4. AROUND A PROBLEM OF KAPLANSKY’S

4.1. In his study of infinite abelian groups [23], Kaplansky raised “three test problems” to
test the usefulness of a structure theorem for abelian groups. As Kaplansky himself noted:
“all three problems can be formulated for general mathematical systems”.

In the context of Hilbert space operators, Kaplansky’s second problem becomes: if A, B €
B(H) and A@® A is equivalent to B @ B, is A equivalent to B? In essence, one is seeking for
an appropriate multiplicity theory for the notion of equivalence involved. Of course, in order
to solve Kaplansky’s second problem, one must first define what is meant by “equivalent”,
and the three notions we have already defined — unitary equivalence, approximate unitary
equivalence, and similarity are a good place to start. We begin with a result of Kadison
and Singer [22, Theorem 1].
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4.2. Theorem. [Kadison-Singer| Let A, B € B(H) and suppose that A& A ~ B & B.
Then A ~ B.

As pointed out in [34, Proposition A.1], if AM ~ B™M for some n > 2, then A ~ B. As
an immediate consequence of this result, we obtain:

4.3. Corollary. Let A, B € B(H) and suppose that there exists n > 2 such that Jp(A) ~
Jn(B). Then A~ B.
Proof. This is an immediate consequence of the above result (see also [5, 34]), and the fact
that J,(A) ~ J,(B) implies that
A = J. (A" ~ J,(B)* = B™.
a

More generally, this shows that J,(A) ~ J,(B) for some n > 2 if and only if J,(A) ~
Jn(B) for all n > 2.

We now argue that A @ A approximately unitarily equivalent to B @ B implies that A is
approximately unitarily equivalent to B. In fact, slightly more is true.

4.4. Proposition. Let A,B € B(H), and suppose that A" ~, B™ for some integer
n>2. Then A ~, B.

Proof. First note that C*(A4) ~* C*(A™) via the *-isomorphism 6;(X) = X™ for all
X € C*(A). Similarly, the map 62(Y) = Y™ for all Y € C*(B) defines an isometric
*_.isomorphism of C*(B) onto C*(B™).
Also, since A™ ~, B the map o(A™) = B(™ extends to an isometric *-isomorphism
o of C*(A™) onto C*(B™) which is approximately unitarily equivalent to the identity
representation on C*(A™). In particular, therefore,
rank (X (™) = rank o(X™) for all X € C*(A).
Let ¢ : C*(A) — C*(B) be the map
Y= 92_1 opob.
Then ¢ is an isometric *-isomorphism and
P(A) = 67" 0 00 0,(4) = 65" 0 (A™) = 6;'(BW) = B.
It also follows that
(X)) = b2 0 0(X) = 00 01(X) = o(X'")
for all X € C*(A).
Thus for all X € C*(A), we have

n rank (p(X)) = rank (o(X)™)
— rank ((X))
= rank (X™)
= n rank (X),

and so rank ¢(X) = rank X.
By Voiculescu’s Theorem [14, Theorem I1.5.8], ¢ is approximately unitarily equivalent to
the identity map on C*(A). In particular,

B = p(A) ~, A.
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4.5. Remark. Let H be a separable Hilbert space. We recall that an operator T' € B(H)
is said to be quasidiagonal if there exists an increasing sequence (P,), of finite-rank
projections tending in the strong operator topology to the identity operator such that

lim || P,T — TP,| = 0.
n

L. Brown [10] has demonstrated the remarkable result that there exist non-quasidiagonal
operators T, € B(H), n > 2 such that T, én) is quasidiagonal while 7, ,(Lk) is not quasidiagonal
for any 2 < k < n.

It is an easy consequence of Proposition 4.4 that we cannot write any such T,(Ln) in the
form Q™ where Q is quasidiagonal, for then T}, would be approximately unitarily equivalent
to @, and any operator approximately unitarily equivalent to a quasidiagonal operator is
itself quasidiagonal.

4.6. Corollary. Suppose that A, B € B(H). The following statements are equivalent.
(a) A~, B.
(b) For alln > 2, J,(A) ~q Ju(B).
(c) For somen > 2, J,(A) ~q Ju(B).

Proof. The only implication that is not completely routine is that (c¢) implies (a), and so
we suppose that for some n > 2, J,(A) ~, J,(B).
Since Jy,(A) ~g Jp(B), it follows that A ~ (J,(A)" ~, (Ju(B))* ~ B™. The result

now follows from Proposition 4.4.

a

4.7. Kaplansky’s second test problem in the context of similarity of Hilbert space operators
reads as follows: suppose that A, B € B(H) and A @ A is similar to B @ B. Is A similar to
B?

At this level of generality, the answer is not yet known (unless # is finite-dimensional, in
which case the Jordan form is easily seen to provide an affirmative solution to the problem).
For certain classes of operators, the problem does indeed admit a positive solution. For
example, if both A and B are normal, then similarity of A & A to B & B implies that
they are unitarily equivalent as well [12, Corollary 1X.6.11], and the result follows from the
previously cited result of Kadison and Singer [22], or from general multiplicity theory for
normal operators as outlined in [14, Chapter II] or [12, Chapter IX.10].

We now consider a variant of Kaplansky’s second problem which imposes a somewhat
stronger hypothesis on the operators A and B. Recalling that J3(A) is a square root of
A @ A and J2(B) is a square root of B & B, one may ask whether or not J2(A) similar to
Jo(B) implies that A is similar to B. The main result of this section of the paper asserts
that the answer is yes if one of A and B is compact (in which case both are).

We first seek a structure theorem for invertible operators which implement the similarity
of JQ(A) to JQ(B)

4.8. Lemma. Let X, Y € B(H) and suppose that Z := [%( ;;] 18 a Fredholm operator of

index zero in B(H @& H). Then X is Fredholm of index zero in B(H).
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Proof. Let z := n(Z) = [‘8 f?ﬂ denote the image of Z in the Calkin algebra B(H @

H)/K(H @© H), and observe that z is invertible. Write 2~} = [Z Z} :
Then

xc xd - “lo 1 cx cy+dx|’

In particular, ax = 1 = xd, and so z is invertible in B(H)/IC(H), i.e. X € B(H) is Fredholm.
Define m := ind X € Z. Then X & X € B(H & H) is Fredholm of index 2m. Since the
Fredholm operators of any fixed index form an open set, there exists 4 > 0 such that if
WeBHa&H)and |W— (X & X)|| <9, then W is Fredholm of index 2m.

Note that for all € > 0, we have that Z is similar to

e[ B - )

then ||Z. — (X @ X)|| < 4, and so

[ma—i—yc xb—i—yd] 1 [1 0} _ 1, [ax ay—i—bm}

)
If0<E<W,
0=indZ, =ind (X & X) = 2m.

In particular, m = ind X = 0.

O
4.9. Lemma. Let A, B € B(H). Suppose that S = [g; gﬂ € B(H® H) is invertible and
that
Jo(B) = SJy(A)S™L.

Then

(a) S; =S4, S3=52A = BS,, and S1A = BS;.

(b) Writing S~ = [% ;ﬂ, we also have that Ty = Ty and T3 = ToB = ATs.

(C; SiT; commutes with B and T;S; commutes with A for all 1 <1i,j < 4.

(d) If A is compact, then Sy and Ty are Fredholm operators of index zero.

Proof.
(a) We have SJ3(A) = J2(B)S, which means
SoA Si| | Sz S
S4A Ss|  |BS1 BS3|°
From this (a) immediately follows.

(b) The proof is similar to that of (a) and is omitted.

(c) The equation SJo(A) = Jo(B)S implies that S(A @ A) = SJy(A)? = Jo(B)%S =
(B @ B)S, from which we find that S;A = BS;, 1 <i < 4. Similarly, AT; = T B,
1<j<4

But then for 1 <4, 5 < 4, we get
(Ty5)A = Ty(S:4) = Ty(BS;) = (TyB)S; = (ATy)S; = A(T;S)),
and

(S.1))B = Si(IyB) = Si(AT}) = (S;A)T; = (BS,)T; = B(S.T).
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S Sy
(d) From (a), we have that S = [SQA S,

it is invertible in B(H & H). But S2A is compact, and therefore

5 S,
z._[o SJ

is also a Fredholm operator of index zero. By Lemma 4.8, S; is Fredholm of index

h TZ] yields that T3 is Fredholm

] . Clearly S is Fredholm of index zero, since

. . . _1 _
zero. A similar argument applied to S7" = { AT, T

of index zero.
O

The next result is the main result of this section.

4.10. Theorem. Let A € K(H), B € B(H) and suppose that Jo(A) is similar to Jo(B).
Then A is similar to B.

Proof. Under the given hypotheses, first observe that
B®B=Jy(B)*~ Jy(A)?*=A® Ac KH),

from which it immediately follows that B is also compact.
By Lemma 4.9, if S € B(H) is invertible and Jo(B) = SJ2(A)S™!, then

ST 5
S_bﬁ,ﬁ

for an appropriate S; and S5. Furthermore, by Lemma 4.8, S; has Fredholm index zero,
and by Lemma 4.9,

(*) S1A = BS;.

This has a number of interesting consequences. For example, the equation (x) implies that
ker S is invariant for A. As a result of this, relative to H = (ker S;) @ (ker S1)*, we may

write
AL A
a=[g 2]
One crucial observation for the argument below is that 0 € o(A;). Indeed, since A; acts
on the finite-dimensional space ker S, if 0 € o(A;), then 0 must be an eigenvalue of A;. If
0 # xg € ker Ay, then Azg = A1zo = 0, implying that x¢ € ker S7 and xg € ker S2A. But

then ﬁ)o

Similarly, equation (x) implies that ran.S; is invariant for B. Hence relative to H =
(ran 1)t @ (ran S1), we may write
B:[B1 0}

B; By

] € ker S, a contradiction.

As a map from H = (ker S1) @ (ker S1)* to H = (ran S;)* @ (ran S1), we may write

0 0
‘%_k xy

where S5 : (ker S1)* — ran S is invertible.
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Then S1A = BSy, as a map from H = (ker S1) @ (ker S1)* to H = (ran S1)* @ (ran Sy),
becomes
0 0| |A A By 010 O
0 So||0 A4 T |By Bil|o s2|°

o 0] [o o
0 S0A4] |0 BuSS|

In other words, A4 € B((ker S1)*) is similar to By € B(ran S1). Since S; is Fredholm of
index zero, we know that dim(ker S;) = dim (ran S;)* and dim (ker S;)* = dim(ran S;),
and so we can find a unitary operator U such that U(ker S;) = (ran S;)* and U(ker S;)* =
(ran Sh).

Then UBU* and A are of the form

. Bl 0 o A1 A2
oo <[l 8] 4= [t %

and Ay is similar to By in B((ker S1)*). (Note: technically, these are not the same By, Bs
and By as above, but copies of these acting between the spaces ker S; and (ker Sl)L via
the unitary U.)

Let Q = 0(A;), and set I' := QN o(As4). Note that 0 € o(A;) implies that €2 consists of
non-zero eigenvalues of A, and hence of A. Then Ay ~ A4 @ Agq, where (A1) =T and
0(A44) NT' = @. Since By ~ Ay, we may also write By = By; @ By, where 0(By41) = I' and
0(Bsa) NT = @. (We point out the fact that the fact that A& A ~ B @ B implies that
the non-zero eigenvalues of A coincide with the non-zero eigenvalues of B, and that their
algebraic multiplicities coincide. Since A4 ~ By, the same statement holds for the non-zero
eigenvalues of A4 and of By respectively. From this it follows that (A1) = o(By), including
the algebraic multiplicities of these (necessarily) non-zero eigenvalues.)

Moreover, by Lemma 2.16 (i.e. as deduced from an application of Rosenblum’s operator),
the fact that A4 and B4 are similar implies that Ay is similar to B4y and Ay is similar to
B44.

Let Z € B(H) be the invertible operator such that

or equivalently

:| € B((ker S1) @ (ker Sl)J‘),

Ay Ay A
Z7YAZ=10 Ay O
0 0 Au
Then 0(A44) N Q = & implies that
A=ZTAZ~ |0 Ay 0
0 0 Ay
Similarly, B is similar to
R B 0 0
B := |By1 Ba 0 ,
0 0 By
where, as we noted above, Ay is similar to Byg.

Now
(i) A® A is similar to B ® B;

(i)
e R A
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(iii) QNo(Au) =9, QNo(Bu) = 9.
It follows that ( A A21})(2) ~ ([Bl 0 )@, But these are finite matrices, so by

0 Ay By By
considering their Jordan forms, we immediately conclude that

Al A21 -~ B, 0
0 Agn Ba1 Bai]’
from which we deduce that A ~ B , and thus A is similar to B.
Od

When A and B are not assumed to be compact, we may no longer conclude that Sy is
Fredholm of index zero, and the above proof immediately breaks down. Indeed, the question
of whether or not A & A similar to B @& B implies that A is similar to B seems to be very
difficult. There exist some cases, however, where we can assert positive results. First, we
propose a possible “line of attack” to solving the problem, in the hope that the reader may
have more luck than we did.

4.11. Proposition. Let A, B € B(H).
(a) Every operator Z € B(H) in the commutant of Jo(A) is of the form

AR
2 7))
where Z1 and Zy commute with A.
(b) Suppose that S € B(H @® H) is invertible and that Jo(B) = SJ2(A)S™t. By
S1 Sy
SoA  Si|”

Then A is similar to B if and only if there exists an invertible operator Z =

Zy Zy| .
[Zg Z4] in the commutant of J2(A) such that

Lemma 4.9(a), we may write S =

Wy = S2AZs + 517,
1s tnvertible.

Proof.

(a) This follows immediately from Lemma 4.9 (a), setting B = A in that Lemma.
VAR,
Zs 74
mutant of Jo(A) such that Wy := SyAZ, + S1Z; is invertible. Since Z commutes
with J2(A), we observe that

Jo(B) = SJo(A)S™! = SZJy(A)Z71s L

(b) First, suppose that there exists an invertible operator Z = [ } in the com-

By part (a) above, we have that Zs = ZoA and Z, = Z;, so that Z = [
Now, by Lemma 4.9(a),

g7 — S1 So| | 241 Zo| | Wi W
TS A Si| | Z:A Zi| T |WhA Wi

where Wy = 51 Z2+527Z;. By considering the (1, 1)-entry of (SZ)J2(A) = J2(B)(SZ),
we see that W1 A = BW7. Since W is invertible by hypothesis, B is similar to A.

VAR
ZoA 71|
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Conversely, suppose that B = W1 AW, 1 where Wy € B(#) is invertible. With
W := Wy ® W, it follows that Jo(B) = W.Jo(A)W 1L,
Next, suppose that S € B(H @& H) and
SJy(A)S™L = J5(B) = Wa(A WL
Then S™1WJy(A) = Jo(A)S™'W, and so Z := S~'W is invertible and lies in
the commutant of Jo(A). From (a) above, we may write Z = } where
Z1,Zy € B(H) commute with A. Using Lemma 4.9(a), we see that we may also

. S S
write S = [ Sy A SJ, and therefore

Wi 0 S1Z1 + SaZyA S1Z2+ S22y
0 Wi SoAZ1 + S1Z95A SoAZy+ 5171
In particular, W is invertible and

Wy =5812Z1 + S9Z9A = SoAZy + S174.

oo

a

If the spectrum of A (and hence of B) is sufficiently nice, we can again obtain positive

results.

4.12. Proposition. Suppose that A, B € B(H) are invertible, and that there exists a net
(Pa)a of polynomials such that X := WOT — limg po(A) and Y := WOT — lim,, po(B) both
exist, X2 = A, and Y?> = B. If

then A
Proof.

J2(A) ~ Jo(B),

~ B.

Note that (o(X))? = 0(X?) = o(A) implies that X is invertible. Now

w0~y 0] [ 1) o x] =[xt B) =[x 0] ~xex

Similarly, J2(B) ~Y & —Y. Thus

Choose

X @ X ~ Jo(A) ~ Jy(B) ~ Y & Y.
R € B(H & H) invertible such that
RYXe-X)R=Y @ -Y.

Squaring both sides, we obtain

R Y A® AAR=B® B.

Let (pa)a be a net of polynomials such that woT — lim,, po(A) = X. Then

Thus

Y&Y =wor— liénpa(B ® B)
= WOT — liénpa(Rfl(A ® A)R)
= R Y(wor — lim(pa (A & A))R
=R X & X)R.

R'2X®0OR=R Y (X®o-X)+(X®X)R
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=R Xeo-X)R+R'(X®oX)R
=Ya-Y)+(YaY)
=2Y 9 0.

Since X and Y are invertible, this implies (by Lemma 2.16) that X is similar to Y, and
therefore that A = X? is similar to Y? = B.

a

4.13. Corollary. Let A, B € B(H) be invertible operators, and suppose that there exists a
simply connected domain @ C C\ {0} such that o(A) C Q. If Jo3(A) ~ Jao(B), then A is
stmilar to B.
Proof. First note that — as we have already seen — J3(A) ~ Jo(B) implies that o(B) = o(A).
Since 0 ¢ €, it follows that the identity function ¢(z) = z, z € Q admits a holomorphic
square root, say ¢q. Thus ¢(A) is a norm-limit of polynomials in A, and ¢(B) is a norm-limit
of the same polynomials in B. The result now follows from Proposition 4.12.
O

In the case where one of the operators A, B is an isometry, we can dispense with the
stronger hypothesis that J2(A) is similar to Jo(B) and we can obtain a positive solution to
Kaplansky’s original problem in the context of similarity (see Theorem 4.17 below). Before
doing so, however, we need to recall a few definitions and results from the literature. The
monograph [29] is an excellent reference.

4.14. Definition. Recall that an operator T € B(H) is said to be polynomially bounded
if there exists a constant k > 0 such that for all polynomials p € Clz|, we have

(D) < &llplloo,

where ||plleo := sup{|p(z)| : |z] < 1}. We say that T is completely polynomially bounded
if there exists a constant k > 0 such that for all ¢ = [g;;] € M, (Clz]), we have

i (DI < £llqlloo,
where |[qlloo := sup{|lqi;(2)[| : [2] < 1}.

4.15. We note that von Neumann’s Inequality [29, Corollary 1.2] is the assertion that
every contraction 7' € B(H) is polynomially bounded, while Arveson [2, 3] observed that
the Sz.-Nagy Dilation theorem implies that every operator X € B(H) which is similar to a
contraction is in fact completely polynomially bounded.

The converse of this, namely that every completely polynomially bounded operator is
similar to a contraction, is due to Paulsen [28].

We also remind the reader that an operator 7' € B(#) is said to be quasinormal if T’
commutes with 7#T'. It follows from the work of Brown [9] that T" is quasinormal if and
only if T is unitarily equivalent to an operator of the form N @& (S ® P), where S denotes
the unilateral forward shift, N is normal and P is a positive definite operator.

If W € B(H) is an isometry, then W*W = I, and so clearly W is quasinormal. The
Wold Decomposition for isometries acting on infinite-dimensional, separable Hilbert spaces
asserts that there exists a unitary operator Uy (perhaps acting on a space of dimensional
zero) and a unique cardinal number oo € NU {0, Rg} such that W ~ Uy @ S(®). Observing
that S(@) ~ (S ® I,), where v denotes the identity operator acting on a Hilbert space of
dimension «, we see for isometries, the corresponding positive definite operator in Brown’s
structure theorem is nothing more than I,.
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We shall need one more result, due to Popescu [33].

4.16. Theorem. [Popescu] Let A € B(H) be such that
Py :=s0T — lim(A*)™A™

exists. Then A is similar to an isometry if and only if Pa is invertible.

4.17. Theorem. Let T € B(H) and n > 1 be an integer and let W € B(H) be an isometry.
If T™ s similar to W), then T is similar to W. In particular, if Jn(T) is similar to
In(W), then T is similar to W.
Proof. Note that |[W] = 1 = [[W®|. It follows from Arveson’s results that 7™ is
completely polynomially bounded, which is easily seen to imply that 7" is completely poly-
nomially bounded, and thus by Paulsen’s Theorem, that 7" is similar to a contraction X.
If A € B(H) is a contraction, then the sequence ((A*)™A™),, is a decreasing sequence of
positive operators, and so P4 := SOT — lim,,,(A*)™A™ exists. In our case, we conclude that

Px :=SOT — lim(X*)™X™ and that Py := sOT — lim((X ™)*)m(x (™)™
m m
both exist, and clearly we must have
Py = (Px)™.

But X™ is similar to the isometry W), and so from Theorem 4.16, Py (ny is invertible.
This in turn implies that Px is invertible. Once again applying Theorem 4.16, we conclude
that X is similar to an isometry V, and consequently that 7" is similar to V. By the Wold
decomposition, V is unitarily equivalent to Uy & S ~ Uy @ (S®1,), where Uy is unitary
o € NU{0,RX0}, and W is unitarily equivalent to Uy @ S®) ~ Uy @ (S ® Ig), where Uy,
is unitary and 5 € NU {0, 8}. In particular,

UM & (S @ Ina) ~ VP~ T~ W) ~ U & (S ® I,.5).

Now V(™ and W are quasinormal, and so by [11, Theorem 2.1], U‘(,n) ~ UIE{,L) and for

all A € C,
nul(Ip.q — AMy.o) = nul(l,.3 — My.5).

By the results of Kadison and Singer [22] (see Theorem 4.2 above), Uy ~ Uy, and the
condition on the nullity for A = 1 implies that « = 5. Thus V is unitarily equivalent to W,
and so T is similar to W.

The last statement easily follows from the above argument and the fact that if J,(T") ~
Jo(W), then T™) = J,(T)" ~ J,(W)" = W™,

O

5. REMARKS AND OBSERVATIONS.

5.1. Let T € B(H) and 2 < n € N. As we have seen multiple times, J,,(T)"* = T™),
and thus if 7 is 1\¥-stable (resp. JE]—stable), then T" ~ T (resp. T" ~ T(). In their
paper [13], the authors studied operators satisfying this last relation in the case where n = 2,
referring to these phenomena as CONDITION U (i.e. T? ~ T(?)) and as CONDITION S (i.e.
T? ~T (2)) respectively. Unfortunately, they mistakenly state that “a scalar multiple of an
operator satisfying CONDITION S (or CONDITION U) satisfies the same condition only if the
scalar is either 0 or 1.”
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A counterexample to this claim comes in the form of the forward unilateral shift operator
S, as for any a € T,

(@S2 =0a28?~5?~S@® S~ (aS®as).

5.2. Example. There exist (positive, invertible) operators Hy, Hy € B(H) such that Hj ~
Hy and Hi ~, Hs, but H; is not unitarily equivalent to Ho.

Choose two non-atomic Borel measures pi1, i on the interval [1,2] C R, with the supports
of 1 and pg both equal to [1, 2], such that 1 and pg are not mutually absolutely continuous.
Let Hj, denote the (hermitian) multiplication operator M, acting on L?([1,2], ux), k =1,2.

Then o(Hy) = [1,2] = 0(H2), and so H; and Hy are approximately unitarily equivalent,
by the Weyl-von Neumann-Berg Theorem [14, Theorem I1.4.4], but they are not unitarily
equivalent, since the underlying measures p; and po are not mutually absolutely continu-
ous [14, Corollary II.3.6].

Let Z1 = S® Hy, Zo = S ® Hy, where S is the usual unilateral forward shift operator.
It is easy to check that Z; and Z, are approximately unitarily equivalent since H; and Hs
are. Furthermore, it follows from [11, Theorem 2.1] that Z; and Z, are similar.

Note, however, that Z; and Zs are not unitarily equivalent. For suppose otherwise. Then

H2®0=(Z1Z) — Z\7}) ~ (Z3 2y — ZyZ3) = H? & 0,

and so by [22, Theorem 1], we have that H? ~ H% . Since H;, Hy are invertible and positive,
we conclude that H; ~ H», a contradiction.

5.3. Remark. Let A, B € B(H). The problem of whether or not Jy(A) ~ J2(B) implies
that A ~ B remains open. In the hope that it may be of use to someone wishing to try
their hand at this problem, we make a minor observation, which may be of some use: if
J2(A) ~ Jo(B) and k € C, then Ja(kA) ~ Jo(kB).

The result is obvious if kK = 0. If kK # 0, then J2(A) ~ Jo(B) implies that
K215 (A) ~ kY2 0(B).

But then
Jo(KA) ~ kY2 Jy(A) ~ 512 Jy(B) ~ Jo(kB).

5.4. Example. (due to J. Bell) It is natural to ask whether Kaplansky’s second problem
can be positively answered in the general setting of rings, which would obviously imply a
positive answer in the setting of operators on a Hilbert space. More specifically, is it true
that if R is a unital ring, and x,y € R are such that x @ x is conjugate (the ring-theoretic
nomenclature for similarity) to y @y in Ma(R), then 2 and y must be conjugate? In general,
the answer is no. In fact, in the general setting of unital rings, the analogue of Theorem 4.10
fails. The following counterexample is due to our colleague Jason Bell, and we thank him

for allowing us to reproduce it here.

There exists a unital ring R and elements z,y € R such that if Jy(z) := B 1

Ja(y) = B (1)] then Jy(x) is conjugate to Jao(y) in Ma(R), but = is not conjugate to y in

] and

Let S = Qla,b,c]/(a® — bc = 1). Notice that S is an integral domain since a? — be is
irreducible. We claim that the group of units of .S is Q*. To see this, notice that S admits a
Z-grading, by giving a degree 0, b degree 1 and ¢ degree —1. Since S is a Z-graded domain,
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the only units of S are contained in Sy, the homogeneous part of S of degree 0. Indeed,
since S is a domain the set of units is homogeneous. Consider S as a module over Sy, and
let S, denote the set of elements of S of degree n, n € Z. Then for n > 1, S, = Syb™, and
S_,, = Spc™. Note further that b and ¢ are not units since bc = a? — 1 is not a unit in Sp.
Hence the group of units of S lies in Sjy.

Observe that Sy is the subring of S generated by a and be. Thus

So =2 Q[a, be]/(a® — be — 1) = Qa).
Since the group of units of Q[a] is Q*, the claim follows.

Next, let T" denote the free product (in the category of associative Q-algebras) of S and
Q{x,y}, the free associative algebra on x and y. Consider the ideal I of T' generated by

ar — ya, br — yb, and cx — yc. If we let R = T/I, then in My(R), the matrix [Z Z] is

invertible (since it lies in My(S), S is commutative, and the determinant is a? — bc = 1).
Furthermore,

a b a b
L een-wen |t U emm,
by our definition of I. Thus x @ = and y @ y are conjugate in My(R).

Notice that R admits an N-grading (not compatible with the one on S) obtained by
assigning degree 0 to a,b and ¢, and degree 1 to x and y, since the generators of I and
the relation a? — bc = 1 are all homogeneous. Now R/(z,y) = S and so S is the degree 0
component of R.

We now argue by contradiction. Suppose that x and y are conjugate in R. Then there is
some unit v of R such that ux = yu. Write u = ug + - - - + uq, where u; € R is homogeneous
of degree i. Let v = vg + - - - + v, be the inverse of u. By considering the degree 0 terms of
both sides of 1 = uw, we see that ugvg = 1 and since ug, vg are in the degree 0 component
of R = S, we see that ug, vy must be in Q*.

Now we have that (ug + -+ + ug)x = y(ug + - - - + ug) and so looking at the degree one
part of both sides we see that ugz = yug. But ug is a nonzero scalar, from which it follows
that x = y in R. Thus to show that x and y are not conjugate in R, it suffices to show
that © # y in R. To do this, we shall define a homomorphism ® : R — Mj(Q) such that

O(z) # 2(y).
We consider t_he map ® induced by setting
. 3(1)= j, ok
. B(a) = (1’ (1]] B(b) = d(c) [8 8]
o O(z) = (1) 01]; and D(y) = [01 (1)]

By definition of R as the quotient of the free product T' of S and Q{z,y} by the ideal I, to
see that @ extends to a ring homomorphism on R, it suffices to show that

0= ®(a)®(x) — 2(y)®(a)
(0)®(z) — D(y)2(b)
0(c)®(z) — ®(y)®(c), and

(1) = (a)2 (b)®(c),

all of which are routine calculations.
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This implies that ® indeed induces a homomorphism from R — M3(Q). But ®(x) # ®(y),
and thus x # y in R, completing the argument.

As a corollary to this example, we note that @z = Jo(x)? is conjugate to y Dy = Ja(y)?,
and yet x is not conjugate to y, and so this example also shows that this formulation of
Kaplansky’s second problem admits a negative answer in the setting of unital rings.
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