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Abstract

In general relativity, energy conditions can restrict the allowed geometries. One of the
most prominent conditions is the classical null energy condition (NEC). However, quantum
field theories can violate this condition which prompts the need for quantum null energy
conditions. The smeared null energy condition (SNEC) is a proposed semilocal conjecture,
that modifies NEC by averaging ‘energy density’ along a null geodesic, with the averaging
weight being a real, positive smearing function. The SNEC allows for ‘the null energy
density’ to be negative over short smearing scales. This can have insightful implications
for phantom dark energy models and bouncing cosmologies by introducing bounds on
dark energy equation-of-state parameters and an inequality between the duration of the
bouncing phase and the growth rate of the Hubble parameter.

In the research presented in this thesis, we studied the application of the SNEC on
flat FLRW cosmology with pressureless matter and dark energy as sources and showed for
which regions of parameter space the SNEC is compatible with an evolving phantom dark
energy. What makes it interesting is that it provides us with a theoretical framework to see
where it is in agreement with the recent Dark Energy Spectroscopic Instrument (DESI)
observation findings, which suggest the violation of the classical NEC. Furthermore, we
applied the SNEC to very early universe nonsingular bouncing cosmology and specifically
found a bound where these models in general and more specifically the cuscuton model
agree with the SNEC.
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to the center of the smearing). The other parameters are fixed to ∆a =
a0−aeq, ΩDE = 0.7, and B = 1/(96π). The pink regions are where the SNEC
is violated. The vertically dashed region shows where in {w0, wa}-space DE
never gets to dominate the universe, and the horizontally dashed region
represents the {w0, wa}-space where the classical NEC is always satisfied
(and thus where the SNEC is also necessarily always satisfied). The olive
ellipse gives a rough representation of current constraints from DESI [5, 4,
168, 203] when combined with CMB and supernova surveys. See text for
more details. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.4 Same plots as Fig. 3.3, except now in the left plot we fix ā = 0.7, B =
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Chapter 1

Introduction

In general relativity, it is difficult to overstate the significance of the energy conditions. If
Einstein’s equations govern the feedback dynamic between spacetime geometry and matter
fields, energy conditions act as a regulatory mechanism, imposing constraints on both. For
example, the pointwise weak energy condition only allows for the ‘observed’ energy density
of matter fields to be positive while putting a lower bound on the pressure. However, this
mechanism has its limits, for example, the strong energy condition (SEC) which is used in
some of the singularity theorems can easily break for scalar fields. Furthermore, while these
conditions may be operating well in classical regimes, they become susceptible to break at
the moment one applies them in quantum regimes [47, 68, 102, 186, 279]. For example, even
the NEC, the weakest of these ‘classical’ conditions, breaks when taking into account quan-
tum effects such as the Casimir effect or Hawking radiation [27, 131, 184, 263, 264, 265, 266],
which means that it becomes a necessity to embrace semilocal and semiclassical conditions
in order to expand NEC’s domain to cover the aforementioned phenomenon while main-
taining a meaningful bound more or less similar to NEC.

Historically, the average null energy condition (ANEC) was one of the earliest and one
of the most successful examples of a semiclassical extension of the NEC [35, 117, 129, 148,
174, 179]. Unlike NEC, which is a local inequality, ANEC averages the null contraction
of the energy-momentum tensor over a full null geodesic, which allows for NEC violations
due to quantum effects to take place in finite regions while maintaining a positive value
when averaged through the geodesic. Although ANEC has been shown to be successful
for many applications, it comes with some caveats. In order to apply ANEC, we need to
have a complete history of the geodesic both in the future and in the past, which makes
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it difficult to apply. This can act as a motivation to look into more localized semiclassical
conditions.

One of these candidates, which is the main focus of this thesis, is called the smeared null
energy condition (SNEC)[133]. The SNEC is a conjecture similarly motivated by previous
quantum inequalities [121, 122, 113, 114] to set a bound on NEC violation. It aims to
address some of the issues that the ANEC and other quantum inequalities failed at or
were not applicable to. The mechanism of SNEC is somewhat analogous to ANEC, since
it proposes an averaging over the null geodesic with the exception that it is a weighted
average with a finite smearing scale. It also allows for the lower bound to be negative
which is similar to quantum inequalities.

Since the SNEC is currently a conjecture, one might ask if the SNEC relates to the
ANEC, and the answer is that the SNEC by definition can derive successful predictions
of ANEC, since it reduces to ANEC as the smearing scale goes to infinity, but since it is
semilocal, it can impose stronger bounds. The SNEC has been applied in a number of
semiclassical regimes and cosmologies [132, 124, 125, 127, 130, 126]. The goal of this thesis
is to study the implications of the SNEC in cosmology. In particular, the cosmological
bounds when applied to following regimes where NEC is violated:

• Constraints on phantom dark energy equation-of-state parameters
Motivated by the observational data suggesting a possible evolving dark energy, we
use the SNEC to put a lower bound on the phantom dark energy equation-of-state
parameters, and identified the allowed region of parameters to compare with recently
announced bounds by DESI [5, 4, 168, 203].

• Constraints on the duration of a bouncing phase and the growth rate of
the Hubble parameter at the bounce
We apply the SNEC to very early universe, to constrain nonsingular bouncing cos-
mologies and put bounds on parameters of the bounce and the growth rate of the
Hubble parameter during bounce.

These are very interesting epochs (late times/low energy regimes and early times/high
energy regimes) in cosmology. In the case of the phantom dark energy, we are excited to
report that our results are compatible with DESI’s recent survey, and we look forward to
seeing the development of new SNEC applications in the future.
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Outline We start with a review of the literature on the cosmological aspects of our
work, which includes topics of energy conditions, FLRW cosmology, dark energy, and
bouncing models. In Sec. 3.2, which is based on our paper that has been submitted for
publication arXiv:2503.19955, we continue with a more thorough review of classical and
semiclassical energy conditions, putting emphasis on the SNEC. Section 3.3 is devoted to
the formulation of SNEC in a cosmological background. This is applied to dark energy
(DE) in Sec. 3.4, covering the cases of a constant and time-dependent equation of state. In
particular, we compared our constraints with current observational bounds from the Dark
Energy Spectroscopic Instrument (DESI; [5, 168]). Section 3.5 is devoted to exploring the
constraints that the SNEC puts on nonsingular bouncing cosmologies. We end with a
discussion in Sec. 3.6.

Conventions Spacetime indices are denoted by Greek letters and are contracted with
the spacetime metric tensor gµν . We use the mostly positive metric signature and work
with units where the speed of light c and the reduced Planck constant ℏ are set to unity.
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Chapter 2

Cosmology

This chapter starts with a formulation of general relativity (GR) and continues to introduce
some of the classical and quantum energy conditions and their shortcomings in the section
2.1. In section 2.2, Friedmann equations are introduced, followed by a discussion around
dark energy in 2.3, and an introduction to bouncing cosmology models in 2.4. These topics
shape our fundamental understanding of cosmology and serve as crucial tools for exploring
realms beyond the classical null energy condition.

2.1 Energy conditions

As a classical gravitational theory, GR models the relation between geometry and energy
sources contained in that geometry. The information of the spacetime geometry can be
expressed through the metric gµν and its derivatives that shape the curvature tensors:
Riemann tensor Rα

µβν , the Ricci tensor Rµν ≡ Rα
µαν , the Ricci scalar R ≡ Rµ

µ, and the
Einstein tensor Gµν ≡ Rµν − (R/2)gµν . On the other hand, the energy contents can be
described by energy-momentum tensor for matter fields T µν .

This correspondence between geometry and energy-momentum tensor is written as the
equation of motion for gµν known as the Einstein field equations

Gµν = 8πGNTµν , (2.1)

or equivalently by

Rµν = 8πGN

(
Tµν −

1

2
Tgµν

)
, (2.2)
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where GN is Newton’s gravitational constant, and T ≡ Tα
α is the trace of energy-

momentum tensor. In principle, one can take any C2 function gµν to describe a spacetime
geometry and by simply computing Gµν from gµν postulate an energy-momentum tensor
Tµν = Gµν/(8πGN). However, the obtained Tµν may not necessarily describe a physical
system.

On the other hand, (2.2) on its own does not provide enough information to deter-
mine generic geometries that are allowed by the physically plausible matter contents. For
this reason, when the energy-momentum tensor is not derived from a specific model of a
known matter field, energy conditions are usually added to the theory, that is, ‘reasonable’
conditions on Tµν , which in turn restrict the kind of geometries that are allowed.

Historically, when formulated as ‘reasonable’, these conditions were automatically sat-
isfied classically for the known matter fields at the time. The first proposed conditions
were ‘the pointwise’ energy conditions, meaning that they constrained the geometry, or,
respectively, the energy-momentum tensor, at every point of the spacetime. These con-
ditions were crucial in constructing different singularity theorems [233, 154, 153]. Before
reviewing the main pointwise energy conditions (dominant, weak, strong, and null), a for-
mulation of the perfect fluid will be introduced that will be used to physically interpret
the mentioned energy conditions.

Perfect Fluid: An ideal fluid with isotropic pressure and no energy dissipation (e.g.
heat conduction, viscosity, and shear stress) is called a perfect fluid and its energy-momentum
tensor can be written as

Tµν = (ρ+ p)VµVν + Pgµν . (2.3)

where p is the fluid’s pressure, ρ is the energy density, V µ = dxµ

dτ
is the four-velocity of

the fluid given the affine parameter τ , and gµν is the metric. In the fluid rest frame where
V µ = (1, 0, 0, 0), (2.3) reduces to

T00 = ρ , Tij = gijp. (2.4)

Therefore, in the local Minkowski coordinates Tij = p δij. We will use the perfect fluid
idealization in the upcoming sections to deduce simple inequalities between ρ and p. Now,
it is time to explore the main classical energy conditions.

Weak Energy Condition: The weak energy condition (WEC) has the following as-
sumption for any future-pointing timelike vector Uµ

TµνU
µUν ≥ 0. (2.5)
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Applying this to the perfect fluid’s energy-momentum tensor, yields

ρ ≥ 0, ρ+ p ≥ 0 , (2.6)

which matches the intuition that energy density cannot be negative and pressure cannot
be so negative that it diminishes the energy density.

Strong Energy Condition: The strong energy condition (SEC) takes the form

(Tµν −
1

2
Tgµν)U

µUν ≥ 0. (2.7)

where Uµ is an arbitrary future-pointing timelike vector. For a perfect fluid, this condition
translates into

ρ+ p ≥ 0, ρ+ 3p ≥ 0 . (2.8)

Dominant Energy Condition: Dominant energy condition (DEC) is formulated using
the form of the WEC in addition to the condition that the flux of energy, Jµ = −T µ

νU
ν ,

to be null or timelike
TµνU

µUν ≥ 0 , JµJµ ≤ 0 , (2.9)

where Uµ is an arbitrary timelike vector. For a perfect fluid, this results in

ρ ≥ 0 , ρ ≥ |p| . (2.10)

Null Energy Condition: The focus of this thesis is going to be mainly on the null
energy condition (NEC), the weakest of the aforementioned classical energy conditions. It
expresses that for any null vector Kµ,

TµνK
µKν ≥ 0. (2.11)

Its consequence for the perfect fluid is that the following quantity has to be positive

ρ+ p ≥ 0. (2.12)

In order to see how NEC can restrict the geometry, the corresponding convergence condi-
tions need to be introduced.
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2.1.1 Convergence conditions:

Until now, the energy conditions that were listed described constraints on the right-hand
side of (2.1) and (2.2) which contained the energy-momentum tensor. But naturally,
these constraints can be applied to the geometric side of these equations. In other words,
restrictions on the curvature tensors. These conditions, which are important for proving
singularity and positive mass theorems, are called convergence conditions.

Timelike Convergence Condition: Mirroring the SEC, timelike convergence condition
(TCC) can be written for an arbitrary future-pointing timelike vector Uµ and Uν as

RµνU
µUν ≥ 0 . (2.13)

which describes the convergence of non-rotating timelike geodesic congruences.

Null Convergence Condition: Now mirroring NEC, the following geometric condition
known as null convergence condition (NCC) can be produced

RµνK
µKν ≥ 0 , (2.14)

for any null vectorKµ, which enforces null geodesic congruence to locally converge. This re-
sults in apparent gravitational attraction between two massless particles on null geodesics.
NCC and TCC played a major role in proving Penrose and Hawking’s black hole and big
bang singularity theorems [233, 154, 153].

2.1.2 Quantum energy conditions

Though useful and intuitive, the pointwise energy conditions stated above can be violated
with the introduction of quantum field theories (QFTs). In other words, there has been
vast literature on quantum effects leading to the violation of the local NEC in the form

⟨Ψ|TµνKµKν |Ψ⟩ < 0, (2.15)

for some quantum state |Ψ⟩. Just to name a few examples that showcase NEC violation in
different contexts: In [102], it was shown that a positive definite local energy density is in
contradiction with the usual postulates of local field theories. The signs of NEC violation
are also found in the Unruh effect [266], evaporating black holes [27], and the Casimir

7



effect [14]. To reconcile this with classical energy conditions, there have been attempts to
restore, extend, and modify classical energy conditions by a mixture of abandoning ‘the
locality’ or going to the semiclassical and quantum regimes. In what follows some of these
semiclassical energy conditions are introduced in order of their ‘localness’ (ANEC: global,
QI: semilocal, QNEC: ‘local’), and their validity regime and shortcomings are discussed.

ANEC: Averaged null energy condition (ANEC) extends the local NEC (3.4), to be an
averaged condition over the entirety of any null geodesic, that is∫

γ

dλ ⟨Ψ|T̂µνKµKν |Ψ⟩ ≥ 0 (2.16)

for any quantum state |Ψ⟩ and for any achronal null geodesic γ. Note that Kµ in that case
is the null tangent vector to γ, and λ is the affine parameter of the null geodesic. This
integral condition, while allowing potential classical NEC violation at points, requires a
positive outcome over the entirety of null geodesics. ANEC has been proven in different
QFT regimes [129, 183, 268]. However, since the integral is throughout the geodesic with
the same weight, it is a global condition, and it requires knowledge of the whole spacetime
with all its null geodesics.

QI: First introduced in [128], quantum inequalities (QI), offer a more localized energy
condition by adding a weighted average along timelike geodesic instead of a uniform average
and, in doing so, only focusing on a specific portion of the geodesic instead of a full geodesic.
For a specific quantum field theory setup, their form in 3+1 on Minkowski background is
as follows [129] ∫

γ

dτf(τ) ⟨Ψ|T̂µνUµUν |Ψ⟩ ≥ −Cℏ
τ 40

(2.17)

where C is a positive number, τ is the proper time, Uµ is an arbitrary timelike vector, and
f(τ) is a smooth normal weight function with width τ0 defined as:

f(τ) =
1

π

τ0
τ 2 + τ 20

. (2.18)

Finding the function f is not model-independent and is restricted to the regime and the
setup that is being operated on. However, this form of the condition has led to the
foundation for the follow-up works and, in particular, to a recent semi-classical smeared
null energy condition [133], which is the main topic of the research in this thesis. This
condition will be reviewed and further discussed in the chapter 3.
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QNEC: First introduced in [41] and later proved in [40], the quantum null energy con-
dition (QNEC) puts a lower bound on the expectation value of the null contracted energy.
The lower bound can be negative and is related to the second variation of the entanglement
entropy of a 2-dimensional plane embedded inside a Cauchy surface with respect to λ, the
affine parameter generated by Kµ

⟨Ψ|TµνKµKν |Ψ⟩ ≥ ℏ
2πA

δ2Sout

δλδλ
, (2.19)

where Sout is the entangled entropy, and A is the infinitesimal area where variation is taking
place. The way the QNEC has been established makes it independent of gravity and only
relies on the QFT regime. However, it asks for a certain condition on the geometry (e.g.
stationary null surfaces) and cannot be upheld for all points in generic spacetime.

2.2 FLRW cosmology

The assumption of isotropy and homogeneity for spacetime manifold(the cosmological prin-
ciple) leads to a specific geometry that is called the Friedmann–Lemâıtre–Robertson–Walker
(FLRW) cosmology where the metric can be written as

ds2 = −dt2 + a2(t)

[
dr2

1−Kr2
+ r2dΩ2

]
, (2.20)

with a(t) being the scale factor, K the Gaussian curvature of the 3-dimensional spatial
hypersurface at a0 = 1, and dΩ the angular distance in spherical coordinates. In the flat
case, K = 0, we can calculate the components of the Ricci tensor and Ricci scalar

Rtt = −3
ä

a
, Rrr =

(
aä+ 2ȧ2

)
, (2.21a)

Rθθ = r2Rrr , Rϕϕ = sin2(θ)Rθθ , (2.21b)

R = 6
aä+ ȧ2

a2
(2.22)

while all the non-diagonal elements of Ricci tensor are zero. By substituting (2.21) in
(2.14), we can write down the NCC for flat FLRW as

−Ḣ ≥ 0. (2.23)
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where H = ȧ
a
is the Hubble parameter, which represents the expansion rate. Meanwhile,

using the Einstein equations and assuming the perfect fluid energy components, Friedmann
equations can be obtained below (

ȧ

a

)2

=
8πG

3
ρ (2.24)

ä

a
=

−4πG

3
(ρ+ 3p) (2.25)

with ρ and p being the energy density and pressure of the perfect fluid, respectively. Using
the equations above for multiple perfect fluid components, and with the addition of the
equation-of-state pI = wIρI for the I-th energy source, we can obtain the following for Ḣ

Ḣ(t) = −3

2
H2(t)

∑
I

ΩI(t)(1 + wI(t)) , ΩI(t) =
ρI(t)

ρtotal
(2.26)

where we are summing over all energy sources and ρtotal is the total energy density. This
thesis will focus on two epochs of cosmology. One the dark energy era and the other
potential bouncing era at very early times. The equation-of-state as formulated above is
more applicable to study of the DE and for that, the relevant components are only matter
and DE meaning ρtotal = ρDE + ρmatter.

2.3 Dark energy

In 1917, Albert Einstein introduced the cosmological constant Λ in his gravitational theory
to suggest a static universe (reviewed in [226]) which was abandoned after the discovery of
Hubble’s expansion. However, with the progress of quantum field theory and semiclassical
gravity, it found its way back as a new puzzle called the cosmological constant problem. This
meant that the simple estimate of the vacuum energy from quantum fluctuation should
contribute to the cosmological constant and, in fact, it would cause the universe to expand
so much that the large-scale structure would have never formed. To make it even more
interesting, further observational data (starting with the type Ia supernovae observations
[239]) showed with an incredibly significant body of evidence (as celebrated by the Nobel
prize in 2011) that the universe is expanding at an accelerated rate. This acceleration
prompted the introduction of a new terminology to describe the unknown physics behind
this acceleration: dark energy, as well as a new puzzle named ‘the coincidence problem’.

While the cosmological constant remains the primary candidate and simplest way to
describe this apparent repulsive gravitational effect (or negative pressure in terms of perfect
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fluid), its observed value is many orders of magnitude smaller than the estimates of the
vacuum energy and just enough to source the acceleration but also not to interfere with
large scale structure. However, in general, the DE may not be just a constant, and it may
be more dynamical and evolve over time.

A simple way to characterize the DE and its evolution (assuming a perfect fluid de-
scription) is through its equation-of-state (EoS) defined wDE

pDE = wDE ρDE. (2.27)

From (2.25), it is easy to see that an accelerated expansion implies ρ (1 + 3w) < 0 which
means that the total EoS parameter, w, is less than −1

3
and subsequently DE EoS pa-

rameter wDE < −1/3. Meanwhile, (2.26) shows that the sign of Ḣ is roughly determined
by sgn(Ḣ) ∼ −sgn(ρ + p) ∼ −sgn(1 + w) for positive energy densities. Substituting this
in (2.23), we come to the conclusion that for w < −1 NEC is violated. To quantify its
time dependence it can be expanded around its present time value linearly to include
variations at leading order, as described below (known as the Chevallier-Polarski-Linder
parametrization [74, 198])

w(a) = w0 + wa(1− a). (2.28)

There are other suggested parametrizations for DE but in linear order, most can be reduced
to the form stated above. In this thesis, we also only analyze the case for a constant (w0)
and two-parameter (w0, wa) dark energy equation-of-state, which is compatible with the
parametrization used by DESI that will be discussed in more detail in the next chapter.
Also, it is worth noting that there are other proposals to explain this acceleration, such as
modified gravity (which can be dual to models of dark energy (see 3.2).

2.3.1 Phantom dark energy

As alluded to above, the discovery of the accelerating expansion of the universe introduced
exciting questions about the nature of the repulsive force generating it and the properties
of dark energy and its relation to vacuum energy. Using the parametrization described
above, the present-time observational data suggest a fluid with a negative pressure with
the equation-of-state w close to −1 while favoring a region with less than negative one.
In the last 20 years, different studies have been conducted that allow the DE to violate
NEC by having EoS w < −1. These dark energy models are named phantom dark energy
[75, 28]. There have been attempts at modeling phantom dark energy (i.e. K-essence,
Quintessence fields, Modified gravity) that will not be covered in this thesis.
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NEC can be violated, and as result, it has to be pointed out that depending on the
specific model, some issues can be raised when discussing phantom dark energy (i.e. insta-
bility and ghost fields, future singularities, Big-rip). There have been remedies to balance
these instabilities and we discuss one aspect of it, that is, if they have to satisfy certain
energy condition bounds in Chapter 3.

2.4 Bouncing cosmology

Backtracking the footsteps of the universe given its current configuration, one arrives at
a highly hot and dense, flat ‘inhomogeneous’ cosmic soup. Any candidate model for the
early universe should account for the inhomogeneities that give rise to large-scale structure
formation. In addition, it should allow for a subsequent mechanism that, given the initial
conditions, can peacefully transition into the state in which we find the universe at the
moment. Currently, cosmic inflation is one of the popular candidates to model the earli-
est phase of the universe, and it offers answers to a range of cosmological problems (e.g.
the flatness problem and the horizon problem). However, inflation theory is not flawless.
Inflation theories can still have singularities or very fine-tuning conditions in the past that
are not desirable [140]. This, and the lack of observational data to confirm or rule out the
origin and existence of inflationary models, leaves space for improvement and exploring
alternative models such as bouncing cosmology.

Bouncing cosmologies are a class of early universe models that assume the universe had
transitioned from a contracting phase into the expanding phase i.e. cosmos goes through
a bouncing phase. Therefore, they do not lead to a singularity in the past. However, they
violate the classical NEC. We can see this by analyzing the (2.23). As the universe goes
through its contracting phase (H < 0 and Ḣ ≤ 0), to the expanding phase (H > 0), it has
to cross H = 0 with Ḣ > 0 during bounce. However, this implies that Rµνk

µkν = −2Ḣ
becomes negative and the pointwise NEC will not hold. This is another motivation to find
a more general NEC which leads to the discussion of SNEC in this thesis.

As mentioned in section 2.3, NEC breaking can raise the issue of UV instabilities such
as ghost instability, which in many models of bouncing cosmologies becomes apparent and
often is recognizable in action by an incorrect sign in the kinetic term, in some other
models it may show up as superluminal speed of sounds, gradient instabilities, or Be-
linski–Khalatnikov–Lifshitz (BKL) instabilities (these topics will not be discussed in this
thesis). However, for these reasons, the example of the bouncing model we examine un-
der SNEC in section 3.5 is taken to be the cuscuton bounce. Cuscuton is introduced as
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a modified gravity in IR regime that is ghost-free and does not introduce any degree of
freedom.
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Chapter 3

How Much NEC Breaking Can the
Universe Endure?

3.1 Introduction

The role of energy conditions in classical general relativity (GR) is to determine what
kind of matter fields one may ‘reasonably’ include in the theory and, correspondingly,
what kind of spacetime geometry one may physically expect. Historically, these conditions
were formulated to represent the nonnegativity of the energy densities or fluxes measured
locally by observers, and they played three major roles in GR. To start with, under the
assumption that some energy conditions hold, there exist rigorous singularity theorems
(e.g., [233, 154]) that point to the breakdown of classical GR. Second, they have been used
to forbid traversable wormhole solutions (e.g., [134]) and third to prove positive asymptotic
mass theorems for isolated objects (e.g., [248]). Notably, the strong energy condition was
initially regarded as one of the ‘reasonable’ classical energy conditions. However, it is
now generally accepted that it has been violated in the recent history of the cosmos by
the current accelerated expansion of the universe (e.g., [239, 234, 232, 175, 240, 135]) and
plausibly previously in the early universe, assuming an inflationary phase.

In the context of semiclassical gravity, determining what constitutes ‘reasonable’ energy
conditions becomes even more subtle, as the right-hand side of the Einstein equations now
represents the quantum expectation value of the energy-momentum tensor. In fact, in
regimes where singularities are predicted in classical GR, one expects quantum effects to
change the game. For one, the hope is that a full theory of quantum gravity should be
free of physically pathological singularities altogether. However, a more immediate impact
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of coupling quantum fields to gravity is that in quantum field theory (QFT) the energy
densities at a point can be undoubtedly negative, and one can find solutions such that
any of the local classical energy conditions are violated. A good example comes from
the null energy condition (NEC), the weakest of these conditions, which plays a crucial
role in GR theorems (see, e.g., [155]): when considering quantum fields in flat or curved
spacetime, the NEC can notoriously be violated (see, e.g., [68, 102, 47, 279, 186]). In
fact, the violation of the NEC has also been shown to be very generic in the context of
Hawking evaporation (e.g., [263, 264, 265, 266, 131, 27, 184]), which is one of the most
robust (theoretical) result in semiclassical gravity. Therefore, the relevant question is not
whether the NEC holds at the fundamental level1 locally, but rather if there is any bound
on its violation. More specifically, physically speaking we do not expect the NEC to be
violated systematically all the time and everywhere, arbitrarily. There should still exist
some quantum or semiclassical energy conditions that tell us to what extent the NEC can
be broken.

The averaged null energy condition (ANEC; e.g., [35, 174, 129, 117, 148, 179]) is one of
the first proposals for a quantum-inspired, semiclassical version of the NEC. The ANEC
stipulates that the quantum expectation value of the null energy, when averaged over an
entire null (achronal) geodesic, is nonnegative. It has been shown to hold for a wide class
of QFTs in curved spacetimes and finds motivation from various approaches to quantum
gravity (see, e.g., [268, 123, 261, 269, 182, 171, 183, 108, 152]). By definition, the ANEC
is a global concept, though. Thus, it is difficult to apply the ANEC without proper
knowledge of the entire spacetime, and correspondingly, it cannot always be used as a way
of constraining local (or semilocal) violations of the NEC.

A more recent quantum-motivated semilocal null energy condition that has been con-
jectured to hold at the level of semiclassical gravity (or even further into a quantum gravity
perturbative regime) is known as the smeared null energy condition (SNEC; [133]). The
SNEC is similar to the ANEC, except that the standard integral average is replaced by
a weighted average through a smearing function. The goal of the smearing is to act in
a similar fashion to a window function to regulate the energy condition in a particular
regime, specifically a regime where the NEC would normally be violated. The SNEC then
puts a bound on how much (semilocal) NEC breaking may be allowed within semiclassical
gravity (i.e., within the regime of validity of the effective field theory). The SNEC can be
heuristically understood as follows: quantum mechanically, we have Heisenberg’s uncer-
tainty principle, which can be stated as ∆E∆t ≥ ℏ/2, i.e., if we perform an observation

1In particular, NEC-violating quantum fields do not have to be ‘exotic’ — this can already happen
within the standard model of particle physics and, for instance, could lead to nonpathological traversable
wormholes [206].
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with a time spread ∆t, then we expect fluctuations in the energy of the measurement as
∆E ≥ ℏ/(2∆t). Therefore, if one (a classical ‘observer’) makes a measurement of the
energy over a short smearing time, one may have large energy fluctuations that lead to
negative energy, and the SNEC is a conjectured bound on how much negative energy one
could actually observe given the coupling to gravity.2 In other words, it is a form of
‘energy-spacetime uncertainty relation.’

The SNEC has passed a number of tests at the semiclassical level, has been general-
ized in various ways, and has led to novel singularity theorems with implications for black
hole and cosmological spacetimes (see [132, 124, 125, 127, 130, 126]). For example, evap-
orating black holes satisfy the SNEC [132, 181]. Yet, there are many contexts in which
the implications of the SNEC have not been explored, both in cosmological and black
hole spacetimes. This work solely focuses on the former. Specifically, there are two main
regimes in cosmology where the classical NEC might appear to be broken, but where a
quantum modified version, like the SNEC, should hold: at late times and low energies; and
at early times and high energies. The first regime is where we expect some form of dark
energy (DE) to dominate the universe (e.g., [239, 234, 232, 175, 240, 135]). If this DE is of
‘phantom type’ (meaning it has an equation-of-state [EoS] parameter smaller than −1; see,
e.g., [58, 66, 59, 256, 85, 100, 262, 163, 217]), then the classical NEC would be violated.
The second regime pertains to the evolution of the universe prior to the start of standard
big bang cosmology (and potentially before inflation if there was a phase of inflationary
expansion). Indeed, in that regime, if a big bang singularity were avoided, then it might
be that the universe underwent a period of NEC violation, resulting in, e.g., a big bounce
(see, e.g., [225, 53, 29, 43]).

Since phantom DE and a bouncing universe are both speculations — though both lead
to observable predictions that are testable — we take the stance in this work that the
SNEC might hold fundamentally and apply it to these NEC-violating spacetimes as a way
of theoretically constraining them. Naturally, the SNEC remains a conjecture (at the same
level as, e.g., the swampland conjectures in string theory), but it is nevertheless informative
to explore its implications should the conjecture hold. In this work, we put aside theoretical
issues that specific models may have related to having stable and consistent NEC violation
in cosmology (such issues already put constraints on NEC-violating models; see, e.g., [79,
162, 50, 94, 101, 83, 51, 20, 218, 139, 247, 80, 81, 78, 215, 96, 99, 244, 72, 194, 176, 10,
84, 55, 54, 89, 93, 23, 56, 212]). We simply assume that the NEC can be violated and see
what constraints the SNEC would put on such cosmologies.

2As we will see, the smearing is technically done along null geodesics (since this pertains to the null
energy condition). Still, we will also see in what sense this can be related in cosmology to a smearing with
respect to time or the scale factor.
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3.2 Review of some energy conditions

3.2.1 Classical versions

General relativity is a classical theory of gravity. It relates the spacetime geometry (de-
scribed by the metric tensor gµν) to the energy content in the universe (described by
the energy-momentum tensor Tµν). From the metric, one has knowledge of the curva-
ture through the Riemann tensor Rα

µβν , the Ricci tensor Rµν ≡ Rα
µαν , the Ricci scalar

R ≡ Rµ
µ, and the Einstein tensor Gµν ≡ Rµν − (R/2)gµν . The relation between gµν and

Tµν is known as the Einstein field equations,

Gµν = 8πGNTµν , (3.1)

where GN is Newton’s gravitational constant, or equivalently, taking the trace of (3.1) to
replace R by T ≡ Tα

α,

Rµν = 8πGN

(
Tµν −

1

2
Tgµν

)
. (3.2)

In principle, one can get any desired spacetime geometry gµν by simply computing Gµν

from gµν and postulating an energy-momentum tensor Tµν = Gµν/(8πGN). Although
this is mathematically legitimate, the resulting spacetime and its energy content may not
be physically reasonable. On the other hand, if the equation of motion for a particular
type of matter or the action leading to it is known, one can aim at solving it (given
reasonable initial/boundary conditions) along with the Einstein equations to obtain both
the spacetime geometry and the evolution of the matter degrees of freedom. However,
ideally, we would like to obtain some generic features about possible physical spacetime
geometries independent of a particular type of matter.

For these reasons, one usually adds energy conditions to the theory, i.e., reasonable
conditions on the nonnegativity of local energy densities or fluxes, formulated as linear
combinations of components of Tµν , which in turn restrict the kind of geometries that are
allowed. We call these ‘standard’ energy conditions (null, strong, weak, dominant, etc.) the
classical energy conditions (also known as pointwise energy conditions in the literature).
For instance, the strong energy condition (SEC) states that, for any timelike vector Uµ (so
UµUµ < 0), (

Tµν −
1

2
Tgµν

)
UµUν ≥ 0 , (3.3)

while the null energy condition (NEC) states that

TµνK
µKν ≥ 0 (3.4)
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for any null vector Kµ (so KµKµ = 0).

One of the main motivations for the classical energy conditions comes from their utility
in proving the singularity theorems (of Penrose and Hawking for instance). Such geomet-
rical theorems always have some kind of ‘convergence condition’ in their hypothesis, often
conditions on Rµν (akin to curvature bounds in mathematics); see, e.g., [251, 250]. If one
assumes GR, there is often a straightforward one-to-one relation between classical energy
conditions and various convergence conditions (null, timelike, etc.); see, e.g., [155, 235].
For instance, one can prove the Penrose black hole singularity theorem [233] assuming the
null convergence condition (NCC), which says that ∀Kµ null,

RµνK
µKν ≥ 0 . (3.5)

Similarly, the Hawking cosmological singularity theorem (e.g., [154]) needs the timelike
convergence condition (TCC), which says that ∀Uµ timelike, RµνU

µUν ≥ 0. It is then
straightforward to check that, whenever the Einstein field equations hold, NCC ⇔ NEC,
while TCC ⇔ SEC. For the former equivalence, one uses (3.1), while for the latter, one
uses (3.2).

If the gravitational theory is not GR, then things are a little more complicated. Never-
theless, modified theories of gravity are often (though not always) extensions of GR, e.g.,
f(R) gravity, quadratic gravity, scalar-tensor gravity (such as k-essence, Galileon, Horn-
deski, etc.), and more. In that case (that is, when an Einstein frame exists), one can define
an ‘effective’ energy-momentum tensor that encapsulates the modifications to GR, such
that the field equations read

Gµν = 8πGNT
(eff)
µν ≡ 8πGN

(
T (matter)
µν + T (ext)

µν

)
. (3.6)

Whether the extension of gravity is due to a scalar field, higher-curvature terms, or some-
thing else, one writes it ‘on the right-hand side’ as T

(ext)
µν . Then, the key question becomes

whether the standard classical convergence conditions (NCC, TCC, ...), which are useful
for singularity theorems, can be translated as before into ‘reasonable’ energy conditions on
the full T

(eff)
µν , which includes T

(ext)
µν . However, in these cases, determining what qualifies as

‘reasonable’ energy conditions, even excluding quantum effects, is yet more ambiguous.

A straightforward way to see this is that if one has a modified theory that is written
as (3.6), i.e., if an appropriate Einstein frame exists (this is not always the case; see,
e.g., [18, 87, 19, 88]), energy conditions may proceed in the ‘standard way’ in that frame.
However, the difficulty and challenges arise in the interpretation of the energy conditions
across different frames (e.g., Einstein and Jordan frames) and if the energy conditions in
the Einstein frame are physical. It is easy to have models where in one frame (Einstein to
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begin) there is satisfaction or violation of, e.g., the NEC, but where this result does not
carry over into the Jordan frame identically (see [267, 25] for an explicit example).

In general, to switch between the two frames one must apply the appropriate conformal
(or even disformal) transformation on the metric and the additional fields present. In doing
this, one obtains an ‘energy condition’ in the Jordan frame, which possesses more terms
than the Einstein-frame condition (see, e.g., [61, 62]). For example, the NCC in the
Einstein frame will read RE

µνK
µKν ≥ 0, where RE

µν is the Einstein-frame Ricci tensor, i.e.,
the Ricci tensor computed from the Einstein-frame metric gEµν . This condition does not
imply RJ

µνK
µKν ≥ 0, where the superscript refers to the Jordan frame this time and where

the metrics across the two frames are related through a conformal transformation of the
form gEµν = Ω2gJµν , for some spacetime-dependent function Ω2. There are also numerous
subclasses of theories that have been investigated individually in regard to their energy
conditions (e.g., [71, 52, 127]), though details can be theory dependent.

Despite the potential subtleties about energy conditions in modified gravity, some sin-
gularity theorems can nevertheless be rigorously proven in many modified gravity situations
(e.g., [277, 137, 278, 12, 49, 187]) with certain adjustments to the convergence conditions
to accommodate the modifications to gravity. Furthermore, there are also some singularity
theorems in GR when energy conditions are weakened [249, 112, 115, 48, 116, 147] or when
working in a nonsmooth setting [189, 190, 146, 150, 13, 145, 188, 258, 69, 209].

3.2.2 Semiclassical versions

As already mentioned, classical GR breaks down in the approach to high-curvature regimes,
in particular near classical singularities (as predicted under the aforementioned singular-
ity theorems, which need to assume classical energy/convergence conditions). Therefore,
we expect some form of quantum gravity to address that. However, even in low-curvature
regimes far below Planck scales, the quantum effects of matter/tensor perturbations can be
significant/observable (e.g., generating the seeds of large-scale structures, Hawking radia-
tion, etc.), while the background spacetime is still well approximated by classical geometry.
In the most conservative approach, we could apply semiclassical gravity to account for such
effects by maintaining a ‘classical’ spacetime geometry while quantizing the matter sector.
In this case, assuming that the quantum fluctuations of the stress tensor are much smaller
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than its expectation value, the field equations would read3

Gµν = 8πGN⟨T̂µν⟩ , (3.7)

where ⟨T̂µν⟩ ≡ ⟨Ψ|T̂µν |Ψ⟩ indicates the regulated quantum expectation value of the energy-
momentum tensor quantum operator given some quantum state |Ψ⟩. (See, e.g., [34] for
examples of how this may be computed.) One may then ask if there are reasonable en-
ergy conditions that ⟨T̂µν⟩ satisfies (in addition to those for remaining in the semiclassical
approximation). Those would be semiclassical energy conditions. (There is vast literature
on the subject, but see, e.g., [208, 110, 111, 185] for reviews.) An example is the ANEC,
which we introduced in (??). While the ANEC has been shown to hold for many physically
motivated QFTs, its applicability is limited in the sense that verifying the ANEC requires
knowledge of the full spacetime (and every null geodesic in that spacetime). The ANEC
is a very nonlocal concept in that sense.

For this reason, we will be more interested in this work in semilocal energy conditions
and specifically in a more recent proposal that is also applicable along null geodesics,
namely the SNEC [133, 132]. The SNEC conjecture expands on the concept of quantum
energy inequalities in (1 + 1)-dimensional (along timelike and null geodesics) and (3 + 1)-
dimensional (along timelike geodesics) Minkowski spacetimes derived in [129] and further
refined by [121]. It suggests introducing a real positive smearing function, f 2

τ (λ), where λ is
an affine parameter for a null geodesic γ and τ denotes the smearing scale of the smearing
function. The smearing function must be square integrable and normalized such that∫

γ

dλ f 2
τ (λ) = 1 . (3.8)

Then, the smearing of a test function F (λ) along the null geodesic is done through

Eτ [F ] ≡
∫
γ

dλ f 2
τ (λ)F (λ) , (3.9)

and the corresponding characteristic smearing affine ‘length/time’ scale τ is given according
to

1

τ 2
≡ 4

∫
γ

dλ

(
dfτ
dλ

)2

. (3.10)

3In cosmological perturbation theory, this picture becomes slightly more intricate since not only are
the gravitational waves quantized, but the distinction between scalar metric perturbations and quantum
modes corresponding to matter fields is not as clear-cut.
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As such, fτ (λ) =
√
f 2
τ (λ) needs to be continuously differentiable, in principle. The SNEC

then claims that

Eτ

[
⟨Ψ|T̂µνKµKν |Ψ⟩

]
≥ − B

GNτ 2
(3.11)

for any achronal null geodesic with null tangent vector Kµ, any quantum state |Ψ⟩ within
the regime of perturbative quantum gravity, and any reasonable smearing function f 2

τ (more
about this below). On the right-hand side, B is a real positive constant, whose precise
value is unknown (again, this is discussed later).

The original goal of the SNEC [131, 133] was to find a general, (semi)local constraint
on NEC violation in any dimensions that does not require additional quantities in QFT
(such as entanglement entropy), with the motivation to restrict models (such as traversable
wormholes or models with a large number of species that can lead to significant negative
densities) that were not excluded by the ANEC or quantum inequalities in lower dimen-
sions; see, e.g., [129, 121, 122, 120]. As discussed in [133], there are similarities between the
SNEC and other quantum inequalities (e.g., in 1 + 1 dimensions [121, 122] and for classes
of interacting conformal field theories [113, 114]). However, those results do not seem to
extend to 3 + 1 dimensions.

The initial SNEC formulation [133] as described above, inspired by semilocal quantum
inequalities [129], uses smeared stress tensors to address large negative fluctuations of the
energy-momentum tensor. To ensure this, and to mitigate the potential accumulated effect
of Hawking radiation for null geodesics in the proximity of a black hole horizon, the regime
of validity of the bound was assumed to be such that the smearing length scale τ is small
compared to the background spacetime curvature scale. However, in the follow-up work
[132], it was claimed that the bound may also hold for smearing length scales τ comparable
to or larger than the spacetime curvature radius R ∼ |R|−1/2 (or R ∼ |RµναβR

µναβ|−1/4 if,
e.g., the spacetime is Ricci flat), and this was shown for some explicit examples, such as
evaporating black holes. As we will see in this work, the SNEC yields its most interesting
constraint in cosmology when the smearing scale is of the order of the spacetime curvature.

An important property of the SNEC is that it reduces to the ANEC in the limit of
infinite smearing scale. Indeed, taking τ → ∞, it is not too hard to see that (3.11) reduces
to (2.16). This was formally showed by [133] with a rescaling method first used in [129, 118,
49, 48]: as τ goes to infinity, the smearing function converges to a constant distribution
and the SNEC reduces to the ANEC. Another nice aspect of SNEC is that it is invariant
under rescaling of the affine parameter. This addresses one of the arguments against the
existence of null worldline inequalities in 3+1 dimensions [119]. Furthermore, [132] imposes
a Lorentz-invariant ultraviolet cutoff to show that the counterexample provided in [119]
also satisfies this bound.
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The constant B that appears on the right-hand side of (3.11) is unknown. Its value
would depend on the relation between the ultraviolet cutoff and Newton’s constant. In the
case of induced gravity on a brane in the anti-de Sitter/conformal field theory correspon-
dence [192], it was proven that B = 1/(32π). In what follows, we often use this value as a
benchmark, but we must keep in mind that B could potentially be as large as 1, though
more realistically it could also be much smaller. In fact, [132] points to the fact that B is
typically expected to be much smaller than unity when semiclassical gravity is well under
control.

Given the SNEC (3.11) as a conjecture and assuming semiclassical gravity, namely (3.7),
one can say that classical geometries should satisfy a kind of ‘smeared null convergence
condition’,

Eτ [RµνK
µKν ] ≥ −8πB

τ 2
. (3.12)

This formula is similar to the correspondence between the classical NEC and the NCC.
In what follows, we wish to assume as little as possible about the nature of the quantum
fields (or their specific quantum states) that would lead to violating the NEC. We simply
assume they exist and drive the background cosmology so to yield, e.g., a phase of phan-
tom DE acceleration or a bouncing cosmology. This allows us to do a purely ‘geometrical’
analysis and ask: given a background cosmology with metric gµν and Ricci tensor Rµν , is
the SNEC — expressed as (3.12) as a curvature bound — satisfied or not? While geo-
metrical, the bound (3.12) nevertheless takes its root as a physical, semiclassical quantum
inequality. Therefore, if a certain spacetime geometry cannot respect the SNEC (3.12),
then we may say that the NEC-violating quantum fields (or states) that would presumably
yield such a cosmological background are still nonphysical, as they violate a potentially
fundamental energy condition, even though they may appear to be within the semiclassical
approximation.

3.3 The SNEC in cosmology

3.3.1 The full SNEC

We want to explore the consequences of the SNEC in semiclassical GR, which following
(3.12) we express as ∫

γ

dλ f 2
τ (λ)Rµν

dXµ

dλ

dXν

dλ
≥ −8πB

τ 2
, (3.13)

22



where τ satisfies (3.10), and where γ denotes a null geodesic parametrized by the curve
Xµ(λ), so the tangent vector along the curve is Kµ ≡ dXµ/dλ such that KµKµ = 0.
Note that the smearing function f 2

τ (λ) should have dimensions of mass, so that (3.8) is
respected. An example may be a Gaussian,

f 2
τ (λ) =

1√
2π τ

exp

(
−(λ− λ̄)2

2τ 2

)
, (3.14)

or a Lorentzian,

f 2
τ (λ) =

τ

π
√
2
(
(λ− λ̄)2 + τ 2/2

) , (3.15)

for some real constants λ̄ (controlling the center of the smearing) and τ > 0 (setting
the smearing length scale). Both (3.8) and (3.10) hold in those cases over λ ∈ (−∞,∞).
Naturally for the Gaussian, the smearing scale τ also has the interpretation of the standard
deviation of the distribution f 2

τ (λ) about its mean λ̄.

Let us consider a flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) cosmology, de-
scribed by the metric gµνdx

µdxν = a(η)2(−dη2 + dr2 + r2dΩ2
(2)), where a is the scale

factor, η is the conformal time related to the physical time through dη ≡ a−1dt, and
dΩ2

(2) = dθ2+sin2(θ)dϕ2 is the line element of the unit 2-sphere. An affine parameter λ for a

null geodesicXµ(λ) can be taken such that dλ ≡ a2dη = a dt without loss of generality (see,
e.g., [283]). Then, we consider Kµ(η, r, θ, ϕ) = a−2(1, 1, 0, 0) as the generic (outgoing and
nonrotating) null solution to the geodesic equation, Kν∇νK

µ = dKµ/dλ+Γµ
ρσK

ρKσ = 0.
A simple calculation then shows

RµνK
µKν = −2

Ḣ

a2
, (3.16)

where H ≡ ȧ/a is the Hubble parameter and a dot denotes a derivative with respect to
physical time, t. Thus, the SNEC (3.13) becomes∫ λf

λi

dλ f 2
τ (λ)

Ḣ

a2
≤ 4πB

τ 2
(3.17a)

⇔
∫ λf

λi

dλ

(
16πB

(
dfτ
dλ

)2

− f 2
τ (λ)

Ḣ

a2

)
≥ 0 , (3.17b)

where one should view Ḣ/a2 as a function of λ. Note that we do not necessarily assume
geodesic completeness here: if the null geodesic γ is past (future) incomplete, then λi > −∞
(λf <∞); λi = −∞ (λf = ∞) otherwise.
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Given a solution for the scale factor, a(t), one can express the affine length of null
geodesics as

λ(t) = λ0 +

∫ t

t0

dt̃ a(t̃) , (3.18)

where one chooses the arbitrary reference scale λ(t0) = λ0. From this, one can reexpress
the integral in the SNEC as a time integral,∫ tf

ti

dt f 2
τ (λ(t))

Ḣ

a
≤ 4πB

τ 2
, (3.19)

where it is understood that λ(ti) = λi and λ(tf) = λf . Alternatively, it is sometimes easier
to find a solution for the Hubble parameter as a function of the scale factor, H(a). In such
a case, Ḣ = aHdH/da and dλ = da/H, so the SNEC becomes∫ af

ai

da

a
f 2
τ (λ(a))

dH

da
≤ 4πB

τ 2
, (3.20)

where

λ(a) = λ0 +

∫ a

a0

dã

H(ã)
, (3.21)

so λ(ai) = λi and λ(af) = λf . While (3.19) and (3.20) show that we can perform changes of
variable and express the SNEC integral as a smearing over time or scale factor, we should
keep in mind that, physically, the smearing is really done along a null geodesic (as opposed
to a timelike geodesic), as it is defined and normalized in terms of the null affine parameter
λ.

Clearly, if the classical NEC — or equivalently the NCC (3.5) — is satisfied in flat
FLRW, then we know from (3.16) that Ḣ(t) ≤ 0, hence the SNEC (3.17a) is always
satisfied. (This is always true, not just in FLRW, i.e., NEC ⇒ SNEC, but SNEC ⇏
NEC.) It thus becomes interesting to use the SNEC to constrain cosmologies that predict
Ḣ > 0, i.e., violation of the classical NEC/NCC.

3.3.2 The SNEC applied to individual matter components and
the corresponding geometrical picture

We have so far considered the SNEC for the total geometry of a FLRW universe, but
the matter content of the universe consists of several fields, not all of which may violate
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the NEC in itself. Let us consider the case where the matter sector consists of several
noninteracting components,

Tµν =
∑
I

T I
µν , (3.22)

where the index I labels the different components (radiation, pressureless matter, DE,
etc.). Then, we can define a ‘contribution to the curvature’ for each matter component as

GI
µν ≡ 8πGNT

I
µν , (3.23)

such that the Einstein equations (3.1) with (3.22) and (3.23) give Gµν =
∑

I G
I
µν . Equiv-

alently, we could define RI
µν ≡ 8πGN(T

I
µν − (T I/2)gµν), R

I ≡ gµνRI
µν , with T

I ≡ gαβT I
αβ,

such that GI
µν = RI

µν − (RI/2)gµν , Rµν =
∑

I R
I
µν , and R =

∑
I R

I . It is important to
emphasize that we are not decomposing the Einstein equations into separate, independent
equations here. Indeed, it would be inappropriate to separate the metric tensor into the
sum of individual ‘metric components’ because of the nonlinearities involved, hence gµν
always appears as the ‘total’ metric in the above.

The above definitions suggest we can view the source contributions to curvature as being
the sum of several ‘components’. With this definition, the NEC for a given component,
T I
µνK

µKν ≥ 0, can now be expressed in terms of the corresponding ‘curvature contribution’,
RI

µνK
µKν ≥ 0. If those hold for all components I, then naturally the full NEC and

NCC, (3.4) and (3.5), are implied. However, the converse is not necessarily true, i.e., the
validity of the full NEC does not mean that each component must individually respect the
NEC. In other words, it is certainly possible to have some component violate the NEC,
T I
µνK

µKν ≱ 0, such that the full NEC (3.4) still holds.

Let us consider FLRW with a perfect fluid in (t, x, y, z) Cartesian coordinates, so gµν =
diag(−1, a2, a2, a2), T µ

ν = diag(−ρ, p, p, p), and Tµν = diag(ρ, a2p, a2p, a2p). With Kµ =
(a−1, a−2, 0, 0) in these coordinates, we get

TµνK
µKν =

1

a2
(ρ+ p) . (3.24)

This is in agreement with (3.16) and the equation of motion one can derive from (3.1) in
FLRW, namely Ḣ = −4πGN(ρ+ p). If the matter sector consists of several noninteracting
components, then we may write ρ =

∑
I ρI and p =

∑
I pI , hence Ḣ = −4πGN

∑
I(ρI +pI)

and

TµνK
µKν =

∑
I

T I
µνK

µKν =
1

a2

∑
I

(ρI + pI) . (3.25)

Upon defining
ḢI ≡ −4πGN(ρI + pI) , (3.26)
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we get Ḣ =
∑

I ḢI and

RµνK
µKν =

∑
I

RI
µνK

µKν = − 2

a2

∑
I

ḢI , (3.27)

so Ḣ separates into several ḢI ‘curvature contributions’. As noted previously, the metric
does not separate into ‘contributions’, though, so in the above a is really the ‘total’ scale
factor.

If we wish to impose the classical NEC on the T I
µνs individually, then this is equivalent

to imposing ρI + pI ≥ 0 for all Is. However, if we want to impose the SNEC on individual
components, then things are a little different. Indeed, let us write the SNEC (3.11) on
individual components as ∫ λf

λi

dλ f 2
τ (λ)T

I
µνK

µKν ≥ − B

GNτ 2
, (3.28)

where we view T I
µν = ⟨T̂ I

µν⟩. Then in FLRW this means∫ λf

λi

dλ f 2
τ (λ)

ρI + pI
a2

≥ − B

GNτ 2
(3.29a)

⇔
∫ λf

λi

dλ f 2
τ (λ)

ḢI

a2
≤ 4πB

τ 2
. (3.29b)

Following from our assumption that there are no ‘energy transfers’ (interactions) between
components, we have ∇µT I

µν = 0 individually for any Is. This means ρ̇I +3H(ρI +pI) = 0,
and for example if we consider their respective equations of state as pI = wIρI such that
the wI parameters remain constant with negligible fluctuations, then we get

ρI = ρI,0a
−3(1+wI) , (3.30)

hence from (3.26),
ḢI = −4πGN(1 + wI)ρI,0a

−3(1+wI) , (3.31)

where the constants ρI,0 indicate the value of the ρIs when a = a0 = 1 (normalized to
be the value of the scale factor in the universe today; henceforth the subscript 0 indicates
that a quantity is evaluated today). Recall H, the ‘total’ Hubble parameter, is given by
Friedmann’s equation

3

8πGN

H2 = ρ =
∑
I

ρI =
∑
I

ρI,0
a3(1+wI)

. (3.32)
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Furthermore, since dλ = da/H, the SNEC (3.29b) becomes

LI ≡
∫ af

ai

da

H
f 2
τ (λ(a))

ḢI

a2
≤ 4πB

τ 2
. (3.33)

Therefore, the integral on the left-hand side of the inequality, denoted as LI , may be
expressed as

LI =−
√

6πGN (1 + wI)ρI,0

×
∫ af

ai

da
f 2
τ (λ(a))

a5+3wI

(∑
J

ρJ,0
a3(1+wJ )

)−1/2

, (3.34)

when combining (3.31) and (3.32), assuming an expanding universe with H > 0.

Note that, while convenient, the whole ‘curvature contribution’ terminology was not
necessary here, i.e., one could simply express the SNEC in terms of the energy components,
(3.29a), and use (3.30) and (3.32) to arrive at (3.34). Nevertheless, what it shows is that
when applying the SNEC to a single component I, one still has to take into account
all other components [the sum over J in (3.34)]. This is because evaluating the SNEC
requires knowledge of the whole cosmology. The above shall be very useful in cosmological
contexts where several fields ‘compete’ in the energy budget, as in the late era (see the
next section). This will be less important for a bouncing universe since then a single field
usually dominates the dynamics.

3.4 Implications of the SNEC for dark energy

The onset of the DE era, which marks the current acceleration of cosmic expansion, is a
relatively recent event in the history of the universe. The primary candidate for explaining
this acceleration is a cosmological constant Λ, characterized by w = −1, with the time
variation of the DE EoS considered negligible on cosmological scales. Interestingly, recent
observations (DESI; [5, 4, 57, 202, 168, 203]) seem to support the assumption that the DE
EoS may be time dependent. Consequently, current fitting models often use a constant
w and, to next order, a parametrized time-dependent EoS, assuming that its variation
is small, which we will discuss in subsequent sections. Theoretically, beyond the cosmo-
logical constant, these phenomenological models may serve as reasonable approximations
during brief cosmological phases, but they are less applicable for extended periods of evo-
lution. Additionally, this thesis focuses on exploring the implications of the SNEC on
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NEC-violating (phantom) DE driven by quantum effects, which are challenging to model
and might reveal a more intricate time dependence in the EoS. Nevertheless, as a first step,
our goal is not to construct such top-down models but rather to adopt an intermediate
approach, where we assume these phenomenological models act as proxies for NEC vio-
lation (meaning the EoS variation is assumed to be minor, monotonic, and to occur over
long durations) and explore the implications of the SNEC for such cosmologies. However,
it would be intriguing to further investigate time-dependent equations of state and model
NEC violation through top-down QFT constructions leading to phantom-like models.

3.4.1 Constant equation of state

For simplicity at first, and bearing in mind the caveats stated above, we consider a universe
that has a phantom DE fluid with constant EoS parameter w ≡ pDE/ρDE < −1 with the
addition of pressureless matter (cold dark matter and baryons). As is evident from the
sign of −3(1+wI) in (3.30) and as expected in an expanding universe, pressureless matter
dominates at early times, whereas the phantom DE becomes dominant at later times.
Denoting their respective fractional energy densities today by ΩDE ≡ 8πGNρDE,0/(3H

2
0 )

and Ωm ≡ 8πGNρm,0/(3H
2
0 ), we have Ωm = 1 − ΩDE. Then, the SNEC integral (3.34)

applied to the DE component becomes

LDE =− 3

2
H0(1 + w)Ω

1/2
DE

×
∫ af

ai

da
f 2
τ (λ(a))

a(7+3w)/2

(
1 +

1− ΩDE

ΩDE

a3w
)−1/2

, (3.35)

and the affine length (3.21) satisfies

λ0 − λ(a) =
1

H0Ω
1/2
DE

∫ a0

a

dã
a3(1+w)/2√

1 + 1−ΩDE

ΩDE
a3w

=
2ã(5+3w)/2

(5 + 3w)H0Ω
1/2
DE

× 2F1

(1
2
,
5 + 3w

6w
,
5 + 9w

6w
,−1− ΩDE

ΩDE

ã3w
)∣∣∣∣a0

ã=a

, (3.36)

where 2F1 is the Gaussian hypergeometric function. One can check that in the limit a→ ∞,
λ(a) reaches a finite constant if w < −5/3, indicating future null geodesic incompleteness
(i.e., a big rip; e.g., [59, 219, 45]), while null geodesics are complete if w ≥ −5/3. As for
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the past, since pressureless matter becomes dominant one naturally reaches a big bang
singularity taking the scale factor to zero, but the model can only be applied until matter-
radiation equality when aeq ≈ 1/3400.4

Let us evaluate (3.35), first making some rough approximations to gain some intuition.
Specifically, let us take a continuous uniform distribution for our smearing function as

f 2
τ (λ) =

{
1/(λ2 − λ1) λ ∈ [λ1, λ2]

0 λ /∈ [λ1, λ2] .
(3.37)

Note that such a smearing function is not quite appropriate since one cannot use (3.10) to
define the smearing scale τ (i.e., fτ is not continuously differentiable).5 However, it does
respect (3.8) as long as γ covers any range [λi, λf ] with λi ≤ λ1 and λ2 ≤ λf . Then, since
the above smearing function is symmetric about its mean, Eτ [λ] = (λ1 + λ2)/2, we can
take τ such that it corresponds to the standard deviation of the ‘probability’ distribution
itself, τ =

√
Eτ [λ2]− Eτ [λ]2 = ∆λ/

(
2
√
3
)
, where ∆λ ≡ λ2 − λ1. Correspondingly, the

SNEC (3.33) using (3.35) becomes∫ a2

a1

da

a(7+3w)/2
√
1 + 1−ΩDE

ΩDE
a3w

≤ 1

H0|1 + w|Ω1/2
DE ∆λ

, (3.38)

where λ(a1) = λ1, λ(a2) = λ2, and for concreteness we take B = 1/(32π). The integral
on the left-hand side is another hypergeometric function, so once more for the purpose of
a rough approximation, let us perform an expansion about ΩDE ≈ 1, which is to say that
DE should dominate over pressureless matter in the regime of interest. Then, to leading
order one finds

16|1 + w|
(5 + 3w)2

sinh2

(
5 + 3w

4
ln
(a2
a1

))
≤ 1 . (3.39)

What this equation and (3.38) show is that the bound on the EoS w depends mainly on
the chosen smearing scale τ ∝ ∆λ, which controls a2/a1 in the above. For instance, if we
set the final integration time to today, a2 = a0 = 1, and the lower integration limit to be
matter-radiation equality, a1 = aeq, then the SNEC is satisfied as long as w ≳ −1.003, while
the bound is much weaker if the integration only begins when DE starts dominating, e.g.,

4Improving the model with the addition of a radiation component would not affect the subsequent
results significantly, since what should matter most is the DE era at late times and where the NEC for DE
is most motivated to be violated. In the same vein, what happens before standard big bang cosmology is
irrelevant for this part.

5One could instead work with a smooth version of the above (e.g., [271]), but for the purpose of the
approximation, (3.37) is fine, and we will resort to other smooth smearing functions later.
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w ≳ −3.58 when a1 = 4/7 (corresponding to a redshift of 0.75). This is intuitively expected
when assuming w < −1 persisted longer, because then NEC violation accumulates more
and the bound should get tighter. Similarly, at fixed a1, we always find that the SNEC
can only hold if w ≥ −1 if we send a2 → ∞. Indeed, in such a limit (τ → ∞), we should
recover the ANEC, which forbids the dominance of a NEC-violating phantom field forever
in the future.

The above highlights an important fact about our implementation of the SNEC, which
is that what matters is not only the effect of DE in the late-time universe when it initiates
a period of accelerated expansion, but rather the presence of DE as a phantom field in the
whole history of the observable universe. In our simple model with only matter [ρm(a) =
ρm,0a

−3] and DE [ρDE(a) = ρDE,0a
−3(1+w)] such that Ωm = 1− ΩDE, the transition between

matter domination and DE domination in terms of the DE EoS occurs at the scale factor
value [the solution to ρm(a⋆) = ρDE(a⋆)]

a⋆ =

(
ΩDE

1− ΩDE

)1/(3w)

. (3.40)

The corresponding redshift is z⋆ = 1/a⋆ − 1. As long as ΩDE > 1/2, then a⋆ < 1 for any
w < −1, meaning that DE starts dominating at some point in the past. Note that the more
negative w is, the closer to today DE starts dominating, so the shorter the DE-dominated
phase. If we evaluate (3.38) from the start of DE domination (a1 = a⋆) to today (a2 = 1),
then we find that the SNEC is always satisfied, for any EoS, no matter how negative
(assuming the benchmark value of B = 1/(32π); we discuss the value of B further below).
The SNEC in this case could imply a constraint on w if we integrated to the future (a2 > 1;
in fact, integrating all the way to a2 → ∞ we would recover w ≮ −1). However, we do not
find it theoretically or observationally motivated since we cannot ‘observe’ the future. In
particular, it could be that DE decays to the future (see, e.g., [9, 16, 191]). Therefore, it is
more reasonable to consider a1 < a⋆. Prior to DE domination, our ability to observationally
probe the DE EoS is much lower, as its effect on cosmology is much weaker. Nevertheless,
if we assume that DE, as a constant EoS phantom field, was present for essentially as long
as we observe the universe, then the SNEC provides interesting constraints, qualitatively
in agreement with our analytical estimate obtained in (3.38), to which we turn to next.

Approaching the problem numerically this time, let us take a smooth smearing function,
specifically the Gaussian (3.14), though we found the results to be quantitatively similar
for different choices, such as the Lorentzian smearing function (3.15). We shall fix the
lower and upper integration limits: we take af = a0 = 1 so that there is no contribution
to the SNEC coming from the future as explained above; and the lower integration limit
is taken as small as reasonable, so ai = aeq for concreteness. We then properly normalize
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Figure 3.1: SNEC constraints on constant-EoS phantom DE. The constraint on the EoS
w is shown as a function of ∆a (related to the smearing width) for different values of ā
(related to the center of the smearing). The other parameters are fixed to ΩDE = 0.7 and
B = 1/(96π). The pink regions are where the SNEC is violated.

the Gaussian (3.14) such that its integral from λi = λ(ai) to λf = λ(af) is unity. The
center of the Gaussian is parametrized according to λ̄ = λ(ā), where ā is the scale factor
corresponding to the center of the Gaussian. Likewise, the smearing scale is parametrized
according to τ =

(
λ(a+) − λ(a−)

)
/2, with a± = ā ±∆a/2 as long as ā + ∆a/2 ≤ a0 and

ā − ∆a/2 ≥ aeq. If ā + ∆a/2 > a0, we instead set a+ = a0 and a− = a0 − ∆a. Likewise
if ā −∆a/2 < aeq, we instead set a− = aeq and a+ = aeq + ∆a. In that sense, ā controls
the position of the smearing in time, and ∆a (which is associated with the smearing scale)
controls the total width. Recall that λ(a) is given by (3.36), where the value of λ0 is
arbitrary. Likewise, the numerical value of H0 cancels out, so it is irrelevant.

We can then numerically perform the integral of (3.35) and determine when the SNEC
(3.33) is satisfied or not. This depends on the value of w, ΩDE, ā, ∆a, and B. For certain
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Figure 3.2: Same plots as Fig. 3.1, except now in the left plot we fix ā = 0.7, B = 1/(96π),
and show different values of ΩDE; and in the right plot we fix ā = 0.7, ΩDE = 0.9, and show
different values of B.

choices of parameters, we determine the critical value of the DE EoS w, beneath which the
SNEC is violated. A first example is shown in Fig. 3.1, where the SNEC constraint on w is
plotted as a function of ∆a, with different curves showing different values of ā. The other
parameters are fixed as ΩDE = 0.7 and B = 1/(96π). Similar plots are shown in Fig. 3.2,
where ΩDE and B are varied.

A first thing we observe is that the constraint on w is always monotonically increasing
in ∆a. This was to be expected: the smearing scale enters both the ‘left- and right-hand
sides’ of the SNEC [expressed as, e.g., (3.28)]. On the ‘left-hand side’, the smearing scale
controls the normalization of the smearing and how long NEC violation can accumulate
around the peak of the smearing, but its main effect is on the ‘right-hand side’, which scales
as 1/τ 2. If ∆a is small, the smearing scale τ is correspondingly small, and as such, the
SNEC permits large amounts of negative energy, hence w can be very negative. Conversely,
if ∆a is large, the smearing scale τ is correspondingly large, and as such, the SNEC allows
only small amounts of negative energy; hence the constraint on w is much closer to the
NEC divide (w = −1). Consequently, the largest constraint (at fixed ā, B, and ΩDE)
always comes from the longest smearing scale allowed, which in our case corresponds to
having ∆a = a0 − aeq ≈ 0.999706. This essentially amounts to the whole ‘observable’
history of the universe, hence one can say that the smearing length scale is of the order
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of the ‘curvature radius’ of the universe (R ∼ |R|−1/2 ∼ |H0|−1). We recall that the
original SNEC formulation [133] assumed that the smearing length scale τ had to be small
compared to the background spacetime curvature scale R, but subsequent work [132] found
the SNEC could hold when τ is of the order of R (or even larger, as in the ANEC limit
τ → ∞). In cosmology, assuming B is not too small, the SNEC really appears to be most
relevant as a constraint when τ is of the order of R.

Under the premise that we want to smear only over ‘past observable scales’, the maximal
value of ∆a is naturally bounded by a0 since we cannot observe the future. There is also a
bound to the past, here conservatively taken to be aeq, though in principle we are able to
observationally infer the cosmology with confidence all the way to much smaller a values
(e.g., down to big bang nucleosynthesis). At the same time, our inference of the DE EoS
from observations is mostly dominated by late-time cosmology (see, e.g., [104, 280, 57, 202,
245, 200, 282, 281, 169, 228, 32, 168, 203, 227] for recent observational constraints on DE
as a function of redshift). In that sense, we cannot say that we observationally ‘measure’
w in a robust manner over a large smearing scale ∆a ∼ 1. Yet in principle when a constant
EoS is assumed for DE for a long cosmological period, it still implies that DE is present at
all times (even though its contribution to the background evolution is potentially negligible
at early times), and it has a significant effect on determining the SNEC bound.

The other parameter that controls the smearing is ā; it dictates where f 2
τ (λ) is centered

and thus where it peaks. Different values of ā are presented in Fig. 3.1, showing how it
affects that SNEC constraint. The ‘amount of negative energy’ entering the SNEC has
a nontrivial a dependence [cf. (3.35)]; in fact, for some range −2 ≲ w < −1 it tends to
pick up significant contributions at smaller a values (earlier times), hence the SNEC is
more constraining the lower the center of the smearing function as it picks up more of that
negative energy. At the same time, it might not be too realistic to set ā to a very small
value considering we observe DE best in the late universe (z ≲ 1, so a ≳ 0.5). This is
the motivation for fixing ā = 0.7 in Fig. 3.2, though we have to keep in mind that this is
somewhat of an arbitrary choice simply to isolate the dependence on the other parameters
(ā ∼ 0.7 finds motivation in the case of a time-dependent EoS, which we discuss in the
next subsection). Moreover, the SNEC — as a conjecture — states that within its regime
of validity it should hold for all possible smearing functions, so in particular for any values
of ā and ∆a. Under this interpretation, the most stringent constraint should be the one to
hold. According to Fig. 3.1, this would imply w ≳ −1.12 [for ΩDE = 0.7 and B = 1/(96π)].

In the left plot of Fig. 3.2, we see how the constraint varies depending on the relative
energy density of DE today, ΩDE. The trend is intuitively understood: the larger ΩDE is,
the more DE there is in the universe over time, the stronger the constraint on w upon
applying the SNEC. The dependence on B, depicted in the right plot of Fig. 3.2, is also
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straightforward to understand from (3.28): more ‘negative energy’ is allowed the larger B
is, and this is what the right plot of Fig. 3.2 shows. Note that we choose an artificially
large amount of DE in that plot, ΩDE = 0.9, in order to depict a sizable constraint from
the case B = 1/(32π). Recall that this value of B comes from some examples of quantum
inequalities similar to the SNEC, which have been derived in different contexts (lower
dimensions, conformal field theories, etc.). In the present situation, the constraints on
phantom DE with B = 1/(32π) are rather weak (for ΩDE ∼ 0.7, which is closer to what
we observe). However, B remains an unknown constant, fundamentally, and as we pointed
out earlier, it is postulated in [132] that it may be much lower for semiclassical gravity,
hence we took the liberty of setting it to a smaller value in Fig. 3.1 and in the left plot of
Fig. 3.2 as to present more stringent constraints on w.

Lastly, we point out that, although throughout this section we assumed a constant DE
EoS down to aeq, many results should be applicable if the EoS transitions to a phantom
constant EoS at later times (e.g., after recombination or during the dark ages). This is due
to the fact that dark energy does not significantly influence the background evolution at
earlier times. Consequently, setting ā after the transition period and considering the upper
bound on ∆a to be approximately from the transition to today should offer a reasonable
estimate for these scenarios as well.

3.4.2 Varying equation of state

In the previous subsection, we assumed a constant EoS for DE. While a constant EoS
parameter is a good approximation for ‘perfect fluids’ such as radiation (w = 1/3), dust
(w = 0), or a cosmological constant (w = −1), it is harder to achieve this result theoreti-
cally for phantom DE (besides perhaps with a scalar field that has an exponential potential;
see, e.g., [193]). In fact, scalar field models of DE typically have a time-dependent EoS.
As we mentioned before, it is even less motivated if we consider that the NEC violation is
sourced by quantum fluctuations. Therefore, a more reasonable approach is to consider DE
with a time-dependent EoS that can transition to the phantom regime over time. With the
goal of having a model-independent approach, various time-dependent DE parametrizations
have been developed. One of the most common is the Chevallier-Polarski-Linder (CPL)
parametrization [74, 198] (see, e.g., [272, 166, 24] for alternatives; this is certainly not
an exhaustive list), which makes the hypothesis that the variation of the EoS parameter
linearly depends on the scale factor to leading order as

w(a) = w0 + wa(1− a) , (3.41)
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where w0 and wa are two real parameters. Here a0 = 1 is already assumed, so w0 = w(a0)
and wa = −dw/da have the interpretation of today’s value of the EoS and the negative of
the EoS’s derivative with respect to the scale factor, respectively.

As in the previous subsection, we make the simplifying assumption that the EoS, now
(3.41), applies to DE for the whole past history of the universe. Thus, we take pDE(a) =
w(a)ρDE(a), and the DE’s conservation equation, ρ̇DE+3H(ρDE+pDE) = 0, can be rewritten
as d ln ρDE/d ln a = −3(1 + w(a)), hence after integration one finds

ρDE(a) =
3H2

0ΩDE

8πGN

a−3(1+w0+wa)e−3wa(1−a) . (3.42)

The relevant quantity to integrate in the SNEC (3.29a), which we recall can be expressed
as ∫ af

ai

da

H(a)
f 2
τ (λ(a))

ρDE(a) + pDE(a)

a2
≥ − B

GNτ 2
, (3.43)

is thus straightforward to compute from ρDE(a) + pDE(a) = ρDE(a)(1 + w(a)) using (3.41)
and (3.42). The last ingredient needed is H(a), which also allows one to compute λ(a)
from (3.21), and it follows from Friedmann’s constraint equation for a mix of dust and DE,

H(a)2

H2
0

=
1− ΩDE

a3
+

ΩDE

a3(1+w0+wa)e3wa(1−a)
. (3.44)

The strategy to check whether the SNEC is satisfied is the same as in the previous
subsection: we fix ai = aeq, af = a0, and use a Gaussian smearing function, whose center
λ̄ and width τ are controlled by ā and ∆a, respectively, as explained in the previous
subsection. We then numerically evaluate the integrals involved in the inequality (3.43)
at fixed parameters ΩDE and B. The results are first shown in Fig. 3.3, where ΩDE = 0.7,
B = 1/(96π), and where furthermore we fix ∆a to its ‘largest allowed value’, ∆a = a0−aeq,
since this yields the tightest, most conservative constraint (recall the discussion in the
previous subsection). The curves of different styles in Fig. 3.3 depict the boundary of
the SNEC for different choices of ā as a function of the CPL EoS parameters w0 and
wa; on the pink side of the boundary, the SNEC is violated, while on the white side it
is satisfied. One should ‘ignore’ the dashed regions that depict where the classical NEC
is always satisfied, hence where the SNEC is trivially satisfied. In fact, in the vertically
dashed region (where w0 +wa > 0 and w0 > −1), DE never really dominates the universe,
and in the horizontally dashed region (where −1 < w0 + wa < 0 and w0 > −1), DE
eventually dominates the universe, but it is never of phantom type. (See, e.g., [75, 28] for
more refined presentations of the various subregions in the {w0, wa} space.)
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Figure 3.3: SNEC constraints on varying-EoS phantom (or quintom) DE. The constraint on
the CPL EoS parameters w0, wa is shown for different values of ā (related to the center of the
smearing). The other parameters are fixed to ∆a = a0 − aeq, ΩDE = 0.7, and B = 1/(96π).
The pink regions are where the SNEC is violated. The vertically dashed region shows
where in {w0, wa}-space DE never gets to dominate the universe, and the horizontally
dashed region represents the {w0, wa}-space where the classical NEC is always satisfied
(and thus where the SNEC is also necessarily always satisfied). The olive ellipse gives a
rough representation of current constraints from DESI [5, 4, 168, 203] when combined with
CMB and supernova surveys. See text for more details.

To further navigate the plot, note that wCDM (the constant EoS case analyzed in the
previous subsection) is recovered along the wa = 0 horizontal solid gray line, and likewise,
ΛCDM is recovered where this intersects the w0 = −1 vertical solid gray line. To give
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Figure 3.4: Same plots as Fig. 3.3, except now in the left plot we fix ā = 0.7, B = 1/(96π),
and show different values of ΩDE; and in the right plot we fix ā = 0.7, ΩDE = 0.7, and show
different values of B.

an idea of what values of w0 and wa data currently favors, we added an olive ellipse,
which is meant to roughly correspond to the current observational constraints at ≳ 95%
confidence level from DESI’s baryonic acoustic oscillations (BAO) when combined with
type-Ia supernova (SNIa) data and cosmic microwave background (CMB) data (see [5, 4,
168, 203]).6 While such a constraint comes with various caveats (see, e.g., [82, 199, 223, 142,
257]), nevertheless, there is growing evidence for evolving DE, moreover potentially crossing
the phantom divide in the past (further see, e.g., [46, 1, 60, 2, 230, 164, 141, 270, 204]),
hence we use DESI’s results as a guiding reference for where observational constraints
might lie.

Figure 3.3 shows how the center of the smearing function affects the SNEC constraint
on w0 and wa. In the far top-left quadrant (w0 < −1, wa > 0), the resulting constraint
depends marginally on ā. In that region, DE becomes phantom only close to today, so
a larger ā yields a tighter constraint (and correspondingly a smaller ā yields a weaker
constraint), but the difference is small since the smearing width is fixed at its largest with
∆a ∼ 1. The effect of changing ā is more pronounced in the far bottom-right quadrant

6Our olive ellipse does not correspond to any of the actual posteriors from DESI’s analysis.
Rather, we are showing an approximate contour that encompasses the three different combinations of
BAO+CMB+SNIa data that DESI reports in [168].
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(w0 > −1, wa < 0), where DE is phantom in the far past before eventually satisfying the
NEC today (a DE EoS that crosses the phantom divide is sometimes said to be of quintom
type, as originally coined in [109]). There, the SNEC constraint is considerably stronger
the farther back the smearing is centered (assuming the EoS is applicable that far in the
past). Interestingly, this is the region where the current observational constraints from
DESI lie.

Once again if the SNEC, as explained earlier, should hold for any choice of smearing,
then one should take the union of all constraints, i.e., the whole pink region would thus
violate the SNEC. According to this interpretation, most of the olive contour would fall
in the SNEC-violating region, at least for ΩDE = 0.7, B = 1/(96π), and assuming ∆a
can be as large as unity [the effect of these parameters is discussed below, and in fact,
the DESI constraints are fully consistent with the SNEC if, e.g., B = 1/(32π)]. Another
interpretation is that one should choose the smearing so that it roughly represents our
ability to observe the DE’s ‘negative energy’ over the given window. Also, given that the
linear approximation is likely to fail at early times, a more reasonable fundamental model
for the time variation of the DE EoS might have less ‘negative energy’ in past. Taking
DESI as an example, if we use the galaxy density distribution as a proxy for the ‘window’
over which DE is observed, then we know that it peaks at around z ≲ 0.8 [3, 168], which
corresponds to ā ≳ 0.56.7 For ā in that ballpark, only a fraction of the olive contour
violates the SNEC when B = 1/(96π). It certainly is interesting that the observational
and theoretical constraints fall more or less in the same region. What this may imply will
be further discussed in Sec. 3.6, together with the accompanying caveats.

As in the previous subsection, let us isolate the effect of changing the DE fractional
density today, ΩDE, and the SNEC constant B in Fig. 3.4. For concreteness, we fix ā = 0.7.
In the left plot, we see that, following intuition, the more DE one has in the universe today,
the more SNEC violation one has, the stronger the constraints on w0 and wa. Likewise, we
see in the right plot that a smaller value of B always leads to a stronger SNEC constraint.
Note that when we compute the SNEC for B = 1/(32π) with ΩDE = 0.7, we find very weak
constraints on w0 and wa, i.e., the constraint lies outside the range that is shown for w0

and wa. For B = 1/(96π), though, the constraint gets very close to current observational
bounds by DESI, and as the value of B is continuously lowered, a greater portion of the
DESI contours falls into the regime of SNEC violation. As observations keep improving in
the future, it is interesting to note that one could envision to observationally probe what
the smallest allowed value of B is such that bestfit models are in agreement with the SNEC.
This is another aspect of our results that will be further discussed in our conclusions.

7In fact, DESI [203] finds that the energy density of DE peaks at around z ≈ 0.45 (correspondingly
a ≈ 0.69) and that the matter-DE equality redshift is z ≈ 0.34 (correspondingly a ≈ 0.75).

38



3.5 Implications of the SNEC for bouncing cosmology

Now that we have discussed NEC violation in the late universe with phantom DE, we
move on to possible NEC violation in the very early universe. Inflationary cosmology
is the paradigm of primordial cosmology, yet as it stands it cannot provide a complete
description of the very early universe. Inflation resolves some problems of standard big bang
cosmology (e.g., [44]), but it does so without resolving the initial cosmological singularity
(see, e.g., [36, 283, 140]). As such, nonsingular cosmological models can serve as preludes or
alternatives to inflation in the very early universe, and bouncing cosmologies are a subclass
of such singularity resolving models (see, e.g., [225, 29, 195, 43] for reviews).

In this section, we once again focus on flat FLRW cosmology since obtaining a bouncing
universe with a flat background can only be achieved with some kind of NEC-violating
field(s) or states. 8 Indeed, we may express the flat FLRW equations with an ‘effective
fluid’ satisfying ρ̇eff + 3H(ρeff + peff) = 0 as

3H2 = 8πGNρeff ,

Ḣ = −4πGN(ρeff + peff) , (3.45)

so a smooth transition from contraction (H < 0) to expansion (H > 0) must pass trough
a ‘bounce point’ where H = ρeff = 0 and where the effective NEC is violated (Ḣ > 0 and
ρeff + peff < 0).9 A flat nonsingular bouncing cosmology can thus be described in terms
of three phases: the pre-bounce contraction where H < 0 and Ḣ ≤ 0; the bounce phase
where Ḣ > 0 and where H crosses zero; and the post-bounce expansion where H > 0 and
Ḣ ≤ 0. See Fig. 3.5 for a depiction of the Hubble parameter and its derivative, assuming
a symmetric bouncing phase centered at t = 0 (we are free to choose this origin) and
where 2tb represents the whole duration of the bounce phase. (More generally, it should
be noted that the bounce need not be symmetrical about the bounce point, but we shall
often assume so for simplicity.)

As stressed in the introduction, we put aside the challenges that one faces in trying to
construct a viable NEC-violating bouncing cosmology (e.g., in terms of stability) since the
focus is on exploring the implications of the SNEC if the NEC were violated (no matter
how). For this reason, we simply work with a parametrization in the next subsection (as we
did for DE), which is meant to describe the effective NEC-violating background evolution.
However, we will look at a specific bouncing model in the subsequent subsection, the so-
called Cuscuton bounce, since it is one of the most robust NEC-violating bouncing model
in the literature so far.

8This is not the case with positive spatial curvature; see, e.g., [106, 138, 42, 15, 191].
9Yet, the ANEC may still be satisfied — see [143] — hence our main concern shall be about the SNEC.
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Figure 3.5: Sketches of the Hubble parameter and its time derivative through a prototypical
nonsingular bounce. The solid curve is the bounce phase during which Ḣ > 0, which is
happening over the interval t ∈ (−tb, tb). The dashed curve would correspond to standard
NEC-satisfying cosmological evolution.

3.5.1 Parametrization

Let us consider symmetric nonsingular bouncing models. Without loss of generality, let us
center the bounce about t = 0. We then parametrize the Hubble parameter through the
effective NEC-violating bounce phase as

H(t) =
∑

n∈Nodd

αnt
n , (3.46)

for some real parameters αn, and where Nodd = {1, 3, 5, 7, . . .}. The series expansion only
contains odd powers to ensure H(t) is an odd function by symmetry. Similar parametriza-
tions have been used in the literature before (e.g., [73]), especially the case when αn = 0 for
all n > 1 (i.e., keeping only a linear dependence) since it is a rather good approximation in
many cases (e.g., [236, 237, 39, 238]). One can straightforwardly take respectively a time
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integral and derivative of (3.46) to find the scale factor

a(t) = exp

(∫ t

0

dt̃ H(t̃)

)
= exp

(
α1t

2

2
+
α3t

4

4
+ · · ·

)
, (3.47)

and Ḣ(t) = α1 + 3α3t
2 + · · · . Again without loss of generality, we parametrize the scale

factor to unity at the bounce point when t = 0. The null affine parameter λ(t) can sub-
sequently be computed following (3.18), namely λ(t) =

∫ t

0
dt̃ a(t̃) taking λ(t = 0) = 0

without loss of generality. In this case, however, we cannot write down a general, closed-
form analytic expression for λ(t). Still, we have all the ingredients needed to check the
SNEC expressed as (3.19). Note that expressing the SNEC as such in terms of background
evolution implies checking whether or not the total SNEC is satisfied, as opposed to isolat-
ing what specific NEC-violating ‘quantum field’ drives the bounce and checking the SNEC
on that field only, as expressed in (3.29). This is fine assuming the NEC-violating effects
dominate over any NEC-satisfying matter fields present in the bounce phase and assuming
they decay very rapidly outside of that phase.

Let us see why this is a good approximation. We write ρeff = ρs + ρe and peff = ps + pe,
where the labels ‘s’ and ‘e’ denote the ‘standard’ (NEC-satisfying, ρs+ps ≥ 0) and ‘exotic’
(NEC-violating, ρe + pe < 0) fields, respectively. The Friedmann equations (3.45) then
tell us that at the start and end of the bouncing phase, when Ḣ = 0, we must have
ρs + ps = |ρe + pe|, indicating that the standard and exotic fields contribute equally to the
total NEC at that point. Then, by the point the bounce occurs (H = 0, Ḣ > 0), it must
be that ρe = −ρs and that ρs + ps < |ρe + pe|. While this is a minimal requirement, it is
often the case that ρs + ps ≪ |ρe + pe| in order for Ḣ(t = 0) to be sufficiently large (for
the bounce phase to be sufficiently short), which motivates our assumption that the NEC-
violating quantum fields dominate the bounce. Naturally, outside the bounce phase one
must have the opposite limit (ρs + ps ≫ |ρe + pe|) in order to approach GR with standard
classical matter sufficiently quickly, hence it is reasonable to assume that the SNEC is
satisfied as the NEC-violating quantum fields quickly ‘decay’ outside the bounce phase.
Altogether, this justifies the approximate equality through the bounce phase between the
total SNEC (3.17a) and the SNEC (3.29b) applied to the exotic field(s) only.10

The parametrization (3.46) for the Hubble parameter, or (3.47) for the scale factor,
should really be thought of as a series expansion. In that sense, the Hubble parameter
depends linearly on time to leading order through the bounce, so H(t) ≃ α1t, and Ḣ ≃ α1

is approximately constant. From here on, let us set α1 ≡ α to lighten the notation.

10Technically, though, this means the constraints we will find could be even stronger if the SNEC were
applied to the NEC-violating content only, as we did for DE.
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Naturally, α > 0 so that Ḣ > 0. Recall that we can view the SNEC — in a similar fashion
to Heisenberg’s uncertainty relation — as an ‘energy-spacetime uncertainty relation’, which
puts an upper bound on the amount of negative-energy fluctuations of the form ∆E∆t ≲
#, for some positive number #. Through an NEC-violating bounce, we have negative-
energy fluctuations ∆E ∼ (∆H/∆t)×∆t, where ∆H/∆t ∼ Ḣ ∼ α and ∆t ∼ tb, hence we
expect the SNEC to provide a bound of the form ∆E∆t ∼ (∆H/∆t)× (∆t)2 ∼ αt2b ≲ #.
This inequality makes sense if α and tb are the only two dimensionful parameters in the
problem: the SNEC should provide a bound on the dimensionless combination αt2b. Since
this quantity is used repeatedly below, let us label it as xb ≡ αt2b/2 (the factor of 1/2
simplifies the presentation below).

If we include higher-order terms in the parametrization, this introduces additional di-
mensionful parameters, e.g., α3 to next order. However, provided the parametrization is
properly perturbative, the SNEC dependence on α3 should be small, and one should still
find a bound of the form xb ≲ #. Let us see this more explicitly. We start from the SNEC
as expressed in (3.17) and consider a Lorentzian smearing function (3.15) for concreteness,
although this can be generalized to other smearing functions. Since we center the bounce
at λ(t = 0) = 0, we center the smearing at the same point, so λ̄ = 0. The oddness of (3.46)
implies the scale factor a(t) and the time derivative of the Hubble parameter Ḣ(t) are even
functions of time, and thus of λ because a(t) being an even function implies λ(t) =

∫
dt a(t)

is odd, hence a(λ) is even; likewise for Ḣ(λ). Therefore, by symmetry, we can write the
SNEC as ∫ ∞

0

dλ
Ḣ/a2

λ2 + τ 2/2
≤ 2

√
2 π2B

τ 3
. (3.48)

If we consider (3.46) truncated to cubic order, H(t) = αt + α3t
3, we have a(x) = ex(1+βx)

and Ḣ(x) = α(1+ 6βx), where we defined the dimensionless parameter β ≡ α3/α
2, and at

fixed parameter α, we defined the rescaled dimensionless time variable x ≡ αt2/2. Then,
from λ(t) =

∫ t

0
dt̃ a(t̃), we find λ(x) = F(x)/

√
2α , where

F(x) ≡
∫ x

0

dx̃
ex̃(1+βx̃)

√
x̃

. (3.49)

From this, note τ = λ(tb) = F(xb)/
√
2α . Further note that a(x) = 1+x+(β+1/2)x2+. . .

is a valid series expansion provided x < 1 and −1/x < |β + 1/2| < 1/x. In particular, we
are considering the range 0 ≤ x ≤ xb, so we should ask for −1/xb < |β + 1/2| < 1/xb and
xb < 1. In fact, for x ≤ xb ≪ 1 and |β| ≲ O(1), we find F(x) ≃ 2

√
x (1 + x/3), with the

dependence on β appearing only at O(x5/2). Now, the SNEC (3.48) can be reexpressed
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as11 ∫ ∞

0

dx
(1 + 6βx)e−x(1+βx)

√
x (F(x)2 + F(xb)2/2)

≤ 4
√
2 π2B

F(xb)3
. (3.50)

For completeness, the expression one finds when using a Gaussian smearing function is∫ ∞

0

dx√
x

(1 + 6βx) exp

(
−x(1 + βx)− F(x)2

2F(xb)2

)
≤ 4

√
2 π3/2B

F(xb)
. (3.51)

In either case, the result is an inequality to be solved for xb, whose solution will depend
on B (and marginally on β due to the previous perturbative argument). Importantly, any
separate dependencies on α or tb alone (i.e., not as the product αt2b) have cancelled out.
Hence, in this context, the SNEC always yields a bound of the form xb ≤ #, where # is
a function of B and β. (This is somewhat similar to DE, where the SNEC implied, e.g.,
a lower bound on the dimensionless EoS parameter w, except in the case of DE there was
nontrivial dependence on the smearing scale due to the more intricate functionality of the
negative energy and the limits of the integration.) Based on what we will show next, we
can conjecture that the resulting bound has to be of the form

xb
(
1 +O(βxb, x

2
b, βx

2
b)
)
≤ 2πB , (3.52)

when assuming xb ≪ 1 and |β| ≲ O(1).

Further insight can be gained from analyzing the linear case H(t) = αt, which in terms
of (3.46) means that we set α1 = α and all other αn = 0, n > 1. In this case, Ḣ = α
is just a constant. Integrating the Hubble function returns a(t) = exp(αt2/2), and the
integrand of the SNEC (3.19) involves Ḣ/a = α exp(−αt2/2). To gain some analytical
intuition about the SNEC in a bouncing universe, let us take the following rough smearing
function,

f 2
τ (λ(t)) =

{
1/(2τ) |t| ≤ tb

0 |t| > tb ,
(3.53)

i.e., we take a continuous uniform distribution similar to (3.37), which is a positive constant
during the bounce phase and zero otherwise. Such a smearing function satisfies the required

11As just argued, the parametrizaion is perturbative so long as x ≤ xb < 1, but then we wish to integrate
it for x ∈ (0,∞). This remains consistent provided the smearing function brings the integrand to zero
sufficiently quickly for x > xb.
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normalization, ∫ ∞

−∞
dλ f 2

τ (λ) =

∫ ∞

−∞
dt a(t)f 2

τ (λ(t))

=
1

2τ

∫ tb

−tb

dt a(t) = 1 , (3.54)

where the last equality follows from taking

τ =
λ(tb)− λ(−tb)

2
=

1

2

∫ tb

−tb

dt a(t) =
1

2

∫ tb

−tb

dt eαt
2/2

=

√
π

2α
erfi

(
tb

√
α

2

)
≃ tb

(
1 +

α

6
t2b + · · ·

)
, (3.55)

which involves the imaginary error function erfi, whose approximation holds when the
parametrization is perturbative, i.e., when

√
xb = tb

√
α/2 ≪ 1. Then, the SNEC integral

becomes ∫ ∞

−∞
dt f 2

τ (λ(t))
Ḣ

a
=

√
α/(2π)

erfi
(
tb
√
α/2

) ∫ tb

−tb

dt αe−αt2/2

= α
erf
(
tb
√
α/2

)
erfi
(
tb
√
α/2

) ≃ α
(
1− α

2
tb + · · ·

)
. (3.56)

Expressed in terms of xb ≡ αt2b/2, the SNEC (3.19) thus reduces to

xb
(
1 +O(x2b)

)
≲ 2πB . (3.57)

The calculation can be generalized upon reintroducing β, resulting in the similar looking
perturbative bound (3.52).

If we use B = 1/(32π) as a representative example, (3.57) gives us the approximate
bound xb ≲ 1/16, or equivalently, αt2b ≲ 1/8. The interpretation is once again quite
straightforward: the SNEC puts an upper bound on the duration of the NEC-violating
phase, tb, and on the rate of NEC-violation (or the EoS), through α ≈ Ḣ ∝ −(ρeff + peff).
At fixed duration, there is a lower bound on the how negative ρeff + peff can get, or vice
versa at fixed α, there is an upper bound on the time interval of NEC violation. One
could thus have, in principle, just as well a short, highly energetic bounce or a low-energy,
elongated bouncing phase. To give an idea of the scales, if we take the bounce phase to
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Figure 3.6: Left: SNEC constraint on the dimensionless bounce-phase parameter xb ≡
αt2b/2 as a function of the SNEC parameter B. Ticks on the horizontal axis are depicted
for 1/(2nπ), n ∈ {2, 3, 4, 5, 6}, and for 1/(3 · 32π), as representative values. The pink
region with blue boundary shows where the SNEC is violated, using a Gaussian smearing
function and a full numerical computation. In comparison, the dashed orange line shows
the analytical approximation when (3.57) is saturated to leading order. Right: SNEC
constraint on xb as a function of the higher-order bouncing parameter β ≡ α3/α

2. Different
curves depict different values of the SNEC parameter B.

be as short as a Planck time, then the SNEC implies the bound α ≲ M2
Pl/8, hence the

Hubble scale at the start and end of the bounce phase could be very high, with |H(tb)| ≈
αtb ≲MPl/8 ≈ 3× 1017GeV. Conversely, if we say that the Hubble scale is very low, e.g.,
|H(tb)| ≈ αtb ≈ 100TeV, then the SNEC implies the bound tb ≲ 3 × 1012M−1

Pl , so the
bound phase could be very long (relative to a quantum gravity time scale).

The bound xb ≲ 2πB comes from assuming a continuous uniform distribution for the
smearing function, which allowed us to perform an analytical calculation and gain intuition.
To properly apply the SNEC, the smearing function must not be nondifferentiable, though,
so one should instead resort to a smooth Lorentzian or Gaussian smearing function for
instance, in which case one has to solve (3.50) or (3.51) for xb numerically given values for
B and β. Results are shown in the left plot of Fig. 3.6 in the case β = 0 and applying
a Gaussian smearing function (very similar results are found with a Lorentzian function).
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Given some values of B, the pink region shows for what values of xb the SNEC is violated,
and the boundary of that region (where the SNEC is saturated) is the solid blue line. In
comparison, the line xb = 2πB is shown in dashed orange. The approximation is good
for small values of B (since it corresponds to xb ≪ 1), but it starts to deviate from the
full numerical solution, and the larger B and xb are. Similar to phantom DE, the general
dependence on B is as expected: the smaller the value of B, the tighter the bound, and
in fact, as B → 0+, no bounce can satisfy the SNEC as the bound on xb approaches zero
(in that limit, the SNEC essentially reduces to the NEC). In contrast, a larger value of B
implies a weaker bound.

The case β = 0 (meaning H = αt) provides a good approximation in many bouncing
instances and offers a straightforward analysis of the SNEC. However, it necessarily is an
incomplete parametrization, in the sense that the cosmology can only smoothly evolve
outside of the bounce phase to a NEC-satisfying regime if Ḣ crosses zero, as depicted
earlier in Fig. 3.5. This provides motivation for exploring more general parametrizations,
e.g., when at least one αn is nonzero for n > 1, but for simplicity we only explore the
case α3 ̸= 0 (and we often rescale this parameter as β ≡ α3/α

2). Then, we can write
H(t) = αt + α3t

3 as before, so Ḣ(t) = α + 3α3t
2 = 0 when t = ±1/

√
−3βα (assuming

β < 0 here). Thus, the parametrization is valid so long as tb ≤ 1/
√
−3βα when β < 0.

If β ≥ 0, the bounce phase ‘never ends’ [i.e., there is no point where Ḣ(t) = 0], in which
case it is the smearing function that ensures no significant negative-energy contribution
is picked up for |t| ≥ tb. If β is very large, though, Ḣ might be more important at the
beginning and end of the bouncing phase, so one might have to refine the analysis further
by exploring different smearing functions that better capture when NEC violation is most
important.

To understand the effect of β, let us numerically solve the full expression (3.51) for xb.
We present the resulting constraint on xb in the right plot of Fig. 3.6 as a function of β.
The pink regions are where the SNEC is violated, and the boundaries of those regions for
different choices of B are represented by the difference lines. We see that when B is very
small (so when the SNEC is very constraining), the bound on xb has little dependence on
β. Nevertheless, there is a dependence [it is most obvious in the case B = 1/(32π) in the
figure]: the more negative β is, the larger xb can be, and vice versa (within the regime of
validity of the approximation, which holds for the entire range shown in the right plot of
Fig. 3.6). This can be understood as follows: if β is negative, it means that there is less
integrated negative energy (compared to the β = 0 constant case Ḣ = α), while if β is
positive, there is more integrated negative energy.

Let us end this subsection by mentioning that one could seek a ‘nonperturbative’
parametrization of a bouncing cosmology such as H(t) = qt/(t2 + t2b) with q > 0. This
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parametrization implies a(t) = (1 + t2/t2b)
q/2, so near the bounce (t ≈ 0), one recovers

the linear approximation H(t) ≃ αt with α = q/(2t2b), hence xb = q/2. Far away from
the bounce, this reduces to a(t) ∼ |t|q, which corresponds to the expected evolution in
classical GR with some matter content having an EoS w = −1 + 2/(3q). Checking the
SNEC on this parametrization, one finds the bound q ≲ 0.687 [when B = 1/(32π)] with
practically no other separate dependence on tb. In essence, one recovers that the SNEC
mainly puts a constraint on the quantity xb, with an upper bound here of about 0.34. One
should avoid attempting to compare this bound with, e.g., the right plot of Fig. 3.6, which
assumed a perturbative parametrization. Indeed, here if we expanded H(t) we would find
β = −2/q = −xb, so one cannot treat xb and β as two independent parameters as in the
right plot of Fig. 3.6.

Next, we consider the case of a proper bouncing cosmology model (beyond a mere
parametrization) and observe the constraints that the SNEC places on the parameters of
the given model.

3.5.2 Cuscuton Bounce

The bouncing model we consider in this section is a product of the Cuscuton [8, 7], which is
a modified gravity theory with some interesting features. Most importantly, the Cuscuton
does not introduce any additional dynamical degrees of freedom on a cosmological back-
ground. While this theory in its own right and in relation to other theories has garnered
quite a lot of discussion (e.g., [6, 70, 91, 33, 144, 38, 165, 196, 229, 149, 214, 19, 88, 216]),
here we restrict ourselves to the Cuscuton as providing a full example of bouncing back-
ground and explore its parameter space in light of the SNEC.

The nondynamical nature of the Cuscuton has allowed it to produce stable and robust
nonsingular cosmological models (see [241, 197, 39, 238, 246, 173, 92]), something that is
typically very difficult to obtain in alternative modified gravity theories (which introduce
new degrees of freedom). The readers interested in the details of this assertion are invited
to explore the references above. Below we only provide a lightning review of the Cuscuton
and of the corresponding bouncing model.

Before doing so, we should point out that we will apply the SNEC as expressed in (3.12)
to the Cuscuton bounce model. We recall that the SNEC expressed as such, despite being
a geometrical condition, is motivated by a bound on NEC-violating matter in semiclassical
GR. However, the Cuscuton does not straightforwardly qualify as a matter field in semi-
classical GR. The situation is blurry, similar to the discussion below (3.6). Indeed, the
Cuscuton can be viewed purely as a geometrical modification to GR (still with a quantum
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origin; see, e.g., [8, 7, 6, 33, 216]). Therefore, SNEC constraints on the Cuscuton bounce
must be taken with appropriate nuances, but nevertheless, the model provides a simple,
complete, and robust nonsingular background, hence it remains an obvious choice to test
the applicability of the SNEC in bouncing cosmology.

The theory consists of GR, standard matter fields, and the Cuscuton modification
manifested as a scalar φ. For the matter content, one can assume the presence of a
massless canonical scalar field ψ (i.e., ψ has no potential energy, and its kinetic term is
−∂νψ∂νψ/2), which would eventually decay when the universe reheats. The Cuscuton’s
action is given by

Sφ =

∫
d4x

√
−g

(
−µ2

√
−∂νφ∂νφ − V (φ)

)
, (3.58)

where g denotes the determinant of the metric, µ is a new parameter, and V (φ) is the
Cuscuton’s potential. Note that we set 8πGN = 1 for this whole subsection. One notices
that the kinetic term is noncanonical due to the presence of the square root, and it is
this feature that makes the Cuscuton nondynamical when ∂νφ∂

νφ < 0.12 The Cuscuton’s
action could be more general than (3.58) by having an arbitrary function of φ in front of the
square root (see, e.g., [8, 216]), but the form of (3.58) is ideally suited to find nonsingular
cosmologies.

Specializing to a flat FLRW background, the equations of motion are given by (we
choose φ̇ > 0 without loss of generality)

3H2 =
ψ̇2

2
+ V (φ) , (3.59a)

2Ḣ = −ψ̇2 + µ2φ̇ , (3.59b)

3µ2H =
dV

dφ
, (3.59c)

in addition to the matter field’s conservation equation, ψ̈ + 3Hψ̇ = 0, which is readily
solved by ψ̇ ∝ 1/a3. Note that (3.59c) represents the Cuscuton’s ‘evolution equation’,
thought it truly is a constraint equation, as is evident by having no time derivatives of
φ, indicating it is a nondynamical field. In fact, given a potential V (φ) one could solve
this algebraic constraint. Then, one could, in principle, reexpress all the dependence on
φ in terms of H and Ḣ and simply obtain (complicated) modified Friedmann equations.13

12We should point out that one gets a different theory if the field’s gradient is spacelike; see [8, 144, 165].
13This shows in what sense Cuscuton gravity has more to do with a nontrivial modified gravity theory

than a theory of semiclassical GR.
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Figure 3.7: SNEC constraints on the Cuscuton bounce model. As before, the pink region
indicates where the SNEC is violated, and the colored curves correspond to the pink regions’
boundaries. The constraints on the Cuscuton bounce parameters {m,µ} are plotted in
terms log10m on the horizontal axis and 1/6−m2/(9µ4) on the vertical axis (recall 8πGN =
1 here). In the left plot, we fix φ∞ = 0.1, and in the right plot, we show the constraints
for three different values of φ∞. Also, we assume B = 1/(32π).

In practice, though, it is often simpler to solve all the equations as a differential-algebraic
system.

The equations make it clear how a bounce phase can occur: when µ2φ̇ is sufficiently
large, it can dominate over −ψ̇2 in (3.59b) and drive a phase of effective NEC violation
with Ḣ > 0. This can allow H to go through zero at the point where V (φ) = −ψ̇2/2. One
potential that can achieve this is (see [39, 92] for details)

V (φ) =
1

2
m2(φ2 − φ2

∞)− m4

4

(
e2(φ

2−φ2
∞)/m2 − 1

)
, (3.60)

where m and φ∞ are two positive constants. Provided 0 < m ≤
√

3/2 µ2 < φ∞ (see again
[39, 238, 92]), a successful bounce occurs.

Our strategy is then the following: given the Cuscuton potential (3.60) and some values
for the parameters (µ, m, φ∞), we numerically solve the system (3.59) for a(t), from which
we can compute Ḣ(t) and λ(t) and numerically check whether the SNEC (3.19) is respected.

49



As in the previous subsection when checking the SNEC numerically, we take a Gaussian
smearing function centered at the bounce point and set the smearing scale to τ = λ(tb).
The bouncing time tb is itself found numerically from the roots of Ḣ(t), from which we
can further find the numerical value for xb = αt2b/2 by taking α = Ḣ(t = 0).

We show our results in Fig. 3.7 assuming B = 1/(32π). To facilitate reading the
constraints, we use the quantity 1/6 − m2/(9µ4) on the vertical axis. The reason is as
follows: given the potential (3.60), analytical approximations from [92] suggest H(tb) ≈
m2φ∞/(3µ

2) and Ḣ(0) ≈ m4φ2
∞/(3µ

4−2m2), hence we can estimate xb ≈ H(tb)
2/(2Ḣ(0)) ≈

1/6 − m2/(9µ4). Then, since we expect the SNEC to mainly constrain the quantity xb,
we plot constraints in terms of 1/6 −m2/(9µ4) as functions of m (one could have equiv-
alently chosen µ on the horizontal axis to span the {m,µ} space). Note, however, that
1/6−m2/(9µ4) is not necessarily the same as the actual value of xb that we can compute
numerically from the solutions. To see this, in the left plot of Fig. 3.7, we overlay level
curves of constant xb values in dashed black.

Our results confirm that the SNEC essentially provides an upper bound on the quantity
xb, roughly xb ≲ 0.13 when B = 1/(32π), and that this bound has marginal dependence
on the various parameters. As m — or equivalently µ — is varied by more than one order
of magnitude, the bound on the ratio m2/µ4 only changes by a small fraction. Likewise,
looking at the right plot of Fig. 3.7, we see that the bound appears to asymptote 1/6 −
m2/(9µ4) ≲ 0.082 as m (equivalently µ) is lowered to smaller and smaller values, hence
the dependence on φ∞ is marginal in that regime.

It is interesting to compare the bound that the SNEC puts on the Cuscuton bounce
parameters with other (theoretical) constraints on the same model. For instance, it was
found in [238, 92] that stability and strong coupling constraints forbid the ratio m2/µ4

from being too small or too close to 3/2. In terms of xb ≈ 1/6−m2/(9µ4), this suggests xb
should not be too close to zero, nor too close to 1/6 ≈ 0.167. Here, we find that xb ≈ 1/6
would certainly violate the SNEC, but having a small value of xb is consistent with the
SNEC. In fact, it is interesting to note that the ‘sweet spot’ according to [238, 92] where
m ≈ µ2 (equivalently xb ≈ 1/18 ≈ 0.056) also passes the test of the SNEC. Note that
the SNEC can be even more constraining here if one takes smaller values of B, as we did
for DE. We should end by stressing, though, that the applicability of the SNEC to the
Cuscuton bounce remains a proof of principle and that any specific quantitative constraint
should be taken with a grain of salt considering the fact the Cuscuton does not quite qualify
as quantum matter in semiclassical GR.

50



3.6 Discussion and conclusions

In this work, we applied the SNEC to cosmologies that would exhibit effective NEC viola-
tion. The SNEC is a proposed semilocal, semiclassical energy condition that would set a
bound on how much NEC violation is physically admissible. In cosmology, there are two
interesting eras that could feature matter violating the NEC: in today’s DE era and in the
very early universe. In particular, phantom or quintom DE — DE with an EoS param-
eter w ≱ −1 at all times (i.e., it violates the NEC at some point in the history) — has
regained interest lately due to tantalizing observational evidence suggesting DE may have
a time-dependent EoS, potentially crossing the phantom divide in the past (e.g., [203]).

If the SNEC were shown to hold fundamentally, then our analysis in this study shows
that it would have very interesting and important consequences for phantom or quintom
DE, as well as bouncing scenarios in the early universe. That is, if the SNEC were rigorously
‘proven’ from some fundamental principles, one could apply the SNEC to constrain or rule
out cosmological models.14 Moreover, it could be used as a way to set more well-motivated
priors on the ‘allowed’ parameter space when doing Bayesian inference (e.g., what prior to
choose for w or w0, wa). The idea of using fundamental concepts (e.g., unitarity, causality,
etc.) to constrain theoretical models and to set informed priors has been suggested in, e.g.,
[222, 221, 210, 220, 90, 260, 151, 211].

Likewise, observations can provide insights into the theory by first helping us determine
whether a fundamental energy condition like the SNEC is valid, and second, if it is, offering
information about its properties. For example, our preliminary results indicate that B
values as low as 1/(96π) can be in agreement with the DESI results, and the theoretically
motivated value B = 1/(32π) is certainly consistent. Thus, by examining observational
data through the lens of specific models where quantum effects lead to phantom or quintom
DE, we can envision applying these models to the SNEC to determine, for instance, the
minimum value of B data can support.

Let us highlight that when fitting models such as wCDM or w0waCDM to data in
observational analysis, one typically allows the DE EoS to be of phantom type in the prior
(and it is not uncommon to find a bestfit of the EoS that is phantom; see, e.g., [103, 105]),
but theoretically, it is a challenge to construct viable and consistent phantom models. Here,
we did not explore building a top-down model either. Rather, we took a middle ground
approach asking the question of whether phantom DE could be consistent with the SNEC.
The short answer is yes when taking the wCDM or w0waCDM phenomenological models

14A similar rationale is found in the swampland program. See, e.g., [9, 157, 158, 159, 160] for constraints
on DE in that context.
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as proxies for NEC violation. Our work also shows when this may no longer be true. For
instance, for ΩDE = 0.7 and B = 1/(96π), the SNEC is satisfied only if w ≳ −1.25 assuming
the EoS is approximately constant for most of the past cosmic history (cf. Fig. 3.2, where
the smearing function is centered at ā = 0.7). More interesting are the results for the case
of a time-dependent EoS and modeling NEC violation in terms of the CPL parametrization.
For example, when restricted to the region where w0 > −1 and wa < 0 and again assuming
ΩDE = 0.7 and B = 1/(96π), the constraint can be expressed as wa ≳ −2.49(w0+1)− 0.57
(fitting a straight line to the dashed orange curve in the bottom-right quadrant of the left
plot of Fig. 3.4). This would imply that most of the {w0, wa} points that fall into DESI’s
2σ-contours (when combined with CMB and SNIa data) may marginally satisfy the SNEC.
We should stress again that this constraint is obtained with a relatively small value of the
SNEC parameter B. If we take the larger value B = 1/(32π) suggested by some the explicit
QFT examples, the constraint is significantly reduced, while if B ≪ 1/(96π) the bound
can rule out the {w0, wa} values supported by DESI results.

One weakness of our analysis as already pointed out is that we only considered DE
parametrizations, as opposed to specific QFT constructions leading to phantom or quintom
models. While fits to data mostly focus on phenomelogical parametrizations, it is hard to
pin down the microphysics purely from parametrizations — see, e.g., [273, 276] — and one
can certainly learn a great deal by constructing actual DE models that can fit the data (see,
e.g., [259, 31, 253, 224, 76, 77, 275, 274, 17, 231, 252, 285, 172]). Naturally, constructing
real phantom or quintom models on cosmological scales, where NEC violation arise from
quantum fluctuations, may be challenging. However, as a follow-up work it would be very
interesting to consider time-varying DE equations of state (such as oscillatory ones) that
are better motivated from such effects and constrain those models (similar to what we did
for the bounce, with parametrizations versus an actual model, specifically the Cuscuton
bounce; we further discuss this below). In other words, DE parametrizations are best suited
to model DE in the late universe (since this is where DE’s effects are most important).
However, when applying the SNEC to a DE component, we assumed the parametrization
was valid essentially at all times, i.e., we extrapolated it all the way to matter-radiation
equality. Of course, in the region of interest the contribution of DE to the background
evolution is not significant at early times, but it determines where it becomes dominant.
At the same time, the smearing function in the SNEC acts as a window function that can
constrain the accumulation of NEC violation at any time, hence it makes sense to apply it
to the era where NEC violation is most expected. Consequently, we argued that one should
center the smearing function around the times when we best measure DE (e.g., ā ∼ 0.7).
Yet, we also saw that the SNEC constraints were most stringent for large smearing scales
(of the order of the whole universe), hence our smearing function necessarily picked up
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accumulation of NEC violation from the early universe. These caveats could be bypassed
entirely with a better-motivated DE model since one would (in principle) trust its EoS
throughout time, and hence one could robustly apply the SNEC to it and have more
control on the smearing parameters. Additionally, although smearing scales might apply
up to the scales of the radius of curvature [132], one could argue that taking this limit is
quite conservative, and so, the constraints may be weaker.

In this work, we also explored possible NEC violation in the context of nonsingular
bouncing universes. We found that the SNEC translates into an upper bound on the
quantity xb ≡ αt2b/2, where 2tb represents the duration of the NEC-violating bounce phase
and where α amounts to the value of Ḣ at the bounce point (when H crosses zero). At
fixed B, we found the bound on xb has little dependence on other model parameters. We
confirmed this in the case of perturbative parametrizations of the bounce phase, as well as
for a specific bouncing model, namely the Cuscuton bounce. With a simple parametrization
and under some approximations, the bound can be analytically derived as xb ≲ 2πB, and
with B = 1/(32π), this yields xb ≲ 0.0625. In comparison, the bound is xb ≲ 0.13 in
the case of a Cuscuton bounce. In the latter case, the bound on xb mainly translates into
constraints on the model parameters m and µ, which are consistent with other theoretical
constraints on the model coming from stability and strong coupling considerations.

There is an interesting parallel to make in this case with [167], which demanded a
certain quantum null energy condition (specifically the quantum focusing conjecture) to
fundamentally hold over a certain smeared length scale. From this, they derived the cutoff
scale of a semiclassical effective theory of gravity (specifically higher-dimensional quadratic
gravity). We can share this interpretation, as the bound we found on m and µ from the
SNEC could be translated into a strong coupling scale in light of [92]. However, it is also
important to recognize that the Cuscuton is a ‘nonlocal’ modification of GR that does not
introduce any new local dynamical degrees of freedom. Therefore, the extent to which the
SNEC applies to the Cuscuton bounce specifically, compared to other bouncing theories
derived from local perturbative quantum gravity theories, remains uncertain. We leave
these interesting questions for future work.

Nonsingular bouncing cosmologies also share features with wormholes and nonsingular
black holes. Restrictions on wormholes from quantum-inspired energy conditions have
already been the subject of a lot of work (let us mention [180] as only one example), but
for regular black holes it deserves closer scrutiny. Exploring the consequences of the SNEC
on various nonsingular black hole spacetimes (e.g., [26, 95, 156, 284, 242, 107, 30, 63,
254, 255, 64, 170, 201, 205, 21, 243, 86, 65, 67, 37]) would constitute another interesting
follow-up analysis.
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We would like to end by mentioning that the SNEC is not the only proposal in terms
of quantum-motivated energy conditions. As one additional example, we could mention
the quantum null energy condition of [41], which has been proven in various contexts [40,
136, 22, 177, 207, 178, 11, 97, 98, 213, 161], and it would certainly be interesting to further
explore its consequences on the cosmologies of this work. Nevertheless, it still seems very
plausible that something akin to the SNEC might hold fundamentally (like Heisenberg’s
uncertainty principle), so while it might not be exactly the SNEC as considered in this
thesis (in fact, the SNEC itself has refined formulations [125, 127, 126] that could be further
explored), it is likely to have the correct flavor. Exoticism in the universe may have its limit
after all. Still, this is not incompatible with the universe having endured some NEC fracture
on cosmological scales and if anything the recent observations of [5, 4, 57, 202, 168, 203]
may already be hinting that to us. Time will certainly tell whether there really was a
fracture, and if so, how swiftly the universe will recover from it.
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[142] William Giarè, Tariq Mahassen, Eleonora Di Valentino, and Supriya Pan. An
overview of what current data can (and cannot yet) say about evolving dark en-
ergy. 2 2025.

[143] Massimo Giovannini. Averaged Energy Conditions and Bouncing Universes. Phys.
Rev. D, 96(10):101302, 2017.

[144] Henrique Gomes and Daniel C. Guariento. Hamiltonian analysis of the cuscuton.
Phys. Rev. D, 95(10):104049, 2017.

[145] Melanie Graf. Singularity theorems for C1-Lorentzian metrics. Commun. Math.
Phys., 378(2):1417–1450, 2020.

[146] Melanie Graf, James D. E. Grant, Michael Kunzinger, and Roland Steinbauer. The
Hawking–Penrose Singularity Theorem for C1,1-Lorentzian Metrics. Commun. Math.
Phys., 360(3):1009–1042, 2018.

[147] Melanie Graf, Eleni-Alexandra Kontou, Argam Ohanyan, and Benedict Schinnerl.
Hawking-Type Singularity Theorems for Worldvolume Energy Inequalities. Annales
Henri Poincaré, 2024.
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