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Abstract

In this work, we study an advance patient scheduling problem where patients of different
classes have different service times and incur different waiting costs to the system. It is
known in the literature that multi-class advance dynamic patient scheduling is a challenging
problem due to the high variability in the daily arrival process of patients, as well as the
high dimensionality of the problem. To overcome these challenges, we develop a novel
dynamic optimization framework where the multi-class advance scheduling problem can
be approximately decomposed to multiple single-stage stochastic programs. Furthermore,
we develop a distributionally robust formulation and quantify uncertainty in arrivals by
applying a risk-averse optimization approach. Exploiting patient-level offline data, we
develop a data-driven algorithm to minimize the worst-case outcome that may happen due
to the high variability in arrivals. We examine the performance of the proposed robust
algorithm by leveraging the MRI data from hospitals in Ontario and show that the dynamic
robust model outperforms the dynamic stochastic approach significantly. We also observe
that the proposed robust model performs well compared to an offline policy, which is based
on the full knowledge of the future arrivals.
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Chapter 1

Introduction

Reduced capacity for elective medical procedures during the Covid-19 pandemic has created
significant backlogs. The CovidSurg Collaborative (CSC) estimated in June 2020 that, due
to COVID-19, more than 28 million elective surgeries would be canceled or delayed during
the 12 weeks of disruption worldwide. In England, more than 5.1 million operations are
waiting to be performed 1. Also, the province of Ontario in Canada faces a backlog of over
15 million procedures with MRI services having the highest (around 500,000) number of
canceled or delayed procedures 2. The goal of the healthcare policymakers is to reduce the
backlogs and bring down the wait times to acceptable levels. For example, the government
of Ontario recently decided to allocate 324 million dollars3 and run hospitals at 115%
capacity to clear pandemic surgical backlogs4. A key question that health policymakers
and clinical administrators are facing nowadays is that what strategy they should adopt
for scheduling patients without undue significant additional costs.

In this paper, motivated by Ontario MRI services, we study a multi-class advance
patient scheduling problem where patients from different classes arrive sequentially over a
finite time horizon. The classes of patients are distinguished based on patients’ priorities,
service times, and arrival distributions.

There are two main challenges in dealing with multi-class advance scheduling problems.

1https://www.economist.com/britain/2021/07/10/the- mystery-at-the-heart-of-the-national-health-
service

2https://www.cbc.ca/news/health/oma-covid-pandemic-medical-procedure-backlog-1.6059285
3https://www.theglobeandmail.com/canada/article-ontario-to-spend-324-million-to-handle-surgery-

backlog-left-by-covid/
4https://www.cbc.ca/news/canada/toronto/covid-19-ontario-july-28-2021-surgical-backlog-recovery-

1.6120588
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First, using the standard dynamic programming to derive the optimal scheduling policy is
not straightforward due to the high dimensionality. In fact, it is known in the literature
that the advance scheduling problem suffers from the curse of dimensionality (see e.g., [47],
[60], [11]). Second, in practice, the variability in patients’ daily arrivals can be extremely
high as indicated in [38], [47] and [60]. Therefore, an efficient scheduling policy should lead
to robust scheduling decisions and protect the system against the high variability in the
daily arrivals. Our goal in this work is to address these two challenges by developing a novel
dynamic optimization framework and proposing a robust online data-driven algorithm to
solve the advance patient scheduling problem.

To overcome the curse of dimensionality, we develop a novel dynamic optimization
framework. Specifically, we modify the multi-class advance scheduling problem in two
major steps. First, we formulate the problem as a multi-stage stochastic program and
decompose it to multiple single-stage stochastic programs by relaxing the non-anticipativity
constraints. Intuitively, on each day, instead of solving a dynamic stochastic problem, we
consider a static model and schedule patients who have arrived while reserving capacity
for patients who will arrive in the following days. Reserving capacity for future arrivals
would reduce the waiting time of the high priority patients that should be served relatively
fast. In the second step, we reformulate the feasible set associated with the scheduling
of future arrivals. This reformulation adds more flexibility to each single-stage stochastic
program to control the uncertainty in arrivals. Finally, we propose a data-driven algorithm
to solve the single-stage stochastic program on each day. The outline of the sub-problem
that should be solved day-to-day is presented in Figure 1.1. Generally speaking, on each
day, the demand is first realized and then, the proposed data-driven algorithm can be
used to determine how new patients should be assigned to the future available time slots
by considering the remaining capacity. The algorithm leverages sample paths from the
available offline data set to solve the single-stage stochastic program.

Data-Driven
Algorithm

Daily Scheduling Policy

Sample paths from offline data

1. Observed arrivals up to now

2. Remaining capacity

Figure 1.1: Dynamic Optimization Framework

We then extend the single-stage stochastic program to a distributionally robust opti-
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mization problem to add protection against high variability in arrivals. In the proposed
robust formulation, we model the ambiguity set using a risk-averse optimization approach
and propose a data-driven algorithm to solve the problem. To the best of our knowledge,
this is the first paper that develops an online data-driven algorithm for a multi-class ad-
vance patient scheduling problem and proposes robust solutions against perturbations in
the arrivals of patients.

Finally, we study the case of Ontario MRI services to evaluate the performance of the
proposed robust formulation by comparing it with three policies including the offline policy,
myopic policy, and the proposed stochastic model. We observe that the proposed robust
approach outperforms the stochastic model significantly. In particular, we observe that the
gap between the proposed robust and stochastic models increases as the variability in the
future demand increases. This result confirms that the robust framework would be able
to protect the system against the high variability in the future demand. In other words,
the scheduling policy obtained based on the stochastic model cannot efficiently protect the
system against the high variability in arrivals.

Second, by comparing the performance of the proposed robust approach with the offline
policy, which is based on the full information about the future arrivals, we observe a relative
gap of up to 75%. This shows that the proposed robust model performs well considering
that the offline algorithm uses the full knowledge of the future arrivals. Furthermore, we
observe a large relative gap of up to 600% between the proposed robust framework and the
myopic policy. This observation indicates the negative impact of ignoring future arrivals
when future time slots are assigned to patients on the performance of the system could
be significant. This is mainly due to keeping low capacity for the future arrivals of high
priority patients will impose a high cost on the system.

The rest of this work is organized as follows. In Chapter 2, we review the literature
relevant to the advance patient scheduling problems. In Chapter 3, we develop a dynamic
optimization framework for the multi-class advance patient scheduling problem and propose
a dynamic stochastic method to solve it in Chapter 4. In Chapter 5, we propose a robust
approach to protect the scheduling decisions against perturbations in future arrivals of
patients. Using data from Ontario MRI services, we conduct a case study in Chapter 6, and
conclude the paper in Chapter 7. We provide all the proofs and supplementary technical
details in the Appendix.
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1.1 Notation

Before proceeding, we introduce some notations. Throughout this work, all the vectors
are column vectors unless otherwise specified. For any n ∈ N and N ∈ N, we use [n] and
]n,N ] to denote the set {1, 2, . . . , n} and the set {n + 1, n + 2, . . . , N}, respectively. For

any column vector x ∈ Rn, the ℓp-norm is ∥x∥p := (
∑n

i=1 |xi|p)
1
p . For any vector x ∈ Rn

and a ∈ R, we use x ≥ a to denote xi ≥ a, i ∈ [n]. For any a ∈ R, [a]+ = max{a, 0}.
For any matrix An×m, A⃗ denotes the vectorization of A. Let (Ω,F ,P) be a measure space
where Ω is a sample space equipped with the sigma algebra F , and P is a measure defined
on the measurable space (Ω,F). We denote a Banach space on this measure space by
Lp(Ω,F , P ). Let Z = Z(ω) be a random function in a Hilbert space Z = L2(Ω,F ,P).
For any ζ ∈ Z,

⟨ζ, Z⟩ :=
∫
Ω

ζ(ω)Z(ω)dP (ω), (1.1)

denotes the scalar product of Z and ζ.

4



Chapter 2

Literature Review

Appointment scheduling has been the focus of many papers in the literature. In general,
papers in the literature of appointment scheduling can be categorized to two groups. A
stream of papers consider intra-day scheduling where the goal is to examine how to schedule
patients within a day. The main focus of the papers in this literature is usually to examine
the direct wait time, which is defined as the time between the patient appointment time
and the actual time that she receives the service, by determining the sequencing and timing
of appointments within a day (see e.g. [12], [48], and [26]). There are also papers in this
literature that examine the number of patients that should be scheduled in each time slot
during a day when the day is divided into a number of time slots (see e.g. [33] and [62]).
[18] and [2] provide a comprehensive review of the related literature.

Another stream of papers in the literature of appointment scheduling consider inter-day
scheduling where the goal is to examine how patients should dynamically be scheduled to
appointment days. This part of the literature usually focus on indirect wait time, which is
defined as the time between when a patient requests an appointment and the time of the
appointment, by considering uncertainty in the daily demand and capacity. According to
[36], two main paradigms for multi-day scheduling are allocation scheduling and advance
scheduling policy. Under the allocation scheduling policy, it is assumed that the service
provider keeps a list of requests for the service and patients are informed on the day of
their appointments. Under the advance scheduling policy, the appointment day of patients
is determined when their requests are received.

Dynamic allocation scheduling is studied fairly extensively in the literature. For ex-
ample, [14] considers a two-class dynamic scheduling problem and characterize an optimal
policy for allocating capacity to each class of emergency and elective surgeries. [5] consider
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the problem of dynamically allocating a fixed capacity to several classes of patients. They
partially characterize the optimal policy and develop a heuristic to allocate capacity to
different classes of patients. [21] consider dynamic allocation of multiple resources to two
classes of elective and emergency patients where the emergency demand should be satis-
fied immediately while the elective demand can wait. They prove some properties of the
problem and develop several efficient policies to allocate resources to different classes. [41]
also consider dynamic resource allocation to multiple classes of patients considering that
patient priority is time-dependent.

Dynamic advance appointment scheduling has been also the focus of several papers in
the literature. For example, [47] consider dynamic scheduling of patients with different
priorities. They characterize some properties of the problem and develop heuristics based
on the approximate dynamic programming to solve the problem. [34] consider dynamic pa-
tient scheduling with cancellation and no shows. They develop heuristics based on a static
state-independent scheduling policy to dynamically schedule patients. [17] study multi-
class dynamic resource allocation with multiple resource constraints. They develop an
approximate dynamic program based on Lagrangian relaxation and constraint generation
to solve the problem.

More recently, [60] considers advance patient scheduling in a system facing two classes
of patients including an urgent and a regular demand class. It is assumed that while
the regular demand class can be scheduled for sometime in the future, the urgent class
should be served on the day of arrival. She characterizes the optimal scheduling policy and
develops an effective algorithm to dynamically schedule patients. [67] extend the model
of [60] to establish connections between dynamic inter-day scheduling and static intra-day
scheduling. While [60] assumes that only one class of patients can be assigned to the
future appointments, in this work, we allow multiple classes of patients to be scheduled
to the future periods. [63] consider multi-priority patient scheduling with cancellation and
develop an online scheduling algorithm to solve the problem. They show that the cost of
the proposed algorithm is at most twice of the optimal offline algorithm. [53] study a multi-
class multi-priority dynamic patient scheduling. They characterize some properties of the
problem with deterministic service time and develop a heuristic based on approximate
dynamic programming to solve the problem. [1] model and analyze advance scheduling in
an asymptotic regime and characterize the asymptotic optimal policy for this problem.

A key characteristic of the advance scheduling problem is the uncertainty in the demand.
Robust optimization approach has been used in many papers to tackle the uncertainties
in the nature of scheduling problem. [39] propose a distributionally robust formulation
for managing elective admissions in hospital and report favorable results by testing the
proposed model in a simulation study based on real hospital admission data. [59] develop a
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robust optimisation model for solving the surgery capacity allocation problem with demand
uncertainty to minimise the worst-case revenue loss. Similar to [60], they only allow one
class of patients to be assigned in the future. More recently, [4] study the tactical capacity
planning for an outpatient setting that was developed by [45] and present a cardinality-
constrained robust method to solve the problem while protecting against uncertainty in
the demand per time period.
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Chapter 3

Problem Definition and Formulation

In this work, we study a Multi-class Advance Patient Scheduling (MAPS) problem. Con-
sider a health unit (e.g., hospital) that receives appointment requests from patients over a
finite horizon with T periods. We will use period and day interchangeably, since a period
normally corresponds to a day in reality. We assume that patients are from I different
classes who are distinguished based on their priorities, service times, and arrival distribu-
tions. Patients arrive sequentially over the time horizon, and they are given appointments
at the time of the request. The goal is to schedule patients as their requests are received on
a daily basis in the next N periods, which is called booking horizon, including the arrival
day. This means that a patient who arrives on day t ∈ [T ], will be scheduled to receive
service on day t+ n, where n ∈ {0, . . . , N − 1}.

We assume that, at the time a patient request is received, the service provider assigns
an appointment time slot to the patient and gives them the date as well as the exact time
when their services will start. Thus, the service times can be considered deterministic, as
indicated by [70]. The service time for the patient of class i is denoted by µi. We also
assume that the service provider has limited daily regular capacity ct units of time on day
t. The regular capacity ct is known at the beginning of day 1 for all t ∈ [T +N − 1], i.e.,
we do not consider any no-show in staff scheduling.

At the beginning of each period t, the service provider first observes the arrivals of day
t, and then schedules them in the booking horizon before the demand realization of the
future periods. Let dt = (d1,t, d2,t, . . . , dI,t) denote the arrival vector of day t where di,t is
the number of patients from class i arrived on day t. We assume that the first and second
moments of the patient arrival process for each class of patients are bounded. By capital
Dτ , we denote the arrival vector of day τ ∈]t, T ] that is unknown on day t to distinguish it

8



1 2 t− 1 t t+ 1 t+ 2 T

d1 d2 dt−1 dt Dt+1 Dt+1 DT

Figure 3.1: Arrival vectors on day t

from the demand realized so far in the horizon. We define the vectors d[t] = (d1, d2, . . . , dt)
and D]t,T ] = (Dt+1, Dt+2, . . . , DT ) to denote the history of demand process up to day t and
the vector of unknown future arrivals on day t, respectively (see Figure 3.1). We denote
the joint probability distribution of D]t,T ] by Pt for all τ ∈]t, T ]. We assume that the
patient arrival process is bounded meaning that the maximum daily arrival is bounded. In
reality, this is a mild assumption since we can assume the arrival process is bounded by the
maximum arrival in the offline data. Let Ωt be the sample space of all random variables
on day t. We assume that the arrival process is independent over periods, i.e., the arrival
of day t1 is independent of the arrival of day t2 where t1 ̸= t2.

To provide a dynamic optimization formulation, we define the action and state space
of the problem as follows. Let At = [ati,n]I×N be the action matrix on day t, where ati,n
be the number of patients of class i whose requests for the service arrived on day t and
received an appointment for day t + n. Note that the decision matrix At, determined on
day t, may depend on the previous actions and the arrivals up to day t, but it does not
depend on the future arrivals. We formulate this problem as a multi-period (multi-stage)
decision making problem over the time horizon [0, T ] (See Figure 3.2). Considering the
action matrix At, the remaining capacity on day t + n, denoted by qtn+t, at the beginning
of day t can be obtained by

qtn+t = qt−1
n+t −

I∑
i=1

µi.a
t−1
i,n+1, n ∈ {0, . . . , N − 2}, t ∈ {2, 3, . . . , T}, (3.1)

where q1k = ck for all k ∈ [N − 1] since it is assumed that the system is initially empty.
Then, the state of the system at beginning of day τ can be captured by

sτ = {(dτ , qττ , . . . , qττ+N−2)|qτn+t = qτ−1
n+τ −

I∑
i=1

µi.a
τ−1
i,n+1 for n ∈ {0, . . . , N − 2}}, (3.2)

for all τ ∈ [T ] which includes the demand of day τ and the remaining capacity of the next
N − 1 days. Note that, on day τ , we only need to include the next N − 1 days in sτ since
patients arrived before day τ could have been scheduled for up to day τ +N − 2.

9



1 2 3 N N + 1N + 2 T T + 1 T + 2 T +N − 1

A1

A2

A3

AT

Figure 3.2: Multi-period (multi-stage) advance patient scheduling - At is determined on
day t

Considering that all patients should receive an appointment upon the arrival of their
requests, on each day t, we have the constraints

∑N−1
n=0 ati,n = di,t for all i ∈ [I]. These

constraints are deterministic since the demand dt is observed at the beginning of day t.
We assume that the service provider may use overtime capacity and schedule more than
the regular capacity ct, i.e., we allow qtτ to be negative. We define a nonnegative auxiliary
variable ot to capture the overtime capacity committed on day t, where it can be determined

by ot =
[∑I

i=1 µi.a
t
i,0 − qtt

]
+
. Therefore, we have the capacity constraints

I∑
i=1

µi.a
t
i,0 − ot ≤ qtt, t ∈ [T ], (3.3)

which ensures the total appointment slots allocated to day t cannot exceed ct unless some
patients are served overtime, i.e., overtime capacity is used. We denote the decision vector
of day t by xt = (A⃗t, ot). Note that adding the auxiliary variable ot to the decision
vector helps us to have a Lipschitz smooth cost function. We call the decision process
x = (x1, x2, . . . , xT ) a policy. We define

Ct(st) = {xt |
I∑

i=1

µi.a
t
i,0 − ot ≤ qtt,

N−1∑
n=0

ati,n = di,t for i ∈ [I], xt ≥ 0} (3.4)

to denote the mapping of the state st to the feasible action space (set of feasible decisions)
on day t. A decision is said to be feasible if xt ∈ Ct(st), t ∈ [T ].

We assume that the system incurs cost for the patients waiting to being served as well
as the overtime capacity utilized on each day to serve patients. Specifically, similar to
[60], we assume that the system incurs the waiting cost γw

i per day for each patient of
class i waiting to be served. We denote the overtime cost of day t by ut(ot) and assume
that ut(ot) is a smooth convex function of ot. The convexity of the overtime function
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is a common assumption in the literature (see e.g. [60]) and is compatible with reality
that the service provider should pay a higher rate for each hour of overtime work. It
also captures the negative consequences of the excessive amount of overtime in healthcare
applications. For instance, [64] argue that overtime working hours could increase the health
risk of healthcare workers and decrease productivity. Furthermore, the convex overtime
cost enables the model to consider the overtime capacity in the case of emergency patients.
We assume the overtime usage of resources is bounded.

The goal of the problem is to minimize the total waiting and overtime cost of scheduling
over the time horizon [0, T ]. Given decision x, the total cost can be expressed as

F (x) =
T∑
t=1

(
I∑

i=1

γw
i

N−1∑
n=0

nati,n + ut(ot)

)
, (3.5)

where the first and second terms show the linear waiting cost and the overtime cost,
respectively. We ignore the cost after the time horizon since we assume T ≫ N . Let f(xt)
denote the instantaneous cost of period t given the decision of day t, xt. Then, f(xt) can
be written as,

f(xt) =
I∑

i=1

γw
i

N−1∑
n=0

nati,n + ut(ot), (3.6)

and we have F (x) =
∑T

t=1 f(xt).

We seek to design an easy-to-implement data-driven algorithm to find a feasible solution
that minimizes the total cost, F (x). In what follows, we first provide an offline model of
the MAPS problem. We then provide two dynamic models for the problem and discuss
the challenges of solving each of them.

Offline Model. An offline problem optimizes a deterministic version of the problem
by assuming that the entire input sequence over the time horizon is known in advance.
More specifically, in the offline setting, we assume that all arrivals d = (d1, d2 . . . , dT ) are
known at the beginning of the horizon, i.e., at the beginning of day 1. Then, the offline
problem can be formulated as

OPT(d) = min
x

F (x) (3.7a)

s.t. xτ ∈ Cτ (sτ ), τ ∈ [T ], (3.7b)

(3.2), τ ∈ [T ], (3.7c)

where it can be easily solved with the state-of-the-art solvers. In the offline problem, thanks
to the prior information, we can schedule all patients over the time horizon at the beginning
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of day 1. However, in the main problem that future arrivals are unknown, we need to keep
some capacity for the future arrivals while we schedule patients as their demand is received
by the provider over time.

Dynamic Programming Model. To model the MAPS problem, one can adopt the
dynamic programming approach. The value function of the problem can be stated as

Jt(st) = min
xt∈Ct(st)

f(xt) + E [Jt+1(st+1) | st] , (3.8)

where E [· | st] denotes the conditional expectation. A decision x∗ is optimal if and only if

x∗
t ∈ argmin

xt∈Ct(st)
f(xt) + E [Jt+1(st+1) | st] , (3.9)

for all t ∈ [T ]. Characterizing the optimal policy for the MAPS problem using the standard
dynamic programming model given in (3.9) is not straightforward due to the curse of
dimensionality, as indicated in the literature (see e.g., [47], [60], [11]).

Multi-Stage Stochastic Model. Another potential approach to model the MAPS
problem is multi-stage stochastic programming. In each period t, dt is revealed and the
schedule xt ideally should be the solution to the following multistage stochastic program:

min
xt∈Ct(st)

f(xt) + E
[

min
xt+1∈Ct+1(st+1)

f(xt+1) + E
[
· · ·+ E

[
min

xT∈CT (sT )
f(xT )

]]]
. (3.10)

Note that in the multi-stage stochastic model given above, T − t is the number of stages of
the problem. [54] shows how the sample average approximation method, which is a promis-
ing method in two-stage stochastic problems, is not applicable for a T -stage stochastic
problem with T > 5, and the number of scenarios needed to solve the problem increases
exponentially with the number of periods T . In reality, the time horizon is usually at
least a month, T = 30. Therefore, this problem is considered as a large-scale multi-stage
stochastic program and cannot be solved with common approaches such as the sample
average approximation.
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Chapter 4

Dynamic Stochastic Patient
Scheduling

In this section, we present an online algorithm to overcome the curse of dimensionality
and solve the MAPS problem, discussed in Chapter 3. The algorithm is motivated by the
idea behind online anticipatory algorithms. The idea behind these algorithms is to relax
the non-anticipativity constraints and then dynamically make the decisions by solving
deterministic optimization problems that consider all possible realizations of the random
variables in the future. Although online anticipatory algorithms are sub-optimal, they
perform surprisingly well ([20]). It has been shown that the online anticipatory algorithms
outperform the oblivious algorithms that ignore future events.

Motivated by the online anticipatory algorithms, we propose an algorithm to solve
MAPS. Specifically, similar to the online anticipatory algorithms, we relax the non antici-
pativity constraints, but unlike these algorithms, we solve a single stochastic optimization
problem in each period, instead of multiple deterministic optimization problems. This
means that we approximate problem (3.10) in two steps. On each day, we first relax the
non-anticipatory constraints and then solve a single-stage stochastic optimization by refor-
mulating the feasible set. Intuitively, we schedule patients arrived on day t while reserving
capacity for patients who will arrive after day t by considering the unknown distribution
of the arrivals in future periods. However, we do not force the problem solved in the next
period to consider the capacity reserved in the current period for future arrivals. This
means that we allow the optimization problem solved in each period to use all the capacity
available in the future period. Note that reserving capacity for future arrivals would ensure
that patients with high priority (i.e. high waiting costs) can be served relatively quickly.
Also, reallocating capacity kept for future arrivals would allow the algorithm to utilize the
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most recent information available by observing the realized demand in each period and
improve the capacity reservation.

By leveraging the above idea, we present an Online Stochastic Algorithm (OSA) for
solving the MAPS problem. The outline of OSA is presented in Algorithm 1. OSA consists
of two major steps. On each day t, we first observe the arrivals of day t, dt, and update
the remaining capacity of N − 1 following days with respect to the schedule of day t− 1,
xt−1. Then, for a given state st, we solve the following problem, which is a single-stage
stochastic optimization obtained by relaxing the non-anticipatory constraints:

SDSA(st) = min
Xt=(xt,x̄]t,T ])

f(xt) + E

[
T∑

τ=t+1

f(x̄τ )

]
(4.1a)

s.t. xt ∈ Ct(st), (4.1b)

x̄τ ∈ C̄τ (s̄τ ), τ ∈ {t+ 1, . . . , T}. (4.1c)

We define x̄]t,T ] = (x̄t+1, x̄t+2, . . . , x̄T ) where x̄τ = (A⃗τ , oτ ) and Aτ = [aτi,n]I×N . In fact, x̄]t,T ]

can be interpreted as the scheduling decisions related to patients who arrive after day t,
which is considered as the capacity reserved for these patients in advance. In other words,
µia

τ
i,n is the capacity reserved on day t for patients in class i who will arrive on day τ and

get an appointment for day τ+n. Thus, Xt = (xt, x̄]t,T ]) denotes both the schedule and the
capacity reservation determined on day t. Furthermore, C̄τ (s̄τ ) captures the mapping of the
state st to the feasible action space on day t considering the future demand. Recall that,
based on the definition given in (3.4), Cτ (sτ ) denotes the mapping of the state st to the
feasible action space assuming that the demand is known. Thus, roughly speaking, C̄τ (s̄τ )
can be considered as the probabilistic version of Cτ (sτ ) since future arrivals are stochastic
variables. In Section 4.1, we provide some insights on the unknown future arrivals and
uncertain constraints to precisely define C̄τ (s̄τ ), and then in Section 4.2, we propose a
single-day stochastic algorithm (SDSA) that finds the optimal solution of problem (4.1)
for a given state st. Later, we analyze the performance of the OSA in Section 4.3.

4.1 Unknown Future Arrivals

Since, in any period, the future demand is unknown, one challenge is how to model the
constraints that include future demand in the stochastic formulation given in (4.1). The
goal of this section is to address this challenge and provide a rigorous definition for C̄τ (s̄τ ).

To model the scheduling of future arrivals in the stochastic model, one approach is to
consider almost surely constraints, meaning that the model should guarantee that almost
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Algorithm 1: Online Stochastic Algorithm (OSA)

Input: T , N , I, (ct)t∈[T ], (µi)i∈[I], (γ
w
i )i∈[I], (ut(.))t∈[T ].

for t = 1, . . . , T do

Step 1: Observe dt, and
if t = 1 then q1k = ck, ∀k ∈ [N − 1],

else qtn+t = qt−1
n+t −

∑I
i=1 µi.a

t−1
i,n+1, ∀n ∈ {0, . . . , N − 2}.

Step 2: Set st = (dt, q
t
t, . . . , q

t
t+N−2), and Xt = SDSA(st).

Output: xalg = (x1, x2, · · · , xT ).

all future arrivals will be scheduled. There are two main criticisms to the almost surely
constraints: (1) almost surely constraints treat all stochastic variables in the same way
while their probability may be different, and (2) the inequalities

∑N−1
n=0 aτi,n ≥ Di,τ for all

τ ∈]t, T ] and i ∈ [I] should be satisfied for all possible realization of demand D]t,T ] to
ensure there is enough capacity to schedule the patients requesting appointments. This
can be quite restrictive if the sample space of arrivals Ωt is large since we need to take into
account the maximum possible demand. This means that we will reserve a large portion
of the daily capacity for future arrivals of patients with high waiting costs. This approach
would not result in an efficient scheduling policy due to the high variability of daily arrivals.
In particular, it leads to a high total waiting cost since it delays the scheduling of some
patients to keep (reserve) capacity for the maximum demand realization of some other
classes of patients.

To reduce the conservatism caused by almost surely constraints, we relax the assump-
tion of satisfying all possible realizations of demand. Note that we only relax the constraints
related to the future arrivals that determine the capacity reserved for them. Thus, the final
solution obtained based on the proposed approach remains feasible and serves all patients
whose requests are received. On each day, there is a deterministic constraint that guar-
antees to assign time slots to all patients after their requests are received by the service
provider, i.e., after the demand realization. To capture the gap between the future demand
and capacity reserved, we define a stochastic error for the demand of patients of class i on
day τ as

eiτ = Di,τ −
N−1∑
n=0

aτi,n. (4.2)

The goal is to include a constraint in the stochastic model so that the gap between the
realization of the future arrivals and the capacity reserved to serve them is bounded. Thus,
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we bound the expected value of the squared error so that E [e2iτ ] ≤ mi wheremi is a positive
constant. Considering this constraint, C̄τ (s̄τ ) can be expressed as

C̄τ (s̄τ ) = {x̄τ |
I∑

i=1

µi.a
τ
i,0 − oτ ≤ qττ , E

[
e2iτ
]
≤ mi∀i ∈ [I], x̄τ ≥ 0}. (4.3)

In Section 6, we numerically show that considering the above constraint to reserve capacity
for future arrivals performs surprisingly well. In the following theorem, we show that
parameter mi can be tuned so that an almost surely constraint on the demand satisfaction
is met.

Theorem 1 (Expectation Generality) If the expected squared error for the demand of
patients in class i on day τ is bounded by a positive mi, E [e2iτ ] ≤ mi, for a given ϵ ∈ (0, 1),
it is guaranteed that the probabilistic constraint Pr {eiτ ≤ ri} ≥ 1 − ϵ with ri =

√
mi

ϵ
is

satisfied.

Theorem 1 demonstrates that any probabilistic constraint on the demand satisfaction
can be captured by a corresponding bound on the expected squared error. In other words,
the parameter mi can be tuned so that any almost surely constraint is satisfied. For
instance, to ensure that the probability of ignoring more than ri patients of class i in the
future capacity reservation is at most ϵ ∈ (0, 1), it is sufficient to include E [e2iτ ] ≤ ϵr2i in
the model.

4.2 Single-Day Stochastic Scheduling Problem

Considering the feasible action space of the problem defined in (3.4) and (4.3), the for-
mulation of the problem provided in (4.1) can be considered as a standard stochastic
optimization problem. In this section, we aim to simplify the problem by applying the
Lagrangian duality approach. Let Yt(st) denote the feasible set of problem (4.1) obtained
after relaxing the constraints E [e2iτ ] ≤ mi for all τ ∈]t, T ] and i ∈ [I]. Then,

Yt(st) = {Xt|xt ∈ Ct(st),
I∑

i=1

µi.a
τ
i,0 − oτ ≤ qττ , (3.2), x̄τ ≥ 0,∀τ ∈]t, T ]}. (4.4)

Applying Lagrangian approach to the stochastic problem defined in (4.1) with the con-
straints E [e2iτ ] ≤ mi is relaxed, we get the following dual problem,

max
λt≥0

min
Xt∈Yt

ED]t,T ]

[
Lt(Xt, D]t,T ], λ

t)
]
, (4.5)
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where the Lagrangian Lt is defined as

Lt(Xt, D]t,T ], λ
t) = f(xt) +

T∑
τ=t+1

(
f(x̄τ ) +

I∑
i=1

λt
iτ

(
e2iτ −mi

))
. (4.6)

In (4.6), λt = (λt
iτ )i∈[I],τ∈]t,T ] denotes the dual multiplier vector. The result of applying

standard Lagrangian duality theory to the problem given in (4.1) is summarized in the
following theorem.

Theorem 2 Let p∗ and d∗ denote the optimal solutions of (4.1) and (4.5), respectively.
Also, let mi be greater than the maximum variance of arrivals of class i,

mi > max{Var(Di,t+1), . . . ,Var(Di,T )}.

Then, equality p∗ = d∗ holds, i.e., the duality gap between (4.1) and (4.5) is zero.

Theorem 2 shows that strong duality holds for the problem defined in (4.5), i.e., problem
(4.5) can be obtained by exchanging the infimum and supremum operators of problem (4.1)
as a saddle-point problem. Therefore, we can use the standard subgradient method to find
the (near-)optimal solution of problem (4.5). To do so, we need to solve the sub-problem
min

Xt∈Yt(st)
ED]t,T ]

[
Lt(Xt, D]t,T ], λ

t)
]
for a given dual multiplier vector λt in each iteration of

the subgradient method. Intuitively, λt can be interpreted as the quadratic rejection cost
of patients since the term

∑I
i=1 λ

t
iτmi is fixed, and λt

iτ is the only multiplier of e2iτ in
Lt(Xt, D]t,T ], λ

t). In other words, the problem min
Xt∈Yt(st)

ED]t,T ]

[
Lt(Xt, D]t,T ], λ

t)
]
is a MAPS

problem while we are allowed to reject patients with a convex cost function.

With a slight abuse of notation, we define ℓt : Rrt × Ωt → R such that for a given
λt, ℓt(Xt, D]t,T ]) = Lt(Xt, D]t,T ], λ

t). Note that λt is often given in our analysis since it is
given in the subgradient method, though we update the λt at the end of each iteration.
Hereafter, our focus is to solve the following problem

min
Xt∈Yt(st)

ED]t,T ]

[
ℓt(Xt, D]t,T ])

]
, (4.7)

which is a standard stochastic optimization problem. The following lemma shows the
convexity of both the objective function and the feasible set of problem (4.7).

Lemma 1 The optimization problem (4.7) is a convex optimization problem, i.e., the ob-
jective function is a convex function and the feasible set is a convex set.
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Lemma 1 states that (4.7) is a stochastic convex optimization problem, that is a well-
studied problem in the literature. Following the seminal work of [50], various stochastic
approximation (SA) algorithms have been developed for solving this class of problems. [29]
presents the first universally optimal algorithm for solving stochastic convex optimization
problems (see Chapter 4 in [30] for more recent studies). We employ a unified optimal
method, namely, the accelerated stochastic approximation algorithm (proposed by [15])
to optimally solve the stochastic sub-problem (4.7). In particular, this problem is a con-
strained convex stochastic optimization, and this method is a modified version of Nesterov’s
algorithm (see [44] and [43]).

Considering Theorem 2 and Lemma 1, we provide a Single-Day Stochastic Algorithm
(SDSA) to solve (4.7). The outline of SDSA is presented in Algorithm 2. In particular, we
utilize a subgradient method in which in each iteration, we optimally solve the stochastic
problem (4.7) by implementing the accelerated stochastic approximation algorithm. The
proposed algorithm is data-riven in the sense that in each iteration, we use the offline data
set to randomly pick a sample arrival for each estimation of the algorithm. We refer the
reader to Appendix B for more technical details.

Note that we could also tackle problem (4.1) using other approaches. For instance, this
problem can be written in the form of

min
Xt ∈ Yt(st)

f(xt) + E

[
T∑

τ=t+1

f(x̄τ )

]
(4.8a)

s.t. E
[
e2iτ
]
≤ mi, ∀i ∈ [I], τ ∈ {t+ 1, . . . , T}, (4.8b)

which is a stochastic optimization with expectation constraints. There are several recent
papers in the literature that propose algorithms for solving a stochastic optimization prob-
lem with expectation constraints. For example, [31] present a stochastic approximation
method for the special case of a single expectation constraint. [7] extend this approach to
the case of multiple expectation constraints. Due to the convex structure of the objective
function and the feasible set, these algorithms can provide the optimal solution for problem
(4.8).

In Chapter 6, we use the Lagrangian duality approach to solve the problem numerically
to be consistent with the robust model of MAPS problem derived in Chapter 5 based on
the robust version of problem (4.7).
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4.3 Performance Measure

In this section, we examine the performance of the proposed OSA by comparing it with
the offline policy in the expected sense. In particular, we compare the expected cost of
the proposed algorithm with the expected cost of a clairvoyant optimal solution that has
prior knowledge of the arrivals of patients. We define the accumulated regret (AR) as the
difference between the accumulated cost of the proposed policy and the minimum cost that
could be obtained had all arrival been known in advance. Let xalg denote the scheduling
decision obtained based on an algorithm. The AR of the algorithm over the time horizon
T is expressed as

ART
alg = E

[
F (xalg)

]
− E [OPTD)] , (4.9)

where OPT(D) is defined in (3.7) and E [OPT(D)] is the expected cost of clairvoyant. We
prove that AR can be decomposed into T bounded local regrets (LR). To derive LR, we
define two offline problems as follows,

V t
1 (st, x

alg
t , D) = min

xt, . . . , xT

T∑
τ=t

f(xτ ) (4.10a)

s.t. xτ ∈ Cτ (sτ ), τ ∈]t, T ], (4.10b)

(3.2), τ ∈]t, T ], (4.10c)

xt = xalg
t , (4.10d)

and

V t
2 (st, D) = min

xt, . . . , xT

T∑
τ=t

f(xτ ) (4.11a)

s.t. xτ ∈ Cτ (sτ ), τ ∈]t− 1, T ], (4.11b)

(3.2), τ ∈]t, T ]. (4.11c)

Note that V t
1 is an offline problem to schedule patients arriving on day t to day T where

the state st is given and decisions on day t are made based on xalg
t given in (4.10d). Also,

V t
2 is similar to V t

1 with a difference that there is no constraint on the decisions on day t.
In fact, the expected difference between V t

1 and V t
2 captures the specific amount of regret

caused by the decision xalg
t made on dat t. We define the LR of decision xalg

t given state
st as

LRt(st, x
alg
t ) = E

[
V t
1 (st, x

alg
t , D)− V t

2 (st, D)|st
]
. (4.12)

Note that in E [· · · |st], the expectation is over the uncertain arrival process Dt+1, . . . , DT .
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Figure 4.1: Regret Decomposition

Theorem 3 (Regret Analysis) Let xalg denote the policy obtained by Algorithm 1, and
consider ART

alg and LRt defined in (4.9) and (4.12), respectively. Then, we have ART
alg =∑T

t=1 E
[
LRt(st, x

alg
t )
]
.

Theorem 3 demonstrates that AR of the proposed OSA is the sum of the local regrets,
as illustrated in Figure 4.1. Intuitively, this theorem claims that the accumulated regret
can be computed by adding the expected specific amount of regret caused by the decision
of each day. This provides an efficient way to compute the AR of the proposed algorithm.
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Chapter 5

Dynamic Robust Patient Scheduling

In the previous section, we took an adaptive approach and developed a stochastic optimiza-
tion model for patient scheduling, and proposed an algorithm to solve it. In this model,
patients are scheduled as their requests are received by the service provider so that the
expected total waiting and overtime cost of the system is minimized. The main challenge
of this approach is that it does not protect the system against the high variability in daily
arrivals as it is illustrated in Figure 6.3 (see also Figure 1 in [47]). To address this challenge,
in this section, we propose an Online Robust Algorithm (ORA) that protects the system
against perturbations in the arrival of patients.

Similar to the online stochastic algorithm presented in Algorithm 1, we take an adaptive
approach to update the remaining capacity day-to-day while, in the ORA, we utilize a
robust scheduling policy named Single-Day Robust Algorithm (SDRA) instead of SDSA.
Thus, the outline of the ORA is similar to Algorithm 1, but in Step 2, we solve the SDRA
instead of SDSA.

More specifically, we present a distributionally robust (DR) formulation for the prob-
lem defined in (4.1) and develop an online algorithm to solve the proposed model. In
Section 5.1, we propose this formulation and develop an algorithm to efficiently solve
it. Using patient-level MRI data from several hospitals, in Section 6, we show that the
proposed distributionally robust framework not only outperforms the adaptive stochastic
approach in practice significantly but also performs close to the offline policy.
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5.1 Single-Day Robust Scheduling Problem

In Chapter 4, we show that the stochastic formulation provided in (4.7) is equivalent to the
problem given in (4.1) for the optimal Lagrangian multipliers. To reduce the sensitivity of
the scheduling policy to high changes in the arrivals, we consider the DR formulation of
problem (4.7) as follows

min
Xt∈Yt(st)

max
Pt∈M(Pt)

EPt

[
ℓt(Xt, D]tiven,T ])

]
, (5.1)

whereMt(Pt) denotes the ambiguity set of probability measures that capture perturbations
of Pt. In (5.1), Xt is chosen to minimize the expected cost in the worst-case perturbations.
Note that (5.1) reduces to (4.7) provided that the probability measure Pt contains only
the true distribution of random vector D]t,T ]. That is, the DR model is an intermediate
path between the robust framework and the stochastic model (see, e.g., [49] for a recent
comprehensive review of the DR optimization).

Recently, there have been many studies in the literature that propose various methods
to model an ambiguity set (see e.g. [56], [13], and [42]). These methods can be mainly
categorized into some specific frameworks including f-divergence-based sets, Wasserstein
balls around P, risk-aversion models, and data-driven methods (see [19]). In this paper,
to rigorously define the ambiguity set Mt(Pt), we quantify the uncertainty in arrivals by
utilizing a risk measure, which is a mapping from a space of random variables to the
extended real line. We then present a data-driven algorithm to minimize the risk measure
and provide a robust scheduling policy.

More specifically, we aim to reformulate the DR formulation (5.1) to a risk measure
minimization problem. [55] shows that a coherent risk measure can be expressed as a robust
expectation with respect to a particular family of distributions (see Theorem 6.6 in [55]).
Recently, [28] provide some empirical evidence suggesting the mean-upper-semideviation
risk measure can provide protection against value function approximation errors. The
mean-upper-semideviation risk measure is one of the most popular risk measures in theory
and practice (see e.g. [51], [3], [10], [35], and [23]). This motivates us to model the
ambiguity set Mt(Pt) with a mean-upper-semideviation risk measure.

The general form of the mean-upper-semideviation risk measure is as follows

ρ(Z) = E [Z] + κ
(
E
[
[Z − E [Z]]p+

]) 1
p , (5.2)

where Z is a random variable, p is the order of risk measure, and the level of robustness
is controlled by the parameter κ. To adapt the risk measure (5.2) to our problem, recall
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that ℓt(Xt, D]t,T ]) denotes the Lagrangian of problem (4.1) for a given dual vector λt.
Also, ℓt(Xt, D]t,T ]) is a function of future arrivals, thus, it is a random variable itself.
Therefore, we define the random variable Zt = ℓt(Xt, D]t,T ]) on the measurable space
(Ωt,Ft). Furthermore, choosing p = 2 and considering that the expectation E [Zt] is
bounded due to the bounded arrival process, we use the Hilbert space Zt := L2(Ωt,Ft,Pt)
to define the feasible space of random functions Zt. Then, we have Zt ∈ Zt. Therefore,
the mean-upper-semideviation risk function adapted to our problem is

ρ(Zt) = E [Zt] + κ
√
E
[
[Zt − E [Zt]]

2
+

]
. (5.3)

[55] shows that the risk measure in (5.3) is coherent if κ ∈ [0, 1], and a real-valued
coherent risk measure has a dual representation with the form of

ρ(Zt) = max
ζt∈At

⟨ζt, Zt⟩ = max
Pt:

dPt
dPt

∈At

EPt [Zt] , ∀Zt ∈ Zt, (5.4)

where At =
{
ζ ′t ∈ Zt

∣∣ζ ′t = 1 + ζt − E [ζt] , ∥ζt∥2 ≤ κ, ζt ≤ 0
}
is a non-empty convex closed

set. Specifically, (5.4) shows that for any ζt ∈ At and Zt ∈ Zt we can view ⟨ζt, Zt⟩ as
an expectation taken with respect to the probability measure ζtdPt. The expectation in
(5.1) is with respect to the probability measure Pt, then, it suffices to have dPt = ζtdPt.
Therefore, the uncertainty set Mt(Pt) can be presented as Mt(Pt) = {Pt|dPt

dPt
∈ At} (the

same approach has been applied by [19]). By substituting (5.4) into (5.1), we get

min
Xt∈Yt(st)

ρ(Zt). (5.5)

Note that if we define the risk measure ρ(·) as ρ(·) := E [·] instead of (5.3), the robust
formulation give in (5.5) reduces to the stochastic formulation provided in (4.7) which is a
risk-neutral problem.

Recall that Zt = ℓt(Xt, D]t,T ]). By substituting (5.3) into (5.5), we get

SDRA(st) = min
Xt∈Yt(st)

E
[
ℓt(Xt, D]t,T ])

]
+ κ

√
E
[[
ℓt(Xt, D]t,T ])− E

[
ℓt(Xt, D]t,T ])

]]2
+

]
.

(5.6)

This is the single-day optimization problem that we need to solve on each day t to obtain a
robust scheduling policy. Solving problem (5.6) is challenging since the objective function
has a nested expectation structure. Next, we reformulate the problem (5.6) to a stochastic
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multi-level composition optimization problem. There are several recent papers in the lit-
erature that present algorithms for solving stochastic multi-level composition optimization
problems, see, e.g., [66], [69], [52], and [6]. To develop an optimal algorithm for solving
(5.6), we first characterize some properties of this optimization problem.

To this aim, first, we prove that the problem (5.6) is convex. The convexity of this
problem follows from the problem’s convex cost structure and the convexity of the risk
measure and the feasible set. The result is summarized in the following lemma.

Lemma 2 The robust optimization formulation given in (5.6) is a convex problem.

Second, problem (5.6) can be represented in the form of a stochastic 3-level composition
optimization problem as follows,

min
Xt∈Yt(st)

[
H(Xt) := h1,t

(
Xt, h2,t

(
Xt, h3,t(Xt)

))]
, (5.7)

where h1,t, h2,t : Rrt × R → R, and h3,t : Rrt → R are given by

h1,t(Xt, ω2) = E
[
ℓt(Xt, D]t,T ]) + κ

√
ε2 + ω2

]
, (5.8a)

h2,t(Xt, ω3) = E
[[
ℓt(Xt, D]t,T ])− ω3

]2
+

]
, (5.8b)

h3,t(Xt) = E
[
ℓt(Xt, D]t,T ])

]
. (5.8c)

In particular, converting the nested expectation structure to the above composition form
enables us to benefit from the recent studies providing algorithms to solve multi-level
composition functions. Note that as a minor regularization, we add the scalar ε to the
second term inside the expectation in h1,t to ensure the Lipschitz continuity of h1,t. Note
also that the composition form of (5.7) can be written in the form of H(Xt) = h′

1,t ◦ h′
2,t ◦

h′
3,t(Xt), which is a more well-known form of nested functions (see e.g. [6], [65], [22]).

Next, we show that all layer functions h1,t, h2,t and h3,t are Lipschitz smooth. We
summarize the results in the following Lemma.

Lemma 3 All layer functions hi,t(·) and their derivatives defined in the scheduling problem
(5.7) are Lipschitz continuous.

The above properties enable us to adopt a multi-level nested averaging stochastic gra-
dient method proposed by [6] to solve the robust model. This method is an extension of
the NASA algorithm provided in [16] (developed for a two-level composition function) to
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the general multi-level setting, requiring a mini-batch of sample in each iteration. They
have two major assumptions on the Stochastic Oracle. First, they assume that we have
access to unbiased noisy evaluations of each layer function and its gradient. Second, the
outputs of stochastic oracle are independent both in each layer and between layers. These
assumptions are consistent with our setting considering that we have access to an offline
data set with independent samples of arrivals.

The outline of SDRA is presented in Algorithm 3. This algorithm seeks to find an
approximate stationary point of the problem, which in our case can be translated to the
optimal point due to the convexity of the objective function. In this algorithm, two aux-
iliary averaged sequences statistically estimate the gradient of the composite objective
function and the inner function value by utilizing the independent sample paths from the
offline data set. Then, we compute a biased estimate of a subgradient of the composite
function and update the path averages accordingly. We refer the readers to Appendix C
for more technical details.
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Chapter 6

Case Study: Ontario MRI Services

This paper is motivated by the scheduling of MRI services in Ontario, Canada. In this
section, using patient-level Ontario MRI data, we conduct an extensive computational
analysis to examine the performance of the stochastic and robust models proposed in the
previous sections and provide some insights into the advance scheduling problem.

A universal, publicly funded healthcare system exists in Canada. To provide access
to healthcare based on need rather than the ability to pay, each provincial or territorial
insurance plan includes a basket of free services at the point of care. Inequities and lengthy
wait times for elective care still exist, nevertheless (see [37]). To this end, Ontario’s Wait
Time Strategy was unveiled in 2004 by the Ministry of Health. Beginning in 2014, MRI
and CT data is being recorded to the Wait Time Information System (WTIS) to enhance
the management and monitoring of MRI and CT resources.

6.1 Data Description and Numerical Setting

We have access to a part of WTIS which contains more than two million patient-level
records on MRI scheduling and delivery from 2014 to 2017 in Ontario, Canada. Below, we
briefly discuss the data set (for more information, see [9]).

6.1.1 Classes of Patients.

In Ontario, to receive MRI, patients need to see their physicians to specify their service
type, which refers to the body part that needs to go through an MRI scan (e.g. Brain, Head
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Figure 6.1: Frequency of Patients’ (a) Service Type and (b) Priority

and Neck, Spine, Cardiac, etc). Besides, physicians send a request to a hospital or imaging
centre to set an appointment based on the available capacity. Upon receiving the request,
the service provider determines the patients’ priority levels using the clinical evidence and
information that physicians provide. There are four priority levels: emergent (priority 1),
inpatient or urgent (priority 2), semi-urgent (priority 3), and non-urgent (priority 4). By
definition provided in [9], failure to diagnose and initiate treatment would result in seri-
ous morbidity/mortality for priority 1 patients, significant deterioration/deficit for priority
2 patients, moderate deterioration/deficit for priority 3 patients, and minimal deteriora-
tion/deficit for priority 4 patients. Figure 6.1 illustrates the frequency of the MRI service
requests based on the service types and priorities captured in our data set. Shortly after
determining the patients’ priority levels, the schedulers review the clinical records and,
depending on their priority and available time slots (capacity), creates an appointment
for the patient. Figure 6.2 presents a general scheme of patients’ journey to receive MRI
service in Ontario.

Patients’ priorities and the type of service determine their primary characteristics, in-
cluding service duration, the arrival pattern, and the cost of delay in service. To simplify
the notation, we will categorize patients into different classes that capture both their prior-
ity and service type simultaneously. Therefore, the number of classes is the multiplication
of the number of priorities and the number of service types.
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Patient visits her physician

Physician determines patient’s service type

Physician sends a request to a hospital

Hospital assigns a priority level

Hospital schedules an appointment

Patient waits for her appointment

Patient receives the MRI service

Figure 6.2: Patient’s MRI Journey in Ontario

6.1.2 Service Duration.

Although the service duration is inherently random, in practice, the scheduler allocates
time slots to patients based on Estimated Service Duration (ESD) at the time of making
an appointment. ESD refers to the length of estimated feet in and feet out time (minutes)
and not the length of scanning time (minutes) allocated for the appointment ([9]). In
our data set, ESD is not recorded but the actual service duration is provided. Thus, we
approximate the ESD for different types of services based on the mean of the MRI scan
procedure duration, as provided in Table 6.1. The total number of observations for a
descriptive summary of procedure duration, provided in the table, is 1,954,088.

6.1.3 Server’s Capacity.

Server’s regular capacity represents the number of operational hours that are anticipated
for the MRI scanner during a given day. In reality, these operating hours are manually
submitted ahead of time which is consistent with our setting where we assume the available
capacity is given in advance. We allow the actual operational hours to exceed the regular
capacity, which refers to the overtime capacity.
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Service Types ESD

Abdomen 36.25
Breast 35.02
Cardiac 59.37
Extremities 27.65
Head (Brain) 29.76
Head and Neck 38.71
Pelvis 38.90
Peripheral Vascular 37.57
Spine 27.27
Thorax 45.01

Table 6.1: Estimated Duration Scan of each service type

6.1.4 Numerical Setting.

To conduct the numerical analysis, we refer the readers to Table 6.2 for all problem param-
eters and numerical settings. Based on the available data, we define a baseline example
and set the default parameters based on that. We will conduct a comprehensive sensitivity
analysis to investigate the impact of changes in the parameters. For example, as it has
been shown in Figure 6.1, there are ten service types and four priority levels for patients
in the data set. Therefore, we have the arrival records for 40 classes of patients in our
data set. Furthermore, we picked three random hospitals among all available hospitals in
Ontario where these hospitals can be categorized as a large (L), medium (M), and small
(S) size hospitals to show whether the size of the hospital can affect the performance of the
scheduling policies obtained based on the proposed formulations. We assume all hospitals
are initially empty at beginning of the first day in the time horizon. Figure 6.3 illustrates
the daily number of service requests received by these hospitals. As shown in the figure,
there is a great degree of variability and non-stationarity in the patient arrival patterns,
which represents a high degree of uncertainty. Due to this high variability in the arrivals,
we will show that the proposed robust formulation, which has no knowledge of the upcom-
ing arrival pattern, outperforms the stochastic formulation significantly and performs well
compared to the offline algorithm.

It remains to tune the cost parameters. We assume that the waiting cost of patients
depends on their priority level. This is compatible with the real-world setting since the
Ontario Ministry of Health and Long-Term Care developed wait time targets based on
the priority level of patients, emphasizing the fact that the impact of waiting on patients
mainly depends on their priority levels. Based on the proposed wait targets, the majority
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Figure 6.3: Patients Daily Arrivals - (a) Hospital L (b) Hospital M (c) Hospital S

(i.e. 90%) of patients with priority 1 should be served within one day, priority 2 within 2
days, priority 3 within 10 days, and priority 3 within 28 days. Although we do not have a
hard constraint to meet the wait time targets, we can set the waiting cost parameters to
consider the priority level of patients in their scheduling orders. Thus, we set the waiting
cost parameters such that 28γw

4 = 10γw
3 = 2γw

2 = γw
1 . We will show the impact of this

waiting cost parameter setting on the percentage of patients served during their wait time
targets.

We also need to set the regular capacity over the time horizon for the hospitals as
we discussed in section 6.1.3. Our available data set only contains the arrival process
of patients and we do not have access to the operating hours the hospitals submitted in
advance. Therefore, we set the regular daily capacity based on the expected daily arrivals
to each hospital. However, we conduct a sensitivity analysis in section 6.2 to investigate
the impact of the capacity on the performance of the proposed policies.
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Parameter Notation Value

Time horizon T 60 days
Booking horizon N 15 days
Number of classes I 40
Regular Capacity for Hospital L c 30 hours
Regular Capacity for Hospital M c 22 hours
Regular Capacity for Hospital S c 14 hours
Maximum overtime per day O 4 hours
Overtime Cost Rate γo 0.0075
Waiting Cost of Priority 1 Patients γw1 28
Waiting Cost of Priority 2 Patients γw2 14
Waiting Cost of Priority 3 Patients γw3 2.8
Waiting Cost of Priority 4 Patients γw4 1
Number of samples in sample pool S 5000
Number of iteration in stochastic algorithm R 2000
Number of iteration in robust algorithm K 2000
Robust coefficient κ 0.5
Regularization epsilon ϵ 0.1

Table 6.2: Parameters and the Setting of Algorithms

Finally, we approximate the overtime cost with a quadratic cost function which is a
smooth convex function. We tune the constant rate γo of the quadratic overtime cost to
γw
1 = 59.372γo. Note that the maximum expected service duration in our data is 59.37.

Thus, by setting γw
1 = 59.372γo, there is a chance that some patients are scheduled on the

day of their arrivals if there is no regular capacity available.

6.2 Empirical Performance

We evaluate the performance of the proposed robust formulation by comparing it with three
other policies. The first benchmark is OSA proposed in Chapter 4. Second, we compare
ORA with a myopic policy which is a naive policy and schedules patients by solving an
offline problem assuming no patients arrive in the future periods. In fact, myopic policy
optimally schedules patients who arrive on each day while ignoring the future arrivals.
Finally, we evaluate the performance of ORA by comparing it with the offline policy which
is based on the full information of the arrivals and provides the lowest cost. Speaking of the
cost of the scheduling, we aim to examine how far the costs of ORA and OSA are from the
costs of the offline policy (as a lower bound) and the myopic policy (as an upper bound).
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We define the Relative Gap between the cost of two polices as the metric to compare the
performance of the two policies.

Definition 1 (Relative Gap) Let CA and CB be the expected total cost of patient schedul-
ing based on policies A and B, respectively. Then, the relative gap between policy A and
policy B is defined as:

GA,B =
CA − CB

CB

. (6.1)

To compute the relative gap defined in (6.1), we randomly pick 200 samples of arrivals
from the data set to create a test set. These samples are kept fixed during all the analyses.

6.2.1 Sensitivity Analysis on Booking Horizon.

We first compare the performance of ORA and OSA as the length of the booking horizon
N varies, as illustrated in Figure 6.4. We observe that GOSA,ORA increases as the booking
horizon increases in all three hospitals. In fact, the performance of OSA and ORA is close
to each other for a small booking horizon of 3 days while the relative gap increases to
64 − 110% when it is possible to schedule patients for 30 days in advance. Note that as
the number of periods in the booking horizon increases, the variability in the total arrivals
during the booking horizon increases. Thus, Figure 6.5 shows that as the variability in the
total arrivals during the booking horizon increases, the performance of the robust model
compared with the stochastic model improves significantly. This observation confirms
that when the variability in the demand during the booking horizon becomes high, the
scheduling policy obtained based on the stochastic formulation of the problem cannot
efficiently protect the system against the high variability in the future demand. However,
the robust approach provides policies that take into account the possibility of observing
a high demand in the future when they allocate future time slots to the patients. Thus,
policies obtained based on the robust model are much more efficient which leads to a gap
of up to 110% between OSA and ORA.

Note that from the risk-aversion perspective, having the term κ
√

E
[
[Zt − E [Zt]]

2
+

]
in

the risk measure enables us to control the variation in the loss function. Therefore, the
higher variability in the problem causes the larger relative gap between the robust approach
and stochastic approach which highlights the importance of robust solutions in the case of
high variability in arrivals.
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Figure 6.4: Sensitivity Analysis on Booking Horizon - Relative Gap between OSA and
ORA

Based on Figure 6.4, we also observe that the gap between ORA and OSA increases
as the size of the hospital increases. Note that as a hospital becomes larger the variability
in the daily arrivals to the hospital increases, as shown in Table 6.3. Thus, as mentioned
above, the proposed robust approach can protect the system against high variability in the
arrivals during the booking horizon more efficiently than the proposed stochastic model.

Hospital SD IQR MAD

L 33.76 68 21
M 29.23 53 19
S 15.25 25 12

Table 6.3: Statistical Dispersion of Daily Arrivals at Three Hospitals

To evaluate the performance of the robust approach, we compare it with the offline and
myopic policies (see Figure 6.5).

To provide a simple insight on the myopic policy, assume that we have no overtime
capacity. Then, the solution in myopic policy can be characterized as the well-known cµ-
rule scheduling policy ([61]). In other words, the agent sorts the patients based on the ratio
of their waiting cost and service duration and then schedules them accordingly. Therefore,
all patients will be scheduled as soon as possible assuming no patients coming in the future.
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(b) ORA to Offline Policy

Figure 6.5: Sensitivity Analysis on Booking Horizon - Relative Gap of

The myopic policy is a good benchmark to compare with the ORA since it can indicate
the effect of keeping a reserved capacity for the future arrivals of patients. Figure 6.5
(a) demonstrates that the relative gap between the myopic policy and the proposed ORA
is very small when the booking horizon is one day. This is expected since both policies
should schedule all arriving patients on the same day of their arrival. However, when the
booking horizon increases to 30 days, the gap could go above 600%. This is mainly because
the myopic policy ignores the future arrivals. Specifically, since the difference between the
waiting cost of patients with different priorities is high (see Table 6.2), keeping no capacity
for the future arrivals of high-priority patients will impose a high cost on the system.

We also compare the proposed ORA with the offline policy which refers to a policy
obtained assuming that the arrivals of all future patients are known in advance. Note that
the performance of the offline policy is not achievable in reality due to the assumption
of there is no uncertainty in the arrival process. Figure 6.5 (b) shows the relative gap
between ORA and the offline policy. We observe that the gap is increasing in the length
of the booking horizon. This is expected since as the number of periods in the booking
horizon increases, the variability in the future arrivals increases, which is known to the
offline algorithm but unknown to the ORA. Our numerical results show that the gap
between the offline algorithm and ORA varies between zero percent and 75% when the
booking horizon increases from one day to 30 days. Considering that the offline algorithm
is based on ignoring the variability completely and the full knowledge of the future arrivals,
these results show that the proposed robust approach works well.
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6.2.2 Sensitivity Analysis on Time Horizon.

In this section, we conduct an analysis similar to section 6.2.1 to examine the impact of the
time horizon on the performance of the proposed algorithms. We fix the booking horizon
to 15 days while the time horizon varies from 20 days to 60 days. Thus, the ratio N/T
changes from 25% to 75%.
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Figure 6.6: Sensitivity Analysis on Time Horizon

Figure 6.6 (a) shows that as the number of periods in the time horizon increases, the gap
between the proposed robust model and stochastic formulation increases. This is mainly
due to an increase in the total variability observed as the time horizon increases. We observe
a similar pattern in the gap between the proposed robust approach and the myopic policy,
based on Figure 6.6 (c). Moreover, as illustrated in Figure 6.6 (b), the relative gap between
the robust model and the offline algorithm decreases as the time horizon increases. This
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indicates that the performance of the proposed robust model improves as the number of
periods in the time horizon increases. Recall that in the proposed approaches, we adaptively
move forward through the time and schedule the patients. Thus, when the ratio N/T is
high, i.e. the time horizon is short relative to the booking horizon, the effect of the end
of time horizon on the overall performance of the algorithm could be significant. As the
time horizon increases, while the booking horizon remains the same, the impact of the
end of time horizon decreases, and thus, the impact of the robust approach becomes more
significant resulting in an improvement in the performance of the robust model compared
with the offline algorithm.

6.2.3 Sensitivity Analysis on Capacity.

In this section, we examine the impact of the regular capacity on the performance of the
proposed ORA. To address this, we scale the regular capacity of each hospital by the factors
of 0.9, 0.95, 1, 1.05, and 1.1.

Figure 6.7 (a) shows the relative gap between OSA and ORA. We observe that the
relative gap is at the maximum level when there is no change in the regular capacity in
all three hospitals. In other words, both increasing and decreasing the capacity leads to
a smaller relative gap between OSA and ORA. This observation is consistent with our
intuition since increasing capacity expands the feasible set defined in (4.4) and reduces
patients’ waiting time due to the presence of the waiting costs. As an extreme example,
if hospitals had infinite capacity, any policy that schedules patients on the day of their
arrival would lead to the lowest cost; thus, OSA, ORA, myopic, and offline policies would
be optimal. In general, as the regular capacity increases, the impact of reserved capacity
for future arrivals becomes less significant. As a result, the relative gap between the robust
and stochastic approaches decreases. Moreover, when the regular capacity is tight, patients
should wait for a long time to be served and thus the impact of the waiting cost dominates
the effect of reserving capacity for future arrivals. This leads to a slight decrease in the
relative gap between ORA and OSA, as illustrated in Figure 6.7 (a). We also observe that
the relative gap is more sensitive to the increment of the capacity than its decrement, as
depicted in Figure 6.7 (a).

Figure 6.7 (b) and (c) illustrate the relative gap between ORA and the offline and
myopic policies, respectively. We first observe that increasing the capacity makes the
value of efficient scheduling less significant, and thus, both GORA,offline and GMyopic,ORA

decrease. We also observe that decreasing the capacity leads to an increase in the relative
gap between the ORA and the offline policy. This is mainly due to the fact that when the
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Figure 6.7: Sensitivity Analysis on Regular Capacity

capacity is tight, the impact of having not enough capacity for high-priority patients would
be significant since they need to wait longer compared to the case where the capacity is
not tight. Finally, we observe that the large hospital is more sensitive to the change in the
regular capacity in all numerical results shown in the Figure 6.7. This is due to the higher
variability in the arrivals of patients at the larger hospitals.

6.2.4 Sensitivity Analysis on Robust Coefficient.

As we discussed in Chapter 5, the coefficient κ controls the level of robustness of the
proposed ORA. In this section, we provide some computational results in Figure 6.8 to gain
insights into the impact of this coefficient. First, Figure 6.8 (a) shows the ORA performs
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the same as OSA when κ = 0. This is because we have κ
√

E
[
[Zt − E [Zt]]

2
+

]
= 0 which

makes the objective function of the robust model the same as the stochastic model (see (4.7)
and (5.6)). Second, both Figure 6.8 (a) and (b) show the trade-off between E

[
ℓt(Xt, D]t,T ])

]
and κ

√
E
[
[Zt − E [Zt]]

2
+

]
. We observe that the coefficient κ is computationally tunable

by comparing it with the OSA or the offline policy. Based on these figures, we observe that
κ ≈ 0.5 would lead to the best performance of the robust model. Third, the tuned robust
coefficient for the larger hospital is slightly greater than the smaller one. Intuitively, the
larger robust coefficient controls the higher degree of variability in large hospitals.
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Figure 6.8: Sensitivity Analysis on Robust Coefficient

6.2.5 Patient Waiting Time.

As we discussed in 6.1.4, in Ontario, wait time targets are defined for different priorities
to ensure patients get timely access to the service. Based on the wait targets, the goal is
to serve 90% of patients with priority 1, 2, 3, and 4 within one, two, ten, and twenty-eight
days, respectively. To understand the waiting time of different priorities when patients are
scheduled based on the proposed robust approach, we run the ORA for the 200 samples
and obtain the waiting time. Figure 6.9 shows the distribution of patients’ waiting time for
the three hospitals. As these figures illustrate, the majority of patients are served within
their wait targets at all three hospitals. Moreover, as summarized in Table 6.4, more than
90% of patients with priority 1, 2, and 4 are served within their wait targets. However,
around 80% of patients of priority 3 are served in 10 days (their wait target).
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Figure 6.9: Empirical Waiting Time Obtained by the ORA

Hospital\Priority P1 P2 P3 P4

L 94.21 96.63 78.33 95.15
M 95.49 95.68 81.28 98.05
S 96.38 96.31 84.62 97.64

Table 6.4: Empirical Service Level (%)
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Chapter 7

Conclusion and Future Research

In this work, we considered a high-dimensional multi-class advance patient scheduling
problem in which patients of different classes have different service duration and arrive to
the system randomly over a time horizon. It is assumed that the system incurs different
waiting costs per unit of time if patients are not served immediately, which depends on the
class of patients. It is known in the literature that multi-class advance dynamic patient
scheduling, in general, is a challenging problem due to the high variability in the daily
arrivals of patients and the high dimension of the state and action space of the problem.
In this research, we presented a dynamic data-driven robust framework to tackle these
challenges. Generally speaking, on each day, the proposed data-driven robust algorithm
can be utilized to determine how new patients should be assigned to future available time
slots considering the remaining capacity in the future.

Methodologically speaking, a novel dynamic optimization framework was developed
by relaxing the non-anticipativity constraints and reformulating the constraints associated
with future demand satisfaction. We approximately decomposed the multi-stage stochastic
formulation of the original problem into multiple single-stage stochastic programs. More-
over, to protect the scheduling policy against the perturbations in arrivals, we presented
a distributionally robust formulation in which the ambiguity set is defined based on a co-
herent risk measure. We characterized some properties of the problem and showed that
the proposed formulation is convex. Using these properties, we developed an efficient
data-driven algorithm to solve the problem.

Using Ontario MRI data, we examined the performance of the proposed models. We
observed that the proposed robust policy accurately prioritizes patients from different
classes and the majority of patients are served within their wait targets. We also evaluated
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the performance of the proposed robust formulation by comparing it with three benchmarks
including a myopic policy, an offline algorithm, and a stochastic formulation of the problem.
We observed that the proposed robust policy outperforms the others significantly. We also
did an extensive sensitivity analysis of the problem parameters to provide insights into
the advance scheduling problem. We observed that a significant improvement could be
achieved, compared to the other policies, by employing the proposed robust policy, when
there is a high degree of variability in the arrival process. In addition, we observed that
the proposed robust model performs well compared to an offline policy, which is based on
the complete knowledge of the future arrivals. These results demonstrate that the robust
approach would be capable of protecting the system against the high variability in future
demand and efficiently scheduling patients over the time horizon.

In this work, there are several assumptions and limitations that could be addressed in
future research. First, appointment cancellations and patient no-shows are two potential
directions that can be considered to extend the proposed model in this research. Moreover,
we assumed that patients get an appointment for their service at the time that their
requests are received by the service provider. This assumption can also be relaxed in
the sense that patients would be able to wait for a short time before they receive their
appointment date. In other words, the scheduler can defer the scheduling decision for a
period of time to collect more information about the future arrivals and then decide how
the available time slots should be allocated to the patients waiting to receive a service. In
terms of methodology, we modeled the ambiguous set that captures future arrivals using a
risk-averse approach, whereas different approaches exist in the literature for modeling the
ambiguity set (see e.g. [56], [13], and [42]). One can examine how different ambiguity sets
would affect the performance of the robust formulation. Furthermore, another interesting
approach to tackle a dynamic scheduling problem is to develop an accurate prediction
model for future arrivals and solve a simple optimization problem in each period using a
dynamic approach. However, the challenging question would be how the performance of
the scheduling policy would be affected by the error in the prediction model, which can be
considered as a direction for future work.
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Appendix A

Proofs

A.1 Proof of Theorem 1

By definition (4.2), Pr {eiτ ≤ ri} is the probability of rejecting at most ri patients in class
i. This probability is obviously greater than Pr {|eiτ | ≤ ri} since for any random variable
Z and any nonnegative parameter z, we have Pr {|Z| ≤ z} = Pr {Z ≤ z}−Pr {Z ≤ −z}.
Therefore,

Pr {eiτ ≤ ri} ≥ Pr {|eiτ | ≤ ri}
= 1− Pr {|eiτ | ≥ ri}

≥ 1− E [e2iτ ]

r2i
≥ 1− ϵ,

where the second inequality follows from the Markov’s inequality in second moments, and
the last inequality follows because the expected least square error is bounded by mi and if
we define ri as ri =

√
mi

ϵ
.

A.2 Proof of Theorem 2

Strong duality holds, if the primal problem is convex and Slater’s condition holds (see e.g.
[8]). By definition (3.6), f(xt) is convex in xt as it is the sum of a convex overtime cost and
linear waiting cost. Thus, the objective function of problem (4.1) is convex in Xt. Also,
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the feasible set is a convex set since all constraints are linear-quadratic functions, hence
the primal problem is convex.

It remains to show the Slater’s condition holds, i.e., there exists a strictly feasible solu-
tion. Recall the definitions of Ct(st) and C̄τ (s̄τ ) in (3.4) and (4.3), respectively. Considering
the capacity constraints, there must exist a strictly feasible solution for a large enough over-
time usage independent of the scheduling decisions. Therefore, we just need to show that
the Slater’s condition holds for the demand constraints that are

∑N−1
n=0 ati,n = di,t,∀i ∈ [I]

in Ct(st) (deterministic demand constraints) and E [e2iτ ] ≤ mi,∀i ∈ [I] in C̄τ (s̄τ ) (stochas-
tic demand constraints). We just need to find ati,n and aτi,n such that the deterministic
demand constraints holds and the stochastic demand constraints are strict. Since finding
the strictly feasible solution is independent of scheduling decisions, it is obvious that there
exist a strictly feasible solution for the deterministic demand constraints. conversely, it is
not obvious for the stochastic constraints since we have

E
[
e2iτ
]
= E

(Di,τ −
N−1∑
n=0

aτi,n

)2
 = Var(Di,τ ) +

(
E [Di,τ ]−

N−1∑
n=0

aτi,n

)2

≤ mi

for all classes of patients. However, since the variance of arrivals of patients is bounded, we
can choose mi such that mi > max{Var(Di,t+1), . . . ,Var(Di,T )}, hence we can guarantee
there exists a strictly feasible in stochastic demand constraint as well, hence the Slater’s
condition holds.

A.3 Proof of Lemma 1

It follows from Theorem 2 that Yt(st) is a convex set. Therefore, it remains to show that for
a given sample path D]t,T ], the random loss function ℓt(Xt, D]t,T ]) is a convex function in Xt

since it implies that ED]t,T ]

[
ℓt(Xt, D]t,T ])

]
is also convex in Xt. We prove the loss function

is convex by showing that the Hessian matrix of loss function is positive semi-definite,
e.g. all eigenvalues are nonnegative. We start with finding the forms of second partial
derivatives of the loss function for a given demand d. Recall Xt = (xt, x̄]t,T ]) includes both
scheduling and allocation decisions, thus we have two groups of variables aτi,n and oτ where
τ ∈ {t, t+ 1, . . . , T}. Then,

∂2ℓt(Xt, D]t,T ])

∂aτ1i1,n1
∂aτ2i2,n2

=

{
0 i1 ̸= i2 or τ1 ̸= τ2

2λt
iτ otherwise (i1 = i2 = i and τ1 = τ2 = τ)

,
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∂2ℓt(Xt, D]t,T ])

∂oτ1∂oτ2
=

{
0 τ1 ̸= τ2

u′′
τ (oτ ) τ1 = τ2 = τ

,

∂2ℓt(Xt, D]t,T ])

∂aτ1i,n∂oτ2
= 0,

where u′′
τ (oτ ) ≥ 0 since the overtime cost function is convex, and we define λt

it = 0 for
all i ∈ [I]. Using the above results, the Hessian matrix is a block diagonal matrix with
following form

Hℓt =

B1,t · · · 0
. . .

B1,T
. . .

. . .
... BI,t

...
. . .

BI,T

u′′
τ (ot)

. . .

0 · · · u′′
τ (oT )





T ′

T ′

T ′

rt×rt

where T ′ = T − t+1 and Bi,τ = 2λt
iτ1N1

⊤
N . Using the fact that the determinant of a block

diagonal matrix is the product of the determinants of the diagonal blocks, we have

det(Hℓt − λIrt) =
T∏

τ=t

[
(u′′

τ (oτ )− λ)
I∏

i=1

det(Bi,τ − λIN)

]
.

Now we need to find the eigenvalues of each matrix Bi,τ . If Bi,τv = λv with v ̸= 0, then
λv = Bi,τv = 2λt

iτ ⟨1N , v⟩1N . If ⟨1N , v⟩ ≠ 0 which means that v is a multiple of 1N , and
the corresponding eigenvalue obtained for v = 1N that is λ = 2Nλt

iτ . If ⟨1N , v⟩ = 0 which
happens for N − 1 linearly independent vectors, we have λ = 0. Consequently, we have

det(Hℓt − λIrt) =
T∏

τ=t

[
(u′′

τ (oτ )− λ)λI(N−1)

I∏
i=1

(2Nλt
iτ − λ)

]
.
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Therefore, the eigenvalues of the Hessian matrix of the loss function have the values 0,
u′′
τ (oτ ), and 2Nλt

iτ for all i ∈ [I] and τ ∈ {t, . . . , T}, and obviously, all of them are
nonnegative.

A.4 Proof of Theorem 3

We start with the definition of AR in (4.9), and we prove it equals to the sum of the
expectation of LRs. The general idea is to use two offline problem (4.10) and (4.11) to
build the definition of LR. Based on (4.11), V 1

2 (s1, d) = OPT(d) that OPT(d) is the
optimal solution of the offline problem defined in (3.7). Also, problem (4.10) implies
V T
1 (sT , x

alg
T , d) = F (xalg) that F (xalg) is the total cost of scheduling using Algorithm 1.

Therefore, we have

ART
alg = E

[
F (xalg)

]
− E [OPT(d)]

= E
[
F (xalg)− V 1

2 (s1, d)
]

= E
[
F (xalg)− V 1

1 (s1, x
alg
1 , d) + V 1

1 (s1, x
alg
1 , d)− V 1

2 (s1, d)
]

= E
[
E
[
V 1
1 (s1, x

alg
t , d)− V 1

2 (s1, d)|s1
]]

+ E
[
F (xalg)− V 1

1 (s1, x
alg
1 , d)

]
= E

[
LR1(s1, x

alg
t )
]
+ E

[
F (xalg)− V 2

2 (s2, d)
]
= . . .

=
T∑
t=1

E
[
LRt(st, x

alg
t )
]
+ E

[
F (xalg)− V T

1 (sT , x
alg
T , d)

]
=

T∑
t=1

E
[
LRt(st, x

alg
t )
]
,

where the fourth equality follows from the law of iterated expectations, and the fifth
equality follows from the definition of LR in (4.12) and the fact that the arrivals are
known in offline problem, thus the only difference between st and st−1 is in xalg

t−1 that is
given.

A.5 Proof of Lemma 2

It follows from Theorem 2 that Yt(st) is a convex set. Therefore, it remains to show that the
objective function in (5.6) is convex. By definition (5.3), the risk measure ρ(.) is coherent,
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thus it is convex and monotone. By Lemma 1, a given sample path D]t,T ], the random loss
function ℓt(Xt, D]t,T ]) is a convex function in Xt. The loss function is convex and the risk
measure is convex and non-decreasing, then ρ(ℓt(Xt, D]t,T ])) is convex in Xt.

A.6 Proof of Lemma 3

Lipschitz Smoothness: We prove all layer functions h1,t, h2,t, h3,t and their derivative
are Lipschitz continuous.

• h3,t(Xt) = E
[
ℓt(Xt, D]t,T ])

]
. Based on the Mean Value Theorem, it is enough to show

that the first and second order partial derivatives are bounded. The general format
of each element of ∇h3,t can have two below forms

∂h3,t(Xt)

∂aτi,n
= E

[
∂ℓ(X,D]t,T ])

∂aτi,n

]
=

{
nγw

i τ = t

nγw
i − 2λt

iτ

(
E [Di,τ ]−

∑N
n′=0 a

τ
i,n′

)
t < τ ≤ T

,

(A.1)

∂h3,t(Xt)

∂oτ
= E

[
∂ℓ(Xt, D]t,T ])

∂oτ

]
= u′

τ (oτ ), (A.2)

where both forms are bounded since scheduling decisions and overtime are bounded.
Also, the general format of each element of ∇2h3,t can have two below forms

∂2h3,t(Xt)

∂(aτi,n)
2

=

{
0 τ = t

2λt
iτ t < τ ≤ T

,

∂2h3,t(Xt)

∂(oτ )2
= u′′

τ (oτ ),

where both are bounded since the overtime is bounded and the overtime cost is
a smooth convex function of overtime. Hence h3,t and its derivative are Lipschitz
continuous.

• h2,t(Xt, ω3) = E
[[
ℓt(Xt, D]t,T ])− ω3

]2
+

]
. We define g(Xt, ω3) =

[
ℓt(Xt, D]t,T ])− ω3

]2
+
,

and aim to show that g(Xt, ω3) and and its derivative are Lipschitz continuous for a
given sample pathD]t,T ] that easily implies h2,t(Xt, ω3) and its derivative are Lipschitz
continuous. Before that, we establish Lemma 4 as follows:
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Lemma 4 Let f : Rn → R be a smooth function. We define x1, x2 ∈ Rn and
u1, u2 ∈ R, such that f(x1) > u1 and f(x2) < u2. Then, there exists at least a
parameter β ∈ [0, 1] such that f(βx1 + (1− β)x2) = βu1 + (1− β)u2.

Proof: We define q : R → R and d : R → R as follows

q(t) = f
(
tx1 + (1− t)x2

)
.

d(t) = tu1 + (1− t)u2.

Clearly, d(t) is a linear function. Since f is smooth, q(t) is also a smooth function.
Since we know that q(1) > d(1) and q(0) < d(0), there should be at least one t′ such
that q(t′) = d(t′). See Figure A.1 for both states u2 < u1 and u2 > u1. □

t0 1

u1

u2

f(x2)

f(x1)

t′

(a)

t0 1

u2

u1

f(x2)

f(x1)

t′

(b)

Figure A.1: q(t) vs d(t) (a) u2 > u1 (b) u2 < u1

The general format of each element of ∇g can have three below forms

∂g(Xt, ω3)

∂aτi,n
=

{
2nγw

i .
[
ℓt(Xt, D]t,T ])− ω3

]
+

τ = t

2
(
nγw

i − 2λt
iτ

(
E [Di,τ ]−

∑N
n′=0 a

τ
i,n′

))
.
[
ℓt(Xt, D]t,T ])− ω3

]
+

t < τ ≤ T
,

∂g(Xt, ω3)

∂oτ
= 2u′

τ (oτ ).
[
ℓt(Xt, D]t,T ])− ω3

]
+
,

∂g(Xt, ω3)

∂ω3
= −2

[
ℓt(Xt, D]t,T ])− ω3

]
+
.

Again, patients arrivals and the decision variables are bounded, and then the loss function is
bounded. Therefore, all above forms are bounded. Then, g(Xt, ω3) is Lipschitz continuous for
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a given sample path D]t,T ]. It remains to show that the gradient of g(Xt, ω3) is also Lipschitz
continuous. We define q(Xt, ω3) = ℓ(Xt, D]t,T ]) − ω3. Clearly, ∇g(Xt, ω3) is not differentiable for
any Xt and ω3 such that q(Xt, ω3) = 0. Therefore, Mean Value theorem cannot be used in this
case. We divide our discussion into three states. Then, for all X1

t , X
2
t ∈ Rrt and ω1

3 , ω
2
3 ∈ R:

1. if q(X1
t , ω

1
3) ≤ 0 and q(X2

t , ω
2
3) ≤ 0, then g(X1

t , ω
1
3) = g(X2

t , ω
2
3) = 0; and therefore

|g(X1
t , ω

1
3)− g(X2

t , ω
2
3)| = 0.

2. if q(X1
t , ω

1
3) ≥ 0 and q(X2

t , ω
2
3) ≥ 0, then g(Xt, ω3) = q2(Xt, ω3) and it is enough to show that

the gradient of q2(Xt, ω3) is Lipschitz continuous for all Xt ∈ Rr and ω3 ∈ R. The general
form of each element of ∇2q2 can have three below forms

∂2q2(Xt, ω3)

∂(aτi,n)
2

= 2

(
nγw

i − 2λt
iτ

(
E [Di,τ ]−

N∑
n′=0

aτi,n′

))2

+ 2λt
iτ

(
ℓt(Xt, D]t,T ])− ω3

)
,

∂2q2(Xt, ω3)

∂(oτ )2
= 2u′′

τ (oτ ).q(Xt, ω3) + 2 (u′
τ (oτ ))

2
,

∂q2(Xt, ω3)

∂ω3
= 2.

From previous layer, ω3 is bounded since E
[
ℓt(Xt, D]t,T ])

]
is bounded. Also, patients arrivals

and the decision variables are bounded, and then all above forms are bounded. Hence the
Mean Value Theorem implies ∇q2 is Lipschitz continuous.

3. if q(X1
t , ω

1
3).q(X

2
t , ω

2
3) < 0, then g(X1

t , ω
1
3) = (ℓt(X

1
t , D]t,T ]) − ω1

3)
2 and g(X2

t , ω
2
3) = 0.

Lemma 4 states that there exists a pair (X3
t , ω

3
3) such that q(X3

t , ω
3
3) = 0 and∥∥(X1

t , ω
1
3)− (X3

t , ω
3
3)
∥∥ ≤

∥∥(X1
t , ω

1
3)− (X2

t , ω
2
3)
∥∥ . (A.3)

From state 2 we know that there is a L such that

|g(X1
t , ω

1
3)− g(X3

t , ω
3
3)| ≤ L

∥∥(X1
t , ω

1
3)− (X3

t , ω
3
3)
∥∥ ,

and also from (A.3) and the fact that g(X3
t , ω

3
3) = g(X2

t , ω
2
3) = 0 we have

|g(X1
t , ω

1
3)− g(X2

t , ω2)| ≤ L
∥∥(X1

t , ω
1
3)− (X2

t , ω
2
3)
∥∥ .

Therefore, g(Xt, ω3) and and its derivative are Lipschitz continuous for a given sample path D]t,T ].
Then, h2,t(Xt, ω3) and its derivative are Lipschitz continuous. Note that the Lipschitz constant
would be the maximum constant obtained in states 1 to 3. □

• h1,t(Xt, ω2) = E
[
ℓt(Xt, D]t,T ]) + κ

√
ε2 + ω2

]
. We first show that σ(ω2) =

√
ε2 + ω2 and its deriva-

tive are Lipschitz continuous for all ω2 ∈ R+. We have

∂σ(ω2)

∂ω2
=

1

2
√
ϵ2 + ω2

≤ 1

2ϵ
,
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∂2σ(ω2)

∂ω2
2

=
1

4(ϵ2 + ω2)
3
2

≤ 1

4ϵ3
.

that yields σ(ω2) and its derivative are Lipschitz continuous according to Mean Value Theorem.
Now we show that h1,t(Xt, ω2) is Lipschitz continuous since for all X1

t , X
2
t ∈ Rrt and ω1

2 , ω
2
2 ∈ R,

we have ∣∣∣h1,t(X
1
t , ω

1
2)− h1,t(X

2
t , ω

2
2)
∣∣∣ = ∣∣∣E [ℓ(X1

t , D]t,T ]) + κ
√
ε2 + ω1

2

]
− E

[
ℓ(X2

t , D]t,T ]) + κ
√
ε2 + ω2

2

] ∣∣∣
≤
∣∣∣E [ℓ(X1

t , D]t,T ])
]
− E

[
ℓ(X2

t , D]t,T ])
] ∣∣∣

+ κ|
√

ε2 + ω1
2 −

√
ε2 + ω2

2 |

≤
∣∣∣h3,t(X

1
t )− h3,t(X

2
t )]
∣∣∣+ |σ(ω1

2)− σ(ω2
2)|

≤ Lh3,t

∥∥X1
t −X2

t

∥∥+ Lσ|ω1
2 − ω2

2 |,

that the last inequality follows from the Lipschitz continuity of h3,t and σ, and note that κ ∈ [0, 1];
then, h1,t is Lipschitz continuous. Similarly, the derivative of h1,t is also Lipschitz continuous since
the derivatives of h3,t and σ are Lipschitz continuous.

□
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Appendix B

Technical Details on SDSA

As discussed in Chapter 4, relaxing the anticipativity constraints simplifies the high-
dimension MAPS problem where we only need to provide an algorithm to solve problem
(4.1) every day as we move forward to the end of the time horizon. Theorem 2 shows
that the subgradient method can guarantee both convergence and optimality due to the
strong duality of model (4.5). However, the optimality is guaranteed if we can find the
optimal solution of the sub-problem (4.7) in each iteration. In Algorithm 2, we present
a subgradient method in which we optimally solve the stochastic problem (4.7) in each
iteration. We next provide a detailed explanation on Steps 1-4 in the following sections.

B.1 Illustration for Step 1 in SDSA

In Step 1, we employ an unified optimal method, namely, the accelerated stochastic ap-
proximation algorithm (proposed by [15]) to optimally solve the stochastic sub-problem
(4.7). In particular, this problem is a constrained convex stochastic optimization, and this
method is a modified version of Nesterov’s algorithm (see [44] and [43]).

In Step 1.1., We need two arbitrarily feasible solutions (that can be the same) for this
step, and since all constraints are linear, it is easy to find these solutions. We also need to
define three parameters where we need to compute the parameter γ in Step 1.2. Let Mk

be the Lipschitz constant of ED]t,T ]

[
Lt(Xt, D]t,T ], λ

t
k)
]
, and V be 1

2
∥Y0 −Xt,k∥2, and σ2 be

an upper bound for the expected square norm of estimated stochastic subgradient and the
actual subgradient (more details in [15]).
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Algorithm 2: Single-Day Stochastic Algorithm (SDSA)

Input: Number of iterations (R), Sample pool(D).
Initial: Set k = 0, and choose λt

0 ∈ RI(T−t).
while True do

1. To solve Xt,k = min
Xt∈Yt

ED]t,T ]

[
Lt(Xt, D]t,T ], λ

t
k)
]
, do

1.1. Choose Y alg
0 ∈ Yt and Y0 ∈ Yt, and compute Mk, V , and σ.

1.2. Set γ =

√
(σ2+4M2

k )R(R+1)(R+2)

3V
.

1.3. for r = 0, 1, . . . , R− 1 do

1.3.1. Set αr =
2

r+2
and γr =

4γ
(r+1)(r+2)

.

1.3.2. Compute Y md
r+1 = (1− αr)Y

ag
r + αrYr.

1.3.3. Randomly pick the sample Dr from the sample pool D.

1.3.4. Use the sample Dr to compute the stochastic gradient Gr in Y md
r+1.

1.3.5. Solve Yr+1 = argmin
Y ∈Yt

{
αr⟨Gr, Y ⟩+ γr

2
∥Y − Yr∥2

}
.

1.3.6. Compute Y ag
r+1 = αrYr+1 + (1− αr)Y

ag
r .

1.4. Set Xt,k = Y ag
R .

2. Set L̄λt
k
= ED]t,T ]

[
Lt(Xt,k, D]t,T ], λ

t
k)
]
, and choose subgradient

gk = E [e2iτ −mi].
3. Compute λt

k+1 = [λt
k + θkgk]+ where θk is the stepsize.

4. If
∥∥λt

k+1 − λt
k

∥∥ = 0, then break the loop, else set k = k + 1 and go to

Step 1.

Output: Lagrangian multiplier λt = λt
k and scheduling decision Xt = Xt,k.
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As we mentioned, our algorithm is data-riven in the sense that in Step 1.3.3, we use
the offline data set to randomly pick a sample arrival for each estimation of the algorithm.
Also, it is worthy to mention that the optimization problem in Step 1.3.5 is a quadratic
optimization that can be solved by the state-of-art solvers (e.g. Gurobi) very fast. In fact,
Yr+1 is the projection of Yr − αrGr/γr into Yt in each iteration.

B.2 Illustration for Step 2-4 in SDSA

In Step 2 and Step 3, we need to find the subgradient and the stepsize to update the
Lagrangian multiplier for the next iteration. In fact, we use the relaxed demand constraint

to compute the subgradient. Then, we set the Polyak stepsize as θk =
UB−L̄

λt
k

∥gk∥2
. We should

also ensure that all elements of λt
k are nonnegative. Note that in each iteration we use

Stochastic Approximation (SA) method to approximate both subgradient and L̄λt
k
. Finally,

we need to set a small number δ to check when
∥∥λt

k+1 − λt
k

∥∥ ≤ δ to stop the subgradient
algorithm.

B.3 Numerical Results on the Convergence of SDSA

In this section, we provide some numerical results to indicate the convergence of Algo-
rithm 2. To this end, Figure B.1 shows

∥∥λt
k+1 − λt

k

∥∥ converges to zero, and also it indicates
that L̄λt

k
converges to a fixed number which is the (near-)optimal solution. Note that the

numerical setting and all parameters are presented in Table 6.2.
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Figure B.1: Convergence of SDSA (a) Lagrangian multiplier (b) Lagrangian function
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Appendix C

Technical Details on SDRA

In this section, we provide technical details required for the SDRA in which we implement
a multi-level nested averaging stochastic gradient method from [6]. The outline of SDRA
is presented in Algorithm 3. [6] shows that this algorithm converges to a stationary point
in nonconvex problems. However, according to Lemma 2, our problem is convex meaning
that the proposed algorithm converges to the optimal point. We next provide a detailed
explanation on Steps 1-4 in the following sections.

C.1 Illustration for Step 1 in SDRA

In Step 1, we first compute Uk by solving a quadratic optimization. Similar to our dis-
cussion in Step 1.3.5 in SDSA, Uk is the projection of X t,k − Zk

2
onto Yt. We utilize the

solution of this quadratic optimization in order to update X t,k. Note that we set the value
of the step size τk and the parameter β based on the results in Theorem 2.1 in [6].

C.2 Illustration for Step 2 in SDRA

In Step 2, we need to obtain some statistical estimates. To do so, we pick six independent
sample arrivals and utilize them in order to compute the value functions and the stochastic
gradients. We provide a detailed formulation to compute these statistical estimates.
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Algorithm 3: Single-Day Robust Algorithm (SDRA)

Input: Number of iterations (K), Sample pool(D).
Initial: Obtain the optimal Lagrangian multiplier λt by running SDSA(st). Select
an arbitrary Xt,0 ∈ Yt. Let W

0
1 = 0, and W 0

2 = W 0
3 = [0]r+1. Set β = 2. Define

the integer sequences {τk}k≥0 such that τ0 = 1 and τk =
1√
K

for all
k = 1, · · · , K − 1.
for k = 0, 1, . . . , K − 1 do

1. Compute Uk = argmin
Y ∈Yt

{
⟨Zk, Y −Xt,k⟩+ β

2
∥Y −Xt,k∥2

}
, and set

Xt,k+1 = (1− τk)Xt,k + τkU
k. (C.1)

2. Obtain stochastic gradients Jk+1
1,t , Jk+1

2,t , Jk+1
3,t and function values

Gk+1
1,t , Gk+1

2,t , Gk+1
3,t using six independent sample arrivals and the inner

function estimates W k+1
2 and W k+1

3 .

3. Construct a biased estimate of a subgradient of the composite function:

gk+1
3 = Jk+1

3,t , (C.2)

gk+1
2 = Jk+1

2Xt,t
+ Jk+1

2ω3,t
gk+1
3 , (C.3)

gk+1
1 = Jk+1

1Xt,t
+ Jk+1

1ω2,t
gk+1
2 . (C.4)

4. Update the path averages:

Zk+1 = (1− τk)Zk + τk[g
k+1
1 ]⊤, (C.5)

W k+1
i = (1− τk)W

k
i +

τk

⌊
√
K⌋

⌊
√
K⌋∑

j=1

Gk+1
i,j , i ∈ {2, 3}. (C.6)

Output: Scheduling decision Xt = Xt,K .
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Computing the Value Functions. According to the layer functions defined in (5.8),
the value functions Gi for i = {1, 2, 3} can be represented as follows,

G1,t(Xt, ω2, D]t,T ]) = ℓt(Xt, D]t,T ]) + κ
√

ε2 + ω2, (C.7a)

G2,t(Xt, ω3, D]t,T ]) =
[
ℓt(Xt, D]t,T ])− ω3

]2
+
, (C.7b)

G3,t(Xt, D]t,T ]) = ℓt(Xt, D]t,T ]), (C.7c)

where

h1,t(Xt, ω2) = E
[
Gt,1(Xt, ω2, D]t,T ])

]
, (C.8a)

h2,t(Xt, ω3) = E
[
Gt,2(Xt, ω3, D]t,T ])

]
, (C.8b)

h3,t(Xt) = E
[
Gt,3(Xt, D]t,T ])

]
. (C.8c)

Computing the Stochastic Gradients. The function ℓt(Xt, D]t,T ]) is a smooth
convex function. Then, it is differentiable with respect to Xt and integrable with respect
to D]t,T ]. Thus, the expected value of the loss function that is used in (5.8c) is also

differentiable. Although its derivative is not readily available, we can draw a sample D̃
from the sample pool D and use an element of ∂Xtℓt(Xt, D̃) as a stochastic subgradient (a
random vector whose expected value is a subgradient). Let J1, J2 and J3 be the stochastic
subgradient of h1,t, h2,t, and h3,t (and the subgradient of G1,t, G2,t, and G3,t) generated from

sample D̃, respectively. Then, we define Jk+1
1,t and Jk+1

2,t as follows

Ji,t =

[
JiXt,t

Jiωi+1,t

]
(r+1)×1

,

where JiXt,t
and Jiωi+1,t

are the stochastic subgradients of hi,t with respect to Xt and ω2,

respectively, for i = 1, 2. Furthermore, we define Jk+1
3,t that is the stochastic gradient of

the inner layer:

J3,t =
[
J3Xt,t

]
r×1

,

that J3Xt,t
is the stochastic subgradient of h3,t with respect to Xt.

C.3 Illustration for Step 3-4 in SDRA

In Step 3, we use the stochastic subgradients that were computed in Step 2 to construct
a biased estimate of a subgradient of the composite function. Finally, we utilize the sub-
gradient of the composite function to update the path averages by backward recursion
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in (C.5). Furthermore, we require a batch of samples to update the path-averaged inner
functions estimates. The number of samples in each batch is fixed to the rounded square
root of the number of iterations as mentioned in [6].

C.4 Numerical Results on the Convergence of SDRA

In this section, we verify the convergence of Algorithm 3 by providing some numerical
results. Let Xag, Zag, Uag be generated by the SDRA. Similar to [6], we define

V (Xag, Zag) = ∥Uag −Xag∥2 + ∥Zag −∇H(Xt)∥2 , (C.9)

to indicate the convergence of the SDRA. V (Xag, Zag) is an upper bound for the norm
square of the gradient of the problem (see Definition 2.1 in [6]). We use the stochastic

approximation method to estimate E
[√

V (Xag, Zag)
]
. Figure C.1 shows V (Xag, Zag)

converges to zero. Note that the numerical setting and all parameters are presented in
Table 6.2.
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Figure C.1: Convergence of SDRA - V (Xag, Zag)
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