
























































Chapter 2: Mathematical Background 

Let us first find an upper bound on Ama:(Pa - P). To do this, we set 

Since this control law minimizes J but not necessarily not J 11, it follows that 

wf P,1w0 < ["' [wT(t)(Q + llq)w(t) + vT(t)Rv(t)]dt 

which means 

- (l"" [wT(t)Qw(t) + vT(t)Rv(t)]dt) + l"" wT(t).6.qQw(t)dt 

=· wf PWo + wf [l"" e<A+BF)T'llqe<A+BFJ•dt] w0 

< wf PWo + l"" 11e<A+BF)ell2dt ll6.qll x Hwoll2, 

wf(Pa - P)wo c1ll.6.QII x llwoll2 

~(Pa - P) c1llaQII• 

Note that c1 is independent of .6.Q and that since A + BF is stable. c1 is finite. 
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(2.5) 

(2.6) 

Since P11 - P may not be positive definite, we must show that Amin(Pa - P) is also 

bounded below by a function of II .6.Q 11- To do this, we set 

v(t) = Faw(t), w(t) = e(A+BF.l.)tw0 . 

Since this control law minimizes Ja but not necessarily not J, it follows that 

wf Pwa < l"' [wT(t)Qw(t) + vT(t)Rv(t)ldt 

- (f" [wT(t)(Q + llq)w(t) + vT(t)Rv(t)]dt) - l"" wT(t)llqw(t)dt 

- wf p 6 Wo + wr [l"" e<A+BF.,.)T '( -llq )e(A+BF,. >• dt] Wo, 

which means 

wnP - P,1)Wo < wl [[ eCA+BF,.)T'(-6.q)elA+BF.,.)•t1t] Wo 

< llllqll l"" lle(A+BF.,.)•tuoll2dt. (2.7) 
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To get a bound on the the last term in the above equation, we note that since 

v(t) = FAw(t) optimizes JA, we have 

wl Pt;.Wo = [
0 

[wT(t)(Q + dq)w(t) + vT(t)Rv(t)]dt 

> 100 

wT(t)(Q + dq)w(t) dt 

= 1"" wl e<A+BF4)T'(Q + dq)e(A+BF")'wodt 

~- Amm(Q + dq) 100 

lle<A+BF4 l•woll 2dt, 

[by equation ( 2.5)] 

Combining (2. 7) and (2.8) we get 

T(P P) > ( IIPll+c:1IIA9II II A 11) II 112 Wo A - Wo - - ..\min(Q)-IIAqll ~q Wo 

=? Amin(PA - P) ~ - (,.~~t;;~~l~ulldqll). 

Hence, from (2.6) and (2.9) we have 

sp(PA - P) E [- C,~~~~~~2~11 lldqll), c1lld<JII] 

=> IIPA - PII $ max{ (,\~~t;;~~l!u) 11aqll,c1llaQ11}. 

(2.8) 

(2.9) 

• 
Given Lemma 2.3, it is trivial to prove the intuitive result that if dQ ➔ 0, then the 

solution Pa of the perturbed Riccati equation (2.3) approaches the solution P of the 

nominal Riccati equation (2.2). 
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2.6 The General Closed Loop Configuration 

In this thesis, we will consider plants that can be represented by the linear time-invariant 

(LTI) clif£erential equation 

:c(t) - Ax(t) + Bv.(t) + Ew(t), x(O) = x0 E Rn 

y(t) - Cx(t), (2.10) 

e(t) - YreJ(t) - y(t), t E R+; 

here z(t) E Rn is ·the state, u(t) E Rm is the control input, y(t) E R'" is the plant 

output, w( t) E R 11 is the disturbance, Yre,( t) E Rr is the reference signal, e( t) E R'" is 

the tracking error, and A, B, C and E are constant matrices of appropriate dimensions 

with elements in R. We assume that (A, B) is controllable, (C,A) is observable and th"t 

our controller can only measure y and Yre/, and can only excite u. 

We say that A E C is a transmission zero of (2.10) if 

[ 
A-.XI B] rank C 

O 
<n+min{r,m}. 

We say that (2.10) is minimum phase if all the transmission zeros are in c-; otherwise, 

we say that (2.10) is non-minimum phase. When m = r = 1, the transmission zeros are 

the zeros of C(sl - A)-1 B. 

Suppose that C(sl - A)-1 Bis not identically zero, and observe that ifs E C is not 

an eigenvalue of A, then 

C(sl _ A)_1 B = Cadj(sl - A)B. 
det(sl -A) 

We say the relative degree of the plant is the order of the plant n less the highest degree 

of the elements of Cadj(sl - A)B. It can easily be shown that if the relative degree of 

the plant is q, then 

CB= CAB=···= CAtz-2 B = 0, and CAtz-1B :/: O. 

The linear time-varying (LTV) controllers that we will propose in this thesis can be 

viewed as linear operators that map e to u. Hence, with Ge denoting the LTV controller 
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and P denoting the LTI plant, we will consider the general closed loop configuration 

illustrated in Figure 2.1. Since the plant is strictly proper, under a modest restriction 

Yref p 

Figure 2.1: General closed loop configuration. 

on the controller, the closed loop system is well ... posed. In Chapters 3, 4, and 6, we set 

w(t) = 0, Yrr:J(t) = 0, and consider u E PC, which means e E<if. In Chapter 5 we assume 

Yre/(t) is the output of a strictly proper stable finite-dimensional LTI system driven by 

a bounded piecewise continuous input so that Yre/ E PC!c,, w E PCQQ, and consider 

u. E PC. Again, this means that e Eif. 

The first stage of the controller will always be a sampler S :«if➔ ..9'which is defined via 

1/ = Se ~ 11[kl = e(kT), k E z+. 

In some cases, the last stage of the controller will be the zero-order ... hold H: .5" ➔ PC 

which is defined via 

y = Hv ~ y(t) = v[k), t E [kT, (k + l)T). 

As a result of the sampling and hold operations, it will turn our that the following 

matrices will play an important role in the design of our low order LPC: 

A.t := eAT, Bd = LT eA'" Bdr. 

We now state some important properties of these matrices. 

Definition 2.1 The sampling period Tis said to be pathological if A has two eigenvalues 

with equal real parts and imaginary parts that difFer by an integral multiple of ~; 

otherwise, the sampling period is non-pathological. 
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Theorem 2.1 If the sampling period Tis non-pathological, then 

( A, B) controllable => (Ao, Be1) controllable 

(C, A) observable => (C, Ao) observable 

Proof: 

See Theorem 12 in [29]. 
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• 
Theorem 2.2 There exists a T0 > 0 so that for every T E (0, T0 ) we have (Ao, Bc1) 

controllable and ( c: Ad) observable. 

Proof: 

See Lemma 8 in [21]. • 
With minor modifications to the proof of Lemma 8 in (21), the following result that is 

used in Chapter 4 can be proven: 

Theorem 2.3 For every integer p > n. there exists a T0 > 0 so that for every T E (0, T0), 

the pair ( eApT, /.;p-n.)T eA-r B dT) is controllable. 



Chapter 3 

Robust Stability: Static GSHF 

Controllers 

3.1 Introduction 

The first step in control system design is usually that of obtaining a mathematical model 

of the plant. However, since there are inaccuracies in all measurements, we end up with 

a model with uncertainty in the parameters. One of the simplest ways to model this 

uncertainty is via an uncertain scalar multiplicative gain. To this end~ we consider the 

following robust stabilization problem: with P0 ( s) the nominal finite dimensional linear 

time-invariant (FDLTI) plant model, we would like to find (if possible) a linear controller 

that will stabilize every system in a set of the form 

{-y Po ( s) : 7 is a scalar gain uncertainty}. 

This setup encompasses the classical gain margin problem, phase margin problem, and 

the combined gain/phase margin problem. 

Given a single-input single-output (SISO) unstable non-roinirn1rm phase plant Po(s), 

it was shown by Khargonekar and Tannenbaum (33) that there is a maximum attainable 

22 
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gain margin which can be provided by an LTI controller, and that this maximum is a 

function of the right half plane zeros and poles of Po( s). However, it turns out that 

time-varying controllers can do better. 

In the continuous-time case, Lee, Meerkov, and Runolfsson [35) showed that for a 

SISO FDLTI plant, one can design a continuous-time periodic controller to provide a 

gain margin as large as desired; the controller order equals that of the plant. In the 

discrete-time case, _Khargonekar, Poolla, and Tannenbaum (31} showed, among other 

things, that for a SISO FDLTI discrete-time bicausal plant with distinct unstable poles, 

there exists a discrete-time periodic controller that will provide a gain margin as large 

as desired, as well as a phase margin of up to 90 degrees. 

In the sampled-data setting, there have been several approaches. Francis and Geor­

giou [21] considered the control of a FDLTI continuous-time plant with a sampled-data 

controller composed of a periodic discrete-time compensator and a zero-order-hold; they 

showed that for every multi-input multi-output (MIMO) continuous-time plant, there 

exists such a controller of suitable period that will provide a gain margin as large as de­

sired. A second approach uses generalized hold functions, which gives rise to generalized 

sampled-data hold function (GSHF) controllers, which have been shown to be useful in 

the area of pole assignment, optimal noise rejection, model matching, decoupling and 

robustness (26, 25]. Yan, Anderson, and Bitmead [57] showed that for a MIMO FDLTI 

continuous-time plant, it is possible to design a dynamic GSHF controller to provide a 

gain margin as large as desired; indeed, for a given sampling period, they find the GSHF 

controller that will provide the maximum attainable gain margin. Motivated by a desire 

for low order controllers, Yang and Kabamba [58] showed that one can design a static 

GSHF controller to provide a gain margin as large as desired; in fact, they solve a more 

general multivariable gain margin problem. 

In this chapter we consider the general gain/phase margin problem. We will design 

low order LTV controllers, parameterized by the sampling period T, which can provide 
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any desired phase margin up to 90 degrees, and have the property that the gain margin 

goes to infinity as T ➔ 0; in fact, we can prove that for every e. E (0, 1), p E [1, oo), and 

?, e [0, f), for sufficiently small T these controllers will stabilize every system in 

This work can be viewed as an extension of the work of Yang and Kabamba [58] to include 

a phase margin specification, although our proof is significantly different. In comparison 

to the work of Yan,. Anderson, and Bitmead[57], here the controller is less complex and 

provides a guaranteed phase margin; on the other hand, it does not provide the maximal 

attainable gain margin for a given sampling period. 

This chapter is organized in the following manner. We begin in Section 3.2 by formu­

lating the problem in terms of designing a MIMO static GSHF controller for a MIMO LTI 

plant. In Section 3.3, we solve the problem posed in Section 3.2 using a continuous-time 

approach and illustrate the design method in an example. An improved design algo­

rithm based on a discrete-time approach is presented in Appendix A.l, and through an 

example the two approaches are compared in Appendix A.2. Finally, in Section 3.4 it is 

shown that all of the MIMO static GSHF controllers presented can be implemented as a 

low order sampled-data controller consisting of a sampler, a discrete-time linear periodic 

compensator, and a zero-order-hold. 

3.2 Problem Formulation 

Our nominal plant model is 

z(t) - A z(t) + B u(t), z(0) = zo, 
(3.1) 

y(t) - C z(t), 

with z(t) E Rn the state, u(t) E R"' the control input, and y(t) E R'" the plant output. 

Our standing assumption is that ( A, B) is controllable and ( C, A) is observable. 
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We capture uncertainty in the model by supposing that the actual system is given by 

z(t) = A z(t) + B u(t), z(0) = Zo, 

y(t) = 7 C z(t), 
(3.2) 

with 7 E C; we represent this system by the triple (A, B,7C). Our parameter 7 is 

assumed to lie in a set of the form 

Our goal is to find a controller which will simultaneously stabilize every model in 

{(A, B, 7C) : 7 E r(e, p, ef>)}. 

If~ = 0, then we have a gain margin problem; if e = p = l, then we have a phase margin 

problem; the general case is a combined gain and phase margin problem. 

We now define the set of controllers that will be considered. With T > 0 the sampling 

period of the generalized hold and F: R ➔ Rmx,- piecewise continuous and periodic of 

period T, we consider the static GSHF controller 

u(t) = F(t) y(kT), t E [kT, (k + l)T), k E Z; 

we represent the controller by the pair (F, T). 

(3.3) 

Definition 3.1 The GSHF controller (3.3) stabilizes (3.2) if, for every z 0 E Rn, we have 

lim z(t) = 0. 
t➔oo 

Hence our objective is as follows: 

Given the nominal system ( A, B, C) and the set r(e., p, ~), find a T > 0 
and a piecewise continuous T-periodic function F(t) such that the GSHF 
controller (F, T) stabilizes the plant (A, B,7C) for every 7 E r(e,7i, ~). 

We will now reformulate our continuous-time problem ~ a discrete-time problem and 

restate our control objective. If we define 

F := LT eA(T-,-) B F(-r) d-r E Rnxr, (3.4) 
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then we can. combine (3.2) and (3.3) to get the closed loop discrete-time system 

z[(k + l)T] = (eAT + ,FC) z[kT], k E z+. 
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(3.5) 

It is straightforward to show using (3.2)-(3.5) that :c[kT] ➔ 0 as k ➔ oo if, and only if 

x(t) ➔ 0 as t ➔ oo; hence, it follows that the GSHF controller (3.3) stabilizes (3.2) if 

and only if 

sp(eAT + ,FC) C {z EC: lzl < 1}. 

Now our objecti;,e can be restated as: 

Given the nominal system (A, B, C) and the set r(e_, p, ef>), find a T > 0 and 
an F E anx,- such that for every I E r(e_, p, ~), we have 

sp(eAT + ,FC) C {z EC: lzl < 1}. 

Since ( A, B) is controllable, for every T > 0 and F E R nxr there exists a piecewise 

continuous T-periodic function F(t) such that (3.4) is satisfied[26]. For example, with 

W(T) := LT eA.-BBTeAT.,.dr, 

one possible solution is 

(3.6) 

This solution is not unique and in Section 3.4 we will present another solution for F{t) 

that is easier to implement in practice. 

Remark 3.1 Suppose that for a given A, B, C we have found a T > 0 and an F E R"x1" 

such that 

sp(eAT + FC) C {z EC: lzl < l}. 

i) The upper (lower) gain margin provided by the controller (3.3) is the maximum 

p E [1, oo) (minimum e. E (0, l]) such that 

sp(eAT + pFC) C {z EC: lzl < l}, p E [1,p) (p E [e, 11). 

The gain margin provided by the controller is pf e_. 
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ii) The phase margin provided by the controller (3.3) is the maximum ;j, E (0, J) such 

that 

iii) If the controller were LTI, then it is straightforward to show that if either the 

gain or phase margin is small, then the closed loop system is close to instability; a 

Nyquist argument would work. However, even if both the gain and phase margin 

are independently large, then the closed loop system may still be close to instability1 

e.g. see Figure 3.1 (a) which is motivated by [16, pp. 52-53); here simultaneous 

small changes in the gain and phase of the plant may result in instability. 

1 

(a) (b) 

Figure 3.1: The combined gain/ phase margin. 

However, if the LTI controller provides a large combined gain/ phase margin, then 

we are guaranteed to have a better overall stability margin, e.g. see Figure 3.1 (b). 

Since we are using a linear time-varying controller here, the above arguments are not 

directly applicable. However, they are applicable to the LTI discrete-time system 

arising from the sampler, plant, and generalized hold combination. Indeed, observe 

that if we perturb our continuous-time system model in the frequency domain, the • 

discrete-time counterpart is perturbed accordingly. This will be discussed further 

in Section 3.5. 
D 
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3.3 Continuous-Time Approach 

Define 

Fa:= T-1 F = T-1 1T eA(T-.-) B F(T) d-r. 

It follows that the GSHF controller (3.3) stabilizes (3.2) if and only if 

sp(eAT + --yT FoC) C {z EC: lzl < l}. 

This first approach "is motivated by the observation that for small T, we have 

so if 

sp(A + 7FoC) Cc-, 

then we might expect that 

sp(eAT + 7T FoC) C {z EC: lzl < l}. 
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(3.7) 

Conditions similar to (3.7) are commonly encountered in continuous-time state feed­

back problems, and hence the motivation for the name of this approach. 

However, the above is an approximate analysis, and here we have plant uncertainty, 

which further complicates the analysis. To make this precise, we define 

so that 

eAT +;TF0C = I +T(A+;FoC +d(T)); 

notice that a(T) is O(T2). ff (3.7) holds and IJd(T)II is sufficiently small, then 

sp(A + 1FoC + a(T)) Cc-= {s EC: Re(s) < 0}, 

which means that 

sp{eAT +7TF0C) = sp[l + T(A+,-F0C + d(T))) C {s EC: Re{s) < 1}. 

(3.8) 
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Unfortunately, this does not imply that 

sp(eAT + 1T FoC) C {z EC: lzl < l}. 

29 

(3.9) 

However, if we can choose F0 so that sp(A + 1FoC + .6.(T)) lies in a sector of the form 

(3.10) 

(see Figure 3.2), then it can be shown that (3.9) would indeed hold, at least for small 

enough T. This will be investigated in the next subsection. 

S(8) 

Figure 3.2: The region S (8). 

3.3.1 Preliminary Continuous-Time LQR Results 

We first investigate how sp(A + peiti>F0C + .6.(T)) is affected by the perturbation 

.6.(T) E Rnxn over different ranges of p and <f,. We will choose Fo using linear quadratic 

regulator (LQR) theory. To motivate our approach, recall that in the continuous-time 
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setting an LQR optimal controller provides a lower gain margin of ½, an upper gain mar­

gin of infinity, and a 60 degree phase margin [3, pp. 70-76}. It turns out that we can 

increase the phase margin and decrease the lower gain margin by modifying the standard 

LQR problem. From the previous section, we saw that the stability of A+ 'Y FoC plays a 

crucial role. This matrix is stable if and only if AT + 1CT FJ is stable; finding an F0 to 

achieve this is simply a state feedback problem. Hence, with ?, E [o, t) and e E (0, l}, 

we define 

a := 2 cos(4>), 

and consider the auxiliary system 

with Q E Rnxn and RE Rmxm satisfying 

Q > Q . Q = QT, 

R > 0 . R = RT, 

we wish to find the control law which. for each w0 • minimizes 

100 

w(tf Qw(t) + v(tf Rv(t)dt. 

(3.11) 

(3.12) 

Since ( Jlj', AT) is observable and (AT, aeCT) is controllable, it follows from Lemma 12.1 

and Theorem 12.2 found in [55), that the optimal control law is of the form 

v(t) = F[ w(t), 

and we can obtain the optimal gain F0 by first solving the continuous-time algebraic 

Riccati equation 

(3.13) 

for the unique positive definite symmetric solution Po, and then setting 

(3.14) 
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Proposition 3.1 If 

llll(T)II < ~~o~l, 

then for every p E [e, 00) and <p E [-4>, 4>] we have 

sp(A + pei"' F0C + ~(T)) cc-. 
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Remark 3.2 Proposition 3.1 states that an LQR optimal controller can be designed to 

simultaneously pro"-:ide any desired lower and upper gain margin and any desired phase 

margin up to 90 degrees, even under small perturbations in the A matrix. 

Proof:(of Proposition 3.1) 

To prove this, we adopt a Lyapunov argument. Let p E [¼, 00), q, E (-4>, 4>], 

An:= AT, Bn := (ap_Cf, F,,. := FJ', dn(T) := d(Tf, 

and consider 

Consider the Lyapunov candidate function V : en ➔ C: 

V(w) := w· P0w. 

Since Po= Pl we know that Vis real-valued, so 

V(w(t)) := !V(w(t)) 

□ 

is also real-valued. Expanding V(w(t)) and using (3.13) and (3.14) to simplify, it follows 

that 

V(w(t)) - -w(t)8Qw(t) + (1 - 2pcos(q,))w(t)8(PoBnR-1 B'! Po)w(t) 

+w(t)8(dn(Tf Po+ Podn(T))w(t). (3.15) 

Using the bounds on 4,, p, and the fact that R > 0, it can easily be shown that the second 

term on the RHS of equation (3.15) is non positive, so 

V(w(t)) < -w(trQw(t) + w(tr(-6.n(Tf Po+ Podn(T))w(t). 
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Now for w(t) ':/: 0, it follows that 

w(t)9Qw(t) > Amin(Q)llw(t)ll 2 

> 2IIPoll x 11.dn(T)II x llw(t)ll 2 

~ llan(Tf Po+ Po.dn(T)II X llw(t)ll 2 

~ lw(tt(Lln(Tf Po+ Po~n(T))w(t)I, 

so for w(t) ':/: 0, we have 

V(w(t)) < 0~ 

32 

(by hypothesis) 

Combining this with (3.15) we see that there exists a positive definite symmetric matrix 

U E Rnxn so that 

V(w(t)) = -w(ttUw(t) =;» llw(t)ll 2 ~ V(w(t)) 
Amin(U)" 

Therefore, 

IIPoll • 
V(w(t)) ~ IIPoll x llw(t)ll

2 ~ Amin(U) V(w(t)), 

so it follows from Lemma 2.2 that 

Hence, for every w0 , V(w(t)) goes to zero as t ➔ 00; since Po is positive definite, it 

follows that w(t) goes to zero as t ➔ oo as well, which means that 

sp(An + pe-1,;BnFn + Lln(T)) C c-
~ sp(A + aejei,; FoC + Ll(T)) C c-. 

But this holds for aeJ E [e, 00), so for p E [e, 00) and</> E [-~, ~] we have 

sp(A + pe1" FaC + a(T)) c c-. 

• 
Now we will show that by restricting the perturbation further, we can force the 

eigenvalues of A+ pei,; F0C + a(T) to lie in the sector S (8) given by (3.10). 
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Proposition 3.2 Let 

9 [o . {,r ::i:. t -l ( ..\min(Q) ) t -l ( ..\min(Q) ) }) 
E 'mm 2 - "'' an 3IIPoAT-APoll ' an 3e,2aJ4-a2IIPoCTR-tCPoll • 

If 

IIA(T)II < ~~o~) cos(8), 

then for every p E [e_, oo) and </, E [-?,, ?,] we have 

sp(A + pei"' FoC + a(T)) CS (8). 

Proof: 

Let pE [¼,oo), ef, E [-?,,?,], and 

An:= AT, Bn := (ae_C)T~ Fn := Fl, ~n(T) := a(Tf, 

and consider 
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(3.16) 

Consider the Lyapunov candidate function V: en ➔ C: 

V(w) := w· P0w. 

Since Po = Pl, it follows that V and V are real valued. Expanding V( w( t)) and simpli­

fying, we have 

V(w(t)) - cos(9)w(t)9(A;Po + PoAn)w(t) + j sin(IJ)w(t)9(PoAn -A!'Po)w{t) 

+pw(t)8(e-i<9+,t,) F: B; Po+ e7(9+t1>) PaBnFn)w(t) 

+w(t)8(e-i8 ~(Tf Po+ ft8 Polln(T))w(t). 

Using (3.13) and (3.14), this can be rewritten as 

V(w(t)) = -½ cos(8)w(t)*Qw(t) + j sin(8)w(t)8(PoAn -A!'Po)w(t) 

-½ cos(8)w(t)9Qw(t) + (cos(8)-2pcos(B+ef>))w(t)9(P0BnR-1 B;Po)w(t) 

-½ cos(8)w(t)9Qw(t) + w(tr(e-i' ~(Tf P0 + ~8 P0~(T))w(t). 

By hypothesis we have 

Anun(Q) 1 T 
tan(8) $ 3IIPoAT _ APolf => 3cos(9)~(Q) ~ sin(B)IIP0An- ~Poll, 
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so 

½ cos(8)w(trQw(t) ~ ½ cos(B)Amin(Q)llw(t)ll 2 

> sin(B)IIPoAn -A!'Poll x llw(t)ll 2 

~ I sin(9)w(t)9(PoA -A!'Po)w(t)I. 

Furthermore, 

IIAn(T)II < ~;~o~) cos(IJ) =? 

so for w(t) :/: 0, we have 

½ cos(B)w(trQw(t) > ½ cos(9)Amin(Q)llw(t)ll 2 

> 211Poll x IIAn(T)II x llw(t)ll 2 

> lle-j8 An(Tf Po+ ei8 PoAn(T)II x l!w(t)ll 2 
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(3.17) 

> lw(tr(e-j9 .6.n(T)T Po+ tl8 Po.6.n(T))w(t)I. (3.18) 

Finally, since 9 + </> E ( - J, f), it follows that 

cos( 8) - 2p cos( 9 + <P) < cos( 9) - ~( cos( 8) cos( tp) - sin( 8) sin(</>)) 

- cos( 8)( 1 - .! cos(</>)) + .! sin( 9) sin(</,) 
a~ a ~ 

>g_ ../4-a2 
-2 ~ 2 

< ,/4-a'J sin 8 
- Cl ' 

and from the hypothesis it follows that 

tan(8) < Amin(Q) 
- 3v4~a:i IIPoBnR-1 Bl; Poll 

=> ½ cos( IJ)>.....n ( Q) ::2:: ./4;,0
' sin( IJ)11 PoBnR-1 B,;' Po II, 
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so 

½ cos(8)w(ttQw(t) > ½ cos(8)"'"'in(Q)llw(t)ll 2 

> x'4_;a
2 

sin(B)IIPoBnR-1 B~ Poll X llw(t)ll2 

> (cos(9) - 2pcos(8 + t/>))IIPoBnR-1 B~ Poll x llw(t)ll 2 

> (cos(8) - 2pcos(8 + t/>))lw(t)*(PoBnR-1 B~ Po)w(t)I. 
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(3.19) 

Therefore, from (3.i 7)-(3.19) it follows that for w(t) ¥: 0, we have 

V(w(t)) < o. 

Arguing as in the proof of Proposition 3.1, we conclude that 

sp(e18(An + peftl> BnFn + ~(T))) C c-

=> sp(An ~ pe'f>BnFn + .6.n(T)) C {uefw: (f- 8) < w < (3
; -9),u > O}. 

By replacing ei' by e-;s in (3.16) and modifying the above argument slightly, it can be 

shown that 

Hence, 

sp(An+peitl> BnFn+Lln(T)) C {ue1"': (f+8) <w < (3;-8), u > O} = S (8) 

=> sp(A + e_apeitl> FoC + .6.(T)) C S (8). 

But this holds for aefi E [e, oo), so for p E [e, oo) and t/> E [-4>, ~], we have 

sp(A + peitl> F0C + d(T)) c S (8). ■ 

3.3.2 Controller Design 

In this subsection we will use the results of Subsection 3.3.1 to show that the control 

objective of Section 3.2 can be attained. The proof is constructive, and we provide a 

design algorithm. 
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Theorem 3.1 Let~ E [0, f), e. E (0, l], and p E [l, 00). Then there exists a T_ > 0 so 

that for every TE (0, Tmcsa), there exists a static GSHF controller (F, T) which stabilizes 

every system in 

Proof: 

Recall that Ll(T) has been defined in (3.8) so that 

eAT + pei•TF0C =I+ T(A+ pe}•FoC + A(T)), 

which means that 

sp(eAT + pei•TFoC) C {z EC: Jzl < l} 

<=> sp[/ + T(A + pei•FoC + A(T))] C {z EC: lzl < l} 

~ sp(A+ pei•FoC + A(T)) c {ai : z EC, lzl < l} =: 1'(T). 

Let~ E (0, i), e. E (0, l]. and p e [l,oo). Now choose Q and R to satisfy (3.12), and 

let Q, Po > 0 symmetric and F0 satisfy (3.11), (3.13), and (3.14). Let 

ll E (o · {1r J: t -1 ( .\min(Q) ) t -1 ( .\minCQ) ·) }) 
u 'mm 2 - 'I'• an 3JIPoA1 -APoll ' an 3e2av'4-a511PoCT.R-1CPoll • 

Since IIA(T)II ➔ 0 as T ➔ 0, we can choose Tb. > 0 so that 

IIA(T)II < ~ 1; 0

~) cos(B), T E (0, Tb.]. 

From Proposition 3.2 it follows that for every p E [e,oo), ,p E [-~,4>] and TE (O,T.6.], 

we have 

sp(A + pei• FoC + A(T)) CS (6). 

Consider the diagram illustrating S (B)nD(T) in Figure 3.3, and definer as illustrated; 

it is easily shown that 

r = 2T-1 sin( 6). 

It; suffices to show that there exists a T_ E (O,T.6.] such that for every p E [e,p], 

t/> E [-,p, ~], and TE (0, Tma:), we have 

max{I..\I: ..\ E sp(A + peHFoC + A(T))} < r. 
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l 
T 

Figure 3.3: The region S (8) n V(T). 

But 

max{IAI : ,\ E sp(A + pei"' FoC + a(T))} :S IJA + pe1"' FoC + Ll(T)II 

~ IIAII + PIIFoCII + ~)
0
~) cos(B). 

Hence, it is sufficient that 

r = 2T-1 s.in(6) > IIAII + PIIFoCII + ~~o~) cos(6), 

so define 

Tmaz := min {TA, 
2

sin(S; _ (Q) } . 

IIAII + pllFoCII + ~iPoll cos(8) 
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Finally, with T E (0, T~) and F = T F0 , we find an F(t) which satisfies (3.4). ■ 

Remark 3.3 With ~ E [O, f), e E (0, l], and 7i E [1, oo), we now summarize an al­

gorithm for constructing a static GSHF controller ( F, T) that stabilizes every system 

in 
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i) Choose symmetric positive definite matrices Q and R. With 

a= 2cos(~), 

find the unique positive definite symmetric matrix Po satisfying (3.13), and deter­

mine F0 from (3.14). 

ii) Choose 

iii) Find T~ such that for every TE (0, TA], we have 

this is computationally easy to do, especially if A is diagonal. 

iv) Define 

v) With T < Tma.z, let F = T F0 and use any desired method to find an F(t) to satisfy 

(3.4), e.g. use (3.6). 

D 

Remark 3.4 The T rrw.z obtained in the above algorithm is based on a Lyapunov approach 

and hence is typically quite conservative; perhaps a better choice for the Lyapunov can­

didate function in the proof of Proposition 3.2 would result in a less conservative value 

of T ma:• However, from a practical point of view, it might be preferable to compute 

the combined gain margin and phase margin for various values of T > Tmoz using a 2 

dimensional search algorithm, and choose the largest sampling period which achieves the 

desired robustness. 
D 
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3.3.3 An Example 

Suppose our nominal plant is 

with associated transfer function 

s-1 
P0 (s) := C(~I - A)-

1 
B = (s _ 0.S)(s + l). 

This example is taken from (16, pp. 200-203], where it is shown that an LTI stabilizing 

compensator can provide at most a phase margin of 38.9°, and the upper and lower gain 

margins must satisfy 'ii I e $ 4. 

Using the algorithm outlined in Remark 3.3, we now construct a static GSHF con­

troller to stabilize every system in 

{(A, B,-yC): 1 E r(0.75,6, 70°)}. 

i) Here a= 2 cos(70°) = 0.6840403. Let Q = I and R = l. Then P0 and F0 are 

_ [ 0.4974287 -0.3576478 ] _ [-0.07171182 ] 
Po - , Fo - . 

-0.3576478 5.218269 -2.493646 

ii) Now 

• { ~ - ~ t -l ( ~rnln(Q) ) t -l ( -Amin(O) ) } - 0 01949220 mm 2 "'' an 3(1PoAT -APoll ' an 3p2a,/4-ai(IPoCTR-1CPoll - • 

so choose 8 = 0.019. 

iii) It is easily verified that for TE (0, 0.06492000), we have 

116.(T)II = ll½(eAT -I -AT)II < ~~o~) cos(B) = 0.03176428. 

iv) So Tma:i: = min {o.06491624, 2am 8
. } = 0.001712. 

IIAll+PIIFoCII+ 1 Po a.(9) 
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v) Hence, choose T = 0.0017. As noted in Remark 3.4, this sampling period is quite 

conservative, so we now propose a method to approximately determine a less con­

servative sampling period. Using a 2-dimensional bisection search algorithm, we 

determine 

p (T) := min{ p E (0, 1] : sp(eAT + pei'PT FoC) C {z EC: lzl < l}, 
:..c:.t. 

p E [p, l}, </> E [-~, 4,]}, 

Pc.t.(T) := max{pE [l,oo): sp(eAT + p&"'TFoC) C {z EC: lzl < l}, 

p E [l,Pl,</> E [-~,~]}; 

for lack of a better name, we will refer to l:.t.(T) (Pe.t.(T)) as the "combined lower 

(upper) gain/phase margin" provided by the GSHF controller (F, T) using the 

"-continuous-time" approach. A plot of t!:.t.(T) and Pc.e.(T) is provided in Figure 

3.4). Observe that for T = 0.041 we achieve the desired gain and phase margin. 

Gain Margin vs Sample Period (70 phase margin) 10
5 
__ ........, ____________ ................. __ .......,. ________ __ 

- Upper Gain Margin 

- - Lower Gain Margin 

... ·-·········· ........ . -------------------------- ---
10-' ....._ ____ ........_ __ ......,. _______________ ...._ ....... ___ _...... 

10-5 10-' 10-3 10-2 o.041 10-1 10° 
T 

Figure 3.4: Combined upper and lower gain and phase margin as a function of T 

(c.t. approach). 
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Using (3.6), we can choose 

F(t) = -2.415424481(10)4e-<0•041-t) + 2.342890355(10)4 e0•5·(0-041-t>. 

Figure 3.5 illustrates the response of the closed loop system at the GSHF sample 

points when the initial condition :c0 = [ 1 O JT and the scalar gain uncertainty 7 = 4. 

0.8-

0.6-

0.2-

Static GSHF Controller: Sampled Output y(kT](xa=(1,0/', y=4) 
I 

. . . . . . . . . . . 

I I 

•••••• It •• It ••••••••••••• . . . . . . . . 

0.2 0.4 0.6 0.8 12 1A 1~ 1~ 

-

-

2 

Figure 3.5: Sampled output y[kT] when :c0 = [1 Of and 7 = 4 ( c.t. approach). 

While the GSHF controller provides adequate performance at the sample points, it can 

be seen in Figure 3.6 that the intersample performance is quite poor. This is primarily 

due to the fact that the generalized hold has large gains. 

Remark 3.5 One major drawback of the controller synthesis algorithm presented in 

Remark 3.3, is that we typically need T to be small even to stabilize the nominal plant. 

In Appendix A, we show how to design a static GSHF controller based on a discrete­

time approach so that for almost all T > 0, our controller will at least be capable 

of stabilizing the nominal plant. Moreover, as T ➔ 0, the new GSHF controller will 

approach the GSHF controller described in the previous section and inherit its good 

gain/ phase margin properties. 
□ 
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Static GSHF Controller. Output y(t) (xo=(1,0f, y=4) 
40 

30 

20 
;::. 
~ 10 

0 

-10 

-20 
0 0.2 0.4 0.6 0.8 \ 1.2 1.4 1.6 1.8 2 

Static GSHF Controller: Control Signal u(t) (xo=[1,0f, y=4) 
1000 

500 

e: 0 ~ 

-500 

-1000 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 

Figure 3.6: Output y(t) and control signal u(t):x0 = [1 O]T and 1 = 4 ( c.t. approach). 

3.4 Implementation as a Low Order LPC 
Up to this point, we have implemented our controller as a pure GSHF. In practice, this 

may prove to be difficult to implement, so one might question the benefit of such a control 

strategy. Recall however, that given F E amxn, the solution of (3.4) is not unique. In 

this section, we will show how we can pick .F(t) to be of a simple form so that it can 

be implemented with a sampler, a zero-order-hold, and a low order discrete-time linear 

periodic controller. We begin by showing how to implement a SISO GSHF controller as 

a first order LPC, and then we will extend the result to the MIMO case. 

First suppose that the plant is SISO. The solution (3.6) of equation (3.4) is not unique. 

In fact, it is easy to show that for every FE Rnxt, for almost all T > 0 there exists a 

piecewise constant function F(t) which satisfies (3.4) and takes on at most n different 

values in the interval [0, T). Indeed, let T := !, /1c ER, and set 

F(t) = f1c, t E [kT, (k + l)T), k = 0, 1, • • ·, (n - 1). 



Chapter 3: Robust Stability: Static GSHF Controllers 43 

With 

A:= eAT, B := 1'1' eA" Bd:r, 

for (3.4) to hold we need lo, ... , ln-1 to satisfy 

F = [ A-1B A-28 . . . B ] 

=:B 

fn-1 

But for most T > 0, and for all T sufficiently small, (A, B) is controllable (Theorem 2.2), 

in which case B-is invertible, which means that lo, .. . fn-t can be chosen to satisfy (3.4). 

Now consider the following implementation of the GSHF controller 

foy(kT), t E (0, T) 

u.(kT + t) = F(t) y(kT) = fiy(kT), t E [T,2T) 

fn-1Y(kT). t E [(n - l)T. nT). 

Define (G(k), H(k), J(k), K(k)) by 

(G(k), H(k), J(k), K(k)) := { (O, 
1

' O, /o) 
(1,0,A,O) 

and set 

, k = 0 

, k=l,•·•,(n-1), 

(G(k + n), H(k + n), J(k + n), K(k + n)) = (G(k), H(k), J(k), K(k)), k E z+. 

Then the GSHF controller can be implemented as 

z[k + 1] - G(k)z(k] + H(k)y(kT), z[O] = Zo E R 

u(kT + r) - J(k)z[kJ + K(k)y(kT), r E (0, T); 
(3.20) 

we associate this controller with the 5-tuple ( G, H, J, K, T). Hence, the T periodic GSHF 

controller can be viewed as a first order, n-periodic, discrete-time compensator together 

with a sampler and a zero-order-hold of period T = ~-
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Now suppose that the plant is MIMO. Here we can follow an argument very similar 

to that presented above, but we let /i E amxr, and observe that the matrix 8 has full 

rank. Hence, we end up with a controller of the form (3.20) but with z ER"'. 

Remark 3.6 If the eigenvalues of A are distinct, then we can precondition our MIMO 

plant using an approach similar to that used in [37] to convert our MIMO problem to a 

SISO one. and then design a first order controller to provide our desired robustness. 

D 

3.5 Unstructured Uncertainty 

In the previous sections, we showed that it is possible to design a static GSHF controller 

that can provide a gain margin as large as desired and any desired phase margin up to 90 

degrees. The gain/phase margin problem can be looked upon as a stn,.ctured. uncertainty 

robustness problem, since the uncertainty in the plant is parameterized by two scalar 

parameters p and tj,. It is not clear if we have tolerance to unmodelled dynamics. To 

proceed, consider a common unstructured uncertainty model commonly known as the 

additive uncertainty mod.eL in which 

• Po ( s) is the transfer function for the nominal model, 

• W( 11) is a fixed stable weighting transfer function, 

• d(s) is a variable stable transfer function, 

and we assume that our actual plant lies in a set of the form 

1'/J := {P(s): P(s) = Po(s) + W(s)4(s), 1141100 < /J}. 

If our controller were LTI, then the existence of a combined gain/phase margin could 

be used to show such a class of unmodelled dynamics can be tolerated. More specifically, 

suppose the LTI controller C(s) stabilizes every system in 

~Po(s): p E (e,p],t/> E [-tf,,tf,]}. 
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If we apply C to the dynamically perturbed model Po+ W 11, we can represent the closed 

loop system by the block diagram illustrated in Figure 3. 7. 

+ 

Figure ~7: Perturbed closed loop system using an LTI controller. 

After a loop transformation we obtain the block: diagram illustrated in Figure 3.8. 

wa 

(I - CP0)-1C 

Figure 3.8: Transformed perturbed closed loop system (LTI controller). 

Since C stabilizes Po, the transfer function (/ - C Po>-1C is stable, so by the Small Gain 

Theorem we maintain stability for all a E 'R.1-loo satisfying 

If C E 'R..C.00 , then this will be the case if 

111111 00 < IIWUoo~UClloo r ncr-cA)-11100 • 

We can get a bound on the last term by looking at the Nyquist plot of -C P0 : 
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-C(jw)Po(iw) 

Figure 3.9: LTI Nyquist plot of -C P0 . 

Indeed. it can be proven that 

II([- CPo)-111;1 > min{l/ e-1,1-1/p,sin(~)}; 

we omit the details since we will be performing a similar analysis later. Since the con­

troller we will be considering is linear time-varying, the above analysis is not directly 

applicable. 

In this section, we would like to see how well the static GSHF controller designed 

in Section 3.3 tolerates additive perturbations to the nominal plant. We saw in the 

previous sections that as the sampling period tends to zero, the gain of the hold function 

becomes very large, so intuitively one might expect that as the sampling period becomes 

small, the GSHF controller tolerance to unstructured plant uncertainty will tend to zero. 

Surprisingly, we will be able show that under some conditions on W(s), this intuition 

is wrong. We will show that if the weighting function W is chosen properly, then our 

static GSHF controller will tolerate a moderate class of unstructured uncertainty for all 

sufficiently small sampling periods. 
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It has been shown by Khargonekar et al.[30] that under some conditions on W, if 

there does not exist an LTI controller that will stabilize every system in 'P~, then there 

does not exists a (possibly) nonlinear time-varying controller that will do so either; hence, 

our GSHF controller can do no better than an LTI controller. The application of GSHF 

controllers to the unstructured uncertainty robustness problem has been studied in some 

detail in the literature (e.g. [26, 22, 40, 10]). While it has been shown that a fixed GSHF 

controller can tolerate some unstructured uncertainty in the plant, there are few results 

that describe what happens to the tolerance of the controller to unstructured uncertainty 

as the sampling period tends to zero. Feuer and Goodwin [19) used amplitude modulation 

theory to investigate the robustness properties provided by static GSHF controllers when 

the sampling period is small, and showed that GSHF controllers are typically sensitive to 

uncertainty found in the high frequency range of the continuous-time frequency response 

of P(s) (also see [20]). 

The question before us now is~ if our static GSHF controller is designed to provide 

good gain/phase margins~ then how will the stability of the closed loop sampled-data 

system be affected by additive perturbations to the nominal plant, as the sampling period 

tends to zero. Based on the results of Feuer and Goodwin (19), we expect that our 

static GSHF controller will be sensitive to uncertainty in the high frequency range of the 

continuous-time frequency response of P(s). Hence, we will impose a condition on W(s) 

and A(s) (i.e. W(s) has a relative degree of at least n + 2 and 11a1100 is small enough) 

so that for high frequencies, P(jw) ~ P0 (jw). 

Since our plant is strictly proper, it is reasonable to assume that the plant uncertainty 

goes to zero as the frequency increases. From a practical point of view, however, it is hard 

to justify our requirement that the weighting function W have a relative degree greater 

than the plant order; unfortunately, it is not clear how to remove this requirement. Note, 

however, that even if the condition on Wis not met, the tools developed in this section 

will allow us to compute a bound on the perturbation a for a fixed sampling period T. 
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Before presenting any results, let us first outline the approach that will be taken. Let 

S and H denote the sampling and generalized hold operators respectively. If we apply 

a static GSHF controller of the form (3.3) to P(s) E P/J, then we can represent our 

perturbed closed loop system by the block diagram in Figure 3.10. 

+ 

Figure 3.10: Perturbed closed loop system. 

Since S and H are linear, we can transform the block diagram shown in Figure 3.10 to 

the block diagram shown in Figure 3.11. Note that operators SW tl.H and (I - SP0H)- 1 

are LTI and can be represented by discrete-time transfer functions. 

I I - - - - ~ SW JlH ~ - - - - - ~ 

.&-... i ------- : 
+ : ' - - -1 ( I - S PoH)-1 ~ - -• 

I 

I 

--.L 

- - - - -- - - - - - - ------ ------ -· 
Figure 3.11: Transformed perturbed closed loop system. 

We can then use the results of Section 3.3 to show that for all sufficiently small sampling 

periods, there exists a hold function so that the resulting GSHF controller stabilizes every 

system in 

{-yPo(s) : 'YE r(e_,p, t/>)}. 

We will then use a discrete-time Nyquist argument to show that for such a hold function, 

we have 

11(1 - SPoH)-1 1100 < . { 
1 

_ 1 . - =: r. 
mm e_-1 -1, 1 - p ,sm(,J>)} 
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Then all that remains to be shown is that there exists a {J, independent of T, so that for 

every 1l E 'R.1-loo satisfying II a II 00 $ /3, we have 

(3.21) 

for then 

so using the Small Gain Theorem, we can conclude from Figure 3.11 that we have closed 

loop stability. Showing that (3.21) holds for sufficiently small Tis not trivial. To proceed, 

we choose the hold function to be a piecewise constant function, which is not restrictive 

since the resulting GSHF controller will be easy to implement (See Section 3.4). Unfor­

tunately, the H00 norm of the frequency response of the resulting hold function blows 

up as the sampling period tends to zero. However, we will be able to show that IH(iw)I 

is bounded above by a nth order polynomial in w, independent of the sampling period. 

Hence, if W(s) has a high enough relative degree, i.e. IW(jw)I rolls off at a fast enough 

rate, then IH(iw)W(jw)I is bounded, e.g. see Figure 3.12. Therefore, if lldll00 is suf­

ficiently small, then we would expect that II W tlHII 00 is small enough to ensure that 

11sw dHlloo will be less than 1/r. 

3.5.1 Choosing the Hold Function 

We begin by using the results of Sections 3.3 and 3.4 to choose a specific generalized 

hold function F(t) for our GSHF controller. To this end, withe. E (0, l] and?, E (0, f), 
pick positive definite symmetric weighting matrices Q and R, let a, Po and F0 satisfy 

(3.11)-(3.14), and require that F satisfy 

F =TFa = LT eA(T-.-IBF(r)dT. (3.22) 

Then we know from Theorem 3.1 that for sufficiently small sampling periods, the GSHF 

controller (F, T) provides the desired gain/phase margin. Recall that the solution F(-r) 

of the above equation is not unique. Here we will choose F( -r) to be a piecewise constant 
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Frequency Respome for the Generalized Hold Function 
and the Weighting Function 

10' ,---------~-------,------r-------

IW(iw)I 

.... .... ... ... ... 

Bound on IW(jw)H(jw)I 
,o_.,__ _______________ _..__ ___ __ 

10·1 10° 101 102 ,o, 

w 

Figure 3.12: Frequency response of H(s). W(s) and H(s)W(s). 
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function talcing on n values over each sample period. Namely, with T := T /n, we consider 

hold functions of the form 

F(t) = f1c, t E [kT, (k + l)T), k = 0, 1, • • •, (n - 1). (3.23) 

Using the results from Section 3.4, we know that for every FE Rn and for sufficiently 

small T, there exists constants /i so that (3.22) is satisfied. In fact, recall from Section 

3.4 that with 

A= eA'l, B = l'i' eM Bd:r, 

we have 

lo 
- --:-n-1- -

[ ]
-1 

= nT A B ... B Fo. 

ln-1 

We will represent the static GSHF controller of this form by the pair (Ii, T). 

(3.24) 
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3.5.2 Preliminary Results on the Hold Function 

We will now examine some properties of the resulting hold function. We know that the 

sampling period must be small if our GSHF controller is to provide good gain/ phase 

margins, so we begin by determining what happens to the time-domain infinity norm 

of F as the sampling period tends to zero. From earlier observations, we saw that the 

magnitude of the hold function becomes large as the sampling period becomes small, so 

the following result -that states that /i = O(T(n-l) ), should not come as a surprise. We 

begin by defining 

i ·k-1 

tp(i,i) := ~ (k - l}~i - k + l)!' 
i..-1 

and 

'l/J(n, n - 1) 

(3.25) 

'l/J(l, n - 1) 'l/J(l. 1) 1 

This matrix will be needed to relate the discrete-time controllability matrix associated 

with the i,air ( A, B) to the continuous-time controllability matrix associated with the 

pair (A, B). 

Remark 3. 7 Note that W can be written as 

1 1 1 (n - 1)0 (n - 2)0 oo 
O!n! l!(n-1)! (n-1)!1! 

1 1 0 (n -1)1 (n - 2)1 01 
W= 0!(n-1)! l!(n-2)! 

l 0 0 (n- 1r-1 (n - 2r-1 on-1 
0!1! 

(here 0° := 1) so since the first matrix is upper triangular with nonzero diagonal elements 

and the second matrix is a Vandermonde matrix, we can easily show that '1i is invertible. 

□ 
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Proposition 3.3 

lo 
1 

r-1 

1 
[ A"-1 B • • • B 1-1 

Fo + O(T). 
T 

1 

Proof: 

If we write 

and 

B = fT eAT Bdr = f: Ai-~~;_ri, 
Jo i=l i. 

then it can be shown that 

[ 
~-1- - ] [ 1 ] A B • • • B = An- B • • • B 

T 

52 

Substituting this into (3.24) and using the fact that i is invertible (see Remark 3.7), it 

follows that 

lo 

1 
fR-1 

T 

1 

We now present some results on the weighted average of the hold function 

µ.(T) := T-1 1T r' F(r)dr, i E z+. 

-1 

Fo 

•• 
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We will show that the weighted average of the hold function approaches a constant as 

the sampling period tends to zero, and that the constant is easily computable. This 

result will be important when we go on to show that the frequency response of the hold 

function is bounded above by a nch order polynomial in w independent of T. 

Proposition 3.4 If 

then 

1 
Co 

( -1)1! 
.-

~(T) = { Ci + O(T) i = 0, 1, • • • , n - 1 

O(Ti+l-n) i = n, n + 1, • • •. 

Proof: 

Let us first look at ~(T) for i = n, n + 1, ..... By definition 

II T I T i 
IIJ'i(T)II = r-1 1 Ti F(r)drl ::; r-1 1 TidrllFlloo = i: 1 IIFlloo• 

But by Proposition 3.3, we know that l1Fl100 = O(T-(n-l) ), so it follows that 

J'i(T) = O(Ti+l-n). 

Now let us look at Jii(T) for i = 0, 1, • • • , n - 1. Write (3.22) as 

r-1 1T e-A-r BF(r)dT = e-AT Fo. 

If we define 

i=O 

then we can write (3.26) as 

T [n-1 ] r-1 1 ~ (-~·,i + d 1(r) BF(r)dr = (I+ ~ 2(T))F0 

(3.26) 
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=> f A'Bl-ip; (T-11T r•F(r)dr) + T- 1 1T d1(r)BF(r)dr = Fo + d 2(T)Fo, 
i=O O 0 

so along with the definition of JJ,s(T), we have 

1 

(-l)"-1 (T) 
(n-1)~ l'n-l 

+T-1 1T a1(r)BF(r)dr = Fo + a2(T)Fo, 

Since di{r) = 0(-r") and IIFll00 = O(T-(n-l)), it is possible to show that the second 

term on the LHS is of order T. By using the fact that d2(T) = O(T), it follows that 

1 

= Fo + O(T) 

J.'n-1 (T) 

µo(T) 1 

• 
We are almost ready to prove the key result that the frequency response of the hold 

function is bounded above by an nth order polynomial, independent of T, but we will first 

need the following notation and preliminary result relating the gains /i to the frequency 

response of the hold function. We define the sampling operator S: "i' ➔ .!?via 

y = Sv. <==> y(k) = v.(kT), 

and the generalized hold operator H : .5" ➔ PC via 

y = Hv. ~ y(t) = F(t)v.(k), t E [kT, (k + l)T). 

Let h(t) be the "impulse response" of the generalized hold function and H(s) be the 

associated transfer function: 
l .¥ n-1 

H(s) = - e ~ fae-nT; 
S i=O 
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e.g. see Lemma 2 in [22]. 

We can now state our first main Lemma: 

Lemma 3.1 There exists constants 1li > 0 and T1 > 0 so that 

Proof: 

We will prove this result by first partitioning H(s) into two parts: 

1 •T n-l 
Hi(s) := - e , H2(s) := E /ie-,lf_ 

S i=O 

For the first part, observe that we can write 

. 1 _ e1wT (- _Jtl) sin ( wi) 
H1 (Jw) = . = Te 2 

JW wT 
2 
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(3.27) 

The second term is the well known sine function sine( ,.,i), and it has the property that 

I sine( ,.,r) I ~ 1. Hence, 

IH1(iw)I $ Tje-¥1 x ls-inc('"';)I ~ T~ w ER. (3.28) 

Let us now look at the second part. We begin by writing 

H2(jw) - H2(0) + [ dH,;}•11.=jw,_dwi 

- H2(0) + w dHt(•) 1 + rw /Wt ,F~J•> I . dw2dw1 
•=O JO JO •=JW'J 

H, (0) + w dHL(,) I + ... + ,.,n-1 cr-1 H2C•) I 
- 2 (n-1}! cun-[ 

•=O •=O 

+ rw ••• /Wn-1 crz~J•> I . dwn ... dwi, 
lo lo l=JWn 

(3.29) 

and noting from the definition of H2 ( s) that 

(3.30) 

We will now use Proposition 3.4 to come up with an expression for if1t ~ 0
1 i• Ii- Now 

T n-1 

µo(T) = T-11 F(r)dr = ¼ E /i, 
0 i=l 
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so by Proposition 3.4, it follows that 
n-1 n-1 

¼ :E Ii = Co + O(T) => L Ii = neo + O(T). 
i=l i=l 

Now 

n-1 n-1 

=> ! L ifi = µi(T) - in I: /i-
i=l 

Hence, by using Proposition 3.4 and (3.31), it follows that 
n-1 

! L ifi = (c1 + O(T)) + t(-eo + O(T)) = c1 + O(T) 
i=l 

n-1 

=> T :E ifi = nc1 + O(T). 
i=l 

In a similar fashion, it can be shown that for k = 2, •""-, n - 1 we have 
n-1 

-k~ •k T L, ·i Ii= nc1: + O(T). 
i=l 

Let us now look at the last term in (3.29). Since 
n-1 n-1 

I d"z~(•) I = L li(-iTte-riT ~ L lfil(iTt, 
i=O i=O 

and Ii= O(T-(n-l)) (see Proposition 3.3), it follows that 

d" H2(•) - O(T) a.n - ' 

so 

If we combine (3.29)-(3.33), it follows that 
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(3.31) 

(3.32) 

(3.33) 

IH2(jw)I ~n [(leol +O(T))+(]c1l+O(T))w + • • • + (!cn&!~nfT)) wn-l + O(T)wn]. 

Finally, combining this with (3.28), it can be shown that 

IH(jw)I ~T[(leol+O(T))+(lc1l+O(T))w+• • •+(lc:,.b!~fT>)wn-t+O(T)wi ,(3.34) 

and our result follows. • 



Chapter 3: Robust Stability: Sta.tic GSHF Controllers 57 

Remark 3.8 There is an interesting relationship between the weighted average of the 

hold function Ps(T) and the bound on the frequency response of the hold function. As 

can be seen in (3.34), for sufficiently small sampling periods, the constants fJi can be 

chosen arbitrarily close to the constants if-. Recall from Proposition 3.4 that Ci is the 

limiting value of the weighted average of the hold function µ.(T), and that it is easy to 

compute. Hence, we know that as the sampling period becomes small, the bound on the 

frequency response of the hold function approaches 

T (leol + lc1 I~+···+ ( J~:-1'jlf) wn-l + c.?(T)w") . 

□ 

3.5.3 Main Results 

To prove our main result, it will be easier to break down the problem into two parts. In the 

first part (Lemma 3.2), we will show that the GSHF controller designed to simultaneously 

provide an upper gain margin of p, a lower gain margin of e_, and a phase margin of 4>, 

will also gttarantee that 

11(1 SR H)-1 11 < 
1 

=: r. 
-

0 00 
min{e_-1 - 1, 1 - p 1 , sin(,t,)} 

Our second result (Lemma 3.3) will show that there exists a constant /3 so that for every 

.6. E R1!oc satisfying ll.6.ll00 :5 /3, we have 

11sw .6.Hlloo :s; : 

for sufficiently small T. Finally, we will combine these two results to get our main result 

in Theorem 3.3. 

Lemma 3.2 If the GSHF controller stabilizes every system in 

{(A,B,1C): 7 e rce,ii,~H, 

then 

11(1 - SR H)-111 < 1 
o 00 mm{e-1 - i, i - ;;-1,sm(c;)}" 
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Proof: 

Define Ga := SP0 H and let Ga(e79 ) be the associated discrete-time frequency re­

sponse. Let n1 be the number of eigenvalues of A with real parts greater than zero. 

Since the GSHF controller stabilizes the nominal plant, it follows that the discrete-time 

Nyquist plot of -Ga encircles the -1 point in the complex plane n 1 times. Now consider 

the region defined by 

which is illustrated in Figure 3.13. 

Figure 3.13: The region {land r defined. 

Since the GSHF controller stabilizes every system in 

{(A, B,yC) : ,-, E r(e_, p, 4>)}, 

we know that the Nyquist plot of -G,1. lies strictly outside the region n, for if it did not 

(e.g. see Figure 3.14), then there would exist a p1 E [e,p] and </>i E [-4>, ~] so that the 
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Nyquist plot of -p1e'th Gd would intersect the -1 point, which implies that the closed 

loop system is not stable for this choice of p and ¢,. 

, 

'\ -----\ ,, 
" ,, " ,, ... ,, 

'--" 

' 

, 

\ 
\ 

\ 
I 
I 

I , 

Figure 3.14: Nyquist plot of Gd lies outside 0. 

Define r as the largest radius of a circle centered at -1 that is entirely contained in 

n, i.e. see Figure 3.13; it is straightforward to show that 

r := min{e_-1 
- 1, 1 - p -l' sin(~)}. 

Hence, the distance from the -1 point to -Gd(~8) is always greater than r. In particular, 

but 

inf I - 1 + Gd(ei8)I - inf 11 - Gd(ei')I 
, 8 

- ( 5!P 1(1- G.,(ei')r1l)-1 

- ll(l - G,,)-11(;1, 
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so it follows that 

60 

• 
Before presenting our second result, we will first need to relate the frequency re­

sponse of a continuous-time LTI system G(jw) to the frequency response of the associated 

discrete-time LTI system {SGH)(e/6 ). Define the sampling frequency as 

w. := 21r /T. 

Theorem 3.2 The frequency responses G(jw) and (SGH)(e16 ) are related by 
00 

(SGH)(e-jwT) = ~ L G(jw + jkw.)H(jw + jkw.). 
k=-C0 

Proof: 

See Theorem 3.3.1 in [12] for the proof, and [12, Section 3.3] for related results. ■ 

We are now ready to state our second result. 

Lemma 3.3 For every W( s) of relative degree n+2, and every r > 0, there exists a /3 > 0 

and T > 0 so that for every TE ( 0, T) and A E 'R.£00 satisfying II A II 00 ~ /3, we have 

11s.o.w Hlloo < r. 

Proof: 

Fix f > 0, let w. = 21r /T, and from Theorem 3.2 it follows that 

l(SA..W H)(e-iwT)I < ~ f: IA(jw + jkw.)W(jw + jkw.)H(jw + jkw.)I 
li=-oo 

< ll.0.;loo f: IW[i(w + kw.)]H[i(w + kw.)11. 
li=-oo 

Since W(s) has relative degree n+2, it is easy to show that there exists positive constants 

Po and /31 so that 

IW(iw)I ~ 1 + tiwln+2' 
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and from Lemma 3.1, it follows that there exists positive constants T/i and T1 so that 

IH(jw)I ~ T(110 + f/1W + • • • + 17nw"), TE (0, Ti). 

Hence, there exists positive constants /32 and /33 so that 

IW(iw)H(iw)I ~ 
1 

T:2 

2 , TE (0, Ti), 
+ 3W 

which means that for T E ( 0, T1), we have 

l(SAW H)(e:-M)I ~ IIAlloc f 1 /3 /32 k )2 • 
k=-oo + 3 10 + W6 

But for every w E R, there exists an m E Z and w1 E [O,w.) so that 

w = mw. +w1, 

so 

61 
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But it is easily shown that 
00 1 
L k2 :5 2, 
k1=1 1 

which means 

IISAWHlloo $ 2IIAlloo (P2 +T2 
2!~), TE (O,Ti). 

Hence, the result holds with T = T1 and 

P := [2 (P2 Hf 2!/Ia) r r. 
Finally, we use Lemmas 3.2 and 3.3 to prove our main result. 
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• 

Theorem 3.3 For every W(s) of relative degree n + 2, there exists a {J > 0 and T > 0 

so that for every TE (0, T), the GSHF controller (Ii, T) stabilizes every system in 'P/J· 

Proof: 

By Theorem 3.1 and the comments in Section 3.5.1, we know that withe E (0, l], 

p E [l, oo ), and ~ E [o, ½), there exists a T1 > 0 so that for every T E (0, T1) the 

associated GSHF controller(/,, T) stabilizes every system in 

{(A, B,7C): 7 E r(e,p,4>)}. 

Hence, from Lemma 3.2, we know that for every T E (0, Ti), the associated GSHF 

controller (Ii, T) will also guarantee that 

II(! -SR H)-1 11 < l -· r 0 00 min{e-1 -1, 1- p1,sin(,p)} - •• 

Let r := 1/r. Then by Lemma 3.3, we know that there exists a T E (0, T1) and {J > 0 so 

that for every T E ( 0, T) and '1. satisfying II '1. lloo $ {J, we have 

11s aw Hllco < T = 1/r. 

Hence, for every T E (0, T) and a satisfying (1.6.11 00 :5 /3, we have 

ll(SW'1.H)(I - SPoH)-1
1100 < IISW.6.Hl(oo x ll(I -SPoH)-1

1100 < 1. (3.35) 
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If we consider the block diagram of the closed loop system in Figure 3.10, and the 

equivalent block diagram in Figure 3.11, then by the Small Gain Theorem, we conclude 

from (3.35) that for every T E (0, T), the associated GSHF controller (fi, T) stablizes 

every system in 'P13. • 
Remark 3.9 Before leaving this section, it should be noted that the assumption that fl. 

be stable was made so that we could easily characterize the set 'P~. As done in [34}, we 

could have relaxed this assumption and assumed that P(s) was in a set of the form 

{Po+ ll.W: [S(P0 + ll.W)H] has the same number of unstable poles as SP0H, 

a e 1?,£?0, 11a1100 $ ,B}. 

However, care must be taken to ensure that no unstable poles are cancelled out by 

pathological sampling. 
□ 

3.6 Summary and Concluding Remarks 

It has been known for some time that for unstable non-minimum phase LTI plants, there 

is a maximum gain margin which can be provided by an LTI controller [33). Here we 

consider the use of a class of time-varying controllers in solving an extended version of the 

gain margin problem. We have shown how to design two static GSHF controllers, both of 

which can provide a gain margin as large as desired and any desired phase margin up to 

90 degrees; in fact, the both controllers tolerate a combined gain and phase perturbation 

in the nominal plant model. The first controller is based on a continuous-time approach 

and requires that the sampling period be small to stabilize even the nominal plant•. 

The second controller is based on a discrete-time approach and does not suffer from this 

drawback. These controllers are easy to design, and can be implemented directly as 

a static GSHF, or indirectly using a first order linear periodic discrete-time controller 

together with a sampler and a zererorder-hold. We also showed that for a SISO plant, 

-These results have been published and can be found in [44}. 
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the GSHF controller based on the continuous-time approach can tolerate unmodelled 

dynamics when an additive unstructured uncertainty model is assumed. 

These results complement previous work on the use of static and dynamic GSHF 

controllers for the gain margin problem [57], (58). In our approach, however, we can solve 

the more demanding gain/phase margin problem. We took advantage of the fact that our 

controller provides a desired phase margin to show that the GSHF controller can tolerate a 

moderate amount of unm.odelled dynamics as well. Unlike the dynamic GSHF controller 

of [57}, our controller does not provide the optimal gain margin for a given sampling 

period, although it is much simpler to design and to implement. Furthermore, since 

the controller gain is typically large, this control strategy suffers from poor intersample 

behaviour. 

More work is needed to explore the tradeoff in the design parameters, and to see how 

sensitive our controller is to other unstructured perturbations in the plant model ( e.g. 

multiplicative uncertainty, feedback uncertainty). 



Chapter 4 

Robust Stability: Low Order LPC 

4.1 Introduction 

One of the main limitations of GSHF controllers is that the control signal tends to be 

large and the intersample behaviour poor. In this chapter, we will show how to design 

a low order linear periodic controller (LPC) that has satisfactory intersample behaviour, 

while providing a gain margin as large as desired and any phase margin up to 90 degrees. 

In fact, we will show that if the sampling period is small~ then our LPC control law is 

very close to a continuous-time state feedback control law. 

This chapter is organized in the following manner. In Section 4.2, we formulate the 

gain/ phase margin problem and we motivate the particular approach that will be taken. 

Section 4.3 describes how a low order LPC can be constructed to implement our control 

law. The main results follow in Section 4.4, where we show that it is possible to design 

a low order LPC that has satisfactory intersample performance, while providing a gain 

margin as large as desired and a phase margin of up to 90 degrees. An example illustrating 

the low order LPC design method is given in Section 4.5. Additional properties for this 

controller are also highlighted in this example. Finally, conclusions are made in Section 

4.6. 
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4.2 Problem Formulation 

As in Chapter 3, suppose our nominal model is 

:c(t) - A z(t) + B u(t), :c(O) = :co, 

y(t) - C :c(t), 

66 

with x(t) ER" the state~ u(t) E Rm the control input, and y(t) E R'" the plant output. 

We capture uncertainty in the model by supposing that the actual system is given by 

z(t) - A z(t) + 7B u(t), x(O) = Zo, 

y(t) - C x(t); 

we associate this system with the triple (A,7B, C). With 

- .r/> - -
r(e,'ii,<I>) == {pe' : Pe [e,;;J,¢, e [-ef>,<t>]}, 

our goal is to find a controller which will simultaneously stabilize every model in 

(4.1) 

If 4, = 0. then we have a gain margin problem: if e = p = 1. then we have a phase margin 

problem; the general case is a combined gain and phase margin problem. With T > 0 

the sampling rate, we will consider LPCs of the form 

z[k + l] - G(k)z[k] + H(k)y(kT), z[O] = zo ER', 
(4.2) 

u(kT + r) - J(k)z[kJ, r E (0, T); 

we associate this system with the 4-tuple ( G, H, J, T). Here we let p denote the period 

of the controller parameters G, H, and J, so that pT is the period of the controller 

(G, H, J, T). Note that (4.2) can be implemented with a sampler, a zero-order-hold, and 

an zth order periodically time-varying discrete-time system of period p (See Figure 4.1). 

Figure 4.1: Implementation with a sampler and a zererorder-hold. 
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Here our notion of closed loop stability is the usual one: 

Definition 4.1 The LPC (4.2) stabilizes (4.1) if, for every :coERn and zoERl, we have 

lim z(t) = 0, 
t➔oo 

fun z[k] = 0. 
k➔oo 

Before presenting any results, let us first provide some motivation for the approach 

adopted in this chapter. With FERmxn, p>n, and T:=pT, we consider the control law 

{ 

0 t E [kT, kT+nT) 
u(t) = _ 

Fz[kT+nT] t E [kT+nT, (k+l)T); 
{4.3) 

we will denote the intervals [ kT, kT + nT) as the Estimation Phase and intervals 

[kT + nT, (k + l)T) as the Control Phase (see Figure 4.2). 
u(t) 

H 
F:c[nT] -~ 

nT T 

Estimation I Control I 
Phase ~ Phase~ 

Figure 4.2: Estimation and control phase of u(t). 

--
t 

Our first result, found in Section 4.3, will show that ( 4.3) can be implemented by an 

mt.h order LPC of the form (4.2). Then the natural question is how do we choose F, T 

and p. Since we are assuming the plant is strictly proper, we know that the plant filters 

out the high frequency content of u(t). Hence, for small Tone might expect that (4.3) 

will have the same effect as 



Chapter 4: Robust Stability: Low Order LPC 68 

(See Figure 4.3). If this is the case, then by choosing F appropriately, our low order LPC 

j • Fz(T+nTJ 

u( t) 

Fz[nT] ~ - - -_,,..,. ...... 
.,,, ... p-np 

/ 
p z (t) 

. V 

/ 
I/ ~ 

-- - -nT 71' T+nT 2T 2T +nT t 

Figure 4.3: Control law. 

should share some of the desirable properties provided by such a state feedback controller. 

In this chapter, F will be chosen using linear quadratic regulator (LQR) theory since it 

is well known that such controllers provide excellent gain and phase margins. 

4.3 Control Law Implementation 

In this section we will show that given a MIMO plant (4.1), for every fixed integer p > n 

and almost all sampling periods T, there exists an m th order LPC of the form ( 4.2) that 

will implement the control law (4.3). 

Proposition 4.1 If T > 0 is non-pathological, then for every p > n and every Fe amxn, 

there exists an m th order LPC (G,H,J,T) that will implement the control law (4.3). 

Proof: 

Let p > n, T = pT and k e z+. Recall from ( 4.3) that for -r E [kT, kT + nT) we 

have u(r) = 0, so f'or i = 0, 1, ...... , n, we have 

(4.4) 
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hence, 

y[kT] C 

z[kTJ. 

y[kT + (n - l)T) 

=: Y[kT] 

Since Tis non-pathological and (C~ A) is observable, it follows from Theorem 2.1 that 

the pair (C,eAT) is ~bservable, which implies that rank{C} = n, so 

(4.5) 

Using (4.4) and (4.5), it follows that 

so define /i E Rmxr via 

[ lo . . . ln-1 ] := F(eAT)"(CTc)-lCT. 

Hence, we can form Fz[kT + nTJ by sampling the output during the Estimation 

Phase while setting u. to zero. During the Control Phase we simply keep u. constant at 

Fz[kT+n,TJ. To implement this, we choose (G, H,J) E .9'(Rmxm)x.9'(Rmxr) x.9'(Rmxm) 

to be 

and set 

(0, lo, O) k = o 
(G,H,J)(k):= (I,f1c,O) k=l,•·•,n-1 

(I, 0, /) k = n, • • • ,P - 1, 

(G(k + p), H(k + p), J(k + p)) = (G(k), H(k), J(k)), k E z+. 

It is routine to verify that in closed loop, the response of ( G, H, J, T) becomes ( 4.3) . 

• 
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4.4 Controller Design 
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Now that we know how to implement (4.3) as a low order LPC, the next step is to 

choose F. It is well known that a continuous-time LQR optimal state feedback controller 

provides a lower gain margin of½, an upper gain margin of 00, and a 60 degree phase 

margin. Recall from Chapter 3 that in order to design the static GSHF controller that 

provided a lower gain margin of less than 1/2 and a phase margin greater than 60 degrees, 

we scaled the C matrix. For the same reason, we now scale the B matrix; withe E (0, 1), 

p E (l,00), and 4> E [O, n, define 

a:= 2cos(~) (4.6) 

and 

With Q E Rnxn and R E amxm symmetric and positive definite, we now consider the 

auxiliary system 

w(t) = Aw(t) + Bv(t), w(O) = w0 ; 

we would like to find the control law which, for each w0 , minimizes 

1"" [wT(t)Qw(t) + vT(t)Rv(t)]dt. 

It is well known that since ( v'Q', A) is observable and (A, .8) is controllable, the optimal 

control law is of the form v = F0w; we can obtain the optimal gain F0 by first solving 

the algebraic Riccati equation 

T - 1-T PoA+A Po-P0BR- B Po+Q =0 (4.7) 

for the unique positive definite symmetric solution P0, and then setting 

(4.8) 

Not only is 

sp(A + .BFo) = sp(A + aeB) Cc-, 
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but it can also be shown that 
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It would be nice if we could simply set F of ( 4.3) to F0• However, the control is 

turned on for p;n of the time, which means that we should scale this gain, i.e., set 

F= ~Fo. 

While this may work when Tis small, the controller will probably not even stabilize the 

nominal system when T is large. Hence, instead we will design F using discrete-time LQR 

theory so that we can always guarantee stability of the nominal system; since we would 

like the controller to inherit the gain and phase margin properties of the continuous-time 

LQR controller, we will incorporate the ~ term in the design. To this end, with p > n 

we define 

1
(p-n)T 

~ := eApT, Bd := O eAT· BdT, FT := FeAnT; 

when we apply the control law (4.3) to the plant (4.1), we have 

Hence, we can state our control objective as: 

Given the nominal system (A, B, C) and the set r(e_, p, 4>), find a T > 0, 
p > n, and an FT e Rmxn such that for every '1 e r(p,p, ef,), we have 

sp(~ + "'(BdFT) C {z EC: lzl < l}. -

(4.9) 

Now we will design the discrete-time control law. First, fixp>n; by Theorem 2.3, we 

can choose a T0 > 0 so that (At, B,,) is controllable for Te (0, T0). Let Te (0, T0), define 

Ba := ae_B,1, 

and consider the auxiliary system 

w[(k + l)TJ = Aciw[kT} + Bc!V[kT}, w[OJ = wo. (4.10) 

We would like to find the control law which, for each w0, mjnimizP.S 

~ { wT[kT]Qw(kT] + ( 9") 2 

vT[kT]Rv(kT]} . (4.11) 
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It is well known that since ( ~'~)is observable and (Aa, ~) is controllable, the optimal 

control is of the form 

furthermore, the following discrete-time algebraic ruccati equation 

T T - [-T - ( )
2 

1-l -T PT-AdPTAci+AdPTBd Bd PTBd + p;n R Bd PT.Aa-Q=O 

has a unique symmetric positive definite solution PT and the optimal gain is 

[
-i- - ( ) 2 ]-

1 
-T FT = - Bd PTBd + ';" R Bd PT.Aa, 

e.g. see the results of exercise 12. 7 in (55]. If we set 

F = FT (eAnT)-1, 

( 4.12) 

( 4.13) 

( 4.14) 

( 4.15) 

then we will be able to show that for sufficiently small T, our control objective can be 

attained. 

4.4.1 Preliminary Results 

We will require some preliminary results to prove that our new LPC provides good 

gain/phase margins with satisfactory intersample performance. Specifically, we would 

like to show that the solution of our discrete-time Riccati equation ( 4.13) approaches the 

solution of the continuous-time Riccati equation ( 4. 7) (See Rosen and Wang [43] for a 

similar result). The approach that we take here will be analogous to the approach used 

in Appendix A, so let us begin with the following: 

-1 Lemma 4.1 For every p > n, we have PT = O(T ). 

Proof: 

By our choice of FT, it follows that when we apply the auxiliary control law (4.12) 

to the auxiliary system (4.10), the cost function (4.11) is minimizP.d, and in fact, the 

associated optimal cost is w[ PTw0 • 
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Choose FE amxn so that A+ BF is stable and consider the control law 

v[kT) = ~Fw[kT], 

which means that the closed loop auxiliary system is given by 

w((k + l)T] = (Al+ ~~F)w[kT], w(O) = wo. 

Since 
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(4.16) 

and A+ BF is stable, it can be shown using a Lyapunov type argument that there exists 

a To> 0, a> 0 and A< 0 so that 

ll(Al + ~BcIFtll :5 a(e"T)k, TE (0, To). 

Hence~ for TE (0, T0), the cost associated with the control law (4.16), which is given by 

wl {t[(A.i + ;=;.8'FfJ"(Q + PRF)(A.i + ;=;.8'Ft} w0 , 

is bounded above by 
~ 2 ~ -L a2 

( e2.1.T)1: II Q + FT RF11 • llwoll 2 = a II~~ ~l.:1711 lltuoll 2 = oer1
) llwoll 2i 

k=O 

this clearly is an upper bound on the optimal cost wg PTwo. Hence, we have 

wf PTWo :5 O(F
1
)llwoll2 

--1 
=>PT= O(T ). 

• 

We can now use this to prove the following: 
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Lemma 4.2 For every p > n, we have 

Proof: 

~ - (p- n)TB + O(T2), 

PT - kPo + 0(1), 

FT - ~Fo + O(T). 

Since 

it follows that 
_ 1(p-n)T 
Ba - o.e O eAT'BdT 

- (p- n)TB + O(T2). 

Define 

P1::,. == TPT. 

From Lemma 4.1, it follows that Pa = 0(1). Substituting PT = Pa/T and 

A, = eAT = I + AT+ O(F), 

into (4.13) .. we get 

e,- - (r +AT+ ocTi)T e,- (r +AT+ o(Tl) 

+ (r+AT+ocTif 1t (CP-n)TB+O(T2
)) 

X [((p-n)T.8+0(T2f t((p-n)TB+O(T2))+(7)2 Rr 

x ((p-n)TB+O(T2 f t(r+AT+O(T))-Q=O 

=> 1t- (t+ (AT Pa+ PaA} + O(T)) + (¥P1::,.B + O(T}) 
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( 4.17) 

(4.18) 

X [(c.3>2
TBTP1::,.B+O(r}) +~R]-l (¥BTP1::,.+0(T))-Q=O 

=> -(ATP1::,. +PaA)+O(T) 

+(¥P1::,.B+O(T)) (~a-1) (O(T)+l)-
1
(¥§Tp1::,. +O(T))-Q=O. 
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But by Lemma 2.1 (iii), 

so it follows that 

T """' 1-T -A PA+ PAA - PABR- B PA+ Q + O(T) = 0. 
~ 
=:Aq 
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( 4.19) 

Since AQ = O(T), we know that there exists a T1 > 0 such that for TE (0, Ti) we have 

Furthermore, since PT = P:f > 0, it follows that PA = P'[ > 0. Then together with the 

fact that Q and Rare symmetric, it follows from (4.19) that ll.Q = .6.~. Hence, we can 

apply Lemma 2.3 to show that for T E ( 0, T1), there exists a constant c1 > 0 so that 

{ ( 
II Poll+ c1ll.6.QII ) } 

IIPA - Poll ~ max Amin(Q) - ll.6.qll IIAqll, c1IIAQII • 

Since Aq = O(T), it follows that 

IIPA - Poll= IITPT - Poll = O(T) 

=> TPT - Po= O(T) 

=>PT= *Po+ 0(1). 

Finally, if we substitute (4.17), (4.18), and (4.20) into (4.14), we get 

(4.20) 

FT = -[((p-n)TB+O(T2)f(T1
Po+O(I))(!P-n)TB+o(T2))+~Rr 

x ( (p-n)TB + O(T2)) T (T 1
P 0 + 0(1)) (1 +AT+ O(T

2
)) 

- - [ <,3>2 
T §T PoB + O(r) + <,3>2 R]-l ( <i;> §T Po + O(T)) 

- -(I+O(T))-
1 

(u!>2R-1
) (¥§Tp0+0(T)) 

- -(I+O(T)) (u!>2R-1) (¥§Tp0+0(T)) (UsingLemma2.1) 

- ~Fo+O(T). 

• 
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In order to show that the intersample performance of our LPC is satisfactory, we will 

need the following result. 

Lemma 4.3 For every 7 E r(e, p, ~), we have 

lle(A+-rBFo}tll2 ~ IIPoll X IIPolll Xe -IIPollU'q-111t, t 2'.: 0. 

Proof: 

Fix 1 E r(e,p,ef,), write 7 = p&tl>, let Po and Fo satisfy (4.7)-(4.8), and consider 

x(t) = (A+ 1BFo)z(t), x(O) = Zo. 

Consider the candidate Lyapnnov function V : en ➔ C: 

Since Po = Pl, we know that V is real valued, so 

. a 
V(z(t)) := 8t V(x(t)) 

is also real-valued. Expanding V(x(t)) and using (4.7) and (4.8) to simplify, it follows 

that 

V(:!:(t)) - -x(t)8Qx(t) + ae_(ae_ - ("!. + 7)):z:(t)* P0 BR-1 BT Poz(t) 

- -x(ttQ:z:(t) + ae_(ae - 2pcos(<f,))z(t)* PoBR-1 BT Po:z:(t). 

But since cos(</>) 2'.: cos(ef,) = a/2, and e_ $ p, we have 

ae - 2p cos( 4>) $ 0, 

so along with the fact that R > 0, we have 

V(z(t)) < -z(t)"'Qz(t), 

Hence, 

=> 1/(z(t)) < ---'mm(Q)llz(t)ll 2 = -IIQ-1 ll-1 llz(t)ll2
, 

=> llx(t)ll2 S -IIQ-1 11 x V(z(t)). 

V(:z:(t)) < IIPoll x 11:z:(t)ll2 

~ -IJPoll x l(Q-1 11 x V(:z:(t)), 
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so it follows from Lemma 2.2 that 

V(z(t)) ~ e oq-t,11PontV(z0). 

But 

so it follows that 

Uz(t)ll2 < IIP0-
1 II x e-oq-LtunPoUeV(zo) 

~ IIPo-1II x II Poll x e- 1q-1~11PoDel1zoll2 

=> 11e<AttBFo)tzol12 ~ IIPo-111 x IIPoll x e -uq-,'nn'bltllzoll2. 

Since this holds for every :i:0 E Rn, the result follows. 

4.4.2 Robust Stability 
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(4.21) 

■ 

We can now use the results of Subsection 4.4.1 to show that if we choose Fusing (4.15), 

then the resulting LPC controller can provide the desired gain and phase margins. 

Theorem 4.1 For every integer p > n, there exists a Tmaa' > 0 so that for every 

TE (0, Tmu:), there exists a meh order pT periodic LPC (G, H, J, T) which stabilizes 

every system in 

Proof: 

Fix p > n. By Theorem 2.3, choose To > 0 such that ( Ac,, Bt1) is controllable for every 

TE (0, T0). Recall that a, PT, and FT satisfy (4.6), (4.13), and (4.14). With p E [¼, feJ 
and ef> E [-;/,, ;/,], consider 

w[k + 1) =(Ac,+ ,ei9~FT)w[k], w[O) = wo E Rn. 

Fix w0 and consider the Lyapunov candidate function V : C"' ➔ C: 
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Since PT = Pj it follows that V is real-valued, so 

AV(w(k]) := V(w[k + 1]) - V(w[k]) 
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is also real-valued. Expanding AV(w[k]) and using (4.13) and (4.14) to simplify, it follows 

that 

AV(w[k]) -T -
- -w[kJ-Qw[k] + fw[kJ-(Ff Ba PTBdFT)w[k] 

+(1- 2,Pcos(,P))w[kj"Ff ( JLT PTJL + ( 7) 2 R) FTW[k]; 
. 

using the definition of a given in (4.6), the bounds on <f,, and the upper bound on p, we 

see that 

1 - 2pcos(<J,) S 0, 

so along with the fact that PT> 0 and R > 0, we have 

AV(w[kJ) ~ -w[kJ-Qw[k] + ( le) 2 
w[kt(F,}'BaT PTaiFT }w[k]. (4.22) 

We now go on to show that as T ➔ 0, the second term in the above inequality 

is dominated by the first term. From Lemma 4.2, we know that there exists positive 

constants c1 , c2, c3, and T1 E (0, T0 ) so that for TE (0, T1) we have 

IIPTII s 1, 

IIFTJI 5 C3. 

Hence, there exists a constant~> 0 so that for TE (0, Ti) we have 

( ter jw[k]"( Ff iLT PT ~FT )w [k) I < c.Tllw[k]ll2
• 

If we let 

Tma: < min { ,\m:;:CQl, T1} , 

then it follows that for TE (0, Tma:) and w[kJ :f: 0, we have 

(~r lw[k]"(Fl1LT PT1LFT)w[kll < ~ .. (Q)llw[k]ll2 $ w[k)"Qw[A:] 

=> -w[k]•Qw[k] + (fe) 2 
w[k]•(Fj&T PT~FT)w[k] < 0, 
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so for TE (0, TfflG%) and w(k) # 0, we have 

aV(w(k1) < 0. 

This means that there exists a positive definite matrix Q so that 

aV(w(kJ) :5 -w(kJ-Qw[k]! TE (0, Tmaz), k ~ 0. 
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Hence, for every w0 , V(w[k]) goes to zero as k ➔ oo; since PT is positive definite, it 

follows that w[k] goes to zero as k ➔ oo as well, so using the definition of Ba, we have 

sp(Act + peftl>EcJFT) C {z EC: lzl < 1} 

=> sp(Ad + aepe!•BdFT) C {z EC: lzl < 1}. 

But this holds for ae'PE (e,p], so for TE (0, Tmaz), p E [e,i>] and</> E [-4,,4,], we have 

sp(AcJ + pei"' BdFT) C {z E C : lzl < 1}. 

Finally, with TE (0, T~) and F := FT(eAnT)-1 , apply Proposition 4.1 to construct the 

m th order pT periodic LPC (G, H, J, T). 

■ 

4.4.3 Intersample Performance 

We will now look at the performance of our LPC controller as T ➔ 0. Consider the 

following desired closed loop system: 

i(t) = (A+7BFo)i(t), z(O) = :z:o ER". (4.23) 

Then our desired state is defined as 

If we apply the stabilizing LPC constructed in Theorem 4.1 to our plant ( 4.1), then 

the state of the plant satisfies 
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and for every 7 E r(e_, p, 4>), we have 

Theorem 4.2 For every e > 0, for sufficiently small T > 0 we have 

Proof: 
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Fix p > n, and let "Y E r(e_, p, 4,), T E (0, Tmaz), and x0 E Rn be arbitrary. Now 

consider 

V(x) := xT PTx. 

With T = pT, it is routine to prove that if T E ( 0, T l'1l4Z), then V( x [kT]) is monotonically 

decreasing and goes to zero (e.g. see the proof of Theorem 4.1). Hence, 

sup llx[kT]ll 2 ~ IIPTII x IIPi 1 II x llxoll 2

• 

1:2=0 

Since Po is non-singular, and from Lemma 4.2 we have 

it follows that there exists a constant c1 > 0 and T1 E (0, T maz) so that 

sup llz[kT}II $ c1llzoll, TE (0, T1)-
k:?,o 

Also by Lemma 4.2 we have 

which means that there exists a constant c2 > 0 and T2 E (0, Ti) so that 

Hence, it follows from the differential equation for z that there exists positive constants 

c3 and Ct so that 

(4.24) 

Now let's look at the difference equation for 
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at t = 0, T, 2T, . . . . We have 

But 

and using Lemma 4.2, we have that 

Ad +'YBdFT. = I+ AT+ O(T2
) + ;[(p-n)TB + O(T2)1[#nFo + O(T)) 

- l+(A+7BFo)T+O(T2
). 

Hence, using our bound on :z:[kT] we have that 
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Now it follows from Lemma 4.3 that there exist constants c5 > 0 and A< 0, independent 

of 'Y, so that 

Hence, there exist constants Ce > 0 and T3 E (0, T2) so that 
k-1 

Since 

ll{[kTJII $ E ea(eAT)k-i-iT2 ll:z:oll, TE (0, T3), 
i=O 

li.m T2 - 0 
T➔O l-eA¥ - ' 

we have that z - i can be made small at t = 0, T, 2T, ... by letting T ➔ 0. 

(4.25) 

Now let us examine what happens between the samples. For T E (0, T3) and T E (0, T) 

we have 
(kT+-r 

lle(kT+r)II < lle[kT]II+ 1/cT llz(t)-i(t)lldt 

$ ea 
1
_-r;,, llzoll + T(llzll00 + llill00). 
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It follows from (4.24) that llzll00 is bounded in terms of llzoll, while it follows from (4.23) 

and ( 4.25) that 

llilloo ~ (IIAII + plf Bii X IIFoll)csllxoll-

Hence, for T E (0, T3) we have 

11e1100 ~ [/_~;:T +c.apT+cs(IIAII + pllBII X IIFoll)pT] llzoll, 

so the result follows. 

If we define the desired output as 

y(t) := C$(t), 

and note that the actual output is given by 

y(t) = Cz(t), 

then the following Corollary is a straightforward result of Theorem 4.2. 

Corollary 4.1 For every e > 0, for sufficiently small T > 0 we have 

• 

Remark 4.1 With 4> E [O, U, e. E (0, l], and p E [l, 00), we now summarize an algo­

rithm for constructing a low order LPC (G, H, J, T) that stabilizes every system in 

{(A, B, -yC) : 'Y E r(e, p, ef,)}. 

i) Choose symmetric positive definite matrices Q and R, let 

a= 2 cos(4,), 

and pick p > n. 

ii) Find a T such that with 
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we have 

iii) Let 

a) (At, Bc1) controllable, 

b) (C,eAT) observable, 

c) PT and FT satisfying (4.13) and (4.14), and 

d) p2 !1Fj BJ PTBdFTII < Amin(Q) 
(Note that this condition ensures ti V in ( 4.22) is negative, which 
is sufficient to ensure the desired robustness). 

C 

C·-.-

and define /i E amxr so that 

iv) Set 

(O, /o,O) k = 0 

(G,H,J)(k):= (I,/1c,0) k=l,•••,n-1 

(l,O,l) k=n,••·,p-1. 
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□ 

Remark 4.2 The T obtained in step (ii) of the above algorithm is typically quite con­

servative. Hence, if we were to use this for design, it might be better to compute the 

combined gain margin and phase margin for various values of T, and obtain the largest 

one which achieves the desired robustness. 
□ 
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4.5 An Example 

In this section, we will design a first order LPC for the second order SISO plant used in 

the examples found in Sections 3.3.3 and A.1.3. Suppose our nominal plant is 

with associated transfer function 

• -1 s -1 
P0 (s) := C(sl - A) B = (s _ O.S)(s + l). 

Recall that this example was taken from Doyle et.al. [16, pp. 200-203), where it was 

shown that an LTI stabilizing compensator can provide at most a phase margin of 38.9°, 

and the upper and lower gain margins must satisfy p / e :5 4. 

4.5.1 Controller Synthesis 

Using Remark 4.1. we now construct a first order LPC to stabilize every system in 

{(A, B,;C):; E r(0.75, 6, 70°)}. 

i) Choose Q = I, R = 1, let 

a = 2 cos(~) = 2 cos(70°) = 0.684, 

and pick p = 5 > n = 2. 

ii) Figure 4.4 shows a plot of p2 IIFfBJ" PTBaFTII vs T. Since 

we can choose T = 0.00002. However, as stated in Remark 4.2, this is typically 

conservative. So in a similar approach to that used in Sections 3.3.3 and A.1.3, 
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10'0 
Determining T mu for Low Order LPC 
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Figure 4.4: Determining T ma:r for the robust LPC using norm calculations. 

we now propose a method to approximately determine a less conservative sampling 

period. Using a 2-dimensional search algorithm, determine 

~pc(T) := min{ p E (0, 1] : sp(Ac, + pef,t> BdFT) C {z EC : lzl < l}, 

p E [p, 1], </> E [-~, ~l}, 

Pzpc(T) := max{pE [1,oo): sp(Ac, + pef,t>BdFT) C {z EC: lzl < 1} 

p E [1, p], </> E [-~, ef)l}. 

To be consistent with Subsections 3.3.3 and A.1.3, we refer to ezpc(T) (p1p:(T)) as 

the ~combined lower (upper) gain/phase margin" provided by the LPC (G, H, J, T). 

A plot of ezpc(T) and p1pc(T) is provided in Figure 4.5. Observe that we can achieve 

the desired gain and phase margin for every T < 0.00890. 
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Gain Margin vs Sample Period (700 phase margin) 
104 __ __,_...,......__,..,.-,---,--.,.......--,....,...,........--..--...................... l"""T"'O"'~------,-,-......... --

- Upper Gain Margin 

- - Lower Gain Margin 

103 

10° 0.75 · "' ,- ........ ••·· ... _ .... ·•• _ •.. __ .. _- _ .. _~ - .... _.:.,,·_ ~ - ....-

0.0089 10-1 ____ __._ ......... _ _____........_ .......... _._. ______ .....__.__.__. ............. .....__ __ ........__ ............. 

10-5 10-4 10-3 10-2 

T 
Figure 4.5: Low order LPC 2-dimensional robustness margin search result. 

iii) If we pick T = 0.0088, it is easily verified that (~, Bd) is controllable and that 

( C, eAT) is observable. \Vith this choice of T, the solution PT of ( 4.13) is 

[ 
11.60 31.46 ] 

PT= ' 
31.46 1030 

and the optimal gain FT satisfying ( 4.14) is 

FT = [ -0.1623 11.23 ] . 

Hence, with the definition of C given in step iii) of Remark 4.1, it follows that 

[ /o · · · /n-1 ] = FT(CTC)-lCT = [ -842.5 849.9 ] • 

(0, -842.5, 0) k = 0 

iv) Set (G,H,J)(k) := (1,849.9,0) k = 1, 

(1,0, 1) k = 2,3,4. 
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Figure 4.6 shows the output response for the case where 'Y = 4 and :z:o = [1 of. It can 

be argued that the intersample performance of this first order LPC is much better than 

that of the static GSHF controller presented in the previous Chapter, since here we know 

that y(t) ➔ y(t) as T ➔ 0 and in the previous chapter we saw that the intersample 

performance degraded as T ➔ 0. (e.g. Compare Figure 4.6 to Figures 3.6 and A.4) 

LPC: Output (Xo=[1,0]T,v=4) 
1---------------------------------------

0.8 

ao.s 
l >,. 
....:: 
~0.4 

0.2 

0.5 1 1.5 2 2.5 3 
t 

3.5 4 

LPC: Control Signal (Xo=[1,0]T,y=:4) 
0.05 ,------,-----.----------------------------

0 

2-0.05 
l :::J 

" -'5" -0.1 

-0.15 

-LPC 
- - Desire 

-0.2------___,_ ____ ,____ __ ......,__ __ _._ __ ___. _____ ......._, __ ___. 
0 0.5 1 1.5 2 2.5 3 3.5 4 

t 
Figure 4.6: LPC simulation results: 7 = 4, :z:o = [l of. 

4.5.2 Properties of the Control Signal 
In. the previous subsection, we arbitrarily fixed p = 5 and then decreased T until our 

LPC controller provided the desired gain/phase margins. Since p was fixed, the LPC 

control signal was only nonzero for (p - n)/p = 3/5 of the time. Due to the approach 

adopted in the design of the LPC, we expected that during the Control Phase, the LPC 

control signal would be approximately 5 /3 that of the desired continuous-time control 

signal. From the second plot in Figure 4.6, we see that this is indeed the case. In this 
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subsection, we will qualitatively determine what effect changing the ratio (p - n) / p has 

on the LPC control signal. 

We will perform simulations on the nominal model (i.e. 1 = 1), and in order to make 

the trends more obvious in the simulation plots, we will fix T to be a relatively large 

value. We vary the ratio (p - n) / p by decreasing the duration of the Estimation phase by 

increasing the value of p. Specifically, with T = 0.1, we let p E {3, 5, 12}, which means 

0.3333 p=3 . 
p-n 

0.6000 p=5 ---
p 

0.8333 p = 12. 

and T E {0.03333, 0.02, 0.008333}. The design specifications for our LPC will bee.= 0. 75, 

p = 6, 4> = 10°, Q = I, and R = 1. The LPC controllers can then be designed using 

steps (iii) and (iv) in Remark 4.1. In the following simulation results, we used 7 = 1 and 

xa = [1 OjT. Figure 4.7 shows the LPC control signal for each of the three LPCs, and as 

expected, the LPC control signal becomes smaller as e;n ➔ 1. 

Furthermore, note that by fixing T and increasing p, we are effectively decreasing T. 

By Corollary 4.1 we expect that as T becomes smaller, the difference between the actual 

output y(t) and the desired output y(t) will also become smaller. This trend is verified 

in Figure 4.8. 

4.6 Summary and Concluding Remarks 

In this chapter, we have shown that it is possible to design a low order LPC that will 

solve an extended version of the combined gain/phase margin problem. The LPC can 

be implemented with a sampler, a zererorder-hold, and a m th order p-periodic (p > n) 

discrete-time compensator. Unlike the GSHF controllers of Chapter 3, this controller 

also provides satisfactory intersam.pler performance; in fact, for sufficiently small sam­

pling periods, the LPC control signal has virtually the same effect as that of an ideal 

continuous-time state feedback control law. These results have been published and can 

be found in [45]. 
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Control Signal: t =0.1,p::3 
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%-0.1 
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Control Signal: t =0.1,p:5 
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Control Signal: t =0.1,p:12 
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Figure 4.7: LPC control signal for T = 0.1, p E {3, 5, 12}, 7 = 1, and :z:0 = [1 of. 



Chapter 4: Robust Stability: Low Order LPC 
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Figure 4.8: LPC output signal for T = 0.1, p E {3,5, 12}, 7 = 1, and ~0 = [1 of. 
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Chapter 5 

Low Order Model Reference Control 

5.1 Introduction 

Up to this point, our objective has been to design a low order LPC that provides robust 

stabilization. In this chapter. we turn our attention to the tracking and disturbance re­

jection problem, where our goal is to make the plant output track a prespecified reference 

signal from a class of reference signals, and to attenuate disturbances from another class 

of signals. The class of reference signals that we consider is the set of all possible outputs 

of a prespecified stable LTI reference model in response to a signal in ~ 00 • The reference 

model is chosen by the control system designer to embody a desired behaviour, so by 

forcing the plant output to track the reference model output, we are making the plant 

behave like the reference model. This problem is commonly referred to as the Model 

Reference Control Problem (:MRCP). 

Specifically, we will consider the use of a static GSHF controller to provide near exact 

tracking and disturbance rejection when the strictly proper SISO LTI plant is minimnm 

phase and the strictly proper SISO LTI reference model is stable. In the literature, static 

GSHF controllers have been used to ensure that the plant output tracks the output 

of a discrete-time stable LTI reference model [26, 41] but nothing is proven about the 
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intersample behaviour. As was seen in Chapter 3, good performance at the sample 

points does not imply that the intersample performance is satisfactory. Furthermore, if 

the plant is non-minimum phase, then there are limits to the best achievable closed loop 

performance [38). Here we consider the case where the plant is minimum phase since 

it is well known that LTI compensators can be used to obtain near exact tracking and 

disturbance rejection. We will show that the same is true for the static GSHF controller. 

This chapter is ~rganized in the following manner. In Section 5.2 we formulate the 

MRCP and describe the set of GSHF controllers that we will consider. A brief outline of 

the approach that will be adopted is also presented where the overall problem is broken 

down into two parts. In Section 5.3 we provide the first preliminary result that deals 

with an "ideal" LTI system. The second preliminary result that relates the actual LTV 

closed loop system to the ideal LTI system is presented in Section 5.4. These preliminary 

results are then used in Section 5.5 where we prove that there exists a static GSHF 

controller that provides near exact tracking and disturbance rejection. We address some 

computational issues in 5.6 and provide an example in Subsection 5.6.1. Finally, in 

Section 5. 7 we provide a summary and make some concluding remarks. 

5.2 Problem Formulation 

Our SISO plant P is described by 

z(t) - A:z:(t) + Bu(t) + Ew(t), z(0) = 0, 

y(t) - C:z:(t), 
(5.1) 

with z(t) ER" the plant state, u(t) ER the plant input, w(t) ER the disturbance, and 

y(t) ER the plant output. The associated transfer function from u toy is given by 

P(s) := C(sl -A)-1 B. 

We assume that ( A, B) is controllable, ( C, A) is observable, and P( s) is minimttm. phase; 

we denote the relative degree of P( s) by q. 
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Our stable SISO reference model Pm is described by 

Zm(f) - Amxm(t) + Bmu,,.(t), Zm(O) = 0, 
(5.2) 

Ym(t) - CmXm(t), 

with Xm(t) E R"m the reference model state, Um(t) E R the reference model input, and 

Ym(t) E R the reference model output. The model is chosen to embody the desired 

behaviour of the closed loop system. 

We now define t)ie set of controllers that will be considered. With 

e(t) := Ym(t) - y(t) (5.3) 

the tracking error, T > 0 the sampling period of the generalized hold, and F: R ➔ R 

piecewise continuous and periodic of period T, we consider the static GSHF controller 

u(t) = F(t) e(kT), t E [kT, (k + l)T), k E z+; 

we represent the controller by the pair ( F, T). 

(5.4) 

The structure of our closed loop system is illustrated in Figure 5.1, and we denote 

the closed loop map from [Um w]T to e as GLTV• 

w 

~--~ ~--4.i(F,T)..,_u~ --- ---p y 

Figure 5.1: MRCP closed loop system. 

Our objective can be stated as the following: 

Given the minim1Jlll phase plant P, the stable reference model Pm, and an 

E > 0, find a static GHSF controller ( F, T) so that 

IIGLTVlloo < E .. 

Before continuing, let us provide some motivation for the choice of how the distur­

bances enter into (5 .. 1). In practice, there is always some input noise d1 and output 
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....,__,_~ )-~(F,T) 
-----

p Y1 

Figure 5.2: MRCP closed loop system with input and output noise. 

noise d2 entering into the closed loop system as displayed in Figure 5.2. However, since 

our plant is strictly proper, it is clearly impossible to reject a disturbance d2 with step 

changes. Hence, we will assume that d2 is the output of a strictly proper stable LTI 

system W (see Figure 5.3). 

d1 

_um_----~--io--~~+ __ --- ! 

ci2 

Figure 5.3: MRCP closed loop system with assumption on output noise. 

If we let 

z111(t) - ~z111(t) + Bwd2(t), 

d2{t) - C111zw(t) 

be a state space representation for W, and transform the block diagram in Figure 5.3 to 

the block diagram shown in Figure 5.4, 
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.... t~{~J ............. . 
J2 l -w--:.__d_2 _ • 

+ 
+ 

Ym · ............................. . 
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p y 

Figure 5.4: Transformed MRCP closed loop system with assumption on output noise. 

then we can redefine our reference model to be 

and let 

[ ::~:: ] - [ ~ : ] [ ::~:: ] + [ :m ;w ] [ :(~: ] , 
Ym(t) - [ Cm C

111 
] [ Zm(f) ] , 

Z 111(f) 

x(t) = Ax(t) + Bu(t) + ld1(t) 

y(t) = Cx(t). 

Hence, except for the fact that the new reference model has two inputs, our reformulated 

problem is of the required form. The fact that the reference model has two inputs does 

not present any problem in any of the results presented in this chapter, but to simplify 

notation we will remain with the original setup. 

Before continuing, recall the following fact from [39, Lemma 1): the minimum phase 

system (5.1) of relative degree q admits a state space model of the form 

[ ::~:: ] _ [ ::
1 

b::2 

] [ ::~:: ] + [ ~] u(t) + [ :: ] w(t), 

- [ Q C2 ] [ Z1 ( t) ] 
z2(t) 

y(t) 

(5.5) 
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with A1 stable with eigenvalues at the zeros of P(s), and with A2, bi, and c2 of the form 

C2 = 0 • • • 0 1 ] E Rlxq, 

1 

0 

0 (5.6) 

0 0 -ao 

1 0 -a1 
A2 - E Rqxq. 

0 1 -aq-1 

Without loss of generality, we will assume that our plant model is already in this form, 

so the plant and reference model combined are given by 

z1(t) 

z2(t) 

xrn(t) 

= 
0 0 An 

0 E1 

0 

+ gbi v.(t) 

0 

+ 0 1tm(t) + E2 w(t), 

0 

e(t) - [ 0 -c2 Cm ] z1(t) 

z2(t) 

Zm(t) 

(5.7) 

(5.8) 

To simplify the controller synthesis and analysis, we will first transform our combined 

system to make the error one of the state variables. To this end, define 

0 

0 

1 
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and apply the transformation 

z1(t) I 0 0 z1(t) 

z2(t) - 0 I -biCm z2(t) 

Z3(t) 0 0 I Zm(t) 

to yield 

=:A =: z(t) =: Bi 
~ ~ 

z1(t) A1 b1c2 b1Cm z1(t) 0 

.i2(t) - b2C1 A2 A2b2Cm - b2CmAm z2(t) + gb2 u(t) 

z3(t) 0 0 Am Z3(t) 0 

0 E1 

+ -biCmBm Um(t) + E2 w(t). (5.9) 

Bm 0 

=: B2 =:E 

e(t) - [ 0 -C2 O ] z(t). (5.10) 

=:C 
Notice that from the form of c2 that -e is one of the state variables. 

Before delving into the details of our results, let us first outline the approach that 

will be taken. The GSHF controller synthesis will be accomplished in two steps. In the 

first step (Section 5.3), we will define an ideal LTI system GLTI : [-um w]T i-+ e that is 

parametrized by a scalar gain k, and then show that ask ➔ oo, the ..2'100 induced gain of 

GLTI goes to zero. In the second step (Section 5.4), we fix k and show that it is possible 

to design a static GSHF controller parametrized by T, so that when it is applied to the 

plant (5.9)-(5.10), the resulting LTV closed loop system ['Um wjT i-+ e (see Figure 5.1) is 

close to the corresponding ideal LTI system when Tis small. 
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5.3 Ideal Closed Loop System 

In this section, we will define the ideal LT I closed loop system G LT r (parametrized by 

the scalar k) based on (5.9)-(5.10), and show that the 2'00 induced gain of this ideal LTI 

system approaches zero as k ➔ oo. 

If we apply the control law (5.4) to the system (5.9) and let 

F = r-• 1T.eA"B1 F(r)dr E Rn+-, 

then the closed loop system state satisfies 

z[(k + l)T] = (eAT + T FC)z[kT] + 1T eA(T--r)[B2 E] [ Um(T) ] dr. 
o w(r) 

(5.11) 

Since ( A, B 1) is not controllable, there exists an F E R n+nm and T > 0 for which no 

F(t) satisfying (5.11) exists. However, 

(A, B) = ( [ A1 b1c2 ] , [ 0 ] ) 
l,.zc1 A2 gb2 

is controllable, so if we let 

F = r-• 1T eA-r BF(r)dr E R", (5.12) 

then it follows from the structure of A, B 1 and C that the closed loop system state 

satisfies 

z[( k +1 )T] = ( eAT + T [ -:C ~ ]) z[kT] + t eA(T..-,% E) [ :(~) ] dr; 

since (A, B) is controllable, for every FE Rn and T > 0 there exists an F(t) satisfying 

(5.12). Since A1 is stable, we will set the first n - q elements of F to zero and only use 

the last q elements: with F = -[0 _FTJT, we have 

a o o 
0 Fc2 0 . 

0 0 0 
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With this in mind, we define the ideal LTI closed loop system GLTr(F): (ttm,w) H- eby 

(5.9)-(5.10) with the (2,2) element adjusted: 

-=:A 

Ai bic2 b1Cm 

i'(t) - ~Cl A2 + Fc2 A2b:iCm - ~CmA.n z(t) 

0 0 Am 

0 E1 

+ -~CmBm 'Um(t) + E2 w(t), (5.13) 

Bm 0 ..___, 
= B2 =E 

e(t) - [ 0 -C2 o ] z(t); (5.14) 

=C 
we label the output as e to distinguish it from the error signal produced when the GSHF 

controller is applied. 

Since the plant is minimum phase and the reference model is stable, we know that 

both A1 and Ana are stable. So let us turn our attention to the (2,2) element in A. 
Specifically, we will show that we can make IIGLTr(F)ll 00 small by choosing F so that 

the (2,2) element in A has very '-fast" eigenvalues. To this end, define 
,, 

71(k, s) := (s + k)(s + 2k) "'"'"'(s + qk) = L77ikq-i_,i, 
i=O 

and set 

(5.15) 
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Then 

100 

We are now ready to present the result needed to perform the first main step in our 

GHSF controller synthesis. 

Proposition 5.1 For every e > 0, there exists a km.in > 0 so that for every k ~ kmin, 

there exists a F1c E Rq so that IIGLTr(FAJlloo ~ e. 

Proof: 

We first apply a similarity transformation to our ideal LTI system (5.13)-(5.14). Let 

1 
A:f-1 

ln-q 0 0 

Mk:= M ·- 0 Mk 0 .-
1 
k 0 0 fnm 

1 

and set 

z(t) = Mz(t). 

Then with the notation 

0 0 -110 

A ·-.-
1 0 -111 

0 • 

0 1 -TJq-1 
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it can be shown that 

1e,1_, b2c1 kA M1eA2~Cm - ~Cm.Am i(t) 

0 0 Am 

0 

Bm 0 

e(t) = [ Q -C2 Q ] z(t). 
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(5.16) 

( 5.17) 

Since A, A1, and Am are stable, it is easy to prove that the above system is stable for 

large k > 0 (a Lyapunov-type argument would work). Proving error regulation is not as 

straightforward. We begin by partitioning i(t) into [zi.(t)T i;(tf i 3 (t)T]T and taking the 

Laplace transform of (5.16)-(5.17) to get 

zi(s) - (sf - Ai)-1(b1c2z2(s) + b1Cmz3(s) + E1w(s)), 

z2(s) - (sf - kA)-1 [.fi:,1:..1 ~c1zi(s) + (MkA2b2Cm - b2Cm.Am)z3(s) 

-~CmBm1tm(s) + MkE2w(s)] , 

Z3(8) - (s/ -Amr1 BmUm(s), 

e(s) - -c2i2(s). 

From these equations, we can construct the block diagram illustrated in Figure 5.5. 

biCm --------
w 

..._-------~-~CmB-1-----~ 

Figure 5.5: Ideal LTI closed loop system block diagram. 
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By "shifting" Node 2 to Node 1, we can redraw the block diagram in Figure 5.5 so 

that we have a feedforward part and a feedback part, as illustrated in Figure 5.6. 

w 

Um 

Feedforward Feedback 

Figure 5.6: Transformed ideal LTI closed loop system block diagram. 

Let us look at the feedforward part first. Define the intermediate signal ( as illustrated 

in Figure 5.6. Using the fact that Am and A1 are stable, and the definition of M1c, it can 

be shown that there exists positive constants {30 and ko so that for k ~ ko, we have 

(5.18) 

For the feedback part, we begin by defining G1 and G2 as illustrated in Figure 5.6. Since 

A1 is stable, we know that there exists a /31 > 0 so that 

II G1 II oo '.5 1c,:.1 /31-

We now show that there exists a constant {32 > 0 so that 

IIG2 lloo '.5 ½/32. 

To see this, first observe that g2 := i:., - 1 
{ G2 } is given by 

92(t) = C2elit. 

Now there exists an a > 0 and A < 0 such that 

lleAtll :5 aeAe. 

(5.19) 

(5.20) 
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Hence, 

(IG2ll0C) - ll02111 

- f O II c2J-At lldt 

< i"" llc2llaeA'*dt 

5 ~
l 
Ji· 

Therefore, from Fi~e 5.6 and (5.19)-(5.20), it follows that 

lleJloo 5 If G2ll00 (IIG1 ll00 X llellco + ll(floo) 

5 t (~llelloo + If (lloo) , 

=> (1 - ¥.-) llelloo :s ~ll<ll0C), 

so fork> (/31/32)1l9 =: k1, we have 

/32 1 
llell00 5 k (l _ ¥.-) 11(110C)• 
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(5.21) 

Finally, by combining (5.21) and (5.18), it follows that for k > max{ko, k1} we have 

llelloo :S (~ (1 _ 1¥.-)) .Boll[u.n wf lloo, 

so our result follows. • 

5.4 Low Order GSH Controller 

In this section, we will fix k large enough so that the ideal LTI system is stable with an 

acceptable level of performance, and then show that it is possible to design a static GSHF 

controller (F, T) so that when it is applied to (5.9)-(5.10), the resulting LTV closed loop 

system performance approaches that of the ideal LTI closed loop system as T ➔ 0. 

Let us begin by designing the hold function. We assume that k has been chosen large 

enough so that with F1: satisfying (5.15), the matrix A defined in (5.13) is stable; by 
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Proposition 5.1, we know such a k exists. Now choose an F(t) satisfying 

{T eA(T--r) BF(r)dr = [ O ] . 
lo -TF1c 

(5.22) 

We know that since ( A, B) is controllable, such an F( t) exists. Specifically, we will 

choose F(t) to be a piecewise constant function talring on n values over each sample 

period. Namely, with T = T/n, we consider hold functions of the form 

F(t) = Ii, t E [iT, (i + l)T); (5.23) 

we represent this specific GSHF controller by the pair (/i, T). Recall that the corre­

sponding map ( Um, w) i-+ e was denoted by G LTV; to make the dependence of the map 

on T and Fk explicit, we write GLTv(T, F1c). From Section 3.4, we know that for every 

F1c E Rq and for sufficiently small T, there exists constants /. satisfying (5.23), and that 

the resulting GSHF controller can be implemented with a sampler, a first order discrete­

time n-periodic compensator, and a zero-order-hold. When eJCaroining the intersample 

behaviour of our GSHF controller later on, it will be necessary to know what happens to 

the magnitude of the gains /i as the sampling period T tends to zero. Hence the following 

result: 

Lemma 5.1 Given the plant (5.5) and a matrix F1c E Rq~ if F(t) of the form (5.23) 

satisfies (5.22), then ls = O(T1-q). 

Proof: 

Since the piecewise constant F(t) satisfies (5.22), it follows from Proposition 3.3 that 

with '1i given by (3.25), we have 

lo 

fn-1 

l 
r-l 

1 r 
1 

(5.24) 
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But here A and B have the specific form given in (5.5)-(5.6), so it follows that with 

1 

J ·-.-
1 

there exists a A1 E a<n-q)x(n-q) and A2 E Rqx(n-q) so that 

[ An-1 B . . . B ] = [ Ai O ] . 
_ A2 gJ 
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Since (A, B) is controllable, we know that [An-l B • • • B] is invertible, so it follows that 

[ A•-19 ••• Br [ _:•] - [ -g-~JF•] (Note J = J-1
). 

Substituting this into (5.24), it follows that 

0 

lo 

fn-1 
1 

T 

and our result follows. 

1 

• 
Let us now turn to the second main step in the synthesis of our GSHF controller, 

namely that of showing that the closed loop LTV system behaves (from an input-output 

point of view) like the ideal LT! closed loop system for small T. If we apply our GSHF 

controller to the actual system (5.9)-(5.10), then it can be shown that 

=:~ 

z[(Tc+l)T] = ( eAT + T [ -:• ] c) z[kT]+ l"+•rr _,Alc"+11r-1[s, E] [ "::c~l ] dr, 

(5.25) 
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while from (5.13)-(5.14) it follows that 

i((k + l)T} = eATz[kT) + eA((k+i)T-~1[B2 BJ Um r dT. _ 1(k+l)T _ [ ( ) ] 

lcT w(r) 

Our key observation here is that for small T, we have 

0 

<P ~ (/+TA) + -TF1c C 

0 

A1 b1c2 b1Cm 0 

- I+T b2c1 A2 A2b2Cm - ~CmAm + -F1c [ 0 

0 0 Am 0 
-- I+TA 

~ e..iT_ 
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(5.26) 

-C2 0 ] 

Hence, one might expect that for small T, z[kT) is close to i(kT}, which means that 

for small T, e[kT] is close to e{kT]. Showing that the intersample response is also well 

behaved is more complicated and will require the following preliminary result. 

Lemma 5.2 If A is stable, then there exists an a> 0, A< 0 and a T0 > 0 so that 

Proof: 

Let 

and consider the difference equation 

w(k + 1) = <lw(k) = (I+ AT+ Ll1(T))w(k), w(O) = wo. 

Since A is stable, it follows from [55, Lemma 12.1) that there exists a unique positive 

definite matrix P satisfying 

(5.27) 
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so consider the Lyapunov candidate function 

V[w(k)] := w(k)T Pw(k). 

107 

Using the fact that A1(T) - O(T2), it can easily be shown that there exists a 

A2 (T) = O(T) so that 

V[w(k + l)J - V[w(k)] = Tw(kf[(ATP +PA)+ A2(T)]w(k), 

so from (5.27) it follows that 
. 

V[w(k + 1)) - V[w(k)] = Tw(k)T(-I + A2(T))w(k). 

Since A2(T) = O(T), it follows that there exists a To > 0 so that 

which means that for TE (0, T0 ) we have 

V[w(k + 1)] - V[w(k)J :5 -fw(kf w(k). 

But 

so for TE (0, T0 ) we have 

V[w(k + 1)] - V[w(k)] :5 -T 2.\m!z(P) tr[w(k)] 
.., T f 

=: -2.,\ 

=> V[w(k + 1)] $ (1 + 2.,\T)V[w(k)] 

=> V[w(k + 1)] :5 e2.\TV[w(k)) 

=> V[w(k)) $ (e2.\1)k V[w0] 

=> llw(k)ll2 :5 ~::[£/ (e2.\T)k llwoll2 
---..,_., 
=: a2 

=> ll~kwoll2 :5 a2 (e2.\T)' llwoll2 

=> ll~kll :5 a (e.\1)k. • 
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We can now use Lemma 5.2 to show the following result. 

Proposition 5.2 If k is chosen such that the ideal LTI system (5.13)-(5.14) is stable, 

then for every e > 0, there exists a Tmaz > 0 so that for every TE (O, Tma:z:), the GSHF 

controller (/i, T) ensures that 

Proof: 

This proof will· be broken down into three parts. In the first part, we use the fact 

that .A is stable and <I ~ eAT for small T to show z(kT] is bounded for small T. Then 

this is used in the second part to show that z[kTJ approaches z[kT] uniformly as T ➔ 0, 

which means that e[kTJ ➔ e{kTJ uniformly as T ➔ 0. Finally, we will combine this with 

Lemma 5.1 to show that for sufficiently small T, e - e is small between samples as well. 

Since A is stable, it follows from (5.13) that there exists an a 0 > 0 so that 

(5.28) 

Furthermore. using Lemma 5.2~ it follows that there exists an a 1 > 0, ,\0 < 0, and a 

Ta> 0 so that for every TE (0, T0 ) we have 

ll<IA:11 :5 a1 (e.\oT)" • 

Combining this with the fact that 

eA((k+l)T-.,-J[B
2 

E) u,,.(-r) dT = O(T) 1(k+l)T _ [ ] 

kT w(r) [ :- ] 00 

it follows from (5.25) that there exists an a 2 > 0 and T1 E (0, T0 ) so that for every 

T E (0, T1) we have 

Since 

k-1 

llz[kTJII <}: a2T (eloT)1'-l-i 11[-um wf lloo, 

lim T _ 1 
T~ 1-elot - llof' 
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we know that there exists a T2 E (0, Ti) and an a3 > 0 so that 

sup llz[kTJII :5 c.tsll[Um w]Tllco, T E (0, T2). 
1sez+ 

Now let's look at the difference equation for 

e == z- z 

at t = 0, T, 2T, •····. Using (5.25) and (5.26), it follows that 

e[(k + l)T) - eiT e[kT] + ( eAT - c}) z(kT] 
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(5.29) 

+ r<"+i)T (e..i[(ls+1)T-TJ - eA[(k+i)T-TJ) [B2 E] [ Um(T') l dr. (5.30) 
11:T w(T') 

-Since A is stable, there exists an a.. > 0 and a A1 < 0 so that 

ff we combine this with 

( eA[(k+iJT-TJ - eA((A:+1)T-TJ) (B2 E} u,,.(-r) dr = O(T2) 1(1:+l)T - - [ l 
lcT W(T) 

use (5.29) to obtain a bound on z[kT], and use the fact that e.AT - c} = O(T2), it follows 

that there exists a T3 E (0, T2) and an as > 0 so that for every T E (0, Ts) we have 

Since 

lc-1 

11e[kT]II < L(c.tsT2)CLt (e-'1Tt-l-i H[um wflloo 
i=O 

:::} sup ne(kT]II :5 a..ali1-S1t 11['-'m w]Tlloo 
1cez+ 

:::} sup lle[kT] - e(kT]II < a..a& 1_~~1tllCII x 11['-'m w]Tllco• 
1:ez+ 

lim T2 -o 
T➔O 1-el1f - ' 

we have that e - e can be made small at t = 0, T, 2T, --· by letting T ➔ 0. 

(5.31) 

We now begin the :final step. With r E [0, T), it follows from (5.13)~(5.14) that 

e(kT + r) = Ce1Tz[kT] + r1~T+r CeA(kT+r-S)[B2 E] [ u,,.(B) l dB. (5.32) 
J1cT w(8) 
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But e1-r =I+ O(r), which means 

ET+.. Ce.i(kT+,.-9l[B2 E] [ ";~) ] d8 = O(T) [: ] '"' 

so along with the bound on z given in (5.28), it can be shown that there exists an cte > 0 

and a T4 E (0, T3 ) so that for TE (0, T4 ), we have 

le(kT + r) - e(kT)I 

< IC(eAr __ J)i[kT)I + rfcT+T CeA(kT+-r-8)[B2 E) [ u,,.(9) ] d8 
l1cr w(8) 

< ctaTll[ttm w]Tlloo, r E [O, T), k E z+. (5.33) 

When we apply the GSHF controller to the plant (5.9)-(5.10), we have 

e(kT + r) = CeArz[kTJ + f'~T+-r CeA(kT+-r-S)[B2 E) [ u,,.(B) ] di) 
11.:T w(B) 

+ [l;T+,. CeA(kT+..-9) B1F(8)d8] Cz[kT]. (5.34) 

But since the plant has relative degree q, it follows that 

CAiB = 0 i = 0,l,••·,q- 2 

⇒ C ~ B1 = 0 i = O,l,•••,q-2 

⇒ Ce:i.8 B1 = oo - -:-i - 8' _ q-1 
Ei=q-1 CA B1 .r - 0(8 ), 

which means that, along with Lemma 5.1, we have 

111:T+.. Ce:i(lcT+..-Bl B1F(8)d811 < LT IICeAB B1lld8 IIFII'"' 

- O(Tq)IIFlloo 

- O(Tq)O(T1-q) = O(T). (5.35) 

Combining this with the bound on z[kTJ given in ( 5.29), the fact that eA-r = I +O( T), and 

(lcT+,- CeA(kT+r-B)[B2 E] [ Um(B) ] d9 = O(T) [ Um ] ' 

k woo w 
00 

it follows that there exists an a 7 > 0 and a T5 E (0, T4 ) so that for TE (0, Ts), we have 

(5.36) 
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Finally, combining (5.31), (5.33) and (5.36), it follows that for e:very T E (0, Ts), 

r E [O, T), and k E z+, we have 

le(kT + r) - e(kT + r)I :S ( a..asJICII 1_~;, t + atsT + a1T) Jl[Um w)Tllco, 

so our desired result follows. • 

5.5 Main Result 

We can now summarize our results in the following Theorem. 

Theorem 5.1 Given a minimum phase plant P and a stable reference model Pm, for 

every e > 0, there exists a static GSHF controller that ensures 

Proof: 

By Proposition 5.1, we know that there exists a k so that with Fk satisfying (5.15), 

we have 

Using the results of Section 3.4, we know that there exists a To > 0 so that for every 

T E (0, To), there exists a F(t) of the form (5.23) that satisfies (5.22); this hold function 

is associated with the GSHF controller (Ii, T). From Proposition 5.2, we know that there 

exists a Tma: E (0, To) so that for every TE (0, Tma:), the GSHF controller (Ii, T) ensures 

Hence, for every T E (0, Tmaz), the GSHF controller (I;,, T) ensures that 

• 



Chapter 5: Low Order Model Reference Control 

5.6 Computational Issues 
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In this section, we address some computational issues related to the synthesis of our 

controller and provide an example to demonstrate the design procedure. 

Suppose that with e > 0, we wish to design a GSHF controller so that 

We will construct the controller in two stages. In the first stage, we determine a large 

enough value of k, and the corresponding gain F1c, so that the 2 00 induced gain of the 

ideal LTI system 

Since GLT1(F1c) is an LTI continuous-time system, this step is not difficult. We then fix 

Fk and note from Proposition 5.2 that 

(5.37) 

as T ➔ 0. Hence, in the second stage we find a sufficiently small T so that with the fixed 

gain F1c, we have 

Computing IIGLTv(T, Fk)ll 00 is not trivial. Results related to computing the ..2'00 

induced gain for sampled-data systems have been obtained for the case where the plant 

is a continuous-time LTI system and the controller is composed of a sampler, a zero­

order-hold, and a discrete-time LTI system. For example, in [8, 17, 6} a continuous-time 

lifting technique is used to calculate an approximation of the 2 00 induced gain, while in 

(4 7] an explicit formula for the induced gain is given. Since the discrete-time component 

of our controller is time-varying, we can not directly apply these results, but by modifying 

the argument of [47], we will be able to derive a formula for IIGLrv(T, F1c)lloo. 
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To this end, if we define the LTI map 

GLTI : [ [ : ] ] ~ e, 

then it is easily shown that a state space representation for GLTI is given by 

=: X =: z(t) =: B1 =: w(t) =: B2 

113 

[ ~:)] - [: : ] [ ~:)] +[ ~ : ] [ ::) ] ~(t~ (5.38) 

e(t) = [ -C Cm ] [ z(t) ] , 
Zm(t) 

--c--. 
and that the closed loop time-varying map GLTV(T, F1t) can be represented by the block 

diagram illustrated in Figure 5.7. 

, -~~-~~'!:.~~~---····· ...................... . . . 
: ------- : . . 

• ~ e 

GLTI 
u e 

(F,T) 

Figure 5. 7: General framework for GSHF controlled system. 

There are two perspectives from which to view our controller (F, T). First, since the 

hold F( t) has been chosen to be a piecewise constant function, it follows from Section 

3.4 that there exists a controller of the form 

v[k + l] - G(k)v[k] + H(k)e(kT), v[O} = v0 E R 

u(kT + T) - J(k)v[kJ + K(k)e(kT), -r E [O, T), 

that implements (F, T) and that this controller consists of a sampler, a zero-order-hold, 

and a discrete-time n-periodic linear system (see Figure 5.S(a)). If the discrete-time 
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component of the controller were LTI, then we could directly apply the results obtained 

in (8, 17, 6, 47], but this is not the case. 

u 

GLTI 
e 

--~ (G,H,J,K) ~--­

(a) 

GLTI 
e 

Generalized Hold --QJ..--
(b) 

Figure 5.8: (a) (F, T) as a LPC. (b) (F, T) as a GSHF controller. 

The second way of looking at (F, T) is from the GSHF perspective, where the con­

troller consists of a sampler, a generalized-hold, and a unity gain discrete-time component 

(see Figure 5.S(b)). By looking at the controller this way, the results of [47] can more 

easily be extended to come up with an equation for IIGLTV(T, F1:)lla,• Hence, we proceed 

with this approach, but since the argument is virtually identical to that given in [47], 

most of the details are omitted and only a brief derivation of the formula is provided. 

We begin by noting from (5.38) that 

i[ ( k + 1 )T] = eATi[kT] + 1T eA(T-r) .81 W( kT +r )dr + LT eA(T ...-J .B2u( kT +r )dr, 

but since 

u(kT + r) = F(kT + r)e[kT} = F(r)Cz[kT], 
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it follows from the definition of A, B2, and (5.22) that 

[ eA(T-.-) ii2u(kT + r)dr = [ -:F1, ] CZ[kT). 

Hence, with 

we have 
k-1 T 

X[kT) = L>i"-H 1 eA(T-.-) B1W(iT + r)dr. 
i=O O 

(5.39) 

Now, for the intersample behaviour we note that 

X(kT + t) - eAtz[kT) + l eA(t-S) ii1W(kT + IJ)dD + l eA(t-6) ii2u(kT + IJ)dD 

- (eAt + [ eA<•-9lii2F(1J)CdD) X[kT) 

+ 1t eA(o-S) 81W(kT + IJ)dlJ. t E [O, T), 

so combining this with (5.39), it follows that 

e(kT + t) - Cx(kT + t) 

- C (e1't+1t eA(t-8) B2F(IJ)Cd8) f jl:-1-i {TeA<T-.-J ii1W(iT+r)dr 
o s::O Jo 

+ [ CeA(t-SJ ii1W(kT + IJ)dD, t E [O, T), 

which means6 

su1!. le(kT+t)I~ tr[ [c (eAt+1t eA(t-S) B2F(IJ)Cd8) t i•eA(T-.-J ii1] d-r 
l:EZ J=I ~ O O ,=0 . Ii 

+ l I [ CeA(t-S) B1hsl de] 111011 ... , t E [O, T). 

awe use the notation [Q],; to represent the (i,j) entry of Q. 
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Hence 

:= max t [1T [a (e1t+1t e..i(t-f) B2F(IJ)Cd8) f: i;e.i(T...-)jjl] dT 
tE[O,T) . o o · o 

J=l &: lj 

Ctapt 

+ [ l[CeA<t-S) B1h;I di}] (5.40) 

is an upper bound on IIGLTv(T, F1c)IJ 00 • Using an argument identical to that found in [47), 

we can construct a w(t) that shows that aope is the least upper bound for IIGLTV(T, F1c)ll00 , 

which means 

5.6.1 An Example 

We now demonstrate the design method with an example. Consider the plant (5.5) with 

it can easily be shown that the transfer function from u to y is given by 

P(s) = s + 1 
(s - 2)(s + 3)(s +4) • 

We will choose our reference model to be 

Zm(f) - -5z111(t) + 5Um(t), Zm(O) = 0, 

Ym(t) - Zm(t), 

and the associated transfer function from Um to Ym is given by 

5 
s +s· 
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We choose e = 0.1, and our objective will be to design a GSHF controller (/ .. , T) so that 

Step 1 

Here we choose a large enough value of k so that IIGLT1(Fk)ll00 ~ e/2 = 0.05. ff we 

choose k = 60, let 

17(k, s) := (s + 60)(s + 120) = s2 + 180s + 7200, 

and set 

Fk := _ [ 7200 + 6 ] = _ [ 7206 ] ' 
180 -4 176 

then it can easily be verified that 

and 

IIGLTI(Fk)lloo = 100 

1Ce1' B21 + 1Ce1' Eidt = 0.04968 < 0.05. 

Step 2 

We now fix Fk and find a sufficiently small T so that 

To do this, we use (5.40) to compute ltopt = IIGLTV(T, F1c)ll00 ; as was done in [47], we use 

a finite sum approximation for the infinite series in the formula for Ckopt, i.e. we truncate 

the sum after the first 10000 terms. It can be verified that for T = 0.009, we have 

For this value of T, we have T = 0.009/3 = 0.003, and it can be verified that 

(A.,, Bc1) = ( e.rl', 1T eAT Bd-r) 
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is controllable. Hence, the gains Ii satisfy 

lo 

We now provide simulation results for the case where 

Um(t) = 1. f ~ Q. 

and 

w(t) = sin(2t), t ~ 0, 

-1. 711472199( 10)5 

5.074883224(10)5 

-3.147230015(10)5 

in Figures 5.9 and 5.10. Note in Figure 5.9 that llell 00 ::; 0.1. 

Tracking Error when Um(t)=1. w(t)=Sin(2t) 

0.06 

-j: 0.04 
I ---ti 0.02 --cii" 

0 

-0.02 
0 0.5 1 1.5 2 

t 
Control Signal when um(t)=1, w{t)=Sin(2t) 

2000 

- 0 --:::, 
-2000 

-4000 
0 0.5 1 1.5 2 

t 

Figure 5.9: Model reference control tracking error and control signal. 

2.5 

2.5 
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Plant output y(t) (dashed), Reference Model Output Ym(t) (solid) 

1 

0.2 

0i;:;._--'----'------'---..,___-........i.. __ ......__---1, __ ......._ __ ~_..;;, 

0 0.2 0.4 0.6 0.8 1 
t 

1.2 1.4 1.6 

Figure 5.10: Plant output and reference model output. 

1.8 2 

Using the results of Section 3.4, we know that we can implement the GSHF controller 

(Ii, T) with a first order LPC of the form 

v[k + 1] - G(k)v[k] + H(k)e(kT), 11(0) = 110 ER 

u.(kT + r) - J(k)v[kJ + K(k)e(kT), r E [O, T), 

by choosing 

(0, 1, 0, -l.711472199(10)5 ) k = 0 

(G(k),H(k),J(k),K(k)) := (l,0,5.074883224(10)5 ,0) k = 1 

(1, 0, -3.147230015{10)5 , 0) k = 2, 
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and 
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(G(k + 3), H(k + 3), J(k + 3), K(k + 3)) = (G(k), H(k), J(k), K(k)), k E z+; 

this LPC can be implemented with a sampler, a linear first order discrete-time 3-periodic 

compensator, and a zero-order-hold. 

5. 7 Summary and Concluding Remarks 

In this chapter, we have shown that it is possible to design a static GSHF controller that 

provides near exact tracking and disturbance rejection when the strictly proper SISO 

LTI plant is minimum phase and the strictly proper SISO LTI reference model is stable. 

As far as we are aware, this is the first time that a GSHF controller has been designed 

which guarantees nice intersample behaviour in the model matching setting. This GSHF 

controller is easy to design and can be implemented with a sampler, a first order n­

periodic discrete-time compensator. and a zero-order hold. Unfortunately, the controller 

synthesis is based on high gain control, so if we want the plant output to closely track 

the model reference output, then we will typically have large control signals. 
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Performance 

6.1 Introduction 

In the previous chapter, we showed how to use a GSHF controller to provide model 

matching for a minimum phase plant. This is inapplicable to non-miniro1llll phase plants 

since exact model matching is typically impossible. However, a common problem in 

industry is that of step tracking. Hence, here we will use the ideas of Chapter 4 to design 

a stable low order sampled-data controller which provides near optimal step tracking in an 

LQR sense, even when the plant state cannot be measured. Furthermore, the controller 

will be able to recover the gain and phase margin characteristics of the optimal state 

feedback control law. 

We first pose the optimal step tracking problem and convert it to a standard LQR 

problem. Since the optimal LQR control law is linear state feedback, we proceed by 

considering a more general problem, in which we are given an arbitrary stabilizing state 

feedback control law that provides a given performance, and we would like to find a low 

order sampled-data controller that not only provides a performance arbitrarily close to 

that provided by the state feedback control law, but also recovers its gain and phase 

margin characteristics. 

121 
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This chapter is organized in the following manner. In Section 6.2, we will pose the 

optimal step tracking problem and show that it can be converted to the standard LQR 

problem. In Section 6.3 we will formulate our general problem, for which our optimal 

step tracking problem is a special case, and provide an outline of the approach that we 

will take to achieve our objective. Then some preliminary results are proven in Sections 

6.4.1 and 6.4.2 relating the state and control signal of the LPC contro!led system to an 

"ideal" LTI system. These preliminary results are then used in Section 6.5 to prove the 

main result. Finally, an illustrative example is provided in Section 6.6 and concluding 

remarks are made in Section 6.7. 

6.2 The Optimal Step Tracking Problem 

In this section, we will pose an optimal step tracking problem and show that it can be 

converted to a standard LQR problem. 

Assume that the actual m-input, r-output plant is described by 

i:(t) - Ax(t) + 7Bu(t), x(O) = 0, "YE C 
(6.1) 

y(t) - Cx(t). 

We assume that (A, B) is controllable, (C, A) is observable, the nominal plant (i.e. "Y = 1) 

has no transmission zeros at the origin, and that there are at least as many inputs as 

there are outputs ( m > r). 

With y,. E R", we would like to track reference inputs of the form 

Yre/(t) = y,., t ~ 0, 

in an optimal fashion. There are a number of ways to define optimality; with the tracking 

error defined by 

e(t) := y(t) - Yre/(t), 
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'Y = 1 and R E Rmxm positive definite and symmetric here, we would like to find the 

control signal which for each y.,.t minimizes the quadratic cost function 

[" e(tf e(t) + U(tf Rt&(t)dt; (6.2) 

note that we are not considering the cost function 

1"" e(tf e(t) + u(t)T Ru(t)dt 

since the control signal will not typically go to zero when tracking a step reference signal. 

To proceed, we consider the augmented state 

[ 
z(t) ] 

q(t) := ' 
e(t} 

so that with 11( t} = u( t), the augmented plant can be defined as 

=:A =:B 
~ 

q(t) - [ ; ~ ] q(t) + 7 [ : ] v(t), q(O) = qo = [ :J , 
e(t} - [ 0 I ] 71(t). 
~ 

=:C 

(6.3) 

Since (C, A) is observable, it follows that (C, A) is observable. Since (C, A) is observable, 

( A, B) is controllable, m ;2: r, and the plant has no transmission zeros at the origin, it 

can be shown that (A, B) is controllable. Furthermore, (6.2) becomes 

J(71o) := 1"" e(tf e(t) + U(tf R'li(t)dt 

- f q(t)T [ ~ ~] q(t) + v(tf Jlu(t)dt. 

Since the state weighting matrix is only positive semidefinite and not positive definite, 

we will slightly modify the cost function. To this end, with 6 > 0, we consider the cost 
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function 

J,(710) - 1"" e(tf e(t) + 6:i:(tf :i:(t) + U(tf RU(t)dt 

= 1"" 71(tf [ 
6
: ; ] 71(t) + v(tf Rv(t)dt. 

~ 

=: Q, 
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(6.4) 

It is easy to prove that when 1 = 1. the optimal J0 converges uniformly to the optimal 

J as d ➔ O. 

When 'Y = l, the control law that minimizes (6.4) for every TJo is of the form 

v(t) = F&TJ(t); (6.5) 

we can obtain the optimal gain F0 by first solving the algebraic Riccati equation 

- -T - 1-T 
PsA + A Po - PoBR- B P,s + Qo = 0 

for the unique positive definite symmetric solution P0, and then setting 

Notice that this controller is a proportional-integral state feedback control law and that 

when it is applied to ( 6.1) we have 

q(t) =(A+ 1BF.s)11(t), TJ(O) = TJo-

Now, not only will this control law rninimizie the cost function (6.4) when 'Y = 1, but it 

is well known that it will also provide an infinite upper gain margin, a lower gain margin 

of at least 1/2, and a phase margin of at least 60 degrees. Indeed, 

r := {1 EC: A+ 1BF0 is stable}:) {pei•: p E [1/2,00),4> E [-1r/3,1r/3]}. 

While we should not expect that a sampled-data controller will be capable of providing an 

infinite gain margin, for every compact subset r of r, we will show that there exists a low 

order LPC that provides near optimal performance for the nominal plant and provides 

closed loop stability and step tracking for every 'Y E r. 
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To summarize, we assume that with (A, B) controllable and (C, A) observable, we 

have determined F& and chosen r a compact subset of r, and our objective is to find 

a low order sampled-data controller which measures only e and provides performance 

arbitrarily close that provided by the controllaw (6.5) when -y = 1, as well as closed loop 

stability and step tracking for every 1 E r. 

Before leaving this section, let us comment on the implementation of the LPC. Since 

we are designing the LPC for the augmented plant (6.3), it follows that the output of 

the controller will be 11( t). To obtain u( t) from 11( t), we can simply use an integrator -

see Figure 6 .1. 

Yr•/ •~r_, ___ L_P_C __ ~ __ -_! -u--P-lan_t __ 1 • 
Figure 6.1: Implementation of the LPC for optimal step tracking. 

6.3 Problem Formulation 

In this section, we formulate our general problem, for which the optimal step tracking 

problem of Section 6.2 is a special case. Suppose our nominal model is 

i:(t) - A x(t) + B u(t), :z:(O) = zo, 
(6.6) 

y(t) - C x(t), 

with :z:(t) ER" the state, u(t) E Rm the control input, and y(t) ER'" the plant output. 

We assume that (A, B) is controllable and ( C, A) is observable. We capture uncertainty 

in the model by assuming that for some 1 E C, our actual plant is given by 

i:(t) - A x(t) + 1B u(t), :z:(O) = zo, 

y(t) - C x(t); 
(6.7) 

we associate the actual plant with the triple ( A, 1 B, C). Suppose we are also given a 

stabilizing state feedback matrix F E Rmxn, and then we define the open set 

r := {1 EC: A+ 1BF is stable}. 
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To provide a measure of the performance of the closed loop system, with Q E anxn and 

RE Rmxm positive definite and symmetric, we define the cost function as 

J(zo) := f [z(t)"Qz(t) + u(t)" Ru(t))dt; (6.8) 

since Q and R are symmetric, J ( z0 ) is real-valued. Let r be a compact subset of r and 

let 7 Er. 

With T > 0 the sampling rate, we will consider LPCs of the form 

z[k + 1] - G(k)z[kJ + H(k)y(kT), z[O) = Zo E Rt, 

u(kT + r) - J(k)z[k], r E [O, T); 
(6.9) 

we associate this system with the 4-tuple (G, H, J, T). Here we let p denote the period 

of the controller parameters G, H, and J, so that pT is the period of the controller 

(G, H, J. T). Note that (6.9) can be implemented with a sampler, a zero-order-hold, and 

an lth order periodically time-varying discrete-time system of period p (See Figure 4.1). 

Since our LPC will be emulating a state feedback control law of the form 

~u(t) = Fz(t)", it will be useful to define the following ideal LTI closed loop system: 

i(t) =(A+ 78F)z(t), i(O) = zo E Rn. 

Then the ideal state is defined as 

the ideal control law is defined as 

u(t) = F'i(t), 

and the ideal cost function is defined as 

J(zo) - f [Z(t)"Qi(t) +U(t)"Ru(t))dt 

- :,:' L"° elA+-rB.FJ"•( Q + Fl RF, )elA+-rBPJ•Jt:i:o; 

since Q and R are symme~c, Jc z0) is real-valued. 

(6.10) 

(6.11) 
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Hence our objective be stated as: 

Given a nominal system ( A, B, C), a state feedback gain F, and a set r, 
for every compact subset r of r and every e > 0, find a low order LPC 

(G, H, J, T) so that 

IJ(:r:o) - J(zo)I :5 ellzoll2, "YE r. 
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Before presenting any results, let us first provide some motivation for the approach 

that we take in this chapter. In a similar approach to that adopted in Chapter 4, with 

FE amxn, p > n, cllld T := pT, we consider the control law 

{ 

0 tE[kT,kT+nT) 
u(t) = _ _ _ 

~F:r:[kT+nT) tE [kT+nT, (k+l)T). 
(6.12) 

From Proposition 4.1, it follows that this control law can be implemented by an m th 

order controller of the form (6.9). We then want to show that if we apply (6.12) to the 

actual plant, then I J ( z0) - J( x0) I can be made small by choosing a sufficiently large p 

and a sufficiently small T. The fact that we need T to be small is not unexpected given 

the discussion and analysis provided in Chapter 4. To see why it is that we need p to 

be large here, but not in Chapter 4, consider the following argument. In Chapter 4 we 

relied on the fact that for arbitrary p and small T, the average of u over [kT, (k + l)T) 

is approximately equal to the average of u over [kT, ( k + 1 )T). Then since the plant is 

strictly proper, it turns out that u has approximately the same effect on :r; as u has on 

z, which was sufficient to show that u could recover the gain/phase margin provided by 

u. Note however that u enters into J(z0) in a quadratic fashion, so 
- T" 

1T u(tf Ru(t)dt = /nT u(tf Ru(t)dt 

::::: (~r f U(tf Ru(t)dt 

::::: (~) t U(tf Ru(t)dt, 

which means we are off by a factor of p / (p - n). Hence, by choosing p sufficiently large, 

p/ (p - n) can be made arbitrarily close to umty, so we should be able to make J( :r:0) 

arbitrarily close to 1(z0). 
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6.4 Preliminary Results 

To prove our main result, we will break the problem down into two parts. In the first 

part, we will show that for an arbitrary p > n, we can make IJz - ill2 small by choosing T 

small. In the second part, we show that by picking p sufficiently large and T sufficiently 

small, we can make llu - ull 2 small. Finally these two results can be combined to prove 

our desired result. 
. 

Since we wish to implement the control law (6.12) with an LPC of the form (6.9), we 

will need Proposition 4.1, which we repeat here: 

Proposition 6.1 If T>O is non-pathological, then for every p>n and every FERmxn, 

there exists an m th order LPC (G, H, J, T) that will implement the control law (6.12). 

Remark 6.1 The LPC {G, H, J, T) that is constructed in Proposition 6.1 is stable, in the 

sense that when the input to the controller is zero, for every controller initial condition 

zo E Rm, we have 

lim z[k] = 0. 
k➔cxi 

To see this, note that G(O) = 0, so it follows that for every zo E Rm, we have 

z[p] = G(p - l) • • • G(O)zo = 0, 

which means z(p + k] = 0 for k ~ 0. D 

In most of the analysis that will follow, we typically first determine the behaviour at 

discrete points in time, and then go on to analyze the intersample behaviour. Hence, we 

now introduce the following discrete-time equations. From (6.10), it follows that 

(6.13) 

and if we apply the control law (6.12) to the actual plant (6.7), then with the notation 

/(p-n)T 
~ := eApT, Bd := ~ Jo eA-r BdT, F,1 := FeAnT, 
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it can be shown that 

129 

(6.14) 

We will also require the following result to show that the closed loop system behaves like 

the ideal system uniformly over r. 

Lemma 6.1 

i) There exists an a 1 > 0 and a -\1 < 0 so that 

ii) For every p > n, there exists an a 2 > 0, -\2 < 0, and a T1 > 0 so that 

ll(Ad+")'BdFd)kll ~ a2 (e..\2T)k, TE (O,Ti), "(Er, k E z+. 

Proof: 

We will prove the first result and then use it in a discrete-time Lyapunov argument 

to prove the second result. Let 

A.,:= A+ ,BF. 

For every 1 E r, A., is stable, so there exists an a., > 0 and ..\-y < 0 such that 

lle(A-t"fBF}tll ~ a..,e..\"?c, t ~ 0. 

In fact, there exists a neighborhood of "Y, say N.,, so that 

lleCA+-,BF)tll ~ 2a.,e~t, "f E N.,. 

Now {N.,: 1' Er} is an open cover of r, so by compactness, it has a finite su.bcover, say 

Define 

a1 := max{2a.,., i = 1, 2, • • •, q}, 

A1 := max{.\..,./2, i = 1, 2, •··, q}. 

Therefore, 
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Now let us use this to prove our second result. For every 7 E r, A., is stable, so there 

exists a unique A, = P; > 0 satisfying 

(6.15) 

in fact 

P., = 1°" eA;•eA''dt, 

e.g. see (55, Lemma 12.1]. By applying the first result, it follows that 

(6.16) 

Now since 7 enters (6.15) in a linear fashion, it follows that P., is a continuous function 

of 7. Then since r is compact and "1-nin(P..,) > 0 for every 7 E r, it follows that there 

exists a constant /31 > 0 so that 

Amin{P..,) ?:. /31, 7 Er. (6.17) 

We now use these bounds on P..., in a discrete-time Lyapunov argument to prove the 

second result. Fix p > n and let T := T / p. If we define 

then using the fact that 7 is bounded, it can be shown that ~ 1(T) = O(T2). Now 

consider the discrete-time equation 

w(k + 1) - (~ +,Bc1Fc1)w(k) 

- [I+ A..,T + d1(T)]w(k), w(O} = wo, 

and define the Lyapunov candidate function V: en ➔ C: 

V(w) := w• P.,w. 

Since P., = P;, it follows that V is real-valued, which means 

V[w(k + l)] - V[w(k)l 

(6.18) 

is also real-valued. Using (6.18) and the facts that a1(T) = O(T2 ) and P., and 7 are 

bounded, it can be shown that there exists a di{T) = O(T) such that 

V[w(k + l)] - V[w(k)l = Tw(kt((~P., + P.,A,.) + '1.2(T)lw(k). 
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Using (6.15), it follows that there exists a T1 > 0 so that 

V[w(k + 1)) - V[w(k)] ~ -tw(krw(k), TE (0, Ti). 

But 

V[w(k)) ~ IIP-yllw(krw(k) :;> -w(ktw(k) ~ - 11A11 V(w(k)], 

so for T E (0, Ti) we have 

V(w(k + 1)) ,$ ( 1 - ~IJ.,nT) V(w(k)] :Se -,n;l,;n:I' V(w(k)] 

:;> V[w(k)) ~ e - 2UP-rllT V(w0) 
( 

1 -)'= 

=> l1w(k)l12 :S A2\~1~,) ( e -,iJ.,11:1')" 11Woll2-

Using the bounds given in (6.16) and (6.17) along with (6.18), it follows that 

ll(A.i+--yBdFd)"walJ2 < t (e-.i,y 11Woll2, "YE r, TE (0,T1), 

=> ll(A.i +--yBdFd)kll :5 Ii. (e -.J. Tr, --y Er, TE (0, Ti). 

6.4.1 State Equations 

We are now ready to prove our first preliminary result: 
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• 

Lem.ma 6.2 For every e > 0 and p > n, there exists an a> 0, Tm.caz > 0 and.,\< 0 so 

that for every 7 E r and T E (0, Tm.caz) we have 
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Proof: 

Fix p > n and define 

e := X - z. 

Observe that 

11e11; = L,o lle(t)ll 2dt = ~ t lle(kT + r)U2dr, 

and that for T E [0,_T), 

r</c+i)T 

lle(kT + r)JI ~ 11e(kT)JI + lie¥ [11:C(B)II + lli(B)II] dB. 
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(6.19) 

(6.20) 

We begin by looking at the first term in (6.20). From (6.13), (6.14) and the definition 

of e, it follows that 

e((k + I)T] = e(A-nBF)Te(kT) + [<Aa + 1BdFd) - e(A-nBF)T] :z:(kT). 

From Lemma 6.1, we know there exists a a 1 > 0, A1 < 0, and T1 > 0 so that 

But since ; is bounded, it can be shown that [(.Aa + 1BdFd) - eCA-nBF)T] = O(T2), so 

along with our bound on x[kT], it follows that there exists a T2 E (0, T1) and an a2 > 0 

so that 
/c-1 

lle[kT]II $ o./r L ll(e(A-nBF)T)k-l-ill X (e.\1T)i X 11:z:oll, 'YE r, TE (0, T2)-
i=O 

But also from Lemma 6.1 we know there exists an a 3 > 0 and a .-\2 < 0 so that 

so 

II ( e(A-nBF)T)k-1-i II ~ 0.3( e.\2T)k-l-i' 7 E r, 

k-1 . 

lle[kTJII ~ a2asT2 e.\2T(k-l) L ( e(.\i-.\2 )Tr llzoll, ,., E r' T E (0, T2)­
i=O 

Without loss of generality, assume that .,\2 E (.-\1, 0), which means that .-\1 - A2 < 0, so 

- .\ T(k 1) r -11e[kT]ll ~ a2a3e 2 
- 1-e(.\1-,¼)Tll:z:oll, 7 Er, TE (O,T2). 
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Then since 

it follows that there exists an a.a > 0 and a T3 E ( 0, T2) so that 

Now let us turn to the second term in (6.20). Since 

lfi(H)II < ll(A + "YBF)lf x lle<A+-rBF)SII x 11:z:oll 

~ Q3e.\
28 II ( A + "YB F) II X II Zo II, "Y E r' 

and "Y is bounded, it follows that there exists an a 5 > 0 and a T4 E (0, T3) so that 

l
(lc+t)T 

- lli(IJ)lld8 :5 et5T(e.\:1Ttllzolf, 7 er, TE (0, T4). 
lcT 

Using the definition of u(t) given in (6.12) it follows that 

llu(kT +-r)II ~ ~IIFeAnTII x llz(kT]II, TE (0, T), 
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(6.22) 

(6.23) 

so along with the bound on :z:[kT] given in (6.21), it follows that there exists a Ts E (0, T4) 

and a6 > 0 so that 

Combining this with the fact that 

l
kT+r 

x(kT +-r) = eA""x(kT) + "Y eA(lcT+-r-v) Bu(11)d11, 
lcT 

it follows that there exists a T6 E (0, T5) and an a7 > 0 so that 

Then it follows from the differential equation for :z: given in ( 6. 7) and the fact that 7 is 

bounded that there exists a a 8 > 0 so that 

(6.24) 
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By combining (6.22), (6.23), (6.24) and (6.20), and recalling that A2 E (0, A1, 0), it 

follows that there exists an a 9 > 0 so that 

Hence, for every 'Y E r and T E (0, T1 ), 

11{11~ = t t Jle(lcT +,,. )Jl2d,,-

00 

< a:T3 2)e2~,T)"llxol12 
k=O 

- a: :" T llxoll
2

• l- 2 
(6.26) 

Since 

lim T3 -0 
- 1 e2":r' - ' T➔O -

our results follow from (6.26), (6.23), and (6.25). ■ 

6.4.2 Control Law Equations 

We now turn to our second preliminary result. 

Lemma 6.3 For every e > 0, there exists a Tma: > 0 and an integer p > n such that 

Proof: 

From the definition of u given in (6.12) and u given in (6.11), it follows that 

flu - un; - f" llu(t) - U(t)ll2dt 

oo 

1
,ir+nT 00 

1
{k+l)T - L 11Fz(t)ll2dt+L ll~Fx[kT+nT]-Fz(t)ll2dt. 

k=O lcT k=:O kT+nT ""-------...-------
=: A1 (p, T) =: A2(p, T) 

(6.27) 
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We begin by looking at A1(p, T). Using Lemma 6.l(i), we know there exists an a 1 > 0 

and .A1 < 0 so that 

(6.28) 

so for every 1 E r. we have 
oo 

1
kT+nT 

A1(P, T) $ IJFll2 L _ a~e
2
A1tdtllxoll 2 

k=O kT 

But 
(l 2A1 ~T) 

lim aillFir - e P _ ai\lFr . !! 
T➔O 2 .\a (1 _ e2AaT) - 2 ..\1 P' 

so there exists a p1 > n so that 

which means that there exists a T0 > 0 so that 

(6.29) 

We now turn to A2(p,T). With {:=x-i, 1er, and tE[kT+nT,(k+l)T) we have 

ll~Fx[kT + nT} - Fi(t)II 

$ ll~Fz[kT + nT] - Fi[kT + nTJII + 1~ lli(B)lldll 
kT+nT 

$ ~IIFII x ll{[kT +nTlll+(~-1) IIFe'AttBF>ffll x lli[kT]II 

1
(k+l)T . 

+ lli(8)1ld9. 
TcT 

(6.30) 

Let us first look at the second term on the RHS. Clearly there exists a T1 E (0, To) and 

an a2 > 0 so that 

IIFe(AttBF)iTII < a2, T E (0, Ti), p > P1, 1 E r, 

so combining this with our bound on z given in (6.28}, it follows that 

IIFe(A+,BF)iTII X lli[kT)II $ a1a2(e..\1Tlllzoll, TE (O,T1), p > Pl,7 Er. 
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Pick p > p1 so that 

( -2.... - 1) = -1L < e /&i. - 1 
p-n p-n - V 2 a1a2 ' 

which means that the second term on the RHS of (6.30) satisfies 

(~ -1) IIFe(A+--,BF)!T11 X llx[kTJII :5 c)i¥"(e.\1Tl"llxoll, TE (0, Ti), "Y E r.(6.31) 

Now that we have fixed p, we turn to the two remaining terms on the RHS of inequal­

ity (6.30). Using Lemma 6.2 (ii) and (iii), it can easily be shown that there exists a 

T2 E (0, Ti), a 3 > o; and ,\2 < 0 so that for every 'YE rand TE (0, T2), we have 

1
(k+l)T . _ 

- llx(9)lld9 :5 a3T(e.\2 T)kllxoll, 
kT 

(6.32) 

t-nllFII X 11e[kT + nTJII :5 a3T(e.\2T)"llxoll- (6.33) 

By combining (6.30), (6.31), (6.32), and (6.33), it follows that for every 7 E r, T E (0, T2), 

and t E [kT + nT, (k + l)T) we have 

ll~Fx[kT + nT] - Fx(t)II 

< ( a3T(e-¼:l't + e:j¥(e>-,Tt + a3T(e>.•:l')k) IJ:i:oll 

= ( 2aaT(e>.•Tt + e:ji¥"(e>.,"f)'•) llzoll 

~ ll~Fx[kT + nT] - Fz(t)ll 2 

$ ( 4CJiT'{e2.>.2¥)1, + 4aae,/¥7'(e<.>.,+.>.,)T)k + .,~il(e2>-,"f)1,) IJ:i:oll2. 

Hence, for every 'YE rand TE (0, T2) we have 

Since 

A2(p, T) $ f: ( 4a~'F'(e2>-•¥)1, + 4aae./¥'r(e1"•+i.,J:l')k + .. ~•IT(e2
" 1:l')•) llzoll2 

A=O 

(6.34) 

lim (4 2 r +4a E l&i r + e2 21..\ilT) - e2 
T-tO lki 1_e2-¼¥ 3 V 2 i-eCA1+-¼JT 4 1_eJA1¥ - ,, 

it follows that there exists a T3 E (0, T2 ) so that 

- iJ -A2(pt T) < 2 , 'YE r, TE (0, T3). 
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By combining this with (6.29) we have 

flu - till~ :5 e2llzoll 2 "Y E r, TE (0, T3). 

• 
6.5 Main Result 

We can now use the results of Section 6.4 to prove our main result. 

Theorem 6.1 For every e > 0, there exists a m th order, p periodic LPC (G, H, J, T) 

that ensures 
.... ., 

IJ(zo) - J(zo)I :5 ellzoll"', 7 E r. 

Proof: 

With e := X - z, observe that 

J(:i:o) - [" [:i:(tf Q:i:(t) + u(tf Ru(t)] cit 

= IIQ112x11; + IIR112ulli 

< (IIQ112{1l2 + IIQ112zl12)
2 

+ (IIR112 (u - u)ll2 + IIR112ull2)
2 

- IIQ1I2x11; + IIR1I2ulli + 211Q112ell2IIQ112xll2 

+IIQ112e11~ + 2IIR1I2(u - u)ll2IIR1I2ull2 + IIR1I2(u - u)II~ 

- J(zo) + 2IIQ1I2el12IIQ1I2xll2 + IIQ112e11~ 

+2IIR112(u - u)ll2IIR112u112 + IIR1I2(u - u)II~- (6.35) 

It follows from Lemma 6.1 that there exists positive constants {3% and /Ju so that for every 

7 Er, we have 

IIQ112ill2 < /3%llzoll, 

If R112ull2 :5 f3ullzoll-

Now let e1 > 0. It follows from Lemma 6.3 that there exists a T1 > 0 and an integer 

p > n such that 
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It follows from Lemma 6.2 that there exists a T2 E (0, T1) such that 

Combining this with ( 6.35) yields 

IJ(xa) - J(xa)I :5 2IIQ112lle1.B:i:llxall 2 + IIQ112 ll 2ernxall 2 

+211 R112 lle1.Bullxoll 2 + II R112 ll 2
e~llzoll 2 

• 

Since e:1 was arbitrary, it follows that 
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Choose T E (0, T2) so that T := T /pis non-pathological. Hence, we can construct our 

m th order, p periodic LPC (G, H, J, T) using Proposition 6.1. 

• 
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6.6 An Example 

In this section, we provide an example that illustrates the design method. Suppose our 

nominal plant is 

Z(t) = [ : ~l ] x(t) + [ ~ ] u(t), x(O) = 0, 

y(t) = [ -1 1 ] x(t), 

so the associated transfer function is 

s-1 
(s - 2)(s + 3)" 

We begin by designing our continuous-time state feedback control law using the method 

described in Section 6.2. The augmented plant (6.3) is given by 

=A =B 
~ 

0 1 0 0 0 

rj(t) - 6 -1 0 q(t) + 'Y 1 v(t), 17(0) ='lo= 0 

-1 1 0 0 Yr 

e(t) - [ 0 0 l ] q(t). ..__,_,__, 
=C 

Since the plant is SISO, (A, B) is controllable and (C, A) is observable, we have {A, B) 

controllable and (C, A) observable. With R = 0.005, 6 = 0.0la and 

o O 0 

Q, = 0 o O , 

0 0 1 

we find the control law that minimizes 

(6.36) 

-This value of R was chosen so that the resulting step response rise time was less than t = 10 and 

the value of 6 was chosen so that IJ - Ji I/ J ~ 0.001. 
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by finding the unique positive definite solution P0 of 

setting 

1-T Fs = -R- B Ps, 

and letting 

Here 

7.2909147 0.23292288 -4.02276959 

Po = 0.23292288 0.076529884 -0.070710678 

-4.02276959 -0.070710678 2.8697629 

Fo = [ -46.583287 -15.317632 14.143276 ] , 

so the optimal cost provided by the continuous-time state feedback is 

J5(qo) = 11l Po110 = 2.8697629ll y,. 11
2

• 

140 

Let us now design a low order LPC so that when Yr= 1, the resulting actual cost is 

within 1 % of the optimal cost. To do so, we chose T sufficiently small and p sufficiently 

large so that when Yr= 1, the actual cost was less than 1.01 * (2.8697629) = 2.8984605. 

Specifically with p = 6, T = 0.1, and T := T /p, the actual cost can be evaluated to 

be 2.8980162. We design the LPC using the proof of Proposition 6.1 (i.e. proof of 

Proposition 4.1); we define 

[ /o /1 '2 ] := ~F,eAnT C 

C(eAT) 

C(e:iT)2 

- [ -8.4215737(10)4 1.7273468(10)5 -8.8497730(10)4 
] 
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and construct the LPC (6.9) by choosing 

(G, H, J)(k) := 

(0, -8.4215737(10)4 , 0) k = 0 

( 1, 1. 7273468( 10)5 , 0) k = 1, 

(1, -8.8497730(10)4 , 0) k = 2, 

(1,0,1) k =3,4,5. 
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Figure 6.2 compares the actual output y(t) to the ideal output y(t) and the actual control 

signal u( t) to the ideal control signal u( t). 

Step Response: y(t)=Solid,y(t}=dash 

1 

:i 
0. 
'5 0.5 
0 

0 

-0.5 .....__ ________ ____._ ____ ____._ _____ ___. __ _...,_ ____ ___ 
0 1 2 3 4 5 6 7 8 9 10 

t 

6 
'ii 
C 

:4 
e c 2 
0 
CJ 

0 

Step Response: u(t)=Solid,u(t)=dash 

-2------------------_._ ____ -"' ________ _ 
0 1 2 3 4 5 6 7 8 9 

t 
Figure 6.2: Optimal step tracking simulation. 

10 
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To evaluate the robustness properties of this controller, we use a 2-dimensional search 

to approximately determine 

r = f'y EC: (G, H, J, T) stabilizes (A,;B, C)}, 

and illustrate it in Figure 6.3. For comparison, we also approximately determine the set 

illustrate it in Figure 6.3, and note that r c r. 

~F IBa rnF 
0.8 

0.6 

0.4 

0.2 

0 

-0.2 

-0.4 

-0.6 

-0.8 
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.8 

Figure 6.3: Comparing r tor (r Cr) .. 

Let us now qualitatively investigate the noise properties of this controller. Suppose 

that with Wn E {10, 20, 30}, we introduce the output noise signal 

w(t) = 0.0lsin(wnt), t > 0, 

to the closed loop system as illustrated in Figure 6.4: 
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w 

Yre/ (G, H, J, T) 

Figure 6.4: Optimal step tracking closed loop system with output noise. 

The resulting ideal state feedback controlled system response is compared to the 

actual LPC controlled system response in Figure 6.5. Note that the tracking performance 

degrades as the frequency of the noise becomes large. 

6. 7 Summary and Concluding Remarks 

In this chapter, we posed an optimal step tracking problem for MIMO LTI plants that 

are possibly non-rninim1rm phase, and we showed that we could design a stable low order 

sampled-data controller that could provide near optimal step tracking in an LQR sense, 

even when the state of the plant cannot be measured. This controller is superior to an 

LTI controller since it is capable of recovering the gain phase margins of the optimal LQR 

continuous-time state feedback control law and the resulting LPC is stable. Unlike the 

GSHF controller discussed in Chapter 5, the control signal generated by this LPC does 

not become large when the sampling period tends to zero, but approaches the optimal 

state feedback control law. Unfortunately, this controller is more sensitive to noise than 

the ideal optimal state feedback control law. 
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w(t)=0.01 sin(10 t) 
1.5-----,---....,....-------------,------,---"T""---r----, 
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w(t)=0.01 sin(20 t) 
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w(t)=0.01 sin(30 t) 
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Figure 6.5: Optimal step tracking simulation with output noise. 
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Conclusions 

7.1 A Summary 

We have shown that given a multi-input, multi-output (MIMO) linear time-invariant 

(LTI) strictly proper plant, it is possible to design a low order linear periodic controller 

(LPC) that can provide any desired gain margin and any desired phase margin up to 90 

degrees. If we use a static generalized sampled-data hold function (GSHF) controller to 

accomplish this, then the intersample performance is typically poor, but the controller 

can tolerate dynamic additive perturbations to the nominal model. If we use the first 

order LPC presented in Chapter 4, then the intersample performance is satisfactory, 

but the tolerance to unstructured uncertainty in the nominal model deteriorates as the 

sampling period tends to zero. 

We have also shown that given a single-input, single-output ( SISO) LTI strictly proper 

plant that is minimum phase together with a SISO LTI strictly proper reference mod~ 

it is possible to design a static GSHF controller that solves the sampled .. data model 

reference control problem {:MRCP). While the GHSF controller can provide arbitrarily 

good tracking and disturbance rejection, the control signal can become be very large. 

145 
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Finally, we have shown that given an arbitrary MIMO LTI strictly proper plant where 

measurements of the state are not available to the controller, it is possible to design a 

low order LPC that will track step inputs in a near optimal fashion. This controller has 

a moderate control signal even as the sample period tends to zero, and can be designed 

to provide a gain and phase margin close to that of an optimal state feedback control 

law. 

All the controllers presented are stable in the sense that if the input to the controller 

is zero, then the state of the controller will approach zero as time approaches infinity. In 

fact, all the controllers presented are deadbeat. 

7.2 Future Research 

In Section 3.5, we provided an analysis that showed that the GSHF controller designed 

to provide a desired gain and phase margin also tolerated stable additive perturbations 

to the nominal plant. First, we are quite certain that it would be possible to show that 

the additive perturbation need not be stable, but we would only require that the nominal 

plant and the perturbed plant have the same number of unstable poles. Secondly, there 

are many other uncertainty models that can be found in the literature, and the tolerance 

of the GSHF controller to other types of unstructured uncertainty could be determined. 

A complete analysis of the tolerance of the LPC presented in Chapter 4 to unstructured 

uncertainty in the nominal model would also be useful. 

Khargonekar et al. [31] provided a solution to the problem of simultaneously stabiliz­

ing a finite family of discrete-time LTI bicausal plants using periodic control, while Miller 

[37) showed that it is possible to find a single low order discrete-time LPC that simulta­

neously stabilizes a finite set of LTI plants. It may be possible to use some of the ideas 

presented in Chapter 6 to come up with a low order LPC that simultaneously stabilizes 

a finite set of continuous-time strictly proper LTI plants, while providing performance 
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arbitrarily close to that provided by an ideal state feedback control law. 

For the MRCP, we assumed that the plant was SISO. The result should be general­

izable to the case where the plant is MIMO. Furthermore, recall that the static GSHF 

controller that solves the MRCP suffers from large control signals. However, it can be 

shown that there exists an ideal continuous-time state feedback control law that solves 

the MRCP, and that the magnitude of this control signal is typically smaller than the 

GSHF control signal. Hence, using some of the ideas presented in Chapters 4 and 6, we 

could perhaps design a low order LPC that emulates this ideal continuous-time control 

law. However, those low order LPC's do not tolerate disturbances well, so the noise 

tolerance may be poor. 

In Chapter 4 we showed that as the sampling period of the LPC tends to zero, 

the output signal of the LPC controlled system approached the output of a desired 

continuous-time state-feedback controlled system in the 00-norm. In Chapter 6 we showed 

that as the sampling period of the LPC tends to zero and the periodicity of the LPC 

parameters tends to infinity, both the output and control signal of the LPC controlled 

system approaches the output and control signal of a desired continuous-time state­

feedback controlled system in the 2-norm. It would be interesting to determine if similar 

results can be shown for the general ~norm case. An approach that might be fruitful 

might be to show that similar results holds for the 1-norm and 00-norm, which would 

imply that our desired result holds for the p-norm [15, pg. 17, Fact 7). 

Extending the optimal step tracking problem to that of tracking a more general class 

of reference signals, e.g. sinusoids, in an optimal fashion would be a natural extension of 

the results of Chapter 6. 



Appendix A 

Discrete-Time Approach to Robust 

Stability: Static GSHF Controllers 

A.1 Discrete-Time Approach 

In this Appendix, we improve on the design of the static GSHF controller that was 

presented in Chapter 3. The controller that we synthesize here is based on a discrete­

time approach, and like the controller in Chapter 3, it will be capable of simultaneously 

providing any desired gain margin and any phase margin of up to 90 degrees, as long 

as the sampling period is sufficiently small. However, unlike the controller of Chapter 3 

where we typically needed the sampling period to be small to even stabilize the nominal 

plant, this GSHF controller will be capable of stabilizing the nominal plant for almost 

all sampling periods. 

Before presenting any results, let us first provide some motivation for this approach. 

Recall that 

F = LT eA(T-r) B F(T) dT E R"x•, 

148 
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and the closed loop discrete-time system satisfies 

x[(k + l)T) = (eAT + 7FC) z[kT), k E z+. 

Following a similar approach to that found in Section 3.3, define 

FT:= T-1 F = T-1 lT eA(T--r) B F(r) dr. 

Then it follows that the GSHF controller (3.3) stabilizes (3.2) if and only if 

sp(eAT + 1FT(TC)) C {z EC: lzl < l}. 

We use the notation Fx here and F0 in Chapter 3, since in Chapter 3, F0 was chosen 

independent of T while here Fx will depend on the sampling period T. 

Given the observable pair ( C, A) and a large, but non-pathological T, we know that 

(TC, eAT) is observable, and thus we can directly design FT such that 

sp(eAT + FT(TC)) C {z EC: lzl < 1} 

using any one of a number of discrete-time state-feedback controller design techniques; 

hence, the motivation for the name of this approach. Thus, we will no longer require 

T to be small in order to stabilize the nominal plant. However, we must also ensure 

that our choice of FT will result in a controller that will be capable of providing good 

gain/phase margins. Recall from Section 3.3 that F0 was defined as the continuous-time 

LQR optimal gain, and that by choosing 

F=TFo 

the resulting GSHF controller provided desirable gain/phase margin properties as T 

tended to zero. Here, we have chosen 

F=TFx, 

so if we design FT so that for small T we have Fx ~ F0 , then we might expect the 

resulting GSHF controller will share the desirable gain/phase margin properties of the 

GSHF controller designed using the continuous-time LQR approach. Designing FT in 
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this way is accomplished by solving a modified discrete-time LQR problem, which we 

discuss in the next subsection. 

A.1.1 Preliminary Discrete-Time LQR Results 

In this subsection, we first formulate the modified discrete-time LQR problem and then 

prove the preliminary result that as T ➔ 0, we have 

Since we want FT to approach F0 , we begin by first modifying the C matrix as was 

done in Subsection 3.3.1; namely, with 4> e [O, i), e e (0, l], and 

a= 2 cos(4>), 

we define 

(A.1) 

To improve the readability of the following equations~ we also introduce the notation 

Now consider the auxiliary system 

w[k + 1) = Afw(k] + TOT v[k], w(O) = 100, (A.2) 

and using the same positive definite symmetric weighting matrices Q and R as those in 

Section 3.3.1, we wish to find the control law which, for each w0 , minimizes 
00 

E w[kfQw[kJ +v[k]TRv(k]. (A.3) 
k=O 

Using Lemma 12.1' and Theorem 12.2' found in [55, Exercise 12.7], it follows that for 

every non-pathological T, the optimal control law is of the form 

v[k] = F[w[k]. (A.4) 
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We can obtain the optimal gain FT by first solving the discrete-time algebraic Riccati 

equation 

for the unique positive definite symmetric solution PT, and then setting 

For convenience, let us rewrite (3.13) and (3.14) here using the above notation: 

-.T l Fo = -PaC R-. 

The remainder of this subsection is devoted to proving 

fun FT= Fa. 
T➔O 

(A.6) 

(A.7) 

(A.8) 

We begin by showing that as T ➔ 0, the solution PT of the discrete-time Riccati equation 

(A.5) is related to to the solution P0 of the continuous-time Riccati equation (A.7) via 

fun T PT= Po. 
T➔O 

Roughly speaking, this is done by by substituting 

~ = eAT = I + AT + O(T2
), 

into (A.5), and showing that the resulting equation can be written as 

(TPT)AT + A(TPT) - (TPT)CT R-1C(TPT) + (Q + O(T)) = 0. 

-·Q -. 
(A.9) 

Then by comparing (A.9) and (A.7), we expect that since Q ➔ Q as T ➔ 0, we have 

T PT ➔ Po as T ➔ 0 as well. Once we have this result, it is straightforward to show that 

FT ➔ Fo as T ➔ 0 by simply using the definitions of F0 and FT. 

Lemma A.1 For every e > 0, there exists a Tmaz > 0 such that for every T E (0, T maz), 

we have 

IITPT - Poll < e, 

IIFT - Foll < e. 
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Proof: 

Let T be nonpathological, PT be the unique positive definite solution of (A.5), and 

define 

We start by showing that PA = 0 ( 1). Recall that by our choice of FT, when the control 

law (A.4) is applied to (A.2). the cost function (A.3) is minimi-J;ed! and in fact the 

associated optimal cost is w5 PTWo. Now choose i' e Rn so that AT+ ex FT is stable; it 

is easy to see that Ar+ TCTpT is stable for small enough T. Next, consider the control 

law 

v[k) = 'ff'Tw[k], 

so that the closed loop system is 

and the associated cost is 

wf [f)Ad + TFCt(Q + FRFT)(A! + TCTFTt] w0 • 

k=O 

Using a Lyapunov argument, it can be shown that there exists a T0 > 0, a> 0 and A< 0 

so that 

so for every T E ( 0, T0), the cost is bounded above by 

f a2(e:ur)•IIQ + FRFTII x llwoll2 = a
2
IIQ + F.!12'II llwoll2 = O(T-1)ll10oll 2; 

k=O l-e2 

this also is an upper bound on the optimal cost w5 P-rw0 • Hence, we have 

w5 Pxwo :5 O(T-1)llwoll 2 

=> Tw'[PTwo = wg PAWo < O(l)llwol(2 

=> P1:,. = 0(1). 

We now go on to show our desired result. If we substitute PT= P1:,./T and 
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into (A.5), we get 

~ - (I+ AT+ O(T2))~(/ + ATT + O(T2)) 

+{I +AT+O(T2 ))P&CT(TCPt,.CT +R)-1CP&(l +ATT+O(T2 ))-Q=0 

=> ~ - (~ + APt,. + PAAT + O(T)) 

+(P&CT + O(T))(O(T) + Rt 1(CPt,. + O(T)) - Q = 0 

=;, -AP& - P&AT - O(T) 

+(Pt,.CT + O(T))R-1(1 + O(T))-1(CPt,. + O(T)) - Q = 0. 

But (I + O(T))-1 = I+ O(T), so 

T .-T l"""" 
APt,. + PAA - PAC R- CPA+ Q + O(T) = 0. 

'-v--' 
=:Aq 

Since PT= P:f > 0, it follows that PA = P'f > 0. Then, together with the definition of 

!J.q and the fact that Q = QT and R = RT~ it also follows that D.q = D.~. Furthermore, 

since D.q = O(T), we can choose T1 < T0 such that for TE (0, Ti), we have 

Q + 6-q > o. 

Hence, from Lemma 2.3, there exists a c1 > 0 such that for every TE (0, Ti), we have 

IIP.,. - Poll= IITPT- Poll ~ max { (!::~;t~lll~~l11) llllqll,c1llllqll} • 

Since dq is O(T), it follows that PA - Po is as well, so our first result follows. 

Using (A.6) and (A.8) we have 

FT - Fo - -Ac,PT(TCf[(TC)PT(TCf + RJ-1 + PoCT R-1 

- -(/+AT + O(T))PACT(TCPt,.CT + Rr1 + PoCT R-1 

- -(PACT+ O(T))(O(T) + R)-1 + P0CT R-1 

- -(Pt,.cT + O(T))R-1
([ + O(T)) + P0CT R-1 

""""T l - -(PA - Po)C a- + O(T). 

Since Pt,. - Po is O(T) from above, our last result follows. 

• 
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A.1.2 Controller Design 

In this subsection we will use the results of Subsection A.I.I to provide an alternate proof 

to Theorem 3.1. Furthermore, we will show that we do not necessarily need T to be less 

than some T ma:i: > 0 in order to stabilize the nominal plant. 

Proof:(Alternate proof of Theorem 3.1) 

This proof is based on a discrete-time Lyapunov approach. Given ?, E [0, J), 

e E (0, 1), and p E [1, oo ), define C via ( A.l), and choose positive definite symmet­

ric matrices Q and R. Using Theorem 2.2, we can choose a To > 0 so that (G', Acl) is 

observable for every T E (0, T0). It follows that for T E (0, T0), there exists a unique 

positive definite symmetric solution PT for the discrete-time Riccati equation (A.5), and 

the optimal discrete-time LQR gain FT is given by (A.6). Define 

A ·- AT B ·- TC-T F. ·- F.T ~ .- d, n .- ' n .- T' 

and with p E [¼, fe] and ef, E [-?,, ?,], consider 

w[k + 1] = (An+ pe!rl> BnFn)w[k], w[O] = wo E C". 

Fix w0 and consider the Lyapunov candidate function V: C" ➔ C: 

Since PT= Pj we know that Vis real-valued, so 

aV(w[k]) := V(w[k + 1]) - V(w[k]) 

is also real-valued. Expanding a V( w(k]) and simplifying, we have 

aV(w(kJ) = w*[k](A;PTAn- PT)w[k] + fw*[k](F,;B;PTBnFn)w[k] 

+pw•[kl(e-;,; F'[ B; PrAn + el• A;PrBnFn)w[k). 

Using (A.5) and (A.6), this can be written as 

(A.10) 

aV(w[k]) = -w*[k]Qw[k] + (1- 2pcos(</>))w*[k](F,;(B;PTBn + R)Fn)w[k] 

+fw•[k](F,; B; PTBnFn)w[k]. 
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From the definition of a given in (3.11), the bounds on <J,, and the upper bound on p, we 

see that 

1- 2pcos(<J,) ~ 0, 

so since PT > 0 and R > 0, it follows that 
-2 

dV(w[k]) ~ -w•[k)Qw[k) + ~ 
2 
w•[k](FJ' B~ PTBnFn)w[k] 

a: e. 
= -w•[k)Qw[k] + 1i2w·[k](T2 FTC PTCT Ff )w[k). 

We now go on to show that as T ➔ 0, the second term in the above inequality is 

dominated by the first term. Using Lemma A .1, it follows that there exists positive 

constants c
1

, c
2

, and T1 E (0, To) so that for TE (0, T
1

) we have 

Hence, for TE (0, Ti) and w[kJ # 0, we have 

1p2w·[k](T2FTC PTCT Fj)w[k]I < p2T2JIFTll 2 
X IIPTII X 11c11 2 

X llw(k]ll 2 

~ p2Tc~c21lCll 2 x llw[k)ll2. 

If we let 

T. • {T ~in(Q) } 
ma: < mm i, 752~c2IICll2 ' 

then it follows that there exists a positive definite matrix U so that for T E ( 0, Tma%) 

aV(w[kl) ~ -w[k]*Uw[k}, k e z+. 

Hence, for every wo, V( w[k]) goes to zero as k ➔ oo; since PT is positive definite, it 

follows that w[ k} goes to zero as k ➔ oo as well, so 

sp(An + pei,; BnFn) C {z e C : lzl < l} 

<=> sp(Aa+Tpeii()FTC) C {z EC: lzl < 1} 

<=> sp(Aa + Taejei,() FTC) C {z E C : lzl < 1}. 
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But this holds for ae]i E [e, p], so for p E [e_, p), and t/> E [ -ef,, ef,}, we have 

sp(A:,+pei•FT(TC)) C {z EC: lzl < l}. 

Finally, with TE (0, Tma:) and F = T Fo, we find an F(t) which satisfies (3.4). 

• 
Remark A.1 With 4>E [O, i), e_E (0, 1], and pE [l, oo), we now summarize an alternate 

algorithm for constructing a GSHF controller ( F, T} that stabilizes every system in 

{(A, B,yC): 1 E r(e, p, 4>)}. 

i) Choose symmetric positive definite matrices Q and R. Let a = 2 cos(4>) and 

ii) Determine a value for T so that when Aci = eAT, PT satisfies 

and FT satisfies 

we have 

iii) Let F = T FT and use a method to find an F(t} to satisfy (3.4}, e.g. use (3.6). 
D 

Remark A.2 The T obtained in the above algorithm is based on a Lyapunov approach, 

and hence is typically quite conservative; perhaps a better choice for the Lyapunov can­

didate function (A.10) would result in a less conservative value of T. However, from a 

practical point of view, it might be better to compute the combined gain margin and 

phase margin for various values of T, and obtain the largest one which achieves the de-

sired robustness. 
□ 
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A.1.3 An Example 

Let us consider the same example mentioned in Section 3.3.3. Namely, suppose our 

nominal plant is 

with associated transfer function 

-1 s -1 
P0 (s) := C(sl - A) B = (s _ 0.S)(s + l). 

Using the algorithm outline in Remark A.l, we can construct a static GSHF controller 

to stabilize every system in 

{(A, B,1C): 1 E r(0.75, 6, 70°)}. 

i) Let Q = I and R = 1. Here a= 2 cos{70°) = 0.6840403, and 

C = o.e_C = [ 0.6840403 0.6840403 ] . 

ii) We determine T by plotting p2T 2 II FTCPTCT Fill vs T. From Figure A.1 we see 

that for T ~ 0.0008774830 we have 

Recall from Remark A.2 that choosing T = 0.0008774830 is quite conservative. As 

was done in Subsection 3.3.3, we now propose a method to approximately determine 

a less conservative sampling period. Using a 2-dimensional. search algorithm, we 

determine 

fd.c.(T) := min{ p E (0, 1) : sp(eAT + pei•T FTC) C {z EC: lzl < l}, 

p E [p, l], t/, E (-4>, ~]}, 

Pct.c.(T) := max{pE [1,oo): sp(eAT + peJ•TFTC) C {z EC: lzl < 1}, 

p E [l, p], t/, E [-4>, ~]}; 
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Determining T max for Discrete-Time GSHF Controller 
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Figure A.1: Plot of p2T 2 II FTC PTCT F:j II vs T. 

to be consistent with Subsection 3.3.3, we refer to lit. (T) (Pd.t. (T)) as the "com­

bined lower (upper) gain/phase margin" provided by the GSHF controller (F, T) 

using the "discrete-time" approach. A plot of ll.t. (T) and Pt1.t. (T) is provided in 

Figure A.2. Observe that for T = 0.0416000, we achieve the desired gain and phase 

margin. For T = 0.04160, we have 

[ 
12.63665 -8.988131 ] [-0.06979002 ] ~= ,~= , 

-8.988131 130.7065 -2.475947 

so we set 

[
-0.002861391 ] 

F =TFT = ' 
-0.1015138 
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Gain Margin vs Sample Period (70 phase margin) 
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Figure A.2: Combined upper and lower gain and phase margin as a function of T 

( d. t. approach). 

and from (3.6), we can choose 

Figure A.3 illustrates the response of the closed loop system at the GSHF sample 

points when the initial condition z0 = [ 1 O ]T and the scalar gain uncertainty 7 = 4. 

While the GSHF controller provides adequate performance at the sample points, it can 

be seen in Figure A.4 that the intersample performance is quite poor. This is primarily 

due to the fact that the generalized hold h~ large gains. 
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Static GSHF Controller: Sampled Output y[lc1] (x,,=(t ,Of, y=4) 
r 
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Figure A.3: Sampled output y[kT] when z0 = [1 O]T and,= 4 (d.t. approach). 

Static GSHF Controller: Output y(t) (xa={1,0f', y==4) 
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Static GSHF Controller: Control Signal u(t) (Xt,={1,0f, y==4) 
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Figure A.4: Output y(t) and control signal u(t): z0 = [1 O]T and 'Y = 4 (d.t. approach). 
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A.2 Comparing the Continuous-time and Discrete-

time Approaches 

In this section we will verify, through example, the theoretical results discussed in the 

previous sections and compare the GSHF controllers obtained by the continuous-time and 

discrete-time approaches. The nominal plant will be the same one used in the examples 

found in Sections 3.3.3 and A.1.3: 

( A, B, C) = ( [ ~ 1 

0
~
5 

] , [ \ ] , [ 1 1 ] ) • 

Suppose we have the same design objective as that found in the previous examples. 

Namely, we wish to design a static GSHF controller that will stabilize every system in 

{(A, B' 'YC) : 'Y E r(o. 75, 6, 70°)}. 

A.2.1 Verification of Lemma A.1 

To verify Lemma A.1, we do the following: 

i) Solve for Po and F0 in (3.13) and (3.14). 

ii) Pick a value for T so that ( C, eAT) is observable. 

iii) Solve for PT and FT in (A.5) and (A.6). 

iii) Evaluate II FT - Foll and IIT PT - Po 11- Then pick another smaller T such that 

( C, eAT) is observable and go back to step iii). 

Figures A.5 and A.6 show plots of II FT - F0 II vs T and II T PT - Po II vs T, respectively, 

and as expected, 

lim l(FT- Foll= 0, 
T➔O 

lim IIT PT - Poll = 0. 
T➔O 
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Figure A.5: Plot of II FT - Foll vs T. 

II T P1 - P011 vs T 
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Figure A.6: Plot of IJT PT - Poll vs T. 
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A.2.2 Advantages of the Discrete-Time Approach 

Note that the final GSHF controllers obtained in Section 3.3.3 ( Continuous-time ap­

proach) and Section A.1.3 (Discrete-time approach) were very similar. In fact, if we 

compare the simulation results of the two GSHF controllers illustrated in Figure 3.6 and 

A.4, we see that they are virtually identical. 

However, we will now verify that the discrete-time based GSHF controller does provide 

better gain margins when the sampling period T is large. We will denote ( F, T)c.t. and 

( F, T)c1.c. as the GSHF controllers designed based on the continuous-time and discrete­

time approaches, respectively. For both GSHF controllers, we choose Q = I, R = 1, and 

4> = 10° (i.e. a = 0.684) for our GSHF design parameters. 

STEP 1: Gain margin for ( F, T) c:.t. 

Set C = [0.684 0.684). Determine P0 and F0 satisfying (3.13) and (3.14). Then for various 

values of T we determine 

e:)T) .- min{ p E (0.1] : sp(eAT + pT FoC) C {z EC: lzl < l},p E [p, 11}, 

Pc.t(T) .- max{p E (1, 00): sp(eAT + pT FoC) C {z EC: lzl < 1},p E [1,p]}. 

STEP 2: Gain margin for ( F, T)cLt. 

Set C = [0.684 0.684]. Then for various values of T, let Aci = eAT, determine PT and FT 

satisfying (A.5) and (A.6), and find 

~)T) := min{pE (0,1}: sp(eAT +pTFTC) C {z EC: lzl < 1},p E [p,1]}, 

Pc1.c(T) := max{p E (1, 00) : sp( eAT + pT FTC) C { z E C : lzl < 1 }, p E (1, p}}. 

STEP 3: Compare gain margins 

We plot Pe.t(T)/e:)T) and Pd.c(T)/~)T) in Figure A.7. 
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Comparing Gain Margins 
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Figure A.7: Comparing the gain margins obtained from the continuous-time and discrete­

time approaches. 

Note that for T > 2.98 the GSHF controller based on the continuous-time approach does 

not stabilize the nominal plant. On the other hand, the gain margin provided by the 

GSHF controller that was designed using the discrete-time approach is always greater 

than one. Note however that as T ➔ oo, the gain margin approaches unity, which means 

that the GSHF controller cannot tolerate much uncertainty in the gain of the plant when 

Tis large. 
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