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Abstract

We present an analytical formalism based on the concept of discrete differential forms and
Hodge theory as a framework for understanding geometrically frustrated magnetism. The primary
insight is to treat spins as a 1-form field, for which we define the Helmholtz Hodge decomposition
of spin configurations into rotational, irrotational, and harmonic components. As a physical
example of its application, we demonstrate how nearest neighbor spin ice—the canonical model
of a geometrically frustrated magnet—and its generalizations extended and dipolar spin ice fall
neatly within this framework. Our framework clarifies analytically the dumbbell approximation of
dipolar spin ice and its relation to projective equivalence, and allows us to write down the first
order correction which captures the lifting of rotational mode degeneracy by the dipole interactions
We demonstrate how polarized neutron diffraction cross sections can be interpreted within this
framework, and in particular how it can be utilized to isolate correlations of the rotational modes.
We then construct a new frustrated magnetic model which is complementary to nearest-neighbor
spin ice, but whose low temperature spin liquid phase can be described as a 2-form gauge theory
with 1-dimensional string-like excitations. Finally, we consider anisotropic Heisenberg models
and show that Coulombic physics can be observed in the spin wave fluctuations of a frustrated
magnet in a long range ordered phase.
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Chapter 1

Introduction

At the heart of physics, lies geometry. Perhaps the most fundamental physical observation about the
world we live in is its geometry: the universe is, at least locally to us humans, a three dimensional
Euclidean space. This basic fact forms the basis for Newtonian mechanics and all of the classical
mechanics that follows from it. Einstein took this geometric picture of physics to the extreme, and
showed that the universe is in fact described as a curved four dimensional pseudo-Riemannian
manifold with the theory of General Relativity. In doing so physicists were confronted with
the mathematical description of smooth geometric spaces, the language of differential geometry,
whose objects of study are smooth manifolds and their geometric structure. But this language
of smooth geometry is by no means confined to the study of General Relativity, and indeed
suffuses many areas of physics, especially when it comes to describing field theories, which
describe fluctuating collective degrees of freedom filling space. Field theory is perhaps the most
powerful tool physicists have for describing the universe, encompassing everything from classical
electrodynamics and fluid flow, to quantum field theory and the Standard Model of particle physics.

The primary insight of interest to us from differential geometry is the use of differential forms
to describe physical quantities. A differential form is a natural generalization of a function on a
manifold which properly encodes the physicist’s notion of a density. Although differential forms
are largely excluded from undergraduate physics curriculum in favor of vector calculus, they are
a more natural mathematical object to use even from a physical perspective. Take for example
classical electromagnetism. The electric field 𝐸 and the magnetic field 𝐵 in the vector calculus
language are both treated as vector fields, but these are quite different quantities. The electric field
can be integrated along a 1-dimensional contour to obtain the net work required to displace a unit
charge (a 0-dimensional object) along that contour, thus 𝐸 should be understood as a so-called
1-form. On the other hand, integrating 𝐵 along a contour is less sensical, instead 𝐵 should be
integrated over a 2-dimensional surface to obtain the total flux through that surface, and thus
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Symbol Name SI unit Degree Differential Form Description
𝐸 Electric Field V/m 1-form Work per unit charge per unit length
𝐻 Magnetic Field A/m 1-form Work per unit charge per unit length
𝐷 Electric Induction C/m2 2-form Electric flux per unit area
𝐵 Magnetic Induction Wb/m2 2-form Magnetic flux per unit area
𝑗 Current Density A/m2 2-form Current per unit area
𝜌 Charge Density C/m3 3-form Electric charge per unit volume

Table 1.1: A summary of the differential forms appearing in Maxwell’s equations and their
physical interpretation. See [1] for a pedagogical introduction.

𝐵 is a 2-form. In Table 1.1, we summarize the primary quantities playing a role in Maxwell
electromagnetism and their differential form interpretation. Notice that even the SI units reflect
their meaning as forms!

In the study of condensed matter systems, however, the use of a continuum field description
is often somewhat ill-defined, because the underlying systems we are interesting in describing
are fundamentally discrete collections of atoms in a material. Field theories in condensed matter
are often justified through a coarse-graining prescription or long-wavelength approximation, and
such approaches are hugely powerful through the application of renormalization techniques, but it
is often desirable to have an intrinsic description of our system at the microscopic level without
losing any information in the process of coarse-graining or integrating out short wavelength
degrees of freedom.

Mathematicians, on the other hand, generally have no issues working with discrete spaces and
systems. Indeed discrete spaces can often be more powerful to the mathematician because they
avoid the numerous issues when trying to deal directly with the continuum. This is most clear in the
field of combinatorial topology, which seeks to define topological invariants to classify topological
spaces often based on discrete structures. In general, the topological properties of a space may be
independent of its smooth structure (i.e. the “differential” part of “differential geometry”), and can
be computed more easily by considering a triangulation of the space. Thus, a triangle (without
interior) is topologically a circle and a tetrahedron (without interior) is topologically a sphere. The
most famous such topological invariant is the Euler characteristic, 𝜒 =

∑𝑑
𝑘=0(−1)𝑘𝑛𝑘 , where 𝑛𝑘 is

the number of 𝑘-dimensional “faces” (0-dimensional vertices, 1-dimensional edges, 2-dimensional
faces, etc.) of a discrete topological space and 𝑑 is its dimension. The next most basic topological
invariants are the homology groups (originally introduced by Emmy Noether) which classify
the 𝑘-dimensional holes in a topological space and are most straightforwardly computed from a
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triangulation of a space [2]. The next step in this topological hierarchy is cohomology, which
in its most basic conception is defined using differential forms, where it is referred to as de
Rham cohomology and is a central object of study Hodge theory [3]. Hodge theory studies the
topology of manifolds by studying the kernel of the Laplace operator, and many of these ideas
were brought over to mathematical physics by Michael Atiyah to study Yang Mills theory [4] and
later topological quantum field theories [5, 6] and more [7]. Much of Chapter 3 will be devoted to
laying out the basics of discrete Hodge theory using discrete versions of smooth differential forms,
which could be called “discrete forms” but are called “cochains” by mathematicians [3].

Returning now to physics, the study of discrete versions of field theories has a long history
stemming from the desire to study non-perturbative effects in quantum chromodynamics (QCD)
and non-Abelian Yang Mills theory dating back to the work of Wilson [8, 9] and Creutz [10, 11].
Furthermore, the study of topology in condensed matter has exploded in the past two to three
decades [12–21], and a number of recent works have attempted to construct topologically ordered
phases using discrete building blocks [22–24], which has a similar flavor to what we will present
here.

In this thesis, we will motivate the use of a discrete differential forms based on Hodge theory
to describe the physics of geometrically frustrated magnets, with the primary insight being that in
a certain class of models called ice models, the spin degrees of freedom should be treated as a
discrete 1-form field. The basis for this perspective already exists in the literature, starting from
the construction of a lattice gauge field description of quantum spin ice [25]. We will take a step
back and demonstrate that the underlying classical systems are already described very naturally in
the language of discrete differential forms. This will allow us to unify a number of results in the
field in a single framework based on discrete Hodge theory, which will be described in Chapter 3.
We will then, in Chapter 4, show how this perspective allows us to understand neutron scattering
cross sections, and motivate the use of neutron polarization analysis as a tool to study certain
aspects of these systems. In Chapter 5, motivated by the insights gleaned from the discrete Hodge
perspective, we will introduce a new frustrated magnetic model which has novel properties. Lastly,
in Chapter 6, we will study the physics of frustrated magnets in an ordered phase using the same
ideas to expose non-trivial behavior in the low-temperature excitations around a classical ground
state.

1.1 From Electrons to Classical Spin Models

If there is one slogan for condensed matter physics, it is “emergence.” Down at the Planck scale,
we know that our standard understanding of the universe in terms of continuum fields and smooth
space must break down, but we can’t say what the physics at that scale really looks like. On the
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scales that we can probe, however, particle physics has classified essentially all of the building
blocks of matters, described in the Standard model by quarks, electrons, neutrinos, gauge bosons,
and the Higgs boson. We know that quarks bind into hadrons, and that hadrons then form atomic
nuclei, which bind with electrons to form atoms, which bind together to make the world around us.
The fundamental degrees of freedom and forces once we have arrived at the scale of a condensed
matter system (say, an angstrom) are essential just nuclei, electrons, and photons. Quarks and
gluons are confined, weak force carriers are heavy with a lengthscale less than the nuclear distance,
neutrinos are anti-social, and all the heavier generations are too unstable to matter at the scale of
condensed matter physics, so the nuclei, electrons, and photons are all we have. And yet with
such basic building blocks an endless host and variety of complex phases and phenomena emerge
through strong correlations and collective behaviors. Apparently nuclei, electrons, and photons are
more than enough to obtain emergent phases of matter more complex than particle physicists ever
dreamed possible. It seems likely, at least to the author, that the frontiers and great unknowns of
the Planck scale and quantum gravity will inevitably be pushed forward by the study of emergent
phenomena in condensed matter systems [26].

In this thesis, we will discuss a few of the phenomena of frustrated magnetism. In doing so, we
will encounter emergent quantum electrodynamics, which motivates us to develop a theory based
on treating spins as 1-forms, and we will eventually even see an emergent 2-form gauge theory,
which has no analogues in the Standard Model. But before we dive into frustrated magnetism we
will quickly sketch the path from electrons to the spin models we will be studying.

1.1.1 Pyrochlore Rare-Earth Magnets

Electrons in condensed matter come in two forms: localized or delocalized (insulating or
conducting). We will only be studying localized degrees of freedom, but it is worth mentioning
that some of our results may apply to delocalized systems as well. In the delocalized case one
can either start from a perspective of nearly-free electrons moving in the potential induced by the
nuclei (usually forming a crystalline lattice), or start from a simple tight-binding approximation
where electrons hop from atom to atom.1 Almost all of the emergent phenomena of condensed
matter physics can then be understood as collective behaviors of a sea of electrons interacting via
Coulomb interactions, both with the lattice and with each other. The emergent behaviors are strong
correlation effects induced by a combination of interactions and quantum entanglement effects in
the many body wavefunction. In principle, a wide range of such systems can be understood via the

1Electrons in fully filled shells of the atoms generally do not contribute to the many body physics. This warrants a
slight restatement that condensed matter physics is built upon atomic nuclei, electrons, and photons. A more precise
list would be ions with closed shells, electrons in unfilled shells, and photons. Indeed we don’t usually deal with the
photons directly, instead they simply mediate the practically instantaneous Coulomb potential.
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Hubbard interaction, the on-site Coulomb repulsion of two electrons with opposite spin (same
spin being forbidden by Pauli). In practice, the ground state of such a many body system can
be studied through a combination of density functional theory plus various methods for treating
interactions such as dynamical mean field theory.

We will not be studying such systems, instead we start from a fully localized picture. Even
more specifically, our interest is magnetic rare-earth insulators, where the unpaired electrons sit in
a partially filled 𝑓 -shell, which can hold up to 14 electrons [27]. Starting from the single ion, the
electronic ground state is deduced phenomenologically according to Hund’s rules. Noting that
spin orbit coupling is strong for 𝑓 electrons, the free ion ground state is characterized by the total
angular momentum quantum number 𝑗 and has degeneracy 2 𝑗 + 1 due to rotational symmetry.
This ion then sits inside a lattice of other ions, which in the simplest crystal field approximation
are treated as point charges [28, 29], acting as an external potential for our rare-earth ion. This
potential reduces the symmetry and thus splits the 2 𝑗 + 1 single-ion ground state degeneracy into
a hierarchy of energy levels. In the case of the pyrochlore lattice, which is our primary interest,
the local symmetry group is 𝐷3𝑑 . For most of the Lanthanide (4 𝑓 ) ions in their 3+ ionization
state we are left with a well-isolated degenerate ground state doublet, in particular for Dy3+, Ho3+,
Er3+, Yb3+ [30], Pr3+ [31], Nd3+ [32], and Ce3+ [33]. The wavefunctions of this doublet is a linear
combination of the free ion ground states,

|±⟩ =
𝑗∑︁

𝑚=− 𝑗
𝑐
(±)
𝑚 | 𝑗 , 𝑚⟩ , (1.1)

where the gap to the first excited crystal field level is of the order 50-100K [30]. For temperatures
well below this, the excited crystal field levels become irrelevant to the low temperature physics.
In the case of Kramers ions (with an odd number of electrons) the ground state doublet degeneracy
is protected by time reversal symmetry, while for non-Kramers ions it can be lifted by effects
which lower the local symmetry further, primarily disorder or an external field.

1.1.2 Pseudo-Spin Hamiltonians

Once we have our ground state doublets, we are left with what amounts to an array of qubits.
The Hilbert space of any 2-state system is equivalent to the Hilbert space of a spin-1/2, so it is
convention to refer to the resulting system as a pseudo-spin. Since the pyrochlore lattice has a
single high-symmetry axis for each magnetic ion it is natural to choose this axis as the quantization
axis, and denote the operators on the Hilbert space by 𝑆𝑧 and 𝑆±. While these effective degrees of
freedom are not spins, they are related to the physical magnetic moment 𝒎 of the ion through the

5



𝑔-tensor [28],
𝑚𝛼 = 𝜇𝐵

∑︁
𝛽

𝑔𝛼𝛽𝑆𝛽, 𝑔 = 𝑔∥ 𝒛𝒛
𝑇 + 𝑔⊥(𝒙̂𝒙̂𝑇 + 𝒚̂ 𝒚̂𝑇 ), (1.2)

where 𝜇𝐵 is the Bohr magneton, 𝒛 is the local high-symmetry axis, and 𝒙̂ and 𝒚̂ are the local
orthogonal directions. The values of 𝑔∥ and 𝑔⊥ are generally determined experimentally.

We can now construct a Hamiltonian to describe the interactions of these qubits. The physical
interactions between the magnetic ions in pyrochlore insulators predominantly arise from either
super-exchange mediated by an intermediate non-magnetic oxygen ion or via long-range dipole-
dipole interactions. The various interaction pathways can be considered explicitly [34, 35], but
for our purposes and from a modelling perspective, it is sufficient to consider the most general
nearest-neighbor bilinear spin Hamiltonian which is consistent with the lattice symmetries. There
are three possibilities depending on which coefficients 𝑐(±)𝑚 are non-zero in Eq. (1.1), because the
| 𝑗 , 𝑚⟩ transform differently under the lattice symmetries for different 𝑚. They are referred to as
effective spin-1/2, dipolar-octupolar, and non-Kramers [36].

1.1.3 Classical Spins

In this thesis, we will almost entirely focus on classical approximations of the underlying quantum
pseudo-spin-1/2 Hamiltonians, for reasons which we will discuss rather extensively in Chapter 2.
There are essentially two approximations we work with: classical Ising models in Chapters 2 to 5
and classical anisotropic Heisenberg models in Chapter 6. The two correspond to very different
classical approximations. A classical Ising model can be viewed as a spin-1/2 system in which
there are no off-diagonal (non-commuting) terms in the Hamiltonian, and thus the eigenstates of
the Hamiltonian can be specified in the 𝑆𝑧 basis. These systems can thus be described by classical
Ising variables 𝑆𝑖 = ±1, where 𝑖 indexes the spins. Classical Heisenberg models, on the other
hand, can be understood as the 𝑆 → ∞ limit of a quantum spin, which can be represented by a unit
vector 𝑺𝑖 which can rotate continuously on the surface of a sphere. We will simply refer to the
pseudo-spins as spins from here on and primarily think of them as classical spins, because in the
cases of interest to us the classical approximation is highly accurate and a thorough understanding
of the classical models allows for a more detailed understanding of where the quantum effects
truly come into play.2

2To be specific, the classical spin ice compounds which we will discuss have large- 𝑗 ground states, with the the
dominant terms in the doublet Eq. (1.1) being the maximal 𝑚 = 𝑗 terms. These are strongly Ising-like doublets,
and the off-diagonal 𝑆±

𝑖
pseudo-spin operators which would generate quantum fluctuations would have to originate

from operators in the full crystal field Hamiltonian connecting | 𝑗 , 𝑗⟩ with | 𝑗 ,− 𝑗⟩ originating from high-multipole
interactions which are expected to be very weak [35].
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1.2 Magnetic Order and Disorder: Field Theory

At high temperatures relative to the interaction energy scale between neighboring spins 𝐽, which
we will assume is much smaller than the first excited crystal field level, a magnet is trivially
disordered. This is the paramagnetic phase with weak correlations between the orientations of
the local spins. The paramagnetic phase is analogous to a gas. The value of 𝐽 can generally be
estimated by fitting the high-temperature magnetic susceptibility to a Curie law (because the system
is highly polarizable in the paramagnetic phase due to weak inter-ion correlations), from which
we obtain the Curie-Weiss temperature Θ𝐶𝑊 , whose sign provides a naive estimate of whether
the interactions are predominantly ferromagnetic (positive) or antiferromagnetic (negative).3 In
almost all cases, however, the system will order at some critical temperature generally on the order
of the Curie-Weiss temperature. There are a plethora of possibilities for magnetic ground states,
ferromagnets, anti-ferromagnets, spin spirals, and so on. This is where field theory enters the
picture.

1.2.1 Landau Paradigm: Symmetry Breaking and 0-Form Field Theory

Many phase transitions, and in particular many magnetic ones, can be understood in the framework
of Landau symmetry breaking [37, 38], where the system spontaneously breaks a symmetry
described by a group 𝐺 such as global spin rotation (e.g. 𝐺 = 𝑆𝑈 (2) or 𝑆𝑂 (3)) symmetry by
spontaneously ordering (“condensing”) into a phase where the symmetry has been reduced to
a subgroup 𝑁 ⊂ 𝐺. The classic example is a Heisenberg ferromagnet, which classically has
𝐺 = 𝑂 (3) rotation symmetry and spontaneously orders into a collinear state where the symmetry
is reduced to 𝑁 = 𝑂 (2) (rotation about the collinear axis). The ground state manifold is then
given by the quotient space 𝐺/𝑁 = 𝑂 (3)/𝑂 (2), which is topologically a sphere [39]. The general
prescription for the description of the phase transition is (i) identify an order parameter, which we
will call 𝜙, which is zero in the disordered phase and non-zero in the ordered phase and has the
symmetries of the Hamiltonian, (ii) use this order parameter as an expansion parameter for the
free energy in the vicinity of the critical temperature. Now, a physical system does not generally
spontaneously order everywhere at once, so we wish to introduce some spatial dependence to the
order parameter. Roughly speaking what this means is that we treat our thermodynamically large
system as a collection of smaller patches, in each of which the order parameter is approximately
constant. The free energy of the system can then be expanded as

𝐹 ∼
∫

𝑑𝑑 𝒓
[
(∇𝜙)2 + 𝑚2𝜙2 + 𝑔𝜙4 + · · ·

]
, (1.3)

3This statement must be taken with a heavy grain of salt. It is generally true for isotropic systems, but under a
variety of anisotropic conditions it may be highly misleading.
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where the integral serves as the continuum limit of a sum over patches, and the gradient term
penalizes rapid spatial variations. Thus what we wind up with is a field theory describing the
fluctuations of the order parameter near the critical temperature.4 A key point here is that this is a
0-form field theory, meaning that the field 𝜙(𝒓) takes values at each point in space like a function,
and is not meaningfully integrated along lines or surfaces. In other words, 𝜙(𝒓) is what a particle
physicist would call a matter field, it represents the density of the order parameter at a point (or in
a volume around that point).

The other possibility to obtain field theories in condensed matter systems is deep in the ordered
phase as a low temperature expansion about the ground state of the system. We will see an example
of this in Chapter 6 in the form of spin wave fluctuations of an ordered magnetic phase. The field
no longer describes an order parameter, but rather the density of deviations from the ground state
of the system. Once again, in most cases such a field is a 0-form field.

1.2.2 Frustration, Spin Liquids, Fractionalization and Gauge Fields

Frustration is the primary mechanism by which one can avoid the symmetry breaking scenario, or
at least suppress it to very low temperatures, to obtain different types of physics which are not
described by some 0-form field theory. Frustration has many manifestations, but the general idea
can be stated as an obstruction to a system being able to satisfy the energetic requirements of all of
its parts simultaneously [40, 41]. What this means for spin models is generally that the pairwise
interactions of spins cannot all be minimized. The classic example is to try to color the corners of
a triangle black and white without two neighbor being the same color (or place three spins on the
corners antiferromagnetically aligned). The best that can be done is to satisfy two of the edges
while the third is unsatisfied, which can be done in six possible ways. Thus frustration tends to
increase the low energy density of states, and in the most extreme cases it can lead to an extensive5
ground state degeneracy, which we will discuss in much more detail in Chapter 2.

There are generally two ways to achieve frustration: via random disordered interactions, or via
exploiting geometry such as in the example of the antiferromagnetic triangle. The former tends to
lead to glassy behavior [40], where (very roughly speaking) the system has a very large number of
low energy “pockets” of metastable configurations, separated by energy barriers, and becomes
trapped at a critical freezing temperature in one of these pockets. [42]. The latter is referred to as
geometric frustration [43], and is the topic of the remainder of this thesis.

4This action is only schematic and serves as a cartoon, there could be a cubic term, the order parameter could have
multiple components, etc.

5Extensive is meant here in the thermodynamic sense of proportional to the size of the system.
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In the context of magnetism, geometric frustration tends to lead not to glassy behavior but
rather spin liquid behavior [44–46]. Heuristically, if a paramagnet is analogous to a gas and a
long range ordered magnetic phase (e.g. a ferromagnet) is akin to a solid, then a spin liquid
is like its namesake, a liquid. Spin liquids can generally be characterized as low temperature
disordered phases, often adiabatically connected to a paramagnetic phase, with non-trivial strong
correlations. They are essentially always associated with some sort of fractionalization, where
their elementary excitations carry fractional quantum numbers due to being collective excitations
of the liquid [46, 47]. For example, in a spin-1/2 ferromagnet, flipping a single spin creates a
single magnon excitation carrying spin-1, while in a spin-1/2 spin liquid a single spin flip will
produce two spinons, each carrying spin-1/2 [46].

Unlike the symmetry broken phases we described previously, spin liquids are generally not
described by 0-form field theories, but rather by gauge field theories, such as those describing the
fundamental forces in the Standard Model [48]. There are many reasons for this, none of which is
entirely satisfactory, but we will offer just one. In the example of the Landau order parameter field
describing the ordering density, or the low temperature expansion field describing the density of
fluctuations away from a fully ordered ground state, we know precisely what field configuration
we are expanding about. We always define the field to be zero in either the disordered phase
for the order parameter example or in the fully ordered ground state for the low temperature
expansion example. In a spin liquid there is generally no such unique zero state of the field to
expand about. In a classical spin liquid there are an extensive number of ground states which the
system can transition between, and in a quantum spin liquid the system can be in a superposition
of an extensive number of classical configurations. Gauge fields are essentially just the ingredient
necessary for such a situation. The primary reason for this is because gauge fields are essentially
frame fields (here frame can be interchanged with “basis”), and gauge transformations amount
to an inhomogeneous change of basis. Without delving any further into this, we note that this
perspective on gauge fields can be formalized in the language of connections on a principal
bundle [2], a perspective first introduced to physics by Ref. [49], which we will very briefly touch
upon in Section 3.4.5. For our purposes, the important insight is that gauge fields are generally
described by 1-form fields,6 and this is the core conceptual point we will exploit in developing a

6To be more specific: the physical degrees of freedom of a gauge field are described by the field strength 2-form 𝐹.
This 2-form satisfies the closure property d𝐹 = 0, where d is the exterior derivative of differential forms. As such it
can be represented as 𝐹 = d𝐴 where 𝐴 is a 1-form field. More precisely, 𝐴 is a Lie-algebra-valued 1-form, which
defines a 𝐺-equivariant section of a principal-𝐺 bundle, where 𝐺 is the gauge group, and 𝐴 takes its values in the
Lie algebra of 𝐺. If we have a “matter” field described by sections of a vector bundle with fiber 𝑉 , then it has an
associated principal-GL(𝑉) bundle, where GL(𝑉) is the general linear group of invertible linear maps 𝑉 → 𝑉 , which
is a Lie group. The space of frames for 𝑉 is isomorphic to GL(𝑉) since, given a reference basis, the columns of an
invertible linear map are linearly independent and therefore form another basis. Thus the principal-GL(𝑉) bundle 𝑃 is
the frame bundle of the vector bundle, and the 𝔤𝔩(𝑉)-valued 1-form 𝐴 on 𝑃 defines a frame field for the vector bundle,
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theory of geometrically frustrated classical spin liquids in Chapter 3.

1.3 Spin Ice and the Coulomb Phase

Now on to the main topic of the bulk of this thesis, spin ice. We will discuss ice models in some
detail in Chapter 2, but here we summarize the qualitative picture of the physics of spin ice. We
will not review the history of the topic, which can be found in a number of sources [50–54]. Spin
ice is one of the most important examples of a spin liquid, because (i) its classical versions have
experimental realizations and are relatively well understood theoretically, and (ii) it offers a basic
jumping off point to understanding quantum spin liquids through the minimal quantum spin ice
models which realize emergent quantum electrodynamics.

Classical spin ice is realized in the compounds Ho2Ti2O7 ( 𝑗 = 8) and Dy2Ti2O7 ( 𝑗 = 15/2), in
which the magnetic ions form a pyrochlore lattice of corner sharing tetrahedra with the ions sitting
at the corners of the tetrahedra. Due to their large angular momentum, the dominant coefficients
in Eq. (1.1) are the maximal 𝑚 = ± 𝑗 terms, and so these compounds are well approximated by
classical Ising models [35]. The large 𝑗 also implies that they have large magnetic moments,
meaning that long-range dipole-dipole interactions are strong [35]. Despite this, the basic physics
of spin ice is very well approximated in a nearest-neighbor approximation, for reasons which we
will discuss in detail in Chapter 3.

In terms of the magnetic moments 𝒎𝑖, the dominant nearest-neighbor interactions in spin ice
are ferromagnetic. It is conventional to express the magnetic moment in terms of the pseudo-spin
as 𝒎𝑖 = 𝑔∥𝑆

𝑧
𝑖
𝒛𝑖, where 𝒛𝑖 is the local easy axis direction. If for a single tetrahedron we take all

four of the 𝒛𝑖 to point “in” (or all “out”), then the resulting nearest-neighbor Ising model has
anti-ferromagnetic interactions between the 𝑆𝑧

𝑖
.

There are 24 = 16 Ising spin configurations for a single tetrahedron, of which six are ground
states, corresponding to states where two moments point “in” and two point “out” of the tetrahedron.
This 2-in 2-out characterization of the ground state is called the “ice rule”, due to a direct analogy
with the proton disorder in water ice, from whence spin ice gets its name. In the left hand image
in Fig. 1.1(a) we show two tetrahedra of the pyrochlore lattice, both of which satisfy the ice rule.
If we think of the red arrows as fluxes in and out of the tetrahedron, then we can consider the
ice rule to be a zero-divergence constraint on the ground states. This zero-divergence constraint
implies that in the ground states of spin ice have spins aligned head-to-tail forming closed loops,
as depicted in Fig. 1.1(b). All such ice rule obeying configurations are degenerate, and as was
originally shown by Pauling, there are an exponentially large number of such configurations,

which defines a connection on the vector bundle and therefore a covariant derivative.
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(a) (b)

Figure 1.1: (a) two tetrahedra of the pyrochlore lattice, left: a spin ice ground state obeying the
2-in/2-out ice rule, right: a spin ice excited state created by flipping a single spin looks like a pair
of charges. (b) In the Coulomb phase spins align into closed loops without ends.

resulting in a macroscopic ground state degeneracy and non-zero entropy at low temperature. This
phase, in which the spins collectively organize themselves into closed strings with zero divergence,
is called the Coulomb phase [55].

Excitations out of the Coulomb phase can be created by flipping a single spin, as illustrated in
the second image in Fig. 1.1(a). This creates a non-zero divergence at each end of the flipped spin,
which act like sources and sinks of the fluxes and thus as oppositely charged particles. These are
precisely the classical realizations of the fractionalized spinons we mentioned earlier, where a
single excitation of the spins created a pair of excitations. As we will discuss further later, these
excitations are deconfined, meaning that they can be separated infinitely far from each other by
flipping a longer and longer open string of spins at a finite energy cost.

1.3.1 Quantum Spin Ice and Emergent QED

What we described previously sounds qualitatively similar to classical electromagnetism: field
lines forming closed loops, and charges acting as sources and sinks of field lines. It is quite
fashionable to describe the classical spin ice model as having an “emergent gauge structure” [56],
its excitations as “gauge charges” [57], and also sometimes to describe the Coulomb phase as
having a form of “topological order” [58] or the excitations as “topological charges” [59]. These
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phrases as used in the literature tend to be somewhat vague, not being used with the their precise
meaning in the theory of gauge fields or the mathematics of topology. Much of Chapter 3 will be
devoted to trying to provide a language and framework by which these statements can be made
more precise in the classical model.

Before we continue, however, it is important to have a basic understanding of one model for
which these statements can be made precise, and that is the ring exchange model of quantum spin
ice. This model was studied in great detail in Ref. [25], where it was derived perturbatively from a
model of spin ice with weak transverse exchange terms 𝑆+

𝑖
𝑆−
𝑗

between nearest-neighbors which
serves to flip two neighboring spins. At third order in perturbation theory, this term yields the
ring exchange term, which flips six spins aligned head-to-tail around the boundary of the minimal
plaquette of the pyrochlore lattice, which is a hexagon (cf. Fig. 3.19). The authors of Ref. [25]
used this to map their quantum spin ice model to a lattice U(1) 1-form gauge theory, in which the
𝑆𝑧 operators are treated as an electric field and the 𝑆± ∼ 𝑒±𝑖𝐴 are treated as U(1) link variables [11].
The result is that the ring exchange term produces a photon, and the resulting theory is to a good
approximation equivalent to quantum electrodynamics [60, 61]. Thus quantum spin ice is well
described as a gauge theory. Much of our work on classical spin ice in Chapter 3 amounts to
the development of a lattice field theory for the classical model in which the spins are taken to
collectively describe a 1-form field. We will also attempt to make some small clarification on the
meaning of topology in ice models, a topic discussed by [62, 63], because “topology” has become
a major buzzword in condensed matter that often gets used in very imprecise ways.
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Chapter 2

Methods: Theory of Classical Soft Spins

In this chapter we will describe in detail the classical soft spin approximation and its usefulness for
studying spin liquid physics. The soft spin approximation will be important to our development of
a discrete differential form theory for ice models in Chapter 3 and will be a working approximation
throughout this thesis, allowing us to approximate for example neutron scattering cross sections.
Various mathematical tools and notation will also be introduced in the present chapter which will
be used throughout the remaining of the thesis, one of the most important of which is the analysis
of the band structure of the interaction matrix and its relation to frustration. We will also give
the general prescription for performing a long wavelength expansion which we will use multiple
times, as well as discuss spin correlations and neutron scattering.

2.1 The Gaussian, Spherical, and Large-N Approximations

The most broadly studied classical spin Hamiltonians are those involving bilinear spin interactions,1
and can generically be written in the form

𝐻 =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗
(2.1)

1The most prominent example of non-bilinear spin interactions is the four-spin terms appearing in the toric code
model of Kitaev [64], and its variety of generalizations and extension, such as the eight- and twelve-spin terms
appearing in the X-cube model [65]. These models are interesting because they admit exact solutions, and because
they cleanly demonstrate interesting physics such as topological order [66] and fractons [67]. They are somewhat
unrealistic from a condensed matter perspective, where spin interactions arise generally from electronic exchange
between ions and bilinear interactions will generically dominate over higher multi-spin interactions. Such multi-spin
interactions are not directly amenable to the analytical approximations which we will describe here.
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where 𝑖, 𝑗 index sites on a lattice and 𝛼, 𝛽 = 1, . . . 𝑁 index 𝑁 spin vector components. The case
𝑁 = 1 corresponds to Ising models, 𝑁 = 2 to XY models, and 𝑁 = 3 to Heisenberg models. The
matrix J

𝛼𝛽

𝑖 𝑗
is the interaction matrix, which can in general be anisotropic (i.e. J

𝛼𝛽

𝑖 𝑗
̸∝ 𝛿𝛼𝛽) but

we assume is consistent with the spatial symmetries of the lattice. We will say more about the
anisotropic case in Chapter 6.

Our primary interest is to compute thermodynamic quantities, both bulk quantities such as
specific heat and magnetization, and thermally-averaged spatially-resolved or momentum-resolved
quantities, particularly spin-spin correlation functions. To do so, we need to compute the partition
function, 𝑍 = Tr exp{−𝛽𝐻} where 𝛽 is the inverse temperature. For a classical spin model, the
partition function is given by

𝑍 =

∫
D𝑺 exp

(
−1

2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 𝛽J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗

)
, (2.2)

where the integration measure is uniform over the surface of an 𝑁-dimensional sphere. A
convenient way to express this is to let the variables 𝑆𝛼

𝑖
vary from −∞ to ∞ and enforce the

spin-length constraint with a delta function, i.e.∫
D𝑺 ≡

∏
𝑖

∫ ∞

−∞
d𝑆1

𝑖 · · · d𝑆𝑁𝑖 𝛿( |𝑺𝑖 |2 − 𝑆2). (2.3)

In this form it is clear that the delta function constraint makes the partition function intractable to
solve exactly. To do so we will make some approximations to “soften” the constraint. There are
three nearly-equivalent methods to take to do this, which all lead to the same result. As we will
see, they each provide a slightly different perspective.

2.1.1 The Self Consistent Gaussian Approximation

The first is the so-called self-consistent Gaussian approximation (SCGA), where the delta functions
are replaced by Gaussians,

𝛿( |𝑺𝑖 |2 − 𝑆2) → exp
[
−(|𝑺𝑖 |2 − 𝑆2)/2𝜆−1

𝑖

]
, (2.4)

where 𝜆−1
𝑖

is the variance of the Gaussian. In this approximation the spin length is not fixed, but is
enforced on average via the self-consistency conditions2

⟨|𝑺𝑖 |2⟩{𝜆},𝑇 = 𝑆2 ∀ 𝑖, (2.5)

2The symbol ∀ is to be read “for all”.
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where the thermodynamic average depends on the values of the 𝜆𝑖 and temperature 𝑇 . These
equations yield a 𝜆𝑖 as a function of 𝑇 . We refer to the spin variables in this approximation as
“soft spins.”

Substituting Eq. (2.4) into the partition function yields

𝑍SCGA [{𝜆}, 𝑇] =
∏
𝑖

𝑒𝜆𝑖𝑆
2
∫ ∞

−∞
d𝑆1

𝑖 · · · d𝑆𝑁𝑖 exp

{
−1

2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 (𝜆𝑖𝛿𝑖 𝑗𝛿𝛼𝛽 + 𝛽J
𝛼𝛽

𝑖 𝑗
)𝑆𝛽

𝑗

}
. (2.6)

In this form, we can see that the 𝜆𝑖 serve as Lagrange multiplier for the spin length constraint,
which is now enforced energetically. The term leading the integral exp

(
𝑆2 ∑

𝑖 𝜆𝑖
)

is a constant
which cancels in the computation of the normalized thermodynamic quantities we are interested
in and can thus be dropped entirely. The resulting integral is a simple multi-dimensional Gaussian
which can be solved exactly. We define the matrix G whose inverse is the covariance matrix of the
above Gaussian,

[G−1]𝛼𝛽
𝑖 𝑗

≡ 𝜆𝑖𝛿𝑖 𝑗𝛿𝛼𝛽 + 𝛽J𝛼𝛽𝑖 𝑗 . (2.7)

Then by standard Gaussian integration, we directly obtain the spin-spin correlation functions,

⟨𝑆𝛼𝑖 𝑆
𝛽

𝑗
⟩ = G𝛼𝛽

𝑖 𝑗
. (2.8)

The self-consistency conditions Eq. (2.5) are then a constraint on the diagonal elements of G,∑︁
𝛼

G𝛼𝛼
𝑖𝑖 = 𝑆2 ∀ 𝑖, (2.9)

where the left hand side depends on the 𝜆𝑖 and temperature, 𝑇 = 𝛽−1.

In the case that the interaction matrix J𝑖 𝑗 has certain symmetries, e.g. is translationally
invariant, then G𝑖 𝑗 will also have those symmetries and the solution of the equations Eq. (2.9)
will reflect them. In particular, we are generally interested in spin systems on a crystalline lattice,
and then it is usually the case that every lattice site is equivalent under the crystal symmetries, in
which case the solutions to the self-consistency will have all 𝜆𝑖 equal, 𝜆𝑖 ≡ 𝜆.3 In that case we
only need solve the equations for a single site 𝑖, or equivalently we can add them all up to obtain∑︁

𝑖,𝛼

G𝛼𝛼
𝑖𝑖 ≡ Tr G = 𝑁spins𝑆

2 (every site equivalent by symmetry). (2.10)

3More generally, the 𝜆𝑖 are equal for all sites which are related by symmetry. For example, in a thin film which has
layers which are translationally invariant in two dimensions, the 𝜆𝑖 are a equal within a layer but become a function of
depth [68].
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This is the form of the equation we will usually solve, since computing the trace of G is usually a
straightforward task.

The SCGA obviously does not capture the exact spin length constraint, but it is generally
a powerful tool for approximating correlations in paramagnetic phases, particularly at high
temperatures. Note that at infinite temperature, from Eq. (2.7) with 𝛽 = 0, G𝛼𝛽

𝑖 𝑗
= 𝜆−1

𝑖
𝛿𝑖 𝑗𝛿

𝛼𝛽, and
the self-consistency equations Eq. (2.9) read simply

𝑁

𝜆𝑖
= 𝑆2 ⇒ 𝜆𝑖 =

𝑁

𝑆2 , (2.11)

which is clearly independent of 𝑖, with 𝑁 being the number of spin components. It is generally
possible to solve the self-consistency equation at temperatures much larger than 𝐽 without issue.
For a finite 𝑁spins it is in fact always possible to find a solution at any temperature, though in
the thermodynamic limit there may be a critical temperature at which the equations cease to
have solutions, predicting a phase transition. The SCGA is not capable of describing the low
temperature symmetry broken phase below the critical temperature. We will discuss all of this in
more detail in the rest of this chapter.

2.1.2 The Spherical Approximation

The fact that the SCGA yields a translationally invariant 𝜆 means that we can write the self-
consistency conditions as a single equation,∑︁

𝑖

⟨|𝑺𝑖 |2⟩ = Tr G = 𝑁spins𝑆
2, (2.12)

which says that the total spin length of all spins is constant. This suggests considering a model with
precisely this constraint, i.e. where we replace all of the spin-length constraining delta functions
with a single global constraint,∏

𝑖

𝛿( |𝑺𝑖 |2 − 𝑆2) → 𝛿

(∑︁
𝑖

|𝑺𝑖 |2 − 𝑁spins𝑆
2

)
. (2.13)

This is the precise logic that led Mark Kac in 1947 to first consider this approximation, which he
later solved with the help of Theodore Berlin, and which they dubbed the “spherical model” [69, 70].
Conceptually, one can imagine that we have replaced the many “small” hard spins with fixed
length 𝑆 by a single “big” hard spin with fixed length 𝑁1/2

spins𝑆.
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For our purposes we need not go through the exact solution, except to state that the resulting
correlation functions are exactly those of the SCGA in the paramagnetic phase. The primary
difference between the two methods is that the spherical model has a well-defined phase transition
and symmetry broken phase, because the single “big spin” still has a hard spin length constraint.

We will not utilize the spherical approximation in this thesis, primarily because our interest is
in paramagnetic spin liquid phases where the SCGA is sufficient. In Chapter 6, we will discuss
symmetry broken ground states, but there we already know the exact ground state with the “small”
spin constraints and the spherical approximation is not needed. However, it is quite useful to keep
the spherical “one big spin” approximation in mind as a conceptual tool.

2.1.3 The Large-N Approximation

Another approximation which we can make is to take the number of spin components 𝑁 to
infinity [71]. Essentially by the central limit theorem, we will see that in this limit the correlations
reduce to those of the SCGA [72]. Thus in a sense, the large-𝑁 approximation can be taken as a
justification for using the SCGA, but more importantly it serves as a basis to develop a controlled
1/𝑁 perturbative expansion away from the 𝑁 = ∞ limit, and thus a method to compute corrections
to the SCGA.

To compute the large-𝑁 partition function, we start from the 𝑁-component partition function,
and replace the spin length 𝑆 with 𝑆𝑁 , where 𝑆2

𝑁
≡ 𝑆2𝑁/𝑁t, where 𝑁t is the “target” number of

components (i.e. in the end we wish to evaluate the correlation functions of Ising or Heisenberg
spins, so 𝑁t = 1 or 3, respectively).4,

𝑍Large-𝑁 =

∫ ∞

−∞

∏
𝑖

d𝑆1
𝑖 · · · d𝑆𝑁𝑖 𝛿( |𝑺𝑖 |2 − 𝑆2

𝑁 ) exp

(
−1

2

∑︁
𝑖 𝑗

𝛽J𝑖 𝑗𝑺𝑖 · 𝑺 𝑗

)
. (2.14)

Note that we did not write the Hamiltonian with anisotropic interactions. This is because the
specific anisotropic terms which can appear in the Hamiltonian depend on 𝑁 and are generally not
well-defined for 𝑁 > 3. In particular, the allowed anisotropic couplings for 𝑁 = 3 Heisenberg
spins will be described in detail in Chapter 6 and depend on how the spins transform under the three
dimensional spatial symmetries of rotations and reflections—in general they should transform as
angular momentum pseudo-vectors, and there is no unique way to define such transformations for
vectors with 𝑁 > 3 components. We will return to this point at the end of this section.

4This convention of defining the 𝑁-component spin length comes from [73]. Another common convention is to
simply replace 𝑆2 with 𝑁 .
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The large-𝑁 derivation relies on the representation of the delta functions via the formula

𝛿(𝑥) ∝
∫ 𝜆+𝑖∞

𝜆−𝑖∞
d𝜇 𝑒−𝜇𝑥/2, (2.15)

where 𝜆 is a real number. The proportionality is irrelevant since it will appear as an overall
constant in the partition function, and the factor of two is a convenient scaling. Substituting this
identity, we obtain

𝑍Large-𝑁 =

∫ 𝜆+𝑖∞

𝜆−𝑖∞

∏
𝑖

d𝜇𝑖 𝑒𝜇𝑖𝑆
2
𝑁
/2

∫ ∞

−∞

∏
𝑖

d𝑆1
𝑖 · · · d𝑆𝑁𝑖 exp

(
−1

2

∑︁
𝑖 𝑗

(𝜇𝑖𝛿𝑖 𝑗 + 𝛽J𝑖 𝑗 )𝑺𝑖 · 𝑺 𝑗

)
.

(2.16)
We now note that the integrals over spin components fully decouple, so that we can write the
partition function as

𝑍Large-𝑁 =

∫ 𝜆+𝑖∞

𝜆−𝑖∞

∏
𝑖

d𝜇𝑖 𝑒𝜇𝑖𝑆
2
𝑁
/2

𝑁∏
𝛼=1

[∫ ∞

−∞

∏
𝑖

d𝑆𝛼𝑖 exp

(
−1

2

∑︁
𝑖 𝑗

(𝜇𝑖𝛿𝑖 𝑗 + 𝛽J𝑖 𝑗 )𝑆𝛼𝑖 𝑆𝛼𝑗

)]
. (2.17)

Each integral for fixed 𝛼 is identical since the Hamiltonian is isotropic. As before define the
covariance matrix

[G(𝜇)−1]𝑖 𝑗 = 𝜇𝑖𝛿𝑖 𝑗 + 𝛽J𝑖 𝑗 , (2.18)

then we have (up to overall constants which we ignore)

𝑍Large-𝑁 =

∫ 𝜆+𝑖∞

𝜆−𝑖∞

∏
𝑖

d𝜇𝑖 𝑒𝜇𝑖𝑆
2
𝑁
/2 det[G(𝜇)]𝑁/2, (2.19)

=

∫ 𝜆+𝑖∞

𝜆−𝑖∞

∏
𝑖

d𝜇𝑖 exp

(
−𝑁

2

[
−

∑︁
𝑖

𝜇𝑖
𝑆2

𝑁t
+ Tr log[G(𝜇)−1]

])
. (2.20)

In the final form, it is clear that this integral can be solved via the method of steepest descent in the
limit 𝑁 → ∞. In order to apply the method of steepest descent, the exponent must be expanded
about the saddle point where its derivative with respect to the 𝜇𝑖 vanishes. The value of 𝜆 is then
determined by the requirement that the integration contour run over the saddle point [74, 75]. The
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saddle point condition reads

0 =
𝜕

𝜕𝜇𝑘

[
−

∑︁
𝑖

𝜇𝑖
𝑆2

𝑁t
+ Tr log[G−1]

]
(2.21)

= −𝑆
2

𝑁t
+ Tr

[
G 𝜕G

−1

𝜕𝜇𝑘

]
(2.22)

= −𝑆
2

𝑁t
+

∑︁
𝑖

∑︁
𝑗

G𝑖 𝑗
𝜕

𝜕𝜇𝑘
(𝜇𝑖𝛿 𝑗𝑖 + 𝛽J 𝑗𝑖) (2.23)

= −𝑆
2

𝑁t
+

∑︁
𝑖

∑︁
𝑗

G𝑖 𝑗𝛿𝑖 𝑗𝛿𝑖𝑘 (2.24)

= −𝑆
2

𝑁t
+ G𝑘𝑘 (2.25)

for every 𝑘 . In other words,
𝑁tG(𝜇sp)𝑖𝑖 = 𝑆2 ∀ 𝑖 (saddle point condition). (2.26)

Noting that G(𝜇) is the spin-spin correlation function for a single spin component with fixed {𝜇},
i.e.

⟨|𝑆𝛼𝑖 |2⟩{𝜇} = G(𝜇)𝑖𝑖, (2.27)
we can identify 𝑁tG(𝜇)𝑖𝑖 ≡ ⟨|𝑺𝑖 |2⟩{𝜇} since we have assumed an isotropic model, in which case
the saddle point condition can be interpreted as an average spin length condition

⟨|𝑺𝑖 |2⟩{𝜇sp} = 𝑆
2 ∀ 𝑖 (saddle point condition), (2.28)

The solution to this equation generically occurs at a real and positive value of 𝜇𝑖 which is
translationally invariant, and is generally denoted (𝜇sp)𝑖 ≡ 𝜆. It determines the offset 𝜆 in
Eq. (2.15) for the integration contour in the complex 𝜇 plane, which must be chosen to run over
the saddle point [74].

The saddle point condition Eq. (2.28) is precisely the self consistency condition in the Gaussian
approximation, Eq. (2.9). The large-𝑁 approximation can thus be taken as a justification for the
SCGA, though as we stated previously the large-𝑁 limit is not a per se natural approximation
for anisotropic spin Hamiltonians (because the 𝑁 integrals in Eq. (2.17) only decouple if the
Hamiltonian is isotropic), while the Gaussian approximation is perfectly valid for anisotropic
Hamiltonians. The upside to the large-𝑁 formulation is that it allows for a controlled perturbative
expansion away from 𝑁 = ∞ in powers of 1/𝑁 . A derivation of the 1/𝑁 series expansion is given
in Appendix C. In the remainder of this thesis we will work almost exclusively with the SCGA for
our analytical calculations, though we will be interested in the 1/𝑁 correction to the correlation
functions in Sections 4.6 and 5.4.3.
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2.2 Soft and Hard Spin Configuration Spaces

In the classical soft spin approximations discussed above, the spin variables 𝑆𝛼
𝑖

are treated as real
numbers which vary continuously. There are N = 𝑁spins × 𝑁 real variables 𝑆𝛼

𝑖
, and therefore the

space of soft spin configurations is an N-dimensional real vector space, which we denote Ωspin.
Each vector in this place represents a soft spin configuration of the entire system. This is one of
the primary advantages for working with soft spins: we can apply standard methods of linear
algebra to describe and study the physics of classical spins models.

We will use bra-ket notation to work with vectors in this space because it will allow us to
write convenient and transparent coordinate-free formulas. We denote a spin configuration by
|𝑆⟩ ∈ Ωspin. There is a canonical basis for this vector space indexed by 𝑖 and 𝛼, {|𝑖, 𝛼⟩}, and a
canonical Hermitian inner product (the standard 𝐿2 inner product), such that the spin component
variables are given by

𝑆𝛼𝑖 = ⟨𝑖, 𝛼 |𝑆⟩ , (2.29)
and a spin configuration can be written as

|𝑆⟩ =
∑︁
𝑖,𝛼

|𝑖, 𝛼⟩ ⟨𝑖, 𝛼 |𝑆⟩ ≡
∑︁
𝑖,𝛼

𝑆𝛼𝑖 |𝑖, 𝛼⟩ . (2.30)

The 𝑁spins hard spin constraints |𝑺𝑖 |2 = 𝑆2 are quadratic polynomials defining a constraint
manifold inΩspin which is isomorphic to the Cartesian product of 𝑁spins copies of the 𝑁−1-sphere.5
We denote this manifold by Mhard. The spherical approximation replaces this hard spin constraint
surface with the sphere on which

⟨𝑆 |𝑆⟩ =
∑︁
𝑖,𝛼

|𝑆𝛼𝑖 |2 = 𝑁spins𝑆
2. (2.31)

Note that Mhard is always embedded in this sphere. The SCGA removes the constraint surface
entirely, allowing the length of |𝑆⟩ to fluctuate with Gaussian distribution whose variance is
energetically fixed to 𝑁spins𝑆

2 by the Lagrange multiplier 𝜆.
This is depicted in Fig. 2.1 for 𝑁spins = 2, 3 with 𝑁 = 1. The hard spin configuration space

Mhard satisfying |𝑆𝑖 |2 = 𝑆2 or 𝑆𝑖 = ±𝑆 is given by the corners of 𝑁spins-dimensional cube of edge
length 2𝑆 centered at the origin. The corners sit at a distance

√︁
𝑁spins 𝑆 from the origin. In the

spherical approximation the hard spin constraint manifold is replaced with the sphere of radius√︁
𝑁spins 𝑆 in which the cube is inscribed. In the Gaussian approximation the soft spins can explore

the entire space but with the total spin length obeying a Gaussian distribution with fixed variance,
i.e. the root-mean-square total spin length is fixed to

√︁
𝑁spins 𝑆.

5For example, for 𝑁 = 1 Ising spins, the constraint surface is a product of 0-spheres, where a 0-sphere consists of
two points, equivalent to a hypercube. For 𝑁 = 3 Heisenberg spins, the constraint surface is a product of 2-spheres.
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𝑆1

𝑆2

(a)

𝑆2

𝑆1

𝑆3

(b)

Figure 2.1: The configuration space Ωspin for (a) 𝑁spins = 2 and (b) 𝑁spins = 3 soft Ising (𝑁 = 1)
spins. The hard spin constraint defines a subset of points in this space Mhard given by the corners
of a cube (or a Cartesian product of 𝑁-spheres for arbitrary 𝑁). The spherical approximation
replaces the hard spin manifold with the sphere in which this cube is inscribed.

21



2.2.1 The Interaction Matrix and SCGA Effective Hamiltonian

A fully general bilinear spin Hamiltonian has the form

𝐻 =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗
, (2.32)

where J is the interaction matrix. For Ising (𝑁 = 1) spins there are no spin component indices.
The Hamiltonian can be considered to be a quadratic form on Ωspin, meaning we can rewrite
Eq. (2.32) in a coordinate free form as

𝐻 =
1
2
⟨𝑆 | J |𝑆⟩ , (2.33)

which can be expanded by inserting two resolutions of the identity 1 =
∑
𝑖,𝛼 |𝑖, 𝛼⟩ ⟨𝑖, 𝛼 |,

1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

⟨𝑆 |𝑖, 𝛼⟩ ⟨𝑖, 𝛼 | J | 𝑗 , 𝛽⟩ ⟨ 𝑗 , 𝛽 |𝑆⟩ , (2.34)

We identify the interaction matrix components,

J
𝛼𝛽

𝑖 𝑗
≡ ⟨𝑖, 𝛼 | J | 𝑗 , 𝛽⟩ . (2.35)

From the SCGA partition function Eq. (2.6) we can read off an effective Hamiltonian for the
soft spins,

𝐻SCGA =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 [𝜆𝑇𝛿𝑖 𝑗𝛿𝛼𝛽 + J
𝛼𝛽

𝑖 𝑗
]𝑆𝛽

𝑗
. (2.36)

This allows us to define an effective interaction matrix for the soft spins,

JSCGA ≡ 𝜆𝑇1 + J, (2.37)

which differs from the original interaction only by the addition of diagonal terms proportional
to 𝜆. For hard spins with fixed spin length, adding diagonal elements to the interaction matrix
produces terms in the Hamiltonian J𝑖𝑖 |𝑺𝑖 |2/2, which is a constant shift to the energy that has no
influence on the physics. In the SCGA on the other hand, the diagonal term 𝜆𝑇 in the effective
interaction matrix serves to control the fluctuating spin length. The value of 𝜆 is fixed at each
temperature by the self-consistency condition Eq. (2.12) that the thermally averaged total spin
length squared is constant.
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Figure 2.2: The SCGA effective potential for two Ising spins interacting antiferromagnetically as
a function of temperature. At high temperature the potential is isotropic and all states are equally
likely, at low temperature the potential prefers the lower-energy states.

The SCGA Hamiltonian can be considered as a potential energy on the space of soft spin
configurations.6 Consider the simplest example of two 𝑁 = 1 spins interacting via the Hamiltonian

𝐻SCGA =
1
2
𝜆𝑇 (𝑆2

1 + 𝑆2)2 + 𝐽𝑆1𝑆2 =
1
2

(
𝑆1 𝑆2

) (
𝜆𝑇 𝐽

𝐽 𝜆𝑇

) (
𝑆1
𝑆2

)
. (2.38)

The eigenvalues of the interaction matrix are ±𝐽, and the corresponding eigenvectors are given
by |𝜑±⟩ = [|1⟩ ± |2⟩]/

√
2. The covariance matrix is G = (𝛽JSCGA)−1, and the self-consistency

condition can be written as
Tr G =

1
𝜆 + 𝛽𝐽 + 1

𝜆 − 𝛽𝐽 = 2𝑆2. (2.39)

The effective SCGA potential energy landscape for this simple system is shown in Fig. 2.2 at three
different temperatures. At high temperatures 𝑇 ≫ 𝐽𝑆2 the potential is isotropic. As temperature
decreases the value of 𝜆 evolves. The potential increases quadratically along the direction of the
higher-energy eigenvector of J, suppressing the ferromagnetic states with 𝑆1 = 𝑆2, while the two
anti-ferromagnetic states with 𝑆1 = −𝑆2 sit in the minimum of the potential. We will discuss the
physical meaning of the temperature evolution of 𝜆 in the next section.

6We will address spin kinetics at the end of this chapter when we discuss neutron scattering, and further in
Chapter 6. For now, we are only interested in the thermal physics of these systems.
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Figure 2.3: (a) Temperature dependence of 𝜆 for the two-spin antiferromagnet without shifting the
diagonal of the interaction matrix, which diverges as 𝑇 → 0 as 𝜖0/𝑇 . (b) Temperature dependence
of 𝜆0 ≡ 𝜆 + 𝛽𝜖0, equivalent to the value of 𝜆 if we shift the minimum eigenvalue of the interaction
matrix to zero, which is finite at all temperature.

2.2.2 The Physical Significance of 𝝀 and the Spectral Decomposition of G

The solution to Eq. (2.39) is

𝜆𝑆2 =
1
2
+

√︂
1
4
+ (𝛽𝐽𝑆2)2. (2.40)

At low temperature 𝛽𝐽𝑆2 ≫ 1 this diverges as 𝑇−1, as shown in Fig. 2.3a. This divergence had to
be the case to prevent the denominator of the second term in Eq. (2.39) from ever going to zero,
at which point there would be no solution of the self-consistency condition. This occurs due to
the fact that J has negative eigenvalues. Let 𝜖0 < 0 be the lowest eigenvalue of J, then at low
temperatures generically 𝜆 will diverge as 𝛽 |𝜖0 | to keep the denominator positive. This is not a
problem of course—the eigenvalues of the interaction matrix correspond to the energies of its
eigenstates and we can always shift the zero point energy. Consider adding and subtracting 𝜖01 to
the original Hamiltonian, which achieves precisely this shift,

𝐻 =
1
2
⟨𝑆 | (J − 𝜖01 + 𝜖01) |𝑆⟩ (2.41)

=
1
2
𝜖0 ⟨𝑆 |𝑆⟩︸     ︷︷     ︸

𝐸0 ≡ 1
2 𝜖0𝑁spins𝑆

2

+ 1
2
⟨𝑆 | (J − 𝜖01) |𝑆⟩ . (2.42)
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The first term is the energy of the spherical model ground state,7 while in the second term J − 𝜖01
is a positive semi-definite matrix with no negative eigenvalues, and measures the excitation energy
above the ground state. Consider now doing the same for the SCGA effective interaction matrix,
Eq. (2.37),

J−1
SCGA = (𝜆𝑇1 + 𝜖01) + J − 𝜖01) = (𝜆 + 𝛽𝜖0)𝑇1 + (J − 𝜖01). (2.43)

The second term is again positive definite, while in the first term the Lagrange multiplier 𝜆 is
shifted by 𝛽𝜖0. The quantity

𝜆0 ≡ 𝜆 + 𝛽𝜖0 (2.44)

should be finite, since we removed the divergence caused by the negative eigenvalues. Indeed,
setting 𝜖0 = −𝐽 for the 2-spin antiferromagnet, we observe in Fig. 2.3 that 𝜆0 is always finite.

The quantity 𝜆0 carries the important physics information, which can be seen by performing
a spectral decomposition of the correlation matrix G. Denote the eigenvalues of J by 𝜖𝑛 with
corresponding eigenvectors |𝜑𝑛⟩. Then the spectral decomposition of G is given by

G =

𝑁spins𝑁∑︁
𝑘=1

1
𝜆0 + 𝛽(𝜖𝑘 − 𝜖0)

|𝜑𝑘⟩ ⟨𝜑𝑘 | . (2.45)

The eigenvectors of J define the normal modes of the system, which we denote 𝑆𝑛 ≡ ⟨𝜑𝑛 |𝑆⟩. The
eigenvalues of G are the variances of the normal modes,〈

|𝑆𝑘 |2
〉
=

1
𝜆0 + 𝛽(𝜖𝑘 − 𝜖0)

, (2.46)

where the brackets indicate thermal average. Notice that the left hand side of Eq. (2.46) is
non-negative, so the eigenvalues of G are also necessarily non-negative. We will refer to these
eigenvalues as the generalized susceptibilities of the normal modes 𝑆𝑘 . They can also be interpreted
as a generalized occupation number for these modes. The SCGA self-consistency condition reads

Tr G =
∑︁
𝑘

〈
|𝑆𝑘 |2

〉
=

∑︁
𝑘

1
𝜆0 + 𝛽(𝜖𝑛 − 𝜖0)

= 𝑁spins𝑆
2, (2.47)

which we can read to say that the total generalized occupation of all modes is a constant, independent
of temperature. At infinite temperature 𝛽 = 0, all modes are occupied with equal probability. As
temperature decreases, the occupations of higher energy modes decreases, and the occupations of

7That is, it is the energy of the lowest-energy state |𝑆⟩ on the spherical model constraint surface. We will see an
example shortly of a frustrated system where this is not the hard spin ground state and thus the true ground state
energy of the system is larger than this naive ground state energy estimate.
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lower energy modes increases. This implies that 𝜆0 is a monotonically decreasing function of
temperature, as in Fig. 2.3. In particular, the lowest energy modes with 𝜖𝑛 = 𝜖0 have a generalized
susceptibility/occupation of exactly

⟨|𝑆0 |2⟩ =
1
𝜆0
. (2.48)

Therefore, the physical meaning of 𝜆−1
0 is the generalized susceptibility of the ground state modes.8

2.2.3 The Low Temperature Behavior of 𝝀0 in the Thermodynamic Limit

For finite systems such as the 2-spin antiferromagnet of the previous section, 𝜆0 will remain
nonzero at all temperatures. In a thermodynamically large system (𝑁spins → ∞) however, it is
possible that 𝜆 vanishes at a critical temperature 𝑇𝑐. To see that this occurs, let us briefly consider
some toy models. In the thermodynamic limit, the energy levels of the system generally form a
continuum, and we can write the self-consistency condition in terms of the density of states 𝑔(𝐸)
as

Tr G
𝑁spins𝑁

=

∫ ∞
0 𝑑𝐸 𝑔(𝐸) 1

𝜆0+𝛽𝐸∫ ∞
0 𝑑𝐸 𝑔(𝐸)

= 𝑆2, (2.49)

where we have implicitly set the ground state energy to zero. We will from here on set 𝑆 = 1. The
low temperature behavior of 𝜆0 is controlled by the low-energy portion of 𝑔(𝐸). We therefore
consider simple toy densities given by

𝑔(𝐸) ∝
{
𝐸 𝑝 0 ≤ 𝐸 ≤ 𝑊
0 otherwise

(2.50)

The proportionality constant in 𝑔(𝐸) cancels in the ratio in Eq. (2.49). If 𝑝 > 0 then 𝑔(0) = 0, the
ground states are subextensive and the system should order at sufficiently low temperature. In the
case 𝑝 < 0, the density of states is extensive and large at zero energy, implying an extensively
degenerate ground state or an extensive number of states just above the ground state, where the
system may avoid ordering.

The integrals can be solved analytically and the resulting equation solved numerically, with
the results for 𝜆0(𝑇) given in Fig. 2.4, for 𝑝 = −1/2, 0, 1/2, 1, and 2. When 𝑝 ≤ 0 the system has

8More generally, one could have chosen 𝜖0 not to be the lowest eigenvalue of J but rather the eigenvalue of some
excited mode of interest. In Ref. [76], the convention was chosen to pick 𝜖0 to correspond to the bulk magnetization
mode, which we will discuss more later in this chapter. In that case, 𝜆0 = 𝜆 + 𝛽𝜖0 can diverge at low temperature if
this mode is not the true ground state (e.g. if the ground state breaks translation symmetry), and 𝜆−1

0 goes to zero at
low temperature, meaning that the fluctuations of the bulk magnetization are suppressed and the bulk susceptibility
goes to zero. We will only ever take 𝜖0 to be the lowest eigenvalue of J.
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(a) 𝑝 = −1/2
𝑇𝑐/𝑊 = 0
𝜆0 ∼ 𝑇

(b) 𝑝 = 0
𝑇𝑐/𝑊 = 0

𝜆0 = (exp(−𝑊/𝑇)−1)−1(𝑊/𝑇)

(c) 𝑝 = 1/2
𝑇𝑐/𝑊 = 1/3
𝜆0 ∼ (𝑇 − 𝑇𝑐)2

(d) 𝑝 = 1, 𝑇𝑐/𝑊 = 1/2, 𝜆0(𝑇 − 𝑇𝑐) non-polynomial (e) 𝑝 = 2, 𝑇𝑐/𝑊 = 2/3, 𝜆0 ∼ (𝑇 − 𝑇𝑐)

(f) Flat bands at zero energy, no phase transition, 𝜆0 saturates to a constant.

Figure 2.4: The temperature evolution of 𝜆0 for toy models with extensive (a,b,f) and subextensive
(c,d,e) zero-energy density of states.
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an extensive number of low energy modes and 𝜆0 monotonically decreases to zero as temperature
is lowered. For 𝑝 > 0, the system has a subextensive number of low energy modes and 𝜆0
reaches zero at a finite temperature critical temperature 𝑇𝑐. The exact critical temperatures can be
computed by expanding Eq. (2.49) about 𝜆0 = 0, as well as the functional dependence of 𝜆0 on
𝑇 − 𝑇𝑐 which are summarized in the captions of Fig. 2.4. As the excited states depopulate, the
conserved total spin length enforced by the self consistency condition causes the occupation of the
lower energy modes to increase, where the population of a mode with energy 𝐸 is 1/(𝜆0 + 𝛽𝐸).
At the critical temperature, the fluctuations of the ground state mode with 𝐸 = 0 diverges as
⟨|𝑆0 |2⟩ = 𝜆−1

0 or, put another way, this mode condenses and obtains a macroscopic occupation
number. When the density of states near zero energy is large, the critical temperature is suppressed,
until at 𝑝 = 0 it reaches zero. With a constant density of states we obtain an exact expression for
𝜆0, and find that it approach zero exponentially fast at low temperature. For 𝑝 = −1/2 𝜆0 goes to
zero but only linearly with 𝑇 .

Frustration tends to increase the low energy density of states of a system, and in the most
extreme cases lead to a macroscopic number of ground states. We can model this extreme case
with a density of states given by

𝑔(𝐸) ∝ 𝐸 𝑝 + 𝛼𝑊
𝑝+1

𝑝 + 1
𝛿(𝐸), (2.51)

with 𝑝 > 0. The density of states decreases at low energy but there are a macroscopic number of
states at 𝐸 = 0 corresponding to the presence of a perfectly flat band at zero energy, which we will
see is the case for ice models. The dimensionless constant 𝛼 is the ratio of the number of states in
the flat band to the number of states with 𝐸 > 0. The resulting temperature evolution of 𝜆0 is shown
in Fig. 2.4(f) for 𝑝 = 1. The important qualitative result is that 𝜆0 saturates to a constant and does
not go to zero. Thus the SCGA predicts no phase transition, even at zero temperature. The system
remains in the paramagnetic phase at all temperatures, with the constraint at zero temperature
that the excited modes are completely unoccupied and the configuration space is reduced to a
constrained but extensive subspace. Since the total occupation of all modes is conserved by the
self consistency condition, at zero temperature each flat band mode has an occupation equal to
the total number of states divided by the number of states in the flat band (assuming that the
occupations are equally distributed among states in the flat band). The occupation of the zero
energy modes is precisely 𝜆−1

0 , and so 𝜆0 saturates to 𝛼/(1 + 𝛼), which is the fraction of the total
number of states in the flat band.
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2.3 Spatial Symmetries and Representation Theory

So far we have described spin models in a general way, without exploiting any symmetries in our
analysis. In this section, we will discuss how symmetries can be systematically folded into our
analysis of soft and hard spin models. The primary symmetries we will be interested in are spatial
ones.

The symmetries (isometries) of 𝑑-dimensional Euclidean space are described by the Euclidean
group 𝐸 (𝑑), which contains rotations, translations, and inversions. The Euclidean group can be
expressed as a semi-direct product 𝑂 (𝑑) ⋉ 𝑇 (𝑑), where 𝑂 (3) is the orthogonal group of rotations
and inversion9 in 𝑑 dimensions and 𝑇 (𝑑) is the group of translations in 𝑑 dimensions. The product
is semidirect because rotations and translations do not commute.10

Crystalline lattices break the smooth Euclidean symmetries down to a discrete subgroup called
a space group. There are 17 space groups in two dimensions and 230 space groups in three
dimensions. In every space group the translations are broken to a discrete subgroup isomorphic to
Z
𝑑 , splitting space into discrete copies of a single unit cell which tiles space. The quotient of the

space group by the translations describe the symmetries of a single unit cell, which is a subgroup
of 𝑂 (𝑑) called the point group.

We will make extensive use of these symmetries in the analysis of spin models. In particular,
the soft spin configuration space Ωspin is a vector space equipped with an action of the crystalline
space group, meaning that we can make use of representation theory. A representation 𝜌 of a
group 𝐺 is a linear action of 𝐺 on a vector space 𝑉 , meaning that 𝜌 : 𝐺 → 𝐺𝐿 (𝑉) is a group
homomorphism from 𝐺 to the general linear group of 𝑉 (the group of all invertible linear maps
𝑉 → 𝑉). Under the action of the full space group, Ωspin will decompose into a direct sum of
subspaces which are the orbits of the representation, meaning that under the action of any space
group symmetry these subspaces are mapped to themselves. The induced representations on these
subspaces are called irreducible representations. In the next section we will introduce the Fourier
basis, which is the irreducible basis for translations. After that, we will discuss how the irreducible
representations of the point group control the long-wavelength physics.

2.3.1 The Fourier Basis: Irreducible Representations of Translations

We assume that the spins are located on the sites of a 𝑑-dimensional crystalline lattice, which
can be described by a spatially repeating unit cell and a sublattice basis of crystal sites within a

9Alternatively, rotations and reflections.
10More precisely, a semidirect product of groups 𝐴 ⋉ 𝐵 is a group where 𝐵 acts on itself in the usual way and 𝐴

acts on 𝐵 as an inner automorphism. We will not be concerned with these details.
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cell. Let 𝒂𝑖, 𝑖 = 1, . . . , 𝑑 be the primitive lattice translation vectors, and let 𝒄𝜇 be the sublattice
positions within a cell. A lattice site is then indexed by three integers 𝑛𝑖 and a sublattice index 𝜇,
and is located at position 𝑹 given by

𝑹 =

𝑑∑︁
𝑖=1

𝑛𝑖𝒂𝑖 + 𝒄𝜇 . (2.52)

We will always consider a finite size lattice where 𝑛𝑖 ∈ {0, . . . , 𝐿 − 1} so that there are exactly 𝐿𝑑
unit cells, with periodic boundaries (i.e. 𝑛𝑖 ∈ Z𝐿), containing 𝐿𝑑𝑁sl lattice sites, where 𝑁sl is the
number of sublattices. It is helpful to consider the system with periodic boundaries to be a super
cell with 𝐿𝑑𝑁sl sublattices, which infinitely tiles space in a repeating pattern. Alternatively, we
can consider our system to be on a torus.

In Section 2.2 we indexed our basis vectors by site index 𝑖 and spin component 𝛼. We will
now break the site index 𝑖 into a unit cell index 𝒓 =

∑
𝑖 𝑛𝑖𝒂𝑖 and sublattice index 𝜇, so the vectors

previously indexed |𝑖, 𝛼⟩ can be specified as |𝒓, 𝜇, 𝛼⟩. Our interest now is in the action of the
translation subgroup of the space group on the space Ωspin. A primitive translation shifts the entire
system by a primitive vector 𝒂𝑖. These translations act on Ωspin by the linear maps 𝑇𝑖 defined in
the position basis as

𝑇𝑖 |𝒓, 𝜇, 𝛼⟩ = |𝒓 + 𝒂𝑖, 𝜇, 𝛼⟩ . (2.53)

A general translation is then represented by
∏
𝑖 𝑇

𝑛𝑖
𝑖

, and the periodic boundaries imply that 𝑇 𝐿
𝑖
= 1.

The eigenvalues of 𝑇𝑖 must therefore be the 𝐿’th roots of unity and the eigenvectors are plane
waves,

|𝒒, 𝜇, 𝛼⟩ ≡
∑︁
𝒓

1
√
𝐿3
𝑒−𝑖𝒒·(𝒓+𝒄𝜇) |𝒓, 𝜇, 𝛼⟩ , (2.54)

which satisfy the eigenvalue equation for the translation operator 𝑇𝑖 with eigenvalues 𝑒𝑖𝒒·𝒂𝑖 ,

𝑇𝑖 |𝒒, 𝜇, 𝛼⟩ =
∑︁
𝒓

1
√
𝐿3
𝑒−𝑖𝒒·(𝒓+𝒄𝜇) |𝒓 + 𝒂𝑖, 𝜇, 𝛼⟩ (2.55)

=
∑︁
𝒓

1
√
𝐿3
𝑒−𝑖𝒒·(𝒓−𝒂𝑖+𝒄𝜇) |𝒓, 𝜇, 𝛼⟩ (2.56)

= 𝑒𝑖𝒒·𝒂𝑖
∑︁
𝒓

1
√
𝐿3
𝑒−𝑖𝒒·(𝒓+𝒄𝜇) |𝒓, 𝜇, 𝛼⟩ (2.57)

= 𝑒𝑖𝒒·𝒂𝑖 |𝒒, 𝜇, 𝛼⟩ . (2.58)

The eigenvalues are indexed by 𝒒 but are only unique up to addition of a reciprocal lattice vector 𝒃𝑖

30



satisfying 𝒃𝑖 · 𝒂 𝑗 = 2𝜋𝛿𝑖 𝑗 . The 𝒒 are unique within the first Brillouin zone (FBZ) torus, defined by

𝒒 =

𝑑∑︁
𝑖=1

𝜆𝑖𝒃𝑖 𝜆𝑖 ∈ [0, 1). (2.59)

The periodic boundary condition 𝑇 𝐿
𝑖

= 1 implies that the eigenvalues exp(𝑖𝒒 · 𝒂𝑖) are 𝐿’th
roots of unity, which means that the wavevectors 𝒒 can only take discrete values. Specifically,
note that 𝒃𝑖 is orthogonal to every primitive lattice vector except 𝒂𝑖, meaning that it is orthogonal
to the plane spanned by the 𝒂 𝑗≠𝑖. The planes of constant phase therefore lie in the crystal planes
of the lattice. With periodic boundaries, only certain wavevectors are commensurate with the
periodicity of the super cell—the allowed plane waves must be constant on the planes of the
super lattice, exp(𝑖𝒒 · 𝒓) = exp(𝑖𝒒 · (𝒓 + 𝐿𝒂𝑖)). The super lattice has primitive super-translations
𝐿𝒂𝑖, and corresponding reciprocal super-lattice vectors 𝒃𝑖/𝐿, which is the longest wavelength
wavevector commensurate with the super cell.11 Allowed wavevectors must be multiples of this
“fundamental harmonic,” so the set of unique wavevectors is given by

𝒒 =

𝑑∑︁
𝑖=1

𝑛𝑖

𝐿
𝒃𝑖 𝑛𝑖 ∈ Z𝐿 . (2.60)

Therefore there are exactly 𝐿𝑑 allowed wavevectors in the FBZ which are commensurate with the
periodic boundaries, one for each unit cell. This must be the case in order for the Fourier and
position basis to have the same number of basis vectors.

In the language of representation theory, the representation of the translation subgroup acting
on Ωspin splits into a sum of irreducible representations. The vector spaces spanned by the Fourier
planes waves with fixed 𝒒, which we denote

Ω
(𝒒)
spin = span {|𝒒, 𝜇, 𝛼⟩|∀ 𝜇,∀𝛼} , (2.61)

do not mix under the action of the 𝑇𝑖, because when restricted to these spaces the 𝑇𝑖 act as
exp(𝑖𝒒 · 𝒂𝑖) times the identity. Therefore Ωspin splits into the direct sum of 𝐿3 invariant subspaces,

Ωspin =
⊕
𝒒

Ω
(𝒒)
spin. (2.62)

11In precisely the same sense as 𝒃𝑖 is the longest wavelength wavevector commensurate with the primitive unit
cell. Just as exp(𝑖(𝑥𝒂𝑖) · 𝒃𝑖) completes one full cycle as 𝑥 varies from 0 to 1 (crossing a single primitive cell),
exp(𝑖(𝑥𝒂𝑖) · (𝒃𝑖/𝐿)) completes a full cycle as 𝑥 varies from 0 to 𝐿 (crossing a single super cell).

31



This is essentially a statement of Bloch’s theorem. The dimension of each subspace Ω
(𝒒)
spin is

𝑁sl × 𝑁 .
Note that the phase factor exp

(
−𝑖𝒒 · 𝒄𝜇

)
in Eq. (2.54) is a gauge freedom in the definition

of the basis vectors. We choose the phase factor for each sublattice according to the sublattice
position because this will be the proper basis for computing neutron scattering cross sections,
since the neutron interacts with ions at their physical location in the lattice. It is sometimes also
useful to consider another basis without the phase factors, which we denote

|𝒒, 𝜇̃, 𝛼⟩ ≡
∑︁
𝒓

1
√
𝐿3
𝑒−𝑖𝒒·𝒓 |𝒓, 𝜇, 𝛼⟩ . (2.63)

The two bases are related by a unitary operator,

Φ |𝒒, 𝜇̃, 𝛼⟩ = 𝑒−𝑖𝒒·𝒄𝜇 |𝒒, 𝜇, 𝛼⟩ . (2.64)

2.3.2 Bands of the Interaction Matrix

The interaction matrix J is assumed to be invariant under the action of the space group, meaning
that it commutes with all generators of the representation of the space group action on Ωspin. This
means that J does not mix the irreducible subspaces and is block-diagonal in the irreducible basis.
In particular in the Fourier basis, J will decomposes into 𝐿𝑑 blocks of dimension 𝑁sl𝑁 × 𝑁sl𝑁 ,
indexed by 𝒒,

⟨𝒒, 𝜇, 𝛼 | J |𝒒′, 𝜈, 𝛽⟩ = 𝛿𝒒,𝒒′ ⟨𝒒, 𝜇, 𝛼 | J |𝒒, 𝜈, 𝛽⟩ ≡ 𝛿𝒒,𝒒′J𝛼𝛽𝜇𝜈 (𝒒). (2.65)

One can easily show by inserting resolutions of the identity in the position basis that

J
𝛼𝛽
𝜇𝜈 (𝒒) =

∑︁
𝑗∈𝜈

J
𝛼𝛽

𝑖 𝑗
𝑒𝑖𝒒·(𝒓 𝑗−𝒓𝑖) 𝑖 ∈ 𝜇, (2.66)

where the sum is over all 𝑗 in sublattice 𝜈 with 𝑖 fixed on sublattice 𝜇. We will denote the matrix J

restricted to the subspace Ω
(𝒒)
spin by J(𝒒), which will be a primary object of study throughout this

thesis. The Hamiltonian in the Fourier basis reads

𝐻 =
1
2

∑︁
𝒒

∑︁
𝜇𝜈

∑︁
𝛼𝛽

𝑆𝛼𝜇 (𝒒)∗J
𝛼𝛽
𝜇𝜈 (𝒒)𝑆𝛽𝜈 (𝒒), (2.67)

where ∗ denotes complex conjugation and

𝑆𝛼𝜇 (𝒒) ≡ ⟨𝒒, 𝜇, 𝛼 |𝑆⟩ =
∑︁
𝒓

1
√
𝐿𝑑
𝑒−𝑖𝒒·(𝒓+𝒄𝜇)𝑆𝛼𝜇 (𝒓). (2.68)
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Denote the eigenvalues of the matrix J(𝒒) by 𝜖𝑛 (𝒒) and the corresponding normalized eigenvectors
by

��𝜑𝒒,𝑛〉. We define the normal modes of the system to be the linear combinations

𝑆𝒒,𝑛 ≡
〈
𝜑𝒒,𝑛

��𝑆〉 . (2.69)

The Hamiltonian Eq. (2.67) is diagonalized in this basis into a sum of quadratic normal modes,

𝐻 =
1
2

∑︁
𝒒

𝑁sl𝑁∑︁
𝑛=1

𝜖𝑛 (𝒒)
��𝑆𝒒,𝑛��2 . (2.70)

The thermal equilibrium physics of this Hamiltonian in the soft spin approximation can be deduced
from the eigenvalues 𝜖𝑛 (𝒒) and their corresponding eigenvectors. In general, one expects the
ground state of the system to be in the subspace spanned by the

��𝜑𝒒,𝑛〉 with minimum 𝜖𝑛 (𝒒). It
may happen, particularly in frustrated systems, that this subspace does not intersect the hard spin
constraint surface Mhard, meaning that the hard spin ground states appear as excited states relative
to the naive soft spin ground state. We will see an example of this shortly in the triangular lattice
Ising antiferromagnet.

2.3.3 Long Wavelength Modes and Point Group Symmetries

It is often the case that we are interested in the macroscopic, rather than microscopic behavior of the
system, in which case the most important modes are those at long wavelength. In particular, this is
the case when the bottom of the spectrum of J is at 𝒒 = 0, then at low temperature the high-energy
modes are depopulated and the physics is dominated by the (usually quadratically dispersing)
long-wavelength modes. The long-wavelength physics of many systems can in principle be
described by a coarse-grained field theory. The idea is to define a continuum field 𝜙(𝒓) which
represents an appropriate average of the degrees of freedom within some mesoscopic volume
surrounding the point 𝒓 of the underlying discrete system. The coarse-grained picture is attractive
because it is intuitive and allows us to bring to bear methods of field theory to discrete systems. It
is therefore desirable to have a systematic method for developing long-wavelength field theories,
and we will demonstrate how this can be done via a long-wavelength expansion of the interaction
matrix.

The general procedure to perform a long wavelength expansion of the Hamiltonian is to
begin by analyzing the interaction matrix at infinite wavelength or zero momentum, 𝒒 = 0.
The corresponding normal modes by definition are translationally invariant, corresponding to
spin configurations which are exactly the same in every unit cell of the lattice, and therefore
can be analyzed by simply considering the degrees of freedom in a single unit cell. The
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symmetries of a single unit cell are described by the point group, which contains only rotations
and inversions/reflections. The space of 𝒒 = 0 modes will decompose further into irreducible
representations of the action of the point group indexed by 𝐼,

Ω
(0)
spin =

⊕
𝐼

Ω
(0,𝐼)
spin . (2.71)

Equivalently, the eigenvectors of J(0) can be indexed by the irreducible representations (irreps) of
the point group, |0, 𝐼, 𝑖𝐼⟩, where 𝐼 labels the irreps and 𝑖𝐼 = 1, . . . , 𝑑𝐼 where 𝑑𝐼 is the dimension of
irrep 𝐼. Within each irrep subspace, the eigenvalue of J(0) will be 𝑑𝐼-fold degenerate, meaning
that in the spectrum of J there is a 𝑑𝐼-fold band touching point at 𝒒 = 0. Our interest is in the band
touching point with the lowest energy which, at low temperature, controls the long-wavelength
physics as higher bands depopulate. It is also possible for multiple irreps to be degenerate, but
these degeneracies are not protected by symmetries and generally require fine tuning.

The 𝒒 = 0 normal modes are

𝑆0,𝐼,𝑖𝐼 ≡ ⟨0, 𝐼, 𝑖𝐼 |𝑆⟩ =
∑︁
𝜇,𝛼

⟨0, 𝐼, 𝑖𝐼 |0, 𝜇, 𝛼⟩︸             ︷︷             ︸
T(𝐼,𝑖𝐼 )

(𝜇,𝛼)

⟨0, 𝜇, 𝛼 |𝑆⟩ , (2.72)

where the matrix T is the diagonalizing unitary matrix in the 𝒒 = 0 subspace. The basis |0, 𝐼, 𝑖𝐼⟩
is the eigenbasis at 𝒒 = 0, but in general we do not know the exact eigenvectors of J for 𝒒 ≠ 0. We
use the 𝒒 = 0 unitary matrix T to construct an ansatz basis for the long wavelength expansion,

|𝒒, 𝐼, 𝑖𝐼⟩ ≡
∑︁
𝜇,𝛼

|𝒒, 𝜇, 𝛼⟩ ⟨0, 𝜇, 𝛼 |0, 𝐼, 𝑖𝐼⟩ . (2.73)

This is not the eigenbasis of J for 𝒒 ≠ 0, but the claim is that it is close to the correct eigenbasis,
with an error which goes to zero in the limit 𝒒 → 0, and is the correct basis to begin the long
wavelength expansion. We define the approximate normal modes for 𝒒 ≠ 0 as

𝑆𝒒,𝐼,𝑖𝐼 ≡ ⟨𝒒, 𝐼, 𝑖𝐼 |𝑆⟩ =
∑︁
𝜇,𝛼

T(𝐼,𝑖𝐼 )
(𝜇,𝛼) ⟨𝒒, 𝜇, 𝛼 |𝑆⟩ . (2.74)

We obtain the matrix elements of J in this basis, J𝑖𝐼 𝑗𝐽
𝐼𝐽

(𝒒) ≡ ⟨𝒒, 𝐼, 𝑖𝐼 | J |𝒒, 𝐽, 𝑗𝐽⟩, which we then
expand to quadratic order in 𝒒. The resulting matrix will not in general be diagonal. Assuming
that one irrep (or set of degenerate irreps) has minimum eigenvalue and we are interested in energy
scales smaller than the gap to the first excited irrep, the high-energy irrep modes can be integrated
out. In practice this means that their matrix elements are entirely ignored, because integrating
them out produces new couplings among the ground state modes at quartic and higher order in
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𝒒. Limiting only to the matrix elements among the ground state irreps, the resulting (generally
small) matrix can be diagonalized to obtain the long-wavelength normal modes and their quadratic
dispersions. The resulting effective long-wavelength Hamiltonian can then be Fourier transformed
back to direct space to obtain a field theory for the long-wavelength modes. We will see an explicit
example of this procedure for spin ice in Section 2.5.2.

2.4 Frustration of Soft Spins

In this section, we will apply the soft spin analysis developed so far to a few basic models in order
to demonstrate how it can be used to study frustration. First, we consider for juxtaposition the
unfrustrated square lattice. We then turn to discussing the basic frustrated unit, the triangular
motif, and briefly examine the triangular lattice antiferromagnet and the square lattice with second
neighbor interactions. We then turn to ice models, briefly discussing kagome and square ice, then
moving to three dimensions and discussing spin ice. We will only consider 𝑁 = 1 Ising models
here. The cases 𝑁 = 2, 3 will be discussed in Chapter 6. For Ising spins with a single component
𝑆𝑧
𝑖
≡ 𝑺𝑖 · 𝒛𝑖, where 𝒛𝑖 is the quantization axis (generally the local high-symmetry easy axis), we

will omit the superscript 𝑧 and denote them by classical variables 𝑆𝑖 = ±1.

2.4.1 Unfrustrated Square Lattice

We quickly apply the above methodology to the Ising ferromagnet and anti-ferromagnet on
a 2-dimensional square lattice for illustration, before turning to frustrated spin models. The
square lattice is a Bravais lattice, meaning 𝑁sl = 1 and Ising spins have 𝑁 = 1 component.
Ωspin is therefore an 𝐿𝑑 dimensional vector space. With only nearest-neighbor interactions, the
Hamiltonian is

𝐻 = 𝐽
∑︁
⟨𝑖 𝑗⟩

𝑆𝑖𝑆 𝑗 (2.75)

where 𝐽 is an energy scale, 𝐽 < 0 for the ferromagnetic case. We take the primitive vectors to
be 𝒂1 = 𝑎𝒙̂ and 𝒂2 = 𝑎 𝒚̂ where 𝑎 is the lattice spacing. The Fourier transform of J can be easily
computed from Eq. (2.66). Since the square lattice has no sublattices J is diagonalized in the
Fourier basis, and the Hamiltonian Eq. (2.67) reads

𝐻 = 𝐽
∑︁
𝒒

[cos(𝒒 · 𝒂1) + cos(𝒒 · 𝒂2)] |𝑆(𝒒) |2. (2.76)

The band is plotted in Fig. 2.5(a) for 𝐽 < 0 (ferromagnetic) and 𝐽 > 0 (antiferromagnetic). In the
ferromagnetic case, the band minimum is at 𝒒 = 0 and the band disperses quadratically upward.
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Figure 2.5: (a) The bands of the nearest-neighbor model on the square lattice with ferromagnetic
(top) or antiferromagnetic (bottom) interactions. When interactions are ferromagnetic, the the
band minimum is at zone center, and when the interactions are antiferromagnetic the bands
are minimum at the zone boundary. (b,c) In the antiferromagnetic case, the minimum is at the
zone corner 𝑀 point, which corresponds to a plane wave with two-sublattice repetition. This
corresponds to the true ground state of the square lattice antiferromagnetic Ising model, i.e. the
Néel state.

The 1-dimensional subspace of Ωspin spanned by |0⟩ intersects the hard-spin constraint surface
Mhard, the corners of an 𝑁spins-dimensional hypercube, at exactly two points, corresponding to
all spins up or all spins down. In the antiferromagnetic case, the band minimum is at the zone
corner and the ground state is the Néel state which has maximum crystal momentum, shown in
Fig. 2.5(b). Notice that the wave is perfectly commensurate with the lattice, with lattice sites
sitting precisely at the maxima and minima. Since the crystal momenta are periodic, the four
zone corners are actually all equivalent, and we can represent the ground state in terms of a sum
over the four symmetrically-equivalent wavevectors to obtain a standing wave pattern shown in
Fig. 2.5(c). This is the prototypical example of an unfrustrated antiferromagnet, following from
the fact the the lattice is bipartite and so supports a 2-sublattice symmetry broken ground state.
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2.4.2 Fully Frustrated Clusters: Triangular and Simplex Motifs

Before moving on to lattice models for frustrated magnetism, we first consider the minimal
frustrated unit: the antiferromagnetic triangle, and the general concept of a frustrated cluster. This
will allow us to distinguish two types of frustration effects.

As we discussed earlier, the simplest antiferromagnet involves just two spins. The configuration
space is shown in Fig. 2.6(a). The excited state is the ferromagnetic 𝑆1 = 𝑆2 state, which sits
in the subspace spanned by |𝜓+⟩ ∝ |1⟩ + |2⟩, indicated by the red line. The ground state is the
antiferromagnetic 𝑆1 = −𝑆2 which sits in the orthogonal subspace spanned by the ground state
eigenvector |𝜓−⟩ ∝ |1⟩ − |2⟩. Note that the hard spin manifold (the corners of the square) is
completely contained in these two eigenspaces of the interaction matrix. The SCGA ground
state is the subspace indicated by the blue line, and the spherical model ground state is given by
the intersection of the circle with the blue line, which is the true hard spin ground state. The
correlation matrix has a spectral expansion

G =
1

𝜆0 + 2𝛽𝐽
|𝜓+⟩ ⟨𝜓+ | +

1
𝜆0

|𝜓−⟩ ⟨𝜓− | . (2.77)

In the limit of zero temperature 𝛽 → ∞, the excited state is fully suppressed and gives no
contribution to the correlations.

Now consider the same problem but for three spins on triangle, which is the minimal frustrated
unit. The Hamiltonian can be written as

𝐻 = 𝐽 (𝑆1𝑆2 + 𝑆2𝑆3 + 𝑆3𝑆1) =
1
2

(
𝑆1 𝑆2 𝑆3

) ©­«
0 𝐽 𝐽

𝐽 0 𝐽

𝐽 𝐽 0

ª®¬ ©­«
𝑆1
𝑆2
𝑆3

ª®¬ (2.78)

The interaction matrix has an eigenvector |𝜓+⟩ ∝ |1⟩ + |2⟩ + |3⟩ with eigenvalue +2𝐽, and the
remaining two eigenvectors are degenerate with eigenvalue −𝐽. Adding and subtracting the
minimum eigenvalue on the diagonal as per Eq. (2.42) is equivalent to writing the Hamiltonian as

𝐻 = −𝐽
2
(𝑆2

1 + 𝑆
2
2 + 𝑆

2
3) +

𝐽

2
(𝑆1 + 𝑆2 + 𝑆3)2. (2.79)

The first term yields the spherical model ground state energy, and the second term is exactly
(𝐽/2) | ⟨𝜓+ |𝑆⟩ |2. The configuration space is shown in Fig. 2.6(b), with the subspace spanned
by |𝜓+⟩ indicated in red. The two ferromagnetic excited states (all-up and all-down, or all-in
and all-out) lie in this subspace. The two-dimensional subspace orthogonal to |𝜓+⟩ spanned by
the remaining two degenerate eigenvectors is shown by the blue disk. Its intersection with the
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spherical constraint surface is indicated by the blue circle. Notice that this subspace does not
include any of the hard spin states. There are six hard spin ground states for this system with the
three spins satisfying 𝑆𝑖 = 𝑆 𝑗 = −𝑆𝑘 , indicated by the blue corners of the cube. These states are
displaced from the soft spin ground state subspace along |𝜓+⟩, and therefore have higher energy
than the soft spin ground states lying on the spherical constraint surface indicated by the blue
circle, because there are no hard spin states which can fully minimize 𝑆1 + 𝑆2 + 𝑆3. Thus the
ground state energy of this system is larger than that of the spherical model.

This inability to reach the ground state subspace of J on the hard spin constraint surface is a
manifestation of frustration, but it is not a necessary criteria of frustration. To see why, consider a
fully connected frustrated unit with four spins (e.g. a tetrahedron) interacting antiferromagnetically.
Writing down the obvious analogues of Eqs. (2.78) and (2.79) we again find that the interaction
matrix has one excited eigenvector |𝜓+⟩ ∝ |1⟩ + |2⟩ + |3⟩ + |4⟩, and the remaining three eigenvectors
are degenerate. The hard spin configuration space is given by the sixteen corners of a four-
dimensional hypercube, which is illustrated in Fig. 2.6c as a tesseract. The ground state subspace
orthogonal to |𝜓+⟩ satisfies 𝑆1 + 𝑆2 + 𝑆3 + 𝑆4 = 0 and is three dimensional, and in fact there are
six hard spin states which lie in this subspace, colored blue. This model is certainly frustrated, in
that ground states do not minimize every bond energy and some bonds remain ferromagnetically
aligned, but the hard spin states are contained in the SCGA ground state subspace.

We can generalize these observations to a fully-connected cluster of 𝑛 spins (an 𝑛-simplex),
where each bond is antiferromagnetic. Every trio of spins in the cluster forms an anti-ferromagnetic
triangle, so such clusters are maximally frustrated units. The Hamiltonian for the cluster can be
written as

𝐻𝑐 = 𝐽
∑︁
⟨𝑖 𝑗⟩∈𝑐

𝑆𝑖𝑆 𝑗 = −𝐽
2

∑︁
𝑖∈𝑐

𝑆2
𝑖 +

𝐽

2

(∑︁
𝑖∈𝑐

𝑆𝑖

)2

. (2.80)

The interaction matrix always has one excited eigenvector |𝜓+⟩ ∝
∑
𝑖∈𝑐 |𝑖⟩ and the soft spin ground

state subspace is the 𝑛 − 1-dimensional subspace orthogonal to this vector. In the spherical
approximation the ground state subspace is an 𝑛 − 1-sphere. For 𝑛 even, the hard spin manifold
(corners of an 𝑛-cube) intersects these ground states, corresponding to states for which

∑
𝑖∈𝑐 𝑆𝑖 = 0,

while for 𝑛 odd the sum can at best be ±1 and the hard spin ground states do not intersect the
SCGA ground state manifold.

This means we should distinguish two mechanisms of frustration. The first is the usual one:
not every pairwise interaction can be simultaneously satisfied. This mechanism is present in all
frustrated models, it is a necessary but not sufficient criteria for frustration, and we will see an
example in the next section where it is satisfied despite the system having a unique ground state.
The second is an additional type of frustration which occurs when frustrated clusters have an odd
number of Ising spins (𝑁 = 1): the constraint

∑
𝑖∈𝑐 𝑆𝑖 = 0 cannot be satisfied exactly—the best
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Figure 2.6: The SCGA ground state manifold for a single frustrated unit of 𝑛 spins is the
𝑛 − 1-dimensional space orthogonal to

∑𝑛
𝑖=1 |𝑖⟩. This is depicted for 𝑁 = 1 spins with (a) 𝑛 = 2,

(b) 𝑛 = 3, and (c) 𝑛 = 4. The 1-dimensional subspace spanned by
∑𝑛
𝑖=1 |𝑖⟩ is indicated in red and

the orthogonal ground state subspace is depicted in blue. For 𝑁 = 1 spins with 𝑛 odd, such as in
(b), the soft spin ground state space (blue disk) is not intersected by the hard spin manifold (cube
corners), and the hard spin ground states violate the constraint

∑𝑛
𝑖=1 𝑆𝑖 = 0. For 𝑛 even, such as (a)

and (c), some of the hard spin states do lie in the soft spin ground state subspace, and those are the
hard spin ground states of the cluster.
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Figure 2.7: (a) Bands of the triangular lattice antiferromagnet, which has a minimum at the
𝐾-points despite being highly frustrated. (b) The square lattice with second neighbor interactions
is unfrustrated despite being constructed of frustrated units. (c) At the special point 𝐽2/𝐽1 = 1/2
the square lattice model becomes frustrated again, indicated by the completely flat dispersion
along the zone boundary.

possibility is
∑
𝑖∈𝑐 𝑆𝑖 = ±1—and the ground states do not correspond to the SCGA or spherical

model ground states. This second type of frustration is relieved when 𝑁 > 1, where the constraint
becomes

∑
𝑖∈𝑐 𝑺𝑖 = 0. In the next section we will quickly consider two lattice models: the

triangular lattice and the square lattice with second neighbor interactions, which are both built
from edge-sharing frustrated units. The triangular lattice antiferromagnet is frustrated by the fact
that the hard spin constraint surface does not intersect the SCGA ground state subspace, but is not
frustrated for 𝑁 > 1 spins.

2.4.3 Edge Sharing Frustrated Units: Triangular vs. 𝑱1-𝑱2 Square Lattices

We now consider what happens when we build lattices out of frustrated units. We consider
two juxtaposed examples: the triangular lattice and the square lattice with crossings, both with
antiferromagnetic interactions and Ising spins. The triangular case is frustrated and has an
extensive ground state degeneracy while the square lattice with crossings has a subextensive
ground state despite being built of frustrated clusters. Our discussion will only be qualitative,
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based on the intuition we have built up so far.

First we consider the triangular lattice with nearest-neighbor antiferromagnetic interactions.
The bands are shown in Fig. 2.7(c). The bands have a minimum at the zone corner 𝐾 points,
just like the square lattice antiferromagnet. Unlike the square lattice the triangular lattice is not
bipartite and cannot host the two-sublattice Néel state. Rather, the triangular lattice is tripartite.
In Fig. 2.8(a), we show the wave corresponding to a band minimum 𝐾 point wavevector, which
has three-sublattice repetition. It is not hard to see why this is the preferred mode based on our
discussion in the last section. The Hamiltonian for the triangular lattice can be written as a sum
over frustrated units,

𝐻 =
1
2

∑︁
𝑡

©­«𝐽
∑︁
⟨𝑖 𝑗⟩∈𝑡

𝑆𝑖𝑆 𝑗
ª®¬ = −1

4
𝐽
∑︁
𝑖

𝑆2
𝑖 +

𝐽

4

∑︁
𝑡

(∑︁
𝑖∈𝑡
𝑆𝑖

)2

, (2.81)

where the 1/2 in front of the first sum accounts for double counting of triangle edges when
summing over all triangles. The naive ground state should satisfy

∑
𝑖∈𝑡 𝑆𝑖 = 0 on every triangle,

and the SCGA ground state manifold is orthogonal to every vector of the form
∑
𝑖∈𝑡 |𝑖⟩. There are

is one constraint per spins (one per triangle), so we would naively expect the ground state to be
subextensive, which is consistent with the fact that the bands have minima at two wavevectors (the
two 𝐾 points). For soft spins, we could satisfy the constraint by, say, setting one spin to 𝑆𝑖 = 1 and
the other two 𝑆𝑖 = −1/2. This is precisely satisfied by the band minimum 𝐾 point eigenvector.
The standing wave for this wavevector is shown in Fig. 2.8(b), where every triangle has value +1
on one corner and −1/2 on the remaining two.

But this is not possible for hard Ising spins, the best possible is to make two spins equal one
each triangle. In Fig. 2.8(c), we show a ground state where on each triangle two spins are equal, but
this is a plane wave with wavevector corresponding to the 𝑋 point, which is not the band minimum!
This model was solved by Wannier [77], who showed that there are an extensive number of ground
states which can be constructed by separating the system into three sublattices, setting one to have
𝑆𝑖 = +1, another to have 𝑆𝑖 = −1, and the remaining spins on the third sublattice can be completely
arbitrary, depicted by the orange, blue, and white sublattices in Fig. 2.8(a,b). These ground states
are linear combinations of eigenvectors with multiple 𝒒 vectors, they clearly carry some weight
from the eigenvectors at the 𝐾 point, and much also contain weight from eigenvectors with energy
higher than that of the 𝑋 point. Thus the frustration of the triangular lattice is driven by the fact
that each frustrated unit has an odd number of spins, and the hard spin manifold does not lie in the
soft spin ground state subspace. The triangular lattice is an interesting outlier among frustrated
lattices with edge sharing frustrated units, where the frustration is driven by the inability to satisfy∑
𝑖∈𝑐 𝑆𝑖 = 0 (indeed for spins with 𝑁 > 1 spin components, the triangular lattice is rather famously

not frustrated, exhibiting 120◦ three-sublattice order, see [78] and references therein). This is a

41



(a) (b) (c)

Figure 2.8: (a) Ground states of the triangular lattice with hard Ising spins cannot be formed from
the minimum eigenvalue wavevector of the interaction matrix, which is a planewave with three
sublattice repetition. (b) Standing wave with three symmetry-equivalent ground state wavevectors.
(c) Plane wave with wavevector corresponding to the 𝑋 point. The band is not minimum at this
wavevector and yet this is a ground state.

distinct form of frustration from the other frustrated models we will consider in the remainder of
this thesis.

We will quickly illustrate with another edge sharing example: the 𝐽1-𝐽2 square lattice
antiferromagnet with second neighbor interactions, shown in Fig. 2.9. When 𝐽1 = 𝐽2 the lattice
is made of edge-sharing frustrated units—each crossed square is a fully connected cluster, and
naively should satisfy

∑
𝑖∈𝑐 𝑆𝑖 = 0. This naive expectation is incorrect, however, which can be

seen by inspecting the band structure of the interaction matrix. The bands are shown in Fig. 2.7(b)
for 𝐽1 = 𝐽2, and we can see that despite being made of frustrated units, there is a minimum at the
𝑋 point. Indeed this model is not frustrated; the corresponding planewave is shown in Fig. 2.9(a),
which corresponds to a hard spin configuration with alternating stripes. However, the Néel state,
which also satisfies the constraint, is not a ground state, which is clear since the 𝑀 point is not a
minimum of the band. Both of these states satisfy the zero-total-spin constraint on each crossed
square, but one is a ground state and the other is not. Furthermore, note that in the stripe ground
state all of the vertical bonds are unsatisfied, meaning that this state satisfies the naive definition
of being “frustrated”, in the sense that all pairwise interactions are not simultaneously satisfied,
but the system does not exhibit an extensive or even subextensive ground state degeneracy, and so
is not a frustrated spin model.

The reason that the 𝐽1 = 𝐽2 square lattice is not frustrated is because the Hamiltonian does not

42



(a) (b) (c)

Figure 2.9: (a) when 𝐽1 = 𝐽2 the ground state of the system a plane wave corresponding to the 𝑋
point. The system is unfrustrated despite each crossed square individually is a frustrated unit. (b)
The Néel state is not a ground state when 𝐽1 = 𝐽2 despite satisfying

∑
𝑖∈𝑐 𝑆𝑖 = 0 on each cluster. It

is a ground state when 𝐽2 = 𝐽1/2, because at that point the Hamiltonian splits into a sum over
frustrated units. (c) An example of a frustrated ground state satisfying the zero-net-spin condition
on each crossed square.

split into a sum over clusters. We would like the Hamiltonian to split as

𝐻 = 𝐸0 +
𝐽

2

∑︁
𝑐

(∑︁
𝑖∈𝑐

𝑆𝑖

)2

(2.82)

for the system to be frustrated. Because the frustrated units touch on their edges, the sum over
clusters double counts each shared edge, but the interior edges are not double counted. This
means that the Hamiltonian splits into this frustrated form if we take 𝐽2 = 2𝐽2. An example of a
frustrated ground state is shown in Fig. 2.9(c), satisfying the zero-total-spin condition on every
square. The interaction matrix band for this ratio is shown in Fig. 2.7(c), and we can directly
observe the frustration as the flat degeneracy of the band all along the zone boundary. As we saw
in the last section, for frustrated units with an even number of spins the hard spin ground states
will lie in the SCGA ground state subspace. The lesson is that for frustrated units with an even
number of spins, the frustration will always be visible as a degeneracy at the bottom of the bands
of the interaction matrix (in this case the SCGA ground state subspace is subextensive, since the
band is only flat along the one-dimensional zone boundary). This contrasts with the triangular
lattice antiferromagnet, whose Hamiltonian also splits into a sum over clusters in the form of
Eq. (2.82), but with an odd number of spins per cluster, and whose interaction matrix band has a
minimum at the zone corner.
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We can extrapolate to say that any lattice of edge sharing fully connected frustrated units
requires the tuning of all overlapping edge couplings (𝐽1) to be exactly twice the coupling of all
edges internal to the frustrated unit, so that the Hamiltonian will split into a sum of individually
frustrated units as in Eq. (2.82). Another example of this form of frustration is the honeycomb
lattice with second and third neighbor interactions, which can be be tuned to a fully frustrated point
where the Hamiltonian splits into a sum over edge-sharing hexagons, a model studied by Ref. [79].
This is experimentally problematic, as such fine tuning is almost never guaranteed in materials. In
the next section, we discuss ice models, which are constructed from corner sharing frustrated
units. The corner sharing nature prevents the double counting issue on edges and allows us to
achieve frustration with only nearest-neighbor interactions, without fine tuning. These models are
frustrated by an extensive SCGA ground state subspace, which manifests in the form of a flat band
in the spectrum of J.

2.5 Corner Sharing Frustrated Units: Ice Models and Line
Graphs

In this section, we introduce and discuss the ice models, which are Ising antiferromagnets on
lattices made of corner sharing frustrated units. We will see that the ice models are all frustrated
by the presence of a flat band in the spectrum of the interaction matrix. They are all related to the
so-called “line graph” construction [80], a connection we will make extensive use of in Chapter 3.
The line graph12 construction is illustrated in Fig. 2.10 for the (a) checkerboard, (b) kagome, and
(c) pyrochlore lattices; the construction is as follows, moving from left to right:

1. Start with a “parent lattice” (far left), here we show the (a) square, (b) honeycomb, and (c)
diamond lattices.

2. Add a new site at the center of each edge of the parent lattice, these are the vertices of the
line graph lattice.

3. Add an edge (dashed lines) between any two of the new vertices if their corresponding bonds
in the parent lattice meet at a vertex in the parent lattice.

4. Remove edges and vertices of the parent lattice.

12Line graph lattices are also referred to by Henley as “medial latttices” [55]. The relation between line graphs and
frustrated magnetism is touched on briefly in [81].
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This process naturally constructs a fully connected cluster of spins surrounding each of the parent
lattice vertices, and these clusters naturally meet at their corners. Every vertex of the line graph is
shared between exactly two clusters. The line graph construction can be performed for any parent
lattice, but these three are the most ubiquitous line graph geometries studied with experimental
realizations. Note that in these three examples, the underlying or “parent” lattice was bipartite,
meaning that the clusters can be separated into 𝐴 and 𝐵 clusters. This has the consequence that for
any cluster of the line graph, its neighboring clusters are not themselves neighbors of each other.

By an “ice model,” we specifically mean an Ising model with nearest-neighbor antiferromagnetic
interactions on a line graph lattice. The Hamiltonian of such a system can be written as

𝐻 =
𝐽

2

∑︁
𝑖 𝑗

𝑆𝑖A
lg
𝑖 𝑗
𝑆 𝑗 , (2.83)

where Alg is the adjacency matrix of the line graph lattice, whose matrix elements are

A
lg
𝑖 𝑗
=

{
1 𝑖, 𝑗 are nearest-neighbors,
0 otherwise.

(2.84)

Much of the discussion of Chapter 3 will be devoted to understanding the adjacency matrices
of line graph lattices and their unique spectrum. In this section, we will summarize the SCGA
perspective on the frustration of these lattices.

While the work presented in the remainder of this thesis will focus almost entirely on the
physics of pyrochlore magnetism, with an emphasis on spin ice (i.e. the ice model in the pyrochlore
lattice), we note that there is a very large field studying two-dimensional or “artificial” spin ice
constructed from nanometer-sized magnet island [82–85] forming a square or honeycomb array,
and whose nearest-neighbor interactions can be described by the corresponding checkerboard
and kagome lattices. The two-dimensional ice models are closely related to so-called vertex
models [86, 87], which were originally studied as a model for layered ferroelectrics, where much
of the early insights about the physics of ice models was made [88, 89]. Vertex models have a
rich theoretical structure, admitting exact solutions [90, 91] and have deep mathematical structure
connected to topics as far flung as knot theory [92, 93].

We quickly note other corner sharing frustrated geometries. First, Henley provides a list of line
graph lattices of interest in Ref. [55]. In Ref. [94], the ruby and “fully connected kagome” lattices
were considered, which are the line graphs of the kagome and triangular lattices, respectively. In
three dimensions other corner sharing geometries exist, in particular the hyperkagome lattice,
which is a network of corner sharing triangles [95–99], the so-called hyper-hyperkagome lattice,
which has three triangles meeting at each corner [100, 101], and a related structure called the
trillium lattice [102]. We will not be studying these lattices, but their physics is amenable to the
same analyses discussed in this chapter.
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(a)

(b)

(c)

Figure 2.10: Line graph construction of the (a) checkerboard, (b) kagome, and (c) pyrochlore
lattices.
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Figure 2.11: Bands of the adjacency matrices for the (a) checkerboard and (b) kagome lattices,
demonstrating flat bands at the bottom of their spectrum, with a band touching point at zone center.

2.5.1 Line Graph Lattices and Flat Bands

Line graph lattices have generated a large amount of interest, and not only in frustrated magnetism.
Various studies have looked at tight binding models on line graphs [103, 104], the Hubbard model
on line graphs [105, 106], and topological physics on line graphs [107, 108]. This research falls
within the broader scope of interest in strongly correlated physics driven by the presence of flat
momentum bands in a variety system, which has been driven forward by the novel properties of
twisted bilayer graphene driven by nearly flat bands [109]. In electronic systems, the primary idea
of a flat band is that it corresponds to a collection of states which are highly localized in direct
space, i.e. can be seen to have either no kinetic energy or very large mass. These states are not
necessarily interesting, since they could simply refer to the atomic limit of a band insulator where
electrons are fully localized, but flat bands are highly sensitive to perturbations which can drive
these states to have novel correlated properties [110] such as many body localization [111]. For
example, they may have non-trivial topology [112–114], and a significant amount of work has gone
into classifying flat bands with non-trivial topology using topological quantum chemistry [17, 115]
resulting in a large catalogue of flat band materials [116]. In frustrated magnetism, as we will see
in much more detail in Chapter 3, the flat bands of line graph lattices correspond directly to states
localized on loops of the lattice [103].

Consider the edge sharing cases of the triangular and 𝐽2/𝐽1 = 1/2 square lattices discussed in
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the previous section. Those are both Bravais lattices whose interaction matrix has a single band.
Both have Hamiltonians that split into a sum of frustrated clusters given in Eq. (2.82). Each cluster
imposes one constraint on the low energy manifold of states, that

∑
𝑖∈𝑐 𝑆𝑖 = 0. Since these are

Bravais lattices, this amounts to one constraint per unit cell, resulting in a subextensive SCGA
ground state subspace despite the frustration.

Line graph lattices are composed of corner sharing frustrated clusters, and their nearest-
neighbor antiferromagnetic Hamiltonians always split into a sum over frustrated units of the form
of Eq. (2.82). Line graph lattices are never Bravais lattices, always having 𝑁sl > 1 sublattices,
and so their interaction matrix always has multiple bands. The number of clusters per cell 𝑁𝑐 is
necessarily less than the number of sublattices. Each cluster provides one energetic constraint∑
𝑖∈𝑐 𝑆𝑖 = 0. The SCGA ground state subspace is therefore orthogonal to the 𝐿𝑑𝑁𝑐 vectors∑
𝑖∈𝑐 |𝑖⟩ ∀ 𝑐, and has dimension 𝐿𝑑 (𝑁sl − 𝑁𝑐), which is extensive. This means that the interaction

matrix J has a corresponding extensive degeneracy at the bottom of its spectrum, which manifests
as (𝑁sl − 𝑁𝑐) flat bands.

The checkerboard (𝑁sl = 4), kagome (𝑁sl = 3), and pyrochlore (𝑁sl = 4) line graph lattices are
depicted in Fig. 2.10, consisting of corner sharing squares, triangles, and tetrahedra, respectively,
all of which have 𝑁𝑐 = 2 (since their parent lattices are bipartite). The corresponding bands
for their nearest-neighbor antiferromagnetic interaction matrices (equivalently, their adjacency
matrices) are shown in Fig. 2.11 and Fig. 2.12.

2.5.2 Long Wavelength: Emergent Field Theory and Gauss’ Law

In this section we will analyze the long-wavelength description of ice models utilizing the method
discussed in Section 2.3.3, by applying it to the nearest-neighbor pyrochlore Ising antiferromagnet.
This model is referred to as nearest-neighbor spin ice, and will be abbreviated NNSI. The
derivation was originally demonstrated by [76, 81], though the connection to the point group was
not demonstrated at that time. The same procedure can be performed equivalently for other line
graph lattices with similar results. This method will also be utilized in Chapter 5 for a model
complementary to spin ice, and in Chapter 6 for 𝑁 = 3 anisotropic Heisenberg spins.

The space group of the pyrochlore lattice is denoted 𝐹𝑑3̄𝑚, space group 227 in the International
Tables of Crystallography [117], which is the same as for its parent diamond lattice. The point
group of the pyrochlore lattice unit cell is 𝑂ℎ. It has two important subgroups, the first is
the symmetry group of a single tetrahedron 𝑇𝑑 , and the second is the symmetry group for two
tetrahedra touching at a corner (a tetrahedral antiprism) 𝐷3𝑑 . We will call these "site symmetry
groups". 𝐷3𝑑 is the site symmetry group for the pyrochlore lattice, meaning that it contains the
symmetry elements which leave a single site of the lattice fixed, shown in Fig. 2.13(a). 𝑇𝑑 is
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Figure 2.12: (a) The first Brillouin zone (FBZ) of the face centered cubic (FCC) lattice with
high-symmetry points labeled, along with a table of their positions as fractions of the cubic
reciprocal lattice vectors, with the (ℎ𝑘0) (tan) and (ℎℎ𝑙) (purple) high-symmetry reciprocal planes
indicated. See Appendix A for detailed figures showing the structure of the pyrochlore lattice and
its relation to the FCC lattice. (b) The bands of the pyrochlore lattice in the (ℎ𝑘0) plane. (c) The
bands of the pyrochlore lattice in the (ℎℎ𝑙) plane. There are two flat bands at the bottom of the
spectrum which are flat in the entire zone.
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(a) (b)

𝑇𝑑 irrep 𝐸 8𝐶3 3𝐶2 6𝑆4 6𝜎d

𝐴1 (1) 1 1 1 1 1

𝐴2 (1̄) 1 1 1 -1 -1

𝐸 (2) 2 -1 2 0 0

𝑇1 (3̄) 3 0 -1 1 -1

𝑇2 (3) 3 0 -1 -1 1

(c)

Figure 2.13: Points group symmetries of the pyrochlore lattice. (a) The site symmetry group 𝐷3𝑑
of the pyrochlore lattice includes a single 𝐶3 easy axis (black), three mirror planes (one shown in
light blue), three 𝐶2 axes (dark blue) each orthogonal to one mirror plane, and inversion through
the site. (b) The site symmetry group of the diamond lattice 𝑇𝑑 contains four 𝐶3 axes (white),
three 𝐶2 axes (black), three fourfold roto-inversion axes (black, coinciding with the 𝐶2 axes), and
six mirror planes (light blue). (c) The character table for 𝑇𝑑; columns are equivalence classes and
rows are irreducible representations.
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the site symmetry group of the parent diamond lattice, and is the symmetry group of a single
tetrahedral frustrated unit, shown in Fig. 2.13(b).13

The character table for 𝑇𝑑 is shown in Fig. 2.13(c). Vertical columns list the equivalence classes
or conjugacy classes of symmetry elements of 𝑇𝑑 , where 𝐸 indicates the identity, 𝐶𝑛 indicates
𝑛-fold rotation, 𝑆𝑛 indicates 𝑛-fold rotation followed by a mirror in the plane orthogonal to that
axis, and 𝜎d indicates mirror planes. There are 24 total elements of this group. The horizontal
rows of the table label the irreducible representations. There are always an equal number of
irreducible representations as conjugacy classes. The numbers in the table are the characters of
the symmetry operations in the different irreps, which is the trace of the corresponding matrix.
The letters indicate dimension of the representation, which can be read off from the character
of the identity: 𝐴 is 1-dimensional, 𝐸 is 2-dimensional, and 𝑇 is three-dimensional. There
are two 𝐴 and two 𝑇 irreps, and they differ only by the sign of the characters of symmetry
elements containing an inversion (improper rotations and mirror planes). 𝐴1 is called the trivial
representation where every symmetry element acts trivially as the identity, while 𝐴2 is the sign
representation, where inversion acts as multiplication by −1. We can call these respectively the
“scalar” and “pseudoscalar” representations, and we will also indicate them as 1 and 1̄, respectively.
The two 𝑇 irreps are both rotation representations. To see this, consider four three-dimensional
vectors 𝒛𝜇, 𝜇 = 1, 2, 3, 4, which point from the center of the tetrahedron to each of its four corners.
Under a symmetry transformation of the tetrahedron, the four corners are permuted,14 which is
equivalent to a rigid rotation of the four vectors 𝒛𝜇. The 𝑇2 irrep is precisely this three dimensional
rotation representation, where the 𝒛𝜇 transform as vectors. the 𝑇1 irrep differs by the sign of the
parity changing elements, and therefore corresponds to a pseudovector representation, where the
𝒛𝜇 transform as angular momentum vectors.15 We will therefore indicate these two representations

13A note on reading symmetry notations: The notation 𝐹𝑑3̄𝑚 is called Hermann-Mauguin or International notation,
where 𝐹 indicates FCC Bravais lattice symmetry, 𝑑 indicates the presence of a non-symmorphic glide symmetry
along half an FCC lattice vector, 3̄ indicates a threefold roto-inversion axis (black axis in Fig. 2.13(a)), and 𝑚 indicates
a mirror plane. A roto-inversion is a rotation followed by an inversion, also called an improper rotation. Note that a
mirror plane is equivalent to a 2-fold rotoinversion, i.e. 𝑚 ≡ 2̄. The notations 𝑇𝑑 and 𝐷3𝑑 are Shönflies notation for
the point groups, which in International notation are 4̄3𝑚 and 3̄2/𝑚 respectively, where 2/𝑚 indicates that the mirror
plane is orthogonal to the 2-fold rotation axis (the blue mirror plane in Fig. 2.13(a) is orthogonal to one of the 𝐶2
axes). The symmetry equivalence classes in the column headers of Fig. 2.13(c) of 𝐸 , 𝐶3, 𝐶2, 𝑆4, and 𝜎d in Schönflies
notation are equivalently 1, 3, 2, 4̄, and 𝑚 in International notation.

14The group 𝑇𝑑 has exactly 4! elements, and is in fact isomorphic to the symmetric group of permutations of four
elements.

15Under an inversion, a normal vector remains invariant, while a pseudovector changes sign. Given a basis 𝒆𝑖 for a
vector space, a vector can be expanded as 𝒗 =

∑
𝑖 𝑣

𝑖𝒆𝑖 , where 𝑣𝑖 are its components in this basis. Under an inversion,
both the basis vectors 𝒆𝑖 and the vector components 𝑣𝑖 change sign, so that 𝒗 remains invariant (it still “points in
the same direction”). On the other hand, a pseudovector’s component do not change sign, so that under inversion a
pseudovector obtains an overall change in sign. The most common pseudovectors in physics are angular momenta
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Figure 2.14: A single FCC unit cell of the pyrochlore lattice, which contains two tetrahedra (two
diamond lattice sites, white spheres) and four pyrochlore sites, colored black, red, blue, and yellow.
One site sits in the middle (black). The remaining sites sit in the center of a face of the cell and
are each shared between two FCC cells, thus yielding only four sites per cell. Additional detailed
figures for the pyrochlore lattice can be found in Appendix A.

by 3 and 3̄ respectively. We will discuss the two-dimensional 𝐸 and 2 irrep in Chapter 6.

As we laid out in Section 2.3.3, the long-wavelength expansion of the Hamiltonian begins by
studying the 𝒒 = 0 sector of the interaction matrix, which is equivalent to the interaction matrix
for a single unit cell. For the pyrochlore lattice a single unit cell contains two tetrahedra, shown in
Fig. 2.14. According to the method laid out there, we should perform our analysis with respect to
the full point group 𝑂ℎ, but this is unnecessary for our purposes, because 𝑂ℎ decomposes into
two copies of the single tetrahedron site symmetry group 𝑇𝑑 , which are mapped to each other by
the 𝐶2 and inversion symmetries of the 𝐷3𝑑 pyrochlore site symmetry group. The irreps of 𝑂ℎ are
equivalent to two copies of the irreps of 𝑇𝑑 , but with an “even” and “odd” realization, depending
how their sign change under the 𝐷3𝑑 inversion. We are only interested here in the physics which
does not spontaneously break the inversion symmetry between the two tetrahedron (aka breathing
anisotropy), so we can perform our analysis just with respect to 𝑇𝑑 . Equivalently, we can perform
the analysis for a single tetrahedron, which is a common first order approximation method for
pyrochlore physics.

vectors. As a basic example, consider a rotating disk. We can utilize the right hand rule to assign to the rotation an
angular velocity vector 𝝎 which points orthogonal to the disk surface. Applying an inversion means either reversing
the direction of rotation (active transformation) or changing to a left hand rule (passive transformation), and in either
case the direction of 𝝎 is reversed. As a vector, 𝝎 indicates the axis about which the disk is rotating, but the assigning
of a direction to 𝝎 is dependent on whether we choose a right handed or left handed convention and is not intrinsic,
because the rotation itself occurs in the two-dimensional plane orthogonal to 𝜔. Therefore psedovectors are often
called axial vectors, while normal vectors are often called polar vectors.
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For a single tetrahedron with four Ising spins 𝑆𝑖, the soft spin configuration space is four
dimensional, spanned by vectors |1⟩, |2⟩, |3⟩, |4⟩. Under the action of 𝑇𝑑 the four spins are
permuted. Since spins are angular momenta, they transform as pseudovectors, meaning that
their components do not change sign under inversion. This is a four dimensional permutation
representation of 𝑇𝑑 , which we denote 4, given by the 24 four-dimensional permutation matrices.
This representation is reducible, since according to the table in Fig. 2.13(c) the largest irreducible
representations of 𝑇𝑑 are three-dimensional. To compute its decomposition into irreps, we utilize
the orthogonality theorem [118],

𝑛𝐼 =
1

24

∑︁
𝑔∈𝑇𝑑

𝜒𝐼 (𝑔)∗𝜒4(𝑔), (2.85)

where 𝑛𝐼 is the number of times irrep 𝐼 appears in the decomposition, 𝜒𝐼 (𝑔) is the character of
𝑔 in irrep 𝐼, which are given in the table in Fig. 2.13(c), and 𝜒4(𝑔) is the character of 𝑔 in the
representation 4, which is the trace of the corresponding matrix. The result is

4 = 1 ⊕ 3. (2.86)

This result could have been anticipated by the fact that every permutation representation of a
symmetric group always contains the trivial representation in its irrep decomposition.

In this case the trivial representation corresponds to the subspace spanned by
∑4
𝜇=1 |𝜇⟩. We

already saw in Section 2.4.2 that for a single frustrated cluster this is always the excited eigenvector
of the interaction matrix. The remaining three-dimensional subspace is orthogonal to this vector
and corresponds to the ground state for a single frustrated cluster. To obtain a basis for the
remaining three dimensional subspace, we will use a neat geometric observation. Let 𝒛𝜇 be the four
unit vectors pointing from the center of a tetrahedron to its corners. Under the action of 𝑇𝑑 , these
four vectors are permuted, but this is permutation is equivalent to a three-dimensional rotation
and/or reflection of the vectors 𝒛𝜇. Therefore the 𝒛𝜇 transform in the 3 irreducible representation
under the action of 𝑇𝑑 , meaning that the vectors

∑
𝜇 𝑧

𝛼
𝜇 |𝜇⟩ (𝛼 = 𝑥, 𝑦, 𝑧) span the space transforming

in the 3 irrep, where we define 𝒛𝜇 =
√

3𝒛𝜇. These vectors determine the 𝒒 = 0 normal modes by
Eq. (2.72), which reads ©­­­«

𝑆1
𝑆3,𝑥
𝑆3,𝑦
𝑆3,𝑧

ª®®®¬ =
1
2

©­­­«
1 1 1 1
𝑧1
𝑥 𝑧2

𝑥 𝑧3
𝑥 𝑧4

𝑥

𝑧1
𝑦 𝑧2

𝑦 𝑧3
𝑦 𝑧4

𝑦

𝑧1
𝑧 𝑧2

𝑧 𝑧3
𝑧 𝑧4

𝑧

ª®®®¬︸                        ︷︷                        ︸
T(𝐼,𝑖𝐼 )

𝜇

©­­­«
𝑆1
𝑆2
𝑆3
𝑆3

ª®®®¬ . (2.87)

We will give these modes the more suggestive names 𝑄 ≡ 𝑆1, 𝐵𝑥 ≡ 𝑆3,1, 𝐵𝑦 ≡ 𝑆3,2, 𝐵𝑧 ≡ 𝑆3,3,
where 𝑩 =

∑
𝜇 𝑆𝜇𝒛𝜇 is a three-component vector. Physically, since the magnetic moments of the
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ions are given 𝒎𝜇 = 𝜇𝐵𝑔∥𝑆𝜇𝒛𝜇, we can identify (𝜇𝐵𝑔∥/
√

3)𝑩 as the net magnetic moment of
the tetrahedron. 𝑄 on the other hand is maximum when all of the 𝑆𝜇 = 1 (or −1), and we will
eventually see can be interpreted as the “charge” of the tetrahedron. Following the procedure, we
construct the long-wavelength ansatz modes according to Eq. (2.74),

𝑄(𝒒) ≡ 1
2

∑︁
𝜇

𝑆𝜇 (𝒒), (2.88)

𝐵𝛼 (𝒒) ≡ 1
2

∑︁
𝜇

𝑆𝜇 (𝒒)𝑧𝜇𝛼 . (2.89)

Performing a long-wavelength expansion of the Hamiltonian to quadratic order in 𝑎𝒒, where
𝑎 is the pyrochlore nearest-neighbor distance, and applying the unitary transformation to the
irreducible basis (see Refs. [76, 81] for details), we obtain the long-wavelength Hamiltonian16

𝐻 = 𝐸0 +
𝐽

2
𝑎2

©­­­«
𝑄(𝒒)
𝐵𝑥 (𝒒)
𝐵𝑦 (𝒒)
𝐵𝑧 (𝒒)

ª®®®¬
† ©­­­«

8𝑎−2 − |𝒒 |2 −𝑞𝑦𝑞𝑧 −𝑞𝑥𝑞𝑧 −𝑞𝑥𝑞𝑦
−𝑞𝑦𝑞𝑧 𝑞2

𝑥 𝑞𝑥𝑞𝑦 𝑞𝑥𝑞𝑧
−𝑞𝑥𝑞𝑧 𝑞𝑥𝑞𝑦 𝑞2

𝑦 𝑞𝑦𝑞𝑧

−𝑞𝑥𝑞𝑦 𝑞𝑥𝑞𝑧 𝑞𝑦𝑞𝑥 𝑞2
𝑧

ª®®®¬
©­­­«
𝑄(𝒒)
𝐵𝑥 (𝒒)
𝐵𝑦 (𝒒)
𝐵𝑧 (𝒒)

ª®®®¬ + O
(
|𝑎𝒒 |4

)
. (2.90)

We see that the |𝑄(𝒒) |2 term (top left matrix element) is gapped, corresponding to the maximum of
the upper band in Fig. 2.12(b,c) (yellow), plus a portion which quadratically disperses downward
away from 𝒒 = 0. Due to this gap this mode can be safely integrated out at low temperatures,
leaving only the lower three bands, described by the three components of 𝑩(𝒒). Doing so means
we ignore all matrix elements in the first row and column, focusing only on the 3 × 3 matrix
coupling the components of 𝑩(𝒒), whose eigenvalues must yield the lower three bands, one of
which is flat and one of which quadratically disperses upwards. Indeed, we can immediately
recognize this matrix as 𝒒𝒒𝑇 , which is the projector along 𝒒. We therefore obtain the following
effective long-wavelength SCGA Hamiltonian,

𝛽𝐻SCGA =
1
2

∫
𝑑3𝒒 (𝜆0 |𝑩(𝒒) |2 + 𝜉2 |𝒒 · 𝑩(𝒒) |2), (2.91)

where 𝜉 = 𝑎
√
𝛽𝐽 is a lengthscale which diverges at zero temperature. We learn two things from

this: first, 𝜆0 appears here as a “mass” for the field 𝑩, controlling the Gaussian fluctuations. It is
often referred to as the “flux stiffness” for this reason. Second, the divergence of the 𝑩, 𝒒 · 𝑩(𝒒), is
quadratically suppressed, and this corresponds to the quadratically dispersing band at the threefold
band touching point in Fig. 2.12. In direct space this Hamiltonian describes a coarse grained

16We use the conventions for the 𝒛𝜇 given in Appendix A.
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field theory of a three-component vector field, which at zero temperature obeys an emergent
Gauss’ law ∇ · 𝑩 = 0. At finite temperature, violations of the Gauss’ law constraint are energetic
excitations, corresponding to the 𝑄 ≠ 0 on a tetrahedron. These are the so-called “monopoles” of
spin ice [119].

Notice that for a single frustrated tetrahedron there is one excitation mode, 𝑄, and three ground
state modes 𝑩, corresponding to the degeneracies at 𝒒 = 0 in the band structure of the interaction
matrix. When these tetrahedra are coupled together into a corner-sharing lattice, one of the three
ground state modes becomes dispersive, specifically the component along 𝒒. The origin of this
dispersion is the sharing of a single spin between neighboring tetrahedra and therefore the spatial
coupling of 𝑩 between neighboring tetrahedra. This can be formally understood as a continuity
constraint between neighboring tetrahedra, which is described in more detail in Refs. [73, 120].

Much of Chapter 3 will be devoted to developing a rigorous mathematical framework through
which the physics of this effective Hamiltonian can be formulated in direct space on the discrete
lattice, without resorting to a long-wavelength approximation, and thereby refining this intuitive
but simple effective field theory. For now, the key observation to make is that, if the single
quadratically dispersing band near 𝒒 = 0 corresponds to the divergence of 𝑩, 𝒒 · 𝑩 then the two
flat bands must correspond to the curl of 𝑩, 𝒒 × 𝑩, which is orthogonal to 𝒒. Since the curl of 𝑩
does not appear in the long-wavelength Hamiltonian, it is energetically free to fluctuate without
energetic penalty, and this corresponds to the presence of flat bands in the interaction matrix. We
will make this observation precise in Chapter 3. In Chapter 4 we will demonstrate the importance
of this observation for the interpretation of neutron scattering cross sections, and in Chapter 5 we
will use it to construct a complementary model to spin ice. We will also utilize the same method
of long wavelength expansion and irrep decomposition for the case of 𝑁 = 3 component spins in
Chapter 6.

2.6 Correlations and Neutron Scattering: Pinch Points

We now turn to the analysis of the spin-spin correlation functions Eq. (2.8),

⟨𝑆𝛼𝑖 𝑆
𝛽

𝑗
⟩ = ⟨𝑖, 𝛼 | G | 𝑗 , 𝛽⟩ . (2.92)

In practice, the correlation functions are analyzed in reciprocal space. They can be visualized
defining structure factors, which are scalar functions of 𝒒 derived from the matrix elements of G.
There are a few natural ones we will introduce in this section. The most important of these are
the neutron structure factors, which are proportional to the scattering cross sections observed in
neutron scattering.
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2.6.1 Structure Factors

For each irrep we defined a basis |𝒒, 𝐼, 𝑖𝐼⟩ for the long wavelength expansion (Eq. (2.73)). We
define a structure factor for each irrep as17

𝑆𝐼 (𝒒) ≡
∑︁
𝑖𝐼

⟨𝒒, 𝐼, 𝑖𝐼 | G |𝒒, 𝐼, 𝑖𝐼⟩ =
〈��𝑆𝒒,𝐼,𝑖𝐼 ��2〉 . (2.93)

For spin ice, this means the correlation functions

𝑆𝑄 (𝒒) ≡ ⟨|𝑄(𝒒) |2⟩ = 1
4

1
𝐿𝑑

∑︁
𝑖 𝑗

⟨𝑆𝑧
𝑖
𝑆𝑧
𝑗
⟩𝑒−𝑖𝒒·(𝒓 𝑗−𝒓𝑖) , (2.94)

𝑆𝑩 (𝒒) ≡ ⟨|𝑩(𝒒) |2⟩ = 3
4

1
𝐿𝑑

∑︁
𝑖 𝑗

⟨𝑆𝑧
𝑖
𝑆𝑧
𝑗
⟩(𝒛𝑖 · 𝒛 𝑗 ) 𝑒−𝑖𝒒·(𝒓 𝑗−𝒓𝑖) . (2.95)

Since spins carry a magnetic moment 𝒎𝑖 it is natural to consider the moment-moment
correlators ⟨𝑚𝛼

𝑖
𝑚
𝛽

𝑗
⟩ (for 𝑁 = 1, 2, 3). The spin vector 𝑺𝑖 is related to the magnetic moment by the

so-called 𝑔-tensor,
𝑚𝛼𝑖 =

∑︁
𝛽

𝑔𝑖
𝛼𝛽𝑆

𝛽

𝑖
, (2.96)

which is generically of the form [28, 29, 121]

𝑔𝑖 = 𝑔∥ 𝒛𝑖𝒛
𝑇
𝑖 + 𝑔⊥(13×3 − 𝒛𝑖𝒛

𝑇
𝑖 ), (2.97)

where 𝑔∥ and 𝑔⊥ are usually determined experimentally. We then define the generalized
susceptibility tensor

𝜒̃𝛼𝛽 (𝒒) ≡
∑︁
𝜇𝜈

∑︁
𝛾𝛿

⟨𝒒, 𝜇, 𝛾 | G |𝒒, 𝜈, 𝛿⟩ 𝑔𝜇𝛼𝛾𝑔𝜈 𝛽𝛿 =
1
𝐿𝑑

∑︁
𝑖 𝑗

⟨𝑚𝛼𝑖 𝑚
𝛽

𝑗
⟩𝑒−𝑖𝒒·(𝒓 𝑗−𝒓𝑖) . (2.98)

In particular for Ising spins where the moment is along a local easy axis 𝒛𝑖, this simplifies to
(𝑔∥)2 ∑

𝜇𝜈 ⟨𝒒, 𝜇 | G |𝒒, 𝜈⟩ 𝑧𝛼𝜇𝑧
𝛽
𝜈 . Using the generalized susceptibility tensor, we can define the

moment-moment structure factor,

𝑆𝒎 (𝒒) ≡ Tr 𝜒̃(𝒒) = 1
𝐿𝑑

∑︁
𝑖 𝑗

⟨𝒎𝑖 · 𝒎 𝑗 ⟩ 𝑒−𝑖𝒒·(𝒓 𝑗−𝒓𝑖) . (2.99)

17Note we can think of the correlation matrix in a basis-free way as
〈
|𝑆⟩⟨𝑆 |

〉
, where the outer angle brackets

indicate thermal average.
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For spin ice, this is proportional to Eq. (2.95) since 𝑩 is proportional to the net moment of a
tetrahedron. It may also be of interest to study the pure spin-spin correlators, defining the so-called
spin structure factor

𝑆(𝒒) ≡
∑︁
𝜇𝜈

∑︁
𝛼

⟨𝒒, 𝜇, 𝛼 | G |𝒒, 𝜈, 𝛼⟩ = 1
𝐿𝑑

∑︁
𝑖 𝑗

⟨𝑺𝑖 · 𝑺 𝑗 ⟩ 𝑒−𝑖𝒒·(𝒓 𝑗−𝒓𝑖) . (2.100)

2.6.2 Neutron Scattering

The susceptibility tensor is also directly related to neutron scattering cross sections. For a complete
derivation of the scattering cross section see Ref. [73], we will only summarize the salient details.
By Fermi’s golden rule, the probability for a system to transition from initial state |𝑖⟩ to final state
| 𝑓 ⟩ given a Hamiltonian 𝑉 is proportional to | ⟨ 𝑓 |𝑉 |𝑖⟩ |2. For neutron scattering the initial state is
a neutron with momentum 𝒌 and spin 𝜎 and our bulk system in a state |𝜓⟩, the final state is a
neutron with momentum 𝒌′ and spin 𝜎′ with the bulk system in a state |𝜓′⟩.18 The interaction
potential is 𝑉 = −𝝁𝑛 · 𝑩, where 𝝁𝑛 is the neutron magnetic moment and 𝑩 is the bulk magnetic
field. Assuming that the magnetic moments of the ions is well localized, the bulk field is that of
an array of magnetic dipoles,

𝑩(𝒓) =
∑︁
𝑖

𝜇0
4𝜋

3(𝒎𝑖 · 𝑹̂𝑖) 𝑹̂𝑖 − 𝒎𝑖

𝑅3
𝑖

, (2.101)

where 𝒓 is the field point, 𝒓𝑖 is the position of the 𝑖’th ion, and 𝑹𝑖 = 𝒓 − 𝒓𝑖. Due to the crystal
translation invariance of the system the scattering intensity is only a function of the scattering
momentum 𝒒 = 𝒌′ − 𝒌. The magnetic field 𝑩 has zero divergence, so when we Fourier transform
the potential 𝑉 (𝒓), one obtains

𝑉 (𝒒) ∝
∑︁
𝑎𝑏

𝜇𝑎𝑛 (𝛿𝑎𝑏 − 𝑞𝑎𝑞𝑏)𝑚𝑏 (𝒒). (2.102)

The projector in the middle simply projects out the component of 𝒎(𝒒) along 𝒒, which we also
saw for the emergent zero-divergence field describing the long wavelength limit of spin ice in
Eqs. (2.110) and (2.111). Thus, applying Fermi’s golden rule, after thermally averaging over
intermediate states of the bulk system and summing over the neutron spin states, the (equal time)

18The magnetic field 𝑩 should not be confused with the irrep normal mode for spin ice, which is denoted with the
same symbol. They are directly related of course, since the irrep normal mode 𝑩 is proportional to the net moment of
a single tetrahedron.
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Figure 2.15: When performing polarization analysis, the neutron beam is polarized along a fixed
direction 𝒛sc. For each scattering wavevector 𝒒 in the plane orthogonal to 𝒛sc (here spanned by
(ℎℎ0) and (00𝑙)), there is a natural orthonormal basis spanned by 𝒛sc, 𝒙̂sc ≡ 𝒒̂, and 𝒚̂sc ≡ 𝒛sc × 𝒙̂sc.
The neutron is insensitive to the components of the magnetic moments along 𝒒. Components of
the magnetic moments along 𝒚̂sc, orthogonal to the neutron polarization, can induce spin flipping,
which components along 𝒛sc do not induce spin flipping.

scattering intensity at momentum 𝒒 is proportional to the following structure factor,

𝑆n(𝒒) ≡
∑︁
𝜇𝜈

∑︁
𝑎𝑏

(𝛿𝑎𝑏 − 𝑞𝑎𝑞𝑏)⟨𝑚𝑎𝜇 (−𝒒)𝑚𝑏
𝜈 (𝒒)⟩. (2.103)

There is also the possibility of performing a polarization analysis of the neutron scattering
cross section, resolving neutrons which flip their spin from those which do not by polarizing
the incoming beam [121, 122]. The initial beam is polarized along a fixed polarization axis 𝒛sc.
One then analyzes neutrons for scattering wavevectors 𝒒 ⊥ 𝒛sc. For each 𝒒 in this plane, there
is a natural orthonormal basis spanned by 𝒛sc, 𝒙̂sc ≡ 𝒒̂, and 𝒚̂sc ≡ 𝒛sc × 𝒙̂sc, see Fig. 2.15 for an
illustration. The components of the local magnetic field orthogonal to the neutron moment, i.e.
along 𝒙̂sc and 𝒚̂sc, can induce the neutron spin to flip, while the component along 𝒛sc cannot.
However, the neutron is entirely insensitive to the component along 𝒙̂sc since the magnetic field has
zero divergence.19 Therefore the polarized neutron scattering cross sections will be proportional

19Since there are no true magnetic monopoles (that we know of), the physical magnetic field 𝑩 which the neutron
interacts with has zero divergence, ∇ · 𝑩 = 0, or in reciprocal space 𝒒 · 𝑩(𝒒) = 0. Therefore the neutron is “blind” to
the longitudinal (along 𝒒) moment-moment correlations, which need not be zero.
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to the following “spin flip” (SF) and “non-spin flip” (NSF) structure factors,

𝑆SF(𝒒) ≡
∑︁
𝜇𝜈

⟨(𝒎𝜇 (−𝒒) · 𝒚̂sc) (𝒎𝜈 (𝒒) · 𝒚̂sc)⟩ ≡
〈�����∑︁

𝜇

𝒎𝜇 (𝒒) · 𝒚̂sc

�����2
〉
, (2.104)

𝑆NSF(𝒒) ≡
∑︁
𝜇𝜈

⟨(𝒎𝜇 (−𝒒) · 𝒛sc) (𝒎𝜈 (𝒒) · 𝒛sc)⟩ ≡
〈�����∑︁

𝜇

𝒎𝜇 (𝒒) · 𝒛sc

�����2
〉
. (2.105)

The unpolarized scattering cross section is then the sum of the SF and NSF cross sections,

𝑆n(𝒒) = 𝑆SF(𝒒) + 𝑆NSF(𝒒). (2.106)

For completeness, it is worthwhile to also define a structure factor for the correlations along 𝒒,
which are generally not observable via standard neutron scattering,

𝑆𝒒 (𝒒) ≡
∑︁
𝜇𝜈

⟨(𝒎𝜇 (−𝒒) · 𝒙̂sc) (𝒎𝜈 (𝒒) · 𝒙̂sc)⟩ ≡
〈�����∑︁

𝜇

𝒎𝜇 (𝒒) · 𝒙̂sc

�����2
〉
. (2.107)

We also have that
𝑆𝒎 (𝒒) = 𝑆SF(𝒒) + 𝑆NSF(𝒒) + 𝑆𝒒 (𝒒). (2.108)

We note that, by performing polarization analysis for scattering in different Brillouin zones
away from 𝒒 = 0, it is in fact possible, at least in some cases and with considerable effort, to
reconstruct all components of 𝜒̃𝛼𝛽. For example, Ref. [123] considers a two-dimensional square
lattice system; since 𝜒𝛼𝛽 (𝒒) is periodic in reciprocal space, they can probe 𝜒𝛼𝛽 ((100) + 𝒒), for
which the components along 𝒙̂ are inaccessible but the components along 𝒒𝑦 are accessible, then
probe 𝜒𝛼𝛽 ((010) + 𝒒), for which the component along 𝒚̂ are inaccessible but the components
along 𝒙̂ are accessible. In this way all components of 𝜒𝛼𝛽 (𝒒) can in principle be reconstructed.

2.6.3 Pinch Points in Spin Ice

Consider the low-temperature behavior of the correlation matrix for spin ice via its spectral
decomposition:

G =
∑︁
𝒒,𝑛

1
𝜆0 + 𝛽(𝜖𝑛 (𝒒) − 𝜖0)

��𝜓𝒒,𝑛

〉 〈
𝜓𝒒,𝑛

�� →

1 𝑇 → ∞,∑︁
flat

bands

2
��𝜓𝒒,𝑛

〉 〈
𝜓𝒒,𝑛

�� 𝑇 → 0. (2.109)
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The factor of 2 comes from 𝜆 → 1/2 at low temperature, corresponding to the depopulation of the
two dispersive bands to maintain the self-consistency condition Tr G = 𝑁spins, Eq. (2.10). We say
that the spectral weight moves from the dispersive bands to the flat bands, leading the flat band
mode correlators to double in intensity. The most important observation about Eq. (2.109) is that
the zero temperature correlation matrix is the projector to the flat band subspace times 𝜆−1

0 . In the
high temperature paramagnetic phase the correlation matrix is just the identity matrix among all
modes, while in the limit of zero temperature the correlation matrix becomes the proportional to
the identity in the flat band subspace and zero in the excited mode subspace. Thus we say that the
low temperature phase is a “cooperative paramagnet” [55].

The effective field theory of Eq. (2.91) allows us to directly read off the long-wavelength
correlation functions for the irrep modes 𝑩(𝒒), by writing the integrand as a quadratic form using
Eq. (2.90),

𝛽𝐻eff =
1
2

∫
d3𝒒

∑︁
𝛼𝛽

𝐵𝛼 (−𝒒)𝜆0

[
𝛿𝛼𝛽 + 𝜉

2

𝜆0

𝑞𝛼𝑞𝛽

|𝒒 |2

]
𝐵𝛽 (𝒒), (2.110)

such that the two-point correlators for 𝑩 are given by the inverse of the kernel,

⟨𝐵𝛼 (−𝒒)𝐵𝛽 (𝒒)⟩ ≈ 1
𝜆0

(
𝛿𝛼𝛽 − 𝑞𝛼𝑞𝛽

|𝒒 |2 + 𝜆0𝜉−2

)
→

{
𝛿𝛼𝛽 𝑇 → ∞,
2(𝛿𝛼𝛽 − 𝑞𝛼𝑞𝛽) 𝑇 → 0.

(2.111)

Here we utilized the fact that at high temperature 𝜆0 → 1 and 𝜉 → 0, and at low temperature
𝜆0 → 1/2 and 𝜉 → ∞. In the high temperature limit correlations are isotropic and 𝒒-independent,
while at zero temperature the correlations are anisotropic. In Eq. (2.110) (or Eq. (2.91)) we can
view the isotropic stiffness term as a Gaussian background, while the second term yields the
constraint that ∇ · 𝑩 = 0 when 𝜉 → ∞. If we Fourier transform the zero-temperature limit of
Eq. (2.111) to direct space, the correlation function looks like that of a dipole Eq. (2.101), decaying
as a power law. For this reason the low temperature phase is referred to as a Coulomb phase [55].

The low temperature correlations are highly anisotropic due to their dipolar nature, and exhibit
characteristic anisotropic singularities called pinch points which reflect the constraint 𝒒 · 𝑩(𝒒) = 0
near the zone center. In Fig. 2.16, we show various structure factors for nearest-neighbor spin ice
computed in the SCGA, at an intermediate and at low temperature. For each temperature we are
showing two dimensional cuts in the high symmetry (ℎ𝑘0) and (ℎℎ𝑙) planes, with FCC Brillouin
zone outlines indicated by thin dashed lines, compare to the two planes in Fig. 2.12(a).

At low temperature sharp pinch points form indicating the zero-divergence constraint. At finite
temperature the pinch points broaden, indicating violations of the constraint. At low temperature,
regions of diffuse intensity indicate paramagnetic correlations of the modes forming the flat bands,
while regions of zero intensity indicate the suppression of modes forming the dispersive bands.
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Figure 2.16: Structure factors for nearest-neighbor spin ice at high and low temperature, showing
the development of singular pinch points features reflecting singularities in the spin-spin correlation
matrix.
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(a) (b)

Figure 2.17: In attempting to visual three dimensional correlations with two dimensional cuts it is
important to not lose track of the three dimensional structure. (a) The 𝑆𝑄 (𝒒) structure factor (first
column of Fig. 2.16) showing the intersection of the (ℎ𝑘0) and (ℎℎ𝑙) planes and their relation to
the FBZ. (b) The pinch point in 𝑆𝑄 (𝒒) centered at (220), showing that the intensity is pinched
along the (00𝑙) (vertical) direction and remains along the two orthogonal directions.

Regions of intermediate intensity probe a mixture of dispersive and flat band modes. Note in
particular the NSF structure factor in the (ℎℎ𝑙) plane, which shows no dispersion, this will be
the topic of Chapter 4. In Fig. 2.17(a), we show the intersection of the (ℎ𝑘0) and (ℎℎ𝑙) planes
for the 𝑆𝑄 (𝒒) structure factor to demonstrate the three dimensional nature of the correlations.
In Fig. 2.17(b) we show the three dimensional intensity of the pinch point located at the (220)
zone center, which is pinched along the (00𝑙) direction. This is because there is a zone center at
(222) and another at (222̄). Relative to these two zone centers, (220) is along the longitudinal 𝒒̂
direction.
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2.7 Classical Monte Carlo

The SCGA soft spin approach is extremely useful, as discussed throughout this chapter, but it
is a significant approximation which does not always accurately reflect the hard spin physics
(in particular for the triangular lattice Ising antiferromagnet). It is generally a strong starting
point for a basic analysis of a model, but can only take us so far. To obtain information about
the hard spin model, we turn to numerical Markov Chain Monte Carlo methods. We will not
describe these in detail since they are standard methods. For a general Ising model, we utilize
either single spin flip updates or cluster flip updates with the Metropolis acceptance condition,
where the probability of accepting a proposed update is given by min(1, exp(−𝛽Δ𝐸)), where Δ𝐸
is the change in energy of the system before and after the flip. For spin ice we supplement single
spin flips with loop moves [124–127], which flips a cluster of head-to-tail spins. Such a cluster is
generated by a random walk starting at a random spin, until the random walk intersects itself, at
which point the “starting tail” of the walk is discarded and the remaining closed loop is flipped.
For nearest-neighbor spin ice we utilize the extremely efficient cluster algorithm introduced in
Ref. [128], which naturally breaks the spin configurations into clusters of closed loops and open
strings of spins oriented head-to-tail, which can then be flipped with 50/50 probability. In Chapter 6
we consider classical Heisenberg spins, in which case we utilize Gaussian updates [129], where we
generate a random vector 𝒗 whose three Cartesian components are Gaussian distributed random
numbers with fixed variance, and we update a single spin by 𝑺𝑖 → 𝑺𝑖 + 𝜖𝒗, then normalize to unit
length, again accepted according to the Metropolis condition. The value of 𝜖 is then updated
to maintain an approximately 50% acceptance rate for proposed updates under the Metropolis
condition.
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Chapter 3

Hodge Theory for Geometrically Frustrated
Magnetism

In the previous chapter we discussed frustration on line graph lattices, all of which have at least
one flat band at the base of the spectrum of their adjacency matrix A with a band touching point
at the zone center from which another band disperses upwards. We saw that the emergent long-
wavelength field theory for such a model is described by a vector field obeying a zero-divergence
constraint, which is the coarse-grained consequence of the microscopic lattice constraint that∑
𝑖∈𝑐 𝑆𝑖 = 0 on each cluster. In this chapter our goal is to formulate the zero-divergence field theory

at the lattice level, without resorting to the long-wavelength approximation. We will see that all
such models can be reformulated as a theory of discrete 1-forms on the parent lattice. We will
mainly focus on the spin ice model on the three-dimensional pyrochlore lattice, though our results
are applicable to any line graph lattice, and the formalism we develop based on Hodge theory
describes any such model.

As discussed previously, the pyrochlore lattice is the line graph of the diamond lattice—
pyrochlore sites sit at the midpoint of the diamond lattice edges, and the monopole excitations
of spin ice sit on the vertices of the diamond lattice. These facts are essential to the mapping of
quantum spin ice to a lattice gauge theory [25], where the local 𝑧-components of spins map to
electric fields on the edges of the diamond lattice, and to the construction of the gauge mean field
theory [130], where the spinons (monopoles) are added as slave bosons on the diamond lattice
vertices. Our goal is therefore to develop this lattice field theory picture in a way that allows
us to recast classical geometrically frustrated models as 1-form fields, which will allow us to
develop various tools to understand their physics more clearly, in particular the Helmholtz-Hodge
decomposition, which will underpin our understanding of these systems.
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Figure 3.1: A foam of soap bubbles forms a natural 3-dimensional cellular complex. Photograph
by Paul VanDerWerf, distributed under a CC-BY 2.0 license.

3.1 Hodge Theory: Discrete Differential Forms

A differential 𝑘-form is a function which can be integrated over a 𝑘-dimensional domain to obtain a
number. When studying spin models, we generically are interested in discrete degrees of freedom
living on a rigid lattice, rather than a continuous manifold. A continuum field is a fluctuating
𝑘-form, so we would like the discrete analogue of differential forms.

3.1.1 Cellular Complexes

The starting point for defining discrete forms is to define the space on which they live. In
differential geometry, differential forms can be understood to take their values at each point on
a manifold. Discrete differential forms should take values on the discretization of a manifold,
which in algebraic topology is called a cellular complex. For our purposes, a cellular complex is a
discretization of flat 3-dimensional Euclidean space into 3-dimensional cells, which are separated
by 2-dimensional surfaces. The surfaces meet along 1-dimensional edges, and these terminate
at 0-dimensional vertices. An intuitive and physically relevant example of a cellular complex is
a foam of soap bubbles, see Fig. 3.1. Each bubble is a 3-dimensional cell, and the soap films
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form 2-dimensional surfaces. We call these minimal 𝑘-dimensional domains 𝑘-cells. We will not
consider a 𝑘-cell to have any additional microscopic structure, e.g. we do not consider our 2-cells
(such as the soap film walls) to have a curvature that varies smoothly across its surface. They are
the smallest building blocks for a cellular complex.

Mathematically, a cellular complex as we have described is a special case of the more general
and abstract construction of a “CW complex”. We will very briefly describe the concept here, in
order to be precise about what data is required to specify a cellular complex (e.g. in a computer
program). The basic idea is to start by specifying the vertices, then to “glue in” the edges between
pairs of vertices, then to glue in the faces, etc. The gluing is data that we need to specify to define
the complex. Most importantly, it is data that we need to define the boundary relation between
𝑘-cells and (𝑘 − 1)-cells, which will play a central role in the definition of discrete differential
operators. A 𝑘-cell is always homeomorphic to a 𝑘-disk, whose boundary is a (𝑘 − 1)-sphere.1
Denote the collection of vertices K0, which we call the 0-skeleton. The 1-cells (which we will
also call edges or bonds) are glued to the 0-skeleton by a collection of maps: for each 𝜏1 ∈ K1,
there is a map (a piece of data) which glues the two endpoints of the 1-cell to two vertices in the
0-skeleton. Once all of the 1-cells are glued in, we have formed the 1-skeleton, the collection of
all vertices and edges glued together, which we denote K1.2 Next we glue in the 2-cells (which we
will also call faces or plaquettes). Each 2-cell is homeomorphic to a disk, and we have a gluing
map which attaches its boundary, homeomorphic to a circle, to the edges in the 1-skeleton. Once
that is done, we have formed the 2-skeleton (all vertices, edges, and faces glued together), denoted
K2. Similarly for the 3-skeleton.3 Once complete, we have formed the entire cellular complex,
and we denote the collection of all the cells by K. While we will not need to use this construction
explicitly, these gluing maps are the precise data we need to keep track of relating each cell to its
boundary.

3.1.2 Orientations

A 𝑘-cell can be equipped with one of two orientations. For example, a 1-cell is a 1-dimensional
interval between two points, and can be equipped with two orientations. Let 𝜏𝑘 denote an oriented

1A 0-disk is a point, a 1-disk is an interval with two endpoints, a 2-disk is a regular “frisbee” disk with an edge,
and a 3-disk is a solid ball with a surface. “Homeomorphic to” means for our purposes “continuously deformable to”.
A 0-sphere is a set of two points, a 1-sphere is a circle, and a 2-sphere is the usual sphere.

2Notice that the 1-skeleton of the complex is a graph.
3Note that at no point did we require that the cells don’t intersect each other, or that we can’t glue to the entire

boundary of a 𝑘-cell to a single (𝑘 − 1)-cell, or make any stronger stipulations on the structure of the complex. This is
why CW complexes are extremely general and abstract, while the cellular complexes we will consider, coming from
crystalline lattices, will have much more sensible properties than a fully general CW complex.
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𝑘-cell, and let 𝜏𝑘 denote the opposite orientation. An orientation of the entire complex is denoted
𝑜, meaning that we have selected an orientation for every cell of the complex, and we denote the
collection of all cells with the orientation given by 𝑜 by K𝑜.

3.1.3 Chains and Cochains

We will now introduce discrete differential forms, aka “cochains”. Note that the word “differential”
implies smoothness (i.e. differentiability), meaning that differential forms are infinitesimal
continuum objects, taking a value at each point in a continuous space. Thus differential forms
are not the precise objects we wish to discretize. Given a differential 𝑘-form 𝜔, we can define
a function 𝑓𝜔, called a cochain, which takes as its argument a macroscopic (non-infinitesimal)
𝑘-dimensional integration domain𝑈 and returns the integral of 𝜔 over𝑈,

𝑓𝜔 (𝑈) :=
∫
𝑈

𝜔. (3.1)

This is the object which our discrete forms will be analogous to. Note in particular that the value
of 𝑓𝜔 reverses sign if the orientation of𝑈 is reversed,

𝑓𝜔 (𝑈̄) = − 𝑓𝜔 (𝑈). (3.2)

We now introduce the concept of a 𝑘-chain: a formal linear combination of 𝑘-cells.4 Let 𝜉𝑘
be a 𝑘-chain, then it can be written as

𝜉𝑘 =
∑︁
𝜏𝑘∈K𝑜

𝑐(𝜏𝑘 )𝜏𝑘 (3.3)

where the 𝑐(𝜏𝑘 ) are real numbers.5 The sum is over every 𝑘-cell 𝜏𝑘 with fixed orientation given by
𝑜, i.e. each 𝑘-cell appears only once and with a fixed orientation.6 Chains serve as our discrete
oriented integration domains, i.e. they represent (linear combinations of) oriented curves, surfaces,
volumes, etc. For each oriented cell 𝜏𝑘 there is an associated “indicator chain”,

𝜏𝑘 ≡ · · · + 0 + 0 + 0 + 1𝜏𝑘 + 0 + 0 + 0 + · · · , (3.4)

4In more formal language, we define the 𝑘-chain group to be the free Abelian group generated by the 𝑘-cells of the
complex.

5More generally one can consider the coefficients to be in any Abelian (commutative) group. We will also be
interested in complex coefficients. In the study of singular homology it is standard to take integer coefficient [2].

6In the case of infinite complexes we would only consider finite linear combinations, though we will always
consider finite complexes.
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with coefficient +1 on that cell and zero on all others. We have used a slight abuse of notation to
denote this chain 𝜏𝑘 , i.e. on the left 𝜏𝑘 is a chain and on the right 𝜏𝑘 is an oriented cell. Thus we
say 𝜏𝑘 ≡ +1𝜏𝑘 . We then identify the indicator chain of the same cell with reversed orientation, 𝜏𝑘 ,
with the chain that has the opposite sign,

𝜏𝑘 ≡ · · · + 0 + 0 + 0 − 1𝜏𝑘 + 0 + 0 + 0 + · · · . (3.5)

Thus we say 𝜏𝑘 ≡ −1𝜏𝑘 .

Finally, we define our discrete differential forms, or cochains. The formal definition is a
𝑘-cochain is a linear functional 𝑘-chains. More plainly, a 𝑘-cochain 𝛼 is a function which takes a
value on each oriented 𝑘-cell 𝜏𝑘 , and which distributes over linear combinations,

𝛼
©­«

∑︁
𝜏𝑘∈K𝑜

𝑘

𝑐𝑘𝜏𝑘
ª®¬ :=

∑︁
𝜏𝑘∈K𝑜

𝑘

𝑐𝑘 𝛼(𝜏𝑘 ). (3.6)

In particular, this means that the value of a cochain changes sign under a reversal of orientation,

𝛼(𝜏𝑘 ) = 𝛼(−𝜏𝑘 ) = −𝛼(𝜏𝑘 ), (3.7)

just like Eq. (3.2). A cochain is fully specified by its value on each oriented cell of the complex.

3.1.4 The Boundary of a Chain

In the construction of the cellular complex, we had to specify the gluing data, which tells us which
(𝑘 − 1)-cells are associated to the boundary of a 𝑘-cell. We will now define the boundary operator
𝜕 as a linear operator on chains utilizing this data.7 Since it is a linear operator, we only need to
specify how it acts on the oriented 𝑘-cells, given by the following formula

𝜕𝜏𝑘 =
∑︁

𝜏𝑘−1∈𝜕𝜏𝑘
𝜏𝑘−1 (3.8)

This formula obviously appears recursive. The formula can be read “the boundary operator acting
on the indicator chain for 𝑘-cell 𝜏𝑘 is equal to the sum over all cells 𝜏𝑘−1 which are in the boundary
of 𝜏𝑘”. To make sense of this, we note that the 𝜕 which appears below the summation symbol
must be understood as the boundary relationship defined by the gluing data which is part of the
definition of the cellular complex. The orientations of the 𝜏𝑘−1 appearing in the sum are implicit

7As always, linear means that it distributes over linear combinations.
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Figure 3.2: An example of the boundary operator acting on a chain. Top: the boundary of an
oriented triangular 2-cell is the sum of its three 1-cell edges with orientations (indicated by arrows)
determined by the orientation of the “bulk”. Bottom: the boundary of an oriented 1-cell is the
sum of the two endpoints with opposite orientation, where the terminating endpoint is oriented
“in” (filled black circle) and the starting endpoint is oriented “out” (empty circle). Equivalently, it
is the difference of the 0-cells with the same orientation, here both oriented “in”. We take the
convention that all 0-cells are always oriented “in” in our formulas.

from the gluing data: the boundary of 𝜏𝑘 inherits an orientation from the orientation of the bulk,
and therefore determines the orientations of the 𝜏𝑘−1.

This is illustrated in Fig. 3.2 for a plaquette and an edge. The boundary of an oriented plaquette
is the sum of all oriented edges on its boundary with orientations determined to be compatible
with the bulk orientation. Similarly, the boundary of an edge is the sum of its two endpoints with
opposite orientation, where the “terminating” end is oriented “in” (black dot) and the “originating”
end is oriented “out” (open dot). As a chain, a vertex oriented “out” is equivalent to the negative
of the same vertex oriented “in”, so we can equivalently write the boundary of an edge as the
difference of the two endpoints, and in the last line of Fig. 3.2 we show the result if we take both
ends oriented “in”. We will always take the convention that a vertex is oriented “in”, which can
be seen as a sign convention for our calculations. Such a global orientation is only possible for
the 0-cells and the top-dimensional cells in a complex,8 and there is no such canonical choice of
global orientation in the general case for intermediate dimensional cells except in special cases
which we will discuss later.

The boundary operator has an important property, which is that 𝜕2 = 0, i.e. 𝜕 is nilpotent.
This can be seen by applying the boundary twice to the triangle in Fig. 3.2. The result is a sum

8Top-dimensional means the highest-dimension of cells in the complex.

69



over the vertices of the triangle, and each vertex appears twice with opposite signs, thus summing
to zero. Thus we have the classic maxim “the boundary of a boundary is empty”.

3.1.5 Stokes’ Theorem and the Differential

In order to define differential operators for discrete forms, we utilize Stokes’ theorem, which can
be stated as ∫

𝜕𝑈

𝜔 =

∫
𝑈

d𝜔. (3.9)

On the left is the integral of a 𝑘-form 𝜔 over the 𝑘-dimensional boundary of a (𝑘 + 1)-dimensional
domain 𝑈. On the right is the integral of a (𝑘 + 1)-form, called d𝜔, over 𝑈. The operator d is
called the exterior derivative or differential. We will take Stokes’ theorem as the definition for the
operation d, which maps a 𝑘-form to a (𝑘 + 1)-form. Stokes’ theorem tells us that the boundary
operation, which acts on geometric integration domains, is adjoint to the differential, which acts
on differential forms. The differential of a 𝑘-cochain 𝛼 is a (𝑘 + 1)-cochain d𝛼 whose value on
each (𝑘 + 1)-cell is defined precisely according to Stokes’ theorem:

d𝛼(𝜏𝑘+1) := 𝛼(𝜕𝜏𝑘+1), (3.10)

where the boundary operator appearing on the right hand side is the one defined in Eq. (3.8).
Expanding the right hand side by linearity, we can express the value of d𝛼 on a cell as

d𝛼(𝜏𝑘+1) =
∑︁

𝜏𝑘∈𝜕𝜏𝑘+1

𝛼(𝜏𝑘 ). (3.11)

Note that the nilpotency of the boundary operator 𝜕 implies that d2 = 0, i.e.

d(d𝛼(𝜉)) = d𝛼(𝜕𝜉) = 𝛼(𝜕2𝜉) = 𝛼(0) = 0. (3.12)

3.1.6 The de Rham Complex

Let Ω𝑘 denote the space of 𝑘-cochains. For a finite cell complex this is just a finite-dimensional
vector space. Let Ω = ⊕𝑑

𝑘=0Ω
𝑘 be the direct sum of these vector spaces.9 Elements of Ω are linear

combinations of 𝑘-cochains with different 𝑘 . The differential is a linear map d : Ω → Ω.10 Let

9A direct sum of vector spaces is akin to a disjoint union of sets. Given two vector spaces 𝑈 and 𝑉 containing
respectively vectors 𝒖 and 𝒗, then 𝒖 + 𝒗 is an element of𝑈 ⊕ 𝑉 . The dimension of𝑈 ⊕ 𝑉 is the dimension of𝑈 plus
the dimension of 𝑉 .

10The notation 𝑓 : 𝐴→ 𝐵 is to be read “ 𝑓 is a function from 𝐴 to 𝐵”.
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d𝑘 denote the differential restricted to act on Ω𝑘 ⊂ Ω. These maps raise the degree of forms,
d𝑘 : Ω𝑘 → Ω𝑘+1. We thus have the following sequence of maps11

0 𝑖−→ Ω0 d0−→ Ω1 d1−→ Ω2 d2−→ Ω3 d3−→ 0. (3.13)

This sequence is called the de Rham complex.12 Because d2 = 0, the de Rham complex is said to
be an exact sequence. We will discuss this further below when we introduce de Rham cohomology.

3.1.7 Connection to Vector Calculus: Integration on Chains

We quickly review the connection of the Hodge formalism to the vector calculus which is standard
in physics and engineering pedagogy. In three dimensional vector calculus there are three primary
differential operators: gradient, curl, and divergence. The gradient acts on scalar functions to
product a vector field; the curl acts on a vector field to produce another vector field; the divergence
acts on a vector field to produce a scalar function. All three of these are naturally encoded in the
differential, summarized as follows:

d0 : Ω0 → Ω1 ↔ grad : scalar functions → vector fields, (3.14)
d1 : Ω1 → Ω2 ↔ curl : vector fields → vector fields, (3.15)
d2 : Ω2 → Ω3 ↔ div : vector fields → scalar functions. (3.16)

We can identify 0- and 3-forms as analogs of scalar functions, and 1- and 2-forms as analogs of
vector fields.13

Given a 𝑘-cochain 𝜔 and a 𝑘-chain 𝜉, we say that 𝜔(𝜉), which is a number, is the integral of
𝜔 over 𝜉, in accordance with our original definition of cochains in the continuum Eq. (3.1). We
think of a chain as a weighted linear combination of integration domains. For example, consider if
we wanted to perform a contour integral. We represent the oriented contour 𝐶 by a 1-chain

𝜉𝐶 =
∑︁
𝜏1∈𝐶

𝜏1, (3.17)

11The 𝑖 is to be read “inclusion”.
12Note that there are two uses of the word “complex” here: first, we discussed a cellular complex (CW complex),

which is a discrete (or piecewise linear) topological space. The de Rham complex is instead an exact sequence of
maps, and is an example of a “cochain complex”. Both uses are standard and the meaning should be clear from
context.

13More precisely, 3-forms map to pseudoscalars and 2-forms map to pseudovectors, a distinction which is not
necessary when working with the forms directly.
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which is a linear combination of a sequence of 1-cells oriented head-to-tail. Then the integral of
𝜔 along the contour is simply ∫

𝐶

𝜔 ≡ 𝜔(𝜉𝐶) =
∑︁
𝜏1∈𝐶

𝜔(𝜏1). (3.18)

Now consider the case where 𝜔 is an exact 1-cochain, 𝜔 = d𝜙 for a 0-cochain 𝜙. In the vector
calculus language we would treat 𝜔 as a vector field given by 𝝎 = ∇𝜙. We can integrate this
vector field along a contour, 𝐶 from a point 𝑥 to a point 𝑦, and we know that by the fundamental
theorem of calculus we obtain ∫

𝐶

𝑑ℓ · ∇𝜙 = 𝜙(𝑦) − 𝜙(𝑥). (3.19)

In the discrete form language, we have∫
𝐶

d𝜙 ≡ d𝜙(𝜉𝐶) =
∑︁
𝜏1∈𝐶

d𝜙(𝜏1)
!
=

∑︁
𝜏1∈𝐶

𝜙(𝜕𝜏1) = 𝜙(𝜕𝜉𝐶) ≡
∫
𝜕𝐶

𝜙, (3.20)

where the ! indicates the use of Stokes’ theorem. For every vertex 𝜏0 along the curve’s length, we
obtain two contributions in the second sum with opposite orientations which cancel each other,
𝜙(𝜏0) + 𝜙(𝜏0) = 0, except at the two endpoints. Thus the value of d𝜙(𝜉𝐶) is equal to the difference
of the values of 𝜙 at the two endpoints, which is again the fundamental theorem of calculus. In
particular, if the curve is closed the result is zero. This result was guaranteed by the use of Stokes’
theorem to define the differential.

The same result holds for d1 and d2 when integrating over an oriented surface and volume,
respectively: the contribution of all cells which are not on the boundary of the integration domain
cancel, leaving only the boundary, thus reproducing the curl and divergence theorems of vector
calculus. For example, if 𝐴 is a 1-form and 𝑨 a corresponding vector field, then d1𝐴 is a 2-form
corresponding to the pseudovector field ∇ × 𝑨. Integrating d1𝐴 over a surface 𝑆, the curl theorem
states that ∬

𝑆

(∇ × 𝑨) · 𝑑𝑺 =

∮
𝜕𝑆

𝑨 · 𝑑ℓ ↔
∫
𝑆

d1𝐴 =

∫
𝜕𝑆

𝐴. (3.21)

Similarly, if 𝐷 is a 2-form, corresponding to pseudovector field 𝑫, d2𝐷 is a 3-form corresponding
to a pseudoscalar function ∇ · 𝑫. Integrating over a volume 𝑉 we have∭

𝑉

(∇ · 𝑫)𝑑𝑉 =

∯
𝜕𝑉

𝑫 · 𝑑𝑺 ↔
∫
𝑉

d2𝐷 =

∫
𝜕𝑉

𝐷. (3.22)

These formulas are reproduced in the discrete case automatically, because the fundamental theorem
of calculus in one dimension, the curl theorem, and divergence theorem are all subsumed into
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Stokes’ theorem, Eq. (3.9), which we used to define the differential d. Indeed we can view
Stokes’ theorem as generalizing the fundamental theorem of calculus to arbitrary dimension in
the statement that d (the derivative) and 𝜕 (the boundary relation) are adjoint. Furthermore, the
fact that the boundary of a boundary is empty then implies that d𝑘d𝑘−1 = 0, which automatically
reproduces the vector calculus identities

∇ × (∇𝜙) = 0 ↔ d1d0 = 0, (3.23)
∇ · (∇ × 𝑨) = 0 ↔ d2d1 = 0. (3.24)

3.1.8 Homology

A 𝑘-chain is a weighted superposition of oriented 𝑘-dimensional integration contours. 𝑘-chains
can be added, and so form an Abelian group, which we denote C𝑘 .14 The homology groups 𝐻𝑘 of
a cellular complex classify topologically distinct chains utilizing the boundary data of the complex.
We have the following terminological definitions:

• A 𝑘-chain 𝜉𝑘 is a 𝑘-cycle if its boundary is empty, 𝜕𝜉𝑘 = 0. The 𝑘-cycles form an Abelian
subgroup of C𝑘 , denoted Z𝑘 ≡ ker 𝜕𝑘 .

• A 𝑘-chain 𝜉𝑘 is a 𝑘-boundary if 𝜉𝑘 = 𝜕𝜉𝑘+1 for some 𝑘 + 1-chain. The 𝑘-boundaries form
an Abelian subgroup of C𝑘 , denoted B𝑘 ≡ im 𝜕𝑘+1.

Every boundary is a cycle, since 𝜕2 = 0, but not every cycle need be a boundary, such that

B𝑘 ⊆ Z𝑘 ⊂ C𝑘 . (3.25)

The 𝑘-cycles which are not boundaries must represent closed 𝑘-dimensional surfaces which wrap
around the holes of the complex and are thus not contractible.

The homology groups 𝐻𝑘 are defined to capture the failure of a 𝑘-cycle to be a 𝑘-boundary, as
the quotient groups15

𝐻𝑘 :=
Z𝑘

B𝑘

≡ ker 𝜕𝑘
im 𝜕𝑘+1

. (3.26)

14When computing homology it is standard to take the coefficients of the linear combinations to be integers,
which allows homology to detect “twisted” cycles, such as occur in real projective spaces which are non-orientable
manifolds [2]. We will allow for real-valued chains as well when representing our weighted integration contours.

15The symbol ker means “kernel” and im means “image.” For any function 𝑓 : 𝐴→ 𝐵, the kernel of 𝑓 is the set
of elements of 𝐴 which are mapped to zero in 𝐵. The image of 𝑓 is the subset of 𝐵 which are mapped to by 𝑓 , i.e. the
range of 𝑓 .
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(a) (b) (c)

Figure 3.3: Depiction of homologous 1-dimensional closed contours (cycles) on the 2-dimensional
torus. Two 1-cycles are homologous if their difference is the boundary of an oriented 2-dimensional
region (red). The two cycles in (a) are both homologous to 0, i.e. the trivial cycle, because they
are both independently boundaries of a 2-dimensional region on the surface of the torus. The
cycles in (b) and (c) are not homologous to the trivial cycle because each cycle by itself does not
bound a 2-dimensional region, but the two cycles in (b) and homologous to each other, and the
two cycles in (c) are homologous to each other.

Elements of 𝐻𝑘 are equivalence classes of 𝑘-cycles which differ by a 𝑘-boundary, where every
boundary cycle is homologous to the trivial zero cycle by definition. Thus 𝐻𝑘 is a topological
invariant which classifies the distinct 𝑘-dimensional contours which do not mutually bound a
(𝑘 + 1)-dimensional bulk. This is illustrated for a 2-torus 𝑇2 in Fig. 3.3, (a) shows two cycles
which are both homologous to the trivial cycle, (b) and (c) each show a pair of homologous cycles
which mutually bound an oriented two-dimensional region, but are non-trivial since each cycle by
itself does not bound a two-dimension region. The cycles in (b) are not homologous to the cycles
in (c), and we conclude there are two non-trivial homology classes: 𝐻1(𝑇2) = Z ⊕ Z.

3.1.9 Cohomology

Whereas chains represent oriented integration surfaces, cochains represent functions on those
surfaces, i.e. some data attached to the surfaces. Cohomology is a topological invariant of the
complex which parallels homology. For real- and complex-valued cochains, the space of cochains
Ω𝑘 is a vector space. We have the following terminological definitions:

• A 𝑘-cochain 𝜔𝑘 is said to be closed if its exterior derivative (“gradient”) is zero, d𝜔𝑘 = 0.
A closed cochain may also be called a cocycle. The cocycles form a linear subspace of Ω𝑘 ,
denoted Z𝑘 ≡ ker d𝑘 .

• A 𝑘-cochain 𝜔𝑘 is said to be exact if 𝜔𝑘 = d𝜔𝑘−1 for some (𝑘 − 1)-cochain. The exact
𝑘-cochains form a linear subspace of Ω𝑘 , denoted B𝑘 ≡ im d𝑘−1.
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0 0 0 0 0 0

im d0 im d1 im d2

ker d0 ker d1 ker d2 ker d3

0 Ω0 Ω1 Ω2 Ω3 0
𝑖 d0 d1 d2 d3

Figure 3.4: A depiction of the de Rham complex, which is an exact sequence. The kernel of d𝑘 is
a subspace of Ω𝑘 , and the image of d𝑘−1 is a subspace of the kernel of d𝑘 , which follows from
d𝑘d𝑘−1 = 0. Elements of im d𝑘−1 are exact 𝑘-forms and elements of ker d𝑘 are closed 𝑘-forms.
Every exact 𝑘-form is closed, but not every closed 𝑘-form need be exact. Cohomology measures
the failure of a closed form to be exact. Elements of 𝐻𝑘 are equivalence classes of closed forms
which differ by an exact form.

Every exact cochain is trivially closed, since d2 = 0, but not every closed cochain need be exact.
This is depicted in Fig. 3.4, which pictorially shows the de Rham complex Eq. (3.13). The image
of d𝑘−1, the space of exact 𝑘-cochains, is entirely contained within the kernel of d𝑘 , the space of
closed 𝑘-cochains.16 The failure of a closed cochain to be exact is classified by cohomology.17
The 𝑘’th de Rham cohomology space 𝐻𝑘 is defined just like homology but with the differential,

𝐻𝑘 :=
Z𝑘

B𝑘
≡ ker d𝑘

im d𝑘−1
. (3.27)

The elements of 𝐻𝑘 are equivalence classes of 𝑘-cochains under the equivalence relation18

𝛼𝑘 ∼ 𝛽𝑘 ⇐⇒ 𝛼𝑘 − 𝛽𝑘 = d𝑘−1𝛾
𝑘−1 (3.28)

for some (𝑘−1)-cochain 𝛾𝑘−1. The de Rham cohomology of the complex is denoted𝐻• := ⊕𝑑
𝑘=0𝐻

𝑘 .
It is often said that the de Rham cohomology is an obstruction the the global exactness of forms.

16Such a sequence of maps is called an exact sequence. In particular, the boundary maps induce an analogous exact
sequence for the chains, but the boundary maps form a descending sequence (i.e. going right to left), generically
called a chain complex, while the differentials form an ascending sequence, generically called a cochain complex.

17Cohomology is a vast and highly generalizable concept from algebraic topology which can be applied in far
more abstract cases than what we are discussing here. The version of cohomology we are using is called de Rham
cohomology, since it derived from the de Rham complex.

18The symbol ∼ can be read as “equivalent to”. The symbol ⇐⇒ is to be read “if and only if”.
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The Poincaré lemma states that every form is locally exact (or “locally a gradient”), and cohomology
is essentially therefore a non-local topological invariant that measures the failure of closed forms
to be globally exact [2]. Cohomology will be important because it classifies solutions of the
Laplace equation, the so-called harmonic forms, which have non-zero integral over the non-trivial
cycles of the complex. From here on we will use the words "cochain" and "form" interchangeably.

3.1.10 Inner Product of Cochains

We will equip the vector spaces Ω𝑘 with an inner product ⟨−,−⟩𝑘 defined as

⟨𝛼, 𝛽⟩𝑘 =
∑︁
𝜏𝑘

𝛼(𝜏𝑘 )𝛽(𝜏𝑘 ). (3.29)

We will often omit the subscript 𝑘 , since it is implicit based on the degree of the forms appearing
within. Other choices of inner product are of course possible, but this is the only one we will use
in this work.

3.1.11 The Codifferential and Coboundary

We define the codifferential 𝛿 to be the adjoint of the differential with respect to the inner product
Eq. (3.29),

⟨d𝛼, 𝛽⟩ = ⟨𝛼, 𝛿𝛽⟩. (3.30)
We can obtain a concrete expression for 𝛿𝛽 by first expanding both sides,∑︁

𝜏𝑘

d𝛼(𝜏𝑘 )𝛽(𝜏𝑘 ) =
∑︁
𝜏𝑘−1

𝛼(𝜏𝑘−1)𝛿𝛽(𝜏𝑘−1). (3.31)

Utilizing Stokes’ theorem, in the form Eq. (3.11), the left hand side of Eq. (3.31) can be written as∑︁
𝜏𝑘

d𝛼(𝜏𝑘 )𝛽(𝜏𝑘 ) =
∑︁
𝜏𝑘

( ∑︁
𝜏𝑘−1∈𝜕𝜏𝑘

𝛼(𝜏𝑘−1)
)
𝛽(𝜏𝑘 ). (3.32)

The first sum is over all oriented 𝑘-cells, and the second is over the oriented boundary of each
𝑘-cell. We can rearrange this double sum into a sum over all oriented (𝑘 − 1)-cells 𝜏𝑘−1 and a sum
over all 𝑘-cells whose boundary includes 𝜏𝑘−1,19∑︁

𝜏𝑘

∑︁
𝜏𝑘−1∈𝜕𝜏𝑘

𝛼(𝜏𝑘−1)𝛽(𝜏𝑘 ) =
∑︁
𝜏𝑘−1

∑︁
{𝜏𝑘 |𝜏𝑘−1∈𝜕𝜏𝑘}

𝛼(𝜏𝑘−1)𝛽(𝜏𝑘 ). (3.33)

19The notation {𝑥 |𝑃(𝑥)} is to be read “the set of all 𝑥 such that 𝑃(𝑥) is true.
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Figure 3.5: Top: coboundary of a 0-cell in a two dimensional cell complex, which is the sum of
all six oriented edges ending terminating at that cell. Bottom: The coboundary of a 1-cell is the
sum of all 2-cells containing that cell in their boundary.

Comparing this to the right hand side of Eq. (3.31), we can conclude that

𝛿𝛽(𝜏𝑘−1) =
∑︁

{𝜏𝑘 |𝜏𝑘−1∈𝜕𝜏𝑘}
𝛽(𝜏𝑘 ), (3.34)

where the sum runs over all 𝑘-cells 𝜏𝑘 such that 𝜏𝑘−1 is on the boundary of 𝜏𝑘 and their orientations
match. This espression should be compared to Eq. (3.11). Indeed it is convenient to introduce a
“coboundary” operator, 𝜕†, which acts on chains as

𝜕†𝜏𝑘 =
∑︁

{𝜏𝑘+1 |𝜏𝑘∈𝜕𝜏𝑘+1}
𝜏𝑘+1,

so that we can write Eq. (3.34) as a “co-Stokes’ theorem”,

𝛿𝛼(𝜏𝑘−1) = 𝛼(𝜕†𝜏𝑘−1). (3.35)

This is notationally compact and nicely parallels Stokes’ theorem. Note that the coboundary 𝜕†
has no continuum analog, but will be an essential conceptual tool for discrete cellular complexes.
In Fig. 3.5, we illustrate the coboundary of a vertex and an edge for a two-dimensional cellular
complex. The coboundary of a vertex oriented “in” is the sum of all oriented edges terminating
at that vertex, while the coboundary of an oriented edge is the sum of all oriented plaquettes
containing that edge in their boundary.
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3.1.12 The Hodge Laplacian and Harmonic Forms

We can now define the Hodge Laplacian (also called the Laplace-de Rham operator) for cochains
as

Δ = (d + 𝛿)2 = d𝛿 + 𝛿d. (3.36)

We can also define the Laplacian for 𝑘-cochains as

Δ𝑘 = d𝑘−1𝛿𝑘 + 𝛿𝑘+1d𝑘 . (3.37)

Note that while d raises the degree of forms and 𝛿 lowers the degree of forms, Δ leaves the degree
unchanged, i.e. Δ𝑘 : Ω𝑘 → Ω𝑘 . A 𝑘-cochain 𝛾 satisfying Laplace’s equation Δ𝑘𝛾 = 0 is said to be
harmonic, and satisfies both d𝛾 = 0 and 𝛿𝛾 = 0. The space of harmonic cochains is by definition
the kernel of the Laplace operator.

3.1.13 The Helmholtz-Hodge Decomposition

We can now define the Hodge decomposition for closed cellular complexes (compact and without
boundary). In vector calculus this is called the Helmholtz decomposition, and we will use the
common moniker Helmholtz-Hodge decomposition (HHD). It states that every differential 𝑘-form
𝜔 can be written as a sum

𝜔 = d𝛼 + 𝛿𝛽 + 𝛾 , (3.38)

where 𝛼 ∈ Ω𝑘−1, 𝛽 ∈ Ω𝑘+1, and 𝛾 ∈ kerΔ𝑘 . In 3D Euclidean vector calculus this is often written
for a vector field as

𝑬 = grad 𝜙 + curl 𝑨 + 𝑬0 , (3.39)

where 𝜙 is a scalar function, 𝑨 is another vector field,20 and 𝑬0 is a harmonic vector field (which
in Euclidean space is a uniform constant vector field). The first term in Eq. (3.38) is an exact
form, and the second term is a coexact form, while the last term is harmonic. The word “exact”
should evoke “local”: the operators d and 𝛿 are differentials or gradients, the value of d𝛼 and 𝛿𝛽
on individual cells of the complex are determined by the values of 𝛼 and 𝛽 on nearby cells which
are connected by the boundary data. The harmonic portion of the decomposition is precisely the
portion which is non-local and cannot be expressed in terms of purely local data.

20Note that if 𝑬 is a vector field then 𝑨 must be a pseudovector field, so that ∇ × 𝑨 is a vector field. The distinction
between vectors and pseudovectors (and between scalars and pseudoscalars) is not necessary when working directly
with forms: 𝜙 is a 0-form and 𝐴 is a 2-form, 𝐸 is a 1-form.
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The HHD can equivalently be stated as a decomposition of Ω𝑘 into a direct sum of subspaces,

Ω𝑘 = ︸               ︷︷               ︸
ker d𝑘

im d𝑘−1 ⊕

ker 𝛿𝑘︷               ︸︸               ︷
kerΔ𝑘 ⊕ im 𝛿𝑘+1 . (3.40)

Note that the space of harmonic 𝑘-forms is precisely the intersection ker d𝑘 ∩ ker 𝛿𝑘 . Also note
that the cohomology class of 𝜔 in Eq. (3.38) is equivalent to the cohomology class of 𝛾.

3.1.14 “Gauge Invariance” and the HHD

In the HHD Eq. (3.38), the fact that d2 = 𝛿2 = 0 implies that 𝛼 ∈ Ω𝑘−1 and 𝛽 ∈ Ω𝑘+1 are not
uniquely defined. In particular, we can always make the substitution 𝛼 → 𝛼 + d𝛼′, with 𝛼′ ∈ Ω𝑘−2,
and 𝛽 → 𝛽 + 𝛿𝛽′, with 𝛽′ ∈ Ω𝑘+2. In other words, 𝛼 is only defined up to addition of an exact
form and 𝛽 is only defined up to addition of a coexact form. This is a type of gauge freedom, as
the term is often used by physicists.

Consider the classic example of a magnetic field 𝑩. The magnetic field has zero divergence,
∇ · 𝑩 = 0, and therefore can be written as the curl of a vector potential, 𝑩 = ∇ × 𝑨. The vector
potential is not uniquely defined, because we can add to it the gradient of any smooth function,
𝑨 → 𝑨 + ∇𝜆. The vector potential 𝑨 (and sometimes the magnetic field 𝑩) is generally called a
“gauge field”, and the shifting of 𝑨 by a gradient as a gauge transformation. This can be understood
entirely in terms of the in terms of the HHD, Eq. (3.38). Let 𝐵 be a 2-form and 𝐴 be a 1-form, then

𝐵 = d𝐴 + 0 + 𝐵0. (3.41)

The fact that the coexact term is zero follows from the fact that div𝐵 ≡ d𝐵 = 0, which will see
in more detail shortly. The harmonic portion 𝐵0 corresponds to a uniform magnetic field filling
space. The gauge transformation 𝑨 → 𝑨 + ∇𝜆 then corresponds to the substitution 𝐴→ 𝐴 + d𝜆,
where 𝜆 is a 0-form. The “gauge invariance” under this substitution comes from the fact that
d2 = 0.

What this “gauge invariance” or “gauge freedom” means is the following. In the HHD,
Eq. (3.38), 𝛼 ∈ Ω𝑘−1, and d𝛼 ∈ im d𝑘−1 ⊂ Ω𝑘 . Eq. (3.40) says that we can express the map
d𝑘−1 : Ω𝑘−1 → Ω𝑘 as

d𝑘−1 : ker d𝑘−1 ⊕ im 𝛿𝑘︸              ︷︷              ︸
Ω𝑘−1∋ 𝛼

→ im d𝑘 . (3.42)

Anything contained in ker d𝑘−1 gets mapped to 0 ∈ im d𝑘 , and therefore the unique part of 𝛼 which
appears in the HHD as d𝛼 is entirely contained in im 𝛿𝑘 . Thus 𝛼 is only defined up to addition of

79



an element of ker d𝑘−1. This is the so-called “gauge invariance” in the choice of 𝛼: the “physical”
quantity of interest is d𝛼, which knows nothing about the portion of 𝛼 in ker d𝑘−1.

In order to remove this ambiguity, we can enforce a “gauge condition”. Since im 𝛿𝑘 ⊂ ker 𝛿𝑘−1
(see Eq. (3.40)), we can always choose the gauge condition 𝛿𝛼 = 0, which ensures that 𝛼 ∈ ker 𝛿𝑘−1,
uniquely specifying 𝛼 up to a harmonic (𝑘 − 1)-form. We call this the Coulomb gauge condition
since it generalizes ∇ · 𝑨 = 0 from electromagnetism: the magnetic field 𝐵 is a closed 2-form,
locally of the form 𝐵 = d𝐴 where 𝐴 is the vector potential 1-form, and the Coulomb gauge
condition ∇ · 𝑨 = 0 is equivalent to 𝛿𝐴 = 0. Similarly, for the term 𝛿𝛽 in the HHD we can write

𝛿𝑘+1 : ker 𝛿𝑘+1 ⊕ im d𝑘︸              ︷︷              ︸
Ω𝑘+1∋ 𝛽

→ im 𝛿𝑘+1, (3.43)

such that the unique portion of 𝛽 is the part contain in im d𝑘 . Thus we can choose the “co-Coulomb”
condition d𝛽 = 0, since im d𝑘 ⊂ ker d𝑘+1.

3.1.15 Computing the HHD: Poisson’s Equation

We now consider the problem of actually computing the HHD from a given 𝑘-form 𝜔 in the form
of Eq. (3.38), which can be obtained from d𝜔 and 𝛿𝜔. The complementary problem is that we are
given d𝜔 and 𝛿𝜔 and wish to determine 𝜔, which can be done by determining its HHD. First,
applying d and 𝛿 to Eq. (3.38), using d2 = 𝛿2 = 0 and d𝛾 = 𝛿𝛾 = 0, we obtain

𝛿𝜔 = 𝛿d𝛼, (3.44)
d𝜔 = d𝛿𝛽, (3.45)

From the definition of the Laplacian, Δ = d𝛿 + 𝛿d, we can write

𝛿𝜔 = 𝛿d𝛼 (3.46)
= (Δ − d𝛿)𝛼 (3.47)
= Δ𝛼 − d(𝛿𝛼) (3.48)

and similarly d𝜔 = Δ𝛽 − 𝛿(d𝛽). Applying the Coulomb gauge condition 𝛿𝛼 = 0 (d𝛽 = 0), these
reduce to Poisson’s equation

Δ𝛼 = 𝛿𝜔 (𝛿𝛼 = 0), (3.49)
Δ𝛽 = d𝜔 (d𝛽 = 0). (3.50)
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Thus, given d𝜔 and 𝛿𝜔, 𝛼 and 𝛽 are given in Coulomb gauge by the formal solutions

𝛼 = Δ−1
𝑘−1(𝛿𝜔), (3.51)

𝛽 = Δ−1
𝑘+1(d𝜔). (3.52)

Thus the inverse of the Laplacian plays a central role in the HHD, as it does in electrodynamics.
Note that the Laplacian inverse requires careful definition when the cohomology 𝐻• is non-trivial,
i.e. when kerΔ is non-empty.

Using Eqs. (3.51) and (3.52), we can rewrite Eq. (3.38) as

𝜔 = (dΔ−1𝛿)𝜔 + (𝛿Δ−1d)𝜔 + 𝛾 (3.53)

Comparing to Eq. (3.40), we observe that the operators appearing in Eq. (3.53) are the linear
projectors

Pim d ≡ dΔ−1𝛿 : Ω → im d, (3.54)
Pim 𝛿 ≡ 𝛿Δ−1d : Ω → im 𝛿, (3.55)

Note that the harmonic component cannot be determined from the local data d𝜔 and 𝛿𝜔, since
d𝛾 = 𝛿𝛾 = 0. The projector to the harmonic subspace can be defined by subtracting off the exact
and coexact parts,

PkerΔ ≡ 1 − Pim d − Pim 𝛿, (3.56)

such that 𝛾 = PkerΔ𝜔. Therefore to summarize, if we know the projectors, then the HHD of a
𝑘-form 𝜔 is given by

𝜔𝑘 = Pim d𝑘−1𝜔︸     ︷︷     ︸
exact

+Pim 𝛿𝑘+1𝜔︸    ︷︷    ︸
co-exact

+PkerΔ𝑘𝜔︸   ︷︷   ︸
harmonic

. (3.57)

3.1.16 Hodge Duality and the Dual Cell Complex

For any cellular complex, we can define its dual cell complex where each 𝑘-cell of the original
complex is identified with a (𝑑 − 𝑘)-cell of the dual complex. To form the dual complex, we
follow the same method as described for the construction of CW complex in Section 3.1.1, but
using the data from the original cell complex as a guide: form the dual 0-skeleton K̃0 by placing a
new 0-cell at the center of each 𝑑-cell of the original complex. Next we form the dual 1-skeleton
K̃1, then the dual 2-skeleton K̃2, and so on. To build K̃𝑘 , we glue the boundary of a 𝑘-cell to
the (𝑘 − 1)-cells of the dual complex corresponding to the coboundary of a (𝑑 − 𝑘) cell of the
original complex.
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(a) (b) (c)
Figure 3.6: (a) The triangular lattice cell complex and its dual cell complex, the honeycomb lattice.
(b) To construct the dual complex we start by placing a dual vertex (open circle) inside every
top-dimensional cell (triangle) of the original complex. We then insert the dual 1-cells (dashed
line) by gluing the boundary to two vertices whose original 2-cells form the coboundary of an
original 1-cell. (c) We then insert the dual 2-cells (hexagon) by gluing the boundary along the dual
1-cells (dashed lines) whose original 1-cells form the coboundary of an original 0-cell. In this way
the boundary relation of the dual complex reflects the coboundary relation of the original complex.

This is demonstrated in Figure Fig. 3.6. In (a), solid lines form the edges of a triangular lattice,
which is a 𝑑 = 2 dimensional cellular complex, where the 2-cells are triangles, and dashed lines
form the edges of the dual cell complex, which is a honeycomb lattice. In (b), we have placed
a single 0-cell (open circle) at the center of each original 2-cell (triangle). We then glue the
boundary of a 1-cell (dashed line) to two 0-cells (open circles) corresponding to the coboundary
of a 1-cell (horizontal edge) of the original complex. Finally in (c), we glue the boundary of a
2-cell to the 1-cells of the dual complex corresponding to the coboundary of a 0-cell (center point)
of the original complex.

The end result is that each 𝑘-cell of the original complex is mapped to a (𝑑 − 𝑘)-cell of the
dual complex, and the boundary relation of the dual complex corresponds to the coboundary
relation of the original lattice. This construction is indeed a duality, since the dual complex of
the dual complex is the original complex. But note that the two complexes need not be the same,
i.e. the triangular and honeycomb lattice complexes are distinct. The same construction for a
square lattice complex would yield another square lattice, and thus we say that the square lattice is
self-dual.

The dual complex construction also allows us to define an isomorphism between the 𝑘-forms
Ω𝑘 of the original complex and the (𝑑 − 𝑘)-forms Ω𝑑−𝑘

dual on the dual complex. The linear map is
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called the Hodge star,
★ : Ω𝑘 → Ω𝑑−𝑘

dual (3.58)

Given a 𝑘-form 𝜔 on the original complex, the value of ★𝜔 on a dual (𝑑 − 𝑘)-cell is proportional
to the value on the corresponding 𝑘-cell of the original complex, encoded in the linear map★. The
proportionality is not uniquely defined,21 and we are free to choose it based on relevant physical
intuition. In the particular case of electromagnetism, one may have noticed that there are both
1-form and 2-form realizations of the electric and magnetic fields in Table 1.1. They are related in
the continuum theory by 𝐻 = ★𝐵 and 𝐷 = ★𝐸 , i.e. ★ encodes the permittivity and permeability
of the medium.

The important point is that any theory formulated in terms of 𝑘-forms on the original complex
can be equivalently formulated in terms of (𝑑− 𝑘)-forms on the dual complex. This will be utilized
in Chapter 5 to construct a 2-form dual of spin ice. In particular, note that the codifferential 𝛿 is
essentially equivalent to the differential on the dual complex, and indeed it can be defined as

𝛿 = ★−1ddual ★ . (3.59)

This immediately tells us that the codifferential reproduces gradient, divergence, and curl in the
“opposite direction” of d, i.e.

𝛿3 : Ω3 → Ω2 ∼ grad, (3.60)
𝛿2 : Ω2 → Ω1 ∼ curl, (3.61)
𝛿1 : Ω1 → Ω0 ∼ div. (3.62)

We will see these relations are true up to a sign.

3.2 The Laplacian and the Adjacency Matrix

In this section we will apply the formalism just introduced to the analysis of the spectrum
of adjacency matrices of lattices, which arise as the interaction matrix for nearest-neighbor
antiferromagnetic models discussed extensively in the previous chapter. In particular, we will
see that the adjacency matrix for a lattice is directly related to the Laplacian Δ0, a classic result
from graph theory. More importantly, we will see that for line graph lattices (cf. Section 2.5.1),

21In the continuum case of differential forms, the★ operator is defined if there is a uniquely defined volume form (a
volume form is a top-dimensional form), denoted vol𝑑 , which is the case in particular when the manifold is equipped
with a metric. Then the Hodge star is defined by 𝜔 ∧★𝜔 = vol𝑑 . Since we have note defined a wedge product, we
will not use this.
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if we interpret the spin degrees of freedom as 1-forms on the parent lattice, treated as a cellular
complex, then the adjacency matrix of the line graph lattice is precisely d0𝛿1, which is “half” of
the 1-form Laplacian Δ1 = d0𝛿1 + 𝛿2d1. As we will see, the absence of the other “half”, 𝛿2d1, is
the reason for the presence of flat bands in the spectrum of the line graph adjacency matrix.

3.2.1 The Graph Laplacian

Here we quickly demonstrate that our definition of the 0-form Laplacian Δ0 = 𝛿1d0 is equivalent
to the standard definition of the Laplacian of a graph. Any graph can be considered a CW complex
with only 0-cells and 1-cells, so the definition of d0 and 𝛿1 are unambiguous, and conversely given
any cellular complex, its 1-skeleton is a graph. When dealing with only the 1-skeletons, it is
extremely convenient to utilize a simple notation for the cells, chains, and cochains. First, we will
use 𝑖 to index 0-cells, which can be written as 𝑣𝑖 (𝑣 for “vertex”). A 0-chain can be written as∑
𝑖 𝑐𝑖𝑣𝑖, and a 0-cochain (scalar function) 𝑓 has value on cell 𝑖 of 𝑓 (𝑣𝑖) ≡ 𝑓𝑖. Every 1-cell has

exactly two endpoints, and its orientation is fully specified by the order of the endpoints, so an
oriented 1-cell can be specified by 𝑒𝑖 𝑗 (𝑒 for “edge”) oriented from 𝑣𝑖 to 𝑣 𝑗 , such that 𝜕𝑒𝑖 𝑗 = 𝑣 𝑗 − 𝑣𝑖.
The value of a 1-cochain 𝛼 on a 1-cell is then denoted 𝛼(𝑒𝑖 𝑗 ) ≡ 𝛼𝑖 𝑗 = −𝛼 𝑗𝑖.

Utilizing this notation, the differential of 𝑓 is a 1-cochain d0 𝑓 whose value on a 1-cell is

𝑓𝑖 𝑗 ≡ d0 𝑓 (𝑒𝑖 𝑗 ) = 𝑓 (𝜕𝑒𝑖 𝑗 ) = 𝑓 (𝑣 𝑗 − 𝑣𝑖) = 𝑓 (𝑣 𝑗 ) − 𝑓 (𝑣𝑖) ≡ 𝑓 𝑗 − 𝑓𝑖, (3.63)

which simply demonstrates that d0 computes the finite difference gradient of the scalar function 𝑓

across each 1-cell: d0 ∼ grad. Similarly, for 𝛼 a 1-cochain, its codifferential is a 0-cochain 𝛿1𝛼,
whose value on a 0-cell can be expressed as22

(𝛿1𝛼) 𝑗 ≡ 𝛿1𝛼(𝑣 𝑗 ) = 𝛼(𝜕†𝑣 𝑗 ) =
∑︁

{𝑒 |𝑣 𝑗∈𝜕𝑒}
𝛼(𝑒) !≡

∑︁
𝑖@ 𝑗

𝛼(𝑒𝑖 𝑗 ) ≡
∑︁
𝑖@ 𝑗

𝛼𝑖 𝑗 , (3.64)

where in the indicated equivalence we rewrote the “sum over all 1-cells 𝑒 terminating at 0-cell 𝑣 𝑗”
as the “sum over all 0-cells 𝑣𝑖 adjacent to (@) 0-cell 𝑣 𝑗”, where adjacent to here means connected
by a 1-cell. If we interpret 𝛼𝑖 𝑗 as the “flow of 𝛼 from 𝑖 to 𝑗”, then the final expression is the
negative of the divergence of 𝛼:23

𝛿1 ↔ −div. (3.65)

22The notation 𝑖@ 𝑗 is to be read “all vertices 𝑖 adjacent to vertex 𝑗”.
23That is, −(𝛿1𝛼) 𝑗 =

∑
𝑖@ 𝑗 𝛼 𝑗𝑖 > 0 if the net flow is “out” of 𝑗
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(a)

(b)

(c)

Figure 3.7: Depiction of (a) the differential d0, (b) the codifferential 𝛿1, and (c) the 0-form
Laplacian Δ0 = 𝛿1d0.
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The above two formulas are depicted in Fig. 3.7(a,b). This notation is very helpful, compact,
and transparent when working only with the 1-skeleton, but does not generalize very nicely to
higher-dimensional cells.24

Now consider the 0-form Laplacian Δ0 = 𝛿1d0, which sends a 0-cochain to a 0-cochain,

(Δ0 𝑓 ) 𝑗 = (𝛿1d0 𝑓 ) 𝑗 =
∑︁
𝑖@ 𝑗

(d0 𝑓 )𝑖 𝑗 =
∑︁
𝑖@ 𝑗

( 𝑓 𝑗 − 𝑓𝑖) = 𝑧 𝑗 𝑓 𝑗 −
∑︁
𝑖@ 𝑗

𝑓𝑖, (3.66)

where 𝑧 𝑗 is the number of neighbors of site 𝑗 . This formula is depicted in Fig. 3.7(c) for 𝑧0 = 3.
Since Δ0 is a linear operator we can express the above as

(Δ0 𝑓 )𝑖 =
∑︁
𝑗

(Δ0)𝑖 𝑗 𝑓 𝑗 =
∑︁
𝑗

[
𝑧𝑖𝛿𝑖 𝑗 −A𝑖 𝑗

]
𝑓 𝑗 , (3.67)

where A is the adjacency matrix for the graph, with matrix elements A𝑖 𝑗 = +1 for neighboring
vertices and 0 otherwise. Thus we conclude that

(Δ0)𝑖 𝑗 = 𝐷𝑖 𝑗 −A𝑖 𝑗 , (3.68)

where 𝐷𝑖 𝑗 = 𝑧𝑖𝛿𝑖 𝑗 counts the number of nearest-neighbors. This expression is the standard graph
Laplacian. The Laplacian is positive-definite since

⟨ 𝑓 , 𝛿1d0 𝑓 ⟩ = ⟨d0 𝑓 , d0 𝑓 ⟩ =
∑︁
𝑖

| 𝑓𝑖 |2 > 0. (3.69)

Note also that Δ0 = 𝛿1d0 is precisely analogous to the vector calculus statement Δ0 = −div grad.

3.2.2 Line Graphs and 1-Forms

We now consider the 1-form Laplacian Δ1 = d0𝛿1 + 𝛿2d1. In vector calculus this would be

Δ1 = −grad div + curl curl. (3.70)

Our aim here is to demonstrate that the operator d0𝛿1 ∼ −grad div is related to the adjacency
matrix of the line graph of the 1-skeleton of the complex. In particular we wish to show that,

24For simplicial complexes—those for which every 𝑘-cell is a 𝑘-simplex (point, line, triangle, tetrahedron, etc.)—it
is in fact useful to denote a simplex by a list of its vertices, because a 𝑘-simplex has exactly 𝑘 + 1 vertices, and
deleting one vertex from the list leaves the opposing (𝑘 − 1)-simplex face. Thus simplicial complexes have a special
combinatorial structure that makes them particularly useful as abstract constructions for studying topological spaces
via triangulations (or “simplicializations”). However, our cell complexes based on lattices of atoms are generically
not simplicial, with the sole exception being the triangular lattice.
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under certain key assumptions, if we treat a 1-cochain 𝛼 on the cell complex as a 0-cochain taking
values on the vertices of the line graph of the 1-skeleton, then the following formula holds true:

(d0𝛿1𝛼)𝑒 =
∑︁
𝑒′

[Alg
𝑒𝑒′ + 2𝛿𝑒𝑒′]𝛼𝑒′ , (3.71)

where Alg
𝑒𝑒′ is the adjacency matrix of the line graph.

First we need to fix an ambiguity, which is how to assign the value of 𝛼 on an oriented edge 𝑒
to a value 𝛼𝑒 on the corresponding vertex of the line graph. To do so, we must fix a reference
orientation, 𝑜. We pick one orientation for every edge in the complex, which we denote 𝑒𝑜, then
to each vertex of the line graph we assign the value 𝛼𝑒 ≡ 𝛼(𝑒𝑜). Technically we had to do the
same for the 0-form Laplacian, but in that case we can always choose every vertex to have the
same orientation. This is not possible for the 1-cells.25 In the special but important case where the
parent lattice is bipartite, there are two canonical orientations, where every edge is oriented from
sublattice 𝐴 to 𝐵 or vice-versa. This is the case for most line graph lattices of interest, in particular
the pyrochlore, kagome, and checkerboard lattices. In this bipartite case, Eq. (3.71) follows from
Fig. 3.8, where the fixed orientations are indicated by arrows. In the case that the underlying
1-skeleton of the parent lattice is not bipartite, then Eq. (3.71) takes the more general form

(d0𝛿1𝛼)𝑒 =
∑︁
𝑒′

[⟨𝜕𝑒𝑜, 𝜕𝑒′𝑜⟩ + 2𝛿𝑒𝑒′]𝛼𝑒′ , (3.72)

where ⟨𝜕𝑒𝑜, 𝜕𝑒′𝑜⟩ = 1 if 𝑒𝑜 and 𝑒′𝑜 share a vertex on their boundary with the same orientation, −1
if the orientation is opposite, and 0 otherwise.

Frustration on line graph lattices with non-bipartite parents was studied by Ref [94] and found
to have qualitatively distinct behavior to that of line graphs with a bipartite parent lattice. This is
an interesting point that warrants further study in relation to the current formalism, but we will
not do so in this thesis, instead focusing on the bipartite case where Eq. (3.71) holds exactly. We
note however that expressing the Hamiltonian in terms of the adjacency matrix to begin with
was dependent on the choice of orientation of the quantization axis. If we were to flip one the
quantization axis of the one of the spins we would correspondingly have to change the sign of
its coupling with all of its neighbors, so in a sense as we will see expressing the Hamiltonian in
terms of the matrix Eq. (3.72) is more intrinsic as it is independent of the orientations that we

25Only the 0-cells and top-dimensional cells can have a global orientation in the general case, so long as the
underlying manifold is orientable. The case where the underlying manifold is non-orientable is interesting in its own
right, but we will not study it here. Standard examples of orientable manifolds are spheres, tori, planes, Euclidean
space, etc. Standard examples of non-orientable manifolds are the Möbius strip, the Klein bottle, and projective
spaces.
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Figure 3.8: Demonstration of Eq. (3.71) when edges can be oriented consistently “in” and “out” at
every vertex. Triangles indicate edges of the line graph lattice of the underlying parent lattice.

choose. Of course, since swapping the quantization axis orientation is a gauge transformations, it
has no effect on the spectrum of the Hamiltonian since it corresponds to a choice of coordinates.
With a bipartite parent lattice the choice of orientation is simply convenient to be taken uniformly
throughout the lattice. Thus the 1-form description of the spin variables 𝑆𝑧𝑒 ≡ 𝑆𝑧 (𝑒) which change
sign under reversal of the bond orientation (reversal of the quantization axis orientation) is in fact
more intrinsic than treating the 𝑆𝑧 as simply localized on sites of the line graph lattice.

3.3 Spin Models as Discrete Field Theories

In this section we will utilize the formalism developed so far to demonstrate that spin models
can be considered discrete field theories. In particle, in the soft-spin approximation discussed in
Chapter 2 the analogy between spin models and discrete field theories is exact. We show first that
a square lattice Ising ferromagnet is equivalent to a 0-form field theory, then demonstrate that ice
models map to 1-form field theories.

3.3.1 Discrete 0-Form (Scalar) Field Theory: Ising Ferromagnet

Now that we have discrete differential operators, we will use the SCGA to describe spin models as
discrete field theories. The simplest field theory is a 0-form scalar field, which we denote 𝜙. The
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(a)

𝑖

𝜙𝑖

(b)

Figure 3.9: (a) A configuration for discrete 0-form field on a 2D cellular complex. (b) A single
fiber (internal space) of the 0-form field attached to a vertex 𝑖 of the cell complex.

discrete field equivalent is a scalar-valued 0-cochain. An example of what we mean by a discrete
0-form field is shown in Fig. 3.9(a). The field is a collection of harmonic oscillators attached to
the 0-cells (vertices) of cell complex (here a 2-dimensional square lattice), coupled together at
nearest-neighbor separation. In (b) we show a single oscillator, which moves in a 1-dimensional
“internal field space”, or “fiber”. Here the oscillators are represented by masses attached by springs,
with each mass attached to its own vertex by a spring (red), and coupled to each neighbor by
another spring (black). Accounting for only vertical displacement, the Hamiltonian for this system
of coupled oscillators for this system can be written

𝐻 =
1
2

∑︁
𝑖

𝑚2𝜙2
𝑖 +

1
2

∑︁
𝑖 𝑗

𝐽A𝑖 𝑗 |𝜙 𝑗 − 𝜙𝑖 |2, (3.73)

where 𝑚2 is the spring constant for the red springs and 𝐽 is the spring constant for the coupling
(black) springs. We recognize 𝜙 𝑗 − 𝜙𝑖 as the gradient (d𝜙)𝑖 𝑗 . We can therefore express this
Hamiltonian as a quadratic form in terms of the inner products on Ω0 and Ω1,

𝐻 =
1
2
𝑚2⟨𝜙, 𝜙⟩0 +

1
2
𝐽⟨d𝜙, d𝜙⟩1, (3.74)
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where subscripts indicate which space the inner product is in. This is the analog of the continuum
Hamiltonian

𝐻 =
1
2

∫
d3𝒓 (𝐽∇𝜙 · ∇𝜙 + 𝑚2𝜙2). (3.75)

Using the adjointness of d and 𝛿, Eq. (3.30), we can express Eq. (3.74) as a single inner product
using the Laplacian for scalar fields,

𝐻 =
1
2
⟨𝜙, (𝑚2 + 𝐽𝛿1d0)𝜙⟩0 =

1
2
⟨𝜙, (𝑚2 + 𝐽Δ0)𝜙⟩. (3.76)

Consider the equivalent for Eq. (3.75): integrating by parts the gradient we obtain∫
d3𝒓∇𝜙 · ∇𝜙 =

∫
d3𝒓𝜙(−∇2)𝜙, (3.77)

assuming either no boundary or that the fields go to zero sufficiently fast at infinity. This is the
analogue of ⟨d0𝜙, d0𝜙⟩1 = ⟨𝜙, 𝛿1d1𝜙⟩0. The eigenfunctions of the Laplacian are plane waves with
wavevector 𝒒, satisfying the eigenvalue equation

−∇2𝑒𝑖𝒒·𝒓 = |𝒒 |2𝑒𝑖𝒒·𝒓 . (3.78)

Fourier transforming Eq. (3.75), we diagonalize the integral kernel,

𝐻 =
1
2

∫
d3𝒒𝜙(−𝒒) [𝑚2 + 𝐽𝒒2]𝜙(𝒒). (3.79)

The integral kernel forms a quadratically dispersing band with minimum at 𝑚2.26 In the discrete
case Eq. (3.76), the eigenvalues of Δ0 will form 𝑁sl bands, with one quadratically dispersing away
from the minimum eigenvalue of 𝑚2, with a finite bandwidth due to the periodicity of crystal
momenta.

This discrete scalar field theory is precisely equivalent to the SCGA soft spin theory of of an
Ising (𝑁 = 1) ferromagnet (cf. Section 2.4.1), if we treat the classical Ising soft spins as a 0-form
field 𝑆. The SCGA Hamiltonian for a nearest-neighbor Ising ferromagnet is

𝐻FM,SCGA =
1
2

∑︁
𝑖 𝑗

𝑆𝑖 (𝜆𝑇𝛿𝑖 𝑗 − 𝐽A𝑖 𝑗 )𝑆 𝑗 (3.80)

≡ 1
2

∑︁
𝑖

𝜆0𝑇 |𝑆𝑖 |2 +
∑︁
𝑖 𝑗

𝐽A𝑖 𝑗 |𝑆 𝑗 − 𝑆𝑖 |2 (3.81)

≡ 1
2
⟨𝑆, (𝜆0𝑇 + 𝐽Δ0)𝑆⟩, (3.82)

26In a relativistic theory then, 𝑚 would correspond to the rest mass of the field quanta.
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where in the second equality we absorbed the minimum eigenvalue of A into 𝜆 (see Sections 2.2.2
and 2.2.3). The nearest-neighbor Ising ferromagnet Hamiltonian is therefore equivalent to the
discrete scalar field Hamiltonian Eq. (3.76), if we identify the mass-squared with 𝜆0𝑇 . Thus we
can view a lattice spin model with nearest-neighbor ferromagnetic interactions in the soft spin
approximation as a 0-form field theory on a discrete cellular complex, where spins are localized
on the vertices of the complex. The soft spin configuration space Ωspin is then the space of 0-form
configurations Ω0. The quadratic spin Hamiltonian describes a free (Gaussian) discrete 0-form
scalar field theory in the SCGA.

In the 𝑁 > 1 case, the fiber or internal space of the field is an 𝑁-dimensional vector space
in the soft spin approximation. The field would still be a 0-form field, i.e. the field degrees of
freedom are still associated to the 0-cells of the complex, just with multiple components. When
considering the hard-spin case, where the classical spins are treated as fixed-length vectors in the
internal space, it is generally the case that the continuum analogue is taken to be a nonlinear 𝜎
model [131]. Such a field is still a 0-form field, i.e. the field still takes its value at 0-dimensional
points, but the internal space of the field is taken to a be a manifold (a sphere) rather than a vector
space.

3.3.2 Ice Models as Discrete 1-Form Field Theories

In the previous section we wrote down the Hamiltonian for a discrete free 0-form field theory,
and concluded that it is equivalent to the SCGA model of a nearest-neighbor ferromagnet, where
𝜆0𝑇 plays the role of the mass squared. We will now demonstrate that ice models are naturally
described as a discrete 1-form field theory. We will note here that this idea is not entirely novel,
it is well known that quantum spin ice can be mapped through the ring exchange model to a
lattice gauge field theory on the diamond lattice [25], and this method was extended through the
introduction of the gauge mean field approach to quantum spin ice [130]. Our goal here is to
clarify and develop the lattice field theory content of the classical theory utilizing the Hodge
formalism discussed in this chapter.

Recall that in Section 2.5 we defined an ice model as a nearest-neighbor Ising antiferromagnet
on a line graph lattice, whose Hamiltonian can be written in terms of the line graph adjacency
matrix as in Eq. (2.83). Since every spin lives at the midpoint of an edge of the parent lattice, it is
natural to take the quantization axis of the spin along the one dimensional edge, which is the local
high-symmetry easy axis, which corresponds to the choice of an orientation for each bond. In the
𝑁 = 1 Ising case, the resulting classical soft spin variable 𝑆𝑧

𝑖
is then a 1-form field on the parent

lattice cellular complex. Utilizing Eq. (3.71), for the line graph of a bipartite parent lattice where
we choose the canonical orientation with every edge oriented from the 𝐴 to 𝐵 sublattice of the
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parent lattice, the ice model Hamiltonian can be written

𝐻 =
𝐽

2

∑︁
𝑖 𝑗

𝑆𝑖A
lg
𝑖 𝑗
𝑆 𝑗 (3.83)

= −2𝐽
∑︁
𝑒

|𝑆𝑒 |2 +
𝐽

2

∑︁
𝑒𝑒′
𝑆𝑒 (d0𝛿1)𝑒𝑒′𝑆𝑒′ (3.84)

= 𝐸0 +
𝐽

2
⟨𝑆, d0𝛿1𝑆⟩, (3.85)

where 𝐸0 is the ground state energy in the spherical approximation, which is the true classical
ground state energy when the frustrated units have an even number of spins (Section 2.4.2).
Equivalently, the SCGA effective Hamiltonian for the ice models is

𝐻eff =
1
2
⟨𝑆, (𝜆0 + d0𝛿1)𝑆⟩. (3.86)

Utilizing the adjointness relation, Eq. (3.30), we can equivalently write this as

𝐻eff =
1
2
𝜆0⟨𝑆, 𝑆⟩1 +

1
2
𝐽⟨𝛿1𝑆, 𝛿1𝑆⟩0, (3.87)

where 𝛿1𝑆 ∼ −div𝑆, Eq. (3.65). This is the discrete analogue of27

𝐻eff ∼ 1
2

∫
𝑑3𝒓

(
𝜆0 |𝑆 |2 + 𝐽 (div𝑆)2

)
, (3.88)

which is precisely the long-wavelength expansion of the Hamiltonian, Eq. (2.91), if we identify
our 1-form field 𝑆 with a vector field! This clarifies that the “emergent field theory” of a vector
field obeying a zero-divergence constraint is not so surprising at all, it is simply a consequence of
the fact that the underlying spin model describes a theory of a discrete 1-form field. Furthermore,
if we expand Eq. (3.87) we can write it as

𝐻eff =
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2
𝐽
∑︁
𝑖

| (𝛿1𝑆) (𝑣𝑖) |2 (3.89)

=
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2
𝐽
∑︁
𝑖

|𝑆(𝜕†𝑣𝑖) |2 (3.90)

=
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2
𝐽
∑︁
𝑖

���∑︁
𝑗@𝑖

𝑆 𝑗𝑖

���2, (3.91)

27The precise continuum expression would be
∫
𝜆0𝑆 ∧★𝑆 + 𝐽𝛿1𝑆 ∧★𝛿1𝑆, because the inner product for 𝑘-forms in

the continuum is defined to be ⟨𝛼, 𝛽⟩ =
∫
𝛼 ∧★𝛽, where the integral is over all space and 𝛼 ∧★𝛽 is a top-dimensional

(volume) form. We did not define our inner product using the Hodge star or define the wedge product for discrete
forms, these are interesting topics that warrant further development but we will not do so here.
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where the second term is a sum over the frustrated units of the line graph lattice, as in Eq. (2.82).
Thus the frustration condition

∑
𝑖∈𝑐 𝑆𝑖 = 0 which we discussed in Section 2.4.2 is equivalent to

the zero-discrete-divergence condition 𝛿1𝑆 = 0. As such, ice models are naturally described as
discrete 1-form field theories with Hamiltonian given by Eq. (3.87), where the discrete divergence
𝛿1𝑆 is energetically suppressed and 𝜆0𝑇 describes the mass of the field. We identify the soft spin
configuration space Ωspin with the space of 1-forms Ω1.

3.3.3 Helmholtz-Hodge Decomposition and Flat Bands: Rotational and
Irrotational Modes

In Section 2.5.1 we discussed that the adjacency matrix of a line graph always has at least one flat
band at the bottom of its spectrum. There we argued that these flat bands are a consequence of the
number of constraints arising from each frustrated cluster of the lattice always being less than
the number of spins, leaving an extensive SCGA ground state subspace. In this section we will
understand this in terms of the HHD and the relation Eq. (3.71).

Since the spins are described as a discrete 1-form field 𝑆, we can apply the discrete HHD
developed in Section 3.1.13, Section 3.1.14, and Section 3.1.15 to decompose them them as

𝑆 = d0𝜙 + 𝛿2𝛼 + 𝛾, (3.92)

where 𝜙 is a 0-form, 𝛼 is a 2-form, and 𝛾 is harmonic 1-form. Equivalently, the space of soft spin
configurations decomposes as

Ωspin ≡ Ω1 = im d0 ⊕ 𝐻1 ⊕ im 𝛿2 (3.93)

We will adopt the term “irrotational” to refer to the d0𝜙 portion of the decomposition Eq. (3.92),
and “rotational” to refer to the 𝛿2𝛼 portion, in accordance with the terminology used for the
equivalent decomposition of vector fields. In particular, d0𝜙 has zero curl, d1(d0𝜙) = 0. This is
equivalent to saying that d0𝜙 integrates to zero on every closed cycle; that is, if 𝐶 is a 1-cycle (a
closed 1-dimensional contour), then

d0𝜙(𝐶) = 𝜙(𝜕𝐶) = 𝜙(0) = 0, (3.94)

and therefore we say d0𝜙 is an irrotational 1-form. On the other hand, the 2-form 𝛼 represents
a flux through each plaquette of the complex, and 𝛿2 maps this flux to a circulation around the
boundary of each plaquette, thus guaranteeing that 𝛿2𝛼 has zero divergence, i.e. 𝛿1(𝛿2𝛼) = 0.
Thus we can express Eq. (3.93) as

Ωspin ≡ Ω1 = irrotational ⊕ harmonic ⊕ rotational. (3.95)
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We will therefore also denote the decomposition Eq. (3.92) with the notation

𝑆 = 𝑆irr + 𝑆rot + 𝑆har, (3.96)

where

d1𝑆
irr ∼ curl 𝑆irr = 0, (3.97)

𝛿1𝑆
rot ∼ div 𝑆rot = 0, (3.98)

and the harmonic part has both zero divergence and zero curl.
We can immediately deduce using the HHD the meaning of the flat bands in the adjacency

matrix for line graphs. Consider the bands of the adjacency matrix for the checkerboard, kagome,
and pyrochlore line graph lattices with bipartite parent lattices, Figs. 2.11 and 2.12. In all cases
there are exactly two dispersive bands, with the addition of flat bands at the bottom of the spectrum.
Inserting the decomposition Eq. (3.92) into the Hamiltonian Eq. (3.86), using the fact that 𝛿2 = 0,
we see that 𝛼 and 𝛾 drop out of the Hamiltonian entirely, i.e.

⟨𝑆, d0𝛿1𝑆⟩ = ⟨𝑆, d0𝛿1(𝑆irr + 𝑆rot + 𝑆har)⟩ = ⟨𝑆, d0𝛿1𝑆
irr⟩ = ⟨𝑆irr, (d0𝛿1)𝑆irr⟩. (3.99)

This means that the rotational and harmonic components of the spin configuration have no energy
cost other than the field stiffness cost coming from

⟨𝑆, 𝑆⟩ = ⟨𝑆irr, 𝑆irr⟩ + ⟨𝑆rot, 𝑆rot⟩ + ⟨𝑆har, 𝑆har⟩. (3.100)

The absence of the rotational and harmonic modes in the Hamiltonian therefore corresponds
to the presence of flat bands at the bottom of the adjacency matrix spectrum. In fact from
Eq. (3.71) we can also deduce that these flat bands always have eigenvalue −2 since d0𝛿1 is
positive semi-definite.28 The subspace of Ωspin spanned by the zero-energy flat band eigenvectors
of the interaction matrix for ice models is therefore precisely the space of rotational and harmonic
degrees of freedom. The dispersive band eigenvectors therefore must span the space of irrotational
degrees of freedom. Therefore at zero temperature the irrotational modes are fully suppressed and
all spin configurations obey the zero-divergence condition 𝛿1𝑆 = 0, but all rotational modes are
completely degenerate, and we have a Coulomb phase.

To see this in some more detail, let’s investigate the meaning of the two irrotational bands in
Figs. 2.11 and 2.12 by considering the eigenvectors of d0𝛿1. First, note that the eigenvectors of the
scalar Laplacian Δ0 will be the discrete equivalent of plane waves. If 𝜓 is an eigenvector of Δ0
with eigenvalue 𝜖 , then

(d0𝛿1) (d0𝜓) = d0(𝛿1d0)𝜓 = d0Δ0𝜓 = 𝜖 (d0𝜓), (3.101)

28If we identify Alg = d0𝛿1 − 21, then since d0𝛿1 has minimum eigenvalue 0, Alg has minimum eigenvalue −2.
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Figure 3.10: As a basis for the space of rotational modes we can take 1-forms 𝛿2𝛼𝑝, where
𝛼𝑝 (𝑝) = 1 if 𝑝 is oriented as shown by the orange arrow and 0 on all other plaquettes. Then
𝛿2𝛼𝑝 (𝑒) on the boundary edges of 𝑝 is ±1 depending on the orientation taken for 𝑒 and 0 on all
other edges.
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meaning that d0𝜓 is an eigenvector of d0𝛿1 with the same eigenvalue. Therefore the spectrum of
d0𝛿1 is exactly that of Δ0, with the addition of flat bands with zero eigenvalue corresponding to the
rotational modes. The eigenvectors of the dispersive bands are the gradients of the eigenvectors of
Δ0, of which there is one for each vertex of the parent lattice. The eigenvectors of the flat bands
must be supported on 1-cycles since they correspond to rotational modes with zero divergence.
These eigenvectors were investigated by Bergman et al. [103] in the context of hopping models on
line graph lattices, who found that the flat band eigenvectors correspond to closed loops of lattice
sites along which the sign of the wavefunction alternates, which we illustrate in Fig. 3.10 for the
kagome lattice. We can reinterpret these alternating-sign wavefunctions as 1-forms representing
a circulation around a single plaquette. In other words, we can choose a basis for the rotational
modes given by {𝛿2𝛼𝑝}, where 𝛼𝑝 is an “indicator 2-cochain” which represents a unit flux through
oriented plaquette 𝑝, such that 𝛿2𝛼𝑝 is an oriented circulation around the boundary 𝜕𝑝. As
Ref. [103] showed, however, this basis slightly overcounts the number of eigenvectors of the flat
bands, because they are not all linearly independent. In particular, summing the value of 𝛿2𝛼𝑝
over a non-trivial oriented surface that winds around a 2-dimensional hole yields zero, since such
a surface is closed and has no boundary. Similarly, if we take as basis for the irrotational modes
d0𝜓𝑖, where 𝜓𝑖 is non-zero on a single vertex 𝑖, we would overcount by one: summing over every 𝑖
yields zero (every bond, having two endpoints, cancels). The remaining basis vectors are neither
exact nor coexact, and they integrate to non-zero values on non-trivial 1-cycles of the complex,
meaning that they are harmonic cochains which satisfy Laplace’s equation for 1-forms,

Δ1𝛾 = (d0𝛿1 + 𝛿2d1)𝛾 = 0. (3.102)

The space of harmonic modes 𝐻1 is therefore spanned by the eigenvectors of the band touching
point in the spectrum of the line graph adjacency matrix.29

3.4 Spin Ice: 1-Form Field Theory on the Diamond Cell Com-
plex

Consider the checkerboard, kagome, and pyrochlore lattices shown in Fig. 2.10. For the 2D line
graphs it is easy to see that their parent lattices (square and hexagonal honeycomb) are cellular
complexes. For the square lattice the 2-cells are squares and for the hexagonal honeycomb the
2-cells are hexagons. For the pyrochlore lattice the parent lattice is the diamond lattice, which is
less obviously a cellular complex.

29It would be interesting for this reason to study ice models on cell complexes for which 𝐻1 is trivial (e.g. on a
sphere). Some work on this topic was done by Ref. [132] for a quantum spin-1/2 model on small complexes with a
few frustrated clusters forming a polyhedron (topologically equivalent to a sphere).
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Figure 3.11: The bipartite diamond lattice is self-dual. Here we show the diamond lattice (red,
orange spheres, blue edges) and its dual (gray, white spheres, blue edges). The diamond and its
dual together form a BCC lattice. On the left we show a single BCC unit cell, and on the right we
show four BCC unit cells which either surround a single diamond site or fill the diamond “cage.”
These four BCC cells together form the Wigner Seitz cell for the FCC lattice.
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(a) (b)

(c) (d) (e)

Figure 3.12: (a) The FCC wigner Seitz unit cell can be subdivided into two symmetric halves
separated by a buckled hexagon (blue and red faces). (b) The Wigner Seitz cell cell splits into two
equivalent cells (red, blue), cf. right hand column of Fig. 3.11. (c) The buckled hexagon forms a
2-cell of the diamond cell complex, shown here along with the 1-skeleton (blue edges, red and
orange vertices) of the complex in a single cubic unit cell. (d) A single 3-cell of the diamond
lattice cell complex, with four buckled hexagonal 2-cells on its boundary (two of which are not
visible). (e) Two 3-cells of the diamond cellular complex formed by the separation shown in (a,b),
which are inverted copies of each other. These two cells together for a unit cell for the FCC lattice,
containing the same volume as the original Wigner Seitz cell.
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Fig. 2.10 only shows the 1-skeleton of the diamond lattice cell complex. The geometry and
topology of the complex is illustrated in more detail in Figs. 3.11 and 3.12. First, in Fig. 3.11,
we show the bipartite diamond 1-skeleton (red, orange vertices and blue edges) as well as the
dual 1-skeleton (gray, white vertices and black edges). The diamond lattice is self-dual, so its
dual 1-skeleton is another diamond lattice. The diamond lattice has primitive description as an
FCC lattice with a 2-atom basis; it is the three dimensional analog of the hexagonal honeycomb
lattice, which is a triangular lattice with a 2-atom basis. Together, the diamond lattice and its dual
form a BCC lattice, whose primitive unit cell is shown in the left column. In the right column
we show that four diamond unit cells fit together to make the FCC Wigner Seitz cell, which fits
perfectly inside the “cage” formed by the diamond lattice 1-skeleton (bottom right). In Fig. 3.12,
we show in (a) that the BCC cell can be divided into two symmetric parts separated by a buckled
hexagon. In (b) we show what happens when we divide the four BCC primitive cells forming the
FCC Wigner Seitz cell. This divides the FCC cell into two identical cells, which is the diamond
lattice 3-cell (red and blue). The 2-cells of the diamond lattice are the buckled hexagons, shown in
(c) with respect to the 1-skeleton. The 3-cells, whose boundary is made of four buckled hexagons,
is shown in (d), and in (e) we show how two of the diamond 3-cells fit together to form a primitive
cell of the FCC lattice.

3.4.1 Eigenvectors of the Adjacency Matrix

Here we will demonstrate the exact calculation of the eigenvectors of the adjacency matrix of the
pyrochlore lattice. The exact same calculation can be performed for any line graph on a bipartite
parent lattice with translation symmetry. We note that a very similar calculation is done in [104]
by defining “incidence matrices”, adjacency matrices between the line graph vertices and parent
lattice vertices. With hindsight we can observe that these incidence matrices are simply the direct
space matrix elements of the linear maps d0 and 𝛿1 (with appropriate choice of basis).

First we compute the eigenvectors of the diamond lattice Laplacian Δ0. We introduce a
complete basis set of plane wave 0-cochains denoted |𝒒, 𝜇0⟩ ∈ Ω0, whose direct space components
are

⟨𝒓, 𝜇0 |𝒒, 𝜈0⟩ = 𝛿𝜇0,𝜈0

1
√
𝐿3
𝑒−𝑖𝒒·(𝒓+𝒄𝜇0 ) , (3.103)

where 𝜇0, 𝜈0 = 𝐴, 𝐵 index the sublattices of the diamond lattice 0-skeleton and 𝒄𝜇0 is the sublattice
position in the unit cell. These are plane waves which are non-zero only on a single sublattice.
They are not themselves eigenvectors of the lattice Laplacian. We also will use the shorthand |𝑖⟩0
for the position basis, referring to site 𝑖 of the diamond lattice, where the subscript on the ket
reminds us that this is a vector in Ω0. Utilizing the relation between Δ0 and the adjacency matrix
A of the parent lattice, Eq. (3.69), noting that the diamond lattice has constant coordination, we
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have Δ0 = 41 −A.30 So we only need to find the eigenvectors of the adjacency of matrix of the
diamond lattice. We have

A |𝒒, 𝐴⟩0 =
1

√
𝐿3

∑︁
𝑖∈𝐴

𝑒−𝑖𝒒·𝒓𝑖A |𝑖⟩0 (3.104)

=
1

√
𝐿3

∑︁
𝑖∈𝐴

𝑒−𝑖𝒒·𝒓𝑖
∑︁
𝑗

A𝑖 𝑗 | 𝑗⟩0 (3.105)

=
1

√
𝐿3

∑︁
𝑖∈𝐴

𝑒−𝑖𝒒·𝒓𝑖
∑︁
𝑗@𝑖

| 𝑗⟩0 (3.106)

In the final summation over the neighbors of 𝑖, notice that because the lattice is bipartite the
neighbors of 𝑖 are always on sublattice 𝐵. Therefore we can rewrite the two sums as a sum over
sites in sublattice 𝐵 and their neighbors,

A |𝒒, 𝐴⟩0 =
1

√
𝐿3

∑︁
𝑖∈𝐴

∑︁
𝑗@𝑖

𝑒−𝑖𝒒·𝒓𝑖 | 𝑗⟩0 (3.107)

=
1

√
𝐿3

∑︁
𝑗∈𝐵

∑︁
𝑖@ 𝑗

𝑒−𝑖𝒒·𝒓𝑖 | 𝑗⟩0 (3.108)

=
1

√
𝐿3

∑︁
𝑗∈𝐵


∑︁
𝑖@ 𝑗

𝑒−𝑖𝒒·(𝒓𝑖−𝒓 𝑗 )
 𝑒−𝑖𝒒·𝒓 𝑗 | 𝑗⟩0 (3.109)

=≡ 𝐺 (𝒒) 1
√
𝐿3

∑︁
𝑗∈𝐵

𝑒−𝑖𝒒·𝒓 𝑗 | 𝑗⟩0 (3.110)

= 𝐺 (𝒒) |𝒒, 𝐵⟩0 (3.111)

where we defined
𝐺 (𝒒) ≡

∑︁
𝑖@ 𝑗

𝑒−𝑖𝒒·(𝒓𝑖−𝒓 𝑗 ) 𝑗 ∈ 𝐵, (3.112)

which is independent of 𝑗 by translation symmetry. Indeed 𝐺 (𝒒) can be written is

𝐺 (𝒒) =
∑︁
𝜇1

𝑒𝑖𝒒·𝜹𝜇1 , (3.113)

30Note that this formula is only meaningful under the convention that we take every 0-cell to have the same
orientation. It is not strictly correct to treat A as a linear operator acting on Ω0, because its matrix elements A𝑖 𝑗 = 0, 1
are not orientation-dependent, while those of Ω0 are.
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where 𝜹𝜇1 is the displacement vector from sublattice 𝐴 to 𝐵 of the diamond lattice corresponding
to sublattice 𝜇1 of the pyrochlore lattice. Similarly we can show that

A |𝒒, 𝐵⟩0 = 𝐺∗(𝒒) |𝒒, 𝐴⟩0 , (3.114)

which follows from the inversion symmetry of sublattices 𝐴 and 𝐵. The eigenvectors of A are
then given by symmetric and antisymmetric linear combinations of |𝒒, 𝐴⟩ and |𝒒, 𝐵⟩, given up to
normalization by

|𝒒,±⟩0 ∝
√︁
𝐺∗(𝒒) |𝒒, 𝐴⟩0 ±

√︁
𝐺 (𝒒) |𝒒, 𝐵⟩0 , (3.115)

which satisfy the eigenvalue equation

A |𝒒,±⟩0 = ±|𝐺 (𝒒) | |𝒒,±⟩0 . (3.116)

The eigenvalues therefore come in positive-negative pairs, forming two bands symmetric about
zero, with 𝐺 (0) = 4, the coordination number of the lattice. The scalar Laplacian Δ0 = 41 −A

has the same two bands but (i) inverted and (ii) lifted up so that the minimum eigenvalue is zero
at 𝒒 = 0 and all other eigenvalues are positive, where the band containing the zero eigenvalue
corresponds to |𝒒, +⟩0, the symmetric linear combination. The space 𝐻0 of harmonic 0-forms, the
kernel of Δ0, is therefore the one-dimensional space spanned by the vector |0, +⟩0. The components
of |0, +⟩0 are constant 1/

√
2𝐿3 on every lattice site, corresponding to the fact that a harmonic

scalar function is constant. On the other hand, |0,−⟩ alternates sign on the 𝐴 and 𝐵 sublattices.

The eigenvectors of the dispersive bands of Alg, i.e. the eigenfunctions of d0𝛿1, are then given
by d0 |𝒒,±⟩1 ∈ Ω1. Each 1-cell can be indexed by unit cell position 𝒓 and sublattice index 𝜇. We
define a basis for Ω1 given by the vectors |𝒓, 𝜇1⟩, which is a 1-cochain which takes value +1 on
edge 𝜇 in unit cell 𝒓 when it is oriented from diamond sublattice 𝐴 to 𝐵, −1 if it is oriented from
𝐵 to 𝐴, and zero on all other 1-cells. We will also denote these basis cochains as |𝑖 𝑗⟩1 for the
cochain which is +1 on the edge oriented from 𝑖 to 𝑗 . We can conveniently express the differential
and codifferential as31

d0 =
∑︁
𝑒𝑖 𝑗

|𝑖 𝑗⟩1 ⊗ (0⟨ 𝑗 | − 0⟨𝑖 | ), (3.117)

𝛿1 =
∑︁
𝑗

| 𝑗⟩0 ⊗
∑︁
𝑖@ 𝑗

1⟨𝑖 𝑗 | . (3.118)

31Note: the “kets” |𝜏𝑘⟩𝑘 are understood to be “indicator cochains” which are zero everywhere except on the oriented
𝑘-cell 𝜏𝑘 , on which they take the value +1. The “bras” ⟨𝜏𝑘 |𝑘 should then be understood as the evaluation functional,
which takes a cochain (a ket) and evaluates it on the oriented cell 𝜏𝑘 . Thus if 𝛼 is a 𝑘-cochain, represented by a ket as
|𝛼⟩, then its value on a 𝑘-cell 𝜏𝑘 is ⟨𝜏𝑘 |𝛼⟩ ≡ 𝛼(𝜏𝑘).
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where in the first line each edge is summed only once. Note that which orientation we pick for
each edge is irrelevant, since |𝑖 𝑗⟩1 = − | 𝑗𝑖⟩1. We then define the plane wave basis for 1-forms by

|𝒒, 𝜇1⟩ =
1

√
𝐿3

∑︁
𝒓

𝑒−𝑖𝒒·(𝒓+𝒄𝜇1 ) |𝒓, 𝜇1⟩ , (3.119)

where we take 𝒓 + 𝒄𝜇1 to be the position of the midpoint of the edge, where the physical ion is
located. Taking 𝑖 ∈ 𝐴 and 𝑗 ∈ 𝐵, the eigenvectors of d0𝛿1 have components

1⟨𝑖 𝑗 | d0 |𝒒,±⟩0 = (0⟨ 𝑗 | − 0⟨𝑖 |) |𝒒,±⟩0

=

(√︁
𝐺∗(𝒒) ⟨ 𝑗 |𝒒, 𝐴⟩ ±

√︁
𝐺 (𝒒)⟨ 𝑗 |𝒒, 𝐵⟩

)
−

(√︁
𝐺∗(𝒒) ⟨𝑖 |𝒒, 𝐴⟩ ±

√︁
𝐺 (𝒒)⟨𝑖 |𝒒, 𝐵⟩

)
=

1
√
𝐿3

[
±
√︁
𝐺 (𝒒)𝑒−𝑖𝒒·𝒓 𝑗 −

√︁
𝐺∗(𝒒)𝑒−𝑖𝒒·𝒓𝑖

]
=

1
√
𝐿3
𝑒−𝑖𝒒·(𝒓𝑖+𝒓 𝑗 )/2

[
±
√︁
𝐺 (𝒒)𝑒−𝑖𝒒·𝜹𝜇1/2 −

√︁
𝐺∗(𝒒)𝑒𝑖𝒒·𝜹𝜇1/2

]
︸                                              ︷︷                                              ︸

≡ 𝐹±,𝜇1 (𝒒)

, (3.120)

where in the first line we used Eq. (3.117), in the last line (𝒓𝑖 + 𝒓 𝑗 )/2 is the position of midpoint of
the corresponding edge, and 𝜹𝜇1 is the displacement vector from sublattice 𝐴 to 𝐵 along edge 𝜇1.
The eigenvectors can then be written up to normalization as

|𝒒,±⟩1 ∝ d0 |𝒒,±⟩0 =
∑︁
𝜇

𝐹±,𝜇1 (𝒒) |𝒒, 𝜇1⟩1 . (3.121)

Note that at 𝒒 = 0, 𝐹+,𝜇1 (0) = 0, because d0 |0, +⟩ is the gradient of a constant function, meaning
that the eigenvector which would correspond to the base of the dispersive band touching the flat
bands in d0𝛿1 is “missing”. This is because the eigenvectors of the band touching point is the
space 𝐻1 of harmonic 1-forms, which cannot be expressed as the gradient of a 0-form. Consider
on the other hand the eigenvector |0,−⟩ , which is the gradient of a scalar function alternating sign
on the two diamond sublattices. It is a constant 1-form which is positive for all edges oriented from
the 𝐴 to 𝐵 sublattice, but it is not a harmonic form since it is exact. The remaining eigenvectors of
d0𝛿1 are the rotational modes, which span im 𝛿2, forming the two flat bands with zero eigenvalue.
The harmonic modes correspond to the band touching point, which are the modes that cannot be
expressed as a gradient. To summarize, the HHD is a decomposition of the spin configuration
space Ω1 into three subspaces,

Ω1 = im d0 ⊕ 𝐻1 ⊕ im 𝛿2, (3.122)

where im d0 is the space of irrotational modes, spanned by the dispersive band eigenvectors of
Alg, im 𝛿2 is the space of rotational modes, spanned by the eigenvectors of the flat bands, and 𝐻1

is the space of harmonic modes, corresponding to the band touching point at the zone center.
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3.4.2 HHD Projectors

We now turn to the explicit computation of the HHD for spin configurations. Surprisingly, the
importance of the HHD for describing spin ice physics was not appreciated until quite recently,
and interest in the HHD has been primarily confined to the literature surrounding spin ice
fragmentation [133, 134], the phenomenon by which the irrotational modes partially condense
while the rotational modes are free to continue fluctuating. In particular, Brooks-Bartlett et
al. [133] demonstrated the decomposition for a single unit cell (or in their account, a single
tetrahedron). A partial decomposition via an iterative algorithm was also used by [135], but until
now an explicit method for the computation on the full lattice has not been demonstrated. Using
the Hodge approach, we will define the HHD unambiguously for any spin configuration, in a way
that allows for a straightforward computation.

We demonstrated the general case in Section 3.1.15, from which we concluded that the
projector to the irrotational and rotatational mode subspaces are

Pim d0 = d0(Δ0)−1𝛿1 (irrotational), (3.123)
Pim 𝛿2 = d2(Δ2)−1d1 (rotational). (3.124)

We also know now that the projector to the harmonic modes is just the projector to the three-
dimensional band touching point eigenspace at 𝒒 = 0. This projector is easy to construct by
directly diagonalizing the 𝒒 = 0 adjacency matrix, which is given by32

⟨0, 𝜇1 |Alg |0, 𝜈1⟩ = 2
©­­­«
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

ª®®®¬ , (3.125)

As we discussed in the previous chapter (cf. Section 2.4.2), this matrix has one eigenvector
|0, 𝑄⟩1 ≡ (1/2)∑𝜇1 |0, 𝜇1⟩ which corresponds to the band maximum and the 𝑄 irrep eigenmode,
𝑄(0) ≡ ⟨0, 𝑄 |𝑆⟩ (Eq. (2.88)). The three remaining eigenvectors in the orthogonal three dimensional
subspace correspond to the three 𝑩 eigenmodes (Eq. (2.89)). The three 𝑩 eigenmodes are therefore
the harmonic modes and, in spin ice, correspond to the three components of the bulk magnetization.
On a torus, they correspond to spin configurations which are polarized around the handles of the
torus. Thus we can simply write the harmonic mode projector as

P𝐻
1
= 10 − |0, 𝑄⟩ ⟨0, 𝑄 | , (harmonic) (3.126)

32As we mentioned for the adjacency matrix of the diamond lattice, we note that Alg is not really a linear operator
on Ω1, and this formula assumes the global 𝐴 to 𝐵 orientation of edges.
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where 10 =
∑
𝜇 |0, 𝜇⟩ ⟨0, 𝜇 | is the identity in the 𝒒 = 0 subspace and zero everywhere else.

We will now compute the projector in Eq. (3.123) in the Fourier basis. To begin, we consider the
Fourier representation of the operators d0 and 𝛿1, which can be easily obtained from Eqs. (3.117)
and (3.118). Starting with d0, we have

⟨𝒒, 𝜇1 | d0 |𝒒, 𝜇0⟩ =
∑︁
𝑒𝑖 𝑗

⟨𝒒, 𝜇1 |𝑖 𝑗⟩ (⟨ 𝑗 |𝒒, 𝜇0⟩ − ⟨𝑖 |𝒒, 𝜇0⟩) (3.127)

=
1
𝐿3

∑︁
𝑒𝑖 𝑗∈𝜇1

𝑒𝑖𝒒·(𝒓𝑖+𝒓 𝑗 )/2 (
𝑒−𝑖𝒒·𝒓 𝑗𝛿 𝑗∈𝜇0 − 𝑒−𝑖𝒒·𝒓𝑖𝛿𝑖∈𝜇0

)
, (3.128)

where 𝛿𝑖∈𝜇0 = 1 if vertex 𝑖 is in sublattice 𝜇0 and 0 otherwise, and for the sum over edges 𝑒𝑖 𝑗 is
oriented from 𝐴 to 𝐵, since we defined |𝒒, 𝜇1⟩ in Eq. (3.119) with all edges oriented from 𝐴 to 𝐵.
We then have

⟨𝒒, 𝜇1 | d0 |𝒒, 𝜇0⟩ =
1
𝐿3

∑︁
𝑒𝑖 𝑗∈𝜇1

𝛿 𝑗∈𝜇0𝑒
𝑖𝒒·(𝒓𝑖−𝒓 𝑗 )/2 − 1

𝐿3

∑︁
𝑒𝑖 𝑗∈𝜇1

𝛿𝑖∈𝜇0𝑒
𝑖𝒒·(𝒓 𝑗−𝒓𝑖)/2. (3.129)

Since the sum is over edges oriented 𝐴 to 𝐵 in a single sublattice 𝜇1, we have that 𝒓 𝑗 − 𝒓𝑖 ≡ 𝜹𝜇1 ,
and we obtain

⟨𝒒, 𝜇1 | d0 |𝒒, 𝜇0⟩ = 𝛿𝜇0=𝐵 𝑒
−𝑖𝒒·𝜹𝜇1/2 − 𝛿𝜇0=𝐴 𝑒

𝑖𝒒·𝜹𝜇1/2, (3.130)

which can be expressed in matrix form as33

©­­­«
⟨𝒒, 1| d0 |𝒒, 𝐴⟩ ⟨𝒒, 1| d0 |𝒒, 𝐵⟩
⟨𝒒, 2| d0 |𝒒, 𝐴⟩ ⟨𝒒, 2| d0 |𝒒, 𝐵⟩
⟨𝒒, 3| d0 |𝒒, 𝐴⟩ ⟨𝒒, 3| d0 |𝒒, 𝐵⟩
⟨𝒒, 4| d0 |𝒒, 𝐴⟩ ⟨𝒒, 4| d0 |𝒒, 𝐵⟩

ª®®®¬ =

©­­­«
−𝑒𝑖𝒒·𝜹1/2 𝑒−𝑖𝒒·𝜹1/2

−𝑒𝑖𝒒·𝜹2/2 𝑒−𝑖𝒒·𝜹2/2

−𝑒𝑖𝒒·𝜹3/2 𝑒−𝑖𝒒·𝜹3/2

−𝑒𝑖𝒒·𝜹4/2 𝑒−𝑖𝒒·𝜹4/2

ª®®®¬ . (3.131)

33We have always taken the convention that all 0-cells have the same global “in” orientation. We could have taken
the orientations to be “out” on the 𝐴 sublattice and “in” on the 𝐵 sublattice. This would remove the negative signs in
the first column of Eq. (3.131). This matrix can also be found, without the minus signs, in [57], where it is defined to
be the Fourier transform of an adjacency matrix whose matrix elements are +1 for neighboring diamond-pyrochlore
sites and 0 otherwise. This adjacency matrix is in fact precisely ⟨𝑒 | d0 |𝑖⟩ (cf. Eq. (3.117)) if we take the convention
that sublattice 𝐴 0-cells are oriented “out”, 𝐵 0-cells are oriented “in”, and edges are always oriented from 𝐴 to 𝐵.
We note also that this matrix expression first appeared (implicitly) in the work of Henley [136] in the study of the soft
spin ground state correlations of spin ice, which we will discuss further in this chapter, along with the matrix form of
the Fourier transformed Laplacian Eq. (3.139), but none of the connection to discrete differential operators or lattice
field theory was known at the time.
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Doing the same computation for 𝛿1, using Eq. (3.118), we obtain

⟨𝒒, 𝜇0 | 𝛿1 |𝒒, 𝜇1⟩ =
∑︁
𝑗

∑︁
𝑖@ 𝑗

⟨𝒒, 𝜇0 | 𝑗⟩ ⟨𝑖 𝑗 |𝒒, 𝜇1⟩ , (3.132)

=
1
𝐿3

∑︁
𝑗

∑︁
𝑖@ 𝑗

(
𝛿 𝑗∈𝜇0 𝑒

𝑖𝒒·𝒓 𝑗 ) (
𝛿𝑒𝑖 𝑗∈𝜇1

(
𝛿 𝑗∈𝐵 − 𝛿 𝑗∈𝐴

)
𝑒−𝑖𝒒·(𝒓𝑖+𝒓 𝑗 )/2

)
, (3.133)

where in the second line we used the fact that |𝒒, 𝜇1⟩ was defined with the convention that the sign
is positive if the edge is oriented from 𝐴 to 𝐵. Utilizing the Kronecker deltas, we can rewrite this
as a sum over edges in sublattice 𝜇1 with an overall sign determined by 𝜇0,

⟨𝒒, 𝜇0 | 𝛿1 |𝒒, 𝜇1⟩ = (𝛿𝜇0=𝐵 − 𝛿𝜇0=𝐴)
1
𝐿3

∑︁
𝑒𝑖 𝑗∈𝜇1, 𝑗∈𝜇0

𝑒−𝑖𝒒·(𝒓𝑖−𝒓 𝑗 )/2 (3.134)

= 𝛿𝜇0=𝐵 𝑒
𝑖𝒒·𝜹𝜇1/2 − 𝛿𝜇0=𝐴 𝑒

−𝑖𝒒·𝜹𝜇1/2. (3.135)

We conclude that(
⟨𝒒, 𝐴| 𝛿1 |𝒒, 1⟩ ⟨𝒒, 𝐴| 𝛿1 |𝒒, 2⟩ ⟨𝒒, 𝐴| 𝛿1 |𝒒, 3⟩ ⟨𝒒, 𝐴| 𝛿1 |𝒒, 4⟩
⟨𝒒, 𝐵| 𝛿1 |𝒒, 1⟩ ⟨𝒒, 𝐵| 𝛿1 |𝒒, 2⟩ ⟨𝒒, 𝐵| 𝛿1 |𝒒, 3⟩ ⟨𝒒, 𝐵| 𝛿1 |𝒒, 4⟩

)
=(

−𝑒−𝑖𝒒·𝜹1/2 −𝑒−𝑖𝒒·𝜹2/2 −𝑒−𝑖𝒒·𝜹3/2 −𝑒−𝑖𝒒·𝜹4/2

𝑒𝑖𝒒·𝜹1/2 𝑒𝑖𝒒·𝜹2/2 𝑒𝑖𝒒·𝜹3/2 𝑒𝑖𝒒·𝜹4/2

)
. (3.136)

Comparing this expression to Eq. (3.130) and Eq. (3.131), we see that the matrix elements of 𝛿1
are just the conjugate transpose of the matrix elements of d0, which they had to be since these
operators were defined to be adjoint with respect to the inner product (Eq. (3.30)).

Finally, we can compute the Fourier basis matrix elements of the scalar Laplacian, Δ0 = 𝛿1d0,
by simply multiplying the corresponding matrices,

⟨𝒒, 𝜇0 | Δ0 |𝒒, 𝜈0⟩ =
∑︁
𝜇1

⟨𝒒, 𝜇0 | 𝛿1 |𝒒, 𝜇1⟩ ⟨𝒒, 𝜇1 | d0 |𝒒, 𝜈0⟩ (3.137)

=
∑︁
𝜇1

(
𝛿𝜇0=𝐵 𝑒

𝑖𝒒·𝜹𝜇1/2 − 𝛿𝜇0=𝐴 𝑒
−𝑖𝒒·𝜹𝜇1/2

) (
𝛿𝜈0=𝐵 𝑒

−𝑖𝒒·𝜹𝜇1/2 − 𝛿𝜈0=𝐴 𝑒
𝑖𝒒·𝜹𝜇1/2

)
(3.138)

=

(
4 −𝐺∗(𝒒)

−𝐺 (𝒒) 4

)
. (3.139)
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Figure 3.13: A single diamond 𝐴 sublattice site (red) and its four neighboring 𝐵 sublattice sites
(orange). The four displacement vectors 𝜹𝜇 are shown in gray. The four pyrochlore sites sitting at
the midpoints of the diamond bonds are shown as black spheres, forming a tetrahedron surrounding
the central diamond site. The vectors (𝜹𝜇1 ± 𝜹𝜈1)/2 which appear in the matrix elements of the
irrotational projector Eq. (3.146) are shown, with the positive sign corresponding to the blue
vectors pointing to the cube face centers and the negative sign corresponding to the pyrochlore
separation vectors along the edges of the tetrahedron, with one example vector shown in green.
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One can readily verify that the eigenvectors of this matrix agree with |𝒒,±⟩ defined in Eq. (3.115)
and the eigenvalues are 4 ± |𝐺 (𝒒) |.

Finally, we can write down the projector to the irrotational subspace, Eq. (3.123). The inverse34
of the Laplacian is readily computed in the basis of Eq. (3.139) to be

⟨𝒒, 𝜇0 | (Δ0)−1 |𝒒, 𝜈0⟩ =
1

16 − |𝐺 (𝒒) |2

(
4 𝐺∗(𝒒)

𝐺 (𝒒) 4

)
, (3.140)

and the matrix elements of the projector are

P
im d0
𝜇1𝜈1 (𝒒) ≡ ⟨𝒒, 𝜇1 | d0(Δ0)−1𝛿1 |𝒒, 𝜈1⟩ (3.141)

=
∑︁
𝜇0,𝜈0

⟨𝒒, 𝜇1 | d0 |𝒒, 𝜇0⟩ ⟨𝒒, 𝜇0 | (Δ0)−1 |𝒒, 𝜈0⟩ ⟨𝒒, 𝜈0 | 𝛿1 |𝒒, 𝜈1⟩ (3.142)

=
1

16 − |𝐺 (𝒒) |2
(
−𝑒𝑖𝒒·𝜹𝜇1/2 𝑒−𝒒·𝜹𝜇1/2

) (
4 𝐺∗(𝒒)

𝐺 (𝒒) 4

) (
−𝑒−𝑖𝒒·𝜹𝜈1/2

𝑒𝑖𝒒·𝜹𝜈1/2

)
(3.143)

=
1

16 − |𝐺 (𝒒) |2
(
−𝑒𝑖𝒒·𝜹𝜇1/2 𝑒−𝒒·𝜹𝜇1/2

) (
−4𝑒−𝑖𝒒·𝜹𝜈1/2 + 𝐺∗(𝒒)𝑒𝑖𝒒·𝜹𝜈1/2

4𝑒𝑖𝒒·𝜹𝜈1/2 − 𝐺 (𝒒)𝑒−𝑖𝒒·𝜹𝜈1/2

)
(3.144)

Multiplying this out, we obtain

(16 − |𝐺 (𝒒) |2)𝑃𝜇1𝜈1 (𝒒) =
[
4𝑒𝑖𝒒·(𝜹𝜇1−𝜹𝜈1 )/2 − 𝐺∗(𝒒)𝑒𝑖𝒒·(𝜹𝜇1+𝜹𝜈1 )/2

]
+ h.c. (3.145)

Expanding 𝐺 (𝒒) = ∑
𝜌1 exp

(
𝑖𝒒 · 𝜹𝜌1

)
, we obtain

P
im d0
𝜇1𝜈1 (𝒒) =

1
16 − |𝐺 (𝒒) |2

[
8 cos

(
𝜹𝜇1 − 𝜹𝜈1

2
· 𝒒

)
−

∑︁
𝜌1

2 cos
((
𝜹𝜌1 −

𝜹𝜇1 + 𝜹𝜈1

2

)
· 𝒒

)]
. (3.146)

Notice that this is ill-defined at 𝒒 = 0, where 𝐺 (𝒒) = 4.

We can Taylor expand the matrix elements to see the long-wavelength behavior. Starting with
the denominator, we have

16 −
�����∑︁
𝜌1

𝑒𝑖𝒒·𝜹𝜌1

�����2 ≈ 16 −
����4 − 1

2
(𝜹𝜌1 · 𝒒)2

����2 = 4
∑︁
𝜌1

(𝜹𝜌1 · 𝒒)2. (3.147)

34Here we mean the Moore-Penrose pseudo-inverse, which means that we only invert the linear map in the subspace
where it has non-zero eigenvalues, in this case for all 𝒒 ≠ 0.
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Expanding the cosines, we have

P
im d0
𝜇1𝜈1 (𝒒) ≈

1
4
∑
𝜌1 (𝜹𝜌1 · 𝒒)2

[
−4

(
𝜹𝜇1 − 𝜹𝜈1

2
· 𝒒

)2
+

∑︁
𝜌1

((
𝜹𝜌1 −

𝜹𝜇1 + 𝜹𝜈1

2

)
· 𝒒

)2
]

(3.148)

=
1

4
∑
𝜌1 (𝜹𝜌1 · 𝒒)2

[
−4

(
𝜹𝜇1 − 𝜹𝜈1

2
· 𝒒

)2
+

∑︁
𝜌1

(𝜹𝜌1 · 𝒒)2 + 4
(
𝜹𝜇1 + 𝜹𝜈1

2
· 𝒒

)2
]

(3.149)

=
1

4
∑
𝜌1 (𝜹𝜌1 · 𝒒)2

[∑︁
𝜌1

(𝜹𝜌1 · 𝒒)2 + 4(𝜹𝜇1 · 𝒒) (𝜹𝜈1 · 𝒒)
]

(3.150)

=
1
4
+
(𝜹𝜇1 · 𝒒) (𝜹𝜈1 · 𝒒)∑

𝜌1 (𝜹𝜌1 · 𝒒)2 . (3.151)

=
1
4
+
(𝜹𝜇1 · 𝒒̂) (𝜹𝜈1 · 𝒒̂)∑

𝜌1 (𝜹𝜌1 · 𝒒̂)2
. (3.152)

The denominator of the second term is actually a constant, because
∑
𝜌1 𝜹𝜌1𝜹

𝑇
𝜌1 = (4/3)1 (the 𝜹𝜇

form an overcomplete basis for R3), so we obtain

P
im d0
𝜇1𝜈1 (𝒒) ≈

1
4
+ 3

4
(𝜹𝜇1 · 𝒒̂) (𝜹𝜈1 · 𝒒̂). (3.153)

We can therefore write down the long-wavelength form of projector

Pim d0 (𝒒) ≈
∑︁
𝜇1,𝜈1

|𝒒, 𝜇1⟩
(
1
4
+ 3

4
(𝜹𝜇1 · 𝒒̂) (𝜹𝜈1 · 𝒒̂)

)
⟨𝒒, 𝜈1 | , (3.154)

=

(
1
2

∑︁
𝜇1

|𝒒, 𝜇1⟩
) (

1
2

∑︁
𝜈1

⟨𝒒, 𝜈1 |
)
+

(√
3

2

∑︁
𝜇1

(𝜹𝜇1 · 𝒒̂) |𝒒, 𝜇1⟩
) (√

3
2

∑︁
𝜈1

(𝜹𝜈1 · 𝒒̂) ⟨𝒒, 𝜈1 |
)
,

(3.155)

From which we read off the long-wavelength normalized eigenvectors of the irrotational bands,
which we previously obtained in the form of Eq. (3.121), as

|𝒒,−⟩1 =
1
2

∑︁
𝜇1

|𝒒, 𝜇1⟩ , (3.156)

|𝒒, +⟩1 =

√
3

2

∑︁
𝜇1

(𝜹𝜇1 · 𝒒̂) |𝒒, 𝜇1⟩ , (3.157)
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which precisely correspond to the long-wavelength normal modes of the dispersive bands that we
obtained in Section 2.5.2 by an analysis of the irreducible representations of the point group,

𝑄(𝒒) = ⟨𝒒,−|𝑆⟩ = 1
2

∑︁
𝜇1

𝑆𝜇1 (𝒒), (3.158)

𝒒̂ · 𝑩(𝒒) = ⟨𝒒, +|𝑆⟩ = 𝒒̂ ·
(√

3
2

∑︁
𝜇1

𝜹𝜇1𝑆𝜇1 (𝒒)
)
, (3.159)

where 𝜹𝜇1 is the easy-axis unit vector oriented from diamond sublattice 𝐴 to 𝐵. Indeed we should
recover the same result from a Taylor expansion of Eq. (3.121). Notice that in the limit 𝒒 → 0,
Eq. (3.156) becomes (1/2)∑𝜇1 |0, 𝜇1⟩ which is precisely the eigenvector of the band maximum,
whereas Eq. (3.157) does not have a well defined 𝒒 = 0 limit.

The rotational projector Pim 𝛿2 matrix elements could be found by a computation of 𝛿2(Δ2)−1d1,
but we can more easily obtain it simply as Pim 𝛿2 = 1−Pim d0 −P𝐻

1 . Its matrix elements for 𝒒 ≠ 0
are therefore given by P

im 𝛿2
𝜇1𝜈1 (𝒒) = 𝛿𝜇1𝜈1 − P

im d0
𝜇1𝜈1 (𝒒), which with some massaging can be written

at long wavelength as
Pim 𝛿2
𝜇1𝜈1 (𝒒) ≈

3
4
(𝜹𝜇1 × 𝒒̂) · (𝜹𝜈1 × 𝒒̂). (3.160)

From this we conclude that the long-wavelength eigenvectors of the two flat bands are given by
the two linearly-independent components of the three vectors (

√
3/2)∑𝜇1 (𝜹𝜇1 × 𝒒̂) |𝒒, 𝜇1⟩ .

3.4.3 Explicit Computation of the HHD for Spin Configurations

Now that we have the matrix elements of the irrotational projector Eq. (3.146) in the Fourier basis,
we can utilize it to conveniently compute the HHD of spin configurations. Thus for example, to
compute the direct-space components of the irrotational part of the HHD for a spin configuration,
we Fourier transform the spin configuration, act on it with the projector, then inverse Fourier
transform, 〈

𝑒
��𝑆irr〉 = ⟨𝑒 | Pim d0 |𝑆⟩ (3.161)

=
∑︁
𝒒,𝒒′

∑︁
𝜇1,𝜈1

⟨𝑒 |𝒒, 𝜇1⟩ ⟨𝒒, 𝜇1 | Pim d0 |𝒒′, 𝜈1⟩ ⟨𝒒′, 𝜈1 |𝑆⟩ (3.162)

≡
∑︁
𝒒

∑︁
𝜈1

1
√
𝐿3
𝑒−𝑖𝒒·𝒓𝑒Pim d0

𝜇1 (𝑒)𝜈1
(𝒒)𝑆𝜈1 (𝒒), (3.163)
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|𝑒⟩ Pim d0 |𝑒⟩ Pim 𝛿2 |𝑒⟩ P𝐻
1 |𝑒⟩

Figure 3.14: Helmholtz-Hodge decomposition for a 1-form on the diamond cell complex which is
supported on a single oriented edge on which it has unit magnitude. The subextensive harmonic
portion has been multiplied by 𝐿3, in this example we took 𝐿 = 6. Only the 1-skeleton of the
complex is shown. We can visually observe that the irrotational part has non-zero divergence, and
the rotational part has zero divergence and forms closed loops.

where 𝒓𝑒 is the midpoint of edge 𝑒, 𝜇1(𝑒) is the sublattice of edge 𝑒, and the we assumed 𝑒 is
oriented from 𝐴 to 𝐵 to fix the overall sign.

An example is shown in Fig. 3.14 for the HHD of a 1-cochain |𝑒⟩ supported on a single edge
𝑒 of the diamond cell complex with unit magnitude, zero on all other edges. We represent the
1-cochain’s value on each 1-cell by an arrow, where the direction indicates the orientation of
the underlying 1-cell for which the cochain is positive and the color indicates the magnitude.
We choose this example because the HHD of an arbitrary configuration can be reduced to a
linear combination of the decompositions for each individual edge, since the projectors are linear
operators,

Pim d0 |𝑆⟩ =
∑︁
𝑒

𝑆(𝑒)Pim d0 |𝑒⟩ . (3.164)

Notice that the intensities (colors) on each edge for the rotational and irrotational portions are
approximately equal, with the primary difference being the orientations of the arrows. Notice
that the rotational component Pim 𝛿2 |𝑒⟩ has arrows forming closed head-to-tail loops. In the last
term, the harmonic portion, we have multiplied the intensity by 𝐿3, since it is subextensive. The
harmonic portion is a constant 1-form, with zero divergence at each vertex and zero circulation
around every plaquette.
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3.4.4 Ground State Constraints and Projections

Nearest-neighbor ice models on a bipartite parent lattice are described in the SCGA approximation
by the discrete 1-form Hamiltonian Eq. (3.86) on the parent cellular complex,

𝛽𝐻 =
1
2
⟨𝑆, (𝜆0 + 𝛽𝐽d0𝛿1)𝑆⟩ =

1
2
[
𝜆0⟨𝑆, 𝑆⟩ + 𝛽𝐽⟨𝛿1𝑆, 𝛿1𝑆⟩

]
. (3.165)

The 1-form spin correlation functions are

⟨𝑆(𝑒)𝑆(𝑒′)⟩ ≡ ⟨𝑒 | G |𝑒′⟩ . (3.166)

The correlation matrix can be read off from the Hamiltonian as G = (𝜆0 + 𝛽𝐽d0𝛿1)−1. At zero
temperature 𝜆0 = (𝑁1

sl − 𝑁
0
sl)/𝑁

1
sl, where 𝑁 𝑘sl is the number of 𝑘-cells (sublattices) per primitive

unit cell. The low temperature behavior of the correlations can be seen by a spectral decomposition
of G,

G =
∑︁
𝒒

∑︁
𝑛

|𝒒, 𝑛⟩ ⟨𝒒, 𝑛|
𝜆0 + 𝛽𝜖𝑛 (𝒒)

𝛽→∞
−−−−→

∑︁
𝒒

∑︁
{𝑛|𝜖𝑛 (𝒒)=0}

𝜆0
−1 |𝒒, 𝑛⟩ ⟨𝒒, 𝑛| , (3.167)

where 𝑛 indexes the bands, from which we conclude that

lim
𝑇→0

G = 𝜆−1
0 (Pim 𝛿2 + P𝐻

1), (3.168)

that is, the zero temperature correlation matrix is precisely 𝜆−1
0 (the generalized susceptibility of

the ground state modes) times the projector to the null space of d0𝛿1, the space of rotational and
harmonic modes.

Ground states of the system are characterized by the constraint that 𝛿1 |𝑆⟩ = 0. In direct space
it reads as one constraint per 0-cell,

0 =
∑︁
𝑒𝑖 𝑗

⟨𝑘 | 𝛿1 |𝑖 𝑗⟩ ⟨𝑖 𝑗 |𝑆⟩ =
∑︁
𝑖@𝑘

𝑆𝑖𝑘 , (3.169)

≡
∑︁
𝑒𝑖 𝑗

𝐿
(𝑘)
𝑒𝑖 𝑗 𝑆(𝑒𝑖 𝑗 ), (3.170)

These equations are not all linearly independent, in particular if we sum over all 𝑘 we obtain zero,∑︁
𝑘

⟨𝑘 | 𝛿1 |𝑆⟩ =
〈∑︁
𝑘

|𝑘⟩ , 𝛿1 |𝑆⟩
〉

1

=

〈
d0

∑︁
𝑘

|𝑘⟩ , |𝑆⟩
〉

1

= 0, (3.171)
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because
∑
𝑘 |𝑘⟩ is a constant 0-form (meaning a harmonic 0-form, an element of 𝐻0) such that

d0
∑
𝑘 |𝑘⟩ = 0, so there are only (𝑁0

sl𝐿
3 − 1) constraints. In the Fourier basis, the constraints can

be expressed using Eq. (3.136) as one equation for each 𝒒, 𝜇0

0 = ⟨𝒒, 𝜇0 | 𝛿1 |𝑆⟩ (3.172)

=
∑︁
𝜇1

⟨𝒒, 𝜇0 | 𝛿1 |𝒒, 𝜇1⟩ ⟨𝒒, 𝜇1 |𝑆⟩ , (3.173)

=
∑︁
𝜇1

[
𝛿𝜇0=𝐵 𝑒

𝑖𝒒·𝜹𝜇1/2 − 𝛿𝜇0=𝐴 𝑒
−𝑖𝒒·𝜹𝜇1/2

]
𝑆𝜇1 (𝒒), (3.174)

≡
∑︁
𝜇1

𝐿
(𝜇0)
𝜇1 (𝒒)𝑆𝜇1 (𝒒). (3.175)

Note that here again we see that there are only (𝐿3 − 1) constraints, because at 𝒒 = 0 the equations
for 𝜇0 = 𝐴, 𝐵 are both equivalent to ⟨0, 𝑄 |𝑆⟩ = 0. This final version of the constraint Eq. (3.175)
was originally obtained by Henley [136] as the statement that the projection on the dispersive bands
of the adjacency matrix is zero, and so in the Hodge language it can be stated as the coordinate-free
zero-divergence statement 𝛿1 |𝑆⟩ = 0, and the coefficients in the constraint equation 𝐿 are the
matrix elements of 𝛿1. The constraint can be rephrased as the statement that the projection of the
spin configuration |𝑆⟩ on any basis of the irrotational modes is zero, and can be written as any of
the following, 〈

d0 |𝑘⟩ , |𝑆⟩
〉
= 0 ∀ 𝑘 (3.176)〈

d0 |𝒒, 𝜇0⟩ , |𝑆⟩
〉
= 0 ∀ 𝒒, 𝜇0 (3.177)

1⟨𝒒,±|𝑆⟩ ≡
〈
|𝒒,±⟩1 , |𝑆⟩

〉
= 0 ∀𝒒,± (3.178)

3.4.5 Topology of the Constraint

The constraint Eq. (3.175) was recently utilized as a starting point by Ref. [137] to define frustrated
models with spin liquid ground states which can be classified topologically by an analysis of the
functions 𝐿 (𝜇0)

𝜇1 (𝒒), taking inspiration from Henley. Their method interprets these functions as
forming two vector fields, one for each 𝜇0, on the FBZ torus. They do not present the analysis for
spin ice and instead only study models with a single constraint vector field defined with a parent
lattice which is Bravais (single sublattice). We will take up the analysis of spin ice here, and we
present the analysis utilizing the language of fiber bundles. Our discussion will not be extremely
rigorous, rather the goal is to be illustrative of the idea and to motivate the future development of
a more rigorous perspective based on the mathematics of vector bundles.
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The space Ω1 is not just a vector space but a topological vector space, because it can be viewed
as a discrete fiber bundle. Fiber bundles are a powerful tool which allows for the formalization
of many notions from field theory and are ubiquitous objects of study in geometry and topology.
Conceptually a fiber bundle 𝐵 consists of a base manifold 𝑀 with fibers glued to each point, where
each fiber is isomorphic to the fiber space 𝐹. Restricted to a local contractible patch 𝑈 ⊂ 𝑀, a
fiber bundle looks like a direct product 𝑈 × 𝐹, but globally may not be a direct product. The
basic examples are a cylinder, which is locally a product [0, 1] × [0, 1] and is globally a product
𝑆1 × [0, 1], and a Möbius strip, which is locally a product [0, 1] × [0, 1] but globally is “twisted”
and not a product.

The most common type of fiber bundle is a vector bundle, for which the fiber space is a
vector space. A real scalar field can thus be described as a real line bundle, where the fiber is a
1-dimensional real vector space (i.e. a real line), a complex scalar field is a complex line bundle
(whose fibers are 1-dimensional complex vector spaces, i.e. a “complex line”), and scalar fields
with multiple components are described by fiber bundles with multi-dimensional vector spaces
for their fibers. The most common examples of vector bundles in physics are the tangent and
cotangent bundles of a manifold. At each point of a manifold is attached the vector space of
tangent vectors, which are directional derivatives on functions, or equivalently equivalence classes
of 1-dimensional curves passing through that point. The cotangent vector space is then defined to
be the dual space to tangent vector spaces (the space of linear functionals sending tangent vectors
to scalars). A vector field on a manifold is a section of the tangent bundle, where a section of a
bundle is a map 𝜎 : 𝑀 → 𝐵 which maps the base manifold to the bundle in such a way that it
“slices” across the fibers, selecting one element of each fiber (thus one vector per tangent space),
meaning that it satisfies 𝜋 ◦𝜎 = id, where 𝜋 is the projection that sends each point in the bundle to
its base point in the manifold. Similarly, a section of a cotangent bundle is a cotangent vector field,
a.k.a. a 1-form. 𝑘-forms are defined to be sections of the exterior bundle, which is defined by an
alternating (i.e. anti-symmetric) tensor product of copies of the cotangent space. The spaces Ω𝑘 in
the continuum case can then be identified with the space of 𝑘-form sections of the exterior bundle.

In Fig. 3.9 we showed a cartoon illustration of a discrete line bundle, with a 1-dimensional
fiber over each vertex of a cellular complex, which is the discrete version of a manifold. The
space Ω0 in the discrete case is then the space of sections of this discrete bundle. We can similarly
define a discrete bundle with fibers over each edge, plaquette, etc., although these generalized
discrete bundles are not precise analogues of their continuum counterparts, where the fibers are
always localized at points of the manifold. Despite this, we can utilize the Fourier basis to describe
Ω𝑘 as a vector bundle over the FBZ torus, which in the thermodynamic 𝐿 → ∞ limit becomes a
continuous manifold rather than a discrete space, where the fibers are 𝑁 𝑘sl-dimensional complex
vector spaces. In the case of the diamond cell complex, Ω1 has the structure of a fiber bundle
over a 3-torus with fiber space a 4-dimensional complex vector space. The standard basis for Ω1
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is |𝒒, 𝜇1⟩, where now 𝒒 is interpreted as a coordinate on the manifold which has topologically
non-trivial periodic boundary conditions, |𝒒, 𝜇1⟩ ≡ |𝒒 + 𝒃𝑖, 𝜇1⟩, and 𝜇1 indexes the four basis
vectors in the fibers.

The constraint 𝛿1 |𝑆⟩ = 0 in the Fourier basis reads as two constraints per 𝒒, Eq. (3.175),
save for 𝒒 = 0 where the two constraints become degenerate. These two constraints can then be
described by two sections of our rank-4 bundle, described in local coordinates as

𝜎 (𝜇0) =
∑︁
𝜇1

𝐿
(𝜇0)
𝜇1 (𝒒) |𝒒, 𝜇1⟩ . (3.179)

These two sections span a 2-dimensional subspace at each 𝒒 except 𝒒 = 0 where there is a
singularity. This singularity is topologically non-trivial. We have the freedom to choose a basis
in each fiber, which will change the functional form of the constraint equations (but not their
solutions of course). Such a change of basis for a vector bundle is a gauge transform, and a choice
of basis is described by a section of an associated principal 𝐺𝐿 (C, 4) bundle, though we will not
use that construction here. We will take the basis to be given by the eigenvectors of d0𝛿1 such
that the constraint is given by Eq. (3.178). Then we know that near 𝒒 = 0 the eigenvectors have
the long-wavelength form of Eqs. (3.156) and (3.157). The section corresponding to |𝒒,−⟩ does
not have any singularity at 𝒒 = 0 and smoothly approaches the limit (1/2)∑𝜇1 |0, 𝜇1⟩. In a local
patch𝑈 of the FBZ torus surrounding 𝒒 = 0, the bundle has local trivialization𝑈 ×C4,35 and the
fiber splits into a direct sum C

3 ⊕ C, where the 1-dimensional subspace is spanned by the |𝒒,−⟩.
In the remaining rank-3 bundle surrounding the origin we have a local orthonormal basis in each
fiber given by the three components of |𝒒, 𝛼⟩ ≡ (

√
3/2)∑𝜇1 𝛿

𝛼
𝜇1 |𝒒, 𝜇1⟩. The constraint section

is spanned by
∑
𝛼 𝑞

𝛼 |𝒒, 𝛼⟩, and has a singularity at 𝒒 = 0 where it is undefined. The topology
of the section is then defined by deleting the point 𝒒 = 0 and considering a 2-cycle (a sphere)
surrounding the deleted point, on which 𝒒̂ winds. Thus the topological defect can be viewed
as a skyrmion in momentum space.36 This is essentially the same result found by Ref. [137]
for octochlore spin ice, which is the ice model defined on a lattice of corner sharing octahedra
which is the line graph of the cubic lattice. It is interesting to note however that the cubic cell
complex has only one vertex and three edges (therefore three spins) per unit cell, and thus only
one constraint per unit cell, whereas the diamond has two vertices and four edges. Therefore on
the diamond cell complex there are two constraint sections on a rank-4 bundle (vs. one constraint

35Every fiber bundle is locally a product of the form𝑈 × 𝐹, but may differ from this local product structure globally.
A fiber bundle which is globally a product is said to be trivial. A local trivialization of a bundle is the restriction to a
local patch on which it decomposes into a product.

36We note that there should be a rigorous method to define the topology of the defect utilizing relative cohomology.
The idea would be that the topology of the defect is classified by 𝐻2 (𝑇3, 𝐷3), the second relative cohomology of the
3-torus 𝑇3 relative to a 3-disk 𝐷3 surrounding the origin which is to be deleted, since the charge of the defect is a
cohomology class computed from the integral of a 2-form over the surface of the ball [138].
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section on a rank-3 bundle), but we find that despite this the topology of the constraint section
is the same: there is only one skyrmion topological defect because one of the two sections is
topologically trivial. This is a topic that warrants further development and study.

3.4.6 Correlations of Rotational and Irrotational Modes

Up until now we have considered spin-spin correlation functions, which in the Hodge language are
interpreted as 1-form correlators ⟨𝑆(𝑒)𝑆(𝑒′)⟩ ≡ ⟨𝑒 | G |𝑒′⟩ for two edges 𝑒 and 𝑒′. Interpreting spins
as 1-forms we can define a number of natural correlation functions which target the correlations of
the rotational and irrotational modes separately. First, we can define correlators for the divergence
of the spin configuration, which are correlators between vertices of the cell complex, and can be
computed directly from the spin-spin correlation matrix as follows,

⟨𝛿1𝑆(𝑣)𝛿1𝑆(𝑣′)⟩ =
〈
𝑆(𝜕†𝑣)𝑆(𝜕†𝑣′)

〉
(3.180)

=
〈
𝑆irr(𝜕†𝑣)𝑆irr(𝜕†𝑣′)

〉
. (3.181)

This correlation functions is only sensitive to the irrotational component of the spin configuration
(since 𝛿1 annihilates the rotational and harmonic components). It can be expressed in terms of the
correlation matrix G as

⟨𝛿1𝑆(𝑣)𝛿1𝑆(𝑣′)⟩ =
〈
𝜕†𝑣

��G ��𝜕†𝑣′〉 = ⟨𝑣 | 𝛿1Gd0 |𝑣′⟩ . (3.182)

We can define a corresponding structure factor for this correlator as

𝑆𝛿1 (𝒒) ≡
∑︁
𝜇0,𝜈0

⟨𝒒, 𝜇0 | 𝛿1Gd0 |𝒒, 𝜈0⟩ . (3.183)

This structure factor is shown in Fig. 3.15. Note that, since this is a correlator of diamond lattice
vertices it exhibits the symmetries of the BCC lattice formed by the diamond lattice and its dual,
whose FBZ is an FCC Wigner Seitz cell.

This structure factor contains information about the correlation of the local divergence at each
diamond lattice vertex. At high temperature we observe broad intensity near the zone corner 𝐻
point in the cubic directions such as (002) and low intensity near the zone center. As temperature
decreases, the intensity drops precipitously as the irrotational modes depopulate and the spectral
weight becomes flat throughout the zone, indicating decorrelation of the local divergence, except
at the zone center where it remains zero and at the 𝑃 point. The zero intensity at zone center
can be understood simply as a consequence of the fact that a 0-form that is a pure divergence
(coexact) can never be a harmonic 0-form, which would be constant on every vertex. The space of
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Figure 3.15: The divergence-divergence correlator structure factor defined in Eq. (3.183) computed
for the nearest-neighbor spin ice model in the SCGA.

harmonic 0-forms 𝐻0 is 1-dimensional and is spanned by the vector |0, 𝐴⟩ + |0, 𝐵⟩. Thus the zero
intensity at zone center is a consequence of the fact that we are looking at the correlator of an
“emergent” 0-form degree of freedom (the local divergence) which is derived from the physical
1-form degrees of freedom. The same must hold true at any temperature, so the pattern observed
in the high-temperature limit, where the underlying 1-forms are decorrelated, is indicative purely
of correlation effects among the 0-form divergence caused by the fact that the space of 0-form
configurations is not sampled uniformly due to the true degrees of freedom being 1-forms. The
broad intensity appearing near the zone boundary is likely due to the fact that for a unit flux along
a single edge the divergence at the two ends always has opposite sign, thus when the 1-form field
is fully disordered its divergence appears to exhibit some short range correlations. We also see
intensity at the zone corner 𝑃 point which appears to be exactly half of the near uniform intensity
throughout the zone at low temperatures. It is unclear what the interpretation of this zone corner
intensity is, and it warrants further study, but it is almost certainly caused by the same mechanism.

Similarly, we can define curl-curl correlation functions of the form

⟨d1𝑆(𝑝)d1𝑆(𝑝′)⟩ = ⟨𝑆(𝜕𝑝)𝑆(𝜕𝑝′)⟩ (3.184)
≡

〈
𝑆rot(𝜕𝑝)𝑆rot(𝜕𝑝′)

〉
. (3.185)

If we introduce a basis |𝒒, 𝜇2⟩ for Ω2, defined as plane waves which are non-zero and centered on
a single sublattice of plaquettes (note that the diamond lattice is self-dual, the plaquettes are in
one-to-one correspondence with edges of the dual lattice, meaning that there are four sublattices
for plaquettes), then we would define

𝑆d1 (𝒒) ≡
∑︁
𝜇2,𝜈2

⟨𝒒, 𝜇2 | 𝛿2Gd1 |𝒒, 𝜈2⟩ . (3.186)
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More generally, we can consider the correlations of the integral of the spin configuration 1-form
around any two 1-cycles,

⟨𝑆(𝐶)𝑆(𝐶′)⟩ ∼
〈∮

𝐶

𝑆

∮
𝐶′
𝑆

〉
=

〈∮
𝐶

𝑆rot
∮
𝐶′
𝑆rot

〉
, (3.187)

which is only sensitive to the rotational component of the spin configuration. If the 1-cycles wind
around a non-trivial cycle then there will also be a contribution of the harmonic part. We can
express this correlator as

⟨𝑆(𝐶)𝑆(𝐶′)⟩ = ⟨𝐶 | G |𝐶′⟩ , (3.188)

For the nearest-neighbor ice model in the soft spin approximation, we can express the correlation
matrix as

G =
∑︁
𝒒,±

|𝒒,±⟩ ⟨𝒒,±|
𝜆0 + 𝛽𝜖±(𝒒)︸              ︷︷              ︸
irrotational

+ 1
𝜆0

Pim 𝛿2︸    ︷︷    ︸
rotational

+ 1
𝜆0

P𝐻
1︸ ︷︷ ︸

harmonic

. (3.189)

Since 𝐶 and 𝐶′ are closed, the correation function Eq. (3.187) is insensitive to the irrotational
component, and therefore

⟨𝑆(𝐶)𝑆(𝐶′)⟩ = 1
𝜆0

⟨𝐶 | (Pim 𝛿2 + P𝐻
1) |𝐶′⟩ = 1

𝜆0
⟨𝐶 |𝐶′⟩ , (3.190)

where in the last equality we utilized that (Pim 𝛿2 + P𝐻
1) |𝐶′⟩ = |𝐶′⟩ (since |𝐶′⟩ represents a

circulation along a closed contour). If 𝐶 and 𝐶′ do not overlap each other, then this correlation
function is zero. We will utilize this result in Chapter 4.

3.4.7 Further Neighbor Interactions: Extended Ice Models

Until now we have only considered nearest-neighbor ice models, which are minimal models which
split into a sum over frustrated clusters by exploiting the connectivity of line graph lattices. In
real materials we can generally expect that exchange interactions may be present between pairs
of spins further than nearest neighbor, and indeed long-range dipole-dipole interactions are in
principle always present.

The more further-neighbor interactions we add to the model the greater the connectivity of
the network of interacting spins, and the more our system looks like a graph and less like a
cellular complex. The underlying cell complex geometry is always present, but further neighbor
interactions may spoil the description in terms of differentials and codifferentials of 1-form degrees
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of freedom that we have discussed thus far. In a sense, the more connected the lattice becomes,
the more the spins look like 0-forms rather than 1-forms. But it is possible to add further neighbor
interactions in ways that exactly preserve the 1-form interpretation of the degrees of freedom,
which we discuss in this section.

Consider a general spin Hamiltonian including further-neighbor interactions of the form

𝐻 =
1
2

∑︁
𝑖 𝑗

𝑆𝑖J𝑖 𝑗𝑆 𝑗 . (3.191)

which respects the symmetries of the lattice. The space of possible models can be parameterized by
the exchange coupling for the various neighbors. Due to symmetries, we can categorize neighbors
according the their separation distance plus a symmetry class. For the pyrochlore lattice, for first
and second neighbor separations there is only a single symmetry class, all such pairs of spins can
be mapped to each other by a lattice symmetry, while at third neighbor there are two symmetry
classes which we denote 3𝑎 and 3𝑏. In Tables B.1 to B.5 we tabulate all neighbors up to 100th,
which will be necessary for our discussion of dipolar interactions. We define adjacency matrices
A

(𝑛,𝑠𝑛)
𝑖 𝑗

= 1 for neighbors at separation distance 𝑟𝑛 of symmetry class 𝑠𝑛 and 0 otherwise. Then the
Hamiltonian can be expressed as

𝐻 =
1
2

∑︁
𝑖 𝑗

𝑆𝑖

(∑︁
𝑛

∑︁
𝑠𝑛

𝐽𝑛,𝑠𝑛A
(𝑛,𝑠𝑛)
𝑖 𝑗

)
𝑆 𝑗 . (3.192)

Thus a model is specified by specifying the values of the exchange couplings 𝐽𝑛,𝑠𝑛 . The question
we wish to answer is, what combinations of 𝐽𝑛,𝑠𝑛 will yield a model where the spins can be treated
as 1-forms? We will not be able to give a complete answer to this question, but we can illustrate a
method for constructing a large family of models which will satisfy this condition.

The basic question of whether further neighbor interactions can be added in a way that preserves
the frustration for spin models on the pyrochlore lattice has been studied previously [57, 139].
In particular, it is known that adding second and third neighbors with 𝐽2 = 𝐽3𝑎 preserves the flat
bands in the spectrum, and that the resulting Hamiltonian can be re-written in the form

𝐻 = 𝐽
∑︁
𝑡

(∑︁
𝑖∈𝑡
𝑆𝑖

)2

+ 𝐽
∑︁
⟨𝑡𝑡′⟩

(∑︁
𝑖∈𝑡
𝑆𝑖

) (∑︁
𝑗∈𝑡′

𝑆 𝑗

)
, (3.193)

where 𝑡 indexes tetrahedra and the second sum is over nearest-neighbor tetrahedra. For 𝐽 > 0
and sufficiently small 𝐽, the ground states still obey the zero-net-spin constraint

∑
𝑖∈𝑡 𝑆𝑖 = 0, but

also the net spin of neighboring clusters is coupled. This is referred to as the extended spin ice
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Figure 3.16: The bands of the interaction matrix of the ESI model, with 𝐽1 ≡ 𝐽 > 0 and
𝐽2 = 𝐽3𝑎 = 𝐽

′. Upper row: 𝐽′ < 0, tuning 𝐽′ tunes the dispersion of the top band (yellow), until
at a critical value of 𝐽′/𝐽 = −1/2 the upper band becomes degenerate with the lower dispersive
band, after which it drops below the flat bands, leading to a condensation of the divergence at
every site at sufficiently low temperature. Bottom row: 𝐽′ > 0, tuning 𝐽′ changes the dispersion of
both the upper and lower irrotational bands, until at a critical value of 𝐽′/𝐽 = 1/6 the lower band
goes soft, after which it disperses quadratically downward.

model [139]. For large |𝐽/𝐽 | the second term will prefer ordering of the local net spin, outweighing
the first term’s preference for minimizing the net spin. This model was further studied for an
isotropic Heisenberg model on the pyrochlore and kagome lattices [57, 59]. It was later shown
that these models can be considered part of a family of models whose interaction matrix is a
polynomial of the nearest-neighbor adjacency matrix [104]. The basic idea is rather simple: the
line graph adjacency matrix has flat bands with eigenvalue −2, therefore taking any polynomial of
(Alg + 21) will result in a matrix with flat bands with eigenvalue zero, since

(Alg + 21)𝑝 =
∑︁
𝒒,𝑛

𝜖𝑛 (𝒒)𝑝
��𝜓𝒒,𝑛

〉 〈
𝜓𝒒,𝑛

�� . (3.194)

In Fig. 3.16 we show the bands of the ESI model with nearest-neighbor 𝐽1 ≡ 𝐽 and second and
third neighbor exchange 𝐽2 = 𝐽3𝑎 ≡ 𝐽′, with the flat bands set to zero energy. Tuning 𝐽′ modifies
the dispersion of the irrotational bands (red,yellow) but leaves the rotational bands flat. There is
a range of values −1/2 < 𝐽′ < 1/6 in which the flat bands remain below the irrotational bands
and the soft spin ground state is still the Coulomb spin liquid. Beyond this range the irrotational
bands drop below the flat bands, leading to a condensation of irrotational modes at sufficiently low
temperatures.

With Hodge theory in hand, we can naturally recast these observations in the language of the
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differential. According to our result Eq. (3.71) relating the line graph adjacency matrix to d0𝛿1,
Eq. (3.194) is simply (d0𝛿1)𝑝. The extended spin ice soft spin Hamiltonian can be expressed as

𝐻 =
1
2

〈
𝑆,

(
𝜆0 + 𝐽 (1)d0𝛿1 + 𝐽 (2) (d0𝛿1)2

)
𝑆

〉
. (3.195)

We can see naturally here that this Hamiltonian only couples the irrotational modes by utilizing
the adjointness relation, writing it as

𝐻 =
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2
𝐽 (1) ⟨𝛿1𝑆, 𝛿1𝑆⟩ +

1
2
𝐽 (2) ⟨𝛿1𝑆, (𝛿1d0)︸ ︷︷ ︸

Δ0

𝛿1𝑆⟩. (3.196)

We see that the additional term provides nearest-neighbor interactions of the local divergence on
the diamond vertices, coupled explicitly by the scalar Laplacian. We can therefore construct a
large family of Hamiltonians which generalize extended spin ice,

𝐻 =
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2

∞∑︁
𝑛=1

𝐽 (𝑛) ⟨𝑆, (d0𝛿1)𝑛𝑆⟩ =
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2

∞∑︁
𝑛=1

𝐽 (𝑛) ⟨𝛿1𝑆, (Δ0)𝑛−1𝛿1𝑆⟩. (3.197)

The scalar Laplacian has matrix elements coupling nearest-neighbor vertices, and (Δ0)𝑛 couples
vertices separated by up to 𝑛 edges. Indeed, we can parameterize this set of Hamiltonians in terms
of a potential energy for the local divergence,

𝐻 =
1
2
𝜆0⟨𝑆, 𝑆⟩ +

1
2

∑︁
𝑣,𝑣′

(𝛿1𝑆)𝑣𝑉𝑣𝑣′ (𝛿1𝑆)𝑣′ , (3.198)

where (𝛿1𝑆)𝑣 ≡ ⟨𝑣 | 𝛿1 |𝑆⟩ , and the scalar potential is

𝑉𝑣𝑣′ ≡ ⟨𝑣 |
( ∞∑︁
𝑛=1

𝐽 (𝑛) (Δ0)𝑛−1

)
|𝑣′⟩ . (3.199)

In this sense we can interpret the divergence of 𝑆 as an emergent charge. To return to the question
posed at the beginning of this section, we can think of the parameters 𝐽 (𝑛) as forming a basis for a
subspace of the full parameters space spanned by the 𝐽𝑛,𝑠𝑛 in which the Hamiltonian admits an
exact 1-form description as provided here, since the interaction matrix

∑
𝑛 𝐽

(𝑛) (d0𝛿1)𝑛 can always
be written as a linear combination of adjacency matrices. We will also consider additional terms
which allow us to tune the rotational bands in a similar manner at the end of this chapter. The
subspace spanned by these irrotational and rotational mode couplings is not the entire parameter
space, meaning that there are combinations of parameters which do not admit an exact 1-form
description. It would be worthwhile to develop a systematic understanding of how precisely the
1-form description is corrected when perturbing out of this subspace. We also note that a recent
study of the extended kagome ice model finds that quantum fluctuations can stabilize a spin liquid
even for small perturbations off this extended spin ice line [140].

120



3.4.8 Dipolar Spin Ice: Dumbbell Model and Projective Equivalence

We now turn to the long-range dipole-dipole interactions which are strong in the canonical spin ice
materials Ho2Ti2O7 and Dy2Ti2O7 and are always present to some degree in magnetic materials.
Thus far we described in detail the nearest-neighbor model and how it maps to a theory of
a 1-form field on the diamond lattice cellular complex, then described how further neighbor
interactions can generate a scalar potential for the emergent “charge” (i.e. the local divergence).
Dipole-dipole interactions are further neighbor interactions which extend to infinite range and
cannot be effectively truncated since the interaction strength falls off as distance cubed, such that
the total energy is logarithmically divergent with system size.37

The dipole-dipole term in the spin Hamiltonian takes the form

𝐻dipole =
1
2

∑︁
𝑖

(−𝝁𝑖 · 𝑩(𝒓𝑖)) = −1
2

∑︁
𝑖≠ 𝑗

𝜇0
4𝜋

3𝝁𝑖 · 𝝁 𝑗 − (𝝁𝑖 · 𝒓𝑖 𝑗 ) (𝝁 𝑗 · 𝒓𝑖 𝑗 )
|𝒓𝑖 𝑗 |3

, (3.200)

where 𝝁𝑖 is the local magnetic moment at site 𝑖 and we used the dipole field from Eq. (2.101),
excluding self-interactions and dividing by two to avoid double counting. For Ising spins, we can
express the magnetic moment as 𝝁𝑖 ≡ 𝜇𝑆𝑖𝜹𝑖,38 and rewrite the dipolar Hamiltonian as

𝐻dipole =
1
2

∑︁
𝑖≠ 𝑗

𝑆𝑖

(
−𝜇0𝜇

2

4𝜋
𝜹𝑖 · 𝜹 𝑗 − 3(𝜹𝑖 · 𝒓𝑖 𝑗 ) (𝜹 𝑗 · 𝒓𝑖 𝑗 )

|𝒓𝑖 𝑗 |3

)
𝑆 𝑗 ≡

1
2

∑︁
𝑖 𝑗

𝑆𝑖D𝑖 𝑗𝑆 𝑗 , (3.201)

with D𝑖𝑖 = 0. The dipole-dipole interaction matrix can be expressed as a linear combination
of further-neighbor adjacency matrices with coefficients decaying as 1/𝑟3, with couplings 𝐽𝑛,𝑠𝑛
rapidly fluctuating due to anisotropic nature of the matrix elements. A priori there is no obvious
reason why adding dipole interactions should leave us in the subspace of Hamiltonians which
admit a description in terms of 1-forms. But it is well known that the nearest-neighbor model does
give a qualitatively correct description of spin ice physics.

There are two methods known for why the dipole interactions do not spoil the physics captured
by the nearest-neighbor model, the original method due to Isakov et al. [142] was dubbed
“projective equivalence”, and the second method due to Castelnovo et al [119] is dubbed the
“dumbbell approximation”. Remarkably, Ref. [119] does not mention the connection to the work
of Ref. [142], but we will demonstrate here that the two methods are essentially equivalent.

We begin with a brief description of the dumbbell approximation. The idea is quite simple
and elegant: an ideal infinitesimal dipole with dipole moment 𝜇 can be approximated by a pair of

37More precisely, the Fourier transform of the dipole-dipolar interaction is conditionally convergent, see Ref. [141].
38where 𝜹𝑖 is the displacement vector from the 𝐴 to 𝐵 diamond sublattices used in Section 3.4.2.
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monopoles with charges ±𝑞 separated by a distance 𝑑, where 𝝁̂ points from the negative to the
positive charge. A single charge located at 𝒓′ produces a Coulomb field

𝑩(𝒓) = 𝜇0
4𝜋

𝑞

|𝒓 − 𝒓′| . (3.202)

Adding together the 1/𝑟 Coulomb fields produced by a pair of opposite charges recovers the
1/𝑟3 field of an ideal dipole at distances 𝑟 ≫ 𝑑, with 𝜇 = 𝑞𝑑, plus corrections decaying as 1/𝑟5.
Thus if we simply replace our ideal dipoles located at the midpoint of each diamond edge with
a “dumbbell” of magnetic monopoles located at either end of the edge with charge 𝑞 = ±𝜇/𝑎𝑑
where 𝑎𝑑 is the length of the edge, interacting via a 1/𝑟 Coulomb potential,

𝐻 =
1
2

∑︁
𝑣≠𝑣′

𝜇0
4𝜋

𝑄𝑣𝑄𝑣′

|𝒓𝑣 − 𝒓𝑣′ |
, (3.203)

where𝑄𝑣 is the total magnetic charge at vertex 𝑣, then we will recover the problematic long-distance
1/𝑟3 portion of the dipole-dipole interaction matrix. The dumbbell model Hamiltonian is then
written entirely in terms of these magnetic monopole degrees of freedom,

𝐻dumbbell =
1
2
𝐽𝑄

∑︁
𝑡

𝑄2
𝑣 +

1
2

∑︁
𝑣≠𝑣′

𝜇0
4𝜋
𝑄𝑣𝑄𝑣′

𝑟𝑣𝑣′
, (3.204)

where 𝐽𝑄 comes from the nearest-neighbor interaction of pyrochlore spins (which can contain
both dipole and exchange contributions), serving as a chemical potential for the charges. In the
dumbbell model, these “magnetic monopoles” are true emergent degrees of freedom which carry
an emergent charge and interact via a long-range 1/𝑟 Coulomb potential [56, 58, 119].

The dumbbell Hamiltonian Eq. (3.204) looks remarkably similar to Eq. (3.198) (with the
𝑣 = 𝑣′ term in 𝑉𝑣𝑣′ separated) if we identify the total charge 𝑄𝑣 with (𝛿1𝑆)𝑣 up to a proportionality
constant. The relation we need is simply

𝑄𝑣 =
𝜇

𝑎𝑑
(𝛿1𝑆)𝑣, (3.205)

which recovers the correct total charge when the 1-form field obeys the hard spin constraint
𝑆(𝑒) = ±1. Then we identify

𝑉𝑣𝑣′ =


𝜇0
4𝜋

𝜇2

𝑎2
𝑑

𝑟−1
𝑣𝑣′ 𝑣 ≠ 𝑣′,

𝐽𝑄
𝜇2

𝑎2
𝑑

𝑣 = 𝑣′.
(3.206)

122



Thus the dumbbell approximation fits neatly into the Hodge theory, and we can see that it modifies
the Hamiltonian in the irrotational sector and leaves the rotational modes degenerate. This means
that the dumbbell model interaction matrix retains the perfectly flat rotational bands. In order to
see this directly, however, we would have compute the Fourier transform of the dumbbell model
interaction matrix Jdb = d0𝑉𝛿1, with𝑉 given in direct space by Eq. (3.206). This is quite a daunting
task, and leaves us with the same issue as the original dipole interaction matrix: the Fourier
transform will be conditionally convergent due to the inifinite-range interaction. Furthermore, it is
unclear how to systematically compute the corrections to the dumbbell approximation. These are
the tasks we will now grapple with, and the primary tool will be projective equivalence.

Projective equivalence as presented by Isakov et al. [142] is the following statement: the
dipole-dipole interaction matrix D𝑖 𝑗 is proportional to the projector to the dispersive bands of
the line graph adjacency matrix Alg plus corrections which decay as 1/𝑟5 or faster. Intuitively, it
seems that this statement must be directly related to the dumbbell approximation, which captures
the long-range 1/𝑟3 portion of the dipolar interactions and should have short range (integrable)
corrections decaying as 1/𝑟5. This connection has not been shown previously, but it follows
easily from the Hodge theory. We know that the projector to the dispersive bands is given by
Pim d0 = d0(Δ0)−1𝛿1. Therefore we can consider a projective equivalence (PE) Hamiltonian of the
form

𝐻PE =
1
2
𝐽PE

〈
𝑆, d0(Δ0)−1𝛿1𝑆

〉
=

1
2
𝐽PE

〈
𝛿1𝑆, (Δ0)−1𝛿1𝑆

〉
. (3.207)

This Hamiltonian has precisely the form of Eq. (3.198), with a scalar potential

𝑉𝑣𝑣′ = 𝐽PE ⟨𝑣 | (Δ0)−1 |𝑣′⟩ . (3.208)

We can compute the long-distance form of 𝑉𝑣𝑣′ by utilizing the inverse Laplacian matrix elements
in the Fourier basis Eq. (3.140), using ⟨𝑣 |𝒒, 𝜇0⟩ = 𝐿−3/2 exp(−𝑖𝒒 · 𝒓𝑣) if 𝑣 is in sublattice 𝜇0, to
obtain

𝑉𝑣𝑣′/𝐽PE =
1
𝐿3

∑︁
𝒒

1
16 − |𝐺 (𝒒) |2

(
4 𝐺∗(𝒒)

𝐺 (𝒒) 4

)
𝜇0 (𝑣)𝜈0 (𝑣′)

𝑒−𝑖𝒒·(𝒓𝑣′−𝒓𝑣) . (3.209)

For large separations |𝒓𝑣′ − 𝒓 | ≫ 𝑎𝑑 , the sum is dominated by the long-wavelength terms,
and is in fact dominated by the singularity at 𝒒 = 0. Thus expanding to leading order, using
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𝐺 (𝒒) ≈ 4 − ∑
𝜌1 (𝜹𝜌1 · 𝒒)2 we obtain

𝑉𝑣𝑣′/𝐽PE ≈ 1
𝐿3

∑︁
𝒒

𝑒−𝑖𝒒·(𝒓𝑣′−𝒓𝑣)∑
𝜌1 (𝜹𝜌1 · 𝒒)2 (3.210)

=
1
𝐿3

∑︁
𝒒

𝑒−𝑖𝒒·(𝒓𝑣′−𝒓𝑣)

(4/3) |𝑎𝑑𝒒 |2
(3.211)

𝐿→∞−−−−→ 3
4𝑎2

𝑑

𝑉FCC

∫
FBZ

d3𝒒

(2𝜋)3
𝑒−𝑖𝒒·(𝒓𝑣′−𝒓𝑣)

|𝒒 |2
(3.212)

=
3𝑉FCC

4𝑎2
𝑑

1
4𝜋

1
|𝒓𝑣′ − 𝒓𝑣 |

. (3.213)

where in the second line we used 𝜹 = 𝑎𝑑𝜹 and the overcompleteness relation
∑
𝜌1 𝜹𝜌1𝜹

𝑇
𝜌1 = (4/3)1.

In the third line we took the continuum limit, replacing (1/𝐿3)∑𝒒 → (1/𝑉FBZ)
∫

d3𝒒 with the
Brillouin zone volume given by 𝑉FBZ = (2𝜋)3/𝑉FCC where 𝑉FCC is the volume a single FCC unit
cell. In the final line we performed the integral by taking the integration limits to infinity, changing
to spherical coordinates with axis along (𝒓𝑣′ − 𝒓𝑣), and integrating the altitudinal angle, after which
the integral reduces to (1/2𝜋2)

∫ ∞
0 d𝑞 sinc(𝑞𝑟) = (1/4𝜋𝑟). Indeed we can recognize 1/4𝜋 |𝒙 − 𝒙′|

as the Green’s function for the continuum Laplacian, and it should not be surprising that the matrix
elements of the inverse discrete scalar Laplacian Δ0 are proportional at large separations to the
inverse of the continuum Laplacian.

To determine the value of 𝐽PE, we match the long-distance 1/𝑟 portion of the projective
equivalence potential Eq. (3.213) to the dumbbell model potential Eq. (3.206), from which we
obtain

3𝑉FCC

4𝑎2
𝑑

1
4𝜋
𝐽PE =

𝜇0
4𝜋
𝜇2

𝑎2
𝑑

−→ 𝐽PE =
4𝜇0𝜇

2

3𝑉FCC
. (3.214)

The projective equivalence interaction matrix 𝐽PE ⟨𝑒 | d0(Δ0)−1𝛿1 |𝑒′⟩ then has the same matrix
elements of the dipole-dipole interaction matrix D𝑒𝑒′ in the limit of large separations, provided we
take the same orientations of the edges 𝑒, 𝑒′ as we did for the definition of Eq. (3.201). Thus we
can say that

𝐽PE ⟨𝑒 | d0(Δ0)−1𝛿1 |𝑒′⟩ = D𝑒𝑒′ + O
(
𝑟−5
𝑒𝑒′

)
. (3.215)

We will compute the O
(
𝑟−5
𝑒𝑒′

)
correction terms in the next section.

Thus the projective equivalence Hamiltonian, where the interaction matrix is replaced with the
projector to the irrotational subspace is equivalent at large separations to the dumbbell model.
They are not exactly the same model, however: in the dumbbell model the scalar potential for the
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charges is chosen to be the continuum 1/𝑟 at all distances, Eq. (3.206), whereas in the projective
equivalence model it is taken to be the inverse of the discrete scalar Laplacian, which goes as
1/𝑟 at large separations. In both cases the short-range portion can be corrected to first order
by modifying the nearest-neighbor coupling, which controls the monopole chemical potential
(i.e. the 𝐽𝑄 term in the dumbbell potential). They both then reproduce the most salient feature
of the dipole interactions: the 1/𝑟 Coulomb potential between monopoles, but they both fail to
capture any corrections to the degeneracy of the rotational modes. This is where the projective
equivalence approach has an advantage over the dumbbell approach. As we will see, it is relatively
straightforward to compute additional corrections to the projective equivalence interaction matrix,
which is not clear how to do in the dumbbell approach since it is defined in direct space and
is not amenable to Fourier analysis. These corrections are weak [142] and in fact have been
claimed to be entirely irrelevant to the physics of actual compounds [58]. We will demonstrate in
Section 3.4.10 that the first order correction term can be obtained from the Hodge theory in an
elegant manner and in Chapter 4 we will demonstrate that evidence for this correction is already
present in experimental neutron scattering data.

Before we move on, it is worth noting that the projective equivalence Hamiltonian Eq. (3.207)
can simply be written as

𝐻PE =
1
2
𝐽PE⟨𝑆irr, 𝑆irr⟩. (3.216)

Previously we said that the most salient feature of the dipolar interactions which is captured by the
projective equivalence Hamiltonian is the 1/𝑟 Coulomb potential between monopoles. In the form
of Eq. (3.216), it appears that this is equivalent to the statement that the primary effect of dipole
interactions is to uniformly suppress the irrotational component of the 1-form field.

3.4.9 Corrections to the Dumbbell Approximation

While computing corrections to the dumbbell model directly is a difficult task, doing so for the
projective equivalence model is more straightforward. Since we already have the matrix elements
for the Fourier transformed irrotational projector, we can inverse Fourier transform it to obtain its
direct space components and take the difference with the direct space dipole dipole interaction
matrix elements. To do so we will first normalize the dipole-dipole interaction matrix as

D𝑖 𝑗 =
𝜇0𝜇

2

4𝜋𝑎3 D̃𝑖 𝑗 , (3.217)
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where 𝑎 is a lengthscale and D̃𝑖 𝑗 is now dimensionless, given by Eq. (3.201) with |𝒓𝑖 𝑗 |3 → |𝒓𝑖 𝑗/𝑎 |3.
Then from Eq. (3.215) we have

D̃𝑒𝑒′ =
16𝜋

3
𝑎3

𝑉FCC
P

im d0
𝑒𝑒′ + Δ𝑒𝑒′ . (3.218)

where Δ𝑒𝑒′ contains the corrections decaying as 1/𝑟5
𝑒𝑒′ . We can compute the matrix elements of

Δ𝑒𝑒′ numerically by inverse Fourier transforming the projector computed in Eq. (3.146),

Δ𝑒𝑒′ = D̃𝑒𝑒′ −
64𝜋

3
1
𝐿3

∑︁
𝒒

P
im d0
𝜇1 (𝑒)𝜈1 (𝑒′) (𝒒), (3.219)

where we have chosen 𝑎 to be the standard cubic cell edge length, such that 𝑉FCC/𝑎3 = 1/4.39
The results are shown for 𝑟𝑒𝑒′ up to twelve times the nearest-neighbor separation on the pyrochlore
lattice, or 100th nearest-neighbors, in Fig. 3.17, computed for 𝐿 = 60 (note that twelve times the
nearest-neighbor distance is equivalent to only six FCC unit cells). The matrix elements indeed
decay as 1/𝑟5. We can express the corrections in terms of further neighbor interactions as

Δ𝑒𝑒′ =

∞∑︁
𝑛=1

∑︁
𝑠𝑛

Δ𝑛,𝑠𝑛A
(𝑛,𝑠𝑛)
𝑒𝑒′ . (3.220)

Explicit values for Δ(𝑛,𝑠𝑛) are tabulated in Tables B.6 to B.8.

Since the matrix elements of the correction terms Δ decay as an integrable 1/𝑟5,40 they can
be safely truncated to obtain an accurate approximation of the matrix elements of the dipole
interaction matrix. In Fig. 3.18 we show (a) the nearest-neighbor model bands of d0𝛿1, (b) the
bands of the dipole-dipole interaction matrix, normalized by dividing by the nearest-neighbor value
D⟨𝑖 𝑗⟩, and (c) the nearly flat rotational bands of the dipole-dipole interaction matrix, demonstrating
a very weak dispersion on the order of one percent of the band width.

By far the most prominent difference between the nearest-neighbor model and the dipole-dipole
interaction matrices is the lifting of the irrotational bands away from the rotational bands. This is
most easily understood in the projective equivalence model, where the interaction matrix is simply
the projector to the irrotational subspace, which lifts the irrotational bands up by 𝐽PE. This is less

39Note that there is an apparent error in Ref. [142], they obtain a coefficient of 8𝜋/3 and claim that they have taken
𝑎 to be the nearest-neighbor distance on the pyrochlore lattice, which is 1/

√
8 times the cubic cell edge length, but this

would produce a coefficient 4𝜋/3
√

2. The correctness of our formula is validated by the fact that the matrix elements
of Δ indeed decay as 1/𝑟5 as seen in Fig. 3.17.

40By integrable here we mean that the number of neighbors at distance 𝑟𝑛 increases as 𝑟2
𝑛, so the total contribution

to the energy from the correction terms at distance 𝑟𝑛 decays as 1/𝑟3
𝑛.
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Figure 3.17: The matrix elements of Δ𝑒𝑒′ computed from Eq. (3.219) for 𝐿 = 60 up to twelve
times the nearest-neighbor pyrochlore separation or 100’th nearest neighbor, which decay as 1/𝑟5.

obvious based on the direct space construction of the dumbbell model, but with the projective
equivalence model we can conclude that the lifting of the irrotational bands is a direct manifestation
of the long-range 1/𝑟 Coulomb interaction of monopoles and the singular nature of the dipolar
interactions. In particular, the band touching has been lifted and the harmonic modes are not
even well-defined—a thermodynamically large system with a constant uniform magnetization has
infinite energy due to the non-integrability of the infinite-range dipole interactions.

Note that if the Hamiltonian were just proportional purely to the irrotational projector then the
upper bands would be flat and degenerate, and just by observing Fig. 3.18(a,b) we can conclude
that the leading correction to the projector comes from the nearest-neighbor terms which give the
lifted irrotational bands the shape of the nearest-neighbor spectrum, which is clear from the fact
that the nearest-neighbor term in the corrections Δ in Table B.6 is two orders of magnitude larger
than any of the other correction terms. In addition to the lifting of the irrotational bands, their
dispersion receive some level of modification compared to the nearest-neighbor bands, though
it is clearly imperceptible to the eye in Fig. 3.18 owing to the further-neighbor corrections to Δ

being on the order of one percent of the nearest-neighbor term, which determines the chemical
potential or self-energy of the monopoles in the dumbbell model. More importantly, however, is
the correction to the flat rotational bands. Since the bands are perfectly flat and degenerate in the
nearest neighbor model, they are insensitive to the nearest-neighbor corrections but are highly
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(a) (b) (c)

Figure 3.18: (a) The bands of the nearest-neighbor interaction matrix d0𝛿1. (b) The bands
of dipole-dipole interaction matrix, normalized such that the nearest-neighbor coupling is 1,
computed by truncating the correction terms Δ𝑛,𝑠𝑛 to the projective equivalence interaction matrix
at 100’th nearest-neighbor. (c) The two rotational bands of the dipole-dipole interaction matrix,
showing a very weak dispersion and a slight lifting of the degeneracy of the two bands.
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sensitive to the further neighbor corrections. In Fig. 3.18(c) we can clearly observe they are no
longer exactly flat, having gained a dispersion downward away from 𝒒 = 0 with a band minimum
the zone boundary 𝑋 point. In the next section we will demonstrate that this dispersion can be
captured by a simple correction of the form 𝛿2d1 and how it eventually should drive the system to
long range order.

3.4.10 Corrections to the Flat Bands: Vorticity

It is not difficult to deduce the first order correction to the dumbbell and projective equivalence
models which lifts the flatness of the rotational bands. From the Hodge theory perspective, the
elephant in the room that we have until now ignored, 𝛿2d1 ∼ curl curl, which is the complementary
operator to d0𝛿1 acting in the rotational band subspace. But let us first focus on the magnetic
picture, and begin with a qualitative understanding of why the rotational bands should become
dispersive at all.

In the presence of a magnetic field, a magnetic dipole minimizes its energy by orienting itself
with the local field. The field of a dipole is fully rotational in the language of the Helmholtz
decomposition, having zero divergence, and thus the field lines form closed loops. Consider a
single fixed dipole, and consider placing an array of test dipoles around it. They each align along
the local field lines of the fixed dipole, just as iron filings do near a bar magnet. As such the array
of dipoles will prefer to form closed loops to minimize their energy. The same holds true if the
array of dipoles are all mutually interacting, as in a magnetic compound. Another way to think of
this is that they seek to mutually reduce the total magnetic energy (𝜇0/2)

∫
d3𝑟 |𝑩 |2, and the best

way to do this is to make the field lines form tight loops, with regions of parallel field lines costing
more energy.

Based on this logic, we can conclude that the presence of dipole interactions will create an
energetic preference for the magnetic moments to align in small loops. In the nearest-neighbor
model, where the rotational bands are flat and the rotational modes are completely degenerate,
there is no preference for longer or shorter loops, since all closed-loop configurations have
the same energy, with the preference only being driven entropically by the hard spin length
constraint [143]. The dispersion of the rotational bands of the dipole interaction matrix thus ought
to be a consequence of an energetic preference for smaller loops, which is evidenced by the fact
that they have a minimum near the zone boundary in Fig. 3.18(c).

We can naively construct an interaction term for our Hamiltonian which will accomplish just
this. The energetic preference is to maximize circulation around the smallest loops of the lattice:
the boundaries of the plaquettes, illustrated in Fig. 3.19. The term we would like to add to our
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Figure 3.19: The minimal hexagonal loop motif of the pyrochlore lattice, with the diamond
cell complex shown inside the tetrahedra. second and third-type-𝑏 neighbors are indicated. Six
spins (red arrows) are illustrated forming a closed loop around the hexagon, maximizing the total
circulation.
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Hamiltonian should then take the form

𝐻𝜔 ∼ −1
2
|𝐽𝜔 |

∑︁
𝑝

(∮
𝜕𝑝

𝑆

)2
, (3.221)

where the sum is over all plaquettes, which creates an energetic preference for maximizing the
circulation around every plaquette boundary. If we index the six sites in a hexagon sequentially 1
through 6 around the boundary and take the standard convention that edges are oriented from the
𝐴 to 𝐵 diamond sublattices, then we can express the above interaction term as

𝐻𝜔 = −1
2
|𝐽𝜔 |

∑︁
𝑝

(𝑆1 − 𝑆2 + 𝑆3 − 𝑆4 + 𝑆5 − 𝑆6)2
𝑝 , (3.222)

where the alternating sign follows from the alternating orientations of the edges. Expanding
the square, we observe that (i) every nearest-neighbor pair appears as −𝑆1𝑆2, (ii) every second-
neighbor pair appears as +𝑆1𝑆3, (iii) every third-type-𝑏 neighbor appears as −𝑆1𝑆4, cf. Fig. 3.19.
Since these plaquettes share edges, summing over every hexagon results in a double counting of
nearest-neighbors. Therefore we can write the above in terms of adjacency matrices as

𝐻𝜔 = −1
2

∑︁
𝑖 𝑗

𝑆𝑖 |𝐽𝜔 |
(
6𝛿𝑖 𝑗 − 2A(1)

𝑖 𝑗
+A

(2)
𝑖 𝑗

+A
(3𝑏)
𝑖 𝑗

)
︸                                       ︷︷                                       ︸

≡J(𝜔)
𝑖 𝑗

𝑆 𝑗 , (3.223)

where the factor of six comes from the fact that six hexagons meet at each edge of the diamond
cell complex.

Let us now see that this interaction matrix is equivalent to the operator 𝛿2d1. First, the differential
d1 acting on a 1-form 𝑆 produces a 2-form d1𝑆 whose value on a 2-cell is d1𝑆(𝑝) = 𝑆(𝜕𝑝) ∼

∮
𝜕𝑝
𝑆

by Stokes’ theorem. Therefore we can write Eq. (3.221) as

𝐻𝜔 = −1
2
|𝐽𝜔 |⟨d1𝑆, d1𝑆⟩ =

1
2
|𝐽𝜔 |⟨𝑆, 𝛿2d1𝑆⟩, (3.224)

where we used the adjointness relation. Let us define the vorticity 2-form,

𝜔 = d1𝑆, (3.225)

which can be contrasted with the “charge” or “divergence” 0-form,41

𝑄 = 𝛿1𝑆. (3.226)

41Until now we have mostly avoided calling the divergence of the 1-form field “charge.” In the context of the
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Figure 3.20: The band spectrum of J(𝜔)/|𝐽𝜔 | defined in Eq. (3.223), or equivalently the operator
𝛿2d1. There are two irrotational bands and two dispersive rotational bands which are completely
degenerate.

Then the nearest-neighbor model has Hamiltonian 𝐻𝑄 = (1/2)𝐽⟨𝑄,𝑄⟩0, while the vorticity
interaction term is 𝐻𝜔 = −|𝐽𝜔 |⟨𝜔, 𝜔⟩2.

In Fig. 3.20 we show the band structure of the vorticity-vorticity interaction matrix J(𝜔)/|𝐽𝜔 |,
equivalently 𝛿2d1, where the Fourier transformed adjacency matrices for second and third neighbors
are given in Appendix B. These bands should be contrasted with the bands of d0𝛿1 in Fig. 3.18(a).
The most important feature is that there are two degenerate flat bands with zero eigenvalue and two
dispersive bands, with all four bands touching at 𝒒 = 0, and the dispersive bands are degenerate in
contrast to the bands of d0𝛿1. Here the two dispersive bands are rotational while the flat bands are
irrotational. We will discuss these bands in more detail in Chapter 5.

In Fig. 3.21 we compare the dispersive rotational bands of the vorticity interaction term

dumbbell model, it is natural to interpret it as proportional to the charge of the monopoles, but in the pure 1-form
theory the term “charge” may be somewhat misleading. It is common in the literature to refer to the divergence as a
“gauge charge” and the Coulomb phase as having an “emergent gauge structure” [57, 58], but this terminology is
imprecise. In the Hodge theory a different analogy would be to think of a 1-form field as analogous to the flow of a
fluid. Then the curl of the velocity field of the fluid is referred to as the vorticity, but the divergence of the velocity
field does not have a standard name. The Coulomb phase with zero divergence is then analogous to an incompressible
fluid. Excitations in the Coulomb phase take the form of localized point defects of non-zero divergence, which indeed
appear as “charges”. But they are not, in the classical model, charged under the action of a symmetry group, and are
somewhat analogous to a bubble in an incompressible fluid. Of course we can also view the 1-form field as being
analogous to an electric field 1-form, but the important point is that there are no 0-form matter fields with internal
degrees of freedom which are charged under the action of a symmetry.
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−|𝐽𝜔 |⟨𝜔, 𝜔⟩2 (green) to the rotational bands of the dipole-dipole interaction matrix (transparent,
yellow), where we normalized the dipole interaction matrix at nearest-neighbor and we chose 𝐽𝜔
to match the bandwidths. Clearly the vorticity interaction term captures the general shape of the
dispersion and accurately reproduces the band minimum at the 𝑋 points (001). This confirms
that the vorticity interaction term should be the leading order correction to the dumbbell model
which captures the dispersion of the rotational bands. In principle further corrections could be
computed for the rotational bands in the form of further-neighbor plaquette-plaquette interactions,
and in principle one could formulate a rigorous and systematic expansion for the dipolar spin ice
Hamiltonian starting from either the dumbbell or projective equivalence Hamiltonians and adding
corrections to the irrotational and rotational modes, though this remains as future work to be done.
What we can say for now is that a minimal model for dipolar spin which can serve as an alternative
dumbbell approximation would be the following:

𝐻DSI =
1
2
𝐽𝑄 ⟨𝛿1𝑆, 𝛿1𝑆⟩ +

1
2
𝐽PE⟨𝑆irr, 𝑆irr⟩ − |𝐽𝜔 |⟨d1𝑆, d1𝑆⟩ + · · · , (3.227)

where the last third term is our first order correction to the dumbbell approximation capturing the
dispersion of the rotational bands.

Moreover, it gives us new insight into the putative ground state of dipolar spin ice. It was
found via Monte Carlo simulations [144] that the dipolar spin ice model (with nearest-neighbor
exchange plus dipole interactions) will have a phase transition at a sufficiently low temperature
to a long range ordered ground state due to the lifting of the flat band degeneracy. Though this
ground state is not observed experimentally due to exponentially growing time scales at low
temperature [145, 146], it is interesting to note that it is indeed the ground state predicted by the
vorticity interaction term, in which every plaquette has maximal circulation, and thus can be
considered a “vortex condensate.”

3.5 Conclusion and Outlook

To conclude this chapter, we have demonstrated that the physics of ice models can be naturally
described in terms of a 1-form field on a discrete cellular complex. This perspective allows
us to unambiguously define the Helmholtz-Hodge decomposition for spin configurations into
rotational, irrotational, and harmonic components. This description is exact in the soft spin
approximation, but the HHD is well defined for hard spin configurations just as well as soft
spin configurations. In the nearest-neighbor model the Hamiltonian is simply proportional to
⟨𝛿1𝑆, 𝛿1𝑆⟩. We demonstrated that the addition of further neighbor interactions can be done in a
way that exactly preserves the 1-form description, and demonstrated that the celebrated dumbbell

133



(a) (b)

Figure 3.21: Bands of the vorticity Hamiltonian with negative coefficient (green) compared to
the bands of the dipole-dipole interaction matrix computed by truncating corrections at 100’th
neighbor (transparent, yellow). The dipole interaction matrix has been normalized so that the
nearest-neighbor coupling is unity. The coefficient 𝐽𝜔 was chosen to match the bandwidths. Since
the dipole interaction matrix splits the degeneracy of the two rotational bands, we show separate
comparisons in (a) and (b) for the two bands, in both (ℎ𝑘0) and (ℎℎ𝑙).

approximation falls precisely within the 1-form description. Furthermore, we showed that the
projective equivalence model is the same as the dumbbell model, where the 1/𝑟 Coulomb potential
is replaced by the inverse of the discrete scalar Laplacian. Lastly, we demonstrated that the first
order correction to the dumbbell model which captures the dispersion of the rotational modes
induced by the dipole interactions is described by a term proportional to −⟨d1𝑆, d1𝑆⟩.

In Chapter 4 we will demonstrate that this correction is observable in polarized neutron
scattering experiments, and in Chapter 5 we will consider the complementary model to nearest
neighbor spin ice whose Hamiltonian is 𝐽𝜔⟨d1𝑆, d1𝑆⟩ with 𝐽𝜔 > 0, which we will show harbors a
novel spin liquid ground state which generalizes the Coulomb phase. In Chapter 6 we will utilize
some of the insights gained from this chapter to define a HHD for 𝑁 = 3 component Heisenberg
spins and utilize it to study fluctuations about a long range ordered ground state.

Numerous questions and avenues for further development remain open. We have applied
this method to study spin models on line graph lattices with bipartite parent lattices, but the
non-bipartite case remains open to further investigation. There are also various non-linegraph
frustrated lattices which may also admit a related Hodge theoretic treatment, in particular Ref. [103]
also found closed loop eigenstates on the dice lattice. It is also evident that the class of lattices
known as “split lattices” would be directly amenable to a straightforward generalization of our
method, because they amount to a line graph lattice with extra lattice sites located at the parent
lattice sites. The most well known example is the Lieb lattice, which is a decorated square
lattice with extra atoms at the midpoint of each edge. A more recent and exciting example is
the so-called “centered pyrochlore” lattice [147], which has extra magnetic degrees of freedom
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located at the center of each tetrahedron. The degrees of freedom located on the parent lattice
vertices should naturally be treated as zero-forms, with those on the edges treated as 1-forms, and
they can naturally be coupled by a term of the for 𝐽′⟨d0𝑆

0, 𝑆1⟩ = 𝐽′⟨𝑆0, 𝛿1𝑆
1⟩. In the second form

in particular, we see that for 𝑇 ≪ sgn(𝐽′) we would have the constraint −sgn(𝐽′)𝑆0 = 𝛿1𝑆
1, which

reads as a Gauss law for the fields. Thus these lattices would have both “matter” and “gauge”
fields naturally built in, instead of the “emergent” matter fields of the ice models.
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Chapter 4

Polarized Neutron Scattering as a Probe of
Flat Band Physics in Spin Ice Systems

4.1 Polarized Neutron Scattering in Spin Ice: Spin Flip and
Non Spin Flip Channels

As we can see from Figs. 2.16 and 2.17, structure factors reveal the three dimensional structure of
correlations in a magnetic material, because they offer cross sections of the spin spin correlation
functions ⟨𝑆𝛼

𝑖
𝑆
𝛽

𝑗
⟩ which is generally the underlying object of interest. This makes neutron

scattering an extremely powerful probe for magnetic correlations, because it probes the magnetic
susceptibility tensor 𝜒,

𝑇 𝜒𝛼𝛽 (𝒒) =
∑︁
𝜇𝜈

⟨𝑚𝛼𝜇 (−𝒒)𝑚
𝛽
𝜈 (𝒒)⟩, (4.1)

where the magnetic moment is related to the pseudospin by the 𝑔-tensor, 𝑚𝛼
𝑖
=

∑
𝛽 𝑔

𝛼𝛽

𝑖
𝑆
𝛽

𝑖
. We

will work with the reduced susceptibility tensor 𝜒̃ = 𝑇 𝜒. Using polarization analysis it is, at
least in principle and in some cases, possible to reconstruct the full tensor, though such a full
reconstruction is extremely involved, see for example Ref. [123].1 Polarized neutron scattering
generally gives access to two of the components, encoded in the spin flip (SF) and non-spin-flip

1In particular their Supplementary Information section 1.4.
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(NSF) scattering cross sections, proportional to Eqs. (2.104) and (2.105) which can be written as

𝑆SF(𝒒) ≡
∑︁
𝛼𝛽

𝑦̂𝛼sc 𝜒
𝛼𝛽 (𝒒) 𝑦̂𝛽sc, (4.2)

𝑆NSF(𝒒) ≡
∑︁
𝛼𝛽

𝑧𝛼sc 𝜒
𝛼𝛽 (𝒒) 𝑧𝛽sc, (4.3)

where 𝒛sc is the polarization axis of the incoming neutron beam and 𝒚̂sc = 𝒛sc × 𝒒̂, see Fig. 2.15.

In the study of spin liquid physics, polarized neutron scattering is the method of choice when
single crystal samples are available to extract as much correlation data as possible from a magnetic
compound. In particular in the study of spin ice, polarization analysis was famously used by
Fennel et al. [148] to study the compound Ho2Ti2O7, who reported the first clear observation of
pinch points in spin ice. They reported both the SF and NSF intensities in the (ℎℎ𝑙) plane, with
pinch points appearing in the SF channel while the NSF channel exhibits a broad diffusive pattern.
The pinch points are obscured in the unpolarized scattering cross section, which is the sum of the
SF and NSF. Since then, it has become common to find both theoretical and experimental results
focusing on the SF channel in the (ℎℎ𝑙) plane [120].

In this chapter we will demonstrate that the (ℎℎ𝑙) NSF channel, which has received little
attention, can be used to isolate the correlations of only the rotational modes, while the SF channel
mixes correlations of the rotational and irrotational modes, based on the results published in
Ref. [149]. Note that Ref. [149] was published prior to the detailed development of the Hodge
theoretic perspective of the previous chapter, and it does not contain the language “rotational” and
“irrotational”, but rather uses the words “transverse” and “longitudinal”. The primary result of
this chapter, that the (ℎℎ𝑙) NSF probes the rotational modes, will follow almost trivially from
the Hodge perspective, so we will keep our presentation brief to highlight the most important
results and applications. Our results rely on the 𝑔-tensor being Ising, 𝑔𝑖 = 𝑔∥ 𝒛𝑖 𝒛𝑇𝑖 , where 𝒛𝑖 points
along the local easy axis direction and we take the usual convention that it points from diamond
sublattice 𝐴 to 𝐵. We will throughout set 𝑔∥ = 1.

4.2 The Flat NSF

In Fig. 4.1, we show the temperature evolution of the SF, NSF, and unpolarized neutron scattering
cross sections in the (ℎℎ𝑙) plane for the nearest-neighbor model of spin ice computed using the
SCGA. While the SF channel shows clear pinch points, the NSF channel is flat, i.e. 𝒒-independent,
showing only a uniform intensity that rises monotonically as temperature decreases. The results
from Monte Carlo simulations are qualitatively identical [149]. This “flat NSF” of the NNSI model
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Figure 4.1: The SF, NSF, and unpolarized neutron scattering cross sections in the (ℎℎ𝑙) plane for
the nearest-neighbor spin ice model computed in the SCGA. The SF channel shows clear pinch
points while the NSF is completely flat.

was noted previously in the literature [120, 148, 150–152] but, prior to the work in Ref. [149],
had received essentially no scrutiny.

Our first questions is, why is the (ℎℎ𝑙) NSF flat in the nearest-neighbor spin ice model?
Based on the understanding developed in the previous chapter, we know that spin configurations
have a natural Helmholtz-Hodge decomposition into rotational, irrotational, and harmonic
components. We know that in the nearest-neighbor model the rotational modes are completely
degenerate, corresponding to the two flat bands in the spectrum of the adjacency matrix, and
the irrotational modes are energetically suppressed by the fact that the Hamiltonian amounts to
(div 𝑆)2, corresponding to the two dispersive bands in the spectrum. At first blush, it is natural
to ask: is the dispersionless NSF somehow a reflection of the dispersionless flat bands of the
adjacency matrix and the corresponding degeneracy of the rotational modes (cf. Section 3.3.3)?
And if so, how can we explicitly see the mechanism that underpins their relation?

To understand this better, consider a fully disordered paramagnet, i.e. the infinite temperature
limit. In this limit the spin-spin correlation matrix becomes G → 𝜆01, where 𝜆0 → 1 at infinite
temperature (𝛽 → 0), i.e. ⟨𝑆𝑖𝑆 𝑗 ⟩ = 𝛿𝑖 𝑗 . Correspondingly, we see in Fig. 4.1 that all of the structure
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factors become uniform and 𝒒-independent at high temperature. On the other hand, at zero
temperature we have G → 2(Pim 𝛿2 + P𝐻

1), where Pim 𝛿2 is the identity in the rotational sector.
This means that the rotational modes effectively remain paramagnetic at all temperatures.

Now, let us apply some heuristic reasoning based on our intuition built up in Chapter 3,
which we will later verify to be correct. Consider the spin-flip channel at the lowest temperature
(𝑇/𝐽1 = 0.010) in Fig. 4.1, which exhibits the classic pinch point features. Is some regions in
the scattering plane we observe zero intensities while in others we observe strong scattering. As
we saw in Chapter 3, in the limit of zero temperature the correlation matrix is proportional to
the projector to the rotational mode subspace. We can therefore infer that in the regions with
zero intensity the SF channel structure factor must be probing the fluctuations of the irrotational
modes, which have been thermally depopulated. Conversely, in the regions of maximum intensity,
it must probe the correlations of the rotational modes, and in the regions of intermediate intensity
it probes the correlations of both. If that is the case, then the dispersion in the SF channel at zero
temperature can be understood not as reflecting the dispersion of the correlation matrix, which
is just a projector and therefore is dispersionless, but rather is a consequence of the fact that at
different 𝒒, this structure factor probes a different linear combination of rotational and irrotational
modes. On the other hand the flat NSF surely seems to probe the correlations of the paramagnetic
rotational modes at all temperatures and for all 𝒒, and directly reflects the underlying flatness of
the rotational mode correlations. In the remainder of this chapter we will make these arguments
precise.

4.3 NSF as Rotational Mode Correlator

Let us now consider what exactly these structure factors are probing in the vector language. From
Eqs. (2.104) and (2.105), taking an Ising g-tensor with 𝑔∥ = 1 so that 𝒎𝑖 = 𝑆𝑖𝒛, we can write the
SF as

𝑆SF(𝒒) =
〈�����∑︁

𝜇

𝑆𝜇 (𝒒)𝒛𝜇 · 𝒚̂sc

�����2
〉
, (4.4)

≡
〈�����∑︁

𝜇

⟨𝒒, 𝜇 |𝑆⟩ 𝒛𝜇 · 𝒚̂sc

�����2
〉
, (4.5)

=

〈�����
(∑︁
𝜇

⟨𝒒, 𝜇 | 𝒛𝜇 · 𝒚̂sc

)
|𝑆⟩

�����2
〉
, (4.6)
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and similarly for the NSF. Thus let us define the vectors (one for each 𝒒)

|𝒒, SF⟩ ≡
∑︁
𝜇

(
𝒛𝜇 · 𝒚̂sc

)
|𝒒, 𝜇⟩ , (4.7)

|𝒒,NSF⟩ ≡
∑︁
𝜇

(
𝒛𝜇 · 𝒛sc

)
|𝒒, 𝜇⟩ . (4.8)

Note that 𝒚̂sc is 𝒒-dependent while 𝒛sc is not. We can then rewrite the structure factors as measuring
the fluctuations of the corresponding modes,

𝑆SF(𝒒) ≡ ⟨𝒒, SF| G |𝒒, SF⟩ , (4.9)
𝑆NSF(𝒒) ≡ ⟨𝒒,NSF| G |𝒒,NSF⟩ . (4.10)

At zero temperature, the SF and NSF structure factors are then simply2

𝑆SF(𝒒) → 2 ⟨𝒒, SF| (Pim 𝛿2 + P𝐻
1) |𝒒, SF⟩ , (4.11)

𝑆NSF(𝒒) → 2 ⟨𝒒,NSF| (Pim 𝛿2 + P𝐻
1) |𝒒,NSF⟩ . (4.12)

The harmonic portion only contributes to the intensity at the 𝒒 = 0. For each 𝒒 ≠ 0 we can
decompose these vectors as |𝒒, SF⟩ = Pim d0 |𝒒, SF⟩ + Pim 𝛿2 |𝒒,NSF⟩, and we can say that

𝑆SF(𝒒) → 2
��Pim 𝛿2 |𝒒, SF⟩

��2 , (4.13)

𝑆NSF(𝒒) → 2
��Pim 𝛿2 |𝒒,NSF⟩

��2 , (4.14)

i.e these structure factors are simply twice the norm squared of the rotational component of the
corresponding vector (harmonic component at 𝒒 = 0). Since 𝒚̂sc is 𝒒-dependent, |𝒒, SF⟩ rotates at
different 𝒒, and for some 𝒒 is mostly in the rotatinal sector, where we see maximum intensity in
the low temperature SF, and at other 𝒒 is mostly in the irrotational sector, where we see minimal
intensity, while at a general 𝒒 it will be some linear combination of rotational and irrotational
components. The zero-temperature intensity variation of the SF channel therefore is simply twice
the magnitude squared of the rotational component of |𝒒, SF⟩.

On the other hand, the NSF intensity is the same for all 𝒒 ∈ (ℎℎ𝑙), meaning that the rotational
component of |𝒒,NSF⟩ has a constant magnitude, and indeed implies that |𝒒,NSF⟩ is entirely
contained in the rotational sector since (i) 𝒛sc is 𝒒-independent and (ii) the NSF remains flat at all

2To remind the reader: Pim 𝛿2 is the projector to the rotational mode subspace, and P𝐻1 is the projector to the
harmonic mode subspace.
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temperatures, even when the dispersive irrotational modes are populated. We can also see this by
computing the magnitude of |𝒒,NSF⟩,

⟨𝒒,NSF|𝒒,NSF⟩ =
∑︁
𝜇

|𝒛𝜇 · 𝒛sc |2 = 𝒛sc ·
(∑︁
𝜇

𝒛𝜇 𝒛
𝑇
𝜇

)
· 𝒛sc =

4
3
, (4.15)

where we used the overcompleteness relation for the 𝒛𝜇 used in the previous chapter. Similarly
⟨𝒒, SF|𝒒, SF⟩ = 4/3 for the same reason. Therefore we conclude from Eq. (4.14) that if either
|𝒒, SF⟩ or |𝒒,NSF⟩ is fully rotational, the zero-temperature intensity is exactly 8/3 ≈ 2.67.
Comparing to the intensity scale of Fig. 4.1 we conclude that (i) the (ℎℎ𝑙) NSF channel probes only
rotational modes (|𝒒,NSF⟩ is entirely contained in the rotational sector away from 𝒒 = 0) and (ii)
the SF channel probes only rotational modes in the regions where it has maximum intensity at zero
temperature, in particular near 𝒒 = 0 and along the high-symmetry (ℎℎℎ) and (00𝑙) lines. The
same logic can be applied to all of the low-temperature structure factors shown in Fig. 2.16: their
high-intensity regions are probing rotational modes and their low-intensity regions are probing
irrotational modes. Note in particular that the NSF in the (ℎ𝑘0) plane is not 𝒒-independent, and
therefore must probe a mix of rotational and irrotational modes. Thus the statement that the (ℎℎ𝑙)
NSF probes only rotational modes is only true in the (ℎℎ𝑙) plane. We will see that it is closely
tied to the geometry of the lattice.

The projection of the SF and NSF vectors to the rotational and irrotational subspace are
independent of temperature, and indeed independent of the Hamiltonian. The (ℎℎ𝑙) NSF probes
purely rotational modes at all temperatures. Since G is simply 𝜆−1

0 times the identity in the
rotational sector, we can conclude from Eq. (4.10) that

𝑆NSF(𝒒) = 𝜆−1
0 ⟨𝒒,NSF|𝒒,NSF⟩ = 4

3𝜆0
. (4.16)

Therefore the uniform intensity interpolates from 8/3 at low temperature (𝜆0 = 1/2) to 4/3 at high
temperature (𝜆0 = 1), as seen in Fig. 4.1.

4.4 NSF as Chain-Chain Correlator

We will now demonstrate why the vectors |𝒒,NSF⟩ for the (ℎℎ𝑙) NSF are purely rotational by
considering what they correspond to in direct space. First, let us take a look at the coefficients(
𝒛𝜇 · 𝒛sc

)
in Eq. (4.8). For (ℎℎ𝑙) NSF scattering the polarization axis 𝒛sc is orthogonal to the (ℎℎ𝑙)

plane, along [1̄10], cf. Fig. 2.15. In Fig. 4.2(a) we show a single tetrahedron of the pyrochlore
lattice, and have labeled the four corners with 𝜇 = 1, 2, 3, 4. The cubic [100] and equivalent
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(a) (b)

Figure 4.2: (a) A single tetrahedron of the pyrochlore lattice, with the direct-space [ℎℎ𝑙] plane
shown and sublattices labeled. The local 𝒛𝜇 easy axis vectors are shown in red, where the central
diamond lattice site (in the center of the tetrahedron) is an 𝐴 site. (b) Depiction of the alpha chains
of the pyrochlore lattice, which correspond to 1-dimensional cycles of the diamond lattice cell
complex wrapping around the periodic boundaries. When projected to the direct-space [ℎℎ𝑙]
plane they form a triangular lattice.
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directions are along the cube edges, and without loss of generality we can take the polarization
axis 𝒛sc ∥ [1̄10] to point parallel to the edge between corners 3 and 4, pointing from 3 to 4. The
corresponding (ℎℎ𝑙) plane orthogonal to [1̄10] is then shown as the yellow rectangle bisecting the
3-4 bond and cutting the tetrahedron in half. The red vectors indicate the local easy axis directions
𝒛𝜇 with the convention that they all point from the diamond sublattice 𝐴 to 𝐵.

Notice 𝒛1 and 𝒛2 both lie in the direct-space [ℎℎ𝑙] plane, orthogonal to the polarization vector
𝒛sc ∥ [1̄10]. Meanwhile sublattices 3 and 4 have equal and opposite projection onto 𝒛sc, which we
are taking to point from corner 3 to 4. In Cartesian coordinates we can write

𝒛3 = (𝒙̂ − 𝒚̂ + 𝒛)/
√

3, 𝒛4 = (−𝒙̂ + 𝒚̂ + 𝒛)/
√

3, 𝒛sc = (−𝒙̂ + 𝒚̂)/
√

2. (4.17)

Then we can write Eq. (4.8) as

|𝒒,NSF⟩ =
√︂

2
3
( |𝒒, 4⟩ − |𝒒, 3⟩), (4.18)

where sublattices 1 and 2 dropped out entirely due to the neutron polarization being orthogonal to
their easy axes. Note that this was a consequence of the Ising g-tensor, if 𝑔⊥ ≠ 0 then there would
be an additional coupling from sublattices 1 and 2 proportional to 𝑔⊥.

Now let us consider the real-space components of the (ℎℎ𝑙) NSF vector, by expanding it as√︂
3
2
|𝒒,NSF⟩ = 1

√
𝐿3

∑︁
𝒓

𝑒−𝑖𝒒·𝒓
(
𝑒−𝑖𝒒·𝒄4 |𝒓, 4⟩ − 𝑒−𝑖𝒒·𝒄3 |𝒓, 3⟩

)
(4.19)

= 𝑒−𝑖𝒒·𝒄3
1

√
𝐿3

∑︁
𝒓

𝑒−𝑖𝒒·𝒓 ( |𝒓, 4⟩ − |𝒓, 3⟩) , (4.20)

where the sum is over unit cells and in the second line we used the fact that 𝒒 ∈ (ℎℎ𝑙) so that
𝒒 · (𝒄4 − 𝒄3) = 0. Now we will further utilize the fact that 𝒒 ∈ (ℎℎ𝑙) to note that any two unit
cells with 𝒓 − 𝒓′ ⊥ (ℎℎ𝑙) have the same phase factor. In particular, in Fig. 4.2(b) we show that the
pyrochlore lattice can be decomposed into “alpha chains” consisting of up and down tetrahedra
(three chains are shown) running along [1̄10] [153–155]. There are exactly 𝐿2 of these chains in
the lattice. If we write the unit cell positions as linear combinations of FCC primitive vectors
𝒓 =

∑
𝑖 𝑛𝑖𝒂𝑖, with 𝑛𝑖 ∈ {0, . . . , 𝐿 − 1}, then we can taken one of the FCC vectors along the chain

and index chains according to the remaining two, and write 𝒓 = 𝑛1𝒓1 + 𝒓𝛼, so there are 𝐿 unit
cells in a single chain and 𝐿2 chains with positions given by 𝒓𝛼 = 𝑛2𝒂2 + 𝑛3𝒂3. Therefore we can
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rewrite the above as

𝑒𝑖𝒒·3
√︂

3
2
|𝒒,NSF⟩ = 1

√
𝐿3

∑︁
𝛼

𝑒−𝑖𝒒·𝒓𝛼
∑︁
𝒓∈𝛼

( |𝒓, 4⟩ − |𝒓, 3⟩) , (4.21)

=
1

√
𝐿2

∑︁
𝛼

𝑒−𝑖𝒒·𝒓𝛼

(
1
√
𝐿

∑︁
𝒓∈𝛼

( |𝒓, 4⟩ − |𝒓, 3⟩)
)
. (4.22)

Note that in 𝒒 · 𝒓𝛼 the only portion of the position 𝒓𝛼 that matters is the part in the direct-space
[ℎℎ𝑙] plane (orthogonal to [1̄10]), and these orthogonal displacement vectors form a triangular
lattice shown in Fig. 4.2(b) [154–156].

Now the remaining question is what the vector in parentheses in Eq. (4.22) means. As a
cochain, |𝒓, 𝜇⟩ represents a unit flux along edge 𝜇 in unit cell 𝒓 with orientation from diamond
sublattice 𝐴 to 𝐵, and − |𝒓, 𝜇⟩ represents a flux in the opposite direction. Therefore this vector
represents flux along the entire 𝛼-chain running in a single direction with uniform intensity on
every edge in the chain, which we now recognize as a 1-dimensional contour in the diamond cell
complex, indicated by the green arrows in Fig. 4.2(b). Define the normalized vector

|𝛼⟩ ≡ 1
√

2𝐿

∑︁
𝑒∈𝛼

|𝑒⟩ , (4.23)

where the edges are all taken to be oriented along the 1-dimensional contour and where we have
normalized by the number of edges in the chain. Thus we can express the (ℎℎ𝑙) NSF vector as

|𝒒,NSF⟩ =
√︂

4
3

1
√
𝐿2
𝑒−𝑖𝒒·𝒓𝛼

∑︁
𝛼

|𝛼⟩ , (4.24)

where we dropped the overall phase factor as it is a gauge choice (in other words, without loss of
generality we can take the origin to be located on corner 3 so that 𝒄3 = 0 in Eq. (4.20)).

The (ℎℎ𝑙) NSF structure factor can now be written as

𝑆NSF(𝒒) =
4
3

1
𝐿2

∑︁
𝛼,𝛼′

𝑒−𝑖𝒒·(𝒓
′
𝛼−𝒓𝛼) ⟨𝛼 | G |𝛼′⟩ , (4.25)

which is simply 4/3 times the Fourier transform of the chain-chain correlation function

⟨𝛼 | G |𝛼′⟩ =
〈
(⟨𝛼 |𝑆⟩)(⟨𝛼′|𝑆⟩∗)

〉
∼

〈∮
𝛼

𝑆

∮
𝛼′
𝑆

〉
. (4.26)
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We can now clearly understand why the (ℎℎ𝑙) NSF probes only the rotational and harmonic
modes. Since the alpha chains are closed 1-cycles,

〈
𝛼
��𝑆irr〉 = 0, meaning that the (ℎℎ𝑙) NSF is

entirely insensitive to the irrotational sector. Since G is just 𝜆−1
0 (Pim 𝛿2 + P𝐻

1) in the rotational
and harmonic sectors, we have

⟨𝛼 | G |𝛼′⟩ = 𝜆−1
0 ⟨𝛼 |𝛼′⟩ = 𝜆−1

0 𝛿𝛼𝛼′ , (4.27)

i.e. the circulation around different alpha chains is completely uncorrelated in the nearest-neighbor
model, since all of the rotational and harmonic modes are completely degenerate. This direct-space
decorrelation translates to the flatness of the NSF response in reciprocal space,

𝑆NSF(𝒒) =
4
3

1
𝐿2

∑︁
𝛼,𝛼′

𝑒−𝑖𝒒·(𝒓
′
𝛼−𝒓𝛼)𝜆−1

0 𝛿𝛼𝛼 =
4

3𝜆0
. (4.28)

The uniform intensity thus reflects the correlations of spins only the intra-chain correlator of spins,
⟨𝛼 | G |𝛼⟩ .

4.5 The Non-Flat NSF of Dipolar Spin Ice

We have now established that the (ℎℎ𝑙) NSF probes only the rotational and harmonic sectors and
is insensitive to the irrotational sector because it is a circulation-circulation correlation function as
expressed by Eq. (4.26). In the nearest-neighbor model where the rotational modes are perfectly
degenerate, the NSF is flat throughout (ℎℎ𝑙) since the circulation around different alpha chains is
uncorrelated (indeed we showed in Section 3.4.6 the more general result that all non-overlapping
cycles are decorrelated).

As we discussed in Section 3.4.10, dipolar interactions lift the flat band degeneracy, preferring
for the minimal hexagonal loops to maximize their circulation. This induces correlations in the
rotational sector reflecting this preference for short loops over long ones. This causes the alpha
chains to become correlated and induce a non-flat NSF. Looking at Fig. 4.2(b), or Fig. 3.19, we can
see that polarizing a single hexagon will cause the spins in neighboring alpha chains to become
anti-ferromagnetically correlated, since they sit on opposite sides of the hexagon. Thus we should
expect that dipole interactions will induce an increase in intensity near the zone boundary in the
(ℎℎ𝑙) NSF.

In Fig. 4.3, we show the SF, NSF, and unpolarized neutron scattering structure factors for a
pure dipole model computed in the SCGA, which shows that the NSF indeed becomes non-flat
at low temperature, with extra scattering near the zone boundary. The pattern observed in the
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Figure 4.3: The spin flip, non-spin-flip, and unpolarized neutron scattering cross sections computed
for the dipolar spin ice model in the SCGA. The non-flat NSF reflects the corrections to the flat
bands which lift the rotational mode degeneracy discussed in Section 3.4.10. Notice also the
presence of pinch points in the SF even at high temperatures: in the high-temperature series
expansion at lowest order one would already obtain pinch points from the fact that the dipolar
interaction matrix itself is singular.
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Figure 4.4: (a) The (ℎℎ𝑙) NSF of NNSI measured in Monte Carlo at 𝑇/𝐽 = 0.01 for 𝐿 = 16 with
1010 samples. (b) 1/𝑁 corrected (ℎℎ𝑙) NSF at 𝑇/𝐽 = 0.01 computed for 𝐿 = 12.

NSF is qualitatively the same as that observed the data presented by Fennel et al. [148], with
minimum intensity near the zone center and maximum intensity near the zone boundary forming
rounded rectangular features around the 𝑋 point (001). We also observe the same basic effect in
the SF channel in the first Brillouin zone around 𝒒 = 0, which we argued is mostly sensitive to the
rotational modes based on the low temperature SCGA behavior of the SF in Fig. 4.1. In particular
this means that the reduction in intensity in the SF channel near the zone center and the increased
intensity at the 𝑋 point is caused by the same mechanism as the dispersion in the NSF.

4.6 Hard Spin Corrections to the Flat NSF

Before concluding this chapter, we briefly comment on the consequences of the hard spin constraint.
Up until now, we have utilized the SCGA extensively, and we know that the SCGA provides a
generally excellent approximation for the physics of spin ice, with the primary exception that the
minimal excitations at low energy in an Ising model are single spin flips, which cost some finite
minimal energy 𝜖 and are therefore exponentially suppressed at low temperatures by a Boltzmann
weight exp(−𝛽𝜖). This simply means that the Ising system reaches its “ground state” at a higher
temperature than the soft spin system, in which arbitrarily small excitations can be made.

The flatness of the NSF, however, provides a highly sensitive probe that we can use to study the
(very small) corrections to the SCGA coming from the hard spin constraint. In Fig. 4.4(a), we show
the NSF for the nearest-neighbor model measured to extremely high precision in Monte Carlo
simulations using the cluster algorithm of Ref. [128] for an 𝐿 = 16 system, sampling 1010 samples
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1.9969 1.9991 2.0013 2.0035 1.9933 1.9964 1.9994 2.0024 0. 0.66696 1.3339 0. 0.33333 0.66667 1.
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Figure 4.5: Eigenvalues of the spin-spin correlation matrix measured in Monte Carlo for NNSI at
at zero temperature with 𝐿 = 16 averaged over 1010 samples, compared with the Large-𝑁 , 1/𝑁
corrected eigenvalues at 𝑇/𝐽 = 0.01 with the same system size. Eigenvalues at each 𝒒 are sorted
by magnitude. The first and second column show weak deviations from the SCGA expectation of
flat bands with eigenvalue 𝜆−1

0 → 2 at zero temperature, with qualitative agreement in the second
column.
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at 𝑇/𝐽 = 0.01. This is effectively equivalent to zero temperature, since the minimal excitation—a
pair of charges—costs energy 8𝐽, and therefore occurs with probability exp(−800) at 𝑇/𝐽 = 0.01.
This means that we are only exploring the rotational sector, having suppressed all irrotational
excitations completely. We see a clear pattern emerging, with a slight reduction of intensity near
the 𝑋 point. In Fig. 4.4(b), we show the 1/𝑁 corrected NSF intensity at 𝑇/𝐽1 = 0.01, which shows
a qualitatively similar pattern, at least regarding a lower intensity near the 𝑋 point. This implies
that the hard spin constraint induces a weak entropic correction to the complete degeneracy of the
rotational modes. We much reiterate that the correction is extremely small, the deviation from the
SCGA value of 8/3 ≈ 2.667 is on the order of 0.1% in Monte Carlo, or one part in 103.

To investigate this further, we can directly compute the eigenvalues of the correlation matrix
G𝑖 𝑗 = ⟨𝑆𝑖𝑆 𝑗 ⟩. In Fig. 4.5(a), we show the eigenvalues as measured in Monte Carlo for the same
system size and number of samples, in both the (ℎ𝑘0) and (ℎℎ𝑙) planes. There are four eigenvalues
per 𝒒. In the SCGA, the zero temperature correlation matrix is exactly 2(Pim 𝛿2 + P𝐻

1), so the
eigenvalues are 2 in the rotational and harmonic sectors and 0 in the irrotational sector. We can
see the two of the eigenvalues are indeed zero everywhere except at 𝒒 = 0, corresponding to the
suppressed irrotational modes, and the other two eigenvalues are approximately 2. We observe
very weak but clear corrections to the rotational mode eigenvalues. In Fig. 4.5(b), we show
the eigenvalues computed at 1/𝑁 at 𝑇/𝐽1 = 0.01. Due the finite temperature we observe some
weak dispersion in the irrotational sector eigenvalues. More importantly, we see that the 1/𝑁
correction qualitatively reproduces at least some of behavior of the eigenvalues in the rotational
sector, especially in the second eigenvalue (eigenvalues are sorted from largest to smallest).

We conclude that (i) the hard spin constraint does indeed modify the correlations of rotational
modes, and this can be seen in the NSF as a weak reduction of intensity near the 𝑋 point (001),
and (ii) these corrections can be qualitatively captured by the 1/𝑁 expansion. In particular, we
note that the reduction in intensity in the NSF near the 𝑋 point is opposite of the behavior in
dipolar spin ice, and implies a weak preference for neighboring alpha chains to align rather than
anti-align. This is rather interesting, because it is known that entropic effects induce a weak 1/𝑟
potential for monopoles [157], which is the same as the effect of the dipole interaction in the
irrotational sector, but it appears that the entropic effects in the rotational sector have the opposite
effect to dipole interactions.

4.7 Conclusion and Outlook

In this chapter we showed that the (ℎℎ𝑙) NSF channel is insensitive to the irrotational sector,
because it probes a circulation-circulation correlator. The analogous statement in vector calculus
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would be to say that∮
𝐶

𝑬 · dℓ =
∮
𝐶

(∇𝜙 + ∇ × 𝑨 + 𝑬0) · dℓ =
∮
𝐶

(∇ × 𝑨 + 𝑬0) · dℓ, (4.29)

i.e. a line integral around a closed loop is insensitive to the irrotational component of the field.
Since in the nearest-neighbor model the rotational sector is degenerate, with the correlations of a
paramagnet at all temperatures, the (ℎℎ𝑙) NSF appears completely featureless and flat. Using this,
we showed that the non-flat NSF of dipolar spin ice is sensitive only to the portion of the dipole
interaction which lifts the flat band energy, and reflects the energetic preference for spins to be
polarized into small loops.

These results apply to any spin model on the pyrochlore lattice, so long as the 𝑔-tensor is Ising,
so that we can polarize the neutrons orthogonal to the moments of two of the sublattices, resulting
in the isolation of the alpha chains. Given our understanding of the classical model, it would
be worthwhile to perform a detailed study of how quantum effects can correlate the rotational
modes and the resulting effect in the NSF channel. In particular, in quantum spin ice the rotational
modes will become dispersive due to ring exchange, and the linearly dispersing photon (which is a
collective excitation of rotational modes) should cause some resulting dispersion in the NSF. One
Quantum Monte Carlo study of quantum spin ice did find dispersion in the NSF [150], which they
find agrees with an analytical calculation of the correlations in the ring exchange model due to
Benton [60].

In particular, our results are applicable to the dipolar-octupolar spin ice compounds which
necessarily have Ising 𝑔-tensors [36, 158], and in particular to the quantum spin ice candidate
Ce2Zr2O7 [159–162]. Recent polarized neutron scattering measurements show a dispersive NSF
whose correlations appear qualitatively similar to those of Ho2Ti2O7 [162], despite 𝐶𝑒3+ having a
much smaller magnetic moment. Recent work also report via exact diagonalization an increased
intensity at the 𝑋 point in neutron scattering structure factors for dipolar-octupolar models in
the 𝜋-flux octupolar quantum spin liquid phase [163]. A more systematic study of the effects of
quantum correlations in the rotational sector and the corresponding effects in neutron scattering,
especially in the (ℎℎ𝑙) NSF channel where one can isolate rotational sector correlations, is certainly
warranted, and could serve as a sharp diagonistic for quantum spin ice physics.

It would also be of interest to extend our results to study the effects of quenched random
disorder in spin ice within the context of the Hodge theoretic treatment, by exploiting the sensitivity
of the NSF channel to the effects of disorder in the rotational bands [164–166]. Furthermore,
the possibility for high-resolution energy-resolved polarized scattering experiments is on the
horizon [167], which raises the possibility that one could perform a targeted study of the dynamics
of the rotational modes.
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Chapter 5

The Vorticity Model

At the end of Chapter 3, in Section 3.4.10, we introduced the vorticity 2-form 𝜔 = d1𝑆 and “charge”
0-form 𝑄 = 𝛿1𝑆. We showed that the nearest-neighbor spin ice model has Hamiltonian given by
(𝐽/2)⟨𝑄,𝑄⟩, and that therefore the zero-temperature Coulomb phase consists of purely rotational
and harmonic modes, which are exactly degenerate, and its excitations are “monopoles” [119],
localized 0-dimensional irrotational defects, described by the 0-form “matter field” 𝑄. In this
chapter we introduce a new Ising model, whose Hamiltonian is (𝐽/2)⟨𝜔, 𝜔⟩, which is the natural
complement of the nearest-neighbor ice model. We dub it the vorticity model for obvious reasons.
We shall find that the ground state of this model is a spin liquid phase similar to the Coulomb
phase, but now with the irrotational modes fully degenerate. We will find that this phase appears
to be a novel type of classical spin liquid hosting 1-dimensional string-like excitations rather than
0-dimensional point-like excitations.

Before we discuss the vorticity model in detail, it will be helpful to elaborate on the physics of
spin ice in a way that we have not discussed yet, but which will offer a helpful juxtaposition for
our discussion of the vorticity model. The ground states of spin ice obey the “ice rules”, with
two moments pointing in and two out of each tetrahedron of the pyrochlore lattice. In the 1-form
description, this is stated as the zero-divergence statement 𝛿1𝑆 = 0, which is equivalent in terms
of the Hodge decomposition to 𝑆irr = 0. Now, any purely rotational configuration can be written
as a linear combination of the form ��𝑆rot〉 = ∑︁

𝑝

𝑐𝑝𝛿2 |𝑝⟩ , (5.1)

for some coefficients 𝑐𝑝, where 𝑝 indexes the plaquettes of the lattice. The 1-form 𝛿2 |𝑝⟩ ≡ |𝜕𝑝⟩
represents a circulation around the boundary of the plaquette with each edge carrying unit
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magnitude, and zero on all other edges of the lattice. Alternatively, we could just as well use larger
loops. Any configuration of the form

|𝑆⟩ =
∑︁
𝐶

𝑐𝐶 |𝐶⟩ , (5.2)

where 𝐶 are some 1-dimensional cycles in the cellular complex, is a rotational configuration,
plus a harmonic part if some of the cycles wind around the holes of the complex. This fact is
exploited in the loop algorithm for spin ice [124, 125]: taking a hard spin configuration |𝑆⟩, where
each 𝑆(𝑒) = ±1, and identifying any oriented contour 𝐶 of head-to-tail spins (i.e. 𝑆(𝑒) = +1
along each edge in the oriented contour) then the spin configuration |𝑆⟩ − 2 |𝐶⟩ is another hard
spin configuration, where all spins are reversed along the contour, which has the same energy so
long as the rotational modes are degenerate. Thus the 2-in/2-out ground states of spin ice can be
decomposed non-uniquely into a superposition of closed, oriented strings [143]. The Coulomb
phase can therefore be described heuristically as a “soup of closed strings”.

On the other hand, excited irrotational modes are linear combinations of
��𝜕†𝑣〉. But since

the 0-dimensional excitations are emergent from the underlying 1-form field, it is not possible
to have an isolated point defect, it is always attached to another point defect by a 1-dimensional
string (see Fig. 1.1(a), which shows that a single spin flip creates two irrotational defects), i.e.
excited configurations can be written as linear combinations of open strings

∑
𝐿 𝑐𝐿 |𝐿⟩ which have

non-zero divergence only at their endpoints. The minimum excitation for a hard spin ground state
|𝑆⟩ = ∑

𝑒 𝑆(𝑒) |𝑒⟩ ∈ ker 𝛿1 is to flip a single spin 𝑆(𝑒) → −𝑆(𝑒), which is equivalent to adding to
the configuration −2 |𝑒⟩, which by itself is an open string along edge 𝑒. We can also take any open
string of head-to-tail spins |𝐿⟩ and flip it, |𝑆⟩ → |𝑆⟩ − 2 |𝐿⟩, which produces two defects, one
at either end. To sum up, the Coulomb phase is a soup of closed strings and its excitations are
created by breaking a string open, producing two point defects on the boundary of the string with
opposite divergence. The strings do not carry any energy, i.e. their string tension is zero, meaning
that the 0-dimensional excitations can be separated at no energy cost by making the string longer
and are deconfined (can be separated to infinite distance at finite energy cost). We will contrast
this with the vorticity model, which can be described as a “soup of closed membranes”, whose
excitations are 1-dimensional strings living on the boundary of an open membrane.

5.1 The Vorticity Model

The vorticity model is defined by the Hamiltonian

𝐻𝜔 =
𝐽𝜔

2
⟨𝑆, 𝛿2d1𝑆⟩ =

𝐽𝜔

2
⟨𝜔, 𝜔⟩2 =

𝐽𝜔

2

∑︁
𝑝

(∮
𝜕𝑝

𝑠

)2
, (5.3)
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with 𝐽𝜔 > 0 so that the ground states satisfy the zero-circulation constraint
∮
𝜕𝑝
𝑆 = 0 on every

plaquette. As such, this model is a natural complement of NNSI, and its low temperature phase
is therefore (at least naïvely) a complement to the Coulomb phase.1 As a spin model it can be
written as

𝐻𝜔 =
1
2

∑︁
𝑖 𝑗

𝑆𝑖J
(𝜔)
𝑖 𝑗
𝑆 𝑗 , (5.4)

where
J
(𝜔)
𝑖 𝑗

= 𝐽𝜔

[
6𝛿𝑖 𝑗 − 2A(1)

𝑖 𝑗
+A

(2)
𝑖 𝑗

−A
(3𝑏)
𝑖 𝑗

]
, (5.5)

where A
(𝑛,𝑠𝑛)
𝑖 𝑗

are further-neighbor adjacency matrices. The second and third-neighbors-type-𝑏
are depicted in Fig. 3.19. Thus the ground states of 𝐻𝜔 have zero circulation around every
plaquette. The space of ground states is therefore im d0 ⊕ 𝐻1, the space of irrotational and
harmonic configurations, i.e. ground states can be expressed as the gradient of a scalar function
plus a harmonic part, or in other words their HHD has zero rotational component. Our task for
this chapter is to investigate the thermodynamic properties of this model and to characterize this
exotic complementary Coulomb phase.

5.2 Band Structure, Long Wavelength Expansion, and Gaus-
sian Correlations

The bands of the interaction matrix 𝛿2d1 entering Eq. (5.3) are shown in Fig. 3.20, with two
dispersive rotational bands and two flat irrotational bands. Unlike the nearest-neighbor spin ice
model, the two dispersive bands are degenerate and the band touching point is fourfold degenerate.
This key distinction means that the all-in/all-out mode

∑
𝜇1 |0, 𝜇1⟩, which is the band maximum

of d0𝛿1 and thus the “most irrotational” mode, is a ground state mode in addition to the three
harmonic modes, which correspond to the bulk magnetization.

Let us consider the long-wavelength expansion of the Hamiltonian. We can follow the
procedure detailed in Section 2.5.2, but we do not need to do such detailed analysis since 𝛿2d1
shares eigenvectors with d0𝛿1, and in particular with the rotational and irrotational projectors
which we already obtained in Section 3.4.2. In particular, we know that the eigenvectors
of the two rotational bands at long wavelength are given by the two components of the curl∑
𝜇1 ( 𝒒̂ × 𝜹𝜇1) |𝒒, 𝜇1⟩. Therefore, we can immediately deduce the long-wavelength form of the two

1To wit: the Coulomb phase of NNSI is characterized by zero divergence, while the zero-temperature phase of the
vorticity model is characterized by zero curl.
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quadratically dispersing rotational bands,

𝐻 ∝ 𝐽𝜔

2

∑︁
𝒒

|𝒒 × 𝑩(𝒒) |2, (5.6)

where 𝑩(𝒒) =
∑
𝜇1 𝜹𝜇1 ⟨𝒒, 𝜇1 |𝑆⟩, which should be contrasted with the expansion for nearest-

neighbor spin ice containing |𝒒 ·𝑩 |2. If we perform the same long-wavelength expansion procedure
laid out in Section 2.5.2, this corresponds to an action

𝛽𝐻 ∼ 1
2

∫
d3𝒓

[
𝜆0(𝑄2 + |𝑩 |2) + 𝜉2 |∇ × 𝑩 |2

]
, (5.7)

where 𝜉 = 8𝑎
√
𝛽𝐽, where 𝑎 is the pyrochlore nearest-neighbor distance.2 Notice that there is a key

distinction here between this expression and Eq. (2.91): the presence of𝑄2. In spin ice there is only
one quadratically dispersing band from the harmonic threefold band touching point, corresponding
to the divergence of 𝑩, and the upper irrotational band corresponding to 𝑄 can be integrated out
at low energies. Here the two physical components of ∇ × 𝑩 form two degenerate quadratically
dispersing bands from a fourfold band touching point, and 𝑄 and ∇ · 𝑩 are the coarse-grained
eigenmodes of the two flat irrotational bands; there is no upper band to be integrated out.

In the SCGA, the zero-temperature correlation matrix simply becomes proportional to the
projector to the irrotational bands, G → 𝜆−1

0 (Pim d0 + P𝐻
1). In Fig. 5.1 we show the structure

factors computed in the SCGA for the vorticity model, which should be directly compared to
those in Fig. 2.16 for NNSI. At low temperature, the two are essentially just inverted, since the
correlation matrix for NNSI at zero temperature is 𝜆−1

0 (Pim 𝛿2 + P𝐻
1). We observe that the pinch

points now run in the opposite direction, i.e. these are “longitudinal” pinch points, being pinched
along the transverse directions. In Fig. 5.2 we show a 3 dimensional visualization of the pinch
point at (220), which can be contrasted with Fig. 2.17(b).

The other difference is the presence of peaks in the “hollowed out” regions, such as those
clearly visible in the (ℎ𝑘0) SF structure factor and especially those in the (ℎℎ𝑙) NSF. At zero
temperature these peaks reflect the 𝒒 = 0 part of the correlation function, and appear at every zone
center. In spin ice, these peaks would sit directly at the center of each pinch point, and some of the
peaks would be suppressed by the removal of the zero-momentum AIAO mode which corresponds
to the band maximum in the interaction matrix. In this model, all four bands are degenerate at
𝒒 = 0, including the AIAO mode, and therefore we get a peak at every zone center, including the
ones where they would be absent in spin ice. Note in particular the (ℎℎ𝑙) NSF channel. We know
from the results of Chapter 4 that this is only sensitive to the rotational modes and two of the three

2Note this is eight times the lengthscale obtained for NNSI.
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Figure 5.1: Structure factors for the vorticity model computed in the SCGA, which should be
contrasted with those of the nearest neighbor spin ice model in Fig. 2.16.
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Figure 5.2: The (220) pinch point in 𝑆𝑄 (𝒒) for the vorticity model at 𝑇/𝐽𝜔 = 0.01, demonstrating
that the pinch is along two directions, corresponding to the suppression of the two rotational
modes, and intensity remains along the longitudinal direction. Compare to Fig. 2.17(b)

harmonic modes away from 𝒒 = 0. The intensity at 𝒒 = 0 approaches 8/3 at zero temperature
just like in spin ice, but away from zone center is completely suppressed as the rotational modes
thermally depopulate. At higher temperature, where the lower energy long wavelength rotational
modes begin to populate we can observe that these peaks begin to broaden. The peaks in the other
structure factors broaden at higher temperatures for the same reason.

Clearly, within the SCGA, the low temperature phase is akin to a Coulomb phase, with the
roles of the rotational and irrotational modes swapped, though there is the important difference
that all four bands contribute in the low-energy long-wavelength limit, including the AIAO
mode. This classical spin liquid phase appears to be quite exotic when contrasted with the usual
Coulomb phase, which is analogous to an incompressible fluid, where spins form closed loops
with zero-dimensional excitations acting as sources of local divergence. In this phase instead, the
divergence is entirely unconstrained and free to fluctuate, and the “field lines” never form closed
loops. Indeed we can easily compute the correlations of the local divergence, since G is simply
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𝜆−1
0 Pim d0 in the irrotational sector

⟨(𝛿1𝑆) (𝑣)𝛿1𝑆(𝑣′)⟩ =
〈
𝜕†𝑣

��G ��𝜕†𝑣′〉 (5.8)
= 𝜆−1

0
〈
𝜕†𝑣

�� d0(Δ0)−1𝛿1
��𝜕†𝑣′〉 (5.9)

= 𝜆−1
0 ⟨𝑣 | (𝛿1d0) (𝛿1d0)−1(𝛿1d0) |𝑣′⟩ (5.10)

= 𝜆−1
0 ⟨𝑣 | (Δ0) |𝑣′⟩ , (5.11)

so the divergence-divergence correlations are just given by the matrix elements of the scalar
Laplacian. The corresponding divergence-divergence correlation structure factor that we defined
in Eq. (3.183) looks just like like the high-temperature limit of Fig. 3.15 times 𝜆−1

0 (since in the
high-temperature limit the correlation matrix becomes the identity). Thus, the divergence appears
to be maximally disordered at all temperatures (despite the long range correlations of the spins
themselves). That is to say, the irrotational modes remain paramagnetic at all temperatures, just as
the rotational modes of spin ice remain paramagnetic at all temperatures.

5.3 The 2-Coulomb Phase: Membranes and Vortex Strings

One might be tempted to describe this phase as a “charge soup”,3 where the local divergence
fluctuates randomly. In this section we will demonstrate that in fact there is a better interpretation
as a “membrane soup”, and that the excitations of this phase are 1-dimensional vortex strings. To
obtain this description we will need to invoke Hodge duality, the duality between 𝑘-forms and
(𝑑 − 𝑘)-forms, and make full use of the dual cell complex construction described in Section 3.1.16.

5.3.1 Hodge Duality: Spins as 2-Forms

As we discussed at the beginning of this chapter, purely rotational configurations which form the
ground state of the nearest-neighbor spin ice model can be expressed as linear combinations of
circulations around minimal plaquettes, i.e. we can express Eq. (5.1) as��𝑆rot〉 = ∑︁

𝑝

𝑐𝑝 |𝜕𝑝⟩ . (5.12)

3We will not use term “monopole” here, which we reserve to describe the excitations in spin ice. If we were to
be extremely precise, it would be appropriate to reserve the term “monopole” only to describe the (in principle)
physically observable, localized and isolated excitations in spin ice, which are renormalized by hard spin constraint
and interaction with the bath of fluctuating rotational modes. The word “charge” is only meant to evoke the notion of
the local divergence defined in the Hodge theory.
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(a) (b)
Figure 5.3: (a) A “star” of the diamond lattice cell complex, the arrows represent the 1-form d0 |𝑣⟩,
where each edge carries unit magnitude. (b) Every vertex (0-cell) sits at the center of a volume
(3-cell) of the dual cell complex, and each edge (1-cell) passes through the center of plaquette
(2-cell) of the dual complex.

In continuum vector calculus this would be equivalent to saying that a rotational vector field can
be written locally as the curl of vector potential, and in the language of differential forms the
statement that a rotational 1-form can be written as the coexterior derivative of a 2-form. We need
not only use minimal plaquettes in the discrete case however—any rotational configuration can be
expressed as linear combinations of circulations around the boundary of an open membrane 𝑚,��𝑆rot〉 = ∑︁

𝑚

𝑐𝑚 |𝜕𝑚⟩ ≡
∑︁
𝑚

𝑐𝑚𝛿2 |𝑚⟩ , (5.13)

where 𝑚 is an oriented surface. |𝑚⟩ can be be written as a linear combination of the plaquettes
|𝑝⟩ making up the surface, |𝑚⟩ = ∑

𝑝∈𝑚 |𝑝⟩. Then in 𝛿2 |𝑚⟩ = |𝜕𝑚⟩ = ∑
𝑝∈𝑚 |𝜕𝑝⟩, the circulation

around the boundary of each interior plaquette 𝑝 cancels with its neighbors, leaving only the
circulation on the boundary.

Let us consider the equivalent statement for irrotational modes. An irrotational configuration
can be expressed as the coboundary of vertices,��𝑆irr〉 = ∑︁

𝑣

𝑐𝑣
��𝜕†𝑣〉 ≡ ∑︁

𝑣

𝑐𝑣d0 |𝑣⟩ . (5.14)
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We will refer to the coboundary of a single vertex as a “star,” as depicted in Fig. 5.3(a). In
vector calculus this would be the statement that an irrotational vector field can be expressed as
the gradient of a scalar function. Then what is the analog of Eq. (5.13) for irrotational modes?
Intuitively we would need to “glue” stars together along their edges to form a larger network, in
which all of the “interior” edges cancel out. But this clearly does not have a continuum analog and
it is not obvious how to interpret the remaining non-cancelling edges.

A more intuitive formulation can be constructed by invoking the dual cell complex, associating
each 𝑘-cell of the complex with a (𝑑 − 𝑘)-cell of the dual complex. Then the coboundary of the
original complex becomes the boundary on the dual complex. In the case of the diamond lattice,
its dual is another diamond lattice, illustrated in Fig. 5.3(b) for a single star. The vertices of the
original lattice map to 3-cells of the dual complex, and the edges of the original lattice map to
plaquettes of the dual lattice. The star of the original complex then becomes a closed, oriented
surface in the dual complex, the boundary of a dual 3-cell.

Let us therefore switch our perspective and think of our fundamental degrees of freedom not
as a 1-form field on the original cell complex, but rather a 2-form field on the dual cell complex.
The divergence 𝛿1 then becomes d̃2 on the dual lattice, where we use a tilde to denote the chains,
cochains, and linear operators of the dual lattice. We can map back and forth between the two
descriptions by orienting each dual 2-cell extrinsically in the same way as the 1-cell passing
through it, so that the dual 2-form 𝑆 has value 𝑆(𝑝) = 𝑆(★−1𝑝), where ★ is a Hodge star operator
which maps each oriented 𝑒 in the primary complex the oriented plaquette 𝑝 in the dual complex.4

Utilizing the Hodge duality, we can now construct the irrotational analogue of Eq. (5.13),��𝑆irr〉 = ∑︁
𝑣

𝑐𝑣
��★−1(𝜕 (★𝑣))

〉
. (5.15)

To read this, ★𝑣 is a dual 3-cell (volume) surrounding vertex 𝑣 (Fig. 5.3(b)), 𝜕 (★𝑣) is the oriented
surface of this 3-cell in the dual lattice, amd ★−1(𝜕 (★𝑣)) is then the “star” surrouding vertex 𝑣
(Fig. 5.3(a)). Written in terms of the dual 2-form field 𝑆, we have��𝑆irr〉 = ∑̃︁

𝜏

𝑐★−1𝜏

��𝜕𝜏〉 , (5.16)

where the sum is over the 3-cells of the dual complex, 𝜕𝜏 is the boundary of the 3-cell, and ★−1𝜏
is the corresponding vertex in the primary complex. That is, if we interpret our spin degrees of

4As we used it here, we defined ★ to act on chains. We could equivalently define a ★ acting on cochains and write
𝑆 ≡ ★𝑆, which would be more akin to the Hodge star appearing in differential geometry and Hodge theory, but we
will use it this way to emphasize the relationship between the 𝑘-cells of the primary complex the (𝑑 − 𝑘)-cells of the
dual complex
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freedom as a 2-form on the dual complex, then the irrotational configurations can be written as a
linear combination of closed membranes which are the boundaries of contiguous volumes in the
dual lattice.

What about the harmonic components? Harmonic 1-forms satisfies the Laplace equation
Δ1𝛾 = 0 and cannot be expressed as being supported on the boundary of an open surface such as
Eq. (5.13), since they integrate to non-zero values on a non-trivial 1-cycle which is not a boundary
of any surface. Similarly, a harmonic 2-form is an element of kerΔ2 and integrates to a non-zero
value on non-trivial 2-cycles, surfaces winding around the 2-dimensional holes of the system.
Therefore the harmonic portion of the spin configuration can be expressed as a linear combination
of closed membranes wrapping around the holes of the complex.

5.3.2 The 2-Coulomb Phase: A Soup of Closed Membranes

With the dual complex and the Hodge duality in hand, we can now characterize the spin liquid
ground state of the vorticity model, which we will call the 2-Coulomb phase. In the regular
Coulomb phase of spin ice, spins are treated as 1-forms and ground states obey the zero-divergence
condition 𝛿1𝑆 = 0. The ground state subspace is ker 𝛿1 = im 𝛿2 ⊕ 𝐻1, the space of rotational and
harmonic modes, and spin configurations can be decomposed non-uniquely into a superposition
of closed strings. In the 2-Coulomb phase, we can also interpret spins as a 1-form field obeying
the zero-curl constraint d1𝑆 = 0, which states that 𝑆 has zero circulation around every contractible
1-cycle of the lattice, and the ground state subspace is im d0 ⊕ 𝐻1, the space of irrotational and
harmonic modes. Alternatively, we can interpret spins as a 2-form field on the dual complex,
obeying the dual constraint 𝛿2𝑆 = 0, in which case the ground state subspace is ker 𝛿2 = im 𝛿3 ⊕ 𝐻̃2,
and spin configurations can be decomposed non-uniquely into a superposition of closed membranes
on the dual complex.

Note that it is quite useful to be able to pass back and forth between treating spins as 1-forms or
2-forms. In the 2-form picture it is clear that ground states are superpositions of closed membranes,
which is unclear in the 1-form picture, but the constraint is easier to read in the 1-form picture. In
particular the constraint d1𝑆 = 0 immediately tells us that d1𝑆(𝑝) = 𝑆(𝜕𝑝) = 0, the circulation
around any plaquette is zero (and more generally around any 1-cycle). The equivalent statement
in the 2-form picture is 𝛿2𝑆(𝑒) = 𝑆(𝜕†𝑒) = 0, which has a less intuitive (though equivalent)
interpretation. In fact the 2-form picture is perfectly applicable to spin ice as well as the vorticity
model: the zero-divergence constraint 𝛿1𝑆 is equivalent to d̃2𝑆 = 0, or 𝑆(𝜕𝜏) = 0, which says that
the 2-form integrates to zero on closed 2-cycles, i.e. the flux through any closed surface in the
dual lattice is zero!5 There is only one example in the literature that we are aware of where such a

5This also serves as a very simple proof of an observation originally made by Henley [136] that the lattice can be
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(a) (b) (c)

Figure 5.4: (a) The minimal excitations of the vorticity models are vortex tube. The vorticity
2-form 𝜔 = d1𝑆 measures the circulation around each plaquette of the direct lattice. Its Hodge dual
𝜔̃ is a 1-form on the dual lattice. Flipping a single spin (center, red arrow) in the 2-form description
creates a flux through a single plaquette of the dual complex (blue hexagon), and 𝜔̃ = 𝛿2𝑆 encodes
the corresponding circulation around this dual plaquette (red arrows). (b) A closed membrane
consisting of twelve dual plaquettes, where all twelve spins have the same orientation relative
to the membrane surface. Flipping these spins will result in a new configuration with the same
energy. (c) An open oriented membrane. Flipping this membrane in the ground state results in an
closed string excitation localized along the boundary with energy proportional to its length. In the
direct lattice this excitation is a vortex tube.

perspective was taken (implicitly), by Ref. [168], who treats spins to be associated to a plaquette
of the dual lattice, defines a vector potential on the edges of the dual lattice, and matter fields on
the vertices of the dual lattice.

5.3.3 Open Membranes and Vortex Tubes

Let us now consider the excitations. In spin ice, the excitations are described by the 0-form
𝑄 = 𝛿1𝑆, the divergence of 𝑆. The minimal excitation is a single spin flip, which in the Coulomb
phase creates a pair of opposite charges at the ends of the corresponding bond, or alternatively
flipping an open string of head-to-tail spins, with opposite charges localized at the boundary of

partitioned into parallel planes such that the sum of spins in each plane alternates. We simply observe that any such
pair of planes is the boundary of a slab in the dual complex, and therefore the flux through the planes must be equal
and opposite.
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the string. It is never possible to create just a single excitation, they are always created pairwise
at the end of a string, and one end of the string must run off to infinity to leave behind a singe
deconfined excitation.

In the vorticity model the excitations are plaquettes with non-zero vorticity, but such a plaquette
cannot be isolated. If we start from a ground state with zero circulation on every plaquette and
flip a single spin, we will create a non-zero circulation on six plaquettes containing the edge that
spin is on. Specifically, these six plaquettes make up the coboundary of the edge, 𝜕†𝑒. This is
depicted in Fig. 5.4. The structure of these excitations is much clearer in the dual picture, where
the vorticity 2-form 𝜔 becomes a dual 1-form 𝜔̃ = 𝛿2𝑆. Flipping a spin corresponds to adding
to the 2-form spin configuration −2 |𝑝⟩, and the induced vorticity is the circulation around the
boundary of 𝑝, depicted in Fig. 5.4. We can also flip a larger open membrane where all spins are
oriented in the same direction, the resulting excitation is then an oriented closed string localized
along the boundary of the membrane along the edges of the dual lattice. In the original lattice this
string pierces a sequence of hexagons, each of which has non-zero vorticity, so the excitation is a
vortex tube, analogous to a vortex ring in a liquid. Since the Hamiltonian is (𝐽𝜔/2)∑𝑝 𝜔(𝑝)2,
the energy of this excitation is proportional to its length, with every hexagon with non-zero 𝜔
contributing.

To summarize, the 2-Coulomb phase is most clearly understood by treating spins as a 2-form
field in the dual lattice. Ground state configurations decompose non-uniquely into a superposition
of closed membranes, and thus the ground state manifold can be described as a “membrane
soup”. Excitations are created by flipping spins forming an oriented open membrane, and the
physical excitation is a vortex tube localized along the boundary of this surface, whose energy is
proportional to its length. This contrasts to the standard Coulomb phase (or “1-Coulomb phase”)
where spins can be treated as a 1-form field, the ground state manifold is a “soup of closed strings”,
and excitations are created by flipping oriented open strings, with energy proportional the size
of their boundary, which is independent of the length of the string. The vortex tubes of the
2-Coulomb phase are thus confined, and can not be made arbitrarily large for finite energy cost.

5.4 Thermodynamics with Hard Spins

We now turn to studying the hard spin Ising vorticity model. In the SCGA the ground state of the
vorticity phase is clearly complementary to the Coulomb phase, and the correlators are trivially
inverted, swapping irrotational and rotational modes. In spin ice and the traditional Coulomb
phase, the SCGA provides a very good description of the hard spin model, with extremely small
corrections captured by a 1/𝑁 correction. In contrast, we will find that the physics of the hard spin

162



vorticity model is remarkably modified, and in fact exhibits a highly non-trivial phase transition at
finite temperature, despite having a spin liquid ground state.

5.4.1 Monte Carlo Cluster Updates: Membrane Moves

We will utilize Monte Carlo as our primary tool to investigate the hard spin model. As with spin
ice, single spin flips are sufficient at high temperature, but the autocorrelation time grows rapidly
at low temperature as we approach the highly correlated spin liquid phase, and cluster updates are
necessary to maintain ergodicity on a reasonable timescale. The standard method for studying the
Coulomb phase of spin ice is the loop move, flipping a closed loop of head-to-tail spins, which only
modifies the spin configuration in the rotational sector. [125] In the vorticity model the ground
states can be decomposed into a superposition of closed surfaces in the dual lattice, where every
spin has the same orientation relative to the surface (i.e. the surface is fully polarized, just as an
oriented loop is fully polarized). Flipping all of the spins on such as surface modifies the spin
configuration only in the irrotational sector, and thus does not change the energy of the system.
Therefore ideally we would like to have a “membrane algorithm” which finds such closed surfaces
and flips them. Unfortunately this is remarkably more difficult than the loop algorithm.

The loop algorithm amounts to a constrained random walk on the 1-skeleton of the cell
complex. Starting from a single vertex, one makes a random choice of edge to walk along, then
continues this process, always choosing an exit edge with the same relative spin orientation as the
spin on the incoming edge, so that the walk traces an oriented contour of spins. The walk ends
when we either re-intersect the path, in which case we discard the dangling portion of the path
before the intersection point, or we continue until we arrive back at the starting point [125, 143].

Attempting to grow a two-dimensional surface by this method is far more complicated.
Working with the dual plaquettes, for each of the six edges of the plaquette there are five other
plaquettes sharing that edge, each of which is a possible continuation of the surface, and we must
choose a random one with the same orientation as the starting plaquette. We would then continue
this way along the boundary of the surface constructed thus far, but since the surface is not one
dimensional there are many directions to grow in. Finding a closed surface by this method is
extremely unlikely, and it is possible to eventually end up in a position where one edge has no
valid extensions to grow the surface on and this “membrane growing” algorithm fails. A typical
resulting surface is depicted in Fig. 5.4(c). The largest closed surface that we find is shown in
Fig. 5.4(b), which consists of twelve plaquettes, but even finding these surfaces is very rare and
the vast majority of the time the algorithm fails to find a closed surface.

The ideal cluster algorithm that we would like to have would be the generalization of the
one introduced in Ref. [128] for nearest-neighbor spin ice, which works at all temperatures and
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achieves the decomposition of spin configurations into a superposition of strings, both open
and closed, in a stochastic manner. The basic idea of the method is to exploit the fact that the
Hamiltonian splits into a sum over tetrahedra in order to assign a decomposition of the four spins
on each tetrahedron into clusters with temperature-dependent weights for each possible cluster. If
we could generalize the algorithm to the vorticity model, it would decompose spin configurations
into a superposition of open and closed oriented membranes. Unfortunately, despite the fact
that the vorticity Hamiltonian splits into a sum over plaquettes, we find that the straightforward
generalization of this method fails.6

Fortunately, not all is lost. We already know what the minimal membranes are: they consist of
four dual plaquettes as shown in Fig. 5.3(b), corresponding in the direct lattice to a star. In spin
ice, such a fully-polarized membrane corresponds to an all-in or all-out tetrahedron, i.e. a double
charge. Thus finding any vertex which is fully polarized, we can flip the four spins from all-out to
all-in or vice versa to obtain another configuration with the same energy. We refer to this as a star
move. Thus, for our simulations of the vorticity model, we will utilize both single spin flips plus
zero-energy star moves.

Note that this means that there will be one primary limitation on the conclusions we can draw
from our Monte Carlo simulations: we cannot update the harmonic sector, which would require that
we flip a non-trivial surface winding around the periodic boundaries of the system, which would
change the bulk magnetization. Since flipping a single spin changes the rotational, irrotational, and
harmonic components of the spin configuration (cf. Fig. 3.14), the the algorithm is in principle still
ergodic, but single spin flips will be exponentially suppressed at low temperature. A single spin flip
excitation from the ground state creates a loop excitation consisting of six hexagons with vorticity
𝜔(𝑝) = ±2, and therefore the energy of this minimal excitation is (𝐽𝜔/2) · 6 · (±2)2 = 12𝐽𝜔, so
at low temperatures the probability of acceptance of a single spin flip will be exp(−12𝐽𝜔/𝑇).
Furthermore, in order to create a harmonic update, we would need to create a loop excitation
bounding a plaquette of the dual lattice, and then grow it to the system size so that it wraps
around the periodic boundaries and closes again. Therefore, at sufficiently low temperature, and
in particular at zero temperature, single spin flips and star moves are not ergodic and will never
achieve harmonic updates.

5.4.2 Specific Heat: An Unexpected Phase Transition

The first thermodynamic measurement we make is the specific heat. In spin ice the specific
heat exhibits a broad hump without any sharp peak, and the Coulomb phase is continuously
connected to the paramagnetic phase without a phase transition between them. We show the

6Specific, the equations for the weights of the various “breakups” do not admit solutions.
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(a) (b)

Figure 5.5: Specific heat per spin of the vorticity Ising model as a function of temperature in
units of 𝐽𝜔, measured in Monte Carlo simulations at various systems sizes varying from 𝐿 = 6
to 𝐿 = 32. (a) Broad temperature range with 105 sampled spin configurations per temperature,
showing a sharp peak which grows with system size, indicating a phase transition. (b) Detailed
structure of the peak at various system sizes with 107 samples per temperature.

Figure 5.6: Entropy per spin computed from the Monte Carlo specific heat data, using 𝐿 = 32 data
for temperatures near the specific heat peak and 𝐿 = 20 data away from the peak. The red line
shows 𝑆(∞) = ln(2). For 𝑇/𝐽𝜔 > 100 the entropy is estimated by fitting the high-temperature tail
of the specific heat, yielding a very small contribution of 𝑆(∞) − 𝑆(100𝐽𝜔) ≈ (2.7 ± 0.1) × 10−4.
The green line shows Pauling’s estimate of (1/2) ln(3/2) ≈ 0.202733, while we obtain a slightly
larger value of 𝑆(0.1𝐽𝜔) ≈ 0.2061 ± 0.0001.
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measured specific heat per spin for the vorticity model in Fig. 5.5(a) over a broad temperature
range for system sizes ranging from 𝐿 = 6 to 𝐿 = 32, and immediately notice that there is a very
prominent and sharp peak at a temperature 𝑇 ∼ 𝐽𝜔. In Fig. 5.5(b), we show the details of the
peak, which grows with system size, which seems to imply a phase transition at a temperature
𝑇𝑐/𝐽𝜔 ∼ 1.155. Thus clearly the hard spin physics of this model is more complicated than that of
NNSI, which exhibits only a smooth crossover from the high-temperature paramagnetic phase to
the low-temperature Coulomb phase.

Before we look at correlations to investigate this phase transition, we consider briefly the
ground state entropy to check whether we indeed have a spin liquid phase which we spent so
much time discussing, despite this apparent transition. In Fig. 5.6 we show the entropy per spin
computed from the specific heat data measured in Monte Carlo, using

𝑆(𝑇) = 𝑆(∞)︸︷︷︸
ln(2)

+
∫ 100𝐽𝜔

∞
d𝑇

𝑐(𝑇)
𝑇︸               ︷︷               ︸

−(2.7±0.1)×10−4

+
∫ 𝑇

100𝐽𝜔
d𝑇

𝑐(𝑇)
𝑇

, (5.17)

where the change in entropy from 𝑇 = 100𝐽𝜔 (the highest temperature measured in Monte Carlo)
to infinite temperature is estimated by fitting the high-temperature tail of the specific heat 𝑐(𝑇)
and yields a negligible contribution. The entropy per spin at 𝑇 = 0.1𝐽𝜔, the lowest temperature
measured in Monte Carlo, is found to be 0.2061 ± 0.0001, which is remarkably close to Pauling’s
estimate of (1/2) ln(3/2) ≈ 0.202733 for water ice [169]. The reason for this is not immediately
clear, since Pauling’s estimate can be computed by a simple counting argument based on corner
sharing tetrahedra, for each of which 6/16 Ising configurations are ground states, while the
vorticity model is a model of edge-sharing hexagons, for which 20/64 spin configurations are
ground states (6 choose 3, since three spins must be opposite the remaining three to have zero
circulation). Standard methods for computing the entropy for spin ice rely on graph theoretic
methods [170] which do not work for the vorticity model due to the edge-sharing nature of the
plaquettes. A more detailed analysis of the ground state entropy and its closeness to Pauling’s
estimate is certainly warranted here.

5.4.3 Structure Factors Above the Transition

We now turn to an analysis of the spin-spin correlations, which we will compare to the naive
calculations from the SCGA shown in Fig. 5.1. In Fig. 5.7 we show the same structure factors
as measured in Monte Carlo for a system of size 𝐿 = 16 averaged over 105 samples for three
temperatures above the putative critical temperature indicated by the specific heat peak. Note these
temperatures are significantly lower than the 12𝐽𝜔 energy cost of the minimal vorticity excitations,
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Figure 5.7: Structure factors computed at three temperatures above 𝑇𝑐/𝐽𝜔 ∼ 1.15 in Monte Carlo
for 𝐿 = 16 with 105 samples, and at 𝑇/𝐽𝜔 = 0.01 in the Large-𝑁 with the 1/𝑁 correction.
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meaning that at this temperature the rotational modes should already be strongly suppressed. At
𝑇/𝐽𝜔 = 2 the correlations are qualitatively similar to those of the SCGA seen in Fig. 5.1. At
𝑇/𝐽𝜔 = 1.4 we can observe some spectral weight has shifted towards zone centers, for example
at (000) in 𝑆𝑄 (𝒒), (220) in the (ℎℎ𝑙) SF channel, (220) in the (ℎ𝑘0) NSF channel, and perhaps
most prominently at (200), (020), and (002) in the longitudinal channel. These regions of higher
intensity are Lorentzian peaks forming above the phase transition. At 𝑇/𝐽𝜔 = 1.2, close to the
transition, the peak intensity increases rapidly as these Lorentzians begin to sharpen into Bragg
peaks.

At the bottom of Fig. 5.7 we also show the order 1/𝑁 corrected Large-𝑁 structure factors. In
constrast to NNSI, the 1/𝑁 correction exhibits a significant increase in intensity near the same
positions as observed in Monte Carlo, though with much broader widths. It compares fairly well
with the intermediate temperature 𝑇/𝐽𝜔 = 1.4 structure factors, before these peaks sharpen nearer
to the transition. Thus we can at least conclude that the deviation of the Monte Carlo results from
the SCGA is likely driven by the spin length constraint, and is at least to some extent qualitatively
reproduced in a 1/𝑁 expansion. It would interesting to see if the 1/𝑁2 corrections can produce
an improved agreement. The 1/𝑁 correction to the correlation function appears as a radiative
correction (see Appendix C for details), and such radiative corrections are famously known to
drive symmetry breaking in field theories, called the Coleman-Weinberg mechanism [171].

5.4.4 AIAO Order by Disorder: Symmetry Breaking Coexisting with a Spin
Liquid

In Fig. 5.8 we again show the same structure factors but now just below 𝑇𝑐 at 𝑇/𝐽𝜔 = 1.0. We can
see clear sharp Bragg peaks at zone centers indicative of long-range order. However, we can also
observe intensity in the background behind the peaks (note the color scale has been adjusted to
highlight the lower-intensity background). This background intensity is qualitatively the same
as the SCGA correlations and the intensity above 𝑇𝑐, indicative of a spin liquid coexisting with
long range order, which is consistent with our finding of a non-zero ground state entropy. But
what is the nature of the long range order indicated by these peaks? On the bottom of Fig. 5.8 we
show the same structure factors computed for the AIAO ordered state, divided by 𝐿3. They appear
in the same locations and with the same relative intensities as those observed in the hard spin
vorticity model below 𝑇𝑐. This very strongly suggests that the symmetry breaking that we observe
in the vorticity model corresponds to AIAO order.

We define the AIAO order parameter as

𝜙 =
1

4𝑁𝑣

∑︁
𝑣

(−1)𝑣 ⟨𝑣 | 𝛿1 |𝑆⟩ , (5.18)
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Figure 5.8: Top: Structure factors for the vorticity model at 𝑇/𝐽𝜔 = 1.0, just below the transition
at 𝑇𝑐/𝐽𝜔 ∼ 1.15, for 𝐿 = 16 with 105 samples. Bottom: the corresponding structure factors for
the fully ordered AIAO state, with intensity divided by 𝐿3. Bragg peaks for the vorticity model
below 𝑇𝑐 appear at the positions and with the relative intensities expected for AIAO order, but their
intensity contains only a fraction of the total spectral weight, and we can still see the spin liquid
correlations in the background. Note that we have scaled the color bar intensity logarithmically to
highlight the low-intensity background in the top panels.
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(a) (b)

Figure 5.9: All-in-all-out order parameter as a function of temperature for system sizes varying
from 𝐿 = 6 to 32. (a) Broad temperature range with 105 sampled spin configurations per
temperature, showing that the order parameter saturates , indicating a phase transition. (b) Detailed
structure of the peak at various system sizes with 107 samples per temperature.

where we take all vertices given the same orientation and (−1)𝑣 has opposite sign on the 𝐴 and 𝐵
diamond sublattices (alternatively, orient all vertices on ones sublattice “in” and all vertices on the
other sublattice “out”). This is ± for the all-in or all-out configurations. If we take the standard
convention that edges are oriented from diamond sublattice 𝐴 to 𝐵 then we can write the order
parameter as

𝜙 =
1
𝑁𝑒

∑︁
𝑒

𝑆(𝑒) (𝑒 : 𝐴→ 𝐵), (5.19)

which is +1 if all spins are oriented 𝐴→ 𝐵 and −1 if all spins are oriented 𝐵 → 𝐴. In Fig. 5.9 we
show the absolute value of the AIAO order parameter measured for system sizes varying from
𝐿 = 6 to 32 as a function of temperature. In Fig. 5.9(a), we can see that it does indeed go to
a non-zero value at low temperatures, but we notice two things: first, it does not go to +1 at
low temperature, and for larger systems saturates around 0.06, indicating that the system is only
partially ordered. We also note that the low-temperature value is not always consistent across
different runs. This is likely due to ergodicity breaking: the AIAO configuration is in the zero
magnetization sector, but the system may get stuck in a sector of non-zero magnetization when
cooling, and thus the order parameter may saturate to different values depending on the run. In
Fig. 5.9(b), we show the behavior of the order parameter near the transition, where it appears to
approach zero above 𝑇𝑐 in the thermodynamic limit. The results are indistinguishable whether
we warm the system (starting from the AIAO configuration) or if we cool from the paramagnetic
phase.
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The existence of all-in-all-out symmetry breaking is quite surprising in this system, and the
reason for it is not at all obvious. The AIAO state is the ground state of the pyrochlore Ising
ferromagnet,7 but the physics of the vorticity AIAO transition is not clearly connected to the
3D Ising ferromagnet transition. Consider an Ising ferromagnet in its ground state, where every
spin is parallel and every nearest-neighbor pairwise interaction −𝑆1𝑆2 is minimized. Flipping
a single spin costs energy for each bond which is no longer satisfied, and flipping a cluster of
neighboring spins creates a defect all along the boundary of the flipped cluster. Starting from one
symmetry broken ground state we must nucleate a defect (a “bubble”) and grow it to be as large as
the system in order to flip the system from all-up to all-down. But growing the defect costs energy
proportional to the area of its boundary, which grows with the size of the defect. Note that the 3D
Ising ferromagnet can therefore be described as a 3-form field, where spins are associated to the
𝑑-dimensional volumes of a cell complex,8 then the excitations are described by a 2-form 𝛿2𝑆.
The Ising ferromagnet transition can thus be understood as the vanishing of a surface tension.

This is very different from the vorticity model description in terms of a 2-form field with
1-dimensional excitations, though in both cases the excitation energies scales with their size.
It seems plausible that the vorticity phase transition is also linked to the confinement of these
1-dimensional excitations, and perhaps the transition can be understood as the vanishing of a string
tension [172]. But it seems that despite the phase transition having the same order parameter as
the 3D Ising ferromagnet, their universality classes are not guaranteed to be the same, and indeed
on the low temperature side of the vorticity transition we still have a spin liquid with extensive
entropy.

Even more importantly, unlike the ferromagnet, the two AIAO symmetry-broken ground states
are connected by a sequence of local zero energy fluctuations. Specifically, if we start from the
all-in configuration and apply a star move on every star centered on the 𝐴 (or 𝐵) sublattice of
the diamond lattice, then we arrive at the all-out configuration, and at every step in between the
system is in a ground state. This is remarkably different from the 3D ferromagnetic transition! But
it is somewhat reminiscent of the phenomenon of order by disorder [173–175], which is usually
studied in the context of a systems with a continuously degenerate ground state. In the standard
order by disorder story, at zero temperature the system has a continuous manifold of ground states
to explore which are energetically degenerate, but at finite temperature the system can maximize
its entropy by selecting a subset of sates in the ground state manifold about which there are more
low-energy states available.

7By this we mean the Ising model on the pyrochlore lattice with 𝐻NNFM = −𝐽∑
⟨𝑖 𝑗 ⟩ 𝑆

𝑧
𝑖
𝑆𝑧
𝑗
, with quantization

axes taken with the standard 𝐴 → 𝐵 orientation and 𝐽 > 0 so that the ground states are the two AIAO ordered
configuration.

8Of course we can also treat it as a 0-form field by Hodge duality, with spins located at vertices, but the excitations
are better understood if we treat the spins as a top-dimensional form.
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Indeed we can observe that the AIAO states are the maximally flippable states for star moves,
since every star can be flipped. But as soon as we have flipped one star, the four surrounding
vertices are no longer fully polarized and can no longer be flipped. Thus, while there is a specific
sequence of zero energy star moves we can apply to get from one symmetry broken ground state to
the other, applying a star move to every star in a single diamond sublattice, this “bridge” between
the two AIAO configurations becomes obstructed if we start flipping stars in the other sublattice.
Thus we can heuristically say that there is a subextensive bottleneck in the ground state manifold
connecting the two AIAO ground states, and while in principle it is possible to get from one to
the other by applying only local zero energy updates to the system, it is practically forbidden in
a thermodynamic system by the intermediate states in the “bottleneck” forming a subextensive
set of states contributing zero entropy, such that the probability of the system ever transitioning
from one AIAO ground state to the other goes to zero in the thermodynamic limit. This is only
a heuristic conjecture, at present we don’t have a precise definition of this bottleneck or how to
measure its size, though we have some evidence to support it.

As a partial validation for the above conjecture, in Fig. 5.10 we show the structure factors again
but this time computed at zero temperature by starting from one symmetry broken configuration
(“all-in”) and applying only star moves at random to flippable stars. On the left we recover the
same Bragg peaks that were observed below 𝑇𝑐 in Fig. 5.8 corresponding to the AIAO symmetry
breaking, indicating that indeed only applying star moves is unable to take us from one AIAO
ground state to the other. On the right we show the intensity beneath the Bragg peaks, which
is qualitatively the same as the correlations of the 2-Coulomb phase obtained from the SCGA,
including the longitudinal pinch points indicative of quasi-long-range correlations, but with some
spectral weight shifted into what appear to be Lorentzians underneath the Bragg peaks. Despite
the symmetry breaking the majority of the spectral weight remains in the spin liquid correlations,
with the Bragg peaks containing less than 10% of the total intensity.

5.5 Interpolation to the 3D Ising Ferromagnet: Phase Diagram

To investigate the phase transition further, we will utilize the fact that the vorticity model is
adiabatically connected to the nearest-neighbor ferromagnet, for which the all-in/all-out phase
transition falls clearly in the 3D Ising universality class, because the vorticity Hamiltonian contains
ferromagnetic nearest-neighbor interactions. The nearest-neighbor ferromagnet Hamiltonian is
proportional to −d0𝛿1, and we will parameterize the path such that the interpolated Hamiltonian
can be written

𝐻 (𝑥) = 𝐽

2
⟨𝑆, [𝑥(8 − d0𝛿1) + (1 − 𝑥)𝛿2d1]𝑆⟩, (5.20)
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Figure 5.10: Monte Carlo structure factors at 𝑇 = 0 obtained by starting from one AIAO
configuration and only applying star moves randomly to flippable stars. Top: We observe the
same Bragg peaks as seen in Fig. 5.8, which serves as a partial validation for the theory that the
symmetry breaking is due to a subextensive bottleneck in the ground state manifold. Bottom:
Adjusting the color scale to highlight the low-intensity background, beneath the Bragg peaks we
observe the correlations of the 2-Coulomb phase, which contains the large majority of the spectral
weight. Notice that the pinch points intensity zone centers is zero, because we are always in the
zero-magnetization sector and do not have harmonic mode fluctuations.
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Figure 5.11: The band structure of the interpolated interaction matrix when tuning from the
vorticity model at the left end to the nearest-neighbor Ising ferromagnet at the right end. Top row:
(ℎℎ𝑙), bottom row: (ℎ𝑘0). Due to the choice of Hamiltonian the rotational (green) and irrotational
(red,orange) bands remain distinct, since we tune the interaction in the sectors separately. At
the left end there are two flat irrotational bands and two dispersive rotational bands, while at the
right end there are two flat rotational bands and two dispersive irrotational bands Note that the
degeneracy of the threefold band touching point is preserved throughout, and furthermore the two
vorticity bands remain degenerate throughout.
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where 𝐽 is an arbitrary energy scale, so that when 𝑥 = 0 we have the vorticity model and when
𝑥 = 1 we have the nearest-neighbor ferromagnet. Note that the constant shift in 8 − d0𝛿1 ensures
that the minimum eigenvalue is zero since d0𝛿1 has bandwidth of 8 and is positive definite, so the
ground state has zero energy independent of 𝑥. In terms of adjacency matrices, the interaction
matrix can be written

J𝑖 𝑗 (𝑥)/(𝐽/2) = 𝑥(61 −A(1)) + (1 − 𝑥) (61 − 2A(1) +A(2) −A(3𝑏)) (5.21)
= 61 − (2 − 𝑥)A(1) + (1 − 𝑥) (A(2) −A(3𝑏)). (5.22)

We will use single spin flips supplemented by star moves again, but for 𝑥 ≠ 1 the star moves will
have an energy cost to account for.

5.5.1 Interpolated Bands

Since the two terms in our Hamiltonian Eq. (5.20) act in the rotational and irrotational sector
separately, they do not mix the rotational and irrotational bands in the spectrum. In Fig. 5.11
we show the interpolated spectrum, where at the left end we start with two irrational flat bands
(red, orange) and two rotational dispersive bands (green), and at the right end of the spectrum we
have two flat rotational bands and two dispersive irrotational bands. As soon as 𝑥 > 0, the AIAO
configurations, corresponding to the bottom of the red band, have minimum energy, and the system
should in principle have a true AIAO phase transition, where the ground state is non-degenerate
and every vertex has maximum divergence.

5.5.2 Star Moves

When performing a star move (a minimal closed-membrane move) the circulation around any
plaquette is unchanged, but the divergence 𝛿1𝑆 at the four sites surrounding the star changes,
and the divergence at the center of the star flips sign. Let 𝑆(1) denote the original configuration
and 𝑆(2) denote the updated configuration with four spins flipped from all-out to all-in or vice
versa. Both of these configurations have the same vorticity, so there is no energy change from the
rotational sector. On the other hand, the change of the divergence on the four vertices surrounding
the star changes the energy in the irrotational sector,

⟨𝑆(2) , (−d0𝛿1)𝑆(2)⟩ − ⟨𝑆(1) , (−d0𝛿1)𝑆(1)⟩ = −
∑︁
𝑣

[
|𝛿1𝑆

(2) (𝑣) |2 − |𝛿1𝑆
(1) (𝑣) |2

]
(5.23)
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Therefore the change in energy is

Δ𝐸star/𝐽 = −𝑥
2

∑︁
𝑡


( ∑︁
𝑒∈𝜕†𝑣

𝑆(2) (𝑒)
)2

−
( ∑︁
𝑒∈𝜕†𝑣

𝑆(1) (𝑒)
)2 (5.24)

Let 𝑄 = 𝛿1𝑆
(1) . For each of the four vertices one spin flips, and correspondingly 𝑄(𝑣) →

𝑄(𝑣) ± 2, with a + sign if the spin was originally oriented “out” from that vertex.9 Note that
𝛿1𝑆(𝑣) ∼ −(div 𝑆)𝑣 is positive if the net “flow” is inward towards 𝑣. Therefore, flipping an “out”
spin increases 𝑄(𝑣), because it increases the inward “flow”.

Let 𝑣∗ denote the central vertex. If the spins surrounding the central vertex are all “in”, such
that 𝑄(𝑣∗) > 0, then they are all “out” of the neighboring for four vertices. Thus we can conclude
that for the four vertices surrounding 𝑣∗, 𝑄(𝑣) → 𝑄(𝑣) + 2 sgn(𝑄(𝑣∗)). The change in energy of
flipping a star is therefore

Δ𝐸star = −𝑥
2

∑︁
𝑣@𝑣∗

[
(𝑄𝑣 + 2 sgn(𝑄(𝑣∗)))2 −𝑄2

𝑣

]
= −𝑥

2

∑︁
𝑣@𝑣∗

[4 + 4 sgn(𝑄(𝑣∗))𝑄𝑣]

= −𝑥
2

(
16 + 4 sgn(𝑄(𝑣∗))

∑︁
𝑣@𝑣∗

𝑄𝑣

)
.

Using this, we can continue to utilize star moves for 𝑥 ≠ 0, which are accepted according to the
Metropolis condition with probability min(1, exp(−𝛽Δ𝐸star)).

5.5.3 Phase Diagram

In Fig. 5.12(a) we show the the specific heat, and in Fig. 5.12(b) the AIAO order parameter, as a
function of 𝑇/𝐽 and 𝑥 for a system size 𝐿 = 16 with 105 sampled configurations per temperature
and 𝑥 (left half linear scales and right half logarithmic scales). At 𝑥 = 0 we have the vorticity
model, and at 𝑥 = 1 the AIAO ferromagnet. In the specific heat we can clearly see the line of
phase transitions separating the high temperature paramagetic phase from the low temperature
phase. In the AIAO order parameter the fully ordered AIAO symmetry broken is visible in orange,
while the partially-ordered 2-Coulomb phase is visible as the blue region extending from 𝑥 = 0.

9Note that in our Monte Carlo algorithm we fix a reference orientation for every edge, then store the values
of 𝑆(𝑒𝑜) = ±1 with respect to the chosen orientation. We take the standard 𝐴 → 𝐵 orientation, so that an AIAO
configuration with spins pointing from sublattice 𝐴 to sublattice 𝐵 has 𝑆(𝑒𝑜) = +1 for every edge.
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(a) Specific Heat

(b) AIAO Order Parameter

Figure 5.12: (a) Specific heat for the Hamiltonian Eq. (5.20) as a function of temperature 𝑇/𝐽
and the interpolation parameter 𝑥, measured in Monte Carlo for 𝐿 = 16 with 105 sampled
configurations per temperature and 𝑥. At the left end (𝑥 = 0) is the vorticity model and at the
right end (𝑥 = 1) is the AIAO ferromagnet. Left: linear-linear scale. Right: log-log scale. (b)
The AIAO order parameter as a function of 𝑇/𝐽 and 𝑥. The partially ordered 2-Coulomb phase is
visible as the light blue region.
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(a) (b)

Figure 5.13: Cuts at various 𝑥 of the specific heat and AIAO order parameter with 𝐿 = 16 and 105

samples per temperature.

Our initial observation is that the partial AIAO symmetry breaking extends to finite 𝑥 at
finite temperature. It is tempting to say that the blue region in Fig. 5.12(b) corresponds to the
2-Coulomb phase, but the AIAO order parameter only accounts for the weak partial symmetry
breaking, which is not necessarily itself an intrinsic feature of the 2-Coulomb phase, which does
not have an order parameter.10 We can, however, say that in the blue region the vorticity string
excitations will be heavily suppressed and should be very sparse in the system. In the orange
region the 2-Coulomb phase has been suppressed and its macroscopic entropy removed. For all
𝑥 > 0 the system eventually reaches the fully ordered AIAO ground state via a smooth crossover,
which is visible as the blurred line in the specific heat and the white region in the AIAO order
parameter.

More importantly, we see that the smooth crossover extends to higher and higher temperatures
as 𝑥 increases, until it eventually merges with the line of phase transitions around 𝑥 ∼ 0.16. We
also see that this rising of the crossover temperature coincides with a slight decrease in the critical
temperature, and after they merge the critical temperature rises. From the AIAO order parameter
it seems clear that after this line of transitions merges with the critical temperature the phase
transition is adiabatically connected to the 𝑥 = 1 ferromagnetic transition. It appears plausible that
a qualitative change in the transition may occur near 𝑥∗ ∼ 0.16.

10Similarly we can say that the Coulomb phase of NNSI is only sharply defined at zero temperature. A more useful
characterization is perhaps to say that the spin liquid phase is well-formed once the density of defects is sufficiently
small. In this case, we can estimate that the density of defects is already quite small even above 𝑇𝑐, judging by the
width of the pinch points in Fig. 5.7.
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In Fig. 5.13 we show cuts of the specific heat and AIAO for a few selected values of 𝑥 below and
above 𝑥∗. In the specific heat we see the broad bump where the 2-Coulomb phase crosses over to
AIAO order for 𝑥 < 𝑥∗. Correspondingly in the AIAO order parameter we see the phase transition
at 𝑇𝑐/𝐽 ≈ 1.16 where the order parameter takes a value of around 0.06, followed by a continuous
rise starting roughly around 𝑇/𝐽 ∼ 10𝑥 to the fully saturated ground state value as temperature
decreases. At 𝑥 ∼ 𝑥∗ we can see that the bump merges with the peak at 𝑇𝑐, which slightly draws
down the critical temperature where the peak attains its maximum, and correspondingly in the
AIAO order parameter the plateau disappears. For 𝑥 > 𝑥∗ the critical temperature rises, and the
strength of the specific heat increases as well. We note that the specific heat intensity seems to be
stronger for 𝑥 somewhere between 𝑥∗ and 1, though the reason for this is unclear.

The data we have seen so far seems to suggest that the phase transition to partial AIAO order
in the vorticity model is not adiabatically connected to the 3D Ising AIAO phase transition of the
Ising ferromagnet at 𝑥 = 1. Something non-trivial appears to happen in the vicinity of 𝑥∗. This is
even more clear if we look at the variance of the AIAO order parameter, ⟨𝜙2⟩ − ⟨𝜙⟩2, which is
shown in Fig. 5.14. In (a) we show the variance as a function of 𝑇/𝐽 and 𝑥, and in (b) we show
cuts for a few values of 𝑥 above and below 𝑥∗. Here we see an extreme distinction between the
behavior above and below 𝑥∗. For 𝑥 ≫ 𝑥∗, near the ferromagnetic model, there is a very strong
peak in the variance, indicating a divergence in the thermodynamic limit as is expected of the
susceptibility of an order parameter at a second order phase transition. For 𝑥 < 𝑥∗ however we see
no such divergence, in fact we see only a step at 𝑇𝑐 with no peak whatsoever, followed by a gradual
but noisy rise and what appears to be an asymmetric hump or possibly a cusp at the crossover to
AIAO order. Thus we can definitively say that the AIAO phase transition is qualitatively distinct
from that of the ferromagnetic model. Furthermore, the crossover to the fully ordered phase may
also be a phase transition if the AIAO variance indeed has a cusp.

5.5.4 Finite Size Scaling

Unfortunately we do not have a full characterization of the phase transition in the vorticity model.
We conclude with a collection of results looking at the finite size scaling of various quantities at
the phase transition which give further evidence for the distinction between the 𝑥 = 0 and 𝑥 = 1
phases transitions. The results are summarized in Fig. 5.15, where we show the temperature
dependence of the three quantities discussed in the previous section in the vicinity of 𝑇𝑐 at various
values of 𝑥.

In (a) we show the AIAO order parameter, and in (b) we show the specific heat, which can be
compared to the 𝐿 = 16 results of Fig. 5.13. Note in particular the specific heat, where we can see
an enhancement in the peak intensity near 𝑥 = 0.6 that we noted previously, and this appears to
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(a)

(b)

Figure 5.14: The variance of the AIAO order parameter as a function of temperature and 𝑥 for
𝐿 = 16 with 105 samples per data point. For 𝑥 > 𝑥∗ this quantity exhibits a strong peak, indicating
diverging fluctuations of the AIAO order parameter in the thermodynamic limit. For 𝑥 < 𝑥∗

however, it exhibits no divergence whatsoever.
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coincide with an enhancement of the AIAO order parameter as well. Note the difference in scaling
behavior between large-𝑥 and small 𝑥 of the specific heat. At large 𝑥 the peak is very prominent
and grows rapidly with system size, while for small 𝑥 the peak is very much diminished. It is not
clear if the specific heat actually exhibits a true divergence for 𝑥 < 𝑥∗ in the thermodynamic limit.
Next, in (c) we show the AIAO variance, which can be compared to the 𝐿 = 16 results of Fig. 5.14.
It shows a very strong peak at large 𝑥, and again we see the peak intensity is enhanced around
𝑥 = 0.6. For 𝑥 < 𝑥∗ the peak quickly disappears and gives way to a more gradual rise in intensity,
which in Fig. 5.14 appears to become a step.

Lastly, in Fig. 5.16 we plot the fourth order Binder cumulant [176], defined as

𝜅 = 1 − ⟨𝜙4⟩
3⟨𝜙2⟩2 , (5.25)

which is a scaled version of the kurtosis of 𝜙. The Binder cumulants for different system sizes
should cross at the critical temperature in the thermodynamic limit. In (a) we plot the Binder
cumulant versus temperature, and for large 𝑥 we can see that they cross near a single temperature,
just above 𝑇/𝐽 = 2.10 for 𝑥 = 1, even for the smallest system size of 𝐿 = 4. This makes sense,
since this is a 𝒒 = 0 order where every unit cell has the same configuration driven by only
nearest-neighbor interactions even a small system with just a few unit cells exhibits signatures
of the transition. But this becomes obviously not the case when 𝑥 gets smaller, where the 𝐿 = 4
system rapidly falls away from the other three curves. Below 𝑥∗ the crossings of the curves for the
system sizes shown becomes worse, until at 𝑥 = 0 the upper three curves do not cross near the
same temperature. This is indicative that there is a large lengthscale emerging for 𝑥 < 𝑥∗ which
is larger than the system size, so that for smaller 𝑥 and fixed 𝐿 the system becomes further and
further from the thermodynamic limit.

In Fig. 5.16(b) we plot the Binder cumulant vs 𝐿1/𝜈 (𝑇 − 𝑇𝑐)/𝑇𝑐 using the 3D Ising critical
exponent 𝜈 = 0.63, where we make a rough estimate of 𝑇𝑐 from the location of the specific heat
peak. At 𝑥 = 1 we see a very nice collapse of the curves onto their universal scaling function [177],
and we get good collapse for smaller values of 𝑥 as well. For intermediate 𝑥 such as 𝑥 = 0.2-0.26
the collapse is not as good, likely due to a slight error in the critical temperature, but the curves
appear clearly parallel. Below 𝑥∗ ∼ 0.16 we see the 𝐿 = 4 curve rapidly fall away from the others,
and we also note that the remaining curves are no longer parallel over a significant range and fail
to collapse. This is further evidence that this phase transition is not the 3D Ising transition.
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(a)

(b)

(c)

Figure 5.15: System size dependence of (a) the AIAO order parameter, (b) the specific heat, (c)
the AIAO variance.
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(a)

(b)

Figure 5.16: (a) The AIAO Binder cumulant defined in Eq. (5.25) at various system sizes and for
various values of 𝑥. At large 𝑥 the Binder cumulants for different system sizes cross near a single
temperature, even when 𝐿 = 4. (b) The Binder cumulant plotted vs 𝐿1/𝜈 (𝑇 − 𝑇𝑐)/𝑇𝑐, where 𝑇𝑐/𝐽
is estimated from the specific heat peak and 𝜈 = 0.63 corresponding to the critical exponents of
the 3D Ising universality class.
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5.6 Conclusion and Outlook

Much remains to be done in the study of the vorticity model and the 2-Coulomb phase and the
strange phase transition we have investigated here. The best possibility for studying this model in
great numerical detail would be to find a way to construct the analog of the cluster algorithm for
nearest-neighbor spin ice discussed earlier. That would allow not only a vast speedup in computing
time, but would allow for a detailed study of the closed and open membranes at all temperatures
and of all sizes, allowing for an parallel analysis to the loop analysis for spin ice done by [143]. In
particular, it would allow harmonic sector updates. We cannot rule out the possibility that the
weak AIAO symmetry breaking at 𝑥 = 0 could be driven by some loss of ergodicity due to lacking
harmonic updates, though, on the basis of the evidence currently at hand, this seems somewhat
unlikely.

Also very interesting would be to construct a quantum vorticity model. Taking the ring
exchange model of quantum spin ice [25] as a guide, we could immediately write down an
analogous model for the vorticity model, which would be membrane exchange. In quantum spin
ice the 𝑆𝑧 operators are treated as the electric field 1-form, and the ring exchange term flips the
six spins around a loop, giving rise to a 1-form gauge field and emergent QED. In the quantum
vorticity model, the 𝑆𝑧 operators should be treated as a 2-form field, and a membrane exchange
term would look like

∏
𝑒∈𝜕†𝑣 𝑆

+(𝑒) + h.c., which flips four spins on an all-in or all-out membrane
of Fig. 5.3(b), i.e. performs a star move! As such we would obtain a U(1) 2-form gauge theory,
rather than the familiar U(1) 1-form gauge theory of QED. Interestingly, such higher-form gauge
theories have recently generated significant interest in condensed matter [178–184].

It would also be worthwhile to construct the analog of the gauge mean field theory (GMFT)
construction [130] for the vorticity model. In the usual GMFT for quantum spin ice, one introduces
spinons through an auxiliary Hilbert space representing bosons located on the vertices and couples
it to the 1-form 𝑆𝑧 operators through a Gauss’ law constraint 𝑄 = 𝛿1𝑆

𝑧, where now 𝑄 is treated as
a physically distinct matter field. In a sense, the GMFT construction builds in the dumbbell-type
fractionalization of spins into a pair of spinons by hand, representing the irrotational portion of
the spin configuration through its coupling to the spinons and representing the rotational part of
the field through a gauge potential. The analogous construction for the vorticity model would be
to treat the 𝑆𝑧 as 2-forms on the dual complex and add the vorticity 1-form 𝜔̃ on the dual edges
“by hand”, coupled through the 2-form Gauss’ law 𝛿2𝑆

𝑧 = 𝜔̃. This can be seen as a different way
of fractionalizing spins as “current loops” rather than pairs of “charges,” analogous to the two
corresponding representations of a dipole in electromagnetism. The excitations of this 2-form
gauge theory would then by charged strings rather than charged point particles.11

11Consider the example of a complex-valued 0-form matter field which has whose action is invariant under global
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𝑈 (1) phase rotation. A local excitation (particle) of the 0-form field is a small region where the field takes a
coherent non-zero value, and thus carries a phase. The phase is called the charge of the particle. A 1-form gauge
field is described by a 1-form vector potential 𝐴 which encodes infinitesimal phase rotations along 1-dimensional
displacements. As the particle (a 0-dimensional object) moves along a 1-dimensional path, its phase is rotated by its
interaction with the gauge field. The physical degrees of freedom of the gauge field are encoded in the field strength
2-form 𝐹 = d𝐴, which is a generalized version of geometric curvature. The phase rotation of the particle then reflects
the curvature of the field. A 2-form gauge field then is described by a 2-form vector potential, a 3-form curvature, and
couples to 1-dimensional charged strings.
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Chapter 6

Coulombic Physics In Symmetry-Broken
Long Range Ordered Phases

Throughout the earlier chapters of this thesis we focused on Ising models, which have a single
spin component and can be modeled by a simple real or complex-valued 𝑘-form. In this chapter
we will take up the case of 𝑁 = 3 component Heisenberg spins on the pyrochlore lattice. In the
case of perfectly isotropic interactions of Heisenberg spins, in the SCGA the spin components
decouple and we simply get three copies of the 𝑁 = 1 description in terms of 1-forms, which
Ref. [76] refer to as “colors”, in the sense of color charge in non-Abelian gauge theories. In the
presence of anisotropy, however, these three copies become mixed in non-trivial ways, and it is
not a priori obvious how to generalize the Hodge formalism developed and utilized thus far to
multi-component spins. We will not present a full account of how to do so, but we will use much
of the intuition gained thus far to understand the physics of Heisenberg spin systems. It seems
clear that such a microscopic description in terms of discrete forms should exist, because as we
will see the physics of these systems is closely related, and in particular they exhibit generalized
Coulomb phases characterized by multi-fold pinch points and described in the long wavelength
approximation by higher-rank gauge theories with matrix-valued fields [120, 185].1

Our primary interest in this chapter is not these generalized or higher-rank Coulomb phases,
however. Our interest will be in what happens to the spin liquid physics when the system orders
into a symmetry broken phase. This problem is important to understand because spin liquids often
require some level of fine tuning to maintain stability. In the case of spin ice, for example, we saw
that dipole interactions weakly lift the degeneracy of the flat bands and should eventually cause

1Note: higher rank gauge theories are usually described by symmetric matrix valued 1-form fields, they are
distinct from the higher-form gauge theories discussed in the previous chapter.
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the system to order into a symmetry broken phase where the entropy of the Coulomb phase is
entirely removed. In general we might expect that if the lifting of the degeneracy is very weak, then
quantum fluctuations could prevent the system from ordering and the spin liquid could survive to
zero temperature, but this still leaves a relatively narrow window of parameter space where spin
liquids can exist to low enough temperatures to be observable experimentally. In most materials
near a spin liquid phase we can expect that the spin liquid likely will not survive all the way to
zero temperature, and at some temperature there will be a phase transition to long range order.
A significant amount of work has gone into characterizing the transitions between a spin liquid
phase and a conventionally ordered phase, because some of these transitions can be understood as
being driven by an emergent Higgs mechanism [168, 186, 187]. Some works have also studied the
behavior of such systems on the paramagnetic side of the transition before long range order has
set in [187–189]. Our question is not about the transition itself, however, but whether any of the
strongly correlated Coulombic physics can survive in the ordered phase that co-opts a spin liquid
ground state at low temperature, and in particular in the fluctuations around the ground state.

There is some precedent for this idea in the pyrochlore literature already in Nd compounds [133,
190, 191]. In particular the dipolar-octupolar compound Nd2Zr2O7 has a finite temperature
phase transition, below which it exhibits a coexistence of Bragg peaks and pinch points in the
energy-integrated neutron scattering intensity. The explanation for this phenomenon came from
Benton [191], who showed via a spin wave expansion about the ordered ground state that the
equations of motion for spin fluctuations can be decoupled via a Helmholtz-Hodge decomposition,
and the rotational and irrotational components do not mix at the non-interacting magnon level,
which has been dubbed “dynamical fragmentation” (as opposed to the related fragmentation
scenario in spin ice iridates where there is a partial condensation of the irrotational modes
while the rotational modes remain free to fluctuate [133, 134]). This can be seen as a material
three-dimensional realization of the decoupling demonstrated for a two-dimensional toy model
in Ref. [192]. Nd2Zr2O7 has a dipolar-octupolar doublet [158], and its pseudo-spin Hamiltonian
therefore can be decoupled into an XYZ form. As a consequence, the spin wave bands decouple in
a fairly trivial way into rotational and irrotational bands, following directly from the corresponding
adjacency matrix bands. While this clearly deserves a detailed analysis using the Hodge theory
we have developed thus far, we will not provide it here. In this chapter we will instead consider
the richer physics arising in fully anisotropic Hamiltonians, which do not so trivially decouple.
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6.1 Pinch Point Features in an Ordered Phase

The most general nearest-neighbor Hamiltonian allowed by symmetry on the pyrochlore lattice for
Heisenberg spins can be written in the following form [36, 193]

𝐻 =
1
2

∑︁
⟨𝑖 𝑗⟩

[
𝐽𝑺𝑖 · 𝑺 𝑗︸   ︷︷   ︸
Heisenberg

+ 𝐾𝑆
(𝑖 𝑗)
𝑖
𝑆
(𝑖 𝑗)
𝑗︸      ︷︷      ︸

Bond-dependent
Kitaev-like

+ 𝐽PD𝑺𝑖 · 𝑃𝑖 𝑗 · 𝑺 𝑗︸             ︷︷             ︸
Pseudo-dipolar

+ 𝐽DM𝑫𝑖 𝑗 · (𝑺𝑖 × 𝑺 𝑗 )︸                  ︷︷                  ︸
Dzyaloshinkii-Moriya

]
+ 𝐷

2

∑︁
𝑖

(𝑺𝑖 · 𝒛𝑖)2︸    ︷︷    ︸
Single ion
anisotropy

,

(6.1)
where 𝑆(𝑖 𝑗)

𝑖
is the Cartesian component of the spin orthogonal to the cubic plane in which pyrochlore

bond ⟨𝑖 𝑗⟩ lies,2 and 𝑃𝑖 𝑗 = 𝒓𝑖 𝑗 𝒓
𝑇
𝑖 𝑗

projects out the spin components orthogonal to 𝒓 𝑗 − 𝒓𝑖, which
arises when truncating dipole interaction as nearest-neighbor. The Dzyaloshinskii-Moriya (DM)
vectors form a spiral when viewed along the [111] axis [194]. This Hamiltonian can be expressed
in the compact form

𝐻 =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗
, (6.2)

and the interaction matrix J has twelve bands, instead of the four bands we have seen for the Ising
models so far.

Spin liquids on the pyrochlore lattice with Heisenberg spins can generally be understood as
descending from the fully isotropic Heisenberg antiferromagnet. When all of the anisotropy terms
are absent this Hamiltonian decouples into three copies of the nearest-neighbor 𝑁 = 1 model and
has a massive ground state degeneracy when 𝐽 > 0, with J having six flat bands and six dispersive
bands. Adding anisotropy terms will in general lift this degeneracy, but it is possible that some
combinations of anisotropy only lift some of the flat (rotational) bands and leave others behind,
resulting in an anisotropic classical spin liquid phase described by a higher-rank field theory [185],
which we will delve into more later in this chapter. Such models require fine tuning in general,
however, and in general the bands would have a subextensive minimum and the system will have a
phase transition at a finite temperature.

The model that we will use to investigate such a co-opted spin liquid is to start from the
isotropic Heisenberg anti-ferromagnet and add a small single ion anisotropy 𝐷 < 0, which will
force the system into AIAO long range order. In Fig. 6.1 we show the unpolarized neutron
scattering structure factor computed in Monte Carlo at three temperatures. At high temperature
the system is paramagnetic with weak antiferromagnetic correlations. At a lower temperature

2See Fig. 3.13 or Fig. 4.2(a) where a tetrahedron of the pyrochlore lattice is shown inscribed in a cube, with each
edge of the tetrahedron (bond of the pyrochlore) lying in one of the cubic faces, with opposite bonds in parallel faces.
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Figure 6.1: Unpolarized neutron scattering cross section in the (ℎℎ𝑙) plane measured in Monte
Carlo for the easy axis model. At high temperatures 𝑇 ≫ 𝑇𝑐 the system is paramagnetic with weak
antiferromagnetic correlations. Just above the critical temperature 𝑇 ≳ 𝑇𝑐 the system has begun
forming pinch points indicative of the correlations of a Coulomb phase, but this spin liquid is
co-opted by a phase transition to long range order. Deep in the ordered phase 𝑇 ≪ 𝑇𝑐 sharp Bragg
peaks have formed (green points), but remnant pinch-point-like features remain in the correlations
of fluctuations about the ordered configuration (note the intensity scale).

just above the transition to long range order, the structure factor begins to develop the pinch
points associated to the zero-divergence constraint of the Coulomb phase. This Coulomb phase is
co-opted by a phase transition to long range AIAO order, with the extensive entropy of the spin
liquid removed and the paramagnetic correlations replaced by sharp Bragg peaks (green dots). But
we see in the background, beneath the Bragg peaks, broad correlations that look similar to those
of the Coulomb phase above 𝑇𝑐 (note the intensity scale). Our primary goal will be to understand
what these correlations are and whether these pinch-point like features are truly indicative of
strong Coulombic correlations.

6.2 3-Component Spins on the Pyrochlore Lattice

Before we do, however, we will take the time to discuss in more detail the Heisenberg antiferro-
magnet, its Coulomb phase, and the rank-2 spin liquids that derive from it and how they can be
understood by the long-wavelength expansion prescription laid out in Chapter 2 utilizing the irreps
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of the point group 𝑇𝑑 . We will use these tools to understand the physics in the ordered phase.

6.2.1 The Heisenberg Antiferromagnet Coulomb Phase

The pyrochlore nearest-neighbor Heisenberg AFM Hamiltonian is

𝐻Heis =
𝐽

2

∑︁
𝑖 𝑗

A𝑖 𝑗𝑺𝑖 · 𝑺 𝑗 , (6.3)

where 𝑺𝑖 is a classical three-component vectors of fixed-length 𝑆 at the pyrochlore lattice site 𝑖,
⟨𝑖 𝑗⟩ denotes nearest-neighbor pairs of the pyrochlore lattice and 𝐽 > 0 is the exchange interaction.
Note that this Hamiltonian decouples into three copies of the 𝑁 = 1 Hamiltonian,

𝐻Heis =
∑︁
𝛼

(
𝐽

2

∑︁
𝑖 𝑗

A𝑖 𝑗𝑆
𝛼
𝑖 𝑆

𝛼
𝑗

)
. (6.4)

We will not be treating 𝐻Heis in this decoupled form, however, and instead keep the spins as
3-component vectors.3 The Hamiltonian can be written as a sum over tetrahedra,

𝐻Heis = 𝐸0 + 2𝐽
∑︁
𝑡

|𝒎𝑡 |2, (6.5)

where 𝑡 labels tetrahedra, 𝐸0 = −2𝐽𝑁𝑡𝑆2 is the classical ground state energy and 𝑁𝑡 is the number
of tetrahedra, and

𝒎𝑡 ≡
1
2

∑︁
𝑖∈𝑡

𝑺𝑖, (6.6)

which we will refer to as the net moment of tetrahedron 𝑡. Expressed in the form of Eq. (6.5), it
is clear that ground states must satisfy the zero-moment constraint 𝒎𝑡 = 0 on every tetrahedron.
This yields six constraints per tetrahedron on the twelve spin components, leaving the system with
an extensive ground state degeneracy. The zero temperature phase is a Coulomb phase like that of
spin ice, but now the zero-divergence constraint reads 𝒎𝑡 = 0 instead of

∑
𝑖 𝑆𝑖 = 0. The distinction

is small but important: in spin ice the ground states are ferromagnetic, i.e. the 2-in/2-out ground
states are the maximally polarized states and have non-zero net moment on each tetrahedron,

3In the language of differential forms, we are treating our spins as vector-valued 1-forms. We will not be using
the language of forms much in this chapter, however, because we do not have a fully developed theory to treat the
anisotropy terms in the Hamiltonian, which likely will require the introduction of a generalized “covariant” exterior
derivative/differential d.
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but in terms of the Ising variables it is an Ising antiferromagnet. In contrast, the Heisenberg
antiferromagnet Coulomb phase has zero moment on each tetrahedron.

The long-wavelength expansion discussed for spin ice in Section 2.5.2 was originally developed
by Conlon and Chalker for the Heisenberg model [76, 81]. They identified the net moment vector
𝒎𝑡 with a 3-color charge 𝑄𝑐 on each tetrahedron, where 𝑐 indexes colors, and combined the
remaining nine degrees of freedom into three 3-component vector fluxes 𝑩𝑐. These are just three
copies of the corresponding long-wavelength modes for spin ice. The long-wavelength expansion
of the Hamiltonian is then just three copies of the long-wavelength expansion for spin ice,

𝛽𝐻Heis, eff =
∑︁
𝑐

1
2

∫
d3𝒓 (𝜅 |𝑩𝑐 |2 + 𝜉2 |∇ · 𝑩𝑐 |2). (6.7)

In the limit of zero temperature, the lengthscale 𝜉 diverges and each flux obeys the constraint
∇ · 𝑩𝑐 = 0. This constraint results in dipolar correlations of the 𝑩𝑐 fields, producing the sharp
pinch point pattern in the spin-spin correlation functions [55]. At non-zero temperature, 𝜉 is finite
and ∇ · 𝑩𝑐 ≠ 0, i.e. a finite density of divergence-full field appears, whose source is the local
violation of the constraint 𝑄𝑐 = 0, which results in a broadening of the pinch points.

6.2.2 Irreducible Representations Analysis

In this section, we review how deviations from the fully isotropic model can be classified by the
irreducible representations of the tetrahedral point group 𝑇𝑑 . The most general 3-component spin
model on the pyrochlore lattice with nearest-neighbor bilinear interactions can be written as

𝐻 =
1
2

∑︁
𝑡

∑︁
𝑖 𝑗∈ 𝑡

∑︁
𝛼,𝛽

𝑆𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗
, (6.8)

where 𝑡 labels tetrahedra (vertices of the diamond cell complex), 𝛼, 𝛽 label spin components, and
the 12 × 12 interactions matrix J is identical on each tetrahedron. The twelve eigenvectors of J
are indexed by irreducible representations (irreps) of 𝑇𝑑 , and the corresponding eigenvalues are
degenerate within each irrep. Consequently, in the eigenbasis of J, the Hamiltonian Eq. (6.8)
decomposes into a sum over irreps,

𝐻 =
1
2

∑︁
𝑡

∑︁
𝐼

𝐽𝐼
��𝒎 (𝐼)

𝑡

��2 (6.9)

where 𝐼 labels the irreps, the 𝒎 (𝐼) are linear combinations of the twelve spin components for a
given tetrahedron, and 𝐽𝐼 are the respective energy eigenvalues for each irrep. The irrep analysis
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Figure 6.2: Symmetry broken ground states of the nearest-neighbor anisotropic Heisenberg model
labeled by their corresponding irreps. The 𝐸 irrep has a continuously degenerate ground state
manifold, where all four spins can simultaneously rotate about their local [111] axes, indicated by
circles, from which the high-symmetry 𝜓2 and 𝜓3 are selected by order by disorder. The 𝑇2 irrep
ground states (also called Palmer Chalker states) form a spiral when viewed along a Cartesian axis
(black vertical line).

of the representation of 𝑇𝑑 acting on this twelve dimensional space decomposes it into a direct
sum of five irreps, 𝐴2 ⊕ 𝐸 ⊕ 𝑇1 ⊕ 𝑇1 ⊕ 𝑇2, where 𝐴 is 1-dimensional, 𝐸 is 2-dimensional, and the
𝑇’s are 3-dimensional (cf. Sections 2.3.3 and 2.5.2 as well as Fig. 2.13). In this decomposition,
each irrep describes a different normal mode for a single tetrahedron, or in other words a different
subspace of the twelve-dimensional soft spin configuration space for a single tetrahedron. With
fixed-length spins, the intersection of the hard spin manifold (a Cartesian product of four spheres)
with each of these subspaces produces a set of symmetry broken ground states for each irrep.
Since the Hamiltonian is the same on every tetrahedron, the minimum 𝐽𝐼 corresponds to a 𝒒 = 0
long range ordered ground state for the entire system in which every tetrahedron orders the same
way. We will always take the convention that the ground state energy has been shifted to zero so
that the minimum 𝐽𝐼 is zero.

The hard spin ground states are as follows, illustrated in Fig. 6.2:

• 𝐴2 corresponds to the two all-in/all-out (AIAO) ground state.

• 𝐸 corresponds to the Γ5 manifold, which is topologically a circle, out of which the highest-
symmetry configurations are the six 𝜓2 and six 𝜓3 configurations, which are generally
selected via order by disorder when 𝐽𝐸 has the minimum energy [36, 195, 196].

• 𝑇2 corresponds to the six chiral Palmer-Chalker (PC) ground states [197].

• The remaining six degrees of freedom split into two 𝑇1 irreps, which we will call 𝑇1∥ and
𝑇1⊥. 𝑇1∥ corresponds to the fully co-linear ferromagnetic configurations, whose manifold is
topologically a sphere. 𝑇1⊥ corresponds to a set of coplanar states in the Cartesian planes,
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where when viewed along the axis orthogonal to the plane two opposite spins point towards
the axis and the other two away from the axis.

In general, the 𝑇1∥ and 𝑇1⊥ modes can mix as they are both 𝑇1 irreps. We will discuss this further
in Section 6.3.

The Heisenberg antiferromagnet is characterized by the hierarchy of energy scales

𝐽𝐴2 = 𝐽𝐸 = 𝐽𝑇2 = 𝐽𝑇1⊥ = 0 < 𝐽𝑇1∥ . (6.10)

The bands of this model are just three degenerate copies of the bands of NNSI, and the gapped 𝐽𝑇1∥
corresponds to the threefold degenerate band maximum, while the remaining irreps correspond
to the ninefold band touching at 𝒒 = 0, which correspond to the harmonic modes in NNSI.4 It
is clear that for temperatures 𝑇 ≪ 𝐽𝑇1∥ , the gapped 𝑇1∥ irrep (the net moment) is suppressed on
each tetrahedron, while the remaining zero-moment irreps are free to fluctuate at zero energy cost,
which describes the Coulomb spin liquid phase.

Using the maximally degenerate Heisenberg AFM as a starting point, we can construct a variety
of frustrated spin models which may realize various spin liquid phases by rearranging the hierarchy
of irrep energies in Eq. (6.10). Gapping additional irreps introduces additional constraints to the
original fully degenerate Heisenberg Coulomb spin liquid. So long as the constraints are not
sufficiently strong to remove the ground state entropy and collapse the system into a long-range
ordered phase, this procedure will yield novel descendent spin liquids. This conceptual approach
was first employed by Benton et al. [120], who considered gapping 𝐴2 in addition to 𝑇1∥ , yielding
a spin liquid with non-analytic (pinched) correlations everywhere along the high-symmetry (111)
lines in reciprocal space. In another work, Yan et al. considered gapping 𝑇2 in addition to 𝐴2 and
𝑇1∥ [185], leaving only 𝑇1⊥ and 𝐸 to fluctuate. The degeneracy of these two remaining irreps, plus
the addition of breathing anisotropy (removing the constraints on half of the tetrahedra) yields a
rank-2𝑈 (1) spin liquid with sub-dimensional fracton excitations [185, 198, 199].5 This phase is
described by a coarse-grained symmetric traceless tensor field and exhibits fourfold pinch point
singularities in the spin structure factor, which are direct reflections of the rank-2 divergence-free
constraint [200].

While the procedure in [120, 185] is useful for exploring the space of interesting spin liquid
phases, degeneracy of the irreps requires fine-tuning. Small perturbations, which are always

4Note a key difference here, in spin ice the threefold band touching point corresponds to the three components of
the net magnetization, but here the net magnetization corresponds to the 𝑇1∥ irrep and the band maximum, no longer
corresponding to the harmonic modes.

5Although Ref. [185]sleu do not directly address the issue, it turns out that without the breathing anisotropy the
constraints are just a bit too strong and the system orders via order by disorder.
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present in material realizations of these models, will generically lift the degeneracy of the lowest
energy modes. One irrep will generally have the lowest energy, leading it to condense into
long-range order at low temperature, co-opting a zero-temperature spin liquid phase. Before we
address the question of whether and to what extent Coulomb correlations can exist in the ordered
phase, we are going to demonstrate how Conlon and Chalker’s method of charges and fluxes is
related to the irreducible representations through the rank-2 formalism first laid out in Ref. [185],
because the connection between the two has not yet been identified in the literature. Then we will
define a Helmholtz-Hodge decomposition for multi-component spins which we will use to study
the physics above and below 𝑇𝑐.

6.3 Rank-2 Formalism, Irreps, and Fields

Yan et al. [185] demonstrated that the nine degrees of freedom labeled 𝐴2, 𝐸 , 𝑇2 and 𝑇1⊥ can
be organized into a 3 × 3 matrix. In their construction, these irreps are identified with the
anti-symmetric (𝑇2), symmetric off-diagonal (𝑇1⊥), diagonal trace-free (𝐸), and scalar trace (𝐴2)
parts of the matrix. In this section we demonstrate that this tensorial description can be derived
directly from the flux description of Conlon and Chalker, and that it is in fact the natural way to
generalize the flux method when perturbing the isotropic, O(3)-symmetric Heisenberg model.

In the approach laid out in Section 2.3.3, the long-wavelength expansion begins by studying
the 𝒒 = 0 sector, which is equivalent to studying a single unit cell containing four spins. We treat
the spin components 𝑆𝛼

𝑖
in a single unit cell as a 12-component vector. This vector is acted on

by a 12-dimensional representation of the group 𝑇𝑑 , under which the four corner indices indexed
by 𝜇 ∈ {1, 2, 3, 4} transform as a 4-dimensional permutation representation which we denoted 4,
and the spin component index 𝛼 transforms as a 3-dimensional rotation representation denoted 3̄
(see Fig. 2.13 for the character table and notation for the representations). The bar denotes that
the spins transform as angular momentum pseudo-vectors rather than vectors, meaning under an
inversion they change sign, see the discussion in Section 2.5.2. We denote the twelve-dimensional
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representation 12, which is a tensor product representation of the permutations and rotations,6

12 = 4 ⊗ 3̄. (6.11)

From here one could apply basic tools of character theory to decompose this tensor product
representation into a direct sum of irreps of𝑇𝑑 as we discussed in the previous section. Alternatively,
however, we can note that the permutation representation 4 is already reducible, as we did in
Section 2.5.2: the symmetric linear combination

∑
𝜇 𝑆

𝛼
𝜇 is invariant under permutations and thus

forms a 1-dimensional irreducible representation of 4. Therefore, we can express 4 = 1 ⊕ 3. The
resulting three-dimensional representation 3 is an irreducible rotation representation: let 𝒛𝜇 be
four 3-component unit vectors pointing from the center of a tetrahedron to the corners, then a
permutation of the corners indexed by 𝜇 is equivalent to an O(3) rotation of the tetrahedron and
thus of the vectors 𝒛𝜇. Thus, the twelve-dimensional representation Eq. (6.11) decomposes into a
vector and matrix representation:

12 = (1 ⊕ 3) ⊗ 3̄ = 3̄ ⊕ (3 ⊗ 3̄). (6.12)

This demonstrates that the decomposition of the single-tetrahedron degrees of freedom into a
3-component vector and rank-2 tensor is in fact a natural consequence of the symmetries.

In the decomposition Eq. (6.12), the pseudo-vector 3̄ corresponds to the net-moment irrep 𝑇1∥ ,
spanned by the linear combinations

𝑚
(𝑇1∥ )
𝛼 ≡ 1

2

∑︁
𝜇

𝑆𝛼𝜇 , (6.13)

which corresponds in the flux language to the color charge 𝑄𝛼, with the spin component being the
color index. This is a pseudovector representation since, again, the spins 𝑺𝜇 transform as angular
momenta. The factor of half is a normalization, chosen such that the coefficients of the 𝑆𝛼𝜇 in the
sum form a unit-length vector.

6In what follows, it is useful to consider the analogous problem of a the vibrational modes of a tetrahedral molecule.
The analysis would be exactly the same, with the only difference being that 3̄ in Eq. (6.11) is replaced with 3. Then
the various irreps correspond to the different symmetry modes of vibration. In particular, 𝐴2 corresponds to the
breathing mode, 𝑇2 corresponds to rotations, 𝜓2 and 𝜓3 would correspond to a “twist” and a “stretch”, 𝑇1∥ is just the
net displacement and 𝑇1⊥ corresponds to a mode where, when viewed along a Cartesian axis, two spins move towards
the axis and two move away. The analogy between continuum rank-2 spin liquids and elasticity is described by Yan
and Reuther in Ref. [201], and was also used by Yan and Nevidomskyy to propose a method of realizing a rank-2
𝑈 (1) gauge theory via phonon-nematic coupling in Ref. [202]. It also underlies the so-called fracton-elastic duality
descibed by Ref. [203].
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The remaining (3 ⊗ 3̄) tensor product representation is spanned by the nine components of

B𝛼𝛽 ≡
1
2

∑︁
𝜇

𝑧𝛼𝜇𝑆
𝛽
𝜇, (6.14)

where 𝒛𝜇 transform as vectors and 𝑺𝜇 transform as pseudovectors. In this expression we define
𝒛𝜇 ≡

√
3𝒛𝜇, such that 𝑧𝛼𝜇 ∈ {−1, 1}. The B rank-2 tensor in this expression is precisely equivalent

to the three vector fluxes 𝑩𝑐 defined by Conlon and Chalker [76, 81], arranged into a 3 × 3 matrix,
where 𝛼, the spin component index, is the color. From here we can naturally identify the remaining
irreps by decomposing this matrix into its trace, anti-symmetric, and symmetric parts,

(3 ⊗ 3̄) = 1̄ ⊕ 3 ⊕ 5, (6.15)

where 1 is the scalar trace, 3 is the anti-symmetric part, and 5 is the trace-free symmetric part. This
decomposition is well-known when studying the tensor product representations of 𝑂 (3), in which
case it is just the Clebsh-Gordon decomposition of a tensor product of two spin-1 representations
(if we ignore the psuedovector part). Restricting to the cubic symmetries of 𝑇𝑑 ⊂ 𝑂 (3), the
symmetric part decomposes further into its off-diagonal and diagonal parts, 5 = 2 ⊕ 3̄.

To see this in action, let us start with the trace of B, from which we obtain the 𝐴2 irrep,

𝑚 (𝐴2) ≡ 1
√

3

∑︁
𝛼

B𝛼𝛼 =
1

2
√

3

∑︁
𝜇

(𝑺𝜇 · 𝒛𝜇), (6.16)

which is the sum of the projection of the spin vectors along their local [111] easy axes and is
maximized in the all-in all-out configuration. Under inversion symmetry this changes sign since
the 𝑺𝜇 transform as pseudovectors, and we therefore denote this pseudoscalar irrep by 1̄. Similarly,
the anti-symmetric part of B corresponds to the 𝑇2 irrep,

𝑚
(𝑇2)
𝛼 ≡ 1

√
2
𝜖𝛼𝛽𝛾B𝛽𝛾 =

1
2
√

2

∑︁
𝜇

(𝑺𝜇 × 𝒛𝜇)𝛼 (6.17)

where 𝜖 is the fully antisymmetric Levi-Civita symbol. Under an inversion Eq. (6.17) picks up
two signs, one from the pseudovector transformation of 𝑺𝜇 and another from the antisymmetric
Levi-Civita symbol, and thus this transforms as the vector irrep denoted 3. Additionally, it is clear
in Eq. (6.17) that the components of the 𝑺𝜇 along the local 𝒛𝜇 drop out of the cross product and
thus do not contribute to this irrep, i.e. the irrep only contains local 𝑥𝑦 components of the spins.

The remaining five degrees of freedom are contained in the trace-free diagonal and the
symmetric off-diagonal components of the tensor B. Starting with the trace-free diagonal, we

196



define the 𝐸 irrep normal mode as

𝑚
(𝐸)
𝛼 ≡

√︂
3
2

(
B𝛼𝛼 −

1
3

Tr(B)
)

(6.18)

=

√
3

2
√

2

∑︁
𝜇

(
𝑧𝛼𝜇𝑆

𝛼
𝜇 −

1
3
(𝑺𝜇 · 𝒛𝜇)

)
. (6.19)

This has three components, but they are not linearly independent, since
∑
𝛼 𝑚

(𝐸)
𝛼 = 0, leaving us

with the two-dimensional 𝐸 irrep. A compact expression can be obtained for this order parameter
by expanding each 𝑺𝜇 as

𝑺𝜇 ≡ 𝑺⊥𝜇 + (𝑺𝜇 · 𝒛𝜇)𝒛𝜇, (6.20)

where 𝑺⊥𝜇 is the projection of 𝑺𝜇 orthogonal to 𝒛𝜇. Then, using (𝑧𝛼𝜇)2 = |𝒛𝜇 |2/3, (𝑺𝜇 · 𝒛𝜇) cancels
in Eq. (6.19), and we are left with

𝑚
(𝐸)
𝛼 =

√
3

2
√

2

∑︁
𝜇

𝑧𝛼𝜇 (𝑆⊥𝜇 )𝛼, (6.21)

demonstrating that this two-dimensional irrep, like 𝑇2, does not contain the spin components along
𝒛𝜇. Finally, the remaining three degrees of freedom corresponding to the 𝑇1⊥ irrep are contained
in the off-diagonal symmetric part of B. We define

𝑚
(𝑇1⊥)
𝛼 ≡ 1

√
2
|𝜖𝛼𝛽𝛾 |B𝛽𝛾 . (6.22)

Let 𝒆𝛼 be the Cartesian basis vectors, then define

𝒆𝑥 ≡ (𝒆𝑦 + 𝒆𝑧)/
√

2,

𝒆𝑥 ≡ (𝒆𝑦 − 𝒆𝑧)/
√

2,

and similarly for 𝑦, 𝑧 by cyclic permutation, with which we can write

𝑚
(𝑇1⊥)
𝛼 ≡ 1

2
√

2

∑︁
𝜇

[(𝑺𝜇 · 𝒆𝛼) (𝒛𝜇 · 𝒆𝛼) − (𝑺𝜇 · 𝒆𝛼̄) (𝒛𝜇 · 𝒆𝛼̄)] . (6.23)

These three modes indexed by 𝛼 correspond to coplanar configuration in the cubic plane orthogonal
to 𝛼, with two spins pointing towards each other along an edge of the tetrahedron and the other two
pointing away from each other. Under inversion the spins change sign, so Eq. (6.23) transforms as
a pseudovector, denoted 3̄.
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To summarize, under the action of the symmetry group 𝑇𝑑 the four spins on a tetrahedron
transform in a twelve dimensional representation which decomposes as

12 = 3̄ ⊕ (3 ⊗ 3̄) (6.24)
= 3̄ ⊕ (1̄ ⊕ 3 ⊕ 5) (6.25)
= 3̄ ⊕ (1̄ ⊕ 3 ⊕ 2 ⊕ 3̄) (6.26)
≡ 𝑇1∥ ⊕ (𝐴2 ⊕ 𝑇2 ⊕ 𝐸 ⊕ 𝑇1⊥). (6.27)

Thus we have demonstrated that (i) the rank-2 description of the spin degrees of freedom can
be naturally derived from a basic representation analysis, and (ii) the rank-2 tensor B can be
understood as Conlon and Chalker’s three color-copies of the 3-component vector 𝑩. 7 The vector
part of the irrep decomposition corresponds to the net tetrahedron moment 𝒎, and the matrix
part B contains the remaining zero-moment degrees of freedom. In the language of Conlon and
Chalker, the net moment 𝒎 (𝑇1∥ ) is interpreted as the three-color charge 𝑄𝑐, whereas the three
corresponding fluxes 𝑩𝑐 underlying the gauge field description should be interpreted as the 3 × 3
matrix B. This decomposition therefore tells us how the different colors couple in the presence of
anisotropic interactions.

The fact that the resulting decomposition has the 3̄ irrep appearing twice means that these two
irreps can couple quadratically in the Hamiltonian (6.9). This coupling can be removed by making
an orthogonal rotation between 𝑇1∥ and 𝑇1⊥ (Eq. (6.13) and Eq. (6.23)) by an angle 𝜃 [193](

𝑚
(𝑇1𝜃 )
𝛼

𝑚
(𝑇1𝜃 )
𝛼

)
=

(
cos 𝜃 sin 𝜃

− sin 𝜃 cos 𝜃

) (
𝑚

(𝑇1∥ )
𝛼

𝑚
(𝑇1⊥)
𝛼

)
. (6.28)

The angle 𝜃 is called the canting angle, because the ground states associated to the two order
parameters defined in Eq. (6.28) are so-called “splayed ferromagnet” configurations, where the
spins are ferromagnetically aligned, but canted towards or away from the global cubic axes by
precisely 𝜃. This is illustrated in Fig. 6.3. The maximum canting angle is cos−1(1/

√
3), and in this

limit we denote the two irreps 𝑇1𝑧 and 𝑇1𝑥𝑦, respectively, to indicate that these irreps correspond to
ferromagnetic modes with all spins lying either along their local 𝑧 axis or in their local 𝑥𝑦 planes.
In terms of the vector plus rank-2 tensor decomposition, however, we note that the vector mode
always corresponds to 𝑇1∥ while the symmetric matrix mode corresponds to 𝑇1⊥. If the system
orders into a 𝑇1 configuration with a non-zero canting angle the resulting configuration can be

7We note that the organization of the various irreps into a rank-2 tensor was first done by Yan et al. in Ref. [185],
building on the previous work of Ref. [120], but the connection to the fluxes of Conlon and Chalker [76] was not
established, and the authors of Ref. [185] did not provide an explanation of how the rank-2 description can be derived
directly from the irrep analysis as we have done in this section.
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Figure 6.3: Illustration of the 𝑇1 ground states as the canting angle is varied. At the maximum
canting angle 𝜃 = cos−1(1/

√
3), 𝑇1𝜃 corresponds to the ice configurations with spins along the

local [111] axes, and 𝑇1𝜃 has spins in the local 𝑥𝑦 planes. At 𝜃 = 𝜋/2 the 𝑇1∥ and 𝑇1⊥ irrep swap.

interpret as a partial condensation of both the 𝑇1∥ vector (the net moment) and the 𝑇1⊥ symmetric
matrix, which results in the spins canting away from the collinear configurations to configurations
with cubic symmetry, yielding a reduced total magnetic moment proportional to the contribution
of the 𝑇1∥ irrep. We will discuss this further when we consider fluctuations about a symmetry
broken ground state.

6.4 Helmholtz-Hodge Decomposition for 3-Component Spins

Thus far we have seen that the isotropic Heisenberg antiferromagnet decouples into three copies
of the nearest-neighbor 𝑁 = 1 antiferromagnet (Eq. (6.4)). Its Coulomb phase can therefore
essentially be viewed as three decoupled copies of the single component Coulomb phase of spin
ice,8 and its long wavelength physics is described by three decoupled divergence-free vector fields
𝑩𝑐. In the presence of anisotropy, the colors and vector components become coupled, and we

8The only caveat to keep in mind is that the spin ice ground states are actually ferromagnetic, and 𝑩 corresponds
to the net moment of a tetrahedron, while the Heisenberg antiferromagnet ground states have zero moment and the
three components of 𝑄𝑐 correspond to the three component of the net magnetization of a tetrahedron.
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Figure 6.4: (a) The four bands of the pyrochlore adjacency matrix A, or equivalently the twelve
bands of JHeis, in the (ℎ𝑘0) and (ℎℎℓ) planes, restricted for the first Brillouin zone (FBZ) of
the fcc lattice. (b) Line cuts of the bands, with minimum eigenvalue shifted to zero. The two
degenerate flat bands (blue) correspond to rotational modes, while the two dispersive bands (red)
correspond to irrotational modes.

demonstrated how the nine components combine into a tensor which decomposes B, which the
anisotropy will decompose into its trace, anti-symmetric, trace-free diagonal, and off-diagonal
symmetric components.

Unfortunately, what we do not have is a full treatment of this problem using the discrete
differential forms approach utilized extensively in the previous chapters. In principle what
we need is vector-valued differential forms, but it is not clear how to generalize the definition
of the differential and codifferential in the anisotropic case, and therefore how to define the
Helmholtz-Hodge decomposition. In lieu of such a full theoretical formalism to rigorously define
the HHD for spin configurations, we will resort to defining the HHD in the most trivial way that
we possibly can: by extending its definition isotropically to spin space, i.e. we define the following
projectors:

Pirr ≡ Pim d0 ⊗ 1spin, (6.29)
Prot ≡ Pim 𝛿2 ⊗ 1spin, (6.30)

Phar ≡ P𝐻
1 ⊗ 1spin. (6.31)

We cannot say necessarily that these projectors are per se the “correct” HHD projectors for
anisotropic spin systems, and indeed there may be a better definition once a full discrete Hodge
theoretical treatment has been developed for 𝑁 = 3 component spins, but what we can say is that
they are the “correct” HHD projectors for the isotropic Heisenberg antiferromagnet. In Fig. 6.4 we
show the bands in the isotropic limit, and have colored the flat rotational bands blue and dispersive
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irrotational bands red. Now by rotational we mean “zero moment on every tetrahedron”. Despite
the lack of a formal definition for anisotropic models, we will see that this definition is still a very
useful tool for studying models which are close to the isotropic Heisenberg antiferromagnet.

To provide a quantitative measure of the rotational-irrotational character of a spin configuration,
we define a scalar quantity associated to a given spin configuration,

P(𝑆) ≡ |Pirr𝑆 |2
|𝑆 |2

, (6.32)

which measures the violation of the “zero-divergence” or zero-moment constraint on each
tetrahedron, such that P(𝑆) = 1 indicates a fully irrotational spin configuration and P(𝑆) = 0
indicates a purely rotational plus harmonic configuration.

6.5 Coulomb Physics Below 𝑇𝑐

In the previous section, we described in detail the AFM Heisenberg model, which is maximally
frustrated and hosts a Coulomb phase characterized by non-analytic pinch points in the correlation
functions. Many interesting phases can emerge from the massive degeneracy of the Heisenberg
AFM, by tuning the degeneracy and hierarchy of the irrep energies 𝐽𝐼 in Eq. (6.9). The introduction
of a generic perturbation will break this degeneracy, resulting in the condensation of the lowest
irrep and spontaneous symmetry breaking. Our aim now is to study what happens well below the
ordering temperature in a model which is near to the spin liquid point. To that end, starting from
the AFM Heisenberg model, we consider the introduction of a perturbation which results in the
situation where the irrep energies satisfy

𝐽𝐴2 < 𝐽𝐸 ≈ 𝐽𝑇2 ≈ 𝐽𝑇1⊥ ≪ 𝐽𝑇1∥ , (6.33)

such that the system has a phase transition AIAO order (condensing the 𝐴2 irrep). We will
investigate the behavior of the spin wave fluctuations around the ground state via a low-temperature
expansion.

6.5.1 The Easy Axis Model

The model we will study is the AFM Heisenberg model plus a weak single-ion anisotropy (SIA),
described by the Hamiltonian

𝐻 = 𝐽
∑︁
𝑡

∑︁
⟨𝑖 𝑗⟩∈𝑡

𝑺𝑖 · 𝑺 𝑗 −
𝐷

2

∑︁
𝑖

(𝑺𝑖 · 𝒛𝑖)2 , (6.34)
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with 𝐽 ≫ 𝐷 > 0. This is a small perturbation to the Heisenberg AFM, with the SIA term favoring
alignment of spins along their local [111] axes.9 The irrep energies for this model are (after
shifting the ground state energy to zero)

𝐽𝐴2 = 0 , 𝐽𝐸 = 𝐷 , 𝐽𝑇2 = 𝐷 , (6.35)

𝐽𝑇1⊥ ≈
𝐷

3
, 𝐽𝑇1∥ ≈ 𝐽 +

2𝐷
3
, (6.36)

which satisfy the conditions laid out in Eq. (6.33), i.e. 𝐽𝐸 ≈ 𝐽𝑇2 ≈ 𝐽𝑇1⊥ . The single ion anisotropy
selects out of the zero-moment Coulomb phase configurations the AIAO configuration as the
ground state 10

As can be seen in the temperature evolution of the structure factor in Fig. 6.1, at high
temperatures 𝑇 ≫ 𝐽, the system is paramagnetic, then as temperature is lowered it crosses over
into a Coulomb regime in the range 𝐷 ≪ 𝑇 ≪ 𝐽. Here the net moment of every tetrahedron is
strongly suppressed, and we see the formation of not-quite-sharp pinch point features. At low
temperatures 𝑇 ≪ 𝑇𝑐 ∼ 𝐷, the system orders into the AIAO phase, forming sharp Bragg peaks
(green points) which contain the vast majority of the spectral weight. Our interest is in trying to
understand the weak background correlations which are reminiscent of the partially formed pinch
points above 𝑇𝑐.

6.5.2 Low Temperature Expansion

To study the low-temperature physics and these pinch-point-like features, we perform a low-
temperature-expansion for small Gaussian fluctuations about the AIAO ground state, the details of
which are laid out in Appendix D.1. Doing so yields an effective quadratic Hamiltonian,

𝐻eff =
𝐽

2

∑︁
𝑡

���∑︁
𝑖∈𝑡

𝑺⊥𝑖

��� 2
+ 𝐷

2

∑︁
𝑖

|𝑺⊥𝑖 | 2, (6.37)

where 𝑺⊥
𝑖
≡ 𝑺𝑖 − (𝑺𝑖 · 𝒛𝑖)𝒛𝑖 is the portion of the spin vector 𝑺𝑖 transverse to the local ordering axes

𝒛𝑖. In Eq. (6.37), the first term is almost exactly equivalent to the Heisenberg AFM Hamiltonian,
Eqs. (6.3) and (6.5), except that the 𝑺⊥

𝑖
are vectors constrained to the local 𝑥𝑦 planes. This

already implies that fluctuations about the ground state energetically prefer to remain within the

9This can also be used as a model for spin ice if we take 𝐽 to be ferromagnetic [204].
10Note again that the AIAO configuration is a ground state of the Heisenberg AFM, whereas it was the maximum

energy configuration of NNSI. Also note that the single ion anisotropy term induces a weak coupling between 𝑇1∥ and
𝑇1⊥ and thus a small canting. This will not be relevant to our discussion since 𝐷/𝐽 ≪ 1 and neither of these modes is
critical for the AIAO ordering discussed here.
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zero-moment irrotational sector, which suggests the origin of the pinch-point-like features: the
fluctuations are energetically constrained to lie in the Coulomb phase ground state manifold.

However, unlike the original spin model, the 𝑺⊥
𝑖

do not have a conserved spin length. They
describe continuous rotations of the spin vectors 𝑺𝑖 away from their ordering axes, and at 𝑇 = 0
all of the 𝑺⊥

𝑖
= 0 (classically). Instead of spin length conservation, the size of fluctuations is

controlled by the second term, with all fluctuations now gapped by 𝐷. Note that 𝐷 plays the same
role as 𝜆0𝑇 does in the SCGA description of spin liquids.

It is clear that the physics of this model must be analogous to that of the Heisenberg AFM.
Specifically, a subset of excitations can be described as irrotational, producing a non-zero net
moment on tetrahedra with energy cost proportional to 𝐽. The remaining excitations are rotational,
maintaining zero moment everywhere. These must be described by a closed loop containing two
spins per tetrahedron, such that the 𝑺⊥

𝑖
in the loop cancel pairwise on each tetrahedron. These

could be interpreted as “remnant” rotational modes inherited from the parent Coulomb phase
above 𝑇𝑐. However, these closed-string modes cost an energy proportion to their length, since any
deviation of the 𝑺⊥

𝑖
from zero costs energy proportional to 𝐷. Thus the symmetry broken phase is

similar to a Coulomb phase, in that the excitations are string-like, but with the difference that (i)
excitations are now confined, and (ii) the lack of conserved spin length means that the the total
spectral weight of excitations is not conserved, meaning that in the ground state the system has no
excitations and is not liquid like. This is analogous to a Higgsed phase [205].

6.5.3 HHD Analysis of the Hessian Band Structure

At this point it might be tempting to conclude that the low temperature phase, while retaining
some properties of a Coulomb phase (or perhaps a Higgsed Coulomb phase) is really rather trivial.
The lack of conserved spin length means that there will always be a constant relative density of
irrotational defects in the system of the order 𝐷/𝐽, whereas in the Coulomb phase the number
density of irrotational defects goes as 𝜆0𝑇/𝐽, which goes to zero at low temperature. Therefore
naively, the fluctuations around the ground state can never achieve the singular correlations
associated to having a strict zero-divergence constraint. Upon closer analysis, however, we can
observe that this system does have some rather interesting properties.

As we have done throughout this thesis, let us look at the spectrum of the effective interaction
matrix in the effective Hamiltonian (6.37), and utilize them using the HHD projectors we previously
introduced. To do so, we start by writing the quadratic effective Hamiltonian as as a bilinear form
(see Appendix D.1.1 for details),

𝐻eff =
1
2

∑︁
𝑖 𝑗

∑︁
𝑎𝑏

(𝑆⊥𝑖 )𝑎H̃𝑎𝑏
𝑖 𝑗 (𝑆⊥𝑗 )𝑏, (6.38)
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where 𝑎, 𝑏 ∈ {𝑥, 𝑦} index the two components of 𝑺⊥
𝑖

in the local 𝑥𝑦 planes. The matrix H̃ is the
Hessian, which describes the quadratic term in a Taylor series expansion of Eq. (6.34) about the
fully ordered ground state, and plays the analogous role of the interaction matrix J in Eq. (6.8).

We denote the eigenvalues of H̃ by 𝜖𝑛 (𝒒), with corresponding eigenvectors 𝜙𝒒,𝑛, indexed by
crystal momenta 𝒒 and a band index 𝑛 ∈ {1, . . . , 8}. The eigenvectors 𝜙𝒒,𝑛 define the low-energy
normal modes for fluctuations of the 𝑺⊥

𝑖
, via the linear combinations

𝑆⊥𝒒,𝑛 ≡
∑︁
𝑖,𝑎

[𝜙𝒒,𝑛]𝑎𝑖 (𝑆⊥𝑖 )𝑎, (6.39)

where the hat on 𝜙𝒒,𝑛 denotes normalization. 𝐻eff is then diagonalized into a sum of decoupled
quadratic modes,

𝐻eff =
1
2

∑︁
𝒒

8∑︁
𝑛=1

𝜖𝑛 (𝒒) |𝑆⊥𝒒,𝑛 |2. (6.40)

Since we are working within a Gaussian approximation, the thermal populations of the normal
modes can be directly read off,

⟨|𝑆⊥𝒒,𝑛 |2⟩ =
𝑇

𝜖𝑛 (𝒒)
. (6.41)

The eigenvalues are bounded below by the diagonal “mass” term 𝐷 in Eq. (6.37), 𝜖𝑛 (𝒒) > 𝐷, and
as such the population of the lowest energy modes tends to zero as the temperature is decreased.
This contrasts to the Coulomb spin liquid, where the lowest energy modes have energy 𝜆0𝑇 (in the
SCGA) and the conserved spin length along with the flat band degeneracy allows these modes to
continue fluctuating down to zero temperature.

To expose Coulombic physics in the low temperature fluctuations, we look at the bands of the
Hessian and utilize the HHD projections previously defined. In Fig. 6.5, we plot 𝜖𝑛 (𝒒), and we
color the bands according to the irrotational projection of the eigenvectors Eq. (6.32), P(𝜙𝒒,𝑛),
where blue indicates rotational modes and red indicates irrotational modes.11 We observe two
completely flat bands with eigenvalue 𝐷, which are fully rotational (blue). These flat rotational
bands correspond to the closed-loop fluctuations, and the confinement is reflected in the bands
sitting at finite energy 𝐷. The six dispersive bands have mixed rotational and irrotational character,
with the higher bands being strongly irrotational (red). One of the most interesting observations
we can make from this is that the HHD reveals singularities in the eigenvectors of the dispersive
bands near the five-fold band touching point at zone center, indicating that the long-wavelength
physics is non-trivial in a way distinct from the usual Coulomb phase.

11Note that to do so we first rotate the vectors 𝜙𝒒,𝑛, which have 2 × 4𝐿3 components, back to the global frame
where the projections are defined, with 3 × 4𝐿3 components. See Appendix D.1 for more details.
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Figure 6.5: (a) The eight bands of the Hessian for the easy axis model with 𝐷 = 0.25𝐽 in the
FBZ in the (ℎ𝑘0) and (ℎℎℓ) planes, colored by the irrotational projection of the corresponding
eigenvectors, P(𝜙𝒒,𝑛). (b) Corresponding line cuts of the Hessian bands along a high-symmetry
path, the same as Fig. 6.4, again colored by HHD projection. There are two degenerate fully
rotational (blue) flat bands at the bottom of the spectrum with 𝜖flat(𝒒) = 𝐷. The upper bands, with
energy of order 𝐽, are dominant irrotational (red).

6.5.4 Correlations and Pinch Points

The correlation functions for the 𝑺⊥
𝑖

can be obtained directly by inverting the Hessian,

⟨(𝑆⊥−𝒒)𝑎𝜇 (𝑆⊥𝒒 )𝑏𝜈 ⟩ = 𝑇
8∑︁
𝑛=1

[𝜙∗𝒒,𝑛]𝑎𝜇 [𝜙𝒒,𝑛]𝑏𝜈
𝜖𝑛 (𝒒)

. (6.42)

Mapping the local transverse spin components, indexed by 𝑎, 𝑏, back to global 3-component vector
indices 𝛼, 𝛽, we define the transverse spin-spin susceptibility tensor12 as

𝜒⊥𝛼𝛽 (𝒒) ≡
1
𝑇

∑︁
𝜇,𝜈

⟨(𝑆⊥−𝒒)𝛼𝜇 (𝑆⊥𝒒 )
𝛽
𝜈 ⟩ =

1
𝑇

1
𝐿3

∑︁
𝑖 𝑗

⟨(𝑆⊥𝑖 )𝛼 (𝑆⊥𝑗 )𝛽⟩𝑒−𝑖𝒒·𝒓𝑖 . (6.43)

We then define the transverse spin structure factor as the trace of this tensor,

𝑆⊥Spin(𝒒) ≡
∑︁
𝛼

𝜒⊥𝛼𝛼 (𝒒) =
1
𝑇

∑︁
𝜇,𝜈

⟨(𝑺⊥−𝒒)𝜇 · (𝑺⊥𝒒 )𝜈⟩. (6.44)

12Transverse in the sense of only containing contributions from the spin components transverse to the local ordering
axes.
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Figure 6.6: Spin structure factors in the (ℎ𝑘0) (left) and (ℎℎ𝑙) (right) planes for (a) the Heisenberg
AFM Coulomb phase; (b) the easy axis model below the critical temperature, computed from
the Hessian using Eq. (6.44); (c) the easy axis model restricting the sum in Eq. (6.42) to only
the upper six dispersive bands; (d) the same but for only the bottom two flat bands. Adding the
contributions of (c) and (d) yields the total structure factor in (b), with the complementary fourfold
pinch points combining to create non-singular, broadened pinch point features.
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Fig. 6.6(b) depicts the spin structure factor Eq. (6.44) in the (ℎ𝑘0) and (ℎℎ𝑙) planes (left and
right columns, respectively). The structure factor exhibits features similar to the Heisenberg AFM
Coulomb phase, whose structure factor is shown in (a), but with quite broadened pinch features
rather than sharp singularities. One might have naively wanted to stop here, assuming that the lack
of singularities precludes the presence of genuine Coulomb physics. However, motivated by the
HHD analysis of the bands in Fig. 6.4, we separate the contribution of the the six predominantly
irrotational dispersive bands, shown in (c), from the contribution of the two flat rotational bands,
shown in (d), by restricting the sum over bands in Eq. (6.42). Doing so reveals fourfold pinch
point singularities in the respective correlations.

The singularities occur at the five-fold band touching point at zone center where bands with
different rotational and irrotational character meet: the flat bands are purely rotational while the
bands dispersing away from zone center have non-zero irrotational content as seen in Fig. 6.5.
Thus the low energy fluctuations about the symmetry broken ground state do in fact contain
non-trivial Coulombic correlations, and the presence of fourfold pinch points implies that this
structure is actually richer than the standard Coulomb physics of the parent Heisenberg model,
which only exhibits twofold pinch singularities, with four-fold pinch points associated to rank-2
𝑈 (1) spin liquids [185, 200, 202]

Note however that unlike a classical spin liquid, where the upper bands are depopulated at
low temperature and only the correlations of the lower bands remain, in this case all modes are
populated according to Eq. (6.41). The pinch points of the upper bands in (c) and lower bands in
(d) are complementary: when added together, they yield the non-singular features in (b), which are
what one would observe in a static (energy integrated) neutron scattering experiment. Thus it seems
that the fluctuations in this system are perpetually stuck in what amounts to a finite-temperature
spin liquid phase, the pinch points never sharpening to true singularities. We will demonstrate,
however, that singular correlations can in fact be exposed in inelastic energy-resolved neutron
scattering experiments. Before we get to dynamics, however, we will first show that the fourfold
pinch points are indeed associated to a long-wavelength tensor field theory using the rank-2
prescription we developed in Section 6.3.

6.5.5 Rank-2 Tensor Field Theory

The observation of fourfold pinch points singularities in the correlation functions would seem
to imply that the Hamiltonian can be expressed in terms of a rank-2 field theory in the long-
wavelength limit similar to a rank-2 spin liquid. Note that under 𝑇𝑑 symmetry the 𝑺⊥

𝑖
transform

as pseudovectors just like the 𝑺𝑖, meaning that we can use the machinery laid out in Section 6.3
to perform the same analysis for the Hessian below 𝑇𝑐 as we would do for the interaction matrix
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above 𝑇𝑐. Thus, we define a vector and rank-2 tensor to describe the fluctuating degrees of freedom
for each tetrahedron

𝑄𝛼 ≡ 1
2

∑︁
𝑖∈𝑡

(𝑆⊥𝑖 )𝛼, (6.45)

M𝛼𝛽 ≡
1
2

∑︁
𝑖∈𝑡
𝑧𝛼𝑖 (𝑆⊥𝑖 )𝛽. (6.46)

Note that this construction naturally organizes the degrees of freedom into a three-component
vector and a nine-component tensor, even though there are only eight degrees of freedom total
corresponding to the components of the vector orthogonal to the local easy axis. We know from
the earlier discussion that the trace-free diagonal (𝐸 irrep) and the anti-symmetric part (𝑇2 irreps)
faithfully reflect five of these eight degrees of freedom, because they only involve contributions
from the spin components orthogonal to 𝒛𝑖 (cf. Eq. (6.17) and Eq. (6.21)). We also know that M
has zero trace since 𝑺⊥

𝑖
· 𝒛𝑖 = 0, which means the remaining three degrees of freedom are split

between the two 𝑇1 modes, the vector 𝑄 and the off-diagonal symmetric part of M. The only 𝑇1
irrep which can be constructed with only the local 𝑥𝑦 components of the spins is 𝑇1𝑥𝑦, given by
the linear combination defined in Eq. (6.28) with 𝜃 = cos−1(1/

√
3),

𝑚
(𝑇1𝑥𝑦)
𝛼 ≡

√︂
1
3
𝑚

(𝑇1⊥)
𝛼 −

√︂
2
3
𝑚

(𝑇1∥ )
𝛼 . (6.47)

The insight of the rank-2 irrep construction is that a portion of the three 𝑇1𝑥𝑦 degrees of freedom
must be represented in the vector 𝑄 while the rest go into the symmetric part of M. Fluctuations
of 𝑇1𝑥𝑦 have a net-moment 𝑇1∥ component which is suppressed by the large energy scale 𝐽 and a
zero-moment 𝑇1⊥ component which is suppressed by the much smaller energy scale 𝐷.

To see this in action, we now rewrite the effective Hamiltonian Eq. (6.37) in terms of 𝑄 and
M, in terms of which it takes the remarkably simple form,

𝐻eff =
∑︁
𝑡

[
2𝐽 |𝑄𝑡 |2 + 𝐷 Tr(MT

𝑡 M𝑡)
]
. (6.48)

This cleanly demonstrates that the net moment 𝑄𝑡 is gapped by 𝐽, while the remaining degrees
of freedom in M are gapped by 𝐷. The 𝑇1𝑥𝑦 modes obtain a contribution from both terms as a
consequence of the decomposition in Eq. (6.47), while 𝐸 and 𝑇2 only appear in the second term.
Correspondingly, the eigenvalues of the 𝒒 = 0 Hessian are

𝐽𝐸 = 𝐽𝑇2 = 𝐷, 𝐽𝑇1𝑥𝑦 = 𝐷 + 8𝐽
3
, (6.49)
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demonstrating that the 𝑇1𝑥𝑦 irrep modes are split between the vector net-moment and the rank-2
antisymmetric tensor. The three 𝑇1𝑥𝑦 modes correspond to the band maximum in Fig. 6.5 which is
gapped away from the lower fivefold 𝐸 ⊕ 𝑇2 band touching point by 8𝐽/3 ≫ 𝐷. Thus the thermal
population of these non-zero moment, irrotational, modes will be diminished by a factor 𝐷/𝐽 ≪ 1
relative to the zero-moment, rotational, modes.

Our aim now is to perform a long-wavelength expansion of the Hessian to construct an effective
field theory paralleling Eq. (6.7). Since the 𝑇1𝑥𝑦 modes have a much lower thermal population
than the 𝐸 and 𝑇2 modes, we focus only on the lower fivefold 𝐸 ⊕ 𝑇2 band touching point. By
expanding the Fourier transformed Hessian H̃ to quadratic order in 𝒒 and restricting to the five
lower bands, we obtain the effective long-wavelength action

𝛽𝐻
𝐸⊕𝑇2
eff =

1
2

∫
d3𝒒

[
𝛽𝐷 Tr

[
M𝑇M

]
+ 𝜉2 |𝒒 ·M|2

]
+ O

(
𝒒4) , (6.50)

where 𝜉 ∝
√
𝛽𝐽𝑎 has dimensions of length, where 𝑎 is the pyrochlore nearest-neighbor separation

distance. We note one rather interesting fact, which is that the tensor M describing the low energy
long-wavelength modes of this system has both a trace-free diagonal and an anti-symmetric part,
meaning that it does not describe the usual𝑈 (1) rank-2 spin liquid described by a symmetric trace
free tensor [199, 200]

Note that if this were a true spin liquid the first term would independent of 𝑇 at low temperature,
but the ratio between the two terms is constant, with the second term larger than the first by a factor
𝐽/𝐷. In the limit 𝐷 → 0 we obtain the rank-2 zero-divergence constraint

∑
𝛼 𝑞

𝛼M𝛼𝛽 = 0 for each
𝛽, but for finite 𝐷/𝐽 this constraint is never satisfied exactly, so the pinch points in Fig. 6.6 never
become sharp.

6.5.6 Dynamics, HHD, and Inelastic Neutron Scattering

So far we have demonstrated that the band structure of the Hessian for small fluctuations about
the symmetry-broken AIAO ground state of the easy axis model can be analyzed using the same
methods employed to study Coulombic spin liquids on the pyrochlore lattice. In particular, the
Hessian describing the low-temperature fluctuations of this model exhibits purely rotational flat
bands inherited from the parent Heisenberg AFM, with a five-fold band touching point with three
dispersive bands, corresponding to the 𝐸 ⊕ 𝑇2 zero-moment fluctuating modes, and this band
touching point can be described in the long wavelength limit by utilizing the same formalism used
to describe rank-2 Coulombic spin liquids. Correspondingly, there are non-analyticities in the
eigenvector structure of the Hessian around the band touching point, which we exposed using the
HHD in Fig. 6.5.

209



The singular structure can be exposed by separating the contributions of the lower and
upper Hessian bands, revealing fourfold pinch point correlations in Fig. 6.6(c) and (d), but these
singularities are not experimentally accessible with static (energy integrated) neutron scattering,
which receives contribution from all bands and would reveal only the broad non-singular integrated
intensity reminiscent of broadened pinch points, seen in Fig. 6.6(b). In this section we consider
how these singularities can be exposed using inelastic energy resolved neutron scattering. To do
so, we consider the spin wave dynamics governed by the Hessian, and characterize the dynamical
spin wave modes by the application of the HHD projection.

We consider classical spin precession dynamics for small fluctuations around the ground state,
governed by the equation of motion

d
d𝑡
𝑺𝑖 = −𝑺𝑖 × 𝑯𝑖, (6.51)

where 𝑯𝑖 is the local molecular field, given by 𝑯𝑖 ≡ 𝜕𝐻/𝜕𝑺𝑖. Linearizing the equations of motion
about the ground state and seeking periodic solutions, the equations of motion are reduced to a
generalized eigenvalue problem,

H̃𝜓𝒒,𝑚 = −𝑖𝜔𝑚 (𝒒)Γ𝜓𝒒,𝑚 (6.52)

where the generalized eigenvalues 𝜔𝑚 (𝒒) are spin wave precession frequencies, indexed by crystal
momentum 𝒒 and band index 𝑚 ∈ {1, . . . , 8}, H̃ is the Hessian matrix appearing in Eq. (6.38), and
Γ is a symplectic matrix.13 Note that for each solution 𝜓𝒒,𝑚 with frequency 𝜔𝑚 (𝒒), its complex
conjugate 𝜓∗

𝒒,𝑚 is another solution with frequency −𝜔𝑚 (𝒒). We therefore restrict our attention to
the four positive-frequency bands.

For each eigenvector the corresponding normal mode is given by the linear combination

[𝑆⊥𝒒,𝑚 (𝑡)]𝑎𝑖 = [𝜓𝒒,𝑚]𝑎𝑖 𝑒𝑖𝜔𝑚 (𝒒)𝑡 . (6.53)

We wish to analyze these modes utilizing the HHD, since at any time 𝑡 the spin configuration
can be decomposed into rotational and irrotational components according to the HHD, and in
Appendix D.3 we show that P(𝜓𝒒,𝑚) is equivalent to the average irrotational projection over a

13See Appendix D.2 for the derivation and details of the approximations required to arrive at this equation and
see Ref. [206] for a Lagrangian perspective on this problem and a comparison with the equivalent quantum spin
wave results. We note that the quantum spin wave calculation using Holstein-Primakoff bosons gives the same band
structure but slightly different intensities for the neutron scattering due to Bose statistics for magnons rather than
Maxwell-Boltzmann statistics for spin waves. We use the semi-classical spin wave approximation so that we can
analyze the dynamical eigenvectors, which is complicated by a Bugoliubov transformation in the quantum spin wave
calculation.
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full period. The result is shown in Fig. 6.7(a,b), where we show the magnon bands 𝜔𝑚 (𝒒) for
the easy axis model colored by the average irrotational projection. This reveals that lower two
bands are almost completely rotational, meaning that the precessional dynamics do not violate the
zero-moment condition, with every tetrahedron maintaining almost zero moment throughout each
period. The upper bands on the other hand are strongly mixed (white), except near the {ℎℎℎ} lines
(from Γ to 𝐿), where the top band is strongly rotational and the lower band is strongly irrotational.
Indeed in the second plot in (a) we can see that the HHD structure of these two upper bands
forms a fourfold pinch. The upper two bands touch one of the lower bands at the zone center, and
their HHD content does not smoothly match at the band touching point, indicating a singularity
in the eigenvector structure near this point and the corresponding modes. We conclude that the
singularities at the five-fold band touching point in the Hessian spectrum have translated to a
singularity at this threefold band touching point in the dynamical spin wave spectrum.

In Fig. 6.7(c) we show the inelastic neutron scattering intensity on the bands, in which we can
see complementary pinch points on the lower and upper bands dispersing away from the band
touching point. This is a clear signature that the dynamical spin wave modes of this system exhibit
highly non-trivial Coulombic correlations. Integrating up the scattering intensity for the top two
mixed bands and the bottom two rotational bands separately in (d) (top and bottom, respectively),
we observe complementary pinch point patterns. Thus we have established that, not only is there
Coulombic physics of the excitations below the critical temperature, but in fact the dynamics of
the fluctuations obey strong Coulombic constraints and are thus highly correlated in ways that are
not obvious from the static, energy-integrated structure factors.

6.6 Conclusion

To summarize, in this chapter we considered the question of whether Coulombic physics can
survive below a phase transition to long range order out of a Coulomb phase. To study this, we
considered a minimal model which can be described as the Heisenberg antiferromagnet plus a
small perturbation selecting one of the ground states and forcing the system into long range at low
temperatures. Performing an HHD analysis on the band structure of Hessian reveals singularities
in the decomposition of the bands at the band touching points. By performing a long-wavelength
expansion we showed that the low temperature fluctuations deep in the ordered phase can be
described using the same mathematical tools used to describe rank-2𝑈 (1) Coulombic spin liquids,
but that the emergent Gauss’ law (zero divergence constraint) will never be fully realized. We then
solved the precessional equations of motion (numerically) and applied the HHD to measure the
average irrotational content of these modes over a full period, and found that of the four spin wave
bands the two lower energy bands are almost fully rotational, meaning that these modes fluctuate
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Figure 6.7: (a,b) Magnon frequency bands colored by irrotational projection of their eigenvectors
in (a) the (ℎ𝑘0) plane and the (ℎℎℓ) plane, (b) along with line cuts along a high symmetry path in
reciprocal space (cf. Fig. 2.12). The two lower bands are strongly rotational (blue), while the upper
two bands have mixed character, with rotational and irrotational modes meeting at a threefold band
touching point. (c) Inelastic neutron scattering intensity from the bottom three bands (upper band
removed for clarity) in the (ℎ𝑘0) plane centered at (020) and the (ℎℎℓ) plane centered at (002),
showing singularities at the threefold band touching point. (d) integrated scattering intensity of
the upper two (top) and lower two (bottom) bands in the (ℎ𝑘0) (left) and (ℎℎ𝑙) (right) planes,
demonstrating that singular pinch points are observable via energy integration of inelastic neutron
scattering data. Intensity units are arbitrary.
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within the zero-moment Coulomb manifold. The upper bands were found to be strongly mixed,
with a fourfold pinch point in their HHD structure at the band touching point with one of the two
lower bands, indicating that the dynamical modes exhibit singular correlations. We find that the
inelastic neutron scattering intensity from these bands exhibits complementary pinch points in
the lower and upper bands indicating non-trivial singular correlations in the dynamical spin-spin
correlation functions. These singularities are not visible in the energy-integrated structure factors.

The obvious next step is to find a way to express the equations of motion in terms of the
long-wavelength tensor and vector degrees of freedom and find a way to expose the rank-2
Coulombic correlations directly in the long wavelength limit at the threefold band touching
point in the spin wave spectrum. We note that the results here are similar to the dynamical
fragmentation scenario [191] in Nd2Zr2O7 and related compounds, which has strong experimental
support [187, 188, 190, 207, 208]. However our results are much more subtle than those in
the simple dipolar-octupolar Hamiltonian, whose anisotropy can be removed by a coordinate
transformation [158]. Our result is the first known example of dynamical rank-2 fragmentation.
Its analysis is not so straightforward as the complete decoupling of rotational and irrotational
modes, with the spinwave bands showing strong mixing of rotational and irrotational content.

One additional aspect which sets our results apart from the dipolar-octupolar case is that the
two rotational bands in the spectrum are not degenerate. In fact the two rotational bands touch at
the 𝑋 point and there are additional singularities associated with this band touching point which
apparently have no precedent in our understanding of the physics of Coulomb phases, because in
practically all examples of Coulombic phases studied until now (e.g. nearest-neighbor spin ice and
the vorticity model) the rotational bands are degenerate. We saw that in dipolar spin ice there is a
very weak lifting of this degeneracy, and it would be good to develop an understanding of what
perturbations are capable of lifting this degeneracy and why they are degenerate to begin with.
Furthermore, of course it would be worthwhile to develop a full Hodge theoretic understanding of
anisotropic Heisenberg spin models on the pyrochlore lattice, in order to have a full microscopic
theory of the rank-2 spin liquid phases analogous to the microscopic description of spin ice that
we developed in Chapter 3.
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Chapter 7

Conclusion and Synthesis

The primary thrust of this thesis has been the introduction and utilization of a theoretical
methodology for the study geometrically frustrated magnets on line graph lattices built on a
discrete version of Hodge theory, the details of which were laid out in Chapter 3. They key fact
that is exploited is that the geometry of these lattices allows us to treat the spin degrees of freedom
as a 1-form field, or as a 2-form field on the dual lattice, by identifying the parent lattice of the line
graph as a cellular complex. This perspective is known to some extent in the literature through the
mapping of quantum spin ice to a lattice gauge theory [25], and what we have done is to carefully
formulate the corresponding classical models as a lattice field theory, which is an exact description
within the classical soft spin approximations described in Chapter 2. Mathematically, the theory
is constructed by defining the appropriate notion of exterior derivative on a cellular complex,
which we did by utilizing Stoke’s theorem as its definition, thus obtaining the lattice analogues of
divergence, gradient, and curl. The most important insight of the Hodge-theoretic approach is that
it emphasizes the importance of the Helmholtz-Hodge decomposition (HHD) in understanding
the microscopic physics of these models, which until now has been appreciated primarily in the
restricted context of spin ice fragmentation [133, 134]. In particular, it makes clear the way that
the spin degrees of freedom become fractionalized into rotational, irrotational, and harmonic
components. Furthermore, we established that the flat bands appearing in the adjacency matrix
of line graph lattices correspond to the rotational degrees of freedom, the dispersive bands to
irrotational degrees of freedom, and the band touching point to the harmonic degrees of freedom.

In Chapter 3, the primary application of the Hodge theory was in the analysis of the physics of
dipolar spin ice. The dominant approach to describing the physics of dipolar spin ice is through
the dumbbell model [119], by treating the magnetic moments of the ions not as ideal dipoles but
as a pair of magnetic monopoles. We demonstrated that the dumbbell model is equivalent to the
analytical approach dubbed “projective equivalence” [142], which observes that the dipole-dipole
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interaction matrix can be approximated by the projector to the irrotational subspace. In particular, it
is now clear that the dumbbell approximation only captures the effects of dipole-dipole interaction
in the irrotational sector, but leaves the perfectly degenerate rotational flat bands intact. Utilizing
the connection, we were able to study the (small) corrections to the dumbbell approximation, via
the projective equivalence model, and show that the leading qualitative correction is the lifting of
the flat band degeneracy, which is physically driven by the tendency of the dipole interactions
to polarize the magnetic moments into small loops. We dubbed this correction the vorticity
interaction, as it prefers to maximize the vorticity (circulation) around every minimal plaquette of
the lattice.

In Chapter 4, we utilized the insights gained from Chapter 3 to interpret the results of polarized
neutron scattering experiment in the context of the HHD, re-contextualizing the results of Ref. [149]
in the language of the now fully developed Hodge theory. In particular, we demonstrated that
scattering at certain wavevectors reflects either the irrotational or rotational fluctuations, while at
other wavevectors there is a combination of both contributions. In particular, we demonstrated
that the (ℎℎ𝑙) non-spin-flip scattering channel contains contributions from only the rotational
modes. We further demonstrated that the origin of this fact is that the (ℎℎ𝑙) NSF probes a type
of loop-loop correlation function which is insensitive to the irrotational sector. In particular,
this means that for the nearest-neighbor spin ice, for which the rotational modes are perfectly
degenerate, the (ℎℎ𝑙) NSF is completely flat. We concluded then that the non-flat (ℎℎ𝑙) NSF of
dipolar spin ice measured experimentally by Fennel et al. [148] reflects the vorticity correction to
the dumbbell model and its tendency to weakly anti-ferromagnetically polarize the alpha-chains of
the pyrochlore lattice, yielding increased scattering intensity near the zone boundary and decreased
intensity near the zone center. This demonstrates that the Hodge theory approach provides new
insights into the interpretation of experimental data.

In Chapter 5 we introduced a new classical Ising model on the pyrochlore model, based on the
vorticity interaction term, dubbed the vorticity model. This model is a natural complement to
nearest-neighbor spin ice, and hosts a new exotic classical spin liquid phase which we dubbed a
2-Coulomb phase. The ground states of this phase can be described as a “membrane soup”, and
its excitations are one-dimensional closed strings in the dual lattice, or equivalently, vortex tubes
in the primary lattice. We confirmed the existence of this phase through classical Monte Carlo
simulations, but also found a surprising and still enigmatic all-in-all-out symmetry breaking phase
transition which coexists with the spin liquid phase. We hypothesized that this transition is driven
by an order-by-disorder mechanism and confirmed that it is not adiabatically connected to the 3D
Ising universality class. In the end, the vorticity model and its novel spin liquid ground state are a
testament to the power of the Hodge theory approach in guiding our intuition for the design of new
models.

Finally, in Chapter 6 we changed gears somewhat to study anisotropic Heisenberg models on

215



the pyrochlore lattice, in order to study Coulombic physics in ordered, rather than spin liquid,
phases. We laid out an analytical approach to apply an HHD analysis to the spin wave fluctuations
about an ordered ground state at low temperature, and demonstrated singularities in the dynamical
spin correlations which are in principle observable in inelastic neutron scattering experiments.
In particular, our results can be seen as the first observation of dynamical rank-2 fragmentation,
described by the fluctuations of a rank-2 tensor. This demonstrates that the Hodge approach can
be used to study the physics of anisotropic spin models in addition to Ising models.

Many paths for new research opportunities lie open, building off of the work presented in this
thesis. Going in reverse order, based on the results of Chapter 6 it is clear that a full extension
of the Hodge theory to describe anisotropic systems should be possible, which should likely
culminate in a definition of a rank-2 HHD. From Chapter 5, the most obvious next step is to
write down the equivalent of the ring-exchange model for quantum spin ice and construct the
corresponding 2-form lattice gauge theory. The results from Chapter 4 would be most readily
applied to the interpretation of recent polarized neutron scattering studies of the dipolar-octupolar
quantum spin ice candidate Ce2Zr2O7 [162], and a detailed analysis of the effects of quantum
fluctuations on the rotational and irrotational sector correlations is needed. Finally, the Hodge
theory presented in Chapter 3 opens many new possibilities for building interesting models, and
may have applications beyond the localized magnetic ion systems that we have studied here. Before
we finish, we leave the reader with one intriguing thought. Perhaps the most exciting possibility,
in the author’s opinion, is the possibility of realizing so-called Kähler-Dirac fermions [209–213]
in a spin model, which could in principle be built with two interpenetrating copies of the centered
pyrochlore lattice [147], whose degrees of freedom would be described as 0-, 1-, 2-, and 3-form
fields. The core idea being that the operator (d + 𝛿) serves as a square root of the Laplacian
and therefore as a geometric analogue of the Dirac operator. We will end here without further
explication, simply to say that it seems clear that the Hodge approach, with its emphasis on
geometry, serves as a powerful guide for our intuition, and no doubt holds many possibilities for
future exploration.
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Appendix A

The Pyrochlore Lattice and Coordinate
Conventions

The pyrochlore lattice can be described by a face-centered cubic (FCC) lattice with a four sublattice
basis. With respect to a Cartesian basis {𝒙̂, 𝒚̂, 𝒛}, we take our FCC lattice vectors to be

𝒂1 = 𝑎0(𝒙̂ + 𝒚̂)/2, 𝒂2 = 𝑎0(𝒙̂ + 𝒛)/2, 𝒂3 = 𝑎0( 𝒚̂ + 𝒛)/2. (A.1)

where 𝑎0 is the length of the corresponding conventional cubic cell. The sublattice positions for
the four magnetic ions in a unit cell are given by

𝒄1 = 0, 𝒄2 = 𝒂1/2, 𝒄3 = 𝒂2/2, 𝒄4 = 𝒂3/2. (A.2)

The corresponding local easy axes are then along the directions

𝒛1 = (+𝒙̂ + 𝒚̂ + 𝒛)/
√

3 , 𝒛2 = (−𝒙̂ − 𝒚̂ + 𝒛)/
√

3 ,

𝒛3 = (−𝒙̂ + 𝒚̂ − 𝒛)/
√

3 , 𝒛4 = (+𝒙̂ − 𝒚̂ − 𝒛)/
√

3 . (A.3)

The above conventions are illustrated in Fig. A.1, which shows the conventional cubic cell
from multiple angles. The cubic Bravais lattice vectors 𝑎0𝒙̂, etc. are shown in red, and the FCC
Bravais lattice vectors are shown in blue. The tetrahedra of the pyrochlore lattice are shown, with
the four sublattices (tetrahedron corners) colored (1) white, (2) red, (3) yellow, and (4) green with
the same numbering as Eq. (A.2). Note that the sublattice positions are exactly at the midpoints of
the FCC vectors. There are sixteen pyrochlore sites in the cubic cell, and correspondingly there
are eight tetrahedra—four “up” and four “down”, with the “down” tetrahedra not shown in (a) for
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(a) (b)

(c) (d)

Figure A.1: Pyrochlore lattice cubic conventional cell. Cubic lattice vectors are shown in red,
FCC lattice vectors are shown in blue. Sites of the pyrochlore lattice are shown as colored spheres,
with four sublattices per FCC unit cell colored accordingly.
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clarity. The hexagonal motif is visible in (c), and can be compared with Fig. 3.19. In (d) we show
the dual pyrochlore lattice (yellow tetrahedra) which is interwoven with the primary pyrochlore
lattice. Together they form an FCC lattice.

In the standard pyrochlore compounds with chemical formula A2B2O7, the red sites correspond
to magnetic 𝐴 ions, the blue sites to non-magnetic 𝐵 ions. There is an oxygen atom at the center
of each 𝐴-tetrahedron but not in each 𝐵-tetrahedron, with additional oxygen atoms sitting midway
between the 𝐴 and 𝐵 tetrahedron centers in each cubic direction [214]. This is shown in Fig. A.2,
with 𝐴 sites shown in red, 𝐵 sites in blue, oxygens in white, and the vacancy in black. In (a) we
show the FCC primitive cell, for which there are four 𝐴 sites, four 𝐵 sites, and fourteen oxygens
per unit cell. The 𝐴 tetrahedron contain a single oxygen, while the 𝐵 tetrahedron center is vacant
(black sphere). The other oxygen atoms between the 𝐴 and 𝐵 tetrahedron centers form octahedra
surrounding the 𝐴 tetrahedron. (b) The interstitial oxygens are slightly displaced away from the 𝐴
tetrahedron center towards the vacancy site along the cubic axes. (c,d) The eight oxygen atoms
surrounding a single 𝐴 site form a distorted cube or hexahedron. The displacements towards the
vacancies are shown by short black arrows. In the limit of zero displacement they would form a
cube (small white spheres). Fig. A.2(a) and (b) should be compared with Ref. [214] Fig. 4, and
Fig. A.2(c) and (d) should be compared with Ref. [214] Fig. 2(a).
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(a) (b)

(c) (d)

Figure A.2: Demonstration of the oxygen positions (white spheres) in the A2B2O7 pyrochlore
compounds. Red spheres are 𝐴 sites, blue spheres are 𝐵 sites, black spheres are oxygen vacancies.
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Appendix B

Adjacency Matrices for the Pyrochlore
Lattice and Projective Equivalence

Consider an isotropic model on the pyrochlore lattice whose Hamiltonian includes further than
nearest-neighbor interactions. We index neighbors by 𝑛, where 𝑛 = 1 corresponds to nearest-
neighbor interactions, 𝑛 = 2 to second-neighbor interactions, etc, as measured by their physical
separation distances 𝑟𝑛. For a given 𝑛, there may be multiple symmetry-distinct subsets of
neighbors at distance 𝑟𝑛, which we further index by a symmetry index 𝑠𝑛 = 1, . . . , 𝑁𝑛 where 𝑁𝑛 is
the number of symmetry-distinct subsets. To be precise, given two separation vectors 𝒓1 and 𝒓2
with length 𝑟𝑛, if these two vectors can be mapped to each other by lattice symmetries, they are in
the same symmetry class 𝑠𝑛. The Hamiltonian can then be written as

𝐻 =

∞∑︁
𝑛=1

𝑁𝑛∑︁
𝑠𝑛=1

1
2

∑︁
𝑖 𝑗

𝐽𝑛,𝑠𝑛A
(𝑛,𝑠𝑛)
𝑖 𝑗

𝑺𝑖 · 𝑺 𝑗 , (B.1)

where 𝐽𝑛,𝑠𝑛 are energies and A(𝑛,𝑠𝑛) is the adjacency matrix for 𝑛’th neighbors with symmetry type
𝑠𝑛 on the lattice,

A
(𝑛,𝑠𝑛)
𝑖 𝑗

=

{
1 𝑖, 𝑗 are neighbors of type (𝑛, 𝑠𝑛),
0 otherwise.

(B.2)

For 𝑛’s with a single symmetry class we omit the index 𝑠𝑛, and it is customary to write the index
𝑠𝑛 = 1, 2, 3, · · · with letters 𝑎, 𝑏, 𝑐, . . .. In this section we give the explicit expressions for the
first few adjacency matrices in the Fourier basis, in particular A(1) , A(2) , A(3𝑎) and A(3𝑏) , which
are discussed in the main text. Fig. 3.19 shows the second and third-type-𝑏 neighbors, while
third-type-𝑎 neighbors are separated by an FCC lattice vector, see the blue vectors in Fig. A.1. We
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also tabulate information for all neighbors up to 𝑛 = 100, which are required for the purposes of
including the infinite-range dipolar interactions.

B.1 Adjacency Matrices up to Third Neighbor

The adjacency matrices are translationally invariant and are thus 4 × 4 block diagonal in the
Fourier basis, with blocks given by

A
(𝑛,𝑠𝑛)
𝜇𝜈 (𝒒) =

∑︁
𝑗∈𝜈

A
(𝑛,𝑠𝑛)
𝑖 𝑗

𝑒𝑖𝒒·(𝒓 𝑗−𝒓𝑖) 𝑖 ∈ 𝜇, (B.3)

For first and second neighbors, they are

A
(1)
𝜇𝜈 (𝒒) = 2

©­­­«
0 𝑐𝑥𝑦 𝑐𝑥𝑧 𝑐𝑦𝑧
𝑐𝑥𝑦 0 𝑐𝑦𝑧 𝑐𝑥𝑧
𝑐𝑥𝑧 𝑐𝑦𝑧 0 𝑐𝑥𝑦
𝑐𝑦𝑧 𝑐𝑥𝑧 𝑐𝑥𝑦 0

ª®®®¬ , (B.4)

A
(2)
𝜇𝜈 (𝒒) = 4

©­­­«
0 𝑐𝑧𝑧 𝑐𝑥𝑦 𝑐𝑦𝑦 𝑐𝑥𝑧 𝑐𝑥𝑥 𝑐𝑦𝑧

𝑐𝑧𝑧 𝑐𝑥𝑦 0 𝑐𝑥𝑥 𝑐𝑦𝑧 𝑐𝑦𝑦 𝑐𝑥𝑧
𝑐𝑦𝑦 𝑐𝑥𝑧 𝑐𝑥𝑥 𝑐𝑦𝑧 0 𝑐𝑧𝑧 𝑐𝑥𝑦
𝑐𝑥𝑥 𝑐𝑦𝑧 𝑐𝑦𝑦 𝑐𝑥𝑧 𝑐𝑧𝑧 𝑐𝑥𝑦 0

ª®®®¬ , (B.5)

where 𝑐𝑎𝑏 ≡ cos
( 𝑞𝑎+𝑞𝑏

4
)
, 𝑐

𝑎𝑏
≡ cos

( 𝑞𝑎−𝑞𝑏
4

)
, with 𝑎, 𝑏 = 𝑥, 𝑦, 𝑧. For third neighbors of symmetry

type 𝑎,

A
(3𝑎)
𝜇𝜈 (𝒒) = 2

©­­­«
𝐶+++ 0 0 0

0 𝐶+ − − 0 0
0 0 𝐶− − + 0
0 0 0 𝐶− + −

ª®®®¬ , (B.6)

with 𝐶+ − − = cos
(
𝑞𝑥+𝑞𝑦

2

)
+ cos

(
𝑞𝑦−𝑞𝑧

2

)
+ cos

( 𝑞𝑧−𝑞𝑥
2

)
, and so on. For third neighbors of symmetry

type 𝑏,

A
(3𝑏)
𝜇𝜈 (𝒒) = 2

©­­­«
𝐶− − − 0 0 0

0 𝐶− ++ 0 0
0 0 𝐶++ − 0
0 0 0 𝐶+ − +

ª®®®¬ . (B.7)
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B.2 Adjacency Matrices Beyond Third Neighbor

Generally, exchange interactions beyond third neighbor are expected to be negligible for realistic
models. However, they are important when including long-range dipole-dipole interactions, which
we discuss in the next section. Therefore, we tabulate all further neighbors up to 𝑛 = 100 (about
twelve times the nearest-neighbor separation) in Tables B.1 to B.5. In these tables we provide the
distance and symmetry index (𝑛, 𝑠𝑛), the separation distance 𝑟𝑛 in multiples of the nearest-neighbor
separation distance 𝑟1, and one example separation vector for each symmetry class 𝒓𝑖 𝑗 = 𝒓 𝑗 − 𝒓𝑖,
where site 𝑖 is taken to be on sublattice 1 in the convention laid out in Appendix A. All other
separation vectors can be reconstructed by applying lattice point group symmetries (both 𝐷3𝑑 ,
which fixes the sublattice, and 𝑇𝑑 , which exchanges sublattices) to the given one (with care given
to avoid double counting). The distance and symmetry index is primed for neighbors which lie in
the same FCC sublattice.

B.3 Corrections to the Projective Equivalence Model of the
Dipole-Dipole Interaction Matrix

As discussed in Sections 3.4.8 and 3.4.9, the dipole-dipole interaction matrix

D𝑖 𝑗 ≡ (1 − 𝛿𝑖 𝑗 )
𝜇0𝜇

2

4𝜋
𝜹𝑖 · 𝜹 𝑗 − 3(𝜹𝑖 · 𝒓𝑖 𝑗 ) (𝜹 𝑗 · 𝒓𝑖 𝑗 )

|𝒓𝑖 𝑗 |3
(B.8)

can be approximated by the projector to the dispersive bands of the pyrochlore adjacency matrix
according to Eq. (3.218). The matrix Δ𝑖 𝑗 containing the corrections to the projective equivalence
approximation can be expanded in terms of further-neighbor adjacency matrices according to
Eq. (3.220). In Tables B.6 to B.8 we tabulate the values of Δ(𝑛,𝑠𝑛) up to 100’th neighbor, which are
used to approximate the dipole-dipole interaction matrix in SCGA calculations and to compute
the bands of D𝑖 𝑗 .
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(𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗

1 1
(

1
4 ,

1
4 , 0

)
14𝑏

√
19

(
1
4 ,−

1
4 ,

3
2

)
25𝑎

√
33

(
5
4 ,

5
4 , 1

)
2

√
3

(
1
4 ,−

1
4 ,

1
2

)
15𝑎′

√
20

(
3
2 ,

1
2 , 0

)
25𝑏

√
33

(
1
4 ,

1
4 ,−2

)
3𝑎′

√
4

(
1
2 ,

1
2 , 0

)
15𝑏′

√
20

(
3
2 , 0,−

1
2

)
25𝑐

√
33

(
7
4 ,−

1
4 ,−1

)
3𝑏′

√
4

(
1
2 , 0,−

1
2

)
16

√
21

(
5
4 ,

1
4 , 1

)
26

√
35

(
5
4 ,

3
4 ,

3
2

)
4

√
5

(
3
4 ,−

1
4 , 0

)
17

√
23

(
3
4 ,

1
4 ,

3
2

)
27𝑎′

√
36

(
2, 1

2 ,−
1
2

)
5

√
7

(
3
4 ,

1
4 ,

1
2

)
18𝑎′

√
24 (1, 1,−1) 27𝑏′

√
36

(
2, 1

2 ,
1
2

)
6′

√
8 (1, 0, 0) 18𝑏′

√
24 (1, 1, 1) 27𝑐′

√
36

(
2,−1

2 ,−
1
2

)
7𝑎

√
9

(
3
4 ,

3
4 , 0

)
19𝑎

√
25

(
5
4 ,

5
4 , 0

)
27𝑑′

√
36

(
3
2 ,

3
2 , 0

)
7𝑏

√
9

(
1
4 ,

1
4 ,−1

)
19𝑏

√
25

(
7
4 ,−

1
4 , 0

)
27𝑒′

√
36

(
3
2 , 0,−

3
2

)
8

√
11

(
3
4 ,−

3
4 ,

1
2

)
19𝑐

√
25

(
5
4 ,−

3
4 ,−1

)
28𝑎

√
37

(
7
4 ,

3
4 , 1

)
9𝑎′

√
12

(
1, 1

2 ,−
1
2

)
20𝑎

√
27

(
7
4 ,

1
4 ,

1
2

)
28𝑏

√
37

(
3
4 ,−

1
4 ,−2

)
9𝑏′

√
12

(
1, 1

2 ,
1
2

)
20𝑏

√
27

(
3
4 ,−

3
4 ,

3
2

)
28𝑐

√
37

(
7
4 ,−

5
4 , 0

)
9𝑐′

√
12

(
1,−1

2 ,−
1
2

)
20𝑐

√
27

(
5
4 ,−

5
4 ,

1
2

)
29

√
39

(
7
4 ,

5
4 ,

1
2

)
10𝑎

√
13

(
5
4 ,

1
4 , 0

)
21𝑎′

√
28

(
3
2 , 1,−

1
2

)
30𝑎′

√
40 (2, 1, 0)

10𝑏
√

13
(

3
4 ,−

1
4 ,−1

)
21𝑏′

√
28

(
3
2 , 1,

1
2

)
30𝑏′

√
40 (2, 0,−1)

11
√

15
(

5
4 ,−

1
4 ,−

1
2

)
21𝑐′

√
28

(
3
2 ,

1
2 ,−1

)
31𝑎

√
41

(
3
4 ,

3
4 , 2

)
12𝑎′

√
16 (1, 1, 0) 21𝑑′

√
28

(
3
2 ,−

1
2 ,−1

)
31𝑏

√
41

(
9
4 ,

1
4 , 0

)
12𝑏′

√
16 (1, 0,−1) 22

√
29

(
7
4 ,

3
4 , 0

)
32𝑎

√
43

(
7
4 ,

1
4 ,

3
2

)
13𝑎

√
17

(
3
4 ,

3
4 , 1

)
23𝑎

√
31

(
7
4 ,−

3
4 ,−

1
2

)
32𝑏

√
43

(
9
4 ,−

1
4 ,−

1
2

)
13𝑏

√
17

(
5
4 ,−

3
4 , 0

)
23𝑏

√
31

(
5
4 ,−

1
4 ,−

3
2

)
32𝑐

√
43

(
5
4 ,−

5
4 ,

3
2

)
14𝑎

√
19

(
5
4 ,

3
4 ,

1
2

)
24′

√
32 (2, 0, 0)

Table B.1: Further neighbor symmetry classes up to 100’th nearest neighbor.
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(𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗

33𝑎′
√

44
(

3
2 ,

3
2 ,−1

)
39 𝑓 ′

√
52

(
2,−1

2 ,−
3
2

)
47𝑎′

√
64 (2, 2, 0)

33𝑏′
√

44
(

3
2 ,

3
2 , 1

)
40𝑎

√
53

(
9
4 ,

5
4 , 0

)
47𝑏′

√
64 (2, 0,−2)

33𝑐′
√

44
(

3
2 , 1,−

3
2

)
40𝑏

√
53

(
9
4 ,−

3
4 ,−1

)
48𝑎

√
65

(
11
4 ,

3
4 , 0

)
34𝑎

√
45

(
7
4 ,−

5
4 ,−1

)
41𝑎

√
55

(
7
4 ,

5
4 ,

3
2

)
48𝑏

√
65

(
9
4 ,−

7
4 , 0

)
34𝑏

√
45

(
9
4 ,−

3
4 , 0

)
41𝑏

√
55

(
3
4 ,

1
4 ,−

5
2

)
49𝑎

√
67

(
9
4 ,

7
4 ,

1
2

)
34𝑐

√
45

(
5
4 ,

1
4 ,−2

)
41𝑐

√
55

(
9
4 ,−

5
4 ,−

1
2

)
49𝑏

√
67

(
11
4 ,−

3
4 ,−

1
2

)
35𝑎

√
47

(
9
4 ,

3
4 ,

1
2

)
42𝑎

√
57

(
7
4 ,

7
4 , 1

)
49𝑐

√
67

(
5
4 ,

3
4 ,−

5
2

)
35𝑏

√
47

(
7
4 ,−

3
4 ,−

3
2

)
42𝑏

√
57

(
7
4 ,−

1
4 ,−2

)
49𝑑

√
67

(
7
4 ,−

7
4 ,

3
2

)
36𝑎′

√
48 (2, 1,−1) 42𝑐

√
57

(
5
4 ,

5
4 ,−2

)
50𝑎′

√
68

(
2, 3

2 ,−
3
2

)
36𝑏′

√
48 (2, 1, 1) 43𝑎

√
59

(
9
4 ,−

1
4 ,−

3
2

)
50𝑏′

√
68

(
5
2 ,

3
2 , 0

)
36𝑐′

√
48 (2,−1,−1) 43𝑏

√
59

(
3
4 ,−

3
4 ,

5
2

)
50𝑐′

√
68

(
5
2 , 0,−

3
2

)
37𝑎

√
49

(
9
4 ,

1
4 , 1

)
44𝑎′

√
60

(
5
2 , 1,−

1
2

)
50𝑑′

√
68

(
2, 3

2 ,
3
2

)
37𝑏

√
49

(
5
4 ,−

3
4 ,−2

)
44𝑏′

√
60

(
5
2 , 1,

1
2

)
50𝑒′

√
68

(
2,−3

2 ,−
3
2

)
37𝑐

√
49

(
7
4 ,

7
4 , 0

)
44𝑐′

√
60

(
5
2 ,

1
2 ,−1

)
51𝑎

√
69

(
7
4 ,−

5
4 ,−2

)
38𝑎

√
51

(
7
4 ,−

7
4 ,

1
2

)
44𝑑′

√
60

(
5
2 ,−

1
2 ,−1

)
51𝑏

√
69

(
11
4 ,−

1
4 ,−1

)
38𝑏

√
51

(
1
4 ,−

1
4 ,

5
2

)
45𝑎

√
61

(
9
4 ,

5
4 , 1

)
52

√
71

(
9
4 ,−

5
4 ,−

3
2

)
39𝑎′

√
52

(
2, 3

2 ,−
1
2

)
45𝑏

√
61

(
11
4 ,−

1
4 , 0

)
53𝑎′

√
72 (2, 2,−1)

39𝑏′
√

52
(

5
2 ,

1
2 , 0

)
45𝑐

√
61

(
7
4 ,

3
4 ,−2

)
53𝑏′

√
72 (3, 0, 0)

39𝑐′
√

52
(

5
2 , 0,−

1
2

)
46𝑎

√
63

(
9
4 ,

3
4 ,

3
2

)
53𝑐′

√
72 (2, 2, 1)

39𝑑′
√

52
(
2, 3

2 ,
1
2

)
46𝑏

√
63

(
11
4 ,

1
4 ,−

1
2

)
53𝑑′

√
72 (2, 1,−2)

39𝑒′
√

52
(
2, 1

2 ,−
3
2

)
46𝑐

√
63

(
5
4 ,−

1
4 ,−

5
2

)
Table B.2: Further neighbor symmetry classes up to 100’th nearest neighbor.
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(𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗

54𝑎
√

73
(

11
4 ,

3
4 , 1

)
60𝑎

√
81

(
7
4 ,

7
4 , 2

)
66𝑎

√
89

(
9
4 ,

9
4 , 1

)
54𝑏

√
73

(
1
4 ,

1
4 ,−3

)
60𝑏

√
81

(
3
4 ,

3
4 ,−3

)
66𝑏

√
89

(
13
4 ,−

3
4 , 0

)
54𝑐

√
73

(
11
4 ,−

5
4 , 0

)
60𝑐

√
81

(
11
4 ,−

5
4 ,−1

)
66𝑐

√
89

(
5
4 ,−

3
4 ,−3

)
54𝑑

√
73

(
9
4 ,

1
4 ,−2

)
60𝑑

√
81

(
9
4 ,

9
4 , 0

)
67𝑎

√
91

(
11
4 ,

5
4 ,

3
2

)
54𝑒

√
73

(
9
4 ,−

7
4 ,−1

)
61𝑎

√
83

(
9
4 ,

7
4 ,

3
2

)
67𝑏

√
91

(
13
4 ,

3
4 ,−

1
2

)
55𝑎

√
75

(
11
4 ,

5
4 ,

1
2

)
61𝑏

√
83

(
11
4 ,−

3
4 ,−

3
2

)
67𝑐

√
91

(
9
4 ,−

1
4 ,−

5
2

)
55𝑏

√
75

(
7
4 ,

1
4 ,−

5
2

)
61𝑐

√
83

(
9
4 ,−

9
4 ,

1
2

)
68𝑎′

√
92

(
3, 3

2 ,−
1
2

)
55𝑐

√
75

(
5
4 ,−

5
4 ,

5
2

)
62𝑎′

√
84

(
5
2 , 2,−

1
2

)
68𝑏′

√
92

(
3, 3

2 ,
1
2

)
56𝑎′

√
76

(
5
2 ,

3
2 ,−1

)
62𝑏′

√
84

(
5
2 , 2,

1
2

)
68𝑐′

√
92

(
3, 1

2 ,−
3
2

)
56𝑏′

√
76

(
3, 1

2 ,
1
2

)
62𝑐′

√
84

(
5
2 ,

1
2 ,−2

)
68𝑑′

√
92

(
3,−1

2 ,−
3
2

)
56𝑐′

√
76

(
3, 1

2 ,−
1
2

)
62𝑑′

√
84

(
5
2 ,−

1
2 ,−2

)
69𝑎

√
93

(
11
4 ,

7
4 , 1

)
56𝑑′

√
76

(
3,−1

2 ,−
1
2

)
63𝑎

√
85

(
9
4 ,

5
4 , 2

)
69𝑏

√
93

(
13
4 ,

1
4 ,−1

)
56𝑒′

√
76

(
5
2 ,

3
2 , 1

)
63𝑏

√
85

(
13
4 ,

1
4 , 0

)
69𝑐

√
93

(
11
4 ,−

1
4 ,−2

)
56 𝑓 ′

√
76

(
5
2 , 1,−

3
2

)
63𝑐

√
85

(
5
4 ,

1
4 ,−3

)
70

√
95

(
9
4 ,

3
4 ,

5
2

)
56𝑔′

√
76

(
5
2 ,−1,−3

2

)
63𝑑

√
85

(
11
4 ,

7
4 , 0

)
71𝑎′

√
96 (2, 2,−2)

57𝑎
√

77
(

9
4 ,−

3
4 ,−2

)
64𝑎

√
87

(
7
4 ,

5
4 ,

5
2

)
71𝑏′

√
96 (2, 2, 2)

57𝑏
√

77
(

3
4 ,−

1
4 ,−3

)
64𝑏

√
87

(
13
4 ,−

1
4 ,−

1
2

)
58𝑎

√
79

(
11
4 ,

1
4 ,

3
2

)
64𝑐

√
87

(
11
4 ,−

7
4 ,−

1
2

)
58𝑏

√
79

(
7
4 ,−

3
4 ,−

5
2

)
65𝑎′

√
88 (3, 1,−1)

59𝑎′
√

80 (3, 1, 0) 65𝑏′
√

88 (3, 1, 1)
59𝑏′

√
80 (3, 0,−1) 65𝑐′

√
88 (3,−1,−1)

Table B.3: Further neighbor symmetry classes up to 100’th nearest neighbor.
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(𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗

72𝑎
√

97
(

11
4 ,

3
4 , 2

)
76𝑏

√
103

(
3
4 ,

1
4 ,−

7
2

)
81𝑏

√
109

(
13
4 ,−

7
4 , 0

)
72𝑏

√
97

(
13
4 ,

5
4 , 0

)
76𝑐

√
103

(
13
4 ,−

1
4 ,−

3
2

)
81𝑐

√
109

(
11
4 ,−

9
4 ,−1

)
72𝑐

√
97

(
13
4 ,−

3
4 ,−1

)
76𝑑

√
103

(
11
4 ,−

7
4 ,−

3
2

)
82𝑎

√
111

(
13
4 ,

7
4 ,

1
2

)
72𝑑

√
97

(
7
4 ,−

1
4 ,−3

)
76𝑒

√
103

(
9
4 ,−

5
4 ,−

5
2

)
82𝑏

√
111

(
5
4 ,−

1
4 ,−

7
2

)
72𝑒

√
97

(
5
4 ,

5
4 ,−3

)
77𝑎′

√
104 (3, 2, 0) 82𝑐

√
111

(
11
4 ,

1
4 ,−

5
2

)
72 𝑓

√
97

(
9
4 ,−

7
4 ,−2

)
77𝑏′

√
104 (3, 0,−2) 83𝑎′

√
112 (3, 2,−1)

73𝑎
√

99
(

7
4 ,−

7
4 ,

5
2

)
78𝑎

√
105

(
13
4 ,

5
4 , 1

)
83𝑏′

√
112 (3, 2, 1)

73𝑏
√

99
(

1
4 ,−

1
4 ,

7
2

)
78𝑏

√
105

(
11
4 ,−

5
4 ,−2

)
83𝑐′

√
112 (3, 1,−2)

73𝑐
√

99
(

13
4 ,−

5
4 ,−

1
2

)
79𝑎

√
107

(
13
4 ,

3
4 ,

3
2

)
83𝑑′

√
112 (3,−1,−2)

73𝑑
√

99
(

9
4 ,−

9
4 ,

3
2

)
79𝑏

√
107

(
3
4 ,−

3
4 ,

7
2

)
84𝑎

√
113

(
9
4 ,

9
4 , 2

)
74𝑎′

√
100

(
5
2 , 2,−

3
2

)
80𝑎′

√
108

(
3, 3

2 ,−
3
2

)
84𝑏

√
113

(
15
4 ,−

1
4 , 0

)
74𝑏′

√
100

(
7
2 ,

1
2 , 0

)
80𝑏′

√
108

(
7
2 , 1,

1
2

)
84𝑐

√
113

(
9
4 ,

1
4 ,−3

)
74𝑐′

√
100

(
7
2 , 0,−

1
2

)
80𝑐′

√
108

(
7
2 , 1,−

1
2

)
85𝑎

√
115

(
9
4 ,

7
4 ,

5
2

)
74𝑑′

√
100

(
5
2 ,

5
2 , 0

)
80𝑑′

√
108

(
7
2 ,

1
2 ,−1

)
85𝑏

√
115

(
15
4 ,

1
4 ,−

1
2

)
74𝑒′

√
100

(
5
2 , 2,

3
2

)
80𝑒′

√
108

(
7
2 ,−

1
2 ,−1

)
85𝑐

√
115

(
5
4 ,

3
4 ,−

7
2

)
74 𝑓 ′

√
100

(
5
2 ,

3
2 ,−2

)
80 𝑓 ′

√
108

(
3, 3

2 ,
3
2

)
85𝑑

√
115

(
13
4 ,−

5
4 ,−

3
2

)
74𝑔′

√
100

(
5
2 , 0,−

5
2

)
80𝑔′

√
108

(
3,−3

2 ,−
3
2

)
85𝑒

√
115

(
11
4 ,−

3
4 ,−

5
2

)
74ℎ′

√
100

(
5
2 ,−

3
2 ,−2

)
80ℎ′

√
108

(
5
2 ,

5
2 , 1

)
86𝑎′

√
116

(
7
2 ,

3
2 , 0

)
75𝑎

√
101

(
7
4 ,

3
4 , 3

)
80𝑖′

√
108

(
5
2 ,

5
2 ,−1

)
86𝑏′

√
116

(
7
2 , 0,−

3
2

)
75𝑏

√
101

(
11
4 ,−

9
4 , 0

)
80 𝑗 ′

√
108

(
5
2 , 1,−

5
2

)
76𝑎

√
103

(
11
4 ,

9
4 ,

1
2

)
81𝑎

√
109

(
7
4 ,−

5
4 ,−3

)
Table B.4: Further neighbor symmetry classes up to 100’th nearest neighbor.
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(𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗 (𝑛, 𝑠𝑛) 𝑟𝑛 𝒓𝑖 𝑗

87𝑎
√

117
(

11
4 ,

7
4 , 2

)
91𝑔′

√
124

(
3, 1

2 ,−
5
2

)
97 𝑓 ′

√
132

(
7
2 , 2,−

1
2

)
87𝑏

√
117

(
15
4 ,

3
4 , 0

)
91ℎ′

√
124

(
3,−1

2 ,−
5
2

)
97𝑔′

√
132

(
7
2 ,

1
2 ,−2

)
87𝑐

√
117

(
13
4 ,

1
4 ,−2

)
92𝑎

√
125

(
9
4 ,

5
4 , 3

)
97ℎ′

√
132

(
7
2 ,−

1
2 ,−2

)
87𝑑

√
117

(
13
4 ,−

7
4 ,−1

)
92𝑏

√
125

(
15
4 ,

3
4 ,−1

)
97𝑖′

√
132

(
5
2 ,

5
2 , 2

)
87𝑒

√
117

(
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4 ,−

3
4 ,−3

)
92𝑐

√
125

(
15
4 ,−

5
4 , 0

)
97 𝑗 ′

√
132

(
5
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5
2

)
88𝑎

√
119

(
11
4 ,

9
4 ,

3
2

)
92𝑑

√
125

(
13
4 ,
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4 , 0

)
98𝑎

√
133

(
13
4 ,

9
4 , 1

)
88𝑏

√
119

(
15
4 ,−

3
4 ,−

1
2

)
93𝑎

√
127

(
13
4 ,

7
4 ,

3
2

)
98𝑏

√
133

(
3
4 ,−

1
4 ,−4

)
89𝑎

√
121

(
7
4 ,

7
4 , 3

)
93𝑏

√
127

(
15
4 ,

5
4 ,−

1
2

)
98𝑐

√
133

(
15
4 ,−

5
4 ,−1

)
89𝑏

√
121

(
15
4 ,−

1
4 ,−1

)
93𝑐

√
127

(
7
4 ,−

3
4 ,−

7
2

)
98𝑑

√
133

(
11
4 ,−

1
4 ,−3

)
89𝑐

√
121

(
13
4 ,−

3
4 ,−2

)
93𝑑

√
127

(
13
4 ,−

9
4 ,−

1
2

)
98𝑒

√
133

(
11
4 ,−

9
4 ,−2

)
89𝑑

√
121

(
11
4 ,

11
4 , 0

)
94′

√
128 (4, 0, 0) 99𝑎

√
135

(
11
4 ,−

7
4 ,−

5
2

)
90𝑎

√
123

(
11
4 ,

5
4 ,

5
2

)
95𝑎

√
129

(
13
4 ,

5
4 , 2

)
99𝑏

√
135

(
15
4 ,−

3
4 ,−

3
2

)
90𝑏

√
123

(
7
4 ,

1
4 ,−

7
2

)
95𝑏

√
129

(
1
4 ,

1
4 ,−4

)
99𝑐

√
135

(
7
4 ,

5
4 ,−

7
2

)
90𝑐

√
123

(
5
4 ,−

5
4 ,

7
2

)
95𝑐

√
129

(
11
4 ,

11
4 ,−1

)
99𝑑

√
135

(
13
4 ,−

1
4 ,−

5
2

)
90𝑑

√
123

(
11
4 ,−

11
4 ,

1
2

)
96𝑎

√
131

(
9
4 ,−

9
4 ,

5
2

)
100𝑎′

√
136 (3, 2,−2)

91𝑎′
√

124
(

7
2 ,

3
2 ,−1

)
96𝑏

√
131

(
15
4 ,

1
4 ,−

3
2

)
100𝑏′

√
136 (4, 1, 0)

91𝑏′
√

124
(

7
2 ,

3
2 , 1

)
97𝑎′

√
132

(
5
2 ,

5
2 ,−2

)
100𝑐′

√
136 (4, 0,−1)

91𝑐′
√

124
(

7
2 , 1,−

3
2

)
97𝑏′

√
132

(
4, 1

2 ,
1
2

)
100𝑑′

√
136 (3, 2, 2)

91𝑑′
√

124
(

7
2 ,−1,−3

2

)
97𝑐′

√
132

(
4, 1

2 ,−
1
2

)
100𝑒′

√
136 (3,−2,−2)

91𝑒′
√

124
(
3, 5

2 ,
1
2

)
97𝑑′

√
132

(
4,−1

2 ,−
1
2

)
91 𝑓 ′

√
124

(
3, 5

2 ,−
1
2

)
97𝑒′

√
132

(
7
2 , 2,

1
2

)
Table B.5: Further neighbor symmetry classes up to 100’th nearest neighbor.
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𝑛 Δ𝑛 𝑛 Δ𝑛 𝑛 Δ𝑛 𝑛 Δ𝑛

1 2.654 × 101 18𝑎 1.188 × 10−2 28𝑏 −4.904 × 10−4 39𝑎 4.886 × 10−3

2 −2.436 × 10−1 18𝑏 −3.619 × 10−2 28𝑐 −4.121 × 10−3 39𝑏 −1.625 × 10−3

3𝑎 1.194 × 10−1 19𝑎 −1.051 × 10−2 29 5.285 × 10−4 39𝑐 1.357 × 10−3

3𝑏 −1.197 × 10−1 19𝑏 2.339 × 10−4 30𝑎 −8.698 × 10−4 39𝑑 −1.017 × 10−4

4 −2.501 × 10−1 19𝑐 1.254 × 10−2 30𝑏 6.019 × 10−4 39𝑒 −8.975 × 10−4

5 −1.38 × 10−1 20𝑎 8.566 × 10−3 31𝑎 1.624 × 10−3 39 𝑓 −4.423 × 10−3

6 −1.339 × 10−4 20𝑏 1.57 × 10−2 31𝑏 6.62 × 10−3 40𝑎 3.22 × 10−3

7𝑎 4.812 × 10−3 20𝑐 4.098 × 10−3 32𝑎 −3.979 × 10−3 40𝑏 −1.852 × 10−3

7𝑏 −6.796 × 10−2 21𝑎 1.967 × 10−2 32𝑏 −8.161 × 10−4 41𝑎 −2.161 × 10−3

8 5.76 × 10−2 21𝑏 −6.877 × 10−3 32𝑐 5.297 × 10−3 41𝑏 −8.954 × 10−4

9𝑎 1.073 × 10−1 21𝑐 6.807 × 10−3 33𝑎 6.104 × 10−3 41𝑐 −1.667 × 10−3

9𝑏 −1.214 × 10−1 21𝑑 −2.014 × 10−2 33𝑏 −5.224 × 10−3 42𝑎 −1.017 × 10−3

9𝑐 −9.366 × 10−2 22 1.982 × 10−2 33𝑐 −7.075 × 10−4 42𝑏 1.665 × 10−3

10𝑎 1.225 × 10−1 23𝑎 −8.445 × 10−3 34𝑎 1.654 × 10−3 42𝑐 −1.142 × 10−3

10𝑏 9.133 × 10−2 23𝑏 1.13 × 10−2 34𝑏 −3.055 × 10−3 43𝑎 −1.323 × 10−3

11 −4.009 × 10−2 24 −1.339 × 10−4 34𝑐 2.215 × 10−3 43𝑏 3.593 × 10−4

12𝑎 8.829 × 10−2 25𝑎 −4.11 × 10−3 35𝑎 4.239 × 10−3 44𝑎 1.258 × 10−3

12𝑏 −8.856 × 10−2 25𝑏 −8.643 × 10−3 35𝑏 2.427 × 10−3 44𝑏 −2.656 × 10−3

13𝑎 −3.395 × 10−2 25𝑐 −7.144 × 10−3 36𝑎 4.245 × 10−3 44𝑐 1.358 × 10−3

13𝑏 −3.775 × 10−2 26 −5.988 × 10−3 36𝑏 −4.018 × 10−3 44𝑑 −4.959 × 10−4

14𝑎 5.52 × 10−3 27𝑎 4.096 × 10−3 36𝑐 −5.008 × 10−3 45𝑎 −3.391 × 10−4

14𝑏 −3.094 × 10−2 27𝑏 −1.066 × 10−2 37𝑎 −9.817 × 10−4 45𝑏 4.286 × 10−4

15𝑎 −1.972 × 10−2 27𝑐 1.93 × 10−3 37𝑏 4.006 × 10−3 45𝑐 −1.034 × 10−3

15𝑏 1.946 × 10−2 27𝑑 1.287 × 10−2 37𝑐 −9.622 × 10−4 46𝑎 −1.499 × 10−3

16 −3.123 × 10−2 27𝑒 −1.314 × 10−2 38𝑎 6.187 × 10−5 46𝑏 1.487 × 10−3

17 8.938 × 10−3 28𝑎 −3.973 × 10−3 38𝑏 −3.388 × 10−3 46𝑐 8.755 × 10−4

Table B.6: The further-neighbor couplings appearing in the difference Δ between the magnetic
dipolar interaction matrix and the projector, up to 100’th neighbor.
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𝑛 Δ𝑛 𝑛 Δ𝑛 𝑛 Δ𝑛 𝑛 Δ𝑛

47𝑎 2.508 × 10−3 55𝑏 5.248 × 10−4 63𝑎 −7.299 × 10−4 72𝑎 −4.676 × 10−4

47𝑏 −2.776 × 10−3 55𝑐 1.47 × 10−3 63𝑏 9.96 × 10−4 72𝑏 1.045 × 10−3

48𝑎 2.874 × 10−3 56𝑎 1.635 × 10−3 63𝑐 1.019 × 10−4 72𝑐 −3.789 × 10−4

48𝑏 −6.947 × 10−4 56𝑏 −1.423 × 10−3 63𝑑 7.448 × 10−4 72𝑑 4.252 × 10−4

49𝑎 1.682 × 10−4 56𝑐 2.582 × 10−4 64𝑎 −2.392 × 10−4 72𝑒 1.557 × 10−4

49𝑏 −1.013 × 10−3 56𝑑 3.707 × 10−4 64𝑏 1.049 × 10−4 72 𝑓 6.383 × 10−4

49𝑐 4.493 × 10−4 56𝑒 −1.223 × 10−3 64𝑐 −3.926 × 10−4 73𝑎 8.584 × 10−4

49𝑑 1.371 × 10−3 56 𝑓 6.392 × 10−4 65𝑎 6.245 × 10−4 73𝑏 −6.663 × 10−4

50𝑎 1.174 × 10−3 56𝑔 −1.587 × 10−3 65𝑏 −1.312 × 10−3 73𝑐 −4.352 × 10−4

50𝑏 4.667 × 10−4 57𝑎 5.562 × 10−4 65𝑐 −4.724 × 10−4 73𝑑 3.676 × 10−4

50𝑐 −7.345 × 10−4 57𝑏 −6.259 × 10−4 66𝑎 −2.528 × 10−4 74𝑎 7.183 × 10−4

50𝑑 −1.839 × 10−3 58𝑎 −6.211 × 10−4 66𝑏 −3.328 × 10−4 74𝑏 −3.596 × 10−4

50𝑒 −1.045 × 10−3 58𝑏 1.163 × 10−3 66𝑐 4.151 × 10−4 74𝑐 9.177 × 10−5

51𝑎 1.789 × 10−3 59𝑎 −5.867 × 10−4 67𝑎 −3.413 × 10−4 74𝑑 6.354 × 10−4

51𝑏 −6.624 × 10−4 59𝑏 3.189 × 10−4 67𝑏 9.979 × 10−4 74𝑒 −6.581 × 10−4

52 5.006 × 10−4 60𝑎 −8.264 × 10−4 67𝑐 3.701 × 10−4 74 𝑓 3.829 × 10−5

53𝑎 2.286 × 10−3 60𝑏 −1.697 × 10−4 68𝑎 4.92 × 10−4 74𝑔 −9.033 × 10−4

53𝑏 −1.339 × 10−4 60𝑐 −5.303 × 10−4 68𝑏 −6.76 × 10−4 74ℎ −6.342 × 10−4

53𝑐 −8.923 × 10−4 60𝑑 4.441 × 10−5 68𝑐 1.429 × 10−4 75𝑎 1.702 × 10−4

53𝑑 −9.647 × 10−4 61𝑎 −6.772 × 10−4 68𝑑 −4.946 × 10−4 75𝑏 −1.603 × 10−4

54𝑎 4.139 × 10−4 61𝑏 −4.596 × 10−4 69𝑎 2.635 × 10−5 76𝑎 1.193 × 10−4

54𝑏 −1.407 × 10−3 61𝑐 −7.41 × 10−5 69𝑏 1.691 × 10−4 76𝑏 −3.599 × 10−4

54𝑐 −1.029 × 10−3 62𝑎 1.432 × 10−3 69𝑐 −2.889 × 10−4 76𝑐 −2.908 × 10−4

54𝑑 −6.525 × 10−4 62𝑏 9.515 × 10−5 70 −2.049 × 10−4 76𝑑 1.275 × 10−4

54𝑒 2.21 × 10−4 62𝑐 −7.392 × 10−4 71𝑎 8.783 × 10−5 76𝑒 6.269 × 10−4

55𝑎 1.327 × 10−3 62𝑑 −1.324 × 10−3 71𝑏 −7.993 × 10−4

Table B.7: The further-neighbor couplings appearing in the difference Δ between the magnetic
dipolar interaction matrix and the projector, up to 100’th neighbor.
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𝑛 Δ𝑛 𝑛 Δ𝑛 𝑛 Δ𝑛 𝑛 Δ𝑛

77𝑎 2.284 × 10−4 84𝑎 −3.79 × 10−4 91𝑏 −5.792 × 10−4 97 𝑓 1.701 × 10−4

77𝑏 −4.963 × 10−4 84𝑏 1.729 × 10−4 91𝑐 1.416 × 10−4 97𝑔 −1.276 × 10−4

78𝑎 3.384 × 10−4 84𝑐 1.765 × 10−4 91𝑑 −3.407 × 10−4 97ℎ −3.389 × 10−4

78𝑏 1.848 × 10−4 85𝑎 −2.846 × 10−4 91𝑒 3.038 × 10−7 97𝑖 −3.905 × 10−4

79𝑎 −7.526 × 10−5 85𝑏 3.858 × 10−4 91 𝑓 4.499 × 10−4 97 𝑗 −1.596 × 10−4

79𝑏 −1.425 × 10−4 85𝑐 3.692 × 10−5 91𝑔 −4.275 × 10−4 98𝑎 6.175 × 10−5

80𝑎 4.328 × 10−4 85𝑑 −1.618 × 10−4 91ℎ −5.584 × 10−4 98𝑏 −2.021 × 10−4

80𝑏 −6.973 × 10−4 85𝑒 1.817 × 10−4 92𝑎 −4.237 × 10−5 98𝑐 −1.695 × 10−4

80𝑐 1.565 × 10−5 86𝑎 −2.039 × 10−4 92𝑏 2.772 × 10−4 98𝑑 1.345 × 10−4

80𝑑 1.637 × 10−4 86𝑏 −6.394 × 10−5 92𝑐 −2.091 × 10−4 98𝑒 2.384 × 10−4

80𝑒 −1.769 × 10−5 87𝑎 −3.104 × 10−4 92𝑑 2.613 × 10−4 99𝑎 2.913 × 10−4

80 𝑓 −6.98 × 10−4 87𝑏 6.547 × 10−4 93𝑎 −4.946 × 10−5 99𝑏 −1.402 × 10−4

80𝑔 −7.032 × 10−4 87𝑐 −2.245 × 10−4 93𝑏 4.989 × 10−4 99𝑐 8.873 × 10−5

80ℎ −2.627 × 10−4 87𝑑 −1.571 × 10−4 93𝑐 2.574 × 10−4 99𝑑 −5.913 × 10−5

80𝑖 8.306 × 10−4 87𝑒 4.046 × 10−4 93𝑑 −9.905 × 10−5 100𝑎 1.286 × 10−4

80 𝑗 −5.518 × 10−4 88𝑎 −2.029 × 10−4 94 −1.339 × 10−4 100𝑏 −2.615 × 10−4

81𝑎 6.045 × 10−4 88𝑏 −1.229 × 10−4 95𝑎 −1.69 × 10−4 100𝑐 −6.288 × 10−6

81𝑏 −3.099 × 10−4 89𝑎 −4.406 × 10−5 95𝑏 −3.291 × 10−4 100𝑑 −3.915 × 10−4

81𝑐 4.159 × 10−5 89𝑏 −2.082 × 10−5 95𝑐 −3.194 × 10−5 100𝑒 −4.015 × 10−4

82𝑎 4.596 × 10−4 89𝑐 −1.177 × 10−4 96𝑎 3.968 × 10−4 101𝑎 4.01 × 10−4

82𝑏 −4.71 × 10−6 89𝑑 1.043 × 10−4 96𝑏 −2.382 × 10−5 101𝑏 −1.101 × 10−4

82𝑐 −1.276 × 10−4 90𝑎 −2.289 × 10−4 97𝑎 1.739 × 10−4 101𝑐 4.145 × 10−4

83𝑎 6.14 × 10−4 90𝑏 1.387 × 10−4 97𝑏 −3.84 × 10−4 101𝑑 −2.786 × 10−5

83𝑏 −4.253 × 10−4 90𝑐 2.588 × 10−4 97𝑐 −7.098 × 10−5

83𝑐 −5.963 × 10−5 90𝑑 −2.064 × 10−5 97𝑑 −9.536 × 10−6

83𝑑 −6.649 × 10−4 91𝑎 2.425 × 10−4 97𝑒 −2.393 × 10−4

Table B.8: The further-neighbor couplings appearing in the difference Δ between the magnetic
dipolar interaction matrix and the projector, up to 100’th neighbor.
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Appendix C

The 1/N Expansion

As discussed in Chapter 2, the large-𝑁 approximation reproduces the correlations of the SCGA in
the limit 𝑁 → ∞, and thus can serve as a justification for the use of the SCGA. On the other hand,
the large-𝑁 method does not lend itself to anisotropic interactions directly, because it relies on an
isotropic model in order to decouple to decouple the 𝑁 components (and in any case it is unclear
what is meant by “anisotropy” for spins with 𝑁 > 3 components). The benefit of the large-𝑁
approach, however, is that it allows for a controlled perturbative expansion away from the 𝑁 = ∞
limit in powers of 1/𝑁 , which can be considered to be corrections to the SCGA. In this appendix
we work out in detail the 1/𝑁 expansion, which is used in the main text.

C.1 Correlation Functions

Our primary interest is to compute the 1/𝑁 correction to the spin-spin correlation functions. To
do so we first introduce an auxiliary field term to the partition function Eq. (2.16) in order to write
it as

𝑍Large-𝑁 [𝒉] =
∫

D𝜇D𝑺 exp

(
𝑆2
𝑁

2

∑︁
𝑖

𝜇𝑖 −
1
2

∑︁
𝑖 𝑗

G−1
𝑖 𝑗 𝑺𝑖 · 𝑺 𝑗 +

∑︁
𝑖

𝒉𝑖 · 𝑺 𝑗

)
, (C.1)

where G−1
𝑖 𝑗

= 𝜇𝑖𝛿𝑖 𝑗 + 𝛽J𝑖 𝑗 , such that the spin-spin correlation functions are computed from the
logarithm of the partition function (i.e. 𝛽𝐹 where 𝐹 is the free energy),

⟨𝑆𝛼𝑖 𝑆
𝛽

𝑗
⟩ ≡ 𝜕

𝜕ℎ𝛼
𝑖

𝜕

𝜕ℎ
𝛽

𝑗

ln 𝑍Large-𝑁 [𝒉]
���
𝒉=0
. (C.2)
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We will expand the partition function diagrammatically as a series in powers of 1/𝑁 . As is standard
for expansions, the partition function generates all disconnected diagrams, and its logarithm
generates all connected irreducible diagrams.

C.2 Saddle Point Expansion

We complete the square in the exponent by making a linear change of variables 𝝃𝑖 ≡ 𝑺𝑖 −
∑
𝑗 G𝑖 𝑗𝒉 𝑗 ,

with which the partition function becomes

𝑍Large-𝑁 [𝒉] =
∫

D𝜇D𝝃 exp

(
𝑆2
𝑁

2

∑︁
𝑖

𝜇𝑖 −
1
2

∑︁
𝑖 𝑗

G−1
𝑖 𝑗 𝝃𝑖 · 𝝃 𝑗 +

1
2

∑︁
𝑖 𝑗

G𝑖 𝑗𝒉𝑖 · 𝒉 𝑗

)
. (C.3)

Integrating over the Gaussian 𝝃 variables we obtain

𝑍Large-𝑁 [𝒉] =
∫ 𝜆+𝑖∞

𝜆−𝑖∞

∏
𝑖

d𝜇𝑖 exp

(
𝑁

2

[∑︁
𝑖

𝜇𝑖
𝑆2

𝑁𝑡
+ Tr ln[G]

]
+ 1

2

∑︁
𝑖 𝑗

G𝑖 𝑗𝒉𝑖 · 𝒉 𝑗

)
. (C.4)

We now expand around the saddle point as 𝜇𝑖 = 𝜆 − 𝑖𝜓𝑖/
√
𝑁 , where 𝜆 is determined by the saddle

point condition and 𝜓 is real.1 We then expand G−1 as

G−1
𝑖 𝑗 = (𝜆𝛿𝑖 𝑗 + 𝛽J𝑖 𝑗 ) −

1
√
𝑁
𝑖𝜓𝑖𝛿𝑖 𝑗 ≡ [G−1

0 ]𝑖 𝑗 − 𝑖Ψ𝑖 𝑗 , (C.5)

1A simplified one-dimensional example of the calculation follows: consider an integral of the form
∫ ∞
−∞ d𝑥 𝑒𝑁 𝑓 (𝑥 ) ,

where 𝑓 has a maximum at 𝑥0 (ignoring convergence issues of the integral at infinity). The maximum of 𝑓 dominates
the integral for large 𝑁 . Taylor expanding 𝑓 about 𝑥0, denoting its derivatives by [𝜕 𝑓 /𝜕𝑥]𝑥0 ≡ 𝑓 (𝑘 ) (𝑥0) ≡ 𝑓

(𝑘 )
0 , the

linear term vanishes and we obtain∫ ∞

−∞
d𝑥 𝑒𝑁 𝑓 (𝑥 ) = 𝑒𝑁 𝑓 (𝑥0 )

∫ ∞

−∞
d𝑥 exp

(
−𝑁

��� 𝑓 (2)0

��� (𝑥 − 𝑥0)2/2
)

exp

[
𝑁

∞∑︁
𝑘=3

1
3!
𝑓
(𝑘 )

0 (𝑥 − 𝑥0)𝑘
]
,

where we note that the second derivative is negative since we are expanding about a maximum. Expanding
𝑥 = 𝑥0 + 𝑦/

√
𝑁 , i.e. changing variables to 𝑦 =

√
𝑁 (𝑥 − 𝑥0), we obtain∫ ∞

−∞
d𝑥 𝑒𝑁 𝑓 (𝑥 ) =

1
√
𝑁
𝑒𝑁 𝑓 (𝑥0 )

∫ ∞

−∞
d𝑦 𝑒−𝑦

2/2
��� 𝑓 (2)0

���−1 ∞∑︁
𝑛=0

1
𝑛!

( ∞∑︁
𝑘=3

1
𝑘!

𝑓
(𝑘 )

0
√
𝑁

𝑘−2 𝑦
𝑘

)𝑛
The higher order terms can then be integrated against the Gaussian of variance | 𝑓 (2)0 |−1. This perturbative series in
powers of 1/

√
𝑁 may in general fail to converge but it will at least be asymptotic, meaning that its first few terms

contain valuable data.
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where we define
Ψ𝑖 𝑗 ≡ 𝜓𝑖𝛿𝑖 𝑗/

√
𝑁. (C.6)

The matrix G0 is the spin-spin correlation matrix evaluated at the saddle point, and can be thought
of as the “non-interacting propagator”. We can then expand ln[G] as

ln G = ln[(G−1
0 − 𝑖Ψ)−1] = ln[(1 − 𝑖G0Ψ)−1G0] = ln G0 + ln[(1 − 𝑖G0Ψ)−1], (C.7)

and ∑︁
𝑖

𝜇𝑖 = 𝑁spins𝜆 −
∑︁
𝑖

1
√
𝑁
𝑖𝜓𝑖 = 𝑁spins𝜆 − 𝑖 TrΨ. (C.8)

Subbing Eqs. (C.7) and (C.8) into Eq. (C.4), we obtain

𝑍Large-𝑁 [𝒉] = 𝑍∞
∫ ∞

−∞

∏
𝑖

d𝜓𝑖 exp

(
𝑁

2

[
−𝑆

2

𝑁𝑡
𝑖 TrΨ + Tr ln[(1 − 𝑖G0Ψ)−1]

]
+ 1

2

∑︁
𝑖 𝑗

G𝑖 𝑗𝒉𝑖 · 𝒉 𝑗

)
,

(C.9)
where

𝑍∞ ≡ exp
(
𝑁

2

[
𝑁spins𝜆

𝑆2

𝑁𝑡
+ Tr ln G0

] )
(C.10)

is the partition function evaluated at the saddle point. The next task is to expand the logarithm
using the expansion

ln
(

1
1 − 𝑥

)
=

∞∑︁
𝑛=1

𝑥𝑛

𝑛
(C.11)

with 𝑥 = 𝑖G0Ψ. We will do so diagrammatically by representing each [G0]𝑖 𝑗 as a solid line from
𝑖 to 𝑗 , and each Ψ𝑖 𝑗 = 𝛿𝑖 𝑗𝜓 𝑗/

√
𝑁 by a dashed line emanating from a single point 𝑖, to write the

following expansion:

Tr ln[(1 − 𝑖G0Ψ)−1] =
∞∑︁
𝑛=1

1
𝑛

Tr[(𝑖G0Ψ)𝑛]

≡ 𝑖

︸︷︷︸
Tr[G0Ψ]

=

1√
𝑁

∑
𝑖 [G0]𝑖𝑖𝜓𝑖

+ 𝑖2

2 ︸       ︷︷       ︸
Tr[G0ΨG0Ψ]

=

1
𝑁

∑
𝑖 𝑗 [G0]𝑖 𝑗𝜓 𝑗 [G0] 𝑗𝑖𝜓𝑖

+ 𝑖3

3 ︸   ︷︷   ︸
Tr[G0ΨG0ΨG0Ψ]

=

1
𝑁3/2

∑
𝑖 𝑗𝑘 [G0]𝑖 𝑗𝜓 𝑗 [G0] 𝑗𝑘𝜓𝑘 [G0]𝑘𝑖𝜓𝑖

+ 𝑖4

4 ︸   ︷︷   ︸
Tr[G0ΨG0ΨG0ΨG0Ψ]

+ · · ·

(C.12)
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In these diagrams, each solid line segment represents a G0, each external dashed line segment
represents one 𝜓𝑖, and each three-point vertex carries a weight 1/

√
𝑁 . Consider the tadpole

diagram in the first term, whose value is given by

= Tr[𝑖G0Ψ] = 1
√
𝑁

∑︁
𝑖 𝑗

[G0]𝑖 𝑗𝜓𝑖𝛿 𝑗𝑖, (C.13)

=
1
√
𝑁

∑︁
𝑖

[G0]𝑖𝑖𝜓𝑖, (C.14)

=
𝑆2

𝑁𝑡

∑︁
𝑖

1
√
𝑁
𝜓𝑖, (C.15)

=
𝑆2

𝑁𝑡
TrΨ, (C.16)

which exactly cancels the linear term in Eq. (C.4) (this is to be expected since we are expanding
about an extremum, i.e. the term linear in 𝜓 cancels). The second term is the most important one,
as it defines the propagator for 𝜓,

1
2

=
1
2

Tr[G0ΨG0Ψ] = 1
2𝑁

∑︁
𝑖 𝑗

[G0]𝑖 𝑗𝜓 𝑗 [G0] 𝑗𝑖𝜓𝑖 =
1
𝑁

∑︁
𝑖 𝑗

𝜓𝑖

[
1
2
G0 ◦ GT

0

]
𝑖 𝑗

𝜓 𝑗 .

(C.17)
In the final expression, ◦ is the Hadamard or elementwise matrix product, [𝐴 ◦ 𝐵]𝑖 𝑗 ≡ 𝐴𝑖 𝑗𝐵𝑖 𝑗 .
Note that the Hadamard product is not basis-independent, and this expression must be interpreted
in the position basis where it is defined. We denote this matrix by G−1,

G−1
𝑖 𝑗 ≡ 1

2
[
G0 ◦ GT

0
]
𝑖 𝑗
=

1
2
[G0]2

𝑖 𝑗 , (C.18)

where G is the covariance matrix (propagator) for 𝜓 at the Gaussian level, and we utilized that
G0 is a symmetric matrix since J is. Note that the 1/𝑁 in Eq. (C.17) cancels with the 𝑁 in the
exponent of Eq. (C.4). The partition function now reads

𝑍Large-𝑁 [𝒉]
𝑍∞

=

∫
D𝜓 exp

(
−1

2

∑︁
𝑖 𝑗

𝜓𝑖G
−1
𝑖 𝑗 𝜓 𝑗

)
exp

(
𝑁

2

∞∑︁
𝑛=3

1
𝑛

Tr[(𝑖G0Ψ)𝑛]
)

exp

(
1
2

∑︁
𝑖 𝑗

G𝑖 𝑗𝒉𝑖 · 𝒉 𝑗

)
(C.19)
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where G𝑖 𝑗 is a function of 𝜓. To complete the diagrammatic expansion, we now expand G as

G = (G0 − 𝑖Ψ)−1 = (1 − 𝑖G0Ψ)−1G0 =

∞∑︁
𝑛=0

(𝑖G0Ψ)𝑛G0, (C.20)

G𝑖 𝑗ℎ𝛼𝑖 ℎ𝛼𝑗 = ︸          ︷︷          ︸
ℎ𝛼
𝑖
[G0]𝑖 𝑗ℎ𝛼𝑗

+ 𝑖

︸            ︷︷            ︸
1√
𝑁
ℎ𝛼
𝑖

∑
𝑘 [G0]𝑖𝑘𝜓𝑘 [G0]𝑘 𝑗ℎ𝛼𝑗

+ 𝑖2

︸            ︷︷            ︸
1
𝑁
ℎ𝛼
𝑖

∑
𝑘𝑙 [G0]𝑖𝑘𝜓𝑘 [G0]𝑘𝑙𝜓𝑙 [G0]𝑙 𝑗ℎ𝛼𝑗

+ · · · (C.21)

In this expression each solid line segment again represents a G0, each dashed line a 𝜓𝑖, each
3-point (two solid and one dashed line) vertex carries weight 1/

√
𝑁 , and the external “bubbles”

represent the auxiliary fields ℎ𝛼
𝑖
, with an implicit sum over 𝛼. Recall that we had to assume for

this expansion to make sense that the interaction matrix is isotropic, so there are no propagators
connecting ℎ𝛼

𝑖
and ℎ𝛽

𝑗
for 𝛼 ≠ 𝛽.

Diagrammatically, the partition function can now be formally expanded as the infinite sum of
all disconnected diagrams,

𝑍Large-𝑁 [𝒉] = 𝑍∞
∫

D𝜓 exp

(
−1

2

∑︁
𝑖 𝑗

𝜓𝑖G
−1
𝑖 𝑗 𝜓 𝑗

)

×
∞∑︁
𝑣=0

1
𝑣!

1
2𝑣

©­­«
𝑖3

3
𝑁 + 𝑖

4

4
𝑁 + · · ·

ª®®¬
𝑣

×
∞∑︁
𝑝=0

1
𝑝!

1
2𝑝

©­­«
∑︁
𝛼

 + 𝑖 + 𝑖2 + · · ·

ª®®¬
𝑝

.

(C.22)

Note that each vertex is multiplied by a factor 𝑁 , making the 𝑘-point vertex order (1/
√
𝑁)𝑘−2,

while the propagators with 𝑘 dashed lines are of order (1/
√
𝑁)𝑘 . The integration over 𝜓 is

performed by applying Wick’s theorem, contracting all dashed lines in all possible ways in each
diagram. Diagrams with an odd number of dashed lines before integration vanish, since their
corresponding integrands are odd functions of the 𝜓𝑖. Since each dashed line comes with a factor
of 𝑖 this means that all of the non-zero terms are real, and diagrams with 2𝑘 dashed lines (before
applying Wick’s theorem, 𝑘 dashed lines after applying Wick’s theorem) carry an overall sign
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(−1)𝑘 . In the final diagrams obtained after connecting dashed lines, the order in 1/𝑁 is the number
of dashed lines minus the number of solid circles.

The normalized spin-spin correlation functions are computed from Eq. (C.2). The partition
function is the sum of all disconnected diagrams, while its logarithm is the sum of all connected
diagrams. Diagrams with two external sources, originating from the 𝑝 = 1 term in the last line,
contribute to the two-spin correlators. The 𝑝’th term contributes to correlations of 2𝑝 spins. The
zeroth order propagator is G0, represented by the solid line. The order 1/𝑁 correction contains two
contributions, one coming the 1-point propagator combined with the 3-point vertex (𝑝 = 1, 𝑣 = 1)
and one connecting the two external 𝜓’s in the 2-point propagator (𝑝 = 1, 𝑣 = 0), given by the
following diagrams:

G = + 1
2

− + O
(

1
𝑁2

)
.

(C.23)
The first term is the “bare propagator” G0. The second term acts as a correction to the saddle
point value of 𝜆, with the 1/2 coming from the 1/2𝜈 in Eq. (C.22) with 𝜈 = 1. The factor of 1/3
is canceled by the three ways to connect the three-point vertex to the 1-point propagator. The
third term is a “radiative correction” which will give us momentum-dependent corrections to the
correlation functions. Note the negative sign coming from the 𝑖2 in Eq. (C.21). We note that
Tr G = Tr G0, i.e. when we trace the two diagrams at order 1/𝑁 they cancel each other.

C.3 Diagrammatic Corrections to the Correlator

What we actually need to compute is the “self energy”, which amounts to resumming a subset of
diagrams which form a geometric series. Other than the first term (the bare propagator), every
remaining term has two external bare propagators, and the series has the form of Dyson’s equation

G = G0 + G0ΣG0 + G0ΣG0ΣG0 + · · · = G0 + G0ΣG. (C.24)

Solving for G, we obtain
G = (1 − G0Σ)−1G0 = (G−1

0 − Σ)−1. (C.25)
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We thus have to order 1/𝑁 ,

Σ =
1
2

− + O
(

1
𝑁2

)
, (C.26)

where we have removed the external propagators on the diagrams in Eq. (C.23). The diagrams
above can be easily interpreted in the position basis. Each 3-point vertex corresponds to a lattice
site 𝑖, each solid line to a [G0]𝑖 𝑗 , and each dashed line to a G𝑖 𝑗 . All internal vertices (not containing
an exterior “amputated” solid line) is summed over. Therefore Eq. (C.26) reads

𝑁Σ𝑖 𝑗 = 𝛿𝑖 𝑗
1
2

(∑︁
𝑘,𝑙,𝑚

G𝑖𝑘 [G0]𝑘𝑙 [G0] 𝑙𝑚G𝑙𝑚 [G0]𝑚𝑘

)
− [G0]𝑖 𝑗G𝑖 𝑗 + O

(
𝑁−1

)
. (C.27)

We can easily write down the same diagrams in the Fourier basis: the vertices then correspond to
sublattice positions and we need only sum over all internal sublattices and momenta, and conserve
momentum at each vertex. Therefore we have2

𝑁Σ𝜇𝜈 (𝒒) = 𝛿𝜇𝜈
1
2

1
(𝐿3)2

∑︁
𝑸,𝑸′

G𝜇𝜌 (0) [G0(𝑸)]𝜌𝜎 [G0(𝑸 − 𝑸′)]𝜎𝜆G𝜎𝜆 (𝑸′) [G0(𝑸)]𝜆𝜌

− 1
𝐿3

∑︁
𝑸

[G0(𝒒 + 𝑸)]𝜇𝜈G(−𝑸)𝜇𝜈 . (C.28)

The auxiliary field propagator is defined by Eq. (C.18), with its inverse given by

G−1
𝜇𝜈 (𝒒) =

1
2

1
𝐿3

∑︁
𝑸

[G0(𝒒 + 𝑸)]𝜇𝜈 [G0(−𝑸)]𝜇𝜈 . (C.29)

In principle the expansion can be continued, but the scaling of the computation of each diagram at
order 𝑁−𝑘 will be (𝐿3)𝑘+1, and the number of diagrams also grows exponentially.

2For this calculation we should work with the Fourier basis without sublattice phase factors so that 𝑮0 (𝒒) is
periodic in the FBZ. Each sum is then over the 𝐿3 momenta in the FBZ.
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Appendix D

Derivations for N=3 Spins

In this appendix we provide the derivations for results utilized in Chapter 6. In particular, we
provide the full derivation of the classical low temperature expansion to obtain the Hessian for
small fluctuations about a classically ordered ground state. We then perform the classical linear
spin wave expansion of the equations of motion for spin precession, to rephrase it as a generalized
eigenvalue problem.

D.1 Classical Low Temperature Expansion

We begin from a generic spin Hamiltonian

𝐻 =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

𝑆𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗
. (D.1)

Let 𝒁𝑖 denote the ground state configuration which we wish to expand about. We then separate
each 𝑺𝑖 into its components along and orthogonal to the ordering axis,

𝑺𝑖 ≡ 𝑺⊥𝑖 + (𝑺𝑖 · 𝒁𝑖)𝒁𝑖 ≡ 𝑺⊥𝑖 + 𝑆𝑧
𝑖
𝒁𝑖 .

Putting this into Eq. (D.1), we obtain

𝐻 =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

[
(𝑆⊥𝑖 )𝛼 + 𝑆𝑧𝑖 𝑍

𝛼
𝑖

]
J
𝛼𝛽

𝑖 𝑗

[
(𝑆⊥𝑗 )𝛽 + 𝑆𝑧𝑗𝑍

𝛽

𝑗

]
,

≃ 1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

[
(𝑆⊥𝑖 )𝛼J

𝛼𝛽

𝑖 𝑗
(𝑆⊥𝑗 )𝛽 + 𝑆𝑧𝑖 𝑆

𝑧
𝑗
𝑍𝛼𝑖 J

𝛼𝛽

𝑖 𝑗
𝑍
𝛽

𝑗

]
, (D.2)
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where we drop any terms which are odd in 𝑺⊥
𝑖

since we are expanding about a minimum of 𝐻 to
quadratic order. Enforcing the spin length constraint |𝑺𝑖 |2 = |𝑺⊥

𝑖
|2 + (𝑆𝑧

𝑖
)2 = 1, we can expand 𝑆𝑧

𝑖

as
𝑆𝑧
𝑖
= 1 − 1

2
|𝑺⊥𝑖 |2 + O

(
|𝑺⊥𝑖 |4

)
. (D.3)

Substituting into Eq. (D.2), we obtain

𝐻 = 𝐸0 +
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

(𝑆⊥𝑖 )𝛼H
𝛼𝛽

𝑖 𝑗
(𝑆⊥𝑗 )𝛽 + O

(
|𝑺⊥𝑖 |3

)
, (D.4)

where
𝐸0 ≡ 1

2

∑︁
𝑖 𝑗 ,𝛼𝛽

𝑍𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑍
𝛽

𝑗
, (D.5)

is the ground state energy, and
H
𝛼𝛽

𝑖 𝑗
≡ J

𝛼𝛽

𝑖 𝑗
+ Δ𝑖𝛿𝑖 𝑗𝛿

𝛼𝛽, (D.6)

is the Hessian in the global basis, with

Δ𝑖 ≡ −
∑︁
𝑗

∑︁
𝛼𝛽

𝑍𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑍
𝛽

𝑗
, (D.7)

where we have used that J is symmetric with respect simultaneously swapping 𝑖 ↔ 𝑗 and 𝛼 ↔ 𝛽.
Δ𝑖 is the mean field energy cost of reducing the ordered moment 𝑆𝑧

𝑖
. The effective Hamiltonian for

the fluctuating 𝑺⊥
𝑖

is then given by

𝐻eff =
1
2

∑︁
𝑖 𝑗

∑︁
𝛼𝛽

(𝑆⊥𝑖 )𝛼H
𝛼𝛽

𝑖 𝑗
(𝑆⊥𝑗 )𝛽. (D.8)

A convenient compact representation of the Hessian is the following; let

𝑃
𝛼𝛽

𝑖 𝑗
= 𝛿𝑖 𝑗 (𝛿𝛼𝛽 − 𝑍𝛼𝑖 𝑍

𝛽

𝑖
) (D.9)

be the matrix which projects out the spin components along the ordering axes 𝒁𝑖, then the Hessian
can be written as

H
𝛼𝛽

𝑖 𝑗
= [𝑃J𝑃]𝛼𝛽

𝑖 𝑗
+ Δ𝑖𝑃

𝛼𝛽

𝑖 𝑗
. (D.10)

In this form, it is clear that H annihilates any vector 𝑆 with components of the form 𝑆𝛼
𝑖
= 𝑐𝑖𝑍

𝛼
𝑖

.
This means that 1/3 of the eigenvalues of H are zero, corresponding to the fact that we projected
out the ordered spin components since the Hessian only describes the fluctuations of the transverse
components. To obtain the physically meaningful portion of the Hessian we should restrict to the
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subspace of transverse spin components. Let {𝜼𝑥
𝑖
, 𝜼𝑦
𝑖
} denote an orthonormal basis spanning the

local plane orthogonal to 𝒁𝑖. Then the redundant modes can be removed by defining

H̃𝑎𝑏
𝑖 𝑗 ≡

∑︁
𝛼𝛽

(𝜂𝑎𝑖 )𝛼H
𝛼𝛽

𝑖 𝑗
(𝜂𝑏𝑗 )𝛽, (D.11)

=
∑︁
𝛼𝛽

[
(𝜂𝑎𝑖 )𝛼J

𝛼𝛽

𝑖 𝑗
(𝜂𝑏𝑗 )𝛽

]
Δ𝑖𝛿𝑖 𝑗𝛿

𝑎𝑏 (D.12)

where we use a tilde to denote reduced matrices which only act on transverse spin components. If
the ground state is a stable minimum (i.e. there are no continuous zero modes) then the eigenvalues
of H̃ are all positive.

D.1.1 Classical Low Temperature Expansion for the Easy Axis Model

The easy axis model defined by Eq. (6.34) has interaction matrix (cf. Eq. (D.1), and note the factor
of 1/2)

J
𝛼𝛽

𝑖 𝑗
= 𝐽A𝑖 𝑗𝛿

𝛼𝛽 − 𝐷𝛿𝑖 𝑗 𝑧𝛼𝑖 𝑧
𝛽

𝑗
, (D.13)

where 𝒛𝑖 is the local [111] vector (we take the convention that all 𝒛𝑖 point from diamond sublattice
𝐴 to diamond sublattice 𝐵), and A𝑖 𝑗 is the adjacency matrix,

A𝑖 𝑗 ≡
{

1 𝑖, 𝑗 nearest neighbors,
0 otherwise.

The AIAO ground state has ordering vectors 𝒁𝑖 = 𝒛𝑖. We can compute Δ𝑖 from Eq. (D.7),

Δ𝑖 = −
∑︁
𝑗

∑︁
𝛼𝛽

𝑧𝛼𝑖 (𝐽A𝑖 𝑗𝛿
𝛼𝛽 − 𝐷𝛿𝑖 𝑗 𝑧𝛼𝑖 𝑧

𝛽

𝑗
)𝑧𝛽
𝑗
. (D.14)

Using that fact that 𝒛𝑖 · 𝒛 𝑗 = −1/3 for nearest-neighbors, and that there are six neighbors per site,
we obtain

Δ𝑖 = 2𝐽 + 𝐷, (D.15)
independent of 𝑖, and the Hessian Eq. (D.6) is

H
𝛼𝛽

𝑖 𝑗
= 𝐽 (A𝑖 𝑗 + 2𝛿𝑖 𝑗 )𝛿𝛼𝛽 + 𝐷𝛿𝑖 𝑗𝛿𝛼𝛽.

Note appearance of A𝑖 𝑗 + 2𝛿𝑖 𝑗 , discussed extensively in Chapter 3 for 𝑁 = 1 component spins.
Plugging this expression into the effective Hamiltonian Eq. (D.8), we obtain

𝐻eff =
𝐽

2

∑︁
𝑡

���∑︁
𝑖∈𝑡

𝑺⊥𝑖

���2 + 𝐷2 ∑︁
𝑖

|𝑺⊥𝑖 |2.
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Note that the simplicity of this Hamiltonian is slightly deceiving, because we have expressed it in
the global basis where we must additionally impose the anisotropic constraint that the 𝑺⊥

𝑖
lie in

the local 𝑥𝑦-planes. This anisotropy is reflected in the complex band structure of the Hessian in
Fig. 6.5.

D.2 Classical Spin Waves

The semi-classical dynamics for the classical spin variables 𝑺𝑖 is governed by the torque equation,

d
d𝑡
𝑺𝑖 = −𝑺𝑖 × 𝑩𝑖, (D.16)

where 𝑩𝑖 is the local molecular field at site 𝑖, which is determined from the Hamiltonian by writing
it in the form

𝐻 = −
∑︁
𝑖

𝑺𝑖 · 𝑩𝑖, (D.17)

implying that

𝑩𝑖 ≡ − 𝜕𝐻
𝜕𝑺𝑖

. (D.18)

For the generic bilinear Hamiltonian Eq. (6.8), this means that

𝐵𝛼𝑖 = −
∑︁
𝑗 ,𝛽

J
𝛼𝛽

𝑖 𝑗
𝑆
𝛽

𝑗
. (D.19)

Utilizing the same notation as in Appendix D.1, we expand 𝑺𝑖 ≡ 𝑺⊥
𝑖
+ 𝑆𝑧

𝑖
𝒁𝑖 in Eq. (D.16), from

which we obtain

− d
d𝑡
(𝑺⊥𝑖 + 𝑆𝑧

𝑖
𝒁𝑖) = 𝑺⊥𝑖 × 𝑩⊥

𝑖 + 𝑺⊥𝑖 × 𝑩𝑧
𝑖

+ 𝑆𝑧
𝑖
𝒁𝑖 × 𝑩⊥

𝑖 + 𝑆𝑧
𝑖
𝒁𝑖 × 𝑩𝑧

𝑖
, (D.20)

where

(𝐵⊥
𝑖 )𝛼 ≡ −

∑︁
𝑗 ,𝛽

J
𝛼𝛽

𝑖 𝑗
(𝑆⊥𝑗 )𝛽, (D.21)

(𝐵𝑧
𝑖
)𝛼 ≡ −

∑︁
𝑗 ,𝛽

J
𝛼𝛽

𝑖 𝑗
(𝑆𝑧

𝑗
𝑍
𝛽

𝑗
), (D.22)
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are the contributions to the molecular field at site 𝑖 from the fluctuating and ordered components
of neighboring spins, respectively.

There are four terms appearing on the right hand side of Eq. (D.20). The first is quadratic in the
fluctuating 𝑆⊥ components, containing terms of the form (𝑆⊥

𝑖
)𝛼 (𝑆⊥

𝑗
)𝛽, giving rise to interactions

between spin fluctuations at different sites and thus spin wave interactions. We ignore this term
in the linear, non-interacting approximation. The last term is a constant independent of the 𝑆⊥
components, and is zero in the ground state. This can be seen from equation Eq. (D.17), which
implies that in the ground state (where all 𝑺𝑖 = 𝒁𝑖) each 𝒁𝑖 is parallel to the molecular field of its
neighbors, 𝑩𝑧

𝑖
— thus their cross product is zero. The remaining two terms are linear in the 𝑆⊥

components.

On the left hand side there are two terms. In the linear approximation, we ignore the fluctuations
of the amplitude of the ordered moment 𝑆𝑧

𝑖
(the so-called “Higgs mode”). Indeed by expanding

𝑆𝑧
𝑖
= 1 − |𝑺⊥

𝑖
|2/2 + · · · we can see that this term is quadratic in 𝑆⊥ components. For this same

reason, we can set all of the 𝑆𝑧
𝑖
= 1 in the remaining two terms on the right hand side. We are left

with the approximation
d
d𝑡
𝑺⊥𝑖 ≃ −𝑺⊥𝑖 × 𝑩𝑧

𝑖
− 𝒁𝑖 × 𝑩⊥

𝑖 , (D.23)

where 𝑩𝑧
𝑖

is given by Eq. (D.22) with 𝑆𝑧
𝑗
= 1.

Eq. (D.23) is written in terms of 3-component vectors 𝑺⊥
𝑖

, which are each confined to lie in
their local 𝑥𝑦-planes. We now introduce a local orthonormal basis {𝜼𝑥

𝑖
, 𝜼𝑦
𝑖
} for the local 𝑥𝑦-plane

for each 𝑖, and read off the dynamics of the local (𝑆⊥
𝑖
)𝑎 ≡ 𝑺⊥

𝑖
· 𝜼𝑎

𝑖
components by dotting each

side of Eq. (D.23) with 𝜼𝑎
𝑖
,

d
d𝑡
(𝜼𝑎𝑖 · 𝑺⊥𝑖 ) = −𝜼𝑎𝑖 · (𝑺⊥𝑖 × 𝑩𝑧

𝑖
) − 𝜼𝑎𝑖 · (𝒁𝑖 × 𝑩⊥

𝑖 ), (D.24)

d
d𝑡
(𝑆⊥𝑖 )𝑎 = −(𝜼𝑎𝑖 × 𝑺⊥𝑖 ) · 𝑩𝑧𝑖 − (𝜼𝑎𝑖 × 𝒁𝑖) · 𝑩⊥

𝑖 . (D.25)

where in the second line we cycled the triple product. We will now work with the two terms on
the right hand side of Eq. (D.25) separately. In the first term, we expand 𝑺⊥

𝑖
=

∑
𝑏 (𝑆⊥𝑖 )𝑏𝜼𝑏𝑖 ,

𝜼𝑎𝑖 × 𝑺⊥𝑖 =
∑︁
𝑏

(𝜼𝑎𝑖 × 𝜼𝑏𝑖 ) (𝑆⊥𝑖 )𝑏 ≡
∑︁
𝑏

(𝜖𝑎𝑏𝒁𝑖) (𝑆⊥𝑖 )𝑏, (D.26)

where 𝜖𝑥𝑦 = −𝜖 𝑦𝑥 = 1 and 𝜖𝑥𝑥 = 𝜖 𝑦𝑦 = 0. In the second term, we use

𝜼𝑎𝑖 × 𝒁𝑖 = −
∑︁
𝑏

𝜖𝑎𝑏𝜼𝑏𝑖 . (D.27)
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Plugging Eqs. (D.26) and (D.27) back into Eq. (D.25), we have

d
d𝑡
(𝑆⊥𝑖 )𝑎 =

∑︁
𝑏

𝜖𝑎𝑏
[
− (𝒁𝑖 · 𝑩𝑧𝑖 ) (𝑆

⊥
𝑖 )𝑏 + 𝜼𝑏𝑖 · 𝑩⊥

𝑖

]
. (D.28)

In the first term, using Eq. (D.22) with 𝑆𝑧
𝑗
≈ 1 we have

𝒁𝑖 · 𝑩𝑧𝑖 ≃ −
∑︁
𝑗

∑︁
𝛼𝛽

𝑍𝛼𝑖 J
𝛼𝛽

𝑖 𝑗
𝑍
𝛽

𝑗
≡ Δ𝑖, (D.29)

where Δ𝑖 was previously defined in Eq. (D.7). In the second term, using Eq. (D.21) and expanding
𝑺⊥
𝑗
=

∑
𝑐 (𝑺⊥𝑗 )𝑐𝜼𝑐𝑖 , we obtain

𝜼𝑏𝑖 · 𝑩⊥
𝑖 = −

∑︁
𝑗

∑︁
𝑐

(∑︁
𝛼𝛽

(𝜂𝑏𝑖 )𝛼J
𝛼𝛽

𝑖 𝑗
(𝜂𝑐𝑗 )𝛽

)
(𝑆⊥𝑗 )𝑐,

≡ −
∑︁
𝑗 ,𝑐

J̃𝑏𝑐𝑖 𝑗 (𝑆⊥𝑗 )𝑐 . (D.30)

Finally, plugging Eqs. (D.29) and (D.30) back into Eq. (D.28), we have

d
d𝑡
(𝑆⊥𝑖 )𝑎 = −

∑︁
𝑏

𝜖𝑎𝑏
[
Δ𝑖 (𝑆⊥𝑖 )𝑏 +

∑︁
𝑗 ,𝑐

J̃𝑏𝑐𝑖 𝑗 (𝑆⊥𝑗 )𝑐
]
. (D.31)

Let Δ̃𝑎𝑏
𝑖 𝑗

≡ Δ𝑖𝛿𝑖 𝑗𝛿
𝑎𝑏, to obtain

d
d𝑡
(𝑆⊥𝑖 )𝑎 = −

∑︁
𝑗 ,𝑏𝑐

𝜖𝑎𝑏
[
Δ̃𝑏𝑐𝑖 𝑗 + J̃𝑏𝑐𝑖 𝑗

]
(𝑆⊥𝑗 )𝑐, (D.32)

≡ −
∑︁
𝑗 ,𝑏𝑐

𝜖𝑎𝑏H̃𝑏𝑐
𝑖 𝑗 (𝑆⊥𝑗 )𝑐, (D.33)

where H̃ is the Hessian matrix defined in Eq. (D.12). Lastly, let

Γ𝑎𝑏𝑖 𝑗 ≡ −𝛿𝑖 𝑗𝜖𝑎𝑏, (D.34)

in terms of which we obtain

d
d𝑡
(𝑆⊥𝑖 )𝑎 = −

∑︁
𝑗 𝑘,𝑏𝑐

Γ𝑎𝑏𝑖 𝑗 H̃
𝑏𝑐
𝑗 𝑘 (𝑆

⊥
𝑗 )𝑐 . (D.35)
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We seek periodic solutions of the form

(𝑆⊥𝑖 )𝑎 (𝑡) = 𝜓𝑎𝑖 𝑒−i𝜔𝑡 , (D.36)

in terms of which Eq. (D.35) takes the form of an eigenvalue equation

ΓH̃𝜓 = 𝑖𝜔𝜓, (D.37)

or equivalently the generalized eigenvalue equation,

(H̃ + 𝑖𝜔Γ)𝜓 = 0, (D.38)

where we used Γ2 = −1.

D.3 HHD Norm

Given a configuration of the spin components, described by a vector 𝑆 = (𝑆𝑥1, 𝑆
𝑦

1, 𝑆
𝑧
1, 𝑆

𝑥
2, 𝑆

𝑦

2, · · · )
T,

we can apply the HHD projectors to it to obtain the rotational, irrotational, and harmonic
components components (cf. Eqs. (6.29) to (6.31)),

𝑆 = Prot𝑆 + Pirr𝑆 + Phar𝑆 (D.39)

We introduce a metric to characterize how rotational or irrotational the normal modes are,

P(𝑆) ≡ |Pirr𝑆 |2
|𝑆 |2

(D.40)

By definition, P(𝑆) = 1 when the configuration is fully irrotational, and is zero for rotational
configurations (with zero spin-divergence everywhere). In general it may be somewhere between,
with coexistence of rotational and irrotational components. The harmonic component is subexten-
sive, only contributing to the 𝒒 = 0 Fourier component, which by definition has zero rotational
and irrotational content.

We are interested in describing the HHD of the dynamical normal modes,

𝑆⊥𝒒,𝑚 (𝑡) ≡ 𝜓𝒒,𝑚 𝑒
+𝑖𝜔𝑛 (𝒒)𝑡 , (D.41)

which are periodically oscillating plane waves whose intra-unit-cell behavior is described by 𝜓.
To do so, we slightly generalize the definition of P for these modes as the average irrotational
projection squared over a full period 𝑇 = 2𝜋/𝜔𝑛 (𝒒),

P𝒒,𝑚 ≡
∫ 𝑇

0 d𝑡 |Pirr𝑆⊥𝒒,𝑚 (𝑡) |2∫ 𝑇
0 d𝑡 |𝑆⊥𝒒,𝑚 (𝑡) |2

=
|Pirr𝜓𝒒,𝑚 |2

|𝜓𝒒,𝑚 |2
. (D.42)
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To demonstrate the second equality, we first consider the denominator

1
𝑇

∫ 𝑇

0
d𝑡 |𝑆𝒒,𝑚 (𝑡) |2, (D.43)

=
1
𝑇

∫ 𝑇

0
d𝑡 |𝜓𝒒,𝑚 (𝑡)𝑒𝑖𝜔𝑛 (𝒒)𝑡 |2, (D.44)

=
1
𝑇

∫ 𝑇

0
d𝑡 [Re(𝜓𝑒𝑖𝜔𝑡)2 + Im(𝜓𝑒𝑖𝜔𝑡)2], (D.45)

=
1
𝑇

∫ 𝑇

0
d𝑡 [(Re(𝜓) cos(𝜔𝑡) − Im(𝜓) sin(𝜔𝑡))2

+ (Re(𝜓) sin(𝜔𝑡) + Im(𝜓) cos(𝜔𝑡))2] (D.46)

Using the fact that
∫ 𝑇

0 cos(𝜔𝑡) sin(𝜔𝑡) = 0, and the identity cos2 + sin2 = 1, this reduces to

1
𝑇

∫ 𝑇

0
d𝑡 |𝑆⊥𝒒,𝑚 (𝑡) |2 = Re(𝜓𝒒,𝑚)2 + Im(𝜓𝒒,𝑚)2 = |𝜓𝒒,𝑚 |2.

The above argument works exactly the same replacing everywhere 𝜓 by Pirr𝜓, since Pirr has real
matrix elements, thus demonstrating the second equality in Eq. (D.42).
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