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Abstract— This paper evaluates the usefulness of publicly models [2], [7], ARIMA models [8], [7], [9], [2], multivari-
available electricity market information in forecasting the hourly  ate dynamic regression (DR) models [10], [2], multivariate
Ontario energy price (HOEP). In order to do so, relevant data transfer function (TF) models [10], [2], [11], and GARCH
from Ontario and its neighboring electricity markets, namely . ' ’ .

New York, New England, and PJM electricity markets are mod.els-[12] have been applied. Theselswd'es show  that
investigated, and a final set of explanatory variable candidgtes Multivariate TF and DR models have attained more accurate
that are available before real-time are selected. Multivaiate results than other methods. For example, while the 24-hour-
transfer function and dynamic regression models are emplagd  ghead Spanish electricity market price forecasts gernkiate

to relate HOEP behavior to the selected explanatory variatg TF and DR models achieve a weekly mean absolute percentage
candidates. Univariate ARIMA models are also developed for MAPE) of | han 5.2% [10]. th Klv MAPE of
the HOEP. The HOEP models are developed on the basis error ( ) of less than 5.2% [10], the weekly 0

of two forecasting horizons, i.e. 3 hours and 24 hours, and the 1-hour-ahead forecasts for the same market generated by
forecasting performance of the multivariate models is compred input/output hidden Markov models is 15.8% [6]. It is also
with that of the univariate models. The outcomes show that reported in [2] that for PIM market price forecasts, TF and
the market information publicly available before real-time can DR models are superior to neural network and wavelet models.

be used to improve HOEP forecast accuracy to some extent; . . . .
however, unusually high or low prices remain unpredictable The hourly Ontario energy price (HOEP) is a province-

and hence, the available data cannot lead to significantly me Wide uniform market price applicable to wholesale eledtyric
accurate forecasts. Nevertheless, the generated forecash this customers. Forecasting the HOEP has been a challengirgg issu
work are significantly more accurate than currently available for both market participants and the Ontario Independest-El
HOEP forecasts. To analyze the relatively low accuracy of ta tricity System Operator (IESO)[13]. Simulation-based HOE
HOEP forecasts, comparisons with respect to ARIMA models f t blished by the IESO f d t Pre-
developed for locational marginal prices (LMPs) of Ontarigs 'O'€Casts aré published by the , Teferred 10 as Fre
three neighboring markets and price volatility analyses ae Dispatch Prices (PDPs) and these are updated every hour
presented. until real-time [14]. The last published PDP for a given hour
Index Terms— Price forecasting, electricity markets, time series called 1-hour-ahead PDP, is cons_ldered the fm"’_‘l price bigna
models, volatility analysis. be sent from the IESO to Ontario market participants before
real-time. However, historical market data reveal sigaific
deviation of the HOEP from 1-hour-ahead PDP, with an MAPE
of 35.2% over the first three years of market operation. Fur-
HE Ontario electricity market is interconnected with théhermore, the 1-hour-ahead HOEP forecasts presented in [5]
New England, New York, Midwest, and PJM electricby using a non-linear neuro-fuzzy model have daily MAPEs
ity markets. Generation companies and wholesale elagtricvarying between 19.83% to 24% across different scenarms. T
consumers in the region can choose to sell or buy electricitye best of the authors’ knowledge, no work has been reported
either through the interconnected markets or bilateral- coso far with time series models for HOEP forecasting.
tracts. Furthermore, the demand side entities may choose tdn this paper, the problem of forecasting the HOEP is stud-
supply their energy needs through on-site generationitiasil ied. A set of explanatory variable candidates are selected f
Given such a wide variety of options, forecasting the eleitgr a wide range of market information publicly available befor
markets prices is an essential and critical function of rearkreal-time. Multivariate TF and DR time series models are
participants to optimize their operations. selected as the core of the HOEP forecasting models in view of
In recent years, several methods have been reported in tiheir promising performance in the previous price foreoast
literature for short-term electricity market price foreting. studies. Accuracy of the multivariate models are compared
Among those, artificial intelligence based methods [1], [2Jvith that of the univariate ARIMA models for the HOEP in
[3], [4], [5], input/output hidden Markov models [6], wawetl order to evaluate how useful the available market inforamati
is for forecasting future HOEP behavior. To compare price
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and Engineering Research Council (NSERC) of Canada. .
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established forecasting methods to translate the prégticaA. Explanatory Variables from the SSR

available market information into price signals. The SSR provides forecasts for Ontario demand and supply,

The rest of this paper is Organized as follows: In Section |énergy importsy and Capacity excess or Shortfa”; it also- co
the selection of explanatory variable candidates is ptesen tains total planned transmission and generation outagés an
The time series models employed in this work are briefyther market advisory notices. The SSR is released for each
reviewed in Section Ill. Section IV describes the ARIMA, TFday at least 24 hours in advance; it is updated in case of any
and DR models developed for the studied market prices. dRange in the system status or forecasts.

Section V, numerical results are discussed and an analfysis 01) Demand ForecastsAnnual MAPE of demand forecasts
HOEP volatility is also presented. Section VI summarizes than be defined as:

main contributions of this paper. Nx24
MAPE — 100 Z |Demand ; — Demand .| B
T N x24 pot Demand ;

[l. SELECTION OF EXPLANATORY VARIABLES
where Demand, and Demangl, are the forecast and the

While demand has been the most commonly examin@gtual values of demand at hoyrrespectively, andV is the

explanatory variable in the reported price forecastingliss number of days in the studied yea¥ (= 366 for 2004). The
(e.g. in [10], [2]), the present paper evaluates a wide rarigeSSR 24-hour-ahead demand forecasts have annual MAPEs of

system information to develop price forecasting models Ti#-1% and 4.8% for 2004, when compared with actual Ontario
explanatory variable candidates are selected from infioma demand and actual market demand (demand plus exports and
publicly available before real-time, based on two maineciét. losses), respectively. The linear correlation coeffichattveen

The first criterion is the consideration of implicit and/othe SSR demand forecast variable and corresponding HOEP
explicit effects of the variables on the Ontario market dfen  Values is 0.68. Since demand is one of the main factors
process. The second criterion is the consideration of findgfluencing the HOEP, and since the SSR provides the most
correlations between current HOEP values and current astd pRecurate forecast of actual Ontario demand 24 hours before
values of the variables, since TF and DR are linear modelgal-time, the SSR demand forecast variable is includetién t
These correlations are measured by the Cross Correlati§ij Of explanatory variable candidates.

Functions (CCF) [15]; linear correlation coefficients beem  2) Predicted Supply CushionThe SSR energy supply
current HOEP values and current values of each explanatépyecast variable shows no meaningful linear correlatidti w
variable candidate, referred to asere, are the only correla- the HOEP. Nevertheless, the concept of supply cushion (SC)

tion coefficients discussed here. [13] is used here, and is defined as follows:
The Ontario Market Surveillance Panel (MSP) reports [13] sc— EO-(TD+OR) < 100 @)
reveal that coal and gas fired generators are the main price - TD+OR

setters in the Ontario electricity market. However, alffiou where EO is the actual energy offered, TD is the actual market
fuel prices have shown to affect the long-term HOEP trends, Bemand, and OR is the operating reserve requirement. It was
short-term relationship between the HOEP and fuel prices Wghserved in [13] that price spikes are more likely when the
found in [13]. Therefore, the present study does not considgC is below 10%. In the present paper, (2) is modified and
fuel prices among the explanatory variable candidates.  actual quantities are substituted with respective fotsdasm

The ability of the market participants to react to pricéhe SSR; the resulting SC is referred here to as the Predicted
forecasts depends on the forecasting horizon. For exam@epply Cushion (PSC). The PSC is found to be linearly
in the Ontario electricity market, dispatchable genesatire correlated with the HOEPp(= —0.60), and hence is added
restricted from changing their bids two hours before réakt to the set of explanatory variable candidates.
[16]. This requires that HOEP forecasts should be generated) Planned OutagesAlthough the physical power system
at least three hours before real-time so as to make th@mnot directly involved in the process of determining the
useful to this group of generators. On the other hand, whefDEP [14], the physical system can influence its behavior
the forecasting horizon is long (more than 24 hours) cliticéndirectly. For example, outage of cheap generation tsli
market information is either not available, or availablet bwan result in higher energy prices, especially during low-
likely subject to significant changes. Thus, 3 hours and 2&mand hours[13]. However, the total outages reporteden th
hours are the reasonable HOEP forecasting horizons used I88R is the aggregation of various planned generation and
to which market participants can properly react. transmission system outages, and this total is found to be no

The Ontario IESO publishes two sets of system operatiomeaningfully correlated with the HOER & 0.18). Hence, the
data prior to real-time dispatch of energy, which are mine€siSR planed outages variable is not considered in the model
here. The first set consists of conventional forecasts foreso building process.
of the market variables, and is published as the “Systenu$tat 4) Capacity Excess or ShortfallThe SSR capacity excess
Report” (SSR). The second set is referred to as the "Pma- shortfall variable is found to be linearly correlated twit
Dispatch Report” (PDR) and it provides the market particthe HOEP p = —0.65), and hence, is included in the set
pants with simulation-based forecasts of market outcoh®s[ of explanatory variable candidates. However, it should be
These data sets are publicly available on the IESO’s Web siteted that when demand is low, capacity excess is high and
at www.ieso.ca vice versa, a fact confirmed by the high negative correlation
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. TABLE |
between the SSR capacity excess or shortfall and deman%ORRELATION BETWEENHOEP A-HOUR-AHEAD PDPS. AND PDDS

(p = —0.75). Therefore, the SSR capacity excess or shortfall

variable is highly collinear with the SSR demand forecast % >4 3 2 1

variable and should be included in the model only after the proerpop | 0.16 | 0.74 | 0.77 | 0.78

possible effects of demand have been modeled. oHoeppDD | 0.62 | 0.63 | 0.63 | 0.64
5) Imports: The SSR import forecast variable deviates pPoDDemand | 0.97 | 0.98 | 0.98 | 0.98

significantly from actual values. Therefore, the importefor
casts are not considered in the set of explanatory variable

candidates. No export forecasts are published in the SSR. C. Demand and Energy Price in the Neighboring Areas

) The Ontario electricity market is interconnected with the

B. Explanatory Variables from the PDR New York electricity market, and Quebec, Michigan, Mani-

The Ontario market clearing algorithm is run in two timetoba, and Minnesota control areas. The last three contealsar
frames, namely, the pre-dispatch and the real-time (digpat are now part of the Midwest market. The New York electricity
The pre-dispatch run provides the market participants witharket is also interconnected with the PJM and New England
the “projected” schedules and prices, based on the mefgctricity markets, and New England and PJM trade energy
recent available market information. Outcomes of the pr#ith Quebec and Michigan. With such a complex intercon-
dispatch run are published by the IESO as the PDR forn&ction between neighboring areas, it is difficult to assess
variety of variables, including energy and operating reser effects of energy price and demand of the neighboring aneas o
prices, total load, dispatchable load not served, systasely the HOEP. Furthermore, lack of publicly available inforioat
and some of the system security constraints. From the PDR quantity and price of energy transactions between Qntari
variables, the PDP and Pre-Dispatch Demand (PDD) variab&sd Quebec, Michigan, Manitoba, and Minnesota constrained
carry the latest information about demand and price in tiilee authors to consider only the effects of demand and pfice o
coming hours; hence, they are examined here for their roletlre New York, New England and PJM electricity markets on

improving accuracy of HOEP forecasting. the HOEP. The data employed are availableratv.nyiso.com
The PDP/PDD values that correspond to heuand that Www.iso-ne.conand www.pjm.com
are publishedk hours before real-time are callek-hour- 1) Demand: To evaluate the possible effects of New Eng-

ahead PDPs/PDDs [14]. Linear correlation coefficients bend and PIM market demands on HOEP, actual demand data
tween the HOEP and-hour-ahead PDPspoeppod, and from these markets are considered. But, since these data are
between the HOEP ankthour-ahead PDDsp(hoep,ppn, for not available before real-time, they cannot be considemned i

k ={1,2,3,24}, are presented in Table I. Linear correlatioithe final models even if they turn out to be significant. For the
coefficients between actual Ontario market demand &and New York market, historical demand forecasts are available
hour-ahead PDDspbpp pemand are also presented in Table I.and hence are used in this study.

1) k-hour-ahead PDPslt can be inferred from the correla- Linear correlation coefficients between demand in the neigh
tion coefficients presented in Table | that whiers small, the boring markets and demand and price in Ontario market are
k-hour-ahead PDPs are closer to the HOEP. Hence, consigeesented in Table II. Climatic conditions that are similar
ing k-hour-ahead PDPs as explanatory variables dependsamnoss New York, Ontario, and New England could be a
the forecasting horizon. For 24-hour-ahead forecastiveg24- reason for the collinearity in demand between these markets
hour-ahead PDP variable is clearly not useful and hencetis @onsequently, demand collinearity could be the reason for
considered as an explanatory variable candidate. Howfrer, high correlation between the HOEP and the New York and
shorter forecasting horizons;hour-ahead PDPs become mor&lew England demands. On the other hand, the low correlation
relevant; thus, in this paper the 3-hour-ahead PDP variablebetween the Ontario and PJM demands can be attributed to
included in the set of explanatory variable candidates for ariations in the residential and industrial load disttibo
hour-ahead forecasting in this paper. pattern across these markets, plus climatic differencesdan

2) k-hour-ahead PDDs:lt can be observed from Table Ithe two.
that thek-hour-ahead PDDs do not deviate significantly from In this work, the New York and New England markets
actual market demand, thus these should be included in themands are considered as explanatory variable candidates
set of explanatory variable candidates. Therefore, thew8-h However, due to the collinearity between the Ontario demand
ahead PDD variable is considered an explanatory varialsied the other demands, they should be included in the model
candidate for 3-hour-ahead forecasting. However, sinee thuilding process only after the effects of the Ontario dethan
accuracy levels of the 24-hour-ahead PDDs and the S®R the HOEP are modeled. Given its small correlation with
demand forecasts are very close, only one of them, naméhe HOEP, the PIJM market demand is not considered an
the SSR demand forecast, is included in the set of explanatexplanatory variable candidate.
variable candidates. It is worth mentioning that the 24+hou It was also observed that actual quantities of power transac
ahead PDD variable was also considered for model building,tions through the Ontario-New York intertie had no meanihgf
lieu of the SSR demand forecast, but no significant diffeeencorrelation with demand or price in the neighboring markets
in the overall performance of the developed models wadis lack of correlation is due to the fact that much of the
observed. overall transactions constitute power wheeling traneasti
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TABLE Il TABLE Il

CORRELATION BETWEEN DEMAND IN THE NEIGHBORING MARKETS THE FINAL EXPLANATORY VARIABLE CANDIDATES
ONTARIO PRICE AND ONTARIO DEMAND, YEAR 2004 | Variable | p |

z1: 3-hour-ahead PDP 0.74

New York | New England PJM z2: 3-hour-ahead PDD 063

demand demand demand z3: Predicted supply cushion (PSC) | -0.60

HOEP 0.54 0.63 0.37 z4: The SSR Ontario demand forecast0.68

Ontario Demand| ~ 0.83 0.89 0.52 z5: New England market demand 0.63

z¢: New York market demand 0.56

x7. LMPNENY 0.67

) i i L. ) xrs. LMPNYON 0.69

from different parties taking place through this intertie. 2. LMPpovion 0.67

2) Price: Only day-ahead prices in the neighboring mar- Z10: The SSR capacity excess 2065

kets are examined for their possible effects on the HOEP,
because they are known before real-time. Note that the main
components of the costs of any energy transactions between
Ontario and the neighboring markets are the HOEP and the = (37 — 1)/ for X\ # 0 € IR. For a given model, the
LMPs at the pricing points in those markets involved in th@ptimal value of is found by minimizing the sum of squares
trade. These LMPs are denoted as LiME\ for the New York of the residuals of the model. In caseturns out to be close
to Ontario interface in the New York market, LMByy for 10 Of equal to zero, a natural logarithmic transformatignr=
the New Eng'and to New York interface in the New Eng'anh’l (Zt) iS Used. |f non'stationarity iS the result Of a Variable
market, and LMB;uon for the PIM to Ontario interface in themean, thed"” order differenced process = (1 — B)%z; is
PJM market. Thus, only these three LMPs are studied herénodeled; settingl = 1 or d = 2 usually induces constant
The HOEP is correlated to LMRon, LMPneny and Mean. The ARMAp, ¢) model for the differenced process
LMPp3mon, With p values of 0.69, 0.67, and 0.67, respectivelys referred to as the ARIMfp, d, ¢) model for the process.
Hence they are considered as explanatory variable caedidat_ F’?‘r (;{;rgﬁt(asgré)i/savgg]ngr()atfztll?a”\f;zsg)n(%ll% g?eﬁg d“g?’,'s
Since market prices are influenced mainly by demand; how- ’ s '
ever, the .high corrglation; may be due to the similar demangp(B)q)P(BS)(l — B (1 - B*)"2 = c+0,(B)0g(B*)e; (5)
patterns in the neighboring areas. Therefore, the merttione
LMPs need to be included in the HOEP models only after thavhere ¢, (B) and§,(B) are nonseasonal AR(and MA(g)
possible effects of demand in Ontario and other markets operators;®p(B*) and ©¢(B®) are seasonal AR{) and
the HOEP are properly modeled. MA(Q) operators; andB® is the seasonal backward shift
For simplicity, the final and total set of explanatory vatéab operator which is defined aB*z; = z;_s. For hourly data,
candidates are denoted by to z1o and summarized in Table s = 24 and s = 168 indicate daily and weekly seasonality,

M. respectively.
The Box-Jenkins three-stage procedure, comprising identi
I1l. REVIEW OF TIME SERIESMODELS fication, estimation and diagnostic checking, for the ARIMA
A. ARIMA Model model building is used in this paper [17]. This procedure

. employs estimated autocorrelation functions (ACFs) and pa
Let denote the equally sequenced values of a stationgy autocorrelation functions (PACFs) for model identfion.
stochastic processby z;, z;—1, 2¢—2, ..., —n. AN QUIOTEQIeS- \ormalized residuals time domain plots, residuals ACF, the
sive moving average model ARMA(q) for this process can | j;ng Box statistics, residuals probability plots, anatihg
be expressed as [17]: residuals against the fitted values are popular tests in the

P q diagnostic checking stage; all of these are employed in the
n=c+ Y Gimiteaty e (3) present work.
i=1 j=1

wherec, ¢; andd; are the model parameters to be estimated.
is assumed to be an independently and identically disttut
(i.i.d.) normal random variable (shock) with mean zero and A dependent variablg can be related to a set of explanatory
variances?. Using the backward shift operatdt, defined as variablesz; (i = 1,2, ...,m) by a DR model, as follows:

Bz, = z;,_1, model (3) can be represented as:

¢(B)z: = c+ 0(B)e 4)

where ¢(B) = 1 — ¢1B — ... — ¢$,B? is the nonseasonal

autoregressive operator AR, andd(B) = 1—6:B — ... —

8,B? is the nonseasonal moving average operator(§JA where ¢;s andw; ;s are model parameters to be estimated.
Non-stationarity arises from instability in the mean andlote that up top lagged values of the dependent variable

variance of a process. Variance non-stationarity is dedh was well asr; lagged values of the explanatory variableare

by the Box-Cox power transformations, which is defined ascluded in the model. Using the backward shift operdbor

B. Dynamic Regression Model

yr = c+ (P1y—1 + P2yt—2 + ... + PpYr—p) +
(Wi,0T1,6 +wW11%1 -1 F o F WL Ty ) ot

(Wm,OIm,t + Wm,1Tm,t—1 + ...+ Wm,rmxm,tfrm) + € (6)
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a

model (6) can be represented as: 0.04 |
¢<B>yt:c+;j§wi7j3jxi,t+€t (7) Oo_l.ll ||I |||| "||II| ||||I I||'||I I|I|-I|||I| _

where¢(B) is defined in (4). The DR models are built using -c.ca

the three-stage linear transfer function (LTF) method [15] B
Lag
C. Transfer Function Model 0504 o
In a more general form than the DR model, the relationship “;O | | |,. AP |||| |||| ,| | | | ,| |
between the dependent variabjeand the independent vari- ' | ' || | [T T
ablesz;, can be defined as a rational transfer function term noa
and a disturbance terdv; as follows[15], [17]: e e e e e
12 24 36 It}
m
w; (B)BY Lag
Yy = C + Z %xi,t —|— Nt (8)
i=1 1( Fig. 1. Week: a) Residuals ACF of the DR model. b) Residuals ACF of
the TF model.
Wherewi(B) = E;:O wi_’ij, 51(3) =1- Zk:l 5i7kBk,
TABLE IV

k; is the order of the polynomial;(B); b; is referred to as
the delay time for variabler;; the disturbance termV, is
expressed by an ARMA model, i.&; = 6(B)e;/$(B); and

THE ARIMA MODELS FOR THEHOEP

‘ . . W 1)(24, 25, 72,119)(168, 169) Z; = (1)(24)e
the polynomial operators(B) andd(B) are defined in (4). szz 8524 = 72)(1652(169 336§ZZ = 8&5;
The model in (8) is referred to as a TF model. The LTF method Week, a ’2)(2’4 25)(16’8)2; — (1,230
along with the corner table tool are used to identify rationa Week, : (1”2)(24)& — (1,2)&241)&

form TF models in this paper [15]. Weelks ¢ (1)(23)Z: = (1,2,3,4)(24)es

IV. MODELING MARKET PRICES BY TIME SERIES

MopELs with outliers, the Chen-Liu algorithm for joint estimatiaf

A. General Considerations model parameters and outliers[19], implemented in the SCA
Three time periods, each of two weeks duration, are selec®atem, is employed. Natural logarithmic transformatisn i
for building the time series models and generating HOBEBund to be the optimal Box-Cox transformation for variance

forecasts. The first period comprises two consecutive weestability in this study, given the historical data and thend
from April 26 to May 9, 2004, referred to as Weeland tified models; hence, the forecasts are untransformed using
Week; during this period, the Ontario market demand reachélde unbiased untransformation method in [20]. Furthermare
its spring low point. The second period comprises two conseseasonal differencing with = 24 is applied to induce mean
utive summer peak-demand weeks from July 26 to August &ationarity in all models. The transformed differencedEfO
2004, and are referred to as Weelnd Week. The last period time series, i.e(1 — B?*) In(HOEP,), is referred to asZ; here
includes two high-demand winter weeks in 2004, spannirmgward.
December 13-26, and are referred to as Wesshkd Week.
Models for each of the six weeks have been individually  ARIMA Models for the HOEP
identified, estimated and checked. The ARIMA models are . . .
. : Lo : A shorthand convention, also used in [18], is employed
built using four weeks of historical data, while the TF ang] L
.. .here for simplicity to show the developed ARIMA models.
DR models are developed based on ten weeks of hlStOfI(Agl . . . .
. . . - . ccording to this convention, an AR or an MA operator is
data. The main criteria for identifying the final models are . .
o : . . - ., fepresented by the orders of the respective backward shift
as follows: diagnostic checking tests (Section l1lI-A); the
o : ) . operator. For example, the ARIMA modé¢l — ¢, B)(1 —
principle of parsimony[17];it-value of the estimated model o Pl 9 N
. . . T K b9y B** — &47B )Zt— (1 — 6,8 )(1 — OB )Et is shown
parameters; Akaike Information Criterion (AIC) [15]; oot-
) . . . as(1)(24,47)z; = (2)(24)e;. The ARIMA models developed
sample forecasts accuracy; and reality of the identifiedetsod . . ) .
. . : : for each of the six studied weeks are listed in Table IV.
To illustrate some results of the diagnostic checking stage
the residuals ACFs of the 24-hour-ahead forecasts by the
TF model and the 3-hour-ahead forecasts by the DR model TF and DR Models for HOEP
developed for Week(in Section IV-C) are presented in Fig. 1; Multicollinearity arises in a regression problem if theee i
the horizontal bands in this figure represent the signifieana linear dependency among the explanatory variables. RBopul
limits of the ACFs. Observe that no significant correlatifors methods to deal with the problem of multicollinearity, suh
the first few lags and the relevant seasonal lags (e.g. 24, 4i@ge regression [21] and principal component regress2@h, [
exist. are developed in the ordinary regression framework. Hence,
The Scientific Computing Associates (SCA) statistical sy$hey are not applicable to multivariate time series models,
tem is used here to build the proposed models [18]. To dagVen the inherent differences between model definitiorss an
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N . . . . TABLE V
estimation for time series models and ordinary regressiod-m
. . ! . DISTURBANCE TERMS FOR3-HOUR-AHEAD FORECASTINGTF MODELS
els. In this study, a two-step procedure is designed fodimgl
Week; 2 (1)(24)N} = (24, 48)e;

the TF and DR models in the presence of multicollinearity

. W 1,2,3)(23,24) N3 = (1)(24, 4
among the explanatory variables, as follows: eelss | (1,2,3)(23, 20Ny = (1)(24, 48)c

Weeks 6 (1)(23,24,25)N3 = (1,2)(24)e:

1) In the first step, market knowledge, theoretical justifica

tions, and linear correlation between the HOEP and the TABLE VI

explanatory variable candidates are used to choose th@sTurBANCE TERMS FOR24-HOUR-AHEAD FORECASTINGTF MODELS
most influential explanatory variable, referred to as the Zz -

“first-step variable”. TF and DR models for the HOEP wzzz (1)(54)1&2235:27?2]\3 72)]\(;12227:3’(331§§f)q

are fully built assuming that the first-step variable is Weelg 4 | (1)(24,25)(168, 169)N2* = (1,2,3)(24)et

the only explanatory variable. In this step, the power Weels (DH(EYNZ* = (2)(24)er

transformation and the differencing order, which are

needed for stabilizing the variance and the mean of the

time series are identified. : - .
2) Inthe second step, the general form of the transfer fur{g-emlfled for 3-hour-ahead and 24-hour-ahead forecasting

tion term associated with the first-step variable is kept — Z%" =322 3% (wi;B7)(1 — B*)In(zy,0) + NP (11)

constant and other variables are added to the model in 724 _ 2 o ((wa B (1 — B*)as, +

a step-wise manner; variables with collinearity with the ; o4 o4

first-step variable are considered first. The performance (Wi, BY)(A = BT In(@ar)) + Ni (12)

of the new models is monitored using the identificatioNo rational form was identified for the models in this step.

criteria mentioned in Section IV-A. The transfer functiorThe disturbance terms corresponding to models (11) and (12)

terms associated with each significant variable, as welte presented in Table V and VI, respectively.

as the disturbance terms, are modified appropriately in2) DR Models:The general forms of the final identified DR

this step, and the final model is identified by addinﬁmdels for the six weeks under study, and for both forecgstin

other explanatory variable candidates and repeating t grizons, are.
step. (B)Z" =37 Yo (wi; B)(1 = B**) In(wis) + e (13)
Since PDP variables are produced by mimicking the market ¢(B)Zi*" = 327_((ws,;B7)(1 = B*)za,, +
clearing process using the most recent market data, they (wa,;B7)(1 — B*)In(z4,4)) + & (14)

implicitly carry the information of inherent interactioasnong tinal identified be similar for both
influential market variables. Hence, the 3-hour-ahead PI:TII-E"e inal | re]nt_l e ¢(B)3 turn bOUt to be S|m|arior1 ;)t
variable, namelyz, is considered as the first-step variable iltlorecastlng orizons, and can be presented@s) = (1, 2,

the TF and DR models when the forecasting horizon is thr§e4’ 23, 24, 25, 47, 48, 49, 71, 72, 73, 95, 96, 97, 119, 12h0,
hours. In addition, given the critical effect of Ontario demal 121, 143, 144, 145, 167, 168, 169, 335, 336). However, the

following lags were found to be not significant: lags 2, 3, 4,

selected as the first-step variable when the forecastinigdror 23: 335 for Week»; lags 3, 4, 25, 336 for Wegk; and lags
is 24 hours. 2, 335, 336 for Weeks.

Lags 1, 2, 3, 4, 23, 24, 25, 47, 48, 49, 71, 72, 73, 95, 96,
97, 119, 120, 121, 143, 144, 145, 167, 168, 169, 335, akd ARIMA Models for the Neighboring Markets’ LMPs
336, of each explanatory variable candidate are consideregn order to compare the price behavior in Ontario with
for TF and DR model bUIIdlng The inclusion of trading'da)fhat in the neighboring marketS, ARIMA models are also
effects in the TF and DR models was not found to improvgeveloped for LMReny, LMPnyon, and LMBsyvon (27, s,

overall forecast accuracy; this can be attributed to thetfet andx,). Ten weeks of historical data are used to identify and
demand forecasts are already used as model inputs, carrndgfimate the following models for Wegk

the corresponding trading-day information.

1) TF Models: The final TF models in the first step for 3-
hour-ahead and 24-hour-ahead forecasting hold the faligwi (1)(23,24,25,48,72,96,120,144)(167, 168,169, 170) x

on the HOEP, the SSR demand forecast variable, namelig

1) New England:

form: (1 — B*)In(zr,) = (1,2,3,4,5)(24,25)¢; (15)
Z?h = (w1,0 t w11 B+ W1,2BQ)(1 - 324) In(z1,) + th ) 2) New York:
24h 2 24 24
2" = (wio +wiiB +wi2B7)(1 = B7) In(za) + Ni— (10) (1,2)(24, 48,49, 72, 96)(168, 169, 336, 337, 504) x
(1 — B*")In(zs,) = (1)(24,48,72,96)¢, (16)

Observe in models (9) and (10) that only the two latest values

of the first-step variables affect HOEP behavior. The LTF 3) PJIM:

method and the corner table tool did not yield a rational form

for the TF models in all cases in this step. (L, 2’3)2224’ 25,26,47,72)(167, 168, 169)
In the second step, the following TF models were finally (1= B™)In(xg,) = (24)(167,168,169)e;  (17)
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TABLE VII
WEEKLY MAPES (%), AND WEEKLY MAE s ($/MWh) FOHOEPMODELS
24-hour-ahead 3-hour-ahead
ARIMA TF DR PDP ARIMA TF DR PDP

MAPE MAE | MAPE MAE MAPE  MAE MAPE MAE | MAPE MAE | MAPE MAE MAPE  MAE MAPE  MAE
Weely 15.9 7.2 15.6 7.1 15.9 7.3 39.7 17.5| 13.6 6.5 12.4 6.0 12.3 6.0 26 11.2
Weele 18.6 8.2 18 8.2 18.1 8.2 30.3 12 155 7.0 14.7 6.7 12.9 6.2 26.4 10.6
Averagé | 17.2 7.7 16.8 7.7 17 7.8 35 14.7| 145 6.8 135 6.4 12.6 6.1 26.2 10.9
Weelg 13.6 6.9 12.3 6.4 13 7.2 36.9 20.6 11 5.6 10.5 5.4 9.6 5.0 15.2 7.4
Week, 215 8.7 18.3 7.3 19 7.6 31.6 12.3| 143 5.6 11.9 4.8 12.2 5.3 151 6.0
Weelks 15.4 9.6 14.8 9.2 14.7 9.3 60.2 343 | 125 7.9 10 6.4 10.8 6.8 28.8 16.7
Weelg 20.8 12.0| 175 10.1| 185 10.7| 373 228 | 17.6 9.75| 13.2 7.6 12.5 7.1 28.9 16.5
Averagé 17.8 9.3 15.7 8.2 16.3 8.7 41.5 225| 13.9 7.2 114 6.0 11.3 6.1 22.0 11.7

Grand 17.6 8.8 16.1 8.1 16.5 8.4 40 19.9 14.1 7.1 12.2 6.2 11.7 6.1 23.4 114
Average

a Average for the low-demand period (Waeknd Week). ® Average for the high-demand period (Weelo Weel).

It is observed that the studied LMPs exhibit a stablalso insignificant variables in the developed models, there
behavior; in other words, models (15), (16), and (17) fimplying that they do not carry additional information oritbe
the data well for Week and even for Week and Week. effects of the Ontario and New England demands are modeled.
Similar modeling features are reported in [10], [8], [2]1]1
where the d_eveloped_modgls are reported to perform sta@y Accuracy Measures
for long periods of time, in some cases for a full year. . ) .
However, the final identified ARIMA, TF, and DR models for TWO measures are used in this work to quantify out-of-
the HOEP are different for the studied weeks. The unstai@mple forecast accuracy of the developed models. Thus, the
behavior of the HOEP models highlights the fact that the§®solute error (AE) is defined as:
models have to be _re-identified and re-estimatgd affe_r new AE, = |HOEP;, — HOEP, ;| (18)
observations are available. The need for model re-ideatifin ’ ’
implies that market participants cannot count on a singkehere HOER ;, and HOER ; are the forecast and the actual
model in order to produce HOEP forecasts in a non-superviseadues of HOEP for hout, respectively. The absolute percent-
automatic manner, a fact that must be taken into account fme error (APE) is defined as:
commercialization of the forecasting models. APE IHOEP;, — HOEP, ;|

L =

V. NUMERICAL RESULTS AND DISCUSSIONS HOEF, ;
A. Final Identified Explanatory Variables Consequently, the weekly mean absolute error (MAE) and

The final identified sets of explanatory variables differ folinean.absolute percentage error (MAPE) can be defined as
the two forecasting horizons. When the forecasting horizdpllow:

(19)

is three hours, 3-hour-ahead PDD and New England demand 168

are the significant explanatory variables for both of the & a MAE = 2 > AE, (20)
DR models identified in the second step. For the 24-hour fore- t=1

casting horizon, PSC and New England demand are identified 100 <&

as significant variables in the second step. It is observed in MAPE = 168 ;APEt (21)

[13] that New England electricity market prices are gergral

higher than the HOEP, a factor affecting exports from Ontari , ,

which in turn affects HOEP behavior. This would explaifft- Forecasting Results for Ontario

why New England demand appears in the developed TF andrhe weekly MAPEs and MAEs of the generated HOEP

DR models, hence improving the forecast MAPEs by abofdrecasts, and those of the IESO-generated PDPs for the six

1%. However, since after-the-fact New England demand dataidied weeks are presented in Table VII. The forecasting

are used in the model building process, it is expected thaigin for a set of 24-hour-ahead forecasts is the last hour

if demand forecast is used in a practical implementation,af the previous day; for example, for the 24-hour-ahead

would offset this improvement; hence, New England demaffdrecast horizon spanning from today midnight to tomorrow

is excluded from the final presented models. midnight, the forecasting origin is 11 PM today. It is themef
Because of the presence of the 3-hour-ahead PDP varialmhelerstandable that forecasting origins move through #&ye d

in the 3-hour-ahead forecasting models, the PSC varialecase of 3-hour-ahead forecasting. It is to be noted that th

does not appear in these models. This complies with tR®P values used in the present work have the same forecasting

nature of PDPs, which are the final projected values of tloeigins as the generated HOEP forecasts. The mean, standard

HOEP, taking into account all available market informatiodeviation, minimum, and maximum of the HOEP for the six

and market variable interactions. Demand and price frorarottstudied weeks are presented in Appendix | for the interested

markets, and the SSR capacity excess or shortfall variable eeader.
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The results presented in Table VII show that the accura Weeky: TF, Forecasting Horizon=24 hours
of the generated HOEP forecasts is significantly higher th, 150 Actual | |
that of the IESO-generated PDPs. The overall MAPE of tt = = - Forecast

generated forecasts are 23.9% and 11.7% lower than th
of the IESO-generated PDPs for 24-hour-ahead and 3-ho
ahead forecasts, respectively. Also, the overall weeklyBVIA
of the 24-hour-ahead and 3-hour-ahead forecasts gendmate:
the TF and DR models are $11.8/MWh and $5.3/MWh lowe 01 25 49 73 97 121 145 168
respectively, than those of the 3-hour and 24-hour-ahe8®{E Hour

Week,: DR, Forecasting Horizon=3 hours
generated PDPs. Furthermore, observe that, as expecéed, 8
accuracy of the forecasts is generally higher for the shor
forecasting horizons.

The results in Table VII clearly show that for the high:
demand period (Wegkto Weels), multivariate models out-
perform the univariate models; the MAPEs of the 24-hou
ahead forecasts generated by the TF models and the 3-hi
ahead forecasts made by the DR models improve by 2.1 ! Hour
and 2.6%, respectively. In terms of MAE, the improvemen.
achieved over the ARIMA models by the multivariate models, »  24-nour-ahead and 3-hour-ahead HOEP forecasts émig/by the
are $1/MWh for the 24-hour-ahead forecasts and $1.2/MWH and DR models.
for the 3-hour-ahead forecasts. However, for the low-daina Week,: ARIMA, Forecasting Horizon=24 hours
period (Week and Week), inclusion of the market data in the ' ‘
multivariate models does not improve forecast accuracis Tt 80
result implies that during low-demand periods, the markead 60
carry less useful information than during high-demandaquisi
The improvements made by the multivariate models are low
when all the six studied weeks are considered.

Although inclusion of the “before-the-fact” market date 1 25 29 73 97 121 145 168
into the forecasting models improves forecast accuracy Hour

.. . L e Week : TF, Forecasting Horizon=24 hours
some extent, this improvement is not significant. The sm: 100 !
improvements in accuracy of the multivariate HOEP mode
can be attributed to the real-time nature of the Ontario etark
In Ontario, the entire demand obligation has to be clean
in real-time; thus, given the “hockey stick-shape” generi
tion offer curve in Ontario [13], unpredictable events suc
as demand over-forecasting, demand under-forecastird), 0 w w w w : w
import/export failures oblige the market operator to comnm
expensive units on the “blade” portion of the offer curveder
commit some of th_e already committed units_and m(_)ve bagb. 3. 24-hour-ahead HOEP forecasts for Wedly the ARIMA and TF
on the “shaft” portion of the offer curve. This requiremeniodels.
puts upward or downward pressures on the HOEP, leading
to price spikes. Furthermore, out-of-market actions bycivhi
the market operator manipulates the market clearing proeedof the before-the-fact data used.
affect the patterns behind the price behavior. Hence, thEPMO The forecasts obtained for Wegkone of the highest de-
is highly volatile, as analyzed in more detail in Section V-Fmand weeks of 2004, have the lowest error among the studied
and the information contents of the before-the-fact madie¢éd weeks. Actual values of HOEP, and the most accurate HOEP
have a high level of uncertainty. obtained using the corresponding TF model are depicted in

In some studies, such as [2], and [10], multivariate modéefég. 2. During this week, prices on all seven days were
are reported to have significantly outperformed univariatithin the normal range, except for three unusual priceespik
models. These two studies have used “after-the-fact” demaklthough the general price trend during this week could be
data for developing multivariate models. Although builglin forecasted with considerable accuracy, none of the thiiee pr
price models using actual demand data is important in ordgrikes were captured by the models.
to discover the true demand-price relationships, these at® The 24-hour-ahead HOEP forecasts generated by the
not available before real-time for a practical price fostzay ARIMA and the TF models are plotted against the correspond-
tool. On the other hand, the multivariate models developéty actual HOEP values for Weghn Fig. 3, which presents
in the present work do not significantly improve forecaghe poorest forecasting results; the results for the DR fnode
accuracy compared with univariate models. This deficieneye similar to those of the TF and hence are not shown here.
can be attributed to the lack of accuracy in information eaht During Weel, the prices are unusually high for the first two

$/MWh

120

Actual
= = =Forecast

$/MWh

Actual
= = =Forecast

$/MWh

40
20

Actual
= = =Forecast

501

$/MWh

Hour
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3-hour Ahead Forecasts TABLE VI
o0 WEEKLY MAPES (%) OF THE NEIGHBORINGLMP FORECASTSAND, THE

00 m DR
0O PDP VOLATILITIES

400
New England | New York PJM Ontario

00
— Week 6.2 6.9 10.1 15.9
100 Weelk 5.4 7.1 11.4 18.6
0 . ._‘ i Weels 3.7 6.1 8.7 13.6
e e
& 7

Number of Hours

e T e Week; 71 8.1 173 | 215
o & 5.6 71 119 | 174
‘g(o &g@ A2 ‘g@ Average . . . .
= = [ @ ]| 00935 ] 01316 | 0.2450] 0.3689 ]

24 -hour Ahead Forecasts

450
T
2 200 SRR to 36 previous weeks, were considered. The NN models were
§ 200 developed using the MATLAB Neural Network Toolbox, and
E the Scaled Conjugate Gradient algorithm was employed for
= . .
=0 network training [24].
g ' s ' o ' & The forecasts generated by the developed NN models were
P it £ =
& &€ <& & founq to_ be g.enerallylless accurate than those by.the prdpose
& S multivariate time series models. For example, in the most
. _ accurate NN scenario, the grand average of the MAPEs of the
Fig. 4. APEs histograms for the TF and DR models. 24-hour-ahead forecasts over the six-week period was 18.8%

In this scenario, the input set comprised HOEP lagged values
namely, lags 1, 2, 24, 120, 121, 169, and 336; current and two
Iagged values of the PSC; and current and two lagged values
ﬁ?the SSR demand forecast. Seven neurons were assigned for
. | e hidden layer, and 15 weeks of historical data yielded the
prices relatively better than ARIMA. most accurate results in this scenario. The lowest six-lyeek

Histograms of APEvalues for the 24-hour-ahead forecastﬁﬂAPE of the generated 3-hour-ahead forecasts by NNs was
by the TF models, and for the 3-hour-ahead forecasts by % 0%

DR models for the entire six-week period are shown in Fig.

days, and relatively low for the rest of the week. Note thatano
of the models can reasonably forecast the unusually high
low prices, although the TF and DR models predict high/lo

™ | inear models have been found to outperform NN models

horizon are also presented for Comparison DUIDOSES 0'1!?)(1] PJM market price forecasting in [2]. Furthermore, the
b b purposes. g. I.'" OEP forecasts generated by the neuro-fuzzy models in [5]
the accuracy of the generated HOEP forecasts is significant . :
. L ; .present higher errors than those reported in the preseet.pap
higher than f[he PDPs, there St'." exist some hours OlurlnghlVh'Moreover selecting appropriate inputs and structure fisr N
the forecasting errors are relatively high. For example28%6 odels a’s well as the process of training NN, is more time-

of the hours in the case of 24-hour-ahead forecasts, and for . - .
17% of the hours in the case of 3-hour-ahead forecasts, onsuming than building the TF and DR models. Accordingly,

APE;s are more than 20%. If only the high-demand periogoﬁlgadtﬁs ;vr(;rseegto;ti%r;ydered among the main forecasting

i.e. Week-Week;, is considered, these numbers improve to
19% for 24-hour-ahead forecasts, and to 11% for 3-houréhhea

forecasts. E. Forecasting Results for the Neighboring Markets

_ The models developed in Section IV-D are used to generate

D. HOEP Forecast with Neural Networks 24-hour-ahead forecasts for the studied LMPs for Wetsk

Neural network (NN) forecasting models were developétfeek;. The time duration of these weeks is the same as that
to evaluate whether nonlinear models can provide better fodefined in Section 1V-A, and correspond to two typical low-
cast of the HOEP,. For this purpose, fully connected feedemand and two typical high-demand weeks in these markets.
forward multi-layer perceptron NNs with one hidden layex arf-or comparison, the calculated weekly MAPES of the forecast
considered [23]. All the explanatory variable candidatetetl are presented in Table VIII along with the respective rasult
in Table lll, plus the planned outages variable discussed for the HOEP forecasts. Observe that the accuracy of the
Section 1I-A.3, as well as their lagged values discussed forecasts generated for the New England, New York, and
Section IV-C, are considered when building the NN model®JM day-ahead market LMPs, i.e7, xzg, andzg, is higher
Since there is no globally accepted rule for finding ththan the accuracy of the HOEP forecasts. As well, the HOEP
optimum set of NN inputs, different input sets of explangtorforecasts reported in the present paper, and elsewhef@3$],
variables were evaluated. The sets of explanatory vasableave a much lower accuracy level than price forecasts for
determined for the linear models in Section IV-C.1 were alssther markets (e.g. Spanish [10] and PJM [2] markets). A
fed into the networks in one specific scenario. Furthermonglatility analysis is presented in the next section in oride
different numbers of neurons for the hidden layer were testpartly explain the relatively low accuracy level of the HOEP
and different ranges of historical data, from 10 previouskee forecasts.
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F. Historical Volatility Analysis candidates was addressed by a two-step model building pro-
The Ontario electricity market is a single-settlement reaf€dure. The developed models were used to generate HOEP
time energy market whereas the three neighboring markets irécasts for low-demand, summer peak-demand, and winter
two-settlement markets, having both real-time and daydhe?®ak-demand periods.
markets. Since most of the daily load obligations are uguall The results show that the forecasts generated by the
cleared in day-ahead markets (e.g. 97% in New England [25}gveloped models are significantly more accurate than all
volatility of the HOEP is compared with the volatility ofcurrently available HOEP forecasts. However, inclusion of
day-ahead prices in the neighboring markets. Following tfgtario market information in multivariate HOEP models

definition of historical volatility [26], let define the dgil does not lead to models with remarkably higher accuracy
logarithmic returnr, for all market prices as: than the univariate ARIMA models, especially during low-

demand periods. Furthermore, the available market datacare
re=In(p) —In(p;—24) = (1 = B*)In(p;)  (22) very useful in predicting unusual upward or downward price
spikes. The small improvements achieved by the multivariat
models are attributed to the information contents of thekestar
data available in practice. Non-linear NN models for HOEP
forecasting are also developed, concluding that these Imode
do not yield better forecasts than the linear TF and DR models

the first 9 months of 2004 by substituting with the HOEP, This study demonstrates that accuracy of forecasts geuerat

and the day-ahead market LMPs of various pricing poin time series models is directly affected by volatility of

in the New England, New York, and PJM markets. The %e time series under study. Also, the HOEP is shown to
month averages of the calculated historical volatilities the € S|gn|f|9antly more volatile thar_l the day-ahead neigiigpri
market prices. These facts explain the lower level of aayura

HOEP, z7, zs, and zg, that is@, are presented in the last i X
17 o8 o ’ P of HOEP forecasts in comparison to those of other market

row of Table VIII. Since other studied pricing points in the .
three neighboring markets behaved in a similar manner, t ces. The results of this study also show that HOEP models

associated numerical results are not presented here. \@bs&f® less staple thg_n S|m|I.ar modlels.for other r.“"?‘r!‘e‘ prices.
from Table VIII that the average historical volatilitiesear This quel-|nsta_b|llty basically h|ghl|ghts the difficigs of
consistent with the MAPES; in other words, the markets Witg]evelopmg practical HOEP forecasting tools.
higher volatility have the largest MAPE value, with the Qrda
market showing the highest volatility and MAPE. APPENDIXI

It is shown in Appendix Il that variance of errors of out-of-
sample forecasts generated for a time series by the studie
time series models is directly proportional to the varian
of the time series itself. Hence, the high volatility of HOE

wherep, is the current price observation, apd o4 is the price
observation made 24 hours before. Historical price vdtatil
i.e. o, is defined as the standard deviation-pbver a specific
period.

Historical volatilities are calculated over every 24 hoafs

A'able IX presents the mean, standard deviation (STD),
inimum (Min), and the maximum (Max) of the HOEP for
I§ach of the six studied weeks.

time series limits the accuracy of the HOEP forecasts, and TABLE IX

one cannot expect to forecast future values of the HOEP as HOEPSTATISTICS FOR EACH WEEK
accurately as for other market prices (exg). A discussion of Week, | Week, | Week, | Week, | Week, | Weeks
the reasons for the high HOEP volatility is beyond the scope [ Mean | 454 | 464 | 512 | 467 | 549 | 5.6
of this paper. STD | 16.4 | 169 | 13.8 | 189 | 231 | 237

Min 18.9 13.9 20.6 10 354 30.3
Max 153.1 | 106.1 | 101.8 94.8 175.2 135

VI. CONCLUSIONS

In this paper, publicly available electricity market datarfi
Ontario and neighboring markets were evaluated to determin
how efficiently they can be employed for improving HOEP
forecast accuracy. A wide range of market information was
studied in detail, and a final set of explanatory variable Using the Wold representation of a covariance stationary
candidates were selected. Important practical issuedh stime series, a zero-mean processcan be presented with a
as the availability of explanatory variables before rémlet random shoclke; plus the infinite weighted sum of previous
the market structure, and the market operational time-lingbservations of the random shock as follows [17]:
were considered in the process of selecting the explanatory

APPENDIXII

variables. The novel concept of predicted supply cushion 2 = €t+z¢j€tﬁ_ (23)
(PSC) was introduced as an explanatory variable candidate =
in this study.

Multivariate TF and DR models were chosen as the backhe relationship between the variancezgf i.e. o2, and the
bone of the presented forecasting study in order to rela@riance of the random shoek, i.e. o2, can be written as:
HOEP behavior to the selected market variables. Also, uni- 9
variate ARIMA models were developed for the HOEP. The o? 7

problem of multicollinearity among the explanatory vateab i=1¥;
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On the other hand, the variance of thetep ahead forecast[19] C. Chen and L.-M. Liu, “Forecasting time series with lass,” Journal

error, i.e.o

2
e,l?

can be presented as:

-1
ol =021+ ¥ (25)
j=1

From (24) and (25)03,1 can be written as:

-1 92
2 1+ ijl ¥ 2
o

_ _ 2
= 1+ Z;)O:l w? 0, = 5(1/))0’2 (26)

where&(y) < 1 for a finite forecasting horizoh For a given
process which follows an specific ARIMA mode(v) is a
constant depending on the estimated parameters of the model mkt anlys rpts/annimkt rpts/2004/200&nnualmarketsreport.pdf.

Hence, higher volatility inz;, i.e. high o'z’ results in high [26] J. P. Bouchaud and M. PotteiBheory of Financial Risks: From Statis-

o2

el

Similar reasoning can be applied to TF and DR models with

similar conclusions.
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