
A High-Order,
Flow-Alignment-Based

Compartmental Modelling Method

by

Alexandru Andrei Vasile

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Chemical Engineering

Waterloo, Ontario, Canada, 2025

© Alexandru Andrei Vasile 2025



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Bruno Blais
Associate Professor
Dept. of Chemical Engineering
Polytechnique Montréal
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Abstract

Industrially-relevant chemical engineering processes, such as stirred tank bioreactors in
the pharmaceutical sector, inherently operate across multiple scales and involve complex,
multiphysics, and multiphase interactions. Modelling of these systems is essential for their
design, optimization, control, and operational troubleshooting; these processes are often
too intricate for experimental approaches alone, with trial runs proving prohibitively costly
or key metrics being difficult or impossible to measure. Traditionally, modelling such sys-
tems has relied on simplified design equations or idealized models, such as the continuously
stirred tank reactor (CSTR). However, these approaches lack the explanatory power re-
quired to capture real-system outcomes, such as concentration gradient formation. With
advancements in computational capabilities, computational fluid dynamics (CFD) simu-
lations have become standard for investigating specific questions within these systems.
Nonetheless, certain critical applications, such as extended simulations of microorganism
growth or real-time predictive control, remain impractical due to their high computational
demands.

Reduced Order Models (ROMs) offer a middle ground between the simplistic CSTR
models and the computationally intensive CFD simulations. ROMs trade off some of the
generality and accuracy of CFD simulations in exchange for a substantial reduction in
computational cost, often by several orders of magnitude. This work focuses exclusively
on a specific type of ROM: Compartmental Models (CMs). They are underpinned by
the assumption of one-way coupling between the hydrodynamics and mass transport of
reactive species. CMs are constructed through a two-step process. First, the domain is
divided into non-overlapping compartments using a set of criteria; next, each compartment
is represented by one or more simplified models. This network of models decouples mass
transport from hydrodynamics and reduces the number of degrees of freedom on which
the conservation of mass of the reactive species needs to be solved. This reduction is
particularly important for bioreactors, where hundreds of coupled nonlinear reactions are
common.

Current compartmental modelling methods exhibit several limitations, such as a dis-
connect between the criteria used for compartment identification and their subsequent
modelling, an assumption that each compartment is well-mixed, a reliance on manual
compartmentalization or manual intervention, and a non-prescriptive framework that is
challenging to adapt to new geometries. This work introduces a novel compartmental
modelling method based on flow alignment. The velocity field is analyzed and split into
compartments within which the flow is unidirectional. Each compartment is then mod-
elled as a series of 1D Plug Flow Reactors (PFRs). Benchmarking this method against the

v



state-of-the-art method demonstrates that it yields more accurate results while achieving
computational speeds that are orders of magnitude faster than traditional CFD simula-
tions.

Further, many current CM approaches simplify three-dimensional geometries by ei-
ther modelling two-dimensional cross-sections and relying on rotational symmetry or by
using a uniform grids of compartments. The developed method is extended to fully three-
dimensional two-phase stirred tank systems without using these assumptions. It success-
fully compartmentalizes the distinct recirculatory regions generated by the impellers, elim-
inating the manual ad hoc intervention required by past methods. Mixing time and concen-
tration predictions at probe locations are validated against CFD simulations, other CMs,
and experimental data. The proposed general method performs as well or better than past
CMs which were tailor made for the stirred tank geometry. Further, the model’s capability
to handle complex spatially varying reactions is demonstrated by simulating oxygen dis-
solution into the liquid phase, accurately capturing spatial gradients in dissolved oxygen
concentration.

Lastly, a significant limitation in previous compartmental modelling work is the reliance
on a single velocity snapshot or a time-averaged steady-state velocity field. For instance,
in the case of vortex shedding from a cylinder in the laminar flow regime, neither time-
averaged velocity-based CM nor an ensemble of CMs based on discrete velocity snapshots
accurately captures the impact of the inherently non-stationary flow topology. The non-
stationary nature of such flow fields is addressed by employing projection mappings to cycle
through a series of compartmental models, allowing dynamically updating their shape,
number, location, and connections. This approach successfully captures the oscillation
period of the flow and demonstrates promise in representing non-stationary flow behaviours
accurately.

In summary, this work advances the field of compartmental modelling by unlocking
their the application to complex, industrially-relevant systems by developing a general-
ized, alignment-based method. This method extends the capability of CMs to handle both
time-varying and fully three-dimensional multiphase flows without requiring manual inter-
vention. The approach is validated through benchmarking against CFD simulations, other
CM approaches, and experimental data, demonstrating improvements in computational
efficiency and accuracy.
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Chapter 1

Introduction

1.1 Research Motivation

Stirred tank reactors are fundamental to chemical engineering processes, particularly in
systems involving multiple phases and coupled physical phenomena. These reactors serve
as the primary configuration across various industrial applications, with particular signifi-
cance in pharmaceutical manufacturing [1]. They are characterized by complex air-liquid
interfaces with interphase mass transport mechanisms, such as oxygen dissolution, while
simultaneously accommodating multiple physical processes including species reactions and
heat transfer. The scale of these systems spans several orders of magnitude, from labora-
tory units of 0.015 L to industrial vessels exceeding 30,000 L [2, 3]. This wide range of
volumes presents unique challenges, as increasing reactor dimensions typically lead to more
pronounced gradient formation and greater complexity in maintaining optimal operating
conditions.

The substantial variation in reactor scales presents significant challenges for labora-
tory experimentation, particularly in developing robust scaling relationships that reliably
predict industrial-scale behaviour. Traditional experimental approaches face several key
limitations. Many critical process parameters cannot be measured directly or continuously,
and those that can be measured are often restricted by practical constraints of sensor tech-
nology and placement. For instance, while dissolved oxygen or pH might be monitored at
specific points, comprehensive spatial distribution data is not available. The inherent lim-
itations of physical sensor, both in terms of spatial resolution and the potential for process
interference, have driven the increasing adoption of computational methods. Consequently,
computer simulations, particularly computational fluid dynamics (CFD) simulations, have
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become an indispensable tool in modern engineering practice, offering insights into other-
wise inaccessible process dynamics and enabling more comprehensive process optimization
strategies.

Despite significant advances in high-performance computing infrastructure and numeri-
cal methods, the simulation of multiphase multiphysics processes remains computationally
intensive, particularly for industrially relevant scenarios. Stirred-tank bioreactors present
unique simulation challenges, primarily due to three fundamental complexities:

1. The size of industrial-scale bioreactors generate extensive systems of nonlinear equa-
tions after spatially discretizing the governing equations. This complexity is com-
pounded by the necessity to couple intricate biological reaction phenomena with
hydrodynamics at each spatial discretization point.

2. The inherently unsteady nature of these processes [4], combined with convection-
dominated flows and moving boundaries, necessitates transient simulations with fine
temporal resolution to maintain numerical stability [5].

3. A significant temporal scale disparity exists between microorganism metabolism
and multiphase hydrodynamic phenomena. The metabolic reactions occurs over
timescales of days but the hydrodynamics impose timesteps of fractions of a sec-
ond, significantly increasing simulation costs.

Historically, these challenges have rendered comprehensive multiphysics CFD simula-
tions of industrial-scale bioreactors largely infeasible. Continual advances in GPU hardware
have decreased the time and monetary cost of these class of simulations [6], though it still
remains too slow and too expensive for many use cases. Applications requiring simulation
capabilities, such as design optimization and model predictive control (MPC), have tradi-
tionally relied on idealized Continuous Stirred Tank Reactor (CSTR) models due to the
intractability of full-scale simulations. However, this simplification inherently eliminates
the spatial variations crucial to process understanding.

In pharmaceutical manufacturing applications, these three-phase systems (continuous
liquid phase with dispersed gas and microorganisms) have predominantly been analyzed
under this assumption of perfect mixing. While the assumption holds reasonably well
for bench- and laboratory-scale operations, its validity deteriorates significantly with in-
creasing reactor size. Multiple studies have demonstrated the invalidity of this well-mixed
approximation for industrial-scale reactors [7, 8, 9, 10].

Even decoupling the hydrodynamics and metabolism through a fixed velocity field, the
combination of complex reaction kinetics and large number spatial degrees of freedom,
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regularly exceeding 106, remains computationally prohibitive for most practical applica-
tions [4, 11, 12]. The work of Promma et al. [12] illustrates this challenge. The E. coli
metabolism model they use, which, despite considering only four pathways and species
(glucose, acetate, dissolved oxygen, and biomass), requires approximately 0.65 seconds
to compute metabolic fluxes for 106 mesh elements. While this computation time might
appear modest in isolation, it often becomes significantly larger than that of the hydro-
dynamics. This is especially true of CFD approaches which rely on a large number of
fast-to-compute explicit time-steps, e.g. Lattice-Boltzmann simulations [13].

Given prohibitively high computational costs of full CFD simulations and the inade-
quacy of ideal CSTR approximations [10], there is a clear need for model order reduction
techniques that can maintain acceptable accuracy while substantially reducing computa-
tional complexity. Reduced order models (ROMs) bridge this gap, offering a compromise
between the oversimplified CSTR and computationally intensive CFD simulation. By sac-
rificing some of the generality and precision of CFD simulations, ROM methods can reduce
computation time by several orders of magnitude. While the field of model order reduc-
tion encompasses numerous approaches [14, 15], compartmental models (CMs) emerge as a
particularly promising class, leveraging a priori knowledge of process hydrodynamics [16].
The knowledge is used to significantly reduce the number of spatial degrees of freedom in
order to make feasible the simulation of the complex reactions occurring in the system.
This is achieved by taking advantage of the disparate time-scales of the system, the hy-
drodynamics occur much faster than the mass transport of the different species, and the
pseudo-one-way coupling, mass transport of species and reactions can have very little im-
pact on the hydrodynamics, to fully decoupled the hydrodynamics from the reactions and
make use of a steady-state or time-averaged hydrodynamics. They are particularly well
suited for bioreactor applications because of the complexity and large computational cost
per degree of freedom of the metabolic growth equations. Recent comprehensive reviews
have demonstrated the broad applicability of CMs across various chemical engineering unit
operations, including crystallizers, bubble columns, stirred tank reactors, gas turbines, and
wastewater treatment systems [17, 16]. Similar methods have found success in building
energy management applications [18], highlighting the versatility of this approach.

The compartmental modelling approach consists of two fundamental steps: 1) com-
partment identification and 2) modelling of the individual compartments. This approach
systematically partitions the spatial domain based on the distribution of user-selected fields,
e.g. velocity or concentration, into regions with similar characteristics. As illustrated in
Figure 1.1, the two-dimensional domain is decomposed into five distinct compartments.
The governing equations within each compartment are then simplified, and the system
is approximated as a network of interconnected compartments. While this reduction in
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spatial resolution introduces some loss of accuracy, it yields a model with substantially
fewer states that can be solved much more efficiently. The computational advantages are
significant; for instance, Nadal-Rey [19] reported that their CFD simulation required 30-60
days using 32-48 CPU cores, while an equivalent compartmental model achieved results in
just 2 seconds on a single core.

Figure 1.1: Illustration of the fundamental approach of mesh-based compartmental mod-
elling. A CFD mesh is systematically divided into five distinct compartments, with the
division occurring at the element level. Each compartment is then represented as a contin-
uously stirred tank reactor (CSTR), and these compartments are interconnected to form
a network that approximates the original flow domain. From Ref. [20]

The computational efficiency of CMs enables applications that were previously imprac-
tical:

1. Real-time state prediction to support model predictive control implementation for
complex spatially-varying reaction systems.

2. Reduced reliance on CFD simulations during process design and troubleshooting.
The efficiency of CMs allows for extensive parameter space exploration within the
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same computational budget as a single CFD simulation, enabling rapid identification
of promising conditions for subsequent detailed analysis.

3. Development of computationally lightweight CFD-derived digital twins. The quasi-
one-way coupling would enable equipment manufacturers to develop pre-computed
libraries of CFD-based hydrodynamic solutions across operational ranges. These
libraries would integrate with CM-based digital twins to provide real-time predictions
of spatial mass transport and reaction dynamics.

However, current compartmental modelling approaches in the literature exhibit several
significant limitations, including: the use a uniform grid of compartments, the need for
manual intervention, manual construction based on expert knowledge of the domain, not
prescriptive enough and requires users to pick the fields to compartmentalize by, and incon-
sistencies between compartmentalization criteria and compartment modelling approaches.
These limitations are examined in detail in Chapter 3.

The topology-based approach developed by Donnelly [21] offers a promising founda-
tion for addressing these challenges through its use of fundamental flow characteristics
for compartment identification and modelling. This work builds upon Donnelly’s idea of
a topology-based approach to develop a more comprehensive method that addresses the
identified limitations.

1.2 Objectives

The overall objective of this work is to develop a unidirectional flow compartmental mod-
elling method based on analysis of CFD hydrodynamic results. To that end, the specific
objectives of this work are:

1. Develop a new method for identifying compartments based on local flow topology.

2. Develop a method for modelling compartments using higher-order models in a way
that is congruent with the identification of the compartments.

3. Analyze the performance of the resulting CM by comparing it to reference CFD
simulations and to CSTR-based compartmental model.

4. Validate CM predictions on an industrially-relevant 3D two-phase system.
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5. Demonstrate the benefit of the proposed CM by simulating spatially-varying inter-
phase mass transfer in a two-phase system.

6. Extend the method to handle time-varying velocity fields.

7. Compare computation times of the proposed method in different scenarios against
past compartmental modelling methods and against CFD.

8. Implement and release the methods in an open-source package.

1.3 Structure of Thesis

This thesis is comprised of seven other chapters.

Chapter 2 establishes the theoretical foundation necessary for this work. The chapter
presents an overview of stirred tank bioreactors and challenges associated with scaling them
up, it examines single- and multi-phase CFD simulation methods, it introduces reduced-
order modelling, and it provides an overview of compartmental modelling.

Chapter 3 presents a comprehensive review of state-of-the-art compartmental mod-
elling methods. The review focuses on approaches for compartmentalization, strategies for
compartment modelling, methods for modelling dynamic compartments, topology-based
methods for compartmental modelling, and treatment of zero-convective-flux planes.

Chapter 4 develops the compartmental modelling method. It begins with a method
for single-phase systems and then extends it to function for complex three-dimensional
multi-phase systems. The chapter concludes with approaches for analyzing time-varying
flows and presents two methods for developing CMs from them.

The subsequent three chapters validate the methods proposed in Chapter 4. Chapter 5
validates the method using a representative two-dimensional geometry, comparing the flow-
informed approach against existing CSTR-based models and CFD simulations. Chapter 6
extends the validation to an industrially relevant three-dimensional two-phase stirred tank
bioreactor, demonstrating successful handling of zero-flux planes, accurate prediction of
mixing times and concentration profiles, and effective simulation of spatially varying inter-
phase mass transfer. Chapter 7 addresses the limitations of compartmental modelling for
inherently transient flows and evaluates two methods for modelling such systems.

Lastly, Chapter 8 summarizes the conclusions of this work and makes recommendations
for future research.
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Chapter 2

Background

Large-scale stirred tank bioreactors have significant operational challenges that impact
process efficiency and product quality. This chapter examines these challenges through
the lens of computational fluid dynamics (CFD), with particular emphasis on the multi-
phase systems characteristic of industrial bioreactors. The discussion encompasses both
the fundamental physical phenomena that must be modelled and some of the computa-
tional approaches available for their simulation. Next it provides an overview of reduced
order modelling approaches, specifically compartmental models, and their need in bal-
ancing computational tractability with physical accuracy. The chapter concludes with a
description of the different numerical methods used to generate the results of the thesis,
focusing on the finite difference discretization scheme used to solve the system of partial
differential equations derived from the compartmental model, including the treatment of
the resulting differential algebraic equations.

2.1 Ideal Versus Non-ideal Stirred Tank Behaviour

Stirred tank reactors represent the predominant reactor configuration in various industries,
particularly in pharmaceutical manufacturing. Their widespread adoption stems from both
historical precedent and practical advantages, including straightforward design principles
and lower operational requirements.

While some reactors are operated under anaerobic conditions, many applications require
aerobic environments maintained through bottom-mounted air spargers. These air bubbles,
combined with the presence of a deformable liquid-air free surface between the top of the
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liquid and the headspace, create an inherently multi-phase system. Further complicating
these systems is the wide range of scales over which they are build; their size spans several
orders of magnitude in volume, ranging from bench-scale units of 15 mL to industrial-scale
vessels exceeding 30 m3. Figure 2.1 illustrates the geometry of bioreactors at either size
extreme.

(a) (b)

Figure 2.1: Representative geometries of the two extremes in bioreactor sizes showing
that they feature the same basic elements: narrow aspect ratio, immersed impeller, and a
sparger. Also notable is the inclusion of baffles on the larger reactor to aid with mixing, a
feature not needed on the smaller reactor. (a) is a 15 mL Ambr microbioreactor from [2].
(b) is a 30 m3 industrial bioreactor from [3].

The significant range in operating volumes presents fundamental challenges for labo-
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ratory experimentation, particularly in developing representative scaled models that can
reliably predict or diagnose performance issues in industrial-scale reactors. For example,
temperature is typically regulated using a heating/cooling jacket mounted on the vessel
surface. As reactor size increases, the surface area for heat transfer grows slower than
the heat-generating volume. This scaling relationship increases system response time and
often necessitates modifications to operating procedures to ensure that control can be
maintained.

Mass transfer presents similar scale-dependent challenges. As reactor dimensions in-
crease, the formation of gradients become more pronounced due to the interaction between
convective transport and reaction kinetics. In aerobic reactors, oxygen transfer occurs
through two mechanisms: sparged air bubbles and the free surface interface. While mass
transfer through the free surface can account for up to 30% of total oxygen transfer in mi-
croreactors and benchtop systems [2], this contribution becomes negligible at larger scales
due to the decreasing ratio of free surface area to total volume. Consequently, dissolved
oxygen concentrations become dependent on the sparger system. This shift creates oxygen
concentration gradients, as oxygen addition occurs at a single point, due to practical design
constraints, while consumption occurs throughout the reactor volume.

Similar gradients develop in the concentrations of dissolved species such as glucose.
Maintaining homogeneity at larger scales requires proportionally higher convective trans-
port rates for a given reaction rate. However, increased convection demands greater energy
input and generates elevated shear rates near impeller regions, potentially causing cell dam-
age and death. Thus it cannot be increased enough to prevent gradients. Additionally,
substrate consumption rates can vary by three orders of magnitude during a single cultiva-
tion [22, 23]. The common practice of positioning feed ports above the liquid level, while
beneficial for contamination control and cleaning procedures, further contributes to mixing
challenges.

Global gradients are not the only concern; local concentration extremes present addi-
tional challenges. The introduction of pH adjustment solution can create zones of lethal
pH levels, while concentrated nutrient feeds may induce metabolic overflow, resulting in
unwanted byproduct formation. Moreover, as organisms circulate through these zones
of varying concentrations, they may experience selective pressures leading to unintended
mutations, particularly during extended cultivation periods [24, 10].

The prediction and mitigation of these and other undesired behaviour requires more
than experimental investigation alone, as both economic factors and practical limitations
constrain their feasible scope. Computational approaches provide essential predictive ca-
pabilities and enable the evaluation of alternative operational strategies without the need
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for physical process modifications.

Despite widespread recognition of gradient formation, many historical modelling ap-
proaches, particularly in process control applications, have relied on idealized assumptions
of perfect mixing. While more sophisticated models exist, their implementation presents
significant practical challenges. CFD simulations effectively characterize hydrodynamic
behaviour and could, theoretically, be coupled with cellular metabolism models to provide
comprehensive operational predictions. However, integrating even basic metabolic models
with CFD simulations becomes computationally intractable due to the inherent complexity
of cellular metabolism and the coupled nature of hydrodynamic and mass transfer phenom-
ena. This computational limitation necessitates alternative approaches for coupling CFD
hydrodynamic solutions with metabolic growth models, such as compartmental modelling,
which will be examined in subsequent sections.

The alternative approaches explored and developed in this work will all be based on
CFD results. To perform these CFD simulations, appropriate mathematical models are
required. Since only the hydrodynamics of the system are solved, the discussion about
mathematical models will be limited to those required for simulating the conservation of
mass and momentum for the liquid and gas phases. The discussion will start with single-
phase systems and build up to multi-phase ones.

2.2 Single-Phase Computational Fluid Dynamics

To simulate the movement of liquid in the single-phase simulations performed in Chapter 5
and Chapter 7 the Navier-Stokes equations will be used. These equations simulate the
movement of the liquid by modelling the conservation of mass and momentum of the
phase. The conservation of mass and momentum for an incompressible Newtonian fluid,
in the absence of reaction, is expressed as:

∇ · u = 0 (2.1)

∂u

∂t
+∇ · (uu) = −∇P + ν∆u+ g (2.2)

where u is the velocity, P the modified pressure, ν the kinematic viscosity, and g the force
of gravity.

This formulation is applicable to incompressible Newtonian single-phase systems under
all flow conditions. However, the computational requirements increase significantly with
turbulent flows, making direct simulation impractical. Various approaches to manage these
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computational demands through turbulence modelling are examined in Section 2.4. Before
examining turbulence models, it is appropriate to consider the extension of these governing
equations to multi-phase systems, allowing for a unified discussion of turbulence modelling
across both single- and multi-phase scenarios.

2.3 Multi-phase Computational Fluid Dynamics

The end-goal of this work requires CFD simulations of multi-phase systems. Such systems
can be categorized into three main groups, as illustrated in Figure 2.2, each requiring a
specialized CFD model. This section will focus on an overview of models for dispersed and
separated flows.

(a) Dispersed (b) Transitional (c) Separated

Figure 2.2: Illustration showing three different flow regimes of interest for multi-phase
simulations. Grey is used for the gas phase while blue is used for the liquid phase. (a)
Liquid phase continuous and gas phase dispersed. (b) Liquid phase continuous and gas
phase dispersed in one region of the domain and continuous in another. (c) Both phases
continuous, each confided to different regions of the domain and separated by a large
contiguous interface.

Dispersed flows are characterized by a continuous phase containing distributed domains
of secondary phases, such as small gas bubbles dispersed in a liquid. These systems can,
in principle, be modelled using: an interface-capturing model, which tracks the movement
of each phase and the interface between them; a Two-Fluid Model (TFM), which treats
phases as interpenetrating continua; or an Euler-Lagrange model, which tracks discrete
particles or bubbles within the continuous phase. In practice, tracking the interface of
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each individual bubble becomes prohibitively expensive and only the TFM and the Euler-
Lagrange model are used.

Separated flows, featuring large-scale phase boundaries, require interface-capturing
techniques to accurately model the evolution of the interfaces. A typical example is the
gas-liquid interface at the surface of a stirred tank vessel. The more complex transitional
flows exhibit both dispersed elements as well as large-scale phase separation, as seen in
aerated stirred tank vessels where bubbles rise and burst through the free surface, and
required a hybridized approach.

2.3.1 Interface-Capturing Models

Interface-capturing methods explicitly resolve phase boundaries within the computational
domain. While theoretically capable of tracking all interfaces, including those of individual
bubbles or droplets, the computational requirements would be prohibitive for practical ap-
plications. As a result, these methods are typically used for modelling large-scale interfaces,
such as gas-liquid free surfaces or large discrete phases, while smaller-scale phenomena are
handled through hybridization with complementary methods.

Several interface-capturing frameworks exist, including Volume of Fluid [5], phase-field
[5], and level-set methods [25]. While these methods were not directly implemented in the
current research, they warrant discussion as they impose significant computational costs on
simulating two-phase stirred tank bioreactor systems. Each method offers distinct advan-
tages and limitations in capturing complex interface dynamics, particularly relevant to the
free-surface behaviour and gas-liquid interactions characteristic of stirred tank bioreactors.

The first, is the Volume of Fluid (VoF) method. It uses a scalar indicator function, α,
to designate phase presence within each mesh element:

α = 0 phase 1 (2.3)

α = 1 phase 2 (2.4)

0 < α < 1 interface (2.5)

This approach tracks phase distribution throughout the domain, with interface recon-
struction occurring in elements where α takes intermediate values, as illustrated in Fig-
ure 2.3. While interface tracking is implicit, the reconstructed interface is sharp. Phase
evolution, and consequently interface movement, is governed by the advection equation:

∂α

∂t
+∇ · (αu) = 0 (2.6)
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Figure 2.3: Overview of VOF methods. (a) The exact interface overlayed by the numer-
ical grid and the values of the indicato rfunction. (b) Simple Line Interface Calculation
(SLIC) reconstruction of the interface. (c) Piecewise Linear Interface Calculation (PLIC)
reconstruction of the interface. m = −∇C is the outward facing unit normal. Showing
how the surface is reconstructed from the field. From [5].

The primary advantages of this method lie in its conservation properties and ability to
maintain sharp interfaces.

The phase-field method shares similarities with the VoF method, utilizing a scalar field
indicator, ϕ, to designate phase regions:

ϕ = −1 phase 1 (2.7)

ϕ = 1 phase 2 (2.8)

−1 < ϕ < 1 interface region (2.9)

(2.10)

The interface is represented as a diffuse region of finite thickness, characterized by ϕ = 0.
Interface dynamics are governed by the Cahn-Hilliard equation:

∂ϕ

∂t
+ u ·∇ϕ = M

∂F (ϕ)

∂ϕ
(2.11)

where M represents the mobility coefficient and F denotes the free energy functional. A
key advantage of this approach is its explicit treatment of surface tension.

Finally, the level set method employs a signed distance function, ϕ, to characterize the
interface location and distinguish between phases. This function represents the shortest
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distance from any point to the interface, with its sign indicating the phase:

ϕ < 0 phase 1 (2.12)

ϕ > 0 phase 2 (2.13)

ϕ = 0 interface (2.14)

A primary advantage of this approach is its precise interface definition, represented by
the zero-level set (ϕ = 0). This mathematical formulation enables accurate calculation of
interface geometric properties, such as normal vectors and curvature, making it particularly
suitable for problems where interface topology undergoes significant changes. However, a
fundamental limitation of the method is its non-conservative nature, which can lead to mass
conservation errors during extended simulations. This characteristic often necessitates
additional computational procedures to maintain mass conservation.

2.3.2 Two-Fluid Model

To address the high computational cost associated with explicitly tracking each bub-
ble/particle using an interface-capturing method, the TFM was derived from interface-
capturing models using volume and time averaging. Instead of modelling the two phases
separated by a distinct boundary, it models them as interpenetrating continua. Multiple
different derivations of the TFM exist, including the most popular one by Ishii [26] and
a promising alternative by Brennen [27]. Although Brennen’s formulation demonstrates
stronger physical justification and preliminary studies indicate superior performance [28],
the results presented in Chapter 6 are produced using OpenFOAM which uses Ishii’s deriva-
tion. The governing equations of the two-fluid model, comprised of conservation of mass,
conservation of momentum, and the phase fraction constraint, are presented in Equa-
tion (2.15).

∂αiρi
∂t

+∇ · (αiρiui) = Ii

∂αiρiui

∂t
+∇ · (αiρiuiui) =−∇ · (αipi) +∇ · (αiτ i) +∇ · (αiτ

t
i) (2.15)

+ αiρig +Mi∑
i

αi = 1

where αi is the volumetric phase fraction of the ith phase, ui the phasic velocity, ρi the
phasic density, Ii the total interphase mass transport term, pi is the phasic pressure, τ i
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is the stress tensor, τ t
i is the Reynolds stress tensor, g is the acceleration due to gravity,

and Mi is the total interphase mass transfer term. The various time/volume averaging
indicators have been omitted for readability. The turbulence term ∇ · (αiτ

t
i) is omitted

from the simulation when operated in the laminar regime.

Because the model does not explicitly capture individual droplets/bubbles of the dis-
persed phase, Mi is of paramount importance; it is responsible for the entirety of the
interactions, such as drag, which are otherwise captured explicitly by more computation-
ally expensive models. Figure 2.4 illustrates several of the most common terms. It has
been shown that the choice of terms to include, and even the closure used for a given term,
has a significant impact on the stability and well-posedness of the resulting model [28].

Figure 2.4: Illustrations representing the most popular interphase momentum transfer
terms for which closures are used to approximate Mi. Created by Arshia Fazeli, used
with permission.

The advantages of the TFM include substantially reduced computational requirements
compared to Euler-Lagrange models. Further, while not achieving the accuracy or stability
of interface-capturing models, Euler-Euler models can be used to approximate free-surface
behaviour, a capability notably absent in Euler-Lagrange models.

However, it also has several significant drawbacks. The first is that it relies heavily on
empirical closures, which can limit its generalizability. The method also does not explicitly
track individual particles, making it difficult to capture particle history effects, coalescence
phenomena, breakup, and particle-particle interactions in general. Additionally, funda-
mental physical constraints, such as maximum packing fractions and the requirement to
maintain phase fractions between 0 and 1, are not inherently satisfied by the model formu-
lation. Ensuring these constraints are satisfied adds additional computational costs and
require specialized solvers [29].
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2.3.3 The Euler-Lagrange Model

The Euler-Lagrange approach represent an alternative framework to modelling dispersed
two-phase flows. In these models, the continuous phase is governed by the Navier-Stokes
equations, while the dispersed phase is described through Newton’s Second Law of Motion
and, where applicable, mass conservation equations accounting for inter-phase transport
phenomena. Multiple variants exist, each tailored to specific operational conditions and
scenarios.

The selection of an appropriate model variant is largely determined by the Stokes
number, the ratio of particle relaxation time to the convective timescale. At very low Stokes
numbers, particles effectively act as flow tracers, following fluid streamlines. Conversely,
at high Stokes numbers, >> 1, particle trajectories become increasingly independent of
fluid motion due to the increasing dominance of their inertia.

For scenarios involving very low Stokes numbers, the simplest modelling approach treats
particles as perfect flow followers; this significantly reduces the computational cost by
eliminating the need to solve Newton’s Second Law. While this simplification has limited
general applicability, it can be particularly suitable for modelling microorganisms, which
often exhibit neutral buoyancy and high surface area-to-volume ratios, resulting in Stokes
numbers much less than one [30].

For particles with higher Stokes numbers, Newton’s Second Law must be explicitly
solved. That said, if the dispersed phase occupies a sufficiently small volume fraction,
particle-particle interactions can be reasonably neglected. However, in both of the previous
approaches, the interphase momentum transfer terms, the forces acting on each particle,
are accounted for using closures, similar to Euler-Euler models.

As particle-particle interactions increase in importance, more costly simulations are
required where particle are modelled using the Discrete Element Method. Figure 2.5 shows
an example of a complex Euler-Lagrange simulation of a slurry flow through sand. Both
the slurry and sand particles are explicitly modelled, the flow between them explicitly
captured, and particle-particle and particle-wall collisions modelled.

DEM simulations can be categorized into two distinct approaches based on their resolu-
tion requirements and accuracy objectives. The first approach, “unresolved simulations”,
uses closure models for inter-phase momentum transfer, similar to those used in Euler-
Euler frameworks. These simulations can be implemented with either one-way or two-way
coupling between phases. While this method does not resolve detailed flow features, such as
particle boundary layers, it permits the use of meshes elements significantly larger than the
particles, substantially reducing computational costs. This approach can feasibly handle
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Figure 2.5: Illustration of an Euler-Lagrange simulation using DEM particles to simulate
the slurry-slurry, slurry-sand, and sand-sand interactions. While computationally inten-
sive, such approaches are required when flow between particles, as well as their interactions,
are crucial to achieving the goal of the simulation. From [31].

tens of millions of particles using high end desktop hardware, i.e. multiple GPUs, making
it particularly suitable for systems where particle dimensions are much smaller than the
domain characteristic length [32].

The second, high-resolution “resolved simulations”, approach resolves the boundary
layer around particles and explicitly calculates inter-phase momentum transfer through
surface integration over individual particles. While this method provides higher accuracy,
it comes at a substantial computational cost. The need for mesh elements significantly
smaller than particle dimensions reduces both the feasible domain size and particle count
by several orders of magnitude compared to “unresolved simulations”.

Advantages of Euler-Lagrange approach include straightforward tracking of individual
particle histories and heterogeneities; biological processes such as growth, cell division,
and dissolution can be explicitly modelled at the particle level. When necessary, particle-
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particle interactions can be directly incorporated into the simulation framework. However,
significant drawbacks exist. The computational cost is substantially higher than Euler-
Euler models, particularly when modelling large particle populations. Time-step size is
severely constrained by the need to properly resolve particle-particle and particle-wall
interactions to prevent particles passing through each other or through walls. Finally, the
method cannot independently represent free surface behaviour, necessitating hybridization
with interface-capturing models.

2.4 Turbulence Modelling

Stirred tank systems typically operate in the turbulent regime, adding complexity to both
single- and multi-phase simulations. While the previously discussed models are theoret-
ically applicable to turbulent flows, their direct application is computationally intensive.
Direct Numerical Simulation (DNS) of single-phase systems is restricted primarily to aca-
demic applications because of this. The challenge stems from the need to resolve turbulent
eddies across multiple spatial scales, requiring extremely fine mesh resolution and small
time steps.

Practical approaches to reduce computational demands are based on the insight that
smaller eddies carry proportionally less energy while requiring a disproportionately more
computational resources. These methods replace explicit eddy modelling with closure
terms that approximate their collective effects on the flow field. This discussion will first
address single-phase systems, as they form the foundation for more complex multi-phase
turbulence models.

2.4.1 Single-Phase Simulations

As shown in Figure 2.6, there are two classes of turbulence models: Large-Eddy Simulation
(LES) and Reynolds Averaged Navier-Stokes (RANS)-based models. LES is developed by
filtering out eddies below a certain size; the small eddies carry very little energy but
dominate the computational cost of the simulation. While more accurate than RANS, it
will not be discussed further since it is too computationally expensive to run given the
software and hardware available for this research.

RANS-based models are developed from the NS equations by decomposing the flow
into a time-averaged mean, ⟨u⟩ and a fluctuating component, ⟨u⟩′ [34]:

u = ⟨u⟩+ u′ (2.16)
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Figure 2.6: Overview of the different approaches to single-phase turbulence modelling,
showing the spectrum of approaches available ordered by computational intensity and
accuracy. From [33].

The resulting equation is then time-averaged and most, but not all, of the fluctuating
components are average out to zero. The resulting time-averaged conservation equations,
for an incompressible Newtonian liquid, are:

∇ · ⟨u⟩ = 0 (2.17)

∂ ⟨u⟩
∂t

+∇ · (⟨u⟩ ⟨u⟩) = −∇ ⟨P ⟩+ ν∆ ⟨u⟩+ g −∇ · τ (2.18)

where τ = −ρ ⟨u′u′⟩ is the Reynolds-stress term, the negative of the Reynolds-stress tensor
divided by density which accounts for the effects of turbulence on the mean stress. Since u′

is not modelled explicitly, τ requires a closure, the choice of which has profound impacts
on the performance and accuracy of the simulation.

There are two types of models that are generally used: Boussinesq approximation-based

19



models (two parameters) and so-called Reynolds stress models (six parameters). Only the
Boussinesq-based k-ε model will be covered as it is the most common model for free and
wall turbulence and is the one used in this work. It models τ as proportional to the
gradient of the mean velocity [33]:

τ

ρ
= −⟨u′u′⟩ = νT

(
∇ ⟨u⟩+∇ ⟨u⟩T

)
− 2

3
kI (2.19)

where k is the turbulent kinetic energy:

k =
1

2
⟨u′u′⟩ (2.20)

and νT is the turbulent viscosity which also requires a closure. For the k-ϵ model that
closure is:

νT = Cµ
k2

ε
(2.21)

where Cµ is a model parameter, and ε represents the rate at which turbulent kinetic energy
is dissipated as thermal energy:

ε = ν
〈
∇u′ ·∇u′T〉 (2.22)

To use the model, two transport equations are required, one for k and one for ε [33]:

∂k

∂t︸︷︷︸
Accumulation

+ ⟨u⟩ ·∇k︸ ︷︷ ︸
Convection

= νT

[(
∇ ⟨u⟩+∇ ⟨u⟩T

)
: ∇ ⟨u⟩

]
︸ ︷︷ ︸

Generation

+∇ ·
[(

ν +
νT
σk

)
∇k

]
︸ ︷︷ ︸

Diffusion

(2.23)

− ε︸︷︷︸
Dissipation as thermal energy

∂ε

∂t︸︷︷︸
Accumulation

+ ⟨u⟩ ·∇ε︸ ︷︷ ︸
Convection

=C1
ε

k
νT

[(
∇ ⟨u⟩+∇ ⟨u⟩T

)
: ∇ ⟨u⟩

]
︸ ︷︷ ︸

Generation

+∇ ·
[(

ν +
νT
σε

)
∇ε

]
︸ ︷︷ ︸

Diffusion

(2.24)

− C2
ε2

k︸ ︷︷ ︸
Dissipation
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where C1, C2, σε, and σk are model parameters.

The drawback of this model is that, on its own, it incorrectly predicts τ near the walls
because the Boussinesq approximation assumes that τ is isotropic, which is not true in the
vicinity of immersed objects.

2.4.2 Multi-Phase Simulations

The Two-Fluid Model (TFM) equations in Equation (2.15) incorporate both volume av-
eraging and Reynolds time averaging. The turbulent stress term, τ t

i, requires closure
modelling similar to single-phase systems. This work employs the mixture k-ϵ model im-
plemented in OpenFOAM, following the formulation by Behzadi et al. [35], with effective gas
density and bubble-induced turbulence modifications from Lahey et al. [36]. The closure
for τ t

i is based on the Boissinesq hypothesis and is expressed as:

τ t
i

ρi
= −νt

i

(
∇ ⟨ui⟩+∇ ⟨ui⟩T − 2

3
I∇ · ⟨ui⟩

)
+

2

3
kiI (2.25)

The turbulence diffusion coefficient follows a similar closure to the single-phase model,

where νt
i = Cµ

k2i
εi
, necessitating conservation equations for both ki and εi.

Initial multiphase turbulence models, such as that developed by Kataokat et al. [37],
adapted single-phase methods by attributing turbulence exclusively to the continuous
phase. However, this approach remains valid only for systems with minimal dispersed
phase concentrations. A key distinction in multiphase systems is the presence of inter-
phase transport terms for kinetic energy, e.g. bubble-induced turbulence. Behzadi et al.
[35] advanced the framework established by Gosman et al. [38], where the latter introduced
dispersed phase turbulence through a response function Ct, relating the Reynolds stress
terms of the two phases:

Rd = C2
t Rc (2.26)

Which, after applying the Boussinesq approximation, relates the turbulent fluctuations of
the two phases as :

u′
d = Ctu

′
c (2.27)

Behzadi’s extension implements a more sophisticated response function, tracking mixture’s
turbulent kinetic energy km and dissipation rate εm. This enhancement enables accurate
modelling at higher dispersed phase concentrations, including phase inversion scenarios,
while maintaining consistency with single-phase k-ε behaviour as αd → 0.
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The OpenFOAM implementation of Behzadi et al.’s model incorporates two significant
modifications from Lahey [36]. The first introduces an effective gas phase density, Equa-
tion (2.40), to account for entrained liquid mass in bubble motion. The second implements
an interphase transport term (Equation (2.30)) to represent bubble-induced turbulence
effects. With these modifications, the transport equations for mixture turbulent kinetic
energy (km) and dissipation rate (εm) are expressed as:

∂ρmkm
∂t︸ ︷︷ ︸

Accumulation

+∇ · (ρm ⟨um⟩ km)︸ ︷︷ ︸
Convection

= Gm
k︸︷︷︸

Generation

+∇ ·
(
µt
m

σk

∇km

)
︸ ︷︷ ︸

Diffusion

(2.28)

− ρmεm︸ ︷︷ ︸
Dissipation

+ Sm
k︸︷︷︸

Interphase Transport

and

∂ρmεm
∂t︸ ︷︷ ︸

Accumulation

+∇ · (ρm ⟨um⟩ εm)︸ ︷︷ ︸
Convection

=

(
C1

εm
km

)
Gm

k︸ ︷︷ ︸
Generation

+∇ ·
(
µt
m

σε

∇εm

)
︸ ︷︷ ︸

Diffusion

(2.29)

−
(
C2

εm
km

)
ρmεm︸ ︷︷ ︸

Dissipation

+

(
C3

εm
km

)
Sm
k︸ ︷︷ ︸

Interphase transport

where C1, C2, C3, σk, σε are model parameters.

The interphase transport term for turbulent kinetic energy, modelling bubble-induced
turbulence, is [36]:

Sm
k = max(0, αd − αp)

Cpαcαdρc
d

(
|ur|3 +

(
Cdνm
d

)4/3

|ur|5/3
)

(2.30)

where αp is a model parameter for specifying the dispersed phase volume fraction below
which bubble-induced turbulence is neglected, and d the bubble diameter.

The above equations are obtained from the individual phase equations through averag-
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ing using following definitions:

km =

(
αc

ρc
ρm

+ αd
ρd,eff
ρm

C2
t

)
kc (2.31)

εm =

(
αc

ρc
ρm

+ αd
ρd,eff
ρm

C2
t

)
εc (2.32)

⟨um⟩ =
αcρc ⟨uc⟩+ αdρd,eff ⟨ud⟩C2

t

αcρc + αdρd,effC2
t

(2.33)

µt
m =

(αcµ
t
c + αdµ

t
cC

2
t ) ρm

αcρc + αdρd,effC2
t

(2.34)

µt
d = c2t

(
νc
νd

ρd,eff
ρc

)
µt
c (2.35)

Gm
k = αcG

c
k + αdG

d
k (2.36)

kd = C2
t kc (2.37)

εd = C2
t εc (2.38)

ρm = αcρc + αdρd,eff (2.39)

ρd,eff = ρd + Cvmρc (2.40)

where ρd,eff is the effective density of the dispersed phase, ρd the phasic density of the
dispersed phase, Cvm is the virtual mass coefficient, and ρc is the density of the continuous
phase.

Finally, the equation for Ct used is:

Ct(αd) = 1 + (Ct0 − 1)e−f(αd) (2.41)

where f(αd) is given by:

f(αd) = 180αd − 4.71× 103α2
d + 4.26× 104α3

d (2.42)
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and Ct0 is the value of Ct at αd ≈ 0, obtained from the following set of equations:

Ct =
3 + β

1 + β + 2ρd/ρc
(2.43)

β =
2Adl

2
e

ρcνcRet
(2.44)

le = Cµ
k1.5
c

εc
(2.45)

Ad =
3αdρcCd|ur|

4d
(2.46)

Ret =
|u′′|le
νc

(2.47)

|u′′| =
√

2kc/3 (2.48)

where Ad is the drag coefficient on a bubble, le the eddy length scale, Ret the turbulence
Reynolds number, Cµ is a model parameter

Equation (2.28) and Equation (2.29) are solved and Equation (2.31) and Equation (2.32)
are used to related the mixture values to those of the continuous phase, which are them
related to those of the dispersed phase using Equation (2.37) and Equation (2.38).

2.5 Impeller Motion

Solving the governing equations for single- and multi-phase flows requires spatial discretiza-
tion of the domain into a connected network of polytopes. Using a conformal meshing
approach, geometric features including walls, baffles, and impellers must be explicitly rep-
resented by mesh facets aligned with their surfaces. This explicit geometric representation
presents a particular challenge when modelling systems with moving components, such as
stirred tank reactors, where the mesh must accommodate dynamic boundaries. The most
physical, and naive, approach would be to directly deform or reconstruct the mesh at each
time step. The associate cost of the mesh manipulation and the subsequent projection op-
eration would make even small simulations computational infeasible. Consequently, several
alternative methods have been developed to model impeller motion more efficiently.

The two discussed are the Multiple Reference Frame (MRF) method and the Sliding
Mesh (SM) method. Both methods still use conformal meshes, but instead of a single mesh
for the whole domain, the domain is split into two meshes: one for the rotating domain, e.g.
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around the impeller shaft and the impellers in a tank; and one for the stationary domain,
e.g. the rest of the tank. This is shown from different angles in Figure 2.7; specifically
notice the cylindrical zones around the impellers in Figure 2.7(a).

(a)

(b)

(c)

Figure 2.7: Overview of a stirred tank reactor mesh that has been prepared for either an
MRF or an SM simulation. (a) Overall view of the tank and its mesh. (b) Close-up view
of the mesh used for the rotating impeller domain. (c) View of the bottom of the tank
and core of the structured mesh. From [12].

While both methods can use the same mesh, their approach to performing the simu-
lations is fundamentally different. The MRF method, as the name implies, uses multiple
frames of references to solve the governing equations without needing to move any of the
mesh. Both the stationary domain and rotating domain are solved from a reference frame
in which the domain appears stationary. This means that the rotating domain is solved in
a non-inertial frame of reference, and additional terms need to be added to the governing
equations [39]. The boundary between the two domains also requires boundary conditions
for transporting mass, momentum, etc. between the two frames. Because it uses a fixed

25



mesh, the simulation is significantly faster but this comes at the cost of not capturing the
true time-varying nature of the flow.

Figure 2.8: Snapshots of a transient SM-based simulation of an inert tracer injected into
a multi-Rushton impeller tank. The figure focuses on the inter-impeller region, with a
Rushton impeller being located at the top and bottom of the frame. The macroinstability
resolved by the SM method is seen in the middle of each frame as it oscillates and precesses.
With an MRF-based simulation, that plane would be horizontal and fixed. From [40].

The other, more accurate, method is the SM method. Unlike the MRF method, the
SM method rotates the domains relative to one another, thus providing a much more
accurate simulation. As the inner domain moves relative to the outer domain, special
care must be taken with the mesh density at their interface so that quantities can be
properly conserved and moved from one domain to the other. While mesh reconstruction
is still avoided through interface interpolation, the SM method has significantly higher
computational costs and may become numerical unstable [39]. The benefit of the method
is that it captures the real time evolution of the flow as well as inherently non-stationary
phenomena. For example, Haringa et al. show that using the MRF method instead of
the SM method causes the simulation to impose artificial steady-states onto the system
[40]. For the stirred tank reactor they simulated, the MRF method removes the oscillations
of the horizontal plane between impellers. That plane, as shown in Figure 2.8, does not
remain horizontal, but in-fact precesses around the impeller axis. This motion is captured
by the SM method, but is entirely absent in an MRF-based simulation. Consequently,
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the SM method is particularly valuable for applications where non-stationary effects are
significant.

2.6 Reduced Order Modelling

The substantial computational cost of high-fidelity CFD simulations limit their applica-
bility in many practical scenarios, particularly in real-time applications such as Model
Predictive Control. Traditionally, process control applications have relied on idealized re-
actor models, such as Continuously Stirred Tank Reactors (CSTR) and Plug Flow Reactors
(PFR), to circumvent these computational constraints. Reduced Order Models (ROMs)
offer a middle-ground approach, maintaining essential flow physics while significantly reduc-
ing computational cost through dimensional reduction. Unlike heavily simplified idealized
models, ROMs preserve the dominant flow features of the original system while decreasing
the degrees of freedom, thereby achieving a balance between computational efficiency and
physical accuracy.

Figure 2.9: Example of a POD-based ROM for the hydrodynamics of a flow-past a cylinder
scenario. Left: Labelled solution manifold showing the time-evolution of the coefficient
to the 3 POD modes, with certain key locations labelled. Middle-left: Three different
flow snapshots labelled by their position on the manifold. Middle-right: The three most
important modes used to simulate the system. Right: The trajectory of the system in
the state-space of the three modes for both the original CFD simulation and the ROM
simulation based on the three most important modes. From [41].
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There have been several different methods for creating ROMs, each designed for a differ-
ent application. Proper Orthogonal Decomposition (POD) [42, 41] is a prevalent technique
that identifies the most significant modes of a system, thereby reducing the dimensionality
of the problem while retaining the most dominant features. Galerkin projection can then
be used to project the original governing equations onto the reduced basis and model the
dynamics of the system out in time. The work of Brunton et al. [41], illustrated in Fig-
ure 2.9, demonstrates a POD-based decomposition of cylinder wake flow. Their approach
reduces the velocity field to three principal modes, which are then used to predict tem-
poral flow evolution. Additionally, machine learning-based methods are increasingly being
adopted to develop ROMs, leveraging data-driven strategies to capture complex nonlinear
behaviours that traditional techniques may not adequately represent. For example Lee and
Carlberg [43] use an autoencoder architecture in order to effectively produce a non-linear
POD of the system.

While these ROM approaches effectively reduce degrees of freedom within their defined
basis set, this reduction is limited to the space of that reduced basis. In the cylinder wake
example (Figure 2.9), although the system is described by three degrees of freedom corre-
sponding to modes ux, uy, uz, the reconstruction of the complete velocity field maintains the
original system’s degrees of freedom. Therefore, incorporating reaction kinetics presents
challenges: either multiple simulations must be performed to generate a reaction basis set,
or reactions must be solved in the full-dimensional space. As described earlier, the reaction
system frequently involve hundreds of coupled non-linear reactions representing metabolic
processes whose computational cost typically exceeds that of the hydrodynamics. It is for
these very reasons that a ROM is needed and the simulation of the reaction on the origi-
nal domain is unwanted, or infeasible. Compartmental models represent a class of ROMs
particularly well suited for this applications.

2.7 Compartmental Models

While ROM techniques such as POD and Galerkin projection focus on reducing the di-
mensionality of detailed models, compartmental models (CMs) approach complexity by
dividing the system into distinct regions, compartments. This segmentation facilitates the
analysis of system dynamics by concentrating on the interactions and transfers between
these compartments. To maintain clarity, it is important to explicitly lay out terminology:
a compartment model refers to the reduced-order representation of an individual com-
partment, while a compartmental model refers to the complete network of interconnected
compartment models. The rest of this section will provide an overview of how compart-
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mental models are created, while a review of recent advances in compartmental modelling
is covered in Chapter 3.

CM development follows a two-step process illustrated in Figure 2.10. The input to
the compartmental modelling process is a combination of expert-knowledge and simula-
tion/experimental results. Figure 2.10(a) shows the structured CFD mesh of a hypothetical
domain. Several past works, especially older ones, lacked CFD results and relied on expert-
knowledge and design equations for modelling the process, e.g. [3]. In these cases, both
the shape of the compartments and the flowrate through their connections were manually
selected based on expert-knowledge.

(a) (b) (c)

Figure 2.10: Creation of the compartmental model from the CFD mesh. (a) The initial
CFD mesh from which the compartments are to be made. (b) The result of the first step,
each mesh element is coloured based on the compartment that it belongs to. (c) The result
of the final step, each compartment is modelled as a single CSTR and a network is created
based on the compartment connectivity.

Compartmentalization, the first step in developing a CM, involves partitioning the
domain into non-overlapping compartments. The result of this step is illustrated in Fig-
ure 2.10(b), where distinct colours denote different compartments. Historically, manual
compartmentalization has dominated the literature. This approach has been employed
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under various circumstances: when CFD data is unavailable [3], when substantial ex-
pert knowledge of the flow exists [44, 45, 9], when iterative model refinement is desired
[46], when manual methods outperformed automated approaches [47], when CFD software
limitations exist [48, 49], or when visual inspection proves more practical than program-
matic implementation [50]. Automated compartmentalization approaches have emerged
to accelerate the process, formalize expert knowledge, and reduce the dependence on user
expertise [24, 21]. When leveraging CFD results, several methods have been explored:
manual partitioning [51, 44, 52], uniform grid discretization [53, 54, 55], and more sophis-
ticated approaches based on spatial property variations [24]. The different methods and
their trade-offs is discussed further in Section 3.1.

Compartment modelling, the second step in CM development, involves applying ROMs
to individual compartments, creating a network of coupled regions governed by systems of
differential equations. Then, flowrates are calculated between neighbouring compartments
and the results are used to created a directed graph, a network, of the compartments. Fig-
ure 2.10(c) shows a hypothetical compartment network from the compartments previously
identified in (b).

The idealized CSTR serves as the fundamental building block for most compartmental
modelling approaches. For each CSTR, the conservation of mass equation is:

dCi

dt
=

inlets∑
j

Cj
Qj→i

Vi

− Ci

outlets∑
k

Qi→k

Vi

+Ri (2.49)

where i is CSTR index, j upstream CSTR (or domain inlet) of i, k downstream CSTR to
i, C well-mixed concentration, V reactor volume, Qi→j volumetric flowrate from CSTR i
to CSTR j, and R reaction rate per unit volume.

Initial research in this field employed multiple CSTRs within individual compartments,
with their arrangement determined by either CFD results or established understanding of
flow patterns. Notable examples include the work of Vrábel et al. [3] and Alvarado et
al. [51], who implemented networks of interconnected CSTRs within each compartment.
The configuration of these networks, including both the spatial distribution and number of
CSTRs, was guided by expert knowledge, as illustrated in Figure 2.11. Subsequent CSTR-
based approaches, exemplified by Rigopoulos et al. [20], adopted a simpler framework
where each compartment is represented by a single CSTR. However, this choice of comes
with several drawbacks, which are discussed in Section 3.2.
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Figure 2.11: A wastewater treatment pond manually split into 3 compartments, referred
to as zones in the figure, based on expert analysis of the flow field.. Each compartment is
then modelled as a network of CSTRs, with connections between CSTRs, both within and
across compartments, also based on expert knowledge of the flow. From [51].

2.8 Numerical Methods

This section reviews the numerical methods relevant to the development, simulation, and
validation of the CM. It starts with a discussion of how mixing performance is quantified
using CFD results. Then, a brief overview of the Finite Element and Finite Volume
Methods, which form the basis of the reference CFD simulations, is provided. Next, the
Finite Difference Method is then examined, focusing on the specific discretization scheme
used to transform the PDEs governing the systems of PFRs into a system of coupled
ODEs. The section concludes with an overview of Differential Algebraic Equations and
their application to handling PFR boundary conditions, including a discussion of the chosen
solution strategy.

2.8.1 Coefficient of Mixing

Because of impact that non-uniformity has on reactor performance, measures for quanti-
fying it are needed. One such approach, which is based on a single measurement, is the
analysis of the Residence Time Distribution (RTD) of the system. The time taken for a
system to reach 95 or 99% of the steady-state value provides insight into how quickly and
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thoroughly mixing occurs. Further insights can also be drawn from the shape of the RTD
curve.

Various mixing metrics can be derived when multiple measurement points or CFD
simulation data are available across a domain. The Coefficient of Mixing (CoM), introduced
by Hartmann et al. [56], quantifies mixing performance through the volume-weighted
standard deviation of concentration, as expressed in Equation (2.50). While CoM yields
a single scalar value, it incorporates spatial concentration data from the entire domain,
providing a more comprehensive assessment than single-point measurements used in RTD
or concentration profiles. Additionally, CoM is applicable to closed systems, overcoming a
key limitation of RTD analysis.

CoM =

√∑
i

(
ci−c
c

)2
∆Vi

V
(2.50)

where ci is the concentration of degree of freedom i, c is the average concentration of the
domain, ∆Vi is the volume of degree of freedom i, and V is the total volume of the domain.

As CoM approaches 0, the reactor approaches fully mixed. From this, a target value can
be set and the time taken to reach that target is declared the mixing time of the vessel. The
benefit of this measure is that it takes into account the spatially non-uniformity throughout
the reactor in a way that a single measurement cannot.

2.8.2 Finite Element Method

The Finite Element Method (FEM) is a technique for solving boundary value problems
through the use of interpolating polynomials. It is an alternative to techniques such as the
Finite Difference and Finite Volume Method (FVM). Some of its benefits are [57]:

• Higher order methods are easier to derive since the interpolants are defined on a
per-element basis.

• Irregular/curved domains as well as non-uniform meshes can be easily handled.

• Boundary conditions, especially derivative/flux boundary conditions, naturally arise
in the course of deriving the weak form of the FEM and are solved with the same
schemes and with the same order of accuracy as the rest of the domain.
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The standard version of the FEM, the continuous Galerkin (CG) formulation, requires
that the interpolating polynomials be continuous across element facets. Consequently, the
CG formulation has numerical stability issues when modelling convection dominated flows
or steep gradients/discontinuities. The discontinuous Galerkin (DG) formulation has been
proposed to address these issues.

The DG formulation can be considered as a generalization of the FVM and FEM
method, which combines the benefits of both [58]. As the name implies, the DG formulation
allows for the interpolating polynomials to be discontinuous across element facets. Those
discontinuities are then handled through the introduction of numerical flux terms, similar
to those appearing in the FVM. As such, it is able to handle convective flows and solutions
with very steep gradients better than both the FEM, since it does not result in spurious
oscillations, and the FVM, since it uses higher order interpolants [59]. See Figure 2.12
below for a comparison of CG and DG in capturing a curve exhibiting steep gradients for
the given mesh size.

Figure 2.12: Comparison of a CG (top) and DG (bottom) approach capturing the same
known solution, each using linear interpolants. The discontinuities in the DG version allow
it to better approximate the nonlinear solution, but they will require special treatment for
evaluating the value at the element bound. From [60].

Furthermore, because of the discontinuous nature of the formulation, the evaluation
of the residual occurs on a per-element-basis. Thus, if suitable numerical flux choices are
used, the DG method will also be locally conservative. The drawbacks of the DG method
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are: a) the weak form is significantly more complicated to derive and implement than
for CG, and b) the memory and computation requirements of DG, for the same number
of elements, are generally much higher than for CG or FVM given the same number of
elements.

However, the relative higher computational expense of DG versus other method de-
pends on the way that is expense is quantified. For example, Monte compared the FVM
performance in OpenFOAM to the CG and DG FEM implementations of incompressible
Navier-Stokes in OpenCMP for a single-phase 2D lid-driven cavity flow [61]. It was found
that for the same number of elements, DG takes 30 − 50× longer (210 s) to solve than
the FVM (3.94 s) or CG (5.59 s). However, when the simulation is run to obtain a mesh-
independent solution, DG is faster (210s) than both the FVM (256 s) and CG (576 s) while
also using significantly fewer elements (25,600 for FVM, 14,400 for CG, and 1,600 for DG)
and resulting in a final error that was approximately 23% smaller as compared to either
of the other two methods.

2.8.3 Finite Volume Method

Since two of the main CFD simulations in this thesis were performed with OpenFOAM, a
brief overview of the numerical solution method employed by this open-source software
is provided here. OpenFOAM is based on the Finite Volume Method (FVM), which is a
widely used technique for solving boundary value problems by dividing the computational
domain into discrete control volumes. Within each control volume, the integral form of the
conservation equations is solved, ensuring that mass, momentum, and energy are conserved
at a local level, and thus in the domain as a whole.

This control volume-based discretization allows it to be inherently conservative, a prop-
erty that the CG FEM does not have. Further, unlike CG FEM, whose interpolants are
continuous across mesh cells, the FVM is better suited for capturing discontinuities and
convection-dominated flows. Finally, the conceptual framework used by FVM is more
intuitive to understand and straightforward to implement as it directly operates on recog-
nizable control volumes without necessitating the more complex mathematical constructs
required by the FEM, such as deriving weak forms or selecting appropriate function spaces.

The advantages of FVM, coupled with the historical availability of more commercial
FVM-based CFD software, have contributed to its continued widespread use for fluid dy-
namics simulations. However, the FVM is not without its drawbacks and limitations. It is
heavily influenced by the quality and degree of structure of the computational mesh, to a
greater extent than alternative numerical methods. This mesh sensitivity also manifests in
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the challenges associated with accurately approximating higher-order derivatives, as gra-
dients must be evaluated by considering multiple mesh cells; a process that becomes more
difficult to do accurately on unstructured meshes.

Additionally, while the FVM may provide a solution faster and with a lower compu-
tational cost than the FEM, achieving a mesh-independent solution can often prove more
time and resource-intensive. Finally, on a practical level, the difficulty in working with
and extending the OpenFOAM package itself, while not inherent to the FVM, represents
an obstacle specific to the most prominent open-source implementation of this numerical
approach.

2.8.4 Finite Difference Method

The proposed compartmental modelling method uses PFRs to create the model for each
compartment. The conservation of mass for each PFR is represented by a transient PDE:

∂Ci(V, t)

∂t
= DeffAi

∂2Ci(V, t)

∂V 2
−Qi

∂Ci(V, t)

∂V
+Ri(V, t) (2.51)

where i is the PFR index, C concentration, V reactor volume, Deff effective Taylor-Arris
diffusivity, A reactor cross-sectional area, Qi volumetric flowrate, and Ri reaction rate per
unit volume.

For the initial implementation, mass diffusion will not be considered and the equation
simplifies to:

∂Ci(V, t)

∂t
= −Qi

∂Ci(V, t)

∂V
+Ri(V, t) (2.52)

Following the conditions described above, each PDE also required one boundary/inlet
condition as follows:

Ci(0, t) =

∑inlets
j QjCj(Vj, t)∑inlets

j Qj

(2.53)

Numerical solution of this system requires spatial discretization, implemented here
through the Finite Difference Method (FDM). This approach discretizes the domain into
a finite set of points and approximates spatial derivatives using a Taylor series expansion
about these points. While such discretization typically transforms coupled PDEs into
systems of initial value ODEs, the boundary conditions in this case result in a system
of Differential Algebraic Equations (DAEs). The conversion of these DAEs to ODEs is
addressed in the following subsection.
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The selection of derivative approximation schemes presents various trade-offs that must
be carefully considered. The convective nature of the system necessitates particular at-
tention to minimizing numerical diffusion and accurately resolving wavefronts. Although
higher-order schemes generally offer superior accuracy, they present specific challenges in
this application context. These include the requirement for specialized boundary treat-
ments, which may introduce inconsistencies in discretization order near domain bound-
aries, and the potential generation of spurious oscillations requiring additional stabilization
mechanisms.

A significant practical constraint specific to this application arises from the limited DoFs
available per PFR. In contrast to conventional applications where fine spatial discretization
is feasible, the CM represents each compartment through multiple PFRs, each necessarily
restricted to relatively few discretization points. This constraint diminishes the potential
advantages of higher-order schemes and may render them impractical.

A first-order upwind scheme was selected for spatial discretization based on these con-
straints. Upwind schemes incorporate flow directionality in derivative approximations,
making them well-suited for convection-dominated problems. While first-order schemes
exhibit lower accuracy compared to higher-order alternatives at equivalent ∆V and ∆t,
they offer practical advantages for this application: reduced computational overhead for
oscillation suppression and better compatibility with the limited degrees of freedom char-
acteristic of the PFR compartments. The discretization of the convection term using a
first-order upwind scheme is:

Qi
∂Ci(V, t)

∂V

∣∣∣∣
V=Vj

≈ Qi
Ci,j(t)− Ci,j−1(t)

∆V
(2.54)

where the volume is discretized into K points, j ∈ [1, K], with uniform spacing ∆V .

This formulation is an upwind scheme since the flow is in the direction of increasing j,
thus the gradient at each position is evaluated using only information upwind of it.

2.8.5 Differential Algebraic Equations

While the resulting system of equations for the FDM-discretized PFRs looks like a system
of ODEs, the boundary condition used for each PFR actually makes it a system of Dynamic
Algebraic Equations (DAEs). A “regular” system of ODEs is a system of explicit ODEs
which can be written in the form:

y′ = f(y, t) (2.55)
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where y is the dependent variable, t the independent, and f(·) a function of both y and t
which provides a unique value for y′.

DAEs on the other hand are part of the class of semi-explicit ODEs; such systems have
the general form:

y′ = f(t, y, z) (2.56)

0 = g(t, y, z) (2.57)

where y are the dependent variables with explicit, isolatable, and unique derivatives and z
the dependent variables without such derivatives.

The classic example of a DAE is the unit mass and unit length pendulum swinging
under gravity attached to frictionless fulcrum by a rigid rod, as illustrated by Figure 2.13.

Figure 2.13: Diagram of the pendulum system in Cartesian coordinates. x and y are
position, u and v are velocity components in x and y, g is acceleration from gravity, θ is
the angle between the rod and the vertical, and λ is the tension per unit length of the rod.
From [62].

In Cartesian coordinates the governing equations for this system are:

x′ = u (2.58)

y′ = v (2.59)

u′ = −λx (2.60)

v′ = −λy − g (2.61)

0 = x2 + y2 − 1 (2.62)
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where (x, y) denotes the position of the pendulum tip, (u, v) represents its velocity com-
ponents, and λ is the tension force per unit length along the rod.

This system illustrates two key characteristics of DAEs: the absence of an explicit
equation for λ or λ′, and the presence of a purely algebraic constraint x2 + y2 = 1. The
structure of this system highlights the fundamental difference from ODEs: while the first
four equations are differential in nature, the final equation is purely algebraic and creates
a manifold on which the solution must evolve. Two primary approaches exist for solving
DAE systems: direct solution methods and index reduction techniques.

Direct solution methods employ specialized initial value problem (IVP) solvers, typi-
cally based on implicit multistep methods. At each time step, these methods transform the
discretized system into a nonlinear root-finding problem that simultaneously satisfies both
the differential equations and the algebraic constraints. While this approach can ensure
the algebraic constraints are met, to within specified tolerances, it requires solving large
nonlinear systems at each time step, making it computationally intensive.

Index reduction approaches, on the other hand, transform higher-index DAEs into
lower-index systems through systematic differentiation of the algebraic constraints. The
differentiation index of a DAE system is defined as the minimum number of times the
algebraic constraints must be differentiated to obtain an explicit ODE system. This index
serves as a measure of the mathematical complexity and numerical challenges associated
with the DAE system. For instance, in the pendulum system, differentiating the position
constraint x2+y2 = 1 with respect to time yields a velocity constraint. Further differentia-
tion produces an acceleration constraint, which can be rearranged for an explicit equation
for λ. A final differentiation yields an explicit equation for λ′. These equations, and the
resulting index of the DAE after each differentiation are shown below.

index 3: 0 = x2 + y2 − 1 (length constraint) (2.63)

index 2: 0 = xu+ yv (tangential motion) (2.64)

index 1: 0 = u2 + v2 + λ− gy (centripetal acceleration) (2.65)

index 0: λ′ = −3gv (ODE) (2.66)

Each differentiation step reveals additional hidden constraints inherent in the system.
For the pendulum example, differentiating the position constraint reveals that velocities
must be tangential to the motion of the pendulum (xu+ yv = 0).

Converting the DAE to an ODE by replacing the original algebraic constraint with its
differentiated form offers significant computational advantages by eliminates the nonlinear
root-finding at each time step and allows for the use of standard ODE solvers. However,
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this transformation comes at the cost of the original algebraic constraints no longer being
explicitly enforced, and errors in these constraints can accumulate over time. This drift
can lead to significant violations of the physical constraints the original DAE modelled.

A hybrid approach offers a practical compromise between direct DAE solution and
complete index reduction. By retaining an intermediate constraint equation (such as the
tangential velocity constraint) rather than the original position constraint, the system can
be solved more efficiently while maintaining better control over overall error than with
a full index reduction. While this approach does not guarantee exact satisfaction of the
original constraints, it can provide a better balance between computational efficiency and
solution accuracy. The resulting lower-index problem typically exhibits better numerical
properties while still capturing essential physical constraints.

For this work, the resulting network of PFRs produces, after discretization with the
FDM, are each modelled as DAEs because of the boundary condition used for each PFR:

Ci(0, t) =

∑inlets
j QjCj(Vj, t)∑inlets

j Qj

(2.67)

The system is of index 1 since differentiating Equation (2.67) once will produce an

explicit equation for ∂Ci(0,t)
∂t

:

∂Ci(0, t)

∂t
=

∑inlets
j Qj

∂Cj(Vj ,t)

∂t∑inlets
j Qj

(2.68)

The algebraic constraint in Equation (2.67) was transformed into the ordinary differen-
tial equation Equation (2.68) through index reduction. This transformation was motivated
by both computational efficiency and practical implementation considerations. Direct DAE
solution methods, while potentially more robust, would require specialized solvers that
which present installation challenges for potential users of the CM.

This index reduction approach also introduces an important mathematical constraint
on the simulation: boundary conditions must be differentiable in time since they appear in
the right-hand side of Equation (2.67). While this might appear to limit the applicability
of the model, realistic boundary conditions do not exhibit true discontinuities. In practice,
apparent discontinuities in real systems are better represented by smooth, rapidly varying
functions. This smoothness not only better reflects physical reality but also improves
numerical performance, particularly for adaptive time-stepping schemes that rely on error
estimation. Such schemes can maintain specified error tolerances more effectively when
working with smooth functions rather than discontinuous ones.
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Chapter 3

Literature Review

This chapter examines the current state-of-the-art in compartmental modelling, focusing
on five key aspects: compartmentalization, compartment modelling strategies, dynamic
compartments, topology-based methods, and the treatment of zero-convective flux planes.
While CMs find applications across diverse fields, from pharmaceutical pharmacokinetics
and biomedical systems such as artificial pancreas [63, 64] to building ventilation anal-
ysis [65], this review focuses primarily on stirred-tank reactor applications. For a more
detailed overview, the reader is directed to the work of Haag et al. [17] and Jourdan et
al. [16]. Although significant advances have been made in compartmentalization methods
for stirred-tank reactors, important limitations and knowledge gaps persist. These will be
critically examined to establish the context for the novel methods presented in this thesis.

3.1 Compartmentalization

The process of creating a CM consists of two main steps: compartmentalization and com-
partment modelling. Recent literature has predominantly focused on different compart-
mentalization methods. The first class of approaches to compartmentalization uses a uni-
form structured grid [53, 54, 66], as shown in Figure 3.1. This approach is notable for
its simplicity, requiring only the specification of the number of compartments along each
dimension. The work of Le Nepvou De Carfort et al. [66] exemplifies this approach, with
the procedure following these key steps:

1. A FVM simulation is performed to solve the Navier-Stokes equations.
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2. The resulting velocity vector field is then projected onto a coarser structured grid of
compartments, with each compartment modelled as a CSTR.

3. The transient mass conservation equation is solved across the compartmental network
using the CFD-derived velocity field.

Figure 3.1: Illustrative example of a structured compartmentalization in a cylindrical tank.
(A) Radial-axial plane. (B) Radian-tangential plane. (C) Each internal compartment is
connected to 6 others. From [54].

Though not framed in these terms by the original researchers, this class of approaches
is equivalent to a coarse-mesh, low-order FVM simulation of the mass conservation equa-
tions. It is notable that in several implementations, the resolution difference between the
structured grid and the original CFD mesh is relatively modest. For instance, Le Nepvou
De Carfort et al. [66] employed a CM with 422,500 compartments compared to a CFD sim-
ulation with 861,716 mesh elements. While this approach offers an accessible framework for
implementation, it presents a significant limitation: the high number of degrees of freedom
used make it computationally prohibitive for modelling complex biological reactions.
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The analogy between uniform structured grid compartmentalization and uniform struc-
tured CFD meshes is apt; both offer straightforward implementation but may require
excessive discretization to achieve acceptable accuracy. Alternative compartmentaliza-
tion strategies employ non-uniform and unstructured approaches, where compartments
are formed through the aggregation of mesh cells based on various scalar or vector fields.
A notable gap in this literature is the lack of comparative studies between different com-
partmentalization techniques. Most validation efforts are limited to comparing proposed
CMs against one of three benchmarks: single-CSTR approximations, full CFD simulations,
or experimental data. Delafosse et al. [47] present a notable exception by conducting a
systematic comparison between different velocity-based compartmentalizations, utilizing
individual velocity components, velocity magnitude, and uniform spatial discretization.
Their findings are particularly significant: the uniform discretization demonstrated supe-
rior performance not only at equivalent compartment counts but even when compared to
velocity-based approaches using four times as many compartments. Their findings indi-
cated that automated approaches performed less effectively, primarily due to challenges in
delineating zones that could reasonably be characterized as well-mixed. These results high-
light two critical aspects of compartmental modelling: first, the fundamental importance
of the compartmentalization strategy, and second, the non-intuitive nature of performance
optimization in these models

The parameters used for compartmentalization include, but are not limited to, fluid
velocity, solid/gas fraction, turbulence metrics, reactant concentration, reaction rates, tem-
perature, residence times, streamlines, expert flow knowledge, and residence time distri-
butions [17, 16, 21]. In bioreactor applications, velocity emerges as the predominant pa-
rameter for compartmentalization. This preference stems from the velocity field’s relative
independence from cell metabolism-induced changes, in contrast to parameters such as
species concentrations. This independence enables the resulting CM to maintain validity
across a broader range of operating conditions. However, these various fields are often used
as mere guides in a manual process [51, 44, 48, 21, 50, 67, 68]. The justification for manual
approaches varies among researchers, with only a subset explicitly providing a rationale. In
their work on a stirred tank reactor, Nauha et al. adopted a manual compartmentalization
strategy based on their established understanding of flow patterns, which they character-
ized as “quiet predictable”, arguing that this approach enabled them to minimize compart-
ment count while maintaining consistent compartmentalization across different scenarios
[48]. Their compartmentalization scheme is illustrated in Figure 3.2. Their emphasis on
compartment count minimization and desire to control compartmentalization-dependent
variations in CM predictions aligns with Delafosse et al.’s earlier observations [47], un-
derscoring the necessity for more robust automated compartmentalization methods. In
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Figure 3.2: Illustration of the manual custom-made compartmentalization of the stirred
tank used by Nauha et al. from different angles. Left: vertical cross-section of the com-
partments showing the overall structure. Top-right: horizontal cross-section at the plane
of the impellers, showing special irregular compartments for each impeller blade. Bottom-
right: horizontal cross-section in all other parts of the tank. The compartments are large
toroids that span the full 360◦ of the reactor. From [48].

subsequent research, Nauha [49] encountered limitations when attempting to implement
their automatic compartmentalization method due to limitations of the proprietary CFD
software being used. This experience highlights a crucial consideration in research soft-
ware selection: the importance of open-source platforms that allow necessary functional
modifications. This principle extends beyond CFD to encompass compartmental modelling
software, where flexibility and adaptability are essential for research applications.

As previously noted, the rationale for manual compartmentalization is not explicitly
stated in all publications. However, two probable explanations can be derived from the
literature. Based on the experience gained during this thesis and the criteria cited by
various authors for manual compartment definition, the first significant factor appears to be
pragmatism. The translation of expert knowledge into compartment boundary placement
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through visual inspection of flow fields is considerably more straightforward than codifying
this decision-making process into an implementable algorithm.

Secondly, several studies focused not on advancing compartmentalization methods, but
rather on demonstrating the broader applicability of CMs as a modelling approach for
specific applications [67]. In this context, given the absence of readily available automated
compartmentalization tools, manual methods represent a practical choice. Moreover, con-
sidering the previously discussed challenges of automatic methods in matching manual
compartmentalization performance, the manual approach provides an optimal baseline for
evaluating the fundamental utility of compartmental modelling.

Manual compartmentalization approaches present two significant limitations. First, the
CM’s accuracy becomes heavily dependent on the user’s prior knowledge and insights [47],
analogous to how the effectiveness of local mesh refinement depends on the criteria used
for element modification. This creates a paradoxical situation, as the initial motivation for
model development often stems from a need to understand systems where such detailed
knowledge is lacking. Second, manual compartmentalization demands substantial user
intervention and effort. This parallels the challenges of manual CFD mesh generation;
necessary when automatic meshing tools are inadequate, but ultimately a manual time-
intensive task that should have been automated. This limitation becomes particularly
acute for iterative tasks, such as design and control optimization, where compartment
structures may require repeated modification throughout the process.

Existing automatic compartmentalization methods present their own set of limitations.
Several previously developed approaches are either constrained by geometric specificity,
limiting their broader applicability, or are presented as frameworks that require expert-
level knowledge for effective implementation [44, 48, 69, 70]. An effective compartmen-
talization method must extend beyond mere computational implementability; it should
provide sufficient prescription such that users need only specify their desired position on
the accuracy-speed trade-off spectrum, rather than requiring them to determine the fun-
damental basis fields for compartmentalization.

The compartmentalization framework introduced by Tajsoleiman et al. [24] illustrates
both the promise and inherent limitations of automatic methods that rely on user-selected
basis fields. While theoretically applicable to arbitrary geometries, the framework lacks suf-
ficient prescription for straightforward adaptation without system-specific expertise. Their
implementation for a stirred tank geometry, shown in Figure 3.3, employs radial and axial
velocity components as compartmentalization fields. However, these represent just one
option among many potential choices, including: Cartesian velocity components, vorticity,
pressure, turbulent energy dissipation rates, and shear rates.
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Figure 3.3: Overview of the automatic compartmentalization of a stirred tank reactor
using the method of Tajsoleiman et al. (a) The geometry of the domain showing 3 bottom
mounted Rushton turbines and 4 baffles. (b) Zones based on changes in radial velocity. (c)
Zones based on changes in axial velocity. (d) Compartments resulting from intersecting
the zones in (b) and (c). From [24]

The framework provides no systematic guidance for selecting among possible alterna-
tives. Given that compartmentalization directly influences CM effectiveness, the frame-
work’s utility becomes heavily dependent on the user’s ability to select appropriate basis
fields. This dependence on user expertise not only increases implementation complexity
but restricts the framework’s broader adoption in the field.

Savarese et al. [71] proposed an alternative approach using k-means clustering to ag-
gregate mesh elements into spatially contiguous compartments. While innovative, their
method requires species concentrations and temperature distributions from combustion re-
actions as clustering parameters. This requirement necessitates solving complex reaction
systems, or at minimum, a simplified representative system, within the CFD simulation
prior to compartmentalization. Such an approach presents significant computational over-
head and, more importantly, fails to leverage the predominantly one-way coupling between
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hydrodynamics and reactions characteristic of many bioreactor systems. This limitation
is particularly relevant in bioreactor applications, where the separation of hydrodynamic
and reaction time scales typically allows for more efficient strategies.

Several researchers [50, 68, 72] have developed CMs based on one-dimensional input-
output relationships, characterizing system behaviour through RTDs and temporal pres-
sure variations. While these models successfully replicate input-output behaviours, they
present a significant limitation: the resulting CM lacks clear spatial correspondence with
the physical system. This disconnect between model structure and physical reality poten-
tially limits the model’s predictive capabilities for local phenomena and its applicability to
design optimization.

A fundamental limitation of existing methods is their reliance on user-defined thresh-
olds that significantly influence compartment count and model performance. The selection
of these thresholds appears to often require ad-hoc tuning. Some researchers have adopted
an iterative approach, adjusting thresholds either to match experimental data [73, 74]
or to achieve compartment-independent solutions [46]. Both approaches typically result
in models containing thousands of compartments, which undermines the computational
efficiency advantage of CMs. While increasing compartment count does improve model
accuracy, the global refinement strategy often used is inherently inefficient. This paral-
lels developments in CFD simulations, where local mesh refinement is largely preferred to
global refinement due to its superior computational efficiency in achieving improved simu-
lation accuracy. Local refinement strategically allocates computational resources to regions
where they provide the greatest benefit. Similar principles could be applied to compart-
mental modelling, focusing refinement on regions where additional resolution would most
effectively improve model performance while maintaining computational tractability for
biological kinetics calculations.

3.2 Modelling of Compartments

Contemporary compartmental modelling literature predominantly employs the CSTR ap-
proximation for individual compartments [16]. The appropriateness of this approximation
is intrinsically linked to both the compartmentalization method and the variables of in-
terest in the analysis. For instance, when compartmentalization is based on the ratio
of transport-to-reaction timescale, i.e. the Damköhler number, the CSTR approximation
may adequately represent concentration distributions. However, this approximation is less
appropriate when compartmentalization relies solely on velocity, currently the most com-
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mon approach in the literature. The following discussion examines alternative modelling
approaches that move beyond the standard CSTR approximation.

Several researchers have explored hybrid approaches incorporating both CSTRs and
PFRs, using a variety of selection criteria. One set of approaches relies on expert knowledge
of flow characteristics [75, 70, 67, 76] Another relies on qualitative assessment of flow fields
and temporal response data [50, 68, 72]. An example of this second approach is illustrated
in Figure 3.4.

Figure 3.4: Manual compartmentalization of the flow profile in a burner. Left: Three
main regions are identified based on a visual inspection of the flow profile. Right: Each
region is split into multiple compartments, and each compartment is modelled by one or
more CSTRs/PFRs, with volumes and flowrates fitting to simulated data. From [50].

Although these studies utilize CFD simulations for initial compartment identification,
they determine compartment volumes and inter-compartmental flow rates through opti-
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mization against experimental RTDs or system outputs. The necessity of this optimization
step may indicate a mismatch between the location and connections of the identified com-
partments as the underlying velocity field should contain sufficient information to directly
determine those values. Further, the reliance on ad-hoc optimization suggests a disconnect
between compartment identification and compartment modelling which could be addressed
through a more integrated approach.

Du et al. [44] conducted a systematic investigation into the effects of switching be-
tween PFR and CSTR representations within their CM. Their findings demonstrated that
a hybrid approach, utilizing both reactor types, achieved superior performance compared
to one which uses only a single reactor type. These results highlight the need for careful
consideration of local flow characteristics when choosing a compartment model. This un-
derscores the importance of maintaining consistency between the physical flow structure
represented by each compartment and its mathematical model representation.

Notwithstanding the advances described above, most proposed compartmental mod-
elling methods exhibit a fundamental inconsistency between their compartmentalization
criteria and the mathematical models employed for the resulting network. This inconsis-
tency manifests in several critical limitations: inability to resolve internal gradients, loss
of spatial fidelity, and artificial acceleration of material transport through the domain,
particularly evident in under-predicted mixing times. The use of zero-dimensional approx-
imations for compartment modelling introduces significant errors in local reaction rate
predictions and fails to capture metabolic responses to extreme concentration values [22].
This limitation becomes particularly problematic in regions of high concentration gradi-
ents, such as those surrounding feed ports, or in areas experiencing extreme pH variations
near injection points. Resolving this inconsistency constitutes a primary objective of the
method presented in this work.

3.3 Dynamic Compartments

A critical limitation of current compartmental modelling approaches is the insufficient
investigation of dynamic compartments; those whose geometry, properties, and/or flows
evolve in time. This limitation is particularly relevant for fed-batch bioreactors, where
both the moving impeller and the changing working volume necessarily alter the underlying
compartmentalization structure. However, existing research has made initial steps toward
addressing dynamic conditions.

Tajsoleiman et al. [24] evaluated compartmentalization robustness across varying im-
peller speeds (100–600 RPM) by scaling inter-compartmental flows proportionally to im-
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peller power input. Their findings revealed that extrapolated CMs underestimated CFD
mixing times by approximately 30%, compared to 20% for CMs specifically constructed
at given RPM values. However, their investigation did not extend to volume variations
characteristic of fed-batch operations. While Jourdan et al. [16] proposed a theoreti-
cal framework for dynamic compartment identification using dimensionless numbers, the
concept remains untested.

Figure 3.5: Illustration of how changing reactor working volume can be incorporated into
a CM method. CFD results are available at 40, 60, and 90 m3 and used to create CM.
For volumes in-between, the CM is created by interpolating between the two nearest CFD-
based CM. Current volume is tracked, and the compartmentalization is changed only once
the volume has changed by a set amount from its starting value. From [77].

Nadal-Rey et al. [19] appears to have presented the first published implementation of
dynamic compartments for fed-batch operations, as illustrated in Figure 3.5 Their approach
involved developing discrete CMs at various working volumes and implementing step-wise
volume changes to approximate the continuous feeding process. While innovative, their
model showed significant limitations, with residence time underestimation up to 72% and
yield predictions exhibiting mean absolute percentage errors of 57% (σ = 22%). These
substantial deviations were attributed to necessary model simplifications, including limited
compartment numbers and assumptions of rotational symmetry, particularly problematic
for systems with off-centre feed ports.
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Recent work by Morchain et al. [78] investigated dynamic flow field evolution by im-
plementing CFD-informed modifications to inter-compartmental flow rates. While this
approach accounts for temporal variations in flow patterns, it constrains the compart-
mentalization to a static uniform grid of CSTR-compartments. This limitation becomes
particularly significant when flow field modifications alter the fundamental structure of the
system, as the fixed compartment boundaries cannot adapt.

These studies collectively highlight a significant research opportunity: the development
of CMs capable of continuous temporal evolution. Such advancements would particularly
benefit applications involving variable working volumes or changing operating conditions
where current static or discretely updated models show limitations. Further, the same
techniques could be used to model time-varying flow, such as caused my long-timescale
oscillations, without restrictions on the location and shape of the compartments.

3.4 Other Topology-Based Methods

Existing compartmental modelling approaches can be broadly categorized into three dom-
inant groups: expert-driven manual compartmentalization, uniform grid-based divisions,
and similarity-based mesh element clustering. While these approaches have demonstrated
utility, they often lack systematic consideration of fundamental flow characteristics. This
thesis presents a distinct approach by employing flow topology analysis, specifically focus-
ing on unidirectional alignment, as a basis for compartment identification.

The use of topological features for compartmentalization represents a significant depar-
ture from conventional methods. Unlike traditional methods that rely on expert intuition,
uniform spatial division, or similarity-based clustering, topology-based approaches lever-
age fundamental flow characteristics to inform compartment creation, potentially leading to
more physically meaningful reduced-order models. By explicitly considering unidirectional
alignment in the flow field, the method provides a more mechanistic basis for compartment
definition compared to traditional geometric or statistical clustering approaches. While
not entirely novel, as evidenced by a small number of previous topology-based studies, this
approach remains relatively unexplored.

The pioneering work in this approach appears to be that of Fichet et al. [79], who
introduced a two-stage compartmentalization method. Their method first employs inert
tracers, uniquely valued at each domain inlet, to delineate regions of influence associated
with distinct inlet streams. This initial partitioning is then refined using fluid age distri-
bution analysis, where each compartment is subdivided into a series of CSTRs based on
fluid age uniformity, as illustrated in Figure 3.6
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Figure 3.6: Inert tracers a and Tr are used to identify compartments and choose how many
CSTRs-in-series to model each compartment with. Tr is injected with a unique value from
each domain inlet, allowing for regions of influence to be identified. Streamlines of constant
value Tr are used to delineate compartments. a is used to quantify the age of the fluid,
and split each streamline into pieces of roughly uniform age. From [79].

The approach presented in this thesis, while sharing the fundamental principle of using
flow topology for compartment identification, differs in its specific focus on unidirectional
alignment. This represents an evolution in topology-based compartmentalization methods,
moving from inlet-influenced zones and age-based segregation to a more comprehensive
consideration of flow field structure, allowing for the modelling of closed and semi-closed
systems where the concept of fluid age has less descriptive power.

Next is the work of Donnelly [21], who developed a novel approach drawing parallels to
liquid crystal modelling. This method analyzes non-local topological features through the
examination of a velocity direction field, n, derived from steady-state velocity data. The
approach characterizes flow structure through three fundamental deformation metrics:

Splay = (∇ · n)2 (3.1)

Twist = (n ·∇× n)2 (3.2)

Bend = (n×∇× n)2 (3.3)

These deformation metrics, through their magnitudes and relative proportions, pro-
vide a basis for identifying distinct flow regions and their corresponding compartmental
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representations, as illustrated in Figure 3.7. The method implements a hierarchical mod-
elling approach where compartments are represented either as single CSTRs or, in regions
of strong unidirectional flow, as CSTRs-in-series. This work serves as an inspiration for
the method developed in this thesis, which builds upon and extends these concepts of
topological flow characterization.

(a)

(b)

Figure 3.7: Cross-section of the CFD and compartmentalization results for flow in a
pipe with a sudden expansion. (a) Flow topology visualized through velocity stream-
lines coloured by velocity magnitude. (b) Resulting compartments: orange - inlet, green -
outlet, purple - splay, red - recirculation, blue - stagnation zone. From [21].

The most recent significant contribution to topology-based compartmentalization comes
from Karches [80], who developed a method based on critical point analysis of steady-state
flow fields. This approach identifies critical points within the flow domain and uses their
interconnecting streamlines to define compartment boundaries, as depicted in Figure 3.8.
By using critical points and their connecting streamlines, the method captures fundamental
flow features that often correspond to important mixing boundaries or flow separation
regions. However, as most existing work, each compartment is modelled as a single CSTR.
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Figure 3.8: Streamlines visualizing flow topology of the same geometry under 4 different
conditions. Critical points used for compartmentalization are labelled as 1–19. From [80].

The work of Karches, along with the previously discussed approaches of Fichet et al.
[79] and Donnelly [21], establishes a growing body of literature supporting the utility of
topology-based compartmentalization methods. These approaches collectively demonstrate
the advantages of using fundamental flow characteristics, rather than arbitrary geometric
divisions or purely statistical clustering, as the basis for compartmentalization.

3.5 Handling of Zero-flux Planes

Recent studies into compartmental modelling of stirred tank reactors identified limitations
in accurately representing key flow features. Studies by Bai et al. [55] and Promma et
al. [12] highlighted challenges in predicting mixing times and attribute these inaccuracies
to the inadequate representation of horizontal planes at recirculatory region boundaries
generated by Rushton turbines. As illustrated in Figure 3.9, these critical planes occur at
two locations: at the impeller outlet planes and at the midpoint between impellers.

Promma et al. [12] observed that, without manual intervention, their CM under-
predicted mixing times. They identified compartments extending across these horizontal
planes, as illustrated in Figure 3.9, as the root cause of this issue. These spanning com-
partments, the orange and yellow regions, created artificial “short-cutting” effects, allowing
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unrealistically rapid mass transfer between the upper and lower recirculatory zones. Their
solution was to manually introduce cut planes at critical heights and subdividing com-
partments that intersect the planes. This modification substantially improved mixing time
predictions, increasing them from 60.05 s to 189.34 s, in-line with expected values.

Figure 3.9: Visualization of the flow topology, using a line integral convolution, of the
region between two Rushton impellers from a stirred tank MRF-based CFD simulation.
The dashed horizontal line in the middle of the figure indicates the horizontal plane that
forms at which the velocity, and thus convective transport, is in the horizontal direction.
The yellow and orange regions represent two different CSTR-based compartments which
span either side of this plane. The use of the CSTR model for each compartment causes
“short-cutting”, i.e. causes mass to move artificially quickly across the plane. From [12].

Bai et al. [55] encountered similar challenges with horizontal planes in their CM, though
with notably different outcomes from Promma et al. While both studies identified these
planes as critical to mixing time accuracy, Bai et al. observed mixing time over-prediction
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rather than under-prediction. Their focus was on the planes aligned with impellers, rather
those in the inter-impeller region‘. Most significantly, their solution directly contradicted
Promma et al.’s approach: they emphasized the importance of avoiding compartment
boundary alignment with these planes, rather than enforcing such alignment.

The contradictory mixing times and solutions can be attributed to fundamental differ-
ences in inter-compartmental flow calculations. Bai et al. employ a simplified approach
using net flows between compartments, while Promma et al. implement a more detailed
method that preserves bidirectional transport. When compartment boundaries align with
horizontal planes, Bai et al.’s net-flow approach results in artificially reduced transport
rates due to flow cancellation. Conversely, Promma et al.’s preservation of gross flows
maintains local mixing effects across boundaries. This difference explains why Bai et al.
avoid boundary alignment with these planes, while Promma et al. specifically enforce it.

Figure 3.10: Structured compartmentalization of the recirculatory region around the top
impeller. The distribution of compartments, their connections, and flowrates are obtained
from design equations and expert knowledge of the system. From [3].

The work of Vrabél et al. [3] and Pigou et al. [22] appears to have anticipated key as-
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pects of compartmental modelling strategies that would later be formally identified by Bai
et al. and Promma et al. Their compartmentalization scheme, illustrated in Figure 3.10,
incorporates both aligned compartments at the inter-impeller region and offset compart-
ments at the impeller plane, features that align with later recommendations. However,
these choices appear to have been made through expert intuition rather than systematic
analysis, as the explicit consideration of horizontal plane effects is absent from their dis-
cussion. Significantly, their approach demonstrates both the strengths and limitations
of expert-driven compartmentalization. While their model effectively captured key flow
features, its reliance on prior knowledge of specific tank-impeller configurations limits its
adaptability to design modifications without substantial expert intervention.

The issue discussed above highlight critical limitations of current compartmental mod-
elling methods. First, there exists a fundamental disconnect between the well-mixed as-
sumption used in compartment models and the criteria used for compartment identifica-
tion, leading to overestimation of mixing within compartments. Second, existing methods
fail to adequately account for directional information flow. As illustrated in Figure 3.9,
compartments that span across directionally-distinct flow regions, such as the orange com-
partment, create artificial mixing paths. While mass transport in these regions is predom-
inantly horizontal, with minimal vertical convective transfer across the marked plane, the
compartment structure incorrectly suggests significant vertical mixing. Third, the treat-
ment of inter-compartmental flows, either as net or gross flows, significantly impacts how
CSTR compartments interact with no-flux planes, requiring case-specific solutions. This
issue exemplifies a broader limitation of current approaches: most rely on global element
clustering without considering actual flow connectivity, resulting in compartments that
may not reflect true mass transport pathways.

While manual interventions can address these issues in simple geometries through ex-
plicit plane definitions, e.g. z = zplane, such solutions become impractical for complex,
irregular geometries. This limitation emphasizes the need for automated methods that
inherently account for directional flow characteristics.
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Chapter 4

Compartmental Modelling Methods

This chapter proposes a novel compartmental modelling method for general multiphase
three-dimensional geometries which addresses the limitations identified in Chapter 3. Two
distinct approaches are developed to handle systems whose time-averaged flows are not
representative of their time-varying flows.

4.1 Method for Single-Phase 2D Systems

This section1 presents a CFD-based compartmental modelling method which addresses
several of the previously identified gaps in the literature. The key differences of the pro-
posed method compared to previously reported methods are: (1) the compartmentaliza-
tion criteria is automated, (2) the compartments can be approximated with one-, two-,
or three-dimensional models, (3) the reduced-order models for compartments are chosen
based on the compartmentalization criteria rather than expert knowledge, and (4) the pro-
posed method allows for the results of the compartmental model simulations to be easily
projected back onto the physical domain, greatly improving the interpretation of model
predictions. The high-level steps in this proposed method are as follows:

1. Pre-processing: Convert data into a standardized intermediary format.

2. Compartmentalization: Split the domain into a network of compartments, each
representing a region of unidirectional flow.

1Adapted from [81].
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3. Compartment Modelling: Model each compartment as a series of 1D PFRs.

4. Simulation: Discretize and solve the system of coupled mass balance equations.

The method creates compartments by merging mesh elements through the use of a
CFD-derived velocity field. Best practice for performing CFD simulations is to obtain a
mesh-independent solution in order to ensure that all relevant phenomena are accurately
resolved. This thesis argues, and the results presented herein back up this argument, that
a mesh-independent solution is not required for the purpose of building a compartmental
model. The model error introduced by the simplifying assumptions of the CM, e.g. the
commonly used assumption that each compartment is well mixed, is significantly higher
than the error associated with fine, but not mesh-independent, resolution CFD simulation.

4.1.1 Pre-processing

To work with the simulation results from different CFD packages, a standardized represen-
tation of the mesh and of the resulting field is used. In this format, each field is defined as
having a single value within each mesh element. In order to accommodate results from both
high-order FEM packages, e.g. OpenCMP [82], an additional step is required to capture the
spatial variation within each mesh element. For low-order computational methods, such as
the FVM, this pre-processing step is not needed. Consider Figure 4.1; the left side shows
the higher order FEM solution being projected onto a zeroth-order interpolant.

0.0 1.0
x

0.00

0.05

0.10

0.15

0.20

0.25

0.30

In
te

rp
ol

an
t

V
al

u
e

No Mesh Refinement

0.0 0.2 0.4 0.6 0.8 1.0
x

0.00

0.05

0.10

0.15

0.20

0.25

0.30
Mesh Refinement

2nd Order Interpolant 0th Order Approximation

Figure 4.1: Projection of the higher-order FEM result onto a zero-order interpolant for a
one-dimensional mesh. The original higher-order FEM interpolant is shown in blue while
the final zero-order interpolant is shown in orange. Left: Projection on the original mesh.
Right: Projection on the refined mesh.
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The zero-order interpolation result, shown in orange in Figure 4.1, inherently loses de-
tailed spatial variation information within each element. To preserve these spatial charac-
teristics, mesh refinement techniques can be employed by subdividing elements to enhance
the resolution of the zero-order interpolant, as shown on the right side of Figure 4.1. This
refinement process can be implemented through either global- or local-refinement.

Global refinement involves uniform subdivision of all mesh elements, creating an equal
number of new elements throughout the domain. While straightforward to implement, this
approach can be computationally inefficient as it applies the same level of refinement to
all elements, regardless of whether such refinement is necessary. Local refinement offers
a more selective approach by utilizing a scalar labelling function. In this application, the
function could be based on the curvature of the interpolant: elements whose interpolant
has minimal curvature require little to no refinement for accurate zero-order representation,
while those with high curvature require finer discretization. For this work, global refine-
ment was selected despite its higher computational overhead in pre- and post-processing
stages, primarily due to its implementation simplicity. The development of local refine-
ment strategies remains a promising direction for future work to optimize computational
efficiency.

4.1.2 Compartmentalization

Using the data in the standardized format, the compartmentalization step involves group-
ing mesh elements, mesh cells, into compartments with locally unidirectional flow. This
process begins with a set of elements, whose locations are user-specified at the domain
inlet(s), e.g. feed ports. These elements are used as the “seeds” for generating new com-
partments through a sequentially iterative procedure involving the following 6 steps.

Step 1: all neighbouring elements of the current compartment which are not in another
compartment are grouped into a set of available neighbours.

Step 2: the angle, θ, between the direction vector of the seed element and that of each
available neighbour is calculated.

Step 3: all neighbours with an angle θ > θt are removed from the set of neighbours
and added to the set of seeds. Comparing to seed element direction guarantees that the
difference in flow directions between any two elements in a compartment is ≤ 2θt, enforcing
a user-specified degree of unidirectional flow. Step 3 is illustrated in Figure 4.2 for two
elements.
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Θ

Seed Neighbour

Θ ≤ Θt

Θ > Θt

Figure 4.2: Rejecting a neighbour based on the angle between the direction vector of the
compartment’s seed element and that of the neighbour element. The blue and orange
arrows represent the direction vectors of the seed and neighbouring elements, respectively.

Step 4: the remaining neighbours are checked for two criteria. First, all elements
which are upstream of the compartment are excluded, as shown in Figure 4.3.

∫ dS· Q ≤ 0
a b

Figure 4.3: Rejecting a neighbouring element, B, because it is upstream of the compart-
ment. The blue arrow is the velocity vector of an element a in the compartment, and the
green arrow is the outward facing unit normal to the purple facet between a and b.

Second, all elements which have an inadequate amount of flow between them and the
compartment are excluded. An element b is considered to have an adequate amount of
flow from compartment A if there exists an element a in A where the flow from a to b is
non-negligible based on the following inflow into element b:

Qa→b∑
i Qi→b

≥ threshold (4.1)

and the outflow requirement for element a is,

Qa→b∑
j Qa→j

≥ threshold (4.2)
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where threshold is user specified.

An example of this constraint is illustrated in Figure 4.4.

a b a b

Q1

Q2

Q3

Q4

Q5

Q7

Q6

Figure 4.4: Example showing if the flow from a to b is adequate. Blue arrows on the left
represent the velocity vector for each mesh element. On the right, the blue arrows represent
the flowrate through each facet of the elements, labelled as Q1–Q7.

Following the example in Figure 4.4, the above equations become:

Q4

Q4 +Q7

≥ threshold (4.3)

Q4

Q3 +Q4

≥ threshold (4.4)

Any neighbours which satisfy these two constraints are added to the current compartment.
Neighbours that do not satisfy these constraints are appended to the list of seeds for use
in creation of new compartments.

Steps 1–4 above are repeated until no further neighbours can be added to the current
compartment. The process iterates by selecting subsequent seeds from the list until all el-
ements are assigned to a compartment. The algorithm prioritizes the selection of the most
upstream unassigned element that has been previously seen. This upstream-biased selec-
tion is strategically important because compartment growth only occurs in the downstream
direction. Selection of upstream elements maximizes the potential extent of each compart-
ment, preventing unnecessary fragmentation that would occur if downstream elements were
selected as seeds. Such fragmentation would result in multiple smaller compartments where
a single larger compartment would have been possible.

Step 5: convert the resulting compartments into a network. The first step is to
identifying the mesh facets which make up the bounding surface of each compartment.
Each element is bound by, and connected to other elements through, their facets. For two-
dimensional meshes, facets are line segments and for three-dimensional mesh they are most
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often triangles, quadrilaterals, or hexagons. Figure 4.5 shows an illustrative example with
five neighbouring compartments (A − E) and how the bounding facets of compartment
A are determined, i.e. by finding all facets which are shared by only one element in the
compartment.

A

B
C

D

E

A

Figure 4.5: Identifying the bounding facets for compartmentA. The facets of all elements in
A are collected. Internal facets will appear twice, once for each element in the compartment
it shares. Bounding facets are identified as those appearing only once.

The bounding surface is then split into contiguous sub-surfaces based on the adjacent
compartments, as shown in Figure 4.6.
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Figure 4.6: Splitting the bounding surface of compartments A through E based on the
compartment on the other side. Left: Compartments identified. Middle: Bounding
facets for each compartment identified in green. Right: Bounding facets split grouped,
shown using colour, based on which two compartments they are between.

These sub-surfaces are then used to calculate connections between compartments and
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and build the graph. Figure 4.7 contains the graph representation of the compartments
shown in Figure 4.6.
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Figure 4.7: Left: Compartment network shown as labelled regions in physical space.
Right: The same compartment network represented as an undirected graph.

Step 6: merge compartments in the network to ensure certain guarantees. First, any
compartment smaller than a user-specified threshold is merged into neighbouring com-
partments with the most similar average direction. Further, if possible, only downstream
compartments will merged into. Upstream neighbours are considered only if no down-
stream ones are available. This is done to reduce the computational cost of the resulting
CM since small compartments are expected to have negligible influence on the accuracy
of model relative to their additional computational cost. Then, the network is checked
to ensure that no compartment has only one connection, either to another compartment
or a domain inlet/outlet. If any are found, they are merged using the merging procedure
described above. This is done to ensure that mass can be balanced around each compart-
ment, something which would be impossible if a compartment had only one inlet or one
outlet. This process is iterated until all compartments pass both checks. This is illustrated
in Figure 4.8 where three neighbouring compartments are merged into one.

BA

C

A

C

A

Figure 4.8: Illustrative example of the merging of compartments. After compartment B is
merged into A, compartment C is left with a single connection, with A. This is unphysical
as mass cannot be balanced around C, thus compartment C is then also merged into A.
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4.1.3 Compartment Modelling

For the purposes of this work, each compartment is modelled as a series of 1D PFRs.
Note that the use of 1D PFRs was a choice and not an inherent part of the proposed
method. The only restriction imposed by the method is that the model must represent
unidirectional flow. As long as unidirectional flow assumption is maintained, the model
for each compartment could be a one-, two-, or three-dimensional, allowing for spatial
variations perpendicular to the main flow direction. Dispersion perpendicular to the main
flow direction can also be included.

Furthermore, to provide better resolution of the concentration profile, each compart-
ment is approximated as a series of PFRs. Accordingly, for each compartment, the number
of PFRs, the size of each PFR, and the location of inlets and outlets for each compartment
is calculated as per the following steps:

Step 1: the surface connecting two compartments is split into sub-surfaces, one facet
at a time, based on the flow through each facet. This is done to capture the location of
side flows into compartments, as well as to avoid zero net flows between compartments. All
facets which have a flow through them smaller than a user-specified threshold are neglected.
The remaining facets are grouped together into spatially contiguous sub-surfaces which all
have flow in the same direction. If any of the sub-surfaces are below a user-specified
threshold, they too are neglected. If all sub-surfaces are removed based on these criteria,
then the corresponding connection between the two compartments is removed from the
compartment network. This is illustrated in Figure 4.9.
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n·
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Figure 4.9: Illustrative example of splitting the surface between compartments A and B
based on the sign of the flux. The sub-surface between points L and M has net flow from
A → B, the portion from M to N has no net flow and was removed, and the portion from
N to P has a net flow from B → A.

Step 2: the spatial ordering of the connections for each compartment is calculated.
For each sub-surface, a position vector is computed by calculating the flow-weighted av-
erage position vectors of all facets within it. These sub-surface position vectors are then
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projected onto the average direction vector of the compartment. The resulting scalar val-
ues are normalized between [0.0, 1.0], with 0.0 corresponding to the first, most upstream,
connection to the compartment and 1.0 to the last, most downstream, connection. This is
illustrated in Figure 4.10.

davg

2.
davg

0.0 1.0

6.

1.

3. 4.

5.

Figure 4.10: Illustrative example of the computation of spatial ordering of compartment
connections. 1. Compartment with each sub-surface represented by a different colour.
Arrows indicate the direction of flow through the surface. davg is the average direction
vector of the compartment. 2. Spatial distribution of flow through each surfaces. 3.
Flow-weighted representative position of each surface. 4. Position vector of each surface
connected to average direction vector of the compartment. 5. Position vectors projected
onto the average direction vector. 6. Dot-product results from 5. normalized from 0.0,
most upstream, to 1.0, most downstream. Upward facing arrows represent inlets into the
compartment, and downward facing arrows represent outlets.
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Step 3: adjust flowrates to preserve conservation of mass. The pruning of sub-surfaces
as well as the approximate nature of the CFD solution, requires adjusting the flowrates
through each connection to ensure mass is conserved around each compartment. Further,
a subsequent step, step 5, requires that no compartment have a net outflow of mass. Thus
a preliminary flowrate optimization routine is required to ensure that no compartment has
a net outflow; later a second optimization will be performed which ensures that mass is
perfectly balanced around each PFR. This essentially involves imposing conservation of
mass on the compartment with flowrates adjusted as follows,

Q′
i = Qi +∆Qi (4.5)

where Q′ is the adjusted flowrate, Q the original flowrate, and ∆Q is the non-negative
adjustment to the flowrate. A non-negative adjustment is used in order to keep the opti-
mization problem simple. Allowing adjustments to be negative either requires a non-linear
objective function to keep the solution space bounded, or a mixed integer problem with
different adjustment variables for positive and negative flowrate adjustments.

These adjusted flowrates are based on the mass conservation constraint for compart-
ment k,

inlets∑
i

Q′
i −

outlets∑
j

Q′
j ≥ 0 (4.6)

inlets∑
i

(Qi +∆Qi)−
outlets∑

j

(Qj +∆Qj) ≥ 0 (4.7)

inlets∑
i

Qi −
outlets∑

j

Qj︸ ︷︷ ︸
εk

+
inlets∑

i

∆Qi −
outlets∑

j

∆Qj ≥ 0 (4.8)

inlets∑
i

∆Qi −
outlets∑

j

∆Qj ≥ −εk (4.9)

where εk is the net inflow into compartment k. Equation (4.9) is formulated as an inequality
to ensure that there cannot be net outflow from the compartment, which is needed by a
subsequent step of the method.

Conservation of mass is imposed through the solution of a linear optimization problem
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where the total amount of adjustment is minimized as follows,

minimize
∆Qi

N∑
i

∆Qi

subject to
inlets∑

i

∆Qi −
outlets∑

j

∆Qj ≥ −εk, k ∈ [1,M ]

∆Qi ≥ 0, i ∈ [1, N ]

(4.10)

whereM is the number of compartments and N is the number of compartment connections.

Step 4: Adjusting connection locations. Following this optimization, the location of
the connections found in Figure 4.10 are checked against the following criteria and adjusted
if they do not satisfy them collectively:

• An inlet is the first connection and an outlet is the last connection.

• Domain inlets are the first connections, and domain outlets the last.

• All domain inlet/outlet connections occur sequentially.

• Connections are ordered such that backflow does not occur at any point in the com-
partment. If a compartment has a net outflow, it cannot be guaranteed that this
requirement can be satisfied, hence the need for step 3. Mor information on this
point is provided in step 4.

An additional constraint is imposed to reduce the computational cost of the resulting
compartment model; sequences of connections which are closer to each other than a user-
specified tolerance are moved to be at the same location. Figure 4.11 shows an example
of this process where the creation of a sequence of PFRs with and without merging of
connections is shown. In this example, moving of connections reduced the sequence of
PFRs from four to two, halving the computational complexity without significant loss of
accuracy.
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Figure 4.11: Illustration of the resulting PFR-in-series from a compartment with 5 con-
nections, 3 of which are spatially close to each other. Left: Without merging, this config-
uration produces 4 PFRs, 2 of which are significantly smaller than the rest. Right: With
merging, this configuration produces 2 PFRs, halving the number of degrees of freedom
for this compartment.

Step 5: Use the connections to split the compartments into a series of PFRs. The size
and location of each PFR in the sequence used to model a compartment is determined by
the number of connections and their spatial locations. Specifically, the size of each PFR
is the volume of the compartment scaled by the fractional distance between connections.
Figure 4.12 shows an example of the PFR sequence used to model a sample compartment.

1 2 3

0.0 0.375 0.625

∆1 ∆2 ∆3

1.0

Figure 4.12: The construction of a PFR sequence used to model a compartment with 4
connections, 2 inlets and 2 outlets, with different spatial locations. The result is a sequence
of 3 PFRs.

The intra-compartment flow rates, represented by black arrows between PFRs in the
Figure 4.11 and Figure 4.12, are determined through mass balance calculations at each
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junction point. For instance, the flow rate between PFR 1 and PFR 2 is calculated as the
flow entering PFR 1 plus the flow of the dark green side feed. This calculation specifically
relies on the guarantees provided by step 4, and thus the corrections performed by step
3, in order to produce valid results. When examining the connection between PFR 2 and
3, the flow rate is calculated as the difference between the inlet flow to PFR 2 and the
orange side outlet. To maintain positive flow directionality from PFR 2 to PFR 3, this
difference must be positive, requiring that the orange flow be less than the flow into PFR
2. Step 4 ensures that connections are reordered to prevent this flow reversal, but can only
be guaranteed to succeed if the compartment does not have a net outflow.

Step 6: Final adjustment of flows for overall mass conservation. Unlike step 3, whose
goal was to prevent net outflows from any compartment, the goal of this optimization
is to perfectly balance mass around each PFR. It is derived the same as the previous
optimization problem, with the only difference being that equality, instead of inequality,
constraints are used:

minimize
∆Qi

N∑
i

∆Qi

subject to
inlets∑

i

∆Qi −
outlets∑

j

∆Qj = −εk, k ∈ [1,M ]

∆Qi ≥ 0, i ∈ [1, N ]

(4.11)

whereM is the number of compartments and N is the number of compartment connections.

4.1.4 Validation

In this work, the proposed compartmental model is validated against experimental results
reported in the literature and against corresponding CFD simulations.

Residence Time Distribution

To quantitatively compare the different compartmental modelling methods and to validate
against CFD simulations, the residence time distribution (RTD) of an inert tracer was
used. Given a step change injection of an inert tracer at the inlet of a domain at t = 0, the
RTD function E(t) describes the fraction of total tracer mass that exits the reactor versus
time [83, Chapter 16],

E(t) =
dF (t)

dt
(4.12)
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The cumulative distribution (CD) function F (t) describes the fraction of total tracer mass
that has exited the reactor at time t,

F (t) =

∫ t

0

E(t) dt (4.13)

For a step change of tracer injected at the inlet, the CD function can be rewritten as,

F (t) =
Mout(t)

Min

(4.14)

where Min is the mass flow rate into the reactor, assumed constant in time, and Mout(t) is
the mass flow rate out of the reactor at time t.

Scalar measures that can be computed from the RTD and CD functions include the
first three moments:

mean residence time

tm =

∫ ∞

0

tE(t) dt (4.15)

variance

σ2 =

∫ ∞

0

(t− tm)
2E(t) dt (4.16)

skewness

s3 =
1

σ3/2

∫ ∞

0

(t− tm)
3E(t) dt (4.17)

4.1.5 Kullback-Leibler Divergence

In addition to these RTD moments, the Kullback-Leibler divergence [84], a measure of rela-
tive entropy, is also calculated between the two CMs (the PFR-based and the CSTR-based)
and the CFD results. This is a measure which enables direct comparison of distribution
functions. It is calculated based on the expectation of the logarithmic difference between
two distributions:

DKL(A||B) =
∑
x

A(x) log

(
A(x)

B(x)

)
(4.18)

where A(x) and B(x) are the two distributions. The larger the magnitude of DKL(A||B),
the larger the difference between distribution functions.
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4.2 Extension to 3D Multi-Phase Closed Systems

The extension of the base method to 3D multiphase flows required only incremental refine-
ments. Several enhancements were also implemented to improve performance for industri-
ally relevant applications. This section details the most significant of these modifications,
presenting the most current iteration of the compartmental modelling method.

4.2.1 Convection-Guided Compartment Merging

A key refinement of the method extends the compartment merging criteria to also consider
the volumetric flow between compartments, not just the angle between the average flow
direction. This modification aligns the merging step with the initial compartmentalization
process, which accounts for propagation of information when merging neighbouring mesh
elements into an existing compartment. Figure 4.13 demonstrates the advantages of the
revised merging method through a simplified three-compartment scenario.

Compartment A

Compartment B
θA,B = 1◦

Compartment C
θA,C = 8◦

QA = 50.1 QA→C = 50

QA→B = 0.1

(a)

Compartment A

Compartment B
θA,B = 1◦

Compartment C
θA,C = 8◦

QA = 50.1 QA→C = 50

QA→B = 0.1

(b)

Figure 4.13: Simplified example showing the different merging result between (a) the orig-
inal method and (b) the new method. Green represents the compartment chosen for
merging and red represents the rejected one. (a) The original method chooses compart-
ment B despite the insignificant amount of flow between A & B. (b) The new method
chooses compartment C, despite the higher angle difference, because of the much higher
flow between them.

The previous method, which relied solely on flow alignment, would merge compartments
A and B due to their nearly parallel average direction vectors. However, this approach
overlooked the critical factor of inter-compartmental mass transport. The new method
merges compartments A and C, despite their larger directional difference, because on their
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significantly higher inter-compartmental flow rate, approximately 500 times greater than
the A-B exchange. This choice better reflects the mass transport behaviour of the system,
as the dominant flow path from A to C can be more accurately represented by the PFR-in-
series model in the resulting merged compartment. This revision ensures that the merged
compartments better preserve the underlying transport physics of the original system. IT
is particularly important for the capturing of flow behaviours which previous CMs failed
to model accurately, as discussed in Section 3.5.

4.2.2 Switch to Facet Fluxes

When calculating the flow through the bounding surface of a compartment, the original
method used the mesh elements inside of the boundary to calculate the flowrate through
each facet. Applying this method had two problems. Consider Figure 4.14 which depicts
two mesh elements, the velocity vector in them, and the surface they share highlighted.

A B

45◦ 40◦

Figure 4.14: Illustration of two adjacent mesh element with different velocity vectors in
each. If the element’s velocity vector is used for calculating the flow through the red facet,
then different values are obtained if calculated from element A versus element B.

First, volumetric flowrate calculations exhibit directional dependence, producing incon-
sistent results when evaluated from opposite sides of an interface. Second, this method
inadequately represents convective transport mechanisms. Consider element B: mass trans-
port across the reference surface occurs along the blue velocity vector, not the green vector.
This discrepancy introduces systematic errors in mass flux calculations. To address this
issue the method was changed to use facet-centred velocities. This was done using a first
order upwinding scheme; the velocity used for each facet is that of the mesh cell upstream
of the facet. This approach ensure consistent flowrate calculations since each facet has
a single velocity associated with it, and the upwinding method used better captures the
convective transport characteristics of the flow.
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4.2.3 Extension to Multi-phase Flows

For single-phase flows, the volumetric flow rate through a surface is calculated as:

Q =

∫
Ω

u · n dx (4.19)

where Q is the volumetric flowrate in units of volume/time, u is the velocity in units of
length/time, and n is the unit normal to the surface Ω.

ub = 1 m/s

(a) Single phase.

ub = 1 m/s

uo = 1 m/s

(b) Stratified two-phase.

ub = 1 m/s

uo = 1 m/s

(c) Dispersed two-phase.

Figure 4.15: Calculation of volumetric flowrate for different flow regimes through the red
facet on the right side of each domain. uo represents the local velocity of the orange phase,
and ub the local velocity of the blue phase. (a) For a single phase system the calculation
is straight forward. (b) For a stratified two-phase system the calculation requires an
adjustment to the surface area used in the calculation since the orange phase does not
(c) For a dispersed two-phase system the area must again be adjusted to account for the
presence or absence of individual bubbles/droplets.

The volumetric flux at any point on the surface is given by the dot product u · n. For
a surface oriented perpendicular to the flow direction, u · n = |u|, making the velocity
magnitude equal to the volumetric flux, and thus the volumetric flux vector and the ve-
locity vector are equal. However, this equivalence does not hold for multiphase systems.
Figure 4.15 illustrates this distinction through three scenarios in unit square domains (1
meter × 1 meter). The single-phase system, subfigure (a), demonstrates a straightfor-
ward case where the volumetric flow rate Qb through the red surface is 1 m3/s. For the
stratified two-phase flow shown in subfigure (b), Qb reduces to 0.5 m3/s through the same
surface. This reduction can be represented mathematically in two equivalent ways: by
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restricting the integration domain to the blue phase region only, or by using superficial
velocities that account for the phase fraction. The dispersed two-phase flow in subfigure
(c) follows the same principle, where the volumetric flow rate must account for the spatial
distribution of phases. Despite the different flow morphology, the fundamental concept of
phase-dependent flow rates is the same as for the stratified case.

The dispersed two-phase simulations in this work employ the Euler-Euler framework,
where individual bubbles are not resolved explicitly. Instead, each mesh element contains
a phase fraction αi, representing the volume fraction occupied by phase i. For a surface
oriented perpendicular to the flow, the volumetric flux becomes αi|ui|, where ui is the
phasic velocity and αiui is the volumetric flux vector. Consequently, the volumetric flow
rate for phase i through any surface can be expressed as:

Qi =

∫
Ω

αiui · n dx (4.20)

The compartmental model adopts volumetric flux rather than phasic velocities to main-
tain mathematical consistency between single- and multi-phase systems. Likewise, the
volume of a compartment is calculated using the volume of each mesh element multiplied
by the value of α in that element. This approach provides an additional advantage: it
inherently compartmentalizes only those regions which contain the phase of interest with-
out requiring additional modifications or steps. Recall that the method employs a two
threshold-based filtering steps: excluding computational cells with superficial velocities
below a tolerance, and removing inter-compartmental connections with flowrates below a
tolerance. Since regions without phase i have zero superficial velocity by definition, they
are automatically excluded during the compartmentalization process.

4.2.4 Handling of Closed Systems

The optimization procedure described in Step 3 of Section 4.1.3 ensures that no com-
partment has a net outflow of mass. This means that all compartments must have mass
perfectly balanced, or have a slight inflow. Because compartments cannot have a net out-
flow, a net inflow in a compartment must be balanced by a net inflow into the system
through domain boundaries. This poses a problem for closed systems which lack domain
inlets/outlets. In closed systems, conservation of mass requires that any compartment
with net inflow be balanced by a corresponding net outflow from other compartments. As
illustrated in Figure 4.16(a), if compartment A exhibits net inflow, compartment B must
necessarily experience net outflow. However, this net outflow condition conflicts with the
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requirements of the subsequent PFR-in-series decomposition outlined in Section 4.1.3, it
means that the optimization routine would fail to converge since it would be impossible to
satisfy all of the constraints.

To resolve this issue, a temporary virtual domain inlet is introduced and connected
to each compartment, as shown in Figure 4.16(b). Following the initial optimization, the
virtual connections are removed, and the final optimization is performed on the network
of PFRs, ensuring proper mass conservation within each reactor unit.

A B

(a)

A B

Virtual

(b)

Figure 4.16: Input Compartment networks of a closed system to the optimization in Step
3 in Section 4.1.3. (a) Original closed system. (b) With virtual connections added it is
possible for both compartments to have no net outflow.

4.2.5 Element-to-DOF and DOF-to-Element Mappings

A mapping between CM DoFs and the mesh elements of the original three-dimensional
domain enables complex spatially-varying reactions, visualization capabilities, and com-
patibility with various CFD software formats. Figure 4.17 illustrates the elements of a
mesh colours by which PFR and which DoF within the PFR they represent.

A DoF-to-element mapping establishes a piecewise linear interpolation scheme for pro-
jecting compartmental model results onto the original mesh. For each DoF, the mapping
stores a list where each entry is comprised of: (1) a mesh element, (2) the second-nearest
DoF within the same PFR, and (3) an interpolation weight factor. This structure enables
both zeroth-order interpolation, using only the nearest neighbour value, and first-order in-
terpolation using the nearest neighbours and the weight factor. The mapping is generated
by applying the projection and splitting operations described in Section 4.1.3 to element
position vectors, determining their PFR association and specific DoF location. An element-
to-DoF mapping, constructed by inverting the DoF-to-element mapping, projects values
from the CFD mesh onto the compartmental model. This mapping facilitates local pa-
rameter calculations, such as kLa values from CFD simulation results (see Section 6.4),
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enables the use of spatially-varying initial conditions, and allows for placement of virtual
sensors at precise locations.

Average Direction of Flow

(a) All elements
Average Direction of Flow

(b) Coloured by PFR

Average Direction of Flow

(c) Coloured by DoF

Figure 4.17: Labelling the mesh elements of a compartment made of 3 PFRs with 3 DoFs
per PFR. The mapping, (c), allows for CM simulation results to be projected onto the
mesh, or spatially varying CFD results on the mesh to be projected onto the CM.

However, because each element can only be mapped to a single DoF, it is possible to
obtain CM which have DoFs that do not map to any mesh element. This can occur if there
are too many PFRs or too many DoFs per PFR resulting in certain regions having more
DoFs than mesh elements. These DoFs are handled by having them share the mapping of
the closest DoF and producing a weighed average of the two.
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4.3 Multi-CM Methods for Transient Flows

The previous sections established a method for developing CMs based on a single repre-
sentative velocity field. However, certain systems lack a singular representative velocity
field, whether steady-state or time-averaged. Consider the velocity field for the flow past
a cylinder simulation shown in Figure 4.18; the vortex shedding is stable and periodic, no
fixed steady-state exists. Such cases require an alternative approach to CM development.
This section presents two methods for addressing scenarios where traditional single-profile
approaches prove inadequate.

(a) Time = 10.504 s

(b) Time = 10.896 s

(c) Time = 11.680 s

(d) Time = 12.480 s

Figure 4.18: Snapshots of the flow profile showing the characteristic periodic steady-state
of the system. Colouring based on velocity magnitude with an LIC filter overlayed.
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4.3.1 Flow Snapshot Selection Method

Both of the two methods to be covered by this section are based on using multiple temporal
snapshots of the flow. The selection of snapshots requires special care as they will directly
influence the quality of the results. In particular, this work focuses on scenarios with a
periodic steady-state whose flow topology also changes in time, such as vortex shedding
from flows past a cylinder or rotating impeller systems in baffled tanks. These flows exhibit
multiple characteristic frequencies. Rather than relying on correlations or assumptions to
obtain them, the method analyzes the CFD simulation results to identify the relevant
frequencies. It begins with a CFD simulations using sufficient temporal resolution to
capture multiple velocity snapshots per period, thereby avoiding aliasing effects. The
process involves:

1. Sampling velocity magnitude to establish temporal variations.

2. Performing a Discrete Fourier Transform (DFT) to identify dominant frequencies.

3. Identifying the highest frequency requiring explicit CM representation.

4. Selecting timesteps that ensure multiple samples per period of the highest frequency
while spanning a complete period of the lowest frequency and being uniformly spaced.

The selection of frequencies to capture depends on case-specific requirements for model
accuracy; there is a direct trade-off between the number of timesteps used and the compu-
tational cost of the resulting model. Figure 4.19(a)–(b) illustrates the frequency analysis
technique applied to an oscillatory flow. The frequency decomposition reveals two distinct
components: a primary frequency at 1 Hz and a secondary frequency at 5 Hz.

Figure 4.19(c)–(d) demonstrates profile reconstruction using multiple samples per min-
imum period for two cases: (c) incorporating both identified frequencies and (d) using
only the dominant frequency for sampling. The subsampling rate is first constrained by
the highest frequency selected. Although including both frequencies would likely enhances
the accuracy of the CM, it substantially increases computational cost.
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Figure 4.19: Illustration of how a period signal is sampled and its frequencies used to
dictate snapshots to use for compartmentalization. (a) Compound sine wave showing data
for multiple periods. (b) Power spectrum of the data. (c) The sampled profile based
on all identified frequencies. (d) The sampled profile based on only the most important
frequency.

The second, and equally important, consideration for picking subsamples is that they
must remain equally spaced. This requirement imposes constraints on which samples can
be selected. Within each period of K + 1 snapshots, the first and last snapshots (labelled
0 and K) represent identical points in the cycle. The problem of picking every T th point
out of K + 1 snapshots, where 0 and K represent the same point, for a total of N points
is equivalent to factoring K into two integers: K = T × N . To obtain the valid options
for T all prime factors {P1, P2, ...}, including repeats, of K are calculated. A value for T
can then be chosen by multiplying together a subset of the prime factors, and N is found
by multiplying together the remaining factors. The resulting N snapshots are renumbered
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consecutively from 0 to N − 1 and are used in both of the proposed approaches.

4.3.2 Snapshot Ensemble CM Method

The first approach generates a CM for each snapshot and runs an independent simulation
on each of them. The results are then combined together into an ensemble as a post-
processing step. This method aims to establish concentration envelopes that quantify
local flow variations and predict expected value bounds. These bounds are designed to
encompass oscillatory behaviour while producing mean values that correspond to time-
averaged concentrations of the oscillatory flow.

Figure 4.20 illustrates this concept, demonstrating that regions experiencing smaller
flow oscillations produce narrower envelopes where mean values better approximate the
actual flow behaviour.
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Figure 4.20: Illustration of a hypothetical tracer concentration based on the oscillatory
flow described previously, showing how the ensemble creates an envelope that encompasses
the oscillations.

The primary advantage of this approach lies in its parallel execution capability and the
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elimination of inter-compartmental mapping requirements. However, it requires the execu-
tion of multiple complete CM simulations. In scenarios where error tolerances necessitate
small timesteps, the computational cost increases significantly.

4.3.3 Dynamic CM Projection Method

The second approach extends the recent work of Morchain et al. [78], which demonstrated
that time-varying connections between CSTR compartments could capture flow oscillations
using CFD data. However, their method imposed restrictive assumptions: an unchang-
ing and uniform grid-based compartmentalization with CSTR-based compartments. The
proposed method captures transient velocity profiles while eliminating these constraints.

The method is built upon the snapshots identified by the method described in Sec-
tion 4.3.1, each sequential snapshot separated by a time interval ∆t. Because of the
periodic nature of the flow being compartmentalized, the last and first snapshots are also
sequential. This forms a closed loop of CM, as illustrated in Figure 4.21.
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Figure 4.21: Illustration of how a sampled periodic signal is used to created a period
set of CMs. (a) Periodic signal with snapshots labelled and coloured according to their
corresponding CM. (b) The resulting compartments and their projection connections to
form a closed loop.

A CM is constructed for each snapshot following the method described in Section 4.2.
For each CM, DoF-to-element and element-to-DoF mappings are generated according to
Section 4.2.5. These mappings are used to create transition matrices, T i→i+1, which project
the state of CM i onto CM i + 1. The use of a transition matrix allows for removing the
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restrictive requirement that each CM have the same compartmentalization. This allows
the method to be extended to time-varying flows where the topology also changes, as
demonstrated in Figure 4.18. This transition matrix has dimensions nstates,i+1 × nstates,i.
Each row j contains weights for computing the concentration of DoF j in CM i + 1, and
each column k represents the weight corresponding to DoF k from CM i. Each entry is
calculated as:

T i→i+1
jk =

Vk→j

Vj

(4.21)

Where Vj is the volume of DoF j from CM i+1 and Vk→j is the volume of DoF k from
CM i that ends up in DoF j. This formulation preserves mass conservation during pro-
jection by effectively mapping mass onto mesh elements and back onto DoFs. Figure 4.22
illustrates this process for 4 overlapping DoFs.

k = 0 k = 1

(a)

j = 0

j = 1

(b)

k = 0 → j = 0 k = 1 → j = 0

k = 0 → j = 1 k = 1 → j = 1

(c)

Figure 4.22: Illustration of the projection matrix’s role in moving the state between two
different CM. (a) Mesh elements labelled by DoF k from CM i. (b) The same elements
labelled by DoF j from CM i+ 1. (c) The same elements labelled by source DoF in CM i
and destination DoF in CM i+ 1.

However, as noted in Section 4.2.5, situations arise where DoFs become sufficiently
clustered that there are not enough mesh elements for all of them. To maintain mass
conservation, these cases require special handling. Such unmapped DoFs are projected
onto the same elements as their nearest neighbour within the same PFR. In cases where
an entire PFR or CSTR lacks mapping, the mapping of the nearest DoF is utilized. The

82



projection weights are adjusted to account for multiple DoFs corresponding to individual
mesh elements, thereby preserving mass.

Two further adjustments are needed. The first, and most critical, involves ensuring
satisfaction of the algebraic equations governing inlet DoFs for each PFR:

Ctarget
inlet =

∑inlets
k QkCk(Vk, t)∑inlets

k Qk

For all inlet DoFs, the deviation between their actual values and those required by the gov-
erning equation is determined. Two similar correction approaches are then implemented,
depending on the inlet DoF connections. For DoFs connected to other PFRs, adjustments
are made to the inlet DoF, downstream DoFs, and connected DoFs, while conserving mass
to satisfy the algebraic constraint. For DoFs connected to domain boundary conditions,
only downstream DoFs are modified, as the inlet DoF values are fixed by boundary condi-
tions and no upstream DoFs exist.

Finally, concentration values are constrained within minimum and maximum bounds.
This constraint is applied both independently and as part of the previous correction steps.
The objective is to ensure that all non-boundary condition DoFs in CM i + 1 remain
within the minimum and maximum values of CM i. Boundary condition DoFs are exempt
from these constraints as their values are governed by boundary condition equations. This
approach, analogous to slope limiters, helps maintain physical validity of the results.

The simulation process of this methods has the following 4 steps:

1. Initial conditions are applied to the first CM, with i set to 1 and t = tstart.

2. CM i is simulated for duration ∆t using an IVP solver, advancing t by ∆t.

3. States from CM i are projected onto CM i + 1, and i is incremented, with i cycling
from N + 1 back to 1.

4. If t = tend, the simulation terminates; otherwise, go to step 2.
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Chapter 5

Application to Representative 2D
Domain

This section1 validates the proposed method, as described in Section 4.1, on a represen-
tative 2D geometry. This particular geometry was chosen because it features many of
the important flow topologies found in 3D systems, but is more interpretable, easier to
visualize, and faster to simulate.

5.1 CFD Simulation

In order to evaluate the performance of the proposed compartmental modelling method,
it was compared to a 2D CFD simulation. The flow geometry used consists of a channel
with an additional re-circulatory region close of the inlet, as shown in Figure 5.1, whose
presence induces several different flow regions including: unidirectional, recirculatory, and
transitional. This geometry was selected because the resulting flow profile includes the
important 2D flow topologies, unidirectional flow, vortex, and saddle points, seen in typ-
ical engineering applications, e.g. stirred tanks, packed bed reactors, etc. The use of a
simple geometry for this comparative study was also ideal for interpretation, analysis, and
visualization.

1Adapted from [81].
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Figure 5.1: Schematic of the simulation domain with boundary conditions with the inlet,
outlet, and no-slip boundary conditions labelled. The domain has a height of 1, the inlet
length of 2, the outlet length is 10 and the radius of the semi-circle is 2 where all units are
non-dimensional.

Simulations boundary conditions include no-slip walls and a fixed parabolic inlet ve-
locity profile, Vx = 4y(1 − y), which is compatible with no-slip conditions on adjacent
boundaries and zero normal-stress on the outlet. CFD simulations were performed using
the open-source finite element-based multiphysics package OpenCMP [82]. The hydrody-
namics of the system were modelled using INS [85, Chapter 19] with Reynolds number of
Re = 125 and neglecting gravity. Under these conditions, a steady-state velocity profile
exists, and was solved for directly.

That steady-state velocity profile was then used as a constant velocity vector field in
the convection-diffusion equation for tracer simulations. This was done to reduce the com-
putational time of the CFD simulations for performance comparisons to CM simulations.
The unit step change in tracer concentration at the inlet was modelled using a cosine ramp
function rather than a perfect unit step in order to improve stability. That unit step was
approximated using the following inlet boundary condition:

Cinlet(t) =
C0

2

(
1− cos

(
π

t

tramp

))
(5.1)

where C0 is the dimensionless inlet concentration, in this case 1, and tramp is the time
interval over which the concentration goes from 0 to C0, for these simulations, both CFD
and CM, it was set to 1.

The steady-state velocity profile is shown in Figure 5.2 which was found from simula-
tions using a range of mesh of increasing densities, ranging from 863 elements, coarse, to
47,566 elements, fine.
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(a)

(b)

Figure 5.2: Line integral convolution (LIC) visualization of the computed velocity field
coloured by velocity magnitude. (a) The full domain. (b) The recirculatory region.
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Figure 5.3: Effect of mesh refinement levels on CFD simulation results. (a) Inlet tracer
concentration as a function of time. (b) CFD RTD.

Tracer simulations were performed to determine the reference RTD and CD functions,
shown in Figure 5.3(b), using the CFD velocity profiles, as described in Section 4.1. The

86



velocity field results for the range of mesh densities were used to both determine the effect
of mesh density on the accuracy of resulting CM models and, subsequently, to find a
suitable trade-off between accuracy and computational complexity. Figure 5.3(a) shows
the cosine ramp inlet boundary condition used and Figure 5.3(b) shows the computed
RTDs for the range of meshes densities. While not discernible from the plots, the main
difference between RTDs predicted by CFD simulations using the range of meshes is in the
height and narrowness of the RTD peak. Table 5.1 shows the computed mean residence
time, variance, and skewness of the RTDs for the range of mesh densities, which gives more
quantitative understanding of the their similarity, with the variance and skewness being
significantly different only between the coarsest mesh and the others.

Table 5.1: Summary of the mean residence time, variance, and skewness of the RTD from
the CFD simulation across the range of tested mesh densities.

Mesh density tm σ2 s3

863 47.86 863.51 651.19
3,194 48.31 855.04 631.12
12,268 48.17 843.52 631.53
47,566 48.15 843.61 635.08

5.2 Compartmentalization

The flow alignment-based compartmentalization was applied to the CFD-computed ve-
locity field in Figure 5.2(a) which resulted in the compartments shown in Figure 5.4(a).
Regions of the domain adjacent to the no-slip boundaries, yellow, were excluded from the
compartmentalization since the velocity direction becomes degenerate as the velocity mag-
nitude approaches zero, see Section 4.1. Qualitatively, the compartmentalization correctly
identified high aspect ratio compartments in the constant cross-section regions, i.e. before
and after the re-circulatory region. The transitional regions in the neighbourhood of the
recirculatory region were compartmentalized with intermediate aspect ratio compartments
which are aligned well with the expected two primary directions of flow: (i) flow bypassing
the recirculatory region and (ii) flow entering the recirculatory region.

Finally, the compartmentalization of the recirculatory region, shown enlarged in Fig-
ure 5.4(b), was also qualitatively as expected; based on the unidirectional flow assumption,
the compartments appear as circular sectors, with increasing deviation from sector-like
shape as they get closer to the primary chord. Another intuitive observation was that
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the sector-like compartments intersect at a point within the semi-circle which was shifted
downstream. That point, as can be seen from Figure 5.2(b), represents the centre of the
vortex which forms in the semi-circle.
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Figure 5.4: Visualizations of the compartmentalization of (a) the full reference domain,
(b) the recirculatory region, and (c) the directed spatial graph of centroids for each com-
partment, nodes, and connections between them, edges. Yellow represents mesh elements
not compartmentalized, while the remaining colours, red to blue, signify different compart-
ments. Note that the spatial position of the nodes have been modified slightly to decrease
overlap and increase readability.

Figure 5.4(c) shows the directed spatial graph of the compartmentalization with nodes
corresponding to compartment centroids and edges corresponding to connections between
them. The network appears qualitatively correct, based on the CFD-predicted flow profile;
in unidirectional flow regions the nodes are located approximately along the direction
of the flow, likewise in the recirculatory region the node positions and edges are in the
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radial direction. The single large compartment above the recirculatory region shown in
Figure 5.4 has a combination of edge directions, including horizontal and vertical edges
which represent flow coupling the unidirectional and recirculatory regions.

5.3 Compartment Modelling

The compartmentalization computed from above was used to create compartment models
using either the zero-dimensional CSTR-based approach or the one-dimensional PFR-based
approach as described in Section 4.1. The resulting networks for the two approaches are
shown in Figure 5.5. The PFR-based compartmental model, for the same compartmen-
talization, clearly introduces significantly more degrees of freedom. For example, for the
coarsest mesh, the zero-dimensional approach, CSTR-based compartments, produced 30
degrees of freedom, while the one-dimensional approach, PFR-based compartments, pro-
duced 406. The spatial placement of the additional degrees of freedom followed from the
consideration of variations within compartments and is expected to increase accuracy.
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Figure 5.5: Spatial graphs showing the different compartment networks with nodes repre-
senting each CSTR, or PFR, and edges representing the connections between them. (a)
The PFR-based CM. (b) The CSTR-based CM. Note that the spatial position of the nodes
have been modified slightly to decrease overlap and increase readability.

The compartmental models were compared to each other and to the CFD simulation,
over the range of mesh densities, using the RTD results from the inert tracer simulation.
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Figure 5.6 shows RTD results for both compartmental models at different mesh refinement
levels.
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Figure 5.6: RTD functions computed using PFR/CSTR-based CM and directly using CFD
for the range of mesh refinements.

For all tested meshes, the CSTR-based CM yields RTD functions which are significantly
more diffuse than those from the PFR-based CM. This was expected due to the use of the
zero-dimensional CSTR approximation compared to one-dimensional PFRs. Analyzing the
RTD functions, the first three moments of the RTD functions are shown in Table 5.2, 5.3,
and 5.4. There, quantitative measures of the behaviour shown in the graph can be seen.
While the mean residence time may appear to be similar between the two CM approaches,
the variance and skewness measures quantify what is shown in the figures above, the CSTR-
based CM has a wider distribution and different shape distribution than the PFR-based
CM and the CFD.
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Table 5.2: Mean residence time from the CFD, PFR-CM, and CSTR-CM simulations at
the different tested mesh densities.

tm
Mesh density CFD CM-PFR CM-CSTR

863 47.86 42.49 47.57
3,194 48.31 55.23 54.66
12,268 48.17 45.60 46.78
47,566 48.15 58.73 60.46

Table 5.3: Variance of RTD from the CFD, PFR-CM, and CSTR-CM simulations at the
different tested mesh densities.

σ2

Mesh density CFD CM-PFR CM-CSTR
863 863.51 1,509.69 2,165.05
3,194 855.04 1,584.84 2,633.57
12,268 843.52 824.72 1,720.58
47,566 843.61 1,725.21 2,479.00

Table 5.4: Skew of RTD from the CFD, PFR-CM, and CSTR-CM simulations at the
different tested mesh densities.

s3

Mesh Density CFD CM-PFR CM-CSTR
863 651.19 839.17 740.76
3,194 631.12 716.34 766.15
12,268 631.53 622.74 667.86
47,566 635.08 707.83 702.23

Furthermore, because of the zero-dimensional approximation, concentration immedi-
ately propagates from the inlet of the domain to the outlet, thus inaccurately capturing
the time delay of the system. The effects of this can be seen by looking at the RTD curve
between t = 0 and when the CFD peak starts; the higher the RTD curve for the CM model
in that region, the worse it captures to true time delay of the system. It can be seen that
the proposed PFR-based CM method performs significantly better than the CSTR-based
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CM in this regards. This behaviour is also captured by the KL divergence in Figure 5.7,
which show that the KL divergence between the CSTR-CM and the CFD is significantly
larger than between the PFR-CM and the CFD.
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Figure 5.7: KL divergence between RTDs computed using the CSTR/PFR-based CMs and
directly through CFD for the range of mesh refinements.

It is important to note that the results of the 12,268 element mesh appear to differ
significantly from those of the mesh directly finer and coarser than it, this is true for both
the PFR-based and CSTR-based CM results. The CFD simulation, CM creation, and
CM simulation were all run several times but the results did not change by an appreciable
amount. A reason for its significantly different performance could not be confirmed, though
it is hypothesized that it is caused by a combination of two factors. The first is the long-tail
nature of the RTD. The mean residence time appears to be in agreement with the results
shown in Figure 5.6, but the variance and skew do not; specifically, the variance for this
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mesh density does not appear to be half of that of the others. The other hypothesized factor
is a dependence on the specific orientation of the mesh elements at this mesh resolution
due to the element-based method for compartmentalization.

Since computational cost was a key driver for developing the CM, the computational
costs of the different methods were calculated and summarized in Table 5.5. The times for
the CM approaches were separated into an offline portion, the one-time cost of creating the
CM, and the online portion, the cost of solving the model for a set of operating conditions.
The computation times shown in the table are in units of cpu–s, which accounts for the
multithreaded nature of many of the steps. The time required to solve the hydrodynamics
was not included in neither the CFD times nor the offline CM times as it is common to
all approaches. These results show that the PFR-based CM more accurately approximates
the CFD behaviour than the CSTR-based CM while still being up to 3 orders of magnitude
faster that the CFD.

Table 5.5: Computational costs, in cpu-s, of the CFD and CM RTD simulations over the
range of tested mesh densities. The CM times are split into Offline, one-time cost for
creating the CM, and Online, running the simulation, costs. Neither the CFD nor Offline
CM times include the cost of solving for the steady-state velocity profile.

Mesh Density CFD [cpu-s] CM-PFR [cpu-s] CM-CSTR [cpu-s]
Offline Online Offline Online

863 6,000 1.86 3.70 1.17 0.05
3,194 6,120 4.31 10.11 4.24 0.06
12,268 64,800 17.72 22.04 17.57 0.10
47,566 1,512,000 80.10 44.98 79.03 0.08

As the number of mesh elements is increased, both the offline and online computational
costs increase. While the mesh-element-based nature of the method naturally implies
that CM construction costs scale with mesh density, the unexpected increase in online
computational cost warrants attention. This increase is particularly noteworthy given
that the fundamental system topology remains constant across different mesh densities,
suggesting that the resulting CM should remain relatively constant.

Investigation of the results indicates that this behaviour stems from the treatment of
subsurface divisions when flux direction changes across surfaces. As mesh facets typically
do not align perfectly with streamlines, increased mesh density leads to more frequent flux
direction changes. This results in a proliferation of connections and PFRs representing the
same spatial region. Thus, while the fundamental structure of the CM does not change
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with increasing mesh density the minimum spatial resolution does, which in turn increases
the minimum computational cost of the model. This limitation represents a significant
drawback of the current method and highlights a critical area for future development.
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Figure 5.8: Effect of minimum compartment size on the RTD predicted from the resulting
CM. (a) The PFR-based CM proposed in this work. (b) Previous state-of-the-art CSTR-
based CM.
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Finally, while the proposed compartmentalization method is largely automated and
based on the CFD simulation results, it requires several user-specified values, such as the
minimum compartment size. To understand the effect of the compartment size on accuracy,
the compartmental modelling was performed for a range of minimum compartment sizes.
The range starts at a size of 1, the whole domain has a size of ≈ 5.5, and decreases several
orders of magnitude to a minimum of 0.0005. Figure 5.8 shows the RTD results for both
the PFR or CSTR-based CM over the range of compartments sizes specified, and Table 5.6
shows the computed statistics for the RTD.

Table 5.6: Effect of minimum compartment size on the RTD statistics of the PFR-based
and CSTR-based CM. The CFD statistics included are those obtained from the same mesh
used for creating both types of CMs.

Min Size tm σ2 s3

PFR CSTR PFR CSTR PFR CSTR
CFD 48.31 855.05 631.12
0.0005 49.02 51.87 1,473.24 2,139.52 830.11 778.71
0.005 51.35 52.01 1,591.93 2,254.56 831.55 803.94
0.05 55.20 54.66 1,580.84 2,633.57 714.21 766.15
0.5 57.37 57.73 543.10 1,962.72 195.57 803.94
1 57.83 56.81 669.02 2,204.00 166.69 778.71

As mentioned above, the CSTR-based CM, due to its zero-dimensional nature, is sig-
nificantly less accurate at capturing the time delay of the system. Visually this can be
seen from Figure 5.8(b) where the peak of the CM RTD curve occurs, for all minimum
compartment sizes, before any tracer has exited the reactor in the CFD. The proposed CM
is more accurate, as can be seen by observing the same location in Figure 5.8(a). This
added accuracy is directly related to the compatibility of the compartmental model and
the compartmentalization criteria. The CSTR-based CM has a disconnect between these
two steps, as is often found in literature; the compartments are found on the basis of hav-
ing unidirectional flow, but the use of a zero-dimensional compartment model, a CSTR,
neglects the spatial variation and speed at which concentration, information, propagates
through the compartment. The PFR-based CM, on the other, hand does not have this
disconnect. Even more important is that apparent convergence of the PFR-based CM to-
wards the CFD result, behaviour absent in the CSTR-based CM. By using PFRs-in-series
the CM was able to capture the major spatial variations while also better approximating
the rate at which mass moves through the system.
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5.4 Conclusions

A flow alignment-based compartment modelling method was developed which enables high-
order compartmentalization and modelling of generalized flow geometries. This method
was applied to a representative 2D geometry and compared to both a traditional CSTR-
based CM and to a reference CFD simulation.

The method identified compartments of unidirectional flow by analyzing the local flow
alignment and modelled each compartment as a set of PFRs in series. This allowed for
the creation of more accurate compartment models by capturing spatial variations that
occur along the average flow direction. The use of the presented method was shown to
increase the accuracy of the RTD predictions compared to the traditional CSTR-based CM.
Specifically, the presented method was found to more accurately capture the time delay of
the system. This additional accuracy came at the cost of longer online computation time,
as compared to the simpler CSTR-based CM, but still provided a reduction in computation
time of about 3 orders of magnitude when compared to CFD simulation. This reduction in
computational complexity also enables the use of more standard computational hardware,
for example, desktop computing as opposed to high-performance computing required for
most CFD simulations.

The local flow alignment-based method presented in this work provides researchers
focused on a range of chemical engineering applications with a comprehensive method for
creating reduced-order compartmental models of general flow topology. An implementation
of this method has been developed for research community as an open-source software
package OpenCCM [86].
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Chapter 6

Application to a 3D Two-Phase
Stirred Tank Bioreactor

This chapter presents an application of the compartmental modelling method, described
in Section 4.2, to an industrially-relevant 30 m3 stirred tank bioreactor, a 3D two-phase
system. The choice of this bioreactor design and operating conditions was motivated by
availability of previously published data from experimental and simulation-based study of
this process by several research groups [3, 22, 12].

Past compartmental modelling approaches failed to properly capture the flow behaviour
present in such stirred tank reactors, requiring manual intervention, as discussed in Sec-
tion 3.5. The proposed method was evaluated on its ability to capture this behaviour and
was found to do so effectively without manual intervention. The resulting CM is further
validated using experimental data [3, 22] including direct time-varying measurements of
tracer concentration and mixing times. Finally, the CM was found to enable simulation of
complex spatially varying interphase transport.

6.1 Stirred Tank Bioreactor

The 3D multiphase multiphysics process selected to illustrate and validate the compartmen-
tal modelling method is the stirred tank bioreactor. Industries widely deploy stirred tank
reactors for chemical, pharmaceutical, and food production processes. These reactors play
a crucial role in manufacturing vaccines, medications, ethanol, and various value-added
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chemicals. The fermentation processes occurring in these bioreactors generally involve
aerobic growth, which requires a continuous supply of both substrate and oxygen.

Scaling up these systems presents significant challenges, particularly when mixing
and/or oxygen dissolution rates are unable to meet the demand of microbial growth, re-
sulting in significant spatial gradients within the reactor and complex overall growth rates.
These spatial gradients result in the formation of zones of nutrient and oxygen depletion,
scenarios to be avoided [87, 10]. Accurate prediction of these gradients proves critical for
successful scale-up.

Figure 6.1: Cross-sectional view, with dimensions labelled, of the stirred tank used for the
simulations. From [3].

One such scaled-up industrial scale reactor is shown in Figure 6.1. It has a total volume
of 30 m3, with a working volume of 22 m3 and is known to form significant gradients [10].
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This particular reactor was chosen because of the availability of published experimental,
CFD, and CM results for it [3, 22, 12], which will act as validation data for the current
work. Experimental tracer profiles, and mixing time calculations, in the tank were obtained
through a florescent tracer [3]. To limit the number of times the tank had to be drained,
multiple tracer runs were performed between draining, each with increasingly higher tracer
concentrations. Since the measurement error is proportional to the tracer concentration,
this procedure introduced systematic error, which was kept to below 20%.

To obtain the hydrodynamic results needed for compartmental modelling, a multiphase
CFD simulation is performed using the two-fluid model multiphaseEulerFoam solver in
OpenFOAM with the Ishii-Zuber correlation for drag [88], the Tomiyama lift model [89],
and a constant coefficient virtual mass model. The simulation was run for 70 seconds to
allow for the flow field to fully develop, followed by an additional 30 seconds of simulation
time to calculate the time-averaged fields. The physical properties use for the simulations
are listed in Table 6.1. Air was sparged at a rate of 2.22 × 10−2 kg/s, where the sparger
was approximated as a source term rather than a boundary condition in order to reduced
simulation complexity. The sparger also acts as a source term for the other governing
equations, adding −1 × 10−6 kg·m

s2
in the z-direction for the conservation of momentum as

well as 90kg·m2

s3
to the turbulent energy dissipation. The initial condition used for the

simulation assumed a stationary liquid and gas phase with the sparger initially not in
operation.

Table 6.1: Physical properties used for the two-phase OpenFOAM simulation.

Property Air Water Units
Molecular mass 2.89× 101 1.8× 101 g/mol

Dynamic viscosity 1.84× 10−5 3.645× 10−4 Pa·s
Prandtl number 7× 10−1 2.289× 100 −
Surface tension 7× 10−2 N/m

The impeller motion, rotating at 13.9487 rad/s, was modelled using the MRF method,
despite the considerations in Section 2.5, for two reasons:

1. Since the CM is formulated using the time-averaged flow field, any transient topology
features resolved by the SM method would be averaged out. The desire to capture
these transient features, discussed in more detail in Section 6.5, motivated the inves-
tigations of Chapter 7.
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2. A SM-based simulation was attempted but suffered from numerical stability issues.
Additionally, SM simulations would have required an impractically long runtime due
to the small time steps needed and the limitations of the available software and
hardware.

A structured mesh with 1.34-million-elements was used, shown in Figure 6.2. This
mesh does not result in a mesh-independent solution, but rather a compromise between
speed and accuracy further justified by the inherent approximate nature of the resulting
CM. As discussed in Section 4.1, once the important flow geometry has been resolved by
a given mesh, improving local error from 10−3 to 10−6 is not a good use of computational
resources when those CFD results are then used to create a CM which has > 5% error.

(a)

(b)

(c)

Figure 6.2: Overview of a stirred tank reactor mesh that has been prepared for either an
MRF or an SM simulation. (a) Overall view of the tank and its mesh. (b) Close-up view
of the meshing used for the rotating impeller domain. (c) View of the bottom of the tank
and core of the structured mesh. From [12].
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6.2 Compartmentalization

Time-average results of the CFD simulation are shown in Figure 6.3. The 100 s simulation
required approximately 280 hours of computation time to complete, corresponding to a
simulation speed of about 0.36 s/hr using 32 CPU cores. Although this computational
cost is incurred by both the CFD simulation and the CM, the ongoing cost of running
simulations using this flow field differs significantly for the two methods.

(a) (b) (c) (d)

Figure 6.3: Cross-section of the tank showing time-averaged fields: (a) Gas phase volume
fraction. (b) Liquid velocity with LIC. (c) Turbulent energy dissipation rate. (d) Pressure.

Based on these time-averaged results, the method generates the CM shown in Fig-
ure 6.4, where compartments are differentiated by colour. Since only the liquid phase was
compartmentalized, the upper boundary in each cross-section corresponds to the liquid
surface rather than the tank ceiling.

A key advantage of the method is its ability to automatically capture behaviour that
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past methods failed to. Specifically the horizontal planes with close to zero convective flux
across them. These planes were located inline with the impellers and in the inter-impeller
region discussed in Section 3.5. The CM method presented in this thesis correctly identifies
these surfaces, eliminating the need for manual ad hoc intervention, thus providing a more
accurate and robust model. These planes can be observed in Figure 6.4, specifically in the
side by side provided in (c).

(a) (b) (c)

Figure 6.4: Cross-section of the tank demonstrating the the developed compartmentaliza-
tion method correctly captures the horizontal no-flux planes. (a) Velocity profile with LIC.
(b) Compartmentalization of the entire liquid phase of the reactor, colouring by compart-
ment ID. (c) Side by side of velocity and compartments.

Generating the CM from the velocity field required 202 seconds; a negligible cost when
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compared to the 280 hours required to obtain the velocity field. This cost is incurred only
once since subsequent simulations in this chapter use the same CM.

6.3 Mass Transfer Simulation

To validate the resulting CM, a inert tracer simulation is run to produce concentration
profiles and mixing time predictions. Figure 6.5 illustrates a cross-section of the CM
results in time.

Figure 6.5: Inert tracer concentration along the x-z plane as a function of time. Concen-
tration normalized by the steady-state well-mixed concentration.

The first validation data set consists of concentration measurements from three sensor
ports. The sensors were positioned at 3 different heights and thus the probes will be
referred to as top, middle, and bottom probes. While most of the geometric details were
reported in the original paper, the relative angle between the feed port and the sensor
probes was not documented, but is needed for rigorous model validation. To mitigate for
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the absence of this information, several angular orientations were simulated with the CM
and compared to experimental data in order to determine if the resulting set of simulations
could align with the experimental data. Placement of the sensor directly downstream of
the feed port was excluded based on two factors:

1. The experimental configuration was deemed improbable.

2. The size of the concentration spike and the slight time delay before the occurrence
of the spike in concentration at the top probe indicate a degree of spatial separation
between the feed port and the sensors.

CM concentrations predictions at the 3 sensors were obtained for each feed-port-sensor
angle tested. The set of predictions were used to calculate min, mean, and max values at
each point in time. The min, mean, and max values were used instead of selecting a single
best-fitting measurement. Using only the best-fitting trajectory would effectively amount
to overfitting the model, as there was no a priori justification for selecting any particular
feed-port-sensor angle over the others. The min and max value were used to create an
envelope, show as the grey region in Figure 6.6, while the mean is shown as the black line.
The plot also includes experimental data and the CM results reported by Vrabél et al. [3].

The three main insights from the comparisons in Figure 6.6 are as follows:

1. There is strong agreement between the experimental data and the CM simulation
results across all ports. The expected trend is observed including the occurrence of
overshoots at the top and middle ports and no overshoot at the bottom port.

2. There is good agreement between the results of the CM developed in this thesis and
those of Vrabél et al.’s CM.

3. The proposed method predicts slightly higher overshoots for the top and middle
ports, and exhibits a small time delay at the bottom port compared to Vrabél et al.’s
approach. Though, it is not clear that either method provides a consistently superior
estimation of the results overall.

However, it is crucial to emphasize that the CM used Vrabél et al. [3] was manually
created specifically for this scenario based on expert knowledge of the flow field. Such a
method is very time intensive and inherently not general. In contrast, the CM used in this
work is the result of a generalized automatic method being applied to a specific scenario.
The proposed method can be, and has been, successfully applied to different geometries
without requiring expert knowledge of the systems.
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(a) Top port
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(b) Middle port
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CM [Vrábel et al. 1999]
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(c) Bottom port

Figure 6.6: Comparison of normalized tracer concentration of the three sensor ports. (c) bottom. Values
normalized by the steady-state well-mixed concentration. Coloured dots represent experimental data from
Vrabél et al. [3]. Coloured dashed lines are CM results from Vrabél et al. [3]. Black line represent average
concentration from angle-sweep results of the CM simulation from this work, shaded grey regions represent
bounding envelope for the results. Grey dashed line represented steady-state concentration.

105



Finally, the mixing time was calculated from the CM results and compared to previously
reported values. The mixing time was quantified using the CoM described in Section 2.8.1.
The comparison with values available in the literature was done based on the time required
for the CoM to reach a target value of 0.05. Based on this threshold, a mixing time of
181 seconds is predicted, with the full trajectory of the CoM shown in Figure 6.7. This
predicted mixing time agrees well with the experimental measurements reported by Vrabél
et al. [3] and falls within the expected prediction range shown by a blue line [3, 90, 22, 12].
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Figure 6.7: Trajectory of CoM as a function of time. Black line is the trajectory of the
CM from this work. Grey horizontal line is the target CoM of 0.05. Thick blue line is the
range of values from literature [3, 90, 22, 12].

The online portion of the CM simulation required 268 seconds of computation time
to simulate 300 seconds, corresponding to a runtime ratio of 1.12. The equivalent CFD
simulation, assuming the same 0.36 s/hr, would require approximately 830 hours, four
orders of magnitude longer. The computational requirements of the CM are governed by
the number of compartments, degrees of freedom per PFR, and the specific scenario under
investigation. In this case, the tracer dispersion from a localized injection point necessitated
reduced time-steps to maintain numerical accuracy. For comparison, the spatially-varying
interphase mass transport presented in the following section, which uses the same CM and
numerical tolerances, required significantly less time.
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6.4 Interphase Mass Transport Simulation

To evaluate the practical value of the CM, oxygen transport across the gas-liquid interface
was simulated. This simulation demonstrated the model’s capability to capture complex,
spatially varying multiphysics phenomena. The dissolution of oxygen is very important for
bioreactor operation, and is often the limiting step for growth, requiring that cell loading
and feeding schedules be designed around it [87].

The interphase mass transport across the bubble-liquid interface is modelled by:

r = kLa (O
∗
2 −O2) (6.1)

where kL is the mass transfer coefficient, a is the specific surface area of the gas bubbles,
O2 is the local oxygen concentration, and O∗

2 the local saturation concentration. The mass
transfer coefficient kL is modelled using Danckwert’s surface renewal model [91]:

kL = 0.4D
1/2
L

(
εL
νL

)1/4

(6.2)

whereDL is the diffusivity of oxygen dissolved in water, εL is the turbulent eddy dissipation
rate, and νL is the kinematic viscosity of water. Under the conditions used for the CFD
simulation, perfectly spherical mono-dispersed air bubbles, the specific surface area of the
bubbles is:

a =
6αG

D
(6.3)

where αG is the gas phase fraction and D is the bubble diameter.

The saturated oxygen concentration is estimated using Henry’s law:

O∗
2 = PtotyO2kO2 (6.4)

where Ptot is the system pressure, yO2 is the oxygen gas fraction, and kO2 is the Henry’s
law constant.

The values of Ptot, αG, and εL are directly obtained from the CFD simulation with
distinct values for each mesh element. The remaining parameters are specified in Table 6.2.
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Table 6.2: Physical properties used for the oxygen dissolution simulation.

Parameter Value Units
Diffusivity 2.42× 10−9 m2/s

Bubble diameter 3× 10−3 m
Kinetic viscosity 3.645× 10−7 m2/s

Henry’s law constant 1.296× 10−2 mmol/m3/Pa
Oxygen gas phase fraction 2.09× 10−1 −

Figure 6.8 shows the CM predictions of the time evolution of dissolved oxygen concen-
tration throughout the tank.

Figure 6.8: Dissolved oxygen concentration along the x-z plane as a function of time.

The steady-state concentration ranges from 294.5 mmol/m3 to 399.2 mmol/m3, a differ-
ence of 104.7 mmol/m3 or 35.5% from top to bottom. These values fall within the expected
range of O∗

2, ≈451 mmol/m3 at the bottom and ≈274.5 mmol/m3 that at the top.

A concentration gradient was anticipated due to the difference in characteristic time
scales: ≈180 s for mixing compared to ≈30 s for the interphase transport based on the
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average kLa. While the difference in time scales suggests that a gradient could form, a
difference in driving force is also necessary. This difference emerges from the substantial
gradient in pressure; a 70% difference between the liquid surface and bottom of the vessel.
The resulting concentration profile relative to saturation is illustrated in Figure 6.9.

(a) (b) (c)

Figure 6.9: Steady-state CM simulation results. (a) Oxygen saturation concentration.
(b) Dissolved oxygen concentration. (c) Dissolved oxygen concentration as a percentage
of oxygen saturation concentration.

The oxygen concentration matches the local saturation concentration near the middle
of the tank, the level of the second impeller from the top. Above this level, the reactor
operates predominantly above local saturation, reaching up to 13.4% excess, while below
this level, concentrations fall below local saturation by up to 14.1%.

This simulation was performed without modelling any microorganism growth or reac-
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tions. If those were to be added, it is expected to increase the resulting gradient. The
characteristic time of the microorganism’s substrate consumption approaches 100 seconds,
an order of magnitude smaller than interphase oxygen transport and two orders of magni-
tude smaller than convective transport [22].

In this system, substrate replenishment occurs through a localized feed point and sub-
sequent convective transport throughout the reactor. While oxygen transport also involves
convection, it benefits from additional replenishment through interphase mass transport
which occurs throughout the bulk of the reactor and at a rate which is an order of mag-
nitude faster than convection. The microbial consumption of both substrate and oxygen
occurs at rates two orders of magnitude faster than substrate replenishment and one order
of magnitude faster than oxygen replenishment. These significantly different time scales
inevitably generate significant concentration gradients within the reactor, substantially
impacting process performance.
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Figure 6.10: Plot of dissolved oxygen concentration as a function of height from the bottom
of the reactor along the vertical line at x = −0.3 and y = 0. Red lines represent the location
of impellers, blue lines represent the location of the horizontal planes halfway between
impellers. The formation of the characteristic Rushton impeller recirculatory regions are
visible as as regions with small gradients separated by abrupt changes in concentration.
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Figure 6.9 shows significant concentration differences between adjacent recirculatory
zone. These recirculatory regions are characteristic of Rushton turbines and result in hor-
izontal flow occurring at the impeller levels and in the mid-planes between impellers. As
discussed in Section 3.5, accurately representing these flow patterns is critical for correct
prediction of mixing times and concentration distributions. To better visualize this phe-
nomenon, the steady-state concentration along a vertical line at x = −0.3 and y = 0 is
shown in Figure 6.10. This location was selected specifically to intersect with the impeller
positions for clear spatial reference. The boundaries between inter-impeller recirculatory
regions are denoted by blue lines, while red lines indicate impeller locations. The recircu-
latory zones are clearly visible as relatively flat concentration regions separated by sharp
step changes. These regions however do not act as CSTRs, while having small concentra-
tion gradients within them they are not well mixed. And more importantly, how mass is
transported through them, a transient process, and if that is similar to an idealized CSTR,
cannot be deduced from this steady-state concentration snapshot.

Computational simulations are essential for evaluating operating conditions to min-
imize such gradients. By requiring only 58 seconds to simulate 500 seconds of process
time, compartmental modelling methods such as the one proposed here provide a com-
putationally efficient way of performing that minimization. Further, this computational
efficiency provides sufficient headroom for incorporating more complex reaction kinetics
and control systems while maintaining the applicability of these models for real-time ap-
plications. In contrast, the equivalent CFD simulation, operating at a ratio of 0.36 s/hr,
would have required approximately 1,400 hours, five orders of magnitude longer, without
even considering the extra time required for more complex reaction mechanisms. This
substantial speed advantage underscores the usefulness of the compartmental modelling
method presented in this work.

6.5 Flow Oscillations

One final observation of note is that neither the methods presented by Vrabél et al. [3],
Pigou et al. [22], Promma et al. [12], nor the method of this thesis capture the oscillations
present in the measurement data, which are most visible in Figure 6.6(a) and (b). Similar
oscillatory behaviour has been documented in previous experimental studies, as illustrated
in Figure 6.11.
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Figure 6.11: Glucose concentrations at three different sample ports shows the presence of
large-scale oscillations in the measure values. The black squares, “6.48 m”, represent the
sensor at the top of the reactor, close to the glucose feed port. From [92].

The observed oscillations are primarily attributed to flow fluctuations [92]. These can
be decomposed into two contributions: small-scale turbulent fluctuations and large-scale
fluctuations induced by impeller motion. The use of RANS modelling, rather than LES
or DNS, eliminates turbulent fluctuations, while the MRF method removes fluctuations
associated with impeller movement. Moreover, the current time-averaged flow field method
inherently removes any fluctuations present in the CFD simulations. However, for the CM
to capture these oscillations the CFD simulations must itself model the oscillations.

The observed oscillations reveal two significant implications for bioreactor performance:

1. Substantial spatial heterogeneities exist within the reactor, even when localized to
specific regions, which may not be detected by current sensor configurations. These
localized variations significantly influence overall bioreactor productivity; glucose het-
erogeneities can trigger metabolic pathway shifts in microorganisms. Similar critical
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effects are observed around pH control ports, where extreme pH values result in cell
death.

2. While the CM accurately predicts the time-averaged behaviour, it cannot capture
the oscillations observed in the data. The predictions of these oscillations should be
based on time-varying CFD results rather than time-averaged results.

This limitation underscores the fundamental relationship between CFD fidelity and
compartment model accuracy: the CM is an approximation of a CFD model, thus be-
haviour that the CM seeks to capture must in the CFD results themselves. Extending
the proposed CM methods to such time-varying scenarios is described in Chapter 7. How-
ever, to make this approach feasible for large-scale simulations, a different CFD simulation
framework, such as one based on the Lattice Boltzmann method [6], is required in order
to obtain the higher fidelity hydrodynamics results in a reasonable time.

6.6 Conclusions

The developed method demonstrates significant advances in bioreactor simulation capabil-
ities. This approach automatically models hydrodynamic features that previous compart-
mental modelling methods were inherently incapable of capturing.

Validation through mixing time and tracer concentration studies shows excellent agree-
ment between the proposed CM predictions and experimental data. This accuracy is
achieved without requiring any scenario-specific model customization or manual ad hoc
intervention, while executing four orders of magnitude faster than CFD simulations. The
tracer concentration analysis reveals the need for higher-fidelity CFD simulations to de-
velop time-varying CMs, necessitating alternative CFD approaches, such as the Lattice
Boltzmann method [6].

Finally, the CM is used to simulate complex spatially-varying interphase mass trans-
port, enabling predictions of critical gradient formation while maintaining a computational
advantage of five orders of magnitude over CFD simulations. These achievements demon-
strate the potential of this method as a practical tool for applications that require fast
computation, such as design optimization and real-time process monitoring and control.
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Chapter 7

Accounting for Time-Varying Flows

CMs commonly rely on a single representative velocity field, typically either steady-state
or time-averaged simulation data. However, this approach assumes that a single velocity
field adequately characterizes process hydrodynamics for the entire time duration of inter-
est. Analysis of the stirred tank system, presented in the previous chapter, demonstrated
that while CM predictions captured general mixing trends they failed to reproduce the
oscillatory behaviour observed in experimental measurements, see Section 6.5. This chap-
ter examines a representative 2D case study where the time-averaged velocity field cannot
adequately approximate the time-varying velocity field. To deal with this situation, two
different compartmental modelling approaches are proposed to capture time-varying hy-
drodynamics.

Promma et al. [12] demonstrated improved agreement between their stirred tank CM
and experimental results by manually introducing oscillations into the flowrates. However,
their approach maintained a fixed compartmentalization while flow oscillations were arti-
ficially introduced to fit reported experimental data rather than incorporating data from
CFD simulations. More recently, Morchain et al. [78] presented a time-varying compart-
mental model capable of capturing dynamic flow behaviour, though their method relied on
a fixed, regular grid of compartments with only the inter-compartment flowrates varying
over time. In contrast, this chapter proposes and evaluates methods that account for the
time dependent flow topology through dynamic compartmentalization. The following 3
different methods were investigated:

1. Using the time-averaged flow field to produce a single CM, which fails to accurately
predict the time-averaged CFD concentration profile.
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2. Using an ensemble approach, proposed in Section 4.3.2, which captures the time-
averaged concentration profile but fails to capture the full range of concentration
oscillations.

3. Using a novel projection-based dynamic CM approach, outlined in Section 4.3.3,
which resolves the dynamics of the system but provides inaccurate concentration
estimates.

7.1 Chosen Geometry

For this preliminary study, the system chosen to evaluate each of the dynamic compart-
mentalization methods is the classical two-dimensional vortex shedding resulting from flow
past an immersed cylinder in the laminar flow regime. A two-dimensional system was cho-
sen because it is easier to simulate and its results are easier to visualize and interpret. This
particular geometry, the Schäfer-Turek benchmark [93], was chosen because it produces a
periodic steady-state without the need for moving boundaries or turbulent flow.

Figure 7.1 illustrates the computational domain. The boundary conditions and oper-
ating conditions were taken to be the same as those used by Schäfer et al [93]. The walls
have no-slip conditions, while the outlet uses a zero gradient condition. The inlet velocity
profile is defined by a parabolic function Vx = 6y(0.41 − y)/0.412, yielding a maximum
velocity of 1.5 m/s. The immersed cylinder has a diameter of 0.1 m and the fluid has a
kinematic viscosity of 1× 10−3 m2/s, resulting in a Reynolds number of 100.

Inlet Outlet

3.00 m

0.41 m

0.15 m

0.15 m

0.10 m Probe at (0.4, 0.11) Walls

Figure 7.1: Labelled 2D vortex shedding domain with boundary names, domain dimensions,
and probe location labelled.
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7.2 CFD Simulation

The hydrodynamic simulations performed using OpenFOAM consisted of a 10-second ini-
tialization period to achieve periodic steady-state followed by a 10-second time-averaging
period. Two inert tracer simulations were performed using those results. The first used
the time-varying flow beginning at t = 10 s to determine the time-varying tracer profile,
the second used the time-averaged flow field to compute the steady-state tracer profile.
Figure 7.2 presents the results of all 4 simulations.

(a) Time = 10.504 s

(b) Time = 10.896 s

(c) Time = 11.680 s

(d) Time = 12.480 s

(e) Time-Average Flow

Figure 7.2: Snapshots of the time-varying flow and the time-averaged flow CFD simula-
tions. Left: Velocity magnitude with LICs. Right: Tracer concentration.

Significantly, the time-averaging removes the vertical component of the velocity field
producing predominantly horizontal flow, as shown by the LICs in Figure 7.2(e). Perform-
ing a tracer simulation using the time-averaged flow leads to an inaccurate estimate of the
time-averaged tracer concentration, as can be seen in the right side of Figure 7.2(e). The
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lack of a vertical velocity component causes the tracer to be confined to the centerline of
the domain. This system therefore presents an ideal test case, as the negative effect of the
time-averaging flow topology operation on the predicted tracer distribution is evident.

The hydrodynamics required 41 minutes for the first 10 seconds, and an additional 41
minutes to calculate the time-average fields. The time-varying tracer simulation took 27
minutes to simulate 5 seconds. In comparison, calculations using the time-averaged flow
field reached steady-state in under a minute. The reduced scale of this system, compared
to the stirred tank reactor discussed previously, allowed for desktop computing rather than
high-performance resources. This enabled the use of 4 cores, producing CFD simulation
speeds that were representative of typical processing times on standard engineering work-
stations.

7.3 Snapshot Subsampling

Both the ensemble and the dynamic projection approaches require multiple velocity field
snapshots. The snapshot selection method, detailed in Section 4.3.1, employs a frequency
analysis to identify dominant temporal modes. This analysis determines both the required
sampling period and guides the selection of the required number of snapshots. Figure 7.3
shows probe measurements of velocity magnitude and tracer concentration. The velocity
magnitude plot shows both the complete simulation duration (blue) and the subset used
for frequency analysis (red).
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Figure 7.3: CFD time-varying simulation measurements of oscillations in fields. (a) Veloc-
ity magnitude over whole simulation. (b) Tracer concentration over multiple oscillatory
periods. Time in (b) is measured from the injection of the tracer at t = 10 s.
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The subset of the velocity magnitude measurements outlined above are used in a fre-
quency analysis, following Section 4.3.1. The data was mean-shifted to zero to prevent
bias in the DFT calculations. The resulting power spectrum is shown in Figure 7.4.
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Figure 7.4: Power spectrum on the subset of velocity magnitude measurements.

The frequency analysis reveals a primary peak at 1.776 Hz, period of 0.563 s, and a
secondary peak at 3.66 Hz. Given the negligible magnitude of the secondary peak, it was
omitted for selection of the snapshots. Within the 0.563 s period, 70 CFD snapshots were
available. Based on the discussion in Section 4.3.1, this allows for sampling either every
3rd or 23rd snapshot. The ensemble method does not have the restrictions on sampling,
but the same snapshots were used for both methods for simplicity. The analysis proceeded
with sampling every 3rd snapshot. Figure 7.5 displays this sampled signal superimposed
on the original data.
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Figure 7.5: Sampled velocity magnitude with chosen snapshots labelled. Cyclic colourmap
used to emphasize that the first and last compartments along this period are connected.

7.4 Compartmental Model Simulations

Three distinct approaches for creating CM are evaluated. The first uses the time-averaged
hydrodynamic profile, following the method detailed in Section 4.2 and previously applied
in Chapter 6. The second, described in Section 4.3.2, creates individual CMs for each snap-
shot and uses an ensemble approach to predict concentration ranges and mean values. The
third, described in Section 4.3.3, generates compartmental models and transition matrices
for each snapshot and constructs a time-varying compartmentalization which captures the
time-varying nature of the velocity field.

7.4.1 Time-Averaged Compartmental Modelling Approach

While the CM using time-averaged flow was expected to predict the mean concentration
values from the transient CFD simulation, without capturing the oscillatory behaviour, the
results presented in Figure 7.6 demonstrate that even the predicted means is inaccurate.

The CM predictions, shown by the red line in Figure 7.6, fail to accurately represent the
CFD concentration at the probe location. While the model was not expected to capture
the oscillatory behaviour, it fails to approximate the mean concentration value which it was
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expected to capture. This poor performance was previously indicated in Figure 7.2, where
the tracer simulation using time-averaged flow fields demonstrated significant deviation
from the coupled flow and tracer CFD results. The computational requirements included 20
seconds for data pre-processing, 7 seconds for CM generation, and 3 seconds for simulation.
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Figure 7.6: Comparison of CFD and time-averaged flow field-based CM tracer simulation
results at the probe location.

The observed discrepancy likely stems from the loss of critical time-varying topological
features during time-averaging, introducing significant model error. The time-averaging
process eliminates the vertical velocity component without adequately accounting for its
role in mass transport. This situation parallels Reynolds-averaging of the Navier-Stokes
equations, where a ⟨u′u′⟩ term emerges requiring closure. However, this case presents a
distinct challenge: the flow field oscillations occur over extended time-scales and exhibit
large magnitudes relative to the mean flow.

One potential solution for this issue could use the fact that these oscillations are de-
terministic and can be directly calculated through simulation of the periodic steady-state,
enabling accurate determination of both u′ and ⟨u′u′⟩. These quantities can then be used
to inform the calculation of an anisotropic diffusivity for mass transport, similar to the
approach used in estimating a turbulent diffusivity for RANS models. Implementation of
these findings within the current compartmental modelling framework would necessitate
modification of the inter-compartmental mass transfer mechanisms. The existing imple-
mentation assumes convection-dominated flow, which accurately describes the system prior

120



to time-averaging. However, incorporating time-averaging and accounting for oscillations
through anisotropic diffusivity would likely invalidate this assumption, requiring revision
of the inter-compartmental mass transfer approach.

7.4.2 Ensemble-Based Compartmental Modelling Approach

The single CM approach fails to capture both the time-varying oscillations and, notably,
the time-averaged tracer values. To address these limitations, an ensemble method de-
scribed in Section 4.3.2 was implemented. This approach generates individual CMs for
each selected snapshot, with tracer simulations executed in parallel. Results are subse-
quently combined during post-processing. The underlying hypothesis is that each snap-
shot represents a distinct flow trajectory. Hence, utilizing an ensemble of representative
velocity fields rather than a single time-average field should capture the full range of time-
varying flow behaviours. Rather than producing oscillatory predictions, this method aims
to generate a the mean concentration as well as an envelope capturing the minimum and
maximum values within which the actual values oscillate. Figure 7.7 presents the results
of the ensemble CM simulation.
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Figure 7.7: Comparison of CFD and ensemble CM tracer results at the probe location.

The ensemble approach accurately approximates the time-averaged concentration value,
as shown by the close agreement between the solid red line and dashed black line. However,
the red shaded region representing the predicted oscillation range fails to encompass the

121



full peak-to-peak variation observed in the CFD results. While this method captures
more topological information than the single CM approach, it is unable to account for
convective transport between snapshots, providing bands around a mean rather than the
full trajectory of the flow. The computational cost is higher than than the previous time-
average approach because it solves multiple CMs. Data pre-processing required 50 seconds,
CM generation 310 seconds, and the simulations 113 seconds.

It should be noted that while the same snapshots were used for both ensemble and pro-
jection methods, the ensemble approach could be run with fewer snapshots while obtaining
the same results. While computational efficiency could be improved through optimized
snapshot selection, the development of such a selection method remains a topic for future
investigation.

7.4.3 Dynamic-Projection-Based Compartmental Modelling Ap-
proach

The third approach in this study consists of using each snapshot to create a CM and a
transition matrix. Thus, by treating the problem as a sequence of compartmental mod-
els, the intent is to address the limitations observed in both the time-average-based and
ensemble-based CM approaches. Unlike the ensemble approach, this approach explicitly
accounts for mass transfer between different flow states through the transition matrices
projecting between CMs. A full description of this approach is provide in Section 4.3.3.

The snapshots used and the resulting closed loop of CMs are shown in Figure 7.8.
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Figure 7.8: The snapshots used for the projection compartmentalization. (a) Concentra-
tion for full length of coupled tracer simulation. (b) Closed loop of CM with ∆t labelled.
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The preliminary results of the projection-based method are presented in Figure 7.9.
The predictions exhibit several notable characteristics:

1. Correct prediction of the oscillation period.

2. The presences of a time delay.

3. An over-prediction of peak tracer concentrations.

4. The presence of spurious concentration fluctuations in trough regions.
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Figure 7.9: Comparison of CFD and dynamic projection CM tracer simulation results at
the probe location.

Based on an investigation of the resulting compartments, it is hypothesized that the ob-
served phase shift is caused by excessive merging of compartments in the region upstream
of the cylinder. This merging reduced the superficial velocity in those compartment, which
in turn increases the time delay of the system. To address the issue, the compartmentaliza-
tion method would likely need to be expanded to include spatially varying merging criteria
so that the upstream and downstream regions are merged differently. The over-prediction
in peak concentration and the presence of the fluctuations are hypothesized to be caused
by inaccuracies in the projection and/or adjustment steps. While there is a direct mapping
between mesh elements and compartments, the overall approximate nature of the CM and
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the 1D nature of the PFRs are also expected to introduce inaccuracies when projecting
back the solutions onto the original geometric domain.

The method required 45 seconds for transition matrix generation and data preparation,
with a total simulation time of 2,500 seconds. This substantial computational cost stems
from two primary factors. The first is that due to practical implementation constraints ne-
cessitated the use of a fixed-step implicit Euler solver rather than the higher-order adaptive
schemes employed in previous chapters. Because of their convection dominated nature, the
resulting network of PFRs is a stiff system which require substantially smaller timesteps
in order for the first order accurate scheme to converge. Addressing this issue requires
changes to the implementation details of the method, but not the method itself; switch-
ing to a high-order time-stepping scheme would likely decrease the number of timesteps
required over each ∆t, and thus the computation time.

The second is that the projection operations impose a maximum timestep size of ∆t.
To ease this limitation, the CFD output intervals should be chosen so that they result in
more favourable subsampling options, thus increasing ∆t. For example, with the current 70
timesteps per cycle, subsampling is limited to the prime factors of 69; i.e. only every 3rd or
23rd sample can be chosen. Instead, if the CFD sampling strategy is changed to generate 71
timesteps per cycle, subsampling can be done every 2nd, 5th, 7th timestep, the prime factors
of 70, as well as every 10th, 14th, or 35th timestep. Finally, simulations using fewer, non-
uniformly spaced samples were attempted but encountered significant convergence issues
and increased computational times. Switching to high-order time-stepping may address
the convergence issue, possibly allowing for the use of larger and non-uniform ∆t, but that
investigation is left as an area for future research.

7.5 Conclusions

This chapter demonstrated that, for non-steady flow conditions, accurate compartmental
modelling methods require explicit consideration of time-varying flow dynamics. Three
different approaches were tested, with the results summarized in Table 7.1 below.

Traditional time-averaged CM approaches proved inadequate for both mean value pre-
dictions and flow oscillations. While the ensemble approach achieved computational speeds
two orders of magnitude faster than CFD and accurately reproduced time-averaged con-
centrations, it could not describe the temporal oscillations. The dynamic-projection-based
approach captured periodic behaviour but suffered from phase shifts and projection-related
inaccuracies, with computational costs exceeding CFD for the tested scenario. However,
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Table 7.1: Comparison of the three proposed approaches for CM simulations of systems
with time-varying flows.

Approach Run time [s] Positives Negatives
Time-average 3 Fast Incorrect mean

No oscillations
Ensemble 113 Correct mean Inadequate oscillation bands

Dynamic-Projection 2,500 Correct period Incorrect magnitudes
Slow

these computational time comparisons particularly favour CFD due to the simplified do-
main and flow conditions studied. More complex geometries, such as the bioreactors ex-
amined in previous chapters, may yield computational advantages for CM approaches
compared to the expensive CFD simulation.

Future development of these approaches should focus on addressing the time delay in-
accuracies, projection errors, and computational inefficiencies identified in the projection-
based approach. Additionally, research should examine methods for estimating and utiliz-
ing u′ from existing CFD data, which could enable the usage of the more computation-
ally efficient time-averaged CM approach. Resolving these limitations would enhance CM
accuracy for inherently time-varying flows, extending CM practical applicability beyond
steady-state scenarios.
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Chapter 8

Conclusions and Recommendations

8.1 Conclusions

This thesis proposed a flow alignment-informed method for creating CMs for complex fluid
flow systems. The work encompasses several key contributions related to the modelling of
single-phase and multi-phase coupled hydrodynamic-mass transport problems by CMs:

1. Developed a novel flow-alignment based compartmentalization method.
The method, outlined in Chapter 4, exploits the one-way coupling between hy-
drodynamics and reactions common in many engineering systems. By using flow-
topology to identify unidirectional compartments, the method allows for a geometry-
independent approach. The method’s prescriptive nature ensures consistent appli-
cation across geometries and process conditions, providing a systematic approach to
compartmentalization that is independent of the underlying chemical reactions.

2. Developed a compartment model for unidirectional compartments.
Each compartment is modelled as a series of PFRs aligned with the average flow
direction, enabling accurate representation of mass transport dynamics and time de-
lays. This approach maintains consistency with the compartmentalization criteria
by utilizing the same unidirectional flow criteria. This congruence between compart-
ment identification and modelling approach was demonstrated to improve overall CM
accuracy. Further, the method preserves the spatial ordering of flows between com-
partments while capturing local variations in concentration. Finally, the increased
DoFs, compared to traditional CSTR-based methods, allow for more accurate repre-
sentation of spatial concentration gradients along the primary flow direction.
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3. Performance of the proposed method was better than previous CMs.
As demonstrated in Chapter 5, the proposed method achieves superior prediction
accuracy for both concentration profiles and RTDs compared to traditional CSTR-
based CMs. Unlike CSTR-based methods, increasing the number of compartments
showed systematic convergence toward CFD simulation results. While this improved
accuracy incurs additional computational cost compared to CSTR-based models, the
method maintains a significant computational advantage, executing three orders of
magnitude faster than the CFD simulations.

4. Validated the model on a 3D two-phase stirred tank bioreactor.
Application of the method to an industrially-relevant 3D two-phase systems in Chap-
ter 6 validated its capability to model industrially relevant geometries and operating
conditions. The approach systematically captured complex flow topologies that pre-
vious methods failed to capture, achieving performance comparable to or better than
geometry-specific CMs. For these more complex systems, the computational advan-
tage became more pronounced, with the CM executing five orders of magnitude faster
than corresponding CFD simulations.

5. Incorporated spatially-varying interphase mass transport into the CM.
The framework readily accommodated complex reactions without requiring struc-
tural modifications, as demonstrated through the simulation of oxygen dissolution in
a two-phase tank bioreactor in Chapter 6. The model successfully predicted dissolved
oxygen concentration gradients driven by pressure-dependent saturation concentra-
tions. The prediction of these gradients, their transient behaviour, and distinct
recirculatory regions highlights the capabilities and benefits of the method. Operat-
ing at speeds five orders of magnitude faster than CFD and one order of magnitude
faster than real-time, the method enables practical exploration of control strategies,
operating conditions, and design optimization scenarios.

6. Extended the method to time-varying velocity fields.
Investigation of time-varying flows revealed limitations in using time-averaged veloc-
ity profiles for compartmental modelling. An ensemble-based approach was developed
to capture mean values while providing uncertainty bounds. The spatial correspon-
dence of the proposed compartmental modelling method enabled the development
of projection matrices between CMs from different velocity snapshots, successfully
capturing oscillation periods despite requiring further improvements. Computational
performance varied significantly: the time-averaged approach achieved three orders of
magnitude speedup over CFD, the ensemble method two orders, while the dynamic-
projection approach operated 50% slower than CFD. These relative performance
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metrics are expected to improve with increasing CFD complexity, though the com-
putational efficiency of the dynamic-projection method requires further optimization.

7. Released an open-source reference implementation of the method.
To facilitate broader adoption and further development, the method has been imple-
mented as an open-source Python package, OpenCCM [86]. Comprehensive implemen-
tation guidance, including practical considerations and detailed code documentation,
has been provided to support researchers in applying and extending the method.

8.2 Recommendations for Future Work

The research presented in this thesis demonstrated the effectiveness of flow-informed ap-
proaches for creating CFD-based CMs suitable for industrial-scale multi-phase systems.
Several key areas warrant further investigation to enhance the method’s capabilities:

1. Network Topology Analysis and Simplification
Strategic model reduction could be achieved through selective combination of PFRs
based on network topology. A linear arrangement of PFRs with minimal cross-
flows could be consolidated into a single PFR, while a tightly coupled recirculation
zone could be simplified to a single CSTR. This topology-based simplification would
maintain model accuracy while reducing computational cost.

2. Mesh-independent Method Exploration
The current method creates compartments based on mesh elements and facets. How-
ever, as shown in Table 5.5, the online computational costs of the CM increases with
increasing mesh density, despite the underlying system topology remaining constant.
This mesh dependency arises from the algorithm’s constraint of bounding surfaces
to element facets, rather than allowing surfaces to intersect elements. Developing
methods that either eliminate the element-by-element approach or enable bounding
surfaces to cut through elements would substantially improve the model’s computa-
tional efficiency and decrease it’s sensitivity to mesh element shape/orientation.

3. Compartment Model Modifications
The current implementation models compartments as a series of PFRs, which, while
allowing for high spatial resolution within each compartment, imposes significant
computational costs when implementing higher-order finite difference schemes. Be-
cause of the large number of PFRs each should be modelled with fewer DoFs, thereby
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limiting the selection of available finite difference discretization schemes to low order
ones. An alternative approach worth investigating would be modelling compartments
using fewer PFRs but with greater number of DoFs, coupled with higher-order up-
winding schemes, and compare computational efficiency and model accuracy.

4. Complex Reaction System Integration
The developed method provides a foundation for modelling sophisticated reaction
networks, particularly for bioreactor applications. It can accommodate complex bi-
ological systems requiring coupled hydrodynamics and mass transport equations for
numerous metabolites. Integration with dynamic flux balance analysis models, which
can contain hundreds of metabolic reactions, would expand the framework’s capabil-
ities for detailed bioprocess modelling.

5. Algorithm Performance Enhancement
The current single-threaded, path-dependent nature of the compartmentalization
algorithm limits the performance of the CM construction. Development of paral-
lelizable algorithms would significantly reduce CM creation time. Additional op-
timization through implementation of performance critical sections in Cython and
development of more efficient algorithms would further improve performance.

6. Literature-based Extension
The CM literature contains several extensions to compartmental modelling which
remain unimplemented in this work and in OpenCCM. These extensions include the ca-
pability to model variable working volumes in fed-batch operations as well as changes
to operating conditions (e.g. impeller speeds, viscosity, or sparging rates). The inte-
gration of these features would enhance the practical utility of the method, bridging
the gap between theoretical advancements and a usable tool.

7. Conservation of Energy
The CM-based simulations presented in this work were limited to isothermal con-
ditions. However, many target applications, particularly bioreactors, involve non-
isothermal reactions where temperature control is crucial for process performance.
While the compartmental modelling framework can account for most heat transfer
phenomena, it currently lacks the capability to model heat transfer through domain
boundaries, such as those occurring in jacketed stirred tank reactors. Extension of the
model to incorporate wall heat transfer, potentially through conversion of boundary
conditions to source terms, is necessary for accurate simulation of these processes.

8. Control Scheme Implementation
Integration of industrial control algorithms, particularly PID controllers, for pro-
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cess variables like dissolved oxygen, temperature, and pH, would enhance simulation
realism. This capability would also enable control system tuning and strategy op-
timization by leveraging the computational advantage of CM over CFD simulations
and accuracy advantage over simplistic CSTR models.

9. Parameter Selection Criteria Development
Development of systematic guidelines for parameter selection, analogous to mesh
generation criteria in CFD, would standardize model development. These criteria
should address compartment size selection, discretization parameters, and tolerance
settings based on flow characteristics and accuracy requirements.

10. DoF Count Optimization at Runtime
The current implementation assigns an equal number of DoFs to each PFR. Since
the compartments vary in size, the use of a constant number of DOFs leads to a
spatially varying local error. A more sophisticated approach would allow variable DoF
allocation per PFR, coupled with automatic runtime determination of required DoFs
through multiple simulations and adaptive refinement. The computational efficiency
of the CM framework makes this adaptive approach feasible. Implementation of
such a system would simultaneously reduce the number of user-specified parameters,
optimize computational resources, and enhance model accuracy.

11. Numerical Method Improvements
Replacement of current FDM discretization with FVM or DG-FEM would improve
numerical stability and accuracy. These methods would better handle steep concen-
tration gradients, reduce numerical artifacts, and numerical diffusion, while main-
taining computational efficiency.

12. Seed Selection Improvements
Following the exhaustion of user-provided seed elements, the most upstream unas-
signed element from those previously encountered is used. The choice made signif-
icantly influences the resulting compartmentalization, as discussed in Section 4.1.2.
For systems which possess well-defined inlets and outlets, the determination of “most
upstream” element is straightforward. However, this criterion becomes ill-defined in
closed systems, where the element connectivity is fully cyclical. Further research into
seed selection for closed systems is important given the direct impact it has on the
resulting number of compartments, and hence the computational cost.

13. Validation Case Outlier Investigation
Within the 2D validation study, one intermediary mesh resolution yielded notably
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different results compared to other mesh densities. Although a preliminary inves-
tigation was conducted, no conclusive explanation for this phenomenon was identi-
fied. This unexpected behaviour merits systematic examination to understand its
underlying mechanisms. Specifically, given that the compartmentalization method
is mesh-dependent, further investigation into the influence of mesh element location
and orientation should be pursued.

14. Time-Averaged Flow Applicability Criteria Development
While Chapter 7 demonstrated that a CM based on time-averaged velocities was
inadequate for the system under investigation, no quantitative metric existed to pre-
dict this limitation a priori. Development of quantitative metrics and dimensionless
parameters to assess the validity of time-averaged flow approximations is essential.
These criteria would guide users in selecting appropriate modelling approaches based
on flow characteristics, helping to balance computational cost with required accuracy.

15. Time-Averaging Diffusivity Closure Investigation
The CM based on time-averaged velocities presented in Chapter 7 consistently under-
predicted the time-averaged tracer concentrations obtained from CFD simulations.
This underprediction stems from the time-averaging out of the vertical velocity com-
ponent, which significantly affects mass transport. Because of the availability of mul-
tiple snapshots of flow field over the course of the oscillations, the Reynolds stress
term could be calculated directly, rather than requiring a closure. Future work should
explore the application of these terms to develop an anisotropic effective diffusivity,
following methods similar to those employed in RANS turbulence modelling

16. Ensemble Approach Extensions
The current analysis of the ensemble results is limited to a min, max, and mean
value at each point in time. The different simulation trajectories present rich data
for further analysis, starting with perhaps replacing min and max with standard
deviation. Further, the different trajectories can be used to develop quantities for
identifying whether the ensemble method is required or if the simpler time-averaged
flow will provide acceptable results.

17. Projection Approach Improvements
While successful in capturing oscillation frequencies, the projection-based approach
requires improvements to accurately predict concentrations. Investigation of alterna-
tive projection operators and temporal discretization schemes could improve accuracy
while reducing computational overhead.
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Appendix A

Implementation Details of Method in
OpenCCM

This chapter provides an overview1 of the implementation of the method described in
Section 4.1.

A.1 Summary

OpenCCM is a compartmental modelling [16] software package which is based on recently-
developed fully automated flow alignment compartmentalization methods [81]. It is pri-
marily intended for large-scale flow-based processes where there is weak coupling between
composition changes, e.g. through (bio)chemical reactions, and convective mass transport
in the system. Compartmental modelling is an important approach used to developed
reduced-order models [14, 15] using a priori knowledge of process hydrodynamics [16].
Compartmental modelling methods, such as those implemented in OpenCCM, enable sim-
ulations of these processes to be performed with far less computational complexity while
still capturing the key aspects of their performance.

OpenCCM integrates with two multiphysics simulation software packages, OpenCMP [82]
and OpenFOAM [94], allowing for ease of transferring simulation data for compartmental-
ization. Additionally, it provides users with built-in functionality for calculating residence
times, exporting to transfer data to simulation software, and for exporting results for

1Adapted from [86].
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visualization using ParaView [95]. Post-processing methods are included for mapping sim-
ulation results from compartment domains to the original simulation domain, useful for
both visualization purposes and for further simulations in other software (e.g. multi-scale
modelling).

A.2 Statement of Need

Simulation-based design and analysis continues to be widely applied in research and de-
velopment of physicochemical processes. Processes with large differences in characteristic
time- and length-scale result in the infeasibility of direct multiphysics simulations due to
computational limitations. This imposes a significant computation costs which severely
reduces the utility of these simulations for entire classes of processes. Compartmental
modelling is well-suited for such applications because it produces reduced-order models
which are orders-of-magnitude less computationally demanding than direct simulation by
taking advantage of the weak coupling between the short and long time-scale phenomena.

However, there are several barriers to the more widespread use of compartmental mod-
els. The largest of these is the lack of software for automatically generating compartmental
models. There exists closed-source software, specifically AMBER [96], for manually creating
and solving well-mixed compartment networks. However, this software is cost-prohibitive
for much of the research community and lacks automated compartmentalization. There also
exists open-source software, Cantera [97], for solving compartment networks. However, it
does not incorporate flow information, when available, either from direct observation or
multiphysics simulation. Furthermore, neither of these software allow for usage and direct
transfer of flow information from multiphysics simulations, such as computational fluid
dynamics (CFD) simulations, which are typically feasible over short times-scales.

The overall aim of OpenCCM is to fill this need for an open-source compartmental mod-
elling package which is user-friendly, compatible with a variety of simulation package back-
ends (e.g. OpenFOAM and OpenCMP), and which fits into the users existing simulation and
post-processing software toolchain, i.e. ParaView.
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A.3 Features

Feature Description
Model support Accepts OpenCMP and OpenFOAM results
Compartmentalization Single-phase flow-based compartment identification
Compartmental Plug Flow Reactors (PFRs)-in-series-based model
Modelling Previous state-of-the-art CSTR-based models
CM Simulations Linear, non-linear, and reversible arbitrary reactions

1st Order upwinding finite-difference-based
Adaptive time-stepping

Post-Processing Residence time distribution
Output Intermediary mesh format

Labelled compartments in Paraview format
Results in both Paraview and simulation package format

Performance Multi-threading
Caching of intermediary results to speed-up subsequent runs

A.4 User Interface

The OpenCCM Python package can be used via text-based configuration files centered around
the CLI (command line interface) where each simulation run/project is in a self-contained
directory. In addition to the OpenCCM configuration files, the required contents include flow
information from one of two open source simulation packages: OpenCMP and OpenFOAM. For
OpenCMP three files are required:

1. the OpenCMP config file,

2. the mesh on which the simulation was run, and

3. the .sol solution file that contains the velocity profile to use for creating the com-
partmental model.

For OpenFOAM, two directories are required:

1. the constant directory which contains the mesh information in ASCII format,

2. a directory containing the simulation results to be used for creating the compartmen-
tal model saved in ASCII format.
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The path to the solution directory is specified in the OpenCCM config, and the constant
directory is assumed to be in the same parent folder. The OpenCCM software will create sev-
eral output directories: log/ which contains detailed debugging information (if enabled),
cache/ which contains intermediary files, and output ccm/ both simulation results of the
compartmental model (in various user-specified formats) and ParaView files for visualiza-
tion.

A sample config file, CONFIG, which outlines the available parameters is included in
the main directory. An excerpt of it, showing the compartmental modelling parameters,
is shown below. Square brackets indicates values which have a default with the default
provided inside the brackets.

[COMPARTMENT MODELLING]

# Whether to use PFRs-in-series or a CSTR to model each compartment.

model = PFR

# Volumetric flow through a single facet

# below which the flow is considered 0.

flow_threshold_facet = [1e-15]

# Volumetric flow threshold through a surface

# below which the flow is considered 0.

flow_threshold = [1e-15]

# Maximum allowable difference (in % of compartment volume)

# between connections for merging them to one location.

dist_threshold = [5 / 100]

# Absolute tolerances for checking that conservation of mass

# after the flow optimization is performed.

atol_opt = [1e-2]

A.5 Reaction Config File

The chemical reaction parser in OpenCCM reads and parses the reactions configuration files
and can handle general reaction equations of the form,

aA + bB + [...] -> cC + dD + [...]

with associated numeric rate constants. It intentionally does not support the standard
<-> symbol for reversible chemical reactions, so that each independent reaction has its
rate constant explicit defined. Therefore, a reversible reaction must be written as two
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independent forward reactions, each with its own rate constants. Each species name can
contain letter and numbers, but cannot contain brackets “(” or “)” or special characters,
e.g. “+”, “-”, “ˆ”, etc. Kinetic rate constants must be expressed as positive real numbers
in standard or scientific notation. Additionally, each reaction/rate pair must have a unique
identifier (i.e. R1, R2). For example, take the reversible reaction,

2NaCl + CaCO3 ⇔ Na2CO3 + CaCl2

with kf = 5 × 10−2 and kr = 2, dimensionless numbers picked for demonstration
purposes. A configuration file for this reversible reaction may then be:

[REACTIONS]

R1: 2NaCl + CaCO3 -> Na2CO3 + CaCl2

R2: Na2CO3 + CaCl2 -> 2NaCl + CaCO3

[RATE CONSTANTS]

R1: 5e-2

R2: 2

where R1 and R2 are the reaction identifiers for the forward and reverse reactions,
respectively.

An example reaction config file, CONFIG REACTIONS is provided in the main directory.

A.6 Examples of Usage

Several examples are provided in the OpenCCM documentation which demonstrate the usage
of both OpenCMP and OpenFOAM simulation flow information for compartmentalization. One
example, inside examples/OpenCMP/pipe with recird 2d, uses the geometry from Vasile
et al. [81] and shows how to execute the needed CFD simulation for flow information
(both using OpenCMP and OpenFOAM), create/visualize the compartmental model results,
and compare the predicted RTD to the reference result directly from CFD simulation.

For this illustrative example, the steady-state hydrodynamic flow-profile is obtained by
running the OpenCMP simulation through the run OpenCMP.py script in the folder. The
resulting flow profile was opened in ParaView and the line integral convolution of the
velocity field is shown below, colored by velocity magnitude.
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Figure A.1: Visualization of hydrodynamics from CFD simulation with line integral con-
volutions indicating local flow direction and color corresponding to velocity magnitude.

The underlying velocity field data is then processed using OpenCCM to produce a network
of compartments by executing the run compartment.py script. The figure below shows
each element of the original mesh colored according to the compartment it belongs to.

Figure A.2: Visualization of flow-informed compartmentalization with coloring correspond-
ing to compartment number.

That network of compartments is further processed as each compartment is represented
by a series of plug flow reactors (PFRs). The resulting network (graph) of PFRs is shown
in the figure below; nodes are the centers of the PFRs and edges are connections (flows)
between PFRs.
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Figure A.3: Undirected graph of the compartment network resulting from both (i) flow-
information compartmentalization and (ii) the use of spatially-varying compartment ap-
proximations (PFRs).
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A.6.1 RTD Curves

The Residence Time Distribution (RTD) curve for both the CFD and Compartmental
Model (CM) are calculated using the script in the supplementary material of [@Vasile2024].
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Figure A.4: Residence time distribution curves for CFD and CM simulations.

A.6.2 Reactions

Finally, to demonstrate how to use the reaction system we will implement the reversible
reaction system mentioned above:

2NaCl + CaCO3 ⇔ Na2CO3 + CaCl2

with kf = 5 × 10−2 and kr = 2 as the dimensionless forward and backwards rate con-
stants whose values were picked for demonstration purposes. All species start at an initial
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concentration of 0, dimensionless concentration, and have inlet boundary conditions of
[NaCl] = [CaCO3] = 1 and [Na2CO3] = [CaCl2] = 0, again both dimensionless concentra-
tion. The equations and conditions have already been specified, and the simulation can be
run by using the run compartment w rxn.py script. Note that when you re-run this script
it will finish much faster than the first time since the compartmental model is loaded from
disk rather than having to be re-created each time.

To analyze the results, the equilibrium values for this reversible system are calculated
as follows:

kf [NaCl]
2[CaCO3] = kr[Na2CO3][CaCl2]

kf
kr

=
[Na2CO3][CaCl2]

[NaCl]2[CaCO3]

5× 10−2

2
=

(x)(x)

(1− 2x)2(1− x)

x ≈ 0.1147

where x is the change in CaCO3, in dimensionless units.

The expected equilibrium concentrations for the four species are: [NaCl] = 0.7706,
[CaCO3] = 0.8853, [Na2CO3] = 0.1147, and [CaCl2] = 0.1147. Based on the figures below,
and from opening up the results, it can be seen that these steady state values are obtained
at the outlet of the reactor.

To output the ParaView visualizations, change output VTK to True in the CONFIG file
and re-run the simulation.
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