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Abstract

This thesis develops theoretical aspects and numerical methods for solving partial di�eren-
tial equations (PDEs) posed on any object for which closest point queries can be evaluated.
In geometry processing (and computer graphics in general), objects are represented on a
computer in many di�erent ways. Requiring only closest point queries allows the methods
we develop to be used with nearly any representation. Objects can be manifold or nonman-
ifold, open or closed, orientable or not, and of any codimension or even mixed codimension.
Our work focuses on solving PDEs on manifolds using theclosest point method(CPM),
although some nonmanifold examples are also included.

We develop fundamental extensions of CPM to enable its use for the �rst time with
many applications in geometry processing. Two major impediments stood in our way:
the complexity of manifolds commonly found in geometry processing and the inability
to imposeinterior boundary conditions(IBCs) with CPM. We �rst develop a runtime and
memory-e�cient implementation of the grid-based CPM that allows the treatment of highly
complex manifolds (involving tens of millions of degrees of freedom) and avoids the need for
GPU or distributed memory hardware. We develop a linear system solver that can improve
both memory and runtime e�ciency by up to 2� and 41� , respectively. We further im-
prove runtime by up to 17� with a novel spatial adaptivity framework. We then develop a
general framework for IBC enforcement that also only requires closest point queries, which
�nally allows for many geometry processing applications to be performed with CPM. We
implicitly partition the embedding space across (extended) interior boundaries. CPM's
�nite di�erence and interpolation stencils are adapted to respect this partition while pre-
serving up to second-order accuracy. We show that our IBC treatment provides superior
accuracy and handles more general BCs than the only existing method [7].

We deviate from the common grid-based CPM and further develop a discretization-
free CPM by extending a Monte Carlo method to surface PDEs. This enables CPM to
enjoy common bene�ts of Monte Carlo methods, e.g., localized solutions, which are useful
for view-dependent applications. Finally, we introduce an algorithm to compute geodesic
paths that does not even require a manifold PDE; only heat 
ow on a 1D line and closest
point queries are required. Our method is more general, robust, and always faster (up to
1000� ) than the state-of-the-art for general representations [193]. Our method can be up
to 100,000� faster (with high-resolution meshes) or slower (with low-resolution meshes)
than the state-of-the-art in terms of runtime [152]. Convergence studies on example PDEs
with analytical solutions are given throughout. We further demonstrate the e�ectiveness
of our work for applications from geometry processing, including di�usion curves, vector
�eld design, geodesic distance and paths, harmonic maps, and reaction-di�usion textures.
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Chapter 1

Introduction

1.1 Motivation

In the �eld of geometry processing, the lifecycle of discrete objects (a.k.a. digital objects)
starts with their creation, then they are analysed and/or manipulated in various ways, and
�nally ingested by us through visualization and/or input into downstream applications.

Discrete objects with astonishing realism have been created in numerous ways. Data
from real-world objects can be captured using scanning equipment such as LiDAR sensors,
which are common in self-driving cars for mapping their environment [195]. Real-world
objects can also be captured using images from multiple views to bring them into virtual
worlds (such as video games, movies, and the metaverse) with just a smartphone cam-
era [73]. Discrete objects can be created manually by researchers, engineers, and artists.
Manual creation can be tedious and time-consuming; however, many software programs
have been developed to aid with this endeavour (e.g., AutoCAD [9], nTop [121], Hou-
dini [161], Blender [48], Maya [10]). With recent developments in generative AI, many
objects can be created from just text descriptions [133].

With the vast number of ways in which a discrete object can be created comes a vast
number of di�erent discrete representations. See Figure 1.1 for some example discrete rep-
resentations. A commonly used representation is a mesh, which stores a list of vertices and
a list of faces formed by connecting those vertices. Point clouds are obtained from LiDAR
scanners and stored using the coordinate values of each point in the cloud. Objects can
also be represented in functional form, e.g., parameterizations and level sets. Neural rep-
resentations of objects are becoming increasingly common, such as neural signed distance
�elds [168] and neural radiance �elds [101].
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(u; v)

Figure 1.1: Discrete object representations that support closest point queries (bottom
right) include parametrizations (top left), meshes (top middle), point clouds (top right),
and level sets (bottom left).
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The next step in the discrete object's lifecycle is for it to be analysed and/or manip-
ulated by algorithms that researchers and engineers create. An unfortunate consequence
of having many representations is that hours, days, weeks, or even months of research and
development time are spent on algorithms that accomplish the same task, but for di�er-
ent discrete representations. For example, the method for computing geodesic distance
by Crane et al. [33] was initially demonstrated on meshes and point clouds, but has since
been implemented for subdivision surfaces, spline surfaces, and voxel surfaces [30]. The
research and development time can be orders of magnitude larger than the runtime of an
algorithm (usually on the order of milliseconds to days). Therefore, the existence of many
representations causes wasted research and development time that could be spent more
e�ciently accomplishing other important tasks/applications.

Applications of geometry processing include computing properties of the shape, such as
normals, Gaussian and mean curvatures, and geodesic distance and paths [34]. Other appli-
cations analyse geometry through operators such as the Laplace-Beltrami and biharmonic
operators and their eigen-decompositions [5, 137]. Another common task in geometry pro-
cessing is reconstructing the discrete object itself from data captured of an object in the
real-world [148].

There are also segmentation tasks similar to image segmentation. For example, seg-
menting the inside and outside of a surface [13], cutting the surface into smaller pieces [151],
or segmenting data on surfaces [172]. Surface mappings such as conformal [29], har-
monic [72], and others are useful for understanding di�erences, to transfer data, or interpo-
late between the two shapes. Other applications include surface smoothing, deformation of
shapes for character skinning, parameterizing surfaces for texture mapping, and remeshing.

The above geometry processing applications are implemented in libraries such as li-
bigl [62], Geometry Central [154], and CGAL [170]. Most work in geometry processing has
been done with a mesh representation of an object. The website for libigl states \Most are
tailored to operate on a generic triangle mesh..." and the Geometry Central website states
\...with a particular focus on meshes."

However, constructing clean meshes is a di�cult problem and most meshes constructed
\in the wild" consist of problematic elements (e.g., skinny triangles, self-intersections, and
spurious holes) for downstream algorithms. It is possible to improve robustness using
intrinsic Delaunay triangulations [156]. However, meshes usually only consist of planar el-
ements, which restricts the order of accuracy. Higher-order patches are possible, e.g., [116],
but complicate algorithms.

We focus on geometry processing algorithms that usemanifold partial di�erential equa-
tions, which are partial di�erential equations (PDEs) whose solutions are restricted to lie
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on a manifold S. In geometry processing, the numerical solution to a manifold PDE is
typically sought by approximating the manifold as a mesh and discretizing the PDE using
�nite element or discrete exterior calculus techniques. However, one must perform mesh
generation if the input manifold is not given as a mesh. The mesh quality also strongly
in
uences the resulting solution and therefore remeshing is required if the input mesh is of
low quality or inappropriate resolution. Both mesh generation and remeshing are nontriv-
ial tasks. Furthermore, depending on the chosen numerical method, the discretization of a
particular manifold PDE can di�er signi�cantly from the corresponding discretized PDE
on Cartesian domains; further analysis can be needed to derive an appropriate convergent
scheme for the manifold case.

1.2 Approach

A single discrete representation would be ideal to allow for research and development on
one uni�ed framework that handles any object and any application. We could then �nally
create, analyse/manipulate, and ingest discrete objects without wasted e�ort. In this
thesis, we begin to develop this uni�ed framework using theclosest point representation
for speci�c applications/algorithms from geometry processing. Even though our emphasis
is on geometry processing, our work extends to other areas of computer graphics and even
other �elds since manifold PDEs also arise naturally in applied mathematics, mathematical
physics, image processing, computer vision, and 
uid dynamics.

A closest point representation stores the closest point on the object (in Euclidean dis-
tance) of a query point in the space surrounding the object. Closest points bene�t from
their ability to represent very general objects. Both manifolds (spaces that resemble Eu-
clidean space locally at every point) and nonmanifold objects can be represented using
closest points. Input objects can be open or closed, orientable or not, and of any codimen-
sion or even mixed codimension. The complete list of the types of objects a closest point
representation can handle is an open question. Therefore, even though the most common
objects in geometry processing are surfaces (2D manifolds), much of the work in this the-
sis is applicable to more than just surfaces. Our work primarily uses 1D curves and 2D
surfaces embedded inR2 and R3 that are manifold, but some examples use nonmanifold
objects.

A closest point representation also has a powerful property that makes it versatile
for applications: It is simultaneously an implicit and an explicit representation. To our
knowledge, no other single representation possesses this property. Implicit and explicit
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representations have their own bene�ts and limitations for di�erent applications. For ex-
ample, the (implicit) level set method for surface evolution [123] automatically handles
topology changes; it does not require the complexities of manually altering the explicit
representation for topology changes (see, e.g., [35]). Heiss-Synak et al. [55] recently intro-
duced a method for surface tracking that combines a local implicit surface with an explicit
mesh to avoid handling all possible types of mesh intersections while better preserving
surface detail. Furthermore, Poursaeed et al. [134] developed a neural representation that
simultaneously outputs an implicit and explicit surface representation. Their combined
neural representation provided more accurate implicit occupancy functions and smoother
explicit surfaces with more accurate normals.

Closest point queries are available for many common discrete manifold representations,
as highlighted by Sawhney and Crane [140]. Therefore, our algorithms can be applied to
meshes, level sets, point clouds, parametric manifolds, constructive solid geometry, neural
implicit surfaces, and many more. Such generality is appealing given the increasing demand
for algorithms that can ingest general \in-the-wild" and high-order geometries [60, 13, 140,
93].

Another bene�t of the closest point representation is that manifold PDEs can be solved
using the closest point method(CPM) [138]. CPM is an embedding technique that solves
the manifold problem by embedding it into a surrounding Cartesian space. Other em-
bedding methods exist, but CPM is an especially attractive instance of this strategy, as
it o�ers a remarkable combination of simplicity, accuracy, robustness, and generality. Its
simplicity, accuracy, and robustness come from its ability to leverage standard Cartesian
numerical methods in the embedding space to solve the desired manifold problem, given
only closest point queries to the manifold (i.e., through the closest point representation
introduced above). Its generality lies in its support for diverse manifold characteristics,
manifold representations, and manifold PDEs.

Moreover, theembedding PDEsolved on the Cartesian domain is often simply the Carte-
sian analogue of the desired manifold PDE. Thus, CPM has been applied to the heat equa-
tion, Poisson and screened-Poisson equations, Laplace-Beltrami eigenproblem, biharmonic
equation, advection-di�usion and reaction-di�usion equations, Hamilton-Jacobi equation,
Navier-Stokes equation, Cahn-Hilliard equation, computation of (p-)harmonic maps, and
more.

Yet, despite the desirable properties of the closest point representation and CPM, com-
puter graphics researchers have only used them infrequently, and almost exclusively for

uid animation [57, 7, 6, 68, 108]. However, some prior work has focused on problems of
relevance to geometry processing, but appears in the applied mathematics literature. For
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example, Macdonald et al. [89] computed eigenvalues and eigenfunctions of the Laplace-
Beltrami operator via CPM. The resulting eigenvalues of surfaces were used by Arteaga and
Ruuth [5] to compute the `Shape-DNA' [137] for clustering similar surfaces into groups.
Segmentation of data on surfaces was demonstrated by Tian et al. [172] who adapted
the Chan-Vese algorithm common in image processing. Di�erent approaches to compute
normals and curvatures were discussed in the original CPM paper [138, Appendix A].

1.3 Contributions

In the present work, we demonstrate CPM's wider potential value for geometry processing
by extending CPM to handle several applications: di�usion curves, geodesic distance and
paths, vector �eld design, and reaction-di�usion textures. However, crucial limitations of
the existing CPM stand in the way of this objective.

To scale up to manifolds with �ner details that are common in geometry processing,
we develop a tailored numerical framework and solver discussed in Chapter 3. The com-
putational domain for CPM is only required near the manifoldS, so we use a sparse grid
structure to improve memory and runtime e�ciency. We also develop a custom precon-
ditioned BiCGSTAB solver to improve runtime when solving the linear system that also
better utilizes memory. The combination of the sparse grid structure nearS and the cus-
tom solver allows us to e�ciently scale to tens of millions of degrees of freedom. We also
develop an approach to support spatial adaptivity of the computational domain to reduce
the number of degrees of freedom in regions where they are unnecessary.

CPM previously supported standard boundary conditions on the geometric (exterior)
boundary of an open manifold,@S, but it did not yet support accurate interior boundary
conditions (IBCs), i.e., boundary conditions at manifold points or curves away from@S.
CPM's use of the embedding space makes enforcing IBCs nontrivial, but they are vital for
some of the geometry processing applications above. For example, the curves in di�usion
curves or the source points for geodesic distance computation generally lie on the interior
of S. Therefore, in Chapter 4, we propose a novel mechanism that enables accurate IBC
enforcement for CPM inR2 and R3, while retaining its simplicity, accuracy, robustness,
and generality.

With these improvements to CPM we are able to e�ectively handle the applications
above. All applications bene�t from the scalable implementation discussed in Chapter 3.
Examples for di�usion curves, geodesic distance, vector �eld design, reaction-di�usion
textures, and harmonic maps with feature curves and points are shown in Chapter 4 since
they require IBCs.
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Although it is most common for CPM to use standard numerical methods on a Cartesian
grid in the embedding space surroundingS, as in Chapters 3 and 4, we further explore two
extensions of CPM that do not. Chapter 5 explores a discretization-free implementation of
CPM using a Monte Carlo technique, while Chapter 6 introduces an algorithm for geodesic
paths. We conclude with an in-depth discussion of future directions for CPM research in
Chapter 7 but start with a review of the grid-based CPM in Chapter 2.

In summary, the key contributions of our work are to:

ˆ employ a sparse grid structure and develop a custom solver for runtime and memory
e�ciency, which enables scaling to tens of millions of degrees of freedom;

ˆ provide a spatial adaptivity framework for the grid-based CPM;

ˆ introduce a framework for interior boundary conditions for the grid-based CPM with
up to second-order accuracy;

ˆ provide a discretization-free implementation of CPM by hybridizing it with the walk-
on-spheres Monte Carlo method;

ˆ introduce a novel approach to compute geodesic paths using harmonic maps;

ˆ demonstrate the e�ectiveness of our work for several geometry processing tasks; and

ˆ provide insights into promising future directions for CPM research.
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Chapter 2

Closest Point Method Review

CPM was introduced by Ruuth and Merriman [138], who applied it to di�usion, advec-
tion, advection-di�usion, mean curvature 
ow of curves on surfaces, and reaction-di�usion.
They drew inspiration from earlier embedding methods based on level sets [18, 53], while
eliminating the restriction to closed manifolds, supporting more general PDEs, and allow-
ing for narrow-banding without loss of convergence order. This chapter provides a review
of the basics of CPM and the variants that exist. We brie
y review the literature on CPM
and related methods �rst, but delay the review of related work speci�c to our contribu-
tions to the chapters that follow. Note that abbreviations and most mathematical symbols
throughout the thesis have hyperlinks to a glossary to assist the reader.

CPM has been shown to be e�ective for a wide range of PDEs in addition to those
used by Ruuth and Merriman [138]. These include the screened-Poisson (a.k.a. positive-
Helmholtz) equation [24, 98], Hamilton-Jacobi equations/level-set equations [87], bihar-
monic equations [88], Cahn-Hilliard equation [150, 49], Navier-Stokes equation [7, 191],
construction of (p-)harmonic maps [72], and more. Although originally designed for mani-
fold PDEs, CPM can also be applied to volumetric (codimension-0) problems and surface-
to-bulk coupling scenarios [90]. Related closest point mapping approaches have also been
used to handle integral equations [76, 75, 23, 26].

CPM has mostly been used on static manifolds with a uniform grid in the embedding
space as the computational domain. However, Petras and Ruuth [127] combined CPM
with a grid-based particle method to solve PDEs on moving surfaces. A mesh-free CPM
approach was investigated in [132, 25, 128, 129, 130] using radial-basis functions. In Chap-
ter 5, we introduce a method that is completely discretization-free, but much of the work
in this thesis involves the grid-based CPM.
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The CutFEM family of methods [20] represents another embedding approach. They use
�nite elements (rather than �nite di�erences) on a non-conforming simplicial embedding
mesh. They have been used to solve various manifold PDEs (e.g., Laplace-Beltrami [21],
convection [22]). However, cutting the mesh can result in small intersections with the man-
ifold and lead to poorly conditioned matrices or even unstable discretizations [20]. Penalty
terms are added to alleviate these issues; however, they must be carefully constructed for
each type of PDE.

CPM in Computer Graphics

In the computer graphics community, perhaps the most closely related work is the embed-
ding method of Chuang et al. [28]. They solve Poisson problems using the �nite element
method on a 3D grid surrounding a mesh with B-spline basis functions that are subse-
quently restricted to the object's surface. They demonstrated geometry processing appli-
cations such as texture back-projection and curvature estimation. They also showed that
the observed eigenspectra are much less dependent on the surface triangulation than with
standard mesh-based methods. While their approach has some conceptual connections
to CPM, it does not possess the same degree of simplicity or generality as CPM (e.g., it
only applies to mesh representations). The thesis by Chuang [27] further demonstrates an
extension of this approach to use locally nonmanifold grids to address narrow bottlenecks,
where two pieces of a surface are close in Euclidean distance but far apart in geodesic
distance. Our spatial adaptivity framework in Section 3.4 helps address the bottleneck
issue without the use of nonmanifold grids. Chapter 4 does introduce a nonmanifold grid
structure but with the distinct aim of handling interior BCs.

CPM itself has been applied in computer graphics, primarily for 
uid animation. Hong
et al. [57] used a modi�ed CPM to evolve and control the motion of 
ame fronts restricted
to surfaces. The work of Kim et al. [68] increased the apparent spatial resolution of an
existing volumetric liquid simulation by solving a wave simulation on the liquid surface.
The surface wave equation and Navier-Stokes equations were solved by Auer et al. [7] with
a real-time implementation on the GPU. Auer and Westermann [6] subsequently extended
this work to support deforming surfaces given by a sequence of time-varying triangle meshes
(predating the moving surface work of Petras and Ruuth [127] in computational physics).
Morgenroth et al. [108] employed CPM for one-way coupling between a volumetric 
uid
simulation and a surface 
uid simulation for applications such as oil �lms spreading on
liquid surfaces.

The use of closest points in a grid surrounding a surface has also been used for visualiza-
tion purposes in computer graphics. Auer and Westermann [8] create triangulations with
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a subset of the closest points as vertices. Demir and Westermann [39] visualize the surface
directly via ray-casting instead. Kim and Hansen [67] visualize 
ow �elds on surfaces,
while Demir et al. [40] visualize the central tendency of a group of surfaces.

2.1 CPM Basics

Consider a manifoldS embedded inRd; where d � dim(S). The closest point method
uses a closest point (CP) representation ofS, which is a mapping from pointsx 2 Rd to
points cpS(x) 2 S. The point cpS(x) is de�ned as the closest point onS to x in Euclidean
distance, i.e.,

cpS(x) = arg min
y 2S

kx � yk;

where k � k denotes the 2-norm throughout. A CP representation can be viewed as pro-
viding both implicit and explicit representations. The mapping cpS : Rd ! S represents
S implicitly: a traditional scalar (though unsigned) implicit manifold can be recovered as
the zero-isocontour of the distance functionkx � cpS(x)k. A vector-valued implicit repre-
sentation of S is also available sincex = cpS(x) for x 2 S. Meanwhile, the closest points
themselves give an explicit representation ofS, albeit without connectivity (i.e., a point
cloud).

CPM embeds the manifold problem into the space surroundingS. Consider a tubular
neighbourhood (see Figure 2.1 left) de�ned as

N (S) =
n

x 2 Rd
�
�
� kx � cpS(x)k � rN (S)

o
; (2.1)

where rN (S) is called the tube radius. For general S, the closest point cpS(x) is rarely
unique for all x 2 Rd. However, for smooth and compact manifolds, cpS(x) is unique for
x in a tubular neighbourhoodN (S) with a su�ciently small tube radius rN (S) [96].

Uniqueness of cpS is equivalent to requiringN (S) \ med(S) = ; , since by de�nition the
medial axis ofS, denoted med(S); is the subset ofRd that has at least two closest points on
S. The reach(S) is the minimum Euclidean distance fromS to med(S). Thus, for a tube
with constant radius, the tube radius must satisfyrN (S) < reach(S) to ensure uniqueness
of cpS. Hence,N (S) depends on the geometry ofS since reach(S) depends on curvatures
and bottlenecks (thin regions where the Euclidean distance is small between geodesically
distant parts of S) of S (see [1, Section 3]). IfrN (S) is allowed to vary fory 2 S, then the
tube radius must instead satisfyrN (S)(y) < LFS(y); where LFS is the local feature size.
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N (S)

uS
uS(cpS)

Figure 2.1: Left: A tube N (S) (grey) around a 1D curveS (coloured) embedded inR2.
Right: A visualization of u 2 N (S) resulting from the CP extension ofuS 2 S.

The local feature size is de�ned as the minimum Euclidean distance fromy to the medial
axis med(S) [4].

To solve manifold PDEs with CPM anembedding PDEis constructed onN (S), whose
solution agrees with the solution of the manifold PDE at pointsy 2 S. Let uS(y); for
y 2 S; and u(x), for x 2 N (S); denote the functions de�ned on the manifoldS and the
neighbourhoodN (S), respectively.

CPM relies on two principles to construct an embedding PDE. The manifold gradi-
ent r S and manifold divergence (r S � ) operators are replaced by the standard Cartesian
gradient r and divergence (r � ) operators via the following principles [138]:

Principle 1 Let v be any function onN (S) that is constant along normal directions ofS:
Then, on S, manifold gradients are equivalent to standard gradients,r Sv = r v:

Principle 2 Let v be any vector �eld onN (S) that is tangent to S and tangent to all
manifolds displaced by a �xed distance fromS (i.e., level sets of the distance function of
S). Then, on S, r S � v = r � v :

For Principle 1, the only changes inv are in the tangential direction ofS since the function
v on N (S) is constant in the normal direction. Hence, Cartesian gradients onN (S) are
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equivalent to manifold gradients for points on the manifold. Similarly for Principle 2, if a
vector �eld is constrained to the tangent space ofS (or the tangent spaces of the level sets
of the distance function toS) it can only spread out (or compress) within that tangent
space.

Extensions of manifold functions intoN (S) such that the function is constant in the
normal direction of S can be accomplished e�ciently using theclosest point extension.
The CP extension is just the composition of the manifold function with the closest point
function. That is, uS(cpS(x)) is the CP extension ofuS at the point x 2 N (S) (see
Figure 2.1 right).

Higher order derivatives can be handled by combining Principles 1 and 2. To illustrate
this idea, consider the Laplace-Beltrami operator �SuS = r S � (r SuS): If uS is a function
de�ned on S; then uS(cpS) is constant along normal directions ofS and thereforer SuS =
r uS(cpS) on S; by Principle 1. Principle 2 implies that r S � (r SuS) = r � (r uS(cpS)) on
S; sincer uS(cpS) is always tangent to the level sets of the distance function ofS: In this
fashion, an embedding PDE is obtained that involves standard Cartesian derivatives and
a closest point function. Some example embedding PDEs are given in Section 2.2. See the
work of M•arz and Macdonald [96] for a more thorough theoretical study of the foundations
of CPM.

The solution to the embedding PDE is then solved using a chosen numerical method.
The majority of this thesis uses a uniform Cartesian grid discretization ofN (S), as dis-
cussed in Chapter 3 (before Section 3.4). Finite-di�erence methods are then used to ap-
proximate di�erential operators and barycentric-Lagrange interpolation is used for the CP
extension on the uniform grid. Chapter 5 introduces a discretization-free numerical method
for CPM using a Monte Carlo approach instead.

2.2 Variants of the Closest Point Method

In this section, we summarize di�erent variants of CPM for solving manifold PDEs. The
foundational work of Ruuth and Merriman [138] introduced CPM with time-dependent
problems and explicit time-stepping (Section 2.2.1). The following two variants (Sections
2.2.2 and 2.2.3) are required to address issues that arise due to implicit time-stepping
and stationary problems. The fourth and �nal variant (Section 2.2.4) guarantees that the
solution u 2 N (S) is constant in the normal direction ofS.

We use the �rst three variants in Chapters 3 and 4 depending on whether stationary or
time-dependent problems are being solved and if explicit or implicit time-stepping is used.

12



Chapter 5 uses the third variant to explain the theory of our method. Chapter 6 does not
use any variant of CPM; it is based on CPM work of King and Ruuth [72] that simpli�es
to a PDE on a 1D line for geodesic paths, so standard �nite-di�erences in 1D can be used.
The fourth variant is included here for completeness.

Section 2.2.2 discusses how the numerical stability issue from implicit time-stepping is
addressed by Macdonald and Ruuth [88]. Macdonald, Brandman, and Ruuth [89] were the
�rst to handle a stationary problem, speci�cally computing the eigenvalues and eigenvectors
of the Laplace-Beltrami operator. Section 2.2.3 summarizes how stationary problems using
the Ruuth and Merriman [138] approach are not well-posed and how this is addressed by
Macdonald, Brandman, and Ruuth [89]. Interestingly, the method of Macdonald, Brand-
man, and Ruuth [89] is a generalization of the method used to improve the numerical
stability by Macdonald and Ruuth [88]. Finally, Section 2.2.4 discusses an approach to
guarantee that the solution is constant in the normal direction of the manifold. Chen and
Macdonald [24] introduced this approach for stationary problems and von Glehn et al.
[177] did the same for time-dependent problems.

2.2.1 Ruuth and Merriman [138] Approach

The original CPM was developed for time-dependent problems using explicit time-stepping.
First, the initial manifold data uS

0 is extended ontoN (S) using the CP extension. The CP
extension operator, denotedE, extends manifold functions ontoN (S) to be constant in
the normal direction ofS and is de�ned asEuS(y) = uS(cpS(y)). For functions u 2 N (S)
the extensionE acts on the restriction ofu to the manifold, i.e., Eu = E(ujS):

We will illustrate this variant of CPM with the heat equation

@uS
@t

= � SuS: (2.2)

The Laplace-Beltrami operator � S in (2.2) is equivalent to the following:

� SuS(y) = �[ EuS](y); y 2 S; (2.3)

where � is the Laplace operator on N (S). The notation �[ EuS](y) means that we �rst
computeEuS, then apply the Laplacian � and �nally evaluate at y . The embedding PDE
to be solved becomes

@u
@t

= �[ Eu] on N (S): (2.4)

The following two steps are alternated:
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ˆ Evolution. The embedding PDE is solved onN (S) for one time-step with an explicit
time-stepping method (or one stage of a Runge-Kutta method is performed).

ˆ CP extension.The solution onS is re-extended ontoN (S) by replacing u with Eu.

2.2.2 Macdonald and Ruuth [88] Approach

The naive approach for implicit time-stepping would be to apply an implicit method
to (2.4). However, this can result in a numerically unstable method when discretized.
Consider a uniform grid 
( S) with spacing h discretizingN (S) (see Chapter 3 for details).
The naive approach is unstable when the time-step isO(h) because some of the eigenvalues
of fM = LE are in the right half of the real-complex plane (see [88, Figure 2.2]), whereL
is a �nite-di�erence approximation of � and E is a Lagrange interpolation approximation
of E on 
( S).

Macdonald and Ruuth [88] realized that the CP extension was redundant for diagonal
terms in L since u(x) = u(cpS(x)). With the aim of improving stability, they removed
redundant CP extension operations to increase diagonal dominance. Speci�cally,fM was
replaced byM = LE � 2d

h2 (I � E). An implicit time-stepping method is then applied to

@u
@t

= M u on 
( S): (2.5)

They applied their approach to problems to con�rm that it was stable in practice for any
time-step size.

2.2.3 Macdonald, Brandman, and Ruuth [89] Approach

The work of Macdonald, Brandman, and Ruuth [89] studied eigenproblems with CPM. The
null-eigenspace of the embedding PDE is in�nite-dimensional (see [89, Problem 2]) if the ap-
proach of Ruuth and Merriman [138] is used (i.e., replacing the Laplace-Beltrami operator
with (2.3)), making the problem ill-posed. Therefore, a penalty method (penalizing solu-
tions far from constant normal extensions) was introduced to restrict the null-eigenspace
and provide a one-to-one correspondence between the manifold PDE eigenproblem and the
embedding PDE eigenproblem. Speci�cally, �[Eu](x) was replaced by

� 
 u(x) = �[ Eu](x) � 

�

u(x) � [Eu](x)
�

: (2.6)
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The scalar
 = 2d
� 2 is taken in [89] which allows large changes in the normal direction to be

penalized since �
 u will be large if ju � Euj is not O(� 2).

This idea can be extended to other manifold PDEs to avoid ill-posedness of problems.
Consider the Poisson equation

� SuS = f S: (2.7)

To de�ne the embedding PDE onN (S), we also extendf S as f (x) = [ Ef S](x). The
equation �[ EuS](x) = f (x), for x 2 N (S), is ill-posed becausef is constant in the normal
direction of S but �[ EuS] is not guaranteed to be. Therefore, the embedding PDE for (2.7)
becomes

�[ EuS](x) = f (x) + g(x); x 2 N (S); (2.8)

where g(x) is a function that compensates for �[EuS] not being constant in the normal
direction of S. The function g(x) is nonzero forx 2 N (S) n S and gjS = 0 to ensure (2.8)
is consistent with the manifold PDE (2.7) onS. Any function g with these conditions has
the form g(x) = 
 (v(x) � Ev(x)), where 
 2 R and 
 6= 0.

The Macdonald-Brandman-Ruuth approach (see [24, Section 2.3]) takesvjS = uS to
allow (2.8) to be written as an equation in one unknown,v(x), since EuS = Ev (but
importantly v 6= Ev except onS). Overall, the embedding PDE becomes

�[ Ev](x) � 

�

v(x) � [Ev](x)
�

= f (x); x 2 N (S): (2.9)

2.2.4 Guaranteeing Solutions Constant in the Normal Direction

The Macdonald and Ruuth [88] and Macdonald, Brandman, and Ruuth [89] (Sections 2.2.2
and 2.2.3) approaches do not produce solutions onN (S) that are constant in the normal
direction of S. For example, rearranging (2.9) for the solutionv(x) we have

v(x) =
1



�
�[ Ev](x) + 
 [Ev](x) + f (x)

�
; x 2 N (S): (2.10)

Since �[ Ev](x) is not constant in the normal direction ofS, the solution v(x) is not (even
though [Ev](x) and f (x) are). The Ruuth and Merriman [138] approach does result in
a solution that is constant in the normal direction since a CP extension is applied in the
�nal step. However, a CP extension can always be applied as a �nal step in any variant to
obtain a solution constant in the normal direction onN (S).

Chen and Macdonald [24] introduce an alternative approach that directly enforces the
constraint u(x) = [ Eu](x); for x 2 N (S). Ultimately, they just need to swap the order of
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the Laplacian and CP extension operators, i.e., they useE[� v] instead of �[ Ev], which is
justi�ed by the following. The constraint u(x) = [ Eu](x) being imposed means that �u
can replace the Laplace-Beltrami operator onS in the manifold PDE (2.7), thus

� u(y) = f (y); y 2 S: (2.11)

The point cpS(x) 2 S so we can replacey with cpS(x) to obtain the embedding PDE on
N (S) as

[� u](cpS(x)) = f (cpS(x)) ; x 2 N (S);

or equivalently using our CP extension operator notation

E[� u] = f; x 2 N (S); (2.12)

whereEf = f due to the idempotence of the CP extension.

The full problem then becomes

E[� u] = f;

subject to u = Eu; x 2 N (S):
(2.13)

Combining the two equations results in a single embedding PDE

E[� u] � 

�

u � Eu
�

= f; x 2 N (S): (2.14)

The bene�t of this approach is not obvious in the continuous setting since one can easily
perform a �nal CP extension to obtain a solution that is constant in the normal direction of
S instead of requiring this a priori. However, Chen and Macdonald [24] note that di�erent
interpolants can be used for the CP extensionE of the E[� u] and Eu terms. Speci�cally,
linear and cubic interpolation can be used for theE[� u] and Eu terms, respectively. This
gives a discretization with smaller stencils and, therefore, lower computational cost.

von Glehn et al. [177] provides an approach for time-dependent PDEs based on the same
ideas. The solution being constant in the normal direction ofS provides more bene�t in
this scenario since the Ruuth and Merriman [138] approach requires CP extensions after
every time step (or each Runge-Kutta stage). von Glehn et al. [177] are therefore able to
work within a method-of-lines formulation. In contrast, the Ruuth and Merriman [138]
approach cannot be formulated as a method-of-lines technique (although the Macdonald
and Ruuth [88] approach can).
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Chapter 3

Scalability and Spatial Adaptivity

One may mistakenly reason that CPM is necessarily more computationally expensive
in memory and runtime than methods applied directly onS (e.g., FEM on a triangle
mesh) since CPM uses the higher-dimensional embedding spaceN (S) � Rd. However,
careful consideration of CPM's scaling behaviour shows that this is not the case. The
computational domain (for the grid-based CPM) is a collection of Cartesian grid points

( S) � N (S) with uniform spacing h. We show theoretically in Section 3.2 that CPM
scales with dim(S) rather than the dimension d of the embedding space because 
(S) is
a subset of the tubular neighbourhoodN (S), which has �nite tube-radius. In practice,
naive implementations for the construction of 
(S) can lead to undesirable scaling withd.
Therefore, we develop a memory and runtime e�cient implementation to construct 
(S)
that scales with dim(S). To further improve memory and runtime e�ciency, we create
a custom BiCGSTAB solver in Section 3.3 to solve linear systems resulting from the dis-
cretization of CPM. Finally, Section 3.4 introduces a spatial adaptivity framework that
allows fewer DOFs to be used overall by restricting the use of high-resolution grids only
to regions ofN (S) where it is required. We start with a review of the commonly used
discretization of CPM on the Cartesian grid 
(S).

3.1 Discrete Setting of the Grid-Based CPM

In the discrete setting, the closest point cpS(x i ) to each grid point x i 2 
( S) is computed
and stored. Discrete approximations of the CP extension and di�erential operators are
needed to solve the embedding PDE. We illustrate how these operators are discretized for
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the Laplace-Beltrami operator �[ EuS](x). Both the CP extension [EuS](x) and the Lapla-
cian � need to be approximated. Interpolation is used to approximate the CP extension
and �nite di�erences (FDs) are used for di�erential operators.

The CP extension requires interpolation since cpS(x i ) is generally not a grid point in

( S). Thus, the manifold value [EuS](x i ) = uS(cpS(x i )) is approximated by interpolating
from discrete valuesui � u(x i ) stored at grid points x i 2 
( S) surrounding cpS(x i ). The
interpolation degree should be chosen such that interpolation error does not dominate
the solution. Furthermore, the interpolation degree should be high enough to ensure a
consistent approximation for the PDE, i.e., at least quadratic interpolation should be used
for PDEs involving second-order di�erential operators like the Laplacian. In practice,
cubic interpolation is commonly used for this scenario to ensure interpolation errors do not
dominate. Throughout, we use barycentric-Lagrange interpolation [17] with polynomial
degreep. This is an e�cient and robust form of Lagrange interpolation for CPM [138,
Section 2.5].

For a given grid point xk 2 
( S); we have the following approximation of the closest
point extension:

uS(cpS(xk)) �
X

j 2I k

wk
j uj ; (3.1)

whereI k denotes the set of indices corresponding to grid points in the interpolation stencil
for the query point cpS(xk) and wk

j are the barycentric-Lagrange interpolation weights
corresponding to each grid point inI k .

FD discretizations on 
( S) are used to approximate a Cartesian di�erential operator
L as

Lu(x i ) �
X

k2D i

l i
kuk ; (3.2)

whereD i denotes the set of indices corresponding to grid points in the FD stencil centred
at the grid point x i . The FD weights are denotedl i

k for eachxk with k 2 D i . For example,
the common second-order centred-di�erence for the discrete Laplacian has weights 1=h2 if
k 6= i and � 2d=h2 if k = i .

With these CP extension and di�erential operator approximations, the Laplace-Beltrami
operator � SuS is approximated on 
( S) as

� uS(cpS(x i )) �
X

k2D i

l i
k

 
X

j 2I k

wk
j uj

!

: (3.3)

18



Matrices E and L can be constructed for the CP extension and discrete Laplacian,
respectively. The standard 7-point discrete Laplacian inR3 (5-point in R2) is used. Con-
structing the (sparse) matrices amounts to storing stencil weights for thei -th unknown
in the columns of rowi . The discretization in (3.3) is equivalent to applyingfM = LE
(introduced in Section 2.2.2) to the vectoru = [ u0; u1; : : : ; uN ]T . Throughout this thesis,
L and E are applied directly when explicit time-stepping is used (see Section 2.2.1). For
implicit time-stepping and stationary PDEs we instead use the method discussed in Sec-
tions 2.2.2 and 2.2.3 with
 = 2d=h2. This choice of
 results in a numerically stable scheme
for implicit time-stepping [88] and improved diagonal dominance for the shifted Poisson
equation [24]. The matrix approximation of the Laplace-Beltrami operator becomes

M = diag(L) + ( L � diag(L))E:

For example, to solve the discrete embedding PDE for �SuS = f S we solve the linear
system

Mu = f ;

for unknowns ui at grid points x i 2 
( S) and where the components of the vectorf are
f S(cpS(x i )).

Note that f S(cpS(x i )) is not computed usingE sincef S will only be speci�ed on the
manifold (and sometimes only on a subset ofS). In other words, E is an operator that can
only be applied to functions already on the grid 
(S). In general, manifold PDEs involve
some given data on the manifold, which must �rst be extended onto 
(S). Examples in-
clude known functions like the sourcef S, initial conditions uS(t = 0) for time-dependent
problems, or boundary conditions onS (or interior boundary conditions discussed in Chap-
ter 4). The necessary extension procedure depends on the speci�c representation of the
manifold and the data. For example, iff S(s) is given as a function on a parameteric mani-
fold r (s), the inverse of the parameterizationr � 1(s) could be used to obtain the parameter
si corresponding to cp(x i ) so that f S(si ) can be assigned atx i . Alternatively, if the data is
given discretely at the vertices of a triangulation, linear interpolation using the barycentric
coordinates of the triangle containing cpS(x i ) can be used to obtain the value at cpS(x i ).
The important point is that the extension must still be a CP extension: data at cpS(x i ) is
assigned tox i 2 
( S).

However, the solution to the original manifold PDE can be recovered from the solution
on 
( S) at any y j 2 S, j = 1; 2; : : : ; J; using a similar interpolation matrix to E. The
only necessary change is to construct the interpolation matrix for the new locationsy j

instead of cp(x i ). This interpolation allows the solution to be transferred to any explicit
representation, e.g., triangle mesh or point cloud, that may be needed for downstream
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r 
( S)

S

Figure 3.1: The tube radius required for CPM calculated using the interpolation stencil
(orange) for cpS(xk) (white) and FD stencil (red).

tasks. For example, many of our results are visualized interpolating onto the vertices of
a triangulation. If the given manifold S is provided as a triangulation we use it; if a
manifold can be described by a parameterization, we connect evenly spaced points in the
parameter space to create a triangulation. The solution can be visualized in other ways
also. Demir and Westermann [39] proposed a direct raycasting approach based on the
closest points cpS(x i ) for x i 2 
( S). The set of cpS(x i ) can also be considered a point
cloud and visualized as such. Both point clouds and triangulations are visualized using
polyscope [157] in our work.

3.2 Scalability

One could use a grid 
(S) that �lls a bounding box in Rd, but this choice is ine�cient
since only a subset of those points (i.e., those nearS) a�ect the numerical solution on
the manifold. It is only required that all grid points x j within the interpolation stencil
I k of any closest point cpS(xk) have accurate approximations of the di�erential operators.
Barycentric-Lagrange interpolation uses a hypercube stencil ofp + 1 grid points in each
dimension, wherep is the polynomial degree. Consider a hyper-cross FD stencil that uses
q grid points from the centre of the stencil in each dimension. Figure 3.1 shows an example
interpolation stencil with p = 5 (orange) and a FD stencil with q = 3 (red). These large
stencils are only used for illustration purposes; all our examples usep = 2 or 3 and q = 1.
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To obtain accurate approximations of di�erential operators at allx j with j 2 I k , we
have to extend data not only to all x j , but also to all x i with i 2 D j for j 2 I k . This
mathematical description is rather terse, but one can think of sliding the centre of the
red FD stencil in Figure 3.1 over all orange grid points of the interpolation stencil. The
union of all grid points touched by both the interpolation and sliding FD stencils gives
the required grid points. An upper bound for the computational tube-radius,r 
( S) , can
therefore be computed as follows. The interpolation stencilI k surrounds cpS(xk) in the
most symmetric way, i.e., cpS(xk) is in the centre cell for oddp, and nearest to the centre
grid point for even p. Consider the case whenp is odd and place an FD stencil centre at
one of the corners of the interpolation hypercube. Then, calculate the distance between
the tip of the FD stencil and the centre cell's grid point that is farthest away (see the two
grid points joined by the black line in Figure 3.1). The upper bound forr 
( S) is therefore
[138, 87]

r 
( S) = h

s

(d � 1)
�

p + 1
2

� 2

+
�

q+
p + 1

2

� 2

: (3.4)

When p is even, (3.4) also gives the correct upper bound onr 
( S) : A similar argument
applies, but uses the fact that cpS(xk) is at most h=2 away from the centre grid-point of
the interpolation stencil.

The fact that the CP extension is done for all grid points within a distancer 
( S)

to S is the reason CPM does not need arti�cial boundary conditions on the edge of the
computational tube 
( S). This property is in contrast to the level-set method for manifold
PDEs [18] where restricting 
(S) for e�ciency requires arti�cial boundary conditions,
which degrade the accuracy and convergence order of the method.

With the result in (3.4), our computational domain 
( S) becomes all grid pointsx i

satisfying kx i � cpS(x i )k � r 
( S) : Linear systems resulting from the embedding PDE
discretization are then solved on this tubular 
(S). For large systems (usually resulting
from problems with d � 3) memory consumption is dominated by the storage of 
(S).
However, computation time is dominated by the linear system solve.

A misconception of CPM is that it is always more computationally expensive (in mem-
ory and computation time) than methods that solve the manifold PDE directly onS
because it is an embedding method. Even though the problem is solved on a higher-
dimensional space, it still scales with dim(S) rather than d because 
(S) is within a tube
N (S) of radius r 
( S) . The scaling of CPM depends on the number of unknowns (a.k.a.
DOFs), which corresponds to the number of grid points in 
(S).
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The number of grid pointsN can be approximated by

N �
vol(N (S))

hd
; (3.5)

whereN (S) has a tube radiusrN (S) = r 
( S) . Denoting s = dim( S); the volume ofN (S)
can be computed using Weyl's tube formula [182, 52]:

vol(N (S)) =
(�r 2


( S))
(d� s)=2

( 1
2(d � s))!

[s=2]X

c=0

k2c(S)r 2c

( S)

(d � s + 2)( d � s + 4) � � � (d � s + 2c)
: (3.6)

where k2c(S) are integrals of complicated curvature functions, but importantly they are
independent of howS is embedded inRd. For example, for a 1D curve embedded in 2D

area(N (S)) = 2 r 
( S) length(S): (3.7)

For a 1D curve embedded in 3D

vol(N (S)) = �r 2

( S) length(S): (3.8)

For a 2D surface embedded in 3D

vol(N (S)) = 2 r 
( S)area(S) +
2r 3


( S)

3

Z

S
KdS; (3.9)

whereK is the Gaussian curvature ofS.

The only term that depends on the grid resolution in (3.6) isr 
( S) ; which is proportional
to h (see (3.4)). Simplifying (3.6) by lumping constants independent ofh, we have

vol(N (S)) =
[s=2]X

c=0

K 2cr d� s+2 c

( S) ; (3.10)

Since r 
( S) = h� (where � is the square-root term in (3.4)) the approximate number of
grid points is

N �
P [s=2]

c=0 K 2c(h� )d� s+2 c

hd
=

[s=2]X

c=0

K 2c(h� )� s+2 c: (3.11)

Thus, N = O(h� dim( S)) since ash ! 0 the leading-order term is whenc = 0. In other
words, N scales exponentially with exponent dim(S) as the grid spacingh shrinks. This
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result was known intuitively in previous CPM work, but the above gives a theoretical
justi�cation.

Ruuth and Merriman [138] used a simple procedure to construct 
(S) that involved
storing a uniform grid in a bounding box ofS and computing the closest point for every
grid point in the bounding box. Finally, an indexing array was used to label which grid
points are within a distancer 
( S) of S: The procedure of Ruuth and Merriman [138] gives
linear systems that scale with dim(S), but memory usage and closest point computation
still scale with d.

Macdonald and Ruuth [88] used a breadth-�rst-search (BFS), starting at a grid point
near S, that allows the number of closest points computed to scale with dim(S). We use
a similar BFS when constructing 
(S). However, Macdonald and Ruuth [88] still required
storing the grid in the bounding box ofS, while we adopt sparse grid structures which
achieve e�cient memory use by allocating only grid points of interest instead of the full
grid.

May et al. [98] overcame memory restrictions arising from storing the full bounding-box
grid by using domain decomposition to solve the PDE with distributed memory parallelism.
The code detailed by May et al. [99] is publicly available but requires specialized hardware
to exploit distributed memory parallelism.

Auer et al. [7] also used specialized hardware, i.e., their CPM-based 
uid simulator
was implemented on a GPU. However, they employed a two-level sparse block structure
for memory-e�cient construction of 
( S) that is also suitable for the CPU. A coarse-level
grid in the bounding box of S is used to �nd blocks of the �ne-level grid (used to solve
the PDE) that intersect S. Thus, the memory usage to construct the �ne-level grid 
(S)
scales with dim(S), as desired. The coarse-level grid still scales withd; but does not cause
memory issues because its resolution is much lower than the �ne-level one. We adopt a
similar approach for constructing 
( S), although our implementation is purely CPU-based.

We use a BFS procedure to only compute cpS near 
( S). We adopt a sparse-grid
data structure [149] and allocate memory for it only as needed during the BFS. We took
inspiration from the development of level-set methods for surface evolution [123], which
followed a similar path to an e�cient implementation (see, for example, [2, 126, 183, 120,
58, 111, 149]). The BFS can be started from any grid pointx0 within r 
( S) distance to the
manifold. The BFS for 
( S) construction is detailed in Algorithm 1. The use of a BFS
could fail if S is composed of disjoint pieces. However, PDEs are only solved on a single,
connected manifold throughout this thesis.

The computational tube-radius r 
( S) given by (3.4) is an upper bound on the grid
points needed in 
(S). The stencil setapproach to construct 
( S) given by Macdonald
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Algorithm 1: BFS to construct 
( S)
Given x0 near S, i.e., with kx0 � cpS(x0)k � r 
( S)

Add x0 to 
( S) and store cpS(x0)
Add x0 to the queueQ
while Q 6= ; do

Set xcurrent  Q.front()
for each neighbourxnbr of xcurrent do

if x nbr has not been visitedthen
Compute cpS(xnbr )
if kxnbr � cpS(xnbr )k � r 
( S) then

Add xnbr to 
( S) and store cpS(xnbr )
Add xnbr to Q

end
end

end
Pop front of Q

end

and Ruuth [87, 88] can reduce the number of DOFs by including only the strictly necessary
grid points for interpolation and FD stencils. It was shown by Macdonald and Ruuth [87]
that the reduction in the number of DOFs is between 6-15% forS as the unit sphere.
We opted for implementation simplicity over using the stencil set approach due to this
low reduction in the number of DOFs. Furthermore, when the �nal interpolation of the
solution is performed for anyy 2 S (as discussed just above Section 3.2), the stencil set
approach does not always provide all the necessary grid points. Only the grid points needed
for the closest points to grid points, cpS(x i ), are guaranteed.

Note that the method of computing closest points cpS, and its cost, will depend on the
underlying manifold representation. In Appendix A, we discuss the computation of closest
points for some popular representations, including parameterized manifolds, triangulated
surfaces, point clouds, signed-distance functions, and more general level-set functions (i.e.,
implicit manifolds). It is important that the closest point computation be accurate. For
example, nearest-neighbours can only be used for point clouds if the point density is high
enough (however, using the Fourier transform approach by [90] can soften the accuracy
requirement).
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3.3 Linear System Solver

One approach to improve the computational e�ciency of CPM so that it scales well for
large problems is to improve the linear system solver. The linear system resulting from
CPM could be solved with direct solvers, e.g., Eigen's SparseLU is used in Section 3.4.3
for examples on 1D curves, but they are only appropriate for smaller linear systems (usu-
ally obtained with 2D embedding spaces). Iterative solvers are preferred for larger linear
systems (as noted in [88, 24]), particularly for problems involving 2D surfaces embedded
in R3 or higher.

Chen and Macdonald [24] developed a geometric multigrid solver for the manifold
screened-Poisson equation. May et al. [98, 99] proposed Schwarz-based domain decom-
position solvers and preconditioners for elliptic and parabolic manifold PDEs. The linear
system from CPM is non-symmetric due to the CP extension, therefore Eigen's BiCGSTAB
is also an option for larger systems. However, we show below that using direct solvers or
Eigen's BiCGSTAB with the construction of the full matrix system can be too computa-
tionally intensive.

We implement a custom BiCGSTAB solver (with OpenMP parallelism) that avoids
explicit construction of the full linear system. Our solver is more e�cient, with respect to
memory and computation time, compared to Eigen's SparseLU and BiCGSTAB implemen-
tations [54], as well as Intel MKL PARDISO [61]. Moreover, it circumvents the intricacies
associated with implementing multigrid or domain decomposition techniques.

Our BiCGSTAB implementation closely follows Eigen's BiCGSTAB solver1, with key
di�erences for memory-e�ciency and parallelization. This is achieved by exploiting a key
property of iterative Krylov solvers: explicit construction of the system matrix is not
required (in contrast to direct solvers). For iterative Krylov solvers, only theaction of the
matrix on a given input vector is required (i.e., the matrix-vector product).

Speci�cally, we implemented our solver with the goal of solving linear systemsAu = f
with

A = mI + n [diag(L) + ( L � diag(L)) E] ;

where m; n 2 R and common choices arem 2 f 0; 1g and n 2 f 1; � � t; � � t=2g (� t
denoting a time-step size). This generalized form forA supports the applications described
throughout this thesis. For example, settingm = n = 1 results in the linear system for the
screened-Poisson equationuS + � SuS = f S. The matrices E and L are stored explicitly
and the matrix-vector product Au is computed as follows:

1https://eigen.tuxfamily.org/dox/BiCGSTAB 8h source.html
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1. Computea = Eu .

2. Computeb = ( L � diag(L))a.

3. Computea = diag(L)u.

4. Return v = mu + na + nb.

OpenMP is used for parallelizing each of the steps over the number of grid pointsN .

In addition, iterative Krylov solvers allow for a preconditioner (i.e., approximate inverse
operator) for improving convergence of the linear solver. The preconditioner step requires
solving the equationBz = r , where B is an approximation to A and r is the residual
vector. Depending on the particular problem, we either use a diagonal preconditioner
or a damped-Jacobi preconditioner. Computing the diagonal entries ofA would require
extra computations since the full matrix is not constructed. In practice, however, we
found that the diagonal values ofmI + ndiag(L) are a good enough approximation. (In
our experiments, we have veri�ed that the in�nity norm of the error matches the result
produced by Eigen's solver.) For damped-Jacobi preconditioning, the iterationu  u +
! diag(L)� 1r is applied for a �xed number of iterations with ! = 2=3.

Our custom BiCGSTAB solver is faster and more memory e�cient than Eigen's SparseLU
and BiCGSTAB implementations [54] as well as the Intel MKL PARDISO. An example
of the improved e�ciency is shown in Figure 3.2 for the heat problem discussed later in
Section 4.3.2 with Dirichlet and zero-Neumann interior BCs. Solving the heat equation
involves multiple linear system solves (i.e., one for each time step). SparseLU requires
the most computation time, even though it prefactors the matrix once and just performs
forward/backward solves for each time step. SparseLU also uses the most memory, as
expected. PARDISO leverages parallelism during factorization, enhancing the speed of
the initialization process compared to Eigen's SparseLU. However, the forward/backward
solves are still performed sequentially, limiting the magnitude of the performance improve-
ment.

Table 3.1 gives the max and average computation time speedup,Tspdup, and memory
reduction, M red, for the results in Figure 3.2. The computation time speedup compared to
Eigen's SparseLU (similarly for BiCGSTAB and PARDISO) is computed as

Tspdup = T(SparseLU)=T(Ours);

whereT(SparseLU) andT(Ours) are the computation times of SparseLU and our solver,
respectively. The memory reduction factor is calculated in an analogous manner with
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Figure 3.2: Top row: Computation time vs.h plots for the heat equation (4.14) with
Dirichlet and zero-Neumann interior BCs with four solver options. Bottom row: Memory
vs. h plots for the same problems and solvers. Our solver (orange) achieves the lowest
computation time and memory costs.
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Table 3.1: Ratios of computation timeTspdup and memory usageM red for Eigen's SparseLU
and BiCGSTAB as well as PARDISO as compared to our tailored BiCGSTAB solver, for
the experiments of Figure 3.2.

Solver IBC
Tspdup M red

Max Avg. Max Avg.

Eigen's SparseLU
Dirichlet 16.6 11.8 17.9 9.1
Neumann 86.2 38.3 18.1 9.1

Eigen's BiCGSTAB
Dirichlet 9.5 6.6 1.9 1.8
Neumann 40.9 18.0 1.9 1.8

MKL PARDISO
Dirichlet 13.7 10.5 10.6 7.3
Neumann 54.2 27.3 10.3 7.0

computation times replaced by memory consumption. The max and averageTspdup and
M red are computed over allh.

The speedup of our solver is signi�cant compared to Eigen's SparseLU and BiCGSTAB
as well as PARDISO. The memory reduction of our method is signi�cant compared to
Eigen's SparseLU and PARDISO, but less signi�cant compared to Eigen's BiCGSTAB.
The speedup exhibits problem-dependence sinceTspdup factors in Table 3.1 are larger for
the zero-Neumann IBC compared to the Dirichlet IBC. However, as expected,M red is not
problem-dependent.

3.4 Spatial Adaptivity

Another approach to reduce the computational cost of a PDE solver is to use a compu-
tational domain that adapts spatially depending on where resources are required. Spatial
adaptivity allows CPM to scale better for memory usage and runtime by using a higher
density of DOFs only in regions ofS where they are needed most. Manteaux et al. [92]
survey adaptive methods that are used to improve the e�ciency of many problems in com-
puter graphics. Most relevant to our work are spatially adaptive methods on structured
grids. For example, quadtrees and octrees have been used to spatially adapt deformable
body simulations [41, 147] and liquid simulations [158, 84, 85]. We show that the closest
point extension allows us to develop a spatial adaptivity framework that does not require
the implementation complexities of quadtrees/octrees. Our work is the �rst to provide
CPM with spatial adaptivity.
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Figure 3.3: Three overlapping adaptive tubesN (Sm ) (grey and red) for a spiral curveS
(blue). The boundary subsetsN (@Sm ) are coloured darker and are the regions past the
green lines orthogonal toS at the boundaries ofSm .

3.4.1 Continuous Setting

To provide spatial adaptivity for CPM, the tube radius rN (S) must be allowed to vary over
di�erent portions of S. We divide S into M pieces such thatS = S1 [ S 2 [ � � � [ S M .
Each subsetSm of S; for m = 1; 2; : : : ; M , is endowed with its own tubular neighbourhood
N (Sm ) that has its own tube radiusrN (Sm ) (see Figure 3.3). Note that each subsetSm is
a disjoint piece ofS except at the boundary between two subsets whereS is duplicated.

The de�nition of N (Sm ) given in (2.1) includes the half-tubular region surrounding the
boundary @Sm (darker regions in Figure 3.3). This half-tubular region, denotedN (@Sm );
is the continuous analogue of the boundary subset 
(@S) de�ned in (4.1) given by

N (@Sm ) =
�

x 2 N (Sm )
�
� cpSm (x) = cp @Sm (x)

	
: (3.12)

These boundary subsetsN (@Sm ) provide overlaps of the tubular neighbourhoodsN (Sm )
that can be used to globally join the embedding PDE solve on each subset. One could
consider joining the problems on eachSm using a boundary condition on@Sm , e.g., similar
to how approximate Dirichlet BCs are used in the alternating Schwarz domain decomposi-
tion method [173]. However, the CP extension in CPM provides us with a condition that
is known to hold exactly.
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x 2 N (@S2)

x 2 N (@S1)
cpS1 (x)

cpS2 (x)cpS2 (x)

cp@S1 (x) = cp @S2 (x)

Figure 3.4: Data uS on the manifold (blue curve) is CP extended to a pointx 2 N (S2)
(black) by assigning the value ofuS at cpS1 (x) (blue point) instead of the value at cp@S2 (x)
(white). Similarly for x 2 N (@S1) the value of uS at cpS2 (x) is CP extended tox instead
of the value at cp@S1 (x).

Consider an example withM = 2 so that there is one boundary betweenS1 and S2

given by @S1 = @S2 = S1 \ S 2. Denote the CP extension operator forN (S); N (S1); and
N (S2) by E; E 1; and E 2; respectively. Figure 3.4 illustrates the following scenario. The CP
extension of manifold datauS for x 2 N (@S1) would beE 1uS(x) = uS(cp@S1 (x)). However,
this is incorrect for the global problem since globallyEuS = uS(cpS) and cp@S1 6= cpS

on N (@S1). Since cpS2 = cpS on N (@S1), we instead perform the CP extension for
x 2 N (@S1) using cpS2 :

E 1uS(x) � E 2uS(x) = uS(cpS2 (x)) ; for x 2 N (@S1); (3.13)

and vice versa forx 2 N (@S2). In short, points in the boundary subset for one region
simply use the CP extension for the neighbouring region. CPM can then be applied on
N (S1) and N (S2) independently with no other changes to the method, e.g., no arti�cial
or approximate BCs are needed onN (@S1) and N (@S2) since (3.13) provides a su�cient
condition to couple the problem globally.

In general, Sm can be bordered by more than one subset ofS. Therefore, E muS(x)
for x 2 N (@Sm ) will be composed of the CP extension from multiple subsets ofS. Let
J m denote the set of indices corresponding to the subsets ofS that border Sm . If x 2
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N (@Sm ) \ N (Sj ); j 2 J m , then

E muS(x) � E j uS(x): (3.14)

3.4.2 Discrete Setting

In the discrete setting, we construct computational tubes 
(Sm ) within each tubular neigh-
bourhoodN (Sm ) for m = 1; 2; : : : ; M . The computational tubes have di�erent tube-radii,
r 
( Sm ) ; given by (3.4). Note that one could choose di�erent grid spacingsh, interpolation
degreep, or �nite di�erence stencil hyper-cross sizeq within each 
( Sm ). In our numerical
examples, however, we only choose a unique grid spacinghm for the M subsets.

If cpSm can be de�ned independently for each subsetSm , then the construction of

 m (S) can directly use the breadth-�rst-search approach given in Algorithm 1. However,
this is rarely the case as only cpS is usually provided for the entire manifoldS. There-
fore, our approach to construct 
m (S) �rst constructs 
( Sm ) n 
( @Sm ), then grows the
computational tube by adding grid points for 
( @Sm ). An added bene�t of this approach
is that cp@Sm is not necessary, since the CP extensionE m only involves cpSm or cpSj for
j 2 J m . Both cpSm and cpSj are equal to cpS for grid points x i 2 
( Sm ) n 
( @Sm ) and
x i 2 
( Sj ) n 
( @Sj ).

Our current implementation constructs the full 
( S) for everyhm resolution. Of course,
this is an ine�cient implementation in both memory and runtime. It is used to illustrate the
bene�t of our adaptivity framework for the solver runtime improvement. Future work will
include constructing only the subsets 
(Sm ), which would allow for an understanding of
the practical overhead requirements of setting up the adaptive computational tube 
(S1) [

( S2) [ � � � [ 
( SM ).

A sizing function s(y) for y 2 S is used to determine the subsetsSm , m = 1; 2; : : : ; M .
The sizing function is problem-dependent and could be determined in many ways. For
example, properties ofS could be used to computes(y), such as the local feature size
of S or the curvature of S. Properties of the manifold PDE to be solved could also be
used, e.g., subsets ofS where large gradients inuS are expected should use smallerhm .
Furthermore, error estimates could be used to constructs(y). Error estimates for CPM
have not been studied, but they would be an interesting area of future research. Currently,
s(y) is manually constructed to determineSm . Important future work would involve
automatically constructing optimal s(y) to provide the largest reduction in the number of
DOFs in the linear system.
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In the discrete setting, the value ofs(y) is given at a �xed set of points y k 2 S for
k = 1; 2; : : : ; K . Thesey k are points where the �nal solution is desired, e.g., vertices of
a mesh to be used for visualization. For each of the full 
(S) with resolutions hm , m =
1; 2; : : : ; M; we �nd the nearest neighbour iny k to each cp(x i ) for grid points x i 2 
( S).
The grid point x i is then assigned to a subset 
(Sm ) based ons(y?

k) of its nearest neighbour
y?

k . This determines the interior of the subsets 
(Sm ) n 
( @Sm ). We then grow 
( @Sm )
by adding any grid point that is part of the interpolation or �nite-di�erence stencil of all
x i 2 
( Sm ) n 
( @Sm ) that are not already part of the subset. We also tag each part of

( @Sm ) with the index j of its bordering subsets 
(Sj ), j 2 J m , so the CP extension on

( @Sm ) can be constructed as in (3.14).

As mentioned above, the only change in CPM necessary for our spatial adaptivity
framework is the CP extension on 
(@Sm ): The FD stencils in each 
(Sm ) are the same as
if 
( Sm ) is an independent computational domain. There is also no theoretical restriction
on the resolutionshm between the bordering subsets. However, it would be interesting
to investigate whether restrictions on the change in resolution between bordering subsets
a�ect the accuracy and/or scalability of our spatial adaptivity framework in future work.

3.4.3 Numerical Results

Adaptivity has been used in computer graphics to allow e�cient implementations of highly
realistic simulations of numerous phenomena. Manteaux et al. [92] provides a review of
these methods, highlighting the large number of criteria used to invoke adaptivity. These
criteria could be used to construct the sizing functions(y) to be used in our CPM adaptivity
framework. In this section, we explore sizing functions based on solution gradients, local
feature size, and/or curvatures.

Solution Gradients

Fine grid resolutions are required to capture large variations in the solution of a PDE. When
the large variations are localized to a small region of the computational domain, e.g., shocks
in 
uid simulations [179], spatial adaptivity is an e�ective approach to improve e�ciency.

To study the ability of our approach to improve e�ciency for a solution with large,
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