
Topics in Arithmetic Dynamics

by

Xiao Zhong

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Pure Mathematics

Waterloo, Ontario, Canada, 2026

© Xiao Zhong 2026



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Patrick Ingram
Associate Professor, Dept. of Mathematics and Statistics,
York University
Associate Professor, Dept. of Mathematics,
University of Toronto
Deputy Director, The Fields Institute

Supervisor(s): Jason P. Bell
Professor, Dept. of Pure Mathematics,
University of Waterloo

Internal Member: Rahim N. Moosa
Professor, Dept. of Pure Mathematics,
University of Waterloo

Matthew Satriano
Associate Professor, Dept. of Pure Mathematics,
University of Waterloo

Internal-External Member: Olya Mandelshtam
Assistant Professor, Dept. of Combinatorics and Optimization,
University of Waterloo

ii



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Abstract

This thesis comprises four papers completed during my doctoral studies at the Univer-
sity of Waterloo and is organized into three chapters.

The first chapter concerns preimage problems and dynamical cancellation, incorporat-
ing the papers Dynamical Cancellation of Polynomials, published in the Bulletin of the
London Mathematical Society, and Preimages Question for Surjective Endomorphisms on
pP1qn, published in the New York Journal of Mathematics. We investigate stabilization
phenomena for the set of rational points occurring in the preimages of invariant subvari-
eties under algebraic dynamical systems. In the special case in which the subvariety is the
diagonal subvariety in P1 ˆ P1 and the dynamics is given by a pair of rational functions
pf, fq, the problem reduces to a dynamical cancellation question. We also obtain a gener-
alization of dynamical cancellation to the setting in which the dynamics are generated by
a semigroup of polynomials.

The second chapter contains the joint paper with Chatchai Noytaptim, A Finiteness
Result for Common Zeros of Iterates of Rational Functions, published in International
Mathematics Research Notices. Addressing a question posed by Hsia and Tucker concerning
finiteness properties of greatest common divisors of polynomial iterates, we prove that if
f, g P CpXq are compositionally independent rational functions and c P CpXq, then—apart
from a few explicit exceptional families with f, g P AutpP1

Cq—there exist only finitely many
λ P C for which there is an n satisfying

fn
pλq “ gnpλq “ cpλq.

The final chapter presents my recent preprint, Polynomial Endomorphisms of A2 with
Many Periodic Curves. We show that for any regular polynomial endomorphism of positive
degree on P2, every family of curves containing a Zariski dense set of periodic curves must
be invariant under some iterate of the map. This establishes a weaker form of the Relative
Dynamical Manin–Mumford Conjecture of DeMarco and Mavraki in the setting where the
endomorphism is fixed in the family of dynamical systems, and may also be viewed as a
dynamical Manin–Mumford statement on the moduli space of divisors. As an application,
we classify all regular polynomial endomorphisms of P2 that admit infinitely many periodic
curves of bounded degree.
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Chapter 1

Preliminaries

Arithmetic dynamics emerged as a distinct field in the 1990s, motivated by the interplay
between dynamical systems and advances in arithmetic geometry. Since then, researchers
have sought to reinterpret classical results—such as the Mordell–Lang conjecture—within
dynamical frameworks.

Arithmetic dynamics studies the arithmetic and geometry of pairs pX, fq consisting of
an algebraic variety X together with a self-map f : X Ñ X. At a formal level this is a sim-
ple idea: one starts with a map and iterates it. At a conceptual level, however, it provides a
flexible language in which many questions from arithmetic geometry can be reformulated,
compared, and generalized. In particular, several classical arithmetic phenomena that are
naturally expressed in terms of torsion points, finitely generated groups, or special subva-
rieties admit dynamical counterparts in terms of preperiodic points, semigroup orbits, and
invariant or preperiodic subvarieties.

A recurring principle in algebraic geometry is that one often understands a variety
most effectively by studying the maps it carries: morphisms to other varieties, endomor-
phisms, correspondences, and symmetries. Arithmetic dynamics fits naturally into this
philosophy. Rather than studying a variety in isolation, one studies how arithmetic infor-
mation is organized by iteration of a map. The self-map produces orbits, periodicity, and
invariant subvarieties; it also gives a natural notion of special points and special geometric
configurations. From this point of view, arithmetic dynamics is not merely an analogy
with arithmetic geometry. In many important cases, it contains the classical arithmetic-
geometric picture as a special case, while at the same time suggesting broader conjectures
that continue to make sense beyond the setting of algebraic groups.
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1.0.1 Arithmetic geometry and the dynamical viewpoint

Formally, a dynamical system consists of a set S together with a self-map f : S Ñ S. The
most basic objects attached to such a system are the forward orbits of points.

Definition 1.0.1. For a point α P S, the orbit of α under f is the set

Orbf pαq “ tfn
pαq : n P N`

u.

Definition 1.0.2. The sets of periodic and preperiodic points of f are defined respectively
by

Perpf, Sq “ tα P S : fn
pαq “ α for some n P N`

u,

and
Preppf, Sq “ tα P S : fm`n

pαq “ fm
pαq for some m ě 0, n ě 1u.

When one studies several maps at once, semigroup orbits play the same role as forward
orbits for a single map.

Definition 1.0.3. Let F be a collection of self-maps of S, and let xFy denote the semigroup
generated by F under composition. For α P S, the semigroup orbit of α under F is

OrbFpαq “ tgpαq : g P xFyu.

These elementary notions already reveal the connection with arithmetic geometry. Let
E be an elliptic curve over C, and let rms : E Ñ E be the multiplication-by-m map for
some integer m ě 2. The identity point O is fixed by rms, and a point P P EpCq is torsion
if and only if it is preperiodic for rms. Indeed,

TorpE,Cq “ Prepprms, EpCqq.

Thus torsion points, which are fundamental objects in arithmetic geometry, appear dy-
namically as preperiodic points of a natural self-map.

This example extends beyond individual points. On an abelian variety A, the map
rms : A Ñ A preserves algebraic subgroups and sends torsion translates to preperiodic
subvarieties. In this way, the special subvarieties that play a central role in classical arith-
metic geometry become dynamical objects defined by invariance or eventual periodicity
under iteration. Said differently, the group structure on A produces distinguished self-
maps, and once those maps are placed at the center of the discussion, familiar arithmetic
geometric notions are naturally reinterpreted in dynamical language.
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The same point of view also reinterprets the Mordell–Weil theorem. If EpQq is finitely
generated, then after choosing generators of its free part and of its finite torsion subgroup,
every rational point can be reached from O by composing finitely many translations and
inverse translations. More precisely, if F is the finite collection of translations by those
chosen generators and their inverses, then

OrbFpOq “ EpQq.

Hence the arithmetic problem of describing EpQq may be viewed as a problem about a
finitely generated dynamical semigroup orbit. From this perspective, finitely generated
groups in arithmetic geometry are modeled dynamically by orbits under finitely generated
semigroups of morphisms.

These examples suggest a useful dictionary.

• torsion points correspond to preperiodic points for multiplication maps;

• finitely generated groups are modeled by semigroup orbits generated by finitely many
morphisms;

• special subvarieties such as algebraic subgroups and torsion translates correspond to
invariant or preperiodic subvarieties;

• questions about the distribution or intersection of special points become questions
about orbits, preperiodic sets, and periodic subvarieties.

This dictionary is not merely rhetorical. Several major conjectures and theorems of
arithmetic geometry have dynamical analogies or extensions. The Mordell–Lang conjecture
has the dynamical Mordell–Lang conjecture as its counterpart. Similarly, the Manin–
Mumford conjecture has the dynamical Manin–Mumford conjecture as its counterpart.
More broadly, unlikely intersection phenomena in arithmetic geometry suggest analogous
rigidity statements for intersections of orbits, preperiodic points, or other dynamically
defined objects. In many situations the dynamical setting is genuinely more flexible: the
language of self-maps still makes sense on varieties that do not carry a group law.

This map-centered viewpoint is one of the main motivations of the present thesis. The
three directions developed here should be understood as instances of the same general
principle: each begins with a classical phenomenon from arithmetic geometry or number
theory and asks to what extent it persists, or must be reformulated, once it is placed
in a genuinely dynamical setting. All three topics have received substantial attention in
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recent years and have seen important progress by many authors, reflecting their importance
in the broader program of understanding arithmetic dynamics as a natural extension of
arithmetic geometry. The results presented in this thesis contribute further to that program
by pushing beyond previously known cases, sharpening the existing analogies between
arithmetic geometry and dynamics, and enlarging the range of situations in which the
dynamical framework not only recovers classical results as special cases, but also suggests
new and more general phenomena.

1.0.2 Rational points in the preimages

One of the most basic questions in arithmetic geometry is to understand the distribution
of rational points on a variety and, more specifically, on its distinguished subvarieties.
On an abelian variety, algebraic subgroups and their translates form the natural special
subvarieties. As noted above, these objects are closely related to invariant and preperiodic
subvarieties for multiplication maps.

One of the projects I worked on during my Ph.D. concerns the following dynamical
version of rational points distribution question: given a self-map f : X Ñ X and a
subvariety Y Ď X satisfying fpY q Ď Y , what can one say about the rational points
appearing in the backward orbit of Y ?

If Y is invariant under f , then one obtains an increasing tower

Y Ď f´1
pY q Ď f´2

pY q Ď ¨ ¨ ¨ Ď f´n
pY q Ď ¨ ¨ ¨ .

Geometrically, the preimages typically become more complicated as n increases. Arith-
metically, however, one expects a form of stabilization over a fixed number field. The
intuition is that although the geometry becomes richer under repeated pullback, genuinely
new rational points should not continue to appear indefinitely without a structural reason
as more complicated geometry usually imposes stronger restrictions on the set of rational
points admitted. This expectation is formalized in the Preimages Question of Matsuzawa,
Meng, Shibata, and Zhang [59, Question 8.4(1)].

There is also a close relation with cancellation problems. If one considers a map of
the form f “ pg, gq on X ˆ X and takes Y “ ∆ to be the diagonal, then the question
whether the tower of K-points on f´np∆q eventually stabilizes becomes a uniform dynami-
cal cancellation question: if two K-points become equal after a long iterate of g, must they
already become equal after a bounded number of iterates? Viewed this way, equality of
late iterates is a special relation created by the map, and arithmetic stabilization predicts
that such coincidences are uniformly controlled.
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The first chapter of this thesis studies this circle of ideas in two concrete directions.
First, I prove a positive solution to the Preimages Question for surjective endomorphisms
on pP1qn. In that setting, the result shows that although the inverse images of an invariant
subvariety may continue to change geometrically, their rational points over a fixed number
field eventually stop producing anything new. Second, I study an improved dynamical can-
cellation problem for finitely generated semigroups of polynomial self-maps on P1. There
one can go further and characterize precisely the exceptional configurations that obstruct
uniform cancellation.

The chapter incorporates two papers: Dynamical Cancellation of Polynomials [93] and
Preimages Question for Surjective Endomorphisms on pP1qn [95].

1.0.3 Unlikely intersection type questions

Another major theme in arithmetic geometry is the study of unlikely intersections. Roughly
speaking, one is interested in situations where two sets having little reason to meet never-
theless intersect in a way that is too large to be explained by naive dimension heuristics.
In the arithmetic setting, the sets involved are often special subvarieties, torsion sets, or
other distinguished loci, and the conclusion is that an unexpectedly large intersection forces
hidden algebraic structure. We refer to Zannier [90] for a broad account of this theme.

The dynamical setting naturally produces its own version of unlikely intersection phe-
nomena. Here the special sets are created by iteration. Two forward orbits may meet
too often, two sets of preperiodic points may have an unexpectedly large intersection, or
two sequences generated by iteration may satisfy far more algebraic relations than one
would predict at random. When this happens, the expected conclusion is not accidental
coincidence but a strong dynamical relation between the maps themselves, such as shared
iterate behavior, semiconjugacy, common exceptional structure, or another rigid link.

For the purposes of this thesis, unlikely intersection-type questions provide a good ex-
ample of how arithmetic dynamics reinterprets classical phenomena. In the classical theory,
a large intersection often signals the presence of a hidden subgroup or a multiplicative de-
pendence. In the dynamical theory, the corresponding signal is a hidden relation between
self-maps.

The second chapter studies a problem of this kind motivated by a theorem of Bugeaud,
Corvaja, and Zannier [18] on the greatest common divisors of integer sequences. Their
result can be interpreted as saying that repeated arithmetic coincidence is rare unless there
is a special multiplicative dependence between the generators. In the dynamical setting, an
analogous question asks how often two sequences produced by iterating rational functions
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can have common zeros. Since the two corresponding dynamical level sets are countable
sets of points, an abundance of common zeros is an unlikely intersection phenomenon in a
genuinely dynamical sense.

Chapter two develops this viewpoint by proving a finiteness result for common zeros
of iterates of rational functions. The statement belongs to the same general family as
many rigidity results in arithmetic dynamics: if a special intersection occurs too often,
then the maps cannot be independent in any meaningful sense. The chapter therefore fits
naturally into the broader program of understanding how classical intersection principles in
arithmetic geometry generalize to statements about the interaction of dynamical systems.
This chapter consists of the joint paper with Chatchai Noytaptim, A Finiteness Result for
Common Zeros of Iterates of Rational Functions [64].

1.0.4 Dynamical Manin–Mumford type questions

A further guiding principle in arithmetic geometry is that a subvariety containing “many”
special points should itself be special. The classical Manin–Mumford conjecture, proved
by Raynaud [72, 73], is the prototypical example: if V is a subvariety of an abelian variety
A over C, then V contains a Zariski dense set of torsion points if and only if V is a torsion
translate of an abelian subvariety. In other words, the abundance of special points forces
special geometry.

As discussed earlier, torsion points are dynamically interpreted as preperiodic points
for multiplication maps. This suggests that Manin–Mumford should admit a dynamical
analogue in which torsion points are replaced with preperiodic points and torsion trans-
lates are replaced with dynamically special subvarieties. The resulting picture is subtler
than a literal translation, because general self-maps may admit additional symmetries or
commuting maps that also contribute to the structure of special subvarieties. Neverthe-
less, the basic principle remains the same: a subvariety supporting a Zariski dense set of
dynamically special points should itself be special for dynamical reasons.

One formulation, developed through work of Ghioca, Tucker, and Zhang [91, 92, 43], is
the following conjecture.

Conjecture 1.0.4. Let f : X Ñ X be a polarized endomorphism of a smooth projective
variety over a field of characteristic zero, and let Z Ă X be a subvariety containing a
Zariski dense set of preperiodic points. Then either Z is preperiodic, or Z is special in the
sense that it is contained in a subvariety Y which is both fn- and ψ-invariant for some
n ě 1, where ψ is another polarized endomorphism commuting with fn on Y , and Z is
preperiodic under ψ.
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This conjecture remains widely open, with only a limited number of cases known [41, 42,
28]. Even so, it provides an important organizing principle: rather than viewing dense sets
of preperiodic points as isolated accidents, one interprets them as evidence of an underlying
dynamical structure. Once again, the self-map is the central object. The specialness of the
subvariety is measured not in an absolute sense, but relative to the dynamics that act on
it.

The third chapter of this thesis studies a problem that belongs to this same circle of
ideas, but from a relative and moduli theoretic perspective. Instead of fixing a single
subvariety and asking whether it contains a dense set of preperiodic points, I consider
families of subvarieties for a regular endomorphism of A2 and ask what happens when the
family contains a Zariski dense set of periodic members. This shifts the emphasis from one
special subvariety to a parameter space of subvarieties on which the ambient map induces
additional dynamical structure. In that sense, the chapter pushes the Manin–Mumford
philosophy one level higher: one studies not only special points inside a fixed geometric
object, but also special subvarieties moving in families under the action induced by a
self-map.

This perspective is closely related to recent relative dynamical Manin–Mumford ques-
tions studied by DeMarco and Mavraki [27]. It also illustrates the broader philosophy of
the thesis. Arithmetic dynamics encourages us to study maps first and then ask how they
act not only on points, but also on subvarieties, moduli spaces, and families. Once this
viewpoint is adopted, many familiar arithmetic geometric questions naturally reappear in
a more flexible dynamical form. Chapter three consists of my recent preprint, Polynomial
Endomorphisms of A2 with Many Periodic Curves [94].

The three topics treated in this thesis are therefore not separate stories but different
manifestations of the same guiding idea. Chapter one concerns backward orbits of invariant
subvarieties and the eventual stabilization of their rational points. Chapter two concerns
unexpectedly large intersections between dynamically defined sets. Chapter three concerns
the geometric structure forced by an abundance of periodic subvarieties in a family. In
each case, the central question is how a classical arithmetic geometric rigidity phenomenon
should look after one replaces arithmetic geometry specialness with dynamical specialness.
The results of this thesis provide concrete evidence that the dynamical framework is broad
enough both to recover familiar arithmetic geometry and to point toward more general
phenomena that become visible only when maps and iteration are placed at the center of
the picture.

7



Chapter 2

Preimages Questions and dynamical
cancellations

2.1 Introduction

Let X be a projective variety and let f : X Ñ X be a surjective self-map such that both X
and f are defined over a number field K. To study the dynamics of pX, fq, it is important
to identify the closed subvarieties Y Ď X that are invariant under f ; i.e., subvarieties
with fpY q Ď Y . For an invariant subvariety Y for the map f , it is natural to study
its preimages under iterates of f . An important principle within arithmetic dynamics is
that the underlying geometric structure should exert significant influence on the arithmetic
structure, which gives rise to the expectation that the tower of K-points:

Y pKq Ď pf´1
pY qqpKq Ď pf´2

pY qqpKq Ď ¨ ¨ ¨

should eventually stabilize. This expectation has been made precise in the form of the
Preimages Question of Matsuzawa, Meng, Shibata, and Zhang [59, Question 8.4(1)].

There are recent works dealing with some special cases of the Preimages Question.
Notably, it has been solved with affirmative answer when X is a smooth variety with non-
negative Kodaira dimension and f is étale [13, Theorem 1.2]. Additionally, if we consider
the case when f “ pg, gq : XˆX Ñ XˆX is a diagonal map, with g : X Ñ X a surjective
morphism, then the diagonal subvariety ∆ Ď X ˆ X is an invariant subvariety under f ,
and in this special case the Preimages Question becomes a cancellation problem, which
asks whether there exists a natural number s with the property that, for all x, y P XpKq,
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if gnpxq “ gnpyq for some natural number n then we must in fact have gspxq “ gspyq.
This special form is a dynamical cancellation problem considered in the work of Bell, Mat-
suzawa, and Satriano [13], and this question is again answered affirmatively when X is a
curve [13, Theorem 1.3] by applying p-adic uniformization techniques of Rivera-Letelier
[76].

2.1.1 Main result on the Preimages Questions on pP1qn

Our main result is to give a positive solution to the Preimages Question for surjective
endomorphisms on pP1qn. It is well known that a surjective endomorphism of pP1qn has
some iterate that becomes a split rational map pf1, . . . , fnq. Since answering the Preimages
question for an iterate of a self-map gives one the answer for the original map, our main
theorem, stated below, solves the Preimages Question for surjective endomorphisms on
pP1qn.

Theorem 2.1.1. Let K be a number field, let n ě 1, and let f “ pf1, . . . , fnq : pP1
Kqn Ñ

pP1
Kqn be a split rational map defined over a number field K with at least one fi of degree

greater than 1. If V Ď pP1qn is a subvariety defined over K that is invariant under f then
there exists a non-negative integer s0 such that

pf´s´1
pV qzf´s

pV qqpKq “ H

for all s ě s0.

It is also well known that Theorem 2.1.1 holds when n “ 1.

2.1.2 Improvement on the dynamical cancellation of a semigroup
of polynomials

Henceforth we let Prpxq and Trpxq denote respectively the cyclic polynomial, xr, of degree
r and the Chebyshev polynomial of degree r.

Definition 2.1.2. We define the Chebyshev polynomial of degree r to be the unique
polynomial Tr of degree r such that

Trppx ` x´1
q{2q “ pxr ` x´r

q{2

for any x P C˚.

9



Notice that the set of Chebyshev polynomials forms a basis of the vector space of
polynomials; i.e. for any polynomial fpxq defined over C of degree d there exists a unique
expansion

fpxq “

d
ÿ

i“0

aiTipxq

for some constant ai P C.

Definition 2.1.3. For a polynomial fpxq over an algebraically closed field F , if we can
decompose fpxq as

fpxq “ fnpxq ˝ ¨ ¨ ¨ ˝ f1pxq

for some polynomials fipxq over F of degree greater than 1, i “ 1, . . . , n such that fipxq

cannot be written as a composition of two polynomials of degree greater than 1, then we
call each of the fipxq’s the indecomposable factor of fpxq.

Definition 2.1.4. We say that two polynomials fpxq and gpxq over an algebraically closed
field F are linearly related (or linearly conjugated) if there exists a linear polynomial lpxq

defined over F such that fpxq “ lpxq ˝ gpxq ˝ l´1pxq.

About the Dynamical Cancellation problems, considerably more is known for poly-
nomial maps on P1, and a more general dynamical cancellation results allowing multiple
polynomial self-maps on P1 is also proved along these lines in [13, Theorem 1.7]. The
statement is as follows:

Theorem 2.1.5. [13, Theorem 1.7] Let K be a number field and let ϕ1, . . . , ϕr be polyno-
mial maps on P1

K of degree at least two. Suppose that none of the indecomposable factors
of pϕiqK are linearly related to a Td with d odd or a Pm for some m. Then there is a finite
set Z Ă pP1

K ˆ P1
KqpKq with the following property: for any point a, b P P1

K such that
pa, bq R Z, if

ϕin ˝ ¨ ¨ ¨ ˝ ϕi1paq “ ϕin ˝ ¨ ¨ ¨ ˝ ϕi1pbq

for some n ě 0 and i1, . . . , in P t1, . . . , ru, then

ϕi2 ˝ ϕi1paq “ ϕi2 ˝ ϕi1pbq.

This theorem, however, is not optimal. For example this theorem does not say anything
when considering the polynomials ϕ1 “ T5, ϕ2 “ P5, although a cancellation result can
be shown to hold in this case. In this paper, we completely characterize when we have a
dynamical cancellation result involving multiple polynomials by proving a necessary and
sufficient statement in terms of the polynomials in a finite set S.
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Theorem 2.1.6. Let S be a finite set of polynomials of degree at least 2 defined over a
number field K and let xSy be the monoid generated by S under composition. Then there
exists a N P N` and a finite set of points Z Ă P1

K ˆ P1
K such that if

ϕk ˝ ¨ ¨ ¨ ˝ ϕ1paq “ ϕk ˝ ¨ ¨ ¨ ˝ ϕ1pbq (2.1.1)

with ϕj P S, k ą N and pa, bq P pP1
K ˆ P1

KqzZ then we have

ϕN ˝ ¨ ¨ ¨ ˝ ϕ1paq “ ϕN ˝ ¨ ¨ ¨ ˝ ϕ1pbq (2.1.2)

unless there exist h1, h2 P xSy, a complex linear polynomial lpxq “ ux ` v, u P C˚ and
v P C, such that one of the following holds:

1. h2 “ P ˝ Pd ˝ l´1 and h1 “ l ˝ xQpxdq ˝ l´1, for some polynomials P and Q, where
d P Ně2, u “ 1, v P K and K contains a primitive d-th root of unity;

2. h2 “ P ˝ Td ˝ l´1 and h1 “ l ˝ ˘Tr ˝ l´1, for some polynomials P , where d|pr ` 1q or
d|pr ´ 1q and one of the following holds:

(a) d “ 2 and v P K;

(b) d ą 2 and there exists a primitive d-th root of unity ϵ such that the conic

V pY 2
`pϵ`1{ϵ´2qv ¨ pX`Y q´pϵ`1{ϵqXY `X2

`p2´ϵ´1{ϵqv2`pϵ´1{ϵq2u2q

inside A2
K Ă P1

K ˆ P1
K has a K-point, where X and Y are variables; moreover,

we can further refine the condition if r is even. In this case the conic having a
K-point is equivalent to u, v, ϵ ` 1{ϵ P K.

Also h1, h2 in the statement, if they exist, can always be chosen as compositions of no more
than N elements in S.

Remark 2.1.7. Moreover, if there exist h1, h2 and l as above such that one of p1q or p2q

holds, then for any j P Ně0, there exists an infinite set of K-points pa, bq in P1
K ˆ P1

K such
that

h2 ˝ hj1paq “ h2 ˝ hj1pbq (2.1.3)

h˝j
1 paq ‰ h˝j

1 pbq. (2.1.4)

So Theorem 2.1.6 is an if and only if statement. We will also prove this remark in Section
3.
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Remark 2.1.8. Notice that Theorem 2.1.6 is not necessarily stronger than Theorem 2.1.5
since there N can always be chosen as 2.

Remark 2.1.9. Given the number field K and the conic

C “ V pY 2
` pϵ` 1{ϵ´ 2qv ¨ pX ` Y q ` pϵ` 1{ϵqXY `X2

` p2´ ϵ´ 1{ϵqv2 ` pϵ´ 1{ϵq2u2q,

there are standard algorithms implemented in Sage to check if C has K-points. So the
condition of case p2qpbq in Theorem 2.1.6 can be checked with a finite number of compu-
tations.

We will also show that the number N is computable given the set S of polynomials.
Therefore the two cases in Theorem 2.1.6 can be checked with a finite number of compu-
tations.

Remark 2.1.10. Notice that given a choice of h2 and h1 we can obtain a finite list of
possible linear maps lpxq “ ux ` v that can potentially make the conditions in p1q or p2q

hold. For example, to make conditions in p1q holds, we check if

l´1
˝ h1 ˝ l “ xQpxdq.

In particular the vanishing of the constant term gives h1pvq ´ v “ 0 so that v can only
take values from a finite set. Notice that u “ 1. Thus, we have a finite list of possible
lpxq “ ux ` v and we can check if each linear map in the list satisfies the conditions one
by one from here. Similar procedures work for checking conditions in p2q.

2.2 Preliminary lemmas

In this section we provide some preliminary lemmas for the proof of Theorem 2.1.6. Before
we start, we clarify some notations needed for the discussion. Let fpX, Y q be a polynomial
in variables X and Y . By V pfq we mean an affine variety consisting of zeros of fpX, Y q

inside C ˆ C Ă P1
C ˆ P1

C and V pfqpKq means the K-points of the variety V pfq with a
number field K.

Lemma 2.2.1. Let πpxq “ x ` 1{x. If ϵ and ϵ1 are roots of unity such that V pY ´ ϵXq,
V pY ´ ϵ1Xq Ď pπ, πq´1pCq for some irreducible curve C Ď P1

C ˆ P1
C then either ϵ “ ϵ1 or

ϵ “ ϵ1´1. Moreover, V pY ´ ϵXq Ď pπ, πq´1pCq if and only if V pY ´ ϵ´1Xq Ď pπ, πq´1pCq.
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Proof. Notice that

pπ, πqpV pY ´ ϵXq X pC˚
ˆ C˚

qq “ tpx ` 1{x, ϵ´1
{x ` x{ϵ´1

q : x P C˚
u

is Zariski constructible by Chevalley’s theorem [49, 1.8.4] as

V pY ´ ϵXq X pC˚
ˆ C˚

q

is Zariski constructible in C˚ ˆ C˚ and pπ, πq : C˚ ˆ C˚ Ñ P1
C ˆ P1

C is a regular morphism
of varieties. The same is true for the image of

V pY ´ ϵ1Xq X pC˚
ˆ C˚

q

under pπ, πq. By the condition in the statement of the lemma, the Zariski closure of their
images are both C as C is irreducible. Then there exist subsets

U Ď pπ, πqpV pY ´ ϵXq X pC˚
ˆ C˚

qq

and
U 1

Ď pπ, πqpV pY ´ ϵ1Xq X pC˚
ˆ C˚

qq

such that U and U 1 are open and dense in C since a constructible set of an irreducible
curve is either finite or cofinite and in this case,

pπ, πqpV pY ´ ϵ1Xq X pC˚
ˆ C˚

qq

is cofinite. Therefore U X U 1 is an infinite set. Thus there exists infinitely many x0 P C˚

such that px0`1{x0, ϵ
´1{x0`x0{ϵ

´1q P UXU 1. Hence for each such x0, there exists y0 P C˚

such that
px0 ` 1{x0, ϵ

´1
{x0 ` x0{ϵ

´1
q “ py0 ` 1{y0, ϵ

1´1
{y0 ` y0{ϵ

1´1
q.

Therefore, y0 “ x0 or y0 “ 1{x0 from x0 ` 1{x0 “ y0 ` 1{y0. If y0 “ x0, we have

ϵ´1
{x0 ` x0{ϵ´1

“ ϵ1´1
{x0 ` x0{ϵ1´1.

Multiplying ϵϵ1x0 on both sides we get

ϵ1
` ϵ2ϵ1x20 “ ϵ ` ϵϵ12x20. (2.2.1)

If x0 “ 1{y0, then we have

ϵ´1
{x0 ` x0{ϵ

´1
“ ϵ1´1x0 ` 1{px0ϵ

1´1
q.
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Multiplying ϵϵ1x0 on both sides we have

ϵ1
` ϵ2ϵ1x20 “ ϵx20 ` ϵϵ12. (2.2.2)

As the set of such pairs of px0, y0q is infinite, there either exist infinitely many y0 satisfying
x0 “ y0 or infinitely many y0 satisfying x0 “ 1{y0. Therefore either there are infinitely
many x0 satisfying Equation (2.2.1) or infinitely many x0 satisfying Equation (2.2.2). But
if Equation (2.2.1) has infinitely many solutions in x0 then ϵ “ ϵ1 and similarly Equation
(2.2.2) having infinitely many solutions implies ϵ1 “ ϵ´1. Thus ϵ1 is either ϵ or ϵ´1. The
last statement is clear as the set tpx ` 1{x, ϵ´1{x ` x{ϵ´1q : x P C˚u is the same as
tpx ` 1{x, ϵ{x ` x{ϵq : x P C˚u under the map sending x to 1{x.

Lemma 2.2.2. Let K be a number field and we view K as a subfield of C by fixing an
embedding of K in C. Let πpxq “ x ` 1{x, lpxq “ ax ` b with a P C˚ and b P C,
and ϵ R t˘1u be a root of unity. Let C be an irreducible curve in P1

C ˆ P1
C such that

V pY ´ ϵXq Ď pπ, πq´1pCq. Then pl, lqpCq is given by

V pY 2
` pϵ ` 1{ϵ ´ 2qb ¨ pX ` Y q ´ pϵ ` 1{ϵqXY ` X2

` p2 ´ 1{ϵ ´ ϵqb2 ` pϵ ´ 1{ϵq2a2q,

and if it has infinitely many K-points then ϵ ` 1{ϵ P K, a2 P K and b P K.

Proof. From the condition that V pY ´ ϵXq Ă pπ, πq´1pCq we can explicitly deduce the
expression of C since, from the proof of Lemma 2.2.1, we know that the Zariski closure of

pπ, πqpV pY ´ ϵXq X pC˚
ˆ C˚

qq

is C. In other words, the irreducible polynomial in two variables vanishing on
"ˆ

1

x
` x,

1

ϵx
` ϵx

˙

: @x P C˚

*

is the defining equation of C. From Lemma 2.2.1 we know that the defining equation of
the irreducible curve C is at least of degree 2 since both

px ` 1{x, ϵ{x ` x{ϵq

and
px ` 1{x, ϵx ` 1{pϵxqq

are in C and also ϵ R t˘1u. One can check that

C “ V pY 2
´ pϵ ` 1{ϵqXY ` X2

` pϵ ´ 1{ϵq2q. (2.2.3)
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Then pl, lqpCq is given by

V pY 2
` pϵ` 1{ϵ´ 2qbpX `Y q ´ pϵ` 1{ϵqXY `X2

` p2´ ϵ´ 1{ϵqb2 ` pϵ´ 1{ϵq2a2q. (2.2.4)

If pl, lqpCq has infinitely many K-points, we have the coefficients of the defining polynomial
in Equation (2.2.4) are all in K. Therefore

a2, b and ϵ ` 1{ϵ P K.

The following lemma is well known. In fact a similar statement is mentioned in the
proof of [62, Proposition 2.28], but we are unaware of an explicit reference.

Lemma 2.2.3. Let C Ă P1
C ˆ P1

C be an irreducible curve over C that is invariant under
either pPr, Prq or p´Pr,´Prq. Then either C “ V pXmY n ´ νq for pm,nq P Z2ztp0, 0qu

with gcdpm,nq “ 1 and ν a root of unity or C is one of t0u ˆ P1
C, P1

C ˆ t0u, t8u ˆ P1
C or

P1
C ˆ t8u.

Proof. We first look at the case that C is an invariant irreducible curve for pPr, Prq. If
C X pC˚ ˆ C˚q “ H, then we have C is one of t0u ˆ P1

C, P1
C ˆ t0u, t8u ˆ P1

C or P1
C ˆ t8u.

Otherwise, let W “ C X pC˚ ˆ C˚q, which is a curve inside C˚ ˆ C˚ that is invariant
under pPr, Prq. We view C˚ ˆ C˚ as an algebraic group with pointwise multiplication and
C is a subvariety of C˚ ˆC˚ invariant under pPr, Prq (viewed as multiplication by r in the
semi-abelian variety). Then by [51, Lemma 10], C “ λH where λ P C˚ ˆ C˚ and H is
a subgroups of C˚ ˆ C˚. Thus C “ V pXmY n ´ νq for some m,n P Z, at least one of m
and n is non-zero, and ν P C˚. In fact gcdpm,nq “ 1 since otherwise XmY n ´ ν would
be reducible. The fact that C is invariant under the map pPr, Prq implies that ν is a root
of unity. The case for invariant curves under p´Pr,´Prq is similar and the only difference
in the proof is that we view C as subvariety of the semi-abelian variety C˚ ˆ C˚ invariant
under p´Pr,´Prq which is a multiplication by r followed by a translation by p´1,´1q in
the semi-abelian variety C˚ ˆ C˚ and then apply [51, Lemma 10].

2.3 Proof of Theorem 2.1.6

In this section we complete the proof of Theorem 2.1.6. We first construct N P N` and
Z Ă P1

K ˆ P1
K .
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Let ∆K Ď pP1
K ˆ P1

Kq be the diagonal subvariety. By [13, Lemma 5.7], all the possible
irreducible curves over C different from ∆, having a Zariski dense set of K-points and
living inside the preimages of ∆ under elements of the form pf, fq with f P S, are in a
finite set Σ. Also, by the proof of [13, Theorem 1.6], there is a finite set Z Ă P1

K ˆ P1
K

with the property that if C P Σ and C 1 is an irreducible component of pf, fq´1pCq not in
Σ then C 1pKq Ď Z. Let

N “ #Σ. (2.3.1)

Now we show that if there is a point pa, bq outside Z that makes the cancellation Equations
(2.1.1) and (2.1.2) fail for some pϕ1, . . . , ϕkq P Sk, with k ą N , then one of p1q or p2q in
the statement of Theorem 2.1.6 must hold.

2.3.1 Producing h1 and an irreducible invariant curve

To be precise, suppose that there exists k P N, k ą N , pa, bq P pP1
K ˆ P1

KqzZ and ϕj P S,
j “ 1, 2, 3, . . . , k such that

ϕk ˝ ¨ ¨ ¨ ˝ ϕ1paq “ ϕk ˝ ¨ ¨ ¨ ˝ ϕ1pbq

and
ϕk´1 ˝ ¨ ¨ ¨ ˝ ϕ1paq ‰ ϕk´1 ˝ ¨ ¨ ¨ ˝ ϕ1pbq.

Claim 2.3.1. There exists k ´ N ´ 1 ă m1 ă m2 ď k ´ 1 and a C 1 P Σ which is an
irreducible component of pϕk ˝ ¨ ¨ ¨ ˝ ϕm2`1, ϕk ˝ ¨ ¨ ¨ ˝ ϕm2`1q

´1p∆q such that

pϕm1 ˝ ¨ ¨ ¨ ˝ ϕ1paq, ϕm1 ˝ ¨ ¨ ¨ ˝ ϕ1pbqq P C 1 (2.3.2)

and
pϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1, ϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1qpC 1

q “ C 1. (2.3.3)

Proof. Since ϕk ˝ ¨ ¨ ¨ ˝ ϕ1paq “ ϕk ˝ ¨ ¨ ¨ ˝ ϕ1pbq we have

pϕk ˝ ¨ ¨ ¨ ˝ ϕ1paq, ϕk ˝ ¨ ¨ ¨ ˝ ϕ1pbqq P ∆.

We take C0 “ ∆. Then there exists a C1 P Σ such that

pϕk´1 ˝ ¨ ¨ ¨ ˝ ϕ1paq, ϕk´1 ˝ ¨ ¨ ¨ ˝ ϕ1pbqq P C1,

C1 Ď pϕk, ϕkq
´1

pC0q.

16



In general, for 1 ď j ď k we can find Ck´j P Σ such that

pϕj ˝ ¨ ¨ ¨ ˝ ϕ1paq, ϕj ˝ ¨ ¨ ¨ ˝ ϕ1pbqq P Ck´j,

Ck´j Ď pϕj`1, ϕj`1q
´1

pCk´j´1q

where 1 ď j ă k. Such curves C1, . . . , Ck P Σ exist as pa, bq is not in Z. However we know
that k ą N and N “ #Σ. Thus there exist m1 and m2 with k´N ´ 1 ă m1 ă m2 ď k´ 1
such that Ck´m1 “ Ck´m2 . Let C

1 “ Ck´m1 “ Ck´m2 . By the construction of Ci’s, we have

pϕm1 ˝ ¨ ¨ ¨ ˝ ϕi1paq, ϕm1 ˝ ¨ ¨ ¨ ˝ ϕ1pbqq P C 1,

C 1
Ď pϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1, ϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1q

´1
pC 1

q

In particular, pϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1, ϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1qpC 1q Ď C 1. Thus C 1 is an invariant curve
under pϕim2

˝¨ ¨ ¨˝ϕm1`1, ϕm2 ˝¨ ¨ ¨˝ϕm1`1q as the map is a non-constant morphism and hence
surjective [78, I §5, Theorem 1.12]; i.e., pϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1, ϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1qpC 1q “ C 1.

We take
h1 “ ϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1, (2.3.4)

h2 “ ϕk ˝ ¨ ¨ ¨ ˝ ϕm2`1. (2.3.5)

Then C 1 is an irreducible curve that is invariant under ph1, h1q.

2.3.2 Reduction to cases p1q or p2q in Theorem 2.1.6

In this subsection, we continue using the notation from subsection 2.3.1. We have already
seen that h1, h2 in Equation (2.3.4) can be written as compositions of no more than N
elements in S. In this subsection, we will show that h1 and h2 satisfy either condition p1q

or p2q.
Notice that for every c P C neither p8, cq nor pc,8q is in C 1 since

ϕk ˝ ¨ ¨ ¨ ˝ ϕ1p8q ‰ ϕk ˝ ¨ ¨ ¨ ˝ ϕ1pcq.

Removing p8,8q from C 1, we can view C 1 as an irreducible curve in CˆC that is invariant
under ph1, h1q. (We adopt this view from now on and write a curve as an affine variety
V pfpX,Y qq, for some polynomial fpX, Y q, when there is no confusion.) Then by [66,
Theorem 4.9], if h1 is not linearly conjugate to Pr or ˘Tr then C

1 is of the form V py´ppxqq

or V px ´ ppyqq for some polynomial p commuting with h1.
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Case 1:

h1 is not linearly conjugate to a cyclic polynomial or to a Chebyshev polynomial. Then,
without loss of generality, we assume

C 1
“ V py ´ ppxqq. (2.3.6)

Since C 1 Ď ph2, h2q
´1p∆q, the polynomial p satisfies

h2pxq “ h2pppxqq.

By a simple degree argument, this can only happen when degppq “ 1; i.e., ppxq “ sx ` t.
Moreover, since C 1 ‰ ∆, we have ps, tq ‰ p1, 0q. Then

h2pxq “ h2psx ` tq,

and since h1 commutes with p, we also have

h1psx ` tq “ sh1pxq ` t.

If s “ 1 and t ‰ 0, then h2 is a constant function, which is impossible. So, s ‰ 1 and there
exists lpxq “ x ` t{p1 ´ sq such that

l´1
˝ h1 ˝ lpsxq “ sl´1

˝ h1 ˝ lpxq.

Then s must be a root of unity, which can be seen by looking at the leading term of the
polynomials. Then h2 ˝ lpsxq “ h2 ˝ lpxq implies that h2 ˝ l “ P pxdq for some polynomials
P and integer d ą 1 which is the order of s as a root of unity. Therefore

l´1
˝ h1 ˝ lpxq “ xQpxdq

h2 ˝ l “ P pxdq

for some polynomials Q. Moreover since

C 1
“ V py ´ ppxqq “ V py ´ sx ´ tq P Σ

contains a Zariski dense set of K-points, s, t P K and lpxq “ x` t{p1 ´ sq. Thus we are in
case p1q of Theorem 2.1.6.

Now we are left with the case that h1 is linearly conjugate to Pr or ˘Tr.
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Case 2:

h1 is linearly related to Pr. Without loss of generality we may assume that h1 “ Pr for
some r. So C 1 is an irreducible curve invariant under pPr, Prq. The irreducible curves
over C invariant under power maps are given by V pXmY n ´ νq for pm,nq P Z2ztp0, 0qu,
gcdpm,nq “ 1 and ν is a root of unity, or one of t0u ˆP1

C, P1
C ˆ t0u, t8u ˆP1

C or P1
C ˆ t8u

by Lemma 2.2.3. Since we have ph2, h2qpC 1q Ď ∆ by the construction of C 1, we have the
first case holds with m “ ´n ‰ 0 by a simple degree argument. Therefore the irreducible
invariant curves are of the form V pY ´ϵXq with some root of unity ϵ satisfying pϵxqr “ ϵxr.
This implies that the order d of the ϵ satisfies d|pr ´ 1q. The condition ph2, h2qpC 1q Ď ∆
and C 1 ‰ ∆ gives that

h2 “ P ˝ Pd (2.3.7)

for some polynomial P and d ě 2. In general, the conclusion is that there exists complex
linear polynomials l “ ux ` v such that

h2 ˝ l “ P ˝ Pd

l´1
˝ h1 ˝ l “ Pr

for some polynomial P , d|pr ´ 1q and d ě 2. Also

C 1
“ pl, lqpV pY ´ ϵXqq “ V pY ´ ϵX ` pϵ ´ 1qvq P Σ, (2.3.8)

with some d-th root of unity ϵ ‰ 1, contains infinitely many K-points. This implies
V pY ´ ϵX ` pϵ´ 1qvq is defined over K. Thus ϵ, v P K. Now h1pxq “ u1´rpx´ vqr ` v and
h2pxq “ P ˝ Pd ˝ l´1. Let l1pxq “ x ` v. We have

l1´1
˝ h1 ˝ l1pxq “ u1´rxr “ xQpxdq,

and Qpxq “ u1´rxpr´1q{d.

h2pxq ˝ l1 “ P pu´d
px ´ vq

d
q ˝ px ` vq “ P pu´dxdq “ P 1

pxdq,

for some polynomial P 1pxq. Therefore we are in case p1q of Theorem 2.1.6.

Case 3 :

h1 is linearly conjugate to ˘Tr. We may first assume without loss of generality that h1
is either Tr or ´Tr. Notice that π : C˚ Ñ A1

C given by πpxq “ 1{x ` x is dominant
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and ˘Tr ˝ π “ π ˝ p˘Prq. Therefore the preimages under pπ, πq of invariant subvarieties
in P1

C ˆ P1
C under p˘Tr,˘Trq are invariant subvarieties under p˘Pr,˘Prq. Recall from

Section 2.3.1 that C 1 is an irreducible curve invariant under ph1, h1q with Zariski dense set
of K-points. Now, in this case, C 1 is an irreducible curve invariant under either pTr, Trq or
p´Tr,´Trq over C, and so

E “ pπ, πq
´1

pC 1
q (2.3.9)

is an invariant subvariety under either pPr, Prq or p´Pr,´Prq. Let E1, . . . , Et be the irre-
ducible components of E. Since E is invariant under p˘Pr,˘Prq, we have

p˘Pr,˘PrqpEiq “ Eτpiq

for some map τ : t1, 2, . . . , tu Ñ t1, 2, . . . , tu. Then there exists j P t1, 2, . . . , tu and w P N`

such that τwpjq “ j and therefore

p˘Pr,˘Prq
˝w

pEjq “ Ej,

since p˘Pr,˘Prq
˝w is not a constant morphism and therefore surjective. Now we have that

Ej is an irreducible curve invariant under either pPr, Prq
˝w or p´Pr,´Prq

˝w.

In both cases, by Lemma 2.2.3, Ej is given by V pXmY n ´ νq for some coprime integers
m,n, at least one of them is not zero, and a root of unity ν, since it cannot be one of the
t0u ˆ P1

C, P1
C ˆ t0u, t8u ˆ P1

C or P1
C ˆ t8u as

ph2, h2q ˝ pπ, πqpEjq Ď ∆.

By the same reason, a degree argument implies that m “ ´n ‰ 0. Therefore

Ej “ V pY ´ ϵXq (2.3.10)

with a root of unity ϵ of order d ą 1. The discussion from now on doesn’t depend on
the sign of p˘Tr,˘Trq, so we only consider the case for ph1, h1q “ pTr, Trq. Then Ej “

V pY ´ ϵXq Ď E with the root of unity ϵ of order d ą 1 and Lemma 2.2.1 implies that

V pY ´ ϵXq and V pY ´ ϵ´1Xq

are the only irreducible components of E “ pπ, πq´1pC 1q. The fact that E is invariant
under pPr, Prq implies

pPr, PrqpV pY ´ ϵXqq Ă V pY ´ ϵXq Y V pY ´ ϵ´1Xq. (2.3.11)
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In particular, Equation (2.3.11) implies ϵr P tϵ´1, ϵu. Therefore

d | pr ´ 1q or d | pr ` 1q.

On the other hand, ph2, h2qpC 1q Ď ∆ implies

h2pϵ
˘1

{x ` x{ϵ˘1
q “ h2p1{x ` xq. (2.3.12)

Notice that every polynomial can be written as a linear combination of Chebyshev poly-
nomials; in particular,

h2pxq “

v
ÿ

i“0

aiTipxq

for some constants ai P C, with v “ degph2q. For µ “ ϵ˘1 we have

h2pµ{x ` x{µq “

v
ÿ

i“0

aipµ
i
{xi ` xi{µi

q “

v
ÿ

i“0

aip1{xi ` xiq (2.3.13)

by Equation (2.3.12) for all x P C˚. So for each i P t1, 2, . . . , vu such that ai ‰ 0, we have
µi “ 1; i.e., d|i. In particular d|v. Therefore

h2pxq “

v{d
ÿ

j“0

ajdTj ˝ Td “ P ˝ Td

for some polynomial P . Therefore, in general we have that there exists a complex linear
polynomial lpxq “ ux ` v such that

h2 ˝ l “ P ˝ Td,

l´1
˝ h1 ˝ l “ ˘Tr

where d|pr ` 1q or d|pr ´ 1q and P is an arbitrary polynomial. Also Equations (2.3.9) and
(2.3.10) implies that

V pY ´ ϵXq Ă pπ, πq
´1

ppl, lq´1
pC 1

qq (2.3.14)

with some root of unity ϵ ‰ 1 of order d, where C 1 P Σ has infinitely many K-points. If
d “ 2 then in this case from Equation (2.3.14)

C 1
“ V pY ` X ´ 2vq “ pl, lqppπ, πqpV pY ` Xqqq P Σ.
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In particular, C 1 has infinitely many K-points is equivalent to v P K. This is 2paq of
Theorem 2.1.6. If d ą 2 then by Lemma 2.2.2 and Equation (2.3.14), we have that

C 1
“ V pY 2

`pϵ`1{ϵ´2qvpX`Y q`pϵ´1{ϵqXY `X2
`p2´ϵ´1{ϵqv2`pϵ´1{ϵq2u2q. (2.3.15)

has infinitely many K-points. Since this is a smooth conic and in particular a smooth
genus zero curve, so it has infinitely many K-points if and only if there exists one. This is
2pbq of Theorem 2.1.6. If we further have that r is even, then

l ˝ ˘Tr ˝ l´1
P Krxs

implies that ur´1 P K. From Lemma 2.2.2 and recall C 1 P Σ, we have

u2, v, ϵ ` 1{ϵ P K.

So, u P K. Notice that
p2u ` v, upϵ ` 1{ϵq ` vq P K2

is a point in C 1. Therefore, C 1 has K-points if and only if u, v, ϵ ` 1{ϵ P K.

2.3.3 Sufficiency of p1q, p2q in Theorem 2.1.6

For this we just need to verify the moreover statement of remark 2.1.7. We suppose there
exist h1, h2 and l as in cases p1q or p2q in the statement of Theorem 2.1.6. The idea is
that from previous sections we have already obtained the invariant curves under ph1, h1q

and then the set of K-points on the invariant curves excluding the preimages of its inter-
section with ∆ under some iterations of ph1, h1q will satisfy Equation (2.1.3) and (2.1.4) in
Theorem 2.1.6. We will make these precise as follows.

If conditions in p1q of Theorem 2.1.6 hold, then take

C “ V pY ´ ϵX ´ vp1 ´ ϵqq

for some primitive d-th root of unity ϵ P K. By the argument in the previous section or
one can check directly that

ph1, h1qpCq Ď C.

Let j be a nonnegative integer and let

Z1 “ ph1, h1q
´j

pC X ∆q X C.
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Notice that Z1 is a finite set. So, we take pa, bq P CpKqzZ1 and then

hj1paq ‰ hj1pbq,

phj1paq, hj1pbqq P C

and also
h2 ˝ hj1paq “ h2 ˝ hj1pbq

by the construction of h2.

For case p2q in Theorem 2.1.6, let ϵ be a primitive d-th root of unity and let C be

V pY 2
` pϵ ` 1{ϵ ´ 2qvpX ` Y q ` pϵ ` 1{ϵqXY ` X2

` p2 ´ ϵ ´ 1{ϵqv2 ` pϵ ´ 1{ϵq2u2q

if 2pbq of Theorem 2.1.6 holds; or

C “ V pY ` X ´ 2vq

if 2paq of Theorem 2.1.6 holds. Let j be a nonnegative integer and let

Z1 “ ph1, h1q
´j

pC X ∆q X C,

which is a finite set. Then for any K-points pa, bq P CpKqzZ1 we have

hj1paq ‰ hj1pbq.

Recall from the argument in the last subsection, C is invariant under ph1, h1q and

ph2, h2qpCq Ă ∆.

Therefore
h2 ˝ hj1paq “ h2 ˝ hj1pbq.

This concludes the proof.

2.4 Computing N in Theorem 2.1.6

It is natural to ask if the number N and the number of points in Z in Theorem 2.1.6 can be
bounded. Bounding #Z leads us to look at the K-points of genus ě 2 curves that appear
in the preimages of ∆ Ď P1 ˆP1 under maps pf, fq with f P xSy. It is still an open problem
to bound the number of K-points on curves uniformly in terms of the number field K and
the genus of the curve [20]. Also, it is difficult to bound the number of K-points on a given
curve in general. So it is not an easy task to bound #Z. However, we can indeed get a
computable bound on N :
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Corollary 2.4.1. Adopt the notation from Theorem 2.1.6. There is a computable number
N0 P N depending on S such that we can take N “ N0 in the statement of Theorem 2.1.6.

Proof. Recall that in the proof of Theorem 2.1.6, we take N “ #Σ and Σ is the set of
irreducible curves different from ∆, having a Zariski dense set of K-points and living inside
the preimages of ∆ under elements of the form pf, fq with f P S. Let Σ1 Ď Σ be the subset
of Σ consisting of curves of genus 0 and then we will show that we can in fact take N
to be N0 “ #Σ1. Suppose there exists h1 and h2 as in the case p1q or p2q of Theorem
2.1.6 and h2 “ ϕk1 ˝ ¨ ¨ ¨ ˝ ϕ1, where k1 ą N0. Then there exists a curve C P Σ1 such that
ph2, h2qpCq “ ∆ (C is a line in p1q and conic in p2q according to the proof of Theorem 2.1.6).
We assume pϕk1´1˝¨ ¨ ¨˝ϕ1, ϕk1´1˝¨ ¨ ¨˝ϕ1qpCq ‰ ∆, otherwise we just take h2 “ ϕk1´1˝¨ ¨ ¨˝ϕ1.
Then there exists a sequence of curves tC0, . . . , Ck1´1u Ď Σ1 such that Ci´1 Ď pϕi, ϕiq

´1pCiq,
C0 “ C and Ck1 “ ∆, 0 ď i ď k1. The fact that all of these curves have to be genus 0 follows
from the genus estimation lemma [13, Proposition 4.1] saying that for any irreducible curve
C 1 over C and irreducible curve C2 Ď pf, fq´1pC 1q, f P S, genus of C2 is not less than genus
of C 1. So, if there is a curve Cj, 1 ă j ă k1, having genus greater than 0 in the middle of the
sequence, then C is of genus greater than 0, which is a contradiction. Since k1 ą N0, there
exists k1 ě m2 ą m1 ą k1´N0´1 such that pϕm2 ˝¨ ¨ ¨˝ϕm1`1, ϕm2 ˝¨ ¨ ¨˝ϕm1`1qpCm2q “ Cm2 ,
Cm2 “ Cm1 . Also, pϕk1 ˝ ¨ ¨ ¨ ˝ ϕm2`1, ϕk1 ˝ ¨ ¨ ¨ ˝ ϕm2`1qpCm2q “ ∆. Let

h1
1 “ ϕm2 ˝ ¨ ¨ ¨ ˝ ϕm1`1,

h1
2 “ ϕk1 ˝ ¨ ¨ ¨ ˝ ϕm2`1.

Then repeating the argument in the proof of Theorem 2.1.6 after the Claim 2.3.1 we have
h1
1, h

1
2 also satisfy the condition in p1q or p2q. Now suppose h2 is written as a composition

of no more than N0 elements in S while h1 is not. Then we replace h2 with h2 ˝ h1 and
repeat the argument above. Therefore, we proved that we can take N to be N0 and now
we just need to bound N0. Notice that we can obtain the set Σ1 explicitly by the following
procedures:

1. Let L “ t∆u.

2. For every curve C P L and f P S, factorize the defining equation of pf, fq´1pCq

(polynomials in two variables) over the algebraic closure of the field of coefficients.
We desingularize the curves defined by each factor and for each smooth curve obtained
we compute its genus and if genus is equal to 0 then check if it contains infinitely
many K-points. If yes, then record this curve (defined by an irreducible polynomial
in two variables) in L if it is not already in L.
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3. If there is no new curves added in L from step 2 then we stop and output L; otherwise,
we repeat step 2.

Notice that L Ď Σ1 Y t∆u and this process will stop eventually because we know Σ1 Ď Σ
is a finite set. Also, we remark that the algorithm for desingularization, factorization,
computing genus and testing if a genus 0 curve has infinitely many K-points are all known
(See implementations on Maple and also [71, Section 4.1]). Therefore, we can compute
#Σ1 “ #L ´ 1 and so is N0 “ #Σ1.

2.5 Proof of Theorem 2.1.1

In this section we give the proof of Theorem 2.1.1. Our first result shows that we can
reduce to the case when our maps all have degree ě 2.

Lemma 2.5.1. Let n ě 2 be a natural number and let f “ pf1, . . . , fnq : pP1qn Ñ pP1qn

be a split rational map defined over an algebraically closed characteristic zero field and
suppose that there exists a positive integer k P t1, . . . , n ´ 1u such that degpfiq ą 1 when
1 ď i ď k and degpfiq “ 1 when i ą k. If V is an irreducible subvariety of pP1qn that
is invariant under f then there exist subvarieties V1 Ď pP1qk and V2 Ď pP1qn´k such that
V “ V1ˆV2 and such that V1 is invariant under g1 “ pf1, . . . , fkq and V2 is invariant under
g2 “ pfk`1, . . . , fnq.

Proof. The proof is similar to [87, Proposition 3.14]. Let d denote the dimension of V and
let π1 : pP1qn Ñ pP1qk and π2 : pP1qn Ñ pP1qn´k be respectively the projection onto the
first k factors and the projection onto the last n ´ k factors.

Let Vi “ πipV q and di “ dimpViq for i “ 1, 2. Since V Ď V1 ˆ V2 we have d ď d1 ` d2
and d “ d1 ` d2 if and only if V “ V1 ˆ V2.

Thus we may assume without loss of generality that d ă d1 ` d2. We take α1 to be the
numerical class of the ample line bundle π˚

1OpP1qkp1, 1, . . . , 1q and α2 to be the numerical
class of the ample line bundle π˚

2OpP1qn´kp1, 1, . . . , 1q. Furthermore, we let βj denote the
numerical class of the line bundle p˚

jOP1p1q for each j P t1, 2, . . . , nu and pj : pP1qn Ñ P1

the projection onto the j-th coordinate. Then

α1 “ β1 ` ¨ ¨ ¨ ` βk, (2.5.1)

α2 “ βk`1 ` ¨ ¨ ¨ ` βn. (2.5.2)
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Notice that for any j P t0, 1, . . . , du, αj
1 ¨αd´j

2 ¨V ě 0 and it is positive if j “ d1 or d´j “ d2.
We denote I1 “ t1, 2, . . . , ku and I2 “ tk ` 1, . . . , nu from now on.

Since there are only finitely many collections of indices (allowing repetition) of size d´d2
contained in I1 and also only finitely many collections of indices (allowing repetition) of
size d2 which is inside I2, there exists a tr1, r2, . . . , rd´d2u Ď I1, and a te1, e2, . . . , ed2u Ď I2
such that

V ¨

d´d2
ź

t“1

βrt

d2
ź

l“1

βel ą 0,

and C “
śd´d2

t“1 crt , where ci “ degpfiq for i P I1, is the maximum in the set

#

ź

iPI 1

ci : V ¨
ź

iPI 1

βi
ź

vPJ 1

βv ą 0, I 1
Ď I1, J

1
Ď I2, |I

1
| “ d ´ d2, |J

1
| “ d2

+

.

We let V 1 be an irreducible subvariety of V X
Şd´d2

t“1 βrt of dimension d2 and here we abuse
notation to view βrt ’s as some suitable hypersurfaces in the numerical classes p˚

rtOP1p1q’s.
Then note that dimpπ1pV 1qq “ d1 ´ pd ´ d2q.

We have
V 1

¨ pα1q
d1´pd´d2q

¨ pα2q
d´d1 ą 0.

This implies that there exists collections of indices

tj1 “ r1, j2 “ r2, . . . , jd´d2 “ rd´d2 , jd´d2`1, . . . , jd1u Ď I1

and
tu1, u2, . . . , ud´d1u Ď I2

such that

V ¨

d1
ź

t“1

βjt

d´d1
ź

l“1

βul
ą 0. (2.5.3)

Notice that
d1
ź

t“1

cjt ą C (2.5.4)

by construction and Equation (2.5.3) implies that

V ¨ αd1
1 ¨ αd´d1

2 ą 0.
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Let u1, u2 P R. Then, we have

pdegpf |V qqpV ¨ pu1α1 ` u2α2q
d
q “ f˚pV q ¨ ppu1α1 ` u2α2q

d
q

“ V ¨ pu1pg1q
˚
pα1q ` u2pg2q

˚
pα2qq

d

“ V ¨

˜

u1

k
ÿ

i“1

ciβi ` u2

n
ÿ

i“k`1

ciβi

¸d

.

Now we compare the coefficients of the ud11 u
d´d1
2 and ud´d2

1 ud22 terms and we obtain that
for each positive integer m:

degpfm
|V qαd1

1 ¨ αd´d1
2 ¨ V “

˜

k
ÿ

i“1

cmi βi

¸d1

¨

˜

n
ÿ

i“k`1

cmi βi

¸d´d1

¨ V,

and

degpfm
|V qαd´d2

1 ¨ αd2
2 ¨ V “

˜

k
ÿ

i“1

cmi βi

¸d´d2

¨

˜

n
ÿ

i“k`1

cmi βi

¸d2

¨ V.

Therefore

degpfm
|V q “

˜

k
ÿ

i“1

cmi βi

¸d1

¨ αd´d1
2 ¨ V {

`

αd1
1 ¨ αd´d1

2 ¨ V
˘

(2.5.5)

and

degpfm
|V q “

˜

k
ÿ

i“1

cmi βi

¸d´d2

¨ αd2
2 ¨ V {

`

αd´d2
1 ¨ αd2

2 ¨ V
˘

, (2.5.6)

since ci “ 1 when i P I2,
αd1
1 ¨ αd´d1

2 ¨ V ą 0,

and
αd´d2
1 ¨ αd2

2 ¨ V ą 0.

Now, by (2.5.4) and Equation (2.5.5), we have

degpfm
|V q “ aMm

` opMm
q

27



for some positive integer a and M , such that M ą C ě
śd´d2

t“1 clt for all tl1, . . . , ld´d2u Ď I1
and tv1, . . . , vd2u Ď I2 with the property

d´d2
ź

t“1

βlt

d2
ź

s“1

βvs ¨ V ą 0.

On the other hand, Equation (2.5.6) gives that degpfm|V q “ OpCmq. This is a contra-
diction and so the result follows.

Lemma 2.5.1 allows us to reduce to the case that all maps fi in the statement of
Theorem 2.1.1 have degree at least two when proving the result, and we now consider this
restricted case. We begin with a result in which the maps are special.

Remark 2.5.2. We introduce the notation here to avoid confusion in the later discussion:
Let n,D P N and K be a field. For a quasi-projective variety W Ď pP1

Kqn defined over K
and a set L which is a union of the finite field extensions of K of degree not exceeding D,
which is not necessarily a field or a ring, we let W pLq denote the largest subset of points
in W pKq such that for every i P t1, 2, . . . , nu,

πipW pLqq Ď
ď

K1:K1ĎL

P1
K1 ,

where πi is the projection to the i-th factor and K 1 ranges in the set of field extensions of
K contained in L as a set. We call this set of points W pLq the L-points of W .

More concretely, after fixing a coordinate of W defined over K, we have W pLq is the
set of points px1, x2, . . . , xnq P W Ď pP1

K
qn such that xi P LYt8u, for each i P t1, 2, . . . , nu.

Moreover, we let L˚ denote the set Lzt0u.

Proposition 2.5.3. Let K be a number field, let n and D be positive integers that are at
least 2, and let K 1 be the union of all the finite field extensions of K of degree not greater
than D. Suppose that f “ pf1, . . . , fnq : pP1

Kqn Ñ pP1
Kqn is a split rational map defined

over K in which the fi’s all have the same degree d ě 2 and each fi is conjugate to either
x˘d or ˘Td for i P t1, 2, . . . , nu. If V Ă pP1qn is an irreducible f -invariant hypersurface
defined over K, then there exists a non-negative integer s0 such that

pf´s´1
pV qzf´s

pV qqpK 1
q “ H

for all s ě s0.
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Proof. We first enlarge our number field K to a larger number field so that each fi can
be conjugated to either x˘d or to ˘Td by a map vi P PGL2pKq and ti, eπi{4u Ď K. No-
tice that it is enough to prove the statement in this larger field. We henceforth assume
that K is a number field satisfying this condition. We can then perform a change of co-
ordinates and may assume without the loss of the generality that f is of the form f “

pf1px1q, . . . , fnpxnqq “ px˘d
1 , x˘d

2 , . . . , x˘d
k ,˘Tdpxk`1q, . . . ,˘Tdpxnqq for some k P t0, . . . , nu.

Let

µ “ px1, . . . , xk, pxk`1 ` x´1
k`1q{2, . . . , pxn ` x´1

n q{2q : pC˚
q
n

Ñ pP1
q
n,

and
G1

“ px˘d
1 , . . . , x˘d

k ,˘xdk`1, . . . ,˘x
d
nq : pC˚

q
n

Ñ pC˚
q
n

be such that µ ˝ G1 “ f ˝ µ. Then take

µ1
“ px1, . . . , xk, ξk`1xk`1, . . . , ξnxnq

and
G “ px˘d

1 , . . . , x˘d
k , xdk`1, . . . , x

d
nq,

where ξk`1, . . . , ξn are some roots of unity such that µ1 ˝ G “ G1 ˝ µ1. Enlarge K so that
tξk`1, . . . , ξnu Ď K and abuse notation from now on to let µ be µ ˝ µ1. So we have

µ ˝ G “ f ˝ µ.

Notice that further abusing notations by replacing G by G2 and f by f 2, we may let

G “ pxd1, . . . , x
d
k, x

d
k`1, . . . , x

d
nq

and
µ ˝ G “ f ˝ µ.

Now we prove the statement by induction on the dimension n. If n “ 1, then the
statement is certainly true as V is just a finite set of points. Now, we suppose it is true
when n ď n0 for some positive integer n0 and we want to show it is true when n “ n0 ` 1.
From now on, let n “ n0 ` 1. Let W be the preimage of V under µ, which is a subvariety
in pC˚qn. Since fpV q “ V , we have

GpW q Ď W.

Thus, there exists a subvariety W 1 Ď W such that GpW 1q “ W 1, after replacing f and G
by a suitable iterate, we have W Ď G´1pW 1q. Therefore, by [51, Lemma 10], we have W 1 is
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a finite union of translations of algebraic subgroups of pC˚qn. Notice that pξixi `ξ´1
i x´1

i q{2
maps t0,8u to t8u, for each i P tk ` 1, . . . , nu. Thus, we have

V 1
“ V zµpW q “

˜

n
ď

i“1

pV X Hiq

¸

Y

k
ď

i“1

pV X Piq,

where Hi is the hypersurface in pP1qn defined by having the i-th coordinate equals to 8

and Pi is the hypersurface with the i-th coordinate equals to 0. We write V 1 “
Ťk0

j“1 Vj for
some positive integer k0, where Vj’s are irreducible components of V XHi or V XPl for some
i P t1, 2, . . . , nu and l P t1, 2, . . . , ku. Also, fpV 1q “ V 1 because fpV q “ V , fpV 1q Ď V 1 and
fpµpW qq Ď µpW q as power maps take 0 or 8 to themselves and Chebyshev polynomials
take 8 to itself.

After replacing f by some iteration we may assume each Vj is invariant under f . Notice
that every irreducible component of V XHi or V X Pl has dimension at least n´ 2, if not
empty, for each i P t1, 2, . . . , nu and l P t1, 2, . . . , ku. Thus, after some reorderings of the
coordinates, each Vj projects onto either an irreducible hypersurface in pP1qn´1 or pP1qn´1

itself, denoted as V 1
j in both case, and projects to either 0 or 8 in the remaining P1 factor.

If V 1
j “ pP1qn´1, then its preimages under f restricted to pP1qn´1 is itself and there is

nothing to show, so from now on we assume V 1
j is an irreducible hypersurface. Also, V 1

j

is invariant under f 1
j, the restriction of f to the corresponding pP1qn´1 factors. Now the

induction hypothesis tells us that there exists non-negative integer s1
j such that

ppf 1
jq

´s´1
pV 1

j qzpf 1
jq

´s
pV 1

j qqpK 1
q “ H

for every s ě s1
j. But notice that this also implies

pf´s´1
pVjqzf´s

pVjqqpK 1
q “ H

for s ě s1
j, since preimages of t8, 0u under xd and preimages of 8 under ˘Td are just

themselves. Take s1
0 “ maxk0j“1 s

1
j.

Now we look at the preimages of V under µ. If this is empty, then V lives completely
inside some Hi or Pj for some i P t1, 2, . . . , nu and j P t1, 2, . . . , ku and, using arguments
above, we go to the induction steps. From now on, we assume that W “ µ´1pV q is not
empty. Notice that µ´1ppV zV 1qpK 1qq Ď W pLq, where L is the union of finite field extensions
of degree D ¨2n over K. Recall that W Ď G´1pW 1q and GpW 1q “ W 1. It is enough to show
that there exists a non-negative integer s1 such that for any x P pL˚qn, if Gspxq P W 1pLq for
some s ě 0, then Gs1pxq P W 1pLq. As, if this s1 exists and there still exists a y P pP1

K1q
n and

a s ą s1 such that f spyq P µpW qpK 1q but f s1pyq R µpW q, then for any x P µ´1pyq Ă pL˚qn,

Gs`1
pxq P Gpµ´1

pf s
pxqqq Ă GpW pLqq Ď W 1

pLq.
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This implies that Gs1pxq P W 1pLq. But we have Gs1pxq R W from f s1pyq R µpW q. This is
a contradiction.

Now, recall W 1 is a finite union of torsion translation of algebraic subgroups. It is
enough to prove for each torsion translation of algebraic subgroup separately. So, without
loss of generality, we assume

W 1
“ V pxr11 . . . x

rn
n ´ ϵq

where r1, . . . , rn are integers that are not all zero and ϵ is a torsion element such that ϵd “ ϵ.
Enlarge K, K 1 and L if necessary so that ϵ P K. Then L-points in preimages of W 1pLq

under iterates of G live in the union of V pxr11 . . . x
rn
n ´ ϵλq, where λ ranges over elements

which is dm-torsion for some non-negative integer m. Notice that if px1, . . . , xnq P pL˚qn,
then xi P Li where Li is a finite field extension of K such that rLi : Ks ď D ¨ 2n for each
i P t1, 2, . . . , nu. Therefore, λ P L1 “ L1L2 . . . Ln where L1 is a finite field extension of K
such that rL1 : Ks ď pD ¨ 2nqn. Therefore, λ is a root of unity such that

rQpλq : Qs ď pD ¨ 2nq
n

¨ rK : Qs.

We claim that

M “ tλ P Q : λd
m

“ 1, for some m P N`, rQpλq : Qs ď pD ¨ 2nq
n

¨ rK : Qsu

is a finite set. This is because the set of roots of unity of bounded degree is finite, which
is a special case of Northcott property, and M is a subset of it. Then we can take

s1 “ max
λPM

ordpλq,

where ordpλq is the minimum non-negative integer m such that λd
m

“ 1. Then for any
y P pL˚qn such that Gspyq P W 1pLq for some s ą s1, we have y P V pxr11 . . . x

rn
n ´ ϵλq for

some λ P M and thus Gs1pyq P W 1pLq. This will conclude the proof in this case.

To conclude, we take s0 “ maxps1
0, s1q. We have

pf´s´1
pV qzf´s

pV qqpK 1
q “ H

for any s ě s0.

Proposition 2.5.4. Let K be a number field, let n and D be positive integers that are at
least 2, and let K 1 be the union of all the finite field extensions of K of degree not greater
than D in some fixed algebraic closure of K. Suppose that f “ pf1, . . . , fnq : pP1

Kqn Ñ pP1
Kqn

is a split rational map defined over K in which the fi’s all have the same degree d ě 2 and
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each fi is a Lattès map for i P t1, 2, . . . , nu. If V Ă pP1qn is an irreducible f -invariant
hypersurface defined over K that projects dominantly onto any subset of n ´ 1 coordinate
axes, then exists a non-negative integer s0 such that

pf´s´1
pV qzf´s

pV qqpK 1
q “ H

for all s ě s0.

Proof. In this case, f “ pf1, f2, . . . , fnq where each fi is a Lattès map. We consider a
diagram:

E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ En E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ En

pP1qn pP1qn

G

π π

f

(2.5.7)

where G “ pg1, g2, . . . , gnq is also a split morphism on the abelian variety E1 ˆE2 ˆ¨ ¨ ¨ˆEn

and π “ pπ1, π2, . . . , πnq is a projection map such that each gi and πi satisfies fi ˝ πi “

πi ˝ gi by the fact that fi is a Lattès map. Let W “ π´1pV q, which is a subvariety in
E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ En. Since each πi has degree bounded by 6 [82, Proposition 6.37] and
we can enlarge K to a larger number field so that gi’s are defined over K, we replace K
by this larger number field. It is enough to show that L-points of W are stabilized under
preimages of G, for every finite field extension L of K of degree not greater than p6n ¨Dqn.
We have GpW q Ď W by construction and there exists a subvariety W 1 Ď W such that,
after replacing G and f by some suitable iterate, GpW 1q “ W 1 and GpW q Ď W 1. We
just need to show that there exists a non-negative integer s0 such that for any s ě s0 and
rL : Ks ď p6n ¨ Dqn,

pG´s´1
pW 1

qzG´s
pW 1

qqpLq “ H. (2.5.8)

This will imply that
pf´s´1

pV qzf´s
pV qqpKq “ H, (2.5.9)

since, if not, there exists x P pP1
Kqn such that f spxq P V pKq but f s0pxq R V pKq for some

s ą s0. Thus there exists a

y P π´1
pxq Ă pE1 ˆ E2 ˆ ¨ ¨ ¨ ˆ EnqpLq,

where L is a finite field extension of K of degree not greater than p6n ¨ Dqn, such that
Gs`1pyq P W 1pLq, but Gs0pyq R W so is not in W 1. This is a contradiction to (2.5.8).

Notice that it is enough to prove 2.5.8 for each irreducible component of W 1. From
now on we abuse notation and let W denote an arbitrary irreducible component of W 1.
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To prove the statement (2.5.8), we first consider W̃ which is a translation of W by some
K̄-point in E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ En such that W̃ is invariant under G̃, where G̃ is a group
homomorphism of the abelian variety with the property that G is the composition of G̃
with a suitable translation.

Then, by [44, Theorem 3.1], W̃ contains a Zariski dense set of preperiodic points of G̃.

Note that the preperiodic points of G̃ are torsion points in

E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ En

(see [44, Claim 3.2] and notice that G̃, G and f are polarizable). Therefore, we can apply
the classical Manin-Mumford conjecture (proved in [72, 73]) to get that W̃ is a translation
of some subabelian variety of E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ En and so is W . Thus G restricted to W is
an étale morphism and therefore we apply [13, Theorem 2.3] to conclude that there exists
a nonnegative integer s0 such that for any s ě s0 we have

pG´s´1
pW qzG´s

pW qqpLq “ H, (2.5.10)

for any finite field extension L of K of degree not greater than p6n ¨ Dqn.

Lemma 2.5.5. Let V be an irreducible hypersurface in pP1qn that projects dominantly onto
every subset of n ´ 1 coordinate axes. Let f “ pf1, . . . , fnq be a split rational map with
degpfiq ą 1 for all 1 ď i ď n. If fpV q “ V then degpf1q “ degpf2q “ ¨ ¨ ¨ “ degpfnq.

Proof. We consider for each i P t1, 2, . . . , nu the following diagram:

V V

pP1qn pP1qn

pP1qn´1 pP1qn´1

f |V

ι ι

f

πi πi

gi

(2.5.11)

where ι : V Ñ pP1qn is the natural embedding, πi is the projection to the n´1 coordinates
excluding the i-th coordinate, and

gi “ pf1, f2, . . . , fi´1, fi`1, . . . , fnq,

33



i.e., we skip the i-th index and so gi : pP1qn´1 Ñ pP1qn´1. Since πi ˝ ι is a finite morphism
by the assumption that V projects dominantly onto every subset of n´ 1 coordinate axes,
we have

degpf |V q “ degpgiq “
ź

jPIi

degpfjq,

where Ii “ t1, 2, . . . , i ´ 1, i ` 1, . . . , nu. Since this argument and equation hold for each
i P t1, 2, . . . , nu, we have

ź

jPIi

degpfjq “
ź

jPIk

degpfjq

for any i, k P t1, 2, . . . , nu. This implies that degpfiq “ degpfkq for any pair of i, k in
t1, 2, . . . , nu.

Lemma 2.5.6. In the case where the degrees of f1, . . . , fn are all at least two, it is enough
to prove Theorem 2.1.1 with the additional assumption that V is an irreducible hypersurface
of dimension not less than 1 that projects dominantly onto every subset of n´ 1 coordinate
axes in pP1qn.

Proof. The idea is the same as in [42, Proposition 2.1]. We assume throughout this proof
that we have the hypotheses of Theorem 2.1.1 and that the maps f1, . . . , fn all have degree
ě 2.

We use induction on the dimension of V . If dimpV q “ 0, then V is a finite set of
points and Theorem 2.1.1 is true since the preimages of K-points in V live inside a set
of K-points of bounded height. Now suppose that the conclusion to Theorem 2.1.1 holds
when dimpV q ă D, we prove the case that dimpV q “ D. Notice that it is enough to prove
that the conclusion to Theorem 2.1.1 holds for each irreducible component of V separately
after replacing f by a suitable iterate.

Thus we assume that V is irreducible. Then there exist D coordinate axes such that
the projection π of V onto these axes is dominant.

Without loss of generality, we assume that they are the firstD coordinates and for j ą D
we let πj denote the projection from V to the coordinate axes indexed by t1, . . . , D, ju.

Therefore πjpV q is a hypersurface in pP1qD`1 and also

Hj :“ πjpV q ˆ pP1
q
n´D´1

is a hypersurface in pP1qn. Now we claim that V is a component of
Şn

j“D`1Hj. No-

tice that dim
´

Şn
j“D`1Hj

¯

ě D and V Ă
Şn

j“D`1Hj. So we just need to show that

dim
´

Şn
j“D`1Hj

¯

“ D.
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Since πjpV q projects dominantly onto the first D coordinate axes, there exists a Zariski
open subset U Ă pP1qD such that for each

α “ pα1, . . . , αDq P U

there exists a finite set Sα,j such that if pα1, . . . , αnq P Hj and pα1, . . . , αDq P πpV q then
αj P Sα,j. This is saying for each α P U there are only finitely many points in

Şn
j“D`1Hj

such that the first D coordinates are equal to α. Therefore, dim
´

Şn
j“D`1Hj

¯

“ D and V

is a component of
Şn

j“D`1Hj. Notice that since fpV q “ V , we also have fpHjq “ Hj.

We claim that if for each Hj, we have the statement of Theorem 2.1.1 holds, then
certainly it holds for V . To prove the claim, we first notice that there exists a subvariety

H Ď
Şn

j“D`1Hj containing V such that fpHq “ H and f
´

Şn
j“D`1Hj

¯

“ H if we replace

f by some iterate. We denote V1, . . . , Vk as the irreducible components of H of dimension
D and without loss of generality assume that V “ V1 and fpViq “ Vi for each i P t1, . . . , ku

by replacing f with suitable iterates. Assume that the conclusion to Theorem 2.1.1 holds
for each Hj. Then there exist non-negative integers sj such that each x P pP1

Kqn satisfies
f spxq P HjpKq for some non-negative integer s, and we have f sjpxq P HjpKq for each
D ` 1 ď j ď n.

Now for each x P pP1
Kqn such that f spxq P V pKq for some non-negative integer s, we

have certainly f spxq P HjpKq for each D` 1 ď j ď n. Thus letting s1
0 denote the quantity

maxD`1ďjďntsju, we have f s1
0pxq P

Şn
j“D`1HjpKq and f s1

0`1pxq P H. If f s1
0`1pxq R V

then f s1
0`1pxq P Vi for some i P t2, . . . , ku such that f spxq P V X Vi. Since fpV q “ V

and fpViq “ Vi, we have fpV X Viq Ď pV X Viq and there exists V 1 Ď V X Vi such that
fpV X Viq “ V 1 and fpV 1q “ V 1 after further replacing f by a suitable iterate. Notice that
dimpV 1q ă D and x is in the preimages of V 1 under f . By the induction hypothesis, there
exists a positive integer s1

1 such that pf´s1
1´1pV 1qzf´s1

1pV qqpKq “ H. Therefore, taking
s0 “ maxts1

1, s
1
0 ` 1u, we have f s0pxq P V pKq. We proved that it is enough to prove that

the conclusion to Theorem 2.1.1 holds for each Hj.

Now for each Hj, it is equivalent to prove the statement of Theorem 2.1.1 for πjpV q Ă

pP1qD`1 which is an irreducible hypersurface invariant under f 1 “ pf1, . . . , fDq and project-
ing dominantly onto first D coordinate axes. We claim that, after reordering coordinate
axes, we have πjpV q “ Wj ˆpP1qmj for some 0 ď mj ď D, whereWj Ď pP1qD`1´mj projects
dominantly onto any subset of D ´ mj coordinate axes. This can be proved by induction
and the base case is that D “ 1 and in this case πjpV q either projects dominantly onto
any P1 factors or it is Wj ˆP1, after reordering coordinate axes, where Wj is a finite set of
points. Now, assuming the claim is true for D “ D0, D0 ě 1 is a positive integer, we prove
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it for D “ D0 ` 1. If there exists D subset of coordinate axes such that the projection,
π1pπjpV qq, onto those axes is not dominant and denote π2 as the projection onto the other
P1 factor, then dimpπ1pπjpV qqq “ D ´ 1 since we have

dimpπjpV qq ď dimpπ1pπjpV qqq ` dimpπ2pπjpV qqq. (2.5.12)

So dimpπ2pπjpV qqq “ 1, which implies π2pπjpV qq “ P1. Then the equality actually holds
in (2.5.12) and we have πjpV q “ π1pπjpV qq ˆ P1. Applying the induction hypothesis on
π1pπjpV qq concludes the proof of the claim.

Recall, we have already shown that it is equivalent to prove the statement of Theorem
2.1.1 for πjpV q. By the claim, proving for πjpV q is also equivalent to proving for Wj which
is an irreducible hypersurface in pP1qD`1´mj invariant under f2 “ pf1, . . . , fD`1´mj

q, after
reordering coordinate axes, and projects dominantly onto any subset of D´mj coordinate
axes.

Proposition 2.5.7. Let K be a finitely generated field extension of Q, let D be a positive
integer and let L be the union of the finite extensions of K of degree less than or equal to
D. Let f : P1

K Ñ P1
K be a surjective morphism of degree greater than 1 defined over K.

Then there exists a positive integer N such that if a, b P P1pLq satisfy fnpaq “ fnpbq for
some n ě 0, then fNpaq “ fNpbq.

Proof. [13, Theorem 3.1] proves this for L a number field. But the proof still works if
we have L as above. The only changes to the proof that are needed are that instead of
embedding L into Qp for a suitable prime p directly such that, after embedding, f P Zprrxss,
we embed K into Qp for a suitable prime p such that f P Zprrxss. Then L is naturally
embedded as a set in the union of the finite field extensions ofQp of degree less or equal toD
which is inside Qp. Denote such an embedding map as ι. Since there are only finitely many
finite extensions of Qp of degree bounded by D2, we can perform the argument separately
for each finite extension K 1

v of Qp of degree bounded by D2 to obtain a corresponding
N and assume ιpaq, ιpbq P K 1

v. In the end we simply take the maximum of these N ’s
corresponding to each K 1

v.

Notice that the key ingredient of the proof of [13, Theorem 3.1] is the p-adic uniformiza-
tion which works over Cp and thus it can be applied here without changes. Also, in the
proof [13, Theorem 3.1], N is only depending on f and the least common multiple of the
orders of roots of unity in a finite extension of Qp of degree bounded by degpfq which is a
finite set. And now, we only need to take it to be depending on f and a positive integer
M—the least common multiple of orders of roots of unity in a finite extension of K 1

v of
degree bounded by degpfq. Notice that this is doable since the set of roots of unity in Qp
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such that their degrees over Qp are all bounded by a constant is also finite [13, Proposition
3.6(3)] and the finite extension of K 1

v is also a finite extension of Qp of degree bounded by
degpfqD2. Thus, the proof follows just as in [13, Theorem 3.1].

Proof of Theorem 2.1.1 in the case when degpf1q, . . . , degpfnq ě 2. Notice that by Lemma
2.5.6, it is enough to prove the statement with the assumption that V is an irreducible
hypersurface projecting dominantly onto any subset of pn ´ 1q coordinate axes in pP1qn.
Since fpV q “ V , we have that V contains a Zariski dense set of preperiodic points of f
[31, Theorem 5.1]. Therefore, by [42, Theorem 2.2], we have if n ą 2 then

1. either f1, . . . , . . . fn are all Lattès maps;

2. or fi’s are all conjugated to x˘di or ˘Tdi , where Tdi ’s are Chebyshev polynomials of
degree di “ degpfiq.

Notice that by Lemma 2.5.5 in both cases d1 “ d2 “ ¨ ¨ ¨ “ dn. If n “ 2, then by the proof
of [42, Theorem 1.3] we have either f1, f2 are both Lattès maps or neither of them is. So
overall we have three separate cases to show:

1. n “ 2, f1 and f2 are not Lattès maps;

2. n ą 2, fi’s are conjugated to either x˘d or ˘Td for some d ą 1;

3. fi’s are all Lattès maps.

Case (2) is implied by Proposition 2.5.3 and Case (3) is implied by Proposition 2.5.4.
We are left to prove case (1): By [68, Corollary 4.5] and [68, Remark 4.3], we have that
there exists rational functions U1, U2 and F defined over K such that

U1 ˝ F “ f1 ˝ U1,

U2 ˝ F “ f2 ˝ U2

and W1 “ pU1, U2q´1pV q is a subvariety such that pF, F qpW1q Ď W1 and it contains an
irreducible component V 1 Ď W such that pF, F qpV 1q “ V 1 and pF, F qpW1q Ď V 1 after
replacing F , f1 and f2 by some suitable iterate. Also by replacing K with some larger
number field, we assume U1, U2 and F are defined over K. Let K 1 be the union of the
finite field extensions of K, whose degree is bounded by degpU1q2 “ degpU2q

2 of K. It is
enough to show that there exists a positive integer s0 such that

ppF, F q
´s´1

pV 1
qzpF, F q

´s
pV 1

qqpK 1
q “ H
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for any integer s ě s0.

Now if F is Lattès map or is conjugate to either a power map or a Chebyshev polynomial
or its negative, we obtain the result from Proposition 2.5.3 and Proposition 2.5.4 separately.
So, we assume F is not a Lattès map nor conjugate to either a power map or a Chebyshev
polynomial or its negative. Then by [68, Theorem 4.15], we have there exists rational
functions U3, U4, F1 and F2 over C such that

U3 ˝ F1 “ F ˝ U3,

U4 ˝ F2 “ F ˝ U4

and W “ pU3, U4q´1pW1q is a subvariety such that pF1, F2qpW q Ď W and it contains a
subvariety W 1 such that pF1, F2qpW 1q “ W 1 after replacing F1, F2, f1, f2 and F by a
suitable iterate. Furthermore, F1 and F2 are not generalized Lattès maps by the Theorem.

Now let τ1 “ U1 ˝ U3 and τ2 “ U2 ˝ U4 and replace K by a finitely generated field
extension of K such that τ1, τ2, F1 and F2 are all defined over K. After replacing F and
F1, F2 with a suitable iterate and abusing notation to letW be some irreducible component
of W 1, we may assume pF1, F2qpW q “ W . Let L be the union of the finite field extensions
of K of degree bounded by degpτ1q

2 “ degpτ2q
2. Similarly, it is enough to show that there

exists a positive integer s0 such that

ppF1, F2q
´s´1

pW qzpF1, F2q
´s

pW qqpLq “ H

for all integers s ě s0.

In this case, we use [68, Theorem 1.1] and we get that there exists rational functions
X1, X2, Y1, Y2 and B such that there exists some positive integer d such that

F d
1 “ X1 ˝ Y1 (2.5.13)

F d
2 “ X2 ˝ Y2 (2.5.14)

Bd
“ Y1 ˝ X1 “ Y2 ˝ X2, (2.5.15)

W Ď pY1, Y2q
´1p∆q and also pF d

1 , F
d
2 qppY1, Y2q´1p∆qq “ W .

Enlarging K by adjoining the coefficients of X1, Y1, X2 and Y2 and abusing the notation
to let K denote this larger field and L be the union of the finite field extensions of degree
bounded by deg2pτ1q “ deg2pτ2q of K.

Now it is enough to show that there exists a non-negative integer s0 such that for any
s ě s0,

ppF1, F2q
p´s´1qd

pW qzpF1, F2q
´sd

pW qqpLq “ H. (2.5.16)
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We claim that to prove the above, it suffices to show that there exists s0 such that for any
s ě s0

ppF1, F2q
dp´s´1q

ppY1, Y2q
´1

p∆qqzpF1, F2q
´ds

ppY1, Y2q
´1

p∆qqqpLq “ H. (2.5.17)

To see this, suppose there exists s1
0 such that for any s ě s1

0 Equation (2.5.17) holds. If there
exists a non-negative integer s ą s1

0 and a x P pP1 ˆP1qpLq such that pF1, F2q
sdpxq P W pLq

but pF1, F2q
s1
0dpxq R W , then

pF1, F2q
s1
0dpxq P pY1, Y2q

´1
p∆qzW

by Equation (2.5.17). Thus pF1, F2qps1
0`1qdpxq P W . Therefore, take s0 “ s1

0 ` 1, we have
for any s ě s0

ppF1, F2q
p´s´1qd

pW qzpF1, F2q
´sd

pW qqpLq “ H.

Thus, it is enough to show that there exists s0 such that for any s ě s0

ppF1, F2q
dp´s´1q

ppY1, Y2q
´1

p∆qqzpF1, F2q
´ds

ppY1, Y2q
´1

p∆qqqpLq “ H (2.5.18)

which is equivalent to, by Equation (2.5.13), (2.5.14) and (2.5.15),

ppY1, Y2q
´1

ppBd, Bd
q

´s´1
p∆qzpBd, Bd

q
´s

p∆qqqpLq “ H. (2.5.19)

Since, again, Y1, Y2 are defined over K, it is enough to show

ppBd, Bd
q

´s´1
p∆qzpBd, Bd

q
´s

p∆qqpLq “ H. (2.5.20)

Notice that if there exists a non-negative integer s0 such that for any non-negative
integer s and any x, y P P1pLq, we have

Bds
pxq “ Bds

pyq (2.5.21)

implies
Bds0pxq “ Bds0pyq, (2.5.22)

then Equation (2.5.20) holds for s ě s0. While this is proved by Proposition 2.5.7. The
result follows.
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Proof of Theorem 2.1.1 in the general case. By replacing f by some suitable iterate, we
have that each irreducible component of V is also an invariant subvariety of f . It is
enough to prove the theorem for each irreducible component of V , so we assume that V is
irreducible.

If there doesn’t exist fi such that degpfiq “ 1, for i P t1, . . . , nu, then the statement
has been proved. Thus we may assume that at least one fi is an automorphism. We
reorder the coordinates so that there exists a positive integer k P t2, . . . , n ´ 1u such that
degpfiq ą 1 when i ď k and degpfiq “ 1 when i ą k. Now Lemma 2.5.1 implies that
V “ V1 ˆ V2, where V1 Ď pP1qk, V2 Ď pP1qn´k such that g1pV1q “ V1 and g2pV2q “ V2,
where g1 “ pf1, . . . , fkq and g2 “ pfk`1, . . . , fnq. Notice that g´1

2 pV2q “ V2 and there exists
a non-negative integer s0 such that pg´s´1

1 pV1qzg´s
1 pV1qqpKq “ H for all s ě s0, since we

have established Theorem 2.1.1 in the case when the maps all have degree ě 2. Thus, or
any non-negative integer s ě s0,

pf´s´1
pV qzf´s

pV qqpKq

“ pg´s´1
1 pV1qzg´s

1 pV1qqpKq ˆ pg´s´1
2 pV2qzg´s

2 pV2qqpKq “ H.

The result follows.
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Chapter 3

A finiteness result for common zeros
of iterates of rational functions

3.1 Introduction

3.1.1 Historical background.

Bugeaud, Corvaja, and Zannier [18] provided an upper bound on the greatest common
divisor (GCD) of two integer sequences using tools from Diophantine approximation. More
precisely, they showed that for any multiplicatively independent integers a, b ě 2 and for
any ϵ ą 0, one has

gcdpan ´ 1, bn ´ 1q ă exppϵnq

for sufficiently large n ě 1.
In 2004, Ailon and Rudnick [1] obtained the first instance of a GCD-type result over a

function field of characteristic 0. In fact, they proved that for any nonconstant multiplica-
tively independent polynomials a, b P Crxs there exists a polynomial h P Crxs such that
gcdpan ´ 1, bn ´ 1q|h for all n ě 1. Ostafe [65] pointed out that the result of Ailon-Rudnick
holds generally for any pair pm,nq P N ˆ N. Ostafe also provided an upper bound on the
degree of gcdpam ´ 1, bn ´ 1q in terms of degrees of a and b.

There are many generalizations and extensions of GCD-type results in various contexts,
see for example [22], [39], [36], [47], [48], [53], [57], [58], [79], [80], [81] and [90].

Motivated by taking multiplicative powers of polynomials, one can study GCD-type re-
sults of iterates of rational functions. Let fpxq P Cpxq be a rational function with complex
coefficients. Here and in what follows, fn denotes the n-fold composition of f with itself.

41



Definition 3.1.1. Two rational functions f and g are said to be compositionally indepen-
dent if there exist positive integers i1, ..., is, j1, ..., js, l1, ..., lt,m1, ...,mt such that

f i1 ˝ gj1 ˝ ¨ ¨ ¨ ˝ f is ˝ gjs “ f l1 ˝ gm1 ˝ ¨ ¨ ¨ ˝ f lt ˝ gmt

then s “ t and ik “ lk, jk “ mk for 1 ď k ď s. In other words, the semigroup generated by
f and g under composition is isomorphic to the free semigroup of two generators.

Hsia and Tucker [52] first addressed the question posed by Ostafe [65, §4.2] in dynamical
setting. Under suitable compositional assumptions, they showed that for any polynomial
maps f, g of degree ě 2 with complex coefficients and cpxq P Crxs there are only finitely
many irreducible factors of

gcdpfm
pxq ´ cpxq, gnpxq ´ cpxqq

for some positive integers m and n (cf. [52, Theorem 1]). Interestingly, Theorem 2 in [52]
can be viewed as a compositional analog result of Ailon-Rudnick for linear polynomials.
However, for nonlinear polynomials, their result holds conditionally on the assumption that
cpxq is not a complex constant which is in ramified cycle of both f and g (cf. [52, Theorem
4]).

3.1.2 Statement of main results.

In this article, we answer the following question posed by Hsia and Tucker.

Question 3.1.2. [52, Question 18] Let f, g be two nonconstant, compositionally inde-
pendent rational functions with complex coefficients. Let c be any rational function with
complex coefficients. Is it true that there must be at most finitely many λ P C such that
fnpλq “ gnpλq “ cpλq for some positive integer n?

It turns out that Question 3.1.2 is not true in general. This can be seen from the
counter-examples provided in Remark (3.3.5),(3.3.6), (3.3.7), (3.3.8) and (3.3.9).

However, after excluding these families of rational functions f and g, we obtain a
finiteness result of common zeros of iterated rational functions in a similar spirit to Question
3.1.2. More precisely, we state our main results as follows.
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Theorem 3.1.3. Let fpXq, gpXq be automorphisms on P1 defined over C and cpXq be
a rational function defined over C. If the semigroup generated by fpXq and gpXq under
compositions is free, then there are only finitely many λ P C such that

fn
pλq “ gnpλq “ cpλq (3.1.1)

for some positive integer n unless fpXq, gpXq are simultaneously conjugated by an auto-
morphism on P1pCq to one of the following:

1. αX `β, X{pγX ` δq, with some α, δ, γ, β P C˚ such that one of α{δ and αδ is a root
of unity;

2. αX `β, δX ` γ, with some α, δ P C˚ such that α and δ are not roots of unity, γ and
β are not both 0, and either α{δ is a root of unity other than 1 or one of α2{δ and
δ2{α is a root of unity.

When at most one of rational functions f and g is of degree one, we can relax some
conditions on pm,nq P N ˆ N. Also, the finiteness result on the number of zeros of both
equations fmpxq ´ cpxq “ 0 and gnpxq ´ cpxq “ 0 holds under natural assumptions. This
is reminiscent of polynomial maps’ counterpart (cf. [52, Theorem 1]).

Theorem 3.1.4. Let f and g be two compositionally independent rational functions with
complex coefficients, at least one of which has degree greater than one. Suppose that cpxq P

Cpxq is not a compositional power of f or g. Then there are only finitely many λ P C such
that

fm
pλq “ gnpλq “ cpλq

for some positive integers m and n.

Notice that the same statement allowing distinct n and m for the case that f and g are
both automorphisms on P1pCq doesn’t hold. There is a counter-example in the beginning
of Section 3 of [52].

3.1.3 Proof strategy.

Hsia and Tucker [52] combine various tools and techniques from Diophantine geometry,
complex dynamics, and number theory. Our approach is akin to their method. There are
technical difficulties to overcome for rational functions. We briefly explain our ideas of
proving Theorem 3.1.3 and Theorem 3.1.4.
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For automorphisms f and g defined over Q, we heavily hinge on tools from Diophantine
geometry (e.g., Roth’s theorem, Siegel’s theorem, and S-unit theorem). After excluding
suitable f, g (see §3.1.2), we show that f and g must share a common fixed point (see
Lemma 3.3.1). Then we dynamically conjugate by moving such a fixed point to 8, we
may assume that fpxq “ αx ` β and gpxq “ δx ` γ with α, β, γ, δ P Q˚

. We break our
computation into several cases depending on whether α and δ is a root of unity to show
that if there are infinitely many solutions to

fn
pxq “ gnpxq “ cpxq

where cpxq is any rational function with complex coefficients, then f and g are not com-
positionally independent. In other words, the semigroup generated by f and g under
composition is not free (see Theorem 3.3.4). Using specialization argument, we obtain the
desired result over C.

When exactly one of rational functions f, g P Cpxq has degree greater than one, the
proof follows verbatim in the polynomial maps setting as a consequence of Northcott’s
property explained in [52, Proposition 9].

In the case both rational functions f, g P Cpxq are of degree greater than 1 and
cpxq P Cpxq. Under suitable compositional assumptions, we show that the infinite sequence
of solutions to

fmipxiq “ gnipxiq “ cpxiq

as i Ñ `8 (so m,n Ñ `8) form a sequence of small dynamical height (Lemma 3.4.1).
We, then, apply the arithmetic equidistribution theorem of small points (in reminiscence
of [6], [5], [37], [38], and [70]) to deduce that dynamical height attached to f and g must
be identical (Proposition 3.4.2) and hence f and g must share the same set of preperiodic
points (i.e., points of finite forward orbit under iteration). Unlike polynomial maps setting,
one cannot appeal to the classification of polynomials with the same Julia set of [3] and
[77]. Alternatively, we apply the Tits alternative for rational functions of [12] to deduce
that f and g are not compositionally independent.

3.2 Preliminaries

3.2.1 Absolute values over global fields.

Here and throughout this section,K denote a global field (unless otherwise stated) equipped
with a set of inequivalent absolute values (places) satisfying the product formula. For ex-
ample, K could be a number field or a function field of positive transcendence degree over
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another field k. It was pointed out in [2] that a global field which has an archimedean
place must be a number field.

If K is a number field, we let MK to be the set of all absolute values of K which ex-
tends the absolute values of Q. If K is a function field of finite transcendence degree m ě 1
defined over a field k, then MK is the set of all absolute values on K associated to the irre-
ducible hypersurfaces of the projective space Pm

k (whose function field is K 1 :“ kpt1, ..., tmq

where t1, .., tm are algebraically independent–over k–functions in K). Thus there exist
Nv ě 1 such that the product formula

ś

vPMK
|x|Nv

v “ 1 holds for any nonzero x P K. (see
[16] and [56]).

Let Kv be the completion of K with respect to absolute value | ¨ |v. Then Cv is the
completion of the algebraic closure of Kv and it is algebraically closed and complete. Note
that, by abuse notation, we still denote the absolute value on Cv which extends uniquely
from | ¨ |v on K by | ¨ |v.

Remark 3.2.1. When there is no confusion, we will simplify the notation to use | ¨ | to
denote the usual Archimedean norm on K.

3.2.2 Dynamical height and preperiodic points.

Let S be the finite set of Galois conjugates GalpK{Kq ¨ x of x in P1pKq. Then we define
the Weil height h : P1pKq Ñ r0,`8q by

hpxq :“
1

|S|

ÿ

xPS

ÿ

vPMK

Nv logmaxt1, |x|vu.

In light of Baker-Rumely’s construction [8, §7.9], our Weil height is defined as the average
over Galois conjugate of points in K. It was pointed out that this definition does not
depend on the choice of embedding K ãÑ Cv as S is Galois stable subset of P1pKq.

Let f be a rational function defined over a global field K of degree ě 2. Then the
Call-Silverman canonical height ĥf : P1pKq Ñ r0,`8q is defined by

ĥf pxq “ lim
nÑ8

1

pdeg fqn
hpfn

pxqq.

We record important properties of Weil height and dynamical canonical height as follows.

Proposition 3.2.2. ([82, §3], [19]) Let f , h and ĥf be as above. Then

(i) hpfpxqq “ pdeg fqhpxq ` Op1q.
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(ii) ĥf pxq “ hpxq ` Op1q.

(iii) ĥf pfpxqq “ pdeg fqĥf pxq.

Over a number field, dynamical height is used to detect preperiodic points in the fol-
lowing sense.

Proposition 3.2.3. ([82, Theorem 3.22]) Let fpxq P Kpxq be a rational function of degree
ě 2 defined over a number field K. Then x P P1pKq is f -preperiodic if and only if ĥf pxq “ 0.

The situation is different over function field. The dynamical height of a function defined
on a function field (over an infinite field) fails to properly detect preperiodic points. As an
interesting example shown by Benedetto [14], we consider fpxq “ x2 P Krxs defined over a
function field K “ QpT q of transcendence degree 1 with constant field Q. Notice that all
points in P1pQq have dynamical height zero but 0,8 and roots of unity in Q are the only
f -preperiodic points. In fact, f is defined over the constant field of K.

Recall that a rational function fpxq P Kpxq defined over a function field K is called
isotrivial if there exists a finite extensionK 1{K and a Möbius transformation ϕ P PGLp2, K 1q

such that ϕ´1 ˝ f ˝ ϕ defined over the constant field of K 1. More related results, see [4],
[14], and [69].

After excluding maps with isotriviality, the dynamical height works as expected. The
following result is due to Benedetto (for polynomial maps) and Baker (for rational func-
tions) over P1.

Theorem 3.2.4. ([4], [14]) Let fpxq P Kpxq be a rational function of degree ě 2 defined
over a function field K. Suppose that f is not isotrivial. Then x P P1pKq is f -preperiodic
if and only if ĥf pxq “ 0.

3.2.3 Arakelov-Green’s function.

The dynamical height associated to rational functions can be decomposed in terms of
Arakelov-Green’s function. We follow the construction in Baker-Rumely [8, §10.3]. Suppose
that f P Kpxq is a rational function of degree ě 2 defined over a global field K. The v-adic
Arakelov-Green’s function of f is a function

Gf,v : P1
Berk,v ˆ P1

Berk,v Ñ R Y t8u

which is symmetric, finite and continuous off the diagonal in P1pCvq ˆP1pCvq. Here P1
Berk,v

is the Berkovich projective line, we refer the reader to [15] and [8] for detailed exposition.
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For each y P P1
Berk,v, the function Gf,vpx, yq is bounded differential variation on P1

Berk,v and
it satisfies the differential equation

∆xGf,vpx, yq “ µf,vpxq ´ δypxq (3.2.1)

where µf,v is the equilibrium measure characterized by f˚pµf,vq “ pdeg fqµf,v and Gf,v is
normalized so that

ĳ

P1
Berk,vˆP1

Berk,v

Gf,vpx, yqdµf,vpxqdµf,vpyq “ 0.

Our Laplacian is the negative of the one introduced by Baker-Rumely [7, §3.5]. For any
x, y P P1pKq such that x ‰ y, we have

ĥf pxq ` ĥf pyq “
ÿ

vPMK

NvGf,vpx, yq

where the positive number Nv is the same normalization as appeared in the product for-
mula.

3.2.4 Results from Diophantine geometry.

Here we collect some Diophantine geometry results that will be used in the proof.

Theorem 3.2.5. [30, Theorem 6.1.3] Let K be a field of characteristic 0, let n ě 2, let
a1, . . . , an P K˚ and let Γ be a subgroup of pK˚qn of finite rank r. Then the number of
non-degenerate solutions of

a1x1 ` a2x2 ` ¨ ¨ ¨ ` anxn “ 1

in px1, x2, . . . , xnq P Γ is finite.

Remark 3.2.6. We call a solution to the equation a1x1 ` a2x2 ` ¨ ¨ ¨ ` anxn “ 1 like above
non-degenerate if

ÿ

iPI

aixi ‰ 0

for any proper subset I Ă t1, 2, . . . , nu.
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3.2.5 The Ping-Pong Lemma

Lemma 3.2.7. Let G be a group of maps under compositions. Let S “ xf1, . . . , fry, r ě 2
and fi P G, for i P t1, 2, . . . , ru, be a semigroup of G. If there exists a collection of non-
empty mutually non-intersecting sets I1, . . . , Ir such that fip

Ťr
j“1 Ijq “ Ii for all 1 ď i ď r,

then S is a free semigroup of rank r with free basis f1, . . . , fr.

Proof. This is basically the Ping-Pong Lemma stated in [55, The Ping-Pong Lemma]. The
only difference is that it is stated for G being the group of affine linear maps on R. However
the proof doesn’t rely on this assumption.

3.2.6 Asymptotic notation

We clarify the asymptotic notation here:

Definition 3.2.8. Consider two functions fpnq and gpnq with n P N and take values in C.
We define the asymptotic notation when n goes large as follows:

1. We write fpnq „ gpnq if there exists a non-zero constant k P C such that

lim
nÑ8

fpnq{gpnq “ k;

2. We write fpnq “ opgpnqq if
lim
nÑ8

fpnq{gpnq “ 0;

3. We write fpnq “ Opgpnqq if

lim sup
nÑ8

fpnq{gpnq ă 8.

Furthermore, for two functions fpZq and gpZq take values in C with Z P C. We define the
asymptotic notation when Z is close to 0 similarly as above but taking limits with respect
to Z Ñ 0.
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3.3 Proof of Theorem 3.1.3

Lemma 3.3.1. Let fpXq, gpXq be automorphisms on P1 defined over C and cpXq be a
rational function defined over C. If there are infinitely many n P N such that

cpXq “ fn
pXq “ gnpXq (3.3.1)

has solutions, then f and g share a common fixed point unless fpXq, gpXq are simultane-
ously conjugated to αX ` β, X{pγX ` δq respectively, with some α, δ, β, γ P C˚, such that
at least one of the following conditions is satisfied:

1. at least one of α, δ is a root of unity other than 1;

2. one of α{δ and αδ is a root of unity.

Remark 3.3.2. We record important notes in order:

(i) For the rest of the discussion, we will use the notation cpXq “ ApXq{BpXq for a pair
of coprime ApXq, BpXq P CrXs.

(ii) Recall that the field of Puiseux series with complex coefficients C is defined as the
union

PpZq :“
ď

ně1

CppZ1{n
qq “

#

8
ÿ

m“m0

cmZ
m{n : cm P C,m0 P Z, n ě 1

+

of the fields of Laurent series in (indeterminate) Z1{n. Then we define valZ on
PpZqzt0u by letting

valZpF q “ min
!m

n
: cm ‰ 0

)

for F P PpZqzt0u. For example, valZpZ3 ´ 2Z5q “ 3.

Proof. Suppose f and g don’t share a fixed point, otherwise we have nothing to prove.
After conjugation, we assume that

fpXq “ αX ` β,

gpXq “
X

γX ` δ
.
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Notice that if γ or β is zero, then certainly fpXq and gpXq share a common fixed point.
So we assume β ,γ are non-zero. We also have that α and δ are non-zero as otherwise it
will result in a constant map. We break the discussion into two cases depending on α and δ.

Case I. Suppose α is not a root of unity and δ “ 1.

Lemma 3.3.3. There are only finitely many n P N such that

cpXq “ fn
pXq “ gnpXq

has solutions.

The same result for α “ 1 and δ is not a root of unity holds. We just need to further
conjugate cpXq, fpXq and gpXq by 1{X to swap the role of α and δ. Then the same
argument will give the result. This concludes these cases.

Case II. Now, suppose both α and δ are not roots of unity and neither α{δ nor αδ is a
root of unity. Then let

X˘
n “

˜

´tn ˘

d

t2n ´ 4αnδn
p1 ´ αnqp1 ´ δnq

p1 ´ αqp1 ´ δq
βγ

¸

{

ˆ

2αn1 ´ δn

1 ´ δ
γ

˙

,

be the solution to the fnpXq “ gnpXq, where

tn “
p1 ´ αnqp1 ´ δnq

p1 ´ αqp1 ´ δq
βγ ` αnδn ´ 1.

We break the proof into steps:

• Step I: we will show that cpXq “ fnpXq “ gnpXq has solution for infinitely many
n will pose a restriction on α and δ: there exists a non-trivial polynomial in two
variables F pX, Y q such that F pαn, δnq “ 0 holds for infinitely many n P N.

• Step II: we use the S-unit Theorem to argue that this implies α and δ are multi-
plicatively dependent.

• Step III: we deduce that then cpXq “ fnpXq “ gnpXq have solution for infinitely
many n if fpXq and gpXq share a common fixed point.
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Step I. Suppose there are infinitely many n P N such that either

cpX´
n q “ fn

pX´
n q (3.3.2)

or
cpX`

n q “ fn
pX`

n q. (3.3.3)

We claim that the following equation, which is obtained from above by replacing αn

with a variable Z and δn with a variable W ,

cpX˘
pZ,W qq “ ZX˘

pZ,W q `
1 ´ Z

1 ´ α
β (3.3.4)

doesn’t hold constantly for every Z,W P C, where

X˘
pZ,W q “

˜

´tpZ,W q ˘

d

tpZ,W q2 ´ 4ZW
p1 ´ Zqp1 ´ W q

p1 ´ αqp1 ´ δq
βγ

¸

{

ˆ

2Z
1 ´ W

1 ´ δ
γ

˙

,

(3.3.5)

tpZ,W q “
p1 ´ Zqp1 ´ W q

p1 ´ αqp1 ´ δq
βγ ` ZW ´ 1.

Therefore, we get the desired result of Step I as Equation (3.3.4) will give a non-trivial
restriction on αn and δn.

To prove the claim, taking a specialization at W “ 0, we have

X`
pZ,W q

ˇ

ˇ

W“0
“

´tpZ, 0q ` tpZ, 0q

2Zγ{p1 ´ δq
“ 0,

and Equation (3.3.4) implies

cp0q “
1 ´ Z

1 ´ α
β

which only holds for finitely many values of Z. So,

cpX`
pZ,W qq “ ZpX`

pZ,W qq `
1 ´ Z

1 ´ α
β

doesn’t hold constantly for every value of Z and W .

On the other hand, we have

X´
0 pZq :“ X´

pZ,W q
ˇ

ˇ

W“0
“

´2tpZ, 0q

2Zγ{p1 ´ δq
“

β

1 ´ α
`

ˆ

1 ´ δ

γ
´

β

1 ´ α

˙

1

Z
.
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If
1 ´ δ

γ
“

β

1 ´ α

then fpXq and gpXq share a common fixed point and we are done. So, we assume

1 ´ δ

γ
‰

β

1 ´ α
.

Then Equation (3.3.4) implies

cpX´
0 pZqq “ ApX´

0 pZqq{BpX´
0 pZqq “ ZX´

0 pZq `
1 ´ Z

1 ´ α
β “

1 ´ δ

γ
. (3.3.6)

This implies that there are only finitely many Z P C satisfies the condition.

Thus
cpX´

pZ,W qq “ fn
pX´

pZ,W qq

doesn’t hold constantly.

Step II. Now, either

cpX`
pZ,W qq “ ZpX`

pZ,W qq `
1 ´ Z

1 ´ α
β

or

cpX´
pZ,W qq “ ZpX´

pZ,W qq `
1 ´ Z

1 ´ α
β

is a non-trivial equation on variables Z and W with pZ,W q “ pαn, δnq as solutions for
infinitely many n P N. Thus, this gives a polynomial, by clearing the denominators and
possible square roots on both sides of the equation,

ÿ

1ďiďk1,1ďjďk2

ci,jα
inδjn “ 0 (3.3.7)

for infinitely many n P N. Then, we want to apply the S-unit theorem (Theorem 3.2.5) to
show that α and δ are multiplicatively dependent. Let G Ă C˚ be the finitely generated
subgroup generated by α and δ. Then Equation (3.3.7) can be rewritten as

ÿ

1ďiďm

ciWi “ 0, (3.3.8)
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for some positive integer m, ci P C˚ and Wi P G for each i “ 1, 2, . . . ,m, which has
solutions

pW1,W2, . . . ,Wmq “ pαs1nδt1n, αs2nδt2n, . . . , αsmnδtmn
q P Gm,

for infinitely many n P N, where psi, tiq’s are distinct pairs of integers. The S-unit theorem
3.2.5 says that there are only finitely many non-degenerate solutions to Equation (3.3.8).
After an easy induction argument on the numbers of terms involved in Equation (3.3.7)
we can get that there exists infinitely many n P N such that

ci1α
si1nδti1n ` ci2α

si2nδti2n “ 0,

where i1 and i2 are distinct and in t1, 2, . . . ,mu. Since α and δ are not zero and not roots
of unity, this is only possible if si1 ‰ si2 and ti1 ‰ ti2 and ci1{ci2 is a root of unity. This
implies that α and δ are multiplicative dependent. In another word, there exist non-zero
integers k1 and k2 such that αk1 “ δk2 .

Step III. Let k “ k1{k2 P Q˚ such that δ “ ξαk, where ξ is a root of unity of order k2 P N
and αk is understood as a particular choice of k2-th root of αk1 . Then our assumption
implies that there exists an i P t1, 2, . . . , k2u such that either the system of equations

ApX`
pZ, ξiZk

qq “ BpX`
pZ, ξiZk

qq

ˆ

ZX`
pZ, ξiZk

q `
1 ´ Z

1 ´ α
β

˙

, (3.3.9)

ApX`
pZ, ξiZk

qq

ˆ

1 ´ ξiZk

1 ´ δ
γX`

pZ, ξiZk
q ` ξiZk

˙

“ BpX`
pZ, ξiZk

qqX`
pZ, ξiZk

q

(3.3.10)
or the system of equations

ApX´
pZ, ξiZk

qq “ BpX´
pZ, ξiZk

qq

ˆ

ZX´
pZ, ξiZk

q `
1 ´ Z

1 ´ α
β

˙

, (3.3.11)

ApX´
pZ, ξiZk

qq

ˆ

1 ´ ξiZk

1 ´ δ
γX´

pZ, ξiZk
q ` ξiZk

˙

“ BpX´
pZ, ξiZk

qqX´
pZ, ξiZk

q

(3.3.12)
has infinitely many values of Z, given by Z “ αnk2`i for infinitely many n P N, as solutions.
This cannot happen unless the system of equations holds constantly for every possible value
of Z as it only has one variable. From now on, we denote

X˘
i pZq :“ X˘

pZ, ξiZk
q.
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Notice that

X`
i pZqX´

i pZq “
ξiZkp1 ´ Zqp1 ´ δqβ

Zp1 ´ ξiZkqp1 ´ αqγ
, (3.3.13)

X`
i pZq ` X´

i pZq “ ´2tpZ, ξiZk
q

M

ˆ

2Z
1 ´ ξiZk

1 ´ δ
γ

˙

, (3.3.14)

for every i P t1, 2, . . . , k2u.

We also notice that, from Equation (3.3.5), if k ą 0, we have

X´
i pZq “

¨

˝´

ˆ

βγ

p1 ´ αqp1 ´ δq
´ 1

˙

` op1q ´

d

ˆ

βγ

p1 ´ αqp1 ´ δq
´ 1

˙2

` op1q

˛

‚

ˆ

ˆ

2
γ

1 ´ δ
Z ` opZq

˙´1

“

ˆ

´2

ˆ

βγ

p1 ´ αqp1 ´ δq
´ 1

˙

` op1q

˙

ˆ

ˆ

2
γ

1 ´ δ
Z ` opZq

˙´1

“
1 ´ δ

2γ
Z´1

ˆ

´2
βγ

p1 ´ αqp1 ´ δq
` 2 ` op1q

˙

, (3.3.15)

when Z is around 0, which in particular implies that valZpX´
i pZqq “ ´1 as

β

1 ´ α
‰

1 ´ δ

γ
,

since otherwise it implies fpXq and gpXq share a common fixed point. Then from Equation
(3.3.13), we have

valpX`
i pZqq “ k. (3.3.16)

Subcase I. We first suppose k ą 0 and the system of Equation (3.3.9) and (3.3.10) have
infinitely many zeros. That is saying they hold constantly for every Z. Then Equation
(3.3.9) implies that

ApX`
i pZqq{BpX`

i pZqq “
β

1 ´ α
´

β

1 ´ α
Z ` opZq, (3.3.17)

when Z is around 0. However, if k ą 1, we will have

ApX`
i pZqq{BpX`

i pZqq “ Ap0q{Bp0q ` OpZk
q,
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which contradicts Equation (3.3.17). If 0 ă k ă 1, we can conjugate fpXq, gpXq and cpXq

by 1{X to swap the role of α and δ and we get k ą 1 again. The same argument shows
that this case is also not possible. Thus, we are left with the case k “ 1. However, our
assumption implies that k ‰ 1 since otherwise α{δ is a root of unity. So we are done in
this case.

Subcase II. Now we suppose k ă 0 and the system of Equation (3.3.9) and (3.3.10) have
infinitely many zeros. Then Equation (3.3.5) implies that

X`
i pZq “

¨

˝´

ˆ

´
βγ

p1 ´ αqp1 ´ δq
ξiZk

˙

` opZk
q `

d

ˆ

´
βγ

p1 ´ αqp1 ´ δq

˙2

ξ2iZ2k ` opZ2kq

˛

‚

ˆ

ˆ

´2
γ

1 ´ δ
ξiZk`1

` opZk`1
q

˙´1

“ 2

ˆ

βγ

p1 ´ αqp1 ´ δq
ξiZk

` opZk
q

˙

ˆ

ˆ

´2
γ

1 ´ δ
ξiZk`1

` opZk`1
q

˙´1

“ ´
1 ´ δ

2γξi
Z´1´k

ˆ

2
βγ

p1 ´ αqp1 ´ δq
ξiZk

` opZk
q

˙

, (3.3.18)

when Z is around 0 and in particular we have that

valZpX`
i pZqq “ ´1.

Now, if ´1 ă k ă 0, we have Equation (3.3.10) implies that

´ degpAq ´ 1 ` k “ valZ

ˆ

ApX`
i pZqq

ˆ

1 ´ ξiZk

1 ´ δ
γX`

i pZq ` ξiZk

˙˙

“ valZpBpX`
i pZqqX`

i pZqq “ ´ degpBq ´ 1, (3.3.19)

which is impossible as k is not an integer. This again gives a contradiction. Now, similarly
by the conjugation argument we also know that k ă ´1 is also impossible. Moreover, by
the assumption we have k ‰ ´1 since otherwise αδ is a root of unity. Thus, we conclude
the proof for k ă 0 and Equation (3.3.9) and (3.3.10) has infinitely many zeros.

Subcase III. We now suppose k ą 0 and the system of Equation (3.3.11) and (3.3.12)
have infinitely many zeros. We calculate similarly as in Equation (3.3.15), when Z is close
to 0, but we assume first that 0 ă k ă 1 to get the following:

tpZ, ξiZk
q “ K1 ´ 1 ´ K1ξ

iZk
` opZk

q
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tpZ, ξiZk
q
2

“ pK1 ´ 1q
2

´ 2K1pK1 ´ 1qξiZk
` opZk

q

a

tpZ, ξiZkq2 ´ 4K1ξiZk`1p1 ´ Zqp1 ´ ξiZkq “
a

pK1 ´ 1q2 ´ 2K1pK1 ´ 1qξiZk ` opZkq

“ K1 ´ 1 ´ K1ξ
iZk

` opZk
q,

where K1 “ βγ{pp1 ´ αqp1 ´ δqq. Therefore, Equation (3.3.5) gives us

X´
i pZq “ p´2pK1 ´ 1q ` 2K1ξ

iZk
` opZk

qqp2K2Zq
´1

p1 ` ξiZk
` opξiZk

qq

“ ´
K1 ´ 1

K2

Z´1
`

K1

K2

ξiZk´1
´

K1 ´ 1

K2

ξiZk´1
` opZk´1

q

“ ´
K1 ´ 1

K2

Z´1
`

1

K2

ξiZk´1
` opZk´1

q, (3.3.20)

where K2 “ γ{p1´δq. Notice that this is just a further expansion of the expression (3.3.15)
when 0 ă k ă 1. Since valZpX´

i pZqq “ ´1 and

ZX´
i pZq `

β

1 ´ α
“ K´1

2 ` op1q,

Equation (3.3.11) implies that degpAq “ degpBq “ m for some positive integer m. Then
the left hand side of Equation (3.3.11) is

A

ˆ

´
K1 ´ 1

K2

Z´1
` K´1

2 ξiZk´1
` opZk´1

q

˙

“ am

ˆ

´
K1 ´ 1

K2

Z´1
` K´1

2 ξiZk´1
` opZk´1

q

˙m

` OpZ´m`1
q

“ am

ˆ

´
K1 ´ 1

K2

˙m

Z´m
` amm

ˆ

´
K1 ´ 1

K2

˙m´1

K´1
2 ξiZ´m`k

` opZ´m`k
q, (3.3.21)
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where am is a non-zero constant. The right hand side of Equation (3.3.11) is

B

ˆ

´
K1 ´ 1

K2

Z´1
` K´1

2 ξiZk´1
` opZk´1

q

˙ˆ

´
K1 ´ 1

K2

` K´1
2 ξiZk

` opZk
q ` K3 ´ K3Z

˙

“ bm

ˆ

´
K1 ´ 1

K2

Z´1
` K´1

2 ξiZk´1
` opZk´1

q

˙mˆ

K3 ´
K1 ´ 1

K2

` K´1
2 ξiZk

` opZk
q

˙

` OpZ´m`1
q

“ bm

ˆ

K3 ´
K1 ´ 1

K2

˙ˆ

´
K1 ´ 1

K2

˙m

Z´m
` bm

ˆ

´
K1 ´ 1

K2

˙m

K´1
2 ξiZ´m`k

` bmm

ˆ

´
K1 ´ 1

K2

˙m´1

K´1
2

ˆ

K3 ´
K1 ´ 1

K2

˙

ξiZ´m`k
` opZ´m`k

q

“ bm

ˆ

K3 ´
K1 ´ 1

K2

˙ˆ

´
K1 ´ 1

K2

˙m

Z´m
` bmpm ` 1q

ˆ

´
K1 ´ 1

K2

˙m

K´1
2 ξiZ´m`k

` bmmK3

ˆ

´
K1 ´ 1

K2

˙m´1

K´1
2 ξiZ´m`k

` opZ´m`k
q, (3.3.22)

where K3 “ β{p1´αq and bm is a non-zero constant. Notice by definition that K1 “ K2K3,
we obtain

´
K1 ´ 1

K2

“ K´1
2 ´ K3 ‰ 0,

and
K´1

2 ‰ 0.

Therefore, looking at the coefficients of Z´m terms of Equation (3.3.11) gives us

am “ K´1
2 bm.

Then, examining the coefficients of Z´m`k terms of Equation (3.3.11) gives us

K´1
2 bmm

ˆ

´
K1 ´ 1

K2

˙m´1

K´1
2

“ bmpm ` 1q

ˆ

´
K1 ´ 1

K2

˙m

K´1
2 ` bmmK3

ˆ

´
K1 ´ 1

K2

˙m´1

K´1
2 , (3.3.23)

which is equivalent to

mpK´1
2 ´ K3qbm

`

K´1
2 ´ K3

˘m´1K´1
2 “ pm ` 1qbmpK´1

2 ´ K3q
mK´1

2 . (3.3.24)

This is a contradiction as m ‰ m ` 1.

57



Similarly, if k ą 1, we conjugate fpXq, gpXq and cpXq by 1{X to swap the role of α
and δ and we get 0 ă k ă 1 again. The same argument shows that this case is also not
possible. Thus, we left with the case k “ 1. However, our assumption implies that k ‰ 1
since otherwise α{δ is a root of unity. So we are done in this case.

Subcase IV. We now suppose k ă 0 and the system of Equation (3.3.11) and (3.3.12)
have infinitely many zeros. We first suppose k ă ´1. To ease the notation, we denote

K :“
βγ

p1 ´ αqp1 ´ δq
.

Notice that when |Z| Ñ 8, we have

tpZ, ξiZk
q “ ´KZ ` pK ´ 1q ` p1 ` KqξiZk`1

´ ξiZkK, (3.3.25)

t2pZ, ξiZk
q “ K2Z2

´ 2KpK ´ 1qZ ´ 2KpK ` 1qξiZk`2
` opZk`2

q, (3.3.26)

4ξiZk`1
p1 ´ Zqp1 ´ ξiZk

qK “ ´4KξiZk`2
` opZk`2

q. (3.3.27)

Thus, by Equation (3.3.5), we have

X´
i pZq “

`

´tpZ, ξiZk
q´

a

K2Z2 ´ 2KpK ´ 1qZ ´ 2KpK ´ 1qξiZk`2 ` opZk`2q

¯

ˆ

ˆ

´2ξiZk`1 γ

1 ´ δ
` 2Z

γ

1 ´ δ

˙´1

, (3.3.28)

and, breaking the square root, we have that this equals to

“
`

´tpZ, ξiZk
q ´ KZ ` pK ´ 1q ` pK ´ 1qξiZk`1

` opZk`1
q
˘

ˆ

ˆ

´2ξiZk`1 γ

1 ´ δ
` 2Z

γ

1 ´ δ

˙´1

(3.3.29)

“
´2ξiZk`1 ` opZk`1q

2γ{p1 ´ δq
Z´1

8
ÿ

j“0

ξijZkj (3.3.30)

“ ´
1 ´ δ

γ
ξiZk

` opZk
q. (3.3.31)

Now, Equation (3.3.11) implies that

A

ˆ

´
1 ´ δ

γ
ξiZk

` opZk
q

˙

“ B

ˆ

´
1 ´ δ

γ
ξiZk

` opZk
q

˙ˆ

´
β

1 ´ α
Z ` opZq

˙

, (3.3.32)
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when |Z| Ñ 8. Since ApXq is a polynomial, the left hand side is bounded as |Z| increasing.
Therefore, to make the right hand side of Equation (3.3.32) bounded, we need

BpXq “ XmB1pXq

for some positive integer m and polynomial B1pXq with non-trivial constant term bm.
Thus, we have

B

ˆ

´
1 ´ δ

γ
ξiZk

` opZk
q

˙

“ bm

ˆ

´
1 ´ δ

γ

˙m

ξimZmk
` opZmk

q. (3.3.33)

In particular, Bp0q “ 0.

However, since k ă ´1, we have mk ` 1 ă 0. Therefore, the right hand side of
Equation (3.3.32) also goes to 0 when |Z| approaches infinity. This implies that Ap0q “ 0,
which contradicts that ApXq and BpXq don’t share a common zero. Notice that when
´1 ă k ă 0, we can swap the role of α and δ by conjugating fpXq, gpXq and cpXq by the
map 1{X just like what we did above. Then we are back to k ă ´1 case. Also, by the
assumption we have k ‰ ´1 as otherwise it will imply αδ is a root of unity.

Proof of Lemma 3.3.3. Suppose there are infinitely many n P N such that

cpXq “ fn
pXq “ gnpXq

has solutions. We denote

X˘
n “

´tn ˘
a

t2n ´ 4αnnγp1 ´ αnqβ{p1 ´ αq

2nαnγ
,

tn “ αn
` nγ

1 ´ αn

1 ´ α
β ´ 1,

where X˘
n satisfies fnpX˘

n q “ gnpX˘
n q.

We first suppose |α| ą 1 and there are infinitely many n P N such that

cpX`
n q “ fn

pX`
n q (3.3.34)

holds. We denote cpXq “ ApXq{BpXq where ApXq and BpXq are two coprime polynomi-
als. Since

t2n ´ 4αnnγ
1 ´ αn

1 ´ α
β “

ˆ

nγαnβ

1 ´ α

˙2

`
2nγβα2n

1 ´ α
` α2n

´
2n2γ2αnβ2

p1 ´ αq2

´
2γβ

1 ´ α
nαn

´ 2αn
`

γ2β2

p1 ´ αq2
n2

´
2nγβ

1 ´ α
` opnq, (3.3.35)
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we have

X˘
n “

ˆ

γβ

1 ´ α
nαn

´ αn
´

γβ

1 ´ α
n ` 1 ˘

ˆ

´
γβ

1 ´ α
nαn

´ αn
`

nγβ

1 ´ α
` 1 ´ 2α´n

` opα´n
q

˙˙

ˆ p2nαnγq
´1. (3.3.36)

Therefore,
lim
nÑ8

|X`
n | “ 0,

lim
nÑ8

|αnX`
n | “ 8.

Since we have
X`

n „ 1{n

when n goes large, we have similarly

ApX`
n q{BpX`

n q „ nl,

αnX`
n `

1 ´ αn

1 ´ α
β „ αn

when n is large with some integer l, which contradicts Equation (3.3.34).

Suppose |α| ą 1 and there are infinitely many n P N such that

cpX´
n q “ fn

pX´
n q (3.3.37)

holds. Notice that

X´
n “

β

1 ´ α
´

β

1 ´ α
α´n

` γ´1n´1α´2n
` opn´1α´2n

q,

when n becomes large. Therefore,

fn
pX´

n q „ n´1α´n

ApX´
n q{BpX´

n q „ α´nm

for some integer m when n becomes large. This contradicts the assumption that Equation
(3.3.37) has solutions for infinitely many n P N.

Now suppose |α| ă 1 and there are infinitely many n P N such that Equation (3.3.37)
holds. Now, similarly, since

t2n ´ 4αnnγβ
1 ´ αn

1 ´ α
“

γ2β2

p1 ´ αq2
n2

´ 2
βγ

1 ´ α
n` 1´ 2

γ2β2

p1 ´ αq2
n2αn

´ 2αn
` opαn

q (3.3.38)
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when n is large, we have

X˘
n “

ˆ

γβ

1 ´ α
nαn

´ αn
´

βγ

1 ´ α
n ` 1 ˘

ˆ

βγ

1 ´ α
n ´ 1 ´

γβ

1 ´ α
nαn

´ αn
` opαn

q

˙˙

ˆ p2nαnγq
´1

So,

X´
n “ ´

β

1 ´ α
α´n

`
1

γnαn
` opn´1α´n

q,

and we have
ApX´

n q{BpX´
n q „ αln

for some integer l when n is large. However,

αnX´
n `

1 ´ αn

1 ´ α
β „

1

n

contradicting that Equation (3.3.37) has a solution for infinitely many n P N.

Suppose |α| ă 1 and there are infinitely many n P N such that Equation (3.3.34) holds.
Then X`

n „ 1
n
when n is large. Thus,

ApX`
n q{BpX`

n q „ nl

for some integer l and

αnX`
n `

1 ´ αn

1 ´ α
β “

β

1 ´ α
´

β

1 ´ α
αn

` opαn
q

when n is large. If l ‰ 0, then these contradict the assumption that the Equation (3.3.34)
has solutions for infinitely many n P N. If l “ 0, then

ApX`
n q{BpX`

n q “ Ap0q{Bp0q ` Op1{nm
q

for some positive integer m. Still, these contradict the assumption that the Equation
(3.3.34) has solution for infinitely many n P N by comparing the rates they approach con-
stants when n is large.

Now, suppose |α| “ 1 but not a root of unity and there are infinitely many n P N
such that Equation (3.3.37) holds. After eliminating denominators, combining terms and
taking squares, we find that this is equivalent to the existence of a polynomial F pZ,W q
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in two variables such that F pn, αnq “ 0 for infinitely many n P N. By [11, Proposition
2.5.1.4], we have tan “ F pn, αnqunPN satisfies a linear recurrence. Then, by [11, Theorem
2.5.4.1], the set tn P N : an “ 0u is a finite union of arithmetic progressions and, since we
assumed this set is infinite, we have that there exists s1 and s2 P N such that an “ 0 for
every n P ts1m ` s2 : m P Nu. This is equivalent to saying that Equation (3.3.37) holds
for any n P ts1m ` s2 : m P Nu. Then, we consider n within an infinite subsequence I of
ts1m ` s2 : m P Nu such that |1 ´ αn| is bounded from below independently from n and
not converging.

Notice that we can always find such a subsequence I. Indeed, since αn, n P R “

ts1m ` s2 : m P Nu, is dense on the unit circle as α is not a root of unity, we can take
a small ϵ ą 0 independent of n and then there are infinitely many n P R such that
αn R Bp1, ϵq. Denote the subset of R satisfies this condition as I 1. Since, R is dense in
the unit circle S1, we have I 1 is also dense in S1zBp1, ϵq. Thus, we can take a subsequence
I Ď I 1, such that αn won’t converge to any point on the unit circle when n ranges in I.
For example, we can achieve this by choosing two different points p1 and p2 on S1zBp1, ϵq
and for each r P N, we pick a n1,r and n2,r P I 1 such that

|αn1,r ´ p1| ă 1{r,

|αn2,r ´ p2| ă 1{r,

and let I “
Ť

rPNtn1,r, n2,ru X tn P N : αn P S1zBp1, ϵqu.

Now, we expand X˘
n when n is sufficiently large as follows:

X˘
n “

´tn ˘
a

t2n ´ 4αnnγp1 ´ αnqβ{p1 ´ αq

2nαnγ
, (3.3.39)

“
´tn ˘

a

hn ` Op1q

2nαnγ
,

where

hn “
n2γ2p1 ´ αnq2β2

p1 ´ αq2
` 2

pαn ´ 1qnγp1 ´ αnqβ

p1 ´ αq
´ 4

αnnγp1 ´ αnqβ

p1 ´ αq
.

Breaking the square root, we have

X˘
n “

´tn ˘ pnγp1 ´ αnqβ{p1 ´ αq ´ αn ´ 1 ` op1qq

2nαnγ
. (3.3.40)
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Thus, we have

X`
n “ ´

1

nγ
` o

ˆ

1

n

˙

, (3.3.41)

when n P I becomes large. Then Equation (3.3.34) implies

c

ˆ

´
1

nγ
` o

ˆ

1

n

˙˙

“ αn

ˆ

´
1

nγ
` o

ˆ

1

n

˙˙

`
1 ´ αn

1 ´ α
β. (3.3.42)

However,

c

ˆ

´
1

nγ
` o

ˆ

1

n

˙˙

„ p1{nq
l (3.3.43)

for some integer l and

αn

ˆ

´
1

nγ
` o

ˆ

1

n

˙˙

`
1 ´ αn

1 ´ α
β “ p1 ´ αn

q
β

1 ´ α
` op1q (3.3.44)

when n is large. This gives a contradiction if l ‰ 0.

Notice that if l “ 0, then we still have

lim
nÑ8

X`
n “ 0,

by Equation (3.3.41). Then Equation (3.3.34) implies that

lim
nÑ8

ApX`
n q “ lim

nÑ8
BpX`

n q

ˆ

αn

ˆ

´
1

nγ
` o

ˆ

1

n

˙˙

`
1 ´ αn

1 ´ α
β

˙

. (3.3.45)

Now, if limnÑ8 BpX`
n q “ 0, then this can only hold if limnÑ8 ApX`

n q “ 0 which is impossi-
ble as ApXq and BpXq don’t share common zeros. On the other hand, if limnÑ8 BpX`

n q “

b, where b is a non-zero constant, then

lim
nÑ8

ApX`
n q “ b lim

nÑ8

1 ´ αn

1 ´ α
β, (3.3.46)

which is not converging. This is a contradiction as limnÑ8 ApX`
n q “ Ap0q.

Now, suppose |α| “ 1 but not a root of unity and there are infinitely many n P N such
that Equation (3.3.34) holds. Similarly as above, there exists s3, s4 P N such that Equation
(3.3.34) holds for any n P ts3m` s4|m P Nu. We consider n within an infinite subsequence
of I Ď ts3m` s4|m P Nu such that there exists a small ϵ ą 0 so that for all n P I, we have
|1 ´ αn| ą ϵ and tαn : n P Iu is dense in S1zBp1, ϵq. This can be achieved in the same
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way as in the previous case since αn is dense on S1, when n ranges in ts3m` s4 : m P Nu.
Then, again by Equation (3.3.40), we have

X´
n “ ´

β

1 ´ α

1 ´ αn

αn
`

1

nαnγ
` o

ˆ

1

n

˙

. (3.3.47)

Therefore, Equation (3.3.37) implies that

cpX´
n q “

1

nγ
` o

ˆ

1

n

˙

. (3.3.48)

However, for a non-zero rational function cpXq,

c

ˆ

´
β

1 ´ α

1 ´ αn

αn
`

1

nαnγ
` o

ˆ

1

n

˙˙

(3.3.49)

cannot converge to 0 when n becomes large since otherwise, as 1{αn is dense on S1zBp1, ϵq,
we would have

c

ˆ

´
β

1 ´ α
u `

β

1 ´ α

˙

“ 0,

for all u P S1zBp1, ϵq which implies that c is constantly zero. This gives a contradiction.

Now we can prove Theorem 3.1.3 and we restate it here for the convenience of readers:

Theorem 3.3.4. Let fpXq, gpXq be automorphisms on P1 defined over C and cpXq be
a rational function defined over C. If the semigroup generated by fpXq and gpXq under
compositions is free, then there are only finitely many λ P C such that

fn
pλq “ gnpλq “ cpλq (3.3.50)

for some positive integer n unless fpXq, gpXq are simultaneously conjugated by an auto-
morphism on P1pCq to one of the following:

1. αX `β, X{pγX ` δq, with some α, δ, γ, β P C˚ such that one of α{δ and αδ is a root
of unity;

2. αX `β, δX ` γ, with some α, δ P C˚ such that α and δ are not roots of unity, γ and
β are not both 0, and either α{δ is a root of unity other than 1 or one of α2{δ and
δ2{α is a root of unity.
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Before we start the proof, we gather here four counter-examples in Remark (3.3.5),
(3.3.6), (3.3.7), (3.3.8) and (3.3.9) corresponding to the two exceptional cases mentioned
in the statement of Theorem 3.3.4. Therefore, Theorem 3.3.4 is the best we can expect.

Remark 3.3.5. Suppose fpXq “ X `β, gpXq “ X{pγX ` 1q and cpXq “ ´β{pγXq, with
some β, γ P C˚, we have that there are infinitely many n P N such that Equation (3.3.50)
has solutions. One of the solutions is given by

xn “

´

´nβγ `
a

n2β2γ2 ´ 4βγ
¯

{p2γq.

However, fpXq and gpXq may still generate a free semigroup. For example, when fpXq “

X ` 2 and gpXq “ X{p2X ` 1q, we denote

V1 “ tx P R` : x ą 1u,

V2 “ tx P R` : x ă 1u.

Then we have
fpV1q Ď V1,

fpV2q Ď V1,

gpV2q Ď V2,

gpV1q Ď V2.

Thus, the Ping-Pong Lemma 3.2.7 implies xf, gy is a free semigroup under composition.

Remark 3.3.6. Suppose fpXq “ αX ` β and gpXq “ X{pγX ` αq, where γ and β are
non-zero and β{p1 ´ αq ‰ p1 ´ αq{γ. Denote

K1 “
β

1 ´ α
`

1 ´ α

γ
,

K2 “
β

1 ´ α
´

1 ´ α

γ
,

K3 “
β

γ
.

Let

cpXq “
K2X

2

´2K3 ´ 2X2 ` K1X
`

β

1 ´ α
´

β

1 ´ α

K2X

´2K3 ´ 2X2 ` K1X
.

One can directly verify that
cpXq “ fn

pXq “ gnpXq
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has

Xn “
´K1 ` K2α

´n ´
a

p´K1 ` K2α´nq2 ´ 4

2

as a solution for each n P N. Furthermore, suppose γ “ 1, β “ 1 and α “ 2 for example.
Then, similarly as in Remark (3.3.5), one can use the Ping-Pong Lemma 3.2.7 to show that
xfpXq, gpXqy is a free semigroup.

Remark 3.3.7. Suppose fpXq “ αX ` β and gpXq “ δX ` γ, where α and δ are not
roots of unity but ξ “ δ{α is a root of unity of order l ą 1. For each i P t1, 2, . . . , l ´ 1u,
denote

K1,i “
1

1 ´ ξi

ˆ

γ

1 ´ δ
´

β

1 ´ α

˙

,

K2,i “
1

1 ´ ξi

ˆ

ξiγ

1 ´ δ
´

β

1 ´ α

˙

.

Let

cipXq “ K1,i `
β

1 ´ α
´

K1,i

X ` K2,i

ˆ

K2,i `
β

1 ´ α

˙

.

We have that
Xn,i “ K1,iα

´nl´i
´ K2,i

is a solution to
fnl`i

pXq “ gnl`i
pXq “ cipXq

for every n P N and i P t1, 2, . . . , l´ 1u. For an explicit example, if we take fpXq “ 2X ` 1
and gpXq “ ´2X then xf, gy is a free semigroup by [55, Theorem 2] as f ˝g ‰ g˝f . So this
provides a counter-example such that the finiteness of solutions to fnpXq “ gnpXq “ cpXq

doesn’t hold even when f and g generate a free semigroup.

Remark 3.3.8. Suppose fpXq “ αX ` β and gpXq “ X{pγX ` ξα´1q where ξ is a root
of unity of order m, α P C˚ is not a root of unity, γ and β are non-zero in C. We denote

K1 :“
β

1 ´ α
,

K2 :“
γ

1 ´ ξα´1
.

We also define

cpXq “
K1K2X ´ K1

K1K2 ´ K2X
` K1

ˆ

1 ´
´K1 ` K1K2X

K2XpK1 ´ Xq

˙

.
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Then one can check directly that

Xn “
`

´K1K2p1 ´ αn
qp1 ´ α´n

q

´

b

K2
1K

2
2p1 ´ αnq2p1 ´ α´nq2 ´ 4K1K2p1 ´ αnqp1 ´ α´nq

˙

ˆ

ˆ

2αn 1 ´ α´n

1 ´ ξα´1
γ

˙´1

(3.3.51)

when n P tkm : k P Nu is an infinite sequence satisfying

fn
pXnq “ gnpXnq “ cpXnq. (3.3.52)

Since the direct computation might be very complicated, we will demonstrate here on
how to construct such a cpXq to make this hold. Let δ “ ξα´1. Then the sequence of
equations:

fn
pXnq “ gnpXnq, (3.3.53)

when n P tkm : k P Nu, will give a sequence of quadratic equations with variables Xn’s:

αn
p1 ´ α´n

qK2X
2
n ` K1K2p1 ´ αn

qp1 ´ α´n
qXn ` K1p1 ´ αn

qα´n
“ 0

and we will denote the two solutions of these quadratic equations as X´
n and X`

n . Then
we have

X´
nX

`
n “

α´np1 ´ αnq

αnp1 ´ α´nq

K1

K2

“ ´α´nK1

K2

, (3.3.54)

X´
n ` X`

n “
´K1K2p1 ´ αnqp1 ´ α´nq

αnK2p1 ´ α´nq
“ K1p1 ´ α´n

q, (3.3.55)

where n P tkm : k P Nu. Combining these two equations, we get

K1p1 ´ α´n
qX´

n ´ pX´
n q

2
“ ´α´nK1

K2

, (3.3.56)

which implies

αn
“

´K1 ` K1K2X
´
n

X´
nK2pK1 ´ X´

n q
. (3.3.57)

Let Xn “ X´
n . Then using that

cpXnq “ fn
pXnq “ αnXn `

1 ´ αn

1 ´ α
β
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and plugging in Equation (3.3.57) will give us the desired cpXnq.

Furthermore, notice that when α “ 2, β “ γ “ ξ “ 1, we can use the Ping-Pong
lemma, Lemma 3.2.7, similarly as in Remark 3.3.5 by choosing

V1 “ tx P R` : x ą 1u,

V2 “ tx P R` : x ă 1u,

to argue that xfpXq, gpXqy is a free semigroup under the compositions.

Remark 3.3.9. Let α be any non-zero complex number that is not a root of unity. Let µ
be a root of unity of order m P N. Let δ “ µα2 and β “ α´ 1. Then we have Xmn “ α´mn

satisfies
fmn

pXmnq “ gmn
pXmnq “ 1{Xmn (3.3.58)

for all n P N, where fpxq “ αx ` β and gpxq “ δx.

Furthermore, when α “ 2, δ “ 4 and β “ 1, let V1 denote the set of odd natural
numbers and V2 denote the set of even natural numbers. We have

fpV1 Y V2q Ď V1,

gpV1 Y V2q Ď V2.

Thus, Lemma 3.2.7 tells us that xf, gy is a free semigroup under composition.

Proof of Theorem 3.3.4. After conjugation, we assume that

fpXq “ αX ` β,

gpXq “
X

γX ` δ
.

We always assume that α and δ are non-zero as otherwise it will result in a constant map.

Suppose that at least one of α and δ is a root of unity other than 1. Assume without
loss of generality it is δ. Then there exists a positive integer m such that δm “ 1 and

gmpXq “
X

δm
“ X.

Therefore, xgmpXq, fpXqy is not a free semigroup under composition and there is nothing
to show.
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Now, we assume that neither α nor δ is a root of unity other than 1 and α{δ, αδ are not
roots of unity. By Lemma 3.3.1, we can assume that f and g share at least one common
fixed point.

If f and g share two fixed points, then β “ γ “ 0 and they are both scaling maps and
certainly not generating a free semigroup under composition.

Suppose f and g share only one common fixed point. Now we first assume that cpXq,
fpXq and gpXq are all defined over Q˚

. Then after conjugating cpXq, fpXq and gpXq by
a common automorphism, we assume that fpXq “ αX ` β and gpXq “ δX ` γ, where
α, δ P Q˚

, β, γ P Q and β, γ are not both 0. Now our discussion is divided into several cases:

Case I. Suppose at least one of δ and α is a root of unity other than 1. Without loss
of generality we assume it is δ. Then there exists m such that gmpXq “ X and we have
gm ˝ f “ f ˝ gm. Thus, xf, gy is not a free semigroup. Same argument works if α is a root
of unity other than 1 and δ is not a root of unity.

Case II. Suppose δ “ 1 and α is not a root of unity.

Lemma 3.3.10. There are only finitely many n P N such that cpXq “ fnpXq “ gnpXq

has solution.

This concludes this case.

Case III. Suppose both α and δ are not roots of unity and α{δ, α2{δ and δ2{α are not
roots of unity. Without loss of generality, we assume that β ‰ 0 since γ and β are not
both 0 and we can always relabel f and g if necessary. We have

Xn “

ˆ

1 ´ δn

1 ´ δ
γ ´

1 ´ αn

1 ´ α
β

˙

{pαn
´ δnq

is the solution to
fn

pXq “ gnpXq.

If there are infinitely many n P N such that the Equation (3.3.50) has solutions, then

cpXnq “ fn
pXnq

for infinitely many n P N. It means that

ApXnq “ αnBpXnqXn `
1 ´ αn

1 ´ α
βBpXnq
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holds for infinitely many n P N. This is equivalent to say

F pZ,W q “ ApXpZ,W qq ´ ZBpXpZ,W qqXpZ,W q ´
1 ´ Z

1 ´ α
βBpXpZ,W qq “ 0 (3.3.59)

holds for infinitely many tpαn, δnq : n P Nu, where

XpZ,W q “

ˆ

1 ´ W

1 ´ δ
γ ´

1 ´ Z

1 ´ α
β

˙

M

pZ ´ W q.

We first claim that the rational function F pZ,W q is not constantly zero. To prove this,
we suppose on the contrary that Equation (3.3.59) holds constantly for any choice of values
of Z and W . We denote m1 “ degpAq and m2 “ degpBq.

Then choose a specialization Z “ W ` 1, we have

XpZ,Z ´ 1q “

ˆ

β

1 ´ α
´

γ

1 ´ δ

˙

Z `
2γ

1 ´ δ
´

β

1 ´ α

in this case. Then Equation (3.3.59) holds constantly implies that m1 “ m2 ` 2 unless

β

1 ´ α
“

γ

1 ´ δ
. (3.3.60)

While Equation (3.3.60) implies fpXq and gpXq share two fixed points and this case has
already been handled. So, we assume Equation (3.3.60) doesn’t hold and thusm1 “ m2`2.

On the other hand, we can choose another specialization Z “ 0. Then

Xp0,W q “
γ

1 ´ δ
`

ˆ

β

1 ´ α
´

γ

1 ´ δ

˙

W´1,

and Equation (3.3.59) implies that

ApXp0,W qq “
β

1 ´ α
BpXp0,W qq.

This holds constantly for all W will require that m1 “ m2, which gives a contradiction.
Therefore, Equation (3.3.59) doesn’t hold constantly for every values of Z and W .

We then write
F pZ,W q “

ÿ

0ďiďk1,0ďjďk2

ci,jZ
iW j,
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for some positive integers k1 and k2 after clearing the denominators. Then we use the same
argument as in Lemma 3.3.1 by applying S-unit Theorem to conclude that α and δ are
multiplicatively dependent. Thus, there exists k P Q˚ such that ξαk “ δ, for some root of
unity ξ of order k3 P N. Note that, we can further relabel f and g if necessary (we will
not assume β ‰ 0 from now on which is an assumption obtained by a specific choice of
labeling) so that k ě 1 or k ď ´1.

Therefore, we have

Xn “

ˆ

1 ´ ξnαnk

1 ´ ξαk
γ ´

1 ´ αn

1 ´ α
β

˙

M

pαn
´ ξnαnk

q.

Then following the same idea as how we argue in the proof of Lemma 3.3.1 (Case II, Step
III), it is enough to show the claim that

ApXipZqq “

ˆ

ZXipZq `
1 ´ Z

1 ´ α
β

˙

BpXipZqq (3.3.61)

doesn’t hold constantly for any i P t1, 2, . . . , k3u unless f and g share two common fixed
points, where

XipZq “

ˆ

1 ´ ξiZk

1 ´ ξαk
γ ´

1 ´ Z

1 ´ α
β

˙

M

pZ ´ ξiZk
q.

This is because, similarly as in Lemma 3.3.1, Equation (3.3.61) is an equation on one
variable and having infinitely many roots implies it is constantly zero.

To prove the claim, we can assume that k ‰ 0 since otherwise δ is a root of unity and
we are back to the case that we have discussed. We first suppose k ą 0 and suppose the
contrary that there exists a

i P t1, 2, . . . , k3u

such that Equation (3.3.61) holds constantly. Notice that in the beginning of Case III we
assumed that α{δ, α2{δ and δ2{α are not roots of unity, which is equivalent to k ‰ 1, 2 as
we assumed k ě 1. Also, if f and g only share one common fixed point, then

γ

1 ´ δ
‰

β

1 ´ α

and
valZpXipZqq “ ´mint1, ku “ ´1,

valZpApXipZqqq “ ´m1mint1, ku “ ´m1,
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valZ

ˆˆ

ZXipZq `
1 ´ Z

1 ´ α
β

˙

BpXipZqq

˙

ě ´m2mint1, ku “ ´m2.

Suppose, Equation (3.3.61) holds constantly for every values of Z, then

m2 ě m1.

Denote k “ l1{l2 where l1, l2 are coprime natural numbers and l1 ą l2 and denote l3
as the order of ξ´i. Consider the change of variable by introducing T such that T l2 “ Z.
Then

XipT q “

ˆ

1 ´ ξiT l1

1 ´ δ
γ ´

1 ´ T l2

1 ´ α
β

˙

{pT l2 ´ ξiT l1q,

and

ApXipT qq “

ˆ

T l2XipT q `
1 ´ T l2

1 ´ α
β

˙

BpXipT qq. (3.3.62)

Since k ‰ 1, 2, we have l2 ‰ l1 ´ l2. For a pl1 ´ l2ql3-th root of unity ξ0 such that
ξl1´l2
0 “ ξ´i, we have that for any µ P C˚ such that µl1´l2 “ 1 the root of unity µξ0 is a
zero of T l2 ´ ξiT l1 . On the other hand, for any µ P C such that µl1´l2 “ 1,

1 ´ ξipµξ0q
l1

1 ´ δ
γ ´

1 ´ pµξ0q
l2

1 ´ α
β “

ˆ

γ

1 ´ δ
´

δ

1 ´ α

˙

p1 ´ µl2ξl20 q. (3.3.63)

Since γ{p1´δq ‰ β{p1´αq, if l1´l2 ą 1, then there exists a µ0 P C such that µl1´l2
0 “ 1 and

1´µl2
0 ξ

l2
0 ‰ 0, since otherwise l2 “ mpl1 ´ l2q for some m P N˚ and so l1 “ pm` 1qpl1 ´ l2q,

contradicting that l1 and l2 are coprime. Note that this implies T0 :“ µ0ξ0 is a pole of
XipT q.

But then, valT´T0pXipT qq ď ´1 and Equation (3.3.62) implies that

valT´T0pApXipT qqq “ m1 valT´T0pXipT qq (3.3.64)

“ p1 ` m2q valT´T0pXipT qq “ valT´T0

ˆˆ

T l2XipT q `
1 ´ T l2

1 ´ α
β

˙

BpXipT qq

˙

,

which further implies that m1 “ m2 ` 1. This contradicts the inequality m2 ě m1 we
obtained above.

Now, Suppose l1 “ l2 ` 1. If ξl2i ‰ 1, then T1 :“ ξ´i is a pole of

XipT q “

ˆ

γ

1 ´ δ
p1 ´ ξiT l2`1

q ´
δ

1 ´ α
p1 ´ T l2q

˙

`

T l2p1 ´ ξiT q
˘

.

72



Then the valuation with respect to T ´ T1 again gives the contradiction to m1 ď m2.

Now, we are only left to show the case when l1 “ l2 ` 1 and also ξil2 “ 1. Note that we
only need to obtain a contradiction when l2 ą 1, since we assumed k ‰ 2. In this case, we
can rewrite XipT q as follows

XipT q “

ˆ

γ

1 ´ δ
p1 ´ pξiT q

l2`1
q ´

β

1 ´ α
p1 ´ pξiT q

l2q

˙

`

T l2p1 ´ ξiT q
˘

“

ˆ

`

1 ` ξiT ` ¨ ¨ ¨ ` pξiT q
l2´1

˘

ˆ

γ

1 ´ δ
´

β

1 ´ α

˙

`
γ

1 ´ δ
T l2

˙

{T l2 . (3.3.65)

When T is close to 0, we have

XipT q “ LpT´l2 ` ξiT 1´l2q ` opT 1´l2q, (3.3.66)

where we denote L :“ γ{p1 ´ δq ´ β{p1 ´ αq. Then, we similarly have

T l2XipT q `
1 ´ T l2

1 ´ α
β “

γ

1 ´ δ
` LξiT ` opT q. (3.3.67)

Now, by looking at the valT , if γ “ 0, then Equation (3.3.62) implies that

´ degpAql2 “ ´ degpBql2 ` 1,

which is impossible since l2 ą 1. If γ ‰ 0, then by looking at the valT of Equation (3.3.62),
we have degpAq “ degpBq. Denote m :“ degpAq, am and bm the leading coefficients of A
and B. Then

ApXipT qq “ amL
mT´ml2 ` mamL

mξiT 1´ml2 ` opT 1´ml2q, (3.3.68)

BpXipT qq “ bmL
mT´ml2 ` mbmL

mξiT 1´ml2 ` opT 1´ml2q. (3.3.69)

Then Equation (3.3.62) implies that

amL
mT´ml2 ` mamL

mξiT 1´ml2 ` opT 1´ml2q

“

ˆ

γ

1 ´ δ
` LξiT ` opT q

˙

`

bmL
mT´ml2 ` mbmL

mξiT 1´ml2 ` opT 1´ml2q
˘

. (3.3.70)

Comparing the coefficients of the first two leading terms, we have

am “
γ

1 ´ δ
bm, (3.3.71)
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γ

1 ´ δ
mbmL

m
` bmL

m`1
“ mamL

m. (3.3.72)

Since bm ‰ 0, these together imply that L “ 0, which implies that f and g share two
common fixed points. Hence xf, gy is not a free semigroup under the compositions.

Thus, the claim is proved for k ą 0.

Now suppose k ă 0. Then, it means that there exists a pair of positive integers pl1, l2q

such that αl1δl2 “ 1. Thus we can check directly

f l1pXq “ αl1X ` β1, (3.3.73)

gl2pXq “ δl2X ` γ1, (3.3.74)

f l1 ˝ gl2 “ X ` c1, (3.3.75)

gl2 ˝ f l1 “ X ` c2, (3.3.76)

for some constants c1, c2, β
1 and γ1. Then obviously f l1 ˝gl2 commutes with gl2 ˝f l1 , which

implies that fpXq and gpXq don’t generate a free semigroup under composition. Thus, it
contradicts the assumption.

Case IV. Lastly, suppose α “ δ, then fnpXq “ gnpXq only has a solution if f “ g
and certainly xf, gy is not free in this case.

Now, consider the general case that fpXq, gpXq and cpXq are all defined over C. We
use a similar specialization argument as in the proof of [52, Theorem 2]. We assume α,
δ and α{δ are not roots of unity, γ{p1 ´ δq ´ β{p1 ´ αq ‰ 0 and β, γ are not both zero,
since otherwise the argument above directly shows that xf, gy is not free. We construct
a ring extension R over Z generated by coefficients of fpXq, gpXq and cpXq. Denote
K “ FracpRq. We do induction on the transcendence degree, N , of K. The base case is
that N “ 0, which means everything is algebraic and then we showed from the discussion
above that Equation (3.3.50) can only have solution for finitely many n P N.

Now, assume that if the transcendence degree is N ´ 1, then the above assumptions on
γ , β, α, δ, α{δ and γ{p1 ´ δq ´ β{p1 ´ αq implies that the equation only admits solutions
for finitely many n P N. Take L as a subfield of K of transcendence degree N ´ 1. We will
use the notation ĥL,f to denote the canonical height function associated to the function f

defined over L. Applying [19, Theorem 4.1], we have that for all specializations s : R Ñ L
of sufficiently large height, we have ĥL,x2pαsq, ĥL,x2pδsq and ĥL,x2pαs{δsq are all greater
than 0 and if β, γ and γ{p1 ´ δq ´ β{p1 ´ αq are not roots of unity or zero, we also have
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ĥL,x2pβsq,ĥL,x2pγsq and ĥL,x2pγs{p1 ´ δsq ´ βs{p1 ´ αsqq are non-zero. This, together with
the assumption that

γ{p1 ´ δq ´ β{p1 ´ αq ‰ 0,

β, γ are not both zero and α, δ, α{δ are not roots of unity, implies, in particular, that none
of αs, δs and αs{δs is a root of unity or zero, γs{p1 ´ δsq ´ βs{p1 ´ αsq are nonzero and βs
and γs are not both zero. Then the induction hypothesis shows that

fn
s pXq “ gns pXq “ cspXq

has solution for only finitely many n P N and thus

fn
pXq “ gnpXq “ cpXq

has solution for only finitely many n P N.

Proof of Lemma 3.3.10. We have that

fn
pXq “ αnX `

1 ´ αn

1 ´ α
β

gnpXq “ X ` nγ.

If γ “ 0, then xf, gy is obviously not free, so we assume that γ ‰ 0. Then

Xn “
β

1 ´ α
´

nγ

1 ´ αn
(3.3.77)

is the solution to
fn

pXnq “ gnpXnq.

Recall the notation that cpXq “ ApXq{BpXq, for some coprime polynomials ApXq and
BpXq. Now suppose the equation

ApXnq “ BpXnq

ˆ

αnXn `
1 ´ αn

1 ´ α
β

˙

(3.3.78)

is satisfied by infinitely many n P N. If |α| ą 1, then

ApXnq{BpXnq „ pn{αn
q
l
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for some integer l when n is large. However,

ˆ

αnXn `
1 ´ αn

1 ´ α
β

˙

„ γn

when n is large, which contradicts the assumption that Equation (3.3.78) holds for infinitely
many n P N.

On the other hand, suppose |α| ă 1. Now, take a set of places S such that for any
v R S, we have ApXq and BpXq have coefficients with norm 1 with respect to v and also

|1 ´ α|v “ |α|v “ |β|v “ |γ|v “ 1,

if β ‰ 0. Then, by the proof of [52, Proposition 15, Case II], when n is large enough,
there is a v outside of S such that

|n{p1 ´ αn
q|v ą 1.

Thus, Equation (3.3.78) implies that

degpAq “ degpBq ` 1 (3.3.79)

since |Xn|v ą 1 with the choice of n and v such that |n{p1 ´ αnq|v ą 1. Now, since

lim
nÑ8

|αnXn| “ 0,

we have

lim
nÑ8

ˆ

ApXnq ´
β

1 ´ α
BpXnq

˙

“ 0

by Equation (3.3.78) and the fact

lim
nÑ8

BpXnqαnXn “ 0.

Notice that if β “ 0, we would have ApXq ” 0, which contradicts Equation (3.3.79). Now,
if β ‰ 0, this together with

lim
nÑ8

|Xn| “ 8,

imply that
degpAq “ degpBq

which contradicts Equation (3.3.79).
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Now, suppose |α| “ 1. By the same argument from the last case, we have degpAq “

degpBq ` 1. Let

F pn, αn
q “

ˆ

ApXnq ´ BpXnq

ˆ

αnXn `
1 ´ αn

1 ´ α
β

˙˙

p1 ´ αn
q
degpAq

be a polynomial in n and αn. Then by [11, Proposition 2.5.1.4] we have tF pn, αnqunPN
satisfies a linear recurrence. Thus, by [11, Theorem 2.5.4.1], the set tn P N : F pn, αnq “ 0u

is a finite union of arithmetic progressions. Since we assumed that F pn, αnq “ 0 holds for
infinitely many n, there exists s1, s2 P N such that F pn, αnq “ 0 for any n P ts1m`s2 : m P

Nu. Now, we consider n within an infinite subsequence I of ts1m ` s2 : m P Nu such that
|1 ´ αn| ą ϵ for some ϵ ą 0 independent from n and αn is not converging. The existence
of such an infinite subsequence I is argued in the last part of the proof of Lemma 3.3.3.
Thus

lim
nÑ8, nPI

F pn, αn
q “ 0,

where n ranges in the chosen subsequence I. Notice that by Equation (3.3.77), we have

Xn “ ´γn{p1 ´ αn
q ` opn{p1 ´ αn

qq

for n P I and n becomes large. By looking at the leading terms of F pn, αnq as n grows, we
obtain that

lim
nÑ8,nPI

pa ´ bαn
q

ˆ

´
γ

1 ´ αn

˙degpAq

ndegpAq
` opndegpAq

q “ 0, (3.3.80)

where a and b are the leading coefficients of ApXq and BpXq respectively, which implies
that

lim
nÑ8, nPI

αn
“ a{b,

since |1{p1´αnq| is bounded from both below and above. This gives a contradiction as αn

doesn’t converge.

3.4 Proof of Theorem 3.1.4

The following lemma asserts that an infinite sequence txnu of solutions to the equation
fnpxnq “ cpxnq for all n P N is a sequence of small dynamical height.
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Lemma 3.4.1. Let K be a global field. Let txnu be a sequence in P1pKq so that fnpxnq “

cpxnq for all n P N where f, c P Kpxq and degpfq ą 1. Then

lim
nÑ8

ĥf pxnq “ 0.

Proof. For each x P P1pK), we have by Theorem 3.2.2 that

ĥf pcpxqq “ pdeg cqĥf pxq ` Op1q

where the implied constants do not depend on x (but coefficients of f). For each n P N, the
sequence txnunPN satisfies fnpxnq “ cpxnq and the functorial property of canonical height
yields

ĥf pcpxnqq “ ĥf pfn
pxnqq “ pdeg fq

nĥf pxnq.

This implies
pdeg fq

nĥf pxnq “ pdeg cqĥf pxnq ` Op1q

where the implied constant does not depend on xn and so does not depend on n. Thus the
quantity ppdeg fqn ´ deg cqĥf pxnq is bounded by a constant independent of n. As the term
ppdeg fqn ´deg cq becomes arbitrary large as n gets large because deg f ą 1, it follows that
ĥf pxnq must become arbitrary small and approaches 0 as n Ñ `8.

The following result is well known in arithmetic dynamics and it asserts that if two
rational functions share the same (non-repeating) sequence of points of small height, their
dynamical height must be identical. The strategy of the proof is similar to that of Baker-
DeMarco [6, Theorem 1.2] but we include the proof here for completeness and for the
convenience of the reader. For different proof (in the language of metrics on line bundle of
P1) and ingredient we refer the reader to [70, Corollary 14].

Proposition 3.4.2. Let K be a global field and let f, g P Kpxq be rational functions of
degree greater than 1. Suppose that there exists an infinite distinct sequence txnunPN Ă

P1pKq such that
lim
nÑ8

ĥf pxnq “ lim
nÑ8

ĥgpxnq “ 0.

Then ĥf “ ĥg.

Proof. Suppose that txnuně1 is a non-repeating sequence in P1pKq such that ĥf pxnq Ñ 0

and ĥgpxnq Ñ 0 as n Ñ `8.
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Case I. Suppose that f, g P Qpxq. Suppose that L is a number field for which both f and
g are defined. Thus txnu must be a sequence of algebraic points in P1pLq for all n P N.
Since txnu is a sequence of point of small dynamical height with respect to both f and
g, so the sequence of probability measures supported equally on the sets GalpL{Lq ¨ xn of
conjugates of xn converges weakly to the canonical measures µf,v and µg,v at all places v
of L in the Berkovich projective line P1

Berk,v by the arithmetic equidistribution theorem of
Baker-Rumely [7], Favre-Rivera-Letelier [34], and Chambert-Loir [21]. Thus µf,v “ µg,v.
From the definition of the Laplacian (3.2.1), for all v P ML and all x, y P P1

Berk,v, we have
that the v-adic Arakelov Green’s functions of f and g must differ by a constant Cvpyq P R
([8, Proposition 5.28])

Gµf ,vpx, yq “ Gµg ,vpx, yq ` Cvpyq. (3.4.1)

Using the fact that the Arakelov-Green’s function is symmetric, fixing x and viewing as
a function of y, we can deduce that Cvpyq “ Cv P R is independent of y. Thus Equation
(3.4.1) becomes

Gµf ,vpx, yq “ Gµg ,vpx, yq ` Cv. (3.4.2)

Summing equation (3.4.2) over all places v P ML with appropriate local degree, it follows
that

ĥf pxq ` ĥf pyq “ ĥgpxq ` ĥgpyq ` C

where C “
ř

vPML
NvCv and is independent of y. Setting y “ xn and letting n Ñ 8, we

have
ĥf pxq “ ĥgpxq ` C.

Taking x to be f -preperiodic, we obtain C “ ´ĥgpxq ď 0. Similarly, taking x to be

g-preperiodic, it yields C “ ĥf pxq ě 0. Hence C “ 0 and the desired result follows
immediately.
Case II. Let L be a finitely generated field extension of Q which is generated by all
coefficients of f and g. Suppose that neither f nor g is isotrivial (i.e., they are not conjugate
to a rational function defined over Q). Thus the sequence txnunPN is defined over P1pLq.
Then the proof follows along similar lines to that of Case I. The last step to conclude that
C “ 0, we instead use the Theorem 3.2.4 for function field.
Case III. Suppose that at least one of f and g is isotrivial. Without loss of generality,
assume that f is isotrivial (i.e., it is conjugate to a rational function defined over Q). Then
we follow the argument used in Baker-DeMarco [6, Theorem 2] to deduce that g must also
be isotrivial. Hence both f and g are conjugate to a rational function defined over Q and
we are back to Case I. Therefore, the desired result is established.

Recall that
Preppfq :“ tx P C | fn

pxq “ fm
pxq, for m,n P Nu
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the collection of all preperiodic points of f . It is infinite and countable [9, §6.2].

Proposition 3.4.3. Let f, g P Cpxq be two rational functions of degree greater than 1.
Suppose that the semigroup generated by f and g under composition is free. Then there
are finitely many λ P C such that there are m,n P N with the following properties:

(i) fmpxq ‰ cpxq

(ii) gnpxq ‰ cpxq

(iii) fmpλq “ gnpλq “ cpλq.

Proof. Let K be a field generated by all coefficients of f, g, and c over Q. Thus K is either
a number field or a function field of finite transcendence degree with constant field K XQ.

Suppose, on the contrary, that there is an infinite distinct sequence tλiuiPN such that
for every i, there exist mi and ni so that fmipxq ‰ cpxq, gnipxq ‰ cpxq, and λi is solution
to both fmipxq “ cpxq and gnipxq “ cpxq. Note that mi, ni Ñ `8 as i Ñ `8. It follows
from Lemma 3.4.1 that

lim
iÑ8

ĥf pλiq “ lim
iÑ8

ĥgpλiq “ 0.

It then follows immediately from Proposition 3.4.2 that ĥf “ ĥg.
Case I. Suppose that K is a number field. Proposition 3.2.3 asserts that the canonical
heights ĥf and ĥg vanish precisely on the set of f -preperiodic points and g-preperiodic
points, respectively. Then it follows that Preppfq “ Preppgq (i.e., f and g share the same
set of preperiodic points). Applying the result of Bell-Haung-Peng-Tucker [12, Corollary
4.12] to deduce that the semigroup generated by f and g under composition is not free.
Hence it contradicts the assumption.
Case II. Suppose that K is a function field of finite transcendence degree and neither f
nor g is isotrivial. Thus f and g must share the same set of preperiodic points by Theorem
3.2.4. Again, applying the result of [12], we have that xf, gy is not free.
Case III. Assume that at least one of f and g is isotrivial. Without loss of generality, as-
sume that f is isotrivial. We claim that g must also be isotrivial. This follows immediately
from a weak Northcott result of Baker [4, Theorem 1.6]. Thus both f and g are conjugate
to a rational function defined over Q. We are back to Case I.

Next, we treat the case when one of rational functions f and g is of degree 1. Here
we briefly discuss the proof idea due to Hsia-Tucker [52] and it goes through for rational
functions f and g without any changes.
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Proposition 3.4.4. Let f, g P Cpxq be two rational functions such that degpfq ą 1 and
degpgq “ 1. Suppose that the semigroup generated by f and g under composition is free.
Then there are finitely many λ P C such that there are m,n P N with the following proper-
ties:

(i) fmpxq ‰ cpxq

(ii) gnpxq ‰ cpxq

(iii) fmpλq “ gnpλq “ cpλq.

Proof. Again, K is a field generated by all coefficients of f, g and c over Q. Thus K is
either a number field or a function field of finite transcendence degree.
Case I. Suppose that K is a number field. We follow closely the argument of Hsia-
Tucker [52, Proposition 9]. For any infinite distinct sequence of tλiu and tmiu such that
fmipλiq “ cpλiq for every i P N, we have that tλiu is a sequence of small height with
respect to f by Lemma 3.4.1. Also, the condition (iii) yields that any solution λ P C to the
equation gnpλq “ cpλq is of bounded degree (i.e., degree at most degpcq since degpgq “ 1)
over K. Hence the Northcott’s property implies that there are only finitely many λ P C
satisfying (i), (ii), and (iii).
Case II. Suppose that K is a function field of finite transcendence degree. We refer the
reader to Hsia-Tucker [52, Proposition 9] as the proof is verbatim to the polynomial maps
setting.

We are now ready to prove the main result of this section.

Theorem 3.4.5. Let fpxq and gpxq be rational functions in Cpxq, at least one of which has
degree greater than one. Suppose that semigroup generated by f and g under composition
is free and cpxq is not a compositional power of f or g. Then there are only finitely many
λ P C such that

fm
pλq “ gnpλq “ cpλq.

for some m,n P N.

Proof. The proof divides into two cases:
Case I. If degpfq, degpgq ą 1, then the desired result follows immediately from Proposition
3.4.3.
Case II. If one of rational functions f and g is of degree one (without loss of general-
ity, assume that degpfq ą 1 and degpgq “ 1), then the desired conclusion follows from
Proposition 3.4.4.
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Chapter 4

Polynomial endomorphisms of the
affine plane with many periodic
curves

4.1 Introduction

The Dynamical Manin-Mumford Conjecture is the dynamical generalization of the well
known Manin-Mumford Conjecture, which conjectures that a subvariety that contains
many periodic points of an endomorphism must itself be special with respect to this en-
domorphism. After a series of studies and refinements by [91], [92] and [43], the precise
statement of the conjecture is the following:

Conjecture 4.1.1. Let f : X Ñ X be a polarized endomorphism of a smooth projective
variety over a field of characteristic zero, and Z Ă X be a subvariety containing a Zariski
dense set of preperiodic points. Then either Z is preperiodic or Z is special, in the sense
that it is contained in some subvariety Y that is both fn-and ψ-invariant, for some n ě 1,
where ψ is another polarized endomorphism commuting with fn on Y , and Z is preperiodic
under ψ.

The conjecture remains widely open, and only a few cases are known. For example,
the conjecture is proved for split morphisms on pP1qn by [41], [42] and for polynomial
endomorphisms on A2 extendable to endomorphisms on P2 with some constraint on the
ramification at the line at infinity by [28].
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4.1.1 Relative Dynamical Manin-Mumford Conjecture

Recently, inspired by Gao and Habegger’s work on Relative Manin-Mumford Conjecture
for families of abelian varieties [35, Theorem 1.1 and 1.3], DeMarco and Mavraki proposed
the generalized Dynamical Manin-Mumford Conjecture for families of dynamical systems
in [27].

We follow [27] to introduce the necessary notations. An algebraic family of endomor-
phisms of Pn of degree d is a morphism

Φ : S ˆ Pn
Ñ S ˆ Pn

given by Φps, zq “ ps, fspzqq where fs is an endomorphism of Pn of degree d. Let X Ď SˆPn

denote a closed irreducible subvariety which is flat over S. We let X denote the generic
fiber of X and let Φ : Pn Ñ Pn be the map induced by Φ, viewed as an endomorphism
over the function field CpSq.

We say X is Φ-special if there exists a subvariety Z Ď Pn over the algebraic closure
CpSq containing the generic fiber X, a polarizable endomorphism Ψ : Z Ñ Z, and a
positive integer n such that the following hold:

• ΦnpZq “ Z;

• Φn ˝ Ψ “ Ψ ˝ Φn on Z; and

• X is preperiodic under Ψ.

We denote rΦ,X the relative special dimension of X over S. This is given by

rΦ,X :“ mintdimS Y : X Ď Y and Y is Φ-specialu,

where dimS Y “ dimY ´ dimS is the dimension of a generic fiber of Y over S.

With the notations from above, DeMarco and Mavraki proposed the following relative
version of Dynamical Manin-Mumford Conjecture:

Conjecture 4.1.2. Let Φ : S ˆ PN Ñ S ˆ PN be an algebraic family of morphisms of
degree ą 1, and let X Ď S ˆ PN be a complex, irreducible subvariety which is flat over S.
The following are equivalent:

• X contains a Zariski dense set of Φ-preperiodic points.
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• T̂ rΦ.X
Φ ^ rXs ‰ 0 for the relative special dimension rΦ,X .

Here T̂Φ is the canonical Green current associated to Φ on S ˆ PN .

This is a very ambitious conjecture and remains open in most cases. When dimS “

0, the Conjecture 4.1.2 reduces to the Dynamical Manin-Mumford Conjecture. When
N “ 1, the Conjecture is already known. Moreover, several important problems can be
viewed as special cases of Conjecture 4.1.2, including the Dynamical André-Oort Conjecture
proposed by [5] and [38], and questions on the uniform bounds for common preperiodic
points between two rational functions on P1, see for example [26]. See [27, Section 3] for
detailed discussion.

The recent work of Mavraki and Schmidt [61] establish a special case of a weaker version
of the conjecture if one replaces PN with pP1qN (see also the discussion in [27, Conjecture
1.2]).

4.1.2 Main results

In this chapter, we study regular polynomial endomorphisms of P2 of degree ą 1,
that is, endomorphisms of P2 extending polynomial endomorphisms on A2. We focus on
the constant family case, where

Φps, pq “ ps, F ppqq

for a fixed regular polynomial endomorphism F . Within this setting, we consider a family
X that contains a Zariski dense set of periodic curves. Our first main result shows that such
a family must be invariant under F , and moreover, that the degree of a generic member of
the family remains stable under the action of F .

Theorem 4.1.3. Let Z Ď Md be a subvariety of the space of effective divisors of degree
d in P2. Let F be a regular polynomial endomorphism on P2 of degree ą 1. Suppose
that Z contains a Zariski dense set of divisors corresponding to periodic curves under F .
Then, after replacing F with some iterate, for a generic curve C such that rCs P Z, we have
degpCq “ degpF pCqq. Moreover, for any curve C 1 such that rC 1s P Z, we have rF pC 1qs P Z.

Remark 4.1.4. Suppose Z is a subvariety of the Chow variety of pure dimension D and
degree d cycles inside PK , for some K ě 2. Throughout the chapter, for a subvariety
C Ď PK of dimension D, we let rCs denote the algebraic cycle corresponding to C, and we
write rCs P Z if there exists a z P Z whose geometric support as a variety in PK is equal
to the union of the irreducible components of C.
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A key ingredient in the proof of Theorem 4.1.3 builds on ideas from [87, Sections 5–6].
These techniques play a central role in handling invariant curves through an unramified
point on the line at infinity and form the foundation of our approach.

Theorem 4.1.3 implies a special case of Dynamical Manin-Mumford Conjecture under a
stronger assumption (see Remark 4.5.2), and also proves a weaker form of the Conjecture
4.1.2:

Corollary 4.1.5. Let S be a smooth and irreducible quasi-projective variety defined over
C. Let Φ : S ˆ P2 Ñ S ˆ P2 be a constant family of endomorphisms such that for every
point ps, pq P S ˆ P2

Φps, pq “ ps, F ppqq,

where F is a regular polynomial endomorphism of degree ą 1 that does not depend on s.
Let X Ď S ˆ P2 be an irreducible hypersurface that is flat over S and projects dominantly
to S. Suppose there exists a Zariski dense set of s P S such that Xs, the fiber of X at s, is
a periodic curve under F . Then for all N P Z`, we have

T̂
^r

ΦˆN,XN

ΦˆN ^ rXN
s ‰ 0,

and rΦˆN ,XN ď mint2N,N ` dimSu.

Remark 4.1.6. Throughout this paper, we will let XN and ΦˆN denote the N -th fiber
product of X and Φ over S.

As another consequence of Theorem 4.1.3, we combine it with the classification of
endomorphisms on P2 preserving an algebraic k-webs obtained in [33] to describe all regular
polynomial endomorphisms that admit infinitely many periodic curves of bounded degrees.

Theorem 4.1.7. Let D be any positive integer. Let F be a regular polynomial endomor-
phism on P2 of degree ą 1 and suppose that it admits infinitely many periodic curves of
degree bounded by D. Then, after replacing F with some iterate, it is of one of the following
forms:

• F is a polynomial skew product;

• F is homogeneous;

• there exists a generic finite rational map µ : P1 ˆ P1 Ñ P2 and a split polynomial
endomorphism pf, gq on P1 ˆ P1 such that

µ ˝ pf, gq “ F ˝ µ.
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A more detailed description of the third case is given in the last section. This is an
extension of the work in [87, Section 6] where Xie proved that for a regular polynomial
endomorphism whose restriction on the line at infinity is not a polynomial, the existence
of infinitely many periodic curves forces the map to be homogeneous [87, Theorem 6.2].

4.1.3 Some conditional results on degree stabilization

Theorem 4.1.3 can also be interpreted as a Dynamical Manin-Mumford type statement
on the moduli space of divisors: instead of looking at subvarieties with a dense set of
preperiodic points in P2, we look at the subvarieties in the moduli space Md containing a
dense set of periodic curves under F . The theorem asserts that such a subvariety must be
special in the sense that a generic divisor it contains has stabilized degree under the action
of F , and the subvariety itself is invariant under the induced map.

We expect the degree stabilization should hold in a more general setting, and we propose
the following question which was raised in a discussion with Junyi Xie:

Question 4.1.8. Let F be an endomorphism of degree ą 1 on PN and ChD,dpPNq be the
Chow variety consisting of algebraic cycles of PN of dimension D and degree d. Suppose
Z Ď ChD,dpPNq is a subvariety containing a Zariski dense set of algebraic cycles correspond-
ing to irreducible periodic subvarieties of PN of degree d under F . Then is it true that, after
replacing F with some iterate, for a generic cycle V P Z, we have degpV q “ degpF pV qq?

Example 4.1.9. Note that even if a curve C Ď P2 is periodic under an endomorphism F ,
the curves in the periodic cycle can have various degrees. For example, under the regular
polynomial endomorphism F px, yq “ px2, y2 ´ xq, we have the following periodic cycle of
curves

V pyq V py2 ´ xq V pyq
F F

With a mild assumption on F , we will demonstrate that the Dynamical Manin-Mumford
Conjecture implies a positive answer to the Question 4.1.8, and a broader version of The-
orem 4.1.3 should hold:

Definition 4.1.10. Let S be a smooth, irreducible, quasi-projective variety over C of
positive dimension, and let M ě 2 be an integer. Let

Φ : S ˆ PM
Ñ S ˆ PM

be a family of surjective endomorphisms, and let X Ď SˆPM be an irreducible subvariety
of dimension greater than dimS, which projects dominantly onto S and is flat over S.
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We say that pΦ,X q is of general type if for any subvariety Y Ď PM containing X
and invariant under Φn for some n ą 0, the only polarizable endomorphisms on PM that
commute with Φn on Y are iterates of Φ itself.

In the special case where Φps, pq “ ps, F ppqq for a fixed surjective endomorphism F , we
say that the pair pF,X q is of general type, meaning the same as pΦ,X q being of general
type.

Theorem 4.1.11. Let F be a surjective endomorphism on PK of degree ą 1. Let Z Ď

ChD,dpPKq be a subvariety in the Chow variety consisting of algebraic cycles of PK of di-
mension D ď K ´ 1 and degree d. Suppose Z contains a Zariski dense set of algebraic
cycles corresponding to irreducible periodic subvarieties of PK under F of degree d. Assum-
ing pF,Zq is of general type and Conjecture 4.1.1 is true, then for every subvariety C Ď PK

and a generic subvariety C 1 Ď PK such that rCs, rC 1s P Z, we have that rF pCqs P Z and
degpC 1q “ degpF pC 1qq, after replacing F with some iterate.

Furthermore, we show that Conjecture 4.1.2 implies an even stronger stabilization prop-
erty for the degrees of images in families of endomorphisms:

Proposition 4.1.12. Let S be a smooth and irreducible quasi-projective variety defined
over C of positive dimension and M ě 2 be a positive integer. Let Φ : S ˆ PM Ñ S ˆ PM

be a family of endomorphisms such that for every point ps, pq P S ˆ PM

Φps, pq “ ps, Fsppqq

for an endomorphism Fs of degree ą 1. Let X Ď S ˆ PM be an irreducible subvariety of
dimension ą dimS that projects dominantly to S and is flat over S. Assume pΦ,X q is of
general type.

Suppose that for a Zariski dense subset of s P S, Xs is preperiodic under Φs. If Con-
jecture 4.1.2 holds, then there exists positive integers n,m and an infinite set of positive
integers I such that for any pair of integers k1, k2 P I we have that,

degpFm`nk1
s pXsqq “ degpFm`nk2

s pXsqq,

for a generic point s P S.

We also establish a degree stabilization result for families Φ : A1 ˆ P2 Ñ A1 ˆ P2 of
regular polynomial endomorphisms, under suitable assumptions on the behavior of X at
infinity (Theorem 4.6.3 and 4.6.5). Our argument combines analysis of branches along H8

with results from [32] and, conditionally, on [25, Conjecture 6.1] and the classification of
semiconjugate pairs in [68].
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4.2 Outline of the chapter

Section 4.3 establishes several technical lemmas that will be essential for the subsequent
arguments.

In Section 4.4, we prove Theorem 4.1.3. A key technique used in the proof of Theorem
4.1.3 is inspired by [87, Sections 5 and 6]. It establishes that, for a regular polynomial
endomorphism, the invariant algebraic curve passing through a non-superattracting fixed
point of F |H8

is unique whenever it exists, where H8 “ P2zA2. Moreover, the intersection
must be transverse. A slight adaptation of this result (Lemma 4.3.4), combined with
suitable blow-up procedures along H8, allows us to obtain a reparametrization of a family
of divisors containing infinitely many periodic curves. This forms a crucial step in the
proof of Theorem 4.1.3.

We also explain at the end of this section how the Dynamical Manin–Mumford Conjec-
ture suggests that the same expectation should hold for endomorphisms on PK in general.

In Section 4.5, we show that our main result, Theorem 4.1.3, implies a weaker ver-
sion of the relative Dynamical Manin–Mumford Conjecture (Conjecture 4.1.2) proposed by
DeMarco and Mavraki.

Section 4.6 contains conditional results. We show that the relative Dynamical Manin–Mumford
Conjecture predicts a degree stabilization phenomenon for families of endomorphisms and
subvarieties containing a Zariski dense set of periodic subvarieties. We verify this expec-
tation for families Φ : A1 ˆ P2 Ñ A1 ˆ P2 of regular polynomial endomorphisms, under
unramification assumptions on the behavior of X at infinity. Our argument relies on iden-
tifying when a marked point aptq P X X H8 becomes superattracting for infinitely many
parameters t0 P A1. In the polynomial case, this follows from [32] (see Theorem 4.6.3); in
the general case, the proof depends conditionally on [25, Conjecture 6.1] and the argument
relies on the classification of semiconjugate pairs in [68] (see Theorem 4.6.5).

Finally, Section 4.7 introduces the notion of k-webs following [33]. Using Theorem 4.1.3,
we show that a regular polynomial endomorphism admitting infinitely many periodic curves
of bounded degree must preserve either an algebraic k-web or a pencil of curves. Combining
these with the classification results of [33] and [23] yields a complete description of such
endomorphisms, proving Theorem 4.1.7.

4.3 Preliminaries

In this section, we collect some technical lemmas that will be useful in later proofs.
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We begin by clarifying the notion of a resolution tree:

Definition 4.3.1. By a resolution tree of depth N at p with respect to a curve
C, where p P P2, N P Z`, and C Ă P2 passes through p, we mean the tree obtained by
iteratively blowing up points where the strict transform of C intersects the exceptional
divisors. The root of the tree is p (level 0), and the process is repeated until the tree has
depth N .

Lemma 4.3.2. Let D be a positive integer. If C1 and C2 are two affine curves in A2

passing through p0, 0q of degree ď D that have the same resolution tree of depth D2 ` 1 at
the point p0, 0q, then C1 “ C2.

Proof. Let πi, i P t1, 2, . . . , D2 `1u denotes the (sequence of) blow-up maps at p0, 0q which
gives us the resolution tree of depth i at p0, 0q with respect to both C1 and C2, as they
share the same resolution tree.

We show inductively that for any positive integer M ď D2 ` 1, we have

pC1, C2qp0,0q ě M ` pC̃
pMq

1 , C̃
pMq

2 qpM

where C̃
pMq

i is the strict transformation of Ci under πM , i P t1, 2u and pM is a point in

the intersection of C̃
pMq

1 , C̃
pMq

2 and an exceptional divisor introduced when we construct
the M -th level of the resolution tree. The existence of such a pM is guaranteed by our
assumption that C1 and C2 share the resolution tree up to depth D2 ` 1.

Note that π1 is the first blow up map at p0, 0q, which introduces an exceptional divisor
E1 in the preimages of p0, 0q under π1. Then we have

π˚
1Ci “ C̃

p1q

i ` miE1

where mi ą 0 is the multiplicity of E1 in the total transformation of Ci under π1, for
i P t1, 2u. Then, since C̃

p1q

i ¨ E1 “ mi for i P t1, 2u, we have

pC1 ¨ C2qp0,0q “ pC̃
p1q

1 ¨ C̃
p1q

2 qE1 ` m2C̃
p1q

1 ¨ E1 ` m1C̃
p1q

2 ¨ E1 ` m1m2E1 ¨ E1

“ pC̃
p1q

1 ¨ C̃
p1q

2 qE1 ` m1m2 ě 1 ` pC̃
p1q

1 ¨ C̃
p1q

2 qE1 , (4.3.1)

where
pC̃

p1q

1 ¨ C̃
p1q

2 qE1
:“

ÿ

pPC̃
p1q

1 XC̃
p1q

2 XE1

pC̃
p1q

1 ¨ C̃
p1q

2 qp.

This verifies the base case.
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Now, we assume that the statement holds for a positive integer M ă D2 ` 1 and we
show that it also holds for M ` 1. We do the further expansion of

pC̃
pMq

1 , C̃
pMq

2 qpM

by taking a blow-up πpM at pM . Then, we have

pC̃
pMq

1 , C̃
pMq

2 qpM

“ pC̃
pMq,pM
1 ¨ C̃

pMq,pM
2 qEpM

` mpM
1 C̃

pMq,pM
2 ¨ EpM

` mpM
2 C̃

pMq,pM
1 ¨ EpM ` mpM

1 mpM
2 EpM ¨ EpM

“ pC̃
pMq,pM
1 ¨ C̃

pMq,pM
2 qEpM

` mpM
1 mpM

2 , (4.3.2)

where
π˚
pM
C̃

pMq

i “ C̃
pMq,pM
i ` mpM

i EpM ,

mpM
i ą 0, i P t1, 2u and EpM is the exceptional divisor introduced by πpM .

Notice that the assumption that C1 and C2 share the resolution tree at p0, 0q up to
depth D2 ` 1 implies that there exists a

pM`1 P C̃
pMq,pM
1 X C̃

pMq,pM
2 X EpM .

Also, there exists a sequence of blow-up π1
M`1 such that

πM`1 “ π1
M`1 ˝ πpM ˝ πM

and C̃
pM`1q

i is the strict transformation of C̃
pMq,pM
i under π1

M`1, where i P t1, 2u.

Then

pC̃
pMq,pM
1 ¨ C̃

pMq,pM
2 qEpM

ě pC̃
pMq,pM
1 ¨ C̃

pMq,pM
2 qpM`1

“ ppπ1
M`1q

˚C̃
pMq,pM
1 ¨ pπ1

M`1q
˚C̃

pMq,pM
2 qpM`1

ě pC̃
pM`1q

1 ¨ C̃
pM`1q

2 qpM`1
. (4.3.3)

Now the induction hypothesis

pC1, C2qp0,0q ě M ` pC̃
pMq

1 , C̃
pMq

2 qpM

together with (4.3.2) and (4.3.3) imply that

pC1, C2qp0,0q ě M ` 1 ` pC̃
pM`1q

1 ¨ C̃
pM`1q

2 qpM`1
.
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Then the induction concludes the statement. Hence, plugging in M “ D2 ` 1, we have

pC1, C2qp0,0q ě D2
` 1.

Since, degpC1q “ degpC2q “ D, by Bézout’s intersection theorem we conclude that C1 “

C2.

Lemma 4.3.3. Let C be an infinite set of curves in P2 of uniformly bounded degree ď D
passing through a single point p P P2. There exists a blow up π of length bounded by D2 `1
at the point p and an exceptional divisor E Ď π´1ppq such that

Ť

CPC π
#C X E contains

infinitely many distinct points in E.

Proof. Suppose, for the sake of contradiction, that for any blow up π at p of length not
greater than D2`1 and any exceptional divisor E in π´1ppq we have |

Ť

CPC π
#CXE| ă 8.

We build a resolution tree of depth D2 ` 1 at p by recursively blowing up all the points
in the intersections of the strict transformation of C P C with exceptional divisors. By our
assumption, there are only finitely many exceptional divisors in this resolution tree and
each exceptional divisor only intersects with C at a finite set of points. Therefore, by the
Lemma 4.3.2 and the pigeonhole principle, there are only finitely many distinct curves in
C, which is a contradiction. Thus, there must exist a divisor E Ď π1´1ppq, with a blow up
π1 at p of length not greater than D2 ` 1 (pick a branch of the resolution tree), such that
Ť

CPC π
1#C X E is an infinite set.

The following lemma is an adaptation of [87, Lemma 5.11] for our purposes. The proof
follows the original almost verbatim; we will explain here the necessary changes.

Lemma 4.3.4. Let F be a regular polynomial endomorphism on A2 of degree ą 1. Let X
be a compactification of A2 which is either P2 or constructed by a sequence of blow-up of
some points on H8 “ P2zA2. Let E be an irreducible component of XzA2 such that F ,
after being replaced with some iterate, extends to a finite morphism, f , on E. Let o P E be
a non-superattracting fixed point of f . Then there exists a unique irreducible formal curve
Ĉ at o which is F -invariant and not contained in E. Moreover, it intersects E transversely
at o.

Proof. In [87, Lemma 5.11], the author proves this lemma with X “ P2 and E “ H8. But
the approach only requires the data locally around o and so can be adapted to this setting.
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Let L “ Cpptqq with t-adic norm. Let U be the affinoid subdomain of Xan
L , which, in

the local affine chart around o “ p0, 0q, is given by

U :“ tpx, yq : |x| ď |t|, |y| ď |t|u.

Since F induces a finite morphism on E, we have that F induces a well-defined endomor-
phism

g|U : U Ñ U

which fixes the hyperplane Y “ Ean
L XU , where E within the affine chart is given by V pxq

by a coordinate choice. Now, the rest of the proof follows exactly the same line as in [87,
Lemma 5.11] with g|U , U and Y as above.

Remark 4.3.5. The key ingredient of the proof of this lemma, as explained in [87, Proof
of Lemma 5.11], is [88, Theorem 8.3], which is the main result of the Appendix A in the
paper. In this particular case of Lemma 4.3.4, it shows that g|U is semiconjugated to g|Y .

Notice that Lemma 4.3.4 has a similar flavor to [28, Theorem 2.1], which shows that
there exists a unique smooth analytic curve through o which is transverse to E and invariant
under F .

4.4 Proof of Theorem 4.1.3

In this section, we prove Theorem 4.1.3. We begin with a series of lemmas that form
the intermediate steps toward the proof. Throughout this section, let F be a regular
polynomial endomorphism of A2 of degree ą 1.

Lemma 4.4.1. Suppose F : P2 Ñ P2 admits an infinite set of periodic curves C. Then
one of the following holds:

(1) There exists a point p P H8 such that infinitely many curves in C pass through p.

(2) There exists an integer e P t1, 2u and an infinite subset C 1 Ď C consisting of periodic
curves of degree e, together with a finite morphism

σ : P1
ÝÑ Z,

where Z is the Zariski closure of C 1 in the space of effective divisors of degree e, Me,
such that:
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• for a generic C P Z, we have degpF pCqq “ degpCq; and

• for any curve C 1 Ď P2 with rC 1s P Z, we have rF pC 1qs P Z.

Proof. Suppose that for every point p P H8, only finitely many periodic curves of F pass
through p. We will show that p2q must then occur.

By [87, Lemma 6.6 and Remark 6.7], every periodic curve of F , except the line at
infinity H8 “ P2zA2, has at most two branches at infinity. Since F |H8

has only finitely
many superattracting periodic cycles, and each periodic point in H8 lies on finitely many
periodic curves by assumption, there must exist infinitely many periodic curves

C 1
Ď C

such that each C P C 1 meets H8 only at non-superattracting periodic points of F |H8
.

For such curves, Lemma 4.3.4 implies that each intersection C X H8 is transverse.
Consequently, the intersection multiplicity C ¨ H8 equals the number of branches of C
at infinity, which is at most two. Hence, degpCq ď 2 for infinitely many periodic curves
C P C. Moreover, the same reasoning applies to all curves lying in the periodic cycles of
these curves, showing that degpCq “ degpF pCqq P t1, 2u for all such C.

We now regard these periodic curves as points in the projective space Me of effective
divisors of degree e on P2, where e P t1, 2u. By enlarging C 1 if necessary, we may assume
that it is closed under the action of F , i.e., it contains all curves in the periodic cycles of
its members.

Consider the incidence variety

Γ “ tpC, xq : C P C 1, x P C X H8u Ď Me ˆ H8,

and let πi denote the projection onto the i-th factor for i P t1, 2u. Since non-superattracting
periodic points are dense in H8 – P1, π2 is surjective; by Lemma 4.3.4, π2 is in fact
bijective. Also, π1 : Γ Ñ Me is a morphism of degree e. We may therefore define

σ :“ π1 ˝ π´1
2 : P1

– H8 ÝÑ Me,

which is a finite morphism with image Z “ π1pΓq. Note that even without enlarging C 1,
the same Z is obtained after taking closure, since Z is irreducible, parametrized by P1, and
contains all members of C 1 and their periodic cycles.

Finally, let Zt be the irreducible curve in P2
Cptq corresponding to Z, where Cptq is the

function field of H8. For any t0 P C such that Zt0 P C 1, we have F pZt0q “ Zfpt0q, where
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f “ F |H8
. As the set of such t0 (corresponding to non-superattracting periodic points of

f) is dense in P1, it follows that

F pZtq “ Zfptq for all t.

Consequently, for every curve C 1 with rC 1s P Z, we have rF pC 1qs P Z, completing the proof.

Now, by Lemma 4.4.1, one of the following two situations occurs. Either we can con-
struct a one-dimensional family of curves, parametrized by P1, that contains infinitely
many periodic curves and whose generic member has stabilized degree; or there exists a
point p P H8 through which infinitely many periodic curves pass.

It remains to handle the second case.

Proposition 4.4.2. Let C be an infinite set of periodic curves under F in P2 of degree D
passing through a point p P H8. Then there exists an infinite subset of curves C 1 Ď C such
that we have a parametrization τ : P1 Ñ Z, where Z is the Zariski closure of C 1 in the
space of effective divisors of degree ď D in P2. Moreover, after replacing F with a suitable
iterate, for any curve C such that rCs P Z, we have that rF pCqs P Z and, in particular,
for a generic curve C 1 such that rC 1s P Z, we have degpF pC 1qq “ degpC 1q.

Proof. We first replace F with some iterate and so p is fixed under F . Moreover, by Lemma
4.3.4, it is a super-attracting fixed point under F |H8

. By Lemma 4.3.3, there exists a blow
up π0 of length at most D2 ` 1 at p such that C intersects a divisor E0 Ď π´1

0 ppq at
infinitely many points. This in particular implies that F |E0 , the induced map of F on E
after replacing F with some iterate, is a finite morphism as curves in C are periodic and so
are their intersections with E0. Then there exists an infinite subset C1 Ď C such that for
every curve C in C1, the intersection C X E0 contains some non-superattracting periodic
points of F |E0 . This is because F |E0 is a finite endomorphism on E0 and thus has only
finitely many super-attracting periodic points.

Now, if there exists another point p1 P π´1
0 ppq Y H8 such that infinitely many curves

from tπ#
0 C : C P C 1u pass through p1. Then we again use Lemma 4.3.3 to obtain a blow up

π1 at p1, so that there exists a E1 Ď π´1
1 pp1q whose intersection with strict transformations

of curves in C 1 at infinitely many distinct points. Similarly, shrink C 1 and abuse notation
to also let C 1 denote the infinite subset of C 1 only containing those curves with strict
transformations intersecting E1 at some non-superattracting periodic points of F |E1 , after
replacing F with some iterate.
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Now, we repeat this process if we can still find a point in pπ1 ˝ π0q
´1pH8q such that

infinitely many strict transformations of curves in C 1 pass through it. Then, after the pro-
cess stop, we obtain a sequence of blow-ups π0, ¨ ¨ ¨ , πr and exceptional divisors E0, . . . , Er,
such that there exists an infinite set of periodic curves C1 whose strict transformations only
intersect Ei, i P t1, 2, . . . , ru, at non-superattracting periodic points of F |Ei

, where r P Z`.

This process must terminate after at most D iterations, and r ` 1 ď D, as, denoting
π “ πr ˝ ¨ ¨ ¨ ˝ π0,

D ě degpCq ě pπ#C,E0 ` ¨ ¨ ¨ ` Erq ě r ` 1,

for any C P C 1. If the process did not stop, we would obtain r ` 1 “ D ` 1, contradicting
degpCq ď D.

Hence, after finitely many steps, we obtain a blow-up π aboveH8 such that through any
point of π´1pH8q only finitely many strict transforms π#C (with C P C 1) pass. Excluding
from C 1 those finitely many curves whose strict transforms meet E Ď π´1pH8q at some
superattracting periodic points, we may assume that for all C P C 1 and all components
E Ď π˚H8, the intersection π#C XE consists only of non-superattracting periodic points
of F |E. We further choose an infinite subset of C 1 so that the strict transformation of
every curve in it intersects every exceptional divisor (including H8) at the same number
of points. We abuse notation to still call it C 1.

Now, notice that
degpCq “ pπ#C, π˚H8q,

and by Lemma 4.3.4 we have every intersection between π#C and every E Ď π˚H8 is
transverse (if non-empty) and so is the intersection between π#pF pCqq and E, since the
intersection of π#C and E’s are non-superattracting periodic points. Notice that there is
a one-to-one correspondence between them as they live in the same periodic cycles under
F |E. Thus,

pπ#F pCq, Eq “ pπ#C,Eq,

for every exceptional divisor E Ď π˚H8. Hence, we have

degpF pCqq “ pπ#F pCq, π˚H8q “ pπ#C, π˚H8q “ degpCq.

From now on, fix E :“ E0.

From now on, fix E :“ E0 and by our construction the strict transformation of every
curve in C 1 intersects E at D1 ď D points. Define

C0 “ tF n
pCq : C P C 1, n ě 0u
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and let Z 1 be the closure of C0 in MD.

Consider
W “ tpp, Cq P E ˆ Z 1 : p P π#C X Eu Ď E ˆ Z 1.

By Lemma 4.3.4, through each non-superattracting periodic point of F |E there passes a
unique periodic curve (other than E itself) intersecting E transversely. Thus, the projection
τ1 : W Ñ E is generically one-to-one, hence birational, and therefore an isomorphism since
E – P1. Composing with the projection τ2 : W Ñ Z 1, we obtain

τ “ τ2 ˝ τ´1
1 : E Ñ Z 1,

a morphism of degree D1, giving the desired parametrization.

We now show that for every C with rCs P Z 1, we have rF pCqs P Z 1, after replacing F
with some iterate. View Z 1 as a curve

Z 1
t Ď P2

CpEq – P2
Cptq,

where CpEq – Cptq is the function field of E – P1. The map F induces a morphism

F̃ : P2
Cptq Ñ P2

Cptq,

and since degpF pC 1qq “ degpC 1q for infinitely many C 1 P Z 1, we have

degpF̃ pZ 1
tqq “ degpZ 1

tq.

For any C1 “ Z 1
t1

P C 1, where t1 is a non-superattracting periodic point of F |E, Lemma 4.3.4
and the construction of Z 1 ensures that

F pC1q “ Z 1
fpt1q,

where f “ F |E. As such points t1 form a Zariski dense subset of E – P1, we obtain

F̃ pZ 1
tq “ Z 1

fptq.

Thus, for every C with rCs P Z 1, we have rF pCqs P Z 1.

Finally, since Z Ď Z 1 and Z 1 is irreducible, we have Z “ Z 1. Therefore, for any C with
rCs P Z, we have rF pCqs P Z, and for a generic C,

degpF pCqq “ degpCq.
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We now summarize the results obtained for the case where F admits an infinite set of
periodic curves.

Proposition 4.4.3. Let F be a regular polynomial endomorphism of degree d ą 1 admitting
an infinite set C of periodic curves of degree at most D. Then there exists a parametrization

τ : P1
ÝÑ Z,

where Z Ď MD is the Zariski closure, in the space of effective divisors of degree at most D,
of the effective divisors corresponding to an infinite subset of C. Moreover, after replacing
F by a suitable iterate, for any curve C and for a generic curve C 1 with rCs, rC 1s P Z, we
have

rF pCqs P Z and degpF pC 1
qq “ degpC 1

q.

Proof. By Lemma 4.4.1, either there exists an infinite subset of C consisting of curves all
passing through a single point p P H8, or the statement already holds for an infinite subset
of C, in which case we are done.

The first case is covered by Proposition 4.4.2.

We are now ready to prove Theorem 4.1.3.

Proof. Without loss of generality, we may assume that Z is irreducible. We first show that
for any curve C with rCs P Z, one has rF pCqs P Z.

The pushforward map
F˚ : Md ÝÑ MdegpF qd

is well defined. Define

ψ : Md ÝÑ MdegpF qd, ψpAq “ degpF qA,

which is an isomorphism onto its image. Let C denote the Zariski dense set of periodic
curves of F whose corresponding effective divisors lie in Z. By Proposition 4.4.3, after
replacing F by an iterate, there exists an infinite subset C 1 Ď C whose Zariski closure Z 1

satisfies rF pC 1qs P Z 1 for all C 1 P C 1.

If C 1 is not Zariski dense in Z, then CzC 1 must still be infinite. We may then apply
Proposition 4.4.3 again to CzC 1 and enlarge C 1 and Z 1, where Z 1 becomes a union of projec-
tive lines contained in the Zariski closure of C 1. By Zorn’s Lemma, there exists a maximal
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subset C2 Ď C whose Zariski closure satisfies this invariance property. Our argument im-
plies that |CzC2| ă 8, since otherwise C2 could be enlarged, contradicting maximality. We
rename C2 as C 1, noting that it remains Zariski dense in Z.

Define
G :“ ψ´1

˝ F˚.

This map is well defined on the set of effective divisors corresponding to C 1, a Zariski dense
subset of Z, and its image also lies in Z. Since ψpMdq is closed in MdegpF qd and contains
degpF qC1, the composition ψ´1 ˝ F˚ extends to an endomorphism on a closed subset of
Md containing C 1. Hence G extends to an endomorphism of Z, and we have GpZq “ Z.
Consequently, for any curve C with rCs P Z, one has rF pCqs P Z.

Let Z̃ denote the curve in P2
CpZq

whose fibers over points of Z correspond to the curves

in Z, where CpZq is the function field of Z. Let F̃ : P2
CpZq

Ñ P2
CpZq

be the induced map of

F . The discussion above shows that F̃ pZ̃q is a curve in P2
CpZq

containing a Zariski dense
set of fibers corresponding to curves in C 1. Hence

degpF̃ pZ̃qq “ degpZ̃q.

Therefore, for a generic curve C with rCs P Z, we have

degpF pCqq “ degpCq,

completing the proof.

In fact, a more general version of Theorem 4.1.3 is predicted by the Dynamical Manin–
Mumford Conjecture:

Theorem 4.4.4 (Theorem 4.1.11). Let F be a surjective endomorphism of PK of degree
ą 1. Let

Z Ď ChD,dpPK
q

be a subvariety of the Chow variety parameterizing algebraic cycles of PK of dimension
D ď K ´ 1 and degree d. Suppose Z contains a Zariski dense set of algebraic cycles
corresponding to irreducible periodic subvarieties of PK under F of degree d.

Assuming pF,Zq is of general type and Conjecture 4.1.1, then for every subvariety
C Ď PK and a generic subvariety C 1 Ď PK with rCs, rC 1s P Z, we have

rF pCqs P Z and degpF pC 1
qq “ degpC 1

q,

after possibly replacing F by some iterate.
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Proof. Without loss of generality, we may assume Z is irreducible, since the argument can
be applied to each irreducible component separately. Set N :“ dimpZq ` 1. Inspired by
the fiber products constructions used in [27], we consider the subvariety

Y :“
ď

zPZ

tpx1, . . . , xNq : xi P C Ď PK , rCs “ z, i “ 1, . . . , Nu Ď pPK
q
N .

Since Z contains a Zariski dense set of periodic subvarieties under F , the set of preperiodic
points of FˆN in Y is Zariski dense. By Conjecture 4.1.1, there exists a subvariety W
invariant under pFˆNql for some l ą 0, containing Y and a polarizable endomorphism G
on W such that

G ˝ pFˆN
q
l

“ pFˆN
q
l
˝ G on W.

Moreover, Y is preperiodic under G.

Since Y contains every CN whose class rCs lies in Z, and since G becomes a split
morphism after replacing it by a suitable iterate, we have

Gi ˝ F l
“ F l

˝ Gi on Wi,

for each i P t1, 2, . . . , Nu, where Wi denotes the projection of W onto the i-th factor of
pPMqN , and Wi contains C for every rCs P Z.

By our assumption that pF,Zq is of general type, it follows that each Gi is an iterate
of F , and therefore G itself is an iterate of FˆN . Hence, Y is preperiodic under FˆN .

Then, there exist m,n P Z` such that

pFˆN
q
m

pY q Ď pFˆN
q
n
pY q.

Assuming n ą m, it follows that

pFˆN
q
m`pn´mqk

pY q Ď pFˆN
q
m

pY q for all k P Z`.

Let Z0 Ď Z denote the set of cycles corresponding to the Zariski dense set of periodic
subvarieties in Z. Then there exists some j P t1, . . . , n ´ mu such that

ď

zPZ1
0

tpx1, . . . , xNq P CN : rCs “ zu Ď pFˆN
q
m`j

pY q,

where Z 1
0 Ď Z0 is a Zariski dense subset of Z. Note that

ď

zPZ1
0

tpx1, . . . , xNq P CN : rCs “ zu “ Y,
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hence
Y “ pFˆN

q
m`j

pY q,

so Y is periodic under FˆN .

Replacing F by Fm`j, we have

Y “
ď

zPZ

tpx1, . . . , xNq P CN : rCs “ zu.

Indeed, this follows because the union above equals

πpZq,

where Z is the closed subvariety

Z :“ tpz, x1, . . . , xNq : z P Z, px1, . . . , xNq P CN , rCs “ zu Ď Z ˆ pPK
q
N ,

and π : Z ˆ pPKqN Ñ pPKqN is the natural projection, which is a closed map.

Now let C Ď PK be any subvariety with rCs P Z. We claim that

pF pCqq
N

Ď
ď

zPZ

tpx1, . . . , xNq P C 1N : rC 1
s “ zu

implies rF pCqs P Z.

We prove this claim by induction on N ě 1. For the base case N “ 1, we have
dimpZq “ 0, and Y is a finite union of subvarieties of PK parameterized by Z. In this case,
F pCq Ď Y clearly implies rF pCqs P Z.

Assume the statement holds for N ď M for some M ě 1, and consider N “ M ` 1.
There exists a point p P F pCq such that the subvariety

Z1 :“ tz P Z : p P Supppzqu

has dimpZ1q ă N´1. Otherwise, if every C 1 with rC 1s P Z contains F pCq, then dimpZq “ 0,
contradicting our assumption that Z parametrizes a Zariski dense family of irreducible
subvarieties.

Hence,

tpu ˆ pF pCqq
N´1

Ď
ď

zPZ1

tpp, x2, . . . , xNq : px2, . . . , xNq P C 1N´1, rC 1
s “ zu,
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which implies

pF pCqq
N´1

Ď
ď

zPZ1

tpx2, . . . , xNq : px2, . . . , xNq P C 1N´1, rC 1
s “ zu.

By the induction hypothesis, we conclude that rF pCqs P Z, proving the claim.

Since pF pCqqN Ď Y , the claim yields rF pCqs P Z. Let CpZq be the function field of Z,
and let

Z̃ Ď PK
CpZq

denote the subvariety corresponding to the generic fiber, so that for any z P Z, we have
rZ̃zs “ z. Denote by

F̃ : PK
CpZq

Ñ PK
CpZq

the map induced by F under base change. Then

rF̃ pZ̃zqs “ rF pZ̃zqs P Z for all z P Z.

In particular, this implies degpF̃ pZ̃qq “ degpZ̃q, and hence for a generic C 1 Ď PK with
rC 1s P Z, we have

degpF pC 1
qq “ degpC 1

q.

4.5 Implications toward the Conjecture 4.1.2

In this section, we explore how our main result relates to the conjectures proposed in [27].
When we restrict to the case where the family

Φ : S ˆ P2
ÝÑ S ˆ P2

is constant with respect to the parameter space S, we show that our main theorem implies
a weaker form of Conjecture 4.1.2, stated below as Corollary 4.1.5.

For the convenience of the reader, we restate Corollary 4.1.5 here.

Corollary 4.5.1 (Corollary 4.1.5). Let S be a smooth and irreducible quasi-projective
variety defined over C. Let Φ : S ˆ P2 Ñ S ˆ P2 be a constant family of endomorphisms
such that for every point ps, pq P S ˆ P2

Φps, pq “ ps, F ppqq

101



for a regular polynomial endomorphism F of degree ą 1 that does not depend on s. Let
X Ď S ˆ P2 be an irreducible hypersurface that is flat over S and projects dominantly to
S. Suppose there exists a Zariski dense set of s P S such that Xs, the fiber of X at s, is a
periodic curve under F . Then for all N P Z`, we have

T̂
^r

ΦˆN,XN

ΦˆN ^ rXN
s ‰ 0,

and rΦˆN ,XN ď mint2N,N ` dimSu.

Proof. There exists an irreducible subvariety

Z Ď Md,

where Md denotes the space of effective divisors of degree at most d ą 0 in P2, such that
the induced map by the family X

σ : S Ñ Z

is dominant. When no confusion arises, we will also regard Md as the space of (possibly
reducible) curves in P2, and similarly for Z Ď Md. By assumption, there exists a Zariski
dense set of z P Z such that z is a periodic curve under F . Then Theorem 4.1.3 implies
that, after replacing F by some iterate, F pzq P Z for all z P Z.

Consider the subvariety

Y :“ tpp1, . . . , pNq P pP2qN : p1, . . . , pN P Xs for some s P Su,

which is the image of the projection of the fiber product XN onto pP2qN . Then

dimpY q “ r ď mint2N, dimpXN
qu ď mint2N, N ` dimSu.

We claim that Y is invariant under FˆN . Indeed, for any pp1, . . . , pNq P pXsq
N Ď pP2qN ,

we have
pF pp1q, . . . , F ppNqq P F pXsq

N
“ F pσpsqq

N
“ zN

for some z P Z. Since σ : S Ñ Z is dominant and Y is Zariski closed, we have zN Ď Y ,
hence FˆNpY q Ď Y .

Applying the projection formula for

τN : S ˆ pP2
q
N

Ñ pP2
q
N ,

we obtain

T̂^r
ΦˆN ^ rXN

s “ τ˚
NpT̂^r

FˆN q ^ rXN
s “ T̂^r

FˆN ^ pτNq˚rXN
s ě T̂^r

FˆN ^ rY s.
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Let T “

´

řN
i“1 π

˚
i ω

¯^r

be an r-current on pP2qN , where πi denotes projection onto the

i-th factor and ω is the Fubini–Study form on P2. Then

ż

pP2qN

T ^ rY s ą 0.

Let d “ degpFˆNq. Observe that

ż

pP2qN

d´rn
pFˆN

q
n˚T ^ rY s “

ż

pP2qN

d´rnT ^ pFˆN
q
n
˚rY s

“

ż

pP2qN

d´rnT ^ drnrY s

“

ż

pP2qN

T ^ rY s.

Moreover, by the local uniform convergence of the potentials of pFˆNqn˚T to those of T̂^r
FˆN

(see [24, Chapter III, Corollary 3.6]), we have

d´rn
pFˆN

q
n˚T ^ rY s ÝÑ T̂^r

FˆN ^ rY s as n Ñ 8.

Hence,
ż

pP2qN

T̂^r
FˆN ^ rY s ą 0,

and therefore,
T̂^r
FˆN ^ rY s ą 0.

Finally, by definition, we have rΦˆN ,XN ď r since S ˆ Y is ΦˆN -special. Consequently,

T̂
^r

ΦˆN,XN

ΦˆN ^ rXN
s ‰ 0.

Remark 4.5.2. The proof above in fact shows that we have established a version of the
Dynamical Manin–Mumford Conjecture for FˆN and Y Ď pP2qN . However, our result
holds under the stronger assumption that Y arises from a family of curves containing a
Zariski dense set of periodic curves, rather than merely requiring that Y contains a Zariski
dense set of preperiodic points.
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Corollary 4.5.3. Under the same assumptions of Corollary 4.1.5, for any positive integer
N ą 0, we have XN has codimension ď dimS in a ΦˆN -special subvariety in S ˆ pP2qN .

Proof. This follows directly from Corollary 4.1.5, in the same way that [27, Conjecture 1.1]
implies [27, Conjecture 1.2]. Since we have

rΦˆN ,XN ď mint2N, N ` dimSu and dimXN
“ N ` dimS,

it follows that there exists a ΦˆN -special subvariety

Y Ď S ˆ pP2
q
N

of dimension at most
mint2N ` dimS, N ` 2 dimSu

containing XN . Hence, XN has codimension at most dimS within Y .

Corollary 4.1.5 establishes a special case of the following conjecture.

Conjecture 4.5.4. Let S be a smooth and irreducible quasi-projective variety defined over
C, and let K be a positive integer. Let Φ : SˆPK Ñ SˆPK be a family of endomorphisms
such that for every point ps, pq P S ˆ PK,

Φps, pq “ ps, Fsppqq,

where Fs is an endomorphism of PK of degree greater than 1. Let X Ď S ˆ PK be an
irreducible subvariety that projects dominantly onto S, is flat over S, and such that Xs is
a preperiodic subvariety under Fs for a Zariski dense set of s P S. Then for any positive
integer N , we have

T̂
r
ΦˆN,XN

ΦˆN ^ rXN
s ‰ 0.

We note explicitly that this conjecture is a direct consequence of Conjecture 4.1.2 by
embedding pPKqN into some projective space PM via the Segre embedding and viewing
XN as a subvariety of PM . This makes clear how our result connects to Conjecture 4.1.2
proposed in [27].

Lemma 4.5.5. Conjecture 4.1.2 implies Conjecture 4.5.4
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Proof. Notice that we can view XN as a subvariety of SˆPM for some positive integerM via
the Segre embedding. Under this embedding, ΦˆN extends naturally to an endomorphism
on S ˆ PM , since each Fs is polarizable for s P S. Let

ι : S ˆ pPK
q
N

ÝÑ S ˆ PM

denote this embedding map, and let

Ψ : S ˆ PM
ÝÑ S ˆ PM

be the extended endomorphism induced by ΦˆN . Set Y “ ιpXNq. Then

T̂
rΨ,Y

Ψ ^ rY s ‰ 0 ùñ T̂
rΨ,Y

ΦˆN ^ rXN
s ‰ 0.

Observe that S ˆ ιppPKqNq Ď S ˆ PM is clearly Ψ-special and contains Y , so that
rΨ,Y “ rΦˆN ,XN . Moreover, the assumption that for a Zariski dense set of s P S, the fiber
Xs is preperiodic under Fs implies that PreppΦq X Xs is Zariski dense in Xs for such s.
Consequently, for those s, the fiber pXNqs contains a Zariski dense subset of PreppΦˆN

s q,
and hence PreppΦˆNq X XN is Zariski dense in XN . Therefore, ιpPreppΦˆNq X XNq is
Zariski dense in Y , and Conjecture 4.1.2 directly implies the desired statement.

4.6 Degree stabilization for families of endomorphisms

In this section, we collect some conditional results on degree stabilization allowing for a
family of varying endomorphisms. We first show that Conjecture 4.1.2 implies the degree
stabilization phenomenon in this setting of a family of endomorphisms.

Proposition 4.6.1. Let S be a smooth and irreducible quasi-projective variety defined over
C of positive dimension and let M be a positive integer. Let Φ : S ˆ PM Ñ S ˆ PM be a
family of endomorphisms such that for every point ps, pq P S ˆ PM

Φps, pq “ ps, Fsppqq

for an endomorphism Fs of degree ą 1. Let X Ď S ˆ PM be an irreducible subvariety of
dimension ą dimS that projects dominantly to S and is flat over S.

If there exist a positive integer N and a proper irreducible ΦˆN -preperiodic subvariety
Y Ď SˆpPMqN containing pΦˆNqlpXNq with some non-negative integer l as a codimension
ď mintN ´ 1, dimSu subvariety, then there exists positive integers n,m and an infinite set
of positive integers I such that for any pair of integers k1, k2 P I we have that for a generic
point s P S,

degpFm`nk1
s pXsqq “ degpFm`nk2

s pXsqq.
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Proof. By our assumption, we know that there exists positive integers n,m such that
pΦˆNqmpYq “ pΦˆNqm`nkpYq for all k P N.

We prove it inductively on N . The base case is N “ 1. In this case we have ΦlpX q

itself is Φ-special and, by our assumption on Φ, this implies X is preperiodic under Φ.
Therefore, for every s P S, we have

Fm
s pXsq “ Fm`nk

s pXsq

and in particular
degpFm

s pXsqq “ degpFm`nk
s pXsqq,

for all positive integer k.

Now, suppose N ě 2 and assume that we have the statement proved for any N 1 ď N´1.
If the projection of Y to S ˆ pPMqN´1, denote as πpYq, contains XN´1 as a codimension
ď mintN ´ 2, dimSu subvariety, then we apply the induction hypothesis to conclude the
proof.

Otherwise, we will have

dimpXN´1
q ` mintN ´ 1, dimSu ě dimpπpYqq ą dimpXN´1

q ` mintN ´ 2, dimSu,

since dimpYq ď dimpXNq ` mintN ´ 1, dimSu. By [50, Chapter III, Theorem 9.9 and
Corollary 9.10], there exists a non-empty Zariski open subset U in πpYq such that degpYpq

is constant with p varies in U , where Yp is the fiber of Y over p.

Suppose there exists positive integers k0, k1 such that for every k ą k0, we have that
pΦˆpN´1qqm`nk1kpXN´1q Ď U c. Then there exists a closed subset

V :“
ď

kěk0

pΦˆpN´1qqm`nk1kpXN´1q Ď U c

which is ΦˆpN´1q preperiodic and contains pΦˆpN´1qql
1

pXN´1q for some positive integer l1.
Then the induction hypothesis will conclude the proof as dimpV q ă dimpπpYqq.

Suppose such a pair of integers does not exist. This in particular implies that there is
an infinite set of positive integers I such that for any j P I, pΦˆpN´1qqm`njpXN´1q is not
contained in U c. Then for any pair of integers k3, k4 P I, we have

pΦˆpN´1q
q
m`nkipXN´1

q
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is not contained in U c, for i P t3, 4u. Since U XpΦˆpN´1qqm`nkipXN´1q is a non-empty open
subset in pΦˆpN´1qqm`nkipXN´1q for i P t3, 4u, this implies that for a generic s0 P S, there
exists

pki P U X pΦˆpN´1q
q
m`nkipXN´1

q

such that π0ppkiq “ s0 P S and

Fm`nki
s0

pXs0q Ď Ypki
,

with i P t3, 4u. Therefore, since dimpFm`nki
s0

pXs0qq “ dimpYpki
q, for i P t3, 4u, degpYpk3

q “

degpYpk4
q, we have

degpYpk3
q ě degpFm`nk3

s0
pXs0qq,

degpYpk4
q ě degpFm`nk4

s0
pXs0qq.

This implies that for all pairs of k3, k4 P I, we have

degpFm`nk3
s0

pXs0qq, degpFm`nk4
s0

pXs0qq ď R

for a generic s0 P S and a positive integer R only depending on U and Y . Then, by
the pigeonhole principle, there exists an infinite subset I 1 Ď I such that for all pairs of
k3, k4 P I 1, we have

degpFm`nk3
s0

pXs0qq “ degpFm`nk4
s0

pXs0qq ď R.

Proposition 4.6.2 (Proposition 4.1.12). Under the same assumptions as Proposition
4.6.1, suppose that for a Zariski dense subset of s P S, the fiber Xs is preperiodic un-
der Φs. Assume pΦ,X q is of general type. If Conjecture 4.1.2 holds, then there exist
positive integers n,m and an infinite set of positive integers I such that for any pair of
integers k1, k2 P I, we have, for a generic point s P S,

degpFm`nk1
s pXsqq “ degpFm`nk2

s pXsqq.

Proof. Note
T̂

r
ΦˆN,XN

ΦˆN ^ rXN
s ‰ 0,

implies dimpXNq ě rΦˆN ,XN , which implies the existence of a ΦˆN -special subvariety of
dimension at most dimpXNq ` dimS. Since we have already shown that Conjecture 4.1.2
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implies Conjecture 4.5.4, our assumption implies that we can find a N ą dimS such that
there exists a proper ΦˆN -special subvariety Y Ď S ˆ pPMqN of dimension at most

dimpXN
q ` dimS “ N ` 2 dimS ă dimpS ˆ pPM

q
N

q,

containing XN . Since XN is irreducible, there exists an irreducible component of Y con-
taining XN ; by abuse of notation, we denote this component again by Y .

Note that Y being ΦˆN -special means that there exists a subvariety Z Ď pPMqN con-
taining Y which is invariant under a polarizable endomorphism Ψ on pPMqN and also
under pΦˆNqn for some n ą 0, such that

Ψ ˝ pΦˆN
q
n

“ pΦˆN
q
n

˝ Ψ on Z.

Moreover, Y is preperiodic under Ψ.

Since Ψ is polarizable, by replacing it with a suitable iterate, we may assume that Ψ
is a split morphism. Because Y contains XN and Z contains Y, for each i P t1, 2, . . . , Nu

our assumptions imply that

Ψi ˝ Φn
“ Φn

˝ Ψi on Zi,

where Zi is the projection of Z to the i-th factor of pPMqN and contains X, and Ψi denotes
the corresponding projection of Ψ to that factor.

By the assumption that pΦ,X q is of general type, it follows that Ψ must be an iterate
of ΦˆN . Consequently, Y is preperiodic under ΦˆN , and hence Y is preperiodic under
ΦˆN .

Then Proposition 4.6.1 applies, yielding the existence of positive integers n,m and an
infinite set of positive integers I such that for any pair k1, k2 P I, we have, for a generic
point s P S,

degpFm`nk1
s pXsqq “ degpFm`nk2

s pXsqq.

4.6.1 One-dimensional families of polynomial endomorphisms on
P2

In this subsection, we verify the degree stabilization for one-dimensional families of regular
polynomial endomorphisms under some ramification restriction on the line at infinity.
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Suppose S “ A1, and we view

Φ : A1
ˆ P2

ÝÑ A1
ˆ P2

as a family Ft : P2
Cptq

Ñ P2
Cptq

parametrized by t P A1. Then, the technique used in Section

3 can be applied to prove degree stabilization when, for each aiptq P Xt X H8, the pair
pFt|H8

, aiptqq does not share its forward orbit with a marked critical point.

Theorem 4.6.3. Let Ft be a family of regular polynomial endomorphisms of P2 of degree
ą 1, parametrized by t P A1, and let Xt Ă P2 be a family of curves. Suppose there are
infinitely many t0 P A1

C such that the fiber Xt0 is periodic under Ft0, and set ft :“ Ft|H8

satisfying:

1. ft is a polynomial of degree ą 1 over Cptq;

2. For any aiptq P Xt X H8, there do not exist n P N and a polynomial ht sharing the
same Julia set with ft such that

fn
t paiptqq “ htpcptqq,

where cptq is a marked critical point of ht, i.e., phtq
1pcptqq ” 0.

Then, for a generic t0 P A1
C, we have

degpXt0q “ degpF k
t0

pXt0qq

for all positive integers k.

Proof. We first show that under the above assumptions, for any aptq P Xt XH8, there are
only finitely many t1 P A1 such that apt1q lies in a superattracting periodic cycle of ft1 .

Suppose, for contradiction, that there are infinitely many t1 P A1 and some aptq P

Xt X H8 such that apt1q is superattracting periodic under ft1 . Since ft has bounded
degree, it has finitely many marked critical points. By the pigeonhole principle, there
exists a marked critical point cptq such that

tt1 P A1 : cpt1q P Perpft1q, apt1q “ f
nt1
t1 pcpt1qq, nt1 P Nu

is infinite. Note that if cptq is passive, then there exists m,n P N such that fn
t pcptqq is

periodic of order m. Since there are infinitely many t1 P A1 such that apt1q lives in the
same periodic cycle of fn

t1
pcpt1qq. By the pigeonhole principle, there exits a n1 P N such
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that fn1
t1 pcpt1qq “ apt1q for infinitely many t1 P A1. Hence, fn1

t pcptqq “ aptq and, also,
fn1`1
t pcptqq “ ftpaptqq. This is the second exceptional case in the condition and, hence, we
rule out this case and assume cptq is active from now on.

Case 1: ft is conjugate to a power map or Chebyshev polynomial. Then there exists
lt P Cptqrxs such that

lt ˝ Sd ˝ l´1
t “ ft,

where Sd is either a power map or Chebyshev polynomial of degree d “ degpftq. The
marked critical points are

tltpciq : ci is a critical point of Sdu.

Thus, for infinitely many t1,

apt1q “ f
nt1
t1 pcpt1qq “ lt1 ˝ S

nt1
d pcq,

where c is a critical point of Sd. Since all critical points of Sd are preperiodic, this implies

apt0q “ lt0 ˝ Sn
d pcq

for infinitely many t0 P A1, contradicting assumption (2).

Case 2: ft is non-special. Then there exists a primitive polynomial gt sharing the same
Julia set as ft over Cptq such that

ft “ σ ˝ gkt

for some k P N and σ P AutpP1q preserving Jpftq [77]. Since ft and gt share the same
preperiodic points, there exist infinitely many t1 such that apt1q and cpt1q are preperiodic
under gt1 . By [32, Theorem D], there exists σ1 P AutpP1q preserving Jpgtq and integers
m,n ą 0 such that

σ1 ˝ gmt pcptqq “ gnt paptqq.

Applying σ1 ˝ gk
1

t on both sides of the equation above with sufficiently large k1 and some
σ1 P AutpP1q preserving Jpgtq yields

σ2 ˝ gl1t pcptqq “ f l2
t paptqq,

with l1, l2 ą k and σ2 P AutpP1q preserving Jpgtq. Since

gl1t “ gl1´k
t ˝ σ´1

˝ ft,

cptq is a marked critical point of g l1
t . Let ht “ σ2 ˝ g l1

t , then cptq is also a marked critical
point of ht, contradicting assumption (2).
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Hence, each aptq P Xt X H8 lies in a superattracting periodic orbit for only finitely
many t1. Since there are infinitely many t2 P A1 such that Xt2 is periodic under Ft2 , every
apt2q P Xt2 X H8 is periodic under ft2 .

By selecting an infinite subset of such t2, we may assume each apt3q P Xt3 X H8 is
non-superattracting periodic. Then, by Lemma 4.3.4,

degpXt3q “ |Xt3 X H8| “ |F k
t3

pXt3q X H8| “ degpF k
t3

pXt3qq

for all k P Z`. Since F k
t pXtq and Xt both form an algebraic family of curves in P2, it follows

that for a generic t0 P A1,
degpF k

t0
pXt0qq “ degpXt0q.

The following conjecture is a special case of the conjecture stated explicitly in [25,
Conjecture 6.1]:

Conjecture 4.6.4. Let ftpxq be a non-isotrivial algebraic family of rational functions of
degree ą 1 defined over C parametrized by t varies in A1

C and aptq, bptq are two marked
points defined over Cptq. Suppose there are infinitely many t0 P A1 such that apt0q, bpt0q P

Preppft0q. Then
Orbpft,ftqppaptq, bptqqq Ď pP1

ˆ P1
qpCptqq

is proper Zariski closed.

Assuming this Conjecture, we can strengthen Theorem 4.6.3:

Theorem 4.6.5. Assume Conjecture 4.6.4. Let Ft be a family of regular polynomial en-
domorphisms on P2 defined over C of degree greater than 1, parametrized by t P A1, and
let Xt be a family of curves in P2 defined over C. Suppose there are infinitely many t0 P P1

such that Xt0 is periodic under Ft0. Denote by ft :“ Ft|H8
the restriction of Ft to the line

at infinity. Then, for a generic set of parameters t0 P A1
C, we have

degpXt0q “ degpF k
t0

pXt0qq

for all positive integers k, unless there exists a point aiptq P Xt X H8, a pair of integers
n,m ě 0, a rational map Xt : P1 Ñ P1, and two rational functions gt, ht P Cptqrxs such
that

1. ft ˝ Xt “ Xt ˝ gt;
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2. gt commutes with ht and they share a common iterate;

3. fn
t paiptqq “ Xt ˝ hmt pcptqq, where cptq is a marked critical point of hmt .

Proof. Suppose that for every aptq P Xt X H8, there exist only finitely many parameters
t1 P A1 such that apt1q lies in a superattracting periodic cycle of ft1 . Then, by the same
argument as in the proof of Theorem 4.6.3, we conclude that

degpF k
t0

pXt0qq “ degpXt0q

for a generic set of t0 P A1 and all k ą 0.

Now suppose that ft lies entirely in the Lattès locus. Since all periodic points of a
Lattès map are repelling, it follows that for any t0 P A1 such that Xt0 is periodic under
Ft0 , every apt0q P Xt0 X H8 is a repelling periodic point. Hence this case is complete.

Assume next that ft is not contained in the Lattès locus. Suppose there exist infinitely
many parameters t1 P A1 and some aptq P Xt X H8 such that apt1q is a superattracting
periodic point of ft1 . By the pigeonhole principle, there exists a marked critical point cptq
of ft such that

t t1 P A1 : cpt1q P Perpft1q, apt1q “ f
nt1
t1 pcpt1qq, nt1 P N u

is an infinite set. Then, Conjecture 4.6.4 implies that there exists an invariant curve
V Ď P1 ˆ P1 under pft, ftq such that Orbpft,ftqpaptq, cptqq Ď V .

If V is vertical or horizontal, then one of aptq or cptq is passive. Suppose cptq is passive.
Then there exists m P N such that fm

t pcptqq “ cptq. Since apt1q and cpt1q lie in the same
periodic cycle for infinitely many t1, we must also have fm

t paptqq “ aptq and fn
t paptqq “ cptq

for some n P N. Taking Xt to be the identity map and gt “ ht “ ft, the statement follows.
The same reasoning applies when aptq is passive.

Hence, we may assume both aptq and cptq are active, so V projects dominantly onto
both coordinates. If ft is conjugate to a power map or a Chebyshev map, then, as in the
proof of Theorem 4.6.3, we again have aptq “ fm

t pcptqq for some m ě 0, and the theorem
holds.

Now assume that ft is non-special. By [68, Theorem 4.15], there exist rational maps
Xt, gt P Cptqpxq, where gt is not a generalized Lattès map (in the sense of [67]), such that

ft ˝ Xt “ Xt ˝ gt,
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and an invariant curve W under pgt, gtq satisfying

V “ pXt, XtqpW q,

after replacing ft and gt by suitable iterates if necessary. Then, by [68, Theorem 1.2], there
exist rational maps U1, U2, V1, V2 commuting with gt such that

U1 ˝ V1 “ V1 ˝ U1 “ glt, U2 ˝ V2 “ V2 ˝ U2 “ glt

for some positive integer l, and W is parametrized by u ÞÑ pU1puq, U2puqq. Consequently,
there exists uptq P P1

Cptq
such that

aptq “ Xt ˝ U1puptqq, cptq “ Xt ˝ U2puptqq.

For any n ą 0, we have

fn
t pcptqq “ fn

t ˝ Xt ˝ U2puptqq “ Xt ˝ U2 ˝ gnt puptqq.

Since pfn
t q1|cptq ” 0, by the chain rule uptq is a marked critical point of Xt ˝ U2 ˝ gnt . If

uptq were preperiodic under gt, then cptq would be preperiodic under ft, contradicting the
assumption that cptq is active. Hence uptq R Preppgtq. Because the set of critical points of
Xt ˝ U2 is finite, there exists s P N such that uptq is a marked critical point of gst . That is,
choosing s so that gst puptqq avoids CritpXt ˝ U2q and pXt ˝ U2 ˝ gst q1|uptq “ 0, we obtain

f s
t paptqq “ Xt ˝ U1 ˝ gst puptqq,

with uptq a marked critical point of gst .

Finally, by [75], unless gt is conjugate to a power map, a Chebyshev polynomial, or a
Lattès map (in particular unless gt is generalized Lattès), every rational function commut-
ing with gt shares a common iterate with gt. Thus, U1 shares a common iterate with gt.
Enlarging s if necessary so that Um´1

1 “ gst for some m ą 0, we conclude that uptq is a
marked critical point of Um

1 and

f s
t paptqq “ Xt ˝ Um

1 puptqq.

This completes the proof.

Remark 4.6.6. There is in fact additional information about Xt in Theorem 4.6.5. After
introducing an appropriate orbifold structure on P1, the map Xt becomes a Galois covering
of P1. We omit a detailed discussion of this aspect here and refer the reader to [68] for a
comprehensive treatment of orbifold structures and the associated covering map notation.
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Notice that if we restrict to a constant family of regular polynomial endomorphisms,
then Theorem 4.1.3 establishes this degree stabilization statement under the assumption
that Xs is a periodic curve under F for a dense subset of s P S.

The following example shows that, in general, a family of curves can easily have degrees
blow up under iteration by a family of regular polynomial endomorphisms.

Example 4.6.7. Let Ls “ V py ´ sxq be a family of lines parametrized by s P C and let
Φ : A1 ˆ P2 Ñ A1 ˆ P2 be an endomorphism given by

Φps, pq “ ps, Fsppqq,

for s P A1 and p P P2, where for a fixed A2 chart we have

Fspx, yq “ px2, y2 ` sxq.

Then we obviously have that

F n
s pLsq X A2

“ tpu2
n

, s2
n

u2
n

` 2n´1s2
n´1u2

n´1
` opu2

n´1
qq : u P Cu.

For any s P C˚, suppose there exists a polynomial Pnpx, yq P Crx, ys such that

V pPnpx, yqq “ F n
s pLsq X A2,

for a n P N. Then, after changing the coordinate by letting z “ x and w “ y ´ s2
n
x, we

have
degpP q ě 2n,

since degupzq “ 2n, degupwq “ 2n ´ 1 and

Pnpzpuq, wpuqq “ 0

for all u P C. Therefore, for any s P C˚, we have

degpF n
s pLsqq ě 2n ą 1 “ degpLsq

for any positive integer n.
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4.7 Endomorphisms with infinitely many periodic curves

of bounded degree

In this section, let F px, yq denote a regular polynomial endomorphism of degree greater
than 1. We apply Theorem 4.1.3 to classify regular polynomial endomorphisms that admit
infinitely many periodic curves of bounded degree.

We adopt the notion of k-webs from [33], and for the reader’s convenience we recall
their definition following the same reference.

A k-web W on a smooth complex surface X is determined by a section

ω P H0
`

X, Symk Ω1
X b NW

˘

for some line bundle NW on X, satisfying the following conditions:

1. the zero set of ω has codimension 2 or is empty;

2. for any point p outside a proper hypersurface of X, after trivializing the line bundle
NW , the k-symmetric 1-form ωppq P Symk Ω1

X,p can be written as the product of k
pairwise distinct linear forms.

Two sections ω and ω1 determine the same k-web if and only if they differ by multiplication
by a global nowhere-vanishing holomorphic function.

Intuitively, a k-web W on X can be viewed as a multi-foliation consisting of k distinct
local leaves through a generic point of X. At a generic point, W is the superposition of k
pairwise transverse foliations F1, . . . ,Fk, and we may write

W “ F1 b ¨ ¨ ¨ b Fk.

An endomorphism F of X is said to preserve a k-web W if it maps each local leaf of W to
a leaf of W .

We now show that if F admits infinitely many periodic curves, then either there exists
a preserved k-web with k ą 1, or F preserves a pencil of curves.

Proposition 4.7.1. Suppose that F admits an infinite set of irreducible periodic curves
of degree bounded by some D P Z`. Then either F preserves a k-web with k ą 1, or F
preserves a pencil of curves.
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Proof. Without loss of generality, we may assume that F admits an infinite set of irre-
ducible periodic curves all of degree exactly D. By Proposition 4.4.3, there exists an
irreducible subvariety Z Ď MD parameterized by a morphism τ : P1 Ñ Z, where Z is the
closure in MD of an infinite subset of irreducible periodic curves of degree D. Moreover,
for any curve C with rCs P Z, we have rF pCqs P Z. For convenience, we also view MD as
the space of (possibly reducible) curves of degree at most D.

Our goal is to construct either a k-web or a pencil preserved by F .

We first show that the set

S :“ tp P P2 : p P C1 X C2, C1 ‰ C2, C1, C2 P Zu

is either Zariski dense in P2 or finite.

Consider the space

W “ tpC1, C2, xq : C1, C2 P Z, C1 ‰ C2, x P C1 X C2u Ď Z ˆ Z ˆ P2.

For any point x P P2, let Zx :“ tC P Z : x P Cu. Let π3 : W Ñ P2 be the projection
onto the third factor. We have that π´1

3 pxq contains pZx ˆ Zxqz∆ which is of dimension
2 dimpZxq. Hence dimpπ´1

3 pxqq is either 0 or 2. As any two distinct curves in Z intersect
in finitely many points bounded in terms of D, we have dimpW q “ 2 dimpZq “ 2, since
dimpZq “ 1. Hence,

dimpSq “ dimpπ3pW qq P t0, 2u,

and thus S is either Zariski dense in P2 or finite.

Let us first suppose that S is finite. Define

O :“
č

CPZ

C.

Since O Ď S, it is finite as well. Choose two sufficiently generic curves C1, C2 P Z such
that

C1 X C2 “ O.
Then, for any sufficiently generic C3 P Z (avoiding the points in SzO), Bézout’s Theorem
gives

ÿ

pPO
pC3, Ciqp “ D2,

where i P t1, 2u and D is the common degree of the generic curves in Z. Moreover, for
every p P O we have

pC1, C3qp “ pC2, C3qp,
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assuming that C1, C2, and C3 are chosen generically in Z.

We now show that each such C3 can be written in the form

λ0C1 ` µ0C2

for some rλ0 : µ0s P P1
C, so that C3 lies in the pencil of curves generated by C1 and

C2. Suppose, on the contrary, that C3 is not of this form. Then, for a generic choice of
rλ0 : µ0s P P1

C, there exists a point q R O such that we have

q P C3 X pλ0C1 ` µ0C2q.

In that case,

pC3, λ0C1 ` µ0C2q “
ÿ

pPO
pC3, λ0C1 ` µ0C2qp ` pC3, λ0C1 ` µ0C2qq ą D2,

since for each p P O,

pC3, λ0C1 ` µ0C2qp ě mintpC3, C1qp, pC3, C2qpu.

This contradicts Bézout’s theorem, which forces

C3 “ λ0C1 ` µ0C2.

Hence, Z is a pencil of curves in P2 preserved by F .

We now assume S is Zariski dense and construct a k-web, with k ě 2, using the family of
curves in Z. For each s P P1, let Cs “ V pPspx, y, zqq denote the corresponding curve, where
Pspx, y, zq is a homogeneous polynomial varying algebraically with s. Define a differential
form

ωprx : y : zsq :“

¨

˝

ź

s:Pspx,y,zq“0

dPspx, y, zq

˛

‚

1{e

,

where e “ degpτq. Then ω is a global section of H0pP2, Symk ΩP2q, where k is the number of
curves in Z passing through a general point of P2 (so that ke “ |ts P P1 : Pspx, y, zq “ 0u|

for general rx : y : zs).

We will construct from ω a section in

H0
pP2, Symk ΩP2 b NWq,
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for some line bundle NW , defining a k-web preserved by F .

We first claim that the zero locus of ω has codimension at least 2, unless empty. Suppose
instead that ωppq “ 0 for infinitely many points p P P2. If this set is Zariski dense, then
ω ” 0, which implies that dPspx, y, zq “ 0 for all rx : y : zs P V pPsq for infinitely many s.
Hence, each such Cs would consist entirely of singular points, forcing it to be reducible.
This contradicts the fact that Z is generically irreducible, being the closure of infinitely
many irreducible periodic curves.

Next, suppose that the zero locus of ω contains finitely many irreducible curves Ci “

V pQipx, y, zqq for 1 ď i ď ℓ. Then for each i, there exists mi ě 1 such that Q´mi
i ω vanishes

only at finitely many points of Ci. Define

ω1
“ ω

ℓ
ź

i“1

Q´mi
i ,

which can be viewed as a section of

H0

˜

P2, Symk ΩP2 b OP2

˜

ℓ
ÿ

i“1

miCi

¸̧

.

Since ω encodes the tangent directions of the family of curves Z preserved by F , both ω
and ω1 are preserved by F .

It remains to show that ω1 can be locally written as a product of k distinct linear factors
outside a proper Zariski closed subset of P2. Suppose the contrary: there exists a Zariski
dense set of points p such that at p there are distinct curves Cs, Ct P Z tangent to each
other at p.

Let aipsq P Crss denote the coefficients of Pspx, y, zq for i “ 1, . . . , h, for some h P N`,
and define

Hps, tq “ gcd
␣

aipsqajptq ´ ajpsqaiptq : 1 ď i ‰ j ď h
(

.

Write
∇Pspx, y, zq “ pBxPs, ByPs, BzPsq, pAs,t, Bs,t, Cs,tq “ ∇Ps ˆ ∇Pt,

so As,t, Bs,t, Cs,t P Crs, tsrx, y, zs. Consider the generalized resultant

Rprx : y : zsq “ Ress,t
`

pPs ´ Ptq{Hps, tq, Ps, As,t, Bs,t, Cs,t

˘

,

whose zero locus consists of points where two distinct curves in Z are tangent to each
other. Our assumption implies that Rppq “ 0 for a Zariski dense set of p, hence R ” 0.
Therefore, at every p P P2, there exist distinct Cs, Ct P Z tangent to each other at p.
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In particular, this holds for points p P H8. If the intersections of the curves in ZztH8u

with H8 form a finite set, we reach a contradiction, since periodic curves are dense in Z
but would then meet H8 only finitely often, whereas R ” 0 forces every point of H8 to lie
on at least two such curves. On the other hand, if these intersections are infinite, then they
occur at infinitely many periodic points of F |H8

. By Lemma 4.4.1, Z can be parameterized
by a finite morphism τ 1 : H8 Ñ Z, implying that there is a non-superattracting periodic
point of F |H8

such that there is a unique curve in ZztH8u passing through it which is a
periodic curve, and the intersection is transverse (Lemma 4.3.4). This again contradicts
R ” 0, which would require tangency at this point.

Now we have established that any polynomial endomorphism admitting infinitely many
periodic curves of bounded degree must preserve either a k-web with k ą 1, or a pencil
of curves. Consequently, the classification of endomorphisms of P2 that preserve k-webs,
as given in [33], yields a corresponding classification of polynomial endomorphisms that
possess infinitely many periodic curves of bounded degree.

We begin by recalling the classification results from [33].

Theorem 4.7.2. [33, Theorem C (2)] Suppose ϕ : P2 Ñ P2 is a regular polynomial en-
domorphism extended from A2 that preserves a k-web W. Then there exists a projective
toric surface X, and a finite group G of automorphisms of X, such that the quotient space
X{G is isomorphic to P2. The image of pC˚q2 in P2 is a Zariski open subset U which is
totally invariant by ϕ. Moreover, one can find an integer d ě 2, and a collection of complex
numbers λ1, . . . , λl such that the triple pU, ϕN ,Wq is the push forward under the natural
quotient map of

ˆ

pC˚
q
2, pxd, ydq,

ˆ

λ1
dx

x
`
dy

y

˙

b ¨ ¨ ¨ b

ˆ

λl
dx

x
`
dy

y

˙˙

,

with N P t1, 2, 3u.

Theorem 4.7.3. [33, Theorem E] Let ϕ : P2 Ñ P2 be a holomorphic map of degree at least
2 preserving a 2-web W. If ϕ does not preserve any other web then the pair pW , ϕq is one
of the following:

1. W is the union of two pencil of lines, and in suitable homogeneous coordinates
ϕpx, yq “ pP pxq, Qpyqq or pQpyq, P pxqq where P and Q are polynomials of the same
degree which are not conjugated to monomial maps nor to Chebyshev maps;

2. W is the algebraic web dual to a smooth conic and ϕ is an Ueda map whose associated
map on P1 is not a finite quotient of an affine map;
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3. W is the union of the pencil of lines tx{y “ cstu and the pencil of curves txpyq “ cstu,
with p, q P N˚, gcdtp, qu “ 1 and ϕpx, yq “ pxd{Rpx, yq, yd{Rpx, yqq where Rpx, yq “
śl

i“1p1`cix
pyqq, lpp`qq ď d, ci P C˚ and the rational map θ Ñ θd{p

śl
i“1p1`ciθqqp`q

is conjugated neither to a monomial nor to a Chebyshev map;

4. W is the union of the pencil of lines x{y “ cst and the pencil of curves xy “ cst, and
ϕpx, yq “ pyd{Rpx, yq, xd{Rpx, yqq where Rpx, yq “

śl
i“1p1 ` cixyq, 2l ď d, ci P C˚

and the rational map θ Ñ θd{p
śl

i“1p1 ` ciθqq2 is conjugated neither to a monomial
nor to a Chebyshev map;

5. W is the quotient of the foliation rdxs on P1 ˆ P1 by the action of pZ{2q2 generated
by px, yq Ñ p´x,´yq and px, yq Ñ py, xq; and ϕ is the quotient of a polynomial
endomorphism of P1ˆP1 of the form pfpxq, fpyqq where f is an odd or even polynomial
which is conjugated neither to a monomial nor to a Chebyshev map;

6. W is the quotient of the foliation rdxs on P1 ˆP1 by the action of pZ{2q3 generated by
px, yq Ñ py, xq, px, yq Ñ px´1, y´1q, and px, yq Ñ p´x,´yq; and ϕ is the quotient of
an endomorphism of P1 ˆ P1 of the form pfpxq, fpyqq where f is a rational map that
commutes with the group generated by x Ñ ´x and x Ñ x´1 which is not a finite
quotient of an affine map.

Together, these two theorems provide a complete classification of regular polynomial
endomorphisms that preserve a k-web with k ě 2. The following theorem from [23] gives
the classification of endomorphisms of P2 that preserve a pencil of curves.

Theorem 4.7.4. [23] There are two types of irreducible pencils P invariant under an
endomorphism F of P2.

1. P is an elementary pencil, that is, the pencil of lines through a point. Under a suitable
homogeneous coordinates on P2, F takes the form F rx : y : zs “ rP px, yq : Qpx, yq :
Rpx, y, zqs.

2. P is a binomial pencil. Under a suitable homogeneous coordinates on P2, F takes
the form F rx : y : zs “ rxd : yd : Rs or F rx : y : zs “ ryd : xd : Rs for Rpx, y, zq “

zd´kl
śl

i“1pzk ` cix
hyk´hq, where k ě 2, 0 ď l ď d{k, ci P C˚, 0 ă h ă k and

gcdph, kq “ 1.

Since we have shown in Proposition 4.7.1 that a regular polynomial endomorphism
admitting infinitely many periodic curves of bounded degrees must preserve either a k-
web with k ě 2 or a pencil of curves, Theorems 4.7.2, 4.7.3, and 4.7.4 together provide a
complete classification of the possible polynomial endomorphisms.
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It then follows directly that Theorem 4.1.7 gives a coarse summary of all possible
situations.

Proof of Theorem 4.1.7. By Proposition 4.7.1, the map F must belong to one of the classes
described in Theorems 4.7.3, 4.7.2, or 4.7.4.

Suppose first that F preserves a pencil of curves, so that F falls into one of the cases
of Theorem 4.7.4. If it is in the first case, then there exists a pencil of lines passing
through a single common point p P P2 that are preserved by F . If p is not contained in the
totally invariant line at infinity, then after a change of coordinates, we assume p “ p0, 0q

and F preserves a pencil of lines through p0, 0q, which implies that F is homogeneous.
If p P H8, after a suitable change of coordinates, we have the pencil of lines contains
tV px ´ kq : k P Cu. This implies that it is a regular polynomial skew product as it sends
vertical lines to vertical lines. If F falls in the second case of Theorem 4.7.4, it is again
clear that F becomes a regular polynomial skew product after replacing F with an iterate.

Next, if F belongs to the class of Theorem 4.7.2, then there exists a generically finite
rational map

µ : P1
ˆ P1

ÝÑ P2,

which restricts to a morphism on pC˚q2 arising from a finite quotient, such that

µ ˝ pxd, ydq “ F ˝ µ.

Finally, if F is in one of the classes of Theorem 4.7.3, then in subcases (3) and (4), F
becomes a regular polynomial skew product after replacing it with an iterate and choosing
a suitable affine coordinate on some A2 Ď P2. In all other cases, after possibly taking a
further iterate, there exists a finite morphism

µ : P1
ˆ P1

ÝÑ P2,

induced by a finite quotient, satisfying

µ ˝ pf, gq “ F ˝ µ,

where pf, gq is a split endomorphism of P1 ˆ P1. In cases (1) and (5), both f and g are
polynomials. In cases (2) and (6), we have

µ ˝ pf, fq “ F ˝ µ

for some rational function f , and we now show that f must in fact be a polynomial after
being replaced with a proper iterate.
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Since F is a regular polynomial endomorphism, the line at infinity H8 is totally invari-
ant under F . Let

E :“ µ´1
pH8q Ď P1

ˆ P1.

since H8 is totally invariant under F . This gives that E is totally invariant under
pf, fq. After replacing pf, fq and F with some iterate, we may assume that there exists
an irreducible component of E that is totally invariant under pf, fq. We abuse notation to
still call it E.

If E is a vertical or horizontal line, then we conclude directly that f is a polynomial
after being replaced with some iterate. Suppose now that E projects dominantly to both
factors. Let p be a fixed point of f and let Lp :“ V px ´ pq. Then

pf, fq|
´1
Lp

pLp X Eq “ Lp X pf, fq
´1

pEq “ Lp X E.

Therefore Lp XE is a finite exceptional set of pf, fq|Lp “ f . Thus, f is a polynomial after
an iteration.

Here we provide an example of a regular polynomial endomorphism of P2 admitting
infinitely many periodic curves, corresponding to the third case of Theorem 4.1.7.

Example 4.7.5. Consider the regular polynomial endomorphism on A2

A2px, yq “ px2 ´ y2 ´ 2x, 2xy ` 2yq,

which arises as the folding map associated to the Lie algebra A2 (see [83] for details). It
admits non-trivial commuting pairs; indeed, it commutes with

A3px, yq “ px3 ´ 3xy2 ´ 3x2 ´ 3y2 ` 3, 3x2y ´ y3q,

the folding map constructed from the Lie algebra A3.

Under the change of coordinates

z “ x ` iy, w “ x ´ iy,

the map becomes
A2pz, wq “ pz2 ´ 2w, w2

´ 2zq,

and we will work with this form for convenience.

122



One can verify that for any k P C˚ that is periodic under x ÞÑ x2, the curve

V py ´ kx ´ k´1
` k2q

is periodic under A2.

Moreover, define the generically finite rational map

Φpx, yq “ px ` y ` x´1y´1, x´1
` y´1

` xyq

from P1 ˆ P1 to P2. Then the following commutative diagram holds:

P1 ˆ P1 P1 ˆ P1

P2 P2.

px2, y2q

Φ Φ

A2

For a generic point in A2, there are three curves in the family

C “ tV py ´ kx ´ k´1
` k2q | k P C˚

u

passing through it. Notice that C is preserved by A2, since

A2

`

V py ´ kx ´ k´1
` k2q

˘

“ V py ´ k2x ´ k´2
` k4q.

Thus, C forms a 3-web preserved by A2, represented by the global differential

ω “
ź

k: y´kx´k´1`k2“0

p´k dx ` dy ` pk2 ´ k´1
q dzq.

Substituting the symmetric functions of the roots in terms of x and y, this can be expressed
as

ω “ pdy ´ y dzq
3

` x pdy ´ y dzq
2
p´dx ` x dzq

` y pdy ´ y dzqp´dx ` x dzq
2

` p´dx ` x dzq
3.

Now, viewing Φ as a map from pC˚q2 to P2, we have

Φ´1
`

V py ´ kx ´ k´1
` k2q

˘

“ V py ´ k´1xq Y V px ´ kq Y V py ´ kq,

and therefore
Φ˚ω “ F1 b F2 b F3,

where F1, F2, and F3 are the foliations on pC˚q2 corresponding respectively to the families
V py´k´1xq, V px´kq, and V py´kq as k ranges over C˚. This is precisely the phenomenon
described in Theorem 4.7.2.

123



References

[1] N. Ailon and Z. Rudnick. Torsion points on curves and common divisors of ak ´1 and
bk ´ 1. Acta Arith., 113(1):31–38, 2004.

[2] E. Artin. Algebraic numbers and algebraic functions. AMS Chelsea Publishing, Prov-
idence, RI, 2006. Reprint of the 1967 original.
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