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Abstract

Given a graph H, a graph G is H-free if no induced subgraph of G is isomorphic to H. A
graph G is H-induced-saturated if G is H-free but deleting or adding any edge in G creates
an induced copy of H. The notion of induced saturation originated in a 2012 work by Martin
and Smith [23] concerning the extremal properties of H-induced-saturated graphs.

On the structural side, a large body of work since then has been devoted to the study of
graphs H for which H-induced-saturated graphs do exist in the first place. We say that H is
normal if there exists an H-induced-saturated graph. It is immediate that complete graphs
(except when on two vertices) are not normal because deleting edges from a graph cannot
increase its clique number. Similarly, empty graphs (except when on two vertices) are not
normal because adding edges to a graph cannot increase its independence number. Beyond
these trivial cases, however, characterizing normal graphs is quite difficult: The four-vertex
path is the only other graph currently known not to be normal, and very few graphs are
known to be normal. In particular, it remains open whether all even cycles are normal.

In this thesis, we study the analogous notions with only one of the two operations – edge
deletion or addition – required to create an induced copy of H. Given a graph H, we say
that a graph G is H-deletion-saturated if G is H-free, has at least one edge, and deleting
any edge in G creates an induced copy of H. We say that H is deletion-normal if such a
graph G exists. (The complementary notions of H-addition-saturated and addition-normal
are defined similarly.) These “asymmetric” weakenings of induced saturation appear to be
more tractable. For example, in contrast to the fact that, as mentioned above, it remains
open whether all even cycles are normal, Tennenhouse [28] proved that all even cycles are
addition-normal, and with Fan, Sepehr Hajebi, and Spirkl, we proved recently [16] that all
even cycles are deletion-normal.

We conjecture that every non-complete graph H is deletion-normal (or equivalently, that
every non-empty graph H is addition-normal), and provide evidence for our conjecture by
proving it for a variety of graphs H, including all complete multipartite graphs with a unique
largest part, line graphs of all trees, all triangle-free graphs with exactly one cycle, and all
graphs on at most six vertices.
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Chapter 1

Introduction

1.1 Background and motivation

This thesis explores the “asymmetric” relaxation of the induced saturation problem on graphs.
Given a graph H, a graph G is H-free if G has no induced subgraph isomorphic to H. A
graph G is H-induced-saturated if G is H-free and this H-freeness is critical with respect to
the full adjacency profile of the graph; that is:

• G is H-free;

• for every e ∈ E(G), G− e is not H-free; and

• for every e ∈ E(G), G+ e is not H-free.

Induced saturation originated in a 2012 work by Martin and Smith [23] (see also [27]), where
they defined this notion as a property of “trigraphs” and studied its extremal aspects such
as Turán-type problems about the maximum number of “undecided” pairs of vertices in an
n-vertex trigraph that is H-induced-saturated. (This line of work, in turn, was motivated
by the heavily investigated topic of “non-induced” saturation in extremal combinatorics. We
omit the details on that front; see [10] for an exhaustive survey.)

Since then, the literature on this topic has evolved around the study of graphs H for
which H-induced-saturated graphs exist in the first place. For instance, it is readily seen
that if a graph H is complete or empty (except when |V (H)| = 2), then there is no
H-induced-saturated graph. Bonamy et al. recently proved [6] that, for all other graphs
H, an “infinite H-induced-saturated graph” always exists.

Theorem 1.1 (Bonamy, Groenland, Johnston, Morrison, and Scott [6]). For every (finite)
graph H that is neither complete nor empty, there is a countably infinite graph G such that:

• G does not contain H as a finite induced subgraph;
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Figure 1.1: The icosahedron (left), the Cartesian product of two 5-cycles (middle), and the
dodecahedron (right).

• for every e ∈ E(G), the infinite graph G− e contains H as an induced subgraph; and

• for every e ∈ E(G), the infinite graph G+ e contains H as an induced subgraph.

(In fact, they prove something stronger, that there is countably infinite H-free graph G
such that any “bounded degree perturbation” of that infinite graph creates an induced copy
of H.)

Our focus, in turn, is on graphs H for which there exists a finite H-induced saturated
graph. We call such graphs normal. It follows that complete graphs and empty graphs
(unless on two vertices) are not normal. Martin and Smith [23] also proved that:

Theorem 1.2 (Martin and Smith [23]). The four-vertex path P4 is not normal.

Complete graphs, empty graphs, and the four-vertex path remain the only graphs known
not to be normal, and, as far as we know, it could be that all other graphs are normal.
However, even for structurally rather simple graphsH, deciding whetherH is normal appears
to be quite difficult. For instance, it remains wide open whether all even cycles are normal.
With Fan, Sepehr Hajebi, and Spirkl, we showed the following; see Figure 1.1. (The case of
C4 was also observed in [3]).

Observation 1.3 (Fan, Hajebi, Hajebi, Spirkl [16]). Cycles of length 4, 6, 8 and 10 are
normal. In particular, the icosahedron is C4-induced-saturated, the Cartesian product of two
5-cycles is C6-induced-saturated, and the dodecahedron is C8-induced-saturated.

Via computer search, we also found [16] a 28-vertex graph that is C10-induced-saturated.
However, the 10-cycle is the largest even cycle currently known to be normal.

Problem 1.4. Are all even cycles (on 12 or more vertices) normal?

This is particularly curious because all odd cycles (except for the 3-cycle, which is a
complete graph) are known to be normal, and the proof, due to Behrens et al. [3], is
surprisingly simple.

2



Figure 1.2: From left to right: the graphs D5, D6, and D7.

Theorem 1.5 (Behrens, Erbes, Santana, Yager, and Yeager [3]). All odd cycles except
for the 3-cycle are normal. Specifically, for every integer t ≥ 3, the graph L(Kt,t) is
C2t−1-induced-saturated.

Another family of structurally simple graphs H for which the full proof of normality
is surprisingly difficult is that of paths. For small paths, the solution is immediate: P1 is
normal (because the null graph is P1-induced-saturated, P2 is normal (because empty graphs
on two or more vertices are P2-induced-saturated), P3 is normal (because complete graphs
on three or more vertices are P3-induced-saturated), and by Theorem 1.2, P4 is not normal.
Moreover, Bonamy et al. [5, 6] showed the following.

Theorem 1.6 (Bonamy, Groenland, Johnston, Morrison, and Scott [5, 6]). The complement
of the icosahedron is P5-induced-saturated.

In contrast, progress on paths with six or more vertices was much slower. First, Räty
[26] proved that P6 is normal by observing that the Clebsch graph is P6-induced-saturated.
Cho et al. [9] later gave constructions of P3s-induced-saturated graphs for every s ≥ 2. Only
recently did Dvořák [13] find a complete proof that Pt is normal for all t ≥ 6.

Dvořák’s construction of Pt-induced-saturated graphs is elegant: For each t ∈ N, define
Dt to be the graph obtained from the disjoint union of a t-cycle and its complement by adding
a perfect matching between the two. More precisely, Dt has 2t vertices {ui, vi : i ∈ {1, . . . , t}}
such that for all distinct i, j ∈ {1, . . . , t}, we have:

• ui, uj are adjacent if and only if |i− j| ∈ {1, t− 1};

• vi, vj are adjacent if and only if |i− j| /∈ {1, t− 1}; and

• ui, vj are adjacent if and only if i = j.

For instance, D5 is isomorphic to the Petersen graph (see Figure 1.2).

Dvořák proved in [13] that:

Theorem 1.7 (Dvořák [13]). For every integer t ≥ 6, the graph Dt−1 is Pt-induced-saturated.

3



Putting together Theorems 1.2, 1.6, and 1.7 yields the following, which completely
resolves the case of paths:

Corollary 1.8. Let t ∈ N. Then Pt is normal if and only if t ̸= 4.

In addition, some other types of graphs H were shown to be normal in subsequent work
by Behrens et al. [3] and by Axenovich and Csikós [2]. Beyond that, a full characterization
of all normal graphs remains wide open.

1.2 Our take on induced saturation

Our focus here is on graphs in which H-freeness is only required to be sensitive to one of
the two operations of deleting or adding edges. Formally, given a graph H, we say that a
graph G is H-deletion-saturated if

• G is H-free and E(G) ̸= ∅; and

• for every e ∈ E(G), G− e is not H-free.

Similarly, we say that a graph G is H-addition-saturated if

• G is H-free and E(G) ̸= ∅; and

• for every e ∈ E(G), G+ e is not H-free.

We say that H is deletion-normal if there exists a graph G that is H-deletion-saturated,
and that H is addition-normal if there exists a graph G that is H-addition-saturated.

These notions appear to be more tractable than symmetric normality. For example,
while it remains open whether all even cycles are normal, it is known that all even cycles
are both deletion-normal [16] and addition-normal [28] (although the proofs are rather
involved, especially that of deletion-normality). The case of addition was proved in 2016
by Tennenhouse [28]:

Theorem 1.9 (Tennenhouse [28]). All even cycles are addition-normal.

With Fan, Sepehr Hajebi, and Spirkl, we recently proved the deletion case:

Theorem 1.10 (Fan, Hajebi, Hajebi, Spirkl [16]). All even cycles are deletion-normal.

Furthermore, in contrast to Theorem 1.2, P4 is readily seen to be both deletion- and
addition-normal: the five-cycle C5 is P4-deletion-saturated, and the two-edge matching C4 is
P4-addition-saturated. In fact, complete graphs on two or more vertices are the only graphs
known not to be deletion-normal, and empty graphs on two or more vertices are the only
graphs known not to be addition-normal.

We therefore conjecture the following:
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Conjecture 1.11. Every non-complete graph H is deletion-normal. Every non-empty graph
H is addition-normal.

Our contribution is the proof of Conjecture 1.11 for a variety of graphs H, which we
believe provides substantial evidence for both statements in Conjecture 1.11. Specifically,
our results imply the following. (All definitions will appear in Chapter 2).

Theorem 1.12. The following graphs, if not complete, are deletion-normal.

(a) The complete bipartite graph Ks,t for all s, t ∈ N ∪ {0} with s < t.

(b) The complete bipartite graph Kt,t where t =
(
2r−1
r−1

)
+ 1 or t =

(
2r
r

)
+ 1 for some r ∈ N.

(c) Every graph obtained by iteratively adding isolated vertices to a deletion-normal graph.

(d) Every graph obtained by iteratively adding vertices of degree at most one to a 2-connected
deletion-normal graph.

(e) Line graphs of all trees.

(f) All line−graphs and biline−graphs, and the complements of all line+graphs and all
biline+graphs.

(g) All graphs on at most six vertices.

Each of the subsequent chapters of this thesis is devoted to the proof of one or two of the
outcomes of Theorem 1.12: In Chapter 3, we prove 1.12(a) and 1.12(b), in Chapter 4, we
prove 1.12(c) and 1.12(d), and in Chapter 5, we prove 1.12(e) and 1.12(f). In fact, instead
of each of 1.12(a), 1.12(b), 1.12(c), and 1.12(d), we prove a much stronger result in the
corresponding chapter.

Regarding Theorem 1.12 (g), up to isomorphism, there are 202 non-complete graphs on
at most six vertices, all depicted in Figure 1.3 (see, for example, [24]). The first six outcomes
of Theorem 1.12 (or their strengthenings, to be more precise) establish the deletion-normality
of many of them – we include this corollary of each outcome in the corresponding chapter.
In particular, we handle

• 23 graphs in Chapter 3;

• 69 graphs in Chapter 4; and

• 85 graphs in Chapter 5.

(Some graphs could be handled in many different ways, in which case we have broken the
tie arbitrarily.)

There remains a total of 25 “sporadic” graphs on at most six vertices, each of which
requires new ideas for the proof of their deletion-normality. We handle these graphs in
Chapter 6.

5
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Figure 1.3: All non-complete graphs on at most six vertices (up to isomorphism).
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Chapter 2

Preliminaries

We denote the set of all positive integers by N, and for integers k, k′, we write {k, . . . , k′}
to denote the set of all integers no smaller than k and no larger than k′ (thus, we have
{k, . . . , k′} ≠ ∅ if and only if k ≤ k′). Graphs in this thesis have finite vertex sets, no loops,
and no parallel edges (unless specified otherwise).

Below, we cover some notation and terminology that will be used throughout the thesis.
For standard graph-theoretic terminology, the reader is referred to [12].

2.1 Graphs

Let G be a graph with vertex set V (G) and edge set E(G). For X ⊆ V (G), we use X to
denote both the set X of vertices and the induced subgraph G[X] of G with vertex set X,
also called the subgraph of G induced by X. For v ∈ V (G), we write NG(v) for the set of all
neighbors of v in G. A leaf of G is a degree-one vertex. We write G for the complement of
G. For e ∈ E(G), we denote by G − e the graph obtained from G by removing the edge e.
For e ∈ E(G), we denote by G+ e the graph obtained from G by adding the edge e.

We say that two subsets X, Y of V (G) are complete in G (or that X is complete to Y
in G) if X ∩ Y = ∅ and every vertex in X is adjacent to every vertex in Y . We also say
that X, Y are anticomplete in G (or that X is anticomplete to Y in G) if X ∩ Y = ∅ and
every vertex in X is nonadjacent to every vertex in Y . For a vertex x ∈ V (G), we say that a
vertex x is complete (anticomplete) to Y in G if {x} is complete (anticomplete) to Y in G.

A clique in G is a set of pairwise adjacent vertices, and a stable set is a set of pairwise
nonadjacent vertices. The chromatic number of G, denoted χ(G), is the minimum number
of stable sets into which V (G) can be partitioned.

For k ∈ N and a graph H, we denote by kH the graph obtained from the disjoint union
of k isomorphic copies of H. For graphs H1, . . . , Hk, we denote by H1 + · · ·+Hk the graph
obtained from the disjoint union of isomorphic copies of H1, . . . , Hk.
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2.2 Special graphs

We say that a graph G is complete if E(G) is the set of all 2-subsets of V (G), and that G is
empty if E(G) = ∅. For every n ∈ N, we denote the n-vertex complete graph by Kn.

For m,n ∈ N ∪ {0}, we denote by Km,n the complete bipartite graph with parts of
cardinality m and n. The complete bipartite graph K1,n, for n ∈ N ∪ {0}, is also called a
star. In general, for k ∈ N with k ≥ 2 and n1, . . . , nk ∈ N ∪ {0}, we denote by Kn1,...,nk

the
complete k-partite graph with parts of cardinality n1, . . . , nk.

Let P be a path. We write P = p1- · · · -pk to indicate that V (P ) = {p1, . . . , pk}, for some
k ∈ N, and that E(P ) = {pipi+1 : i ∈ {1, . . . , k− 1}}. We call p1 and pk the ends of P . The
length of P is the number of edges in P . For every k ∈ N, we denote the unique k-vertex
path (that is, the path of length k − 1) up to isomorphism by Pk. Given a graph G, a path
in G is an induced subgraph of G that is a path.

Let C be a cycle. We write C = c1- · · · -ck-c1 to indicate that V (C) = {c1, . . . , ck}, for
some k ∈ N, and that E(C) = {cici+1 : i ∈ {1, . . . , k − 1}} ∪ {ckc1}. The length of C is the
number of edges (or equivalently, the number of vertices) in C, and a cycle of length k is
also called a k-cycle. For every k ∈ N, we denote the unique k-cycle up to isomorphism by
Ck. Given a graph G, the girth of G is the shortest length of a cycle that is an (induced)
subgraph of G.

2.3 k-graphs

Let k ∈ N. A k-graph (also called a k-uniform hypergraph) is a pair Γ = (V (Γ), E(Γ)) where
V (Γ) is a finite set of vertices and E(Γ) is a set of k-subsets of V (Γ), called the hyperedges.

For n ∈ N, we denote by Kk
n the n-vertex complete k-graph; that is, the unique k-graph

(up to isomorphism) in which every k-subset of the vertex set is a hyperedge. Note that,
with this terminology, graphs are exactly the 2-graphs, and Kn = K2

n for every n ∈ N.

Let Γ be a k-graph for some k ≥ 2. The chromatic number of Γ is the smallest c ∈ N
for which there is a partition (S1, . . . , Sc) of V (Γ) such that no hyperedge of Γ is contained
entirely in one of the sets S1, . . . , Sc. The girth of Γ is the smallest g ∈ N for which there are
g pairwise distinct hyperedges of Γ whose union contains at most g(k− 1) vertices. Given a
vertex v ∈ V (Γ), the degree of v in Γ is the number of hyperedges of Γ containing v. The
line graph of a k-graph Γ, denoted L(Γ), is the graph (or the 2-graph) with vertex set E(Γ)
such that distinct hyperedges f1, f2 ∈ E(Γ) are adjacent as vertices in L(Γ) if and only if
f1 ∩ f2 ̸= ∅. Note that L(Kk

n) for n ≥ 2k are the same as the famous Kneser graphs [19].

Observe that in the case k = 2, the above notions match the analogous ones for graphs
(we will mention the line graph of a graph again in the next section). Note also that if the
girth of Γ is larger than 2, then Γ is linear ; that is, every two hyperedges in Γ share at most
one vertex.

8



Figure 2.1: Induced subgraph obstructions to line graphs.

Figure 2.2: Induced subgraph obstructions to biline graphs.

2.4 Line graphs

Given a graph H, the line graph of H, denoted L(H), is the graph with vertex set E(H)
such that distinct edges e, e′ ∈ E(H) of H are adjacent as vertices in L(H) if and only if e
and e′ share an end in H. We say that a graph G is a line graph if there exists a graph H
such that G = L(H), and that G is a biline graph if there is a bipartite graph H such that
G = L(H). There are well-known characterizations of both line graphs and biline graphs
in terms of their forbidden induced subgraphs. (Recall that the claw is the star K1,3, the
diamond is the graph obtained from K4 by removing an edge, and an odd hole is an induced
cycle of length odd length at least five. See Figure 2.2.)

Theorem 2.1 (Beineke [4]). A graph G is a line graph if and only if G has no induced
subgraph isomorphic to any of the nine graphs in Figure 2.1.

Theorem 2.2 (See Peterson [25]). A graph G is a biline graph if and only if G is claw-free,
diamond-free, and odd-hole-free.

We are also interested in graphs that are “an edge away” from being a (bi)line graph. We
say that a graph G is a line−graph if G is not a line graph, but there exists e ∈ E(G) such
that G + e is a line graph. We also say that G is a line+graph if G is not a line graph, but
there exists e ∈ E(G) such that G − e is a line graph. Intuitively, line−graphs are graphs
that are “an edge less than” a line graph, and line+graphs are graphs that are “an edge more
than” a line graph. Similarly, we say that G is a biline−graph if G is not a biline graph, but
there exists e ∈ E(G) such that G+ e is a biline graph, and that G is a biline+graph if G is
not a biline graph, but there exists e ∈ E(G) such that G− e is a biline graph. Again, this
roughly means that biline−graphs are graphs that are “an edge less than” a biline graph, and
biline+graphs are graphs that are “an edge more than” a biline graph.

9



Chapter 3

Complete multipartite graphs

In this chapter, we prove Theorem 1.12(a) and (b). In fact, we prove two stronger results
about complete multipartite graphs.

We say that a complete multipartite graph H is lopsided if H has a unique part with the
maximum number of vertices. It follows that a lopsided complete multipartite graph H is a
complete graph if and only if |V (H)| = 1.

Instead of Theorem 1.12(a), we prove that:
Theorem 3.1. Every lopsided complete multipartite graph with at least two vertices is
deletion-normal.

Also, instead of Theorem 1.12(b), we prove that:
Theorem 3.2. Let r ∈ N and let

t ∈
{(

2r − 1

r − 1

)
+ 1,

(
2r

r

)
+ 1

}
.

Then, for every s ∈ N, the graph Kt, . . . , t︸ ︷︷ ︸
s+1

is deletion-normal.

The proof of Theorem 3.1 uses a construction from [7], which, for every t ≥ 2, yields
Kt+1-free graphs with arbitrarily large chromatic number whose Kt-free induced subgraphs
have small chromatic number. We use this construction, for a suitable choice of t based
on the graph H from Theorem 3.1, and choose a Kt+1-free graph G from the construction
with chromatic number large enough (again, depending on H). We make this graph G
“edge-maximal” with respect to remaining Kt+1-free, and we show that the resulting graph
is H-addition-saturated.

For Theorem 3.2, we take different approaches based on the choice of r and t. For t = 2
(meaning r = 1 and t =

(
2r−1
r−1

)
+1), the proof uses the disjoint union of multiple copies of the

icosahedron. For the other cases, the proof relies on the line graphs of complete k-graphs,
and variants of them, as well as corresponding variants of the Erdős–Ko–Rado Theorem [15]
regarding the maximum cardinality of a clique in such graphs.
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3.1 The lopsided case

We need the following result from [7]:

Theorem 3.3 (Briański, Davies, Walczak [7]). For all c, t ∈ N with c ≥ t ≥ 2, there is a
Kt+1-free graph G with χ(G) = c such that for every Kt-free induced subgraph G′ of G, we
have χ(G′) < 27t3.

We can now give a proof of Theorem 3.1:

Proof of Theorem 3.1. We show that for every lopsided complete multipartite graph H with
at least two vertices, H is addition-normal. Let s ∈ N∪ {0} be such that H has s+1 parts.
Then H has s+1 components, each of which is a clique. In particular, if H is connected, then
H is a complete graph on two or more vertices, which is clearly addition-normal. Therefore,
since H is lopsided, we may assume that for some s, t ∈ N, H has exactly s+1 components,
one of which is isomorphic to Kt+1, and each of the remaining s components is a complete
graph on t or fewer vertices. In other words,

(1) Kt+1 is isomorphic to an induced subgraph of H, and H is isomorphic to an induced
subgraph of Kt+1,t, . . . , t︸ ︷︷ ︸

s

.

By (1), in order to prove that H is addition-normal, it suffices to show that there exists a
Kt+1-free graph G such that for every xy ∈ E(G), the graph G+xy has an induced subgraph
isomorphic to Kt+1,t, . . . , t︸ ︷︷ ︸

s

.

For t = 1, the edgeless graph G with s+ 2 vertices has this property. So we may assume
that t ≥ 2. Let

c = 27(st+ 2)t3.

Then c ≥ t ≥ 2 and we can apply Theorem 3.3 to c and t. It follows that there is a
Kt+1-free graph G− with χ(G−) = 27t3(st+2) such that for every Kt-free induced subgraph
G′ of G−, we have χ(G′) < 27t3. Let G be a graph containing G− as a spanning subgraph
such that G is Kt+1-free, and subject to this property, E(G) is maximal with respect to
inclusion. Our goal is to show that G is the desired graph.

Let γ ∈ N ∪ {0} and let X ⊆ V (G). By an X-chain of length γ in G we mean a
(γ + 1)-tuple (X0, . . . , Xγ) of subsets of V (G) such that:

• X0 = X;

• Xi is a t-vertex clique in G for every i ∈ {1, . . . , γ}; and
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• X0, . . . , Xγ are pairwise anticomplete in G.

It follows that there is always an X-chain of length zero in G.

For every X ⊆ V (G), let γX ∈ N ∪ {0} be the maximum length of an X-chain in G. We
claim that:

(2) Let X ⊆ V (G) such that G[X] has no isolated vertex. Then we have

χ(G−) < 27t3(|X|+ tγX + 1).

Suppose not. Let γ = γX . Let (X0, . . . , Xγ) be an X-chain of length γ in G. Let
U = X0 ∪ · · · ∪ Xγ, let N =

⋃
v∈U NG(v) and let M = V (G) \ N . Note that for each

i ∈ {0, 1, . . . , γ}, the graph G[Xi] has no isolated vertex (for i = 0, this follows from the
assumption of (2), and for i ∈ {1, . . . , γ}, this follows from the fact that Xi is a t-vertex
clique and t ≥ 2). We deduce that in the graph G, every vertex in U has a neighbor
in U ; in particular, U ⊆ N and U and M are anticomplete in G. On the other hand,
since G is Kt+1-free, it follows that for every v ∈ U , the graph G[NG(v)] is Kt-free, and
so G−[NG(v)] is Kt-free as well (because G− is a subgraph of G). Thus, by the choice of
G−, we have χ(G−[NG(v)]) < 27t3 for every v ∈ U . Since |U | = |X| + tγ, it follows that
χ(G−[N ]) < 27t3(|X| + tγ). Therefore, since χ(G−) ≥ 27t3(|X| + tγX + 1) and (M,N) is
a partition of V (G), it follows that χ(G−[M ]) > 27t3, and so by the choice of G−, there
is a t-vertex clique Y in G− such that Y ⊆ M . In particular, Y is a t-vertex clique in G
because G− is a subgraph of G. But now since U and M are anticomplete in G, it follows
that (X0, . . . , Xγ, Y ) is an X-chain of length γ + 1 in G, contrary to the maximality of γ.
This proves (2).

We now finish the proof. Let xy ∈ E(G) and let G+ = G+xy. By the choice of G, there
is a (t+ 1)-vertex clique X in G+ with x, y ∈ X such that x and y are the only two vertices
in X that are non-adjacent in G. In particular, since t ≥ 2, it follows that in the graph G,
every vertex in X has a neighbor in X. Recall also that

χ(G−) = 27t3(st+ 2) = 27t3(t+ 1 + (s− 1)t+ 1) = 27t3(|X|+ (s− 1)t+ 1).

Hence, by (2), γX ≥ s, and so there is an X-chain (X0, . . . , Xs) of length s in G. But now
G+[X0∪· · ·∪Xs] is isomorphic to Kt+1,t, . . . , t︸ ︷︷ ︸

s

. This completes the proof of Theorem 3.1. ■

3.2 Some balanced cases

We prove Theorem 3.2 in three steps. First, we handle the case

r = 1 and t =

(
2r − 1

r − 1

)
+ 1 = 2.

12



Figure 3.1: Proof of Theorem 3.4.

Indeed, in this case, we prove something stronger:

Theorem 3.4. For all s, s′ ∈ N ∪ {0}, the graph K2, . . . , 2︸ ︷︷ ︸
s+1

,1, . . . , 1︸ ︷︷ ︸
s′

is normal.

Proof. It suffices to show that

H = K2, . . . , 2︸ ︷︷ ︸
s+1

,1, . . . , 1︸ ︷︷ ︸
s′

is normal. If s = 0, then the empty graph on s′+2 vertices is H-saturated, and we are done.

So we may assume that s ≥ 1. Let G be a graph with exactly s+ s′+2 components such
that G has s components W1, . . . ,Ws each of which is isomorphic to the complement of the
icosahedron, and the remaining s′+2 components of G are isolated vertices; say z1, . . . , zs′+2.
See Figure 3.1. Our goal is to prove that G is H-saturated.

By Observation 1.3 (and since K2,2 is the 4-cycle), each of W1, . . . ,Ws is K2,2-saturated,
and in particular K2,2-free. Now,

• For each i ∈ {1, . . . , s}, fix an edge uivi ∈ E(Wi).

• For every w ∈ V (G) \ {z1, . . . , zs′+2}, say w ∈ V (Wi) for i ∈ {1, . . . , s}, fix an edge
uwvw of Wi such that uww, vww /∈ E(G).

Note that the choice of uwvw in the second bullet is possible because the non-neighbors of
w in Wi induce a 5-cycle (which in turn is because the neighbors of every vertex in the
icosahedron induce a 5-cycle).

First, we show that G is H-free. Suppose not. Then, in particular, there are s + 1
pairwise anticomplete two-vertex cliques {a1, b1}, . . . , {as+1, bs+1} in G. In particular, since
W1, . . . ,Ws are the components of G on two or more vertices, it follows that there exist

13



i ∈ {1, . . . , s} and j, j′ ∈ {1, . . . , s + 1} such that {aj, bj}, {aj′ , bj′} ⊆ V (Wi). But now
Wi[{aj, bj, aj′ , bj′}] is isomorphic to K2,2, contrary to the fact that Wi is K2,2-free.

Next, we show that for every xy ∈ E(G), the graph G − xy has an induced subgraph
isomorphic to H. Since W1, . . . ,Ws are pairwise distinct components of G, and the only
ones on two or more vertices, it follows that there exists exactly one i ∈ {1, . . . , s} for which
x, y ∈ V (Wi), and thus xy ∈ E(Wi). Since Wi is K2,2-saturated, it follows that Wi − xy has
an induced subgraph M isomorphic to K2,2. Therefore, the subgraph of G− xy induced by ⋃

j∈{1,...,s}\{i}

{uj, vj}

 ∪ V (M) ∪ {z1, . . . , zs′}

is isomorphic to H, as desired.

It remains to prove that for every xy ∈ E(G), the graph G+xy has an induced subgraph
isomorphic to H. First, consider the case where there are i, j ∈ {1, . . . , s} for which x ∈
V (Wi) and y ∈ V (Wj). Assume that i = j. Then xy ∈ E(Wi). Since Wi is K2,2-saturated,
it follows that Wi + xy has an induced subgraph M isomorphic to K2,2. Thus, the subgraph
of G+ xy induced by  ⋃

k∈{1,...,s}\{i}

{uk, vk}

 ∪ V (M) ∪ {z1, . . . , zs′}

is isomorphic to H, as required. Consequently, we may assume that i ̸= j. But then the
subgraph of G+ xy induced by ⋃

k∈{1,...,s}\{i,j}

{uk, vk}

 ∪ {ux, vx} ∪ {x, y} ∪ {uy, vy} ∪ {z1, . . . , zs′}

is isomorphic toH. Next, consider the case where there are i ∈ {1, . . . , s} and j ∈ {1, . . . , s′+
2} such that x ∈ V (Wi) and y = zj. Choose an s′-subset S of {z1, . . . , zs′+1} \ {y}. Then
the subgraph of G+ xy induced by ⋃

k∈{1,...,s}\{i}

{uk, vk}

 ∪ {ux, vx} ∪ {x, y} ∪ S.

is isomorphic to H. Finally, consider the case where there are i, j ∈ {1, . . . , s′+2} for which
x = zi and y = zj. Then the subgraph of G+ xy induced by ⋃

k∈{1,...,s}

{uk, vk}

 ∪ {z1, . . . , zs′+2}

is isomorphic to H. This completes the proof of Theorem 3.4. ■
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Second, we handle the case

r ≥ 2 and t =

(
2r − 1

r − 1

)
+ 1.

The proof will rely on the Erdős-Ko-Rado Theorem [15], which determines the maximum
cardinality of a clique in the line graph of complete uniform hypergraphs.

Theorem 3.5 (Erdős, Ko, Rado [15]). For all n, r ∈ N with n ≥ 2r, the maximum cardinality
of a clique in L(Kr

n) is
(
n−1
r−1

)
.

Theorem 3.6. Let r, s ∈ N with r ≥ 2. Let

t =

(
2r − 1

r − 1

)
+ 1

and let
n = (2r + 1)(s+ 1)− 1.

Then L(Kr
n) is Kt, . . . , t︸ ︷︷ ︸

s+1

-deletion-saturated.

Proof. Let
L = L(Kr

n) and H = Kt, . . . , t︸ ︷︷ ︸
s+1

.

Our goal is to prove that L is H-addition-saturated.

First, we show that L is H-free. Suppose not. Then there are s+1 pairwise anticomplete
cliques W1, . . . ,Ws+1 in L, each of cardinality t; in particular, W1, . . . ,Ws+1 ⊆ E(Kr

n). For
each i ∈ {1, . . . , s + 1}, let Ui =

⋃
f∈Wi

f ⊆ V (Kr
n). Since W1, . . . ,Ws+1 are pairwise

anticomplete in L, it follows that U1, . . . , Us+1 are pairwise disjoint. Also, since |W1| = · · · =
|Ws+1| = t >

(
2r−1
r−1

)
, it follows from Theorem 3.5 that |Ui| ≥ 2r+1 for every i ∈ {1, . . . , s+1}.

But then |V (Kr
n)| ≥ |U1 ∪ · · · ∪ Us+1| ≥ (2r + 1)(s+ 1) = n+ 1, a contradiction.

Next, we prove that for every f1f2 ∈ E(L), the graph L+ f1f2 is not H-free. By choice,
f1 and f2 are disjoint hyperedges of Kr

n. Let U = f1 ∪ f2 and let U ′ = V (Kr
n) \ U . Then

|U | = 2r and |U ′| = n − 2r = (2r + 1)s. Fix a partition (U ′
1, . . . , U

′
s) of U ′ into s subsets

with |U ′
1| = · · · = |U ′

s| = 2r + 1.

Let u ∈ f1 ⊆ U be fixed, let C be the set of all r-subsets of U containing u and let
D = C ∪ {f2}. Then D \ {f2} = C is a clique of cardinality

(
2r−1
r−1

)
in L, and f1 ∈ C. Since

U is the disjoint union of f1 and f2, and since |f1| = |f2| = r, it follows that, other than f1,
every r-subset of U intersects f2. In particular, D \ {f1} = (C \ {f1})∪ {f2} is also a clique
of cardinality

(
2r−1
r−1

)
in L. Therefore, D is a clique of cardinality

(
2r−1
r−1

)
+ 1 = t in L+ f1f2.
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For each i ∈ {1, . . . , s}, fix a vertex u′i ∈ U ′
i . Since |U ′

i | = 2r + 1 and r ≥ 2, the number
of all r-subsets of U ′

i containing u′i is(
2r

r − 1

)
=

2r

r + 1

(
2r − 1

r − 1

)
>

(
2r − 1

r − 1

)
.

It follows that there is a set D′
i of r-subsets of U ′

i containing u′i such that |D′
i| =

(
2r−1
r−1

)
+1 = t.

In particular, D′
i is a clique of cardinality t in L, and so in L+ f1f2.

Moreover, for all (f, f ′
1, . . . , f

′
s) ∈ D ×D′

1 × · · · ×D′
s, the hyperedges f, f ′

1, . . . , f
′
s of Kr

n

are pairwise disjoint because f ⊆ U , f ′
i ⊆ U ′

i for each i ∈ {1, . . . , s}, and U,U ′
1, . . . , U

′
s are

pairwise disjoint. Consequently, D,D′
1, . . . , D

′
s are pairwise anticomplete in L; in particular,

D,D′
1, . . . , D

′
s are pairwise disjoint. Since f1, f2 ∈ D, we deduce that D,D′

1, . . . , D
′
s are

pairwise anticomplete in L+ f1f2.

In conclusion, we have shown that D,D′
1, . . . , D

′
s are s+ 1 pairwise anticomplete cliques

in L+f1f2, each of cardinality t. Hence, the subgraph of L+f1f2 induced by D∪D′
1∪· · ·∪D′

s

is isomorphic to H. This completes the proof of Theorem 3.6. ■

Finally, we handle the case

t =

(
2r

r

)
+ 1.

The proof here will use a “product” extension of the Erdős-Ko-Rado Theorem due to
Frankl [17]. In order to state that result, we need a definition. For k ∈ N and graphs
G1, . . . , Gk, let G1 1 · · · 1 Gk be the graph with vertex set

V (G1)× · · · × V (Gk)

such that distinct vertices (u1, . . . , uk) and (v1, . . . , vk) are adjacent in G1 1 · · · 1 Gk if and
only if for some i ∈ {1, . . . , k}, either ui = vi or uivi ∈ E(Gi).

The “product” extension of the Erdős-Ko-Rado Theorem is as follows (note that for
k = 1, the result below is identical with the original version of Erdős-Ko-Rado, namely
Theorem 3.5).

Theorem 3.7 (Frankl [17]). Let k ∈ N and let n1, r1, . . . , nk, rk ∈ N such that ni ≥ ri for
all i ∈ {1, . . . , k}. Then the maximum cardinality of a clique in L(Kr1

n1
) 1 · · · 1 L(Krk

nk
) is

max

{
r1
n1

, . . . ,
rk
nk

}
×
(
n1

r1

)
× · · · ×

(
nk

rk

)
.

Theorem 3.8. Let r, s ∈ N. Let

t =

(
2r

r

)
+ 1

and let
n = (2r + 1)(s+ 1)− 1.
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Then L (Kr
n) 1 L

(
K1

s+2

)
is Kt, . . . , t︸ ︷︷ ︸

s+1

-deletion-saturated.

Proof. Recall that L(K1
s+2) is just an empty graph on s + 2 vertices (that is, isomorphic to

(s+ 2)K1). Let
L = L (Kr

n) 1 L
(
K1

s+2

)
and H = Kt, . . . , t︸ ︷︷ ︸

s+1

.

Then our goal is to prove that L is H-addition-saturated.

First, we show that:

(3) L is H-free.

Suppose not. Then there are s+1 pairwise anticomplete cliques W1, . . . ,Ws+1 in L, each
of cardinality t; in particular,

W1, . . . ,Ws+1 ⊆ E (Kr
n)× E

(
K1

s+2

)
.

For each i ∈ {1, . . . , s+ 1} and every j ∈ {0, 1}, let

Ui,j =
⋃

(f0,f1)∈Wi

fj

and let ni,j = |Ui,j| ≥ 1. In particular, we have Ui,0 ⊆ V (Kr
n) and Ui,1 ⊆ V (K1

s+2).
Since W1, . . . ,Ws+1 are pairwise anticomplete in L, it follows that for every j ∈ {0, 1},
U1,j, . . . , Us+1,j are pairwise disjoint. In particular, we have:

•
s+1∑
i=1

ni,0 ≤ n; and

•
s+1∑
i=1

ni,1 ≤ s+ 2.

Since n < (2r + 1)(s + 1), by the first bullet, there exists i ∈ {1, . . . , s + 1} for which
ni,0 ≤ 2r. Also, by the second bullet, we have ni,1 ≤ 2. Since |Wi| = t, it follows that
L (Kr

2r) 1 L (K1
2) has a clique of cardinality t. Thus, by Theorem 3.7,

t ≤ max

{
r

2r
,
1

2

}
×
(
2r

r

)
×
(
2

1

)
=

(
2r

r

)
,

which is a contradiction. This proves (3).

Next, we show that:
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(4) For every xy ∈ E(L), the graph L+ xy is not H-free.

We may write x = (e0, e1) and y = (f0, f1) such that e0 and f0 are disjoint hyperedges
of Kr

n, and e1 and f1 are disjoint hyperedges of K1
s+2. Let U = e0 ∪ f0. Then |U | = 2r. Let

u ∈ e0 ⊆ U be fixed, let C be the set of all r-subsets of U containing u; in particular, e0 ∈ C
and f0 /∈ C. Let

C = C × {e1, f1}

and let
D = C ∪ {y}.

Note that D \ {y} = C is a clique in L with x ∈ C. Since U is the disjoint union of e0 and
f0, and since |e0| = |f0| = r, it follows that, other than e0, every r-subset of U intersects f0.
Consequently, for every z = (g0, g1) ∈ C \ {x}, we have zy ∈ E(L), because either g0 ̸= e0,
in which case we have g0 ∩ f0 ̸= ∅, or g0 = e0 and g1 = f1 (since z ̸= x). In other words,
D \ {x} = (C \ {x}) ∪ {y} is also a clique in L. We deduce that D is a clique in L + xy.
Moreover,

|D| = |C|+ 1 = 2

(
2r − 1

r − 1

)
+ 1 =

(
2r

r

)
+ 1 = t.

Let U ′ = V (Kr
n) \ U . Then |U ′| = n− 2r = (2r + 1)s. Fix a partition (U ′

1, . . . , U
′
s) of U ′

into s subsets with |U ′
1| = · · · = |U ′

s| = 2r + 1. Also, let E(K1
s+2) \ {e1, f1} = {h1, . . . , hs}.

For each i ∈ {1, . . . , s}, since |U ′
i | = 2r + 1, the number of all r-subsets of U ′

i is(
2r + 1

r

)
=

2r + 1

r + 1

(
2r

r

)
>

(
2r

r

)
.

So we can choose a set D′
i of r-subsets of U ′

i such that |D′
i| =

(
2r
r

)
+ 1 = t. In particular,

D′
i = D′

i × {hi}

is a clique of cardinality t in L, and so in L+ xy.

Moreover, for all ((g, h), (g1, h1), . . . , (gs, hs)) ∈ D ×D′
1 × · · · × D′

s,

• the hyperedges g, g1, . . . , gs of Kr
n are pairwise disjoint because g ⊆ U , gi ⊆ U ′

i for each
i ∈ {1, . . . , s}, and U,U ′

1, . . . , U
′
s are pairwise disjoint; and

• h, h1, . . . , hs are pairwise distinct hyperedges of K1
s+2 because h ∈ {e1, f1} = E(K1

s+2)\
{h1, . . . , hs}, and thus h, h1, . . . , hs are pairwise disjoint.

Consequently, D,D′
1, . . . ,D′

s are pairwise anticomplete in L; in particular, D,D′
1, . . . ,D′

s are
pairwise disjoint. Since x, y ∈ D, we deduce that D,D′

1, . . . ,D′
s are pairwise anticomplete in

L+ xy.
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In conclusion, we have shown that

D,D′
1, . . . ,D′

s

are s+1 pairwise anticomplete cliques in L+ xy, each of cardinality t. Hence, the subgraph
of L+ xy induced by D ∪D′

1 ∪ · · · ∪ D′
s is isomorphic to H. This proves (4).

The result now follows from (3) and (4). This completes the proof of Theorem 3.8. ■

3.3 Corollary for graphs on at most six vertices

Among the 202 non-complete graphs on at most six vertices, there are exactly 23 complete
multipartite graphs; see Figure 3.2, where these graphs are depicted with the same labeling
as in Figure 1.3, and with a multipartition of their vertices given.

In particular, the only complete multipartite graphs on at most six vertices that are not
lopsided are:

• Entry 11C (isomorphic to K3,3). This graph is handled by Theorem 3.2 for

r = 1, t =

(
2r

r

)
+ 1 = 3 and s = 1.

• Entry 13H (isomorphic to K2,2,2). This is handled by Theorem 3.4 for

s = 2 and s′ = 0.

• Entry 13J, (isomorphic to K2,2,1,1). This is handled by Theorem 3.4 for

s = 1 and s′ = 2.

• Entry 13K, (isomorphic to K2,1,1,1,1). This is handled by Theorem 3.4 for

s = 0 and s′ = 4.

• Entry 16H, (isomorphic to K2,2,1). This is handled by Theorem 3.4 for

s = s′ = 1.

• Entry 17I, (isomorphic to K2,2). This is handled by Theorem 3.4 for

s = 1 and s′ = 0.
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Figure 3.2: All non-complete complete multipartite graphs on at most six vertices.
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Chapter 4

Adding vertices of degree at most one

In this chapter, we prove outcomes (c) and (d) of Theorem 1.12. Note that the following is
equivalent to Theorem 1.12(c):

Theorem 4.1. Let G,H be graphs. Let u be an isolated vertex of G and let v be an
isolated vertex of H. Assume that G \ {u} is (H \ {v})-deletion-saturated. Then G is
H-deletion-saturated.

Proof. First, we show that G is H-free. Suppose for a contradiction that G has an induced
subgraph H ′ isomorphic to H. Let f : V (H) → V (H ′) be an isomorphism between H and
H ′. Since G \ {u} is (H \ {v})-free, it follows that H ′ is not an induced subgraph of G \ {u}.
In other words, we have u ∈ V (H ′). Since G \ {u} is (H \ {v})-free, it follows that H ′ \ {u}
is not isomorphic to H \{v}, and so f(v) ̸= u. In particular, u and f(v) are distinct isolated
vertices of H ′. It follows that H ′ \{u} and H ′ \{f(v)} are isomorphic, which in turn implies
that H ′ \ {u} and H \ {v} are isomorphic. But then H ′ \ {u} is an induced subgraph of
G \ {u} isomorphic to H \ {v}, a contradiction. We deduce that G is H-free.

Now, let e ∈ E(G). Then e ∈ E(G \ {u}). Since G \ {u} is (H \ {v})-deletion-saturated,
it follows that (G \ {u})− e has an induced subgraph H ′′ isomorphic to H \ {v}. Hence, the
induced subgraph of G− e with vertex set V (H ′′)∪ {u} is isomorphic to H. This completes
the proof of Theorem 4.1. ■

Instead of Theorem 1.12(d), we prove a substantially stronger statement, which requires a
few definitions. Let G be a graph. Recall that a block in G is a maximal 2-connected induced
subgraph of G (we consider complete graphs on one or two vertices to be 2-connected, as
well ). We denote by B(G) the set of all blocks of G. We say that a graph H is omnipresent
in G if for every u ∈ V (H) and every v ∈ V (G), there is an injection ψ : V (H) → V (G)
such that ψ(u) = v and ψ is an isomorphism between H and G[ψ(V (H))]. For instance, K1

is omnipresent in G if and only if G is non-null, and K2 is omnipresent in G if and only if G
has no isolated vertex.
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Figure 4.1: Left: Graph H with a governing block B. Right: All blocks of H except for B
are omnipresent in the icosahedron.

Given a graphH, we say that a blockB ofH is governing if there is aB-deletion-saturated
graph W such that every block B′ ∈ B(H) \ {B} is omnipresent in W .

We will prove the following strengthening of Theorem 1.12(d):

Theorem 4.2. Every graph with a governing block is deletion-normal.

For example, the graph H in Figure 4.1 has a block B which is a 4-cycle; the other blocks
of H are all isomorphic to K2, K3 or the diamond. Therefore, since we saw in Observation 1.3
that the icosahedron is C4-saturated (and thus C4-deletion-saturated), and since K2, K3 and
the diamond are all omnipresent in the icosahedron, it follows that the graph H in Figure 4.1
is deletion-normal.

The idea of the proof of Theorem 4.2 is as follows: Given a graphH with a governing block
B, we begin with a B-deletion-saturated graph W . We take a |W |-graph Γ of sufficiently
large girth and chromatic number (depending on H), and we build a graph G from Γ by
turning each hyperedge of Γ into an isomorphic copy of W . We then use the large girth and
chromatic number of the underlying hypergraph Γ to prove that G is H-deletion-normal.

It is straightforward to see that Theorem 4.2 implies Theorem 1.12(d):

Theorem 4.3. Every graph obtained by iteratively adding vertices of degree at most one to
a 2-connected deletion-normal graph is deletion-normal.

Proof. Let H be a graph obtained by iteratively adding vertices of degree at most one to
a 2-connected deletion-normal graph B. Then B is deletion-normal and every block in
B(H) \ {B} is isomorphic to K1 or K2. In particular, since B is connected, we may assume
that there is a B-deletion-saturated graph W which is also connected, and so both K1 and
K2 are omnipresent in W . It follows that B is a governing block of H, which along with
Theorem 4.2 implies that H is deletion-normal, as desired. ■
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For example, from Theorem 4.3, it follows that every triangle-free “unicyclic” graph
is deletion-normal. A graph is unicyclic if it has exactly one cycle. In particular, every
triangle-free unicyclic graph is obtained by iteratively adding vertices of degree at most one
to a cycle on four or more vertices. Recall also that by Theorems 1.5 and 1.10, all cycles on
four or more vertices are deletion-normal. Hence,

Corollary 4.4. Every triangle-free unicyclic graph is deletion-normal.

Another consequence of Theorem 4.3 is that for every 2-connected deletion-normal graph
B, the disjoint union of B and any forest is deletion-normal. This is somewhat curious
because deletion-normality remains open for most forests (and appears to be quite hard to
prove).

Corollary 4.5. The disjoint union of a forest and a 2-connected deletion-normal graph is
deletion-normal.

4.1 Hypergraph tools

The proof of Theorem 4.2 uses the fact that there are uniform hypergraphs of arbitrarily
large girth and chromatic number, a result first proved by Erdős and Hajnal [14]. Several
other constructions were subsequently found; see, for example, also [1] and [22].

Theorem 4.6 (Erdős and Hajnal, Corollary 13.4 in [14]). For all c, g, k ∈ N, there is a
k-graph of girth larger than g and chromatic number larger than c.

From Theorem 4.6, it follows that there are uniform hypergraphs of arbitrarily large girth
and minimum degree. (The proof is easy but we include it for the sake of completeness.)

Lemma 4.7. For all d, g, k ∈ N, there is a k-graph of girth larger than g in which every
vertex has degree larger than d.

Proof. By Theorem 4.6, there exists a k-graph Γ with girth larger than g and with chromatic
number larger than d + 1. Let Γ′ be a k-graph with V (Γ′) ⊆ V (Γ) and E(Γ′) ⊆ E(Γ) such
that Γ′ has chromatic number larger than d+1, and subject to this property, V (Γ′)∪E(Γ′)
is minimal with respect to inclusion. We claim that Γ′ is the k-graph desired in Lemma 4.7.
Note that Γ′ is k-uniform because Γ is. Also, every cycle in Γ′ is also a cycle in Γ, which
in turn implies that Γ′ has girth larger than g because Γ does. It remains to show that
every vertex in Γ′ has degree larger than d. Suppose for a contradiction that some vertex
v ∈ V (Γ′) has degree at most d. Let E be the set of all hyperedges of Γ′ that contain v; then
|E| ≤ d. Let Γ′′ be the k-graph with V (Γ′′) = V (Γ′) \ {v} and E(Γ′′) = E(Γ′) \ E . Then
Γ′′ is a k-graph with V (Γ′′) ∪ E(Γ′′) strictly contained in V (Γ′) ∪ E(Γ′). From this and the
choice of Γ′, it follows that Γ′′ has chromatic number at most d + 1. This means there is a
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partition (S1, . . . , Sd+1) of V (Γ′′) such that no hyperedge of Γ′′ is entirely contained in one
of S1, . . . , Sd+1. Moreover, since |E| ≤ d, it follows that for some j ∈ {1, . . . , d+ 1}, none of
the sets (f \ {v} : f ∈ E) is entirely contained in Sj. Let S ′

j = Sj ∪ {v} and let S ′
i = Si for

each i ∈ {1, . . . , d+ 1} \ {j}. Then no hyperedge in E(Γ′′)∪ E = E(Γ′) is entirely contained
in one S ′

1, . . . , S
′
d+1. But now Γ′ has chromatic number at most d+ 1, a contradiction. This

completes the proof of Lemma 4.7. ■

We also need a somewhat more “tangible” certificate of large girth in uniform hypergraphs.
Let k ≥ 2, let Γ be a k-graph and let m ≥ 2 be an integer. By a ring in Γ we mean an
ordered (m+ 1)-tuple R = (f1, . . . , fm+1) where:

• f1, . . . , fm, fm+1 are hyperedges of Γ such that f1 = fm+1 but there are at least two
distinct hyperedges among f1, . . . , fm; and

• there are m pairwise distinct vertices v1, . . . , vm of Γ such that for every i ∈ {1, . . . ,m},
we have vi ∈ fi ∩ fi+1.

The length of R is the number m (which is at least two).

Lemma 4.8. Let g, k ∈ N and let Γ be a k-graph. Assume that there is a ring of length at
most g in Γ. Then Γ has girth at most g.

Proof. Let (f1, . . . , fm+1) be a ring of length m in Γ with m as small as possible. Then
we have 2 ≤ m ≤ g. By definition, there are m pairwise distinct vertices v1, . . . , vm of Γ
such that for every i ∈ {1, . . . ,m}, we have vi ∈ fi ∩ fi+1. Since every hyperedge of Γ has
cardinality exactly k, it follows that:

(5) We have

∣∣∣∣∣
m⋃
i=1

fi

∣∣∣∣∣ ≤ m(k − 1).

Moreover, we claim that:

(6) The hyperedges f1, . . . , fm are pairwise distinct.

Suppose not. Choose i, µ ∈ {1, . . . ,m−1} with µ as small as possible such that fi = fi+µ.
Since there are at least two distinct hyperedges among f1, . . . , fm, it follows that m ≥ 3. If
µ = 1, then (f1, . . . , fi, fi+2, . . . , fm+1) is a ring of length m− 1 in Γ, a contradiction to the
minimality of m. So we may assume that 2 ≤ µ ≤ m − 1. Note that by the minimality of
µ, there are at least two distinct hyperedges among fi, . . . , fi+µ−1. But now (fi, . . . , fi+µ) is
a ring in Γ of length µ ≤ m− 1, again a contradiction to the minimality of m. This proves
(6).

From (5) and (6), we deduce that f1, . . . , fm are m pairwise distinct hyperedges of Γ
whose union contains at most m(k − 1) vertices. Hence, Γ has girth at most m ≤ g. This
completes the proof of Lemma 4.8. ■
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4.2 The main proof

The hypergraph-theoretic tools from the previous section are used in the proof of the
following lemma, which is the key step in the proof of Theorem 4.2.

Lemma 4.9. For every graph H with a governing block B, there is a graph G such that:

(a) G is B-free; and

(b) for every e ∈ E(G) and every connected induced graph H ′ of H with V (B) ⊆ V (H ′),
G− e has an induced subgraph isomorphic to H ′.

Proof. By definition, since B is governing, there is a B-deletion-saturated graph W such
that every block B′ ∈ B(H) \ {B} is omnipresent in W . Let |V (W )| = k ∈ N and let
h = |V (H)|. By Lemma 4.7, there exists a k-graph Γ of girth larger than h in which every
vertex has degree larger than h. Also, since B is 2-connected and non-complete (because B
is deletion-normal), it follows that h = |V (H)| ≥ |V (B)| > 2, and so Γ has girth larger than
2. In particular,

(7) For all distinct f, f ′ ∈ E(Γ), we have |f ∩ f ′| ≤ 1.

For every hyperedge f ∈ E(Γ), let Wf be a graph with V (Wf ) = f that is isomorphic to
W and let ηf : V (Wf ) → V (W ) be an isomorphism between Wf and W . Let

G =
⋃

f∈E(Γ)

Wf .

From (7) and the construction of G, it follows that there is a map φ : E(G) → E(Γ) such
that for every e ∈ E(G), φ(e) is the only hyperedge of Γ that contains both ends of e. In
particular, φ(e) is the only hyperedge of Γ for which we have e ∈ E(Wφ(e)). Moreover, we
claim that:

(8) Let f ∈ E(Γ) and let u, v ∈ f be distinct. Let P be a path of length at most h from u to
v which is a subgraph of G. Then for every e ∈ E(P ), we have φ(e) = f .

Let P = v1- · · · -vm where v1 = u, vm = v and 2 ≤ m ≤ h. For each i ∈ {1, . . . ,m − 1},
let fi = φ(vivi+1), let fm = f . We need to show that f1 = · · · = fm−1 = fm. Suppose not.
Define fm+1 = φ(v1v2). Then f1, . . . , fm, fm+1 are hyperedges of Γ such that f1 = fm+1 but
there are at least two distinct hyperedges among f1, . . . , fm, and v1, . . . , vm are m pairwise
distinct vertices of Γ such that for every i ∈ {1, . . . ,m}, we have vi ∈ fi ∩ fi+1. Therefore,
(f1, . . . , fm+1) is a ring of length m ≤ h in Γ. But now by Lemma 4.8, Γ has girth at most
h, a contradiction. This proves (8).
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Our goal is now to show that G satisfies Lemma 4.9. First, we prove that:

(9) G is B-free.

Suppose not. Let B0 be an induced subgraph of G isomorphic to B. Since B0 is
2-connected, it follows that E(B0) ̸= ∅. Choose an edge e ∈ E(B0) and let f = φ(e). Let M
be the component of B0[V (B0)∩ f ] that contains both ends of e. Since Wf is isomorphic to
W , since B0 is isomorphic to B and since W is B-free, it follows that V (B0) ̸⊆ V (Wf ) = f .
Consequently, since B0 is connected, it follows that there is an edge vw ∈ E(B0) such that
v ∈ V (M) and w ∈ V (G)\f . Let f ′ = φ(vw). Then f ′ ̸= f , and by (7), we have f∩f ′ = {v}.
Since M is connected with at least two vertices, it follows that v has a neighbor u in M ;
in particular, we have u, v ∈ f are distinct. On the other hand, since B0 is 2-connected, it
follows that there is a path Q in B0 \ {v} from u to w. But now P = u-Q-w-v is a path of
length at most |V (B0)| = |V (B)| ≤ h between distinct vertices u, v ∈ f which is a subgraph
of B0 (and so of G), and vw is an edge of P such that φ(vw) = f ′ ̸= f , a contradiction to
(8). This proves (9).

In view of (9), it remains to show that for every e ∈ E(G) and every connected induced
subgraph H ′ of H with V (B) ⊆ V (H ′), G − e has an induced subgraph isomorphic to H ′.
The proof is by induction on |V (H ′)| for fixed e = xy ∈ E(G). Note that B is a block of H ′.
In fact, since every block of H ′ is an induced subgraph of a block of H, it follows that B is
a governing block of H ′.

Let f0 = φ(e) and let G− = G− e. Then we have x, y ∈ f0, e ∈ E(G[f0]) = E(Wf0) and

G−[f0] = G[f0]− e = Wf0 − e.

Assume that |V (H ′)| = |V (B)|. Then H ′ = B. Since ηf0 is an isomorphism between Wf0

and W , it follows that ηf0(x)ηf0(y) ∈ E(W ) and Wf0 − e is isomorphic to W − ηf0(x)ηf0(y).
On the other hand, since W is B-deletion-saturated, it follows that W − ηf0(x)ηf0(y) has
an induced subgraph isomorphic to B, and so isomorphic to H ′. Therefore, G−[f0] has an
induced subgraph isomorphic to H ′, as desired.

Now, assume that |V (H ′)| > |V (B)|. Since H ′ is connected and B ∈ B(H ′), it follows
that B(H ′) \ {B} ≠ ∅, and in particular, the block tree of H ′ has at least two leaves.
This means that there is a block B′ ∈ B(H ′) \ {B} such that V (B′) contains exactly one
cut vertex of H ′. Let u ∈ V (B′) be the unique vertex of B′ that is a cut vertex of H ′.
Let H ′′ = H ′ \ (V (B′) \ {u}). Then H ′′ is connected and |V (H ′′)| < |V (H ′)|. Moreover,
since B(H ′′) = B(H ′) \ {B′}, it follows that B is a block of H ′′, as well. Consequently,
by the inductive hypothesis, G− has an induced subgraph J isomorphic to H ′′. Let θ :
V (H ′′) → V (J) be an isomorphism between H ′′ and J , and let v = θ(u) ∈ V (J) ⊆ V (G).
Let E = {φ(vv′) : v′ ∈ NJ(v)}. Then every hyperedge in E contains v, but we have
|E| < |V (H ′′)| < h. Since every vertex of Γ has degree larger than h, it follows that there is
a hyperedge f ∈ E(Γ) \ E such that v ∈ f . We further show that:
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(10) f \ {v} and V (J) \ {v} are anticomplete in G.

Suppose not. Then there exists u ∈ f \ {v} such that either u ∈ V (J) \ {v} or u
has a neighbor in V (J) \ {v} in G. By the definition of E and the choice of f , we have
NJ(v) ∩ (f \ {v}) = ∅, and so u /∈ NJ(v). Therefore, since J is connected, it follows that
there is a path Q in J from v to a vertex w ∈ V (J)\{v} such that uw ∈ E(G−). In particular,
the unique neighbor v′ of v in Q belongs to NJ(v), and so φ(vv′) ̸= f . But now P = u-w-Q-v
is a path of length at most |V (Q)| ≤ |V (J)| < h between distinct vertices u, v ∈ f which is a
subgraph of G− (and so of G), and vv′ is an edge of P such that φ(vv′) ̸= f , a contradiction
to (8). This proves (10).

We can now finish the proof. By (10), we have f0 ̸= f . Since B is a governing block of
H ′ and since B′ ∈ B(H ′)\{B}, it follows that B′ is omnipresent in W , and so in Wf . Recall
also that u ∈ V (B′) and v ∈ f = V (Wf ). Thus, there is an injection ψ : V (B′) → V (Wf )
such that ψ(u) = v and ψ is an isomorphism between B′ and B′′ = Wf [ψ(V (B′))]. Since
f0 ̸= f , it follows that B′′ is an induced subgraph of G−. Hence, by (10), J ∪ B′′ is an
induced subgraph of G− isomorphic to H ′. This concludes the induction and thus completes
the proof of Lemma 4.9. ■

We are now in a position to prove Theorem 4.2:

Proof of Theorem 4.2. Let H be a graph with a governing block B. By definition, there is
a B-deletion-saturated graph W such that every block B′ ∈ B(H) \ {B} is omnipresent in
W . Since B has no isolated vertices, we may assume without loss of generality that W has
no isolated vertices either.

We begin by showing that:

(11) There is a connected graph Ĥ such that H is an induced subgraph of Ĥ and B is a
governing block of Ĥ.

IfH is connected, then we are done by choosing Ĥ = H. Assume thatH is not connected.
Let Ĥ be a graph obtained from H by adding an extra vertex with exactly one neighbor in
each component of H. Then Ĥ is connected and H is an induced subgraph of Ĥ. Moreover,
we have B(H) ⊆ B(Ĥ), and every block of Ĥ that is not a block of H is isomorphic to K2.
Therefore, since B is a governing block of H and since W has no isolated vertices, it follows
that B is a governing block of Ĥ, too. This proves (11).

Let Ĥ be as given by (11). Then, by Lemma 4.9, there is a B-free graph G such that
for every e ∈ E(G), G − e has an induced subgraph isomorphic to Ĥ. But now since B
is an induced subgraph of H, and H is an induced subgraph of Ĥ, we deduce that G is
H-deletion-saturated. This completes the proof of Theorem 4.2. ■
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4.3 Corollary for graphs on at most six vertices

Of the remaining 202− 23 = 179 graphs on at most six vertices from Chapter 3,

• The 37 graphs in Figure 4.2 each have at least one isolated vertex, and removing
all their isolated vertices leaves a non-complete graph. Thus, by Theorem 4.1, we
may assume that these graphs are handled (by removing their isolated vertices and
inductively reducing to a smaller graph which has been handled before or will be
handled in later chapters).

• The 32 graphs in Figure 4.3 each have a unique non-complete blockB such thatB is not
the entire graph and all other blocks are isomorphic to K2. Therefore, by Theorem 4.3,
we may assume that these graphs are also handled (by inductively reducing to B, which
is a smaller graph that has been handled before or will be handled in later chapters).
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Figure 4.2: These graphs have at least one isolated vertex, and removing all isolated
vertices from each graph leaves a non-complete graph.
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Figure 4.3: These graphs each have a governing block B, and at least one other block, and
all blocks other than B are isomorphic to K2.
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Chapter 5

Using line graphs

Here, we will prove outcomes (e) and (f) of Theorem 1.12.

5.1 Severed pairs

Instead of Theorem 1.12(e), we prove more generally that the line graph of nearly every
graph with at least two leaves, if not complete, is deletion-normal. Let us give the formal
definitions. Given a graph H, a claw component of H is a component of H that is isomorphic
to K1,3, and a triangle component of H is a component of H that is isomorphic to K3. A
pair (x1, x2) of vertices in H is said to be severed if:

• x1, x2 are leaves of H at distance at least three from each other (that is, x1, x2 are
non-adjacent and the unique neighbors of x1, x2 in H are distinct); and

• none of x1, x2 belongs to a claw component of H.

We show that:

Theorem 5.1. Let H be a graph that has a severed pair. Then L(H) is deletion-normal.

For instance, if H is a tree, then H has a severed pair if and only if H is not a star. Also,
conveniently, if H is a tree, then L(H) is a complete graph if and only if H is a star. Since
complete graphs are not deletion-saturated, this derives theorem 1.12(e) from Theorem 5.1:

Corollary 5.2. For a tree H, L(H) is deletion-normal if and only if H is not a star.

Back to the proof of Theorem 5.1, the idea is to show that L(Kh−1), for a suitable
choice of h depending on H, is H-deletion-saturated. In particular, we choose h so that
Kh contains a subgraph whose line graph is isomorphic to L(H), whereas Kh−1 does not
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contain such a subgraph. The choice of h is also sensitive to the fact that line graphs cannot
distinguish between claws and triangles (the same fact explains the second bullet condition
in the definition of a severed pair). More precisely, we use the following classical result of
Whitney [29]:

Theorem 5.3 (Whitney [29]). Let H1 and H2 be connected graphs. Then L(H1) and L(H2)
are isomorphic if and only if either H1 and H2 are isomorphic, or one of H1, H2 is isomorphic
to K1,3 and the other is isomorphic to K3.

We also need a definition. The trimming of H is the graph obtained from H by first
removing all isolated vertices of H and then replacing every claw component of H with a
triangle component. From Theorem 5.3, it follows that the trimming of H is exactly the
graph with the minimum number of vertices whose line graph is isomorphic to the line graph
of H.

Observation 5.4. Let H be a graph, let s ∈ N∪{0} be the number of isolated vertices of H,
let t ∈ N ∪ {0} be the number of claw components of H and let h = |V (H)| − s− t. Let H ′

be a graph such that L(H) and L(H ′) are isomorphic. Then |V (H ′)| ≥ h and equality holds
if and only if H ′ is isomorphic to the trimming of H.

We are now ready to prove Theorem 5.1. The following is a restatement of Theorem 5.1
that explicitly describes the L(H)-deletion-saturated graph.

Theorem 5.5. Let H be a graph that has a severed pair. Let s ∈ N ∪ {0} be the number
of isolated vertices of H, let t ∈ N ∪ {0} be the number of claw components of H and let
h = |V (H)| − s− t. Then L(Kh−1) is L(H)-deletion-saturated.

Proof. By Observation 5.4, there is no subgraph of Kh−1 whose line graph is isomorphic to
the line graph of H. Thus, L(Kh−1) is L(H)-free.

It remains to show that for every edge ab ∈ E(L(Kh−1)) (where a, b ∈ E(Kh−1)), there
is an induced subgraph of L(Kh−1)− ab that is isomorphic to L(H). Let a = uv and b = uw
where u, v, w ∈ V (Kh−1) are distinct. Choose a severed pair (x1, x2) inH. For each i ∈ {1, 2},
let yi be the unique neighbor of xi in H. It follows that x1, y1, x2, y2 are all distinct. Let H1

be a trimming of H. Then |V (H1)| = |V (H)| − s− t = h and x1, x2 ∈ V (H1); in particular,
(x1, x2) is a severed pair in H1, as well. Let H2 be the graph obtained from H1 by identifying
the vertices x1 and x2 into a new vertex x. Then we have L(H1) = L(H2) − e1e2 where
e1 = xy1 ∈ E(H2) and e2 = xy2 ∈ E(H2). Since |V (H2)| = |V (H1)| − 1 = h − 1, there is a
subgraph G of Kh−1 isomorphic to H2 with a = uv ∈ E(G) and b = uw ∈ E(G), as well as
an isomorphism f : V (G) → V (H2) between G and H2 such that f(u) = x, f(v) = y1, and
f(w) = y2. Define the map φ : E(G) → E(H2) as follows: for every edge q1q2 ∈ E(G), let
φ(q1q2) = f(q1)f(q2) ∈ E(H2). Then φ is an isomorphism between L(G) and L(H2) where
φ(a) = e1 and φ(b) = e2. Moreover, note that L(G) is the induced subgraph of L(Kh−1) with
vertex set E(G). Hence, L(G) − ab is an induced subgraph of L(Kh−1) − ab isomorphic to
L(H2)− e1e2 = L(H1) = L(H). This completes the proof of Theorem 5.5. ■
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5.2 Near-line-graphs

For Theorem 1.12(f), we also prove the following restatement with explicit descriptions of
the corresponding deletion-normal graphs. The key idea in the proof is that the line graphs
of complete graphs and balanced complete bipartite graphs are edge-transitive, and so are
the complements of those line graphs.

Theorem 5.6. Let H be a graph on h ∈ N vertices. Then the following hold:

(a) If H is a line−graph, then L(K2h) is H-deletion-saturated.

(b) If H is a line+graph, then L(K2h) is H-deletion-saturated.

(c) If H is a biline−graph, then L(Kh,h) is H-deletion-saturated.

(d) If H is a biline+graph, then L(Kh,h) is H-deletion-saturated.

Proof. First, we prove 5.6(a). Since H is not a line graph, it follows that L(K2h) is H-free.
It remains to show that for every edge ab ∈ E(L(K2h)) (where a, b ∈ E(K2h)), there is an
induced subgraph of L(K2h) − ab that is isomorphic to H. Let a = uv and b = uw where
u, v, w ∈ V (K2h) are distinct. Since H is a line−graph, there exists xy ∈ E(H) for which
H+xy is a line graph. Choose a graph G′ with no isolated vertex such that L(G′) = H+xy.
Since x, y are adjacent inH+xy, it follows that there are distinct vertices u′, v′, w′ ∈ V (G′) for
which x = u′v′ ∈ E(G′) and y = u′w′ ∈ E(G′). Since |E(G′)| = |V (H + xy)| = |V (H)| = h
and G′ has no isolated vertex, it follows that G′ has at most 2h vertices. Therefore, there is
a subgraph G of K2h isomorphic to G′ with a = uv ∈ E(G) and b = uw ∈ E(G), as well as
an isomorphism f : V (G) → V (G′) between G and G′ such that f(u) = u′, f(v) = v′, and
f(w) = w′. Define the map φ : E(G) → E(G′) as follows: for every edge q1q2 ∈ E(G), let
φ(q1q2) = f(q1)f(q2) ∈ E(G′). Then φ is an isomorphism between L(G) and L(G′) where
φ(a) = x and φ(b) = y. Moreover, note that L(G) is the induced subgraph of L(K2h) with
vertex set E(G). Hence, L(G) − ab is an induced subgraph of L(K2h) − ab isomorphic to
L(G′)− xy = H. This completes the proof of 5.6(a).

Second, we prove 5.6(b). Since H is not a line graph, it follows that L(K2h) is H-free,
and so L(K2h) is H-free. It remains to show that for every edge ab ∈ E(L(K2h)) (where
a, b ∈ E(K2h)), there is an induced subgraph of L(K2h) − ab that is isomorphic to H. Let
a = uv, and b = wz where u, v, w, z ∈ V (K2h) are distinct. Since H is a line+graph, there
exists xy ∈ E(H) for which H − xy is a line graph. Choose a graph G′ with no isolated
vertex such that L(G′) = H−xy. Since x, y are not adjacent in H−xy, it follows that there
are distinct vertices u′, v′, w′, z′ ∈ V (G′) such that x = u′v′ ∈ E(G′) and y = w′z′ ∈ E(G′).
Since |E(G′)| = |V (H − xy)| = |V (H)| = h and G′ has no isolated vertex, it follows that
G′ has at most 2h vertices. Therefore, there is a subgraph G of K2h isomorphic to G′ with
a = uv ∈ E(G) and b = wz ∈ E(G), as well as an isomorphism f : V (G) → V (G′) such
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that f(u) = u′, f(v) = v′, f(w) = w′, and f(z) = z′. Define the map φ : E(G) → E(G′)
as follows: for every edge q1q2 ∈ E(G), let φ(q1q2) = f(q1)f(q2) ∈ E(G′). Then φ is an
isomorphism between L(G) and L(G′) where φ(a) = x and φ(b) = y. Moreover, note that
L(G) is the induced subgraph of L(K2h) with vertex set E(G). Hence, L(G) + ab is an
induced subgraph of L(K2h) + ab isomorphic to L(G′) + xy = H, which in turn implies that
L(G) + ab = L(G)− ab is an induced subgraph of L(K2h) + ab = L(K2h)− ab isomorphic to
L(G′) + xy = H. This completes the proof of 5.6(b).

Third, we prove 5.6(c). Since H is not the line graph of a bipartite graph, it follows
that L(Kh,h) is H-free. It remains to show that for every edge ab ∈ E(L(Kh,h)) (where
a, b ∈ E(Kh,h)), there is an induced subgraph of L(Kh,h) − ab that is isomorphic to H. Let
a = uv and b = uw where u, v, w ∈ V (Kh,h) are distinct. Since H is a biline−graph, there
exists xy ∈ E(H) for which H+xy is the line graph of a bipartite graph. Choose a bipartite
graph G′ with no isolated vertex such that L(G′) = H+xy. Since x, y are adjacent in H+xy,
it follows that there are distinct vertices u′, v′, w′ ∈ V (G′) for which x = u′v′ ∈ E(G′) and
y = u′w′ ∈ E(G′). Since |E(G′)| = |V (H+xy)| = |V (H)| = h and G′ has no isolated vertex,
it follows that G′ admits a bipartition with at most h vertices on either side. Therefore,
there is a subgraph G of Kh,h isomorphic to G′ with a = uv ∈ E(G) and b = uw ∈ E(G), as
well as an isomorphism f : V (G) → V (G′) between G and G′ such that f(u) = u′, f(v) = v′,
and f(w) = w′. Define the map φ : E(G) → E(G′) as follows: for every edge q1q2 ∈ E(G),
let φ(q1q2) = f(q1)f(q2) ∈ E(G′). Then φ is an isomorphism between L(G) and L(G′) where
φ(a) = x and φ(b) = y. Moreover, note that L(G) is the induced subgraph of L(Kh,h) with
vertex set E(G). Hence, L(G) − ab is an induced subgraph of L(Kh,h) − ab isomorphic to
L(G′)− xy = H. This completes the proof of 5.6(c).

Finally, we prove 5.6(d). Since H is not the line graph of a bipartite graph, it follows
that L(Kh,h) is H-free, and so L(Kh,h) is H-free. It remains to show that for every edge
ab ∈ E(L(Kh,h)) (where a, b ∈ E(Kh,h)), there is an induced subgraph of L(Kh,h) − ab that
is isomorphic to H. Let a = uv, and b = wz where u, v, w, z ∈ V (Kh,h) are distinct. Since
H is a biline+graph, there exists xy ∈ E(H) for which H − xy is a line graph. Choose a
bipartite graph G′ with no isolated vertex such that L(G′) = H − xy. Since x, y are not
adjacent in H − xy, it follows that there are distinct vertices u′, v′, w′, z′ ∈ V (G′) such that
x = u′v′ ∈ E(G′) and y = w′z′ ∈ E(G′). Since |E(G′)| = |V (H − xy)| = |V (H)| = h and G′

has no isolated vertex, it follows that G′ admits a bipartition with at most h vertices on either
side. Therefore, there is a subgraph G of Kh,h isomorphic to G′ with a = uv ∈ E(G) and
b = wz ∈ E(G), as well as an isomorphism f : V (G) → V (G′) such that f(u) = u′, f(v) =
v′, f(w) = w′, and f(z) = z′. Define the map φ : E(G) → E(G′) as follows: for every edge
q1q2 ∈ E(G), let φ(q1q2) = f(q1)f(q2) ∈ E(G′). Then φ is an isomorphism between L(G)
and L(G′) where φ(a) = x and φ(b) = y. Moreover, note that L(G) is the induced subgraph
of L(Kh,h) with vertex set E(G). Hence, L(G) + ab is an induced subgraph of L(Kh,h) + ab

isomorphic to L(G′)+xy = H, which in turn implies that L(G) + ab = L(G)−ab is an induced
subgraph of L(Kh,h) + ab = L(Kh,h)− ab isomorphic to L(G′) + xy = H. This completes the
proof of 5.6(d). ■
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5.3 Corollary for graphs on at most six vertices

Of the 179 − 37 − 32 = 110 graphs on at most six vertices remaining from Chapters 3 and
4, we have:

• The 34 graphs in Figures 5.1 and 5.2 are all line−graphs, and so by Theorem 5.6(a),
they are all deletion-normal.

• The 8 graphs in Figure 5.3 are all complements of line+graphs, and so by Theorem 5.6(b),
they are all deletion-normal.

• The 2 graphs in Figure 5.4 (specifically, entries 7B and 8I in Figure 1.3) are biline−graphs,
and so by Theorem 5.6(c), they are deletion-normal.

• The 3 graphs in Figure 5.5 (specifically, entries 8L, 11A and 11D in Figure 1.3) are
complements of biline+graphs, and so by Theorem 5.6(d), they are all deletion-normal.

• The 38 graphs in Figure 5.6 are line graphs of graphs with a severed pairs, and so by
Theorem 5.1, they are all deletion-normal.
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Figure 5.1: These graphs are all line−graphs. In each entry, we have a drawing of the graph
H itself with a specified non-edge e, a drawing of an induced subgraph H ′ of H that by

Theorem 2.1 prevents H from being a line graph, and then a drawing of the graph F whose
line graph is H + e.
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Figure 5.2: These graphs are all line−graphs. In each entry, we have a drawing of the graph
H itself with a specified non-edge e, a drawing of an induced subgraph H ′ of H that by

Theorem 2.1 prevents H from being a line graph, and then a drawing of the graph F whose
line graph is H + e.
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Figure 5.3: These graphs are all complements of line+graphs. In each entry, we have a
drawing of the graph H itself, a drawing of H with a specified edge e of H, a drawing of an
induced subgraph H ′ of H that by Theorem 2.1 prevents H from being a line graph, and

then a drawing of the graph F whose line graph is H − e.
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Figure 5.4: These graphs are all biline−graphs. In each entry, we have a drawing of the
graph H itself with a specified non-edge e, a drawing of an induced subgraph H ′ of H that
by Theorem 2.2 prevents H from being a biline graph, and then a drawing of the bipartite

graph F whose line graph is H + e.

Figure 5.5: These graphs are all complements of biline+graphs. In each entry, we have a
drawing of the graph H itself, a drawing of H with a specified edge e of H, a drawing of an
induced subgraph H ′ of H that by Theorem 2.2 prevents H from being a biline graph, and

then a drawing of the bipartite graph F whose line graph is H − e.
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Figure 5.6: Every graph here is the line graph of a graph F with a severed pair. In each
entry, we have a drawing of the graph H itself, and then a drawing of the graph F with a

severed pair (x1, x2) such that L(F ) = H.
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Chapter 6

Sporadic graphs on at most six vertices

There are now 110− 34− 8− 2− 3− 38 = 25 graphs on at most six vertices remaining from
Chapters 3, 4 and 5 that need special treatment. These graphs are entries

3B, 3F, 5E, 5F, 5H, 7E, 9F, 9L, 10E, 10K, 11B, 12B, 12D

12F, 12H, 12K, 13B, 13C, 13F, 13G, 13I, 15I, 15L, 16A, 16F

in Figure 1.3. In this section, we handle these 25 graphs in three groups:

• The “easy” cases; namely:

3F, 5F, 9F, 11B, 12B, 12D, 13C, 13F, 13G, 13I, 15L, 16F.

We handle these 12 graphs in Section 6.1.

• Cases that use the icosahedron; namely:

7E, 9L, 12F, 12K, 16A.

We handle these 5 graphs in Section 6.2.

• The “hard” cases; namely:

3B, 5E, 5H, 10E, 10K, 12H, 13B, 15I.

We handle these 8 graphs in Section 6.3.

6.1 Easy cases

For the first 12 graphs, we prove their deletion normality in three groups:
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Figure 6.1: Proof of Theorem 6.1. Graphs H1, H2, H3, H4, along with the complement of
H3 and H4.

Theorem 6.1. Entries 3F, 9F, 12B and 12D in Figure 1.3 are deletion-normal.

Proof. Let H1 be entry 3F in Figure 1.3, let H2 be entry 9F in Figure 1.3, let H3 be entry
12B in Figure 1.3, and let H4 be entry 12D in Figure 1.3.

Note that H1 is isomorphic to the graph obtained from 2K3 by removing an edge. Since
2K3 is edge-transitive, it follows that 2K3 itself is H1-deletion-saturated.

Note that H2 is isomorphic to the graph obtained from K3,3 by removing an edge. Since
K3,3 is edge-transitive, it follows that K3,3 itself is H2-deletion-saturated.

Note also thatH3 is isomorphic toK3+P3 andH4 is the disjoint union of a two-vertex path
and a graph obtained from a triangle by adding a leaf. It is straightforward to observe that
3K3 is both H3-addition-saturated and H4-addition-saturated. Hence, 3K3 = K3,3,3 is both
H3-deletion-saturated and H4-deletion-saturated. This completes the proof of Theorem 6.1.

■

Theorem 6.2. Entries 5F, 11B and 15L in Figure 1.3 are deletion-normal.

Proof. Note that entry 5F in Figure 1.3 is a 6-cycle, entry 11B is the complement of a 6-cycle,
and entry 15L is a 5-cycle. Recall that by Observation 1.3 and Theorem 1.5, all cycles of
length at most 10 (except for the 3-cycle) are normal (and thus both deletion-normal and
addition-normal). This completes the proof of Theorem 6.2. ■
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Figure 6.2: Proof of Theorem 6.2. The 6-cycle, the complement of the 6-cycle, and the
5-cycles.

Figure 6.3: Proof of Theorem 6.3. From left to right, the graphs H1, . . . , H5 (top) and their
complements (bottom).

Theorem 6.3. Entries 13C, 13F, 13G, 13I, and 16F in Figure 1.3 are deletion-normal.

Proof. Let H1, H2, H3, H4, and H5, respectively, be the graphs at entries 13C, 13F, 13G, 13I,
and 16F in Figure 1.3. Then,

• H1 is isomorphic to P4 + P2;

• H2 is isomorphic to P4 + 2P1;

• H3 is isomorphic to P3 + P2 + P1;

• H4 is isomorphic to P3 + 3P1;
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Figure 6.4: Proof of Theorem 6.4: The graph H1 and its complement, two drawings of H2,
two drawings of H3, the graph H4, and the graph G.

• H5 is isomorphic to P3 + 2P1;

Our goal is to show that for each i ∈ {1, · · · , 5}, the graph 5P2 is Hi-addition-normal.
Note, in particular, that 5P2 is Hi-free because Hi has at least one vertex of degree two
whereas 5P2 is 1-regular. Also, for every edge e ∈ E(5P2), the graph 5P2 + e is isomorphic
to P4 + 3P2, which is easily seen to contain an induced subgraph isomorphic to Hi for every
i ∈ {1, . . . , 5}. This completes the proof of Theorem 6.3. ■

6.2 Using the icosahedron

The next five graphs will be handled by the following two theorems:

Theorem 6.4. Entries 7E, 9L, 12K and 16A in Figure 1.3 are all deletion-normal.

Proof. Let H1 be entry 7E in Figure 1.3, let H2 be entry 9L, let H3 be entry 12K, and let
H4 be entry 16A; see Figure 6.4. Let G be an isomorphic copy of the icosahedron with
V (G) = {u1, . . . , u12} and the adjacency as depicted in Figure 6.4, and let G+ be the graph
obtained from G by adding a new vertex u13 adjacent to all vertices in V (G).

First, we show that G is H1-addition-saturated (which would in turn imply that G is
H1-deletion-saturated). Note that G is H1-free because the icosahedron, and thus G, is
C4-free whereasH1[v2, v3, v4, v5] is a 4-cycle. It remains to show that for every edge e ∈ E(G),
the graph G+ e is not H1-free. There are now two cases up to symmetry:
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• e = u1u11. Then, for S = {u1, u3, u6, u7, u8, u11}, it is readily seen that the map
f : V (H1) → S with

f(v1) = u6, f(v2) = u1, f(v3) = u11, f(v4) = u7, f(v5) = u3, f(v6) = u8

is an isomorphism between H1 and G[S] + e.

• e = u1u12. Then, for S = {u1, u3, u4, u7, u11, u12}, it is readily seen that the map
f : V (H1) → S with

f(v1) = u4, f(v2) = u1, f(v3) = u3, f(v4) = u7, f(v5) = u12, f(v6) = u11

is an isomorphism between H1 and G[S] + e.

Second, we show that G is H2-deletion-saturated. Note that G is H2-free because the
neighborhood of every vertex in the icosahedron, and so in G, induces a 5-cycle, whereas
H2[NH2(v1)] is a five-vertex path. Since the icosahedron, and thus G, is edge-transitive, it
remains to show that for some edge e ∈ E(G), the graph G − e is not H2-free. We pick
e = u2u3. Then, for S = {u1, . . . , u6}, it is readily seen that the map f : V (H2) → S with

f(vi) = ui for all i ∈ {1, . . . , 6}

is an isomorphism between H2 and G[S]− e.

Third, we show that G+ is H3-deletion-saturated. Since G is C4-free, and since C4 has
no dominating vertex, it follows that G+ is C4-free, too. This implies that G+ is H3-free
because H3[{v2, v3, v5, v6}] is a 4-cycle. It remains to show that for every e ∈ E(G+), the
graph G+ − e is not H3-free. Since the icosahedron, and thus G, is edge-transitive, there are
now two cases up to symmetry:

• e = u1u3. Then, for S = {u1, u2, u3, u4, u5, u13}, it is readily seen that the map f :
V (H3) → S with

f(v1) = u13, f(v2) = u3, f(v3) = u2, f(v4) = u5, f(v5) = u4, f(v6) = u1

is an isomorphism between H3 and G[S]− e.

• e = u1u13. Then, for S = {u1, u3, u4, u5, u8, u13}, it is readily seen that the map
f : V (H3) → S with

f(v1) = u4, f(v2) = u1, f(v3) = u5, f(v4) = u8, f(v5) = u3, f(v6) = u13

is an isomorphism between H3 and G[S]− e.

Finally, note that H4 is isomorphic to P5. By Theorem 1.6, G is H4-induced-saturated, and
thus G is H4-induced-saturated. This completes the proof of Theorem 6.4. ■

45



Theorem 6.5. Entry 12F in Figure 1.3 is deletion-normal.

Proof. Let H be entry 12F in Figure 1.3. Construct a graph G as follows. Let G1 and
G2 be two disjoint and isomorphic copies of the icosahedron, such that V (G1) = {u1i : i ∈
{1, . . . , 12}}, V (G2) = {u2i : i ∈ {1, . . . , 12}}, and f : u1i 7→ u2i is an isomorphism between
G1 and G2. Let G be the graph with

V (G) = {u1i , u2i : i ∈ {1, . . . , 12}}

E(G) = E(G1)∪E(G2)∪{u1iu2i : i ∈ {1, . . . , 12}}∪{u1iu2j : i, j ∈ {1, . . . , 12}, u1iu1j ∈ E(G1)}.
See Figure 6.5.

Our goal is to prove that G is H-deletion-saturated.

(12) G is H-free.

Suppose for a contradiction that G has an induced subgraph H ′ isomorphic to H. Let
f : V (H) → V (H ′) be an isomorphism between H and H ′ such that f(v1) = uki and
f(v2) = ulj for some k, l ∈ {1, 2} and i, j ∈ {1, . . . , 12}. Since v1v2 /∈ E(H), the vertices
uki and ulj are non-adjacent in G. Let I = NG(u

k
i ) ∩ NG(u

l
j). Since H[NH(v1) ∩ NH(v2)] is

isomorphic to 2K2, it follows that G[I] has an induced subgraph isomorphic to 2K2, as well.
On the other hand, since uki and ulj are non-adjacent in G, by the construction of G, we
have I = (NG1(u

1
i )∩NG1(u

1
j))∪ (NG2(u

2
i )∩NG2(u

2
j)). Since G1 and G2 are both isomorphic

to the icosahedron, it follows that either NG1(u
1
i ) ∩ NG1(u

1
j) = NG2(u

2
i ) ∩ NG2(u

2
j) = ∅, or

both NG1(u
1
i ) ∩ NG1(u

1
j) and NG2(u

2
i ) ∩ NG2(u

2
j) are 2-vertex cliques in G. Thus, by the

construction of G, either I = ∅ or I is a 4-vertex clique in G. But then G[I] is 2K2-free, a
contradiction. This proves (12).

(13) For every e ∈ E(G), the graph G− e has an induced subgraph isomorphic to H.

Let e = uki u
l
j ∈ E(G), where k, l ∈ {1, 2} and i, j ∈ {1, . . . , 12}. Again, let I =

NG(u
k
i ) ∩NG(u

l
j). By the choice of H, it suffices to show that there exists S ⊆ I such that

G[S] is isomorphic to 2K2 (because then the subgraph of G − e induced by S ∪ {uki , ulj} is
isomorphic to H). By the construction of G, there are now two cases:

• i = j and k ̸= l. So we have e = u1iu
2
i . Since G1 is isomorphic to the icosahedron,

G1[NG1(u
1
i )] is 5-cycle, and so we may choose two non-adjacent vertices u1s, u

1
t ∈

NG1(u
1
i ) where s, t ∈ {1, . . . , 12} \ {i}. But now S = {u1s, u2s, u1t , u2t} ⊆ I, and

E(G[S]) = {u1su2s, u1tu2t}; that is, G[S] is isomorphic to 2K2.

• i ̸= j and u1iu1j ∈ E(G1). Since G1 is isomorphic to the icosahedron, NG1(u
1
i )∩NG1(u

1
j)

is a stable set of cardinality two; say NG1(u
1
i ) ∩ NG1(u

1
j) = {u1s, u1t}. But now S =

{u1s, u2s, u1t , u2t} ⊆ I, and E(G[S]) = {u1su2s, u1tu2t}; that is, G[S] is isomorphic to 2K2.
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) (

Figure 6.5: Proof of Theorem 6.5: Two drawings of the graph H (left) and the graph G
(right).

Figure 6.6: Proof of Theorem 6.6. From left to right: Two drawings of the graph H, and
the graph G.

This proves (13).

The result is now immediate from (12) and (13). This completes the proof of Theorem 6.5.
■

6.3 Hard cases

We are now left with eight graphs for which the proof of deletion-normality requires completely
different methods.

Theorem 6.6. Entry 3B in Figure 1.3 is deletion-normal.

Proof. Let H be entry 3B in Figure 1.3. Let G be the graph with vertex set V (G) = {ui,j :
i, j ∈ {1, 2, 3, 4}} and edge set

E(G) =

(
4⋃

i=1

{ui,1ui,2, ui,2ui,3, ui,3ui,4, ui,4ui,1}

)
∪

(
4⋃

j=1

{u1,ju2,j, u2,ju3,j, u3,ju4,j, u4,ju1,j}

)
.
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Figure 6.7: Proof of Theorem 6.7. From left to right: Graphs H,G1 and G.

See Figure 6.6. In particular, G is the Cartesian product of two 4-cycles.

We prove that G is H-deletion-saturated. First, we show that G is H-free. Suppose
not. According to the labeling given in Figure 6.6, we have (NH(v1) ∪NH(v6)) \ {v1, v6} =
{v2, v3, v4, v5}, which is a four-vertex stable set in H. Therefore, since G has an induced
subgraph isomorphic to H, it follows that there is an edge uu′ ∈ E(G) for which G[(NG(u)∪
NG(u

′)) \ {u, u′}] contains a four-vertex stable set. However, since G is edge-transitive, it
is easy to check that for every edge uu′ ∈ E(G), the graph G[(NG(u) ∪NG(u

′)) \ {u, u′}] is
indeed isomorphic to 3K2, which does not contain a four-vertex stable set, a contradiction.
We deduce that G is H-free.

It remains to show that for every e ∈ E(G), the graph G − e has an induced subgraph
isomorphic to H. Since G is edge-transitive, it suffices to prove the latter statement for only
one edge e ∈ E(G). Let e = u1,1u1,2. Let S = {u1,1, u1,2, u1,3, u1,4, u2,3, u4,4}. Then one can
verify that the map f : V (H) → S with

f(v1) = u1,3, f(v2) = u1,1, f(v3) = u4,4, f(v4) = u1,2, f(v5) = u2,3, f(v6) = u1,4

is an isomorphism between H and G[S]− e. This completes the proof of Theorem 6.6. ■

Theorem 6.7. Entry 5E in Figure 1.3 is deletion-normal.

Proof. Let H be entry 5E in Figure 1.3. Then H is isomorphic to 2K3. Let G1 be the
Petersen graph with V (G1) = {x1, . . . , x10} and the adjacency as depicted in Figure 6.7, and
let G = L(G1). For each edge e = xixj ∈ E(G1), i, j ∈ {1, . . . , 10}, we label the vertex of G
corresponding to e with ui,j; see Figure 6.7.

Our goal is to show that G is 2K3-deletion-saturated. Note that the only graphs of which
the line graph is isomorphic to 2K3 are 2K3, K3 +K1,3 and 2K1,3. Since G1 is triangle-free
and 3-regular, and every two non-adjacent vertices in G1 have exactly one common neighbor,
G1 has no subgraph isomorphic to H ′ for any H ′ ∈ {2K3, K3 +K1,3, 2K1,3}, and thus G is
2K3-free.

It remains to show that for every e ∈ E(G), the graph G − e has an induced subgraph
isomorphic to 2K3. By symmetry, we may assume that e = u1,2u2,3 ∈ E(G). Let T1 =
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Figure 6.8: Proof of Theorem 6.8. From left to right: Graphs H, G1 and G, and the
subgraph of G induced by the neighborhood of u1.

{u1,2, u1,5, u1,6} and let T2 = {u2,3, u3,4, u3,8}. Then T1 and T2 are disjoint triangles in G,
and e is the only edge of G with an end in T1 and an end in T2. Hence G[T1 ∪ T2] − e is
isomorphic to 2K3. This completes the proof of Theorem 6.7. ■

Theorem 6.8. Entry 5H in Figure 1.3 is deletion-normal.

Proof. Let H be entry 5H in Figure 1.3. Construct a graph G as follows. Let G1 be an
isomorphic copy of L(K4) with V (G1) = {u1, . . . , u6} and the adjacency as depicted in
Figure 6.8. Note that G1 has exactly eight triangles. Let G be the graph obtained from G1

by adding eight pairwise adjacent new vertices {u7, . . . , u14} – one for each triangle of G1 –
and making each vertex in {u7, . . . , u14} adjacent to the three vertices in its corresponding
triangle of G1, and to no other vertex in G, with the adjacency as depicted in Figure 6.8.
(Note, in particular, that {u7, . . . , u14} remains a stable set in G.) It is straightforward
to observe that the natural action of the automorphism group of G on V (G) has exactly
two orbits, namely V (G1) = {u1, . . . , u6} and V (G) \ V (G1) = {u7, . . . , u14}. Similarly, the
natural action of the automorphism group of G on E(G) has exactly two orbits, namely
E(G1) and E(G) \ E(G1).

Our goal is to show that G is H-deletion-saturated. First, we show that G is H-free.
Suppose for a contradiction that G has an induced subgraph H ′ isomorphic to H with an
isomorphism f : V (H) → V (H ′) ⊆ V (G). Let u = f(v1). Since NH(v1) is isomorphic to
2K2 + K1, it follows that G[NG(u)] has an induced subgraph isomorphic to 2K2 + K1. In
particular, since the neighborhood of every vertex ui for i ∈ {7, . . . , 14} is a triangle in G, it
follows that u = ui for some i ∈ {1, . . . , 6}. By symmetry, we may assume that u = u1. But
then

G[NG(u)] = G[NG(u1)] = G[{u2, u3, u4, u5, u7, u8, u9, u10}]
is the graph on the right in Figure 6.8, which is easily observed to be (2K2 + K1)-free, a
contradiction. We deduce that G is H-free.

It remains to show that for every e ∈ E(G), the graph G − e has an induced subgraph
isomorphic to H. There are now two cases:
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Figure 6.9: Proof of Theorem 6.9. From left to right: The graph H and its complement,
and the graph G with a depiction of E(G1), E(G2), and M .

• e ∈ E(G1). By symmetry, we may assume that e = u4u5. Let S = {u1, u4, u5, u7, u8, u9}.
Then one can check that the map f : V (H) → S with

f(v1) = u1, f(v2) = u8, f(v3) = u9, f(v4) = u4, f(v5) = u5, f(v6) = u7

is an isomorphism between H and G[S]− e.

• e ∈ E(G) \ E(G1). Due to symmetry, we may assume that e = u2u7. Let S =
{u1, u2, u4, u7, u8, u9}. Then one can check that the map f : V (H) → S with

f(v1) = u1, f(v2) = u7, f(v3) = u2, f(v4) = u8, f(v5) = u9, f(v6) = u4

is an isomorphism between H and G[S]− e.

This completes the proof of Theorem 6.8. ■

Theorem 6.9. Entry 10E in Figure 1.3 is deletion-normal.

Proof. Let H be entry 10E in Figure 6.9. Construct a graph G as follows. Let G1 and
G2 be disjoint graphs such that G1 is isomorphic to the Petersen graph with V (G1) =
{u11, . . . , u110} and E(G1) as shown in Figure 6.9, and G2 is isomorphic to the Petersen graph
with V (G2) = {u21, . . . , u210} and E(G2) as shown in Figure 6.9. Let G be the graph obtained
from the (disjoint) union of G1 and G2 by adding the matching M = {u1iu2i : i ∈ {1, . . . , 10}}.
See Figure 6.9.

To prove Theorem 6.9, it suffices to show that G is H-addition-saturated.

(14) G is H-free.

Suppose for a contradiction that G has an induced subgraph H ′ isomorphic to H where
V (H ′) = {v′1, . . . , v′6} ⊆ V (G), and f : vi 7→ v′i is an isomorphism between H and H ′. Let
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I ′ = {v′2, v′3, v′4, v′5}. Then G[I ′] is isomorphic to C4. Assume that I ′ ∩ V (G1) ̸= ∅. Since G1

is C4-free, it follows that I ′ ∩ V (G2) ̸= ∅. Since, in the graph G, every vertex in V (G1) has
exactly one neighbor in V (G2) (and vice versa), it follows that |I ′∩V (G1)| = |I ′∩V (G2)| = 2
and |E(G[I ′])∩M | = 2. In particular, we have I ′∩V (G1) = {u1i , u1j} and I ′∩V (G2) = {u2i , u2j}
for some i, j ∈ {1, . . . , 10}. But then exactly one of u1iu1j and u2iu

2
j is an edge in G, and so

|E(G[I ′])| = 3, a contradiction.

We deduce that I ′ ∩ V (G1) = ∅. Thus, we may write

v′2 = u2i1 , v′4 = u2i2 , v′3 = u2i3 , v′5 = u2i4

for some distinct i1, i2, i3, i4 ∈ {1, . . . , 10}. In particular, we have

E(G[I ′]) = E(G2[I
′]) = {u2i1u

2
i2
, u2i2u

2
i3
, u2i3u

2
i4
, u2i4u

2
i1
}.

There are now two cases:

• {v′1, v′6} ⊆ V (G1). Then v′1 = u1i1 and v′6 = u1i3 . But now since u2i1u
2
i3
/∈ E(G2), it

follows that v′1v′6 = u1i1u
1
i3
∈ E(G1) ⊆ E(G), which in turn implies that v′1v′6 ∈ E(H ′),

a contradiction.

• {v′1, v′6} ∩ V (G2) ̸= ∅. By symmetry, we may assume that v′1 ∈ V (G2). It follows
that {v′1, u2i2 , u

2
i4
} is a stable set of cardinality three in G2. But then G2, and thus the

Petersen graph, contains a triangle, a contradiction.

This proves (14).

(15) For every e ∈ E(G), the graph G+ e has an induced subgraph isomorphic to H.

It suffices to show that there exists S ⊆ V (G) containing both endpoints of e such that
G[S] + e is isomorphic to H. There are now three cases:

• e = u1i1u
1
i2

for some i1, i2 ∈ {1, . . . , 10}. Then, it is readily observed that, since G1

is isomorphic to the Petersen graph, there is a path u1i1-u
1
i2
-u1i3-u

1
i4

of length three in
G1 from u1i1 to u1i2 . Thus, C = u1i1-u

1
i2
-u1i3-u

1
i4
-u1i1 is an induced 4-cycle in G + e. Let

NG1(u
1
i3
) \ {u1i2 , u

1
i4
} = {u1i5}, where i5 ∈ {1, . . . , 10} \ {i1, i2, i3, i4}. Since the Petersen

graph, and so G1, has girth five, it follows that u1i5 is anticomplete to {u1i1 , u
1
i2
, u1i4}

in G1. Let S = {u1i1 , u
1
i2
, u1i3 , u

1
i4
, u1i5 , u

2
i1
}. Then, it is easy to check that the map

f : V (H) → S with

f(v1) = u2i1 , f(v2) = u1i1 , f(v3) = u1i3 , f(v4) = u1i2 , f(v5) = u1i4 , f(v6) = u1i5

is an isomorphism between H and G[S] + e.
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Figure 6.10: Proof of Theorem 6.10. The graph H (left) and its complement (right).

• e = u1i1u
2
i2

for some i1, i2 ∈ {1, . . . , 10}. Since G1 has girth five, every two vertices in
G1 have at most one common neighbor. Thus, since u1i2 has degree three in G1, we
may choose a vertex u1i3 ∈ NG1(u

1
i2
) \ NG1 [u

1
i1
] where i3 ∈ {1, . . . , 10} \ {i1, i2}. Also,

it is easy to check that in G1 (as in the Petersen graph), for every edge e′ ∈ E(G1),
there is a (unique) induced subgraph Me′ of G1 isomorphic to 3K2 where e′ ∈ E(Me′).
In particular, there are i4, i5 ∈ {1, . . . , 10} \ {i1, i2, i3} for which u1i4u

1
i5
∈ E(Mu1

i2
u1
i3
).

It follows that C = u2i2-u
2
i4
-u2i3-u

2
i5
-u2i2 is an induced 4-cycle in G2 (and so in G). Let

S = {u1i1 , u
2
i2
, u2i3 , u

2
i4
, u2i5 , u

1
i3
}. Then, it is easy to check that the map f : V (H) → S

with

f(v1) = u1i1 , f(v2) = u2i2 , f(v3) = u2i3 , f(v4) = u2i4 , f(v5) = u2i5 , f(v6) = u1i3

is an isomorphism between H and G[S] + e.

• e = u2i1u
2
i2

for some i1, i2 ∈ {1, . . . , 10}. Then we have u1i1u
1
i2

∈ E(G1), and so C =
u1i1-u

2
i1
-u2i2-u

1
i2
-u1i1 is an induced 4-cycle in G + e. Let NG1(u

1
i1
) = {u1i2 , u

1
i3
, u1i4} where

i3, i4 ∈ {1, . . . , 10} \ {i1, i2}. Since NG1(u
1
i1
) is a stable set in G1, it follows that

u2i2u
2
i4
∈ E(G2). Let S = {u1i1 , u

1
i2
, u1i3 , u

2
i1
, u2i2 , u

2
i4
}. Then, it is easy to check that the

map f : V (H) → S with

f(v1) = u1i3 , f(v2) = u1i1 , f(v3) = u2i2 , f(v4) = u2i1 , f(v5) = u1i2 , f(v6) = u2i4

is an isomorphism between H and G[S] + e.

This proves (15).

The result is now immediate from (14) and (15). This completes the proof of Theorem 6.9.

■

Theorem 6.10. Entry 10K in Figure 1.3 is deletion-normal.
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Proof. Let H be entry 10K in Figure 1.3. We will show that H is addition-normal (see
Figure 6.10).

By Theorem 4.6 applied to c = 5, g = 3 and k = 2, there exists a triangle-free graph of
chromatic number larger than 5. Let G be a triangle-free graph with χ(G) > 5 and with
E(G) maximal with respect to inclusion. It follows in particular that G is connected.

Our goal is to show that G is H-addition-saturated1. In fact, G is H-free because G
is triangle-free whereas H is not. It remains to show that for every e ∈ E(G), the graph
G+ = G+ e has an induced subgraph isomorphic to H.

By the maximality of E(G), there is a triangle T in G+ containing both ends of e, and
in fact every triangle in G+ contains both ends of e. Let N be the set of all vertices of G+

with at least one neighbor in T in G+. Then T ⊆ N , and since G is triangle-free, we have
χ(G+[N ]) ≤ 3. Thus, χ(G+ \N) ≥ χ(G)− 3 > 2.

Let C1 be the component of G+ \N with maximum chromatic number. Then χ(C1) > 2,
and since G is connected, some vertex in V (C1) has a neighbor x0 ∈ N \ T in G+. Let
N0 = NG+(x0) ∩ V (C1). Then N0 is a stable set in C1, and so χ(C1 \N0) ≥ χ(C1)− 1 > 1.

Let C2 be the component of C1 \ N0 with maximum chromatic number. Then χ(C2) >
1, and since C1 is connected, some vertex in V (C2) has a neighbor x1 ∈ N0 in C1. Let
N1 = NG+(x1) ∩ V (C2). Then N1 is a stable set in C2, and so χ(C2 \N1) ≥ χ(C2)− 1 > 0.
In particular, V (C2) \ N1 ̸= ∅, and since C2 is connected, it follows that some vertex
x3 ∈ V (C2) \N1 has a neighbor x2 ∈ N1 in C2.

We deduce that x0-x1-x2-x3 is a four-vertex path in G+ and x0 is the only vertex of this
path with a neighbor in T inG+. If x0 has exactly one neighbor in T , thenG+[T∪{x0, x1, x2}]
is isomorphic to H. If x0 has two distinct neighbors y, y′ ∈ T , then G+[{y, y′, x0, x1, x2, x3}]
is isomorphic to H. This completes the proof of Theorem 6.10. ■

Theorem 6.11. Entry 12H in Figure 1.3 is deletion-normal.

Proof. Let H be entry 12H in Figure 1.3 (see also Figure 6.11). Let A = {1, 2, 3}×{1, 2, 3}.
Let G be the graph with V (G) = {u1i,j, u2i,j, u3i,j : (i, j) ∈ A} and such that:

• For each k ∈ {1, 2, 3} and all distinct (i, j), (i′, j′) ∈ A, we have uki,juki′,j′ ∈ E(G) if and
only if i = i′ or j = j′.

• For every (k, l) ∈ {(1, 2), (2, 3), (3, 1)} and all distinct (i, j), (i′, j′) ∈ A, we have
uki,ju

l
i′,j′ ∈ E(G) if and only if j ̸= i′.

See Figure 6.11.
1We remark that the idea in the proof of Theorem 6.10 can be adapted to prove the addition-normality

of any graph that is obtained from a triangle and path on two or more vertices by identifying an end of the
path with a vertex of the triangle.
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This 16-regular 27-vertex graph, known as the Schläfli graph, is both vertex-transitive
and edge-transitive, and much more. For an integer k ∈ N, we say that a graph F is
k-ultrahomogeneous if for every two subsets X1, X2 of V (F ) with |X1| = |X2| ≤ k such
that F [X1] and F [X2] are isomorphic, and every isomorphism ϕ : X1 → X2 between F [X1]
and F [X2], there is an automorphism f of F such that f |X1 = ϕ. For instance, F is
1-ultrahomogeneous if and only if F is vertex-transitive, and 2-ultrahomogeneous if and only
if F is arc-transitive. It is known [8, 11] that the Schläfli graph is 4-ultrahomogeneous.2

Our goal is now to prove that the Schläfli graph G is H-deletion-saturated. To see that
G is H-free, suppose for a contradiction that G has an induced subgraph isomorphic to H.
It follows in particular that there is a 4-vertex clique {x1, x2, y1, y2} in G and a 2-vertex set
Z in G disjoint from {x1, x2, y1, y2} such that Z is anticomplete to {x1, x2} and complete to
{y1, y2} in G. Since G is 4-ultrahomogeneous, we may assume due to symmetry that

x1 = u11,1, x2 = u12,1, y1 = u22,1, y2 = u22,2.

But then by the definition of G, the set of all vertices that are anticomplete to {x1, x2} =
{u11,1, u12,1} in G is {u13,2, u13,3, u21,1, u21,2, u21,3}, and exactly one of these vertices, namely u13,3, is
complete to {y1, y2} = {u22,1, u22,2} in G, as well. This is a contradiction to |Z| = 2.

It remains to show that for every edge e ∈ E(G), the graph G − e has an induced
subgraph isomorphic to H. Again, since G is also 4-ultrahomogeneous (and in particular
arc-transitive), we may assume by symmetry that e = u11,1u

1
1,3. Let

S = {u11,1, u12,1, u11,3, u13,3, u22,1, u22,2}.

Using the definition of G, it is straightforward to check that the map f : V (H) → S with

f(v1) = u22,1, f(v2) = u11,1, f(v3) = u12,1, f(v4) = u11,3, f(v5) = u13,3, f(v6) = u22,2

is an isomorphism between H and G[S]− e. This completes the proof of Theorem 6.11. ■

Theorem 6.12. Entry 13B in Figure 1.3 is deletion-normal.

Proof. Let H be entry 13B in Figure 1.3. Construct a graph G as follows. Let G1 and G2

be disjoint graphs such that G1 is a 6-cycle with

V (G1) = {u11, . . . , u16} and E(G1) = {u11u12, u12u13, u13u14, u14u15, u15u16, u16u11}

and G2 is a 6-cycle with

V (G2) = {u21, . . . , u26} and E(G2) = {u21u22, u22u23, u23u24, u24u25, u25u26, u26u21}.
2In fact, something quite curious is true here: every graph that is 5-ultrahomogeneous is also

k-ultrahomogeneous for all k ∈ N, and the Schläfli graph and its complement are the only graphs that
are 4-ultrahomogeneous, but not 5-ultrahomogeneous! See [8, 11].
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) (

Figure 6.11: Proof of Theorem 6.11. The graph H (left) and the Schläfli graph G (right).

Figure 6.12: Proof of Theorem 6.12. From left to right: The graph H and its complement,
the graph G and its construction.

Let G be the graph obtained from the (disjoint) union of G1 and G2 by adding the matching
M = {u11u21, . . . , u16u26}. See Figure 6.12.

Since H is isomorphic to 2P3, in order to show that H is deletion-normal, it suffices to
show that 2P3 is addition-normal, and to that end, we prove thatG is 2P3-addition-saturated.

(16) G is 2P3-free.

Suppose for a contradiction that there are two anticomplete induced copies P 1 and P 2 of
P3 in G. Let I1 = V (G) \N [V (P 1)] and let I2 = V (G) \N [V (P 2)]. Then P 1 is an induced
copy of P3 in G[I2] and P 2 is an induced copy of P3 in G[I1]. If V (P i) ⊆ V (G1) for some
i ∈ {1, 2}, then G[Ii] is isomorphic to 2P2, and so G[Ii] is P3-free, a contradiction. It follows
that V (P i)∩V (G2) ̸= ∅ for every i ∈ {1, 2}. Moreover, since G2, which is the complement of
a 6-cycle, is clearly 2P3-free, it follows that for some i ∈ {1, 2}, we have V (P i)∩V (G1) ̸= ∅.
Thus, without loss of generality, we may assume that P 1 has vertices from both G1 and G2.
In particular, we have E(P 1) ∩M ̸= ∅; say u11u21 ∈ E(P 1). There are now three cases up to
symmetry:
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• P 1 = u12-u11-u21. Then I1 = {u14, u15, u26}, and G[I1] is isomorphic to P3.

• P 1 = u11-u21-u23. Then I1 = {u14, u15, u22}, and G[I1] is isomorphic to P3.

• P 1 = u11-u21-u24. Then I1 = {u13, u15} is a stable set.

But in all three cases, G[I1] is P3-free, a contradiction. This proves (16).

(17) For every e ∈ E(G), the graph G+ e has an induced subgraph isomorphic to 2P3.

We need to prove that there are two anticomplete induced copies P 1 and P 2 of P3 in
G+ e. First, assume that e ∈ E(G1). Then there are two cases up to symmetry:

• e = u11u
1
3. In this case, P 1 = u16-u11-u13 and P 2 = u24-u22-u25 work.

• e = u11u
1
4. In this case, P 1 = u11-u14-u15 and P 2 = u22-u26-u23 work.

Next, assume that e ∈ E(G2). Then, by symmetry, we may assume that e = u21u
2
6, in

which case P 1 = u12-u13-u14 and P 2 = u25-u21-u26 work. Finally, assume that e = u1iu
2
j for some

i, j ∈ {1, . . . , 6} with i ̸= j. Then there are three cases up to symmetry:

• e = u11u
2
2. In this case, P 1 = u16-u11-u22 and P 2 = u14-u13-u23 work.

• e = u11u
2
3. In this case, P 1 = u16-u11-u23 and P 2 = u14-u24-u22 work.

• e = u11u
2
4. In this case, P 1 = u16-u11-u24 and P 2 = u13-u23-u25 work.

This proves (17).

The result is now immediate from (16) and (17). This completes the proof of Theorem 6.12.
■

Theorem 6.13. Entry 15I in Figure 1.3 is deletion-normal.

Proof. Let H be entry 15I in Figure 1.3. Let G be a graph with

V (G) =
{
uta,b : a, b ∈ {1, 2}, t ∈ {1, 2, 3, 4}

}
and E(G) = E1 ∪ E2, where

E1 =
{
uta,bu

t
c,d : a, b, c, d ∈ {1, 2}, t ∈ {1, 2, 3, 4}, a ̸= c

}
E2 =

{
uta,bu

r
a,d : a, b, d ∈ {1, 2}, r, t ∈ {1, 2, 3, 4}, t ̸= r, b ̸= d

}
.

See Figure 6.13.

Note that H is isomorphic to K2,3, so it suffices to show that G is K2,3-addition-saturated.
First, we show that G is K2,3-free. Suppose not. Then there are two non-adjacent vertices
x, y ∈ V (G) such that there is a stable set Z ⊆ NG(x)∩NG(y) with |Z| = 3. There are now
three cases up to symmetry:
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Figure 6.13: Proof of Theorem 6.13. From left to right: The graph H and its complement,
and the graph G.

• x = u11,1 and y = u11,2. Then NG(x) ∩NG(y) = {u12,1, u12,2}.

• x = u11,1 and y = u21,1. Then NG(x) ∩NG(y) = {u31,2, u41,2}.

• x = u11,1 and y = u22,1. Then NG(x) ∩NG(y) = {u12,2, u21,2}.

In particular, |NG(x) ∩NG(y)| = 2, a contradiction. We deduce that G is K2,3-free.

It remains to show that for every edge e = xy ∈ E(G), the graph G + e has an induced
subgraph isomorphic to K2,3. Again, there are now three cases up to symmetry:

• x = u11,1 and y = u11,2. Then Z1 = {u11,2, u31,1} and Z2 = {u11,1, u21,1, u41,1} are two stable
sets in G+ e such that every vertex in Z1 is adjacent in G+ e to every vertex in Z2.

• x = u11,1 and y = u21,1. Then Z1 = {u12,2, u21,1} and Z2 = {u11,1, u11,2, u22,1} are two stable
sets in G+ e such that every vertex in Z1 is adjacent in G+ e to every vertex in Z2.

• x = u11,1 and y = u22,1. Then Z1 = {u11,1, u21,1} and Z2 = {u22,1, u31,2, u41,2} are two stable
sets in G+ e such that every vertex in Z1 is adjacent in G+ e to every vertex in Z2.

This completes the proof of Theorem 6.13. ■
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