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Abstract

This thesis analyzes the Davis—Yin three-operator splitting method in the inconsistent
case, where the underlying monotone inclusion problem may fail to have a solution. The
Davis—Yin algorithm extends the Douglas—Rachford and forward—backward splitting meth-
ods and is effective in reformulating optimization and inclusion problems as fixed-point
iterations. Our study investigates its behavior when no fixed point exists. We prove, un-
der mild assumptions, that the Davis—Yin shadow sequence converges to a solution of the
normal problem, which represents a minimal perturbation of the original formulation.
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Figure 1: Illustration of our contribution, Theorem 4.6, as instantiated in Example 4.7.
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Chapter 1

Introduction

Throughout this work, we assume
X is a (real) Hilbert space with inner product (-,-) : X x X — R,

and induced norm || - ||. The identity operator on X isId : X — X : z — z.

This thesis studies the three-operator splitting scheme introduced by Davis and Yin [1],
known as “Davis-Yin Splitting”. The central question is whether Davis-Yin splitting can
offer useful insights for the class of problems to which it is commonly applied, but in the
inconsistent case. That is, when the set of optimal solutions is empty, which we answer
in the affirmative (cf. Theorem 4.6) under mild assumptions. Analyzing the behavior
of splitting methods to assess the consistency of the underlying problem has been an
active area of research [2, 3, 4]. The monotone inclusion problem that Davis-Yin splitting
considers is

find z € X such that 0 € Ax + Bx + Cuz, (1.1)

where A, B, and C' are maximally monotone operators (cf. Definition 2.40), and C' is,
additionally, S-cocoercive (cf. Definition 2.29) for some 5 € R, ,. The Davis-Yin operator
is defined as:

(v €10,28]) Ty =Thaypye) = JWB(R”/A —C JVA) + Id = J,a, (1.2)

where J, 5 and J, 4 are the resolvents of the corresponding operators and R, 4 is the reflected
resolvent (cf. Definition 2.53). Note that (1.2) is not invariant under swapping A and B



(see [5] for a detailed study of this aspect in the case C' = 0). In this work, we consider
~v € 10, B[, which guarantees that yC' remains firmly nonexpansive. Therefore, for the
remainder of this thesis, we omit the v in vA,vB,vC, and, consequently, T, and instead
write A, B, C', and consequently, T, i.e.,

T .= T(A7B7C) ZJB(RA —OJA)—l—Id—JA. (1.3)

Let zp € X be given. The splitting algorithm generates the governing sequence according
to the following update rule:

(Vn € N) Tpy1 =Ty (1.4)

When zer(A + B + C) = (), it follows from [1, Lemma 2.2] that Fix T = 0, i.e., the fixed
point set of T is empty. Consequently, lim,cy || T" z|| = oo by [6, Corollary 1.4]. Therefore,
we instead examine the problem

find z € X such that 0 € Az + B(x —v) + Cz — v,

where v (cf. Definition 2.36) is the element of least norm in ran(Id — T), the closure of the
range of Id —T. The problem (3.39) will be referred to as the “normal problem”.

When (A, B, C) is replaced by (0f, dg, Vh) where f, g, and h are proper (cf. Definition
2.13), lower semicontinuous (cf. Definition 2.11), convex (cf. Definition 2.10) functions
defined on X, and Vh additionally Lipschitz continuous (cf. Definition 2.27), we provide
a necessary and sufficient condition for the weak convergence of the “shadow” sequence
(Jazn)nen = (Joy Zn)nen = (Pfxp)nen to a minimizer of (3.39), where Py denotes the
proximity operator of f (cf. Definition 2.58). Additionally, we provide other intriguing
results of independent interest:

1. In Proposition 3.10, we derive a precise description for ran(Id — T).

2. Lemma 3.24 provides two core descriptions of the extended solution set (cf. Defini-
tion 3.23) and the set of fixed points of the perturbed operators: FixT(- + v) and
Fix(T +v).

3. In Corollary 3.19, we establish a necessary and sufficient condition for the asymptotic
regularity of (Ja(xy,))nen and (Ja-1(z,))nen-

4. Our main result, which is stated in Theorem 4.6, establishes the weak convergence
of (Pf(xy))nen to a minimizer of (3.39).



The authors of [7] introduced the averaged alternating reflections method for finding a
best approximation pair (u,w) € U x W such that ||u — w|| = d(U, W) := inf |U — W],
where U and W are nonempty closed convex sets in X that may not intersect. More
importantly, the authors established that the shadow sequence Py (2, )nen is bounded and
that its cluster points lie in W N (U +v) (cf. [7, Theorem 3.13]), where Py is the projector
(the best approximation operator) onto W and that v € U — W if and only if d(U, W) is
attained. The same result motivated the work of [8] on the Douglas-Rachford operator,
establishing connections between the generalized set of minimizers of the normal problem
and the range of the displacement mapping, which were key to Proposition 3.8, among
other findings. The authors of [8] provided a detailed characterization of the range of the
displacement mapping of Douglas-Rachford in [9], which we utilized in Proposition 3.10
to establish a similar result for range of the displacement mapping for Davis-Yin. The
previous contributions culminated in [10], proving the weak convergence of the shadow
sequence in the inconsistent case of Douglas-Rachford Splitting in the convex setting (a
specific nonconvex case was analyzed in [11]). There are other avenues through which one
could respond to the inconsistent case, e.g., [12].



Chapter 2

Preliminaries

In this chapter, we review the relevant definitions, facts, and notation used in our work.

2.1 Sets and Operators

Let U, W be subsets of X, let and z € X. The Minkowski sum of U and W is given by
U+W ={u+w|ueUwe W} The translation of U by z is defined as z + U = {z}+U.
For any a € R, the scaling of U by « is defined as aU = {au | v € U}. The notation
T : X — X indicates that T maps each x € X to a point Tx € X. Similarly, A: X = X
denotes that A maps each = € X to a (possibly empty) set Az C X. Furthermore, let w
and x be in X. The inner perturbation of A by w at x is given by A(- + w)z = A(x + w),
while the outer perturbation is given by (A + w)x = Az + w.

Definition 2.1. Let A : X = X. Then, A is characterized by its graph
graAd ={(r,u) € X x X | u e Azx}. (2.1)
The domain and the range of A are defined as:
domA={x € X | Ax # 0} and ran A = A(X). (2.2)
Definition 2.2. Let A : X = X. The inverse of A, denoted by A~! is defined through
its graph
graA™h = {(u,z) € X x X | (v,u) € gra A}. (2.3)

Definition 2.3. Let A : X = X. Then, the set of zeros of A is zer A = A71(0) = {z €
X |0e€ Az}



2.2 Overview of Convex Analysis

Definition 2.4. The limit superior and limit inferior of a sequence (x,,)nen In [—00, +00]
are denoted lim x,, and lim x,,, respectively. Moreover, it follows that

lim 7, < lim . (2.4)

Definition 2.5. A sequence (x,,),en in X converges strongly to a point x € X if ||z, —z| —
0, which will be denoted z,, — x. A sequence (x,)nen in X converges weakly to a point
xr € X if for every u € X, (z,,u) — (z,u), which will be denoted z,, — x.

Definition 2.6. A subset D of X is convez if for all a € ]0, 1], we have aD+(1—a«)D = D.

Definition 2.7. Let D be a subset of X, The orthogonal complement of D is denoted by
D+, That is,

Dt={ueX|(VxeD) (zx,u)=0} (2.5)
Definition 2.8. Let D be a cone of X. The polar cone of D is D® = {u € X | sup(D, u) <
0}.

Definition 2.9. Let D be a nonempty convex subset of X and let x € X. The normal
cone to D at x is

Nz — {(D—:z:)ez{ueX | sup(D — z,u) <0}, ifx e D; 2.6)

0, otherwise.

Definition 2.10. Let f : X — | — 00, +00]|. The domain of fisdom f ={z € X | f(z) <
+oo}. The function f is convex if its epigraph epi f = {(z,a) € X xR | f(z) < a} is a

convex set. In addition, the closure of dom f is denoted by dom f.
Definition 2.11. Let f: X — [—o00,4+00] and # € X. Then, f is lower semicontinuous
at x if, for every sequence (x,)nen in X, x, — x implies

f(z) <lim f(2,). (2.7)
and weakly lower semicontinuous at x if x,, — = implies (2.7).

Example 2.12 ([13, Example 1.25]). The indicator function of a subset D of X, i.e., the
function

0, if v € D;

2.8
400 otherwise, (28)

LD:X—>[—OO,+oo]:x>—>{
is lower semicontinuous if and only if D is closed.
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Definition 2.13. Let f : X — | — 00, 4+00|. Then, f is proper if dom f := {z € X |
f(z) < 400} # 0.

Fact 2.14 ([13, Theorem 9.1}). Let f — | — 00, +00] be conver and lower semicontinuous.
Then, f is weakly lower semicontinuous.

Definition 2.15. The set of proper lower semicontinuous convex functions from X to
| — 00, 4+00] is denoted by I'g(X).

Fact 2.16 ([13, Proposition 8.17] and [13, Lemma 1.27]). The set of proper, convez, and
lower semicontinuous functions I'g(X) is closed under addition.

Definition 2.17. Let f: X — [—o0,+00]. The Fenchel conjugate of f is

[ X = [—00,400] : u > sup ((z,u) — f(x)). (2.9)

zeX

Definition 2.18. Let f : X —] — 00, +0o0] be proper. The subdifferential of fis df : X =
Xor={ue X[ (VyeX) (y—zu)+ f(z) < fly)}

Fact 2.19 ([13, Theorem 16.29 and Corollary 16.39]). Let f € T'o(X). Then,
randf = domdf* = dom f*. (2.10)
Fact 2.20 ([13, Proposition 27.1)). Let f € I'o(X). Then, argmin, .y f = zer Of.

Fact 2.21 ([13, Corollary 16.48(iii)]). Let f and g be in T'o(X) such that domg = X.
Then, O(f + g) = 0f + 0g.

Fact 2.22 ([10, Proposition 2.1]). Let f and g be in To(X) and let zer(Of + dg) # 0.
Then, argmin(f + g) = zer(O(f + g)) = zer(df + 0g).

reX
Definition 2.23. Let (x,)nen be a sequence in X. Then, (x,),en is asymptotically regular

if Tpn — Tpa1 — 0.

Fact 2.24 ([13, Theorem 3.16]). Suppose that D is a nonempty closed convex subset in X.
Then, for every point x € X, there exists a unique point Ppx € D such that ||x — Ppz|| =
inf || — D||. The point Pp x is characterized by

Ppxz € D and (Yu € D) (u—Ppx,x—Ppx) <O0. (2.11)



Definition 2.25. Let f : X — | — 00,400} and g : X — | — 0o, +00]. The infimal
convolution of f and g is

fHg:X = [-00, 4ol s w = inf (f(y) +9(x—y)), (2.12)

and it is ezact at a point x € X if (fOg)(x) = mingex f(y) + g(x — y); fOg is exact if it
is exact at every point of its domain, in which case it is denoted f [ g.

Fact 2.26 ([13, Proposition 12.6]). Let f : X — | — c0,+o0] and g : X — | — oo, +o0].
Then,

dom(f0Og) = dom f + dom g. (2.13)

2.3 Notions of Nonexpansiveness
Definition 2.27. Let T': X — X. Then, T is Lipschitz continuous with constant o € R
if

(Ve e X)(vye X) [Tz —Ty| < allz—yl. (2.14)

Definition 2.28. Let T : X — X. Then, T is nonexpansive if it is Lipschitz continuous
with constant 1, i.e.,

Vee X)(VyeX) |Te—Tz|<|z-yl. (2.15)
and is firmly nonexpansive if
Vre X)(VyeX) |[Te—Tx||*<{x—y,To—Ty). (2.16)

Definition 2.29. Let T : X — X. Then, T is [-cocoercive, where § € R, if 8T is
firmly nonexpansive.

Remark 2.30. If T is [-cocoercive, then it follows from Cauchy-Schwarz inequality and
(2.16) that T is Lipschitz continuous with constant 1//.

Fact 2.31 ([14, Corollaire 10] and [13, Corollary 18.17)). Let f € I'o(X). Then, Vf is

nonexpansive if and only if V f s firmly nonexpansive.

Definition 2.32. Let 7" : X — X be nonexpansive, and let a € |0,1[. Then, T is
a-averaged if there exists a nonexpansive N : X — X such that 7' = (1 — «) Id +aN.

7



Fact 2.33 ([15, Lemma 4]). Let T : X — X be a nonexpansive. Then, Tan(ld —T") is
convez.

Definition 2.34. Let T': X — X. Then, the set of fixed points of T is
FixT :={x € X | Tz = z}. (2.17)

Fact 2.35 ([16, Lemma 2.1]). Let T : X — X and w € X. Then, FixT(- + w) =
—w + Fix(T + w).

Definition 2.36. Let T': X — X. Then, the minimal displacement vector (or the element
of least norm) is well-defined (see Fact 2.33) as

vV = Pm(ld—T)(O)- (218)

Fact 2.37 ([15, Lemma 2]). Let D C X be nonempty, closed, and convex and let v be the
element of least norm in D. If u, € D and ||u,|| — ||v| then u, — v and ||u, — v|]* <
[unll? = (vl

Fact 2.38 ([6, Corollary 1.5; Proposition 1.3]). Let T : X — X be averaged and let z € X .
Then, lim,en(T"x — T ) = v, where v is defined according to (2.18).

2.4 Monotone Operators

Definition 2.39. Let A: X = X. Then, A is monotone if
(V(z,u) € graA)(V(y,w) € gra A) (x —y,u—w) > 0. (2.19)

Definition 2.40. Let A : X == X. Then, A is maximally monotone if it is monotone
and there is no monotone operator B : X == X such that gra B properly contains gra A.
Equivalently, for every (z,u) € X x X,

(x,u) € graA = (V(y,w) € graA) (z—y,u—w)>0. (2.20)

Fact 2.41 ([13, Corollary 25.5(1)]). Let A, B : X = X be mazimally monotone operators
such that dom B = X. Then, A+ B is mazimally monotone.

Definition 2.42. Let A: X = X. Then, A is 3*-monotone if A is monotone and

(Vo € dom A)(Vy* € ran A) ( i)nf A(x —u,y" —w) > —00. (2.21)
u,w)egra

8



Fact 2.43 ([13, Moreau; Theorem 20.25]). Let f € I'o(X). Then, Of is mazimally mono-
tone.

Fact 2.44 ([13, Example 25.13]). Let f : X —] — oo, +00] be proper. Then, Of is 3*-
monotone.

Fact 2.45 (Brézis-Haraux; [13, Theorem 25.24]). Let A : X = X and B : X = X be

monotone operators such that A+ B is mazimally monotone and A and B are 3* monotone.
Then,

ran(A + B) =ran A +ran B. (2.22)
Definition 2.46. Let A: X = X. Then, A is paramonotone if it is monotone and
(V(xz,u) € graA)(V(y,w) € gra A) (x —y,u—w)=0= (r,w) € graA and (y,u) € gra A.

Fact 2.47 ([13, Example 22.4]). Let f : X —] — 0o, +0o0] be proper and convex. Then, Of
1S paramonotone.

2.5 Fejér Monotonicity

Definition 2.48. Let D be a nonempty subset of X and let (z,),en be a sequence in X.
Then (x,)nen is Fejér-monotone with respect to D if

(Vx € D)(¥Vn € N) |Tns1 — || < ||z — || (2.23)

Fact 2.49 ([13, Proposition 5.4]). Let D be a nonempty subset of X and (z,)nen be a
sequence in X. Suppose that (x,)nen is Fejér monotone with respect to D. Then, (x,)nen
18 bounded.

Lemma 2.50. Letu € X and D be a nonempty subset of X. Suppose that (z,)nen is Fejér
monotone with respect to D. Then, (u + x,)nen is Fejér monotone with respect to u+ D.

Proof. Let x € D. Note that ||z, — z|| < ||zpy1 —2f] & [[(u+x,) — (v + 2)| < [[(u+
Tpy1) — (u+ )| Hence, (u+ x,) is Fejér monotone with respect to u + D. O

Fact 2.51 ([17, Lemma 2.2]). Let (x,)nen be a sequence in X that is Fejér monotone with
respect to a nonempty closed convex subset C' of X. Let wy and wy be weak cluster points
of ()nen. Then wy —wy € (C — C)L, dce., (wy —wy,C — C) = 0.

9



Fact 2.52 ([16, Proposition 2.4(iv) and (vi)]). Let T : X — X be nonexpansive and
suppose that yy € Fix(T + v), where v be defined according to (2.18). Then, for alln € N,

(1) T"yo = yo — nv.

(i1) For every x € X, the sequence (T"x + nv),en is Fejér monotone with respect to both
Fix(T' +v) and FixT(- + v).

2.6 Resolvents and Proximity Operators

Definition 2.53. Let A : X = X. The resolvent of A is J4 := (Id+A)~!. The reflected
resolvent is

Ra: X—>X:2—~2J4—ux. (2.24)
Fact 2.54 ([13, Proposition 23.19]). Let A : X == X be maximally monotone. Then
Jaor =Id—Jy. (2.25)
Fact 2.55 ([18, Theorem 4]). Let A: X = X be maximally monotone. Then,
graA={(Jaz,x —Jax) |z e X}. (2.26)

Fact 2.56 ([13, Corollary 23.11]). Let A : X = X be mazximally monotone. Then, the
following hold:

(1)) Ja: X = X and Jp—» =1d—J4 : X — X are firmly nonexpansive and mazimally
momnotone.
(i) Ra: X — X is nonexpansive.

Fact 2.57 ([13, Proposition 23.2(i)]). Let A : X = X. Then, ranJ4 = dom A. Conse-
quently, rtanJ 41 = dom A~! = ran A.

Definition 2.58. The proximity operator of f € T'g(X) is

1
P;: X = X : 2 — argmin (f(y)+—]|x—y||2) . (2.27)
yeX 2

Example 2.59 ([13, Example 23.3]). Let f € I'((X). Then, Jy; = Py.
Fact 2.60 ([13, Proposition 16.44]). Let f € T'o(X). Then, Py = (Id+0f)~*.
Fact 2.61 ([13, Proposition 12.26]). Let f € I'y(X) and let x and p be in X. Then

p=Prre(VyeX) (y—pr—p +flp)<fly. (2.28)

10



Chapter 3

On the Davis-Yin Operator

Throughout the rest of this work, we assume that
A: X = X and B : X =% X are maximally and 3"-monotone operators. (3.1)
Moreover, we assume that
C': X — X is maximally monotone and firmly nonexpansive. (3.2)

Consequently, C' is, additionally, 3*-monotone by [13, Example 25.20] and paramonotone
(cf. Definition 2.46) by [13, Example 22.8]. The Davis-Yin operator for the triplet (A, B, C)
is given by:

T .= T(A,B,C) :JB(RA —CJA>+Id—JA. (33)
The corresponding minimal displacement vector (cf. Definition 2.36) for T is defined as
VvV Ii= Pm(ld—T) (O) (34)

We additionally introduce the following vectors:

VD ‘= Pm(o) and VR ‘= PranA+ranB+ranC(O)‘ (35)

By [13, Proposition 29.3],

(VD7 VR) - Pdom A—dom B xran A+ran B+ranC((07 O)) (36)

Another closely related splitting algorithm is the Douglas-Rachford method [19], which is
defined for two maximally monotone operators A : X = X and B : X = X as follows:

T::T(gyg):JERg—i-Id—JAN. (3.7)
Note that (3.3) recovers (3.7) when C' = 0.

11



Remark 3.1. As a consequence of Fact 2.41, we have that
B + C is maximally monotone. (3.8)

Moreover, by Fact 2.45, tan(B + C') = tan B + tan C. In addition, dom(B + C) =
dom BNdomC = dom BN X = dom B. Suppose that B is paramonotone. Then, B + C'
is paramonotone by [20, Proposition 3.1].

3.1 The Range of [d—T

This section studies the behavior of the operator Id — T, as detailed in Proposition 3.2, and
provides a characterization of the closure of its range in Proposition 3.10. To achieve this,
we introduce two perturbed operators in Proposition 3.4, which play a crucial role in several
results, including the intermediate result in Proposition 3.8: ran(Id — T) = ran(Id — T).

Proposition 3.2. We have
Id—T=Jas—Jp(Ra—CJ4) =Ja-1+Jp-1(Ra—CJa)+CJa. (3.9)
Consequently,
(1)) JaT"x —Jp(Ja—CJs) Tz —v.
(1)) Ja-r T2+ Jp-1(Ra—CJA) T2+ CJIa T2 — v.

Proof. The claim in (3.9) follows by applying Fact 2.54:
(3.3)

d-T% 5, —JpRa—C 1) (3.10a)
B2 (R —CJa—Jp1(Ra—C T 1))
=Ja—Ra+CJIs+Jp-1(Ry—CJa)
B2 g 20,4+ 1d+C T4+ T (Ry—C T )
B2 g IRy —CJa) +CJa. (3.10b)
Clearly, dom T = X. Hence, by Fact 2.38, for all x € X and n € N, we have
(1d—T)T"2 2 J, T — Jp(Ja—C I T 2 (3.11a)
G T 4 g (R —C I T 2+ C Iy T 2 (3.11b)
=Tz —-T""z —v, (3.11c)
which proves (i) and (ii). O
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Corollary 3.3. We have
ran(ld — T) C (dom A — dom B) N (ran A 4+ ran B + ran C)

Proof. By (3.9) and Fact 2.57,

ran(Id —T) =ran(J4 — Jg(Ra —C J4))
CranJy—ranJg(Ra —C J4)
C dom A — dom B.

Moreover,

ran(ld = T) =ran(Ja-1 + Jp-1(Ra —C Ja) + C Jy4)
- ranJA71+JBfl(RA—C’JA)—|—C'JA
CranA+ran B +ran(C,

which completes the proof.
Proposition 3.4. Let w and x be in X. Then,
(Z) T(A,B(-—w)—w,(}) Tr = T(A,B,C) r+w=:T+w.

(ZZ) T(Afw,B(-fw),C) Tr = T(A,B,C) (ZE -+ w) =: T(l‘ + w).

Proof. Let M : X = X be a maximally monotone set-valued operator, we have, from [13,

Proposition 23.17|, that

Ime—wyr =Jy(z+w) and  Jy_p2=Jy(r—w)+w.

Hence,
J(B(~—w)—w) xr = JB(._w)(:L‘ — w) +w = JB(:L‘) + w.
Consequently,

T(A,B(—w)-w,c) T =T —Ja2 + Ip(—w)—w (Ra —CJa) x
(3.16)

=" ov—Jar+Jp—w Iz —2—-—w—-Claz)+w

='rz—Jax+JpRIaz—z—w4+w—-Clax)+w

='z—Jax+Jpg(Ra—Cla)x+w

3.3)
(: T(A,B,C) T+ w,

13
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which proves (i). Similarly,

T(A—w,B(-—w),C’) r=x—Ja_pr+ JB(-—w)(RA—w —C JA_w>ZE (3.18&)
@18 5 Ja(x +w) +Jp—w)(2Ja(z +w) =2 = CJa(x+w)) (3.18b)
(.19 (x 4+ w) — Ja(z + w)
+Jp2Ja(x +w) —x —w—CJa(r +w)) (3.18¢)
(220 (x+w)—Jalz+w)+Ip(Ra(z +w) — CJa(z + w)) (3.18d)
:({L"—FUJ)—JA($+’LU)—|—JB<RA—CJA)([E—|—”LU) (3.188)
T oy +w), (3.18f)
which proves (ii). O

Definition 3.5. Let A: X = X and B : X = X. Then, the primal problem associated
with the ordered pair (A, B) is

find z € X such that 0 € Az + Bz. (3.19)

The corresponding Attouch-Théra dual pair [21, 22] is (A, B)* := (A™!, B™9), where B :=
(—Id) o Bo(—1d). As such, we let

Zap) =zer(A+B)=(A+B)"(0)={zr € X |0€ A+ B} (3.20)
and
Kap =2e1(A'+ B Q) =(A"+B 9 0)={zeX |0 A" +B9}, (321)
denote the primal and dual solutions of (3.19), respectively.

Fact 3.6 ([8, Proposition 3.3]). Let w € X. Then, the following are equivalent:
(1) Z(ﬁ—w,é(.—w)) # 0.
(ii) Fix T(- +w) # 0.

(iii) w € ran(Id — T).

Lemma 3.7. Let w € W. Then, the following are equivalent:
() Z(a-wB(-wy+0) 7 0.
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(i) Z(a,B(—w)+c—w) 7 .
(iii) Fix T(- +w) # 0.
(iv) Fix(T +w) # 0.

(v) w € ran(Id — T).

Proof.

(i)<(ii) This is immediate from (3.20).

i)« (iii) Indeed, this is [1, Lemma 3.1] applied to T (4_,B(.—w),c), Which corresponds, by
i)«<>(iii) Indeed, this is [1, L 3.1 lied to T(4—w,B(.—w),c), which ds, b
Proposition 3.4(i), to T(- + w).

ii)<(iv): Similarly, this is [1, Lemma 3.1] to T4 B(.—w)—w.c), Which corresponds, by
(A,B(-—w)~w,0)
Proposition 3.4(ii), to T +v.

(2.17)

(iii)<(v): Let 2 € X. Then, z € FixT(-+w) & z=T(-+w) & (r+w)-T(-+w) =
w < w € ran(Id — T)(z + w). O

Proposition 3.8. We have
ran(Id — T) = ran(Id — T). (3.22)

Proof. Let w € X. Then, replacing A and B by A+w and (B+C(-4+w)—w), respectively, in
(3.7) yields, in view of Remark 3.1, Fact 3.6, Lemma 3.7, and Proposition 3.4, the following
chain of implications:

weran(Id—T) & Fix T(- + w) # 0 < Z(Zw, By 7V

G2 (3reX) 0€dr+ Bz —w)—w
& ((FreX) 0eAr+Br—w)+Cr—w

(3.20)
S Z(A—w,B(—w)+C) = Z(A,B(—w)+C—w) 7 0

& FixT(- +w) # 0 & Fix(T +w) # 0
< w eran(ld—T), (3.23)

which completes the proof. O]
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Fact 3.9 ([9, Proposition 6.1]). Suppose that A and B are 3*-monotone. Then,

ran(Id — T) = (dom A — dom B) N (ran A + ran B). (3.24)

Proposition 3.10. We have

ran (Id—T) = (dom A — dom B) N (ran A 4+ ran B 4+ ran C'). (3.25)

Proof. Let A and B be replaced by A and B + C in (3.7). As a consequence of (3.1),
Remark 3.1, Fact 3.9, Proposition 3.8, and Fact 2.45, we have

ran(Id — T) (29 (dom A — dom B) N (ran A 4 ran B) (3.26a)

= (dom A — dom(B + C)) N (ran A 4+ ran (B + C)) (3.26Db)

(222 (dom A — (dom BN dom C)) N (ran A +tan B +tan () (3.26¢)

= (dom A —dom B) N (ran A +ran B +ran C) (3.26d)

O2% mm(1d — 1), (3.26¢)

which completes the proof. O

3.2 A Necessary and Sufficient Condition for the Con-
vergence of the Shadow Sequence

The main result of this section, Corollary 3.19, provides a necessary and sufficient con-
dition for the asymptotic regularity (cf. Definition 2.23) of the shadow sequence. The
identities in Lemma 3.11 are key components of our approach and will be used to estab-
lish important relationships in Theorem 3.12. Using the characterization of ran(Id — T)
obtained in Section 3.1, we derive critical properties of v, vp, and vg in Proposition 3.16.
These results enable us, among other outcomes, to analyze the behavior of the sequences
(JaT"2z — J2T" M 2) ey and (J4-1 T" — J 41 T™),en, leading to the main conclusion of
this section.

Lemma 3.11. Let a,b,c and z be in X. Then the following hold:

(i) I2|I> = lla+0|?+ ||z —a—b—c||*— ||lc||* +2(a, z — a) + 2(b, z — 2a — ¢ — b) +2(c, z — a).
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(ii) ||z —all®*+]lal|* = [la+b||> + ||z —a—b—c||> = ||c||* + 2(b, z — 2a — ¢ — b) + 2{c, z — a).

(iii) (z,a+b) = |la+b||* + (a,z — a) + (b, 2 — 2a — b —¢) + (b, c).

Proof. All of (i), (ii), and (iii) are obtained with direct expansion. O

Theorem 3.12. Let x and y be in X. Then, the following hold:

(i) o= yl> = Ta = Ty|* +[[(Id=T)z — (Ild=T)y — (CJaz — CJIay)|?
+2(Jpgrx—Jpary, Jaz —Jay)
42 I (Ra—C Iz — I (Ra—C Ia)y,
Jp(Ra—CJa)x —Jg(Ra—CJa)y)
+(CJax—Clay,Jax—Jay)
+(Clgx—CJay,Jax—Jay) —|CJaz—CJIay|*

(1) | Jaz = Jayl? + [ Jarz = Jary|* = [JaTa = Ja Tyl + [ Jar Ta = Jaa Ty|* =
|(Id=T)z — (1d—T)y — (CJaz — CJay)|?
+2(JsTe —JaTy,Jg-1 T —Jp-1 Ty)
+2(Jg-1(Ra—CJa)x —Jpg-1(Ra —C Ja)y,Jg(Ra —C Ja)x — Jg(Ra —C J4)y)
+(CIax—Clay,Jax—Jay)
+(CJax—CJay,Jax—Jay) —||CJaz — CIayl|*

(iii) HJATx—JATyH2—|—H JA—lTa:—JA—lTyH2 < "JAl’—JAy|’2+|‘ JA—lx—JA—ly”2.
(i) 0 < (w —y, (Id=T)r — (Id - T)y) — [|(Id— T)x — (Id - T)y||?
—(CJaz —CJay,Jg(Ra—CJa)z —Jp(Ra—CJa)y).
Proof. Applying Lemma 3.11(i) with

2= =Y

(I:JA—l.Z'—JA—ly

b:JB—l(RA —CJA)iC—JB—l(RA —CJA)y
c:C'JAx—C'JAy
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yields the following:
lo = ylI* = |(1d = T)z — (d = T)y — (CJaz = CIay)lI* + | Tz — Ty
2z —Jamy,z —y — (Jarz = Ja)y)
4+ 2(Jp1(Ra—C Iz — Jp-1(Ra—C I a)y,
r—y—2Jarx—Js1y)— (Claxz—ClJlay)
I (Ra—C Iz — Jp1(Ra —C J4)y)
+2(CIaz —Clay,x—y—Jarz—Jaay) —||Clax—Clay|* (3.27a)

(2.25

2 (1d = T)e — (1= T)y — (CJaz — CIag)lP + || Te — Ty
+2(Jprx—Jary, Jax — Jay)
+2(Jp1(Ry—C Iz — Jp-1(Ra—CJ Ay,
JB(RA —CJA)$ — JB(RA —CJA)y>
+2(CJax—Clay,Jaz—Jay) — ||CIaz —C Iyl (3.27b)

which proves (i). Moreover,

2.25)

lz = yl* “E | Jaz = Jay +Iar = Tyl (3.28a)
= [ Jaz = Jayl? + [ Jarz = Ja-ryl?
+2(Jaz—Jay,Ja-1x— Jary). (3.28b)

Hence, replacing (z,y) by (Tz, Ty) in (3.28) yields

2.25)

1T —Tyl? "2 | JaTe—JaTy+Js1Ta—JaaTyl? (3.292)
= JaTa—JaTy|?>+ || Ja-: Ta — Ja Tyl?
Y 2JaTa—JaTy JasTa—JaiTy), (3.29b)

which, when combined with (i) in view of Lemma 3.11(ii), proves (ii). Since C'is a firmly
nonexpansive operator, it follows, by (2.16), that

<C’JA90—C'JAy,JAx—JAy> — ||CJAZL“—CJAy||2 ZO (330)

Moreover, as a consequence (2.26) and (3.1), we have that

(2.26)
<JATZL"—JATy,JA—1TQS—JA—1Ty> > 0, (331)

(2.26)

<JB—1<RA -C JA)$ — JB—l(RA -C JA)y, JB(RA —C JA)QS — JB(RA -C JA)y 2 0, (332)

(2.19)

<CJA.CE—CJAy,JALE—JAy> 2 0. (333)
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Hence, each term on the right hand side of (ii) is nonnegative from which (iii) is immediately
derived. Eventually, applying Lemma 3.11(iii) with

Z=x—Y
a=Jax—Jay

b= —(JB<RA —CJA>$—JB(RA —CJA)y)
C:—(CJAQJ—CJAy)

proves (iv) as follows:

(2.26)
0< (Jp(Ra—=CJa)x —Jg(Ra—CJa)y,2(Jax—Jay)— (z—y)— (CJax—CJay)
— (JB(RA —C JA)l’ — JB(RA —C JA)y>> (3.34&)
(225) <JB<RA —-C JA)ZE - JB(RA —-C JA)?J7 JBfl(RA —C JA)x - JB*l(RA _CJA)y> (3'34b)
(3.9

2 (e —y, (Id = T)z — (I —T)y) — [|(Id = T)a — (Id —T)y|?
—<CJAI—CJAy,JB(RA—OJA)JJ—JBG{A—CJA)y). ]

Remark 3.13. Theorem 3.12(iv) recovers [23, Lemma 3.2], which is a precursor to proving
the convergence of (1.4) in the consistent case.

Corollary 3.14. Let x € X and let y € X. Then, the following hold:
(i) ey A =T)TFz — (Id—T) TFy — (CIa T 2 — CIa TF y)|? < +oc.
(i) Y pen(Jart TFa — Ja TRy, Ja TF 2 — T4 TFy) < +o0.

(i1i) Y pen (Jp-1(Ra —C Ja) TF 2 — Jp-1(Ra —C J4) TFy,
Jg(Ra—CJ ) TPz —Jg(R4—CJ4) TFy) < +oo.

(i) Spen(CIaT 2 —CI T y, Ja T 2 — J4 TF y) < 4o0.

(V) D pen |CIATF 2 — C I TFy||? < +00.

Proof. Let (z,y) € X x X. Anti-telescoping Theorem 3.12(i) when applied n € N times
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with (T" z, T" y) yields the following:

(3.27) ) . -
0< flz—yll" = [[T"z = T"y||

= Z | TFz — TFy||? — || TF 2 — T y)?
keN

=l —yl? =T 2 =T 'y|*) + (| T'z = T'y|* = || T?z — T?y||*) + -
+ (| T e =Tyl = | T2 — T y?)

S -T) Tr e — (1= T) Thy — (C I THx — CIA T )|}

keN 2"0
+2) (T o —Jamy, JaTh e — 14, TFy)
keN > 0 by (2.26)

+ QZ <JB—1<RA—CJA)TkSC — JB—I(RA —CJA)Tky,
neN (R4 —CI4) TFz — Jp(Ra—C Ja) TFy)

S/

> 0 by (2.26)
+> (CIATF e = CIaTry JaTh o — Ja Thy)
keN > 0 by (3.2)
+Y (CIAT e = CIa T y, Jaz = JaTFy) — |[CIa TR 2 — C I THy|?
keN > 0 by (3.2) and (2.16)
(3.27)
< lz —y|]* < . O

Definition 3.15. Let D be a nonempty convex subset of X. The recession cone of D is
recD={xe€ X |z+ D C D}.

Proposition 3.16. We have
(i) vp € (~recdom )7 N (recdom B)” = (— (recdom 4)”) N (recdom B) .
(i1)) vp € (—rectan A) N (rec(tan B + tan ().
(iii) vg € (—rectan A)°N(—rec(tan B+Ttan C)® = — (rectan A)® N (rec(ran B +tan ())°).
(iv) vg € (—recdom A) N (—recdom B) = — (recdom A Nrecdom B).
(v) (vp,vgr) =0.
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(vi) vp+vg € (dom A —dom B) N (ran A + ran B + ran ().
(vii) v =vp+Vg.

(viii) ||V I* = Vo [P+ [ vell® = [I(vo, va)lI*.

Proof. The result follows from [10, Proposition 3.1] when applied to A and B + C in view
of Remark 3.1, Proposition 3.10, and (3.4). O

Lemma 3.17. We have
(1)) Ja—JaT = Jaar T+ Jpg-1(Ra—CJy) + CJyu. Consequently, ran(Jq—J4T) C
ranA +ran B +ranC.

(11) Ja-r —Ja-1 T =JaT—=Jg(Ra—CJa). Consequently, ran(J4-1 —J4-1 T) C dom A—
dom B.

Proof. Note that, as a consequence of (2.25), J4 —Jp-1(Ra—CJa) =Ja—(Ra—CJs) +
Jp(Ra—CJy) = Ja—2Ja4+1d+CJIa+Jp(Ra—CJs) = Id=Ja+Jp(Ra—CJa) +
Cla=T+CJy =J4T+J41TH+CIJy & Jy—Jyu T = JA—1+JB—1(RA—CJA) + C'Jy4,
which, when combined with Fact 2.57, yields (i). Similarly, J4-1 +Jp(Ra—CJa) =
Id—JA—f-JB(RA—CJA) =T =J4T+JyaT < Jy1—JyT = JAT—JB(RA—CJA),
which, when combined with Fact 2.57, yields (ii). O

Proposition 3.18. Let x € X. Then, the following hold:
(1) | JaT "2 = I T |24 | Jaas T2 — I T |2 = || VI = | vo |12+ || ve |
(i) JoT"x — Ja Tz — vp.
(1) Ja1 T2 — J 4 T — vp.

Proof. From Lemma 3.17(i) and Lemma 3.17(ii), we conclude that (J4 T" 2—J 4 T" ™ 2, J 41 T" 2—
J 41 T" 2) lies in (ran A + ran B + ran C) x (dom A — dom B). Moreover, note that

[ JaT 2 = JAa TP | 4 || J g T2 — J 40 T | (3.35a)
=Ttz — T 2| =204 T 2 — I T 2, Iy T — J 4 T ) (3.35b)
= vIP=2-0=|v[*=lvp " + IVl (3.35¢)
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where (3.35¢) follows from Corollary 3.14(ii), Fact 2.38, and Proposition 3.16(viii). As a
consequence of Fact 2.37 in view of (3.6),

JaT" 2 —J T 2 Iy T — Jg T 2) — (v, VD). (3.36)
Equivalently,
JaTr e —J T e — vy (3.37)
and
Jacr T — Juys T g — vp, (3.38)
establishing (ii) and (iii), respectively. O

Corollary 3.19. Let x € X. Then,

(i) (JaT" 2)nen is asymptotically regular if and only if vg = 0.

(11) (Ja-1 T" 2)nen is asymptotically regular if and only if vp = 0.

Proof. The claims follow from Proposition 3.18(ii) and 3.18(iii), respectively. O

3.3 On the Sets FixT(- +v) and Fix(T +v)

Let T be as defined in (3.3). Then, the normal problem associated with the triplet (A, B, C')
is

find z € X such that 0 € Az + B(x —v) +Cz —v. (3.39)

The primal and dual pairs (cf. Definition 3.5) are (A, B(- —v) + C —v) and (A~ (B(- —
v) + C — v)™9), respectively. Additionally, we let

Z = ZaB(—v+0o—v) ={x € X |0 € Az + B(z —v) + Cz — v} (3.40)
and
K = K(A,B(~—v)+C—v) = {JJ e X | 0e A1+ (B( — V) +C — V)7®}, (3.41)

denote the primal and dual solutions of (3.39), respectively. The main result of this section
is the characterization of the fixed point sets Fix T(-+v) and Fix(T + v) in terms of Z and
K.
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Definition 3.20. Let zbein X. Wedefine K : X = X : z — (Az—v)N(—(B(z—v)+C2)).
Then, graK = {(z,k) | k € (Az —v)N (= (B(z —v) + C2))}.

Lemma 3.21. The mapping ¢ : graK — FixT(-+v) : (2,k) = z + k is a well-defined
bijection, with ¢~ : x +— (Ja(x + ),z — Ja(z +V)).

Proof. The conclusion follows from [24, Theorem 4.5] when applied to A — v and (B +
C(-+v)(-—v). O

Lemma 3.22. The mapping ¢ : graK — Fix(T +v) : (2,k) = 2+ k + v is a well-defined
bijection, with v~ : x> (Jaz,z — Ja(x) — V).

Proof. Note that, from Fact 2.35, FixT(- + v) = — v+ Fix(T 4 v). Hence, the mapping
7:FixT(-+v) = Fix(T+v) :  — Z+v defines a bijection. Moreover, grat = gra(r o ¢).
Therefore, the result is a consequence of Lemma 3.21. O

Definition 3.23 ([25, Equation (2.2)]). The extended solution set is defined as
S:=8(A,B(-—v)+C—v)={(z,k) e X x X |ke AzNn(—=(B(z—v)+Cz—v))}.
Lemma 3.24. S has the following equivalent descriptions:

(i) S = {(Ja—v) X Ja_yy1)(@.7) | 7 € Fix T(- +v)}.
(ii) S = (0, —v) + {(Ja x J4-1)(Z, %) | 7 € Fix(T +v)}.

Suppose that A and B are, in addition, paramonotone. Then, the following also holds:
(i) FixT(- +v) = Z + K. Consequently, Fix(T+v) =Z + K +v.
(w) S=2Zx K.

Proof. Note that (i) and (ii) immediately follow from Lemma 3.21 and Lemma 3.22, re-
spectively. Recall that B + C' is paramonotone (cf. Remark 3.1). Hence, applying [24,
Corollary 5.5(ii)] to A and B(- — v) + C' — v yields that graK is the rectangle Z x K,
which, when combined with Lemma 3.21, Lemma 3.22, and Fact 2.35 proves (iii) and,
when combined with (i), proves (iv). O
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3.4 Towards Fejér Monotonicity

In this section, we demonstrate the Fejér monotonicity of the sequence
(JaT"+nvg,Jar T" 2 +nVp)nen

with respect to S, the extended solution (cf. Definition 3.23), which directly leads to
the boundedness of the sequence (J4 T" z)pen (resp. (Ja-1 T" 2),en) when vy = 0 (resp.
vp = 0) as established in Corollary 3.28 (resp. Corollary 3.29). To achieve this, we first
prove the key identities presented in Lemma 3.25, along with their generalized forms in
Proposition 3.26.

Lemma 3.25. Suppose that & € Fix(T +v). Then, the following hold:
(1)) Te =7 —v.
(1)) JATZ=Ja2 — vpg.

(117) Ja-r TZ =Jy1Z —vp.

Proof. Note that (i) immediately follows by assumption. From Lemma 3.17(i) and 3.17(ii),
we have

Jaz —Jp1 Tz €ranA+ran B +ranC (3.42)
and
JAflf—JAfleedomA—domB. (343)
Then, from Proposition 3.16(viii), (3.5) and (i), we have
(3.5)
IvrvD* = lIvR P+ v I* < [|(Jaz = Ja T2, Jam 2 = J4m Ta)|? (3.44a)

= | Jaz = JATZ|?+ || Jarz—Jaa TZ|* (3.44b)
<N Jaz—=JIaTzP+||Jaz—JaaTz|?

+2(JaT—JaTZ,Jp17— Iy TI), (3.44c¢)

> 0 by (2.26) ”
=|JaZ = JATZ+Jg1 7T —Jg1 TZ|? (3.44d)
C2) 1z - Ta|? (3.44e)
Dz - @ -V (3.44f)
=|vIP=lvel*+IvoI* = I(vr.vo)I%  (3.44g)
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Hence, the inequalities reduce to equalities. Consequently,

(Jaz —JaTZ,Jg12—Js1TZ)=0 (3.45)

and, by Fact 2.24, Fact 2.33, Proposition 3.10, and (3.6),
Jaz —JaTz, a1 —Js1TZ) = (Vg, VD), (3.46)
which proves (ii) and (iii). O

Proposition 3.26. Suppose that & € Fix(T +v). Let n € N. Then, the following hold
(i) T"z =% —nv.
(1)) JAT"Z =JaZ —nvg.

(117) Ja-2 T"Z = Jp1Z —nvp.

Proof. Applying Fact 2.52(i) yields (i). We proceed to simultaneously proving (ii) and
(iii) by induction. When n = 0, both statements trivially hold in view of (i). The cases
when n = 1 follow from (ii) and (iii). Hence, suppose that for some n > 1, it holds that
JaT"z2,Jp-1T"Z) = (JaZ—nvVR,Ja-1 Z—nvp). Then, Lemma 3.17(i) and 3.17(ii) yield,
with z replaced by z, that

JAT"z —J, T & € ran A + ran B + ran C (3.47)
and
Jpr T2 — J41 T 2 € dom A — dom B. (3.48)
AS a consequemnce,
(35)
|(ve, vD)|? < ||(JaT"Z = Ju T 2, 40 T2 — J 40 T 2) || (3.49a)
= | JaT" 2 =TT 2|2+ || Jas T T — J 40 T 7|2 (3.49Db)
< JaT"Z =TT 2|2 + | T T2 — J g T 72
+2JaT" 2 —Ja T 2,00 T % — J 4 T 7) (3.49¢)
) > 0 by (2.26) ’
=|1JaT" 2 = J T 2+ I T 7 — J g0 T 7|2 (3.49d)
G2\ g — T 7|2 (3.49€)
Dz —nv—(z - (n+1)v)|] (3.49¢)
= vI* = ltvo, va)lI*. (3.49g)
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Hence, by Fact 2.24, Fact 2.33, and (3.6),
VR, vp) = (JaT"Z = JaT" 1 2 Jga T" T — J4 T 7) (3.50)
and
(JaT"z = J T 2 Iy T2 — J 0 T 3) = 0, (3.51)
which, when combined with the inductive hypothesis, complete the proof as follows:

(JaT" 2, I T 3) = (Ju T2, J 4 T" %) — (VR, VD),

(
=Jaz—nvg,Ja-1T—nvp) — (Vg, VD)
=Jaz—(n+1)vg,Ja1z—(n+1)vp). O
(

Theorem 3.27. Suppose that & € Fix(T+v). Let x € X and n € N. Then, the following
hold:

(i) The sequence (J4T" x+nvr,Ja-1 T" 2 +nvp)nen is Fejér monotone with respect to
the set {(Jax Ja-1)(z,%) | T € Fix(T+v)}.

(11) The sequence (JoT" x4+ nvr,Ja-1 T" & +nvp)pen is bounded.
(111) The sequence (Jp(Ra —C Ja) T" z4+nvg,Jp-1(Ra —C Ja) T" 2410 Vp)nen is bounded.

(iv) The sequence ((0,—v)+ (JaT"x +nve,Jar T"x +nvp)), oy i Fejér monotone
with respect to S.

Suppose that A and B are, in addition, paramonotone. Then, the following also holds:

(v) The sequence ((0,—v)+ (JaT"z +nvr,Ja1 T "z +nvp)),cy i Fejér monotone
with respect to Z X K.

Proof. Note that, as a consequence of Theorem 3.12(iii), for all (z,y) € X x X,

H JA Tn+1 T — JA TnJrly”Q 4 H JA—I Tn+1 T — JA—I Tn+1 y||2
<|IaT 2 =TT y|]? + || Jagrs T2 — J g Ty |2 (3.52)

As a consequence of Proposition 3.26(ii) and 3.26(iii), and replacing y in (3.52) with z €
Fix(v+T), we obtain the following

[JA T = (JaZ — (n+ ) vp)|?+ [[Jan T" a2 — (Ja 2 — (n+ 1) vp) |
< JaT"z — (Jaz—nvep)|> + | Jas T2 — (J4r Z —nvp) |, (3.53)
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which is equivalent to

N JAaT" M e+ (n+1)vp—JaZ|? + | Jan T o+ (n 4+ 1) vp — J 4 2
<N IaT 2z +nveg—JaZ|? + | Jar T 2 +nvp — T4 Z|%, (3.54)
which, by (2.23), proves (i) and, in view of Fact 2.49, proves (ii). By using (3.11), (iii
immediately follows from (ii) and Proposition 3.2(i). As for (iv), it is a consequence of (i),
Lemma 2.50 when applied with v = (0, —v) and D = {(J4 X J4-1)(Z,2) | & € Fix(T +v)},
and Lemma 3.24(ii)). When A and B are paramonotone, (v) follows from Remark 3.1, (iv)
and Lemma 3.24(iv). O

Corollary 3.28. Suppose that vg = 0 and T € Fix(T+v). Let z € X and n € N. Then,
the following hold

(Z) JATnf = JA(CE’ —TLVD) == JAZZ’.

(11) (JaT" x)pen is bounded.

(111) Consequently, (C'J4T" z)pen is bounded.

(iv) (Jp(Ra —CJa) T" ), o 1s bounded.
Proof. Using Proposition 3.26(i) and Proposition 3.26(ii), we can rewrite (i) as J4 T"z =
Ja(Z—nv). From Proposition 3.16(vii), this is equivalent to J4 T"(Z —n(vp +vg)). When
vrg =0, v = vp and the result follows from Proposition 3.26(ii) and the initial assumption
on Z. The claim in (ii) is a consequence of Theorem 3.27(ii) and (i). Consequently, (iii)
follows from (ii) and Remark 2.30. Eventually, from Proposition 3.2, we rewrite (iv) as

(T=Td=Ja) T"2), ey = (T"z—T"2 = J4T"z), . Hence, the result follows from
Fact 2.38 and (ii). O

Corollary 3.29. Suppose that vp =0 and T € Fix(T+v). Let © € X and n € N. Then,
the following hold

(Z) JAfl ™z = JA—I(.T — nVR) = JAfl z.
(11) (Ja—1 T" x)pen is bounded.

(117) (Jp-1(Ra—C J4) T" 2)pen is bounded.
Proof. In the same spirit as Corollary 3.28, we rewrite (i) as J4 T"(z — n(vp +vg)), by
employing Proposition 3.26(i), Proposition 3.26(iii), and Proposition 3.16(vii). Then, the

result follows when vp = 0 and from the assumption on Z. Similarly, (ii) is a consequence
of Theorem 3.27(ii) in view of (i). O
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3.5 An Equivalent Description of Z

When vg = 0, we provide an equivalent description of Z, the set of minimizers to (3.39),
however, eliminating the need for the outer perturbation, that is, one could solve the
following monotone inclusion problem instead:

find z € X such that 0 € Az + B(z — vp) + Cx. (3.55)
The following proposition is crucial to this result.

Proposition 3.30. Let (o, ) € Ry x R and (z,2*) € X x X. Suppose that z* €
—Az N (B(x —v) + Cx —v). Then, the following hold:

(i) v*+avp € —Ax N (B(x —v) + Cx —v).
(ii) x+ Bvr € AN (=" )N (v+(B+ C(- +v) —v) tz¥).
(iii) v* € —avp—Ax N (B(x + v —v) +C(x + fvg) —v).

Proof. Suppose that (a,a*) € gra A and (q, ¢*) € gra(B + C). Then, by the assumption on
x*, we have —x* € Ax. Furthermore,

(a —x,a" — (=" —avp)) =(a—z,a" — (—2")) + (a — z,avp) (3.56a)
(229) (a —z,avp) (3.56D)
=a(v—(a—(x—v)),0—vp) (3.56¢)

=a(vp—(a— (x —v)),0 —vp) (3.56d)

>0, (3.56¢)

where (3.56b) follows by the monotonicity of A, (3.56d) by Proposition 3.16(vii) and Propo-
sition 3.16(v). Eventually, (3.56¢) is the negation of (2.11) which is a consequence of (3.5).
Additionally, * € B(z — v) 4+ Cz — v if and only if there exists (b*,¢*) € X x X such that
x* = b*+c¢* —v where b* € B(x—v) and ¢* = Cz. Similarly, (¢,¢*) € gra(B(-—v)+C —v)
if and only if there exists (¢, ¢3) € X x X such that ¢* = ¢f + ¢5 — v where ¢f € B(q— V)
and ¢5 = Cq. Then,

(¢—(r—=v),qf — (V" +avp))=(¢— (v —v),¢f —b") +a{g— (v —v),0—vp) (3.57a)

>a{qg—(x—v),0—vp) (3.57b)
=a(vp—(z —q),0 —vp) (3.57¢)
o (3.57d)
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As a consequence of (2.20), we have that b* 4+« vp € B(x —v), which implies that b* +¢* +
avp—v=x"+avp € B(x—v)+Cx—v. Hence, z*+avp € —AzN(B(x —v)+Cx —v),
which is (i). Furthermore, by the assumption on z*, x € A~ (—z*) N (v+ (B+ C(- +v) —
v)~lz*). As such,

(a* — (=2%),a — (x + BvR)) = {a* — (=2*),a — z) + B{a* — (—2%),0 —vg)  (3.58a)

Y Bla* — (—2"),0 — va) (3.58b)
= fB(a" + 2,0 — vg) (3.58¢)
= fB{a* 4+ (z" +v) —v,0 —vg) (3.58d)
= B{a" 4+ (z" +v) —vg,0 — vg) (3.58¢)

(325) 0, (3.58f)

where (3.59d) follows from Proposition 3.16(vii) and Proposition 3.16(v). Moreover,

(¢ —2"q—(x+Bvr—V))=(¢"—2",¢—(x = V) + B(¢" —2",0—vg)  (3.59)

Y > B{¢" — 2,0 — vg) (3.59b)
=B{(¢"+v) — 2" = v,0 = vp) (3.59¢)

= B((¢" + V) + (=2") — vr,0 — vg) (3.59d)
(325) 0, (3.59)

where (3.59d) follows from Proposition 3.16(vii) and Proposition 3.16(v). Hence, by (2.20),
r+ fvg € AN (=) N (v+(B + C(- + v) — v)~'z*), establishing (ii). Then, from (i),
* + avp € —Azx, if and only if —2* — avp € Axz. Similarly, from (ii), x + Svg €
(v+(B+ C(-+v) —v) tz¥), if and only if, z* € (B+ C(- +v) —v)(z + Bvg—V) =
B(z+ fvr—v)+ C(x + fvg) — v, from both of which we deduce (iii). O

Z.

Proposition 3.31. Let Z ={re X |0€ Az + B(x —vp) + Cx —vg}. Then, Z C
Additionally, if vg = 0, then Z = Z.

Proof. Suppose that z € Z and (q,q") € gra(B + C), then, there exists z* € —Az N
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(—vr+B(x —vp)+Cx)=—-AxN(—vp+(B+ C(- +vp))(x — vp)). Consequently,

—(x—=vp—Vgr),q" — (2" +Vp+Vg)) (3.60a)
— (@ —vp),¢" — (2" + VR))

(@— (v =v),¢" — (2" +v)) = (
(
+(q¢—(x—=vp),0—vp)
+

(Vr:¢" — (2" + VR)) (3.60b)
> (vp—(x—¢q),0 —vp) + (Vg,¢" — 2" — vR) (3.60c)
> 0. (3.60d)

Proposition 3.16(vii) and Proposition 3.16(v) yield (3.60a) and (3.60b), respectively. As a
consequence of Remark 3.1, (¢ — (z — vp),0 — vp) is nonnegative, which justifies (3.60c).
Eventually, note that (z,q) € dom A X dom(B + C) = dom A x dom B and (—z*,q) €
ran A x ran(B + C). Hence, (3.60d) follows from (3.5) and (2.11). Again, Remark 3.1
yields * + v € (B + C(- + v))(z — v), which when combined with —z* € Az, shows that
x € Z. Suppose that vg = 0, consequently, by Proposition 3.16(vii), v = vp. Let x € Z,
then, there exists #* € X such that z* € —Az N (—v+B(x —v) + Cx). Furthermore, as a
consequence of Proposition 3.30(iii), z* € —vp —Az N (B(z — v) + Cx — vp) if and only
if 0 e Az + B(x —vp) + Cux, ie, z € Z. O
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Chapter 4

Convergence of the Shadow Sequence

This chapter builds on the results established in Chapter 3 to prove our main result,
Theorem 4.6, the weak convergence of the shadow sequence. For this purpose, we replace
(A, B,C) by (0f,0g,Vh) where

fyg,h € To(X) and Vh is, additionally, nonexpansive. (4.1)

Hence, 0f,0g9 and Vh are maximally monotone by Fact 2.43 and 3*-monotone by Fact
2.44. Moreover, Vh is firmly nonexpansive by Fact 2.31. Consequently, by Fact 2.14, we
have that

f, g, and h are weakly lower semicontinuous. (4.2)
Additionally, we assume that
Prasa—1)(0) =: v € ran(Id = T) and vy = 0. (4.3)
Then, it follows, from Proposition 3.16(vii), that
v =vp = Piomraomy(0)- (4.4)
By (2.11) and (4.4), we have
(V(a,b) € dom f x dom g) (0—v,(a—0)—v) <0. (4.5)
Moreover, by using Example 2.59, we have

T= T(af,ag,Vh) =Id—-P;+ Pg(Rf —Vh Pf). (46)
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Furthermore, by Example 2.59 and Proposition 3.2(i), we have
(VeeX) P;T'z—P,(R;—VhP)T's=T"z -T""z —v. (4.7)
Examples 4.8 and 4.10 below illustrate why the assumptions in (4.3) are necessary.

Lemma 4.1. Let x € X and y € dom f N (v+domg). Then, the following hold:

0> (y—Pra,v), :
f(5) = F(Pya) +{y — P,y + Py, (19)
oy —v) > g(Py(Ry ~VAP,)a)
+(y —Py(Ry =VhPs)z —v,Pro — VhPrx —Py(Ry —VhPs)z —v)
—(y—Py(Rf=VhPp)z —v,v+Py ), (4.10)
h(y) > h(Pyz) + (y — Prz, VhPjx). (4.11)

Proof. Let (a,b) = (Pfx,y —v) € domdf x domg C dom f x dom g, where the latter
inclusion follows from [13, Proposition 16.4(i)]. Then, replacing (a,b) by (P;z,y — v) in
(4.5) yields (4.8) as follows:

(Pre—(y—v)—v,0—v)=(y—Praz,v) <0. (4.12)

Moreover, by (2.28), (4.8) and, in view of Example 2.59, (2.25), we prove (4.9) as follows:

fy) > f(Prz)+(y —Pra, o — Psa) (4.13)
> [(Pra) +{y— Py, P a) + (g — P, v) (4.14)
(4.8)
S FPra) + (y—Pya,v+ Py ). (4.15)

Similarly, by replacing (a,b) in (4.5) with (y, P,(Rf —VhPf)x), we have

(y —Py(Rf =VhPs)x —v,v) <0. (4.16)
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Hence, by (2.28) and, in view of Example 2.59, (2.25), we have

9y —v) 2 g(Py(Ry =VhPy)z)
+ (y - Pg(Rf —Vh Pf)ZL‘ —V, (Rf —Vh Pf)[L' — Pg(Rf —Vh Pf).l’>
= g(Py(Ry =VhPy)z) +2(y — Py(Ry =VhPf)x —v,v)

(.

>0 lo;r(4.16)
+ <y - Pg(Rf —VhPf)x —V, Pf$ — VhPf:L' — Pg<Rf —VhPf)(L’ — V)
(y —Py(Ry—=VhPs)z —v,v+ P x) (4.17)

> g(Py(Rf =VhPf)z)
+ (y - Pg(Rf —VhPf)x —V, me - VhPfx - Pg(Rf —VhPf)l’ - V)
—(y —Py(Rf=VhPy)x —v,v+Ps ), (4.18)

where (4.17) follows from (2.24) together with Fact 2.54, however, in view of (2.25) and
Example 2.59, which establishes 4.10. Eventually, (4.11) follows from Definition 2.18. [

Proposition 4.2. Suppose that y € dom fN(v+domg) and x € X. For alln € N, define

en =y —Py(Rf=VPy) T2 —v,Py T" 2 — Py(Ry =V Py) Tz — v), (4.19)
Op = (P T2 —P,(Ry—VPy) Tz —v,P; T"x — (T"z 4+ nv)), (4.20)
Yo = (Py(Rf =VhP;) Tz —P;T"x +v,VAP; T" z). (4.21)
Then,
lime, =0, limd, =0, and lim~,=0. (4.22)
neN neN neN

Moreover, the following holds for alln > 1:

fW)+9y—v)+h(y) > f(PrT"z) + g(Py(Rf =VhP;) T" x) + h(P; T" 2)
+ €n + 0+ . (4.23)

Proof. Let (A, B,C) be replaced by (0f,0g, Vh) in Corollary 3.28(ii), Corollary 3.28(iii),
and Corollary 3.28(iv). Then, in view of Example 2.59, we learn that

(P T"2)pen, (VRPfT" 2)pen, and (Py(Rf —VhP;) T" 2),en are bounded.  (4.24)
Moreover, by Fact 2.52(ii), we have that

(T" 2 + nv)pen is bounded. (4.25)
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Hence, in view of (4.7), we prove (4.22) as follows:

lime, =lim (y —Py(R; =V P;) T2 —v,P; T"2 — P, (R =V P;) T"z—v) =0, (4.26)
ne N J N\ _

neN N ~ ~-
cf. (4.24) — v by (4.7)
limé, =lim (P T"z — P, (R —VPy) T2 —v,P; T"2 — (T"z+nv)) =0, (4.27)
neN neEN P ~ —_—— —— —
— v by (4.7) of. (4.24) of. (4.25)
lim~, =lim (P,(Rf —VhP;)T"2 —P; T"2+v,VAP; T"2) = 0. (4.28)
neN neEN o ~ / ~———
— —v by (4.7) cf. (4.24)

Let n > 1, summing (4.9), (4.10), and (4.11), with x replaced by T" z, yields that

F) + gy —v) + () > [(PyT2) + g(Py(Ry —~VhPy) T x) + h(P; T" )
+(y—P;T"2,v+Pp T 2)+ (y— P T" 2z, VRP; T" x)
+(y—Py(Rf=VhP;) Tz —v,

P, Tz — VhP; Tz — P,(R; —~VAP;) T"z —v)

—(y —P,(Rf—VhP;)T"x —v,v+Pp T"x) (4.29a)
= f(P; T"x) + g(P,(R; —VhP,) T"z) + h(P; T" )

4+ (Py(R;—VAP,) T"z — P; T"z + v, VhP; T" z)

+(y—P,(Ry=VPy) T2 —v,P; T" 2 —Py(Ry =V Py) T"x —v)

+(P,(R;—~VAP,) Tz — P; T"z +v,v+Pp. T"z)  (4.20b)
= fP;T"z) 4+ g(P,(Rf —=VhP;) T"2) + h(P; T" x) + €, +

+ (P,(Ry —VAP)) Tz — P; Tz +v,v+Pp T"z)  (4.29¢)

B2 £, T 2) + g(Py(Ry —VAP,) T"2) + h(P; T" @) + €0 +
+(P,(Ry —VhP;) Tz — P; T"x + v,
v+T'z4+nv—P;T"x —nv) (4.29d)
=f(P;T"x) + g(Py(Rf —=VhPs) T"z) + L(P T" x) + €5 + Vn
+(PT"z —P,(Rf—VhPs) Tz —v,P; T2 — (T"x +nv))
+ (Py(Rf=VhPy) Tz —P;T"z+v,(1 —n)v) (4.29¢)
= f(P;T"2) 4+ g(P,(Ry —=VhP) T 2) + h(P; T" x) + €, + 0 + T
+(1—n) (P, (R —~VAP) Tz —P; Tz +v,v—0)  (4.20f)
——

J/

el > 0 by (4.5)
+ €, + 0p + Vn-
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Lemma 4.3. Suppose that Z = {x € X | 0 € Of(x) + dg(x —v) + Vh(z) — v} # 0. Then,
the following hold:

(i) Z = ar:cgg(in (—(z,v) + f(z) + g(x —v) + h(x)).

(i1) Z = argmin (f(z) + g(x —v) + h(z)).

rzeX

Proof. Fact 2.21 yields that d(g(- — v) + h) = 9g(- — v) + Vh. Moreover, applying Fact
2.22 to (f,g9(- —v) +h — (v,-)) in view of Fact 2.16 proves (i) as follows:

arguin (f (@) + g(x = v) + h(z) = (v, 7)) = 2er(0(f + g(- =v) + h = (v,-)))  (4.30a)
=zer(0f +9(g(- —=v) +h—=({v,))) (4.30b)

= zer(9f + 9g(- —v) + Vi —v) "2 Z.
(4.30¢)

Note that, in view of (4.3), by replacing (A, B,C) with (0f, g, Vh) in Proposition 3.31,
we learn that

Z={xeX|0€df(x)+dg(x —v)+ Vh(x)}. (4.31)
Hence, reapplying Fact 2.22 to (f, g(- — v) + h) proves (ii) as follows:

argmin (F(x) + g(x ) + h(x)) = zer(D(f + g = v) + ) (4.32a)

=zer(0f +0(g(- —v) + h)) (4.32Db)

= zer(df + 0g(- —v) + Vi) "2V Z. 0

The strength of the aforementioned result will be elaborated in Proposition 4.4 to
conclude that the shadow sequence is indeed a minimizing sequence.

Proposition 4.4. Let © € X and set p := mingcx (f(z*) + g(x* — v) + h(z*)). Then,
the following hold:

(i) (P T" 2)nen is bounded and its weak cluster points lie in Z.

(it) (Pg(Rf —VhPy)T" 2)pen is bounded and its weak cluster points lie in Z —v.
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Suppose that (P T" x)peny — 2. Then,

(iir) f(PyT"x) — f(2),

(w) g(Py(Ry =VhP;)T"x) = g(z —v),

(v) h(P;T"z) — h(Z).
Proof. For all n > 1, define (u,,w,) = (PyT"z,Py(R;y —VhP;)T"z). From Corollary
3.28(ii) and Corollary 3.28(iii), applied with (A, B, C) replaced by (9f,dg, Vh), we learn
that (uy)neny and (wy,)nen are bounded. Suppose that Z is a weak cluster point of (u,)nen-

In view of (4.7), Z — v is a weak cluster point for (wy,)nen. Let y € dom f Ndomg(- — v).
By (4.2), we have

0o > f(y) + gy —v) + h(y) (4.33a)
T () + 9(n) + b)) (4.33)
S tn (f () + g(u) + h(un) (4.330)

> lin £ (uy) + i gu,) + i A(us,) (4.33d)
1) + gz —v) + ), (4.33¢)

which implies that Z € dom fNdom g(-—v). Let uy, be such that lim,ey f(ug,) = lim f(uy),
which yields the following;:

(4.23)

F) +9(y=v)+hiy) > lim f(ug,) + lim g(wy, ) + Tim h(ug, ) (4.34a)
= lim f(u,) + lim g(wy, ) + lim h(uy,) (4.34b)
=t () + T gy, ) + T A, ) (4340)
D HE) + gz =) + h3). (4.34d)

Since y is arbitrary, we can choose y = 2 so that the inequalities in (4.34) reduce to
equalities. Hence, we learn that lim f(u,) = lim f(u,) which implies that lim f(uy, ) exists.
Using the same argument for g with wy,, and h with wuy,, yields also that lim,cy g(wy, ) and
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lim,en h(uy, ) exist. Hence, the following sequences converge: (f(uy))nen, (9(wn))nen, and
(h(un))nen. In addition, by choosing y = z in (4.33), we have that

o0 > f(y) + 9y = v) + h(y) = lim f(un) +lim g(w,) + lim /o(w,) (4.35a)
= f(Z2)+g(z—v) +h(2) (4.35Db)
> . (4.35¢)

Selecting y such that f(y) 4+ g(y — v) + h(y) is as close to u as possible yields that
lim f (un) + lim g (wp) +lim h(un) = f(2) +9(2 = v) +0(Z) = n, (4.36)

which, when combined with Lemma 4.3(ii), proves (i) and, in view of (4.7), proves (ii).
We now show that lim,ey f(u,) = limpen f(ug,) = f(2). By way of contradiction, suppose
that lim,en f(u,) = limpen f(ug,) > f(2). Then (4.35), in view of Definition 2.11, implies
three possibilities:

L. limp,en g(wy,) < g(Z — v) and lim,ey h(ug, ) = h(Z), which contradicts, by (2.7), the
weak lower semicontinuity of g.

2. limyey g(wg,) = g(z2 — v) and lim,ey h(ug, ) < h(Z), which contradicts, by (2.7), the
weak lower semicontinuity of h.

3. limyen g(wy, ) < g(Z — v) and lim,ey h(ug,) < h(Z), which contradicts, by (2.7), the
weak lower semicontinuity of g and h, respectively.

Hence,
lim f(u) = f(5). lmg(w) =g(z—v). and lmh(w)=h(). (437
which proves (iii), (iv), and (v). The claim in (vi) follows from (iii), (iv), and (v). O

Corollary 4.5. Let x € X. Then,

(i) The sequence (P;T" z),en has a unique cluster point, which is a minimizer of f +
g(-—=v)+h.

(11) The sequence (Py(Ry —VhP;)T" x)pen has a unique cluster point, which is a mini-
mizer of f(-+v)+ g+ h(-+v).
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Proof. Note that 0f,dg(- — v), and Vh are paramonotone by Fact 2.47. Consequently,
applying Theorem 3.27(v) with (A, B,C) replaced by (0f,dg, Vh), in view of Example
2.59, yields that the sequence (P;T"z, —v+Pp T" 2 + nv)yen is Fejér monotone with
respect to Z x K. Let z; and 23 be two cluster points of (P T" 2),en. Then, {z1,22} C
argmin (f(x) + g(x —v) + h(x)) = Z. As such, 2y — 2z, € Z — Z. However, from Fact 2.51,

zeX
21— 29 € (Z — Z)*. Altogether, 2y — 2z € (Z — Z)N(Z — Z)* = {0}. Hence, z; = 2. The
analogous conclusion for the sequence (P,(Rf —VhP;) T" 2),en follows from (4.7). O

Theorem 4.6. Let f,g,h be in T'o(X) and Vh is, additionally, nonexpansive. Suppose

that 0 € dom f* + dom ¢g* + domh*, v € ran(Id —T), and Z # 0. Let x € X and define

Qo= IIliI)l( (f(@*)+ g(z* —v) + h(z*)). Then, there exists z € X such that the following
T*E

hold:

(i) Py T" o — z, which is a minimizer of f + g(- —v) + h.

(i) Py(Ry —=VhP;) T"x — Z — v, which is a minimizer of f(-+v)+ g+ h(-+v).
(1i1) f(PyT"2) — f(Z).

() g(Py(Ry =VhPs)T"x) = g(z —v).
(v) h(PyT"z) — h(2)
(vi) f(PyT") +g(Pg(Ry =VhP;)T"2) + h(P;T") = f(2) + g(z — v) + h(2) = p.

Proof. Note that 0 € dom f* 4+ domg* + domh* C dom f*+ dom ¢g* 4+ dom h* 210)

ran 0f + tan dg + tan Oh =tan Jf + tan dg + tan Vh, which, by (3.5), implies that vg =
0. Hence, in view of (4.3), (i)-(vi) follow from Proposition 4.4 and Corollary 4.5. O

Example 4.7. Suppose that X = R™, where m > 1. Let v € X, a € R}, b€ R__,

U={z e X|(az)=0}, f=1,g=1gn, and h = (w,-), where w € X is given. Then,
for all n € N, the following hold:

i) UNRT = 0.

(11) A:af = NU and JA = JNU :PU.
(111) B = 0g = NRT and JB = JNRT = PRT.
(iv) C =Vh =w.
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(v) f*=1ye, ¢ = tgm, and h* = (. Consequently, dom f* = U+, dom ¢g* = R™, and
dom h* = {w}.
(vi) dom f* + dom g* + dom h* = R™. Consequently, vg = 0.
(vii) ran(Id —T) = U — R7.
(viii) ran(Id —T) is polyhedral. Hence, ran(Id — T) is closed and convex.
)

(ix) v e ran(Id —T).

(x) Z = argmin (LU(x*) + e (27 = V) + (w, x*)) # 0.

e eX
(xi) PyT" 2y = Py T wo = T" 2 — L7580,
(xii) Py T" 2o = Pryp T" 29 = max{0, T" z}.
(xii) T = T(x, Ny v) = 1d = Py + Pan (2P — [d —w).

(XiV) PUTnSL’O —ZzZe 7.

i): This is immediate from the construction of a € R7 and b€ R__.

ii) & (iii): These follow from [13, Example 16.13 and Example 23.4].

(
(
(iv): Clear.
(v): This follows from [13, Example 13.3(iii) and Example 13.3(ii)] and Definition 2.17.
(

vi): Note that (U — U) N R} = {0}. Then, by [13, Proposition 6.27], {0} = (U —
U)NR} = (U-0U)H)°NR™)® = ((U—-U)*+R™)° = (U +R™)®. Hence, by [13,
Corollary 6.34], (U+ +R™)®° = (UL + R™) = {0}° = R™.

(vii): By Proposition 3.10 and [13, Example 6.43 and Example 6.40], ran(Id —T) =
(U—-R")N((U-U)*+R™+ {w}). Now, combine with (vi).

(viii): Indeed, it follows from (vii) in view of [26, Corollary 19.3.2] that ran(Id —T) is a
polyhedral set. Consequently, it is closed and convex.

(ix): This follows from (viii) and (3.4) in view of [6, Proposition 2.5].
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Figure 4.1: Two disjoint sets, dom f = U and domg = R?, for which the Davis-Yin
iterates T" x, starting at xy = (1, 1), diverge and fail to minimize h = (w,-), even though
their projections, the shadow sequence, Py T" = settle at the minimal displacement vector
V.

(x): Combine Lemma 3.7 when applied with (A, B, C, w) replaced by (0f, dg, Vh,v) and
Lemma 4.3.

xi): This is [27, Example 8.11].
xii): This is [27, Example 8.9].

(
(
(xiii): This is (3.3) applied with (A, B, C') replaced by (9f, dg, Vh) when combined with
(ii) and (iii).

(

xiv): Apply Theorem 4.6(i) and [13, Fact 2.33]. O
Concretely, suppose that X = R? and let p = (1,1), a = (3,5), b = —7, and w =

(—2.5,1.5). Moreover, that U = {(x1,23) | 32, + 5xo = =7}, f*(y) = tyr where U+ =
R-(3,5), ¢"(y) = w2 (v), and h*(y) = t{w}(y). These settings are depicted in Figure 4.1.
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PU T3 i)

Py T? zo

N = fwop

PU Txo

T = dom f*

* h2
dom g* = R~

Figure 4.2: Two disjoint sets, dom f = U (the translated y-axis) and domg = R2, for
which both the Davis-Yin iterates T" x starting at o = (1,1) and its associated shadow
sequence Py T" x diverge and fail to minimize h = (w, -) as a consequence of vg # 0.

The following example elaborates the necessity of the constraint qualification 0 €
dom f* + dom ¢g* + dom h* for the convergence of the shadow sequence, P;T" x.
Example 4.8. Suppose that X = R?. Let g = (1,1), U = R - (0,1) + (=3,0), f = v,
g =tg2, and h = (w, -), where w = (5, —3). Then, for all n € N; the following hold:

i) UnR% =0.
(11) A:af:NU and JA:JNU :PU
(iii) B=0g = Ngz and Jy = JN]R€2+ = Pgz

(iv) C =Vh =w.
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V) f* = 1yL, ¢F = ig2, and h* = 1g,n. Consequently, dom f* = U+, dom ¢* = R?, and
2 {w}
dom h* = {w}.

(vi) (0,0) ¢ dom f* + dom g* + dom h*.

)
(vii) Py T" 2o = Py T" 29 = (—=3,0) + (0, 1) T" zy.
viii) P, T" 2y = Pgz2 T" 2y = max{0, T" z}.
+
)

(ix) T = TNUNQWL Id—PU+PRz+(2PU—Id—w).
(x) || Py T" x| — +oc.

The above settings are depicted in Figure 4.2.

Proof.

(i): This is immediate by construction.
(ii) & (iii): These follow from [13, Example 16.13 and Example 23.4].
(iv): Clear.

(v): This follows from [13, Example 13.3(iii) and Example 13.3(ii)] and and Definition
2.17.

(vi): Indeed, note that dom f* + domg* 4+ dom h* @19 ran Of + randg + ran0h =
ran 0f +randg+ran Vh = ran Ny» +ran Ngz +{(5, =3)} = R-(1,0)+R2 +{(5, =3)} =
{(p+q+5,4—3) | peR,qgeR_}. But, to obtain (0,0), ¢ must lie in R, in particular,
q=3.

(vii): This is [13, Proposition 29.1(i)].
(viii): This is [27, Example 8.9].
(ix): Replace (A, B,C) by (0f,0g, Vh) in (3.3) and combine with (ii) and (iii).

(x): Combine (vi) and (3.5) to learn that vg # 0. Then, by a reverse triangle inequality,
| PuT"z|| > n||ve | — || Pu T" x + nvg|. Moreover, in this case, there is a closed-form
expression of the iterates, that is, T" 2o = (3n+ 1) - (1,1) and Py T" 2o = (=3,3n + 1),
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from which one obtains the same conclusion. We proceed to proving so by induction.
To this end, let n = 1. Then,

Txzy =29 — Pyaxg+ P]Rz+ (2Py —1Id —w)x (4.38a)
=(1,1) — Py(1,1) + P]Ri(? Py(1,1) — (1,1) = (5,-3)) (4.38Db)
=(4,0)+ (0,4) = (3(1) + 1) - (1,1). (4.38c¢)

Hence, suppose that for some n > 1, it holds that T" 2o = (3n + 1) - (1, 1) and observe
that T 29 = TT" 29 = T((3n + 1) - (1,1)). Then,

T((Bn+1)-(1,1)) =Bn+1)-(1,1) = Py((B3n+1) - (1,1))
+Pgz (2Py((3n +1) - (L, 1)) = (B + 1) - (1, 1)) — (5,-3))
(4.39a)
=@Bn+1)-(1,1) = (-3,3n+1)
+ Pz ((=6,2(Bn + 1) - (1,1))) = (Bn + 1) - (1, 1)) = (5, =3))

(4.39b)
=(@B(n+1)+1,0) + Pz ((=6 = 3n +1),3n + 1) — (5,-3))

(4.39¢)
= (3(n+1)+1,0) + Pgz (=12 = 3n,3(n + 1) + 1)) (4.39d)

=Bn+1)+1,0+0,3n+1)+1)=Bn+1)+1)-(1,1). O

We next recover the conclusion of [10, Theorem 6.1] for the Douglas-Rachford splitting
T. This follows as a straightforward application of Theorem 4.6.

Corollary 4.9 ([10, Theorem 6.1]). Let f and g be in I'o(X). Suppose that 0 € dom f* +
domg*, v € ran(Id—T), and zer(0f + 0g(- — v)) # 0. Let v € X and define p :=
mir)l( (f(z* +v) + g(x*)). Then, there exists z € X such that the following hold:
HANS

(i) Py Tz — z, which is a minimizer of f + g(- — v).

(ii) PyRy T" & — z — v, which is a minimizer of f(- + V) + g.

(iii) f(P;T ) — f(2).

(iv) g(PyRy T x) = g(z —v).
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n
T o

Uu-w

Figure 4.3: Two disjoint sets, dom f = U (the z-axis) and dom g = W (the epigraph of
the translated exponential function) for which the iterates of Davis-Yin, T" z, starting at
zo = (1,1) and its associated shadow sequence, Py T" z, diverge due to v € tan(Ild — T)

but v ¢ ran(Id — T).

(0) JPyT) +g(Py Ry T" ) = f(2) + (2 = v) = .
Proof. Let C' =0 in (3.3). Then, the result immediately follows from Theorem 4.6. O

The following example illustrates the behavior of the governing sequence, T" x, and its
associated shadow sequence, Py T" z, when v € Tan(Id — T)\ ran(Id — T).

Example 4.10. Suppose that X = R% Let 29 = (1,1), (p,q) €e Rx R, U = R - (1,0)
and W = {(z,&) | e* +1 < &} with f = 1y, g = tw, and h = 0. Then, for all n € N, the
following hold:

(i) UnW = 0.
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(11) A:af = NU and JA == JNU :PU.
(iii) B =g = Ny and J4 = Jx,, = Pw.

p
(viii) T = T(sf,090) = T = 1d = Py + Pw (2 Py —1d).
(ix) || Py T" 2ol — +o0.
These settings are depicted in Figure 4.3.
Proof.

(i): This is immediate by construction.
(ii) & (iii): These follow from [13, Example 16.13 and Example 23.4].

(iv): Indeed, note that, by [28, Theorem 3.1], tTan(Id — Py) = (rec W)®. Moreover, by
Fact 2.57 and Fact 2.54, dom f* 4+ dom g¢* (210

1) R Of + tandg = R - (0, 1) + tan Ny =
R-(0,1) +ranJy1 = R-(0,1) +ran(Id—Jx,) = R-(0,1)+1an(Id-Pyw) =
R-(0,1) + (rec W)®e, from which the claim immediately follows.

(v): By (iv) and Proposition 3.16(viii), v = vp. Moreover, U — W = {(u —w, —() | u €
RiweR,(>e*+ 1} =R x (—o00,—1), which is the open half-space below & = —1 (cf.
Figure 4.3). Hence, v ¢ U — W. Consequently, by Corollary 3.3, v ¢ ran(Id — T).

(vi): This is immediate from Fact 2.24.
(vii): This is [13, Proposition 23.35].
(viii): Replace (A4, B,C) by (0f,0g,0) in (3.3) and combine with (ii) and (iii).

(ix): Note that ve U—-W « 0e€ U — (v+W) « UnN (v+W) # (. Hence, by (v),
UN(v+W) = 0. Then, the claim follows as a consequence of [7, Theorem 3.3(iii)(a)]. O
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Chapter 5

Conclusion

This thesis studies the behavior of the Davis—Yin three-operator splitting method in the
inconsistent setting. We show, under mild assumptions, that its “shadow” sequence con-
verges weakly to a minimizer of the associated normal problem.

We further showed that the asymptotic regularity of the shadow sequence hinges pre-
cisely on the element of least norm in the closure of the range of the displacement operator,
that is, when vz = 0. This yields a necessary and sufficient condition. Moreover, we char-
acterize the fixed-point sets of perturbed Davis—Yin operators and relate them to Eckstein’s
extended solution set. Moreover, we offered an elegant reformulation of the normal problem
solutions whenever asymptotic regularity holds.

Together, these results reinforce Davis—Yin splitting as a powerful tool for three-operator
problems by extending its applicability to the inconsistent case.
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