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Abstract

Airline operations involve many complex and interdependent decisions. These include flight

scheduling, fleet assignment, maintenance routing, and crew scheduling. Crew scheduling

is particularly important, as crew costs are the second-largest expense in airline operations.

In practice, delays are common and can cause major disruptions to crew schedules. Most

crew pairing models are deterministic and aim to minimize planned costs. However, they

often ignore operational uncertainties, such as delays. As a result, they may perform poorly

in real operations. This is critical because crew payments are based on actual flight times.

This thesis addresses the delay averse crew pairing problem. We propose an optimization

model with a delay cost component to create more reliable pairings. The model is based

on a duty network structure, and utilizes the pay-and-credit scheme to account for crew

payments. We solve the model using Lagrangian relaxation and perform extensive test-

ing on real data. We compare the delay averse model to the nominal case and conduct

sensitivity analysis to demonstrate how changes in cost parameters and delay levels affect

the solutions. Finally, we evaluate the solutions using simulation based on historical flight

delay data. The results show that the delay averse model creates more reliable pairings.

These pairings are better at absorbing delays and reducing total propagated delays.
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Chapter 1

Introduction

1.1 Motivation and Objective

Airline planning includes a sequence of interdependent decision-making processes, with

each phase depending on the outcomes of the phase before it Hall [2012]. The process

begins with flight schedule design, where airlines develop a recurring flight plan covering a

period of one to two months. Once the flight schedule is determined, the fleet assignment

phase follows. In this phase, airlines determine which specific aircraft will operate each

scheduled flight. The third phase, aircraft routing, establishes the sequence of flights for

each aircraft, ensuring that they follow regulatory time limits for required maintenance

checks.

The next step is to assign crews to these flights. These crew members must follow strict

rules such as minimum connection time between flights, maximum flight time and rest time

between duties. The objective of crew scheduling problem is to cover every flight with an

assigned crew while keeping the total cost low. This step is very important because crew-
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related costs are the second highest expense in airline operations. In airline operations,

disruptions can impact flight schedules and crew assignments. For this reason, airlines

implement several strategies such as using reserve crews, reassigning or swapping crew

assignments (Shebalov and Klabjan [2006b], Medard and Sawhney [2007]). In our study,

we consider propagated delays to deal with flight delays. That means if a crew is assigned

to a flight but cannot connect to the next flight on time because of delays, the next flight’s

departure is delayed until the crew becomes available. We also implement a realistic

and complex pay scheme. Pay schemes are often negotiated through collective bargaining

between airline management and crew unions. For instance, a recent near-strike by Air

Canada pilots’ unions has shown the importance of crew payment structures Reuters [2024].

Union rules in the airline industry outline how delays or early arrivals affect crew members’

work hours, compensation, and rest requirements.

Operations Research has contributed to solving the airline crew pairing problem. Many

optimization frameworks and algorithms have been used to find low-cost crew pairings Kohl

et al. [2007b]. These include deterministic models, stochastic programming models, robust

optimization, and bi-objective models. Each of them focuses on different aspects, such as

cost, uncertainty, operational flexibility, or recovery. In our study, we develop an integer

programming model with a delay risk aversion component. We modify the deterministic

crew pairing formulation to consider the impact of delays. We add a delay cost component

to the objective function to penalize flight connections that are less reliable. We obtain the

cost components by relying on the Bureau of Transportation Statistics BTS [2024] data on

historical delays for the flights . In the deterministic crew pairing problem, the pairing costs

are calculated using only scheduled times, without considering any operational disruptions.

We also incorporate a realistic payment structure by working on a duty network. We aim

to obtain crew schedules that are more risk-averse to delays and cost-efficient. Lastly, we
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develop a simulation framework to test the model’s performance under delay scenarios.

In Section 1.2, we will explain the basic definitions and structure of the airline crew pairing

problem.

1.2 Introduction to Crew Pairing

The crew pairing problem focuses on assigning a sequence of flight legs to a crew. A

flight leg is a single flight defined by its departure and arrival airports and scheduled

departure and arrival times. Crew schedules are built in two steps: first, duties are formed

as individual work shifts, and then several duties are combined to create a crew pairing.

A feasible crew pairing starts at one of the airline’s crew base airports and ends at a base,

often covering a period of up to four days. Airlines typically use hub airports as crew

bases, which allow crew members to rest without leading to additional accommodation or

travel costs.

Crew payments are usually calculated based on both flight time and connection time be-

tween flights. Various rules and regulations determine how duties and pairings can be

legally formed. These constraints ensure that crew schedules meet safety, operational, and

labor requirements Hall [2012].

1.2.1 Network Structure

In the crew pairing problem, two types of networks are used: flight networks and duty net-

works. A flight network represents individual flights as nodes, with arcs indicating possible

flight connections based on time and location feasibility. A duty network is constructed by
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grouping sequences of flights (called duties) that can be operated by a crew. Each node

in a duty network represents a feasible duty, and arcs connect duties that can be flown

consecutively within a pairing. For domestic flights, the flight network is mainly used be-

cause the number of possibilities for duties is larger. On the other hand, duty networks

are used for international flights. In both networks, dummy nodes are added to represent

crew bases.

In flight networks, the nodes represent flight departure and arrival times and locations. The

arcs between these nodes represent possible flight connections. Crew base nodes contain

only location information and are used to define the starting points of pairings for each

crew. For example in Figure 1.1, both the source and sink nodes are located at airport

A, representing a crew base. These source and sink nodes are for the crew bases. On the

other hand, regular flight leg nodes contain both time and location details. A connection

between two regular flight leg nodes is added to the network if the connection is feasible in

terms of time and location. For instance, two consecutive flights can be connected if the

first flight arrives at the same airport from which the second flight departs and if there is

enough connection time between them. We include a small flight schedule example from

Lu [2014] to better illustrate this concept.

Table 1.1: Example Flight Schedule Lu [2014]
Flight Departure Airport Arrival Airport Departure Time Arrival Time

1 A B 9:00 10:00
2 B A 11:00 11:30
3 A B 12:30 13:00
4 B C 13:30 14:00
5 C A 15:00 16:00

For this given flight schedule, as we can see from Figure 1.1, we can form the following

flight network.
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Figure 1.1: Example Flight Network Lu [2014]

Flight networks cannot incorporate complex network restrictions, such as the maximum

allowable flight time or the minimum rest time between duties.

A set of ordered flight legs is grouped together to form duty-based networks to create

legal duties. Similar to a flight-based network, there are two types of nodes: regular duty

nodes and crew base nodes (source, sink). Regular duty nodes contain sets of flight legs.

Two duty nodes can be connected if the first ends at the same airport where the second

begins, and time constraints are satisfied. Crew base nodes represent the start and end of

a pairing.

Table 1.2: Example Duties Lu [2014]
Flight/Duty 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
2 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0
3 0 0 1 1 1 0 1 1 1 1 1 1 0 0 0
4 0 0 0 1 1 0 0 1 1 0 1 1 1 1 0
5 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1

As we can see from Table 1.2, these duties can be formed using the same flight schedule.

For example, Duty 3 has three flights 1, 2 and 3.
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Figure 1.2: Example Duty Network Lu [2014]

Using this duty-based network, we can incorporate complex network restrictions, such

as minimum sit time between flights, into our framework. Minimum sit time refers to

the minimum required time between the arrival of one flight and the departure of the

next, allowing the crew sufficient time to prepare for the next flight. Additionally, we can

integrate the complex crew payment structure. For this reason, in this thesis, we primarily

focus on the duty network. This allows us to distinguish between duty connections and

flight connections within duties.

1.2.2 Formulation

Regulations define the minimum and maximum allowable sit time between connecting

flights and limit the total duty duration. After completing a duty, crew members must

take a minimum rest period before beginning a new one. The required rest time depends

on the duration of the previous duty, and it is known as the 8-in-24 rule Hall [2012]. This

6



limits flight time to a maximum of 8 hours within any 24-hour period. In addition, these

regulations ensure a minimum guaranteed payment for each duty, regardless of the elapsed

time. Incorporating these rules into the optimization model helps produce crew pairings

that are both realistic and compliant with operational and legal requirements.

Crew members are paid according to the amount of flight time they complete. Their

payment is based on two main factors: the total duty costs and a fraction of the pairing

elapsed time. Some studies in the literature consider only the pairing elapsed time to

estimate crew payments. However, in this study, both factors are incorporated to better

capture the complexities of real-world crew scheduling. There are two types of costs:

scheduled costs and operational costs. Scheduled costs are estimated based on scheduled

flight times. On the other hand, operational costs account for the real-time variations,

such as delays or unexpected changes in the schedule Schaefer et al. [2005b].

Set covering is well known in the literature for modeling problems where a collection of

subsets (in this case, feasible pairings) must be selected to cover the entire set (all scheduled

flights). Hence, the crew pairing problem is formulated as a set partitioning problem:

[P] : min
∑
p∈P

cpxp (1.1)

s.t.
∑
p∈P

aipxp = 1 ∀i ∈ F (1.2)

xp ∈ {0, 1} ∀p ∈ P (1.3)

The set F includes all flight legs that need to be covered by flight crews. Each pairing

p ∈ P is a sequence of flights or duties that a crew can operate. The parameter aip is 1

if flight i is included in pairing p, and 0 otherwise. The cost cp usually depends on total
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duration, labor cost, or other flight-related factors. The decision variable xp equals 1 if

pairing p is selected and 0 otherwise. The objective function 1.1 minimizes the total crew

costs. Constraint 1.2 ensures that each flight leg is covered exactly once. Lastly, constraint

1.3 is the domain constraint.

In practice, it is not possible to enumerate all pairings in advance. The number of possible

pairings can be very large. Hence, methods like column generation or Lagrangian relaxation

are used to deal with large-scale problem sizes.

1.3 Contributions and Thesis Content

The crew pairing problem under uncertainty has received significant attention in the litera-

ture. Some studies adopt robust optimization methods Antunes et al. [2019], Lu and Gzara

[2015], aiming to generate solutions that remain effective under worst-case scenarios. Oth-

ers rely on two-stage stochastic programming Yen and Birge [2006b], where uncertainty is

modeled through probability distributions. There are also deterministic approaches Schae-

fer et al. [2005b], Biswal [2024] that incorporate expected delay values into the planning

process.

Unlike many studies that use a simplified cost structure Yen and Birge [2006b], Sun et al.

[2020], this thesis applies a non-linear pay-and-credit scheme that includes both flight time

and flight connection times in duty costs. A duty network is used to reflect operational

constraints. In addition, a delay penalty term is added to the cost function to account for

the risk of disruptions. The delay penalty depends on the buffer times within duties. Buffer

time is calculated based on the minimum connection time and the arrival and departure

times of consecutive flights. The penalty is then computed using historical delay data
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and buffer time. This approach results in crew pairings that are more robust to schedule

uncertainties.

This thesis is organized as follows. Chapter 2 provides a comprehensive review of the

literature on crew pairing problems, particularly focusing on those involving uncertainty.

Chapter 3 defines the mathematical models employed in this study. The chapter also intro-

duces the delay averse model, which is designed to account for uncertainties in scheduling.

Chapter 4 explains the solution methodology, including the Lagrangian relaxation and cut-

ting plane approach. Chapter 5 presents the numerical results obtained from the proposed

models. It includes a sensitivity analysis, as well as simulation experiments to evaluate

solutions performance under different scenarios. Finally, Chapter 6 concludes the thesis

and discusses future research directions.
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Chapter 2

Literature Review

Crew scheduling problems are generally divided into two categories: crew pairing and crew

rostering. Crew pairing is generating pairings without considering individual crew needs.

Crew rostering assigns specific crews to flights while addressing individual requirements.

Studies in crew scheduling consider simple and complex pay structures. Simple methods

calculate crew payments based on flight time. More realistic approaches, like the pay-

and-credit (PAC) method, consider factors such as flight time, elapsed time, rest time, sit

times, and a minimum guaranteed payment, using the maximum value among them.
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Moreover, crew cost is calculated based on operational cost or planned cost. Planned costs

are based on scheduled departure and arrival times, while operational costs refer to the

actual costs during flight operations. These costs are an important aspect of crew pairing

under uncertainty, reflecting the real-world effects of operational disruptions.

Kohl et al. [2007b] provides an early review of airline disruption management. They identify

two main strategies for handling operational uncertainties: reactive and proactive solutions.

The reactive approach involves the airline operations center responding to disruptions as

they occur. Examples of decisions in this approach include adjusting cruise speed, utilizing

stand-by crews, performing crew swaps, or adding slack time to schedules. In contrast,

the proactive approach focuses on anticipating uncertainties, using methods like robust

optimization and stochastic programming to form crew schedules.

Sun et al. [2020] present a bicriteria optimization model and define a penalty function as a

measure of robustness. They combine expected departure and arrival delays with overtime

costs for crew members similar to Antunes et al. [2019]. While Antunes et al. [2019] assumes

that root delays and propagated delays are uncorrelated, Sun et al. [2020] uses a regression

model to account for the correlation between these delays. This improves their delay

estimations. The crew payment structure in their model is linear, with four components:

deadheading (flight time of crews as passengers), connection time, unit penalty for short

duty, and unit rest period. They include crew costs in their first objective. The second

objective function is used to minimize the deviations between the actual flight schedule and

the planned one. It consists of four components: the expected departure and arrival delays

for each leg, as well as the overtime for each duty and pairing. This objective serves as a

measure of robustness. They use the weighted sum method to transform their bi-objective

model into a single-objective problem. They then solve the model using column generation.

For their experiments, they use 2 years of flight data from a leading airline based in Hong

12



Kong.

To minimize the effect of delays, slack time between flights is commonly used in the liter-

ature. For instance, Ahmadbeygi et al. [2010] proposes a model to redistribute slack more

evenly across the network. The decision variables involve adjusting the departure times of

flights to balance slack distribution. Although they do not consider crew payments, their

objective function minimizes the total expected propagated delay. They propose two dif-

ferent models: single-layer and multi-layer. The single-layer model considers interactions

between two flights, while the multi-layer model accounts for the entire sequence of flights.

Their case study uses data from a major US carrier.

Schaefer et al. [2005b] addresses the crew pairing problem under flight time uncertainties

by estimating the expected cost of each pairing using a discrete event simulation. They

apply a pay-and-credit scheme to calculate crew payments and make two key assumptions:

planes are always available, and ground delays or push-backs are used for pairing recovery.

They introduce a penalty function to improve pairing performance by considering oper-

ational factors such as short sit times, rest times, long flying times, and elapsed times,

which are incorporated into the penalty function. Flights are grouped into short, medium,

and long categories, and flight times are estimated by fitting a distribution for the fleet.

Column generation is applied to solve the crew pairing problem by first enumerating all

pairings and calculating their expected costs. The objective function is modified with a

penalty for deviations from set thresholds for sit times, rest times, flying time, and elapsed

time, improving the pairing cost. Due to the problem’s non-convex nature, they use a

local search approach to find approximate solutions, starting with a deterministic solution

and adjusting penalty parameters iteratively. The solutions obtained using this penalty

method outperform the deterministic model with a smaller operational cost gap. The au-

thors test their assumptions about plane availability and recovery methods, finding that

13



the availability assumption has little effect on expected costs, while the recovery method

oversimplifies real-life options, especially at hub airports.

Yen and Birge [2006b] formulate a two-stage stochastic integer programming model for

crew pairing. In the first stage, they construct crew pairings, and in the second stage,

flight departure times are recourse decision variables. The objective is to minimize total

costs, including crew salaries and expected delay costs. Their model allows only flight

departure delays as a recovery action and does not account for violations of crew duty

rules. Additionally, it uses a simplified crew pay structure compared to the more complex

systems in North American airlines.

Ehrgott and Ryan [2002b] also proposes a bi-objective model to obtain robust yet cost-

effective crew pairings. They use the epsilon constraint method to solve their bi-objective

model and obtain the Pareto frontier. The first objective in their model is pairing cost,

which is mainly based on flight time and is linear. The second objective is related to

robustness and it penalizes short connection times. However, their approach to robustness

is relatively simple and overlooks other critical operational challenges that could lead to

delays.

Tam et al. [2011] compares two approaches for robust crew pairing. Building on Yen and

Birge [2006b] they propose a two-stage stochastic programming model. Following Ehrgott

and Ryan [2002b] they develop a bi-objective model. They develop a regression model

to estimate delays, which is then used to generate scenarios for their two-stage stochastic

programming model. Similarly, the regression model is used to estimate parameters for

the bi-objective model. They show that the bi-objective approach works well for moderate

delay costs, but their stochastic programming model is better for scenarios with higher

delay costs. They use Air New Zealand data for their case study.
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Shebalov and Klabjan [2006b] introduce a model based on the practical crew recovery

strategy of crew swapping. Their two-stage approach first minimizes crew pairing costs,

then finds a robust solution. The cost of the robust solution is within 1% of the optimal

cost of a deterministic solution. Unlike studies using flight time to calculate crew costs,

they use monetary values for calculating the crew payments in their computation analysis.

They use a combination of Lagrangian relaxation and the column generation method to

solve their model.

Gao et al. [2009] proposes an integrated approach to fleet assignment and crew scheduling

that aims to enhance operational robustness by incorporating fleet and crew base purity.

In this context, purity refers to limiting the number of fleet types or crew bases serving

a particular station. Fleet purity ensures that no more than a specified number of fleet

types operate at a given station, reducing aircraft dispersion and improving maintenance

planning, scheduling efficiency, and operational robustness. Crew base purity restricts the

number of crew bases serving a station, helping crews stay closer to their home bases, which

reduces deadheading, minimizes locked rotations, and improves recovery from disruptions.

Their study shows that implementing crew base purity leads to better crew scheduling,

fewer operational disruptions, and cost savings, all while simplifying the overall planning

process and enhancing computational efficiency.

Lu and Gzara [2015] develop a robust optimization model for the crew pairing problem.

They use a simplified crew payment structure which is based on the time away from base.

Their model is nonlinear due to the robustness-related components and is solved using

Lagrangian relaxation. Using European airline flight data, they conduct a case study,

incorporating robustness into both the objective function and the total allowable time away

from base constraint. This study is the first attempt to introduce robustness in airline crew

pairing problem. This study is notable as the first to introduce robust optimization to the
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airline crew pairing problem.

Antunes et al. [2019] also formulate a robust optimization model for the crew pairing

problem while incorporating the pay-and-credit method to calculate crew salaries. They

consider propagated delays to deal with flight disruptions. These propagated delays occur

when one flight’s delay causes subsequent delays for the same crew. They consider the

additional operation costs of crews due to propagated delays. They obtain robust solutions.

The model is reformulated as a standard set partitioning problem and solved using column

generation. They validate the quality of their solutions through simulation, using Virgin

America (VX) 2014 flight data in a case study.

The literature on crew pairing under uncertainty can be grouped by modeling approach,

payment method, and recovery strategy. Three main modeling approaches used in crew

scheduling are chance-constrained models, stochastic programming, and robust optimiza-

tion. In terms of crew payments, some studies use fixed payments, while others apply a

pay-and-credit scheme or calculate costs based on pairing elapsed time.

Our approach differs by adding a flight delay risk function to the objective, penalizing

duties that have insufficient buffer time to absorb delays. We work on a duty network,

treating flights within a duty as a sequence and handling duty connections differently. We

also perform a simulation analysis to calculate total propagated delays and evaluate the

performance of our solutions.
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Chapter 3

Modelling Crew Pairing

Optimization

In this chapter, we define the crew pairing problem under two cases: deterministic depar-

ture and arrival times and flight delays. In both cases, we adapt the pay-and-credit cost

function on the duty network. Section 3.1 provides the arc-based formulation for the case

of pay-and-credit crew pairing cost and deterministic arrival and departure times. Sec-

tion 3.2 provides the equivalent flow-based formulation. Section 3.3 introduces the delay

averse crew pairing optimization formulation where flights may experience delays due to

uncertainty in departure and arrival times.

3.1 Arc-Based Formulation

Let G = (N0, A0) represent the duty network. K is the set of all available crews, and F

is the set of all flight legs that need to be covered. The set of nodes N0, has three types
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of nodes: origin node, destination node, and duty nodes. Crew k ∈ K has a designated

origin node O ∈ N0 and a destination node D ∈ N0. The remaining nodes, denoted by i ∈

N ⊂ N0, correspond to duties that crews may be assigned to. Using the duty network, we

may incorporate duty restrictions, including the maximum allowable duty time, minimum

rest times, and minimum and maximum sit times. A duty i can only connect to duty j if

these restrictions are satisfied; otherwise, the arc linking them will not be created in the

network. Therefore, the set A0 only contains arcs between compatible duties that satisfy

all such temporal and regulatory constraints. Similarly, the arcs (i, j) ∈ A0 fall into three

categories: from a crew’s origin node O to a duty node j, from a duty node i to their

destination node D, and between two duty nodes i and j. We define A ⊂ A0 as the subset

of arcs that connect only pairs of duty nodes in N , i.e., (i, j) ∈ A if and only if i ∈ N ,

j ∈ N .

The parameter ∆fi represents the relationship between flight f and duty i; it takes a value

of 1 if duty i can cover flight f and 0 otherwise. Rest time tij is described as the difference

between the scheduled arrival time (SAT ) of the last flight of duty i and the scheduled

departure time (SDT ) of the first flight duty j. The parameters α ∈ [0, 1] and β ∈ [0, 1]

are weight coefficients used in the nonlinear cost structure of crew pairings. Specifically, α

is applied to the total duty elapsed times, while β is applied to the total pairing elapsed

time. The parameter θ represents the minimum guaranteed time for a duty.

Moreover the cost of duty i (bi) is calculated based on three factors: total flight time within

the duty, duty elapsed time, and minimum guaranteed time per duty. Duty elapsed time

(ei) is the total time spent on duty, including both the flight and sit times between flights.

It is calculated as the difference between SAT of the last flight and SDT of the first flight

within the duty. Total flight time (mi) is the cumulative time spent flying during the

duty. It is the summation of scheduled elapsed times (SET ) of all flights in the duty.

18



Lastly, crews are guaranteed a minimum payment (θ). The duty cost is then calculated as

a maximum of the following three components:

bi = max
{
mi, α× ei, θ

}
, i ∈ N (3.1)

The crew pairing cost is computed for crew k ∈ K as the maximum of two components.

The first component is for the total duty costs covered by crew k. The second component

incorporates the total costs associated with elapsed time ei for duty i and rest time tij

between duties. Overall, the second component equals the fraction of pairing elapsed time

for each crew. At the beginning of the planning horizon, the cost of traveling from the base

airport to any other airport is assumed to be zero. Similarly, at the end of the planning

horizon, returning to the base airport does not create any cost. However, the regular cost

applies if the crew visits the base airport during the pairing. We define decision variables

xkij, ∀(i, j) ∈ A0,∀k ∈ K to indicate that crew k is assigned to duty j after duty i. Before

solving the optimization model, we calculate duty costs (bi) using the cumulative flight

time (mi), duty elapsed time (ei) and the minimum guaranteed flight time θ as these three

parameters are given. We also obtain the connection times between consecutive duties tij

using the flight data. Then, we calculate the crew pairing cost for crew k as follows:

max

{ ∑
(i,j)∈A

bix
k
ij,

∑
(i,j)∈A

β(ei + tij)x
k
ij

}
, k ∈ K (3.2)

Table 3.1 provides a description of the sets, parameters, and decision variables used in the

arc-based formulation.
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Table 3.1: Description of Sets, Parameters, and Decision Variables

Sets

Symbol Description

N Set of duty nodes

A Set of duty connection arcs

K Set of crews indexed by k

F Set of flights indexed by f

Parameters

Symbol Description

bi Cost of duty i ∈ N

ei Elapsed time of duty i ∈ N

tij Rest time between duty i ∈ N and duty j ∈ N

∆fi Binary parameter equal to 1 if duty i ∈ N covers flight f ∈ F
mi Total flight time in duty, i ∈ N

α, β, θ Cost parameters

Decision Variables

Symbol Description

xkij Binary decision variable equal to 1 if duty j ∈ N is covered
after duty i ∈ N by crew k ∈ K, 0 otherwise

zk Decision variable for calculating the nonlinear pairing cost for
crew k ∈ K

The crew pairing problem is finding the minimum-cost set of pairings that covers all flights

at least once. The objective is to minimize the crew cost while satisfying connection

constraints. The following optimization model is the arc-based model:
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min
∑
k∈K

max

{ ∑
(i,j)∈A

bix
k
ij,

∑
(i,j)∈A

β(ei + tij)x
k
ij

}
(3.3)

s.t.
∑
k∈K

∑
(i,j)∈A0

∆fix
k
ij ≥ 1 ∀f ∈ F (3.4)

∑
j:(O,j)∈A0

xkO,j = 1 ∀k ∈ K (3.5)

∑
i:(i,D)∈A0

xki,D = 1 ∀k ∈ K (3.6)

∑
j:(i,j)∈A0

xkij −
∑

j:(j,i)∈A0

xkji = 0 i ∈ N, ∀k ∈ K (3.7)

xkij ∈ {0, 1} ∀k ∈ K, ∀(i, j) ∈ A0 (3.8)

The objective function 3.3 is min-max because it minimizes the maximum of two terms:

the total duty cost and part of the total elapsed time of each pairing. The objective is to

minimize total crew cost. The objective function is convex. By summing over all duties

and crews, constraint (3.4) guarantees that each flight is covered at least once. Constraints

(3.5)-(3.7) are flow balance constraints and are typical in multicommodity network flow

problems. They ensure that the crew pairings are connected to each other and that the

pairings start and end at a crew base. Constraint (3.8) is the domain constraint.

We define an auxiliary variable zk for crew k ∈ K, which will be utilized to linearize the

objective function for crew pairing cost calculations.
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min
∑
k∈K

zk (3.9)

s.t (3.4), (3.5), (3.6), (3.7) (3.10)

zk ≥
∑

(i,j)∈A

bix
k
ij ∀k ∈ K (3.11)

zk ≥ β
∑

(i,j)∈A

(ei + tij) ∀k ∈ K (3.12)

zk ≥ 0 ∀k ∈ K (3.13)

Constraints (3.11) and (3.12) are for non-linear crew pairing cost calculations where the

cost of a pairing is the maximum of total duty cost or β times pairing elapsed time.

3.2 Path Based Formulation

In the path-based formulation, we introduce two additional sets. Let P denote the set of

all feasible pairings, where pairing p ∈ P represents a sequence of duties that a crew may

be assigned to. For pairing p, we define Dp as the subset of duties that are included in

pairing p. That is, Dp ⊆ N contains only the duty nodes covered by pairing p.

As discussed in Section 3.1, the pairing cost is calculated as the maximum of total duty

costs and pairing elapsed time. For pairing p, the pairing elapsed time Tp is the total time

from the start of the first duty to the end of the last duty in the pairing.

cp = max
{∑

i∈Np

bi, β × Tp

}
, p ∈ P (3.14)
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For each pairing p ∈ P , we define a binary decision variable xp, which takes the value 1

if pairing p is selected and 0 otherwise. Let afp be a binary parameter equal to 1 if flight

f ∈ F is covered by pairing p ∈ P , and 0 otherwise.

Table 3.2: Description of Sets, Parameters, and Decision Variables

Sets

Symbol Description

P Set of pairings, indexed by p

Dp Set of duties in pairing p ∈ P , indexed by i

Parameters

Symbol Description

cp Cost of using pairing p ∈ P
afp Binary parameter equal to 1 if flight f ∈ F is in pairing p ∈ P
Tp Pairing elapsed time, p ∈ P

Decision Variables

Symbol Description

xp Binary decision variable equal to 1 if pairing p ∈ P is selected,
0 otherwise

ηp Cost of pairing p ∈ P
ψip Cost of duty i ∈ D within pairing p ∈ P

Table 3.2 provides a description of the sets, parameters, and decision variables used in the

path-based formulation. Then, the path-based formulation is given by:

min
∑
p∈P

max
{∑

i∈D

bi, α× Tp

}
xp (3.15)

s.t.
∑
p∈P

afpxp ≥ 1 ∀f ∈ F (3.16)

xp ∈ {0, 1} ∀p ∈ P (3.17)
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Each flight must be covered at least once, and constraint (3.16) ensures that all flights in

the network are assigned to a crew. Constraint (3.17) is the domain constraint.

To linearize the objective function, we introduce auxiliary variables for the inner maximum

expression. Let ηp represent the total cost for each pairing. Since the duty cost is a

maximum of three components, we define another auxiliary variable ψip for the duty cost

within a pairing p. This will lead to the following mathematical model with flight coverage

constraints.

min
∑
p∈P

ηp (3.18)

s.t. (3.16), (3.17) (3.19)

ηp ≥ βTpxp ∀p ∈ P (3.20)

ηp ≥
∑
i∈Dp

ψip ∀p ∈ P (3.21)

ψip ≥ mixp ∀p ∈ P, ∀i ∈ D (3.22)

ψip ≥ αeixp ∀p ∈ P, ∀i ∈ D (3.23)

ψip ≥ θxp ∀p ∈ P, ∀i ∈ D (3.24)

ηp ≥ 0 ∀p ∈ P (3.25)

ψip ≥ 0 ∀p ∈ P, ∀i ∈ D (3.26)

Constraints (3.20) - (3.24) capture the min-max cost calculation. The pairing cost ηp is

equal to the maximum of the right-hand side of (3.20) - (3.21). Similarly, the duty costs

ψip are calculated by constraints (3.22) - (3.24) and equals the maximum of the flight time,

a fraction of the duty’s elapsed time, and the guaranteed minimum pay. Lastly, there are

domain constraints (3.26).
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3.3 Delay Averse Crew Pairing Optimization

In Section 3.1 and 3.2, the flight arrival and departure times are assumed to be known

and fixed. This deterministic case is referred to as the nominal case. In reality, there is

significant uncertainty in flight operations. The actual arrival, departure, and flight times

are frequently different from the scheduled ones, resulting in delays. Flight delays not only

cause disruptions to flight schedules and passenger inconvenience but also impact crew

costs, a significant portion of total airline costs. Crews are paid based on actual duty

and pairing costs and not on scheduled ones. Crew pairings that are prone to disruption

due to delays may lead to a significant increase in actual pairing cost. In this section, we

incorporate delay by adding a delay penalty function to the objective function.

We define the set of flights Fi in duty i as an ordered set: Fi = {1, 2, . . . , l}, i ∈ N ,and

the buffer time (ρf,f+1) for consecutive flights f and f + 1 is calculated as:

ρf,f+1 = SDTf+1 − SATf − τ, (3.27)

where τ is the minimum sit time. We define φi as the excess delay when the delay exceeds

the buffer time. We calculate a cumulative duty delay cost component φi as follows:

φi =
∑
f∈Fi

(max {0, (df − ρf,f+1)})2 , i ∈ N (3.28)

where df is the delay estimate of flight f and ρf,f+1 is the buffer time between consecutive

flights in a duty. For example, if the first flight arrives at 12:00 PM and the following flight

departs at 1:30 PM, with a minimum sit time of 60 minutes, the total connection time is 90

minutes, and the buffer time is 30 minutes. Assume that the first flight has a delay estimate

of 40 minutes. In this case, the delay penalty for this duty is φi = (max{0, 40−30})2 = 100.

We introduce the delay averse crew pairing optimization model below.
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min
∑
k∈K

zk + γ
∑
k∈K

∑
(i,j)∈A

φix
k
ij (3.29)

s.t (3.4)− (3.13) (3.30)

The objective function (3.29) minimizes the total cost, including the scheduled crew pairing

and the delay penalty. Lastly, γ is a weighting factor to capture the trade-off between

scheduled cost and delay penalty cost. A higher value of γ penalizes shorter connections

between flights with higher delays. With the new objective function, we minimize the

scheduled crew costs and the delay related risks.

In Chapter 4, we present the solution methodology, in which we apply Lagrangian relax-

ation to decompose the problem into subproblems and use a cutting-plane algorithm to

solve the Lagrangian master problem.
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Chapter 4

Solution Methodology

Column generation is a well-established methodology for crew pairing optimization. We

adopt this methodology to solve the delay averse crew pairing model of Section 3.3. In

Section 4.1, we apply Lagrangian relaxation and derive the Lagrangian dual problem and

the subproblem. In Section 4.2, we detail the solution of Lagrangian dual problem using

cutting plane method.

4.1 Lagrangian Relaxation

We relax the flight coverage constraint 3.4 and apply Lagrangian relaxation using variables

λf ≥ 0 f ∈ F ,. This constraint is complicated as it couples all crews k ∈ K by requiring

that each flight be covered. By relaxing it, we can decompose the integer programming

model. We obtain the following Lagrangian problem:
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[LR] : min
∑
k∈K

zk +
∑
f∈F

λf

(
1−

∑
k∈K

∑
(i,j)∈A0

∆fix
k
ij

)
(4.1)

s.t. (3.5) to (3.13)

The Lagrangian problem (LR) decomposes into |K| subproblems, for each crew k ∈ K.

[SPk] : min zk −
∑

(i,j)∈A

∑
f∈F

λf∆fix
k
ij (4.2)

s.t.
∑

j:(o,j)∈A0

xko,j = 1 (4.3)

∑
i:(i,d)∈A0

xki,d = 1 (4.4)

∑
j:(i,j)∈A0

xkij −
∑

j:(j,i)∈A0

xkji = 0 ∀i ∈ N (4.5)

zk ≥
∑

(i,j)∈A

bix
k
ij (4.6)

zk ≥ β
∑

(i,j)∈A

(ei + tij)x
k
ij (4.7)

xkij ∈ {0, 1} ∀(i, j) ∈ A (4.8)

zk ≥ 0 (4.9)

Subproblem SPk, k ∈ K is a shortest path problem with a min-max cost function, and we

discuss its solution in Section ??.

Furthermore (LR) provides a lower bound on the optimal solution of the delay averse crew

pairing problem (DA-CPP). The best such lower bound is given by the Lagrangian dual

problem:
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[LD] : max
λf≥0

∑
f∈F

λf +
∑
k∈K

{
min
z,x

zk −
∑

(i,j)∈A

∑
f∈F

λf∆fix
k
ij :(4.3)− (4.9)

}
(2.2)

In section 4.2, we discuss the calculation of the Lagrangian bound.

4.2 Cutting Plane Algorithm

Subproblems SPk, k ∈ K are identical since all crew k ∈ K have the same origin, desti-

nation, and payment scheme. Let P denote the set of feasible pairings for subproblem k.

For each pairing p ∈ P , define xpij as a binary parameter that takes value 1 if the duty

connection (i, j) is in pairing p ∈ P , and 0 otherwise.

Then, Lagrangian master problem can be formulated as follows:

[MP ] : max
∑
f∈F

λf + |K|µ (4.10)

s.t. µ ≤ zp −
∑

(i,j)∈A0

∑
f∈F

λf∆fix
p
ij ∀p ∈ P (4.11)

λf ≥ 0 ∀f ∈ F (4.12)

The Lagrangian master problem is solved iteratively using a cutting plane algorithm. The

solution path found from the subproblems are added as cuts in constraint (4.11). Recall

that ∆fi is a binary parameter and is 1 if flight f ∈ F is covered by duty i,∈ N . Then,

we solve the Lagrangian master problem to obtain new λ values and use them to resolve

the subproblems. The upper bound (UBt) at each iteration t is calculated as follows:
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UBt =
∑
f∈F

λ̄f + |K|µ̄ (4.13)

where λ̄f and µ̄ are the optimal solution of Lagrangian master problem at iteration t.

Lower bound (LBt) at each iteration t is calculated as follows:

LBt = max

{
LBt−1,

∑
f∈F

λ̄f +
∑
k∈K

z̄k −
∑
k∈K

∑
(i,j)∈A0

∑
f∈F

x̄kijλ̄f∆fi

}
(4.14)

where LBt−1 is the lower bound obtained in the previous iteration. z̄k and x̄kij are the

optimal solution of subproblem at iteration t. This cutting plane algorithm continues until

the following convergence criteria is satisfied.

|UBt − LBt|
LBt

< ϵ, (4.15)

where ϵ is equal to 10−4. After the cutting plane algorithm converges, we solve the path-

based formulation to obtain an integer solution using the generated set of paths.
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min
∑
p∈P̄

ηp (4.16)

s.t.
∑
p∈P̄

afpxp ≥ 1 ∀f ∈ F (4.17)

ηp ≥ βTpxp ∀p ∈ P̄ (4.18)

ηp ≥
∑
i∈Dp

ψip ∀p ∈ P̄ (4.19)

ψip ≥ mipxp ∀p ∈ P̄ , ∀i ∈ D (4.20)

ψip ≥ αeipxp ∀p ∈ P̄ , ∀i ∈ D (4.21)

ψip ≥ θxp ∀p ∈ P̄ , ∀i ∈ D (4.22)

xp ∈ {0, 1} ∀p ∈ P̄ (4.23)

ηp ≥ 0 ∀p ∈ P̄ (4.24)

ψip ≥ 0 ∀p ∈ P̄ , ∀i ∈ D (4.25)

The above formulation represents the restricted path formulation, which considers a limited

subset of feasible pairings P̄ . We first check the original problem’s feasibility, then solve

the restricted path formulation, as feasibility is not guaranteed.
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Algorithm 1 Cutting Plane Algorithm

1: Input: Lagrangian multipliers λ, epsilon ϵ, weighting factor for delay penalty γ
2: Output: Upper bound UB, lower bound LB, paths H
3: while |UB−LB|

LB
> ϵ do

4: Compute reduced costs using λ̄
5: Solve Subproblem
6: Obtain zp, xp

7: Update Master Problem:
8: Add cuts µ ≤ zp −

∑
(i,j)∈A

∑
f∈F λf∆fix

p
ij ∀p ∈ P

9: Solve Master Problem with updated cuts and obtain λ̄f , µ̄
10: Calculate UB =

∑
f∈F λ̄f + |K|µ̄

11: Calculate LB = max

{
LB,

∑
f∈F λ̄f +

∑
k∈K z̄

k −
∑

k∈K
∑

(i,j)∈A0

∑
f∈F x̄

k
ijλ̄f∆fi

}
12: end while
13: Return UB, LB, H

In Chapter 5, we apply the solution methodology to a real-world instance from Endeavor

Airlines for the year 2019. We conduct simulations to further evaluate the solution.
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Chapter 5

Case Study

In this chapter, we analyze the performance of the delay averse crew pairing model. We

use data from the Bureau of Transportation Statistics (BTS) form flight schedules and

the corresponding flight and duty network. We then apply the cutting plane algorithm to

obtain bounds on the Lagrangian dual. Using the paths generated in this algorithm, we

solve the restricted path-based formulation to find the optimal crew pairings. We perform

extensive testing under multiple parameter settings and conduct sensitivity analysis to

examine variations in the objective for the nominal and delay averse cases.

To evaluate the effectiveness of the model, we perform simulations that incorporate delay

realizations and track propagated delays. The results indicate that our delay averse model

significantly reduces delay propagation, leading to more stable schedules.
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5.1 Experimental Setup

For our analysis, we work with a 60-crew instance for Endeavor Airlines, covering the

period from December 2 to 5, 2019. This dataset is retrieved from BTS and includes

detailed flight information, such as flight numbers, scheduled and actual departure/arrival

times, delays, and cancellation status. We focus on the most frequent flights to ensure a

representative sample of the airline’s operations. The instance consists of 243 flights across

25 airports, with John F. Kennedy International Airport (JFK) serving as the crew base.

Based on the flight schedule, we construct the flight network, ensuring that connections

respect operational constraints such as minimum sit times. From this network, we generate

all possible duties with respect to constraints on the maximum duty elapsed time and the

minimum duty connection time. After generating duties, we apply a depth-first search

(DFS) algorithm to identify and remove disconnected duties from the network. This pre-

processing step significantly reduces the network size, improving computational efficiency

in later optimization steps. In the end, the instance includes 479 duty nodes, with the

crew base serving as the origin and destination. Duty costs are computed based on flight

times and sit times between connected flights. We use the parameter values in Table 5.1 to

determine the crew pairing costs. All computations are performed on a 13th Gen Intel®

Core™ i9-13900H 2.60 GHz processor with 16GB RAM.

Table 5.1: Crew pairing model parameters
Parameter Description Value

α Weight for pairing elapsed time 0.9
β Weight for duty elapsed time 0.8
θ Minimum duty length (minutes) 200
τ Minimum sit time between consecutive flights (minutes) 60
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5.2 Computational Testing

We apply Lagrangian relaxation and compute the Lagrangian bound using a cutting plane

algorithm. We use different delay estimates df in the numerical analysis to account for

varying levels of delay. We test three different values for the weighting factor used in the

objective function (γ = 0, 5, 10). In Table 5.2, each row represents a different combination

of γ and delay percentiles corresponding to 90th and 99th percentiles (D90 to D99), and the

columns report the solution statistics. We report the upper bound (UB) and lower bound

(LB) on the Lagrangian bound obtained in the final iteration of the cutting plane algorithm.

IP (integer programming) denotes the objective value of the restricted path formulation.

Total Time refers to the overall runtime of the cutting plane algorithm. SPT represents

the total time spent solving the subproblems, and MPT indicates the time required to

solve the master problem. The optimality gap (Gap) is computed as the relative difference

between the IP and the Lagrangian lower bound.
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Table 5.2: Cutting Plane Algorithm Solution Statistics
Instance UB LB IP Gap % Nm of Itr Tot Tim SPT(s) MPT(s)
N 228933 228933 228933 0.00 241 15.32 3.72 2.41

γ = 5
D90 229741.2 229741.3 229741.3 0.00 246 14.02 3.46 2.55
D91 230070 230070.1 230070.1 0.00 245 13.49 3.71 2.76
D92 230240 230240 230240 0.00 228 12.93 3.43 2.66
D93 230585.3 230585.3 230585.3 0.00 255 15.06 4.21 3.04
D94 230965.6 230965.6 230965.6 0.00 240 14.33 3.99 2.87
D95 232365.3 232365.3 232365.3 0.00 237 14.53 4.01 2.97
D96 234356.6 234356.6 234356.6 0.00 248 15.60 4.37 3.14
D97 249100.4 249100.4 249455 0.001 258 16.39 4.79 3.22
D98 264975.46 264975.46 266307 0.005 233 14.68 4.16 2.93
D99 357656.31 357656.31 361269 0.01 247 16.00 4.63 3.10

γ = 10
D90 230522.5 230522.5 230522.5 0.00 247 15.49 4.31 3.14
D91 231180.1 231180.1 231180.1 0.00 236 14.66 4.03 2.91
D92 231520 231520 231520 0.00 239 14.82 4.02 3.02
D93 232210.7 232210.7 232210.7 0.00 241 14.99 4.20 2.98
D94 232966.7 232966.7 232966.7 0.00 231 14.41 3.87 2.86
D95 235748.1 235748.1 235748.1 0.00 252 16.19 4.76 3.16
D96 238977.4 238977.4 238977.4 0.00 247 16.02 4.56 3.17
D97 268635.65 268635.65 269174 0.002 240 15.20 4.20 3.07
D98 300569.18 300569.18 302688 0.007 236 18.93 5.38 3.60
D99 486499.10 486499.10 492408 0.012 237 21.28 5.87 3.90

In most cases, the Lagrangian bounds (UB, LB) are computed to optimality. For instances

with higher delay percentiles, the optimality gap ( |IP−LB|
IP

) is less than 0.01%. The cutting

plane algorithm converges in around 250 iterations. The total solution time for each

instance is under 20 seconds, with both the subproblem and master problem solve times

remaining below 6 seconds.

Table 5.3 summarizes the key cost components of the crew pairing solutions. These in-

clude the total pairing cost (TC), total flight time (TFT), total connection time (TCT)

between duties, total elapsed time (TET) of all duties, and the total deadheading flight

time (TDFT). We also report the delay cost associated with the nominal solution. Lastly,
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we present the two cost components used when calculating crew payments: Cost1, which

represents the total duty costs, and Cost2, which accounts for the fraction of pairing elapsed

time.

Let N∗ denote the set of duty nodes and A∗ the set of duty arcs used in the optimal

solution. For each duty i, the duty flight time TFTi is calculated as the sum of the flight

times of all flights in that duty. The total flight time (TFT) is then:

TFT =
∑
i∈N∗

∑
f∈Fi

SETf (5.1)

where Fi is the set of flights in duty i, and SETf is the scheduled flight time for flight f .

The total connection time (TCT) is calculated as the time difference between the arrival

time of the last flight in duty i (SAT l
i) and the departure time of the first flight in the next

duty j (SDT o
j ).

TCT =
∑

(i,j)∈A∗

(SDT o
j − SAT l

i) (5.2)

The elapsed time of a duty i (TETi) is the difference between the departure time of the

first flight and the arrival time of the last flight in the duty, and the total elapsed time

TET is:

TET =
∑

(i,j)∈N∗

(SAT l
i − SDT o

i ) (5.3)
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For deadheading (TDFT ), if any flight appears more than once in the schedule, we include

the additional flight times in the total deadheading time. This is calculated as:

TDFT =
∑

f∈DeadheadingFlights

SETf

The top section in Table 5.3 shows results for the nominal model, while the middle and

bottom sections correspond to the delay-averse model with γ = 5, 10, and df ranging

from 90th (D90) to 99th percentile (D99). We report percentage increases relative to the

nominal case. Specifically, the middle section shows results for γ = 5 and the bottom for

γ = 10. The delay estimate df was obtained using historical flight performance from the

year 2019 by matching each flight’s origin, destination, and scheduled departure time.
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Table 5.3: Sensitivity Analysis for γ = 0, 5, 10 and 90th-99th Delay Percentiles

(γ = 0)

Costs D90 D91 D92 D93 D94 D95 D96 D97 D98 D99

TC 228933 228933 228933 228933 228933 228933 228933 228933 228933 228933
DC 626.89 1006.6 1538.9 2136.8 3244 5795.6 11892 29750 159219 545901
TFT 29106 29106 29106 29106 29106 29106 29106 29106 29106 29106
TET 36368 36368 36368 36368 36368 36368 36368 36368 36368 36368
TCT 218002 218002 218002 218002 218002 218002 218002 218002 218002 218002
TDFT 2821 2821 2821 2821 2821 2821 2821 2821 2821 2821
TST 7262 7262 7262 7262 7262 7262 7262 7262 7262 7262
Cost1 53799.8 53799.8 53799.8 53799.8 53799.8 53799.8 53799.8 53799.8 53799.8 53799.8
Cost2 228933 228933 228933 228933 228933 228933 228933 228933 228933 228933

(γ = 5) (%)

Costs D90 D91 D92 D93 D94 D95 D96 D97 D98 D99

TC 0.01 0.01 0.01 0.01 0.01 0.02 0.35 0.35 0.43 0.52
DC -75.08 -77.95 -83.36 -84.79 -87.66 -88.33 -92.23 -86.74 -95.43 -95.2
TFT -0.46 0.81 -0.19 -0.46 -0.48 -0.45 0.31 1.46 -0.23 -0.53
TET 3.4 4.78 1.24 1.43 1.03 4.24 3.87 5.75 5.78 5.43
TCT -0.55 -0.78 -0.19 -0.23 -0.16 -0.68 -0.24 -0.55 -0.46 -0.3
TDFT -4.75 8.37 -1.95 -4.71 -5 -4.61 3.15 15.1 -2.34 -5.46
TST 19 21 7 9 7 23 18 23 30 29
Cost1 1.73 2.24 0.64 0.96 0.57 2.18 1.48 2.46 3.43 3.16
Cost2 0.01 0.01 0.01 0.01 0.01 0.43 0.35 0.35 0.52 0.52

(γ = 10) (%)

Costs D90 D91 D92 D93 D94 D95 D96 D97 D98 D99

TC 0.01 0.01 0.01 0.01 0.01 0.02 0.35 0.35 0.43 0.53
DC -75.07 -77.95 -83.36 -84.79 -87.66 -88.33 -92.23 -86.74 -95.43 -95.2
TFT 1.15 1.58 -0.08 -2.22 -0.48 -0.45 -0.46 0.36 -0.23 -1.37
TET 4.57 5.06 1.09 -4.75 1.03 4.24 1 3.13 5.78 1.23
TCT -0.75 -0.83 -0.17 0.81 -0.16 -0.68 0.24 -0.11 -0.46 0.4
TDFT 11.88 16.27 -0.78 -22.94 -5 -4.61 -4.75 3.76 -2.34 -14.14
TST 18 19 6 -15 7 23 7 14 30 12
Cost1 1.82 2.29 0.52 -1.64 0.57 2.18 0.84 1.57 3.43 1.33
Cost2 0.01 0.01 0.01 0.01 0.01 0.02 0.35 0.35 0.43 0.52

The main finding of this study is that incorporating delay risk costs yields delay-averse

solutions that significantly reduce overall delay. Since the total flight time remains un-

changed, the model shifts from selecting duties with shorter elapsed times to those with
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longer ones. This shift reflects a preference for schedules with more buffer time, which

helps mitigate the impact of delays.

When we look at the results presented in Table 5.3, we observe that solving the model

under different delay estimates results in only a slight increase in scheduled costs—at most

0.55% compared to the nominal case. On the other hand, the delay penalty cost is reduced

by over 70%, demonstrating the effectiveness of the delay-averse approach. We also note

that as duty elapsed times increase by 2–3%, the connection times between duties become

shorter.
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Figure 5.1: Sensitivity Analysis Results

Figure 5.1 summarizes the results of our sensitivity analysis and cost comparisons. The
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x-axis represents the delay estimate percentiles used in the model, while the y-axis shows

the corresponding cost components. As we vary the delay estimates, the Figure 5.1 il-

lustrates how the scheduled cost, delay penalty, and total cost components change. This

highlights the trade-offs between cost efficiency and delay robustness, and further supports

the benefits of incorporating delay risk into the crew pairing model.

From Figure 5.1, we observe that as the cost associated with delay increases, certain duties

are no longer selected by the model. As shown in Figure 5.1(d), total duty elapsed times

are longer in the delay-averse solutions. This is because the model prioritizes pairings with

longer sit times, allowing for more buffer time between consecutive flights, as illustrated in

Figure 5.1(l). Consequently, pairing elapsed times also increase, as seen in Figure 5.1(h).

In practice, these additional buffers help absorb delays and reduce the risk of further

disruptions in the schedule. As a result, the delay-averse model produces crew schedules

that are more resilient to delays compared to the nominal model.

Table 5.4: Flight coverage γ = 5, 10:

γ = 5 γ = 10

Flight Coverage Flight Coverage

1 2 3 4 1 2 3 4

D90 229 6 4 4 225 10 4 4

D91 225 11 3 4 222 15 1 5

D92 227 10 2 4 227 8 5 3

D93 229 7 2 5 230 8 1 4

D94 226 11 3 3 226 11 3 3

D95 228 8 3 4 228 8 3 4

D96 225 11 5 2 228 7 6 2

D97 223 11 7 2 224 12 5 2

D98 226 11 4 2 226 11 4 2

D99 227 9 5 2 227 11 4 1
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For the nominal case, 227 flights are covered only once, 10 flights are covered twice, 1

flight is covered three times, and five flights are covered four times. As shown in Table 5.4,

the delay averse model results in fewer deadheading assignments, even though we do not

directly penalize deadheading costs. Each row corresponds to a different delay estimate,

and the columns represent various values of γ.

5.3 Simulation

For each flight we match data from the BTS 2019 dataset using the scheduled arrival hour,

origin, and destination. This gives us historical delay data for each flight across the year.

We subtract the late aircraft delay from the arrival delay. This gives us the root delay.

This approach is also used in Antunes et al. [2019]. Root delays can also be negative. This

happens if a flight arrives earlier than the scheduled time or if the late aircraft delay is

larger than the arrival delay. In both cases, the resulting root delay becomes negative.

We use kernel density estimation (KDE) to simulate flight delays and fit it to root delays

using the SciPy library in Python. KDE is a non-parametric method to estimate the

probability density function (PDF) of a random variable. In our work, we estimate the

PDF of arrival delays. We do not assume any known distribution like normal or exponential

for flight delays. Instead, we use KDE to get the shape of the PDF directly from the data

following the approach in Biswal [2024]. This is helpful when a random variable does

not follow standard distributions. From each KDE fit, we generate 100 random root delay

samples. We add each root delay to the scheduled departure time (SDT) and the scheduled

elapsed time (SET) to get actual arrival times (AAT).

In addition to the baseline KDE fitting, we also generate different delay scenarios. Instead

of using the full delay data, we sample a subset of delays before fitting the KDE. In each
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scenario, we fit the KDE to a specific upper percentile of the sampled delays, which we refer

to as the p-th percentile KDE fitting. We define two groups in each scenario: R (regular

delays) and IR (irregular delays). Based on these groups, we create four additional scenario

groups. The first group includes 75% R and 25% IR samples, and we use the 70th, 80th,

and 90th percentiles. The second group uses a 50%–50% mix of R and IR, again with the

70th, 80th, and 90th percentiles. The third group includes 25% R and 75% IR samples

with the same percentiles. Finally, we consider a scenario with 100% IR delays only, using

the 70th, 80th, and 90th percentiles. These scenarios allow us to analyze the performance

of the solutions under different delay intensities.

We evaluate the simulations based on the realized Total Propagated Delay (TPGD), which

is calculated as follows:

TPGD =
∑
i∈N∗

∑
f∈Fi

pgdf , pgdf =

τ − (SDTf+1 − AATf ), if SDTf+1 − AATf < τ

0, otherwise

(5.4)

Here, pgdf is the propagated delay for each flight f in the pairings, SDTf+1 is the scheduled

departure time of the next flight f +1, AATf is the actual arrival time of the current flight

f , and τ is the minimum sit time between flights.

From the simulation runs, we can draw several key observations regarding the performance

of the delay averse approach. Specifically, we observe that the Total Propagated Delay

(TPGD) is, on average, better for delay averse solutions compared to the nominal approach.

The difference between the nominal and delay averse cases becomes larger, particularly in

the higher percentiles.
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In Tables 5.5 to 5.9, the performance of delay averse solutions are presented with values of

γ = 5 and γ = 10, respectively. When comparing these two solutions, we do not observe

significant differences between them. This indicates that increasing the delay aversion

parameter does not lead to improvements in the overall performance. This suggests that

the model is relatively stable with respect to changes in the delay aversion level, and the

choice of γ value has a diminishing effect.

In general, the delay averse solution gives lower total propagated delays (TPGD) by intro-

ducing more buffer time between flights within duties. This additional buffer time helps

prevent delays from propagating further through the schedule. Consequently, we observe

a reduction in duty connection times as the total available time for each duty is limited

and fixed. This allocation of time ensures that the crew has more flexibility to handle

minor delays and reduce the risk of significant disruptions in the flight schedule. The gap

between the nominal solution and the delay-averse solution is more significant in the right

tail of the TPGD distribution. This difference becomes more noticeable when considering

more severe delay scenarios.
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Table 5.5: Total Propagated Delays for 75R,25IR Scenarios with (70,80,90);pth represents
the pth percentile of the TPGD

pth 75R, 25IR-70 75R, 25IR-80 75R, 25IR-90

γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10

90 263.48 118.65 116.48 380.63 165.01 156.24 724.99 404.54 373.98

91 275.78 132.89 117.6 386.18 183.51 184.81 755.64 434.5 376.88

92 302.19 138.72 123.15 404.62 190.61 199.21 857.5 482.15 408.55

93 369.42 141.95 134.17 411.38 202.33 202.08 870.95 493.26 451.33

94 377.26 159.06 159.06 434.7 222.58 218.85 897.36 541.15 476.32

95 429.27 167.72 167.23 449.34 282.86 277.89 937.41 573.47 505.53

96 441.26 187.37 177.83 645 285.16 284.71 956.02 575.87 572.81

97 446.08 187.93 187.36 660.99 292.27 339.27 1196.69 612.76 575.77

98 521.6 191.99 187.92 776.13 341.82 592.22 1226.45 657.25 620.16

99 671.54 318.31 190.36 1097.23 659.48 623.11 1308.1 847.57 826.24

100 749.73 461.48 281.8 1322.8 771.1 653.36 1937.85 1294.83 1084.51
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Table 5.6: Total Propagated Delays for 50R,50IR Scenarios with (70,80,90);pth represents
the pth percentile of the TPGD

pth 50R, 50IR-70 50R, 50IR-80 50R, 50IR-90

γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10

90 363.42 211.93 145.89 541.85 416.06 356.75 1103.93 603.72 489.45

91 427.16 231.03 171.7 637.32 450.93 367.7 1129.66 612.83 544.18

92 476.5 287.84 172.8 645.46 456.96 399.58 1152.8 622.15 577.85

93 545.07 295.2 174.54 656.95 483.7 424.41 1167.25 662.69 580.55

94 560.64 304.02 187.73 694.53 498.77 450.7 1274.96 684.47 598.52

95 598.01 307.93 209.56 730.8 521.09 453.1 1302.94 785.47 630.27

96 715.32 308.17 233.92 753.25 524.06 453.53 1385.07 844.87 639.39

97 729.68 314.1 292.01 777.27 529.03 458.55 1437.86 899.03 698.37

98 880.8 340.34 340.34 924.68 531.06 496.37 1464.34 960.57 865.98

99 919.47 355.21 354.97 985.34 566 613.17 1851.01 1220.42 995.69

100 1081.58 409.44 385.67 990.55 599.9 614.17 2002.43 1221.59 1225.56

47



Table 5.7: Total Propagated Delays for 25R,75IR Scenarios with (70,80,90);pth represents
the pth percentile of the TPGD

pth 25R, 75IR-70 25R, 75IR-80 25R, 75IR-90

γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10

90 676.36 302.61 210.18 778.23 396.14 375.17 1076.94 540.55 524.95

91 729.14 314.64 242.41 808.92 426.22 381.41 1114.03 550.36 538.67

92 752.21 322.37 259.81 847.32 432.88 409.26 1216.8 604.12 565.31

93 859.7 336.61 275.72 857.96 453.42 421.61 1245.4 714.18 623.57

94 880.2 407.77 304.55 888.24 473.78 459.6 1292.33 727.6 655.6

95 938.43 429.91 355.69 920.15 512.92 507.03 1340.7 742.85 728.22

96 938.98 432.63 376.29 928.52 554.84 529.28 1395.78 759.86 762.5

97 944.66 489.41 426.41 991.17 565.79 557.49 1564.22 812.21 851.98

98 1080.12 493.99 432.02 1115.75 573.43 565.74 1636 890.38 995.14

99 1124.6 534.12 517.88 1297.78 602.47 577.24 1698.6 986.47 1070.61

100 1442.88 534.97 534.11 1619.25 1023.98 882.81 1948.81 1115.78 1135.22
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Table 5.8: Total Propagated Delays for 100IR Scenarios with (70,80,90);pth represents the
pth percentile of the TPGD

pth 100IR-70 100IR-80 100IR-90

γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10 γ = 0 γ = 5 γ = 10

90 441.61 254.21 281.99 703.52 350.13 297.16 1235.76 568.16 476.53

91 456.46 260.49 294.19 707.01 359.5 336.39 1263.02 575.33 482.02

92 463.53 282.73 304.24 718.62 442.2 340.4 1288.56 577.05 535.88

93 476.34 307.09 306.11 773.88 516.02 386.8 1303.04 584.98 589.49

94 486.32 327.8 313.64 792.89 526.73 573.79 1358.28 652.37 631.35

95 496.08 339.22 321.74 817.02 545.43 598.32 1382.32 663.05 693.38

96 558.24 382.63 338.18 876.92 584.76 606.07 1451.38 670.59 703.84

97 573.04 387.93 340.09 1048.99 632.69 628.58 1473.58 707.3 710.58

98 720.04 395.7 387.95 1264.63 861.38 798.68 1480.62 999.21 884.88

99 801.45 480.85 399.67 1301.57 881.45 849.21 1558.76 1106.24 944.57

100 1095.01 557.93 557.93 1400.98 911.89 881.14 1804.28 1182.22 1014.61

Table 5.9: Total Propagated Delays for 100R Scenario;pth represents the pth percentile of
the TPGD

pth 100R-0

γ = 0 γ = 5 γ = 10

90 172.74 85.37 101.04

91 193.04 115.24 119.61

92 198.84 122.37 122.37

93 237.08 146.41 146.88

94 268.99 160.02 166.43

95 295.99 172.58 172.58

96 484.28 215.26 215.63

97 536.02 295.53 306.78

98 846.45 306.45 374.93

99 933.51 393.51 393.51

100 1004.48 464.48 464.48
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Figure 5.2: Total Propagated Delays for 75R,25IR Scenarios (70,80,90)

Figure 5.3: Total Propagated Delays for 50R,50IR Scenarios (70,80,90)
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Figure 5.4: Total Propagated Delays for 25R,75IR Scenarios (70,80,90)

Figure 5.5: Total Propagated Delays for 100IR Scenarios (70,80,90)
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Figure 5.6: Total Propagated Delays for 100R
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Chapter 6

Conclusions

This study focuses on reducing the gap between scheduled and actual crew costs. To

achieve this, we develop a mixed-integer programming model that builds reliable crew

pairings by accounting for flight delay uncertainty. We incorporate a pay-and-credit-based

crew payment structure built on a duty network. This structure accounts for factors such as

duty length, elapsed time, and guaranteed minimum pay. Traditional deterministic models

typically neglect the impact of flight delays. To incorporate flight delays, we calculate delay

penalties for each flight using buffer times, which are determined based on flight delay

estimates and minimum connection time requirements. These penalties are then summed

to calculate the total delay cost for each duty. This cost penalizes duties with insufficient

buffer times between flight connections.

The crew pairing problem becomes complex due to the number of possible pairings. To

solve this, we apply Lagrangian relaxation by relaxing the flight covering constraint, and

we decompose the problem into |K| subproblems. To solve the Lagrangian master problem,

we use a cutting-plane algorithm to obtain bounds on the Lagrangian dual problem. The
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paths generated during this algorithm are used to solve the path-based formulation and

obtain integer solutions.

We test the nominal and delay-averse model on a 60-crew instance from BTS. In the

numerical experiments, we use three values for the delay penalty weight γ: 0, 5, and 10,

where γ = 0 represents the nominal case. For each duty, delay penalty costs are calculated

using delay estimates from the 90th to 99th percentiles of each flight’s empirical delay

distribution. Our findings demonstrate that incorporating delay risk costs significantly

reduces overall delay risk. The model shifts its preferences from shorter duties to those

with longer elapsed times, increasing the buffer between flights and reducing the risk of

delay propagation.

We use propagated delays as a recovery method in the simulation to assess solution quality.

This allows us to evaluate how well the schedules perform under realistic delay scenarios.

We compare the total propagated delay of the delay-averse model against the nominal

model. Simulation results show that the delay-averse model enhances operational stability

by producing more resilient schedules.

This work contributes to the optimization of airline operations by integrating operational

constraints, payment structures, and delay aversion into the crew pairing process. This

work builds on Biswal [2024], who used flight networks and survival analysis to predict

delays and adjust nominal pairing costs. While we adopt their simulation framework, our

model differs by operating on duty networks, treating duties as full sequences of flights

rather than isolated connections. The model can be extended to account for more complex

airline regulations and additional factors, such as crew rest requirements. Future research

could further test the model’s scalability with larger datasets and explore advanced statis-

tical methods for predicting delays.
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