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Abstract

This thesis analyzes the Davis–Yin three-operator splitting method in the inconsistent
case, where the underlying monotone inclusion problem may fail to have a solution. The
Davis–Yin algorithm extends the Douglas–Rachford and forward–backward splitting meth-
ods and is effective in reformulating optimization and inclusion problems as fixed-point
iterations. Our study investigates its behavior when no fixed point exists. We prove, un-
der mild assumptions, that the Davis–Yin shadow sequence converges to a solution of the
normal problem, which represents a minimal perturbation of the original formulation.
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Figure 1: Illustration of our contribution, Theorem 4.6, as instantiated in Example 4.7.
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Chapter 1

Introduction

Throughout this work, we assume

X is a (real) Hilbert space with inner product ⟨·, ·⟩ : X ×X → R,

and induced norm ∥ · ∥. The identity operator on X is Id : X → X : x 7→ x.

This thesis studies the three-operator splitting scheme introduced by Davis and Yin [1],
known as “Davis-Yin Splitting”. The central question is whether Davis-Yin splitting can
offer useful insights for the class of problems to which it is commonly applied, but in the
inconsistent case. That is, when the set of optimal solutions is empty, which we answer
in the affirmative (cf. Theorem 4.6) under mild assumptions. Analyzing the behavior
of splitting methods to assess the consistency of the underlying problem has been an
active area of research [2, 3, 4]. The monotone inclusion problem that Davis-Yin splitting
considers is

find x ∈ X such that 0 ∈ Ax+Bx+ Cx, (1.1)

where A,B, and C are maximally monotone operators (cf. Definition 2.40), and C is,
additionally, β-cocoercive (cf. Definition 2.29) for some β ∈ R++. The Davis-Yin operator
is defined as:

(γ ∈ ]0, 2β[) Tγ := T(γA,γB,γC) = JγB(RγA−γC JγA) + Id− JγA, (1.2)

where JγB and JγA are the resolvents of the corresponding operators and RγA is the reflected
resolvent (cf. Definition 2.53). Note that (1.2) is not invariant under swapping A and B

1



(see [5] for a detailed study of this aspect in the case C = 0). In this work, we consider
γ ∈ ]0, β[, which guarantees that γC remains firmly nonexpansive. Therefore, for the
remainder of this thesis, we omit the γ in γA, γB, γC, and, consequently, Tγ and instead
write A,B,C, and consequently, T, i.e.,

T := T(A,B,C) = JB(RA−C JA) + Id− JA . (1.3)

Let x0 ∈ X be given. The splitting algorithm generates the governing sequence according
to the following update rule:

(∀n ∈ N) xn+1 = Txn (1.4)

When zer(A + B + C) = ∅, it follows from [1, Lemma 2.2] that FixT = ∅, i.e., the fixed
point set of T is empty. Consequently, limn∈N ∥Tn x∥ = ∞ by [6, Corollary 1.4]. Therefore,
we instead examine the problem

find x ∈ X such that 0 ∈ Ax+B(x− v) + Cx− v,

where v (cf. Definition 2.36) is the element of least norm in ran(Id−T), the closure of the
range of Id−T. The problem (3.39) will be referred to as the “normal problem”.

When (A,B,C) is replaced by (∂f, ∂g,∇h) where f , g, and h are proper (cf. Definition
2.13), lower semicontinuous (cf. Definition 2.11), convex (cf. Definition 2.10) functions
defined on X, and ∇h additionally Lipschitz continuous (cf. Definition 2.27), we provide
a necessary and sufficient condition for the weak convergence of the “shadow” sequence
(JA xn)n∈N = (J∂f xn)n∈N = (Pf xn)n∈N to a minimizer of (3.39), where Pf denotes the
proximity operator of f (cf. Definition 2.58). Additionally, we provide other intriguing
results of independent interest:

1. In Proposition 3.10, we derive a precise description for ran(Id−T).

2. Lemma 3.24 provides two core descriptions of the extended solution set (cf. Defini-
tion 3.23) and the set of fixed points of the perturbed operators: FixT(· + v) and
Fix(T+v).

3. In Corollary 3.19, we establish a necessary and sufficient condition for the asymptotic
regularity of (JA(xn))n∈N and (JA−1(xn))n∈N.

4. Our main result, which is stated in Theorem 4.6, establishes the weak convergence
of (Pf (xn))n∈N to a minimizer of (3.39).

2



The authors of [7] introduced the averaged alternating reflections method for finding a
best approximation pair (u,w) ∈ U ×W such that ∥u − w∥ = d(U,W ) := inf ∥U −W∥,
where U and W are nonempty closed convex sets in X that may not intersect. More
importantly, the authors established that the shadow sequence PW (xn)n∈N is bounded and
that its cluster points lie in W ∩ (U +v) (cf. [7, Theorem 3.13]), where PW is the projector
(the best approximation operator) onto W and that v ∈ U −W if and only if d(U,W ) is
attained. The same result motivated the work of [8] on the Douglas-Rachford operator,
establishing connections between the generalized set of minimizers of the normal problem
and the range of the displacement mapping, which were key to Proposition 3.8, among
other findings. The authors of [8] provided a detailed characterization of the range of the
displacement mapping of Douglas-Rachford in [9], which we utilized in Proposition 3.10
to establish a similar result for range of the displacement mapping for Davis-Yin. The
previous contributions culminated in [10], proving the weak convergence of the shadow
sequence in the inconsistent case of Douglas-Rachford Splitting in the convex setting (a
specific nonconvex case was analyzed in [11]). There are other avenues through which one
could respond to the inconsistent case, e.g., [12].
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Chapter 2

Preliminaries

In this chapter, we review the relevant definitions, facts, and notation used in our work.

2.1 Sets and Operators

Let U,W be subsets of X, let and z ∈ X. The Minkowski sum of U and W is given by
U +W = {u+w | u ∈ U,w ∈ W}. The translation of U by z is defined as z + U = {z}+U .
For any α ∈ R, the scaling of U by α is defined as αU = {αu | u ∈ U}. The notation
T : X → X indicates that T maps each x ∈ X to a point Tx ∈ X. Similarly, A : X ⇒ X
denotes that A maps each x ∈ X to a (possibly empty) set Ax ⊆ X. Furthermore, let w
and x be in X. The inner perturbation of A by w at x is given by A(·+ w)x = A(x+w),
while the outer perturbation is given by (A+ w)x = Ax+ w.

Definition 2.1. Let A : X ⇒ X. Then, A is characterized by its graph

graA = {(x, u) ∈ X ×X | u ∈ Ax}. (2.1)

The domain and the range of A are defined as:

domA = {x ∈ X | Ax ̸= ∅} and ranA = A(X). (2.2)

Definition 2.2. Let A : X ⇒ X. The inverse of A, denoted by A−1 is defined through
its graph

graA−1 = {(u, x) ∈ X ×X | (x, u) ∈ graA}. (2.3)

Definition 2.3. Let A : X ⇒ X. Then, the set of zeros of A is zerA = A−1(0) = {x ∈
X | 0 ∈ Ax}.
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2.2 Overview of Convex Analysis

Definition 2.4. The limit superior and limit inferior of a sequence (xn)n∈N in [−∞,+∞]
are denoted limxn and limxn, respectively. Moreover, it follows that

limxn ≤ limxn. (2.4)

Definition 2.5. A sequence (xn)n∈N inX converges strongly to a point x ∈ X if ∥xn−x∥ →
0, which will be denoted xn → x. A sequence (xn)n∈N in X converges weakly to a point
x ∈ X if for every u ∈ X, ⟨xn, u⟩ → ⟨x, u⟩, which will be denoted xn ⇀ x.

Definition 2.6. A subset D of X is convex if for all α ∈ ]0, 1[, we have αD+(1−α)D = D.

Definition 2.7. Let D be a subset of X, The orthogonal complement of D is denoted by
D⊥. That is,

D⊥ = {u ∈ X | (∀x ∈ D) ⟨x, u⟩ = 0} (2.5)

Definition 2.8. Let D be a cone of X. The polar cone of D is D⊖ = {u ∈ X | sup⟨D, u⟩ ≤
0}.
Definition 2.9. Let D be a nonempty convex subset of X and let x ∈ X. The normal
cone to D at x is

NDx =

{
(D − x)⊖ = {u ∈ X | sup⟨D − x, u⟩ ≤ 0}, if x ∈ D;

∅, otherwise.
(2.6)

Definition 2.10. Let f : X → ]−∞,+∞]. The domain of f is dom f = {x ∈ X | f(x) <
+∞}. The function f is convex if its epigraph epi f = {(x, α) ∈ X × R | f(x) ≤ α} is a
convex set. In addition, the closure of dom f is denoted by dom f .

Definition 2.11. Let f : X → [−∞,+∞] and x ∈ X. Then, f is lower semicontinuous
at x if, for every sequence (xn)n∈N in X, xn → x implies

f(x) ≤ lim f(xn). (2.7)

and weakly lower semicontinuous at x if xn ⇀ x implies (2.7).

Example 2.12 ([13, Example 1.25]). The indicator function of a subset D of X, i.e., the
function

ιD : X → [−∞,+∞] : x 7→

{
0, if x ∈ D;

+∞ otherwise,
(2.8)

is lower semicontinuous if and only if D is closed.
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Definition 2.13. Let f : X → ] − ∞,+∞]. Then, f is proper if dom f := {x ∈ X |
f(x) < +∞} ≠ ∅.

Fact 2.14 ([13, Theorem 9.1]). Let f → ]−∞,+∞] be convex and lower semicontinuous.
Then, f is weakly lower semicontinuous.

Definition 2.15. The set of proper lower semicontinuous convex functions from X to
]−∞,+∞] is denoted by Γ0(X).

Fact 2.16 ([13, Proposition 8.17] and [13, Lemma 1.27]). The set of proper, convex, and
lower semicontinuous functions Γ0(X) is closed under addition.

Definition 2.17. Let f : X → [−∞,+∞]. The Fenchel conjugate of f is

f ∗ : X → [−∞,+∞] : u 7→ sup
x∈X

(⟨x, u⟩ − f(x)) . (2.9)

Definition 2.18. Let f : X →]−∞,+∞] be proper. The subdifferential of f is ∂f : X ⇒
X : x 7→ {u ∈ X | (∀y ∈ X) ⟨y − x, u⟩+ f(x) ≤ f(y)}.

Fact 2.19 ([13, Theorem 16.29 and Corollary 16.39]). Let f ∈ Γ0(X). Then,

ran ∂f = dom ∂f ∗ = dom f ∗. (2.10)

Fact 2.20 ([13, Proposition 27.1]). Let f ∈ Γ0(X). Then, argminx∈X f = zer ∂f .

Fact 2.21 ([13, Corollary 16.48(iii)]). Let f and g be in Γ0(X) such that dom g = X.
Then, ∂(f + g) = ∂f + ∂g.

Fact 2.22 ([10, Proposition 2.1]). Let f and g be in Γ0(X) and let zer(∂f + ∂g) ̸= ∅.
Then, argmin

x∈X
(f + g) = zer(∂(f + g)) = zer(∂f + ∂g).

Definition 2.23. Let (xn)n∈N be a sequence in X. Then, (xn)n∈N is asymptotically regular
if xn − xn+1 → 0.

Fact 2.24 ([13, Theorem 3.16]). Suppose that D is a nonempty closed convex subset in X.
Then, for every point x ∈ X, there exists a unique point PDx ∈ D such that ∥x−PD x∥ =
inf ∥x−D∥. The point PD x is characterized by

PD x ∈ D and (∀u ∈ D) ⟨u− PD x, x− PD x⟩ ≤ 0. (2.11)
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Definition 2.25. Let f : X → ] − ∞,+∞] and g : X → ] − ∞,+∞]. The infimal
convolution of f and g is

f □ g : X → [−∞,+∞] : x 7→ inf
y∈X

(f(y) + g(x− y)) , (2.12)

and it is exact at a point x ∈ X if (f□g)(x) = miny∈X f(y) + g(x− y); f□g is exact if it
is exact at every point of its domain, in which case it is denoted f ⊡ g.

Fact 2.26 ([13, Proposition 12.6]). Let f : X → ] − ∞,+∞] and g : X → ] − ∞,+∞].
Then,

dom(f□g) = dom f + dom g. (2.13)

2.3 Notions of Nonexpansiveness

Definition 2.27. Let T : X → X. Then, T is Lipschitz continuous with constant α ∈ R+

if

(∀x ∈ X)(∀y ∈ X) ∥Tx− Ty∥ ≤ α∥x− y∥. (2.14)

Definition 2.28. Let T : X → X. Then, T is nonexpansive if it is Lipschitz continuous
with constant 1, i.e.,

(∀x ∈ X)(∀y ∈ X) ∥Tx− Tx∥ ≤ ∥x− y∥, (2.15)

and is firmly nonexpansive if

(∀x ∈ X)(∀y ∈ X) ∥Tx− Tx∥2 ≤ ⟨x− y, Tx− Ty⟩. (2.16)

Definition 2.29. Let T : X → X. Then, T is β-cocoercive, where β ∈ R++, if βT is
firmly nonexpansive.

Remark 2.30. If T is β-cocoercive, then it follows from Cauchy-Schwarz inequality and
(2.16) that T is Lipschitz continuous with constant 1/β.

Fact 2.31 ([14, Corollaire 10] and [13, Corollary 18.17]). Let f ∈ Γ0(X). Then, ∇f is
nonexpansive if and only if ∇f is firmly nonexpansive.

Definition 2.32. Let T : X → X be nonexpansive, and let α ∈ ]0, 1[. Then, T is
α-averaged if there exists a nonexpansive N : X → X such that T = (1− α) Id+αN .
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Fact 2.33 ([15, Lemma 4]). Let T : X → X be a nonexpansive. Then, ran(Id−T ) is
convex.

Definition 2.34. Let T : X → X. Then, the set of fixed points of T is

FixT := {x ∈ X | Tx = x}. (2.17)

Fact 2.35 ([16, Lemma 2.1]). Let T : X → X and w ∈ X. Then, FixT (· + w) =
−w + Fix(T + w).

Definition 2.36. Let T : X → X. Then, the minimal displacement vector (or the element
of least norm) is well-defined (see Fact 2.33) as

v := Pran(Id−T )(0). (2.18)

Fact 2.37 ([15, Lemma 2]). Let D ⊆ X be nonempty, closed, and convex and let v be the
element of least norm in D. If un ∈ D and ∥un∥ → ∥v∥ then un → v and ∥un − v∥2 ≤
∥un∥2 − ∥v∥2.

Fact 2.38 ([6, Corollary 1.5; Proposition 1.3]). Let T : X → X be averaged and let x ∈ X.
Then, limn∈N(T

nx− T n+1x) = v, where v is defined according to (2.18).

2.4 Monotone Operators

Definition 2.39. Let A : X ⇒ X. Then, A is monotone if

(∀(x, u) ∈ graA)(∀(y, w) ∈ graA) ⟨x− y, u− w⟩ ≥ 0. (2.19)

Definition 2.40. Let A : X ⇒ X. Then, A is maximally monotone if it is monotone
and there is no monotone operator B : X ⇒ X such that graB properly contains graA.
Equivalently, for every (x, u) ∈ X ×X,

(x, u) ∈ graA ⇔ (∀(y, w) ∈ graA) ⟨x− y, u− w⟩ ≥ 0. (2.20)

Fact 2.41 ([13, Corollary 25.5(i)]). Let A,B : X ⇒ X be maximally monotone operators
such that domB = X. Then, A+B is maximally monotone.

Definition 2.42. Let A : X ⇒ X. Then, A is 3∗-monotone if A is monotone and

(∀x ∈ domA)(∀y∗ ∈ ranA) inf
(u,w)∈graA

⟨x− u, y∗ − w⟩ > −∞. (2.21)
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Fact 2.43 ([13, Moreau; Theorem 20.25]). Let f ∈ Γ0(X). Then, ∂f is maximally mono-
tone.

Fact 2.44 ([13, Example 25.13]). Let f : X →] − ∞,+∞] be proper. Then, ∂f is 3∗-
monotone.

Fact 2.45 (Brézis-Haraux; [13, Theorem 25.24]). Let A : X ⇒ X and B : X ⇒ X be
monotone operators such that A+B is maximally monotone and A and B are 3∗ monotone.
Then,

ran(A+B) = ranA+ ranB. (2.22)

Definition 2.46. Let A : X ⇒ X. Then, A is paramonotone if it is monotone and

(∀(x, u) ∈ graA)(∀(y, w) ∈ graA) ⟨x− y, u− w⟩ = 0 ⇒ (x,w) ∈ graA and (y, u) ∈ graA.

Fact 2.47 ([13, Example 22.4]). Let f : X →]−∞,+∞] be proper and convex. Then, ∂f
is paramonotone.

2.5 Fejér Monotonicity

Definition 2.48. Let D be a nonempty subset of X and let (xn)n∈N be a sequence in X.
Then (xn)n∈N is Fejér-monotone with respect to D if

(∀x ∈ D)(∀n ∈ N) ∥xn+1 − x∥ ≤ ∥xn − x∥. (2.23)

Fact 2.49 ([13, Proposition 5.4]). Let D be a nonempty subset of X and (xn)n∈N be a
sequence in X. Suppose that (xn)n∈N is Fejér monotone with respect to D. Then, (xn)n∈N
is bounded.

Lemma 2.50. Let u ∈ X and D be a nonempty subset of X. Suppose that (xn)n∈N is Fejér
monotone with respect to D. Then, (u+ xn)n∈N is Fejér monotone with respect to u+D.

Proof. Let x ∈ D. Note that ∥xn − x∥ ≤ ∥xn+1 − x∥ ⇔ ∥(u + xn) − (u + x)∥ ≤ ∥(u +
xn+1)− (u+ x)∥. Hence, (u+ xn) is Fejér monotone with respect to u+D.

Fact 2.51 ([17, Lemma 2.2]). Let (xn)n∈N be a sequence in X that is Fejér monotone with
respect to a nonempty closed convex subset C of X. Let w1 and w2 be weak cluster points
of (xn)n∈N. Then w1 − w2 ∈ (C − C)⊥, i.e., ⟨w1 − w2, C − C⟩ = 0.
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Fact 2.52 ([16, Proposition 2.4(iv) and (vi)]). Let T : X → X be nonexpansive and
suppose that y0 ∈ Fix(T + v), where v be defined according to (2.18). Then, for all n ∈ N,

(i) T ny0 = y0 − nv.

(ii) For every x ∈ X, the sequence (T nx+ nv)n∈N is Fejér monotone with respect to both
Fix(T + v) and FixT (·+ v).

2.6 Resolvents and Proximity Operators

Definition 2.53. Let A : X ⇒ X. The resolvent of A is JA := (Id+A)−1. The reflected
resolvent is

RA : X → X : x 7→ 2 JA−x. (2.24)

Fact 2.54 ([13, Proposition 23.19]). Let A : X ⇒ X be maximally monotone. Then

JA−1 = Id− JA . (2.25)

Fact 2.55 ([18, Theorem 4]). Let A : X ⇒ X be maximally monotone. Then,

graA = {(JA x, x− JA x) | x ∈ X}. (2.26)

Fact 2.56 ([13, Corollary 23.11]). Let A : X ⇒ X be maximally monotone. Then, the
following hold:

(i) JA : X → X and JA−1 = Id− JA : X → X are firmly nonexpansive and maximally
monotone.

(ii) RA : X → X is nonexpansive.

Fact 2.57 ([13, Proposition 23.2(i)]). Let A : X ⇒ X. Then, ran JA = domA. Conse-
quently, ran JA−1 = domA−1 = ranA.

Definition 2.58. The proximity operator of f ∈ Γ0(X) is

Pf : X → X : x 7→ argmin
y∈X

(
f(y) +

1

2
∥x− y∥2

)
. (2.27)

Example 2.59 ([13, Example 23.3]). Let f ∈ Γ0(X). Then, J∂f = Pf .

Fact 2.60 ([13, Proposition 16.44]). Let f ∈ Γ0(X). Then, Pf = (Id+∂f)−1.

Fact 2.61 ([13, Proposition 12.26]). Let f ∈ Γ0(X) and let x and p be in X. Then

p = Pf x⇔ (∀y ∈ X) ⟨y − p, x− p⟩+ f(p) ≤ f(y). (2.28)
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Chapter 3

On the Davis-Yin Operator

Throughout the rest of this work, we assume that

A : X ⇒ X and B : X ⇒ X are maximally and 3∗-monotone operators. (3.1)

Moreover, we assume that

C : X → X is maximally monotone and firmly nonexpansive. (3.2)

Consequently, C is, additionally, 3∗-monotone by [13, Example 25.20] and paramonotone
(cf. Definition 2.46) by [13, Example 22.8]. The Davis-Yin operator for the triplet (A,B,C)
is given by:

T := T(A,B,C) = JB(RA−C JA) + Id− JA . (3.3)

The corresponding minimal displacement vector (cf. Definition 2.36) for T is defined as

v := Pran(Id−T)(0). (3.4)

We additionally introduce the following vectors:

vD := PdomA−domB(0) and vR := PranA+ranB+ranC(0). (3.5)

By [13, Proposition 29.3],

(vD, vR) = PdomA−domB×ranA+ranB+ranC((0, 0)). (3.6)

Another closely related splitting algorithm is the Douglas-Rachford method [19], which is

defined for two maximally monotone operators Ã : X ⇒ X and B̃ : X ⇒ X as follows:

T̃ := T̃(Ã,B̃) = JB̃ RÃ +Id− JÃ . (3.7)

Note that (3.3) recovers (3.7) when C = 0.
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Remark 3.1. As a consequence of Fact 2.41, we have that

B + C is maximally monotone. (3.8)

Moreover, by Fact 2.45, ran(B + C) = ran B + ran C. In addition, dom(B + C) =
domB ∩ domC = domB ∩X = domB. Suppose that B is paramonotone. Then, B + C
is paramonotone by [20, Proposition 3.1].

3.1 The Range of Id−T

This section studies the behavior of the operator Id−T, as detailed in Proposition 3.2, and
provides a characterization of the closure of its range in Proposition 3.10. To achieve this,
we introduce two perturbed operators in Proposition 3.4, which play a crucial role in several
results, including the intermediate result in Proposition 3.8: ran(Id−T) = ran(Id− T̃).

Proposition 3.2. We have

Id−T = JA− JB(RA −C JA) = JA−1 +JB−1(RA −C JA) + C JA . (3.9)

Consequently,

(i) JATn x− JB(JA−C JA) T
n x→ v.

(ii) JA−1 Tn x+ JB−1(RA−C JA) T
n x+ C JA Tn x→ v.

Proof. The claim in (3.9) follows by applying Fact 2.54:

Id−T
(3.3)
= JA − JB(RA−C JA) (3.10a)

(2.25)
= JA − (RA −C JA− JB−1(RA −C JA))

= JA −RA +C JA +JB−1(RA −C JA)

(2.24)
= JA −2 JA +Id+C JA +JB−1(RA −C JA)

(2.25)
= JA−1 +JB−1(RA −C JA) + C JA . (3.10b)

Clearly, domT = X. Hence, by Fact 2.38, for all x ∈ X and n ∈ N, we have

(Id−T)Tn x
(3.10a)
= JATn x− JB(JA −C JA) T

n x (3.11a)

(3.10b)
= JA−1 Tn x+ JB−1(RA −C JA) T

n x+ C JATn x (3.11b)

= Tn x− Tn+1 x→ v, (3.11c)

which proves (i) and (ii).
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Corollary 3.3. We have

ran(Id−T) ⊆ (domA− domB) ∩ (ranA+ ranB + ranC) (3.12)

Proof. By (3.9) and Fact 2.57,

ran(Id−T) = ran(JA − JB(RA−C JA)) (3.13a)

⊆ ran JA − ran JB(RA −C JA) (3.13b)

⊆ domA− domB. (3.13c)

Moreover,

ran(Id−T) = ran(JA−1 +JB−1(RA −C JA) + C JA) (3.14a)

⊆ ran JA−1 +JB−1(RA −C JA) + C JA (3.14b)

⊆ ranA+ ranB + ranC, (3.14c)

which completes the proof.

Proposition 3.4. Let w and x be in X. Then,

(i) T(A,B(·−w)−w,C) x = T(A,B,C) x+ w =: T+w.

(ii) T(A−w,B(·−w),C) x = T(A,B,C)(x+ w) =: T(x+ w).

Proof. Let M : X ⇒ X be a maximally monotone set-valued operator, we have, from [13,
Proposition 23.17], that

JM(·−w) x = JM(x+ w) and JM−w x = JM(x− w) + w. (3.15)

Hence,

J(B(·−w)−w) x = JB(·−w)(x− w) + w = JB(x) + w. (3.16)

Consequently,

T(A,B(·−w)−w,C) x = x− JA x+ JB(·−w)−w (RA−C JA)x (3.17a)

(3.16)
= x− JA x+ JB(·−w) (2 JA x− x− w − C JA x) + w (3.17b)

(3.16)
= x− JA x+ JB (2 JA x− x− w + w − C JA x) + w (3.17c)

(2.24)
= x− JA x+ JB (RA−C JA)x+ w (3.17d)

(3.3)
= T(A,B,C) x+ w, (3.17e)
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which proves (i). Similarly,

T(A−w,B(·−w),C) x = x− JA−w x+ JB(·−w)(RA−w −C JA−w)x (3.18a)

(3.15)
= x− JA(x+ w) + JB(·−w)(2 JA(x+ w)− x− C JA(x+ w)) (3.18b)

(3.15)
= (x+ w)− JA(x+ w)

+ JB(2 JA(x+ w)− x− w − C JA(x+ w)) (3.18c)

(2.24)
= (x+ w)− JA(x+ w) + JB(RA(x+ w)− C JA(x+ w)) (3.18d)

= (x+ w)− JA(x+ w) + JB(RA−C JA)(x+ w) (3.18e)

(3.3)
= T(A,B,C)(x+ w), (3.18f)

which proves (ii).

Definition 3.5. Let A : X ⇒ X and B : X ⇒ X. Then, the primal problem associated
with the ordered pair (A,B) is

find x ∈ X such that 0 ∈ Ax+Bx. (3.19)

The corresponding Attouch-Théra dual pair [21, 22] is (A,B)∗ := (A−1, B−∨ ), where B ∨ :=
(− Id) ◦B ◦ (− Id). As such, we let

Z(A,B) := zer(A+B) = (A+B)−1(0) = {x ∈ X | 0 ∈ A+B} (3.20)

and

K(A,B) := zer(A−1 +B−∨ ) = (A−1 +B−∨ )−1(0) = {x ∈ X | 0 ∈ A−1 +B−∨}, (3.21)

denote the primal and dual solutions of (3.19), respectively.

Fact 3.6 ([8, Proposition 3.3]). Let w ∈ X. Then, the following are equivalent:

(i) Z(Ã−w,B̃(·−w)) ̸= ∅.

(ii) Fix T̃(·+ w) ̸= ∅.

(iii) w ∈ ran(Id− T̃).

Lemma 3.7. Let w ∈ W . Then, the following are equivalent:

(i) Z(A−w,B(·−w)+C) ̸= ∅.
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(ii) Z(A,B(·−w)+C−w) ̸= ∅.

(iii) FixT(·+ w) ̸= ∅.

(iv) Fix(T+w) ̸= ∅.

(v) w ∈ ran(Id−T).

Proof.

(i)⇔(ii) This is immediate from (3.20).

(i)⇔(iii) Indeed, this is [1, Lemma 3.1] applied to T(A−w,B(·−w),C), which corresponds, by
Proposition 3.4(i), to T(·+ w).

(ii)⇔(iv): Similarly, this is [1, Lemma 3.1] to T(A,B(·−w)−w,C), which corresponds, by
Proposition 3.4(ii), to T+v.

(iii)⇔(v): Let x ∈ X. Then, x ∈ FixT(·+w) (2.17)⇔ x = T(·+w) ⇔ (x+w)−T(·+w) =
w ⇔ w ∈ ran(Id−T)(x+ w).

Proposition 3.8. We have

ran(Id−T) = ran(Id− T̃). (3.22)

Proof. Let w ∈ X. Then, replacing Ã and B̃ by A+w and (B+C(·+w)−w), respectively, in
(3.7) yields, in view of Remark 3.1, Fact 3.6, Lemma 3.7, and Proposition 3.4, the following
chain of implications:

w ∈ ran(Id− T̃) ⇔ Fix T̃(·+ w) ̸= ∅ ⇔ Z(Ã−w,B̃(·−w)) ̸= ∅
(3.20)⇔ (∃x ∈ X) 0 ∈ Ãx+ B̃(x− w)− w

⇔ (∃x ∈ X) 0 ∈ Ax+B(x− w) + Cx− w

(3.20)⇔ Z(A−w,B(·−w)+C) = Z(A,B(·−w)+C−w) ̸= ∅
⇔ FixT(·+ w) ̸= ∅ ⇔ Fix(T+w) ̸= ∅
⇔ w ∈ ran(Id−T), (3.23)

which completes the proof.
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Fact 3.9 ([9, Proposition 6.1]). Suppose that Ã and B̃ are 3∗-monotone. Then,

ran(Id− T̃) = (dom Ã− dom B̃) ∩ (ran Ã+ ran B̃). (3.24)

Proposition 3.10. We have

ran (Id−T) = (domA− domB) ∩ (ranA+ ranB + ranC). (3.25)

Proof. Let Ã and B̃ be replaced by A and B + C in (3.7). As a consequence of (3.1),
Remark 3.1, Fact 3.9, Proposition 3.8, and Fact 2.45, we have

ran(Id− T̃)
(3.24)
= (dom Ã− dom B̃) ∩ (ran Ã+ ran B̃) (3.26a)

= (domA− dom(B + C)) ∩ (ranA+ ran (B + C)) (3.26b)

(2.22)
= (domA− (domB ∩ domC)) ∩ (ranA+ ran B + ran C) (3.26c)

= (domA− dom B) ∩ (ranA+ ranB + ran C) (3.26d)

(3.22)
= ran(Id−T), (3.26e)

which completes the proof.

3.2 A Necessary and Sufficient Condition for the Con-

vergence of the Shadow Sequence

The main result of this section, Corollary 3.19, provides a necessary and sufficient con-
dition for the asymptotic regularity (cf. Definition 2.23) of the shadow sequence. The
identities in Lemma 3.11 are key components of our approach and will be used to estab-
lish important relationships in Theorem 3.12. Using the characterization of ran(Id−T)
obtained in Section 3.1, we derive critical properties of v, vD, and vR in Proposition 3.16.
These results enable us, among other outcomes, to analyze the behavior of the sequences
(JATn x− JATn+1 x)n∈N and (JA−1 Tn− JA−1 Tn+1)n∈N, leading to the main conclusion of
this section.

Lemma 3.11. Let a, b, c and z be in X. Then the following hold:

(i) ∥z∥2 = ∥a+b∥2+∥z−a−b−c∥2−∥c∥2+2⟨a, z−a⟩+2⟨b, z−2a−c−b⟩+2⟨c, z−a⟩.
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(ii) ∥z−a∥2+ ∥a∥2 = ∥a+ b∥2+ ∥z−a− b− c∥2−∥c∥2+2⟨b, z− 2a− c− b⟩+2⟨c, z−a⟩.

(iii) ⟨z, a+ b⟩ = ∥a+ b∥2 + ⟨a, z − a⟩+ ⟨b, z − 2a− b− c⟩+ ⟨b, c⟩.

Proof. All of (i), (ii), and (iii) are obtained with direct expansion.

Theorem 3.12. Let x and y be in X. Then, the following hold:

(i) ∥x− y∥2 = ∥Tx− T y∥2 + ∥(Id−T)x− (Id−T)y − (C JA x− C JA y)∥2

+ 2⟨JA−1 x− JA−1 y, JA x− JA y⟩
+ 2⟨ JB−1(RA −C JA)x− JB−1(RA −C JA)y,

JB(RA −C JA)x− JB(RA −C JA)y⟩
+ ⟨C JA x− C JA y, JA x− JA y⟩
+ ⟨C JA x− C JA y, JA x− JA y⟩ − ∥C JA x− C JA y∥2.

(ii) ∥ JA x− JA y∥2 + ∥ JA−1 x− JA−1 y∥2 − ∥ JA Tx− JA T y∥2 + ∥ JA−1 Tx− JA−1 T y∥2 =
∥(Id−T)x− (Id−T)y − (C JA x− C JA y)∥2

+ 2⟨JATx− JAT y, JA−1 Tx− JA−1 T y⟩
+ 2⟨JB−1(RA −C JA)x− JB−1(RA−C JA)y, JB(RA−C JA)x− JB(RA−C JA)y⟩
+ ⟨C JA x− C JA y, JA x− JA y⟩
+ ⟨C JA x− C JA y, JA x− JA y⟩ − ∥C JA x− C JA y∥2.

(iii) ∥ JA Tx− JA T y∥2 + ∥ JA−1 Tx− JA−1 T y∥2 ≤ ∥ JA x− JA y∥2 + ∥ JA−1 x− JA−1 y∥2.

(iv) 0 ≤ ⟨x− y, (Id−T)x− (Id−T)y⟩ − ∥(Id−T)x− (Id−T)y∥2

− ⟨C JA x− C JA y, JB(RA −C JA)x− JB(RA −C JA)y⟩.

Proof. Applying Lemma 3.11(i) with
z = x− y
a = JA−1 x− JA−1 y
b = JB−1(RA−C JA)x− JB−1(RA −C JA)y
c = C JA x− C JA y
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yields the following:

∥x− y∥2 = ∥(Id−T)x− (Id−T)y − (C JA x− C JA y)∥2 + ∥Tx− T y∥2

+ 2⟨JA−1 x− JA−1 y, x− y − (JA−1 x− JA−1)y⟩
+ 2⟨ JB−1(RA−C JA)x− JB−1(RA−C JA)y,

x− y − 2(JA−1 x− JA−1 y)− (C JA x− C JA y)

− JB−1(RA −C JA)x− JB−1(RA −C JA)y⟩
+ 2⟨C JA x− C JA y, x− y − JA−1 x− JA−1 y⟩ − ∥C JA x− C JA y∥2 (3.27a)

(2.25)
= ∥(Id−T)x− (Id−T)y − (C JA x− C JA y)∥2 + ∥Tx− T y∥2

+ 2⟨JA−1 x− JA−1 y, JA x− JA y⟩
+ 2⟨ JB−1(RA−C JA)x− JB−1(RA−C JA)y,

JB(RA −C JA)x− JB(RA −C JA)y⟩
+ 2⟨C JA x− C JA y, JA x− JA y⟩ − ∥C JA x− C JA y∥2, (3.27b)

which proves (i). Moreover,

∥x− y∥2 (2.25)
= ∥ JA x− JA y + JA−1 x− JA−1 y∥2 (3.28a)

= ∥ JA x− JA y∥2 + ∥ JA−1 x− JA−1 y∥2

+ 2⟨JA x− JA y, JA−1 x− JA−1 y⟩. (3.28b)

Hence, replacing (x, y) by (T x,T y) in (3.28) yields

∥Tx− T y∥2 (2.25)
= ∥ JATx− JA T y + JA−1 Tx− JA−1 T y∥2 (3.29a)

= ∥ JA Tx− JA T y∥2 + ∥ JA−1 Tx− JA−1 T y∥2

+ 2⟨JA Tx− JA T y, JA−1 Tx− JA−1 T y⟩, (3.29b)

which, when combined with (i) in view of Lemma 3.11(ii), proves (ii). Since C is a firmly
nonexpansive operator, it follows, by (2.16), that

⟨C JA x− C JA y, JA x− JA y⟩ − ∥C JA x− C JA y∥2 ≥0. (3.30)

Moreover, as a consequence (2.26) and (3.1), we have that

⟨JA Tx− JA T y, JA−1 Tx− JA−1 T y⟩
(2.26)

≥ 0, (3.31)

⟨JB−1(RA −C JA)x− JB−1(RA−C JA)y, JB(RA −C JA)x− JB(RA −C JA)y
(2.26)

≥ 0, (3.32)

⟨C JA x− C JA y, JA x− JA y⟩
(2.19)

≥ 0. (3.33)
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Hence, each term on the right hand side of (ii) is nonnegative from which (iii) is immediately
derived. Eventually, applying Lemma 3.11(iii) with

z = x− y
a = JA x− JA y
b = −(JB(RA −C JA)x− JB(RA −C JA)y)
c = −(C JA x− C JA y)

proves (iv) as follows:

0
(2.26)

≤ ⟨JB(RA−C JA)x− JB(RA−C JA)y, 2(JA x− JA y)− (x− y)− (C JA x− C JA y)

− (JB(RA −C JA)x− JB(RA −C JA)y)⟩ (3.34a)

(2.25)
= ⟨JB(RA −C JA)x− JB(RA −C JA)y, JB−1(RA −C JA)x− JB−1(RA −C JA)y⟩ (3.34b)

(3.9)
= ⟨x− y, (Id−T)x− (Id−T)y⟩ − ∥(Id−T)x− (Id−T)y∥2

− ⟨C JA x− C JA y, JB(RA −C JA)x− JB(RA −C JA)y⟩.

Remark 3.13. Theorem 3.12(iv) recovers [23, Lemma 3.2], which is a precursor to proving
the convergence of (1.4) in the consistent case.

Corollary 3.14. Let x ∈ X and let y ∈ X. Then, the following hold:

(i)
∑

k∈N ∥(Id−T)Tk x− (Id−T)Tk y − (C JA Tk x− C JATk y)∥2 < +∞.

(ii)
∑

k∈N⟨JA−1 Tk x− JA−1 Tk y, JA Tk x− JATk y⟩ < +∞.

(iii)
∑

k∈N ⟨ JB−1(RA−C JA) T
k x− JB−1(RA−C JA) T

k y,

JB(RA −C JA) T
k x− JB(RA −C JA) T

k y⟩ < +∞.

(iv)
∑

k∈N⟨C JATk x− C JATk y, JA Tk x− JATk y⟩ < +∞.

(v)
∑

k∈N ∥C JATk x− C JATk y∥2 < +∞.

Proof. Let (x, y) ∈ X × X. Anti-telescoping Theorem 3.12(i) when applied n ∈ N times
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with (Tn x,Tn y) yields the following:

0
(3.27)

≤ ∥x− y∥2 − ∥Tn x− Tn y∥2

=
∑
k∈N

∥Tk x− Tk y∥2 − ∥Tk+1 x− Tk+1 y∥2

=
(
∥x− y∥2 − ∥T1 x− T1 y∥2

)
+
(
∥T1 x− T1 y∥2 − ∥T2 x− T2 y∥2

)
+ · · ·

+
(
∥Tk−1 x− Tk−1 y∥2 − ∥Tk x− Tk y∥2

)
(3.27)
=

∑
k∈N

∥(Id−T)Tk x− (Id−T)Tk y − (C JATk x− C JA Tk y)∥2︸ ︷︷ ︸
≥ 0

+ 2
∑
k∈N

⟨JA−1 Tk x− JA−1 y, JA Tk x− JA Tk y⟩︸ ︷︷ ︸
≥ 0 by (2.26)

+ 2
∑
n∈N

⟨ JB−1(RA−C JA) T
k x− JB−1(RA −C JA) T

k y,

JB(RA−C JA) T
k x− JB(RA−C JA) T

k y⟩︸ ︷︷ ︸
≥ 0 by (2.26)

+
∑
k∈N

⟨C JA Tk x− C JATk y, JA Tk x− JATk y⟩︸ ︷︷ ︸
≥ 0 by (3.2)

+
∑
k∈N

⟨C JA Tk x− C JATk y, JA x− JA Tk y⟩ − ∥C JA Tk x− C JA Tk y∥2︸ ︷︷ ︸
≥ 0 by (3.2) and (2.16)

(3.27)

≤ ∥x− y∥2 <∞.

Definition 3.15. Let D be a nonempty convex subset of X. The recession cone of D is
recD = {x ∈ X | x+D ⊆ D}.

Proposition 3.16. We have

(i) vD ∈
(
− rec dom A

)⊖ ∩
(
rec dom B

)⊖
=

(
−
(
rec dom A

)⊖) ∩
(
rec dom B

)
.

(ii) vD ∈ (− rec ran A) ∩ (rec(ran B + ran C)).

(iii) vR ∈ (− rec ran A)⊖∩(− rec(ran B+ran C)⊖ = − (rec ran A)⊖ ∩ (rec(ran B + ran C))⊖) .

(iv) vR ∈
(
− rec dom A

)
∩
(
− rec dom B

)
= −

(
rec dom A ∩ rec dom B

)
.

(v) ⟨vD, vR⟩ = 0.
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(vi) vD +vR ∈ (domA− domB) ∩ (ranA+ ranB + ranC).

(vii) v = vD +vR.

(viii) ∥ v ∥2 = ∥ vD ∥2 + ∥ vR ∥2 = ∥(vD, vR)∥2.

Proof. The result follows from [10, Proposition 3.1] when applied to A and B +C in view
of Remark 3.1, Proposition 3.10, and (3.4).

Lemma 3.17. We have

(i) JA − JAT = JA−1 T+JB−1(RA −C JA) + C JA. Consequently, ran(JA − JA T) ⊆
ranA+ ranB + ranC.

(ii) JA−1 − JA−1 T = JAT− JB(RA −C JA). Consequently, ran(JA−1 − JA−1 T) ⊆ domA−
domB.

Proof. Note that, as a consequence of (2.25), JA − JB−1(RA−C JA) = JA−(RA−C JA) +
JB(RA −C JA) = JA −2 JA +Id+C JA +JB(RA −C JA) = Id− JA +JB(RA−C JA) +
C JA = T+C JA = JA T+JA−1 T+C JA ⇔ JA − JA T = JA−1 +JB−1(RA −C JA) + C JA,
which, when combined with Fact 2.57, yields (i). Similarly, JA−1 +JB(RA −C JA) =
Id− JA +JB(RA −C JA) = T = JA T+JA−1 T ⇔ JA−1 − JA−1 T = JAT− JB(RA −C JA),
which, when combined with Fact 2.57, yields (ii).

Proposition 3.18. Let x ∈ X. Then, the following hold:

(i) ∥ JATn x− JATn+1 x∥2 + ∥ JA−1 Tn x− JA−1 Tn+1 x∥2 → ∥ v ∥2 = ∥ vD ∥2 + ∥ vR ∥2.

(ii) JATn x− JATn+1 x→ vR.

(iii) JA−1 Tn x− JA−1 Tn+1 x→ vD.

Proof. From Lemma 3.17(i) and Lemma 3.17(ii), we conclude that (JATn x−JATn+1 x, JA−1 Tn x−
JA−1 Tn+1 x) lies in (ranA+ ranB + ranC)× (domA− domB). Moreover, note that

∥ JATn x− JATn+1 x∥2 + ∥ JA−1 Tn x− JA−1 Tn+1 x∥2 (3.35a)

= ∥Tn x− Tn+1 x∥2 − 2⟨JATn x− JA Tn+1 x, JA−1 Tn x− JA−1 Tn+1 x⟩ (3.35b)

→ ∥ v ∥2 − 2 · 0 = ∥ v ∥2 = ∥ vD ∥2 + ∥ vR ∥2, (3.35c)
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where (3.35c) follows from Corollary 3.14(ii), Fact 2.38, and Proposition 3.16(viii). As a
consequence of Fact 2.37 in view of (3.6),

(JATn x− JATn+1 x, JA−1 Tn x− JA−1 Tn+1 x) → (vR, vD). (3.36)

Equivalently,

JA Tn x− JATn+1 x→ vR (3.37)

and

JA−1 Tn x− JA−1 Tn+1 x→ vD, (3.38)

establishing (ii) and (iii), respectively.

Corollary 3.19. Let x ∈ X. Then,

(i) (JATn x)n∈N is asymptotically regular if and only if vR = 0.

(ii) (JA−1 Tn x)n∈N is asymptotically regular if and only if vD = 0.

Proof. The claims follow from Proposition 3.18(ii) and 3.18(iii), respectively.

3.3 On the Sets FixT(· + v) and Fix(T+v)

Let T be as defined in (3.3). Then, the normal problem associated with the triplet (A,B,C)
is

find x ∈ X such that 0 ∈ Ax+B(x− v) + Cx− v . (3.39)

The primal and dual pairs (cf. Definition 3.5) are (A,B(· − v) + C − v) and (A−1, (B(· −
v) + C − v)−∨ ), respectively. Additionally, we let

Z := Z(A,B(·−v)+C−v) = {x ∈ X | 0 ∈ Ax+B(x− v) + Cx− v} (3.40)

and

K := K(A,B(·−v)+C−v) = {x ∈ X | 0 ∈ A−1 + (B(· − v) + C − v)−∨}, (3.41)

denote the primal and dual solutions of (3.39), respectively. The main result of this section
is the characterization of the fixed point sets FixT(·+v) and Fix(T+v) in terms of Z and
K.
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Definition 3.20. Let z be inX. We defineK : X ⇒ X : z 7→ (Az−v)∩(−(B(z−v)+Cz)).
Then, graK = {(z, k) | k ∈ (Az − v) ∩ (−(B(z − v) + Cz))}.

Lemma 3.21. The mapping ϕ : graK → FixT(· + v) : (z, k) → z + k is a well-defined
bijection, with ϕ−1 : x 7→ (JA(x+ v), x− JA(x+ v)).

Proof. The conclusion follows from [24, Theorem 4.5] when applied to A − v and (B +
C(·+ v))(· − v).

Lemma 3.22. The mapping ψ : graK → Fix(T + v) : (z, k) → z + k + v is a well-defined
bijection, with ψ−1 : x 7→ (JA x, x− JA(x)− v).

Proof. Note that, from Fact 2.35, FixT(· + v) = − v+Fix(T+v). Hence, the mapping
τ : FixT(·+v) → Fix(T+v) : x̄ 7→ x̄+v defines a bijection. Moreover, graψ = gra(τ ◦ϕ).
Therefore, the result is a consequence of Lemma 3.21.

Definition 3.23 ([25, Equation (2.2)]). The extended solution set is defined as

S := Se(A,B(· − v) + C − v) = {(z, k) ∈ X ×X | k ∈ Az ∩ (−(B(z − v) + Cz − v))}.

Lemma 3.24. S has the following equivalent descriptions:

(i) S = {(J(A−v)× J(A−v)−1)(x̄, x̄) | x̄ ∈ FixT(·+ v)}.

(ii) S = (0,− v) + {(JA × JA−1)(x̄, x̄) | x̄ ∈ Fix(T+v)}.

Suppose that A and B are, in addition, paramonotone. Then, the following also holds:

(iii) FixT(·+ v) = Z +K. Consequently, Fix(T+v) = Z +K + v.

(iv) S = Z ×K.

Proof. Note that (i) and (ii) immediately follow from Lemma 3.21 and Lemma 3.22, re-
spectively. Recall that B + C is paramonotone (cf. Remark 3.1). Hence, applying [24,
Corollary 5.5(ii)] to A and B(· − v) + C − v yields that graK is the rectangle Z × K,
which, when combined with Lemma 3.21, Lemma 3.22, and Fact 2.35 proves (iii) and,
when combined with (i), proves (iv).
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3.4 Towards Fejér Monotonicity

In this section, we demonstrate the Fejér monotonicity of the sequence

(JA Tn +n vR, JA−1 Tn x+ n vD)n∈N

with respect to S, the extended solution (cf. Definition 3.23), which directly leads to
the boundedness of the sequence (JATn x)n∈N (resp. (JA−1 Tn x)n∈N) when vR = 0 (resp.
vD = 0) as established in Corollary 3.28 (resp. Corollary 3.29). To achieve this, we first
prove the key identities presented in Lemma 3.25, along with their generalized forms in
Proposition 3.26.

Lemma 3.25. Suppose that x̄ ∈ Fix(T+v). Then, the following hold:

(i) T x̄ = x̄− v.

(ii) JAT x̄ = JA x̄− vR.

(iii) JA−1 T x̄ = JA−1 x̄− vD .

Proof. Note that (i) immediately follows by assumption. From Lemma 3.17(i) and 3.17(ii),
we have

JA x̄− JA−1 T x̄ ∈ ranA+ ranB + ranC (3.42)

and

JA−1 x̄− JA−1 T x̄ ∈ domA− domB. (3.43)

Then, from Proposition 3.16(viii), (3.5) and (i), we have

∥(vR, vD)∥2 = ∥ vR ∥2 + ∥ vD ∥2
(3.5)

≤ ∥(JA x̄− JAT x̄, JA−1 x̄− JA−1 T x̄)∥2 (3.44a)

= ∥ JA x̄− JAT x̄∥2 + ∥ JA−1 x̄− JA−1 T x̄∥2 (3.44b)

≤ ∥ JA x̄− JAT x̄∥2 + ∥ JA−1 x̄− JA−1 T x̄∥2

+ 2 ⟨JA x̄− JA T x̄, JA−1 x̄− JA−1 T x̄⟩︸ ︷︷ ︸
≥ 0 by (2.26)

, (3.44c)

= ∥ JA x̄− JAT x̄+ JA−1 x̄− JA−1 T x̄∥2 (3.44d)

(2.25)
= ∥x̄− T x̄∥2 (3.44e)

(i)
= ∥x̄− (x̄− v)∥2 (3.44f)

= ∥ v ∥2 = ∥ vR ∥2 + ∥ vD ∥2 = ∥(vR, vD)∥2. (3.44g)
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Hence, the inequalities reduce to equalities. Consequently,

⟨JA x̄− JAT x̄, JA−1 x̄− JA−1 T x̄⟩ = 0 (3.45)

and, by Fact 2.24, Fact 2.33, Proposition 3.10, and (3.6),

(JA x̄− JA T x̄, JA−1 x̄− JA−1 T x̄) = (vR, vD), (3.46)

which proves (ii) and (iii).

Proposition 3.26. Suppose that x̄ ∈ Fix(T+v). Let n ∈ N. Then, the following hold

(i) Tn x̄ = x̄− n v.

(ii) JA Tn x̄ = JA x̄− n vR.

(iii) JA−1 Tn x̄ = JA−1 x̄− n vD.

Proof. Applying Fact 2.52(i) yields (i). We proceed to simultaneously proving (ii) and
(iii) by induction. When n = 0, both statements trivially hold in view of (i). The cases
when n = 1 follow from (ii) and (iii). Hence, suppose that for some n > 1, it holds that
(JATn x̄, JA−1 Tn x̄) = (JA x̄−n vR, JA−1 x̄−n vD). Then, Lemma 3.17(i) and 3.17(ii) yield,
with x replaced by x̄, that

JA Tn x̄− JATn+1 x̄ ∈ ranA+ ranB + ranC (3.47)

and

JA−1 Tn x̄− JA−1 Tn+1 x̄ ∈ domA− domB. (3.48)

As a consequence,

∥(vR, vD)∥2
(3.5)

≤ ∥(JATn x̄− JA Tn+1 x̄, JA−1 Tn x̄− JA−1 Tn+1 x̄)∥2 (3.49a)

= ∥ JA Tn x̄− JA Tn+1 x̄∥2 + ∥ JA−1 Tn x̄− JA−1 Tn+1 x̄∥2 (3.49b)

≤ ∥ JATn x̄− JATn+1 x̄∥2 + ∥ JA−1 Tn x̄− JA−1 Tn+1 x̄∥2

+ 2 ⟨JA Tn x̄− JA Tn+1 x̄, JA−1 Tn x̄− JA−1 Tn+1 x̄⟩︸ ︷︷ ︸
≥ 0 by (2.26)

(3.49c)

= ∥ JA Tn x̄− JA Tn+1 x̄+ JA−1 Tn x̄− JA−1 Tn+1 x̄∥2 (3.49d)

(2.25)
= ∥Tn x̄− Tn+1 x̄∥2 (3.49e)

(i)
= ∥x̄− n v− (x̄− (n+ 1) v) ∥2 (3.49f)

= ∥ v ∥2 = ∥(vD, vR)∥2. (3.49g)
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Hence, by Fact 2.24, Fact 2.33, and (3.6),

(vR, vD) = (JA Tn x̄− JATn+1 x̄, JA−1 Tn x̄− JA−1 Tn+1 x̄) (3.50)

and

⟨JATn x̄− JATn+1 x̄, JA−1 Tn x̄− JA−1 Tn+1 x̄⟩ = 0, (3.51)

which, when combined with the inductive hypothesis, complete the proof as follows:

(JA Tn+1 x̄, JA−1 Tn+1 x̄) = (JATn x̄, JA−1 Tn x̄)− (vR, vD),

= (JA x̄− n vR, JA−1 x̄− n vD)− (vR, vD)

= (JA x̄− (n+ 1) vR, JA−1 x̄− (n+ 1) vD).

Theorem 3.27. Suppose that x̄ ∈ Fix(T+v). Let x ∈ X and n ∈ N. Then, the following
hold:

(i) The sequence (JA Tn x+n vR, JA−1 Tn x+n vD)n∈N is Fejér monotone with respect to
the set {(JA × JA−1)(x̄, x̄) | x̄ ∈ Fix(T+v)}.

(ii) The sequence (JATn x+ n vR, JA−1 Tn x+ n vD)n∈N is bounded.

(iii) The sequence (JB(RA −C JA) T
n x+n vR, JB−1(RA −C JA) T

n x+n vD)n∈N is bounded.

(iv) The sequence ((0,− v) + (JA Tn x+ n vR, JA−1 Tn x+ n vD))n∈N is Fejér monotone
with respect to S.

Suppose that A and B are, in addition, paramonotone. Then, the following also holds:

(v) The sequence ((0,− v) + (JA Tn x+ n vR, JA−1 Tn x+ n vD))n∈N is Fejér monotone
with respect to Z ×K.

Proof. Note that, as a consequence of Theorem 3.12(iii), for all (x, y) ∈ X ×X,

∥ JATn+1 x− JATn+1 y∥2 + ∥ JA−1 Tn+1 x− JA−1 Tn+1 y∥2

≤ ∥ JA Tn x− JA Tn y∥2 + ∥ JA−1 Tn x− JA−1 Tn y∥2. (3.52)

As a consequence of Proposition 3.26(ii) and 3.26(iii), and replacing y in (3.52) with x̄ ∈
Fix(v+T), we obtain the following

∥ JA Tn+1 x− (JA x̄− (n+ 1) vR)∥2 + ∥ JA−1 Tn+1 x− (JA−1 x̄− (n+ 1) vD)∥2

≤ ∥ JA Tn x− (JA x̄− n vR)∥2 + ∥ JA−1 Tn x− (JA−1 x̄− n vD)∥2, (3.53)
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which is equivalent to

∥ JA Tn+1 x+ (n+ 1) vR − JA x̄∥2 + ∥ JA−1 Tn+1 x+ (n+ 1) vD − JA−1 x̄∥2

≤ ∥ JA Tn x+ n vR − JA x̄∥2 + ∥ JA−1 Tn x+ n vD − JA−1 x̄∥2, (3.54)

which, by (2.23), proves (i) and, in view of Fact 2.49, proves (ii). By using (3.11), (iii)
immediately follows from (ii) and Proposition 3.2(i). As for (iv), it is a consequence of (i),
Lemma 2.50 when applied with u = (0,− v) and D = {(JA × JA−1)(x̄, x̄) | x̄ ∈ Fix(T+v)},
and Lemma 3.24(ii). When A and B are paramonotone, (v) follows from Remark 3.1, (iv)
and Lemma 3.24(iv).

Corollary 3.28. Suppose that vR = 0 and x̄ ∈ Fix(T+v). Let x ∈ X and n ∈ N. Then,
the following hold

(i) JA Tn x̄ = JA(x̄− n vD) = JA x̄.

(ii) (JATn x)n∈N is bounded.

(iii) Consequently, (C JATn x)n∈N is bounded.

(iv) (JB(RA −C JA) T
n x)n∈N is bounded.

Proof. Using Proposition 3.26(i) and Proposition 3.26(ii), we can rewrite (i) as JA Tn x̄ =
JA(x̄−n v). From Proposition 3.16(vii), this is equivalent to JATn(x̄−n(vD +vR)). When
vR = 0, v = vD and the result follows from Proposition 3.26(ii) and the initial assumption
on x̄. The claim in (ii) is a consequence of Theorem 3.27(ii) and (i). Consequently, (iii)
follows from (ii) and Remark 2.30. Eventually, from Proposition 3.2, we rewrite (iv) as
((T− Id− JA) T

n x)n∈N =
(
Tn+1 x− Tn x− JA Tn x

)
n∈N. Hence, the result follows from

Fact 2.38 and (ii).

Corollary 3.29. Suppose that vD = 0 and x̄ ∈ Fix(T+v). Let x ∈ X and n ∈ N. Then,
the following hold

(i) JA−1 Tn x̄ = JA−1(x̄− n vR) = JA−1 x̄.

(ii) (JA−1 Tn x)n∈N is bounded.

(iii) (JB−1(RA −C JA) T
n x)n∈N is bounded.

Proof. In the same spirit as Corollary 3.28, we rewrite (i) as JA Tn(x̄ − n(vD +vR)), by
employing Proposition 3.26(i), Proposition 3.26(iii), and Proposition 3.16(vii). Then, the
result follows when vD = 0 and from the assumption on x̄. Similarly, (ii) is a consequence
of Theorem 3.27(ii) in view of (i).
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3.5 An Equivalent Description of Z

When vR = 0, we provide an equivalent description of Z, the set of minimizers to (3.39),
however, eliminating the need for the outer perturbation, that is, one could solve the
following monotone inclusion problem instead:

find x ∈ X such that 0 ∈ Ax+B(x− vD) + Cx. (3.55)

The following proposition is crucial to this result.

Proposition 3.30. Let (α, β) ∈ R+ × R− and (x, x∗) ∈ X × X. Suppose that x∗ ∈
−Ax ∩ (B(x− v) + Cx− v). Then, the following hold:

(i) x∗ + α vD ∈ −Ax ∩ (B(x− v) + Cx− v).

(ii) x+ β vR ∈ A−1(−x∗) ∩ (v+(B + C(·+ v)− v)−1x∗).

(iii) x∗ ∈ −α vD −Ax ∩ (B(x+ β vR − v) + C(x+ β vR)− v).

Proof. Suppose that (a, a∗) ∈ graA and (q, q∗) ∈ gra(B+C). Then, by the assumption on
x∗, we have −x∗ ∈ Ax. Furthermore,

⟨a− x, a∗ − (−x∗ − α vD)⟩ = ⟨a− x, a∗ − (−x∗)⟩+ ⟨a− x, α vD⟩ (3.56a)

(2.19)

≥ ⟨a− x, α vD⟩ (3.56b)

= α⟨v−(a− (x− v)), 0− vD⟩ (3.56c)

= α⟨vD −(a− (x− v)), 0− vD⟩ (3.56d)

≥ 0, (3.56e)

where (3.56b) follows by the monotonicity of A, (3.56d) by Proposition 3.16(vii) and Propo-
sition 3.16(v). Eventually, (3.56e) is the negation of (2.11) which is a consequence of (3.5).
Additionally, x∗ ∈ B(x− v)+Cx− v if and only if there exists (b∗, c∗) ∈ X ×X such that
x∗ = b∗+c∗−v where b∗ ∈ B(x−v) and c∗ = Cx. Similarly, (q, q∗) ∈ gra(B(·−v)+C−v)
if and only if there exists (q∗1, q

∗
2) ∈ X ×X such that q∗ = q∗1 + q∗2 − v where q∗1 ∈ B(q− v)

and q∗2 = Cq. Then,

⟨q − (x− v), q∗1 − (b∗ + α vD)⟩ = ⟨q − (x− v), q∗1 − b∗⟩+ α⟨q − (x− v), 0− vD⟩ (3.57a)

≥ α⟨q − (x− v), 0− vD⟩ (3.57b)

= α⟨vD −(x− q), 0− vD⟩ (3.57c)

(3.5)

≥ 0. (3.57d)
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As a consequence of (2.20), we have that b∗+α vD ∈ B(x−v), which implies that b∗+c∗+
α vD − v = x∗+α vD ∈ B(x−v)+Cx−v. Hence, x∗+α vD ∈ −Ax∩ (B(x−v)+Cx−v),
which is (i). Furthermore, by the assumption on x∗, x ∈ A−1(−x∗)∩ (v + (B +C(·+ v)−
v)−1x∗). As such,

⟨a∗ − (−x∗), a− (x+ β vR)⟩ = ⟨a∗ − (−x∗), a− x⟩+ β⟨a∗ − (−x∗), 0− vR⟩ (3.58a)

(2.19)

≥ β⟨a∗ − (−x∗), 0− vR⟩ (3.58b)

= β⟨a∗ + x∗, 0− vR⟩ (3.58c)

= β⟨a∗ + (x∗ + v)− v, 0− vR⟩ (3.58d)

= β⟨a∗ + (x∗ + v)− vR, 0− vR⟩ (3.58e)

(3.5)

≥ 0, (3.58f)

where (3.59d) follows from Proposition 3.16(vii) and Proposition 3.16(v). Moreover,

⟨q∗ − x∗, q − (x+ β vR − v)⟩ = ⟨q∗ − x∗, q − (x− v)⟩+ β⟨q∗ − x∗, 0− vR⟩ (3.59a)

(3.8)

≥ β⟨q∗ − x∗, 0− vR⟩ (3.59b)

= β⟨(q∗ + v)− x∗ − v, 0− vR⟩ (3.59c)

= β⟨(q∗ + v) + (−x∗)− vR, 0− vR⟩ (3.59d)

(3.5)

≥ 0, (3.59e)

where (3.59d) follows from Proposition 3.16(vii) and Proposition 3.16(v). Hence, by (2.20),
x + β vR ∈ A−1(−x∗) ∩ (v+(B + C(· + v) − v)−1x∗), establishing (ii). Then, from (i),
x∗ + α vD ∈ −Ax, if and only if −x∗ − α vD ∈ Ax. Similarly, from (ii), x + β vR ∈
(v+(B + C(· + v) − v)−1x∗), if and only if, x∗ ∈ (B + C(· + v) − v)(x + β vR − v) =
B(x+ β vR − v) + C(x+ β vR)− v, from both of which we deduce (iii).

Proposition 3.31. Let Ẑ := {x ∈ X | 0 ∈ Ax + B(x − vD) + Cx − vR}. Then, Ẑ ⊆ Z.
Additionally, if vR = 0, then Ẑ = Z.

Proof. Suppose that x ∈ Ẑ and (q, q∗) ∈ gra(B + C), then, there exists x∗ ∈ −Ax ∩
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(− vR +B(x− vD) + Cx) = −Ax ∩ (− vR +(B + C(·+ vD))(x− vD)). Consequently,

⟨q − (x− v), q∗ − (x∗ + v)⟩ = ⟨q − (x− vD − vR), q
∗ − (x∗ + vD +vR)⟩ (3.60a)

= ⟨q − (x− vD), q
∗ − (x∗ + vR)⟩

+ ⟨q − (x− vD), 0− vD⟩
+ ⟨vR, q∗ − (x∗ + vR)⟩ (3.60b)

≥ ⟨vD −(x− q), 0− vD⟩+ ⟨vR, q∗ − x∗ − vR⟩ (3.60c)

≥ 0. (3.60d)

Proposition 3.16(vii) and Proposition 3.16(v) yield (3.60a) and (3.60b), respectively. As a
consequence of Remark 3.1, ⟨q − (x− vD), 0− vD⟩ is nonnegative, which justifies (3.60c).
Eventually, note that (x, q) ∈ domA × dom(B + C) = domA × domB and (−x∗, q) ∈
ranA × ran(B + C). Hence, (3.60d) follows from (3.5) and (2.11). Again, Remark 3.1
yields x∗ + v ∈ (B + C(· + v))(x− v), which when combined with −x∗ ∈ Ax, shows that
x ∈ Z. Suppose that vR = 0, consequently, by Proposition 3.16(vii), v = vD. Let x ∈ Z,
then, there exists x∗ ∈ X such that x∗ ∈ −Ax∩ (− v+B(x− v) +Cx). Furthermore, as a
consequence of Proposition 3.30(iii), x∗ ∈ − vD −Ax ∩ (B(x − v) + Cx − vD) if and only
if 0 ∈ Ax+B(x− vD) + Cx, i.e., x ∈ Ẑ.
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Chapter 4

Convergence of the Shadow Sequence

This chapter builds on the results established in Chapter 3 to prove our main result,
Theorem 4.6, the weak convergence of the shadow sequence. For this purpose, we replace
(A,B,C) by (∂f, ∂g,∇h) where

f, g, h ∈ Γ0(X) and ∇h is, additionally, nonexpansive. (4.1)

Hence, ∂f, ∂g and ∇h are maximally monotone by Fact 2.43 and 3∗-monotone by Fact
2.44. Moreover, ∇h is firmly nonexpansive by Fact 2.31. Consequently, by Fact 2.14, we
have that

f, g, and h are weakly lower semicontinuous. (4.2)

Additionally, we assume that

Pran(Id−T)(0) =: v ∈ ran(Id−T) and vR = 0. (4.3)

Then, it follows, from Proposition 3.16(vii), that

v = vD := Pdom f−dom g(0). (4.4)

By (2.11) and (4.4), we have

(∀(a, b) ∈ dom f × dom g) ⟨0− v, (a− b)− v⟩ ≤ 0. (4.5)

Moreover, by using Example 2.59, we have

T = T(∂f,∂g,∇h) = Id−Pf +Pg(Rf −∇hPf ). (4.6)
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Furthermore, by Example 2.59 and Proposition 3.2(i), we have

(∀x ∈ X) Pf T
n x− Pg(Rf −∇hPf ) T

n x = Tn x− Tn+1 x→ v . (4.7)

Examples 4.8 and 4.10 below illustrate why the assumptions in (4.3) are necessary.

Lemma 4.1. Let x ∈ X and y ∈ dom f ∩ (v+dom g). Then, the following hold:

0 ≥ ⟨y − Pf x, v⟩, (4.8)

f(y) ≥ f(Pf x) + ⟨y − Pf x, v+Pf∗ x⟩, (4.9)

g(y − v) ≥ g(Pg(Rf −∇hPf )x)

+ ⟨y − Pg(Rf −∇hPf )x− v,Pf x−∇hPf x− Pg(Rf −∇hPf )x− v⟩
− ⟨y − Pg(Rf −∇hPf )x− v, v+Pf∗ x⟩, (4.10)

h(y) ≥ h(Pf x) + ⟨y − Pf x,∇hPf x⟩. (4.11)

Proof. Let (a, b) = (Pf x, y − v) ∈ dom ∂f × dom g ⊆ dom f × dom g, where the latter
inclusion follows from [13, Proposition 16.4(i)]. Then, replacing (a, b) by (Pf x, y − v) in
(4.5) yields (4.8) as follows:

⟨Pf x− (y − v)− v, 0− v⟩ = ⟨y − Pf x, v⟩ ≤ 0. (4.12)

Moreover, by (2.28), (4.8) and, in view of Example 2.59, (2.25), we prove (4.9) as follows:

f(y) ≥ f(Pf x) + ⟨y − Pf x, x− Pf x⟩ (4.13)

≥ f(Pf x) + ⟨y − Pf x,Pf∗ x⟩+ ⟨y − Pf x, v⟩ (4.14)

(4.8)

≥ f(Pf x) + ⟨y − Pf x, v+Pf∗ x⟩. (4.15)

Similarly, by replacing (a, b) in (4.5) with (y,Pg(Rf −∇hPf )x), we have

⟨y − Pg(Rf −∇hPf )x− v, v⟩ ≤ 0. (4.16)

32



Hence, by (2.28) and, in view of Example 2.59, (2.25), we have

g(y − v) ≥ g(Pg(Rf −∇hPf )x)

+ ⟨y − Pg(Rf −∇hPf )x− v, (Rf −∇hPf )x− Pg(Rf −∇hPf )x⟩
= g(Pg(Rf −∇hPf )x) + 2 ⟨y − Pg(Rf −∇hPf )x− v, v⟩︸ ︷︷ ︸

≥ 0 by (4.16)

+ ⟨y − Pg(Rf −∇hPf )x− v,Pf x−∇hPf x− Pg(Rf −∇hPf )x− v⟩
− ⟨y − Pg(Rf −∇hPf )x− v, v+Pf∗ x⟩ (4.17)

≥ g(Pg(Rf −∇hPf )x)

+ ⟨y − Pg(Rf −∇hPf )x− v,Pf x−∇hPf x− Pg(Rf −∇hPf )x− v⟩
− ⟨y − Pg(Rf −∇hPf )x− v, v+Pf∗ x⟩, (4.18)

where (4.17) follows from (2.24) together with Fact 2.54, however, in view of (2.25) and
Example 2.59, which establishes 4.10. Eventually, (4.11) follows from Definition 2.18.

Proposition 4.2. Suppose that y ∈ dom f ∩ (v+dom g) and x ∈ X. For all n ∈ N, define

ϵn := ⟨y − Pg(Rf −∇Pf ) T
n x− v,Pf T

n x− Pg(Rf −∇Pf ) T
n x− v⟩, (4.19)

δn := ⟨Pf T
n x− Pg(Rf −∇Pf ) T

n x− v,Pf T
n x− (Tn x+ n v)⟩, (4.20)

γn := ⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v,∇hPf T
n x⟩. (4.21)

Then,

lim
n∈N

ϵn = 0, lim
n∈N

δn = 0, and lim
n∈N

γn = 0. (4.22)

Moreover, the following holds for all n ≥ 1:

f(y) + g(y − v) + h(y) ≥ f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x)

+ ϵn + δn + γn. (4.23)

Proof. Let (A,B,C) be replaced by (∂f, ∂g,∇h) in Corollary 3.28(ii), Corollary 3.28(iii),
and Corollary 3.28(iv). Then, in view of Example 2.59, we learn that

(Pf T
n x)n∈N, (∇hPf T

n x)n∈N, and (Pg(Rf −∇hPf ) T
n x)n∈N are bounded. (4.24)

Moreover, by Fact 2.52(ii), we have that

(Tn x+ n v)n∈N is bounded. (4.25)
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Hence, in view of (4.7), we prove (4.22) as follows:

lim
n∈N

ϵn = lim
n∈N

⟨y − Pg(Rf −∇Pf ) T
n x︸ ︷︷ ︸

cf. (4.24)

− v,Pf T
n x− Pg(Rf −∇Pf ) T

n x︸ ︷︷ ︸
→ v by (4.7)

− v⟩ = 0, (4.26)

lim
n∈N

δn = lim
n∈N

⟨Pf T
n x− Pg(Rf −∇Pf ) T

n x︸ ︷︷ ︸
→ v by (4.7)

− v,Pf T
n x︸ ︷︷ ︸

cf. (4.24)

− (Tn x+ n v)︸ ︷︷ ︸
cf. (4.25)

⟩ = 0, (4.27)

lim
n∈N

γn = lim
n∈N

⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x︸ ︷︷ ︸
→ − v by (4.7)

+v,∇hPf T
n x︸ ︷︷ ︸

cf. (4.24)

⟩ = 0. (4.28)

Let n ≥ 1, summing (4.9), (4.10), and (4.11), with x replaced by Tn x, yields that

f(y) + g(y − v) + h(y) ≥ f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x)

+ ⟨y − Pf T
n x, v+Pf∗ Tn x⟩+ ⟨y − Pf T

n x,∇hPf T
n x⟩

+ ⟨y − Pg(Rf −∇hPf ) T
n x− v,

Pf T
n x−∇hPf T

n x− Pg(Rf −∇hPf ) T
n x− v⟩

− ⟨y − Pg(Rf −∇hPf ) T
n x− v, v+Pf∗ Tn x⟩ (4.29a)

= f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x)

+ ⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v,∇hPf T
n x⟩

+ ⟨y − Pg(Rf −∇Pf ) T
n x− v,Pf T

n x− Pg(Rf −∇Pf ) T
n x− v⟩

+ ⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v, v+Pf∗ Tn x⟩ (4.29b)

= f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x) + ϵn + γn

+ ⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v, v+Pf∗ Tn x⟩ (4.29c)

(2.25)
= f(Pf T

n x) + g(Pg(Rf −∇hPf ) T
n x) + h(Pf T

n x) + ϵn + γn

+ ⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v,

v+Tn x+ n v−Pf T
n x− n v⟩ (4.29d)

=f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x) + ϵn + γn

+ ⟨Pf T
n x− Pg(Rf −∇hPf ) T

n x− v,Pf T
n x− (Tn x+ n v)⟩

+ ⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v, (1− n) v⟩ (4.29e)

= f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x) + ϵn + δn + γn

+ (1− n)︸ ︷︷ ︸
≤ 0

⟨Pg(Rf −∇hPf ) T
n x− Pf T

n x+ v, v−0⟩︸ ︷︷ ︸
≥ 0 by (4.5)

(4.29f)

≥ f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x)

+ ϵn + δn + γn.
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Lemma 4.3. Suppose that Z = {x ∈ X | 0 ∈ ∂f(x) + ∂g(x− v) +∇h(x)− v} ≠ ∅. Then,
the following hold:

(i) Z = argmin
x∈X

(−⟨x, v⟩+ f(x) + g(x− v) + h(x)).

(ii) Z = argmin
x∈X

(f(x) + g(x− v) + h(x)).

Proof. Fact 2.21 yields that ∂(g(· − v) + h) = ∂g(· − v) + ∇h. Moreover, applying Fact
2.22 to (f, g(· − v) + h− ⟨v, ·⟩) in view of Fact 2.16 proves (i) as follows:

argmin
x∈X

(f(x) + g(x− v) + h(x)− ⟨v, x⟩) = zer(∂(f + g(· − v) + h− ⟨v, ·⟩)) (4.30a)

= zer(∂f + ∂(g(· − v) + h− ⟨v, ·⟩)) (4.30b)

= zer(∂f + ∂g(· − v) +∇h− v)
(3.40)
= Z.

(4.30c)

Note that, in view of (4.3), by replacing (A,B,C) with (∂f, ∂g,∇h) in Proposition 3.31,
we learn that

Z = {x ∈ X | 0 ∈ ∂f(x) + ∂g(x− v) +∇h(x)}. (4.31)

Hence, reapplying Fact 2.22 to (f, g(· − v) + h) proves (ii) as follows:

argmin
x∈X

(f(x) + g(x− v) + h(x)) = zer(∂(f + g(· − v) + h)) (4.32a)

= zer(∂f + ∂(g(· − v) + h)) (4.32b)

= zer(∂f + ∂g(· − v) +∇h) (4.31)
= Z.

The strength of the aforementioned result will be elaborated in Proposition 4.4 to
conclude that the shadow sequence is indeed a minimizing sequence.

Proposition 4.4. Let x ∈ X and set µ := minx∗∈X (f(x∗) + g(x∗ − v) + h(x∗)). Then,
the following hold:

(i) (Pf T
n x)n∈N is bounded and its weak cluster points lie in Z.

(ii) (Pg(Rf −∇hPf ) T
n x)n∈N is bounded and its weak cluster points lie in Z − v.
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Suppose that (Pf T
n x)n∈N ⇀ z̄. Then,

(iii) f(Pf T
n x) → f(z̄),

(iv) g(Pg(Rf −∇hPf ) T
n x) → g(z̄ − v),

(v) h(Pf T
n x) → h(z̄).

(vi) f(Pf T
n x) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n x) → µ.

Proof. For all n ≥ 1, define (un, wn) = (Pf T
n x,Pg(Rf −∇hPf ) T

n x). From Corollary
3.28(ii) and Corollary 3.28(iii), applied with (A,B,C) replaced by (∂f, ∂g,∇h), we learn
that (un)n∈N and (wn)n∈N are bounded. Suppose that z̄ is a weak cluster point of (un)n∈N.
In view of (4.7), z̄ − v is a weak cluster point for (wn)n∈N. Let y ∈ dom f ∩ dom g(· − v).
By (4.2), we have

∞ > f(y) + g(y − v) + h(y) (4.33a)

(4.23)

≥ lim (f(un) + g(wn) + h(un)) (4.33b)

(2.4)

≥ lim (f(un) + g(wn) + h(un)) (4.33c)

≥ lim f(un) + lim g(wn) + limh(un) (4.33d)

(2.7)

≥ f(z̄) + g(z̄ − v) + h(z̄), (4.33e)

which implies that z̄ ∈ dom f∩dom g(·−v). Let ukn be such that limn∈N f(ukn) = lim f(un),
which yields the following:

f(y) + g(y − v) + h(y)
(4.23)

≥ lim
n∈N

f(ukn) + lim g(wkn) + limh(ukn) (4.34a)

= lim f(un) + lim g(wkn) + limh(ukn) (4.34b)

(2.4)

≥ lim f(un) + lim g(wkn) + limh(ukn) (4.34c)

(2.7)

≥ f(z̄) + g(z̄ − v) + h(z̄). (4.34d)

Since y is arbitrary, we can choose y = z̄ so that the inequalities in (4.34) reduce to
equalities. Hence, we learn that lim f(un) = lim f(un) which implies that lim f(ukn) exists.
Using the same argument for g with wkn and h with ukn yields also that limn∈N g(wkn) and
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limn∈N h(ukn) exist. Hence, the following sequences converge: (f(un))n∈N, (g(wn))n∈N, and
(h(un))n∈N. In addition, by choosing y = z̄ in (4.33), we have that

∞ > f(y) + g(y − v) + h(y) ≥ lim
n∈N

f(un) + lim
n∈N

g(wn) + lim
n∈N

h(un) (4.35a)

= f(z̄) + g(z̄ − v) + h(z̄) (4.35b)

≥ µ. (4.35c)

Selecting y such that f(y) + g(y − v) + h(y) is as close to µ as possible yields that

lim
n∈N

f(un) + lim
n∈N

g(wn) + lim
n∈N

h(un) = f(z̄) + g(z̄ − v) + h(z̄) = µ, (4.36)

which, when combined with Lemma 4.3(ii), proves (i) and, in view of (4.7), proves (ii).
We now show that limn∈N f(un) = limn∈N f(ukn) = f(z̄). By way of contradiction, suppose
that limn∈N f(un) = limn∈N f(ukn) > f(z̄). Then (4.35), in view of Definition 2.11, implies
three possibilities:

1. limn∈N g(wkn) < g(z̄ − v) and limn∈N h(ukn) = h(z̄), which contradicts, by (2.7), the
weak lower semicontinuity of g.

2. limn∈N g(wkn) = g(z̄ − v) and limn∈N h(ukn) < h(z̄), which contradicts, by (2.7), the
weak lower semicontinuity of h.

3. limn∈N g(wkn) < g(z̄ − v) and limn∈N h(ukn) < h(z̄), which contradicts, by (2.7), the
weak lower semicontinuity of g and h, respectively.

Hence,

lim
n∈N

f(un) = f(z̄), lim
n∈N

g(wn) = g(z̄ − v), and lim
n∈N

h(un) = h(z̄), (4.37)

which proves (iii), (iv), and (v). The claim in (vi) follows from (iii), (iv), and (v).

Corollary 4.5. Let x ∈ X. Then,

(i) The sequence (Pf T
n x)n∈N has a unique cluster point, which is a minimizer of f +

g(· − v) + h.

(ii) The sequence (Pg(Rf −∇hPf ) T
n x)n∈N has a unique cluster point, which is a mini-

mizer of f(·+ v) + g + h(·+ v).
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Proof. Note that ∂f, ∂g(· − v), and ∇h are paramonotone by Fact 2.47. Consequently,
applying Theorem 3.27(v) with (A,B,C) replaced by (∂f, ∂g,∇h), in view of Example
2.59, yields that the sequence (Pf T

n x,− v+Pf∗ Tn x + n v)n∈N is Fejér monotone with
respect to Z ×K. Let z1 and z2 be two cluster points of (Pf T

n x)n∈N. Then, {z1, z2} ⊆
argmin

x∈X
(f(x) + g(x− v) + h(x)) = Z. As such, z1−z2 ∈ Z−Z. However, from Fact 2.51,

z1 − z2 ∈ (Z −Z)⊥. Altogether, z1 − z2 ∈ (Z −Z)∩ (Z −Z)⊥ = {0}. Hence, z1 = z2. The
analogous conclusion for the sequence (Pg(Rf −∇hPf ) T

n x)n∈N follows from (4.7).

Theorem 4.6. Let f, g, h be in Γ0(X) and ∇h is, additionally, nonexpansive. Suppose
that 0 ∈ dom f ∗ + dom g∗ + domh∗, v ∈ ran(Id−T), and Z ̸= ∅. Let x ∈ X and define
µ := min

x∗∈X
(f(x∗) + g(x∗ − v) + h(x∗)). Then, there exists z̄ ∈ X such that the following

hold:

(i) Pf T
n x ⇀ z̄, which is a minimizer of f + g(· − v) + h.

(ii) Pg(Rf −∇hPf ) T
n x ⇀ z̄ − v, which is a minimizer of f(·+ v) + g + h(·+ v).

(iii) f(Pf T
n x) → f(z̄).

(iv) g(Pg(Rf −∇hPf ) T
n x) → g(z̄ − v).

(v) h(Pf T
n x) → h(z̄)

(vi) f(Pf T
n) + g(Pg(Rf −∇hPf ) T

n x) + h(Pf T
n) → f(z̄) + g(z̄ − v) + h(z̄) = µ.

Proof. Note that 0 ∈ dom f ∗ + dom g∗ + domh∗ ⊆ dom f ∗ + dom g∗ + dom h∗
(2.10)
=

ran ∂f + ran ∂g + ran ∂h = ran ∂f + ran ∂g + ran ∇h, which, by (3.5), implies that vR =
0. Hence, in view of (4.3), (i)-(vi) follow from Proposition 4.4 and Corollary 4.5.

Example 4.7. Suppose that X = Rm, where m ≥ 1. Let x0 ∈ X, a ∈ Rm
++, b ∈ R−−,

U = {x ∈ X | ⟨a, x⟩ = b}, f = ιU , g = ιRm
+
, and h = ⟨w, ·⟩, where w ∈ X is given. Then,

for all n ∈ N, the following hold:

(i) U ∩ Rm
+ = ∅.

(ii) A = ∂f = NU and JA = JNU
= PU .

(iii) B = ∂g = NRm
+
and JB = JNRm+

= PRm
+
.

(iv) C = ∇h ≡ w.

38



(v) f ∗ = ιU⊥ , g∗ = ιRm
−
, and h∗ = ι{w}. Consequently, dom f ∗ = U⊥, dom g∗ = Rm

− , and
domh∗ = {w}.

(vi) dom f ∗ + dom g∗ + domh∗ = Rm. Consequently, vR = 0.

(vii) ran(Id−T) = U − Rm
+ .

(viii) ran(Id−T) is polyhedral. Hence, ran(Id−T) is closed and convex.

(ix) v ∈ ran(Id−T).

(x) Z = argmin
x∗∈X

(
ιU(x

∗) + ιRm
+
(x∗ − v) + ⟨w, x∗⟩

)
̸= ∅.

(xi) Pf T
n x0 = PU Tn x0 = Tn x0 − ⟨Tn x0,a⟩−b

∥a∥2 a.

(xii) Pg T
n x0 = PRm

+
Tn x0 = max{0,Tn x0}.

(xiii) T = T(NU ,NRm+
,∇h) = Id−PU +PRm

+
(2 PU − Id−w).

(xiv) PU Tn x0 → z̄ ∈ Z.

Proof.

(i): This is immediate from the construction of a ∈ Rm
++ and b ∈ R−−.

(ii) & (iii): These follow from [13, Example 16.13 and Example 23.4].

(iv): Clear.

(v): This follows from [13, Example 13.3(iii) and Example 13.3(ii)] and Definition 2.17.

(vi): Note that (U − U) ∩ Rm
+ = {0}. Then, by [13, Proposition 6.27], {0} = (U −

U) ∩ Rm
+ = ((U − U)⊥)⊖ ∩ (Rm

− )
⊖ = ((U − U)⊥ + Rm

− )
⊖ = (U⊥ + Rm

− )
⊖. Hence, by [13,

Corollary 6.34], (U⊥ + Rm
− )

⊖⊖ = (U⊥ + Rm
− ) = {0}⊖ = Rm.

(vii): By Proposition 3.10 and [13, Example 6.43 and Example 6.40], ran(Id−T) =
(U − Rm

+ ) ∩ ((U − U)⊥ + Rm
− + {w}). Now, combine with (vi).

(viii): Indeed, it follows from (vii) in view of [26, Corollary 19.3.2] that ran(Id−T) is a
polyhedral set. Consequently, it is closed and convex.

(ix): This follows from (viii) and (3.4) in view of [6, Proposition 2.5].
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x

y

w dom
h ∗

= {w}
v

dom g = R2
+

dom g∗ = R2
−

dom f = U

dom f∗ = U⊥

Tx0

T2 x0

T3 x0

x0

PU T3 x0

PU T2 x0

PU Tx0

Figure 4.1: Two disjoint sets, dom f = U and dom g = R2
+, for which the Davis–Yin

iterates Tn x, starting at x0 = (1, 1), diverge and fail to minimize h = ⟨w, ·⟩, even though
their projections, the shadow sequence, PU Tn x settle at the minimal displacement vector
v.

(x): Combine Lemma 3.7 when applied with (A,B,C,w) replaced by (∂f, ∂g,∇h, v) and
Lemma 4.3.

(xi): This is [27, Example 8.11].

(xii): This is [27, Example 8.9].

(xiii): This is (3.3) applied with (A,B,C) replaced by (∂f, ∂g,∇h) when combined with
(ii) and (iii).

(xiv): Apply Theorem 4.6(i) and [13, Fact 2.33].

Concretely, suppose that X = R2 and let x0 = (1, 1), a = (3, 5), b = −7, and w =
(−2.5, 1.5). Moreover, that U = {(x1, x2) | 3x1 + 5x2 = −7}, f ∗(y) = ιU⊥ where U⊥ =
R · (3, 5), g∗(y) = ιR2

−
(y), and h∗(y) = ι{w}(y). These settings are depicted in Figure 4.1.
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x = dom f∗

y

v

dom g = R2
+

dom g∗ = R2
−

w

dom
h ∗

= {w}

d
o
m
f
=

U

x0

(3
n
+
1)
· (1
, 1
)

Tx0

T2 x0

T3 x0

x0

PU Tx0

PU T2 x0

PU T3 x0

Figure 4.2: Two disjoint sets, dom f = U (the translated y-axis) and dom g = R2
+, for

which both the Davis-Yin iterates Tn x starting at x0 = (1, 1) and its associated shadow
sequence PU Tn x diverge and fail to minimize h = ⟨w, ·⟩ as a consequence of vR ̸= 0.

The following example elaborates the necessity of the constraint qualification 0 ∈
dom f ∗ + dom g∗ + domh∗ for the convergence of the shadow sequence, Pf T

n x.

Example 4.8. Suppose that X = R2. Let x0 = (1, 1), U = R · (0, 1) + (−3, 0), f = ιU ,
g = ιR2

+
, and h = ⟨w, ·⟩, where w = (5,−3). Then, for all n ∈ N, the following hold:

(i) U ∩ R2
+ = ∅.

(ii) A = ∂f = NU and JA = JNU
= PU

(iii) B = ∂g = NR2
+
and JA = JNR2+

= PR2
+

(iv) C = ∇h ≡ w.
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(v) f ∗ = ιU⊥ , g∗ = ιR2
−
, and h∗ = ι{w}. Consequently, dom f ∗ = U⊥, dom g∗ = R2

−, and

domh∗ = {w}.

(vi) (0, 0) /∈ dom f ∗ + dom g∗ + dom h∗.

(vii) Pf T
n x0 = PU Tn x0 = (−3, 0) + (0, 1)Tn x0.

(viii) Pg T
n x0 = PR2

+
Tn x0 = max{0,Tn x0}.

(ix) T = T(NU ,NR2+
,∇h) = Id−PU +PR2

+
(2 PU − Id−w).

(x) ∥PU Tn x0∥ → +∞.

The above settings are depicted in Figure 4.2.

Proof.

(i): This is immediate by construction.

(ii) & (iii): These follow from [13, Example 16.13 and Example 23.4].

(iv): Clear.

(v): This follows from [13, Example 13.3(iii) and Example 13.3(ii)] and and Definition
2.17.

(vi): Indeed, note that dom f ∗ + dom g∗ + domh∗
(2.10)
= ran ∂f + ran ∂g + ran ∂h =

ran ∂f+ran ∂g+ran∇h = ranNU⊥ +ranNR2
+
+{(5,−3)} = R ·(1, 0)+R2

−+{(5,−3)} =

{(p+ q+5, q− 3) | p ∈ R, q ∈ R−}. But, to obtain (0, 0), q must lie in R+, in particular,
q = 3.

(vii): This is [13, Proposition 29.1(i)].

(viii): This is [27, Example 8.9].

(ix): Replace (A,B,C) by (∂f, ∂g,∇h) in (3.3) and combine with (ii) and (iii).

(x): Combine (vi) and (3.5) to learn that vR ̸= 0. Then, by a reverse triangle inequality,
∥PU Tn x∥ ≥ n∥ vR ∥− ∥PU Tn x+ n vR ∥. Moreover, in this case, there is a closed-form
expression of the iterates, that is, Tn x0 = (3n+ 1) · (1, 1) and PU Tn x0 = (−3, 3n+ 1),
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from which one obtains the same conclusion. We proceed to proving so by induction.
To this end, let n = 1. Then,

Tx0 = x0 − PU x0 + PR2
+
(2 PU − Id−w)x0 (4.38a)

= (1, 1)− PU(1, 1) + PR2
+
(2 PU(1, 1)− (1, 1)− (5,−3)) (4.38b)

= (4, 0) + (0, 4) = (3(1) + 1) · (1, 1). (4.38c)

Hence, suppose that for some n > 1, it holds that Tn x0 = (3n + 1) · (1, 1) and observe
that Tn+1 x0 = TTn x0 = T((3n+ 1) · (1, 1)). Then,

T((3n+ 1) · (1, 1)) = (3n+ 1) · (1, 1)− PU((3n+ 1) · (1, 1))
+ PR2

+
(2 PU((3n+ 1) · (1, 1))− ((3n+ 1) · (1, 1))− (5,−3))

(4.39a)

= (3n+ 1) · (1, 1)− (−3, 3n+ 1)

+ PR2
+
((−6, 2((3n+ 1) · (1, 1)))− ((3n+ 1) · (1, 1))− (5,−3))

(4.39b)

= (3(n+ 1) + 1, 0) + PR2
+
((−6− (3n+ 1), 3n+ 1)− (5,−3))

(4.39c)

= (3(n+ 1) + 1, 0) + PR2
+
((−12− 3n, 3(n+ 1) + 1)) (4.39d)

= (3(n+ 1) + 1, 0) + (0, 3(n+ 1) + 1) = (3(n+ 1) + 1) · (1, 1).

We next recover the conclusion of [10, Theorem 6.1] for the Douglas–Rachford splitting

T̃. This follows as a straightforward application of Theorem 4.6.

Corollary 4.9 ([10, Theorem 6.1]). Let f and g be in Γ0(X). Suppose that 0 ∈ dom f ∗ +

dom g∗, v ∈ ran(Id− T̃), and zer(∂f + ∂g(· − v)) ̸= ∅. Let x ∈ X and define µ :=
min
x∗∈X

(f(x∗ + v) + g(x∗)). Then, there exists z̄ ∈ X such that the following hold:

(i) Pf T̃
n
x ⇀ z̄, which is a minimizer of f + g(· − v).

(ii) Pg Rf T̃
n
x ⇀ z̄ − v, which is a minimizer of f(·+ v) + g.

(iii) f(Pf T̃
n
x) → f(z̄).

(iv) g(Pg Rf T̃
n
x) → g(z̄ − v).
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x0
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T2 x0

T3 x0

T4 x0

T5 x0

Tn x0

PU Tn x0

Figure 4.3: Two disjoint sets, dom f = U (the x-axis) and dom g = W (the epigraph of
the translated exponential function) for which the iterates of Davis-Yin, Tn x, starting at
x0 = (1, 1) and its associated shadow sequence, PU Tn x, diverge due to v ∈ ran(Id−T)
but v /∈ ran(Id−T).

(v) f(Pf T̃
n
) + g(Pg Rf T̃

n
x) → f(z̄) + g(z̄ − v) = µ.

Proof. Let C = 0 in (3.3). Then, the result immediately follows from Theorem 4.6.

The following example illustrates the behavior of the governing sequence, Tn x, and its
associated shadow sequence, Pf T

n x, when v ∈ ran(Id−T)\ ran(Id−T).

Example 4.10. Suppose that X = R2. Let x0 = (1, 1), (p, q) ∈ R × R, U = R · (1, 0)
and W = {(x, ξ) | ex + 1 ≤ ξ} with f = ιU , g = ιW , and h ≡ 0. Then, for all n ∈ N, the
following hold:

(i) U ∩W = ∅.
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(ii) A = ∂f = NU and JA = JNU
= PU .

(iii) B = ∂g = NW and JA = JNW
= PW .

(iv) 0 ∈ dom f ∗ + dom g∗.

(v) v ∈ ran(Id−T)\ ran(Id−T).

(vi) Pf (p, q) = PU(p, q) = (0, q).

(vii) Pg(p, q) = PW (p, q) = (r, er + 1) if (p, q) /∈ W , where r is the unique solution to
p = r + (er + 1− q)er.

(viii) T = T(∂f,∂g,0) = T̃ = Id−PU +PW (2 PU − Id).

(ix) ∥PU Tn x0∥ → +∞.

These settings are depicted in Figure 4.3.

Proof.

(i): This is immediate by construction.

(ii) & (iii): These follow from [13, Example 16.13 and Example 23.4].

(iv): Indeed, note that, by [28, Theorem 3.1], ran(Id−PW ) = (recW )⊖. Moreover, by

Fact 2.57 and Fact 2.54, dom f ∗ + dom g∗
(2.10)
= ran ∂f + ran∂g = R · (0, 1) + ranNW =

R · (0, 1) + ran JN−1
W

= R · (0, 1) + ran(Id− JNW
) = R · (0, 1) + ran(Id−PW ) =

R · (0, 1) + (recW )⊖, from which the claim immediately follows.

(v): By (iv) and Proposition 3.16(viii), v = vD. Moreover, U −W = {(u− w,−ζ) | u ∈
R, w ∈ R, ζ ≥ eu + 1} = R× (−∞,−1), which is the open half-space below ξ = −1 (cf.
Figure 4.3). Hence, v /∈ U −W . Consequently, by Corollary 3.3, v /∈ ran(Id−T).

(vi): This is immediate from Fact 2.24.

(vii): This is [13, Proposition 23.35].

(viii): Replace (A,B,C) by (∂f, ∂g, 0) in (3.3) and combine with (ii) and (iii).

(ix): Note that v ∈ U −W ⇔ 0 ∈ U − (v+W ) ⇔ U ∩ (v+W ) ̸= ∅. Hence, by (v),
U∩(v+W ) = ∅. Then, the claim follows as a consequence of [7, Theorem 3.3(iii)(a)].
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Chapter 5

Conclusion

This thesis studies the behavior of the Davis–Yin three-operator splitting method in the
inconsistent setting. We show, under mild assumptions, that its “shadow” sequence con-
verges weakly to a minimizer of the associated normal problem.

We further showed that the asymptotic regularity of the shadow sequence hinges pre-
cisely on the element of least norm in the closure of the range of the displacement operator,
that is, when vR = 0. This yields a necessary and sufficient condition. Moreover, we char-
acterize the fixed-point sets of perturbed Davis–Yin operators and relate them to Eckstein’s
extended solution set. Moreover, we offered an elegant reformulation of the normal problem
solutions whenever asymptotic regularity holds.

Together, these results reinforce Davis–Yin splitting as a powerful tool for three-operator
problems by extending its applicability to the inconsistent case.
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