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Abstract

Clifford operations are a subset of quantum operations used extensively in quantum error
correction and classical simulation of quantum circuits.

The first part of the thesis is motivated by the problem of programming with generalized
Clifford operations, such as the quantum Fourier transform. We delve into the algebraic
complications that arise for systems of even dimension d, and we are particularly interested
in the case when d is a power of 2. We apply our results in the design of a quantum
functional programming language, in which the user does not have to worry about these
irrelevant complications.

Later, we consider the problem of compiling circuits over universal gate sets. In particular,
we study the problem of multi-qutrit exact synthesis over a variety of gate sets including
Clifford gates.

Lastly, we present a framework for defining a symplectic form on an object in a sufficiently
structured category, and lay out the theory, generalizing the theory of symplectic forms
on a finite dimensional vector space or locally compact abelian group. In the process, we
develop new results and perspectives on operations defined on categories.
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Chapter 1

Introduction

The canonical commutation relations of quantum mechanics are mathematically encoded
by an object called the symplectic form. This is a structure defined on a vector space,
module, or locally compact abelian group, called the phase space. Since there are several
such variants, it is reasonable to ask what they have in common. In order to pose the
question of what kind of objects may be used to form a mathematical phase space object,
we turn to category theory. Thus, we seek to internalize the notion of symplectic form in
a sufficiently structured category.

The same approach has been taken to study the role of the quantum Hilbert space by way

of dagger compact categories | il ]. One natural question is then to classify such
categories up to equivalence. Analogous such classification problems are seen throughout
mathematics, and tend to be nontrivial [ ]. For example, the classification of finite

simple groups is famously nontrivial. Another question is whether a given model is com-
plete for the equational theory. In the case of dagger compact categories, several examples
are known, and Selinger proved that the category of finite dimensional Hilbert spaces is
complete | |. One may ask the same questions about preabelian star-autonomous cat-
egories admitting limits and colimits; these are the categories in which we give a definition
of symplectic form.

The Curry-Howard-Lambek correspondence provides further motivation for the category-
theoretic approach | ]. If € is a category of phase space objects, the types of its
internal language are phase space objects. In the case of finitely generated Z/dZ-modules,
maps that respect the symplectic form are closely related to projective Clifford operations,



and after making some changes, we arrive at a category ¢ whose internal language \?c
specifies a functional programming language with native support for projective Clifford op-
erations. In the design of the programming language, we only need to consider free finitely
generated modules, whereas in the abstract framework for studying symplectic forms that
we develop in Ch. 6, all finitely generated modules are considered in order to reason about
kernels and cokernels. Nevertheless, quantum systems of composite dimension d are taken
into account both in the programming language and in the mathematical framework. A
projective Clifford operation on a system with phase space V' is encoded as a pair (u, 1)
consisting of a linear functional ¢» € V* and a symplectomorphism ¢ € Sp(V'). Roughly
speaking, objects in the category & are more like Pauli groups, as opposed to the phase
space objects of €. This corresponds to a multilayer type system, where A”’¢ types are
built from types of an underlying linear-algebraic type system A% much like in | ).

The programming language application, combined with the importance of qubits, draws
our attention to n qudit projective Clifford operations where d = 2. In the n = 1 case, the
t-qubit quantum Fourier transform is such an example | ]. The encoding scheme for
projective Clifford operations becomes much more complicated when d is even, since there
is no longer an isomorphism between the n qudit projective Clifford group PCl;,, and the
affine symplectic group ((Z/dZ)*")* xSp((Z/dZ)*) | ]. Nevertheless, there still exists
a canonical bijection between the underlying sets, and the analysis of the even case turns
out to be very interesting. Concerning A”°, the subtleties of the even case are hidden from
the user. The complicated formulas for composition, inversion, and evaluation of projective
Clifford operations in the even case are all pushed into the semantics. The results on \7c
and the projective Clifford group are in collaboration with Jennifer Paykin [ Il ].

The problem of compilation is closely related to that of circuit synthesis. In a separate
collaboration with Amolak Ratan, Manimugdha Saikia, Dinesh Valluri, and Jon Yard, we
derive a synthesis algorithm for multiqutrit Clifford operations over the ring Z[%, e?™/*]
[ ].!' The result echoes the case of multiqubit synthesis conjectured in | | and
proved in | ]. The problem is first reduced to synthesis over Z[3, e?™/3] by catalytic
embedding (c.f. [ ]), at which point we show that exact synthesis can be achieved
with the Clifford+ R gateset by iteratively reducing a parameter called the smallest denom-
inator exponent to zero. In the end, three-level Clifford+R unitaries are converted into
single qutrit gates using Gray codes, and synthesized using results of | |. In the end,
exact synthesis is achieved with Clifford+7" gates using two ancillas and a reusable magic

1Similar results were independently established by Andrew N. Glaudell, Neil J. Ross, John van de
Wetering, and Lia Yeh in [ ]



state (catalyst).

In Ch. 6, we formulate the theory of symplectic forms in an arbitrary sufficiently struc-
tured category, in analogy to the theory of abelian categories, which generalizes the theory
of homological algebra beyond concrete categories of modules | ; ; |. The
theory of symplectic forms requires an internal notion of duality as well as notions of kernel,
cokernel, and so on. In more technical terms, the category must be star-autonomous and
pre-abelian. Parts of the theory work out when the category is only linearly distributive
(weaker than star-autonomous), but other parts only hold in the category’s nucleus.

In order to lay out the framework of Ch. 6, we first introduce the relevant concepts (star-
autonomy, linear distributivity, nucleus, etc.) in Sec. 5.2. We view the relationship between
nuclearity and reflexivity in a linearly distributive category as an instance of the microcosm
principle | ], relating the internal duality to an external notion of duality, namely, the
negation adjunction of Sec. 5.2.5. More philosophically, we argue that linear distributivity
is to duality what associativity is to composition, and we give evidence for this claim by
laying out the theory of star-autonomous categories without making any use of associativity
in Sec. 5.3. Along the same lines, instead of working with monoidal categories, we consider
a non-associative variant in Sec. 5.2, magmal categories. Categorification to one level higher
has been achieved in Kelly’s work on doctrinal adunction | ], and we note how the
theory of magmal categories, just like that of monoidal categories, is an instance of this
meta-theory.



Chapter 2

Heisenberg groups and projective
Clifford groups

The Heisenberg group provides a mathematical foundation for studying the famous canoni-
cal commutation relations of quantum mechanics. Several variants of the Heisenberg group
exist, each with its own applications. Most famously, the real Heisenberg group refers to
a particular Lie group relevant to quantum systems with continuous degrees of freedom.
In more general usage, the Pauli group Pg, for a system of n qudits also qualifies as a
Heisenberg group. Of related interest is the projective Clifford group PCl,,,, consisting
of the center-fixing automorphisms of Pg,. Explicit definitions for these groups will be
given below. In odd dimensions d, PCly,, is isomorphic to the affine symplectic group
V* x Sp(V,w), but this is false when d is even. Still, there is a bijection between the
underlying sets:

condensed encoding : PCl,,, — V* x Sp(V,w) (in SET) (2.1)

The existence of such a bijection follows by applying Lagrange’s Theorem to the structure
theorem (Thm. 2.2.14) for PCl,,, but working out an explicit bijection is less straight-
forward. We first consider encoding projective Clifford operations in terms of their action
on Weyl operators D,, = X?ZP, but this is problematic when d is even. To solve this,
we instead use Weyl operators of a slightly different form, A,, = 79?X%ZP. This trick
for taming the even case is well known and has been used for example in | | and
[ ], though we take it in a different direction. We show that projective Cliffords
admit a neat condensed encoding in terms of these A operators. This involves first con-
sidering extended encodings where the parameter d is replaced by 2d. The price we pay

4



for the condensed encodings is that the formulas for evaluating, composing, and inverting
projective Cliffords involve complicated phase correction functions.

We find, however, that this encoding scheme is applicable in the design of a quantum
functional programming language, as shown in Ch. 3. In fact, this is our motivation for
working out the details. In this application, the operations of evaluation, composition,
and inversion are only ever computed meta-theoretically or by a (future) compiler, and are
thus out of the sight and mind of the programmer. We also feel that the results about
condensed and extended encodings are interesting in their own right, and in particular,
we find interesting connections between projective Clifford operations on a system of size
d = 2! and 2d = 2!*1, that is, where one qubit is added.

Rather than focusing on a given Heisenberg group itself, we tend to instead focus on the
associated phase space. For some variants of the Heisenberg group, the phase space is a
locally compact abelian group equipped with a symplectic form, which encodes the same
structure as the Heisenberg group itself | |. The Stone-von Neumann-Mackey The-
orem classifies the faithful finite dimensional projective unitary representations of such a
space, and these lift to ordinary unitary representations of the Heisenberg group. These
representations are relevant in physics, since they pertain to the Hilbert space of an associ-
ated quantum system. There are several variants of the construction, for example involving
finite dimensional real vector spaces in place of locally compact abelian groups, and uni-
fying these motivates our study of the category of such objects. In Ch. 6, we give criteria
for this category, and in order to make the locally compact abelian group example work,
one has to iron out some topological pathologies. For this, we cite a construction of Barr
and Kleisli, [ Il ].

Acknowledgments and author contributions in Ch. 2 The contents of Sec. 2.1.1,
Sec. 2.2, and Sec. 2.3 (except Sec. 2.3.3 and the last example in Sec. 2.3.4) are joint
work with Jennifer Paykin | ]. Many thanks to Jon Yard and Albert Schmitz for
numerous fruitful discussions about this work.



2.1 The Pauli group and the projective Clifford group

2.1.1 Notation

Fix an integer d > 1 and let 7 be a primitive d’'th root of unity, where

J - 2d :dis even
|ld  :disodd

Then ¢ = 72 has order d, and the other square root of ¢ is —7, which has order d’. We are
especially interested in the even case, which typically receives less attention, despite the
relevance of quantum systems of dimension d = 2¢. It is well-known that the even case is
harder to analyze. In this chapter, we write R = Z/dZ for the finite cyclic ring of order d,
and denote its elements by 0, - -+ ,d — 1. Likewise, we write R’ = Z/d'Z for the finite cyclic
ring of order d’. We find it convenient to introduce a group %R’ , which is isomorphic to
the underlying additive group of R, but whose elements are taken to be “halves” of the
elements of R'. Explicitly, %R’ has the following abelian group presentations:

1 1)1 1 1 11

Rl a0l =121+ 1 =0and —+ - =1

2 227 F) NGRS
—_— d

d/

In other words, %R’ is obtained from R by formally adjoining % if it doesn’t already exist
(i.e.in the even case), much like how Q(7) = Q((, 7) is obtained from Q(¢) by adjoining a
square root of (. The point of introducing %R’ is that the canonical mutually inverse group
isomorphisms 2 : R = R' and 5 : R = $ R’ amount to a formal device that allows us to
carry out certain calculations thats would ordinarily involve multipliation or division by 2.
The notation also allows us to treat the even and odd cases simultaneously, and by doing
so, it underscores where the oddities of the even case enter the picture. If t € %R’ , then
we interpret the expression ¢! as meaning 72¢, where 2 is the aforementioned isomoprhism.

Now, given a positive integer n, we set:

V — RQn V/ — (R/)Zn



We call V' the phase space and V' the extended phase space. Each is equipped with a
standard symplectic form:

w: VeV =R SV RV S R (2.2)
w((q,p1), (g2, p2)) =p1- @ —p2- @1 W' ((q1,p1), (g2, p2)) =P1- G2 — P2 - @

Here ® denotes the tensor product of R-modules or R’-modules, respectively, and the -
notation stands for the standard dot product of the appropriate type. The theory involves
an interplay between R and R, or V and V’. This is mediated by an “adjunction” between
the setwise inclusion V' C V' and the quotient map V' — V. We pay strict attention to
these typecasting operations, which are indicated by an underline or overline, respectively:!

V= Vv’ V=V
(in SET) (in FGF-R'-MoOD)

Occasionally, we write an expression involving both operations, v. It will always be possible
to infer from the type whether this is intended as an element of V' or V', though typically
this notation will be used for an element of V', since - is a section of =, i.e. = - =idy. We
also use the underline and overline notation for moving between R and R’. In contrast,
when we identify R as a subgroup of %R' (in the obvious way), we do not emphasize the
inclusion with an underline or any other notation. Note that R < %R’ is a subgroup inclu-
sion as opposed to just a subset inclusion, in contrast with R C R and V C V.

In order to treat the even and odd cases simultaneously, let us introduce:

Fo :diseven
FQ -
0 :disodd

In the even case, we frequently encounter elements vy, vy € V' related by:

v + vg = de (2.3)

for some € € F3". Then the following quantity ends up playing a central role:

1
<€>v1,v2 = Ew,(vla U2) S F2 (24)

'We write SET for the category of sets and FGF-R'-MoD for the category of free finitely generated
R’-modules. The inclusion function - is not a homomorphism, hence only a morphism in SET.
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Since any two of the quantities vq, vo, and € determines the third via Eq. (2.3), we sometimes
write (€),, in place of (€),, ,,. For example, since w’ is bilinear, (€)g = 0 for any e. Also,
given vy and vy, we sometimes implicitly define € in terms of v; and vy by including it in an
expression (€),, ,,. Finally, if the context is clear, we might even write (¢) as a shorthand
for (€)y,.0, in order to maintain precision but also to avoid overemphasizing vy, ve, and e.



2.1.2 The Pauli group and the Clifford group

Let X and Z be the single-qudit Pauli matrices. In the standard basis for C?, also called
the computational basis, which we write with ket notation, their action is given by:

X|ry=1r+1) Zry=¢"|r) reR

We also set Y = 7XZ. The n-qudit Pauli matrices are defined in terms of the Kronecker
product:

X0= X0 @@ X P =" @ 2 ¢.p€ R

Two kinds of Weyl operators will be considered. For each v = (¢,p) € V we set D, = X1Z?,
and on the other hand, for each v = (¢,p) € V', we set A, = 779D5. In the latter case,
the subscript v must be taken from V' in order for the phase 77'¢ to be well-defined.
These operations have the same conjugation action, and indeed define the same projective
representation of the phase space:

[A] : V — PU((CH®m)

Note that [A] is faithful only because we took the domain to be V', as opposed to the
extended phase space V', and that this is legal, despite the previous remark. This is due
to the fact that v; = v, if and only if A,, and A,, are proportional with constant +1:

Av = (_1)<6>U1’U2Av1

2

Faithfulness is needed in order for a projective unitary representation of V', such as [A],
to lift to an ordinary unitary representation of the Heisenberg-Weyl group. As we will see,
there are trade-offs between the D operators and the A operators, but overall, we find
that the A operators lead to a more tractable analysis of the details that arise in the even
case. Our preference of the A operators over the D operators leads us to prefer the larger
version of the Pauli group, which has order d’d*" (as opposed to d?"*!):

Py, ={{'D,[t€ iR andv eV} = (A, |veV)=(XY,Z)=(1,X,Z) (2.5)

We use the notations (X,Y, Z) and (7, X, Z) above as shorthands, where operators may
act on all subsystems. In the even case, (X, Z) is an index 2 subgroup of the Pauli group
(as we define it), and there are various other index 2 subgroups. In the single-qubit case,

9



(X,Z), (X,Y), and (Y,Z) are each isomorphic to the dihedral group of order 8, and
(1X,i7) = (iX,1Y) = (iY,1Z) is isomorphic to the quaternion group. Each of these is a
subgroup of the Heisenberg-Weyl group, which is obtained by enlarging the center to U(1):

HW,,, ={cD,|ce U(l) and v € V'}

The Stone-von Neumann-Mackey Theorem states that up to isomorphism, HW,,, has a
unique irreducible finite dimensional center-respecting unitary representation 6 : HW,,, —
U(H), where by center-respecting we mean that §(cI) = cidy for all ¢ € U(1). Note that the
center of HW,, is Z(HW,,,) = {cI | ¢ € U(1)}. Equivalently, [A] is the unique irreducible
finite dimensional faithful projective unitary representation of V= HW,,,/Z(HW,,) up
to isomorphism. The projective Clifford group consists of the center-fixing automorphisms:

PCl,, = {y € AutPy, |y(P) =P forall P € Z(Py,)} (2.6)

By the Stone-von Neumann-Mackey Theorem (or by the Skolem-Noether Theorem), it
follows that each v € PCl,, is given by conjugation by a unitary U. On the other
hand, each projective unitary [U] that preserves P4, under conjugation uniquely defines
a center-fixing automorphism of P, ,,, and we obtain a group isomorphism:

{[U] € PU(@™")|UPU' € Py, for all P € Py,,} = PCly, (2.7)
[U] = (P~ UPU")

We tend to view this isomorphism as an identification. In the theory to follow, character-
ization Eq. (2.6) ends up being more useful, but when working through specific examples,
characterization Eq. (2.7) ends up being easier. For example, in the single-qubit case, the
second characterization may be used to see that the projective S gate [S] (where S = (}?))
is projective Clifford. Note that this would be false if we had used (X, Z) as our definition
of the Pauli group in place of the larger group Py, = (X,Y, Z), as it appears in Eq. (2.7).
Interestingly, replacing Py, by HW,, in Eq. (2.7) does not change the contents of PCl,,.

10



2.1.3 Comparison of the D and A operators

If we use the D operators, each element of P4, may be expressed as ¢*D, for a unique pair
(t,v) € %R’ x V', and when expressed in terms of such pairs, the group law reads:

(t1,v1)(t2,v2) = (t1 + to + c(v1,v2),v1 + Vo) t; € %R’ and v; € V

where ¢ : V ® V — R is defined in terms of the dot product: ¢((q1,p1), (g2, p2)) = p1 - Go-
The group commutator involves the symplectic form on V:

(t1, v1)(ta, v2)(t1, v1) H(t2, v2) ™1 = (w(vy, v2), 0) v, €V

This at first seems more convenient than the situation with the A operators. With the A
operators, each element of Py, may be expressed as a pair (t,v) € %R’ x V' but these
expressions are non-unique. Nevertheless, we can still express the group law in terms of
the non-unique expressions, and this time, it involves the extended symplectic form:

(t1,v1)(ta, v2) = (t1 + b2 + 30’ (v1, v2), v1 + Vo) t;€ iR and v; € V'

Here, % denotes the group isomorphism R’ = %R’ from Sec. 2.1.1. The group commutator
is given by:

(t1,v1)(t2, v2) (t1, v1)  (ta, v2) ™t = (W' (v1,v2),0) = (w(Ty1,D2),0) v; €V’

Note that the commutator expressions for the D and A notations both implicitly use the
inclusion R < %R’ . The A operators are quite strange. Despite being parameterized by a
larger set (V') than the D operators, the A operators still only comprise a proper subset
of P4, when d is even. In the single-qubit case, for example, we have:

Agg = Agg = Ay = Ay =1 A=Az =X Ap =Azp=-X
Aoy = Az =7 Agy = A9z =—7
Ay =Azp=Y A=Az =Y

Nevertheless, the Pauli group is generated by the A operators, as in Eq. (2.5). One ad-
vantage the A operators have over the D operators is the property that Ai = Ay, for all
t € R" and A% = I, so each has order at most d. In the multi-qubit case, this means that
A, is always Hermitian. On the other hand, D, has order d’ for some v.

11



Each projective Clifford v € PCl,, has a unique D-encoding, that is, a pair (r, 1) consist-
ing of functions r: V — LR and ¢ : V — V satisfying v(D,) = (" Dy, for allv € V. One
finds that ¢ is a symplectomorphism by extracting the exponent of the following:

Cw(vl’W) = V(DmszD;lD;zl) = ’Y(Dm)’Y(sz)’Y(Dm)il’V(Dvg)il = Cw(wvl’d}l&)

On the other hand, the structure of r is less clear. Not every function r : V' — %R’ arises in

some D-encoding, and in some cases, r might not even be a homomorphism. For example,
if v = [S], then r(0,0) = 7(0,1) = 0 and r(1,0) = r(1,1) = %, so r(1,0) + r(1,0) #

29
r((1,0)+(1,0)). Nevertheless, r is still determined? by its action on the standard basis for

V', once 1 is provided, due to the identity:

rvp + 102 — (U1 4 v2) = c(v1,v2) — c(Yv1, Puo) € 3R’ (2.8)

The issue of r not being a homomorphism ends up making projective Clifford operations
harder to analyze in terms of the D operators, so from this point on, we will shift our
focus to the A operators. We would like to understand the sense in which a projective
Clifford v € PCly, can be encoded by a pair (A, ¢) of functions A : V/ — 1R’ and
¢ : V' — V' in the sense that y(A,) = (*A,,. Towards answering this, suppose that
V(A Ay,) = 7(Ay )7(Ay,). Then:

v1+v Lo (v,
V(AL A,,) = CA( 1+v2)+ 5w’ (v, 2)A¢(U1+02)
v vatLw! (pv1,dv
V(AM)W(AW) - CA A (e 2)A¢>’U1+¢v2

It does not follow that ¢(v; + ve) = ¢vy + Py since there exist distinet vy, vy € V' such
that A,, = +A,,. However, the function taking each v € V' to {£A, 4} is a well-defined
injective function that does not depend on the constant ¢ € F7". It follows that the
function ¢ : V' — V obtained by reducing the output mod d is R'-linear, which then
allows us to reduce the input mod d as well. We use the following double-overline notation
for the R-linear map obtained from ¢ by reducing both the input and output mod d:

b=¢:V =V

2In fact, rv can be calculated efficiently in this way because V has the following grammar: each v € V
is either 0 or has the form w + e for some standard basis vector e and some w € V with size(w) < size(v)
for some function size : V' — Nj. Namely, we may take size to be the monoid homomorphism given by
size(e) = 1 for each standard basis vector e. Efficient calculation is all that is needed in some applications.
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Finally, analysis of the phase exponent yields a formula in analogy to Eq. (2.8):
A1+ Mg — A(V1 + 02) = 2{€) g0 +0m), 601 +6vs + 30 (V1,02) — 20/ (gv1, o) € LR (2.9)

~

Note that the “%”S appearing here are applications of the isomorphism % : R — %R’ .

Now, if ¢ is R'-linear, then (¢) = 0, and in such a case, A is a homomorphism if and only if
¢ € Sp(V',w'). In deducing this, we have made use of the fact that v is a homomorphism.

~

If we now “multiply” Eq. (2.9) by 2: %R’ — R’ and then reduce mod d, we obtain:

2\v1 + 2X\vg — 2\ (v1 + v9) = w(V1,T2) — w(YT1,YT) € R for all vy, vy € V' (2.10)

The left-hand-side of Eq. (2.10) is symmetric and the right-hand-side is alternating, hence
skew-symmetric, but assuming d is even, this is not enough to conclude that ¢ is alternat-
ing, and then (by nondegeneracy) that ¢ € Sp(V,w). However, we may observe that 1 is
the same map involved in the D-encoding of 4. From this, it follows that ¢» € Sp(V,w).
From this we see that A is “almost” a homomorphism, in the sense that for each vy, vy € V’,
there exists a € Fy such that vy + Avy — A(vy + v2) = da.

13



2.2 Extended A-encodings

Describing the action of a projective Clifford operation in terms of the A operators turns
out to be a lot harder than describing it in terms of the D operators, but ultimately more
fruitful, since it leads us to the theory of condensed A-encodings. We proceed in steps.
First we define extended A-encodings. In contrast with D-encodings, which are unique, a
projective Clifford operation has multiple extended A-encodings. Further, a pair (A, ¢) of
functions A : V' — %R’ and ¢ : V' — V' is not necessarily an extended A-encoding of any
projective Clifford operation, though as we will see, it will always encode a right-definite?
center-respecting binary relation on Pg,. By considering these less-structured pairs (X, ¢),
which we call extended pre-A-encodings, we will arrive at the following characterization:

Theorem 2.2.1 A right-definite center-respecting binary relation on Pg,, is a projective
Clifford operation if and only if it admits an R-valued symplectic extended pre-A-encoding.

Explicit definitions for the terminology will be given in Sec. 2.2.1, but as an introduc-
tion, we shall now briefly explain the content of Thm. 2.2.1, and in doing so, give an
informal survey of various kinds of encodings that arise. By R-valued symplectic extended
pre-A-encoding, we refer to a pair (A, ¢) consisting of a homomorphism A : V! — R and
a symplectomorphism ¢ : V' — V' of the extended phase space (V' ,w'), relating to the
binary relation in question in a way that we will soon define. The “R-valued” part indi-
cates that the phase function A in this definition is valued in the subgroup R < %R’ . By
Thm. 2.2.1, it will follow that such (), @) is a symplectic extended A-encoding (without
the “pre”), again with these terms being defined explicitly in Sec. 2.2.1. Then Thm. 2.2.1
will arise as the combination of Thm. 2.2.8 and Thm. 2.2.11. In Sec. 2.3, we will use
Thm. 2.2.1 to show that projective Clifford operations are in canonical bijection with pairs
(u,%) where p : V' — R is a homomorphism and ¢ : V — V is a symplectomorphism,
which we call condensed A-encodings.

We have alluded to multiple variants of encodings, and the terminology has already become
burdensome. To address this, we may leave off the descriptors “extended” and “A-" in
this section, since as the title suggests, this section is only about (variants of) extended
A-encodings. Thus, we will use the term A-encoding or simply encoding as an abbrevi-
ation for extended A-encoding. Likewise, we will abbreviate extended pre-A-encoding by
pre-A-encoding or even just pre-encoding. In later sections, we will use the term extended

3Relevant terminology about relations and some basic facts are given in Appx. A.
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encoding to refer to a symplectic extended A-encoding. This is because (i) pre-encodings
are only considered as an intermediate step in this section in order to state and prove
Thm. 2.2.1 and (ii) symplectic encodings are the best-structured (extended) encodings,
and we will never need to consider the less-structured ones outside of this section. We will
also use the term condensed encoding in place of condensed A-encoding in later sections,
and thus make a three-way distinction between D-encodings, condensed encodings, and
extended encodings, where the latter two implicitly refer to A-encodings.
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2.2.1 Existence and refinement

We now give explicit definitions for the various kinds of encodings as we need them.

An endofunction 7y : Py, — Py, is center-respecting if v(C'A,) = ('y(A,) for all t € 3R/
and v € V'. A center-respecting endofunction is equivalently specified by its restriction to
the subset {A, | v € V'} of the domain P,,. On the other hand, since there exist vy, vy € V’
with A,, = —A,,, not every function v : {A, |v € V'} — P, extends to a center-fixing
endofunction. Due to the non-uniqueness of the expressions A,, it is not immediately clear
that each projective Clifford, let alone each center-respecting endofunction, is encoded
(non-uniquely) by a pair (A, ¢) of functions X : V! — $R" and ¢ : V' — V', in the sense
that y(A,) = (MAy, for all v € V'. The following lemma asserts the existence of such
encodings. All that is clear from the offset is that the hypothesis of the lemma is satisfied.

Lemma 2.2.2 Letvy: Py, — Pa, be a center-respecting endofunction and let ¢ : V' — V'
be a function such that for any v € V' there exists t € lR’ such that v(A,) = (*Ayy. Then
there exists a unique function X : V' — LR’ such that ()\ ®) is a A-encoding of 7.

By considering the restricted function 7o : {A,|v € V'} — Py, it is clear that every
center-respecting endofunction v has such a ¢. Hence by Lem. 2.2.2, there exists a pair
(A, ¢) that encodes 7. Intuitively, the lemma asserts that the “t”s in v(A,) = (*Ay, can
be conglomerated into a function A-a nontrivial fact, since distinct v may yield equal Ag,.

Proof The relation v — A, restricted to the subset V' C V”’ is an injective function, which
allows us to define a function g : V. — SR’ by v(A,) = (M"Ay, forallv € V C V. We
want to extend )y to a function A : V' — 1R’ satsifying this property but for all v € V”,
not just V. Now, for each v € V' and € € FQQ”, there exist s,t € %R’ such that:

CDporde) = V(Dorae) = V(1) A) = (1) Py (A,) = " Ag,

There also exists unique § € F2" with dj = ¢v — ¢(v + de). Now for v € V C V', set:

e+ (B)0) (2.11)

Av + de) = Agv + 5

This defines X on all of V', extending A\g. Now for each v + de € V', we have:
COTIIA yurag = (D) A,

as intended. Uniqueness is obvious: if (*?Ay, = (*"Ay, for all v € V' then \; = A;. W
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Given a center-respecting endofunction 7 : Py, — Pg4,, we have considered the domain-
restricted function 7. Another point of view is that the restricted action A, — v(A,)
just as well defines a binary relation on Pg,, which is right-definite but not left-total.
Lemma Lem. 2.2.2 asserts that there exists a pair (A, @) such that this relation is given
by A, — (*Ay,. More generally, we call any pair (), ¢) of functions A : V' — %R' and
¢ : V' — V' a pre-A-encoding. Each pre-A-encoding (), ¢) defines a relation A, — (M Ay,
which is not necessarily right-definite.* This relation extends to a center-respecting left-
total relation v on Py, which may or may not be right definite (i.e.an endofunction).
Then a A-encoding is just a pre-A-encoding whose relation extends to a projective Clifford
operation.

Lemma 2.2.3 For any functions \o : V — sR and ¢ : V' — V', there exists a unique
function A : V' — %R’ extending \o (with respect to the set inclusion V- C V') such that
the relation A, — (M Ay, is right-definite, or equivalently, is the pre-A-encoding of some
center-respecting endofunction 7.

The proofs of Lem. 2.2.2 and Lem. 2.2.3 use the same calculation.

Proof Let A be a function extending \g. Right-definiteness of A, — (* A, means:

Avl = AUQ — C)\UIA(bUl = C)\UQA@,Q for all V1, Vg € 174
This is achieved if and only if Eq. (2.11) is satisfied for allv € V C V' and e € F3". W

Two pre-A-encodings (A1, ¢1) and (g, ¢2) are equivalent, written (A1, ¢1) ~ (Ao, o), if
they yield the same relation on Pg,. A pre-A-encoding (A, ¢) is linear if ¢ is R'-linear
and symplectic if ¢ € Sp(V', ). By Eq. (2.9), a A-encoding (but not a pre-A-encoding)
is symplectic if and only if X is linear.

Lemma 2.2.4 If (Ao, ¢o) is a pre-A-encoding and ¢, : V' — V is R'-linear, then there
exists a canonical linear pre-A-encoding (A, @) such that (Ao, ¢o) ~ (A, d).

As we saw in Sec. 2.1.2, if ()\g, ¢g) is a A-encoding, then ¢, is always R'-linear.

4We abuse the notation +— to indicate membership in the relation. It may be that A,, = A,, but
A1 A Gy, # (M2 A4,,. In this case, (A, ¢) defines a non-right-definite relation on Pg,,. For definitions
concerning relations, see Appx. A.
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Proof We call this process linearization. Let ¢ : V' — V' be the unique R’-linear map
satisfying e = e for each standard basis vector e of V’. Since ¢, is linear, ¢pv = ¢y for all
v € V', allowing us to define \v = Agv+2(8) g, 00- Then by construction, (X, ¢) ~ (Ao, do),
and ¢ is linear. [

Proposition 2.2.5 Each ¢ € Sp(V,w) lifts to some ¢ € Sp(V', ).
By a symplectic lift we mean that ¢ € Sp(V’',w') and ¢ = E
Proof See Theorem 1 on page 85 of | ]-

Computing the matrix entries of a symplectic lift ¢ of a given ¢ € Sp(V,w) is not so
straightforward, but by use of condensed encodings and some auxiliary formulas, we will
never actually need to do so. Symplectic lifts can be used to evaluate v(A,) or 7 1(A,),
but these other formulas will let us perform such evaluations without a symplectic lift.
Thus, the existence of symplectic lifts is only used in proofs. Still, we note that symplectic
lifts can be computed by solving a system of 4n? equations and variables over F,. To see
why, start by lifting ¢) to an R’-linear map ¢q, and let ®; and ' be the R'-matrices for ¢,
and wy in the standard basis. Then:

LV Dy = +dA
for some Fy-matrix A. Then solve for an Fh-matrix E = (g; gi) such that:

F2n X2n

A__(D{Ey+D§Ey+E§Dy+E$D3 D{Ey+D§ET+E§D2+EﬁIM)€
- 2

DIEs; + DIE,+ EI'D, + EID3; DYFEs+ DI'Ey+ E]l Dy + EID,
(2.12)

where &y = (pL D) € F3™*". Then Eq. (2.12) is a linear system in the entries of E. By

design, A = ETQY/®q + ®TOV'E, so setting & = &, + dF, the following equation shows that
a solution to the linear system yields a symplectomorphism:

TP = O]V Py + d(ETQV Py + PJOVE) = O QU Py + dA =

Since the reduction mod d of ® is the R-matrix ¥ for ), Prop. 2.2.5 guarantees a solution.

Lemma 2.2.6 Let (A, ¢o) be a linear pre-A-encoding such that ¢ = Eo € Sp(V,w). Then
(Mo, ¢0) is equivalent to a symplectic pre-A-encoding (A, ¢).
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As seen in Sec. 2.1.2, if (Ao, ¢o) is a A-encoding, then it is always the case that ¢ € Sp(V,w).

Proof By Prop. 2.2.5, there exists a linear map € : F3" — F3" such that ¢ = ¢g + de €
Sp(V’,w’). Then set:

AU = )\01) + g(ev)%vm
Then (Ao, o) ~ (A, ¢) and ¢ € Sp(V',w’).

Lemma 2.2.7 Let v € PCly,, and suppose A : V' — %R’ and ¢ : V' — V' are functions
satisfying v(A,) = (M Ay, for allv € V'. Then the image of X is contained in R < %R’.

In contrast, the phase function r : V' — %R’ of the D-encoding (r,1) of some v € PClg,
may take half-element values. We have observed this behavior already when y = [S]. This
lemma establishes the better behavior of A-encodings in this way, but note that it applies
to projective Cliffords only, not more generally to center-respecting endofunctions.

Proof Let v € V'. By the property Al = A,, and since 7 is a homomorphism, we have:
y y 8y

I =7(I) = 4(A2) = (Y(A))* = (P Agy, = (Poratlor = ¢y
which implies dAv = 0, and thus Av € R < R/ [ |
Theorem 2.2.8 FEach v € PCly,, has a symplectic A-encoding (X, ¢), and X is R-valued.

Proof This follows from Lem. 2.2.2, Lem. 2.2.4, Lem. 2.2.6, and Lem. 2.2.7 applied to the
case of A-encodings.
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2.2.2 Sufficiency of the symplectic encodings

Our next goal is to prove the converse: given (A, ¢) where A : V' — R is a homomor-
phism and ¢ € Sp(V’,w’), Thm. 2.2.11 establishes that (), ¢) encodes some v € PCly,,.
Notice that A is R-valued by assumption. The statement would otherwise be false, due to

Lem. 2.2.7. Still, we find it interesting to consider a counterexample: let A : V' — %R’ be

the homomorphism given by A(0,1) = % and A(1,0) = 0, and ¢ = idy~ in the single-qubit

case. Then (), ¢) is not the A-encoding of any projective Clifford, for if it were, it would
follow that:

+ = 9(A%) = (v(Aa))? = —1

One way to understand the problem is that the relation A, — (*A,, is not right definite.
If it were, it would automatically define a homomorphism, hence a projective Clifford:

Lemma 2.2.9 Let vy : Py, — Pqa, be a center-respecting endofunction satisfying v(A,) =
(M Agy for some homomorphism X : V! — 1R and ¢ € Sp(V',w’). Then v € PCly,,.

Proof Since 7 is center-respecting, the following calculation shows v is an endomorphism:

V(AUI)V(AUZ) = C)\v1+)\v2+%wl(¢v17¢v2)A¢U1+¢U2 = C)\(v1+v2)+%w{(vl’vz)A¢’(”1+’”2) = W(Avl AUQ)

Since ¢ is surjective and elements of P4, have the form (*A,, it follows that v : Py, — Pap
is surjective. Finally, since Py, is finite, 7y is a bijection, and hence projective Clifford. H

Lemma 2.2.10 Let A : V' — R be a homomorphism and ¢ € Sp(V',w'). Then the relation
v given by A, — (M Ay, is right-definite, so extends to a center-respecting endofunction.

Proof Consider the converse relation of the center-respecting endofunction v on Py ,,:
v ={(" A, C'AY) [t € SR and v e V'}

Then observe that 7! is a homomorphic relation (i.e.a relation internal to GRP): (i):

(I,I) € 41 (ii): the inverse of (C"™Ay,, CTA,) is (CTFMA_,,, (TPA_,) € v71; and (4i4)
if (ChTAAL,  CMA,,) €y Hand ((2T2 A, (2A,,) € 71, then their product is:

A 1w Avp4X 1w
(Ct3+ v3A¢v37 Ct3A03> = (Ctl+t2+2w (e, guadurt U2A¢v1+¢v27 <t1+t2+2w (U17U2)Av1+v2)

1. A 1. _
— (Ct1+t2+2w (v1,v2)+ (U1+02)A¢(v1+v2)7 Ct1+t2+2w (v17v2)Av1+1)2) €y 1
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These facts establish that v~! is a subgroup of PCl,, x PCl,,, or in other words, is
a homomorphic relation on PCl,,. Now, to see that « is right-definite, we equivalently
show that ~v~! is left-definite. By elementary properties of homomorphic relations, it
suffices to show that ker y~! is trivial. Let z € ker y~'. This means z = (""" A, for some
t € R and v € V' such that ‘A, = I. This implies that v = de for some € € F3" and
t = %l((f,)o = 0. Then z = (* Ay = (*“Agy since X and ¢ are homomorphisms. Since

is valued in R < %R’, Ade =0, 50 & = Agype = C%W)O] = 1. So ker y~1 is trivial. |

Theorem 2.2.11 Let A : V' — R be a homomorphism and let ¢ € Sp(V',w'). Then the
relation A, — (M Ay, is right-definite and extends to a projective Clifford v € PCly,,.

Proof This follows from Lem. 2.2.9 and Lem. 2.2.10. [ |

Now that we have the main theorem out of the way, we note a few corollaries. It would
be nice to know whether the relation v encoded by a pair (A, ¢) is projective Clifford.
Better yet, we would like to know (1) whether v is right-definite, and (2) assuming ~ is
right-definite, whether it is projective Clifford. By linearization, (1) is addressed as follows:

Corollary 2.2.12 Let A : V' — %R’ be a function and let ¢ : V' — V' be a homomorphism.
Then the relation A, — (M Ay, is right definite if and only if

(€)o = (d€)0
for allv e V' and € € F3".

For question (2), we may start by assuming A is R-valued, by Lem. 2.2.7. Then the answer
is:

Corollary 2.2.13 Let A: V! = R and ¢ : V' — V' be a pair of functions whose relation
A, — (M Ay, is right-definite, or equivalently, whose relation extends to a center-repsecting
endofunction v on Pg,,. Also let Ao : V' — R be the restriction of A to V-C V'. Then v is
projective Clifford if and only if Ao is a homomorphism, ¢ : V' — V is R'-linear (so that
v=¢:V >V is well-defined), and v is a symplectomorphism, i.e.1 € Sp(V,w).

Proof If either of Ay or ¢ is not linear or v is not a symplectomorphism, then by prelimi-
nary observations in Sec. 2.1.2, v ¢ PCl,,,, so assume otherwise. Then by Lem. 2.2.4 and
Lem. 2.2.6, without loss of generality, ¢ € Sp(V,w). Then since )¢ is a homomorphism
extending to A, by the “uniqueness” part of Lem. 2.2.3, A is a homomorphism. So by
Thm. 2.2.11, v € PClg,. [ |
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2.2.3 A structure theorem for the projective Clifford group

We now present a structure theorem for the projective Clifford group, which provides a
group isomoprhism Sp(V,w) = PCl,,,/V* for all d. Although this isomorphism exists
for all d, the exact sequence is not split in the even case, or in other words, PCl,,, %

V* % Sp(V,w).

The case where d is odd was treated in | ]. Results of the d = 2 case are contained
in | ]. For general d and n = 1, a different approach was taken in | |, which
focuses on the special linear group rather than the symplectic group. The d = 2 case
was also treated in | |, and representation theory of the projective Clifford group was
developed.

Theorem 2.2.14 The function y — 1 = ¢, for any A-encoding (N, ¢o) of 7y is a surjective
group homomorphism m : PCly,, — Sp(V,w), independent of the encoding (Mo, ¢o), with
kernel i : V* — PCly,, identifying p € V* with the projective Clifford encoded by (A, idy)
for the unique homomorphism X : V' — R < %R’ satisfying Av = pv for allv € V'.

1 » V* — PCly,, —— Sp(V,w) —— 1 (2.13)

Proof If (A, ¢1) and (A2, ¢2) are A-encodings of v € PCl,,,, then for each v € V’ there
exists € € F2" such that ¢;v = ¢ov + de, so v +— 9 is independent of the encoding. Now if
~ and 4/ have A-encodings (A, ¢) and (X, ¢') respectively, then their composition acts by:

(D) = ALy, (2.14)

Reducing subscripts mod d, we see that v — 1 is multiplicative. It follows that v+ ¢ is a
group homomorphism 7 : PCl,,, — Sp(V,w). To see that 7 is surjective, by Prop. 2.2.5, lift
an arbitrary ¢ € Sp(V,w) to some ¢ € Sp(V’,w’). By Thm. 2.2.11, the relation A, — Ay,
is right-definite and extends to a projective Clifford, and since it has A-encoding (0, ¢), it
follows that 7y = 1.

We now describe the kernel. Every 7 € ker m has a A-encoding of the form (A, idy),
since by Lem. 2.2.2 it has a A-encoding (Ao, ¢g), and then (Ao, ¢g) ~ (A, idy) where
A = Ao+ £(€)pyv0- Since idys € Sp(V',w’), it follows that A is a homomorphism. Since A
is a homomorphism and is valued in R < %R’ by Lem. 2.2.7, there exists unique p € V*
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such that \v = pv for all v € V’. Conversely, if A corresponds in this way to an arbitrary
p € V* then (A, idy«) is a A-encoding of some « € ker w. This can be seen directly or by
Thm. 2.2.11. |

By Lagrange’s Theorem, |[PCly,,| = |[V*||Sp(V,w)|. Recall that one proves Lagrange’s The-
orem by constructing a bijection between the subgroup in question and an arbitrary coset.
This doesn’t immediately give us a bijection between the sets PClg,, and V* x Sp(V,w),
but it does imply that one exists. The proof of Thm. 2.2.14 does hint towards a particular
a bijection. One complication is that symplectic A-encodings are generally not unique, as
seen in Sec. 2.3.4. Abstractly, finding such a bijection may be achieved by way of group
cohomology, which we now recall.

Note that Eq. (2.13) is a short exact sequence of groups

1 s A y B —— G y 1

where A is abelian and equipped with a right G-action - : A x G — A. (The right action is
just pullback: -~ = p7.) In such a case, each set-theoretic section s : G — B of 7 yields
a bijection:

B=|]A4s(g) = AxG

as(g) — (a, g)

With respect to this bijection, the group law is determined by a function ¢ : G x G — A:
(a1, 91)(az, g2) = (a1 + az + (g1, 92), 9192)

By associativity, one finds that ¢ is a group 2-cocycle. It is then routine to check that
different sections s, s’ yield cohomologous cocycles ¢ ~ ¢/, and the 2-cohomology classes [c]
correspond to isomorphism classes of extensions A — B — G.

In the case of Eq. (2.13), the standard basis on V = (Z/dZ)*" gives a canonical section,
which we explore in Sec. 2.3, where we also present the formula for the cocycle c.
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2.3 Condensed A-encodings

2.3.1 Construction and properties of condensed encodings

The following theorem gives the bijection claimed in Eq. (2.1).

Theorem 2.3.1 There is a bijection PCly,, — V* x Sp(V,w) such that for any symplectic
encoding (A, ¢) of v € PCly,, the corresponding pair (p,v) € V* x Sp(V,w) uniquely
satisfies:

= d
v =¢ and Ab— pb = 5(@@@@ (2.15)
for all standard basis vectors b € V.

Proof Given v € PCly,, we define (u,) as follows. By Thm. 2.2.8, let (A, ¢) be a
symplectic encoding of «v. Then for each v € V', we have:

v Qe U,PU
V(A = Dy = UrEmen Ay

where 1) = E € Sp(V,w). Now define € V* by its action on standard basis vectors b € V:

(b == \b

By construction, p is R-linear (p € V*), and we obtain the following formula for evaluating
v(A,) for basis vectors b € V. Note that elements A, together with 7 generate Pg,.

V(D) = M Ayp (2.16)

We now argue in two ways that the function v — (1, %) just described is a bijection. First,
injectivity is straight-forward. Since the A, together with 7 generate P ,,, we have:

(1, 01) = (p2,¥2) = 71(Ap) = 12(4p) for standard basis vecs. b€V = v =

The result follows, since by Thm. 2.2.14, |[PClg,,| > [V*||Sp(V,w)].
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Alternately, we construct the inverse as follows. By Prop. 2.2.5, given (u, 1), we may lift
Y to ¢ € Sp(V', '), at which point for standard basis vectors b € V' we have:

C“bA@ _ Cub+%<€>@,¢gA¢b

Then define A : V' — R by R'-linearly extending its action on the standard basis vectors:

d
Ab = pb + 5(6@,@

By Thm. 2.2.11, (A, ¢) is a symplectic encoding of some (unique) v € PCl,,, and Eq. (2.16)
is satisfied. Since Eq. (2.16) uniquely determines both v and (u, ), these constructions
are mutually inverse.

Our goal is now to extend Eq. (2.16) to a formula for evaluating v(A,) for any v € V’
rather than just for standard basis vectors b € V’. Recall that we factored the Xs and
Zs separately in our definition A, := 7**X*Z*. The evaluation formula is more readily
obtained using the interlaced factorization:

n n
o _ _zT Ti 7z _ _2X VI 721 T z
A, = | | A(xiei»ziei) =T | | X 20 =1 X A X 2

i=1 i=1

where X, := X% and Z; := Z¢.

Theorem 2.3.2 Let v <> (i, ) correspond as in Thm. 2.3.1. Then for each v € V' we
have:

Y(A) = (T A (2.17)

where the function k' : V' — Fy is defined by:

n

d 1 1 ¢ d
EWU = §Z -+ 5 Z w/(xiw(ei, O), Zﬂ,b[o, 61]> + 5 Z<€>$i'¢(ei70)+zi¢(07ei) YT
i=1

=1

Sometimes it is also helpful to introduce the function x : V' — F, given by kv = £'v.
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Proof Using the interlaced factorization for A, we obtain:

y(A) = 7 [[v(Xx)=(Z)™
_ T H(Cxiu(e“O)A%‘M) (C%N(O,&‘)AziM)
Lzt pv+1 S W (@(e4,0),2 €i
_ (e St o0 TT Ay sopenstony

On the other hand, for each v € V’ there exists unique k € F, such that v(4,) =
C“EJF%’“A@. Since the subscripts to the A operator agrees with Eq. (2.17), k'v = k is
as in the theorem statement. [ |

Corollary 2.3.3 Let v <> (u,v) as in Thm. 2.3.1, let (X, ¢) be any symplectic encoding
of v, and let k' be its phase correction function as in Thm. 2.3.2. Then for each v € V'
we have:

d

d
AU — v = 5(6)@,@, - 5/41} (2.18)

Eq. (2.18) generalizes Eq. (2.15) by allowing for vectors beyond just standard basis vectors.

Proof Compare the phases of the left- and right-hand-sides of the following equation:
UrEmen Ay = (YA, = (TN A

Eq. (2.18) does not give a canonical symplectic encoding in terms of £, since for example,
both symplectic encodings of CNOT seen in Sec. 2.3.4 satisfy Eq. (2.18). Conversely,
however, not only can a symplectic encoding (A, ¢) be used to directly compute v(A,) =
(M Ay, but Cor. 2.3.3 provides an alternate way to compute ' in terms of (), @). As
noted before, a symplectic encoding can be obtained by solving a linear system. Still, we
find it easier to use Thm. 2.3.2 for the purpose of evaluation.

Corollary 2.3.4 Let (u1,v1) and (u2,v2) be condensed encodings of v and e, respec-
tively. Then the condensed encoding of the composition voyy s (pg, V3), where s = ot)y
and pg is defined by R-linearly extending its action on standard basis vectors b € V:

d
psb = p1b + pop1b + 51‘42@/11[?
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We caution that pgv must be computed using linearity by expanding v in the standard
basis for V', rather than using the function i below, which might not be linear. Also note
that pug — g — po is the 2-cocycle ¢ mentioned in Sec. 2.2.3.

Proof Here we use k instead of x’. The evaluation formula reads v(4A,) = (’“’Jrg"wA@
for v € V. Now extract the canonically determined functions fi3 and 3 from CW’AM =
Y271(Ay):

_ d d
fi3v = v + poth1v + 5,%1?) + 5/12@/)171 (2.19)

In particular, Eq. (2.19) holds for standard basis vectors b € V| and together with 13 =
1911, determines the condensed encoding as in Eq. (2.16). Also, k10 = 0. [ |

Corollary 2.3.5 The operation ((uz,2), (1,11)) — (13, 13) makes the set V* x Sp(V,w)
into a group isomorphic to PCly,,.

Proof This follows from Cor. 2.3.4 and the bijection of Thm. 2.3.1. |

Corollary 2.3.6 The identity element is (0,idy) and the inverse of (u, ) is (finy, V1),
where:

d
:uinvb = _,uwilb + Eﬁwilb
for all standard basis vectors b € V.

Proof This follows from Cor. 2.3.4. [ |
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2.3.2 The condensed product

Consider the center-respecting function x : Py, ® Py, = P4, defined for u,v € V by
Ay* A, = 772N A = (—1)* VAL, (2.20)

(W' (u,v) —w(u,v)). This equation extends to all u,v € V' as follows:

where s(u,v) =

S L

Bux By = (1) Agx Ag = ()OI NG5 = (—1 DA,
Observe that for each t;,t, € R, the phase exponent of (A, x (®2A, is still in R:
(A, % (2A, = (et as@o) g Plueato AL (2.21)
This implies that the following subsets of P, are closed under *:
Qun={C'A, |t € Rand v eV} Yan ={£A, JveV'} ={£A,|veV}

Notice that Qg is in obvious bijection with the set 2 x V. In applications, this encoding
scheme for Paulis works well with the condensed encoding scheme for projective Cliffords.

Now let R, = {0,---,d — 1} and R” = {d,--- ,d' — 1} so R" = R, UR'. We write
sgn(t) = 0if t € R, and sgn(t) = 1if t € R_. For example, s(u,v) = sgn(w'(u,v)). Then
consider the function:

f . Pd,n — de f(TtAU) = (_1)sgn(t)AU
Then f is well-defined, f(r'+2€vA,) = (—1)8®+vA, Though f does not respect the
center (for a single qubit, —1 = f(—1) # f(il) x f(il) = [ x I = I), it satisfies:
FOA) % f(AY) = (1) TDAyy = f(r A ) = F(ALA)

This prompts us to define the following equivalence relation ~ on Py, and operation x on
the quotient set Py, / ~, from which we obtain an isomorphism f : P,/ ~— 3g,:

75Ny ~ T Ay ae iff sgn(s) +sgn(t) = (e), [T°A] % [TPA,] = [T’”(—l)s(ﬂ’mva]

where r satisfies sgn(s) + sgn(t) = sgn(r). The intuition of the condensed product is
therefore to only remember the “sign” of the phase exponent. When d is even, the x
operations defined on P4, and P,/ ~ are non-associative:

X+(Y*Y)=XsT=X#-X=-Z+Y =(X+Y)*Y

28



There are many other such examples, and more for even d > 2:

(XY )% Z=-ZxZ=-2"#-X"=-XxX=X*(Y*2)

In the d = 2 case, Qu, = Xy, = {1, £X, £Y, £ 7} with multiplication table:

* [ I X Y Z

I\ I X Y Z

X|X I Z Y (respecting =+ 1 phases)
Y|Y —Z2 I X

A

Z =Y =X I

The * operation extends to a well-defined C-linear map CM*¥ @ CN*N — CN*N (where
N = d"), which in the even case, is different from the matrix product.

Theorem 2.3.7 Let v € PCly,, and u,v € V'. Then:
V(A x Ay) = 7(Au) +7(Ay)

Proof It suffices to just show the result holds for v; and vy with vy, v, € V. Let (1, %) be
the condensed encoding for v and let k be its correction function. Then,

—Lo(uw
YAy *Ay) =¢ 2M’Y(A£)7(Ay)
_ CLLU-F/J/U-}—%(fiu-}—/ﬂ))—%w(u,v)A%Aﬂ

= C“u‘*'uv-l—g(fiu—l—m})—%w(u,v)—&-%w(tbu,wv)Awu * va

da
_ Cuu—i—uv—l—g(fiu—i—fw)Awl*Awl

= 7(Ay) x7(Ay)

Corollary 2.3.8 For all u,v € V and ¢ € Sp(V,w), we have s(u,v) = s(¢u,v).
In other words, symplectomorphisms 1) € Sp(V,w) preserve the sign of s(u,v).

Proof Pick some p € V* (eg. p = 0), and let (A, ¢) be a symplectic A-encoding of the
v E PCIZM whose condensed encoding is (p, ). Then:

YAy Ay) = (=1) EDHGUI (A Y sy (A,)
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2.3.3 Dimension doubling

We now examine a relationship between condensed encodings and extended (symplectic)
encodings in the case of a single qudit with d = 2". The projective Clifford operations are
the nodes of a tree (Fig. 2.1), as we will show, where n indicates the distance from the root
node. The nodes are addressed by a sequence of bias operators. For simplicity, we do not
consider composite systems here, though the results readily generalize. We first set:

d=2">1 d =2d d" = 4d
Cd _ 627r7j/d Cd’ _ 627r7,’/d' gd” _ 627r7l/d”
V = (2/dZ)? V= (2/dz) V=(z/d'z)y

We denote set inclusions V' C V/ C V” by an underline and module quotients with an
overline. For example, if v € V' then we write v € V' and v € V". Next we set:

A(x,z) = C;fXng (I, Z) eV’
N, = CGiX5 2, (2,2) € V"

Subscripts on X and Z indicate the dimension of the relevant Hilbert space. The qudit
system is related to the qud’it system by the following squaring homomorphism:

sq - Pd/ — Pd
cA}, — AN, velV
or just as well cAl = Ay veV”
For example, in the d = 2 case, we have:
1
1 1
X, = 1 — (1 ) = X5
1

sq restricts to a (non-homomorphic) bijection out of the non-negative subset:

Pg/o = {CéuA/g

teZ/dZ and v e V}
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We denote the inverse function of the restricted squaring function by:
/=Py 5P

Now suppose 7' € PCly, and let (u,v) € (V')* x SpV”’ be its condensed encoding. Then
(1, 7) is an extended encoding of some unique v € PCly, and evaluation is given by:

’y’(A;) = (-1 C’;,”Aﬁ/w veV
YA = Ay, veV’

This describes the aforementioned tree structure. From this, we obtain the following re-
cursive evaluation formula:

V(AL = By o vV/1(Ay) veV
where the bias is the Hermitian matrix
By = (=108 (X8 @ 1) (T4 ® Z5) (2.22)

and the bits «, 3, d, and (€) are defined by:

v = v +d(a, B) € V'
o = v +do € Z/d'Z

1 _
(€) = (€)yoiw = 7/ (00, 00) € 222
In order to derive the bias formula Eq. (2.22), we have used the identities:
X=X 1y and 7% =1, ® Zy (2.23)
which embed P; into Py .

Theorem 2.3.9 Let v € PCly, let pin be a density matriz on C¥, and let py, = Y (Pout) -
Then the probability of reading out 7 = 0,1 upon performing a computational basis mea-
surement on the last qubit is:

pi =51+ (“1 By o)) (221
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T

[QFT,] [(Xo]  [Yo] [Za] [9:]
N
[QFT4] o [X4]
N

QFT -

Figure 2.1: Here we visualize the rooted tree structure of single qudit projective Clifford
operations when d is a power of 2. The condensed encoding of a node is an extended
encoding of its parent, and every such operation is reached. Level d = 2! has 24 nodes,
and PCly; is isomorphic to the octahedral group.

Equation Eq. (2.24) explains why we call B./,, the bias operator. Note that it is illegal to
permute the qubits so that a different one becomes the “last” qubit: if 4/ is conjugation by
some unitary U, and ¥ represents a permutation of the qubit-by-qubit subsystems, then
conjugation by YUY ™! is no longer necessarily in PCly. For an explicit counterexample,
take Y to be the 2-qubit swap gate and U to be the 2-qubit quantum Fourier transform.

Proof The POVM for measuring the last qubit is {II;, IIo} where II; = I; ® |i) (i|. Now,
we may decompose pour as follows:

Pout = pOpout,O 02y |0> <O| +p1pout,1 X |1> <1|

Measurement of p, leaves the system in post-measurement state:
1L poutlL;

Di = Pout,i ® |Z> <Z|

with probability:
pi = Tr(poutHi> = Tr(pin’V/(Hi)) = <7/<Hi>>pin
On the other hand, II; = (I + (—1)"Z4), so by the recursive evaluation formula:
1 ; 1 ;
V(M) = Sa + (=1)"7(A0) = 5o + (=1)' By 0a)
We obtain Eq. (2.24) by taking the expectation of this equation value at pj,. [ |
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This phenomenon about measuring the last qubit is due to the coincidental equality be-
tween elements of the operator bases corresponding to Z5*! and Zgn+1. The result cannot
be applied repeatedly, since the post-measurement state, which is generally mixed, cannot
be realized as the result of applying a projective Clifford to the remaining n qubits. We
are currently exploring possible connections with semantic security.
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2.3.4 Examples of condensed and extended A-encodings

Example Let d = 2 and let v be conjugation by CNOT. By considering the Pauli tableau
(XTI XX, IX—IX,ZI—Z®I,I1®7Zw— Z®Z), the obvious way to
get a A-encoding is to start with the following R’-linear map (written as a matrix in the
standard basis):

By Lem. 2.2.2; there exists unique A such that (Ao, ¢g) is an encoding of 7, but it is
not symplectic, since by considering the action on basis vectors, we would have Ay = 0,
but Ag(e; + e4) # Aoer + Apes. The following matrix calculation shows directly that ¢g ¢
Sp(V',w'):

[p5(w') — W] = [¢o]" [w][gpo] — [w] = dA =

_ o O O
o O O O
o O OO
o O O

Two symplectic encodings for CNOT (which both use A = 0) are given by:

¢ = 11 or ¢ = L3 (2.25)
1 1

The condensed encoding for CNOT is (0, ) where ¢ = E = Eo' Note that 1 is R-linear as
opposed to R'-linear.

Example Either of ¢; = (19) € Sp(V',w') or ¢o = (1) € Sp(V',w’) can be used in
symplectic A-encodings of (conjugation by) either S or S~!, each with the appropriate \.
The condensed encodings both of S and S~ use ¢ = (1 9) € Sp(V,w), and the respective
phase functions are ps = 0 and pg-1(§) =1 and pg-1(9) = 0. The associated “correction
functions” kg and rkg-1 are nonlinear. For example, rg(1) =1 (since SYS™! = —X) and

rksv =0 for v # (1).
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Example The quantum Fourier transform acts on a single qudit by X + Z and Z s X1
A symplectic encoding is A = 0 and ¢ = (, ') € Sp(V',w'). For d = 2 this is the
Hadamard gate. The condensed encoding is just p =0 and ¢ = (, =) € Sp(V,w).

Example Lastly, we give an example of dimension doubling in the d = 2 case. The
non-negative part of the Pauli group is:

P2’ = {cP|ce {1,(,i,¢) and P € {14, X4, Ys, Z4}}

where

Iy = A60 - AilO - A64 - Aim Y, = A,n - A/55

The relevant square root calculations are:
V=14 V/Xa = Xy VY =Y, 22 = 2
Now let v/(P) = UPU' and v(Q) = HQH' where:

1 1 1

1
1|1 i -1 — 111

U=311 -1 1 4 H_H_ﬁ(l —1)

1

- —1 1

Then the recursive formula lets us recover the conjugation action of U from that of H:

V(Xa) = V() = V2 = 24
(20 = B2 - X1/%a - X3 - )

The bias operator is B = X, ® I, = X?, and the bias of measuring the last qubit is zero:
(t| Bt) = 0, from which it follows that | (¢| U |t) |* = 3, for all t € Z/4Z. These calculations
generalize, and one may recover the tableau for the Fourier transform by induction. If ~,
is the projective quantum Fourier transform of size d = 2", then for example, we have:

on—1 x n—2 n—3 gn—1 on—2 on—3 on_1
(Zan) = X2 X223 */XQQW2 /o= X2 XD XS = X2 =X

as expected.
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2.4 The category of locally compact abelian groups

2.4.1 Motivation

The real Heisenberg group with center R is the following matrix Lie group:

1 pf ot
HR™R) =< Myyn=1(0 1, ¢|] : teRandg,peR” (2.26)
0 1

H(R?",R) is a central extension of Lie groups, i.e. a solution G to the extension problem

1 > Z > G >V > 1 (2.27)

where V' = R*" and Z = R. In other words, Eq. (2.27) is an exact sequence such that Z
maps into the center of GG. Regarded as a vector space, V has standard symplectic form:

w:VeV->27=R (2.28)
w((lepl)v (QQJ?Q)) =P1-q2—pP2-q1

The value w(vy,v9) appears in the top-right entry of the group commutator:

Mtl,v1 Mt27v2Mt:,1vl Mt;lvg = MOJ(U1,v2)70
In this sense, G' “remembers” the symplectic form. Conversely, since 2 € R is invertible, the
group law can be expressed in terms of w, since the matrices M, ., € G are in bijection
with pairs (t — 2p- ¢, (¢,p)) € R x V. The group law in this format is given by:

(51,v1)(52,v2) = (51 + 52 + %W(U17U2)7U1 + v) (2.29)

In this way we may move between the phase space (V,w) and the Heisenberg group G.
There is also a coordinate-free analog, where given a finite dimensional real symplectic
vector space (V,w), we define a Lie group H((V,w),R) with underlying manifold R x V/
and group law given by Eq. (2.29). As before, H((V,w),R) is a central extension of V'
by R, and w is recovered from the group commutator. We may again denote the ele-
ments of H((V,w),R) by symbols M,, instead of pairs (s,v), where if v = (¢,p) then

t=s+5w((q,0),(0,p)).
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The Heisenberg Lie algebra is:

T

D
h(R*™) = Mes,(q.p) = 0 :se€Randq,peR"
0

o O O
o ®»

Since h(R?*") is nilpotent, its exponential map is a diffeomorphism onto the unique cor-
responding simply connected Lie group, namely H(R?",R). One easily checks that the
exponential map is given by my, + M,;, where v = (¢,p) and t = s + %p -q. The only
nonzero entry of the Lie bracket

My 01 Msy e = MsywaMsy w1 = Mw(vy,v2),0 (230)

is the top-right entry, which has value w(vy,vs). In this way we find that the Lie algebra
also encodes the same structure as the phase space. We may define h(V,w) as the real
vector space R x V' equipped with Lie bracket given by Eq. (2.30). Again the exponential
map is given by (s,v) = ms, — M;,, and its well-definedness follows from the invertibility
of 2.

There is another interesting Lie group H(R**,U(1)) with Lie algebra h(R*"). It is also a
central extension of V' = R?*" meaning it lies in a short exact sequence like Eq. (2.27),
but this time the center is Z = U(1), which makes H(R?*" ,U(1)) not simply connected.
As before, H(R?*",U(1)) is diffeomorphic to Z x V| so we may define the group law along
the lines of Eq. (2.29). In order for this definition to make sense, we find that it is only
appropriate that the symplectic form be valued in U(1) instead of R. Thus, we use the
exponentiated symplectic form (defined in terms of some h € R*):

Q: VeV Z=UQ1) (2.31)

Q(Ul ’02) _ eQwihw(vl,vg)
’

The exponentiated symplectic form is no longer R-bilinear, so at first it seems wrong to
write the domain as V ® V. However, () is a homomorphism in both arguments, so this
could be seen as a tensor product of Z-modules, i.e.abelian groups. This seems strange
since occurences of R from the previous example are now either staying as R (as in V' = R?")
or being replaced by Z or U(1). What is really going on is that 2 is a morphism of locally
compact abelian groups, and Z and U(1) are the monoidal unit T and comonoidal unit
L. Thus, we should regard V = R?" as a locally compact abelian group rather than a real
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vector space. In contrast, the symplectic form w on H(R?",R)/R was just a morphism of
finite dimensional real vector spaces, and in that category, T = 1 = R.

In the locally compact abelian group setting, notice that Z?" is a Lagrangian subgroup
(when we set h = %) Consequently, we obtain the following realization of the represen-

tation promised by the Stone-von Neumann-Mackey theorem. Namely,
p: G — U(L*(R*™/Z*"))
(p(C,0)f)(z) = C/QUv, 2) f(z + v)

where L?(R?"/Z?") consists of certain quasiperiodic functions f : R*™ — C as seen in
[ |. This result follows from the theory of symplectic forms on locally compact
abelian groups, and thus demonstrates the utility in internalizing the theory of symplectic
forms to categories other than that of finite dimensional real vector spaces.

One may also consider matrices as in Eq. (2.26) but with ¢,p € R" and t € %R’ where
R=2Z/dZ and %R’ is defind as in Sec. 2.1.1. Then the Pauli group G = P, is a central
extension of V' = R® R with center Z = Z/d'Z. Each h € (Z/d'Z)* defines an isomorphism
Z/d'Z = (1), given by t — 7" where 7 is a d'th root of unity. Then even though G is
finite, one may define an object pg, with similar properties to the Lie algebra, where again
the top-right entry has to be taken from %R’ . As we have seen in Sec. 2.2, the symplectic
form w:V ® V — R remembers the group commutator of P4, but not the group law in
the even case, and changing the codomain of w from R to %R’ does nothing here. Instead,
one must consider an extended phase space and symplectic form ' : V' @ V! — R’ so
P, should only be studied from the perpective of R-modules if d is odd. The subgroups
Pffi = (X, Z) and PSL = (17X, 7Z) have issues of their own in the even case. For instance,
since we keep Z = R instead of R/, the exponential map g — G is not well-defined. Never-
theless, Py, ng,{, and Pgi will qualify as Heisenberg groups per the definition in Sec. 2.4.4.

In both the even and odd case, we may consider the central extension G = WH,,, of
V = (Z/dZ)* by U(1), where V is regarded as a locally compact abelian group. In some
cases, such when applying the Stone-von Neumann—lldggkey theorem, it is sufficient to ex-
tend the center all the way up to U(1) and work in LCA. More along the lines of the real
Heisenberg group, another variant that may be interesting to consider is a number field
such as Q(e?™/?) in place of R.
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One way to get a better behaved Lie algebra and translation between the Heisenberg group
and phase space when d is a power of 2 (the most interesting and important case where d
is even) may be to treat all powers of 2 uniformly using Priifer 2-group:

Z[%]/Z:{O L7 AL S

1274947878787 8

This (locally compact) group has the structure relevant to the dimension doubling phe-
nomenon studied in Sec. 2.3.3. Namely, each group Z/2™Z is included in Z[3]/Z by sending
1 to 5. The relevant phase space is (Z[1]/Z)?™ and the (A-style) Weyl operators may be
realized as follows:

L ph t+3pq )
Argp=10 1, q t € Z[3]/Z and (q,p) € (Z[3]/2)*"
0 O 1

These generate a group Pos,, that includes Pgn ,,, for each n. Likewise we may define
PCls- ,,, as the group of center-fixing automorphisms of P« ,,,. We leave serious consider-
ation of the Priifer 2-group for future work.
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2.4.2 Characters on locally compact abelian groups

In this thesis, we will use locally compact to mean locally compact Hausdorff.

A complex unitary representation of a locally compact group G is a continuous group
homomorphism of the form

p:G — UH)

for some complex Hilbert space H. For now we will only concern ourselves with represen-
tations where H is finite dimensional. Such representations and the intertwining operators
between them form a category REP(G). The degree deg p = dim H of p depends on p only
up to isomorphism. One calls p irreducible if H has no proper invariant subspace, i.e.no
subspace Hq such that p(g)f € Ho for all g € G and f € Hy. If degp = 1 then p is
irreducible, and the converse holds if G is abelian. The character of p is the function:

Xp:G—C
g Trp(g)

The degree satisfies deg p = x,(1), and so we may speak of the degree of a character x. If
degp = 1, then y, is a continuous homomorphism into the unit circle U(1) and may be
identified with p. If H is a closed subgroup of GG, then we obtain a restriction functor:

REP(G) — REP(H)
prplS
given by p 1% (h) = p(h) for all h € H. The restriction of an intertwining map (a morphism

of representations) is just as easy to define. If G is compact or locally compact abelian,
then restriction has a left adjoint (which is also its right adjoint), called induction:

REP(H) — REP(G)
pp G

The induced character x 1%, i.e. the character of p 1%, is given by:

1% (9) = / x(tgt™V)dp(t) (2.32)
{teG |tgt—1eH}
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where x is the character of p and p is the Haar measure normalized so that u(H) = 1. The
reason for assuming that G is compact or locally compact abelian is that in either case,
the left and right Haar measures coincide, which enables the standard averaging arguments
found in the character theory of finite groups, thereby leading to Eq. (2.32). In the case
that GG is locally compact abelian and H has finite index in G, it follows that:

_JIG:Hlx(g) :9eH
X 1% (9) = {0 N (2.33)

The irreducible characters of G form another locally compact abelian group G* under
pointwise multipliation, called the Pontryagin dual. In Sec. 2.4.5, we note that the cate-
gory of locally compact abelian groups is very nearly a star-autonomous category, where
Pontryagin duality is the negation. A fragment of the character theory eiiit/s internally to
this category, or better yet, to a replacement star-autonomous category LCA, which to be
introduced in Sec. 2.4.5. Namely, given an inclusion

z:H—G

of a closed subgroup H in G, LCA also includes the restriction morphism:
.G — H”
X = X 5= xe

In contrast, induction does not take irreducible characters on H to irreducible characters
on G unless H = G. This can be seen by Eq. (2.33) and noting that 0 ¢ U(1). Sometimes,
however, there exists a morphism z, : H* — G* satisfying x*x, = idg+-. In fact, such x
exists if and only if there exists 7 : G — H satisfying 7z = idy, in which case we may take
xy = m*. By the splitting lemma for abelain groups, this is equivalent to the condition that
H has a complement, i.e. G = H ® K for some K. Note that z* and x, are morphisms, not
to be confused with functors between the categories of representations.

We will see that the existence or non-existence of z; plays a role in the theory of symplectic
forms, first in Sec. 2.4.3 and then more generally in Ch. 6.

Consider the locally compact abelian group G = R™ and the closed subgroup H = Z™.
Then the inclusion z : H — G does not admit a left inverse (homomorphism), and so the
restriction z* : G* — H* does not admit a right inverse z;. This Lagrangian subgroup has
no complement, though as we will see, the Lagrangan quotient G/H still plays a crucial
role in the abstract theory of symplectic forms.
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2.4.3 Symplectic forms on a locally compact abelian group

Previously, we have considered the canonical Z/dZ-linear symplectic form on (Z/dZ)*",
the canonical R-linear symplectic form on R?", and its exponentiated version (Egs. (2.2),
(2.28) and (2.31)). So far we have seen how these arise in the study of the corresponding
Heisenberg groups, and in the first case, of the projective Clifford group. We now seek
to lay out the main properties of symplectic forms, and for this, we limit ourselves to the
third case, that of locally compact abelian groups. An analogous story may be told in the
case of modules, but the version for locally compact abelian groups highlights some more
interesting aspects. Abstractly, symplectic forms are defined as follows.

Let V' be a locally compact abelian group with group law written additively. A symplectic
form on V is a U(1)-valued continuous function €2 on the product of the underlying locally
compact topological space with itself, V' x V' subject to:

Quy + ug,v) = Qug, v)Quz, v)

Qu, v1 + v2) = Qu, v1)Qu, va) biadditivity
Qv,v) =1 alternation
VueV.(VoeV.Qu,v)=1) = u=0 nondegeneracy (2.34)

Skew-symmetry Q(u,v)Q(v,u) = 1 follows from alternation. Since 2 is continuous, it is
continuous in each variable, and currying yields continuous homomorphisms:®

Q) V = v Lmzﬁ;v%v*

v = Qv, —) v = Q(—,v)

Given v € V, we write v* = [Q](v), and given a € V*, we write of = [Q]7'(a). We
sometimes require €2 to satisfy a property stronger than nondegeneracy, namely that [(2]
and || be isomorphisms, which we call nuclearity. If nuclearity holds, then:

evy = [Q]21Q] : V = vV

5Later we will write the type of right currying as V' — *V instead of V' — V*, but we avoid introducing
such notations for now since they are redundant in LCA. Currying is defined abstractly in Sec. 5.2.1.
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where f2 = (f*)71 = (f~1)* and evy : V — V** denotes the canonical injection into the
double dual. Thus, nuclearity implies evy is an isomorphism. See Thm. 6.1.1.

Next, the symplectic orthogonal or perp of a subset S C V is given by:
S = {veV|Q(S,v) =1}

The annihilator of a subgroup ) < V' is the subgroup:
anny (Q) = {x € V" [x(Q) =1}

If (and only if) @ is closed, then V/@ is Hausdorff, hence again locally compact (Hausdorff)
abelian. One transports the topology of (V/Q)* to anny (@) via the canonical isomorphism
anny(Q) = (V/Q)*. For this reason it is safest to only consider closed subgroups @ to
remain in the category LCA. In fact, we have only defined G* when G is locally compact
(Hausdorff) abelian. Erring on the side of caution, we may sometimes assume closedness
even when it is not necessary. The following proposition shows that closedness is preserved
by the perp operation. The proof uses the fact that a subset of a topological space is closed
if and only if it contains all its limit points. The proposition happens to apply to closed
subsets as well as closed subgroups of V. For these two reasons, one should not expect
the result to generalize to the abstract framework of Ch. 6. Nevertheless, there we give an
entirely different proof of the weaker statement Thm. 6.9.6, which applies only to closed
subgroups.

Proposition 2.4.1 Let S be a closed subset of a locally compact abelian group V with
symplectic for Q. Then S is closed.

Proof Let p be a limit point of S in V. Then there is a sequence pi,ps,ps,--- in S%
converging to p. Now let ¢ € S. Since ¢ : V — V* is continuous and V is Hausdorff,’

1= lim ¢ (pi) = ¢ <lim pi) =¢(p)
71— 00 1—00
Since this holds for any ¢ € S, it follows that p € S, and so S is closed. [ |

Proposition 2.4.2 Let (V,Q) be a locally compact abelian group with symplectic form and
let Q <V be a closed subgroup. Then |2 tanny (Q) = Q.

6Limits are unique in a Hausdorff space.
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Thus, for a closed subgroup @, [Q] : V' — V* restricts to an isomorphism [§2] e : Q¢S
anny(Q). Then by composition, we obtain a canonical isomorphism Q¢ = (V/Q)*. By
skew-symmetry, the same result of course also holds about [€].

Proof Let ¢ € Q). Then

g€ anny(Q) = Q. q) =1 <= qe Q"
as claimed. ]

A subset S C V is isotropic if S C S, or equivalently, (s, s) = 1 for all s € S. Likewise,
S is coisotropic if S® C S, which implies S C S or equivalently, Q(t,t) = 1 for all
t € S?. A subset is Lagrangian if it is isotropic and coisotropic, i.e. S = S®. We are
primarily concerned with closed subgroups (as opposed to subsets) with these properties.

Example Consider the symplectic form Q((q1,p1), (g2, p2)) = €*™(P1e2=P201) on the locally
compact abelian group R%. The following table doesn’t come close to listing all kinds of
locally compact abelian groups, but shows some simple yet interesting examples:

isotropy Q QY comment
Zero 040 R&R
isotropic 0pZ ZBR
Lagrangian | 0&R 0®R
Lagrangian | Z@Z Z®Z | quotient (torus) is not complement
coisotropic Z®R R&O0
symplectic R&R 040
isotropic 0 3Z gZ ®R
coisotropic gZ ®R 0o 3Z
depends | $Z@®<Z | 94Z @ 2Z

Notice that in each row, Q = Q***. Moreover, for any (V, ), all de Morgan laws hold:

Q'UP® = (PNQ)*" (QUP)®=P*NQ"

Furthermore, (—)® is inclusion-reversing: Q < P implies P < Q%. These fundamental

properties of (—) enable the theory of symplectic forms to follow, and are abstracted in
Ch. 6.
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Definition Given an isotropic closed subgroup ) < V', there is a homomorphism:

[’ v -
p+Q =1 o

Q
Note [2] ~ is only well-defined on account of @) being isotropic.

Theorem 2.4.3 Let V be a locally compact abelian group with symplectic form 2, and let
Q be a closed subgroup. Then the following are equivalent:

(1) Q is a mazimally isotropic subgroup.
(ii) Q is Lagrangian (i.e.Q = Q%).

(iii) Q is isotropic and |Q]q : Q — annyQ is an isomorphism.

—_—

Q
(iv) @ is isotropic and [QY]  : V/Q — QF is an isomorhpism (assuming nuclearity).

Note that characterization (iii) involves the restriction to @ not just Q*, so if @ is not
isotropic, the map is well-defined but not surjective. The implication (i = i) ends up
being hard to prove in the abstract framwork of Ch. 6. In fact, this is what leads to our
investigation of enriched global elements in Sec. 5.1.2 and Sec. 5.1.3.

Proof (i = ii): For any p € Q¥ and ¢, ¢ € Q and py, p, € Zp, we have:

Qqr,
Qg1 +p1, 02+ p2) = Qe @a) (Zl p2)
25 M1

Qprps) =1

Note that we used skew-symmetry to cancel the cross-terms, and Q(pq, p2) = ninQ(p,p) =
1 follows by alternation for p; = nip and ps = nop for ny,ne € Z. Then by maximality,
Q < Q+Zp < Q, which implies p € Q. (it = 7ii) follows directly from Prop. 2.4.2.
(1it <= iv assuming nuclearity): If © is nuclear, then we obtain an isomorphism:

(191220 = (N2 (00 Q 3 @

(iti = i) fQ < P < P% then Q < P < P? < Q9 = annyQ = Q where the
second-to-last isomorphism is |§2]ge and the last is [Q]q. |
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We note that () is Lagrangian even if it is only maximally isotropic among closed subgroups.
For this one takes arbitrary p € Q% and u,v € cl(Q + Zp) and proves that Q(u,v) = 1 as
before, and then constraints @ < cl(Q + Zp) < @ in order to conclude p € Q.

Finally, we would like to investigate how Lagrangian complements work for locally compact
abelian groups. We have already noted that Z?® < R?" has no complement, let alone a
Lagrangian complement. Our proof is basis-independent and avoids a Gram-Schmidt style
argument such as the proof of Theorem 1.1 of | .

Lemma 2.4.4 Let V' be a locally compact abelian group equipped with a symplectic form
Q, let 7 : Q — V be the inclusion of an isotropic subgroup, and let p € Q*. Set r = (z1p)*.
Then the following are equivalent:

. reQ.
1. p 1s the trivial character.
wi. v =0.

Proof (i = ii): Let ¢ € Q. Then pg = Q(r,q) = 1 by isotropy. (i = iii) holds
because xp is the trivial representation of V. (iii = i) is obvious. |

Definition If @ is a locally compact abelian group, then define

2 (QeQ) x (QoR") —U(1)

p1q
Qo(q1 @ p1, 92 po2) -2
P2g1

Then € is the canonical symplectic form on @ @ @Q*. Note that [€)] is injective, but it
might not be an isomorphism, so 2y might not be a nuclear symplectic form.

Theorem 2.4.5 Let V be a locally compact abelian group with nuclear symplectic form €.
Let x : QQ — V be the inclusion of an isotropic closed subgroup Q). Suppose further that ()
15 a direct summand of V' with projection m and set x;y = 7% : Q* — V*. Then

Do Q®Q =V
q®p > g+ (z1p)*

is a symplectic embedding. Moreover, if Q) is Lagrangian, then ®¢ is a symplectomorphism.
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In particular, if a Lagrangian subgroup ) has a complement, then it has a Lagrangian
complement. In that case, ) is also a nuclear symplectic form on @ @ Q*.

Proof Clearly ®¢ is a continuous homomorphism, and by Lem. 2.4.4, ker &5 = 0, so
®g is injective. Let R = (2;Q*)* and denote its inclusion map by y : R — V. Consider
an arbitrary element r = (z1p)* € R. By Prop. 2.4.2, r = (zp)* € Q% if and only if
rp € anny @, or equivalently, p = x*xp is the trivial character on ). It follows that
QN R =0, and so &g maps onto Q & R < V. Its inverse from the image () © R factors
through the projection maps onto () and R, and is thereby decomposed into continuous
maps, so ®g is an embedding. Similarly, y*z, = (7y)* = 0* = 0 : Q* — V*, which
implies that y*zp is the trivial character on R, or equivalently, x\p € anny R. By another
application of Prop. 2.4.2, this means r € P so R is isotropic. To see that ®¢ is
symplectic, let ¢; ® p; € Q ® Q* and set r; = (z1p;)* for i = 1,2. Then

QPo(g1 @ 1), Polge B p2)) = Qg + 71, ¢2 +172)
Q(rh(h)
=0 ) =9 )
MQ(T%%) ’
_ (z1p1)(2¢2)

N (z1p2)(7q1)
_ e

P21
= Qo(q1 ® p1,q2 D p2)

as claimed. Now suppose () is Lagrangian. To see that ®¢ is an isomorphism, it suffices
to show that it is surjective, since we have seen that it is an embedding. Note that the
following diagram commutes and has exact columns:

0

|

Q

Qo Q" ‘I’Q\v
[

Q= v/Q
.,
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—Q
Since @ is Lagrangian, by Thm. 2.4.3, [Q] is an isomorphism. Then ®¢ is surjective
(hence an isomorphism) by Lem. G.0.8. |
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2.4.4 Heisenberg groups with center in U(1) and the Stone-von
Neumann-Mackey theorem

In this section, we define Heisenberg groups along the lines of | |, but allow for
central extensions of a subgroup of U(1), and then state the Stone-von Neumann-Mackey
theorem. Except for the Heisenberg group with center R, the groups discussed in Sec. 2.4.1
qualify as Heisenberg groups in this sense.

Suppose that V' is an abelian group lying in a central extension of locally compact groups

1 s 7 —» G "5V > 1 (2.35)

where Z < U(1) (and i(Z) < Z(G)). Note that Mumford requires Z = U(1). Further
assume that 7 admits a topological splitting, not to be confused with a splitting of topo-
logical groups. That is, assume there exists a continuous function o : V' — G such that
mo = idy, or equivalently, that (the underlying topological space of) G is homeomorphic
to Z x V. By representing elements of G as pairs (¢, v), the group law takes the form:

(t1,v1)(t2, v2) = (t1t2C(v1,v2), V1 + Vo)

for some function C': G x G — Z. By projecting out the first coordinate and dividing by
ti1to we find that C' is continuous. Now lift vy, v, € V' to some D,,, D,, € G. Then since
the commutator [G, G| is the unique minimal N < G such that G/N is abelian, define:

Q(vi,v2) = Dy, D, D' D} € [G,G] < Z < U(1)

It follows that:

C('Ul, U2>

Q(Ul,vg) = —C(’U2 ’Ul)

(2.36)

From this, it follows that €2 is continuous and satisfies Q(v,v) = 1. Now, associativity of
the group law of G implies that C' is a group 2-cocycle:

C(Ul, U2)C<U1 + Vo, Ug) = C(’Ul, (%) + U3>C<U2, 1)3) (237)

Using the commutativity of V' and three applications of Eq. (2.37), one finds that €2 is a
homomorphism in one coordinate and then the other. We call the extension Eq. (2.35) a
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Heisenberg group if [§2] is an isomorphism, i.e.if {2 is a nuclear symplectic form.

According to our definition, the Pauli group P4, qualifies as a Heisenberg group, since it
lies in the central extension:

1 y (1) » Pan » (Z2/dZ)* —— 1

where ( is a dth root of unity and 7 = /( is a d’th root of unity and d’ = 2d or d, depending
on whether d is even or odd. The index 2 subgroups Dy, = (X, Z) and Qqu, = (7X,72)
also qualify, and lie in subextensions, each with center (¢). These are all subextensions of
the Heisenberg group with U(1) center:

1 — U(l) —— WH,,, —— (Z/dZ2)*» —— 1

One may form new Heisenberg groups as central products. For example, the Pauli group
relevant for a composite system consisting of n; qud,its and ny qudsits is:

1 —— (e¥riflemdid)y 5 Py OPgyp, — (Z/d1Z2)™ @ (Z/dyZ)™ —— 1

Proposition 2.4.6 Let Z LG5V bea Heisenberg group. A subgroup @ < V is
isotropic if and only if w splits over QQ as a (discrete) group (not just as a set), that is, if
and only if there exists a homomorphism o : Q — G satisfying (7|x-1(g))o = idg.

Proof ( = ): Since @ is isotropic, 71(Q) is a abelian subgroup of G. Now since
i(Z) = 7 H{0} < 77(Q) and i(t) = (¢,0) (in the above notation), Eq. (2.35) restricts to
an exact sequence of abelian groups that is (still) left split:

. | —
1 » 7 —— 7 HQ) Q0

~
—_

By the splitting lemma for abelian groups, the sequence is also right-split, as claimed.
(<=): If v;,v3 € Q, then o(v1),0(v2) € 0(Q) < G. Since ¢(Q) is abelian, Q(vy,v9) = 1
by Eq. (2.36), so @ is isotropic. [ |
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Theorem 2.4.7 (Stone-von Neumann-Mackey) Let U(1) - G — V be a Heisenberg
group with center U(1). Then up to isomorphism, there exists a unique irreducible finite
dimensional unitary representation

p:G— U(H)

that respects the center, in the sense that p(e??) = eidy for all & € R. Moreover, for any
Lagrangian subgroup (Q <V, we may use the Hilbert space

H= {measumble Y:V =ClY(r+v)= % and / [V (z) Pduz < oo}
: v/Q

and define p by (p(e?,v)f)(x) = ?C(z,v) f(z +v).
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2.4.5 Pathologies

The definition of symplectic form given at the beginning of Sec. 2.4.3 is satisfactory in the
sense that it lets us develop the theory of symplectic forms on a locally compact abelian
group, and ultimately leads to the Stone-von Neumann-Mackey Theorem (Thm. 2.4.7).
However, we would like to make the story of Sec. 2.4.3 less ad-hoc by showing that LCA,
or correctly, a close relative LCA (to be defined in Thm. 2.4.8), fits into the framework we
devgli)g in Ch. 6. To do so, one needs to recharacterize the symplectic form as a morphism
in LCA itself, rather than a continuous function (hence a morphism in TOP) out of the
Cartesian product V' x V formed from the underlying topological space V.

The tensor product X ® Y of abelian groups X and Y is just their tensor product as
Z-modules, (not to be confused with the direct sum X @ Y’). To bring up a more familiar
example, in the case of (discrete) vector spaces over a field k, the bilinear forms on a vector
space V' correspond canonically with morphisms V ® V' — k, and properties such as alter-
nation and nondegeneracy carry over to properties of this morphism in a straight-forward
way.” On the other hand, with various kinds of topological vector spaces (e.g. Hilbert
spaces, Banach spaces, etc.), the situation is more subtle, as there tend be multiple ways
to define a topological tensor product.

The situation with discrete abelian groups is similar to that with discrete vector spaces,
though it is perhaps more natural in that case to use the integers Z as the dualizing object
rather than the discrete circle U(1)9*. Naively, our first task is thus to give a topology
to the tensor product X ® Y of the abelian groups underlying a pair of locally compact
abelian groups X and Y, check that the result is again locally compact, and ensure that
it gives the desired correspondence of biadditive forms. After that, we would like to check
that (LCA, ®) is star-autonomous.

Towards this goal, given locally compact abelian groups X and Y, one gives the abelian
group X — Y of continuous homomorphisms f : X — Y the topology of pointwise con-
vergence and checks that X —o Y is again Hausdorff. It may be, however, that X — YV
is not locally compact. For instance, Z" — R = R" is locally compact if and only if the
cardinal k is finite | ]. We don’t care about such examples, and would be satisfied

replacing LCA by another category LCA that excludes such pathologies. This aside, one
may show that the Pontryagin dual X* = X —o U(1) of any locally compact abelian group

"By discrete, we mean without a topology. For instance, R” is discrete if we do not equip a topology.
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X is again locally compact. In particular, U(1)* =2 Z and Z* = U(1). Furthermore, the
Pontryagin duality theorem | | states that every locally compact abelian group X is
isomorphic to its double dual X** (via the curried evaluation map z — (x — x(z))).

In Sec. 5.3, we will give an in-depth discussion of star-autonomous categories. If —o, as we
have defined it, is the restriction of the internal hom in some (symmetric) star-autonomous
category (¢, ®) that contains LCA as a subcategory, then the tensor product of locally
compact groups is not necessarily locally compact either, since in any star-autonomous
category, it turns out that we have a natural isomorphism:

(XQY)" 2 X -oY*
This is all saved by a construction of Barr and Kleisli | ; |:

Theorem 2.4.8 (Barr-Kleisli) There exists a category LCA satisfying the following:

(i) LCA is star-autonomous.
(ii) LCA is complete and cocomplete.

(111) LCA isa category of topological abelian groups containing LCA as a full subcategory.

(iv) The underlying abelian group of the internal hom X —o Y is hom (X, Y).

Properties (i), (ii), and (iv) explain why the framework we develop in Ch. 6 generalizes the
situation of symplectic forms on locally compact abelian groups. That is, they show that
LCA is star-autonomous and pre-abelian. A counterexample given in [ |, showing
that LCA is not abelian, still applies to LCA. Namely, the inclusion R¥*¢ — R is monic
and epic but not an isomorphism.® Property (iii), roughly speaking, allows us to give
concrete (element-wise) calculations just as if we were dealing with LCA, but without
worrying about analytical technicalities. (Instead of verifying the analytical details, one
verifies that a desired property follows from (iii).) Property (iv) ensures that currying
works in the expected way. Namely, by currying a morphism f : X ® Y — Z, one obtains:

(f1: X =Y —Z
x> (y = flz,y))

8See Appx. G for facts about abelian and preabelian categories.
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It follows that the underlying abelian group of X ®Y is the tensor product of the underlying
abelian groups, i.e.the tensor product of Z-modules. Furthermore, for each object V', the
biadditive forms Q : V' x V' — U(1) defined as in Eq. (2.34) are in bijective correspondence
with morphisms Q : V@V — U(1), and the correspondence is characterized by the identity:

Q(u,v) = Qu® v) for all u,v € V

In particular, nondegeneracy is captured by the injectivity of [Q] : V — V* though as we
have noted, we may sometimes require that [{2] be an isomorphism.?

Finally, note that LCA has two monoidal products: ® and its de Morgan dual X, defined
by Y XX = (X*®Y™*)*. Monoidal categories are discussed in Sec. 5.2. The monoidal unit
of ® is Z and that of X is U(1). This makes LCA markedly different from the category
of free finitely generated R-modules, in which ® = X and both monoidal units are R.
The example of LCA is why we need to consider star-autonomous categories, and not just
autonomous categories in Ch. 6.

9Note that our use of the tilde notation here is temporary and we write & to mean something else in
Ch. 6.
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Chapter 3

A functional programming language
for generalized projective Clifford
operations

In joint work with Jennifer Paykin | |, we construct a functional programming lan-
guage A7¢ for programming with multiqudit projective Clifford operations. In the resulting
Pauli-based programming abstraction, the user describes projective Clifford operations by
their conjugation action on Paulis, rather than their action on state vectors. In this way,
A7¢ is more in line with the Schrédinger picture (at least in the d = 2 case where the Pauli
matrices are Hermitian) rather than the Heisenberg picture.

Pauli-based data structures have already been used in compilers | 1Ll ],
simulation | 1Ll |, circuit synthesis | 1Ll |, and equivalence checking
[ 1Ll 1Ll ]. The novelty of A”¢ is that it allows for programming with
Paulis. This is achieved by constructing a new type system resembling a linear type sys-
tem modified to keep track of phases. The system relies on the condensed encodings defined
in Sec. 2.3, and as a result, the language supports multiqudit generalized Clifford opera-
tions for all d, most notably when d is even (such as a power of 2). The language thereby
supports a vast array of quantum operations, including the standard quantum Fourier
transform on a system of n qubits, which qualifies as a single qudit projective Clifford for
d = 2", (not to be confused with a multiqubit projective Clifford).

Expressions in A?¢ may be composed in various ways, using familiar abstractions from
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functional programming. The most primitive of these is pattern-matching, which essen-
tially allows the user to define a projective Clifford by its tableau:

hadamard :: [ Pauli — Pauli |
hadamard [X = Z]
hadamard [Z = X]

The type signature [ Pauli — Pauli | indicates that hadamard expresses a single qudit pro-
jective Clifford operation. We hard code the constraint of being a valid projective Clifford
operation directly into the typing rule for generating such expressions. We prove metathe-
oretically that this (syntactic) constraint translates over to the categorical semantics, using
the fact that the operational semantics is sound with respect to the categorical semantics.
In the present exposition, we start with the categorical semantics, and build up A7¢ as its
internal language. To this end, we first define a category € equivalent to FGF-Z/dZ-MOD,
whose concrete description is more suitable for the programming consideration. This de-
scription lets us inductively define a canonical symplectic form on each module of even
rank. We then extend these to a category ¢ whose objects are either analogous to the
loop (Qa,n, *) defined in Sec. 2.3 or the stage of definition Z/dZ for global elements. Mor-
phisms in & are either projective Clifford operations, global elements, or scalars.

Under the hood, projective Clifford expressions in A?’¢ correspond to condensed encodings
(1,) as defined in Sec. 2.3. Instead of the matrix product, Pauli operations are composed
using the condensed product x. This makes it so that when d is even, the user only ever
deals with roots of unity of order d, as opposed to 2d. The complications associated with
dealing with condensed encodings are out of sight and mind of the user, and instead are
diverted to the operational and categorical semantics.

The type system is built up in steps. First we define a linear type system \¢ similar to
[ ], then define symplectic types, and next Pauli types. The resulting type system A\?c
is augmented with a Cartesian layer, which is integrated with the underlying Pauli type
system, thereby forming a linear-nonlinear (LNL) type system. The categorical semantics
of A% lies in the category €, whereas that of the Pauli type system lies in #c. The Pauli
type system, roughly speaking, accounts for the noncommutativity of quantum mechanics
by attaching phase components to €-expressions. ¢ is not a model for linear logic,! and
in particular, lacks a monoidal product interpreting the“®” operation of linear logic (not
to be confused with the tensor product of Hilbert spaces). For this reason, we are only able

!The Pauli type system A (without the LNL layer) is nevertheless still considered a linear type
system, characterized by the fact that it doesn’t have weakening or contraction.
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to account for a single free Pauli variable. This is one reason (among others) our system
does not currently support higher Clifford operations.

Specifying the language and its properties takes a lot of work, and some details have been
omitted, including some inductive arguments that range over all typing rules. For further
detail, the reader is referred to | ]-

The language design is based on its categorical semantics, and so before delving into the
syntax, we begin laying out the relevant mathematical structure in Sections 3.1 and 3.2.
With a view towards the language, we give the category ¢ an inductive definition that
is nearly identical to the typing rules given in Sections 3.3 and 3.5. After specifying each
type system A¢ and A\7¢, we describe the operational semantics in Sections 3.4 and 3.6.
Next, add a nonlinear layer to A”¢, which allows for auxiliary functions and is where we
finally give support for lifted projective Clifford opertions. Pseudocode examples are given
in Sec. 3.8, and lastly, we discuss future work in Sec. 3.9.
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3.1 A nearly skeletal subcategory of free finitely gen-
erated modules

The category of free finitely generated R-modules, FGF-R-MoOD, for a commutative ring
R, is far better behaved than LCA, due to the lack of a topology. Namely, FGF-R-MOD is
a compact category (i.e. autonomous and with a symmetric structure) with respect to the
tensor product ® = ®g of R-modules, so there is no need for a theorem along the lines of
Thm. 2.4.8 in order to use it in Ch. 6. On the other hand, FGF-R-MOD is not preabelian
unless R is a field, since it does not include kernels or cokernels (quotients). This means
we cannot pl/u\g_/it into the framework of Ch. 6 unless R is a field, but that is ok, since
we can use LCA to treat the other examples we are interested in. Still, we have a need
to consider FGF-R-MOD (or something similar) when R = Z/dZ and d is not necessarily
prime. Better yet, we will define a nearly skeletal subcategory MAT(R) by specifying some
inductive rules for generating objects, and this will serve as the categorical semantics for
the type system A% to be defined in Sec. 3.3, with the inductive definition of the category
matching the typing rules for the language.

If R = Z/dZ, then we use phase space V = Q & Q (or Q & Q*) with @ = R", and the
relevant Hilbert space is C(Q). The configuration space of a composite quantum system
is a direct sum @ = Q1 ® Q2 and the Hilbert space is C(Q1 ® @Q2) = CQ1 ®c CQy. We
encounter the tensor product of R-modules ® = ®p in the formation of the symplectic
form w : V®V — R and in the semantics of linear typing contexts [A;z : o = [A] ® [«].
Internal homs () — P also arise in the semantics, and so we need to consider a subcategory
MAT(R) that contains R"™ and is closed under &, ®, and —. As one does, we build the
language up inductively, and so it is convenient to work with a category MAT(R) whose
definition roughly follows the same grammatical structure.

The category MAT(R) is defined as follows. Objects are certain pairs (V, E), which we
inductively specify below, consisting of a free finitely generated R-module V' equipped
with ordered basis E, and whose morphisms are given by:

homMAT(R)((Ua E)) (V> F)) = homFGF—R—]\'IOD(Uy V)
We will inductively combine objects with the operations @, ®, and —o (explained below).
This creates some redundancy, since for example, R®* =~ R%2? @ R®2? meaning the objects

of MAT(R) work strictly more like expressions than numbers, e.g. 1+ 1+ 1 + 1 is distin-
guished from (1 + 1)(1 4 1). This redundancy is intentional, similar to how in logic one
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often defines a language of propositions using an over-complete set of logical connectives.
We note that MAT(R) is nevertheless equivalent to the category whose objects are natural
numbers and morphisms are matrices.

A morphism h : (U, E) — (V, F) in MAT(R) is uniquely specified by a matrix with anno-
tations for the ordered bases E resp. F' of the domain and codomain. We could have just
as well defined MAT(R) as its image in R-MoD under the forgetful functor and then noted
that each module V' gets inductively assigned a canonical basis. In a way, we are just point-
ing out that “coordinate-based linear algebra” is generated by a categorified (context-free)
grammar.

Finally, we give the inductive definition. There are two base cases. First, (0,()) €
ob(MAT(R)) where 0 is the trivial R-module and () is the empty sequence. Second,
(R, (1)) € ob(MAT(R)), where 1 € R is the ring identity included in R as an R-module
over itself. So far, MAT(R) only has two objects; we now specify more objects by requiring
MAT(R) to be closed under &, ®, and —o.

Whenever (U, E), (V, F) € ob(MAT(R)), we shall now require that MAT(R) contain the
object (U @ V,E U F), where U @ V is the “outer direct sum” of the modules U and V
and F LI F' is the “concatenated basis”. In other words, elements of U & V' are symbols
u @ v indexed by v € U and v € V, with the usual module structure, and £ U F' is the
concatenation of sequences formed from E and F":

FUF=(e®0|lecE)~ 0 f|feF)

Since objects are inductively constructed with the direct sum, we inductively obtain the
following canonical morphisms:

Wey :U—=UBV ey VoUsV m®:UsV U ) :UsV -V
ur—=ud0 v— 0D UPv—u udv—v

These are seen to satisfy the relations and two universal properties of the biproduct. One
may also easily show that each is natural in U and V. Note that by slight abuse of notation,
we have written U — U @ V above in place of (U, E) — (U, E) & (V, F'), and so on. We
will continue with this pattern when it doesn’t cause confusion.
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Next, given (U, E),(V, F) € ob(MAT(R)), we require MAT(R) to contain the Kronecker
product (U ® V, E x F), where U ® V' is the module of formal linear combinations of
elements of the Kronecker basis E x F', i.e. the dictionary-ordered sequence of symbols:

ExF=(e®flecE feF)

We then extend the ® notation so that u ® v is defined for each v € U and v € V by
forcing it to satisfy bilinearity. We then obtain a very suspicious canonical map:

Ay V-VeV
e—ee

This is defined for each (V, E) € ob(MAT(R)), where Ay is defined by linearly extending
its action on basis vectors e € E. It is of course not the case that v — v ® v for arbitrary
v € V, since this would not be linear. Despite being defined canonically, i.e.given a
“uniform” definition for each V, Ay is not natural in V. Naturality would require the
following diagram to commute for all h: U — V:

U-2Ys UeU

| e

V—>VaV
\4

If R has an element A\ that satisfies A # A2, then the diagram does not commute when
U =V = R and h is multiplication by A, but notice that this counterexample does not
work over Fy. A better counterexample, which works over any commutative ring R, is that
naturality fails when U =V = R®? and h = (1 ). When R = C, this is the (rescaled)
Hadamard matrix. Indeed, one path takes |0) to |00) + [11) and the other takes it to
(0) +11))(|0) + [1)). In fact, there is no natural transformation A : idyiar(r) = ® that is
cocommutative and coassociative, as defined in [ |, since this would imply that every
endomorphism f : V — V is a homothety f = Aidy by a theorem of Abramsky:

Theorem 3.1.1 (Near collapse of cloning [ ]) In a category with a natural
monoidal transformation Ay : V — V ® V' that is coassociative and cocommutative, every
endomorphism f :V — V is a homothety f = Aidy (where tr(f)).

The next surprise is that there is a canonical deletion map:

Vv : V>R
e—1
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taking each basis vector e € E of a given (V, E) € ob(MAT(R)) to the basis vector 1 € R.
As with cloning, we find that deletion is unnatural, again by considering the naturality
square for the Hadamard map h. Again, there is no natural deletion map V : idyiar(r) = R
by the following theorem of Abramsky, this time because MAT(R) is not a preorder:

Theorem 3.1.2 (No deleting [ ]) Any compact closed category with a natural
transformation Vy : 'V = 1 (to the constant functor valued at the monoidal unit 1) is a
preorder.

Lastly, given (U, E), (V, F) € ob(MAT(R)), we give MAT(R) the object (U — V, E > F),
where U —o V' is the R-module of linear maps h : U — V', and where E > F' consists of:

e—of:U—=V
6"—)5676/][

ranging over each f € F and then e € E, where . = 1 if e = €’ or else 0. In particular,
V* =V —o R is the dual module and £* = E'> R is the dual basis. It is no coincidence
that the sequence E > F' is (canonically) isomorphic to the Kronecker basis F' x (E > R),
and indeed, this isomorphism underlies the nuclear structure of MAT(R).

Let us define the rank of (V,E) € ob(MAT(R)) as the length of the sequence E. Then
since R is commutative, it satisfies the invariant basis number (IBN) property | ],
and by induction (on the constructors @, ®, and —o), this is the usual notion of rank of
a finitely generated free module over a ring with IBN property. Now, using the ordering
on the bases, we may define canonical isomorphisms, such as the following, by their basis
action:

disttapcp: (A®@B)®(Ce&D) 5>A®B & A®D & BC & B®D
nucyy VU S U —-V
unity : RV SV
symyy :UQV S VeU
As we have seen above, canonically defined families of morphisms are not always natural.
The isomoprhisms listed above, however, are indeed natural. It is a tedious exercise to check

that they are the restrictions of a compact closed structure on FGF-R-MoOD. Ultimately, by
this strategy, one shows that not just FGF-R-MOD but also MAT(R) is compact closed. For
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example, one begins by showing that the operations &, ®, and — are the restrictions to
MAT(R) of analogous operations on FGF-R-MOD, establishes the adjunction — ® (V) E') -
(V,E) — —, and shows that distr is the natural isomorphism obtained from the fact that
left adjoints (such as —® (V, E)) preserve limits (such as @). We have defined Ay and Vy
by their action on the canonically generated basis of V', so as one might expect, there are
equivalent formuations of Ay and Vi, that use induction directly rather than referencing
these bases. Interestingly, they involve some of the natural maps above. For example,

. _ 2 2
Aygy = d|5trU,1V,U,V(Lg§2 o vev D L‘\;zU o ve) (Ay @ Ay) (3.1)

One must additionally provide inductive formulas for Aygy and Ay .y to complete the
inductive definition of A, much like exhausting all cases of a pattern matching definition
in functional programming. It is tempting to try to prove naturality of A by induction
on these formulas, or likewise to try to prove naturality of V, but this doesn’t work. For
example, why can’t we conclude from Eq. (3.1) that A is a natural transformation over
F5? In both base cases (where V' =0 or V' = F;), the naturality square for Ay commutes,
so why doesn’t it follow by induction that Aygy commutes for all U and V', at least in the
@-fragment of MAT(F2)? In particular, how do we reconcile this with the Hadamard ex-
ample, where the naturality square for AF% fails to commute despite the base case working
out? The answer is that if n; and 7, are natural transformations, then although n; & 75 is
natural, n; ® 12 might not be. In the case of A, the tensors appearing in subexpressions
of the right-hand-side of Eq. (3.1) end up destroying the naturality and hence the induction.

The direct sum & also admits a canonical duplication, called the diagonal map, which
(unlike A) is natural:

diag,, -V =V oV

v—=vhu

Note that v — v @ v holds for all v € V', not just for basis vectors as with A. Next, @ has
a (natural) coduplication map, namely, the vector addition part of the module structure:

+y VeV =V

V1 D vy — v + vy

One may check that diag and + arise from the universal properties of the biproduct.
Likewise, we may realize scalar multiplication as an R-module homomorphism:

VR@V—)V
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These observations, that the module structure is described internally to the category %,
also apply to R-MoOD and other variants. From here, one may easily verify that the module
structure already defined on U ¢ V satisfies an inductive formula, which we sketch now.
Using the canonical associative and symmetric structures for & to reorganize terms, one
checks that +ygy is alternately given by the following (natural) inductive formula:

(reorganize) +ud+v

UeV)sUaV) UelU)p(VaeV) —— UV

Likewise, scalar multiplication on U & V' is seen to satisfy the inductive formula:

distrR’o,U,V

ReUaV) ReU & RV —Y s UgV

We also note that € is enriched in R-MoD (and hence also in AB). Accordingly, we have
pointwise scalar multiplication and pointwise vector addition operations for appropriately
typed morphisms. As in any additive category, if f, g : U — V are morphisms, then their
sum f+ g :U — V (the pointwise sum) factors through the biproduct:

U peu %S vy X v

Likewise, pointwise scalar multiplication of r : U — R and v : W — V factors as:

UW 2 RV —Y 5V

These inductive characterizations of the module structure arise when defining the inter-
pretation of well-typed judgments in Sec. 3.3.

Ultimately, the only phase spaces we wish to consider are V = (Z/dZ)*" and R*". These
are treated by FGF-R-MOD using R = Z/dZ or R, respectively, or just as well by MAT(R).
Recall that our reason for considering LCA is that V' = R?" has an interesting Lagrangian
subgroup that is not an (R-linear) Lagrangian subspace, namely Z?", which leads to the
quasiperiodic representation of the Heisenberg group. This required us to find a star-
autonomous substitute for LCA that includes such examples. Another strategy would be
to generate a nearly-skeletal subcategory of LCA, along the same lines as we have done
here for FGF-R-MOD, involving only the objects we actually care about. This, at a glance,
seems like it would be substantially harder, since we would need to include non-free Z-
modules, such as Z/dZ, and it would involve analytical subtleties. We would then have
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to ensure that the resulting category is a feasible solution to our problem, in the sense of
being star-autonomous and preabelian. The Barr-Kleiseli construction | ; | let
us avoid this entirely, which was better for the theoretical application, but for the pro-
gramming language application, it is far easier to work with MAT(Z/dZ).
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3.2 Categories %, ., and ¢

Let R = Z/dZ. We now define categories €, ., and ¢, towards describing the cat-
egorical semantics of A”¢. First, set 4 = MAT(R). Next, objects in . are symplectic
modules, that is, pairs (V,wy) where V' is an object of € and w : V® V — R is a sym-
plectic form. Morphisms in . are symplectic maps, that is, R-linear maps ¢ : U — V
satisfying wy (Yuq, Yus) = wy(ug, uz) for all uy,us € U. Every symplectic map v is in-
jective, and 1 is bijective if and only if it has an inverse, which is a symplectic map, in
which case 9 is called a symplectomorphism. If ¢ : (Uywy) — (V,wy) is a symplectic
map, then rk U < rk V' with equality if and only if ¥ is a symplectomorphism. We usually
write w instead of wy. Endomorphisms of (V,w) are therefore automorphisms, and com-
prise the symplectic group Sp(V,w). This tells us . an oidification of the symplectic group.

Using the canonical basis that comes with each object @) € ob(%), the module @ ® Q*
comes with a canonical symplectic form, defined by w((q1,p1), (¢2,02)) = p2gi — p1g2- For
convenience, by the dual basis construction () = Q*, we instead use the corresponding
canonical symplectic form @Wgsg on Q @ Q. In matrix form, Ggeg = (Y ') ® Ig. On the
other hand, there is also an interlaced symplectic form on @) @& @ with matrix wgeg =
Io @ (971). These are equivalent by the change of basis:

(qla"' yqn, P1y - 7pn) A (QI»pl»"' 7Qnapn)

The interlaced symplectic form also arises as follows: if U and V' are symplectic modules,
then U @ V gets a canonical symplectic form by setting wyey = wy + wy. Note that @
and w are two different symplectic forms on (Q & Q) ® (Q ® Q). We prefer w over @ in the
specification of A7, so we tend to focus on (R®%)®" over (R®")%2.

fined in Sec. 2.3, and whose morphisms include projective Clifford operations between such
objects. Before we defined projective Clifford operations as center-fixing automorphisms
of the Pauli group Pg,, which are seen to be automorphisms of Qg , and bijectively cor-
respond with pairs (u,1) € V* x Sp(V) where V = R*". Tt is a convenient programming
abstraction to allow u € V* to be paired with a symplectic map ¢ : U — V rather than
requiring U = V. This corresponds to a physically legal operation since such pairs may
be regarded as projective Clifford operations on the output system. Since the semantics
of our type system involves elements and characters of the phase space V', we also include
these as morphisms. Thus, we include a unit object e as a “classical” stage of definition

Next we define a category ¢ whose objects are essentially the subsets Qg,, C Pg4, de-
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for global elements, and put:

ob(Zc) = {Qv |V € ob(#)} Li{e}
hom 4 (Qu, Qv) = homg (U, R) x hom o (U, V) = U" x Sp(U, V)
hom (e, Qy) = hOka/(R R) x homy(R,V) =R xV
) = hom¢ (R, R) = R

hom (e, e

where the objects Qy are symbols indexed by V' € ob(.¥’). Composition of morphisms is de-

fined as in Sec. 2.3. Namely, for (u2,12) € homa,(Qu, Qv) and (1, ¢1) € homg, (A, Qu)
for arbitrary A € ob(Z¢), we define:

(2, Vo) (p1, V1) = (s, Yathn)

where 13 € homg (A, R) is defined by its action on standard basis elements by:

p13b = pu1b + pioth1b + £V b

where x¥2 : V — F, is the phase correction function defined in Sec. 2.3. In the remaining
case, given (t,v) € homg (e, Qy) and r € homy, (e, ), define:

(t,0)r = (t',rv)
where t’ is defined in terms of the sign function introduced in Sec. 2.3:

d
t'=rt+ §sgn(fy)

The idea is that (¢,v) encodes (*A,, and we want evaluation at r to be like exponentiation:

(CtAg)z — grtAiy — Crt—‘r%sgn(zy)Aﬂ

We may at times write (a) for a morphism of the form (a,id).
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3.3 Typing rules and categorical semantics for \¢

The type system A% consists of disjoint sets:

ctxs(%) types(%) exprs(%) vars(%)

together with a ternary relation F* C ctxs(%) x types(%€’) x exprs(%), called the €-typing
gudgment. We begin by defining %-types by the following grammar:

a=TUnit | oy @ as | a3 —

This notation indicates that types(%’) is the intersection of all sets X subject to: (i), X con-
tains the symbol Unit; and (i), if a1, as € X, then X contains the syntactical expressions
(a1 @ ) and (a; —o ). For example, (aq @ «as) consists of a left parenthesis symbol
( followed by substring «q, then the & symbol, then as, and lastly, the right parenthesis
symbol ). For ease of exposition we omit parentheses whenever possible.

Next, €-expressions are defined by the grammar:

a:=2z|letr=aind x € vars(€)
|0, |7 ]a-d | ai+a; reZ/dZ
| [a1,as] | case a of {i1(x1) — a1 | ta(x2) — as}

| \x.a | ad’

We have expressed the grammar for %-expressions using a notation called Backus-Naur
form (BNF) | ]. Vertical bars delineate options for the kind of expression being de-
fined, and the expressions between the bars implicitly contain inductively-defined subex-
pressions when the same symbol is used (e.g. a) or a slight variant indicating another such
subexpression (e.g.a’). As is standard in the field of programming languages (PL), we sub-
sequently leave quantification of pieces of syntax implicit in the metatheoretical analysis.

Intuitively, €-types correspond to objects in (the &,—o-fragment of) € and € -expressions
involve linear variables x and evaluate to elements of these objects. In order to follow
standard conventions for linear type systems, we use the square bracket syntax [a;, as] for
ordered pairs, since round parentheses are traditionally used for tensors. The &-linear
typing contexts may also be regarded syntactically as follows:

A=Az« x € vars(%) and « € types(%)
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However, these are subject to the constraint that each linear variable z € vars(%) may
appear at most once in A. Another way to view a linear typing context A is as a partial
function A : vars(%) — types(%’) (with ordered domain). In that sense, the syntax A, A/
stands for the relational union of A and A’ viewed as partial functions, and is only defined
when their domains are disjoint. We write A(z) for the €-type assigned to the variable x.

We have again used the BNF form to define a formal language, this time the language
of contexts. The context -, for example, is just a meaningless piece of syntax—a chicken
scratch. It is called the emtpy context.

Next, we define some formal expressions A ¢ a : «a, called €-typing derivations, which
collectively specify the €-typing judgment F. Explicitly, the €-typing derivations are
precisely those expressions A % a : o inductively reached by the following €-typing rules:

Az:aF d:d ANFa:a

e il e AN F letz=aind : d

AF?r:Unit A'Foa:a

-+ 7 :Unit ANF roa:« AR 0:«a
AFa:a AFay:a AFa: o AFay: ao
AFa+as: AF? [ay,as) : aq & g
Az o Fa o AN,xy s ay: o ANFoa:a @ asy

A, A" case a of {i11(x1) = a1 | 2(z2) = ag}:

Az:akFa:d AMFa:ia—d Ay Fas:

AF dra:a—od A1, Ao F aras s df

Here - -7 r : Unit is typed for each r € Z/dZ. In standard usage, ¢-derivations are also
called well-formed judgments. It is standard to simply write “A F* a : o” as a meta-
proposition asserting, “A F* a : « is a well-formed judgment”. This is read as indicating
that a @-expression a involving the linear variables in A has type a.
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Intuitively, A% is a A-calculus for working in the category of free finitely generated Z/dZ-
modules, similar to | ]. Towards making this into a more precise statement, we now
give A% a categorical semantics. As an intermediate step, note that the data specifying A?,
namely the % -expressions, %-types, %-contexts, and % -derivations, equivalently specify
a category whose objects are the ¢-types or @-contexts (remembering which) and whose
morphisms are the well-formed typing judgments A F¢ a : o. Reusing the notation A% to
refer to this category, the categorical semantics of A is then defined as a functor:

[-]°: )¢ =&

Explicitly, the interpretation [—]° of a type or context (object) is given by:

types: contexts:
[Unit]* = Z/dz [ =z/dz
[[al EB 052]](6/ = [[al]]<g EB [[()52]](6/ [[A, xZ . Oé]]% = [[A]]g ® [[Oé]](

[ar —o as]” = [eu]” —o [a2]”

Notice that both the context = : o and the type a get mapped to the same object of €.
This allows us to define:

[v:aF z:a]" = idp, e (3.2)

When defining the interpretation of a typing judgment (morphism), we often abuse notation
and write a in place of A+ a : a. So Eq. (3.2) becomes [z]* = id,p¢. Next, consider the

let rule, which is like a “judgmental modus ponens”. We define [let z = a in o’]" by:

Id [A]]/ ®[[a]](
_

[A, A = [A]" ® [A]° [A) ® o] T [o]”

For each r € Z/dZ, [r]* : Z/dZ — Z/dZ is given by a + ra. Next, given well-typed judg-
ments A F 7 : Unit and A’ ¢ a : a, we define [r - a]” as pointwise scalar multiplication:

[[A, Al]]‘z?’ _ [[A]]% ® [[A/]](rf [r]* ®[a]” Z/dZ ® [[Oé]](g [e]? IIOC]]%

Note that % is enriched in Z/dZ-Mob. For empty context (the constant case), [r - a]’ =
[7]° [a]? is just composition (up to unitor coherences), which corresponds to ordinary scalar
multiplication, in the sense that the global element [r]” corresponds to an element (in the
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traditional sense) of Z/dZ. Next, we set [0]" = 0 : [A]” — [a]” (the zero morphism), and
interpret + as pointwise addition of morphisms: [a; + as]” = [a1]* +[az]’. Equivalently, +
is interpreted as the following composition of morphisms, as one would expect by applying
the Curry-Howard correspondence to the relevant typing rule:

(/di 3 w o a “ a “ @ 7 +a% ¢
[[A]]( ag[aj [[A]](@[[A]][ [a1]’ ®[az] [[a]]/@[[a]]( [o] Ha]]z{

For [[a1,as]], we do the same thing, but without adding the two components together at
the end, and without requiring the two entries to have the same type:

, dia N K ) > al “ ag “ 73 & &
[A]° =% (AL @ [A] 2 0] @ o]’ = [o1 @ 0]

The categorical semantics helps explain the intuition of the case rule. One may be more
familiar with the case syntax in a language like Haskell, whose categorical semantics
HASK is very similar to SET. There, the coproduct is the disjoint union, and its elimi-
nation rule (the case rule) returns one branch or the other. In %, however, the coprod-
uct is the direct sum @, and so the case rule returns a linear combination. Explicitly,
[case a of {u1(z1) = a1 | ta(w2) — a}]” is defined as the following composition:

Id [[A]]“ ®[[a]}“

[A, AT == [A]" ® [AT > [A]” @ ([aa]” @ [aa])

|

[A]" @ [ea]” & [A]" @ [az]”

[A2:oq]" @[A z: as]”

¢ me me
['] T [«]" @ [o] PRIESIRT

Next, As are just partially evaluated lets so their interpretation is given by (left) currying
[a]? : [A,z: a]” = [A]” ® [a]” — [@']” in order to obtain a morphism:

Nz.a]” : [A]” = [a]” — [@']° = [a — /]"

Finally, the interpretation [aias]® of application resembles the modus ponens rule:

[[Al, AQ]]%{ I [[Al]]{ ® [[AQ]]'{ la1]*®[a2]” [[a e O/]]%) ® [[Oé]]?;
[T ———— (ol =[] @ [o]"
efteva [']°
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This completes our definition of the categorical semantics [—]*. Functorality of [—] is
imposed by definition. It is evident from the construction that [—] : A — % is essentially
surjective, and one can show that it is full, but it is not faithful since distinct judgments,
e.g. AF?r-(a;+az) : aand A F? r-vy+7-v9 : @, may map to the same morphism. This is
intended, of course, since users of the programming langauge are permitted to use different
expressions that encode the same morphism. We are less concerned with the functorial
relationship between the language A\¢ and its categorical semantics €, and moreso with
the relationship between the categorical semantics and the operational semantics, which
we describe in the next section.

If one is more familiar with category theory than type theory, then the way one arrives at
the type system is by starting with the categorical semantics written in terms of morphism
composition as above, though the role of the contexts arguably becomes a lot clearer from
the type theory point of view. There is another way to view the categorical side of the
correspondence. Since the more familiar way of working with module homomorphisms is
in terms of their action on elements, we can rewrite the interpretations above concretely.
Alternately, these formulas can also be directly gleaned from the typing rules:

[[a1, as)]* (s) =
[case a of {1i1(x1) — ay | ta(w2) — a2}’ (s ® &
(where [a]” (s) = c1 @ c)
[Az.a]” (s)(s) = [a]” (s ® &)
[ara2]" (s ® s') = ([aa]” (5))([az]” (s"))
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3.4 Operational semantics for \¢

In Sec. 3.3, we noted that the functor [—]* is not faithful. Working with equality of typing
judgments is unreasonably strict, but there is something similar to faithfulness that we do
need. For one thing, when closed expressions a; and as normalize to the same value v, we
would like them to be interpreted as the same morphism [a;]” = [as]” = [v]°.

closed judgments in A

operational semary Wczﬂ semantics [—]°

values in A4 --------------—- et > morphisms in ¢
(soundness required here)

This is not good enough, though, as this property (soundness) should apply more generally
to open expressions. However, since the step rule will only apply to closed expressions,
we need to phrase the soundness condition in terms of value context mappings (models).
Thus, we need to provide an operational semantics that is sound in the sense that whenever
two equivalent value context mappings d; and d, map terms a; and ay to equivalent values,
morphism equality holds:

(for all (61, 02) € Va, (61(a1),02(a2)) € &) = [AF a1 :a]" =[AF ay:a]” (3.3)

The operational semantics will consist of a strongly normalizing step rule. Strong normal-
ization means that closed expressions eventually normalize to a unique value, and that they
reach this value regardless of the path taken. This latter point (confluence) is trivial since
the step rule we define will be deterministic. The sets VA and &, referenced in Eq. (3.3)
are then logical relations defined in terms of this set of values.

Note that we don’t require d1(a;) and d2(az) to normalize to equal values, but to equivalent
values (defined by the logical relations below). For example, Ax.(2 - x) is equivalent but
not equal to A\z.(x + x).

To begin, given a ¢-context A, a value context mapping (model) for A is a function 0 with
the same domain as A, taking each z : a to a ¥-value v of type a, i.e. a value v satisfying
-+ v a, where €-values are certain € -expressions, defined as follows:

v =1 v, v | Az.a reZ/dZ, a € exprs(€), and vy, vs € vals(%)
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A closed expression (of type a) is an expression a such that - F* a : a. We thus have a
three-way distinction between (open) expressions, closed expressions, and values. Values
are always closed. We will soon define an equivalence relation = internal to A% using the
characterization on the left side of Eq. (3.3). By soundness, this will have the effect of
pulling the notion of morphism equality back to the language. Thus, we will extend A* to
include some judgments of the form A F* a; = as : a, which certify morphism equality
[ai]” = [az]”. This has tremendous utility in the language. Namely, the characterization
on the left side of Eq. (3.3) satisfies an inductive compatibility property with the typing
rules, making it far more convenient to deal with on the language side than morphism
equality. Judgments of the form A F a; = as : o will arise as hypotheses in some of the
typing rules for A”¢. In particular, projective Clifford operations specified by the user
are required to satisfy an algebraic relation, namely, the vanishing of the symplectic form.
By encoding this relation as a hypothesis using =, the relation check for a user-specified
projective Clifford will be delegated to the typechecker. This is our main reason for intro-
ducing =, and a technical rationale for the definition of soundness.

If @ and a’ are expressions and x is a variable, then a{a’/z} denotes the expression obtained
from a by replacing substituting o’ for occurrences of = in a non-capturing way. We define
the operational semantics as follows. First define the beta reduction rule —4 by:

7"1‘7"2%57’1'T2€Z/dz r1+r2—>5r1—|—r262/d2
T [vr, v =g v, T v [v1, V] + [V}, V] =5 [v1 + v, Vg + V)]
reAT.a =g AT a (Az1.a1) + (A\xg.a2) =5 Av.ar{z/21} + ao{x/z2}

let  =v in d —g d'{v/z}
case [v1,0s] of {t1(z1) — a1 | ta(we) = as} —p ar{vi/z1} + ao{ve/za}
(Az.a)v —g a{v/x}

In the top row, on the left side of each —4, 7y - o and 71 + ry are €-expressions involving
the symbols - or +, whereas on the right side they are elements of Z/dZ where - and + are
the ring operations. Note that only certain closed expressions appear to the left of —g.
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We now extend —5 to a new step operation — in the call-by-value style:

a—gad a—a
a—a letz=aind” — let x =d in d”
! !
a—a a—a
a-a"—ad-ad r-a—r-a
/ !
/ !
ar+ as — a; + as V1 + a9 — U1 + ay
! !
/ !
[a17a2] — [a17a2] [?)17(12] — [?}17(12]
!
a—a

case a of {11(z1) = ay | ta(we) — az} — case a’ of {11(x1) —= a1 | t2(x2) — as}

a; — aj ag — iy

ajas — ajas Vay — Vasy

Notice that the rules are designed to be deterministic, that is, at most one rule may be
applied to a given closed expression. Two expressions are said to be a-equivalent if one
can be transformed into the other by renaming bound variables in a non-capturing way.

Theorem 3.4.1 (Strong normalization) If - F* a : « then there erists a unique value
v, up to a-equivalence, such that a = ay — -+ — a, = v. (In such a case, we write a | v.)

Proving strong normalization involves proving some technical lemmas by induction on the
typing rules and step rules. For the proofs, see | ].

The operational semantics also satisfies type preservation (- F* a : o and a — &’ implies
-+ a' . a) and behaves well under variable substitution (- F“ v : « and A,z : a F% a : o
implies A F* a{v/z} : o’). These are also proved by induction.
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In order to state the soundness condition, we introduce the following logical relations:
Vinis = {(r,7) | r € Z/dZ}
Vor@as = {([0171)2]’ [v/hvé]) | (Ulavg) € Vo and (UQ’UQ) S VOCQ}
Vaoar = {(Az1.01, AT9.02) | for all (vi,v2) € Va, (ar{vi/m1}, ax{va/2}) € Eur}

e =l ) Fa;:a, -F%ay : a, and whenever a; | v; and
a = | 01,02 as | v, it follows that (vy,ve) € V,

Va = {(01,02) | for all z € dom(A), (61(x),d2(x)) € Va}

Now, given a context value mapping 6 for A = xy : a1, -+ ,x, : a,, and an expression a,
we write:

0(a) = a{d(a1)/wr, -+, 6(wn) [0}

Definition (of =) Suppose A F* a; : @ and A F* ay : . Then if for all (d1,02) € Va it
follows that (d(ay),d(az)) € &, then we declare A F” a1 = as : a.

Thus, = is defined by the left-hand-side of Eq. (3.3).

Theorem 3.4.2 The equivalence relation is compatible with the typing rules for ¢, in the
sense that one derives the following rules:

AFa=d):a Ao,z :at’ay=a):d
rz:aF'z=2:« A1,As F let ¥ = aj in ay = let x = @} in a) : o
reZ/dZ A1 ay =d) : Unit Ao Fas=a):a
¢ — . . 14 ! !,
- r =7 :Unit A, Ao Flar-a=a)-ay: «
AFa;=d]:a A ay=dy:
AF0=0:« AR a1 +ay=a) +ady: «
AR ar=d): o A ay=dy:as
@ — 7 77,
AF [a1,a2] = [a7,a5] 1 aq ® ag
AFla=d:a1®a Azy:aFoap=a):d Axy:ias b as=al: o

A,A'H case a of {u(z1) = a1 | t2(m2) — a2} = case d’ of {u1(w1) = af | ta(w2) = ah} o

Az:aF‘a=d:d A Far=ad]:a—od Ao Flas=dl:a

AFdra=Mz.d :a—od A1, Ao F aras = ajaly : o
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From these rules, it follows that = is an internal equivalence relation:

AFa:a AFlar=ay:a AF'ar=ay: AF ay=a3:a

AFa=a:« AFlay=a,:« AFa =a3:

Towards proving soundness, we note the following:

Lemma 3.4.3 Let (p,v) € homg,(a,Qy) and (1',¢") € homu,(Qv,Qv), and let a €
homy(V,Z/dZ). Then

({a) (W', ") o (1, 00) = (a0 ) (', ¥') o (n,1))
Proof First, (i, ') o (1, ¥) = (10,1 0 1b) where jq is defined on basis elements by
po(b) = p(b) + (' ((b)) + ¥ ((b))
where %" is the phase correction function defined in Sec. 2.3. On the other hand,
((a) (', 0) o (s 00) = (a+ 1/, 0) o (p, ) = (pg, ¥ 0 ¥)
where by the composition law in 2,
Ho(b) = p(b) + (a + p)(W(B)) + & (¢ (D))

Thus py = po + a o ¥, which completes the proof. [ |
Theorem 3.4.4 (Soundness) If A ¢ a; = ay : a then [a1]” = [a2]”.

Proof It suffices to prove: (i) [a;{6i(x1)/x1,- - ,0i(xn)/2n}]" = [ai]” ([6:(z1)]" @ -+ ®
[6:(z,)]") where A = 2y : By, -+, 1 Bu; (i4) if - F7 €1 : a and e; — ey then [e1]” = [ea]”;
and (4ii) if (v, v9) € V, then [v1]° = [vo]”. Indeed, then let (8;,52) € Va, and suppose
that 01(ay) 4 v1 and da(aq) 4 vy with (vy,vy) € A,. Then by (i) and (i), it follows that
[61(a1)]” = [02(a2)]*. Then [§;(a:)]” = [ai{ds(x1)/x1, -+, 6i(w,) /2, }]". Since (i) applies
to all value context mappings, it follows that the maps [a1]* and [a2]* agree on elements
of the form t; ® --- ® t,, € [A]", so by linearity, we have [a,]* = [a2]”.

(i) It suffices to show that if 7 : @ F* a : o/ and - F* v : a, then [a{v/x}]" = [a]* o [v]".
This is done by induction over open expressions.
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Case (e = z) Then [a{v/z}]* = [v]” and [a]” =id, so [a]” o [v]* = [v]".

Case (a = let y = a1 in ay) According to the typing rule for let statements, z must be in
the domain of a;. Thus, by the categorical semantics of let statements and by induction
hypothesis, we have:

[a{v/x}]" = [let y = a1{v/x} in ay]”
= [az]” o [ar{v/x}]"
= [a2]” o [a1]” o [0]”

= [let y = a1 in ay])” o [v]”

Case (e = case € of {11(x1) = €1 | t2(x2) — e3})

[a{v/z}]" = [case a'{v/x} of {1i(x1) — ay | ta(zs) = as}}]”
= (s®5) = ([a]” (s @ c1) + [az]” (' © c2))
= (5" @) o ([w] (5 @) + [l (5 &) o] []°
= [l o [

where

[ o [v]” = [a'{v/2}]" (s) = c1 ® 2 and [a]" (s") =cr & &

The other cases are similar.
(73) It suffices to show the result for just the S-reduction rules.

Case (let x = v in ¢’ —5 a’{v/x}) Unfolding definitions, we have that
[tet 2 = v in @] (1) = [@]" (1 ® [v] (1)) = [@'{v/2}]" (1)

Case (Oyyir —p 0) Follows by unfolding definitions—both produce the zero map.

04 oor —5 A7.0,/) Similarly, it suffices to see that [Az.0]* (1) is the zero map.

(

Case (04,00, —5 [0ay; 0a,]) It suffices to see that [[04,, 04,]] is the zero map on all inputs.
Case (
(

Case (11 -9 =3 1’ = 1719 € Unit) Trivial.
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Case (1 - [v1,v2] =5 [r-vi, 7 - v9])

[ [or, vl (1) = 7+ (] (1) @ [oe]” (1))
(r-[o]” (D) @ (r- [e]” (1))
[

[r vy, 7 v]] (1)

Case (r - A\x.a —pg Az.r-a)

[r- Az.a]” (1) = r [Ar.a]” (1)
=r[a]” = [Av.r-a]” (1)
Case (7"1 + 719 =g r = T+ 12 € Z/dZ) Trivial.
Case ([v1, vo] + [}, V5] =5 [v1 + v, V2 + 1))
[[or, vo] + [v3, wa]]” (1) = [lor, v2]]” (1) + [[vg, w3]]” (1)

= ([w]” (1) @ [va]” (1) + ([]" (1) ® [05]" (1))
= ([w]” () + [wi]" () @ ([[Uz]] (1) + [vs]” (1))
= ([vr +u1l” (1)) @ ([vz +05]" (1))

= [[vr + v}, v2 + 03]]" (1)

Case ((A\z.a1) + (A\x.a2) —p Ax.a1 + az)

[(Az.a1) + (Az.as)]* (1) = (b~ [ai]* (0)) + (b [az]” (b))
= b [ar]” (b) + [a2]” (0)
= [ay + a2]” (1)

by linearity:.

Case (case [v1,v2] 0f {11(21) — a1 | 12(22) = az} —p ar{v1 /21 } + as{vs/ws}) From,
[case [v1,vs] 0f {11(21) — ay | ta(xs) — as}]’ (1) = [ar]” (c1) + [a] (c2)  (3.4)
where [[vr, v2]]* (1) = [v1]° (1) & [vs]” (1) = ¢1 @ cz. Then
[a:]" (i) = [ai]” ([w:]” (1)) = [as{vi/a:}]" (1)
Thus, Eq. (3.4) is equal to

lai{v1/z1}]" (1) + [ag{va/xo}]* (1) = [ar{vi/a1} + aa{va/xa}]" (1)
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as expected.
Case ((A\z.a)v =5 a{v/x})
[(Az-a)o]” (1) = [a]” ([v]" (1))
= la{v/=}]" (1)

(7i1) We proceed by induction on o. If @ = Unit or @ = a3 @ ay, the result follows
immediately from the definitions. The nontrivial case is where a = a; — «s. Then
v; = Az.a; such that, for all (v}, v}) € V,,, we have (a;{v}/z}, as{vy/x}) € V,,. Then there
exists (v}, v9) € V,, such that a;{v}/z} —* v/. By the induction hypothesis, [v/]* = [v4]",
and so by (ii), we have:

[ar{vr/23]" = [w]" = [v3]" = [aa{vs/=}]"

To show [Az.a;]* = [M\z.as]”, it suffices to show that for all basis elements b of [a1]”, we
have [a;]* (b) = [az] (b). This follows from (i) and the fact that ([b], [b]) € Va,:

[aa]” (b) = [ax{[0]/2}]" = [a2{[0]/2}]" = [a2]" (B).

where [b] is a valuation & such that [§]° (1) = b. |
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3.5 Typing rules and categorical semantics for \7c

Among the @-types, we also have . -types or symplectic types, are defined as follows:

o :=1Unit @ Unit | 01 @ 09 01,09 € types(.Y)

Lemma 3.5.1 FEach .-type has a canonical symplectic form:

F Wy 10 —0 0 —o Unit

satisfying:

4 P — ’. .
e WUmt@Umt[Tx,TzHTx,TZ] =r,r, —1rer, : Unit

4 / [ / /. .
Y Woy e [V1, V2] [V], V9] = We, 01V] — Wey Uy ¢ Unit

Proof We define w by induction on o as follows:

v(zh) —0
t1(w;) — case o' of i ,w) ,
. 1a(x,) = —x,7,
Wonit@unit = AT. AT . case = of ) .
, 1 (z,) — za
to(x,) — case x' of !
ta(x,) = 0
11 (7)) = woy 17
t1(r1) — case 2’ of i ,1) a1
. ta(zy) — 0
Wo oy = AT. AT . case x of ,
’ t(zy) — 0
to(x9) — case x' of , ,
12(T5) = Wy, ToTy

Next, Zc-types are defined by:

W :=Pauli | WeW

Each Zc-type corresponds to a symplectic type:

i
=
®
=

Pauli = Unit @ Unit WelW
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The Pc-expressions are given by:

ex=x|letxz=cine
| a| {a)e | e; xey | pou(e,r)
| case e of {X —e,|Z— e}
| t1(e) | ta(e) | case e of {11(x1) — €1 | ta(xe) — €2}

Closed Pc-expressions normalize to values of the form - 7 (r)v : W, corresponding
to elements of the subset Q[[W]]% C PHW]]%/ of the Pauli group discussed in Sec. 2.3 and

Sec. 3.2:

r ¢
DAL ) € Quupe

The reason for the (1) in [r]” (1) and [v]” (1) is that [r]” and [v]* are technically global
elements. Every % -expression is also a &c-expression with phase (0), and the * syntax
implements the condensed product from Sec. 2.3. Since A7¢ lets us express elements of
the Pauli loop (Qyy, *), expressions in A7 are not limited to projective Clifford operations
Qw — Q. This is the motivation for including the other morphisms in the category #¢
in Sec. 3.2. Again the language itself is very similar to its categorical semantics:

W)™ = Qv []7=e [z : W] = [W]™

Currently, A?¢ only supports at most one variable, meaning we consider Pauli contexts
of the form © = - or © = z : Q only, with [-]” = e and [e: W]” = Q. Recall that
concatenation of linear typing contexts corresponds to ® in the categorical semantics. It
is harder to imagine what the concatenation of Pauli contexts should correspond to in
P. Larger contexts would be required in order to define quantum operations higher
in the Clifford hierarchy, though we do not now how to encode the algebraic condition in
terms of the condensed encodings, which would arise in the typing rule for such operations.

A judgment x : W 7 ¢ : W’ with a free variable is interpreted as a morphism [e]” =
(1, %) in P, as we detail after giving the typing rules below. We first define a ¢’-expression
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e¥ satisfying z : W ¢ e¥ : W
¥ =2
(let z=ein € )¥ =let z =¥ in (¢/)¥
a’ =a
({a)e)¥ = e¥
(e1 * 62)1/’ =e1¥ + ey?
(pow(e,r))¥ =1 -e¥
)Y = case e of {t1(21) = a1 - exV | o) — o - ezw}
e)”
)

(caseeof {X—e,|Z—e,}

(e

(case e of {11(x1) = €1 | t2(m2) = e2})¥ = case e¥ of {11(z1) = e1¥ | t2(z2) — 2%}

_[”L

To simplify the notation in the typing rules, we write wy (e1, e2) in place of wyre;Yex?, and
since the equivalences that arise are always of type Unit, and declare:

OF e W  OF%e:W  OFa:Unit OF wyeVer? =a:Unit

O wy(er,e) =a

Finally, the typing rules for A”¢ are:

O=z:W OF"e: W x:WHE”e W
OFx: W OF”*letx=cine : W’
Ha W O+ ¢ : Unit OF%e: W
e W O+ (a)e : W
e W ey W e W r € Unit
E e ket W -7 pow(e,r) : W

O F7 ¢ : Pauli e, W e, W 7w (es,ep) =1
OF” caseeof {X—e,|Z—e}: W

@l—’%e:Wl @F'@CGIWQ
O F7 () : Wy e Ty O F7 1a(e) : Wy @« Wy
OF"e: W, eV, z Wi b7 e W' c Wi,z s Wo B wyi(e1,e2) =0
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Notice that there is no A introduction rule for Pauli types. This will be treated by the

non-linear typing judgment. Pauli typing judgments are interpreted as follows (again using
the shorthand [e]” = [© F7¢ e : W]7):

[z]7 = (0,idw)
[let 2 = e in '] = [¢']™ o [e] ™
o] = (0, [a]")
[(a)e] ™ = ([a]”) [e]
[er x e2]” = [el]” * [ea]
[pow(e, )] = [e] ™ o [r]*
[case e of {X = e, |Z2—e.}]”" = ([e.] " B [e.]™) o [e] ™
[ei(e)]™ = (0,25) o [e] ™

[case e of {ui(z1) — €1 | walza) = e2}]” = ([ea] ™ B [e2] ™) o [e] ™

where if f; : a; — ' is a morphism in & then f; H f5 : a3 ® as — ' is the map obtained
from coproduct universality, (f, B f2)(e1 @ e2) = fieq + foes.?

Then, soundness of A\¢ is used to prove:
Theorem 3.5.2 Ifx: W 7 e: W' then [[ew]]% € homo (W, W").

This theorem establishes that A”’¢ has the property we set out for: the non-phase part
of an expression with free Hc-variable is interpreted as a linear map that respects the
symplectic forms. Invalid (non-Clifford) expressions will not typecheck. Soon we will
define a closely-related nonlinear type [W —o W], the lifted type of projective Clifford
operations. Furthermore, since (one may show that) [[e“/’]]% = v where [e]” = (u, ), we
verify that the categorical semantics [—]” is well-defined.

Proof It is clear that [[eﬂ] ‘e hom¢ (W, W’). Using properties of the equivalence relation,
we prove below by induction on expressions z : W 7 e : W' that for all values - H* vy : W

2In other places in the thesis, we denote f; B fy by [f1, f2], but we avoid that notation here, since it
clashes with the ordered pair syntax in the language.
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and - F7 vy : W it follows that - F* wgm(e¥{v1/2}, e¥{v2/2}) = wyp(v1,v2). Then by
soundness for \¢, it follows that [[ed’]] respects the symplectic forms.

Case (e = x) Trivial.

Case (e = let y = ¢/ in ¢”) By Thm. 3.4.1, there exist values v} such that (¢/)¥{v;/z} | v!.
Then we get a string of equivalences:

(1ot y = (¢)*{ui/a} in (), Tet y = (¢/)*{u;/z} in (€")")

let y = o] in (¢")",let y = v} in (€")?)

(
(") {v /y}, (") {vs/y})
(

(U17U2)
() {vi/a}, ()" {va/a})
(v1,02)

by the induction hypothesis for ¢’ and ¢e”.

Case (e = (a)e/) Since ({a)e')¥ = (¢/)¥, the result follows directly from the induction
hypothesis.

w
w
w
w
w
w

Case (e = ;(€¢')) Because wy, a0, (Li(€1),ti(€2)) = wy, (€1, €2), we can see that

w (u((e) {vr/a}), () {va/2})) = w ((€) {vr/a}, () {v2/a}) = w (01, v2)
by the induction hypothesis.
Case (e=case e of {X—e,|Z—e.})
Let (e)%{v;/z} | [r¥,rZ]. Then
w (ew{vl/x},ew{vg/x})
=w (case (¢/)¥{vi/2} of {X—e,¥|Z—e.}, case (¢)?{va/a} of {X—e,¥|Z—e."})
=w (case [r{,r{] of {X > e, [Z—e,¥} case [r}, 5] of {X—e,Y |Z—e."})

=w(rf eV +rf e, 15 exV + 15 e.’)
By bilinearity, this value is equivalent to:

x,.T P P T,.2 P P Z,.% P P 2.2 P P
riTow (ex , Cx )+T1r2w (ex , €z )+r1r2w (ez , Cx )—I—T1r2w (ez , €2 )
— R L T ,.2

=w ([Tigv rﬂa [r%c» T;])
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Because we assumed (€/)¥{v;/z} | [r?, r?], this is equivalent to
w ((){v1/z}, () {va/a}) = w (vi,v9)

by the induction hypothesis for ¢/, as expected.
Case (e = case ¢ of {11(x1) = €1 | ta(x2) — ea})
Let (€/)¥{v;/x} | [vi1,vi2]. Then

w (ew{vl/x},ed’{vg/x}) = w(case (") {v1/z} of {u1(z1) — er’ | ta(xe) — ezw},

case (¢/)¥{va/2} of {11(21) = e1? | 1a(22) — egw})
= w(case [’1}1,1,1}172] of {Ll(xl) — €1w | LQ(.’EQ) — €2w} s

case [vg1,Vg,2] of {L1<.’171) = eV | (o) — eﬂ})
=w (61¢{Ul,1/$1} + ezw{m,z/xz}, €1w{U2,1/$1} + €2w{02,2/$2})

By the linearity, this is equivalent to

w (elw{U1,1/131}7 elw{vzl/xl}) +w (611/’{@171/3:1}, €2¢{U2,2/I2}>
+w (€2¢{U1,2/$2}7 €1¢{U2,1/$1}) +w (ezw{vm/ﬁz}, €2w{?}2,2/$2}) (3-5)

By the induction hypothesis of e;, w (e;¥{v1;/z;}, e;¥{va;/2;}) = w(v15,v2;). Further-
more, from the typing judgment we know that

w (elw{vi,l/xl}, egw{viyg/lg}) =0=—w (egw{?}i,g/ﬂfg}, elw{viyl/ml}) .
Thus Eq. (3.5) is equivalent to

w (Ul,la ’02,1) +w (U1,2> ’02,2) =w ([Ul,la ’01,2], [U2,17 Uz,z])

= w ((¢)"{v1/x}, (€")"{va/2})

By the induction hypothesis, this is equivalent to w (v, v3), as expected.
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3.6 Operational semantics for \7c

As we did with A%, we now define a step rule for closed A\?¢-expressions by specifying
[-reductions and allowing for reduction inside call-by-value contexts. The S-rules are:

let z = (r)v in € —g(r)e'{v/z}
(r') ((r)v) =(r" +rjv
((r1)vy) * ((ro)ve) —p(r1 + 12+ k)(v1 + v2)
k= s(v1,v2) 4 €(v1 + v2)
pow((r)v,r’") = 5(r'r + k)(r' - v)
k = sgn(r’ v)
case (1)[ry, ;] of {X — e, |Z— e} —p(r+ k)pou(e,,r,) * pow(e,,rs)
k =sgn(ry 1)
Li{r)v —g(r)i(v)
case (r)[vy, vg] of {11(z1) = €1 | ta(x2) — 62} —g(ryer{vi/z1} * ea{va/z2}
—n(0)v

By slight abuse of notation, we have written v in place of [v]* (1) as inputs to the functions
s and €, and similarly for the inputs to sgn. If d is odd, s, €, and sgn (hence the phase
corrections k) are trivial. If d is even, these functions s : V x V — {0,4}, e : V' — {0, ¢},
and sgn : Z/d'Z — {0, 4} are given as follows:

— o JO te{0,---,d—1} _ W(w, W)
SgW)_{ teld,--,2d—1} clw) =5

[\CIIsH

where V is the codomain of the interpretation [v]” of the relevant value v, V' is the extended
phase space, and w’ is the extended symplectic form, as defined in Sec. 2.3. Lastly,

w'(v1,v9) — w(vy, V)
2

s(vy,v9) = = sgn(w'(v1,v2)))

As in the case of A%, we have:

Theorem 3.6.1 \7C satisfies type preservation, strong normalization, and soundness.
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The normal forms for A”¢ have the form (r)v for ¥-values - F* 7 : Unit and - - v : a.

21)-

=

Example Consider the conjugation action of the single-qubit Hadamard gate H = %(
The projective H gate [H] is projective Clifford, and is expressed as:

x :Pauli F” case z of {X —[0,1]|Z — [1,0]} : Pauli (3.6)

This indicates that HXH' = Z and HZH' = X. Expression Eq. (3.6) is well-typed
because:

x:Unit @ Unit F wynicaumic[l, 0][0,1] = 1: Unit

since —1 =1 in Z/2Z, from which it follows that:

x : Pauli F7° wpayni([1,0],[0,1]) =1
as required for the formation of Eq. (3.6). Owing to the condensed encodings and condensed
product, we may express the fact that HY Hf = —Y in A”°. Since Y = A1y, We express

Y as (0)[1,1], just as we express X = Ap g by (0)[1,0] and Z = Ay by (0)[0,1]. Recall
also that X « Z = —Y, which is expressed by (1)[1,1]. Then HY H is expressed as:

case (0)[1,1] of {X —[0,1]|Z — [1,0]} —3 (sgn(1))pow([1, 0], 1) * pow([0, 1], 1)

= pow([1,0], 1) » pow([0, 1], 1)
—g (k)[1,1]

since sgn(1) = 0. The phase correction k is calculated as follows:
k= (1,0}, [0, 1)+ e([L,1) =1+ 0 =1
Therefore, the expression for HX H' normalizes to (1)[1,1], corresponding to i'!X'Z! =

—Y, as claimed. Notice how the annoying details about the phase correction are out of
sight and mind of the programming language user.
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3.7 Nonlinear types

Finally, we extend the Zc-type system to a linear-nonlinear (LNL) type system. This
has two main benefits. For one, it allows for standard programming language features
one expects to be available in any realistic programming language. These are needed, for
example, to define auxiliary functions when coding up the error mitigation circuit for a
stabilizer code. Secondly, allowing Zc-types to be lifted to nonlinear types is what we need
to finally define projective Clifford types. We do not specify a categorical semantics for the
full LNL system at this time, but we note that similar work has been done in this direction.
The lowering and lifting operations become the left and right adjoints, respectively, in an
adjunction between the linear and nonlinear semantic categories, and this idea has been
incorporated into the QWIRE langauge | ; ].

The non-linear types 7 are given by:

ruo=Unit | Xn|n+n|n—on| W] [W — W]

The type [W] is called a lifted Pauli type and [W; — Ws| is called a lifted projective
Clifford type. Note that W; — W, is not a valid type of any kind. Non-linear terms t have
the following syntax:

to= () | tl;tg | (tl,tg) | it | ol
| t1(t) | t2(t) | case t of {11(x1) = t1 | t2(xe) — 2}
| Azt | tite | [e] | [Az.€]

Nonlinear contexts have the form I' ::= - | T,z : 7. The nonlinear typing judgment
[' =T ¢ : 7 is given by the usual typing rules. We add new Zc-expressions:

ex=---|letx=tine|tje|caset of {1(x1) = e1|ta(x2) > e} |t]te

where - - - indicates the #c-expressions already defined. In addition to the nonlinear typing
rules, we also add:

Ly F%e: W iz WEe: W

I'F* Je] : [W] L' [Az.e] : [W — W]

CHE" ¢ [ LHET ¢ [ — Wh ;0% e: W
;- F7t: W ;0 te: Wy
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The Pc-typing judgment © 7 e : W is updated to accomodate the new expressions e
and a nonlinear typing context, so now has the form I'; A =7 e : W. The Pc-typing rules
are adjusted so that the context may always contain a nonlinear part I". For example:

;O ¢e: Pauli ;- F e, W ;- e, : W - B ww(es,ep) =1
[OF caseeof {X—e,|Z—e}: W

(3.7)
The non-linear values are:

v = () 101, 00) [a (') [ we@') [ Azt | [e] | [Az.e]

Note that for the values [e] and [Ax.e], the (closed) expressions e are not necessarily
normalized. We add the -reduction rules:

[e] =g e [Az.e]((r)v) =4 (r)e{v/z}
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3.8 Pseudocode examples

We now introduce some top-level syntax for the programming language. The syntax is
inspired by that of Haskell. In the d = 2 case, the Pauli matrices are:

1 X ::
2 X =

[
[

Pauli] 1 Y :: [Pauli]
[1,01] 2 Y = [[1,1]]

1 : [Pauli]

Z
2 Z = ]—[0,1]—|

1 I :: [Pauli]
I

) = [10,0]

The projective S gate acts by SXST =Y and SZST = Z. In A7¢ this is expressed:

1 § 83

[

Pauli —o Pauli]
Y]
z]

Lines 2 and 3 use pattern match syntax, which can be found in most functional program-
ming languages, such as Haskell, and resembles the “piecewise function” notation in math.
This program typechecks on account of the symplectic form condition being satisfied. On
the other hand,

1 illTyped :: [Pauli — Pauli]

> i11Typed [X
5 i11Typed [Z

X]
X|

does not typecheck since it does not specify a projective Clifford operation. For a multiqubit
example, consider the CNOT gate:

1 cnot ::

2 cnot
cnot
1 cnot
cnot

[ inl X = inl X * in2 X |
[ inl Z = inl Z 1
[ in2 X = in2 X ]
[ in2 Z = inl Z % in2 Z |

[ Pauli e Pauli —o Pauli e Pauli ]|

P | (CNOT)P(CNOT)!
X®I X®X
Z1 Q1
19X 19X
1827 7®7

Ultimately we will add support for polymorphism, so for example, the user will be able to
define the following function uniformly for all V1 and V2:

1 swap

2 swap [ inl ql
3 swap [ in2 g2

:: [ V1 @ V2 —0 V2 e V1 ]

in2 q1 ]
inl q2 |

The LNL type system allows for several useful constructs. For example, the projectivization
of a Pauli P is projective Clifford, since PQPT = ¢“(P@(Q, and we may let Pauli operators

act as Cliffords (by conjugation) using:
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pauliToClifford :: [V] — [ V — V |
pauliToClifford p | q = (omega p q) q |

We may also compose projective Cliffords in sequence and parallel:

compose :: [ V1 0 V2 | —» [ V2 —o V3 ] — [ V1 —o V3 ]
compose £ g [ q =g (f q) |

parallel :: [ V1 —o V2 | — [ V1’ —o V2’ | — [ V1 e V1’ —o V2 e V2’ |
parallel f g [ inl q = inl (f @) ]
parallel f g [ in2 g’ = in2 (g q’) ]

Example (Steane code) Finally, for a more complete example, we show how to code
up the syndrome preparation circuit for the Steane code. Recall that the Steane code is
a [[7,1, 3]]-quantum error correction code. More specifically, it is a CSS code formed from
using the Hamming code to correct both qubit flip and phase errors. The Hamming code,
in turn, is a classical binary [7,4, 3]-code with parity check matrix:

H—

O O =
O = O
= O O

1 011
1101
0111

The following stabilizers generate the stabilizer group for the Steane code:

S1=IRIRI®XR®X®X®X Si1=IRIRIRZRZIR/ZIRZ
Seo=10XXRI®I®X®X Si2=1R2ZRZI0IQZ®Z
Se3=XRIXRIX®I®X Su3=2@RI12Z0I0Zx1%7Z

The logical qubits are:

1
0y, = ﬁqoooooom +11010101) + [0110011) + |1100110)
+]0001111) + [1011010) + [0111100) + [1101001))
1
0), = %(|1111111) +]0101010) + |1001100) + [0011001)

+ [1110000) + [0100101) + |1000011) + [0010110))

Measurement of the observables Sy 1, Sx 1, and Sy 3 yields a 3-bit string y = b1babs € F.
This is the syndrome for X errors. That is, an X error occurred on qubit i € {1,---, 7} if
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and only if He; = y. Likewise, the syndrome for Z errors is obtained by measuring .S, 1,
Sy2, and S, 3.

Recall that an ancilla is an additional quantum register used as “workspace” during a
quantum computation. In stabilizer coding, an ancilla qubit is added for each stabilizer
generator, and measurement of the ancilla register is equivalent to that of the stabilizer
generators, and hence encodes the syndrome.

In the case of the Steane code, in order to correct the errors, besides the seven physical
qubits, one adds three ancillary qubits for the X error syndrome and three for the Z error
syndrome. It is standard to write down the quantum circuit for the syndrome measurement
on these 13 = 7 4+ 3 + 3 qubits. Rather than using the quantum circuit model, we show
how to code the same structure into A%c.

First we make a new Pauli data type to keep track of the three registers:3

pdata steaneType =
| Data (i :: FinNat 7) (p :: Pauli) -- physical data qubits
| BitFlip (i :: FinNat 3) (p :: Pauli) -- bit-flip ancillae
| PhaseFlip (i :: FinNat 3) (p :: Pauli) -- phase-flip ancillae

Here FinNat nis the (classical) type of natural numbers between 1 and n, inclusive. In stan-
dard functional programming style, Data, BitFlip, and PhaseFlip are constructors. There
is no recursion here, and in this case they are essentially used as one uses an enum. So
steanType is essentially syntactic sugar for:

(Pauli e ---ePauli) e (Pauli e Pauli @ Pauli) e (Pauli e Pauli e Pauli)

Next, we define

hammingSyndrome :: FinNat 7 — Bool X Bool X Bool
hammingSyndrome 1 = (1, 0, 0)
hammingSyndrome 2 = (0, 1, 0)
hammingSyndrome 3 = (0, 0, 1)
hammingSyndrome 4 = (0, 1, 1)
hammingSyndrome 5 = (1, 1, 0)
hammingSyndrome 6 = (1, 0, 1)
hammingSyndrome 7 = (1, 1, 1)
3As in Haskell, -- is the syntax for comments.
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and

1 syndromeBitFlips :: Bool X Bool X Bool — [ steaneType |

2 syndromeBitFlips (b1, b2, b3) = (if bl then BitFlip 1 X else I)

3 * (if b2 then BitFlip 2 X else I)

| % (if b3 then BitFlip 3 X else I)

5 syndromePhaseFlips :: Bool X Bool X Bool — [ steaneType |

6 syndromePhaseFlips (bl, b2, b3) = (if bl then PhaseFlip 1 X else I)
7 * (if b2 then PhaseFlip 2 X else I)
8 * (if b3 then PhaseFlip 3 X else I)

Finally, the ancilla preparation is given by:

i steane :: [ steaneType —o steaneType |

2 -— identity on X_a for ancillae a

3 steane [BitFlip i X] =1

| steane [PhaseFlip i X| »= I

5 -- maps Z_a to one of the six stabilizers

6 steane [BitFlip 1 Z] = Data 1 X % Data 4 X x Data 5 X x Data 6 X
7 steane [BitFlip 2 Z] %= Data 2 X x Data 4 X x Data 6 X % Data 7 X
8 steane [BitFlip 3 Z] = Data 3 X x Data 5 X x Data 6 X x Data 7 X
9 steane [PhaseFlip 1 Z| x= Data 1 Z x Data 4 Z x Data 5 Z x Data 6 Z
10 steane [PhaseFlip 2 Z| %= Data 2 Z x Data 4 Z x Data 6 Z x Data 7 Z
11 steane [PhaseFlip 3 Z| x= Data 3 Z x Data 5 Z x Data 6 Z x Data 7 Z
2 -— helper function describes whether an X or Z error occurred on d_i

13 steane [Data i X] *= syndromeBitFlips (hammingSyndrome i)
14 steane [Data i Z] *= syndromePhaseFlips (hammingSyndrome i)

Note that this program does not perform the error correction or measurement. It only
prepares the syndrome registers for measurement. The last two lines must be defined this
way in order for the symplectic form relation to check out. On the one hand, proving that
the program is correct seems to require additional pen-and-paper work. Namely, one verifies
that the conjugation action on Paulis of the standard ancilla preparation circuit agrees with
the tableau read off the program code. On the other hand, this design pattern could be
employed for other CSS codes, and one might write programs for implementing families of
codes using other features of the language, such as composability and polymorphism.
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3.9 Future work

So far, A7 pertains to multiqudit projective Clifford operations for a fixed choice of d.
This means that it does not allow for universal quantum computation. One way to fix this
is to allow for multiple values of d in the same program. By just allowing for d = 2 and
d = 4, one would allow for universal quantum computation. To see why, note that:

1
OS - ¢ 012,2

So (Cly—y, C'S) is universal by | |. On the other hand, (Cl s, Clj—y) = (Clj—s, C'S),
since the 2-qubit quantum Fourier transform may be synthesized as:

To achieve this, the system has to be regarded as consisting of two qubits at one time and
as one ququart at another. It would be practical to allow for more values of d as well. By
allowing for d = 2 4, and 8, the Toffoli gate is exactly synthesizable. Realizing a single
qudit system, with d = 2", instead as a system of n qubits amounts to taking a binary
expansion of the basis vectors, i.e. working with a fixed bijection Zyn — Z5. Correspond-
ingly, there is a change-of-basis between the two relevant operator bases for C2"*2". The
action of a projective Clifford operation for a single qudit on a multiqubit Pauli operator
may have exponentially many nonzero coefficients, and similarly in the other direction.
The challenge is to divert any explosive computations to the (future) quantum compiler.

We also expect to be able to treat different registers as qudits for different values of d, and
this is actually a much easier task, involving the central product construction for Pauli
groups. This functionality would be extremely practical for programming at a high level,
since many quantum algorithms are best regarded as acting on such hybrid systems. For
example, Shor’s algorithm has the form:

one qudit, d = 2" — QFT, ,_T_‘ QFTL —

m qubits LU |
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N

In this case U is not in the m qubit Clifford group, let alone the m qubit Pauli group,
so the controlled gate C'U is not in the Clifford group of the composite system. In the
case of Shor’s algorithm, U is modular multiplication by a constant, which is classical. By
allowing both generalizations, in which the change-of-basis can be applied to blocks of the
computation bordered both spatially and temporally, a simple (though perhaps inefficient)
way to synthesize U is with Toffoli gates, which are implemented by switching the second
register between acting as multiple qudits with d varying between 2, 4, and 8 throughout
the computation.

Another future direction is to add polymorphism and/or dependent types. In fact, two
kinds of polymorphism could be imagined. For one, we could allow for programs that are
specified for all values of d simultaneously. Many quantum algorithms generalize along
these lines, so it stands to reason that this would be a useful programming abstraction.
For example, the constructors X and z could stand for Paulis of the appropriate dimension,
and the * product would also change depending on the type of data. Secondly, we could
allow for the usual kind of polymorphism, for example allowing one to define a polymorphic
swap operation.

We are also curious to explore what would be needed to allow more than one free variable
in Pauli expressions. Ideally, we would like to be able to define operations higher in the
Clifford hierarchy. For example, the projective T' gate could be implemented as:

t :: [ Pauli —o Pauli —o Pauli |
t [ Z q = pauliToClifford Z q |
t[XX=Y

t [ X2z2=(1)Z ]

We are currently at a loss for how to certify these operations in terms of their condensed
encodings analogous to how we certify projective Cliffords, but we are curious whether this
could be achieved using results of Chen and de Silva | ]

Finally, our language does not yet have an implementation. There are various ideas for
compilers, for instance that integrate with PCOAST | ]

95



Chapter 4

Multiqutrit exact synthesis

Until this point, the only quantum operations we have studied are (projective) Clifford
operations, and our focus has not been on decomposing them, but on combining them
using programming abstractions. We now turn to the problem of circuit synthesis, which
asks how to decompose a given a unitary operation (not necessarily Clifford) over a given
gate set. Specifically, we consider the synthesis problem for multiqutrit unitaries defined
over the ring:
Z[ %7 62m'/9]

The single qutrit case was done in | ], where it was shown that Us(Z[3, e2™/9]) is
equal to the group of single-qutrit Clifford+D gates. In analogy, it was first shown in
[ | that UQ(Z[\%, i]) equals single-qubit Clifford+T, and later extended to multiple
qubits in | ].

Each of these results in exact synthesis establishes that a given set of quantum gates gen-
erates an arithmetic group. Such results are rare, and important connections between the
problem of synthesis and the theory of maximal orders, particularly of quaternion algebras,
have been established in | 1, [ |, and | ]. Beyond just an algebraic curiosity,
exact synthesis has practical importance. In the Solovay-Kitaev approximate synthesis
algorithm, the number of gates needed to approximate a unitary to precision ¢ was shown
to be O(log* %) where ¢ =~ 3.98. The Solovay-Kitaev algorithm does not give insight into
the structure of the circuit, and the constant c is far higher than the information theoretic
lower bound of 1. Since the Solovay-Kitaev algorithm is not exact and does not lead to a
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better bound for ¢, the exact synthesis program was born. Recent improvements lower ¢ to
around 1.7, and in practice, the best-known synthesis algorithms are a hybrid of approxi-
mate and exact synthesis, employing exact synthesis methods as subroutines by rounding
off matrix entries into a ring.

Our method somewhat follows that of | |, but relies crucially on other ingredients, such
as catalytic embedding, which was defined in | |. Catalytic embedding eliminates
9th roots of unity in favor of 3rd roots, at the cost of introducing one ancilla:

Usn (2[5, €*™°)) = Ugna (Z[5, 7))

This reduces the problem to synthesis over Z[%, e?™/3]. We show that all such unitaries
may be synthesized using multiqutrit Clifford+R gates. There is technically a question
of synthesizing the catalyst, a magic state that must be initialized in the ancilla register.
Since the catalyst comes out of the computation unaffected, it can be reused, thereby
minimizing the problem. Then, we employ techniques developed in | ]. We recall
that localizing Z[w] at 3 is the same as localizing it at y = 1 — w. From there, we use
the smallest denominator exponent for x as a cost function on unitary matrices, which
is reduced to zero by successive applications of 3-level unitaries from Clifford+R, (which
have entries in Z[,e*™/3]). Then, as we show, this condition implies that the resulting
matrix is essentially the identity.

The 3-level unitaries should not be confused with single-qutrit gates. Instead, these are
unitaries acting nontrivially on a coordinate subspace of dimension at most 3. These are
factored into multiply-controlled Clifford4+R gates, for which results from [ | are em-
ployed to synthesize them over Clifford+7T'.

Thus, building on previous results, we prove:
Theorem 4.0.1 Us.(Z[1,*™/9]) is synthesizable over Clifford+T using 2 ancillas.
We also note that the proof itself is the synthesis algorithm.

Author contributions The results in this chapter are joint work with Amolak Kalra,
Manimugdha Saikia, Dinesh Valluri, and Jon Yard | ]. Each of the five authors
made meaningful contributions to the work. The problem was suggested by Jon Yard.
Most of the calculations were done as a group over Zoom, under the guidance of Dinesh
Valluri.
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4.1 Qutrit gatesets and controlled gates

Let ¢ = €2™/? and w = e*™/3. We work the following single-qutrit gates previously consid-
ered in | E

L1 <00 (-1 0 0
H=— (1 w «?| Dype=[0 ¢ 0| Ruvw=| 0 (=1)* 0
V=3l W ow 0 0 ¢ 0 0 (=1

Among these, three important ones are R = Ryo1, S = Di12, and T' = Dj19. Then
Clifford+D refers to the gateset consisting of H, D, ., and R, , ., ranging over all values
of a,b, c;u,v,w, or to the group generated by these gates. Next, Clifford+T comprises of
H, S, and T, and finally, Clifford+R comprises of H, S, and R.

We now show some important gates generated by the Clifford+ R gateset. First notice that
H is —i times the 3 x 3 quantum Fourier transform. So we obtain the X gate:

X =H'ZH =

S = O

0 1
00
10
Using X, we may cycle the rows and columns of any matrix, so we get the following 1-level
gates of interest:
diag(1,1,-1) =R diag(—1,1,1) = XRX' diag(1,—1,1) = X'RX
diag(1,1,w) = S diag(w,1,1) = XSXT diag(1,w,1) = XTSX

By multiplying across the diagonals, the product of the matrices on the top row above is
—1. We then get the following 2-level gates:

1 00 00 1 01 0
—H*>’=10 0 1 ~XH*X'=1(0 1 0 ~XTH?X =11 0 0
010 100 00 1

The multiqutrit analogs of Clifford+ D, Clifford+7', and Clifford+ R are defined by letting
the single-qutrit versions act on all registers and also including controlled X gates:

I 0 0
CX |z)|y) = |z) |z + y) CX=10 X 0 |=IoXaX?
0 0 X?
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In Thm. 4.4.3 and elsewhere, we call for 3-level unitaries of type H or S, 2-level unitaries
of type (9}), and 1-level unitaries of type —1 and w. The calculations above show that in
this situation it suffices to consider unitaries from the (multiqutrit) Clifford+R gateset.

We will later also consider multiply-controlled U operations where U € Uj. These are
defined analogously. Explicitly, the multiply-controlled U operation C;U € Usi+1, which is
controlled by the first ¢t qutrits and targets the last qutrit, satisfies the inductive formula:

CtU = [3t S5, thlU D thlUQ CoU =U

We do indeed find it helpful (when dealing with Gray codes) to think of these in terms of
block matrices. The constructions of qudit controlled gates and multiply-controlled gates
are standard, and can even be easily generalized to composite systems whose constituents
have different dimensions from each other. As a small cautionary example, C® could be
viewed either as a 3-qubit system or a ququart-qubit system. The doubly-controlled U gate
(Toffoli if U = X)), pertaining to the first case, is different from the ququart-controlled U
gate, pertaining to the second case. These are

I 1

and

repsectively.
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4.2 Catalytic embedding

One ingredient to multiqutrit exact synthesis is catalytic embedding. In this section we
explore possible generalizations using standard tools from number theory.

Consider a tower of integral domains

R CRyCR3C---

with each Ry a finitely generated free Rj_;-module of degree d, where d is constant with
respect to k. Suppose further that each Ry has a primitive element z, € Ry, that is:

R, = R, [Zk]

Since Rj_1 is an integral domain, the minimal polynomial f; of z; over Ry_ is well-defined.
It follows that {1, z, - - - ,z,‘f’l} is an Rj_q-basis for Ry; it is called the power basis.

Recall that an algebraic number field is a finite extension of Q. A monogenic field is an
algebraic number field K for which there exists z € K such that Ox = Z[z], where O
is the ring of integers of K. For example, if { is a root of unity, then the cyclotomic field
Q(¢) is monogenic, owing to the nontrivial fact that Oq) = Z[¢]. Another example is the
real subfield Q(¢ 4 (1), since similarly, we have Oq(¢y¢c-1) = Z[¢ + (7']. Now, if

KiCKyCK3C---

is a tower of monogenic fields, then their rings of integers Ry = Ok, satisfy the above
property (provided the relative degrees are all d).

Now fix a positive integer N and unitaries Ay, € Uy(Ri_1). Suppose each Ay has an
eigenvector |\ ), with corresponding eigenvalue z, and that for each k, we have a function:

¢k Un(Ri) = Uan(Ry—1)
d—1
U Y A@A

1=0
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where, since each Ry is a free R_i-module, Ay, --- , Ay_1 are the unique matrices over Rj_;
satisfying U = >~ A;2F. Then the data ((¢x, |A\c)))32, constitutes a catalytic embedding if:

S(U)(10) [Ae)) = (U [4)) [Ae) for all [) € C¥ (4.1)

Since zj, is an eigenvalue of a unitary, z; € U(1). So far we have only assumed that zj is
algebraic over Kj_1; it might not have finite order, but for simplicity, let us now assume
that it does. Thus, we restrict our attention to the case where each ring is a cyclotomic
extension of the previous. There is still flexibility in the base ring R;, and figuring out
what this ring “should” be is intimately related to the single qudit exact synthesis problem.

The minimal polynomial for z, over Rj_; is equal to the characteristic polynomial for A,
over Rj_; since each is a monic degree d polynomial fj over Ry_; satisfying fp(zx) = 0,
and the minimal polynomial is irreducible. Explicitly, by uniqueness, we have:

fe(z) = 2% — 28 € Ry_y[7]

It follows that z,‘j € Ry_1. Dueto the Rj_;-module isomorphism Ry = Rﬁ_l, the multiplication-
by-z; endomorphism on Ry is represented by the companion matrix Cj, for fy:

z,‘f dxd

Now, Cy is diagonalized by the Vandermonde matrix, i.e. Cy = V"' D}V, where:

D VA )‘Zﬂl Ak
1 Ao oo A k2

vi=|. “lerrd D= . € R
1 >\k,d s /\Z,_Z\} )\k,d

The roots of f; are \; = zk{’c’l where (4 = e2mi/d_ Notice that Vi and Dy, have entries in Ry
whereas (', has entries in R,_;. Now, since z; is a root of unity, the matrices Cj and D;
are unitary; ﬁVk is unitary but the rescaling may mean that its coefficients are no longer
in Ry. If d is an odd prime p, then the normalized Vandermonde matrix has coefficients in
Ry, provided that Ry contain 1/p, due to the Gauss sum:

pz_icnz_{\/ﬁ :p=1mod4
P o —
Pt vV—p :p=3mod4
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In practice one may use C}, itself as the catalyzing matrix A, provided that C}, satisfies the
catalytic condition Eq. (4.1), and use 2z, = (g = i/ Related examples can be found
in | ].

There might exist catalytic embeddings where z; has infinite order, despite being an alge-
braic integer lying on the unit circle. Sadly, the ring Z[¢ + ('] cannot be involved in a
catalytic embedding since it does not have a generator lying on the unit circle.

In this setting, it is convenient to define the norm and note a few of its properties. Let
R C A be integral domains, with A a free finitely generated R-module. Each z € A defines
a multiplication-by-z map m, : A — A, allowing us to define the norm (and trace):

NA/R(Z) = detR(mz) TI’A/R(Z) = TFR<TI’LZ)

Then Ny/gp : A — R is multiplicative and N4/r(1) = 1. It follows that if v € A* then
Na/r(u) € R*. The converse is also true. By the Cayley-Hamilton Theorem, each z € A
satisfies its characteristic polynomial 2% 4+ c4_12% ' + -+ F iz + Na/r(z) € Rz], so if
NA/R(Z) € R*, then,

+z

1=
Na/r(2)

(20 g2 F )

Hence z € A*. In other words, units are detected by the norm function.

The rings we consider are always the rings of integers of algebraic number fields R = Ok
and A = Op with respect to a field extension F//K. Since the ring of integers is an order,
ie. I'= K ®z Op, it follows that No,. /o, is just the restriction of the field norm Np/x.

We are of course most interested in cyclotomic fields, which are always Galois extensions.
For a Galois extension F'/K, the norm is the product of the Galois conjugates:

NF/K(Z) = H ZU

oe€Gal(F/K)

A coincidence relevant for qutrit exact synthesis is that Ng(c,)/q is just the square of the
ordinary absolute value function on C (restricted to Q((3)).
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4.3 The cyclotomic polynomial

Let N be a positive integer, w = €>™/V_ and y = 1 —w. The Nth cyclotomic polynomial

® is the unique integer polynomial that divides X — 1 but not 2% — 1 for any k < N.
Recall that C is an algebraically closed field, meaning we have the following factorization:
N

xN—lzn(x—wk)

k=1

The roots of @y are precisely the principal Nth complex roots of unity, so:

Oy (z) = H (x — wk)

ke(Z/NZ)x

Putting these last two equations together, one arrives at:

XN =1 =] ®al=)

AN
From here, one easily proves that:

By(1) = p : N = p" with p prime
1 : N has distinct prime factors

We now specialize to the case that N = p™ with p prime. It follows that
p=on(1) = x*Mu

where ¢ is the Euler totient function and w is defined as follows:
k

l—-w «
u = H 1_w€Z[w]

1 u! 1 x
p ™ and X

we have established the equality of the following localizations:
2[so] =2 [t
p X

In the N = 3 case, pertinent to qutrits, these are also equal to Z[\/%, w], since (“’7)2 = —

N
Wl
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4.4 The smallest denominator exponent

27i/3

We now specialize to the qutrit case. Set w =e and y =1 —w.

The smallest denominator exponent sde(x) of x € Z[%, w] is the least non-negative integer
f such that x/x € Z[w]. Since ®3(z) = 2® + 2 + 1, we have a well-defined homomorphism:

P Zw| — Z/3Z
9(w) = g(1)

Using the fact that Z[z] is an integral domain, it is easy to see that:

(i) g € xZ|w] if and only if P(g) = 0; and

(ii) g € x*Z[w] if and only if P(g) = 0 and P(¢") = 0.
Technically, if g € R[w], its formal derivative ¢’ with respect to w is not well-defined, but if
we first lift g to g € R[z], then we may define ¢’ € R[z|, and then §'(1) doesn’t depend on

the lift modulo 3; this observation is required to make sense of the expression P(¢g’). For
a more general treatment of derivatives mod p in this setting, see | .

Since we work with unitary matrices, we make use of the complex conjugation and absolute
value operations on C. The squared absolute value restricted to the ring Z[w] is Z-valued:

|- *:Z[w] = Z

Using the relation w = —1 + ‘?i, one finds that (in the N = 3 case only) | — |* coincides
with the norm Nz, ,z. The absolute value operation extends to vectors as usual. That is,

o> = |a]* + b]* —a- b (4.2)
holds for all v = a + bw € Z[w]", where - is the dot product on Z¥. We also extend the
definition sde(v) = max{sde(v;),--- ,sde(vy)} from ring elements to vectors v € Z[i,w]N.

Lemma 4.4.1 For any z = a + bw € Z[w], we have P(2)? = P(2%) = P(|z]?).
However, the expression P(|z|) might be nonsensical since generally |z| ¢ Z[w].
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Proof The first equality holds since P is a ring homomorphism. For the second equality,
let z =a+ bw € Zw]. Then:

22— |2]* = 3abw + b*(w? — 1)
so the result follows by substituting w — 1 mod 3. |

Lemma 4.4.2 v € Z[w]|V is a unit vector if and only if it has exactly one nonzero entry,
which is a 6th root of unity.

Proof Exhaust Eq. (4.2) and use the relation 1+ w + w? = 0. ]

Definition U € Uy is a d-level unitary of type M if it acts nontrivially on at most d
standard basis vectors and the corresponding submatrix is M € U, for some ¢ < d.

Theorem 4.4.3 For all positive integers N and U € UN(Z[i,w]), there exists a sequence
Uy, -+, Ug of 3-level unitaries of type H, S, (9}), —1 and w, such that Uy ---UpU = I.

For definitions of the matrices H and S, see Sec. 4.1.

Proof Let u be the first column of U and let f be a positive integer such that v = yfu €
Z[w]N. Then since f > 0 and y = 1 — w, by Lem. 4.4.1, we have:

m

Y Pw)?=P(vf*) =P(x[*) =0€Z/3Z (4.3)

=1

It follows that the number of indices i € {1,---, N} such that P(v;) # 0, i.e.such that
sde(u;) = f, is a multiple of 3. If sde(u) = 0, then by Lem. 4.4.2, u has a single nonzero
entry, which is a 6th root of unity. Then by applying 2-level unitaries of type (9}) and
1-level unitaries of type w, we may transform u into the first standard basis vector. This

has the effect of transforming U into a block matrix with 1 in its top-left corner:

1
Ul"'UkU:( U’)

It therefore suffices to transform w into a vector of smallest denominator exponent 0. We
proceed by induction on |5 ].
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Base case: Since N =1 or 2, it follows from Eq. (4.3) that P(v;) = 0 for each i € {1, N},
and hence f > sde(u). Since f was an arbitrary positive integer, sde(u) = 0.

Induction step: Now fix f = sde(u) > 0. Without loss of generality, assume f = sde(u;)
for i = 1,2,3. We may force P(v1) = P(v2) = P(vs) = 1 by applying 1-level unitaries of
type —1 if necessary. Now the truncated vector u; 23 € Z[%,w]3 satisfies:

W2 (W w2 U1 + Vg + w3
2
HS"uy 03 = i |we | = [ o tw + v§w a€Z/3Z
X W3 v + U2(JJ2 + U§+1w

Note that wy, wy, w3 € Z|w]. Lift these to g1, g2, g2 € Z[z]. By the Leibniz rule,

gy = v} + vl + azx® vy + 204
/ / / 1 2,/
gy = V] + vg + zvy + (a + 2)x" g + 2Ty

gy = V) + 220y + 270 + (a + 1)z%v3 + +2* o)
It follows that:

Plgy) = P(gh) = Plgs) =a+> P}

By choosing a to make these 0, we find that w € x*Z[w], and so:
SdG(HSaULQ’g) = f —1
We have only reduced the SDE of three entries that had the same SDE as u. If others

remain, we repeat this process until we transform u into a vector v’ with sde(u’) = sde(u)—1.
Then we repeat the entire process in order to lower the SDE to 0. [ |
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4.5 Gray codes

We now show that a three-level unitary U of type U = H, S, (9 $), =1 or w can be syn-
thesized in terms of X gates, multiply-controlled X gates, and a single multiply-controlled
U operation on the last qutrit. To this end, we use Gray codes to obtain a factorization

U =GUG! (4.4)
where U’ = C,_,U is the multiply-controlled U operation targetting the last qutrit and

controlled by the first n — 1 qutrits, and G is a product of multiply-controlled X gates and
single-qutrit X gates.

Given two n-trit strings s, ¢t € (Z/3Z)", a Gray code taking s to t is simply a walk from s to ¢,
where two strings in (Z/3Z)" are deemed adjacent if differ in exactly one coordinate. Since
U is a three-level unitary, let r,s,t € (Z/3Z)"™ be distinct such that if U acts nontrivially
on computational basis vector |u) then u € {r,s,t}. Then choose two Gray codes:

r=g1 > g, =1t
s=hi— > h,=1
Without loss of generality, ensure that g, 1 # hy_1, and in fact, make it so that:

Ga—1 = (07 7070)
hot = (0,---,0,1)
t=(0,---,0,2)

Consider a step g; — g;+1 in the first walk. Then
9i — Gi+1 — A€ = (07 ,O,CL,O,"' 70) S (Z/Sz)n

where the difference a € Z/3Z ~. {0} occurs on the kth trit for some 1 < k < n. Then let
V; be the unitary that fixes all computational basis states |x) except that it cycles:

‘gz> = ‘gz + ae, = gi+1> — \gz + 2aek) — |gz>
A circuit for V; is given in Fig. 4.1. Repeating this process, we obtain quantum Gray codes

) = lg1) == [ga) = [t)
|s) = |ha) = o [y) = [2)
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1"
!

X 1-9ik-1 X Yik—1—1

kth qutrit

Xl_gi,k+1

il
x

Xgi,n -1

Figure 4.1: A unitary V; fixing all except the kth qutrit, which it cycles mod 3.

implemented by unitaries V =V, ---V; and W = W, --- Wy, respectively, each composed
of X gates and multiply-controlled X gates. By design, G = WV satisfies Eq. (4.4).

Finally, [Y'W22] is used to synthesize the multiply-controlled X and U gates over Clifford+T
using at most one ancilla. It follows that every U € Usn(Z[3, €2™/3]) can be exactly syn-
thesized over Clifford4+7 using one ancilla, and finally that every U € Usn(Z[3, €>™/9)),
hence all Clifford+D gates, can be exactly synthesized over Clifford+7" with two ancillas
provided the catalyst.
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Chapter 5

Operations defined on categories

In Ch. 2 we investigated generalized Heisenberg groups and the equivalent structure en-
coded by their phase space through the symplectic form. Our goal is to show, in Ch. 6, that
the theory of symplectic forms can be carried out in any sufficiently structured category.
In this chapter, we study the structures and properties that such a category needs.

The microcosm principle | | suggests that in order to internalize the notion of duality,
one must first go to the appropriate categorification. Pontryagin duality is an example of
the kind of internal duality we're after, due to its role in the theory of symplectic forms
on locally compact abelian groups | |. Another example is the dual vector space
construction. The former is more subtle, because the dualizing object for locally com-
pact abelian groups is U(1), different from its tensor unit Z. This leads us to consider
star-autonomous categories (as in | |), particularly in the case where the linear dis-
tributors are isomorphisms.? We find that the theory of star-autonomous categories, at
a high level, revolves around the negation adjunction; this is the categorified notion of
duality in question.

Recall that in the definition of group, the associative law is motivated by abstracting this
property of morphism composition; trivially, every group may be realized as the automor-
phism group of an object in some category. In analogy, linear distributivity is the key to
formulating an abstract notion of duality. Associativity, as it turns out, is irrelevant to the
theory of duality, despite what one might expect based on the presence of the associator
in the definition of adjunction. Indeed, the more general concept of a linear adjunction, as

'From the perspective of linear logic, this case is sometimes considered degenerate.
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defined in | |, does not involve the associator. The associator in the definition of ad-
Junction is just a degenerate case of the linear distributors when ® =2 9. With this insight,
we carry out the theory of star-autonomous categories without relying on an associative
structure. Our lack of reliance on associativity marks a major difference from existing
accounts of monoidal and star-autonomous categories found for example in | ] and

[Bar95)].

Negation is then seen to be a magmal adjunction in the ambient bicategory CAT. We
mainly consider just magmal adjunctions, but note that Kelly’s framework of doctrinal
adjunction | | allows for several variants (magmal adjunctions, monoidal adjunctions,
etc.) to be treated uniformly by realizing the corresponding kind of category (magmal,
monoidal, etc.) as a 2-monad | ]. Magmal adjunctions are a joint generalization of
de Morgan duality and homomorphisms of (non-associative) algebraic structures. In our
approach to linearly distributive categories, we find that three possible levels of coherence
of the negation adjunction determine the important features of the category, relating for
instance to finite dimensionality of vector spaces. Using Mac Lane’s Parameter Theorem
[ ], we find that an important currying formula arising in the theory of symplectic
forms holds even without assuming the full level of coherence.

Dropping associativity highlights which parts of the theory do have interactions with as-
sociativity. These reveal, for instance, profound interactions with enrichment and the
question of whether objects in a category are determined by their global elements. We for-
mulate these concepts rigorously in order to instantiate the framework of Ch. 6 at our ex-
ample categories of interest. Furthermore, although most of the theory of star-autonomous
categories | ; ; | stays intact, we find a stratification between de Morgan
duality and nuclearity. This implies that in the non-associative case, the category has
separate left and right nuclei.
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5.1 Subobjects and generalized elements

In this section we investigate subobjects, global elements, and connections between these
concepts. The subobject preorder is a standard construction in category theory, so we
mostly write about it here to provide context and introduce notation. We also note that
if € is preabelian, then its subobject preorders are lattices and the two equivalent defi-
nitions of the direct sum (internal and external) are still present in the abstract setting.
This relates the biproduct (direct sum) on % to the meet and join of its subobject preoders.

By the Yoneda lemma, every category % embeds into the category of presheaves on &
[ ]. Intuitively, the presheaf X, (X) = Hom¢(—, X) for an object X collectively ac-
counts for the generalized elements x : Y — X of X, naturally varying across all stages of
definition Y. The theory in Ch. 6 involves an interplay between these generalized elements
and so-called global elements. The latter are morphisms of the form x : T — X where T
is a fixed stage of definition. Fixing the stage of definition makes the functor Home (T, —)
too forgetful to be useful, but this can sometimes be fixed using enrichment. In Sec. 5.1.2
we give examples of the enriched functor homy (T, —) and explain how this can in some
situations serve as a substitute for the Yoneda functor .

In Sec. 5.1.3, we investigate the interaction between enriched global elements and subob-
jects. We also introduce various forms of a subobject aziom, which ends up arising in Ch. 6
in the proof that maximally isotropic subobjects are coisotropic.
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5.1.1 Subobjects

Let W be an object in a category ¥. An object in the slice category € | W is a morphism
x:Q — Win %, and a morphismin ¢ | W fromz : Q — W toy : P — W is a morphism
¢ :Q — P in ¥ subject to the commutativity of the following diagram:

Q—>P

N/

It is convenient to identify a morphism ¢ : z — y in ¥ | W with its underlying morphism
¢ :Q — Pin €. We often require  and y to be monic, and so we instead prefer the full
subcategory SUBg (W) of € | W on monic objects x, called the category of subobjects of
W, whose name will be justified momentarily. Morphisms in SUBy (W) are automatically
monic, and we may alternately define SUB4 (W) = monos(%’) | W where monos(%’) is the
subcategory of € consisting of the monomorphisms.

A preorder (or preordered set or proset) is a category in which for any two objects x
and y, there is at most one morphism  — y.? There are two conventional meanings
for SuB¢(W), | ]. We have chosen to define SUB4 (V) as a preorder, but it is also
common to consider its partially ordered set (also known as a poset or partial order) of
isomorphism classes | ).

Because SuB4 (W) is a preorder and W is fixed, in the literature one may see an object
x: @ — W abbreviated as @Q | ]. This will be too confusing in our application, but the
notation = : Q — W is too cumbersome, so we will introduce an intermediate shorthand.
Instead of x : Q@ — W, let us write x : [@Q]w. Since given another y : [Q]w, we necessarily
have = = y, we usually may as well omit x from the notation. Moreover, we always fix W
first and work within SUB¢ (W), so we may also omit W. Thus, we write [Q|w, = : [@)],
or even [(Q] in place of x : [Q]w. Despite the omission of “z”, the notation [@] implicitly
refers to a specific monomorphism z : () — W as opposed to an isomorphism class. Writing
(@] is not too far from the conventional shorthand of writing @, but it has the benefit of
clarifying that we are working in SUB¢ (W) rather than %. This will be necessary because
we will work both with objects of ¢ and with objects of SUB4(W).

2We are ignoring size issues, i.e. not distinguishing between category and small category, etc.
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Along the same lines, instead of writing ¢ :  — y for subobjects z : [Q] and y : [P], we
write ¢ : [ C P] or even just [ C P]. This notation also stands for the statement that
such a morphism in SUB(V) exists. If ¢ : [Q C P] and ¢ : [P C Q] then ¢ and ¢ are
mutually inverse, and we write [(Q = P|. This equals sign only indicates an isomorphism
[@Q] = [P], but it is intended to remind us that when % is a familiar category, [Q = P]
means the subobjects are strictly equal. For instance, the groups 0 @ Z/2Z and Z/2Z & 0
are isomorphic but non-equal subgroups of the Klein 4 group G = Z/2Z $Z/2Z. They are
isomorphic in GRP but their inclusion maps are not isomorphic in SUBgrp(G).

The product of [@] and [P] in SuB¢ (W), if it exists, is called the intersection of subobjects
in ¢, and we denote it by [Q N P]. Thus, QN P is the domain of [Q] x [P], where x denotes
the product in SUB4(W). Likewise, the union is defined [Q U P] = [Q] + [P], where + is
coproduct in SUB¢(W). Explicitly, these are defined by the universal diagrams:

0] @ — [QuPl — [P
Q —[@nP — [P 4

The following example requires some caution: in € = R-FGFMOD, [QNP] = [Q] x [P] is the
intersection of submodules [Q] and [P], just as one expects. However, [QU P| 2 [Q]+[P] is
neither the union of submodules [@Q] and [P] (which is not a submodule, hence ill-defined),
nor the subobject whose domain is the coproduct of the domains () and P (which is not
only the coproduct, but the biproduct @ & P in ¢, and more concretely is the direct sum).
Rather, it is the R-span of the setwise union of the submodules [@Q] and [P].

Unraveling definitions, the intersection can also be defined as a pullback in %, as seen in
the diagram on the left of Eq. (5.1) below. It is less immediate to see that the union is
a pushout defined in terms of the intersection, when it exists, as seen in the diagram on
the right of Eq. (5.1), but the proof is a standard exercise | ; |. Thus, from the
perspective of 4, union and intersection aren’t “dual” notions.® This is because we have
already introduced some “bias” by considering subobjects as opposed to quotients. One
may define dual notions of “co-union” and “co-intersection” in the category QUOT, (W)

3 A manifestation of this non-duality is that lists and streams (which are quite different) over an alphabet
A are the inital algebra resp. final coalgebra of the combinatorial species X — 1+ A x X | ; ].
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of quotients, the full subcategory of the coslice category W 1 € on epimorphisms.

U
\AQQP P QNP —> P
l ! l ! (5.1)
Q—V Q — QUP

~

U

The existence of intersections therefore follows from the existence of pullbacks in %, and
the existence of unions follows from the existence of pullbacks and pushouts in €.

Our primary interest is in categories ¥ that support a good theory of symplectic forms.
As we will later see, such categories are, among other things, preabelian. These categories
have all finite limits and finite colimits, in particular finite pullbacks and finite pushouts.
Therefore if € is preabelian, then SUBy (W) is a lattice, and one finds that its top and
bottom elements [W] and [0], respectively. Note that in our examples of interest, SUB« (W)
is not Cartesian closed, which implies % is not a topos (despite being fairly close).

Theorem 5.1.1 Let € be a preadditive category with finite pullbacks and finite pushouts.
Let W € ob(%) and consider subobjects [Q],[P] € ob(SuBg¢(W)). Then W = Q & P] if
and only if QU P =Q ® P] and [Q NP =0].

Recall that there are two standard formulations the direct sum of R-modules, which are
easily proved to be isomorphic. First, the external direct sum Q @& P of R-modules Q)
and P is defined by giving the canonical R-module structure to the Cartesian product
set @ x P ={(q,p)|q € @ and p € P}. Second, an R-module W is called the internal
direct sum if they sum to the whole, i.e. W = {¢+ p|lq € Q and p € P}, and have
trivial intersection Q N P = 0. The definition of the categorical biproduct & can be seen
as an abstraction of the external direct sum. This theorem generalizes (internalizes) the
equivalence of these two formulations of the direct sum under suitable hypotheses.*

Proof Assume [W = Q@ P, i.e. that that Q® P = W in €. We will show that [Q & P =
QU P]. Uniqueness of inclusions implies that the composites of the arrows in the following

4Plenty of other such “internal vs. external” definitions exist, but the theorem may not apply, since €
might not be preadditive with pushouts and pullbacks, e.g. disjoint union of sets, direct product of groups.
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diagram are just the biproduct injections i1 : Q > Q@ P and iy : P = Q & P:

Q] — [QUP] «— [P]

|

Q& P

Now take the underlying diagram in %, and put in the biproduct projection maps:

R4

Qo P

By the biproduct property and preadditivity, idgep = ujim + ujome = u(jim + jama),
so u is a monic split epimorphism, hence an isomorphism in €. It is of course also an
isomorphism in SUB¢(V), that is, [Q U P = Q & P]. To see that [Q N P = 0], use the left
square in Eq. (5.1), or since we have established that [Q U P = Q @ P], the right square.
With morphism names as in the following diagram (left side), left-multiply both sides of
11T = 19Ty by 7 to get 7 = w117 = w197 = 0 by the biproduct relations.

QNP —2— P QNP —2— P
ﬁl liz — ﬁl liz

Since 7, = 0, it follows that [@Q N P = 0]. Conversely, suppose [Q U P = W] and [Q NP =
0]. Then right diagram of Eq. (5.1) expresses that W = @ + P. Since ¥ is prebelian,
Q+P=Q®P,andso [W=0Qd P|. [ |
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5.1.2 Global elements

One often finds that objects are “determined by their elements” in a given category. For
instance, extensionality states that sets are determined by their elements. On the other
hand, schemes do not have this property, (c.f. Example 4 below). We rigorously formulate
the property of global elements being sufficient, and in doing so, we find that it is not a
property of individual objects in a category, but is additional structure on € that applies
collectively to all the objects of €. To apply the result to a particular category %', one must
first identify an appropriate enrichment category .# and forgetful functor U : # — SET.
Typically, both U and the plain (unenriched) Hom functor El = Homg(T,—) : ¢ —
SET are easily recognized to be faithful. In fact, faithfulness of El, which one might
call morphism extensionality with respect to global elementhood, likely encapsulates one’s
intuitive understanding that “objects are determined by their elements” in a given category:

Ve er X. fr=gx = f=g (5.2)

Here we have used the notation z €1 X to refer to a morphism = : T — X. If Eq. (5.2)
holds, each identity morphism idy is “determined by its values” idxx = x on global ele-
ments x €1t X. Since a morphism f = (dom f,codom f,data f) “remembers” its domain,
intuitively we expect X to be “determined by its global elements”. One finds, however,
that faithfulness of El is not enough. Recall that a functor is full and faithful if and only
if it is an embedding. This is the key property that enables proofs in which structure is
reflected from a codomain category % back to a domain category €. Intuitively, in order
for J# to be a suitable enrichment, the enriched hom functor el = homy(T,—) : ¢ — %
must be full and faithful.> The challenge is then to identify .#" and prove the fullness of
el.

Let £ be a monoidal category, € a category enriched over ¢, and T € ob(%).

Suppose we have a full functor el : ¥ — % and faithful functors El : ¥ — SET and
U : % — SET, and that these satisfy the following commutative diagram:

(2
ei R (5-3)

%TSET

5In this way, the enrichment category .# will play the same role as plays the category of presheaves
Homcar(C°P,SET) in the context of the Yoneda lemma.
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Then el is full and faithful. Typically, el is the enriched hom, El is the plain Hom, and U
is a forgetful functor:

el = homy(T,—) : € — & El = Homy(T,—) : € — SET (5.4)

If el is the identity functor on ¥ = %, one says that T represents U. In such a case, as we
see in Examples 1-3 below, it still may be that El is not full, and is thus inadequate for our
purposes. This is why we replace it by el. In concrete examples, we still expect a bijection
between El X and the underlying set of X, and accept that T represents Uel instead of U.

Example 1 Let ¥ and J# both be the category of R-modules, with T = R. Let the
monoidal product on # be the tensor product of R-modules, and let el and El be as
in Eq. (5.4). The forgetful functor U is faithful since homomorphisms are just functions
satisfying a property, and only this property (as opposed to structure) is forgotten. To see
that el is full, let ¢ : el X — el Y, and define f : X — Y by f(z) = ¢(1 — z)(1). As one
may check, f is indeed a homomorphism. Then define a: X — el X and f:elY — Y by
a(z)(1) = z and B(g) = g(1), and note that « and § are isomorphisms, and S(el f)a =
f = B¢pa, from which we conclude that ¢ = el f. Therefore el is full. In contrast, El is not
full, since not every function ¢ : EI X — ElY is a homomorphism, and indeed, one may
not define f : X — Y by f(z) = ¢(1 — x)(1) since this is not a homomorphism. El is
faithful by noting that Eq. (5.2) holds.

Example 2 Let ¥ = # = Top, with monoidal product x (the product) and global
stage of definition T = {-} (the singleton). Again the category is self-enriched, and the
proof has a similar form. Let ¢ : el X — el Y be continuous with respect to the topology
of pointwise convergence, where el X = hom (T, X). Like before, define f : X — Y by
f(z) = ¢(- — z)(-). This time one checks that the functions a : X — el X given by
a(z)(-) =z and B :elY — Y given by 5(y) = g(-) are homeomorphisms by directly using
the definition of pointwise convergence. Then from the fact that f = B¢« it follows that
f is continuous, so by the same reasoning, ¢ = el f, so el is full. Again one finds that El is
faithful but not full.

Example 3 Since ¢ = LCA is closed monoidal with respect to the tensor product ®z of
Z-modules, it is enriched over itself, so we use £ = % and must use ®z as the monoidal
product rather than the (bi)product @, making this more like Example 1 than Example
2. Rather than making a direct appeal to the topology, one may use Thm. 2.4.8 to prove
fullness. Then themaps a: X - Z o X =elX and B:elY =Z oY 5 Y come from
the star-autonomous structure. Faithfulness of El is again obvious.
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Example 4 The category of schemes ¥ = SCH is not determined by its global SET-
elements for a more dire reason. Recall that T'= SpecZ is terminal, that is, for any scheme
Y, the set Homgey (Y, T') is a singleton. It follows that the forgetful functor U : SCH — SET
is not representable, since UT is infinite, hence not a singleton. Rather than changing
enrichment, one expands the subcategory % C € of stages of definition from the terminal
subcategory {Y'} to the category of affine schemes, % = AFFSCH, and considers the
functor of points X — Homg(—, X) : #°° — SET, which is well-known to be full and
faithful. A morphism z : Y — X in ¥ is called a generalized element of X at stage of
definition Y. One may always (in any category) extend the scope all the way to % = &
in order to obtain a full and faithful functor &, the Yoneda embedding.

Finally, we precisely formulate the sufficiency of global elements:

Definition Let % be a monoidal category, let ¥ be a . -enriched category, and T €
ob(%). Let el : € — # and U : # — SET be functors, and let El = Homg(T,—) : € —
SET be the plain Hom functor. We define (¢, ¢, T,el,U) to be determined by its global
elements if El = Uel (i.e. Eq. (5.3) is satisfied), U and El are faithful, and el is full (and
faithful).

Although this is a specification of additional structure on € satisfying some properties,
rather than a mere property, we prefer a less precise phrasing that is more natural in
English: we indicate such a structure by saying that € is determined by its global ¢ -
elements at stage of definition T with respect to el and U, or use an abbreviation that
leaves most of the data implicit, such as: € is determined by its global elements. Lastly,
we note an important compatibility with monomorphisms:

Proposition 5.1.2 Suppose € is determined by its global £ -elements. Then el restricts
to a faithful functor elm : monos(¥¢) — ¢ . If, furthermore, el is essentially surjective,
then monos(%) is determined by its global monos(. % )-elements, and elm corestricts to a
full, faithful, and essentially surjective functor monos(%’) — monos(.#).

Recall that a functor F' lies in an equivalence of categories (F,G,n,¢€) if and only if F' is
full, faithful, and essentially surjective. Thus, the “furthermore” part of Prop. 5.1.2 can
be seen as showing that " — monos(%’) abides by the principle of equivalence: equivalent
categories have equivalent subcategories of monomorphisms. The situation where el lies in
an equivalence has more practical significance than is immediately obvious; in Examples 1,
2, and 3 above, we took el to be the self-enriched hom functor hom¢ (T, —). In each case,
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el is seen to be essentially surjective due to the existence of an isomorphism a : X = el X,
in addition to being full and faithful, hence an auto-equivalence. We will apply Prop. 5.1.2
to these and related examples in the next section.

Proof Since % is determined by its global J# -elements, el : € — % is a full and faithful
functor satisfying Eq. (5.3). Consider the restricted functor:

elm = el[monos(#) : monos(¢) — A (5.5)

Then elm clearly inherits faithfulness from el. If elm is full, we say € is determined by its
monic J# -elements. Now suppose that el is essentially surjective in addition to being full
and faithful. To see that elm is valued in monos(.#") and that the resulting corestriction

monos(%’) — monos(.%")

is full, let f: X — Y be a morphism in monos(%’). Then let V' € ob(%), let t1,t2 : V —
elm X be morphisms in % such that (elm f)t; = (elm f)t2. Since el is essentially surjective,
there exists W € ob(monos(%’)) such that elm W = V| so

¢ |
emW =V :1§ em X "5 elmy
[2)

commutes. Since el is full, there exist x1, 22 : W — X in % such that ¢; = elm x;, and since
elm is faithful, the following diagram commutes:

[ — QAN
T2

Finally, since f is monic, 1 = x9, and so t; = t,, and is monic. Lastly, elm inherits
essential surjectivity because monos defines a wide subcategory. [ |

As we will see, there are far reaching consequences when a category is determined by its
global elements. As one might expect, this “property” is invoked in a similar way as the
Yoneda embedding: one does a calculation involving the hom objects and then reflects the
calculation back through the embedding, in this case el. In such calculations, we will not
get carried away in abstraction by internalizing arguments about global elements of the
enriched hom objects themselves (internal morphisms), nor will be fully pedantic about
enriched functors, but we note that making such changes would just be a formality anyway.
Moreover, such detail is not really required for our enrichment categories of interest, since
they are concrete. Enrichment, however, is required to apply the results of Ch. 6 to our
categories of interest.
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5.1.3 Monic global elements and the subobject axiom

Let € be a category and let T € ob(%).° We write p € P to indicate a morphism
p: W — P, that is, a generalized element at stage of definition W € ob(%). A gener-
alized element at stage of definition T is called a global element. In the previous section
we considered the global elements of an object P, which make up the set Hom (T, P).
This is somewhat analogous to the situation of the Yoneda embedding, where one con-
siders generalized elements at all stages of definition W, which are conglomerated into a
presheaf Homy (—, P). The theory of symplectic forms ends up involving a delicate inter-
play between monic global elements and monic generalized elements, which are just global
resp. generalized elements in the subcategory of monomorphisms, monos(%¢’). The subob-
ject axiom, which we introduce in this section, turns out to hold under the assumption
that € is determined by its monic global elements, by which we mean that monos(%) is
determined by its global elements. As the examples in the previous section illustrate, in
practice we must therefore consider enriched categories in order to apply this result, and
indeed this prompts us to consider an enriched version of the subobject axiom. Alternately,
the plain (unenriched) subobject axiom can be verified directly in our categories of interest.

We procede in stages. First we characterize the plain subobject axiom in four equivalent
ways. We would like to base our definition of the enriched subobject axiom on one of these.
As an intermediate step, we define the enriched slice axiom, which becomes the desired
enriched subobject axiom upon substituting monos(%’) in place of €. It is cleaner and more
general to state and prove that the sufficiency of global elements entails the slice axiom,
Thm. 5.1.4, and then to substitute monos(%’) to get the desired corollary about subobjects.
This is all possible due to a known construction by which if € is enriched in ¢, then the
slice category € | V is also enriched in . Then since SUB¢ (V') = monos(%) | V, the
corollary pertains to when % is determined by its monic global J# -elements.

Thus, the story begins with a full and faithful functor el and a faithful functor U, whose
composite is the plain Hom functor EI = Homg (T, —):

%TSET

6We use the notation T because in later sections, it will be the unit of a magmal product ® on %; it
should not be confused with the top element [V] of the subobject preorder SUB4 (V') for some V € ob(%).
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Given P € ob(%), a set P of morphisms W — P (with the same codomain P but various
domains W) is called jointly epic over V € ob(%) if for all y,3/ : P — V', whenever yp = ¢/p
for all p € P it follows that y = /. P is called jointly epic if it is so for all V' € ob(%).
Then W € ob(%) is a generator (also called a separator) for € if for all P € ob(%), the
set Homy (W, P) is jointly epic. Equivalently, W is a generator if Home (W, —) is faithful.

Since SUB# (V) is a preoder, Homgyg., (v)([T], —) is faithful. Again, however, we find that
faithfulness is not enough:

Subobject axiom (plain) Consider subobjects of some V' € ob(%). A pair of subobjects
x : [Q] and y : [P] satisfies the subobject axiom at stage of definition T if the following
equivalent conditions hold. We say that V' satisfies the subobject axiom at T if all its pairs
of subobjects do, and that & satisfies the subobject axiom at T if all its objects V' do.

(i) If for all monic p €+ P there exists monic ¢ €1 @ with ¢ = yp, then [P C Q]:

Vo i &
P - > Q (5.7)
Y L/-'E
Vv

(ii) If there exists a function:

AT : Hommonos(%”) (Tv P) — HOmmonos(‘tf)(T7Q)

such that zq = yp for all monic p €1 P, where ¢ = Atp, then [P C Q).
(iii) If for all £ : [T], there exists a function:
Homsue, (v) ([T], [P]) = Homsus, () ([T], [@])

then [P C Q).

(iv) For all £: [T], the functor Homgyg., (v)([T], —) is full, (hence full and faithful).

It is straightforward to check that (i-iv) are equivalent under the (ambient) axiom of choice.
In most concrete categories of interest, subobjects are defined by characterization (i), but
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without imposing that the (global) elements involved be monic: if @ contains all the
(global) elements of P, then P C ). As we discuss in the example below, the requirement
that p and ¢ be monic throws a wrench in things, but nevertheless, the subobject axiom as
stated here is required in order to prove a theorem (namely, Thm. 6.8.3). For the enriched
slice axiom, we modify formulation (ii):

Slice axiom (enriched) Let & be a J# -enriched category, let T,V € ob(%), and let el,
El, and U be as in Eq. (5.6). Let z : @ — V and y : P — V be morphisms in the underlying
plain category of €', hence objects in the J# -enriched slice category € | V. Then x and y
satisfy the slice axiom if the following property holds:

Whenever there exists a morphism

aT:elP —el@

in J# such that xq = yp for all p €+ P, where ¢ = A+p, given in terms of the function

AT =UaT: EIP — E|Q
it follows that there exists a morphism f: P — @) such that y = xf.

Finally, the enriched subobject axiom is obtained by substituting monos(%’) in place of ¢
in the enriched slice axiom:

Subobject axiom (enriched) Let monos(%’) be a % -enriched category and let T,V €
ob(%). Let elm : monos(%¢’) — % be a full and faithful functor, and let U : 2# — SET be a
faithful functor satisfying EIm = Uelm, where Elm = Homumonos(#) (T, —) : monos(€’) — SET
is the plain Hom functor. Let x : [Q]y and y : [P]y be subobjects, that is, morphisms in
the underlying plain category of monos(%’) with the same codomain V', hence objects in
the J -enriched subobject category SUB« (V) = monos(%) | V. Then [Q] and [P] satisfy
the subobject axiom if the following property holds:

Whenever there exists a morphism

at:elmP — elm@
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in J# such that xq = yp for all monic p €1 P, where ¢ = Avp, given in terms of the
function

Ar=Uat :EImP — EImQ
it follows that [P C Q).

As with the plain subobject axiom, the enriched slice axiom and the enriched subobject
axiom also have variants that apply to all pairs of slices/subobjects of an object V', or to
the entire (enriched) category. It is clear that:

Proposition 5.1.3 If € satisfies the plain subobject axiom, then it also satisfies the J -
enriched subobject aziom for any (& ,el,U). [ |

Finally, the sufficiency of global elements relates as follows:

Theorem 5.1.4 If € is determined by its global # -elements at T, then € satisfies the
JH -enriched slice axiom at T.

Proof Let V € ob(%), z : [Q]v, and y : [P]y, and assume there exists a morphism

at:elP —el@

in . such that for all p €+ P, xq = yp, where ¢ = A+tp and A+ = Ua+. Since el is full,
there exists f : P — @ in the underlying plain category of € such that a1 = el f. Then:

q=Arp = (Uar)(p) = U(el f)(p) = (EL)(p) = fp

It follows that yp = xq = xfp. Since El is faithful, for all XY € ob(%), EI X is jointly
epic over Y. So El P is jointly epic over V', and the equation yp = zfp yields y = zf. W

Corollary 5.1.5 If¥% is determined by its monic global J# -elements at T, then € satisfies
the J -enriched subobject axiom at T.

Proof Substitute monos(%’) in place of ¢ in Thm. 5.1.4. [
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The following example illustrates these results.

Example Let ¥ = R-MoD. We noted previously that % is not determined by its plain
elements, but is determined by its .# -enriched elements where el = homg (T, —) : € — %
is the enriched hom functor and ¢ = #. We can see that % satisfies the plain subobject
axiom if and only if R is a field:

Suppose R is a field. Fix a vector space V and subspaces P and (). Assume that for all
p : R — P there exists ¢ : R — @ such that xq = yp. If P = 0 then clearly P C @
so assume otherwise, and let p € P~ {0}. Then the map p : R — P given by 1 — p is
injective (monic), so there exists ¢ : R — @ with ¢ = yp, and so p = p(1) = ¢(1) € @, so
P C ). Now suppose R is not a field and let P = R/I where [ is a proper ideal. Then
the kernel of any map p : R — P contains I, hence is non-injective. Then take () = R and
V = P & Q. Then vacuously, for all monic p : R — P there exists monic ¢ : R — @ such
that xzq = yp, but there is no map f : () — P satisfying ¢ = fp since ¢ is monic and p is not.

Likewise, LCA is not determined by its plain monic global elements. On the other hand, in
each case, € is determined by its monos(.#")-enriched monic global elements by Prop. 5.1.2,
and so by Cor. 5.1.5, € satisfies the monos(.#")-enriched subobject axiom. Unfortunately,
we later require the plain subobject axiom (in the proof of Thm. 6.8.3). It might be that
Thm. 6.8.3 has an enriched variant, but we save this for future work.

We now consider the generalized element version. Recall that by the Yoneda lemma,

Xy € — [€°°, SET|
X — Homy(—, X) : €°°P — SET

is a full and faithful functor, where [—, —] : CAT? x CAT — CAT is the internal hom
of the ambient CAT, (c.f. Appx. E. Now if € is enriched in .#" with enriched hom functor
homy : €°P x € — £, and equipped with a faithful functor U : 2# — SET, then let us
call

y: € — [€°P, SET]
X = homy(—, X) : €° — &
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the enriched Yoneda embedding if the following diagram commutes:

l \ (5.8)

(6P, A | @ ——— [€¢°P, SET]

Since U is faithful, so is [¢°P,U]. Since K is full, so is [¢°P,U]. Then since X, and
[¢°P, U] are each full and faithful, so is y. The following theorem shows that, owing to
the Yoneda embedding, the generalized element analog of the enriched slice axiom is a
tautology, and hence so is that of the subobject axiom by substituting monos(%).

Theorem 5.1.6 Let € be a £ -enriched category, let U : & — SET be a faithful functor,
and suppose the enriched Yoneda embedding y exists, i.e. Eq. (5.8) commutes. Let V €
ob(%), and let x : Q — V and y : P — V be morphisms in the underlying plain category
of €. Then if there exists a natural transformation

a : homg(—, P) = homy(—,Q) : €°° — F (5.9)

such that xq = yp for all W and p €éw P, where ¢ = Awp and A = U, then there exists
a morphism f: P — @Q such thaty = xf.

Interestingly, if the theorem applies (i.e. there exists « such that...) in the enriched sense,
then one may shed the enrichment by replacing %, y, U, and a by SET, X, idsgr, and
A, respectively, and apply it in the plain sense. If our goal is to apply the theorem in
the plain sense, then an enrichment as in Thm. 5.1.6 serves as a certificate. This is sort
of reversed from the global element version. In practice, the plain version may be easier
to certify directly, which suggests that enrichment is more relevant to the global element
setting.

Proof Since the plain Yoneda embedding is full, A = X, f for some f : P — Q. For
each W, Ay is the function p — fp. By assumption, ¢ = Awp, so the top triangle of the
following diagram commutes:

P30 (5.10)

In other words, ¢ = fp. Since the square also commutes, yp = xq = xfp. In particular,
plugging in W = P and p = idp, we find that y = z f, as claimed. [ |

126



Now, Thm. 5.1.6 trivializes in the case of plain subobjects. Then it states that if for all
(W], [W C P] implies [W C @], then [P C @]. This is obvious by substituting [P] in for
[W]. The enriched subobject case (which by the remarks above, entails the plain version)
also undergoes a simplification, in which we find that naturality is automatic:

Lemma 5.1.7 Let monos(%) be a % -enriched category and let U : & — SET be a faithful
functor admitting an enriched Yoneda embedding. Let V' € ob(€), and consider subobjects
[Q] and [P]. Then and suppose that for all [W] there exists a morphism

aw : homsus, vy ([W], [P]) = homsys, (v) (W], [Q])

in & . Then oy is natural in W.
If Lem. 5.1.7 applies, then Thm. 5.1.6 applies.
Proof For each W, consider the function:
Aw = Uaw : Homgyg, (v)([W], [P]) = Homgus,(v)([W], [Q))
Since SUB(V) is a preorder, each Homset has cardinality 1 or 0, from which it follows by

uniqueness of the terminal object (singleton e) or uniqueness of the initial object (emptyset
o) in SET, depending on the scenario, that any diagram of the following form commutes:

Homsys. vy ((W], [P]) —— Homsus, v (W], [Q])

l l (5.11)

HomSUB%(V)([W’], [P]) E— HomSUng(V)([W/L [QD

For reference, the relevant ([W' C W) and possible scenarios for diagram Eq. (5.11) are:

oo

v v
) o > e o o> o
v - v - v - v -
) e > e o> e o >0

v -

o> e

The remaining cases are irrelevant, because [W’ ¢ W], or vacuous, because there is no
function @ — o. So A is natural. Finally, since U is faithful, « is natural. [ |
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If € is preabelian, it has a zero object 0 and is AB-enriched. We take note of the following
well-formed axiom, though we have no occasion to use it in any proof.

Global element inhabitation axiom If [@) # 0] then there exists monic ¢ €1 Q.

Note that every monomorphism is nonzero.

The generalized element version is again a tautology: a nonzero subobject z : [Q] is
automatically inhabited by a nonzero q €y () at some nonzero stage of definition W by
the AB-enriched Yoneda lemma, for otherwise, &,z would be the zero-valued functor,
which would imply x = 0. Since % is preabelian, any nonzero morphism ¢ may be factored
as mq with m monic, hence nonzero. Therefore, having a nonzero generalized element is
equivalent to having a monic generalized element.
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5.2 Magmal categories

In this section, we work out properties of de Morgan duality and nuclearity. Many of the
proofs use the Yoneda embedding, and others hold only if the category is determined by
its enriched global elements. The currying formulas and notation presented in Sec. 5.2.1
will be used throughout the rest of the thesis.

5.2.1 Currying

Let (¢,®) be a magmal category. This is more or less a monoidal category, but without
associator or unit. See Appx. C for details. If the functor — ® Y : € — % has a right
adjoint Y —o — : ¥ — € (called the left internal hom), we say that (€, ®) is left closed.
Likewise, if Y ® — : ¥ — ¥ has a right adjoint — o— Y : € — ¥, we say that (¢,®) is
right closed. If both conditions hold, (%, ®) is called biclosed. The adjunctions in question
are called the tensor-hom adjunctions or currying adjunctions:

- ®YdY —o — and Y®—-—"4—o-Y
left currying right currying

The notations X — Y and Y o— X, and sometimes the terms “left” and “right”, are
swapped when going from the physics convention, which we use, and the math convention,
which we do not, c.f. Appx. F.2. The symbols — and o— come from linear logic, and for
this reason they usually connote linearity. Nevertheless, we use them to denote the left and
right internal hom in any biclosed magmal category, simply because they are a standard
notation for the internal hom that is one-sided. In contrast, the notation [X, Y], often used
in symmetric monoidal categories, is not suitable for the non-braided case. We occasionally
use the notation YX in Cartesian monoidal categories, which are always symmetric. In
SET and FINSET, for example, Y is the set of functions from X to Y.

Assume (%, ®) is biclosed. The tensor-hom adjunctions are mediated by natural bijections:

leftcurry , : Homy (X ® Y, Z) = Homy(X,Y —o Z)
rightcurry , : Home (Y ® X, Z) = Homy (X, Z o— Y)

By definition, naturality is in X and Z. Rather than introducing a plethora of morphism
symbols f,g,h,---, we often reuse symbols for morphisms of various different types; the
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types can be inferred from the situation. We also use the following shorthands for currying:

[f] = leftcurry ,(f) Lf] = righteurry ,(f)
19l = (leftcurry ,) ' (9) Jg| = (rightcurry ) ™ (g)

We do not assume an associative structure for ®, so technically the shorthand is well-
defined, but we do sometimes equip a unital structure and elide the unitors, which in-
troduces ambiguity. For instance, if f : X ® Y — Z, then [f] may either refer to the
morphism of type X — Y —o Z or that of type T — (X ®Y') — Z. It will always be clear
from the situation which is intended.

The unit of each currying adjunction is called coevaluation and the counit is called eval-
uation. This unfortunate swap involving the co- prefix is present in both the math and
physics conventions, and the terms unit and counit (of an adjunction) are firmly estab-
lished in category theory [ ]. Coevaluation and evaluation are natural in X and Z.
By the formulas for unit and counit of an adjunction in CAT (c.f. Appx. E), we have:
[idxey]| = leftcoevaly : X =Y — (X ®Y)  Jidy oz[ = leftevall, : (Y = 2)@Y — Z

lidyex | = rightcoevaly : X — (Y ® X) o— Y |idjoy| =righteval, : Y ® (Z o~ Y) = Z

We caution that leftcu rry? » is a morphism-valued function, which takes a morphism of ¢
as input, whereas |efteva|§ is itself a morphism in ¥. The adjunct formulas read:

f=lefteval, ([f1QY): X®Y — Z left adjunct formula for — @Y 4Y — —
[f] = (Y —o f)leftcoevalk : X - Y — Z  right adjunct formula for — @Y 4Y — —

f=righteval, (Y @ |f]): Y ®X = Z  left adjunct formula for Y @ — 4 — o— Y
|f] = (f o= Y)rightcoevaly : X — Z o— Y right adjunct formula for Y ® — 4 — o— Y

We use whiskering notation, so for instance, [f] ® Y is shorthand for [f] ® idy. (See

Eq. (B.8) for details.) Next, we have the currying formulas, which relate currying and
composition:

[f(ha@Y)]=[flh LfY @h)| = Lf]h (5.12)

(X —g)[f1=Tg/] (g o= X)Lf] = Lg/] (5.13)

These formulas follow immediately from the adjunct formulas above. By the Parameter
Theorem (IV.7 Theorem 3 of | ]), the hom bijections of the currying adjunctions (and
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hence the evaluation and coevaluation maps) are natural not just in X and Z, but also in
Y.” For left currying, this means that for all g : W — Y, the following diagram commutes:
homy (X ®Y,Z7) ———— homy (X, Y — 2)
hom<g(X®g,Z)l lhomqg(X,g—OZ)

homy (X @ W, Z) ————— homyg (X, W —o Z)

1 "
| I

fX®g) ——— [f(X®g)] =(9—2)[f]

This implies that the first currying formula of Eq. (5.12) has the more general form:
[f(h®@g)] = (g — 2Z)[f]h Lflg@h)] =(Z—g)Lf]h (5.14)

In later sections we will sometimes use the notation ¢~ or "¢ for the morphisms g — Z
or Z o— g, respectively. In Sec. 5.3 we derive the familiar “zigzag” formulas for ¢~ and
~g, which are “internal to €” in the sense that ¢~ and "¢ are expressed purely in terms
of morphism composition, rather than as the result of passing g through the functor (—)~
or "(—), respectively. These zigzag formulas are not generally available, but we will show
that they are assuming that % is a linearly distributive category (with invertible linear
distributors), Z is the comonoidal unit L, and f is nuclear. We will also show that in such
a case, the second currying formula of Eq. (5.13) genearlizes as follows:

(h—g)[f] =Tgfh] (go—h)Lf] = lgfh] (5.15)

Note, however, that Eq. (5.15) may not hold in general unless h = idx. The failure of
Eq. (5.15) might come as a suprise, since the equation is nevertheless always well-typed:

g:Y —Z gfh W = Z [f1: T—=X—oY
f: X—=Y [gfh] T > W — Z (h—g)[f]: T—=>W —o2Z
h:W—=X h—og: X —-oY W —oZ v

7Technicaully, for naturality in Y, one must regard Y as an object Y in €°P in one of the adjoints,
e.g.—®Y 4Y — —, though in accordance with Appx. F.1, we avoid fixating on this issue.
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This suggests a connection between nuclearity and coherence. Coherence in related settings
has been considered in | |. Lastly, we take note of a compatibility between currying
and addition we will need later.

Proposition 5.2.1 Let f,g: X ® Y — Z be morphisms in an additive category €. Then
left currying is an additive groupoid homomorphism:

[f+gl=Tf1+Tg]: X =Y —Z [0]=0 [—f1==[/]

The analogous statement is of course true of right currying.

Proof As with group homomorphisms, it suffices to show [f + g] = [f] + [¢]. Then,

[f+9] =

leftevaly, ([f]1 ®@ Y) + lefteval, ([¢] ® V)]
lefteval, ([f1 @Y + [¢] @ V)]

leftevaly, ([ ]+ [g]) ® V)]
f1+ 191

- 1 1 1

as claimed. [
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5.2.2 Associativity

Let (¢, ®) be a biclosed magmal category.

Proposition 5.2.2 The following structures are equivalent. That is, if a natural iso-
morphism of one of the following forms exists, then they all exist, and they canonically
determine each other:

associatexyz : X @ (Y ®Z) > (X®Y)® Z
internalleftcurryyy , : (X ®Y) = Z 5 X — (Y — Z)
internalrightcurryy vy : Zo— (Y @ X) 5 (Z o= Y) o= X
lambekyyz: (X —Z)o—Y 5 X — (Z o—Y)

In such a case, we say that (¢,®) is pre-associative, reserving the term associative to
mean that in addition, associate satisfies the pentagon identity. We are not aware of any
established name for fourth isomorphism. We call it the Lambek law since its earliest

appearance that we are aware is in | ]. In contrast, the following generally does not
hold:

(XO—Z)—OY%XO—(Z—OY) (516)

Consider the category of sets, for example. If X, Y, and Z are finite sets of cardinalities
1, 2, and 1, respectively, then the co-Lambek law is false, since 21" =2 #£1 = 12",

Proof of Prop. 5.2.2 The natural isomorphisms are obtained by reflecting the appropri-
ate isomorphisms of presheaves through the Yoneda embedding. (i = ii):

hom¢ (U, (X ®Y) — Z)
Zhomy (U@ (X ®Y),Z)
Zhomy (U X)®Y,Z)
“homy(U @ X,Y — Z)
=homy (U, X — (Y — 7))
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(1 = 4id): Similar. (it = 1):
homy (X @ (Y ® Z),U)
=homy (X, (Y ® Z) — U)
=homy(X,Y — (Z — U))
Zhomy (X ®Y,Z — U)
Zhomy (X ®Y)® Z,U)

(4ii = 1): Similar, but involves internalleftcurry ' instead of internalleftcurry. (i = iv):
home (U, (X — Z) o—Y)
=homy (Y @ U, X — Z)
Zhomy (Y @U)® X, 2)
Zhomy (Y ®@ (U® X), Z)
Shomy(U® X,Z o—Y)
=homy (U, X — (Z o—Y))
(v = 1):
hom¢ (X ®Y)® Z,U)
“homy(X ®Y,Z — U)
=homy (Y, (Z — U) o— X)
~homy(Y,Z —o (U o— X)
=homg(Y ® Z,U o— X)
Zhomg (X @ (Y ® Z2),U)

A pre-associative structure also induces internal composition natural transformations:
leftcompyy 7z : (Y < Z)®@ (X —VY) = X —Z

leftcompy y- , = [lefteval, (Y —o Z) ® leftevaly associate, ', o ]

rightcompyy ;1 (Y o= X)® (Z o= Y) = Z o= X

rightcompyy , = | righteval; (rightevalys ® (Z o— Y))associate yo v 7oy

Typically, when considering a pre-associative operator ®, one elides the associators, by
which we mean the gray part of these last expressions is omitted.
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5.2.3 Examples of magmal adjunctions

Consider a magmal category (%, ®), a category & with two unital magmal structures X
and g, as well as functors L : € — 2 and R : 92 — %. These may additionally have
unital structures, and we write T for the unit of ® and 1, or 1g for the unit of X, or
Mg, respectively. Typically, X = Kg, and hence 1| = 1g. Traditionally one also requires
associative structures and studies monoidal adjunctions, though we can often do without
imposing associativity or even unitality. Kelly’s doctrinal adjunction covers all such vari-
ants by regarding the kind of category in question as a 2-monad. For the most part, we do
not directly rely on Kelly’s theorem, but we draw intuitions from this work | ].

This setting of an adjunction between magmal categories allows us to study all instances
of de Morgan duality we are aware of, and many instances of homomomorphisms between
algebraic structures. In fact, the theory may be regarded as a joint generalization of these
two concepts. We first list some motivating examples of de Morgan duality, which arise
in Ch. 6. Star-autonomous categories will be introduced in Sec. 5.3. For pre-abelian
categories, see Appx. G.

Example A Let L and R be the “perp” functors (=) : SUBy (V) — SUBy» (V)P and
bv (=) : SuBy (V) — SuBy (V) determined by a nondegenerate bilinear form by : V@V —
1 on an object V in a preabelian nuclear star-autonomous category ¥ with comonoidal
unit L. For example, if ¥ is the category of finite dimensional vector spaces over a field
k = 1, then SUBy is the lattice of subspaces of V. In this case, we have:

QW ={weV|by(v,q) =0V g€ @} {veV|by(qg,v)=0YqgeQ}="Q

One readily sees that @ C °(Q"). By nondegenerate, we mean that the curried bilinear
form [by] : V — V* is a monomorphism. The restriction V' — @Q* of this map has kernel
Q". In k-FDVECT, it follows that dim Q" + dim@Q = dimV and so Q = *(Q"), so
(=) H P (-) is an adjoint equivalence.

In general, for a lattice SUBy(V'), we study the de Morgan duality between the meet N
and join U. When ¥ = k-FDVECT, these are respectively the intersection of subspaces
and the pointwise sum of subspaces, not to be confused with the union of their underlying
sets, which is not a subspace, and is therefore not a well-defined subobject (subspace).

Similarly, we may take 7 to be the category LCA from Sec. 2.4.5 and V to be the locally
compact abelian group R” with the symplectic form wy ((q1,p1), (g2, p2)) = > (Praz—pza),
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Note that the symplectic form is valued in the comonoidal unit 1 = U(1), not to be
confused with the monoidal unit T = Z.

Example B Take L and R to be the left and right negations on a biclosed magmal cat-
egory (¢,®) with respect to some object L. In other words, let L = (—=)" = — — L :
¢ — ¢ and R = "(—) = L o— — : ¥ — ¥. These form the negation adjunction
(=)" 4 7(—). In the braided case, L°? = R, but braidedness has no say in whether L 4 R
is an equivalence ¢°P ~ ¥. For example, € may be a Heyting algebra, where ® is the
product A and X is the coproduct V. Then €°P ~ ¥ if and only if € is actually a Boolean
algebra. Symmetry of the product implies that negation is self-adjoint, that is, left and
right negation are each other’s opposite. For consistency, we continue to use separate nota-
tions: L = (—)” and R = 7(—). In this case, the counit is the double negation translation
judgment n : ldy = RL. Since L°® = R, the unit € : LR = ldyop is the opposite of 7,
not to be confused with double negation elimination, which is generally unavailable in a
Heyting algebra. In intuitionistic logic, only three of the four de Morgan laws hold:

QA P)” N PvG (in¢) and “PATQ ¥ (QVP) (n¢%) (5.17)

Caution Following our convention Appx. F.1, we write the arrows on the left of Eq. (5.17)
in & by applying the oppositization 2-functor op : CAT® — CAT, since L = (—)~ is valued
in ¢°P. Originally it matches Eq. (5.19) where an arbitrary category & takes the place of
¢°P, and reads:

<_
P°VQ A (QAP)  (in¢™) (5.18)

The category theory notation is slightly at odds with that of logic. Namely, the arrows
in Eq. (5.17) and Eq. (5.18) indicate the existence of morphisms; they do not express
implications (internal hom objects). Through the Curry-Howard correspondence, these
morphisms correspond to judgments. For example, the judgment P~V Q" F (Q A P)”
indicates that it is possible to form a natural deduction proof of (Q A P)” with nondis-
charged hypothesis P7V Q7. A de Morgan Heyting algebra is one in which we also have
a morphism (Q A P)” — P~V @~ in the other direction (in %). There is a three-way
distinction between non-de Morgan Heying algebras, in which the fourth de Morgan law
does not generally hold; de Morgan non-classical Heyting algebras, in which all four de
Morgan laws hold but double negation elimination still does not; and Boolean algebras.

Example B also covers the study of de Morgan duality in a star-autonomous category 7,
not to be confused with its subobject preorders SUB ppvpcer(V).
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5.2.4 Magmal adjunctions

Let (¢, ®) be a magmal category, let Z be a category equipped with two magmal struc-
tures X and Xg, and consider a pair of functors L : ¥ - Y and R: 9 — €.

We call X, a left oplax de Morgan dual of ® if L is an oplax magmal functor, and Xr a
right lax de Morgan dual of ® if R is a lax magmal functor. These respective conditions
mean that a natural transformation of the appropriate form is equipped:

LXK LY + L(Y ® X) resp. RX ® RY — R(Y Kr X) (5.19)

The functor L is called a strong magmal functor and we say that X is a strong left de
Morgan dual of ® if the natural transformation on the left is an isomorphism, and dually.

Caution Our definition of magmal functors reverses the positions of X and Y. This differs
from the standard convention for monoidal functors. Where we write L : (¢, ®) — (2,K),
in the standard convention one would need to instead write L : (¢, ®) — (2,K™"). This
reversal in the defintion of magmal functors will allow us to follow the physics currying
convention without having to write “IX™"” and to omit the adjective “reversed” from terms
like “reversed left oplax magmal functor”. See Appx. F for details.

Proposition 5.2.3 If L is strong and essentially surjective, then X is determined up to
1somorphism by L and ®. Similarly, if R is strong, full, and faithful, then Mg is determined
up to wsomorphism by R and ®. Furthermore, if L and R are both strong and constitute
an equivalence, then X = Kg.

When K| = Kg, we call it the strong bidirectional de Morgan dual or simply de Morgan
dual of ®. Given a magmal product ® on % and a pair of functors L and R as above,
we may always define a magmal product X on 2 by setting Y X X = L(RX ® RY). If
RL = idy, then X is a (hence, by Prop. 5.2.3, the) strong right de Morgan dual of ®. If
both RL = idy and LR = idg, or in other words, if L and R lie in an equivalence, then by
Prop. 5.2.3, X is the strong bidirectional de Morgan dual of ®. Also note, so far we have
not assumed adjointness. In the discrete case, (¢, ®) is a magma, Z is a set, L and R are
mutually inverse bijections, and X is the magma structure thereby induced on 2.

Proof Suppose L is strong and essentially surjective, and let A, B € ob(Z). Since L
is essentially surjective, there exist X,Y € ob(%) such that A =2 LX and B = LY. If
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X, and K| are two left de Morgan duals of ®, then since L is strong, it follows that
AR BZ L(Y ® X) =2 AKX B, so X = X|. Instead now suppose R is strong, full, and
faithful, and let X,Y € ob(%). Then if g and X are right de Morgan duals of ®, then
since R is strong, we have R(Y Mg X) =2 RX ® RY = R(Y X X). Then since R is full
and faithful, it follows that ¥ Kg X = Y K X, and so Kg = K. Finally, suppose L and
R are both strong and form an equivalence. Then:

XX YXLRXKX LRY ZLRY @ RX) 2 LR(XKrY) =X XKRrY
as claimed. [

We call the natural transformations of Eq. (5.19) the left and right de Morgan laws. In
total, there are four possible de Morgan laws, since left and right de Morgan duality may
each be one- or two-sided. Regardless of whether L and R are strong, full and faithful, or
essentially surjective, our applications typically only require us to consider a single magmal
product X on &, but require L and R to form an adjunction (in CAT):

Kelly’s Theorem on doctrinal adjunctions, instantiated to the 2-monad whose 2-algebras
are magmal categories, amounts to the following two facts: (1) If L 4 R is an (ordinary)
adjunction, (that is, an adjunction in CAT, rather than the bicategory MAGCAT of magmal
categories, oplax magmal functors, and oplax magmal natural transformaions), then L is
oplax if and only if R is lax. In other words, if L 4 R, then the two conditions of Eq. (5.19)
are equivalent; (2) If L (or R) is both oplax and lax, it is strong, i.e.without loss of
generality, one may take the oplax and lax structures to be mutually inverse, | ]. We
do not prove (2) in general, but we cite it in the proof of Thm. 5.3.2. We do prove (2) in
a much simpler case (c.f. Prop. 5.2.6), which we also need, where ® and X are the product
and coproduct on €. Part (1) of this instance of Kelly’s Theorem is easy to see directly:

Proposition 5.2.4 Let L : € — % and R : € — 2 be (ordinary) functors between
magmal categories (€¢,®) and (2,K), and suppose there ezist natural transformations
n:ldy = RL and e : LR = |dy. Then:

(i) L is oplax if and only if R is lax. In other words, X is an oplaz left de Morgan dual
of ® if and only if ® is a lax right de Morgan dual of X.
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(i1) If n and € are natural isomorphisms, then L is strong if and only if R is strong.

We don’t even require the functors to form an adjunction L 4 R here, i.e. for n and € to sat-
isfy the zigzag laws. If they do, then the condition in (77) means it is an adjoint equivalence.

We note that (i) is a self-dual statement, i.e.that the dual statement of (i) does not just
swap the words lax and oplaz, but also swaps L and R. In fact, the statement obtained
by applying only one of these swaps is false, as indeed only three out of four de Morgan
laws hold in every Heyting algebra.

Part (7i) and its proof (and technically, just as well part (7)) generalize the fact and proof,
respectively, that the inverse of a bijective (i.e. SET-wise invertible) homomorphism of
magmas, groups, Lie algebras, etc.is again a homomorphism.

Proof Suppose L is oplax. Then the following composition gives R a lax structure:

L
Roplaxg y o ry
_—

R(LRY R LRX) ¥y ® X)
(5.20)
Moreover, if  and € are isomorphisms and L is strong, then Eq. (5.20) gives R a strong

magmal structure. The proof that R being lax (or strong) implies L is oplax (or strong) is
dual. |

RX @ RY ™% RL(RX ® RY)

It is possible to have an adjoint equivalence where L is oplax and R is lax without either
being strong. Intuitively, this can happen by taking an ordinary adjoint equivalence, and
equipping any old “incompatible” magmal products on ¥ and 2. We give a more inter-
esting example in Sec. 5.3, where we define nuclearity with respect to an operation % that
relates to ® viainvertible linear distributions. We then consider three levels of coherence
of the adjunction of the negation functors, which go between (¢, ®) and (€°P, 3""P).
In the intermediate case, the negation adjunction is an equivalence, but we do not re-
quire %P to be the de Morgan dual X of ®, and thereby give a new perspective the
role of de Morgan duality in star-autonomous categories, e.g. different from that of | ].

It is also possible to have an adjunction L 4 R where L is strong and R is only lax. The
negation adjunction for any non-de Morgan Heyting algebra is an example.
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This phenomenon of three (but not necessarily all four) of the de Morgan laws holding, as
in intuitionistic logic, holds more generally for all adjunctions in MAGCAT. Moreover, all
four de Morgan laws hold if and only if the adjunction actually takes place in the bicate-
gory STRONGMAGCAT of strong magmal natural transformations.

In principle, one can apply different instances of Kelly’s Theorem to see that the results
discussed so far apply not just to magmal categories, but also to variants in which one im-
poses unitality, associativity, braidedness, and/or symmetry, including the case of monoidal
categories. However, just as monoids are better-behaved than magmas, additional proper-
ties hold when imposing more structures and properties on the kind of category in question.

Consider an adjunction L - R with natural transformations as in Eq. (5.19). Then the
adjuncts

Y®X — R(LXKX, LY) resp. Y Xg X < L(RX ® RY) (5.21)

might not be isomorphisms, even if the de Morgan laws are strong! This separation is
witnessed by non-classical de Morgan Heyting algebras. Nevertheless, we see that:

Proposition 5.2.5 Let (¢,®,T) and (2,K, L) be unital magmal categories, and let L
R be an adjunction equipped with natural transformations as in Eq. (5.19) as well as
isomorphisms LT < L and RL = T, satisfying the additional obvious coherences. (In
other words, L 4 R is a unital magmal adjunction.) Then the following are equivalent:

(1) The adjunction L 4 R is an equivalence.

(1i) Both natural transformations in Eq. (5.21) are natural isomorphisms.

Proof sketch (i = i) is straight-forward. For (it = i), substitute T and L
for Y on the left and right side of Sec. 5.2.4, respectively, and apply unitors to obtain
natural isomorphisms ny : X — RLX and X < LRX : ex. From the unitality coherence
conditions, it should follow that these are the unit and counit of the underlying adjunction
L 4 R. The structure provided by hypothesis is enough to write down the unital magmal
structure for L 4 R. Finally, one checks that this induced structure is coherent. U

When the equivalent conditions of Prop. 5.2.5 apply, all four de Morgan laws hold, gener-
alizing the meta-theorem from logic that double negation elimination entails the fourth de
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Morgan law. Classically, this is proved in Gentzen’s natural deduction system (the classical
version NK, which has double negation elimination, as opposed to the intuitionistic ver-
sion NJ) by exhibiting a proof tree whose only nondischarged hypothesis is the proposition
(Y™ Vv X7) and whose output (root node) is the proposition X AY.® This is a construction
of the inverse of the map on the left of Eq. (5.21):

YT
X, Y VX (VX))
1 .
| INtrOgischarge 1
: (v e
X Y ——ellm
XAY

In Ch. 6, we describe a contravariant endofunctor (—)“ on the lattice SUBy (V') of subob-
jects of an object V' equipped with a symplectic form w in a Sufﬁciently—s/tgcture category
7', which takes a subobject X to its symplectic orthogonal X¥. If ¥ = LCA, we find that
(—)“ is a self-adjoint monoidal adjunction and prove that three out of the four de Morgan
laws hold. This example is different than the intuitionistic logic example in that (—)“ is
not a negation, that is, it is not an internal hom functor — — L on SUBy (V) for any L.

Nevertheless, the symplectic orthogonal (—)“ and the negation (—)~ in intuitionistic logic
do have something in common. In both cases, ® is the product x on %, and X is the
coproduct 4+ on €, i.e. the product in &, which is taken to be €°P. Note that the coproduct
+ on % is the product on €°P. The following proposition shows that for such adjunctions,
at least three of the four de Morgan laws always hold.

Proposition 5.2.6 Let € and 2 categories, each with finite products, and consider func-
tors L : 6 — 2 and R : 9 — ¢. Then L and R are both oplax, meaning there exist
natural transformations of the form:

LY x LX + L(X x Y) R(X xY) = RY x RX (5.22)

If, moreover, there exist natural transformations n : ldy = RL and ¢ : LR = |dg, then R
is strong, that is, the natural transformation on the right of Eq. (5.22) is an isomorphism.

8For reference, we keep sidedness of L = (—)~ and R = ~(—) in our notation here despite symmetry.
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If € has finite products and coproducts and we take & to be €°P and R to be the opposite
of L, then we only need to supply 7 for the second part of the theorem, since we may take €
to be its opposite. For example, suppose € is a lattice, and write N for the product and U
for the coproduct. Then if (—)* : € — €°P is a contravariant endofunctor satisfying double
dualization translation X C *(X*) for all X, then it follows that X*NY™* C (Y U X)* and
(XUY)="YN*X for all X and Y, where *(—) : €°> — % is the opposite of (—)*.
In such a case, (—)* 4 *(—), and right double dualization translation X C (*X)* is also
satisfied in € (as opposed to €°P), so at least six of eight de Morgan laws are satisfied.

Caution: At a glance, one might mistakenly believe that Prop. 5.2.6 contradicts the self-
duality of CAT, the bicategory ambient to this adjunction (a priori, though we then see it
is better MAGCAT). To understand why it does not, it is helpful to consider the example of
a co-Heyting algebra, i.e.a model for paraconsistent logic. In this system, one has double
negation elimination but not double negation translation, and so on. The key is that
asymmetry is introduced by the types of 1 and ¢, and indeed, adjunction is technically
not a self-dual notion in CAT; it has a lesser-known dual notion, co-adjunction, not to be
confused with the notion of the opposite adjunction R°P < L°P of a given adjunction L 4 R.
Whereas the data of an adjunction L 4 R is equivalent to that of its opposite R°P - L°P,
this is not so for a co-adjunction. Co-adjunction is defined the same as adjunction, but
where the structure maps instead have the form RL = Idy and ldy = LR. This swaps the
roles of L and R, so a co-adjunction L - R is equivalently just an alias for an adjunction
R - L. Since co-adjunctions are just adjunctions in disguise, the concept is typically
avoided. We only mention it here because it helps resolve the seeming asymmetry issue.

Proof The left and right oplax de Morgan laws are dual, so we just prove the left one:

X xY

PN

X Y

Pass this product diagram through L and set aside, as we will use it again in a moment:

L(X xY)

LY «— LY x LX —— LX
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This proves the left oplax de Morgan law. The proof of the right oplax law is dual.
Assuming 7 and € exist (without necessarily satisfying the triangle identities), we see that
R is lax by part (i) of Prop. 5.2.4. Mutual inversehood of the oplax and lax de Morgan
laws for R follows from the commutativity of the following two diagrams:

R(X) x R(Y) R(Y x X)
R(X) R(Y x X) R(Y) R(X) R(X) x R(Y) R(Y)
R(X) x R(Y) R(Y x X)

Commutativity of each diagram, in turn, follows by universality of the product in . W
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5.2.5 Negation

Let (¢,®) be a biclosed magmal category and fix an arbitrary object L € ob(%), to be
called the dualizing object. Then consider the corresponding negation functors:

(=) =——o1:4—>%" lo——=7(=): " — ¥

left negation right negation
e} o) =)

We view left and right negation as having opposite type of each other, as above, so that
they form an adjunction, the negation adjunction (—)” - "(—). Indeed, it follows that:

Homgon (Y7, X)) := Homy (X, Y ™) = Homg (Y, " X) (5.23)

The := sign above indicates the identification of a morphism f : X — Y™ in € with the
corresponding morphism f:Y" = X in €°° with respect to the defining identification of
objects in € with those in €°P. See Appx. F.1 for remarks about conventions and shorthand
notation concerning oppositization, e.g. for explanations of why write Y~ rather than Y™
in the middle expression. The isomorphism in Eq. (5.23) is gotten by left uncurrying then
right currying. One now computes the counit € and unit n of (=)~ 4 7(—):

("X)” < X : [righteval{] = ex nx = |leftevaly | : X — 7(X7)

We reversed the direction of the arrow for the counit in order to present it as being valued in
% , since originally (by definition) it is valued in €°P. The Triple Dual Problem | | asks
for which (¢, ®, L) the following natural transformations Eq. (5.24) are identities. One
may also ask whether an individual object X € ob(%) satisfies the triple dual property.
For example, in (¢, ®, L) = (k-VECT, ®, k), infinite dimensional vector spaces do not.

[righteval

(T(X7))™ < X7 <

Llefteval{ |~

(X))
(5.24)

llefteval | X |

. ¢ > ((CX)7)

~[righteval{ ]

(X))

Recognizing these possible identities as the two canonical well-typed diagrams besides the
zigzag identities for the negation adjunction (=)~ 4 7(—), we see that one and hence both
identities are satisfied if and only if (=)™ 4 7(—) is an idempotent adjunction, c.f.| ].
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Every closed semilattice is idempotent with respect to any dualizing object. The following
NJ proof tree shows directly that triple negatives can be reduced to single negatives in
intuitionistic logic. Again, we keep track of left versus right negation even though this is
redundant due to the bradedness of A for comparison with the general case.

Xﬁ

Indeed, through the Curry-Howard-Lambek correspondence, this proof tree corresponds
to the morphism to the left of the = sign in Eq. (5.25). The simplification from the left-
hand-side to the right-hand-side of the = sign in Eq. (5.25) follows from the left currying
formula.

Nefteval, ™ 7 ((7(X7))™ @ |lefteval ¥ |)] = |lefteval’ | : ("(X7))" — X~ (5.25)

Explicitly, the (left) double negation translation is given by Uefteval)f |, the modus ponens
rule corresponds to left evaluation, and the negation introduction in the final step corre-
sponds to the entire morphism being left curried. We may also show directly that Eq. (5.25)
is a left inverse of the (right) double negation translation map [rightevall | evaluated at
X

(|lefteval{ | ") [righteval | = [righteval! (X~ @ |lefteval} |)] = [lefteval{] = idx-

The equalities above follow by the left and right currying formulas, respectively. Triple
negatives are not generally isomorphic to single negatives, however. Indeed, Uefteval)f I
is an isomorphism if and only if negation (—)~ 4 7(—) is idempotent. In this way, propo-
sitions in intuitionistic logic behave differently from infinite dimensional vector spaces.

We call (¢,®, L) left reflexive if |lefteval, | is a natural isomorphism, left reflexive if
[righteval | ] is a natural isomorphism, and bireflexive if it is both left and right reflexive.
In other words, (¢,®, L) is left reflexive if and only if (=)~ is full and faithful, right
reflexive if and only if 7(—) is full and faithful, and bireflexive if and only if negation
(=) -4 7(—) is an adjoint equivalence. Again, we may also apply these terms to individual
objects. When we ask if X is left reflexive, it is viewed as an object in €, and when we
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ask if it is right reflexive, it is viewed as an object in €°P.

If (=)™ 4 7(—) is idempotent, then the full subcategory of left reflexive objects of €', (which
is equivalent to the full subcategory of right reflexive objects of €°P,) is the full image of
left negation | .

In logic, the unit |lefteval | | of the double negation monad ~((—)") : € — € is the dou-
ble negation translation judgment. Since negation is idempotent in that case, and since
classical propositional logic NK is obtained from intuitionistic classical logic NJ by impos-
ing the double negation elimination rule, we see that the double negation translate ~(X™)
of a classical tautology X is an intuitionistic tautology. In k-VECT and some relatives,
this monad is called double dualization and its unit is often called the canonical injection
into the double dual. In functional programming, e.g.if ¢ is Haskell’s type system HASK,
“((=)7) is called the continuation monad, and L is the return type of the continuation.

If (¢,®,T) is a unital magmal category, and L € ob(%) is a dualizing object, then by
the Yoneda embedding we have T~ = 1 = 7T. Furthermore, if T is left reflexive, then
"1 =T and if T is right reflexive, then |~ = T. If ¢ has a braiding, then (=)~ = = (-).
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5.2.6 Nuclearity and de Morgan Duality

Let (%, ®) be a biclosed magmal category, let L be an arbitrary object in ¢, and consider
the corresponding negation adjunction:

%ov 1 ¢ (5.26)

If €°P is equipped with a magmal product X as well as a (fixed choice of) natural iso-
morphism of the following form, which we call the left or right pre-nuclearizer for X,
respectively, then we call (¢, ®) left or respectively right pre-nuclear with respect to Xi:

left pre-nuclearizer right pre-nuclearizer

X oYy""=2y"rrr x TXRPTY 27Y o X (5.27)

Morphisms are always casted into €, never €°°P. Moving forward, we do not use the °P
superscript on functors such as ®, X, —o, o—, (=), and "(—). These superscripts can be
inferred, but it is standard to omit them. See Appx. F.1 for remarks on this convention.

When switching from the physics convention to the math convention for de Morgan duality;,
left and right nuclearity each undergo a swap, where e.g.left pre-nuclearity would read
X o Y7 =2 XTKY". We call (¢,®) left nuclear, right nuclear, or binuclear if it is
equipped with a natural isomorphism of the following respective form:

left nuclearizer right nuclearizer

X oV 2YRX™ TXRY XY o X (5.28)

In Sec. 5.3, we consider nuclearity as opposed to pre-nuclearity since the two end up being
equivalent in that setting (assuming strong linear distributivity), but here, we focus on
pre-nuclearity because it interacts more directly with the de Morgan laws, and thereby lets
us avoid assuming reflexivity in certain proofs. This generality allows for most of these
results to apply, for instance, to de Morgan Heyting algebras.

Recall that a (strong) left de Morgan dual of ® is a magmal product X on €°P that satisfies:
(X®Y) 2Y XX™ (5.29)
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If (¢, ®) is left reflexive with respect to L, then such X exists, is unique up to isomorphism,
and is given by Y X X = ("X ® 7Y)”. We use the word left because Eq. (5.29) involves
the left negation operation (—)~ as opposed to the right, ~(—). Also recall that if (¢, ®)
is left reflexive and X is the left de Morgan dual of ®, then ® is a right de Morgan dual of
X:

CYRX)Z(CX®TY))ETX QY

We use the word strong, in contrast to oplax or laz, in our terminology strong left de Morgan
dual because Eq. (5.29) is an isomorphism as opposed to just a morphism. Thus (%, ®) is
left reflexive if and only if (—)7 : (¥, ®) — (¥°P,X) is a full and faithful strong magmal
functor,”. Furthermore, (¢, ®) is bireflexive if and only if (=)™ < 7(—) is an equivalence
of magmal categories (¢°P,X) ~ (¥, ®). Typically, the left and right de Morgan duals of
® coincide. For example, by Prop. 5.2.3, this is true if (¢, ®) is bireflexive.

The facts we have stated here have analogous forms in the case that ¢ has a unital magmal
structure (®, T). In that case, one also obtains a canonical isomorphism L = T~ viathe
Yoneda embedding, as well as an induced unital magmal structure (X, L) on €°P.

Proposition 5.2.7 Let (¢,®,T) be a & -enriched left-closed unital magmal category, let
1L € Ob(¥) be arbitrary, and assume € is determined® by its global & -elements with
respect to T. Then there is a canonical natural isomorphism (X @ Y)" =2 X — Y.

Thus, under these hypotheses, ® is left nuclear with respect to an operation X if and only
if X is a strong left de Morgan dual of ®.

Proof First note the natural bijection of sets of global elements:
homy (T,Y KX 7) = homg(T,(X®Y)") = homg(X ®Y, L) = homg(T,X —Y7)

Then reflect home (T, —) since % is determined by its global % -elements. [

9A left adjoint in CAT is a full and faithful functor if and only if its unit is an isomorphism.

10See Sec. 5.1.2. Enrichment is required in order to apply this to examples such as R-FDVECT and
]'_m, which are each self-enriched. Intuitively, an abelian group is not determined by its underlying set of
global elements (since a the group law cannot be recovered), but by its underlying abelian group of global
elements, so this is why we need enrichment.
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Here we implicitly used the opposite (=)™ of the left negation functor (—)~, in adherence
to our stated convention. This was necessary in order to uncurry in the middle isomorphism
in the proof. This is why Prop. 5.2.7 requires %, as opposed to °P, to be determined by
its global % -elements. We will suppress further such remarks.

Proposition 5.2.8 Let (¢,®,T) be a J -enriched left-closed magmal category, let L €
Ob(%) be an arbitrary object, and assume € is determined by its global & -quotients with
respect to L. Then each natural isomorphism (X @ V)™ = X — Y determines a pre-
associative structure on (€, ®).

Combining this with Prop. 5.2.7, we see that if € is determined both by its global % -
elements and by its global J#-quotients, then (¢, ®) is pre-associative, since the canonical
natural isomorphism (X ® Y)™ = X — Y gives ® a pre-associative structure.

Proof Consider the natural isomorphism of £ -objects of global quotients:

homy (X ®Y)® Z, L) Zhomy(X ®Y,Z7)
> homy (X,Y —o Z7)
= homy (X, (Y ® Z)7)
=~ homy (X @ (Y ® Z), 1)

The result follows since € is determined by its global J# -quotients. |

Proposition 5.2.9 Let (¢,®,T) be a left-closed unital magmal category, let L € Ob(%)
be an arbitrary object, and assume (€, ®) is left reflexive with respect to 1. Then € is
determined by its global # -quotients with respect to L if and only € is determined by its
global & -elements with respect to T.

Thus, if (¢,®, T, L) is unital, left closed, left reflexive, and globally determined (by its
global elements with respect to T or equivalently by its global quotients with respect to L),
then (¢, ®) is pre-associative. Note that this is different from the property of €°P being
globally determined, since the roles of T and L get swapped, though the result about
associativity holds in that case as well by a symmetry argument.

Proof Let € be determined by its global J# -elements, let X and Y be %-valued functors,
and suppose homy (X, L) = hom (Y, L) is a (£ -valued) natural isomorphism. Then:

home (T, X ™) = homy (X, L) = homy (Y, L) = homy(T,Y ™)

149



By hypothesis, this reflects a natural isomorphism X~ = Y™ and then by left reflexivity, we
obtain a natural isomorphism X = 7(X7) = 7(Y") 2 Y whose image under homg(—, 1)
is the original J#-isomorphism. The converse is similar. [

Proposition 5.2.10 Let (¢, ®) be a pre-associative biclosed magmal category, and let 1 €
Ob(%) be arbitrary. Then there are canonical natural isomorphisms (X @Y)" =2 X —o Y™
and (Y @ X) =2 7Y o— X.

Thus, if (%, ®) is pre-associative, biclosed, and equipped with a strong left de Morgan
dual X, then (¢, ®) is left nuclear with respect to X. In particular, if (¢, ®) is pre-
associative, biclosed, and left reflexive, then there exists a magmal product X on €°P
that uniquely satisfies either and hence both of the following: (i) X is the strong left de
Morgan dual of ®; and (ii) (¢, ®) is left nuclear with respect to X. Finally, if (¢, ®) is
pre-associative, biclosed, and bireflexive, then % is both left and right nuclear with respect
to the bidirectional de Morgan dual X.

Proof The isomorphisms are given by internally currying, c.f. Prop. 5.2.2. |

Proposition 5.2.11 Let (¢,®) be a pre-associative biclosed magmal category, and let
L € Ob(%¥) be arbitrary. Then if (¢,®) is left reflexive (with respect to L), then X —o
Y 2 X7 o— Y. Likewise, if (¢,®) is right reflexive, then Y o— X = Y —o " X. The
converses to each of these statements hold in the presence of a unital structure (®,T).

Thus, if € is pre-associative and bireflexive, then the left and right internal homs, — and
o—, determine each other.

Proof Assume % is left reflexive. Then we obtain a natural bijection:

home (U, X —o V) = home (U, X —o "(Y™")) 2 homg (Y™ ® U ® X, 1) = home (U, X~ o— Y7)

So X —o Y = X7 o— Y™ by reflecting the Yoneda embedding. Conversely, given a natural
isomorphism X — Y = X7 o— Y7, substitute T for X and use unitality to obtain:

YT oY X1lo—Y " 27(Y)
This shows that € is left reflexive. Right reflexivity works the same. [ |
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Proposition 5.2.12 Let (¢,®) be a pre-associative biclosed magmal category that is bire-
flexive with respect to some L. € Ob(%). Then there exists T € Ob(%¢") and canonical unital
structures (®, T) and (X, L) for the primal and de Morgan dual operations, respectively.

Proof It suffices to describe the canonical unital structure for (X, L). The right unitor is
obtained by left reflexivity from the following string of canonical natural isomorphisms:

X2 (X)¥lo X 2 (X)RNLEYXKL

Likewise, the left unitor for (X, 1) is obtained using right reflexivity. Defining T as L~
(or L), we obtain the canonical unital structure (®, T) by de Morgan duality. |

Example Let .Z be a loop, that is, a unital magma in which for all z,y € £, there
exist unique elements x —o y and y o— x satisfying (z — y)x = y (left evaluation) and
x(y o— x) = y (right evaluation). Viewed another way, £ is precisely a discrete non-
associative unital autonomous category (to be defined in Sec. 5.3) with product ® and
unit 1 = T = L. In particular, it is a biclosed magmal category, and the de Morgan dual
K . LP x LP — L°P is the opposite of the primal magmal product ® : ¥ x ¥ — £,
not to be confused with the reverse-opposite. Explicitly, K = ®°P is given by e Xy =z Xy
with respect to the defining identification of objects in £ with objects in Z°P. In the
standard pattern of notational abuse, “®@ = X”. This works in the expected way:

—1

(zy) ' =@y =y Rz =y 'z

A group is an associative loop.

Caution: In the math convention, the de Morgan dual would be (what in the physics
convention we call) the reverse-opposite ®™V°P  given by y VP z = x ® y, not just the
opposite, due to the swapped behavior of de Morgan duality. Thus, in the physics conven-
tion, we end up considering only the primal operation and applying the reversals manually
(notationally), whereas in the math convention, this example is viewed in terms of the
interaction of the primal operation and its reverse-opposite. In an unfortunate clash of
terminology, in algebra (c.f. opposite group, opposite algebra), the operation ®"°P is what
is referred to as the opposite of the primal operation ® (whereas ®°P is identified with ®).

The homset hom ¢ (x,y) encodes (nothing more than) the boolean of whether = = y. Thus,
the objects of .Z are not determined by their global elements or by their global quotients,
(i.e. whether they equal 1) unless .Z has at most two elements. Then:
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1. The existence of a group (such as Z/3Z) with more than two elements disproves the
converses of Prop. 5.2.7 and Prop. 5.2.8.

2. Let & be a unital alternative algebra. Two-sided multiplicative inverses in .« are
unique when they exist, and these (bi-)invertible elements comprise the wunit loop
/. Inverses furthermore satisfy y = (yz~')x, so it follows that &> is left nuclear:
x —o y = yx~ 1. The octonions O comprise a unital alternative algebra, and every
nonzero octonion is invertible, i.e. 0% = O ~ {0}. This shows that it is possible to
have nuclearity without associativity, let alone globally determined objects.

Example Building on Barr’s example | ], let € = SUBgr (M) be the powerset of a
magma M, and consider the magmal product given by U @ V = {uv|u € U and v € V'}.
Then (C,®) is biclosed, and V — W ={u e M |[uV CW}and W o—V ={ue M |Vu C
W}, If M has a unit 1 then T = {1} is the magmal unit of ®. An object L is cyclic if
and only if it is a normal subset: m_L = 1L m for all m € M.

Example In Sec. 2.4.5 we noted that LCA is a symmetric closed monoidal category.
The de Morgan dual X of the tensor product ® is defined in terms of Pontryagin duality.
Some important isomorphisms are: (Z/dZ)* = Z/dZ,R* =R, Z* =T, T* = Z, 0* = 0, and
(A@ B)* = A*® B*. While R-FDVECT is autonomous (the special case of star-autonomous

where ® = ), LCA is properly star-autonomous. To see that ® 2 X, we use nuclearity
and the fact that there are no group homomorphisms from the circle T to the integers Z:

02T —oZ=22ZKZ

But Z®Z = Z. The de Morgan dual X coincides with the (opposite of the) ‘par’ operation,
X = ¥°P (not to be confused with ™" °?| though of course this example is symmetric).
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5.3 Star-autonomous categories

The theory of star-autonomous categories captures a general notion of duality internal
to a category, including constructions such as the dual vector space in linear algebra as
well as the Pontryagin dual of a locally compact abelian group. Star-autonomous cate-
gories, as defined by Barr, can be characterized as bireflexive biclosed monoidal categories
[ : |. Shortly after Barr’s original paper, Cockett and Seely showed that a
star-autonomous category is equivalently a linearly distributive category (LDC) that sat-
isfies a property often called nuclearity | ]. In this section, we approach the theory
of star-autonomous categories from a different direction, without relying on associativity,
and note some interactions with associativity and derive two formulas we believe to be new.

Traditionally, the linear distributors of an LDC are not required to be isomorphisms, and
this is a major feature. Indeed, boolean algebras are a commonly cited first example
where linear distribution is not invertible. The examples that motivate our interest in
star-autonomous categories, hgvlever, have invertible linear distribution. These are the
categories FGF-R-MoOD and LCA. For this reason, in our approach, we start by assum-
ing that the linear distributors are isomorphisms. In reality, this assumption is not used
much, but even more interestingly, we find that in the associative case, the theory is no
less general. This is because we do not require the % operation (or technically 2¥°) to be
the de Morgan dual of ®. This leads to a three-way distinction for the various levels of
coherence of the negation adjunction (=) 4 (—)".

One goal of this exposition is to highlight when aspects of the theory of star-autonomous
categories are instances of more general phenomena in category theory, for example by
focusing on aspects of the adjunction (=)~ - 7(—), in order to defer calculations to the
proofs of more powerful theorems. Another is to point out the different roles of associativ-
ity and linear distributivity. While the former is understood to generalize the associativity
of function composition, the latter is intimately connected with duality. We do not require
associativity when we lay out the theory of star-autonomous categories, with the excep-
tion of showing an interaction between associativity, de Morgan duality, and nuclearity.
However, as we note in Appx. C, from invertible unitors and invertible linear distributors,
one derives a canonical associative structure. We do not scrutinize the exact properties
needed of the unitors for now, but we do not explicitly require associativity, and thus only
call for a non-associative LDC. The irrelevance of associativity in the theory prompts us
to find new formulas for the inverse nuclearizer and internal composition into the dualizing
object.
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5.3.1 Ordinary and linear distributivity

Let (¢, ®) be a biclosed magmal category.

Since left adjoints preserve colimits, the coproduct + (if available) distributes over ®:

(X4+Y)RZ2XQRZ+YRZ and XY +2)2XRY+X®Z

Dually, if € is equipped with a co-biclosed functor X : €°P x €°P — €°P and has coprod-
ucts, then:

(XxY)RZ2XKRZxYRZ and XR(YxZ)ZXKRYxXKZ

So far, we have not imposed de Morgan duality or any other relationship between ® and
X, nor have we even fixed a dualizing object L. A classic example of distributivity is the
powerset SUBggr(V') of a set V, in which case ® = x = N is the product (intersection)
and X = + = U is the coproduct (union). Another is SET, where ® = x is the Cartesian
product and X = + = U is the disjoint union. Likewise, in FINSET and its decategorifi-
cation, the natural numbers Ny, the operations ® and X are again the product and sum
(coproduct). A familiar example where ® is not just the product is the biclosed monoidal
category k-FDVECT, in which + = x is the biproduct (direct sum) @ and ® = K is the
tensor product of finite dimensional k-vector spaces. There are many related examples.

In Sec. 5.2.6, we fixed a dualizing object L with which to form negations without imposing
any sort of distributive law between the primal operation ® and the left dual operation X,
defined either by left de Morgan duality or left nuclearity. It was shown in | | that,
(assuming associativity,) a linear distributivity always holds:

Theorem 5.3.1 Let (¢,®,1) be an associative biclosed magmal category. Then there
exist canonical natural transformations, which we call “pre-linear distributors”:

X@(Zo—Y )5 Zo—(XQY) (V—=2X)8Z—>"(Y®X)—X  (530)

Moreover, if (¢,®, L) is bireflexive, we obtain linear distributors:

XRYKZ) - (XY)KZ (XXY)®Z - XK (Y ®Z2) (5.31)
where K is the de Morgan dual of ®.
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By the existence of non-associative unital loops (in which “X = ®”), such as the nonzero oc-
tonions O* | we see that this theorem makes crucial use of associativity. This demonstrates
how Cockett and Seely’s characterization of star-autonomous categories as bireflexive LDCs
breaks down in the non-associative case.

Proof By Prop. 5.2.10, we have a natural isomorphism (X®Y)™ = X — Y (in %), which
we left uncurry to obtain a natural transformation ¢y y : (X®Y)"® X — Y. Composing
this with [rightevaly, | : Y~ — (Z o— Y~) —o Z, we obtain a natural transformation
Yzyvx 1 (X ®Y)" ®@X — (Z o— Y") — Z. Finally, by associativity, this may be recurried
as pzyx : X ®(Z o—Y") = Z o— (X ®Y)". The weak left linear distributor is obtained
by applying right nuclearity and left reflexivity. The right version is similar. [ |

The linear distributors guaranteed by Thm. 5.3.1 are not necessarily isomorphisms, though
we are more interested in the case where they are. The classical example where the linear
distributors are not isomorphisms is a Boolean lattice %, such as a powerset SUBg: (V') for
some set V. One takes ® = x = N to be the product (meet/intersection) and X = + = U
to be the coproduct (join/union). Even though these satisfy the ordinary distributive law,
they also satisfy weak linear distributivity, as can be verified directly (using Venn diagrams
or natural deduction) or by applying Thm. 5.3.1. The currying adjunction and nuclearity
are embodied by the following statement:

XNnNY CcZz if and only if XCZUY"

where Y7 = 7Y = V Y is the set complement. Clearly, "(Y™) =Y = ("Y)” and N is
associative, so the thoerem applies. This can be contrasted with the lattice SUBg ppvger (V)
of subspaces of a k-vector space V', which is not Cartesian closed.
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5.3.2 Star-autonomous categories: overview

Let (¢, ®,7) be a non-associative LDC with invertible linear distributors.

Each object X gives rise to a sequence of (linear) adjoints'!, which is either an n-cycle for
some n € {1,2,---}, or (by uniqueness of adjoints) has no repeated (isomorphic) terms
and in each direction either eventually terminates or continues indefinitely:

e X HXTHAX ATX ATX A (5.32)

We will soon see that if (¢, ®, 1) is associative, biclosed, and bireflexive, then X has a
left adjoint X* if and only if X has a right adjoint *X, in which case the only way for
Eq. (5.32) to terminate in either direction is if it consists of a single term X, not to be
confused with the situation of a self-dual object (1-cycle).

Adjointness is one way to formulate the notion of dual objects. For another, since (¢, ®)
is biclosed, we may consider the left and right negations, defined by X~ =2 X — 1| and
"X =2 1 o— X for some dualizing object L. The natural question, then, is when these two
notions of dual coincide: when is the left negation isomorphic to the left adjoint, X* = X,
or equivalently, when is X~ - X7 It turns out (very nontrivially) that assuming (%, ®) is
biclosed (as always) and that X has a left adjoint X*, then it follows that X* = X ™.

Recall that an adjunction X* - X consists of objects X* and X together with morphisms
n: T —=>X7%X"and e: X*® X — L satisfying the zigzag identities:

n®X X*®n

X — XBX*"'®X X — X" X% X"
X lXYS’e N lé)?x*
X X
left zigzag right zigzag

"1 The adjunction X* - X takes place in the delooping linear bicategory B%’, not to be confused with the
negation adjunction (—)~ 4 7(—), which takes place in the (ordinary) bicategory CAT. The left adjoint X*
of X has often been called a left negation (eg. in | ]), but we use the word negation as in Sec. 5.2.5.
Also, invertibility of the linear distributors isn’t required for this definition to work, but we require it
anyway.

156



It turns out that as soon as the left zigzag of X* 4 X is satisfied, it follows that X~ -4 X,
so by uniqueness of left adjoints, the right zigzag is satisfied if and only if X* = X™. To
see why, first assume that the left zigzag of X* 4 X holds. Then by the currying identities,
the following diagram commutes, showing that the left zigzag of X - X holds:

X2 xyxrgXx — X v xeX
X lX%’e lXWIeftevalf
X X

The next step is to show that as soon as the left zigzag of X 4 X holds, so does the right,
and so indeed X~ 4 X. We prove this and the other things in the next subsection.

In Sec. 5.2.6, we began with a magmal product ® on &, an object |, and a magmal prod-
uct X on €°P called its left de Morgan dual. We then defined left nuclearity with respect to
X, and showed that if (¢’, ®) has unit T, then left reflexivity implies left nuclearity with
respect to X. Now we start with a magmal product % on %, which is required to linearly
distribute with ® in the invertible sense, but is not required to be its de Morgan dual,
and define left nuclearity with respect to %: X is left nuclear in this sense if it has a left
adjoint. Note that left nuclearity with respect to % is a property, not additional structure.
For the moment it seems that we have just introduced a synonym for left adjoint, but we
will review how nuclearity extends from a property of objects to one of morphisms | ;
]. Uniqueness of left adjoints can be used to show that left nuclearity with respect
to % implies left reflexivity, that is, that |lefteval{| : X — ~(X7) is an isomorphism.
Interestingly, the converse is not necessarily true. That is, it may be that X, or just as
well the whole category (%, ®, %), is left reflexive but not left nuclear with respect to 7.

For example, a nontrivial Boolean algebra (¢,® = A, % = A), such as Fy, is a reflexive
LDC with strong linear distributors that is not nuclear. The linear distributors are the
associators, as we are in the degenerate ® = %% case. Yet (4, ®, %) is not nuclear because
the de Morgan dual of ® is X = V°P, not %°? = A°?. Here the difference between our
approach and Cockett and Seely’s approach is clear. In | |, the de Morgan dual X°P
is used as their second operation %, and indeed, (%, ®,X) is nuclear. With this particular
example, we can trade invertibility of the linear distributors for that of the nuclearizer by
instead taking X° = V as the second operation.

The version of nuclearity we discuss here at first appears to be completely different from

157



the version defined in Sec. 5.2.6. However, the left linear distributor (even in the non-
invertible case) determines the left nuclearizer leftnucy : Y % X~ — X —o Y. Although
Ieftnucff might not be invertible, we will show that X is left nuclear with respect to % if
and only if leftnucy is an isomorphism, relating back to our original definition of nucle-
arity in Sec. 5.2.6. In the other direction, we have already recounted Cockett and Seely’s
construction Thm. 5.3.1 of the weak linear distributors in terms of the de Morgan dual X.

Conjecture Let (¢,®, L) be a bireflexive biclosed monoidal category and let X be the
strong de Morgan dual. Suppose there exists a (weak) linearly distributive structure re-
lating ® and X°P, but forget the particular structure as well as the de Morgan duality
structure. (So we only assume existence of these.) Then the constructions (i) of the
(weak) nuclearizer, and thereby of the (weak) de Morgan laws, given a (weak) linearly dis-
tributive structure; and (ii) of the (weak) linearly distributive structure given a (strong)
de Morgan structure, are mutually inverse in the case that everything is strong.

Each side of the negation adjunction for a biclosed magmal LDC (%, ®, %) with invertible
linear distributors has three levels of coherence.'?

(=)~

T

GoP = (€°P, 3°P) 1 (€, ) =€ (5.33)

(=)

We always require (¢, ®,%) to be biclosed with respect to ®. The first level involves
nothing more. Second, left negation (—) : € — €°° may or may not be full and faithful,
which is equivalent to (¢, ®) being left reflexive. Third, we may equip (if it exists) a strong
magmal structure on (—)”. In other words, we may equip a strong left de Morgan law (if
it exists), imposing that %" be the left de Morgan dual of ®. If there is a pre-associative
structure on ®, then the specification of a strong left de Morgan law is equivalent to that of
a strong left nuclearizer. The following theorem shows that, in the pre-associative case, the
third level of coherence implies the second level. By the results of Sec. 5.2.4, if (¢, ®, L)
is bireflexive, then (regardless of associativity), the left and right versions of the third level
of coherence merge, and %" is the bidirectional de Morgan dual.

12Recall that our definition of magmal functors is “reversed” to simplify notation and terminology in
teh physics convention. If it weren’t, the object on the left of Eq. (5.33) would be €"¢VoP = (€°P, BV °P).
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Theorem 5.3.2 Let (¢,®,%) be a magmal LDC and assume ® is biclosed. Then (1) if
(¢,®,L) is (canonically) left nuclear with respect to %%, then (€, ®, L) is left reflexive.
Moreover, (2) if ® is pre-associative, then there is a canonical oplaz left de Morgan law
(and lax right de Morgan law), and (3) the existence of any strong left nuclearizer (or
equivalently that of a strong left de Morgan law) implies that (¢, ®, L) is left reflezive.

Since 7°P is not necessarily the de Morgan dual in Thm. 5.3.2; even if the the canonical weak
linear distributors of Eq. (5.31) relating the de Morgan dual X and ® are isomorphisms,
it may /Siﬂl be that &% 2 X°P. For example, we may artificially take the second operation
7% on LCA to be ® instead of the more natural choice, the de Morgan dual X°P. Then the
canonical (weak) linear distributors with the de Morgan dual are isomorphisms, and we
have reflexivity without nuclearity. In the other direction, if we take ® and % to be the
product A and coproduct V on a Boolean algebra, then % = X, so we have nuclearity and
hence reflexivity, but the canonical linear distributors are not isomorphisms.

Proof Part (1) is Cor. 5.3.5, which we prove in the next section. For (2), observe that a
canonical oplax left de Morgan law ¢xy : Y% X~ — (X ® V)™ is obtained by composing
the natural isomoprhism X — Y™ =2 (X ® V)™ (by pre-associativity) with the canonical
weak left nuclearizer leftnucy— : Y~ % X~ — X —o Y. For (3), by the second part of
doctrinal adjunction, the existence of any strong left de Morgan law implies ¢ itself is an
isomorphism, and we may apply (1). [ |

It is a nontrivial feature of the negation adjunction of a biclosed pre-associative magmal
LDC that strong left de Morgan duality implies left reflexivity. That is, there exist strong
magmal (or even monoidal) adjunctions that are not equivalences, as witnessed by the
negation adjunction on any non-classical de Morgan Heyting algebra.

The left nucleus of a biclosed LDC with invertible linear distributors is the full subcategory
on left nuclear objects. By results from the next section, the left nucleus is a two-sided
ideal under composition, and (%, ®,%) is left nuclear if and only if it is equal to its left
nucleus. As we have established, pre-associativity and bireflexivity are enough to make the
left and right versions merge. In other words, if (¢, ®,%) is associative and bireflexive,
then the left and right nuclei coincide, in which case we simply call them the nucleus.

159



5.3.3 Nuclearity

Let (¢, ®,%) be a biclosed magmal LDC with invertible linear distributors.

A morphism f: X — Y in € is left nuclear if it has a left pseudoname, that is, a morphism
p: T =Y % X" such that the following diagram on the left commutes, and right nuclear
if it has a right pseudoname, that is, a morphism ¢ : T — "X % Y such that the following
diagram on the right commutes:

PR Yy RXT 9 X X X X9 XY

\ lY%’IeftevalX \ lrightevali(??Y (534)
Y

Equivalently, nuclearity may be expressed in terms of the left and right nuclearizer, which
are defined by left currying Y % lefteval{ or right currying righteval{ Y, respectively. The
diagrams of Eq. (5.34) are respectively equivalent to the following curried versions:

T2 yYy®X™ T 25 "X3Y
eftnuc¥ rightnuc¥ 535
T e U L (.33
X —oY Y o— X

We call an object X left (resp. right) nuclear if idx is. We will eventually show that if a left
(resp. right) pseudoname exists then leftnuc;s (resp. rightnucy) is invertible, which implies
that pseudonames are unique if they exist. Before proving invertibility of the nuclearizer,
the following theorem implies uniqueness of pseudonames of objects.

Theorem 5.3.3 If X is left nuclear, then X~ - X.

In other words, as soon as the left zigzag of X~ -+ X is satisfied, so is the right. By
uniqueness of the adjunction unit, the left pseudoname for X is then unique. The same
applies for right nuclearity, and we denote the respective pseudonames, if they exist, by:

e~ —

leftcoeval® : T — X 3 X~ rightcoeval™ : T — "X % X
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Proof Let L = —® X and R = X — — so that (L, R, leftcoeval™, lefteval™) is the left
currying adjunction across X (in CAT). Let p be a pseudoname for idy. Then consider:

pPRX

LT=X (1L)

leftcoevalX @ X =L (leftcoeval )

(2L)

(X - X)® X = LRLT

XX ®X

leftnucx x®X

(5.36)

lefteval =leftevalX L(idx)

X=LT

(1L) commutes since it is D ® X where D is the left diagram in Eq. (5.35). Equation (2L)
commutes since it is the left zigzag identity of L 4 R instantiated at T. Next,

\

(IR)

leftcoeval -, =leftcoeval - R(idx)

Rl =X"

(2R)

X" X% X™

Ieftnch’Xﬁ@,X

~

X)=RLRL

(5.37)

X —olefteval ¥ =R (lefteval )

~

X" =RL

(IR) commutes since it is obtained by left currying the following commutative diagram:

X2(peX) (X" ®p)©X
!

X"©X (1R)

X7"®X
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The equality 2" is due to a coherence axiom. This diagram (IR)', in turn, is just X~ ®@ D’
where D' is the left diagram of Eq. (5.34). (2R) commutes because it is the right zigzag
identity of L - R instantiated at L. The composite of the vertical arrows in Eq. (5.36) is:

leftevaly (leftnucx x ® X) = lefteval¥ ([ X 7 lefteval{ ] ® X) = X % lefteval{

The composite of the vertical arrows in Eq. (5.37) is:

(idx —o lefteval ) [ X~ ® X X lefteval{ ] = [lefteval! (X~ ® X & lefteval{)]
= [lefteval? (lefteval} X X~ ® X)]
= lefteval & X~

Commutativity of Eq. (5.36) and Eq. (5.37) certifies the adjunction (X, X, p, lefteval{) in
B?. |

Proposition 5.3.4 If X is left nuclear then X~ is right nuclear with right pseudoname:

e~ e~ —

rightcoeval™ = (|lefteval{ | %% X 7)leftcoeval™ (5.38)

Proof Let X be left nuclear. It suffices to show that the right-hand-side ¢ of Eq. (5.38) is
a right pseudoname for X . The left zigzag certifying right nuclearity of X is as follows:

—_—

X Xﬁ®gl X ®_'(X_') 9 X~ X X" Q®leftcoevalX X" 92X 3 X"
lrightevalfﬁ@Xﬂ lX“‘@\_IeftevalfJi’S’X*
X" _ X" @ (X)W X"
lrightevalfﬁ BX™
X—|
_ X~ X " Qleftcoeval X X ® XXX
lleftevalf BX™
X—|
= X~ X > X
The last step here by the right zigzag of the left nuclearity of X. [ |
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Corollary 5.3.5 If X is left nuclear then X is left reflexive, and furthermore:

[lefteval{] = (7(X7) 9 lefteval} ) (rightcoeval® @ X) : X 5 ~(X") (5.39)

[lefteval ]! = (X % righteval? )(leftcoeval® ® (X)) : (X)) 5 X (5.40)

Proof Uniqueness of right adjoints applied to the adjunctions X~ 4 X and X~ -4 7(X ™)
asserts that the path along the top of the following diagram is an isomorphism:

X)X X

;

[Ieftevalf'\ XX

X s XX ®X “(X7)

eftcoeval ¥ @ X |

—

. - X
rightcoeval® " ®@X (X7)Blefteval

X@Ieftevalf

!

X

[lefteval ]

It also asserts that the inverse of the path along the top is the right-hand-side of Eq. (5.40).
Finally, the path along the bottom is [lefteval{ ], so X is left reflexive and Eq. (5.39) holds.
[

Theorem 5.3.6 Let f : X — Y, h:W — X, and g: Y — Z. Assume f is left nuclear
with left pseudoname p. Then gfh is left nuclear and has left pseudoname (g % h™)p, and
we have the following currying formula:

(h—g)[f1=1Tgfh]: T =W —Z (5.41)
Besides giving a useful currying formula, this theorem shows that the left nuclear mor-
phisms comprise not just a full subcategory, but a two-sided ideal, called the left nucleus.

Recall that assuming bireflexivity and associativity, left and right nuclearity coincide, and
thus so do the left and right nuclei, in which case one simply refers to the nucleus.

Proof The larger square part of the following diagram reduces to the naturality square of
id % lefteval | , which commutes since both id and lefteval, are natural transformations-the
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latter by Mac Lane’s parameter theorem. The smaller square commutes since p ® — is
natural, and the triangle commutes since p is a left pseudoname for f.

WYy xmow LW L o weew

hl lYWX “®h

X
X & Yy X~ X X Z%’Ieftevalﬂ/
; lY%’Ieftevalf

Y s 7

This shows that (¢ % h™)p is a left pseudoname for gfh. In other words (left currying):

[gfh] = leftnucly (g 3 h7)p (5.42)

Now, since naturality is preserved under adjunctions, in this case the left currying ad-
junction, leftnuc is natural in both arguments, and we obtain the following commutative
diagram:

T 2 yyx 2" gy

€ nUCX € nUCW 543
m l| fnucy ll ftnucl) (5.43)

—og
Putting this together with Eq. (5.42), we obtain the desired formula Eq. (5.41). |

Corollary 5.3.7 Let f: X — Y be a left nuclear morphism. Then

1. If f has a left inverse, then X is left nuclear.

2. If f has a right inverse, then' Y 1s left nuclear.
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5.3.4 The inverse nuclearizer and internal composition into the
dualizing object

By Thm. 5.3.8, if a morphism ¢ : X — Y is left nuclear, then the leftnucy is an iso-
morphism. A formula for (leftnucys )", which we call the inverse nuclearizer, was given in
Rowe’s paper | |, and appeared shortly after in Higgs-Rowe | |, but in both cases,
checking its correctness was left to the reader. The result has been cited subsequently, eg.
in | ], but we could not find a complete proof in the literature. Mac Lane had
conjectured a coherence theorem should hold for symmetric monoidal categories, and this
was later proved by Soloviev in | |. This theorem reduces certain equality checks be-
tween morphisms to type-checking, and certifies Rowe’s formula for the inverse nuclearizer.

We work in slightly more generality than Higgs-Rowe, since we do not require ® = %,
so Soloviev’s coherence theorem does not apply. Rowe’s formula generalizes in an obvious
way, and we prove directly that it still holds, assuming associativity. However, we are
intrigued by the fact that the formula involves associativity at all. The rest of the theory
of star-autonomous categories does not, with the exception of some simplifications noted
in Sec. 5.3.2, such as the merging of the left and right nuclei. We show that associativity
is redundant by deriving a formula for the inverse nuclearizer that does not rely on an
associative structure. We believe the formula was previously unknown. We also derive a
formula for internal composition when the third object involved is the dualizing object.
This formula does not use associativity either, and we also believe it is new. The key
insight to deriving the new formula for the inverse nuclearizer is that the role of the
internal composition in Rowe’s formula can be replaced by this other internal composition
map.

Theorem 5.3.8 Let X be an object. Then the following are equivalent:

(i). X is left nuclear.

(ii). For every object Y, leftnucys is an isomorphism.
(111). For every object Y, every morphism ¢ : X — Y s left nuclear.
In such a case, the inverse left nuclearizer is given by:

—_—

(leftnucy ) ™" = (leftevaly % X7)((X — V) ® leftcoeval®) : X — Y =V ¥ X (5.44)
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Proof It is trivial to see that (i) implies (i77) and that (izi) implies (7). Interestingly, by
Theorem Thm. 5.3.6, we already have seen that (i) implies (iii), though it still remains
to show that (¢) implies (i¢) and to derive the formula. Assume X is left nuclear. We
temporarily denote the expression on the right-hand-side of Eq. (5.44) by N;{*. To see
that N5 is the inverse of leftnucss, first observe that the following diagram commutes, and
that the counterclockwise path left curries to leftnucs Ni¥, whereas the clockwise path left
curries to idx_.y. This shows that N{¥ is a right inverse of leftnucy::

(X -Y)® X

—_—

(X —oY)®leftcoeval ¥ @ X

(X oY) XTX " ®X (X—Y)®X

™~

leftevali¥ X ~®X (X—Y)®X Rlefteval

(5.45)

2

YRX"®X

=/

Yfﬁ’lefteval)f
X
leftevaly>

2

Y

Commutativity of the upper triangle in Eq. (5.45) follows from the left nuclearity of X, and
the lower triangle commutes by elementary properties. Next, commutativity of Eq. (5.46)

directly shows (without currying) that Ni¥ is a right inverse of leftnucs :
Y ® X~
leftnucst | YRX~

Y2 X " ®leftcoeval ¥

!

X oY YRX XX s Y X (5.46)

| Y Blefteval ¥ X~

leftn ucff RXBX™

l

(X =Y)o X# X"

X 29y
(X —oY)®leftcoeval X leftevalys X

The top right subdiagram of Eq. (5.46) commutes by left nuclearity of X, and the left
subdiagram commutes by elementary means. The bottom right subdiagram is obtained
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from:
Y@Ieftevalf

Y®HX" ®X
Ieftnucif@Xl

(X—oY)@X

Y
(5.47)

X
leftevaly;

Diagram Eq. (5.47) commutes, since both paths left curry to the same morphism leftnucs;
due to the currying identities [f(h ® X)] = [f]h and [V ¥ t] = leftnucys (Y & [t]). |

Corollary 5.3.9 (Rowe’s formula) Let Y be an object. If (¢,®) is coherently associa-
tive, then the following are equivalent:

(1). Y is left nuclear.
i). For every object X, leftnucis is an isomorphism.
Yy 00] Y

(111). For every object X, every morphism ¢ : X — 'Y is left nuclear.

In such a case, the inverse left nuclearizer is given by Rowe’s formula:

—~——

(leftnucy’) ™' = (Y ¥ leftcompy 4, ) (leftcoeval” ® (X — Y)) (5.48)

Proof Again we prove the only nontrivial implication, (i) = (¢) and derive the formula.
By Theorem Thm. 5.3.8, it suffices to show that the right-hand-side M5¥ of Eq. (5.48) is a
left inverse to leftnucys without verifying that it is a right inverse. Observe that the following
diagram commutes. The top triangle commutes by the coherent associativity pentagon,
the middle part by elementary properties, and the bottom triangle by left nuclearity of Y.

(leftcoeval’ @(X —oY))@X

YBY ®@(X —Y)®X 4 (X oY)® X

assoc®, /
v leftcoeval¥ @((X —Y)®X)

YRY " ® (X —Y)®X)

X
leftevals>

Y
leftcoeval’¥ @Y
Y
Y

YY" QY 3

Y@Iefteval{

Y7?Yﬁ®|efteva|§
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Now, by the formulas [f(h ® X)] = [f]h and [Y ¥ ] = leftnucs: (Y % [t]), the coun-
terclockwise path left curries to leftnucs M;¥. The clockwise path left curries to idx_.y-.
|

In Section Sec. 5.2.2, we defined internal composition in an associative biclosed magmal
category. It turns out that a different formula for internal composition is available in a

strong magmal LDC if the final object is 1, even without assuming associativity. Namely,
define

leftcompyy Y7 ® (X —Y) = X7

to be the composition:

Yﬁ®(X—oY)

\’Yﬁ®((XwY)®IeftcoevaIX)
V"o (X -Y)a XX

Y @ (leftevalF 3 X ™)

Y™ ® Y »X

IeftevaII%’X

2

X—|

By Theorem Thm. 5.3.8, internal composition is equivalently given by:

e~

leftcompyy - = (lefteval % X7) (Y™ ® (leftnucy’) ") (5.49)

We also believe this to be a new formula. The insight that let us replace Rowe’s formula for
the inverse nuclearizer by Eq. (5.44) was that the internal composition in Rowe’s formula
can be replaced by Eq. (5.49), which does not use associativity. This is because the last
object in the composition is the dualizing object L.
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5.3.5 Formula for dual morphisms

Linear bicategories are the evident oidification of linearly distributive categories, and so in
a sense, when we study nuclear objects, we are just studying the single object case of an
adjunction, after also imposing biclosedness. Nuclearity is a bit more involved than this,
however, since we consider nuclear morphisms, not just objects. In this way nuclearity is
like an “internal oidification” of the notion of adjunction itself in an LDC. We have seen
that biclosedness entails that once the left or right zigzag of X~ 4 X is satisfied, both
are satisfied. It turns out that nuclear morphisms satisfy the analogous property. This
is a high level interpretation of Thm. 5.3.10, but the practical essence is the well-known
formula, Eq. (5.50).

Theorem 5.3.10 Consider objects W and Y and a morphism g : W — Y. Then if W is
left nuclear, then g =g — L : Y™ — W™ is just as well given by:

Y @¢BW ™ IeftevalI%’Wﬂ
_—

4 Y " ®leftcoeval v 4 4 . - -
y - Yoglefeoevall v oy 29 1 Y QYR W W~ (5.50)

Proof By Thm. 5.3.6 or Thm. 5.3.8, g has a left pseudoname p : T — Y % W™. Now
consider:

yewaw: 22 Ly gy 3w
- lefteval¥ W~
Y " ®leftcoeval v
/
Y™ (]_) Yﬂ®leftnucw (2) Yﬂ®|eftnuc1‘/y (3) w™

\
Yﬁ®|eftcoevaIYrV o
~ leftcompyy; 3
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(1) commutes by left nuclearity of W. (2) commutes by naturality of leftnuc. (3) commutes
by formula Eq. (5.49). (4) commutes by definition of [¢]. Next, since g is left nuclear, the
top and bottom paths Y~ — Y™ ® (W — Y') are equal, so (5) commutes by the invertibility
of the nuclearizer. So far we have established that:

P

(lefteval’” Z W) (Y™ ® g 3 W)(Y ™ ® leftcoeval™) = (lefteval’ 3 W™)(Y ™ ® p)

We now show that the right-hand-side reduces to g~. Since g is left nuclear, the following
diagram commutes:

QW .
wWESYRW W neftevalleeftevalw

\ lY@IeftevalW

Lleftevale

“(Y7)

Now right-uncurry this to obtain commutative diagram:

VoW —2W oy gy W W

\ lleftevalymeftevalw
(Y™ ®g) leftevalY’

Finally, left curry this to get the desired right zigzag for the left nuclearity of g:

ﬁ

YRy gy W

\ lleftevalYWWﬁ (551)
~=[lefteval} (Y "®g)]

The equality g~ = [lefteval’ (Y™ ® ¢)] may either be seen by the first currying formula
(i.e. by Mac Lane’s parameter theorem) or by the nuclear currying formula Eq. (5.41). W

We get another formula along the way:
Corollary 5.3.11 If g: W — Y is left nuclear then g~ = (lefteval] Z W™)(Y ™ @ p).

Proof This follows by commutativity of Eq. (5.51). |
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In fact, we define the left conuclearizer by currying Eq. (5.51):

T2 syxw,

leftconuc?’
BT, e

Woo-Y"™

Conjecture 5.3.12 If (¢,®,%) is unital and associative, and g : W — Y is a left nu-
clear morphism with left pseudoname p : T — Y % W™, then the left nuclearizer and left
conuclearizer are related as indicated by the following commutative diagam:

T 2 s yRw-

w

lleftconuc}‘/}’ leftnucy’

W7 o=Y"™

lg~]

Such a relationship between the nuclearizer and conuclearizer is expected since the types
check out, and because the assumption of nuclearity seems to be enough to achieve coher-
ence. Without an actual coherence theorem or explicit proof for now, however, we leave
this as a conjecture.
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Chapter 6

Internalization of multilinear forms

A bilinear form wy on an R-module V' is nondegenerate if for all nonzero u € V, the
map v — wy(u,v) is nonzero. One calls wy symmetric if wy(u,v) = wy(v,u) for all
u,v € V, skew-symmetric if wy(u,v) + wy(v,u) = 0 for all u,v € V, and alternating if
wy(v,v) = 0 for all v € V. Every alternating form is skew-symmetric, but the converse
holds if and only if R has odd or zero characteristic. Furthermore, symmetry and skew-
symmetry coincide in characteristic 2. These and other kinds of multilinear forms can be
defined internally, that is, they may be defined on an object in a magmal category #
with sufficient structure and properties imposed. We also consider the oidifications of such
forms, i.e. families w = (wv)yeob(y+y of forms varying naturally across a full subcategory 7.

Starting with a biclosed preabelian magmal category with distinguished element L, the
existence of a multilinear form of a given kind may imply that the domain of oidification
V' satisfies some additional property, or the form itself might induce additional structure
on ¥’. For example, we consider bilinear forms that partially evaluate to an isomorphism
(rather than just a monomorphism), and call these nuclear bilinear forms. These coincide
with nondegenerate bilinear forms on finitely generated free R-modules. The existence of
a naturally varying nuclear bilinear form, it turns out, implies that ¥” is star-autonomous.
It is possible to define alternating, symmetric, and skew-symmetric bilinear forms with
surprisingly little imposition on 7.

One technicality to keep in mind is that although R-MoD is abelian, FGF-R-MOD is not
preabelian unless R is a field since it lacks kernels and cokernels. This is not a problem
since we can work with the larger category R-MoOD but restrict our focus to the nucleus.
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6.1 Internalization and oidification of bilinear forms

Let 7" be a magmal category, and let L be an object in #". A bilinear form on an object V'
is a morphism wy : V®V — L. A morphism of the form ¢ : U — V respects bilinear forms
wy and wy if Eq. (6.1) commutes. More generally, a (naturally varying) bilinear form on a
full subcategory ¥ is a natural transformation w : F' = G, where F' = @Ay : V' — ¥ is
given by F'p = ¢ ® ¢ and G : ¥’ — ¥ is the constant functor G¢ = id; . In other words,
w is a family of morphisms wy indexed by each object V' of ¥’ such that all morphisms of
the form ¢ : U — V respect wy and wy:

UU % 1
¢>®¢l lidl (6.1)

Vv —/0 L

A bilinear form wy on an object V' is the same as a bilinear form w on the full subcategory
on the single object V. It is only a technicality that ¥ must be larger than ¥’ in this
case, since 7 has to also contain the objects V ® V and L, in addition to V. Let us
write End(7,w) for the subcategory of ¥’ consisting of the morphisms ¢ : U — V that
respect wy and wy. Likewise, we define End(V,wy ) to be the monoid of endomorphisms
¢ : 'V — V that respect wy. In the case that ¥’ contains a single object, End(¥,w) is
the delooping category of End(V,wy ). This style of generalization, whereby End(V,wy )
is upgraded to End(7,w) is called an oidification. Likewise, the automorphism groupoid
Aut(7,w) is defined as the core (subcategory of isomorphisms) of End(7",w), and this is
the oidification of the automorphism group Aut(V,wy ), i.e. the group of invertible elements
of End(V,wy).

Now suppose that ¥ is biclosed. Then by the first currying identity, Eq. (6.1) is equivalent
to:

U [wy] 7

¢l TW (6.2)

Note that ¢* := ¢ —o L is another morphism in ¥ (or originally, #°P), not to be con-
fused with the closely related pullback operation ¢* on bilinear forms, which is given by
¢*(wy) = wy. By focusing on ¢* instead of ¢*, we can express the pullback of a bilinear
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form internally via Eq. (6.2), whereas even just defining ¢* takes us out of 7.

A bilinear form w is left nondegenerate if [wy ] : V — V* is a strict monomorphism for all
V € ob(7”). Right nondegeneracy is defined analogously, and w is called nondegenerate if it
is both left and right nondegenerate. This generalizes the familiar notion of nondegeneracy
from k-VECT, in which (strict) monomorphism is equivalent to injectivity of a linear map.
The nucleus of k-VECT consists of the finite dimensional k-vector spaces. By basic linear
algebra, in the nucleus of k-VECT, left nondegeneracy is equivalent to [w] (or |w]) being
an isomorphism. The following theorem shows how this generalizes. Let us call a bilinear
form w nuclear if [w] and |w]| are isomorphisms. Technically, this clashes with the term
nuclear morphism in Sec. 5.3, but the following theorem justifies this new usage.

Theorem 6.1.1 Let ¥ be a magmal category, fix L € ob(¥), and let ¥ be a full sub-
category. Let w be a naturally varying bilinear form on ¥'. Further assume that [w] is a
natural isomorphism. Then left double negation translation is given by:

llefteval! | = *[wy | wy ] : V = *(V) (6.3)
for all V€ ob(¥"), and the following are equivalent (formulations of star-autonomy):
i. |w]| is a natural isomorphism.

1. V' is left reflexive.

wi. V' is right reflexive.
Conditions 1, i1, and 111 imply:

. ® has two-sided strong de Morgan dual X on V"',
Conditions 1, i1, and 111 are implied by condition v, which presumes associativity:

v. (V',®,®™) is a nuclear LDC, i.e. V" lies in the nucleus of the LDC (¥, ®, ®"").

Finally, if V" is closed under @, then X = Q™ °P on ¥’ (in the physics convention).!
Then if V' is closed under ® and ® is associative, then i, ii, i1, iv, and v are equivalent.

In the math convention, the de Morgan dual involved in the theorem and proof is ®°P instead of
®'°P_ but everything is otherwise unaffected. Symmetry/braidedness is not relevant or required in either
case.
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Proof By the first currying identity, we have:

*Twy ] |lefteval | = |lefteval! ([wy] ® V)| = |wy]

Assume [w] is a natural isomoprhism. Then so is *[w], by which we obtain Eq. (6.3),
which shows that ¥ is left reflexive if and only if |w] is a natural isomorphism. Likewise,
if we start by assuming |w| is a natural isomorphism, we find that #” is right reflexive if
and only if [w] is a natural isomorphism. This establishes the equivalence of i, ii, and #ii.
Using left and right reflexivity, one constructs the respective de Morgan duals X, and Xk,
and then by Prop. 5.2.3, X, = K, thereby establishing iv as a consequence of ¢, i, and iiz.

On the other hand, assuming v holds, (which gives ® an associative structure), ii follows
by Prop. 5.2.7 and Cor. 5.3.5. Finally, suppose 7" is closed under ®. Then we have an
isomorphism

(U eV el

UoV ' U o v

natural in U and V', and so ®""°P is the left de Morgan dual of ®. Therefore, if #” is closed
under ® and ® is associative, then v implies v, and so all five conditions are equivalent.ll
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6.2 Algebraic and geometric considerations of alter-
nating forms

We now compare how alternating forms arise in differential geometry and in linear algebra
either as elements of A*V* or (AkV)*, respectively. We first consider the case of free finitely
generated modules over a ring R and later specialize to R = R and review the construction
of the Poincaré symplectic form on the cotangent bundle.

Given an R-module V', one defines
ANV = VR TRy
where

I"V = span{z; ® - -~ @ xp | 21, - - - , o € V and z; = x; for some i # j}.

A k-multilinear form on V is first defined as a function wy : V*¥ — R satisfying k-
multilinearity, i.e. linearity in each argument. One finds that a k-multilinear form is equiv-
alently specified by (and henceforth identified with) a linear map wy : V¥* — R, i.e. a linear
functional on V®* and so (V®*)* is the module of k-multilinear forms. A k-multilinear
form, thought of in the first sense, is alternating if it annihilates the submodule I¥V. If T
is a subset of an R-module W, then the submodule anny, (1) C W* consisting of the linear
functionals that annihilate I is canonically isomorphic to the dual of the quotient:

anny (1) = (W/I)*

Thus, the module of alternating bilinear forms on V' is identified with (A¥V)*. This con-
trasts with the perspective taken in differential geometry, where a k-form is a section of
the bundle A*T*M — M. Nevermind the fact that it is a vector bundle rather than
vector space; the “point” is that over p € M with tangent space V = T, M, the k-form
at p is an element of A*T*M = A*(V*) rather than (A*V)*. This different perspective is
useful in differential geometry because it gives the exterior derivative operator d a cleaner
definition, but ultimately, in order to evaluate such a k-form, it must be converted back
into the “algebra style” alternating k-multilinear form residing in (A*V)*. This may be
done as follows: each a € V* extends to an interior product, that is, an anti-derivation
Lo 1 AV — ARV of degree —1, characterized by the the inductive formula:

La(TANY) = tar Ay + (1) A,y
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with base cases t,v = a(v) for v € V and 1,(r) = 0 for r € R. It follows by induction
that tots + tsta = 0. Then, by a separate inductive proof, one also finds that (1,)* = 0.
Both facts hold in all characteristics, but the latter can only be immediately concluded
from the former in odd or zero characteristic. Using both of these facts, we may define
Loyhohag = lay = Lay,, and by linear extension for each m € {k,k+1,--- ,n =dimV}, we
obtain a canonical pairing:

L ARV @ ATV ATTRY W T > Lyt (6.4)

Two special cases are when m = n, in which case ¢ is the Hodge star, and when m = k,
where ¢ is the Gram determinant, which left curries to an isomorphism AFV* 5 (AFV)*:2

al/\.../\ak|—)(Ul/\“-/\Uk'—)detOéin) (65)

In this way, the interior derivative is used to evaluate a “geometry style” k-form w € AFV*
as if it were instead an element of (AFV)*. Notice how this isomorphism AFV* =& (AFV)*
does not simply come from the de Morgan self duality V*®F = |/ ®k*,

Example We first recall that the cotangent bundle M = T*(@) of a smooth manifold @)
is canonically a symplectic manifold. Let ¢ € @ and p € T7Q, so that m = (¢,p) is an
arbitrary point of M, and let m : M — (@ be the projection map. Then the tautological
1-form 6 € Q' M is defined pointwise by:

O : TosM —2ms T,Q —2 R

The Poincaré symplectic form is w := —df € QQ2M. By construction, w is a 2-form. To see
that it is symplectic, we just need to verify nondegeneracy, which is a pointwise condition.
Let w = (u,v) € T,, M and let v : R — M be a smooth curve with y(0) = m and 7/(0) = w.
Writing v(t) = (¢(t),p(t)), we have that ¢(0) = ¢ and ¢'(0) = u. It follows that:

dm(w) = (17)'(0) = ¢'(0) = u
This gives the following coordinate-free expression for 6,,(w):

O (w) = p(dmm(w)) = p(u)

2By currying some fixed nondegenerate bilinear form (—,—) on V, the entries a;v; of the Gram ma-
trix may be viewed as inner products (u;,v;), related by o; = [(—, —)|u;. To see that Eq. (6.5) is an
isomorphism, take u; = v;. By the Gram matrix theorem, for independent a1, - - -, ag, det(v;,v;) # 0, so
Lag A--Aay 7& 0.
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In a coordinate neighborhood around ¢ € @ with coordinate functions ¢',---,¢" and
cooresponding basis dq;, -+, dgqy of covectors in T7(@), we may expand:

p= ipi(q)dqé eT;Q

i=1
Since dqg'(v) = 0, the pointwise evaluation of the tautological 1-form is given by the same
expression (noting that 77(Q) is a subspace of T);, M):

Om = ipi(q)dqé el M

i=1

Locally, we therefore have:
0= Zn:pidqi and W= z”: dq’ A dp;
i=1 =1

Now consider () = R" so that M = T*Q = R*'. Then we use the Gram determinant to
evaluate the symplectic form:

_ dgm(w1)  dgm(wa) _ -
Wi (w1, wa) = det (dpm(wl) dpo(uy) ) = V27t VL U2

where w; = (uy,v;) and wy = (ug,vy). This is the standard symplectic form on R**, but the
construction made us first consider w,, as an element of A%((R™)*), so in order to evaluate
it, we had to do a calculation invovling a Gram matrix, which effectively converted it into
an element of (A?R™)*.

In contrast, from the “linear algebra” point of view, the symplectic form starts as an
element of (A?V)* rather than A2V*. Indeed, for any finitely generated free R-module Q,
there is a canonical symplectic form wy : V@V — Ron V = Q ¢ Q* given by:

wV((Uh U1)7 (u27 UQ)) = VU1 — V1U2 (66)

A symmetric nondegenerate bilinear form - furnishes an isomoprhism ) = Q* for which
the right-hand-side of Eq. (6.6) again becomes vy - u; — vy - us. Whereas in the differential
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geometry approach, the symplectic form arose as the derivative of the tautological 1-form
0, in the linear algebra approach, we view the symplectic form as arising from the group
I-cocycle ¢ given by c((q, p), (u,v)) = p(u). Namely, w(wr, ws) = c(ws, wr) — c(wr, wy).

Our goal is to generalize the theory of symplectic forms on finite dimensional real vector
spaces and locally compact abelian groups. For now, we are not concerned with geometrical
aspects such as the differential d. As such, we consider alternating forms in the “linear
algebra sense”, i.e. as elements of (A?V)*. This is our starting point for internalization.
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6.3 Internalization of alternating bilinear forms

Consider a unital magmal preabelian category (¥, ®, T). We will mimic the definition of
A2V in R-Mob by defining A2V as a quotient of 12V, which we characterize by specifying
enough of its generalized elements. We build up to the definition in stages for sake of
motivation.

Let V € ob(7'). Recall that the notation x €y V stands for a generalized element of V
at stage of definition U, which is synonymous with a morphism = : U — V. As a first
attempt, suppose we define i : I?’V — V®2? (an object I?V together with a morphism
to V®2) to be optimal (“smallest”) with the property that for all z €y V, there exists
unique u, €pe2 I?V such that iu, = 2. Optimality means that for any other such
g+ I — V®? there exists a unique ¢ : IV — I such that for all x €y V, the following
diagram commutes:

This mocks the definition of span{z®?|z € V} from the ¥ = R-MoD case. We might
expect naturality to be required in U in this definition in order to uncover the full the-
ory. However we immediately see that imposing the defining condition on all generalized
elements z €y V is too strong, and so the question of naturality is a moot point. For
example, consider the case U := V and x = idy. Then it follows that i : 1?2V — V%2 is an
epimorphism, which is generally false in R-MoD. The solution is to restrict the require-
ment from generalized elements to global elements, (or even monic global elements). In
this context, a global element is a generalized element at stage of definition T. The reason-
ing is that the monoidal unit in our (concrete) categories of interest (eg. R-MOD, where
T = R) has a distinguished element (eg. 1 € R) in the usual sense of the word element;
this distinguished element can be used to make the notion of global element correspond
with the usual notion of element.

monoidal category ‘ monoidal unit ‘ strict monic gen. elt. x ‘ global elt. x
(R-Mop, ®) R submodule z(U) element (vector) x(1)

(LCA,®) Z subgroup z(U) element x(1)

(SET, X) singleton {-} subset z(U) element x(-)

180



For our second attempt at defining I?V, we revise Eq. (6.7) by using T as the only stage
of definition. This also eliminates the question of naturality in the stage of definition.

(6.8)

We will later prove that all lines (monomorphisms T — V') in an object V' with symplectic
form are isotropic, a fact that plays a key role in the theory of symplectic forms. Intu-
itively, the stage of definition T used in the definition of I?V not only makes it so that
lines are isotropic but also generates the rest of the isotropic subobjects. If we allowed too
much flexibility in the stage of definition, too many subobjects would be deemed isotropic,
and the theory would trivialize. Using the unit T of the unital magmal structure as the
preferred stage of definition, as opposed to some other fixed object T, does not seem to
make much of a difference in the theory, but we are motivated to use T due to our examples.

There is yet another problem. It does not appear automatic from our definition that
i: I’V — V%2 is monic. This is something we will need, because 7 will be the kernel of the
quotient map 7 : V&2 — A2V, In fact, it would be ok to require all the arrows in Eq. (6.8)
to be monic, since they represent either inclusions or global elements, and our categories
of interest are determined by their monic global elements.

Two ways we can ensure that i : IV — V®? is monic are as follows. We can either add to
the definition the requirement that ¢ be monic, otherwise leaving it undefined, or simply
change the context of the definition from taking place in ¥ to taking place in monos(%).
In the former approach, we would not require the global elements involved in Eq. (6.8) to
be monic, otherwise it would coincide with the latter. We shall ultimately take the latter
approach, but for now, we put off substituting monos(7") in place of ¥ for sake of generality.

Before replacing ¥ by monos(?'), one must carefully distinguish between generalized el-
ements x €y (), which are not necessarily monic, and subobjects = : [Q]y, which are.
Although this distinction dissolves after making the substitution, it is still helpful to keep
both notations and accompanying terminologies, because subobjects and generalized ele-
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ments do end up playing different roles.

Another complication with Diagram Eq. (6.8) as a definition for 7 : I’V — V®? is that
it doesn’t immediately appear to be a limit or colimit. However, it is in fact a colimit,
just not in ¥, but in ¥ | V®2 or ultimately in monos(?) | V®? = SuBy(V®?). As one
may check, the logical quantifications imposed on Eq. (6.8) in our previous iteration of the
definition can be packaged up into the following coproduct diagram Eq. (6.9) in ¥ | V2.
Thus, we take i : IV — V®2 to be the coproduct of slices % : T — V®2 ranging over all

zeT V.
v
zeTV
[I?V — V&) - y [T — V2]

Lastly, it turns out that we will need 7 to be a strict monomorphism.?> For this, we
simply modify the definition so as to leave i : I?V — A%V undefined if the recipe results in
a morphism that is not strict (or not a monomorphism). Let us finally now replace ¥ by
monos(?), so that the monomorphism part of this issue goes away. Note that strictness
is still required in order to continue. Finally we rewrite Eq. (6.9) in a more readable
notation. In accordance with standard conventions, we also strengthen the requirement of
the existence of the coproduct from a property of objects to a property of the category
itself.

Definition Let (#,®,T) be a unital magmal preabelian category and let V' € ob(¥).
Assume that ¥ | V%2 has enough coproducts. Then define i : I?V » V®2 by:

HPV]yer = Y a® in SUBy (V®%) 2 monos(¥) | V®? (6.10)

zeTV

By enough coproducts we mean that SUBy (V®?) is required to contain coproducts indexed
by hoMmonos() (T, V') for each V' € ob(#’). As noted in Sec. 5.1.1, a convenient criterion
for this is if #* has enough limits and colimits, so that the union may arise as the pushout
of a pullback, generalizing Eq. (5.1). Finally we define the alternating square:

N2V 2 VE PV

3See the appendix (Section Appx. G) for the definition and properties of strictness.
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More explicitly, we form the cokernel 7 : V&2 — A2V of i : [?V — V2

T —5 1V ——0

N | (6.1)

V2 —— A%V

Notice that we do not require all objects V' to have alternating square, since if erﬂ/ x®?
is not strict, I?V is undefined. Since the coproduct Y in SUBy (V®?) is the “union”, one

may recognize that Eq. (6.10) looks like the definition span{z®? |z € V} of I*V in R-MoD.

The definition of cokernel says that the square part of Diagram Eq. (6.11) is a pushout.
Since ¢ is strict by hypothesis, it follows that the square is also a pullback and 7 is a strict
epimorphism. In other words, we have a strict short exact sequence:

0—— I’V —5 Ve T4 A2V —— 0 (6.12)

Now assume further that ¥ is star-autonomous. Then Eq. (6.12) may be dualized to obtain
another strict short exact sequence:

T

0 —— (IPV)* +E— Vo2 T (A2V)* «——— 0

Finally, an alternating bilinear form on V is a bilinear form wy : V ® V' — L of the form
wy = mw}, where W, : A2V — L is obtained by left-uncurrying some @y €1 (A*V)*. Each
of wy, wi,, and @y arise in calculations.

Finally, we note that if the unital magmal structure on ¥ is upgraded to a monoidal
structure (by adding coherent associativity), then the construction here readily generalizes
so that one may define I*V and AFV. Ultimately, we only need A*V since we are interested
in symplectic forms, which are bilinear. Concrete definitions for I*V and AFV are given
in Sec. 6.5.
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6.4 Evaluation of bilinear forms

Let 7 be a star-autonomous preabelian category, and let w : V2 — L be a bilinear form.
Total evaluation of a bilinear form is straightforward when ignoring possible conditions
imposed on w, such as alternation. Following Sec. 5.2.1, each w € V®? yields:

lefteval! ™ ([w] @ w) : T@U — L

On many occasions, we will need to partially evaluate a bilinear form at a generalized
element of a subobject. The setup is as follows: given a subobject x : [Q]y and a generalized
element ¢ €y Q, it follows that zq €y V. (Note that x and xq might not be monic.) For
left partial evaluation, we define [¢°] : U — V* by the following commutative diagram,
and then left uncurry to obtain ¢” : U ® V — L and right curry to obtain |¢’| : V — *U.

b
U [q"] e

ql TM (6.13)

In our categories of interest, the following partial evaluation formula says “¢” = w(q, —)".
Proposition 6.4.1 Letx : [Q], y : [P], and ¢ €y Q. Then | ¢’y = |w(zq®7y)| : P — *U.

Combining this with the first currying identity, we obtain the identity:

']y =" (2q)|w]y (6.14)
Proof
lw(zq @ y)| = |lefteval! ([w] ® idy ) (zq @ y) ] left adjunct formula for — @V 4V — —
= |lefteval’ ([w]zq @ ¥)] functorality of ®
= |lefteval ([¢"] @ )] definition of ¢’
= |lefteval’ ([¢"] @ idy)(idy ® y)|  functorality of ®
= |¢(idy ®79)] left adjunct formula for — @V 4V — —
= |righteval{ (idy ® | ¢’])(idy @ »)| left adjunct formula for U ® — 4 — o— U
— |righteval{ (idy ® | ¢’|y)] functorality of ®
= |y left adjunct formula for U ® — 4 — o— U
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In some situations, more specialized formulas are needed to evaluate bilinear forms with
additional properties such as alternation. Thus, let us now specialize to alternating bilinear
forms. For this, we must assume that the object V' has an alternating square, and consider
an alternating form, with notation as in Sec. 6.3:

w: Vo | WAV = L QT = (NV)*

Since the alternating square A%V is defined as a cokernel, we end up needing to consider
the transported exact sequence as seen in the left diagram below. The “geometry style”
alternating forms (as in Sec. 6.2), i.e. global elements of A*V* as opposed to (A?V)*, involve
the de Morgan duality (contraction) map, and most naturally act not on the cokernel
(quotient) A2V but on the kernel (subobject) Alt?V, defined as follows:

PV —— PV 25((IPV)) BV —— (JV) TV

pe2 e 1o o (V) a2 dellorea ¢, UKL

N2V A2V 2 *((A2V)) NV* s ARV Ale*V
(6.15)

In the middle diagram, we use right reflexivity to define (J?V)* and (Alt?V)* as the trans-
ported kernel and cokernel, which by duality, yields the short exact sequence on the right.
In the diagram on the left we apply left reflexivity to the objects on the left so that we
may right uncurry the bottom line:

lefteval}™" : (A2V)* @ A2V — L (6.16)

Composing with (A*V)* @ 7 yields a pairing (A?V)* ® V®2 — 1| whereby an alternating
bilinear form acts on V®? rather than on A?V. This is the “algebra style” evaluation
described in Sec. 6.2. The bottom arrow of the diagram on the right of Eq. (6.15) left
uncurries to:

dMlefteval? : A2V* @ Alt?V — L (6.17)

In order to get to the geometry style evaluation on A2V, we either need an isomorphism
between (A2V)* and A2V* to use with Eq. (6.16) or an isomorphism between Alt*V and
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AV to use with Eq. (6.17). We have already described the former in the case of R-MoOD
in Sec. 6.2, which uses the interior derivative. We give an (equivalent) calculation for the
latter case in Sec. 6.5.

Shifting our attention back to the algebra style forms, we also have the following total eval-
uation formula for evaluating an alternating form on generalized elements of subobjects.

Proposition 6.4.2 Let w : V®? — | be an alternating form, let x : [Qly and y : [Ply,
and let ¢ €y Q and p €w P. Then

w(zq ® yp) = lefteval™ (@ @ (zg A yp)) : U@ W — L
where w = ww' and m: V% — A2V is the alternating square, and xq A yp := 7(xq ® yp).

Proof By the left adjunct formula for — ® A2V + A2V — —, we have:

w(zq ® yp) = w'(xq A yp)
= (T ® (zq Ayp))
= Ieftevalf)v(dj R AV)(T @ (zq Ayp))
= lefteval\”" (@ ® (zq A yp))

as claimed. ]
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6.5 Sixteen flavors of multilinear tensors

Although we are more concerned with the evaluation of “algebra style” multilinear forms,
transporting the defining exact sequence of the alternating powers A¥V across the de Mor-
gan duality map yields interesting results, which we note here.

Let R be a ring with the invariant basis number (IBN) property. We consider the nuclear
autonomous category FGF-R-MoD.* Recall that every alternating k-multilinear form on
a finitely generated free R-module V' is skew-symmetric, but the converse holds if and
only if d = charV is odd or zero. We would like to investigate the modules of alternating
and skew-symmetric forms, which we denote by (A*V)* and (A¥V)*, respectively. These
“algebra style” forms have closely related “geometry style” forms, which comprise AFV*
resp. A¥V*. By transporting the defining exact sequences of the latter across the de Morgan
duality map, (which is full tensor contraction in FGF-R-MOD,) we find that a total of eight
interesting objects are involved, seen on the corners of the following diagrams:

IV ——— (JFV)* IV —— (JFV)*
V*®k de Morgan V?B)k* V*®k de Morgan V7§’k* (618)
ARV (AL V) ARV (A

These eight objects are defined by the property that each diagram is an isomorphism of
(strict) short exact sequences, and in terms of I¥V* or I*V* which in turn are given by:

I*V = span{t +to |t € V¥ and ¢ € S \ A} w.r.t. the right action V®F(S,
I"V =span{z; ® -~ @ a3 | 2; € V and = x; for some i # j}

where Si \ Ay, is the set of odd permutations. Notice that I¥V C I*V, and for example,
22%% ¢ IFV, whereas 2®F € I*V but 2%* € I*V if and only if d is odd or zero. Then:

(A*V)* = {alternating forms} C {skew symmetric forms} = (A*V)*

4Recall that an autonomous category is a star-autonomous category in which ® = %. We nevertheless
keep track of ® vs. ¥ since some of what we show here generalizes to other star-autonomous categories.
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It is common to encounter Alt*WW identified with A¥V in the literature, and so on, which
halves the number of objects in consideration. This is not done using any of the isomor-
phisms in Eq. (6.18), but by more concrete means. For example, consider the map:

Alty : VEF VQS)’g TR @y Z sgn(0)xe1 - B Xpp, (6.19)
oc€Sk

1

Kl

phism, regardless of k and d, whose image is Alt"V, (as we calculate below):

This version of the Alty map, which does not involve a factor of =, descends to an isomor-

Alt : APV 5 ARV (6.20)

The important point here is that A*V is a quotient (of V&*) whereas Alt*V is a submodule
(of Vygk). We keep the fairly general notation even though this situation is very concrete:
ARV A= (e (kY (6.21)
~ L € (V) | w(w) = 0 for all w € (JFV)*)
~ fw e VI |w(w) = 0 for all w e (JV)*)
— {Z an Ny, | 2o Go(Ta) - ox(z) =0 forall a; €V }

with o, = a, for some j; # jo, and x;; € V
From this calculation we find that:

AIt*V D span { Z sgn(0)To, B -+ B 24,

oc€Sk

Ty, , X € V} (6.22)

Since the modules are free and finitely generated, by the dual basis construction and
Eq. (6.18), it follows that Alt*V 2 (Alt"V)* = AFV* =2 ARV and so rk(AIt* V) = rk(AFV) =

(%), where n = rk(V). On the other hand, the right-hand-side of Eq. (6.22) has a basis

of size (Z) Therefore, since R satisfies the IBN property, Eq. (6.22) is an equality, and
Eq. (6.20) is established. For example, if d = k = 2, then the alternating case is as follows:

AIt?F3 = {0, |01) + [10)} and (A?F3)" = {0,(99)}
The skew-symmetric case, on the other hand, looks like this:

) ~
Alt F5 = span{[00),[11),[01) + [10)} ~ and  (A"F3)" =span{(§{).(3%).(?6)}
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Eq. (6.20) induces an isomorphism AFV* = (AFV)* via Eq. (6.18), which may be used
to evaluate geometry style k-forms, and one easily shows that this is again the Gram
determinant Eq. (6.5):

AV* — (AFV)*
ar N Nap—= 1 AN~ ANy Hdet(aixj)ij

Calculation Eq. (6.21) and the calculation in Sec. 6.2, which both tell us how to evaluate
geometry style forms, are concrete elementwise arguments, and we do not bother trying
to formulate them category theoretically. In fact, we actually find it very helpful to dis-
tinguish between A¥V and Alt*V, due to their different roles as a quotient or subobject,
respectively. Finally, as far as the local theory of symplectic forms is concerned, we only
need the algebra style forms anyway.

We point out that the four additional objects (with tildes) just introduced are generally not
the transposes of the first four, in the sense of Young diagrams. The transposes, instead,
yield eight more objects, for a grand total of sixteen! The remaining objects are seen in:

ARV ——— (BFV)* AFVF ——— (BFV)*
V*®k de Morgan V7§)k* V*®k de Morgan v?g)k* (623)
SHVF s (Sym V) SFV s (SymFV)?

As before, these eight new objects are defined by the isomorphic short exact sequence
property as soon as we define one kernel or cokernel in each diagram. For instance:

AV = {t —to |t € V®* and o € S;}

SymkV = span { Z Toy BBy,

€Sk

xh~-wk€V} (6.24)

~ ~k -
We are more interested in the quotients A¥V, Alt*V | A*V | Alt V, SV, Sym*V, SV | and

—~—V
Sym W, than their kernels—eight out of the sixteen objects. Four of these are isomorphic
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to four others, by the same reasoning that AV = Alt*V. There is a coincidence if k = 2
that halves it once again, since by autonomy (® = 7%), we have:

IV =span{z @y +y@z} Zspan{z By +y ¥z} = Sym*V

Without making the other identifications, the diagrams in the k = 2 case read:

Sym?V* — 5 SV Sym V¢ — 2y
V*®2 de Morgan v?S)Q* V*®2 de Morgan V7S>2* (625)
RV (AR V) A2V s (AIPV)*

On the one hand, this “coincidence” is due to bias with the number 2 baked into the defi-
nitions of ¥V, I*V, A*V and if we were to define it directly, A*V. On the other hand, by
the isomorphisms A*V 22 AIt*V and S*V = Sym*V, we may reformulate these definitions
by the equalities Eq. (6.22) and Eq. (6.24), which do not appear biased with respect to 2.

Finally, if £ = 2 and d is odd or zero, the two diagrams in Eq. (6.25) coincide:

Sym?V* ——— S22+

|

V*®2 m V7?2* (6.26)

| |

A2V —— 5 (AIR2V)*
(
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6.6 Symmetry and skew-symmetry abstractly

Although our generalized theory of symplectic forms calls for alternating forms, we briefly
note how one may define the other kinds of tensors in Sec. 6.5. We are mainly interested in
skew-symmetric bilinear forms due to the fact that alternation still implies skew-symmetry
in the abstract setting.

Let ¥ be a preabelian star-autonomous category. In the & > 2 case, we require coherent
associative structures for ® and %%, but in the £ = 2 case one may use the non-associative
(but still unital) generalization of star-autonomy. Just as in the concrete case, it suffices
to define a single kernel or cokernel in each of the following diagrams in order to define all
sixteen by transporting strict exact sequences across the de Morgan isomorphism:

V*®k V@k* V*®k dM V7§)k* V*®k V7§)k* V*®k V7§)k*

R R R

~ —~k ~ —k
ARVE — (At V)* ARVE — (APV)E SRV — (Sym V)* SFVF — (SymFV)*

We define symmetric and skew-symmetric bilinear forms along the same lines as we defined
alternating forms. That is, we define [[*V] and [A*V] as the following unions:

MV]pe: =Y " (t+to) ARV ]yee 23 N " (t —to) (6.27)

t ocESENAg t o€eSk

where both summations range over all pure states, i.e. morphisms of the form t = t;®- - -®t;
with t1,--- ,tx €7 V, and where to = t,1 ® - -+ ® t,x. As in Sec. 6.3, the corresponding
multilinear forms are defined as monic global elements of the corresponding quotients. No-
tice that the action of Sy is defined without the use of a (naturally varying) symmetric
structure on (¥, ®), in the sense of symmetric monoidal categories. It may be that a
naturally-varying symmetric or skew-symmetric form induces a symmetric structure on its
domain of oidification, similar to how the existence of a naturally-varying nuclear form
implies star-autonomy, but we leave this question for future work due to lack of time.

Although we won’t need the following approach, one could also generalize Eq. (6.19) as
follows. For simplicity assuming ® = %', we may on the other hand use the following
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definitions:

Alty : VEF — 17Ok Alty = 3" sgn(o)o
€Sk
Sym, : V& — el Sym, = Z o
€Sk

These maps are off by a factor of % from the projection maps, but this normalization is
seen to be preferable in Sec. 6.5. Then one may define the alternating and symmetric
subobjects as the images of these maps:

AIt*V := ker coker Altg
Sym*V := ker coker Sym,

These definitions can likely be generalized to the star-autonomous case, where we do not
necessarily have ® = %, and the natural action by the symmetric group maps from V&
to V?S)’“7 but we leave this for future work. We now have two ways to define A2V, but
we find that the characterization given in Sec. 6.3 is more accessible from the theory of
symplectic forms. We will not use the version defined here in terms of Alt*V, so we don’t
bother proving the equivalence of the two characterizations at this time. We also have two
ways to define skew-symmetric forms, and we use Eq. (6.27) as our working definition. We
leave the definitions of the kernels and cokernels in the first or third diagram above to the
reader.

Proposition 6.6.1 Let ¥ be a symmetric preabelian star-autonomous category. Then
every alternating bilinear form w : V @ V. — L is skew-symmetric.

We omit the proofs of some basic properties about distributivity between & and ®.
Proof sketch Since @ is the biproduct and ¥ is closed with respect to ®, it follows (since

right adjoints preserve limits) that @ distributes over ® in the appropriate sense. From
this, one may show that + distributes over ®, in the sense that for r,s : W — V|

(r+8)@r+s)=rer + r@®s + s®@r + s®s: W 5 V®?

Composing with 7 : V&2 — A2V, we get:

(r+s)A(r+s)=rAr + rAs + sAT + sAs: W =5 A?V
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Then plugging in monic global elements ¢ €+ @ and p €1 P of subobjects z : [Q]y and
y : [Pl]y, by the definition of alternating form we have xq A ¢ = 0 and yp A yp = 0,
(although note that z A z and y A y are generally nonzero). Moreover, xq + yp is a monic
global element, and so (zq + yp) A (xq + yp) = 0. So:

O=xzqgAyp+uypAzxqg: T = A2V

and so w(zxq @ yp) + w(yp ® xq) = 0, as claimed. [ |
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6.7 Orthogonality

Let 7 be a preabelian star-autonomous category, let w : V® V' — L be a bilinear form.
Recall that in the concrete case, one defines the left and right orthogonal subobjects, also
called the left and right perp, as follows:

QY ={veV|w(qgv)=0foralqgeQ}= ﬂ ker ¢’ (6.28)
q€Q
“P={veV]|w(v,p)=0forallpe P} = ﬂ ker’p
peP

For the abstract case, let x : [Q] and ¢ €y @, and recall that we have defined (c.f. Eq. (6.13)):
[ :U =V UV = L ]V = *U
Now, there are two conceivable ways to define the left orthogonal subobject, depending

on whether we focus on global elements or generalized elements. First, we define the left
orthognal subobject at stage of definition U as the following intersection:

w ™ k )
QF = Nye, o ker || — ker|¢"| —— V —1=

U (6.29)
Of particular importance is the left global orthogonal subobject %, which matches Eq. (6.28)
when 7 is determined by its global elements. The second abstraction is the generalized
left orthogonal subobject, which we define as an intersection over all stages of definition U:

[ cen = DQ“&]

Clearly, [Qs., € Qg for all U, and in particular [Q,, € Q%]. We now seek to prove:

gen

Theorem 6.7.1 Let (=) = (—)§ or (—)%,. Then (—=)¥ : ¥ — VP is a contravariant

gen*
endofunctor and has a right adjoint, or equivalently,® there is another functor“(—) : ¥°P —

¥V with which (—)“ satisfies both left and right double dualization translation in SUBy (V)
and hence at least sixz out of the following eight de Morgan laws:

[@“uPYC(PNQ) “(QuUP)="PN~(]
[fQU*P C*(PNQ)] [(QUP)* = PN Q"]

5This is because SUBy (V) is a preorder. The six de Morgan laws follow since it is a lattice,
c.f. Prop. 5.2.6.
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In the next section, we will see by example that (—)“ does not necessarily have double
dualization elimination. In this way, SuBy (V) behaves similarly to a Heyting algebra,
but generally is not one since dualization (—)* is generally not a negation and there is no
implication, i.e. SUBy (V') is not Cartesian-closed.

Lemma 6.7.2 (=) and (—)g., are contravariant endofunctors on SUBy (V).

Proof To see that (=)} is a contravariant endofunctor, assume ¢ : [P C @], let p €y P,
and set ¢ = ¢p and 7 : [Q%]. Then ¢ €y @, and the following diagram commutes:

QR
—
Lle *qT \
\%4 > *()

*p
*
- *¢> P

Y

Note that the square commutes by Eq. (6.14). The outside path is 0 = *(yp)|w]|r = [p’]r,
so by universality of the kernel, [Q% C ker|p’|]. Since this holds for all p €y P, by
universality of the intersection defining [Py], it follows that [Q% C Py, so (=) is a
contravariant endofunctor. Now, since [Q%,, C Q% C Py] for all U, it follows by universality

gen
of the intersection defining [P, ] that [Q%,, C P2, ]. [

gen gen gen

For the right orthogonal subobject, we use the following dual version of diagram Eq. (6.13).
Given y : [P] and p €y P, define the right partial evaluation °p: V @ U — L by:

b
U [’p] e

”l T o] (6.30)

P——V

Then [%P] and [, P] are defined by putting [*p] in place of [¢’] in Eq. (6.29). By conven-

gen

tion, we view these as objects in SUBy (V'), never in SUBy (V)°P. In analogy to Eq. (6.14),
we have:

[w(z@yp)] = ["ple (6.31)
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Then Eq. (6.14) and Eq. (6.31) yield the following identity, relating left and right partial
evaluation:

[’ Jyp| = w(zg@ yp) = | plaq[ U U = L (6.32)

Lemma 6.7.3 (=) and (—)g., have left double dualization translation. In other words:

(@ € 5(Q7)] and (@ C gen(Qgen)]

meaning G(—), %, (=) : VP — ¥ are the right adoints of (=) resp. (—)e, : V — VP,

7 gen gen

Dually, (=) and (—)s., also have right double dualization translation.

Proof Introduce another subobject [P] satisfying [P C Q%], and let ¢ €y Q, p €y P,
z:[Q], and y : [P]. Since [P C Q%], |¢’Jy = 0. Then using Eq. (6.32), we have:

"pleg =[]l Jyp|] = [JO[1 =0:U - U"

Now invoke the AB-enriched Yoneda embedding &, : ¥ »— [#°P, AB|:

X, ("p]z)(U) = homy (U, [’p]x) : homy (U, Q) — homy (U, L)
g ['pleg=0

Since & ([’p]x)(U) = (¢ — 0) for each U, &, ([’p]x) : #¥°P — AB is naturally isomorphic
to the zero-valued functor. This is the zero object in [¥°P, AB], so since &, is full and
faithful, [’p]z = 0. By the universality of kernels and intersections, [Q C % P]. For the
(—)¢ case, substitute P = Q% (typically U = T), and for the (—)¥,, case, P = @Q%,,. Then

gen gen®

w Lo P ker v Ly
g’ T 0P er [°p] ; :
\\\\\:j\ i /
U—\7>Q
commutes, proving both claims. [ |



Notice how even the statement about (—)% required us to use (—)g., in the proof so that

we could apply the Yoneda embedding theorem. This is our original reason for introducing

(—)‘gen, since our categories of interest are determined by their global elements anyway.

Proof of Thm. 6.7.1. Combine Lem. 6.7.2, Lem. 6.7.3, and the dual of Lem. 6.7.3 with
Prop. 5.2.6. [

Lastly, we note that in the case of a symmetric or skew-symmetric bilinear form, the
left and right global orthogonal subobjects are naturally isomorphic in SUBy (V). This is
generally false for bilinear forms that are not skew-symmetric or symmetric, even if (¥, ®)
has a symmetric structure. In other words, the following diagram may not commute:

V*

% ’—w]
?

2 V

k LWJ
Vv

For example, in the category of finite dimensional vector spaces over Fy, consider the
subspace @ = span{[}]} of the vector space F3. Let w = [} ¢], which is not symmetric =
skew-symmetric. Then Q¥ = span{[{]} whereas “Q) = span{[}]}.

U

Proposition 6.7.4 Let ¥ be a symmetric preabelian star-autonomous category determined
by its global AB-enriched elements, and let w be a symmetric or skew-symmetric bilinear
form on an object V.. Then for all subobjects |Q], we have:

(@ < (QF)F]

In such a case, by uniqueness of adjoints, (—)% and %(—) are (naturally isomorphic to)
each other’s opposite. In other words, the orthogonality adjunction is self-adoint:

[fQ = QF]

This is sometimes expressed by saying that every subobject [Q] is cyclic.
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Proof Let g €1 Q, p €1 Q%, z : [Q], and y : [Q%], and consider |p’|zq: T — L:

1P’ J2q = |w(yp ® 2q)] by Prop. 6.4.1.
= |+w(zq @ yp)| by (skew-)symmetry (since ¢ and p are global).
=+ |w(zq@yp)] by Prop. 5.2.1
= +[¢ |yp by Prop. 6.4.1.
=0 Since |¢’]y = 0, since y : [Q%].

Let el = homy (T, —): % — AB be the AB-enriched hom functor at stage of definition T.
Then el(|p’|z) : el Q — el L is given by q — |p’|xq, which by the above calculation, is the
zero homomorphism. Since ¥ is determined by its AB-enriched elements, it follows that
|p’ |2 = 0. Then by the universality of kernels and intersections, [Q C (Q%)%]. |
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6.8 Isotropy

Let V be an object in a preabelian star-autonomous category 7. A contravariant endofunc-
tor (—)“ on SUBy (V') yields notions of isotropic, coisotropic, and Lagrangian subobjects:

@ C Q] @2 Q] @ = Q]
(@] is isotropic [Q)] is coisotropic (@] is Lagrangian

Of course we consider these notions as they pertain to the operations (—)% and (—)g., de-
fined in the previous section. As such, we refer to subobjects being globally resp. generally
isotropic, and so on. Clearly, every Lagrangian subobject [Q)] is maximally isotropic, mean-
ing if [() C P] and [P] is also isotropic then [@) = P]. The reader is encouraged to take a
moment to prove the converse, i.e. that every maximally isotropic subobject is Lagrangian,
in the case that (V,w) is a finite dimensional real symplectic vector space. Note that this
converse is false if w is an inner product instead of a symplectic form. The proof hinges
on the fact that one-dimensional subspaces of a symplectic vector space, which for brevity
we call lines, are isotropic. It also uses skew-symmetry, which follows from alternation.
Assuming 7 satisfies the subobject axiom, maximal isotropic subobjects of an object with
symplectic form (V,w) turn out to be Lagrangian in the abstract setting as well, but as we
shall see, proving this takes a considerable amount of effort.

Assume V has an alternating square, and let w be an alternating form on V.

Proposition 6.8.1 [Vi2 = 0] if and only if |w] is a monomorphism.

As in the ordinary theory of symplectic vector spaces, we often need the property [Vgﬁn = 0]

(or equivalently [Vi2 NV = 0]), and therefore consider a nondegenerate alternating form,
i.e.a symplectic form. For simplicity, we take nondegeneracy to mean something stronger:
that [w] and |w] are isomorphisms. In the case of symplectic vector spaces, this means we
restrict our attention to the finite dimensional ones. It may be possible to prove a global
element analog if ¥ satisfies the subobject axiom, but we don’t need this for now anyway.
Proof In Eq. (6.13) let us set @ = V and x = idy : [V]. Suppose [Vg2, = 0. In
order to show that [ker |w]| = 0] (and hence |w] is a monomorphism), by universality
of intersections, it suffices to show [ker |w]| C ker|¢’]] for all U and ¢ €y V. Denoting

y : [ker |w]], we have:

1’ Jy = *(zq)|w]y =0
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so the desired containment follows by universality of ker [¢’]. Conversely, let r : [V ] and

substitute U = V and ¢ = = idy. Then |w]|r = |¢’]r = 0, and so [Q%,,, C ker |w| = 0].H

gen

Due to Prop. 6.8.1, we now assume that w is a symplectic form on V. As noted above,
a crucial ingredient of the theory of symplectic forms is the fact that lines are isotropic.
Before we prove this abstractly, note that even in the concrete case, the morphism w(z®x) :
Q®Q — L is generally nonzero when x : [@)] is a subobject, which could also be viewed as
a monic generalized element x € V. However, it is clear from our definition of alternating
bilinear form that w(x ® x) = 0 when x is a subobject of the form x : [T}y, which we
call a line. Thus, the definition of alternating form gives special treatment to monic global
elements.

Proposition 6.8.2 Fach line x : [T] is isotropic both in the global element sense and in
the generalized element sense.

Proof Consider a monic generalized element ¢ €y T of a line z : [T]. Since w(z ® x) = 0,

7]z = |wzg@ )] = |wrez)(geidr)] =[0] =0: T = U
Then by the universal property of the kernel, we have a factorization:

T

A e
-
1%

ker |¢°| ——
Since ¢ was an arbitrary, z : [T] is generally (as well as globally) isotropic. [
Finally, we arrive at the following nontrivial theorem.

Theorem 6.8.3 Let (—)¥ 4 ¥“(—) be a contravariant adjunction on SUBy (V') that deems
all lines isotropic. Further assume that lines are cyclic, i.e. for any z : [T], [T¥ = “T]
where z¥ : [T¥] and “z : [“T|. Then a mazimally isotropic subobject [Q)] is coisotropic if
and only if the plain (i.e. unenriched) subobject axiom is satisfied for [Q] and [Q“].
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For the plain subobject axiom, see Sec. 5.1.3. By contravariant adjunction, we mean that
(=)“ ¥ — ¥°P and “(—) : VP — ¥ satisfy left double dualization translation: [Q C
“(Q%)]. Recall that if ¥ is equipped with a symmetry, then alternating forms are skew-
symmetric, which in turn implies that (—)% % (—) is self-adjoint, i.e. that [W¥ = ¥W] for
all subobjects [W]. This property, as pertaining to the line [T = “T], generalizes the role
of skew-symmetry as it enters the proof in the concrete setting.

Proof Let x : [Q], y : [@*], and consider a monic global element p €1 @“; if no such
p exists, then the result holds vacuously. Now let ¢ : [@Q C Q] be the isotropy witness.
By Prop. 6.8.2, let ¢ : [T C T*]. Now let ¢ : [ C “T] be the composite of [T = T¢|,
p: [F(QY) C¥T], and [@Q C “(Q%)]. Then we get a commutative diagram:

TUQ — yp: [T]

m / (6.33)

Qu.)m-l‘w

The dashed arrow in Eq. (6.33) is from universality of the union. The notation (-, -) refers
to the dashed arrow gotten from applying universality of the intersection. Likewise, [-,]
indicates the dashed arrow gotten from universality of a coproduct (union):

(¢, ), (p, O] : [TUQ CQ*NTY]

By the intuitionistic de Morgan law (which follows from double dualization translation),
[Q“NTY C(TUR)*], so [TUQ)] is isotropic. By maximality, [Q = T UQ], which by com-
position yields ¢ : [T C @] with xq = yp. Since p was arbitrary, the desired containment
[Q“ C @] is equivalent to the subobject axiom for x : [@] and y : [Q“]. |

Some remarks are in order concerning the use of the subobject axiom in Thm. 6.8.3. Incon-
veniently, it is the plain subobject axiom, as opposed to the (weaker) enriched subobject
axiom, that is required. If it were the enriched version, we could use Cor. 5.1.5, since our
categories of interest are determined by their enriched monic global elements. We find it
unclear, however, whether Thm. 6.8.3 admits an enriched generalization. If it does, we
suspect that the proof would look very different. In a different direction, we have come to
expect Yoneda style generalized element versions that hold without requiring enrichment.
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Our proof of Thm. 6.8.3 assigns a ¢ €1 Q) to each p €1 Q“. In other words, it specifies a
function

At : Homgus,, (1) ([T], [@“]) = Homgus, (v ([T], [Q])

For the generalized element version, we would instead need to construct a function of type

Ay - HomSUB«y(V)([W]? [Qw]) — HomSUB“t/(V)([W]’ [Q])

for each [W] € ob(SuBy (V)) playing the role of [T]. The problem is that in order to carry
out the proof, we need to assume [W] is isotropic from the outset. Although isotropy is
preserved under inclusion, [I¥] is only presumed to be a subobject of [@“], which a priori
is not isotropic. To state it another way, consider the preorder Isoy (V,w) of isotropic
subobjects of V. Then only after proving Thm. 6.8.3 do we obtain:

Ay - Homlson;/(V,w)([W]v [Qw]) — HomISOW(Ww)([W]’ [QD <6'34)

It is convenient to supplement IS0y (V,w) by giving it the maximum element idy : [V] even
though [V] is not an isotropic (unless [V = 0]). Then Isoy (V,w) becomes a slice category:

ISO'y/(‘/, w) = ﬂy/(v, w) Vv

where we temporarily define ., (V,w) to be the subcategory of ¥ consisting of monomor-
phisms of the form x : Q — V for @ such that [@ C @“], as well as monomorphisms of the
form f: @ — P commuting with such x : ) — V and y : P — V. This enables us to use
Lem. 5.1.7 and Thm. 5.1.6 to see, only in retrospect, that maximally isotropic subobjects
are coisotropic by reflecting the Yoneda embedding in Eq. (6.34).

Whether or not we include [V], one may observe that Isoy (V,w) is a N-semilattice, but
unions [QUP)] of isotropic subobjects [Q] and [P] are of course not necessarily in IS0y (V) w).

In conclusion, we do not know whether the theorem can be proved without assuming the
plain subobject axiom, either by assuming a (weaker) enriched version, or nothing at all,
appealing to Yoneda-style arguments. Equivalently, we do not know whether the subobject
axiom is always satisfied for pairs of subobjects of the form ([Q], [Q“]).
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6.9 Isotropy, complementation, and topology

An important example of a Lagrangian subgroup of a locally compact abelian group is
Q = Z> in V = R?. Despite being Lagrangian, () does not have a complement P,
i.e. another subgroup satisfying V' = Q@ P. This sets locally compact abelian groups apart
from finite dimensional real vector spaces, in which Lagrangian subspaces always admit
isomorphic Lagrangian complements. Nevertheless, the corresponding quotient V/Q = T?"
plays an important role. Namely, the unique irreducible center-respecting representation
of the Heisenberg group for HEIS(V, w) can be realized on L*(V/Q) | ]. Our goal in
this section is to probe at some of these features in the abstract framework.

Theorem 6.9.1 Let ¥ be a preabelian star-autonomous category, let w : V @V — L be
a symplectic form in ¥, let x : [Q]y be a subobject, and consider its generalized symplectic

orthogonal y : [Qee,]v- Then we have an isomorphism of evact sequences:

v v (6.35)

Equivalently, *(V/Q) is a subobject of V' (via |w|™') and [Q%,, = *(V/Q)]v.

gen

This is evidence that [Qg,,], as opposed to [Q4], is the better notion of symplectic orthog-
onal. Recall that this was unclear from the offset since our defnition of alternating form

immediately introduces bias towards T as a relevant stage of definition.

Proof Start with the exact sequence on the left of Eq. (6.35). Since |w] is an isomorphism,
it is transported to an exact sequence with trivial image-coimage factorizations. Without
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loss of generality, there exists a subobject z : [R]y such that we have the following com-
mutative diagram with exact columns:

It thus suffices to show that ker*z = |w]y in € | *R. First let us form the following
commutative diagram for each object U and each ¢ €y Q:

Qi = Ngeo ker L] — Qien =Ny Q7 -~ »*(V/Q)

l | |

quJl l*a:

A priori, we don’t have the dashed arrow above, but using established properties, we find:
() (2)|wly = *(zg) [wly = [w(zg@y)] = |¢"]y = 0: Qper = *U

In particular, plugging in () and idg for U and ¢, respectively, we find that *z|w]y = 0,
giving the dashed arrow in Eq. (6.36). Now since *zk = 0, for each U and ¢ €y @, and

204



since 0 = *(zq)k = |¢’] |w] "k, unwinding definitions, we get the following dashed arrows:

Ly —— Qe - » *(V/Q)

ol g J

ker | ¢’ > V l sy (6.37)

quJl l @
Since the whole diagram commutes, this shows that [Qg,, = *(V/Q)] as claimed. |
Corollary 6.9.2 [Qs., = 0] if and only if [Q = V] and [Qg,, = V] if and only if [Q = 0].

Here we have already presumed that [w] and |w| are monic, unlike in Prop. 6.8.1.

Theorem 6.9.3 Let ¥ be a pre-abelian star-autonomous category, let w : V@V — L be a
symplectic form in ¥V, and let z : [Q]y be an isotropic subobject, in the generalized element
sense ([QQ C Q%,]). Then cokerx is a subquotient of *x|w] over V.

gen

Proof Since [Q)] is isotropic, *z|w]z = |w(z @ x)] = [0] = 0, so we get the following
dashed arrow by universality of the cokernel:

Q
a{ ]
Vv (6.38)
o] |
V/Q === "Q
lwla
[
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Combining Theorems Thm. 6.9.1 and Thm. 6.9.3, we find that:

Corollary 6.9.4 The dashed arrow in Eq. (6.38) is an isomorphism, or in other words,
we have an equality of quotients [V/Q = *Q]V (i.e. an isomorphism in QUOT,(V)) if and

w

only if [Q]v is Lagrangian (in the generalized element sense), that is, [Q = Qen]v -

In such a case, we call [V/Q]V the Lagrangian quotient corresponding to the Lagrangian
subobject [Q]y. For example, T?" is the Lagrangian quotient corresponding to the La-
grangian subgroup Z2" of the locally compact abelian group R?*. Notice that the inclusion
Z?" — R?" does not have a left inverse.

Theorem 6.9.5 Let ¥V be a preabelian star-autonomous category with a nuclear symplectic
form w and let x : [Q] be an isotropic direct summand such that x is strict. Then there
are canonical strict monomorphisms y : [*Q] and ®g : [Q & *Q]. Furthermore, if [Q] is
Lagrangian and @ is strict, then O : [V = Q & *Q).

Furthermore, we conjecture that ®¢ : Q © Q* — V is symplectic, but we skip the proof
due to a time constraint. The proof should be essentially the same as our coordinate-free
proof in the concrete case, Thm. 2.4.5. We do not expect it to require the subobject axiom.
Thus, we expect that in the case of a nuclear symplectic form, a Lagrangian subobject has
a complement if and only if it has a Lagrangian complement. The strictness hypothesis
is only used to prove that in the case of a Lagrangian subobject, ®¢ is an isomorphism,
not just a monic epic. Recall that in Im, strict monomorphisms are the same as regular
monomorphisms, and these are precisely embeddings.

Proof Since () is a direcct summand, let \x be the dual of the projection V' — ). Then
r:Q—=V r oV = Q e tQ =V

and the following diagram commutes.

Q
i:(idQ,OQV \
QO"Q - L] y |/
0@ =z, |w| 7 (12)]
T m from Eq. (6.38) “x
Qe 3T »V/Q — »'Q

Y=|wlg
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In particular, the triangle commutes by properties of the biproduct:
[z, [w] 7 (12)](idg, 0g,-q) = widg + |w] ™ (17)0g @ = =

The map ¢ is defined by universality of the cokernel 7 since mx = 0. By uniqueness of
the cokernel, ¢ = id«g. Since x is strict, so is \z and thus so is y = |w] ' (1z), and then
dgy = [z,y]. Now, if [Q] is Lagangian, then by Cor. 6.9.4, ¢ = ¢y, and we obtain the
following commutative diagram with exact columns:

0

|
Q
@*Q/ %\;V
T
Q V/Q
.,

Now ®g is a strict monomorphism, and by Lem. G.0.8, is an epimorphism, hence an
isomorphism. [ |

Q

In Sec. 2.4.3, we saw that if S is a closed subset of a locally compact abelian group V' with
symplectic form w, then S“ is also closed in V. Our proof used limits and Hausdorffness,
and S was not required to be a subgroup. We now give an entirely different proof by dia-
gram chasing. In the case of locally compact abelian groups, we would require a subgroup
Q@ rather than just a subset.

Theorem 6.9.6 (Topological closedness) Let [Q] be a subobject of an object V' with a
symplectic form. Then the following diagram commutes:

/ \f:u [IeftevaIQJ
“(V/Q)
*Tw] Lleftevam /
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Suppose T [Q]V is a closed subgroup of a locally compact abelian group V. Note that

*( (uﬂ ) lefteval? ] is an isomorphism. Closedness is equivalent to continuity of the inclusion
map . Then since *[w]|lefteval |z is continuous, [*(V/Q)]+v is closed in *V. Then using
the isomorphism Qg,, = *(V/Q) from Thm. 6.9.1, we see that [Qj,,] is a closed subgroup

of V. Thus, Thm. 6.9.6 can be viewed as showmg that if [Q)] is closed then so is [Qge,)-

Proof The following diagram commutes since all of its subdiagrams commute:

Mﬂl \
4 (A) ) ——= *(V/Q)
“(lwle)
\_Iefteval‘ij\/l

(v o

Subdiagram (A) commutes by naturality of [lefteval |, and subdiagram (B) commutes
because it is the right dual *D of the “left” version D of the square subdiagram in Eq. (6.38).
|
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Chapter 7

Discussion

One topic we are excited to explore further is that of dimension doubling. Since the combi-
nation of multiqubit and multiququart Clifford operations is universal, we are interested to
explore this case, as well as the case of allowing multiqudit Clifford operations for varying
d = 2'. We expect that the Priifer 2-group will play a key role in consolidating our under-
standing of this topic. Evaluating encoded projective Clifford operations at the standard
qubit Pauli observables for different powers of 2 in the same circuit or program involves
changing between operator bases, which can spawn an exponential number of nonzero co-
efficients. On the other hand, we have seen that there are some coincidental cases where
there are fewer coefficients, and we are interested in exploring this connection with com-
putational complexity. We are also eager to explore how such matters will factor into the
design of a compiler if A7 is augmented to support various values of ¢ in the same program.

We suspect there may be a connection between catalytic embedding for qubits and the
dimension doubling phenomenon we have noted with the condensed and extended encod-
ings. At a glance, the two phenomena have a lot in common. Both involve doubling of
the dimension, and cyclotomic extensions. The evaluation formula relating condensed and
extended encodings also has some similarities with the catalytic embedding property.

We have many questions to explore about the category theory work presented in the thesis.
For one thing, we are interested to find more models (categories) that fit into the framework,
and to classify them. We are also curious whether the Stone von-Neumann Theorem
admits a generalization, whereby an object V' with a symplectic form in a preabelian star-
autonomous category with limits and colimits is represented on an object H in a dagger
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compact category. We would also like to better understand the separation of de Morgan
duality and nuclearity in the non-associative case.
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Appendix A

Relations in Set and Grp

A relation (of sets) is a triple (X,Y,~) where X and Y are sets and v C X x Y is called
the graph of the relation. In other accounts, relations are sometimes defined as just the
graph, but an identifiable domain X and codomain Y are required in order for relations to
comprise (the morphisms of) a category REL. As usual, we write v : X — Y for (X,Y,~).

A relation v : X — Y is left total if for all z € X there exists y € Y such that (z,y) € v,
and right definite if (x,y1), (x,y2) € v implies y; = ya. A function is a left total right defi-
nite relation. Right totality and left definiteness are defined dually. A function is injective
if it is left definite and surjective if it is right total.

Relations can be defined internally to any category.For now, we do not need this generality,
so we just give a concrete description of relations in the category of groups.

A relation of groups or homomorphic relation is a triple (X, Y, ) where X and Y are groups
and v < X xY is a subgroup. Left and right totality and definiteness are defined exactly as
before. This time, a group homomorphism is precisely a left total right definite relation of
groups. A homomorphism is injective if it is left definite and surjective if it is right definite.

One easily verifies that a homomorphic relation v : X — Y is left definite if and only if the
subgroup kery = {x € X |(z,1) € v} < X is trivial, as is the case with homomorphisms.
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Appendix B

Bicategories and globe diagrams

Just as categories have objects and morphisms, a bicategory has objects, 1-morphisms,
and 2-morphisms. These are also called O-cells, 1-cells, and 2-cells, respectively. The
1l-morphisms map between objects, and the 2-morphisms map between 1-morphisms:

A n B (B.1)

First we note some foundational intuition: the definition of category involves (large) sets
and functions, and so in retrospect, it is built from the categorical structure of SET.
Likewise, the definition of bicategory involves (large) categories, functors, and natural
transformations. These are actually just the objects, 1-morphisms, and 2-morphisms,
respectively, of the strict bicategory CAT.! This is an example of categorification. As it
turns out, it is possible to guess what the definition of bicategory “should” be, following a
few basic principles:

1. The types (domain and codomain) of morphisms and such guide the definitions.
For example, one can compose g : ¥ — Z and f : X — Y thereby obtaining
gof: X = Z.

2. Abide by the principle of equivalence. For example, since adjointness is only defined
up to natural isomorphism, if L 4 R and L' = L, then it should also be the case

! Products are also involved in these definitions. We give a little more detail in Appx. E.
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that L' 4 R, otherwise adjointness would be considered “evil”. When reasoning
abstractly about categories, we should never have strict equality of objects (except
in definitions or meta-structure, e.g. the domain of a morphism f : X — Y is strictly
equal to X). Likewise, with bicategories, we forbid strict equality of 1-morphisms.

3. Ensure some level of coherence. For example, one should impose enough constraints
that different natural transformations F' = G formed from the canonical structure
are equal. This rule is sometimes broken in related settings, for instance, with braided
monoidal categories, which have less coherence than symmetric monoidal categories.

The defining data of a bicategory is given in Fig. B.1. The data is required to satisfy a slew
of axioms, which can be guessed using the principles above. It is easier to figure them out
with the aid of a graphical calculus. Two well-established graphical calculi for bicategories
are string diagrams and globe diagrams. We give an informal overview of the latter.An
atomic globe diagram in (the globe diagram language of) a bicategory C, as in Eq. (B.1),
consists of the following data from C:

A, B € Ob(C) fg: A—B n:f=9g:A—B

Obviously f and g have to have the same type A — B in order for this to make sense. In
fact, 2-morphisms include the data of their domain and codomain, as do 1-morphisms, so
the atomic globe diagram Eq. (B.1) actually corresponds to the 2-morphism 7. Compat-
ible globe diagrams can be concatenated, either vertically or horizontally. The following
inductive definition on subdiagrams defines equivalence of globe diagrams:

f
7N i
n2
A 99— B ~ A mona B (B.2)
\M
h
h
f2 f1 fiofa
A B B o C ~ A oo C
(B.B)
g2 g1 g10g2
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Figure B.1: Data defing a bicategory C
Ob(C) a “set” of objects. For objects we use notations like A, B, X, Y, etc.

1-Mor(C) a “set” of 1-morphisms, which go from one object to another. For
1-morphisms we use notations like f : A — B, etc.

2-Mor(C) a “set” of 2-morphisms, which go from one 1-morphism to another of the
same type. For 2-morphisms, we use notations like o : f = g : A — B, etc.

Homc (A, B) a Hom category for all objects A and B, whose objects are 1-morphisms
and morphisms are 2-morphisms. For 2-identities, we write Id; : f = f,
and for composition (called vertical composition) we write o 3.

idg:A— A for all objects A a distinguished 1-morphism called the 1-identity

o4.8,c: Home(B,C) x Homc(A, B) — Homc (A, C), a (covariant) functor for all objects
A, B, C called horizontal composition. We write o in place of 04 p ¢.

leftunitor(A, B) left unitor?, a natural isomorphism A(A, B) = lduome(4,5), Where A(4, B)
is the endofunctor f — idgpo f and 6 — ldi4,, 060 on Home (A, B).

rightunitor(A, B)  right unitor, a natural isomorphism p(4, B) = ldHome (4, By, Where p(A, B)
is the endofunctor f — foid4 and 6 — foldy, on Homg(A, B).
a(A,B,C,D): (—o—)o— = —o(—o—), natural transformations for all A, B, C, D, called
associators, of the two association functors of the following type:
Homc(C, D) x Homg (B, C) x Homg (A, B) — Homg(A, D)
It is common practice to abbreviate a(A, B, C, D) by «.

Remarks (i) We are ignoring size issues; these are easy, yet tedious, to address. This is why we write
“set” in quotation marks. (ii) Expressions like Idiy, 06 are often written as idgof or even Bof. This is an

example of whiskering in the ambient bicategory CAT. Whiskering is introduced below (see Eq. (B.8)).
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The following diagram can be collapsed in two ways to produce an atomic diagram:

J2 f1 fiof2
§ " el Y
A 92 > B 91 > C ~ A (arcaz)e(Brofz)=(a18B1)o(azef)
8 o W
ha hi 91092

(B.4)

We would like these to be the same, so we impose the exchange property:

i 1dj,old;, = Id;, o, forall A3 BL ¢ and
ii. (aqoag) o (Brofy) = (a0 fr)o(as o By) for all A Pogyhe p oy o e,
Similarly, there are associative laws for Eq. (B.2) and Eq. (B.3). In order to abide by

the principle of equivalence, the horizontal associativity must only hold wup to coherent
1somorphism. That is, up to natural isomorphism provided by the associators:

(A,B,C,D) s, s 15
(frofe)e fio(f2ofs)
(amB)ey D ~ as(Boy) D
(B.5)
(A,B,C, D 199,93
(910g2)093 g1o(g2093)

Therefore the following diagram must be interpreted as one of the two associations ao (So7y)
or (o 3)o~y, depending on the situation, but not both:

f3 f2 f1
A ¥ B B C @ D
(B.G)
93 92 g1

Intuitively, the diagrammatic calculus is only sound up to coherence. Because of this sub-
tlety, it is incorrect to identify 2-morphisms in C with equivalence classes of globe diagrams.
It is an entirely different matter that every bicategory is equivalent to a strict bicategory,
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for which the identification is legal.

It turns out that the requirements imposed so far are not enough for the coherence theorem
for bicategories to hold. In particlar, imposing Eq. (B.5) does not imply that expressions
like fi ® --- ® f, are unambiguous up to coherent isomorphism when n > 3, contrary
to what one might expect from working with groups or monoids. However, this issue is

resolved by imposing the following coherence condition: for all A "pLHolps E,
the following diagram commutes:

(enf)a(goh)
AB% Ne f.gOh
((eo f)ag)oh o(goh)) (B.7)
a(B,C,D,E)eM\ %AvacuD)f,g,h
(en(fog))oh BDE eo((fag)oh)

In Eq. (B.7), we wrote o(B, C, D, E) s ,o0h in place of a(B, C, D, E), ¢ 4old;,. This is called
whiskering. This shorthand is also used in globe diagrams as follows:

f

f h
AjEB%C ~ AJZBJEC (B.8)
g h

g

!

h f
e~ i e
h g

g

Whiskering lets us form diagrams such as the following:

f
A C
g a/\ (Bg)
P B B h



Further coherence is imposed between the unitors and associator.

Two main examples of bicategories are CAT and the delooping bicategory B% of any
monoidal category €. In fact, a monoidal category may simply be defined as a bicategory
C with exactly one object e. Its underlying category Homcg(e, e) is called the loop space,
and this is usually what is meant when referring to the monoidal category.
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Appendix C

Linear bicategories and related
structures

Linear bicategory is a generalization of bicategory defined in | |, exactly like how
linearly distributive category is a generalization of monoidal category. Linear bicategories
still retain the full theory of adjunctions, and arguably, the separation of roles of the
operations ® and % elucidates the theory. Examples include duality in star-autonomous
categories as well as adjunctions in ordinary bicategories, such as CAT, i.e. adjoint functors.

A linear bicategory C consists of two bicategories C® and C? with the same objects,
1-morphisms, 2-morphisms, and vertical composition, but different:

e horizontal composition ® and %%, respectively;
e identities T4 : A — Aand L4 : A — A, resepectively;
e left unitors u®(A,B);: f = A® f and IUQX(B,A)J« :B® f = f, respectively;

e right unitors ru®(B, A): f = f® A and ru??(A, B);: f® B = f, respectively.
Furthermore, C is equipped with:

e left linear distributor Id(A, B,C,D)s,n: f® (9B h) = (fR9) B h;
e right linear distributor rld(A, B,C,D)sgn: (r B @1 = f X (g ® h).
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(e f)B(g®h)

Hd(A,B,C.E) gt o1 ld(A,C,D,E), ; son
((e® f)Bg) @ ®(f3(gehn) (CI1)
IM(B(?L)E):§§§§§§§§§§ e®rlds 4 n

(e (f®g)) QU(fBg) ®@h)

®(A,B,D,E)C,fygg,h

(e fl® (gD h)
Id(A,B,C,E) 23 , n d(A,C,D.E), ; 7,
(eBflog D e -
rIdBCDE)\ %chfw
e (f®g)Dh % T((feaTh
o (A,B,DaE)c,f®g-,h

Figure C.1: Pentagon identities relating linear distributivity and associativity

Additional coherences are imposed relating the linear distributors to the unitors and as-
sociator. Notice that the left and right linear distributor attracts ® to the left or right,
respectively. Also, the %¥s go into unitors and ®s come out. Among the new coherences
are two new pentagon identities seen in Fig. C.1. There are other requirements besides
these, which can be found in [ ).

A bicategory is just a linear bicategory where ® and % coincide, and the linear distribu-
tors coincide with the associator. A linear bicategory C has an opposite C°P as well as a
converse C®. In C°P, the domain and codomain of 1-morphisms are interchanged, thereby
reversing morphism composition for each of ® and %. The reversed ® operation ®™",
given by Y @' X = X ®Y, is the new primal (horizontal) composition (the new “®”) for
C°P and likewise for the dual (horizontal) composition “%”. The left and right unitors for
® are reversed, and likewise for %. The associators for ® and % are also each inverted.

228



In C, the domain and codomain of 2-morphisms are interchanged, thereby reversing ver-
tical composition. Due to the symmetry in the roles of ® and %, as seen in Fig. C.1, C*
is made into a linear bicategory by reversing the roles of ® and %. The linear bicategory
C< °P has both the 1-morphisms and 2-morphisms interchanged, so for instance, its primal
monoidal product is %",

A linearly distributive category is (the loop space of) a linear bicategory with exactly one
object. A monoidal category is therefore just a linearly distributive category in the case
that ® and % coincide. Confusingly, if % is a linearly distributive category with deloop-
ing BC, then €°P denotes the linearly distributive category with delooping (B%)®. This
makes the notation €°P behave like the usual notion of opposite category. Its morphisms
and monoidal structures are swapped.

There are several variations on the definition of linear bicatgory that one may wish to con-
sider. For one thing, we can consider what happens when removing the associators a® and

2

o’ as well as any coherence laws they are involved in, such as Fig. C.1. Furthermore, one
may only require the unitors to be natural transformations, not necessarily isomorphisms,
or even more severely, remove the unitors and units altogether. We work out the theory
of star-autonomous categories without ever using the associators, and in particular, derive
a new formula for the inverse nuclearizer that does not reference the associator. When
working in these variations, it may be warranted to impose new coherences. For example,
in a non-associative linearly distributive category, the following diagram is available:

VeoWRX)e (YR Z)
(Ve (W% X)) (VoW)BX)o (YR Z)

<Z/

By deleting the associators, we had to delete the four pentagon coherence laws of usual
linearly distributive categories. The lazy way to procede is to simply make it part of the
definition that “all well-formed diagrams commute”. The work of checking coherence is
then deferred to the part of plugging in a given category. Our present concern is not to find
a complete set of coherence laws, serving a similar role to the pentagon laws, and prove
the coherence theorem. Coherence is rarely invoked, though it is for example in the proof
of Rowe’s formula for the inverse nuclearizer Cor. 5.3.9, where we invoke the associativity
pentagon directly (as opposed to a coherence theorem).

(VW) BX)aY)R
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Once one assumes that the linear distributors and unitors are isomorphisms, these can be
used to define canonical associative structures for ® and %. We do not know whether the
coherences involving these associative structures are inherited from those of the underlying
unital non-associative linearly distributive structure. In Sec. 5.2.2, we explore associativity
without coherence. For example, a®(A, B, C, D) is given by the following composition:

(fegohs(fe(l¥g)oh
(fel)¥geh
(feol)¥(¢g®h)
fe (LB (g h))
fe(geh)

Yo e Yo e

This derivation crucially relies on the invertibility of the left unitor for % and left linear
distributor.
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Appendix D

Adjunctions in a linear bicategory

The notion of adjoint functors from category theory can be generalized in multiple ways.
First, adjunctions can be defined in an arbitrary bicategory in place of CAT. The basic
properties of adjunctions can still be proved, but one no longer has access to some of the
neat Yoneda style proofs available in CAT. More generally, it turns out that we can define
adjunctions in a linear bicategory. In fact, by analyzing the proofs below, one finds that
associativity is never used in the elementary theory of adjunctions. Whereas associativity
is used (e.g.in the definition of category) to give an abstract generalization of function
composition, linear distributivity (but not associativity) is the key to abstractly formulat-
ing internal notions of duality.

The physics and math conventions for dualization result in two versions of the theory
of star-autonomous categories. In the physics convention, the negation adjunction (de
Morgan duality) involves a reversal, seen notationally as (X @ Y)* = Y* % X*:

(-)”

— T

Grevor — (G0, 3) L (€, ®) =%

(=)

In the math convention, there is no reversal. Likewise, the definition of linear adjunction
undergoes a reversal between the physics and math conventions. Note that the math con-
vention is used in | ], but we follow the physics convention. In the physics convention,
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®
['2AD5 g 4 L2 e (-3 0)

Id(B,A,B,A),r,1

EDREL
ﬂe"?l
B#X®I

ﬂm%’(B,A),,
l

u® »
P AB e 22 R D

rld(A,B,A,B)r i r

r¥(1er)

Figure D.1: Verbose zigzag identities for an adjunction in a linear bicategory

this directly generalizes the standard notion of adjunction from category theory, whereas
in the math version, it generalizes the opposite (i.e.reversed) notion.

Let C be a linear bicategory. Then a pair of 1I-morphisms [ : A — B and r : B — A,
called the left and right adjoint, respectively, together with 2-morphisms n: T4 = r %[
and €: [ ®r = 1pg, called the unit and counit, respectively, constitute a linear adjunction
(in the physics convention) if the diagrams in Fig. D.1 commute. These are typically
abbreviated by eliding the unitors and linear distributors:

l®n lRryl r%r%’l@r
\\H/ \ﬂﬂ?e
T,

For brevity, we refer to linear adjunctions simply as adjunctions. We caution that in the
case of the tensor-hom adjunction, the counit is called evaluation whereas the unit is called
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coevaluation. Unfortunately, this inconsistency in the “co” prefix is well-established; it has
nothing to do with the physics vs. math convention.

In a slight abuse of notation, we will use the globe diagrams we defined for bicategories
also with linear bicategories. The zigzag identities are expressed by the diagrams:

Ta Ta
vl N Y N
B+——As— B+ — A A¢«— B+ —A«—B (D.1)
J_B J-B

Note that we also elide the unitors and linear distributors in the globe diagrams.

We noted previously that the principle of equivalence suggests that adjunction should only
be considered a well-defined notion if it satisfies the following proposition. This is more
than just a matter of beauty, since properties such as this are frequently invoked rigorously
in the proofs of subseqeunt results.

Proposition D.0.1 (Well-definedness of the left-adjoint) Let (I, 7,1, €) be an adjunc-
tion in a linear bicategory C, and suppose that there exists a 2-isomorphism 0 : ' = .
Then (I';r, 0, €') is also an adjunction, where n = (r 60 ') on and € =eo (@ 1d,).

Proof By the zigzag identities, the following diagrams collapse into Id; and Id,.:

Ta Ta
VSRS

BIE/MTBIEIA Ac—Bei~A«—B (D2

<~
W : w
1B

1B

Proposition D.0.2 (Uniqueness of the left adjoint) Let (I,7,n,¢) and (I',r,n',€) be
adjunctions in a linear bicategory C. Then | ~ 1.
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Proof By the left zigzag identity, we must show that the following diagram commutes.

| =" eyl

ﬂe%’l’

ten P =2 el (D-3)
ﬂe"’?l
lorXl — l

It is easier to see this using globe diagrams:

1 I T 1
1p 1g
Ta
A n
77/
~ B <« A < B < A ¢ B < A (D.4)
l r l/ r l
El
€ 1
1B
Ta
/—ﬂ_n\
~ B—F— A«5— B+ — 4 ~ d;
S~ S
1B

The proof used the left zigzag identity for [ 4 r and the right zigzag identity for I’ 4. W

In the case of C = CAT, Prop. D.0.1 and Prop. D.0.2 can also be proved using the Yoneda
embedding. The Yoneda proofs, which we omit, are actually much simpler, as the work is
diverted into the (very technical) proof of Prop. E.0.3.
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Appendix E

The bicategory Cat

We now briefly describe the bicategorical structure of CAT. We skip all the proofs. These
can be found in | ] or a variety of other sources. The purpose of this section is to give
some additional context to the calculations found throughout the thesis. For example, the
formulas for evaluation and coevaluation are proved in the process of proving Prop. E.0.3.
We also state the Yoneda lemma and its important corollary, that the Yoneda functor &
is full and faithful.

Objects in CAT are categories, 1-morphisms are functors, and 2-morphisms are natural
transformations. We assume the reader is familiar with categories and functors. If &/, 4
are categories and F, G : of — A are functors, then a natural transformation n: F = G
assigns a morphism nx : FX — GX in £ to each object X in o7, such that for any
morphism ¢ : X — Y in &7, the following diagram commutes:

F(X) 25 G(X)
F@) A |- (E.1)
F(Y) =5 G(Y)

We have just given the objectwise definition, meaning 7 is an indexed family over ob(47).
Natural transformations also act on morphisms, and these actions uniquely determine each
other. Explicitly, n takes ¢ to the dashed diagonal morphism in Eq. (E.1), which is denoted

n(e).
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2 1
The vertical composition n*on? : F — H of compatible natural transformations F & G L
H of functors F, G, H : of — % takes a morphism ¢ : X — Y in &/ to the dashed diagonal
arrow (n; o 12)(¢) in the following commutative diagram.

X) B G(x) B H(X)

F(
F(qﬁ)l icaw) lH(‘b) : (E.2)
FY) —— G(Y) —3 H(Y)

Equivalently, the vertical composition is given objectwise by (! o n?)x = n% on%. Next,
the horizontal product of natural transformations a : F; = G; and § : Fy = G4 is the
Godement product: anf : o/ — € is defined on X € ob(A) by the formula:

(a8 f)x = a(Bx). (E.3)

The horizontal composition composition operations for functors and natural transforma-
tions, together with the vertical (Godement) composition operation makes CAT into a
strict bicategory. There is also a fourth composition operation to watch out for in CAT,
which is the composition of morphisms within the objects of CAT (categories) themselves.

Recall that the category of sets, SET, has a factorization system in which every morphism
(function) f : A — B has the form f = me where m is injective and e is surjective. The
situation is a little bit more complicated with CAT. It has multiple factorization systems,

but most importantly, every functor factors as an essentially surjective functor followed by
a full and faithful functor. A functor F' : &/ — 2 is called full if for all XY € ob(/),

Fxy :Homy(X,Y) — Homg(FX, FY)

is surjective and faithful if it is injective. F'is essentially surjective if for all X’ € ob(ZA)
there exists X € ob(.2/) such that X’ = FX. Every functor preserves structure, but:

Proposition E.0.1 A functor reflects structure if and only if it is full and faithful.

A functor F : &/ — A is defined to preserve or reflect structure if:

G2G = FG=FE G=2G <= FG=FGE

(preservation) (reflection)
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respectively, ranging over all G, G’ : Z — 2 with the same domain. One proves that the
Yoneda embedding (discussed below) is full and faithful, but in practice it is almost always
used (e.g.in Sec. 5.2) in conjunction with Prop. E.0.1. The proofs of both of these facts
are nontrivial. Next, an equivalence of categories consists of a pair of functors F': &/ — £
and G :  — &/ and natural isomorphisms GF :id,, = n and € : FG = idg. Then:

Proposition E.0.2 A functor F : of — A is full, faithful, and essentially surjective if
and only if it lies in an equivalence (F,G,n,¢€).

Every equivalence can be upgraded to an adjoint equivalence. Also, in the bicategory CAT,
adjunctions have a few more equivalent formulations than in the abstract case:

Proposition E.0.3 Let &/ and £ be categories, and let L : of — B and R : BB — </ be
functors. Then the following additional structures, if they exist, uniquely determine each
other:

(i) a natural transformation 1 : idy — RL such that for all X € Ob(<7), Y € Ob(%),
and g : X = RY, there exists a unique f : LX — 'Y such that the following diagram
commutes:

X 25 RLX

X lRf : (E.4)
RY

This is called the universal factorization through the unit;
(11) a natural transformation € (counit) satisfying universal factorization dual to above;

(11i) natural transformations n :id,;, — RL and € : LR — idy such that (L, R,n,€) form
an adjunction;

(iv) a natural bijection of the following functors of type o/°P X B — SET:

v : Homg(L(—), —) = Hom (—, R(—)),

called the adjunction isomorphism.
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Characterization (iv) enables Yoneda style arguments and is often taken to be the definition
of adjunction in CAT. We note, however, that the natural bijection of homsets for adjoint
functors L - R is recovered from the unit and counit by the formulas:

txy : Homgz(LX,Y) — Hom, (X, RY) L;(—’ly : Hom (X, RY) — Homg(LX,Y)
f= (Rf)nx g+ ev(Lg)
Conversely, the unit and counit are given in terms of the hom bijection by:

nx = txrx(idrx) : X = RLX ey = tpyy(idry) : LRY - Y (E.5)
These formulas are used when working with the currying adjunctions.

Finally, we state the Yoneda Lemma and its important corollary. The Yoneda embedding
for a category ¢ is the functor:

Xy € — [€°P, SET]
F +— Homg(—,F) : € — SET

Here [—, —] is the (large) Hom functor on the ambient CAT, and Hom¢ is the ordinary
Hom functor for the category % .

Theorem E.0.4 (Yoneda Lemma) Given X € Ob(%) and F : €°° — SET, the func-
tion

KX,F : Nat[gzogsET](J:%)X, F) — FX
n > nx (idx)

is natural in X and F, and in fact, conglomerates a natural bijection of functors of type
€ X [¢°P,SET| — SET.

Here, Natjgop gur] temporarily denotes the (large) Hom functor for the (large) category
[¢°P, SET| of presheaves on %', whose morphisms are natural transformations.

Corollary E.0.5 The Yoneda embedding X is a full and faithful functor.
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In practice, the Yoneda embedding is used in conjunction with the nontrivial theorem that
a functor is full and faithful if and only if it is an embedding, i.e.reflects structure. For
example, if one can prove that there is a natural bijection:

Homg (—, F') = Homy(—, G)

then it follows that F' = G are naturally isomorphic functors. Typically we use a slightly
different notation where objects are plugged in. That is, one writes that

Homy (U, FX) = Hom¢ (U, GX)

is a bijection that is natural in U and X and concludes that F'X = GX is natural in X.
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Appendix F

Conventions

F.1 Oppositization

Let & be a category. By definition (of category), we regard a morphism f: X — Y in ¢
as a triple (X,Y,T") where X and Y are objects, and there is no general constraint on the
additional data I'. A triple is used in this definition so that we may recover the domain
X, codomain Y, and data I" of a morphism f.! Under this encoding, the opposite category
€°P is a new category whose objects are aliases X for the objects X of €, and whose
morphisms f = (Y, X,T) are in bijection with the morphisms f = (X,Y,T) of €.

f:X—=>Y f:Y =X

Composition is reversed, é? = f g, and identities satisfy ia;( = id;. In practice, the tilde
notation is neither used for objects or morphisms. One simply writes X for X, but it would
be confusing to write f as a shorthand when referring to the morphism f in €°P since the
domain and codomain are swapped from those of the original morphism f in 4. We solve
this by always recasting a morphism f in €°P back to ¥ and working with f directly.
Nevertheless, it is impossible to avoid €°P entirely, due to the importance of contravari-
ant functors. Recall that a contravariant endofunctor on € either has type ¢ — €°P or
¢°? — €. One also encounters functors of type €°P x ¢ — %, and so on. This convention
of recasting morphisms in €°P to ¥ is standard. Its main benefit is that it allows us to

'For example, if ¥ = SET, then I is the graph relation of the function f. Since Y cannot be recovered
from I', the ordered triple encoding gives functions well-defined notions of codomain and surjectivity.
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avoid having to constantly specify whether a morphism is in % or %€ °P.

~ —_~—

Each functor F' : € — 2 has an opposite F°P : €°P — 2° defined by F°P(f) = F(f).
Likewise, each natural transformation « : F' = G gives rise to a°? : G°P = F°P by setting

a®?(f) = a(f). These satisfy properties making oppositization a 2-functor (—)°? : CAT —
CAT®. The superscript “ indicates that oppositization acts covariantly on 1-morphisms
(functors) but contravariantly on 2-morphisms (natural transformations) in the bicategory
CAT. Due to this covariance on 1-morphisms, it is standard to write F' in place of F°P,
generalizing how one writes X in place of X, and we follow this convention.2 A common
example is seen in the hom-bijection formulation of adjunctions. To explain, first note that
Hom¢ is a functor of type:

Homy : P x € — SET

Then recall that an adjunction L - R consists of a pair of functors L : € — & and
R : 9 — € together with a natural bijection ¢ of the following form:

txy : Homg(LX,Y) = Homy (X, RY) (F.1)

More correctly, one should write L° instead of L in the above expression, since the left
input of the hom functor is contravariant, but this would be highly unusual. We prefer to
specify the precise type of L when first introducing it, but typically just write L (instead of
distinguishing between L and L°P) in subsequent expressions, as we have done in Eq. (F.1).
To do otherwise would spawn tedious typechecking exercises that don’t shed light on the
mathematical structure being considered, which is that of ¢ rather than the ambient CAT.

Pedantically keeping track of F' versus F°P is also awkward when working with multiple
adjunctions that interact. For example, suppose % is biclosed monoidal. Then left negation
(—)" = — — L is contravariant, so its type must either be € — €°P or €°? — % . Let us
consider its interaction with the left currying adjunction — ® Y 1Y —o —. Consider the
following morphisms in %"

|lefteval | : X — 7(X7) (F.2)
leftevaly : X" @ X — L (F.3)
idy-: X~ — X~ (F.4)

2In fact, we are just applying the same convention to the functor category Homcy: (%, 2). To see why
this extends the notational convention for objects, consider the identity functor id on ¢ id = idy =id%.
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Since these are all morphisms in €, Eq. (F.2) suggests that we should regard left negation
as a functor of type (—)7 : € — €°P and right negation as (=) : ¥°°? — €. Indeed, we
shall take this point of view, and note that they form the negation adjunction (=)~ 4 ~(—).
But then X € Ob(%) and X~ € Ob(%°P), so Eq. (F.3) is mistyped, since we should cer-
tainly either have ® : € X € — € or ® : €°° X €°° — €°P. Also, Eq. (F.4) is mistyped
because it is a morphism in € but left negation is ¢ °P-valued.

To solve this without resorting to the notational abuse, certain instances of (—) would
need to be replaced by ((—)7)°P (which we will temporarily denote by (—)™"), and certain
instances of X should really be X. Part of the issue is that left currying is more correctly
of the form — ® Y 4Y —o —, and similarly for right currying. This detail can be seen
by applying the same pedantic analysis to the proof of Mac Lane’s parameter theorem

[ ]. In the end, Eq. (F.2), Eq. (F.3), and Eq. (F.4) end up having respective types:
X = 7(X7) X"oX -1 X X (F.5)

Also, as if Eq. (F.5) weren’t bad enough, the types of the domains of these morphisms will
be swapped when writing out the hom bijections. Since this matter of bookkeeping does
not contribute to our understanding, we choose not to distinguish between F' and F°P, or
in particular between X and X. However we note that in order for the negations to have
types (=) : € — €°P and "(—) : €°° — €, the internal hom functors must be of types:

—01 C X CP — C°P i1 CXCP > C (F.6)
—OPL GP X G C R A

We sometimes consider a functor F : € — & for arbitrary % and &, only later to instan-
tiate €°P for 2. This is where the convention of replacing the discussion of a morphism f
in €°P with that of its corresponding morphism f in € can be confusing. In the arbitrary
2 case, one may discuss a morphism f:Y — X in &, but then when plugging in P for
9, there is a swap in the subject of discussion, which becomes the morphism f: X — Y in
% instead of the morphism f in %°P. In order to alert the reader of this confusing swap of
“subject”, in the arbitrary Z case, we write X <~ Y : f instead of f : Y — X. Then when
instantiating to ¢°P, the arrow reverses direction, and the notation becomes f : X — Y.

Why not use the mirrored notation in the instantiated case instead of the uninstantiated
case? Because in the instantiated case, the defining relationship between % and %P ulti-

mately obscures whether a morphism “should” be regarded as being in ¢ or €°P, as we
have seen in above with Eq. (F.2), Eq. (F.3), and Eq. (F.4).
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F.2 Currying convention

We now discuss a convention that manifests itself in a variety of ways. A familiar one of
these concerns a sesquelinear form (—, —) on a complex vector space V. Physicists prefer
linearity in the second argument, and mathematicians prefer it in the first:

(—,=): VeV —=C (—,=): VeV —=C (F.7)

(physics convention) (math convention)

We arbitrarily choose to follow the physics convention.

Here, V is the complex conjugate vector space, which has the same underlying set and
addition of V' but has scalar multiplication - given by c¢-v = ¢v. This effectively makes
(—,—) antilinear in the argument of type V.

Given finite dimensional complex inner product space V, a canonical isomorphism V 2 V*
is obtained by currying the inner product (—,—). Then Eq. (F.7) becomes the natural
pairing:

(—,—): VeV =C (——):VeV*=C (F.8)
fow— f(x) z® [ [(2)
(physics convention) (math convention)

We call both maps in Eq. (F.8) left evaluation maps. The physics vs. math distinction
is different from the left vs.right distinction, and the physics and math conventions each
have their own notions of left and right evaluation, currying, and so on. For example, the
types indicated in Eq. (F.6) are consistent with the physics convention.

One finds that the physics vs. math convention for evaluation is equivalent to many other
conventions when studying categories with sufficient structure, generalizing the case of C-
VECT, and so for lack of better terminology, we extend the terms physics convention and
math convention to all of these. Given a functor ® : € x € — €, such conventions must be
chosen consistently. However, when (%, ®) is equipped with a braiding, that is, a natural
isomorphism /3 of the form Bxy : X @ Y = Y ® X, the distinction of left and right is
less important since the left and right versions determine each other viathe braiding. This
is the case with C-VECT, which has a symmetry, that is, a braiding s satisfying s? = Idigxiq-

243



The equivalence of various forms of the convention discussed here is often unobvious, and
for historical reasons, the “wrong” convention is sometimes set in stone, and we don’t dare
to stray from it. For example, function evaluation is almost always written as “f(x)”,
never “(x)f”, even though in the math convention, this results in a somewhat annoying
swap in Eq. (F.8). We write f(x) in red to indicate that the expected swap is not used.

|

physics

math

left curry
right curry

hom(X ® Y, Z) 2 hom(X,Y — Z)
hom(X ® Y, Z) = hom(Y, Z — X)

hom(X ® Y, Z) =2 hom(Y, X — Z)
hom(X ® Y, Z) 2 hom(X,Z —Y)

left int. curry
right int. curry

(X®Y)—oZ=2X — (Y —2)
Zo—(XQY)=2(Zo—X)o—Y

(XQY) oZ=2Y — (X —-Z)
Zo—(XQY)2(Zo—Y)o—X

XBY)2*Y@*X

left eval. (X —=Y)®X =Y XX —-Y)=>Y
right eval. XY —X)-Y Yo—X) XY
left nucl. Y®X*=2X oY Y*RXE2X —»Y
right nucl. *XBY2Y o— X Y#H*XEY o— X
de Morgan (XY)*=2Yy*® X* (XQY)*=2X*3Y*

(XBY)2*X @'Y

left int. comp.
right int. comp.

Y —-2)0(X -Y)=> X —oZ
Yo—X)®(Zo—Y)=>Zo— X

(X oY) —-2)=>X —oZ
(Zo—Y)® (Y o—X)—>Zo— X

consistent with

bra-ket notation | ]
category theorists | ; ]
various nlab pages

functional analysis | ; ;
category theorists
various nlab pages

Higgs, Rowe | : ] Girard; Cocket, Seely; Barr
Haskell [ : : : ]
Quantum info theory | K [ ; ; ]

Table F.1: Some equivalent Formulations of the currying convention

We take some liberty with the placement of citations in Table F.1. The types of the unit
of an arbitrary adjunction and counit are firmly established in category theory (e.g.in
[ ; |), but it is usually ambiguous which currying convention is used since the
monoidal structure is usually symmetric. That said, preference for one convention or the
other can arguably be gleaned from the notational choices, for instance on pp.63-65, 129

of | ].

Once one is accustomed to one convention, it is easy to mistakenly believe that braidedness
is being assumed when coming across the other convention.

3The vectorization map is the inverse X — Y 5 Y % X* of the nuclearizer when X is a finite
dimensional vector space, though TQI (| ]) avoids mention of the dual space, so the map appears
slightly differently.
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One should choose a consistent convention not only with regard to the interal structure of
%, but also with higher categorical structure. Consider, for instance, the hom functor:

homy : €°° x € — SET homy : €°°x%€¢ — SET

(physics convention) (math convention)

This is similar to an evaluation map, so we expect consistency with Eq. (F.8). In the
physics convention, it is the “left” version and in the math convention (assuming we use
the “uncorrected” version as written above), it is the “right” version.

Composition of morphisms takes a pair (g, f) with g : ¥ — Z and f : X — Y to its
composite gf : X — Z (often written g o f). This is “left composition” from the point of
view of the physics convention and “right composition” from the point of view of the math
convention. A frustration common to users of either convention is that composition runs
opposite to the standard left-to-write format for arrows in commutative diagrams:

Xty y_ 2,7 x4,z

Two fixes are occasionally employed: either the diagrams can be drawn right-to-left or one
introduces a new composition symbol ; and writes f;g in place of gf. We would argue
that the former is more in line with the rest of the “physics” conventions and the latter is
more in line with the rest of the “math” conventions, including writing “(z)f” in place of
f(z). We do not apply either of these fixes and write diagrams as usual.

de Morgan duality is a helpful way to view the difference between the physics and math
conventions. Inwversion on a group is an instance of this abstract notion of de Morgan
duality. A group may be thought of as a discrete autonomous category. The monoidal
product ® : 4 x ¥4 — ¥ is the group law. In the physics convention, the de Morgan
dual X is “the same” as the original operation, by which we mean that we have a natural
isomorphism X = ®°P. In the math convention, the de Morgan dual X is the “reverse”
X = ®™V°P. In group theory, ®™V°P is called the opposite group law. Note the unfortunate
terminology clash: the group law on the opposite group is not the opposite of the functor
®, but the reverse opposite.

Haskell is more consistent with the physics convention because out of the four versions of
currying listed in the table, only left currying in the physics convention leaves the orders
of the arguments X, Y, and Z unchanged, as does the curry function in Haskell.
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Appendix G

Pre-abelian categories

Let & be a category with finite limits and finite colimits.

Consider a morphism f : X — Y. The kernel pair of f is the pullback:

X xy X 24 X

tll lf

XﬁY

In € = SET, we may define X xy X = {(z1,25) € X x X | fr1 = fao} with ¢;(z1, x2) = ;.
That is, X xy X is the equivalence relation on X induced by f. One easily finds this satis-
fies universality. In ¥ = GRP, AB, or various other similar examples, the kernel pair may
be given the same material definition, and it is the (homomorphic) equivalence relation of
membership in the same coset of the usual kernel ker f = {x € X | fx = 1y }.

The reqular coimage of f is the coequalizer coim f of the kernel pair X xy X = X.
In ¥ = SET, we may take it to be the set of equivalence classes {[z]|x € X} where
[21] = {zg € X |(x1,22) € X Xy X}. In ¥ = GRP, AB, and so on, it is the quotient.

The regular image is defined dually. In HAUSTOP it is the closure of the range f(X).
By construction, the regular coimage is a regular epimorphism and the regular image is a
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regular monomorphism. One then finds that there is an essentially unique factorization:

x ' 4y

| [

coim f T) im f

One calls f strict if f is an isomorphism. We will see that a regular monomorphism is
the same as a strict monomorphism, and dually. Although they are equivalent, they are
not obviously so, and strictness is the characterization that ends up arising more directly
in our application. The intuition for regular monomorphism is that in ¥ = HausTop,
the monomorphisms are the injective continuous functions, whereas the regular monomor-
phisms are the embeddings. We omit the proofs and refer the reader to [ ] and

[[Kel69].

Proposition G.0.1 If f: X — Y is a regular monomorphism, then coim f = idx (in the
coslice category € 1 X ), and dually. Such morphisms are moreover strict.

In other words, when % has finite limits and finite colimits, regular monomorphisms are
the same as (what are elsewhere called) effective monomorphisms.

Now assume % is preabelian. This means % is AB-enriched and has finite limits and finite
colimits. Note that & is called abelian if every morphism is strict. The category of locally
compact abelian groups LCA is preabelian, but not abelian, so for this reason, we do not
assume that every morphism is strict. The kernel of f : X — Y is the pullback:

ker f —— 0

Y

The kernel of f is unique up to isomoprhism in the slice category ¥ | X. Dually, the
cokernel is defined by pushout, and is unique up to isomoprhism in € 1 Y.

Proposition G.0.2 A morphism f : X — Y is monic if and only if ker f = 0, and dually.
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Proposition G.0.3 For any f, we have ker coker ker f = ker f over X, and dually.

Proposition G.0.4 The image and coimage of a morphism f: X — Y, as defined above,
are equivalently im f = ker coker f and coim f = cokerker f, respectively.

In fact these are usually taken to be the definitions of image and coimage when working
with preabelian categories. It follows that every morphism f : X — Y admits an essentially
unique canonical decomposition:

X —» cokerker f % ker coker f —— Y (G.1)
Thus, f: X — Y is strict if and only if f in Eq. (G.1) is an isomorphism.
Proposition G.0.5 A monomorphism is strict if and only if it is a kernel, and dually.
Proposition G.0.6 Every strict monomorphism is a reqular monomorphism.

Together with Prop. GG.0.1, we see that in a preabelian category, a monomorphism is strict
if and only if it is a regular monomorphism.

A sequence --- — X; f# X1 fil Xi19 — -+ is exact if ker coker f; = ker f; 11 for each i.
A co-exact sequence is defined dually. An exact sequence is strict if each f; is strict.

Proposition G.0.7 Let 0 — X Ly % 7 50 be a short exact sequence and suppose f
15 strict. Then f = kerg. Likewise if g is strict then g = coker f.

In particular if we assume that f is a strict monomorphism and define g to be its cokernel,
then ¢ is a strict epimorphism lying in such an exact sequence. We will later use this
technique in order to define the alternating square N*V as V®2/I?V.

From Prop. G.0.7 we see that every strict short exact sequence is co-exact.

Next, we will need the dual of part (i) of Lemma 2.1 in | |:

248



Lemma G.0.8 Consider a diagram of the following form in a preabelian category:

A—— A
al |

B, — B,
al |ar=coterr
C——C

Further assume that pyq1 = 0 and that q, is epic. Then r is epic.
Note that the equalities can of course be replaced by isomorphisms without harm.

Proof Let zr = 0 for some = : By — U. Then xp, = xrp; = 0, and since ¢ = coker po,
there exists unique y : C' — U such that yq, = x. Then yq; = yger = xr = 0. Since q; is
epic, y = 0, which implies x = yg» = 0, and so r is epic. [ |
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Appendix H

Transporting an exact sequence

Consider a pair of composable morphisms in a preabelian category:

K
| ¢
X —Y

We may extend this to:

K ——— coker ker ¢k

k ker coker ok % ker 7
¥ ¢ .y (H.1)
coker ker T ™

ker coker Tt ——— coker ¢k

The left vertical sequence might not be exact, since we haven’t even assumed that £ is
monic. The sequence on the right is automatically exact, however, since ker coker ker m =
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ker m by Proposition Prop. G.0.3. Now suppose that k is a strict monomorphism, which
implies k =2 kercoker k. Then k = kerm¢ if and only if the sequence on the left is also
exact, which is the middle isomorphism below:

k == ker coker k == ker coker ker ¢ = ker ¢

Now, if ¢ is an isomorphism, then by Proposition Prop. G.0.5, the diagonal arrows in
Eq. (H.1) are isomorphisms, and the diagram reduces to the following:

K — 1 4(K)

| |

X —% 4y (H.2)

| |

X/K — Y/6(K)

In this case one finds that ¢|x and ¢’ are also isomorphisms. To see why, first note that a
strict short exact sequence is transported to itself across the identity map. It follows that
the composites of the horizontal arrows in the following diagram are identities:

K — gy 2y g S(K) — ¢ %y gk

}L( ¢ > i ¢ > i' iL o > )\L ¢ > }\L

| | | | |
X/K —— Y/$(K) — X/K Y/$(K) X/K —"— Y/$(K)

In other words, if k£ is a strict monomorphism and ¢ is an isomorphism, then the arrows
¢k and ¢ in Eq. (H.2) are also isomorphisms, i.e. Eq. (H.2) is an isomorphism of strict
short exact sequences.
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