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Abstract

Industrially-relevant chemical engineering processes, such as stirred tank bioreactors in
the pharmaceutical sector, inherently operate across multiple scales and involve complex,
multiphysics, and multiphase interactions. Modelling of these systems is essential for their
design, optimization, control, and operational troubleshooting; these processes are often
too intricate for experimental approaches alone, with trial runs proving prohibitively costly
or key metrics being di cult or impossible to measure. Traditionally, modelling such sys-
tems has relied on simpli ed design equations or idealized models, such as the continuously
stirred tank reactor (CSTR). However, these approaches lack the explanatory power re-
quired to capture real-system outcomes, such as concentration gradient formation. With
advancements in computational capabilities, computational uid dynamics (CFD) simu-
lations have become standard for investigating speci c questions within these systems.
Nonetheless, certain critical applications, such as extended simulations of microorganism
growth or real-time predictive control, remain impractical due to their high computational
demands.

Reduced Order Models (ROMs) o er a middle ground between the simplistic CSTR
models and the computationally intensive CFD simulations. ROMs trade o some of the
generality and accuracy of CFD simulations in exchange for a substantial reduction in
computational cost, often by several orders of magnitude. This work focuses exclusively
on a specic type of ROM: Compartmental Models (CMs). They are underpinned by
the assumption of one-way coupling between the hydrodynamics and mass transport of
reactive species. CMs are constructed through a two-step process. First, the domain is
divided into non-overlapping compartments using a set of criteria; next, each compartment
is represented by one or more simpli ed models. This network of models decouples mass
transport from hydrodynamics and reduces the number of degrees of freedom on which
the conservation of mass of the reactive species needs to be solved. This reduction is
particularly important for bioreactors, where hundreds of coupled nonlinear reactions are
common.

Current compartmental modelling methods exhibit several limitations, such as a dis-
connect between the criteria used for compartment identi cation and their subsequent
modelling, an assumption that each compartment is well-mixed, a reliance on manual
compartmentalization or manual intervention, and a non-prescriptive framework that is
challenging to adapt to new geometries. This work introduces a novel compartmental
modelling method based on ow alignment. The velocity eld is analyzed and split into
compartments within which the ow is unidirectional. Each compartment is then mod-
elled as a series of 1D Plug Flow Reactors (PFRs). Benchmarking this method against the
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state-of-the-art method demonstrates that it yields more accurate results while achieving
computational speeds that are orders of magnitude faster than traditional CFD simula-
tions.

Further, many current CM approaches simplify three-dimensional geometries by ei-
ther modelling two-dimensional cross-sections and relying on rotational symmetry or by
using a uniform grids of compartments. The developed method is extended to fully three-
dimensional two-phase stirred tank systems without using these assumptions. It success-
fully compartmentalizes the distinct recirculatory regions generated by the impellers, elim-
inating the manual ad hocintervention required by past methods. Mixing time and concen-
tration predictions at probe locations are validated against CFD simulations, other CMs,
and experimental data. The proposedeneralmethod performs as well or better than past
CMs which were tailor made for the stirred tank geometry. Further, the model's capability
to handle complex spatially varying reactions is demonstrated by simulating oxygen dis-
solution into the liquid phase, accurately capturing spatial gradients in dissolved oxygen
concentration.

Lastly, a signi cant limitation in previous compartmental modelling work is the reliance
on a single velocity snapshot or a time-averaged steady-state velocity eld. For instance,
in the case of vortex shedding from a cylinder in the laminar ow regime, neither time-
averaged velocity-based CM nor an ensemble of CMs based on discrete velocity snapshots
accurately captures the impact of the inherently non-stationary ow topology. The non-
stationary nature of such ow elds is addressed by employing projection mappings to cycle
through a series of compartmental models, allowing dynamically updating their shape,
number, location, and connections. This approach successfully captures the oscillation
period of the ow and demonstrates promise in representing non-stationary ow behaviours
accurately.

In summary, this work advances the eld of compartmental modelling by unlocking
their the application to complex, industrially-relevant systems by developing a general-
ized, alignment-based method. This method extends the capability of CMs to handle both
time-varying and fully three-dimensional multiphase ows without requiring manual inter-
vention. The approach is validated through benchmarking against CFD simulations, other
CM approaches, and experimental data, demonstrating improvements in computational
e ciency and accuracy.

Vi



Acknowledgements

First and foremost, | would like express my deepest gratitude to my ane and my
family, without whose unwavering encouragement and support none of this would have
been possible.

| extend my sincere thanks to my supervisors, Professor Nasser Mohieddin Abukhdeir
and Professor Hector Budman, for their guidance, mentorship, and trust. | am particularly
grateful for their exibility and understanding throughout this journey, which enabled me
to complete this work despite the challenges of these past years.

A big thank you to Ittisak Proma, Arshia Fazeli, James Lowman, and Matthew Tino
for all of the technical discussions we have had over the years. Thank you to past and
present members of the COMPHYS group for all of our discussions, shared meals, and
camaraderie throughout the years.

I would like to express my appreciation to the Department of Chemical Engineering at
the University of Waterloo for providing exceptional opportunities and support throughout
both my undergraduate and graduate studies. | am particularly indebted to Judy Caron,
whose patience, dedication, and expertise have been invaluable.

| would like to thank my committee members, Professor Bruno Blais, Professor Fue-
Sang Lien, Professor Marc G. Aucoin, and Professor Mario loannidis for their feedback on
this work.

Lastly | would like to thank Sano Pasteur Limited, the Natural Sciences and Engi-
neering Research Council of Canada (NSERC), and the University of Waterloo for their
nancial support and the Digital Research Alliance of Canada for the use of their compu-
tational resources.

vii



Dedication

| dedicate this thesis to my ance and my family; you mean the world to me.

viii



Table of Contents

Examining Committee Ii

Author's Declaration iii

Statement of Contributions v
Abstract

Acknowledgements Vil
Dedication Vil
List of Figures Xiii
List of Tables XXiii
1 Introduction 1

1.1 Research Motivation . . . . . . . . . . . . e
1.2 Objectives . . . . . . . e
1.3 Structure of Thesis . . . . . . . . . . . e

2 Background 7
2.1 Ideal Versus Non-ideal Stirred Tank Behaviour . . . . . . . . .. . ... ..



2.2 Single-Phase Computational Fluid Dynamics . . . . . ... ... ... ... 10
2.3 Multi-phase Computational Fluid Dynamics . . . . .. .. ... ...... 11
2.3.1 |Interface-Capturing Models . . . . ... ... .. ... ....... 12
2.3.2 Two-FludModel . .. ... ... ... .. .. .. ... .. ..., 14
2.3.3 The Euler-Lagrange Model . . . . .. .. ... ... ... ...... 16
2.4 Turbulence Modelling . . . . . . .. .. . .. . . ... .. 18
2.4.1 Single-Phase Simulations . . . . . . .. ... ... ... .. ..... 18
2.4.2 Multi-Phase Simulations . . . . . .. ... ... oL 21
25 Impeller Motion . . . . . . . . .. e e 24
2.6 Reduced Order Modelling . . . ... .. ... ... .. .. . ... ..... 27
2.7 Compartmental Models . . . . . .. ... ... 28
2.8 Numerical Methods . . . . . . . . . . .. .. . ... 31
28.1 Coecientof Mixing . . . . . . . .. . . 31
2.8.2 Finite ElementMethod . . . . . .. .. .. ... ... ....... 32
2.8.3 Finite Volume Method . . . . .. ... ... ... ... ... ... 34
2.8.4 Finite Dierence Method . . . . . . ... .. ... .......... 35
2.8.5 Dierential Algebraic Equations . . . . ... ... ... ... .. .. 36
Literature Review 40
3.1 Compartmentalization . . . .. ... .. .. .. .. ... . 40
3.2 Modelling of Compartments . . . . . .. ... ... ... ... .. ... 46
3.3 Dynamic Compartments . . . . . . . . . .. e 48
3.4 Other Topology-Based Methods . . . . . ... .. ... ... ........ 50
3.5 Handling of Zero-ux Planes . . . . . . .. .. ... ... ... .. ..., 53
Compartmental Modelling Methods 57
4.1 Method for Single-Phase 2D Systems . . . . . .. . .. ... ... ..... 57
4.1.1 Pre-processSing . . . . . v v v vt it e 58



5

6

4.1.2 Compartmentalization . . ... ... ... ... .. .........
4.1.3 Compartment Modelling . . . .. ... ... .. ... ........
4.1.4 Validation . . . ... ... ..

4.1.5 Kullback-Leibler Divergence . . . . . ... .. ... ... . .....

4.2 Extension to 3D Multi-Phase Closed Systems . . . . ... .. .......

4.2.1 Convection-Guided Compartment Merging . . . . . ... ... ...

422 Switchto Facet Fluxes . . . . . . . . . . . . . . .. . ... . ....

4.2.3 Extension to Multi-phase Flows . . . . ... ... ... .......

4.2.4 Handling of Closed Systems . . . ... ... ... ..........

4.2.5 Element-to-DOF and DOF-to-Element Mappings . . . . . . .. ..
4.3 Multi-CM Methods for Transient Flows . . . . . . ... ... ... .....

4.3.1 Flow Snapshot Selection Method . . . .. ... ... ........
4.3.2 Snapshot Ensemble CM Method . . . . .. ... ... ........

4.3.3 Dynamic CM Projection Method . . . . . ... ... ... .....

Application to Representative 2D Domain 84
51 CFD Simulation . . . . . . . . . . e
5.2 Compartmentalization . . . . .. .. .. ... .. ... .. ..
5.3 Compartment Modelling . . . . ... ... ... ... .. .. .. .. ....

5.4 Conclusions . . . . . . . . e

Application to a 3D Two-Phase Stirred Tank Bioreactor 97

6.1 Stirred Tank Bioreactor . . . . .. . ... .. .. . ...
6.2 Compartmentalization . . . .. ... .. .. .. .. ... ...
6.3 Mass Transfer Simulation . . . . .. ... ... ... ... .. ... ...
6.4 Interphase Mass Transport Simulation . . . .. ... ... .........
6.5 Flow Oscillations . . . . . . . . . . . e
6.6 Conclusions . . . . . . . .



7 Accounting for Time-Varying Flows 114

7.1 Chosen Geometry . . . . . . . . e 115
7.2 CFD Simulation . . . . . . . . . . . . . e 116
7.3 Snapshot Subsampling . . . .. ... .. ... .. 117
7.4 Compartmental Model Simulations . . . .. ... .. ... ......... 119
7.4.1 Time-Averaged Compartmental Modelling Approach . . . ... .. 119
7.4.2 Ensemble-Based Compartmental Modelling Approach . . . . .. .. 121
7.4.3 Dynamic-Projection-Based Compartmental Modelling Approach . . 122
7.5 Conclusions . . . . . . e 125
8 Conclusions and Recommendations 127
8.1 Conclusions . . . . . . . . 127
8.2 Recommendations for Future Work . . . . . .. .. ... .. ... 129
References 133
APPENDICES 143
A Implementation Details of Method in OpenCCM 144
Al SUMmMary . . . . e e e e e e e 144
A.2 Statementof Need . . .. . . . . . . . . . ... 145
A3 Features . . . . . . . 146
A4 Userlinterface . . . . . . . . 146
A5 ReactionCongFile . ... ... ... . . .. .. .. .. 147
A.6 Examplesof Usage . . ... .. . .. . . . . . e 148
AB.1 RTDCUIVeES . . . . . . e e e e 150
A.6.2 Reactions . .. .. .. . . . .. 150

Xii



List of Figures

1.1

2.1

2.2

2.3

lllustration of the fundamental approach of mesh-based compartmental mod-
elling. A CFD mesh is systematically divided into ve distinct compart-
ments, with the division occurring at the element level. Each compartment

is then represented as a continuously stirred tank reactor (CSTR), and these
compartments are interconnected to form a network that approximates the
original ow domain. From Ref. [20] . . . .. . ... ... ... ... ... 4

Representative geometries of the two extremes in bioreactor sizes showing
that they feature the same basic elements: narrow aspect ratio, immersed
impeller, and a sparger. Also notable is the inclusion of ba es on the larger
reactor to aid with mixing, a feature not needed on the smaller reactor.

(a) is a 15 mL Ambr microbioreactor from [2]. (b) is a 30 n¥ industrial
bioreactor from [3]. . . . . . ... 8

lllustration showing three di erent ow regimes of interest for multi-phase
simulations. Grey is used for the gas phase while blue is used for the liquid
phase. (a) Liquid phase continuous and gas phase disperse(b) Liquid
phase continuous and gas phase dispersed in one region of the domain and
continuous in another. (c) Both phases continuous, each con ded to dif-
ferent regions of the domain and separated by a large contiguous interface.
.......................................... 11

Overview of VOF methods.(a) The exact interface overlayed by the numer-

ical grid and the values of the indicato rfunction.(b) Simple Line Interface
Calculation (SLIC) reconstruction of the interface.(c) Piecewise Linear In-
terface Calculation (PLIC) reconstruction of the interface.m = r C is

the outward facing unit normal. Showing how the surface is reconstructed
fromthe eld. From [5]. . . . . . . . .. 13

Xiii



2.4 lllustrations representing the most popular interphase momentum transfer
terms for which closures are used to approximatel ;. Created by Arshia
Fazeli, used with permission. . . . . . .. .. ... ... ... .......

2.5 lllustration of an Euler-Lagrange simulation using DEM particles to simulate
the slurry-slurry, slurry-sand, and sand-sand interactions. While computa-
tionally intensive, such approaches are required when ow between patrticles,
as well as their interactions, are crucial to achieving the goal of the simula-
tion. From [31]. . . . .

2.6 Overview of the di erent approaches to single-phase turbulence modelling,
showing the spectrum of approaches available ordered by computational
intensity and accuracy. From [33]. . . . . .. .. o o oL

2.7 Overview of a stirred tank reactor mesh that has been prepared for either
an MRF or an SM simulation. (a) Overall view of the tank and its mesh.
(b) Close-up view of the mesh used for the rotating impeller domair(c)
View of the bottom of the tank and core of the structured mesh. From [12].

2.8 Snapshots of a transient SM-based simulation of an inert tracer injected
into a multi-Rushton impeller tank. The gure focuses on the inter-impeller
region, with a Rushton impeller being located at the top and bottom of
the frame. The macroinstability resolved by the SM method is seen in the
middle of each frame as it oscillates and precesses. With an MRF-based
simulation, that plane would be horizontal and xed. From [40]. .. ...

2.9 Example of a POD-based ROM for the hydrodynamics of a ow-past a cylin-
der scenario.Left: Labelled solution manifold showing the time-evolution
of the coe cient to the 3 POD modes, with certain key locations labelled.
Middle-left:  Three di erent ow snapshots labelled by their position on
the manifold. Middle-right:  The three most important modes used to sim-
ulate the system. Right: The trajectory of the system in the state-space
of the three modes for both the original CFD simulation and the ROM
simulation based on the three most important modes. From [41]. . . . ..

2.10 Creation of the compartmental model from the CFD mesh(a) The initial
CFD mesh from which the compartments are to be madd€b) The result of
the rst step, each mesh element is coloured based on the compartment that
it belongs to. (c) The result of the nal step, each compartment is mod-
elled as a single CSTR and a network is created based on the compartment
CONNECLIVILY. . . . . . o o e e e

Xiv

17

19

25

26

29



2.11 A wastewater treatment pond manually split into 3 compartments, referred
to as zones in the gure, based on expert analysis of the ow eld.. Each
compartment is then modelled as a network of CSTRs, with connections
between CSTRs, both within and across compartments, also based on expert
knowledge of the ow. From [51]. . . . . . . . .. ... .. ... ...... 31

2.12 Comparison of a CG (top) and DG (bottom) approach capturing the same
known solution, each using linear interpolants. The discontinuities in the
DG version allow it to better approximate the nonlinear solution, but they
will require special treatment for evaluating the value at the element bound.
From [60]. . . . . 33

2.13 Diagram of the pendulum system in Cartesian coordinates. x and y are
position, u and v are velocity components in x and y, g is acceleration from
gravity, is the angle between the rod and the vertical, and is the tension
per unit length of the rod. From [62]. . . . . .. ... ... ... ..... 37

3.1 lllustrative example of a structured compartmentalization in a cylindrical
tank. (A) Radial-axial plane. (B) Radian-tangential plane. (C) Each
internal compartment is connected to 6 others. From [54]. . . ... .. .. 41

3.2 lllustration of the manual custom-made compartmentalization of the stirred
tank used by Nauha et al. from di erent angles.Left : vertical cross-section
of the compartments showing the overall structureTop-right:  horizontal
cross-section at the plane of the impellers, showing special irregular com-
partments for each impeller blade Bottom-right:  horizontal cross-section
in all other parts of the tank. The compartments are large toroids that span
the full 360 of the reactor. From [48]. . . .. ... ... ... ... .... 43

3.3 Overview of the automatic compartmentalization of a stirred tank reactor
using the method of Tajsoleiman et al.(a) The geometry of the domain
showing 3 bottom mounted Rushton turbines and 4 ba es.(b) Zones based
on changes in radial velocity.(c) Zones based on changes in axial velocity.

(d) Compartments resulting from intersecting the zones in (b) and (c). From
[24] . o e 45

3.4 Manual compartmentalization of the ow pro le in a burner. Left: Three
main regions are identi ed based on a visual inspection of the ow pro le.
Right: Each region is split into multiple compartments, and each compart-
ment is modelled by one or more CSTRs/PFRs, with volumes and owrates
tting to simulated data. From [50]. . . . ... .. ... ... . ... ... a7

XV



3.5

3.6

3.7

3.8

3.9

lllustration of how changing reactor working volume can be incorporated
into a CM method. CFD results are available at 40, 60, and 90 fand used

to create CM. For volumes in-between, the CM is created by interpolating
between the two nearest CFD-based CM. Current volume is tracked, and
the compartmentalization is changed only once the volume has changed by
a set amount from its starting value. From [77]. . . . . .. .. ... .. ..

Inert tracersa and Tr are used to identify compartments and choose how
many CSTRs-in-series to model each compartment with.Tr is injected
with a unique value from each domain inlet, allowing for regions of in uence
to be identied. Streamlines of constant valueTr are used to delineate
compartments. a is used to quantify the age of the uid, and split each
streamline into pieces of roughly uniform age. From [79]. . . . . ... . ..

Cross-section of the CFD and compartmentalization results for ow in a
pipe with a sudden expansion.(a) Flow topology visualized through ve-
locity streamlines coloured by velocity magnitude(b) Resulting compart-
ments: orange - inlet, green - outlet, purple - splay, red - recirculation, blue
- stagnation zone. From [21]. . . . . . . ..

Streamlines visualizing ow topology of the same geometry under 4 di erent
conditions. Ciritical points used for compartmentalization are labelled as
1{19. From [80]. . . . . . . . . e

Visualization of the ow topology, using a line integral convolution, of the
region between two Rushton impellers from a stirred tank MRF-based CFD
simulation. The dashed horizontal line in the middle of the gure indicates
the horizontal plane that forms at which the velocity, and thus convective
transport, is in the horizontal direction. The yellow and orange regions
represent two di erent CSTR-based compartments which span either side of
this plane. The use of the CSTR model for each compartment causes \short-
cutting”, i.e. causes mass to move arti cially quickly across the plane. From
[L2]. e

3.10 Structured compartmentalization of the recirculatory region around the top

impeller. The distribution of compartments, their connections, and owrates
are obtained from design equations and expert knowledge of the system.
From [3]. . . . e e e

XVi

51

52

53

55



4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

Projection of the higher-order FEM result onto a zero-order interpolant for a
one-dimensional mesh. The original higher-order FEM interpolant is shown

in blue while the nal zero-order interpolant is shown in orange. Left:
Projection on the original mesh.Right: Projection on the re ned mesh. . 58

Rejecting a neighbour based on the angle between the direction vector of the
compartment's seed element and that of the neighbour element. The blue

and orange arrows represent the direction vectors of the seed and neighbour-

ing elements, respectively. . . . . .. ... .. oo oL 60

Rejecting a neighbouring element3, because it is upstream of the com-
partment. The blue arrow is the velocity vector of an element in the
compartment, and the green arrow is the outward facing unit normal to the
purple facet betweeraandb. . . . .. ... ... ... ... .. . L. 60

Example showing if the ow froma to bis adequate. Blue arrows on the left
represent the velocity vector for each mesh element. On the right, the blue
arrows represent the owrate through each facet of the elements, labelled as

QUOQT. o o e e 61

Identifying the bounding facets for compartmentA. The facets of all ele-
ments in A are collected. Internal facets will appear twice, once for each
element in the compartment it shares. Bounding facets are identied as
those appearing only once. . . . . . . . .. . ... 62

Splitting the bounding surface of compartmenté& through E based on the
compartment on the other side.Left: Compartments identi ed. Middle:
Bounding facets for each compartment identi ed in greenRight: Bounding

facets split grouped, shown using colour, based on which two compartments
they are between. . . . . . . . ... 62

Left: Compartment network shown as labelled regions in physical space.
Right: The same compartment network represented as an undirected graph. 63

lllustrative example of the merging of compartments. After compartmer3
is merged intoA, compartment C is left with a single connection, withA.
This is unphysical as mass cannot be balanced arou@d thus compartment
Cisthenalso mergedintdA. . . ... .. .. .. .. . .. ... ...... 63

lllustrative example of splitting the surface between compartmentd and
B based on the sign of the ux. The sub-surface between pointsand M
has net ow from A ! B, the portion from M to N has no net ow and
was removed, and the portion fromN to P has a net ow fromB ! A... 64

Xvii



4.10 lllustrative example of the computation of spatial ordering of compartment
connections.1. Compartment with each sub-surface represented by a di er-
ent colour. Arrows indicate the direction of ow through the surface. g is
the average direction vector of the compartment2. Spatial distribution of
ow through each surfaces.3. Flow-weighted representative position of each
surface. 4. Position vector of each surface connected to average direction
vector of the compartment. 5. Position vectors projected onto the average
direction vector. 6. Dot-product results from 5. normalized from 0.0, most
upstream, to 1.0, most downstream. Upward facing arrows represent inlets
into the compartment, and downward facing arrows represent outlets. .. 65

4.11 lllustration of the resulting PFR-in-series from a compartment with 5 con-
nections, 3 of which are spatially close to each othekeft: Without merg-
ing, this con guration produces 4 PFRs, 2 of which are signi cantly smaller
than the rest. Right: With merging, this con guration produces 2 PFRs,
halving the number of degrees of freedom for this compartment.

4.12 The construction of a PFR sequence used to model a compartment with
4 connections, 2 inlets and 2 outlets, with di erent spatial locations. The
result is a sequence of 3 PFRs.

4.13 Simpli ed example showing the di erent merging result between (a) the
original method and (b) the new method. Green represents the compartment
chosen for merging and red represents the rejected on@) The original
method chooses compartment B despite the insigni cant amount of ow
between A & B. (b) The new method chooses compartment C, despite the
higher angle di erence, because of the much higher ow between them. .. 71

4.14 lllustration of two adjacent mesh element with di erent velocity vectors in
each. If the element's velocity vector is used for calculating the ow through
the red facet, then di erent values are obtained if calculated from element
A versus element B.

4.15 Calculation of volumetric owrate for di erent ow regimes through the red
facet on the right side of each domainu, represents the local velocity of the
orange phase, andi, the local velocity of the blue phase.(a) For a single
phase system the calculation is straight forward(b) For a strati ed two-
phase system the calculation requires an adjustment to the surface area used
in the calculation since the orange phase does n@) For a dispersed two-
phase system the area must again be adjusted to account for the presence
or absence of individual bubbles/droplets. . . . . ... ... ... ..... 73

XViii



4.16 Input Compartment networks of a closed system to the optimization in Step
3in Section 4.1.3.(a) Original closed system.(b) With virtual connections
added it is possible for both compartments to have no net outow. .. .. 75

4.17 Labelling the mesh elements of a compartment made of 3 PFRs with 3 DoFs
per PFR. The mapping, (c), allows for CM simulation results to be projected
onto the mesh, or spatially varying CFD results on the mesh to be projected
ontothe CM. . . . . . . . . e 76

4.18 Snapshots of the ow pro le showing the characteristic periodic steady-state
of the system. Colouring based on velocity magnitude with an LIC lter
overlayed. . . . . .. e e 77

4.19 lllustration of how a period signal is sampled and its frequencies used to
dictate snapshots to use for compartmentalization.(a) Compound sine
wave showing data for multiple periods.(b) Power spectrum of the data.

(c) The sampled pro le based on all identi ed frequencies(d) The sampled
pro le based on only the most important frequency. . . ... ... .. .. 79

4.20 lllustration of a hypothetical tracer concentration based on the oscillatory
ow described previously, showing how the ensemble creates an envelope
that encompasses the oscillations. . . . . . .. ... .. ... ....... 80

4.21 lllustration of how a sampled periodic signal is used to created a period set
of CMs. (a) Periodic signal with snapshots labelled and coloured accord-
ing to their corresponding CM.(b) The resulting compartments and their
projection connections to form a closed loop. . . . . ... .. ... .. .. 81

4.22 lllustration of the projection matrix's role in moving the state between two
di erent CM. (a) Mesh elements labelled by Dok from CM i. (b) The
same elements labelled by Dok from CM i + 1. (c) The same elements
labelled by source DoF in CMi and destination DoF inCMi+1. . ... 82

5.1 Schematic of the simulation domain with boundary conditions with the inlet,
outlet, and no-slip boundary conditions labelled. The domain has a height
of 1, the inlet length of 2, the outlet length is 10 and the radius of the
semi-circle is 2 where all units are non-dimensional. . . .. ... ... .. 85

5.2 Line integral convolution (LIC) visualization of the computed velocity eld
coloured by velocity magnitude.(a) The full domain. (b) The recirculatory
FegioN. . . . . . e e e 86

XiX



5.3

5.4

5.5

5.6

5.7

5.8

6.1

6.2

6.3

E ect of mesh re nement levels on CFD simulation results(a) Inlet tracer
concentration as a function of time.(b) CFDRTD. . ... ... ... .. 86

Visualizations of the compartmentalization ofa) the full reference domain,

(b) the recirculatory region, and(c) the directed spatial graph of centroids

for each compartment, nodes, and connections between them, edges. Yel-
low represents mesh elements not compartmentalized, while the remaining
colours, red to blue, signify di erent compartments. Note that the spatial
position of the nodes have been modied slightly to decrease overlap and
increase readability. . . . .. ... ... 88

Spatial graphs showing the di erent compartment networks with nodes rep-
resenting each CSTR, or PFR, and edges representing the connections be-
tween them. (a) The PFR-based CM.(b) The CSTR-based CM. Note that
the spatial position of the nodes have been modied slightly to decrease

overlap and increase readability. . . . . ... ... ... ... .. ... .. 89
RTD functions computed using PFR/CSTR-based CM and directly using

CFD for the range of meshrenements. . . . . .. ... .. ... ..... 90
KL divergence between RTDs computed using the CSTR/PFR-based CMs

and directly through CFD for the range of mesh re nements. . . .. . .. 92

E ect of minimum compartment size on the RTD predicted from the re-
sulting CM. (a) The PFR-based CM proposed in this work.(b) Previous
state-of-the-art CSTR-based CM. . . . . . . . .. .. ... . ... . .... 94

Cross-sectional view, with dimensions labelled, of the stirred tank used for
the simulations. From [3]. . . . . . . . . ... L 98

Overview of a stirred tank reactor mesh that has been prepared for either

an MRF or an SM simulation. (a) Overall view of the tank and its mesh.

(b) Close-up view of the meshing used for the rotating impeller domaii(c)

View of the bottom of the tank and core of the structured mesh. From [12]. 100

Cross-section of the tank showing time-averaged eld¢a) Gas phase vol-
ume fraction. (b) Liquid velocity with LIC. (c) Turbulent energy dissipation
rate. (d) Pressure. . . . . . . . ... 101

XX



6.4 Cross-section of the tank demonstrating the the developed compartmental-
ization method correctly captures the horizontal no- ux planes(a) Velocity
pro le with LIC. (b) Compartmentalization of the entire liquid phase of the
reactor, colouring by compartment ID.(c) Side by side of velocity and com-
partments. . . . . . .. e e e e e e e 102

6.5 Inert tracer concentration along the x-z plane as a function of time. Con-
centration normalized by the steady-state well-mixed concentration. . . . 103

6.6 Comparison of normalized tracer concentration of the three sensor por(s)
bottom. Values normalized by the steady-state well-mixed concentration.
Coloured dots represent experimental data from Vrakel et al. [3]. Coloured
dashed lines are CM results from Vralel et al. [3]. Black line represent
average concentration from angle-sweep results of the CM simulation from
this work, shaded grey regions represent bounding envelope for the results.
Grey dashed line represented steady-state concentration. . . . ... .. .. 105

6.7 Trajectory of CoM as a function of time. Black line is the trajectory of the
CM from this work. Grey horizontal line is the target CoM of 0.05. Thick
blue line is the range of values from literature [3, 90, 22, 12]. ... .. .. 106

6.8 Dissolved oxygen concentration along the x-z plane as a function of time. 108

6.9 Steady-state CM simulation results.(a) Oxygen saturation concentration.
(b) Dissolved oxygen concentration(c) Dissolved oxygen concentration as
a percentage of oxygen saturation concentration. . . .. .. ... .. ... 109

6.10 Plot of dissolved oxygen concentration as a function of height from the
bottom of the reactor along the vertical line atx = 0:3 andy = 0. Red
lines represent the location of impellers, blue lines represent the location
of the horizontal planes halfway between impellers. The formation of the
characteristic Rushton impeller recirculatory regions are visible as as regions
with small gradients separated by abrupt changes in concentration. . . . . 110

6.11 Glucose concentrations at three di erent sample ports shows the presence
of large-scale oscillations in the measure values. The black squares, \6.48
m", represent the sensor at the top of the reactor, close to the glucose feed
port. From [92]. . . . ... 112

7.1 Labelled 2D vortex shedding domain with boundary names, domain dimen-
sions, and probe location labelled. . . . .. ... ... ... ........ 115

XXi



7.2 Snapshots of the time-varying ow and the time-averaged ow CFD simula-
tions. Left: Velocity magnitude with LICs. Right: Tracer concentration.

7.3 CFD time-varying simulation measurements of oscillations in elds.(a)
Velocity magnitude over whole simulation. (b) Tracer concentration over
multiple oscillatory periods. Time in (b) is measured from the injection of
thetraceratt =10S. . .. . . . . . . . . . e 117

7.4 Power spectrum on the subset of velocity magnitude measurements. . . . 118

7.5 Sampled velocity magnitude with chosen snapshots labelled. Cyclic colourmap
used to emphasize that the rst and last compartments along this period
are connected. . . .. .. e 119

7.6 Comparison of CFD and time-averaged ow eld-based CM tracer simula-
tion results at the probe location. . . . . ... ... ... ......... 120

7.7 Comparison of CFD and ensemble CM tracer results at the probe location. 121

7.8 The snapshots used for the projection compartmentalizatior{a) Concen-
tration for full length of coupled tracer simulation. (b) Closed loop of CM

with tlabelled. . .. ... ... .. . .. 123
7.9 Comparison of CFD and dynamic projection CM tracer simulation results
at the probe location. . . . .. ... ... ... 124

A.1 Visualization of hydrodynamics from CFD simulation with line integral con-
volutions indicating local ow direction and color corresponding to velocity
magnitude. . . . .. e 149

A.2 Visualization of ow-informed compartmentalization with coloring corre-
sponding to compartment number. . . ... ... L Lo 149

A.3 Undirected graph of the compartment network resulting from both (i) ow-
information compartmentalization and (ii) the use of spatially-varying com-
partment approximations (PFRs). . . . . . . .. ... ... ... .. ..., 149

A.4 Residence time distribution curves for CFD and CM simulations. . . . . . 150

XXi



List of Tables

5.1

5.2

5.3

5.4

5.5

5.6

6.1
6.2

7.1

Summary of the mean residence time, variance, and skewness of the RTD

from the CFD simulation across the range of tested mesh densities. . ... 87
Mean residence time from the CFD, PFR-CM, and CSTR-CM simulations

at the di erent tested mesh densities. . . . . . .. . ... . ... ... .. 91
Variance of RTD from the CFD, PFR-CM, and CSTR-CM simulations at

the di erent tested mesh densities. . . . . . . . . . . . ... .. ... ... 91
Skew of RTD from the CFD, PFR-CM, and CSTR-CM simulations at the

di erent tested mesh densities. . . . . . . . .. ... . 91

Computational costs, in cpu-s, of the CFD and CM RTD simulations over

the range of tested mesh densities. The CM times are split into O ine, one-
time cost for creating the CM, and Online, running the simulation, costs.
Neither the CFD nor O ine CM times include the cost of solving for the
steady-state velocity prole. . . .. .. ... .. ... .. .. L. 93

E ect of minimum compartment size on the RTD statistics of the PFR-based
and CSTR-based CM. The CFD statistics included are those obtained from

the same mesh used for creating both typesof CMs. . . . . .. ... ... 95
Physical properties used for the two-phasepenFOAS8Imulation. . . . . . 99
Physical properties used for the oxygen dissolution simulation. . . . . . . . 108

Comparison of the three proposed approaches for CM simulations of systems
with time-varying OWS. . . . . . . . . . . . e 126

XXlii



Chapter 1

Introduction

1.1 Research Motivation

Stirred tank reactors are fundamental to chemical engineering processes, particularly in
systems involving multiple phases and coupled physical phenomena. These reactors serve
as the primary con guration across various industrial applications, with particular signi -
cance in pharmaceutical manufacturing [1]. They are characterized by complex air-liquid
interfaces with interphase mass transport mechanisms, such as oxygen dissolution, while
simultaneously accommodating multiple physical processes including species reactions and
heat transfer. The scale of these systems spans several orders of magnitude, from labora-
tory units of 0.015 L to industrial vessels exceeding 30,000 L [2, 3]. This wide range of
volumes presents unigue challenges, as increasing reactor dimensions typically lead to more
pronounced gradient formation and greater complexity in maintaining optimal operating
conditions.

The substantial variation in reactor scales presents signi cant challenges for labora-
tory experimentation, particularly in developing robust scaling relationships that reliably
predict industrial-scale behaviour. Traditional experimental approaches face several key
limitations. Many critical process parameters cannot be measured directly or continuously,
and those that can be measured are often restricted by practical constraints of sensor tech-
nology and placement. For instance, while dissolved oxygen or pH might be monitored at
speci ¢ points, comprehensive spatial distribution data is not available. The inherent lim-
itations of physical sensor, both in terms of spatial resolution and the potential for process
interference, have driven the increasing adoption of computational methods. Consequently,
computer simulations, particularly computational uid dynamics (CFD) simulations, have
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become an indispensable tool in modern engineering practice, o ering insights into other-
wise inaccessible process dynamics and enabling more comprehensive process optimization
strategies.

Despite signi cant advances in high-performance computing infrastructure and numeri-
cal methods, the simulation of multiphase multiphysics processes remains computationally
intensive, particularly for industrially relevant scenarios. Stirred-tank bioreactors present
unique simulation challenges, primarily due to three fundamental complexities:

1. The size of industrial-scale bioreactors generate extensive systems of nonlinear equa-
tions after spatially discretizing the governing equations. This complexity is com-
pounded by the necessity to couple intricate biological reaction phenomena with
hydrodynamics at each spatial discretization point.

2. The inherently unsteady nature of these processes [4], combined with convection-
dominated ows and moving boundaries, necessitates transient simulations with ne
temporal resolution to maintain numerical stability [5].

3. A signicant temporal scale disparity exists between microorganism metabolism
and multiphase hydrodynamic phenomena. The metabolic reactions occurs over
timescales of days but the hydrodynamics impose timesteps of fractions of a sec-
ond, signi cantly increasing simulation costs.

Historically, these challenges have rendered comprehensive multiphysics CFD simula-
tions of industrial-scale bioreactors largely infeasible. Continual advances in GPU hardware
have decreased the time and monetary cost of these class of simulations [6], though it still
remains too slow and too expensive for many use cases. Applications requiring simulation
capabilities, such as design optimization and model predictive control (MPC), have tradi-
tionally relied on idealized Continuous Stirred Tank Reactor (CSTR) models due to the
intractability of full-scale simulations. However, this simpli cation inherently eliminates
the spatial variations crucial to process understanding.

In pharmaceutical manufacturing applications, these three-phase systems (continuous
liquid phase with dispersed gas and microorganisms) have predominantly been analyzed
under this assumption of perfect mixing. While the assumption holds reasonably well
for bench- and laboratory-scale operations, its validity deteriorates signi cantly with in-
creasing reactor size. Multiple studies have demonstrated the invalidity of this well-mixed
approximation for industrial-scale reactors [/, 8, 9, 10].

Even decoupling the hydrodynamics and metabolism through a xed velocity eld, the
combination of complex reaction kinetics and large number spatial degrees of freedom,
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regularly exceeding 1€ remains computationally prohibitive for most practical applica-
tions [4, 11, 12]. The work of Promma et al. [12] illustrates this challenge. THe coli
metabolism model they use, which, despite considering only four pathways and species
(glucose, acetate, dissolved oxygen, and biomass), requires approximately 0.65 seconds
to compute metabolic uxes for 16 mesh elements. While this computation time might
appear modest in isolation, it often becomes signi cantly larger than that of the hydro-
dynamics. This is especially true of CFD approaches which rely on a large number of
fast-to-compute explicit time-steps, e.g. Lattice-Boltzmann simulations [13].

Given prohibitively high computational costs of full CFD simulations and the inade-
quacy of ideal CSTR approximations [10], there is a clear need for model order reduction
techniques that can maintain acceptable accuracy while substantially reducing computa-
tional complexity. Reduced order models (ROMs) bridge this gap, o ering a compromise
between the oversimpli ed CSTR and computationally intensive CFD simulation. By sac-
ri cing some of the generality and precision of CFD simulations, ROM methods can reduce
computation time by several orders of magnitude. While the eld of model order reduc-
tion encompasses numerous approaches [14, 15], compartmental models (CMs) emerge as a
particularly promising class, leveraging priori knowledge of process hydrodynamics [16].
The knowledge is used to signi cantly reduce the number of spatial degrees of freedom in
order to make feasible the simulation of the complex reactions occurring in the system.
This is achieved by taking advantage of the disparate time-scales of the system, the hy-
drodynamics occur much faster than the mass transport of the di erent species, and the
pseudo-one-way coupling, mass transport of species and reactions can have very little im-
pact on the hydrodynamics, to fully decoupled the hydrodynamics from the reactions and
make use of a steady-state or time-averaged hydrodynamics. They are particularly well
suited for bioreactor applications because of the complexity and large computational cost
per degree of freedom of the metabolic growth equations. Recent comprehensive reviews
have demonstrated the broad applicability of CMs across various chemical engineering unit
operations, including crystallizers, bubble columns, stirred tank reactors, gas turbines, and
wastewater treatment systems [17, 16]. Similar methods have found success in building
energy management applications [18], highlighting the versatility of this approach.

The compartmental modelling approach consists of two fundamental steps: 1) com-
partment identi cation and 2) modelling of the individual compartments. This approach
systematically partitions the spatial domain based on the distribution of user-selected elds,
e.g. velocity or concentration, into regions with similar characteristics. As illustrated in
Figure 1.1, the two-dimensional domain is decomposed into ve distinct compartments.
The governing equations within each compartment are then simpli ed, and the system
is approximated as a network of interconnected compartments. While this reduction in
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spatial resolution introduces some loss of accuracy, it yields a model with substantially
fewer states that can be solved much more e ciently. The computational advantages are
signi cant; for instance, Nadal-Rey [19] reported that their CFD simulation required 30-60
days using 32-48 CPU cores, while an equivalent compartmental model achieved results in

just 2 seconds on a single core.

Figure 1.1: lllustration of the fundamental approach of mesh-based compartmental mod-
elling. A CFD mesh is systematically divided into ve distinct compartments, with the
division occurring at the element level. Each compartment is then represented as a contin-
uously stirred tank reactor (CSTR), and these compartments are interconnected to form
a network that approximates the original ow domain. From Ref. [20]

The computational e ciency of CMs enables applications that were previously imprac-
tical:

1. Real-time state prediction to support model predictive control implementation for
complex spatially-varying reaction systems.

2. Reduced reliance on CFD simulations during process design and troubleshooting.
The e ciency of CMs allows for extensive parameter space exploration within the
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same computational budget as a single CFD simulation, enabling rapid identi cation
of promising conditions for subsequent detailed analysis.

3. Development of computationally lightweight CFD-derived digital twins. The quasi-
one-way coupling would enable equipment manufacturers to develop pre-computed
libraries of CFD-based hydrodynamic solutions across operational ranges. These
libraries would integrate with CM-based digital twins to provide real-time predictions
of spatial mass transport and reaction dynamics.

However, current compartmental modelling approaches in the literature exhibit several
signi cant limitations, including: the use a uniform grid of compartments, the need for
manual intervention, manual construction based on expert knowledge of the domain, not
prescriptive enough and requires users to pick the elds to compartmentalize by, and incon-
sistencies between compartmentalization criteria and compartment modelling approaches.
These limitations are examined in detail in Chapter 3.

The topology-based approach developed by Donnelly [21] o ers a promising founda-
tion for addressing these challenges through its use of fundamental ow characteristics
for compartment identi cation and modelling. This work builds upon Donnelly's idea of
a topology-based approach to develop a more comprehensive method that addresses the
identi ed limitations.

1.2 Objectives

The overall objective of this work is to develop a unidirectional ow compartmental mod-
elling method based on analysis of CFD hydrodynamic results. To that end, the specic
objectives of this work are:

1. Develop a new method for identifying compartments based on local ow topology.

2. Develop a method for modelling compartments using higher-order models in a way
that is congruent with the identi cation of the compartments.

3. Analyze the performance of the resulting CM by comparing it to reference CFD
simulations and to CSTR-based compartmental model.

4. Validate CM predictions on an industrially-relevant 3D two-phase system.



5. Demonstrate the benet of the proposed CM by simulating spatially-varying inter-
phase mass transfer in a two-phase system.

6. Extend the method to handle time-varying velocity elds.

7. Compare computation times of the proposed method in di erent scenarios against
past compartmental modelling methods and against CFD.

8. Implement and release the methods in an open-source package.

1.3 Structure of Thesis

This thesis is comprised of seven other chapters.

Chapter 2 establishes the theoretical foundation necessary for this work. The chapter
presents an overview of stirred tank bioreactors and challenges associated with scaling them
up, it examines single- and multi-phase CFD simulation methods, it introduces reduced-
order modelling, and it provides an overview of compartmental modelling.

Chapter 3 presents a comprehensive review of state-of-the-art compartmental mod-
elling methods. The review focuses on approaches for compartmentalization, strategies for
compartment modelling, methods for modelling dynamic compartments, topology-based
methods for compartmental modelling, and treatment of zero-convective- ux planes.

Chapter 4 develops the compartmental modelling method. It begins with a method
for single-phase systems and then extends it to function for complex three-dimensional
multi-phase systems. The chapter concludes with approaches for analyzing time-varying
ows and presents two methods for developing CMs from them.

The subsequent three chapters validate the methods proposed in Chapter 4. Chapter 5
validates the method using a representative two-dimensional geometry, comparing the ow-
informed approach against existing CSTR-based models and CFD simulations. Chapter 6
extends the validation to an industrially relevant three-dimensional two-phase stirred tank
bioreactor, demonstrating successful handling of zero- ux planes, accurate prediction of
mixing times and concentration pro les, and e ective simulation of spatially varying inter-
phase mass transfer. Chapter 7 addresses the limitations of compartmental modelling for
inherently transient ows and evaluates two methods for modelling such systems.

Lastly, Chapter 8 summarizes the conclusions of this work and makes recommendations
for future research.



Chapter 2

Background

Large-scale stirred tank bioreactors have signi cant operational challenges that impact
process e ciency and product quality. This chapter examines these challenges through
the lens of computational uid dynamics (CFD), with particular emphasis on the multi-
phase systems characteristic of industrial bioreactors. The discussion encompasses both
the fundamental physical phenomena that must be modelled and some of the computa-
tional approaches available for their simulation. Next it provides an overview of reduced
order modelling approaches, speci cally compartmental models, and their need in bal-
ancing computational tractability with physical accuracy. The chapter concludes with a
description of the di erent numerical methods used to generate the results of the thesis,
focusing on the nite di erence discretization scheme used to solve the system of partial
di erential equations derived from the compartmental model, including the treatment of
the resulting di erential algebraic equations.

2.1 Ideal Versus Non-ideal Stirred Tank Behaviour

Stirred tank reactors represent the predominant reactor con guration in various industries,
particularly in pharmaceutical manufacturing. Their widespread adoption stems from both
historical precedent and practical advantages, including straightforward design principles
and lower operational requirements.

While some reactors are operated under anaerobic conditions, many applications require
aerobic environments maintained through bottom-mounted air spargers. These air bubbles,
combined with the presence of a deformable liquid-air free surface between the top of the
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liquid and the headspace, create an inherently multi-phase system. Further complicating
these systems is the wide range of scales over which they are build; their size spans several
orders of magnitude in volume, ranging from bench-scale units of 15 mL to industrial-scale
vessels exceeding 30°m Figure 2.1 illustrates the geometry of bioreactors at either size

extreme.

(a) (b)

Figure 2.1: Representative geometries of the two extremes in bioreactor sizes showing
that they feature the same basic elements: narrow aspect ratio, immersed impeller, and a
sparger. Also notable is the inclusion of ba es on the larger reactor to aid with mixing, a
feature not needed on the smaller reactora) is a 15 mL Ambr microbioreactor from [2].

(b) is a 30 n? industrial bioreactor from [3].

The signi cant range in operating volumes presents fundamental challenges for labo-
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ratory experimentation, particularly in developing representative scaled models that can
reliably predict or diagnose performance issues in industrial-scale reactors. For example,
temperature is typically regulated using a heating/cooling jacket mounted on the vessel
surface. As reactor size increases, the surface area for heat transfer grows slower than
the heat-generating volume. This scaling relationship increases system response time and
often necessitates modi cations to operating procedures to ensure that control can be
maintained.

Mass transfer presents similar scale-dependent challenges. As reactor dimensions in-
crease, the formation of gradients become more pronounced due to the interaction between
convective transport and reaction kinetics. In aerobic reactors, oxygen transfer occurs
through two mechanisms: sparged air bubbles and the free surface interface. While mass
transfer through the free surface can account for up to 30% of total oxygen transfer in mi-
croreactors and benchtop systems [2], this contribution becomes negligible at larger scales
due to the decreasing ratio of free surface area to total volume. Consequently, dissolved
oxygen concentrations become dependent on the sparger system. This shift creates oxygen
concentration gradients, as oxygen addition occurs at a single point, due to practical design
constraints, while consumption occurs throughout the reactor volume.

Similar gradients develop in the concentrations of dissolved species such as glucose.
Maintaining homogeneity at larger scales requires proportionally higher convective trans-
port rates for a given reaction rate. However, increased convection demands greater energy
input and generates elevated shear rates near impeller regions, potentially causing cell dam-
age and death. Thus it cannot be increased enough to prevent gradients. Additionally,
substrate consumption rates can vary by three orders of magnitude during a single cultiva-
tion [22, 23]. The common practice of positioning feed ports above the liquid level, while
bene cial for contamination control and cleaning procedures, further contributes to mixing
challenges.

Global gradients are not the only concern; local concentration extremes present addi-
tional challenges. The introduction of pH adjustment solution can create zones of lethal
pH levels, while concentrated nutrient feeds may induce metabolic over ow, resulting in
unwanted byproduct formation. Moreover, as organisms circulate through these zones
of varying concentrations, they may experience selective pressures leading to unintended
mutations, particularly during extended cultivation periods [24, 10].

The prediction and mitigation of these and other undesired behaviour requires more
than experimental investigation alone, as both economic factors and practical limitations
constrain their feasible scope. Computational approaches provide essential predictive ca-
pabilities and enable the evaluation of alternative operational strategies without the need



for physical process modi cations.

Despite widespread recognition of gradient formation, many historical modelling ap-
proaches, particularly in process control applications, have relied on idealized assumptions
of perfect mixing. While more sophisticated models exist, their implementation presents
signi cant practical challenges. CFD simulations e ectively characterize hydrodynamic
behaviour and could, theoretically, be coupled with cellular metabolism models to provide
comprehensive operational predictions. However, integrating even basic metabolic models
with CFD simulations becomes computationally intractable due to the inherent complexity
of cellular metabolism and the coupled nature of hydrodynamic and mass transfer phenom-
ena. This computational limitation necessitates alternative approaches for coupling CFD
hydrodynamic solutions with metabolic growth models, such as compartmental modelling,
which will be examined in subsequent sections.

The alternative approaches explored and developed in this work will all be based on
CFD results. To perform these CFD simulations, appropriate mathematical models are
required. Since only the hydrodynamics of the system are solved, the discussion about
mathematical models will be limited to those required for simulating the conservation of
mass and momentum for the liquid and gas phases. The discussion will start with single-
phase systems and build up to multi-phase ones.

2.2 Single-Phase Computational Fluid Dynamics

To simulate the movement of liquid in the single-phase simulations performed in Chapter 5

and Chapter 7 the Navier-Stokes equations will be used. These equations simulate the
movement of the liquid by modelling the conservation of mass and momentum of the

phase. The conservation of mass and momentum for an incompressible Newtonian uid,
in the absence of reaction, is expressed as:

rru=0 (2.1)

%t+r (uu)= r P+ u+g (2.2)

whereu is the velocity, P the modi ed pressure, the kinematic viscosity, andg the force
of gravity.

This formulation is applicable to incompressible Newtonian single-phase systems under
all ow conditions. However, the computational requirements increase signi cantly with
turbulent ows, making direct simulation impractical. Various approaches to manage these
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computational demands through turbulence modelling are examined in Section 2.4. Before
examining turbulence models, it is appropriate to consider the extension of these governing
equations to multi-phase systems, allowing for a uni ed discussion of turbulence modelling
across both single- and multi-phase scenarios.

2.3 Multi-phase Computational Fluid Dynamics

The end-goal of this work requires CFD simulations of multi-phase systems. Such systems
can be categorized into three main groups, as illustrated in Figure 2.2, each requiring a
specialized CFD model. This section will focus on an overview of models for dispersed and
separated ows.

O O O
3d &
8 ()8 L~~~ ——
3 8o
P 00 ngéﬁ Cg
(a) Dispersed (b) Transitional (c) Separated

Figure 2.2: lllustration showing three dierent ow regimes of interest for multi-phase
simulations. Grey is used for the gas phase while blue is used for the liquid phage)
Liquid phase continuous and gas phase dispersefb) Liquid phase continuous and gas
phase dispersed in one region of the domain and continuous in anothér) Both phases
continuous, each con ded to dierent regions of the domain and separated by a large
contiguous interface.

Dispersed ows are characterized by a continuous phase containing distributed domains
of secondary phases, such as small gas bubbles dispersed in a liquid. These systems can,
in principle, be modelled using: an interface-capturing model, which tracks the movement
of each phase and the interface between them; a Two-Fluid Model (TFM), which treats
phases as interpenetrating continua; or an Euler-Lagrange model, which tracks discrete
particles or bubbles within the continuous phase. In practice, tracking the interface of
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each individual bubble becomes prohibitively expensive and only the TFM and the Euler-
Lagrange model are used.

Separated ows, featuring large-scale phase boundaries, require interface-capturing
techniques to accurately model the evolution of the interfaces. A typical example is the
gas-liquid interface at the surface of a stirred tank vessel. The more complex transitional
ows exhibit both dispersed elements as well as large-scale phase separation, as seen in
aerated stirred tank vessels where bubbles rise and burst through the free surface, and
required a hybridized approach.

2.3.1 Interface-Capturing Models

Interface-capturing methods explicitly resolve phase boundaries within the computational
domain. While theoretically capable of tracking all interfaces, including those of individual
bubbles or droplets, the computational requirements would be prohibitive for practical ap-
plications. As a result, these methods are typically used for modelling large-scale interfaces,
such as gas-liquid free surfaces or large discrete phases, while smaller-scale phenomena are
handled through hybridization with complementary methods.

Several interface-capturing frameworks exist, including Volume of Fluid [5], phase- eld
[5], and level-set methods [25]. While these methods were not directly implemented in the
current research, they warrant discussion as they impose signi cant computational costs on
simulating two-phase stirred tank bioreactor systems. Each method o ers distinct advan-
tages and limitations in capturing complex interface dynamics, particularly relevant to the
free-surface behaviour and gas-liquid interactions characteristic of stirred tank bioreactors.

The rst, is the Volume of Fluid (VoF) method. It uses a scalar indicator function,
to designate phase presence within each mesh element:

= phase 1 (2.3)
= phase 2 (2.4)
0< < 1 interface (2.5)

This approach tracks phase distribution throughout the domain, with interface recon-
struction occurring in elements where takes intermediate values, as illustrated in Fig-
ure 2.3. While interface tracking is implicit, the reconstructed interface is sharp. Phase
evolution, and consequently interface movement, is governed by the advection equation:

@

@t+ r (u)=0 (2.6)
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Figure 2.3: Overview of VOF methods.(a) The exact interface overlayed by the numer-
ical grid and the values of the indicato rfunction. (b) Simple Line Interface Calculation
(SLIC) reconstruction of the interface.(c) Piecewise Linear Interface Calculation (PLIC)
reconstruction of the interface.m = r C is the outward facing unit normal. Showing
how the surface is reconstructed from the eld. From [5].

The primary advantages of this method lie in its conservation properties and ability to
maintain sharp interfaces.

The phase- eld method shares similarities with the VoF method, utilizing a scalar eld
indicator, , to designate phase regions:

= 1 phase 1 (2.7)

=1 phase 2 (2.8)

1< < 1 interface region (2.9)
(2.10)

The interface is represented as a di use region of nite thickness, characterized by= 0.
Interface dynamics are governed by the Cahn-Hilliard equation:
@ + U r =M %
@t @
where M represents the mobility coe cient and F denotes the free energy functional. A
key advantage of this approach is its explicit treatment of surface tension.

(2.11)

Finally, the level set method employs a signed distance function, to characterize the
interface location and distinguish between phases. This function represents the shortest
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distance from any point to the interface, with its sign indicating the phase:

<0 phase 1 (2.12)
> 0 phase 2 (2.13)
=0 interface (2.14)

A primary advantage of this approach is its precise interface de nition, represented by
the zero-level set ( = 0). This mathematical formulation enables accurate calculation of
interface geometric properties, such as normal vectors and curvature, making it particularly
suitable for problems where interface topology undergoes signi cant changes. However, a
fundamental limitation of the method is its non-conservative nature, which can lead to mass
conservation errors during extended simulations. This characteristic often necessitates
additional computational procedures to maintain mass conservation.

2.3.2 Two-Fluid Model

To address the high computational cost associated with explicitly tracking each bub-
ble/particle using an interface-capturing method, the TFM was derived from interface-
capturing models using volume and time averaging. Instead of modelling the two phases
separated by a distinct boundary, it models them as interpenetrating continua. Multiple
di erent derivations of the TFM exist, including the most popular one by Ishii [26] and

a promising alternative by Brennen [27]. Although Brennen's formulation demonstrates
stronger physical justi cation and preliminary studies indicate superior performance [28],
the results presented in Chapter 6 are produced usir@penFOAWhich uses Ishii's deriva-
tion. The governing equations of the two- uid model, comprised of conservation of mass,
conservation of momentum, and the phase fraction constraint, are presented in Equa-
tion (2.15).

@@ipti*'r (iiui)=1i
@i@ifi"'r (iuiu)= r (ip)+r (i D+r (i) (2.15)
X + gt M
i=1

where ; is the volumetric phase fraction of thei'™ phase,u; the phasic velocity, ; the
phasic density,|; the total interphase mass transport term,p; is the phasic pressure, ;
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is the stress tensor, | is the Reynolds stress tensog is the acceleration due to gravity,
and M ; is the total interphase mass transfer term. The various time/volume averaging
indicators have been omitted for readability. The turbulence ternr  ( ; ) is omitted
from the simulation when operated in the laminar regime.

Because the model does not explicitly capture individual droplets/bubbles of the dis-
persed phaseM ; is of paramount importance; it is responsible for the entirety of the
interactions, such as drag, which are otherwise captured explicitly by more computation-
ally expensive models. Figure 2.4 illustrates several of the most common terms. It has
been shown that the choice of terms to include, and even the closure used for a given term,
has a signi cant impact on the stability and well-posedness of the resulting model [28].

Figure 2.4: lllustrations representing the most popular interphase momentum transfer
terms for which closures are used to approximat®l ;. Created by Arshia Fazeli, used
with permission.

The advantages of the TFM include substantially reduced computational requirements
compared to Euler-Lagrange models. Further, while not achieving the accuracy or stability
of interface-capturing models, Euler-Euler models can be used to approximate free-surface
behaviour, a capability notably absent in Euler-Lagrange models.

However, it also has several signi cant drawbacks. The rst is that it relies heavily on
empirical closures, which can limit its generalizability. The method also does not explicitly
track individual particles, making it di cult to capture particle history e ects, coalescence
phenomena, breakup, and particle-particle interactions in general. Additionally, funda-
mental physical constraints, such as maximum packing fractions and the requirement to
maintain phase fractions between 0 and 1, are not inherently satis ed by the model formu-
lation. Ensuring these constraints are satis ed adds additional computational costs and
require specialized solvers [29].
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2.3.3 The Euler-Lagrange Model

The Euler-Lagrange approach represent an alternative framework to modelling dispersed
two-phase ows. In these models, the continuous phase is governed by the Navier-Stokes
equations, while the dispersed phase is described through Newton's Second Law of Motion
and, where applicable, mass conservation equations accounting for inter-phase transport
phenomena. Multiple variants exist, each tailored to speci ¢ operational conditions and
scenarios.

The selection of an appropriate model variant is largely determined by the Stokes
number, the ratio of particle relaxation time to the convective timescale. At very low Stokes
numbers, particles e ectively act as ow tracers, following uid streamlines. Conversely,
at high Stokes numbers>> 1, particle trajectories become increasingly independent of
uid motion due to the increasing dominance of their inertia.

For scenarios involving very low Stokes numbers, the simplest modelling approach treats
particles as perfect ow followers; this signi cantly reduces the computational cost by
eliminating the need to solve Newton's Second Law. While this simpli cation has limited
general applicability, it can be particularly suitable for modelling microorganisms, which
often exhibit neutral buoyancy and high surface area-to-volume ratios, resulting in Stokes
numbers much less than one [30].

For particles with higher Stokes numbers, Newton's Second Law must be explicitly
solved. That said, if the dispersed phase occupies a su ciently small volume fraction,
particle-particle interactions can be reasonably neglected. However, in both of the previous
approaches, the interphase momentum transfer terms, the forces acting on each patrticle,
are accounted for using closures, similar to Euler-Euler models.

As patrticle-particle interactions increase in importance, more costly simulations are
required where particle are modelled using the Discrete Element Method. Figure 2.5 shows
an example of a complex Euler-Lagrange simulation of a slurry ow through sand. Both
the slurry and sand particles are explicitly modelled, the ow between them explicitly
captured, and particle-particle and particle-wall collisions modelled.

DEM simulations can be categorized into two distinct approaches based on their resolu-
tion requirements and accuracy objectives. The rst approach, \unresolved simulations”,
uses closure models for inter-phase momentum transfer, similar to those used in Euler-
Euler frameworks. These simulations can be implemented with either one-way or two-way
coupling between phases. While this method does not resolve detailed ow features, such as
particle boundary layers, it permits the use of meshes elements signi cantly larger than the
particles, substantially reducing computational costs. This approach can feasibly handle
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Figure 2.5: lllustration of an Euler-Lagrange simulation using DEM particles to simulate
the slurry-slurry, slurry-sand, and sand-sand interactions. While computationally inten-
sive, such approaches are required when ow between particles, as well as their interactions,
are crucial to achieving the goal of the simulation. From [31].

tens of millions of particles using high end desktop hardware, i.e. multiple GPUs, making
it particularly suitable for systems where particle dimensions are much smaller than the
domain characteristic length [32].

The second, high-resolution \resolved simulations”, approach resolves the boundary
layer around particles and explicitly calculates inter-phase momentum transfer through
surface integration over individual particles. While this method provides higher accuracy,
it comes at a substantial computational cost. The need for mesh elements signi cantly
smaller than particle dimensions reduces both the feasible domain size and particle count
by several orders of magnitude compared to \unresolved simulations".

Advantages of Euler-Lagrange approach include straightforward tracking of individual
particle histories and heterogeneities; biological processes such as growth, cell division,
and dissolution can be explicitly modelled at the particle level. When necessary, particle-
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particle interactions can be directly incorporated into the simulation framework. However,
signi cant drawbacks exist. The computational cost is substantially higher than Euler-
Euler models, particularly when modelling large particle populations. Time-step size is
severely constrained by the need to properly resolve particle-particle and particle-wall
interactions to prevent particles passing through each other or through walls. Finally, the
method cannot independently represent free surface behaviour, necessitating hybridization
with interface-capturing models.

2.4 Turbulence Modelling

Stirred tank systems typically operate in the turbulent regime, adding complexity to both
single- and multi-phase simulations. While the previously discussed models are theoret-
ically applicable to turbulent ows, their direct application is computationally intensive.
Direct Numerical Simulation (DNS) of single-phase systems is restricted primarily to aca-
demic applications because of this. The challenge stems from the need to resolve turbulent
eddies across multiple spatial scales, requiring extremely ne mesh resolution and small
time steps.

Practical approaches to reduce computational demands are based on the insight that
smaller eddies carry proportionally less energy while requiring a disproportionately more
computational resources. These methods replace explicit eddy modelling with closure
terms that approximate their collective e ects on the ow eld. This discussion will rst
address single-phase systems, as they form the foundation for more complex multi-phase
turbulence models.

2.4.1 Single-Phase Simulations

As shown in Figure 2.6, there are two classes of turbulence models: Large-Eddy Simulation
(LES) and Reynolds Averaged Navier-Stokes (RANS)-based models. LES is developed by
Itering out eddies below a certain size; the small eddies carry very little energy but
dominate the computational cost of the simulation. While more accurate than RANS, it
will not be discussed further since it is too computationally expensive to run given the
software and hardware available for this research.

RANS-based models are developed from the NS equations by decomposing the ow
into a time-averaged meanhui and a uctuating component, hJiO[ ]:

u=hui+u® (2.16)
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Figure 2.6: Overview of the dierent approaches to single-phase turbulence modelling,
showing the spectrum of approaches available ordered by computational intensity and
accuracy. From [33].

The resulting equation is then time-averaged and most, but not all, of the uctuating
components are average out to zero. The resulting time-averaged conservation equations,
for an incompressible Newtonian liquid, are:

r hui=0 (2.17)
@&H (huihui)= r WPi+ tii+g r (2.18)
where = huQUY is the Reynolds-stress term, the negative of the Reynolds-stress tensor

divided by density which accounts for the e ects of turbulence on the mean stress. Sinc®
is not modelled explicitly, requires a closure, the choice of which has profound impacts
on the performance and accuracy of the simulation.

There are two types of models that are generally used: Boussinesq approximation-based
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models (two parameters) and so-called Reynolds stress models (six parameters). Only the
Boussinesg-base#-" model will be covered as it is the most common model for free and
wall turbulence and is the one used in this work. It models as proportional to the
gradient of the mean velocity [33]:

—= hubl= ¢ r hui+r i’ gkl (2.19)
wherek is the turbulent kinetic energy:
k= %mouq (2.20)

and t is the turbulent viscosity which also requires a closure. For thk- model that
closure is:

1=C — (2.21)

whereC is a model parameter, and represents the rate at which turbulent kinetic energy
is dissipated as thermal energy:

0

= ru®ru® (2.22)

To use the model, two transport equations are required, one f&rand one for" [33]:
h [

@k . . T .

— +hui.rk= 1 r hui+r hui :r hui
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whereCy, C,, -, and y are model parameters.

The drawback of this model is that, on its own, it incorrectly predicts near the walls
because the Boussinesq approximation assumes thais isotropic, which is not true in the
vicinity of immersed objects.

2.4.2 Multi-Phase Simulations

The Two-Fluid Model (TFM) equations in Equation (2.15) incorporate both volume av-
eraging and Reynolds time averaging. The turbulent stress term,!, requires closure
modelling similar to single-phase systems. This work employs the mixtuke model im-
plemented inOpenFOAKbllowing the formulation by Behzadi et al. [35], with e ective gas
density and bubble-induced turbulence modi cations from Lahey et al. [36]. The closure
for !is based on the Boissinesq hypothesis and is expressed as:

t 2 2
i _ t K T - i k.
L= b huii + 1 bt Sie hugi + 2kl (2.25)

The turbulence diusion coe cient follows a similar closure to the single-phase model,

k_2 . . . . "
where = C =-, Necessitating conservation equations for botk and ;.

Initial multiphase turbulence models, such as that developed by Kataokat et al. [37],
adapted single-phase methods by attributing turbulence exclusively to the continuous
phase. However, this approach remains valid only for systems with minimal dispersed
phase concentrations. A key distinction in multiphase systems is the presence of inter-
phase transport terms for kinetic energy, e.g. bubble-induced turbulence. Behzadi et al.
[35] advanced the framework established by Gosman et al. [38], where the latter introduced
dispersed phase turbulence through a response functi@y, relating the Reynolds stress
terms of the two phases:

Ry¢ = CZR. (2.26)

Which, after applying the Boussinesq approximation, relates the turbulent uctuations of
the two phases as :
ud = cu? (2.27)

Behzadi's extension implements a more sophisticated response function, tracking mixture's
turbulent kinetic energy k,, and dissipation rate",,. This enhancement enables accurate
modelling at higher dispersed phase concentrations, including phase inversion scenarios,
while maintaining consistency with single-phask-" behaviour as 4! 0.
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The OpenFOANhplementation of Behzadi et al.'s model incorporates two signi cant
modi cations from Lahey [36]. The rst introduces an e ective gas phase density, Equa-
tion (2.40), to account for entrained liquid mass in bubble motion. The second implements
an interphase transport term (Equation (2.30)) to represent bubble-induced turbulence
e ects. With these modi cations, the transport equations for mixture turbulent kinetic
energy kmn) and dissipation rate (') are expressed as:

@ m km H m E’n
| _@_} Convection Generation | {§ }
Accumulation Di usion
n + m
| %23 2
Dissipation Interphase Transport
and
n " t
m ol ( m{mmi "m; = C—= Gl+r  Mmypory (2.29)
|24 ‘ K ;
L Convection | {% } | {Z }
Accumulation Generation Di usion
C2k_m m"m + C3_m S|r<n
—m 3 e
Dissipation Interphase transport

whereC,, C,, C3, «, - are model parameters.

The interphase transport term for turbulent kinetic energy, modelling bubble-induced

turbulence, is [36]:
4=3 !
jur>® (2.30)

Cdm

d

C .
SP" = max(0; 4 p)%dc jurj®+

where , is a model parameter for specifying the dispersed phase volume fraction below
which bubble-induced turbulence is neglected, andithe bubble diameter.

The above equations are obtained from the individual phase equations through averag-
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ing using following de nitions:

km= o=+ ¢—25C2 k (2.31)
m m
"m= ot ¢=C2 (2.32)
m m
. huci + 4 ge hugi C2
hu.j = —ccHe ; t 233
" cct dde Ctz ( )
t 4 tc2)
t — C c d c~t/) m
= 2.34
" cct dde Ct2 ( )
=g 2% ¢ (2.35)
d ¢
"= Gi+ JGf (2.36)
ke = Clke (2.37)
"a= C&¢ (2.38)
m= cct dde (2.39)
de = d+ Cum ¢ (2.40)

where 4. is the e ective density of the dispersed phase,y the phasic density of the
dispersed phaseC,, is the virtual mass coe cient, and . is the density of the continuous
phase.

Finally, the equation for C; used is:
C(a)=1+(Cpo 1e ' (2.41)
wheref ( 4) is given by:

f( =180 ¢ 471 10° 3+4:26 10 3 (2.42)
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and Cy is the value ofC; at 4 0, obtained from the following set of equations:

C=—3* 2.43
Y R (2.43)
2A4l2
= 2.44
C CRQ ( )
kl:5
le= C = (2.45)
C
3 d chjurj
Ag= —= 270 2.4
d d (2.46)
i O
Rg = 1M (2.47)
[ I
ju=" 2k.=3 (2.48)

where A4 is the drag coe cient on a bubble, |, the eddy length scale, Rethe turbulence
Reynolds number,C is a model parameter

Equation (2.28) and Equation (2.29) are solved and Equation (2.31) and Equation (2.32)
are used to related the mixture values to those of the continuous phase, which are them
related to those of the dispersed phase using Equation (2.37) and Equation (2.38).

2.5 Impeller Motion

Solving the governing equations for single- and multi-phase ows requires spatial discretiza-
tion of the domain into a connected network of polytopes. Using a conformal meshing
approach, geometric features including walls, ba es, and impellers must be explicitly rep-
resented by mesh facets aligned with their surfaces. This explicit geometric representation
presents a particular challenge when modelling systems with moving components, such as
stirred tank reactors, where the mesh must accommodate dynamic boundaries. The most
physical, and naive, approach would be to directly deform or reconstruct the mesh at each
time step. The associate cost of the mesh manipulation and the subsequent projection op-
eration would make even small simulations computational infeasible. Consequently, several
alternative methods have been developed to model impeller motion more e ciently.

The two discussed are the Multiple Reference Frame (MRF) method and the Sliding
Mesh (SM) method. Both methods still use conformal meshes, but instead of a single mesh
for the whole domain, the domain is split into two meshes: one for the rotating domain, e.g.
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around the impeller shaft and the impellers in a tank; and one for the stationary domain,
e.g. the rest of the tank. This is shown from di erent angles in Figure 2.7; speci cally
notice the cylindrical zones around the impellers in Figure 2.7(a).

(b)

()
(@)

Figure 2.7: Overview of a stirred tank reactor mesh that has been prepared for either an
MRF or an SM simulation. (a) Overall view of the tank and its mesh.(b) Close-up view
of the mesh used for the rotating impeller domain(c) View of the bottom of the tank
and core of the structured mesh. From [12].

While both methods can use the same mesh, their approach to performing the simu-
lations is fundamentally di erent. The MRF method, as the name implies, uses multiple
frames of references to solve the governing equations without needing to move any of the
mesh. Both the stationary domain and rotating domain are solved from a reference frame
in which the domain appears stationary. This means that the rotating domain is solved in
a non-inertial frame of reference, and additional terms need to be added to the governing
equations [39]. The boundary between the two domains also requires boundary conditions
for transporting mass, momentum, etc. between the two frames. Because it uses a xed
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mesh, the simulation is signi cantly faster but this comes at the cost of not capturing the
true time-varying nature of the ow.

Figure 2.8: Snapshots of a transient SM-based simulation of an inert tracer injected into

a multi-Rushton impeller tank. The gure focuses on the inter-impeller region, with a
Rushton impeller being located at the top and bottom of the frame. The macroinstability
resolved by the SM method is seen in the middle of each frame as it oscillates and precesses.
With an MRF-based simulation, that plane would be horizontal and xed. From [40].

The other, more accurate, method is the SM method. Unlike the MRF method, the
SM method rotates the domains relative to one another, thus providing a much more
accurate simulation. As the inner domain moves relative to the outer domain, special
care must be taken with the mesh density at their interface so that quantities can be
properly conserved and moved from one domain to the other. While mesh reconstruction
is still avoided through interface interpolation, the SM method has signi cantly higher
computational costs and may become numerical unstable [39]. The bene t of the method
is that it captures the real time evolution of the ow as well as inherently non-stationary
phenomena. For example, Haringa et al. show that using the MRF method instead of
the SM method causes the simulation to impose arti cial steady-states onto the system
[40]. For the stirred tank reactor they simulated, the MRF method removes the oscillations
of the horizontal plane between impellers. That plane, as shown in Figure 2.8, does not
remain horizontal, but in-fact precesses around the impeller axis. This motion is captured
by the SM method, but is entirely absent in an MRF-based simulation. Consequently,
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the SM method is particularly valuable for applications where non-stationary e ects are
signi cant.

2.6 Reduced Order Modelling

The substantial computational cost of high- delity CFD simulations limit their applica-
bility in many practical scenarios, particularly in real-time applications such as Model
Predictive Control. Traditionally, process control applications have relied on idealized re-
actor models, such as Continuously Stirred Tank Reactors (CSTR) and Plug Flow Reactors
(PFR), to circumvent these computational constraints. Reduced Order Models (ROMSs)
o er a middle-ground approach, maintaining essential ow physics while signi cantly reduc-
ing computational cost through dimensional reduction. Unlike heavily simpli ed idealized
models, ROMs preserve the dominant ow features of the original system while decreasing
the degrees of freedom, thereby achieving a balance between computational e ciency and
physical accuracy.

Figure 2.9: Example of a POD-based ROM for the hydrodynamics of a ow-past a cylinder
scenario. Left: Labelled solution manifold showing the time-evolution of the coe cient
to the 3 POD modes, with certain key locations labelledMiddle-left:  Three di erent
ow snapshots labelled by their position on the manifold.Middle-right:  The three most
important modes used to simulate the systemRight: The trajectory of the system in
the state-space of the three modes for both the original CFD simulation and the ROM
simulation based on the three most important modes. From [41].
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There have been several di erent methods for creating ROMs, each designed for a di er-
ent application. Proper Orthogonal Decomposition (POD) [42, 41] is a prevalent technique
that identi es the most signi cant modes of a system, thereby reducing the dimensionality
of the problem while retaining the most dominant features. Galerkin projection can then
be used to project the original governing equations onto the reduced basis and model the
dynamics of the system out in time. The work of Brunton et al. [41], illustrated in Fig-
ure 2.9, demonstrates a POD-based decomposition of cylinder wake ow. Their approach
reduces the velocity eld to three principal modes, which are then used to predict tem-
poral ow evolution. Additionally, machine learning-based methods are increasingly being
adopted to develop ROMs, leveraging data-driven strategies to capture complex nonlinear
behaviours that traditional techniques may not adequately represent. For example Lee and
Carlberg [43] use an autoencoder architecture in order to e ectively produce a non-linear
POD of the system.

While these ROM approaches e ectively reduce degrees of freedom within their de ned
basis set, this reduction is limited to the space of that reduced basis. In the cylinder wake
example (Figure 2.9), although the system is described by three degrees of freedom corre-
sponding to modesiy; uy; U,, the reconstruction of the complete velocity eld maintains the
original system's degrees of freedom. Therefore, incorporating reaction kinetics presents
challenges: either multiple simulations must be performed to generate a reaction basis set,
or reactions must be solved in the full-dimensional space. As described earlier, the reaction
system frequently involve hundreds of coupled non-linear reactions representing metabolic
processes whose computational cost typically exceeds that of the hydrodynamics. It is for
these very reasons that a ROM is needed and the simulation of the reaction on the origi-
nal domain is unwanted, or infeasible. Compartmental models represent a class of ROMs
particularly well suited for this applications.

2.7 Compartmental Models

While ROM techniques such as POD and Galerkin projection focus on reducing the di-
mensionality of detailed models, compartmental models (CMs) approach complexity by
dividing the system into distinct regions, compartments. This segmentation facilitates the
analysis of system dynamics by concentrating on the interactions and transfers between
these compartments. To maintain clarity, it is important to explicitly lay out terminology:

a compartment model refers to the reduced-order representation of an individual com-
partment, while a compartmentl model refers to the complete network of interconnected
compartment models. The rest of this section will provide an overview of how compart-
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mental models are created, while a review of recent advances in compartmental modelling
is covered in Chapter 3.

CM development follows a two-step process illustrated in Figure 2.10. The input to
the compartmental modelling process is a combination of expert-knowledge and simula-
tion/experimental results. Figure 2.10(a) shows the structured CFD mesh of a hypothetical
domain. Several past works, especially older ones, lacked CFD results and relied on expert-
knowledge and design equations for modelling the process, e.g. [3]. In these cases, both
the shape of the compartments and the owrate through their connections were manually
selected based on expert-knowledge.

@) (b) ()

Figure 2.10: Creation of the compartmental model from the CFD meshia) The initial
CFD mesh from which the compartments are to be mad€b) The result of the rst step,
each mesh element is coloured based on the compartment that it belongs o) The result

of the nal step, each compartment is modelled as a single CSTR and a network is created
based on the compartment connectivity.

Compartmentalization, the rst step in developing a CM, involves partitioning the
domain into non-overlapping compartments. The result of this step is illustrated in Fig-
ure 2.10(b), where distinct colours denote di erent compartments. Historically, manual
compartmentalization has dominated the literature. This approach has been employed
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under various circumstances: when CFD data is unavailable [3], when substantial ex-

pert knowledge of the ow exists [44, 45, 9], when iterative model re nement is desired
[46], when manual methods outperformed automated approaches [47], when CFD software
limitations exist [48, 49], or when visual inspection proves more practical than program-

matic implementation [50]. Automated compartmentalization approaches have emerged
to accelerate the process, formalize expert knowledge, and reduce the dependence on user
expertise [24, 21]. When leveraging CFD results, several methods have been explored:
manual partitioning [51, 44, 52], uniform grid discretization [53, 54, 55], and more sophis-
ticated approaches based on spatial property variations [24]. The di erent methods and
their trade-o s is discussed further in Section 3.1.

Compartment modelling, the second step in CM development, involves applying ROMs
to individual compartments, creating a network of coupled regions governed by systems of
di erential equations. Then, owrates are calculated between neighbouring compartments
and the results are used to created a directed graph, a network, of the compartments. Fig-
ure 2.10(c) shows a hypothetical compartment network from the compartments previously
identi ed in (b).

The idealized CSTR serves as the fundamental building block for most compartmental
modelling approaches. For each CSTR, the conservation of mass equation is:

infet t
dc, " C, Qjr i C K Qi N

@ 9 Y

Ri (2.49)

wherei is CSTR index,j upstream CSTR (or domain inlet) ofi, k downstream CSTR to
i, C well-mixed concentration,V reactor volume, Q;; ; volumetric owrate from CSTR i
to CSTR j, and R reaction rate per unit volume.

Initial research in this eld employed multiple CSTRs within individual compartments,
with their arrangement determined by either CFD results or established understanding of
ow patterns. Notable examples include the work of Viabel et al. [3] and Alvarado et
al. [51], who implemented networks of interconnected CSTRs within each compartment.
The con guration of these networks, including both the spatial distribution and number of
CSTRs, was guided by expert knowledge, as illustrated in Figure 2.11. Subsequent CSTR-
based approaches, exempli ed by Rigopoulos et al. [20], adopted a simpler framework
where each compartment is represented by a single CSTR. However, this choice of comes
with several drawbacks, which are discussed in Section 3.2.
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Figure 2.11: A wastewater treatment pond manually split into 3 compartments, referred
to as zones in the gure, based on expert analysis of the ow eld.. Each compartment is
then modelled as a network of CSTRs, with connections between CSTRs, both within and
across compartments, also based on expert knowledge of the ow. From [51].

2.8 Numerical Methods

This section reviews the numerical methods relevant to the development, simulation, and
validation of the CM. It starts with a discussion of how mixing performance is quanti ed
using CFD results. Then, a brief overview of the Finite Element and Finite Volume
Methods, which form the basis of the reference CFD simulations, is provided. Next, the
Finite Di erence Method is then examined, focusing on the speci c discretization scheme
used to transform the PDEs governing the systems of PFRs into a system of coupled
ODEs. The section concludes with an overview of Di erential Algebraic Equations and
their application to handling PFR boundary conditions, including a discussion of the chosen
solution strategy.

2.8.1 Coe cient of Mixing

Because of impact that non-uniformity has on reactor performance, measures for quanti-
fying it are needed. One such approach, which is based on a single measurement, is the
analysis of the Residence Time Distribution (RTD) of the system. The time taken for a
system to reach 95 or 99% of the steady-state value provides insight into how quickly and
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thoroughly mixing occurs. Further insights can also be drawn from the shape of the RTD
curve.

Various mixing metrics can be derived when multiple measurement points or CFD
simulation data are available across a domain. The Coe cient of Mixing (CoM), introduced
by Hartmann et al. [56], quanties mixing performance through the volume-weighted
standard deviation of concentration, as expressed in Equation (2.50). While CoM yields
a single scalar value, it incorporates spatial concentration data from the entire domain,
providing a more comprehensive assessment than single-point measurements used in RTD
or concentration pro les. Additionally, CoM is applicable to closed systems, overcoming a
key limitation of RTD analysis.

CoM = LT (2.50)

where ¢ is the concentration of degree of freedom T is the average concentration of the
domain, V, is the volume of degree of freedoim andV is the total volume of the domain.

As CoM approaches 0, the reactor approaches fully mixed. From this, a target value can
be set and the time taken to reach that target is declared the mixing time of the vessel. The
bene t of this measure is that it takes into account the spatially non-uniformity throughout
the reactor in a way that a single measurement cannot.

2.8.2 Finite Element Method

The Finite Element Method (FEM) is a technique for solving boundary value problems
through the use of interpolating polynomials. It is an alternative to techniques such as the
Finite Di erence and Finite Volume Method (FVM). Some of its bene ts are [57]:

" Higher order methods are easier to derive since the interpolants are de ned on a
per-element basis.

" Irregular/curved domains as well as non-uniform meshes can be easily handled.

" Boundary conditions, especially derivative/ ux boundary conditions, naturally arise
in the course of deriving the weak form of the FEM and are solved with the same
schemes and with the same order of accuracy as the rest of the domain.
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The standard version of the FEM, the continuous Galerkin (CG) formulation, requires
that the interpolating polynomials be continuous across element facets. Consequently, the
CG formulation has numerical stability issues when modelling convection dominated ows
or steep gradients/discontinuities. The discontinuous Galerkin (DG) formulation has been
proposed to address these issues.

The DG formulation can be considered as a generalization of the FVM and FEM
method, which combines the bene ts of both [58]. As the name implies, the DG formulation
allows for the interpolating polynomials to be discontinuous across element facets. Those
discontinuities are then handled through the introduction of numerical ux terms, similar
to those appearing in the FVM. As such, it is able to handle convective ows and solutions
with very steep gradients better than both the FEM, since it does not result in spurious
oscillations, and the FVM, since it uses higher order interpolants [59]. See Figure 2.12
below for a comparison of CG and DG in capturing a curve exhibiting steep gradients for
the given mesh size.

Figure 2.12: Comparison of a CG (top) and DG (bottom) approach capturing the same
known solution, each using linear interpolants. The discontinuities in the DG version allow
it to better approximate the nonlinear solution, but they will require special treatment for
evaluating the value at the element bound. From [60].

Furthermore, because of the discontinuous nature of the formulation, the evaluation

of the residual occurs on a per-element-basis. Thus, if suitable numerical ux choices are
used, the DG method will also be locally conservative. The drawbacks of the DG method
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are: a) the weak form is signi cantly more complicated to derive and implement than
for CG, and b) the memory and computation requirements of DG, for the same number
of elements, are generally much higher than for CG or FVM given the same number of
elements.

However, the relative higher computational expense of DG versus other method de-
pends on the way that is expense is quanti ed. For example, Monte compared the FVM
performance inOpenFOAM the CG and DG FEM implementations of incompressible
Navier-Stokes inOpenCMfor a single-phase 2D lid-driven cavity ow [61]. It was found
that for the same number of elements, DG takes 30 50 longer (210 s) to solve than
the FVM (3.94 s) or CG (5.59 s). However, when the simulation is run to obtain a mesh-
independent solution, DG is faster (210s) than both the FVM (256 s) and CG (576 s) while
also using signi cantly fewer elements (25,600 for FVM, 14,400 for CG, and 1,600 for DG)
and resulting in a nal error that was approximately 23% smaller as compared to either
of the other two methods.

2.8.3 Finite Volume Method

Since two of the main CFD simulations in this thesis were performed wit@penFOAM
brief overview of the numerical solution method employed by this open-source software
is provided here. OpenFOAM based on the Finite Volume Method (FVM), which is a
widely used technique for solving boundary value problems by dividing the computational
domain into discrete control volumes. Within each control volume, the integral form of the
conservation equations is solved, ensuring that mass, momentum, and energy are conserved
at a local level, and thus in the domain as a whole.

This control volume-based discretization allows it to be inherently conservative, a prop-
erty that the CG FEM does not have. Further, unlike CG FEM, whose interpolants are
continuous across mesh cells, the FVM is better suited for capturing discontinuities and
convection-dominated ows. Finally, the conceptual framework used by FVM is more
intuitive to understand and straightforward to implement as it directly operates on recog-
nizable control volumes without necessitating the more complex mathematical constructs
required by the FEM, such as deriving weak forms or selecting appropriate function spaces.

The advantages of FVM, coupled with the historical availability of more commercial
FVM-based CFD software, have contributed to its continued widespread use for uid dy-
namics simulations. However, the FVM is not without its drawbacks and limitations. It is
heavily in uenced by the quality and degree of structure of the computational mesh, to a
greater extent than alternative numerical methods. This mesh sensitivity also manifests in
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the challenges associated with accurately approximating higher-order derivatives, as gra-
dients must be evaluated by considering multiple mesh cells; a process that becomes more
di cult to do accurately on unstructured meshes.

Additionally, while the FVM may provide a solution faster and with a lower compu-
tational cost than the FEM, achieving amesh-independensolution can often prove more
time and resource-intensive. Finally, on a practical level, the di culty in working with
and extending the OpenFOApBckage itself, while not inherent to the FVM, represents
an obstacle speci c to the most prominent open-source implementation of this numerical
approach.

2.8.4 Finite Di erence Method

The proposed compartmental modelling method uses PFRs to create the model for each
compartment. The conservation of mass for each PFR is represented by a transient PDE:

@QAV;t) _ @Ci(V;1) @QV;1)
———— =D A Qi
@t @V @V
wherei is the PFR index, C concentration, V reactor volume,D. e ective Taylor-Arris

di usivity, A reactor cross-sectional ared; volumetric owrate, and R; reaction rate per
unit volume.

+ R;i(V;1) (2.51)

For the initial implementation, mass di usion will not be considered and the equation
simpli es to:
@QV;t) _ Q @QaV; 1
@ T eV

Following the conditions described above, each PDE also required one boundary/inlet
condition as follows:

+ Ri(V:1) (2.52)

P inlets
i QG
Ci (O; t) = J P inlejts ~
i Qj

Numerical solution of this system requires spatial discretization, implemented here
through the Finite Di erence Method (FDM). This approach discretizes the domain into
a nite set of points and approximates spatial derivatives using a Taylor series expansion
about these points. While such discretization typically transforms coupled PDEs into
systems of initial value ODESs, the boundary conditions in this case result in a system
of Di erential Algebraic Equations (DAEs). The conversion of these DAEs to ODEs is
addressed in the following subsection.

(2.53)
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The selection of derivative approximation schemes presents various trade-o s that must
be carefully considered. The convective nature of the system necessitates particular at-
tention to minimizing numerical di usion and accurately resolving wavefronts. Although
higher-order schemes generally o er superior accuracy, they present speci ¢ challenges in
this application context. These include the requirement for specialized boundary treat-
ments, which may introduce inconsistencies in discretization order near domain bound-
aries, and the potential generation of spurious oscillations requiring additional stabilization
mechanisms.

A signi cant practical constraint speci c to this application arises from the limited DoFs
available per PFR. In contrast to conventional applications where ne spatial discretization
is feasible, the CM represents each compartment through multiple PFRs, each necessarily
restricted to relatively few discretization points. This constraint diminishes the potential
advantages of higher-order schemes and may render them impractical.

A rst-order upwind scheme was selected for spatial discretization based on these con-
straints. Upwind schemes incorporate ow directionality in derivative approximations,
making them well-suited for convection-dominated problems. While rst-order schemes
exhibit lower accuracy compared to higher-order alternatives at equivalentV and t,
they o er practical advantages for this application: reduced computational overhead for
oscillation suppression and better compatibility with the limited degrees of freedom char-
acteristic of the PFR compartments. The discretization of the convection term using a
rst-order upwind scheme is:

- @QaVv;y Q,Ci;j (t) Gy a(t)
@V ., Vv

]

Q (2.54)

where the volume is discretized int& points, j 2 [1; K], with uniform spacing V.

This formulation is an upwind scheme since the ow is in the direction of increasing
thus the gradient at each position is evaluated using only information upwind of it.

2.8.5 Dierential Algebraic Equations

While the resulting system of equations for the FDM-discretized PFRs looks like a system
of ODEs, the boundary condition used for each PFR actually makes it a system of Dynamic
Algebraic Equations (DAEs). A \regular" system of ODEs is a system of explicit ODEs
which can be written in the form:

yo=f(y;t) (2.55)
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