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Abstract

This thesis comprises four papers completed during my doctoral studies at the Univer-
sity of Waterloo and is organized into three chapters.

The first chapter concerns preimage problems and dynamical cancellation, incorporat-
ing the papers Dynamical Cancellation of Polynomials, published in the Bulletin of the
London Mathematical Society, and Preimages Question for Surjective Endomorphisms on
(PH)™, published in the New York Journal of Mathematics. We investigate stabilization
phenomena for the set of rational points occurring in the preimages of invariant subvari-
eties under algebraic dynamical systems. In the special case in which the subvariety is the
diagonal subvariety in P! x P! and the dynamics is given by a pair of rational functions
(f, f), the problem reduces to a dynamical cancellation question. We also obtain a gener-
alization of dynamical cancellation to the setting in which the dynamics are generated by
a semigroup of polynomials.

The second chapter contains the joint paper with Chatchai Noytaptim, A Finiteness
Result for Common Zeros of Iterates of Rational Functions, published in International
Mathematics Research Notices. Addressing a question posed by Hsia and Tucker concerning
finiteness properties of greatest common divisors of polynomial iterates, we prove that if
f,g € C(X) are compositionally independent rational functions and ¢ € C(X), then—apart
from a few explicit exceptional families with f, g € Aut(P¢)—there exist only finitely many
A € C for which there is an n satisfying

The final chapter presents my recent preprint, Polynomial Endomorphisms of A? with
Many Periodic Curves. We show that for any regular polynomial endomorphism of positive
degree on P2, every family of curves containing a Zariski dense set of periodic curves must
be invariant under some iterate of the map. This establishes a weaker form of the Relative
Dynamical Manin-Mumford Conjecture of DeMarco and Mavraki in the setting where the
endomorphism is fixed in the family of dynamical systems, and may also be viewed as a
dynamical Manin—-Mumford statement on the moduli space of divisors. As an application,
we classify all regular polynomial endomorphisms of P? that admit infinitely many periodic
curves of bounded degree.
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Chapter 1

Preliminaries

Arithmetic dynamics emerged as a distinct field in the 1990s, motivated by the interplay
between dynamical systems and advances in arithmetic geometry. Since then, researchers
have sought to reinterpret classical results—such as the Mordell-Lang conjecture—within
dynamical frameworks.

Arithmetic dynamics studies the arithmetic and geometry of pairs (X, f) consisting of
an algebraic variety X together with a self-map f : X — X. At a formal level this is a sim-
ple idea: one starts with a map and iterates it. At a conceptual level, however, it provides a
flexible language in which many questions from arithmetic geometry can be reformulated,
compared, and generalized. In particular, several classical arithmetic phenomena that are
naturally expressed in terms of torsion points, finitely generated groups, or special subva-
rieties admit dynamical counterparts in terms of preperiodic points, semigroup orbits, and
invariant or preperiodic subvarieties.

A recurring principle in algebraic geometry is that one often understands a variety
most effectively by studying the maps it carries: morphisms to other varieties, endomor-
phisms, correspondences, and symmetries. Arithmetic dynamics fits naturally into this
philosophy. Rather than studying a variety in isolation, one studies how arithmetic infor-
mation is organized by iteration of a map. The self-map produces orbits, periodicity, and
invariant subvarieties; it also gives a natural notion of special points and special geometric
configurations. From this point of view, arithmetic dynamics is not merely an analogy
with arithmetic geometry. In many important cases, it contains the classical arithmetic-
geometric picture as a special case, while at the same time suggesting broader conjectures
that continue to make sense beyond the setting of algebraic groups.



1.0.1 Arithmetic geometry and the dynamical viewpoint

Formally, a dynamical system consists of a set S together with a self-map f: S — S. The
most basic objects attached to such a system are the forward orbits of points.

Definition 1.0.1. For a point a € S, the orbit of a under f is the set
Orbs(a) = {f"(a) : n € N*}.

Definition 1.0.2. The sets of periodic and preperiodic points of f are defined respectively
by
Per(f,S) ={ae S: f*(a) = a for some n € N*},

and
Prep(f,S) ={ae S: f"™(a) = f™(a) for some m >0, n > 1}.

When one studies several maps at once, semigroup orbits play the same role as forward
orbits for a single map.

Definition 1.0.3. Let F be a collection of self-maps of S, and let (F) denote the semigroup
generated by F under composition. For a € S, the semigroup orbit of o under F is

Orbz(a) = {g(a) : g € (F)}.

These elementary notions already reveal the connection with arithmetic geometry. Let
E be an elliptic curve over C, and let [m] : E — E be the multiplication-by-m map for
some integer m > 2. The identity point O is fixed by [m], and a point P € E(C) is torsion
if and only if it is preperiodic for [m]. Indeed,

Tor(E,C) = Prep([m], E(C)).

Thus torsion points, which are fundamental objects in arithmetic geometry, appear dy-
namically as preperiodic points of a natural self-map.

This example extends beyond individual points. On an abelian variety A, the map
[m] : A — A preserves algebraic subgroups and sends torsion translates to preperiodic
subvarieties. In this way, the special subvarieties that play a central role in classical arith-
metic geometry become dynamical objects defined by invariance or eventual periodicity
under iteration. Said differently, the group structure on A produces distinguished self-
maps, and once those maps are placed at the center of the discussion, familiar arithmetic
geometric notions are naturally reinterpreted in dynamical language.



The same point of view also reinterprets the Mordell-Weil theorem. If F(Q) is finitely
generated, then after choosing generators of its free part and of its finite torsion subgroup,
every rational point can be reached from O by composing finitely many translations and
inverse translations. More precisely, if F is the finite collection of translations by those
chosen generators and their inverses, then

Orbz(0) = E(Q).

Hence the arithmetic problem of describing E(Q) may be viewed as a problem about a
finitely generated dynamical semigroup orbit. From this perspective, finitely generated
groups in arithmetic geometry are modeled dynamically by orbits under finitely generated
semigroups of morphisms.

These examples suggest a useful dictionary.

e torsion points correspond to preperiodic points for multiplication maps;

e finitely generated groups are modeled by semigroup orbits generated by finitely many
morphisms;

e special subvarieties such as algebraic subgroups and torsion translates correspond to
invariant or preperiodic subvarieties;

e questions about the distribution or intersection of special points become questions
about orbits, preperiodic sets, and periodic subvarieties.

This dictionary is not merely rhetorical. Several major conjectures and theorems of
arithmetic geometry have dynamical analogies or extensions. The Mordell-Lang conjecture
has the dynamical Mordell-Lang conjecture as its counterpart. Similarly, the Manin—
Mumford conjecture has the dynamical Manin-Mumford conjecture as its counterpart.
More broadly, unlikely intersection phenomena in arithmetic geometry suggest analogous
rigidity statements for intersections of orbits, preperiodic points, or other dynamically
defined objects. In many situations the dynamical setting is genuinely more flexible: the
language of self-maps still makes sense on varieties that do not carry a group law.

This map-centered viewpoint is one of the main motivations of the present thesis. The
three directions developed here should be understood as instances of the same general
principle: each begins with a classical phenomenon from arithmetic geometry or number
theory and asks to what extent it persists, or must be reformulated, once it is placed
in a genuinely dynamical setting. All three topics have received substantial attention in



recent years and have seen important progress by many authors, reflecting their importance
in the broader program of understanding arithmetic dynamics as a natural extension of
arithmetic geometry. The results presented in this thesis contribute further to that program
by pushing beyond previously known cases, sharpening the existing analogies between
arithmetic geometry and dynamics, and enlarging the range of situations in which the
dynamical framework not only recovers classical results as special cases, but also suggests
new and more general phenomena.

1.0.2 Rational points in the preimages

One of the most basic questions in arithmetic geometry is to understand the distribution
of rational points on a variety and, more specifically, on its distinguished subvarieties.
On an abelian variety, algebraic subgroups and their translates form the natural special
subvarieties. As noted above, these objects are closely related to invariant and preperiodic
subvarieties for multiplication maps.

One of the projects I worked on during my Ph.D. concerns the following dynamical
version of rational points distribution question: given a selfmap f : X — X and a
subvariety Y < X satisfying f(Y) < Y, what can one say about the rational points
appearing in the backward orbit of Y7

If Y is invariant under f, then one obtains an increasing tower
Y f'(Y)cf2Y)c---cf"Y)<---.

Geometrically, the preimages typically become more complicated as n increases. Arith-
metically, however, one expects a form of stabilization over a fixed number field. The
intuition is that although the geometry becomes richer under repeated pullback, genuinely
new rational points should not continue to appear indefinitely without a structural reason
as more complicated geometry usually imposes stronger restrictions on the set of rational
points admitted. This expectation is formalized in the Preimages Question of Matsuzawa,
Meng, Shibata, and Zhang [59, Question 8.4(1)].

There is also a close relation with cancellation problems. If one considers a map of
the form f = (g,¢9) on X x X and takes Y = A to be the diagonal, then the question
whether the tower of K-points on f~"(A) eventually stabilizes becomes a uniform dynami-
cal cancellation question: if two K-points become equal after a long iterate of g, must they
already become equal after a bounded number of iterates? Viewed this way, equality of
late iterates is a special relation created by the map, and arithmetic stabilization predicts
that such coincidences are uniformly controlled.
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The first chapter of this thesis studies this circle of ideas in two concrete directions.
First, I prove a positive solution to the Preimages Question for surjective endomorphisms
on (P!)". In that setting, the result shows that although the inverse images of an invariant
subvariety may continue to change geometrically, their rational points over a fixed number
field eventually stop producing anything new. Second, I study an improved dynamical can-
cellation problem for finitely generated semigroups of polynomial self-maps on P!. There
one can go further and characterize precisely the exceptional configurations that obstruct
uniform cancellation.

The chapter incorporates two papers: Dynamical Cancellation of Polynomials [93] and
Preimages Question for Surjective Endomorphisms on (P1)™ [95].

1.0.3 Unlikely intersection type questions

Another major theme in arithmetic geometry is the study of unlikely intersections. Roughly
speaking, one is interested in situations where two sets having little reason to meet never-
theless intersect in a way that is too large to be explained by naive dimension heuristics.
In the arithmetic setting, the sets involved are often special subvarieties, torsion sets, or
other distinguished loci, and the conclusion is that an unexpectedly large intersection forces
hidden algebraic structure. We refer to Zannier [90] for a broad account of this theme.

The dynamical setting naturally produces its own version of unlikely intersection phe-
nomena. Here the special sets are created by iteration. Two forward orbits may meet
too often, two sets of preperiodic points may have an unexpectedly large intersection, or
two sequences generated by iteration may satisfy far more algebraic relations than one
would predict at random. When this happens, the expected conclusion is not accidental
coincidence but a strong dynamical relation between the maps themselves, such as shared
iterate behavior, semiconjugacy, common exceptional structure, or another rigid link.

For the purposes of this thesis, unlikely intersection-type questions provide a good ex-
ample of how arithmetic dynamics reinterprets classical phenomena. In the classical theory,
a large intersection often signals the presence of a hidden subgroup or a multiplicative de-
pendence. In the dynamical theory, the corresponding signal is a hidden relation between
self-maps.

The second chapter studies a problem of this kind motivated by a theorem of Bugeaud,
Corvaja, and Zannier [15] on the greatest common divisors of integer sequences. Their
result can be interpreted as saying that repeated arithmetic coincidence is rare unless there
is a special multiplicative dependence between the generators. In the dynamical setting, an
analogous question asks how often two sequences produced by iterating rational functions



can have common zeros. Since the two corresponding dynamical level sets are countable
sets of points, an abundance of common zeros is an unlikely intersection phenomenon in a
genuinely dynamical sense.

Chapter two develops this viewpoint by proving a finiteness result for common zeros
of iterates of rational functions. The statement belongs to the same general family as
many rigidity results in arithmetic dynamics: if a special intersection occurs too often,
then the maps cannot be independent in any meaningful sense. The chapter therefore fits
naturally into the broader program of understanding how classical intersection principles in
arithmetic geometry generalize to statements about the interaction of dynamical systems.
This chapter consists of the joint paper with Chatchai Noytaptim, A Finiteness Result for
Common Zeros of Iterates of Rational Functions [61].

1.0.4 Dynamical Manin—-Mumford type questions

A further guiding principle in arithmetic geometry is that a subvariety containing “many”
special points should itself be special. The classical Manin—Mumford conjecture, proved
by Raynaud [72, 73], is the prototypical example: if V is a subvariety of an abelian variety
A over C, then V contains a Zariski dense set of torsion points if and only if V' is a torsion
translate of an abelian subvariety. In other words, the abundance of special points forces
special geometry.

As discussed earlier, torsion points are dynamically interpreted as preperiodic points
for multiplication maps. This suggests that Manin—-Mumford should admit a dynamical
analogue in which torsion points are replaced with preperiodic points and torsion trans-
lates are replaced with dynamically special subvarieties. The resulting picture is subtler
than a literal translation, because general self-maps may admit additional symmetries or
commuting maps that also contribute to the structure of special subvarieties. Neverthe-
less, the basic principle remains the same: a subvariety supporting a Zariski dense set of
dynamically special points should itself be special for dynamical reasons.

One formulation, developed through work of Ghioca, Tucker, and Zhang [91, 92, 13], is
the following conjecture.

Conjecture 1.0.4. Let f : X — X be a polarized endomorphism of a smooth projective
variety over a field of characteristic zero, and let Z < X be a subvariety containing a
Zariski dense set of preperiodic points. Then either Z is preperiodic, or Z is special in the
sense that it is contained in a subvariety Y which is both f"- and Y-invariant for some
n = 1, where ¥ is another polarized endomorphism commuting with f™ on'Y, and Z is
preperiodic under ).



This conjecture remains widely open, with only a limited number of cases known [11, 12,

|. Even so, it provides an important organizing principle: rather than viewing dense sets

of preperiodic points as isolated accidents, one interprets them as evidence of an underlying

dynamical structure. Once again, the self-map is the central object. The specialness of the

subvariety is measured not in an absolute sense, but relative to the dynamics that act on
it.

The third chapter of this thesis studies a problem that belongs to this same circle of
ideas, but from a relative and moduli theoretic perspective. Instead of fixing a single
subvariety and asking whether it contains a dense set of preperiodic points, I consider
families of subvarieties for a regular endomorphism of A? and ask what happens when the
family contains a Zariski dense set of periodic members. This shifts the emphasis from one
special subvariety to a parameter space of subvarieties on which the ambient map induces
additional dynamical structure. In that sense, the chapter pushes the Manin-Mumford
philosophy one level higher: one studies not only special points inside a fixed geometric
object, but also special subvarieties moving in families under the action induced by a
self-map.

This perspective is closely related to recent relative dynamical Manin-Mumford ques-
tions studied by DeMarco and Mavraki [27]. It also illustrates the broader philosophy of
the thesis. Arithmetic dynamics encourages us to study maps first and then ask how they
act not only on points, but also on subvarieties, moduli spaces, and families. Once this
viewpoint is adopted, many familiar arithmetic geometric questions naturally reappear in
a more flexible dynamical form. Chapter three consists of my recent preprint, Polynomial
Endomorphisms of A* with Many Periodic Curves [94].

The three topics treated in this thesis are therefore not separate stories but different
manifestations of the same guiding idea. Chapter one concerns backward orbits of invariant
subvarieties and the eventual stabilization of their rational points. Chapter two concerns
unexpectedly large intersections between dynamically defined sets. Chapter three concerns
the geometric structure forced by an abundance of periodic subvarieties in a family. In
each case, the central question is how a classical arithmetic geometric rigidity phenomenon
should look after one replaces arithmetic geometry specialness with dynamical specialness.
The results of this thesis provide concrete evidence that the dynamical framework is broad
enough both to recover familiar arithmetic geometry and to point toward more general
phenomena that become visible only when maps and iteration are placed at the center of
the picture.



Chapter 2

Preimages Questions and dynamical
cancellations

2.1 Introduction

Let X be a projective variety and let f : X — X be a surjective self-map such that both X
and f are defined over a number field K. To study the dynamics of (X, f), it is important
to identify the closed subvarieties Y < X that are invariant under f; i.e., subvarieties
with f(Y) < Y. For an invariant subvariety Y for the map f, it is natural to study
its preimages under iterates of f. An important principle within arithmetic dynamics is
that the underlying geometric structure should exert significant influence on the arithmetic
structure, which gives rise to the expectation that the tower of K-points:

Y(K) < (f7())E) < (FPONE) < -

should eventually stabilize. This expectation has been made precise in the form of the
Preimages Question of Matsuzawa, Meng, Shibata, and Zhang [59, Question 8.4(1)].

There are recent works dealing with some special cases of the Preimages Question.
Notably, it has been solved with affirmative answer when X is a smooth variety with non-
negative Kodaira dimension and f is étale [13, Theorem 1.2]. Additionally, if we consider
the case when f = (g,9) : X x X — X x X is a diagonal map, with g : X — X a surjective
morphism, then the diagonal subvariety A < X x X is an invariant subvariety under f,
and in this special case the Preimages Question becomes a cancellation problem, which
asks whether there exists a natural number s with the property that, for all z,y € X (K),



if g"(x) = ¢"(y) for some natural number n then we must in fact have ¢°(z) = ¢°(y).
This special form is a dynamical cancellation problem considered in the work of Bell, Mat-
suzawa, and Satriano [13], and this question is again answered affirmatively when X is a
curve [13, Theorem 1.3] by applying p-adic uniformization techniques of Rivera-Letelier

[76].

2.1.1 Main result on the Preimages Questions on (P!)"

Our main result is to give a positive solution to the Preimages Question for surjective
endomorphisms on (P!)". It is well known that a surjective endomorphism of (P*)" has
some iterate that becomes a split rational map (fi, ..., f,). Since answering the Preimages
question for an iterate of a self-map gives one the answer for the original map, our main

theorem, stated below, solves the Preimages Question for surjective endomorphisms on
(B,

Theorem 2.1.1. Let K be a number field, let n > 1, and let f = (f1,..., fa) : (PE)" —
(PL)™ be a split rational map defined over a number field K with at least one f; of degree
greater than 1. If V < (PY)" is a subvariety defined over K that is invariant under f then
there exists a non-negative integer sqg such that

(VN VNEK) =2

for all s = sy.

It is also well known that Theorem 2.1.1 holds when n = 1.

2.1.2 Improvement on the dynamical cancellation of a semigroup
of polynomials

Henceforth we let P,(z) and T,.(z) denote respectively the cyclic polynomial, 2", of degree
r and the Chebyshev polynomial of degree r.

Definition 2.1.2. We define the Chebyshev polynomial of degree r to be the unique
polynomial 7). of degree r such that

T,((x+271/2) = (2" +27")/2

for any x € C*.



Notice that the set of Chebyshev polynomials forms a basis of the vector space of
polynomials; i.e. for any polynomial f(z) defined over C of degree d there exists a unique
expansion

d
fla) =) aiTy(x)
i=0
for some constant a; € C.

Definition 2.1.3. For a polynomial f(x) over an algebraically closed field F', if we can
decompose f(z) as

f(x) = falz) oo fi(z)
for some polynomials f;(x) over F' of degree greater than 1, ¢ = 1,...,n such that f;(x)

cannot be written as a composition of two polynomials of degree greater than 1, then we
call each of the f;(x)’s the indecomposable factor of f(x).

Definition 2.1.4. We say that two polynomials f(z) and g(z) over an algebraically closed
field F' are linearly related (or linearly conjugated) if there exists a linear polynomial I(x)
defined over F such that f(z) = l(z) o g(z) o 7! (x).

About the Dynamical Cancellation problems, considerably more is known for poly-
nomial maps on P!, and a more general dynamical cancellation results allowing multiple
polynomial self-maps on P! is also proved along these lines in [13, Theorem 1.7]. The
statement is as follows:

Theorem 2.1.5. [1.9, Theorem 1.7] Let K be a number field and let ¢1, ..., ¢, be polyno-
mial maps on Pk of degree at least two. Suppose that none of the indecomposable factors
of (¢:)g are linearly related to a T, with d odd or a P, for some m. Then there is a finite
set 7 < (PL x PL)(K) with the following property: for any point a, b € Pk such that
(a,b) ¢ Z, if

Gi, 00 P (a) = ¢, 00 ¢ (b)

for somen =0 and iy,...,i, € {1,...,1}, then
¢2'2 © ¢i1 (a) = ¢i2 © ¢i1 (b)

This theorem, however, is not optimal. For example this theorem does not say anything
when considering the polynomials ¢, = T5, ¢o = Ps, although a cancellation result can
be shown to hold in this case. In this paper, we completely characterize when we have a
dynamical cancellation result involving multiple polynomials by proving a necessary and
sufficient statement in terms of the polynomials in a finite set S.
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Theorem 2.1.6. Let S be a finite set of polynomials of degree at least 2 defined over a
number field K and let {S) be the monoid generated by S under composition. Then there
exists a N € Nt and a finite set of points Z < PY. x PL such that if

¢p o odi(a) = dpo---opi(b) (2.1.1)
with ¢; € S, k> N and (a,b) € (P} x PR)\Z then we have

¢no---odi(a) =dyo---0pi(h) (2.1.2)

unless there exist hy, hy € {S), a complez linear polynomial l(x) = ux + v, u € C* and
v € C, such that one of the following holds:

1. hg = PoPyol " and hy = l o xzQ(x?) o I7, for some polynomials P and Q, where
deNso, u=1,ve K and K contains a primitive d-th root of unity;

2. hg=PoTyol™ and hy =10 £T,ol™, for some polynomials P, where d|(r + 1) or
d|(r — 1) and one of the following holds:

(a) d=2 andve K;

(b) d > 2 and there exists a primitive d-th root of unity € such that the conic
VY24 (e+1/e=2v- (X +Y)—(e+1/e) XY + X*+ (2—e—1/e)v* + (e — 1/e)*u?)

inside A3 < P} x PL has a K-point, where X and Y are variables; moreover,
we can further refine the condition if r is even. In this case the conic having a
K -point is equivalent to u,v,e + 1/e € K.

Also hy, ho in the statement, if they ewist, can always be chosen as compositions of no more
than N elements in S.

Remark 2.1.7. Moreover, if there exist hy, he and [ as above such that one of (1) or (2)
holds, then for any j € N5, there exists an infinite set of K-points (a, b) in P}, x P} such
that A '

hY'(a) # hy (D). (2.1.4)
So Theorem 2.1.6 is an if and only if statement. We will also prove this remark in Section
3.

11



Remark 2.1.8. Notice that Theorem 2.1.6 is not necessarily stronger than Theorem 2.1.5
since there N can always be chosen as 2.

Remark 2.1.9. Given the number field K and the conic
C=VY 4+ (e+1/e=2v - (X +Y)+ (e +1/6)XY + X* + (2— e —1/e)v* + (e — 1/e)*u?),

there are standard algorithms implemented in Sage to check if C' has K-points. So the
condition of case (2)(b) in Theorem 2.1.6 can be checked with a finite number of compu-
tations.

We will also show that the number N is computable given the set S of polynomials.
Therefore the two cases in Theorem 2.1.6 can be checked with a finite number of compu-
tations.

Remark 2.1.10. Notice that given a choice of hy and h; we can obtain a finite list of
possible linear maps I(z) = uz + v that can potentially make the conditions in (1) or (2)
hold. For example, to make conditions in (1) holds, we check if

7' ohyol = 2Q(z%).

In particular the vanishing of the constant term gives hq(v) — v = 0 so that v can only
take values from a finite set. Notice that u = 1. Thus, we have a finite list of possible
[(z) = ux + v and we can check if each linear map in the list satisfies the conditions one
by one from here. Similar procedures work for checking conditions in (2).

2.2 Preliminary lemmas

In this section we provide some preliminary lemmas for the proof of Theorem 2.1.6. Before
we start, we clarify some notations needed for the discussion. Let f(X,Y’) be a polynomial
in variables X and Y. By V/(f) we mean an affine variety consisting of zeros of f(X,Y)
inside C x C < P& x P& and V(f)(K) means the K-points of the variety V(f) with a
number field K.

Lemma 2.2.1. Let n(z) = x + 1/x. If € and € are roots of unity such that V(Y — eX),
V(Y —éX) < (m,7)"(C) for some irreducible curve C < Pg x Pk then either € = € or
e = ¢~ 1. Moreover, V(Y —eX) < (m,7)"Y(C) if and only if V(Y — e 'X) < (m, 7)1 (C).
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Proof. Notice that
(T, m)(V(Y —eX)n (C* x C*) = {(x + 1/m, e x +x/et) 2 e C*}
is Zariski constructible by Chevalley’s theorem [19, 1.8.4] as
V(Y —eX)n (C" x C¥)

is Zariski constructible in C* x C* and (m,7) : C* x C* — P§ x P{ is a regular morphism
of varieties. The same is true for the image of

V(Y —€X)n (C* x C¥)

under (7, 7). By the condition in the statement of the lemma, the Zariski closure of their
images are both C' as C' is irreducible. Then there exist subsets

Uc (m,m)(V(Y —eX)n (C* x CY))

and
U'c (mm)(V(Y —éX)n (C* xC*))

such that U and U’ are open and dense in C' since a constructible set of an irreducible
curve is either finite or cofinite and in this case,

(m, ) (VY —€X) n (C* x C*))

is cofinite. Therefore U n U’ is an infinite set. Thus there exists infinitely many zo € C*
such that (zg+1/xg, e /2o +x0/e ') € UNU’. Hence for each such zg, there exists yo € C*
such that

(w0 + 1/mg, e /wo + 20/ ) = (yo + 1/yo, € /yo + vo /7).
Therefore, yo = xg or yo = 1/x¢ from zg + 1/x¢ = yo + 1/yo. If yo = 0, we have

€1 /xg + xo/et =€ ag + 30/
Multiplying e€’xq on both sides we get
€ + xy = e + ec?x}. (2.2.1)
If xy = 1/yo, then we have

eV wg + xo/et =€ wg + 1/ (moe ).
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Multiplying e€’xgy on both sides we have
€ + erd = ex) + e (2.2.2)

As the set of such pairs of (zg, yo) is infinite, there either exist infinitely many yq satisfying
xo = Yo or infinitely many y, satisfying zo = 1/yy. Therefore either there are infinitely
many z, satisfying Equation (2.2.1) or infinitely many x, satisfying Equation (2.2.2). But
if Equation (2.2.1) has infinitely many solutions in z then € = ¢’ and similarly Equation
(2.2.2) having infinitely many solutions implies ¢ = e¢~!. Thus ¢ is either ¢ or e~!. The
last statement is clear as the set {(z + 1/x,e'/x + x/e7') : © € C*} is the same as
{(z + 1/z,¢/x + x/€) : x € C*} under the map sending z to 1/z. O

Lemma 2.2.2. Let K be a number field and we view K as a subfield of C by fizing an
embedding of K in C. Let n(x) = = + 1/x, I(r) = ax + b with a € C* and b € C,
and € ¢ {£1} be a root of unity. Let C be an irreducible curve in P& x Py such that
V(Y —eX) € (m,7)"YC). Then (1,1)(C) is given by

VY?+(e+1/e=2)b- (X +Y) = (e+1/6)XY + X*+ (2 — 1/e — e)b° + (e — 1/e)*a?),
and if it has infinitely many K-points then e + 1/e€ K, a* € K and be K.

Proof. From the condition that V(Y — ¢X) < (7, 7)"(C) we can explicitly deduce the
expression of C since, from the proof of Lemma 2.2.1, we know that the Zariski closure of

(m,m)(V(Y —eX) n (C* x C*))

is C. In other words, the irreducible polynomial in two variables vanishing on

1 1
{(—4—1‘,—4—6:1:) :Vxe(C*}
x €T

is the defining equation of C'. From Lemma 2.2.1 we know that the defining equation of
the irreducible curve C'is at least of degree 2 since both

(x + 1/z,¢/x + x/€)

and
(x +1/x,ex + 1/(ex))

are in C' and also € ¢ {+1}. One can check that

C=V(Y?—(e+1/e)XY + X? + (e — 1/e)?). (2.2.3)
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Then (1,1)(C) is given by
VY24 (4 1/e—2)b(X +Y) = (e+ 1/) XY + X2+ (2— € — 1/e)b* + (e — 1 /e)%a?). (2.2.4)

If (1,1)(C) has infinitely many K-points, we have the coefficients of the defining polynomial
in Equation (2.2.4) are all in K. Therefore

a’>,band e+ 1/c € K.

]

The following lemma is well known. In fact a similar statement is mentioned in the
proof of [62, Proposition 2.28], but we are unaware of an explicit reference.

Lemma 2.2.3. Let C < PL x P¢ be an irreducible curve over C that is invariant under
either (P,, P,) or (—P.,—P,). Then either C = V(XY™ —v) for (m,n) € Z*\{(0,0)}
with ged(m,n) =1 and v a root of unity or C is one of {0} x Pg, Pt x {0}, {00} x P§ or
Pg x {oo}.

Proof. We first look at the case that C' is an invariant irreducible curve for (P, P.). If
C N (C* x C*) = &, then we have C is one of {0} x P, Pt x {0}, {o0} x P§ or PE x {oo}.
Otherwise, let W = C n (C* x C*), which is a curve inside C* x C* that is invariant
under (P, P,). We view C* x C* as an algebraic group with pointwise multiplication and
C'is a subvariety of C* x C* invariant under (P,, P,) (viewed as multiplication by 7 in the
semi-abelian variety). Then by [51, Lemma 10], C' = AH where A € C* x C* and H is
a subgroups of C* x C*. Thus C' = V(XYY" — v) for some m,n € Z, at least one of m
and n is non-zero, and v € C*. In fact ged(m,n) = 1 since otherwise XY™ — v would
be reducible. The fact that C' is invariant under the map (FP,, P,) implies that v is a root
of unity. The case for invariant curves under (—FP,, —P,) is similar and the only difference
in the proof is that we view C' as subvariety of the semi-abelian variety C* x C* invariant
under (—F,, —P,) which is a multiplication by r followed by a translation by (—1,—1) in
the semi-abelian variety C* x C* and then apply [51, Lemma 10]. ]

2.3 Proof of Theorem 2.1.6

In this section we complete the proof of Theorem 2.1.6. We first construct N € Nt and
Z < Pk x P,
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Let Ag < (Pk x PL) be the diagonal subvariety. By [13, Lemma 5.7], all the possible
irreducible curves over C different from A, having a Zariski dense set of K-points and
living inside the preimages of A under elements of the form (f, f) with f € S, are in a
finite set . Also, by the proof of [13, Theorem 1.6], there is a finite set Z < P}, x P},
with the property that if C'€ ¥ and C’ is an irreducible component of (f, f)~*(C) not in
Y then C'(K) € Z. Let

N = #5. (2.3.1)

Now we show that if there is a point (a, b) outside Z that makes the cancellation Equations
(2.1.1) and (2.1.2) fail for some (¢1,...,dx) € S*, with k¥ > N, then one of (1) or (2) in
the statement of Theorem 2.1.6 must hold.

2.3.1 Producing h; and an irreducible invariant curve

To be precise, suppose that there exists k € N, k > N, (a,b) € (P} x P})\Z and ¢; € S,
j=1,2,3,...,k such that

¢ro---o¢i(a) =gpo---opi(b)

and

Gr—10---0¢1(a) # Pp—10---0pi(b).

Claim 2.3.1. There exists k — N —1 < m; < me < k—1 and a C' € ¥ which is an
irreducible component of (Pr© + 0 Pryr1, Gk O+ 0 Prpr1) H(A) such that

(6 0+ 0 61(a), Gy 0+~ 0 B1(b)) € C' (23.2)

and
(G © O Py a1y Py © -+ © by 11)(C") = C. (2.3.3)

Proof. Since ¢y 0 -0 ¢1(a) = ¢ oo ¢p1(b) we have

(Pro---opi(a),gro---0¢i(b) € A.
We take Cy = A. Then there exists a Cy € X such that

(¢k71 ©---0 ¢1(CL), Qrp—1 00 ¢1(b)) e (1,
C1 < (¢, 1)~ (Co).
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In general, for 1 < j < k we can find Cj_; € X such that
(pjo---o¢i(a),pjo - 0pi(b)) € Cyy,
Ch—j S (dj1, Dj41) (Cr—jr)

where 1 < j < k. Such curves C4,...,Cy € ¥ exist as (a,b) is not in Z. However we know
that £ > N and N = #X. Thus there exist m; and mo with k=N -1 <my <my < k-1
such that Cyx_,, = Ck_p,- Let C" = Cy_py; = Cr_m,. By the construction of C;’s, we have

(¢my © -+ 0 iy (@), pm, 0 -+~ 0 d1(b)) € C',
c’ = (¢m2 ©---0 ¢m1+17 ¢m2 ©--0 ¢m1+1)_1(0/>

In particular, (¢m, © 0 Gmy+1s Gmy 0« © Gy +1)(C') € C'. Thus C' is an invariant curve
under (¢im2 O OPmi41s Pmy© * *OPm,+1) as the map is a non-constant morphism and hence
surjective [78, T 85, Theorem 1.12]; i.€., (Pry 0+ 0 Dy 41y Prmp © - © Py +1)(C') = C'. [

We take
hi = Qmy © 0 Oy,

h2=¢ko"'0¢mz+1-

Then € is an irreducible curve that is invariant under (hy, hy).

2.3.2 Reduction to cases (1) or (2) in Theorem 2.1.6

In this subsection, we continue using the notation from subsection 2.3.1. We have already
seen that hi, hy in Equation (2.3.4) can be written as compositions of no more than N
elements in S. In this subsection, we will show that h; and hs satisfy either condition (1)
or (2).

Notice that for every ¢ € C neither (oo, ¢) nor (¢, 00) is in C” since

G0+ 01(0) # @ o0 pi(c).

Removing (o0, @) from C’, we can view C” as an irreducible curve in C x C that is invariant
under (hq,hy). (We adopt this view from now on and write a curve as an affine variety
V(f(X,Y)), for some polynomial f(X,Y’), when there is no confusion.) Then by [60,
Theorem 4.9], if h; is not linearly conjugate to P, or £7,. then C” is of the form V (y —p(x))
or V(z — p(y)) for some polynomial p commuting with h;.
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Case 1:

hy is not linearly conjugate to a cyclic polynomial or to a Chebyshev polynomial. Then,
without loss of generality, we assume

C'=V(y—px)). (2.3.6)

Since C" < (hg, ho) '(A), the polynomial p satisfies

By a simple degree argument, this can only happen when deg(p) = 1; i.e., p(z) = sz + t.
Moreover, since C" # A, we have (s,t) # (1,0). Then

hg(l’) = hQ(Sl’ + t),
and since h; commutes with p, we also have
hi(sx +t) = shy(z) + t.

If s=1andt # 0, then hs is a constant function, which is impossible. So, s # 1 and there
exists {(z) = x + t/(1 — s) such that

"t ohyol(sz) =sl"tohyol(z).

Then s must be a root of unity, which can be seen by looking at the leading term of the
polynomials. Then hy o [(sx) = hy o l(z) implies that hy ol = P(z¢) for some polynomials
P and integer d > 1 which is the order of s as a root of unity. Therefore

[Tt ohyol(z) = 2Q(2)
hyol = P(z%)
for some polynomials (). Moreover since
C'=V(y-pa)=V(y—sz—t)eX

contains a Zariski dense set of K-points, s,t € K and [(z) = 2+ t/(1 — s). Thus we are in
case (1) of Theorem 2.1.6.

Now we are left with the case that h; is linearly conjugate to P, or +7,.
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Case 2:

hy is linearly related to P,. Without loss of generality we may assume that h; = P, for
some 7. So C' is an irreducible curve invariant under (P,, P,). The irreducible curves
over C invariant under power maps are given by V(X™Y" — v) for (m,n) € Z*\{(0,0)},
ged(m,n) = 1 and v is a root of unity, or one of {0} x P{, P& x {0}, {00} x P}, or P}, x {0}
by Lemma 2.2.3. Since we have (hg, he)(C") € A by the construction of C’; we have the
first case holds with m = —n # 0 by a simple degree argument. Therefore the irreducible
invariant curves are of the form V(Y —eX') with some root of unity e satisfying (ex)" = ex”.
This implies that the order d of the € satisfies d|(r — 1). The condition (hg, ho)(C") € A

and C" # A gives that
hy = Po Py (2.3.7)

for some polynomial P and d > 2. In general, the conclusion is that there exists complex
linear polynomials [ = ux + v such that

hyol=Po P,

I"Yohyol=P,

for some polynomial P, d|(r — 1) and d > 2. Also

C'=(LHVEY —eX) =V —eX + (e—1)v) e X, (2.3.8)
with some d-th root of unity € # 1, contains infinitely many K-points. This implies
V(Y —eX + (e —1)v) is defined over K. Thus ¢,v € K. Now hy(z) = v~ (x —v)" + v and
ho(x) = Po Pyol™'. Let I'(z) = z +v. We have

I"Vohyol'(z) =u'""2" = 2Q(z%),
and Q(z) = u' "D/,
ho(z) ol = P(u=%x —v)¥) o (z +v) = P(u"%?) = P'(z%),

for some polynomial P’(x). Therefore we are in case (1) of Theorem 2.1.6.

Case 3 :

hy is linearly conjugate to £7,.. We may first assume without loss of generality that h,
is either T, or —T,. Notice that 7 : C* — Al given by m(z) = 1/x + z is dominant
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and +7, om = wo (+P,). Therefore the preimages under (7, 7) of invariant subvarieties
in P& x Pt under (+7,,+7,) are invariant subvarieties under (+P,, +P,). Recall from
Section 2.3.1 that C” is an irreducible curve invariant under (hy, hy) with Zariski dense set
of K-points. Now, in this case, C” is an irreducible curve invariant under either (7., T}.) or
(—T.,—T,) over C, and so

E = (m,m) C (2.3.9)

is an invariant subvariety under either (P,, P,) or (—P.,—P,). Let Ey,..., E; be the irre-
ducible components of E. Since F is invariant under (£P,, £ P,), we have

(ipra iP’I’)(E’L) = ET(Z)

for some map 7 : {1,2,...,t} — {1,2,...,t}. Then there exists j € {1,2,...,t} and w € N*
such that 7%(j) = j and therefore

(ipm ipr)ow<Ej) = Ej7

since (+ P, £P,)°" is not a constant morphism and therefore surjective. Now we have that
E; is an irreducible curve invariant under either (P, P,)*" or (—P., —F,)°".

In both cases, by Lemma 2.2.3, Ej is given by V(XY™ — v) for some coprime integers
m,n, at least one of them is not zero, and a root of unity v, since it cannot be one of the
{0} x PE, PL x {0}, {0} x P{ or PE x {00} as

(hQ, ]7,2) o (7'(', W)(E]) c A.
By the same reason, a degree argument implies that m = —n # 0. Therefore
E; =V(Y —€X) (2.3.10)

with a root of unity € of order d > 1. The discussion from now on doesn’t depend on
the sign of (£7,,+7,), so we only consider the case for (hi,hi) = (T;,7,). Then E; =
V(Y — eX) € E with the root of unity € of order d > 1 and Lemma 2.2.1 implies that

V(Y —eX)and V(Y — ¢ 'X)

are the only irreducible components of £ = (m,7)"'(C’). The fact that E is invariant
under (P, P,) implies

(P, PYV(Y —eX)) c V(Y —eX) U V(Y — ' X). (2.3.11)

20



In particular, Equation (2.3.11) implies €” € {¢~!, ¢}. Therefore
dl(r—=1)ord|(r+1).
On the other hand, (hg, hy)(C’') € A implies
ho(e! )z + x/eth) = hy(1/z + ). (2.3.12)

Notice that every polynomial can be written as a linear combination of Chebyshev poly-
nomials; in particular,

M@:Z%M@

for some constants a; € C, with v = deg(h,). For u = ¢*! we have

v v

hao(p/z + x/p) = > ai(p'/at + 2 /p') = ) ai(1/2" + a) (2.3.13)

=0 =0

by Equation (2.3.12) for all z € C*. So for each i € {1,2,...,v} such that a; # 0, we have
p' = 1; ie., d|i. In particular d|v. Therefore

v/d
hQ([L’) = Zadej OTd = POTd

=0

for some polynomial P. Therefore, in general we have that there exists a complex linear
polynomial [(x) = ux + v such that

hool= PoTy,

I"tohyol =+T,

where d|(r + 1) or d|(r — 1) and P is an arbitrary polynomial. Also Equations (2.3.9) and
(2.3.10) implies that
V(Y —eX) < (mm) (({1,1)"HC) (2.3.14)

with some root of unity € # 1 of order d, where C’ € ¥ has infinitely many K-points. If
d = 2 then in this case from Equation (2.3.14)

C'=V(Y + X —20) = ,)(m M V(Y + X)) € =.
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In particular, ¢ has infinitely many K-points is equivalent to v € K. This is 2(a) of
Theorem 2.1.6. If d > 2 then by Lemma 2.2.2 and Equation (2.3.14), we have that

C'=V(Y?+(e+1/e=2)0(X+Y)+(e—1/e) XY + X*+(2—e—1/e)v* +(e—1/€)*u?). (2.3.15)

has infinitely many K-points. Since this is a smooth conic and in particular a smooth
genus zero curve, so it has infinitely many K-points if and only if there exists one. This is
2(b) of Theorem 2.1.6. If we further have that r is even, then

lo+T, ol ' e K[z]
implies that v"~! € K. From Lemma 2.2.2 and recall C’ € ¥, we have
u?,v,e+1/ee K.

So, u € K. Notice that
(2u 4 v, u(e + 1/e) +v) e K?

is a point in C’. Therefore, C’ has K-points if and only if u,v,e + 1/e € K.

2.3.3 Sufficiency of (1), (2) in Theorem 2.1.6

For this we just need to verify the moreover statement of remark 2.1.7. We suppose there
exist hi, hy and [ as in cases (1) or (2) in the statement of Theorem 2.1.6. The idea is
that from previous sections we have already obtained the invariant curves under (hy, h;)
and then the set of K-points on the invariant curves excluding the preimages of its inter-
section with A under some iterations of (hy, hy) will satisfy Equation (2.1.3) and (2.1.4) in
Theorem 2.1.6. We will make these precise as follows.

If conditions in (1) of Theorem 2.1.6 hold, then take
C=V(Y —eX —-v(l—¢)

for some primitive d-th root of unity ¢ € K. By the argument in the previous section or
one can check directly that

(h1, h1)(C) € C.

Let 7 be a nonnegative integer and let

Z1 = (hl, h1>_j(C M A) N C.
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Notice that Z; is a finite set. So, we take (a,b) € C(K)\Z; and then
hi(a) # hi(0),
(hi(a), b (b)) € C

and also ' '
ha © hi(a) = hy o hi(b)

by the construction of hs.

For case (2) in Theorem 2.1.6, let € be a primitive d-th root of unity and let C' be
V(Y?+ (e+ 1/e—2u(X +Y) + (e + 1/e)XY + X* + (2 — e — 1/e)v* + (€ — 1/e)*u?)
if 2(b) of Theorem 2.1.6 holds; or
C=V(Y +X —20)
if 2(a) of Theorem 2.1.6 holds. Let j be a nonnegative integer and let
Zy = (h1,m) 7 (CnA)NC,
which is a finite set. Then for any K-points (a,b) € C'(K)\Z; we have
hi(a) # hi(b).
Recall from the argument in the last subsection, C' is invariant under (hq, h;) and
(he, ho)(C) < A.

Therefore ' '
hy o hi(a) = hg o hi(b).

This concludes the proof.

2.4 Computing N in Theorem 2.1.6

It is natural to ask if the number N and the number of points in Z in Theorem 2.1.6 can be
bounded. Bounding #Z leads us to look at the K-points of genus > 2 curves that appear
in the preimages of A € P* x P! under maps (f, f) with f € (S). Tt is still an open problem
to bound the number of K-points on curves uniformly in terms of the number field K and
the genus of the curve [20]. Also, it is difficult to bound the number of K-points on a given
curve in general. So it is not an easy task to bound #7. However, we can indeed get a
computable bound on N:
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Corollary 2.4.1. Adopt the notation from Theorem 2.1.6. There is a computable number
Ny € N depending on S such that we can take N = Ny in the statement of Theorem 2.1.6.

Proof. Recall that in the proof of Theorem 2.1.6, we take N = #X and X is the set of
irreducible curves different from A, having a Zariski dense set of K-points and living inside
the preimages of A under elements of the form (f, f) with f € S. Let ¥’ < ¥ be the subset
of ¥ consisting of curves of genus 0 and then we will show that we can in fact take N
to be Ny = #X'. Suppose there exists hy and hy as in the case (1) or (2) of Theorem
2.1.6 and hy = ¢, o --- 0 ¢y, where k; > Ny. Then there exists a curve C' € ¥’ such that
(ho, ho)(C) = A (C'is aline in (1) and conic in (2) according to the proof of Theorem 2.1.6).
We assume (¢, 10 - -0, g, 10+ - -0¢1)(C) # A, otherwise we just take hy = ¢g, _10- - -0¢;.
Then there exists a sequence of curves {Cy, ..., Cy,_1} S ¥ such that C;_y < (¢, ;) 1 (C}),
Co=Cand Cj, = A, 0 <i < k;. The fact that all of these curves have to be genus 0 follows
from the genus estimation lemma [13, Proposition 4.1] saying that for any irreducible curve
C’ over C and irreducible curve C” < (f, f)~1(C"), f € S, genus of C” is not less than genus
of C". So, if there is a curve C}, 1 < j < ky, having genus greater than 0 in the middle of the
sequence, then C'is of genus greater than 0, which is a contradiction. Since k; > Ny, there
exists k; = mg > my > k1 —Ng—1 such that (¢,0 - 0,11, Prmy© = 0Py +1)(Crny) = Crnys
Om2 = Oml‘ Also, (¢k1 ©-:+0 ¢m2+17 ¢k1 ©-r:-0 ¢m2+1)(0m2> = A. Let

hll = gbmz O"'O¢m1+1,

Ry = @r, 0+ 0 g1

Then repeating the argument in the proof of Theorem 2.1.6 after the Claim 2.3.1 we have
Ry, hYy also satisfy the condition in (1) or (2). Now suppose hy is written as a composition
of no more than Ny elements in S while h; is not. Then we replace hy with hs o Ay and
repeat the argument above. Therefore, we proved that we can take N to be Ny and now
we just need to bound Ny. Notice that we can obtain the set X/ explicitly by the following
procedures:

1. Let L = {A}.

2. For every curve C' € L and f € S, factorize the defining equation of (f, f)~*(C)
(polynomials in two variables) over the algebraic closure of the field of coefficients.
We desingularize the curves defined by each factor and for each smooth curve obtained
we compute its genus and if genus is equal to 0 then check if it contains infinitely
many K-points. If yes, then record this curve (defined by an irreducible polynomial
in two variables) in L if it is not already in L.
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3. If there is no new curves added in L from step 2 then we stop and output L; otherwise,
we repeat step 2.

Notice that L < ¥’ u {A} and this process will stop eventually because we know ¥/ < 3
is a finite set. Also, we remark that the algorithm for desingularization, factorization,
computing genus and testing if a genus 0 curve has infinitely many K-points are all known
(See implementations on Maple and also [71, Section 4.1]). Therefore, we can compute
#3' =#L — 1 and so is Ny = #X'. H

2.5 Proof of Theorem 2.1.1

In this section we give the proof of Theorem 2.1.1. Our first result shows that we can
reduce to the case when our maps all have degree > 2.

Lemma 2.5.1. Let n > 2 be a natural number and let f = (fi,..., fn) : (PH)" — (P
be a split rational map defined over an algebraically closed characteristic zero field and
suppose that there exists a positive integer k € {1,...,n — 1} such that deg(f;) > 1 when
1 <i<kanddeg(fi) =1 wheni > k. If V is an irreducible subvariety of (P1)" that
is invariant under f then there exist subvarieties Vi < (PY)% and Vo < (PY)"* such that
V = Vi x V4 and such that Vy is invariant under g, = (f1, ..., fx) and Vs is invariant under

g2 = (fk+17---7fn)-

Proof. The proof is similar to [387, Proposition 3.14]. Let d denote the dimension of V" and
let m : (PY)" — (PY)* and m : (P1)" — (P!)"* be respectively the projection onto the
first k£ factors and the projection onto the last n — k factors.

Let V; = m;(V) and d; = dim(V;) for i = 1,2. Since V < V; x V4 we have d < dy + dy
and d = dy + ds if and only if V = V] x V5.

Thus we may assume without loss of generality that d < dy + dy. We take «ay to be the
numerical class of the ample line bundle 77 Op1)(1,1,...,1) and ay to be the numerical
class of the ample line bundle 750p1)n-x(1,1,...,1). Furthermore, we let 3; denote the
numerical class of the line bundle pfOp1(1) for each j € {1,2,...,n} and p; : (P')" — P!
the projection onto the j-th coordinate. Then

o =1+ + B, (2.5.1)

Q2 = Bip1 + - + B (2.5.2)
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Notice that for any j € {0,1,...,d}, a{-ag_j-v > 0 and it is positive if j = d; or d—7j = d».
We denote I, = {1,2,...,k} and I, = {k+ 1,...,n} from now on.

Since there are only finitely many collections of indices (allowing repetition) of size d—dy
contained in I; and also only finitely many collections of indices (allowing repetition) of

size dy which is inside I, there exists a {r{,72,...,74_a,} S I, and a {e1,e9,...,e4,} S I5
such that
d—dy  do
V. 1_[ ﬂrt ﬁel > 07
t=1 =1

and C = Hf:_ldQ ¢r,, where ¢; = deg(f;) for i € I, is the maximum in the set

{Hci:v-ﬂﬁiﬂﬁv >0,I'c,J < L,|I'| =d—dy,|J| :dz}.

el iel’ veJ’

We let V' be an irreducible subvariety of Vmﬂf;ld * By, of dimension dy and here we abuse
notation to view f3,,’s as some suitable hypersurfaces in the numerical classes p}, Op1(1)’s.
Then note that dim(m (V') = dy — (d — ds).

We have
V/ . (Oél)dli(didﬂ . (CYQ)didl > 0.

This implies that there exists collections of indices

{jl = T17j2 =T2,... ajd—dg = rd—dzajd—dg-i—la R 7jd1} - Il
and
{Ul,UQ, s 7ud—d1} < 12
such that
dy d—dy
V-8 1] Bu>0. (2.5.3)
t=1 =1
Notice that
d1
cht > (2.5.4)
t=1

by construction and Equation (2.5.3) implies that

d d—d
V'Oéll‘OéQ 1>0.
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Let uy,us € R. Then, we have
(deg(flv))(V - (uren + ugan)?) = fu(V) - ((wran + usaz)?)

= V- (w(g1)"(en) + ua(2)* ()

k n d
=V <U126i5¢+u2 Z Ciﬁi) :

i=1 i1=k+1

Now we compare the coefficients of the v ud™" and u?"u$ terms and we obtain that
for each positive integer m:

. d—d;
deg(f™|v)af - ag ™ - <Z Cmﬁz) ( Z C:-”@) -V,

i=k+1
and
d—ds3 n do
deg(f™[v)ay™" <Z c;“ﬁi> ( > m@) V.
i=1 i=k+1

Therefore

deg(f™|v) = (Z c’"@) g v/ =iy (2.5.5)
and . s

deg(f™|v) = <Z mﬁi) Lol v/ (Oé(f_dQ ol V) , (2.5.6)
since ¢; = 1 when i € I,

04‘111 ad” “y >0,

and
Lo Y s )

Now, by (2.5.4) and Equation (2.5.5), we have

deg(f™|v) = aM™ + o(M™)
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for some positive integer a and M, such that M > C > Hf;ldz a, forall {l;,...li_a,} S L1
and {vy,...,v4,} € I with the property

d—ds

da
[18.]]8. V>0
t=1 1

On the other hand, Equation (2.5.6) gives that deg(f™]y) = O(C™). This is a contra-
diction and so the result follows.

]

Lemma 2.5.1 allows us to reduce to the case that all maps f; in the statement of
Theorem 2.1.1 have degree at least two when proving the result, and we now consider this
restricted case. We begin with a result in which the maps are special.

Remark 2.5.2. We introduce the notation here to avoid confusion in the later discussion:
Let n, D € N and K be a field. For a quasi-projective variety W < (P})" defined over K
and a set L which is a union of the finite field extensions of K of degree not exceeding D,
which is not necessarily a field or a ring, we let W (L) denote the largest subset of points

in W(K) such that for every i € {1,2,...,n},
m(W(L)c |J Pk,
K':K'<L
where 7; is the projection to the i-th factor and K’ ranges in the set of field extensions of
K contained in L as a set. We call this set of points W (L) the L-points of .

More concretely, after fixing a coordinate of W defined over K, we have W (L) is the
set of points (1, zy,...,x,) € W < (PL)" such that z; € Lu{oo}, for eachi € {1,2,...,n}.

Moreover, we let L* denote the set L\{0}.
Proposition 2.5.3. Let K be a number field, let n and D be positive integers that are at
least 2, and let K' be the union of all the finite field extensions of K of degree not greater
than D. Suppose that f = (fi,..., fn) : (Pk)" — (PL)" is a split rational map defined
over K in which the f;’s all have the same degree d = 2 and each f; is conjugate to either
v or £Ty fori e {1,2,...,n}. If V. < (PY" is an irreducible f-invariant hypersurface
defined over K, then there exists a non-negative integer sy such that

(VN ONE) =&

for all s = sg.
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Proof. We first enlarge our number field K to a larger number field so that each f; can
be conjugated to either 2% or to +7, by a map v; € PGLy(K) and {i,e™*} < K. No-
tice that it is enough to prove the statement in this larger field. We henceforth assume
that K is a number field satisfying this condition. We can then perform a change of co-
ordinates and may assume without the loss of the generality that f is of the form f =

(fl(xl)? s 7fn(xn)> = (xlidv inda s 7$ng_rd7 de(mk-‘rl)? R de(LEn)) for some k € {07 cee 7n}'
Let
p= (21, T, (T + 2510)/2, - (0 + 2,1)/2) : (C)" — (P17,

and
G = (zi, . it ol £x)  (CH" - (CF)"

be such that po G’ = f o pu. Then take

po= (21, Thy §1Thgts -5 §nTn)
and
G= (o ..zt al, 2,
where &.1,...,&, are some roots of unity such that p' o G = G’ o p/. Enlarge K so that
{&+1,--.,&} © K and abuse notation from now on to let p be po y/. So we have
poG = foup.

Notice that further abusing notations by replacing G by G? and f by f?, we may let

G=(af,. . 2d xd ... 2%
and
poG = fopu.

Now we prove the statement by induction on the dimension n. If n = 1, then the
statement is certainly true as V' is just a finite set of points. Now, we suppose it is true
when n < ng for some positive integer ng and we want to show it is true when n = ng + 1.
From now on, let n = ng + 1. Let W be the preimage of V' under p, which is a subvariety
in (C*)". Since f(V) =V, we have

G(W) < W.

Thus, there exists a subvariety W’ < W such that G(W') = W’ after replacing f and G
by a suitable iterate, we have W < G~ (W’). Therefore, by [51, Lemma 10], we have W is
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a finite union of translations of algebraic subgroups of (C*)". Notice that (§z; +& ;1) /2
maps {0, 0} to {oo}, for each i € {k + 1,...,n}. Thus, we have

V= V\u(W) = (U(v N H») cUJwvar),

where H; is the hypersurface in (P!)" defined by having the i-th coordinate equals to oo
and P; is the hypersurface with the i-th coordinate equals to 0. We write V' = Ufozl Vj for
some positive integer ky, where V}’s are irreducible components of V n H; or V n P, for some
i€{l,2,...,n}and l € {1,2,...,k}. Also, f(V') =V’ because f(V) =V, f(V') € V' and
f(u(W)) < w(W) as power maps take 0 or oo to themselves and Chebyshev polynomials
take oo to itself.

After replacing f by some iteration we may assume each V; is invariant under f. Notice
that every irreducible component of V-n H; or V n P, has dimension at least n — 2, if not
empty, for each i € {1,2,...,n} and [ € {1,2,...,k}. Thus, after some reorderings of the
coordinates, each V; projects onto either an irreducible hypersurface in (P')"~! or (P!)"!
itself, denoted as Vj’ in both case, and projects to either 0 or o in the remaining P! factor.
If Vi = (P')*~', then its preimages under f restricted to (P')"~' is itself and there is
nothing to show, so from now on we assume V; is an irreducible hypersurface. Also, V
is invariant under f7, the restriction of f to the corresponding (PY)"=1 factors. Now the
induction hypothesis tells us that there exists non-negative integer s’ such that

(VDN (VONET) = @

for every s > ). But notice that this also implies

(VN VK = &

', since preimages of {00,0} under 2% and preimages of co under +7} are just

YR
themselves. Take s( = maxf“z1 s.

for s = s

Now we look at the preimages of V' under p. If this is empty, then V' lives completely
inside some H; or P; for some i € {1,2,...,n} and j € {1,2,...,k} and, using arguments
above, we go to the induction steps. From now on, we assume that W = p=*(V) is not
empty. Notice that p~'((V\V')(K")) € W(L), where L is the union of finite field extensions
of degree D -2" over K. Recall that W = G~H(W’) and G(W') = W'. Tt is enough to show
that there exists a non-negative integer s; such that for any x € (L*)", if G*(x) € W/(L) for
some s = 0, then G*'(z) € W/(L). As, if this s; exists and there still exists a y € (P%,)" and
a s > sy such that f*(y) € u(W)(K’) but f*(y) ¢ u(W), then for any z € p~!(y) < (L*)",

G @) e Gu ' (f*(2))) = GW(L)) € W'(L).
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This implies that G*'(x) € W/(L). But we have G*'(z) ¢ W from f*'(y) ¢ u(W). This is
a contradiction.

Now, recall W’ is a finite union of torsion translation of algebraic subgroups. It is
enough to prove for each torsion translation of algebraic subgroup separately. So, without
loss of generality, we assume

W' =V(z*...2l" —e)

n

where 71, ..., 7, are integers that are not all zero and € is a torsion element such that e? = e.
Enlarge K, K’ and L if necessary so that ¢ € K. Then L-points in preimages of W’(L)
under iterates of G live in the union of V' (z7' ... 2" — e\), where \ ranges over elements
which is d™-torsion for some non-negative integer m. Notice that if (z1,...,x,) € (L*)",
then x; € L; where L; is a finite field extension of K such that [L; : K] < D - 2" for each
ie€{l1,2,...,n}. Therefore, A\ € L' = LiLs...L, where L’ is a finite field extension of K
such that [L': K] < (D - 2")". Therefore, A is a root of unity such that

Q) : Q] < (D-2")"-[K: Q]
We claim that
M={\eQ: A" =1, for some me N",[Q()\): Q] < (D-2")"-[K : Q]}

is a finite set. This is because the set of roots of unity of bounded degree is finite, which
is a special case of Northcott property, and M is a subset of it. Then we can take

s1 = maxord(\),
AeM

where ord()) is the minimum non-negative integer m such that \¢" = 1. Then for any
y € (L*)" such that G*(y) € W/(L) for some s > sy, we have y € V(27" ... 2" — €e\) for

n

some A € M and thus G*'(y) € W’(L). This will conclude the proof in this case.

To conclude, we take sy = max(sy, s1). We have
VN TNE) =&
for any s > sq. O]

Proposition 2.5.4. Let K be a number field, let n and D be positive integers that are at
least 2, and let K' be the union of all the finite field extensions of K of degree not greater
than D in some fized algebraic closure of K. Suppose that f = (f1,..., fn) : (PL)" — (P})"
is a split rational map defined over K in which the f;’s all have the same degree d = 2 and
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each f; is a Lattés map for i € {1,2,....,n}. If V < (PY" is an irreducible f-invariant
hypersurface defined over K that projects dominantly onto any subset of n — 1 coordinate
axes, then exists a non-negative integer sy such that

(f VN (VINK) =2

for all s = sy.

Proof. In this case, f = (f1, f2,..., fa) where each f; is a Lattés map. We consider a
diagram:
Elezx---xEn#E1><E2><---><En

Wl lw (2.5.7)

(PY)" f > (P
where G = (g1, g2, - - . , gn) is also a split morphism on the abelian variety F; x Ey x - - - x E,
and m = (my,ma,...,T,) is a projection map such that each g; and m; satisfies f; om; =

7; o g; by the fact that f; is a Lattes map. Let W = 7~1(V), which is a subvariety in
Ey; x Ey x -+ x E,. Since each m; has degree bounded by 6 [32, Proposition 6.37] and
we can enlarge K to a larger number field so that g;’s are defined over K, we replace K
by this larger number field. It is enough to show that L-points of W are stabilized under
preimages of G, for every finite field extension L of K of degree not greater than (6" - D)™
We have G(W) < W by construction and there exists a subvariety W’ < W such that,
after replacing G and f by some suitable iterate, G(W') = W’ and G(W) < W'. We
just need to show that there exists a non-negative integer sy such that for any s > sy and
[L:K]< (6" D),

(GHWNG*(W))(L) = . (2.5.8)

This will imply that
(f VN INE) = 2, (2.5.9)
since, if not, there exists z € (P )" such that f*(x) € V(K) but f*(z) ¢ V(K) for some
s > sg. Thus there exists a
yen Nx)c (B x By x -+ x E,)(L),
where L is a finite field extension of K of degree not greater than (6" - D)™, such that
Gt (y) € W/(L), but G*(y) ¢ W so is not in W’. This is a contradiction to (2.5.8).

Notice that it is enough to prove 2.5.8 for each irreducible component of W’. From
now on we abuse notation and let W denote an arbitrary irreducible component of W”.
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To prove the statement (2.5.8), we first consider W which is a translation of W by some
K-point in F; x Ey x --- x E, such that W is invariant under é, where G is a group
homomorphism of the abelian variety with the property that G is the composition of G
with a suitable translation.

Then, by [44, Theorem 3.1], W contains a Zariski dense set of preperiodic points of G.

Note that the preperiodic points of G are torsion points in
E1XE2X~--XEn

(see [14, Claim 3.2] and notice that G, G and f are polarizable). Therefore, we can apply
the classical Manin-Mumford conjecture (proved in [72, 73]) to get that W is a translation
of some subabelian variety of F; x Ey x --- x E, and so is W. Thus G restricted to W is
an étale morphism and therefore we apply [13, Theorem 2.3] to conclude that there exists
a nonnegative integer sg such that for any s > sg we have

(G WNG(W)(L) = @, (2.5.10)
for any finite field extension L of K of degree not greater than (6™ - D)". O
Lemma 2.5.5. Let V be an irreducible hypersurface in (P1)" that projects dominantly onto
every subset of n — 1 coordinate axes. Let f = (f1,..., fn) be a split rational map with
deg(f;) > 1 forall1 <i<n. If f(V) =V then deg(f1) = deg(fz2) = --- = deg(f,).
Proof. We consider for each i € {1,2,...,n} the following diagram:
flv

V—m—V

1 !

(PH)" ——— (

lb

& (2.5.11)

Pl
T”i ml

(Pl)n 1 L) (I[J)l)n 1

where ¢ : V' — (P!)" is the natural embedding, m; is the projection to the n — 1 coordinates
excluding the ¢-th coordinate, and

gi = (f1, for - fict, fivrs o5 fo),s



i.e., we skip the i-th index and so g; : (P*)"~! — (P')"~!. Since m; o ¢ is a finite morphism
by the assumption that V' projects dominantly onto every subset of n — 1 coordinate axes,
we have
deg(f|v) = deg(g:) = | [ des(f,),
Jel;

where I; = {1,2,...,i—1,i+ 1,...,n}. Since this argument and equation hold for each

i€{l,2,...,n}, we have
[ [dee(f;) = [ ] des(£)

Jel; Jely
for any i,k € {1,2,...,n}. This implies that deg(f;) = deg(fx) for any pair of i,k in
(1,2,...,n. 0

Lemma 2.5.6. In the case where the degrees of fi, ..., fn are all at least two, it is enough
to prove Theorem 2.1.1 with the additional assumption that V is an irreducible hypersurface
of dimension not less than 1 that projects dominantly onto every subset of n —1 coordinate
azes in (P)".

Proof. The idea is the same as in [12, Proposition 2.1]. We assume throughout this proof
that we have the hypotheses of Theorem 2.1.1 and that the maps f1, ..., f, all have degree
> 2.

We use induction on the dimension of V. If dim(V) = 0, then V is a finite set of
points and Theorem 2.1.1 is true since the preimages of K-points in V live inside a set
of K-points of bounded height. Now suppose that the conclusion to Theorem 2.1.1 holds
when dim(V') < D, we prove the case that dim(V') = D. Notice that it is enough to prove
that the conclusion to Theorem 2.1.1 holds for each irreducible component of V' separately
after replacing f by a suitable iterate.

Thus we assume that V is irreducible. Then there exist D coordinate axes such that
the projection 7 of V' onto these axes is dominant.

Without loss of generality, we assume that they are the first D coordinates and for j > D
we let 7; denote the projection from V' to the coordinate axes indexed by {1,..., D, j}.

D+1

Therefore 7;(V) is a hypersurface in (P') and also

Hj = m;(V) x (P')"~ P~
is a hypersurface in (P')". Now we claim that V is a component of ﬂ;‘: p+1 Hj. No-

tice that dim( ?:D+1Hj> > D and V < ?=D+1Hj' So we just need to show that

dim (Y p., H;) = D.
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Since 7;(V') projects dominantly onto the first D coordinate axes, there exists a Zariski
open subset U < (P')? such that for each

a=(ay,...,ap)eU

there exists a finite set S, ; such that if (ay,...,a,) € H; and (aq,...,ap) € (V) then
a;j € S,;. This is saying for each o € U there are only finitely many points in (;_,,, H;

such that the first D coordinates are equal to o. Therefore, dim < ;L: pa1 H j) =DandV
is a component of (");_,,, H;. Notice that since f(V) =V, we also have f(H;) = Hj.

We claim that if for each H;, we have the statement of Theorem 2.1.1 holds, then
certainly it holds for V. To prove the claim, we first notice that there exists a subvariety
H < (\;_py Hj containing V' such that f(H) = H and f (ﬂ] b1 ) = H if we replace
f by some iterate. We denote Vi, ...,V as the irreducible components of H of dimension
D and without loss of generality assume that V' =V; and f(V;) =V, for each i € {1,...,k}
by replacing f with suitable iterates. Assume that the conclusion to Theorem 2.1.1 holds
for each H;. Then there exist non-negative integers s; such that each z € (P})" satisfies
f?(xz) € H;(K) for some non-negative integer s, and we have f*%(z) € H;(K) for each
D+1<j<n.

Now for each x € (P%)" such that f*(z) € V(K) for some non-negative integer s, we
have certainly f*(z) € H;(K) for each D +1 < j < n. Thus letting s{, denote the quantity
Maxpi1<j<nis;}, we have f%(x) e i—py1 Hj(K) and fotl(z) e H. If fotl(z) ¢ V
then f**!(x) € V; for some i € {2,...,k} such that f*(z) € V nV;. Since f(V) =V
and f(V;) = Vi, we have f(V nV;) < (V nV;) and there exists V' < V n V; such that
f(VnV;)=V"and f(V') = V' after further replacing f by a suitable iterate. Notice that
dim(V’) < D and z is in the preimages of V' under f. By the induction hypothesis, there
exists a positive integer s} such that (f~1=*(V)\f~1(V))(K) = &. Therefore, taking
sp = max{s}, s, + 1}, we have f*(z) € V(K). We proved that it is enough to prove that
the conclusion to Theorem 2.1.1 holds for each H;.

Now for each Hj, it is equivalent to prove the statement of Theorem 2.1.1 for m;(V') <
(PY)P*! which is an irreducible hypersurface invariant under f' = (fi,..., fp) and project-
ing dominantly onto first D coordinate axes. We claim that, after reordering coordinate
axes, we have 7; (V) = W; x (P')™ for some 0 < m; < D, where W; < (P')P+1=™i projects
dominantly onto any subset of D — m; coordinate axes. This can be proved by induction
and the base case is that D = 1 and in this case 7;(V') either projects dominantly onto
any P! factors or it is W; x P!, after reordering coordinate axes, where W} is a finite set of
points. Now, assuming the clalm is true for D = Dy, Dy > 1 is a positive integer, we prove
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it for D = Dy + 1. If there exists D subset of coordinate axes such that the projection,
m1(mj(V')), onto those axes is not dominant and denote 7, as the projection onto the other
P! factor, then dim(m (7;(V))) = D — 1 since we have

dim(7;(V)) < dim(7m (7;(V))) + dim(ma(7;(V))). (2.5.12)

So dim(my(7;(V))) = 1, which implies m(7;(V)) = P'. Then the equality actually holds
in (2.5.12) and we have 7;(V) = m;(m;(V)) x P'. Applying the induction hypothesis on
m1(mj(V)) concludes the proof of the claim.

Recall, we have already shown that it is equivalent to prove the statement of Theorem
2.1.1 for m;(V'). By the claim, proving for m;(V') is also equivalent to proving for W; which

is an irreducible hypersurface in (P*)P*1=™ invariant under f” = (fi,..., fp+1-m,), after
reordering coordinate axes, and projects dominantly onto any subset of D —m; coordinate
axes. [

Proposition 2.5.7. Let K be a finitely generated field extension of Q, let D be a positive
integer and let L be the union of the finite extensions of K of degree less than or equal to
D. Let f: Pl — Pk be a surjective morphism of degree greater than 1 defined over K.
Then there exists a positive integer N such that if a,b € PY(L) satisfy f"(a) = f™(b) for
somen =0, then f¥(a) = fN(b).

Proof. [13, Theorem 3.1] proves this for L a number field. But the proof still works if
we have L as above. The only changes to the proof that are needed are that instead of
embedding L into Q, for a suitable prime p directly such that, after embedding, f € Z,[[z]],
we embed K into Q, for a suitable prime p such that f € Z,[[x]]. Then L is naturally
embedded as a set in the union of the finite field extensions of Q, of degree less or equal to D
which is inside @p. Denote such an embedding map as ¢. Since there are only finitely many
finite extensions of @, of degree bounded by D? we can perform the argument separately
for each finite extension K of @, of degree bounded by D? to obtain a corresponding
N and assume t(a),t(b) € K!. In the end we simply take the maximum of these N’s
corresponding to each K.

Notice that the key ingredient of the proof of [13, Theorem 3.1] is the p-adic uniformiza-
tion which works over C, and thus it can be applied here without changes. Also, in the
proof [13, Theorem 3.1], N is only depending on f and the least common multiple of the
orders of roots of unity in a finite extension of Q, of degree bounded by deg(f) which is a
finite set. And now, we only need to take it to be depending on f and a positive integer
M—the least common multiple of orders of roots of unity in a finite extension of K] of
degree bounded by deg(f). Notice that this is doable since the set of roots of unity in @p
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such that their degrees over Q, are all bounded by a constant is also finite [13, Proposition
3.6(3)] and the finite extension of K/ is also a finite extension of Q, of degree bounded by
deg(f)D?. Thus, the proof follows just as in [13, Theorem 3.1]. O

Proof of Theorem 2.1.1 in the case when deg(f1),...,deg(f,) = 2. Notice that by Lemma
2.5.6, it is enough to prove the statement with the assumption that V' is an irreducible
hypersurface projecting dominantly onto any subset of (n — 1) coordinate axes in (P1)".
Since f(V) = V, we have that V' contains a Zariski dense set of preperiodic points of f
[31, Theorem 5.1]. Therefore, by [12, Theorem 2.2], we have if n > 2 then

1. either fi,...,... f, are all Lattes maps;

2. or f;’s are all conjugated to #%% or +T,, where Ty ’s are Chebyshev polynomials of
degree d; = deg(f;).

Notice that by Lemma 2.5.5 in both cases dy = dy = --- = d,. If n = 2, then by the proof
of [12, Theorem 1.3] we have either f;, fo are both Lattes maps or neither of them is. So
overall we have three separate cases to show:

1. n =2, fi and f5 are not Lattes maps;
2. n > 2, f;’s are conjugated to either ¥ or +7} for some d > 1;

3. fi’s are all Lattes maps.

Case (2) is implied by Proposition 2.5.3 and Case (3) is implied by Proposition 2.5.4.
We are left to prove case (1): By [08, Corollary 4.5] and [08, Remark 4.3], we have that
there exists rational functions Uy, Us and F' defined over K such that

UoF = fioly,

UsoF = fr0Us

and Wy = (Uy,Uy)"1(V) is a subvariety such that (F, F)(W;) < W; and it contains an
irreducible component V' < W such that (F,F)(V') = V' and (F,F)(W;) < V' after
replacing F', f; and fo by some suitable iterate. Also by replacing K with some larger
number field, we assume U;, Us and F' are defined over K. Let K’ be the union of the
finite field extensions of K, whose degree is bounded by deg(U;)? = deg(U,)? of K. It is
enough to show that there exists a positive integer sy such that

(B F)H(VO\EF) (V)K= @
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for any integer s = s.

Now if F' is Lattes map or is conjugate to either a power map or a Chebyshev polynomial
or its negative, we obtain the result from Proposition 2.5.3 and Proposition 2.5.4 separately.
So, we assume F' is not a Lattes map nor conjugate to either a power map or a Chebyshev
polynomial or its negative. Then by [68, Theorem 4.15|, we have there exists rational
functions Us, Uy, F} and F3 over C such that

UsoFy = FoUs,

U4OF2=FOU4

and W = (Us,U;)"'(W}) is a subvariety such that (Fj, F5)(W) < W and it contains a
subvariety W' such that (Fy, Fy)(W') = W' after replacing Fi, Fs, fi1, fo and F by a
suitable iterate. Furthermore, F; and F5 are not generalized Lattes maps by the Theorem.

Now let 7y = U; o Uz and 75 = Uy o Uy and replace K by a finitely generated field
extension of K such that 71, 7, F} and F, are all defined over K. After replacing F' and
Fy, F5 with a suitable iterate and abusing notation to let W be some irreducible component
of W', we may assume (Fi, F»)(W) = W. Let L be the union of the finite field extensions
of K of degree bounded by deg(7;)? = deg(72)?. Similarly, it is enough to show that there
exists a positive integer sg such that

((Fr, F) WO\, Fo) = (W))(L) = &

for all integers s > sg.

In this case, we use [08, Theorem 1.1] and we get that there exists rational functions
X1, Xo,Y1, Y5 and B such that there exists some positive integer d such that

Fl=X,0Y, (2.5.13)
Fé = X,0Y, (2.5.14)
Bl =Yi0X; =Ys0 X, (2.5.15)

W S (Y1, Y2) " (A) and also (FY, ) (Y, Y2) " (A)) = W.

Enlarging K by adjoining the coefficients of X7, Y7, X5 and Y, and abusing the notation
to let K denote this larger field and L be the union of the finite field extensions of degree
bounded by deg?®(7;) = deg?(7y) of K.

Now it is enough to show that there exists a non-negative integer sy such that for any

s = Sg,
(Fy, B) DY WN(F, Fo) 4 (W) (L) = . (2.5.16)
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We claim that to prove the above, it suffices to show that there exists sg such that for any
S = Sy

(Fi B0 (V, o) AR B) (1Y) (A)D) = @ (25.17)

To see this, suppose there exists s{, such that for any s > s, Equation (2.5.17) holds. If there
exists a non-negative integer s > s, and a z € (P! x P!)(L) such that (Fy, F)*¥(z) € W(L)
but (Fy, F5)%%z) ¢ W, then

(F1, F2)%%(x) € (Y1, Yo) (AW

by Equation (2.5.17). Thus (Fy, F5)®0™)4(z) € W. Therefore, take sy = s} + 1, we have
for any s > sq

(B, ) AW, By) ™ (W))(L) = &,

Thus, it is enough to show that there exists sq such that for any s > s
(P, B (1, Vo) AP B) (v, Y2 AL = @ (25.18)
which is equivalent to, by Equation (2.5.13), (2.5.14) and (2.5.15),
(Y2, Ya) (B, BY =N (A\(B, BY) (A))(L) = &. (2.5.19)
Since, again, Y7, Y5 are defined over K, it is enough to show

(B, BY) " HANB, B)(A)(L) = & (2.5.20)

Notice that if there exists a non-negative integer sy such that for any non-negative
integer s and any x,y € P!(L), we have

B%(x) = B*(y) (2.5.21)
implies
B0 (x) = B™(y), (2.5.22)

then Equation (2.5.20) holds for s > so. While this is proved by Proposition 2.5.7. The
result follows.

[]

39



Proof of Theorem 2.1.1 in the general case. By replacing f by some suitable iterate, we
have that each irreducible component of V' is also an invariant subvariety of f. It is
enough to prove the theorem for each irreducible component of V', so we assume that V' is
irreducible.

If there doesn’t exist f; such that deg(f;) = 1, for i € {1,...,n}, then the statement
has been proved. Thus we may assume that at least one f; is an automorphism. We
reorder the coordinates so that there exists a positive integer k € {2,...,n — 1} such that
deg(f;) > 1 when ¢ < k and deg(f;) = 1 when i > k. Now Lemma 2.5.1 implies that
V = Vi x Vo, where V; < (PY)*, V, < (PY)" % such that ¢;(V1) = Vi and ¢o(Va) = Va,
where g1 = (f1,..., fx) and go = (fis1,. .., fa). Notice that g, '(V5) = V4 and there exists
a non-negative integer sy such that (g, *(V1)\g;*(V1))(K) = & for all s > s, since we
have established Theorem 2.1.1 in the case when the maps all have degree > 2. Thus, or
any non-negative integer s > s,

(f N (VK

= (g (V)\gr *(V) () x (g5 (Va)\g " (V2))(K) = 2.

The result follows.
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Chapter 3

A finiteness result for common zeros
of iterates of rational functions

3.1 Introduction

3.1.1 Historical background.

Bugeaud, Corvaja, and Zannier [18] provided an upper bound on the greatest common
divisor (GCD) of two integer sequences using tools from Diophantine approximation. More
precisely, they showed that for any multiplicatively independent integers a,b > 2 and for
any € > (, one has

ged(a™ — 1,0" — 1) < exp(en)

for sufficiently large n > 1.

In 2004, Ailon and Rudnick [!] obtained the first instance of a GCD-type result over a
function field of characteristic 0. In fact, they proved that for any nonconstant multiplica-
tively independent polynomials a,b € C[z] there exists a polynomial h € C[z] such that
ged(a™—1,b" — 1)|h for all n = 1. Ostafe [65] pointed out that the result of Ailon-Rudnick
holds generally for any pair (m,n) € N x N. Ostafe also provided an upper bound on the
degree of ged(a™ — 1,0" — 1) in terms of degrees of a and b.

There are many generalizations and extensions of GCD-type results in various contexts,
see for example [22], [39], [30], [47], [48], [53], [57], [58], [79), [80], [31] and [90].

Motivated by taking multiplicative powers of polynomials, one can study GCD-type re-
sults of iterates of rational functions. Let f(x) € C(x) be a rational function with complex
coefficients. Here and in what follows, f™ denotes the n-fold composition of f with itself.
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Definition 3.1.1. Two rational functions f and ¢ are said to be compositionally indepen-
dent if there exist positive integers i1, ..., %, j1, --es Js, U1, ---, Iy, M1, ..., my such that

filogjlo...ofisogjs:fllogmlo..'ofltogmt

then s =t and 7, = lg, jr = my for 1 < k < s. In other words, the semigroup generated by
f and ¢ under composition is isomorphic to the free semigroup of two generators.

Hsia and Tucker [52] first addressed the question posed by Ostafe [65, §4.2] in dynamical
setting. Under suitable compositional assumptions, they showed that for any polynomial
maps f, g of degree = 2 with complex coefficients and ¢(x) € C[xz] there are only finitely
many irreducible factors of

ged(f™ (x) — c(x), 9" (x) — c(x))

for some positive integers m and n (cf. [52, Theorem 1]). Interestingly, Theorem 2 in [52]
can be viewed as a compositional analog result of Ailon-Rudnick for linear polynomials.
However, for nonlinear polynomials, their result holds conditionally on the assumption that
¢(x) is not a complex constant which is in ramified cycle of both f and ¢ (cf. [52, Theorem

4]).

3.1.2 Statement of main results.

In this article, we answer the following question posed by Hsia and Tucker.

Question 3.1.2. [52, Question 18] Let f,g be two nonconstant, compositionally inde-
pendent rational functions with complex coefficients. Let ¢ be any rational function with
complex coefficients. Is it true that there must be at most finitely many A\ € C such that
f™(A) = g"(\) = ¢(\) for some positive integer n?

It turns out that Question 3.1.2 is not true in general. This can be seen from the
counter-examples provided in Remark (3.3.5),(3.3.6), (3.3.7), (3.3.8) and (3.3.9).

However, after excluding these families of rational functions f and g, we obtain a
finiteness result of common zeros of iterated rational functions in a similar spirit to Question
3.1.2. More precisely, we state our main results as follows.
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Theorem 3.1.3. Let f(X), g(X) be automorphisms on P! defined over C and c(X) be
a rational function defined over C. If the semigroup generated by f(X) and g(X) under
compositions is free, then there are only finitely many \ € C such that

") =g"(A) = c(N) (3.1.1)

for some positive integer n unless f(X), g(X) are simultaneously conjugated by an auto-
morphism on PY(C) to one of the following:

1. aX + 8, X/(vX + ), with some «, 9,7, 8 € C* such that one of a/§ and & is a root
of unity;

2. aX + 3, 60X 4+, with some o, € C* such that o and § are not roots of unity, v and
B are not both 0, and either a/§ is a root of unity other than 1 or one of &/ and
62/ is a root of unity.

When at most one of rational functions f and ¢ is of degree one, we can relax some
conditions on (m,n) € N x N. Also, the finiteness result on the number of zeros of both
equations f™(x) — ¢(x) = 0 and ¢"(z) — ¢(x) = 0 holds under natural assumptions. This
is reminiscent of polynomial maps’ counterpart (cf. [52, Theorem 1]).

Theorem 3.1.4. Let f and g be two compositionally independent rational functions with
complex coefficients, at least one of which has degree greater than one. Suppose that c(x) €
C(x) is not a compositional power of f or g. Then there are only finitely many A € C such
that

for some positive integers m and n.

Notice that the same statement allowing distinct n and m for the case that f and g are
both automorphisms on P*(C) doesn’t hold. There is a counter-example in the beginning
of Section 3 of [52].

3.1.3 Proof strategy.
Hsia and Tucker [52] combine various tools and techniques from Diophantine geometry,
complex dynamics, and number theory. Our approach is akin to their method. There are

technical difficulties to overcome for rational functions. We briefly explain our ideas of
proving Theorem 3.1.3 and Theorem 3.1.4.
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For automorphisms f and ¢ defined over Q, we heavily hinge on tools from Diophantine
geometry (e.g., Roth’s theorem, Siegel’s theorem, and S-unit theorem). After excluding
suitable f,g (see §3.1.2), we show that f and g must share a common fixed point (see
Lemma 3.3.1). Then we dynamically conjugate by moving such a fixed point to oo, we
may assume that f(z) = ax +  and g(z) = dz + v with o, 3,7,0 € Q". We break our
computation into several cases depending on whether o and ¢ is a root of unity to show
that if there are infinitely many solutions to

f" (@) = g"(x) = c(x)

where ¢(x) is any rational function with complex coefficients, then f and g are not com-
positionally independent. In other words, the semigroup generated by f and g under
composition is not free (see Theorem 3.3.4). Using specialization argument, we obtain the
desired result over C.

When exactly one of rational functions f,g € C(x) has degree greater than one, the
proof follows verbatim in the polynomial maps setting as a consequence of Northcott’s
property explained in [52, Proposition 9].

In the case both rational functions f,g € C(z) are of degree greater than 1 and
¢(x) € C(x). Under suitable compositional assumptions, we show that the infinite sequence
of solutions to

[ (i) = g™ (@) = clxi)

as i — +o (so m,n — +00) form a sequence of small dynamical height (Lemma 3.4.1).
We, then, apply the arithmetic equidistribution theorem of small points (in reminiscence
of [6], [5], [37], [38], and [70]) to deduce that dynamical height attached to f and g must
be identical (Proposition 3.4.2) and hence f and g must share the same set of preperiodic
points (i.e., points of finite forward orbit under iteration). Unlike polynomial maps setting,
one cannot appeal to the classification of polynomials with the same Julia set of [3] and
[77]. Alternatively, we apply the Tits alternative for rational functions of [12] to deduce
that f and g are not compositionally independent.

3.2 Preliminaries

3.2.1 Absolute values over global fields.

Here and throughout this section, K denote a global field (unless otherwise stated) equipped
with a set of inequivalent absolute values (places) satisfying the product formula. For ex-
ample, K could be a number field or a function field of positive transcendence degree over
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another field k. It was pointed out in [2] that a global field which has an archimedean
place must be a number field.

If K is a number field, we let My to be the set of all absolute values of K which ex-
tends the absolute values of Q. If K is a function field of finite transcendence degree m > 1
defined over a field k, then M is the set of all absolute values on K associated to the irre-
ducible hypersurfaces of the projective space PJ* (whose function field is K := k(t1, ..., ;)
where ty,..,t,, are algebraically independent—over k—functions in K). Thus there exist
N, = 1 such that the product formula | | |z|M =1 holds for any nonzero z € K. (see
[16] and [50]).

Let K, be the completion of K with respect to absolute value |- |,. Then C, is the
completion of the algebraic closure of K, and it is algebraically closed and complete. Note
that, by abuse notation, we still denote the absolute value on C, which extends uniquely
from |- |, on K by |- |,.

”L)GMK

Remark 3.2.1. When there is no confusion, we will simplify the notation to use | - | to
denote the usual Archimedean norm on K.

3.2.2 Dynamical height and preperiodic points.

Let S be the finite set of Galois conjugates Gal(K/K) -z of x in P!(K). Then we define
the Weil height h : P}(K) — [0, +0) by

hz) ;Z%Z S N, log max{1, [],}.

reS veM

In light of Baker-Rumely’s construction [2, §7.9], our Weil height is defined as the average
over Galois conjugate of points in K. It was pointed out that this definition does not
depend on the choice of embedding K < C, as S is Galois stable subset of P!(K).

Let f be a rational function defined over a global field K of degree > 2. Then the
Call-Silverman canonical height hy : P(K) — [0, +0) is defined by

. . 1 .
hy(z) = lim mh(f (x))-

We record important properties of Weil height and dynamical canonical height as follows.

Proposition 3.2.2. ([52, §3), [19]) Let f, h and hy be as above. Then
(i) h(f(x)) = (deg f)h(z) + O(1).
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(i) hy(x) = h(z) + O(1).
(iii) hy(f(x)) = (deg f)hs(x).

Over a number field, dynamical height is used to detect preperiodic points in the fol-
lowing sense.

Proposition 3.2.3. ([52, Theorem 5.22]) Let f(x) € K(x) be a rational function of degree
> 2 defined over a number field K. Then x € P1(K) is f-preperiodic if and only if hy(x) = 0.

The situation is different over function field. The dynamical height of a function defined
on a function field (over an infinite field) fails to properly detect preperiodic points. As an
interesting example shown by Benedetto [14], we consider f(z) = 2 € K|[z] defined over a
function field K = Q(T') of transcendence degree 1 with constant field Q. Notice that all
points in P!(Q) have dynamical height zero but 0,00 and roots of unity in Q are the only
f-preperiodic points. In fact, f is defined over the constant field of K.

Recall that a rational function f(x) € K(z) defined over a function field K is called
isotrivial if there exists a finite extension K’/K and a M&bius transformation ¢ € PGL(2, K')
such that ¢! o f o ¢ defined over the constant field of K’. More related results, see [4],
[14], and [69].

After excluding maps with isotriviality, the dynamical height works as expected. The
following result is due to Benedetto (for polynomial maps) and Baker (for rational func-
tions) over P!

Theorem 3.2.4. ([/], [1/]) Let f(x) € K(z) be a rational function of degree > 2 defined
over a function field K. Suppose that f is not isotrivial. Then x € PYK) is f-preperiodic
if and only if hy(z) = 0.

3.2.3 Arakelov-Green’s function.

The dynamical height associated to rational functions can be decomposed in terms of
Arakelov-Green’s function. We follow the construction in Baker-Rumely [3, §10.3]. Suppose
that f € K(x) is a rational function of degree > 2 defined over a global field K. The v-adic
Arakelov-Green’s function of f is a function

.l 1
Gfﬂj . ]PBerk,v x HJ>Berk,v —Ru {OO}

) x PY(C,). Here P]IBerk,v

which is symmetric, finite and continuous off the diagonal in P*(C,
[8] for detailed exposition.

is the Berkovich projective line, we refer the reader to [15] and
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For each y € Py, the function Gy, (z,y) is bounded differential variation on Pg, ,, and
it satisfies the differential equation

AGro(,y) = ppa(r) — 0y(2) (3.2.1)

where /7, is the equilibrium measure characterized by f*(us,) = (deg f)pys, and Gy, is
normalized so that

[ Grtwming@ang. =0

1 1
IE‘)Bcrk,v x PBcrk,v

Our Laplacian is the negative of the one introduced by Baker-Rumely [7, §3.5]. For any
z,y € PY(K) such that = # y, we have

hi(@) + hey) = Y. NGrol(o,y)

’UEMK

where the positive number N, is the same normalization as appeared in the product for-
mula.

3.2.4 Results from Diophantine geometry.

Here we collect some Diophantine geometry results that will be used in the proof.

Theorem 3.2.5. [0, Theorem 6.1.3] Let K be a field of characteristic 0, let n = 2, let
a,...,a, € K* and let T' be a subgroup of (K*)™ of finite rank r. Then the number of
non-degenerate solutions of

a1x1 + asxo + -+ apx, =1
in (z1,x9,...,2,) € is finite.

Remark 3.2.6. We call a solution to the equation a1z + asxs + - - - + a,x, = 1 like above
non-degenerate if
Z a;z; #0

el

for any proper subset I < {1,2,...,n}.
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3.2.5 The Ping-Pong Lemma

Lemma 3.2.7. Let G be a group of maps under compositions. Let S = {fi,..., fr), r =2
and f; € G, forie {1,2,...,r}, be a semigroup of G. If there exists a collection of non-
empty mutually non-intersecting sets I, ..., I, such that fZ(U;:1 I)=1I foralll <i<r,
then S is a free semigroup of rank r with free basis f1,..., f,.

Proof. This is basically the Ping-Pong Lemma stated in [55, The Ping-Pong Lemmal. The
only difference is that it is stated for G being the group of affine linear maps on R. However
the proof doesn’t rely on this assumption. O]

3.2.6 Asymptotic notation

We clarify the asymptotic notation here:

Definition 3.2.8. Consider two functions f(n) and g(n) with n € N and take values in C.
We define the asymptotic notation when n goes large as follows:

1. We write f(n) ~ g(n) if there exists a non-zero constant k € C such that
L f(n)/g(n) = k

2. We write f(n) = o(g(n)) if
lim f(n)/g(n) = 0;
3. We write f(n) = O(g(n)) if

limsup f(n)/g(n) < .

n—0o0

Furthermore, for two functions f(Z) and g(Z) take values in C with Z € C. We define the
asymptotic notation when Z is close to 0 similarly as above but taking limits with respect
to Z — 0.
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3.3 Proof of Theorem 3.1.3

Lemma 3.3.1. Let f(X), g(X) be automorphisms on P! defined over C and ¢(X) be a
rational function defined over C. If there are infinitely many n € N such that

o(X) = fM(X) = g"(X) (3.3.1)

has solutions, then f and g share a common fized point unless f(X), g(X) are simultane-
ously conjugated to aX + 3, X/(vX + 9) respectively, with some «, 9, 3,7 € C*, such that
at least one of the following conditions is satisfied:

1. at least one of a, § is a root of unity other than 1;
2. one of a/d and ad is a root of unity.

Remark 3.3.2. We record important notes in order:

(i) For the rest of the discussion, we will use the notation ¢(X) = A(X)/B(X) for a pair
of coprime A(X), B(X) € C[X].

(ii) Recall that the field of Puiseux series with complex coefficients C is defined as the
union

P(Z) = U C(zYm) = { i cmZ™™ e Comg € Zyn = 1}

n=1 m=mg

of the fields of Laurent series in (indeterminate) Z%/". Then we define val, on
P(Z)\{0} by letting
valy (F) = min{m D Cm # 0}
n

for F' € P(Z)\{0}. For example, valy(Z> — 22°) = 3.

Proof. Suppose f and g don’t share a fixed point, otherwise we have nothing to prove.
After conjugation, we assume that

f(X) =aX + 5,
X
9(X) = v X 46
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Notice that if v or § is zero, then certainly f(X) and ¢g(X) share a common fixed point.
So we assume [ v are non-zero. We also have that o and § are non-zero as otherwise it
will result in a constant map. We break the discussion into two cases depending on « and 9.

Case I. Suppose « is not a root of unity and 6 = 1.

Lemma 3.3.3. There are only finitely many n € N such that
o(X) = f"(X) = g"(X)
has solutions.

The same result for « = 1 and 9§ is not a root of unity holds. We just need to further
conjugate c¢(X), f(X) and ¢g(X) by 1/X to swap the role of @ and 6. Then the same
argument will give the result. This concludes these cases.

Case II. Now, suppose both « and d are not roots of unity and neither a/d nor ad is a
root of unity. Then let

L ) Lo (1—am)(1— ") L1 =0
X = (—tni\/tn—4a ) 1= a)1=0) ﬁfy)/(Z& 1_57>,

be the solution to the f"(X) = ¢"(X), where

(1—a™)(1-0m)

K G i

By +a"5" — 1.

We break the proof into steps:

e Step I: we will show that ¢(X) = f*(X) = ¢"(X) has solution for infinitely many
n will pose a restriction on o and d: there exists a non-trivial polynomial in two
variables F'(X,Y’) such that F'(a",d") = 0 holds for infinitely many n € N.

e Step II: we use the S-unit Theorem to argue that this implies @ and ¢ are multi-
plicatively dependent.

e Step IIIL: we deduce that then ¢(X) = f"(X) = ¢"(X) have solution for infinitely
many n if f(X) and ¢g(X) share a common fixed point.
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Step 1. Suppose there are infinitely many n € N such that either
o(X,) = (X)) (3.3.2)
or
c(XH) = fM(X). (3.3.3)
We claim that the following equation, which is obtained from above by replacing o™
with a variable Z and 6" with a variable W,

c(XE(Z,W)) = ZX*(Z, W) + iﬁ (3.3.4)

l—«

doesn’t hold constantly for every Z, W e C, where

(3.3.5)

(1-2)(1-W)

(1—a)(1—-9)
Therefore, we get the desired result of Step I as Equation (3.3.4) will give a non-trivial
restriction on o™ and 0".

By + ZW — 1.

HZ,W) =

To prove the claim, taking a specialization at W = 0, we have

 —4(Z,0) + £(Z,0)

X+(Z7W)}W=0 2Z’7/(1*5) 7

and Equation (3.3.4) implies
c(0) = B

I Y

which only holds for finitely many values of Z. So,

(XHNZ,W))=Z(XT(Z,W)) + ﬂﬁ

1 -«
doesn’t hold constantly for every value of Z and W.
On the other hand, we have

X;(2):= X" (Z,W

—2(Z,0) B (1—5 @)1

)}W=0:227/(1f5) “T-a 7 1-a
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It
1-5 B

vy Cl-«

then f(X) and ¢g(X) share a common fixed point and we are done. So, we assume

1—-9
# P .
ol 1 -«

Then Equation (3.3.4) implies

1-Z. 1-6
T (3.3.6)

Xy (2)) = A(Xq (2))/B(Xy (2)) = 2Xy (2) +

This implies that there are only finitely many Z € C satisfies the condition.

Thus
o X7 (Z,W)) = [*(X"(Z,W))

doesn’t hold constantly.

Step II. Now, either

ciXWZJV»::Z@YWZJVD+~%E§
(LXTZJV»::Z@YTZJVD4»%E§ﬂ

is a non-trivial equation on variables Z and W with (Z,W) = (o™, ") as solutions for
infinitely many n € N. Thus, this gives a polynomial, by clearing the denominators and
possible square roots on both sides of the equation,

Z Ci’jOém(Sjn =0 (337)

1<i<ky 1<5<ko

for infinitely many n € N. Then, we want to apply the S-unit theorem (Theorem 3.2.5) to
show that o and 0 are multiplicatively dependent. Let G < C* be the finitely generated
subgroup generated by « and §. Then Equation (3.3.7) can be rewritten as

> aWi=0, (3.3.8)

1<ism
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for some positive integer m, ¢; € C* and W; € G for each ¢ = 1,2,...,m, which has

solutions
(Wi, Wa, ..., W,,) = (oﬁl”étl”, a2t ,as’“”ét’””) e G",

for infinitely many n € N, where (s;,t;)’s are distinct pairs of integers. The S-unit theorem
3.2.5 says that there are only finitely many non-degenerate solutions to Equation (3.3.8).
After an easy induction argument on the numbers of terms involved in Equation (3.3.7)
we can get that there exists infinitely many n € N such that

Cilasiln(stiln + CZ'QOészén(sti?n — 07

where i; and iy are distinct and in {1,2,...,m}. Since a and ¢ are not zero and not roots
of unity, this is only possible if s;, # s;, and t;, # t;, and ¢;, /¢;, is a root of unity. This
implies that o and 0 are multiplicative dependent. In another word, there exist non-zero
integers k; and ko such that oft = §*2.

Step III. Let k = ki /ky € Q* such that § = £a*, where € is a root of unity of order ky € N
and o is understood as a particular choice of ko-th root of o*'. Then our assumption
implies that there exists an i € {1,2,..., ka} such that either the system of equations

AXT(Z,672%)) = B(X1(Z,¢'7Z%)) (ZX*(Z, E78) + %6) , (3.3.9)

_ ¢ir7k
XN (2,62 (TSN 2629 4627 = BOC(2E 2K (262"

(3.3.10)
or the system of equations

AX(Z,687Z%) = B(X(Z,62Z%)) <ZX—(Z, 75 + %5) , (3.3.11)

, 1—¢igk 4 4 , ,
X (2,62 (LK (2629 4 62Y) = BOC (282X (262"
(3.3.12)
has infinitely many values of Z, given by Z = ™% for infinitely many n € N, as solutions.
This cannot happen unless the system of equations holds constantly for every possible value
of Z as it only has one variable. From now on, we denote
X5(2) = X (2,6 7").

7
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Notice that .
&2 -2)(1-9)B

X)X (Z) = Z(1—=&ZM(1 - a)y’

7

(3.3.13)

XHN2)+ X7 (2) = —24(Z,£'Z%) / (22#7) : (3.3.14)

for every i € {1,2,..., ko}.
We also notice that, from Equation (3.3.5), if k£ > 0, we have

X0 = |~ (gagir=g 1) +ow ‘\/(u =) o
x (2%52 + 0(2))1

- (-2 <(1 — aﬁ)Z1 —5 - 1) + 0(1)> x <21—j62 + 0(Z)> B

1-6,_ By
e 2+ o(1 31
e (g ). (3319
when Z is around 0, which in particular implies that valz(X; (Z)) = —1 as
1-9¢
B |
-« ¥

since otherwise it implies f(X) and ¢g(X) share a common fixed point. Then from Equation
(3.3.13), we have

val(X;"(Z)) = k. (3.3.16)

Subcase I. We first suppose k£ > 0 and the system of Equation (3.3.9) and (3.3.10) have

infinitely many zeros. That is saying they hold constantly for every Z. Then Equation
(3.3.9) implies that

AXH(2))/B(X[(2)) = 5 f ~ f ~Z +0(2), (3.3.17)

when 7 is around 0. However, if k£ > 1, we will have

A(X(2))/B(X](2)) = A(0)/B(0) + O(Z%),
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which contradicts Equation (3.3.17). If 0 < k < 1, we can conjugate f(X), g(X) and ¢(X)
by 1/X to swap the role of @ and § and we get k£ > 1 again. The same argument shows
that this case is also not possible. Thus, we are left with the case £ = 1. However, our

assumption implies that k # 1 since otherwise a/d is a root of unity. So we are done in
this case.

Subcase II. Now we suppose k < 0 and the system of Equation (3.3.9) and (3.3.10) have
infinitely many zeros. Then Equation (3.3.5) implies that

5@ = |- (a2 + o2+ \/ (“amati=g) 4o
X <—2 T84+ (Zk‘“)) h
=2 < 5 VAR O(Zk)> <— T84 o(Zk“))_l
1—

_ —1-k By igk | o7k
= 27512 (2(1_a)(1_5)52 +o(Z )), (3.3.18)

when Z is around 0 and in particular we have that

valz (X, (Z)) = —1.
Now, if —1 < k < 0, we have Equation (3.3.10) implies that

—deg(A) — 1+ k = valy (A(X;(Z)) <%7X+( )+ giz’f))
=valz(B(X; (2))X;"(Z)) = —deg(B) — 1, (3.3.19)

which is impossible as k is not an integer. This again gives a contradiction. Now, similarly
by the conjugation argument we also know that £ < —1 is also impossible. Moreover, by
the assumption we have k # —1 since otherwise ¢ is a root of unity. Thus, we conclude
the proof for £ < 0 and Equation (3.3.9) and (3.3.10) has infinitely many zeros.

Subcase ITI. We now suppose k > 0 and the system of Equation (3.3.11) and (3.3.12)
have infinitely many zeros. We calculate similarly as in Equation (3.3.15), when Z is close
to 0, but we assume first that 0 < & < 1 to get the following:

HZ,62%) = Ky —1 - K& Z% + o(Z")
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H(Z,6 28?2 = (K, —1)2 = 2K, (K, — 1)EZ% + o(Z%)

NHZ,EZR)2 — AR E 2V (1 — Z)(1 — EZF) = A/ (Ky — 1)2 — 2K1(Ky — 1)EZF + o( ZF)
= ICl —-1- Klszk + O(Zk),

where K1 = 3v/((1 — a)(1 — §)). Therefore, Equation (3.3.5) gives us

X7 (Z) = (=2(K1 — 1) + 2K, & Z5 + 0(Z7)) (2K2 Z) M (1 + € ZF + 0(€'ZF))

)

Ki—=1_41 Ki i1 Ki—=1_, .1 k-1
- M "z 7 - ———&7 A
X, A o +0o(Z")
Ki—1_,, 1 i 1. k-1
=7 —&z Z 3.2
Ko " ’ng + ol ) (3:3:20)

where Ky = v/(1—4). Notice that this is just a further expansion of the expression (3.3.15)
when 0 < k£ < 1. Since valz(X; (Z)) = —1 and

ZX7(Z)+ % =K+ o(1),

Equation (3.3.11) implies that deg(A) = deg(B) = m for some positive integer m. Then
the left hand side of Equation (3.3.11) is

A (_’Cllc_ 12—1 + ’C;lfizk_l + 0(zk—1)>
2

= (—Kl — 1 + KNz 4 o(Z"f—l)> +O(Z7mH

m m—1
= ap, (—ICI — 1> Z7" + amm (_Klic 1) Kyt z=mth 4 o(Z7m k) (3.3.21)
2
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where a,, is a non-zero constant. The right hand side of Equation (3.3.11) is

2

B (-2 ez oz )) (S K2 o2 4 K - K
2

= bm (_Kllc_ 1Z 1€zzk 1 + O(Zk 1)) (’Cg . ]CIIC + IC 1€ZZk + O(Zk:)> + O(Z_m+1)
2
}Cl —1 ICl -1 m _
= — — 7 m Z m+k
bm (’C3 ]CQ ) ( IC2 ) ( )

m—1
+ bmm <_IC1 - 1) IC2—1 <IC3 - ICl _ ) giz—m-i-k + O(z—m—i—k)

ICQ ICQ
Kl—l IC1—1 ICl—l m —1¢i r—m+k
— _ _ ZZ m
b (IC3 ) ( 5 > "™+ by (m+ 1) ( K, ) K€
’Cl —1\"" ' m+k —m+k
+ bmks . Kyhe Z7mHh 4 o( 27, (3.3.22)
2

where K3 = §/(1 —a) and b, is a non-zero constant. Notice by definition that IC; = Ko/,
we obtain
_IC1 -1

Ko

=Ky — K3 #0,
and
Kyt 0.
Therefore, looking at the coefficients of Z~™ terms of Equation (3.3.11) gives us

Ay, = IC;lbm.

m+k

Then, examining the coefficients of Z~ terms of Equation (3.3.11) gives us

1 m—1
K5t bm <—’C1K ) KKt

2

m m—1
= byn(m + 1) <—’C1’C_ 1) K3t + bmKs (—’C;C_ 1) K5t (3.3.23)
2 2

which is equivalent to
Myt = KCs)bm (K5 = 1Cs) ™ I = (m 4+ 1)y (K5t — Ka) ™Ky (3.3.24)

This is a contradiction as m # m + 1.
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Similarly, if & > 1, we conjugate f(X), g(X) and ¢(X) by 1/X to swap the role of «
and ¢ and we get 0 < k < 1 again. The same argument shows that this case is also not
possible. Thus, we left with the case k = 1. However, our assumption implies that k # 1
since otherwise /0 is a root of unity. So we are done in this case.

Subcase IV. We now suppose k& < 0 and the system of Equation (3.3.11) and (3.3.12)
have infinitely many zeros. We first suppose k < —1. To ease the notation, we denote

S ]
Notice that when |Z| — oo, we have
HZ2,67") = -KZ+(K—-1)+ (1 +K)EZM — ¢ 78K, (3.3.25)
t3(2,62%) = K*Z? —2K(K — 1)Z — 2K (K 4+ 1)£' 252 4 o(ZFF2), (3.3.26)
48781 — 2)(1 = € 2K = —4AKE ZR2 + o(ZF2). (3.3.27)

Thus, by Equation (3.3.5), we have
X7(2) = (~(2,6 2%

)

VK2Z2 2 2K(K — 1)Z — 2K(K — D)éizk+ ¢ o(ZM))

-1
x (-23’2’“1% + 221—15> , (3.3.28)

and, breaking the square root, we have that this equals to

= (—t(Z,6Z2") —KZ+ (K —1) + (K= 1) Z* + o(ZF))

—1
Coeigk+l v
x ( 278 =+ 22 _5> (3.3.29)
=267 4 o(ZFYY A i s

= Z AL 3.3.30)

2/ 0) 2 (

1 - 5 irzk k
— 7k 4 o(ZM). (3.3.31)
v
Now, Equation (3.3.11) implies that
A (—1—_551'2’“ + o(Zk)) - B (—1—_552'2’“ + o(Zk)> <— - b ~7 + o(Z)) . (3.3.32)
gl v -
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when |Z| — 0. Since A(X) is a polynomial, the left hand side is bounded as | Z| increasing.
Therefore, to make the right hand side of Equation (3.3.32) bounded, we need
B(X) = X™B,(X)

for some positive integer m and polynomial B;(X) with non-trivial constant term b,,.
Thus, we have

1—6 1—0\" .

B (——ng’“ + o(Zk)) = by, (——) gmzmk 4 o(Zm*). (3.3.33)
Y Y

In particular, B(0) = 0.

However, since £ < —1, we have mk + 1 < 0. Therefore, the right hand side of
Equation (3.3.32) also goes to 0 when |Z| approaches infinity. This implies that A(0) = 0,
which contradicts that A(X) and B(X) don’t share a common zero. Notice that when
—1 < k < 0, we can swap the role of @ and § by conjugating f(X), g(X) and ¢(X) by the

map 1/X just like what we did above. Then we are back to k& < —1 case. Also, by the
assumption we have k # —1 as otherwise it will imply «a¢ is a root of unity.

]

Proof of Lemma 3.5.3. Suppose there are infinitely many n € N such that

o(X) = f"(X) = g"(X)

has solutions. We denote

~t, ++/t2 — damny(1 — am)B/(1 — a)

Xi
" 2namy

)

1—
t, =a" +n’yl O;ﬁ—l,

where X/F satisfies f"(X7) = ¢"(X}).
We first suppose |a| > 1 and there are infinitely many n € N such that
o(XF) = fr(X7) (3.3.34)

holds. We denote ¢(X) = A(X)/B(X) where A(X) and B(X) are two coprime polynomi-
als. Since

1—a” nya" 2 2nyBa®n : 2n%y2an 32
t —4 = n_ 2" =P
anvl ozﬁ (1—a> o e (1—a)?
278 VB, 2mpB
- "—2a" + ————n" — 3.3.35
L « +(1_a>2n 1_a+0(n), ( )
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we have

ng( il na’ — o’ — 175 n+1+ <—175 noz”—oz”—klmﬂ +1—2a‘”+0(a_”)>)

11—« -« -« —«a
x (2na™y) ™t (3.3.36)
Therefore,
lim | XF| =0,
n—ao0

lim [a"XF| = oo.
n—0o0

Since we have
X ~1/n

when n goes large, we have similarly

AXT)/B(XT) ~nl,

1 —
oz"X;[—l—l a6~a"
-«

when n is large with some integer [, which contradicts Equation (3.3.34).

Suppose |a| > 1 and there are infinitely many n € N such that
c(X, )= f"(X,) (3.3.37)

holds. Notice that
B B

X~ — . -n -1, -1 _—
n — 4 1_&04 +7v n "«

2n

+o(n ta™),
when n becomes large. Therefore,
fx) ~ ot
A(X,)/B(X,) ~ o™

for some integer m when n becomes large. This contradicts the assumption that Equation
(3.3.37) has solutions for infinitely many n € N.

Now suppose |a| < 1 and there are infinitely many n € N such that Equation (3.3.37)
holds. Now, similarly, since

1—am 2102 202
ti—éla"nyﬁl @ h n*—2 cal n+1-—2 B
-«

(1—-a) l—a a—ap" a”™ — 20" + o(a”) (3.3.38)
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when n is large, we have

" 1—« —« —« 1—«
x (2nay)~!

So,

+ —1 —n’
l—« ynan O(n @ )

and we have
AX)/B(X,) ~ o

for some integer [ when n is large. However,

1—a" 1
B~ =

a" X, + 1
- n

contradicting that Equation (3.3.37) has a solution for infinitely many n € N.
Suppose |a| < 1 and there are infinitely many n € N such that Equation (3.3.34) holds.
Then X, ~ 1 when n is large. Thus,
AX)/BX) ~ !
for some integer [ and

1_ n
a" X+ aﬁ:lfa_lfaan+0(an)

when 7 is large. If [ # 0, then these contradict the assumption that the Equation (3.3.34)
has solutions for infinitely many n € N. If [ = 0, then

AX;)/B(X,) = A(0)/B(0) + O(1/n™)

for some positive integer m. Still, these contradict the assumption that the Equation
(3.3.34) has solution for infinitely many n € N by comparing the rates they approach con-
stants when n is large.

Now, suppose |a| = 1 but not a root of unity and there are infinitely many n € N
such that Equation (3.3.37) holds. After eliminating denominators, combining terms and
taking squares, we find that this is equivalent to the existence of a polynomial F(Z, W)
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in two variables such that F'(n,a™) = 0 for infinitely many n € N. By [l 1, Proposition
2.5.1.4], we have {a,, = F(n,a™)},en satisfies a linear recurrence. Then, by [ 1, Theorem
2.5.4.1], the set {n € N: @, = 0} is a finite union of arithmetic progressions and, since we
assumed this set is infinite, we have that there exists s; and sy € N such that a,, = 0 for
every n € {sym + sy : m € N}. This is equivalent to saying that Equation (3.3.37) holds
for any n € {sym + so : m € N}. Then, we consider n within an infinite subsequence I of
{sym + s3 : m € N} such that |1 — a™| is bounded from below independently from n and
not converging.

Notice that we can always find such a subsequence I. Indeed, since o, n € R =
{sim + s : m € N}, is dense on the unit circle as « is not a root of unity, we can take
a small ¢ > 0 independent of n and then there are infinitely many n € R such that
a™ ¢ B(1,¢). Denote the subset of R satisfies this condition as I’. Since, R is dense in
the unit circle S*, we have I’ is also dense in S'\B(1,¢). Thus, we can take a subsequence
I < I, such that o™ won’t converge to any point on the unit circle when n ranges in I.
For example, we can achieve this by choosing two different points p; and p, on ST\ B(1,¢)
and for each r € N, we pick a ny, and ny, € I’ such that

o™ —py| < 1)/r,

a2 — po| < 1/r,
and let I = J,y{n1,,nor}t n{neN:a™e SN\B(1,¢€)}.

Now, we expand X when n is sufficiently large as follows:

bt V12 —damny(1 —am)B/(1 — a)

X 3.3.39
2nany ’ ( )
_ —tyE A/ b, +O(1)
B 2namy ’
where
21— a8 ("= Duy(1—a™B  a"ny(l—a")B
h, = +2 —4 .
(1—a)? (1—a) (1—a)
Breaking the square root, we have
_ _|_ _ n _ _ n __

2namy
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Thus, we have

X = L (1) : (3.3.41)
n-y n

when n € I becomes large. Then Equation (3.3.34) implies
1 1 1 1 1—a”
ny n ny n 1 -«
1 1
——+o(=))~@1/n) 3.3.43
‘ ( ny 0 (”)) (1/n) ( )
for some integer [ and

Q" (—i +o <l)> RS BN S AE (3.3.44)

However,

n
when n is large. This gives a contradiction if [ # 0.

Notice that if [ = 0, then we still have

lim X =0,

n—o0

by Equation (3.3.41). Then Equation (3.3.34) implies that

1 1 1—a"

lim A(X,") = lim B(X;") (a” (—— + 0 (—)) + = B) . (3.3.45)
n—0 n— ny n 1 -«

Now, if lim,, ., B(X,") = 0, then this can only hold if lim,,_,,, A(X,") = 0 which is impossi-

ble as A(X) and B(X) don’t share common zeros. On the other hand, if lim,,_,, B(X,") =

b, where b is a non-zero constant, then

1 — ™
lim A(XF) = b lim ——

n—ao0 n—0o0 —

8, (3.3.46)

which is not converging. This is a contradiction as lim,_,, A(X,") = A(0).

Now, suppose |a| = 1 but not a root of unity and there are infinitely many n € N such
that Equation (3.3.34) holds. Similarly as above, there exists s3, s4 € N such that Equation
(3.3.34) holds for any n € {s3m + s4|m € N}. We consider n within an infinite subsequence
of I < {s3m + s4|m € N} such that there exists a small € > 0 so that for all n € I, we have
|1 —a"| > e and {a" : n € I} is dense in S'\B(1,¢). This can be achieved in the same
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way as in the previous case since o™ is dense on S', when n ranges in {s3m + s, : m € N}.
Then, again by Equation (3.3.40), we have

l—a" 1 1
x-— 0 S 7—%0<—). (3.3.47)

l—-a o nam" n

Therefore, Equation (3.3.37) implies that

(XY= L 4o (1) | (3.3.48)

ny n

However, for a non-zero rational function ¢(X),

1—a” 1 1
¢ (— b <4 +o (—)) (3.3.49)
l—a am nay n

cannot converge to 0 when n becomes large since otherwise, as 1/a™ is dense on S\ B(1, ¢),

we would have 8 8
c<*1_au+ 1_@) =0,

for all u € S1\B(1, €) which implies that c is constantly zero. This gives a contradiction.

]

Now we can prove Theorem 3.1.3 and we restate it here for the convenience of readers:

Theorem 3.3.4. Let f(X), g(X) be automorphisms on P! defined over C and c(X) be
a rational function defined over C. If the semigroup generated by f(X) and g(X) under
compositions is free, then there are only finitely many \ € C such that

") =g"(\) = c¢(\) (3.3.50)

for some positive integer n unless f(X), g(X) are simultaneously conjugated by an auto-
morphism on PY(C) to one of the following:

1. aX + B, X/(vX +90), with some «, 9,7, 8 € C* such that one of /6 and o is a Toot
of unity;

2. aX + 3, 6X 4+, with some «,d € C* such that o and § are not roots of unity, v and
B are not both 0, and either a/d is a Toot of unity other than 1 or one of /5 and
62/ is a root of unity.
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Before we start the proof, we gather here four counter-examples in Remark (3.3.5),
(3.3.6), (3.3.7), (3.3.8) and (3.3.9) corresponding to the two exceptional cases mentioned
in the statement of Theorem 3.3.4. Therefore, Theorem 3.3.4 is the best we can expect.

Remark 3.3.5. Suppose f(X) = X + 3, g(X) = X/(7 X +1) and ¢(X) = —5/(7X), with
some f3,7 € C*, we have that there are infinitely many n € N such that Equation (3.3.50)
has solutions. One of the solutions is given by

v = (—nfy + VB = 487) /(29

However, f(X) and g(X) may still generate a free semigroup. For example, when f(X) =
X +2and g(X) = X/(2X + 1), we denote

Vi={zeR":x>1},

Vo={reR":z <1}

Then we have

Thus, the Ping-Pong Lemma 3.2.7 implies {f, g) is a free semigroup under composition.

Remark 3.3.6. Suppose f(X) = aX + § and g(X) = X/(vX + «), where v and 3 are
non-zero and /(1 — a) # (1 — a))/7. Denote

1—
K1 - 6 + a,
-« ¥
1—
K2: 5 - av
-« ¥
-
g
Let
Ky X? s s Ko X

c(X)

T 0K, 2N+ KX 1—0 l—a—2K; —2X?+ KX
One can directly verify that



has

K+ Ko — /(K + Kya )2 —4
B 2

as a solution for each n € N. Furthermore, suppose v = 1, § = 1 and a = 2 for example.
Then, similarly as in Remark (3.3.5), one can use the Ping-Pong Lemma 3.2.7 to show that
(f(X),g(X)) is a free semigroup.

Xn

Remark 3.3.7. Suppose f(X) = aX + 8 and ¢g(X) = 0X + 7, where a and § are not
roots of unity but £ = §/« is a root of unity of order [ > 1. For each i € {1,2,...,1 — 1},

denote . 5
L T
K 1—8(1—5 1—a)’
1 'y B
KQ”_l—gi(1—5 1—a)'

_ B Ky, B
ST S T ool Gy

Let

We have that
Xpi= Ko " — Ky,

is a solution to

frX) = g (X) = (X))

for every n e Nand i € {1,2,...,1—1}. For an explicit example, if we take f(X) = 2X + 1
and g(X) = —2X then (f, g) is a free semigroup by [55, Theorem 2] as fog # go f. So this
provides a counter-example such that the finiteness of solutions to f(X) = ¢"(X) = ¢(X)
doesn’t hold even when f and g generate a free semigroup.

Remark 3.3.8. Suppose f(X) = aX + f and g(X) = X/(vX + £a™') where ¢ is a root
of unity of order m, a € C* is not a root of unity, v and g are non-zero in C. We denote

Kl = 5 5
1—«
f)/
Ky = ———.
2 1—¢&at

We also define

K1 Ko X — K, Ky + K1 KX
o2 Kk (1-
Ko X (K; — X)
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Then one can check directly that

X, = (-KiK(1—-a™)(1—a™)

—\/Kng(l —a")?(1—a™m)2 — 4K Ky(1 —am)(1 — or”))
o (2ar 129 )T (3.3.51)
a"s —504*17 3.
when n € {km : k € N} is an infinite sequence satisfying

(X)) = 9" (X)) = e(Xy). (3.3.52)

Since the direct computation might be very complicated, we will demonstrate here on
how to construct such a ¢(X) to make this hold. Let § = £a~!. Then the sequence of
equations:

(X)) = g"(X,), (3.3.53)
when n € {km : k € N}, will give a sequence of quadratic equations with variables X,,’s:
(1 —a MKy X2+ KiKy(1—a™)(1—a ™)X, + Ki(1-a™)a ™™ =0

and we will denote the two solutions of these quadratic equations as X, and X,;'. Then
we have

_ (1 — Oén) K1 _ K1
xoxr= Az I 3.3.54
n “*n Oén(l _ a—n) K2 « KZ’ ( )
_ _K1K2(1 — Oén)(l — Oé_n) —
X Xt = =Ki(l—a™" 3.3.55
n T &y Oéan(l—Oéfn) 1( o )? ( )
where n € {km : k € N}. Combining these two equations, we get
K
Ki(l—a™X; —(X;)?=—a "=, (3.3.56)
Ky
which implies
K+ K1 K X,
n = o 3.3.57
C TN X)) (3350
Let X,, = X, . Then using that
1 _ n
o(Xn) = [ (X)) = "X + < _O; 3



and plugging in Equation (3.3.57) will give us the desired ¢(X,).

Furthermore, notice that when o = 2, § = v = £ = 1, we can use the Ping-Pong
lemma, Lemma 3.2.7, similarly as in Remark 3.3.5 by choosing

Vi={reR":z>1},
Vo={zeR":x <1},
to argue that (f(X), g(X)) is a free semigroup under the compositions.

Remark 3.3.9. Let a be any non-zero complex number that is not a root of unity. Let u
be a root of unity of order m € N. Let § = ua? and 3 = a — 1. Then we have X,,,, = a~™"

satisfies
" (Xonn) = g™ (Xonn) = 1/ Xonn (3.3.58)

for all n € N, where f(z) = ax +  and g(z) = dz.

Furthermore, when a@ = 2, 6 = 4 and § = 1, let V; denote the set of odd natural
numbers and V5, denote the set of even natural numbers. We have

fViuVa) Vi,
g(ViuVa) < Va.

Thus, Lemma 3.2.7 tells us that {f, g) is a free semigroup under composition.

Proof of Theorem 3.3./. After conjugation, we assume that

f(X) =aX + 8,
X
9(X) = v X 46

We always assume that « and ¢ are non-zero as otherwise it will result in a constant map.

Suppose that at least one of o and § is a root of unity other than 1. Assume without
loss of generality it is . Then there exists a positive integer m such that 6™ = 1 and

X
g7(X) = 5= X

Therefore, (g™ (X), f(X)) is not a free semigroup under composition and there is nothing
to show.
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Now, we assume that neither o nor ¢ is a root of unity other than 1 and «/d, ad are not
roots of unity. By Lemma 3.3.1, we can assume that f and g share at least one common
fixed point.

If f and g share two fixed points, then 5 = v = 0 and they are both scaling maps and
certainly not generating a free semigroup under composition.

Suppose [ and g share only one common fixed point. Now we first assume that ¢(X),
F(X) and g(X) are all defined over Q. Then after conjugating ¢(X), f(X) and g(X) by
a common automorphism, we assume that f(X) = aX +  and g(X) = X + -, where
a,d € @*, 3,7 € Qand 3,y are not both 0. Now our discussion is divided into several cases:

Case I. Suppose at least one of § and « is a root of unity other than 1. Without loss
of generality we assume it is 6. Then there exists m such that ¢"(X) = X and we have
g™ o f= fog™ Thus, {f, g)isnot a free semigroup. Same argument works if « is a root
of unity other than 1 and ¢ is not a root of unity.

Case II. Suppose 6 = 1 and « is not a root of unity.
Lemma 3.3.10. There are only finitely many n € N such that ¢(X) = f"(X) = ¢"(X)

has solution.

This concludes this case.

Case III. Suppose both o and ¢ are not roots of unity and «/d, a?/§ and §?/a are not
roots of unity. Without loss of generality, we assume that g # 0 since v and [ are not
both 0 and we can always relabel f and g if necessary. We have

11— 1—-a n
X, = (5 - 12%) fan - o

is the solution to
JM(X) = g"(X).
If there are infinitely many n € N such that the Equation (3.3.50) has solutions, then

c(Xn) = [M"(Xn)

for infinitely many n € N. It means that

1—a™

A(X,) =a"B(X,)X
(Xn) = a (n)n+1_a

AB(Xy)
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holds for infinitely many n € N. This is equivalent to say

F(Z,W) = A(X(Z,W)) — ZB(X(Z,W))X(Z,W) — %BB(X(Z, W)) =0 (3.3.59)

holds for infinitely many {(a”, ") : n € N}, where

xX(zw) = (To5 - 1=28) [z - )

We first claim that the rational function F'(Z, W) is not constantly zero. To prove this,
we suppose on the contrary that Equation (3.3.59) holds constantly for any choice of values
of Z and W. We denote m; = deg(A) and my = deg(B).

Then choose a specialization Z = W + 1, we have

5 7>Z+27 s

l—a 1-96

1-0 1—-«

X(Z,Z—l)z(

in this case. Then Equation (3.3.59) holds constantly implies that m; = mg + 2 unless

B _ v
l—a 1-9§

(3.3.60)

While Equation (3.3.60) implies f(X) and ¢g(X) share two fixed points and this case has
already been handled. So, we assume Equation (3.3.60) doesn’t hold and thus m; = my+2.

On the other hand, we can choose another specialization Z = 0. Then

X(0,W) = —2 +< g g )Wl,

1-0 \l-a 1-39
and Equation (3.3.59) implies that
B

l—«

A(X(0,W)) =

B(X(0,V)).

This holds constantly for all W will require that m; = my, which gives a contradiction.
Therefore, Equation (3.3.59) doesn’t hold constantly for every values of Z and W.

We then write o
F(ZW) = D 2w,

0<i<k:,0<5<ks
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for some positive integers ky and ko after clearing the denominators. Then we use the same
argument as in Lemma 3.3.1 by applying S-unit Theorem to conclude that « and ¢ are
multiplicatively dependent. Thus, there exists k € Q* such that £a* = 6, for some root of
unity & of order k3 € N. Note that, we can further relabel f and g if necessary (we will
not assume [ # 0 from now on which is an assumption obtained by a specific choice of
labeling) so that & > 1 or k < —1.

Therefore, we have
1 —¢&ran® 1—a"
Xn _ o / n __ ¢n, nk )

Then following the same idea as how we argue in the proof of Lemma 3.3.1 (Case II, Step
III), it is enough to show the claim that

1-Z
A(Xi(2)) = (ZXi(Z) + a6> B(X:(2)) (3.3.61)
doesn’t hold constantly for any i € {1,2,...,ks} unless f and g share two common fixed

points, where

1 ¢z 1-Z .
Xi(Z) = <1—§§ak7_ 1—0/6) /(Z_gzzk).

This is because, similarly as in Lemma 3.3.1, Equation (3.3.61) is an equation on one
variable and having infinitely many roots implies it is constantly zero.

To prove the claim, we can assume that & # 0 since otherwise ¢ is a root of unity and
we are back to the case that we have discussed. We first suppose & > 0 and suppose the
contrary that there exists a

ie{l,2,... ks}

such that Equation (3.3.61) holds constantly. Notice that in the beginning of Case III we
assumed that /9, a2/ and §*/a are not roots of unity, which is equivalent to k # 1,2 as
we assumed k > 1. Also, if f and ¢ only share one common fixed point, then

and
valz(X;(Z)) = —min{l, k} = —1,

valz(A(X;(Z))) = —mymin{l, k} = —my,
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1-Z2
valy <<ZXZ-(Z) e

Suppose, Equation (3.3.61) holds constantly for every values of Z, then

—

B) B(Xi(Z))) > —mymin{l, k} = —ms.

Mo = My.

Denote k = [1/ls where [y, Iy are coprime natural numbers and l; > I, and denote I3
as the order of ¢~%. Consider the change of variable by introducing T such that T2 = Z.

Hhen 1—¢&iTh 1 -7
X(1) = (ST - L) A - e,

and
1— Tk

l—«

A(X;(T)) = (T’QXZ-(T) + 5) B(X,(T)). (3.3.62)

Since k # 1,2, we have Iy # [} —ly. For a (I} — l3)l3-th root of unity & such that
él_lQ = ¢, we have that for any u € C* such that p"="2 = 1 the root of unity &, is a
zero of T2 — ¢'T . On the other hand, for any p € C such that pht=2 =1,

1— & (uéo)" 1 (uéo)"™
-6 1—-a

o= (125 o) G- neh) (3363

l—«o

Since v/(1—0) # B/(1—a), if [, — I, > 1, then there exists a jio € C such that pl ™ = 1 and
1 — pl2gl> # 0, since otherwise Iy = m(ly — Iy) for some m € N* and so I} = (m+1)(ly — o),
contradicting that [, and Iy are coprime. Note that this implies Ty = & is a pole of
X;(T).

But then, valy_7,(X;(T)) < —1 and Equation (3.3.62) implies that

ValT_TO (A(XZ (T))) = m ValT_TO (Xz (T)) (3364)
_ l2
) BOn)).

l—«o

= (1 + mg) ValT_TO (AXVZ (T)) = ValT_TO ((TlQXZ (T) +

which further implies that m; = ms + 1. This contradicts the inequality ms > m; we
obtained above.

Now, Suppose I} = I + 1. If €28 % 1, then T} := ¢ % is a pole of
)

11—«

X(1) = ({250 - e -

5 (1-— Tl2)) (T2(1-¢'T)).
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Then the valuation with respect to T'— T} again gives the contradiction to m; < m..

Now, we are only left to show the case when I; = I, + 1 and also %2 = 1. Note that we
only need to obtain a contradiction when Iy > 1, since we assumed k # 2. In this case, we
can rewrite X;(T) as follows

_L_inr_ﬁ_iz 2(1 _ ¢i
X(1) = (1250 €)= 2= (1)) (10 - €7)
- ((1 FET + -+ (€)= (115 _ lfa) + 115T12) /T, (3.3.65)
When T is close to 0, we have
Xi(T) = L(T "2 + &T2) + o(T' ), (3.3.66)

where we denote L = v/(1 =) — /(1 — a). Then, we similarly have

1—Tl2 Y i
=+ LET + o(T). (3.3.67)

TR X;(T) +

Now, by looking at the valr, if v = 0, then Equation (3.3.62) implies that
—deg(A)ly = —deg(B)ly + 1,

which is impossible since I > 1. If v # 0, then by looking at the valy of Equation (3.3.62),
we have deg(A) = deg(B). Denote m = deg(A), a,, and b, the leading coefficients of A
and B. Then

AXi(T)) = am LT + ma,, LT ™™ + o(T72), (3.3.68)
B(Xi(T)) = by L™T™™2 + mb,, L™ T2 4 o(T ™), (3.3.69)
Then Equation (3.3.62) implies that
A L™ T™™2 4+ ma,, L™E T2 4 o(T'm2)

— (% + LET + O(T>) (b LT ™2 4 mby, L"ET™2 - o(TH ™)) . (3.3.70)

Comparing the coefficients of the first two leading terms, we have

5
-0 3.71
i = b (3.3.71)
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1—75mmem + by L™ = man, L™, (3.3.72)
Since b,, # 0, these together imply that L = 0, which implies that f and g share two
common fixed points. Hence (f, ¢g) is not a free semigroup under the compositions.

Thus, the claim is proved for k > 0.

Now suppose k < 0. Then, it means that there exists a pair of positive integers (I1, l2)
such that /16”2 = 1. Thus we can check directly

fHX)=ad"X + 7, (3.3.73)
g2(X) = 62X 4+, (3.3.74)
flroght =X 4 ¢, (3.3.75)
9o f' =X + ¢, (3.3.76)

for some constants ¢, s, 8/ and 4'. Then obviously f o g commutes with g2 o f, which
implies that f(X) and g(X) don’t generate a free semigroup under composition. Thus, it
contradicts the assumption.

Case IV. Lastly, suppose a = ¢, then f"(X) = ¢"(X) only has a solution if f = g
and certainly (f, ¢) is not free in this case.

Now, consider the general case that f(X), g(X) and ¢(X) are all defined over C. We
use a similar specialization argument as in the proof of [52, Theorem 2]. We assume «,
0 and «/d are not roots of unity, v/(1 —9) — 8/(1 — «) # 0 and 3, v are not both zero,
since otherwise the argument above directly shows that (f,g) is not free. We construct
a ring extension R over Z generated by coefficients of f(X), g(X) and ¢(X). Denote
K = Frac(R). We do induction on the transcendence degree, N, of K. The base case is
that N = 0, which means everything is algebraic and then we showed from the discussion
above that Equation (3.3.50) can only have solution for finitely many n € N.

Now, assume that if the transcendence degree is N — 1, then the above assumptions on
v, B, a,d, a/d and v/(1 — ) — /(1 — «) implies that the equation only admits solutions
for finitely many n € N. Take L as a subfield of K of transcendence degree N — 1. We will
use the notation izi s to denote the canonical height function associated to the function f
defined over L. Applying [19, Theorem 4.1], we have that for all specializations s : R — L
of sufficiently large height, we have ﬁzﬁxg(as), ]Alf’wz(és) and izimg(ozg/dg) are all greater
than 0 and if 8, v and v/(1 — ) — 5/(1 — «) are not roots of unity or zero, we also have
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;Lf’xz (Bs),ﬁf’zz (vs) and fAfoz (7s/(1 — 05) — Bs/(1 — as)) are non-zero. This, together with
the assumption that

/(1 =6) = B/(1—a) #0,

B, 7 are not both zero and «, §, a/d are not roots of unity, implies, in particular, that none
of ag, d; and a/d is a root of unity or zero, v,/(1 — ) — Bs/(1 — as) are nonzero and [
and ~, are not both zero. Then the induction hypothesis shows that

fE(X) = gi(X) = ei(X)

has solution for only finitely many n € N and thus

has solution for only finitely many n € N.

O
Proof of Lemma 3.5.10. We have that
D
=«
11—«
g"(X) =X +ny.
If v = 0, then {f, g) is obviously not free, so we assume that v = 0. Then
X, - _m (3.3.77)

l—-a 1-—am

is the solution to

(X)) = ¢"(X,).

Recall the notation that ¢(X) = A(X)/B(X), for some coprime polynomials A(X) and
B(X). Now suppose the equation

A(X,) = B(X,) <a”Xn + 11_ o ﬁ) (3.3.78)

—«
is satisfied by infinitely many n € N. If |o| > 1, then

A(X,)/B(X,) ~ (n/a™)
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for some integer [ when n is large. However,

1 _ n
<04”Xn + a ﬂ) ~n

11—«

when n is large, which contradicts the assumption that Equation (3.3.78) holds for infinitely
many n € N.

On the other hand, suppose |a| < 1. Now, take a set of places S such that for any
v ¢S, we have A(X) and B(X) have coefficients with norm 1 with respect to v and also

1 —al, =lal, =[8ly = |7, =1,

if B # 0. Then, by the proof of [52, Proposition 15, Case II], when n is large enough,
there is a v outside of S such that

In/(1—a")|, > 1.
Thus, Equation (3.3.78) implies that
deg(A) = deg(B) + 1 (3.3.79)

since | X,|, > 1 with the choice of n and v such that |n/(1 — a™)|, > 1. Now, since

lim [a"X,| =0,
n—0o0
we have 5
li A(X,) — B(X,)] =0

by Equation (3.3.78) and the fact

lim B(X,)a" X, = 0.

n—o0

Notice that if 8 = 0, we would have A(X) = 0, which contradicts Equation (3.3.79). Now,
if 8 # 0, this together with

lim |X,| = o,

n—00

imply that
deg(A) — deg(B)

which contradicts Equation (3.3.79).
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Now, suppose |a| = 1. By the same argument from the last case, we have deg(A) =
deg(B) + 1. Let

F(n,a") = (A(Xn) — B(X,) (wxn + 11_ o 5)) (1 — qm)ies()

—

be a polynomial in n and «”. Then by [l1, Proposition 2.5.1.4] we have {F'(n,a")}nen
satisfies a linear recurrence. Thus, by [I |, Theorem 2.5.4.1], the set {n € N : F'(n,a") = 0}
is a finite union of arithmetic progressions. Since we assumed that F'(n,a™) = 0 holds for
infinitely many n, there exists sy, so € N such that F'(n,a™) = 0 for any n € {sym+sy : m €
N}. Now, we consider n within an infinite subsequence I of {sym + so : m € N} such that
|1 — a"| > € for some € > 0 independent from n and o” is not converging. The existence
of such an infinite subsequence [ is argued in the last part of the proof of Lemma 3.3.3.
Thus
lim F(n,a") =0,

n—o0, nel

where n ranges in the chosen subsequence I. Notice that by Equation (3.3.77), we have
X, =—-n/(1—-a")+o(n/(1—-a"))

for n € I and n becomes large. By looking at the leading terms of F'(n,a™) as n grows, we
obtain that

n—00,nel 1—am

~ deg(4)
lim (a — ba™) (— ) ndee) 1 o(pdesdy = (3.3.80)

where a and b are the leading coefficients of A(X) and B(X) respectively, which implies
that

lim o" =a/b,
n—o0, nel

since |1/(1 —a™)| is bounded from both below and above. This gives a contradiction as o
doesn’t converge. O

3.4 Proof of Theorem 3.1.4

The following lemma asserts that an infinite sequence {z,} of solutions to the equation
f™(zn) = c(x,) for all n € N is a sequence of small dynamical height.
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Lemma 3.4.1. Let K be a global field. Let {x,} be a sequence in P1(K) so that f*(z,) =
c(xy,) for alln € N where f,ce K(x) and deg(f) > 1. Then

lim hg(z,) = 0.

n—0o0

Proof. For each x € P'(K), we have by Theorem 3.2.2 that

A~

hy(c(x)) = (deg )hy(x) + O(1)

where the implied constants do not depend on x (but coefficients of f). For each n € N, the
sequence {T, }nen satisfies f"(z,) = c(z,) and the functorial property of canonical height
yields R R R
hy(e(xn)) = hy(f"(xn)) = (deg f)"hy(2n).
This implies R .

(deg f)"hys(wn) = (deg c)hy(2n) + O(1)

where the implied constant does not depend on z,, and so does not depend on n. Thus the
quantity ((deg f)™ —degc)h(z,) is bounded by a constant independent of n. As the term
((deg f)™ — deg c) becomes arbitrary large as n gets large because deg f > 1, it follows that

A

hy(z,) must become arbitrary small and approaches 0 as n — +0o0. O

The following result is well known in arithmetic dynamics and it asserts that if two
rational functions share the same (non-repeating) sequence of points of small height, their
dynamical height must be identical. The strategy of the proof is similar to that of Baker-
DeMarco [0, Theorem 1.2] but we include the proof here for completeness and for the
convenience of the reader. For different proof (in the language of metrics on line bundle of
P') and ingredient we refer the reader to [70, Corollary 14].

Proposition 3.4.2. Let K be a global field and let f,g € K(z) be rational functions of
degree greater than 1. Suppose that there exists an infinite distinct sequence {Ty}nen <
PY(K) such that

lim hs(z,) = lim hy(,) = 0.

n—a0

Then izf = iLg.

Proof. Suppose that {z,},>1 is a non-repeating sequence in P'(K) such that h(z,) — 0
and hy(z,) — 0 as n — +00.
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Case I. Suppose that f,g e Q(x). Suppose that L is a number field for which both f and
g are defined. Thus {z,} must be a sequence of algebraic points in P*(L) for all n € N.
Since {z,} is a sequence of point of small dynamical height with respect to both f and
g, so the sequence of probability measures supported equally on the sets Gal(L/L) - z,, of
conjugates of x, converges weakly to the canonical measures ps, and pu4, at all places v
of L in the Berkovich projective line Py, , by the arithmetic equidistribution theorem of
Baker-Rumely [7], Favre-Rivera-Letelier [34], and Chambert-Loir [21]. Thus p, = pg,e-
From the definition of the Laplacian (3.2.1), for all v € My, and all z,y € Py, ,, we have
that the v-adic Arakelov Green’s functions of f and g must differ by a constant C,(y) € R
([8, Proposition 5.28])

Gurwl(®,y) = Gy o, y) + Cu(y). (3.4.1)

Using the fact that the Arakelov-Green’s function is symmetric, fixing x and viewing as
a function of y, we can deduce that C,(y) = C, € R is independent of y. Thus Equation
(3.4.1) becomes

Gwm(:c,y) = Gpyo(r,y) + C,. (3.4.2)

Summing equation (3.4.2) over all places v € My, with appropriate local degree, it follows
that X R R R

he(x) + hy(y) = hy(x) + hy(y) + C
where C' = ) v, NVoCy and is independent of y. Setting y = x,, and letting n — o, we

have R X

h¢(z) = hy(z) + C.
Taking = to be f-preperiodic, we obtain C' = —ng(x) < 0. Similarly, taking x to be
g-preperiodic, it yields C' = Bf(x) > 0. Hence C = 0 and the desired result follows
immediately.
Case II. Let L be a finitely generated field extension of Q which is generated by all
coefficients of f and g. Suppose that neither f nor g is isotrivial (i.e., they are not conjugate
to a rational function defined over Q). Thus the sequence {x,} ey is defined over P*(L).
Then the proof follows along similar lines to that of Case I. The last step to conclude that
C = 0, we instead use the Theorem 3.2.4 for function field.
Case III. Suppose that at least one of f and ¢ is isotrivial. Without loss of generality,
assume that f is isotrivial (i.e., it is conjugate to a rational function defined over @) Then
we follow the argument used in Baker-DeMarco [0, Theorem 2] to deduce that g must also
be isotrivial. Hence both f and ¢ are conjugate to a rational function defined over Q and
we are back to Case I. Therefore, the desired result is established. O

Recall that
Prep(f) :=={zx e C| f"(x) = f™(z), for m,n € N}
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the collection of all preperiodic points of f. It is infinite and countable [9, §6.2].

Proposition 3.4.3. Let f,g € C(z) be two rational functions of degree greater than 1.
Suppose that the semigroup generated by f and g under composition is free. Then there
are finitely many \ € C such that there are m,n € N with the following properties:

(1) [ (x) # c(x)
(ii) g"(x) # ()
(iir) f™(X) = g"(A) = ¢(N).

Proof. Let K be a field generated by all coefficients of f, g, and ¢ over Q. Thus K is either
a number field or a function field of finite transcendence degree with constant field K n Q.

Suppose, on the contrary, that there is an infinite distinct sequence {\;};eny such that
for every i, there exist m; and n; so that f™(x) # c(x), g™ (x) # c(z), and \; is solution
to both f™i(x) = ¢(z) and g™ (z) = c¢(x). Note that m;,n; — +00 as i — +0o. It follows
from Lemma 3.4.1 that

lim hys();) = lim hy(N;) = 0.
1—00 1—00

It then follows immediately from Proposition 3.4.2 that h ;= izg.
Case 1. Suppose that K is a number field. Proposition 3.2.3 asserts that the canonical
heights ﬁf and ﬁg vanish precisely on the set of f-preperiodic points and g-preperiodic
points, respectively. Then it follows that Prep(f) = Prep(g) (i.e., f and g share the same
set of preperiodic points). Applying the result of Bell-Haung-Peng-Tucker [12, Corollary
4.12] to deduce that the semigroup generated by f and g under composition is not free.
Hence it contradicts the assumption.
Case II. Suppose that K is a function field of finite transcendence degree and neither f
nor g is isotrivial. Thus f and g must share the same set of preperiodic points by Theorem
3.2.4. Again, applying the result of [12], we have that (f, g) is not free.
Case III. Assume that at least one of f and g is isotrivial. Without loss of generality, as-
sume that f is isotrivial. We claim that g must also be isotrivial. This follows immediately
from a weak Northcott result of Baker [1, Theorem 1.6]. Thus both f and g are conjugate
to a rational function defined over Q. We are back to Case I. O

Next, we treat the case when one of rational functions f and ¢ is of degree 1. Here

we briefly discuss the proof idea due to Hsia-Tucker [52] and it goes through for rational
functions f and g without any changes.
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Proposition 3.4.4. Let f,g € C(x) be two rational functions such that deg(f) > 1 and
deg(g) = 1. Suppose that the semigroup generated by f and g under composition is free.
Then there are finitely many X € C such that there are m,n € N with the following proper-
ties:

(i) [ (x) # ()
(i) g"(x) # c(x)
(iii) f™(A) = g"(A) = ¢(A).

Proof. Again, K is a field generated by all coefficients of f,¢g and ¢ over Q. Thus K is
either a number field or a function field of finite transcendence degree.

Case I. Suppose that K is a number field. We follow closely the argument of Hsia-
Tucker [52, Proposition 9]. For any infinite distinct sequence of {\;} and {m;} such that
fm™i(N) = e(N) for every i € N, we have that {)\;} is a sequence of small height with
respect to f by Lemma 3.4.1. Also, the condition (iii) yields that any solution A € C to the
equation ¢"(\) = ¢()) is of bounded degree (i.e., degree at most deg(c) since deg(g) = 1)
over K. Hence the Northcott’s property implies that there are only finitely many A € C
satisfying (i), (ii), and (iii).

Case II. Suppose that K is a function field of finite transcendence degree. We refer the
reader to Hsia-Tucker [52, Proposition 9] as the proof is verbatim to the polynomial maps
setting. O

We are now ready to prove the main result of this section.

Theorem 3.4.5. Let f(x) and g(x) be rational functions in C(x), at least one of which has
degree greater than one. Suppose that semigroup generated by f and g under composition
is free and c(x) is not a compositional power of f or g. Then there are only finitely many

A € C such that

for some m,n € N.

Proof. The proof divides into two cases:

Case 1. If deg(f), deg(g) > 1, then the desired result follows immediately from Proposition
3.4.3.

Case II. If one of rational functions f and g is of degree one (without loss of general-
ity, assume that deg(f) > 1 and deg(g) = 1), then the desired conclusion follows from
Proposition 3.4.4. O
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Chapter 4

Polynomial endomorphisms of the
affine plane with many periodic
curves

4.1 Introduction

The Dynamical Manin-Mumford Conjecture is the dynamical generalization of the well
known Manin-Mumford Conjecture, which conjectures that a subvariety that contains
many periodic points of an endomorphism must itself be special with respect to this en-
domorphism. After a series of studies and refinements by [91], [92] and [13], the precise
statement of the conjecture is the following:

Conjecture 4.1.1. Let f : X — X be a polarized endomorphism of a smooth projective
variety over a field of characteristic zero, and Z < X be a subvariety containing a Zariski
dense set of preperiodic points. Then either Z is preperiodic or Z is special, in the sense
that it is contained in some subvariety Y that is both f™-and y-invariant, for somen =1,
where Y is another polarized endomorphism commuting with f* on'Y, and Z is preperiodic

under .

The conjecture remains widely open, and only a few cases are known. For example,
the conjecture is proved for split morphisms on (P!)" by [11], [42] and for polynomial
endomorphisms on A? extendable to endomorphisms on P? with some constraint on the
ramification at the line at infinity by [28].
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4.1.1 Relative Dynamical Manin-Mumford Conjecture

Recently, inspired by Gao and Habegger’s work on Relative Manin-Mumford Conjecture
for families of abelian varieties [35, Theorem 1.1 and 1.3], DeMarco and Mavraki proposed
the generalized Dynamical Manin-Mumford Conjecture for families of dynamical systems
in [27].

We follow [27] to introduce the necessary notations. An algebraic family of endomor-
phisms of P™ of degree d is a morphism

O:9xP" - S xP"

given by ®(s, z) = (s, fs(2)) where f; is an endomorphism of P™ of degree d. Let X < S xP"
denote a closed irreducible subvariety which is flat over S. We let X denote the generic
fiber of X and let @ : P" — P" be the map induced by ®, viewed as an endomorphism
over the function field C(S).

We say X is ®-special if there exists a subvariety Z < P™ over the algebraic closure
C(S) containing the generic fiber X, a polarizable endomorphism ¥ : Z — Z, and a
positive integer n such that the following hold:

o ®"(Z)=17;
e "o W = W o ®" on Z; and

e X is preperiodic under W.

We denote r¢ » the relative special dimension of X over S. This is given by
ro.x = min{dimg )Y : X < Y and Y is ®-special},

where dimg Y = dim ) — dim S is the dimension of a generic fiber of Y over S.

With the notations from above, DeMarco and Mavraki proposed the following relative
version of Dynamical Manin-Mumford Conjecture:

Conjecture 4.1.2. Let ® : S x PV — S x PV be an algebraic family of morphisms of
degree > 1, and let X < S x PN be a complex, irreducible subvariety which is flat over S.
The following are equivalent:

o X contains a Zariski dense set of ®-preperiodic points.
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o Ti»* A [X] # 0 for the relative special dimension 1o x.

Here Ty is the canonical Green current associated to ® on S x PV.

This is a very ambitious conjecture and remains open in most cases. When dim S =
0, the Conjecture 4.1.2 reduces to the Dynamical Manin-Mumford Conjecture. When
N = 1, the Conjecture is already known. Moreover, several important problems can be
viewed as special cases of Conjecture 4.1.2, including the Dynamical André-Oort Conjecture
proposed by [5] and [38], and questions on the uniform bounds for common preperiodic
points between two rational functions on P!, see for example [20]. See [27, Section 3] for
detailed discussion.

The recent work of Mavraki and Schmidt [0 1] establish a special case of a weaker version
of the conjecture if one replaces PV with (P!)V (see also the discussion in [27, Conjecture
1.2)).

4.1.2 Main results

In this chapter, we study regular polynomial endomorphisms of P? of degree > 1,
that is, endomorphisms of P? extending polynomial endomorphisms on A%, We focus on
the constant family case, where

®(s,p) = (s, F(p))

for a fixed regular polynomial endomorphism F. Within this setting, we consider a family
X that contains a Zariski dense set of periodic curves. Our first main result shows that such
a family must be invariant under F', and moreover, that the degree of a generic member of
the family remains stable under the action of F'.

Theorem 4.1.3. Let Z < M, be a subvariety of the space of effective divisors of degree
d in P2. Let F be a regqular polynomial endomorphism on P? of degree > 1. Suppose
that Z contains a Zariski dense set of divisors corresponding to periodic curves under F.
Then, after replacing F' with some iterate, for a generic curve C' such that [C| € Z, we have
deg(C) = deg(F(C)). Moreover, for any curve C" such that [C'] € Z, we have [F(C")] € Z.

Remark 4.1.4. Suppose Z is a subvariety of the Chow variety of pure dimension D and
degree d cycles inside PX, for some K > 2. Throughout the chapter, for a subvariety
C < PX of dimension D, we let [C'] denote the algebraic cycle corresponding to C, and we
write [C] € Z if there exists a z € Z whose geometric support as a variety in P¥ is equal
to the union of the irreducible components of C.
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A key ingredient in the proof of Theorem 4.1.3 builds on ideas from [37, Sections 5-6].
These techniques play a central role in handling invariant curves through an unramified
point on the line at infinity and form the foundation of our approach.

Theorem 4.1.3 implies a special case of Dynamical Manin-Mumford Conjecture under a
stronger assumption (see Remark 4.5.2), and also proves a weaker form of the Conjecture
4.1.2:

Corollary 4.1.5. Let S be a smooth and irreducible quasi-projective variety defined over
C. Let ® : S xP? — S x P? be a constant family of endomorphisms such that for every
point (s,p) € S x P?

®(s,p) = (s, F(p)),

where F' is a reqular polynomial endomorphism of degree > 1 that does not depend on s.
Let X < S x P? be an irreducible hypersurface that is flat over S and projects dominantly
to S. Suppose there exists a Zariski dense set of s € S such that X, the fiber of X at s, is
a periodic curve under F. Then for all N € Z, we have

Ty o ™ A [N # 0,
and rexn v < min{2N, N + dim S}.

Remark 4.1.6. Throughout this paper, we will let X and ®* denote the N-th fiber
product of X and ® over S.

As another consequence of Theorem 4.1.3, we combine it with the classification of
endomorphisms on P? preserving an algebraic k-webs obtained in [33] to describe all regular
polynomial endomorphisms that admit infinitely many periodic curves of bounded degrees.

Theorem 4.1.7. Let D be any positive integer. Let F' be a reqular polynomial endomor-
phism on P? of degree > 1 and suppose that it admits infinitely many periodic curves of
degree bounded by D. Then, after replacing F' with some iterate, it is of one of the following
forms:

e [ is a polynomial skew product;
e [ is homogeneous;

o there ewists a generic finite rational map p : P! x P — P? and a split polynomial
endomorphism (f,g) on P! x P! such that

po(f,g)=Fop.
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A more detailed description of the third case is given in the last section. This is an
extension of the work in [37, Section 6] where Xie proved that for a regular polynomial
endomorphism whose restriction on the line at infinity is not a polynomial, the existence
of infinitely many periodic curves forces the map to be homogeneous [37, Theorem 6.2].

4.1.3 Some conditional results on degree stabilization

Theorem 4.1.3 can also be interpreted as a Dynamical Manin-Mumford type statement
on the moduli space of divisors: instead of looking at subvarieties with a dense set of
preperiodic points in P2, we look at the subvarieties in the moduli space M, containing a
dense set of periodic curves under F. The theorem asserts that such a subvariety must be
special in the sense that a generic divisor it contains has stabilized degree under the action
of F', and the subvariety itself is invariant under the induced map.

We expect the degree stabilization should hold in a more general setting, and we propose
the following question which was raised in a discussion with Junyi Xie:

Question 4.1.8. Let F be an endomorphism of degree > 1 on PV and Chp 4(P") be the
Chow variety consisting of algebraic cycles of PV of dimension D and degree d. Suppose
Z < Chp 4(PY) is a subvariety containing a Zariski dense set of algebraic cycles correspond-
ing to irreducible periodic subvarieties of PV of degree d under F. Then is it true that, after
replacing F' with some iterate, for a generic cycle V e Z, we have deg(V') = deg(F(V))?

Example 4.1.9. Note that even if a curve C' < P? is periodic under an endomorphism F,
the curves in the periodic cycle can have various degrees. For example, under the regular
polynomial endomorphism F(x,y) = (22, y* — z), we have the following periodic cycle of
curves

V(y) —— V(> —2) —— V(y)

With a mild assumption on F', we will demonstrate that the Dynamical Manin-Mumford
Conjecture implies a positive answer to the Question 4.1.8, and a broader version of The-
orem 4.1.3 should hold:

Definition 4.1.10. Let S be a smooth, irreducible, quasi-projective variety over C of
positive dimension, and let M > 2 be an integer. Let

d:S5 xPM - §xPM

be a family of surjective endomorphisms, and let X < S x PM be an irreducible subvariety
of dimension greater than dim S, which projects dominantly onto S and is flat over S.
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We say that (®,X) is of general type if for any subvariety Y < PM containing X
and invariant under ®" for some n > 0, the only polarizable endomorphisms on P* that
commute with ®” on Y are iterates of ® itself.

In the special case where ®(s,p) = (s, F/(p)) for a fixed surjective endomorphism F', we
say that the pair (F, X) is of general type, meaning the same as (®, X’) being of general

type.

Theorem 4.1.11. Let F be a surjective endomorphism on PX of degree > 1. Let Z <
Chp a(PX) be a subvariety in the Chow variety consisting of algebraic cycles of PX of di-
mension D < K — 1 and degree d. Suppose Z contains a Zariski dense set of algebraic
cycles corresponding to irreducible periodic subvarieties of PX under F of degree d. Assum-
ing (F, Z) is of general type and Conjecture 4.1.1 is true, then for every subvariety C < PK
and a generic subvariety C' < PX such that [C],[C'] € Z, we have that [F(C)] € Z and
deg(C") = deg(F(C")), after replacing F' with some iterate.

Furthermore, we show that Conjecture 4.1.2 implies an even stronger stabilization prop-
erty for the degrees of images in families of endomorphisms:

Proposition 4.1.12. Let S be a smooth and irreducible quasi-projective variety defined
over C of positive dimension and M = 2 be a positive integer. Let ® : S x PM — S x PM
be a family of endomorphisms such that for every point (s,p) € S x PM

CI)(‘S?p) = (S,Fs(p))

for an endomorphism Fy of degree > 1. Let X < S x PM be an irreducible subvariety of
dimension > dim S that projects dominantly to S and is flat over S. Assume (®,X) is of
general type.

Suppose that for a Zariski dense subset of s € S, X, is preperiodic under ®4. If Con-
jecture 4.1.2 holds, then there exists positive integers m,m and an infinite set of positive
integers I such that for any pair of integers ki, ks € I we have that,

deg(F;anl(Xs)) = deg(F;n+nk2 (XS))a

for a generic point s € S.

We also establish a degree stabilization result for families ® : A! x P? — Al x P? of
regular polynomial endomorphisms, under suitable assumptions on the behavior of X at
infinity (Theorem 4.6.3 and 4.6.5). Our argument combines analysis of branches along H,
with results from [32] and, conditionally, on [25, Conjecture 6.1] and the classification of
semiconjugate pairs in [08].
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4.2 QOutline of the chapter

Section 4.3 establishes several technical lemmas that will be essential for the subsequent
arguments.

In Section 4.4, we prove Theorem 4.1.3. A key technique used in the proof of Theorem
4.1.3 is inspired by [37, Sections 5 and 6]. It establishes that, for a regular polynomial
endomorphism, the invariant algebraic curve passing through a non-superattracting fixed
point of F|z, is unique whenever it exists, where H,, = P?\A2. Moreover, the intersection
must be transverse. A slight adaptation of this result (Lemma 4.3.4), combined with
suitable blow-up procedures along H,,, allows us to obtain a reparametrization of a family
of divisors containing infinitely many periodic curves. This forms a crucial step in the
proof of Theorem 4.1.3.

We also explain at the end of this section how the Dynamical Manin—-Mumford Conjec-
ture suggests that the same expectation should hold for endomorphisms on PX in general.

In Section 4.5, we show that our main result, Theorem 4.1.3, implies a weaker ver-
sion of the relative Dynamical Manin—Mumford Conjecture (Conjecture 4.1.2) proposed by
DeMarco and Mavraki.

Section 4.6 contains conditional results. We show that the relative Dynamical Manin—-Mumford
Conjecture predicts a degree stabilization phenomenon for families of endomorphisms and
subvarieties containing a Zariski dense set of periodic subvarieties. We verify this expec-
tation for families ® : A! x P? — Al x P? of regular polynomial endomorphisms, under
unramification assumptions on the behavior of & at infinity. Our argument relies on iden-
tifying when a marked point a(t) € X n H,, becomes superattracting for infinitely many
parameters to € Al. In the polynomial case, this follows from [32] (see Theorem 4.6.3); in
the general case, the proof depends conditionally on [25, Conjecture 6.1] and the argument
relies on the classification of semiconjugate pairs in [05] (see Theorem 4.6.5).

Finally, Section 4.7 introduces the notion of k-webs following [33]. Using Theorem 4.1.3,
we show that a regular polynomial endomorphism admitting infinitely many periodic curves
of bounded degree must preserve either an algebraic k-web or a pencil of curves. Combining
these with the classification results of [33] and [23] yields a complete description of such
endomorphisms, proving Theorem 4.1.7.

4.3 Preliminaries
In this section, we collect some technical lemmas that will be useful in later proofs.
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We begin by clarifying the notion of a resolution tree:

Definition 4.3.1. By a resolution tree of depth N at p with respect to a curve
C, where p € P2, N € Z*, and C < P? passes through p, we mean the tree obtained by
iteratively blowing up points where the strict transform of C' intersects the exceptional

divisors. The root of the tree is p (level 0), and the process is repeated until the tree has
depth N.

Lemma 4.3.2. Let D be a positive integer. If C, and Cy are two affine curves in A?
passing through (0,0) of degree < D that have the same resolution tree of depth D* + 1 at
the point (0,0), then Cy = Cs.

Proof. Let m;, i€ {1,2,..., D?+ 1} denotes the (sequence of) blow-up maps at (0,0) which
gives us the resolution tree of depth ¢ at (0,0) with respect to both C} and Cy, as they
share the same resolution tree.

We show inductively that for any positive integer M < D? + 1, we have

(C1,C2) 00y = M + (él(M)’ C’Q(M))

pPm

where C’i(M) is the strict transformation of C; under my, i € {1,2} and py is a point in

the intersection of C’fM), C’éM) and an exceptional divisor introduced when we construct
the M-th level of the resolution tree. The existence of such a py, is guaranteed by our
assumption that C; and Cy share the resolution tree up to depth D? + 1.

Note that 7 is the first blow up map at (0,0), which introduces an exceptional divisor
E; in the preimages of (0,0) under 7. Then we have

WTCZ = é’l(l) + miEl

where m; > 0 is the multiplicity of F; in the total transformation of C; under 7y, for
i € {1,2}. Then, since C’i(l) - By =m, for i € {1,2}, we have
(Cl . CQ)((LO) = (é’fl) . é;l))El + mgé'fl) . E1 + m1C~'2(1) . E1 -+ m1m2E1 . E1

= (CW Mg, + mams = 1+ (CV - g, (4.3.1)

where
(1) A (1) A
(o e P D VI (¢ aay e oM
peé{”r\é;l)mEl

This verifies the base case.
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Now, we assume that the statement holds for a positive integer M < D? + 1 and we
show that it also holds for M + 1. We do the further expansion of

~(M) ~(M
(G, C5" )
by taking a blow-up m,,, at pas. Then, we have

M)
(CNe N
_ (CfM)»pI\I ) é(M)’pM)E + mjloMCN«(M),PM ‘E,,

M .
+ m2 ( )p]bf EpM + mpl\lmpkf EPM ' EPZM
= (Cl Ve C'2 7pM)EpM + mllemIZ)M7 (432)

where
e C«(M) _ O(M) My mPME

pPMm T 7 Pm>

miM >0, i€ {1,2} and E,,, is the exceptional divisor introduced by 7, .

pbm

Notice that the assumption that C; and Cy share the resolution tree at (0,0) up to
depth D? + 1 implies that there exists a

Pr+1 € C’I(M)pM M CéM),pM M EPM‘

Also, there exists a sequence of blow-up 7}, ; such that
/
TM+1 = Tar41 © Tpp ©TM

and CN‘i(MH) is the strict transformation of C’i(M)’p M under 7., where 7 € {1,2}.

Then

(O£M)7PM ) C«éM),PM) (C«§ )sPM C(M JDM)

(M), ~(M), ~(M+1 M+1
= (o) OV (O (O MY

EPM PM+1

(4.3.3)

)pM+1 .

Now the induction hypothesis

(Ch, Ca)o0) = M + (CM CEM)

pPm

together with (4.3.2) and (4.3.3) imply that

(Cr,Ca) 0y = M + 1+ ((jfl(MH) . CYQ(MH))

PM+1-
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Then the induction concludes the statement. Hence, plugging in M = D? + 1, we have
(C1,Co)(00) = D> + 1.

Since, deg(C}) = deg(Cy) = D, by Bézout’s intersection theorem we conclude that C; =
Cs.

]

Lemma 4.3.3. Let C be an infinite set of curves in P? of uniformly bounded degree < D
passing through a single point p € P2. There exists a blow up 7 of length bounded by D? + 1
at the point p and an exceptional divisor E < 7 (p) such that | Joee 7 C N E contains
infinitely many distinct points in E.

Proof. Suppose, for the sake of contradiction, that for any blow up m at p of length not
greater than D?+ 1 and any exceptional divisor £ in 77 (p) we have || J o 7#C N E| < .
We build a resolution tree of depth D? 4 1 at p by recursively blowing up all the points
in the intersections of the strict transformation of C' € C with exceptional divisors. By our
assumption, there are only finitely many exceptional divisors in this resolution tree and
each exceptional divisor only intersects with C at a finite set of points. Therefore, by the
Lemma 4.3.2 and the pigeonhole principle, there are only finitely many distinct curves in
C, which is a contradiction. Thus, there must exist a divisor E < 7/~!(p), with a blow up
7’ at p of length not greater than D? + 1 (pick a branch of the resolution tree), such that
Ucee ™#C N E is an infinite set. O

The following lemma is an adaptation of [37, Lemma 5.11] for our purposes. The proof
follows the original almost verbatim; we will explain here the necessary changes.

Lemma 4.3.4. Let F be a reqular polynomial endomorphism on A% of degree > 1. Let X
be a compactification of A? which is either P? or constructed by a sequence of blow-up of
some points on Hy, = P2\A?. Let E be an irreducible component of X\A? such that F,
after being replaced with some iterate, extends to a finite morphism, f, on E. Let o € E be
a non-superattracting fixed point of f. Then there exists a unique irreducible formal curve
C' at o which is F-invariant and not contained in E. Moreover, it intersects E transversely
at o.

Proof. In [87, Lemma 5.11], the author proves this lemma with X = P? and E = H,,. But
the approach only requires the data locally around o and so can be adapted to this setting.
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Let L = C((t)) with t-adic norm. Let U be the affinoid subdomain of X{", which, in
the local affine chart around o = (0,0), is given by

U= {(z,y) « x| <], [y <[]}

Since F' induces a finite morphism on £, we have that F' induces a well-defined endomor-
phism
glv : U —-U

which fixes the hyperplane Y = E¢" n U, where F within the affine chart is given by V()
by a coordinate choice. Now, the rest of the proof follows exactly the same line as in [87,
Lemma 5.11] with g|y, U and Y as above. O

Remark 4.3.5. The key ingredient of the proof of this lemma, as explained in [37, Proof
of Lemma 5.11], is [88, Theorem 8.3|, which is the main result of the Appendix A in the
paper. In this particular case of Lemma 4.3.4, it shows that g|y is semiconjugated to gy .

Notice that Lemma 4.3.4 has a similar flavor to [28, Theorem 2.1], which shows that

there exists a unique smooth analytic curve through o which is transverse to £ and invariant
under F.

4.4 Proof of Theorem 4.1.3

In this section, we prove Theorem 4.1.3. We begin with a series of lemmas that form
the intermediate steps toward the proof. Throughout this section, let F' be a regular
polynomial endomorphism of A% of degree > 1.

Lemma 4.4.1. Suppose F : P? — P? admits an infinite set of periodic curves C. Then
one of the following holds:

(1) There exists a point p € Hy, such that infinitely many curves in C pass through p.

(2) There exists an integer e € {1,2} and an infinite subset C' = C consisting of periodic
curves of degree e, together with a finite morphism

o:P'— Z,

where Z is the Zariski closure of C' in the space of effective divisors of degree e, M.,
such that:
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e for a generic C € Z, we have deg(F(C)) = deg(C); and
e for any curve C' < P? with [C'] € Z, we have [F(C")] € Z.

Proof. Suppose that for every point p € H,,, only finitely many periodic curves of F' pass
through p. We will show that (2) must then occur.

By [¢7, Lemma 6.6 and Remark 6.7], every periodic curve of F', except the line at
infinity H,, = P*\A? has at most two branches at infinity. Since F|z, has only finitely
many superattracting periodic cycles, and each periodic point in H,, lies on finitely many
periodic curves by assumption, there must exist infinitely many periodic curves

c'ccC

such that each C' € C’ meets H,, only at non-superattracting periodic points of F'|y, .

For such curves, Lemma 4.3.4 implies that each intersection C' n H,, is transverse.
Consequently, the intersection multiplicity C' - H,, equals the number of branches of C'
at infinity, which is at most two. Hence, deg(C) < 2 for infinitely many periodic curves
C € C. Moreover, the same reasoning applies to all curves lying in the periodic cycles of
these curves, showing that deg(C) = deg(F'(C)) € {1,2} for all such C.

We now regard these periodic curves as points in the projective space M, of effective
divisors of degree e on P?) where e € {1,2}. By enlarging C’ if necessary, we may assume
that it is closed under the action of F, i.e., it contains all curves in the periodic cycles of
its members.

Consider the incidence variety

F={(Cx):Cel,xeCnHy} S M, x Hy,

and let 7; denote the projection onto the i-th factor for i € {1,2}. Since non-superattracting
periodic points are dense in H,, =~ P! 7, is surjective; by Lemma 4.3.4, my is in fact
bijective. Also, m : I' > M., is a morphism of degree e. We may therefore define

ci=mom P = H,— M,,

which is a finite morphism with image Z = m;(I'). Note that even without enlarging C’,
the same Z is obtained after taking closure, since Z is irreducible, parametrized by P!, and
contains all members of C’ and their periodic cycles.

Finally, let Z; be the irreducible curve in ]P’?C(t) corresponding to Z, where C(t) is the
function field of H,. For any ¢y € C such that Z, € C', we have F(Zy,) = Zj(,), where
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f = Flu,. As the set of such ¢ (corresponding to non-superattracting periodic points of
f) is dense in P!, it follows that

F(Zy) = Zyqy forall t.

Consequently, for every curve C’ with [C'] € Z, we have [F(C")] € Z, completing the proof.
[

Now, by Lemma 4.4.1, one of the following two situations occurs. Either we can con-
struct a one-dimensional family of curves, parametrized by P!, that contains infinitely
many periodic curves and whose generic member has stabilized degree; or there exists a
point p € H,, through which infinitely many periodic curves pass.

It remains to handle the second case.

Proposition 4.4.2. Let C be an infinite set of periodic curves under F' in P? of degree D
passing through a point p € Hy,. Then there exists an infinite subset of curves C' < C such
that we have a parametrization 7 : P* — Z, where Z is the Zariski closure of C' in the
space of effective divisors of degree < D in P?. Moreover, after replacing F with a suitable
iterate, for any curve C' such that [C] € Z, we have that [F(C)] € Z and, in particular,
for a generic curve C' such that [C'] € Z, we have deg(F(C")) = deg(C").

Proof. We first replace F' with some iterate and so p is fixed under F'. Moreover, by Lemma
4.3.4, it is a super-attracting fixed point under F'|g, . By Lemma 4.3.3, there exists a blow
up m of length at most D? + 1 at p such that C intersects a divisor Ey < 75 '(p) at
infinitely many points. This in particular implies that F|g,, the induced map of F' on F
after replacing I’ with some iterate, is a finite morphism as curves in C are periodic and so
are their intersections with Ey. Then there exists an infinite subset C' < C such that for
every curve C' in C’, the intersection C' n Fy contains some non-superattracting periodic
points of F|g,. This is because F|g, is a finite endomorphism on £, and thus has only
finitely many super-attracting periodic points.

Now, if there exists another point p, € 75! (p) U Hy such that infinitely many curves
from {x¥C': C' e C'} pass through p;. Then we again use Lemma 4.3.3 to obtain a blow up
m at pp, so that there exists a £y < 7, 1(pl) whose intersection with strict transformations
of curves in C’' at infinitely many distinct points. Similarly, shrink C’ and abuse notation
to also let C’ denote the infinite subset of C’ only containing those curves with strict
transformations intersecting F; at some non-superattracting periodic points of F|g,, after
replacing F' with some iterate.
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Now, we repeat this process if we can still find a point in (m; o m) ™' (Hy) such that
infinitely many strict transformations of curves in C’ pass through it. Then, after the pro-
cess stop, we obtain a sequence of blow-ups mg, - - - , 7w, and exceptional divisors Ej, ..., E,,
such that there exists an infinite set of periodic curves C' whose strict transformations only
intersect E;, i € {1,2,...,r}, at non-superattracting periodic points of F'|g,, where r € Z*.

This process must terminate after at most D iterations, and r + 1 < D, as, denoting
ﬂ':ﬂ'ro...oﬂ'o,

D >deg(C) = (7*C, Eg + -+ + E}) = r + 1,

for any C' € C'. If the process did not stop, we would obtain r + 1 = D + 1, contradicting
deg(C) < D.

Hence, after finitely many steps, we obtain a blow-up 7 above H,, such that through any
point of 77 (H,) only finitely many strict transforms 7##C (with C' € C’) pass. Excluding
from C’ those finitely many curves whose strict transforms meet F < 77 !(H,) at some
superattracting periodic points, we may assume that for all C' € C' and all components
E < n*H,, the intersection 7#C N F consists only of non-superattracting periodic points
of F|g. We further choose an infinite subset of C’ so that the strict transformation of
every curve in it intersects every exceptional divisor (including H,) at the same number
of points. We abuse notation to still call it C’.

Now, notice that
deg(C) = (77O, n*H,),

and by Lemma 4.3.4 we have every intersection between 7#C and every £ < 7*H, is
transverse (if non-empty) and so is the intersection between 7#(F(C)) and E, since the
intersection of 77 C and E’s are non-superattracting periodic points. Notice that there is
a one-to-one correspondence between them as they live in the same periodic cycles under
Fl|g. Thus,

(m*F(C), E) = (n*C, ),

for every exceptional divisor £ < n*H,,. Hence, we have

deg(F(C)) = (s#F(C),m*Hy) = (77 C, 7" Hy) = deg(C).

From now on, fix £ = Ej.

From now on, fix E := E; and by our construction the strict transformation of every
curve in C’ intersects E at D’ < D points. Define

Co= {F(C):Cel, n=0)
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and let Z’ be the closure of Cy in Mp.

Consider
W={p,C)eExZ pen®CnE} < ExZ.

By Lemma 4.3.4, through each non-superattracting periodic point of F|g there passes a
unique periodic curve (other than F itself) intersecting F transversely. Thus, the projection
71 : W — FE is generically one-to-one, hence birational, and therefore an isomorphism since
E =~ P!'. Composing with the projection 7 : W — Z’, we obtain

T=norn ' E—Z,

a morphism of degree D’, giving the desired parametrization.

We now show that for every C' with [C'] € Z’, we have [F(C)] € Z', after replacing F’
with some iterate. View Z’ as a curve

Z; < ]P%(E) = ]P)(%(t)v
where C(E) =~ C(t) is the function field of F =~ P'. The map F induces a morphism
F ]P)(2C(t) - ]P)%(t)a
and since deg(F(C")) = deg(C") for infinitely many C” € Z’, we have
deg(F(Zy)) = deg(Z)).

For any Cy = Z] € C', where t; is a non-superattracting periodic point of F'|g, Lemma 4.3.4
and the construction of Z’ ensures that

where f = F|g. As such points ¢, form a Zariski dense subset of F =~ P!, we obtain
Thus, for every C' with [C] € Z’, we have [F(C)] € Z'.

Finally, since Z < Z' and Z’ is irreducible, we have Z = Z’. Therefore, for any C' with
[C] e Z, we have [F(C)] € Z, and for a generic C,

deg(F(C)) = deg(C).

96



We now summarize the results obtained for the case where F' admits an infinite set of
periodic curves.

Proposition 4.4.3. Let F' be a reqular polynomial endomorphism of degree d > 1 admitting
an infinite set C of periodic curves of degree at most D. Then there exists a parametrization

T:P1—>Z,

where Z < Mp is the Zariski closure, in the space of effective divisors of degree at most D,
of the effective divisors corresponding to an infinite subset of C. Moreover, after replacing
F by a suitable iterate, for any curve C and for a generic curve C" with [C],[C'] € Z, we
have

[F(C)] € Z and deg(F(C")) = deg(C").

Proof. By Lemma 4.4.1, either there exists an infinite subset of C consisting of curves all
passing through a single point p € H,, or the statement already holds for an infinite subset
of C, in which case we are done.

The first case is covered by Proposition 4.4.2. O
We are now ready to prove Theorem 4.1.3.

Proof. Without loss of generality, we may assume that Z is irreducible. We first show that
for any curve C with [C] € Z, one has [F(C)] € Z.

The pushforward map
Fy: Mg — Mdeg(F)d

is well defined. Define
Y Mg — Maeg(rya, Y(A) = deg(F) A,

which is an isomorphism onto its image. Let C denote the Zariski dense set of periodic
curves of F' whose corresponding effective divisors lie in Z. By Proposition 4.4.3, after
replacing I’ by an iterate, there exists an infinite subset C' € C whose Zariski closure Z’

satisfies [F/(C")] € Z' for all C" € C'.

If C' is not Zariski dense in Z, then C\C' must still be infinite. We may then apply
Proposition 4.4.3 again to C\C’ and enlarge C’ and Z’, where Z’ becomes a union of projec-
tive lines contained in the Zariski closure of C'. By Zorn’s Lemma, there exists a maximal

97



subset C" < C whose Zariski closure satisfies this invariance property. Our argument im-
plies that |C\C"| < oo, since otherwise C” could be enlarged, contradicting maximality. We
rename C” as C’, noting that it remains Zariski dense in Z.

Define
G =1y 'oF,.

This map is well defined on the set of effective divisors corresponding to C’, a Zariski dense
subset of Z, and its image also lies in Z. Since 1)(Myg) is closed in Mgeg(r)q and contains
deg(F)C’, the composition 1)~ o F, extends to an endomorphism on a closed subset of
M, containing C'. Hence G extends to an endomorphism of Z, and we have G(Z) = Z.
Consequently, for any curve C' with [C] € Z, one has [F(C)] € Z.

Let Z denote the curve in IP’?C( 2) whose fibers over points of Z correspond to the curves
in Z, where C(Z) is the function field of Z. Let F : P%z) — PZz) be the induced map of

F. The discussion above shows that F(Z) is a curve in IP’(%(Z) containing a Zariski dense
set of fibers corresponding to curves in C’. Hence

deg(F(2)) = deg(2).

(
Therefore, for a generic curve C' with [C] € Z, we have
deg(F(C)) = deg(C),

completing the proof. O

In fact, a more general version of Theorem 4.1.3 is predicted by the Dynamical Manin—
Mumford Conjecture:

Theorem 4.4.4 (Theorem 4.1.11). Let F be a surjective endomorphism of PX of degree
> 1. Let
7 < Chp 4(P¥)

be a subvariety of the Chow variety parameterizing algebraic cycles of PX of dimension
D < K — 1 and degree d. Suppose Z contains a Zariski dense set of algebraic cycles
corresponding to irreducible periodic subvarieties of PX under F of degree d.

Assuming (F,Z) is of general type and Conjecture 4.1.1, then for every subvariety
C < P and a generic subvariety C' < PX with [C],[C"] € Z, we have

[F(C)] e Z and deg(F(C")) = deg(C"),

after possibly replacing F' by some iterate.
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Proof. Without loss of generality, we may assume Z is irreducible, since the argument can
be applied to each irreducible component separately. Set N = dim(Z) + 1. Inspired by
the fiber products constructions used in [27], we consider the subvariety

Y= | J{(ar,...,an) 12, € CSPE [C] =2, i =1,... N} = (PF)™.

2€Z

Since Z contains a Zariski dense set of periodic subvarieties under F', the set of preperiodic
points of ¥ in Y is Zariski dense. By Conjecture 4.1.1, there exists a subvariety W
invariant under (F*)! for some | > 0, containing ¥ and a polarizable endomorphism G
on W such that

Go(FMY = (F*MoG@ onW.

Moreover, Y is preperiodic under G.

Since Y contains every CV whose class [C] lies in Z, and since G' becomes a split
morphism after replacing it by a suitable iterate, we have

GioF'=F'oG; onW,

for each i € {1,2,..., N}, where W; denotes the projection of W onto the i-th factor of
(PM)N | and W; contains C for every [C] € Z.

By our assumption that (F,Z) is of general type, it follows that each G; is an iterate
of I, and therefore G itself is an iterate of F*~. Hence, Y is preperiodic under F*%.

Then, there exist m,n € Z* such that
(FN)™(Y) < (FN)"(Y).
Assuming n > m, it follows that
(FrNymtn=mkyy < (F*NY™(Y)  for all ke Z*.

Let Zy < Z denote the set of cycles corresponding to the Zariski dense set of periodic

subvarieties in Z. Then there exists some j € {1,...,n —m} such that
A, an) e OV [C] = 2} < (F*N)"H(Y),
2€Z})

where Zj < Z is a Zariski dense subset of Z. Note that

U{(Ih...,IL‘N)ECN:[C]:z}:}/’
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hence ‘
Y = (FY)H(y),

so Y is periodic under F*¥.

Replacing F' by F™% we have

Y= J{@,...,an) e OV [C] = 2},

2€7

Indeed, this follows because the union above equals
m(Z),
where Z is the closed subvariety
Z={(z,x1,...,7n5):2€ Z, (x1,...,25) e OV, [C] = 2} € Z x (PF)V,
and 7 : Z x (PE)N — (PK)N is the natural projection, which is a closed map.
Now let C < PX be any subvariety with [C] € Z. We claim that

< (J(@,. . an) e N[0 = 2}

zeZ
implies [F(C)] € Z.

We prove this claim by induction on N > 1. For the base case N = 1, we have
dim(Z) = 0, and Y is a finite union of subvarieties of PX parameterized by Z. In this case,

F(C) C Y clearly implies [F(C)] € Z.
Assume the statement holds for N < M for some M > 1, and consider N = M + 1.
There exists a point p € F/(C') such that the subvariety

Zy={z€Z:peSupp(z)}

has dim(Z;) < N—1. Otherwise, if every C’ with [C’] € Z contains F'(C'), then dim(Z) = 0,
contradicting our assumption that Z parametrizes a Zariski dense family of irreducible
subvarieties.

Hence,

{p} x (F U{p,xg,..., N) i (29, ..., xn) e CNTHC] = 2},

ZEZl
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which implies

(FONY < ({2, n) (g, zn) € CVL[C] = 2}

ZGZl

By the induction hypothesis, we conclude that [F(C)] € Z, proving the claim.

Since (F(C))N 2 Y, the claim yields [F(C)] € Z. Let C(Z) be the function field of Z,
and let

7 K
ZQP@

denote the subvariety corresponding to the generic fiber, so that for any z € Z, we have
[Z.] = z. Denote by
r . oK K
F: IP’@ - Py
the map induced by F' under base change. Then

[F(Z,)] = [F(Z,)]e Z forall ze Z.

In particular, this implies deg(F(Z)) = deg(Z), and hence for a generic ¢’ < PX with
[C'] € Z, we have
deg(F(C")) = deg(C").

4.5 Implications toward the Conjecture 4.1.2

In this section, we explore how our main result relates to the conjectures proposed in [27].
When we restrict to the case where the family

d:S xP?— 3 xP?

is constant with respect to the parameter space S, we show that our main theorem implies
a weaker form of Conjecture 4.1.2, stated below as Corollary 4.1.5.

For the convenience of the reader, we restate Corollary 4.1.5 here.

Corollary 4.5.1 (Corollary 4.1.5). Let S be a smooth and irreducible quasi-projective
variety defined over C. Let ® : S x P2 — S x P2 be a constant family of endomorphisms
such that for every point (s,p) € S x P?

®(s,p) = (s, F'(p))
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for a reqular polynomial endomorphism F of degree > 1 that does not depend on s. Let
X < S x P? be an irreducible hypersurface that is flat over S and projects dominantly to
S. Suppose there exists a Zariski dense set of s € S such that X, the fiber of X at s, is a
periodic curve under F'. Then for all N € Z", we have

Ty o ™ A [N # 0,
and rexn v < min{2N, N + dim S}.

Proof. There exists an irreducible subvariety
Z C Md,

where M, denotes the space of effective divisors of degree at most d > 0 in P2, such that
the induced map by the family X
c:5—>7

is dominant. When no confusion arises, we will also regard M, as the space of (possibly
reducible) curves in P2, and similarly for Z < M,. By assumption, there exists a Zariski
dense set of z € Z such that z is a periodic curve under F'. Then Theorem 4.1.3 implies
that, after replacing F' by some iterate, F'(z) € Z for all z € Z.

Consider the subvariety

Y ={(p1,...,on) € (P2)N i py,...,pn € X, for some s € S},
which is the image of the projection of the fiber product X" onto (P?)". Then
dim(Y) = 7 < min{2N, dim(X™)} < min{2N, N + dim S}.

We claim that Y is invariant under F*¥. Indeed, for any (pi,...,pn) € (X)) < (P*)V,
we have
(F(p1),...,F(pn)) e F(X)YN = F(a(s))N = 2V

for some z € Z. Since 0 : S — Z is dominant and Y is Zariski closed, we have 2V € Y,
hence F*N(Y) Y.

Applying the projection formula for
™ S x (PN — (PN,
we obtain
Totn n[XN] = T3(Tpin) A [XN] = Tpln A (Tn)[AN] = Tl A [Y],
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A

T
Let T' = <ZZ]\L1 T w> be an r-current on (P?)Y where 7; denotes projection onto the

i-th factor and w is the Fubini-Study form on P2. Then
J T A[Y]>0.
(P2)N
Let d = deg(F*"). Observe that

J A (F*NY™ T A [Y] :J AT A (F*M)1[Y]
(P2)N

(B2)N

- J 4T A d™[Y]
(P2)N

- J(IP?)N T A [Y].

Moreover, by the local uniform convergence of the potentials of (F*™)™*T to those of TIQI N
(see [241, Chapter III, Corollary 3.6]), we have

AT (FNY T A [Y] — Thin A [Y] as n — 0.
Hence,
f Tprx A Y] >0,
(pQ)N

and therefore, K
T};\: N N [Y] > 0.

Finally, by definition, we have r¢xy yv <1 since S x Y is d*N_special. Consequently,

Toow ™ A [N # 0.

]

Remark 4.5.2. The proof above in fact shows that we have established a version of the
Dynamical Manin-Mumford Conjecture for F*» and Y < (P?)Y. However, our result
holds under the stronger assumption that Y arises from a family of curves containing a
Zariski dense set of periodic curves, rather than merely requiring that Y contains a Zariski
dense set of preperiodic points.
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Corollary 4.5.3. Under the same assumptions of Corollary 4.1.5, for any positive integer
N >0, we have X~ has codimension < dim S in a ®*N -special subvariety in S x (P*)V.

Proof. This follows directly from Corollary 4.1.5, in the same way that [27, Conjecture 1.1]
implies [27, Conjecture 1.2]. Since we have

rexv v <min{2N, N +dim S} and dim XY = N +dim S,
it follows that there exists a ®*V-special subvariety
Y € S x (PHY

of dimension at most
min{2N + dim S, N + 2dim S}

containing XV. Hence, XV has codimension at most dim S within Y.

Corollary 4.1.5 establishes a special case of the following conjecture.

Conjecture 4.5.4. Let S be a smooth and irreducible quasi-projective variety defined over
C, and let K be a positive integer. Let ® : S x PX — S xPX be a family of endomorphisms
such that for every point (s,p) € S x PK,

(I)(S,p) = (37 Fs(p))a

where Fy is an endomorphism of PX of degree greater than 1. Let X < S x PX be an
irreducible subvariety that projects dominantly onto S, is flat over S, and such that X is
a preperiodic subvariety under Fy for a Zariski dense set of s € S. Then for any positive

integer N, we have .
Tyin ™" A LXN] 0.

We note explicitly that this conjecture is a direct consequence of Conjecture 4.1.2 by
embedding (PX)Y into some projective space PM via the Segre embedding and viewing
XN as a subvariety of PM. This makes clear how our result connects to Conjecture 4.1.2
proposed in [27].

Lemma 4.5.5. Conjecture 4.1.2 implies Conjecture 4.5.4
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Proof. Notice that we can view X'V as a subvariety of S xP" for some positive integer M via
the Segre embedding. Under this embedding, ®*¥ extends naturally to an endomorphism
on S x PM since each F} is polarizable for s € S. Let

LS x (PEYN — 5 x pM
denote this embedding map, and let
U:SxPY— §xPY
be the extended endomorphism induced by ®*¥. Set Y = ¢(X*"). Then
Ty"  A[Y]#0 = To0% A[aV]#0.

Observe that S x (((PE)N) < S x PM is clearly W-special and contains Y, so that
Twy = TexN xN. Moreover, the assumption that for a Zariski dense set of s € S, the fiber
X is preperiodic under Fy implies that Prep(®) n X is Zariski dense in X; for such s.
Consequently, for those s, the fiber (X?), contains a Zariski dense subset of Prep(®"),
and hence Prep(®*N) n XY is Zariski dense in XV. Therefore, t(Prep(®*V) n X%) is
Zariski dense in Y, and Conjecture 4.1.2 directly implies the desired statement. ]

4.6 Degree stabilization for families of endomorphisms

In this section, we collect some conditional results on degree stabilization allowing for a
family of varying endomorphisms. We first show that Conjecture 4.1.2 implies the degree
stabilization phenomenon in this setting of a family of endomorphisms.

Proposition 4.6.1. Let S be a smooth and irreducible quasi-projective variety defined over
C of positive dimension and let M be a positive integer. Let ® : S x PM — S x PM pe q
family of endomorphisms such that for every point (s,p) € S x PM

®(s,p) = (s, Fs(p))

for an endomorphism Fy of degree > 1. Let X < S x PM be an irreducible subvariety of
dimension > dim S that projects dominantly to S and is flat over S.

If there exist a positive integer N and a proper irreducible ®*N -preperiodic subvariety
Y < Sx (PN containing (D*N)(XN) with some non-negative integer | as a codimension
< min{N — 1,dim S} subvariety, then there exists positive integers n,m and an infinite set
of positive integers I such that for any pair of integers ki, ko € I we have that for a generic
point s € S,
deg(F}" ™1 (X,)) = deg(Fy""2(XL)).
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Proof. By our assumption, we know that there exists positive integers m,m such that
(@*N)™(Y) = (@*N)m*+5(Y) for all k € N.

We prove it inductively on N. The base case is N = 1. In this case we have ®!(X)
itself is ®-special and, by our assumption on &, this implies X is preperiodic under .
Therefore, for every s € S, we have

Fm(XS) = F;n+nk(XS)

s

and in particular

deg(F)"(X,)) = deg(E)" ™ (X)),
for all positive integer k.

Now, suppose N > 2 and assume that we have the statement proved for any N’ < N—1.
If the projection of Y to S x (PM)N~1 denote as m()), contains X¥~! as a codimension
< min{N — 2,dim S} subvariety, then we apply the induction hypothesis to conclude the
proof.

Otherwise, we will have
dim(XYY) + min{N — 1,dim S} > dim(7(Y)) > dim(X" 1) + min{N — 2, dim S},

since dim(Y) < dim(X") + min{N — 1,dim S}. By [50, Chapter III, Theorem 9.9 and
Corollary 9.10], there exists a non-empty Zariski open subset U in 7()) such that deg(),)
is constant with p varies in U, where ), is the fiber of )} over p.

Suppose there exists positive integers kg, k1 such that for every k > kg, we have that
(@x(N=)yminkik(yN=1)  [J°. Then there exists a closed subset

Vo= U (Bx(N=1))mtnkik( N-1) c [J¢

k=ko

which is ®*(V =1 preperiodic and contains (®*N=V) (XN-1) for some positive integer I'.
Then the induction hypothesis will conclude the proof as dim(V) < dim(7())).

Suppose such a pair of integers does not exist. This in particular implies that there is
an infinite set of positive integers I such that for any j € I, (®>*WN-1)ym+m(XN-1) i not
contained in U¢. Then for any pair of integers ks, ks € I, we have

((I)x(N—l))m—&-nki (XN_1>
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is not contained in U, for i € {3,4}. Since U n (®*N=D)m+nki(¥N=1) is a non-empty open
subset in (@*NV=Dym+nki(¥N=1) for i € {3,4}, this implies that for a generic sy € S, there
exists

Dr, celU n (@X(N—l))m-‘rnki(XN—l)

such that m(px,) = sp € S and
Ftmi(Xy,) € Yy,

with 4 € {3,4}. Therefore, since dim(F"*" (X)) = dim(Yy, ), for i € {3,4}, deg(V,,,) =
deg(Yy,, ), we have

deg(Vp,,) = deg(FIt™(X,,)),

deg(Vp,) = deg(Fy ™™ (X))

This implies that for all pairs of k3, ks € I, we have
deg(EFs (X)), deg(FI ™ (X)) < R

for a generic sy € S and a positive integer R only depending on U and ). Then, by
the pigeonhole principle, there exists an infinite subset I’ < I such that for all pairs of
ks, k4 € I', we have

deg(Fyy (X, )) = deg(Fy ™™ (X)) < R.

50
O

Proposition 4.6.2 (Proposition 4.1.12). Under the same assumptions as Proposition
4.6.1, suppose that for a Zariski dense subset of s € S, the fiber X, is preperiodic un-
der ®,. Assume (®,X) is of general type. If Conjecture 4.1.2 holds, then there exist
positive integers n,m and an infinite set of positive integers I such that for any pair of
integers ki, ko € I, we have, for a generic point s € S,

deg(F" ™1 (X,)) = deg(Fy" "2 (X))

Proof. Note .
Toid " A [AN] 0,

implies dim(X?Y) > rgx~ xn~, which implies the existence of a ®*"-special subvariety of
dimension at most dim(X?) + dim S. Since we have already shown that Conjecture 4.1.2
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implies Conjecture 4.5.4, our assumption implies that we can find a N > dim S such that
there exists a proper ®*"-special subvariety ) = S x (PM)¥ of dimension at most

dim(X™) + dim S = N + 2dim S < dim(S x (PM)),
containing XV. Since X'V is irreducible, there exists an irreducible component of ) con-

taining X'V; by abuse of notation, we denote this component again by ).

Note that Y being ®*V-special means that there exists a subvariety Z < (PM)V con-
taining Y which is invariant under a polarizable endomorphism ¥ on (P*)Y and also
under (®*M)" for some n > 0, such that

Vo (M) = (@ NM)"oW on Z.

Moreover, Y is preperiodic under W.

Since W is polarizable, by replacing it with a suitable iterate, we may assume that ¥
is a split morphism. Because ) contains XV and Z contains Y, for each i € {1,2,..., N}
our assumptions imply that

\I’ioq)n:@noq’i OIlZi7
where Z; is the projection of Z to the i-th factor of (P*)" and contains X, and ¥; denotes

the corresponding projection of ¥ to that factor.

By the assumption that (®, X') is of general type, it follows that ¥ must be an iterate
of ®*V. Consequently, Y is preperiodic under ®*¥, and hence ) is preperiodic under
PN,

Then Proposition 4.6.1 applies, yielding the existence of positive integers n, m and an
infinite set of positive integers I such that for any pair kq, ks € I, we have, for a generic
point s € S,

deg(F" M (X,)) = deg(F[™"2(X,)).

0
4.6.1 One-dimensional families of polynomial endomorphisms on
IP)Q

In this subsection, we verify the degree stabilization for one-dimensional families of regular
polynomial endomorphisms under some ramification restriction on the line at infinity.
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Suppose S = Al, and we view
d: A x P2 — Al x P?

as a family F; : Pé(it) — ]P)é(—t) parametrized by t € A'. Then, the technique used in Section

3 can be applied to prove degree stabilization when, for each a;(t) € X; n Hy, the pair
(Fi|m.,,ai(t)) does not share its forward orbit with a marked critical point.

Theorem 4.6.3. Let F, be a family of reqular polynomial endomorphisms of P? of degree
> 1, parametrized by t € A, and let X, < P? be a family of curves. Suppose there are
infinitely many ty € AL such that the fiber X, is periodic under Fy,, and set f; == Fy|g,
satisfying:

1. f; is a polynomial of degree > 1 over C(t);

2. For any a;(t) € X; n Hy, there do not exist n € N and a polynomial hy sharing the
same Julia set with f; such that

fi(ai(t)) = h(c(t)),

where c(t) is a marked critical point of hy, i.e., (hy)'(c(t)) = 0.

Then, for a generic ty € AL, we have
deg(X,,) = deg(Fy (X))

for all positive integers k.

Proof. We first show that under the above assumptions, for any a(t) € X; n Hy,, there are
only finitely many ¢; € A' such that a(t;) lies in a superattracting periodic cycle of f;, .

Suppose, for contradiction, that there are infinitely many ¢; € A! and some a(t) €
X; n Hy such that a(ty) is superattracting periodic under f;,. Since f; has bounded
degree, it has finitely many marked critical points. By the pigeonhole principle, there
exists a marked critical point ¢(¢) such that

{t1 € A" : c(ty) € Per(fy,), a(ty) = ft?tl (c(t1)), ny, € Ny

is infinite. Note that if ¢(¢) is passive, then there exists m,n € N such that f*(c(t)) is
periodic of order m. Since there are infinitely many ¢; € A! such that a(t;) lives in the
same periodic cycle of f/*(c(t1)). By the pigeonhole principle, there exits a n; € N such
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that f{'(c(t1)) = a(t1) for infinitely many ¢; € A'. Hence, f;"(c(t)) = a(t) and, also,
Mt (c(t)) = fi(a(t)). This is the second exceptional case in the condition and, hence, we
rule out this case and assume c(t) is active from now on.

Case 1: f; is conjugate to a power map or Chebyshev polynomial. Then there exists

l; € C(t)[z] such that
loSiolit = f,

where Sy is either a power map or Chebyshev polynomial of degree d = deg(f;). The
marked critical points are

{l;(c;) : ¢; is a critical point of Sy}.
Thus, for infinitely many ¢,
a(tr) = fi," (e(t1)) = by 05" (o),
where ¢ is a critical point of Sy. Since all critical points of Sy are preperiodic, this implies
a(ty) = ly, 0 Sy (c)

for infinitely many ¢y € A!, contradicting assumption (2).

Case 2: f; is non-special. Then there exists a primitive polynomial g; sharing the same
Julia set as f; over C(t) such that

fi=oog;

for some k € N and o € Aut(P!) preserving J(f;) [77]. Since f; and g; share the same
preperiodic points, there exist infinitely many ¢; such that a(¢;) and ¢(¢;) are preperiodic
under g;,. By [32, Theorem D], there exists o, € Aut(P!) preserving J(g;) and integers
m,n > 0 such that

10 g;"(c(t)) = gi'(a(t)).
Applying o’ o gF on both sides of the equation above with sufficiently large &' and some
o’ € Aut(P') preserving J(g;) yields

03 0 g (c(t)) = f,*(a(1)),
with l1,1l, > k and o9 € Aut(P!) preserving J(g;). Since

b h—k _ -1
9 =g oo ofi

c(t) is a marked critical point of g/*. Let hy = 05 0 g/*, then ¢(t) is also a marked critical
point of h;, contradicting assumption (2).
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Hence, each a(t) € X, n Hy, lies in a superattracting periodic orbit for only finitely
many ¢;. Since there are infinitely many ¢, € A! such that &, is periodic under F},, every
a(ts) € X, N Hy is periodic under fi,.

By selecting an infinite subset of such ¢y, we may assume each a(t3) € Xy, N Hy is
non-superattracting periodic. Then, by Lemma 4.3.4,

deg(Xt3) = |Xt3 M HOO| = |Ftk3<Xt3) A HOO| = deg(FtlZ(th))

for all k € Z*. Since Ff(X;) and &; both form an algebraic family of curves in P, it follows
that for a generic ty € A,
deg(ﬂlz (Xto)) = deg(‘)(to)‘

]

The following conjecture is a special case of the conjecture stated explicitly in |
Conjecture 6.1]:

9

Conjecture 4.6.4. Let fi(x) be a non-isotrivial algebraic family of rational functions of
degree > 1 defined over C parametrized by t varies in At and a(t), b(t) are two marked

points defined over C(t). Suppose there are infinitely many to € A such that a(ty),b(ty) €
Prep(f;,). Then

Orbs, r ((a(t), (1)) = (P' x PH)(C(t))

1S proper Zariski closed.

Assuming this Conjecture, we can strengthen Theorem 4.6.3:

Theorem 4.6.5. Assume Conjecture 4.6.4. Let F; be a family of regular polynomial en-
domorphisms on P? defined over C of degree greater than 1, parametrized by t € A, and
let X, be a family of curves in P? defined over C. Suppose there are infinitely many to € P*
such that Xy, is periodic under Fy,. Denote by f, == Fi|g, the restriction of Fy to the line
at infinity. Then, for a generic set of parameters to € Al, we have

deg(Ar,) = deg(F}, (X))

for all positive integers k, unless there exists a point a;(t) € X; N Hy, a pair of integers
n,m = 0, a rational map X; : P — P!, and two rational functions g, hy € C(t)[x] such
that

1. fioXy =X 00
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2. g, commutes with h; and they share a common iterate;

3. fl'(a;(t)) = Xy o hi*(c(t)), where c(t) is a marked critical point of h}".

Proof. Suppose that for every a(t) € X; n Hy, there exist only finitely many parameters
t; € A! such that a(t;) lies in a superattracting periodic cycle of f;,. Then, by the same
argument as in the proof of Theorem 4.6.3, we conclude that

deg(Fy (X)) = deg(Ay)

for a generic set of ¢ty € A! and all & > 0.

Now suppose that f; lies entirely in the Lattes locus. Since all periodic points of a
Lattés map are repelling, it follows that for any ¢, € A! such that X, is periodic under
F,,, every a(ty) € Xy, n Hy, is a repelling periodic point. Hence this case is complete.

Assume next that f; is not contained in the Lattes locus. Suppose there exist infinitely
many parameters t; € A and some a(t) € X; n Hy, such that a(t;) is a superattracting
periodic point of f;,. By the pigeonhole principle, there exists a marked critical point ¢(t)
of f; such that

{t1 € Al c(ty) € Per(fy,), a(t) = f" (c(t1)), ny, € N}

is an infinite set. Then, Conjecture 4.6.4 implies that there exists an invariant curve

V < P! x P! under (f;, fi) such that Orby, 1,(a(t),c(t)) = V.

If V' is vertical or horizontal, then one of a(t) or ¢(t) is passive. Suppose c(t) is passive.
Then there exists m € N such that f"(c(t)) = c(t). Since a(t;) and ¢(t;) lie in the same
periodic cycle for infinitely many ¢;, we must also have f/"(a(t)) = a(t) and f*(a(t)) = c(t)
for some n € N. Taking X; to be the identity map and g; = h; = f;, the statement follows.
The same reasoning applies when a(t) is passive.

Hence, we may assume both a(t) and c(t) are active, so V' projects dominantly onto
both coordinates. If f; is conjugate to a power map or a Chebyshev map, then, as in the
proof of Theorem 4.6.3, we again have a(t) = f"(c(t)) for some m = 0, and the theorem
holds.

Now assume that f; is non-special. By [08, Theorem 4.15], there exist rational maps

X, g: € C(t)(z), where g; is not a generalized Lattes map (in the sense of [07]), such that

fioXy = X;iogy,
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and an invariant curve W under (g, g;) satisfying
V= (Xi, Xp)(W),

after replacing f; and g; by suitable iterates if necessary. Then, by [08, Theorem 1.2], there
exist rational maps Uy, Us, V1, Vo commuting with g, such that

UoVi=ViolU =g, UyoVy=Vo0U,=g

for some positive integer I, and W is parametrized by u — (U (u), Us(u)). Consequently,
there exists u(t) € IP’% such that

a(t) = Xy o Up(u(t)), c(t) = Xio Us(u(t)).

For any n > 0, we have
f(e(t)) = [ o Xy o Uz(u(t)) = Xi 0 Uz © g (u(t)).

Since (f{")'|c) = 0, by the chain rule u(t) is a marked critical point of X; o Uy o gy, 1If
u(t) were preperiodic under g;, then ¢(t) would be preperiodic under f;, contradicting the
assumption that c(t) is active. Hence u(t) ¢ Prep(g;). Because the set of critical points of
X o Uy is finite, there exists s € N such that u(t) is a marked critical point of g;. That is,
choosing s so that g7 (u(t)) avoids Crit(X; o Us) and (X; 0 U o g7)'|uw) = 0, we obtain

fi(a(t)) = Xy o Uy o g;(u(t)),
with u(t) a marked critical point of g;.

Finally, by [75], unless g; is conjugate to a power map, a Chebyshev polynomial, or a
Lattes map (in particular unless g, is generalized Lattes), every rational function commut-
ing with g; shares a common iterate with g;. Thus, U; shares a common iterate with g;.
Enlarging s if necessary so that U/"™! = g3 for some m > 0, we conclude that u(t) is a
marked critical point of U™ and

fi(a(t)) = Xi o U (u(t)).
This completes the proof. O

Remark 4.6.6. There is in fact additional information about X; in Theorem 4.6.5. After
introducing an appropriate orbifold structure on P!, the map X, becomes a Galois covering
of P'. We omit a detailed discussion of this aspect here and refer the reader to [65] for a
comprehensive treatment of orbifold structures and the associated covering map notation.

113



Notice that if we restrict to a constant family of regular polynomial endomorphisms,
then Theorem 4.1.3 establishes this degree stabilization statement under the assumption
that X is a periodic curve under F' for a dense subset of s € S.

The following example shows that, in general, a family of curves can easily have degrees
blow up under iteration by a family of regular polynomial endomorphisms.

Example 4.6.7. Let Ly = V(y — sx) be a family of lines parametrized by s € C and let
®: A x P2 —» Al x P? be an endomorphism given by

CD(S,p) = (87 FS(p))v
for s € Al and p € P2, where for a fixed A? chart we have

Fy(z,y) = (2%, y* + sz).

Then we obviously have that

FM(Lg) n A? = {(u*", s*"u®" + 21 1" 4 o(u® 1)) s ue C).

For any s € C*, suppose there exists a polynomial P,(z,y) € C[z,y] such that
V(Pa(x,y)) = FI(Ls) 0 A2,

for a n € N. Then, after changing the coordinate by letting z = z and w = y — s>z, we
have

deg(P) = 2",
since deg, (z) = 2", deg,(w) = 2" — 1 and

Po(2(u), w(u)) =0
for all u € C. Therefore, for any s € C*, we have
deg(F'(Ls)) = 2" > 1 = deg(Ly)

for any positive integer n.
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4.7 Endomorphisms with infinitely many periodic curves
of bounded degree

In this section, let F'(x,y) denote a regular polynomial endomorphism of degree greater
than 1. We apply Theorem 4.1.3 to classify regular polynomial endomorphisms that admit
infinitely many periodic curves of bounded degree.

We adopt the notion of k-webs from [33], and for the reader’s convenience we recall
their definition following the same reference.

A Ek-web VW on a smooth complex surface X is determined by a section
w €E HO(X, Sym” 9} ®/\/W)

for some line bundle Ny, on X, satisfying the following conditions:

1. the zero set of w has codimension 2 or is empty;

2. for any point p outside a proper hypersurface of X, after trivializing the line bundle
Ny, the k-symmetric 1-form w(p) € Sym”* QY%,, can be written as the product of k
pairwise distinct linear forms.

Two sections w and w’ determine the same k-web if and only if they differ by multiplication
by a global nowhere-vanishing holomorphic function.

Intuitively, a k-web VW on X can be viewed as a multi-foliation consisting of k distinct
local leaves through a generic point of X. At a generic point, W is the superposition of k
pairwise transverse foliations Fi, ..., Fk, and we may write

W=FKX- KX Fg

An endomorphism F' of X is said to preserve a k-web W if it maps each local leaf of W to
a leaf of W.

We now show that if F' admits infinitely many periodic curves, then either there exists
a preserved k-web with & > 1, or F' preserves a pencil of curves.

Proposition 4.7.1. Suppose that F' admits an infinite set of irreducible periodic curves
of degree bounded by some D € Z*. Then either I’ preserves a k-web with k > 1, or I
preserves a pencil of curves.
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Proof. Without loss of generality, we may assume that F' admits an infinite set of irre-
ducible periodic curves all of degree exactly D. By Proposition 4.4.3, there exists an
irreducible subvariety Z € M parameterized by a morphism 7 : P! — Z, where Z is the
closure in Mp of an infinite subset of irreducible periodic curves of degree D. Moreover,
for any curve C' with [C] € Z, we have [F(C)] € Z. For convenience, we also view Mp as
the space of (possibly reducible) curves of degree at most D.

Our goal is to construct either a k-web or a pencil preserved by F'.

We first show that the set
S = {pE]P)2 :peClng, Cl 7502, Cl,CQGZ}

is either Zariski dense in P? or finite.

Consider the space

W:{(01702ax):01702627 01#027 Z’EClﬂCQ}gZXZXI[Dg.

For any point z € P2, let Z, :== {C € Z : v € C}. Let m3 : W — P? be the projection
onto the third factor. We have that 73 '(x) contains (Z, x Z,)\A which is of dimension
2dim(Z,). Hence dim(m;'(x)) is either 0 or 2. As any two distinct curves in Z intersect
in finitely many points bounded in terms of D, we have dim(W) = 2dim(Z) = 2, since

dim(Z) = 1. Hence,

dim(S) = dim(w3(W)) € {0, 2},
and thus S is either Zariski dense in P? or finite.
Let us first suppose that § is finite. Define
O = ﬂ C.
CeZ

Since O < §, it is finite as well. Choose two sufficiently generic curves C4,Cy € Z such
that
Cl M CQ = 0.

Then, for any sufficiently generic C5 € Z (avoiding the points in S\O), Bézout’s Theorem
gives

2.(Cs,Cy), = D,

peO@

where i € {1,2} and D is the common degree of the generic curves in Z. Moreover, for
every p € O we have
(017 CB)p = (027 CS)pa
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assuming that C7, Cy, and C5 are chosen generically in Z.

We now show that each such C5 can be written in the form
AoCh + poCy

for some [\g : po] € P, so that Cs lies in the pencil of curves generated by C; and
(5. Suppose, on the contrary, that C3 is not of this form. Then, for a generic choice of
[Mo : po] € Pg, there exists a point ¢ ¢ O such that we have

qge Csn ()\001 + ,U()OQ).
In that case,

(C3, MCh + 11oCs) = 2(03, MC1 + 10C2)p + (C3, AgCh + 110C2)q > D?,

pe@

since for each p € O,
(C3, MC1 + 110C2)p = min{(Cs, 1)y, (Cs, Ca)y}-
This contradicts Bézout’s theorem, which forces
Cs = MC1 + 1oCs.

Hence, Z is a pencil of curves in P? preserved by F.

We now assume S is Zariski dense and construct a k-web, with k£ > 2, using the family of
curves in Z. For each s € P!, let Cy = V(P,(z,y, z)) denote the corresponding curve, where
Py(x,y, z) is a homogeneous polynomial varying algebraically with s. Define a differential

form
1/e

w(lz:y:z]) = H dPs(x,y, 2) :

s:Ps(x,y,2)=0

where e = deg(7). Then w is a global section of H°(P?, Sym* Q2 ), where k is the number of
curves in Z passing through a general point of P? (so that ke = |{s € P! : P,(x,y, z) = 0}|
for general [z :y : 2]).

We will construct from w a section in

H(P?, Sym* Qp> @ NW),
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for some line bundle N'W, defining a k-web preserved by F.

We first claim that the zero locus of w has codimension at least 2, unless empty. Suppose
instead that w(p) = 0 for infinitely many points p € P2. If this set is Zariski dense, then
w = 0, which implies that dPs(x,y,2) = 0 for all [z : y : z] € V(P;) for infinitely many s.
Hence, each such C would consist entirely of singular points, forcing it to be reducible.
This contradicts the fact that Z is generically irreducible, being the closure of infinitely
many irreducible periodic curves.

Next, suppose that the zero locus of w contains finitely many irreducible curves C; =
V(Qi(z,y, 2)) for 1 <i < ¢. Then for each i, there exists m; > 1 such that ); " w vanishes
only at finitely many points of C;. Define

¢
w’=w| |Q;ml,
i=1

which can be viewed as a section of

4
H° <]P’2, Sym” Qpz @ Ops (Z miCi)) :

=1

Since w encodes the tangent directions of the family of curves Z preserved by F', both w
and w’ are preserved by F.

It remains to show that w’ can be locally written as a product of & distinct linear factors
outside a proper Zariski closed subset of P2. Suppose the contrary: there exists a Zariski
dense set of points p such that at p there are distinct curves Cy, Cy € Z tangent to each
other at p.

Let a;(s) € C[s] denote the coefficients of Py(z,y,z) for i = 1,...,h, for some h € N,
and define
H(s,t) = ged{ai(s)a;(t) — a;(s)a;(t) : 1 <i# j < h}.

Write
VPS(I,% Z) = (axpsy ayf)sa azPs)v (As,h Bs,ta Cs,t) = VPS X th)

so Ast, Bst, Cst € C[s, t][x,y, z]. Consider the generalized resultant
R([ZL‘ ‘Y Z]) = Ress,t((Ps - -Pt)/H(Sa t)y PS? As,ty Bs,t7 Os,t)a

whose zero locus consists of points where two distinct curves in Z are tangent to each
other. Our assumption implies that R(p) = 0 for a Zariski dense set of p, hence R = 0.
Therefore, at every p € P2, there exist distinct Cy, Cy € Z tangent to each other at p.
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In particular, this holds for points p € Hy,. If the intersections of the curves in Z\{ Hy}
with H,, form a finite set, we reach a contradiction, since periodic curves are dense in Z
but would then meet H,, only finitely often, whereas R = 0 forces every point of Hy, to lie
on at least two such curves. On the other hand, if these intersections are infinite, then they
occur at infinitely many periodic points of F|g, . By Lemma 4.4.1, Z can be parameterized
by a finite morphism 7’ : H, — Z, implying that there is a non-superattracting periodic
point of F|y, such that there is a unique curve in Z\{H,} passing through it which is a
periodic curve, and the intersection is transverse (Lemma 4.3.4). This again contradicts
R = 0, which would require tangency at this point. O

Now we have established that any polynomial endomorphism admitting infinitely many
periodic curves of bounded degree must preserve either a k-web with k£ > 1, or a pencil
of curves. Consequently, the classification of endomorphisms of P? that preserve k-webs,
as given in [33], yields a corresponding classification of polynomial endomorphisms that
possess infinitely many periodic curves of bounded degree.

We begin by recalling the classification results from [33].

Theorem 4.7.2. [75, Theorem C (2)] Suppose ¢ : P> — P? is a regular polynomial en-
domorphism extended from A? that preserves a k-web W. Then there exists a projective
toric surface X, and a finite group G of automorphisms of X, such that the quotient space
X /G is isomorphic to P2. The image of (C*)? in P? is a Zariski open subset U which is
totally invariant by ¢. Moreover, one can find an integer d = 2, and a collection of complex
numbers Ay, ..., N such that the triple (U, ¢™, W) is the push forward under the natural
quotient map of

d d d d
((C*>27 (Id7yd>7 <)\1_I + _y> e (Al_x + —y)) ’
z Y T Y
with N € {1,2,3}.

Theorem 4.7.3. [73, Theorem E] Let ¢ : P> — P? be a holomorphic map of degree at least
2 preserving a 2-web W. If ¢ does not preserve any other web then the pair (W, ¢) is one
of the following:

1. W is the union of two pencil of lines, and in suitable homogeneous coordinates
o(z,y) = (P(x),Q(y)) or (Q(y), P(x)) where P and Q are polynomials of the same

degree which are not conjugated to monomial maps nor to Chebyshev maps;

2. W is the algebraic web dual to a smooth conic and ¢ is an Ueda map whose associated
map on P! is not a finite quotient of an affine map;
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3. W is the union of the pencil of lines {x/y = cst} and the pencil of curves {xPy? = cst},
with p,q € N*, ged{p,q} = 1 and ¢(x,y) = (v?/R(x,y),y?/R(v,y)) where R(z,y) =
[T._,(1+caPy?), (p+q) < d, ¢; € C* and the rational map & — 6%/ ([T._,(14¢;0))P*
s conjugated neither to a monomial nor to a Chebyshev map;

4. W is the union of the pencil of lines x/y = cst and the pencil of curves xy = cst, and
d(x,y) = (y/R(z,y),2¢/R(x,y)) where R(z,y) = Hi:l(l + cry), 2l < d, ¢; € C*
and the rational map 6 — Qd/(Hizl(l + ¢;0))? is conjugated neither to a monomial
nor to a Chebyshev map;

5. W is the quotient of the foliation [dx] on P* x P! by the action of (Z/2)* generated
by (z,y) — (—z,—y) and (x,y) — (y,z); and ¢ is the quotient of a polynomial
endomorphism of P! xP! of the form (f(x), f(y)) where f is an odd or even polynomial
which is conjugated neither to a monomial nor to a Chebyshev map;

6. W is the quotient of the foliation [dx] on P! x P! by the action of (Z/2)* generated by
(5,9) — (5,2), (@) — (x™,y™), and (2,y) — (—z, —y); and & is the quotient of
an endomorphism of Pt x P of the form (f(z), f(y)) where f is a rational map that
commutes with the group generated by x — —x and v — x~ % which is not a finite
quotient of an affine map.

Together, these two theorems provide a complete classification of regular polynomial
endomorphisms that preserve a k-web with k£ > 2. The following theorem from [23] gives
the classification of endomorphisms of P? that preserve a pencil of curves.

Theorem 4.7.4. [23] There are two types of irreducible pencils P invariant under an
endomorphism F of P2.

1. P s an elementary pencil, that is, the pencil of lines through a point. Under a suitable
homogeneous coordinates on P2, F takes the form Flz :y: z] = [P(z,y) : Q(x,vy) :

R(z,y,2)].

2. P is a binomial pencil. Under a suitable homogeneous coordinates on P2, F takes
the form Flx y:z] =[x :y?: Rl or Flw :y: 2] = [y : 2% : R] for R(z,y,z) =
ZdHl Hﬁzl(zk + c;z"y*h), where k = 2, 0 < 1 < d/k, ¢; € C*, 0 < h < k and
ged(h, k) = 1.

Since we have shown in Proposition 4.7.1 that a regular polynomial endomorphism
admitting infinitely many periodic curves of bounded degrees must preserve either a k-
web with £ > 2 or a pencil of curves, Theorems 4.7.2, 4.7.3, and 4.7.4 together provide a
complete classification of the possible polynomial endomorphisms.
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It then follows directly that Theorem 4.1.7 gives a coarse summary of all possible
situations.

Proof of Theorem /.1.7. By Proposition 4.7.1, the map F must belong to one of the classes
described in Theorems 4.7.3, 4.7.2, or 4.7.4.

Suppose first that F' preserves a pencil of curves, so that F' falls into one of the cases
of Theorem 4.7.4. If it is in the first case, then there exists a pencil of lines passing
through a single common point p € P? that are preserved by F. If p is not contained in the
totally invariant line at infinity, then after a change of coordinates, we assume p = (0,0)
and F' preserves a pencil of lines through (0,0), which implies that F' is homogeneous.
If p e Hy, after a suitable change of coordinates, we have the pencil of lines contains
{V(z — k) : k e C}. This implies that it is a regular polynomial skew product as it sends
vertical lines to vertical lines. If F' falls in the second case of Theorem 4.7.4, it is again
clear that F' becomes a regular polynomial skew product after replacing F' with an iterate.

Next, if F' belongs to the class of Theorem 4.7.2; then there exists a generically finite
rational map
w: P x Pt — P2

which restricts to a morphism on (C*)? arising from a finite quotient, such that
po(z%y?) = Fop.

Finally, if F' is in one of the classes of Theorem 4.7.3, then in subcases (3) and (4), F’
becomes a regular polynomial skew product after replacing it with an iterate and choosing
a suitable affine coordinate on some A? < P2, In all other cases, after possibly taking a
further iterate, there exists a finite morphism

p: Pt x Pt — P2
induced by a finite quotient, satisfying

po(f,g)=Fou,

where (f,g) is a split endomorphism of P! x P!. In cases (1) and (5), both f and g are
polynomials. In cases (2) and (6), we have

po(f, f)="Fop

for some rational function f, and we now show that f must in fact be a polynomial after
being replaced with a proper iterate.
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Since F' is a regular polynomial endomorphism, the line at infinity H,, is totally invari-
ant under F'. Let
E:=yu'(Hy,) <P x P

since H,, is totally invariant under F'. This gives that E is totally invariant under
(f,f). After replacing (f, f) and F with some iterate, we may assume that there exists
an irreducible component of E that is totally invariant under (f, f). We abuse notation to
still call it F.

If E is a vertical or horizontal line, then we conclude directly that f is a polynomial
after being replaced with some iterate. Suppose now that F projects dominantly to both
factors. Let p be a fixed point of f and let L, :== V(x — p). Then

(f ALy 0 E) = Ly (f, f)(E) = L, n E.

Therefore L, n E is a finite exceptional set of (f, f)|r, = f. Thus, f is a polynomial after
an iteration.

O

Here we provide an example of a regular polynomial endomorphism of P? admitting
infinitely many periodic curves, corresponding to the third case of Theorem 4.1.7.

Example 4.7.5. Consider the regular polynomial endomorphism on A?
Ag(l',y) = (.1'2 - y2 - 2513', 2.]]3/ + 2y>7

which arises as the folding map associated to the Lie algebra Ay (see [83] for details). It
admits non-trivial commuting pairs; indeed, it commutes with

As(z,y) = (2 = 3wy® — 32% — 3y + 3, 32°y — y°),

the folding map constructed from the Lie algebra As.

Under the change of coordinates
z =x + 1y, w=1x—1y,

the map becomes
Ay(z,w) = (22 — 2w, w?® — 22),

and we will work with this form for convenience.
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One can verify that for any k € C* that is periodic under x — 22, the curve
V(y—kx — k™' + k%)
is periodic under As.
Moreover, define the generically finite rational map
O(z,y) = (x+y+aty ot +y Tt +ay)

from P! x P! to P2. Then the following commutative diagram holds:
xQ 2
P! x Pt S8 pi oy pl

o] |

p2 4, p2

For a generic point in A2, there are three curves in the family
C={V(y—kx -kt +k)|keC*}
passing through it. Notice that C is preserved by As, since
A(Vy—ke — k" + k) =V(y— Kz — k2 + k).
Thus, C forms a 3-web preserved by As, represented by the global differential
w = 1] (—kdz +dy + (K> — k71 dz).
k:y—kz—k=1+k2=0

Substituting the symmetric functions of the roots in terms of x and y, this can be expressed
as

w = (dy —ydz)* + z (dy — ydz)*(—dx + z dz)
+y(dy — yd2)(—dz + xdz2)? + (—dz + zdz)*.

Now, viewing ® as a map from (C*)? to P2, we have
PNV —kr -k +k))=V(y—k'z)uV(z—k)uV(y—k),

and therefore

O*w = F) X Fo X F,

where Fi, F», and F3 are the foliations on (C*)? corresponding respectively to the families
V(y—k™'z), V(z—k), and V(y—k) as k ranges over C*. This is precisely the phenomenon
described in Theorem 4.7.2.
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