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Saddle-node bifurcations are dynamic instabilities of differential equation models that have been associated with voltage
collapse problems in power systems. This paper presents the conditions needed for detecting these types of bifurcations
using power flow equations for a dynamic model of ac/dc systems, represented by differential equations and alge-
braic constraints. Two methods typically used to detect saddle-node bifurcations, namely, direct and parameterized
continuation methods, are briefly analyzed from the point of view of numerical robustness.
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I. Introduction

Hopf bifurcations and saddle-node bifurcations, or turning points, have been recognized as some of the reasons,
albeit not the only ones, for voltage stability problems in a variety of power system models'™®. Local bifurcations are
detected by monitoring the eigenvalues of the current operating point. As certain parameters in the system change
slowly, allowing the system to quickly recover and maintain a stable operating point, the system eventually turns
unstable, either due to one of the eigenvalues becoming zero (saddle-node, transcritical, pitchfork bifurcations), or due
to a pair of complex conjugate eigenvalues crossing the imaginary axes of the complex plane (Hopf bifurcation). The
instability of the system is reflected on the state variables, usually represented by frequency, angles and voltages, by
an oscillatory behavior or a continuos change. For a PQ load model these bifurcations can be associated to the power
transfer limit of the transmission system®; in other instances the bifurcations appear due to voltage control problems,
like fast acting automatic voltage regulators (AVR) in the generator'!, or voltage dependent current order limiters
(VDCOL) in HVDC links”. In all cases these bifurcations occur on very stressed systems, i.e., the region of stability
for the current operating point (stable equilibrium point or s.e.p.) is small, hence, the system is not able to withstand
small perturbations and becomes unstable. Although there are reports of these bifurcations occurring in unstressed
systems'?, this cannot be considered typical, since power system controls are designed so that eigenvalues of several
operating points are well into the left half complex plane.

Some voltage collapse problems can also be associated to voltage control devices like under-load tap changer
(ULTC) transformers or AVRs'® 716, In some of these cases, but not all, the voltage controls force the eigenvalues
to instantaneously jump into the unstable region, making the system immediately unstable. This phenomena is not
directly associated to a bifurcation, since the eigenvalues do not go through zero or the imaginary axis. Neverthe-
less, transcritical bifurcation theory can be used to explain the phenomena when AVR limits are assumed to apply
gradually'?,

The particular problem of voltage collapse in power systems has being generally associated with saddle-node
bifurcations'™. These type of instabilities are usually local area voltage problems due to lack of reactive power
support, that yield a system wide stability problem characterized by sudden voltage drops.

Saddle-node bifurcations are well defined instabilities in system models fully represented by differential
equations® % 6 1718 However, bifurcations in systems that are also modeled with algebraic constraints have just
been recently addressed and new results are regularly being reported in the literature® % 719 This paper focuses
also on this subject, showing the requirements for having equivalency of typical saddle-node bifurcation conditions
between differential equation models and mixed models, i.e., systems represented by both differential equations and
algebraic constraints. Furthermore, the paper presents the conditions needed for detecting saddle-node bifurcations in



a proposed ac/dc dynamic system model using only the power flow equations, which are actually a subset of the full
steady state equations. This particular issue has been of some concern in power system analysis® 2% 21,

The numerical robustness of two methods used to detect these type of bifurcations, i.e., direct and parameterized
continuation methods, are briefly discussed, since these techniques have been shown to be efficient ways for detecting
proximity to voltage collapse?2. Finally, a small ac/dc system is used to depict some of the concepts presented in the

paper.

II. AC/DC System Model

In this section, a system model is described based on different element models for generators, transmission network,
loads, and dc systems. This dynamic model corresponds to a typical representations of ac/de power systems for voltage
and transient stability analysis'® 23729 Based on this model, it is shown below that a saddle-node bifurcation can be
detected using only power flow equations.

Although, long term dynamic elements, such as ULTCs, are not directly considered here, these devices could be
easily included without affecting the results presented in this paper for saddle-node bifurcations, as shown for a power
flow model in reference 16.

A synchronous generator model with constant terminal voltage and reactive power limits is used, to simulate some
of the effects of a voltage regulator'® 27, It is assumed that there are ng generators, and that the last one is the
reference point for the bus voltage phasors. The mechanical power applied to the generator shaft is assumed constant
at each load level.

A T-equivalent circuit model is employed to simulated all the elements of the transmission system?”. Transformers
and phase shifters are included as part of this transmission network.

Voltage and frequency dependent load models are used, since they represent a wide variety of aggregated power
system loads®® 28 29 Hence,

Pro= —(Py+ AP = (P, + AP (V/VO) = (P, + AP (Vi) V) — Dy, (81— wng) — Dy

Qi ~(@Q1, + AQ1,N) — (Qn, + AQLN) (Vi/V) = (@1, + AQA) (V/V)) = Dy, (61 — wny) — Di, Vi

'Q

where | = 1 4+ ng,2 4+ ng,...,ng + nr. Here P and @Q; are the powers injected by the load, and V;/Zé; is the load
phasor voltage at bus . P, P, P, Qi,, Qi,, and @, are constant weighting factors that define the steady state
base load. Dy, , D, _, leQ , and Dva represent the time constants of the frequency and voltage dependent dynamic
terms in seconds. Note that these time constants can be set to zero to represent static load models. AP, AP, , AP,
AQi,, AQi,, AQy,, and the parameter A are used to simulate slow time scale load change. For most studies of voltage
collapse, it is assumed that the pattern of load change can be represented with one degree of freedom (A) and that
this evolution of load drives the system to a saddle-node bifurcation. The load model presented here allows for a more
general analysis of the bifurcating phenomena in power systems, where the load has been shown to have a significant
effect in saddle-node bifurcation studies?? 3°. Notice that differential equations (1) can be rewritten as

[ o — Yng :| _ [ lep DlvP :| ' [ flx(‘s’v) :|

Vi - leQ Dva N (6,V)
where f1, (8, V) and ¢, (6, V) are the active and reactive power mismatches at the load buses, respectively.

It is important to mention that depending on the static load model used to represent the aggregated system loads,
the location of a saddle-node bifurcation significantly changes. For example, for a constant PQ load model one can
show that the maximum power transfer point, or maximum loadability point, is a saddle-node bifurcation and it also
corresponds to the tip the P-V or “nose” curve. This particular issue is discussed at length in reference 8.

DC lines are simulated using R-L circuits, and the HVDC controllers are modeled using saturable PI current
controllers with Kp (proportional) and K (integral) gains. Although these control circuits are approximations to the
more complicated HVDC control structures, they recreate several of the main properties of actual systems, especially
when close to the equilibria™ 3. Voltage Dependent Current Order Limiter (VDCOL) can be introduced into this
model by representing the controller current order as a nonlinear function of the ac converter voltages®* 25,

The equations that model each element of an ac/dc system can be arranged into vector differential equations
(2) below, for an n bus ac/dc system (n = ng + ngp + 2ng., where ng. is the number of dc links in the system).



The reference generator ng is assumed to be an infinite bus so that all system equilibria are guaranteed to have
wg = [w1...wngy_1]7 = 0, otherwise the transfer conductance losses may produce a slight shift in generation frequency
at the equilibria for the proposed system model. This condition is not necessary when all generator damping constants
are set to zero.

5G = W (2)
MGu'.:G = fg((s,V) — DGwG
oz £2,(6,V) ]
D ’ — A\G,
L [ Vi :| [ ng(‘SaV)
).(dc = hdc(Vdca Xde, ydc)
0 = G)\((Savaxdcaydc)

Vector x4. stands for all the state variables for the system dc links operating at a fixed control mode, as defined
by vector field hg.(-), so that the dec limit functions are well defined. On the other hand, yg4. represents the dc
variables implicitly defined by the corresponding algebraic constraints in G(+). V and é depict all the voltage phasors
at generator (VgZég), load (Vp£6r) and HVDC (V4.2684.) buses. Vector functions fg(-) and fr(-) stand for the
active power mismatches at the generator and the load buses, respectively, and gz (+) corresponds to the reactive power
mismatches at the load buses. Notice that the algebraic constraints represented by the vector field G(-), correspond
to the dc link constrains, the active and/or reactive power mismatches at HVDC and static load buses, and the
reactive power equations at all generator buses. Finally, matrices Mg, D¢, and Dy are all nonsingular diagonal or
block-diagonal matrices representing the generators’ inertia and damping, and the loads’ time constants, respectively.

Defining x 2 [xT xI']T as some of the state variables associated to the system differential equations, and y as the
system variables associated to the algebraic constrains, equations (2) can be rewritten as

)'(1 = Wg (3)
MG 0 (.;.JG _ FlA(X, y) — DGwG _
v o J[s] = [PR | reny
————
K
0 = Gix,y)

where D is a nonsingular matrix that contains the dynamic load model time constant.

An equilibrium point for equations (3) can be obtained setting the left hand side to zero. Ordinary ac/dc power
flow equations correspond to steady state equations F»(0,x,y) = Fi(x,y) = 0 and Gx(x,y) = 0, when the load is
modeled as constant PQ. Different static load models could be implemented in the power flow equations, so that these
equations can be used to directly determine equilibria of the dynamic model.

For the proposed dynamic system, nonsingularity of the Jacobian D, G(-) along system trajectories of interest
guarantees a well posed system®? or strictly causal system®. If matrix D, G(-) becomes singular, then the model
represented by (3) breaks down, and dynamic load models should be used then for the system representation. For
example, a singular D, G|y at a particular equilibrium point (0, xq, yo, Ao) of a simple power system model consisting of
one generator, a transmission line and a load, constitutes an impasse point that divides two stable equilibria in a system
with no unstable equilibrium points. Although this particular system behavior has been thoroughly analyzed'® 33 it
has no physical meaning in a real power network. The same phenomenon was observed in larger ac/dc systems, where
two stable equilibria coalesce at a singular Jacobian. In this case, assuming a dynamic voltage dependence of some of
the load buses removed the impasse point forcing one of the stable equilibria to become unstable, so that saddle-node
theory can be applied to explain the bifurcation in a physical system.

When the algebraic constraints G(-) have an invertible Jacobian Dy, G(-), variables y = hy(y) can be eliminated

(Implicit Function Theorem3?); and equations (3) are reduced to
)'(1 = W (4)
wa
K [ . :| = Fx(wg,x,h)\(x))
X2
R [T 0 0
which can be rewritten as Mz = s,(z), with z = [x{ wL x¥17 and M = 0 Mg O
0 0 D



Notice that, although a variety of operational limits are included in the model, it is assumed throughout this
paper that the equations do not change, i.e., the equations and their derivatives are well defined in the vicinity of a
saddle-node bifurcation.

III. Equivalency of Saddle-Node Bifurcation Conditions

Some bifurcations, or structural instabilities, for Mz = s(z) occur when the Jacobian D,s(-) becomes singular at
the equilibrium (zg, Ag). Several types of bifurcations characterized by a singular Jacobian are possible, but of these
only the saddle-node occurs generically. Moreover, the following conditions apply at the saddle-node!” (zg, Ag):

1. D,slo 2 D.sx,(7p) has a simple and unique zero eigenvalue, with normalized right eigenvector v and left eigen-

vector w, i.e., D,slov =0 and w’ D,s|o = 07. (5)
2. wl 88 #o. (6)
3. wl [D2s|o v] v # 0. (7)

Conditions 1 through 3 guarantee the generic quadratic behavior near the bifurcation point, and also prevent singular
augmented Jacobians of the Newton- Raphson based methods used to determine bifurcation points as discussed below.

Use of the vector field s)(z) in bifurcation analysis of power systems presents several problems, such as the difficulty
of finding the explicit function y = hy(z). Typically, function h(-) cannot be expressed in closed form, though its
derivatives are available. While ultimately only the derivatives of h(-) are needed for computation of the saddle-node
bifurcation point, use of the reduced equations sacrifices sparsity, significantly increasing the computational costs.
Therefore, it is useful to relate known methods for detecting bifurcations based on saddle-node conditions for the
reduced system (4) to conditions expressed in terms of the complete set of system equations (3).

An important computational issue in bifurcation studies for power systems is the relationship between eigenvalues of
the Jacobian of the power flow equations®, Jpr, and those of the Jacobian of the system dynamic equations linearized
at the equilibrium point, denoted by Jrs = M™!D,s|o. This subject has been studied for a number of ac only
system models® 2% 21 Here it is shown that, for the proposed system model, the power flow equations can be used to
directly detect a saddle-node bifurcation of system dynamic equations (4), under the generic assumption of “invertible”
algebraic constraints G(-); moreover, these equations yield information regarding right and left eigenvectors for the
linearized equations of the reduce dynamic system (4). These ideas have been briefly discussed for a general dynamic
ac system model with no algebraic constraints®®.

Thus, the power flow Jacobian at the equilibrium (0, xg,¥0, Ag) can be represented by

D, Filo Dy, Filo | DyFilo
Jpr=| Ds,Falo Do Falo | DyFso
D, Glo D.,Glo | D,Glo

Hence, the determinant of Jpp can be calculated using

det JPF = det (DyG|0) det ([ Dx1F1|0 Dx2F1|0 :| — |: DyF1|0

D,G|7Y] Dy, Glo D, G
Dx1F2|o Dx2F2|o DyF2|0:| y |0 [ 1 |0 2 |0 ])

On the other hand, linearizing (4) at the equilibrium yields a block Jacobian structure satisfying

X1 wa Xs
X1 0 I,._1 0
MIrs = . i 8
s Mows | Do Filo+ DyF1|oDy hlo —Dg Dy Filo + DyF1|oDshlo (8)
Dx. | D, Fslo+ DyFs|oDs ho 0 D, ,Fslo+ DyF3|0 Dy, hlo

Thus, using standard block determinant formulas and since D h|y = —DyG|51DxG|0,

det JPF

det (D:sh) = (=1 37581y

*The “power flow” equations in this paper differ slightly from the typical set of equations in the power system literature, since static
load models used in the simulation are not only constant PQ models.



where k is a positive integer. This equation shows that a singular linearized dynamic equations Jacobian implies
having a singular power flow Jacobian, since G(-) is bounded above. Moreover, theorems 1 and 2 below prove that all
saddle-node bifurcation conditions, represented by (5), (6) and (7), have an analogous representation in the power flow
equations. In order to simplify the notation, the vector fields F(-) and G(-), which represent the power flow equations

of the proposed ac/dc system model, are grouped in the vector field F(-) 2 [FT() GT()*.

Theorem 1: Let DyGlo be nonsingular at the saddle-node bifurcation point (0, %o, yo, Ao) € RV (N = 3ng +
2ny + 9ng. — 3) satisfying transversality conditions (5), (6) and (7). Let F : RV="6+!l x R s RN776%! be as
defined above. Hence, for properly normalized left eigenvectors w € R™ (m = number of state variables in (4)) and
¢ € RV~ +! corresponding to zero eigenvalues of D, s|y and D(ey)Flo, respectively, it follows that

Tas

aA

_ T@.’F

. A )

0

Furthermore, uniqueness and simplicity of the zero eigenvalue of D,s|y guarantees having a unique eigenvector ¢. []
Proof: Since D, G|p is nonsingular at the equilibrium, there exists a smooth local function h(-) around (0, %o, yo, Ao)

such that y = hy(x) (Implicit Function Theorem®®), and dh/dA|y = —D, G|5'9G/dA]o. On the other hand, based
on the definitions of sx(z) and w = [wl wZ_wZl 17  then w’ D.s|y = 0 implies from (8) that

w,, =Dew,, and [wl wl](D,F|o— D,F|oD,G|;'D,Glo) = 0T (10)
Now, it follows from [T @I'] D,y Flo = 0T that
o = —gIDFD, Gl and oL (D,Flo — D,FloD, GI7 D, Glo) = 07 (11)

For properly scaled eigenvectors, from (10) and (11), and since w is unique by definition, one has a unique eigenvector

p = [pL cpg]T, with @, = [ng ng]T. Furthermore,
Os OF 0G
T T T -1
— —| - D,F|¢D,G —_—
aA o [WwG WCL‘Q] (aA o Y |0 Y |0 aA 0)
OF 0G OF
T T -1 T
= — - D,F|y D, G — = —-—
P E3) o P Ly |0 Y |0 E3 o L E3 o

]

Theorem 2: Let DyG|0 be nonsingular at the saddle-node bifurcation point (0,xg,yo,Ao) € RV*! satisfying
transversality conditions (5), (6) and (7). Let F(-), w, and ¢ be defined as in theorem 1. Then, for properly
normalized right eigenvectors v € R™ and v € RV ~"¢*! corresponding to zero eigenvalues of D,s|y and Die ) Flo,
respectively, i.e., D.slov = 0, and D, ,)Flov = 0, it follows that

wl [DZs|gv] v = 7 [D(nyy).’ﬂov] v (12)

[]

Proof: Following similar arguments to the ones employed in the proof of theorem 1, one has that for v =

- N
I vI. vI]" and v = [vl o], vu, =0, v, = —-D,G[; 'DyGlov,, and v, = [vE vI 7 = v,. Furthermore, the

product of the tensor D(zx y).’F|0 and the vector v, yields the matrix

D2F|yv, — D2, FloDy Gy ' Do Glove D2, F|gv. — DIF|0Dy G|y DeGlov,

2
Dy Flov D2G|yv, — D2,GloD, Gl; ' D, Glov,  D2,Glov, — D2G|oD, G|; ' D, Glev,

Hence, it can be shown that
¢T[D(2x7y)f|0u]u = 1 [DiF|ovs — D2, FloDy Gy Dy Glov, — Dy Flove, Dy Gl Do Glo+ (13)
DF|oDy Gy Dy Glove Dy Gy ' Do Glo — DyF|o Dy Gly ' DIGov, +
DyF|oDyGly' D}, GloDyGly ' Dy Glove + DyF|o Dy Gl ' Dy, Glove Dy Gy ' Dy Glo —
DyF|oDy G5! D;GloDy G5 Dy Glove Dy Gy Do Glo] v,



On the other hand, since in a neighborhood of the bifurcation point the Implicit Function theorem implies that

y = hy(x), then
0

D80V = | (D2P)yv, + D2, Flove Doblo + D2, EloDyhlove + D2F|oDohlove Dby + D,EDplovs | (Y
where p(x) 2 Dyhy(x)v,. Now, since Dyhly = —DyG|51DxG|0, it can be shown that

Dyplo = —Dy,Gly' [DiGlov, + D}, Glove Dyhlo + D2, GloDyhove + D) GloDyhlove Dohlo] (15)

Therefore, from (13), (14) and (15), it follows that w7 [D§s|0v] v=¢l [ (r, y).’F|0U] []

As shown in the previous theorems, the left and right eigenvectors ¢ and v, respectively, obtained from the power
flow equations, contain the information of the dynamic equations eigenvectors at the bifurcation point, i.e., w and v.
Right eigenvectors are used to determine how the bifurcation occurs!, and yield information regarding the areas in the
power network prone to having voltage problems'® 16 22 Left eigenvectors are used to determine corrective measures
to improve voltage stability3®, and also can be used to determine the closest saddle-node bifurcation in parameter
space 37,

IV. Detecting Bifurcations

There are several well known techniques for detecting bifurcations in dynamic systems'®. However, in power system
analysis two methods, namely, direct (Point of Collapse or PoC) and continuation methods, have been successfully
used to detect saddle-node bifurcations in a variety of network models” 16 38743 One of the main concerns when
applying these methods is the singularity of the corresponding equations’ Jacobians at the bifurcation point, which
could cause numerical problems when a Newton-Raphson solution algorithm is used. In this section, the nonsingularity
of the Jacobians at a saddle-node bifurcation point for both methods are briefly discussed.

IV.1. Direct Methods
Using F(-) and ¢ as defined above, and defining x 2 [xT yT]7, the left eigenvector PoC equations can be written

as
2 |T T T
D _7:>\( ) =0 Dxf|0¢ Dxf|0 D>\§;|O‘P
(x)=0 D, Flo 0 N
OF /\T = Jpoc = * T Alo
2
,\( ) o=k <PTDX/\-7'-|0 8.?\-‘0 o7 %/\.72-
G 0

Where k is any scalar different from zero. In spite of the individual block D, F|o being singular in the Jacobian Jp,c,
conditions (6) and (7), together with the nonsingularity of D, G/, guarantee that Jp,c is nonsingular®® 45.

Similar arguments can be used to formally prove nonsingularity of the Jacobians corresponding to the alternate
PoC equations (16) shown below. These equations have proven to be computationally more efficient than (16)'°

DF,(x)v=0 DX.'F')\(X)TQO =0
Falx)=0 Falx)=0 (16)
vl =1 el =

IV.2.  Continuation Methods

Continuation methods have been used since the 60’s in a variety of engineering fields'®. Parameterization and per-
pendicular intersection techniques can be used to trace the branch of equilibria associated to saddle-node bifurcations
in ac/dc networks'®. This parameterized continuation method consists of a three step approach, namely, prediction,
correction, and parameterization, to tracing the equilibrium points as one parameter in the system changes, i.e., find
the solutions to the steady state equations sy(z) = 0, for a given set of parameter values. Typically, the loading
factor A is the varying parameter; however, as the system gets closer to bifurcation, the Jacobian D,s|y becomes ill-
conditioned. Thus, a change of parameter (parameterization step), such as switching from A to a state variable z; € z,
makes the Jacobian nonsingular®?



For the power system dynamic model used throughout this paper, where the power flow equations are represented
by the vector field F(-), and for a nonsingular Jacobian D, G/, there is a one to one correspondence between the
equilibria of s(+) and the solutions of Fy(x) = 0. Furthermore, based on theorems 1 and 2, a saddle-node bifurcation
in the vector field s(-) can be detected using F(-). Therefore, one can trace a bifurcation branch utilizing the power

flow equations in the continuation method!®, with predictor and corrector steps having nonsingular Jacobians®?.

V. Example

The ac/dc system in Figure 1 was used to depict some of ideas discussed in the paper. Tables 1 through 3 show the
steady state and dynamic data for the system. The load at bus 2 is modeled as a frequency dependent active power
plus a voltage dependent reactive power term, i.e.,

P= Py+dP+ Diéy
Vs \?
Ql B (VZD) QlD
where P, = 4.75, @, = 1.561, Dy = 0.1, and Vo, = 1.01965, all in p.u. The active power load change at bus 2 is
chosen as the slowly changing system parameter, i.e.;, A = dP. The infinite bus absorbs all losses and load power
changes in the system.

Figures 2 and 3 depict part of the bifurcation diagrams, PV or “nose” curves, for the rectifier and inverter ac
voltages when the parameter dP changes, and were obtained using a continuation method. These diagrams were
traced up to the maximum value of dP, or maximum loading point, which corresponds to a saddle-node bifurcation.
The continuous line represents the stable equilibrium points, whereas the dashed line depicts the unstable equilibrium
points. Not all unstable equilibrium points were traced, since they are not relevant to this paper. Notice that in
Figure 2, the system is stable up to the saddle-node bifurcation, whereas in Figure 3 the system losses stability at
dP = 46.82p.u. due to a Hopf bifurcation induced by the VDCOL.

In this example, the number of state variables z is 7 and of algebraic variables y is 10, whereas the number of
power flow variables x is 15. By tracing the eigenvalues of the dynamic Jacobian ISy and the power flow Jacobian
IPFsy1s) for all the equilibrium points depicted in Figures 2 and 3, one can observe that both become singular at
the maximum loading point, as expected. However, the Hopf bifurcation depicted in Figure 3 can only be detected
using Jrg. On the other hand, the direct method can only be applied in practice to the power flow equations, since
a symbolic Jrg is actually needed to set up the problem, and obtaining this set of equations takes several days in a
workstation (using MapleV in a dedicated 32MB-RAM SPARCstation-LX with 200MB swap space), whereas getting

Jpr takes only a couple of seconds. The direct method yields dP,, 4, = 44.66p.u. for the system without VDCOL,
and d P4 = 46.84p.u. with VDCOL.

VI. Conclusions

This paper discusses the conditions needed for detecting saddle-node bifurcations using power flow equations, for
a differential equation and algebraic constraint model of an ac/dc power system. The algebraic equations’ Jacobian
must be nonsingular along system trajectories of interest to have a well posed physical dynamic system. Hence, the
paper shows that the power flow equations meet the same conditions at a saddle-node bifurcation point as the reduced
differential equations, which are formed by eliminating the algebraic constraints in the model. The paper demonstrates
that a more complete static load model in the power flow equations suffices for detecting bifurcation points of the
proposed system model by means of these static equations. Furthermore, the similarities of the eigenvectors at the
saddle-node bifurcation between the power flow and the reduced dynamic equations, yield important information
regarding the characteristics of the system at the bifurcation point, so that control actions can be taken to improve
voltage stability throughout the system.

The equivalency of saddle-node bifurcation conditions between the differential equations model and the power flow
equations, can then be used to prove that direct and parameterized continuation methods have nonsingular Jacobians
at saddle-node bifurcation points, which makes these techniques powerful computational tools for measuring proximity
to points of collapse.
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Table 1: AC transmission system data in

p.u. for a 550 kV and

| Element || G B | —B; |
Line 1-2 3.68 | b4.13 | 4.68
Line 2-3 3.68 | b4.13 | 4.68
Transf. G4 166.67
Transf. Go 100.00
Transf. oo 100.00
Capac. 1 13.00
Capac. 3 13.68

Table 2: Generator data in p.u.

100 MVA base.

Generator || Tnertia M Damping D Terminal Mechanical
Voltage V3 Power P,
G 0.1 0.001 1 40
Gs 0.016 0.001 1 175
&0 00 0 1 —

Table 3: DC system data in p.u. for a 550 kV and 2.5 kA base.

| Variable || Rectifier | Inverter |
Kp 1 1
Ky 75 75
Commutation reactance X, 0.1345 0.1257
Tap a 1.7634 1.7678
Min. firing angle o, 59 ~ 12001
Max. firing angle aqq 120° ~ 149297
Min. extinction angle ¥,in ~ 4001 18Y
Max. extinction angle ¥, qs ~ 15501 409
Current order I, 1.0 0.9
Min. current order I, _,. 0.1 0.0
Max. ac voltage V., ,.* 0.95 0.95
Min. ac voltage V., ., * 0.5 0.5
DC resistance Ry 0.0624

JrAssuming w =2 200 tvbeoL
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Figure 1: Sample ac/dc system



V [pu]

1.05

0.95

0.9

0.85

0.8

0.75

0.7

0.65

0.6
0

5 10 15 20 25 30 35
dP [pu]

Figure 2: Bifurcation diagram for ac/dc system with no VDCOL.
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Figure 3: Bifurcation diagram for ac/dc system with VDCOL. The system becomes unstable at dP = 46.82p.u. due to a
Hopf bifurcation (dPpyq, = 46.84p.u.).
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