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Abstract

Order-by-disorder is a mechanism of “fluctuation-induced” ordering that occurs in many
frustrated magnetic systems where magnetic moments, or spins, are subject to competing in-
teractions. So far, this phenomenon has been discussed in systems where the quantum ground
state is not a “classical” product state. In such a case, both thermal and quantum fluctuations
act to lift the accidental classical degeneracy, raising the question of whether one mechanism of
order-by-disorder is possible without the other.

In this thesis, we present results exposing a novel route to order-by-disorder, one without
quantum zero-point fluctuations, in the ferromagnetic pyrochlore Heisenberg model with the
Dzyaloshinskii-Moriya (DM) interaction as the leading perturbation. We show that any collinear
ferromagnetic state is an exact eigenstate even in the presence of the anisotropic DM interaction,
while thermal fluctuations give rise to a preferred magnetization direction. Using linear spin
wave theory, we find that the anisotropy appears at lowest order as a sub-leading term in the
low-temperature expansion of the free energy, proportional to 77/2. Our results thus show that the
phenomenon of thermal order-by-disorder can, in principle, occur even in the absence of quantum
zero-point fluctuations driving quantum order-by-disorder. By extending our calculations to non-
linear spin wave theory, we find that the ferromagnetic ground state becomes unstable for a spin—%
system when the DM interaction is large.

Next, we ask the question of how to adequately characterize order-by-disorder in real materials,
and how to distinguish it from conventional energetic ordering. Currently, the only clear and
universal signature that has been proposed is a characteristic temperature dependence of the
fluctuation-induced pseudo-Goldstone gap. Thus far, this temperature dependence of the pseudo-
Goldstone gap has only been characterized in the classical (§ — oo) limit. Here, we use
non-linear spin wave theory to characterize the pseudo-Goldstone gap in quantum magnets at low
temperature, to leading order in 1/S. Using exact sum-rules for the magnon spectral functions,
we find that the gap exhibits a distinct power-law temperature dependence, scaling as either 79*!
or T4/?*! depending on whether the PG mode is linearly or quadratically gapless at the harmonic
level, respectively. We examine the implications of our results for several candidate materials.

The final part of this thesis examines the thermodynamic and transport properties of the
ferromagnetic pyrochlore Lu,V,07. Over the last decade, there has been immense interest in
magnetic materials that host topologically non-trivial excitations. In ordered magnetic insulators,
features analogous to those of topological insulators and semimetals can arise in the magnon
band structure, and the associated Berry phases can manifest in observable heat and spin transport
phenomena. This was unambiguously observed in Lu, V,07 in the form of a magnon thermal Hall
signal, and proposed to arise from the DM interaction. A precise value of the DM interaction is not



known, as the values obtained from fitting both thermal transport and inelastic neutron scattering
data, as well as from density functional theory, are all mutually inconsistent. Motivated by this,
we investigate the effect of additional symmetry allowed perturbations to the spin Hamiltonian of
Lu,;V,07 in an attempt to reconcile the different experimental probes of this material. We find that
the thermal transport and neutron scattering measurements are consistent with the addition of a
small second-nearest-neighbour DM interaction to the model. Conversely, we argue that existing
specific heat measurements are inconsistent with neutron scattering experiments and cannot be
reconciled with any additional exchange couplings to the bilinear spin-model in the perturbative
regime. Our results motivate future thermal transport and specific heat measurements of this
material.
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Chapter 1

Introduction

A central objective in condensed matter physics is to understand how macroscopic order emerges
from the collective behaviour of a very large number of simple constituents, such as electrons,
ions, or magnetic moments, when subject to interactions. In many ordered phases, such as
crystals, magnets, and superfluids, the order is described by spontaneous symmetry breaking,
where the order lacks some of the symmetries present in the system [3]. In a crystalline solid,
the periodic arrangement of ions arises from electrostatic interactions and breaks the continuous
translational and rotational symmetries of free space. In many conventional magnets, the mag-
netic moments break rotational symmetry in spin space, together with time-reversal symmetry.
In a superfluid, the definite phase of the macroscopic condensate breaks the U(1) symmetry
associated with the conservation of particle number. In such cases, Goldstone’s theorem provides
a fundamental connection between the breaking of a continuous symmetry and the existence of
gapless excitations, corresponding to long-wavelength fluctuations of the order parameter [4].

While spontaneous symmetry breaking has provided a central organizing principle for un-
derstanding ordered phases of matter—the so-called “Landau paradigm”—order does not need
to arise solely from symmetry principles. In fact, a somewhat counterintuitive scenario exists
where the development of long-range order is assisted by the presence of quantum or thermal
fluctuations. This situation is broadly referred to as order-by-disorder, occurring when com-
peting interactions result in a set of “accidentally” degenerate ground-states that are not related
by symmetries. These accidental modes may still manifest as low-energy excitations, although
their robustness and physical origin differ markedly from those mandated by symmetry breaking.
Analogous to the gapless Nambu-Goldstone modes arising from continuous symmetry break-
ing, accidental degeneracies give rise to nearly gapless pseudo-Goldstone modes when these
degeneracies are weakly lifted by fluctuations [5].



Another circumstance, falling outside the scope of the Landau paradigm, is the emergence
of topological order. These topological phases of matter develop non-local order described by
topological invariants that remain robust to local deformations of the system at hand. These
so-called topological phases of matter can exhibit peculiar transport properties, localized edge
states, fractionalized excitations, and long-range entanglement [6—9]. While initially considered
in the context of electronic systems, interest has recently grown in understanding how topology
manifests in the collective excitations of materials. One particular manifestation is the thermal
Hall effect, a transverse thermal conductivity k., in the presence of a temperature gradient,
analogous to the well-known electronic Hall effect.

Over the last several decades, frustrated magnetic systems have proven to be fruitful ground in
the study and realization of non-conventional order. The inherent competition between interac-
tions in such systems often prevents the selection of a unique ground state, leading to degeneracies
and enhanced fluctuations. In addition, deviations of the local magnetic order, known as spin
waves (or magnons), can acquire nontrivial topological character due to the complex interplay
between lattice geometry and spin-orbit coupling.

In this thesis, we will use frustrated magnetic systems as a platform to study order-by-disorder
and the magnon Hall effect. This chapter provides a brief overview of order-by-disorder and the
magnon Hall effect in these systems, motivating the projects presented in the remainder of this
thesis.

Order-by-disorder

In many frustrated magnetic systems, the classical ground state is not uniquely determined by the
Hamiltonian. Instead, a continuous manifold of degenerate configurations may emerge, owing to
the competing interactions and geometric constraints that prevent the simultaneous minimization
of energy on local bonds. In cases where this degeneracy is accidental, i.e., the states are
not related by symmetry, the conventional approach of energetic selection mechanisms fails to
distinguish a preferred ordered state, whereas fluctuations serve to stabilize a particular subset of
configurations. This phenomenon is known as order-by-disorder (ObD),' originally proposed by
Villain [10].

ObD comes from the idea that some degenerate configurations support more low-energy
excitations than others. Operationally, the selected configurations minimize the free energy,
which includes both entropic contributions at finite temperature and the quantum zero-point

IThe “disorder” part of order-by-disorder comes from the association of thermal fluctuations with entropy;
however, it should really be thought of as “order-by-fluctuations”.



energy. Perhaps the simplest magnetic model that exhibits ObD is a ferromagnetic square-lattice
compass model, defined by the Hamiltonian [11]
2 X X Z _Z
H=-Js?Y (ohot, +oiot, ), (L1)
r
where o, are Pauli operators and J > 0. The classical ground states of Eq. (1.1) are highly
degenerate, corresponding to any collinear ferromagnetic configuration in the square lattice plane,

with energy —JNS?. Notably, however, this model does not have any continuous symmetry. To
leading order in a 1/S expansion, the magnon dispersion is [11]

(o) = 4J\/1 — cos? ¢ cos k, — sin® ¢ cos ky, (1.2)

with ¢ representing the in-plane angle of the configuration, from which we can compute the
corresponding free energy

F(¢) =—JNS(S+1) + Z
k

gek(¢) + kgT In (1 - e—56k<¢>/kBT)] , (1.3)

which notably, depends on the configuration angle ¢. The free energy expression is minimized for
the four angles ¢ = nx/2, lifting the accidental degeneracy. The first term in Eq. (1.3) represents
the quantum zero-point energy, while the second term is the “thermal” contribution to the free
energy. While it is often the case that both the thermal and quantum zero-point fluctuations select
the same subset of configurations, these two mechanisms of fluctuations may instead favour
distinct long-range order. Chapter 3 of this thesis focuses on the relationship between thermal
and quantum zero-point fluctuations in magnetic systems.

Although there are a large number of magnetic models that exhibit order-by-disorder, a
natural question arises of what the experimental signatures of such an effect would be. A quick
inspection of Eq. (1.2) indicates that the magnons are gapless, despite the lack of a continuous
symmetry. This gapless magnon corresponds to the pseudo-Goldstone (PG) mode associated
with the accidental degeneracy. Mediated by ObD, this PG mode must acquire a gap, serving
as a signature that can, in principle, be observed in an inelastic neutron scattering experiment.
Formally, this gap appears due to magnon-magnon interactions, which are not accounted for in
Eq. (1.2). The topic of Chapter 4 is the signatures of these PG gaps in frustrated quantum magnets
that exhibit ObD at finite temperatures. A more comprehensive overview of ObD is provided in
Sections 3.0 and 4.0.

The magnon Hall effect

Magnons, the basic excitations in magnetic materials, have a well-defined spectrum and corre-
sponding Bloch wavefunctions when translational symmetry is present. It was first predicted by

3



Figure 1.1: Schematic depicting the thermal Hall effect. A temperature gradient 67 produces a
heat current j, in the material with both longitudinal and transverse components.

Katsura et al. that magnons can acquire nontrivial topological order due to intrinsic spin-orbit
interactions of magnetic ions [12]. In many instances, the consequence of this topological order
is an associated anomalous Hall effect. While magnons are electrically neutral, such an effect
is observable in thermal transport measurements, as a transverse heat current in response to a
thermal gradient VT, known as the thermal Hall eﬁfect.2 In such an experiment, the heat current
density j, is related to the thermal gradient by the linear-response

Jo=—kVT, (1.4)

where « is the thermal conductivity matrix. In this context, the thermal Hall effect arises from the
antisymmetric components of the linear-response matrix (e.g. kyy). In practice, the topological
character of the magnon band structure is encoded in the momentum space Berry curvature
7-}(;) (k) that induces an anomalous velocity to the magnons. Matsumoto and Murakami showed
that the intrinsic thermal Hall conductivity of magnons is [13, 14]

kT
kay = =30 ) caln(eea) T (K). (1.5)

C
k.,a

where c; is a weighting function that captures the thermal population of magnons. A schematic
of the thermal Hall effect is depicted in Fig. 1.1.

2The thermal Hall effect of magnons is often shortened to the “magnon Hall effect”.
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Figure 1.2: The pyrochlore lattice, consisting of a network of corner-sharing tetrahedra.

The magnon Hall effect was first measured by Onose et al. in a single crystal of the pyrochlore
ferromagnet Lu; V,07 [15]. Following this discovery, the magnon Hall effect has been measured
in a growing number of materials [16—18] and theoretically proposed to occur in a large number
of other magnetic systems [19]. The magnon Hall effect exemplifies how topological band theory
can be extended to charge-neutral bosonic excitations, with implications for both fundamental
physics and the development of energy-eflicient technologies [20]. Chapter 5 of this thesis focuses
on the magnon Hall effect in the pyrochlore ferromagnet Lu,V,07, with more comprehensive
details about this material discussed in Section 5.0.

The pyrochlore oxides

Pyrochlore oxides, with chemical formula A;B,07, are a family of materials that have emerged
as a versatile platform for the study of geometric frustration and exotic collective phenomena.
A defining feature of these compounds is that both the A and B cations form interpenetrating
pyrochlore lattices, consisting of corner-sharing tetrahedra (see Fig. 1.2). When one (or both) of
the cations is magnetic, this geometry tends to frustrate simple magnetic ordering, giving rise to
a wide variety of unconventional magnetic phases (see Refs. [21-23] and references therein).

Among the most studied subclasses are the rare-earth pyrochlores, where A is a trivalent rare-
earth ion and B is typically a transition metal. These systems often evade conventional magnetic
order down to millikelvin temperatures due to competing dipolar, exchange, and anisotropic



couplings, which arise due to strong spin—orbit coupling and crystal electric field effects. The
most prominent of these materials is arguably the classical spin ices Ho,;TioO7 and Dy, Ti; Oy
[24-33].

Each project presented in this thesis is unified by its focus on pyrochlore oxide materials,
of which there are several candidate materials that exhibit ObD and/or topological magnons. A
detailed overview of the remainder of this thesis is presented in the following section.

Overview of this thesis

In this thesis, three original research projects are presented on the topics of ObD and the thermal
Hall effect in frustrated magnetic systems. The main method used throughout this thesis is
spin wave theory, the topic of Chapter 2, which discusses many of the technical details that are
employed in the later chapters. Chapters 3 and 4 focus on some fundamental theoretical questions
about ObD in frustrated magnets. The topic of Chapter 3 is the role of quantum versus thermal
fluctuations in magnetic systems that exhibit ObD. Here, a detailed example of a system that
exhibits ObD in the absence of any quantum zero-point fluctuations, a novel situation that has
not been discussed previously, is presented. Chapter 4 focuses on the physical characterization
of ObD in real materials, and how to distinguish it from conventional energetic ordering. We
argue here that a universal temperature-dependent gap in the magnon spectrum can serve as such
a signature, and we provide several examples of pyrochlore oxides that can serve as candidate
materials. Chapter 5 studies the thermodynamic and anomalous transport properties of the
pyrochlore oxide Lu,V,07, which, as noted previously, exhibits the magnon Hall effect. It is
argued that the currently accepted magnetic model for this material fails to be simultaneously
consistent with several experimental observations, leading to an excess of thermal conductivity
and specific heat. Finally, Chapter 6 consists of a summary and outlook on the work presented in
this thesis.



Chapter 2

Spin wave theory

Elementary excitations in solid state physics are the key to understanding the low-temperature
properties of matter. Indeed, their energy and lifetime are deduced from the real and imaginary
parts of the complex pole of the related Green’s function (propagator) that can be experimentally
investigated through its relationship with correlation functions via linear response theory. In
systems with conventional magnetic order, these elementary excitations are spin waves, corre-
sponding to coherent fluctuations of the localized magnetic moments, or “spins”, that propagate
through a material, mediated by magnetic interactions, such as exchange interactions, dipolar
forces, and external magnetic fields. The quantum of such an excitation is referred to as a

magnon.”

While some content is repeated in the self-contained appendices/supplemental material of
Chapters 3, 4, and 5, the purpose of this chapter is to provide an overview of the general methods
in quantum many-body physics used in the remainder of the thesis in a manner that is more detailed
and complete than the remaining chapters. In this spirit, the chapter is written in a somewhat
technical manner. Spin wave theory is first formalized by introducing the Holstein-Primakoff
expansion and linear spin wave theory in Section 2.1. In Section 2.2, linear spin wave theory is
extended to include magnon-magnon interactions perturbatively at finite temperature.

2.1 Magnons

The concept of magnons (spin waves) was first introduced by Bloch in 1930 [34], shortly after the
advent of quantum mechanics, to explain the thermal reduction of spontaneous magnetization in

3Throughout this thesis, the terms spin wave and magnon are used interchangeably.
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ferromagnets. This was formalized by Holstein and Primakoft [35], and later by Dyson and Maleev
[36, 37], who introduced bosonic representations of spin operators that we now know as spin wave
theory. A key advantage of representing spin operators as bosons is that the resulting commutation
relations involve complex numbers, rather than operators, which is crucial for building a series
expansion of the Green’s function in a systematic way. These representations describe the low-
energy properties of systems with a magnetic ordered ground state by systematically embedding
quantum and thermal fluctuations onto a classical product state, from which we may subsequently
calculate physical observables of interest. Over the decades, spin wave theory has evolved into a
central tool in quantum magnetism, offering deep insights into the thermodynamic, transport, and
dynamical response of a wide variety of magnetic materials. It has also played a pivotal role in
our understanding of dynamics and the statistical mechanics of magnetic excitations in insulating
magnets [38].

For the remainder of this chapter, we discuss magnons in the context of a generic bilinear
spin-S model
1 T
H= 2 DD I A S S 2.1)
rr’ ab
where r represents the position of a magnetic unit cell, a is a sublattice index, and the matrices

J 5 . describe the magnetic exchange interactions. It is worth noting that the form of Eq. (2.1)
describes the most general case of a non-Bravais lattice, such as the pyrochlore lattice.

The Holstein-Primakoff representation

The most widely used approach to spin wave theory is the Holstein-Primakoff transformation,
where spin operators are represented as

R n 1/2 . Ny, 1/2 .
Sra=(S=nra)éap+VS [(1 -S4) apgla+al, (1-52) ea,+] L2

Here, n, , = ai,aaw and the vectors €, . = (€, iéa,y)/\/i, €, define a local reference frame
with respect to the classical ordering direction €, (i.e. €, X é,,, = €,), typically chosen to be
a classical ground state. The Holstein-Primakoff transformation, as written in Eq. (2.2), is exact,
and one can check that the bosonic commutation relations are obeyed

+

[ar’a, ar,7b] =0, [ar’a, ar,’b] = OabOrr . (2.3)

Using the exact representation in Eq. (2.2), however, proves challenging as the transformation is

. . . 1/2
non-linear, owing to the terms proportional to (1 — 5:) /

. These terms are important, as they
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enforce the “spin-length” constraint, requiring that the spectrum of the spin operators is bounded
between —S and S, which restricts the boson subspace to n, , < 2S. In practice, the term under
the square root is expanded in a power series and truncated at some order. The spin-length
constraint then produces a series of effective magnon-magnon interactions which can be included
as perturbations to a single-magnon Hamiltonian. Formally, this is an expansion in inverse spin
quantum number 1/S, leading to a series representation H = S I S™2H,. To O(S°), the
(normal-ordered) magnon interactions are given by

I%:N@+é)m, 2.4)

Hy = \/FLZ [L“ag’a +Zaa0’a] , (2.5)
7

= %Z Z [Aibaz,aak,b vA%a, at v BPal at B aan, 2.6)

s = 2v\/_%:;; [T’?l:; @} a1y ks + Thoq @ g o qbaka] : 2.7

1 o+

abcd T T abcd i

N. Z Z [ (21)2 Vkg.0%+0.a%-0.5%.cO%.at 3 3] (Dk 0.0%% aaq baQ,cak+q+Q,d + HC)] ’
kqQ abcd

(2.8)

where N = N.N; is the number of spins in a system with N, primitive unit cells and N; spins per
unit cell, S%¢, is the energy per spin of the classical configuration, and the Fourier transform is
definedasa, = (N.)"'? 3, e*7a, .

In order to simplify the perturbation theory that will be introduced later, it is convenient to
require that the interaction vertices must be symmetrized to appropriately match the commutator
relations of the quasiparticle operators. For example, the three-body term is proportional to
T,fbc " ala . The two creation operators a' commute, which implies that the three-body

q k a q,b" k+q,c
vertex must satisfy

Tiq =Tg%" (2.9
In a similar manner, the four-particle vertices have the symmetrization properties:
bed bd bacd bad dcb *
Va,ch V;k é+k q =V, ,‘;Cq—k—Q Vq(;( CQ [Vk.'C.Qaq 0, Q] s (210)
Dabcd Dacbd Dbacd Dcabd Dbcad chad (2 1 1)

k.q.Q  TkQq TqkQ " T0kg T Tq0k T T04qk



The symmetrized interaction vertices that satisfy Egs. (2.9)-(2.11) are found to be

€= oy Zj;,ab, (2.12)
Z A (2.13)
AL = Gty = Sab Z e (2.14)
BY = 3. (2.15)
i = =60c Ty oy = OacTy pas (2.16)
VI?Z‘Z ;5ac§bd («Ze —q+Q.ab t jk+q 0. ba) + ;561615176 (+~TQ00ab + jQ ba)
- % (806800 T¢' 9 0t + Sacbaa Ty g pa + Sar0aaTgine + SarbacTiina)»  217)
DYy = 5 (00w Ty + actuaTyfu + SurdasTgL). @18)

where the Fourier transform of the local exchange matrices is defined as

VPED AN o (2.19)

o

with u, v = 0, + and the sum is taken over all bond vectors & connecting sites of type a to sites
of type b. Note that the one-magnon vertex L“ vanishes so long as the classical configuration
energy € is at a local minimum.

The Dyson-Maleev representation

Another bosonic representation of spin operators introduced by Dyson [36] and Maleev [37] is
given by

Sra=(S=1ra)8ao+ VS [(1 - ”2’—;) ay y8a+ albas|. (2.20)

with the restriction that physical states must satisfy n, , < 2S. This transformation avoids the
use of a square root and therefore remains exact without the need for an infinite power series
expansion of the number operator n, ,/2S, producing at most a three-magnon interaction for a
general bilinear spin Hamiltonian. The downside to this transformation is that it is non-Hermitian,
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as we can see from Eq. (2.20), the raising and lowering operators ;. , = \/ié;iS r.a are no longer
hermitian conjugates of each other.

Dyson showed that although Eq. (2.20) turns the spin Hamiltonian into a non-hermitian
operator, the matrix elements between physical spin states are preserved when restricted to
the physical subspace n,, < 2S. Furthermore, Dyson argued that relaxing the constraint to
allow for unphysical states (n,, > 2S5) does not modify the leading power-law contributions to
observables at low temperatures. In particular, he showed that for a Heisenberg model, the effect
of unphysical boson states is always less than e=87¢/T where T¢ is the Curie temperature and g is
a constant independent of temperature [39], while a similar statement cannot be extended to the
Holstein-Primakoff representation.

Historically, the Dyson-Maleev representation was used extensively in the study of two-
magnon bound states [36, 40-47]. This representation is particularly well suited for the study
of Heisenberg models, which can be written in an exact form that contains only a four-magnon
interaction using Eq. (2.20) [39]. Nonetheless, this representation will not be employed further
in this thesis, as the Holstein—Primakoff representation is sufficient for the scope of the work
presented here.

Linear spin-wave theory

The linear spin wave Hamiltonian results from truncating the Holstein-Primakoff expansion at
O(S) [Egs. (2.4)-(2.6)] about a configuration corresponding to a classical ground state

a 1 a
H=NSea+Sy. [Akba;aak’b +5 (Bitay o', +He)|+0(s). @21
k ab
It is then convenient to rearrange the coefficients into matrix form
N Ax By (a
H=NS(S+1)ea+ Z ([a};] T ajk) (B* AT ) (,ﬁk ) +0(S'?). (2.22)
k k -k -k

We may diagonalize Eq. (2.22) by introducing a new set of bosons b, , such that

ap\ _ b,
)i

Note that we have allowed for the new operators b, to be constructed from linear combinations of

both @, and a' ko> Which is the most general linear transformation that conserves momentum.
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By requiring [bk o0 b] = 0 and [bka,b'}; b] = J04p, We obtain the defining “para-unitary”

condition for the boson Bogoliubov transformation [48]
T3 = 03T, 03, (2.24)
where o3 = diag(I, —I) is a block Pauli matrix. Combining Egs. (2.22)-(2.24), we find

S : . [Ax By b, U
H:NS(S+1)601+§Zk:([bk]T bjk)aﬂ; 03(32 Aik)(r"(bik +0(S?). (2.25)

The linear spin wave energies and corresponding wavefunctions are therefore determined by
diagonalizing the 2N, X 2N, boson Bogoliubov-de Gennes matrix [49]

Ay By )

b (2.26)
_Bk _AIk

0'3Mk E(

with the columns of 77, being made up of the eigenvectors of o3 M, a generally non-Hermitian
matrix. Based on the definitions in Eqgs. (2.14) and (2.15), this matrix satisfies

0'1Mk0'1 = MIk, g1 = (g (I;) (2.27)

This can be viewed as an effective “particle-hole” symmetry, in analogy with electronic systems,
and guarantees that the eigenvectors of Eq. (2.26) come in pairs Vi , and Wy , = 01V_g 4 [50],
with eigenvalues ieik,u.4’5 These make up the columns of the transformation matrix, i.e.

| | | |
Te=|Vear - Vin, Wia -+ Win

s

“Here, V_k,u represents the complex conjugate of V_g ,.
>To see this, multiply the complex conjugate of the eigenvalue equation o3 M V-ka =€k aV-kabyoron
the left, to obtain

(2.28)

030 MT, 0101V k4 =€k a01V k.a

where we have used the anticommutator relations {a',-, o J-} = 20;;. Using Eq. (2.27), we find

oMoV g a=—€ka01V_ka-
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To satisfy Eq. (2.24), the eigenvectors are chosen to satisfy the para-orthogonality conditions

V; .03V, = +0ab, (2.29)
Wi o3W, = =bap, (2.30)
vV} o3W,, =0. (2.31)

It follows that the spectral decomposition for the matrix My is

M= o3 (6 ViaViat € eaW iaWiia) o (2.32)

a

The linear spin wave Hamiltonian then takes the diagonal form

N
H=NS(S+1)eq + NSequ + S Z Z € ubh by, +O(SV2), (2.33)
k a=1

where the quantum zero-point energy (per spin) is

Sequ = iN Z Z € a (2.34)

We may subsequently calculate the free energy (per spin) to O(S) at temperature 7 as

F(T) = S(S + 1)eqt + Sequ LI Z Z In ( ka-a/kBT) +0(S'?).  (235)

Some other quantities of interest in linear spin wave theory include the internal energy (per spin)

(H) = S(S+ 1)eq + Sequ + Z Z +0(SY?), (2.36)
a=1 exp( -1

the specific heat (per spin)

T
= +0(5'?), (2.37)




and the reduction of the ordered moment (per spin)

S ey = g LSS Lo @)
A L) _ |

While linear spin wave theory often provides a useful description of the excitations of quantum
magnets at low temperature, it neglects interactions between magnons (e.g., Egs. (2.7) and (2.8))
that become increasingly important at finite temperature or in low-spin systems. In the following
section, we develop a perturbative framework to systematically include these corrections to
leading order in 1/S.

2.2 Perturbation theory

A particularly powerful approach for modelling finite-temperature quantum many-body systems
is the imaginary-time (Matsubara) formalism [51], which reformulates the partition function
in terms of a path integral evaluated along an imaginary time axis. This framework naturally
encodes thermal effects in the calculation of physical correlation functions. In this formalism,
the imaginary-time single-magnon Green'’s function (or propagator) is defined as

)
with components
(k7 — T)—<T a, (Ta} b(7)> (2.40)
ap (kT =7) < raly (Da_ kb(r)> (2.41)
(kT - 1) = <T at, (al, @ )> (2.42)
Gk t—7)= <T7ak’a(r)a_k’b(r’)>, (2.43)

where (- -+ ) = Tr [(-- - )e H#/*sT| / Tr [e~H/*8T| is the ensemble average and T is the imaginary
time ordering operator, with time increasing from right to left [52]. For example, Eq. (2.40) is
calculated as

a(k,T=7)=60(t-1) <ak,a(7')a;b (‘r’)> +0(7' - 1) <a;b (T/)Clk’a (‘r)> . (2.44)
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The Fourier transform over the imaginary time variable is defined as

(ksT)™! . .
ko) = [ dreenghiien.  Glkn = kal Y e Gl (ko)

(2.45)
where w, = 2nnkgT are the bosonic Matsubara frequencies.

Green’s functions in linear spin wave theory

For the purpose of perturbation theory, we first solve for the propagators in linear spin wave theory,
from which we can subsequently calculate corrections due to magnon-magnon interactions. For
this task, it is useful to express the Bogoliubov transformation 7, of Eq. (2.23) as a block matrix
[49]

X, Y
T = ( ke ) : (2.46)
=y, X4
This allows us to express the Bogoliubov quasiparticles as
ak,a = Z [chbk,c +Yc—lcl;bik,c] . (247)

Cc

We define the bare Green’s functions® as

g (kT - < o (Dal (@ )>0 (2.48)
gkt —1) = < (D b(r')>0 : (2.49)
gt (kT —7) —< waty, (T)akb(T)>0, (2.50)
¢ (k7 —1) = <T7ak,a(7)a_k’b(r')>0, 2.51)

where (- - ) refers to the ensemble average with respect to the linear spin wave Hamiltonian in
Eq. (2.22). A direct calculation of the propagators in the energy eigenbasis leads to

(kT)~! . Oab
1o o <T b (! o> _ Oab 2.52
/0 Te ka(T) b( ) —iwy + S€x 4 ( :
/(kBT) 4o it <T ey (0)> _ Oab (2.53)
A Te 0 ka\VP-k '\ T W+ S€_ka |

%Here, bare means “without interactions”.
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while <T,b*_k,a(r)b;b(0)>0 _ <Trbk’a(r)b_k’b(0)>0 = 0. It follows that the bare Green’s
functions are

[ xac ybe yacybe
oy _ kK 'k -k~ -k , 2.54
8ap (k. iwn) Zc: —lwy + Seg e Twy+ S€ g o
yacybe Yac xbe
(kL _ k "k —k” —k , 2.55
gab( lwn) Z _—l.a)n + ka,c i(,()n + Sf_k’c_ ( )
yac xbe xacybe
i k,. _ k 2k k" -k , 2.56
8ap (k> iwn) Z | —iwn + Sk iwn+Se g =
xacybe yac xbe
(ki _ k Lk -k -k ) 2.57
8ap (K- iwn) Z | —iwn + Sk iwn+Se k| =
(2.58)
Organizing these into a matrix, we find
+ f
(ki) = (£ B on) &~ (oien)) 0 Tl Poec¥ore) (5 5,
EVEAO) =\ gt (kyiw,) g7 (kyiwy) =\ —iwn +Seke  iwn+ Se g |

Comparing Eq. (2.59) to Eq. (2.32), we see that the bare Green’s function takes the simple form
g(k,iwy,) = (miw,o3 + SMy) ™. (2.60)

To “dress” the Green’s function and incorporate interactions, we introduce the self-energy oper-
ator.

Magnon self-energy

In non-linear spin wave theory, the magnon-magnon interactions are encoded perturbatively in the
imaginary time self-energy X(k, iw,). This arises from a generalization of the Dyson equation
to systems where particle number is not conserved, relating the full Green’s function to the bare
versions, to include both normal and anomalous blocks.” The Dyson-Gor’kov equation is [49]

G(k,iw,) = g(k, iwy) [1-X(k,iw,)G(k,iw,)], (2.61)

"Here, normal refers to the number-conserving blocks of Eq. (2.22) (i.e. terms proportional to a'a and aa) and
anomalous refers to the number-non-conserving blocks (i.e. terms proportional to a’a’ and aa).

16



where we have defined the self-energy to have the same block structure as the Green’s function

YXtk,iw,) X (k,iw,)

Rk i0n) =\ gt (ki) B (k. i) ]

(2.62)
The Dyson-Gor’kov equation Eq. (2.61) arises directly from the equations of motion of the Green’s
function and perturbation theory, effectively summing an infinite series of interaction processes
into a compact form that captures how quasiparticles propagate while being renormalized by
interactions [49, 53]. Solving Eq. (2.61) for the full Green’s function, we find

G(k,iwy,) = [g(k,iw,)™" + E(k, iwn)]“ = [—iw,03 + SMy + X (k,iw,)] ™" . (2.63)

Interactions may therefore be included by calculating the self-energy perturbatively in the limit
1/S — 0. To do this, it is useful to introduce diagrammatic representations of the Green’s
functions and self-energy. In this context, the bare propagators are represented as lines with
directed arrows:

k,iw,

grkjivy) > a—>—"" >}, (2.64)
g (kyiwy) — @ — < oy (2.65)
gt (kiwy) — @ — < sy (2.66)
g (kiwy) = a—> ey (2.67)

while each of the vertices in Eqgs. (2.7) and (2.8) are represented as

—abc k+q
Tk,q s C N

abcd
Vk,q,Q
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The self-energy then corresponds to the sum of all one-particle irreducible® diagrams with two
external legs [53]. As one expects in perturbation theory, we can truncate this infinite sum to
some finite order of the expansion parameter at hand. In the case of spin wave theory, the leading
0(S) contribution to the self-energy can be represented as the sum of three classes of diagrams
[53]

Yy — H F + . + Q , (2.68)

constructed from both three- and four-magnon interaction vertices. In general, these diagrams
carry a conserved wavevector and frequency (k,w), and sublattice indices, and include both
normal and anomalous propagators. The explicit evaluation of these diagrams is provided in
Appendix A.

Real-time Green’s functions

Oftentimes, we are interested in the real-time retarded (advanced) Green’s functions GR(A) (k,w),
defined respectively as

GRN (e, ) = / dr ei‘”tQ(-!_-t)<:ak,a(t),a£,b(0)]>, (2.69)
GRO* (k, w) = 7i / dr e (|al, ,(0.a_,,0)]), (2.70)
GRN** () = i / dr eiwfe(iz)< aik’a(t),a};’b(O)D, @2.71)
GRN= (e, w) = 7i / dt e'0(0) (|ag (1,0, 0)]). (2.72)

80ne-particle irreducible diagrams are those that cannot be disconnected into two distinct self-energy diagrams
by cutting a single internal propagator line.
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The Green’s functions in real-time and imaginary time can be related by analytic continuation.
This amounts to the replacement iw, — w +i0" for the retarded and advanced Green’s functions,
respectively. In particular, we have [53]

G (k,w) = -G(k,iw, — w+i0"). (2.73)

The details of spin wave theory developed in this chapter are used throughout the remainder of
the thesis. In Chapter 3, linear spin wave theory is used to characterize ObD in the system at hand,
while non-linear corrections are included perturbatively to characterize the stability of magnetic
order. In Chapter 4, the finite-temperature self-energy operator is computed to characterize the
fluctuation-induced gap in systems with ObD. In Chapter 5, linear spin wave theory is used to
calculate the thermodynamic and anomalous transport properties of Luy,V,07.
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Chapter 3

Order-by-disorder without quantum
zero-point fluctuations

3.0 Preface

Order-by-disorder (ObD), where competing interactions lead to a collection of “accidentally”
degenerate ground-state configurations that are not protected by any symmetries, arises naturally
in many frustrated magnetic systems. The absence of symmetry makes the system susceptible to
selecting a subset of degenerate configurations due to fluctuations, both thermal or quantum in
origin. Although such fluctuations are often viewed as mechanisms that undermine the stability
of conventional long-range order [54], ObD can occur when the level of frustration is present but
not overwhelmingly strong [55].

Throughout the existing literature on ObD, there is typically a distinction made between
ObD arising from either thermal or quantum fluctuations. Although these two mechanisms of
ObD often select the same magnetic order [56-59], there are a number of previously studied
circumstances where this is not the case [60—63], leading to an additional degree of competition
between different magnetic orders. Therefore, to obtain a comprehensive understanding of the
ordered phases at finite temperature, it is generally necessary to treat both thermal and quantum
fluctuations on the same footing.

The motivating question for this chapter is whether ObD via one mode of fluctuations is even
possible without the other present. In the published work contained in this chapter, this question
is addressed by studying the ferromagnetic pyrochlore Heisenberg model with Dzyaloshinskii-
Moriya (DM) interactions. In particular, we present the completely worked out example of
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ObD on the pyrochlore lattice with nearest-neighbour DM interactions. For a wide range of
parameters, the ground state of this model is a simple collinear ferromagnetic configuration. It is
demonstrated that such a system exhibits thermal ObD in the absence of any quantum zero-point
fluctuations, as the exact ground state of the model is a product state. In addition, the stability
of the magnetic order in the model considered in the quantum limit for an S = % system using
the non-linear spin wave theory developed in Chapter 2. It is proposed that these results should
extend to a more general class of anisotropic Heisenberg ferromagnets.
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Order-by-disorder without quantum zero-point fluctuations in
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Order-by-disorder, whereby fluctuations lift an accidental classical ground state degeneracy
to stabilize a subset of ordered states, is a recurrent and prominent theme in the field of frustrated
magnetism, where magnetic moments, or spins, are subject to competing spin-spin interactions.
Thus far, such a phenomenon has been discussed in systems where the quantum ground state is
not a “classical” product state. In such a case, both thermal and quantum fluctuations act to lift
the accidental classical degeneracy, begging the question of whether one mechanism of order-
by-disorder is possible without the other. In this paper, we present results exposing an uncharted
route to order-by-disorder, one without quantum zero-point fluctuations, in the ferromagnetic
pyrochlore Heisenberg system with the DM interaction as the leading perturbation. We prove that
any collinear ferromagnetic state is an exact eigenstate even in the presence of the anisotropic DM
interaction, while thermal fluctuations give rise to a preference in the magnetization direction.
Using linear spin wave theory, we find that the anisotropy appears at lowest order as a sub-leading
term in the low-temperature expansion of the free energy, proportional to 77/2. Our results
thus show that the phenomenon of thermal order-by-disorder can, in principle, occur even in the
absence of quantum zero-point fluctuations driving quantum order-by-disorder — this being so
in particular when the accidentally degenerate ground state of the classical model turns out to
be an exact eigenstate of the quantum version of the model. However, and in addition, we find
that when the DM interaction is large, the fully polarized ferromagnetic ground state becomes
unstable for a spin—% system within the framework of non-linear spin wave theory, a result that
is presumably closely related to the recent report of a quantum spin liquid in this spin—% model
at D/J = 2 reported in [Lozano-Gémez et al., Proc. Natl. Acad. Sci. USA 121, e2403487121
(2024)].

* These authors contributed equally to the project.
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3.1 Introduction

In correlated many-body systems with competing or frustrated interactions, thermal and quantum
fluctuations may suppress the development of a symmetry-breaking transition to long-range order
down to extremely low temperatures and, in some cases, completely prevent it [22, 54, 55, 64—69].
This observation, however, does not mean that the presence of such fluctuations only has the effect
of undermining the development of long-range ordered phases. Indeed, a contrary and at first
sight seemingly paradoxical scenario may arise where the long-range order can be assisted by the
presence of quantum or thermal fluctuations, when the level of frustration is “not too high” [55],
a phenomenon known as order-by-disorder [10, 56, 70]."!

The study of frustrated magnetic systems has proven to be fruitful ground in the study
and realization of this phenomenon, where competing exchange interactions result in a set of
“accidentally” degenerate ground-state configurations at the classical level that are not protected
by symmetries of the Hamiltonian [56, 71, 72]. Thanks to the lack of any symmetry protecting
this ground state degeneracy, the system becomes prone to selecting a subset of configurations
within the degenerate manifold of classical ground states due to spin fluctuations at temperature 7.
These fluctuations can be both thermal (7 > 0) or quantum (7" = 0) in origin. In the thermal case,
first discussed in Ref. [10], a subset of the degenerate states is selected at 7 = 0* by maximizing
the entropy associated with fluctuations about the ultimately “selected” ordered magnetic moment
direction [73]. Conversely, the lifting of degeneracy at the quantum level [71, 74] occurs as a
result of perturbative corrections to the ground state energy, relative to the classical model, from
an inherently semi-classical description of a quantum many-body system [75] — the true ground
state of the quantum model not having any accidental degeneracy to lift in the first place.'”

Despite the distinction between thermal and quantum fluctuations, both of these routes to
fluctuation-induced selection are referred to colloquially as order-by-disorder (ObD). Over the
last five decades, there has been a large body of theoretical work focusing on models which exhibit
thermal ObD [10, 57, 72, 73, 76—84] or quantum ObD [70, 71, 74, 85-105]. In this context, it has
been commonplace in the literature to focus on a single mechanism of fluctuations, either thermal
or quantum. While it is often the case that both quantum and thermal fluctuations select the

Since frozen random disorder can also lift the accidental classical degeneracy of the parent disorder-free
system [56, 64], the term order-by-disorder may be confusing in this context and should perhaps be referred to as
“order-by-fluctuations”.

12From that perspective, and as the present work illustrates through the specific model considered, quantum order-
by-disorder (T = 0) is not per se a “real” physical phenomenon. Rather, it is a statement reflecting a mathematical
procedure that perturbatively corrects the approximation of a classical (direct product) ground state for a quantum
spin model. Conversely, thermal order-by-disorder (7" > 0), being driven by “real” thermal fluctuations, can be
viewed as a genuine physical phenomenon.
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same configurations [56—59], these two mechanisms of fluctuations may instead favour distinct
long-range order, resulting in an additional transition between two ordered states at T < T,
where T is the paramagnetic critical temperature [60—63]. This implies that, in the most general
case, both thermal and quantum fluctuations ought to be accounted for to obtain a comprehensive
understanding of the selected ordered phases at finite temperature. We note that the lifting of
degeneracy due to quenched random disorder can also be referred to as ObD [64, 106—113]. This
is, however, a distinct physical mechanism that is not considered in this paper.

While there is an abundance of theoretical work about ObD in spin models, the prevalence
of material realizations of ObD is still not fully appreciated. So far, there is only a handful of
real materials in which experimental evidence for ObD exists. Examples of magnetic materials
where ObD selection is somewhat compelling include Er,TioO7 [97, 98, 114—1 17],"% CoTiO;
[118], SrpCu304Cl, [119], FepoCasz (GeOa)s [120], YbaGeyO7 [121], RbFe(MoOy), [122, 123],
BazCoSb,0g [124], NaYbSe; [125] and BaCoS; [126]. However, it is perhaps fair to say that
in no case has ObD being at play in these systems been definitively established. This is because
there is no agreed-upon “smoking gun” evidence that ObD is operating in a material without
proceeding to quantitatively relate experimental results with theoretical calculations predicting
ObD for the spin model argued to faithfully describe the material under consideration [58].

To the best of our knowledge, all known examples of ObD selection in magnetic systems
where both quantum (7" = 0) and thermal (T > 0) ObD have been studied, exhibit both of these
effects.'* Naturally, this leads to a fundamental question surrounding our current framework
for understanding ObD: does the existence of thermal ObD necessarily imply the existence of
quantum ObD? Or, can we have one form of ObD without the other? In the present work,
we address this question by studying the ferromagnetic pyrochlore Heisenberg model with an
additional anisotropic Dzyaloshinskii-Moriya (DM) interaction as the leading perturbation. In
particular, we present the completely worked out example of ObD on the pyrochlore lattice with
nearest-neighbour DM interactions. For a wide range of parameters, the classical ground state
of this Hamiltonian is a uniform collinear ferromagnet. As our principal result, we show that
this system displays a purely thermal ObD selection, while quantum ObD selection is absent
at zero temperature. This illustrates that thermal ObD can, in principle, exist independently of
quantum ObD in a quantum magnetic system. We investigate how the ground state degeneracy
is lifted due to thermal fluctuations, using both classical and quantum calculation methods, to
provide insight into the order parameter selection at all temperatures within the ordered phase.
The results pertaining to this spin model therefore represent a rather rare realization of a system
exhibiting ObD in the absence of zero-point fluctuations. Additionally, we analyze the stability of

13 Although selection, at least in part, due to virtual crystal field fluctuations has not been ruled out [115-117].
141t is worth noting that the classical (thermal) and quantum ObD selection in the T — 0* limit might be distinct
than that produced at higher temperatures and in particular for 7 < Tt [62, 63].
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All-in-all-out Collinear ferromagnet I
= 2 D/J

Figure 3.1: Classical ground state configurations of the Hamiltonian in Eq. (3.1) with ferro-
magnetic J > 0, depicted on a single tetrahedron of the pyrochlore lattice. The ground state
configuration corresponds to a collinear ferromagnet for —1 < D/J < 2, as well as the all-in-
all-out and I's antiferromagnetic configurations for D/J < —1 and D/J > 2, respectively. The
spheres and discs surrounding the spins illustrate manifolds of degenerate spin configurations.
The point where D /J = 0 corresponds to the Heisenberg ferromagnet.

the ferromagnetic order in the model considered in the quantum limit for an § = % system using
non-linear spin wave theory. This allows us to identify a region of instability of the ferromagnetic
order, which was first alluded to in very recent work [63, 127]. While the results presented here
are specifically for the pyrochlore lattice, we propose that the same qualitative effects should
arise in any Heisenberg ferromagnet with DM interactions as long as the sum of the DM vectors
along the bonds surrounding each site vanishes, such as the kagome lattice with out-of-plane DM
vectors. '

5The kagome Heisenberg ferromagnet with out-of-plane DM vectors has been studied previously in the context
of topological effects and interaction-induced damping of magnons [128—133]. The focus of the present paper is
ObD at finite temperature 7 > 0, while the cited papers focus mainly on spectral properties at 7 = 0. We note that
such a model on the kagome lattice relates to its analogue on the pyrochlore lattice. Indeed, along a cubic (111)
direction, the pyrochlore lattice can be seen as a collection of stacked kagome and triangular lattices. Taken on its
own, a single kagome layer would then result in a closely related model to the one considered by Ref. [132]. As such,
we expect that this model on the pyrochlore lattices exhibits an analogous phenomenon of thermal ObD without
quantum zero-point fluctuations.
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3.2 Model

We consider the Heisenberg and Dzyaloshinskii-Moriya (DM) Hamiltonian on the pyrochlore
lattice, described by the Hamiltonian

W:—sti'Sj—DZdij'(SiXSj), 3.1
(i) (i.J)

where (i, j) refers to the sum over all nearest-neighbour sites, J > 0 is the ferromagnetic
Heisenberg coupling,'® and {d;;} are the nearest-neighbour DM vectors determined by the
Moriya rules [134] and listed in Appendix 3A. This choice of the DM vectors, along with sign
convention of the DM interaction in Eq. (3.1), is referred to as being indirect (direct) when
D >0 (D <0)[78].

Classically, the ground states of this model are magnetically ordered phases with ¢ = 0
ordering wavevector [135], i.e., the magnetic order is fully determined by the spin configuration
on a single (basis cell) tetrahedron. The classical ground state configurations are determined by
expressing Eq. (3.1) as a sum over all individual tetrahedra, each labelled ®, H = Y g H™, and
then minimizing the resulting single-tetrahedron Hamiltonian HH®. The result of this calculation
is pictorially illustrated in Fig. 3.1, where three distinct sets of classical spin configurations are
identified: the “all-in-all-out” antiferromagnetic states for D/J < —1,'7 collinear ferromagnetic
configurations for —1 < D/J < 2, and the antiferromagnetic “T's” configurations for D/J >
2 [63, 78, 80].

It is well known that the I's region of the phase diagram exhibits an accidental ground state
degeneracy at the classical level, parameterized by the global rotation group U(1) [97, 135]. This
continuous symmetry group is reduced by both thermal and quantum fluctuations, resulting in
six degenerate ordered configurations that are related by local discrete rotation about a local z
axis (the local cubic [111] direction) [63, 78, 80]. In the present work, we point out that the
ferromagnetic regime (-1 < D/J < 2) of Eq. (3.1) also exhibits an accidental ground state
degeneracy at the classical level whenever D # 0. Inspecting each term in Eq. (3.1), we note that
the Heisenberg exchange is completely isotropic, while the cross product appearing in the DM
interaction term obviously vanishes for any perfectly collinear configuration. This implies that the
different ferromagnetic ground states are related by rotations in three-dimensional space, which
can be parametrized by the continuous rotation group O(3). This degeneracy of the classical

161n this work we do not consider the possibility of antiferromagnetic J < 0 [63].

17 Although at D/J = —1 there is a degeneracy between the internal energy of the all-in-all-out and collinear
ferromagnetic phases, we note that, according to our classical Monte Carlo simulation, the collinear ferromagnetic
phase is selected at D/J = —1 at T, down to the T — 0" limit.
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ground state is accidental, as Eq. (3.1) has no continuous symmetry for an arbitrary spin state.'®
Naturally, one may ask whether this accidental degeneracy is lifted by 7 = 0 quantum or 7 > 0
thermal fluctuations, selecting a subset of the ferromagnetic configurations.

Physically, the DM interaction arises as the leading order exchange interaction generated
by spin-orbit interactions [134, 136], while, in general, the spin-orbit interaction will give rise
to additional anisotropic exchange interactions that are typically weaker than the DM interac-
tion [ 134, 137]. In particular, for the pyrochlore lattice, there are two additional symmetry-allowed
nearest-neighbour exchange couplings in the bilinear spin Hamiltonian [115, 138]. These two
couplings correspond to a bond-dependent diagonal “Kitaev” interaction K,'” and a symmetric
off-diagonal “pseudo-dipolar” interaction I" [115, 139]. When spin-orbit coupling is one of
the dominant energy scales, these additional couplings cannot be ignored in general, as is the
case of rare-earth pyrochlore magnets [23, 140]. The effect of a small but nonzero I'/J is to
induce a finite canting angle to the spins, splaying away from a perfect collinear ferromagnetic
configuration [135].

In this paper, we only consider the Heisenberg and DM interactions, and ignore the remaining
two symmetry-allowed K and I' couplings. This model was shown to display collinear ferro-
magnetic order in both the classical and quantum scenarios [63], resulting in an accidental O(3)
degeneracy in the ground state manifold. From a material perspective, this model is justified in
the regime where spin-orbit interactions can be treated perturbatively, in which case the isotropic
Heisenberg coupling is expected to be the dominant exchange interaction, and the DM coupling
is the leading order anisotropic exchange [63, 134, 136, 137]. This situation is relevant to 3d
transition metal ions, where spin-orbit interactions are expected to be perturbatively small. This
model is of particular relevance for the ferromagnetic materials Lu,V,07 and Y,V,07; which
crystallize into a pyrochlore lattice, with a magnetic V4 ion (S = %) located at each pyrochlore
lattice site [ 14 1-144]. Indeed, the realization of a collinear ferromagnet in Lu,; V,05 is supported
by neutron scattering measurements [ 145], as well as density-functional theory calculations [137].
In passing, we note that this material has garnered significant interest due to the observation of a
thermal Hall effect of magnons [15].

The remainder of this paper focuses on ObD in the ferromagnetic regime of Eq. (3.1), which,
to the best of our knowledge, has not been explored previously. As discussed just above, the case

8There is an exception to this statement when D = 0. In this case, Eq. (3.1) is simply the ferromagnetic Heisenberg
model, which has an exact O(3) symmetry, and therefore the ground state degeneracy is no longer accidental.

19 Here, we refer to the Kitaev interaction for the pyrochlore lattice in the same way that it is used in Ref. [139]. The
collinear ferromagnet is still the classical ground state configuration when a small but non-zero Kitaev interaction is
present. However, the ferromagnetic product state will no longer be an exact eigenstate of the quantum Hamiltonian.
This, in turn, will generate zero-point fluctuations proportional to K, and there will be quantum ObD present in
addition to thermal ObD, as is expected in a typical quantum ObD scenario.
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of “weak DM” (|D| < J) is motivated by material realizations of this model in the context of
transition metal pyrochlores. However, out of theoretical interest, we extend our analysis to the
entirety of the ferromagnetic phase as depicted in Fig. 3.1, which ranges from D/|J| = -1 to
D/J =42 [63, 127]. While the region where |D| > J may not have any particular relevance to
real known regular pyrochlore materials,”” it is of theoretical interest in the broader context of the
mechanism of ObD in the absence of quantum fluctuations. In the following section, we discuss
the methods used to investigate ObD in the ferromagnetic regime of Eq. (3.1).

3.3 Methods

In the present work, we use a number of methods to determine the direction of the global (bulk)
magnetization per spin order parameter, denoted as m, in the ferromagnetic regime of Eq.(3.1).
This section briefly discusses each of these methods and their implementation.

3.3.1 Classical low-temperature expansion

For the classical version of the Hamiltonian in Eq. (3.1), the low-temperature selection of the
magnetization direction as a function of the reduced interaction parameter D /J is studied using
a classical low-temperature expansion (CLTE), describing Gaussian spin fluctuations én;" about
an ordered ground state configuration, where @ = 1,2 labels the two transverse directions. At
low temperatures, only small transverse spin deviations away from the local spin direction occur,
i.e. [on{'| < S. Under this assumption, the spins take the form

(6n))? (5n§)2) A
_ m,

252 252 (32)

S; ~6nlé) +ontér+S (1 -
where fit = m /|m/| is the unit vector in the direction of the bulk magnetization, and é1, é; are two
unit vectors that form an orthonormal triad with the magnetization direction, i.e. é, - €, = dqo’
and i = & X &,. Substituting Eq. (3.2) into Eq. (3.1) and keeping only terms quadratic in 6n¢
gives a quadratic form

3 2
; 1 i A
Hilte = SEo+3 ) ZO ;1 on (- H™ (q)on(q). (33)
q u,v=0a,B=

20Interestingly, the breathing pyrochlore material BazYb,Zns01; seems well-described by the Hamiltonian of
Eq. (3.1) over the “small” tetrahedra of the breathing pyrochlore structure [140].
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where S2Ey = —12JNS? is the classical ground state energy, N is the number of face-centred
cubic (FCC) primitive unit cells, each containing four sublattices defining a tetrahedron, where
u, v label the sublattices, and

H((;Z,)W(Q) = 6J0450uy — 2J8ap (1 — py) cOs (q - )
+ 2Ddﬂv . Iﬁ(—l)a (1 — 6&[3) (1 - 5;1\/) CcoS (q . r,uv) (3.4)

is the Hessian matrix expressed in momentum (g) space. The entropy associated with the
fluctuations about a given polarized configuration m is then given by the expression [58, 83, 135]

1 m
S;» = constant — > ; In (det{H( )(q)}) . (3.5)

The thermal selection among the fully polarized states can be exposed by maximizing the entropy
in Eq. (3.5) with respect to the direction of the magnetization, riz. Note that throughout this paper,
calculations are carried out in units where 72 = kg = 1.

3.3.2 Classical Monte Carlo

The finite temperature properties of the ferromagnetic phase of Eq. (3.1) are explored using clas-
sical Monte Carlo (MC) simulations. Simulations were carried out on a finite pyrochlore lattice
with 4L3 spins with L = 10 and periodic boundaries, using both Metropolis importance sampling
and over-relaxation updates [146—148], and averaged over 10 independent MC simulations. For
each simulation, the system was initialized in a random configuration at high temperature 7 > T,
and then gradually cooled down to the target temperature, thermalizing with 5 x 10* sweeps
between each step in temperature. Each of the thermodynamic observables measured is averaged
over 107 independent MC sweeps and then averaged over the independent simulations.

For the collinear ferromagnetic phase, the onset of long-range order is tracked by measuring
the magnetization per spin, m

1
= — S,‘, 3.6
m 4NZ (3.6)

where 4N is the number of spins in a system consisting of N = L? FCC unit cells. To investigate
the evolution and selection of the orientation of the magnetization, m, as a function of temperature,
it is not enough to study the thermodynamic average of Eq. (3.6). Indeed, a generic Ginzburg-
Landau (GL) expansion of the free energy for a system with cubic symmetry yields [149, 150]

F = %|m|2 + %|m|4+v (mi‘ +m‘y1 +m§) + %|m|6 +y (mimim?) 4+ (3.7)
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where the coefficients {r,u,v,w,y} are temperature dependent. The resulting terms can be
broadly separated into isotropic terms, i.e., those involving powers of the magnitude of magneti-
zation, |m|, in Eq. (3.7), which do not distinguish between different magnetization orientations,
and the anisotropic terms, which do. While the GL free energy in Eq. (3.7) is not necessarily valid
away from the critical temperature, it motivates the lowest order symmetry allowed functions of
the order parameter, which can distinguish between different orientations of the order parameter.
In our MC simulations, we study the temperature evolution of the average magnetization per spin
(|m|), as well as the anisotropic observables

My = (mi +m5 +m3), (3.8)
3

oMy =3 ((Iml') - M), (3.9)

Mo = 27(mimim?), (3.10)

where (- - -) denotes thermal averaging, and the factors of 3/2 and 27 are introduced to normalize
the range of expectation values between 0 and 1. We refer to the anisotropic terms defined in
Eqgs. (3.8)-(3.10) as the cubic parameters. The values of the cubic parameters for the magnetization
m along various high symmetry directions are listed in Table 3.1 in Appendix 3B. Note that
throughout this work, we use the notation (hk!l) to denote the direct space vector hxX + ky + [Z,
along with all other symmetry-related directions.

To further investigate the evolution of the magnetization, we sample the instantaneous magne-
tization direction of the system, it = Y, S;/| 3; Si|, along each Cartesian direction 2 x 10* times
for each temperature, using a set of temperatures ranging from 7' < 7. to T < T,. The resulting
distribution, p(m), is visualized as a function of the polar and azimuthal angles, 6 and ¢, of
the global magnetization m restricted to the first octant where ¢ € [0, 7/2] and cos(8) € [0, 1].
Clustering of the magnetization distribution about a given magnetization orientation is therefore
considered as evidence for a thermal selection of the corresponding magnetization direction.

3.3.3 Quantum spin waves

To investigate the putative thermal ObD selection in the low temperature quantum version of
Eq. (3.1), we perform a Holstein-Primakoff spin wave expansion. While the results presented in the
remainder of this paper focus on the quantum limit § = %, we first leave the spin quantum number
S as a free parameter in our equations for organizing the 1/S Holstein-Primakoff expansion. In
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particular, spin operators are recast as Holstein-Primakoft bosons [35, 75]

(i) _ ¢
s = S-a

AR %R u
1/2
Sku = (25 RﬂaR#)/aR’#,
Sy = g, (25— aRHaRﬂ)I/Z, (3.11)

where S (i ) = SR, - m is the component of the spin operator aligned along the global polarization
axis m of the ferromagnetic configuration, and R is a FCC lattice vector. In this picture, each
boson is interpreted as a quantum of spin fluctuation about the ordered ground state. Plugging
this transformation into the spin Hamiltonian in Eq. (3.1) and expanding the square root in powers
of a;,ﬂa R /28 yields a semi-classical expansion

H =) SPH™, (3.12)
n=0
where each order of the expansion is now dependent on the global polarization axis. Truncating
at O(S) gives the non-interacting magnon Hamiltonian

Hoy = SPH™ + SPH™ + SH™. (3.13)

Note that H. fﬁ') = 0 whenever the spin configuration is classically metastable [75], in which case
Eq. (3.13) simplifies to

Hm, = S(S+1)Eg+ 2 - Z Z [X(m)(q)aﬂ gyg + X (= q)a#’_qai’_q] , (3.14)
q u,v=0
where R
X (q) = 66,y =2 (J —iDdyy - 1) (1= 6,) cOS (g - Fpuv) - (3.15)
An appropriate unitary transformation of the magnon operators a, , = 2., U (m)(q)b a,q DIINGS

Eq. (3.14) to the diagonal form

Hgn = S2Eo+ SES™ )+Szzwf]’yb;q e (3.16)
q p=0
where wL ) is the magnon dispersion and
A S 3
SES™ = SEo+3 > ) wild (3.17)
q p=0
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Figure 3.2: Diagrams contributing to the magnon self-energy at O(S°) in the Holstein-Primakoff
expansion. At 7 = 0, only the first diagram, connecting a pair of three-magnon interaction
vertices, has a non-zero contribution. The explicit evaluation of these diagrams is discussed in
Appendix 3F.

is the O (S) correction to the ground state energy from quantum zero-point fluctuations [75]. The
free energy, 7 ™) in linear spin wave theory is then calculated as

3 )
T = §2Eo+ SES™ +T 3 3 n (1= ¢S IT) (3.18)
q p=0

The selection of certain configurations over others is understood at this level by minimizing
Eq. (3.18) with respect to the various classical ground state configurations characterized by .
At T = 0, this amounts to minimizing the zero-point energy in Eq. (3.17), which is the typical
approach taken to expose quantum ObD [63, 97, 114, 121, 135]. At nonzero temperature, the
thermal population of quasiparticles leads to an entropic contribution to Eq. (3.18) as well as a
nonzero temperature contribution to the total internal energy, which may or may not select the
same configurations as the zero-point contribution [62, 63].

3.3.4 Non-linear spin waves

To analyze the stability of the ferromagnetic phase, we extend our spin wave theory to include
magnon-magnon interactions. Corrections to the linear spin wave theory can be included pertur-
batively using the leading order magnon-magnon interactions in the 1/S expansion in Eq. (3.12),
given by the symmetrized three-magnon and four-magnon interaction terms [151]

oy _ 1 (1) g
- L DYk af af ay,+ He. (3.19)
: kq puva
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and

(m) + ¥
4 N(2!)2 Z Z Vo (K- 8- @)y 0g-.00429k > (3.20)
kqq pvap

where the interaction vertices Yp(t:"ﬁ) (k,q) and Vlgf'/l)p(k, q,q), are defined in Appendix 3F.

We note that while the presence of a three-magnon interaction is somewhat atypical for a
collinear spin configuration, it will generally appear in the Holstein-Primakoff expansion from
terms proportional to S7S7 in the local basis. For a ferromagnetic system, these same off-diagonal
couplings would typically cause a spin canting and lead to a non-collinear spin configuration.
In the present model (3.1), however, the geometry of the pyrochlore lattice leads to a set of DM
vectors that satisfy the following property: given any site on the pyrochlore lattice, the sum of
all DM vectors relative to this site vanishes. This property of the lattice allows the collinear
configuration to remain an eigenstate, even in the presence of the anisotropic DM interaction.

To probe the stability of the ferromagnetic phase, we analyze the single-magnon spectrum
at 7 = 0 in the presence of three and four-magnon interactions by numerically computing the
magnon spectral function, A (k, w), which can be understood as the momentum-resolved single-
magnon density of states. This quantity is closely related to observables such as the dynamical
structure factor [152], which is experimentally accessible from inelastic neutron scattering.

The single-magnon spectral function is given by [52]

1
Alk,) = ——Im {Tr [Gﬁgt')(k,w)]}, (3.21)
where -1
G (k,w) = [w — QU — 20 () + i0+] , (3.22)
is the retarded magnon Green’s function and [Q;{'h)] = 6ﬂya)( k) is the diagonalized linear-
uv

spin wave Hamiltonian. The (retarded) self-energy ™ (k,w) arises from magnon-magnon
interactions and can be included perturbatively in the 1/ expansion. At O(S°), the self-energy is
calculated by evaluating the one-loop Feynman diagrams depicted in Fig. 3.2. AtT = 0, we find
that only the leftmost diagram has a non-zero contribution (see Appendix 3F for more details).
In this case, the components of the self-energy matrix are evaluated as

T'™ (g, k — )T'o (g, k — q)

2Lm) 2N Z Z /ll)#

7 1p w+i0t— Swf{";{)_q - Sw;(o’,’;)

, (3.23)

33



where the TOEZ'J (g, k — q) coefficients are the three-magnon vertices in the basis that diagonalizes
the linear spin wave theory, and the overbar represents complex conjugation. A more detailed

derivation of Eq. (3.23) is given in Appendix 3F.

In the absence of magnon-magnon interactions, the single-magnon excitations have an infinite
lifetime and appear as sharp delta function peaks. In general, the self-energy will consist of both
real and imaginary parts, which will renormalize and broaden the single-magnon spectrum,
respectively, the latter of which is interpreted as the magnons acquiring a finite (quasiparticle)
lifetime. In practice, the self-energy real and imaginary components are calculated by numerically
computing the sum over wavevectors in Eq. (3.23) with a finite broadening factor 0* ~ 1073J. This
sum is convergent in three dimensions, in contrast with lower-dimensional magnets where, for
example, an iterative self-consistent solution of the self-energy must be introduced as fluctuations
of the zero-mode are infrared divergent (see Refs. [105, 132] for more discussion). The self-
energy is then used to calculate the leading 1/S correction to the bare Green’s function using
Eq. (3.22).

3.4 Results

In this section, we present results regarding ObD in the ferromagnetic regime of Eq. (3.1), for
both the classical and quantum versions of the model. We begin our discussion of ObD with
a purely classical outlook on the entropic selection of the magnetization order parameter, using
the classical low-temperature expansion (CLTE) supplemented with classical Monte Carlo (MC)
simulations. Next, we study the ObD selection in the quantum case by using linear spin wave
theory. Finally, we extend this analysis to the non-linear spin wave theory to assess the stability
of the ferromagnetic ground state in the purely quantum model.

3.4.1 Classical selection

To set the stage, we begin by considering the classical system described by Eq. (3.1) for which the
resulting MC phase diagram reveals a collinear ferromagnetic phase stabilized for—1 < D/J < 2,
see Fig. 3.3. Therein, a classical spin liquid, referred to as R;-R» spin liquid, lying on the
D/J = 2 boundary between the collinear ferromagnetic phase and the antiferromagnetic I's
phase, was recently identified [127]. We note in passing that the I's phase displays a rich
behaviour of thermal order by disorder selection of discrete spin directions, the so-called i, and
Y3 states [98]). In this work, we are concerned with the thermal and quantum mechanisms driving
a selection of the magnetization direction in the ferromagnetic (FM) phase and do not further
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Figure 3.3: Temperature phase diagram obtained via classical Monte Carlo of the ferromagnetic
Heisenberg and Dzyaloshinskii-Moriya Hamiltonian of Eq. (3.1). There are two long-range
ordered phases: a collinear FM phase for —1 < D/J < 2 and an antiferromagnetic (I's) phase
beyond D/J = 2. A classical spin liquid, referred to as R;-R, spin liquid, is realized at
D/J=2[127].

discuss the properties of the antiferromagnetic I's phase or those of the R; — R; spin liquid. We
refer the reader to Refs. [63, 127] for an extended discussion of the spin liquid phase and the
nature of the antiferromagnetic I's phase below the paramagnetic—I's boundary.

As a first step toward exposing thermal ObD selection in the FM regime of the phase diagram
of Fig. 3.3, we use the CLTE to study the preferred orientation of the net magnetization at low
temperatures (0 < T < T;). We note that in the classical low-temperature limit, the equipartition
theorem guarantees that the free energy is minimized by the maximal entropy configurations
(further discussion regarding this point can be found in Appendix 3D). We therefore calculate
the entropy from Eq. (3.5) about all possible collinear ground-state configurations within the first
spherical angle octant (of the magnetization direction m) for various values of D /J, see Fig. 3.4.
In this figure, we illustrate the second term of Eq. (3.5) whereby the configuration with the highest
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Figure 3.4: Entropy from the CLTE about a ferromagnetic ground state for various values of D /J.
Here, the magnetization is expressed in spherical coordinates iz = (sin 6 cos ¢, sin 8 sin ¢, cos ).

entropy is expected to be selected at low temperatures.

For D/J < 1.66, the evolution of the entropy displays a high-intensity T-shaped pattern with a
maximum near the centre. In spherical coordinates, this location corresponds to an m orientation
along [111]. Asthe value of D/J is increased towards the D /J = 2 FM-I's boundary, the maxima
shift to the sides and bottom of the T-shaped pattern. In spherical coordinates, these new locations
correspond to the three symmetry-equivalent (110) orientations. This first calculation illustrates
how the entropy becomes maximal for high-symmetry orientations of the collinear magnetization.
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Therefore, we henceforth compute the entropy using Eq. (3.5) for magnetization along the (100),
(110), and (111) cubic directions. The results of this calculation are shown in Fig. 3.5, where
the difference in entropy between distinct magnetization directions is shown. First, we find that
the configuration for which the magnetization is polarized along (100) has the lowest entropy,
as exemplified by the blue curve in Fig. 3.5 illustrating the entropy difference between the (110)
and the (100) magnetization directions, i.e. S(110) — S¢100) > 0.°' A similar comparison of
the entropy associated with the (111) and the (110) directions allows us to identify two distinct
regimes, one for D/J € (-1, 1.66) and another for D/J € (1.66,2), where a magnetization along
the (111) and (110) directions respectively maximizes the entropy. We recall here the results of
Fig. 3.1 showing that the collinear ferromagnet transitions to the all-in-all-out (antiferromagnetic)
phase at D/J = —1 while the former transitions to the I's (planar antiferromagnet) at D/J = 2.
Hence, the entropic selection of the (111) magnetization directions for the collinear ferromagnet
persists all the way to its transition point with the all-in-all-out phase at D/J = —1. We also note
that the entropy difference grows as the ratio D /J approaches either one of the phase boundaries
with the other ordered phases (see Fig. 3.1).

Although the CLTE calculation of the entropy already predicts a selection of the magnetization
at low temperatures, we cannot assume that the same state selection remains as the temperature
increases upon approaching 7, from below. Indeed, taking the example of the I's phase depicted in
Fig. 3.1, it was previously found that different states may be selected near the critical temperature
T < T. compared to the low-temperature selection at T < T [63, 80]. We use classical MC
simulations to follow the evolution of the magnetization direction [63, 112]. We record the
magnetization direction, it = »; S;/| 2.; Si|, to generate a magnetization orientation distribution
function, p(m), as a function of temperature. This distribution function allows one to probe the
free energy difference between configurations, given by

() _ ()
u) . (3.24)

= exp (— T
In other words, the configuration minimizing the free energy occurs when p () is maximized.
We therefore refer to a magnetization direction as being “selected” if it is the most probable
orientation to occur at the specified temperature. For clarity, and without loss of generality,
we display the distribution p(m) solely in the first octant and use spherical coordinates m =
(cos ¢ sin 8, sin ¢ sin @, cos ) where 6 and ¢ are the polar and azimuthal angles, respectively.

To illustrate the evolution of the thermal selection via the evolution of the magnetization
distribution, we show the temperature evolution of the distribution p () for two values of the

2ISimilar results where obtained for the entropy difference between the (111) and the (100) magnetization
directions, i.e. S¢111y — S¢100y > 0 (not shown).
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Figure 3.5: Entropy from the CLTE about a ferromagnetic ground state. The entropy difference
between the (110) and the (100) (blue line), and the (110) and the (111) (black line) cubic
directions is calculated using Eq. (3.5). We note that the entropy is maximized for the mag-
netization along the (111) directions for —1 < D/J < 1.66 and along the (110) directions for
1.66 < D/J < 2, except at D/J = 0 when the magnetization is isotropic. We note that the two
curves never cross each other, i.e. S¢110y — S¢100y = S¢110y — S¢i11)-

DM interaction: one with D/J =~ 1.43 and another with D/J ~ 1.73. As will be made clear
later, these two values of D/J have been chosen as they each illustrate distinct temperature-
dependent evolution of the magnetization distribution functions. Figures 3.6 (a)-(d) illustrate
the evolution of p(m) as a function of temperature for the system with D/J =~ 1.43. At
temperatures above the critical temperature, 7 > T, the magnetization distribution shown in
Fig. 3.6(a) is uniformly distributed. Just below the critical temperature, 7 < 7, our MC
simulations reveal that the distribution p (), shown in Fig. 3.6(b), clusters around the points
cos(6) € {0,1} and ¢ € {0,7/2}. These clusters indicate that the magnetization aligns along
the (100) directions near and not too far below the critical temperature. As the temperature is
decreased, a triangle-shaped pattern develops, where the distribution clusters around ¢ = 7/4
and cos(9) = 1/V/3 (see Fig. 3.6(c) and (d)). The centre of the triangle, with these ¢ and cos(6)
values, corresponds to an orientation of the magnetization along (111). We note that the variance
of the distribution becomes smaller as the temperature is lowered, implying that the selection of
the (111) orientations becomes stronger at lower temperatures.

Figures 3.6 (e)-(h) illustrate the evolution of the magnetization distribution p () as a function
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Figure 3.6: Distribution of the global magnetization direction, p(#), from classical Monte
Carlo simulations for the two systems labelled by red triangles and red squares in Fig.3.7(d).
Panels (a-d) correspond to the triangular markers in Fig. 3.7(d), that is, to D/J = 1.42, while
panels (e-h) correspond to the square markers in Fig. 3.7(d), where D/J = 1.73, shown for
decreasing temperatures when read left to right. Here, the magnetization direction is expressed
in spherical coordinates i = (cos ¢ sin 6, sin ¢ sin 6, cos 6) and temperature is measured in units
of J (kg = 1).

of temperature for the system with D /J =~ 1.73. We note that for this set of parameters, the system
develops three distinct patterns in the distribution of the magnetization direction as a function of
temperature. For T < T, the magnetization is similarly oriented along one of the (100) directions,
as found for the case D/J = 1.43 above [Fig. 3.6(b)], as shown in Fig. 3.6(f). As the temperature
is further decreased, a triangular pattern develops again, indicating a preference to order along
the (111) directions (Fig. 3.6(g)), analogous to Fig. 3.6(c). In contrast, however, as the system is
cooled down into the low-temperature region, the magnetization distribution shows a distinct clus-
tering at three lobes, centred around the points (cos(8), #) € {(14/2,0), (0,7/4), 1N2,7/2)}.
These magnetization directions correspond to the (110) directions. No further qualitative changes
in the pattern of the distribution occur as the temperature is further decreased and approaches
zZero.

Altogether, the evolution of the magnetization distributions p () shown in Fig. 3.6 for two
representative values of D/J suggests that the collinear ferromagnetic phase of the classical
Hamiltonian of Eq. (3.1) presents at least two distinct ordered phases for a given set of interaction
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Figure 3.7: Thermal evolution of the (a) magnetization per spin (|m|), and the anisotropic cubic
parameters (b) 0My, (c¢) My, and (d) Mg, as defined in Egs. (3.8)-(3.10). Panels (b) and (c)
illustrate the three regions where a distinct easy axis for the magnetization is chosen from ObD.
The triangles in panel (d) label the temperatures at which the magnetization distribution was
measured as illustrated in Fig. 3.6(b-d), and the squares correspond to Fig. 3.6(f-h). The white
dashed lines in panels (b)-(d) are guides to the eye, and the directions are indicated in quotation
marks to emphasize the fact that these regions are somewhat loosely identified based on the
distinct values of the cubic parameters.

parameters. The range in temperature and ratio D /J where these phases are observed, however,
is not trivially identified through the sole measurement of the distribution p (). To provide an
approximate identification of the boundaries between the different magnetization orientations,
we measured the temperature evolution of the thermally averaged cubic parameters 6 M4, M4 and
Mg [as defined in Egs. (3.8)-(3.10)], to construct a phase diagram as a function of temperature
and D/J, which we show in Fig. 3.7(a-d). The critical temperature 7. is marked by black dots,
determined by the onset of a nonzero magnetization (|m|) in Fig. 3.7(a). We note that the critical
temperature collapses to zero in the limit D/J — 27, corresponding to the spin liquid phase
reported in Refs. [63, 127]. The white dashed lines in Fig. 3.7(b-d) are drawn as guides to the
eye to separate regions of distinct values of the cubic parameters. In Fig. 3.7(d), the locations
at which the magnetization distributions p(m) were calculated are marked with red triangles
corresponding to Fig. 3.6(b-d) and red squares corresponding to Fig. 3.6(f-h). By comparing the
regions separated by the white lines with the distributions in Fig. 3.6, we are able to qualitatively
identify that these regions coincide with magnetization along distinct cubic crystalline directions.
These ordering directions are labelled in Fig. 3.7(b,c) in quotation marks, to emphasize that
our identification of these regions is approximate. We observe that the (extrapolated) zero-
temperature boundary separating the (111) and (110) regions is D /J ~ 1.66, which is consistent
with the CLTE entropy calculation reported in Fig. 3.5. Further details regarding the calculation
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of the cubic My, d M4, and Mg parameters are given in Appendix 3B.

In Fig. 3.5, we found from the CLTE calculations that the entropy difference between the
different magnetization direction states selected at low temperature decreases upon approaching
the Heisenberg point D — 0*. Similarly, we found that our ability to determine what mag-
netization direction is selected just below T, becomes very difficult as D/J — 0, as the p ()
histograms such as those in Fig. 3.6 become extremely noisy. For example, see Fig. 3.11 for the
case D /J = —0.84, which is close to the ferromagnet to all-in-all-out boundary.

3.4.2 Quantum selection at 0* < 7 < T,

Within the classical ferromagnetic regime, the manifold of classical ground states possesses
full rotational symmetry, despite the Hamiltonian in Eq. (3.1) lacking such a symmetry for an
arbitrary spin configuration when the DM interaction is nonzero. In a typical scenario, such
as this, one might naively expect that quantizing the Hamiltonian in Eq. (3.1) would partially
lift the accidental degeneracy between classical ground states due to the zero-point fluctuations
in Eq. (3.17). In the present case, we find a somewhat unusual situation, where zero-point
fluctuations are absent, owing to the fact that the classical ferromagnetic (product) state is an
exact eigenstate of the Hamiltonian. To see this, consider a fully polarized product state oriented
along a global magnetization unit vector m:

iy = (X) N (3.25)

where |T,7), is the eigenstate of the spin operator S; - it corresponding to the maximum eigenvalue.
We find that

H |y = S2Eq i) +iDS Z d;j - (&) +iéy) ST |i)
(o)
— SZE() i), (3.26)

where €, €, are two unit vectors that form an orthonormal triad with the magnetization direction,
i.e. €4 €y = 0go and m = €| X é;. It is then straightforward to verify that the sum over
nearest-neighbour DM vectors vanishes from Eq. (3.33). That is to say, |m2) is an exact eigenstate
of the quantum many-body Hamiltonian in Eq. (3.1). Any fully polarized configuration therefore
displays no zero-point fluctuations about |#2). This peculiar scenario motivates our investigation
of thermal ObD in the ferromagnetic phase of the quantum model in the large S limit.

41



Since the fully polarized product state is an exact eigenstate of the normal-ordered Hamilto-
nian, we combine Eq. (3.26) with Eq. (3.16) to find that Eéﬁ') = (0. More generally, the classical
ground state energy is equivalent to the energy of the ferromagnetic product state in the quantum
model, implying that there are no quantum zero-point fluctuations in the fully polarized ferromag-
netic phase. At nonzero temperature, the ObD selection, now operating in the quantum model,
can be exposed by minimizing the free energy difference per unit cell (using Eq. (3.18))

AR UKy Zln L ekl (3.27)
B N Sw(" /T )

q p=0 I—e
with respect to m, relative to a fixed reference magnetization axis 7.

Comparing the free energy difference between configurations calculated using Eq. (3.27), we
find that, for a given value of 7/J = 0.1 and depending on the ratio of D/J for D/J < 2, there
are two distinct scenarios as to whether the magnetization is directed along either the (111) or
(110) directions (see Fig. 3.8).”” This is similar to what was found with the CLTE calculation for
the classical version of the model. Being limited to a low-temperature description of the magnon
excitations well below 7., the (quantum) linear spin wave theory does not capture a selection
of the magnetization along the (100) directions similar to what was found in the Monte Carlo
simulations of the classical model for T < T¢ (c.f. Fig. 3.7(b-d)).

Upon determining which configurations from Eq. (3.25) minimize the free energy in Eq. (3.27),
we construct a low-temperature phase diagram depicted in Fig. 3.9 for the case where S = %
We find that, for D /J corresponding to the classical ferromagnetic regime in Fig. 3.1, the (111)
directions are selected at T = 0*. On the other hand, we observe that the (110) directions are
the ones selected above a (111) — (110) critical temperature that increases as D /J is decreased
from D/J = 27 down to D/J ~ 1.2. Over the same 1.2 < D/J < 2 range, the phase diagram
exhibits a region of (111) magnetic order re-entrance (i.e. (110) — (111)) upon warming with
an intermediate region with (110) order bracketed between a high and low temperature (111)
magnetic order selection.

We note that the thermodynamic mechanism for the low-temperature selection of the magne-
tization direction (i.e., internal energy versus entropy) in the quantum model is distinct from the
classical one. In the classical case, one can explicitly identify the m-dependence of the entropy

22The two different values of D/J for the plots in Fig. 3.8 are chosen to depict the free energy distribution in
each of the two distinct regions of the spin-wave phase diagram in Fig. 3.9. Similarly, in Fig. 3.6, we choose two
representative values of D /J that depict the magnetization distribution in each of the distinct regions of the classical
phase diagram in Fig. 3.7. The reason different values of D/J were chosen for the classical and quantum plots is
that the boundaries are different in each of the two phase diagrams. In addition, we note that Figs. 3.6 and 3.8 are
polar maps of different quantities and should only be compared in an overall qualitative sense.
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Figure 3.8: Free energy difference between configurations obtained from linear spin wave theory
using Eq. (3.27) with T/J = 0.1, i = (100) and S = % Panel (a) depicts the free energy
distribution for D /J = 1.0, which is minimized by mt = (111). Panel (b) depicts the free energy
distribution for D/J = 1.8, which is minimized by mt = (110).

as the mechanism for the selection at low temperatures. As there is not an extensive number of
quadratic zero modes in the present model,”” the equipartition theorem guarantees that the energy
per spin is kg7, independent of the magnetization direction. Conversely, both the energy and
entropy in quantum spin wave theory depend on the magnetization direction, contributing to the
free energy in Eq. (3.27), with the low-temperature dependence of each of these two (energy and
entropy) contributing terms being discussed in the next subsection. More details regarding the
thermal selection mechanism in the quantum case can be found in Appendix 3D.

2In a system where there are an extensive number of quadratic zero modes, there will be a thermal contribution
to the internal energy, see for example Ref. [153].
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Figure 3.9: Low temperature phase diagram obtained from linear spin wave theory using
Eq. (3.27) and § = % The solid gray line at D/J = 0 is the Heisenberg line, where the
model has an exact O(3) symmetry and no ObD selection. Several contours of equal free energy
are plotted in the region surrounding the Heisenberg line, where 67 = {10 — (11 The
hatched region where D/J > 1.235 corresponds to the non-linear spin wave instability as de-

scribed in Sec. 3.4.4. The temperature axis is scaled by the ferromagnetic exchange interaction J.

As expected, we see in Fig. 3.9 (by tracking the contours of equal free energy) that the
free energy difference between magnetization orientations vanishes in two distinct limits, when
D — 0 (the Heisenberg limit) or as 7 — 0*. We note here that since the eigenvalue problem
of the linear spin wave theory can be exactly solved for the Heisenberg model (D = 0), some
analytical inferences about ObD of the quantum model can be made using perturbation theory
for D/J < 1. We use this approach in the following subsection to expose analytically what is the
relative contribution of the internal energy and entropy, along with their temperature dependence,
in selecting the direction of m at T < J in the limit D/J < 1.
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3.4.3 Quantum selection at 7 = 0"

We now proceed to perform a low-temperature expansion of the free energy to obtain the temper-
ature dependence of the leading contribution responsible for thermal ObD in the quantum model.
We calculate this contribution perturbatively, expanding about the Heisenberg point (D = 0). We
first note that the linear spin wave Hamiltonian in Eq. (3.14) can be diagonalized analytically at
g = 0 when D = 0. The matrix

Xo=X"(g=0) (3.28)

given in Eq. (3.15), and appearing in the right-hand side of Eq. (3.14), has one zero-eigenvalue
and three degenerate eigenvalues of 8/. The remaining part of the spin wave Hamiltonian is
treated as a perturbation, namely 6 X (g) = X (q) — X,.

Next, in the framework of non-degenerate perturbation theory, we calculate the energy shift
of the zero-energy magnon due to the perturbation X (g). To find the low-temperature
contribution of ObD to the free energy, we must find the leading order terms in the magnon
dispersion that couple to the magnetization direction. This involves calculating the associated
energy shift in perturbation theory, and subsequently expanding the dispersion in powers of
the wavevector components. We find that such terms appear at both fourth order in D/J, and
fourth order in the wavevector components. The resulting dispersion is expressed as &,(q) +

aé(l'ﬁ) (q) + 0(¢°), where &,(q) contains all terms of O(g") in the wavevector components. The
low-temperature contribution of the quartic terms to the free energy is calculated to be

(1)
; d’q Pq & (@)
FU ~ TV / 1 (1 - 582@”) +VS 3.29
(27)3 n ¢ (27)} Sa@IT _ | (3.29)
The leading order term in 7 ™) that depends on the magnetization direction yields
35¢ (3) ps 7\
() _ il P RO AN S

30002 3 (mx Ty mZ) (2JS) ’ (3-30)

where {(z) = 2, n~° is the Riemann zeta function. This term is minimized when m =
(111), which is consistent with the low-temperature selection that was found by direct numerical
evaluation of Eq. (3.27), and reported in Fig. 3.9. More details of the perturbative calculation are
provided in Appendix 3C. We note that Eq. (3.30) is a sub-leading term in the low-temperature
expansion of the free energy, as there is a term proportional to 7°/2 that is independent of 7 [see
Eq. (3.45)]. The free energy contribution in Eq. (3.30) explicitly depends on the magnetization

direction, and therefore describes how (in zero magnetic field) the DM interaction lifts the
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accidental degeneracy of the ferromagnetic ground state to lowest order in D/J and T'/J. Next,
we briefly discuss how ObD manifests itself at low temperature in the presence of an external
magnetic field.

The ferromagnetic pyrochlore Lu; V,07 is believed to be well-described by Eq. (3.1). Inter-
estingly, measurements of the magnetization of Lu; V207 in Ref. [15] appear to be anisotropic
with respect to the applied field direction, begging the question of whether anisotropic field
response may be related to the ObD discussed in the present work and possibly operating in this
material. Motivated by this question, we generalize the perturbative calculation above to include
a weak external magnetic field B, which removes the accidental degeneracy of the ground state.
As the model Eq. (3.1) does not benefit from a quantum ObD at zero temperature generating a
magnetic anisotropy, in the 7" = 0 limit, the magnetization will immediately align parallel to the
external field, as this configuration minimizes the energy. This contrasts with the competition
between quantum ObD and the Zeeman energy in the Er, Ti;O7 pyrochlore antiferromagnet [ 154].
Conversely, at small nonzero temperature, the m2 = (111) configuration is preferred by thermal
fluctuations when the field is absent. It follows that there must be a rotation of the magnetization
direction as a function of the applied field, whereby mt = (111) when B = 0, and m aligns
parallel to B when the applied external magnetic field is large in magnitude. We generalize the
perturbative calculation of the free energy above to include a weak magnetic field in Appendix
3E. However, we find that such a change of the magnetization direction occurs for extremely weak
magnetic fields, where the Zeeman coupling is one million times smaller than the ferromagnetic
exchange (,uB g|B|/J ~ 10_6) even for a sizeable DM interaction D /J = 0.5 and at a temperature
T/J = 0.15 [see Fig. 3.15(b)]. This large separation of energy scales would likely make it chal-
lenging to measure this change in magnetization experimentally for this system. For reference,
the DM interaction for Lu; V,07 is much smaller at D/J < 0.13 [137, 145].

Finally, it is important to mention that although the fully polarized product state is an exact
eigenstate as shown in Eq. (3.26), it is not necessarily the case that this eigenstate is the true
many-body ground state outside of the perturbative regime |D| < J. To address this possibility,
we next extend our calculations to the lowest order in non-linear spin wave theory to analyze the
presence (or lack of) magnetic order in the many-body ground state.

3.4.4 Limit of Stability

The classical ground states depicted in Fig. 3.1 have thus far been found to be consistent with
the magnetic order observed in both the CLTE and classical MC calculations. Conversely, while
Eq. (3.26) shows that the ferromagnetic product state is an exact eigenstate, it is not necessarily the
true quantum ground state of Eq. (3.1) for the whole —1 < D/J < 2 range. For example, recent
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Figure 3.10: Zero-temperature magnon spectral function A(k,w) for m = (111) and S = %
to O(S%) in non-linear spin wave theory, calculated using Eq. (3.21) for (a) D/J = 0.25, (b)
D/J =1.00 and (c) D/J = 1.3. The white arrows indicate the gapless pseudo-Goldstone mode
in the magnon spectrum.

work investigating the quantum ground states of this model using functional renormalization
group methods did identify a ferromagnetic ordered state for —1 < D/J < 1.3, but found a lack
of conventional magnetic order for 1.3 < D/J < 2 [63, 127]. These last results suggest that
while Eq. (3.25) may be the ground state when —1 < D/J < 1.3, there exists the possibility that
for spin—%, an exotic quantum spin liquid of lower energy than the ferromagnetic state may be
realized in the range 1.3 < D/J < 2.”* This raises the question of whether linear spin wave
theory provides an accurate description of the low-temperature excitations of this model.

Motivated by these results, and to further address the question of stability of the ferromagnetic
ordered phase, we go beyond linear spin wave theory to calculate the O(S°) correction to the
single-magnon spectral function at 7" = 0, using Eq. (3.21). Analogous to linear spin wave theory,
where a classical instability is characterized by the appearance of soft modes, we investigate
whether there are soft modes in the renormalized spectrum in the —1 < D/J < 2 range.

Given that the ferromagnetic configuration is characterized by an O(3) degeneracy, which
persists in the quantum model, at least one gapless mode is guaranteed to be observed in the linear
spin wave theory at ¢ = 0 — the pseudo-Goldstone mode [5, 155]. In a larger number of frustrated
spin models, the presence of quantum fluctuations drives the pseudo-Goldstone mode to become
gapped at O(S?), as revealed in the self-energy [101]. However, the fact that the ferromagnetic
configuration is an exact eigenstate of the Hamiltonian implies that this mode remains gapless

24Using a number of numerical and analytical methods, Ref. [127] found evidence that the D/J = 2 point for a
spin—% system may be a quantum spin liquid, described by the combination of a rank-1 and rank-2 emergent gauge
field, which corresponds to a triple point in the classical phase diagram where two long-range ordered quadrupolar
phases meet with a spin ice state. In the classical S = oo limit, evidence is compelling that the point D/J =2 is a
classical spin liquid [127]
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at all orders of the 1/S expansion at 7 = 0, a somewhat peculiar property of the current model
in Eq. (3.1). Conversely, we expect the accidental degeneracy of the quantum spin-% model to
be lifted by thermal fluctuations, leading to the dynamical generation of a pseudo-Goldstone
gap at nonzero temperature [58]. Since our self-energy calculations are carried out at 7 = 0,
the pseudo-Goldstone mode remains gapless. We therefore look for instabilities in the form of
additional soft modes in the magnon spectral function, A(k,w) in Eq. (3.21). Details of this
calculation are provided in Appendix 3F.

The results of these calculations are depicted in Fig. 3.10, showing the single-magnon spectral
function to O(S°) in non-linear spin wave theory. As D/J becomes large, the optical magnon
bands become significantly broadened, displaying a Lorentzian-like form in frequency space.
This broadening originates from decay effects; the width of the Lorentzian profile close to the
spectral peaks is precisely the decay rate, encoded in the imaginary part of the self-energy,
>0 (k, w). While the self-energy renormalizes the spectral function peaks, we find that there
remains a stable and gapless pseudo-Goldstone mode at ¢ = 0 for all -1 < D/J < 2 as expected.
This gapless mode is indicated by the white arrows in Fig. 3.10. We note that a similar result is
discussed in Ref. [132], where the optical magnon branches exhibit broadening in the kagome
Heisenberg ferromagnet with DM interactions, to leading order in 1/S.

We find that one of the magnon branches becomes soft and shifts to negative frequencies at
q = 0 (I" point) for a large indirect DM interaction (J > 0, D > 0), as depicted in Fig. 3.10(b-c).
In particular, this mode goes soft at a critical DM interaction D/J ~ 1.235, indicating that the
long-range ferromagnetic order becomes unstable at O (S°) in the non-linear spin wave theory for
1.235 < D/J < 2. The D/J value for which this instability occurs was calculated for iz = (100),
(110), and (111) and was found to be independent of the classical magnetization direction mt.
For reference, the instability is marked by the vertical dashed line at D/J ~ 1.235 on the linear
spin wave phase diagram in Fig. 3.9. Importantly, we note that the instability approximately
coincides with the value of the DM interaction where (110) order is found in the linear spin
wave theory at T > 0 (see Fig. 3.9). The region of instability 1.235 < D/J < 2 is consistent
with the pseudo-fermion functional renormalization group calculations for the same model in
Refs. [63, 127], where no long-range magnetic order was detected in the range 1.3 < D/J < 2.
Conversely, Noculak et al. [63] report conventional long-range magnetic order for D/J > 2,
corresponding to the I's phase in Fig. 3.1. The breakdown of spin wave theory in the classically
ferromagnetic region of this model is likely tied to the spin-liquid phase discussed in Ref. [127].
Our results suggest that the ferromagnetic product state in Eq. (3.25) is the exact ground state
of Eq. (3.1) for =1 < D/J < 1.235, and that the phase diagram in Fig. (3.9), along with the
establishment of ObD without zero-point fluctuations, is reasonably accurate in this region.
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3.5 Discussion and Conclusion

In this work, we studied the classical and quantum order-by-disorder selection of a collinear
ferromagnetic phase of the Heisenberg and Dzyaloshinskii-Moriya Hamiltonian on the pyrochlore
lattice. In the classical model, we found three distinct regions in parameter space and as a function
of temperature where three distinct magnetization orientations are thermally selected. For large
and indirect DM interaction D < 2J with J > 0, classical Monte Carlo simulations find a cascade
of reorientations of the magnetization direction as a function of temperature, as depicted in
Fig. 3.6, and summarized in the phase diagram of Fig. 3.7. Considering our classical MC results
for T < T, the behaviour of the observed ferromagnetic transition is consistent with that of an
O(3) vector model with cubic anisotropy, governed by the Ginzburg-Landau-Wilson (GLW) free
energy functional [156]

3 3
I
T[m]z/d3x EZ(Vmﬂ)2+%|m|2+%|m|4+v;mi . (3.31)

p=l1

When v > 0, the cubic anisotropy favours the magnetization to be aligned with the (111)
directions. When v < 0, the anisotropy favours the magnetization to be aligned along the
(001) directions. From a renormalization group perspective, the O(n) vector model with cubic
anisotropy in three dimensions has a critical order parameter dimension n = n., below which the
Heisenberg fixed point is stable and above which the cubic fixed point is stable [ 150]. Incidentally,
ne ~ 3 [157-160], and it remains an open debate as to which of the fixed points of Eq. (3.31) is the
one that is stable. In addition, the transition is first order if # < 0, and may be fluctuation-induced
first order if u > 0 and v < 0, depending on the ratio of the couplings v/u [161-163]. In our
work, we have not explored the nature of the paramagnetic to ferromagnetic transition (i.e., first
or second order and universality class of the latter). We leave this topic for future studies.

In contrast, Eq. (3.31) does not predict the (110) configurations which are observed in our
classical MC simulations in the region where D/J — 27.>> This would require, for example, the
addition of a (irrelevant, in the renormalization group sense) 6" order term to the GLW free energy,
similar to the terms appearing in Eq. (3.7). Additionally, the critical temperature completely
vanishes at the boundary between the collinear ferromagnet and the I's phase (D /J = 2), where a
classical spin liquid has recently been reported and characterized by fluctuating rank-1 vector and
rank-2 tensor gauge fields [127]. A more in-depth characterization of the predicted configurations
and the transitions between these phases across the full collinear ferromagnetic phase would
require a large-scale simulation and careful finite-size scaling analysis. We leave this study for
future work.

Z3For the classical model, the instability discussed for the spin-% does not occur for any |D|/J < 2.
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In the quantum model, we find that the fully polarized product state in Eq. (3.25) is an
exact eigenstate of the Hamiltonian regardless of the magnetization direction. As a result, the
accidental degeneracy of the ferromagnetic phase is not lifted by zero-point fluctuations at 7 = 0.
This accidental degeneracy is, however, lifted by the low-energy spin wave excitations at nonzero
temperature (7" > 0), leading to a selection of a discrete set of magnetization directions as depicted
in Fig. 3.9. This is the first realization of such an ObD mechanism that we are aware of, where
the selection of an ordered phase in a quantum system is purely thermal — thus answering the
question we set in the Introduction whether one form of ObD can occur without the other.

Again, for the quantum model, we find that when |D| < J, the selection of the magnetization
direction enters as a sub-leading term in the low-temperature expansion of the free energy. Using
non-linear spin wave theory, we found that the ferromagnetic order does not seem to persist for
D/J =z 1.235. We note that the instability in non-linear spin wave theory coincides reasonably
well with the region of the linear spin wave phase diagram (Fig. 3.9) where the magnetization
orders in the (110) directions above a certain temperature. The possible relationship between
these two observations is unclear at this point and is left for future work. That being said, this
result may suggest that the narrow window of (110) order for 7 > 0.15 for 1.1 < D/J < 1.235
observed in Fig. 3.9 may actually not occur in the § = % system, but would presumably be present
as S is increased above a critical value.

The results from the present work may have implications for real ferromagnetic materials
where the DM interaction is the leading perturbation. In particular, the magnetism of the
ferromagnetic Mott insulators Lu; V,07 and Y, V,0y is rather well described by Eq. (3.1) [143—
145]. Recently, it was proposed in Ref. [58] that the thermal contribution to ObD can be diagnosed
by a temperature-dependent energy gap measured via inelastic neutron scattering. We expect
this would be the strongest experimental signature of ObD in these materials. However, since
D/J ~ 0.1 in these materials [137, 145], the T-dependent ObD gap may be very small and could
possibly be overwhelmed by a quantum (7" = 0) ObD gap induced by a small nonzero Kitaev K
interaction' with, in addition, an energetically-induced gap caused by a small pseudo-dipolar
interaction I'. In addition, the tendency of the magnetization to cant away from the direction
selected by ObD in a small external field would result in further challenges to identifying ObD
experimentally.

Finally, we note that a more general class of spin models may be expected to exhibit ObD
without zero-point fluctuations. Specifically, any ferromagnetic Heisenberg model with DM
interactions will satisfy Eq. (3.26) as long as the sum over DM vectors along the bonds surrounding
each site vanishes, such as the kagome Heisenberg ferromagnet with out-of-plane DM vectors.'”
We then expect that the ferromagnetic product state will remain the exact ground state of such a
Hamiltonian as long as the DM interactions are sufficiently small with respect to the Heisenberg
exchange J. Our calculations may then serve as a template to study thermal ObD in these
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analogous models.
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Appendices

3A Pyrochlore lattice convention
The pyrochlore lattice is a face-centred cubic (FCC) lattice with four sites, defining a regular
tetrahedron, per primitive unit cell. The primitive FCC lattice vectors are given by

a

2

a) = #+2) ay= g (#+9). (3.32)

|

(Y +2) a =
At each FCC lattice site, there is a spin of type 0. The remaining three spins within a unit cell are

separated by the sublattice vectors ro, = a, /2. The sublattice vectors between a spin of type u
to a spin of type v can then be constructed as r,, = ro, — Foy.
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Figure 3.11: Distribution of the global magnetization direction, p (), from classical Monte Carlo
simulations for a system with D/J = —0.84 for which T./J ~ 0.64. Here, the magnetization
direction is expressed in spherical coordinates it = (cos ¢ sin 6, sin ¢ sin 8, cos €) and temperature
is measured in units of J (kg = 1). In panels (b)-(d), which are below 7, /2, the highest intensity
is found near cos(6) = 1/V3, ¢ = n/4, suggesting the (111) configurations are selected.

The (indirect) DM vectors in this representation are given by

dy=2-y dp=x-2 dy=y-2 (3.33)
dy=%+y dp=%+Z dn=y+%,
where the remaining DM vectors can be determined using the antisymmetry property d ;; = —d;;.

Note that in this representation, the DM vectors used in the present work are unnormalized, with

|dij| = V2.

3B Monte Carlo calculation of M4, 6 M4 and Mg

In the main text, we illustrated in Fig. 3.6 the thermal evolution of the distribution p(m) of the
global magnetization direction, mz, for two sets of parameters of the Hamiltonian in Eq. (3.1).
The evolution of these distributions displayed an intricate and rich phase diagram attributed to a
thermal ObD selection of the magnetization direction sz in the classical Hamiltonian in Eq. (3.1).
To further characterize these phases, we introduced the cubic parameters M4, 6 M4, and Mg in
Egs. (3.8)-(3.10) and calculated their averaged value using classical Monte Carlo, as depicted in
Fig. 3.7. In this figure, we mainly focused on the region for which D/J > 1.3 where the ObD
selection is stronger, agreeing with the CLTE analysis in Fig 3.5. In this appendix, we further
discuss the thermal evolution of these parameters and the expected values these would have
for different magnetization orientations. Importantly, one should note that for an isotropically
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M, | 0My | Ms
Isotropic | 3/5 | 3/5 | 9/35
(100) 1 0 0
110y | 1/23/4 | 0
ary [ 1/3 | 1 1

Table 3.1: Expected values of the cubic parameters in Egs. (3.8)-(3.10) for a magnetization along
different directions.

distributed magnetization direction, the values of the cubic parameters will be distinct from the
case where there is a selected s direction, as shown in Table 3.1.

In Fig. 3.7(d), we mark with triangles [squares] the locations at which the distributions p ()
shown in Fig. 3.6(b-d) [Fig. 3.6(f-h)] were measured below the critical temperature. As discussed
in the main text, the temperature evolution of the cubic parameters depicted in Fig. 3.7(b-d)
identifies three distinct regions in both temperature 7 and DM interaction D /J where the white
dashed lines are guides to the eye, separating the labelled phases. The first, highest, temperature
region, which we label “(100)”, is observed just below the critical temperature 7, as shown in
Fig. 3.7. This phase is most clearly exposed in the regime 1 < D/J < 2, and likely extends to
lower values of D/J for D/J > 0.°° In this region, the M, and the Mg cubic parameters acquire
small values well below the isotropic limit, which are consistent with the (100) magnetization
orientations. As expected, the deviation of the cubic parameters from the isotropic values
increases as D /J increases. The second region, which we labelled region “(111)”, is observed
at low temperatures in the range —1 < D/J < 1.66 excluding the isotropic point D/J = 0. We
note that this phase appears to be the only possible orientation of the magnetization for D/J < 0
where no sign of a (100) or a (110) region is detected, as illustrated by the magnetization
distribution in Fig. 3.11 for D/J = —0.84 where T./J ~ 0.64.”” In the “(111)” region, the cubic
parameters 0 My, My, and Mg evolve smoothly, plateauing to the approximate values 9/10, 1/3,
and 7/10, respectively, see Fig. 3.7(b-d). We note that the cubic parameters in this region suggest
a (111) selection where all cubic parameters are non-vanishing. The third region, which we label
“(110)”, is delimited at low temperatures by a range of interaction parameters 1.66 < D/J < 2,
and delimited at higher temperatures by regions “(100)” and “(111)”. In the “(110)” region,

26The precise determination of the extension of the (100) phase as the temperature drops below 7. is challenged by
the strong thermal fluctuations near criticality as well as the weak thermal selection associated to this phase, as well
as the (111) (see Fig. 3.5) as |D|/J — 0%. As such, the identification of a clearer (100) /{111) phase boundary in
this region of the phase diagram would require a significantly more extensive numerical study while also considering
larger system sizes.

?"In these distributions of the magnetization direction, the highest intensity appears near the point cos(f) =
1/V3, ¢ = /4, suggesting the (111) orientations.
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the Mg cubic parameter appears to nearly vanish while the 6M4 and M4 parameters plateau
to the approximate intermediate values 7/10 and 1/2, respectively. The values of the cubic
parameters for this region are consistent with the (110) magnetization directions. We note that,
as the value of D/J is tuned towards the I's phase, the low-temperature transition to the [110]
orientation becomes stronger as exposed by the evolution of the specific heat and the cubic
parameters, see Fig. 3.12. Indeed, for D/J — 2, the specific heat develops a secondary peak
at a temperature where the cubic parameters suddenly change, signalling an abrupt reorientation
of the magnetization direction and thus identifying the transition to the [110] orientation. In
contrast, we do not observe this secondary peak in the specific heat for slightly smaller values of
D /J where the cubic parameters evolve smoothly down to the lowest temperature. The absence
of a secondary feature in the specific heat signalling the transition between the different magnetic
orientations is likely associated with finite-size effects. We note that a similar scenario exists
for the I's phase: for D/J € (11.43, 00), there is a transition between a paramagnetic phase to
the ¥, state of I's at T = T, followed by a further transition between the ¢» and i3 states at a
finite temperature Tty < T, [63]. The authors of Ref. [63] claim that they are unable to detect a
peak in the Monte Carlo specific heat due to finite-size effects. This is analogous to the specific
heat presented in Fig. 3.12(a), where we do not see a peak in the specific heat for D/J < 1.88,
despite observing a transition between different magnetization directions in Fig. 3.7. Obtaining
significantly more precise phase boundaries would require quite large-scale simulation studies
involving careful finite-size scaling analysis, an investigation that is outside the scope of the
present work.

3C Perturbative calculation of the free energy

Using the matrix elements of the linear spin wave Hamiltonian in Eq. (3.15), we estimate the
dispersion of the lowest magnon branch by first diagonalizing the Hamiltonian for the case when
D =0and g =0, finding

Xo= X (g =0)| = 01EKE|+87 (1= [EXEo)., (3.34)

T . . . . .
where |Ey) = (% % % %) . We then treat the remaining part of the spin wave Hamiltonian

as a perturbation, namely 6X ™ (q) = X" (q) - X,- It is convenient to define dimensionless

R n
expectation values G,(q,m) = (Ey| (J —1sx () (q)) |Eo). The shift of the lowest energy branch
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Figure 3.12: Temperature dependence of the specific heat (a), and the 6 M, (b), M4 (c) and Mg
(d) cubic parameters for values of D /J in the vicinity of the I's boundary obtained from classical
Monte Carlo calculations. The values of D/J considered are indicated in panel (d). In this
figure, the vertical dashed line marks the position of the secondary peak in the specific heat for
D/J = 1.88. The absence of a secondary peak in the specific heat for D/J < 1.88 is likely due
to finite-size effects.

to 4™ order in perturbation theory is then given by the expression
E 17 =G+ 2 (G2 - Go) + = (263~ 362G, + G
g =G+ g(G1~G2)+|2G] —3G2G1 +Gs

1
+ o (561 - 1062G3 +2G3 +4G3G: - Ga) (3.35)
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The resulting dispersion is then expanded to 4th order in the components of the wavevector about
q = 0, where the coeflicient of the term g%* qy q-° is calculated as

1 (9"X+”y+"ZE('ﬁ)

(3.36)
nylny!ng! (9qnx8q Y0q%
This expansion can be written compactly as
E" ~ &,(q) + 2" (q), (337)
where )
Ja
&5(9) = —-lgl* (3.38)

is the part of the dispersion which is quadratic in the wave vector components, while 8£m)(q)
contains all of the quartic terms. There are no linear or cubic terms due to the inversion symmetry
of the pyrochlore lattice, and there is no constant term (corresponding to a spin wave gap) because
of the accidental degeneracy of the ground state. To write the expression for sim) more compactly,
we define 7, = 1 - 9,,, finding

4
a () 4 B0M 2 2
2048 24 du ™ 40962”’” wr dutdy

3cl4D2
1024] (mxmyqz + mZmXCI) + mymZCIx) quIqu
with coefficients
4 2
o) _ D LS 2| D o) 4
A = 5 2 | 3+ Zﬂlnymmmﬁ e (1-mk) -5 (3.40)
4 2
iy _ D" (4 4 S o o\ LIDT( » 5 2
Byv = F (WL# +m, + Em#mv) + 7 m# +m;, — H + 8J, (341)
N D* 6D?
c = (F + T) iy, (3.42)

We now proceed to find the contribution of these quartic terms to the free energy, to lowest order
in temperature. Assuming 7" < J, the dominant contribution to the free energy will come from
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the spin wave modes in the vicinity of ¢ = 0. We therefore approximate the free energy as a
functional of the quartic part of the dispersion

T[gi’ﬁ)(q)] :TV/R3 (;1:?3 ln(l —e

where gi’ﬁ)(q) = Ssi'ﬁ)(q) /T, and we assume that the integration bounds extend over all ¢
space. At low temperature, the contribution of the quartic terms to the free energy becomes

sub-dominant, and we can expand the functional to lowest order in gim) (q) about gi’ﬁ ) (0) =0as
[165]

J

Sa? Iqlze—gim)(q) , (3.43)

. R SF .
¢[(m> ]z?‘[(’”)o]+/d3 A G
g4 (q) g4 ( ) q 6g4(q) gim)(q)zgim)(O)gA‘ (q)
3 3 (1)
:TV/ d T 1n(1—e——’§¥2lqlz)+vs d B @ G
(27) (27)° L=lalP _

The first term in Eq. (3.44) simply corresponds to the free energy of an ideal Bose gas with a
quadratic dispersion. This evaluates to

5
d*q JSa?| 12 4JS¢ (E) T \*?
TV In(1-e 57147} = - , 3.45
/ (2n)? “( e ) T (215) G4

giving the expected contribution proportional to 7°/2. Note that since the DM interaction does
not enter the quadratic part of the dispersion at this order of perturbation theory, this contribution
to the free energy does not couple to the magnetization direction m. The second integral in
Eq. (3.44) evaluates to

ss(3) (5

3o [\

X

7\ D* 44D?
‘y‘ a4 )————24

T 7/2
-3 J( ) : (3.46)

2JS

leading to the free energy contribution in Eq. (3.30), which is minimized for m = (111). A
comparison of this perturbative calculation to the numerically integrated free energy in Eqgs. (3.27)
and (3.30) are shown in Fig. 3.13, where we see that the two calculations agree in the limit 7 — 0%
when |D| < J. Note that the next term in the free energy expansion is given by

5*F
084(k)g4(q) lgs(k)=gs(q)=g4(0)

1
— [ Pkd’q

X ga(k)ga(q), (3.47)

and leads to a contribution proportional to 7%/,
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Figure 3.13: Free energy difference in linear spin wave theory between the m = (111) and
m = (110) configurations. The negative slope (T“”) - ¢(110>) /(ST>/?) indicates that the
m = (111) directions are selected. The points are obtained by numerically calculating Eq. (3.27),

while the dashed lines are obtained from the perturbative calculation in Eq. (3.30) [or equivalently,
Eq. (3.46)]. We see that both calculations agree in the limit 7 — 0% when |D| < J.

3D Energy versus entropy as the mechanism for selection

Consider two distinct ferromagnetic configurations with ordering directions mt and 7, the free
energy difference between configurations can, in the absence of zero-point corrections, be de-
composed as

G ) _ () _ gi) _ g(@) _ (S<m> _ S(ﬁ)) , (3.48)

where & and S are the internal energy and entropy, respectively. In the classical case, the low-
energy excitations are spin waves, arising from the two quadratic modes of fluctuation about each
ordered magnetic moment. From the equipartition theorem, the energy is simply &™) = 4NT,
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where N is the number of FCC unit cells, independent of the ordering direction. The low-
temperature classical selection is thus dictated solely by the entropy, as depicted in Fig. 3.5.

In the quantum case, the low-energy excitations are magnons and their contribution to the
energy in the linear spin-wave approximation is given by

gm = Soiy (3.49)
- S (m) . .
K4 exp (TM) -1

By computing Eq. (3.49) in conjunction with Eq. (3.27), we are able to separate the energy
and entropy contributions to the free energy. These are depicted in Fig. 3.14, comparing the
thermodynamic quantities for # along (111) and 72 along (110). We see from Fig. 3.14 that
the free energy changes sign when D/J > 1, indicating a change in the ordering direction.
Furthermore, we find the entropy difference changes sign at a different value of D/J, when
compared to the free energy calculation. Therefore, in the quantum case, the low-temperature
selection is no longer determined solely from the entropy contribution when D > J, in contrast to
the classical calculation. That being said, it is worthwhile to note that this D > J region, where
both the energy and entropy compete to select the magnetic order in linear spin wave theory,
approximately coincides with the region in Fig. 3.9 where we find that the ferromagnetic order is
unstable in non-linear spin wave theory. At this point, however, it is not clear to us if these two
observations are related.

To gain some analytical insight into the relative contribution of the energy, &(7') and entropy,
S(T), to the selection of the M direction at low temperature, we may calculate the low-temperature
contributions of both the energy and entropy in the framework of perturbation theory discussed in
Appendix 3C when |D| < J, by following the same steps used to derive Eq. (3.44). The energy
and entropy, to the lowest order that couple to the magnetization direction are

S 6JS{(%) ( T )5/2+ 1555(%) (441)2 +8J)( T )7/2

32 \2JS 64n3/2 3J 2JS
1552 (3) 1 pa 17 NG
A4 ad a4
+W[F §‘mx""y‘mz)] (m) ’ (3-50)
e 1052 (3) [ 7 52 215¢(3) (aap2 ()"
~ + + <
o2 \2Js 643\ 3J 275
215¢(3) 1 po 17 T\
"4 Ad a4
+W[F 3""x""y""z)] (m) | G->D
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Figure 3.14: Quantum (linear) spin wave comparison of the thermodynamic free energy, energy,
and entropy between the (111) and (110) configurations for (a) 7/J = 0.10, (b) T/J = 0.30,
and (c) T/J = 0.50. We find that the entropy difference (red curve) changes sign at a different
value of D /J when compared with the free energy calculation (green curve), indicating that both
energy and entropy play a role in the selection mechanism when D > J. The insets depict the
same plots with a re-scaled vertical axis to clearly show the profile of the free energy curves.
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In this limit, the energy term is minimized for m = (100), while the entropy term is maximized for
m = (111) (note that all of the terms in Egs. (3.50)-(3.51) are positive as the magnetization
direction is normalized |m| = 1). The net contribution of these terms to the free energy
Foh) = gi) _ TS0 Jeads to Eq. (3.30). We see that the coefficient of the entropy term
in (third line of Eq. (3.51)) is always larger in magnitude than the coefficient of the energy term
(third line of Eq. (3.50)), implying that entropy maximization is the mechanism for the selection
of the magnetization direction in the limit 7 — 0* and |D| < J.

3E Magnetization direction in a field

Here, we generalize the perturbative calculation of the free energy to include an external magnetic
field, while still expanding about an arbitrary polarized configuration #. One must take caution
when carrying out this expansion as such a configuration is not necessarily metastable, and
there will be terms that are linear in the bosonic operators appearing in the Holstein-Primakoff
expansion. Assuming an external magnetic field B, we include an additional Zeeman coupling
to the Hamiltonian of the form

~ppg ) B - Si, (3.52)

where pg is the Bohr magneton and g is the g-factor of the magnetic ion, which we assume to
be isotropic, which would be a reasonable approximation for a 3d transition metal such as V**
in Lup, Vo075 [15, 137, 142—145], for example. For convenience, we define the projection of the
field onto the magnetization direction as h(()'h) = pggB - m /S and the two orthogonal components

h(f’ ) = HUggB - é./S, where e* = é; £ié,. The linear spin wave Hamiltonian is then found to be

H = 5By~ VNS 3" |1™a! 4 h™a,, |
M

+5 ) (Xfff’)(q) + h(()';’)éw) Al gy g (3.53)
q.H1,v
N . . - -1
= S2Eq - 4NSA™ RO (ol (X (0) + h§™T) | Eo)
83" (ol +n5™) b gbyg. (3.54)
q.1

where the second equality comes from completing the square (involving the a' and a operators),
X;(fvn)(Q) is the linear spin wave Hamiltonian from Eq. (3.15) and |E() = (% % % %)T We
must now re-evaluate the free energy using the Hamiltonian in Eq. (3.54). Firstly, to evaluate the
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expectation value, we decompose the matrices into the sum of Heisenberg and DM couplings,
ie. X (0) + hém)l[ = M(m) + M where

DM’
[Mg;'g]w = 2iD(1 - 6,0)d,y - i, (3.55)
and R A R )
M = X (0) + ™1 - MU, (3.56)
We can then expand the matrix inverse that enters in Eq. (3.54) as
() (i) ! ] (g [ g ]
(X )+ ng™1) = M| -l (M| (3.57)
n=0

The spectral decomposition of the Heisenberg and field contributions is

)] ! 1
[Mé )] = —( |EoXEol + —— (1 = |[EoXEol) - (3.58)
hy" 8J + hy

L q-1
It is straightforward to check that M(m) [M(()m)] |Eo) = 0, therefore

(Eq| (X('h)(()) + h(()';')l[) |Eo) = (3.59)

1
h(m)

The low-temperature contribution to the free energy per unit cell is then calculated in the same
way as described in Appendix 3C, thus obtaining

() 1 (i
7:(1?:) ~ SZ@ _452h+ fAl(_m) N TV d3k - JSu Ik |2— sh(m)
N p™ o (2n)

k
L) / Pk £4(k) . (3.60)
(2m)3 o BE KPR _

Evaluating the integrals in Eq. (3.60), we obtain an expression for the free energy to order
D\4 (1\7/2
(7)(5)

7o) ~ —2,uBgS(

[BP+(B-m)?\ 4/ ( T\ (¥ 5)
- e
B.-m n3/2\2JS 2

3s [D* 7\ 44D? T \"? e
+W[J3 (m4+m4+m4——)———24j] (—) Li, (e—% '") (3.61)
JT



—— upglBIlJ=1x10"7 —e— T/J=0.1

—— upglBII=2%10"" *— T=0.15
0.9 1 1Bl =3x 107 I =2
#oglBI=3x —— TJ=025

—e— upglBllJ=4x10""

cosa

1070 1078 1077 10°¢ 1073 1074 1073 1072

usgBILJ

Figure 3.15: Magnetization direction as a function of (a) temperature and (b) magnetic field
magnitude obtained by minimizing Eq. (3.61) for D/J = 0.5 and B oriented along the (100)
directions. Here, a is the angle between the external field and the magnetization direction
B - 1t = | B| cos a, such that cos @ = 1 corresponds to it = (100) and cos @ = 1/V3 corresponds
tom = (111).

where Li, (z) = 2,°, n~*z" is the polylogarithm. We may then minimize Eq. (3.61) with respect
to the rt to find the magnetization direction at finite temperature. The results of this minimization
procedure are depicted in Fig. 3.15 for an external magnetic field oriented along the [100]
direction. At finite temperature, we observe a crossover between magnetization oriented along
the (111) directions, favoured by thermal fluctuations, to the (100) directions as the magnetic field
is increased (see Fig. 3.15(b)). This change in the magnetization direction is induced by a very
weak magnetic field. For illustration purposes, taking for example D/J = 0.5 and T'/J = 0.15,
the magnetization changes direction for a magnitude (,uB g|B|/J ~ 10_6). Using a ferromagnetic
exchange J ~ 8 meV and g-factor g ~ 2 (as in Lup; Vo057 [137, 145]), this would correspond
to a magnetic field of magnitude |B| ~ 70 uT at a temperature 7 ~ 14 K. This reflects the
weakness of thermal order by disorder of the quantum model against the energetic perturbation
(here the magnetic Zeeman energy), at least for this D /J = 0.5 value, which is already quite large
considering a system such as Luy V,07 [15, 137, 142-145].
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3F Calculation of the magnon self-energy

In this appendix, we explicitly derive the expression for the magnon self-energy to O(S°) using
the imaginary-time Green’s function formalism. The three and four-magnon interaction vertices
in Egs. (3.19)-(3.20) are given by

Yﬁ:’; (k,q) = i\/EDdW e (6yacos(k - ryy) —Surcos(q-ruy)), (3.62)
V;i?a)p(k’qﬂ) =-2J(1 = 3,) [5up5vﬂ cos(q - )
+8,00ypcos((k —q +q) - rw)]
+(J —iDd,y - 1) (1 = 8,,) [%% cos(k - 1)
+ 6,0,y cos((k +q) - rﬂp):
+(J=iDd,, -m)(1-06,,) [5;1\/5/1,0 cos(q - ryy)

(3.63)

-

+ 6;1/16;1,0 COS((q - q) ' rv/l)

where e™ = é; — ié,.

We calculate the self-energy to O(S?) by evaluating the diagrams depicted in Fig. 3.2 in
the imaginary time formalism at finite temperature 7 = 1/8, and subsequently extrapolate
to zero temperature (8 — oo). First, we express the interactions in terms of the operators

agu=2,U, (m) v (q)bg,, that diagonalize the linear spin wave theory. Equations (3.19)-(3.20) then
become

() Tt
" 2,\/—%; [T,M (k,q)b; by by.qq+He. (3.64)
and
() _ (1h) Bt
H N(zv)z D 2 W (k@b 0 by g by by (3.65)
kqq pvap

with the interaction vertices expressed in the energy basis (i.e. involving the b and b operators)

defined as . )

T (kq) = > Us k)T, (U (k + )Y (k. q), (3.66)
aBy
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and

Z 7 (rit) F7(rit)
W/.(t:/n/l)p(k’ q q) = Z Ucw (k + q)Uﬁv (q - q)
afyoc

x U (@)U (Vi) (k.q.9))- (3.67)

The bare imaginary-time Green’s function in the energy basis is given by

Sap

G (k. iw) = (3.68)

: (i) *
—iw+ Sw Ak

We decompose the imaginary-time self-energy into the sum of each of the diagram contributions
in Fig. 3.2 as 2™ = ¥ + ¥b + ¥¢_ In order of appearance in Fig. 3.2, the diagrams are evaluated

as

» ()
Ty (g, k = )T (g k - q)

24, (k,iw) = —% Z Z

q.n Ap

x 6™ (q,iQ) G (k - g, iw - iQ,)

BTN

7 —=(m)
T (k.q - k)T, (k.q — k)

vpAa
q.n Ap
x G\ (4. 196 (g — k. iQ, - iw>], (3.69)
: S ) A .
b, (kyiw) = == > " GV (0,i0)G)p (4,i)
NB q.n Ap
fi (i) () 7
X |70 e, 0T (4, 0) + Ty (K, 0T 0 (4,0) (3.70)
. _ S A A .
Zj(k.iw) = oo DY Wi (k. g, 061 (g, i), (3.71)
qgn A

where Q, = 27n/f are the bosonic Matsubara frequencies. We can then evaluate each of the
frequency summations and subsequently take the S — oo limit as

P—oo

I . ;
5 2160 (gi90) = ny (S = 0, (3.72)
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which enters in Egs. (3.70) and (3.71). We also have

1 > 6 (1) "B (Swyz)) B (S“’Lﬁ;)—k) preo
=) .Gu (4.19.)G,, (g — k,iQ, —iw) = - = 0, (3.73)
BT ” i — Sl + S
which enters in Eq. (3.69), along with
(1) (1)
Sw —ng (—-Sw
1 () (1) L "B ( A.q ) B ( p,k—q)
— ) G, (410G, (k — q,iw —iQy) = p )
P Z . " i + Sl + Sw )
PL—oo 1
- - (3.74)
—iw+ Sw,()"';) + Sle?—q

where ng (z) = (ef? - 1)_] is the Bose distribution function. It thus finally follows that X? =

>¢ =0, and
() =)
S T, (a.k—q)T,,,(q.k-q)
i (k. iw) = > Dy e — (3.75)
7 Ap iw— Sa)A’k_q - Swy 4

The retarded self-energy is then obtained by analytic continuation, which, making the substitution
iw — w+1i0%, leads to Eq. (3.23). The instability discussed in Sec. 3.4.4 then corresponds to a
pole at w < 0 of the single-magnon Green’s function (Eq. (3.22), with § = %) to O(SY).
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Chapter 4

Fluctuation-induced gaps in quantum
magnets

4.0 Preface

Identifying order-by-disorder (ObD) in real materials has been a long-standing open problem in
the field of frustrated magnetism. Indeed, there is no universally accepted experimental signature
of order-by-disorder that does not rely on quantitatively fitting experimental data to extract model
exchange interactions, and subsequently checking theoretically that said model exhibits ObD
[58].

The most direct experimental probe comes from inelastic neutron scattering (INS) experi-
ments, which effectively provide an observation of the spin-wave excitation spectrum. In this
case, ObD manifests as a very small gap in the spectrum, known as a pseudo-Goldstone (PG)
mode. The PG is nearly gapless due to the underlying classical degeneracy, but acquires a small
gap when the degeneracy is lifted by fluctuations. Two recent papers have characterized the
formation of the fluctuation-induced PG gap in both the zero-temperature quantum [101] and
finite-temperature classical [58] limits. Notably in Ref. [58], it was proposed that thermal ObD
manifests as a PG gap that increases with temperature. This begs the question of whether an
analogous statement holds in the low-temperature quantum regime.

So far, there is a small number of real materials for which there is evidence for ObD operating
[118—126]. Perhaps the most compelling candidate material for ObD is the pyrochlore anti-
ferromagnet Er, Ti,O7 [97, 98, 114—117] because (a) theoretical calculations using the exchange
parameters of “best-fit” predict that ObD is operating [97, 98] and (b) there is a small gap observed
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in the INS spectrum [114, 116]. A small spectral gap certainly does not imply that ObD must
be at play, as such a gap could in principle arise as a “trivial” energetic gap due to interactions
not accounted for in the model at hand. It is therefore of great interest to characterize the finite
temperature properties of the PG gap, which serves as the motivating principle for this chapter.

In the manuscript contained in this chapter, it is argued that the PG gap obeys a universal
characteristic temperature-dependence, which increases with temperature, and can be used as an
unambiguous experimental signature of ObD in quantum magnets. This temperature dependence
opposes what one would expect for a typical energetic gap, where the effect of thermal fluctuations
is to decrease the gap (the interested reader is referred to Appendix B for an example of this
statement). In addition, it is shown that said gap can be computed within the framework of linear
spin wave theory alone, greatly simplifying the otherwise tedious finite-temperature quantum
many-body calculation.
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In frustrated magnetic systems with competing interactions, classical ground states often ex-
hibit continuous degeneracies that are not protected by any symmetry of the spin Hamiltonian.
These accidental degeneracies are typically lifted by thermal and quantum fluctuations through a
mechanism known as order-by-disorder (ObD). A leading proposal for detecting and character-
izing ObD in real materials — distinguishing it from standard energetic selection — is to measure
the small fluctuation-induced pseudo-Goldstone (PG) gap A in the excitation spectrum. While
the properties of A have been understood to leading order in magnon-magnon interactions at
zero temperature and in the classical limit at nonzero temperature, the temperature dependence
A(T) in quantum magnets remains largely unexplored. In this work, we compute A(T) at low
temperatures to leading order in a 1/S expansion, using non-linear spin-wave theory for a variety
of frustrated quantum spin systems. To support and generalize these results, we develop a com-
plementary formalism that allows one to compute A(7) using only linear spin-wave theory, thus
circumventing the need for cumbersome many-body calculations. We find that, at leading order in
1/S, A(T) exhibits a distinct power-law temperature dependence, scaling as either 79*! or 7¢/+!
depending on whether the PG mode is linearly or quadratically gapless at the harmonic level,
respectively. Finally, we discuss the implications of our results for the pyrochlore compound
Er; TioO7 where experimental evidence strongly supports an ObD scenario.

4.1 Introduction

In systems of interacting degrees of freedom, both thermal and quantum fluctuations generally
act to destabilize long-range order. In certain condensed matter systems, these fluctuations can be
so pronounced that they completely suppress order even at absolute zero temperature. A striking
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example is liquid helium, which avoids freezing into a crystalline solid at atmospheric pressure due
to strong quantum zero-point fluctuations [166]. Within the field of magnetism, the quest for spin
liquids—phases that lack long-range magnetic order down to the lowest temperatures—has long
been a central pursuit. One prominent setting for this search considers highly frustrated magnetic
systems in which competing spin-spin interactions produce an exponentially large number of
classically degenerate ground states [55, 64]. This large degeneracy can then prevent magnetic
ordering down to absolute zero temperature, even in three-dimensional systems, thereby realizing
aclassical spinliquid [55, 127, 167]. Such a classical perspective has inspired extensive theoretical
and experimental efforts to uncover their quantum counterparts — quantum spin liquids [22, 54, 67—
69].

An intriguing intermediate situation between energetically stabilized long-range magnetic
order and fluctuation-driven spin-liquid behaviour occurs in certain frustrated spin models whose
manifold of classical ground states grows only sub-exponentially with system size. In these
systems, the degeneracies are accidental and not protected by any global symmetry of the spin
Hamiltonian, but instead arise from the specific form of the spin-spin interactions.”® Although
no unique ground state (modulo global symmetries) is energetically preferred at the classical
level, thermal or quantum fluctuations can lift this degeneracy, selecting a subset of configu-
rations from the manifold and thereby stabilizing long-range magnetic order. This celebrated
phenomenon, known as order-by-disorder (ObD) [10, 56, 71], is a conceptual cornerstone of
frustrated magnetism.

While order-by-disorder driven by thermal or quantum fluctuations has been firmly established
in numerous theoretical models of frustrated spin systems [1, 10, 56, 59, 62, 63, 70-74, 76, 79—
81, 83-102, 104, 105, 168—170], a long-standing question is whether ObD is actually realized
in real magnetic materials and, if so, what experimental signatures could unambiguously re-
veal its role in stabilizing the observed long-range order. The conventional route to identifying
ObD experimentally is largely indirect: one first constructs a theoretical model of the material,
demonstrates ObD within that framework, and then verifies as many of the model’s predictions as
possible against measured material properties [97, 114, 118—121]. This strategy faces two impor-
tant limitations. First, it poses substantial methodological challenges: establishing quantitative
agreement between theory and experiment in an ObD regime often demands intricate, high-order
quantum many-body perturbation theory calculations. Second, even when successful, such an
approach offers only an indirect confirmation. It leaves open the question of whether there exists
more direct, and perhaps fundamental, experimental signatures of ObD — ones that do not depend
on a lengthy “back-and-forth dialogue” between theory and the fitting of extensive experimental
datasets.

Z8Note that the existence of an accidental degeneracy by no means implies this intermediate scenario.
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Figure 4.1: Schematic picture depicting the spectrum of a pseudo-Goldstone mode for (a) type |
with a linearly dispersing mode, € = v|k|, and (b) type II with a quadratically dispersing mode,
€ = v|k|%. In both cases, the mode acquires a gap A via the order-by-disorder (ObD) mechanism,
modifying the dispersion. Quantum fluctuations at zero temperature (1" = 0) generates a gap Ag
(quantum ObD), which then increases with T as a power-law, 79! and 7¢/?*!, for type I and type
IT modes, respectively.

Two recent developments [58, 101] have begun addressing the challenges outlined above by
considering the formation of an ObD-induced energy gap A in the otherwise gapless pseudo-
Goldstone (PG) modes (i.e., spin-wave excitations) predicted at the harmonic level (see Fig. 4.1).
The first development is the realization that, given the Hamiltonian of a quantum spin-S$ system,
the curvatures of the classical plus quantum zero-point energies, expressed in terms of deviations
of the spin operators and computed at O (S), are sufficient to determine the PG zero-temperature
gap, Ao, exactly to O(S?), without resorting to involved self-energy calculations from magnon-
magnon interactions [101]. The second development is the observation that frustrated classical
spin systems, which exhibit thermal but not quantum ObD, acquire a temperature-dependent PG
gap from magnon interactions that scales as A(T) oc T* with u = % (u = 1) for linearly dispersing
(quadratically dispersing) PG modes [58]. These results naturally raise two important follow-up
questions:
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1. What is the expected temperature dependence of the PG gap in a quantum treatment of spin
models with linearly or quadratically dispersing PG modes? — an issue of critical relevance
for real materials where a classical description breaks down at low-temperature [58].

2. Canatemperature dependence of the PG gap for a quantum model be computed by extending
the “curvature framework™ of Ref. [101] —replacing the zero-temperature energy curvatures
with those of the free-energy density and using only linear spin-wave theory?

In this work, we answer the second question in the affirmative and, in regard to the first question,
find that the above exponent u becomes d + 1 (for a linearly dispersing PG mode, € « |k|) and
‘5’ + 1 (for a quadratically dispersing PG mode, € o« |k|?), respectively (see Fig. 4.1). In short,
we identify a strongly compelling experimental signature of ObD in the form of two universal
types of temperature-dependent ObD-generated PG gaps A(T'), and which can be computed in a
way that avoids the complexities of finite-temperature quantum many-body calculations.

4.2 Spin-wave theory

We begin by first using the standard spin-wave theory formalism to investigate the temperature
dependence of the fluctuation-induced gap. Spin operators are mapped to Holstein-Primakoff
bosons [35, 171] and subsequently expanded in powers of 1/S, where S is the spin quantum
number.”” Substituting this expansion into the Hamiltonian and keeping only the bilinear terms
gives the linear spin-wave Hamiltonian

4 1 ’E KR
H, = SZ Z [Az“ a};ﬂak’a, + 5 (Bz“ akﬂa’_kﬂ, + Hc)] . 4.1)
k aa

Here, a, , is a Holstein-Primakoff boson with wavevector k on sublattice @ of the magnetic
unit cell, and the coefficients Aza' and B%‘" depend on both the magnetic exchange interactions

and the specific classical ground state configuration(s) considered [171].”? The quasiparticle
dispersion is then determined by the eigenvalues of the (non-Hermitian) Bogoliubov-de Gennes
matrix [49, 171]

4.2)

A B
0'3Mk=(73( x k),

k
Bk AIk

where o3 = diag(I, —I) is a Pauli matrix acting on the particle-hole degree of freedom.

2Refer to the Supplemental Material for details of spin-wave theory and the proof of the curvature formula. The
Supplemental Material includes Refs. [38, 48-52, 101].
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Beyond linear spin-wave theory, the quasiparticle energies correspond to poles of the (re-
tarded) single-magnon propagator

-1
GR(k,w) = |w +i0* - o3 (SMk+ZR(k,w))] o, (4.3)

where XR(k,w) is the retarded (thermal) self-energy matrix. We note that the matrix in
Eq. (4.3) has both sublattice indices and indices that track the normal and anomalous boson
terms [49, 101].°>Y We then proceed to include the leading order effects of spin-wave interactions
perturbatively by computing the self-energy to O (S) in the 1/ expansion [38]. This contribu-
tion to the self-energy can be represented as the sum of three one-particle irreducible diagrams
[53]

R = —&+ I + Q . (44

constructed from both three- and four-magnon interaction vertices. In general, these diagrams
carry a conserved wavevector and frequency (k, w) at each interaction vertex marked as black
dots, sublattice indices, and include both normal and anomalous propagators.”’-*’ Note that in
order to incorporate thermal effects into the self-energy, we must take the limit 1/S — O while
keeping T/S fixed.””

Next, we consider a gapless PG mode, which falls into one of the two categories depending
on its spectral properties, referred to as “type I’ and “type II” [101, 172]. Throughout this paper,
we assume that this mode is located at the first Brillouin zone (BZ) centre (k = 0), although this
assumption can be relaxed in general. Under this assumption, the poles of Eq. (4.3) at k = 0
correspond to an effective Hamiltonian for the PG mode Hpg arising from magnon-magnon
interactions, with the temperature dependence encoded in the self-energy. At the level of linear
spin-wave theory, a type I PG mode has linear dispersion, € o« |k|, while a type Il mode disperses
quadratically, e o |k|?, as depicted in Fig. 4.1.

For a type I mode, 03M has a single linearly independent eigenvector V corresponding to
a zero eigenvalue. In this case, the PG gap appears at O (S'/?) as

A(T) = 51/2\/vg [ZR(0,0)03M¢ + Moo3ZR(0,0)] V. (4.5)

30Here, “normal” refers to the number-conserving blocks of Eq. (4.1) (i.e. terms proportional to a'a and aa™) and
“anomalous” refers to the number-non-conserving blocks (i.e. terms proportional to a'a" and aa).
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For a type II mode, there are two linearly independent eigenvectors, Vy and Wy, corresponding
to a zero eigenvalue. In this case, the PG gap appears at O (S°) as

A(T) = 50\/ (ngR(o, ())VO)2 - (V(T)ER(O, O)WO(Z. (4.6)

We refer the interested reader to the Supplemental Material for a more detailed derivation of
Egs. (4.5) and (4.6).”” With the PG gap generated by quantum and thermal fluctuations now
determined, the low-energy dispersion takes the form v/v2| k|2 + A2 for a type I mode and v|k|>+A
for a type Il mode, as depicted in Fig. 4.1.

4.3 Curvature formula

In previous works characterizing the PG gap in both the quantum zero-temperature [101] and
classical finite-temperature [58] scenarios, it was argued that the gap at leading order can be
calculated exactly by computing the curvature of the linear spin-wave free energy. Here, we
develop a similar formalism analogous to Refs. [58, 101] that allows us to compute the PG gap
at O(S") using only the linear spin-wave energy eigenvalues at O(S). First, consider a local
reference frame (¢, ,.¢€, ,.€,,) where é, , is the classical ordering direction, rotations about
€y correspond to a soft mode, and é, , = é,, X é,,. We may parametrize the soft mode
by an angle ¢ (along with its canonically conjugate pair 8) and define the rotated Hamiltonian
H(p,0) = U(¢,0)"HU(¢,0) where U(¢, 0) is a unitary transformation that generates the soft
modes of the spin configurations. Formally, this modifies the local frame as

>

é,.(0,0) cos¢ —singsing singcosh) (é,,
é,,(4,0)|= 0 cos @ sin @ éol- 4.7
€0.q(9.0) —sing —cos¢sing cosgcosd)\é,
We subsequently expand the rotated Hamiltonian to O (S) to obtain
H($,0) = S(S+ 1)Newr(0) + SNeq(,0) +S > €, (6, 0)b) by o (4.8)

k.,a

where S%e is the classical energy (per spin) and S (€. + €qu) 18 the quantum zero-point energy (per
spin), and § €ra is the linear spin-wave dispersion [171].”7 Eq. (4.8) effectively parametrizes the
magnons with respect to the zero-mode subspace. For a type I mode, only ¢ corresponds to a soft
mode at the classical level, with the classical configuration energy depending on . When 6 # 0,
the spin configuration is classically unstable, implying that the zero-point and spin-wave energies
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are not well-defined. For a type I mode, both angles are classically soft, so €(60) = €;(0). In
general, the free energy per spin at O(S) is

kT
£(6.0) = S(S+ Det(8) + Sequ(¢. 6) + % ;; In (1 - e—kaWf’)/"BT) . (4.9)

We may now establish a relation between the effective Hamiltonian to O(S') in Eq. (4.8)
and the PG gap at O(S?) using a sum rule for the magnon spectral function (see Supplemental

Material®”)
® 1 O*H
[00 dwwﬂo(w)a'g = _2SN [(0’3 - i0'2) <(_(9¢2 )0>

2 2
+(0’3+i0’2)<(%;{) >—2i0’1<(5¢—§;) >], (4.10)
0 0

where (---)g is used to denote an evaluation at ¢ = 6 = 0 (the ObD selected state), Ap(w) is
the single-magnon spectral function projected into the zero-mode subspace, and o, o, are the
remaining two Pauli matrices (i.e. [01,03] = 2i03). Indeed, Eq. (4.10) is readily shown to
be precisely the effective Hamiltonian Hpg for the PG mode obtained earlier on the basis of
the self-energy calculations to leading order in 1/5.”° By diagonalizing Eq. (4.10), we find the
thermal gap at leading order in 1/S is given by

1/2 (&)
g (type I)
A(T) = 70> Jo 80 1P 4.11)
[ 2
SO g¢¢g99 - g¢g (type II)a
where )
1 o f
g/l[/lz(T) = g [(—611612)04-]{/11/{2] ) (412)
and
52 6€k a (9€k a SEk o4
K = 2 2 h2 d . 4.13
A = TN 2 on | \ o | N 2kt (+.13)
k,a 0 0
S S
with 4; = ¢,0. AsT — 0, kf;—zTcschz (2;’;}’) — 8T for small €, ,» While csch? (2;’;;) -0
ek,a o

exponentially otherwise. Therefore, K, , vanishes in the zero temperature limit, recovering the
curvature formula for the zero-temperature PG gap in Ref. [101]. Athigh temperature, K, | o7,
consistent with the scaling proposed in Ref. [58] for the PG gap in the classical limit. Note that

75



0.0220 0.106

Eq. (4.5),n=0
0.0215{ —Eq.(4.6),n=1 L0.105
------- Eq. (4.11) /
0.0210 L0.104
_ 5/2
ANT)—-AygxT
3 0.0205 L0.103
4 . . -~
0.0200 1 L0.102
( ,,,,,,,,,,,,,,,,,,,
0.0195 1 L0.101
e AN(T) - Ag o T*
0.019( === : : : 0.100
0.0 0.1 0.2 0.3 0.4 0.5

Figure 4.2: PG gap for the Heisenberg-compass model Eq. (4.14) on a simple cubic lattice with
n = 0 (type I mode) and 7 = 1 (type Il mode). In both cases, we use K/J =0.5and S = 1/2.

since T'/S is kept fixed in the perturbation theory, g JR is formally of O(S°) whenever both 1,
and A, correspond to soft modes. The derivatives in Eq. (4.13) can be readily calculated using
the Hellmann-Feynman theorem [173]. More details regarding the proof of Eq. (4.11) and the
calculation of Eq. (4.13) are provided in the Supplemental Material.””

4.4 Models

As a first example, we consider a ferromagnetic Heisenberg-compass model on the simple cubic
lattice, defined by the Hamiltonian

H--3,

r

J Y S, 8, s+K (S;‘S’;ﬂ +SISY,y 41 stiﬂ)}, (4.14)
0=x.,y,2

where S, is a spin-S operator at site r and 6 = x,y,z are the nearest-neighbour bonds, and
J,K > 0. For K = 0, Eq. (4.14) is simply the Heisenberg ferromagnet, with collinear ground
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states related by a global SU(2) symmetry. When K > 0, there is no longer an exact continuous
symmetry. In the following, we consider the cases of n =0 and p = 1.

When 1 = 0, the classical ground state corresponds to a collinear ferromagnet with magne-
tization along any direction in the £ — ¥ plane. In contrast to the (K = 0) Heisenberg model,
this degeneracy is accidental. This accidental U(1) degeneracy is lifted by quantum and thermal
fluctuations that select one of four magnetization directions along the +X, +y directions. In this
case, the associated PG mode is of type .

When 1 = 1, the classical ground state is a collinear ferromagnet with arbitrary magnetization
direction, signalling an accidental O(3) degeneracy. The degeneracy is lifted by fluctuations that
select one of six magnetization directions along the cubic axes =X, ¥, +Z. In this latter case, the
associated PG mode is of type 1%

The PG gap at O(S°) for Eq. (4.14) is depicted in Fig. 4.2 over a range of temperature in the
case of both atype I (7 = 0) and type II (7 = 1) mode. We find an excellent quantitative agreement
between the gap calculated using the curvature formula of Eq. (4.11) and the one from the self-
energy calculation of Egs. (4.5) and (4.6). We emphasize that these two calculations are carried
out independently of one another, and there are no free parameters introduced to make them agree.
We note that the gap calculation is relatively simple for this model, as the lack of three-magnon
interactions implies that K, = 0 in Eq. (4. 12).>” In both cases, there is a zero-temperature
contribution due to the gap, Ay, induced by quantum ObD (i.e. zero-point fluctuations) [101]. At
low temperatures, the leading thermal contribution to the gap is proportional to 7% for a type I
mode and T°/? for a type I mode.

4.5 Discussion

The curvature formula in Eq. (4.11) directly implies that at low temperatures the PG gap satisfies
a universal scaling relation as a function of temperature. By noting that at the harmonic level the
spin-wave dispersion is linear (e; ~ |k|) for a type I mode and quadratic (ex ~ |k|?) for a type
IT mode, a straightforward dimensional analysis of Eq. (4.12) implies that the leading thermal
correction generically satisfies

SU2 (D)™ (type D)

d/2+1 (4.15)
SO (L) (type I,

A(T) —AO o {

where d is the spatial dimension, and is consistent with the results in Fig. 4.2. We propose that
this universal temperature-dependence of the gap increasing with temperature at 0 < 7 < T,
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where 7¢ is the critical temperature, can serve as direct experimental evidence for ObD in a spin
system that does not rely on fitting exchange couplings to a microscopic model.

The ability to calculate the PG gap using only linear spin-wave theory [Eq. (4.11)] provides
a substantial simplification when compared to the tedious calculation of the magnon self-energy,
particularly in cases with non-collinear order. In addition, the presence of a gapless mode in
the linear spin-wave spectrum renders a direct calculation of the self-energy infrared divergent
when d < 3 [174], drawing an analogy to the Hohenberg-Mermin-Wagner theorem [175-178].
To circumvent this divergence, one could employ a more involved, self-consistent approach to
calculate the self-energy, such as those described in Refs. [58, 179—-182]. Alternatively, the
curvature formula for the gap in Eq. (4.11) is well-defined for d < 3, avoiding the need to
regularize an infrared divergence in the first place.

Our observation that the PG gap obeys a universal, temperature-dependent scaling relation
can serve as a framework to diagnose ObD in real materials in a way that is independent of the
microscopic spin Hamiltonian describing the material. Leading candidates where ObD may be
present include the compounds Er, TioO7 [114, 116, 183], CoTiO3 [118], SrpCuz04Cl, [119],
and Fe,;Caz(GeOy)3 [120]. It remains unclear, however, whether the small gap measured in these
materials is truly a PG gap, as it is possible that such a gap can arise from further neighbour
exchange, anisotropic spin interactions or higher-order spin interactions such as a biquadratic
interaction. The experimental observation of a temperature-dependent gap, such as in Eq. (4.15),
would aid in resolving these questions.

We are then left with the question of whether the results presented here are relevant to real
materials. In the End Matter, we calculate the PG gap for several pyrochlore material candidates
using Eqgs. (4.5), (4.6), and (4.11). For the pyrochlore material Er,Ti;O7, the thermal correction
to the gap up to 7' = 700 mK is predicted to be within A(700 mK) — Ag = 2.9 eV, approximately
10% of the zero-temperature gap (see Fig. 4.3(a)). This will likely be challenging to measure
experimentally with high resolution in temperature, as this energy scale is at the lower end of what
is currently accessible using high-resolution inelastic neutron backscattering measurements [ 184].
The experimental details of how to resolve and characterize small thermal corrections to the PG
gap remain an open and challenging problem. In addition, there will be a crossover temperature,
T*, where thermal fluctuations and the progressive restoration of symmetry as 7; is approached
from below, will take over and make A(7') begin decreasing. The treatment of corrections to
A(T) arising from pre-critical fluctuations is beyond the scope of this work, as we focus only
on A(T) in the limit T < T. Nonetheless, our work provides a robust theoretical framework to
guide future experimental efforts in this exciting field of research.

Note—In the process of finalizing this manuscript, we became aware of a very recent
preprint [185] that reports calculations of the PG gap at nonzero temperature similar to those
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presented here.
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End Matter

4.E1 Material candidate, Er;Ti;O7

First, we discuss an application to the XY pyrochlore antiferromagnet Er, Ti»O7, which is arguably
one of the best material candidates for ObD [97, 114, 116]. The spin-orbit entangled electronic

states of Er** are subject to a highly anisotropic crystal-field producing a ground doublet described

using an effective (pseudo) spin—% with the Er¥*—Er’* interactions described by an anisotropic

exchange-like model [23, 97, 138]

H= ) |J.Sis% - 1. (187 +575})
(@.J)

. (4 ’ [stj. 4 5;55] 4 Hc)] . 4.16)

Here (i, j) denotes the sum over nearest-neighbour bonds, and y;;, {;; are bond-dependent phase
factors uniquely determined by the lattice geometry and symmetries of the single-ion crystal-field
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wavefunctions [23]. The four nearest-neighbour couplings J,,, in Eq. (4.16) have been fitted to
reproduce INS data on Er,Ti,O7, with the best fit given by [97]

Jo; =25 ueV, Ji =+65 uev,
Jier =+42 ueV, J. =-8.8 ueVv. (4.17)

The classical ground states are non-collinear antiferromagnetic configurations of spins lying in
the local XY planes perpendicular to the local (111) cubic axes of the pyrochlore lattice [23],
parametrized by an accidental U(1) degeneracy [83, 186]. Below T. = 1.17 K [93], ObD selects
one of the six “iy,” states, leading to a type I PG mode [23, 97].

The PG gap for Er,TioO7 is depicted in Fig. 4.3(a) over a range of temperatures up to
T = 700mK. We find a zero-temperature contribution to the gap of Ag = 31.1 ueV, consistent
with the gap calculated in Ref. [101], and somewhat smaller than the experimentally determined
values of 43 peV [183] and 53 peV [114]. At low temperatures, the gap scales proportional to
T4, similar to the type I mode in Fig. 4.2.

4.EII Material candidate, Yb,Ge; O

This compound is another XY pyrochlore antiferromagnet [121] whose Hamiltonian is the same
as for Er,TioO7 given in Eq. (4.16). The four nearest-neighbour couplings have been fitted to
INS data, with the best fit given by [121]

J,; =0.128 meV, Ji =0.138 meV,
Ji:r =0.044 meV, J,. =-0.188 meV. (4.18)

The classical ground states are the same as in the case of Er,Ti;O7, i.e., non-collinear antiferro-
magnetic configurations of spins lying in the local XY planes perpendicular to the local (111)
cubic axes of the pyrochlore lattice [23], parametrized by the same accidental U(1) degener-
acy [186]. Below T, = 0.572 K [121], ObD selects one of the six “i3” states, leading to a type |
PG mode.

The temperature dependence of PG gap for Yb,Ge,O7 is depicted in Fig. 4.3(b) over a range
of temperatures up to 7. /2. We find a zero-temperature contribution to the gap of Ag = 13.028
eV, and a very small thermal correction within A(7./2) — Ag = 6 neV. At low temperatures, the
gap scales proportional to 7%, as predicted for a type I mode.
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Figure 4.3: (a) PG gap for the pyrochlore antiferromagnet Er, Ti,O7, calculated using the exchange
couplings from Ref. [97]. The classical ground states are parametrized by an accidental U(1)
degeneracy, corresponding to a type I mode. The gap is plotted up to 7 = 700 mK. (b) PG
gap for the pyrochlore antiferromagnet Yb,Ge,O7, calculated using the exchange couplings from
Ref. [121]. The classical ground states are parametrized by an accidental U(1) degeneracy,
corresponding to a type I mode. The gap is plotted up to 7, /2 = 286 mK. (c) PG gap for the
pyrochlore ferromagnet Lu, V,07, calculated using the exchange couplings from Ref. [145]. The
ground states are parametrized by an accidental O(3) degeneracy, corresponding to a type II
mode. The gap is plotted up to 7./2 = 36.5 K.
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4.EIIl Material candidate, Lu;V,07

Finally, we discuss the somewhat unique scenario of the pyrochlore ferromagnet Lu,V,07. In
this material, the V*#* transition metal 3d! ions are magnetic, leading to the effective spin—% model

H:—J;Si-Sj—;;Dij'(SiXSj), (419)
l’.] l’]

where the Dzyaloshinskii-Moriya (DM) vectors are of the “indirect” type [78]. The two nearest-
neighbour couplings have been fitted to INS data, with the best fit given by [145]

J =8.22 meV, |D;j| = 1.5 meV. (4.20)

The ground states are collinear ferromagnetic configurations parametrized by an accidental O(3)
degeneracy [1]. Below 7. = 73 K [145], ObD (within the model of Eq. (4.19)) selects one of the
(111) directions for the bulk magnetization [1], leading to a type II PG mode.

The temperature dependence of the PG gap for Lu,V,07 is depicted in Fig. 4.3(c) over a
range of temperatures up to 7. /2. In this case, there is no zero-temperature contribution to the
gap, consistent with the recent work of Ref. [1] arguing that this material exhibits ObD at finite
temperatures without quantum zero-point fluctuations. However, we find at low temperatures a
thermally-generated pseudogap that scales proportional to 77/, distinct from the expected 7°/2
scaling for a type I mode. This exception arises due to the observation pointed out in Ref. [1],
that the anisotropy [originating from the DM interactions — the second term in Eq. (4.19)] enters
the spin-wave dispersion at O (k%) in the wavevector k = |k|, when |D; | < J. This implies the
linear spin-wave free energy, at low temperatures, takes the form

f(¢,0) =aT>"* + b(¢,0)T"* + O(T°?), 4.21)

with the coeflicient a being independent of the orientation of the magnetization. The K, 1,1, lerms
entering the curvature formula will have a similar low-temperature expansion, and Eq. (4 11)1s
consistent with this power-law scaling.
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Supplemental Material

4.SI Details of spin wave theory
Holstein-Primakoff expansion

We consider a general bilinear spin model

H=> Z Z ST oy aarSyar (4.22)

rr’ ad’
where r represents the position of a unit cell and « is a sublattice index. The associated spin wave
theory can be obtained by expressing the spin-operators as Holstein-Primakoff bosons [35],

12 12
Sr,a = (S - nr,a) éa,O + ‘/E [(1 - nr,a) ar,aéa,— + aI(y (1 - nr_a) é\a,+] > (4.23)

28 28

where n, o, = ai,aar o and the vectors &, + = (84, +i84.)/ V2, &40 define a local reference frame
with respect to the classical ordering direction €, (i.€. €4, X €,y = €,,). We define the Fourier
transform of the exchange interactions in this local frame as

— k-8 5 A
Thg = D€ 000150525 (4.24)
6
where the sum is taken over all bonds d between a site on sublattice a to a site on sublattice S.
Expanding Eq. (4.23) in powers of 1/S about an ordered state (typically a classical ground state),
leads to the series representation H = S Y%/ S™"/2H,. The magnon interactions to O(S°) are
given by

1
H; =N, Z [L“az),a +Z"a0’a] R (4.26)
! ol ot + B
) ; Zﬁ [ oip ™t A k9 ko kp T B( oAokp T By a_y gy | (4.27)
1 a’ﬁ# T apu T
ZZ[ U qﬁak+qu Thg Opig uq.8%%, cx]’ (4.28)
k afu
¥ 1
YRy al 2 (peBuy F ot
Hy = [(21)2 k..0%%+0.0%-0% 1%yt 3 (DkqQakaaqﬁ Q#ak+q+Q’v+H.c.)],
C
kqQ wﬁﬂv

(4.29)
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where N = N_N; is the number of spins in a system with N, primitive unit cells and Ny sublattices
per unit cell. NS?¢ is the energy of the classical configuration, and the symmetrized interaction
vertices are

T Z s (4.30)

Z N/ (4.31)

AL = T = Sap Z o (4.32)

= T (4.33)

T,i“f " = =0T g — OanTy g (4.34)
Vigo = %%‘Sﬁ’v (jk s+ T Req-0.5) * %50”5!3# (9555 + T )

- % (‘5ﬁu5ﬁvj;c+g op  9ap0av Ty g po + SapOarTy ay + Sapdandy av) . (435

Dy = 2 (5up0up T+ andar Ty + Sudar T ) (436)

The one-magnon vertex, L%, vanishes so long as the classical configuration energy is at a local
minimum.

Linear spin wave theory

The linear spin wave Hamiltonian results from truncating the Holstein-Primakoff expansion at
O(S) about a configuration corresponding to a classical ground state

+0(SY?). (437

I
H=NS%q+S Z > [A‘;;“ 0} (e + 5 (BEa) 0", +He)

aa’

The linear spin wave energies and corresponding wavefunctions are determined by diagonalizing
the 2N, X 2N, boson Bogoliubov-de Gennes matrix [49]

Ay By )

+ (4.38)
_Bk _AIk

0'3Mk = (

84



where 03 = diag(l, —I) is a block Pauli matrix. We may diagonalize Eq. (4.38) by defining a new

set of bosons b K such that
a\ _ b,
(”T_k) g (bT ' (439

By requiring [bk,a/’ bk,ﬂ] =0 and [bk,a’ b;ﬁ] = 0qp, We obtain the para-unitary condition [48]

T = 03T, 03 (4.40)

The eigenvectors of Eq. (4.38) come in pairs Vi, and Wy, = mV_k,a [50], with eigenvalues
+€4k o, and make up the columns of the transformation matrix, i.e.

| | | |
Te=|Viax - Vin, Wir -+ Win

s .

Using Eq. (4.40), the eigenvectors can be normalized to satisfy the para-orthogonality conditions

(4.41)

V, 03V, 5 = +0ap, (4.42)
Wi 03W, 5= —6ap, (4.43)
Vi oW, 5 =0. (4.44)

The linear spin wave Hamiltonian then takes the diagonal form

S i 12
H = NS(S+ e+ NSequ+ 5 ; Zg: €kabh oPra + O(S'), (4.45)
where the quantum zero-point energy (per spin) is

Sequ = % P (4.46)
k 0%

We may subsequently calculate the free energy (per spin) to O(S) at temperature 7" as

_ kT —Sex o /ksT 1/2
f(T)—S(S+1)ec1+Sequ+TZk:Za:1n(1—e k, B)+0(S ). (447)

Next, we discuss the circumstance of interest, where the linear spin wave spectrum contains
zero modes. This implies that the matrix o3 M is positive semi-definite. We assume, without
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loss of generality, that there is a single zero mode at the BZ centre (k = 0). This mode can be
classified, whether it is type I or type II, based on the spectral properties of M. In particular, M
has either one or two linearly independent eigenvectors corresponding to the zero mode, which we
refer to as type I and type Il respectively. We define V(j and W, to be the vectors that span the zero
mode subspace, while simultaneously satisfying the normalization conditions Egs. (4.42)-(4.44).
The projection of M into the zero mode subspace is then given by [101]

1
ViMyV ) (type )
+ + oMYy
V(%MOV0 V(%MOWO): 1 4.48)
W MoV, W MW, 0 0
0 0 (type 1I)

A more detailed treatment of non-interacting bosons with zero modes can be found in Refs. [49,
101].

Non-linear spin wave theory at finite temperature

To incorporate effects of spin wave interactions at leading order in 1/S and at finite temperature,
we use the imaginary time formalism. To this effect, we assume the O(S) Hamiltonian in
Eq. (4.37) is solvable, and treat the three- and four-body interactions perturbatively to O (5%) [38].
We are interested in the single-magnon spectrum, encoded in the thermal Green’s functions

(kgT)™!
G (ki) = /0 dr e (Tay, ,(T)a} 5(0)), (4.49)
(kgT)~! )
Gtkion) = [ dre (Tl (10, 400)). (450)
(kgT)™! )
(k,iwy,) = dr 't 451
Gipkiion = [ dreo (Tl (1] ,(0). @51
(kgT)~! )
Gy (kiwn) = [ drer (Tay ,(n)ay 4(0)). (452)

where a, § label the sublattice structure, w, = 2nnkgT is a bosonic Matsubara frequency, T is
the (imaginary) time-ordering operator [52], (- --) denotes the thermal average with respect to
the equilibrium density matrix p = Z~'e#/k8T [5]]. This can be organized more compactly into
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a Bogoliubov-de Gennes block matrix, analogous to Eq. (4.38)

G T (k iwy) G (k,iwy)

g(k,iwn) = g++(k,i(l)n) g"'_(k,i(x)n)

-1
) = | —iwn+ o3 (SMe+ 2k iw) | o3, @53)
where X(k,iw,) is the imaginary time self-energy that encodes magnon-magnon interactions.
The self-energy to O(S?) is computed by evaluating the diagrams depicted in Eq. (4) of the main
text. The single-magnon dispersion then corresponds to poles of the (real-time) retarded Green’s
function, related to the thermal Green’s function via analytic continuation

GR(k,w) = -G (k,iw, — w+i0") = |w +i0" — o (SMk + 3R (k, w)) ] o1 (4.54)

with the retarded self-energy defined similarly as ZR (k, w) = Z(k, iw, — w +i0%). In the limit
1/S — 0, the self-energy can be treated as a perturbation to the linear spin wave matrix M.
Expanding about the linear spin wave energies Sey o, the magnon dispersion at O(S%) can be
determined by the simultaneous eigenvalue problems for each linear spin wave mode

o3 (SMy + R (K, Seta) ) View = (Ea = Tha) Vi (4.55)

o3 (SMk +XR(k, SGk,a)) Wia == (Ecko —iT-k0) Wk, (4.56)

where Wy, =0 1$_k,a. Note that since R is non-Hermitian in general, the magnon energies
will generically include both a real and imaginary part.

Calculation of the pseudo-Goldstone gap

For the remainder of this Sec. 4.S1, the calculation of the pseudo-Goldstone (PG) gap proceeds
similarly to Ref. [101], with the retarded self-energy XX (k, w) now generalized to be evaluated
at finite temperature 7. Since the PG mode appears at zero energy in linear spin-wave theory, we
may expand the self-energy to leading order

TR0, w) = 2R(0,0) + O(S7), (4.57)

which is exact to O (S°). In addition, we can ignore the broadening effects of the pseudo-Goldstone
mode to leading order in 1/S, and take £R(0,0) = £R(0,0)". The subspace associated with the
PG mode is two-dimensional, therefore we must calculate the solution to Eqs (4.55) and (4.56) in
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the context of degenerate perturbation theory. At O(S°), this comes down to diagonalizing the
perturbed Hamiltonian SM + X8 (0, 0) projected into the zero-mode subspace [101]

V{|SMo+ZR(0,0) Vo V{|SMy+ZR(0,0) W,

Hpg = 0o3( . R ¥ R
Wi [sMy + 2R(0,0)|Vo Wi |sMy+ER(0,0)| W,

, (4.58)

where the temperature dependence enters implicitly from the self-energy matrix. Eq. (4.58) is
the effective Hamiltonian for the PG mode, arising from the self-energy, to leading order in 1/§
alluded to in the main text. In the case of a type I mode, we may use Eq. (4.48) to compute the
effective Hamiltonian

SVIMoV,+VIER(0,00Vy  SViMyV,+V{ZR(0,0)W,

Hpg = . (4.59)
FG (—SVgMOVO ~W{ER(0,00Vy -SVIMoV, - VIER(0,0)V,
Computing the eigenvalues of Hpg, we obtain a PG gap of O(S'/?),
A(T) = 31/2\/1/; [ZR(0,0)03M¢ + Moo ZR(0,0)] V. (4.60)
Similarly, for a type I mode, we use Eq. (4.48) to obtain
VIER0,00Vy VI ZR(0,0)W,
Hoe = 0 ’ 0 ’ . 4.61
kG (-Wng(o, 0)Vo —W/ER(0,0)W, (4.61)
In this case, the PG gap appears at O(S°) as
0 : 2 : 2
A(T) =S (VOER(O, O)Vo) - (VOER(O, O)WO( . (4.62)

In general, the magnon self-energy XX (0, 0) must be computed numerically, which requires
two important considerations. First, the analytic continuation in Eq. (4.54) requires the use of
a finite broadening factor 0" ~ 10~ in the self-energy evaluation. Second, one must evaluate
sums that involve the bare magnon Green’s function of the form [(w +i0")o3 — SM k17! These
sums are rendered infrared divergent in the presence of PG modes. To regularize this unphysical
divergence, we include a small positive chemical potential term of the form u 3 , a,t’aa ka and
extrapolate numerically to the limit g — 0% until convergence is achieved [101].
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4.SII Curvature formula

Next, we show how the PG gap computed to O(S”), at finite temperature, can be related to
the curvatures of the linear spin-wave dispersion by computing the first moment of the relevant
magnon spectral functions. This is, in essence, a nonzero temperature generalization of the
curvature formula derived in Ref. [101], where it was shown that the relationship between these
two quantities can be established through the first moment of the magnon spectral function,
projected into the zero-mode subspace. We consider the Holstein-Primakoff expansion about a
configuration that is related to the classical ground state by small rotations about the local é,
and é,,, axes, labelled by the angles 6 and ¢ respectively. Relative to the classical ground state,
this transforms the local frame as

800(0) = (1= £) €00+ L + £20+ O(L), (4.63)
1 I, 1 1

Car(() = (1 LR 142) bor = Lba0— 70080 +0(),  (464)
1 1 I - 1.

éo({) = (1 — 5P+ g - 152) bo =800 = 7004+ 0(), (465

where £ = (¢ +i6)/V2. One can subsequently calculate the appropriate spin-wave theory using
Eqgs. (4.25)-(4.29). Alternatively, these small rotations can be related to the magnon zero-modes

t ay ¥ ay
by= Vo3 (aj,) . bl=-Wio; (ag) : (4.66)
using the Hermitian operators

SN [+ .
® =, /7 [bg + bo] +0(S11?) (4.67)

. [SN _
=iy [bg - bo] +0(S1?), (4.68)
These operators generate rotations about the soft directions [101], given by the unitary operator
U($,0) = e'"Pe™%®, (4.69)

This can be used to define a transformed Hamiltonian that encodes these rotations H (¢, 0) =
U(p,0)"HU(¢,6). Expanding to second order in ¢ and 6 using the Baker-Campbell-Hausdorff
formula, we obtain
H(p,0) =H+i0[O,H| +ip[D, H]
1

- 592[@, [©,H]] - %fpz[cb, (@, H]] — ¢0[®, [0, H]] + O({). (4.70)
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Proceeding to compute the curvatures of H (¢, 8), we find they are related to the nested commu-
tators

627’( 527'{
(672)0 =~ (212 A (W)o =-l0,[0,H]],
O*H O2H
(awe)o - (aea¢)o =-[®.[0,H]], 4.71)

where (---)o is used as a shorthand for the evaluation at ¢ = 6 = 0 corresponding to the ObD
selected state.

First moment of the spectral function

To relate the curvatures in Egs. (4.71) to the PG gap, we first establish a sum rule for the first
moment of the magnon spectral function. More generally, the real-time retarded and advanced
Green’s functions for a pair of operators X and Y are respectively [52]

Gy (1) = =i0(1) ([X(1),Y (0)]) , 4.72)

Giy(1) = i6(=0) ([X (1), Y (0)]) 4.73)
with 6(¢) the Heaviside step function and the time evolution is assumed to be in the Heisenberg
picture, i.e. %—f =i[H, X]. The corresponding spectral function is defined as

1 r* .
ﬂxy(a))EZ [ dr e [GRy (1) = Gy (D] . (4.74)

The first moment of this spectral function is then

/_ dw wAxy (w) :% [ dw [ dtei“”% [GRy (1) = Gy (D] = = (Y, [X, H]]). (4.75)

(o]

The following sum rules then directly follow from Egs. (4.71)

00 2 00 2
/ dw wApe(w) = <(%) >, / dw wAee(w) = <(%) >, (4.76)
—00 0 —00 0
© O*H © *H
[oo dw wApe (W) = <(8¢60)0> , ‘[oo dw wAgep (W) = <(M)o> 4.77)
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Next, we relate these spectral functions to the single magnon spectral function at O (S°), defined
using Eq. (4.54) as

Ak, w) = % [GR(k,w) - GR(k,w)T], (4.78)

Projecting into the zero mode subspace, using Eq. (4.66), we find

Ao(w) = ﬂbobg(w) Apgpy(@)) V303ﬂ(0, w)o3Vy —VSO'g?((O, w)o3 W
0 B ﬂbgbg(w) ‘ﬂbgbo(w) B —W803ﬂ(0,w)03V0 Wga'gﬂ(o, w)o3W ’
4.79)
It follows from Eqgs. (4.67)-(4.68) that
1
Ap(w) = m[(l +01)Ape(w) + (1 — 01)Age(w)
— (02 +i03)Age(w) — (02 — i03) Aga (w) | (4.80)

This implies that the first moment can be written as

O*H
(1) <(372)0>

O*H *H
S e ]

Multiplying Eq. (4.81) on the right by o3, we obtain Eq. (4.10) in the main text, which we now
show is equal to the effective Hamiltonian for the pseudo-Goldstone mode Hpg.

© 1
/ dwwAy(w) = 2SN

In particular, we denote Vy and ‘W), to be the eigenvectors of SM¢ + ZR(O, 0) to first order
in perturbation theory, related to the zero mode subspace. To first order in perturbation theory,
these are simply linear combinations of the unperturbed eigenvectors Vy and Wy of SMy. This
implies that, in the projection to the zero-mode subspace, only the terms involving V( and W
in the spectral decomposition will survive. Explicitly, the zero-mode spectral functions take the
form

A, 11 (@) = +Vios |6(@ = VoV - 5w+ Wy W] o3V (4.82)
Ay (@) = Vi3 [6(w = A VoV = 6(w + ) W W | a3 Wo (4.83)
Ay () = =W |6(@ = D) VoV - 6w + A Wy W] | 3V (4.84)
Ay, (@) = +Wios [5(60 ~ A VoV - 6(w+ A)Wowg] o3 Wy (4.85)
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The first moment of the spectral function is therefore

/_ dw w A (w) = A (_ W(;g) o3 [vovg+wowg] o3 (Vy, -W,). (4.86)

o0

Conversely, the spectral decomposition of SM + XX (0, 0) implies that

v
Hpg = A (_ v‘%) o3 | VoV + WoWS| o3 (v, W) (4.87)
0
Comparing Eqgs. (4.86) and (4.87), we find that the effective Hamiltonian for the PG gap is related
to the first moment of the spectral function as

Hsz/ dw wAy(w)os. (4.88)

(o)

Calculation of the gap

Next, we discuss how to, in practice, use Eq. (4.81) to calculate the PG gap for both type I and
type Il modes. Using Egs. (4.63)-(4.65), we carry out a Holstein-Primakoff expansion about a
rotated spin configuration to obtain H (¢, 6). First, we discuss the case of a type II PG mode,
where both angles ¢ and 8 correspond to soft fluctuations. In this case, the Holstein-Primakoff
expansion is

H($,0) = S(S + 1)Nec + SNeg(¢,0) + S Z €a(8.0)b) by +0(S'?),
k.,

as the classical configuration energy € is independent of ¢ and 6. The second derivative is then
[101]

1 O*H 826qu 1 02€ka/ 1
SN ) N @ . 4.8
SN<(3/118/12)0> (8/11(9/12)04-]\/;;(aﬂlaﬂz)OnB(ek, Y+ O0(S™) (4.89)

-1
where A; = ¢ orf and ng(ex o) = (exp (S,f;‘T" ) — 1) is the Bose distribution function. Eq. (4.89)

can be written in a more tractable form involving the free energy per spin, defined as

kT
F(6.0) = S(S+ et + Sequ(. 0) + % ; ; In (1 _ e—ssk,(,w,e)/m) _ 4.90)
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It follows that

1 |{ 0*H L[ 8f
= =_ K 491
a0, SN <(a/1]a/12)0> S [(8/118/12)0 + mz] ) (4.91)
where P P
Sz Eka Eka 2 Sekoz
% _ ; ; h2 | 2. 4.92
i 4kBTN ( EYY) ) ( 0d» OCSC euT (4.92)

To calculate the PG gap, we use the fact that the first moment of the spectral function is related
to the effective Hamiltonian. Combining Egs. (4.81) and (4.88), we find

« 1 + - -2i
Hpg = / dw w A (W) o3 = = ( Sao " Sep  Bo0” Ses g¢9) . (4.93)
oo 2\840 ~ 890 ~ 41849 890 ~ 8¢

Diagonalizing Hpg, we find for the PG gap

A(T) = 5°\[8ge84p — 836 (typeID). (4.94)

Next, we consider the case of a type I PG mode, where only the angle ¢ corresponds to a soft
fluctuation. In this case, the Holstein-Primakoff expansion is only stable when 6 = 0. Following
the same line of reasoning as Ref. [101], we find

Hpg = /wdw“’ﬂo(a})m -1 S (a ELIS)E g(s(ﬁ ((aagzd)o o ' (4.95)
- 0

Diagonalizing Hpg, we find for the PG gap

82601
06?

A(T):Sl/z( )g¢¢ (type D). (4.96)
0

Evaluation of Eq. (4.92)

In this subsection, we discuss the evaluation of Eq. (4.92) and the circumstances when this term
vanishes. One can work out an explicit form of these derivatives in terms of the spin exchange
matrices in a local reference frame, avoiding the need to approximate them numerically. For this,
we make use of the Hellmann-Feynmann theorem [173], generalized to bosonic Bogoliubov-de
Gennes systems.
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To begin, suppose the spin-wave theory depends on some continuous parameter A. The linear
spin-wave energies satisfy the eigenvalue equation o3 My (1) Vi o(A) = €k o (1) Vi o(1). So long
as the normalization conditions Eqs. (4.42)-(4.44) are satisfied, the derivatives of the spin-wave
energies satisfy

0 €k,a VT oM k
01 ko 92
Making use of the local rotated frame in Egs. (4.63)-(4.65), the first derivatives are evaluated to

(aéa,o) :_L(é o) (aéa,+) _ i, . (aéa,_) _, s .
60 0 \/E a,+ a,—) » 89 0 \/Q a,ls 60 0 \/E a,ls

—LV, .. (4.97)

(6éa,0) N 1 (6an+20.) (aéa&) | ((’)e‘a,_) 1, (4.98)
=+— (€, €s-), =——=€4,0; =——=€40. .
a¢ Jo N2 T a¢ Jg 2 ° a¢ Jo 2 °
It follows that the derivatives of the local exchange couplings are given by
[52) —o o). (o) -~ (i)
- k.aB k.pal> - k.o k.pa)>
06 0 V2 06 0 \/_

0T N
( al;ﬂ)oz_?(ﬂ}caﬁ Tes) ( al;ﬁ)oz_T(J;m'B Ts), @99

where we have used the properties \7;(0; 5= _k+,ga and J;(o; 5= NA +ko S We may then evaluate the
derivatives of the spin-wave energies using Eqs. (4.97) and ( 4.99) as
D€k a/) + (C ka D )
—| =V, ¥ I 2 (4.100)
( ar J b CIk,/l oo
where
N o
B k.ap
C = 21, [p = . 4.101
[ kv/l]a/ﬁ ( oA ) [ ks/l]a'ﬁ ( oA ( )
0 0
The K 2,1, term may then be evaluated as
S? Cra, Dia Cra, Dia Sex.a
K, (1) = ——= ) Vi - NVidVie i v h? == ].
12T 4kgTN ; hoa (DITc,/ll Clen) *° *\D, a Clen) *° S 2ker
(4.102)

This expression vanishes in the zero-temperature limit, that is K P M 0as T — 0'. The
expression in Eq. (4.102) is enormously useful as it involves only the linear spin-wave eigenvectors
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and exchange matrices, and therefore circumvents the need to calculate derivatives of the spin-
wave energies numerically (e.g. using a finite difference method).

We note the Z{fgﬁ exchange couplings appearing in Eq. (4.99) are directly related to the
three-magnon interaction vertices in Eq. (4.28), given by

Toe = =0un T s = OpuTrog: (4.103)
We may therefore conclude that if the spin-wave theory does not have any three-magnon inter-
actions, i.e., ‘7;;([,3“ = 0, then K 0 /lz(T) = 0 and the PG gap can be calculated to O(S°) from
the curvature of the linear spin-wave free energy [see Eq. (4.91)]. In the general case where
three-body interactions are present, this additional term K JR (T) will be nonzero; however, we
emphasize that it still allows one to compute the PG gap within the framework of linear spin-wave
theory.

Scaling of the PG gap

Finally, we discuss how the curvature formulas in Egs. (4.94), (4.96) imply a universal scaling
relation for the PG gap. Without loss of generality, the dispersion of the zero mode in linear spin
wave theory takes the low-energy form €, ~ v(¢, 0)|k|™ where m = 1 (m = 2) for a type I (type
IT) PG mode. The free energy per spin takes the form

f($,0) ~ S(S+1)eq(0) + Sequ(d, 0) + kT —ln 1- e-SV(‘Pﬂ)'k'”‘/kBT), (4.104)
BZ BZ

where the integral is taken over the first Brillouin zone (BZ) and Vg7 is its volume. To lowest
order in temperature, the free energy is

2Sn.d/2 1 1 —dfm kT d/m+1
f(0,6) ~ S(S+1)e1(6) + Sequ(,0) - m§ (— + ) r (Z) (v(¢,0)) (T)

d/m+1
_ A($.0) + B(6.0) (5) | (4.105)

where A(¢, 6) and B(¢, 0) are independent of temperature. Similarly, dimensional analysis of

Eq. (4.92) implies
d/m+1
T

Ky, ~ Cano (g) (4.106)
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as T — 0%, where Cj,,, is independent of temperature and the angles ¢, 6. Eq. (4.91) therefore
takes the low-temperature form

1/{ 82%A 1[{ 8°B 7\ 4/l
-2 - c [z . 4.107
ik, 5(6/11(9/12)0+Sl((9/116/12)0+ Mz](s) (4.107)

Plugging Eq. (4.107) into Egs. (4.94) and (4.96), and subsequently expanding for small tempera-
ture, we find the following functional form of the PG gap

Ao+c (D)™ (typeD),
A(T) ~{ 0 (i)d/z ;P (4.108)
§

where c is a constant independent of temperature. This is the low-temperature form of the PG
gap presented in the main text.
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Chapter 5

Excess thermal conductivity and specific
heat in Lu,V,0~

5.0 Preface

Topological materials have emerged as a central theme in contemporary condensed matter physics,
offering deep insights into the role of symmetry, geometry, and topology in governing the
behaviour of quantum systems. As discussed in Chapter 1, topology is agnostic to whether
(quasi)particles are fermions or bosons, so magnons can also be responsible for intrinsic anoma-
lous transport. One of the most striking manifestations of this is the magnon Hall effect, in which
a temperature gradient applied to certain magnetic insulators induces a transverse flow of spin
and heat carried by magnons. This phenomenon arises from the Berry phase [187, 188] in mo-
mentum space, generated by the combination of lattice geometry, broken time-reversal symmetry,
and spin-orbit interactions. In this sense, thermal transport measurements offer insight into a
material’s quantum many-body wavefunction.

The pyrochlore ferromagnet Lu,;V,07 has attracted considerable attention as the first real-
ization of the magnon Hall effect. In this material, the Lu** and V** ions each crystallize to
a pyrochlore lattice. The rare-earth ion Lu** has a filled electronic subshell, and therefore no
magnetic moment. Alternatively, the transition metal ion V** is magnetic, with electronic con-
figuration [Ar]3d1. In 3d transition metals, spin-orbit interactions are sub-leading to crystal field
splitting within the hierarchy of energy scales [189]. The crystal field splits the five d-orbital
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Energy

Figure 5.1: Crystal field splitting of the V** orbitals in LuyV,07, where A; ~ 4 600 K and
Ar =~ 23 000K [192, 193].

states,”! leading to a single orbital ground state configuration as depicted in Fig. 5.1. Owing to
the single ground state orbital, the angular momentum of V** is quenched, as the crystal field
breaks full rotational symmetry. This is because the corresponding ground state wavefunction
can be chosen to be purely real, and the orbital angular momentum averages to zero [189]. It
follows that the magnetism of this material is dictated solely by the single valence electron of the
V* ions, with pseudo-spin S = 1/2. This material has been determined to order as a collinear
ferromagnet [141, 191], due to the dominant ferromagnetic Heisenberg exchange [192].

Despite the significant interest in Lu,V,07 and its interesting transport properties, it is
argued in the manuscript making up this chapter that the microscopic interactions of this material
are still unclear. By examining existing thermal conductivity, inelastic neutron scattering (INS)
intensity data, and density functional theory (DFT) calculations, we propose that further neighbour
interactions likely play an important role in the topological properties of this material. Conversely,
we find that existing specific heat measurements are inconsistent with other experimental probes
that cannot be reconciled by local exchange interactions.

3Many of the essential features of how the crystal field splits the orbitals can be determined by the point-group
symmetries [189]. In particular, the pyrochlore oxides have the space group Fd3m, which leads to a crystal field
splitting of the d-orbitals with trigonal symmetry [190].
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Excess thermal conductivity and specific heat in the pyrochlore

ferromagnet Lu,V,07

Alexander Hickey and Michel J. P. Gingras
Department of Physics and Astronomy, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

Over the last decade, there has been immense interest in magnetic materials which host
topologically non-trivial excitations. In ordered magnetic insulators, features analogous to those
of topological insulators and semimetals can arise in the magnon band structure, and the associated
Berry phases can manifest themselves into observable heat and spin transport phenomena. This
was unambiguously observed in LuyV,07 in the form of a magnon thermal Hall signal, and
proposed to arise from the antisymmetric Dzyaloshinskii-Moriya (DM) interaction of spin-orbit
origin. A precise value of the nearest-neighbour DM interaction is not known, as the values
obtained from fitting both thermal transport and inelastic neutron scattering (INS) data, as well
as from density functional theory (DFT), are all mutually inconsistent. Motivated by this, we
investigate the effect of additional symmetry allowed perturbations to the spin Hamiltonian of
Lu,V;,07 in an attempt to reconcile the different experimental probes of this material, which
has generally become viewed as the paradigmatic insulating material harbouring topological
magnons. We find that the thermal transport and neutron scattering measurements are consistent
with the addition of a small second nearest-neighbour DM interaction to the spin Hamiltonian.
Conversely, we argue that existing specific heat measurements are inconsistent with neutron
scattering experiments and cannot be reconciled with any additional exchange couplings to the
bilinear spin-model in the perturbative regime. Our results motivate future thermal transport and
specific heat measurements of this material.

5.1 Introduction

Since the groundbreaking prediction of the quantized Hall effect in the absence of Landau
levels [194], the intrinsic topological structure of electronic systems has become a pillar of
modern condensed matter physics. A key insight from this framework is that the geometry of
Bloch wavefunctions can be described by a gauge field known as the Berry connection, and
its associated field strength, the Berry curvature [195, 196]. This gauge structure can encode
nontrivial topological features that have wide-ranging physical consequences, such as anomalous
transport properties [197-214] and the existence of surface states that are robust to perturbations
[215-224].
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Although initially developed in the context of electronic (or more generally, fermionic) sys-
tems, interest has grown towards understanding how topology affects the transport of (bosonic)
collective excitations in a broader class of materials. Magnetic insulators are of particular rele-
vance to the field of spintronics, as they offer a potential platform for spin and thermal transport
without Joule heating [225-230]. Recent theoretical and experimental studies have shown that
topological band structures can emerge for photons [231-236], lattice vibrations (phonons) [237—
248], triplons [249-254], and spin waves (magnons) [12-16, 19,50, 128, 130, 131, 133, 255-283].
These findings have opened new directions for the research of topological transport in insulating
materials, with implications for both fundamental physics and energy-efficient technologies [20].
Among these, magnons have attracted special attention due to their intrinsic connection to spin
transport and their sensitivity to external magnetic fields.

One particular manifestation of magnon anomalous transport is the thermal Hall effect —
a transverse thermal conductivity k., in the presence of a temperature gradient, analogous to
the electrical Hall effect. The first experimental observation of the magnon thermal Hall effect
was reported in the insulating pyrochlore ferromagnet Lu,V,0O7 [15], attributed to the Berry
curvature arising from the anisotropic Dzyaloshinskii-Moriya (DM) spin-spin interaction of
spin-orbit origin. This experiment provided a clear link between magnon band topology and
thermal transport, motivating extensive efforts to identify and understand analogous behaviour in
other magnetic insulators. The magnon thermal Hall effect (MTHE) has since been observed in
several pyrochlore, perovskite [16], kagome [17], and honeycomb [18] structured ferromagnets,
and theoretically proposed in many other magnetic systems [129, 284-295]. Nonetheless, as
Lu;V,07 was the first system in which the magnon thermal Hall effect was measured, it has
served as a prototype for modelling topological magnon transport in insulating magnets.

Lu;V,07 is a ferromagnetic insulator, where the magnetic V# jons reside on the sites of
a pyrochlore lattice of corner-sharing tetrahedra with effective spin—% magnetic moments and
cubic lattice parameter a = 9.94 A [141, 144]. The moments order in a collinear ferromagnetic
configuration below the Curie temperature, 7. =~ 70 K [15, 16, 141,296, 297]. The ferromagnetic
Heisenberg exchange is the dominant magnetic interaction [193], while the antisymmetric DM
interaction appears as the leading perturbation, with the latter giving rise to the thermal Hall
effect of magnons [13, 14, 256]. Thus, the prima facie magnetic model for Lu; V,07 is given by

(}{Z—JZS,"S]'+DZJU'(S,'XSJ'), (51)
@.J) @)

where (i, j) denotes the sum over nearest-neighbour bonds, J, D > 0 are the nearest-neighbour
Heisenberg and DM exchange couplings respectively, and d;; are the normalized indirect nearest-
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neighbour DM vectors for the pyrochlore lattice [78],%? determined by the Moriya rules [134].
The Heisenberg exchange favours collinear order, while the DM interaction introduces a chiral
component that generates a nonzero Berry curvature in the magnon bands, an essential ingredient
for producing the magnon thermal Hall effect.™

Despite the central role that the DM interaction plays in the thermal transport of Lu, V,07,
its precise value at the nearest-neighbour level remains rather uncertain, raising questions as
to what extent a quantitative understanding of the thermal Hall conductivity in this material
— emerging as a paradigmatic example of MTHE - is currently at hand. By fitting thermal
Hall conductivity measurements, Ideue e al. estimated the ratio D/J = 0.38 [16],>* whereas
subsequent inelastic neutron scattering (INS) experiments and density functional theory (DFT)
calculations reported significantly lower values of D/J ~ 0.18 [145] and D/J =~ 0.07 [137],
respectively. Although qualitatively, the intrinsic thermal Hall conductivity of magnons arises
from broken time-reversal symmetry in addition to some degree of magnetic anisotropy [256],
there does not appear to be a clear and intuitive picture of how individual anisotropic couplings
in a spin Hamiltonian affect the thermal Hall response quantitatively. In addition, Onose et al., by
fitting the low-temperature specific heat, obtained a Heisenberg exchange of J = 3.4 meV. This
value is significantly smaller than the commonly accepted estimates of J = 8.2 and 7.99 meV
obtained from INS measurements [145]°° and DFT [137], respectively. This lack of consensus
of the two key energy scales describing Lu, V,07 significantly muddles our understanding of the
microscopic mechanisms driving the thermal Hall effect in Lu,V,07. This motivates a closer
examination of how additional spin-spin couplings impact the thermal transport in this material.

Motivated by the discrepancies among various experimental probes of Lu,V,07, we in-
vestigate whether the inclusion of additional symmetry-allowed perturbations to Eq. (5.1) can
reconcile these conflicting observations. In particular, we consider extensions to the bilinear spin
model that preserve the underlying lattice symmetries, focusing on the role of first and second
nearest-neighbour interactions. We find that the thermal Hall conductivity, INS spectra and ex-
isting DFT calculations are consistent with the presence of a small second nearest-neighbour DM
interaction, which preserves both the collinear ferromagnetic ground state and the low-energy
magnon dispersion. In contrast, we find that the excess specific heat data reported in Ref. [15]
can in no obvious way be accounted for within any perturbative extension of the bilinear spin

32Refer to the Supplemental Material for details of the lattice conventions, spin-wave theory, and the calculation
of the Berry curvature. It includes Refs. [1, 13, 15, 35, 48-50, 134, 145, 196, 257, 284, 294, 298-300].

33Note that the collinear order remains stable even in the presence of the DM interaction [1, 63].

34The thermal Hall conductivity was first fit by Onose et al. [15] to be D/J = 0.32, however, this calculation
used an incorrect formula for the magnon Hall conductivity [13, 14]. This was later corrected in Ref. [16] to obtain
D/J = 0.38, while retaining the value of J = 3.4 meV obtained in Ref. [15].

331n Ref. [145], it is noted that the average energy of the two weakly dispersing magnon optical bands is fiw ~ 4J,
which unambiguously pins the Heisenberg exchange to J ~ 8 meV.
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Hamiltonian. These findings highlight the sensitivity of the intrinsic magnon thermal Hall con-
ductivity to longer-range interactions and, given its prominent place in the field of topological
transport, call for further experiments on Lu,; V,05.

5.2 Magnon Hall effect

To investigate the thermal Hall effect, we use linear spin-wave theory to model the low-temperature
magnon transport. In this approach, spin operators are mapped to Holstein-Primakoft bosons [35]
and subsequently expanded in powers of 1/, where S is the spin quantum number.’” At leading
order, the resulting quadratic Hamiltonian captures the essential features of the magnon band
structure, including the influence of anisotropies such as the DM interaction, which leads to a
finite Berry curvature in momentum space. This Berry curvature is the key quantity responsible
for the transverse thermal transport of magnons and serves as the foundation for computing the
magnon thermal Hall conductivity. In the following, we outline the spin-wave formalism and
computation of thermal Hall transport coefficients.

More generally, the magnon spectrum is encoded in the Bogoliubov-de Gennes matrix M, [49,
171],%” where the diagonalizing transformation 7, must simultaneously satisfy

03T, M Ty, = A, (5.2)

TiosT, =03, (5.3)

where o3 = diag(I, —I) is a block Pauli matrix acting on the particle-hole degree of freedom and
Ak = diag(ek,l, vy € Ngs €= 15 +ovs E—k,Ns)a (5.4)

is a diagonal matrix consisting of the magnon dispersions € , where Ny is the number of sites
in the magnetic unit cell, with Ny = 4 in the present case. The U(1) Berry connection can be
conveniently expressed in matrix form [257]

AP (k) =i Tr |To03 T 030k, T | » (5.5)
along with the corresponding Berry curvature
Far (k) = 0, A () = 0, AL (k) (5.6)

where [I'y];; = 6;j0io and u, v are Cartesian space components. The components of the thermal
Hall conductivity are then given by [13, 14, 256]
k2T
= -2 N er[np(era) 17 (K), (5.7)

K —
il AN,
k,a
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Figure 5.2: Calculated zero-field intrinsic thermal Hall conductivity at 7 = 20 K and 7 = 30 K
due to magnons, using a ferromagnetic Heisenberg exchange of J = 8 meV. The measured value
in Ref. [15] is ky, =~ 0.65 mW m~! K~! for both temperatures, corresponding to a DM interaction
of D/J = 0.03. Using the exchange couplings from inelastic neutron scattering (INS) [145] or
density functional theory (DFT) [137] results in an excess of thermal Hall conductivity.

-1
where N, is the number of magnetic unit cells, ng(z) = (esz/ keT _ 1) is the Bose distribution

function and ¢;(z) = foz d¢In(1 + &), Additional details regarding spin-wave theory and the
numerical evaluation of Eq. (5.7) are provided in the Supplemental Material.””

We begin by computing the magnon thermal Hall conductivity for the minimal spin model
of Luy,V,0; using Eq. (5.7), which incorporates the full magnon band structure obtained from
linear spin-wave theory. Our benchmark is to obtain a thermal Hall conductivity of approximately
Kyy = 0.65 mW m~! K~! measured both at temperatures 7 = 20 K and T = 30 K at zero magnetic
field, for a bulk magnetization aligned along the [001] cubic direction [15]. As shown in Fig. 5.2,
we find that the DM interactions reported from INS and DFT result in a significantly overestimated
thermal Hall conductivity relative to what was measured [15]. Our best fit to the experimental
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data corresponds to a substantially smaller ratio of D/J = 0.03, well below all of the previous
estimates. A key distinction in our approach is that we compute the thermal Hall conductivity
using the full set of magnon bands across the whole BZ, rather than restricting to the lowest
quadratically dispersing mode as in Refs. [15, 16]. Notably, we find that the higher-energy optical
magnon bands contribute significantly to the total Berry curvature, particularly due to the presence
of Weyl nodes [259], which act as sources of topological charge [222]. This raises an important
question: how do we reconcile the apparent excess of thermal Hall conductivity predicted by
Eq. (5.1) when using exchange parameters from INS or DFT? To address this, we ask whether
small (perturbative) symmetry-allowed spin-spin interactions on the pyrochlore, neglected in the
fits of INS data or in DFT calculations, could allow us to resolve the paradox articulated via the
results in Fig. 5.2. To this end, we re-calculate the thermal Hall conductivity while including
additional symmetry-allowed exchange interactions.

The simplest extension of Eq. (5.1) is to include all symmetry-allowed nearest-neighbour
couplings beyond the isotropic Heisenberg and DM terms. For a spin—% on the pyrochlore lattice,
the most general nearest-neighbour Hamiltonian is [23, 135]

W:ZS,"JU'S]', (58)

where J;; are a set of bond-dependent exchange matrices, consisting of four independent exchange
couplings. For example, the “0— 1" bond”” has exchange matrix (expressed in the global Cartesian
frame) [139]

-J+Kk - D

5 V2 V2
Joo=| 3 -/ T |, (5.9)
L r -J

V2
where J,D > 0 are the same parameters that appear in Eq. (5.1). In addition, two more
interactions, K and I', are included to incorporate subdominant anisotropic contributions. We
show in Fig. 5.3 the calculated thermal Hall conductivity for this extended model, assuming a
fixed nearest-neighbour Heisenberg exchange J = 8 meV and DM interaction D/J = 0.07 as
given by the DFT calculations of Ref. [137]. We estimate that reproducing the experimentally
measured thermal Hall response would then require a very large value of |I'|/J > 0.3. However,
including both K and I' results in a canted ferromagnetic ground state, which would lead to
a sizeable anisotropy gap in the magnon spectrum, a value that is constrained by the energy
resolution of the INS measurements [145]. We also note that these nearest-neighbour couplings
were estimated using DFT, giving K/J = —0.009 and I'/J ~ 0.003 [137]. We see from Fig. 5.3
that these small couplings result in a negligible change in the computed thermal Hall conductivity.

Given that the most general nearest-neighbour model fails to reconcile the discrepancy between
DFT and the measured thermal Hall conductivity, we extend Eq. (5.8) to include small second

104



0.3

0.2
0.1 - 1.0
S
=~ 00 - 0.9
~
~0.1 - 0.8

T
-0.3 -0.2 —0.1

0.6

T
0.0 0.1 0.2 0.3

KlJ

Figure 5.3: Zero-field thermal Hall conductivity at 7 = 20 K arising from additional nearest-
neighbour anisotropic couplings to Eq. (5.1), with / = 8 meV and D/J = 0.07, in units of
mW K~! m~!. The measured value of 0.65 mW K~! m~! [15] is obtained only for a large value
of the symmetric off-diagonal exchange |I"|/J > 0.3.

nearest-neighbour interactions that both preserve the collinear ferromagnetic ground state and
do not open a gap in the magnon spectrum. This condition allows for both a second-neighbour
Heisenberg exchange and a second-neighbour DM interaction of the form

H' = Z [-128i-S;j+Dy(rj—ri) - (SixS))]. (5.10)
(i

The most general second-neighbour DM interaction on the pyrochlore lattice is described by two
independent exchange couplings, which we label as Dga) and ng).” As shown in Fig. 5.4, we

find that a rather small second nearest-neighbour DM interaction of D;b) /J =~ —0.02 brings the
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Figure 5.4: Zero-field thermal Hall conductivity at 7 = 20 K arising from the addition of the two
second nearest-neighbour DM interactions to Eq. (5.1), with / = 8 meV and D /J = 0.07, in units
of mW K~! m~!. The measured value of 0.65 mW K~! m~! [15] can be recovered for relatively

small values of Dga) /J and ng) /J.

calculated thermal Hall conductivity into agreement with the measured value. Importantly, this
correction remains within the perturbative regime and does not qualitatively alter the magnon
spectrum, remaining consistent with the INS results reported in Ref. [ 145], as small modifications
to the dispersion due to weak anisotropy would not be resolved. We also find that the second
nearest-neighbour Heisenberg exchange leads to a negligible change in the thermal Hall conduc-
tivity; we refer the interested reader to the Supplemental Material for more details.’” These results
suggest that a modest second-neighbour DM interaction can significantly alter the Berry curvature
and potentially resolve the discrepancy between previous thermal Hall and estimates of D within
the range defined by the INS-determined value [145] and that from the DFT calculations [137].
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5.3 Specific heat

The specific heat of Lu;V,07 in zero magnetic field was measured by Onose et al. [15] as a way
to determine the exchange constant J. Doing so, Ref. [15] reported a ferromagnetic exchange
coupling of J = 3.4 meV by fitting their low-temperature data,”® in contrast to the significantly
larger estimates of J = 8.20,7.99 meV obtained from INS [145] and DFT [137] respectively.
The discrepancy between these independently determined values of the ferromagnetic exchange
motivates our re-examination of the existing low-temperature specific heat data.

Assuming T < T, the specific heat can be decomposed into contributions from magnons and
phonons, respectively Cy = Cag + Cphonon Where
SZ
kgT?

SEk,a
Crnag = P eXp( T ) (5.11)
k.«

is the total contribution of the specific heat from the magnons. At low temperature, the magnon
specific heat is controlled by gapless (pseudo-)Goldstone mode, with dispersion €; = 11—6’62 \k|? 1,
15].%7 The specific heat per mole of Lu,V,05 is then

15¢ (2) Nak 3/2
_ (2) A B(kBT) , (5.12)

Cmae = =757 J

where N, is the Avogadro number and {(z) = 37, n™*° is the Riemann zeta function. Similarly,
for the Debye contribution, we find

1274 T\?
LAkB'(_) , (5.13)

Cphonon = 5 0

where 6p is the characteristic Debye temperature. The phonon contribution to the specific heat
is therefore sub-leading in temperature, relative to the magnon contribution.

The specific heat computed from Eq. (5.11) is shown in Fig. 5.5 along with the low-temperature
measurements from Ref. [15]. We find that the best fit to the 73/% contribution corresponds to a
Heisenberg exchange J = 4.44 meV,’® notably higher than what was reported in Ref. [15], while

36The low-temperature specific heat in Ref. [15] fit by expanding the magnon dispersion to lowest order in
wavevector e = Jl—‘gz|k|2.

37Notably, the dispersion of the gapless magnon mode is independent of the DM interaction to leading order in
wavevector [1, 15].

3The specific heat is reported per mol of Lu, V,07.
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still considerably smaller than the other reported values of J ~ 8 meV [137, 145]. We emphasize
here that the INS measurements quite clearly pin the ferromagnetic exchange to J ~ 8 meV with
reasonably high resolution [145].>” Conversely, we see in Fig. 5.5 that a Heisenberg exchange
of J = 8 meV significantly underestimates the specific heat, i.e. there appears to be an excess
of specific heat in this material relative to what is naively expected from the magnons and
phonons of a ferromagnetic insulator. While the addition of a second-neighbour DM interaction
resolves the discrepancy between DFT, INS, and thermal Hall measurements, such an interaction
does not simultaneously account for the missing specific heat in Fig. 5.5, as the curvature of
the lowest magnon dispersion remains unmodified by the DM interaction. Furthermore, if one
were to include other anisotropic couplings, these would generically open a gap in the magnon
spectrum [1], leading to a thermally activated specific heat of the form Cy ~ e /%87 which
would make the discrepancy with experiment even worse. In fact, we argue that there are no
bilinear spin-exchange interactions that simultaneously (a) preserve the colinear ferromagnetic
ground state, (b) are consistent with a Heisenberg exchange of J ~ 8 meV, and (c) fit the low-
temperature specific heat measurements in Ref. [15]. This implies that either there are additional
gapless quadratically dispersing quasiparticles that are currently unaccounted for in the existing
theoretical framework, or there are significant issues with the existing low-temperature specific
heat data available for this material. In either case, further experimental work to understand the
specific heat of Lu; V,07 is warranted.

5.4 Discussion

In this work, we have re-examined the microscopic spin model of Lu; V,07 in an attempt to rec-
oncile several persisting discrepancies in the magnetic exchange interactions across various inde-
pendent experiments. Our analysis reveals that the thermal Hall conductivity, INS measurements
and existing DFT calculations can be reconciled with the inclusion of a second nearest-neighbour
DM interaction, as small as 2% of the nearest-neighbour Heisenberg exchange. Such a coupling,
however, cannot account for the apparent excess in specific heat observed in [15].

An open question remains as to the precise origin of the lack of internal consistency in
the Heisenberg exchange inferred from thermodynamic and spectroscopic experiments. Future
experimental investigations should aim to independently measure and verify whether there is
an excess of low-temperature specific heat as shown in Fig. 5.5. This would imply that there
are quadratically dispersing excitations that are unaccounted for by both magnons and phonons,
opening the door for potentially interesting new physics in Lu; V,07. Another topic not considered
here is spin-phonon coupling [243, 246, 301-304], as there is increasing body of work suggesting
that magneto-elastic effects play a crucial role in the thermal transport of magnetic insulators
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Figure 5.5: Low-temperature specific heat per mol of Lu;V,07 reported in Ref. [15], along
with the leading magnon contribution to the specific heat for our best fit of J = 4.44 meV and
the accepted value of J = 8.2 meV. We find that there is an excess of specific heat in these
measurements that is not accounted for by magnons and phonons alone.

that is potentially relevant for Luy V,07, although such a coupling is not likely to account for
the additional specific heat. Nonetheless, our work provides a comprehensive analysis to guide
future experimental efforts in understanding this most interesting material.
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Supplemental Material

Pyrochlore lattice convention

The pyrochlore lattice is a face-centred cubic (FCC) lattice with four sites, defining a regular
tetrahedron, per primitive unit cell. The primitive FCC lattice vectors are given by

a

S (@ +9). (5.14)

(£+2) as =

a—g(A+A) a ==
1—2y Z 2—2

At each FCC lattice site, there is a spin of type 0. The remaining three spins within a unit cell are
separated by the sublattice vectors ro, = a,/2. The sublattice vectors between a spin of type u
to a spin of type v can then be constructed as r,, = ro, — Foy.

The nearest-neighbour (indirect) DM vectors in this representation are given by

- y—-2 - Z—x A xX-3y
do) = ——, do = , dpz = ,
V2 V2 V2
S s X+Z s J+Z
12 = , d3) = —, dyz = ———, (5.15)
V2 V2 V2
where the remaining DM vectors can be determined using the antisymmetry property d ji = —cil- iz

The second neighbour DM vectors are listed in Table 5.1, determined using the Sunny package
in Julia [298].
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| Sublattice (,a’) | Unit cell displacement (m, n, {) |

DT (Rmn€ + roza")

(0. 1) (-1,0,1) pw b b
(0,1) (-1,1,0) (( ngco & _l{;))

2 2

(0,1) (0,-1,0) (Dga) Dé’: _QZ’)
(0,1) (0,0,-1) (ng Dg _i:))
(0,2) (~1,0,0) (_Dé'; R i:))
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(0,2) (0,0,-1) (_Dé’: _pl® QZ’)
(0,2) (1,-1,0) (_Dé'; R %)
_ )G 2 E—

o s
, | _ E Dég) ?a))
SRR &
(1,2) (0,-1,0) (vgé’” g D(cj)

B——
(1.2) (0,-1,1) (% Dji Dy))
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| Sublattice (@, @) | Unit cell displacement (m,n,€) | DT(Rynt +Foo) |

@ D DD
2.3 (0,1,0) (D! ol )
_ (@) Dy~

Table 5.1: Second nearest-neighbour DM vectors for the
pyrochlore lattice. The remaining DM vectors can be deter-
mined using the antisymmetry property D(—R) = —D(R).

Details of spin wave theory

We begin with a generic bilinear spin model
=5 Z D S T wrSerar (5.16)
rr’ aa’

where r represents the position of a unit cell and « is a sublattice index. The associated spin wave
theory can be obtained by expressing the spin-operators as Holstein-Primakoff bosons [35],

n Ny.q 1/2 A Ny.q 1/2 A
Sra=(S=rra)bao+ VS [(1 -3 ) Qy o+l (1 - E) borl, (517
where n, o = aI,aa and the vectors €, . = (€4 tiéy y) / V2, €, define a local reference frame
with respect to the classwal ordering direction €, (i.€. €4, X €4,y = €,). We define the Fourier
transform of the exchange interactions in this local frame as

lk [P A
‘Tk ap = Zél efTde,aﬁeﬁ,w (5.18)

where the sum is taken over all bonds 6 between a site on sublattice @ to a site on sublattice
S. Expanding Eq. (5.17) in powers of 1/S about a classical ground state leads to the series
representation H = S° 2o S ~/2H,. The linear spin wave Hamiltonian results from truncating
the Holstein-Primakoff expansion at O(S) about a configuration corresponding to a classical
ground state

+0(S'Y?).  (5.19)

.1
H=NS%q+S Z > [A;ga @} (e + 5 (BEa) 40", +He)

aa’
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where N = N N; is the number of spins in a system with N, primitive unit cells, Ny is the
number of spins per magnetic unit cell, here Ny = 4 for the k = 0 ordering wave vector collinear
ferromagnet, NS%e is the energy of the classical configuration, and the interaction coefficients
are

€= 5 :E: s (5.20)
AP = s - a,eZ " (5.21)
= Tty (5.22)

The linear spin wave energies and corresponding wavefunctions are determined by diagonalizing
the 2N X 2N, boson Bogoliubov-de Gennes matrix [49]

Ay By )

+ (5.23)
_Bk _AIk

0'3Mk E(

where o3 = diag(I, —I) is a block Pauli matrix. We may diagonalize Eq. (5.23) by defining a new

set of bosons b k.’ such that
ap\ _ b
(azk) -7 (bT | (5.24)

By requiring [bk,a/’ bk,ﬂ] =0 and [bk,a’ b! ﬁ] 0ap,» We obtain the para-unitary condition [48]

T 03Tk = 03 (5.25)

The eigenvectors of Eq. (5.23) come in pairs Vi , and Wy, = 0'1V_k,a [50], with eigenvalues
+€4k o, and make up the columns of the transformation matrix, i.e.

Tie=(Vea - Vien, Wig -+ Wen | (5.26)
| | | |
It follows from Eq. (5.25)
7;10-3Mk7-k = 0'377{Mk7~k = diag(ek,l, vy € Ngs E—k, 15 +vs E—k,Ns) = Ak. (5.27)

Here, we refer to Vi, and Wy, as the “particle” and “hole” states, respectively, due to their
association with positive and negative eigenvalues. This analogy with fermionic systems extends
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further, as it follows from Eqgs. (5.21)-(5.22) that the spin wave theory has an effective “particle-
hole symmetry”

oM, o= MIk. (5.28)
The linear spin wave Hamiltonian then takes the diagonal form
Ny
H=NS(S+1)eq +NSequ + S Z Z € abh brq +O(ST2), (5.29)
k a=1

where the quantum zero-point energy (per spin) is

N
€ = % P (5.30)
k a=1

Next, to compute the intrinsic thermal Hall conductivity, the quantity of interest is the Berry
curvature, arising from the geometric phase of the magnon eigenstates. The Berry connection is
defined as [257]

AL (k) =i Tr [Faa377{038k”¢k] : (5.31)

along with the corresponding Berry curvature

Fi (k) = 9, AV (k) = 9, AL (k) =i Tr

T afrk_a(f,t afrk)] 532

r
@73 (akﬂ T30k, ~ ok, "ok,

where we have defined [I'y];; = 6;;0;,. Because the Bogoliubov transformation introduces a
redundancy (i.e. it double counts the magnon states), we may restrict our attention only to the
“particle” sector of the Hilbert space (o < N;).”” Indeed, following from Eq. (5.28), the Berry
curvature of the particle and hole sectors of the Hilbert space are related as

FN) (k) = —FW (<k), a < N,. (5.33)

The intrinsic components of the thermal Hall conductivity can be computed using the linear
response theory, resulting in [13, 284]

2 N
= 2L SV ¢ [ (e )17 (K (534)
a hN. £ Ty AR

a=1

1
where ng(z) = (eSZ/kBT - 1) is the Bose distribution function and ¢(z) = [["d€In*(1+£7").

3The term Hilbert space is a misnomer here, the lack of a positive-definite inner product makes this a Krein space
[299, 300].
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Gauge-invariant calculation of the Berry Curvature

Consider a U(1) gauge transformation (change of phase) of the magnon eigenstates 7(k) —
T (k) exp (io30(k)) where the matrix

O (k) = diag(0,(k), ..., Oy, (k), 01 (k). ..., Oy, (=), (5.35)

is a smooth function of the wavevector k. In this case, the Berry connection transforms as
ﬂ,(fx)(k) — ﬂffy)(k) — Tr [[,030,,O(k)], while the Berry curvature 7-;(3 )(k) is invariant,
bearing resemblance to a gauge transformation of the electromagnetic vector potential.

As it stands, the computation of the Berry curvature is non-trivial, as Eq. (5.32) contains
derivatives of the magnon eigenstates. In practice, the matrix 7 generally needs to be computed
by numerically diagonalizing Eq. (5.23) at each wavevector k. This procedure yields eigenstates
with wildly different phase factors, thereby preventing a calculation of the derivative O, Tk-
A well-defined derivative requires a locally smooth choice of gauge (i.e. continuous and dif-
ferentiable).”’ To circumvent the need for a numerical gauge-smoothing procedure, which is
highly nontrivial, we derive here a formula for the bosonic Berry curvature that does not involve
derivatives of the magnon eigenstates.

To begin, we note that since I', = I'? is a projection operator, we can use the cyclic property
of the trace to write Eq. (5.32) as

@ oT. o7,
Fuy (k) =iTr T ,03———03

TR TS T, - (uov)|. (5.36)

The eigenvalue equation [Eq. (5.27)] is rearranged as
oM T, L, =A"T,T,. (5.37)
Next, note that

Az(lak# Tkra, = k/l (Aza’(]-kra) - Tkak#Agara

kﬂ (U3MkaFa) - TkakﬂA‘,ﬁ“Fa
= 03 (0, M) Ty + 03 Me (0, TL ) = Ty, ALCT, (5.38)

40A globally smooth choice of gauge is not possible in the most general case [196], however, we assume that any
topological obstruction has measure zero in the BZ volume.
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Rearranging Eq. (5.38), we find
0, Ty = (A" = o3My) ™ o (00, My ) - 04,057 | T3, (5.39)
and similarly
L0k, Th =TT | (0, M) o3 = 04, A5 | (A" - Myers) ™, (5.40)
Combining Egs. (5.36) and (5.39)-(5.40), the Berry curvature becomes
FA (k) = iTr:0'3Fa‘Tj€ [(0k“Mk) o5 — 6;{#/\‘;;“] o3 (A2 — o3 My)
X [0 (0, Mi) = 06, AL T, = ()|

= T 0T, T (0, M) (A3 = 03Mi) ™ 03 (00, M) T3 T = (1 © )|

—iTr 0-31-‘0/7_7( (0k#A‘,§0‘) o3 (Aza — 0'3Mk)_2 o3 (8kka) ‘Tkl‘a —(u & V)]
=i Te| oL, 75 (9, M) (A3 = 03Mk) 2 (30, A8") T T = (1 > 7))
+iTr| oL, T (06, A7) 03 (A" = 03Mk) ™ (34, A8%) T4 T, = (1 v)-

(5.41)

Expanding the additional terms with (u <> v) and utilizing the cyclic property of the trace, we
find that the last three lines of Eq. (5.41) will vanish. The Berry curvature is then:

F (k) = -2 Im Tr[a3ra7jQ (6kﬂMk) (A2 — o3 M) o3 (9, M) frk]. (5.42)

This is equivalent to the expression for the Berry curvature presented in Ref. [294]. The formula
in Eq. (5.42) does not explicitly depend on the phases of the magnon eigenstates, so it can be
evaluated under any choice of gauge. In other words, it is no longer necessary to pick 7, to be a
smooth function of k, as the derivatives have been moved from the wavefunction to the magnon
Hamiltonian. Furthermore, these derivatives can be calculated analytically, circumventing the
need to calculate any derivatives numerically (e.g. using a finite-difference method). In particular,
using Eq. (5.23), we find

(5.43)

Al

i
O, B, Ok, AT,
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where the components are

ak,,A;:w _ iZ 5'ueik.6 (;,r;a/’ (5_44)
o

O, By =i ) ue™ Tt . (5.45)
o

To calculate the thermal Hall conductivity, we use the Egs. (5.42)-(5.45) to compute the sum over
wavevectors in Eq. (5.34) numerically.

Second nearest-neighbour Heisenberg model

In this section, we discuss the effect of a second nearest-neighbour Heisenberg interaction on the
thermal conductivity of Luy; V,07. In this case, we consider the Hamiltonian

H==J) ) Si-Sj—J > Si-S;+D > dij-(SixS$)), (5.46)
D & o

where J; > 0 is the dominant ferromagnetic exchange and we allow for J, to be positive or
negative, while assuming |J3|, D < |Ji|. The classical (and quantum [1]) ground state of this
model is a collinear ferromagnetic configuration, which we assume is oriented along the [001]
cubic direction to be consistent with the thermal Hall measurements in Ref. [15].

Consider first the case when D = 0. The linear spin wave theory for Eq. (5.46) is exactly
solvable, with two dispersive magnon bands and two degenerate flat bands at energy

SEk,3 = SGk,4 = 8S(J1 + 2.]2). (5.47)

Including now a small DM interaction, the anisotropy leads to the two optical flat bands becoming
very weakly dispersive, centred around the energy 8S(J; + 2J;). The INS measurements in
Ref. [145] show a nearly flat line of intensity at an energy transfer of 7w ~ 32 meV, leading us to
conclude that any second nearest-neighbour Heisenberg exchange must be constrained to satisfy
the equation 85(J; +2J3) ~ 32 meV.

The intrinsic thermal Hall conductivity, subject to the appropriate constraint, is shown in
Fig. 5.6. In the case where J; = 8 meV, this calculation is equivalent to the nearest-neighbour
model from the main text, where J, = 0. We find that by varying the second nearest-neighbour
coupling within a window of 1 meV, there is a negligible change to the thermal Hall conductivity,
which does not adequately address the inconsistencies discussed in the main text.
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Figure 5.6: Zero-field thermal Hall conductivity at 7 = 20 K and 7' = 30 K, obtained by varying
the first nearest-neighbour Heisenberg exchange J; in the presence of a second nearest-neighbour
Heisenberg interaction J,, subject to the constraint J; + 2J; ~ 8 meV. This constraint comes from
the INS measurements in Ref. [145].
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Chapter 6

Conclusion and outlook

In this thesis, we explored various examples of non-conventional order in frustrated quantum
magnets. Notably, there is one material that ties together all of the projects presented in this
thesis: LuyV,07. Based on the results from Chapters 3-5, this material is expected to exhibit
ObD without quantum zero-point fluctuations, a PG gap proportional to 77/2, and a magnon Hall
effect. In Chapters 3 and 4, the focus was on ObD, a type of magnetic order that is induced
by the presence of fluctuations. Alternatively, in Chapter 5, we explored the consequences of
topological order to the collective excitations of the pyrochlore oxide Lu;V,07.

Chapter 3 presented a novel route to ObD in the absence of quantum zero-point fluctuations,
in the context of a pyrochlore Heisenberg ferromagnet with DM interactions. It was argued
that geometric constraints on the DM vectors of the pyrochlore lattice lead to stable collinear
ferromagnetism that is accidentally degenerate at the classical level, while thermal fluctuations
lift this degeneracy to select the (111) direction at low temperatures. The results from Chapter 3
may have implications for real ferromagnetic materials where the DM interaction is the leading
perturbation. In particular, the magnetism of the ferromagnetic Mott insulators Lu; V,07 and
Y,V;,07 is rather well described by Eq. (3.1) [143—145]. We expect the strongest evidence
would be the measurement of a temperature-dependent PG gap scaling proportional to 77/2
that vanishes in the zero-temperature limit, as depicted in Fig. 4.3(c), although this would pose
significant challenges due to the small (neV) energy scales involved. Another open problem is the
precise identification of a more general class of spin models that exhibit ObD without zero-point
fluctuations. For example, any ferromagnetic Heisenberg model with DM interactions will satisfy
Eq. (3.26) as long as the sum over DM vectors along the bonds surrounding each site vanishes.
It is then a question of which specific crystalline symmetries (or lack thereof) lead to this sum
rule being satisfied. Another example of such a model is the kagome Heisenberg ferromagnet
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with out-of-plane DM vectors [132]. Another open problem from Chapter 3 is to understand the
nature of the paramagnetic to ferromagnetic transition for this model.

Chapter 4 focused on the characterization of ObD in real materials, and how to distinguish
it from conventional energetic ordering. We propose that a universal temperature-dependent gap
in the magnon spectrum can serve as a model-independent signature that ObD is operating in a
material, distinct from a typical anisotropy gap arising from energetic considerations. In addition,
we derived a simplified formula for the PG gap in non-linear spin wave theory that uses only
quantities accessible in the (non-interacting) linear spin wave theory. While the experimental
observation of a temperature-dependent gap would serve as compelling evidence that ObD is
at play in any of the existing candidate materials, the experimental details of how to resolve
and characterize small thermal corrections to the PG gap remain an open problem. In the
materials considered in Chapter 4, the PG is at least several orders of magnitude smaller than
the largest exchange interaction, and the thermal correction to the gap is even smaller than that.
Because of this, it will likely be challenging to measure the temperature dependence of the
gap to high resolution. An important future direction is the identification of additional ObD
candidate materials with larger thermal corrections to the PG that can be measured with current
INS resolution. The results of Chapter 4 provide the theoretical tools to guide future experimental
efforts in detecting ObD unambiguously.

Chapter 5 exposed a discrepancy with various experimental and numerical datasets of the
pyrochlore Lu; V,07, which motivated a re-investigation of the magnon Hall effect of this material.
We explored the effect of additional symmetry-allowed couplings to the microscopic spin model
and concluded that most of these discrepancies can be resolved with the addition of a second
nearest-neighbour DM interaction, as small as 2% of the nearest-neighbour Heisenberg exchange.
Such a coupling, however, cannot account for the apparent excess in specific heat observed in
[15]. These results open the door to several directions of future research on Lu;V,07 to better
understand how to reconcile the thermal transport, INS and specific heat measurements. Future
experimental investigations should aim to independently measure and verify whether there is
an excess of low-temperature specific heat as shown in Fig. 5.5. This would imply that there
are quadratically dispersing excitations that are unaccounted for by both magnons and phonons,
potentially leading to interesting new physics in LupV,07. Another avenue for research is the
role of spin-phonon coupling [243, 246, 301-304] in this material, as there is an increasing body
of work suggesting that magneto-elastic effects play a crucial role in the thermal transport of
magnetic insulators that is potentially relevant for Lu; V,07. Note, however, that such a coupling
is not likely to account for the excess of specific heat. Nonetheless, the work presented in
Chapter 5 provides a comprehensive analysis to guide future experimental and theoretical efforts
in understanding this fascinating material.
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Appendix A

Evaluation of the magnon self-energy

Here, explicit expressions for the magnon self-energy at O(S°) [Eq. (2.68)] are provided for
completeness. In each case, the diagrams are evaluated using the Feynman rules for the self-
energy which can be found in Ref. [53]. It will suffice to evaluate one each of the normal and
anomalous blocks of the self-energy (e.g. X" (k,iw,) and X~ (k, iw,)), as the remaining blocks
are related by symmetries of the spin wave Hamiltonian.

To simplify the expressions, it is useful to define the matrix elements:

ab _ ,ab ab _ ab
Xk,+=Yk’ Xk,—=Xk’
ab _ Sab ab _ Sab
D D S (A.1)

where the matrices X i andY 5 are defined in Eq. (2.46). This notation will allow for the evaluation
of the relevant Matsubara sums in a very general manner. In each case, the sum over Matsubara
frequencies is evaluated in the usual way, by defining an appropriate contour and using the residue
theorem. For bosons, this reads [52]

T Y gliwn) = 5= § dz 9(2) €+ my(2)]. (A2)

; 2mi
iwy,

where the contour is taken to enclose the entire imaginary axis and & = 0 (¢ = 1) controls
the convergence of the function g(z) in the right (left) half of the complex plane, and ny(z) =

-1
(eSZ/ keT _ 1) . In particular, the relevant Matsubara sums that we make use of are evaluated to
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be

keT )" (=i +2)™" = ny(2), (A.3)
iQ,

kT Y (—iQ +21)7 (- +22)7" = (&) ~my(z2) (A4)
i, i1 — 22

Using Eqgs. (A.3)-(A.4), we define the following quantities involving the Matsubara sum of Green’s
functions

Zrdifpp (g.k —q,iw,) = kBTZgC‘T (q, an)g (k- q,iwy — iQy)
iQ,

ZX e(/ Yﬂ)/ l+nB(€qyg)+l’lB(6k_q,g/)
ca¥ o aXpi-g¥ kg —iwy + S€q+ Sex—g

7z
yel x I ny (€g-k.0') —ng(€q.r)
+ZX , X
e o.q o049 Pq o' q- _lwn+Squ_SEqk€’

ny(€k—g.0) — g (E—qt’))

d ef' Fe
+ZY<T -q" o'~ pk 9 pk-q\jiw +Se — Se )
V4 n —qé’ k qf

LY gt (Lean
o,—q 0" —q Pq k™ p'.q-k iwy +S€_g ¢+ Seqg_j ¢ ’

7z
(A.5)
gd(:fpp (q) = kBTZgC 7'(, i0)g,7 (q.i)
Y X
0'0 o’ 0 a0 0’0 el o ft el’ 1
_; | XV I g (Sego) + Yol X0 (14 my (S0 )]
(A.6)
' "o i et dt
W () = kT Y 857 (g1 = Y |X Y0 g (Se, )+ Ve X0 (14mg (Seyo))]-
i, 7
(A7)
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From here, the self-energy diagrams are evaluated to be

k,iw, k,iw,
— dfb
’ b= 2N ZZ qwkaqqu -q cdef (q’k q’lwn)
€ g cdef

bed f ——
__ZZTkeq kTI?qck cd-;‘+e (q.k —q,iw,)

Ne q cdef
d b _
C Z Z T,?eqc k qfk —-q Cc-i'—e-?—(q’k q’lwn)
q cdef
bfd ~—t——
Z cheka qu]; k cc-i'—ef (g, k —q,iwy)
Ne q cdef
Thdf -
N, Z Z T’?eqc k' k, {1 cde-‘?(q’k q,iwp)
Ne q cdef
(A.8)
k>iwn —k,—ia)n dfb
) - 2N Z Z T;eka qT q.9-k cdef (q’k q’lwn)
g cdef
bd —
__Z Z Tl?quI{ q.-k Qluer (q.k —q.iwy)
Ne q cdef
S —bdf At i
- EZ O Toit T Qe 0.k = g.ion)
q cdef
b — .
Z Z TI?ceq gq k :def (q’k _q,lwl’l)
Ne q cdef
bd .
Z Z Teai kTI{ q.—k cde-?—(q’k q’lwn)
Ne q cdef
(A9)
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k,iw,

k,iw,

b
k,iw,
-k, —iwy
k,iwy,

b =—

S
2N,

k0 “q.—q

0.k 04 0.k 0,4

d po—+—— = =efd -
(e TR (@) + T TR @)

d 7 - pfed —
[re TR @)+ TATe R @)

f
C a_d —+— rca d e
[T bar feRC;-e;(q) 4 Teabr ech;ef-'-(q)]

— fdemac _ d . PR
Tq{ o TRORI () + T, Of Te o Reves (@), ] (A.10)

q,

efd rab —t— ~fed
Z [Tq,—qTI?,—Cch;,ef (q) + T‘I»—q
q

TRt (@)

def
S df = . _ —dfe iyt
N7 > [T;,Of T Reaes (@) + T Ty R f+(q)] :

cdef

(A.11)
1 —_
b= 202 Vi Wad @)
¢ q cd
1 —_— —_

"IN, Z Z [Diff’f,‘,qwcd (q) + D;fj’fq”qwc+d+(q)] , (A.12)

q cd
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- 1

— bd - bd. __

T S P TN 2 Zd‘ [Di,_i,qwcj(qﬂEV;,_qfk_qud (@)  (A13)
slwn ,—lwp q c

Using the expressions in Eqs. (A.5)-(A.13), the normal and anomalous components of the
imaginary-time self-energy may then be computed as

k,iwn ksiwn
. (kiw,) = a b+a b+a b, (A.14)
k,iw, k,iw, k,iw, k,iw,
k,iw, -k, -iwy
2 (kiw,) = a b+a b+a b . (A.15)
k,iwv, -k,-iwy, k,iv, -k,-iw,

The remaining blocks can be computed by noting that

03X (k,iwy) o3 = Z(~k, —iw,)T, (A.16)
Y(k,iwy) = Z(k,—iw,), (A.17)

which implies the following relationship between the blocks of the self-energy

s (kiwy) = 2,7 (—k, —iwy), (A.18)
ik iwy) = 5, (k. iw,). (A.19)

The real-time retarded and advanced self-energies may then be computed using analytic contin-

uation
2R (K, w) = 2(k,iw, — w +i0"). (A.20)
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Appendix B

Non-linear spin wave theory of the
Heisenberg ferromagnet

In this appendix, some calculations of the self-energy are provided as a simple application of
non-linear spin wave theory.

Isotropic model

The starting point will be a nearest-neighbour Heisenberg ferromagnet in three dimensions

H=-]) S-S, (B.1)
(i.j)
where J > 0. We assume without loss of generalization that the ground state is polarized along
the global £ direction. Using the Holstein-Primakoff transformation, the Hamiltonian to O (S°)
is given by

1 _
H=NS%c,+S Z eka};ak + N Z Vi.q.0 aLQa;_Qaqak +0(S7h. (B.2)
k k.q,0
where €] = —Jz/2 is the classical ground state energy, € = Jz (1 - yk) is the linear spin-wave

dispersion, and we have defined y, = 771 Y5 ¢'¥*9 with the sum taken over all nearest-neighbour
vectors 6. The symmetrized four-body interaction in this case is found to be

Jz
Vigo = D) (7k+Q Y0t Ye T Vi~ 27k+q+Q - 27Q) . (B.3)
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Magnetization in linear spin-wave theory

Here, we calculate the low temperature magnetization in linear spin-wave theory, going beyond
the lowest order correction proportional to 73/ expected from Bloch’s law. The asymptotic
expansion method used in this section to calculate the magnetization loosely follows the derivation
in Ref. [38]. Keeping only terms to O(S!) in Eq. (B.1), the bulk magnetization can be calculated

as
m(T) 1 .
oL < ~ > . B.4
m(0) NS Zkl Dk B.4)
The thermal expectation value of the magnon number operator can be expressed conveniently as
a geometric series
1 [se]
i _ _ ~pnS
<akak>—m—26 " Ek. (BS)
n=1

Assuming a simple cubic lattice of unit volume (a = 1), the magnetization in the thermodynamic
limit is

T

oo T 3
m@T) _, 1 Z o-6nBIS / dks onpiscosk,
m(0) S & _x 27

_ - LN enps [1o(2nBJS)]?, (B.6)

n=1

where Iy(x) = 717 foﬂ de e¥c°sf cos(£6) — % fooo do e=*cosh0-l0 co5(£0) is the modified Bessel
function of the first kind, of order £. In the low-temperature limit (7" < 2JS§), we may use the
asymptotic expansion of /o (x)

e’ 1 1 9 75
Ip(x) = + +0 ( -2,
0(x) (x1/2 X )

+ +
\2n 8x3/2  128x5/2  1024x7/2
3x
3 e 1 3 33 ( _9/2)
[lh(x)]” = ) (x3/2 + T + 82 +0 (x . (B.7)

This leads to a series expansion of the magnetization

mr) é(%)( T )3/2_ 3n§(%)( T )5/2_33n2§(%)( T )7/2_0(T9/2)' s

m©) 8S \nJS 1285 \nJsS 40968 \nJS
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Self-energy corrections

Next, we evaluate the self-energy to O(S?) to obtain the leading order correction to the magnon
dispersion (and magnetization) due to interactions. In the absence of three-body interactions, the
self-energy only contains the static Hartree-Fock term

1 Jz
2 = ﬁ ; Vk,q,O I’lB(Eq) = _N ; (1 + yk—q —Yq— 'yk) ”B(fq)- (Bg)

Note that this is equivalent to taking the thermal expectation value of the four-body interaction
in Eq. (B.1) and contracting over all single-magnon propagators using Wick’s theorem. For a
simple cubic lattice, the self-energy in the thermodynamic limit is then

o 3
Yk = —2]2 (1 —cosky) Z e_6"ﬂjs/ ((217Tq)3 (1 —cosqy) e?"BIS Ly cosqy
u n=1

[se]

b/g 2 7 d
= —2JZ (1 — cos k,u) Z e—6n,3JS (/ % eZn,BJScosqx) / % (1 — CoS CIy) eZn,BJSCOqu
u _

n=1 - n

= —€ Z e~ O"BIS [ 10 (2nBIS))? [1o(2nBTS) — I, (2nBIS)] . (B.10)

n=1

The fact that the first-order self-energy is proportional to the linear-spin wave dispersion is peculiar
to this model and will not hold at all orders of perturbation theory. This contribution is strictly
real, and simply renormalizes the magnon spectrum, with the renormalized dispersion given by

a(T) )

EkEek+S_le:€k(l—— .

5 (B.11)

To calculate the low-temperature expansion of a(7'), we make use of the asymptotic expansion

for I (x)
e (1 3 15 105 .
hix) = N (x1/2 TSR T 1282 1004y T (x )) ' ®.12)

Combining this with Eq. (B.7), we find

a(T) =

L(%)( T )5/2+ 57'(25 (%) ( T )7/2+0(T9/2)_ (B.13)

32 \nJS 512 \#JsS

At low temperature a(7) > 0, implying the renormalized magnon dispersion is lower than the
unperturbed one. In this sense, the effect of temperature is to make the spin-wave excitations

154



“softer”. The O(S?) correction to the magnetization can be calculated by simply repeating the
calculation in Eq. (B.6) with the renormalized magnon dispersion €, — € (or equivalently,
mapping J — (1 — 5)J in Eq. (B.8)), resulting in the series

@_1_4(%) (L)3/2_37r§(§) (L)S/z
m(0) 85 \nJs 1285 \zJsS
337%¢ (3 12 3re(2) (3 )
B :096%) (755) -— 5(122)52(2) (nis) +0(T9/z)_ B.14

The last term, proportional to 7%, was first obtained by Dyson [39] and represents the leading
correction to the spontaneous magnetization of a ferromagnet due to spin-wave interactions.

Anisotropic Ferromagnet

Next, we generalize the low-temperature expansion to include both an external magnetic field and
an easy-axis anisotropy, given by the terms

H'=-h) S$i-D > (59, (B.15)

with A, D > 0. Taken together with Eq. (B.1), the spin-wave theory takes the same form as
Eq. (B.2), with modified coefficients

J h
601:—(7Z+D+§) (B.16)
h 1
ek:§+(2—§)D+Jz(l—7k) (B.17)
Jz
Vigo=—4D+% (7k+Q Yoot Vet Ve~ Wisgro - ZyQ) . (B.18)
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Magnetization in linear spin-wave theory

Assuming a simple cubic lattice of unit volume (a = 1), the magnetization in the thermodynamic
limit is then

3

@ =1-= l i e "BSho ,=6npJS /ﬂ % o2BIS cos ki
m(0) S 3 _x 2m

oo

1
=1—=) e BSh0e=BIS 11, (2nB7S)]°, (B.19)

n=1

where SAg = Sep = h+ (2S5 —1)D is the spin-wave gap at O(S'). Using the asymptotic expansion
for Ip(x) in Eq. (B.7), the magnetization in linear spin-wave theory is then given by

S L

m(0) 8S nJS
3nLig (e7#5%) 1 \3/2 33n’Lig (e7#5%) (1 \72 o
- - -0 (T°?), (B.20)
1285 nJS 40968 nJS

4

where Lis(x) = 277 fl—: is the polylogarithm of order s. Note that this expression is identical to
Eq. (B.8) when the spin-wave gap vanishes, as Lig(1) = £(s) is the Riemann-zeta function. For

T <« SAy, it follows that

3/2 5/2 2 7/2
m(T) _ s [L( T ) 3n ( T ) 337 ( T ) _O(Tg/z)

— - - . (B.21
m(0) 8S \nJS 12885 \nJS 40968 \nJS ( )

Self-energy corrections
Next, we evaluate the self-energy to O(S°) to obtain the leading order correction to the magnon

dispersion (and magnetization) due to interactions in the presence of anisotropy. The first-order
self-energy is

1 Jz 4D
Xk = N Zq:Vk,q,o ng(€qg) = N Zq: (1 Y Vk—q ~ Ve~ Vk) ng(€q) = N Zq: np(eg). (B.22)

156



For a simple cubic lattice, the self-energy in the thermodynamic limit is

o0 3
Xk = —ZJZ (1 —cosky) Z e'"ﬁSAOe_6"ﬁJS/ ((2176])3 (1 —cosqyu) e2BIS Ly cosqy
H n=1

00 3
_ap Z o880 y-onpis [ 474 onprss, cosq,
(27)3

n=1

= ~6J (1= i) Y e™"P¥0e ™5 [1o(2npIS) | [1o(2nIS) = 1 (2nB1S)]

n=1
— 4D Z eS80 o =6nBIS [ 1 0p 7 S)]3 . (B.23)
n=1
Expanding the modified Bessel functions in an asymptotic series (8J — o), we find for the

self-energy to O (e S2/TT7/2)

. (_—BSA 21 i (,—BSA
nlis (e 0)( T )5/2 S Ll% (e 0)( T )7/2}

2

Xk =—6J (1 -1vyx)

32 nJS 512 nJS
i Li (e7#%) /7 3/2+37rLi% (e7P5%) (7 32 33n’Lig (e7P%) 1 7 \72
8 7JS 128 7JS 4096 7JS
3/2 5/2
D(T p T
= _eSBolT| 2 T 67 (1 - 3D] [
¢ 2 (nJS) t 3 16 (=7 +3D]| 77
L (607 (1 — ) +33D] [ " (B.24)
1024 Vk s| | '

where the last line uses the asymptotic form of the polylogarithm Lis (e™) — ¢~*, valid when
T < Ag. The renormalized dispersion is then given by & = e + S™!Z. It is useful to separate
the self-energy into a dispersive part (7) and a momentum-independent gap A(T), such that

T
& = A(T) +6J(1 = vz) (1 - %) , (B.25)
where
5/2 2 7/2
_ T (sao) [T S gsao\ [ T 9/2
a(7) = g3Lis (¢ )(nJS 3ty () (75 o ®2o)
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A(T) - A(0)

J
0.000
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0.0 0.1 02 03 0.4 05
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Figure B.1: Relative spin-wave gap of the simple cubic Heisenberg ferromagnet with single-ion
anisotropy, in zero-field (h = 0), calculated using Eq. (B.27) with § = 1. The gap is calculated to
0(5%) and O(T7/?) in non-linear spin-wave theory.

and

32 T \"?
+ ng(e ﬂSAO)(m) . B27)

The calculation of the spin-wave gap for several representative values of D/J is depicted in
Fig. B.1. We see that thermal effects at leading order tend to slightly reduce the gap due to
anisotropy.

The magnetization is calculated in the same way as the linear spin-wave theory using the
renormalized dispersion. This amounts to replacing J — (1 - %)J and Ag — A(T) in Eq. (B.20),
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(a) m(TYm(0) (b) m(T)m(0)

1.000 1.000 1 — s
O($%
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0.994 1
0.985 1 0.992 1
—— D/J=0.0
—— D/J=0.1 0.990 1
0.980 1 DIJ=03
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: : : : 0.988 4 T T T T
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T T

Figure B.2: Spontaneous magnetization of the simple cubic Heisenberg ferromagnet with single-
ion anisotropy, in zero-field (h = 0), with § = 1. Panel (a) depicts the magnetization for
several representative values of D/J, using Eq. (B.28). Panel (b) compares the linear spin-wave
calculation (Eq. (B.20)) to the leading non-linear spin-wave correction (Eq. (B.28)) for D/J = 0.1.

leading to

m(r) _, M (6“’”)( L) o)

= _ 1 T
. -A(T)/T -
) 3nLis (e ) T \/? - a(T)\ "
128S nJS S
2L i [e=AMDIT 7/2 =1/2
) 33n°Li; (e ) T \" -2 / _0 (T9/2) (B.28)
40965 nJS S . |

The spontaneous magnetization in zero-field is depicted in Fig. B.2(a) for several values of D /J.
Fig. B.2(b) compares the magnetization calculated in both linear and non-linear spin-wave theory
for D /J; we see that the correction due to interactions is effectively negligible for this model.
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